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BAI TOAN TINH GOC GIUA HAI MAT PHANG

Tap chi va tw liéu todn hoc
Bai toan tinh géc gitta hai mat phang la nhiing bai toan tuong d6i khé va ndm & muc van
dung va van dung cao, bén canh nhiing phuong phép truyén thong nhu dung hinh tao goc
thi trong chu dé ctia tuan nay ta sé cting tim hiéu t6i 3 phuong phap giai quyét cac bai toan
tric nghiém c6 thé n6i gdn nhu moi bai todn tinh géc gitta 2 mgt phéng ma ta hay gip. Ban
pdf dugc dang trén blog Chinh phuc Olympic todn cac ban cha y don doc nhé!
I. CAC PHUONG PHAP XU LY.
1. SU DUNG CONG THUC HINH CHIEU.
Day 1a mot tinh chat khé 1a co ban trong chuong trinh hinh hoc 11 ma ta cAn ndm rd, cong
thtic ctia n6 rat don gian nhu sau.
No¢i dung. Cho hinh S thudc mat phéng (P) ,hinh S' 1a hinh chiéu ctia S 1én mat phéng (Q) )

!

khi d6 ta c6 cosin géc gitta hai mgt phing (P) va (Q) duoc tinh theo cong thic coso = =

Sau day la vi du minh hoa cho cong thtic nay.

it
Cho hinh h¢op chit nhat ABCD.A’B'C’'D" ¢6 AB=a;AD =2a AA'=4a.Goi M,N,P 1an luot
thudc cac canh AA’, DD’, BB’ sao cho MA =MA', ND=3ND',PB'=3PB, mit phéng
(MNP) cét canh CG; tai Q. Tinh cosin géc gitta (MNQP);(ABCD)

Hudng dan
Pau tién ta can phai cha y t6i cdch dung dugc
diém Q. Ké duong noi tam 2 ddy (A), ta thdy PN

thuéc mit phéng (B'D'DB) nén (A) sé& cét PN, B

déng thoi P, M, N ciing thudc mgt phang nén néi

M vs giao diém vira tim duoc ta sé ra dugc diém
[}

Q. Van dé ¢ day 1a ta can tinh duoc ty s6 %, ta

P
sé st dung toi tinh chat sau.
Dit X=A M,YZB P,Z:CQ,’(:D N

AA' B'B c'C D'D

ta 6 2 cong thac can nhd sau:

, khi d6 g

. VA,B.C.D,_MPQN _ X+y+z+t

VA'B'C‘D‘.ABCD 4

o X+z=y+t

Diéu ta biét la giot nudc, diéu ta chua biét la dai duong — Newton ’
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Ap dung vao bai toan ta suy ra % = % .Déy ta thay rdang MN || PQ,MP || QN nén MNQP

la hinh binh hanh. D& dang tinh dugc cac doan thing

P

: Mp:QN=J(4@_§jfﬂz=@

3

Mat khéc do MQ la duong trung binh cta A'C'CA = MQ :%AC = %\/12 +2% = ?

V599

Tir day dung cong thtc Herong dé dang tinh dugc Sy op = 5
Mit khac hinh chit nhat ABCD chinh 14 hinh chiéu ctia hinh binh hanh MNQP lén mét phéng

( ABCD) nén ap dung cong thic can ta c6 cos((MNQP);(ABCD)) = : AED- = 329
MNQP

2. SUDUNG CONG THUC GOC NHI DIEN.

Day la mot cong cu rat manh dé giai quyét cac bai toan tinh goc gitra 2 mit phing, hdu hét
cac bai toan don gian hay dén phtc tap déu c6 thé giai bing phuong phéap nay, sau day ta
sé ciing tim hiéu né. Trong phan nay minh sé chi huéng dan cac budc lam cho cac ban!

Cdc buoc thuc hién.

Buéc 1: Pua géc gitta hai mgt phdng vé goc gitta hai mit phang ké nhau ctia mot ta dién.

Cha y diéu nay luon thuc hién duoc.

_25,5,sina

Budc 2: St dung cong thuac: |V 3
a

. Trong d6 S,,S, lan lugt 1a dién tich hai tam

giac ké nhau cta ta dién, a la d¢ dai giao tuyén, con o la goc gitra hai mét phang can tim.

Bai toan

Cho tt dién S.ABC, SA =a;SB =2a;SC =3a; ASB =60°; BSC =90°; CSA =120°. Tinh cosin

((sAB);(sBC)).

