UNG DUNG HANG PIEM PIEU HOA TRONG BAI TOAN PUONG PHAN
GIAC VA BAI TOAN PONG QUY, THANG HANG
Téc gia: Nguyén Ba Hoang
Truwong THPT Chuyén Lao Cai

A. PHAN MO PAU
I. Ly do chon dé tai

Céc bai toan vé Hinh hoc phang thuong xuyén xuat hién trong cac ki thi HSG mén toan
va luén duoc danh gia 1a ndi dung kho trong dé thi. C6 rat nhiéu dang bai tdp vé hinh hoc
phang cing vé&i su tuong Gng ciia cac cong cu di cung, trong d6 hang diém diéu hoa 1a mot
trong nhirng céng cu manh dé giai nhidu 16p bai toan vé hinh hoc. Mic du 1a mot van dé kha
quen thudc ctia hinh hoc phang, kién thirc vé né kha don gian va dé hiéu, tuy nhién nd cé tng
dung nhiéu ddi voi cac bai toan chimg minh vudng goéc, dong quy, thang hang, diém cd dinh,
duong cb dinh hay céc bai toan vé tdp hop diém.... Chinh vi thé trong cac ki thi hoc sinh gioi
qudc gia, thi Olympic Toan quéc té va khu vuc, nhitng bai toan c6 lién quan dén hang diém
diéu hoa thudng xuyén dugc dé cap va thuong duoc xem 13 nhirg dang toan hay cta ki thi.

Chinh vi vay tac gia lwa chon chuyén dé&: "Ung dung hang diém diéu hoa trong bai toan
phan giac va ddng quy, thing hang" dé thiy duoc tng dung quan trong cua hang diém diéu hoa
d6i v6i kha nhiéu dang bai tap hinh hoc phang. Trong chuyén dé tac gia c¢b ging tap hop duoc
cac bai toan dac trung cho viéc st dung cong cu hang diém diéu hoa.

II. Muc dich ciia chuyén dé

Thong qua chuyén dé "Ung dung hang diém diéu hoa trong bai toan phan giac va dong
quy, thing hang" tac gia rat mong mudn nhin dugc gop ¥ trao dbi cua cac ban dong nghiép va
cac em hoc sinh. Ching t6i mong mubn chuyén dé nay gép mot phan nho dé viéc ung dung
hang diém diéu hoa trong bai toan hinh hoc phing dat hiéu quéa cao nhat. Tir d6 gitip cac em
hoc sinh hiéu rd hon vé viéc sir dung hang diém diéu hoa va ting kha ning van dung né vao

giai cac bai toan hinh hoc mdt cach t6t nhat.



B. PHAN NOI DUNG

1. Hé thong 1y thuyét co ban vé hang diém diéu hoa

1. Ti s6 kép cua hang diém

a) Dinh nghia 1

+ Bo bon diém doi mot khac nhau c6 ké dén thu tu cung thugoc mét duong théng dugc goi la
hang diém.
+ Ti s6 kép cua hang diém A4, B, C, D 1a mét sd, ki hiéu 1a (ABCD) va dugc xac dinh boi:

(ABCD):gzﬂ
CB DB

b) Tinh chit cia ti s6 kép:

+) (ABCD) = (CDAB) =(BADC) = (DCBA) +) (ABCD) = (BAICD) _ (ABll)C)
+) (ABCD)=1-(ACBD)=1—(DBCA) +) Néu (4BCD)=(ABCD") thi D= D'
2. Hang diém diéu hoa
a) Dinh nghia 2:
A C B D

Néu (4BCD)=-1 thi hang diém A, B, C, D dugc goi la hang diém diéu hoa.
2 CA DA 4y 4
Noi cach khac néu == = ——= thi hang diém A, B, C, D duogc goi la hang diém dicu hoa.
CB DB

b) Mot s6 dinh dinh li quan trong (dwoc suy truc tiép tiv dinh nghia):
Pinh li 1: (H¢ thirc Newton)

Cho (4BCD)=—-1. Goi N 1a trung diém cua AB. Khi d6 NA> = NB* = NC.ND
Dinh li 2: (H¢ thirc Descartes)

1

Cho (ABCD) = 1. Khi d6 —= = ——
AB AC AD

Pinh li 3: (Hé thirc Maclaurin)
Cho (4BCD)=-1. Goi I 13 trung diém ctua CD. Khi d6 AC.AD = AB.AI

Pinh li 4: Cho (4,B,C,D)=-1. Lay O sao cho OC la phan giac trong cua AOB thi OD 1a phan

giac ngoai cua AOB.



Nhdn xét: Tu do suy ra COD =90° do d6 dinh li ndy c6 y nghia thuc sy quan trong trong
nhiing bai chimg minh vudng goc. Mit khac ciing ¢ diéu ngugc lai tirc néu COD =90 thi OC
la phéan gidc trong va OD la phan gidc ngoai cua AOB diéu nay c6 y nghia quan trong cho
nhing bai chting minh yéu t6 phan giac.

Pinh li 5: Cho (4,B,C,D)=-1 va diém O nam ngoai hang diém diéu hoa trén. Mot dudng
thang d cat ba tia OC, OB, OD lan luot tai E, I va F. Khi d6 I 14 trung diém ctia EF khi va chi
khi d song song véi OA.

Nhén xét: Dinh li niy rat c6 ¥ nghia ddi v6i cac bai toan chimg minh trung diém va song song.
¢) Mot so6 hang diém diéu hoa co ban:

Hang diém 1: Cho tam giac ABC. Goi AD, AE tuong ung la dudng phéan giac trong, duong
phan gidc ngoai cua tam giac ABC. Khi d6 (BCDE) = -1.

Ching minh

St dung tinh chat duong phan giac va dinh nghia

Hang diém 2: Cho tam giac ABC va diém O khong thudc cac dudng thang BC, CA, AB. Cac
duong thang AO, BO, CO theo thit tu cit cac duong BC, CA, AB tai E, F, K. Hai duong thang
BC, FK cit nhau tai T. Khi d6 (TEBC) = -1.

