Huéng t6i ky thi THPT Qudc Gia nam 2017 — 2018

GIAI VA PHAN TiCH MOT SO CAU KHO
TRONG DE THAM KHAO MON TOAN THPT QG 2018
(Lé Phiic Lit tong hop va giéi thiéu)
Xin cdm on cac thay cd caa trung tim STAR EDUCATION, TP HCM da giéi thiéu cac tai liéu dé
bai viét nay c6 thé dugc hoan tat.
Trong bai viét nay, tdac gia giai chi tiét (mot hodc hai cdch) tir cdu 35 dén cdu 50 cua dé tham khao moén Todn
thi THPT Qudc gia ra ngiy 24/01/2018 ciia B6 GD-DT. O mot s6 cdu, sé cé phin tich thém cic ndi dung lién

quan ciing nhw dé xudt bai tdp twong t.
® 50

Cau 35. C6 bao nhiéu gia tri nguyén ctia tham s m d€ phuwong trinh 3/ m + 33)m + 3sinz =sinz ¢b
nghiém thuec?
A. 5. B. 7. C. 3. D. 2.

Loi giai. Chon cau A.

Dat ¢ = sinz thi phrong trinh da cho c¢6 nghiém khi i/ m + 33m + 3a = a c6 nghiém a € [—1;1].
bat b = m + 3a = b* = m + 3a, thay vao phuong trinh trén, ta cé m +3b = a < a* = m + 3b.
B =m+ 3a . .
Taco , , trie tirng v€ ctia hé thi
a’ =m+ 3b

a’—b"=3b—-3a s (a—0b)(a’ +ab+b)=30b—a) = (a—b)(a’ +ab+b +3)=0&a=0
Vi thé nén ta dwa vé im m dé€ phuong trinh a® = m + 3a < @ — 3¢ = m cé nghiém a € [—1;1].
Khao sat ham s8 f(t) = t* — 3t trén [—1;1], ta c6 m € [—2;2] nén co t4t ca 5 s6 nguyén la +2,4+1,0
thoa man dé bai.
Nhaén xét. Bai toan khéo 1éo két hop gitra 3 ndi dung: hé d6i xtiing loai 2, mién gia tri chaham y = sinz
va khao sat ham s6. Dang nay tuy ci nhung cach dit van dé kha méi mé.

Bai tap twong tuw.

Tim gid tri nho nhdt cia m dé phwong trinh ln(m + In(m + :v)) = z ¢6 nghiém thuc?

Bai 36. Goi S la tap hop tat ca cac gia tri ctia tham sd thuc m sao cho gid tri 16n nhéat cia ham sd
y=|2" -3z + m‘ trén doan [0;2] bang 3. SS phan t&t cua S 1a
A. 1. B. 2. C. 0. D. 6.
Loi giai. Chon cau B.
Theo gia thiét thi
m< -z’ +3x+43

‘x3—3x+m‘§3,Vx€[O;2]@—3§x3—3x—|—m§3<:> . ,
m>—z" +3z—3

YV €[0;2].

Xétham s6 f(r) = —z* + 3z trén [0;2] thi f'(z) = 32" —3 nén f'(z) =0 & z = £1.
So sanh cacs6 f(0), f(1), f(2) taco %12? flz) = -2, max f(z) =2.Suyra
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max{—x3 +3x—3} <m gmin{—z3 +3a:—|—3} &S —-1<m<l1.
[0:2] [0:2]

Day chi la diéu kién can cua m, ta thir lai nhu sau:

e Véim=1thivéiz=2,tasscdy=|f(2)+1]=3.

o Véim=—1thivéiz=1,tasécéy=|f(1)—1=3.

e V6im=0thiy= ‘ f(x)‘ < 2 nén khong thé co gia tri I6n nhatla 3 dwgc, khong thoa.
Vay S = {— L; 1} nén co tat ca hai sd thoa man dé bai.
Nhan xét.
Ta thay y = |f(z)| dat gid tri 16n nhat khi f(x) dat gid tri 16n nhét hodc nho nhét (6 thé Ia s& am
nhung gid tri tuyét d6i 16n). Khi d6, ta c6 thé so sanh cacgia tri f(0) = m, f(1) = -2+ m, f(2) =2+ m
d& xét treong hop; tuy nhién, bai toan sé trd nén ric r6i néu dao ham c6 nhiéu nghiém hon.

Bai tap tuong tu.

19 ,

2 A ? z (e . 7 . 7z 2 K 1 4 A A
1) Tinh tong tdt ca cdc gid tri m sao cho gid tri [on nhat cua Z.’E4 — Ex + 30z + m| trén [—6;4] khong

oot qud 10.
2) Tim m d€'gid tri nho nhat ciia him s6'|In. — 22° + m| trén [0;1] Ia nho nhat.

2
2¢ —1

Bai 37. Cho ham s0 f(x) xac dinh trén R \ {%} thdéa man f'(z) = , f(0)=1va f(1) =2. Gi4
tri ciia bidu thiee f(—1) + f(3) bang
A.4+1In15 B.2+1In15 C.3+1Inl15 D. In15
Loi giai. Chon cau C.
2
2z -1

Ta cod f(x) = ff/(a:)d:c = f dz =In ‘Qz — 1‘ + C.Ham s6 f(z) ¢6 dao ham trén R\ {%} nén

1
11 ln‘?x—1‘+01,z<—
sé lién tuc trén tirng khoang (—oo;—),(=;+00). Do d6, ham s6 f(z) c6 dang 2

2" 2 1

ln‘2x — 1‘ +C,, x> 5
Thay z =0 thicd In[| + C, =14 C, = 1; twong tu thay o =1 thicé In[l| + C, =2 & C, = 2.
Do dd f(-1)+ f(3)=In3+1+1In5+2=3+1Inl5.
Nhan xét.
Bai toan dit ra kha tha vi va méi mé. O day ta can hiéu ring ham s8 ¢6 dao ham thi triedc hét né phai
lién tuc, cu thé la lién tuc trén tirng khoang [—oo;%] va EH—OO] . Do hai khoang nay doc lap nhau
nén moi khoang sé dugc cho mét hang s6 €' khac nhau trong cong thizc nguyén ham. T4t nhién ta

khong thé tuy tién tiép tuc chia khoang thanh hai hay nhiéu khoang nita roi cho cac hang

1
—;+00
2
s0 C khac nhau vi lic d6, ham s0 sé khéng con lién tuc trén ca mién d6 niva.

