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1. MO PAU

Nhu ta da biét trong dé thi mon toan cta ki thi THPT Qudc Gia 2018 vira qua c6 xuét hién
mot cau cuc tri logarit tuy khong phai la bai todn kh6 nhung kha 1a la va da gay lung tang
cho nhiéu hoc sinh, thuc chidt méau choét cua bai toan 1a viéc st dung bat déng thtc AM -
GM co ban dé danh gia. Trong bai viét nay toi va cac ban sé cting tim hiéu va phat trién
bai toan d6 cao hon va cing nhau 6n lai nhiimmg dang toan cuc tri da xuat hién nhiéu trude
day!

Bai todn mdé dau

Cho 2 s6 thuc a>0,b>0 thoa man log,,.s,., (162> +b*+1)+logy,, (4a+5b+1)=2. Gid
tri cia biéu thtc a+2b bang?

A9 B 20 C. 6 D %/

3 4

Ciu 43 ma dé 105 - bé thi THPT Quéc Gia mén todn 2018
Nhan xét. V6i nhiing ai chua c6 kién thtic nhiéu vé bat ddng thuc thi kha ning cao sé& bd
hodc mot sd khéc sé stt dung CASIO tim méi lién hé gitra x,y bang cach cho Y =1000, tuy
nhién chdc chdn rdng phuong trinh sé vd nghiém. Néu tinh ¥ ta c6 thé nhan thdy dé yéu
cAu tim gia tri cua biéu thiic a+2b c6 nghia la a,b déu 1a mot s xac dinh rdi, do d6 ta phai
nghi ngay t6i phuong phap danh gia! Chua y thém 1a cac co s6 déu 16n hon 1 do gia thiét va
theo bat dang thic AM - GM ta lai c6 thém 16a* +b*> >8ab. Dén day bai toan gan nhu da
coi nhu duogc gidi quyét!
Loi gidi. Theo bat ddng thie AM - GM ta c6 16a” +b* > 8ab. Tir day suy ra:

VT >log,,.s,.; (8ab+1)+logy., ., (4a+5b+1)>2

a,b>0 3
Dau “=" xay ra khi va chi khi {16a* =b* o a= 7 aidbe %
logy,,., (4a+5b+1)=1 b=3

Vay chon dép an D.
Chii j. Ngoai phép danh gia diu ta con st dung thém dénh gié sau:

L >2 [log, b- L =2
log, b log, b

Ta da cung tim hiéu bai toan trong dé thi THPT Qudc Gia, trong chuyén dé nay sé chu yéu

log, b+log,a=1log, b+

nhac téi dang toan kiéu nhu vay, tuy nhién trudc tién ta sé cung nhdc lai moét s6 dang toan

va kién thtc Iy thuyét can phai ndm rd.
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GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

IL. CAC KIEN THUC CAN NHO

Dé c6 thé lam tot cdc bai todn & chuyén dé nay chiing ta can phdi ndm chic dugc cdc kién thikc ly

thuyét co bin vé bat ding thitc, diéu kién c6 nghi¢m va bién doi logarit sau.

Day chinh la noi dung chinh ctia chuyén dé ma minh mudn nhéc t6i, mot dang toan 14y y

tudng tir dé thi THPT Quéc Gia 2018. Trudc tién dé 1am tdt ta sé cAn c6 mot s6 kién thiac vé

bat dang thiic va nhéc lai cac kién thtc da hoc sau:

Bat ding thitc AM - GM.

+ Cho 2 56 thye duong a,b khi d6 a+b>24/ab . D&u “=" khi va chi khi a=b

+ Cho 3 s6 thyc duong a,b,c khi d6 a+b+c> 33/abc . D&u “=" khiva chikhi a=b=c

+ Téng quét voi cac sd thuc duong ixi > nﬁ. D&u “=" khi va chi khi x, =x, =...=x,
i=1

i=1
2

+ Dang cong mu s& Y — = —— . Diu “=" khi va chi khi x, = x, =.. =,
i=1 X Z
1 1 4
— >
¢ 2 X X X, +X
Khi cho n=2,n=3 thi ta dugc 2 bat dang thtc quen thudc 11 12 11 2 9
— >

Bat ding thitc Cauchy - Schwarz:

n n n 2
+ Cho 2b0 s (X;,X,,...,X, ) va (y;,¥,,...,y, ) khi d6 ta co [fo}(nyJ > [inyij
io1 i io1
D&u “=" khi va chi khi cac s6 1ap thanh cac bo so ti 1é.
Chu y khi cho n=2,n =3 ta dugc 2 bat ding thic quen thuoc
2
+ (Xl2 +3,° )(Y12 + Y22) 2 (X1Y1 + XzYz)

+ (X12 +3,° +X32)(Y1 +Y2 TYs ) (X1Y1+X2Y2+X3Y3)

2

_l’_

+ Dang cong mau Engel tong quat Z >~——+<—_ Trong d6 dang y— (x+y) la
i=1 bi Zb a b a+b
i=1 '
dang ta hay gdp nhat
Bét ding thitc trén con c6 thé goi la bat ding thitc Svacxo.
Déu “=" xay ra khi 21=22 ... E—“ . Riéng dang cong mau thi can thém diéu kién la
1 2 n

b,,b,,..,b, >0
Bat ding thic Minkowski.

Téng quat: Cho s6 thuc r>1 va moi s6 duong a,,a,,...,a,,b,,b,,.., b, thita co:
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=]

o] <[gx] (8]

O day chi xét truong hop cho 2 bo s6 (a,,a,,..,a, ) va (b,,b,,...,b,). Khi d6 ta cé:

\/Za +\/Zb \/ln1 (a, +b,)

Déu “=" xdyrakhi 2L=22 —...=- %0
b, b, b

Dang ma ta hay gip nhat va> +b? +/c* +d> > \/(a+c)2 +(b+d)’ . Bat dng thic nay con

goi la bat ddng thtc Vector.
Bat ding thirc Holder.

Cho céc s6 duong X, (i =1,m,j= 1,n).

i=1 i=1 =1

Khi d6 v6i moi s6 ®,,®,,...,®, >0 thoa man Zco =1 ta co: H[Zx”j ZZ[ fo’]j

=
N

~
—
QO

o) day ta chi xét truong hop don gian nhat cho 3 day s6 gom (a,b,c);(m,n,p);(x
co:

(a*+b°+c’)(X* +y*+2°)(m’ +n’ +p°) 2 (axm +byn +czp)’
Déu “=" xay ra khi 3 day tuong tng ty lé.
Mot bat déng thic & dang nay ma ta hay gap: (1+a)(1+b)(1+c)> (1 + \/ﬁ)
Bat ding thic tri tuyét doi.
Cho 2 s6 thuc a,b khi d6 ta c6 |a|+|b| = [a+Db

2[a]-|b]

D4u “=" tht nhat khi a,b cung dau, dau “=" tha 2 khi a,b trai dau.

biéu kién c6 nghiém ctia phuong trinh bac 2

Cho phuong trinh ax® +bx+c=0(a=0). Khi d6 néu:

+ A =0 thi phuong trinh c6 nghiém , déng nghia vé trai luon khong am hodc khong duong
+ A >0 thi phuong trinh c6 2 nghiém phan biét

Ung dung cta kién thtic nay sé 4p dung cho nhimg bai tim diéu kién c¢6 nghiém dé suy ra
min, max. Ngoai ra phai cht y t6i mot s6 phép bién d6i logarit ma ta da hoc.

Tinh chit ham don diéu

1. Néu ham s6 f(x) don diéu va lién tuc trén tap xac dinh ctia n6 thi phuong trinh f(x)=a
6 t0i da mot nghiém

2. Néu ham so6 f(x) don diéu va khong lien tuc trén tap xac dinh cta né thi phuong trinh

f(x)=a co toi da n+1 nghiém
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GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

III. CAC DANG TOAN CUC TRI MU - LOGARIT

1. KY THUAT RUT THE - DANH GIA DPIEU KIEN DPUA VE HAM 1 BIEN SO.

bay la mot ky thuat co ban nhat ma khi gdp cac bai toan vé cuc tri ma ta sé ludn nghi tdi,

hau hét ching sé dugc gidi quyét bang cach thé mot biéu thic tir gia thiét xuéng yéu cau

tlr d6 st dung cac cong cu nhu dao ham, bat dang thic dé gidi quyét. Sau day ta sé cung di

vao cac vi du minh hoa.

VI DU MINH HQA

Vi du 1: Cho céc s6 thuc x,y thda man 2*+2’ =4. Tim gi4 trj lon nhat cta biéu thic
P= (2x2 + y)(Zy2 + x) +9Ixy

27
A — B. 18 C. 27 D. 12

2

THPT D6 Luong 4-Nghé An nam 2017-2018

Loi gidi
Ap dung bat dang thtc AM -GM tacé 4=2"+2" 22 = x+y<2=y<2-x
=P < (2" —x+2)(2(2-%)"+x) +9x(2-x) = £(x) < £(1) = 18
Chon y B.
Vi du 2: Cho 2 s6 thyc a,b>1 théa man log, a+log,b=1. Gia tri 16n nhat cta biéu thtc

P= \/log3 a+ \/logz b bang?

D. 2
\/log2 3+log, 2
Chuyén KHTN Ha N¢i - Lan 1 - 2017 - 2018

A. \[log,3+log,2 B. J/log,3+/log,2 C. %(log2 3+log, 2)

Loi gidi
Bién d6i yéu cau cua bai toan ta duoc:

Pz\/log3a+\/log2b:\/10g2:+\/10g3b:\/10g2a+\/1_logza

log, log,2 \log,3 log, 2

+,/log, 31—t = f'( L _y/108,3 (t:10g2a)

Xethamsof
,/ Zx/_«/log2 21—
1
Taco f'(t)=0=1-t=log,3Jt =1-t=tlog?3<=>t=———
aco £1(t) 082 vt 082 1+log>3
=f(t)>f _ = Jlog, 3+log, 2 = minP = \log, 3+log, 2
1+log23

Chony A.

Vi du 3: Cho 2 s6 thuc duong a,b thda man %log2 a= 10g2%. Gi4 tri nho nhat cta biéu

thicc P =4a’+b’ —4log, (4a’+b’) duoc viét dusi dang x—ylog, z véi x,y,z déu la cac s6
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thuc duong 16n hon 2. Khi d6 téng x+y +z c6 gia tri bang bao nhiéu?

Al B.2 C.3 D. 4
Cris Tudn
Loi gidi
NP 1 2 4 4
Tt gia thiét ta co Elog2 a=log, 5 < log,a=log, e <as= 7

Dt t =4a’ +b®, theo bat dang thic AM - GM ta c6

3 3 3 3
t=4a’+b° :£66+b3 =£66+b—+b—23‘3/£66.b—.b— =12
b b 2 2 b> 2 2

Khi d6 P =4a’+b’ —4log, (4a’+b’)=f(t) =t—4log, t.
Ta c6 f'(t):l—izl— 4
tln2 12In2

=>P=f(t)>f(12)=4-4log,3=>x=y=—4,2=3=>x+y+z=3

>0Vt >12. Vay ham f(t) déng bién trén [12;+wx)

Chony C.

Vi du 4: Cho 2 s6 thuc duong a,b thda man log, (12—a—b) =%log2 (a+2)(b+2)+1. Khi

a’ b’ 45 i .. m .
dugc viét duéi dang — v6i mn

d6 gia tri nho nhat ctia biéu thac P = + +
b+2 a+2 a+b n

N Z ~ A . m . ., 2+ sz : 2 N s A
la cac s6 nguyén duong va — toi gian. Hoi gia tri cia m+n bang bao nhiéu?
n

A. 62 B. 63 C. 64 D. 65

Loi gidi
Biéh d6i gia thiét ta c6: log, (12—a—b) = %log2 (a+2)(b+2)+1
< log,(12—-a-b)=log, 2,/(a+2)(b+2)
<a+b+2(a+2)(b+2)=12
Theo bat déng thic AM - GM ta c6 (12-a—b)’ =4(a+2)(b+2)<(a+b+4) =a+b>4.

a’(a+2)+b’(a+2) 45 _a4+b4+2(a3+b3) 45

Bién déi tiép biéu thic P = -
e CoTTep biet e (@+2)(b+2) a+b  (at2)(b+2)  atb

a*+b*> 1(a+b)4
Cha y t6i 2 bat déng thic quen thudc f
a’+b’ > Z(a+b)3

1 ‘L 1 b’ A s
L g(ath) + 'Z(a+ ) 45 (a+b) +4(a+b)” 45  t'+4t 45
T désuyra P> + = -+ = 7+t —
(a+2)(b+2) a+b 2(12-a-b) atb 2(12-t)" 't

Xét ham s
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4 3
f(1) =2 D)=

3 2 3 2
2 (t+4)€ 2(t43)8 45 (4+4)4° 2(443)4° 45
2(12-t)" ¢

(12-t)° (12—t € (12-4) (12-4) 4

:>P2f(t)2f(4):%:minP=le>m+n=65

Chon y D.

Vi du 5: Cho cac s6 thuc duong x,y thoa man log(x+2y)=logx+logy, khi d6 gia tri nhé

X 2
5 - R . 4 Ty 3o - A e m . S i oK A
nhét cta biéu thuc P=\e'?ex! dugc viét dusi dang — v6i m,n la cac s6 nguyén
n

. L ., no o o S oA
duong va — t6i gian. Héi gia tri cia m” +n” bang bao nhiéu?
n

A. 62 B.78 C. 89 D. 91
So gido duc va dao tao tinh Hai Phong

Loi gidi

Bién déi gia thiét ta co:

X
-y

Iog(x+2y):logx+logy<:>log(x+2y):logxyc>x+2y=xy<:>%+y:§

Theo b4t ding thiic AM - GM ta c6

2
X X X
= 4| 24y |20 Zty24
: :[2+yj (2+yj =2vy

Ap dung bat ddng thiic Cauchy - Schwarz dang cong mau s6 Engel ta c6:

i_,. —5 <

2 2
X bl 2 2 2
P:4e1+2yex+1:>lnP= X LY 2 Y > 2
4(1+2y) x+1 2y+1 1 5 X 2(x+y+1]
2 2

X t? 8 g
batt==—+y(t>4)=1InP= =f(t)>f(4)===P2>¢°
Chony C.

x 22><2-¢—22><y—y2 x
Vi du 6: Cho hai s6 thuc x,y théa man 0<x,y <1 dong thoi 2¥ +4 *¥ =527 Goi M,
X+y 2
m 14n luot 1a gia tri 16n nhat va gia tri nho nhat cia ham s6 f(x,y)=e 2 —2*7 —x—y?.
Khi d6 gia tri cta biéu thtee T=M+m c6 gia tri bang bao nhiéu?
A ol B.e-1 C e 2 D. Khong ton tai
2 2
Loi gidi

x 2x2+2xy7y2 x X 2x y y
Tirgia thidttaco 2 +4 2 =52Y <2V +427 X =52x
6 | Chinh phuc olympic todn Fanpage: Tap chi va tu ligu todn hoc
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x y 2
Dit a=2",b=2%(a,b>0) ta dugc: a+4%=5b<:>(a—b)(4a+5b)=0<:>a=b:>x=y
xty y? 32
Khi d6 f(x,y)=e 2 —2X_Y—X—7=ex—7—x—1:g(x)
Ta c6 g'(x)=e*—x-1,g"(x)=e*-1>0 vay khi d6 g(x)>g(0)=0, vay khong tén tai gia
tri nho nhat.

Chony D.

Vi du 7 : Goi S la tap hop cac cdp s6 thuc (x;y) théa man xe[-1;1] déng thoi
In(x-y) —2017x=In(x—y) —2017y +e™*. Biét rang gia tri lon nhat cta biéu thuc
P =e™®(y+1)-2018x> v6i x,y €S dat tai (x,;y, ). Ménh dé nao dudi day dung?
A. x, e(—l;O) B. x, =-1 C.x,=1 D. x, E[O,‘l)

THPT Chuyén Qudc Hoc - Hué niam 2017-2018

Lovi gidi
Bién d6i gia thiét ta c6
In(x—y) -2017x=In(x-y) —2017y +e"*

2018

& (x=y)In(x-y)=2017(x-y) =¢™" & In(x-y) -2017 - =—=0(*)
X—y
Q2018 1 e
Xét f(t)=Int-2017 - :>f'(t):¥+ 2 >0,Vt>0=f(t) dong bién trén (0;+x).

Khi d6 phuong trinh (*) < x—y =e*" = y =x—e™"*

=P =" (1+x-e™")-2018x" = g(x)

= g'(x) =e™""* (2019 +2018x —2018¢*"* ) - 4036x

= g"(x) =e"**(2018.2020 + 2018"x — 2018%e™"* ) - 4036

<e™**(2018.2020 +2018° —2018%e*"* ) - 4036 <0, Vx € [-1;1]

Neén g'(x) nghich bién trén [-1;1]. Ma g'(1)=e™" +2018>0,g'(0) =2019 -2018e™"* nén
ton tai x, €(-1;0) sao cho g'(x,)=0= r[{%g(x) =g(x,)

Chon y A.

Vi dy 8: Cho 2 6 thuc x,y théa man 3 2log, (x~y) :%(1+log2 (1-xy)). Gia tri lon

nhat ctia biéu thice P =2(x’ +y°)-3xy bang bao nhiéu?

13 17
A — B. — . -
> 5 C.3 D. 7

Loi gidi
Diéu kién x >y;1> xy . Bién d6i gia thiét ta c6
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3x2+y2_2 1082 (X _y)2 _ logz (2 —ZXY)
2% gy (< 472422l 2-25)

e Néu x*+y*>2= VT >log,(2-2xy)=VP

e Néu x*+y*<2= VT <log,(2-2xy)=VP
2—(x+ )2
Vay x2+y2:2:>(x+y)2=2—2xy:>xy=Ty.Do xy <1=(x+y)e(-2;2)
Khi d6 ta co:
3(a®>-2
P:Z(x+y)3—6xy(x+y)—3xy:2a3—3a(a2—2)—¥:f(a)(a:x+y)sf(1):g
Chon y A.

Vi du 9: Cho céc s6 thuc duong a,x,y,z théa man 4z>y?,a>1. Tim gia tri nhé nhat cta

biéu thtc S =log? (xy)+log, (><3y3 +x°z)+ 4z -y

25 21
- B. - — - D. -——
A. 4 T C. 2 16
Loi gidi
2 2.2 2.2 5
Tu gia thiét ta c6 z > YZ =Xy’ +x°z 2%y’ +XTY >2, /x3y3. XZ =(xy)?
5 5)° 25_ 25
Khi d6 S >1log>(xy)+log,(xy)2 =|log. xy+= | ——>—-—
8. (xy)+log, (xy) ( 8. XY 4j Ry
Chon y B.
BAI TAP TU LUYEN

Cau 1: Cho 2 s6 thuc x,y thdéa man logxz+y2+l(2x—4y):1. Tinh P=2 khi biéu thic
y

S =4x+3y -5 dat gid tri l6n nhat

A.p=2 B.P-2 cp--1 p.p-Y
5 5 4 44

Cau 2: Cho 2 s6 thuc duong x,y théa man xy <4y-1. Tim gia tri 16n nhat cta biéu thuc

5=6_Y+1n[ﬂ)
X y

3
A.24+In6 B. 12+In4 C. §+ln6 D. 3+In4

Cau 3: Cho 2 s6 thuc x,y théa man 2°" " +log, (x* +y? +1) =3. Biét gia tri 16n nhat cta
-2 . 33 13 a\/8 iy S A oK A NI Ao oA LA
biéu thuac S :|x—y|+‘x -y ‘ la - v6i a,b la cac s6 nguyén duong va 5 la phan s6 toi

gian. Tinh T =a+2b
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A. 25 B. 34 C. 32 D. 41
Cau 4: Cho x,y 1a hai s6 thuc duong théa man logx+logy > log(x3 +y). Giéa tri nhé nhat
ctia biéu thicc S=2x+y 1a?

A. 22 -2 B. C. 4+42 D. 3+22

™| W

Cau 5: Cho 2 s6 thyc a,b théa man a®+b*>1 va log . .(a+b)>1. Gia trj 16n nhat cta

biéu thitcc P=2a+4b-3 1a?

J10 1
v1iv D. ——
A. > B. /10 C. 24/10 N

Cau 6: Cho 2 s6 thyc x,y thdéa man xy =4,x > %,y >1. Goi M,m lan lugt 1a gia tri 16n nhat

va gid tri nhé nhat cda biéu thic P =log? x+(log, y~1)". Tinh S=M+2m
1

V10
N N| N| D. —
A. 5 B. +10 C. 2410 J10

Cau 7: Cho x,y 14 hai s6 thyc duong thoa man log, x+log, (x+3y)<2+2log, y . Biét gia tri

Xty _2x+3y la Ja _b vOi a,b,c 1a céc s6 nguyén

P —xy+2y*  Xx+2y c

N b N z A N At : 2 z sz . k) R 2
duong va — la cac phan so t6i gian. Tinh gia tri cta biéu thttc P=a+b+c
c

A. 30 B. 15 C. 17 D. 10

16n nhat cta biéu thic S=

Cau 8: Cho x,y 1a hai s6 thuc duong théa man 108, 2, iy

—~

11x+20y—40) =1. Goi a,b lan

luot 1a gia tri 16n nhat va gia tri nho nhat cta biéu thic S = Y Tinh a+b?
X
11 7
A. V10 B. 2414 C. " D. 5

Cau 9: Cho 2 s6 thyc x,y théa man log(x+3y)+log(x—3y)=1. Tim gia tri nho nhat cda
biéu thic S=x-|y|

A4J§ 22
3

B. — C. D.

3

O | -
| =

Cau 10: : Cho 2 s6 thyc x,y théa man log(x+3y)+log(x—3y)=1. Tim gi4 tri nho nhét cta
biéu thic S=x-2|y|+1

Fanpage: Tap chi va tu ligu todn hoc Chinh phuc olympic todn | 9



GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

542 -3 c 34542 b 3+2+/5

A. V10 +1 B.
V1o 2 3 3

Cau 11: Cho 2 s8 thuc x,y thdéa man IogX2+y2+2 (x+y+3)=1. Tim gi4 tri 16n nhét cta biéu
thic S=3x+4y-6

56 -9 56 -3 c 5v3-5 56 -5

2 2 2 2

A.

Cau 12: : Cho x,y la hai s6 thuc duong théa manlog x+logy > log(x +y2) . Tim gia tri nho

nhat cta biéu thic P =x+3y

3

Al B. 5 C.9 D.

N | =

Cau 13: Cho céc s6 thuc duong x,y thoa man log, x+log, y =log, (x+y). Tim gia trj nho
nhat ctia biéu thiec S=x" +y’

A. 234 B. 3 C.2 D. 2

Cau 14: Tim tat ca cac gid tri thuc ctia tham s6 m dé ton tai duy nhat mot cdp so thuc (x,y)

théaman log . . ,(4x+4y-4)>1va x’+y’ +2x-2y+2=m

A. (N10-V2) B. (V10 ++2) C. V102 D. V10412

Cau 15: Cho 2 s0 thuc x,y théa man 44372 (4+9X2‘2y).72y‘x2+2. Tim gia tri nhd nhat

ctia biéu thic S=x+2y.

A -2 B.

4

c.-2 D. -1
8 4

NN

Céu 16: Cho 2 s6 thuc x,y thoa man x*+2y* >1 va log . ,.(2x+y)>1. Biét gia trj lon

a+b\/g

C

nhét cia P=x+y la

. N a X A N T A WX LA
v6i a,b,c 1a cac s6 nguyén duong va — la cac phan so toi
c

gian. Tinh gia tri cua biéu thic P=a+b+c
A. 17 B. 12 C. 11 D. 16

Cau 17[THTT]: Cho 2 s6 thuc duong thay d6i a,b thoa man diéu kién:
Ina(1-Inb)= Inbv4-In’a

Goi M,m lan luot 14 gia tri 16n nhat va gid tri nho nhat cua log, a. Gié tri cia M +m b:?mg?

A.2(V2-1) B. 2(V2+1) C. 2(1-2) D. 1442
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Cau 18: Cho x,y 1a hai s6 thuc duong théa man y >4x, gia tri 16n nhat ctia biéu thtc

n2x+5y_2y+5x
y X

A. 25 B. 24 C. 29 D. 4

P=1

c6 dang ln%—n . Tinh téng m+n

Cau 19: Cho 2 s6 thyc duong thay déi a,b théa man log, (a+1)+log, (b+1)>6. Tim gia tri

nhd nhat cta biéu thitc S=a+b
A.12 B. 14 C.8 D. 16

Cau 20: Cho s6 thuc x thdéa man x[0;16]. Biét rdng gid tri nhd nhat cta bifu thuc

f(x)=8.3% 1 9% _9% dat duge khi x = ™ véim, n la cc s6 nguyén duong va — la
n n

phan s6 t6i gian. Tinh m+n

A. 17 B. 18 C. 19 D. 20

HUGNG DAN GIAI

Cau 1. Chony C.

Taco 2x-y=x>+y’ +1e (x-1) +(y+2) =4
Khi d6 theo bat ddng thtic Cauchy - Schwarz ta c6:

S:4(x—1)+3(y+2)—7£\/(42+32)((x—1)2+(y+2)2)—7:3

x-=1 y+2 x:E

Dau “=" xdyrakhivachikhi{ 4 3 < 5
4
dx+3y-5=0  |y=—-=

Céau 2. Chony C.

2
Theo gia thiét ta c6 t == < fy -1 =—[1—2j +4<4

X
y y
. as oy X 6
Khidé S=—2+In| =+2 :¥+ln(t+2):f(t)
X y

Dén day xét tinh don diéu ctia ham s6 ta sé chira f(t)>f(4)= % +In6

Cau 3. Chon y B.
Ta sé chuyén bai toan vé gidi phuong trinh logarit dé tim méi lién hé gitra x,y.
Xétham s6 f(t)=2""+log,(t+1)-3 day la ham dong bién trén [0;+wx)
Do d6 f(t)=0=t=2=x*+y* =2=|xy|e[-1;1] . Khi d6 ta duoc
S* =(x-y) (1+(x2 +xy+yz)>2 =(2-2xy)(3+xy)’ < %72: S< #
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Cau 4. Chony C.

Ap dung céc tinh chét cta logarit thi tir gia thiét ta suy ra duoc:
3

x—1

xy2x’+y=>y(x-1)2x’=y>
Vi do x,y duong nén tir diéu kién ta suy ra x> 1
3
Khi d6 ta duoc 2x+yzzx+x—1:f(x)zf(ﬁ)=4+4ﬁ
X_
Cau 5. Chon y B.
1Y 1) _1
Theo gia thiét ta c6 a’ +b> >1=a+b>a’ +b’ @(a—aj +(b—§j <3
Khi d6 theo bat ddng thtic Cauchy - Schwarz ta c6:

el 3 o gef o) o if e

Cau 6. Chon y A.

Theo gia thiét ta c6 y:é21:>x£4:>%§x$4:>10g2xe[—1;2]
X

Khi d6 P =log; x+(1-log, x)2 e[%;5}38:5+2%:6

Céau 7. Chon y D.

Theo gia thiét ta c6 log, (x2 +3xy ) <log, 4y” < x* +3xy <4y’ =0 < <1

y
Khi d6 chia ca ti va mau cho y ta chuyén vé bai toan xét tinh don diéu cia ham
f(t)= t+1 —2t+3:>f'(t)= 5-3t 1 2 1 >0
JE—t+2  t+2

2\/(t2_t+2)3 (t+2)° " (t+2)°

= (1) <F(1)=v2-2=P=10

Cau 8. Chony C.

Tu gia thiét ta suy ra 2x” +xy +3y° —11x—20y +40 =0

Thé Sx =y vao gia thiét trén ta duoc (45° +2)x* —(20S+11)x+40 =0

St dung diéu kién c6 nghiém ta c6

55-210 554210 11

A, >0 240S° -440S+199<0=Se ; =a+b=—
60 60 6

Cau 9. Chon y A.

x+3y >0

Theo gia thiét ta c6 { = x> O;IOg(x2 —9y2) =1<x>-9y* =10

x=3y >0

Khi d6 |y|=x-5=8x*-18x5+95% +10=0
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2. . AX Z 0 4:\/g
Phuong trinh trén phai c6 nghiém duong nén ta c6 550 & S> 3
>

Céau 10. Chon y C.
Tuong tu nhu cau trén
Céau 11. Chon y D.

Lam tuong tu cau 5 ta co

2 2
x+y+32x2+y2+2<:>(x—%j +(y—1j S%

so={ g3} 3ol (2] o[- 32

X =
Dé&u “=" xay ra khi va chi khi 10

v 46 -3

10
Cau 12. Chon y C.
Tuong tu cau 4
Cau 13. Chon y A.
X+y

2
T gia thiét ta c6 x+y=xy£( j :>x+y24=>SZ%(X+Y)228

Cau 14. Chon ¥ A.
Tir gia thiét thir nhat ta suy ra (x-2)° +(y-2)° <2. Pay 1a mét hinh tron (C,) ¢6 tam 1a
I,(2;2) va R, =+2. Tur gia thiét tha 2 ta suy ra (x-1)"+(y-1)' =m=m>0, day la
duong tron (C,) c6 tam 1a T, (1;1), R =v/m .

Do yéu cau cta bai toan nén (C, ),(C,) phai tiép xtc ngoai voi nhau, suy ra

LL =R, +R, :mz(m—ﬁ)z

Cau 15. Chon y A.
Ta sé& dua vé viéc gidi phuong trinh tir d6 tim ra mai lién hé gita x,y

ge37r 43200

7x2—2y+2 B 72()(2 —Zy)

Tir gia thiét ta c6 S f(x* =2y +2)=£(2(x" —2y))c> X2 -2y =2

:>S=x2+x—22—z

Chit . Ngodi ra ta c6 thé dit t = x* -2y sau dé diing mdy tinh dé gidi phuong trinh mii!
Céau 16. Chon y C.

Tuong ty cau 5.

Cau 17. Chon y A.
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bit x=Ina,y =Inb= x(1-y)=yv4-x* (xe[-2;2])

Dologbazln—a=§:>§=x+\/4—x2e[—Z;Z\E]
Inb y vy

Cau 18. Chon y B.

Theo gia thiét ta c6 t=<>4. Khi d6 ta duoc

poin XY _ZYHOX g (2X g —2—y—5:ln(g+5)—2t—5£ln2—13
y X y x t 2

Cau 19. Chon y A.
Theo gia thiét ta c6 (a+1)(b+1)=64. Ap dung bat dang thitc AM - GM ta duoc

x|

a+b+2

2
64£(a+1)(b+1)£( J —a+b+2>14=a+b>12

Cau 20. Chon y A.
GiA tri nhd nhat cua ham s6 1a 0 dat duoc khi x = %

2. HAM PAC TRUNG.

Dang toan nay dé bai sé cho phuong trinh ham dic trung tor d6 ta sé di tim mdi lién hé
gifta cac bién va rat thé vao gia thiét tht 2 dé gidi quyét yéu cdu bai toan. Nhin chung
dang toan nay ta chi cAn ndm chic dugc ki ning bién ddi lam xuat hién duoc ham dic
trung két hop véi kién thic vé dao ham 1a sé gidi quyét dugce tron ven!

Vi DU MINH HOA

. {2y +1
Cau 1: Cho 2 s6 thyc khong 4m x,y thdéa man x* +2x-y+1=1log, Ll . Tim gia tri nho
X+

nhat m cta biéu thic P=e>" +4x> -2y +1

.Mm=—= C.m=

A.m=-1 B 1 1 D. m=e-3
2 e

Thiy Dang Thanh Nam - Vted.on

Loi gidi
Mau chét cua bai toan nay sé phai lam xudt hién ham ddc trung tir d6 rat ra méi lién hé
gitta x va y. Bién ddi gia thiét ta co:
Syl
x+1
< 2x* +4x+2+2log, (x+1) =log, (2y +1)+2y

& 2(x+1)" +log, 2(x+1)" =log, (2y +1)+ 2y +1 < £(2(x+1)" ) =f(2y +1)(1)

x* +2x-y+1=log, <:>x2+2x—y+1:%10g2 (2y+1)-log, (x+1)

Xét ham s6 f(t)=log, t+t trén doan (0;+x) ta c6 f'(t)= +1>0. Do d6 f(t) la ham

tln2
d6ng bién trén (0;+e0). Vay phuong trinh (1) & 2y +1=2(x+1)’
14 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc
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Thé vao biéu thic cdn tim ta dugc P=e™" +4x* -2 (x+ 1)2 +2> —% )
Chon y B.
Chit :

e Phan tim gid tri nho nhat cua ham 1 bién xin nhudng cho ban doc!

e Dé tim ham dic trung ta phai luon dya vao biéu thiic mii hodc biéu thic trong ham
logarit

e V6i bai thi trdc nghiém ta c6 thé luoc bd budc xét ham s6 don diéu dé suy ra ludn

moi lién hé

Cau 2: Cho 3 s0 x,y,z thoa man x>y >z>0 dong thoi logz[x_yj:(x+z)(z—x—2y).

y—z
; 7* +4y’ o
Khi d6 GTNN cta biéu thic P =—; > bang bao nhiéu?
4z" +2xz+4y

A. 1 B. 2 C. 1 D. 3

2 3 5 7
Nguyén Minh Tudn

Loi gidi

Y tudng bai todn khéng méi, van dé la ta phdi tim dugc méi lién hé giita cdc bién véi nhau, va bim
sdt vaio cdc biéu thitc trong ddu logarit dé xdy dung ham dic trung. Bién doi gid thiét ta duoc:
log, [;:ZJ =(x+z)(z—x-2y)
e log, (x—y)-log,(y—-2z)=2"-x* -2y (x+2z)
2 2
< log, (x—y)+(x-y) =log,(y—z)+(y-z)
S X-y=y-z&X+zZ=2y

Thé vao gia thiét ta duoc:
B ZZ+4y2 _x2+2xz+2zz_t2+2t+2(t_§>1j
47> +2xz+4y2 x> +4xz+5z°> t?+4t+5 B

V4

T day dé dang tim dugc min P =% .

Chon y A.
2
Cau 3: Cho 286 x,y >0 théoa man x*+y* >1 va déng thoi x* +2y* -1 :ln( 12 Y ZJ
X +y
B ) X 4y L. e R
Biét gia tri nho nhat caa biéu thic P=— +——— = m+/n v6i mnla2sé nguyén duong.
VAR S
Hoi ¢6 bao nhiéu bd s6 (m,n) thoa man?
A1 B. 3 C.0 D. 2

Nguyén Minh Tuédn
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Loi gidi
Nhin thay biéu thitc logarit viét dudi dang phéan thitc la ta nghi ngay téi ham dic trung. Bién doi
gdi thiét ta dugc.

x> +y?

<2
x> +2y° —1:111( 17y J
en(l-y*)+1-y* =In(x*+y’)+x’ +y’ & x> +2y* =1
Tuy nhién van dé khoé khong ndm & viéc bién déi ma ndm & phan sau.
St dung bat déng thic AM - GM ta c6:

4 4 4 2

X X X X X
° > 22 5 N N =T:>—4227X4:>—223'\/§X2

X.y.y (x+y+y) — Y y

7 27
4 4 2

° 2(.2 1637 2 2 = 16}7 5= 16}7 22108y4:> 24}’ 223\/52}’2

2y (X ty )(X +y ) (2y2+x2+x2+y2+y2) (x2+y2 X"ty

27

Cong vé theo vé ta duge P > 33 =127
Vay c6 2bo s6 (m,n) thoa man yéu cau dé bai.

Chon y D.

Cau 4: Cho phuong trinh log, (2x* +2x+2) = 2% +y? —x?—x . Hoi c6 bao nhiéu cip s&
nguyén duong (x,y),(0<x<500) théa man phuong trinh d& cho?
A. 4 B. 2 C.3 D.1

Nguyen Minh Tudn

Loi gidi
Bién ddi gia thiét ta duoc:
log, (2x° +2x+2)=2yz +y’ =X’ —x < log, (x* +x+1)+x° +x+1=2" +y?

Zlogz(x2 +x+1) 2

+log, (x* +x+1)=2y2 +y* < log, (x* +x+1)=y
Do 0<x<500=y" =log, (X’ +x+1)e(0;18)=0<y<5. Vay ta c6 4 gié tri nguyén ctia y
thoa man yéu cau dé bai déng nghia c6 4 cip s6 (x,y) théa man phuong trinh da cho.

Chon y A.

a+b+c

Cau 5: Cho 3 s6 thyc a,b,c thoa man log, —

TR —a(a—4)+b(b-4)+c(c-4).Gia

tri 16n nhét ctia biéu thie P= 27 2073¢
a+b+c
12++/30 4++/30 8+/30 6. 30
A5 B — c. =2 p. &

Thay Dgng Thanh Nam - Vted.vn
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Loi gidi
MGt bai todn phdt biéu don gidn nhung khd la kho. Trudc tién bién déi gid thiét ta duoc
log, — a+2b+2c
a~+b +c +2
< log, 4(a+b+c)+4(a+b+c)=10g2(a2 +b® +c? +2)+a2 +b>+c*+2

sal+b*+?+2-4(a+b+c)=0(a-2)" +(b-2) +(c-2) =10(C)

=a(a—4)+b(b-4)+c(c—4)

bén day st dung dai s6 thi kha la kho, va y tuong st dung yéu t6 hinh hoc cta tac gia bai
toan rat hay d6 la st dung diéu kién tuong giao gitta mit phang va mit cdu trong hinh
phing Oxyz. Quy dong gia thiét ta duoc:

p_at 2b+3c

P-1 P-2 P-3)=0(P
e < a(P-1)+b(P-2)+c(P-3)=0(P)
Diéu kién tuong giao ctia mit phang (P) va mat cau (C) la:

6P 12| <0 op< 6++/30
J3P? —12P + 14 3

d(L;(P))<R(1(2;2;2),R=V10) =

Chon y D.

Vi du 6: Tim tat c cac gia tri thuc duong ctia tham s6 a théa man bat déng thic

2017 a
(2:1 + %J < (22017 + 2;!-)17 j

A.O<ax<1 B. 1<a<2017 C. a>2017 D. 0<a<2017

THPT Kién An - Hdi Phong 2017 - 2018

Loi gidi

Lay logarit co s6 2 ca 2 vé ta dugc

1 1 Y 1 1
[Za +§j < (22017 + a0 J = 2017 log, (Za +§j <alog, (22017 + 3 j

. 1 1
log, (2 +2aj _ log, (22017 + 7 j

a - 2017

=

Xét ham so :

log, | 2%+ -
082| = * ) log, (4X +1)—x
= :>f'(x):
X X In2

f(x)=

Suy ra f(x) 1a ham gidm trén (0;+w) = f(a)<f(2017) khi 0 <a <2017

1 4X.x.ln4—(4X +1)1r1(4X +1)
x* (4*+1) )

Chon y D.
Qua céc vi du trén ta phan nao da hiéu dugc ¥ tudng va phuong phap lam dang toan nay.

Sau day la cac bai tap luyén tap cho céc ban.
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BAI TAP TU LUYEN
Cau 1: Cho céc s6 thuc duong a,b thoa man log, 2-ab =3ab+a+b-7. Tim gia tri nho
a+
nhat ctia biéu thtc S=a+5b
A 2956 g H95+15 c 395-16 Db, 5v95-21
-3 T2 3 C 6
2
Cau 2: Cho 2 s8 thuc duong x,y théa man 20177 = 2X +2018 . Biét rang gia tri nho
y -2y +2019

nhat ctia biéu thic S =(4x* +3y)(4y” +3x)+25xy 1a % voi a,b 1a céc s6 nguyén duong va

% toi gidn. Tinh T=a+Db.
A. T=27 B. T=17 C. T=19 D. T=207
—ab

Cau 3: Cho céc s6 thuc duong a,b thoa man log, L
a+

=2ab+a+b-3. Tim gia tri nho

nhat ctia biéu thic P=a+2b.

A 2J10-3 2J10-1 c 210 -5 b 3J10 -7
L= N ol A

2 ) 2 2
2

N N —X .« A . . e’ "
Xty grtlind y+yT. Biét gia tri l1on nhat caa

B.
Cau 4: Cho 2 s6 thuyc x,y thoa man e

biéu thiic P=x"+2y* —2x* +8y—x+21a % v6i a,b 1a cac s6 nguyén duong va % toi gian.

Tinh T=a+b.
A. T=85 B. T=31 C. T=75 D. T=41

x+2y
Cau 5: Cho 2 s6 thyc duong x,y théa man 3% —(%j =2-2xy—2x—4y. Tim gid tri nho

nhat ctia biéu thic P =2x+3y

10¥2+41 C. 15¥2-20 p. 324

A. 682 -7 B.
V2 10 2

Cau 6: Cho 2 58 thuc duong x,y théa man (x+y)’ +x+y +log, 1x+Y =8(1-xy) —2xy+3.

Tim gié tri nho nhat cua biéu thic P =x+3y .

1+\/ﬁ B. 3+\/ﬁ C. \/E—Z D. 3+2\/E

2 2 6

y
2dx+1

A.

Cau 7: Cho 2 s6 thuc duong x,y thoa man log, =—y?+3y+x—3vJx+1. Tim gi4 tri

nhd nhat ctia biéu thic P =x-100y.
A. -2499 B. -2501 C. -2500 D. -2490
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X+y

Cau 8: Cho 2 s6 thuc x,y thoa man log 5

Ty g2 =x(x-3)+y(y—-3)+xy. Tim gia

tri 16n nhat cda biéu thic P = X+2y+3 )
X+y+6
A 69++/249 B 43+ 3/249 C 37 —~/249 D 69 —/249
| 94 ) 94 ) 21 ) 94
X+ y

Cau 9: Cho 2 s6 thuc x,y thoa man log 53

N =x(x-3)+y(y—-3)+xy. Tim gia

tri nhd nhat cta biéu thiac P = X+2y+3 .
X+y+6
A 69 ++/249 B 43 +3+/249 C 37 -/249 D 69 —~/249
T % % | B!
. . , - 2x+y+1 . e 12 1A
Cau 10: Cho 2 s6 thuc duong x,y théa man log, ———— =x+2y. Tim gid tri nhé nhat cta
X+y
bidu thite S =L+ -2,
F
A. 6 B. 3+2V3 C. 4 D. 3+3
X+y

Cau 11: Cho 2 s6 thuc x,y thoa man lo =x(x—4)+ —4)+xy . Biét gia
1c X,y S v— (x—4)+y(y-4)+xy g

x+2y+1 a+b . s o e . ca e
= , v0i a,b,cla cdc s6 nguyén duong va — toi

tri 16n nhat cda biéu thac P = =
X+y+2 C C

gian . Tinh S=a+b+c.
A. 221 B. 231 C. 195 D. 196

=21r1—er “y2+1
x+x>+1

Céau 12: Cho 2 s6 x,y théa man (x—y)(x* +xy+y*-2) . Tim gia tri nho

nhat cta biéu thac P = Ty + % +xy

A. 0 B. 1 C. 2 D. 3
Cau 13: Cho 2 s6 thuc duong x,y théa man 20182 = i;_+}17 . Tim gia tri nhé nhat cta
biéu thiic S=x+4y

A. 6+443 B. 1+243 C. 6-43 D. 9+43

Céau 14: Cho x,y 1a céc s6 thuc thda man log, S :C’>(y—\/><+1)—y2 +x. Tim gia tri

240x+1

nhoé nhat ctia biéu thtc P=x-y
3 5

A — B. —— - _
1 1 C. 2 D. -1
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6x—6y+23

2 2

=9x* +9y® —6x+ 6y —21 . Biét
X +y

Cau 15: Cho 2 s6 thyc duong x,y théa man log,
gia tri 16n nhét cua biéu thiac P=(x+y)(50-9xy)—-39x* -6y” la % v6i ab 1a cac s6

nguyén duong va % toi gidn. Tinh T=a+Db.

A. 188 B. 191 C. 202 D. 179
Cau 16: Cho 2 s6 thuc x,y théa man x,y>1 va log, [(x+1)(y+1)]y+1 =9-(x-1)(y+1).
Biét gia tri nho nhat ctia biéu thic P=x"+y° ~57(x+y) 1a s6 thuc c6 dang a+b+/7 véiab

1a cac s6 nguyén. Tinh T=a+b.

A. -28 B. -29 C. =30 D. -31
2 2
Cau 17: Cho 2 s6 thyc x,y théa man log, Bi +x* +2y? +1<3xy. Tim gi tri nho nhat
Xy +X
2 2
cita bidu thite P = 2 Y +22 Y
2xy -y
A B. 2 c. i D. Z
2 2 2 2

4a+2b+5

Cau 18: Cho 2 s6 thuc a,b thoa man logS( -
a+

) +3b—4. Tim gia tri nho nhat cta

biéu thitic P=a? +b?
A3 B. 2
2 2

D.

N | NI

c 1
¢ 2

J 2x—4y+1. Tim gid tri nho
X+y

Céau 19: Cho x,y la céc s6 thuc duong thoa man logz(

S 2x* —2x%y? +6x°
nhéat cta biéu thtc P = y

(x + y)3
9 16 25
A, — B. — D. —
1 9 C. 4 9

Xy

Cau 20: Cho x,y 1a cac s6 thyc duong théa man 5% + 33 +x+1="—+37" +y(x-2).

Tim gié tri nho nhét cta biéu thiee T =x+2y

A. 6-23 B. 4+26 C. 4-26 D. 6+243
HUONG DAN GIAI
Caul. Chony A

Bién déi gia thiét ta duoc
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log,(2—ab)-log,(a+b)=3(ab-2)+(a+b)-1

< log,(3(2-ab))+3(2—ab)=log,(a+b)+(a+b)

<3(2-ab)=a+b<b(3a+1)=6-a=b= 6-a
3a+1

—1+\/%]_2«/%—6
3 3

(0<a<6)

:S:f(a)zf(

Cau 2. Chony D
Bién déi gia thiét ta duoc
(x* +2018)2017* = ((1-y)* +2018)2017*" < x=1-y

:>S:16(x2—x)2 +2(x2—x)+122%

Céau 3. Chony A
Tuong ty cau 1.
Cau 4. Chony A
Bién déi gia thiét ta dugc
ger iyl _gevinlind v’ —(x—4y)
< x—4y+ J1-x + gexirhid v+ 152 + gev

<::>x—4y+\/1—x2 =yz+\/1—x2 <:>x=y2+4y

bén day thé vao gia thiét con lai va khao sat ham s6 trén doan [-1;1] ta sé tim duoc gié tri
o 58
lén nhat caa P=—
27

Céau 5. Chony A

Bién doi gia thiét ta c6

1 1-xy 1 x+2y
(gj —2(1—xy)=(§j —2(x+2y) e 1-xy =x+2y
:>P=f(x)=2x+3[1_Xj2f(3\/§_4J=6\/5—7

X+2 2

Cau 6. Chony C
Bién doi gia thiét ta c6
(x+y) +x+y-+log, (x+y)=(2(1-xy)) +2(1-xy)+log, (2(1-xy))
X (xe(0;2)):>P=x+@Z—2+x/ﬁ

2x+1 x+1

<:>x+y=2(1—xy)<:>y=

Cau7.Chony B

Bién d6i gia thiét ta c6
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log, y+y* -3y =log, Vx+1+(x+1)-3vx+1 =y =+/x+1

—P=x-100Vx11 =(\/x+1—50)2 2501 > 2501

Cau 8. Chony A

Bién déi gia thiét ta c6
logﬁ(x+y)—logﬁ(x2+y2+xy+2)=x2+y2+xy—3(x+y)
@logﬁ(3(x+y))+3(x+y):logﬁ(xz+y2+xy+2)+x2+y2+xy+2

2 2
<:>3(x+y):x2+y2+xy+2<:>(x+%j +3%—3(x+§j—3?y+2

<:>(x 5 E] [y;/_ [] =l<a’+b’=1(1)

a b

Khi d6 ta duoc

+1:>P(x+y+6) X+2y+3

f’y f
@P[a+£+8):a+&+6<:> (P—l)a+i(P—3)b+8P—6:0(2)
V3 V3 V3
Coi (1) 1a phuong trinh duong tron (C) c6 tam la goc toa dd va R=1 va (2) la phuong
trinh duong thing (d). Dé (C) va (d) c6 diém chung thi ta c6 diéu kién:

d(0;d)<R e 8P ¢ 1 9\/424 <P g69+9*4/249
\/(P—1)2+;(P—3)2

Cau 9. Chony D
Tuong tu cau 8.
Céau 10. Chony A
Bién doi gia thiét ta c6
log, (2x+y+1)—log,(x+y)=x+2y
o log, (2x+y+1)+(2x+y+1) 10g3( (x+y))+3(x+y)

X 1-x
2

<:>x+2y:1:>S:f(x):1 f( j

Cau 11. Chony A
Tuong tu cau 8.
Cau 12. Chony C

Bién d6i gia thiét ta c6
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2
N 1
X — Xz“r‘X + 2_2 ZZIHw
(x=y) +xy+y7-2) x4+ +1

o x’ -y’ =2(x- )=21n(y+1/y2+1)—21n(x+m)
<:>21n(x+ )+x3—2x=21n(y+1/y2+1)+y3—2y

Sx=y=>P= 2>2

Cau 13. Chony D
Cau 14. Chony B
Dé thi HKI - Chuyén Amsterdam — Ha Noi - 2017 - 2018
Cau 15. Chony A
Cau 16. Chony B
Nguyén Ping Dao - Bic Ninh - Lan 2 - 2017 - 2018
Bién déi gia thiét ta c6
log, (x+1)(y+1))"" =9-(x~1)(y+1) = (y+1)log, ((x+1)(y +1))=9—(x~1)(y +1)
c>log3((x+1)(y+1))=y%—(x 1) log, (x+1)+log, (y+1) = yil—(x—l)
< log, (x+1)+x+1=log L+i<:>x+1—iz>x+y 8-xy=2=1<xy<6
’ ° y+1 y+1 y+1
=83
Khi d6 P =(8-xy)’ —3xy(8—xy)—57(8—xy):f(xy)zf(9—2\/7):>{z_ 1o
Cau17. Chony B
Bién d6i gia thiét ta c6

2 2 2 2

2 2
Yo +2y° +1<3xy +x° <:>Iog2Ly;+2x2+2y2 <3xy +x

3xy +x

< log, (2x2 +2y2)+ 2x* +2y? <log, (3xy + x2)+3xy +x°

S 2 +2y2 <3xy +xX° & X2 —3xy+2y° <0< 1< <2
y

Cau 18. Chony C
Cau19. Chony B
Céau 20. Chony B

Bién déi gia thiét ta duoc
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5x+2y + 3 N

= +x+1="—+3" +y(x-2)
&5 37 x4+ 2y =59 37y xy —1
Sl-xy+x+y=0cy(x-2)=x+1>0=>y= XJr;(x>2)
X_
2 1
=5 =£(x)=xr 20D (24 6) 44246
X_

3. CAC BAI TOAN LIEN QUAN TOI PINH LY VIET.

Phuong phap chung ctia céc bai toan & dang nay hau hét sé la dua gia thiét phuong trinh
logarit vé dang mot tam thtic, sau d6 st dung dinh 1y viet va cac phép bién déi logarit dé
gidi quyét bai toan. Dé hiéu rd hon ta cting di vao cac vi du.

