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CUC TRI SO PHUC

A. TOM TAT LY THUYET
1. Bat dang thuc tam giac:

o |21 + 22| < |z1] + |22|, dau "="khi z; = k2, V6i k > 0.
, dau "="Kkhi z; = kz, v6i k < 0.
,dau "="Khi z; = kz, v6i k < 0.

, dau "=" khi z; = k2, vOi k£ > 0.

o |21 — 2| < z| + 22

o 21+ 2] = [|z] — |2

o 21— 2| 2 |[z1] = |2
2. Cong thuc trung tuyén: |z, + 22|? + |21 — 22| = 2(|z1)? + |22]?)
3. Tap hop diém:

e |z — (a+bi)| =r: Dudng tron tam I(a;b) ban kinh r.
o |z — (a1 + bi)| = |z — (az + bei)|: Pudng trung truc ctia AB v6i A(aq;by), B(az; bs).
o |z — (a1 + b1i)| + |z — (ag + bei)| = 2a:
- Poan thang AB v6i A(a1;b1), B(az; by) néu 2a = AB.
- Elip (E) nhan A, B 1am hai tiéu diém v62i d(f)yczlai truc 16n 1a 2a néu 2a > AB.

bac biét |z + ¢| + |z — ¢| = 2a: Elip (E):m—z—kﬁ:lv(ﬁb:\/cﬁ—c?.
a

B. CAC DANG BAI TAP

Phuong phap dai sé

Vi DU 1 (Sé GD Hung Yén 2017). Cho sb phtic z théa man |z — 1 — 2i| = 4. Goi M, m 1an
lugt 1a gia tri 16n nhat, gia tri nhé nhat caa |z + 2 +4|. Tinh S = M? + m?.
A. S=34 B. S =82 C. S =68 D. S = 36

LOI GIAI[1]. Ta c6

|2 +2+i| <4+3vV2=M

4=z2424i—(3430)| > ||z+2+i —3+3i|| = ||z + 241 - 3V2| = ,
24240 >3V2—4=m

Khi d6 S = M? 4+ m? = 68.

Dap an la C. ]

VI DU 2 (Sé GD Ha Tinh 2017). Trong céic s phiic z théa man |z — (2 + 41)| = 2, goi 2
va 2 1a s6 phiic c6 mo dun 16n nhat va nhé nhat. Téong phan 4o ctia hai s6 phtc z; va 2,
bang

A. 8 B. 4 C. -8 D. 8
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LOI GIAIL Ta c6

2> ||z — |2+ 4i]| = ||2] — 2V = 25 — 2 < |2 <2V + 2.

; 1
Gia tri 16n nhat |z| 1a 2v/5 — 2 khi 2z = k(2 + 4i) v6i (k — 1)V/5=1=k =1+ —. Do do

V5
- <1+%) (2 + 4i).

; 1
Gia tri nhé nhat |z| 14 2v/5 -2 khi 2 = k(2 +4i) v6i (1 —k)vV5=1=k=1—- —. Do d6

V5
2y = (1 — %) (2 + 44).

2 s 1 1
Nhu vay, tong hai phandocta z;,» la4(1+—= | +4(1 - — ) =8
Y. g P 1,22 ( \/5) < \/3)
Dap an la D.

VI DU 3 (THPT Chuyén Thai Nguyén 2017 L3). Cho sé phiic z théa man |22 + 4| = 2|z|.
Ki hiéu M = max|z|,m = min |z|. Tim m6 dun ctia s6 phic w = M + mi.

A. |w| =2V3 B. |w| =3 C. lw|=2V5 D. |w| =5
LOI GIAL Ta c6
Az > 2P -4 |2 =22 —4< 0= |2| <1+V5= M.

va
20zl 24— |2 & |2 + 22| —4 > 0= 2| > -1+ VE=m.
vay |w| = vV M? +m? = 2V/3.
Dap an la A. -

VI DU 4 (THPT Yén Lac-Vinh Phiic 2017). Trong cac sb phiic z thda man |2z +%| = |z
tim s phtc c6 phan thuc khong am sao cho |z7!| dat gia tri 16n nhat.