Bai tap twong tuw.
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Cho him so f(x) xdc dinh trén R\ {~1;1} va théa man f'(z) = L - Bi¢t ring f(—3) + f(3) =0 va

x pa—
1 1 ,
Bai 38. Cho s6 phuc z=a+bi (a,b € R) théa man z+2+z’—‘z‘(1—|—z’): 0 va ‘z‘>1. Tinh
P=a+0b.
A.P=-1. B. P = -5. C. P=3. D.P=7.
Loi giai. Chon cau D.
Theo gia thiét thi

a+bi+2+i—+ad +0°(1+1i)=0

a+2=+a" +0b
Sa+2—d+b +(b+1-Vad’ +0)i=0& .
b+1=+/a>+b’

Suyraa+2=>b+1<% b=a+ 1 nénthay vao phuong trinh dau ctua h¢, ta cd

it2=Jerary o7 077
a-—2a—-3=0

a=-1
Tuy nhién a = —1,b = 0 thi ‘z‘ —1,khong thoa. Dodé a=3,b=4 va P =7.

Nhan xét. Bai todn nay chi thuan ty la mot dang dung diéu kién bang nhau ctia s6 phitc dé dua vé
hé phuong trinh. Trong dé bai tuy ¢6 biéu thitc modun nhung chi c6 vai tro lam cho bai toan khé hon
chtt khong tao ra tinh hudng dep (theo dang tinh modun hai vé) twong tw dé minh hoa ndm trude.
Thuyc ra tr cdc phuong 4n A, B, C, D, ta ciing c6 thé dw doan a,b,+/a” + b° phai déu la cdc s& nguyén
va c6 thé thir cac s6 bang may tinh d€ tim ra 16i giai nhanh hon.

Bai tap twong tuw.

Cho so'phirc z thoa man z[(l + Si)‘z‘ -3+ z} = 4310 . Tinh ‘; + z‘.

Bai 39. Cho ham s8 y = f(z). Ham s6 y = f'(z) c6 d6 thi nhw hinh YA
bén. Ham s8 y = f(2 — ) ddng bién trén khoang y=f(x)
A. (1,3). B. (2;+00). VRN

C. (—2;1) D. (—o0;—2) / o l\/ < B
Loi giai. Chon cau C.

/

Ta c6 (f(2 - :L‘)) = —f/(2 — 7) nén dé tim khoang dong bién, ta sé tim x dé cho f'(2 —z) < 0.
Dua theo 0 thi thi khoang nghich bién ctia f() 1a (—oc;—1) va (1;4). Suy ra

z >3
—2<x<l’

2 -z € (—o0;—1)
2—ze(L;4)

Nhan xét. Cac bai toan vé nhan biét, phan tich d6 thi luén la cac bai toan dep. Trong cac dé minh hoa,
dé thi tht, dé chinh thirc ndm trudc, ta cting da thdy nhiéu dang bai nhu thé.
O bai toan trén, ta ciing c6 thé chi ra mot ham cu thé thoa man hinh vé 1a f/(z) = (z* — 1)(z — 4) thi

4 3 2
fim duoc f(z) = % _de % + 4z roithay f(2 — ) vao va lai dao ham d& tim khoang don diéu.
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Tat nhién cach d6 khong can suy luan nhiéu nhung hoi dai dong. Ngoai ra, néu dé thay f(2 — z)
thanh f(2*) hay f(z® — 3z) (nhw mot s6 dé thi thtr gan day) thi bai todn sé phtrc tap hon nhiéy, vi ta
can xét ddu ctia bidu thitc v’ trong cong thirc dao ham ctia f(u). Ly
Bai tap twong tu.

Cho ham s y = f(z) 6 do thi cia f'(x) nhw hinh vé.
1) Tim khodng nghich bién cia f(z*). 1 1

2) Tim khodng dong bién ciia f(x* — 3x). /

| )

—z+2

Bai 40. Choham s6 y = c6 do thi (C) va diém A(a;1). Goi S 1a tap hop tat ca cac gia tri thuc

cta a d€ c6 ding mot tiép tuyén cua (C) di qua A. Téng gia tri tat ca phan tir ctia S 1a

A. 1 B. § C. é D. l

2 2 2

Loi giai. Chon cau C.

Goi M(z;y,) la tiép diém cta tiép tuyén cta (C). Ta cd y' = 7 nén phuong trinh ti€p tuyén

-1 -z, + 2 —, + 4z, —2
(¢ —2,) + 2" hay (d) 1y = ——2— 4 o0 T2

cia (O)1la (d):y=———
O)1a(d):y (z, — 1) z, —1 (z, — 1) (z, — 1)

a —:Z:g + 4330 -2
— +
(z, —1)° (z, — 1)

trinh trén twong duong 2z} — 6z, + 34+ a = 0 (*),z, = 1 nén ta c6 hai treong hop:

Can tim a d€ phuong trinh 1 = — c6 nghiém duy nhat. Chd y rang phuong

-Né&u (*) c6 nghiém duy nhatthi A’=3*-23 +a) =0 a=—.