VI DU MINH HQA

Vi du 1: Cho céc s nguyén duong a,b >1 théa man phuong trinh:
11log, xlog, x—8log, x—20log, x-11=0
Biét rdng phuong trinh trén cé tich 2 nghiém la s6 tu nhién nhé nhat. Tinh S =2a+3b
A. 28 B. 10 C. 22 D. 15
Dé minh hoa hoc sinh idi tinh cdp THPT tinh Phii Tho

Loi gidi
Ta dua phuong trinh vé phuong trinh bac 2 theo 4n 1a log, x ta duoc:
11log, a(log, x)* —4(2+5log, a)log, x~11=0
Pé phuong trinh ¢6 2 nghiém thi A >0 < 400(log, a)’ —1641log, a+64 >0 luon ding
Goi x,,x, la 2 nghiém ctia phuong trinh thi khi d6 theo dinh ly Viet thi ta c6
4(2+5log,a) 8 20

=—Ilog, b+—
11log, a 11 11

8 20 52
< log, (x,x,) = ﬁloga b+ X% = bllal

log, x, +log, x, =

Do a,b 1a cac s6 nguyén duong dong thoi tich 2 nghiém la s6 tu nhién nho nhét nén ta sé c6
LI 1 1 1
1 dénh gid sau x,x, =ba™ =(a”b™ )11 2(2%*b")1 =2(2°b")n
bé x;x, eN' =2°b*=n"">2°2°=n>3, mit khac n"i2=ni2. Dén day ta xét cac
truong hop sau
e Néun=4=b"=8192=bgN
e Néun=6=b*=708588=bgN
e Néun=8=Db*=708588=b=8
Vay a=2,b=8.
Chon y A.
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Vi du 2: Xét cac s6 nguyén duong a,b sao cho phuong trinh aln’x+blnx+5=0 c6 2
nghiém phan biét x,,x, va phuong trinh 5log”x+blogx+a=0 c6 2 nghiém x,,x, thda
man x,x, > x,x, . Khi d6 gia tri nho nhat ctia biéu thiic S =2a+3b bang
A. 30 B. 25 C.3 D. 17
Ciu 46 ma dé 104, dé thi THPT Qudc Gia mén todn 2017

Loi gidi
Diéu kién dé ca hai phuong trinh c6 hai nghiém phan biét 1a x >0,b* —-20a>0 va a,b déng
thoi 1a cac s tu nhién 16n hon 0.
Xét phuong trinh aln®x+blnx+5=0, dit t=Inxphuong trinh tré thanh at® +bt+5=0,
gid st t, =Inx,,t, =Inx, 1a 2 nghiém cta phuong trinh thi theo Viet ta co6:

b

t, +t, =Inx, +Inx, =In(x,x, ) __b S XX, =e?
a
_b
Tuong tu d6i voi phuong trinh 5log” x+blogx+a=0 ta c6 x,x, =10 °
Mt khac theo gia thiét ta co:
2 iat.. b : b b 1 _In10 5
—<a>

XX, > XX, e >10 5@ -=>In10 5 & —<-In10 = =<
a a b5 a b In10

>2

Dong thoi ta lai c6 a 1a s6 nguyén duong nén suy ra a>3 va b*-20a>0,beN =b>8
Vay S=2a+3b>2.3+3.8=230.
Chon y A.

Vi du 3: Cho céc s6 thyc a,b>1va phuong trinh log, (ax)log, (bx)=2018 ¢6 2 nghiém
phén biét m,n. Tim gié tri nho nhat ctia biéu thie P =(4a” +9b )(36rnzn2 + 1)

A. 14 B.72 C. 68 D. 216

Loi gidi
Ta dua phuong trinh vé phuong trinh bac 2 theo 4n la log, x ta dugc:
log, (ax)log, (bx) =2018 < (1+log, x)(1+log, x) = 2018
& log, xlog, x+log, x +log, x+1=2018 < log, a(log, x)* +(1+log,a)log, x =2017

Theo dinh ly viet ta c6

1+log, a

log, m+log, n=- :—logab—lzlogaib:loga(mn)anz—
a

log, a

Ap dung bat ddng thicc AM - GM ta c6

P=(4a2+9b2)( ?62+1)22 4a2.9b% 2 %:144
a’b \’ab

4a® =9b’
Déu “=" xay ra khi va chi khi { 3¢ <a=3,b=2
a’b?
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Chon y A.

Vi du 4: Cho 3 s8 thuc a,b,c thay d6i 16n hon 1, théa man a+b+c=100. Goi m,n 1an lugt
la 2 nghiém ctia phuong trinh (log, x)2 —(1+2log, b+3log, c)log,x—1=0. Tinh gia tri

ctia biéu thttc S =a+2b+3c khi mn dat gia tri lon nhat.

500 700 600
A — B. — . D. —
3 3 C. 200 3

Loi gidi
V6i bai toan nay gia thiét da duoc dua vé mot tam thtc bac 2 san rdi nén ta chi can st
dung t6i dinh ly viet, ta dugc

log, m+log, n=1+2log, b+3log, c=log, (ab’c’) <> mn =ab*c’

Theo bat dang thic AM - GM ta c6

mn = ab’c’® =ab? (100—a—b)3 :%(3&%.%(100—a—b)(lOO—a—b)(lOO—a—b))
3b °
27 6 27
D4u “=" xay ra tai 3a:&:100—a—b<:>a:@,b:@,c:@:>82@
2 3 3 3 3

Chon y B.

Vi du 5: Cho 2 phuong trinhIn® x—(m—-1)Inx+n=0(1),In*x—(n-1)Inx+m =0(2). Biét
phuong trinh (1),(2) ¢6 2 nghiém phéan biét doéng thoi c6 chung mot nghiém va x, la
nghiém ctia phuong trinh (1), x, la nghiém ctia phuong trinh (2). Tim gia tri nh6 nhat
cta biéu thic S =x,” +x,’
Al B.2 C.3 D. 4
Dé thir nghi¢m mon todn ki thi THPT Quéc Gia 2018 - B GD&EDT

Loi gidi
Piéu kién m#n

Goi x, la nghiém chung ctia 2 phuong trinh khi d6 ta c6
In*x, —(m-1)Inx,+n=0
, o~ i, = (n-1)Inx, —(m-1)Inx,+n—m
In*x, —(n-1)Inx, +m =0
& (n-m)lnx,=m-n=Inx,=-1=>m+n=0

Ap dung dinh Iy viet cho 2 phuong trinh ta c6
Inx, +Inx; =m-1
=Inx, -Inx,=m-n

Inx, +Inx,=n-1

26 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Inx,.Inx, =n Inx, n
=>—=—=mlnx, =nlnx,
Inx,Inx=m Inx, m

n n
= —Inx, -Inx, =m-n<Inx, (——1j:m—n:>{
m m Inx, =—n
Khi 36 S=x,>+x,” =e”™ +e’™ . Theo bat ding thitc AM - GM ta c6:

S=x+x,"=e ™ +e™™ >2/e ™™ =2

Chon y B.

BAI TAP TU LUYEN

Cau 1: Cho 2 s0 thuc a,b>1. Biét phuong trinh ab =1 c62 nghiém phan biét x,,x,.
2

Tim gia tri nhd nhat ctia biéu thtc S = {%j —4(x, +x,).

A4 B. 332 C. 334 D. /4

Cau 2: Cho 2 s6 nguyén duong a,b > 1. Biét phuong trinh a*"' =b* c6 2 nghiém phan biét

X,,X, va phuong trinh b~ =(9a)" c6 2 nghiém phan biét x,,x, théa man diéu kién

(x; +%, )(x; +x,) <3. Tim gia tri nhé nhat ctia biéu thac S =3a+2b

A.12 B. 46 C.44 D. 22

Cau 3: Xét cac s6 nguyén duong a,b sao cho phuong trinh a.4*-b.2* +50=0 c6 2 nghiém

phén biét x,,x, va phuong trinh 9* -b.3* +50a=0 c6 2 nghiém phan biét x,,x, thda man

diéu kién x, +x, > X, +x, . Tim gia tri nhé nh4t ctia biéu thtcc S =2a+3b

A.49 B. 51 C.78 D. 81

Cau 4: Cho 2 s0 thyc a,b>1 thay dé6i thoa man a+b=10. Goi mn 1a 2 nghiém caa

phuong trinh (log, x)(log, x)—2log, x—3=0. Tim gia tri nhé nh4t cia P=mn +9a

279 81 45
A — C. — D. —
1 B. 90 1 5
Cau 5: : Cho 2 s6 thyc a,b>1 thay d6i théa man a+b=10. Goi m,n la 2 nghiém ctia
phuong trinh (log, x)(log, x)—-2log, x—3log, x—1=0. Tim gi4 tri nho nhat ctia P =mn

A 16875 B 4000

16 T2y

Cau 6: Biét rang khi m,n la cac s6 nguyén duong thay déi va Ién hon 1 thi phuong trinh

C. 15625 D. 3456

8log,, xlog, A x—-7log,  x—6log, x=2017 luon c6 2 nghiém phan biét a,b. Tinh S=m+n
dé tich ab 1a mot s6 nguyén duong nho nhat

A.20 B.12 C.24 D. 48

Cau 7: Biét rang khi m,n 1a cic s6 duong thay déi khac 1 théa man m+n=2017 thi

phuong trinh 8log, xlog, x—-7log, x—6log, x—2017 =0 ludn c6 2 nghiém phan biét a,b .
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Biét rdng gia tri l1on nhat cta biéu thuc In(ab) la St L)+ Zin[ L) v c,d la céc s6
4 \13) 18 (13

nguyén duong. Tinh S =2c+3d
A. 2017 B. 66561 C. 64544 D. 26221
Cau 8: Cho 2 s6 thyc a,b >1. Biét phuong trinh b =1 ¢6 nghiém thuc. Tim gid tri nho

nhét cta biéu thuc P =log, (ab)+
log, b

A. 2017 B. 66561 C. 64544 D. 26221
Cau 9: Cho cac s6 nguyén duong a,b>1 thda man phuong trinh:
13log, xlog, x—8log, x—20log, x-11=0
Biét rang phuong trinh trén cé tich 2 nghiém la s6 ty nhién nhé nhat. Tinh S =3a +4b
A.52 B. 34 C.70 D. 56
Cau 10[Minh Tuan]: Cho 3 s6 thuc duong a,b,c thdoa man a+b+c=6.Goi m,n lan luot 1a 2
nghiém ctia phuong trinh log, x.log, (xabc)=712. Biét rang gié tri nho nhat cta biéu thic
101 1 1

P =log, [3mn——(—+—+—j+108j duoc viét dudi dang i+log,j voi ij la cac sO
mnla b c

nguyén duong. Khi d6 gia tri ctia biéu thcc T =i+j bang?
A.4 B.5 C.6 D.7
HUGNG DAN GIAI
Cau 1. Chony C.
Bién déi gia thiét dong thoi 4p dung dinh 1y viet ta dugc
x* -1+xlog,a=0< {Xl +x, =~log,a
XX, =1

Theo bat ding thitc AM - GM ta c6

2 2
S= ! +4log, a= L +210gba+210gba233/1
log, a log, a

Cau 2. Chon y B.

V6i phuong trinh dau ta 18y logarit 2 vé ta duge x> —xlog, b+1=0

Phuong trinh nay c6 2 nghiém thi A = (log, b)" -4 >0 < b>a?

Tuong tu voi phuong trinh 2 ta ciing c6 x> —xlog, (9a)-1= A =(log, (9a))2 +4>0

X, +x, =log, b

Theo viet ta dugc { = log, b.log, (9a) <3 <log, (%9a)<3 =a >4

X, +x, =log, (9a)

Khi d6 ta dugc b>16 =>b>17 =S5 >46
Cau 3. Chon y D.
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A, >0;S,>0;P, >0
A,>0;S,>0;P, >0

Diéu kién dé 2 phuong trinh déu c6 2 nghiém duong la { = b*>200a

« ~x. D0 50
_ 212% =—=x, +x, =log, —
Theo viet ta c6 a a

3%.3% =50a=> x, +x, =log, (50a)
Theo gia thiét ta c6 x; +Xx, > X, +x, = log,(50a) > log, (@]:a >3=b>25=5>81
a

Céau 4. Chony A.
Bién déi phuong trinh dau ta dugc phuong trinh twong duong
log, a(log, x)’ —2log, x~3=0

279

Theo viet ta c6 log, n+log, n= =log, b> =>mn=b’ :>P:b2—9b+9OZT

log, a
Cau 5. Chon y D.
Bién d6i phuong trinh dau ta dugc phuong trinh tuong duong
log, a(log, x)° —(2+3log, a)log, x—1=0
2+3log, a
log, a
=S=a%(10-a)’ =f(a)<f(6)=23456
Cau 6. Chon y B.
Lam tuong tu vi du minh hoa 1
Cau 7. Chon y B.
Bién d6i phuong trinh tuong duong
8log, m(log, x)’ —(6log, m+7)log, x—2017 =0

Theo Viet tacé log, m+log, n= =2log, b+3=>mn=a’b’

Theo viet ta c6

6 7
log a+log b= blog, m+7 —ab=m’.n® =In(ab) :Elnm+zln(2017—m) =f(m)
8log, m 4 8
e[ 222 22,7 10
13 4 13 8 13

Cau 8. Chony C.
Ta c6 log, b>0

L4y logarit 2 v& ta duogc x* +xlog, b+log, b=0

Diéu kién c6 nghiém ctia phuong trinh trénla A =(log, b)2 —4log,b>0«<log,b>4

=P=log, b+ +1=f(log,b)>f(4)=6

log, b
Cau 9. Chony C.

Tuong tu vi du minh hoa 1
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Céau 10. Chon y A.

Bién déi gia thiét tuong duong véi
log,, x.log,, (xabc) =712 < log, x (log, x +log, a +log, c+1) =712
& (log, x)* +(1+log, a+log, c)log, x~712 =0

Theo dinh ly viet ta c6 log, m +log, n =log, abc = mn =abc

Khi d6 ta can tim gia trj nhé nhat cta biéu thic

10 (1 1 1

P=10g4(3mn—— —+—+—]+108)=log4(3abc—10(ab+bc+ca)+108)
mnla b c

Theo bat ddng thitc Schur bac 3 ta c6

3(a+b+c)(4(ab+bc+ca)—(a+b+c)2)

3abc > 5 :2(4(ab+bc+ca)—36)

= 3abc—10(ab+bc+ca)>-2(ab+bc+ca)—-72

Theo bat dang thic Cauchy - Schwarz ta c6

ab+bc:+ca£%(a+b+c)2 =12= -2(ab+bc+ca)-72>-96

=P >log,(-96+108)=1log,12=1+log, 3
4. CAC BAI TOAN LIEN QUAN TOI BIEU THUC LOG,A
Véan dé dugce dé cap t6i ¢ day thuc chat chi 1a nhiing bai toan bién déi gia thiét theo an
log, a va dua vé khao sat ham s6 1 bién don gian. Sau day 1a cac vi du minh hoa.

VI DU MINH HQA

Vi du 1: Cho a,b 1a cac s6 thyc thay déi théa man 1<a <+/b . Biét ring gia tri nho nhat
Vb |
ctia biéu thtic P =(log, b’ )2 - 6{1085 T} 1a m+3¥/n +3[p 1a céc s8 nguyeén . Tinh gia tri
= Ja

cia T=m+n+p?
A. -1 B.0 C. -14 D. 10
Vted.vn

Loi gidi
Bién déi gia thiét ta dugc
2

- |4

2
P =4(log, b)2 +6{10g¢E —\/g:l =4(108ab)2 +6|:1+108JE J;]

a

2
=4(108ab)2+6 1+—— :4(10gab)2+6[1+10gaﬁJ
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2
Dit t=log,b(0<t<1) :S:f(t):4t2+6(ﬂj Zminf(t):f[l—i]:2(1+3/§+§/1)

3/5

Chony C.

- ? 1 ~ ., . 2 A, 2 o R
Vi du 2: Cho cac so thuc x,,x,,...,x, thudc khoang (O ’Zj . Tim gia tri nhé nhat cta biéu

. 1 1 1
thac S=log, (xz —Z]Hong (x3 —Z}r...ﬂogxn (xl —Z)

A. 2n B.1 C.n D.2

Loi gidi
2 LN ~ 2 20 A < - 1 2 1 ?
Trudc tién ta sé xét t6i bat dang thtc phu x, — 1 <x© | X, 5 >0
Bat ddng thuc trén luon dang, ap dung vao bai toan ta cé:
P>log, x;+log, x;+..+log, xi = 2(10gXl x, +log, X, +..+log, xl)
Théo bat dang thiic AM - GM ta c6:
2(10gXl X, +log, x;+..+log xl) >2nlog, x,.log, x;..log, x,=2n

Chon y A.

Vi du 3: Cho 2 s6 thuc a,b thay d6i théa man %< b<a<1. Biét gia tri nhé nhat cta biéu

thic leoga(3b j+12logia 1a M dat dugc khi a=b™. Tinh M+m?

4a°
37 28
C. — D. —
A. 15 B.12 3 3
Loi gidi
LK 4% . 3 2 3b-1 _b°
Ta c6 bat dang thic phy sau 3b-1<4b’ < (2b-1) (b+1)20=>——<—
a> a
Mat khac Khi dé ta duoc % <b<a<1 nén ta duogc
2
3
Pxlog, 2 +12) — 1| =3log,b-34— 2
IOga — (loga b_l)
a
Theo b4t ding thitc AM - GM ta c6
3logab—3+L2zé(logab—1)+§(10gab—1)+L223.3:9
(log,b-1)" 2 2 (log,b—1)
12 :

Déu “=" xay ra khi va chi khi %(Iogab—l)z ~<log,b=3=b=a’=a=b?

(log, b-1)
Chon y D.
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Vi du 4: Cho 2 s6 thuc a,b théa man 2 diéu kién 3a-4>b>0 va déng thoi biéu thic

3 2
=log, a3 log ., a | dat gia tri nhé nhat. Tinh téng S=3a+b
1) 16| B2
13 25
. B. — C. — .
A.8 5 > D. 14

Dé thi thir truong THPT Kim Son A - Ninh Binh lan 2

Loi gidi
Y tudng ciia bai todn nay khong con nhu bai todn trudc vi don vé log, b la mot diéu rat kho, thay
3

vdo dé néu tinh y thi ta sé don bién vé theo dn log, % bing biit ding thitc AM - GM.

Ap dung bat dang thic AM - GM ta co:

=log { 3J+3£108 2—log (a3j+3 L
- a A 3a - al 1. T AL
16| °x 4b) 16| 1, 3
b+2+2
2 2
a’ .3 1 a’ L3 3
>log, —| — | =log, — 3
) 16| g @ ) 16 low &
" b 82 4p
Str dung bat dang thicc AM - GM 14n nita ta dugc
2 2
a’ .3 3 1 a’) 1 a’) 3 3
log, —| ————| =zlog,| — |+=log,| — |+— 3
1b 16 a 2 4b ) 2 4b ) 16 a
log, — log, —
4b 4b
2
1 1 a’) 3 3 9
>35/=1 — |.=1lo —| ==
B Ogﬁ(ﬁlbj 2 08 (4bJ 16| a | 4
log, —
4b

Dédu “=" xdy rakhi a=b=2
Chon y A.
Vi du 5: Cho 3 s6 thuc a,b,c e(1;2]. Tim gia tri nho nhat caa biéu thuc:

P =log,, (22" +8a—8)+log,, (4b* +16b—16)+log,, (c* +4c—4)

289 11
A. log, — > +log,8 B. > C.4 D.6

4

Deé thi thir chuyén Lé Hong Phong

Loi gidi
Xét bat dang thac phu x* +4x-4>x* < (x—l)(x2 —4) <0 luon dang khi x €(1;2].
Ap dung vao bai toan ta dugc:
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P =log,. (Za2 +8a —8)+logCa (4b2 +16b —16)+10gab (c2 +4c —4)
>log, 2a’ +log, 4b° +log,, ¢’ =log, 2 +log 4 +3(log,. a+log, b+log,, )

Mt khac do a,b,ce(1;2] nén ta co
1 1 1 1

log,.2+log_ 4= + . ! )
Ogbc Ogca IOgZ bC 10g4 ca 10g2 (22) 10g4 (22)

Lai theo bat ddng thiic Nesbit ta co:

N | W

a,b,c 3

3(log,.a+log, b+log, c)=3.> ————
b ° o lnb+lnc 2

Vay gia tri nhoé nhat ctia P bang 6

Chony D.

Chit i: Cich chitng minh bat diing thitc Nesbit

Pay 1a mot bat dang thitc rat ndi tiéng, hién da c6 hon 20 cach ching minh cho bat dang
thitc nay, sau day minh xin trinh bay moét cach xét hiéu nhanh nhét cho moi nguoi tham
khao.

Xét 3 s6 thuc duong a,b,c thay ddi, khi d6 ta c6 a4 b +-S E
b+c c+a a+b 2

2
Chang minh: Ta c6 2 4 b - Z —b) >0
b+c c+a a+b 2 <2(a+c)(b+c)

Bat ding thtc trén luon ddng nén ta c6 diéu phai chtng minh!

BAI TAP TU LUYEN

Cau 1: Cho 2 s6 thuc a>1,b>1. Tinh gia tri ctia biéu thiac S=1log, Jab khi biéu thuc
P=log’b+8log,a dat gia tri nhé nhat?

3
A. 632 g, Lr4 c. i D. 2(1+3/4)

2
Cau 2: Cho 2 s6 thuc b>a>1. Tinh gia tri ctia biéu thie S=1log,Yab khi biéu thirc

log, b
log? aj
e

11

4
. :4 B.S:— C.S:_ . =
A.S 1 3 D.S=3

P= +log, v/ab dat gia tri nhé nhat ?

Cau 3: Cho 2 s6 thuc a>1,b>1. Biét gia tri nhd nhat cta biéu thic S = 1 + 1 la

log,,a log, b

m . PSR A R LLENTN A WX LA a2 y
— v6i myn la cadc s6 nguyén duong va — la phan so t6i gian. Tinh P =2m +3n
n n

A. 30 B. 42 C.24 D. 35
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Cau 4: Cho 2 s8 thuc a,be(1;2] thdéa man a<b. Biét gia tri nhé nhét cta biéu thuc

P=log, (b’ +4b-4)+log}a la m+ 3¥n v6im,n la cac s6 nguyén duong. Tinh S=m +n

a

A.9 B. 18 C.54 D. 15

4
Cau 5: : Cho 2 s8 thuc a>b>1, biét rang P =log? [%J +log, \/a dat gia tri nho nhét bing

Mkhi b=a™. Tinh m+M?
AL B. > c Y p. 2
2 10 2 2

L +,[log, 2 dat gia tri lon nhat
log, a b

khi c6 s6 thuc k sao cho b=a". Ménh dé nao sau day dtng?

Cau 6: Cho 2 s6 thuc a>b>1. Biét rang biéu thic P =

A.O<1<<1 B.1<k<1 C. —1<1<<—1 D. —1<k<0
2 2 2 2
; . a’ b
Cau 7: Cho 2 s6 thyc b>a>1. Tim gi4 tri lon nhat cta P =log’ o +log%7 (—j?
a

23+16+/2 B 23-1642 c 23482 b 23-82
) 2 ) 2 ) 2 | 2

A

Cau 8: Cho 2 s6 thuc a>b>1. Biét rdng biéu thic P = 2 + floga% dat gia tri 16n nhat
Ogab a

1a M khi c6 s6 thuc m sao cho b=a™. Tinh M+ m

VL B. 2 c. 2 D. 2
16 8 8 16

Cau 9: Cho 2 s6 thuc a,b thay d6i théa man %< b<a<1. Tim gia tri nhé nhat cta biéu

thic P =log, [b—ij—loga Jb?
b

A.0,5 B.1,5 C.45 D. 3,5

Cau 10: Cho 2 s8 thuc a,b théa man diéu kién a >b>1. Tim gia tri nhé nhat cta biéu thic
P =log? (a?)+3lo (Ej?
g;( )+3log, | +
A.19 B. 13 C.14 D. 15
Cau 11: Cho 2 s6 thuc thay ddi a,b théa man %< b<a<1. Tim gia tri nhé nhat cta biéu

6b-1

thic Pz%logi( j+4logi a

A9 B.12 C. — D. —
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Cau 12: Cho 2 s6 thuc a,b thay d6i théa man a>b>1. Tim gia tri nhé nhat ctia biéu thic

aY b
P =log, (—) +3log, (—j?
b a
A.5 B.5-+/6 C.5-2J6 D. 4-6

Cau 13: Cho 2 s6 thyc a,b thay d6i théa man a’® >b>1. Tim gia tri nh6 nhat caa biéu thic

log . (ab).log, a

p-— =t 2
3(log,b-1) +38

1 1 1 1
A. e8 B. g C. e4 Z
A ~ 2 N ., . 2 A 2 a + 4b2 1
Céu 14: Cho 2 s6 thuc a,b 16n hon 1. Tim gia tri nhé nhat cua S=1log,
Z_Llogab b
A2 B. 2 c BB Z
4 4 4 "4

Cau 15: Cho 2 56 thuc a>1>b>0. Tim gia trj l6n nhat cta P =log , (a b) +log a’

A 1-23 B. 1-22 C.1+23 D. 1422

Cau 16: Cho 2 s6 thyc duong a,b nhé hon 1. Tim gid tri nhé nhat ctua biéu thic

4ab
P =log, (a+ 4bj+10gb (ab)

A 1+2V2 g 2+2 c 3242 p. 5+y2
2 2 2 2
5. SU DUNG PHUONG PHAP DANH GIA BAT PANG THUC
Day chinh la n6i dung chinh ctia chuyén dé ma minh muén nhic t6i, mot dang toan 1y y

tuong tir dé thi THPT Qudc Gia 2018. Vi du minh hoa da dugc dua ra 6 phan mo dau caa

chuyén dé, sau day sé 1a cac bai toan ctia dang nay ma minh muén dé cap toi.
CAC BAI TOAN
Cau 1: Cho x,y >0 thda man diéu kién 4log, 2x.log, 2y =log; 4xy . Goi M,m lan luot la

H
-
S~

gia tri I6n nhat va gid tri nho nhat cta biéu thie P=2""+2% Bigt M.n=a.2 vOi
a,b>0. Tinh gia tri cua biéu thtc a’ + b’

A.31 B. 32 C.33 D. 35

Cau 2: Cho x>2,y>1 théa man log, §.log2 X log22y =4. Dit P=2"+2". Ménh d nao
X y

sau day dang?
A.P<19 B. P>19 C.P=19 D. Khong ton tai
Cau 3: Cho x,y >0 thoa man diéu kién:

1+log, 3y +6log, 3y —2log, 3ylog, 3xy = glogX 2
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biat P=x?+xy+y’. Hdi ménh dé nao sau day dang?
A. Pe[11;12] B. Pe[12;13] C. Pe[lO;ll] D. minP =10

Cau 4: Cho hai s6 thuc x,y thdoaman x>2,y > % dong thoi:

(log2 x* +log, 3y)(log§ 3y +12log, x—4log, xlog, 3xy) =
Hoi ¢6 bao nhiéu s6 nguyén duong khong vuot qua x +3y ?
A7 B. 8 C.5 D. 11
Cau 5: Cho hai s6 thyc x,y thda man x,y 21 dong thoi:

[log2 x+log,y +log2 8 ][lo& x" +log,y +10g2 24 > j =8
Y Xy

Hoéi BCNN ctia a’b va 4 bang bao nhiéu?

A. 4 B. 8 C. 12 D. 16
Cau 6: Cho hai s6 thuc x,y 21 thda man diéu kién:
2(x + y)

log, 2(x+y)|+|log, ———"—|=log, (4xy +1

‘ &2 ( Y)‘ gzx +4Y 1 gz( y )
Gi4 tri 16n nhat ctia biéu thic f(x,y)=2xy +/x+2y —x* -4y’ bang?
Al B. 2 c2 D. 3

2 3 4 7

o , o [3<x<27 ]
Cau 7: Cho hai s6 thuc x,y thdéa man dong thoi
2<y<16

tog, 7 tog,—16___ 36
Tx+y Cy-2x+1 log, (x+y) +log, (y—2x+1)’

bt P=+vx*+1+2" +log(1-xy). Hoi ménh dé nao sau day dang?
A.P>4 B.P=4 C.P<4 D. P=3

Cau 8: Cho hai s6 thuc x> % >y >0 thoa man diéu kién

1 3

Khi d6 biéu thtac P =4xy c6 bao nhiéu udc s6 nguyen?
A.2 B. 4 C.5 D. 8
Cau 9: Cho hai s6 thyc x,y thda man x # 2y dong thoi

(x—Zy)4 +1

2 (29 (e“y —e’ (x+y—2)):4e2

bt P=a+b. Hdéi ménh dé nao sau day dung?
A.P>5 B. minP =1 C.P<3 D. maxP =4

Cau 10: Cho hai s6 thuc duong x,y thoa man
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2
7= 27108, o (XY +1)
Tim gid tri 16n nhat cta biéu thac P =log, ., (y—x).2>™"

AL B. - c 2 D. —
2 4 8 16

A e .~ 1 1 1 5 5

Cau 11: Cho hai s6 thuc duong x,y théa man —+—+—-——+—Inxy=—

Xy X' +y 2

Hoi ¢6 bao nhiéu s6 nguyén duong khong vuot qua a+b?
A0 B. 1 C.2 D. 3
T

0<x*—vy%*<
x Ty 2 va

Cau 12: Cho 2 s6 x,y thda man
x,y >0

1 (zsin(xz—yz) n 2tan(x2—y2)) _ 22X + 4y

2 V4.4 +16”

2
2018
Tinh gi4 tri cta biéu thic P = [sin(x —y)+cos (g(x +y— 1))}
A1l B. 0 C.n D. 2
Cau 13: Cho 2 56 thyc x,y théa man 4* —2*" +2(2" ~1)sin (2" +y-1)+2=0
bt P =sin™"* (y+1)+x*"*. Hoi ménh dé nao sau day dung?
A.P=1 B.P=2 C.P=3 D. P <[4;5]
Cau 14: Cho hai s6 thuc x,y >1 théa man log 2x = 2log; (y” +1)(log; x +1)
Tinh gid trj cta biéu thac P =log, (x+Y)
A. log,3 B. log, 5 C.1 D. 2

Cau 15: Cho hai s6 thyc duong x>y >1 thda man

4log, (x+y)+12:(2"’y +1)(10g2 (x+y)+5+\/2log§ (x+y)+2)

bit P=a’+b’. Hoi ménh dé nao sau day dang?
A.P=2 B. P=3 C.P=1 D. P<1

Cau 16: Cho 2 s6 thuc x,y duong théa man diéu kién

log? 2x +log? 4y +(1-log, xy)’ = 1—21

biat P=x"+y’. Hoi P c6 bao nhiéu uéc s6 nguyén?

A1 B. 2 C.5 D. 0
A ~ il ~ X’ y 2 0 N N
Cau 17: Cho 2 s6 thuc duong x,y théa man dong thoi
xzy+1

2x—y + 22y—2x — 9.2—2x+y
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bat P =x+y. Hdi c6 bao nhiéu s6 nguyén duong khong vugt qua P ?
A1 B. 2 C.5 D. 0

’ , _ |x21-y o
Cau 18: Cho 2 s6 x,y thdéa man <0 thod man
y

\/In(x+y)+\/ln(1—y) :2‘flnXJ2r1

Gia trj nhé nhat cda biéu thic P =x> +xy +y> 1a?

Al B.
5

c.l D.
6

2
Cau 19: Cho 2 s8 x,y >0 thda man \/Iogz x+log; y* +\/log§ x+2 =, [log, Y
X
C6 bao nhiéu s6 nguyén duong khong vuot qua 8xy ?
A. 2 B. 4 C.6 D. 8
Cau 20: Cho 2 s6 thuc x,y thoa man (1 +2° )(1 42X )(1 +2X73Y ) = (1 +2% )3 .

2
Dit P=e"" +x> + YZ —(x—2y)’. Hoi ménh dé nao sau day ding?

W |
D~ =

A.P=e-1 B.P=e C. maxP =¢? D.P=e-2
Cau 21: Cho 2 s6 x,y >0 thoa man diéu kién

(2x+y—1 + 2x+2y—1 )(23x+4y—3 + 21—x—y ) _ 22x+3y

2 2

Biét ring bidu thic = oy :% voi % 1a phan s& t6i gidn. Tong a+b bang?
A.5 B. 6 C. 4 D. 7

_ _ x-y-3
Cau 22: Cho 2 s6 x,y >0 thoa man 1 L _X7y~—¢

+
2> 434 o432 2(277+27)

. 3. . Iy m . S A K A 5
Khi d6 x* +y* dugc viét dusi dang — voi mn 1a cac s6 nguyén duong va
n

1a phan s6
toi gian. HOi T=m+n c6 gia tri 1a bao nhiéu?
A. 149 B. 147 C. 160 D. 151
Cau 23: Cho cac s6 thuc a,b,c théda man 0<a,b,c<1.
Tim gia tri nho nhét cta biéu thic: P =log, b+log, c+ %logf a
7
"4
)(Jri X‘*'l
Cau 24: Cho 2 s6 thuc x,y théa man 2 “+2* ¥ =4. D3t P=x+y. Héi ménh dé nao sau

A. B. C D.

A~ | W
B~ | o1
| o

day dang?
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A. P=1 B. 2 C. D.

N | W
N |

log,——

Cau 25: Cho 2 s a,b thda man b>a>1 va 2% +16 J— =4. Gia tri ctia biéu thtac

P =log, [%j ?

A0 B. 2 C.3 D.1

Cau 26: Cho 2 s6 thyc x,y>0 théoa man 1£y£2x va dong thoi diéu kién
X

log, — \/logz x log, xy = % . bat P=22". Hdéi ménh dé nao sau day dung?
y

A. Pe[4;5] B. P<[1;2] C. Pe[2;3] D. P<[6;7]
; 2<x<3 ) ) .
Cau 27: Cho 2 s6 thyc x,y thda man {2 cves Hoi ¢6 bao nhiéu bo s6 (x,y) théa man
y

phuong trinh log, (3—|sinxy]) = cos(nx —gj ?
A. 4 B. 2 C.3 D.1

Cau 28: Tim tong cac s6 o €(5;16) dé phuong trinh sau c6 nghiém trén doan [1;2]

( ox 371:} ( 1 jcosnxsinnx
1+cos + =| =
2 8 3

A L7 5. 34 . 63 b, 5l
5 5 5 5
Cau 29: Tim tong cac s6 a.€(2;7) dé phu’ong trinh sau c¢6 nghiém trén doan [1;2]

log, (1 +sin’ —x + %D =|cos ox| -

A 17 . 18 ¢ 1o b, 20
7 7 7 7

Cau 30: Biét ring t6n tai duy nhat mot a &€ phuong trinh 2°™ +|sin x| = cosx +sin>x+a c6
nghiém duy nhét, hoi a c6 tat ca bao nhiéu udc s6 nguyén

A. 2 s6 B. 8 s0 C. Khong c6 D. V6 s6

Cau 31: Cho 2 s6 thuc duong x,y thda man diéu kién

Xy 2 v Xy 2
{14_[274_1} logiyx]{(\/ﬁ) ’ 4logxy+1}:[24 +1j

Héi c¢6 bao nhiéu s6 nguyén duong khong vuot qua a‘b*
A. 13 B. 14 C.15 D. 16
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Cau 32: Cho 2 s8 thuc x,y thay d6i théa man x+y+1= 2(\/x—2 + 1/y+3). Gia tri 16n nhat
ctia bi€u thie S=3"""* +(x+y+1)2 =3(x* +y*) la % v6i a,b 1a cac s6 nguyén duong

z

toi gian. Tinh P=a+b
=8 B. P =141 C. P=148 D. P=151

Cau 33: Cho x,y 1a 2 s6 tu nhién khac 0. Tim gia tri nhé nhat ctia biéu thic P = ‘36X — 5y‘

A.P=8 B. 9 C. 10 D. 11

Cau 34: Cho céc s6 thuc duong a,b,c khac 1 thoa man log? b+log; c=log, %— 2log, %— 3.

Goi M,m 1an luot la gia tri 16n nhat va gia tri nhd nhat caa biéu thiac P=log, b-log, c.
Tinh S =2m +3M

2 B.g_1l C.5=3 D.S=2

3 3
Cau 35: Cho céc s6 thuc a,b,c khéac 0 thda man 3 =5 =15, Hai gia tri nho nhat cta biéu

thic P=a’+b”+c’-4(a+b+c) 1a?

A.S=

A. -3-log, 3 B. —4 C.-2-3 D. -2-log,5

Cau 36: Cho a,b 1a hai s8 thuc thay déi théa man b>0. Tim gié tri nhé nhat cta biéu thic

P= \/(a—b)z +(10a —logb)2

A2 (ﬁ +1log (ﬁn B. ﬁ(ﬁ _log(ﬁD
C. V2log(In10) b. ﬁ( o ( 1 D

—In
In10 In10

Cau 37: Cho céc s8 thuc a,b,c 16n hon 1 théa man log, a >(1-log, blog, c)log, 2. Tim gi4
tri nhé nhat cta biéu thtc S=10log;a +10log; b +log3c
A. -3-log.3 B. 4 C.2-3 D. 2-log,5

Cau 38: Vdi a,b,c 16n hon 1. Tim gia tri nhd nhét caa P =log, bc+log, ca+4log_ab
A. 6 B. 12 C. 11 D. 10

Cau 39: Vdi a,b,c 16n hon 1. Tim gia tri nhd nhat cta P =log, bc+3log, ca+4log_ab
A. 16 B. 6+43 C. 4+63 D. 8+443

Cau 40: Xét cac s6 thuc duong x,y,z thay déi sao cho tén tai cac s& thuc a,b,c 16n hon 1 va

thoa man abc =a* =b” =c”. Tim gid tri nh6 nhat cta P =x+y +22°
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A. 42 B. 4 C.6 D. 10

Cau 41: Xét cac s6 thuc duong x,y,z thay d6i sao cho tén tai cac s thuc a,b,c 16n hon 1 va

théa man +/abc =a* =b* =c”. Tim gi4 tri nhé nhat cua biéu thac P = 16 + 16_ 7’
Xy
A. 20 B. 20— C. 2 D. 24—

34 s
Cau 42: Cho cac s6 thuc a,b,c théa man 0<a,b,c<1. Tim gi4 tri nhd nhét cta biéu thic

S=1log, b+log, c+./log. a

A. 22 B. 3 C. ﬂ D.

3
Cau 43: Cho 3 s6 thuc duong a,b,c théa man log®a+2log”b+3log”c=6. Biét gia tri lon

N | W

nhat cta biéu thac la T=logalogb+logblogc+logcloga la % Ménh dé nao dudi day

dang?
1

A. k=1 B. k®+3k*=3 C.k*’+3k=3 D'k=§

Cau 44: Cho 3 s6 thuc duong a,b,c thoa man logalogb+logblogc+3logcloga=1. Biét

++n

sz . 2 A 2 =R P N —m 2,2 A N
gia tri nho nhat cta biéu thiec P =log”a+log’b+log’c la v6i mn,p 1an luot 1a

P
céac sO nguyén duong va T ia phén s6 t6i gian. Tinh m+n+p?
P
A. 64 B. 16 C. 102 D. 22

Cau 45: V6i n la s6 nguyén duong, biét rdng —log, {logz( .~2018 D > 2017 ma biéu

thic trong dau ngodc c6 tat ca n ddu can. Tim gia tri nho nhét cta n?

A. 2021 B. 2014 C. 2013 D. 2020

Cau 46: Cho a,b 1a cac s6 nguyén duong thoa man log, (10g2a (log2b (21000 ))) =0. Gia tri lon
nhét caa ab la?

A. 500 B. 375 C.125 D. 250

Cau 47: Cho s6 thuc duong a > 1, biét khi a =a, thi bat ddng thic x* <a* dung véi moi s6

thuc x 16n hon 1. Hoi ménh dé nao duéi day dung?

A l<a, <2 B. e<a, <e’ C.2<a, <3 D. e’ <a,<e’
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Cau 48: Cho ham s6 f(x)=e*(asinx+bcosx) v6i a,b 1a cac s6 thuc thay ddi va phuong
trinh f'(x)+f"(x)=10e* c6 nghiém. Tim gia tri l6n nhat cta biéu thuc S =a’ —2ab+ 3b’
A. 10+1042 B. 20+10+2 C. 10+20v2 D. 20++2
a+n 1 b+n
Cau 49: Cho 2 s6 thyc a,b thoa man (1 +—j <e< (1 +—] v6i moi s6 n nguyén duong.
n n
Tim gia tri nho nhat cta biéu thic [a—b|?

A L_E B. 1 Ci_l DL—3

"In2 2 . In2 In2

Cau 50: Cho cac s6 thuc duong x,y,z bat ki thoa man xyz=10. Tim gi4 tri nho nhat cua

biéu thic P = \/logz x+1+ \/logz y+4+ \/log2z +4
A. 29 B. \/23 C. 26 D. 27

Cau 51: Cho 2 s8 thuc x,y sao cho tong ctia chting khong 4m va déng thoi

X+y X+y
(22x—2y +4) 1 + 2 + 1 + 2 — 22x—2y +2x—y+2 + 4
1+4* 1+47

A N sz P R P m o N z ~ A N N
Biét rdng gia tri ctia biéu thic P=x’ +y* =— voi m,n 1a cac s6 nguyén duong va — la

m
n n
phan s6 t6i gian. Hoi biéu thiic m? +n ¢6 tat ca bao nhiéu uéc s6 nguyén?
A.2 B. 4 C.6 D. 8

Cau 52: Cho céc s6 thuc a,b,c €[2;3]. Biét gid tri lon nhat ctia biéu thic
1 m . S A o R N L LT
S=4"+4"+4° —Z(a+b+ c)3 la — v6i myn la cac s6 nguyén duong va — la phan s6 toi
n n

gian. Tinh P=m+2n
A. P =257 B. P =258 C.P=17 D.P=18

, , 2% 4 1697 _ 108
Cau 53: C6 tat ca bao nhiéu bo s6 thuc (x;y;z) théa man , ,
(xy2 +z4) = 4+(xy2 —24)

A.3 B. 4 C.1 D. 2
THPT Chuyén Qudc hoc Hué - Nim hoc 2017 - 2018

2

Cau 54: Cho ham s6 f(x)=1log, ;n X
—X

sao f(a)+f(b)=3 voi moi s6 thuc a,b théa man e <e(a+b). Tinh tich cac phan ti cia

. Goi S la tap hop tét ca cac gia tri thuc ctia tham s6 m

tap hop S
A. 27 B. 33 C. 33 D. -27
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9x* —4y* =5

6 nghiém (x;y) the
logm(3X+2y)_1083(3X_ZY)=1 cO nghiem (X y) da

Cau 55: Cho hé phuong trinh {

man 3x+2y <5. Tim gia tri I6n nh4t ca m?
A. -5 B. log, 5 C.5 D. log.3
THPT Chuyén Luong Vin Tuy - Ninh Binh lan 1 nam 2017 - 2018

X

Cau 56: Cho ham s6 f(x)=

&> - . Goi S la tap hop tat ca cac gia trj thyc cua tham s6 m
+m

sao cho f(a)+f(b)=1 v6i moi s thuc a,b thoa man e**" <e’(a+b-1). Tinh tich cac phan

tdcuaS

A. 81 B. -3 C.3 D. -9

Cau 57: Cho phuong trinh 3* = \/a.3x cos(mx)—9 . C6 bao nhiéu gia tri thyc ctia tham s6 a
thudc doan [-2018;2018] dé phuong trinh da cho c6 dung mot nghiém thuyc?
A. 1l B. 2018 C.0 D. 2
Cau 58 : Cho cac s6 thuc x,y,z khong &m théa man 0 < (x+y)2 +(y+z)2 +(x+z)2 <2. Biét
gia tri lon nhat cta biéu thac P=4" +4" +4° +ln(x4 +y* +z4) —%(x+y+z)4 la % voiab la
cac s6 nguyén duong va % toi gian. Tinh S=2a+3b
A. 13 B. 42 C. 54 D. 71
Cau 59: Cho 2 ham s6 f(x)=(m-1)6* —6%+2m+1,h(x) = (x—6lf"). Tim tham s6 m dé
ham s6 g(x)=h(x).f(x) c6 gid tri nh6 nhat 1a 0 v6i moi x €[0;1]

1 1
A.m=1 B.mSE C.me 5;1 D. m>1
Cau 60 : S6 thuc a nhd nhat dé bat dang thtc In(x+1)2x—ax> ddng véi moi s6 thuc x la

m . S A oA A s Moo A WX LA 2 y
— v6im,n la cac s6 nguyén duong va — la phan s6 toi gian. Tinh T =2m +3n
n n

A. T=5 B. T=8 C.T=7 D. T=11
Cau 61: Cho cac s8 thuc a,b,c €[1;2] thoa man log; a+log; b+log; c<1. Tinh gié tri biéu

thitc S=a+b+c khi biéu thtc P=a’+b’ +c’-3(log, a" +log, b° +log, ) dat gia trj I6n

nhat?
1
A.5 B. 3_2% C.6 D. 4

THPT Chuyén Thdi Binh lan 1 ndm hoc 2017 - 2018
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Cau 62: Cho 2 s6 thuc x,y phan biét thoa man x,y €(0;2018).

bit S= ! (1 Y -1 x j Ménh dé nao dudi day dang?

n n
y—-x\ 2018-y 2018 —x
A.SZL B.SSL C.SZi D.SSi
1009 1009 1009 1009
Cau 63: Cho 3 s8 a, b, ¢ la cac s& thuc 16n hon 1. Tim gia tri nhd nhat cta biéu thic:
p__ 4 1 8
log =a log, Jb 3log,, e
A. 20 B. 10 C. 18 D. 12

THPT Chuyén Hiung Vuong - Gia Lai - Lan 2 nam 2017 - 2018
Cau 64: Cho a,b,c,d 1a céc s6 thuc duong c6 tdng bang 1. Tim gia trj nhé nhat ctia biéu thic
P=(1+a+b’ +a2b2)(1+c2 +d’ +cd’)

17 17 17
.2 B. 4In— C.| — D. In—
A 16 (16) 16
Cau 65: Cho 3 s6 thuc x,y,z khong &m thoa man 2* +4” +8” =4. Tim gia tri nhé nhéat cua
biéu thic S=>+2+2
6 3 2
A. 1 B. 4 C. 1 D. 1-log, 3
12 3 6

Cau 66: Cho cac s6 thuc a,b,c>1 théa man a+b+c=>5. Tim gia tri nhé nhat ctia biéu thtc

P =log,a+2log, b+3log,, ¢
A. log,5 B. 1 C. log, 15 D. 10g3§

Cau 67: Biét a la s6 thuc duong bat ki dé bat déng thac a* >9x+1 nghiém dtang v6i moi

x € R . Ménh dé nao sau day dung?

A. ae(10%;10 B. ac(10%;10° | C. ae(0;107 | D. ae(10*;+)
THPT Chuyén DH Vinh - lan 1 - nam 2017 - 2018

n

log, i
Cau 68: Goi a la gia tri nho nhét cda f(n) =i:29—n voi neN,n>2.Cé bao nhiéu so tu
nhiénn dé f(n)=a?
A. 2 B. Vo s6 C.1 D. 4

1

Cau 69: Cho 2 s& thuc x,y khong am théa man 2° * =log, (14—(y—2)1/y+1). Tinh gi4 tri

ctia biéu thiic P=x" +y* —xy +1?
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A.3 B. 1 C. 2 D. 4
THPT Quang Xuwong - Thanh Hoa lan 1 nam hoc 2017 - 2018

Cau 70: Cho x,y,z 1a cac s6 thuc thoa man diéu kién 4*+9" +16* =2* +3” + 4. Tim gi4 tri
16n nhat cda biéu thic P = 2" +37" + 4=

9+\/§ B 7+\/§ C 5+«/§ D 3+\/§

2 2 2 2

A.

Inx+1

— 4+m
VIn?x+1

Cau 71: Gia tri lon nhat cia ham s6 y :‘ trén doan [1;e2} dat gia tri nho

nhat 1a bao nhiéu?

142 B ~1+2 C ~1+2 D 142

2 4 2 4

A.

Cau 72: Biét o la s6 thuc 1én nhat théa man bat dang thac (1+—j <e,VneZ". Hbi
n

ménh dé nao sau day dung?

A. ae(0;1) B. ae(1;2) C. ae(-1,0) D. ae(2;3)

Cau 73: Cho 2 s8 thuc a,b khong am thoa man log, ab €(0;1) déng thoi

2a—b+1

22a—2b + 1

Biét rang x'y" dugc viét dusi dang m+v/n véi a,b 1a cac s6 nguyén duong. Hoéi c6 tat ca

(log, ab) ™™ +(1-log,ab) """ = [1+

bao nhiéu bo s6 (m;n) nhu vay?
A.1 B. 2 C.3 D.4

Nguyén Minh Tuédn

Cau 74: C6 bao nhiéu cdp s6 nguyén (a;b)théa man 0<a,b<100 sao cho dd thi cta 2

hams6 y = lx +% va y= % +1 ct nhau tai dang 2 diém phan biét?
a a

A. 9704 B. 9702 C. 9698 D. 9700
Cau 75: Cho 2 s6 thuc x,y khong 4m thda man dang thuc sau:

log, (log3 (- -9y +6xy—2x+6y+2)) =log, (log2 (9% +y? —6xy—6x+2y+3))

R . oy m . N A oK A A A N LU A
Biét rang xy” dugc viét dudi dang — v6i m,n 1a cac s6 nguyén khong am va — la phan
n n

s6 t6i gian. H6i m+n c6 gia tri bang bao nhiéu
A.8 B. 9 C.10 D.11
Nguyén Minh Tudn
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Cau 76: Cho 2 s0 thuc x,y théa man 0 <x—y < g va dong thoi

(tan(x— y))SiH(X_Y) +(cot(x— y))COS(X_Y) =log, (4-x’y*)
Tinh gi4 tri cta biéu thic sin (x2y2 +X—y+ gj ?

2 e

A — B. 0 C.1 D. —
2 2

Nguyén Minh Tudn
Cau 77: Cho céc s8 thuc a,b,c ¢6 téng béng 3. Tim gia tri nhd nhat ctia biéu thtc sau
P =4 +9° +16° +4/9% +16° +4° +/16" +4° +9°
A. 23 B. 3.3 C. 443 D. 63

Cau 78: Cho cac s thuc x,y,ze[0;1]. Biét rdng gid tri nho nhdt cta biéu thuc

P= (ZX +27 +21)(2’X +277 +2’Z) duoc viét dudi dang % vOi m,n 1a cac s6 nguyén khong

A . Mmoo A NN 2 2 2 sz DO ] A
am va — la phan s6 t6i gian. Hoi m+n c6 gia tri bang bao nhiéu?
n

A. 86 B. 87 C. 88 D. 89
Cau 79: Cho cac s6 thuc x,y,z. Tim gia tri nhé nhat ctia biéu thic sau

P =3+ 201172 43420117 4+/3+2011°>%
A. 4 B. 5 C.6 D.7

Cau 80: Cho hai cac s6 thuc a, b, ¢, d, e duong thoa man a+b+c+d+e=1000 va
a—-b+c-d+e>0

a+b-c+d-e>0

—a+b+c—-d+e>0

a-b+c+d-e>0

—-a+b-c+d+e>0

Tim gia tri 16n nhat ctia biéu thie M = (a+c)"™
A. 499*” B. 500°" C. 500*” D. 499°
LOI GIAI CHI TIET
Cau 1: Cho 2 s§ x,y >0 théa man diéu kién 4log,2x.log, 2y =log; 4xy . Goi M,m lan
1

. 14—
luot 1a gié tri 16n nhat va gid tri nhd nhat ctia biéu thie P =25 42 Bigt Mn=a2 *
v6i a,b 1a cac s6 nguyén duong va a,b>0. Tinh gia tri cGa biéu thtc a’ +b’

A. 31 B. 32 C.33 D. 35
Nguyén Minh Tudn
Loi gidi
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Bién d6i gia thiét ta co:
4log, 2x.log, 2y =log? 4xy < 4log, 2x.log, 2y = (log, 2x +log, 2y )’
& (log, 2x~log, 2y)’ =0 < log, 2x =log, 2y < x =y
Thé vao gié thiét ta dugc P=h(x)= plsinx| | pfeosx] (t € [0;1]) . Dt t=|sinx| khi d6 ta duogc

f(1)=2'+20F = f(1)=2' 2 -2 2

1-t*
te(0;1)
Taco £(t)=02 2= 2" In2eiy i .
1— _—=
t t J1-t?
Xét ham s6 g(a):z— trén khoang (0;1) ta c6 g‘(a):—2 (alrl2—1) <0vae(0;1).
a a

Do d6 g(a) nghich bién trén (0;1) vivay ta dugc t=v1-t> < t= L

2

1 Ll minP =3
Mat khéc ta lai c6 f(0)=f(1)=3;y[— =2 25
. . V2 maxP=21+ﬁ

Chon y D.

