Chuong 2
TICH VO HUOGNG CUA HAI VECTO

§1.  GIA TRI LUGNG GIAC CUA MOT GOC BAT KY TU 0°
DEN 180°

I. Tém tat Ii thuyét
1. Gia tri luong gidc ciia mét gée bat ky tir 0° dén 180°

Pinh nghia 1.

Vé6i mdi goc o (0° < a < 180°), ta xac dinh mot diém M trén nita dudng y
tron don vi sao cho xOM = o va gia sit di€ém M c6 toa do M (xo;yo). Khi |
do ta dinh nghia: M
————— Yo
e sin cia goc «a la yg, ky hiéu sino = yy; 3
e co0-sin cua goc o 1a xg, ky hiéu cos @ = xp; 1 o
Yo Yo —1 %0 0 Lx
e tang cua goc a la — (x9 # 0), ky hiéu tanax = —;
X0 X0

~ 5 P X A X
e co-tang cua goc o la -0 (yo # 0), ky hiéu cotax = 0
Yo Yo
Cic s6 sin @, cos &, tan ¢, cot o dudc goi 1a cac gid tri luong gidc ciia goc o.
/\ Chiy.
o Néu o la goc tiu thi coso < 0, tana < 0, cotor < 0.

e tan a chi xdc dinh khi o # 90°.

e cotx chi xdc dinh khi a # 0° va o # 180°.
Tinh chat 1. V& diu ciia cdc gid tri luong gidc.
e sina >0 v6i 0° < o < 180°.
e cosax >0 v6i0° <o <90° vacosar < 0 vsi 90° < o < 180°.
e tano >0 v6i 0° < ¢ < 90° vatana < 0 v6i 90° < o < 180°.
e cota >0 vdi0° < o <90° vacotax < 0v6i90° < o < 180°.
Nhu viy, cos &, tan o, cot ¢&¢ ludn cling dau véi 0° < o < 90° va 90° < & < 180°.

Tinh chét 2. M&i quan hé giita hai géc bu nhau.
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100 CHUONG 2. TICH VO HUONG CUA HAI VECTO

e sina = sin(180° — o).
e cosa = —cos(180° — o).
e tana = —tan(180° — a) véi o # 90°.
e cota = —cot(180° — ) véi a # 0°,180°.
Tinh chat 3. Méi quan hé gitta hai géc phu nhau (v6i 0° < o0 <90°).
e sin(90° — o) = cosa.
e cos(90° — a) =sina.
e tan(90° — ) = cotax véi a # 0°.
e cot(90° — a) =tana véi a # 90°.

Tinh chit 4. Cac cong thic co béan.

sin o cos o
etan( = . o Cotol = — . etanc.cota = 1.
cos & sino
e sin”a+cos?a = 1. el +tan’a = 57— o1 +cot?> o= — 7—-
cos= o sin” o

2. Goc giwra hai vec-to

Dinh nghia 2.

Cho hai Vec o d Va b déu khac vec-to O T mot diém O bat ky, ta vé OA a -

va O? = b Géc AOB véi sb do tir 0° dén 180° dudc g01 la goc gnfa hai vec-t0 d \y
ab.Ta ky hiéu goc gitta hai vec-td @ va 7 1a (d, b) Néu (7 b ) =90° thi

— a A
ta ndi rang d va b vudng goc v6i nhau, ky hiéu la a1 b hoac b 1d. B v\b/

0
/N Tir dinh nghia ta co (7,?) = (7,7)

Tinh chét 5. Néu @ va b cing huéng thi (7, 5 ) =

Tinh chét 6. Néu @ va b ngugc hudng thi (@, b ) = 180°.

II. Cac dang toan

Dang 1. Tinh cac gia tri lugng giac

St dung cic cong thifc co ban & phan ly thuyét d€ tinh ra céc gia tri luong gidc.
/\ Cdn chii ¥ ddu clia cdc gid tri lugng gidc khi tinh.

1 )
Vidu 1. Chosina = 7 Tinh cos &, tan @, cot & biet 0° < o < 90°.

Loi giai. Ta c6 sin?a+cos? o = 1= cos>a = 1 —sin’a.
1 1 15
Véisina = — thicos?o=1— — = —.
isin 2 icos =16
V15
V10°<oc<90°néncosoc:?.
ina V15 a
Tir d6 suy ra tanox = smé ,cotoc:COS

cosat 15 sin &
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Vidu 2. Chocosa = 3 Tinh cac gia tri lugng giac con lai cua goc «.

Lui gidi. Ta c6 sin® o +cos?a = 1 = sin> & = 1 —cos2 a.

1 1 8
VGlCOS(X——g'[hlSln o= 1__25
2
Vi sin ¢ luén duong nén sin o = \3/_
i o 2
Tudosuyratana = —— — :—2\/§ coto _ o8 —i.
cos o sin o 4
[ Vidu 3. Cho tanx = 2. Tinh cac gia tri lugng giac con lai cia goc x. ]
N 1A ) 1 1
Loi giai. Tru6c hét, ta co tanx.cotx =1 = cotx = — = —.
. . tanx 21 .
Miit khéc, 1 +tan?x = = cos’x = = =—.
‘ T = s T lt+tanlx  1+22 5
\ NI V5
Vi tanx va cosx cung dau nén cosx = 5
. 1 4 25
Ap dung cong thiic sin?x +cos?x = 1 = sinx = 1 —cos>x = 1 — 55 Tur d6 suy ra sinx = T\/_
[ Vidu 4. Cho cotx = —3. Tinh cdc gia tri lugng gidc con lai cia goc x. ]
\,e e % 7, A 2 1 1
Loi giai. Trudc hét ta co tanx.cotx =1 =tanx = — = ——.
cotx 3
Mt khic 1+ cot?x = ! = sin’x = ! = —. Suy ra sinx = 0
' ~ sin’x T (32 100" 0
cosx ) —-3v10
Do cotx = —— = cosx = sinx.cotx = .
sinx 10
BAI TAP TU LUYEN
Bai 1. Chocosa = ~3 Tinh cac gia tri lugng giac con lai cua goc .
G e7e < AL 5 5 25
Loi giai. Dap so: sina = ER tano = —g, cotq = —%_.

Bai 2. Cho sinx = R Tinh cdc gia tri lugng giac con lai cua goc x biet 90° < x < 180°.

V7 3V7 V7

Loi gidi. Pap sb: cosx = — tanx = - cotx = —3
Bai 3. Cho tan o = /2. Tinh céc gid tri lugng gidc con lai clia gbc .
V3 V6

e re % 2
Loi giai. Bap so: coto = B cosQ = 3 sinQ = 3

Bai 4. Cho cotfl = —g. Tinh céc gia tri lugng giac con lai cia goc .

2 2 \/21
Loi gidi. Dap sb: tanB——i B—L— cosf=—— 7

Bai 5. Cho tan(180° —a) = —5 Tinh céc gi4 tri ludng gidc clia goc a.

sina = —

Loi gidi. Pap sb: tana = X cota=2, cosa= = 5
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Bai 6. Cho cos(180° — o) = % Tinh cac gid tri con lai clia goc a.
2v/5 V5
2

Loi gidi. Pap sb: cosa = 5 sinot = 3 tan o = —— coto = —

2
Bai 7. Cho sin( 180° — Oc) =3 v6i 0° < o < 90°. Tinh céc gia tri lugng gidc cua goc «.

I
I

—
I

“e ere s AL L 2
Loi giai. Dap so: sma:§,cosa

Dang 2. Tinh gia tri cac biéu thitc lugng giac.

Tt gia thiét dé cho (thuong 12 gia tri clia goc hay mot gid tri luong giac) dinh huéng bién d6i biéu
thifc vé dang chi xuat hién gid tri da cho cla gia thiét dé tinh.

A Cdn chii y diéu kién dp dung (néu co).

Vidu 5. Tinh A = acos60° + 2atan45° — 3asin30°.

N, 2 e Ve 1 1
Loi giai. Taco A = 5a+2a— §.3a =a.

[ Vidu 6. Cho x =30°. Tinh A = sin2x — 3cosx.

N . ) 3 3
Loi giai. A =sin2.(30°) —3c0s30° = sin60° — 3cos30° = g - % = /3.

Vidu 7. Cho cosx = 3 Tinh gia tri biéu thiic P = 4sin’x+cos®x = 1.

- 1\ 11
Lui giai. Taco P =4(1 — cos? x)+coszx:4—3cos2x:4—3(—) = .

3 3
, ) 3sinx+ cosx
Vidu8. Cho tanx =2. TinhA = —————.
SinX — COSX
3 sinx n COSx
N , 3tanx+1
Loi gidi. Taco A = —COSX €OSX _ =
sinx  COSX tanx — 1
COSX COSX
, . 2 cotx — tanx
Vidu9. Chosinx=—-.TinhB= —.
: 3 cotx—+tanx
cosx  sinx sin®x — cosZx
N . inx i . 1
Loi giai. Taco B= 3L _COSX _ _ SIMXCOSX_ _ iy | = —_.
cosx  sinx  gjn?x+ cos®x 9
sinx COSX Sinxcosx
BAI TAP TU LUYEN

Bai 8. Tinh
a. A =15—cos20°+2sin?30° — 3tan? 45°.

b. B=2cos2x+ 3sin3x v4i x = 45°.
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Bai 9. Tinh
a. A=tan10°.tan20°...tan80°.
b. B =cot20° +cot40° + - - - +cot 140° + cot 160°.
Loi giai. Hudng dan:
a. Ta co: tan10° = cot80°, tan20° = cot70°, tan30° = cot60°, tan40° = cot50°. Do do, ta tinh dugc
A=1.

b. Ta c6: cot20° = —cot160°, cot40° = —cot 140°,... nén ta tinh dugc B = 0.
sina—2cosa

Bai 10. Cho cota = —3. Tinh A =
Loi gidi. Dap s6: A = —1.

3cosa-+2sina’

sin’a+2cos?a.sina

Bai 11. Biét tang =2. Tinh B = ;

cota.sin”a — 2cosa

Loi gidi. Pap s6: B=6
2tan o + cot &
4tano — 3cota

N e 3 7z
Bai 12. Cho cosa = . Tinh C =
Loi gidi. Pap sb6: C =23
N e < A . 1 - .
Bai 13. Bict sinx+cosx = 3 Tinh D = sinx. cosx.
e 2 pe X z 1 . . . . N z
Loi giai. Hudng dan: Ta co 9= (sinx 4 cosx)? = sin?x 4 cos” x + 2sinxcosx = 1 + sinxcosx. Tir d6 suy

ra sinx.cosx = ~9

Dang 3. Chiing minh dang thiic lugng gidc

St dung linh hoat céc cong thiic ¢6 ban, cac phép bién ddi dai s6 va st dung cac hing dang thiic dang
nhd dé€ rit gon va chiing minh.

a = sinx
Vi du 10. Cho { b = cosxsinx . Chiing minh ring a®> +b* +¢*> = 1

€ = COSXCOSY

Loi giai. Ta co:
a® +b*+c? =sin*x+ coszx(l — cos? y)+ cos®xcos?y
= sin®x + cos>x — cos xCOS> y+ cos’

=1.

xcos’y

Vi du 11. Chiing minh cdc dang thic sau:

a) sin*x+ cos*x = 1 — 2sin®xcos? x.

4 4 2

X —sin” x = cos z

b) cos x—sin?x=1—2sin’x = 2cos?x— 1.

2 2

¢) tan®x — sin® x = tan®xsin’x.

1 1
+ =
1+tanx 1+cotx

d)

Li gidi.
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, . .2 \2 2 . 2 )
a) Ta c6 sin*x+ cos*x = (sm2 x)"+ (cos?x)” = (smzx +cos?x)” =2 sin®xcos2x
Do sin?x + cosx = 1 nén ta suy ra sin*x+ cos*x = 1 — 2sin’ xcosx.

. 2 . 2 . . .
b) cos*x— sin*x = (coszx) — (31n2x) = (coszx — smzx) (coszx + sin? x) = cos?x —sin%x
Do sin%x + cos?x = 1 nén cos?x — sinx = cos? x + sin®x — 2sin>x = 1 — 2sin%x
Tuong tu ta ¢6 cos?x — sin®x = 2cos?x — 1.

2

. 2
) sin“x ) 1 ) 1 —cos“x )
¢) tanx — sinx = 5 — sinx = sin’x ( 5= — 1) = sm2x—2 = tan?xsin®x
COS* X COS* X COS* X
) 1 1 1+tanx+ 1+ cotx
d) Taco =

+ = .

I+tanx 14cotx (14tanx)(1+cotx)
Mat khac (1 +tanx) (14 cotx) = 14 tanxcotx + tanx 4 cotx = 2 4 tanx + cotx.
1 _ 24tanx+cotx

T do suy ra + = =
l1+tanx 1-+cotx 2-+tanx-+cotx

Vidu 12. Cho A, B, C 1a cic géc clia tam gidc. Ching minh cdc ding thifc sau:
a) sin(A+B) =sinC.
b) cos(A+B)+cosC=0.

A+B C
:cosz.

d) tan(A—B+C) = —tan2B.

¢) sin

Loi giai. Do A, B,C la cic goc clia tam giac nén ta c6 A+ B+ C = 180°.

a) TacoA+B+C=180°<A+B=180°—-C.
Tit d6 suy ra sin (A + B) = sin (180° — C) = sinC.

b) TaccA+B+C=180° <= A+B=180°—-C.
Tir d6 suy ra cos (A +B) = cos (180° —C) = —cosC = cos (A + B) +cosC = 0.

A+B 180°—-C C
¢c) TacoA+B+C=180° < * = =

A+B C C
Tu do suy ra sin —; :sin(90°—5) = Cos —.

d) Tacétan(A—B+C) =tan(A+B+C —2B) =tan(180° —2B) = —tan2B.

Vi du 13. Chiing minh ring cdc biéu thiic sau c6 gia tri khong phu thudc vao x.

a) A= sin® x + sin® xcos? x + sin* xcos? x + sin® xcos? x + cosZ x

b) B = 1—sin®x 3tan%x

cosOx cosZx

Li gidi.
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a) Taco:
A=sin®x+ sin® xcos? x +sin*xcos?x + sin®xcos?x + cos® x
— sin®x (sinzx + cos? x) + sin*xcos? x + sin®xcos?x + cos?x

= sin®x + sin* xcos? x + sin® xcos® x + cos’ x
—sinx (sinzx + cos? x) +sinxcos? x4+ cos2 x
— sin* x + sin®xcos? x + cos x
— sin’x (sinzx + cos? x) +cos?x
= sin2x+ cos?x = 1.
b) Piéu kién cosx # 0.
1—sin®x 3tan?x
B= 6. 2
cosbx COS* X
1 —sin®x 3sin®x
cos®x cos* x
1 —sin®x 3sin®xcos?x
~ costx cos®x
1 —sin®x — 3sin®xcos?x

cos®x

(1- sinzx)3 +3sinx(1 — sin?x) — 3sin®xcos?x

cosOx
(coszx) 3 +3sin®xcos?x — 3sin®xcos? x
a coslx
B cos®x
"~ cosOx

1.

Vi du 14. Tim m @& biéu thiic P = sin®x + cos®x — m (sin* x + cos*x) ¢6 gid tri khong phu thude vao
X.

Loi giai. Ta cé:

4 2 2

. . 2 . .
sin*x + cos*x = (smzx—f—coszx) —2sin?xcos?x = 1 —2sin®xcos? x.

6 2

. . 3 . . .
sin® x + cos®x = (sm2x+coszx) —3sin® xcos?x(sin? x + cos?x) = 1 — 3sin® xcos’ x.

Tir d6 suy ra P = 1 — 3sin*xcos?x —m (1 —2sin?xcos?x) = 1 —m+ (2m — 3) sin* xcos?

X.

Do dé6 P c6 gid tri khong phu thudc vao x khi va chi khi 2m -3 =0&m =

E.
p N p p . _sin*x  costx 1 ; . N
Vidu 15. Cho a,b la cac sO duong va thoa man hé thuc b T atb Chiing minh rang
a a
sin??18x  cos?012x _ 1
1008 + p1008 (4 p)1008"
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Loi giai. Ta c6:

sin*x n costx 1 & (a+b) sin* x n costx
= a =
a b a+b a b
.4 4
sin"x cos*x . 2
< (a+b) + = (s1n2x—l—cos2x>
a b
a b
& —cos x+—31n4x 2sin%xcosx =0
\/E \[
cos®x — sinfx | =
a
@\/7005 x—\/>sm X
sin? x cos X
a b
-2 2
L sin“x  cos“x 1
Tu do suy ra = > 0.
a b a+b
o sin?x — at o 46 e 5in2018 ,, — 10091009
atr = = ,dodotaco .
: atb cos?x — bi 052018  — 510091009
Vi sin2018x N 0032012x a1009t1009 N b1009t1009 ( +b) 1009 1
a = = (a =—
1y — 1008 /1008 1008 51008 (a+ b)1008

BAI TAP TU LUYEN

Bai 14. Cho A = sina,B = cos asin 3,C = cos accos B siny, D = cos o cos 3 cos y. Chiing minh rang A% +
B*+C*+D*=1.

Bai 15. Ching minh déng thifc lugng gidc sau:

1 + sin?
a) +—2x = 1+2tan2x.
1—sin“x
COSX 1
b) — +tanx = ——.
1 +sinx COSX

2x = tan? xsin?x.

¢) tan%x —sin
Bai 16. Chiing minh céc biéu thic sau khong phu thudc vao x
a) A = sin*x(3 —sin’x) + cos*x(3 —2cos’x).
b) B =3 (sin®x—cos®x) +4 (cos6x —sin® x) +6sin’ x.
4

¢) C = sin®x+ cos®x + 6sin* xcos* x + 4 sin® xcos? x (sin4x +cos®x) .

Bai 17. Tim m dén biéu thic P = sin®x+ cos®x +m (sin6x + cos6x) + 2sin? 2x khong phu thudc vao x

nm
sin% 2x

Nye o7 o . Y 2 P ’ P - 5 -
Loi giai. Su dung cac hang dang thuc rut gon biéu thuc P ta dugc P =1+m+
Tu d6 suy ra P khong phu thudc vao x khi va chi khi m = 5.

.. . 3. .
Bai 18. Cho f(x) = sin®x+ 7 sin? 2x + cos® x. Tinh f <m> i

Loi giai. Rut gon f(x) tacd f(x) =1Vx e R, tit d6 suy ra f (2017
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BAI TAP TONG HOP

Bai 19. Cho cosa+ 2sina = 0. Tinh cac gia tri lugng giac cia goc a.
sin ¢

Loi giai. Hudng dan: cos o+ 2sina = 0 < P Tir d6 ta dugc
cos
. 1 2V5 . V5
Pap so: tana = 5 cota = —2, cosa = 5 sina = -

Bai 20. Cho cos*x —sin*x = 3 Tinh cac gia tri lugng giac cua goc x biet x la goc tu.