N |

A'>0

sa=1.
2_6+3+a=0""

-Néu (*) ¢6 hai nghiém phéan biét nhung c6 mdt nghiém la 1 thi

Vay S = {1; é} nén tong can tinh la 1 + 3.3,

2 2 2
Nhan xét. Ta rat dé bi thiéu st treong hop thiz hai la phuwong trinh 6 hai nghiém nhung mot nghiém
lai khong thoa man diéu kién ctia dé bai. Cac dang toan nay doi hoéi viét phuong trinh tiép tuyén di
qua diém, doi hoi bién do6i hoi cong kénh. Tat nhién ta cé thé thay phuwong trinh ctia dang trén thanh
y = kr +b véi k = f'(a) d&€xtr ly gon hon mdt chut.

Bai tap twong tu.

1) Tim m dé'tie M(1;2) c6 thé'ké dwoc dimg 2 tiép tuyén dén do thi ham s6'y = x° — 22° + (m — 1)z + 2m.

2) Biét ring tdp hop cdc diéin trong mdt phang toa do ma tie d6 ké dwoc 2 tiép tuyén vuong géc nhau dén do
2
thi ham s6"y = Lﬁ” la mgt dwong tron c6 bé di 4 diém trén dé, héi ban kinh dwong tron dé la mady?
I —
Bai 41. Trong khong gian Ozyz, cho diém M(1;1;2). Héi c6 bao nhiéu mat phang (P) di qua M va
cit cac truc 2'Oz,y' Oy, 2’ Oz 1an luot tai cac diém A, B,C sao cho OA = OB = 0C = 0?

A. 3. B. 1. C. 4. D. 8.
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Loi giai. Chon cau A.
Xét phuong trinh mit phing (P) 1a < + % +Z2 =1, trong d6 ‘a‘ = ‘b‘ = ‘c‘ =k>0.
a c

1 1 2

Khi d6 — 4+ =+ = =1, nhan hai v€ cho k va Chﬁyrﬁng E,ﬁ,ﬁ IS {—1;1} thi
a b ¢ a' b c
kK k
—+Z+2-—:k<:>(i1)+(i1)+2-(il):k.
a c

Dé thay chicdbalgachondé £ >01a1+1+2-1=4,(-1)+1+2=21+(-1)+2 =2 nén cd tat
ca ba mit phang (P) thoa man dé bai.

Nhan xét. Cach tiép can theo phurong trinh mit phang chan truc toa d6 o trén la hiéu qua nhat, néu
viét theo dang tong quat roi cho cét cac truc thi qua phite tap. TAt nhién ciing can c6 cach tiép can phu
hop nhu trén d€ han ché xét truong hop, va ciing bang cach nay, ta c6 thé giai quyét bai toan sau
khong may khé khan.

Bai tap twong tw.

Trong khong gian Oxyz, cho diém M(1;2;3) Hoi cé bao nhiéu mat phang (P) di qua M wva cdt cdc truc
7' Ox,y' Oy, 2' Oz lin lwot tai cic diém A, B,C sao cho OA = 20B = 30C = 0?

Bai 42. Xét day s6 (u ) théa man logu, + \/2 +logu, —2logu,, =2logu, va u , =2u voi moi
n > 1. Gié tri nho nhat cta n d€ u, > 5" bang
A. 247. B. 248. C. 229. D. 290.
Loi giai. Chon cau B.
Day s6 da cho la mot cdp s6 nhan c6 cong bdi la 2 nén ta can tim gia tri ctia s6 hang dau u, > 0.

Theo gia thiét thi

\/Q—i—logul —2logu,, = 2logu,, —logu < V2 -1z =1z v6i v =2logu,, —logu, >0.

Phuong trinh twong duong véi 2 > 0,2° =2 —z & 2 =1 & 2logu, —logu, = 1.

2 18
Cht y rang u,, = u, -2’ nén 2log(u, -2") —logu, =1« log[ - ]: leu = i

17
u, 2

Do dd, véin>1thiu =u -2"" =5-2"", tacan c6

5.2 >5% o 2" > 5% & n>99-log, 5+ 18 &~ 247,87 .
Vay gia tri nho nhat can tim cua n la n = 248.
Nhaén xét. Bai toan két hop gitta cap s6 nhan, phuong trinh logarit va bat phuong trinh mit khé tha
vi. Tat nhién ta hoan toan c6 thé dinh hudéng duoc véi gia thiét cho trude cong boi thi diéu kién con
lai s€ dung d€ xac dinh s6 hang dau. Bai nay cung véi bai 22 ctia dé 1a hai cau doi héi phai phu thudc
vao may tinh méi c6 thé tim duoc dap s chinh xac.

Bai tap tuong tu.

Cho cdp s6'cong (a, ), cip s6'nhin nhin (b ) thoa man a, > a, > 0,b, > b >1 va ham s6’ f(z) = z* — 3z

sao cho f(a,)+2= f(a,) va f(log,b,)+2= f(log,b ). Tim s6" nguyén dwong n nhé nhdt sao cho
b >2017a,.

Bai 43. C6 bao nhiéu gia tri nguyén ctia m déhamsé y = ‘3304 — 4z’ —122° + m‘ c6 7 diém cuc tri?

5
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A. 3. B. 5. C. 6. D. 4.
Loi giai. Chon cau B.
/
Dt f(z) = 32" —42° — 122" + m thi y = |f(@)| = {f(2) = ¥ = ) @) (‘?(' {‘(x) :
x

Chty rang f'(z) =122 —122° — 24z = 12z(z + 1)(z —2) nén f(z) =0 z=0,2 = — 1,z = 2.

Ta thdy y' s& d6i dau tai cdc nghiém ctia f’(z) = 0 va khong x4c dinh tai nghiém ctua f(z) = 0 nén
tap hop diém cuc tri ctia y = ‘ f(z)‘ sé thudc tap nghiém caa f/(z) = 0, f(z) = 0.