Céu 2: Cho x>2,y >1 thoa man log, §.10g2 i.logi 2y =4.Dbgt P=2"+2". Ménh dé nao
S y

sau day dung?

A.P<19 B. P>19 C.P=19 D. Khong ton tai
Nguyén Minh Tuédn
Loi gidi

Nhin thoing qua thi nhiéu ban sé cho ring ddy la dang todn rit thé' dé tim min, max, tuy nhién &
bii nay ta phdi sir dung dén kién thitc ciia bat ding thitc. Bién doi gid thiét ta co:
log, §.log2 X logl2y =4 < (3-log, x)(log, x—log, y)(log, y +1)’ =4
X y
Theo b4t ding thiic AM - GM ta c6:

log,y+1 log,y+1
2 2

(3—log, x)(log, x~log, y)(log, y +1)" =4(3~log, x)(log, x ~log,, y)

log2y+1+log2y+1 !

amecm | 3—log, x+log, x—-log, y +

< 4 2 2 —4=VP
4
DA/ “w_rr 2 kh N h7 kh. 3_10g2X:110g2X_10g2y 10g2X=2 X:4
au “=" xay ra khi va chi khi = =
Y 3_10g2X:082—Y+1 log,y=1 y=1

2
T d6 suy ra P=18<19
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Chon y A.

Cau 3: Cho 2 s0 thyc x,y >1 thoa man diéu kién:
1+log, 3y +2log, 3y (3—1log, 3xy) = glogx 2.

bit P=x*+xy +y”. Hoi ménh dé nao sau day dang?
A. Pe[11;12] B. P <[12;13] C. P[10;11] D. minP =10
Nguyén Minh Tudn

Loi gidi
Y tudng ciia minh 6 bai nay la sé kiém mot diéu kién rang budc gitta x,y r0i sau d6 chi ra gid thiét
chi nhén duy nhat 1 bp nghiém. Vay lam sao dé tim dugc moi lien hé nay? Dudi ddy la cich gidi
quyét ciia minh.

Bién déi gia thiét ta duoc:

1+log, 3y +2log, 3y (3—log, 3xy) = %logX 2

< log, x+log, xlog, 3y + 2log, 3y log, xlog, i = 2
3xy 2

Ta nhan thay rdng log, x+log, 3y +log, 31 =3.
Xy

log, x=a a+b+c=3
Pé don gidn ta dit {log, 3y =b Ltc nay ta co6 2 gid thiét )
& ' 82%Y y & a+ab+2abc:2
log i:(: 2
? 3xy

Thé b=3-a—c vao gia thiét dudi ta duoc:
(2c+1)a’ +(2c2 —5c—4)a+2 =0
2
Coi vé trai 1a tam thtic bac 2 theo bién a v6i c 1a tham s6 ta co:
A= (2(:2 —5(:—4:)2 ~18(2c+1) = (2c—1)2 (c2 —4c—2)
Chua y v6i diéu kién x,y >1 tasé c6 a,b,c>0.Matkhac a+b+c=3=c<3

Suy ra A<0, diéu nay dong nghia VT >0

a—g lo x—E
2 |[8F7) x=22
Déu “=" xay ra khi va chi khi {b=1 =1log,3y=1 < )
y—_
C:l logzi—l 3
2 3xy 2
TfrdéysuyraP:@.

Chony C.
48 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Cau 4: Cho hai s6 thuc x,y thoa man x>2,y > % dong thoi:

(log, x* +1og, 3y )(log3 3y + 12log, x —4log, xlog, 3xy ) =80
Hoi ¢6 bao nhiéu s6 nguyén duong khong vuot qua x+ 3y ?
A.7 B. 8 C.5 D. 11
Nguyén Minh Tudn

Loi gidi
Gidng vdi bai trén v tuong van sé la di tim moi lién hé giita x,y tuy nhién néu khong tinh vy thi sé

khd vat vd. Chii yj nhu v6i bai trudc ta sé can lam xudt hi¢n mot biéu thitc cé dang nhu log, bi'
Xy

Dé thdy 6 bén trong biéu thiic thit 2 néu dit nhan tir chung ta sé tim dugc 1 biéu thitc nhu vdy. Loi
Qidi cua bai todn nhu sau.
Bién d6i gia thiét ta duoc:

(log2 x* +log, 3y)(10g§ 3y +12log, x —4log, xlog, 3xy) =80

& (5log, x+log, 3y)(log; 3y +4log, x(3-log, 3xy)) =80

< (5log, x+log, 3y)[log§ 3y +4log, xlog, %} =80
bit (log2 x,log, 3y,log, %} —(a,b,c)=a+b+c=3.
Gia thiét ltc nay tré thanh (5a+b)(b” +4ac) =80
Voi diéu kién x>2,y > % =a,b,c>0 trddtacod ba+b< 5(a+gj va dong thoi

b2+4ac£b2+2(ab+bc)+4ac=4(a+§}(c+g)

=80

X Y - . bY 2a+2b+2cY
Ap dung bat ddng thte AM - GM ta c6 P <10 a+s (2¢+b)<10| ————

a=2 |log,x=2 x=4
Déu “=" xay ra khi va chi khi {b=0=+:log,3y=0 = 1
_ y=3
c=1 logzizl 3
3xy

Do d6 x+3y =5. Vay c6 tat ca 5 s6 nguyén duong khong vuot qua x+ 3y
Chony C.
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Cau 5: Cho hai s6 thuc x,y théa man x,y 21 dong thoi:
2 8 [3 3 4:
log, x+log, y” +log, —— || log, x” +log, y" +log, —— [=8
S 2

Ho6i BCNN ctia x’y va 4 bang bao nhiéu?
A. 4 B. 8 C. 12 D. 16
Nguyén Minh Tudn

Loi gidi
Sau khi dd tim hiéu v tuéng ¢ 2 bai todn trén thi bai todn nay chic hin da don gidn hon vdi cic ban

ri. Bién doi gid thiét ta dugc:

(log2 x+log, y* +log, —38 - J[logz x° +log, y’ +log, —24 - j =8
Xy Xy
2 2
= (log2 x+2log, y+3log, —J(6log2 x+3log,y+2log, —] =8
Xy Xy

Dit chd y réng log, x+log, y +log, 2. 1=log, 2. 1-log,x—-log,y
Xy Xy

Thé vao gia thiét ta duoc:

log,y

(3-2log, x—log, y)(2+4log, x+log, y)=2(3-2log, x—log, y)(l+2log2 X+Tj

Ap dung bat ddng thitc AM - GM ta c6:
2
4108,y

2(3—210g2x—log2y)[1+2log2x+10‘c’;2yjﬁ2 22 <8(log,y >0)

D4u “=" khi va chi khi 2

logzx:1 {x:\/i
log,y=0 !

Chon y A.

Cau 6: Cho hai s6 thuc x,y 21 thda méan diéu kién:

2(x+y)
1 — &/
082 x> +4y” +1

=log, (4xy +1)

‘log2 2(x+ y)‘ I

Gia tri 16n nhat cta biéu thitc f(x,y)=2xy +x+2y —x* —4y” bing?
AL B. c.> D.>
2 3 4 7

Nguyén Minh Tudn

Loi gidi
Nhin hinh thitc bai todn khd cong kénh, thay ring bai todn c6 chita ddu tri tuyét déi nén ta sé nghi
ngay t6i bat ding thitc lién quan ti né.
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Ap dung bat ddng thtc trj tuyét déi ta co:

2(x+ *+4y* +1
‘10822(X+Y)‘+ 1082#}72}21 =‘10g2 (X+y)+1‘+ 1—10g2%
xX* +4y* +1 ) , ) .
=log, (x+y)+1|+[log, ————~1 Z‘logz(x +4y +1)‘=Iog2(x +4y’ +1)
X+y

Mit khéc theo bat dang thiic AM - GM ta lai c6 log, (x* +4y” +1) 2 log, (4xy +1) = VP

x+4y2+1
, 1-log, X2 *1 11 1
Déu”=”xéyrakhivachikhi( %87y J(ng(xwﬁ)
x=2y

Thé vao f(x,y) ta duoc f(x,y)=g(x)= 2x —x2

Ta c6 g'(x)=0©L=2x<:>x:lzmaxg(x):g(lJzz

22X 2 [1540) 2
Chony C.
o , 3<x<L27 .
Céu 7: Cho hai s6 thuc x,y thoa man dong thoi
2<y<16
16 36

27
lo lo =
g3X+Y gZy—ZX+1 log, (x+y)" +log, (y—2x+1)’

bit P=+/x*+1+2" +log(1-xy). Hoi ménh dé nao sau day dung?

A.P>4 B. P=4 C.P<4 D. P=3
Nguyén Minh Tudn

Loi gidi
Sau khi dd lam quen vdi hudng gidi thi bai ndy c6 16 khd la don gidn vdi cic ban roi, chi can sir
dung bt ding thitc AM - GM d¢ trigt tiéu cdc biéu thitc chita bién 1a sé ra.

Bién doi gia thiét ta co:

tog, 1o, 16 _ 36
‘x+y Py-2x+1 10g3(x+y)2+log2(y—2x+1)3

& (3-log,(x+y))(4-log, (y —2x+1))(2log, (x+y)+3log, (y —2x+1)) =36
Ap dung bat dang thic AM - GM ta co:
(3—log, (x+y))(4-log, (y—2x+1))(2log, (x+y)+3log, (y—2x+1))
1
= 6(6—210g3 (x+y))(12—310g2 (y—2x+1))(210g3 (x+y)+3log, (y —2x+1))

AMSGME(6—210g3(x+y)+12—310g2 (y—2x+1)+2log, (x+y)+3log, (y—2x+1)J

3

=36

6 3
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2
log, (x+y)=0 @{X+y:1 x:—g

D&u “=" xay ra khi va chi khi o
log,(y—2x+1)=2 |y-2x+1=4 _5

Taudésuyra P>4.
Chon y A.

Cau 8: Cho hai s6 thuc x> % >y >0 théa man diéu kién

log, (3x—-y —
422£ — )\/42 3yl 1+‘f10g2 —log2 (3x-y)

Khi d6 biéu thic P =4xy c6 bao nhiéu uéc s& nguyen?
A.2 B. 4 C.5 D. 8
Nguyén Minh Tudn

Loi gidi

Bién d6i gia thiét ta duoc:

log, (3x—
gZz(x T y) NAPTYT +,flog2 —log2 (3x—y)

< log, (3X—y)m+4zxfsy—l\/log2 3X—y)— ~log, (3X_y).42x—3y—l
Theo b4t dang thiic AM - GM ta c6:

2x-3y-1 2x-3y-1 _
. log2(3x—y)mglog2(3x_y).4 1414 log, (3x—y)

2 2
o 4P \/1082 (Bx—y)-1<4>>7, log, (3x _25’)_1 +1_ 4 10§2 (3x-y)
Cong 2 vé bat déng thtc ta dugc VT < VP
4> =2 ox-3y=2 X=%
Dé&u “=" xay ra khi va chi khi {Iogz (emy)=2 e -
3x-y=4 y = 5
Vay P =4xy =3 c6 tat ca 4 udc s6 nguyén la +1,£3
Chon y B.
(x2y)'+1

Cau 9: Cho hai s6 x,y > % théa man x =2y déng thoi 2 2 (e”y —e*(x+y —2)) =4e’

bit P =x+y. Hoi ménh dé nao sau day dung?
A.P>5 B. minP =1 C.P<3 D. maxP =4
Nguyén Minh Tuédn

Loi gidi
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Day la mét cau khd la hay chic hin nhiéu ban sé nghi t6i phuong phdp dinh gid ddu tién, | tuéng
d6 1a diing nhieng trudc tién ta cin phdi biét tdi 1 bat ding thitc phy sau.
Bat dang thuac phu hay gip: e* >x+1
Chung minh: Xét ham s6 f(x)=e*—x-1=f'(x)=e*-1, f'(x)=0<=x=0
= minf(x)=£f(0)=0=¢e" >x+1Vx
Bién déi gia thiét ta duoc:

(x—2y)4+1 (X_ZY)4+1

) (szy)2 (ex+y _e2 (X+y—2)):4e2 =2 (x—2y)2 (ex+y72 —(X+y_2)):4

Ap dung bat dang thtc phu trén ta c6: e — (x+y-2)>1

(x-2y)*+1

(x—2y)2+ 5

Mat khéc cting theo AM - GM ta ¢6 2 2 _p (2 > 02 g

2
Vay VT > 4. D4u “=" khi va chi khi (x~2y) _1<:>x:y:1
x+y=2

Chony C.

Cau 10: Cho hai s6 thyc duong x,y thoa man diéu kién

2
T 2 —lo{c5y2+y_xz_X (x+y+1)
Tim gia trj 16n nhat ctia biéu thac P =log, ., (y—x).2*™"
AL B. . c.i L
2 4 8 16
Nguyén Minh Tudn

Loi gidi
Dén bai nay sé khong con dé nhu nhitng bai todn trudc nita, ta can mot chiit kij ning bién doi dé co
thé c6 thém dinh hudng gidi bai todn nay.
Bién doi gia thiét ta dugc:

2 o2 L
=2-log, 1 =2-
%2y 11 OB 2y xtx (x+y+1) 27 41 log,.y.i (x+y+1)(y—x)

2 1 2 1
& — =2- & — +
2% 41 10,y (y—x)+1 2% +1 log,, ., (y-x)+1

=2

¢ 2
Khi d6 P viét lai thanh P =log,,. ., (y - x).(2x‘2y)

a=lo -X
Dé don gian ta dat By (¥ ):LJFL:z:a:E_l
b=2"% b+1 a+1 2b
. 2(1- 1—
Thé vao ta duoc P:b ( b):b( b)él
2b 2 8
Chony C.

Fanpage: Tap chi va tu ligu todn hoc Chinh phuc olympic todn | 53



GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

Cau 11: Cho hai s6 thuc duong x,y thoa méan lz+—2+ —— +=Inxy=—
Xy x4y 2 2

Hoi ¢6 bao nhiéu s6 nguyén duong khong vuot qua x+y?

A. 0 B. 1 C.2 D. 3
Loi gidi
V6i bai nay ta sé st dung cich don bién vé dai luong xy. C6 thé thay la vé trdi la da thitc d6i xing
nen ta cho x:y:lz+i2+ > L 5= 52 _0 . Viay bai todn sé thém bot nhu sau.:
xT Yy x4yt 2x0 2xy
l+i+ ! +—=Inx _2
Xy x4y 2 y >
1 1 1 5 5 5
&S S+—+—5——F-——+-Inxy+—==
x* yo x"+y" 2xy 2xy 2
1 1 2 1 5 5
oS+ ——+—F——-——+-Inxy+—=—
x* y xy x +y 2xy 2 xy 2
x—y)2 (x—y)2 5
& —xtoInxy+ —=—
X7y 2xy(x +y ) 2xy 2
(x-y) (2 -xy+2y*) 5( 1 1)) 5
= +=| —-In| — | |==
2x2y2(x2+y2) 2| xy Xy 2

N | O1

Xét ham s6 f(t)zt—lnt(t>0):>f'(t)=%(1—%j,f'(t)=0@tzl:f(t)zf(l):

Vay VT = VP.D4u “=" xdy ra khi va chi khi x=y =1
Chony C.

Cau 12: Cho 2 s6 thuc x,y théa man dong thoi 2 diéu kién 0 <x* —y* < g,x, y>0 va

V2 Jax 116

2018
Tinh gi4 tri ctia biéu thic P = (sin(x —y)+cos (g(x +y-— 1)))

1 (2sin(x2y2) + 2tan(x2y2)j 22X ar 4}’

Al B. 0 C.n D. 2
Nguyen Minh Tudn

Loi gidi

Ap dung bat dang thic AM - GM ta c6 20 penl ) 2\/ iy an(r? %)

Xét ham s6 f(t):sint+tant(0£tsgj:f'(t)zcost+ 12 zOVte[O;ﬂ

cos  t

= f(t) > f(O) =0 2\/25in(x2—y2)+tan(x2_y2> 59
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Mit khac theo bat déng thtc Cauchy - Schwarz ta c6:
22744 2244 \/2(4-(2X)2 +(#)
Va4 +16' \/4.(2X ye(@) \/4.(2X ) (@)

Tur d6 suy ra VT >+/2 > VP

_ 2

2— 2:0 =
N <:>{X Y <x=y=1=P=0

Déau “=" xay ra khi va chi khi
22— T |x+1=2y

Chon y B.
Céau 13: Cho 2 s6 thyc x,y théa man 4* -2 +2(2* ~1)sin (2" +y -1)+2=0

bt P =sin®"(y+1)+x*"°. Hoi ménh dé nao sau day dang?

A.P=1 B.P=2 C.P=3 D. Pe[4;5]

Loi gidi
Bién déi gia thiét ta duoc:
4 -2 42(2*-1)sin (2 +y-1)+2=0
(27 -22+1)+2(2* -1)sin(2" +y-1)+1=0
(27 -22"+1)+2(2" ~1)sin(2* +y—1)+sin® (2" +y —1)+cos’ (2 +y-1)=0
) e 2 ) 2" +sin(2* +y-1)=1
<:>(2 ~1+sin(2 +y—1)) +cos’ (2 +y-1)=0< cos? (2 +y-1)=0
Vi cos* (2 +y-1)=0=sin(2"+y-1)=+1.
e Néu sir1(2X +y—1):1: 2* =0 - Phuong trinh v6 nghiém
e Néusin(2*+y-1)=-1=2"=2=x=1=sin(y+1)=-1
Vay gia tri cua biéu thic P=2.
Chon y B.
Cau 14: Cho hai s6 thuc x,y > 1 théa man log; 2x = 2log; (y” +1)(log; x +1)

Tinh gi4 tri ctia biéu thac P =log, (x+y)
A. log,3 B. log, 5 C.1 D. 2
Nguyen Minh Tudn

Loi gidi
Y tuéng bai nay giéng vdi bai 12, nhung hinh thitc da don gidn hon rat nhiéu.

Bién d6i gia thiét ta co:

1 +1
log; 2x = 2log; (y +1)(10g§ x+1) = (Ola?g(ﬁ;xll) =2log; (y2 +1)
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>0)=f' :ﬂ "t)=0=t=1=> < =
(t=0)=1'(t) (t2+1)2,f(t) Oet=1=1(t)<f(1)=2

Xét ham f(t)= (

2
log, (x)+1
Tir d6 suy ra (gz(z—)) < 2. Mt khéc theo gia thiét ta co:
logs x+1

2log; (y2 +1) >2log,(1+1)=2
Déu “=" xay ra khi va chi khi x=y=1.
Chony C.

Cau 15: Cho hai s6 thyc duong x>y >1 théa man diéu kién:

4log, (x+y)+12=(2"‘y +1)(log2 (x+y)+5+\/210g§ (x+y)+2)

bit P=a’ +b’. Hoi ménh dé nao sau day daung?
A.P=2 B.P=3 C.P=1 D. P<1
Nguyen Minh Tudn

Loi gidi
Vén la § tudng ciia bai todn 12 va 14 tuy nhién vdi bai nay cin mot chiit kién thitc vé bt ding
thitc thi sé gidi nhanh hon rdt nhiéu thay oi cich dgo ham truyén thong.
Ap dung bat dang thic Cauchy - Schwarz ta co:

1 +v)+5+.,/2(log? (x+v)+1
1ng(Xij)jL?):Iog2(x+y)+5;10g2(x+y)+1S 0g, (x+y) \/2(082(X y) )

4log, (x+y)+12
—
log, (x+y)+5+\/2(log§ (x+y)+1)

Mt khac theo gia thiét ta laico 27 +1>2" +1=2

<2

Déu “=" xay ra khi va chi khi x=y =1
Chon y A.

Cau 16: Cho 2 s6 thuyc x,y duong théa man diéu kién

log? 2x +log? 4y +(1-log, xy) = %

bit P=x’+y’. Hdi P c6 bao nhiéu uéc s6 nguyén?
A. 1l B. 2 C.5 D. 0
Nguyén Minh Tudn

Loi gidi

Day la dang todn quen thudc ma ta di cé hudng gidi 0 cdc bai todn trudc.

Dt [log2 2x,log, 4y,log, i] —(a,b,c)=>a+b+c=4
Xy
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Gia thiét tro thanh 1—21 Nhan thdy 2 gia thiét déu la da thac do6i xing theo 2 bién a,b nén

dau “=" sé xay ra tai a=b=x,c=y dén day ta sé tham s& héa dé tim diém roi.
Theo bat ddng thitc AM - GM ta c6:

a’ +x* > 2ax

b* + x> > 2bx =a’+b’>+c’ 22x(a+b)+3y’c—2y’ -2x°

c+y’+y° >3y’c

2x =3y’ o y

. Vay P khong phai 1a s6 nguyén
2x+y=4 X =

bén day ta cdn tim x,y thda man {

N[w =

nén khong c6 udc nguyén duong.
Chon y D.

Cau 17: Cho 2 s6 thuc x,y khong am thoa man diéu kién x >y +1 dong thoi
2V 4 2 =9 27
bit P =x+y. Hdi c6 bao nhiéu s6 nguyén duong khong vuot qua P ?
Al B. 2 C.5 D. 0
Nguyén Minh Tudn

Loi gidi
Pay la mot bai todn véi cach phdt biéu don gidn nhung tuy nhién mot s6 ban sé rat dé bi nham khi
dp dung bat ding thitc AM - GM. Sau ddy minh sé chi ra mot 16i ¢6 thé mot vai ban mic phdi.
Vi ¥ tudng ctua cac bai todn ci thi chiing ta thuong sé c6 danh gia sau:
v gy, L 1oey 1oe, 1 3

e ey

Sau khi c6 danh gia trén thi ti€p theo ta sé danh gia vé trai dé chi ra dau “=", nhung tuy

nhién diéu nay la khong thé do diém roi ctia bai toan khong phai nhu thé. Dé giai quyét

duogc ta phai chtu y thém t6i diéu kién ma dé bai da cho la x>y +1 tir day ta sé suy ra
2°Y > 2. St dung bat dang thite AM -GM ta c6:

Xy Xy x-y Xy

2x—y+22y—2x:2x_y+ 1 . :2 +2 n 1 2+32 Z§+32

( %y ) 8 8 (2’(*}’ ) 4 4 4

Mit khactalaico x>y +1=22" <222 =272 <02 = %

.9
4

x=1

Vay VT > VP . Dau “=" xay ra khi va chi khi { 0
y =

Chon y A.
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Nhin xét. Ngoai méc phai 18i nhu trén thi mot s6 it khi 1an dau g&p sé bi nham rang day 1a
dang toan tim moi lién hé x,y, nhung ta phai tinh y nhan ra yéu cau cua dé bai 1a hoi c6

bao nhiéu s6 nguyén duong dé nhan ra phai st dung t6i phuong phéap danh gia!

; x>1- .
Céu 18: Cho 2 s6 x,y thoa man { . y thod man diéu kién:
y <

\/ln(x+y)+\/ln(1—y) :2‘/lnx;L1

Gia trj nhé nhat cda biéu thic P =x +xy +y> 1a?

AL B. - c.i D. .
5 3 6 4
Nguyen Minh Tudn
Loi gidi

Thuec chdt ddy la mot bai todn khd 1a don gidn, dé  t6i yéu cdu ciia bai todn 1a tim gid tri nhd nhat
nén chic chin tir gid thiét ta sé phdi tim dugc méi lién hé gitta x va v.

—+ =
Pt {: y ;:"Zl=a;b.ciéthié’ttréthanh Jina+Inb =2 lna;b
_y=

Ap dung bat ddng thicc AM - GM ta c6:

lna+lnb22\/1na.lnb:>2(lna+lnb)2(\/lna+ lnb)2
Mt khac 1n¥21n\/a_=%(1na+1nb)z%( lna+\/lnb)2:%(\/lna+\/lnb)s /ma;b

Vay VI <VP.D4u “=" xdy rakhivachikhi a=b=x+y=1-y=>x=1-2y

Khidé P =~
4

Chon y D.

Cau 19: Cho 2 s0 thyc x,y >0 thoa man diéu kién

2
\/Iogz x+log; y’ +\/log§ x+2 =, flog2 Y
X

C6 bao nhiéu s6 nguyén duong khong vuot qua 8xy ?
A. 2 B. 4 C.6 D. 8
Nguyén Minh Tudn

Loi gidi

Bién d6i gia thiét ta dugc:
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2
\/Iogz x+log; y* +\/log§ X+2 =, ,log2 Y
X

= \/logz x+logly +\/log§ X+2 :\/210g2 y —log, x
< logzx+log§y—210g2y+log§x+2+log2x+2\/log2x+10g§y\/log§x+2 =0

& (log, x+1)" +(log, y-1)° +2\/log2 x+log? y\/log§ x+2=0

log,x=-1
X =
< qlog,y=1 =

N N -

log, x+log;y =0 y=
Khi d6 8xy =8, vay co tat ca 8 s6 nguyén duong thoa man yéu cau bai toan
Chon y D.
Cau 20: Cho 2 s6 thuc x,y thoa man (1 + 2y )(1 + 2+ )(1 + 2% ) = (1 + ZX)

2
Dit P=e* " +x° +YZ —(x—2y)’. Héi ménh d& nao sau day dang?

3

A.P=e-1 B.P=e C. maxP =¢’ D.P=e-2
Nguyén Minh Tudn

Loi gidi
Thyee chit cdu nay chi d¢ gidi thigu cho cdc ban mot bat ding thitc quen thudc, chit dé thi chic sé
khong ra dang kiéu nay. Chii 1 tdi bt ding thitc Holder ma minh dd gidi thiéu 6 ddu.
Mot bat dédng thic ma ta hay gép: (1+a)(1+b)(1+c)= (1 + mf
C6 bd dé sau: Cho céc s6 thuc duong a,b,c,x,y,z,m,n,p khi d6 ta ludn cé:
(a’+b’+c*)(x*+y’ +2°)(m’ +n’ +p’) 2 (axm +byn +czp)’
Chting minh: Theo AM -GM ta c6:
a’ m’ . x° 3axm

3 3 3+ 3 3 3 3 3 3Z
a’+b’+c’ m'+n’+p’ X +y +z %/(aS+b3+c3)(m3+n3+p3)(x3+y3+z3)

1.

b’ n’ y’ 3byn
2. + + >
a’+b’+c” m’+n’+p’ X +y’+2’ %/(aS+b3+c3)(m3+n3+p3)(x3+y3+z3)

c’ p’ z’ 3cpz
3+b3+3+ 3+3+3+3+3+3Z PR s 3 3\ 3 3 3
a ¢ m+n+p X +y +Z il(a +b’ +c )(m +n°+p )(x +y +z )

3.

Cong 3 bat dang thtc trén c6 diéu phai chting minh.
Quay lai bai khi d6 phuong trinh tré thanh: (1+a)(1+b)(1+c)> (1 + %)3
oy 1Y (1Y 3 3
Theo bat dang thic Holder ta c6 lc;llIﬁ] J{%j +(3/;) } > (1 + %/E)
V6i bai toan nay néu dit 2 =a, 2% =b,2¥ = ¢ = Yabc = 2%, day chinh la dang trén.
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D4u “=" xay ra khi va chi khi 2*7 =2 =2 < x =y =0
Vay khi d6 P=e.
Chony B.

Cau 21: Cho 2 s6 thuc x,y >0 thdéa man diéu kién

(2x+y—1 4 2x+2y—1 )(23x+4y—3 n 21—x—y ) _ 22x+3y

2 2
Biét rdng biéu thic oy :% voi % 1a phan s& t6i gidn. Tong a+b bang?
A.5 B. 6 C. 4 D. 7

Nguyén Minh Tudn

Loi gidi

Nhin chung bai todn nhin rit cong kénh, ta sé tu duy theo hudng ma ta hay nghi téi nhit do la quy
dong. Bién doi gid thiét ta dugc:

(2x+y—1 42yl )(23x+4y—3 4 D1y ) _ 23y

e DBy | pdxibyd | oy | 1 _ p2xidy

& QPR DB DB 9T =
Pén day moi viéc trd nén rat don gian phai khong nao? Ap dung bat ding thic AM - GM
ta co:

22x+2y—4 +2—2x—2y + 2—2x—3y + 22x+3y—4 > 2\/22x+2y—4-2—2x—2y +2\/2—2x—3y.22x+3y—4 =1=VP

x=1 x*+y* 1
- ==
y=0 4 4

D4u “=" xay ra khi va chi khi {

Chon y A.

_ aXty-3
Cau 22: Cho 2 s6 thuc duong x,y thda man L L _Xty—e

+
V2> 134 32> 2(27+27)

2 oz - £ m . PSR A , Mmoo A X
Khi d6 x*+y* dugc viét dudi dang — voi mn la cac s6 nguyén duong va — 1a phan s6
n n

toi gian. HOi T=m+n c6 gia tri 1a bao nhiéu?
A. 149 B. 147 C. 160 D. 151
Nguyen Minh Tudn

Loi gidi

Nhin hinh thitc rdt cong kenh, nhung hay chii § téi dai lugng x+vy—e*™"~°, dieu nay lam ta lién

twdng tdi bt ding thitc phu e* > x+1, dén diy hudng di ciia bai todn sé nhu sau:
Bién déi gia thiét ta duoc:
1 1 x—y-e*’? 2% 427 2% 4+2Y

- = =S - =x-y-e
2 isa o es2n 2(27+27)  2ri32d N2 es2n
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Pat 2* =a,2’ =b thi theo bat déng thic AM - GM ta c6:
2Ha _ ,ath. b _ 1,2 J5+J_ 3 a
Ja+3b a+b a+3b Ja+3b 2 a+3b a+3b ( b)
b _ ,ath. Ha _ 2a J5+J_ 3 b
Jb+3a a+b b+3a Jb+3a 2 b+3a w/b+3a ( b)

2 +27 2 +27

Cong hai bat ding thtc trén v6i nhau ta c6 + <2
V27432 (2% 4327
Mat khac theo mot bat dfmg thtac phu quen thudc ta cé:
x+y—e P =x+y-3-e"7°+3<3-1=2
A ~ “ 4 2 . N 2 . 2X = 2y 3
Vay VT >2> VP. D4au “=" xay ra khi va chi khi SX=y=—
x+y-3=0 2
Khi do x* +y* = 135
16
Chon y D.

Cau 23 Cho cac s6 thuc a,b,c théa man O<a,b,c<1. Khi d6 tri nhé nhat cda biéu thac

1 S A ag NP 2 S

P =log, b+log, C+Zlogf a dugc viét duéi dang B v6i mn 1a cac s6 nguyén duong va
n

M e . s .
— la phan s6 t6i gian. Héi T=m’ +n’ c6 gid tri 1a bao nhiéu?
n

A. 171 B. 89 C.195 D. 163
Nguyen Minh Tuin

Loi gidi
Theo bat déng thitc AM - GM ta c6:

e P=log, b+log, c+i10gf a>2/log, blog, c +ilogf a=2.log, c +ilogf a

e 2Jlog,c +%logf a= %\/loga c +%\/loga c nti\/loga c nti\/loga c +ilogf a

1 1 1 1 1 5
> 55— .[log_c.=./log c.=.[log c.=./log c.=log’a ==
\/4J g, 4J g, 4J g, 4J g.c.glogla=7
Vay gié tri nhd nhat cua P:Z,khi do T =189

Chon y B.

1 y,1

Cau 24: Cho 2 s6 thuc x,y thoa man 2 ax +24 ¥'=4.Dit P=x+y. Hoi ménh dé nao sau

day dang?
A.P=1 B. 2 o - B
2 2
Nguyén Minh Tudn
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Loi gidi
Ap dung bat ddng thicc AM - GM ta c6:

1
2 4X+24y>2J:+2J7 4=VP
x—1 5
Dau “=" xay ra khi va chi khi _2:>P:E.
y=2
Chon y D.

b

IOga4 3 2
Cau 25: Cho 2 s6 a,b thuc a,b thoa man b>a>1 va 2% +16 & 4. Gia tri cta biéu
) a
thic P =log, (Ej ?

A. 0 B. 2 C.3 D. 1

Nguyen Minh Tudn

Loi gidi
Bién doi gia thiét ta co:
b

2oms 16 =21°8ba+2( ) =f(t)= (_]( t=log,ae(0;1])
t 4 4[%%) t 4-3
Suy ra f'(t)=2'In2->2"" *In2<| 2 42 |n2< (2-4.2"7)In2<0
:f(’c):2t+2[t 4]2 (1)=4=VT=VP

f
D&u “=" xay ra khi va chi khi a=b= P =log, (%j 0

Chon y A.

Cau 26: Cho 2 s6 thuc x,y >0 thda man 1 <y<2x va log,— \/logz —log2 Xy —i Dat
X y

P =2*2". Hoi ménh dé nao sau day dung?
A. Pe[4;5] B. P<[1;2] C. Pe[2;3] D. P<[6;7]

Nguyén Minh Tudn

Loi gidi

Bién déi gia thiét ta duoc

2 9
log, - \/Iogz log, xy =
X y 16

< (1-log, x)\/(log2 x—log,y+1)(log,+log,y) = T

a=log, x
b=log,y

9

:>(1—a)\/(a—b+1)(a+b) =—

Dé don gian ta dat {
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Néu a>1= VT <0,voly
Déy thay 1S5732x:log22x210g21:>a+12—a:>a2—%.
X X

.01
Néu —ESa<1 thi ta co:

1 1) 1 1Y 9
1- -b+1)(a+b)<—(1- -b+1+a+b)=(1- +—|£—|1-a+a+=- | =—
(1-a)fa-b+1)(arb) 55 (1-a)(a-be1varb)=(1-a) a3 |<5(1-avas ] | -
1 1 1
a:Z logzx:z =04
Déu “=" xay ra khi va chi khi 1:> . = , =>P~=6,07725
b== |1 S _2
> 08,y 5 y=2
Chon y D.
3 , 2<x<3 .. . ; .
Céu 27: Cho 2 s6 thuc x,y thoa man 5 5 Hoi ¢6 bao nhiéu bd so (x,y) thoa man
<y<

phuong trinh log, (3 —|sin xy|) = cos(nx —gj ?

A. 4 B. 2 C.3 D.1

Lovi gidi
Thuc chat ddy la mot ciu khd don gidn néu nhu ta da lam quen véi phuong phdp ddanh gid roi, cdc

cdu 28, 29 sé lam twong ty nén minh sé chi trinh bay moi 1oi gidi cdu 27.

Ta c6 3—[sinxy|>2=log, (3—|sin xy|) >1, mat khac cos(nx—gj <1. Do d6 phuong trinh
théa man khi va chi khi:
1
cos(nx—zj=1 X:g+2k
6 = (k,neZ)
|sinxy|=1 xy:gﬂm

Véigiéthié’t 2<x<3nén k=1.Vd&i k=1:>x=1—3:>y=£(ﬁ+mtj

6 13\ 2
In
6(m yzﬁ
Do 2<y<5=2<—|—+nn |<5=>ne{l;2}=
1312 15z
13

Vay ¢6 2 b s6 thda man yéu cau dé bai. Chon y B.

Cau 28. a e {57:;%;17—71}
5 5

Cau 30: Biét rr?mg ton tai duy nhat mot a dé phuong trinh plsin¥ +|sin x| =cosx+sin’x+a
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c6 nghiém duy nhat, hoi a c6 tat ca bao nhiéu udc s6 nguyén
A. 2 s6 B. 8 56 C. Khong c6 D.V

(@)
]
(@)}

Loi gidi

Do [sinx|= ‘sin(—x) ,(sin(—x))2 =(sin x)2 nén néu phuong trinh c¢6 1 nghiém 1a x thi ciing

c6 nghiém 1a —x. Nén dé phuong trinh c¢6 nghiém duy nhat thi dong nghia v6i x=0. The
nguoc lai ta gidi ra dugc a=0.
Chony D.

Cau 31: Cho 2 s6 thuc duong x,y thoa man diéu kién

Xy 2 2y Xy 2
{1+[2T+1J logiyx}{(\/ﬁ) ’ 4logxy+1}:[24 +1j

Hdi c6 bao nhiéu s6 nguyén duong khong vuot qua a‘b*
A. 13 B. 14 C. 15 D. 16

Nguyén Minh Tudn

Loi gidi

Bién d6i gia thiét ta duoc:

Xy B 2y2— Xy B
[1+(24 +1j logiyx][(ﬁ) Y 410gxy+1}=(24 +1J

= (1 + (2“’2 + 1)2 logiy x){(\/i)xz+Y24 log, y+ 1} - (2XY*2 + 1)2

1+(2xy‘2 +1)2 log?, x 1
<:> = 2 2
(2Xy_2 +1)2 (\/E)X v log y+1
@%Hogiyx: = 2_}
(277+1) (vV2) 7 log,y+1
1 1 1

< ) 7t 2= X +y?—4
(Zy +1) (log, y+1) (\/E) log, y+1

bén day ta c6 mot bd dé kha quen thudc can phai nho.
1 1 1
—+ _> .
(a+1)" (b+1)" 1+ab
1 1 1 _ ab(a-b)"+(1-ab)’
(a+1)" (b+1)" 1+ab (a+1)’(b+1)"(1+ab)

B6 dé. Voi 2 56 thuc khong am a,b ta luon c6

Ta c6 déng thic sau day: >0. Vay bat

dang thtc da dugc chtmg minh.

Ta cling c6 thé diing bat déng thiic Cauchy - Schwarz ching minh dugc. Ta c6:
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a 2 LS b
(ab+1)[g+1j2(a+1) ar1)  (a+b)(abe1)

b AN -
(ab+1)[g+1j2(b+1) (b+1)z > (a+b)(ab+1)

Cong lai c6 diéu can ching minh!

2 + 1 2 2 xy—2 1
(2XY*2+1) (logxy+1) 2% logxy+1
Mt khac theo bat dang thic AM - GM ta c6

1 3 1 B 1
x24y2— - 2xy—4 T Axy-2
(V2) 7 Tlog,y+1 (V2) 7 logy+1 27 losiy+l

Ap dung vao bai toan ta dugc

Dau “=" x4y ra khi va chi khi x =y =+/2 . Khi d6 c6 tit ca 16 s6 nguyén duong khong vuot
quéa a‘b’.

Chon y D.

Cau 32: Cho 2 s6 thuc x,y thay d6i théa man x+y+1= 2(\/XT2 + \/573 ) . Gia tri 16n nhat

ctia biéu thic S =3""" +(x+y+1)2"7 =3(x* + yz) la % v6i a,b 1a cac s6 nguyén duong

va % t6i gian. Tinh P=a+b

A.P=8 B. P =141 C. P =148 D. P=151

Loi gidi
Py chinh la dé thi THPT Qudc Gia 2016 da duoc bién tiu dé trd thanh 1 cdu héi trac nghiém!
Turgia thist tacd (x+y+1) =4(Vx—2+y+3) =4(x+y+1+2Jx-2,/y+3)
Ap dung bat ddng thicc AM - GM cho 2 s6 thuc khong am ta c6:
2\/XT2\/YT3SX+Y+13(X+Y+1)2 38(x+y+1):>—1£x+y£7
Mit khéc ta lai c6:

(x+y+1) :4(x+y+1+2\/x—2,/y+3)24(x+y+1):{
Jx-2,y+3=0 {x:Z 9746
= =S=-——7—

x+y=>3 :{3sx+ys7

x+y<-1 x+y=-1

Néu x+y=-1=
y=-3 243

x+y=-1

Néu 3<x+y<7.Dsjt t:x+y(te[3;7])

Xétham s6 f(t)=3""+(t+1).2"" (t€[3;7])

=f'(t)=3""In3+2""—(t+1)2" " In2

= f"(t)=3""In*3-2""In2-In2(2"" - (t+1)2" " In2)
=3"*1In’3+((t+1)In*2-2In2)2"" > 0Vt [3;7]
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Vi £'(3)<0,£'(7)>0 nén tdn tai s6 ae(3;7) sao cho f'(a)=0.Suy ra f(t) nghich bién trén

(3;a) va déng bién trén (a;7). Mt khac f(3)=% ;f(7):35:>f(t)£f(3):%we[3;7]

Ta sé di chtng minh x* +y* 25 v6i x+y>3,x>2.
Nhan thay rang khi:
+ xe[2;3]=y23-x20=y° 2x" —6x+9= x> +y? 22x* —6x+9=2(x-2)(x-1)+5>5

+x>3=x>+y* >9

Vay x> +y”> =5 :SS%.
Chon y D.
Cau 33: Cho x,y 1a 2 s6 tu nhién khac 0. Tim gia tri nhdé nhat ctia biéu thtc P = ‘36X - SY‘
A.P=8 B. 9 C. 10 D. 11
Loi gidi

Day la mét cdu phdt biéu vé cing don gidn, nhung thyc chdt [a mot bai todn néu lam tu ludn sé rat
khé doi héi téi kién thitc s6 hoc.

Ta c6 36™ tan ciing bang 6, 5" tan cing bang 5. Néu 36™ >5" thi P ¢6 tan cung bang 1,
néu 36™ <5" thi P c6 tan cung bang 9

Xét P=1 taco 36™-5" =1« 36™ —1=>5". Dang thac nay khong thé xay ra vi vé trai chia
hét cho 35 nén chia hét cho 7, con v€ phai khong chia hét cho 7

Xét P=9 tacod 5" -36™ =9 = 5" chia hét cho 9, vo 1i.

Xét A =11, xay ra kha nang nay chéng hankhi m=1,n=2.Vay minP=11.

Chon y D.

Cau 34: Cho cac s6 thuc duong a,b,c khac 1 thda man log’ b+log; c=log, % —2log, %— 3.

Goi M,m 14n luot la gia tri 16n nhat va gia tri nhé nhat ctia biéu thic P =log, b-log, c.
Tinh S=2m +3M
A.S:z B,Szl C.S=3 D.S=2
3 3
Thiy Dang Thanh Nam - Vted.on

Loi gidi
biat x=log, b,y =log, c = P =x-y, khi d6 gia thiét viét lai thanh x* +y* =xy—x—2y -1
Thé y =x—P vao gia thiét trén ta dugc x* +y2 =xy —x -2y -1 & x> +(3-P)x+(P-1)" =0
Phuong trinh trén c6 nghiém khi va chi khi A=(3-P)* ~4(P-1)">0& -1<P< g

Chony C.

Cau 35: Cho céc s6 thuc a,b,c khac 0 théa man 3° =5 =15 . Hoéi gia tri nho nhat ctia biéu
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thac P=a’+b*+c’-4(a+b+c) 1a?

A. -3-log. 3 B. -4 C. 2-+3 D. 2-log,5

Loi gidi

Bién déi gia thiét tacé 3° =5"=15" =t < a=log,t,b=log, t,—c=log,, t

1 1 1 ab
—Cc= = = = < ab+bc+ca=0
log,15 log,3+log,5 1.1 a+b
a b
Khi d6 ta co6 P:(a+b+c)2—2(ab+bc+ca)—4(a+b+c):(a+b+c)2—4(a+b+c)2—4

Chon y B.

Cau 36: Cho a,b 1a hai s6 thuc thay d6i théa man b > 0. Tim gi tri nh6 nhat cta biéu thic

e \/(a—b)z +(10° ~logb)’

A2 (ﬁ +log (ﬁn B. ‘E(ﬁ _log(ﬁﬁ
C. V2 log(In10) D. ‘EE : In( : D

In10  (In10

Loi gidi
Xét 2 diém A(a;lOa),B(b;logb), do d6 thi cua 2 ham s§ y =10%,y =logx d6i xtmg qua
duong thing y =x do d6 khodng cach gitra 2 diém A va B chinh la P va dat gia tri nho
nhat khi A, B d6i xting v6i nhau qua dudng thing y =x, do d6 2 diém A,B cing ndm trén
duodng thing y =—x+m .

Vivay ta co

A(a;loa),B(a,.loa)jAB:P=\/§‘10a—a‘=f(a)2f£10g(LD:\/§( 1 108( ! D

In10 In10  °UIn10
Chon y B.

Cau 37: Cho céc s6 thuc a,b,c 16n hon 1 théa man log, a >(1-log, blog, c)log, 2. Tim gia
tri nhé nhat cda biéu thiec S=101log; a+10log; b+log; c
A. -3-log. 3 B. -4 C. 2-+3 D. 2-log,5

Loi gidi
Bién déi gia thiét ta duoc
log, a>(1-log, blog, c)log, 2
< log, a.(log, b+log, c)>1-log, blog, ¢
<> log, alog, b+log,alog, c+log, blog,c>1

bit (log, a;log, b;log, c) - (x,y,z) ta can tim gia tri nho nhat ctia S=10x" +10y” +z*
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Bay gio ta can tim s6 k duong sao cho
10x* +10y* +z* > 2k (xy + yz +xz)
& 10x* +10y” +27 +k (X" +y* +2° ) 2k (x* +y* +27 )+ 2k (xy + yz +x2)
< (k+10)x* +(k+10)y* +(k +1)z? 21<(x+y+z)2

x° y’ z’ 2
S—g—+—7+3 >k(x+y+2z)

k+10 k+10 k+1

Str dung bat dang thac Cauchy - Schwarz dang cong mau Engel ta c6

x? y’ 7’ (x+y+z)
>
T "1 1 1 11
k+10 k+10 k+1 k+10 k+10 k+1
bén day st dung duoc gia thiét ta sé chon k sao cho i 11 = kek=2
+ +
k+10 k+10 k+1
Chon y B.
Cau 38: Vdi a,b,c 16n hon 1. Tim gia tri nhd nhat cua P =log, bc+log, ca+4log ab
A. 6 B. 12 C. 11 D. 10
Loi gidi

Day la mdt cau sir dung bat ding thitc AM - GM khd la co bdn

Bién ddi gia thiét va ap dung bat déng thicc AM - GM ta c6
P =log, bc+log, ca+4log_ab=1log, b+log, a+log, c+4log_a+log, c+4log. b
> 2\/loga b.log, a + 2\/4 log, c.log.a + 2\/4 log, c.log.b =10

Chon y D.

Tuong tu v6i cau 39. Chon y C.

Cau 40: Xét cac s6 thyc duong x,y,z thay d6i sao cho tén tai cac s6 thuc a,b,c 16n hon 1 va
thoa man vabc =a* =b” =c¢”. Tim gid tri nho nhat caa P =x+y +2z°
A. 42 B. 4 C. 6 D. 10

Lé Phuc Li

Loi gidi

T gia thiét ta c6 a* =+/abc < 2log,, a= 1 tuong tu 1 2log,.. b,1 =2log,..C
X y z

11,1 =2(log,, a+log,, b+log, c)=2.
Xy z

Theo bat dang thic AM - GM ta ¢6 :
4 1 1 4z 4z

£1+—:2——:x+y2 =T>
X+y X y z 2z-1 2z-1

+22° =f(z)>2£(1)=6
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Chony C.

Cau 41: Xét cac s thuc duong x,y,z thay d6i sao cho ton tai cac s6 thuc a,b,c 1én hon 1 va

théa man vabc =a* =b” =¢”. Tim gi4 tri nhé nhat cta biéu thic P = 16,16 »
o
A. 20 3 C. 24 3
B. 20-—= D. 24-—
\ 34

Loi gidi

Tuong tu voi cau 40 ta c6 = 1,11 2(log, a+log,, b+log,. c)=2.
Xy z
:>P=16(1+1J—22=16[2—lj—z2=32—E—22=f(2)£f(2)=20
Xy z z

Chon y A.

Cau 42: Cho céc s6 thyc a,b,c théa man 0<a,b,c<1. Tim gia tri nhd nhat cta biéu thic

S=log, b+log, c+,/log.a

3
A. 22 B. 3 C. ¥ D. >

Loi gidi
Day la mdt cau twong ty cau 23 ta sé phdi ding t6i bat ding thite AM — GM d¢ trigt tiéu cic bién
Theo b4t ding thiic AM - GM ta c6
S=log,b+log, c+ \/logc az 2\/loga b.log, c + \/logc a= 2\/loga c+ \/logc a

> 2\/2\/loga C.\/logC a= 2\/2,/10ga clog.a = 242

Chon y A.

Cau 43: Cho 3 s6 thuc duong a,b,c thda man log®a+2log”b+3log®c=6. Biét gia tri lon
nhat ctia biéu thtc la T =logalogb+logblogc+logcloga la % Ménh dé nao dudi day
dang?

A k=1 B. kK’ +3k* =3 C.k*>+3k=3 D. k=

N | =

Loi gidi
Mt ciu hoan toan twong tu v6i cdu 37, ta sé ding phiong phdp tham s6 héa két hop bit ding thike
Cauchy - Schwarz. Dit (loga;logb;logc)— (x,y,z)= x* +2y* +32° =6
2 2 2

Ta c6 danh gia 6 =x”+2y” +32° > 2k(xy +yz+xz) < Xl + yl + Zl 21<(x+y+z)2

k+1 k+2 k+3
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Khi @6 can tim k sao cho k = 1 1 1 = k¥P+3k*=3
k+1 k+2 k+3

Chony C.
Cau 44: Cho 3 s6 thuc duong a,b,c thoa man logalogb+logblogc+3logcloga=1. Biét

9 9 ” A, » 0 R 2 N ol 4. A N
gia tri nho nhat ctia biéu thic P =log?a+log®b+log?c 1a Y2 v6i m,n,p lan luot 1a
p

PRSP A s Mmoo A oA LA o ;
cac sO nguyén duong va — la phan so t6i gian. Tinh m+n+p ?

A. 64 B. 16 C. 102 D. 22

Loi gidi
V6i bai todn nay néu dit (loga;logb;logc) —(x,y,z) = xy+yz+3xz =1 thi ta s¢ khong thé dp
dung phuong phdp lim ciia bai trén, khi do ta sé can phdi nght ra cich dgt khdc.
bit (loga;logb;logc) — (ix,jy, kz) = ijxy+ jkyz+ 3kixz= 1
Tim m,n,p thda méan ij=kj=3ki:>i:1<:%. Chon j=3=i=k=1

Khi d6 ta dugc 3xy +3yz+3xz=1=Xxy +yz+xz = % . Bai toan lai quay trd vé cac bai toan

ST o TAD Ao dws . : -3 ++/17

trén. Vi cach lam tuong tu cac bai toan trén ta tim dugc minP = —

Chon y D.