N . x . l . . 7 .
Loi gidi. Hudng dan: cos*x — sin*x = i (cos?x — sin®x) (cos?x + sin®x) = i cos’x — sin’x =
7 R
3 (1). Ta lai c6 sin?x +cos>x = 1 (2). Giai hé phuong trinh gdm (1) va (2) ta tim dugc cdc gia tri

SinX va COSX.
Dap sb: cosx = —E7 sinx = l, tanx = —@, cotx = —/15.
4 4 15
Bai 21. Tinh C = sin? 10° 4 sin?20° + - - - +sin® 170° 4 sin” 180°.
Lui gidi. Hudng din: sin10° = sin170°, sin20° = sin160°,..., suy ra C = 2(sin* 10° 4 sin®20° + - +
sin? 800) + sin?90°. Mt khéc ta c6 sin80° = cos 10°, sin70° = cos20°,..., c6 4 cap nhu vay nén ta tinh
duoc C = 5.

.. ) 3 )
Bai 22. Cho sinx+cosx = 7 Tinh sin® x + cos* x.

S e ) P A 2 9 . . . .
Loi giai. Trudc hét ta co 6= (sinx + cosx)? = sin’x + cos>x 4+ 2sinxcosx = 1 + 2sinxcosx, suy ra

Sinx.cosx = —.

32

4 4 2

x — 2sin®xcos®x
2

sin*x 4+ cos* x = sin*x + 2sin®xcos? x + cos

= (sin*x + cos? x)2 —2(sinxcosx)
_1 2(—7)2_ 463
N 32/ 512
<. .4 4 T 4 -4
Bai 23. Chosin*x+3cos”x = 7 Tinh cos™x+ 3sin” x.
Loi giai. Tacé
7 7
sin*x+3cos*x = 1 (1 —coszx)2+3cos4x= 1
3
&= dcos*x —2cos?x — 1 =0

) 3
<= cos x=7

tur do ta dugc
. 2
cos*x +3 sin*x = cos* x +3 (1 — coszx)

9 3\% 3
= 1—=) ==
16+3< 4) 4

Bai 24. Cho 2sinxsiny — 3 cosxcosy = 0. Chiing minh rang:
1 1 5

+ .
2sinx+43cos?x  2sin’y+3cos?y 6

Loi gidi. Tir gia thiét suy ra 2tanx = 3coty < tany = Tty
anx
Bién d6i vé trai dang thic can chitng minh theo tanx, tany ta suy ra diéu phai chiing minh.
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) 2sinQ o —sino
Bi 25. Cho 6cos? o+ cos o —2 = 0. Bidt A — Zo X oS = 51n

=a-+btano v6i a,b € Q. Tinh gia tri

. 2cosa —1
cua biéu thic a + b. .
Loi giai. Piéu kién 200506—1750@00806755.
1
cosazz
Tacé 6cos> ot +cosa —2 =0 < )
coso = ——
3
1 . 2
Docosa;«éinencosa:—g.
2sincos o —sin & in o
Mait khac A = & cos s :sin(x:cosa.sm = ——tanQ
2cosa— 1 Cos O 3
a=0 2
Tu d6 suy ra 2 :>a+b:—§.

3
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62.

§3.

I. Tém tatly thuyét

1. Dinh nghia

TICH VO HUONG CUA HAI VECTO

TicH VO HUOGNG CUA HAI VEC-TO

- . - Ty
Dinh nghia 1. Cho hai véc-to d va b déukhac 0. Tich vo hudng cua dva b lamotsd, kihieula @. b,
dudc xac dinh bdi cong thiic sau:

3.5 =[@)|F.cos(@, )

R LA A ., R . e . -
Truong hgp it nhat mdt trong hai véc-to dvab bang véc-to 0 ta quy uGc d.b =0.

JAN

— — —
a) Vi d va b khdcvéc-to dtacé d.b =0 dLb.

—

b) Khi d = b tich vo hudng a.d dugc ki hiéu la a2 va sé nay duoc goi la binh phuong vé hudng cua

vée-to d.

Ta co: d? =|d|.|d|.cos0° = |d |~

2. Cac tinh chét cta tich vo hudng

, A sye , — A [N . A ,
Tinh chat 1. Véi ba véc-to 7, b, 7 batkiva moi sO k ta co:

- = )
e d.b=b.d (tinh chat giao hoan);

° (kﬁ)

— — 2 2
e d.(b+7)="1d.b+d.7C (tinh chit phan phdi);
b =

K@ @)=a.(kb);

o« W2>0,d2=0od=0.

Nhdn xét: Tii cac tinh chét cia tich vo huéng hai véc-to ta suy ra

¢ (A+AVP=a2+23. 5+ b2

« (@-D)P=a2-2a.b+b%

o (T+0).(d—

Py=ar-b.

3. Biéu thitc toa d6 ciia tich vé6 huéng

Trong mit phang toa do (07?) cho hai véc-to @ = (a1;a7),
%
d.b =ab; +aby |,

.. C T
hai véc-to @ va b la:
Nhdn xeét:

Hai véc-t6 @ = (a1;a2),

%
b = (b1;by). Khi do tich vd hudng cia

_>
b =

N —
(b1;b,) deu khac véc-td 0 vudng géc v4i nhau khi va chi khi ayby +ayby = 0.
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4. Ij'ng dung

a) B0 dai véc-to:

Do dai ctia vée-to @ = (a1;a;) dugc xédc dinh béi cong thiic: | || = 4/ a?+a3|.

%
a.b aiby +axby

%
b) Géc giita hai véc-to: [cos(d, b ) = — =
@B \Ja?+a3./b}+ b3

¢) Khodng céch gitta hai diém:
Khoéng céch gitta hai diém A(xa;ya) va B(xp;yg) dugc tinh theo cong thiic:

AB = \/(xg —x4)2 + (vp — y4)%-

II. Cac dang toan

Dang 1. Cac bai toan tinh tich v6 huéng cta hai véc-to

0 — — —
e Ap dung cong thiic cua dinh nghia: d.b = |7H b ’.cos (7, b ) .
o . A A A - -
e Su dung tinh chat phan phoi: d. ( b +7> —d.b+d. 7.

e Haivec-to @ L ? < 7? =0.

Vi du 1. Cho hinh vuéng ABCD canh bing 2a+/2. Tinh tich v6 huéng ER .

Loi giai.

Ta co: ER = ‘ﬁ‘ . ‘R‘ .Ccos (E,R) . Vi tam giac ABC vudng tai A nén D C

AC? = AB? + BC? = (mﬁ)z + (2a\/§>2 — 164>

— AC = 4a. Suy ra AB.AC = 2av/2.4a.cos45° = 82,
2a\/§

45°

Vi du 2. Cho hinh chit nhat ABCD c6 AB = av/2,AD = 2a. Goi K 1a trung diém ctia canh AD.
a) Phan tich ﬁ ,R theo zﬁ va ﬁ

b) Tinh tich vb hudng BE.AC.

Li gidi.
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Dy C
a) Goi M la trung di€ém ctia canh BC /
— 1
Tacé:B?:BA+W:—E+—ﬁ K M

35,
Mt khic: A¢'= 4B 1 A K
A B

b) Tacé: AB = a\/2,AC = BD = \/2a? + 44> = a\/6.
Suy ra B?R = (—E—i— %ﬁ) (1@ —I-B)

 Rbb - AbB+ Labab+ L aD

1
= —2az+0+0+§(2a)2:0.

Vay BR.AC = 0.

Vi du 3. Cho hai vec- tdﬁva b co ‘7| =3, |b } =12 va ‘74— b } = 13. Tinh cosin cta goc gita
hai vec- td?va?—kb

Loi giai.

Dung tamglacABCcoAB 5, BC—12 AC =13. A
Tacé: |d|=
vaAB =B _b R 7+b -
Khi d6: . (7—|— b) I@R

Mit khic: AB.AC = (AC2+ABZ BC?) =

"B 25 s
Vaycos(zﬁﬁ) |ﬁ||ﬁ] S3-13

(13 +52—12%) =25. B = C

| =

Vi du 4. Cho hinh vudng ABCD c¢6 M 1a trung diém ctia doan thang AB va N la diém thudc doan AC
sao cho AN = 3NC.

— —
a) Phan tich DN, MN theo 2 vec-to zﬁ va XB

b) Chiing minh ring DN 1 MN.

Loi giai.
D C
a) Taco
ﬁv—m_ﬁ—iﬁ_ﬁ:§<ﬁ+ﬁs)_ﬁ y
DN_-E—-A_ﬁ
Matkhac
MN = AN — AM = (ﬁ+ﬁ)——ﬁ —EJQ%KB. A = B

b) D€ chiing minh DN | MN thi ta chiing minh DN.MN = 0.
o 3 1
Ta ¢6: DN.MN = (ZAﬁ— ZAB) ( “AB + —AD)

— — 3 3
DN.MN = —AB?>— —A
16 16

VayDNuWV:DNLMN

— 0 (ViAB L AD = AB.AD = 0).
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Vidu 5. Cho tam giac ABC déu canh 3a. LAy M, N, P lan luot nam trén ba canh BC,CA, AB sao cho
BM = a,CN = 2a,AP = x(x > 0).

a) Phan tich m ,ZW’ theo 2 vec-to E va R .

b) Tim x d€ AM vuodng gbc véi NP.

Loi giai.
a) Tacé:%:3ﬁ>/lz>ﬁ—ﬁ:3(m—ﬁ) X
A= 2 L PA\y

Mt khic: NP = AP — AN = %E—%R.

2
b) Ta co: @R = 9%. B M ¢
DEAM L NP thi AM.NP =0

ST )
o Zap_ —X§X3+ —ZéA_é— 5AC? =

9a
2x , 2 9¢> x 94* 1
< —.(3a) —§.7+%.T—§.(3a) =0

BAI TAP TU LUYEN

Bai 1. Cho tam gidc ABC vuong tai A ¢6 B — 60°, AB — a. Tinh tich vo huéng AC.CB.
Loi gii.

Ta co: -

%.C? — _CA.CB= —CA.CB.cosACB

AC.CB = —av/3.2a.¢0830° = —342.

Bai 2. Cho hinh vudng ABCD canh 2a. Tinh tich vo huéng AB.AC.
Lui gidi.
Vi ABCD 1a hinh vudng canh bing 2a nén AC = 2av/2. D C

3
Ta c6: AB.AC = AB.AC. cosd5° — 2a.2a\/§.\/7_ — 402,

2a

45°\ 2a
A B

Bai 3. Cho hinh chit nhit ABCD ¢6 AB = 3.AD = 4. Goi M Ia diém théa man diéu kién AM — kAB. Tim k
dé AC vuodng géc v6i DM.
Lusi gidi.
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ﬁDM (ﬁ BA) (,W[—A_ﬁ)

— AM (BC — BA) — BC.AD + BA.AD

— AM.AC — BC.AD = —16 + 9.
KhidéACLDM@R.D—A)I:O@k:l;. B

A D
N . —
Bai 4. Cho tam giac ABC c6 AB =5,AC = 8,BC = 7. Tinh tich v06 huéng R.AB.
Loi giai.
Ta co6: BszB%zz (R—E)Zzﬁz—i—ﬁz—b@.ﬁ. B
A ap B
2

Suy ra R.A =

=20.

Bai 5. Cho hinh vuéng ABCD tam O. Tim tap hdp céc diém M thda man

MA? + MB? + MC? = 3MD?.

Li gidi.
};A%é MB? + MC* = 3MD* 7 7
@Aﬁzﬂ\ﬁ +m2 IMD?

@(m+§§) +(m+(ﬁ) (m+07)2:3(m+0?)2
@Aﬁ.@fxﬂ‘ﬁﬂf—w_ﬁ):o
@m.(zﬁuﬂﬁﬁﬁ):o

@m.ﬁio(viﬁzqtﬁzﬁ). 4 5

MO= 0 . .
& . Vay tap hop cac diém M la duong thang AC.
[MOJ_DB dy tap hop g g

Bai 6. Cho tam gidc ABC ndi tiép dudng tron (C) tim O. Tim vi tri diém M thudc dudng tron (C) dé
P = MA? + MB?> — 2MC? dat GTLN, GTNN.
Loi giai.
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Goi D la dinh thd tu cta hinh binh hanh ACBD,R la ban kinh cuta C

duong tron (C).

Khi d6: CA +CB = CD; 0A = OB = OC = R.

Ta c6: P = MAi +MB? — 2MC§ ,

:(W+5Z) +<M—(>)+O?) —2(m+0?) O

— 2MO (0A + 0B —20C) + 0A* 4 0B* 20

= 21% (CTA> + C?) = 21\%@ =2R.CD.cos (W,Cj) A B
Mat khac:

~1 < cos (MO,CD) < 1 & ~2RCD < P < 2R.CD.

Véay min P = —2R.CD khi cos (1\%,@) = —1 tic la M thudc dudng
tron (C) sao cho m,@ ngugc hudng.

max P = 2R.CD khi cos (ﬁ, @) = 1 tiic la M thudc dudng tron (C)
sao cho m, C? cung hudng.

Dang 2. Tinh géc giita hai véc-t -géc giira hai dudng thang-diéu kién vudng géc

Dé tinh géc giita hai vectd, ta sit dung dinh nghia tich vd huéng két hop cac ki thuat tinh tich vo
hudng.

Dé tinh goc giita hai duong thing, ta tinh gdc giita hai véc-td ¢ gia 1a hai dudng thang da cho rdi suy
ra goc gilta hai dudng thang.

DE ching minh hai duting thang vudng goc, ta chiing minh goc giita hai dudng thang bang 90°.

— —
Vi du 6. Cho cac véc-to q= —7) +?, b = —l> +3?. Tim goc gitta hai véc-to dvab.
%
o - d.b ~1.1+13 2 1
Loi giai. Tacécos(d, b )= = = =—.
7B VEDPFEVIZER 245 W5
-\ 1
Do d6 géc giita hai véc-to @ va b bing o € [0°;180°] ma cos ot = N

Vidu 7. Cho tam giac ABC c6 AB =2,BC = 4,CA = 3. Tinh AB.AC va cosA.

o AB+AC?— (AB—AC) _ AB*+AC’—BC? _
T 2 B 2 B
Lai co 1@1@ =AB.AC.cosAnén cosA = ——— = ——.

3

Lusi gidi. Ta c6 AB

Vi du 8. Trong miit phing véi hé toa do Oxy, cho diém A(1;3) va B(3;—1). Tinh géc giita dudng
thang OA va AB.

Li gidi. Ta c6 A0 :%1%3) vaAB = (2;-4).
AO.A 1
Ta co cos(ﬁ,@) = 10AB - 7
Goc gitta véc-to 25 va 1@ bing géc BAO = 45°. Do d6 géc giita dudng thang OA va dudng thang AB biang
45°.

E . ST A e = p . 3 .
Vidu9. Cho_l>1a1 VCC-'[O_? va b vudng goc véi nhau, |d'| = 1,| b | = v/2. Ching minh riing hai
véc-to2d — b vad + b vuong goc v6i nhau.
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Loi giai. Taco (24 — b)(7—|— b) 2d? - 2—1—7 b =0.
Do d6 hai véc-to 2°d — b va d + b vudng goc voi nhau.

Vidu 10. Cho hinh vuéng ABCD c6 M la trung diém cta AB va N 1a trung di€ém ctia BC. Chiing
minh rang DM | AN.

Loi giai. Tacé
AN.DM — (EJF %1?) . (lﬁ + %ﬁ)
— %ggz + %E&D_X +AB.DA+ %E&KE

=0
Tur d6 suy ra DM 1 AN.

BAI TAP TU LUYEN

Bai 7. Cho ha1 véc-to 7 b thoa man | d| = |b| =1 va véc-to ¥ = 7+2b vudng goc véi véc-to

7 5d —4 b Tinh gbc gitia hai véc-to d va b
Loi giai. Taco

X7 =0
— —
e(d+2b).(5d—4b)=0
-
o5/ d)P+6d. b —8|b > =
—
1 1
Do d6 | @ || |.cos(@, b) = 5 o cos(d, b)) =~
—
Tu do6 suy ra goc gitta hai véc-to dvab bang 60°.
Bai 8. Cho cac Vec 46 @ va b théa min d| =2, 7 |=1va(d, b) 60°. Tinh géc gitta véc-to @ va
vée-to ¢ = d — b
%
Loi giai. Tacé ¢ :(7_; b)2:72 ? 23 =3nén || =3
Laic6@. @ =d(d—b)=a*—a.b =3

Do d6 | d|.||.cos(d, ) =3 < cos(d, ) = ? Tir d6 tinh dudc géc giita véc-to @ va ¢ 1a 30°.
Bai 9. Cho t gidc ABCD c6 AB?> +CD? = BC? + AD?. Tinh géc giita hai dudng thang AC va BD.
Loi gidi. Tir gia thiét suy ra:
AB* 4 CD* = BC* + AD?
<AB? + CI? = BC? 4+ AD?
SAB — A +CD* — B2 =0
& (ﬁ—ﬁ) (2§+A_D>) + (C_D>—E3) (C_I>)+E3) =
DB (@Hﬁ)) + (CTS—E@)I?) =0
b (s + AD— T+ B) —
DB (@H@JJBJFB?) =
=DB2AC =0

<DB 1 AC.
Viy géc gitta hai duong thiang AC va BD bing 90°.
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Bai 10. Cho tam gidc ABC vudng tai A ¢c6 AB = a;AC = 2a. Goi M 1a trung diém ctia BC va diém D bat ki
thudc canh AC. Tinh AD theo a d€ BD | AM.

Loi giai.
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Ta co B
AM 1 BD

—AM.BD =0

e (AB+AC) BB =0

o (Wb + AC) (3D — ) -

SABAD —AB? + ACAD —ACAB=0 A D c

=0- 2 +ACAD—0=0

@RZB = a2

&2a.AD.cos0° = a?

a
SAD = —
2

Bai 11. Cho tam gidc ABC can tai A, H 1a trung diém BC, K 1a hinh chiéu ctia H trén AC va M 1a trung
diém ctia HK. Chiing minh ring AM | BK.

Loi giai.

Goi N la trung diém ctia KC. Khi d6 HN || BK nén can chiing minh A

AM L H_N)

Ta 6 24M = AH +AK; 2HN = HE + HC. Do 6
4AM.HN = (AH +AK).(HE + HC)

— AH.HK +AH.HC +AK HK +AK.HC
— AH.HK +AK.HC

K

—s —
— AH.HK.cos(AH, HK) + AK.HC.cos(AK, HC) N
— —AH.HK.cosAHK + AK.HC.cosACH. (%) B H C

Dé thay tam glac AHK va HCK dong dang nén AH.HK = AK.HC va
AHK ACH nén tu (*) co AM HN 0 hay AM | HK.

Dang 3. Chiing minh dang thic vé tich v6 huéng hoic vé do dai.