V6 i i V3 i V6 i
A z="1"q - B.:=- =22 D.2= Y242
z 1 +2 Z=3 C.z 1 +8 z 3 +8
LOI GIAL Goiz=a+bi (a>0)thiz=a—bi. Khido
2 1 2
V9a2 + 02 =+/a2+ (b—1)2<20=1—8a ©b=g —da
1 . .
Ta co |z*1|:ﬂ16n nhat khi va chi khi |z| = v/a? + b? nho nhat.
z
1 ? 1 3\* 7 _ 7 V7
=0+ (= —4d®) =16a* —3a* + - = (4a® — = — > >
|| a+(2 a 6a” — 3a —1—4 ¢ -3 +64_64:>\z|_ 5
~ _ GQZE a:\/_a \/6 7/
Do d6 s6 phtic z can tim théa man 132 18 .Vayz:?jtg.
b:§—4(12:
Dap an la D. O
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Phuong phap hinh hoc

VI DU 5 (THPT Phan Béi Chau-Pak Léak 2017). Cho s6 phtic » théa man |z —3 —4i| = 1.
M6 dun 16n nhat ctia s6 phuc z la:
A7 B. 6 C.5 D. 4

LOI GIAL

Tap hop cac diém M biéu dién sé phiic z théa man gia thiét 1a dudng tron tam 1(3;4) ban
kinh r = 3. Khi d6 |z| = OM véi O la goc toa do. Do do

max|z| =0l +r=5+1=6.
Dap an la B. ]
VI DU 6 (THPT Pong Quan-Ha Néi 2017, THPT Chuyén Bién Hoa-Ha Nam 2017).
Trong cac so6 phuc z théa man |z — 2 — 4i| = |z — 2i|. Tim s0 phtic z c6 m6 dun nhé nhat

A 2=2-2i B.z=1+1 C.2=2+4+2 D.z=1-1

LOI GIAL

Goi A(2;4), B(0;2), tap hop cac diém z théa man gia thiét dé bai la duong trung truc d
cta AB c6 phuong trinh z +y — 4 = 0. Khi d6 |z| = OM nho nhat khi M 1a hinh chiéu ctia
O trén d la H(2;2).

Dap an la C. [

VI DU 7 (THPT Tran Phu-Ha Néi 2017). Cho s6 phiic z théa man |z + 3| + |z — 3| = 10.
Gia tri nhé nhat cta |z| 1a
A. 3 B. 4 C.5 D. 6

LOI GIAL Goi A(—3;0), B(3;0) c6 trung diém la O(0;0). Diém M biéu dién sé phiic z. Theo
cong thuc trung tuyén thi

MA? + MB?* AB?

2 — M02 —
2| 5 1
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Ta co )
MA+ MB
MA2+M322—( +2 ) =50
Do do
50 36
=\/—=-—=4
TV Ty
Vay min |z| = 4.
Dap an la B. [

C. BAI TAP TU LUYEN

Phuong phap dai sé

BAI 1 (S& GD Long An 2017). Cho sb phiic » théa man |z — 2 — 3i| = 1. Tim gia tri 16n
nhat caa |z|.

A 1++13 B. V13 C.2++/13 D. V13 -1

BAI 2 (THPT Hung Nhan-Thai Binh 2017 L3). Tim gia tri 16n nhat ctia |z| biét

—2—3%
3—2

z—l—l’zl.

A. V2 B. 2 C.1 D. 3

BAI 3 (THPT Nguyén Hué-Hué 2017 L2, Ha Huy Téap-Ha Tinh 2017 L2). Cho sé phiic
z théa man |2? — i| = 1. Tim gia tri 16n nhat cuaa [z|.

A. 2 B. V5 C. 2V2 D. V2

BAI 4 (Chuyén Nguyén Trai-Hai Duong 2017 L3). Xac dinh s phiic z théa man |z —
2 — 2i| = /2 ma |z| dat gia tri 16n nhat
A z=1+1 B.2=3+1 C.2=3+3% D.z=1+3i

BAI 5 (THPT Yén Khanh A-Ninh Binh 2017, THPT Kim Lién-Ha Né6i 2017). Cho so
phuc 2z théa man |z — 2 — 3i| = 1. Gia tri nhé nhat cta [z+ 1+ | la
A. V13 -1 B. 4 C.6 D. V13 +1

BAI 6 (THPT Pong Pa-Ha Néi 2017). Cho sb phtc » thda man |22 + 2z 42| = |z + 1 — .
Biéu thuc |z| c6 gia tri 16n nhat 1a
A V2+1 B. 2 C.V2+2 D. V21

BAI 7 (THPT Hung Vuong-Phu Tho 2017). Cho s6 phiic z théa man diéu kién |z — 1| =
|(1+14)z|. Bat m = |z|, tim gia tri 16n nhat ctia m.
A V2+1 B. 1 C.v2-1 D. V2

N - . . . B} 2 ~ 4i .
BAI 8 (THPT Chuyén Lao Cai 2017 L2). Cho s6 phtic z théa man |z + 2o Goi M, m
z

lan lugt 1a gia tri 16n nhat va nhoé nhat cta |z|. Tinh M + m?