Chirng minh

Trong tam giac ABC:

+Ap dung dinh li Céva véi ba dudng dong quy AE, BF, CK ta c6: =— —.===-1 (1)

+Mit khac ap dinh 1i Menelaus véi ba diém thang hang T, K, F lai cho ta: T=== =1 (2)

Nhan (1) va (2) vé theo vé suy ra: B __EB
TC EC

Theo dinh nghia thi (7, E,B,C)=-1 ,day chinh la dpcm.



Hang diém 3: T diém A bén ngoai duong tron (O), ké téi (O) cac tiép tuyén
AB,AC (B,C € (0)) Mot dudng thiang qua A, cat dudng tron (O) tai M, N va cat AB tai D. Khi

do (ADMN)=-1.

Chirng minh

Str dung h¢ thirc Marlaurin

3. Ti s6 kép ciia chum dwong thing - Chum diéu hoa

3.1. Chum dwong thing va ti sé kép ciia né:

a) Dinh nghia 3

- Tap hop cac dudng thiang trong mit phang cung di qua mot diém S duoc goi 1a chum day du
duong thang tim S .
- B0 4 duong théng d6i mot khac nhau, c6 ké dén thir tu, cung thudc mot chum déy da duong
thang dugc goi 1a chum dudng thang
b) Ti s6 kép ciia chium dwong thing:
Pinh li 6: Cho a,b, ¢, d 1a chum duong thang tim O. Pudng thang A khong di qua O theo thir
tu cit a, b, ¢, d tai A, B, C, D. Puong thang A' khong di qua O theo thir tu cit a, b, ¢ tai A,
B, C".Khid6 A"/ /d < (ABCD)=S2 .

C'B'
Pinh li 7: Cho a, b, ¢, d 1a chum dudng thing tim O. Puong thing A khong di qua O theo
thtr ty cat a,b,c,d tai A, B, C, D. Pudng thang A' khong di qua O theo tht tu cit a,b,c,d

tai A", B',C', D'. Khid6 (4BCD)=(A'B'C'D").



Tir dinh 1i 7, ta nhan thay, ti s kép (ABCD) khong phu thudc vao vi tri cia dudng thing
A . Khi d6 gia tri khong d6i cua ti sb kép (ABCD) duoc goi 1a ti s6 kép cua chum duong thing a,
b, ¢, d ki hiéu 1a (abcd ) hoac O(abcd ) véi O 1a tm ctua chum.
sin(@,O—C") sin(@,?@)
sin(m,@) . sin(@,@)

Tur do tasuyra (abcd) = (ABCD) —

3.2 Phép chiéu xuyén tim
a) Pinh nghia 4: Cho duong thing (d). Piém S & ngoai (d). Vi mdi diém M (M khong thudce
duong thang qua S song song (d)), SM cit (d) tai M. Khi d6 anh xa f: M — M’ 1a phép chiéu

xuyén tim voi tim chiéu S 1én (d)
b) Pinh li 8: Phép chiéu xuyén tdm bao toan ti s kép
Pé chimg minh dinh 1i trudc hét ta can phat biéu mot bo dé

B6 dé 1.1. Cho S. A, B, C, D thudc (d). Tir C ké duong thang song song SD cit SA, SB tai A”,

B’. Khi d6 (ABCD)= 2
CB'

That vay theo dinh 1i Talet ta co:
CA DA AC DB CA' DS CA'

(ABCD) = ——:—— =22 22 =0 20
CB DB AD CB DS CB' CB'
Tro lai dinh li ta co
CA'" CA"
ABCD)=—==—"=—=(AB,C,D
( ) B CB' (A1BCiDy)

(d.p.c.m)
Nhan xét: A, B, C, D 1a hang diém diéu hoa < C 1a trung diém A’B’
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T dinh 1i 1.3 ta ¢6 cac hé qua:
Hé qua 1.2. Cho 4 duong thing dong quy va dudng thing A cit 4 dudng thang ndy tai A, B, C,
D. khi d6 (ABCD) khong phu thugc vao A
H¢ qua 1.3. Cho hai duong th'fmg A, A, cit nhau tai 0. 4,B,CeA,, A,B',C'eA,. Khi do:
(OABC)=(0OA'B'C"Y < AA'BB',CC' déng quy hodc d61 mdt song song
Chirng minh.
TH1. AA’, BB’, CC’ song song
L #0,C0_¥0,C0
BA CA B'A C'A
— (OABC)=(0A'B'C))

TH2. AA’, BB’,CC’ khong d61 mot song dat AA'"BB'=S,SCNA=C".

Ta co:

(OA'B'C') = (OABC) =(0A'B'C")

= (OA'B'C")=(0OA'B'C")

=C'=C"

Vay AA’, BB’, CC’ddng quy

Phép chiéu xuyén tdm c6 rat nhidu img dung va xuat hién hau hét trong cac bai toan ¢ su hién
dién cua hang diém diéu hoa, vi li do tranh tring lip véi nhitng phan khac, ta chi nghién ctru
cac ung dung ctia phép chiéu xuyén tim trong viéc ching minh déng quy thang hang trong
phan nay.

3.3 Chum diéu hoa:

a) Pinh nghia 5: Chum a,b,c,d duoc goi la chum diéu hoa néu (abcd ) =-1

b) Tinh chat: Véi chum a,b,c,d , cic didu kién sau 13 twong duong:

(1) (abcd) =-1

(ii) Ton tai mot duong thang song song véi mot dudng cua chum va dinh ra trén ba dudng con
lai hai doan thang bang nhau

(iii) Moi duong thang song song vdi mot dudong ciia chum dinh ra trén ba dudng con lai hai
doan thang bang nhau

¢) Tinh chit: Vi chum diéu hoa a, b, ¢, d, cac diéu kién sau la tuong duong:

(i) cLld



(i1) ¢ 1a mot phan giac cua goc tao boi a, b.