Lién quan dén dang thic vé tich vo huéng hodc do dai ta c6 hai bai toan tidu bicu:

e Bai todn 1: Chitng minh dang thifc vé tich vo huéng hodc do dai. D6i véi dang nay ta thudng
stt dung cac tinh chét ctia tich vo hudng, cac tinh chit ctia véc to d€ bién ddi tuong duong dang
thifc can chitng minh vé mot ding thic ludn diing hoic bién ddi vé nay thanh vé kia hodc bién
d6i ca 2 vé cuing biang mot biéu thiic trung gian.

e Bai toan 2: Tim diém hoéc tap hop di€ém M thda man mot dang thiic Véc to hodac do dai. Thong
thUOng ta bién ddi dang thic ban dau vé dang IM = R trong d6 I cb dinh, R khong ddi hoic

IM U=0 trong d6 I ¢ dinh va U 1a mot véc to xac dinh.

Vi du 11. Cho bbn diém A, B,C, D bét ki. Chiing minh ring:

DA.BC+DB.CA+DC.AB =0.
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Loi gidi. Dang thiic cin chiing minh twong duong véi
DA (DC — DB) + DB (DA ~ DC) + DC (DB~ DA) = 0
©DA.DC — DA.DB + DB.DA — DB.DC + DC.DB — DC.DA = 0.

Vi du 12. Cho tam gidc ABC c6 dién tich bang S. Chiing minh rang:

S— %\/ AB2.AC? — (ﬁ.ﬁ)z

IS — AXB -1‘C . S1In A‘ — A‘B .AC (1 COS A)

— i [ABZ,AC2 — (AB.AC. cos (ﬁ,ﬁ)f}
_ i [4B2.AC? — (AB.AC)]

Vay ta duge S — %\/ AB2.AC? — (@.R)z.

Vidu 13. Cho tam gidc ABC c6 truc tim H va trung diém canh BC 1a M. Chiing minh ring
— 1
MH .MA = ZBCZ.

Lo gidi. Ta c6 AM — % (4B +AC) va HM = % (HB+HC) nén

4.MA.MH = 4AM.HM = (AB+AC) (HB + HC)
— AB.HB + AB.HC + AC.HB + AC.HC.
— AH.HB +AC.HC
:ﬁ([ﬁ+€7§) +1@(ﬁ+3-C))
— AB.CB + AC.BC = CB (AB— AC) = CB”.

Vay MH.MA = %BCZ.

Vi du 14. Cho tam gidc déu ABC canh bing a. Tim tip hop tit ca cdc diém M sao cho

2
VA N + -+ A =

Loi gidi. @ Phan thun. Gia st ta c6 diém M thoa méan yéu ciu bai todn.
Goi O la tam cua tam giac ABC, ta cO MA+MB+MC =3MO, suy ra

<m+m+ﬁ)2 — 90M>.

&MA + MB® + MC? + 2 (MA.MB + MB.MC + MC.MA) = 9M0”
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Mat khac, ta lai c6

MA2 + MB? + MC? = (1\7)+5Z)2+ (m+5§)2+ (mﬂ)_c))z
= 3MO” + 0A> + OB* + 0C* + 2 (OA + 0B + OC) MO
= 3MO?* + 42

Nhu vay, ta dudc

2
MAMB+MB.MC +MCMA = 3M0> — &

2
Do do
3o - % om ¢
2 4 2
@ Phan dao. Gid si ta c6 diém M thudc dudng tron tim O bén kinh R = g. Bing cich bién d6i tuong tu
phan thuan ta dudc MA. ? +M ? ?‘—k ?‘ MA = %

Vay tap hop di€ém M 1a dudng tron tAm O ban kinh R = 5

Vi du 15. Cho tam gidc ABC. Tim tap hop nhiing di€ém M thda man MA? — MB? + CA? — CB? = 0. ]

Loi giai. @ Phan thuan: Goi I 12 trung diém AB. Ta c6

MA? — MB? +CA2—CB? = (MA2 _éz) " (552 — C?Z)

VA 78) (3A + 31B) + (A ) (CA + CB).

— .

Dung véc to I_} = CI, ket hgp v6i gia thiet ta duge
— — e
0=BA (MI + I_f) —BA.MJ

Do dé M thudc dudng thang A di qua J va vudng géc véi AB.
@ Phan dao: Gia st M € A, bién d6i ngudc lai so v6i phan thuan ta dudc MA> — MB? + CA? —CB? = 0.
Viy tip hop diém M théa méan yéu cau bai todn la dudng thang di qua J va vudng géc véi AB.

BAI TAP TU LUYEN
N . 3R N N < R o . N A c R N P . Y —_
Bai 12. Cho hai diém A, B va O la trung diém cua AB. Goi M 1la mot dieém tuy y Ching minh rang MA.]\@ =

OM? — OA”.
Loi giai. Taco
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Bai 13. Cho tif gidc ABCD. Chiing minh ring AC | BD < AB?> 4+ CD?* = BC?> + AD?.
Loi giai. Tacé
AB? +CD? —AB> +CD* — (ﬁ+ﬁ)2+ (§+ﬁ)2.
—AD?*+2DB? + BC? + 2DB.AD + 2BD.CB
—BC?+AD? +2DB (DB +AD — CB)

%
—BC%+AD?+2CA.BD.

Do d6 AC L BD < AB? 4+ CD?* = BC? + AD”.
Bai 14. Cho tam gidc ABC c6 truc tim H. Goi M la trung diém BC. Ching minh ring MH? + MA? =
AH? + %BCZ.
Loi giai. Ta cé
AH? = (MH - MA)®
— MH? + MA® — 2MA.MH

1
= MH? + MA? — 2.4—‘Bc2 (Xem Vi du 13)

1
Do d6 MH? + MA? = AH? + zBc2

Bai 15. Cho tam gidc ABC. Tim tap hop tt ca cac diém M sao cho m ﬁ = RE

Loi gidi. Tt gid thiét ta o6 (AM — AC) AB = 0 < CM.AB = 0 Do d6 M thudc dudng thing di qua C va
vudng goc vii AB.

Bai 16. Cho hai diém A, B c¢6 AB = a va mot s6 thuc k > 0. Tuy theo k, tim tip hop di€m M thdéa min
MA? + MB? = k.

Loi giai. Goi O la trung diém ctia AB. Ta c6

MA? + MB* = (JWJF@)ZJF (m+ 0?)2

— 2MO? 4204 + OB* + 2M0 (OA + OB)
2

— MO+ 2042 = 2MO® + %

1 a?
S oM?>=—|k——=— ).
uy ra 2( 2)

. a’ 1 a’ 1 a’
oNéuk>?th‘10M: 5 k_? nén tap hgp M la duong tron tdm O ban kinh R = 3 k——|.

2
. Néuk:%thi OM =0 < M = O nén tap hop diém M 1a {O}.

2
o Néuk < % thi khong ton tai M nén tap hop diém M 12 tap 0.

e ., ~ A 2 . —
Bai 17. Cho tam giac ABC. Tim tap hop tat ca cac di€m M sao cho ml\ﬁ — MA.m = BC? — MB* +
MC?.
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Loi gidi. Goi G 1a trong tAm tam gidc ABC. Tur gia thiét ta c6
= MA (MC ~ MB) ~ MB* — MC?
= (MA + MB+ MC) (MC — MB)
— 3MG.BC.

Goi My, Gy 1an ludt 1a hinh chiéu vudng goc ctia M va G trén BC thi dang thic trén tuong ducng véi
BC

3MyGo.BC = BC* < MGy = 5

do d6 My cb dinh. Vay M thudc dudng thang di qua My va vudng goc véi BC.

Bai 18. Cho tam gidc ABC c6 trong tdm la G. Chiing minh rang v6i moi diém M ta c6 MA% +MB? +MC? =
3MG? 4+ GA% + GB?> 4+ GC?. Tt d6 tim vi tri ctia M d€ tdng T = MA? + MB? + MC? c6 gia tri nhd nhét.
Loi giai. Taco
—\ 2 2 2
MA? + MB? + MC? = (m+GA) + (mﬂa%) + (Aﬁﬂ?é)
_>

— 3MG+ GA® + GB + GC* +2MG (GA + G + GC)

= 3MG? + GA% + GB?> + GC>.
Tit d6 suy ra MA? +MB? 4+ MC? > GA? + GB? + GC?. Pang thiic xay ra khi va chi khi MG =0 M =G.

Bai 19 (Pinh li Stewart). Cho tam gidc ABC c6 BC = a,CA = b,AB = c. Trén canh AB 13y diém M. Chiing
minh rang ¢2.CM? = a> AM?* + b>.BM? + (a*> + b*> — ¢*)AM .BM. Tit d6 tinh do dai dudng phan gidc géc C
theo do dai ba canh cua tam giac ABC.

Loi giai. Do M thudc canh AB nén

AM
AM——WW C_§+ CA@CCM AM.CB+ BM.CA

Do do
2.CM? = AM?.CB* + BM2.CA® + 2AM.BM.CA.CB
= a® AM? + b*.BM* + 2AM .BM.CA.CB.cosC
= a> AM* +b* BM? + (a® + b* — ¢*)AM .BM.
Néu D 12 chan dudng phan gidc ctia géc C thi dua vao tinh chit dudng phan gidc ta tinh dugc

B ab[(a—i—b)z—cz]_ 2
CD—\/ @ib?  —aib abp(p —c)

at+b+c

trong d6 p = >

Dang 4. Ung dung ctia biéu thitc toa dé tich vé6 hudng vao tim diém thoa man diéu kién cho

trudc

Phuong phdp giai, kinh nghiém: Phuong phap chung clia dang bai nay 1a toa dd hod cac di€m va thay
vao cac diéu kién d€ tim diém. Pa s6 cac bai chi can thay toa do va ap dung céc cong thiic 1a tinh
dudgc, tuy nhién mot s6 bai c¢6 céc tinh chit dic biét ma nhd né, ta sé giam dang ké luong cong viéc.

Vi du 16. Cho ba diém A(2;3),B(1;4),C(5;2). Ching minh ba di€ém trén tao thanh mot tam gidc.

Loi giai. Ta c6: E —1;1) R : — 7é —1 = A, B,C khong thiang hang, tao thanh mot tam

gic.
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Vidu 17. Cho A(3;1),B(7;2), tim C(x;y) thudc truc Ox sao cho C thudc dudng tron dudng kinh
AB.

Loi giai. Ta cé: C € Ox = C(x;0).
AB
Ce(0;22)= AC LBC= AC.CB=0
NN
CA=(3-x1),CB=(T-x2)= (3—x)(—x+7)+2=0
_ x—5—|—\/_:>C(5—|—\/_,O)
x=5-v2=C(5-V2;0)

Vidu 18. Cho di€ém A(0,2) va di€ém B(x;y) € (d) : y = 2x—2 ¢6 hoanh do x = 1. Tim trén (d) di€ém
C sao cho AABC can tai A.

Loi giai. ViC € (d) = C(x,2x—2);B(1,y) € (d) = B(1;0)
Ta co ngayf@ = (1;—2),1@: (x;2x —4).

x=1= B(10)
Tam gidc ABC can tai A é[ﬁ|z|ﬁ]:>5:x2+(2x—4)2:> 11 11 12..
x=—=C(—;—)
5 5°5
BAI TAP TU LUYEN

Bai 20. Cho ba diém A(6;3),B(4;1);C(9;0). Ching minh ba diém trén khong thing hang. Tinh dién tich
tam gidc ABC.

N 2 7 3
Loi giai. Ta co ﬁ —2;-2) IR‘ (3;-3) :> — 7é ) = A,B,C tao thanh mdt tam giac. Lai c6

1
@R = —6+6 =0 = tam gidc ABC vudng tai A. SABC = EAB.AC = 5\/_\/ =24

Bai 21. Cho A(11;4),B(8;2),C(13;y). Tim y d€ tam gidc ABC can tai A.
Loi giai. Tacé AB=(—3;-2),AC = (2;y—4).
5 -3 2 16
A,B,C khong thang hang = — # —— =y # —.
2" y—4 3

e A ’ y=1=0C(2;1)
Tam gidc cantaiA == AB=AC = 13 =4+ (y—4)" =
y=7=C(2;7)

Bai 22. Cho A(3,4), Tim hai diém B, C trén truc Ox sao cho tam gidc ABC déu.
Loi gidi. Ta c6 B,C € Ox = B(x:0),Clxe30). AB = (x — 3:—4), AC = (xo — 3:—4),CB = (2 — x0:0).

y R AB = AC (xp —3)% = (x.—3)?
Tam giac ABC déu = & (

AC = BC xp—x.)t = (xp—3)2+16
xXp+x.—6=0 Xe=6—1xp
2 2 = 2
(xp —xc) = (xp—3)"+16 3(xp—3)"=16
34t s —3- LBt
X, = — =X, =3—— —:0), -
’ V3 V3 V3 V3
< 4 4 4 4
xp=3——==>x,=34+—==B3——;0),C(3+—:0

S . . 1
Bai 23. Cho A(2;1),C(5;0),timM € (d) :y = §x+2 sao cho MA = +/13,MB = v/17.
Y 1
Loi giai. M € (d) = M(x; §x+2)

& Sx=4=C(54)

1 5

MA=V3 |(=27+Gx+1)?=13 | x’—3r—8=0

MB=TT 2, (] 2 S
(x=5)°+(3x+2° =17 | 2" =8x+12=0
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Bai 24. Cho ba diém A(3;4),B(1,2),C(—1,5).

a/ Chiing minh ba diém trén tao thanh mot tam gidc.
b/ Tim toa do truc tdm va chan duong cao ha tur cac dinh.
¢/ Tim toa do chan duong phan giac trong ha tur A .
d/ Tim toa d6 clia tim dudng tron ngoai tiép tam gidc.

Loi giai.

— —4
a/ TacéAB:(—Z;—Z),R —4;1) IQ —2;3) :>—7é—:>badlemABCta0 thanh mot
tam giac.
b/ Goi H(x;y) la toa do truc tdm cla tam giac. Ta 6 AH = (x—35y —4),l¥>1 =(x—1;y—2),.Hlatryc

) AH .BC = 0 [-26-3)+3(-4)=0
tim = AH | BC,BH 1 AC =

BHAC—0 | ~4-1D)+(r-2)=0
6
xX==
5 6 14
& 14<:>H(§,?)
y:?

BE AB /8
¢/ Goi E(x;y) la chan dudng phan gic trong ctia goc A. Ta ¢6 7c-ac - V17
BE = (x—1;y-2),EC=(—1-x5—y).

8 8
1= (-1 JE V= +2
L BE =SB = ’ 7' X) —17 —17+
17 \/? \/7 \/7
o 1 1
y=2=1/5(5-) 15 +
1—\/8 5 8+2
T
V17 17

d/ Goi tAm dudn tron ngoai tiép tam gidc ABC 1a O(x;y).

2 A 9 7
Ta c6 trung diém cac canh AB,AC,BC lan lugt la D,I,F = D(2;3),1(1; E)’F(O; 5)

l%:(x—2;y—3),13 x—ly—— I@ xy—i

—2(x—2)—-2(y—3)=0

DO, 10 lan lugt vuong goc v6i AB,AC = 9
A= 1)+ (y=5) =0
9
X=—
10 9.4
=\ a1 7 %)
=10

Bai 25. Cho A(—2;0),B(4;0),C(3;5). Goi D,E, F lan lugt la chan dudng cao ha tit cic dinh A,B,C. Tim
toa do ctia D, E, F va tim dudng tron noi tiép tam glac DEF

Loi giai. Ta c6 AB = (6;0) R (5;5) l% E(x;y) 1a chan dudng vuéng géc ha tit B xubng
AC = BE L AC = 5(x— 5)+5( )=0 (1)

0 2 2 5
AE = (x+2;y), badiémA,C,Ethénghéng:>125 (2).
Y
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. x=1
Tu (1),(2) = 3 = E(1;3)
y:
9 15

Tuong tu ta c6 D<B; B),F(O;?))

Truc tAm ctia tam giac ABC 1a tim dudng tron noi tiép tam gidc DEF!
H(x;y) 1a tryc tim tam gidgc ABC AH.BC =0
x;y) la truc tam tam giac =
BHAC =0

Véi AH = (x+2;y),B7>I = (x—4;y),B?: (—1;5),1@: (5;5), ta tim dugc H(3;1).
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Chiing minh H 12 tAm dudng tron ndi tiép tam gidc DEF.
Dé dang ching minh dudc rang cic ti gidc

CDFA,ABDE ,CBFE ndi tiép. = EDA = EBA = ACF = C
ADF = AD la tia phan giac cua EDF. Ching minh tuong
tu ta dugc H 13 tam dudng tron nodi tiép tam giac DEF .
E
D
A F B

Bai tdp tong hop

N e - R 1 A LA N N A A L3
Bai 26. Cho ba diém A(—2; 3)’3(4_1; 0),C(2;0). Tim toa d6 tam dudng tron ndi tiep tam gidc ABC.

15 AB -3
Loi gidi. AB= — AC=5k=——=—
i giai 1 , Tty 3
Goi D la gia diém cta phan giac trong gécA\Vﬁ BC :>D§: —ZDZ
1
1 ¥=72-% x=1
=4 3 :{ _, = D(:0).
1 /

4 4
Goi J l1a giao di€m ctia phan gic trong géc B va AD.

1

— —2—x=-5(1-x) =5 11

Tacé: JA = —5TD = = (e
o { 3-y=-50-y " ],_! (3:3)

\9}

Bai 27. Cho ba diém A(2;6),B(—3;—4),C(5;0). Tim toa d6 tim dudng tron ndi tiép tam gidc ABC.
N, 2 e N A A 2
Loi giai. Lam tuong tu cau trén ta thu duge J(—2; §)

Dang 5. Tim toa dd cac diém dic biét trong tam giac - tim toa dé hinh chiéu vudng géc ciia mét

diém 1én duong thang

Tryc tam tam gidc

TAm dudng tron ngoai tiép tam gidc

TAm dudng tron ndi tiép tam gidc

Hinh chiéu vuong géc ciia mot diém 1én dudng thang

PHUONG PHAP GIAI

Trong mit phing Oxy cho tam gidc ABC v6i A(xa,v4); B(xp,ys) va C(xc,yc)

a) Tim toa do truc tam H cua tam giac ABC.
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G01 toa do H(x,y). Khi d6

AH.BC =0
BH.AC =0
Ta thu dugc hé 2 phuong trinh 2 4n x,y. Gidi hé ta dudc toa do diém H.

b) Tim toa do tim dudng tron ngoai tiép tam gidc ABC

Goi I(x,y) 1a tam dudng tron ngoai tiép tam giac ABC . Khi d6 IA = IB va IA = IC. Do d6, ta c6
(x—=xa)>+(y—ya)> = (x—xp)>+ (y—y5)> =0
(x=x2)*+(y—ya)* = (x—xc)* +(y—yc)* =0

Giai hé phuong trinh ta dudc toa do diém 1.

¢) Tim toa d6 tAm dudng tron ndi tiép tam gidc ABC

A
B D C
* Cach 1:
+) Goi toa dd diém D(x,y). Ta tinh d dai canh AB va AC.
T DB DC DB AB
acd-— =—,suyra =
AB ~ ac’™ " bc T ac T

Do d6 DB — —kD%, ta dudc hé phuong trinh 4n x,y, gidi hé ta dudc toa do di€ém D.