A. 2 B. 25 C. V13 D. V6
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BAI 9 (THPT Hung Nhan-Thai Binh 2017 L3). Cho hai s phiic z;, z, théa man

|22+6—Z|:2 '

Tinh tdng Gia tri 16n nhat va Gia tri nhé nhat ctia biéu thic |z; — 2.

A. 18 B. 612 C.6 D. 3v2
BAI 10 (S& GD Pién Bién 2017,Gia Léc-Hai Duong 2017 L2). Cho s6 phiic z théa
22 —i .
man |2 < 1. Dat A = 2': ' Ménh dé nao dusi day dtng?
12
A A <1 B. |A| <1 C.|A|>1 D. |4] > 1

BAI 11 (Sé GD Hai Duong 2017). Cho sb phiic z théa man 2.z = 1. Tim gia tri nhé nhat
ctia biéu thuc P = |22 + 32+ 2| — |2 + 2.
15 3 13

A . — B. - . — D.
4 4 ¢ 4 3
BAI 12 (Chuyén Ngoai Ngit-Ha Néi 2017). Cho s6 phuc z thda man |z| = 1. Tim gia tri
16n nhat ctia biéu thiic 7' = |z + 1| + 2|z — 1

A. maxT = 2/5 B. max T = 2v/10 C. maxT = 3V/5 D. maxT = 3/2

BAI 13 (S GD Bac Ninh 2017). Cho sb phtic z théa man |z| = 1. Tim gia tri 16n nhat
ctia biéu thiac T = |z + 1| + 3|z — 1
A. maxT = 310 B. maxT = 210 C.maxT =6 D. maxT = 4v/2

BAI 14 (Chu Véan An-Ha Néi 2017 L2). Cho s6 phiic z théa man diéu kién |z — 1| = /2.
Tim gia tri I6n nhatcta 7' = |z +i| + [z — 2 — ¢
A. maxT = 82 B. maxT =4 C. maxT = 42 D. maxT =8

Phuong phap hinh hoc

BAI 15 (S6 GD Pa Nang 2017). Cho sé phtc z théa man |z — 1 + 2i| = 3. Mé dun 16n
nhat ctia so phuc z la:

15(14 — 6+/5)

15(14 + 6+/5)
A. V14 + 65 B. - C. V14 —-65 D. .

BAI 16 (THPT Binh Xuyén-Vinh Phiic 2017 L3). Cho sb phiic z thda man |z —1—2i| = 1.
Tim gia tri nhé nhat caa |z|
A. V2 B. 1 C.2 D.V5-1

BAI 17 (Chuyén Nguyén Trai-Hai Duong 2017 L3). Cho sb phiic z,w théa man |z —
1+ 2i| = |z + 5i|,w = iz + 20. Gia tri nh6 nhat m cta |w| la

val V1
A.m:3—20 B. m = 7/10 C.m:TO D. m =210
< 2 . mpae . . . - 5) . 3 )
BAI 18 (THPT Co Loa-Ha Néi 2017 L3). Cho so phtic z thédaman |z + 3~ 21| = |z + 5 + 2i|.

Biét biéu thuc Q = |z — 2 — 4i| + |z — 4 — 64| dat gia tri nhé nhat tai z = a +bi (a,b € R).
Tinh P=a—4b
1333

A.P=-2 B. P=—- _ 0l
272

C.P=-1 D.P=_—
272
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N - . . . . R - | 2
BAI 19 (THPT Cao Nguyén-Dak Lak 2017). Cho so0 phuc z théa man |iz + T +
—1
iz - 1 ‘ = 4. Goi M va m lan lugt 1a Gia tri 16n nhat va Gia tri nhé nhat cta |z|. Tinh
/I/ —_—
M.m
A. Mm =2 B.Mm=1 C. Mm =22 D. Mm =23

BAI 20 (Luong Piic Trong 2017). Xét s6 phuc z théa man 4|z + i| + 3|z — i| = 10. Goi
M,m tuong ung la gia tri 16n nhat va nhé nhat cta |z|. Tinh M +m
35v/2 80 50 30