(iii) d 1a mot phan giac ctua goc tao bai a, b.

4. Tir giac diéu hoa

4.1 Dinh nghia

T gidc noi tiép ABCD dugc goi 1a diéu hoa néu ton tai diém M thudc duong tron ngoai tiép tir
giac sao cho M(ACBD)=-1.

Nhdn xét: Tt gidc ABCD 1a diéu hoa thi véi moi diém M thudc (O) ta déu cé M(ACBD)=-1.
Chuay:

sin(m,m) _ sin(MB,MA)

sin(MB,MC) sin(MD,MC)

1) M(ACBD) dugc dinh nghia nhu sau: M(ACBD) =

2) Trong phan nay ta quy udc (O) 1a duong tron ngoai tiép tir giac diéu hoa ABCD .

4.2 Tinh chat

a) Tt giac ABCD diéu hoa< AB.CD = AD.CB

Nhan xét:

1) Ap dung dinh i Ptolemy cho tir gidc diéu hoa ABCD ta c6: AC.BD =2AB.CD =2AD.CB
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2) Vi tinh chit nay tuong duong véi % = g—g nén ta di st dung thuét ngir “Tw giac diéu hoa”.

b) Tt gisc ABCD diéu hoa khi va chi khi A,,A.,BD dong quy hoic d6i mot song song. Trong
do A, A, 1an luot 1a tiép tuyén tai A va C cta (O).

¢) T giac diéu hoa ABCD noi tiép (O). Chirng minh rang (O) truc giao v4i dudng tron
Apollonius ti s6 k dung trén doan AC.

d) Cho ttr giac diéu hoa ABCD. Goi N 14 giao diém ctia AC va BD. Chtrng minh rang:

NA (BAY (DAY
Nc \Bc) \Dc

e) Cho tir giac diéu hoa ABCD. Goi M 14 trung diém ctia AC. Ching minh ring:

ZADB = ZMDC
Chii y: Duong thing DB trong bai toan nay chinh 1a duong dbi trung cua tam gidc ADC. Day

cling 12 mot tinh chat quan trong va rat hay dung cta T3 gidc diéu hoa.



I1. Bai tap ap dung

Dang 1: Khai thic bai to4an lién quan dén duwdng phan giic

Chiing ta bdt dau béi mét I6p bai todn lién quan dén dwong phdn gidc. Ta xét bai todn co
ban sau:
Bai 1. Cho A nim ngoai dudng tron (0), tir A ké hai tiép tuyén AB, AC trong d6 B, C 1a hai
tiép diém . Ké cat tuyén AMN bét ki trong d6 N nam gitta A va M. AO cét doan BC va cung
nhé BC lan luot tai K va E. Chirng minh ring ME 14 phan giac cta KMA

e

Loi gidi:

Goi F 1a giao diém thir hai ctia AE véi (O). Khi d6 ta ¢6 (4,K,E,F)=-1

Vi ZFME =90° nén ME 1a phan giac cua KMA

Nhén xét: Bdi todn trén khai thiac mét trong nhitng iing dung quan trong lién quan dén dwong
phdn gidc ciia hang diém diéu hoa. Pdy la mét tinh chat dep va rat hivu ich trong 16p bai todn
vé phén gidc.

Tiép theo la mot bai todn phire tap hon ciia dang todn ndy

Bai 2 (JMO Finals 2013) Cho tam giac nhon ABC, truc tam H. Puong tron duong kinh AH

va mot dudng tron qua B, C cit nhau tai hai diém X, Y. Goi D 1a chan vudng goc tir A xudng
BC. Goi K 14 hinh chiéu ctia D xubng XY. Chirng minh rang BKD = CKD.

e

Loi gidi :



Goi E, F theo thtr ty 13 chan vudng goc ha tir B, C xudng CA va AB.
D@ dang thay duoc E, F thudc duong tron dudng kinh AH, gia sir duong tron dudng kinh AH 1a
©)

Goi I la giao cua XY va BC. Ta co: B, =IX.[Y = [E.IF
Hon nita vi tir gidc XYCB noi tiép nén P, jonvesy = 1BIC = IX.IY

Nhu vay ta c6 Bioy=F

ey - Suy 1a thudc truc dang phuong cua hai dudng tron, tirc I

thuoc XY.

D& thiy (IDBC) = -1 (hang diéu hoa tt giac toan phan). Do viy theo tinh chit cua hang diém
diéu hoa ta c6 KD 1a phan giac cua goc BKC. Vay BKD = CKD

Nhén xét: Yéu cau chirng minh ciia bai todn BKD = CKD twong duwong voi KD la phan giac
clia goc BKC tir @6 dén dén viéc tao ra hang diém (IDBC) = -1 hét swc tw nhién.

Tiép theo la mot bai todn cé yéu cdu twong tw nhwng kin hon.

Bai 3 (China TST 2002). Cho t giac 16i ABCD. Goi E, F, P lan luot 1a giao diém ctia 4D va
BC, AB va CD, AC va BD. Goi O la chan dudng vudng goc ha tir P xudng EF. Chimng minh

ring 40D = BOC .

Loi gii



F

Goi / 12 giao diém cua BD va EF va J 1a giao diém cta EP voi CD.

Ta c6 (DCJF) = - 1 (hang diém co ban trong tam giac ECD) nén

E(DCJF)=-1=> E(DBPI)=-1= O(DBPI)=-1

Ma OP L OI nén theo dinh li vé chum diéu hoa, ta c6 OP 14 phén giac DOB => DOP = BOP
Hoan toan tuong tu ta co AOP = COP

Tir 46 AOD =—AOP + DOP = —COP + BOP = BOC

Pay la diéu phai chimg minh.