+) Goi toa d tam dudng tron ndi tiép tam gidc ABC 1a J(x,y). Tinh do dai doan BD.
JD JA JD BD

Taco om = =1,

20 e = a8 " ™ 4 T A
Do d6 JD = —lﬁ, ta dudc hé phuong trinh an x, y, gidi hé ta dudc toa do di€ém J.
* Cach 2:

Ap dung dang thifc sau
— —
aJA+bIB+cIC =0

V01 AB = ¢,BC = a,AC = b.

d) Tim toa do hinh chiéu vuéng géc clia diém A 1én dudng thang BC Goi toa do hinh chiéu vudng géc
cua diém A 1én duong thang BC 1a M(x,y), ta c6
AN BC =
BM =1. 1§8 Ta thu dudc hé 2 phuong trinh 2 4n, gidi hé ta dugc toa do di€ém M.

Vidu 19. Cho A(4,3);B(2,7);C(—3,-8).
a) Tim toa do truc tam H cua tam giac ABC.
b) Tim toa dd tim dudng tron ngoai tiép tam gidc ABC

¢) Tim toa do hinh chiéu vudng géc ciia di€m A 1én dudng thflng BC

Li gidi.
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a) Tim toa do truc tim H cua tam giac ABC.

—>
Goi H(x, ). Ta ¢6 AH.BC = 0 va BH.AC = 0, suy ra Tx+ 11y = 91 va x+ 3y = 13, giéi hé phuong
trinh ta dugc H(13,0).

b) Tim toa dd tdm dudng tron ngoai tiép tam giac ABC
Goi I(x,y). Khi d6 IA = IB va IA = IC. Do d¢, ta c6
(x—4)P24+ (=3 =(x—2)*+(y—7)>
(x—4)24+(—3)* = (x+3)*+ (y+8)?
giai hé phuong trinh ta dugc 1(—5,1).

¢) Tim toa do hinh chiéu vudng géc ciia diém A 1én dudng thflng BC

A 2 —>
Goi M(x,y) la hinh chi€u vuong goc cia di€ém A 1én canh BC. Ta ¢c6 AM = (x —4,y—3) va BC =
—
(=5,—15); BM = (x—2,y—17)
Khi d6 ta c6 AM.BC = 0 va BM = 1.BC.
4 19)

2
S t=-vaM
uy ra 7Va (7 -

Vidu 20. Cho A(2,6); B(—3,—4); C(5,0). Tim toa d6 tAm dudng tron ndi tiép tam gidc ABC.

Lii gidi. Ta c6 AB = (—5,—10); R (3,-6), suy ra AB = 5/5;AC = 3+/5;
o DC DB AB 5
Goi toa do diém D(x,y). Ta co — = ,suy ra — = — 1= —
5 AB ~ AC’ DC AC 3
Do d6 DB — —gD? ta dugc hé phuong trinh 4n x,y, gidi hé ta dugc toa do diém D(2,—3).
Goi toa do tAm dudng tron ndi tiép tam giac ABC 12 J (x,y).
Ta c6 d6 dai doan BD = 54/5.

D JA JD BD 5
Khi d6 2o = 22 2
4 =B WY A~ a8 3

5= . o
Do d6 JB = —§JA, ta dugc hé phuong trinh an x, y, giai hé ta dugc toa do diém J(2,1).
BAI TAP TU LUYEN
Bai 28. Tim toa do tim dudng tron ndi tiép J clia tam gidc ABC trong cdc trudng hop sau:
a) A(1,5);B(4,—1);C(—4,-5).

122 7(0,1)

Bi 29. Cho A(—1,4); B(—4,0) va C(2,—2).

Li gidi. DS: 1) J(

a) Tim toa do truc tdim H cua tam giac ABC.
b) Tim toa do tim dudng tron ngoai tiép  clia tam giac ABC

¢) Tim toa do hinh chiéu vudng géc M ctia diém I 1én dudng thang BC

11 -5 -9
Loi giai. DS: H(—2,1);1(—=,=); M(—,—).
dlglal S ( 5 )7 ( 272)’ ( 8 9 8 )
Bai 30. Trong mit phang Oxy cho tam gidc ABC v6i A(—1,-3); B(2,5) va C(4,0). Xac dinh truc tam H
cua tam giac ABC.

164 1
Loi giai. DS: H( 361 3?)
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BAI TAP TONG HOP

Bai 31. Cho ti gidc ABCD vé6i A(3,4); B(4,1); C(2,—-3); D(—1,6). Ching minh ti gidc ABCD ndi tiép
dudc trong mot dudng tron.

Loi giai. HD: Tim tim / ctia ban kinh dudng tron ngoai tiép tam gidc ABC ta dugc I(—1;1). Va chiing minh
IA=1ID.

Bai 32. Trong mit phang Oxy cho hai diém A(—2,—2); B(5,—4).
a) Tim toa dd diém C sao cho trong tim cta tam gidc ABC la diém G(2,0).
b) Tim toa do tim dudng tron ngoai tiép I ciia tam gidc ABC.
¢) Tim toa do6 hinh chiéu vudng géc H ciia diém G 1én dudng thang BC.

169 47, (80 21,
66 '33° " \5252
Bai 33. Cho A(—2,2);B(6,6);C(2,—2).

Loi giai. DS: C(3,6); I(

a) Tim toa do truc tim H clia tam gidc ABC; toa do tAm dudng tron ngoai tiép I clia tam gidc ABC, toa
do trong tam G cia tam giac ABC.

b) Ching minh IH = —3IC

¢) AD la dudng kinh ctia dudng tron ngoai tiép tam giac ABCD. Ching minh ring BHCD 1a mot hinh
binh hanh.
Loi giai.
a) Tim toa do truc tAm H ctia tam gidc ABC; toa do tAm dudng tron ngoai tiép I clia tam gidc ABC, toa
do trong tdm G cua tam giac ABC.
) P % . —l_>[ % N c2s 1A N
Goi H(x,y). Taco AH.BC =0 va BH.AC =0, suy rax+2y =2 va x — y = 0, giai hé phuong trinh ta
22
dugc H(—,-).
" C (3 7 3 )
Goi I(x,y) 1a toa do tam dudng tron ngoai tiép tam gidc ABC. Khi d6 IA = IB va IA = IC. Do do, ta
co
(r+2)2+ (=22 = (x=6)>+(y—6)?
(+22+ (=2 = (x=2)*+(y+2)°
8 8
giai hé phuong trinh ta dugc / (5, 5)
Goi G(x,y) 1a toa do tAm dudng tron ngoai tiép tam gidc ABC. Ta c6
XA +x+xc __YAtYBtYC

XG 3 »YG 3

b) Ching minh 7H = 31C
Taco IH = (2,2);132 (%2,%2) suy ralH = —31C

¢) AD la dudng kinh ctia dudng tron ngoai tiép tam gidc ABCD. Chiing minh riang BHCD 1a mot hinh

binh hanh. 16 16 10 6 1
acod (373),% (4,—4); (3,3), (3,3),
sgcra

DC.AC =0 va BH.AC =0,

do do

BH || CD va BH = CD.
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§4. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM
GIAC
I. Tém tatly thuyét
Cho tam giac ABC, ta quy udc cdc ki hiéu sau.

e BC=a,CA=>b,BC=a.

B a+b+c
2

goi la nita chu vi cta tam giac ABC.

mg,my,me 1a do dai duong trung tuyén tuong dng ké tit dinh A, B, C ctia tam giac ABC.

hga, by, he 12 dd dai dudng cao tuong ung ké tir dinh A, B, C cua tam giac ABC.

la,1p, 1. 1a A0 dai duong phan gidc trong tuong tng ké tir dinh A, B, C cua tam giac ABC.

R 12 ban kinh dudng tron ngoai tiép tam gidc ABC.

r 12 ban kinh dudng tron ngoai tiép tam gidc ABC.

1. Hé thic lugng trong tam giac vuong

Cho tam gidc ABC vudng tai A, dudng cao AH.

A

B 0
H

Dinh 1i Pitago:

BC? = AB? + AC?

Néu biét 2 canh géc vudng thi c6 thé tinh dugc dudng cao AH bdi cong thiic:

11 N 1
AH?2  AB?2  AC?

Tich 2 canh géc vudng bang tich canh huyén v6i dudng cao tuong dng:

|AB.AC = BC.AH |

Néu biét 1 canh géc vudng va canh huyén thi c¢6 thé tinh dugc hinh chiéu ctia canh géc vuong dé 1én
canh huyén nhd cong thiic:

AB?=BH.BC: AC?=CH.BC
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2. Pinh Iy ham s6 cosin, cong thic trung tuyén.

Dinh 1y ham s6 cosin dugc phat minh bdi nha todn hoc Al Kashi (1380 - 1429). Pay 1a mdt md rdng clia
dinh 1y Pythagore. Dinh ly ham sb cosin dua ra mot phuong phap gitp ta tim dugc mot canh clia tam gidc
bat ki khi biét do dai hai canh con lai va s6 do clia géc xen gitta hai canh d6, tit d6 ciing cho chiing ta tinh
dudc sb do clia cic goc con lai clia tam gidc. Pinh ly dugc phat biéu nhu sau:

Pinh li 1. Trong mét tam gidc bdt ky, binh phuong mét canh bdng téng binh phwong ciia hai canh con lai
triv di hai ldn tich ciia chiing vdi cosin ciia goc xen giita hai canh do.

Néu ky hiéu a, b, c 1an luct 1a do dai cac canh BC,CA,AB ctia tam giac ABC thi ta c6:
a? = b* +¢? — 2bccosA

b = c? —|—a2 —2cacosB
2 =a?+b*—2abcosC

Tir dinh 1y ham sd cosin ta ciing suy ra cong thiic tinh cosin cdc gdc clia tam gidc theo do dai céc canh cla
tam giac nhu sau:

COSA = —————
° 2be
2 2_b2
2ca
2 2 2
a“+b—c
C=————
\COS b

Miit khéc, st dung dinh 1y ham s cosin c6 thé gitp ta tim dudc do dai cac dudng trung tuyén theo ba canh
cia mot tam gidc. Cu thé, néu ky hiéu myg, my, m. 1a do dai cac dudng trung tuyén xuit phat tif cac dinh
A,B,C thi:

¢ 2.2\ 2
mgzz(b +:) a
2. 2\ 12
m[%ZZ(c +Z) b
2 (a® +b*) —?
a2 )

3. Dinhly sin

Pinh li 2. Cho tam gidc ABC, goi R la bdn kinh duong tron ngoai tiép tam gidc ABC. Ddt AB = ¢, BC = a,
CA=0b.Taco
a b c

- = — = — =2R.
sinA sinB  sinC

4. Cac cong thire dién tich tam giac

Dién tich S cua tam giac ABC dudc tinh bi mot trong cac cong thiic

1 1 1
S :Ea.ha = Ebhb = EC.hC
—1b'A—1 'B—lb'C
—2 C Sin —2CClSIIl —261 Sin
_abc
4R

=\/p(p—a)(p—b)(p—c)
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II. Cac dang toan

Dang 1. Mot s6 bai tap gitip nim virng ly thuyét

Muc nay dua ra mot s6 bai tdp ma viéc gidi quyét chi dung dén cdc kién thitc vé tich vé hudng ciia
hai véc-to 6 bai trudc, chua ding dén cdc cong thiic vé hé thiic luong & bai 3. Két qud cuia cdc bai
tdp nay sé dung vao viéc gidi thiéu cdc cong thitc mdi vé hé thitc lugng trong tam gidc.

Vidu 1. Cho tam giac ABC
a) Tinh ]Q theo ﬁ va R .

b) Tinh ]@R‘ tu do tinh tich vd huéng ER theo do dai cac canh cua tam giac.

AB? + AC? — BC?
2ABAC

¢) Chiing minh ring cosA =

Loi giai.
a) I? = R —ﬁ.
b) BC.BC = (AC—AB)” = AB> +AC? — 24B.AC. Tt d6 suy ra

2 2 p2
ﬁ.@:AB +A§' BC.

¢) Theo cau trén ta co
AB? +AC? - BC?
2
AB? +AC? — BC?
2.AB.AC

AB.AC.cosA =

< COSA =

Vi du 2. Cho tam gidc ABC c6 AM la trung tuyén.

a) Tinh ]R‘ theo zﬁ va R

b) Tinh tich vd hudng 1@1@ theo do dai cac canh cia tam gidc.
¢) Tinh m theo E va R

2AB? +2AC? — BC?

d) Ching minh AM? = 1

Loi giai.
a) Nhu bai trén.

b) Nhu bai trén.

(ﬁ +R)

1
C)mzi
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d) Taco

 AB2+AC?+24B.AC

B 4

_ AB?>+AC*+AB? + AC? — BC?
- 4

_ 2AB?+2AC* — BC?

B 4

AM?

Vi du 3. Cho tam gidc ABC, dit AB = ¢, CA = b, BC = a. Goi hy, hy,, h 1an lugt 1a d6 dai cic duong
cao ké tir A, B,C cua tam giac ABC.

a) Chiung minh r?mg h, = bsinC = csinB; hy, = csinA = asinC; h, = asinB = bsinA.

b) Goi S la dién tich tam gidc ABC, chiing minh ring

§= Eab sinC = EbcsinA = Eca sinB

A A A
. [ d

B B
H ¢ C H B C

Loi giai.

~ R h
a) Trong ca ba trudng hgp C nhon, vudng, tu, ta déu c6 sinB = A_;; Suy ra h, = csinB. Tuong tu ta cling
c6 h, = bsinC. Thay d6i vai trd A, B, C ta dugc

hy = bsinC = csinB; hy, = c¢sinA = asinC; h, = asinB = bsinA

1 1
b) Taco S = Ea.ha = Ea.bsinC, con lai tuong tuy.

, ) s 9 o . b
Vidu 4. Ching minh rang dién tich tam giac ABC dugc tinh bdi cong thic S = %.

Loi giai. Theo dinh ly sin, ta c6

c
=2R. S inC = —. Tu do6
uy ra sin R 0

1 ) 1 c abc
S= E(lelnC = Eabﬁ = ﬁ

Vi du 5. Cho dudng tron tim / ban kinh r néi tiép tam gidc ABC va tiép xiic v6i cac canh AB, BC,CA
clia tam gidc tai K,L, M. Goi p 1a nita chu vi tam gidc ABC. Chiing minh ring S = p.r.

Li gidi.
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Tacor=IK=IM=1L.
Theo tinh chét hai tiép tuyén cling xuit phat tai mot diém ta c6 A
AM = AK, BK = BL, CL = CM. Chu vi tam giac la

2p =AM +AK +BK+BL+CL+CM =2(AK +BL+CK) K

Suyrap=AK+BL+CM.
Dién tich tam gidc ABC la

S =2(Saks+ SBrr +Scmr)

1 1 1
=2 (EAK.r—I— EBL.r—i— 5CM.r>

= (AK+BL+CM).r

Vidu 6. Cho tam gidc ABC dién tich S. Chiing minh ring

§= %\/ AB2.AC? — (@.ﬁ)z

Li gidi.

1
S = EAB.AC .SinA

= %AB.AC.\/ 1 —cos?A
1 . (ER)Z

= ;4BAC. AB.AC

- %\/ AB2.AC? — (ﬁ.ﬁ)z

Vidu 7. Ching minh cong thiic tinh dién tich sau (cong thic Hé-rong)

S=1/plp—a)(p—b)(p—c)

v6i p la nia chu vi tam giac, a = BC,b = AC,c = AB la d0 dai cac canh.

R:ABz—i—ACZ—BCZ _ b2+cz—a2.

Loi gidi. Ta c6 AB.
lglal a co 2 2
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Ding két qua bai trén, ta c6

S— 1\/AB2.AC2 _ (E.ﬁ)z

2
1 1

= 5\/19262—Z(b2+62—a2)2
1

1
= E\/Z(Zbc+b2—|—cz—az)(2bc—b2—cz+a2)

= A+ -l - e
_\/b+c+a b+c—aa+b—ca—b+c
B 2 2 2 T2
=V/p(p—a)(p—b)(p—c)

Vi du 8. Trong mit phang toa d6 Oxy, cho hai véc-t6 a = (aj;az), b = (by;b,). Ching minh ring

0=V|@P.[BIE=(3.5)2 = |a1bs— arbn|

Loi giai.
Q2 = (Cl% +d%> (b% +b%) — (a1b1 +a2b2)2
= alb5 4 a3b? — 2a1brarb;
= (a1by — azby)*

Suy ra Q = |a1b2 —azbl‘.

Vidu 9. Trong mit phang toa d Oxy cho tam gidc ABC c6 A(xa;ya), B(xg;yg), C(xc;yc). Ching
minh ring dién tich tam gidc ABC la

= 5’()63 —xa)(yc —ya) — (xc —xa)(yB — ya)

’(XB—XA) (¢ —xa) H 1

trong do, nguoi ta dat ‘ = ad — bc (dinh thic cép 2).

b
d

a
c

Loi giai. Ta c6
Iﬁ = (XB—XA5YB—YA)
AC = (x¢ —xa5yC —ya)

. 1 2 N
Ta da biét S = 3 \/ AB?.AC? — (Eﬁ ) . K&t qua tinh todn vé toa do cta bai trén ta dugc

= 3] o= 20) 0 = 30) — (x —ea) 05— )|

Vi du 10. Cho tam giac ABC, goi [, 1a dd dai dudng phan giac trong ké ti dinh A cia tam giac ABC.
bcsinA

Chiing minh rang , = ———————.
s s (b+c)sin§

Lui giai.
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Goi D la chan dudng phén giac trong ké tu dinh A ctia tam giac
ABC.Tac6l, =AD. Taco A

SaBc = SaBp + Sacp

o ABAC.sinA = LABAD.sin2 + L AC.AD. sin
— . . S1n = — . .S1n — — . .S1n —
2 S 2 Sy 7o S5

A
&cbsinA = l,(c+b) sin 5

bcsinA B D C
(b+c)sing

a =

Vidu 11. Cho tam gidc ABC ¢6 AB < AC (hay ¢ < b), goi I/, 1a d0 dai dudng phan ngoai ké tit dinh

. bcsinA
A cua tam gidc ABC. Ching minh rang [/, = &A.
(b—c)cos’
Li gidi.
A
E B D C

Goi E la chan dudng phan gidc ngoai ké tit dinh A cla tam gidc ABC. Ta c6 I/, = AE. Ta ¢
SaBc = SACE — SABE

1 . 1 ) . A 1 . ., A
<:)§AB.AC. sinA = EAC.AE. sin (90 + 5) — EAB.AE. sin (90 — 5)

A
&chsinA = I/(b—c) cos 5
bcsinA

Sl =
(b—c)cos’

BAI TAP TU LUYEN
Bai 1. Cho tam gidc ABC c6 AB =1, AC = /3, A = 60°.
a) Tinh BC theo AB va AC. ¢) Tinh do dai BC.
b) Tinh AB.AC
Lui giai.
a) l% = R — 1@
V3

b) AB.AC = AB.AC.cosA = .