A.? B.7 C'ﬁ D.7

BAI 21 (THPT Thang Long-Ha Néi 2017 L2). Cho z la s6 phuc thay ddi théa méan
|z — 2| 4 |z + 2| = 4/2. Trong mat phing toa do, goi M, N 1a diém biéu dién » va z. Tinh gia
tri 16n nhat ctia dién tich tam giac OMN.
Al B. V2 C. 442 D. 2V/2
BAI 22 (THPT Chuyén Hoang Van Thu-Hoa Binh 2017 L3). Cho z, 2, 1a hai nghiém
8 .
phuong trinh |6 — 3i +iz| = |2z — 6 — 9i| thdéa man |z; — 2| = 5 Gia tri 16n nhat ctia |z; + 2o

la
1
A. % B. % C. 42 D.5

D. LOI GIAI VA DAP AN
GIAI BAI TAP[1| Ta c6
1> |2 — |24 3i] = |2| = V13 = |2| < 1+ V13,
Dap an la A. [
GIAI BAI TAP(2| Ta c6

Jz| — 1= —1= < 2.
32 - 30 |17 12 12l <

Dap an la B. O
GIAI BAI TAP[3| Ta c6

‘—2—3@ ‘—2—:%
1> —1=

1> 12— il=]zP-1= 2P <2=|2] < 2.
bap anla D. L
GIAI BAI TAP[4] Ta c6

V2> |z — 24 2i] = |z] — 2V2 = |2 < 3V2.
Déu"="khiz:k:(2+2i)VGiQk:\/?—Q\/?:\/§:>k;:%.Vayk:3+3i.
Dap an la C. [
GIAI BAI TAP(5| Ta c6

Z+14il=|z+1—d =[(z—2—=3i)+ (3+2i)| > ||z —2—3i| — [3+2i| = V13 - 1.

Vay min [Z + 1+ =13 - 1.
Dap an la A. ]
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GIAI BAI TAP[6] Ta co

: ) : . 1—-2=0
|22+ 2242 =|(z+ 1) =@ =|z+1—i||z+1+i =z +1—i| & fzj—1+li|:1
e Néu z =i — 1 thi |z| = V2.
e Néu |z +1+i|=1thil>|z|]—|1+i|=]|z] —+v2. Do do6 |z| <1++2.
Pap an la A. L

GIAI BAI TAP[7, Ta c6
|z =1 =2lz| < |z]+ 1= |2| < L

Do d6 max |z| = 1.
Dap an la B. ]

GIAI BAI TAP[8| Ta c6
2z > |2 —d e 22 —22| —4 < 0= 2| < 1+V5 = M.

va
el = d— |2 & 2P 422 42 0= |2 = 1+ VE=m,

Vay M +m = 21/5.
Dap an la B. [

GIAI BAI TAP[9 Ta c6

|21 — 25| = |(214+3—4i) — (20 +6—14) + (3+30)| < |214+2—4i|+ |25 +6—i| + |34 3i] = 3+3V2 = max.
va

|21 — 2| = (21 +3—41) — (22 4+ 6— i)+ (3+30)| > [3+3i| — |21 +2—4i| — |25 +6—i| = 3v/2—3 = min.

Do d6 tong Gia tri 16n nhat va Gia tri nhé nhat 1a 6v/2.
Dap an la B. ]

GIAI BAI TAP[10, Ta c6

2A+1
2—Ai

A4+ Aiz=2z—i 2-A)z=2A+i=z=

bat A =a + bi. Suy ra
2] < 1= 24+i] < [2—Ai] & 4a®+(2b+1)* < a®+ (b+2)* & 3a*+30* < 3= |[A| = Va2 + 12 < 1.
Dap an la B. ]
GIAI BAI TAP(11] Ta c6
122 +32 472 =224 322+ 2| = |22+ 3+ 7| = |(z +2)* + 1].
Suy ra
3.3
Z >z
4~ 4

P=(z+2°+1-(2+%) = (z+2—%)2+

. 3
Vay gia tri nhé nhat caa P la T
Dap an la C. ]
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GIAI BAI TAP[12| Ap dung cong thic trung tuyén ta c6

1+1
7 =

lz4+ 12+ |z = 12 = 2|2|* + 4.

Theo bat dadng thic Bunhiacopxki thi

T2 <(z+ 1P+ [z =112 +2%) =20= T < 2V/5.
Dap an la A. O
GIAI BAI TAP @ Ap dung cong thitic trung tuyén ta co

1+1
7 =

lz4+ 12+ |z = 12 = 22| + 4.