Cdch 2. Chii § rang 6 gid thiét va yéu cdu ciia bai todn vai tro ctia 2 bién a,c la nhu nhau nén dau

" 4

=" sé xay ra tgi a=c. Khi do ta co:

{P =2x° +y2

2200 1:>P(3x2+2xy):2x2+y2<:>(3P—2)x2+2Pyx—y2:0
X" +2xy =

Str dung diéu kién c6 nghiém cta phuong trinh bac 2 ta sé tim dugc dép én cta bai toan.

Cau 45: V6i n 1a s6 nguyén duong, biét rang —log, [Iog{ .~2018 J] > 2017 ma biéu

thac trong dau ngodc ¢ tat ca n ddu cin. Tim gia tri nhé nhat cta n?

A. 2021 B. 2014 C. 2013 D. 2020
Lé Phiic Lit
Loi gidi
1 -n
Tir gid thiét ta c6 yyv..~/2018 =(2018)z" =(2018)’ :logz( 2018 ]:2“ log, 2018
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= -log, [log2 [ .~/2018 D >2017 < —log, 27" —log, (log, 2018) > 2017

= nlog, 2 >2020,4 = n >2020,4 = n >2021
Vay gia tri nhd nhat cta n la 2021
Chony A.

Cau 46: Cho a,b la cac s6 nguyén duong thdéa man log, (logza (10g2b (21000))) —0. Gié tri
16n nhét caa ab la?

A.50 B. 375 C.125 D. 250

Loi gidi
Bién déi gia thiét ta duoc:
log, (logza (logzb (21000 ))) -0 10g2a (loga (21000)) —1
e log,, (2")=2" < 2" =27 < 2°b =1000

Do a,b la cac s6 nguyén duong nén ta c6 1000:2°. Mit khéc ta lai c6 1000=2°5> =>a <3
e Néua=3=b=125=ab=375
e Néu a=2=b=250= ab=>500
e Néu a=1=b=500= ab=>500

Vay gia tri [on nhat ctia ab bang 500

Chon y A.

Cau 47: Cho s6 thuc duong a>1, biét khi a=a, thi bat ding thic x* <a* dang véi moi

s0 thuc x 16n hon 1. Ho6i ménh dé nao dudi day dang?

A.l<a, <2 B. e<a, <e’ C.2<a, <3 D. e’ <a, <e’
Loi gidi
L4y logarit ty nhién 2 vé ta dugc ln(xa) < ln(ax) <alnx<xlha< lnTa > lnTx
Taxét £(x)= X = f1(x) = 270X £1(4) 20 o x=e = £(x) <f(e) = DE

X X e
Tadoétasuyra a=e.
Chony C.

Cau 48: Cho ham s6 f(x)=e*(asinx+bcosx) voi a,b 1a cac s6 thuc thay déi va phuong

trinh f'(x)+f"(x)=10e* c¢6 nghiém. Tim gia tri l6n nhat cta biéu thtc S =a’ —2ab+3b

A. 10+10+2 B. 20+10/2 C. 10+20~/2 D. 20+/2

Loi gidi
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Do f(x)=e"(asinx+bcosx) nén phuong trinh f'(x)+{"(x)=10e* tuong duong
e*((a—b)sinx+(a+b)cosx—2bsinx+2acos x) =10e"
< (a—3b)sinx+(3a+b)cosx =10
Phuong trinh trén c6 nghiém khi va chi khi (a—3b)’ +(3a+b)’ >100 < a® +b* > 10
Khi d6 ta co:

S=a’-2ab+3b*=

2 2 2 2 2

10(a® —2ab+3b )SlO(a 22ab2+3b ):1o(t2 2t+3)=f(t)(t a)
10 a“+b t"+1

Khdo sat ham s6 £(t)= f(t) <f(1-v2)=20+10y2

Chon y B.

a+n b+n
Ciu 49: Cho 2 s6 thuc a,b thdéa man (1+—j <e<(1+lj vOi moi s6 n nguyén
n n

duong. Tim gia tri nh6 nhat ctia biéu thic [a—b|?

A L_é B. 1 C.L_l D.L_?,

"In2 2 In2 In2

Loi gidi
Day la mot ciu rdt kho khong phil hop véi ki thi THPT Qudc Gia nén chiing ta chi tham khdo.

Lay logarit ty nhién 2 v€ ta c6 a < %—n <b,vneN’
In[1+j
n
Xét ham so f(x):;l—x,le khi d6 ta cé min|a—b|=m;ale(x)—m>ilnf(x)
ln(1+j ~ ”
X
Mt khac f'(x) = 1 -1<0,vx>1, do d6 ta duoc
x(x+1)
) ) 1 ) 1
maxf(x)-minf(x)=£(1)-limf(x)=—-1-lim| ———<-x
x=1 x=1 X+ In2 X—>+00 ( 1 j
In| 1+~
X
1—xln(1+1) —ln(1+1j+ 1
=——-1-1lim X - -1-1lim x) x+1
In X—>+o0 1 (1 1) In2 X0 1
+i —
X x(x+1)
11
1 2 —x2
I ST x(x+1) (x+1) _ 1 —1—limx(x+1) x> 1 3
In2 x>0 2x+1 In2 x>0 Dx 4] In2 2
><2(x+1)2
Véymin|a—b|:i—§
In2 2
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Chon y A.

Chii y: O ddy ta ding tdi quy tic. Trong gidi tich, Quy tic I'Hopital (phdt dm nhu Lo-pi-tan)
(ciing duoc goi la quy tic Bernoulli) la quy tic sit dung dao ham dé tinh todn cdc gidi han c6 dang
v0 dinh. Ung dung cua quy tic nay la dua dang vo dinh tro thanh dang hitu han, cho phép tinh
todn gidi han mot cich dé dang.

Dang don gidn nhat cta quy tc I'Hopital dugc phat biéu nhu sau:

Cho hai ham s6 f(x),g(x) néu limf(x)=limg(x)=0 hodc +ow va lim f(x) ton tai thi ta

X—C X—>C X—C g(x)
A A M f(X) : f'(X) A ~ N 2 3 ~ N x ~ N N .2
luon c6 lim =lim——=. Viéc lay dao ham cuaa t s6 va mau s6 thuong lam don gian

() e ()

thuong s6, hodc lam kha dang vo dinh.

Cau 50: Cho cac s6 thuc duong x,y,z bat ki théa man xyz=10. Tim gié tri nho nhat cta

biéu thtc P = \/logz x+1 +\/log2 y+4 +\/log2 z+4

A. 29 B. V23 C. V26 D. 27

Loi gidi

Ap dung bat ddng thtc Mincowsky ta cé

P:\/log2x+1 +\/log2y+4 +\/logzz+4 2\/logzx+1+\/(logy+logz)2 +16

2
= Jlog? x+1+4/(logyz)’ +16 = Jlog? x+1 +\/(loggj +16
X
=/log” x+1 +\/(1—logx)2 +16 2\/(logx+1—logx)2 +(1+4)2 -J26

Déng thtc xay ra khi va chi khi x = 310, y =z=3/100

Chony C.

Cau 51: Cho 2 s8 thuc x,y sao cho tong cta chiing khong am va déng thoi

x+y X+y
(22x—2y +4) 1 + 2 + 1 + 2 — 22x—2y +2x7y+2 + 4
1+4* 1+47

.+ A M .z . 2 R P m x N z ~ A . m oo
Biét rdng gia tri cta biéu thtc P=x’+y* =— v6i mn l1a cac s6 nguyén duong va — la
n n
phan s6 t6i gian. Hoi biéu thitc m? +n c6 tat cd bao nhiéu udc s6 nguyén?
A. 2 B. 4 C.6 D. 8

Nguyen Minh Tudn

Loi gidi
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Taco T=2-27M _MU72) 6 i g cmcash. Nen 22270 )
b b-m b(b-m) b~ b-m

Theo gia thiét ta c6 x+y =0=4"" >1. Ta c¢6 danh gia sau:
0<4 +47 =2V <144 +47 +1< 1+ 4" +4Y +4°7
Khi d6 st dung két qua (1) ta co:
1 R o R S W e i Gt

+ = >
1+4* 1+47 1+4"+4"+4™7 1+4X+4Y+4X+Y_(4x+4y_zx+y+1)

_2(1+2x+y) ) :(1+2X+Y)( 11 j>2

(12 T 142 1+4% 144

22x—2y +2x—y+2 +4 ~ (2x—y )2 +4.2X_y +4: _ 1 4.2X*Y

Miit khac oy 5 + 5
2514 (27) +4 (27 +4
< o 22 , ) 427 427
Ap dung bat dang thttc AM - GM ta c6 I+ —— <1t ——==2
(27)+4 2 fa(2)
1

i x+y=0 X= 2 3

Vay VT > VP . Dau “=" xay ra khi & =>P=—=>m’+n=25
x-y=1 1 16
y=75

Chony C.

Cau 52 : Cho céc s6 thuc a,b,ce[2;3]. Biét gid tri 16n nhat cta biéu thic

1 m . N . .mo
S=4*+4"+4° —Z(a+b+c)3 la — vo6i m,n la cac s6 nguyén duong va — la phéan so6 toi
n n

gian. TiInh P=m+2n

A. P=257 B. P =258 C.P=17 D. P =18

Loi gidi
Vi dang toan nay ta sé xét t6i bat dang thic phu 4' <mt+n,Vte[2;3]
16=2m+n {m=48

Thay t=2,t=3 ta dugc hé ph trinh
ay a dugc hé phuong trin { =80

64 =3m-+n
Gio ta can chi ra bat dang thic 4' <48t-80 dung véi moi t e [2;3] la bai toan sé duoc giai

quyét. Ta xét f(t):4t—48t+80:>f'(t):4tln4—48;f'(t)=0<:>t=10g4%.
n

Nhan thdy rang f(2)=£(3)= O;f(log4 %j <0 nén bat ding thtc luon dang,.
n
D4u “=" xay ra khi va chi khi t e {2;3}. Khi d6 ta dugc

S=4a+4b+4c—i(a+b+c)3 S482a—%(2a)3—240S16
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Chon y D.
Bai tdp twong tuw

Cho 3 s6 thuc x,y,z €[1;2]. Tim gia tri lon nhat ctia S=3*+3" +3 —%(x+y+z)2

A.5 B. 15 C.8 D. 12

Ta xét bat ding thic phu 3' <6t—3
Chon y D.

, ] 2% 4% 16%7 —128
Cau 53: C6 tat ca bao nhiéu bo s6 thuc (x;y;z) théa man R ,
(xy2 +z4) = 4+(xy2 —24)
A.3 B. 4 C.1 D. 2
THPT Chuyén Qudc hoc Hué - Nim hoc 2017 - 2018

Loi gidi
T gia thiét ta co:
o 2W 4l 167 2108 2% 4T 167 207 o I 1 23fy? +a¥ZE =7 (1)
. (xy2+z4)2=4+(xy2—z4)2<:>xy224=1<:>3/;%/y>2%/z_4=1(2)
Dt (%&,2/;,3/2) —(a,b,c). Ap dung bat ddng thicc AM - GM ta c6
7=a’+2b’+4c” =a’+b*+b* +* +* +c* +c” >7i/a’b’c® =7
Dau “=" xay ra khi a’ :b2=c2:>§/x72=\/y72:%/z72=1
Vi x >0 nén co6 tat ca 4 b s6 thda man yéu cau dé bai.
Chon y B.

m2x

1-x

m sao f(a)+£f(b)=3 voi moi s6 thuc a,b théa man e*"* <e(a+b). Tinh tich c4c phan tu

Cau 54: Cho ham s6 f(x)=1log, . Goi S 1a tap hop tat ca cac gia tri thuc cta tham s6

cua tap hop S
A. 27 B. 33 C. 33 D. -27

Loi gidi
Theo gia thiét ta c6 e <a+b< e <1+a+b-1
Mait khac theo mot bat déng thac phu ma ta da ching minh duoc ¢ cac bai tap trudc thi ta

luobn c6 e*2 > 1+(a+b-1). Do d6 dau “=" xay ra khi va chi khi a+b=1

Khi d6 ta c6

2 2(1_
f(a)Jrf(b)=3<:>f(a)+f(1—a)=log3;n a+10g3y=3c>m4 =27
—a

Do d6 tich cac phan tir ctia S bing ~3+/3
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Chony C.

9% —4y* =5
log,. (3x+2y)-log, (3x-2y)=1

man 3x+2y <5. Tim gia tri I6n nh4t cia m?

Cau 55: Cho hé phuong trinh { c6 nghiém (x;y) thoa

A. -5 B. log,5 C.5 D. log.3

THPT Chuyén Luong Vin Tuy - Ninh Binh lan 1 nam 2017 - 2018

Loi gidi
Tir phuong trinh 1 ctia hé ta c6 (3x—2y)(3x+2y)=5#0=3x—2y = >
3x+2y
Tt phuong trinh 2 ctia hé ta c6
1 31 3x+2y)-1 =1
08, 3log, (3x+2y) og{zﬁzyj
< log, (3x+2y)(log,, 3+1)=log,5+1
1+log,5 1-log, 5
<log, (3x+2y)=——-"2-<log,5(3x+2y <5)=> ——=22—-<0
08, (3x+2y) 1+log, 3 08, 5(3x+2y <5) 1+log, 3
Giai bat phuong trinh trén ta dugec m e (% ;5} \ {1}
o \ o (3x+2y)(3x—2y)=5 3x—2y=£ o
Khi d6 hé phuong trinh dau cé dang 1+log; 5 = M nén ludn cé
3x+2y = 3!"%8n3 3x+2y=M

nghiém. Vay gia tri 16n nhat cia m dé hé c6 nghiém la 5
Chony C.

Cau 56: Cho ham so f(x) = = ¢
+m

sao cho f(a)+f(b)=1 voi moi s6 thuc ab théa man e <e’(a+b-1). Tinh tich cac

- . Goi S 1a tap hop tat ca cac gid tri thyc ctia tham s6 m

phan t cua S

A. 81 B. -3 C.3 D. -9

Loi gidi
Theo gia thiét ta c6 e <a+b-1< e ? <1+(a+b-2).

M3t khac theo mot bat déng thtc phu ma ta da chttng minh duoc & cac bai tap trudc thi ta

lubn c6 e*" 2> 1+(a+b—2). Do d6 dau “=" xay ra khi va chi khi a+b=2
Khi d6 ta c6:
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9 g2-a 162+m” (9" +9**)

+ — =
9 +m? 97 +m? 81+m2(92’a+9a)+m4

f(a)+£(b)=

oSmi+8l=162<m* =8l m=43
Chony D.
Bai tdp twong tuw

t

1. Cho ham s6 f(t)= v6i m>0 la tham s6 thyc. Biét rang f(x)+f(y)=1 v6i moi

4" +m

1
x,y théa man (x+y)?2 > %(x+y)+%. Tim gid tri ctia f(t) trén doan {%;1}

A2 B. - C.
4 2

Huéng dan.

D.

B~ =
| o

: 1
Chil y tir gid thiét ap dung bit dang thite AM - GM = (x+y)2 > %(x+y)+%:> x+y=1

Dén ddy bai todn sé quay vé bai todn o trén
Chon y B.
16'

2. Cho ham s6 f(t)= =
+m

~. Goi S1a tap hop tat ca cac gia trj thuc ciia tham s6 m sao
cho f(a)+f(b)=1 voi moi s6 thuc a,b théa man e <e’(a+b-1). Hoi S ¢6 bao nhiéu
phan tu?

A. 8 B. 20 C. 11 D. 34

Chon y B.

Céu 57: Cho phuong trinh 3* = \/a.BX cos(nx) —9 . C6 bao nhiéu gia tri thuc cta tham so a

thuoc doan [-2018;2018] d€ phuong trinh da cho ¢6 dung mot nghiém thuc?

A. 1 B. 2018 C.0 D. 2

Loi gidi
Bién doi gia thiét ta c6 :

3 = \/a.BX cos(mx)—9 < 9* =a.3* cos(nx) —9(3X > 0) < 3 +3" =a.cos(nx) (*)

Diéu kién can: Néu phuong trinh (*) c6 nghiém duy nhat x, thi ta thdy rang 2-x, cling la

nghiém cua (*) do d6 x, =2-x, < x, =1. Thay vao (*) ta dugc a =-6.

Diéu kién di: Nguoc lai néu a =—6 thi phuong trinh (*) tré thanh 3* +3** =—6.cos(nx)

Theo bat ddng thic AM - GM ta c6: 3* +3° > 24337 =6 ma —6.cos(nx) <6 do do

3*+3°* =6 3 =3**
|

=1
—6 cos(nx) = X

3+ 327 =6,
cos(7x) @{ cos(x) = -1
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Chon y A.

Cau 58 : Cho céc s6 thuc x,y,z khong am thoa man 0 < (x+y)2 +(y+z)2 +(x+2z) <2. Biét

gia tri lon nhat cta biéu thtuc P=4"+4" +4 +ln(x4 +y* +Z4)—%(x+y+z)4 la = voiab

a
b

1a cac s6 nguyén duong va 2 i gian. Tinh S=2a+3b

o

A. 13 B. 42 C. 54 D. 71

Loi gidi
Theo gia thiét 0<(x+y) +(y+2) +(x+2)' <2=2x*<2=x<1. Tuong tu ta ciing s&
dugc 0<x,y,z<1.Khi do6 ta co:
2(x2+y2+zz)é2(x2+y2+zz)+2(xy+yz+xz)g2:x2+y2+zzSl
Dbong thoi x* +y* +z* <x® +y* + 27 :>1n(x4 +y* +z4)Sln(x2 +y’ +22)S0
Xét bat dang thic phu 4' <mt+n. Khi d6 ta cin bat dang thic trén ding véi moi t € [0;1]

nén thay t=0,t=1 vao giai hé ta sé tim dugc m=3,n=1.Xéthams6 f(t)=4'-3t-1 trén
[0;1] ta c6 f'(t)=0<4' 1n4—3=0<:>t=log4%. Lap bang bién thién ta dé chi ra duoc
n

bat dang thuc trén luon dung.
D4u “=" xdy rakhi t=0v t=1. Ap dung vao bai toan ta c6

P<3(x+y+z 3 X+ +z4+3£2
yTETY 4

Chony C.
Bai tdp twong tu.

Cho cac s8 thuc x,y,z khong am théa man 0<(x+y)’ +(y+z)’ +(x+z)" <18. Biét gid tri

x oy oz
16n nhét cta biéu thiac P=43+43 +43 —%(x+y+z)4 la % vOi ab la cac s6 nguyén
duong va % toi gian. Tinh S =2a+3b
A. 13 B. 42 C. 54 D. 71

Ta gid thiét ta ciing tim diéu kién cia 3 bién x,y,z va dp dung y nguyén cdch lam cia ciu trén dé
gidi quyét bai todn nay
Chony C.
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Cau 59: Cho 2 ham s6 f(x)=(m-1)6" —6%+2m+1,h(x):(x—61"‘). Tim tham s6 m dé
ham s6 g(x)=h(x).f(x) c6 gia tri nho nhat 1a 0 v6i moi x €[0;1]

A.m=1 B.mS% C-mEE;l} D. m>1

Loi gidi
Ta thdy rang v6i moi m, ta ludn c6 h(1)f(1) i 0 nén bai toan trd thanh tim m dé cho ham
s6 g(x)=h(x).f(x)20Vxe[0;1]. D& thdy v6i x=1 thi bat déng thtic luon dting, do do ta
s& xét trén [0;1).
Ta dé thdy h(x) la ham déng bién trén [0;1), h(1)=0=h(x)<0vxe[0;1). Dén day lai

rat gon bai todn tré thanh im m dé f(x) <0vx e[0;1). D4t t =6 (t c [1;6)) ta co

2_
f(x)éO@(m—l)6X—6—2)(+2m+1£0:>(m—1)t2+2mt—2+t£0:>m£%
+
A A NS 7z 2 N N . P A, .2 A . tz_t+2 1
Dén day bai toan tro thanh bai toan rat don gian, ta can m <min———=—
[Le] t*+2t 2

Chon y B.

Cau 60 : S6 thuc a nhd nhat dé bat dang thtc In(x+1) > x—ax® ddng véi moi s6 thuc x la

m . N A K A M o.. A WK LA o ;
— vo6i m,n la cac s6 nguyén duong va — la phén s6 toi gidn. Tinh T =2m +3n
n n

A. T=5 B. T=8 C.T=7 D. T=11

Loi gidi

Day la mot ciu khd co ban trong viéc ting dung dao ham tim diéu ki¢n c6 nghiém.

Bién déi gid thiét ta 6 a= X0 oo,
X
B 2In(x+1)-x— X
Xéthémsé/f(x):w:f'(x): - x+1
X X
2
X X
Xét h(x)=2In(x+1)-x- =h'(x)=- <0,vx>0=h(x)<h(0)=0
(9 =2nce1) x5 =) (x)<h(0)
A . 1 1
Vay f‘(x)<0:>f(x)<hn(f)}f(x):E:aZE.

Chon y B.
Bai tdp twong tu.

2

S6 thyc a nho nhat dé bat dang thac In(x+1)< x—x?+ax3 ding voi moi s6 thuc x 1a m
n

1a phén s6 t6i gidn. Tinh T =2m+3n

. PSR A , M
v6im,n la cac s6 nguyén duong va —
n
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A. 8 B. 20 C. 11 D. 34

Tuwong ty nhu cdu trén thi diy cing li mot cdu khd co ban trong viéc ing dung dao ham tim diéu
kién cé nghiém.

Chony C.

Cau 61: Cho cac s6 thyc a,b,ce[1;2] thoa man log;a+log; b+log;c<1. Tinh gia trj

biéu thie S=a+b+c khi biéu thic P=a’+b’+c’-3(log,a" +log, b° +log, ") dat gia
tri 16n nhat?
A.5 B. 3.2% C.6 D. 4
THPT Chuyén Thdi Binh lan 1 ndm hoc 2017 - 2018

Loi gidi
Y tuéng vin sé nhu bai triedc ta phdi sir dung t6i bt ding thite phu.
Ta sé c6 danh gia t° —3tlog, t <log; t+1. Dé chtimg minh don gian ta sé dit log, t = x. Khi

d6 ta cAn chimg minh t* —3tx < x® +1. Xét ham s6
1 1

f(t)=t-log, t,Vte[1;2]:>f'(t):1—m;f'(t):0<:>t:E:f(t)ﬁl

Khid6 t-x<1e t-x-1<0=t"=3tx—x"=1=(t—x—1)( +t(x+1)+x* =x+1) <0
Vay bat ding thiic cAn chtng minh luén ddng.

Ap dung vao bai toan ta c6 P = ZaS —3(Zalog2 a) < Zlogg a+3<1+3=4

Chon y D.

Bai tap twong tu.

Cho céc s6 thyc a,b,ce[1;2] théa man log;a+log; b+log; c<2. Tim gia tri l6n nhat cta
biéu thicc P=a’ +b’+c’ -3(log,a" +log, b’ +log,c*)?

A.3 B. 6 C. 3V4 D. 5

Chon y D.

Cau 62: Cho 2 s8 thuc x,y phan biét thoa man x,y €(0;2018).

bdt S= L R A . Ménh dé nao dudi day dung?
y—-x\ 2018-y 2018 —x
2 2 4 4

A.S5> B. S< C. 52 D. S<
1009 1009 1009 1009

Loi gidi

M0t bai todn chi nén tham khdo vi c6 sit dung tdi kién thitc khong trong chuong trinh phd thong co

bdn.

Xétham s6 f(t)= ln( j va tham s8 u ndm gitta x va y. Theo dinh ly Lagrange ta c6

2018 -t
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S_f(y)—f(x)_ '(u)— 2018 AM;GM 2018 B 2
~y-x 7 u(2018-u) (u+zo18_uf—1009
2

Chony A.
Dinh li Lagrange - Lagrange's Mean Value Theorem.
Néu f(x) 1a ham lién tyc trén doan [a;b]va dong thoi c6 dao ham trén khoang (a;b) thi

ton tai c €(a;b) sao cho f'(c) = M
—a

Chitng minh: Xét ham s6 F(x)= f(x)—wx. Ta c6 F(x) la ham lién tuc trén doan
-a
[a;b], c6 dao ham trén khoang (a;b) va F(a)=F(b). Theo dinh li Rolle ton tai ce(a;b)
sao cho F'(c)=0. Ma F'(x) :f‘(x)—M:f'(c) =M
b-a b-a
Dinh li Rolle 1a mot hé qua ctia dinh 1i Lagrange trong truong hop f(a)=£(b)

Cau 63: Cho 3 s6 a, b, ¢ la cdc s8 thuc 16n hon 1. Tim gia tri nhd nhat ctia biéu thic:
P= 4 + ! + 8
log =a log, Jb 3log,, e

A. 20 B. 10 C. 18 D. 12

THPT Chuyén Hiung Vuong - Gia Lai - Lan 2 nam 2017 - 2018

Loi gidi
Bién doi gia thiét ta c6
4 1 8
= + + =2log, bc+2log, ac+8log_ab
21ogbc a 11 b 1Ogab ¢
2 Ogac

=2log, b+2log, c+2log, a+2log, c+8log _a+8log. b
=(2log, b+2log, a)+(2log, c+8log.a)+(2log, c+8log. b).
Vi a, b, ¢ la cac s6 thyc 16n hon 1 nén: log, b, log, a, log, ¢, log. a, log, ¢, log. b>0.
Do d6 ap dung bat déng thie AM - GM, ta c6:
P> 2\/2 log,b.2log, a+ 2\/2 log, c.8log.a+ 2\/2 log, c.8log . b=4+8+8=20.

log, b=1log, a a=b
Déu “=" xay ra khi va chi khi {log, c=4log .a < c=a’<a=b=+c>1
log, c=4log.b c=b?

Chon y A.

Cau 64: Cho a,b,c,d 1a cac s6 thyc duong c6 téng bE”mg 1. Tim gia tri nho nhat cua biéu
thic P:(1+a2 +b? +a2b2)(1+c2 +d? +c2d2)
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17

. B. 4In— C.|— D. In—
5 2 16 (16

17\ 17
16

Loi gidi
Tt gia thiét ta co:
P=(1+a*+b +a2bz)(1+cz +d*+c’d’)=[](a*+1)=>InP=3Y In(a’+1)
Ta c6 danh giad sau ln(’c2 +1) >mt+n, dé tim duoc hai s6 m,n ta sé st dung t6i bat déng
thic tiép tuyén, day la mot phuong phap rat hay dé ching minh cac bat dang thic dsi
xung voi cac bién doc lap nhau.
Co s6 cua phuong phap
e Néu duong thing y=ax+b la ti€p tuyén cda do thi ham s§ y=f(x) tai diém
A(xy;¥,), A khong phai diém udn thi khi d6 tén tai mot khoang D chtra x, sao cho
f(x)=ax+b hodc f(x)<ax+b.Pang thtc xdy ra khi x =x,
e Néu duong thing y=ax+b la ti€p tuyén cda dd thi ham s§ y=f(x) tai diém
A(x,;Y,) thi taludn phan tich duge f(x)—(ax+b)=(x-x,) g(x),k>2
Sau day ta ap dung 1y thuyét trén vao bai toan trén. Cha y tacé y_In(a”+1) la mot biéu
thirc doi xting theo bon bién a,b,c,d dong thoi gia thiét cting 1a d6i xing nén ta sé du doan

ddu “=" xay ra khi a=b=c=d= % Quay lai bat dang thic phu ma ta dang di tim hé s

ln(t2 +1)th+n, ta sé tim m,n sao cho hai @6 thi ham s6 y=ln(t2 +1),y=mt+n tiép

1 m-—
xtc nhau tai diém c6 hoanh d6 t= 1 ta duoc 172 17" Vay ta c6 bat déng thic
=——+In—
17 16
s (12 8 . 2 17 a e Ak s o
phu la ln(t +1) > Et_ﬁﬂnﬁ' dé thay bat dang thtc nay luén diang, khi d6 ap dung

vao bai toan ta co:

8 2 17 17 17\
INP=%In(a?+1)>—Na+4| - = +In-2 |=4In-2 =P>| =~
n Zn(a ) 17Za ( 7 n16j n—= ( ]

16 16
Chony C.
Cau 65: Cho 3 s6 thuc x,y,z khong am thoa man 2* +4” +8” =4. Tim gid tri nho nhat cta
bidu thie S=>+Y+2
6 3 2
AL B. 2 c.l D. 1-log, 3
12 3 6

Loi gidi
Chu y voi diéu kién x,y,z khong am thi ta luon c6 2*,47,8* >1.
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Theo nguyén ly Dirichlet ta c6
(2°-1)(4"-1)20=2"4" 22" +4" -1
=248 <(2'+4"-1).8" =2"8"+4.8" -8’
>2°+8 -1+4"+8° -1-8"=2"+4"+8"-2
Chd y rang khi 2*,4%,8” >1 thi 8 <2

= 2"4".8 22"+4y+8z—2:2:>x+2y+3z21:‘52%

Chony C.

Nguyén li Dirichlet

Nguyén ly nhiing cai 16ng va cac cha tho da duoc biét dén tir rat 1au. Ngay trong chuong
trinh phé théng co sé ching ta cling da lam quen véi phuong phéap giai toan nay. Thyc ra
nguyén 1y nay mang tén nha bac hoc nguoi Bac Péte Gutxtap Legien Dirichlé (1805-1859).
Nguyén ly phat biéu rat don gidn: Néu chiing ta nhot thd vao cic long ma s6'long it hon s6 thd,
thi thé nao ciing cé mot 1ong nhot it nhat hai con thé. Nguyeén i Dirichlet c6 rat nhiéu tng
dung trong Toan Hoc, dién hinh la bat ding thac. Ching thuong duoc ap dung dé giai
mot s6 bai toan bat dang thtc khong thuan nhat. Hom nay toi sé dua ra mot s6 vi du dé
cac ban hiéu hon vé van dé nay. Trong 3 s6 a,b,c luon c6 2 s6 ndm cing phia véi s6 m bat

ky (Hay 16n hon bang m hogc bé hon bang m). Pay chinh la co s& 16i gidi ctia bai toan trén.

Cau 66: Cho céc s6 thuc a,b,c>1 théa man a+b+c=>5. Tim gia tri nhd nhat cua biéu

thac P =log,a+2log,b+3log,, c

A. log,5 B. 1 C. log, 15 D. logsg

Loi gidi
Gia thiét tuong duong P =log, a+2log, b+3log,, c =log,a+log, b+log,c=log, (abc)

Theo nguyén ly Dirichlet ta c6
(a-1)(b-1)>0<ab>a+b-1=>abc>c(a+b-1)=ac+bc—c

>a+c-1+b+c-1-c=a+b+c-2=3
=P =log, (abc)>1log,3=1

Chon y B.

Cau 67: Biét a 1a s6 thuc duong bat ki dé bat dang thtc a* > 9x+1 nghiém ding véi moi
x € R . Ménh dé nao sau day dung?
A. ae(10°;10* ] B. a<(10%;10° | C. ae(0;107 | D. ae(10*;+)

THPT Chuyén DH Vinh - lan 1 - nam 2017 - 2018

Loi gidi

Bat ding thtc a* >9x+1 dtng véi moi xe R thi né phdi ding véix=1=a>10.
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Do a>1 nénham s6 y =a* dong bién trén R, d6 thi ham s6 R c6 bé 1om quay lén trén.
Hay ham s6 1a ham s6 16m trén R

Do hai do thi ham s6 y=a* va y=9x+1 luén di qua diém A(0;1) nén bat déng thtic
a*>9x+1 nghiém dung véi moi x khi dudong thing y=9x+1 la ti€p tuyén cta dé thi

ham s6 tai diém A(O;l)<::>y'(0):9(y':aX lna)<:>lna:9 <a=e’

Chon y A.
ﬁlog3i
Cau 68: Goi a la gia tri nho nhat cua f(n)= Zg—n v6i neN,n>2. C6 bao nhiéu sé tu
nhiénn dé f(n)=a?
A. 2 B. Vo s6 C1 D. 4
Loi gidi
Tur gié thiét ta 6 f(n+1)= f(“)log; (n+1) () fn=Dlog;n

) o ; f(n)<f(n+1)
Dé f(n) dat gia tri nho nhat thi ta c6
f(n)<f(n-1)

f(n)log,(n+1)
f(n)<
? @{10g3(n+1)29<:>39—13n£39
f(n—1)10g3nsf(n_1) log,n<9

Vay ¢6 2 gia tri cua n thda man yéu cau dé bai.
Chon y A.

1

Cau 69: Cho 2 s6 thuc x,y khong 4m théa man 2 * =log, (14 ~(y-2){y+1 ) . Tinh gia tri
ctia biéu thttc P=x* +y* —xy +1?
A.3 B. 1 C.2 D. 4
THPT Quang Xuwong - Thanh Hoéa lan 1 ndm hoc 2017 - 2018

Loi gidi
Khi da lam quen véi cdc dang todn 0 dang 5 nay thi bai todn nay tro nén vé cung binh thuong.
1 ot
Ap dung bat ddng thtc AM -GM tacé 2 * > ZZE =4
Mt khéc taco 14—(y-2)\[y+1=14—(y+1)/y+1+3ly+1.Dgt t=,/y+1>0.
Xétham s6 f(t)=—t +3t+14,f'(t) =0 < t=1=f(t) <16 = log, (14— (y-2)Jy +1) <4

. =1
Déu “=" xéy ra khi va chi khi {X ,=P=2
y =
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Chony C.
Bai tdp twong tuw

Tinh gi4 tri ctia biéu thac P =x>+y” —xy +1 biét rang:
SR 13
4 :10g2[14—(y—2)1/y+1}(x¢0,—1Sys?j

A.3 B. 4 C.1 D. 2

THPT Chuyén Luong Vin Chdnh - Phii Yén nam hoc 2017 - 2018
Chony D.
Cau 70: Cho x,y,z 1a céc s6 thuc thoa man diéu kién 4* +9” +16* =2*+3” +4”. Tim gia tri
16n nhat ctia biu thic P =21 + 3" 4 4=+

9+\/§ B 7+«/§ C 5+\/§ D 3+\/§
2 ) 2 2 2

Loi gidi

A.

a,b,c>0

bt (ZX’BY’4Z)_)(a'b'C):>{a2 +b*+c*=a+b+c

Khi d6 ta c6 P:2a+3b+4c:2(a—1J+3(b—1J+4(c—1)+2
2 2 2) 2

Theo bat dang thitc Cauchy - Schwarz ta c6

PS\/(22+32+42)K51%j2+(b%]2+(c%)2:]+%=9+;/8_7

Cau 71: Gia tri 16n nhét cia ham s6 y = lnj%ler
In“x+1

Chon y A.

tréen doan [1;e2} dat gia tri nhd

nhat 1a bao nhiéu?

142 “1+2 ~1+2 D 142

A. B. C.
2 4 2 4
Loi gidi
Ta c6 maxy = max t+l +m‘.Xét f(t)= t+1 +m,f‘(t):1;t2:0<:>t:1
- F O

Mat khac ta co

f(O):m+1,f(1):m+ﬁ,f(2):m+¥

m+\/§‘}2 _1+\/E

2

7

(|m+1|+‘m+\/§‘)2

1
2

= miny =min{|m+1
1;e2]
Chony C.
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Cau 72: Biét a la s6 thuc 16n nhat théa man bat dang thic [1+—j <e,VneZ" . Hoi
n

ménh dé nao sau day dung?

A. ae(0;1) B. ae(1;2) C. ae(-1;0) D. ae(2;3)

Loi gidi

Goi f(n) la s6 thyc thoa man dang thuc

[1+%T+f(n)—ec>(n+f(n))ln(1+%j—1<:>f(n)—ln(1—+1jn

1
ln(1 + 1)

X
vt > 0. That vay ta co:

~ t Lo 24t 1 (\/E—Qz
g(t)_ln(t+l)_Jt+_1:>g (t)_Z\/tJr_l(t+1)_t+1 2t (t+1)
t

Jt+1

<:>x(x+1)ln2(1+l)<1:>f'(x)Vx>0
X

Trén khoang (1;+x) ta xét ham s6 f(x)= —x taco f'(x)= -1

x(x+1)In? (1+1j

X

Mt khac In(t+1) <

t
Jt+1

>0

Nén suy ra g(t)>g(0)=0=1In(1+t)< . Do d6 ta dugc

ln2(1+1j<;1
X x2(1+j
X
1

Vay ham s6 f(x) dong bién trén [1;+). Do d6 tasuy ra a<f(n)=a=£(1)= ﬁ_l
n

Chony C.
Cau 73: Cho 2 s6 thyc a,b khong am théa man log, ab € (0;1) déng thoi

2a—b+1

22a—2b + 1

Biét rang x'y" duoc viét dudi dang m+/n véi a,b 1a cac s6 nguyén duong. Hai co tat ca

(log, ab)Iogz oy (1-log, ab)Plogz * o1

bao nhiéu b s6 (m;n) nhu vay?
A. 1l B. 2 C.3 D.4

Nguyén Minh Tuédn

Loi gidi
M0t bai todn rdt khé nén minh chi dua ra dé cic ban tham khdo théi nhé, trong dé thi sé khong gip
nhitng bai todn logi nay.

Trudc tién ta sé dit log, ab=x,1-log,ab=y = x+y=1. V& trdi viét lai 1a x* +y”.
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(2 f f S
Ta c6 bat dang thuc (X); () > f[xgyj(*) - Bat dang thitc Jensen
That vay ta c6 thé gia thiét 0 <a<b <1 va viét bat ddng thac duéi dang
(R

V& trdi ctia bat ddng thic nay c6 dang f'(oc)?—f'(ﬁ)? =f"(v)(a—p) Y

-X
2

<B<y,a<y<P.Vilnf(x)=xlnx

Trong d6 x<a < X;y

:,f'(x):f(x)(1+1nx):»f”(x):f(x)((ulnx)z+3>o,v)<e(o,-1)

Suy ra f"(v)(a—p) Y;X <0. Vay bat ding thtc (*) dang. Khi d6 ap dung ta c6

X4y’ =x+(1-x) :f(x)+f(1—x)zzf6j=ﬁ

52a2b 5 W
Vay VT >VP.D4u “=" xdy ra khi x =y = 42 = x*y'* =128 = 2./32 = 4./8 =82
Chon y D.

Bd't ding thitc Jensen va tinh chdt ciia ham 16i

a-b+1 a-b
Theo b4t ding thitc AM - GM ta c6 \/1+—1 < \/1+L =2.

O bai toan trén ta da st dung t6i mot tinh chat c6 18 1a it gidp cting nhu mot bat ding thic
kha la, & phan nay minh sé gidi thiéu cho ban nao c¢6 quan tam téi no.

Cho ham s6 f(x) lién tuc trén doan [a;b] va n diém tiy y nén [a;b]. Ta c6

. Néu £'(x)>0 thi Zn:f(xi)an(X1+X2+"'+X“j

i=1 n

e Néu f'"(x)<0 thi Zn:f(xi)sm(xl X +"'+an

i=1 n
Ngoai ra can chu y thém
e Néuhamsd f(x) c6 f"(x)>0,Vx e[a;b] thi f(x) lam ham 16i trén [a;b]

e Néuhamsd f(x) co f"(x)<0,Vx €[a;b] thi f(x) lam ham Idm trén [a;b]

Cau 74: C6 bao nhiéu cdp s6 nguyén (a;b)thdéa man 0<a,b<100 sao cho d6 thi cta 2

ham s6 y = ix +% vay= % +1 ot nhau tai ding 2 diém phan biét?
a a

A. 9704 B. 9702 C. 9698 D. 9700

Loi gidi

Tathdy a>1;b>1, néu a=b 2 dudong cong tring nhau nén c6 vo6 sd diém chung, loai.
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Vi vai tro ctia a,b nhu nhau nén ta chi can tim cdp s6 nguyén (a;b) voi a>b>1 sao cho

phuong trinh l+1:l+1<:>l—l—1+120 c6 2 nghiém phan biét.
a* b b* a a* b* a b
1 1 1

Xét ham s6 f(x):—x—g——+%:>f'(x)=—[1J lna+(%j ,£(1)=0
a a a

Ta co f'(x)zO@szozlogb[lln—bj,f'(x)>0 khi x> x,, £'(x)<0 khi x <x,.
2 \1na

. Inb Ina Inb

Neé =lol — =l —=— ;b)=(4;2).

éu x, @ogb[lnaj ®—== < (a;b)=(4;2)

a

Chii § xét ham s6 f(t)= l%t - 123 > 122 - 124 > II;S S>> 12(1)80

Khi d6 f(x)>f(x,)=£(1)=0=f(x) c6 dung 1 nghiém x, =1

Néu x, #1, khi d6 vé bang bién thién cho ham s6 ta thdy phuong trinh f(x)=0 luén c6 2
nghiém phan biét.
V6imdi b=k e {2,3,...,99} =ae {k +1,...,100} tttc c6 100 -k cach chon a.
99
Vay c6 2(100—1() =4851 cdp (a;b)(a>b>1) valoai di cdp (4;2) ta c6 4850 cip.
k=2

Xét tuong tu v4i truong hgp b>a>1 ta co tat ca 9700 cach chon.
Chon y D.

Cau 75: Cho 2 s6 thuc x,y khong 4m thda man déng thtc sau:
log, (log3 (—x* —9y* +6xy —2x+6y + 2)) =log, (log2 (9x* +y? —bxy —6x + 2y + 3))

sy L . L m . N A oK A A A s Mo A
Biét rang xy® duogc viét dusi dang — v6i m,n la cac s6 nguyeén khong am va — 1a phan
n n

s6 t6i gian. Héi m+n c6 gia tri bang bao nhiéu
A.8 B. 9 C.10 D. 11
Nguyen Minh Tudn

Loi gidi
Bién ddi gia thiét tuong duong

log, (log3 (—x2 —9y” +6xy —2x + 6y +1)) =log, (log2 (9x2 +y? —bxy —6x +2y +3))
< log, (log3 (3—(x ~3y+1)’ )) =log, (log2 ((3x —y-1) +2))
log, (log3 (3 —(x=3y+1)’ )) <log, (log;3)

log, (log2 ((3x —y-1) +2)) >log, (log, 2)

0
.Dod6 VI <VP.
0

Ta thay rang

N1 2 . N » . X_3y+1:O
Dau “=" xay ra khi va chi khi

| =

_,_1 2 _
3x—y-1=0" 7 YT~
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Chon y A.

Cau 76: Cho 2 s6 thuc x,y théa man 0 < x—y < g va dong thoi

(tan(x— y))sm(xw +(cot(x - y))COS(XW) =log, (4 —x7y? )
Tinh gi4 tri cta biéu thac sin(xzy2 +X—y+ g} ?

7 NG

A — B. 0 C.1 D. —
2 2

Nguyén Minh Tudn

Loi gidi

+Néu 0<x-y< g , 4p dung tinh chat cta lugng gidc va bat dang thicc AM - GM ta c6

(tan(x=y)) "+ (cot(x-y)) " (tan (x-y))" + (cot (x-y)) " 22

+ Néu g <x-y< g, , 4p dung tinh chat ctia lugng giac va bat dang thic AM - GM ta c6

(an )" (coty)) ™ 2 tan ) ot ) 22

COS( X-y

Vay (tan(x— y))sm(H) +(cot(x—y)) "> 2. Mt khac log, (4 —xzyz) <log,(4)=2.

Nén d4u “=" x4y ra khi va chi khi ::Y (i = sin(nyz +x—y+ gj —1
-y=,
Chony C.
Cau 77: Cho céc s6 thuc a,b,c c6 téng bang 3. Tim gia tri nhé nhat ctia biéu thtic sau
P =4 +9° +16° +4/9° +16" +4° +416" +4° +9°

A. 23 B. 33 C. 43 D. 613

Loi gidi

Ap dung bat ddng thicc AM - GM ta c6
P> 3g/(4a +9b +16C)(9a +16° +4C)(16a +4° +9C)

Theo bat dang thiic Holder ta c6
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(42 +9° +16°)(9° +16° +4°)(16 +4° +9°) > (%/46‘“’“ + 3ot 4 316770 )3
—(4+9+16)’ =3’ = P>3{3° =33
Chon y B.

Cau 78: Cho céc s6 thuc x,y,ze[0;1]. Biét rdng giad tri nhé nhédt caa bifu thic

P= (2X +27 427 )(2‘X +27 + 2‘2) duoc viét dudi dang % v6i m,n la cac s6 nguyén khong

A . m oo A NN 2 2. Z sz D T s A
am va — la phan so t6i gian. Hoi m+n c6 gia tri bang bao nhiéu?
n

A. 86 B. 87 C. 88 D. 89

Loi gidi
Pt (2%;27;2") > (a,b,c)(1<a,b,c<2).
Ta c6 1£a£2:>(a—1)(a—2)£0<:>a+z£3. Chting minh tuong tu b+%£3,c+z£3
a c

Cong 3 bat dang thtc trén vé theo vé ta dugc
1 1

92(a+b+c)+2(1+%+—j22\/2(a+b+c)(1+%+—)

a C a C

:gz(a+b+c)(1+l+1j
8 a b ¢

Vay gié tri lon nhatcaa Pla P, = % :

Chon y D.
Tong qudt cho dang nay
Chonsb X;;X,;..;X, €[a;b],c>1. Khi d6 ta ludn co6

[n(ca +c” )]2

(CX1 +C2 4.+ )(c”‘1 +C 2.+ ) <
4Ca+b

Cau 79: Cho céc s8 thuc x,y,z. Tim gia tri nhd nhat cta biéu thtc sau

P= \/3 JL 2011"+Y‘2Z 4+ \/3 + 2011y+2—2x + \/3 + 20112+x—2y

A. 4 B. 5 C.6 D.7

Loi gidi
Ap dung bat ddng thtic Mincowsky va bat ddng thitc AM - GM ta c6:
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x+y-2z y+z—2x zZ+x-2y J2

z\/3+2011”y22z\/(ﬁ+\/§+\/§)2+(2011 242011 2 +2011 °

%/ X+y-2z “ y+z—2x , Z+X-2y 2
> 127 +|3.N2011 2 2 2 =6

Chony C.

Cau 80: Cho hai cac so thuc a, b, ¢, d, e duong théa man a+b+c+d+e=1000 va
a—b+c—-d+e>0

a+b-c+d-e>0

—-a+b+c-d+e>0

a-b+c+d-e>0

-a+b-c+d+e>0

Tim gia tri 6n nhét ctia biéu thiae M = (a+c)"™

A. 499" B. 500°" C. 500" D. 499°”

Loi gidi
Mot cdu chi mang tinh tham khdo cho nhitng ban co tim toi thoi nhé.
a-b+c-d+e=h
at+b-c+d-e=k
bat s—a+b+c—-d+e=1 tathé’yréng h+k+n+m+l=a+b+c+d+e=1000 va dong thoi
a-b+c+d-e=m

—a+b-c+d+e=n

2a=h+k,2b=k+1,2c=1+m,2d =m+n,2e=n+h . T d6 suy ra h, k, |, m, n déu la cac s6
1

chdn. Bén canh d6 ta suy ra dugc a+c:%(h+k+l+m):%(1000—n),b+d= E(lOOO—h).

Pé M = (a+c)b+cl dat gid tri 16n nhat thi n va h ¢6 gia tri nhd nhat, ma n,h chia hét cho 2

nén h=n =2 = maxM =499*” .

k =9974 -2t
1=2,4,..,2t
l+m=2+2t
k+1+m =996

Déng thuc xay ra khi (t = 1,496)

Chon y A.
6. CAC BAI TOAN CHUA THAM SO.
CAC BAI TOAN
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Cau 1: Tim s8 céc gia tri nguyén cta tham s6 m dé phuong trinh
£ +47 =(m+ 1)(22+X —2* ) +16—8m c6 nghiém trén [0;1] ?
A.2 B. 5 C. 4 D. 3

THPT Lé Hong Phong - Nam Dinh lan 1 ndm 2017-2018
32T 32T 4 0017 x < 2017

Cau 2: Tim tat ca cac gié tri cia m dé hé sau c6 nghiém
x* —(m+2)x+2m+3>0
A.m=>-3 B. m>-3 Cmz=>-2 D. m<-2
THPT Chuyén Vinh Phiic - lan 2 nim hoc 2017 - 2018
Cau 3: C6 bao nhiéu s6 nguyén duong a dé phuong trinh sau c6 nghiém duy nhat?

2 2
(3a2+12a+15)10g27 (2x—x2)+(ga2 —?anrl)logJﬁ (1—X7j:210g9 (2x—x2)+logn(2 2X )

A. 2 B. 0 C.Vosd D.1
THPT C4 Loa - Ha Néi lan 1 niam 2017 - 2018
Cau 4: Goi S la tap hop tat ca céac gia tri cta m sao cho 10meZ va phuong trinh

210, s (2x* —5x+4)=log —— (x* +2x—6) c6 nghiém duy nhat. Tim s6 phan t ctia S.

A. 15. B. 14. C. 13. D. 16.
THTT s6 3 - 486 thing 12 nam 2017
Cau 5: Cho tham s6 thyc a. Biét phuong trinh e*—e ™ =2cosax ¢6 5 nghiém thuc phan

biét. Hoi phuong trinh e* +e™ =2cosax+4 c6 bao nhiéu nghiém thuc phan biét.
A5 B. 6 C. 10 D. 11

THPT Chuyén Thdi Binh - Lan 3 nim hoc 2017 - 2018
Cau 6: Cho bat phuong trinh m.3*" +(3m+ 2).(4 —ﬁ)x +(4 + ﬁ)x >0, voi m la tham so.
Tim tat cd cac gia tri cia tham s6 m dé bat phuong trinh da cho nghiém dung v6i moi
x € (—0;0].

2-2y3 B. m> 2t 23 C.omz2"23
3 3 3

THPT Hdu Loc 2 — Thanh Héa nam 2017 - 2018

Cau 7: Phuong trinh 2" 4 (x* —6x* +9x+m)2*? =2"" +1 ¢6 3 nghiém phan bi¢t khi

A.m> D. m>

2-243
3

va chi khi m e(a;b) ddt T=b"—a’ thi:
A. T=36 B. T=48 C.T=64 D. T=72

THPT Tran Nhin Tong - Qudng Ninh lan 1 ndm hoc 2017 - 2018
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Cau 8: SO cic gia tri nguyén nhéd hon 2018 cta tham s6 m dé phuong trinh
log, (2018x +m) =log, (1009x) c6 nghiém la?
A. 2020 B. 2017 C. 2019 D. 2018
Sé Gido duc va Dao tao Ha Noi lan 1 niam hoc 2017 - 2018

Cau 9: Cho a, x la cac s6 thuc duong, a=1 thdéa man log, x zlog(ax). Tim gid tri l6n
nhatcua a.

e In10 loge
A1l B. log(2°-1) C ool D, 10K

Phé thong ning khiéu - Dai hoc Quéc Gia TP. HCM lan 1 nim 2017 - 2018
Cau 10: C6 bao nhiéu gid tri nguyén duong cta tham s6 m dé phuong trinh

[\/2x2 +mx+1
log,

> J ++4/2x* +mx +1 =x+2 c6 hai nghiém thyuc phan biét?
X +

A.3 B. 4 C. 2 D.1
Sé Gido duc va Dao tao Phii Tho lan 1 ndm hoc 2017 - 2018
Cau 11: C6 bao nhiéu gia tri cia m dé gia tri nho nhat ctia ham s f(x) = ‘ezx —4e*+m
trén doan [0;In 4] bang 6 ?
A.3 B. 4 C.2 D. 1
THPT Chuyén Ngoai ngit - Ha N¢i lan 1 ndm hoc 2017 - 2018
Cau 12: C6 bao nhiéu gia tri nguyén thudc khoang (-9;9) ctia tham s6 m dé bat phuong

trinh 3logx < 210g(m x =% —(1—x)\/1—x) c6 nghiém thyc?