Hudng dan

° Tinh hoa ctia toan hoc nam & tu do ctia n6 — Georg Cantor
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Yéu cdu ctia dé bai la tinh géc gitra hai mit phang thi theo S

nhu budc 1 ta phai dua vé mot ta dién vai bai nay thi khoi

nhi bdi n6 da thudc 1 ta dién sdn réi ©. Gio ta phai tinh

thé tich ctia khdi t¢ dién d6. DAu tién thi phai cha y dén

gia thiét, voi nhiing bai ma cho d6 dai cac canh bén voi C'

lai goc y thi ta phai dung mot chop tam gidc déu khac

bang cach ldy trén SB,SB cac diém B, C’ sao cho A 14 c
SB'=a,SC'=a thi ta dugc S.AB’C’ la chép tam giac déu ‘

va ta sé tinh duoc thé tich ctia né, xong sau d6tim dung
cong thic ty s6 thé tich sé tinh duoc Vg 4 - B

D6 1a cach 1am truyén thong, con d6i véi thi trac nghiém thi c6 thé nhé cong thic tinh thé
tich nhu sau:

T dién S.ABC c6 SA =a,SB=Db,SC=c,ASB =a,BSC =,CSA =y thi thé tich cta no la:

V= %abc\/l +2cosa.cosPcosy—(cos a)2 —(cos B)2 —(cosy)2

a2

Ap dung vao bai ta tinh duoc thé tich1a V, . = -

DPong thoi c6 gia thiét goc thi suy ra tat ca cdc canh ctia n6 ta sé tinh duoc dién tich cua hai

azx/g.

tam giac 1a: S, = T,SSBC =3a’;SB=2.

B3
>

Tuong vao cong thic ta c6 sin((SAB);(SBC)) = % = Cos((SAB);(SBC)) =

Xong bai nhé! © don gian khong nao.

Bai toan

Cho ta dién ABCD, BC=3,CD=4,ABC=BCD=ADC= 900,(AD, BC) =60° . Tinh
cos((ABC) ;(ACD)) )

Hudng dan
Mot bai toan tuong déi kho phai khong nao?

Diéu ta biét la giot nudc, diéu ta chua biét la dai duong — Newton °
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O bai toan nay ta cac ban c6 nhé dén dinh Iy ba duong A

vuong goc khong??? Theo gia thiét thi c6 phai 1a tam
giac BCD vuong tai C dung khong? Tiép theo hai goc
ABC, ADC ciing vuong diéu nay ching to 1a hinh
chiéu AB lén (BDC) sé vudng goc BC, hinh chiéu AD

E
lén (BDC) ciing vudng vo6i CD, nhi? Bén day thi can .
tim diém E sao cho E 1a hinh chiéu caa A 1én (BDC)
B e — —e D

c6 phai la tir B ké vuodng goc véi BC, D ké vudng goc
v6i CD thi ta s& dugc diém E can tim ko? Oh khong v
nhing th& AE con vudng géc véi cd mit phang BCD
naa.
Pén day quy vé bai toan qua binh thuong, chuyén goc gitta hai mit phang cn tinh vé mot
ta dién nhé cac ban © Phan con lai nhuong nhé!
i
Cho lang try tam giac déu. Goi M,N,P lan luot la trung diém ctia cac canh A’B’, A’C’, BC.
AB=23;AA'=2. Tinh cosin géc ((AB'C');(MNP)).

Huéng dan
Cau nay dé c6 vé rat ngan gon, va la cau 47 trong dé minh hoa 2018 vao thang 1 ctia bo ttc
1a cau diém 9,4 nhé :V Néi chung khong hé don gian teo nao ca. Tuy nhién ta van bam sat
vao phuong phéap dé lam!
PAu tién phai dua vé mot tit dién nhi? Diéu d6 1am ta E
phai tim mot mit phing song song véi mit phang ABC’
thoi, bang cach ldy trung diém AA’ ta s& chuyén vé tinh
goc gitta ((MNQ);(MNP)). Cong viéc gio thi minh sé '
huéng dan cho cac ban nhé, mau chét 1a tinh duoc thé
tich cta khoi MNPQ dung khong, vay thi nhin hinh vé
nhé, minh sé dua vé tinh thé tich ctia khoi Q.PDE, khéi B!
nay d6i voi cac ban tinh don gian thoi boi khoang cach
tir Q t6i mp DECB bang bdi khoang céach tir A’ t6i mp
DECB, tir A” ké vuong géc voi B'C’ 1a okie! Tom lai 1a

thé tich d6 tinh dugc, xong sau d6 sai cong thic ty s6
thé tich ta sé tinh duoc V ctia MNPQ con lai chi 1a viéc

tinh canh thoi, phan cac ban nhé, chi la kj nidng tinh
toan thoi nha ©. Néu nhu c6 ning khi€u hinh hoc thi B

6 Tinh hoa ctia todan hoc ndm & tu do clia n6 — Georg Cantor
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cAu nay tuong ddi dé 1am, c6 thé tham khdo cach cda

lam trén mang nha bai nay giai rt nhiéu roi!