¢) BC2 = AC2+ AB> —2AB.AC = 1+3— /3. Suy ra BC = \/4— /3.
Bai 2. Cho hinh binh hanh ABCD ¢6 AB = a, AD = 2a via DAB = 60°.
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a) Tinh AB.AD ¢) Tinh AC
b) Tinh AC theo hai vectos AB va AD. d) Tinh BD
Lui giai,
B C
JRALL D

—_— 1
a) Eﬁ =AB.AD.cosDAB = a.2a5 =q2.

b) AC = AB +AD.

¢) AC2 = AB® + AD? 4 2AB.AD = & + 4a® +2a* = 7a?. Suy ra AC = av/7.
d) ﬁ = E —1@. Suy ra BD> = AD? + AB? — ZA?IQ = 34%. Suy ra BD = a\/3.

Bai 3. Chiing minh ring tdng binh phuong cac dudng chéo ctia hinh binh hanh bang téng binh phuong céc
canh.
Loi giai.

A D

Ta co R = zﬁ nHB. Suy ra AC? = AB> + AD? + 2@@
Tuong tu Iﬁ = XB —1@. Suy ra BD> = AB?> + AD? — 2@@
Tt d6 suy ra AC* + BD* = 2 (AB* + AD?) = AB* + BC* + CD? + DA*.
Bai 4. Cho tam gidc ABC ¢6 AB = 2,AC — 5, BC — 4. Tinh cdc tich vo hudng AB.AC, BA.BC, CA.CB.
Loi giai.
AB?4+AC?>—BC?> 4+25-16 13
o ABAC AP _4425-16

2 2 2

. cheh=

Bai 5. Cho tam gidc ABC c6 trong tim G, M la diém bét ki. Chiing minh ring
MA? + MB* + MC* = 3MG* + GA* + GB* + GC*.

Loi giai. Vi G la trong tim tam gidc ABC nén GA + GB + GC=10.
MA? + MB? + MC?
— (ﬁJr @)2 + (AT(>3+G?)2 + (m-f—G?v)z
~3MG + GA® + GB* + GC* + 2MG. (GA + GB + GC)
=3MG?* + GA® + GB> + GC?
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Bai 6. Cho tam gidc déu ABC ndi tiép dudng tron tim O, M 1a mot diém thay d6i trén dudng tron. Chiing
minh ring MA% + MB? + MC? khong ddi.
Loi giai.
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Goi R 1 ban kinh ctia dudng tron. Ap dung bai trén ta c6 C

MA? + MB? + MC?
=3MO? + OA” + OB? + OC?
=3R>+R>+R>+R?

—6R> A v B

Dang 2. Xac dinh cac yéu to con lai cia mot tam giac khi biét mot so yéu to vé canh va géc caa

tam giac do

O dang todn nay, ching ta 4p dung truc tiép dinh ly ham s cosin hodc hé qua ctia dinh Iy ham s6
cosin dé tim c4c yéu td con lai ctia tam gidc d cho.

’ ., 7z N 3 7’ N . Ve Ve N . ?
Vidu 12. Cho tam giac ABC c6 b =5,c =7 vacosA = 5 Tinh canh a va cosin cac goc con lai cua

tam giac do.

Loi giai. Ta c6:
3
a2:b2+c2—2bccosA:25—1-49—2.5.7.5:32:612\/32:4\/5
A+ar—b*  32449-25 2

B= A

€08 2ca 5612 2

Cosc_a2+b2—c2_32+25—49_ 8 V2
- 2ab 40v2  40y2 107

Vi du 13. Mot ngudi ding trén ngon hdi ding A & bd bién quan sét hai chiéc tau & hai diém B va C.
Khoang céch tit ngudi dé téi chiéc tau & diém B va C 1an luct 1a 5 km va 6 km. Géc tao bdi hai hudng
nhin AB va AC 1a 60°. Tinh khodng céch d gitta hai chiéc tau.

Lui gidi. Xét tam gidc ABC vdi AC = 6km, AB = 5km, BAC = 60°. Ap dung dinh 1 cos ta cd

BC? = AB? +CA% — 2.CA.AB. cos BAC

Tir d6 suy ra BC? = 5% 4+ 62 — 2.5.6.cos60° = 31 = BC = /31.
Vay khoang cach gitta hai chiéc tau 1a d = /31 km.

a— x> -1
Vidu 14. Choxlasdthuclénhon 1 va { b=2x+1 . Chiing minh ring a,b,c 1a do dai ba canh
2
c=x"—1

cua mot tam giac va tinh so do cua goc doi dién véi canh a.

a+b>c

Loi giai. Do x > 1 nén dé dang ching minh dudc: { b+c > a, ti d6 suy ra a,b,c 12 dd dai ba canh cia
c+a>b

mot tam gidc.
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b2+ c2—a?

Goi A 1a goc dbi dién véi canh a, khi d6: cosA = b
c

a2:x4+2x3+3x2+2x+1
b? =4x* +4x+1
c2:x4—2x2+1

be =2 4+x*—2x—1

Ta co

1
Tit d6 suy ra b”> 4 c? —a*> = —bc = cosA = ) = A =120°.

Vi du 15. Cho AABC c6 céc canh BC = a,CA = b,AB = c. Biét rang ton tai sé tu nhién n > 2 sao
cho a" = b" + ¢". Chiing minh ring A 12 géc c6 s6 do 16n nhét ctia tam gidc, tir d6 suy ra AABC c6 3
goc nhon.

\,e °?e N .9 <A a > b z A > B A N z 2, A 2
Loi giai. Tu gia thiét suy ra ,do do . Vay A la gbc 16n nhat cia AABC.
a>c A>C

b n—2 n—2
Tacéa”:b”+c”<:>a2:b2<—> +cz<£> .
a a

a>b o<l 2_ 2. 2 2,2 2
Do nén ¢ ¢4 . T d6 suy ra a” < b*+c¢” hay b+ ¢~ —a” > 0.
a>c £<1

a
. b’ +c*—d L . o
Ma cosA = e nén suy ra cosA > 0 hay A 1a géc nhon, do d6 B, C cung la cac goc nhon.
C

, 9 . 3 ) Ly
Vidu 16. Cho tam giac ABC c6 m, = gc. Chiing minh rang:

3
Mg +mp+me = \/7_(a+b+c).

N 3 3 2(a*+b*)—c* 3
Lui giai. TacémC:7c:>m§:Zczz> ( 1 ) :Zczz>a2+b2:202.

Tu do suy ra

{2(192 +c?) —a? =3b? {4m§ = 3p?

=
2(P4a?)—b* =3a*>  |4mi=3d°
my, — \/—gb
N 2
V3
my = —
b 2 a

= my+mp+m.=—(a+b+c)

>[5

BAI TAP TU LUYEN
Bai 7. Cho tam giac ABC ¢6 AC = 10 cm,BC = 16 cm va C = 120°, tinh d6 dai canh AB.
Loi giai. Ap dung dinh Iy ham s6 cosin ta c6 AB?> = CA? +CB? —2CA.CBcosC ta suy ra AB = /516 cm

Bai 8. Cho tam gidc ABC c¢6 BC = 3,CA =4 va AB = 6, Tinh cosin ctia gc c6 sd do 16n nhét ctia tam gic
da cho.
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Loi giai. Do AB > AC > BCnénC > B > A.
11

Ap dung dinh Iy ham sb cosin ta c6 cosC = o
Bai 9. Cho a?,b?,c¢? 1a d6 dai cac canh clia mot tam gidc nao d6 va a,b,c 1a dd dai cic canh ctia tam giac
ABC. Chiing minh rang tam giac ABC c6 ba géc nhon.
Lai gidi. Do a?,b%,c? 1a dd dai cac canh clia mot tam gidc nén
A+ —c*>0
b?+c*—a? >0 = cosA,cosB,cosC > 0.
A+a*—p>0
b—c
. — — 2a
Loi giai. Ap dung dinh 1y ham sd cosin cho hai tam gidc BAD,BCD va chi y BAD + BCD ta suy ra diéu
phai ching minh.
Bai 11. Cho tam giac ABC c6 m, = 15,m;, = 18,m. = 27.
a) Tinh dién tich cua tam giac ABC.

Bai 10. Cho tif gidc noi tiép ABCD c¢6 AB = CD = a, AD = b, BC = c. Chiing minh ring cosA =

b) Tinh do dai cac canh cia tam giac ABC.
Lui giai.

a) Goi G la trong tam AABC; A, B',C’ 1an luct 1a trung diém
cac canh BC,CA,AB va D la diém dbi xiing ciia A qua G.
Khi d6 ta c6 BGCD la hinh binh hanh.

Saasc = 3SaGBc = ESABGCD = SABGD-

Tam gidc BGD c6 do dai cic canh lan lugt 1a 10,12,18

nén Sppgp = v/20.10.8.2 = 40/2. B C
b) Ap dung cong thiic tinh do dai dudng trung tuyén ta tinh D
dudc a =2+/209,b =8v/11,c =241.
Bai 12. Cho AABC c6 cac canh BC = a,CA = b,AB = ¢ théa man hé thiic
1 1 3
+ = .
a+b b+c a+b+c

Chitng minh ring B = 60°.
Loi giai. Ta cé:

1 n 1 B 3 @a+b—l—c+a+b+c_3
a+b b+c a+b+c a+b b+c
C a
= 1 =3
+a—l—b+ +b+c
PR
a+b b+c

& clb+c)+ala+b)=(a+b)(b+c)
& ? 4+ be+a®+ab=ab+b* +ac+be
s4+d b =ac

A+a® - 1
& cosB = 3

& B =60°.
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BAI TAP TONG HOP

Bai 13. Cho tam gidc ABC ¢6 BC = 10. I 1a di€ém trén canh BC sao cho 2IB = 3IC. Dudng tron tim I ban
kinh 3 tiép xtic v6i cac canh AB, AC lan ludt tai cic diém M, N. Tinh d6 dai c4c canh AB,AC.

. M 1
sinB=— =
Loi giai. Trudc hét ta c6 f]\g 32 :
WMET T
3
cosB = £
T do suy ra 2 (Do B,C la cac goc nhon). A
V7
cosC = e M

6
bit AB = ¢, AC = b. Do Al 1a phan gidc goc A nén % =1 =
2¢ =3b.

Mait khéc, theo dinh ly cosin trong tam gidc ABC ta c6 B 1 c
¢* = b*+ BC? —2b.BC.cosC
b* = ¢* + BC* —2¢.BC.cos B

Thay sb vao ta dudc hé phuong trinh
2¢=3b

b=23V3-V7
2 =b2+100—5V7.b @{ 3(3\/§ ﬁ)
B4 100—10vEe € T3BVIVT)

Bai 14. Cho AABC ¢6 BC = a,CA = b,AB = c va c6 dién tich S. Chiing minh rang:

b2+ —a?
tA=————.
a) co 1S

. C m P A A SRR
b) Neu b= —b = 1 thi cot B+ cotC = 2cotA, & d6 my,,m. 1a do dai cac trung tuyen xuat phat tu B, C.
me

Loi giai.
a) Theo dinh Iy ham sd cosin ta c6: b? + ¢> — a®> = 2bccosA.

1
Mit khac, S = Ebc sinA nén ta co

b?+c* —a? B 2bccosA

— — A
48 2besind %

2 2 2 2 _ 2
L cmy c my  2a°+2c¢"—b
b) Tac6 - = —#¢1 s=—"2=——F———.
)acob mC7'é b>  m2  2a%+42b*—c?
Tir d6 suy ra 2a’c? +2b*c? — c* = 2a?b? +2b*c? — b* = 2a%(¢* — b?) = ¢* —b* = (2 +b?)(* — b?).
Do b # ¢ nén ¢2 — b* # 0, do d6 b + > = 24°.

a?+c%—b?
COtB:T 26l2
Tu = cotB tC = —. 1
R IRST o
cotC= —————
48
b2+cz—a2_2a2

Mait khac 2cotA =2 = —.
atihac 2o 45 48
Tu (1) va (2) ta suy ra diéu phai chiing minh.

2)
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Dang 3. Dién tich tam giac

Dang nay thudng st dung céac cong thiic vé dién tich sau

1 1 1
S zia.ha = Ebhb = Ec.hc
1
:EbcsinA = Eca sinB = Eab sinC
_abc
4R
:pr

=\/p(p—a)(p—b)(p—c)

Bai 15. Cho A(1,5);B(4,—1);C(—4,—5). Tinh dién tich ctia tam gidc ABC.
Loi giai. Tacé AB = (3,-6); BC = (—8,—4), nén tam giac ABC vudng tai B.

1 1
Do d6, Saapc = EAB.BC = E.3\/5.4\/3 = 30(dvdt).

Bai 16. Tinh dién tich tam gidc ABC, biét chu vi tam gic bing 2p, cic géc A=o°,B= Be.

Lai giai. Ta co Saapc = 92¢ Theo dinh Ii ham sin ta c6 abc = 8R>sinA.sinB.sinC, suy ra S = 2R’ sinA.sin B.sinC.

4R
b b 2 2
wR=—S - - ¢ . __4ore . °P vays=2( 2P
sinA  sinB  sinC  sinA+sinB+sinC  sina+sinf +sin(r — o — ) sin @ + sin 3 + sin
o—p)

Bai 17. Cho AABC ¢6 A = 90°, ban kinh dudng tron ngoai tiép R = 7 va ban kinh dudng tron ndi tiép 1a
r = 3. Tinh dién tich S cta tam giéc.
Loi giai.

AK B

Goi I 1a tam dudng tron nodi tiép ctia AABC.
Goi tiép diém ctia dudng tron noi tiép (1) véi cac canh BC,CA,AB lan lugt 1a D, E, F.
Vi AABC vudng tai A nén BC =2R =14 vaAE =AF =r=3.

AB+AC+ BC

Tacop= — =AE+BC=14+4+3=17

Viay S = pr=17x3 =51

Bai 18. Cho AABC noi tiép dudng tron (0,3). Biét ring A = B = 30°. Tinh dién tich S ciia AABC
Lui giai. Ap dung dinh Iy sin trong AABC ta c6:

BC =2RsinA = 6sin30° =3 va AC = 2RsinB = 6sin30° =3



4.. HE THUC LUONG TRONG TAM GIAC VA GIAI TAM GIAC 143

Tac6C=180°—B—A = 1280°—30°—30°= 120°.
1 ~ 3 3
Viy § = 3BCAC.sin€ = Z-sin120° = %.

1 1 1 1

Bai 19. Cho tam giac ABC. Ching minh rang + 5> —.
TR 2T R
Loi giai.

] 1 2p a+bte 1 1 1
T ,: _ = _ _
aco 2Rr 5 Gbe abc S abc abc ab + bc + ac

4sp

1 1 1 1 1

22w e e

1 1 1 1/1 1 1/1 1 1/1 1
Z2tptaTs _2+ﬁ \pta)ti\ata

1
a? bz—i_\/b2 02 \/cz a2

1-1-
ab bc

1
BAt ding thiic ban dau <:> >+
Ta thiy:

Bai 20. Cho hinh vuéng MNPQ ndi tiép trong tam gidc ABC. Chiing minh rang:

SaBc 2 2Sunpo-

Loi giai.
Ta thiy:
Sapc = 2Sunpro
1
©5BC.AH > 2MN.PQ
oL MN MO
4 BC AH
Ma

MN MQ AM BM |
BC AH AB AB AB?

1 (AM+BM)2_ 1 AB® 1
= AB2 2 TABY 4 4

AM .BM

Dang 4. Chiing minh hé thitc lién quan giira cic yéu t6 trong tam giac

- Dung céc hé thifc cd ban d€ bién ddi vé nay thanh vé kia hodc chiing minh c4 hai vé ciing bang mot
YO i B e I (i

- Khi chiing minh can khai thac céc gia thiét va két luan dé€ tim ding cac hé thic thich hop 1am trung
gian cho qua trinh bién déi.

Vi du 17. Cho AABC c6 AB = ¢, BC = a, CA = b. p la nita chu vi tam gidc. Ching minh ring:

abc. (cosA +cosB+cosC) = a* (p—a) +b? (p—0) +c? (p—c).
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Lai giai. Ap dung dinh Iy cos trong AABC, ta cé:
P+c?—a®> a?+c*—b a?+b* -
VT =abc. + +

2bc 2ac 2ab

B b?+c?—a? bﬁ+§—ﬂ+ a+b*—c?
=a. 5 + 0. 5 C. 5

2 2 2

a b c
= ?(b—kc—a)—k?(a—l—c—b)—f—E(a—kb—c)
=a*(p—a)+b*(p—b)+c*(p—c)=VP.

Viy déang thiic dudc chitng minh.

Vidu 18. Cho AABC c6 trung tuyén AM, A/Z\EB = o, AC = b, AB = ¢, S la dién tich AABC. Véi

b? —?

48

0 < o < 90°. Ching minh: cota =

Lui gidi.
Pit BC = a. A
Goi H 1a chan dudng cao ké tit A dén BC.

HM MB—-BH BC BH
AH  AH  2AH AH’

C6 AAHM vudng = coto =

a BH
Hay cotot = ——— — (1)

o ... . 2AH AH =~
Mait khéc, ap dung dinh ly cos va cong thic tinh dién tich: _ o
2 2 2, 2 2
b*>—c _ (a* +c* —2accosB) —c 5 H M a
48 2AH.a
B a2—2accosB_ a c.cosB
~ 2AHa = 2AH AH
q b2—c2_ a BH(Z)
Y T4S T 24H AH
b2 o C2
Tu (1) va (2) suy racota = 1S

Vi du 19. Cho AABC c6 trong tim G va GAB = o, GBC = B, GCA = 7. Dit AB=c, BC =a,CA=b
va § la dién tich AABC.Ching minh:
3 (a2 +b%+ cz)

cota +cotf} +coty = 1S .

Lo gidi.
Goi M la trung diém BC. Ké MH 1 AB.

AAMH vudng =
= o= —.
© o8 AM

ABHM vudng = cosB = — = )
vudng S B p

a
Ta céAB:HA+HB:>c:AM.Cosoc+E.cosB

1 a
=Ccostt = — (c— —cosB) @))

AM 2
Miit khdc, 4p dung dinh ly ham sb sin cho AAMB:

MB MA . 1 )
= ——&sink = — MBsinB =

a .
sino._ sinB AM a8 @)
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Tu (1) va (2) ta dudc:
a
. ¢ ECOSB 2c —acosB R(4c — 2acosB) 4c? — 2accosB 32 +b*—a?
cota =
a . B b ab abc 45
5sin @5 R
3a® +c?—b? 3> +a® —c?
Tuong tu: cot B = — 5 coty=———
Do dé. cot B . _3c2+b2—a2 3a% +c* — b? 3b2+a2—62_3(a2+b2+c2)
0 do, coto +cotp +coty = s + 43 + S = s .
BAI TAP TU LUYEN
Bai 21. Cho AABC ¢6 AB = ¢, BC = a, CA = b. R 1a d6 dai ban kinh dudng tron ngoai tiép AABC. Chiing
o 24+ b2+ 2
minh rang: cotA + cotB +cotC = TR
abc

Lui gidi. Ap dung dinh 1y cos va sin, ta dudc:
cosA  b*+cf—a*>  (BP+c*—a*)R
sinA a abc '

Ybe.—
“2R

Tuong tu véi cot B va cotC, cong vé theo vé dugce dpem.