A. 6 B. 7 C. 10 D. 11

So Gido duc va Pao tao Quang Nam nam hoc 2017 - 2018

Cau 13: Tim tap hop tat ca cac gia tri thuc cua tham s6 m de phuong trinh sau c6 nghiém

e™ +e™ :2(x+m)(1+x\/1—7)

A. O;lan B. (—oo;lan C. [0;1j D. 111r12;+oo
2 2 e 2
Sé Gido duc va Pao tao Bdc Ninh lan 2 nim hoc 2017 - 2018
Cau 14: Cho phuong trinh log, (x —x —1).10g2017 (x—\/x2 —1) =log, (x +4x* -1 ) .
C6 bao nhiéu gia tri nguyén thudc khoang (1;2018) cua tham s6 a sao cho phuong trinh

da cho c6 nghiém 16n hon 3

A.20 B. 19 C.18 D. 17
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Cau 15: Gia st ton tai s6 thuc a sao cho phuong trinh e* +e™ =2cosax+4 ¢6 10 nghiém

thuc phan biét. S6 nghiém phan biét cia phuong trinh e* —e™ =2cosax la:
A.5 B. 20 C.10 D. 4
Cau 16: C6 bao nhiéu s6 nguyén m dé phuong trinh sau c6 nghiém thuc?
In(m +2sinx+In(m+3sinx)) =sinx

A.5 B. 4 C.3 D. 6
Cau 17: Cho n la s6 ty nhién thoa man phuong trinh 3* -3 =2cosnx c6 2018 nghiém.
Tim s6 nghiém ctia phuong trinh 9*+9™ =4+2cos2nx .
A. 4036 B. 2018 C. 4035 D. 2019

THPT Quang Xuong 1 — Thanh Hoa nam hoc 2017 - 2018
Cau 18: Goi S la tap hop tit cd cac gid tri thuc clia tham s6 m dé phuong trinh

m.3¥ 72 4 32t _g 3105 4 1y o6 ba nghiém thuc phan biét. Tim s6 phan tir ctia S.
A.3 B. Vo so C.1 D. 2
THPT Tran Hung DPao - TP. HCM ndm hoc 2017 - 2018

Cau 19: C6 bao nhiéu gia tri nguyén cta tham s6 m dé ton tai cdp s6 (x;y) théa man

e —e™ =x 4y -1, dong thoi théa man log; (2x+y—1)—(m+4)log, x+m” +4 =0.
A.3 B. 4 C.5 D. 6

So Gido duc va dao tgo Ba Rja Viing Tau dé 1 nam 2017 - 2018

Cau 20: Biét (a;b) 1a khoang chua tat ca céc gid tri ctia tham s6 thuc m dé phuong trinh

(7 - 3\/g)x + m(7 + 3\/g)x =21 ¢4 ding bon nghiém thuc phan biét. Tinh M=a+b.
1 -7 3

1 B. M:— C,M:— D.M:_
8 16 16 5

THPT Hong Linh - Ha Tinh lan 1 ndm hoc 2017 - 2018

Cau 21: C6 bao nhiéu gia tri nguyén ctia tham s6 m nhé hon 10 dé phuong trinh

m++vVm+e* =e* c6 nghiém thuc?

A. M=

A.9 B. 8 C. 10 D.7
Sé Gido duc va dio tao Bic Giang ndam hoc 2017 - 2018
Cau 22: Cho ham s6 f(x)= (a2 + 1)ln2°17 (x+ V1+x? )+bx sin®®x+2 véi a,b 1a cac s6 thuc.

Biét rang f(71°g5) =6. Tinh f(—51°g7 )
A. f(-5")=2 B. f(-5")=4 C. f(-5"")=-2 D. f(-5")=6

Sé Gido duc va ddio tao Bic Giang ndam hoc 2017 - 2018
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Cau 23: Cho bat phuong trinh m.3*" +(3m + 2)(4—\/7)X +(4 + ﬁ)x >0, v6i m la tham s6.

Tim tat ca cac gia tri cta tham s6 m dé bat phuong trinh da cho nghiém ding véi moi
X € (—oo ; O)

2026y 228 2000

Chuyén Pong bang song Hong lan 1 niam hoc 2017 - 2018

A.m> D. m>

2-243
3

Cau 24: Tim tat ca cdc gid trj thuc ctia tham s6 m d€ phuong trinh In(m +In(m+x))=x
c6 nhiéu nghiém nhat.
A.m>0 B. m>1 C. m<e D. m=>-1

THPT Chuyén Vinh Phiic lan 4 - nim hoc 2017 - 2018

mcosx—sinx 2(1-sinx)

Cau 25: Cho phuong trinh e —e =2-sinx—-mcosx v6i m la tham s6 thuc.
Goi S la tap tat ca cac gia tri cia m dé phuong trinh c6 nghiém. Khi d6 S c6 dang

(—oo;a]u[b;+oo) . Tinh T=10a+20b.

A. T=10/3 B. T=0 C.T=1 D. T=310

THPT Kim Lién — Ha Noi lan 2 ndm hoc 2017 - 2018

3x? +3x+m+1

Cau 26: C6 bao nhiéu s6 nguyén m dé phuong trinh log, =x*-5x+2-m

2x% —x+1
C6 hai nghiém phén biét 16n hon 1.
A.3 B. Vo s6 C.2 D. 4

THPT Chuyén Luong Thé Vinh - Pong Nai lan 2 nam hoc 2017 - 2018
Cau 27: Cho phuong trinh log, (x —x - 1).10g5 (x —x* -1 ) =log,, (x +4x* - 1). C6 bao

nhiéu gia tri nguyén duong khac 1 cta m sao cho phuong trinh da cho c6 nghiém x 16n
hon 27
A. V0 s0 B. 3 C.2 D. 1

THPT Chuyén BPai hoc Vinh - Nghé An lan 2 ndm hoc 2017 - 2018
Cau 28: C6 tat ca bao nhiéu gid tri nguyén ctia tham s6 a thudc khoang (0;2018) dé ta

n n+1
luén c6 lim o+ < L ?
5" +9™* 2187

A. 2011 B. 2016 C. 2019 D. 2009

THPT Chuyén Nguyén Quang Diéu — Dong Thdp lan 5 ndm hoc 2017 - 2018
Cau 29: Cho phuong trinh 4* —(m+1)2*"' +8=0. Biét phuong trinh ¢6 hai nghiém x,, x,
thda man (x, +1)(x, +1)=6. Khéng dinh dting trong bén khing dinh dusi day 1a?
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A. Khong c6 m B. 1<m<3 C.m>3 D. m<2

THPT Chuyén Luong Thé Vinh - Ha Noi lan 2 nim hoc 2017 - 2018
Cau 30 : Tim tap hop S tat ca c4c gid tri cua tham s6 m dé phuong trinh sau c6 dung ba
nghiém phan biét .
207 log, (x* ~2x+3) =4""log, (2/x—m|+2)

A. S={1;1;§} B. Sz{l;—l;é} C. S={—1;1;§} D. S={1;1;—§}
2 2 2 2 2 2 2 2

THPT Chu Vin Anh - Ha Noi nam hoc 2017 - 2018
Cau 31 : C6 bao nhiéu s6 nguyén duong m trong doan [-2018;2018] sao cho bat phuong

logx Elogx

trinh sau dung v6i moi x €(1;100): (10x)m+T >1010
A. 2018 B. 4026 C. 2013 D. 4036
Cau 32: Goi S 1a tap cdc gié tri clia tham s6 thuc m dé ham s6 y =x* +In(x+m+2) déng

bién trén tap xac dinh cua no6. Biét S = (—oo;a +/b ] .Tinh téng K=a+b la

A.K=-5 B. K=5 C.K=0 D. K=2

Cau 33: Cho hais6 thuc a, b (a >1,b> 1) . Phuong trinh a* +b* =b+ax c6 nhiéu nhat bao
nhiéu nghiém?

A. 0 B. 1 C.2 D. 3

Cau 34: Tap hop tat ca cac gia tri thuc ctia tham s6 m dé phuong trinh
27* -m.3>" +(m*-1)3*" —(m* -1) =0

Co6 3 nghiém thyc phan biét 1a khoang (a;b) . Tinh gid tri ctia biéu thic S=a+b
A.2 B. 1++3 C.2+2 D. 1+2++3

Cau 35: C6 bao nhiéu s6 nguyén m e [-2018;2018] dé phuong trinh 21" —8‘ :%x2 +m c6

ding 2 nghiém thuc phan biét?
A. 2013 B. 2012 C. 4024 D. 2014

Cau 36: Cho bat phuong trinh log, 11+ (log1 (\/x2 +3ax+10 + él)jlog3a (x2 +3ax+ 12) >0.
7

Gi4 tri thuc cta tham s6 a dé bat phuong trinh trén c6 nghiém duy nhat thudc khoang nao

sau day?
A. (-1;0) B. (1;2) C. (0;1) D. (2;+x)
THPT Ham Rong - Thanh Héa lan 1 ndm hoc 2017 - 2018
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HUONG DAN GIAI

Cau 1: Tim s8 céc gia tri nguyén cta tham s6 m dé phuong trinh
£ 447 =(m+1) (22+X o ) +16—8m c6 nghiém trén [0;1] ?

A. 2 B. 5 C. 4 D. 3
THPT Lé Hong Phong - Nam Dinh lan 1 nim 2017-2018

Loi gidi
Bién d6i gia thiét ta co:
£ 447 =(m+1)(2 -2°7)+16-8m < 4(4 +4 ) =4(m+1)(2*-27)+16-8m
Dit t=u(x)=2"-27,xe[0;1] = u'(x)=2"+27>0 Vx[0;1]. Suy ra u(0)<t<u(1) hay
te {O; %} =St =4"+47%-22*27 = 4" +4* =t* + 2. Phuong trinh trd thanh :

4(t"+2)=4t(m+1)+16-8m
St?+2=t(m+1)+4-2m
o t’-t(m+1)+2m-2=0
eom(t-2)=t"-t-2
om(t-2)=(t-2)(t+1)

neelo ]

St=m-1

Dé phuong trinh da cho ¢6 nghiém trén [0;1] thi phuong trinh t=m -1 phai ¢6 nghiém

tel0; é .Suyram-1e 0;é ,hay me|1; E .
2 2 2

Chony A.

32l _ g2+l | 9017y < 2017

Cau 2: Tim t4t ca cac gid tri cia m dé hé sau cé nghiém )
x* —(m+2)x+2m+3>0

A.m=>-3 B. m>-3 Cm>-2 D. m<-2

THPT Chuyén Vinh Phiic - lan 2 nim hoc 2017 - 2018

Loi gidi
Diéu kién x> -1.
Xét 32 _ 3251 4 0017x <2017 > 373 —323°T <2017 - 2017x
& (9-9)3%7 <2017(1-x). D& thay x=1 la mot nghiem.

e Néux>1 thi VT =(9-9)3"" >0, VP=2017(1-x)<0

Suy ra (9*—9)3%" £2017(1-x) v6 nghiém,
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e Néu-1<x<1 thi VT =(9-9)3*" <0, VP=2017(1-x)>0
Suy ra (9x —9)3m <2017 (1-x) c6 nghiém véi -1<x<1.
Vay bpt 321 _32+%1 4 9017 <2017 ¢6 nghiém voi ~1<x<1.
Cdch1
Xét: f(x)=x>—(m+2)x+2m+320.Tacé A=m’-4m-8, dé bpt c6 nghiém —-1<x<1
thi:
e THI: ASO<:>—2\/§+2£m32\/§+2,bptcénghiém -1<x<1 (1)

m>2\/§+2 ) .
e TH2: A>0< , nghiém ctia bpt 1a (—o0; x; JU[x,;+x).
m<—2\/§+2
f(-1)<0  (3m+6<0
Taco (-L;1)c(x;%,) < o oSm<-2
f(1)<0 m+2<0

Do d6 BPT c6 nghiém -1<x<1 khi m>-2

Két hgp diéu kién ta dugc m > 2J3+2 va 2<m<-2J3+2 (2)

T (1) va (2) suy ra hé da cho c6 nghiém khi m>-2.

Cdch 2. Bai todn tré thanh im m dé bpt x* —(m+2)x+2m+3>0 ¢6 nghiém -1<x<1
Bat phuong trinh tuong duong

X —2x+3

m(x—-2)<x*-2x+3 ©&m2
x—2

f(x) (*) (Do -1<x<1)

x> —4x+1

Taco f'(x)= 2 L Xét f'(x) =0 x=2-+3e[-1;1]
X

Dé bat phuong trinh (*) ¢6 nghiém thi m >minf(x). Lap bang bién thién cua ham s6
xe[—l;l]

f(x) trén [-1;1] tacéo m>£(1)=f(-1)=-2.Vay m>-2.
Chony C.

Cau 3: C6 bao nhiéu s6 nguyén duong a dé phuong trinh sau c6 nghiém duy nhat?
9 X’ 2-x7
(3a2 +12a+ 15)10g27 (Zx —x2 ) + (Eaz -3a+ 1j10gJﬁ [1 —?] =2log, (ZX -x? ) +log (TJ

A. 2 B. 0 C. Vo s D.1

THPT C6 Loa - Ha Ngi lan 1 niam 2017 - 2018

Loi gidi
Piéu kién 0 < x < /2.

Bién d6i phuong trinh ban dau tuong duong
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5 5 ) 2-x7) ) 2 —x?
(a +4a+5)10g3(2x—x )+(9a —6a+2)10g11 SC —10g3(2x—x )+log11 —5

< (a’ +4a+4)log, (2x-x*)+(9a” —6a+1)log,, [%J =0

) : 2-x° 3a—1Y _log,(2x—x)
< (a+2) 10g3(2x—x2)+(3a—1) logu[T]:O@[a+2j :1 5 (*)
%%n|5

Ma vé tréi cta (*) luon duong voi moi a nguyén duong.

Vi 0<x<+2 nén 2—><2<2:>2 2 - >1:>10g11( 2 2j>0
_X p—

Do d6 tir (*) suy ra log, (2x—x*)>0 < 2x—x* >1<> x* —2x+1<0 = khong ton tai x.

Vay khong c6 gia tri cua tham s6 a thda man yéu cau dé bai

hon y B.

Cau 4: Goi S 1a tap hop tat ca cac gia tri cia m sao cho 10meZ va phuong trinh
2log,.. s (2x2 —5x+ 4) =log —: (x2 +2x —6) c6 nghiém duy nhat. Tim s6 phan ti cda S.

A. 15. B. 14. C. 13. D. 1e.

THTT s6 3 - 486 thing 12 nam 2017

Loi gidi

Ta c6: 2x* —5x+4 >0 v6i moi x nén phuong trinh ban dau tuong duong véi

mx—-5>0 .
>

mx—5%1 mx

) & imx#6
2x° —-5x+4>0

5 ) x=2
2X° —bx+4=x"+2x—-6

x=5

Phuong trinh ¢6 nghiém duy nhat tuong duong v6i ta nhan nghiém x =2 valoai x=5
hodc nhdn nghiém x=5 valoai x=2.

e Truong hop 1: Nhan nghiém x=2 valoai x=5.

2m >5 m=>=

biéu nay tuong duong véi 12m#6 < m=#3 (voli).
5m <5 m<1
5m=6 6

m=-—
5

e Truong hop 2: Nhan nghiém x =5 valoai x=2.
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‘'m=3
m>1
5m >5 ) 5
biéu nay tuong duong véi {5m#6 < m=#—- < 1<m£§
2m <5 5 6
m#—
2m =6 ms— | 5
2
m=3
10m =30
Suy ra: {10<10m£25. Vi 10m € Z nén 10m e {11;13;14...;25} U {30} .
m#12

Trong tap hop nay c¢6 15 phan t nén tap hop S ciing c6 15 phan ta.

o 11 13 14 25 30
Chay: me<—;—,—..,— Us—¢.
10°10°10 "10 10

Chon y A.

Cau 5: Cho tham s6 thuc a. Biét phuong trinh e* —e™ =2cosax ¢6 5 nghiém thuc phan

biét. Héi phuong trinh e* +e ™™ =2cosax+4 c6 bao nhiéu nghiém thuc phéan biét.
A.5 B. 6 C. 10 D. 11

THPT Chuyén Thdi Binh - Lan 3 nim hoc 2017 - 2018

Loi gidi
Ta thay réng phuong trinh e* —e™ =2cosax c6 dting 5 nghiém
Suy ra phuong trinh e2 —e 2 = 2cosa% c6 dung 5 nghiém (*)
e*+e ™ =2cosax+4 < e +e* —2=2(cosax+1)

X =X

e2—e? = 2COS%(1)

—X

e2—e? =—2COSa2—X(2)

N

e Phuong trinh (1) va phuong trinh (2) néu c6 nghiém chung x, thi COS% =0 va

e%o = e% 1% 0. vo ly. Vay (1),(2) c6 nghiém khac nhau.
cos0=0 ' '
e Phuong trinh (1) c6 5 nghiém ( theo (*)).
Néu x, la 1 nghiém cta (1) thi x,#20 va e2 —e 2 = 2cosa—>2(0 —e? —e? = —2C0sa(—%J
Khi d6 —x, 1a 1 nghiém cta (2) .
Vay phuong trinh (2) c6 5 nghiém phéan biét ( va khac 5 nghiém ctia phuong trinh (1) ).
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Phuong trinh da cho c6 diung 10 nghiém.
Chony C.

Cau 6: Cho bat phuong trinh m.3*" +(3m + 2).(4 —ﬁ)x +<4 + ﬁ)x >0, v6i m la tham so.
Tim t&t ca cac gia tri cia tham s6 m dé bat phuong trinh da cho nghiém dang véi moi
X € (—o0; 0] .

2_2J§ B. m>2+2\/5 C.m>
3 3 3

THPT Hdu Loc 2 — Thanh Héa nam 2017 - 2018

A.m> D. m>

2-23 2-243
3

Loi gidi

B4t phuong trinh tuong duong:

M3 +(3m+2).(4-7) +(4+47) >0 @[4+3ﬁJX +(3m+2)(4_3ﬁlx+3m>0

Pit t:(4+3ﬁJ ,do x<Onén 0<t<1
Ta cAn tim tham s6 m sao cho t* +3mt+3m+2 >0, dang véi moi 0<t<1
—t* -2 —t* -2 t?+2

Tacom > trén 0<t<1

< m >max
3t+3 01 3t+3

1 2 42t-2 t=-1-3
S RSN
3 (t+1) t=-1++3

. 22 223
Lap bang bién thién ta du —f(-1+/3) =
ap ang 1en 1en ta (0/¢) I’EE}]X 3t+3 ( \/_ ) 3

. Ta tim GTLN ctia ham s6 f(t)=- e
+

Taco f'(t)=-

Chony A.

Cau 7: Phuong trinh x-2+im-3x +(x3 —6x* + 9x+m)2x’2 =2*"+1 c6 3 nghiém phan biét
khi va chi khi m e (a;b) d4t T=b"-a’ thi:
A. T=36 B. T=48 C.T=64 D. T=72

THPT Tran Nhin Tong - Quang Ninh lan 1 ndm hoc 2017 - 2018

Loi gidi
Bién ddi gia thiét tuong duong
22 n=ax +(><3 —6x” +9x+m)2"’2 =2" 41
& 2% 4 (x=2) +8+m—3x =2% 42
&2 e m _3x =22 +(2-x)’(1)
Xétham sd f(t)=2"+t° trén R c6 f'(t)=2"In2+3t* >0, Vt € R nén ham s6 lién tuc va

déng bién trén R . Do d6 tir (1) suy ra m—?>x=(2—x)3 Sm=8-9x+6x*—x°
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Xétham s6 f(x)=—x"+6x>-9x+8 trén R.co f'(x)=-3x*+12x-9; f'(x):Oc{x

Lap bang bién thién ta thady phuong trinh c6 3 nghiém phan biét khi 4 <m <8.
Suyraa=4; b=8 — T=b*-a*=48.
Chon y B.

Cau 8: SO0 cac gia tri nguyén nhd hon 2018 cta tham s6 m dé phuong trinh
log, (2018x +m) =log, (1009x) c6 nghiém 1a?

A. 2020 B. 2017 C. 2019 D. 2018

S6 Gido duc va Dao tao Ha Noi lan 1 niam hoc 2017 - 2018

Loi gidi

2018x+m=6 _ t o

bit log, (2018x+m) =log, (1009x) =t = =24'+m=6'<om=-24"+6".
1009x = 4

Dt f(t)=-2.4'+6".Taco: f'(t)=6'In6-2.4"In4.

t
Xét f'(t)=0= (ﬁj _2Ind4_ log, 16 < t=log (log 16).
2 In6 5

Lap bang bién thién ta thdy rdng phuong trinh f(t)=m c6 nghiém khi va chi khi
m <2018

me

—2<m<2017

>f|1 1 16) |~ -2,01. Ma
m [ogz(og6 )J a{ ez

nén ta co: {

Vay c6 2020 gia tri m thoa man yéu ciu bai toan.
Chony A.

Cau 9: Cho a, x la cac so thuc duong, a=1 thoa man log, x =log(ax). Tim gia tri l6n
nhit cta a.

© In10 loge

A1 B. log(2°-1) c el D100

Phé thong ning khiéu — Pai hoc Quéc Gia TP. HCM lan 1 nim 2017 - 2018

Loi gidi
Ta co: log, x = log(ax) < log, x=xloga < logx _ xloga < logx _ (loga)’
loga X
Gia tri cua a 16n nhat khi va chi khi loga 16n nhat.
Xét ham s6 f(x)= logx v6i x>0.Tacod f'(x):lz_ﬂ; f'(x)=0=x=e
X x"In10

loge

e

Lap bang bién thién ta d& dang suy ra (loga)” 16n nhat 1a bing

poge
Khi d6 (loga)2 =10ﬁ :>Ioga=,/loﬁ —a=10" ¢
e e

Chon y D.
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Cau 10: C6 bao nhiéu gid tri nguyén duong ctua tham s6 m dé phuong trinh

£\/2x2 +mx+1
log,

X+2

] +42x* +mx+1 =x+2 c6 hai nghiém thuc phan biét?

A.3 B. 4 C.2 D.1

S6 Gido duc va Pao tao Phii Tho lan 1 ndam hoc 2017 - 2018

Loi gidi
x+2>0

Piéu kién: s
2x“4+mx+1>0

Phuong trinh ban dau tuong duong;:

2
logz[ 2 +mx+1}+\/2x2+mx+1 =x+2

X+2

& log, V2x® +mx+1++/2x% +mx+1 =log, (x+2)+x+2 <:>f(x/2x2+mx+1)=f(x+2) (1)

Xétham s f(t)=log, t+t voi te(0;+0) co f'(t)=

+1>0, Vte(0;+o)
tln2

= f(t) dong bién trén (0;+0) nén (1) < v2x* +mx+1 =x+2
x> -2 {x>—2

Tir dé
" 0{ x* +(m-4)x-3=0(2)

2 2 <
2x* +mx+1=(x+2)
Dé c6 hai nghiém thyc phan biét thi (2) c6 hai nghiém phan biét x,, x, 16n hon -2
A=(m-4)"+12>0 [meR meR

S (% +2)+(x,+2)>0 & x; +Xx, +4>0 S34-m+4>0
(x;+2)(x,+2)>0 XX, +2(X; +X,)+4>0  |-3+2(4-m)+4>0
m <38
o 9om<—mameN =me{l;2;3;4}.
m<§

Chon y B.

Cau 11: C6 bao nhiéu gié tri cia m dé gia tri nhé nhét ctia ham s6 f(x) = ‘ezx —4e*+m
trén doan [0;1n 4] bang 6?
A.3 B. 4 C. 2 D.1
THPT Chuyén Ngoai ngit - Ha Noi lan 1 ndm hoc 2017 - 2018

Loi gidi
Xét xe[0;In4]. Dt t=e* = te[1;4]. Dit g(t)=t* —4t+m v6i te[1;4]
Pao ham: g'(t)=2t—4.Xét g'(t)=0=2t-4=0t=2
Taco: g(1)=m-3; g(2)=m-4; g(4)=m
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Gia tri nhé nhat cua f(x)= ‘ezx —4e* + m‘ trén [0;In 4] sé thudc A = {

}

‘m=10=A={7;6;10}

Xét
* © _m=—2:>A={5;6;2}

=6

Ta thdy m =10 théa man yéu cau bai toan la minf(x)=6

‘m=9=A={5;6;9)

. =6®_m:—3:>A:{7;6;3} (khong théa man)
m=6:>A={2;3;6}

e Xét|m|=6<
m=—6:>A={10;9;6}

Ta thdy m =—6 thda man yéu ciu bai toan la minf(x)=6
Vay c6 hai gid tri cia m thoa mén yéu cau bai toan.
Chon y D.

Cau 12: C6 bao nhiéu gié tri nguyén thuoc khoang (-9;9) ctia tham s6 m dé bat phuong
trinh 3logx <2log (m x—x* —(1-x)+1- x) c6 nghiém thuc?

A. 6 B. 7 C. 10 D. 11

So Gido duc va Pao tao Quang Nam nam hoc 2017 - 2018

Loi gidi
- 0<x<1 0<x<1 O<x<1
biéu kién Rt = 1-
m x—xz—(l—x)\/l—x>0 m\/;—(l—x)>0 m>( X)>0

Ix

Bat phuong trinh da cho tuong duong;:

10gx3slog(m x—x —(1—x)\/§)2 <:>x3£(m x—x* —(1-x) \/ﬁ)z

<:>x\/§£(m X—X2—(1—X)\/E) —em> X+(1 x)V1-x JX_ 1\/—_x

Ap dung bat dang thic AM - GM ta c6 : (

Vi vay mZ\/;+\/1—x.

Khéo sat ham s6 f(x) = JIx +/1-x trén (0;1) ta duge f(x)> J2 ~1,414 .

\/1_+ 1- XjJ{lT xj>2\/;+2«/ﬁ

Vay m c6 thé nhan dugc cac gié tri 2,3,4,5,6,7,8 .
Chon y B.

Cau 13: Tim tap hop tat ca cac gia tri thuc cta tham s6 m dé phuong trinh sau c6 nghiém

e™ 4™ :2(x+ﬁ)(1+xm)
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A. (O;lanJ B. (—oo;lan} C. (0;1j D. [11n2;+ooj
2 2 e 2

Sé Gido duc va Dao tao Bdc Ninh lan 2 nim hoc 2017 - 2018

Loi gidi
1<t<2
2 —1=2x4J1-%x°

Xétham f(u)=u’+u =f'(u)=3u’+1.Ham s6 luon déng bién.

Pt t=x+1-x3 :s{ .Khi do: e*™ +e™ :t(t2+1) se’m e =t +t.

: 1
= e’ +e™ =t’ +t < e™ =t. Phuong trinh c6 nghiém: e™ S\/Ecnnéalnz

Chon y B.

Cau 14: Cho phuong trinh log, (x —x* -1 ).log2017 (x —x - 1) =log, (x +x* -1 ) :
C6 bao nhiéu gia tri nguyén thuoc khoang (1;2018) cua tham s6 a sao cho phuong trinh
da cho c6 nghiém 16n hon 3?

A. 20 B. 19 C.18 D.17

Loi gidi
Nhan thay v6i x >3 thi Ixr -1 <\/x_2=x =x-x*-1>0 va x+Jx*-1>0

Bién d6i phuong trinh tuong duong :

log, (x—m).logﬂm(x—m):loga(x+m)
<:>logz(x+\/x2_—1).log2m7(x+\/x2_—1):10ga2.log2(x+x/x2_—1)
©log2017(x+\/x2_—1):10ga2 (1) (vi logz(x+\/x2_—1)>0,v’x>3)

Xét ham s6 f(x)=10g,,, (x +/%° —1) trén khoang (3;+%).
1

- =
Vx> =1.In2017

Lap bang bién thién ta thdy phuong trinh (1) c6 nghiém lén hon 3 <> log, a>f(3)

Ta c6 f'(x)

f'(x)>0, Vx>3.

< log,a>1og,,, (3+ 2\/5) < log,a<log, , 52017(a>1) <ax< 28282 19,9
Lai do a nguyén thuoc khoang (1;2018) nén a {2;3;...;19}

Vay c6 18 gia tri nguyén ctia tham s6 a thoa man yéu cau dé bai
Chony C.

Cau 15: Gia st ton tai sO thuc a sao cho phuong trinh e* +e ™ =2cosax+4 c6 10 nghiém

thuc phan biét. S6 nghiém phan biét cia phuong trinh e*—e™ =2cosax la:

A.5 B. 20 C.10 D. 4
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Loi gidi
Day la mot ciu tuong ty v6i cdu trong dé thi thir Chuyén Thdi Binh lan 3.
Phuong trinh dau tuong duong

X X

2
e*+e *=2cosax+4 <::>[e2 —e 2) =2cosax+?2

x \2 2 e2 —¢ 2 =2cos X (1)
2 ax 2
le?—e 2 :(2cos?) =

Nhan thdy x =0 khong 1a nghiém cta phuong trinh da cho.

Néu x =x, 1a nghiém ctia (1) thi x =-x, la nghiém cta (2).

Do d6 s6 nghiém ctia (1) va (2) bdng nhau va dong thoi khac nhau doi mot. Suy ra
phuong trinh (1) c6 dang 5 nghiém X,; X,; X;; X,; X;.

Vay phuong trinh e* —e™ =2cosax c6 dang 5 nghiém phan biét la % , % ; X ; Xa ; ﬁ.

Chon y A.

Cau 16: C6 bao nhiéu s6 nguyén m dé phuong trinh sau c6 nghiém thuc?

ln(m+ZSinx+ln(m+3sinx)):sinx

A.5 B. 4 C.3 D. 6

Loi gidi
n .. |m+2sinx+In(m+3sinx)>0
biéu kién: ]
m+3sinx >0

Phuong trinh da cho tuong duong;:

sinx

m+2sinx+In(m+3sinx)=e

sinx
e

<:>m+33inx+ln(m+3sinx): +sinx

< "M ™ L in (m+3sinx) = e™ +sinx, (1)

Xéthamso f(t)=e'+t, teR. Taco f'(t)=e'+1>0, Vte R.Nénham s6 f(t) dong bién
trén R . Vay (1)< f[In(m+3sinx) | = f(sin x) < In(m+3sinx) = sinx.

b4t a=sinx, ae[-1;1]. Phuong trinh trd thanh: In(m +3a)=a < m=e"-3a.

Xét g(a)=e"-3a, ac[-1;1], g'(a)=e"-3<0, Vae[-1;1].

Vay dé phuong trinh c6 nghiém thuc thi g(1)<m<g(-1)<e-3<m< £ 3.
e
Vay c6 4 gié tri nguyén ctia tham s6 m 1a:0;1;2;3.

Chon y B.
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Ciu 17: Cho n la s6 tu nhién théa man phuong trinh 3* -3 =2cosnx ¢6 2018 nghiém.

Tim s6 nghiém ctia phuong trinh 9* +9™ =4 +2cos2nx.
A. 4036 B. 2018 C. 4035 D. 2019
THPT Quang Xuong 1 — Thanh Hoa nam hoc 2017 - 2018

Loi gidi

Bién déi gia thiét tuong duong;:

9" +97 =4+2cos2nx < 9" +97* -2.3".3" =2 +2cos 2nx

=S (3X -3 )2 =4cos’ nx < ; B i_x _ f;(:):ix(l()Z)

Khi d6 néu (1) va (2) c6 nghiém chung thi 3* -3 =37 -3 3" =3" < x=0
Thay x =0 vao (1) ta dugc 3° -3 =2cos0 < 0=2, tacla (1) va (2) khong c6 nghiem
chung. Mit khac ta thay néu x, la nghiém cta (1) thi —x, s& la nghiém cua (2). Ma (1)
c6 2018 nghiém nén (2) ciing c6 2018 nghiém. Vay phuong trinh da cho c6 4036
nghiém.

Chon y A.

Cau 18: Goi S la tap hop tat ca cac gia tri thuc cta tham s6 m dé phuong trinh

m.3¥ 712 4 32 9315 Ly 06 ba nghiém thyc phan biét. Tim s6 phan ti ctia S.

C.1 D. 2

O

A.3 B. Vos
THPT Tran Hung DPao - TP. HCM ndm hoc 2017 - 2018

Loi gidi
Bién déi gia thiét ta duoc:
M3 T2 gt g gl0-5x 4 0 oy m(3x277x+12 . 1) _ 32 (3x277x+12 _ 1) ~0
2 x=3
, R 3x —-7x+12 _1 — 0
©(3x *7X+12—1)(m—32H ):0@ o x=4
m-— 32x—x — 0 5
2x—x*-log, m=0(*)
Phuong trinh da cho ¢6 ba nghiém thyc phan biét, ta c6 cac truong hop sau:

e Truong hop 1: (*) c6 mot nghiém x =3 va nghiém con lai khac 3 va 4

Thay x=3 vao (*) ta duoc logsm:—3<:>m:2_17

Khi d6 (*) tré thanh —x* +2x+3=0 < {X " (Thda yéu cau)
X =

e Truong hop 2: (*) c6 mot nghiém x =4 va nghiém con lai khac 3 va 4

Thay x =4 vao (*) ta duoc log,m=-8<m=3"
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=4 .
Khi d6 (*) tro thanh —x* +2x+8=0< {X 5 (Thoa yéu cau)
X =

A'=1-log,m=0
e Truong hop 3: (*) c6 nghiém kép khac 3 va 4 < <log, m=-3 & m=3
log, m # -8
Vay c6 3 gid tri m thda yéu cau dé bai.
Chon y A.

Cau 19: C6 bao nhiéu gia tri nguyén ctia thKam s6 m dé ton tai cdp s6 (x;y) thoa man

2x+y+1 3x+2
e y+i _ Y =

e x+y—1, dong thoi thoa man log; (2x+y—-1)—(m+4)log, x+m*+4=0.
A.3 B. 4 C.5 D. 6

S¢ Gido duc va dao tao Ba Ria Ving Tau dé 1 nim 2017 - 2018

Loi gidi
Bién d6i gia thiét ta co e ™ =x+y-1 < ™" +(2x+y+1)=e""? +(3x+2y).
Xéthamso f(t)=e'+t trén R.Taco f'(t)=e'+1>0 nén ham s6 dong bién trén R .
Do d6 phuong trinh ¢6 dang f(2x+y+1)=f(3x+2y) < 2x+y+1=3x+2y < y=1-x.
Thé vao phuong trinh con lai ta duge log; x—(m+4)log, x +m?* +4=0.

bt t=log, x, phuong trinh ¢6 dang t* —(m+4)t+m”+4=0.

Qo

Dé phuong trinh c6 nghiém thi A>0 < -3m*>+8m>0 < 0<m< 3

Do d6 ¢6 3 s6 nguyén m thda man.
Chon y A.

Cau 20: Biét (a;b) la khoang chua tat ca cac gid tri cua tham s6 thuc m dé phuong trinh

(7 — 3\/§)X + m(7 + 3x/§)x =2%1 ¢4 dtng bon nghiém thuc phéan biét. Tinh M =a+b.
A.le B. M:l C.M:_—7 D.M:é
8 16 16 5

THPT Hong Linh - Ha Tinh lan 1 ndm hoc 2017 - 2018

Loi gidi

Bién déi gia thiét ta co:

. & (7-3BY) 7435 1
(7—36) +m(7+3J§) =2 @[ } +m( ; } =

2 2
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Vi [7_2\/5] (74_;\/5] =1nén ddt t:(7_§\/gJ , 0<t <1 phuong trinh tré thanh

t+%:% S22 -t+2m =0 < 2m=-2t" +t(¥)

Xéthamso f(t)=-2t"+t, 0<t<1 =f'(t)=—4t+1, f'(t)zO@tz%.Vé bang bién thién

ta thdy rang dé phuong trinh da cho c¢6 ddng bén nghiém thuc phan biét thi phuong trinh
(*) phai c6 hai nghiém phan biét théa man 0<t<1.
T d6 ta duoc O<2m<1 <:>0<m<l :>M:O+l :i

8 16 16 16

Chony B.

Cau 21: C6 bao nhiéu gia tri nguyén ctia tham s6 m nhé hon 10 dé phuong trinh
m++ym+e* =e* ¢6 nghiém thuyc?
A.9 B. 8 C. 10 D. 7

Sé Gido duc va dio tao Bic Giang ndm hoc 2017 - 2018

Loi gidi
N m+eX20 m+t:e2x
Piéu kién: .Pat t=vm+e* (t>0) tasuy ra: ) )
m++m+e* >0 t'=m+e
e —t=0 (1)

e -t =t—¢" <:>(ex—t)(ex+t+1)=0<:{
e +t+1=0(2)

Phuong trinh (2) vo nghiém vi e* +t+1>0

Phuong trinh (1) tuong duong voi e* =t < e* =ym+e* < m=e”—e* (3)

Phuong trinh m + Jm+e* =e* (*) c6 nghiém thuc khi phuong trinh (3) c6 nghiém thuyec.
Xétham s6 f(x)=e> —e* v6i xe R, ta co: f'(x) =2e> —e*=0<¢" :%Q x=-In2.Lap
bang bién thién ctia ham s6 f(x)=e* —e* ta suy ra phuong trinh (3) c6 nghiém khi
mz2-——.

Két hop v6i gia thiét m 1a s6 nguyén nho hon 10 ta suy ra me{0,1,2,3,4,5,6,7,8,9} .
Véy c6 10 gia tri thoa man.
Chony C.

Cau 22: Cho ham s6 f(x)= (a2 1 1)1n2017 (x +41+x3 )+ bxsin®® x+2 véi a,b 1a cac s6 thuc.

Biét rang f(71°g5) =6.Tinh f(—51°g7 )
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A. f(—51°g7) =2 B. f(—51°g7) =4 C. f(—51°g7) =2 D. f(—51°g7) =6

Sé Gido duc va dio tao Bic Giang ndm hoc 2017 - 2018

Loi gidi
bat g(x) = (a2 +1)1n2017 (x+ 1+x7 )+bx sin®"® x c6 tap xac dinh R 1a tap d6i xtng.

Tac6 v6imoi xR, g(-x)=(a* +1)In™" (-x+/1+x* | ~bxsin™"* (~x)
TSNS H L P
= (" +1)In™” (x+ 13" |~bxsin™™ (x) == (x)
Suy ra g(x) 1a ham s6 16, mat khac 7°° =5 nén g(-5"%" ) =—g(5"" ) =—g(7"*°)
Theo gia thiét ta c6 £(7'°) =g (7' )+2 = g(7"*°) = 4.
Do d6 f(-5")=g (5" )+2=—g(7"**)+2=—4+2=-2
Chon ¥ C.

Cau 23: Cho bat phuong trinh m.3**! +(3m+2)(4—x/7)x +(4+\/7)X >0, v6i m la tham

s6. Tim t4t ca cac gia tri ctia tham s6 m dé bat phuong trinh da cho nghiém dtng v6i moi
x & (—0;0)

2+2V3 B. m>2_2\/5 C.m22_2\/g D.mZ—Z_z\/g
3 3 3 3
Chuyén Déng bang song Hong lan 1 nidm hoc 2017 - 2018

A.m>

Loi gidi
Bién doi gia thiét tuong duong

m.3X”+(3m+2)(4—x/7)X +(4+«/7)X >0 (:)3m+(3r1n+2).[4_3\/7JX +[4+ﬁJx >0

3

bat t=(4+3ﬁJ .Khi x<0thi 0<t<1.BPT tré thanh:
_2_
3m+3m+2+t>0,Vte(0;1)<:>3m> : 12,Vte(0;1)
+
. —t*-2 —t*—2t+2
Xét ha O f(t)= ,Vte(0;1) = f'(t)=———————=0t=43-1
et ham so () t+1 e( ) () t+1 J_

Vé bang bién thién ta thay réng dé dé bat phuong trinh da cho nghiém ddang véi moi

2-23

x € (~;0) thi 3m>2-2V3 & m> 3

Chon y B.
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Cau 24: Tim t4t ca cac gia trj thuc ctia tham s6 m dé phuong trinh In(m+In(m+x))=x
c6 nhiéu nghiém nhat.
A.m=>0 B. m>1 C. m<e D. m=>-1

THPT Chuyén Vinh Phiic lan 4 - nim hoc 2017 - 2018

Loi gidi

Piéu kién x>e™ -m
Dit In(m+x)=y ta dugc e’ —m =x. Thay vao (1) ta dugc In(m+y)=x <e*-m=y
Ta co hé {ex_mzy:ex—ey:y—x:>ex+x:ey+y

e’ —m=x
Do ham s6 f(t)=e'+t dong bién trén R nénsuyra x=y = x=In(x+m) < e*—x=m
Xéthamso g(x)=e*-x; g'(x)=e*-1; g'(x)=0<=x=0.
Vé bang bién thién cho ham g(x) ta suy ra phuong trinh c6 nhiéu nhat 1a hai nghiém khi
va chi khi m>1.

Chon y B.

—si 2(1-sinx
mcosx—sinx —e ( )

Cau 25: Cho phuong trinh e =2-sinx-mcosx voi m la tham s6 thuec.

Goi S la tap tat ca céc gia tri cia m dé phuong trinh c6 nghiém. Khi d6 S c6 dang
(—oo;a]u[b; +oo) .Tinh T=10a+20b.
A. T=103 B. T=0 C.T=1 D. T =310
THPT Kim Lién - Ha N¢i lan 2 ndm hoc 2017 - 2018

Loi gidi
Bién ddi phuong trinh dau tuong duong

meosx—sinx _ e2(1fsinx

e ) =2 _sinx—m cosx

& e L mcosx —sinx = e +2(1—sinx)
Xéthamso f(t)=e'+t (teR), f'(t)=e'+1>0 = f(t) déng bién trén R

. 2(1-si .
e +mcosx—sinx = e smx)+2(1—smx)

< meosx—sinx=2(1-sinx) < mcosx+sinx =2
Phuong trinh c6 nghiém khi m?’+1>4e<m?>3=S= (—OO;—\/§:|U|:\/§,'+OO)

Vay T =10a+20b =103
Chon y A.

2
Cau 26: C6 bao nhiéu s6 nguyén m dé phuong trinh log, 3X2+23 XT ml+ L2 Btdem
x* —x +

C6 hai nghiém phan biét 16n hon 1.
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A.3 B. Vo sd C. 2 D. 4

THPT Chuyén Luong Thé Vinh — Pong Nai lan 2 nam hoc 2017 - 2018

Loi gidi
Dbiéu kién: 3x* +3x+m+1>0.
Bién déi gia thiét tuong duong
3x* +3x+m+1

IR =x*-b5x+1-m
x? —2x+

(BXZ +3x+m+1
< log,

R j—1=x2—5x+1—m < log,

& log, (3x* +3x+m+1)-log, (4x* - 2x+2) = (4x* —2x+2) - (3x* +3x +m +1)
(:)105;2(3x2 +3x+m+1)+(3x2+3x+m+1):log2(4x2—2x+2)+(4x2—2x+2) (1)

Xét ham s0: f(t)=t+log,t trén (0;+%), taco f'(t)=1+ >0, Vte(0;+0).

t.In2

Do d6 ham s6 f(t) dong bién trén (0;+wx).

Khi d6 phuong trinh (1) < f(4><2 —2x+2) = f(3x2 +3x+m+1)
©4x* -2x+2=3x"+3x+m+1 & x> -5x=m-1 (2)

biéu nay dung voi moi xe R .

Xétham s0: g(x)=x"-5x trén R, tac6 g'(x)=2x-5=0<x=

N | O1

V& bang bién thién ta thay rang phuong trinh (2) c6 hai nghiém phan biét 16n hon 1 khi
T 21 A
va chi khi —I<m—1<—4 <:>—Z<m<—3. Do meZ nén m e {-5;—4}.

Chony C.

Céu 27: Cho phuong trinh log, (x—\/ﬂ).log5 (x—m) =log . (x+x/ﬁ). C6 bao

nhiéu gia tri nguyén duong khac 1 caa m sao cho phuong trinh da cho c6 nghiém x l6n
hon 27

A. V6 s6 B. 3 C.2 D.1

THPT Chuyén BPai hoc Vinh - Nghé An lan 2 ndm hoc 2017 - 2018

Loi gidi
Piéu kién xac dinh: x>Vx*-1 < x>1

X

1- %
2 1 1 Ix?-1-x -1
bat t=1lo (x—\/xz—l) =t = X 1. = = <0
52 x—x*-1 In2 ln2(x—\/x2—1)\/x2—1 Jx*-1In2

Miit khéc ta c6 x >2 = t <log, (2-+3]

Phuong trinh tro thanh
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t.log, 2" =logm% < tlog;2=-log, 2 <log,m=—

Dé cho phuong trinh da cho c6 nghiém x 16n hon 2 thi ta can c6
1

710g2 (27\/5)

log. m < — <5

log, (2—\/§) =m

DomeN vaim#1nén m=2

Chon y D.

Cau 28: Co6 tat ca bao nhiéu gia tri nguyén ctia tham s6 a thudc khoang (0;2018) dé ta
n n+1

ludn c6 lim o3 1,

5" 49" T 0187
A. 2011 B. 2016 C. 2019 D. 2009

THPT Chuyén Nguyén Quang Diéu — Dong Thdp lan 5 nam hoc 2017 - 2018

Loi gidi
n n+1

W>O,Vn. To d6 suy ra

T gia thiét ta ludén c6
+9

5n 9n+a n 9a 3a .
i ( 5) +9°

n n+1
Theo dé bai ta c6 lim,/9 +3 < 1 @léicazf
5" 9™ 2187 3% 2187

Do a la s6 nguyén thuoc khoang (0;2018)nén c6 a€{7;8;9;...;2017} nén ta c6 tdt ca 2011

5n+9n+a -

1 n
143>
ot [ orgat | +3(3) T 1
11m —_— = hm—_ 1 =

gid tricua a.
Chon y A.

Cau 29: Cho phuong trinh 4* —(m+1)2*" +8 =0. Biét phuong trinh c6 hai nghiém x,, x,
théa man (x, +1)(x, +1)=6. Khéng dinh dtng trong bén khang dinh dusi day la?
A.Khong c6 m B. 1<m<3 C.m>3 D. m<2

THPT Chuyén Luong Thé Vinh - Ha Noi lan 2 nim hoc 2017 - 2018

Loi gidi
bt t=2" (t>0) thi phuong trinh da cho tr¢ thanh t* —2(m+1)t+8=0 (1).
Diéu kién dé phuong trinh c6 hai nghiém x,, x, la phuong trinh (1) c6 hai nghiém duong
A>0 m”>+2m-7>0 m<-1-22

phanbiét t,, t, ©15>0 ©12(m+1)>0 <1m>-1+2J2 ©m>-1+242.
P>0 8>0 m>—1
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Khidé t, =m+1+vVm*+2m-7=2%, t,=m+1-vm’+2m -7 =2*

Taco t.t, =2""2 =8 = x,+x, =3, (x; +1)(x,+1)=6 & x;x, =2

< log, (m+1+\/m2+2m—7).10g2(m+1— m2+2m—7):2
<:>10g2(m+1+\/m2+2m—7)10g2 8 =2

m+1+\/m2 +2m-7

< log, (m+1+m)[3—logz(m+1+\/mﬂ:2 (2)

=1
bat uzlogz(erlJr\/m2 +2m—7) thi (2) trd thanh 3u-u’-2=0 c{u

u=
e Néuu=1=>m+1+Vym’+2m-7 =2 < ym’+2m-7 =1-m thi phuong trinh vd
nghiém do m >—1+2+/2
e Néuu=2=>m+l+Vm’+2m-7=4 < ym’*+2m-7 =3-m < m =2 (nhan).
Vay m =2 thda man yéu cau caa bai toan
Chon y B.

Cau 30 : Tim tap hop S tat ca cac gia tri ctia tham s6 m dé phuong trinh sau c¢6 ding ba
nghiém phan biét .
20 Jog, (x*—2x+3)=4""log, (2|x—m|+2)

A.S= 1;1;§ B. S= 1,'—1,'g C.S= —1;1;E D. S= 1}1}—§
22 2 2 22 2 2

THPT Chu Vin Anh - Ha Noi nam hoc 2017 - 2018

Loi gidi

Xéthams6 f(t)=2"log,(t+2), f'(t)=2"In2.1og, (t+2)+2t.m>0, vt>0.

= f(t) dong bién trén [0;+).
Bién doi gia thiét tuong duong
20 log, (x* ~2x+3)=4""log, (2|x ~m|+2)
& 20V log, ((x~1)" +2) =2*".log, (2[x~m|+2)
& | (x=1) |=f[2lx-m[] & (x-1)" =2|x—m| (1)
Khi x>m, (1) & x*—4x+1+2m=0 (2)
Khi x<m, (1) & x*=2m-1 (3)
e Truong hgp 1: (2) c6 nghiém kép x,, (3) c6 hai nghiém phan biét khac x, .
Khi d6 m = % thi (2) c6 nghiém x=2> % , (3) ¢6 hai nghiém phan biét x =++/2 < % :
e Truong hop 2: (3) c6 nghiém kép x,, (2) c6 hai nghiém phan biét khac x,.

114 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Khi dé m=% thi (3) c6 nghiém x=0<%, (2) c6 hai nghiém x:Zi\/EZ%.
e Truong hop 3: (2) va (3) c6 chung mot nghiém x,
Khi d6 x,=m = m =1, thalai m =1 thda yéu cau bai toan. Vay S = {%;1;%}.

Chony B.

Cau 31 : C6 bao nhiéu s6 nguyén duong m trong doan [-2018;2018] sao cho b4t phuong

log x Elogx

trinh sau dang v6i moi x €(1;100): (10x)m+T >1010 ° |

A. 2018 B. 4026 C. 2013 D. 4036

Loi gidi
Bién déi gia thiét tuong duong
(m+101%](10gx+1) > %logx < (logx+10m)(logx+1)-11logx >0
< 10m(log x+1)+log® x—10log x > 0.
Do x&(1;100)= logxe(0;2). Do do6 ta c6

10log x —log” x

10m (logx +1)+log” x—10log x > 0 < 10m >
logx+1

2
Dit t=1logx, te(0;2), xét ham s6 f(t)= 12t_1t
+

~10-2t-¢?

16
2 <5
(t+1)

Ta c6: £'(t) >0 Vte(0;2). Do do f(0)<f(t)<f(2)<=0<f(t)

dang voi moi x €(1;100) thi 10m21—36:>m2%

10log x —log” x

bé 10m >
logx+1

Do d6 me {%;2018} hay c6 2018 s6 thoa man.

Chon y A.

Cau 32: Goi S la tap cac gid tri ctia tham s6 thuc m dé ham s6 y =x* +In(x+m+2) déng

bién trén tap xac dinh cta noé. Biét S = (—oo;a +/b ] .Tinh téng K=a+b la

A.K=-5 B. K=5 C.K=0 D. K=2

Loi gidi
Diéu kién xac dinh: x>-m-2.
1 2 +2(m+2)x+1
X+m+2 X+m+2
o Truonghopl. A'=m?+4m+2<0<-2-/2<m<-2+2

Cich1. Taco y' =2x+ , Y =02x+2(m+2)x+1=0
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Khi d6 y' >0 Vx e (—m—2;+).

m<—2—\/§

e Truong hop 2. khi d6 y'=0 c6 hai nghiém phan biét.

m>—2+x/§,
—(m+2)-vm®+4m+2 —(m+2)+ym?*+4m+2
1= 2 7 X2 = 2

V& bang bién thién ta suy ra duoc:

—(m+2)+vm® +4m+2

y'20 Vxe(-m-2;4+0) & x, <-m-2 < > <-m-2
m’>+4m+2<m’*+4m+4 m<-2
eVm?’+4m+2<-m-2 < {im<-2 slm<2-2 oem<-2-42.
m?+4m+2>0 m>-2++2

Vay S:(—oo;—2+x/§]:>a:—2, b=2nén K=a+b=0.