Tuy nhién, tap nghiém nay c6 khéng qua 7 nghiém nén dé thoéa man dé bai thi y = f(z) ¢6 4 nghiém
phan biét khac —1;0;2.

Khao sat va vé bang bién thién ctia ham s6 nay, ta thdy —5 < m < 0 nén m € {—4; —3;,—2;— 1}.
Nhan xét. Bai toan nhic ta nhé dén cach xac dinh diém cuc tri cia ham s6: cac diém lam cho dao ham
d6i dau va cac diém ma tai d6, f(r) lién tuc nhung f'(z) thi khong ton tai. Cac ham s8 c6 chita dau
gia tri tuyét doi thuwong sé sinh ra cac diém cuec tri dang thit hai nay. N6i theo y nghia hinh hoc, khi
vé d06 thi cta ching, ta phai 1dy d6i xtiing d6 thi qua truc hoanh va tai cac giao diém, do thi sé nhon
chtt khong con cong nita, dan dén khong ton tai tiép tuyén.

Bai tap tuwong tu.

C6 bao nhiéu gid tri nguyén cua tham s6’ m dé’ham s6" y = ‘3304 — 42’ —122° + m‘ c6 nhiéu hon 3 nhwng

it hon 7 diém cuec tri?

333
tron ndi tiép tam gidc OAB va vuong goc véi mat phang OAB cé phuong trinh 1a

r+1 y—-3 z+1

Bai 44. Trong khong gian Ozyz, cho hai diém A(2;2;1), B [— —=; —] . Puodng thing di qua tam duong

r+1 y—-8 z2-4

A. B.
1 —2 2 1 -2 2
5 11
rT+—  y—_ —— z—f—g y—g z+§

1 —2 2 1 -2 2
Loi giai. Chon cau A.
Ta tinh duwoc OA = 3,0B = 4,AB = 5 nén tam giac OAB vuéng ¢ O.

: A . S 3-4 1 X X
St dung cong thitc r = — = ————— =1, ta ¢ ban kinh dwong tron
B p  (3+4+5)

L

ndi tiép tam gidc OAB 1a r = 1. Khi d6, 10 = /2,14 = /5, 1B = 10.
bt I(a,b,c) thi ta 6 hé phuong trinh sau

I a’+b +c =2
0] A (=27 +(b—-2+(c—17°=5
8. 4 8.2
FoP 4 (== +(c—=) =10
@+ 037+

Giai hé nay ra, ta dwoc 1(0;1;1) va diém nay thudc phuong trinh duong thang & cau A.

Nhan xét.
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Ta 6 thé dung cong thirc tam ty cu cua tam duong tron noi tiép 1a aIA + bIB + 10 = 0 véi a,b,c la
dd dai canh OB,0A, AB d& téng quét va tinh toan don gian hon. Ta thay that khong dé dang dé chon
duoc mot tam giac khong vudng trong khong gian Ozryz ma do dai déu la cac s6 nguyén. Vi thé nén
cac bai toan lién quan dén tam noi tiép co 1€ déu duoc xét trong treong hop dac biét la tam giac vuong.

Bai tap twong tuw.

Trong khong gian Ozyz, cho hai diem A(3;0;0), B(0;4;0). Viét phwong trinh dwong thing di qua tam dwong
tron ngoai tiép va ngi tiép cua tam gidgc OAB.

Bai 45. Cho hinh vuéng ABCD va ABEF canhbang 1, [an leot nam trén hai mat phang vuong goc
véinhau. Goi S 1a diém ddi xtiing v6i B qua DE. Thé tich khoi da dién ABCDSEF 1a

7 g 11 2 5

A — . C. - D. —
6 12 3 6

Loi giai. Chon cau D.

Goi H = BSNDE thi H latrung diém BS.

Ta chia khoi da dién da cho thanh hai phan: khéi chop
S.CDFE vakhdilang tru ADF.BCE .

W Tinh V,  :tacod S, =12 =~2 (vi day 1a hinh

S.CDEF * CDEF

chit nhat). Ngoai ra, k¢ BK | CE thi dé thdy rang

V2

BE L (CDEF) 1én dg ) = Ay ) = BE ===, tir 49

CDEF) /(CDEF
, 1 2 1
ta co VS.CDEF = 57\/5 = g
(2) Tinh V. .: day la lang tru c6 day la tam gidc vuong
" TR . 1? 1
can canh 1 vachieucaoctinglalnénV, . = E 1= 5
1 1 5

Vay nén thé tichcan timla V == + B = e

Nhin xét. Day 1a mot bai toan tinh thé tich da dién kho, can phai tim cach chia hinh thanh cac khoi
thich hgp. Trong 10i giai trén, ta khong st dung dén gia thiét BS | DE, vay thi c6 phai chang bat ky
diém H nao di chuyén trén doan DFE ro6ildy doi xing B,S qua H thi ta déu c6 két qua trén?

Cau tra 10i 1a khéng. Loi giai trén chwa giai thich 10 tai s6 ndi canh DF ma khong ndi canh SA tao

thanh canh cua da dién. Thuc ra chitng minh diéu nay khong kho boéi vi ta tinh duoc HE = %DE

nén khi 1ay hinh chiéu cua S xudng (ABCD), diém dé van con thudc doan BD (chinh xac 1a chia
BD theoty1é 2:1)vado do, canh SA la canh khudt (cac canh khéc thi khong thay d6i).

Boi vay nén khi diém H di chuyén xudng phia D va vuot qua trung diém DE thi canh SA sé tro
thanh canh lién va DF thanh canh khuét (khi A la trung diém DE thi ta ¢6 mot phan caa hinh 1ap
phuong). Day la diéu can hiéu rd thém & bai toan nay.

Bai tap tuong tu.