COtA =

Bai 22. Cho AABC c6 trong tam G , R 1a d6 dai ban kinh dudng tron ngoai tiép tam giac. Chiing minh ring:

3— (coszA +cos2 B+ cos C) GA®> +GB* + GCZ)

e

(a®+b*+c?).

YO

Loi gidi. Ap dung cong thic trung tuyén, ta dugc m2 + mi +m? =

Ap dung dinh 1y sin: @ = 2RsinA; b = 2RsinB; ¢ = 2RsinC.
Suy ra m2 +m? +m2 = 3R? (sin® A + sin” B+ sin? C) = 3R? (3 — cos?A — cos> B — cos>C) (1)

. 3 3 3
Theo tinh chat trong tam, c6 m, = —=GA, mj, = =GB, m, = EGC 2)

2 2
Tt (1) va (2) thu dudc dang thic can chiing minh.

Bai 23. Cho AABC c6 hg, hy, he 1an ludt 1a do dai dudng cao xudt phat tit A, B, C; p 1a nda chu vi. R, r lan
luot 1a ban kinh dudng tron ngoai tiép va noi tiép tam giac. Chiing minh ring:

P’ =5, 2h hph,
28
Loi giai. Ta c6 ah, = bhj, = ch. = 28 = h,hphe = e
c
Lai c6 S 2p*r*  abc
— = = — =
OO =P hohe 4
1
Bai 24. Cho AABC c6 sin? B+ sin? C = 2sin’ A. Chiing minh cosA > >
Loi giai. Ap dung dinh ly sin, c6:
b? c? a’
sin? B+sin?C = 2sin’A & — + — =2— & b> + > = 24
) 4R?  4R? 4R?
Ap dung dinh ly cos, c6:
b? +c?

b?+c? =2 (b*+c? —2bccosA) < cosA = .
+c ( +c C COS ) CcoS Ibe

Ap dung bét dang thic Co-si: b+ ¢2 > 2bc. Suy ra cosA >

| =
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Bai 25. Cho AABC c6 AB = ¢, BC = a, CA = b; I, I, I 1an ludt 12 d6 dai dudng phin gidc xuét phat tir A,

1 11 1 1 1
B, C. Ching minh: + +-< —4 —4—
b c o I I

Loi giai. Goi D la chan duong phan giac ké tir A. Ta c6:

A
2bccos —

1 1 A 1
SAABC—SAABD—I—SAACD(:)EbcsmA—Ebl Sm2+§Cl SmZ(:)la_b——{—c

~ A
Vi0° <A < 180° nén0<cos§< 1.

2bc 1 1 1
> .
b+c I, 2b 2c¢
Tuong tu véi I, va I.. Cong vé theo vé ta dudc dpcm.

Bai 26. Cho AABC dién tich S ¢6 AB = ¢, BC = a, CA = b. Chitng minh a® + b + ¢ > 4/38.
Lui giai. Theo cong thiic Hé-rong: S = +/p(p—a)(p—b)(p—c).

—a+p—b
Ta co (p—a)(p—b)g%:%Tu’dngtucé\/(p—b)(p—c) —+/(p—a)p—c) <=

Do d6 §2 < p. algc (a+b+ c)abc.

16
Lai ¢6 (a® +b* +c*) > 3 (a*b* + b*c* + c*a®) > 3abc (a+b+c) >3.16.5%.
Suy ra dpcm.

Suyral, <

N

BAI TAP TONG HOP

Bai 27. Cho AABC ¢6 AB = ¢, BC = a, CA = b; trong tam G va tAm dudng tron noi tiép 1. Biét GI vudng
at+b+c B 2ab

3 a+b

g6c v6i duong phan giac trong cua BCA. Chiing minh:
Loi giai. V€ GH_LAC, GK1BC, IDLAC.
Goi L va N 1an ludt 12 giao diém ctia IG véi AC va BC.
Ta co: SACLN = ZSALIC =ID.IC=rLC (1)

1
Lai c6: Sacev = Sacre +Sacen = §<GH LC+GK.CN) (2)
Do ACLN céan nén LC = CN (3)

1
Tu (1), (2), 3)suy ra r.LC = E'LC (GH+GK) < 2r= GH + GK.

Goi hg, hy, 1an ludt 1a do dai dudng cao ctia AABC xuit phat tir A va B.
CK_MG _1GH 1 _ . 1.
b MA 3w, 3 D0d02r= gt

. 2pr 2pr
Ma SAABC = pr= Eaha = Ebhb = ha = —;/’Lb = —
a

b

sovraz— 2o (Lo oy L (ath 2ab  a+b+c

= — -+ -] 1== <~ - .
WIEr=3Pr T P\ "ab a+b 3

Bai 28. Cho ABCD la tii giac ndi tiép v6i AB =a, BC = b, CD = ¢,DA = d va p lantia chu vi, S la dién tich
t gidc. Chiing minh rang:

Ta co:

S= \/(p—a)(p—b)(p—c)(p—d) —abcdcos2B+D.

Lui gidi. Ap dung dinh ly ham s6 cos trong cac tam gidgc ABD,CBD ta co:
BD? = a®> 4+ d? —2ad cosA = b* + ¢* — 2bccosC.

a*> +d* —2adcosA = b* + ¢* — 2bccosC.

a? +d* — b* — ¢* = 2ad cos A — 2bccos C (1)

Binh phuong hai vé ctia (1) ta c6:
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(a? +d? — b2 — c?)* = 4 (ad cos A — 2bccos C)2.(2)
Ta cé:
1 1

S=84BD+ SgCD = Ead SinA + Ebc sinC.
165% = 4(ad sinA + besinC)2.(3)
Cong ting vé (2),(3) ta dudc:

2 -
(a2 +d* b — 02) +168% =4 |a*d® + b*c* — 2abcd(cos A cos C — sinA sinC)]

=4 [a®d® + > — 2abcd (cos(A+ C))]
cos?(A+C) 1)]

—4 | a?d? + b*c* — 2abed <2

I 2
r 2
cos“(A+C
=4 | (ad + bc)* — 4abcd¥] (4)
Tu (4) suy ra ]
2
cos“(A+C
168* =4(ad + bc)* — (a* +d* — b* — *)* — 16abcd%

cos’?(A+C
=(2ad +2bc+a* +d* —b* — ) (2ad +2bc — > — d* + b+ ¢) — 16abcd¥

=|(@+ap—(=c?|[(b+e) ~(a=d)’| - 16abcdw

2
cos“(A+C
=(2p—2¢)(2p—2b)(2p—2d)(2p —2a) — 16abcd¥.(5)
A+C B+D B+D A+C
+ —I—L:180‘:‘:>cos2%:cos2 +

Vi
nén tu (5) suy ra

B+D
S2=(p—a)(p—b)(p—c)(p—d)—abcdcos® —12_ .

B+D

=S= \/(p—a)(p—b)(p—c)(p—d) — abed cos?

Dang 5. Nhan dang tam giac vuong

St dung cac phép bién ddi tuong duong hodc hé qua dé bién d6i “Piéu kién cho trudc” dén mot dang
thic ma tir d6 ta d€ dang két luan dugc tinh chit clia tam giac.

Vi du 20. Cho tam gidc ABC thda man diéu kién

sin2A sin2B

in2A +sin2B= ————.
e cosAcosB

Chuting minh tam gidc ABC vudng.
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Loi giai. Ta c6:

in2Asin2B
sin2A 4+ sin2B = SiheAsInZs
cosAcosB
2sinAcosA.2sinBcosB
<28inAcosA+2sinBcosB = SInACos SIn 5o

cosAcosB
< sinAcosA +sinBcosB = 2sinAsinB

< sin2A +sin2B = 4sinAsinB

<2sin(A+ B)cos(A — B) = 2[cos(A — B) —cos(A + B)]
< sinC.cos(A —B) = cos(A —B) +cosC

& cos(A—B).cosC(1 —sinC) +cos>C =0
&cos(A—B).cosC(1 —sinC)+1—sin’C=0

< (1 —sinC)(cos(A—B)cosC+1+sinC) =0

<1 —sinC=0

T
&SC=—
2
< AABC vuong tai C.

Vi du 21. Cho AABC c¢6 sin2A cos2A + sin2Bcos 2B + sin2C cos 2C = 0. Chiing minh ring AABC
vulng.

Loi giai. Ta co:
sin2A cos2A + sin2Bcos 2B + 2sin2C cos 2C
=sin4A + sin4B + 2sin2Ccos2C
=2sin2(A + B)cos2(A — B) +2sin2Ccos2C
= —2sin2Ccos2(A — B) +2sin2Ccos2(A + B)
= —2sin2C[cos2(A — B) —cos(A+ B)]
= —4sin2Csin2A sin2B.
Do d6 sin2A cos2A + sin2Bcos 2B +sin2Ccos2C = 0 < —4sin2Asin2Bsin2C =0

U

a="

sin2A=0 [24=n 2
o [sin2B=0& [2B=1 & B:g:>AABCvu6ng.

sin2C =0 2C=mr C_7r

T2

Vi du 22. Cho AABC ¢6 sin?A +sin? B = *°V/sinC va cic géc A, B nhon. Ching minh ring tam
giac ABC vudng.

Loi gidi. Ta cé: sinC € [0,1] = *V/sinC = sin?"!7 C > sin? C = sin> A 4 sin® B > sin’C
& 4R2[sin2A + sinZB] > AR sin’C e a? + b2 > 2 e a?+ b2 —c2 > 0.

. 2 b2 2

Theo dinh 1i ham so0 cosin ta ¢6: cosC = a+2—bc > 0.
a

Ta thiy:

1— 24 11— 2B
sinA +sin’B = 0205 + 0205

B c0s2A +cos2B
T 2

=1—cos(A+ B)cos(A—B)
=14cosCcos(A—B) > 1.
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Mit khac: *V/sinC < V1= 1.

cosCcos(A—B) =0 T
Do d6: sin®A +sin’ B = *V/sinC khi { ( ) & C = - = AABC vudng.

sinC =1 2

BAI TAP TU LUYEN

Bai 29. Cho A,B la hai géc nhon ctia tam giac ABC thda man:
sinA + sin’ B = 1.

Chiing minh ring tam giac ABC vuodng tai C.
Loi giai.
sinA +sin’B = 1
l—cos2A  1—cos2B
T T2 T
< cos(A+B)cos(A—B) =0
< cosCcos(A—B) =0.

1

Ma A, B 1a hai géc nhon nén cos(A — B) # 0.
T
Do d6 cosC.cos(A—B) =0<cosC=0=C= 5 = AABC vuong tai C.

Bai 30. Cho tam gidc ABC c6 cic goc thda man dang thc :
sinC = sinA cosB.

Chiing minh ring tam gidc ABC vudng tai A.
Loi giai.

sinC = sinAcosB = %[sin(A + B) +sin(A — B)]
=2sinC = sinC +sin(A — B)
= sinC = sin(A — B)
= sin(A + B) = sin(A — B)
= sinAcos B+ sinBcosA = sinA cos B —sinBcosA
=sinBcosA =0

=cosA=0=A=

YRS

=/AABC vuong tai A.

Bai 31. Cho tam gidc ABC c6 C < B va b,c 1a cic canh clia tam gidc. Chiing minh ring tam gidc ABC
vudng néu co:

sin(B—C) _ b*—¢?

sin(B+C) b2 42’
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Loi giai. Ta c6:

sin(B—C) sinBcosC —sinCcosB

sin(B+C)  sinBsinC +sinBsinC

b c
ﬁcosC— ﬁcosB

b c
— —cosB
R cosC + R coS

_ 2abcosC —2accosB

~ 2abcosC +2accosB

(@4 =) — (P + P -D?)

a2+ b — )+ (a2 + 2 - b?)
br— 2

- 2

a

3 sin(B—C) _ b*—¢?
sin(B+C) b2 +c%’

> —c* b —c?
Do dé: T TR = a®> = b* + ¢ = AABC vuong tai A.
a c

Bai 32. Cho tam gidc ABC c6: 5(sinA +3cosB) +9(sin B+ 3cosA) = 20. Ching minh ring tam gidc ABC
vuong.

Loi giai. Ta co:

4(sinA 4 3cosB) +3(cosA + 3sinB)
=(3cosA+4sinA) + (9sinB+ 12cosB)
S\/(42 +32)(sin? A +cos?A) + \/(92 +122)(sin? B+ cos? B)
=5+15=20

3
4 1% n 3
Dau bang xay ra < cosA 49 & tanA = cotB = 1

sinB _ 12
= tanA = tan (g—B) S A= g—B¢>A+B= g &SC= g = AABC vuong tai C.

Dang 6. Nhan dang tam giac can

St dung cac phép bién ddi tuong duong hodc hé qua dé bién d6i “Piéu kién cho trudc” dén mot dang
thiic ma tir d6 ta dé€ dang két luan dudc tinh chat clia tam gidc.

B+C

Vi du 1. Chiing t6 rang tam gidc ABC can néu tan B+ tanC = 2tan
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Loi giai. Ta c6:

B+C
tan B +tanC = 2tan *

B+C

B+C
< tanB — tan + +tanC — tan =0

B-C . C—B
sin

sin
& +
cosBcos

0

B+C —

cosCcos

B—-C 1 1
& sin — =0

B+C
cos Bcos cosCcos +
B—-C B-C
=0 ——=0
2 3
<B=C= AABC can tai A.

<> sin

151

, PO - c .C B , . . A
Vidu 2. Cho AABC théa man hé thic: sin > cos® — = sin ~ cos’ 5 Chiing minh tam giac ABC can.

2 2

Loi giai. Ta co:

B C
Détx:tana;y = tanE khi do ta co:

x(14+2%) = y(1+y?)
@x3—y3+x—y:0
SE—y) @ +xy+y +1)=0
Sx—y=0&x=y.
cC B C

B
Do doé ta co: tanE :tanE = 5= EéB:CiAABCcﬁntaiA.

BAI TAP TU LUYEN

Bai 1. Cho AABC thda man: = 2tanA. Chiing minh ring AABC can.

c
bsinA
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Loi giai. Ta c6:

- = 2tanA
bsinA
sinC
= %n =2cosA
sin B

& sinC = 2sinBcosA

&sinC =sin(B+A) +sin(B—A)
< sinC = sinC +sin(B—A)
&sin(B—A)=0=B—-A=0<B=A= AABC can tai C.

. P . . A ) Ly
Bai 2. Cho AABC c6 dudng cao AH = h, thda man hé thic : h2 = bccos? 5 Chung minh rang AABC

can.
Loi gidi. Ta c6: hy = csinB = bsinC = h2 = besinBsinC.
Tur dé ta co:

LA

sinBsinC = cos 5

< cos(B—C)—cos(B+C) =1+cosA
< cos(B—C)+cosA =1+cosA
&cos(B—C) =1

=B-C=0

&B=C= AABC can.

Bai 3. Cho AABC thda man hé thic:

4 —2sin?B —2sin’C
sin’B -+ sin2C

= (cotB+ cotC)2 —2cotB.cotC.

Loi giai.
4 —2sin* B—2sin’C
- L (cotB+cotC)? —2cotB.cotC

sin? B+ sin?C
4
@ﬁ —2= COtzB + COtZC
sin“ B +sin“C
= 4 _ ! + ! 2
sin? B +sin?C ~ sin?B  sin?C

1 1
@(sinzB%—sinzC)( — +T> =4
sin“B  sin“C

sin?B  sin?C

sin?C  sin’B

( sinB sinC ) 2
=

—2=0

sinC sinB
<sinB = sinC
&B=C = AABC can.

< . i iAo . B b ) g . R
Bai 4. Cho tam giac ABC thoa man hé thuc: sin 5= . Chiing minh rang tam gidc ABC can.

2 /ac
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B 1—cosB I_M b? —(a—c)?
Lbi gidi. sin’ - = ———~ = 22“0 =
B
Mé:sinzizﬁ.
Dod(’):W:%(:>b2—(a—c)2:b2<:>a—c:0<:>a:c:>AABCcﬁn.

1+cosA B 2b+c

Bai 5. Cho AABC c6: — )
sinA 4b2 — 2

Loi giai. Ta co:

1+ cosA _ 2b+c

SinA \/4bh2 — 2
- (1+cosA)®  (2b+c)?
sinfA 4b2—c2

<:>1—i—cosA _ 2b+c

l—cosA 2b—c
(i)l—l—cosA _ 2sinB +sinC

1 —cosA 2sinB—sinC
<2sinB+2cosAsinB —sinC — cosAsinC = 2sinB — 2sinBcosA + sinC — sinCcos A
<4sinAcosB—2sinC =0
< sin(A+B) +sin(A —C) =sinC
< sinC +sin(A — B) = sinC
<sin(A—B) =0
<A—B=0
<A =B = AABC can.

Dang 7. Nhin dang tam giic déu.

St dung cac phép bién ddi tuong duong hodc hé qua dé bién d6i “Piéu kién cho trudc” dén mot dang
thifc ma tir d6 ta d€ dang két luan dudc tinh chit ctia tam gidc. Ngoai ra ddi véi cac bit dang thic dbi
xting véi ba géc A, B,C hoic ba canh a, b, ¢ déu xay ra dau bang tai trang thai A = B = C = 60° hoic
a = b = ¢ dé chiing minh tam gidc ABC déu.

Vidu 1. Cho tam giac ABC c6:

3
i BsinC — >
sin B sin 2
3 133"
a2:a b
a—b—c

Chiing minh ring tam gidc ABC déu.
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Loi giai. Ta c6:
) a3_b3_c3
a=—
a—b—c
sdla—b—c)=d —b’—c
sa*(b+c) = (b+c)(b* —be+c?)

a2 =l72—bc+c2

3

b2+ c*—a* =bc
P+ct—a® 1
<:>—

2bc 2

1 T
=CoSA=-A=—. 1
cos 3 3 (1)
Ta lai co:
i BsinC —
sinBsin 2
3
< cos(B—C)—cos(B+C) = 3

3
< cos(B—C)+cosA = 2

<cos(B—C) =1
=B-C=0&B=C= AABCcan. (2)

Tu (1) va (2) suy ra AABC déu.

, . A B C . C 5
Vi du 2. Cho AABC cé: cot? 5 + cot? 5 + cot? 5= 9. Chung minh rang AABC déu.

Loi gidi. Theo dinh 1i ham s cos:

A 1 4b A _ 4b
a® = b* +c? —2bc.cosA > 2bc — 2bccosA = 4bc.sin? — = —— > e = cot? = > e 1.
.2 A T 42 27 a2
sin
B 4 C _4b
Ching minh tuong tu ta cé: cot> — > Tac 1;cot> = > e 1.
2 b? 2 c?

A B C _ 4bc 4dac 4dab 4bc 4ac 4ab
Je. 2_ 2_ 2_>_ - - > 3___.__ =0,
Do do: cot 2—|—cot 2+cot > 2 + 3 + ) 3 >34/ 2 3=9

Déu “=” xay ra < AABC déu.