1 _2x2+2(m+2)x+1
Xx+m+2 X+m+2

Cich2. Taco y'=2x+ , Y =02 +2(m+2)x+1=0

o Truonghopl. A'=m?+4m+2<0 < -2-+/2<m<-2++2,khi d6
y' 20 Vx e(—m—2;+).

m<—2—\/§

, (*). Khi @6 phuong trinh ¢6 hai nghiém
Y phuong g

e Truong hop 2. A'>0 <:>[

phén biét x,, x,

X, +x, =—(m+2)
Theo Viet ta c6 . Ham s6 déng bién trén (—;x, ) va (x,;+») khi do ta
X, +X, =

N | =

X, +x, +2(m+2)<0

can c6 x1<xzs—(m+2).8uyra:{ —Sm<-2-2

(x; +m+2)(x, +m+2)>0

Két hop (*) va (**) c6 m <-2-+/2. Hop hai truong hop c6 céc gia tri can tim ctia m 1a
100. Vay S =(-o0;-2++2 | =a=-2, 100 nén K=a+b=0.

Chony C.

Cau 33 : Cho hai s6 thuc a, b(a>1,b>1). Phuong trinh a*+b* =b+ax c6 nhiéu nhat

bao nhiéu nghiém?

A. 0 B. 1 C. 2 D. 3

Loi gidi

Xéthamso f(x)=a*+b*—b—ax.Taco f'(x)=a"Ina+b*Inb-a.

116 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Do f"(x)=a*In*a+b*In*b >0 nén ham s& da cho c¢6 t6i da mot cyc tri. Do d6 phuong
trinh da cho c6 t6i da hai nghiém. Ta sé& chon cac s6 dé phuong trinh trén c6 2 nghiém nhu
sau. Chon a=b=e taco f'(x)=2e*-e, f'(x)=0<x =ln§.
f(lngj — _elnS< 0; lim f(x)=+o.

2 2 X—>to0

Vi vay phuong trinh da cho c6 t6i da 2 nghiém.
Chony C.

Cau 34: Tap hop tat ca cac gia tri thuc ctia tham s6 m dé phuong trinh
27*-m.3"" +(m*-1)3" - (m*-1)=0

Co6 3 nghiém thyc phan biét 1a khoang (a;b) . Tinh gi4 tri ctia biéu thic S=a+b

A. 2 B. 1+/3 C. 242 D. 1+2++/3

Loi gidi
Dt t=3"(t>0) phuong trinh tré thanh > -3mt’ +3(m’ —1)t—m’ +1=0. Ta cAn tim diéu
kién dé phuong trinh c6 3 nghiém phan biét duong.
Xétham s6 y =t*—3mt’ +(m’ —1)t—-m’ +1=y'=3x" —6mx+3(m* - 1)

Taco y'=0< : . Dé phuong trinh ¢6 3 nghiém duong phan biét khi

m-1>0
Yeo-Yer <0 m+1>0
Xep >0, X >0 (mz—l)(mz—?))(mz—2m—1)<0©{\/§<m<1+\/§
y(0)<0 (m?~1)<0
Chon y D.

Cau 35: C6 bao nhiéu s6 nguyén m e [-2018;2018] dé phuong trinh

Plak —8‘ :§X2 +m cb

dang 2 nghiém thuc phan biét?
A. 2013 B. 2012 C. 4024 D. 2014

Loi gidi

Phuong trinh tuong duong v6i m =

Pl —8‘—%x2. Ham s6 f(x) =

x 3 215 A
ok —8‘ —Zx* lamoét
2
ham s6 chdn do d6 ta chi can xét trén ntra khoang [0;+0) dé suy ra bang bién thién cua

ham s6 f(x) trén ca tap s6 thuc.

Xét ham s
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g(x)=2""1In2-3x(x>2)
—2'In2-3x<0(0<x<?2)

_2\x\+1_8‘__x _ 2 :f'(x)z{

Taco g'(x)=2""In*x-3>8In*2-3>0,Vx>2,8(2)=8In2-6<0,g(3)=16In2-9>0 nén
phuong trinh g(x)=0 c6 nghiém x, €(2;3).
Vé bang bién thién cho ham s6 f(x) ta suy ra dugc phuong trinh c6 dung 2 nghiém thyc

m>6

khi va chi khi > =me(7,8,..,2018
m=f(x,)=2%"1 8- g7 ct /

Chony B.

Cau 36: Cho bat phuong trinh log,, 11 +(log1 (\/x2 +3ax+10 + él)}log%1 (x2 +3ax + 12) >0.
7

Gia tri thuc ctia tham s a dé bat phuong trinh trén c6 nghiém duy nhat thudc khoang

nao sau day?
A. (-1,0) B. (1,2) C. (0;1) D. (2;+x)

THPT Ham Rong - Thanh Hoa lan 1 nim hoc 2017 - 2018

Loi gidi
Piéu kién xac dinh 0<a # % )
Bién ddi bat phuong trinh tuong duong

10g3a11+(10g1( X +3ax+10+4)j10g3 X +3ax+12) 0

< log, 11— log7(\/x +3ax+10 +4).1og,, (x +3ax+12)>0

< log, (\/x2 +3ax+10 + 4).Iog3a (x2 +3ax +12) <log,, 11
bt t=vx*+3ax+10 >0 = x* + 3ax+12=x" + 3ax+ 10+ 2 = t* + 2. Khi d6 bat phuong trinh

(*)-

tré thanh log, (t+4)log,, (t* +2)< log,, 3a

e NéuO<ax< % = log,, 3a <0 bat phuong trinh (*) trd thanh

log, (t+4)log,, 3alog,, (t* +2) 21« log, (t+4)log,, (£* +2)>1
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Xét ham s6 f(t)=1log, (t+4)log,, (t*+2)(t20) la ham dong bién déng thoi (3)=1 nén

7

f(t)>£(3) = t>3 < x* +3ax+120. Dé phuong trinh c6 nghiém duy nhat thi ta c6 a= %
nghiém nay khong thoa man.

e Néua> % = log,, 3a > 0. Dén day xét tuong tu truong hop 1 ta sé tim duogc a = %

Chony C.
7. CAC BAI TOAN LIEN QUAN TOI DAY SO.
CAC BAI TOAN

Cau 1 : Cho day s6 (u,) théa man logu, +42+logu, —2logu,, =2logu,, va u,,, =2u,
v6i moi n>1. Gia tri nhé nhat dé u, >5'" bang
A. 247 B. 248 C. 229 D. 290
Dé tham khdo ky thi THPT Qudc Gia 2018 - By Gido duc va Do tao
Cau 2 : Cho biéu thic A =log (2017 +1og (2016 +log (2015 +log (.. +log (3 +log2 ). ))))
Biéu thiic A c6 gia tri thuoc khodng nao trong cac khoang dudi day?
A. (log 2017;log 2018) B. (log 2019;log 2020)
C. (log2018;10g 2019) D. (log2020;l0g 2021)
So Gido duc va Dao tao Ninh Binh nam hoc 2017 - 2018
Cau 3: Cho day s6 (u, ) théa man In’u -Inug=Inu, -1 va u,,, =u,.evn>1.Tim u,
A.e B. ¢’ C.e’ D.e™
THPT Quang Xuong I - Thanh Hoa nam hoc 2017 - 2018
Cau 4: Cho day s6 (u,) thoa man e"* +5¢e" —e* =e* va u,,,=u,+3 véimoi n=>1.
Gié tri 16n nhat cta n dé log, u, <1n2018 bang?
A. 1419 B. 1418 C. 1420 D. 1417

THPT Kim Lién - Ha N¢i lan 2 ndm hoc 2017 - 2018

Cau 5: Cho day s6 (a,) thoa man a, =1 va 5™ -1=

ey v6i moi n>1. Tim s&
n+

nguyén duong n >1 nhd nhat dé a, 1a mot s6 nguyen.
A.n=123 B. n=41 C.n=39 D. n=49

., 4e 42e" —4e"t =™ —e™™ 43 .,
Cau 6: Cho day s6 (u, ) thoa man . . Gia tri nho nhat caa
u,.,,=u,+3,VneN

sdndé u, >1?
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A.725 B. 682 C. 681 D. 754

Cau 7: Cho ddy s6 (u,) c6 s6 hang dau tién u, # 1 thda man déng thtc sau :
log; (5u, ) +1og; (7u, ) =log;5+log>7 va u,., =7u, v6imoi n>1.Gid trj nhdé nhét cta n

dé u, > 1111111 bang
A. 11 B. 8 C.9 D. 10

Cau 8: C6 bao nhiéu gia tri nguyén cta tham s a thudc doan [0;2018] sao cho ba s6
5+ 45 ;%;25" +257 theo thit ty d6, lap thanh mot cap s6 cong?

A. 2008 B. 2006 C. 2018 D. 2007
8

log, [1 ul —4u, + 4)

Cau 9: Cho day s6 (u,) thda man 2**'+2°™" = va u,, =2u, voéi

moi n>1.Gié tri nhd nhatcia n dé S, =u, +u, +...+u, >5'" bang
A. 230 B. 231 C. 233 D. 234

Cau 10: Cho day s6 (u, ) théa man log, (2u, —63) =2log, (u, -8n+8), VneN.

bt S, =u, +u, +...+u,. Tim s6 nguyén duong 16n nhat n thoa man u“—SSZ“ < %58 :
u2n' n
A. 18 B. 17 C. 16 D. 19

S6 Gido duc va Pio tgo Bic Ninh lan 2 niam hoc 2017 - 2018

1 1
1+—+
2

O Bigt £(1).£(2).£(3)..£(2017)=en (m,neN) voi 2

Cau 11: Cho ham s6 f(x)=e
n

1a phan s6 t6i gian. Tinh P=m-n’.
A. 2018 B. 2018 C. 1 D. -1

Sé Gido duc va Dao tao Phui Tho lan 1 ndm hoc 2017 - 2018

Cau 12: Cho cdp s6 cong (u,) c6 tat ca cac s6 hang déu duong théa man déng thitc
Uy + Uy +oe+Uygg =4 (U, +U, +... +U g ) . TIm gid tri nho nhat cta biéu thuc:

P =log> u, +log’ u, +log’ u,,
A. 2 B. -3 C.2 D.3
Cau 13: Cho cdp s6 cong (a, ), cdp s6 nhan (b,) théa man a, >a, >0 va b,>b, >1; va
ham s6 f(x)=x>-3x sao cho f(a,)+2=f(a,;) va f(log,b,)+2=£f(log,b,). S6 nguyén
duong n nhd nhét va lén hon 1 sao cho b, >2018a, la
A. 16 B. 15 C.17 D. 18
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THPT Lé Xoay — Vinh Phiic lan 1 nim hoc 2017 - 2018
Cau 14: Cho cdp s6 nhan (b,) théa man b,>b, >1 va ham s6 f(x)=x’-3x sao cho
f(log, (b,))+2=£(log, (b,)). Gid tri nhd nhat ctia n dé b, >5'" bing
A. 234 B. 229 C. 333 D. 292
THPT Phan Chdu Trinh - Ddik Lik lan 2 ndam hoc 2017 - 2018

log, (uf +u, + ilh —%) =e' 7 4 -3
Cau 15: Cho day s6 (u,,) thoa man °

u, 4 :g u, _21‘1;4 IVH c N*
2 n°+3n+2
) ) , 3 1 22018
Gid tri lon nhat caaso n de u, > +(n+1)
n+1
A. 3472 B. 3245 C. 3665 D. 3453

£(1)£(3)..£(2n-1)
£(2)£(4)..£(2n)

Cau 16: Cho f(n):(n2+n+1)2+1 vneN . Dit u_ =

-10239
1024

Tim s6 n nguyén duong nhé nhat sao cho u, thoa man diéu kién log, u, +u, <
A.n=23 B. n=29 C.n=21 D. n=33

THPT Chuyén Bién Hoa - Ha Nam lan 1 nidm hoc 2017 - 2018
Cau 17: Cho day s6 (u,) xac dinh bdi u, =ln(2n2 +1)—ln(n2 +n+1),Vn >1. Tim s6
nguyén n 16n nhat sao cho u, —[u,]< % Biét [a] ki hiéu phan nguyén cta s6 a la s6 tu
nhién nhé nhat khong vugt qua a.

A. 37 B. 36 C. 38 D. 40
THPT Chuyén Bién Hoa - Ha Nam lan 1 nidm hoc 2017 - 2018

Cau 18: Cho day s6 (u,) co tat ca s6 hang déu duong thoa man u,,, =2u, va dong thoi

4 » LN 2 2, A ~
\/ul2 +\/u§ +oo Jr\/uf1 +4u’, +u,, +1 ==,¥n >1.S6 tu nhién n nhé nhat dé u,, > 5" 1a?
3

A. 232 B. 233 C. 234 D. 235

Cau 19: Cho day s6 (u,) thda man ln(uf+u§+10)zln(2ul+6u2) va dong thoi

u,,,+u, =2u_, +1,vn >1. Gia tri nh6 nhat ctia n dé u, > 5050

n+2 n+1

A.100 B. 99 C. 101 D. 102
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lo (u +ﬂ]+ lo (111 +§]—2
gl U 40 g ATy

u :2(n+1)um1+ 2°n ——,VnelN

! n (n2+n+1) +1

Cau 20: Cho day s6 (u, ) théa man

5% +n%+1

Gia tri nhé nhatcaian dé u, > ————~.
100 3
5 (n +n)

A. 235 B. 255 C. 233 D. 241
HUONG DAN GIAI

Cau1: Cho day s6 (u,) théa man logu, +4/2+logu, —2logu,, =2logu,, va u,,, =2u,
v6i moi n>1. Gid tri nhd nhat dé u,, >5'" bang
A. 247 B. 248 C. 229 D. 290

Dé tham khdo ky thi THPT Qudc Gia 2018 - By Gido duc va Do tao

Loi gidi

Vi u,,, =2u, nén dé thiy day s6 (u, ) la cap s6 nhan c6 cong boi q=2.

Tacé u,=u,.q° =2"u,. Xét logu, +\/2+log u, —2logu,, =2logu,,

<loguy, —210g(29.u1)+\/2+log u, —2log(2%u,) =0

< logu, —18log2-2logu, +4/2+logu, —18log2—2logu, =0

< —logu, —1810g2+\/2—10gu1 —-18log2 =0

Dit 2-logu, —18log2 = t(t> 0). Phuong trinh trén tré thanh
t=1

t?P2+t=0=t’+t-2=0<
t=—2(L)

Véi t:1<:>\/2—10gu1 —-18log2 =1<2-logu, -18log2=1< u, :2%

Trong trudng hop nay ta cé: u, = %.2”‘1 >5'" 2" > 5” <> n>99log,5+18

Ma n e N’ nén gia tri nhd nhat trong truong hop nay la n=248.
Chon y B.

Cau 2 : Cho biéu thtc A = 10g(2017 +log(2016 +10g(2015 +log(...+log (3 +log 2)))))
Biéu thiic A c6 gia tri thudc khodng nao trong cac khoang dudi day?
A. (log2017;10g2018) B. (log2019;10g2020)
C. (log2018;10g 2019) D. (log2020;10g 2021)
So Gido duc va Dao tao Ninh Binh nam hoc 2017 - 2018

Loi gidi
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bat A = 10g(2017+ log(2016+ log(2015+ log(...+ log( 3+ log 2) )))) = A, = (n+An_l)

Ta co
O<log2<1<0<A,<1
= 0<log3<A;=log(3+A,)<log4<1

= 0<log9 <A, =log(9+A;)<log10=1
=1=1og10< A, =log(10+A,)<log11 <2
=1<log12<A,, =log(11+A,)<log13<2

= 2 <10g999 < A,,, =10g(997 + A ) <log 1000 =3
= 3=10g 1000 < A 4, =10g (998 + A,,, ) <log1001 < 4
= 3 <1og 1002 < A, =10g(999+ A, ) <1log 1003 < 4

= 3<10g2020 < A, =log (2017 + A, ) < log 2021 < 4
Vay A,y €(log2020;10g2021)
Chon y D.

Cau 3 : Cho day s6 (u, ) théa man In’u, -Inug=Inu,-1 va u,,, =u,.evn>1.Tim u,
A.e B. ¢’ C.e’ D.e"

THPT Quang Xuong I - Thanh Hoa nam hoc 2017 - 2018

Loi gidi
T gia thiét suy ra day s6 (u, ) la cap s6 nhan v6i cong boi e va u, >0vn>1.
Tacé u, =u,.e’;us =u,.e’;u, =u,.e’. Do d6 ta cé:
In*u, —Inu, :lnu4—1<:>an(ul.e5)—ln(u1.e7):ln(ul.eB)—l
& (Inu, +5)" ~(Inu, +7)=(Inu, +3)-1 < (Inu, )" +8(Inu, ) +16 =0
olhuy =-4<u =e

Chon y D.

Cau 4: Cho day s0 (u,) théa man e"® +5Ve"* —e*" =e™ va u,,, =u, +3 vé6imoi n>1.
Gié tri 16n nhat ctia n dé log, u, <1n2018 bang?
A. 1419 B. 1418 C. 1420 D. 1417

THPT Kim Lién — Ha Noi lan 2 ndm hoc 2017 - 2018

Loi gidi
Taco u,,, =u,+3 voimoi n>1 nén (u,) la cap s6 cong c6 cong sai d =3

e +5e"r —e' =e'™ & By —eth =et —e" (1)
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bit t=e™ —e*" (t>0) Phuong trinh (1) trd thanh

5\f=—t<:>t+5x[=0<:>\ﬁ(\ﬁ+5)=0<:>ﬁ®t=0

4u,

V6i t=0 taco e's =e

Vay u, =u, +(n-1)d=17+(n-1)3=3n+14

Su=4u, ©u, +51=4u, ©u, =17

In2018
Khi @6 ta dugc log, u, <In2018 < u, <3"*" <3n+14 <3 < n < 3Tl4 ~1419,98

Vay gia tri 1on nhat ctia n 1a 1419.
Chon y A.

, voi moi n>1. Tim so

Cau 5: Cho day s6 (a,) thoa man a, =1 va 5™ ™ —1=

3n+2
nguyén duong n >1 nho nhat dé a, 1a mot s6 nguyén.
A.n=123 B. n=41 C.n=39 D. n=49
Loi gidi
T gia thiét ta c6 5™ ™ —1= 5 & 5 = Sn+S <a,,, =a, +log; Sn+S
3n+2 3n+2 3n+2
Tu d6 suy ra
a,=a,,+lo M—a +lo E—i—lo Sn+2
n n-1 g5 3n-1 n-2 gS 3n-4 85 3n-1
=a, +lo §+lo E+ +lo _3n—1+10 on +2
1 855 85 8 g5 3n_4 85 3n_1
8 11 3n-1 3n+2 3n+2
=l+log,| =.—... . =1+lo =log(3n+2
85(5 8 3n-_4 3n—1j 5s gs(3n+2)
Do d6 a, =log,(3n+2). Vi n>1 nén a, =log,(3n+2)>log,;5=1, dong thoi dé thay
(a,) la day tang. Lai c6 a, =log;(3n+2)<n= > 113_2 :

Lan luot thtr cac gia tri a, =2;3;4;... taco a, =3 la gia tri nguyén, 16n hon 1, nho nhét, cho
gia tri tuong ang n=41.

Vay n=41.

Chon y B.

y 4’ +2e™ —4e" "™ =e" —e®"1 +3 .
Cau 6: Cho day s6 (u,) théa man . . Gia tri nho nhat
u,.,,=u,+3,VneN

ctiasdndé u, >1?

A.725 B. 682 C. 681 D. 754

Loi gidi
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Tix gia thiét ta suy ra (u, ) 14 CSC c6 congsai d=3=u, =u, +24.
Bién déi gia thiét tuong duong
4e?" +2e%™ —4e"t™ —e"M —e?™ 13

P 4e2u1+48 +2eu1+24 _4e2u1+24 :eul _e2u1 _3 :0

=N ((2e24 —1)e2L11 )2 + ((Ze24 —1)e2ul )—3 =0

:(2e24_1)e2u1 :ﬂ:ul =1n ﬂ
2 2(2e -1)
Taco u, =u, +3(n—-1)>2018 = n > 681 =n > 682
Chony B.

Cau 7: Cho day s6 (u,) c6 s6 hang dau tiéen u, #1 théa man ddng thtc sau:
log; (5u, ) +1og; (7u, ) =log; 5+log;7 va u,,, =7u, v6i moi n>1. Gié tri nhé nhét cua
n dé u, >1111111 bang

A 11 B. 8 C.9 D. 10

Loi gidi
Vi u,,,; =7u, nén dé thdy day s6 (u, ) la cap s6 nhan c6 cong boi q=7.
Bién déi gia thiét tuong duong

log; (5u, )+log3 (7u, ) =log; 5+log; 7

& (log, 5+log, u, )’ +(log,7 +log, u, )’ =log?5+log27

< 2log, 5.10g, u, +2log; u, +2log,7.log, u, =0

log,u, =0 u, =1 (L
i 21%):;215+210g2 u, +2log,7 =0 < lolg2 3511(1 =)0<:> o -5

Tacé u, =u,.7" " u, >1111111 < ?,i.7“_1 >1111111 < 7" > 35.1111111

< n>log,(35.1111111)+1. Ma n e N' nén gia tri nho nhat trong truong hop nay la
n=10.

Chon y D.

Cau 8: C6 bao nhiéu gia tri nguyén cda tham s6 a thudc doan [0; 2018] sao cho ba sd
51 4 5 ;% ;25" +257 theo tha tu d6, 1ap thanh mot cap s6 cong?

A. 2008 B. 2006 C. 2018 D. 2007

Loi gidi
Baso 5 +5'%; % ; 25°+257%, theo thu tu d6 1ap thanh cdp s6 cong khi va chi khi
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a=(5""+5")+(25*+25") > 2[5 .51 1 .[25%.25% =12,
5x+1 — 1—x

Dau “=" xay ra khi va chi khi < x=0.
25 =257

Nhu vay néu xét a €[0;2018] thi ta nhan a €[12;2018]. C6 2007 s6 a thoa de.
Chony D.

8

Cau 9: Cho day s6 (u,) thda man 2°"*" +2°* = -
log, (4115 —4u, +4j

va u,,, =2u, voi

moi n>1.Gi4 tri nhd nhatcia n dé S, =u, +u, +...+u, >5'" bing

A. 230 B. 231 C. 233 D. 234

Loi gidi
Theo gia thiét ta c6 u,,, =2u, nén (u,) la mot cdp s6 nhan véi cong bodi q=2. Suy ra
u, =u,.2"" v6imoi neN, n>2.Talaicé:
8 § 8

PR AR  24% + (1)
1, 4" 1,
log, Zu3—4u1+4 log, Zu3—u3+4
Ma 2.4u7+i28 va 8 = 8 <8
4" 1, 1 2
log; Zu3 —u, +4 log, (uS—lj +3
2
24" + S =8
4" 1
Nén phuong trinh (1) tuong duong 8 _g P W=7
(-]
log,| ~u;-u,+4
4
1-2" 2°-1

Khidé S, =u,+u,+...+u, =u,

1-2 2

Do d¢, S, >5" < % >5'" < log;

>100 © n>233

Chon y D.

Cau 10: Cho day s6 (u, ) théa man log, (2u; —63)=2log, (u, —8n+8), YneN'.

w .S, 148
L &b < _
w, S. 75

n n

bt S, =u, +u, +...+u,. Tim s6 nguyén duong 16n nhit n thoa man

A. 18 B. 17 C. 16 D. 19
Sé Gido duc va Pao tao Bdc Ninh lan 2 ndm hoc 2017 - 2018

Loi gidi
Taco VneN’, log, (2u; -63)=2log, (u, —8n+8) < log, (2u, —63) =log, (u, —8n+8).
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] 2u, —63=3" 2u, —63=3" o
bit t=1log, (2u,-63) = = =1=3"-22"=>t=2

u ~8n+8=2" _32-0t
=u,=8n-4=S_=u,+u,+..+u, =4n’
8n-4).16n°
Do dg UaSan _(8n-4) n2 148
u,,S, (16n-4)4n* 75
Chon y A.

=n<19.

1+i+

Cau 11: Cho ham s5 f(x)=e! ¥ ®" Bigt £(1)£(2)£(3)..£(2017)=e" (m,neN) véi

m N A N A . ,
— la phan s6 t6i gian. Tinh P=m-n".
n

A. -2018 B. 2018 C.1

D. -1
S6 Gido duc va Pao tao Phii Tho lan 1 nam hoc 2017 - 2018
Loi gidi
Bién ddi gia thiét ta c6
- 11y, 2 11 2+ 11, 11 2
f(x)=e e (x+1)° —e (x x+1j o) :e\/(}( x}rJ 2[1 xj—l] ! :e\/[i x11 1] :e%‘ﬁﬂ _e.e%‘ﬁ
Do d6 ta duoc:
11 11 11 1 1 11

f(1)=e.e 2;f(2)=e.e2 3, f(3)=e.e3 4;...,'f(2016) e.2016 2017 . f(2017) e.e017 2018

1 2017 2018%-1

= £(1).£(2).£(3)..F(2017) =e®7 e W5 —NB " _o 0B

—m=2018"-1, n=2018. Vay P=-1.
Chon y D.

Cau 12: Cho cap s6 cong (u,) c6 tat cd cac s6 hang déu duong théa man déng thic
Uy + U, +.F Uyyg =4 (U, + 1, +...4 Uy ) . Tim gid tri nho nhat caa biéu thic:

P =log: u, +log; u, +log’ u,,

C.2 D.3
Loi gidi
Bién doi gia thiét tuong duong
2018(2 2017d
Uy Uy + o Uy = 4 (U, T, o Uy ) ( ul; ):2.1009(2111 +1008d)
A
)
d d 3d 5d 9d 3d 9d ,27d
ou, =E:>(un):5;?;?;...:> us=—- :>P—log3—+log2 +log? 722
L _7d
14 2
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Chony C.

Cau 13: Cho cap s6 cong (a, ), cdp s6 nhan (b,) théa man a, >a, >0 va b, >b, >1; va
ham s6 f(x)=x’—-3x sao cho f(a,)+2=f(a,) va f(log,b,)+2=£f(log,b,). S6 nguyén
duong n nhd nhat va 16n hon 1 sao cho b, >2018a, la

A. 16 B. 15 C. 17 D. 18
THPT Lé Xoay - Vinh Phiic lan 1 niam hoc 2017 - 2018

Loi gidi
Ham s6 f(x)=x"-3x c6 bang bién thién nhu sau:
—0 -1 1 +00
y + 0 - 0 +

y _00/2\_2/

Theo gia thiét {f(a2)+2 =f(a1):>{f(a2) <f(a)

a,>a, 20 a,>a, =0

0<a,<a, <1

,honntra f(x)+2>0Vx>0. Ta xét cic truong hop:
0<a, <1<a,

T d6 suy ra {

) f(a,)+220 [f(a,)=—2 [a,=1
e Néu0<a, <a,<1 thi = = .
f(a;)<0 f(a;)=0 a, =0
’ f(a,)+2>0 ,
e Néu0<a,<1<a, thi diéu nay la khong theé.
f(a;)<0

Do d6 chi xay ra truong hop a, =0;a, =1.
Tadosuyra a,=n-1(n>1). Tuong ty vi b, >b, >1 nén log, b, >log, b, >0, suy ra

log, b, =1 b, =1
082227 )% =b,=2""(n21).
log,a, =0 b, =1
Xét ham s6 g(x)=2*—-2018x trén nita khoang [0;+), ta c6 bang bién thién:
2018
82 In2

8'(x) - 0 +

X —Q0 10

082 In2

g(x) 1\ g(l 2018j/
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2018
log, =2 1<0
g(ogz mj

2018
lo >11
52 In2

Ta 6 1g(12)=-20120 nén s6 nguyén duong nho nhat n théa g(n-1)>0
g(13) = -18042
g(14)=-11868
g(15)=2498 >0

lan-1=15<n=16.
Chony A.

Cau 14: Cho cap s6 nhan (b, ) théa man b, >b, >1 va ham s6 f(x)=x’-3x sao cho

f(log, (b,))+2=f(log, (b, )). Gi4 tri nhé nhat ctia n dé b, >5'" bing
A. 234 B. 229 C. 333 D. 292

THPT Phan Chiu Trinh - Ddk Lik lan 2 ndam hoc 2017 - 2018

Loi gidi
Xét ham s6 f(x)=x>-3x.
Co f'(x)=3x"-3, f'(x)=0 < x==1.
—00 -1 1 +00
y' + 0 - 0 +

Mit khéc, taco b, >b, >1. Dt a=log, b, >log, b, =b>0.Tacé: a’-3a+2=b’-3b (1).
e Néub>1=a>b>1=a’-3a>b’-3b = (1) vo nghiém.
e Néu0<b<l =-2<b’-3b<0 =a’-3a+2<0=(a-1)"(a+2)<0.

b, =2"=1

1

=b, =2"">5" < n-1>100log,5=n>234.

2

Suyra a=1 :>b=0.Khidc’){

Vay gia tri nhd nhét cda n la 234.
Chony A

log, (uf +u, +%u1 —%j =e'7 43
Cau 15: Cho day s6 (u, ) thoa man ’
n+4

u ., ==|u, - ,VneN
2 n“+3n+2
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3+(n+1)2*"*°
n+1

Gié tri 16n nhat cta s6 n dé u,, >

A. 3472 B. 3245 C. 3665 D. 3453

Loi gidi

Bién déi gia thiéttaco u_,, = > (u _3 + 2 j@ u,,, — > _ E(un —ij

2 n+l n+2 n+2 2 n+1

bit v, =u, —ijv :Evn:(vn)léCSch’)’icf)ngbcf)iq:E.
n+1 2 2

n-1 n-1 n-1
(3 ] oY o2
2 2 2 n+l \2 2
3 9 13 3

Taco u, = 3 —Zul,u2 = Z—Eul , thay vao gia thiét ta duoc

log, (uf -2u, +4) R
3

Theo bat dang thitc AM - GM ta c6 e *" +e®17° —3 > 24/e" " "™ ™* —3 = -
Mit khéc ta cting c6 log, (uf —2u, + 4) =log, ((u1 ~1)° + 3) <-1
3 3

n-1
Do d6 VT < VP, dang thic xay ra khi va chi khi u, =1=u_ = i—l(E}]

n+1 2\2

<= n <3453

n

Dé u >3+(n+1)22°18:> 3 _l(éj“’l>3+(n+1)22°w
n+1 n+1 22 n+1

Chon y D.

f(1).£(3)..f(2n-1)
f(2)f(4)..f(2n)

Tim s6 n nguyén duong nhé nhat sao cho u, thoa man diéu kién log, u, +u, <

Cau 16: Cho f(n)=(n +1r1+1)2 +1 VneN . Dit u_ =

10239
1024

A.n=23 B. n=29 C.n=21 D. n=33

THPT Chuyén Bién Hoa - Ha Nam lan 1 niam hoc 2017 - 2018

Loi gidi
Tir gia thiét ta o £(n) =(n’ +n+1) +1 =(n”+1)[ (n+1) +1].
(12+1)(22 +1) (3 +1)(42+1)...[ (2n-1)"+1 |[4n +1]
(2 +1)(32+1)(42 +1) (5 +1)..[4n” + 1] (2n+1)" +1 |
2 1

(2n+1)°+1 2n°+2n+1

Khidétaco u, =

-10239
1024

1 10239

Theo dé bai ta ¢6 log, u, +u, < 5
2n” +2n+ 1 1024

< —log, (2n2 +2n+1)+
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1 10239 ..
- + v6i
2n“+2n+1 1024
4n+2 3 4n+2
(2n2+2n+1)ln2 (2n2+2n+1)

. (—1+\/2047
Ma g| ———

2

S —1++/2047
2

n>1.

Xét ham s6 g(n)=-log, (2n2 +2n+1)+

Tac6 g'(n)=- > <0 v6i n>1 = g(n) nghich bién.

1 10239
5 + <
2n° +2n+1 1024

]: 0 nén —log, (2n* +2n+1)+

. Do n nguyén duong nhé nhat théa man nén n =23

Chon y A.

Cau 17: Cho day s6 (u,) xac dinh béi u, =In(2n’ +1)—1r1(1r12 +n+1),vn21. Tim s6
nguyén n 16n nhat sao cho u, —[u,]< % Biét [a] ki hiéu phan nguyén cua s6 a la s tu
nhién nho nhat khong vuot qua a.

A. 37 B. 36 C. 38 D. 40

THPT Chuyén Bién Hoa - Ha Nam lan 1 niam hoc 2017 - 2018

Lovi gidi
2n +1

2

Tacoé u, =In
n“+n+1l

e[0;In2)=[u,]=0

<3fe? = n<37.462

2n® +1 2 2n” +1
n S——|<-eo—F——
3 n“+n+1

Chon y A.

Cau 18: Cho day s6 (u, ) co tat ca s6 hang déu duong théoa man u,,, =2u, va dong thoi

4 A o« A 2 A R N
\/ul2 +\/u§ +...+\/ufl +4ul,, +u,,+1 ==,¥Yn>1.S6 tu nhién n nhé nhat dé u, >5'" 1a?
3

A. 232 B. 233 C. 234 D. 235

Loi gidi

Taco u,,, =2u, = u, =2""'u,, dang thic ding v6i moi n>1 nén dang véi n=1 nén

\/uf+«/u§+u3+1 :gc\/uf+1/4uf+4u1+1 :§
<:>«/uf+2ul+1=%<:>u1+1=§<:>u1 =%
n-1

Do d6 u,, = 27 >5'" < 2" >35" < n>log,3+100log,5>233.

Chony C.

Cau 19: Cho day s6 (u,) thdéa man ln(uf+u§+10)=ln(2u1+6u2) va dong thoi
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u_,+u, =2u_,+1,vn>1.Gi4 tri nhé nhat cia n dé u_ > 5050
A. 100 B. 99 C. 101 D. 102
Loi gidi

Bién déi gia thiét ta c6
u, =1

ln(uf +u; +1O):ln(2u1 +6u,) = (1, ~1)" +(u, -3’ :0<:>{ 3
u, =

Mait khactac6 u,,, +u, =2u, ,+1<u,,-u,,,=u,,, —u, +1.

bitv,=u,,,—u,=>v,,,=v,+1=(v,) 1aCSCcb congsai d =1

u,=u, +2
u,=u,+3 1. n(n+1
. Z 3 2 .
Khidé6 =>v, =n+1=u, ,=u +n+1= :>un:u1+21:g
2
................... i=2
u,=u,,+n

, 1
Vay dé u_ >5050 :@ > 5050 = n > 100

Chony C.

lo (u +@j+ lo (1u +§j—2
gl U, 40 g Ty

Cau 20: Cho day s6 (u, ) thoa man

2(n+1 — -
u, = o )un+1+ 2 n2 ,VneN
n (n*+n+1) +1
100 2
Gi4 tri nho nhat caan dé u, > > _tnitl
B (n3 +n)
A. 235 B. 255 C. 233 D. 241
Loi gidi

Ta cé (n2 +n+1)2 +1=(112+1)2+211(n2 +1)+n2 +1=(n2+1)((n+1)2+1)

Bién ddi gia thiét tuong duong

_2 1) -2(n?+1)+1
nu, =2(n+1)u,,, + 2n-n - :2(n+1)un+1+(n+ ) (n +2 )+
(n2+1)((n+1) +1) (n2+1)((n+1) +1)
1 2 1 1
<nu, =2(n+1)u, ,, + - ss(n+1Du - e
=2 Jins n’+1 (n+1)2+1 ( JUa (n+1)2+1 2[ "

bdt v, =nu, -

= Vn+1

n’+1 2

:lvn = (v, ) la CSN c6 cong boi q =

1
2

n-1 n-1
Tadésuyra v, = (lj v, = (1) (ul —1) =>u, = 31 + }1 (ul _1j
2 2 2 n"+n 2" 'n 2
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Thay u, = —%0 +%u1 vao gia thiét ta dugc

lo (1u +£j+ lo [1u +£j—2:>u =l=u. = 1 + 1
SlahTy Slah™y ! " n’+n 2'n

s 5% 4t n?+1
" pl0 (n3 +n)

Chony C.

bé u —n>100log,5=>n>233
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CAC BAI TOAN NGUYEN HAM TICH PHAN
VAN DUNG - VAN DUNG CAO
1. TICH PHAN TRUY HOL
Trong bai viét nay chu yéu la cac bai toan ¢ dang tu luan, minh sé gi6i thiéu qua dé c6 thé
khong may dé thi thir cia cac truong c6 thé ra thi ta c6 thé xit Iy duge. O phan nay ta sé
cting tim hiéu cac dang tich phan truy héi dang I, = J‘:f(x,n)dx v6i cac cau hoi hay gap
la:
1. Thiét lap cong thtc truy hoi 1, = g(Inik)(k = 1,_n) :
2. Chting minh cong thic truy hoéi cho trudc.
3. Sau khi thiét 1ap dugc cong thuc truy hoi yéu cau di tinh I, tng véi mot vai gia tri
n nao d6 hodc tinh gioi han cta ham s6 hodc day s6 ¢o lién quan voi I .

Ta cung xét cac vi du sau:

Vi du 1: Xét tich phan 1, = .[05 sin” xdx v6i ne N .
. Tim m6i quan hé gitta 1,1

. Tinh I,I,.

n+2

1
2
3. Tim cong thiic tong quat cta I .
4. Xeétdayso (u,) chobdi u, =(n+1)I I ;. Tim lim u,

n*n+l*
n—>+oo

Loi gidi
1. Tim moi quan h¢ gitta I ,I .,

T

T g
Taco: I, = IOZ sin™" xdx = JOZ sin® x(l —cos’ x)dx =1 - '[02 sin" x.cos” xdx (1)

du = —sin xdx

Str dung cong thic nguyén ham tung phan ta dat J. . 4 sin™" x
v = | sin” x.cos xdx =
n+1
3. ) cosxsin“”x|E a2 I,
:J-Zsmn x.cos” xdx = + Izsm xdx = —2-(2)
0 n+1 |0 n+1-0 n+1
Thay (2) vao (1) ta dugc: I, =1 _lho oy _D*2, )
n+. n n+l n n+1 n+.
2. Tinh 1,1, .
I, :éI3 zﬁl1 _ 8 2sin xdx =—
k3 e 22 A . 5 15 15 5
St dung két qua 6 trén ta duoc:
oo By 150 n? xdx = 2%
6 4 = 2 -
6 24 24 96

3. Tim cong thiic tong quat cda I, .

134 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Taco: I, = J'OE sinxdx=1,1, = IOE sin’ xdx = —
s n+2 o AA .
Tadacokétqual = —11n+2 , dén day xét 2 truong hop:
n+
X . ) 4 6 2k
+ Truong hop 1: n= Zk(k eN ) .Tacé: 1, :514,14 :516,...,121(72 :mlﬂ( .
Nhan theo vé& cac déng thtc ta duoc:
4.6..2k n 4.6..2k 3.5..(2k-1) =
T o e ST e s ———————
3.5..(2k-1) 4 35..(2k-1) 46.2k 4

+ Truong hop 2: Véinlé hay n=2k -1, ta c6: I, 2213,13 :ZIS,...,IZk_3 :% k1 -

Nhan theo vé cac dang thic ta duoc:
| 24.(2k-2)  24.(2k-2)
1 35.(2k-1) " 35..(2k-1)

4. Xétday s6 (u,) chobdi u, =(n+1)I I ,,. Tim lim u,

n* n+l "
, n+2
Taco: u, =(n+1)[ I, =(n+1).—=I I ,=(n+2)[ I ,=u,
n+1
T TOT
Vavu_ . =u_ =..=u, =2, =—=limu_=1lim —=—
y U, n 1 e =y = =575

Vi du 2: Xét tich phan 1, = Jj(l -x° )n dx

1. Tinh I,
2. Tinh IimI‘I‘—+1
Loi gidi
1. Tinh I,
n n-1
Dit u:(l—xz) . du:n(l—xz) (—2x)dx
dv =dx V=X

=1 :x(l—xz)n 1 +2n'[01x2 (1—x2)n_1 dx
0

= 2nJ.01(1 —(1 —x ))(1 —x )nfl dx= 2n(J.01(1 —x )nfl dx—J‘O1 (1 —x )n dx) =2n(I,_, -1,)

2n
Vay I =2n(I -1 I =——— 1 *
ay I, =2n(I_, -1 )1, — ()
Ta () taco [ =20 20 2n-2; _  468.2n
2n+1 2n+1 2n-1 5.7.9..(2n+1)

1

X

3
Mat khac ta lai c6: 1, = I: (1 x> )dx _ (X _ ?j 2 I 2.4.6.8..2n

=1 = .
37" 3579..(2n+1)

0
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2. Tinh lim = L

n—-+w I

2(n+1
n L (n+1) [l 2042 0 L, 2n+2

n-1 n+1 n 1
2n+1 2(n+1)+1 [ 2n+3 now I ns 20 43

Taco: I =

Vi du 3: Xét tich phan 1, = J.OZ tan" xdx véi neN'.

1

1. Chtng minhring I, =——
n+1

_In

2. Tinh 1,1,

Loi gidi
1. Ta cé:

[,= J.OZ tan""? dx = I}((tan“” x+tan" x) - tan" x)dx

=F(tan“x(tan2x+1)—tan“x)dx J- ; fan® Xd I4tan xdx
0 0 cos” x
= J.Xtan“ xd (tanx)—1, =L—In
0 n+1
Ta c6 diéu phai ching minh!
2.Ta co:
ki LS L |
o I :J.‘*tanxdx:.[‘*—smxdx:—J“*—(COSX):1ln2
todo 0 cosx 0 cosx 2
=1 * 4-m
. I—j tan® xdx = I —-1 dx=(tanx—x)‘g= 1
cos” X
Ap dung cong thic truy héi I, = % -1 ta dugc:
n+
. 15:1—1321—(1—11j:11r12—1
4 4 \2 2 4
1 1 (1 13 =«
o [[=—-I,=——-|=-L |=—=——
5 * 5 (3 zj 15 4
Vidu 4:
Y A nde en71_1
1. Xét tich phan In_.[o . v6i neN'. Chimg minh rdng 1 = 1 -1 .
+e* n-

2. Xéttich phan I, = Ij(?} —x)"e*dx v6i neN'. Ching minhrang I, =-3" +nl,_,

Loi gidi
1. Ta cé:

Jl e™dx jl 1) gy _ J’l X1 (ex +1)dx ) X0 ) el 1

01+e* 0 1+e” 0 1+e* n-1] n-1
Tt d6 suy ra diéu phai ching minh!
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2. Xét tichphan I = J.OS(S —x)"e*dx v6i neN'. Chung minhrdng I, =-3" +nl,_,

n n-1
it {u—(?)—x) j{du——n(S—x) dX:>In _(3=x)" exz

+ njj(?) —x)"e*dx=-3"+nl_,

dv =e*dx v=e"

Tu day c6 diéu phai chiing minh!

Vidub5:Cho I, =J:x“\/1—xdx voi ne N . Biét (u, )la day cho bdi u, = L

n+1

Loi gidi
_ n-1
Q=" du=nx"dx
Da

dv=T-xdx  |v= jmdx=_%(m)3

2 ()
= %n(J‘:\ll—X.Xn_ldX—J‘o Vl—X.XndX) = %n(lnl _In)

n

=1 =—§x ( 1- x)

Vay In:zn(ln—l_ln)jlnzz—nln,l =>In+1=2n+21 =limu, —hmIr1+1 =1
3 2n+3 I

2. NGUYEN HAM - TiCH PHAN HAM PHAN THUC HUOU TY

Nguyén ham phan thic hitu ty 1a mot bai toan kha co ban, nhung cting dugc phét trién ra

2n+5

rat nhiéu bai toan kho, trong muc nay ta sé tim hiéu cach giai quyét dang toan nay. Téng

quét voi ham hiru ti, néu bac cta t& 16n hon hodc br?mg bac ctia mau thi phai chia tach

phan da thtc, con lai ham hitu ti v6i bac ti bé hon mau. Néu bac cta tir bé hon bac cua

mau thi phan tich mau ra céc thira s6 bac nhat (x+a) hay (x2 +Ppx +q) bac hai vo nghiém
A Bx+C

r6i dong nhat hé so6 theo phan tir don gian: = . Bong nhat hé s6 & tu thac thi
X+a X +px+q

tinh duoc cac hang s6 A, B, C, ... Két hop voéi cac bién déi sai phan, théem bét dic biét dé
phén tich nhanh.

CAC DANG TICH PHAN PA THUC HUU TY.

T‘P(x)‘ dx : Chia mién xét dau P(x),

x(mx+n)” dx: D4t u=mx+n hogc phan tich,
(mx+r1)(px2 +qx+r)a dx: Dat u=px> +qx+r,

(x+m)a.(x+m)ﬁdx: Néu o <p thi dat u=x+n.

[ ]
D — T D —T Y —T
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CAC DANG TICH PHAN HAM PHAN THUC

1. Dang J'4dx Lap A=q” —4pr.

© PX” +qx+T
e Néu A= 0:>I—,dfmg cong thiic cia ham da thuc.
mx+n)
J NeuA<0:>j ,ddt x=ktant

° NeuA>O:I , bién d6i 21 zzl( 1 - 1 j
k x* -k 2k\x-k x+k

2. Dang Imx—mdx. Lap A=q” - 4pr
Y PXT+gX+T

e Néu A>0= Phan tich va dung cong thuc.

A(px® +gx+r)'
e NéuA<0= ranJrn = (pz a )+ B2
px° +qx+r px° +gx+r (X-I—OL) +K2
b b n—l
3. Dang =I dx ,dat t=1+x".
aX(1+X a 1+x

Chii 1j: Cho ham s6 f(x) lién tuc trén doan [-a;a].
Néu f(x) 1é thi I f(x)dx=0.Néu f(x) chan thi If(x) = 2If(x)dx .

-a a 0

CAC CONG THUC NEN NHO.

1 1 X—a
—  dx=——In|——+C
I(x—a)(x—b) X a—bnx—b+
. I 21 2d><:1arctan§+C
x* +a a a
1 arctan(aerbj
o — 1 - < Jyc
(ax+b) +c? ac
CONG THUC TACH NHANH PHAN THUC HUU TY
P
(x—b)(x—c)X=a
i P(X) :A+B+C:>B:LX)
(x—a)(x-b)(x-c) x-a x-b x-c (x—a)(x—c)X:b
o Pk
(x—a)(x—b)xzC
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P
. P(x) A X Bx+C _ ax’ +bx+c -
(x—m)(ax2+bx+c) x—m ax’+bx+c Bt C P(x) A(ax2+bx+c)|
’ ) x—m 000
x=1
Vi du : Tim cac nguyén ham, tinh cac tich phan sau:
x'-2 Vs xdx
1. d =
Jor—dx 6. N le‘ ;
dx
2. j—g © 8 +2
7. =|—d
x(1+x) Q ‘!X(1+x7) X
3 J‘&dx xt+2
* 4 2 8 = d
x*+x2+1 y J v[x6+1 X
x* —x+
4. K= 3 x!0
-([ x> +4 0. 4X3+1dx
ext+x2 +1 2
5 L= 1x-—1
2[ 1 10. I;x4+ dx
Loi gidi
4 2 2
1. Ta co X3_2:x+x3_2=x+ X =2 .
x> =X x> =X x(x—1)(x+1)
2
Dat X =2 :é+ B + ¢ :>x2—2=(A+B+C)x2+(B—C)x—A

x(x-1)(x+1) x x-1 x+1

bong nhat hé s6 thi duge A=2,B= —%,C = —%, do do:

If(x)dx:'[(x+z_1 1 1.1 )dx:%ﬁ+2ln|x|—%ln‘x2—1‘+(:

x 2 x-1 2x+1

) dx ¢ Xdx 1 d(xs) 'S
2'TacoIx<1+x8)_Ix8(1+x8)_§Ix8(1+x8)_§ln1+x8+C
iy
) X _1 x> —x+1
s taco [ f( 5, P e

X

4. Dit x=2tant,xe[0;2] < te{O;g}

k- “j-416tan t-2tant+1 2dt 1
0 4(tan t+1) cos’t 2

nj4(16tan4 t—2tant+1)dt
0
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71:/4

=— J. (16tan t(1+tan t) 16tan®t— 2tant+1)d

Tt d6 tinh dugc K = —% 177[ —In \/_

3
5. Tacoé L= I + 2x” dx:j dx +2j- d(X)
x*+1 x°+1 0

LAn luot dit x=tant,x’ = tanu thi L:%
1 1
6. bat t=x> thlxdx——dt Khi x=0 thi t= Ox—\/gth t_ﬁ
1 1 1
B B N
:>N:1J' 4dt —1'[( 21 - 21 j = 1 t——Larc’cant :1ln(2—«/§)—l
29t -1 449t°-1 t°+1 8 |t+ 4 , 8 24
7 Taco Q_J-SX +1+1 _j‘8x +1, j 1 4
L x(1+X7) 1 X" +x 1 x(1+x)
2 6 2 (d 7
_ 8 2 X _ 1 (X)
—In(x +x)‘1+I—7(1+X7)dx—ln129+7j-—7(1+x7)
1 s 1, 256
=In129+=1In —| =In129+-In—
7 1+x7, 7 129
8. Taco J= j + 1 jdx=C+arctanx+J. : d);
x+1 xP=x?+1 X =x"+1

Nhu vay ta chi can tinh K = ‘[ —1
X=X+

V6i truong hop x =0 lam dé dang, xét truong hop x #0 ta c6

dx 1
K= | : X2 . ] d(xj

1 t’dt 1 1 1 dt
bitt=—oK=|——7F—== + dt—
. X '[t4—t2+1 ZULZJrl—\/gt t2+1+\/§t} I’c“—t2+1]

:%J-(t2+11—\/§t t+11+ftJ 1K K_lj( +11 V3t t+11+‘ftj

Phan con lai xin nhuong lai cho ban doc!