Cho hinh vuéng ABCD va ABEF canh bang 1, lin lwot nam trén hai mdt phing vudng géc véi nhau. Goi
H la diém chia DE theo ty1¢ 1:2 va S la diém d6i xirng véi B qua H. Tinh thé'tich khéi ABCDSEF' .
Tiép theo, ta xét 10i giai ctia 5 bai kho nhat dé thi, moi bai déu duoc gii theo hai cach d€ c6 thé
hinh dung van dé dwéi nhiéu khia canh hon.
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Bai 46. Xét cac s6 phic z=a +bi (a,b € R) thoa man ‘z—4—3i‘: J5. Tinh P =a+b khi
|2+ 1= 3| + | — 1+ i| dat gié tri 16n nha.
A. P=10. B. P =4. C. P=6. D. P =8.
Loi giai. Chon cau A.
Cach 1. (st dung dai s6)

Ta c6 (a—4)’ +(b—3)° =5, can tim max ctua P = \/(a +1 + (b —3) —1—\/(0,—1)2 +(b+1)7 thi
theo bat dang thitc Bunhiacopxki

P <P+ 1) (@41 + (b =3 +(a—17 + (b+1)°) = 4[a> + b 25+ 6).
Dang thitc xay ra khi (a +1)° + (b —3)* = (a — 1> + (b +1)* & a = 2b — 2.
Ditz=a—4,y=>b—3 thi 2° +¢y°> =5 va

iP2§($+4)2+(y+3)2—2(y+3)+6::132~|—y2~|—8x+4y~|—25.

Theo bat dang thitc Bunhiacopxki thi 8z + 4y < \/ (8 +4°)(2* +y°) =20 nén
izﬂ < 5420425 =50= P <1032,

z=2y>0

) ) S r=2y=1 nén a=06,b=4 (thébaman a =20 — 2) nén
T +y =5

Déng thitc xay ra khi
P =a+b=10.

Cach 2. (sir dung hinh hoc)

Trong mit phing toa d9, xét diém M biéu dién cho s phitc

z. Cac diém A(1;—1), B(—1;3) thi theo gia thiét, ta can tim

gia tri 1én nhat caia MA + MB.

Ro rang M di chuyén trén duong tron (I; \/g) véi 1(3;4).

Ta c6 MA+ MB < \/2(MA2 + MB?). Hon nita, goi C la
trung di€fm A B thi theo cong thitc duong trung tuyén, ta co

2
MA® + MB® = 2MC* + AQB .

Do d6, MA* + MB* max khi MC® max va diéu nay xay ra
khi M,I,C thang hang theo thi tw d6. Khi d6, M(6;4) va ta cling c6 MA = MB nén cac dang thiic
déu xay ra. Vay z = 6 + 4i la s6 phttc can tim va P = 6 + 4 = 10.

Nhin xét. Dang toan cuec tri sd phttc sit dung hinh hoc sau mot nam phat dong thi trdc nghiém gio
gan nhuer da qua quen thudc (it nhat 1a ddi véi gido vién). Tham chi, cac bat dang thizc hinh hoc ndi
tiéng nhung khong c6 trong chuong trinh phd thong nhu BDT Ptolemy, diém Torricelli, ... cling da
duoc khai thac. O bai toan nay, diém A, B cach déu tam I nén viéc tim cyec tri la khé dé dang, cac
d4u bang déu xay ra dong thoi.

Ta thr xay dung va khai thac mot mo hinh sau day, cling twong d6i mai lién quan dén bai toan trén.
Xét diém A, B nam ngoai dwong tron (I, R) sao cho Al = kR,k > 1. Ta can tim vi tri cia M & (I)
sao cho T' = MA + kMB nho nhat.
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Xét C' la giao diém cua doan Al va (I),18y D € IC sao cho
ID = %R. Khid6 ID-IA = R* = IM® nén

AIMD ~ ATAM = M2 _ 1M _ 1
AM  IA &k
nén AM =kMD va T = k(MD + MB). Dén day, dé thay

rang M 1a giao diém ctia doan BD va (I) thi cuc tri xay ra.

3 TR
Cho k = —, ta c6 bai toan sau.

Bai tap twong tu.
Xét cic o phitc 2 =a+bi (a,b €R) théa man |z —3—3i=6. Tinh P =a-+b khi bicu thirc

2| + 6 — 3i| + 3|z + 1+ 5i| dat gid tri 16n nhit.
Bai 47. Cho lang tru tam gidc déu ABC.A'B'C’' ¢6 AB = 2\/5 va AA' =2. Goi M,N,P Tan luot la
trung diém ctia A'B’, A'C’ va BC. Cosin ctia gc gitta hai mit phang (AB'C’) va (MNP) la

A\ V13 Ji3 ST o 18413

T B. —. . . .
65 65 65 65

Loi giai. Chon cau B.
Cach 1. (st dung hinh hoc thuin tiiy) Ta thdy MN || BC,P € BC nén

2 . (MNP) = (BONM).
, AT ,, Dat D=AB'NBM.E=AC'NCN thi DE I giao tuyén cua
B 7 l‘/\:/’E (BCNM),(AB'C"). Goi I la trung diém DE thi theo tinh déi
N xting, d& thay ring IA 1 DE,IP | DE.
,zll’ I,/ ;/}\ ’I \ -
DING ¥ Do d6, cosin can tim chinh 1a |cos AIP‘.
/I/I/I'/ C:I \\\ ‘\\
- OIN N , _ DE AD AB 2
APt NN Taco AP=3va —— = ;= — = _ nenrorang [
12 SN B'C' AB' AB+BM 3
Bl - N4 latrong tam ctia AB'C’. Suy ra

a2 \/Z(AB’Q +AC?)—BC” 013
3 4 3

2(PM? + PN*)— MN® 5

2
Tuwong tir thi [ la trong tam cta MNP nén Pl = g\/ 1 =3

e}
65

Tt d6 theo dinh ly cosin, ta tinh dwoc |cos z@ ‘ =

Cach 2. (st dung hinh gidi tich) Xét hé truc toa d0 goc tai P va chiéu duong cua Oz,0y, Oz trung véi