Mot bai todn co y tuong tuong tu

Bai 4 (Iran TST 2012). Cho (0) & duong tron ngoai tiép tam giac 4BC. Goi D 1a trung diém

cung BAC cua (0). Goi I 1 tim dudng tron ndi tiép tam gidc ABC. DI cat BC tai E va (o) tai

F. P thudc AF sao cho PE // AI. Chtrng minh rang PE 13 phan giac BP/TC .

Giai:
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0
Goi AI cit (o) tai O, suyra Q la trung diém cung BC khong chtra 4, M 13 trung diém BC suy
raDQ 1 BC taiM. FONBC=R.
Do PE // AQ va tt gidc ADQF; DMFR 1a tir giac ndi tiép nén ta co:

—

FPE = FAQ= FDM = FRE nén t& giac RPEF 14 tir giac ndi tiép nén

RPE =180° — RFE =90° = PE | PR (1)

FE 1a phan giac trong cua tam giac BFC va FR 1a phan giac ngoai nén F(CBER)=-1

— P(CBER)=-1 (2)

Tu (1) va (2) suy ra PE 1a phan giac trong BT'%' (dpcm).

Bai 5 (Duyén Hai 2013). Cho tam gidc ABC ndi tiép duong tron (O). Dudng tron (1) ndi

tiép tam giac, tiép xuc voi cac canh BC, CA, AB lan luot tai D, E, F. Goi H la hinh chiéu
vudng géc ciia D trén EF; AH cit dudng tron (O) tai diém tht hai G. Tiép tuyén véi
dudng tron (O) tai G cit BC tai T.Chiing minh rang tam gidc TDG can.

Loi giai
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Néu EF // BC thi 4, O, 1, D, H, G thing hang nén TG // BC (v6 li)
Suyra EF va BC citnhautai S.
Tacé (BCDS)=-1= H(BCDS)=-1

Ma HD | HS = HD la phan gic cua BHC = FHB=EHC (1)

Mit khic vi AE = AF nén AEF = AFE = CEH =BFH  (2)

HF BF BH DB

Tir (1) va (2) suy ra ABFH va ACEH d6ng dang = = = =
HE CE CH DC

3)

Tacs OB _SNBAG _ 28,  2Sypy _ S _ HF _ DB
GC sinCAG AF.AH AEAH S,,, HE DC

(do (3))

= DG la phéan giac cia BGC 4)

Ma (BCDS)=-1=G(BCDS)=-1 (5)

Tu (4) va(5)suyra GD L GS

Goi T' 14 trung diém cua doan SD = T'S=T'G=T'D

Theo hé thitc Newtontacé T'G*=T'D*=T'BT'C

Suy ra T°G 1a tiép tuyén cua dudng tron ngoai tiép ABGC hay T'G 1a tiép tuyén cua
dudng tron ngoai tiép (0)

Vay T'=T hay ATDG cantai T

12



Bai 6. Cho duong tron (O; R) va mot diém I ¢b dinh & trong dudng tron (I # O), dudng thang
qua I vudng goc voi Ol cat dudng tron tai C va D; A 13 mot diém nam trén duong tron, tia dbi
xtng véi tia IA qua dudng thiang CD cat duong tron tai B. Goi M 14 trung diém cta AB.

a) Chung minh dudng thang AB di qua mot diém cd dinh L khi A thay doi trén dudng tron (O;
R).

b) Goi N, P 1a giao diém cua duong thang OM véi duong tron (O). Pudng thang CN va DP cit
nhau & Q. Chtrng minh ring cac diém Q, N 13 nhitng tdm ctia duong tron ndi tiép va bang tiép
cua tam giac CMD.

Giai:

Goi L 1a giao diém cua AB va OL K 1a giao diém ctia AB va CD.

Ta c6 IE LOL va IE 1a phan giac cua goc AIB , suy ra: (ABKL)=-1

Suy ra MA*> = MB*> = MK.ML (M la trung diém cta AB, New-ton) = (ML+ LK)ML =
MI? — LK.LM

Ma ta lai c6: P,/ (IOMK)=LI.LO = LK.LM

Do d6: MA? = ML} — LK LM = MI* — LI.LO

Suyra: ML*—MA> =LI.LO < LO* —OM* - MA* = LI.LO

Suyra: OL’ —0A4*> = LI.LO = (LO + OI)LO = LO* - OI.OL

2

Suyra 04’ =0I.OL. Suyra OL = % Vay L ¢b dinh.
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b) Trude hét ta chimg minh MK 13 phan gic cta goc CMD.
Goi E 1a giao diém caa OM véi CD

Ta ¢6 : AOIE~NAOML. Suy ra: OM.OE = OI.OL = O4* = R*
Suy ra: OE* —OM.OE = OE* - R*

Suyra: OEME =IE*+0OI* —R* = [E* —(R* - 0I*) = [E* - IC?
Ta co: P, /(OIRM) = KE.IE = OE.ME

Do dé ta suy ra: KE.IE = IE* —IC?

Suyra: IC*=[E*-IEKE =IE(IE —KE) = IE.IK

Theo hé thirc Newton, ta suy ra: (CDKE)=-1 (1)

Ma MK 1 ME nén MK 1a phan giac trong cta goc CMD (2)
Theo ching minh trén ta c6: OM.OE = R* = ON*

Suy ra: (PNME)= -1

Suy ra: (NPME)= -1 3)

Tir (1) va (3) ta suy ra: CN, PD, KM déng quy tai Q.

Ma goc QlA)N =90° nén QMND la tir giac noi tiép

Suyra: QZSM = Q]\A/M = CZA)P

Suy ra DP la phan giac trong cua goc CDM . 4)

Tir (2) va (4), ta c6 Q la tim dudng tron ndi tiép tam giac CMD

Ta lai c6 DN L DP suy ra DN la phan gidc ngoai ctia goc CDM . Suy ra N 1a tdm duong tron

bang tiép cta tam giac CMD.