9. Bién ddi tich phan can tinh ta dugc
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10
'[3 ;( dx:r(x7—x4+x— . 1 + 31 jdx
4 x"+1 4 x"—=x+1 x> +1

3 1 1
=J. X =x"+x- >+ dx
4 1 2 \/g x°+1
X—=| +| —
=3) (3
Tinh 1= dx = I d(x+1) :r d(x2+1)
141 Fx+1)[ P —x+1] 4L(x+1)[(x+1) —3(x+1)+3}
t? =3t+3)- _
Détt:x+1:>dt=dx:>1=1j4( )=(¥'~ ‘ﬁ__ 42t_3
37 t(t2—3t+3 542 _3t+3

_1 @_1{%42%_—3&__!42_}
35t 325 ¢ 3430 25502 3143

bén day xin nhuong lai cho ban doc!
d (x + 1)
X

2
(x+1j -2
X

+7
X2

1
12 1( ]dx
10. Taco 1= =
Faa®=—
2

N | 1 ey

2

bat x +1 =t khi d6 ta duoc:
X

dt 1 3 1 1
(t+ﬁ)(t—ﬁ):Zﬁl(t—x/ﬁ_tﬂ/ﬁjdt
1 d(t— ) 1 j.d(t+\/_) 1
223 t-2 2J_ t++2 2J_ t+\/_‘

19-642
17
3. NGUYEN HAM - TICH PHAN HAM LUONG GIAC

DPé lam t6t dugc cac bai toan nguyén ham - tich phan ham lugng giac ta cdn ndm chac

dt:

I:
t? -2

YR I—)
YRS, L—

N | O1 &y 1O

o N Ao A ., . N A - X
dugc cac bién doi ha bac lugng gidc, tich thanh tong, theo géc phu t = tanz youn

. 1 ~ 1 sin[(x+a)—(x+b)]
sin(x+a).sin(x+b) sin(a—b) sin(x+a)sin(x+b)

. 1 _ 1 1
asinx+bcosx \[a24+Db? sin(x+a)

. 1 _ 1 1
asinx+bcosx /a2 +b> \/a2+b2.1iC05(X+0t)

. asinx+Bcosx+y _A(asinx+bcosx+c) B
asinx+bcosx+c asinx+bcosx+c asinx+bcosx+c
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1 1 1

[ ] = .
aSin2X+bSinXCOSX+COSZX atan2x+btanx+c C052X

Sin X cos x A(a2 sin® x + b* cos? x)'
[ ] =
. o . o
(a2 sin? x + b? cos? x) (a2 sin® x + b? cos? x)

Ddc biét can tich phan doi, bu, phu thi dit tuong tng t=-x,t=n-x,t= g—x. Tich phan

lién két, dé tinh I thi dit thém ] ma viéc tinh tich phan 1+] va I-] hodc [+k] va [-m] dé
dang lgi hon. Tich phan truy hoéi I, theo I, hay I, thi sin" x,cos" x tach lay thita 1 va
dung phuong phép tich phéan tung phan con tan" x,cot"x tach laiy thitra 2 va dung
phuong phép tich phan déi bién sd. Ngoai ra ta can phai nho:

1. Néuham sd f(x) lién tuc trén doan [a;b] thi:

f(cos x)dx;jxf(sinx)dx = gJ.f(sin x)dx
0

0

f(sinx)dx =

O | 3
ct—

2. Cac dang tich phéan lugng giac:

b b
. IP(X).sinaxdx,IP(x).cosocxdx: ddt u=P(x),v'=sin hodc cosax

[
O N | A

R(x,sinx,cosx)dx : dit x:g—t

[ ]
A

R(x,sinx,cosx)dx: ddt x=n—t

N o
a

R(x,sinx,cosx)dx: ddt x =2n—t

D Yo R S—

. o X o A
R (sinx,cosx)dx: dat t= tanE , dic biét:

Néu R(-sinx,cosx)=-R(sinx,cosx) thi d4t t=cosx

Néu R

— —~ o

sinx,—cosx ) =-R(sinx,cosx) thi d4t t=sinx
Néu R(-sinx,—cosx)=-R(sinx,cosx) thi dit t=tanx,cotx.

Dé tim hiéu sau hon ta sé cting di vao cac dang toan cu thé.
CAC DANG TOAN THUONG GAP.
dx
sin(x+a)sin(x+b)
1. PHUONG PHAP.
Dung d6ng nhat thuc:

I. DANG 1. I=j

142 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

sin(a—b) _sin[(x+a)-(x+b)] sin(x+a)cos(x+b)-cos(x+a)sin(x+b)

1 = - =
sin(a~b) sin(a—b) sin(a—b)
Tu do6 suy ra: 1=— 1 ISm(XjLa)CO.S(X+b)_.cos(x+a)sm(x+b)dx
sin(a—b) sin(x+a)sin(x+b)
1 J‘ cos(x+b) cos(x+a) dx
= sin(a—b)”| sin(x+b) sin(x+a)
:ﬁ[ln‘sin(ﬁb)‘—ln‘sin(x+a)H+C
2.CHUY.
V6i cach nay, ta c6 thé tim duoc cac nguyén ham:
dx Y . N ~ » . (a b)
* s b h dung déng nhat thac 1=
jcos(x+a)cos(x+b) ang cach dung dong mhat thue sm(a b)

a—b)
a—b)

dx N . . (
K= ba ach dung dong nhat tha 1—
-[ sin(x+a)cos(x+b) ahg cach ctihg cong Mhat thic cos(

3. VI DU MINH HOA.

Tinh cac nguyén ham, tich phén sau:

o I=I dX
. ) T
sinxsin| x+—
( 6)
sin™® sin{(x+nj—x}
., 6 6 . T T .
Taco: 1= = :2{sm(x+—jcosx—cos(x+—]smx}
. T 1 6 6
sin — 5

sin(x+njcosx—cos(x+njsinx cos
6 6 ZJ- COSX

. . T sin x
sinxsm| X+ g sin

Tix d6: Izzj

. T
sm x d(sm(x i 6)) sin x
=2 j ) j

sin x ) o
sin| x+— sm
)
o I=J~ dX
Ccos 3x cos (3)( + j
sin— smK3x+2j—3x}
Taco 1= = 1 = 2[5in(3x+ 7Tjcos(—ix cos[3x+ jsm?)x}

Fanpage: Tap chi va tu liéu todn hoc Chinh phuc olympic todn | 143



GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

{sin(3x+gjcos 3x —cos (3X+76tj sin SX} sin(3x+nj 3
dx = 2j—6dx—2.[wdx

cos 3x cos(?)x + Zj cos (3x +16t} Ccos 3x

d cos[3x+nJ
2 6 2 ¢d(cos3x) 2 cos 3x
=—§j += —ZIn|—2"2|+C

:3122!

cos(3x+nJ 3
6

. I=J’ dx

. T T
sin| x+— |cos| X+ -——
el

cos3x 3 ( nj
cos| 3x+ g

Ta co:

T
cos— COS (
4 L

T

12 = ﬁ{cos(x+£jcos(x+£j+sin(x +Ejsin(x+£ﬂ
L 3 12 3 12
cosz

T
X+— |-
5
A
2

T i } T . T
Cos(x+3jcos(x+1z}rsm[x+3js1n(x+12j
) T T
sin| x+— |cos| X+ —
( 3) ( 12)
T )
cos(x+3j sm(x+12j
[ a2 [ 12
sin(x+nj cos(x+nj
3 12

md[sin[x+gjj_ﬁjd[cos(x+fzjjﬁl sinf x+2 .

. T T 1 T
Sin| X+ — COS| X+ — COS| X+ —
( 3] ( 12} ( 12)

II. DANG 2. I = Jtan(x+a)tan(x+b)dx

1. PHUONG PHAP.

Ta co tan(x+a)tan(x+b)= sin(x+a)sin(x +b)
cos(x+a)cos(x+b)
B sin(x+a)sin(x+b)+cos(x+a)cos(x+b)_1_ cos(a—b) 1
B cos(x+a)cos(x+b) B cos(x+a)cos(x+b)
dx
T dé6 1= -b -1
r d6 suy ra I =cos(a )Jcos(x+a)cos(x+b)

bén day ta gdp bai todn tim nguyén ham & Dang 1.
2.CHUY

V6i cach nay, ta c6 thé tinh duge cac nguyén ham:

144 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

. ]=Icot(x+a)cot(x+b)dx
. K:jtan(x+a)tan(x+b)dx
3. VI DU MINH HOA

° I=Ic0t(x+£jcot[x+£jdx
3 6
T
cos(x+3jcos(x+6)
Ta co Cot(x+EJcot(x+Ej=

3 6 . T . T
sin| x+— |sin| x+—
(03 Jonlx+

T T : T . T

cos| x+— |cos| x+= |+sin| x+= |sin| x+=
:(3j(6j [3)[6)_1

) T . T
sin| x+— |sin| x+—
[x+5 Joinl+ )
T T
cos|| x+— |—| x+—=
(3 -+3)

= -1

) T . T

sin| x+— [sin| x+—=

[x+3 Join>+7)

V3 1
>

. T . T
sinf X+— (sin| X+ —
( 3j ( 6j

a

1

By ) . T
sin| x+— [sin| x+—
( 3) ( 6)

N

dx—-[dx:TIl -x+C

-1

™| &

Tudo I=

sin® sil{(x+§j—(x+6ﬂ
Tacoé 1= 6 _ =2 sin(x+£jcos[x+£j—cos(x+£jsin(x+£j
1L 3 6 3 6
sin(ergjcos(x+gj—cos(er;chin(ergJ
Turdo 1, =2 d
) T . T
sin| x+— |sin| x+—
(o3 Jonl+ )
T T ) T
cos(x+6j cos(x+3j sm(x+6j
:ZI—dx—ZI—dx:Zln—+C
sin(x+nj sin(x+nj sin(x+nj
6 3 3
\/§ sin(x+zj sin(x+gj
—21n——x+C:\/§ln—

2 . o ) T
sin| x+— sin| x+—
( 3) ( 3]
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° K:Jtan x+E cot x+E X
3 6
) T
sin| X+ — |cos| X+ —
) T n ( 3) ( 6)
Ta co tan| x+= |cot| x+—= | =
3 6 T . T
cos| x+— |sin| x+—
3 6
) T T T . T
sin| X+ — |cos| x+— |—cos| x+— [sin| x+ —
( 3) ( 6j ( 3) ( 6)
= +1
T . T
Ccos| X+ — [sin| x+—
3 6
) T T
sin| | x+— |—| x+—
H 3) ( 6ﬂ 1 1
= +1=—.
T . o1 2 T . T
CcoS| X+ — |sin| X+ — cos| X+ — |sin| x+—
3 6 3 6

TL‘ICIC’):K:1 1

ol el
cos| X+— |sin| x+—
3 6

bén day, bﬁng cach tinh 6 Dang 1, ta tinh duoc:

3

+1

dx+de:%K1+x+C

T T
sin(x+j sin(er)
Klzj dx :iln—6+C:K:£1n—6+x+C
T . T J§ o 3 o8
cos| x+— [sin| x+— cos| x+— cos| x+—
( 3) ( 6) ( 3) ( 3]
dx
1. DANG3.I=j :
asin x+bcosx

1. PHUONG PHAP.
C6: asinx+bcosx =a? +b? | ———
Ja’ +b’

= asinx+bcosx=+a’+b’ sin(x+a)

sin x +

b
WC%XJ

1 dx 1 X+
- Ja2 +b? Isin(x+a) Ja2 +b? AT
2. VI DU MINH HOA.
2dx dx dx
I: = =
* I\/gsinx+cosx J.\/_ '[

. T . T
jsinXJrfcosx smxcosg+cosxsmg
2

d d(x+gj x-}-E
=I X =1ntan—6 +C=1ntan(§+lj+C
2 2 12

AN
sin(x+6j sm(x+6j
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o ]=J- dX =1J- dX
cos2x—~/3sin2x 271 3 .
—cost—73m2x

2
dl F-»
dx 1 (6 Xj

1 dx 1

B SinECOSZX—COSESiHZX 2 sin E—2x 4 sin E—2x
6 6 6 6

T
——=2x -
:——lntan6 +C———lntan(——xJ+C
12
dx
IV.DANG4.I:I :
asinx+bcosx+c
1. PHUONG PHAP.
dx 2d’c2
1+t
) 2t
smx:1 t2
Dt tan> =t = +
2 _ 2
COSX = >
1+t
tanx = 2t2
1-t
2. Vi DU MINH HOA.
. I:J' dx.
3cosx+5sinx+3
dx — 2d’c2
1+t
Dat tangzt: sinx:lerttz . Tu doé ta co
1-t°
COSX = >
1+t
2dt
I_J‘ 1+t2 _J‘ 2dt _J‘ 2dt
1-+t? 2t 3-3t2+10t+3+3t*> J10t+6
3. 5 +5 > +3
1+t 1+t
d(5t+3
zle=11n|5t+3|+czlln5tan§+3 +C
5 5t+3 5 5 2
. =J‘ 2dX
2sinx—cosx+1
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dx — 2d’c2
1+t
. X :
biat tan—=t=<sinx = 5
2 1+t
—t?
COSX = >
1+t
2dt
: 2 4dt 4dt dt
T do] = 1+t - - -2
J J 2t 1-t I4t—1+t2+1+t2 I2t2+4t It(t+2)
1+t2 1+t
1 1 X X
=I Sl dt=1n|t|—1n|t+2|+C=ln tan=|—Inltan=+2|+C
t t+2 2 2
. K:J’L
sin x +tan x
dx 2d’c2
1+t
bat tanzzt: sinx = 2t2
2 1+t
2t
tanx = 0
2dt
N 1+t _ N e
TudoK_j—2t 5= j - j jtdt
2+ 2
1+t 1-t
=11n|t|—1t2+C=llntan§—ltan2§+C
2 4 2 2 2
dx
V.Dangb5. I =
g Ia.sinzx+b.sinxcosx+c.c052x
1. PHUONG PHAP.
1= dx _
atan x+btanx+c) COs” X
Dat tanx=t= ———=dt.Suyra I= I—
COSs”~ X at> + bt+c
2. Vi DU MINH HOA.
o I:I — .dX . :J~ dX
3sin” x —2sin X cos X —cos” X (3tan2x—2tanx—1)c052x

dt
3t? —2t 1 j(t—1)(3t+1)

__'[( j . I 3t+1)
- t—1 3t+1) 49t-1 49 3t+1

Pit tanx =t = —dt =1I= j

Cos2 X
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1 t-1 1 tanx-1
=—In +C=ZIn|————
4 |3t+1 4 |3tanx+1
o ]=j dX J‘
sin? x —2sin x cos x —2 cos” X tan x—2tanx— 2)cos X
bat tanx=t= d>2< =dt
cos’ X
| dt :j d(t-1) _ 1, [t=1-+8] . Lin tanx-1-3| .
t2—2t-2 (t—l)z—(«/g)Z 2\/_ t— 1+\/_‘ tan x — 1+\/_‘

a, sinx+b, cosx
1 1 dX

VI. DANG6. [ =
’ J.azsinx+b2cosx

1. PHUONG PHAP.
Ta tim A,B sao cho:a, sinx+b, cosx=A(a, sinx+b, cosx)+B(a, cosx b, sinx)

2. Vi DU MINH HOA.

. I:J~4$mx+3cosxdx

sinx + 2 cos X

Ta tim A,B sao cho 4sinx+3cosx = A(sinx+2cosx)+B(cosx—2sinx)

) ) A-2B=14 A=2
:>4smx+3cosx:(A—ZB)smx+(2A+B)cosx:>{ {

=
2A+B=3 B=-1
Tée d6: I_.[2(sir1x+2cosx)—(cosx—ZSinx)dx
o sinx +2 cos x
:2J‘dx—jd(f_5mx+zzcosx):2x—ln|sinx+2cosx|+C
sinx+2cosx

dx

_J-3cosx—ZSinx
cosx —4sin x

Ta tim A,B sao cho 3cosx—2sinx = A (cosx—4sinx)+B(-sinx—4cosx)

= 3cosx—2sinx =(A—-4B)cosx+(—4A -B)sinx

11
A=——

A-4B=3
{4A+B:2 5__10
17

E(COSX—4Si1’1X)—E(—Sil’1X—4COSX)
Tir do: J = [ 17 17 dx
cosx—4sinx

d —4si
:Ej‘dx—E (cosx ?mx):Ex—mln|cosx—4sinx|+C
17 17¢ cosx—4sinx 17 17

3.CHUY.
a, sinx+b, cosx

1. Néu gap I :j ~dx ta van tim A,B sao cho:
(a, sinx+Db, cosx)
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a, sinx+b, cosx = A(a, sinx+Db, cosx)+B(a, cosx—b, sinx)

a

.. sinx+b, cosx+c .
2. Néu gdp I:I 1= 1 Ldx tatim A,B sao cho:
a, sinx+b, cosx+c,

a, sinx+b, cosx+c, =A(a,sinx+b, cosx+c,)+B(a,cosx—b,sinx)+C
)
Chang han:
8cosx

(\/gsin X +COSs x)

o |[=

>dx. Ta tim A,B sao cho:

8cosx:A(\/gsinx+cosx)+B(\/§cosx—sinx)

A3 -B=0 A=2
:>8cosx:(A\/g—B)sinx+(A+B\/§)cosx:> \/_ =
A+BJ3=8 |B=2\3

Tor d6 T J.2(\/§sinx+cosx)+2\/§(\/§cosx—sinx)
wdo: I=
(x/gsinx+cosx)2

dx

d \/gsinx+cosx
=2 —— dx +23] ( ):211— _2‘/5 +C
3 sinx +cosx (x/gsinx+cosx) 3 sinx +cosx
TimI—I dX _1J‘ dX _1J- dX
1~ . y N
V3sinx+cosx 2 ﬁsinx+1cosx 2 sinxcosg+cosxsinE
2 2
d[x-‘r‘n) X+E
=1I dx =1I 6 =1Intan—6 +C=11ntan §+l +C
24 . ( th 27 . ( nj 2 2 2 2 12
sin| x+— sin| x+—
6 6
Vay I=In tan(§+lj - 2\/5 +C
2 12 \/gsinx+cosx
. =J-88mX+COSX+5dx.Ta tim A, B, C sao cho:

2sinx—cosx+1

8sinx+cosx+5=A(2sinx—cosx+1)+B(2cosx+sinx)+C

= 8sinx+cosx+5=(2A +B)sinx+(-A+2B)cosx+A+C = {-A+2B=1<1B=2

A+C=5 C=2

Tir d6: ]:J-3(ZSinx—cosx.+1)+2(2cosx+sinx)+2
2sinx—cosx+1

:3J-dx+2j- 2.cosx+smx dx+2— dx
2sinx—cosx+1 2sinx—cosx+1

=3x+2In|2sinx—cosx +1|+2],

X
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dx 2dt2
1+t
e Tim ]1:_[ - dx . bat tan > =t = {sinx = 5
2sinx—cosx+1 2 1+t
—t?
COSX = z
2dt

- Let? g dt o odt 1 El_Ljdt
=1i=] 2t 1-+ It2+2t It(t+2) 2I t t+2

— =
1+t 1+¢

zlln t +C:11r1—2 +C
2 [t+2 tan > +2
’cani
Vay: J=3x+2In[2sinx—cosx+1|+In — 2 IiC
tan§+2

VIL. DANG 7. BIEN POI PUA VE NGUYEN HAM CO BAN HOAC 6 DANG O TREN.

o [= Icos 3x cos4xdx = %j(cosx+cos7x)dx
:ljcosxdx+ljcos7xdx :lsinx+isin7x+C
2 2 2 14
o I= J.cosxsin 2xcos3xdx = %J‘sin 2x(cos 2x +cos 4x )dx
1¢ . 1¢ .
== I sin 2x cos 2xdx + — I sin 2x cos 4xdx
2 2
:1jsin2xd(sin2x)+lI(—sin2x+sin6x)dx
4 4

:1sin2 2x+1c052x—lcos6x+C
8 8 24

. I=Itanxtan T x tan Tix dx
3 3

sin x sim(;E - x) sin (g + x)
Ta co: tan x tan(E — xj tan (E + xj =
3 3 i T
COS X COS (3 - xj cos (3 + xj

sin x(cos 2X —Cos 2;) sin x(l —2sin® x+ ;j

cos x(cos 2X+cos 2;) COS X (2 cos’x—-1- ;j
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. £ 2 . . .
_ sinx(3-4sin’ x) _ 3sinx—4sin’x _ sin3x

cosx(4cos2 x—3) 4cos’x—3cosx cos3x

sin 3x __J- Cos 3x

T do: 1= J. ln|c053x|+C

cos 3x Ccos 3x
o I= J.sin3 x sin 3xdx
3sin x —sin 3x

4

Ta c6: sin3x =3sinx—4sin® x = sin® x =

.3 . 3sinx—4sin3x .
= sin” xsin 3x = 1 .sin 3x

:%sinxsinfix—%sin2 3x = g(COSZX—COSZLx)—%(l—Cos6x)

:gc052x—§C054x+lcos6x—%

T do: I=J~ §c052x—§cos4x+1cos6x—1 dx =isian—isin4x+lsin6x—1x+C
8 8 8 8 16

o I= J.(sin3 X C08 3X + cos’ xsin 3x)dx

. .3 3sin x —sin 3x 3 3 cos X+ cos 3x
Ta co: sin” x= , COS™ X =
4 4
. 3 3 . 3sin x —sin 3x 3cosx+cos3x .
Suy ra sin” xcos3x +cos” xsin3x = 1 .COS3x + 2 .sin 3x

= Esinxcos3x—1sir13xc053x+Ec:osxsin3x+1cos3xsin3x
4 4 4 4

= 3 [sin(—Zx) +sin 4x:| + 3 [sin (—2x)—sin 4x] = 3 sin 2x
8 8 4

Vay I:—gjsinZde:§c052x+C
4 8

dx dx 1 1 dx )
o | I - —= Z :j —— :I (1+tan x) 5
SIN X COS~ X tanxcos™ x tanx cos” x cos” x tan x Ccos” X
dx
bat tanx=t= —=dt
CcoSs” X

I—dt Itdt+J :lt +In |t|+C—%tan x+In|tanx|+C

. I:J- dx _J- cosxdx

Sil’l4 XCOSX sm X COS X

T 2
bat sinx=t:>cosxdx=dt:>1=j dt =.[1 trt dt=jl+_tdt+.[1ci_tt2

t(1-¢) Tt (1-1) t*
dt dt dt 1., 1 1, [t-1
=|l—+|-—-|—=—t"———=In——|+C
-[t4+-[t2 I(t—1)(t+1) 30t 2 1]
_ ‘13 B .1 _1111 s%nx—l e
3sinx sinx 2 [sinx+1
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sin 3xsin 4x sin 3xsin 4x )
I= I—dx = J-.—dx = J.s1n4xcos2xcosxdx
tan x + tan 2x sin 3x
COSXCOS2X

= 1J‘(sin 6x +sin 2x) cos xdx = 1J‘sin 6x cos xdx + ljsin 2x cos xdx
1p, . : ¢, . ,
= ZI(Sln7X+ sm5x)dx+ZJ‘(sm3x+ sinx)dx

:—lc0s7x—icosSx—lcos3x—1cosx+C
20 12 4

28
u= 1 COSX
dx y g du=- dx
. I:I —— .Dat sihx sin” x
sin” x dx
dv=— =—cotx
sin” x
cotx cotXx.cosx cotx
Sl=——— [ ——dx=-——,
sin x sin” x sin x
cos’ x 1-sin’x dx dx X
Tinh I, _I dx .[ dx I —I. =I-Injtan=|+C
sin® x sin® x sin®x ¥ sinx
t t
—S1=-2X 1 =X Iinftan|+C
sin x sin x
x| cotx 1 x| cotx
=2l=Inftan-|-——+C=I==Injtan—-|-———+C
sin x 2 2sin x

I I21 (1+smxjdx
1+cosx

Bién d6i gia thiét ta c6

X

.2 X 2 . X X
x 1+ sinx x sin (2j+cos (2 +251n§c0s§
IZ ln[—j dx = IOZ In dx

0 1+ cosx

X

2cos* =

N

=1J.21n(tan2§+2tan§+1]dx
270 2 2
Pit tanfztzﬂzlf(ﬁ+1)1n(t2+t+1)dt.
’ 2 270
bén day st dung tinh chat J bf(x)dx = J- bf(a+b—x)dx bai toan sé duoc giai quyét

Cich 2. Taco 1= Eln(l + sinx)dx—J.OEln(l +cosx ) dx

Str dung nguyén ham timng phan ta duoc

Fln(1+sinx)dxzflnz_F XCO.SX "
0 2 0 1+sinx
J.Eln(lJrCOsx)dX:J'E xsinx dx

0 0 1+ cosx

Fanpage: Tap chi va tu ligu todn hoc Chinh phuc olympic todn | 153



GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

:>I:EIn2— F XCO_SX dx+ |2 XX dx
2 0 1+sinx 0 1+ cosx

Tur day ta sé di tinh I XCOSX. 4x . Dbat t=2_xta duoc
0 1+ sinx 2
Jg XCOSX_ gy = T 7 sinx B ,[ Xsinx_ o 1_0
0 1+ sinx 270 1+cosx 1+cosx
j-s1n2x+s1nx dx
v V1+3cosx
L . 3
, . 2sin x cosx +sin smx 2cosx+1
St dung tich phan tirng phan ta c6 I:I oA j ) X
o ~1+3cosx 0 J1+3cosx
u=2cosx+1 du =-2sin xdx

Dt sin x d(1+3cosx) = 2
dv=—""2  dx=-—+ "7 v=—=+/1+3cosx
NJ1+3cosx 341+ 3cosx 3

T

= 2
’ —%Jsinxx/1+3cosxdx
0

0

I:—§(2c05x+1)\/1+3cosx

i
2

34
0 27

3
:2+§I\/1+3cosxd(1+3cosx):§+% (1+3cosx)3
0

4. PUA BIEU THUC VAO TRONG DAU VI PHAN
O noi dung bai viét nay ta sé nhéc t6i mot sd bai toan st dung ky thuat dua mot biéu thic
vao trong ddu vi phan, dé 1am duoc nhiing bai toan nay can chd y dén ky niang bién déi,

dao ham. Sau day sé cung xét cac vi du sau.

Vidu 1: Biét j dx=—+
) n+e2” m elnn

1
x> +2% +ex’2* 1 1 e . o .
In| p+ v6i m, n, p la cdc s6 nguyén
e+m

duong. Tinh tong P=m+n+p
A.P=5. B. P=6. C.P=7 D. P=8.

Loi gidi
Nhimng bai todn cdn dén ki thuat nay da phan sé duoc phat biéu mot cach kha ldng nhang
sé gay kho khan cho ngudi lam bai. Tuy nhién hdu hét sé dugc don gidn héa bang cach

tach thanh 2 tich phan khéc, ma dé lam duoc diéu nay thi trén ti phai tach theo mau s6.

1 3 X 3 mx 1 X 1
TaC(’)I=J‘7TX 2 +9;X2 dx = [| x* +—2 - dx=1xt| +a=tia
0 n+e.2 0 n+e.2 4 4
1 2X 1
Tinh A=I dx bit t=n+e.2* =dt=e.In2.2"dx= 2*dx= dt
n+e2" eln?2

0
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n+2e n+2e
Khido A=—b . [ Lo 1 =1 jamr2e_ 1 ln(1+ ej
eln2 < t eln2 e €ln2 7m+e eln2 e+m
m=4
A 1 1 e
Vay I=—+ In| 1+ =>n=2 =>P=m+n+p=7.
4 eln2 e+m
p=1
Nhan xét:

e Mau chét cta bai toan la ta nhan ra duge mau dao ham ra mot phan cta t tur
d6 rat ra phép dgt mau dé 1ay vi phan.
e Ngoai ra néu trinh bay tu luan thi ta cing khong can phai ddt mau lam gi c3,
dua tryc ti€p t vao trong dau vi phan rdi nhan thém hing s6 bén ngoai.
Chony C.

) . $X7+(2x+cosx)cosx+1—sinx
Vi du 2: Biét

ct—

C 5.0 N P A ~ 2
dx=an’+b—-In— véi ab,c 1a cic s6 hitu t.
X +COS X T

Tinh P =ac® +Db.

5 3
A.P:Z B.PZE C.P=2 D.P=3

Loi gidi
Van la mot bai toan véi cach phat biéu khong hé dé chiu, mau chét van 1a dua biéu thic
vao trong ddu vi phan va tach thanh 2 tich phan nhu bai trudc !

n (x2 +2x00sx+cos” x) +(1-sinx)

Ta co I:J.2 dx
0 X+ Ccos X

2

T(x+cosx T1-sinx z Td(x+cosx

=I2—( ) dx+ 2—dx=I2(x+cosx)dx+I2—( )
0 X+4+cosx 0 x+cosx 0 0 X+4+cosx

2
:(1x2+sinx+ln|x+cosx0 :1n2+1+ln2:1n2+1—ln%
2 o 8 8 T
1
a=—
8
Vay <b=1=>P=ac’ +b=2.
c=2
Chony C.
2
Vi du 3: Biét I= [ Llnxgdx:l— b _v6ia, beZ . Tinh P=b-a.
'(Inx+x+1) a (e+2)
A.P=-8 B.P=-6 C.P=6 D. P=10
Loi gidi
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Bai todn nay khong con don gidn nhu 2 bai todn trudc nita. Van bam sit phuong phdp lam ta sé
phdi don gidn va lam xudt hién biéu thitc hop i dé dua vao trong ddu vi phan. Vay bién doi nhu thé’
ndo dé xudt hign bidu thirc d6?

e In’x+Inx e Inx+1 Inx

Ta co I ———————dx= . 5 dx
'(Inx+x+1) PInx+x+1 (Inx+x+1)
Chﬁ}’fréng( Inx+1 j': Inx —. Khi d6 tich phan can tinh tré thanh:
Inx+x+1)  (Inx+x+1)
2
2 2 o2
J- In x+lnx3dX:J- Inx+1 d( Inx+1 j:J‘fﬂuduz—ltz 2 12 :
'(Inx+x+1) tinx+x+1 Unx+x+1) 75 2 1 8 (e+2)
2
Chon y B.
x> -1 a _
Vi du 4: Biét 1= I dx =— la phan so toi gian. Tinh P=b-36a.
—4x° +6x° —4x+1 b
A.P=0 B.P=1 C.P=2 D. P=5

Loi gidi
Sau day ta sé tim hiéu mot s6 bai toan dua biéu thic vao trong dau vi phan v6i ham phan

thic hitu ti. Cach lam khong phai 1a chi dua ti vao trong dau vi phan ma can phai bién ddi

Chia ca hai vé& cho x* ta duoc:
1
(1—12)dx (x+1—2j
B , 1 1
1=I -
36

, -1, T
2(x2+12j—4(x+1j [X+_2j X+==2
X X X X 5
Nhin xét:

o Ky thuét chia ca hai v€ cho s6 hang béac cao nhat cta tr sé duge ap dung kha

bang cach sau.

nhiéu trong nhiing bai toan dua biéu thtc vao trong ddu vi phan véi ham
phan thac hitu ti.
e C4c bai toan nay hau hét cAn phai bién d6i mau s6 dé phan tich tr s6 ra mot

cach hop 1i tir d6 moi c6 thé dua vao trong dau vi phan.

Chon y A.
3+«/ﬁ )
3 3 9(x"+1
Vidy5:Bigt 1= | x| 4( _ ) dx:nJ5+1n(b+6JE).Tinh@.
T XX+ XX+ C
N p. 38 ¥ p. 2
13 13 13 13
Loi gidi
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Bai toan nay nhin hinh thtic kha khing b, do yéu ciu cda nhiing bai toan nay la 1am don
gian tich phan cho nén tranh viéc cong ca hai biéu thic trong d4u tich phan ma can phai
tach ching ra dé tinh don gian hon.
3+J1_3 ) 3+\/ﬁ . ) 3+«/ﬁ )
2 3 2 2

4x3 +2 9(x~+1 d(x*+x"+1 9(x"+1
TacéI:J 4X 2X+4( Z)dx:j—(4 > )+I—4( 2)

x"+x"+1 x +x"+1 T X +x"+1 x"+x"+1

dx

1 1

Tich phan tha nhat tinh rat d& dang bang cach dua biéu thic vao trong dau vi phan r6i,

con tich phan tht 2 ta sé xtr Iy thé nao? Nhu bai trudc ta sé chia ca tir va mau cho x?, ta c6:

3+«/E
25 EXE] 1 EIE] 1 1] 2
I X+l +1 JZ- T+ JZ- d 75 T
x=9 —2 _dx=9 5 dx = —arctan —=
X 1
bén day dé dang tinh dugc:
3+\/§
11 2
3+13 X—— \/_ \/_
I=In(x*+x*+1) 2 +——=arctan—= =In(66+1813 |++/37
st s Satan 2 o150
1

Chon y A.

Nhin xét: O bai toan trén ta da st dung mot tinh chat cda ham phan thic hitu ti.

du 1 u
I — =—arctan—+C
u - +a°- a a

5. TICH PHAN LIEN KET

C6 rat nhiéu bai toan tich phan ta khong thé st dung céach tinh truc ti€p duge hoic tinh
tryc tiép tuong doi kho véi nhiing bai toan nhu vay ta thuong st dung t6i mot ky thuat do
la tim tich phan lién két. Chu yéu céc bai toan st dung phuong phap nay la cac tich phan
lugng giac hodc c6 thé la ham phan thiic. Dé hiéu rd hon ta ciing di vao phuong phap.

Xét tich phan I= .[ x)dx ta sé tim lién két v6i tich phan K= I x)dx va tim cdc méi

cl+dK=m

. Gidi h¢ nay ta sé tim
el+vK=n

lién hé gitra I, K. Ta di thiét lap moi lién hé gita I, K {

duoc caIvakK.
Kinh nghiém. Ta thuong gdp cic truong hgp sau:
e Haitich phan 1=K, tinh dugc I+K tir d6 suy ra L
e Kla mot tich phan tinh don gian, khi d6 tir mI+nK =a ta sé tinh dugc L
Cdch tim tich phan. K. Viéc tim tich phan nay chu yéu dya vao kinh nghiém, riéng d6i voi
tich phan luong gidc thi ta thuong hay chd y dén viec déi chd sinx cho cosx dé tao tich

phan lién két!
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Vi du: Tinh céc tich phan sau:
1. 1= jog cos 2xsin? xdx

z sin x

2. 1=]7 ~dx
(sinx+ 3cosx)
n 8 i
3. 1= [icowxsinx g
0 sin” x+cos” x
g 1= X
0e™*+3
4
5. 1= X 14y
0x”+1

Loi gidi
1. O ngay cau du ta da thay ngay su kho khin réi phai cha? Bay gio sé nghi t6i tich phan

lién két. Cha y t6i ddng thic sin®x+cos’x =1 ta sé thu tao tich phan lién két véi tich

phan K = J.Og cos 2x cos” xdx

T

Ta co: I+K:I05C052xdx :%sin2x ’ _g
0

Mat khéc ta lai c6:
LI 1. 1 1. e
K—I:jécos 2xdx:—jé(1+cos4x)dx:— X +—sin 4x
0 20 2 4

1[3J§ nj

T da duoc I==
ay suy ra duoc sl 1 3

T

2. Chil f tich phin lién két ciia ta la K = [2 cosx dx .

0 ( . 3
(smx+ 3 cos x)

NG

L S PUSY VL
U 2( th 4 ( 3) 3
Sin X+§

TaCéZI-f-\/gK:J.OE 1 dx=1I=J.7 dx

2
(sinx ++/3 cos x)

0

Gio0 can tim mot méi lién hé nita gitta [,K, cha y dén kién thuc kién thic phan trude - Pua
biéu thtic vao trong ddu vi phan, & day ta thdy rdng (sinx)'=cosx,(cosx)'=-sinx, do d6

nghi cach lam sao d6 dé c6 thé dua mot biéu thic vao trong dau vi phan. Ta c6:

N3

K13 = 2> cosx—+/3sinx dx gd(sinx+ 3COSX) 1 _\/§—3

(sinx+ 3cosx)3 0 (sinx+ ?)cosx)3 2(sinx+ 3COSX) 6

0
1+\/§

Tu day suyra [ = e

0
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3. Chii yj néu tinh dugc tich phin K = IO

sin® x cos x

dx

SlI‘l X+ COS X

Ta co: (cos4 x)' =—4cos® xsin x,(sin4 x) =4sin’® xcosx = (Cos4 X +sin* x) = —sin 4x

sin4x

T
4(1 K) I—
0 sin” x+cos” x
T . T .
IS =  SINXCOSX = sin2x
DeyrangI+K=j2ﬁdx= 2—2
0 sin” x+cos” x 0 T+cos” 2x

T
Vay [=—
dy 3

4. Chon tich phin lién két K = J.O 3 2 . 3
e+ e +

1_11 e’+3
3 6 4

5. Ta chii v t6i hiing diing thitc sau x° +1= (x +1)(x —X +1) ta chon K= j

Ta c6 31+1<=j01dx=1:>1—

1 e™dx 1d( zx) 1

Ta co:
° I—K:I 6X +1 x:jl 21 dx:arctanx4:—
0 x"+1 0x”+1 0
1 X 1,1 d(x3) ' on
° I =— 5 arctanx’| =—
0 x°+1 30(3)+1 o 12
T
Vay [ ==
Ay 3
LUYEN TAP
Tinh cac tich phan sau:
T sintx z sin'® x
1 I=|*—F———7—dx 2. 1= dx
0 sin* x + cos* x 0 gin'® x + cos'™
L 2
smx COs” X
4. 1= dx 5 1= dx
'[ \/sin x ++/cos x 0 sinx+\/§cosx

7. 1= _[05 sin 2x.cos* xdx

2
10. I= cos 2x dx
0 cos2x
13. 1= J~ " cos5x dx
sin 2x

8. 1= '[Ogsin“ x cos" " xdx
1
14 1 j smedX
2 cosx

3

6. KY THUAT LUONG GIAC HOA
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13 d(cos2x) i

= Eln(ezx + 3)

dx ——ln(sm X + COS x)‘ =0=1=K

0 14+cos’2x 4

Y1 (e?43
==In
o 2 4

2

dx
x®+1

. .
z sin x

3. I:I2 3dx
O (sinx+cosx)

n - .3
5 sInx

6. [=[2——= dx
0 sinX+cCosx

9.1=[2 2sinx+1 dx

0 sinx+cosx+1

dx

12 1= I x+2)

15. = J» "2 cotx— 3tanxdX

3 cotx+tanx

Chinh phuc olympic todn | 159



GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

Khi tinh tich phan ta sé gdp mot s6 bai toan dudi dau can thac chira mot s6 ham c6 dang
ddc biét ma kho tinh nhu binh thuong duoc, khi do6 ta sé nghi t6i phuong phap luong giac
héa. V6i nhitng dang sau thi ta sé st dung phuong phép lugng giac hoa.

e Néu bai toan c6 chtra va’ —x’ thi ta dit x =asinthodc x=acost

e Né&u bai toan cé chita Vx> —a? thi ta d4t x=——hodc x =
sint cost

e Néu bai toan c6 chia x* +a” hodc Vx> +a” thita dit x=atant

e /x+a . y
e Néu bai toan c6 chta thi ta dat x =acos2t
a—x

e Néu bai toan c6 chta /(x—a)(b-x) thita dit x=a+(b—a)sin’t

Vi du: Tinh céac tich phan sau:

1. I=I2\/4—x2 -

2. I= j «/ﬁ
3. Izjoxlel—xzdx

I:jiﬂ
0 ’(1—)(2)3
2 [5+x

I:J.OZ‘/S—X dx

Loi gidi
1. Hay thar dit biit lam cdu nay theo cdch binh thuong xem vin dé ¢ diy la gi nhé!
bat x=2sint,te {—g,g} = dx=2costdt

il
2
=T

—1I= 4J()ECOSZ tdx = 2jf(1+c052t)dt = 2(t+%sin2t}

0

2. bat x=25int,te[—g;§}:>dx=2costdt

T
6

1
o 43

2 costdt d 1
—tant

t
/4 4smt 04cos’c T4

3. Pat x =sint = dx = cos tdt. Ta duogc:

:>I'[

x x x 3
:Izjzsinzt 1—sin2tcos’tdt:Jizsinz’ccoshcdt:1.|.2(1—c:os4’c)dt:1 t—lsin4t T
0 0 8 Jo 8 4

0
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4. Pat x =sint,te [—g,g} = dx = costdt

a

6 1

a2 L
:>I=J.6 sin” tcos tdt =J-6 sin” tdt
0 . 2 \3
\/(1—s1n t)
5. Dat x =5cos2t = dx =-10sin 2tdt

- _10J-g 5(1+cos2t)
1\ 5(1—cos2t)

= J.g’can2 td (tant) = 1tan3 t
0 3

0 cos*t

dt=20j§cosztdt=§(2—\/§)
4

7. NGUYEN HAM - TICH PHAN TUNG PHAN
Ky thuat timg phan 1a moét ky thuat kha co ban nhung rat hiéu qua trong céc bai toan tinh
tich phan, & trong phan nay ta sé khong nhéc lai cac bai toan co ban nita ma chi dé cap t6i
mot s6 bai todn nang cao trong phan nay. Trudc tién ta sé di nhdc lai va ching minh cong
thic tinh nguyén ham - tich phan ting phan.
Gid sir u(x),v(x) la cdc ham lién tuc trén mien D khi dé ta co:

d(uv)=udv+vdu= Id(uv) = J'udv+‘[vdu

S uv = judv+jvdu = JudV: uv—vdu
Cong thuc trén chinh 1a cong thac nguyén ham tung phan. Nhu vy ta da cung ching

minh cong thic tinh nguyén ham timg phan, sau day cung di vao cac bai toan cu thé.

3 8
Vi du 1: Cho ham s6 f(x) théa man Ix.f’(x).ef(x)dx =8 va f(3)=In3. Tinh I= jef(x)dx .
0

0

A.1=1. B.I=11. C.1=8-In3. D.1=8+In3.
Loi gidi
u=x du =dx 3 3,
bat 04 = 1 Khido [xf/(x)e™dx=xe™)| - [e™dx
dV=f'(x)e dx v=el 0 0o 0

3 3
—8=3¢"0 _ Jef(x)dx = Ief(x)dx =9-8=1
0 0

Chon y A.

Vi du 2: Cho ham s6 f(x) c6 dao ham lién tyc trén {0;%}, va dong thoi thoa man hai

diéu kién |f'(x)cos® xdx =10 va f(0)=3. Tich phan |f(x)sin2xdx bang?

O N | 3
O'—,N\:l

A. I=-13. B. I=-7. C.1=7. D. I=13.

Loi gidi

Xét | f'(x)cos’ xdx =10, dat {

O NV | A

u = cos® x du = —sin 2xdx
=
v =£(x)
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:>10:j.f'( COS 2 xdx = cos xf ‘n j- sm2xdx
0

O NV | 3
O N[ A

< 10=—f(0)+ | f(x)sin2xdx = | f(x)sin2xdx=10+£(0)=13

Chon y D.

Hai vi du m& dau c6 vé van dang chi dimg ¢ muc dé ap dung cong thic, tir bai tht 3 tro di
moi tht s& nang cao hon nhiéu yéu cau phai bién déi va c6 tu duy hon trong viéc dit u,
dv!

Vi du 3: Cho ham s& f(x) nhan gia tri duong, c6 dao ham lién tuc trén [0;2]. Biét

—3x°)f!
£(0)=1 va f(x)f(2—x)=e 244 y6i moi x €[0;2]. Tinh 1= j( fz( ; (x )dx
X
Al=-22 B.1=-22. c1=-2 D. 1=
3 5 3 =
Loi gidi

Mot bai toan van dung cao kha la kho, bat gio ta sé di tim biéu thtc dv, ta c6 thé dé rang

dx 1n\f

thay rang I

Tur gia thiét f(x)f(Z—x) e = f(2)=1

_ U3 a2
x® —3x? )f (x) u=x"-3x du:(3x2—6x)dx
Taco 1= I dx Pit f'(x) =
f(x) dVZTx)dX v =Inf(x)|

:I:(x3—3x2)ln‘f(x H J.(Bx —6x)ln‘f ‘dx——3_|. X —2x)ln‘f ‘dx——]

Ta c6 ]zj(xz—Zx)ln‘f(x)‘dx }[ 2(2-t }In‘f 2t ‘d 2-t)
0 2

ot—

(x2 —2x)ln‘f (2- x)‘dx

Il
N ) O

[(2-%)" ~2(2-x) |In[f(2-x)|d(2-x) =

:>2]=j(x2—2x)1n‘f(x)‘dx+j(x2—2x)ln‘f(2—x)‘dx:_2[(x2—2x)ln‘f(x)f(2—x)‘dx
_I(x —2x)1r1e2X “dx = j.(xz—2x)(2x2—4x)dx:%:>]:%

0

Vay I=—3]:—%.

Chon y D.
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Vi du 4: Cho biéu thitec S=In| 1+ (2—sin 2x)e2°°txdx v6i s6 thuc m # 0. Chon khing

S D | 3

4+m?

dinh dung trong cac khang dinh sau.

A. S=5. B. S=09.
C.S=2cot( T 2j+2ln(sin T 2]. D.S=2tan( T 2j+21n( T 2).
4+m 4+m 4+m 44+ m
Loi gidi

T

2
e?odx — J. sin 2xe”**dx (1)

g

Ta co

:l'—.l\)\:l
Q [ 3

(2-sin2x)e***™dx =2

2 2

4+m 4+m 4+m?

K]

T

2cotx [

ez“’txd(sin2 x) =sin’ x.e

;I'—.N\:l
‘:l'—.l\)\:l

T 2
Xét I sin 2xe***™dx = sin2x(— )ezcotxdx
T

s s 2
pr sin? x
4+m? 4+m? 4+m?
L
k3 2
=sin’ x.e*° |2  +2 j e?*™dx (2)
4+m? T
4+m?
T 2cot L
N N . Y . 2
Tix (1) va (2), suy ra [ =sin’x.e**™ |2 =-1+sin’ ~e A
o~ 4+m

2co d
=S =In| sin? T >.e e =2cot T > |+2In| sin T 5
4+m 4+m 44+m

Chony C.
Vi du 5: Cho ham s6 y =f(x) c6 dao ham cép hai lién tuc trén doan [0;1] déng thoi thoa
man céc diéu kién Ilexf(x)dx = jlexf'(x)dx = J.lexf”(x)dx 0. Tinh ef (1)-£'(0)
’ . 0 ef(1)-£(0)
A. 2 B. -1 C.2 D.1

Loi gidi
Ta dat I: e*f(x)dx = .[01 e*f'(x)dx = Iol e*f"(x)dx=a . St dung tich phan timg phan ta co:

a:.folexd(f'(x)):e.f'(l)—f'(O)—J':eXf‘(x)dx:>e.f'(1)—f‘(0):2a:> f(1)-£(0)_.

1 1

a=[ ed(f(x))=ef(1)-£(0)- [ e*f(x)dx = ef(1)-£(0)=2a ef (1)~£(0)
Chony D.
8. DANH GIA HAM SO PE TINH TICH PHAN
Trong cac bai toan tinh tich phan ta sé gdp phai mot so truong hop tinh tich phan ham cho
bdi 2 cong thic phai st dung dén danh gia dé so sanh 2 biéu thic tir d6 chia tich phan can
tinh ra thanh 2 phan.
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Ta xét bai toan tong quat. Tinh tich phan 1= J.ab min (f(x),g(x))dx
e Budc 1: Giai phuong trinh f(x)=g(x)
e Budc 2: Xét ddu cho ham h(x)=f(x)—g(x) trén [a;b]
e Budc 3: Chia tich phan cin tinh ra thanh cac tich phan nhd.

Chii §: Yéu cdu bai todn c6 thé thay min bang max.

Vi du: Tinh céc tich phan sau:
2 5
1. I:_[O mm{x ,\/;}dx

2. 1= En min {tan x, x} dx
4

3. 1= JE max {sin x, cos x} dx

4, 1= J‘gn min {tan x +2sin x, 3x} dx
3

n 2
5 1= I04 max{ex +cosx,2+x—%}dx

Loi gidi
x==1

1. Xét phuong trinh x* = /x c{ 0
X:
xe[0;1]= x Sx/;:nnin{xz;\/;} =x>

Ta thay rang khi
xe[l;Z]:>x2 2\/;:>min{x2;x/;}=x/;

5

—

Vay I:Iozmin{xz,&}dx:'[lezdx+f\/§dx: 4

2. Xétham s6 f(x)=tanx-x.Taco f'(x)= ~1>0. Vay f(x) luon déng bién trén R .

cos” x
Mt khac ta lai ¢6 £(0)=0 nén x =0 1a nghiém duy nhat ctia phuong trinh f(x)=0.

e Néu xe{O;g}:f(x)zf(O)=O:>tanx2x

e Néu xe{—g;O}:>f(x)£f(0):0:>tanx£x

n n 2
Vay L= J-Z min {tanx, x} dx = J._OZ tan xdx + IO4 xdx = g—z +In {%J

3. Xét phuong trinh sinx =cosx = x = g .
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- T .

e Néu xe[O;Z}ésmxgcosx
- T T .

e Néu xe{z;z}:ﬂancosx

Vay = J-OE max {sin x, cosx} dx = J.OZ cos xdx + E sin xdx = /2
4

4. Xét ham s&: f(x)=tanx+2sinx—3x

2
: (cosx—1) (2cosx+1)20vxe{_z;ﬁ}

= f'(x)= 1 +2cosx—3= -
cos? x cos? x

Vay f(x) dong bién trén [—g ,g} , tir d6 suy ra phuong trinh f(x)=0 c6 nghiém duy nhat

x =0 trén doan {—E;E}.
3°3

3 x 2
:>I=I3nmin{tanx+251nx,3x}dx:Ioﬂ(tanx+25inx)dx+I033xdx:—1—1n2+%
E 3

2
5. Xétham s6 f(x) =e” +cosx—2—x+x7:>f'(x)zx+ex —sinx-1=f"(x)=1+e* +cosx

Ta thdy rgmg fn(x) >0Vxe {0;%} = f(x)' > f(o) =0Vxe {0;%} =f (x) ddng bién trén doan

{O;E} .
4
Ma £(0)=0 nén x =0 la nghiém duy nhat ctia phuong trinh f(x)=0 trén doan [O;g}

Vay IZJ-OZ(eX +cosx)dx:—1+i+eg

V2
9. KY THUAT THE BIEN - LAY TiCH PHAN 2 VE
Ky thuat thé bién - 14y tich phéan 2 vé dugc dp dung cho nhiing bai toan ma gia thiét c6
dang tong cta hai ham s8, khi d6 ta sé loi dung méi lién hé gitta cAc ham theo bién s6 x dé
thay thé nhiimg biéu thtic khéc sao cho 2 ham s& d6 ddi chd cho nhau, dé rd hon ta sé ciing

tim hiéu cac vi du sau.

Vi du 1: Cho ham s& f(x) c6 dao ham lién tuc trén [0;1], théa man diéu kién sau

1
2f(x)+3f(1-x)=+1-x* Gia trj ctia tich phan jf(x)dx bang
0

A B. — C.

% o
"5 10 15 " 20

Loi gidi
Mot bai toan kha hay c6 2 cach giai dugc dua ra, ta sé cting tiép can 2 cach gidi sau day dé
thdy dugc noi dung cua phuong phép duge ap dung trong phan nay!
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Cdch 1: Lay tich phan 2 vé.
Lay tich phan 2 v€ can tu 0 t6i 1 gia thiét ta dugc:
2f (x)+3f (1-x =\/m:>j12f (x) dx—3J.1f(1—x)d(1—x)=J':m
<:>5I dx J. H:I
Cdch 2: Thé bién.
Cht y vao hai biéu thtc x,1-x bay gid néu ta thé x bdi 1-x thi ta s& duoc hé phuong
trinh theo hai bién f(x),f(1-x).
Thé x bdi 1-x ta duoc:
26 (x)+3f(1-x)=~+1-x>
2f(1-x)+3f(x) =1 (1-x)’

=f(x)=

Chon y D.

= 4f(x)-9f (x) = 24/1—x* —33/—* +2x

2J1-x> —?;\/—x2 +2x

Vi du 2: Cho ham s6 f(x) lién tyc trén [%;2} va théa man f(x)+2f (1j =3x. Tinh tich
X

2

phéan I= jf(—xdx
1
2

B.1-2 c.1=2 D.I-
2 2

NN

.....