3[

cac tia PA,PB,AA’ . Tacé B(O;\/g;O),A(B;O;O),A 3;0;2), B'(0; f
L= 1 3y . oo (3 J_ N
Khi d6, MN = §B C cung phwong véi vecto u = (0;1;0), con PM = |—;—;2| nén ta tinh dwoc

vecto phap tuyén cua (MNP) la ;,PM = 2;0;—§ :>n_': 4;0;—3).
phap tuy 5 1




Huéng t6i ky thi THPT Qudc Gia nam 2017 — 2018

Tuong tw thi B'C’ = cuing phuong vdi vecto u= (0;1;0) va AB' = (—3;\/5;2) nén vecto phap tuyén
ctia (AB'C") 1a n, = [u, AB' = (2;0;3).

—_
—»—)

cos(n,,n,)

\42 3-3] 3

BN T

Nhaén xét. Day 1a mot cau hoi ¢ muitc van dung cao ctia chwong trinh 16p 11, yéu cau xac dinh goc gitta

Do &9, cosin can tinh la

hai m4t phang. Bai toan thure ra khong khé, nhung dai, phai tinh todn nhidu yéu t& trung gian. Hai
mat phéng O trén cling c6 quan hé dic biét nén xac dinh dwoc giao tuyén dé, 1am cho viéc tinh toan
nhe di; néu khong thi 16i giai theo ki€u thuan tiy c6 thé da dai gdp doi. Cha y rang khi d6, 10i giai
theo ki€u hinh hoc giai tich van 6n. Day cing 1a hudng tiép can phd bién cho y thit hai trong bai toan
hinh khong gian vao nhitng nam thi Toan tu luan. Thuc ra c6 nhiéu cach dat van dé theo kiéu toa do
thi dé ma thuan tty thi kho, chdng han ta xét bai toan bén dwdi.

Bai tap tong tw.

Cho hinh chdp tir gidc déu S.ABCD c6 ddy la hinh vudng canh a va dién tich ciia moi tam gidc mdt bén la
a’. Goi M la trung diém cua dogn thing SA va DH la duong cao ciia tam gidge SCD, H € SC. Tinh
khodng cdch giita hai dwong thing BM,DH.

Bai 48. Trong khong gian Ozyz, cho ba diém A(1;2;1),B(3;—11) va C(—=1—11). Goi (S,) la mét cau
tam A c6 ban kinh bang 2, (S,),(S,) 1a cdc mat cau cé tam B,C va ban kinh déu bang 1. Hoi c6 bao
nhiéu mit phang tiép xtic véi ca ba mét cau (S,),(S,),(S,)?

A. 5. B. 7. C. 6. D. 8
Loi giai. Chon cau B.
Céch 1. (str dung dgi s6) Xét () : az 4 by + cz + d = 0 la mat phang thoa man dé bai. Ta c6

‘a+2b+c+d‘:2\/a2+62+02

d, =2
e e Ba—btctd=va+0+¢
B/(a) C/(a) ‘—(I _b_|_ C+d‘ = \/m

a=20

Tt hai dang thitc cudi, ta co ‘3a—b+c+d‘:‘—a—b+c+d‘®b fetd
=a+c

Ta xét cac treong hop sau:

‘2b+c—|—d‘—2\/b + ¢

(1) Néu a = 0 thi ta dua vé ‘ - —|—d‘ ER ‘2b+c+d‘:2‘—b+c+d‘© c+d=0
c v c

db=c+d’

1.1/Né’uc:—dth‘1‘2b‘:2 V4 =c=0=a=c=d=0va(a):y=0.

1.2/ Néu 4b = ¢ +d thi [3) = Vo' + ¢ = 2@\1)\ =le

(2Q)Néu b =a + c+d thicling thay vao hai phuong trinh dau va lap luan tuong tw, thu dugc thém
b&n mit phang nita.

() thoa man.

Vay tong cong cé 7 mit phang thoa man dé bai.
Cach 2. (sir dung hinh thuin tily)
10
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Trudc hét, ta c6 nhan xét: trong khong gian, cho diém A va dudng thing A véi d, ,» = h. Khi do,

- C6 ding hai mat phang (P) chtta A va cach A motkhoang la d > h.

- C6 ding mot mit phang (P) chita A va cach A mot khoang la d = h.

Xét mat phang () di qua cac diém A, B,C nhu hinh bén duéi. Tacé AB = AC = J13,BC = 4 nén

ta tim duwoc cac diém chia trong, chia ngoai cac doan AB,AC theotylé 1:2 1a E.F,G,H (day la
tam vi tw clia cac cip duong tron tuwong tng), con D la trung diém BC. Mit phang (P) sé c6 4 dang:

-biqua E,G: dé thdy EG ti€p xtic véi (5,),(9,),(S,) nén (P) sé chita EG va vudng goc véi (),
theo nhan xét trén, sé c6 ding 1 mit phang nhu thé.

-bDiqua E,D,H : tathdy d > 2,d =d, > 1 nén sé& c6 hai mit phang (P) chita EH va

AJEH 'YB/EH C/EH
tiép xtic véi ba mat cau.
-Piqua G,D,F vadiqua FH : cling twong tu trén, déu c6 thé hai mt phang nita.
Vay tong cong ta c6 7 mat phang (P) thoa man dé bai.
Nhan xét. Bai toan chi cé y nghia khi khdng c6 mt cau nay nam trong mat cau kia. Viéc ti€p can theo
huéng mat phang di qua cac tam chuyén bai todn 3D thanh 2D dé xt ly va hinh dung hon nhiéu.
Ta thir xét bai toan: S8 mdt phing tiép xiic vi ca ba mdt ciu tity i 6 thé'la bao nhiéu?
Dé€ don gian, ta xét truong hop khong cé mat cau
nao ti€p xdc nhau va gia st cac ban kinh cta cac
mit cau déu phan biét. Khi d6, mdi cip duong
tron trong hinh trén sé cho ta mot tam vi tu trong
va mot tam vi ty ngoai.
Taco 4 cap duong thang di qua ba tam vi te nhu
hinh vé bén. Mdi duong thang d6 sinh ra bao
nhiéu mat phang tiép tuyén tiy thudc vao vi tri
ctta nd vdi cdc mat cau. Cu thé la:
- Néu dwong thing cdt 1 trong 3 mat ciu thi so'mat
phing cin tim la 0.