Vay Q, N 1an luot 13 tAm cua dudng tron noi tiép va bang tiép cua tam giac CMD.

Bai 7 (Poland 2017) Xét tam giac ABC can tai A4 c6 M 1a trung diém ctia canh BC. Goi D 1a

hinh chiéu vudng goc ctia M trén canh AB. Pudng tron @ ndi tiép tam giac ACD va tiép xtc

v6i cac canh AD, AC 1an luot tai K, L. Céc tiép tuyén ctia @ di qua M cat dudng thang KL

tai X,Y; trong 6 X,K,L,Y nim trén duong thing theo ding thtr tu ké trén. Chimg minh 4

diém M,D,X,Y dong vién.

Loi gii
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B M C

Goi I 1a tAm duong tron noi tiép tam giac ADC .

Goi N=wnCD,Z=MX no,W=MY ~"o,E=MDXY.

—

Ta c6 BIC =2MIC =2(IAC + ICA) = DAC + DCA = BDC

Suyra BDIC 1a tt giac noi tiép

Theo dinh li Sim Son thi K, M, N théng hang.

Vi D nam trén duong ddi cuc cua M d6i voi duong tron @, theo dinh 1y Lahire ta c6: W, Z, D
thang hang va do d6: M (DNZW)=-1= M (EKXY)=-1= D(EKXY)=-1.

Két hop véi ZEDK =90° ta ¢6 DE 1a dudng phan gidc ngoai cua tam giac XDY . Lai c6
MX =MY .

Két hop hai két qua trén ta duoc 4 diém X,D,M,Y dong vién.

Bai 8. Cho dudng tron (0), day cung BC khac dudng kinh. Piém 4 thudc cung 16n BC. Ly S
dbi xtmg O qua BC. Liy T trén OS sao cho AT, AS dbi xting nhau qua phéan giac goc BAC.
Chtng minh 7 13 tAm dudng tron ngoai tiép tam gidc OBC.

Loi gii
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Goi I 1a trung diém BC, K = BB n CC. OK cit (0) tai P va O, O thudc cung 16n BC.
Ta c6 (KIPQ) = - 1 nén theo hé thirc Newton ta c6 OL.OK = OP>.

Mat khac AP 1 AQ, AP la phan gidc £ SAT nén (STPQ) =- 1

Theo hé thirc Newton ta c6 OP?> = OT.OS

T d6 suy ra OI.OK = OT.OS, ma OS =20 nén OK = 20T

Suy ra T'l1a tam (OBK) hay T 1a tam (OBC).

16



Dang 2: Ching minh d("ing quy, th%ng hang

Bai 9 (Hai Phong 2017) Cho tam giac ABC nhon. Puong tron ndi tiép (I ) tiép xiic

BC,CA,AB tai D,E,F; AD cét EF va (I) lan luot tai M,N (N#D); BN cit (I) tai
P (P;tN ); CP cit AD tai Q. Tuong tu, dudng tron bang tiép dinh A 1a (I ') tiép xiic
BC,CA,AB tai D'\E',F"; AD' cét E'F' va (I') lan luot tai M',N'(N'#D"); BN' cét (I')
tai P'(P';tN'); CP' cit AD' tai Q'. Ching minh BC,MM',NN',00" dong quy.

Giai:

Do DENF la tit giac diéu hoa nén (D,N,4,M)=-1.
Tuong tw D'E'N'F"' la tir giac diéu hoa nén (D',N', A,M') =-1.
Do do (D,N,A,M) = (D',N',A,M') nén BC,NN',MM' déng quy.

. AD ON _DF* CB PN

Ta co = = .
AN QD NF® CD PB
2PF.ND 2NF.ND
_DF* CB pr _DF’ CB pgp _CB.DF2ND _CB.DF2ND
NF? CD  PB NF? CD  BF CD.NF.BF  CD.NF.BD
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cB.pr . ANE-DE

= _, CB DF DE
CD.NF.BD EF BD CD
2Rsin A 32Rsin Lsin Bsin &
=4.2— = .2sin—-2sin— = 2" 2 _g
2rcos5 2 2 r

Tuong tu (D,N,A,Q) =-8= (D',N',A,Q') ,dodo BC,MM',NN',QQ' déng quy.

Bai 10. Cho tam giac ABC va diém M. Cac dudng thang AM, BM, CM theo thir tu cat BC,
CA, AB tai D, E va F. Lay X thudc BC sao cho ZAMX =90°. Goi Y, Z theo thir tu 13 diém d6i
xtng cia M qua DE, DF. Ching minh rang X, Y, Z thang hang.

Giai.

Goi T 1a diém ddi xtng ctia M qua BC. Ta ¢c6 DY = DZ = DT (cung bang DM). Dod6 Y, Z, T,
M cing nam trén mot duong tron tim D, ky hiéu 1a (D).

Mic khac, vi ZAMX =90°nén MX la tiép tuyén cta (D) tai M.

Tir d6, cha y rang T va M d6i xtmg nhau qua XD, ta ¢6 XT ciing 1a tiép tuyén cua (D) tai T.
Theo gia thiét va theo cach dung diém T, MX, MT, MY, MZ theo tht tu vudng goc voi DM,
DX, DE, DF.Tuwr d6, véi chtt y D(MXEF) = —1=> M(XTYZ) = —1= (MTYZ) = 1. Piéu d6 c6
nghia 13 t& gidc MYTZ 1a tt giac diéu hoa. Vay X, Y va Z thang hang.

Bai 11. Cho tam gidc khong can ABC. Pudng tron (/) tam 7 ndi tiép tam giac tiép xuc vai cac

canh BC, CA, AB tai D, E, F tuong ung. AD cat (]) tai diém tht hai G, M 13 giao diém cta A7 va
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EF. Gia st DM va GM cit (I) tai cac diém thr hai P, Q tuong tmg. Ching minh rang 4, P, O
thang hang.