3. SU DUNG PHUONG PHAP TQA PO HOA.

N6i chung day cting la mot phuong phap rat manh, tuy nhién nhuge diém caa né la phai
nhd cong thic tinh hoi cong kénh va chi ap dung cho nhiing truong hop ta dung duoc hodc
trong bai toén c6 yéu t6 3 dudong vudng goc!

Pau tién ta can nho t6i cong thie can thiét cta chuong hinh hoc Oxyz sau

Goi ¢ 1a géc gitta 2 mgt phang (P):ax+by+cz+d=0,(Q):a'x+b'y+c'z+d' =0

— o |reng |AA'+BB'+CC]
:COSQZ‘COS(HP'HQ) B ‘E“ITQ‘ T /AT B 1 C AR BRrCE

(0<9=<90°)

Cdch thuc hién
e Buéc 1: Xac dinh 3 duong vuong goc chung
e Budc 2: Gin hé truc toa do Oxyz, coi giao diém ctia 3 duong vudng goc chung la
goc toa do
e Budc 3: T gia thiét tim toa do ctia cac diém c6 lién quan t6i gia thiét.
o Budc 4: Ap dung cong thiic can tinh dé suy ra két qua.
Kinh nghiém
Theo kinh nghiém cda minh thi nhiing bai toan c6 gia thiét lién quan t6i hinh hop chit nhat,
hinh lap phuong thi thi ta nén st dung phuong phap toa d6 hda, ngoai ra cac bai c6 yéu to
mot canh ctia chép vudng goc v6i day hay lién quan téi lang tru ding ta cling c6 thé st
dung phuong phap nay nhung tiy vao timg bai ma ta c6 huéng di khac nhau, c6 thé 1a st
dung phuong phap 2 hodc st dung phuong phap 1, tty vao k¥ nang cia nguoi lam bai. Sau
day ta cung tim hiéu vi du minh hoa.
Cho hinh lap phuong ABCD.A'B'C'D' ¢6 canh bang 1. Goi I, I 1an luot 1a trong tAm cta
tam gidc ACD va tam gidc A’C’'D’, H 1a tdm hinh vudng ABCD. Trén canh II' 14y diém G
sao cho I'G =2IG. Tinh cosin géc gitta hai mit phéng (GAC),(GA'B')

Hudng dan

Diéu ta biét la giot nudc, diéu ta chua biét la dai duong — Newton °
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Day l1a mot bai toan kho, va tat nhién phuong phéap 1 hay phuong phap 2 rat la kho dé c6
thé st dung duoc, khi d6 ta nghi t6i phuong phap 3 - gén truc toa do. Vi bai toan nay tim
3 duong vuong goc chung khong kho, ta sé coi 3 truc toa d¢ nhu hinh vé va goc toa do trung
diém A. Khi d6 ta c6 toa dd cac diém nhu sau:
A'(O;O;l),B'(l;O;l);G(l;1;1J,C(1;1;O)
333
Vay khi d6 ta tinh dugc vecto phép tuyén ctia 2 mit phéng

-[eAice]-( -2 i0)- (a0

Ngac)

1 21
Ncam) =|:GA|/'GB ]= (0}5}5j = (0,‘2;1)

Dén day ap dung cong thiic ta c6 cosin goéc gitta 2 mit phing (GAC),(GA'B) la
[-1.0+1.2+0.1| V10
cos = -
NP +17+0°y 12 +22+0> 5

bén day bai toan da dugc giai quyét hoan toan

Chii 1j. Phuong phép gan toa do da duoc rat nhiéu tac gia va cling rat nhiéu bai viét trén
mang né6i ddy du va chi tiét vé phuong phap nay, & cudi bai viét minh sé c6 link dé cac ban
tham khao.

Tém lgi. Qua 3 phuong phap minh dé cap t6i & trén chic hdn da phan nao gitp cac ban
khong con s¢ dang toan nay, khong c¢6 phuong phap nao la vu viét tuyét d6i ca can phai
van dung linh hoat cac phuong phap v6i nhau, dong thoi phai ndm vimg duoc nhiéu mang

kién thuc thi méi c6 thé lam t6t duoc. Sau day 1a céc bai tap cho cac ban ren luyén.

° Tinh hoa ctia todan hoc ndm & tu do clia n6 — Georg Cantor
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II. BAI TAP TU LUYEN
Bai 1: Cho hinh lang tru dang ABC.A’B’C’ c6 day ABC la tam gidc vuong tai B, BC =a, mat
phidng (A’BC) tao v6i ddy goc ¢ va tam gidc A'BC c6 dién tich bing a’\/3 . Biét rang

3a’ \/5
2

AA'S, ;= . Gi4 tri cia P =sin2¢ béang bao nhiéu?