- Néu dwong thing tiép xiic véi cd 3 mat ciu (di
nhién néu tiép xiic 1 thi tiép xiic cd 3) thi s6 mat
phing cin tim la 1.

- Néit dwong thing khong cdt mdt ciu nao thi so'mdt phing cin tim la 2.

Tt &6, ta thdy khi ba mit cAu ndm ngoai nhau va ban kinh d6i mot khac nhau thi s mat phang tiép
xuc voi ca ba mdt cau sé thay ddi tie 2 dén 8, tuy thudc vao vi tri ciia tam va ban kinh cac mat cau.
11
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Trong truong hop ddc biét ¢ bai, c6 hai médt cau cung ban kinh, ta c6 th€ hiéu EG, FH di qua tam vi
ngoai tai v cuc ctua hai médt cau c6 ban kinh tai B,C'. Khi d6, trong bon duwong théng O trén thi cé 3
duong khong cat mat cau nao va 1 duong tiép xtc véi ca 3 nén s mat phangla 3x2+1="7.

Bai tap tuong tw.

Trong khong gian Oxyz, cho ba diém A(1;2;1), B(3;—1;1) va C(—=1—11). Goi (S,) la mdt ciu tdm A c6 bin
kinh bing 2, (S,),(S,) la cdc mit ciu c6 taim B,C va bin kinh déu bing 1. Héi c6 bao nhiéu mdt phiing tiép

xtic v6i cd ba mgt ciu (S,),(S,),(S,)?

Bai 49. Xép ng?iu nhién 10 hoc sinh gom 2 hoc sinh 16p 12A, 3 hoc sinh 16p 12B, 5 hoc sinh 16p 12C
thanh mot hang ngang. Xac suat dé trong 10 hoc sinh trén, khong c6 hai hoc sinh nao cung 16p diing
canh nhau 1a
AL B. . c— D. L.
630 126 105 42
Loi giai. Chon cau A.
Khéng gian mau chinh 1a s8 cach xép tuy y 10 hoc sinh trén hang ngang vala n(Q) = 10!. Goi A 1a
bién c6 dé yéu cau. bén day, ta cé hai cach tiép can nhu sau.
Cach 1. (sir dung cdc phép dém co ban)
Cho céc hoc sinh 16p 12C dting trudce, c6 5! cach xép, xét cac khoang trong gitra ho nhu hinh bén dwéi
(hoc sinh la dau x):
OxO0Ox0x0x0xO0O
Ta c6 céc truong hop:

- Né&u cac hoc sinh 12A va 12B dting vao 5 vi tri O trudc thi hién nhién théa man. S8 cach sap xép la
5! (cho hoc sinh 12A va 12B).

- Néu cac hoc sinh 12A va 12B dung vao 5 vi tri O sau thi twong tu trén, cting ¢6 5! cach.

- Néu cac hoc sinh 12A, 12B khong ding ¢ hai vi tri O ¢ dau va cudi thi ¢6 hai hoc sinh 12A, 12B
ding chung vao mot 6. Ta lan lwgt: chon 6 ding chung, chon 1 hoc sinh 12A va 1 hoc sinh 12B, sép

x€p hai hoc sinh nay, sép x€p 3 hoc sinh con lai, co tat ca 4 x 021 X C; x 2 x 3! cach.
Do d6, s8 cach s3p x€p tong cong la n(4) =512 x 54+ 4 x C, x C} x2x 3!).

Vay xac suat can tinh 1la P(A) = n4) = £
n(Q) 630

Cach 2. (dém theo xdy dung cong thitc truy hoi)
Goi f(a,b,c) la s6 cach xép thda man dé bai, tng voi treong hop cd a,b, ¢ hoc sinh 124, 12B, 12C va
hoc sinh dting dau la 12A (0 day ta chi xét vi tri, chua xét hoan vi ctia cac hoc sinh trong moi 16p).
Ta cantinh £(2,3,5) + f(3,5,2) + f(5,2,3). Giastr a = max {a,b,c} thi f(a,b,c) =0néua—1>b+c
That vay, khi d6, gitta a hoc sinh ¢6 a — 1 khoang trdng, nhung b + ¢ hoc sinh con lai khong du bu
vao cac khoang dé nén s6 cach xép la 0.
Tiép theo, vi dang cd hoc sinh 12A dtng dau nén bo hoc sinh d6 ra thi sé ¢ hoc sinh 12B hodc 12C
ding dau, khi d6 ¢6 a — 1 hoc sinh 12A, b, ¢ Tan luot 1a hoc sinh 12B, 12C nén ta c6 cong thic

f(a,b,¢) = f(b,c,a —1)+ f(c,a —1,b) néu a >1 va f(a,b,c) =0 néu a = 0.
Tt d6, ta tién hanh tinh f(2,3,5) = f(4,2,3) + f(3,4,2) va ct thé, tinh tiép f(4,2,3), f(3,4,2),... ta tinh
duoc n(A4) = 2!x 3Ix 5!x 44 nén ciing c6 dap s6 nhu trén.