Loi gii

B

Ta c6 tir gidc GEDF diéu hoa nén M(EFGD)= -1 = M (FEQP)=-1

Suy ra tir gidc PEQF 13 ttr giac diéu hoa

Suy ra OP, tiép tuyén tai E, tiép tuyén tai F ddng quy (tai A) suy ra 4, P, O thing hang. (dpcm)
Bai 12 (Romania TST 2014). Cho tam gidc ABC nhon c6 duong tron ngoai tiép (O). Cac tiép

tuyén voi dudng tron ciia tam giac ABC diém B va C gip nhau tai diém P. Puong tron tam P
va ban kinh PB = PC cat phan giac trong cia BAC trong tam giac ABC tai diém S, va OS N
BC = D. Chan dudng vudng goc cta S trén AC va AB lan luot 13 E va F. Ching minh ring
AD, BE va CF dong qui.

Loi giai
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EF N BC = G. Ta chung minh (GDBC) = -1

Ta cd BPC =180°—2BAC = BSC =90°+ BAC: FSE =180°—BACnén BSF + CSF =90°

SB FB SF
Suy ra ASBF ~ ACSE
€=~k
Ap dung dinh 1y Menelaus cho tam giac ABC véi cat tuyen GFE taco GB E_C F_A
GC EA FB

2
dé thiy FA = EA nén GB _FB _FB SF :(SBJ

GC CE SECE \SC

X 1A Y Ao .» . A \ 3s A- ~_ BD SBY
D¢ thay OB, OC 1a ti€p tuyén cua tam gidc SBC nén SD la duong doi trung nén e
Do d6 (GDBC) = -1.
Goi T'1a giao diém cta BE va CF; D’ 1a giao diém cua BC va AT = (GD’BC)=-1 = D'=D
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Viy AD, BE, CF ddng quy.

Bai 13 (Olympic KHTN 2017) Cho tam gidc ABC c¢6 dudng tron ndi tiép (I) tiép xtic vdi ba
canh BC, CA, AB lan luot tai D, E, F. Trén duong théng EF léy hai diém M, N sao cho BN va
CM song song vi AD. Goi P, Q 1an luot 13 giao diém thi hai cia DM, DN véi (I). Ching
minh BP, CQ, AD dong quy.

Giai.

Goi S 1a giao diém cta EF va BC. AD cat EF, PQ lan luot tai T, R va cit dudng tron (1) tai
diém thir hai G.

Ta c6 DG va hai tiép tuyén AF, AE cta (I) ddng quy nén DFGE 1a tir giac diéu hoa.

Tir d6 suy ra, SG 1 tiép tuyén cua (D).

Ta co (SDBC)=—-1= (STNM ) =—-1= D(STNM ) =—-1= D(DGQP) =—1. Suy ra DQGP la

tir giac diéu hoa nén PQ di qua S.

Suy ra (SROP) = (SDBC) =—1. Tir d6, BP, CQ, AD dong quy.

Bai 14 (VN TST 2017). Cho tam gidc ABC nhon, khong can. Goi (I ) 1a dudng tron ndi tiép

tam giac ABC va D,E,F tuwong ung la cac tiép diém cia (/) vdi cac canh BC,CA, AB. Goi
I, va I, tuong tng la tAm dudng tron bang tiép goc B va C cla tam giac ABC. Goi P,Q
turong Ung 13 trung diém cua cac doan thiang 1.E,ILF. Duong tron (a)l) ngoai tiép tam giac
PAC cat AB tai R (R * A), duong tron (a)z) ngoai tiép tam gidc QAB cit AC tai

S(S=A4).
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a) Ching minh rang cac duong thang PR,OS cit nhau trén dudng phin giac trong cla goc
BAC.

b) Goi J,K twong (g la cac giao diém ciia DF,DE véi 11, va M 1a giao diém cua EJ véi
KF. Puong thing 1P cit duong tron (a)l) tai X (X ;tP), duong thing 1,0 cit duong tron
(a)z) tai ¥ (Y * Q). Chung minh cac duong thang AM,BY,CX ddng quy.

Loi giai.

Xét thé hinh nhu duéi day.

a) Ta ching minh rang dudng tron (a)l) tiép xtic v6i duong tron (I ) tai tiép diém nam trén
duong thang I,E. Goi T la giao diém thir hai khac £ ctia PE véi dudng tron (] ) Ta c6
I*{i = AFE = IZ/AF7 =180° —IT/F?. Do vay tr giac [, AFT 1a tr gidc nd1 tiép. Tuwong tu tir gidc
I,CDT ndi tiép. Vay ta co ATE = ZF\I1 = 5])\]1 = (ﬁi (vi F,D d6i xtmg voi nhau qua dudng
BI,). Do d6 TE la phan gidc cua goc ZT\C, hay 7' nam trén dudng tron Apolonius d6i voi hai

diém 4,C theo ty sb k = A—E
CE

Goi (1 ') 1a duong tron tiép xuc v6i dudng thing AC tai E va tiép xac trong v6i dudng tron
(@) tai tiép diém 7' khong nam trén cung APC. Khi d6 theo tinh chét cia duong tron hdn
tiép thi T'E di qua diém chinh giita cta cung AC clia duong tron (a)l) (dé thdy diém nay la
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diém P). Vay T' ciing nam trén duong tron Apolonius ddi véi hai diém A,C theo ty sb

k:’é—f:. Vi T,T' cing nam trén duong thang PE (T,T'#E) nén T=T". Vay (/) va (1)

trung nhau.
Ta co IT]EI = ITEéI = PRA. Vay duong thang PR song song v6i I,F. Do d6 PR di qua trung
diém cua EF. Tuong ty OS ciing di qua trung diém cia EF. VAy PR va OS cit nhau tai

—

trung diém ctia EF nam trén dudng phéan giac goc BAC.