Bai 2: Cho hinh chép S.ABC c6 day la tam giac can tai A, AB=AC=2a, BC= 2a+/3. Tam
gidc SBC déu va thudc mit phing vudng goéc véi day. Tinh cosin goc gitta (SAB);(SAC)
Bai 3: Cho hinh hop chit nhat ABCD.A’B'C’'D’ ¢6 day ABCD la hinh vuoéng, AC'= a2 Goi
(P) 1a mat phing qua AC’ cdt BB',DD' 1an lugt tai M,N sao cho tam giac AMN can tai A c6
MN =a. Tinh cos((P);(ABCD)).

Bai 4: Cho hinh chép S.ABC c¢6 day ABC la tam giac vuong tai A, c6 AB=a ,SA L SB

,SA =SA;ACB=30°. Biét khodng cac gita hai duong thing SA va BC la 37:‘ . Tinh

cos((SAC);(SBC)).

Bai 5: Cho hinh chép S.ABC, SA vudng goc véi ddy, ABC la tam giac vuong can tai dinh C.
Gid st SC =a, tim goc gifta hai mit phang (SBC);(ABC) dé thé tich khai chép S.ABC dat
gia tri 16n nhat. Tim gia tri l6n nhat ay.

Bai 6: Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi ¢6 BAD =120°, hinh chiéu vuéng

goc cta diém H trén mit phang ddy tring véi trong tam tam gidc ABC, biét duong cao cta
khoi chop la SH= % va tam gidc SBD vuéng tai S. Tinh goc giita 2 mit phing

(SAD),(SCD).

Bai 7: Cho ta dién ABCD c6 AB=CD =a;BC=AD =2a;BD =AC=3a.Trén AB,AC,AD lé’y
cac diém M,N,P sao cho MA =MB;NA =2NC;PA =3PD . Tinh cosin goc gitta hai mat
phéng (MNP);(AMP).

Bai 8: Cho lang tru dang ABC.A’B'C’ ¢6 ddy la tam giac déu canh a, AA'=2a. Trén AA’,
BB’, CC’ 1an lugt 1ay cac diém M,N,P sao cho MA =MA' ;NB=2NB';PC =3PC'. Tinh cosin
g6c gitta hai mit phdng (ANP);(MNP).

Bai 9: Cho chép S.ABCD c6 SA vuong goc véi day, ABCD Ia hinh thang vuong tai A,D sao
cho AD =2AB=2BC=2a, SA =2a.Goi M,N lan lugt la trung diém ctia AB, SC. Tinh cosin
g6c gitta hai mit phdng (MND);(CSD).

Bai 10: Cho hinh hop ch&t nhat ABCD.A’'B'C'D’ ¢6 AB=a;AD=2a AA'=4a. Goi M,N,P
lan luot thudc cac canh AA’, DD’, BB’ sao cho MA =MA', ND =3ND',PB'=3PB, mit
phéng (MNP) cdt canh CC; tai Q. Tinh cosin goc gitra hai mat phing (MNQP);(AQP)

Diéu ta biét la giot nudc, diéu ta chua biét la dai duong — Newton 0
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Bai 11: Cho ling tru dung ABC.A’B'C’ c6 day ABC 1a mot tam gidc can voi diéu kién
AB=AC=a,BAC=120°, canh bén BB'=a. Goi I la trung diém CC’. Chting minh rang tam
gidc AB'1 vuong & A. Tinhcosincia goc gitta hai mit phing (ABC),(AB1T)
Bai 12: Cho hinh ch6p S.ABCD c6 day la nta luc giac déu noi tiép duong tron duong kinh
AB =2a, SA vuong goc voi ddy va SA =a+/3 . Tinh tan goc gitta (SAD),(SBC)
Bai 13: Cho hinh ch6p S.ABC ¢6 day ABC la tam giéc vudng can tai B, SA L (ABC), SA =a.
Goi E,F 1an luot 1a trung diém AB, AC. Tinh cosin goc gitta (SEF),(SBC)
Bai 14: Cho lang tru dang ABC.A'B'C' c6 day tam gidc vuong tai A. Goi G la trong tdm tam
gidc ABC, M la trung diém cta A'B', I 1a trung diém ctia GM. Tinh cosin goc gitra 2 mit
phéng (IB'C'),(ICA)
Bai 15: Cho hinh lap phuong ABCD.A'B'C'D c6 tam O Goi I 1a tdm cta hinh vuong
A'B'C'D va M la diém thuoc doan thang OI sao cho MO = 2MI.. Tinh cosin goc gitta 2 mat
phéng (MC'D'),(MAB)

° Tinh hoa ctia todan hoc ndm & tu do clia n6 — Georg Cantor