12
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Nhan xét. Bai toan sap x&p cd cac rang budc da quéa quen thuodc véi hoc sinh THPT nhung & day, bai
toan phét biéu kha méi mé. Truong hop thi ba trong 10i giai dau tién 6 trén rat dé bi bo sét va chon
phai phrong an B.

N6i thém vé dang tong quat cta bai toan khi thay 2,3,5 — a,b,c thi & trén, trong 1oi giai thi hai da
c6 néu mot cong thire dudi dang truy hoi cho né; tuy nhién, kho c6 thé tim ra dugc cdng thire twong
minh ¢ day.

Dacbiét, khi a = b = ¢ = n, goi u las6 cach xép thi

n(n + 1)un =(n+1)(7Tn— 4)%,1 + 8(n — 2)2u"72 va u, = 6,u, = 30.

Chu y rang cac noi dung nay gidi thiéu dé ban doc tham khao thém; tat nhién sé khong thé xuat hién
o0 mtec d6 ky thi THPT QG.
Bai tap tuong tw.

Trong mot CLB, c6 hai ban vin nghé va hoc tdp. Trong ban vin nghé, c6 5 nam va 5 nit; con trong ban hoc tap,
c6 4 nam va 4 nik. Xép ngdu nhién 18 hoc sinh trong CLB thanh mgt hang ngang. Tinh xdic sudt dé'khong co
ban nam trong ban nay dirng canh ban nit trong ban kia.

1
Céu 50. Cho ham s8 f(x) c6 dao ham lién tuc trén doan [0;1] thoa man f(1) = 0,f [f/(z)fdz =7 va
0

E 2 _ l , A 1 M .
f; z f(x)dx = 3 Tich phan fo f(z)dz bang:

A. Z B. 1. C.

5
Loi giai. Chon cau A.

D. 4.

INGIIEN

Str dung phuwong phép tich phan tirng phan, ta c6
1

O —jj%f’(x)dx = —%j:ﬁf’(z)dzx. Suy ra f()lx3f’(x)da: =—1.

' f(x)
3

%: j;lef(:r)da: =

Dbén day ta c6 hai cach xu ly.

Cach 1. (st dung bién déi thong thuong)

Ta c6 fol(f'(x) —|—7x3)2 dr = f

0

49 _

()P de + 14 [ ' P(@)atd + 49 [ e =T+ 14(-1) + 2 — 0.

1 - 2
Mt khéc (f/(x) + 7x3)2 > (0 nén ta phai c6 j; (f’(x) + 7x3)2 dz > 0, ddng thiic phai xay ra nén ta c6

4

Ma f(1) = 0 nén tim dwgc C = 7 Do d6 flf(:v)da: _7 1(—1‘4—|—1)d$ _7
' 4 0 4Jo 5

Cach 2. (sir dung bat diing thikc tich phin)
Theo bat dang thitc Cauchy — Schwarz trong tich phan thi

[f“’f '<x)dﬂf]2 < [ ar [ (@) de =

1
-1< fo 2’ f'(z)dz < 1.
13
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4
Do d6, dang thtrc phai xay ra, ticla f'(z) = kz* véi k € R; khi d6 f(z) = % +C.

L
bén day ta cling dua vé tinh hudng tuong tu trén, thay vao f 2’ f(x)dr = —1 d€cd k = —T.
0

Nhan xét. Vay 1a cudi ciing thi cac bat dang thitc tich phan ciing da xudt hién trong chwong trinh thi
Dai hoc. O bai todn nay, c6 1é cach danh gia dwa vé tim ra biéu thitc tuong minh ctia f(z) la cach duy
nhat. That kho d€ nhdm ra duwoc mot ham nhu trén (bac bdn, hé sd hiru ty) theo cach xay dung ham
cu thé thdéa man diéu kién.

Xin néu mot s6 dang pho bién nhu sau:
N ; b b
(1) Trén mién [a;b] néu f(z) > g(z) > 0 thi f f(x)dz > f g(x)dz > 0.
Diéu nay hién nhién theo dinh nghia dién tich hinh phang. Trén thuec t&, ta cling khong can rang budc
g(z) > 0 nhung khi d6 thi can phai xét treong hop f(z), g(z) cé cac phan nam trén, dwéi Oz, ciing
khong don gian.
b
(2) Trén mién [a;b] néu max f(z) = M, min f(z) = m thi (b —a)M > f f(z)dz > (b —a)m.
Day la hé qua caa (1).
(3) Bat dang thirc Cauchy — Schwarz da dung 6 trén: Véi moi ham s8 lién tuc f(z), g(z) thi
b 2 b 9 b 9
[ rwstoas] < [ P [ .

’ b
Dé€ chiing minh, ta xét s6 thwe £ nao d6 thi (f(x) — kg(x))z > 0,Vz nén f (f(x) - k‘g(x))de > 0.

Suy ra kaab g’ (z)dz — 21{;‘[01) f(z)g(z)dx + j;b f(z)dz >0.

Bat dang thiic nay ding véi moi k € R nén ta can cd

A= [ [ ' f(:v)g(a:)dx]2 K[ ' Pa)de ul’ ¢ (x)dz < 0.

Tir day c6 dpem. Péng thitc xay ra khi ton tai k d& f(z) = kg(z).

Dang Todn nay thutc ra quen thudc ¢ bac Dai hoc (dac biét 1a cac ky thi Olympic Toan sinh vién), va
6 1& hoc sinh THPT ciing dan phai lam quen véi no.

Bai tap tuong tu.

1
1) Cho ham s6” f(z) lién tuc va c6 dao ham trén [0;1] thoa man f(1) — f(0) = 2 va j; [f'(z)}dx = 4. Tinh

Qid tri ciia j: f(z)da.

2) Cho ham s6” f(x) co dao ham trén [1;3] va f(1) = 0, r%%]x‘f(x)‘ = 10. Tim gid tri nho nhit ciia tich phin

1= [[f@)Pde.
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