B

b) B6 dé: Cho tam giac A4,B,C, nhon, khong cén ngoai tiép dudng tron (Il) vé6i cac tiép diém
trén cac canh B,C,,4C,, AB, twong ung 1a D, E,F,. Cho R,S, 13 hai diém trén duong tron
(1,) sao cho D,(4BRS,)=-1 thi BR,CS, cit nhau trén AD,.
Chimg minh b6 dé. Goi X, 14 giao diém cta duong thang E,F, véi B,C,, Y, 1a giao diém ciia
DA véi (1) (Y, #D,). Do ti gidc D,EY,F, diéu hoa nén tiép tuyén tai ¥, di qua X,. Theo
gia thiét thi tor gide D,SY;R diéu hoa, do vay RS, di qua X,. Tur gia thiét D, (4BRS,)=-1,
ta thay (B,C,\D,X,)=(RSMX,)=-1, véi M, la giao diém cia RS, v6i 4D,. Viy BR, phai
cit CS, cit nhau trén dudng thing AD,. (B6 d& duogc ching minh)

Quay lai bai toan. Ta ldy M ' 1a giao diém cua JE voi (] ) (M '# E ), K' 1a giao diém cua
FM' v6i DE. Ap dung dinh ly Pascal cho sdu diém (DEF,M 'FE) thi ta dugc J,4,K' thang

hang. Do dé K =K' vavividy M =M’, hay M nim trén (1).
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Ta thiy, AFM = FEM = AJM, va do d6 tit gidc AJFM ndi tiép. Tuong tu, t&r gide AKEM
ndi tiép. Pdng thdi AKD = FED = BFD, va do do t& gisic AKDF ndi tiép. Viy ta co
FAD = FKD = MAE , vado dd AM va AD ding giac trong tam giac ABC.

Goi U la giao diém cua DI, véi (I), V 1a giao diém cta DI, véi duong tron (] )
(U,V * D). Ta ¢6 XDB=XED = )?II\C Do vay to giac [,CDX noi tiép. Mat khac
UEC = Il/li? = (7[1\6’ Do vay tir giac UEL,C néi tiép. Tir d6 ta c6 UCE =(7117? = XCD. Vay
CX va CU dang giac trong tam giac ABC. Tuong ty ta cling co6 BY va BV dang gidc trong
tam gidc ABC. Dé thay ring D(ABUV)=D(ABII,)=C(ABII,)=-1. Theo bd d¢ ta c6
AD,BV ,CU dbng quy. Viy AM,BY,CX dong quy.

Bai 15 (Peru TST 2017). Cho tam gidc ABC ngoai tiép (7). Puong tron (/) tiép xtic BC tai D.
Goi K, L 13 tam duong tron bang tiép goc B, C cua tam giac ABC. ID cit CA, AB lan luot tai M,
N. Goi J= NK n ML. Chimg minh rang IJ L 4D.

Loi giai

Goi E, F lan luot 1a tiép diém cua (I) voi CA, AB, S= EF N BC.
Khi 6 AD, BE, CF ddng qui nén (SDBC) = - 1.

Goi X 1a giao diém tht hai cua (/) va AD

Do d6 tir giac XEDF diéu hoa.

Suy ra EF, DD va XX (cta (/) dong quy tai S = SI L XD.

Nhu vy ta chi cin ching minh S, 7, J thing hang.
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S D ¢
Goi R=ID N AK; Y=I1C " AB.
Ta c6 AIKBC) =- 1 = (IRNM) = - 1 = J(IRNM) = - 1= JI, MK, NL dong quy.
Goi Y=ICNAB = (LIYO)=-1= N(LIYC)=-1
Ma (SDBC) =-1 = N, L, S thing hang.
Tuong ty ta ciing c6 M, K, T thang hang.
Suy ra NL, MK, IJ ddng quy tai S.
Tir d6 c6 diéu phai chirng minh.
Bai 16. Tam giac ABC c6 H 1a tryc tAm, M 1a trung diém cua BC, P 1a diém bat ki trén doan
HM. Goi D, E, F lan luot 13 hinh chiéu cia P trén AH, AB, AC. Puong thang HM cat dudng
tron ngoai tiép tam giac ABC tai K, G (M nam gitra H va K). Tiép tuyén tai E, F cua duong tron
ngoai tiép tam gidc EAF cit nhau tai 7. Chiémg minh rang ba diém G, D, T thing hang.

Loi giai
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Goi AK’1a duong kinh ciia dudng tron ngoai tiép tam gidc 4BC. Khi d6 K, H, M thang hang.
Vay K’ trung K.
Taco AGM=90° = G €( AEFP).

Goi R, S'1a chan duong cao theo tht tu ha tir B, C cua tam giac ABC.

Xét cac duong tron (AGBC), (AGSHR), (BSRC) c6 céc truc dang phuong 1a AG, SK, BC .

THI1: AG, SK, BC song song hodc tring nhau thi tam gidac ABC vudng can tai 4. Khi d6 tiép
tuyén tai £ va F cua (AEF) song song.

TH2: AG, SK, BC dong quy tai T".

Taco (AT AH,AS,AR)=—-1=(AG,AE,AD,AF )=—1.

Suy ra GEDF 1a tir giac diéu hoa. Do d6 G, P, T thang hang.
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Bai tap tuong tu

Bai 1. Cho tt gidc ABCD ngoai tiép dudng tron (0). Goi M, N, P, O lan luot 1a cac tiép diém
cua duong tron (O) véi AB, BC, CD, DA. Goi X la giao diém ctia MN va PO, E, F lan luot 1a
giao diém ctia AC véi dudng tron (O). Goi H 12 hinh chiéu vudng goc cua X trén BD. Chimng
minh ring AHE — C/’H?W

Bai 2 (Iran NMQ). Cho tam giac ABC, léy T,E,F lan luot thudc cac doan BC, CA, AB sao cho
3 duong thang AT, BE, CF dong quy tai mot diém.Goi L 13 giao diém cua AT va EF. Goi H 1a

hinh chiéu cua L xuéng BC. Chimg minh rang LH 13 phan giac cua EHF .