BAI TAP TU LUYEN
Bai 1. Cho AABC cé:

sinB+sinC = 2sinA

cosB+cosC =2cosA’
Chiing minh tam gidc ABC déu.
Loi giai. Ta c6: (sinB+sinC)? + (cos B+ cosC)? = (2sinA)? + (2cosA)?
< 2(sinBsinC+cosBcosC)+2=4<cos(B—C)=1<B-C=0&B=C

. (B=cC B=C X
Khi do: = = A=B=C= AABC deéu.
2cosB =2cosA B=A

Bai 2. Cho tam giac ABC c6:

B-C
a?cos

2sin§ 2sin§ 2sin5
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Chiing minh rang AABC déu.
Loi giai. Ta co:

B—-C B—-C
a?cos a(2RsinA) cos
2sin5 2sin§
A B-C
:2aRc0sEcos
B+C B-C
= 2aRsin ; cos 5
b
=aR (sinB+sinC) = al ;_C)
Tuong tu va suy ra ta co:
a~ cos COS c~COS a(b+c) b(c+a) C((l—{—b)
+ + = + + =ab+bc+ca
ZSinA ZSiHE ZSinC 2 2 2
2 2 2
2, 32 2,2 2., .2
O A e ppye

2 2 2

Déu “=” xay ra khi a = b = ¢ & AABC déu.

Dang 8. Ung dung giai tam giac vao do dac

St dung dinh Iy sin va dinh Iy cos d€ gidi.

Vi du 3. Tinh khodng céch tit mot diém trén bd song dén mot gdc cy trén mot cu lao gilta song.

Loi giai.

Dé do khoang cach tit mot diém A trén bo song dén gbc cay C trén cu lao
gitia song, ngudi ta chon mot diém B cung & trén bd v6i A sao cho tir A va
B c6 thé nhin thy diém C. Ta do khoing cich AB = d, géc CAB = a va
CBA = B.

Khi d6, khoang cach AC dugc tinh nhu sau:

Ap dung dinh 1y sin vao tam gidc ABC, ta c6
AC  AB

sinB  sinC

VisinC = sin(a+ ) nén AC =

ABsin 3
sin(a@+ )’

Vi du 4. Trong mot budi gip nhau cudi tuin nghé si hai Xuin Bic dit ra mot tinh hudng dbi véi gido
st Cii Trong Xoay nhu sau: “Mot ngudi c6 chiéu cao tif chan dén mat 1a /m. Véi hai dung cu do la
thu6c day va gidc ké, ngudi d6 mubn do chiéu cao ctia mot cdi ciy cao. Vay 1am thé nao dé€ do dugc
chiéu cao clia cay”.

Néu dudgc & vi tri ctia gido su Cu Trong Xoay em 1am céch nao dé€ do dudc chiéu cao clia cay? Hay
minh hoa bang mdt két qua cu thé.

Loi giai.
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Chon vi tri diing 1a diém C, goi A 12 vi tri mat ngudi d6 diing tai C, O la vi B
tri gbc cay, B 1a vi tri dinh cay.

Cac yéu t c6 thé do dudc bang thudc day va gidc ké 1a Cﬁ,z@, CO.
Dung thuéc day do do dai CO = d, 4p dung vao tam giac AOC dé€ tinh AO
va goc AOC.

Diing gidc ké do dugc géc BAO, tit d6 dp dung dinh 1y sin d€ tinh BO.

— 0C A
Ta c6: AO = VAC? 4+ CO? = \/I? + d? va cosAOC = o S ra dudgc goc

AOC. - c o)
Dé thdy B = 90° — AOC. Ap dung dinh ly sin cho tam gidc ABO ta c6:

OB OA OAsino VI2+d?sina

— = ———=>0B=— = — :

sindt  ¢inABO sin(180° — o — B) sin(a+ p)

Gia st ngudi d6 cao 1,6m, ditng cch cdy 10m va nhin ngon ciy va gbc cay
mot goc 30°.

24/641 — ocC 50
Ta c6: OA = /1,62 +102 = ———— va cosAOC = — = =
5 OA  2/641

A/O\Cz9,1°.
Suyraf=90—9,1=80,9°.

1.62 +-102si o
v/ 1,6%+10-sin 30 ~5.42m

Khi d6 chiéu cao cta cdy la: OB = sin(30° + 80,9°)

Vidu 5.

Mudn do chiéu cao cia thdp Cham Por Klong Garai 6 Ninh p
Thuén ngudi ta liy hai diém A, B trén mit dat c6 khoang cach
AB = 12m cuing thang hang véi chan C ctia thap d€ dit hai
gidc ké. Chan ciia gidc ké c6 chiéu cao & = 1,3m. Goi D 1a
dinh thdp va hai di€m A’,B’ cing thang hang véi di€m C’
thuoc chiéu cao ( CD cua thap. Ngudi ta do dugc goc DA'C' =
49° va géc DB'C' = 35°. Hay tinh chiéu cao CD = C'D+C'C c' o B
cua thap do.

C
A B
Loi giai. Tac6 CC' =1,3m.
. B'D A'B B'D
Ap dung dinh ly sin trong AA’B'D ta dugc — = e & — — =
sin(180° —C'A'D)  sin(180° —C'A’D —35°)  sinl3l
12 , 12.8in131°
sin 14° ~ sinl4e 12 5in131° 357
Xét AB'C'D ¢6 C'D = B'Dcos35° = —— =S 30 7m,

sin 14°
BAI TAP TU LUYEN (Cho méi dang)

Bai 3. Ban Teo chi c6 dung cu la thu6c thang dai va ban 4y mudn do ban kinh ctia dudng tron 16n clia tugng
dai & cong vién Song Ray (tAm ctia dudng tron 16n nay bi che khuit bdi tugng cdy dudc). Ban Teo dang loay
hoay khong biét 1am cich nao d€ do dudc ban kinh ctia dudng tron nay. Hay tim cach gitp ban Teo hoan
thanh cong viéc.

Loi giai.
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Liy ba diém A, B, C khac nhau thuoc dudng tron.
Po dd dai cac doan thang BC = a,AC = b,AB =c.
Ap dung cong thic Hé-rong tinh dién tich tam giac ABC:

- a+b+c
S=/p(p—a)(p—b)(p—c) vdip=———.
b
Suy ra ban kinh ctia duong tron la: R = %.

Bai 4. Mot 6 to di tir A dén C nhung & gifta A va C 12 mot ngon nii cao nén & to phai chay thanh hai doan
dudng tit A dén B va tit B dén C, cac doan dudng nay tao thanh tam gidc ABC ¢6 AB = 14km, BC = 18km
va géc B = 100°, biét rang cti 1km dudng 6 to phai tén 0, 1 lit xéing.

a) Tinh sb xiing ma xe tiéu thu khi chay doan dudng tit A dén C ma phai qua B.

b) Gia stt khong c6 ngon nii va c¢6 con dudng thang tir A dén C thi 6 td chay hét con dudng nay ton bao
nhiéu lit xang?

Lui gidi.

A
a) Tinh s xidng ma xe tiéu thu khi chay doan dudng tit A dén C ma phai qua
B. 14
Tong doan duong xe di tir A dén C 1a AB+ BC = 14 + 18 = 32km. 100 c
18

Do d6 s xiing ma xe tiéu thu 12 32.0, 1 = 3, 2lit.

b) Ap dung dinh Iy cdsin ta co:
AC? = AB?> + BC? — 2AB.BC.cos(ABC) = 14*> + 18> —
2.14.18.co0s 100° =

Bai 5. Ngudi ta du dinh xdy mot cdy cau bic qua mot con song tuong ddi rong va chay xiét. Trong mot
dot khio sat ngudi ta mudn do khoang céch gitta hai diém A va B & hai bén bo song. Khé khin 1a ngudi ta
khong thé qua song bang bat ki phuong tién gi. Em hiy dit minh vao vi trf ctia ngudi khao sat dé gidi quyét
tinh hudng nay. Biét ring em c6 dung cu ngam do géc va thudc day.

Loi giai.

Pé tinh ducc chiéu dai doan AB ta sé tao mot tam gidc ma c6 AB 1a mot B
canh. Ta chon mot diém C nam trén b (c6 thé cling phia v6i A hoic v6i B)
va ta xem trong tam gidc nay ba yéu td nao ta do dudc bang cic dung cu da
co.
Gia st diém C nam cing bd véi diém A nhu hinh vé. Céc yéu t6 do dugc 1a A <]
canh AC va hai goc BAC = a va ACB = 3.
C

Ap dung dinh 1y sin trong tam gidc ABC, ta co:
AB AC ACsinf3

sin 3 - sin(ot+ fB) TARE sin(o 4 B)

Bai 6. Mot cdy cot dién cao 20m dudc dong trén mot trién ddc thang nghiéng hdp v6i phuong nim ngang
mot goc 17°. Ngudi ta ndi mot day céap tit dinh cot dién dén cudi déc. Tim chiéu dai cia day cap biét rang
doan dudng tir day coc dén cudi déc bang 72m.

Loi giai.
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Ta ¢6 ACD = 180° — (90° — 17°) = 107°. D
T t iac ABC vudng tai B c6 AC = ~ 75,3m.
/rong am giac vuong tai B c6 o170 ,3m 20
Ap dung dinh ly cos trong tam giac ACD, ta c6:
AD?> = AC? + CD? — 2AC.CD.cosACD = 753> + 20> — C
2.75,3.20.cos 107° ~ 6950,7 = AD =~ 83,4m.

A . B

72

Bai 7. Hai chiéc tau thily P va Q cich nhau 300m. TU P va Q thang hang V(51 chan A cua thap hai dang AB
& trén bo bién ngudi ta nhin chiéu cao AB ctia thap dudi cac goc BPA =35° BQA 48°. Tinh chiéu cao ctia
thap.

Loi giai. Ta c6: AQ = ABcot48°.

AP = ABcot35°.

PQ =AP—AQ = AB(cot35° — cot48°)

PQ
AB = ~ .
= cot35° —cot48° 568, 5m

48N 35
0300 P

AT

Bai 8. Mot cudc dua thuyén xuét phat tif di€ém A nhu hinh vé bén va di chuyén theo huéng tdy nam mot géc
52° t6i diém B, sau d6 di chuyén theo huéng dong nam 40° t6i diém C, cudi ciing quay trd lai diém A. Diém
C cach diém A mot khoang 8km. Tinh gan ding tdng khoang cich ctia dudng dua.

N
v s
S A
529
B
10
D c

Loi gidi. Vi duong thing BD va AC song song, suy ra BCA = CBD = 40°. Do d6, ABC = 180° — (52° +
40°) = 88°.

; a b c
A inh 1y si iac AB : = = .
p dung dinh ly sin trong te;m' glsazcO C, ta dudc Sins 2; ‘ ?6108 8~ sind0°
Vi b = 8 theo d&, nén: a = —o>%  6,308km Vi ¢ — —o—_ ~ 5, 145km.
sin 88° sin 88°

Téng khodng cach ctia duogf dua la: 8 + 6,308 + 5,145 = 19,453km.
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<. . - P ) ~ FOREPURN N P - ~ 1A
Bai 9. Hai luc f1 va f, cho trudc cung tac dung Ién mdt vat va tao thanh géc nhon ( fi, f2> = o. Hay lap
cong thic tinh cudng do cua hgp luc K
Loi giai.

— —
Pit AB = 7, ,AD = f5 va ¥ hinh binh hanh ABCD. B c
Khi d6AC =AB+AD = f, + fo = 5. S
- = -
V@y‘?}:‘ﬁ‘z‘fﬁ—fz’. 7
Theo dinh li cosin d6i véi tam gidc ABC, ta c6:
o =R e A4 — D
AC? = AB? + BC? — 2.AB.BC.cosB, hay | 7| = ’fl ‘ + ’fz‘ - f
= =
2‘]‘1 ) . ‘fz‘ .cos(180° — &x).
, =12 |2 = |2
Do dé: | 3| = \/‘f]‘ —|—‘f2‘ +2‘f1Hf2‘.cosoc.
Bai 10.
Mot hanh khach ngdi trong mot mdy bay, bay & do cao 10km nhin xubng A &l T
hai thi trAn du6i mit dit. Géc hop bdi phuong ngang va hai thi trin 1an i . \2\80
luot 1a 28° va 55° (hinh vé&). Tinh khoang cach giita hai thi trin. RN .
0kmi
Ot e N
C D

Lui gidi. Ta cé CAD = 55° — 28° = 27°.

. . v o o o s = A0
Xét tam giac ACO co OAE: 90° —55 iS va cos OAC/’: A & AC = 03350
Trong tam gidac ACD c¢6 ACD = 180° — OCA = 125° va ADC = 180° — (125° 4-27°) = 28°.
Ap dung dinh Iy sin trong tam gidc ACD, ta c6
CD AC 12,2sin27°
— AT 11, 79km.

Vay khoéng cach gitta hai thi trin khodng 11,9km.

~ 12,2km.

sin27°  sin2g 0T " sin2ge
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5.  PE KIEM TRA CHUONG II

I. Pésbla
Bai 1. Cho A(1,5);B(4,—1);C(—4,-5).
a) Tim toa d truc tam H cua tam giac ABC.
b) Tim toa d6 tAm dudng tron ngoai tiép tam gidc ABC.
¢) Tim toa do hinh chiéu vudng géc ciia diém A 1én dudng thﬁng BC.
Loi giai.
a) Tim toa do truc tdm H cua tam giac ABC. Ta c6 Iﬁ (3,-6); ﬁ —8,—4) ,suyra E R 0,

nén tam giac ABC vuong tai B. Vay truc tam H (x,y) la dlem B(4, 1).
e e e 1,0 diém

b) Tim toa do tim dudng tron ngoai tiép tam gidc ABC.

£ . -3
Goi I(x,y) la tAm dudng tron ngoai ti€p tam giac , do d6 7 1a trung diém cia AC, c6 toa do [ <7, O) .

P 1,0 di€ém
¢) Tim toa do hinh chiéu vudng géc ctia di€ém A 1én dudng thang BC.
Vi tam gidc ABC vudng tai B nén hinh chiéu ctia A 1én BC 12 B(4,—1).
AP 1,0 diém
Bai 2. Cho tam gidc ABC c6 AB = 6,AC = 8; A = 120°.
a) Tinh dién tich tam giac ABC.
b) Tinh do dai canh BC va ban kinh tim dudng tron ngoai tiép tam gidc ABC.
Loi giai.
a) Tinh dién tich tam giac ABC.
1 1 o
Taco S = EAB.AC. SinA = 5.6.8. sin120° = 12¢/3 (@vdt) . .....ooiiiiii 1,0 diém
b) Tinh do dai canh BC va ban kinh tim dudng tron ngoai tiép tam giac ABC.
Ap dung dinh i ¢6 sin ta c6
—1
BC? = AB?> 4 AC?> — 2AB.AC.cosA = 36 + 64 — 2.6.8.7 = 148, suy ra BC = 2+/37
e 0,5 diém
48 3
TacOR= — = L
abc  24/37
R 0,5 diém

Bai 3. Tinh gid tri cia bi€u thiic sau P = tan6°.tan 12°.tan 18°... tan 78°. tan 84°.
Loi giai. Ta c6 tan6°.tan84° = tan 12°.tan78° = tan 18°.tan72° = ... = tan42°. tan48°.
SUY T8 P = Lot e e e e 1,0 diém
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Bai 4. Chiing minh ring néu m?2 = mg +m? thi a®> = S. cott, trong d6 my, my, m. 1an lugt 1a cic trung tuyén

ung véi cac canh a,b,c va S la dién tich tam giac ABC.
Loi gidi. Tir diéu kién bai toan ta c6

2 2 2
a b c
Rae2_ L 2 2 2 22 O
+c > c“+a > +a”+ 5
Suy ra b> + ¢ = 54°.
......................................................................................... 1,0 diém
Theo dinh 1i ham c6sin ta c¢6 b? + ¢? = a® + 2bc.cosA. Do d6 2a*> = bc.cosA = CosA = 2a*> =

Sin 3
S COLA = 2 o 1,0 diém

Bai 5. Cho A(Z,%; B(—3,—4); C(5,0). Tim toa do tim dudng tron noi tiép tam gidc ABC.
Lok gidi. Ta 6 AB — (—5,—10); AC — (3,6). suy ra AB — 5v/3:AC = 35
......................................................................................... 0,5 diém
0 DB DC DB AB 5

Goi toa do diém D T: — = — =— ==

oi toa do diém D(x,y). Ta co B ac W e = =3

Do do6 ﬁ ——D? ta dugc hé phuong trinh an x,y, gidi hé ta dugc toa do diém D(2,—3)

......................................................................................... 0,5 diém
Goi toa do tim dudng tron ndi tiép tam giac ABC 1a J(x,y).
Ta c6 d6 dai doan BD = 54/5.

JD JA JD BD 5
Khi d6 — = — suyra =.

BD AB JA AB 3 i
......................................................................................... 0,5 diem
Do d6 JD = —§JA ta dugc hé phuong trinh 4n x,y, gii hé ta dudc toa do diém J(2,1).
....................................................................................... 0,5 diém

IL. Désé1b
Bai 1. Cho A(—5,6);B(—4,—1);C(4,3).

a) Tim toa do truc tdim H cua tam giac ABC.

b) Tim toa dd tAm dudng tron ngoai tiép tam gidc ABC

¢) Tim toa do hinh chiéu vudng géc clia diém A 1én dudng thang BC
Loi giai.

a) Tim toa do truc tam H cua tam giac ABC.
Goi H(x,y). Ta c6 AH.BC = 0 va BH.AC = 0, suy ra 2x +y = —4 v x — 3y = —11, gidi hé phuong

trinh ta duge H(—3,2).
PP 1,0 diém

b) Tim toa d tAm dudng tron ngoai tiép tam gidc ABC
Goi I(x,y). Khi d6 IA = IB va IA = IC. Do d6, ta c6
(x+5)2+ (y—6)> = (x+4)> + (y+1)?
(x+5)*+(y—6)* = (x—4)*+ (y—3)?
—16 —18

suy ra 3x —y =6 vax — 7y = 22, giai hé phuong trinh ta dugc / (T ?)