Theo bat dadng thiic Bunhiacopxki thi

T2 < (2412 + ]z —1*)(12+3%) =40 = T < 2V/10.
Dap an la B. O
GIAI BAI TAP[14, Ap dung cong thic trung tuyén ta c6

124+ 2i>

8.
2

lz+i?+ |z —2—d* =2z — 1]* +
Theo bat dang thic Bunhiacopxki thi

T?< (2412 + ]z =112 +1) =16 =T < 4.
Dbap an la B. O
GIAI BAI TAP(15,

Tap hop cac diém M biéu dién sé phic » théda man gia thiét 1a duong tron tam I(1; —2)
ban kinh r = 3. Khi d6 |z| = OM véi O la goc toa do. Do d6

max |z| = OI +7r =3+ /5.
Dap an la A. m
GIAI BAI TAP[16,
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Tap hgp cac diém M biéu dién s6 phtc » théa man gid thiét 1a duong tron tam I(1; —2)
ban kinh r = 1. Khi d6 |z| = OM véi O 1a gbc toa do. Do do

min |z| = O —r =5 — 1.
Dap an la D. ]
GIAI BAI TAP[17,

Goi A (1;-2),B(0;—5), tap hop cac diém 2 théa man gia thiét dé bai la duong trung truc
d cta AB c6 phuong trinh = + 3y + 10 = 0. Ta co

|w| = |iz + 20| = |z — 20i| = CM

voi M 1a diém biéu dién s6 phtic z va C(0;20). Do d6 min |w| = d(C.A) = 74/10.
Dap an la B. ]

GIAI BAI TAP(18

B

) 3 2 .
Goi A (—5; 2) , B (—5; —2) , tap hop cac diem z thdéa man gia thiét de bai la duong trung
truc d ctia AB c6 phuong trinh z — 4y +2 = 0. Xét hai diém M (2;4), N(4;6) thi Q = IM +IN

. 2 58 28
voi I € d. Do d6 (Q nhé nhat khi va chi khi 7 1a giao diem ctia M'N v6i M’ (1—7; —1—7) la

2 . 62 24 62 24
diém doi xing ctia M qua d. Vay [ <1—7; ﬁ) ung voi z = — + —i.
Dap an la A. m

GIAI BAI TAP(19, Ta c6

4>

2 2
i+ —— iz + ——| =12iz| =2|z| = M =2.
1—2 1—1

Theo gia thiét thi s6 phtc 2z théa man

z+ =4 |z+1—d+|z—14+1i =4

2 2
-0 *’*W’

9
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Goi A(—1;1), B(1;—1) c6 trung diém 1a O(0;0). Piém M biéu dién s6 phic z. Theo cong
thuc trung tuyeén thi
MA? + MB> AB?

2 — M02 —

2] 5 1

Ta co )
MA+ MB

MA? + MB? > % =38

Do do
8 8
=/ —==V2
m i V2

Vay Mm = 2v/2.
Dap an la C. ]

GIAI BAI TAP[20, Goi A(0;—1), B(0;1) ¢6 trung diém 1a O(0;0). Piém M biéu dién s6 phtic
z. Theo cong thic trung tuyén thi

MA? + MB? AB?

2:M 2:
2| 0 5 1
ca 1sz - 10 — 4a
Theo gia thiét AMA+3MB =2/2. Pata = MA= MB = ;— Do
10 — 4 1

Ta co

2
MA® + MB? — a2 4 (10=4a)" _ 250 —80a+100 _ (5a—8)?+36
3 9 5
5 34 1296
Do = <8 - 8<% = 0< (3§ < = Suy ra

o MA>+ MB?>4nén [z>>1=|z| >1=m.

20 a6 340 121 11
o MA?+ MB?< 499 =" TP < Gy el < 5 =M.
Vay M +m = i—g
Dap an la C. [
GIAI BAI TAP[21]

Goi diém M biéu dién s6 phic z = z + iy va N biéu dién s6 phic z thi M, M’ d6i xiing

10
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nhau qua Oz. Dién tich tam giac OMN 1a Soyn = |zy|.
2 2
Do |z — 2|+ |z + 2| = 4v/2 nén tap hop M biéu dién = 1a Elip (E) : % + yz = 1. Do dé6

x2 qP [ 2 |xyl
8§ 4= V84 g MY 2yl < 2V2

Dap an la D.

11