Bai 3. Cho tam giac ABC nhon (4B < AC), cac dudng cao AD, BE, CF ddng quy tai H. Puong
thang EF cét cac dudng thang AH, BC lan luot tai L va G; dudng trung truc cta doan thang LD
cit duong thang GH tai P. Goi M va N lan luot 13 trung diém cta cac doan thang BC va EF, I
1a giao diém cua AM va GH, K 13 hinh chiéu vudng goc cua H 1én dudng thing AG.

a) Ching minh bon diém D, P, L, I cung niam trén mot dudng tron.

b) Chirg minh ring /, K, L thing hang.

Bai 4. Cho tam giac ABC khong cén tai 4. Goi (O) va (I) theo thir ty 1 dudng tron ngoai tiép,
duong tron ndi tiép tam giac ABC. (I) tiép xuc voi AC, AB tai E va F. Cac diém M, N thudc (/)
sao cho EM song song BC va FN song song BC. Goi P, O lan luot 13 giao diém cua BM, CN
v6i (I). Ching minh rang :

a) BC, EP, FO ddng quy tai mot diém, goi diém d6 1a K;

b) Pudng tron ngoai tiép cac tam giac BPK, COK cung tiép xuc voi (/) va cing di qua mot
diém thudc (O).

Bai 5 (Bic Giang 2017) Cho tam giac ABC nhon. Cac duong cao AD; BE; CF cit nhau tai H.

Goi / 12 hinh chiéu cta D 1én EF. Pudng tron ngoai tiép tam giac HAB va duong tron ngoai
tiép tam gidc DEF cat nhau tai P; Q (P; C cing phia so v&i AD).

1) Chimg minh rang DI 1a dudng phan giac cia goc BIC .

2) Chimg minh rang PH; DE cat nhau trén dudng tron ngoai tiép tam giac ABC.

Bai 6. Cho tam giac nhon ABC c6 dudng cao AH, tryc tim K. Pudng thing BK cit dudng tron
duong kinh AC tai D, E (BD < BE). Puong thang CK cit duong tron dudng kinh AB tai F, G
(CF < CG). Puong tron ngoai tiép tam gidc DHF cat BC tai diém thw hai 1a diém P.

a) Ching minh ring cac diém G, H, P, E cung thuéc mot dudng tron.
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b) Chirmg minh ring cic duong thing BE, CD, PK dong quy.
Bai 7. Cho tam giac ABC nhon, khéng cén, truc tim H, tdm duong tron ngoai tiép 1a O, va
duong cao AD. Pudng thang A0 cét BC tai E. Goi I, S, F 1an luot 13 trung diém AE, AH va BC.
Puong thang qua D song song véi OH lan lugt cat AB, AC tai M va N. Pudng thang DI lan lugt
cit AB, AC tai P, O. Puong thang MQ cét NP tai T. Chtrng minh rang:
a) SF // AE. b) Cac diém D, O, T thang hang.
Bai 8. Cho ttr giac ABCD noi tiép duong tron (O) va khong c6 hai canh nao song
song. Cac tia BA va CD cat nhau tai P, cac tia AD va BC cat nhau tai O . Goi H 1a hinh
chiéu vudng goc caa D trén PQ. Goi (O,), (O,) tuong tmg la cac dudng tron ndi tiép clia cac
tam gisac PDA va ODC (ban kinh dudng tron (O,) va (O,) khac nhau). Goi A 1a mot tiép
tuyén chung ngoai cua (0,) va (0,), A tiép xac (O,) tai M, A tiép xac (O,) tai N. Cac
tiép tuyén ke tir H t6i (O,)cit A tai X va Y. Cac tiép tuyén ké tit Ht6i (O,)cat A tai Z va
T. Chung minh rang:

1 1 1 1
XM YM ZN IN’
Bai 9 (ELMO SL 2012). Cho tam giac ABC va tam ndi tiép (I) tim /. Goi D 1a chan vudng goc

a) HD 1a phan giac goc 51‘]:[\02 : b)

cta I xubng BC, P 1a chan vudng goc cua I xubng AD. Chirmg minh B/PB = @
Bai 10 (Balkan 2017) Cho tam giac nhon ABC v6i AB < AC c¢6 o la dudng tron ngoai tiép.

Goi t,va ¢, lan luot 1a céc tiép tuyén cia dudng tron @ tai B va C. Goi L 1a giao diém cia
chung. Pudng thang di qua B va song song véi AC cit t. tai D. Pudng thang di qua C va song
song voi AB cit t, tai E. Duong tron ngoai tiép tam giac BDC cat AC tai T; trong d6 T nam
gitta 4 va C. Puong tron ngoai tiép tam gidc BEC cit AB tai S; trong d6 B nam giita S va A.
Chung minh rang ST, AL, BC dong quy.
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C.PHAN KET LUAN

Trén day 1a mot s6 bai toan vé dudng phan giac, ddng quy, thang hang str dung dén hang
diém diéu hoa. Kién thirc vé hang diém diéu hoa kha dé hiéu va don gian nhung Gng dung cua
n6 thi kha nhiéu. Thong qua d6 giup hoc sinh tiép can va hinh thanh ki nang sir dung hang diém
diéu hoa, ciing nhu lya chon dugc cach giai bai toan phu hop, ting thém tinh say mé, tich cuc
tim toi va sang tao.

Chuyén dé trén nhim muc dich trao ddi v6i cac thay c6 day bdo mén toan vé viée sir
dung hang diém diéu hoa dé giai cac bai toan hinh hoc phang. Do kién thirc con nhiéu han ché
nén chic rang chuyén dé kho tranh khoi cac thiéu sot, chiing t6i mong c6 sy gdp ¥ cua quy thiy

co dé chuyén dé duoc hoan thién hon. Tac gia xin chan thanh cam on!
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