A 1,0 diém
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¢) Tim toa do hinh chiéu vudng géc ciia di€m A 1én dudng thfmg BC

£ o —
(E}i M (x,y) la hinh chiéu vudng goc ctia diém A 1én canh BC. Tac6 AM = (x+5,y—6) va BC = (8,4);
BM = (x+4,y+1)

—

Khi d6 ta c6 AM.BC = 0 va BM — .BC.
2

Suyratr = B vaM(-2,0)

C e e 1,0 di€ém
Bai 2. Cho tam gidc ABC c6 AB = 3,AC =4; A = 60°.
a) Tinh dién tich tam giac ABC.
b) Tinh do6 dai canh BC va ban kinh tAm dudng tron ngoai tiép tam gidc ABC.
Loi giai.
a) Tinh dién tich tam giac ABC.
1 1 0
Taco S = EAB.AC. SinA = 5.3.4. Sin60° =33 (Avdt) . ... 1,0 diém
b) Tinh do dai canh BC va ban kinh tim dudng tron ngoai tiép tam giac ABC.
Ap dung dinh 1i c0 sin ta co
1
BC? = AB?> + AC?> —2AB.AC.cosA =9+ 16 — 2.3.45 =13, suy ra BC = /13
R 0,5 diém
4 V/
TacOoR = 45 = ﬁ
abc 13 .
C e e 0,5 diém
Bai 3. Biét sino +cosa = 1. Tinh gid tri biéu thic P = tan® ot + cot® a
e °?e , . 1 . 1 . _3
Loi giai. Taco sino+cosa = 3 = (sina+cosa)? = 1 = sin@.cosQq = 3
......................................................................................... 0,5 diém
- 4 4
o oa 49 .
Talaicp= " FH8 & _ 2 0.5 diém

R p—— R L R R LR LR LSRR LRRRE ST RLRERRRRY
Bai 4. Chiing minh ring néu cic géc ciia tam gidc ABC théa min diéu kién sinB = 2sinA.cosC, thi tam
gidc do can.

b
sinA  sinB  sinC

Loi gidi. Tir diéu kién bai toan, 4p dung dinh li sin = 2R, taco

a’?+b*—c? B a’+b*—c?

b=2.a.cosC=2a

2ab b
Suyrac’>=5a>=a=c.
......................................................................................... 1,0 di€ém
28

Theo dinh 1i ham césin ta ¢6 b + ¢ = a® + 2bc.cosA. Do dé 2a* = be.cosA = ,—A.COSA =24 =

sin
S COLA = G2 o oo 1,0 diém
Bai 5. Cho A(Z%; B(—3,-5); C(5,—1). Tim toa do tAm dudng tron ndi tiép tam gidc ABC.
Loi giai. Tacé AB = (—5,—10); AC — (3,—6), suy ra AB = 5/5;AC = 3/5;
......................................................................................... 0,5 diém

. DB DC DB AB 5
Goi toa d6 diém D .Tac) — = — = —=
oi toa do diém D(x,y). Ta cd B AC uy r DC = AC =3
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5 . o 5

Do d6 ﬁ = —gD?‘, ta dugc hé phuong trinh an x,y, giai hé ta dugc toa do diém D(2, _5)
......................................................................................... 0,5 diém
Goi toa do tam dudng tron ndi tiép tam gidc ABC 1a J(x,y).

5
Ta c6 d6 dai doan BD = 5\/5
JD JA JD BD 1

Khi d6 — = — — = — =,

1O D = AB ™ ™ A T AB T 2 9
......................................................................................... 0,5 diém

D 1= . e o s A i 2 10

Do d6 JD = _EJA’ ta dugc hé phuong trinh an x,y, giai hé ta dugc toa do diém J(2, ?)
....................................................................................... 0,5 diém

III. Pésd2a

Bai 1. (1,5 diém) Cho AABC c¢6 AB =2, AC = 3, BC = 4. Tinh dién tich S ctia AABC?
Loi giai.

Ta c6 a+b+c 24344 9:> 1 b 3 5

N = = = — —a = — — g —C = —

p 3 ) ) p 2717 zap 5
3V15

Viy S=/p(p—a)(p—b)(p—c) = ——.

Bai 2. (1,5 diém) Cho AABC ¢4 AB =2, AC = 3, BC = 4. Tinh dudng cao h,.
Loi giai.

a+b~l—c_2—}—3>~|-4_9:> B _1 —b—3 B _5
S A A A

1 1
VeftyS:\/p(p—a)(p—b)(p—c):T.Tacé:Sziahaéha:;:—.

Taco: p=

Bai 3. (1 diém) Cho AABC c6 AB =2, AC = 3, BC = 4. Tinh ban kinh R dudng tron ngoai tiép tam gic .
Loi giai.
abc abc 815
T 3 = — R = — —_—.
1e0S=g 7 R=45="5
Bai 4. (1 diém) Tinh gia tri ciia biéu thiic A = 4sin* 135° + /3 cos’ 150° — 3 cot? 120°.
Loi giai.

2
Ta ¢6 sin 135° = sin*45° = %
c0s150° = —cos30° = —\/Tg,
1
cot120° = —cot60°®° = ———.
4\/§ 3
V2 V3 < 1)2 9
Viaytaco A =4 — 3] — ) -3(—) =-.

Bai 5. (3 diém) Cho AABC biét A(1;2), B(—1;1), C(5;—1).

a) Tim toa do chan dudng cao A ha ti dinh A cua AABC.

b) Tim toa d0 truc tdim H ctia AABC.

Loi giai.

a) Goi A (x;y) 1a chan dudng cao ha tit dinh A cia AABC.
AA{LBC  (AABC=0 [6x=1)=20r=2)=0 1
BA, | B¢ | BA; | BE — =1 2

11
Vay toa do Aj(=;=).
ay ta do A1 (5:5)
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b)g(>_)i H(x;y) la t_rgc tam cua AABC.
AH LB AH.BC =0 {x —2
= = = .
BHLCA | BHLCA y=5

Viy toa do H(2;5).

Bai 6. (2 diém) Cho ntia dudng tron dudng kinh AB. C6 AC, BD 1a hai diy cung thudc nita dudng tron cat
nhau tai E. Chiing minh ring ﬁﬁ—l— ﬁl@ = AB>.

Loi giai.

Ta c6 AE.AC = AE.(AB + BC) = AE.AB + AE.BC = AE.AB (1).

BE.BD = BE.(BA + AD) = BE.BA + BE.AD = BE.BA (2).

Cong a (2) theo vé ta dugc:

(1) va (2) .
AE.AC +BE.BD = (AE — BE)AB = (AE + EB)AB = AB? = AB”.

IV. Désb2b

Bai 1. (1,5 di€ém) Cho AABC c6 AB = /3 + 1, AC = 2, BC = /6. Tinh géc A ctia AABC?
Loi giai.
b2 2 2 1
Theo dinh ly cos trong tam gidc ta c6: cosA = % =3 &S A =60°.
c

Bai 2. (1,5 diém) Cho AABC c6 AB = ¢, AC = b, BC = a. Tinh AB.AC theo a, b, c.
Lo giai.

Ta co: R‘ :R—E. (D

Binh phuong v hudng hai vé cia (1) ta dugc:

BC? = (AC — AB)? & BC? = AC? + AB® — 2.AC.AB = AC> + AB> — 2. AB.AC

1 1
Suy ra AB.AC = E(ABZ—i—AC2 —BC?) = E(cz—i—b2 —a?).

Bai 3. (1 di€ém) Tinh tong S = cos 10° 4 c0s30° + ... + cos 150° + cos 170°.

Loi giai.

Ta viét lai S duéi dang:

S = (cos 10° +cos 170°) + (cos 30° 4 cos 150°) + (cos 50° 4 cos 130°) + (cos 70° + cos 110°) 4 cos 90°
= (cos 10° — cos 10°) 4 (cos 30° — cos 30°) + (cos 50° — cos 50°) + (cos 70° — cos 70°) = 0.

Bai 4. (1 diém) Cho AABC biét AB =2, BC = 3, CA = 4 va dudng cao AD. Tinh do dai doan CD.
Loi giai.

., 1
Ta c6 : Saapc = E.BC.AD =+v/plp—a)(p—b)(p—c)

wap_ 2VPp=a)(p=b)(p—c) _ \/21_5

7
Trong AACD ta c6: CD = vVAC? —AD? = X

2
0 Ly I —coso 1 o
Bai 5. (2 diém) Ching minh rang (\/ oS \/ oS > = 4tan” a.
I 4coso I —cosa
Loi giai.
Ta bién d6i VT clia dang thiic:
2

VT = (VI=cosa)?— (vV1+cosa)*| [ —2cos B {—ZCOSOC:|
\/(\/1+cosoc)(\/1—cosa) V1 —cos? o [sina|
_ 4cos’ o

= 4tan? a (DPCM).

sin? o

Bai 6. (3 di€ém) Cho tam gidc ABC c6 céc canh AC = b, BC = a va AB = c.
a) Tinh Eﬁ theo a, b, c.
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b) Goi M 1a trung diém BC va G la trong tam AABC. Tinh d6 dai AM va AG.
¢) Tinh cos goc tao bdi AG va BC theo a, b, c.

Loi giai.

a)Taco: I?:R—E (D).

Binh phuong hai vé (1) ta dugc:

BC? = (AC — AB)? & BC? = AC? + AB® — 2.AC.AB.

1 1
Viy ta co: AC.AB = E(ACZ +AB? —BC?) = §<a2 +b? —a?).
2 N . — 1 —
b) Theo dang thic vécto vé trung diém ta c6: AM = 5(1@ +AB). (2)
Binh phuong hai vé (2) ta dudgc:
1 1
A2 = Z(Rwﬁ)z — ;(AC* + AB? & 2.AC.AB)

N N I S 2_2]_1 2 22
_4{c+b+2.2(b+c a)—4(2b+2c a®)

1
=AM = 5\/2b2 +2¢% —a? (*).

2 21 1
Suyra:AG = §AM = §5\/2b2+2c2 —a? = §\/2192+2c2 —a?.

¢) Goi « la goc tao bdi AG va BC.

AG.BC
Khi do ‘ﬁﬁ" = ‘ﬁ‘ . ’R".cosa@cosa: ‘IL&W .(3)
Ta c6 AG.BC = % (4B +BC). (AC - 4B) = % (AC?— AB?) = % (B2 —2) ().
1
317 =< 62— 2|
3

Thé (4) vao (3) ta dudc: cos o =

1\/202—i—2192—c12.a V2207 -
3

V. Désob3a

Bai 1. (2,5d) Cho tam giac ABC ¢6 AB = 4a, AC = 5a, BC = 6a.
a) Tinh cosA.
b) Tinh do dai dudng trung tuyén ha tir B.
¢) Tinh ban kinh dudng tron ndi tiép tam gidc ABC.

Li gidi.

A da B

~ AB24+AC? — BC? 4q)> 2 ) )
a) CosA = +AC €= (4a)"+(5a)"—(6a)~ _ L
2AB.AC 2.4a.5q g

b) Trung tuyén ha tit dinh B:

, 2(AB>+BC?)—AC?> 2[(4a)’+(6a)%]—(5a)* 794
my, = =

(0,25 x2)

4 4

(0,25)

4
av'719
mp = 3 .

- (0,25 x 2).
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AB+BC+AC  15a

2 2
Dién tich tam gidc Supc = \/p(p—AB)(p —AC)(p— BC) =
Ban kinh dudng tron noi tiép tam gidc ABC:

¢) Nua chu vi tam giac p = (0,25)

15V7a?
[“. (0,25 % 2)

15v/7a? Y
S 4 Ta
S—p.r<:>r—;— 15_a = (0,25 x2)
2

Bai 2. (1d) Lap mot dudng dau cao thé tif vi tri A dén vi tri B phai tranh mot ngon nii, do d6 ngudi ta phai
ndi thang dudng day tir vi tri A dén vi tri C dai 15km r6i tif vi tri C ni thang dén vi tri B dai 10km. Géc tao
bdi hai doan diy AC va CB 1a 75°. Hoi viéc nbi thang tit A dén B ngudi ta da tén thém bao nhiéu km day?
Loi giai.

C

75° Okm

A 15km B

AB? = AC? + BC? —2AC.BC.cosC = 15% +10%> — 2.15.10.cos 75° ~ 247, 4. (0,25 x 2)
= AB ~ 15,73km. (0,25)
Nhu vay so véi viéc nbi thang tit A dén B ngudi ta ton thém 25 — 15,73 ~ 9,27 km day. (0,25)

Bai 3. (2,5d) Cho tam gidc ABC c6 AB = 4a, AC = 6a va géc BAC = 120°. Tinh db dai canh BC, dudng
trung tuyén AM, dién tich tam gidc IBC (I 1a tAim dudng tron ngoai tiép tam gidc ABC).
Loi giai.

Ta co:
BC? = AB? + AC? —2AB.AC.cosA = (4a)? + (6a)? —2.4a.6a.cos 120° = 76a. (0,25 x 2)
= BC=2av19.  (0,25)
Duong trung tuyén AM:
,  2(AB>+AC?)—BC*  2((4a)>+(6a)?)—176

AM? = 1 1 =Ta. (0,25 x 2)
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=AM =aV7.  (0,25)

Ban kinh dudng tron ngoai tiép tam gidc ABC:

R— BC _2a\/1—9_2a\/5_7
~ 2sinA 5 V33

2
Dién tich tam gidc IBC bing:

1 — 1
Sisc = 5IB.IC. sinBIC = 51132 sin120°.  (0,25)

1 76a* /3  19a*V/3
= Sipc = =. = .

273 72 3

—IB.  (0,25x2)

(0,25)

Bai 4. (2d) Tinh goc A ctia AABC biét b(b* —a®) = c(a® — ¢

Loi giai. Taco

b(b* —a?) = c(a® — )

2).

& b(b* —b* — ? 4 2bc.cosA) = ¢(b* 4 ¢* — 2bc.cosA — ¢?) (0,25 x2)

& —bc? +2b%c.cosA = cb* —2bc?.cosA
& be*(2cosA — 1)+ cb*(2cosA—1) =0
& (2cosA— 1) (b2 +cb*) =0 (0,25)

(0,25 % 2)

< (2cosA—1)=0 (0,25)( Do bc? +cb?* > 0)

1 ~
@COSA:§$A=6OO (0,25 x2)

sinA sinB  sinC

Bai 5. (2d) Cho tam giac ABC théa man = =

mg mp
N _ sinA  sinB
Loi giai. Xét =

mg mp
b
Ta c6 sinA = a4 va sinB = —.
b 2R 2R
L= om =2 (05)
mg  my b
2
= m2 = (a'Zlb> .
Do 4o,

200>+ —a*>  d?2(a*+c*) —b?)

me

4 B 4p2?

(0,25 x 2)

& 207 (b +c?) — d®b* = 2a*(a* + ¢*) — a*b?

& 4b* —4a* + 2b%* —24** =0
o (B —ad )P+ +2 =0
s -=0 (0,25
sb=c. (0,25
inB  sinC
Chitng minh tuong tu véi o = 20 (0,25).
m

b me
Ta dugc a = b = ¢ suy ra tam giac ABC déu. (0,25)

. Ching minh tam gidc ABC déu.
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VL. Désb3b

Bai 1. (2,5d) Cho tam giac ABC ¢6 AB = 2a, AC = 3a, BC = 4a.
a) Tinh cosA
b) Tinh d6 dai dudng trung tuyén ha tii C.

¢) Tinh ban kinh dudng tron ndi tiép tam gidc ABC.

Loi giai.

~  AB>+AC?—BC* (2a)*+ (3a)* — (4a)? 1
3) cos 2AB.AC 2.2a.3a ;g 025x2)
b) Trung tuyén ha tit dinh C:
. 2(AC* +BC?) —AB> _2((3a)’ + (4a)’] - (2a)® _ 23

_ _ 25 %2
V23
= me =2 : (0,25)
AB+BC+AC 9
c¢) Nua chu vi tam giac p = % = Ea (0,25)
3v/154
Dién tich tam gidc Supc = \/p(p—AB)(p —AC)(p— BC) = 2 ¢ (0,25 x2)

Ban kinh dudng tron ndi tiép tam gidc ABC:

3\/Ea2 JTE
S 4 15a
S—p.r@r—l—)— 9_a =% (0,25 x2)
2

Bai 2. (1d) Hai chiéc tau thity P va Q cich nhau 400m ddng thoi thang hang vé6i chin A clia thap hai ding &
trén bo bién. Tt P va Q, ngudi ta nhin chiéu cao AB ciia thdp duéi cac géc BPA = 19° va BQA = 68°. Tinh
chiéu cao AB ctia thap hai ding?
Loi giai.

B

68°
A 190
0 400m P

Ta c6: AP = ABcot19° (0,25);
AQ = ABcot68° (0,25) ma AP — AQ = PQ = 400m

400
—AB= cot19° —cot68° 20, 68m. ©.)
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Bai 3. (2d) Cho tam gidc ABC ¢6 AB = a, AC = 2a va géc BAC = 120°. Tinh do dai canh BC, dudng trung
tuyén AM, dién tich tam gidc IBC (I 12 tim dudng tron ngoai tiép tam gidc ABC)

Loi giAi.

Ta co:

BC? = AB? + AC? — 2AB.AC.cosA = (a)* + (2a)* — 2.a.2a.cos 120° = 7a.

=BC=av7  (0,25x2)
Pudng trung tuyén AM:
2(AB*+AC?)—BC*  2((a)*+(2a)*)—7 3d®
N !
3
=AM = “T (0,25)
Ban kinh dudng tron ngoai tiép tam gidc ABC:
r_ BC _ av1  av2l
© 2sinA 5 V33

AM? =

—IB (0,25

"2
Dién tich tam giac /BC bang:
1 — 1
Sipc = EIB.IC. sinBIC = 51192 sin120°  (0,25)

1 a*>V21 V3 V7
o=y T g

(0,25)

" 1
Bai 4. (2d) Tinh goc A ctia AABC biét

(0,25 x 2)

Loi giai. Ta co:

1 L+ 1 B 3
a+b a+c a+b+c
2a+b+c 3

© arhard —athre 0

& (2a+b+c)(a+b+c)=3(a+b)(a+c)

atb atc atbtec

(0,25)

& 2a° 4 3ab +3ac+2bc + b* + ¢ = 3a® +3ab+3bc+3ac  (0,25)

sa® =+ —be (0,5)
1

= COsA = 5 (0,5)

=A=60". (0,25
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Bai 5. (2d) Cho tam giac ABC thoa

Loi gidi. Xét

Ta co:

Suy ra:

CHUONG 2. TICH VO HUONG CUA HAI VECTO

1+cosC B 2b+a
l—cosC 2b—a
b3+c3—a3 2

b+c—a

. Ching minh tam gidc ABC déu.

1+cosC B 2b+a

1—cosC 2b—a

_ l+4cosC
" 1—cosC
a’+b*>—c?
2ab __ (a+h) ¢
+b*—cr A+ (a—b)?
 2ab

VT

1+

(0,25)
1

(a+b)>—c* 2b+a

c2—(a—b)> 2b—a

& ((a+b)? =) (2b—a) = 2b+a)(* + (a—b)?)

& 2b(a+b)? +2b(a—b)? —4bc® —a(a+b)? +ala—b)>=0  (0,25)
& 2b[(a+b)* + (a—b)*] —4bc® —al(a+b)* — (a—b)*] =0

& 4a’b+4b° —4bc* — 4 =0

s+ ——a*=0

eb==b=c (0,25

b3+03—a3 2

btc—a
b - -d=d(b+c—a)
b -3 =d*b+dc
&b~ = (b*+¢* —2bccosA)b+ (b +c* —2bccosA)e - (0,25 % 2)
& c2b—2b*ccosA +bPc —2bc? cosA = 0
& (1-2cosA)(b*c+bc*)=0  (0,25)

1
& CoSA = —
COS 5

=A=60° (0,25)

Do d6, tam gidc ABC c6 2 canh ké bang nhau va 1 géc bang 60° suy ra tam gidc ABC déu.  (0,25)