Do d6 ta c6 hé f(x)ﬂfG]:&( fx HZfG] 3x f(x)=2-x
ij+2f(x)=— 4f(x)+2f£§):g X

Chon y B.

Céich khdc. Tix f(x)+2f(1j —3x = f(x)= 3x—2f(1j

X

166 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

1 1 1
RN | N YL PR O P
Khi do I:I dx:j 3-2 dx = 3jdx 2j dx. Xét J= J. X/ dx Pt t=—suy
1 1 1 1
2 2 2

X X X
2 2

ra dt= —lzdx =t dx=>dx = —ldt

X t?
x—1—>t—2 2
= — = 2 2 2
Péi can 2 Khidé J= J.f(t)(—_J =J'@dt=ff(x)dx=1
Xx=2—>t=—= 2 t 1t 1 X
2 2

Vay 1= 3jdx 2A=1= Idx—%
2 5

Vi du 3: Cho ham s6 y =f(x) lién tuc trén [0;1] va thda man x’f(x)+f(1-x)=2x—x"

1
Tinh tich phan [ = If(x)dx
0

A 1= D.I=

W |

L
=

Tir gia thiét, thay x bang 1-x ta dugc:

(1-x)° (1~

<:>(x —2x+1) (1-x

x)+f(x)=2(1- )—(1—><)4
J+E(x)=1+2x-6x>+4x" -
Taco x*f(x)+f(1-x)=2x-x* = f(1-x)=2x-x" =x*f(x).

+f

Thay vao (1) ta duoc: (x2—2x+1)[2x x* —x*f x)] f(x)=1+2x-6x*+4x> —x*
& (157 +27 =x* ) (x) =x* = 2x° +2x° = 2% +1

-
“),73

(1 x> +2x° — ) 1-x )(1 x> +2x° — ):>f(x)=1—x2

1 1
1
Vay I=|f(x)dx= dx— —=
y ! (x) !( ( .
Chony C.
Vi du 4: Cho ham s6 y=£(x) lién tuc trén [-2;2] va théa man 2f(x)+3f(-x)= 1 L >
+x

2
Tinh tich phan 1= Jf(x)dx.
B}

Al=—_. B.l=——. C.I=—. D.1=—".
10 20 20 10
Loi gidi
T gid thiét, thay x bang —x ta dugc 2f (—x)+3f(x) = L :
+X
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1 2

2f(x)+3f (—x) = 4f (x)+6f (—x) =

Do d6 ta cé hé 4+1X2<:> 4+3Xz:f(x):5(41 2)
B ) +x
Zf(_x)+3f(x)_4+x2 9f(x)+6f( x) 1

2
Khi d6 T= [ f(x)dx =
-2

Chony C.

L .4
59 4+x° 20

Vi du 5: Cho ham s6 y =f(x) lién tuc trén {—g,g} va thoa man 2f(x)+f(—x)=cosx

w
2

Tinh tich phan I= | f(x)dx

83—

N

2 3
A I=-2. B. I=—. CI=—. D.I1=2.
3 2

Loi gidi
T gid thiét, thay x bdng —x ta dugc 2f(—x)+f(x) = cosx.
2f (x)+£(—x) =cosx {4f(x)+2f(—x):2cosx

Do d6 ta c6 hé
o do ta co e{ f(x)+2f(—x):COSX

= f(x) :1cosx.
2f(—x)+£f(x) =cosx 3

T T

Khi do 1= Enf(x)dx = %Izn cosdx = %sinx
2 2

> 3

2
_r

Chon y B.
10. TICH PHAN HAM CHO BOI 2 CONG THUC
Ta hiéu né6m na tich phan ham phan nhanh ttc 1a cac phép tinh tich phan nhitng ham cho

bdi hai cong thic, day 1a mot van dé dé khong c6 gi kho khan ca néu da tang gdp va biét

phuong phap lam.
, x+1 khix>0 2
Vi dy 1: Cho ham s6 f(x)=1 , , Tinh tich phan T= [ f(x)dx
e  khix<0 b
2 2 2 2
A1=21 B.1=7¢*1 =21 p.1=1le 11
2e 2e 2e 2e
Loi gidi

Chii y la ddy la ham cho bdi 2 cong thitc nén ta sé tich tich phin can tinh ra thanh 2 tich phan khic
0 2 0 2 2
9" -1
Taco I= | f(x)dx+|f(x)dx= | e”dx+|(x+1)dx=
aco I (x)dx .([ (x)dx Ie X -([(x )dx o

-1 -1 e

Chony C.
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Vi du 2: Cho ham s6 f(x) xac dinh trén R\{%}, thoa f'(x) = 5 2 1,f(O)zl va f(1)=2.
X_

Gia tri ctia biéu thirc f(-1)+£(3) bing
A. In15 B. 2+In15 C.3+In15 D. 4+In15

Loi gidi
In(1-2x)+C, ;x<—
dx=In[2x-1|+C= 2
In(2x-1)+C, ;x>

Taco f'(x)= 2 :>f(x):_[2 2

2x-1 x—1

Toi day ta xét 2 truong hop:
e Néuf(0)=1=In(1-2.0)+C,=1->C, =1,
e Néuf(1)=2=1In(21-1)+C,=2->C,=2.

In (1 2X)+1khl X<1 ( 1):1n3+1
Do d6 f(x)= {
In(2x— 1)+2kh1x>§ £(3)=In5+2
= f(-1)+f(3)=3+In5+In3=3+In15
Chony C.
Vi du 3: Cho ham s6 f(x) xdc dinh trén R\{-2;1} va thoa man f'(x)=2;2,
X* +X—

f(-3)-£(3)=0 va f(0)=% Gia tri biéu thac f(—4)+f(-1)-f(4) bang

1 1 1 1 1, 8
A. —1In20+= B. = In2+= D. -In=+1
3 3 3 3 C. In80+1

.....

Tuong tu nhu nhiing bai trén, day 1a bai toan cling yéu cau tinh tich phan ham cho béi 2
cong thtc, chi c6 diéu bai todn nay c6 téi 3 ham thi ta van xt ly tuong ty nhu bai trudce
thoi!

Taco f'(x)=— 1 :1( 1 1 j

X +x-2 3\{x-1 x+2
%(ln(l—x)—ln(—x—2))+C1 ;X <=2

:>f(x):'[2—dx: %(ln(l—x)—ln(x+2))+C2 ;—2<x<1

~(In(x-1)-In(x+2))+C, x>1
Xét 2 truong hop:

e Néu f(O):%:%(1n(1—0)—1n(0+2))+c2 =%:>C2 :%ln2+%.
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. 1. 1
Néu f(-3)-{(3)=0=>C,-C,==In—.
e Néu f(-3)-£(3)=0=C, -C, 30
Taco £(—4)+£(-1)—f(4) =212+ n2-2int+C,4C,~C, = 2In2+ 2
3 2 3 3 2 3 3
Chon y B.
Vi du 4: Cho ham s& f(x) xac dinh trén (0;+0)\{e}, théa man f'(x):m,
f[%):lm va £(e*)=3 Gia tri biéu thiic f(l}tf(e?’) bing?
e e
A. 3(In2+1) B. 2In2 C. 3In2+1 D. In2+3
Loi gidi
Theo gia thiét ta c6 f '(x)=m tir day suy ra
In(1-1 C, khi 0;
:>f(x):j —j d(Inx-1) —ln|1nx—1|+C: n(1-Inx)+C, .XE( °)
lnx 1) (Inx— In(Inx—1)+C, khi x & (e;+)
Ta xét 2 truong hop:

o f l =ln6=1n 1—1nl +C, =ln6=>C, =In2
e’ e’ ! !

e f(e’)=3=In(lne’-1)+C,=3=C,=3

|~

In(1-Inx)+In2 khi x €(0;e) f( j=ln2+ln2
%

In(Inx—1)+3 khi x € (e;+»)

Do d6 f(x):{

f(e3)=ln2+3

:f[lj+f(e3)=3(ln2+1)

e
Chony C.
Vi du 5: Cho F(x) la mot nguyén ham cta ham s6 y:; voi diéu kién:
1+sin2x
xeR\{-Z+knkeZ}. Biét F(0)=1, F(r)=0, tnhP =F| -~ |-F| 1%
4 12 12
A.P=0 B.P=2-3 C.P=1 D. Khong 3

.....

Véi xe(—g+kn;—g+knj, keZ taco:

F(x)= [— -J; T Ttan(xs 2]

L+sin2x 7 (sinx+cosx)” 5 s2 (x+ﬁ) 2
4

Ta xét 2 truong hop sau:
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e Taco 0,'—£€ —E;E nén:
12 4 4

F(n)—F(lll—znj=%tan(x—gj

Vay P:F(—E]—F(H—“jﬂ
12 12

Chony C.
11. TICH PHAN HAM AN
Nhiing bai toan tich phan trong phan nay khong kho, tat ca dugc che gidu dudi mot 16p

cac 4n s6, viéc lam cua ching ta 1a phat hién ra dugc cach dit 4n dé dua tat ca vé dang
chuén thi bai toan sé dugc gidi quyét hoan toan.

2017 N
Vi duy 1: Cho J. f(x)dx=2 . Tinh tich phan I= I

0 0

A.I=1 B.1=2 C.I=4 D.I=5

X

x> +1

£ In(x* +1) |dx.

Loi gidi
Thoat nhin thi c6 1& twong ddi khting, nhung tuy nhién béng cach dat &n phu thi bai toan
nay tré nén vo cting don gian.
2xdx xdx  dt
2 =3 5
x+1 x"+1 2

bt t=1n(x2+1), suy ra dt=

D& x=0—>t=0
01 Can
| x=+e" -1 t=2017
12017 12017 1
Khido I== [ f(t)dt== [ f(x)dx==-2=1
23 23 2
Chon y A.

Vi du 2: Cho ham s6 f(x) lién tuc trén R va

3
dx =4, If(sin x)cosxdx =2 .Tinh
0

3
tich phan I = If(x)dx.
0

A 1=2. B. I=6. C.1=4 D. I=10.

Loi gidi

O day c6 2 gia thiét can bién d6i dé dua vé tich phan lién quan t6i ham f(x).
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o Xét j‘f(\/;)

dx=4.Détt=x/;:>t2=x:>2tdt=dx.
Jx

Suy ra :>4:jf(\/;)

x=1—>t=1 3 3
dx=2|f(t)2dt= |f(t)dt=2.
=2 (02 [y

x=9—-5t=3

Po6i can {

|a

2
o Xét j smx Cosxdx 2 bét u =sin x = du = cos xdx
0

x=0—>u=0 3
Péi can P Suy ra 2= I smx cosxdx = jf
X =
2 0

Vay I:Tf(x)dx=jf(x)dx+jf(x)dx=4.

Chony C.

TE

2
Vi du 3: Cho ham s& f(x) lién tyc trén R va .ff tanx)dx =4, J fl 1)
+

dx =2. Tinh tich

.....

Xét tich phan J.ff(tan x)dx=4.Dit t=tanx = dt =

dx = (’can2 x+1)dx =dx= dt
1

COS X 2

+t
x=0->t=0 i
Péi can: T :4:-|-Zf(’canx)dx:j1 f(t) dt= ' f( ) dx
x:Z—>t=1 0 0t +1 0x*+1

—~~
N—"

>——dx+
x"+1 o X +1

1 1 1.2
Tu do6 suy ra I:If(x)dx:f f(x) szf “dx=4+2=6
0

Chon y A.

Vi du 4: Cho ham s6 f(x) lién tuc trén R va théa man déng thoi hai diéu kién

4 2 £(1 2
J.tanxf(cos x)dx 1, I (n X) dx =1. Tinh tich phan I:J-f(Zx) dx.
0 ° xInx 10X
4
A. I=1. B. I=2. C.I1=3. D. I=4.
Loi gidi

T

o Xét A= j%tamx.f(cos2 x)dx =1.
0
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Dit t=cos? x = dt = -2 sin x.cos xdx = —2 cos? x. tan xdx = —2t. tan xdx = tan xdx = —g—:
1
2f(t LE(t Lf Lf
Khi do 1=A=—1jﬁdt=1jﬁdt=1j—x)dx:>j—x)dx=2
2t 29t 29 X T X
2 2 2
f(In?x
e Xét B= I( )dx=1
- xInx
2
Détuzlnzx:duzzmxdx=2ln X dx = 2u dx= dx _du
X xIn x xIn x xlnx 2u
L f . f L f
Khi d6 1=B:1j(—“)du=1jﬁdx:jﬁdx=z
27 u 29 X T X

2

e Xét tich phan can tinh 1= j f(2x) dx
>
)

4 4 1 4
Datv=2x:>1=jf—")dv=j dx = jf(x j(—dx 242=4.
1 1 1 1

2 2 2

Chon y D.
Vi du 5: Cho ham s6 f(x) lién tuc trén R va théa man f(x5 +4x+3) =2x+1VxeR. Tinh

tich phan J._Sz f(x)dx

32
A. EY B. 10 C.72 D. 2

Loi gidi

Vin dé 6 cau nay nam 6 gid thiét, vdy lam sao dé sit dung gid thiét dé tinh duoc tich phdn ma dé bai
yéu cdu day? Y tudng rat don gidn dé la dit x =1> +4t+3.
Dit x=t" +4t+3=dx= (5’c4 + 4)dt khi &6 ta duoc:

[ f(x)dx=[" £(t°+4t+3)(5t +4)dt = [ (2t+1)(5t' +4)dt=10
Chon y B.
12. TICH PHAN POI CAN - POI BIEN
Céc bai toan tich phan d6i bién d6i can la cac bai toan tuong ddi hay, xudt hién thuong
xuyeén trong cac dé thi thir va dé thi THPT Quéc Gia. Dé lam t6t dang nay ta cAn phai nho
nhiing kién thuc sau:

Tinh chit 1. Cho tich phan 1= [ f(x)dx

e Ditx=a+b-t :>dx:—dt:>I=Ibf(a+b—x)dx=jbf(x)dx

a

Ib(m.f (x)+nf(a+b- x))dx

m+n-a

e V6i2sdmmntaluoned 1=
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Tinh chat 2. Néu f(x) 1a ham chdn thi ta c6:
o J-_O f(x)dx = Iaf(x)dx

. _[_af( )dx = 2-[ x)dx = 2-[

a b*f(x
. 2] =
= I bx+1 —ab +1 I dx:> -[ ax
Chitng minh
O day sé chimg minh mot tinh chat tiéu biéu, cac tinh Chéft con lai sé ching minh tuong tu.
Ta chting minh: 1= _[ )dx= aﬂdx gl f =2l= I
ab*+1 ab™+1 b+l
Do f(x) 1a ham chdn nén ta luén c6 f(x)=f(—x)
t
bat x=—-t=dx= dt:>I——I - t)d(t) Iabf( )d— = « b (x )dx
bt +1 - b'+1 -2 b +1

Ti d6 suy ra diéu phai chting minh!
Tinh chat 3. Néu f(x) 1a ham 1é thi ta c6:

. J._Oaf(x)dx=—.|.oaf(x dx
. I_:f(x)dx:O

Tinh chit nay chitng minh tuong tu nhu véi ham chin!
Tinh chat 4. Néu f(x) la ham tudn hoan chu ki T, f(x+T)=£(x) thi ta c6:

. IOTf(x)dx:E+Tf(x)dx
. Ioan(x)dx:njon(x)dx
. I:f(x)dx=J.::1TTf(x)dx

Tinh chat 5. Ky thuat xtt Iy mot s6 bai toan st dung tinh chat be(a +b—x)dx = J‘bf (x)dx.

a

Cich lam chung cho nhitng bai thugc dang nay do la:

I= Jabf(x)dx

Viét 2 1an gia thiét { 7 =21=[ (£(x)+f(a+b-x))dx
I:j f(a+b-x)dx

V6i cach lam nay ta sé c6 cach giai quyét tong quat rat nhanh nhimg bai toan c6 dang ma

gia thiét cho f(x)f(a+b-x)=c>0.Khi d6 ta co tinh chat sau: Ib L gu-b-a

a\/E+f(x) 24c

Chitng minh

Ta viét lai 2 14n gia thiét nhu sau:
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\/E+f(x) =2I= j [ 1 + 1 jdx
b 1 )

:J' = e )dx c+f() \/E+f(a+b—x

Ta cé:
o(x) 2x/€+f(x)+f(a+b—x) _ 2x/€+f(x)+f(a+b—x) _1
c+e(f(x)+f(a+b-x))+f(x)f(a+b-x) c+Vc(f(x)+f(a+b-x))+c e

—3 _ diéu phdi chitng minh

b 1 b
:21:] —dx=>T=—2%
a Je 2c

Vi du 1: Cho ham s6 f(x) lién tuc trén R va théa f(x)+f(—x)=+2+2cos2x v6i moi

3n
2

xeR.Tinh I= [ f(x)dx
3n
2

A. I=-6 B.1=0 C.I=-2 D.I=6

Loi gidi
Gid thiét c6 tong nén goi y ngay dén SLZ’ dung tinh chdt 1. Ta c6:

3n 3n

I= i =1L£ - ))dx=% in\/2+2C052xdx=6
2

_3n
2

2

Chon y D.

COS X \/5

Vi du 2: C6 bao nhiéu s& thyc a €[-2017;2017] théa man TP gx=X2
-a 2018  +1 2

A. 1284 B. 1285 C. 1286 D. 1287

Loi gidi

Bai nay chinh la tinh chét 2! Ap dung tinh chdt 2 ta cé:

T
a=—+k2n
J.a&dx=£<:>ja cosxdx:\/§<:>sina:§<:> g’
a -

2018 +1 2 (keR)
* a=""+k2n

e Néu a:g+k2n:>—321£k£320

e Néu a:%+k2n:>—321skﬁ320

Vay c6 1284 s6 a thda man yéu cau.
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Chon y A.

Vi du 3: Cho f(x) lién tuc trén R théa man f(x)=f(x+4)vxeR, I x)dx=1va
2 ) 7

L f(3x+5)dx =12. Tinh _[O f(x)dx

A. 35 B. 36 C. 37 D. 38

Loi gidi
Nhin qua ta nhin thdy ngay ddu hi¢u ciia ham tuan hoan, tuy nhién phdi xi Iy gid thiét thit 2 da!
Ta co: jf(3x+5)dx 12— j (3x+5)d(3x+5) = 12@j x)dx =36

Ap dung tinh chat thtr 3 cia ham tuan hoan I x)dx = f meTf (x)dx ta co:

[[£(x)dx=["f(x)dx+ [ £(x)dx = [ f(x)dx+[ " f(x)dx=37
Chony C.
Vidu4: Cho a+b=2018 va I=Ib Jx dx=10.Tinh J = J. sm(nxjdx.
2 Jx ++/2018 —x 3
A - B. - c.-2 .-
21 3n T T
Loi gidi

Pay 1a bai todn c6 gia thiét a+b=2018va tich phan céc cén tir a t6i b nén ta sé chu y dén
tinh chat tha 5.

Ta co f(x): Jx :>f(2018—x): 2018 x
Jx ++/2018 = x Jx ++/2018 = x
Theo cach lIam cua tinh chat 5 ta co:
2l = j x)+£(2018 - x))dx = 2] dx=10=a-b=-20

K&t hob véi id thict ta eidi ra d a=999 L e [ sin [ ™ gy = -2
et hop vo1 gia thiet ta giai ra dugc b:1019:>]_-[asm 3 X = _[99 sin 3 X——ﬂ

Chon y A.

Vi du 5: Cho ham s6 f(x) lién tuc trén [0;2] thoa man f(x):f(2—x),j02f(x)dx:10.
Tinh Jj(x3 —3x2)f(x)dx
A. 40 B. 20 C. 40 D. -20

Loi gidi
Van la y tudng cti dang toan cii st dung dén tinh chat 5.

Ta c6:
I= Jj(x3 —3x2)f(x)dx
1=[((2-x)"-3(2-x)" ) (2-x)dx
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Chon y D.

13. TEICH PHAN CO CAN THAY POI

Néu nhu binh thuong ta hay xét véi nhimg bai tich phan c6 can 1a cac hing s6 c6 dinh thi
trong phan nay ta sé cung tim hiéu céac bai toan c6 can la cac ham theo bién x. Trudc tién
dé lam duoc nhitng bai toan nay ta can nhé kién thic sau:

Dinh Ij: Néu f(x) 1a ham kha tich trén [a;Db], lién tuc tai moi x [a;b] thi ham s6 F(x)

xéc dinh boi F(x)= [ f(t)dt kha vi tai x va F'(x) =f(x).

Téng quét ta c6 F'(x) = (IV((X))f(t)dt)' =v'(x)f(v(x))—u'(x)f(u(x))

Phurong phdp chung: Dé gidi nhitg bai toan & phan nay tat cd déu theo 2 budc chinh:
e Budc 1: Pao ham gia thiét
e Budc 2: Bién déi két qua cua dao ham dé suy ra yéu cAu cda bai toan.

Sau day la nhiing vi du minh hoa:

Vi du 1: Cho ham s6 f(x) lién tuc trén R va 3x’ +96 = Ixf(t)dt. Tim a?

A. -96 B. -2 C. 4 D. 15

Nhiing ai 1dn ddu gip bai nay &t hin sé& rat kho khan, tuy nhién ta da c6 phuong phap roi
do do sé bam sat no!
Lay dao ham hai vé ta duge 15x* =f(x)

Tir day suy ra 3x° +96 = [ 15x*dt =3¢

:=3(x5—a5):>a=—2

Chon y B.

Vidu2: Cho [£(x)] = [} ([£(t)] -[£(6)] +3(5)[F'()] ) dt-+2018. Tinh £(1).

A. 2018e B. —2018e C. 32018e D. —3/2018e

.....

L4y dao ham 2 vé ta duogc

(£ =[£6)] (£ () +3t ()[F()]

& (f(x)-f'(x)) =0 f(x)=f'(x) = f(x) = ce*
Thay vao gia thiét ta co:

(ce) = [7((ce) ~(ce')’ +3ce’ (ce') Jat+2018

X

+2018

3t

& (ce') = [} (3c’e”)dt+ 2018 =3¢ %

= ¢=32018 = (1) = e¥/2018

0
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o O 10i gidi trén c6 chd f(x)=f'(x)= f(x)=ce* van dé nay ta s& dugc im hiéu &
phan sau!

e Budc tim hing s6 ¢ & doan sau cht y 1a ta dang coi x ¢ dinh dé tinh tich phan
cho ra mot ham theo bién x.

Chony C.

z . ~ A ‘A 2 A S X t
Vi du 3: Tim tap nghiém cta bat phuong trinh J.O Wdt >0

A. (—o0;+0) B. (—x;0) C. (—o0;+0)\ {0} D. (0;+w)

Loi gidi
X

t=1f'(x)= A'(x)=0=x=0

it £(x) = ﬁd
Ta c6 bang bién thién nhu sau:
X —00 0 +o0
f'(X) - 0 +

f(x) \ /
0

Nhin vao bang bién thién ta suy ra dugc x € (—o0;+0)\ {O} )

Chony C.

Vi du 4: Cho ham s6 f(x)>0 xé4c dinh va c6 dao ham trén doan [0;1], thoa man déng

—00

=1+2018| f(t)dt F
thoi diéu kién g(x)=1+ ! (®) . Tinh I:IJg(x) dx
g(x)=£*(x) ’
1009' B. 1 =505. C.I- 1011. D.I- 2019.

Loi gidi
Theo cich lam chung thi ta van di ldy dao ham hai vé!
g'(x)=2018f(x)

g'(x)=2f"(x).f(x)

Tu gid thiét, ta c6 { = 2018f (x) = 2f'(x).f(x)
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(.. | f)=0 (L)
& 26(x)[ 1009 (X)]‘0‘:’L'(x):1009:»f(x):1009x+c'

Thay ngugc lai, ta dugc 1+ 2018.[(1009’( +C)dt =(1009x +C )2
0

X

1009 j =(1009x+C)’ & C* =1.

<1+ 2018(7’( +Ct

0

Suy ra f(x)=1009x+1 hodc f(x)=1009x—-1 (loai vi f(x)=1009x—1) .

0 0 h 1011
Khi d6 I:J' g(x) dx:jf(x)dx:J(1009x+1)dx:7
0 0 0

Vi du 5: Cho ham s6 f(x) nhan gia trj khong am va lién tyc trén doan [0;1], thoéa man

X 1
2(x)<1 +3If(t)dt =g(x) v6i moi x €[0;1], tich phan J'Jg(x) dx c6 gia tri lon nhat 1a?
0 0

A2 B. .. c? D.2.
3 4 5 2
Loi gidi
Tu gia thiét g(x):1+3j.f(t)dt ta co {g(O)zl va g(x)>0, Vxe[0;1].
g'(x)=3£(x)

N g'(9] _ 8g'(x) _3
Theo gia thiét g(x)>f*(x) [ = <=,
N TR

L4y tich phan can tir 0 — t ta duoc:
t
Exoe
@./g(t)—./g 0) S§t<:>«/g(t)szt+1.
Do do J.ﬂ/ j(—x+1jdx—z
0

Chon y B.

14. BAI TOAN LIEN QUAN TOI F'(X) VA F(X)

Trong phén nay ta sé ciing nhau tim hiéu vé mot 16p bai toan lién quan t6i quan hé cta hai
ham f'(x),f(x), day la mot dang da xudt hién trong dé thi THPT Quéc Gia 2018 cua Bo
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GD&DT va trong rat nhiéu dé thi thir cta cac truong chuyén, ta sé cuing bit dau tim hiéu
van dé nay ngay sau day.

1. BAI TOAN LIEN QUAN TOI TICH.

Ta sé bit gip céc bai todn c6 dang f'(x)=g(x).h(f(x)), v6i g(x) la ham theo bién x thi

khi g&p nhiing bai todn nay cach lam chung ctia ta sé 1a 1dy nguyén ham 2 vé&, cu thé:

f'(x)=g(x)-h(f(x))= hf(;(();))) =g(x)= I hf('f((xx))) dx = jg(x)dx

Hodgc c6 thé 14y tich phan 2 vé&, dén day thi tuy thudc vao yéu ciu va gia thiét cta bai toan

thi ta c6 thé suy ra két qua can tinh.

R~ : R ~ ~1.< A = ~ .
Dé cting hiéu r6 hon ta s€ bat dau véi nhiing vi du sau:

Vi du 1: Cho ham s6 f(x) théa man f(2)= —% va f'(x)=4x (f(x))2 vx eR . Gi4 tri ctia
f(1) béng?

41 1 c 391 b 1

" 100 " 10 " 400 40
Deé thi THPT Quédc Gia 2018
Loi gidi
Phan tich: Néu ban dau gdp dang nay thi c6 1é ta sé khong biét cach su ly thé nao, tuy

nhién bam sat vao bai toan tong quét ta sé c6 huéng lam nhu sau:

Gia thiét tuong duong véi: f'(x)=4x’ (f(x))2 = f'(x)2 =4x°.
(F(x))
Dén day ta sé 1dy nguyén ham hay tich phan? Cht ¥ 1a véi nhiing bai toan bét tinh gia tri
ctia ham s6 tai mot diém nao d6 ma gia thiét da cho gia tri cia ham tai mot diém nao dé c6
gia tri xac dinh thi ta sé 14y tich phan hai vé. L4y tich phan cén tir 1 dén 2 ca 2 vé ta duoc:
M =4x’ = JQLX)de = -[124x3dx =15

(F()) H(f(x))

Chon y B.

Vi du 2: Cho ham s6 f(x) c¢6 dao ham lién tuc trén doan [0;1] thoa man £(0)=2 va

[f(x)]4 [f'(x)]2 (x2 +1) =1+ [f(x)]3 vx €[0;1]. Biét rang f'(x)20,f(x) >0Vx €[0;1]. Ménh
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dé nao dudi day dung?
A.2<f(1)<3 B.3<f(1)<4 C. 4<f(1)<5 D. 5<f(1)<6
Deé thi thir chuyén Lé Khiét - Qudng Ngii

Van la y tudng d6 nhung c6 vé da duoc tac gia chon gidu ki hon!
Ta bam sat bai toan tong quat, cha ¥ voi bai toan tong quat thi f'(x) chi ¢ bac 1 vay lam

sao dé dua vé bac 1 bay gio? Rat don gian thoi ta sé 14y cin hai vé!

Ta co:
' ? +1= +3(x @f'(X)P(X): 1
f(X)f (X)\/X 1_\/1 ot ) \/1+f3(x) \/x2+1
jW —j de:ln(x+\/x2+1)::ln(1+\/5)
J.ld\/% dx = ln(1+x/_) 5 1+£%(x) :ln(1+\/§)
<:>g(\/1+f3(x)—\/1+23)zln(1+\/§):>f(1):2.6051m
Chon y A.

Vi du 3: Cho ham s6 f(x) f(x) c6 dao ham f'(x) lién tuc va nhén gié tri khong am trén
[1;+), thoa f(1)=0, ezf(x).[f’(x)]2 =4x*—4x+1 v6i moi xe[1;+x). Ménh dé nao sau

day dang?
A. -1<f'(4)<0. B. 0<f'(4)<1. C. 1<f'(4)<2. D. 2<f'(4)<3.

Cau nay thoat nhin c6 vé thdy kha kho khian nhung van y tudng giong bai ctia chuyén Lé
Khiét thoi ta sé 14y cdn hai vé!

L&y c&n hai vé ta dugc e ™f’ ( ) 2x—-1 dof'(x) khong am trén [1;+wx)

:>f IZX 1)dxc>e()—x2—x+C.
Thay x=1 vao hai vé, ta dugc e()=1 -1+C=C=1
Suy ra ef(x)=x2—x+1:>f(x)=ln(x2—x+1):>f'(x)=Xzzi():j_1 f'(4):1—73.

Chon y B.

Vi du 4: Cho ham s6 f(x) c6 dao ham xac dinh, lién tuc trén [0;1], théa man {'(0)=-1 va

f'(x)=0
A. -2<P<-1. B. -1<P<0. C.0<P<1. D. 1<P<2.

{[f ] =£( V()’i moi x €[0;1]. P4t P=£(1)-£(0), khdng dinh nao sau day dtng?
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-----

. 1 .
Ta da nhin thdy chat bong déng cta P = IO f'(x)dx=£(1)-£(0) nén ta cdn tim f'(x).

Tu gia thiét ta co:
f(x)2 :1:>I f (X)zdx:x<:>— '1 =x+C e f'(x)=- 1
[£(x)] [£1(x)] f'(x) x+C

L . Vay P=jf'(x)dx=—j L
0

Ma f'(O)=—1:>C:1:>f'(x)=—XJr1 1
0

dx=-In2~-0,69.

Chon y B.

f(3—x).f(x)=1

Vi du 5: Cho ham s6 y =f(x) c6 dao ham trén [0;3], thoa man v6i moi
f(x)=-1
3 !
x €[0;3] va f(O):l. Tinh tich phan Izj xf (x)2 dx
2 o [1+£(3-x)] £7(x)
1 3 5
A I=—. = ClI=-. D.I=—.
> B. I=1. > 5
Loi gidi
f(3-x).f(x)=1
Tir gia thiét 1 =f(3)=2
2
Do f(3-x)f(x)=1=[1+f(3-x)] £2(x)=[1+f(x)]
Khi d6 ta duoc:
3 | 3 5 3
I=| Xf(X)de}jxd[ L J:- X |+j L ax=—147.
o [1+£(x)] o 1+£(x) 1+f(x)‘ 5 1+£(x)
P11 = 0] P | P |
Tinh J = dx = — dt= dt= dx
i) ! £(x) -!1+f(3—t) ~([1+f(3—t) -([1+f(3—x)
3 3 1 £(3-x).£(x)=1 3 3 1
S 2] = dx+ | ———dx = 1dx=3 =—. Vay [=—.
wra 2= ey Jidx=3=7=3. Vay 13

Chony A.
Tom lai: Qua 5 vi du vira réi ta da 1am quen duoc v6i dang toan c6 f'(x),f(x) va da
tim hiéu qua cach gidi ctia cac bai toan nay, nhimng tht ta cAn phai cha y do la:
e Chuyén f'(x) va ham theo bién f(x) sang mot bén, cha ¥ f'(x) phai luén bac
nhat

e Lay nguyén ham hodc tich phan tiy thudc vao dé bai
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” e Ngoai ra c6 thé nhé nhanh két qua sau: f'(x)=kf(x) = f(x) = Ce™
2. BAI TOAN LIEN QUAN TOI TONG.
Xét bai toan tong quat sau: £'(x)+k(x)f(x)=g(x). Goi G(x)=[g(x)dx véi G(x) la mot
ho nguyén ham ctia g(x). Nhan ca hai v& véi e“™) ta dugc:
e“Mf'(x) + g (x) “VF (x) =k (x) S
& (e“E(x)) =k (x)e = £(x) = [Kk(x)e™
Ngoai ra con mot s6 dang nita ta sé tim hiéu trong céc vi du.

Ta sé cung giai quyét dang toan nay thong qua cac vi duy sau:

Vi du 1: Cho ham s6 f(x) lién tuc trén R\ {0;-1}, théa man x(x+1).f'(x)+£f(x)=x>+x
voi moi x e R\ {0;-1} va f(1)=-2In2. Biét f(2)=a+bIn3 voi a, beQ, tinh P=a*+b’.

A.le. B.P:E. C.PzE. D.Pzg.
2 4 4 2

Theo nhu bai toan tong quat thi f'(x) dang doc 1ap thé nén ¢ bai toan nay ta ciing can phai

doc lap f'(x). Bién d6i gia thiét ta duoc

x(x+1)£'(x)+£(x) =x*+x < f'(x)+

Tacé:j ! dx = (1— L jdx:ln( X jjeh{m): X
x(x+1) x x+1 x+1 x+1

Nhan ca hai vé& véi

x+1 x+1 (X+1)2

thiét tuong duong vai :

{f(x). X }= X = f(x). X _[X dx:J.(l— 1 jdx=x—ln|x+1|+C.
x+1 x+1 x+1 x+1 x+1

Ma f(1)=-2In2 = C=-1=f(x). X1
X+

=x—In|x+1|-1.

Cho x =2 ta duogc f(2).§=2—ln3—1:f(Z):%—%lnC’): 2

Chon y D.

Vi du 2: Cho ham s6 f(x) théa man [f'(x)]2 +f(x).£"(x)=15x* +12x v6i moi xeR va

Fanpage: Tap chi va tu ligu todn hoc Chinh phuc olympic todn | 183



GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

f(0)=£'(0)=1. Gia tri ctia f*(1) bang

A. B.

D. 10.

N | O
N[O
0
o

Chuyeén Dai hoc Vinh

.....

Dbay 1a mot cau nhin qua tuong d6i la, tuy nhién y tudng cta bai toan van nhu bai trén d6
1a van bién d6i mot vé 1a dao ham ctia vé kia chi c6 diéu cach thuc hién khong tuong tu.
Huodng giai cta bai toan nhu sau:
Nhan thay duoc [f ‘(x)] )-£"(x [f ]
Do d6 gia thiét tuong duzong voi [ £(x)£'(x ] =15x"* +12x.
f(x).f'(x)= I(15x4 +12x)dx =3x° +6x% + C—0TOL L C =1 = f(x).f'(x)=3x" +6x> +1
6

£(x).£1(x)d s+ )dx s L)X o |
:>I '(x)dx = I(Bx +6X +1) XQT_?+2X +x+C".

. e £2(0)
Thay x =0 vao hai vé ta duoc T:C':C':
Vay £2(x)=x°+4x’ +2x+1=f*(1)=8.
Chony C.

Vi du 3: Cho ham s6 f(x) c6 dao ham dén cap 2 dong thoi lién tuc trén R thoa man
£(0)=£'(0)=1 va f(x)+2f'(x)+f"(x)=x*+2x*Vvx e R. Tinh _[ x)dx .

A 107 2 g, 107_12 c 107 21 b, 107 12
12 e 21 e 12 e 21 e

.....

Day lai 1a mot dang nhin rat la phai khong, nhung thuc chat chinh 1a bai toan tong quat

ban dau, tuy nhién phai c6 chut tinh y nhan ra diéu sau:

f(x)+ ( ) (f'(x )+f"( )) X+ 2x°

& £(x)+£(x)+(£(x) )':x3+2x2

Se ( (x))+ex(f x)+f ) ex(x3+2x2)
<:>( ( ( '(x)))' ex(x +2x? )

=e ( x)) e ( x4 2x— 2) +C

Mt khac £(0)=f'(0)=1 nén C=4

= e (f(x)+f'(x))=e* (X’ —x* +2x-2)+4

e (ef(x)) =" (x*—x* +2x-2)+4

= e*f(x) = [(e* (x* =x* +2x=2)+4)dx =e* (x* ~4x* +10x~12) +4x+C
Ta lai c6:
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£(0)=1=>C=13=f(x) =’ —4x* +10x— 12+ (dx+13)e" :j:f(x)dx:%_ﬂ
e

Chon y A.

Vi du 4: Cho ham s6 f(x) c6 dao ham dén cdp 2 doéng thoi lién tuc trén doan

[0;2] £(0)=1,£(2) =e* va £(x)>0,(f(x)) —£(x)f"(x)+(f'(x)) =0¥x €[0;2]. Tinh £(1).

3 3

A. e B. eZ C. e? D. eE

.....

Bai nay nhin qua thi thdy giong bai trudc, c6 18 ban doc dén day sé tap chung dua vé nhu
bai tru6c nhung diéu nay gan nhu khong thé bédi vi su xuat hién “v6 duyén” ctia dau “-“.
"o u

Vay lam sao dé xu ly dugc dau “-“? Y tudng thi van la thé tuy nhién dé y ring dao ham

ctia ham nao ra dau “-“? R4t don gidn d6 la ham phan thic! Dén day ta bién déi bai toan:

(), F9E()-(F ()
Lf(@] - -

Mat khéc:

| 2
£'(x) :x+C:1nf(x):I(X+C)dx:%+Cx+D

(f(x))’ f(x)

U

D=0 C=1 2 LS
f(0)=1,f(2)=e6:>{ :{ *
4=2+2C+D

3
Do do6 f(1)=e?.
Chon y D.
BAI TAP TUONG TU

1. Cho ham s6 f(x) c6 dao ham cap 2 lién tuc trén doan[0;1] théa man f(0)=-1,f(1)= —%

va f"(x)f(x)—Z[f'(x)]2 = x[f(x)]3 ,¥x €[0;1]. Tich phan J:(sz +2)f(x)dx bang?

A. —lnE B. —3lnE C. —ZlnE D. —61nE
2 2 2 2
Chon y D.

2. Cho ham s6 f(x)>0,Vx >0 c6 dao ham cdp 2 lién tuc trén ntra khoang [0;+) thoa man

£'(x)f(x)=2[£'(x)] +xf*(x)=0,£'(0)=0,£(0)=1. Tinh £(1)?

A2 B. > c.b D. 7
3 2 7 6
Chon y D.

Vi du 5: Cho hai ham f(x) va g(x) c6 dao ham trén [1;2], théa man f(1)=g(1)=0 va

~g(x)+2017x = (x+1)f'(x)

(x+1)

3

o x x+1
, Vxe|1;2]. Tinh 1= - f dx.
x €[1;2]. Tin !{X+1g(x) » (x)} X

| _ 2
L (x)+f(x)=2018x

Fanpage: Tap chi va tu ligu todn hoc Chinh phuc olympic todn | 185



GIAI TOAN VAN DUNG CAO NGUYEN HAM TECH PHAN - cUC TRT MU LOGARIT

B. I=1. C.I= D.1=2.

Loi gidi
Bai nay c6 vé tuong d6i kho khin rdi do day la 2 ham doc 1ap, tuy nhién ta cha y van bam
sat y tudng cda cac bai toan trong muc nay!

- &+
(X+1)2g( [

£1(x)=-2017
Tu gia thiét ta co . Cong lai vé theo vé ta dugc:

' 1
18 (x)+x—2f(x)=2018

ijl)zg<x> leg'<x>H(":”f'<x)—xizf<x>}=1
@[leg(x)} —[(Xil)f(x)} 1:X+1g(x)-(":1)f( J=x+C
Ma talaico f(1)=g(1)=0=>C=-1=1= I{x+1 ()_Xilf(x)}dx j(x 1)d %
Chon y A.
LUYEN TAP

Cau 1: Cho ham s8 f(x) c6 dao ham lién tuc trén doan [0;1] va 2f(x)+x.f'(x)>673x*" .

Gia tri nho nhat cta tich phan J. x)dx bang

A. 1 B. ! C. ! D. !
3 3.2017 3.2018 3.2019
Cau 2: Cho ham s6 f(x) nhéan gid tri duong va c¢6 dao ham lién tyc trén ntra khoang
[0;+00) théa man f'(x)= X _ va £(0)=1,£(1)= Ja+b2 véiablacacso nguyén.
J(x+1)f(x)
Tinh P=ab.
A.P=-3 B. P=-66 C.P=6 D. P=-36
Cau 3: Cho ham s8 f(x) théa man f'(x)=2f(x) va £(0)=+/3. Tich phan J x)dx bang
2
A2B(-1)  B.3(2e-1) ¢, (-1 b, Y3(2e-1)
2 2

Cau 4: Cho ham s6 f(x) nhan gid tri &m va c¢6 dao ham lién tuc trén R thoa man
f'(x)=(2x+ 1)[f(x)]2 va f(0)=-1. Gia tri cua tich phan I x)dx bang

1 213 )

A —— B. -In2 C. - D. ——
6 9 9
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Céu 5: Cho ham s6 f(x) c6 dao ham c&p 2 lién tuc trén doan [0;1] thoa méan £'(0)=-1 va
£'(x)=[f'(x)] . Gia trj cua biéu thuc £(1)-£(0) bing

A.In2 B. -In2 C. %mz D. —%mz
Cau 6: Cho ham s6 f(x) nhéan gia tri duong va c6 dao ham lién tuc trén R thoa man
£'(x)=—e*f (x)Vx e R va f(O):%. Tinh £(In2)

1

A In2+= B. C. D. 1r122+1
2 2

W | =
N

Cau 7: Cho ham s6 f(x) nhan gia tri duong va c6 dao ham lién tyc trén [0;+x) va thoa
man f(1)=1,f(x)=f'(x)¥3x+1. Ménh dé nao dudi day duang

A. 1<f(5)<2 B. 4<f(5)<5 C.3<f(5)<4 D. 2<f(5)<3
Cau 8: Cho ham s6 f(x) nhan gié tri duong va c6 dao ham lién tuc trén [0;+c0) thoa man
£(3) :% va £'(x) = J(x+1)(x) . Ménh dé nao dusi day duing?
A. 2613 <f*(8) <2614 B. 2614 < f*(8) <2615
C. 2618 <£*(8) <2619 D. 2616 < f*(8) <2617
Cau 9: Cho ham s6 f(x) c6 dao ham lién tuc tréen R thoa man f(x)f'(x)=3x"+6x>. Biét
ring £(0)=2. Tinh £ (2).

A. 144 B. 100 C. 64 D. 81

Cau 10: Cho ham s6 f(x) nhan gia tri am va c6 dao ham lién tuc trén [1;4] thoa man

2018

f'(x)=(2x+1)f*(x) va £(1)= % . Gia trj ctia biéu thue ) f(i) bang
i1

2010 g 2017 c 2016 D, 2018
2019 2018 2017 2019

Cau 11: Cho hai ham s6 f(x),g(x) c6 dao ham lién tuc trén [1;4] thoa man

£(1)+g(1)=9e va f(x)=—xg'(x);g(x)=—x*f'(x). Tich phan fng(x)dx bing
X

A 2(e-4e) B. 9(e— k) C. S(e-4e) p. e=Ye
e 9 9
Cau 12: Cho hai ham s6 f(x),g(x) c6 dao ham lién tuc trén [1;4] thoa man f(1)+g(1)=4
va f(x)=-x"g'(x);g(x)=—x*f'(x). Tich phan L4(f(x)+g(x))dx béng
A. 8In2 B. 3In2 C. 6In2 D. 4In2
Cau 13: Cho ham s6 f(x) va c6 dao ham lién tuc trén [0;+o) va thoa man diéu kién

f(x)+£f'(x)=e™v2x +1 . Ménh dé nao sau day dung?
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A '(4)-1(0)= B. ¢'f(4)~£(0) =3
C. e'f(4)=£(0)=3 D. e'(4)-£(0)=—3

Cau 14: Cho ham s6 f(x) c6 dao ham lién tyc trén [0;1] thoa man f(0)=0 va
2xf (x)+£'(x) = (x —1) Tich phan.f xf(x)dx béng

e—d B. c.’ D. &2
8e 6 6 4e

Cau 15: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;n] thoa man f(O):\/gvé

f'(x)f(x)=cosx,/1+£*(x). Tich phanJ‘ x)dx bang

A811—n BSE CE—S DH—E—S
2 2 2 2

A.

Cau 16: Cho ham s6 f(x) c6 dao ham duong lién tuc trén [0;1] thoéa man f(0)=1 va
£(x)=(f'(x )) Tich phan I x)dx bang

A.E B2 C.E D2
4 12 2 3

Cau 17: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1] théa man diéu kién
2018f (x)+x.f'(x)=x™",vx €[0;1] . Gid tri nhd nhat cta tich phan J. x)dx bing

AL B 1 c. L p_ 1
4037 2018.4037 2019.4037 2020.4037

Cau 18: Cho ham s6 f(x) théa man cosxf(x)+sinxf'(x)=—

,Vx e {E;E} va dong thoi
CcoSs” X 6 3

f(4) 2+/2 . Tich phan Ie’f x)dx bang

A. 1n(1+%} B. 21n(1+¥} C.In (i—lJ D. 1

2020.4037
Cau 19: Cho ham s6 f(x) c6 dao ham lién tuc trén R thoa man f(0)=0, f(x)>-1 va déng

thoi £'(x)=vx" +1=2xf(x)+1,vxeR. Tinh £(V3)?
A. 12 B. 3 C.7 D. 9
Cau 20: Cho ham s6 f(x) lién tuc va déng bién trén doan [1;4], f(1)=0 va déng thoi thoa
man x+2x.f(x [f } vx e[1;4]. bat I= J. x)dx. Ménh dé nao dudi day dang?
A.1<I<4 B. 4<1<8 C.8<I<12 D. 12<I<16
Cau 21: Cho ham s6 f(x) théa man [f'(x)] +£(x)f"(x)=2x* —x+1,¥x eR, va déng thoi
£(0)=£'(0)=3. Gia tri ctia f*(1) bang?
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19

A. 28 B. 22 C.5 D. 10
(x

Cau 22: Cho ham s6 f(x) théa man £(0)=1 va f'(x)+2xf(x)=2xe™ ,vxeR. Tinh gia trj

cua tich phan I xf(x)dx?

Al1-S B. L c.1-< D.

e
2e 2e 2 2

Cau 23: Cho ham s6 f(x) théa man f(1) _2 va f'(x)+3x*f(x) :(15x4 +12x)e_xz,Vx eR.
e

Tich phan _[ x)dx bang?

4 4
A-3+g B. 2e-1 C'B_E D. 2e+1

Cau 24: Cho ham s6 f(x) théa man f (x)f"(x)+2f(x)(f‘(x))2=15x4+12x,VxeR va
£(0)=1,£'(0)=9. Tich phan J. x)dx bang?
N b 27 2 . 159
14 42 14 42
Cau 25: Cho ham s6 f(x) c¢6 dao ham lién tuc trén doan [1;4], c6 £(1)=0 va déng thoi
x+2x.f(x [f JS,Vxe[l;él]. Tich phan _[14(2f(x)+1)2 dx bang?

A1 B. L C. p. 1

1
5 3 "4
Cau 26: Cho ham s6 f(x) c¢6 dao ham lién tuc trén doan [1;2], c6 f(1)=4 va déng thoi
f(x)=xf'(x)-2x> —3x?,Vx €[1;2]. Tinh gia tri ctia f(2)?

A.5 B. 20 C. 15 D. 10
Cau 27: Cho ham s6 f(x)#0thda man diéu kién f'(x)=(2x+3)f*(x) va f(O):_?l. Biét
2018 a
rang Zf (a €Z,beN ) va 5 1a phan s6 t6i gian. Ménh dé nao sau day dung?
A'E<_1 B.%>1 C. a+b=1010 D. b—a=3029

Cau 28: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] théa man f(0)=1 va déng
thoi diéu kién f'(x)=f(x)+e*+1,Vx €[0;1]. Tinh tich phan f x)dx

A. 2e-1 B. 2(e-1) C.1-e D. 1-2e
Cau 29: Cho ham s6 f(x) c6 dao ham cap 2 lién tuc trén doan [1;3], f(1)=f'(1)=1 va

f(x)>0, f(x)f"(x)= (f'(x))2 —(xf(x))2 ,Vx €[1;3]. Tinh Inf(3)

A. 4 B. -3 C. 4 D. 3
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Cau 30: Cho ham s6 f(x) thoa man déng thoi f(2)= ln%f'(x)e“*) =2 xe [2;2018]. Biét
X
2018

rang Zf(i)=lna—1nb+lnc—lnd v6i ab,c,d 1a cac s6 nguyén duong va ac,d la s6

nguyén t6 déng thoi a<b<c<d. Gid tri cia biéu thic a+b+c+d bang?

A. 1968 B. 1698 C. 1689 D. 1986
Cau 31: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;3], f(3)=4 va dong thoi
[f'(x)]2 =8x* —20—4f(x), vx €[0;3]. Tich phan _[ x)dx bang?

A9 B. -6 C. 21 D. 12
Cau 32: Cho ham so6 f(x) dong bién, c6 dao ham cép 2 lién tuc trén doan [0 ,'2] , biét ring
£(0)=1,£(2)=¢ va [f(x)] ~f(x)f"(x)+[f'(x)] =0,¥x e[0;2]. Tinh £(1)

A9 B. -6 C. 21 D. 12
Cau 33: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] thoéa man f(1)=1 va déng
thoi [£'(x)] +4(6x> ~1)f(x) =40x® -~ 44x* +32x> ~4, Vx € [0;1]. Tich phan j x)dx bing?

A2 B. -~ c. B D. L
15 15 15 15

Cau 34: Cho ham s6 f(x) c¢6 dao ham lién tyuc trén R va théa man f(0) =% va dong thoi
diéu kién (x+2)f(x)+(x+1)f'(x)=e* . Gia tri ctia f(2) bang?
2 2

A S B. c. & D. &
3 3 6

Cau 35: Cho ham s8 f(x) c6 dao ham lién tuc tréen R\ {-1;0} thoa man f(1)=-2In2 va
x(x+1)f'(x)+£(x)=x*+x,Vx e R\{-1;0} . Biét f(2)=a+bln3(a,beQ). Gid tri ctia biéu

oo

thic a® +b* bang?
A Z x 2 p. 0
4 2 2 4

Cau 36: Cho ham s6 f(x) nhan gia tri duong va c6 dao ham lién tuc trén doan [0;1] thoa
man [ f(x ] —2+3I t)dt, vx €[0;1]. Tich phan J x)dx bang?
3 11 15
A, —++2 B. — C. —+ 3 D. —
4 V2 4 4 V3 4
Cau 37: Cho ham s6 f(x) lién tuc va c¢6 dao ham trén khoang (0;+w) thoa man diéu kién
3n

I?f(x)sinxdx =4 va f(x)=x(sinx +f'(x))+cosx. Ménh dé nao sau day dting?

2

A. 11<f(n)<12 B. 5<f(n)<6 C. 6<f(n)<7 D. 12<f(n)<13
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Cau 38: Cho ham s6 f(x) c6 dao dén cdp 2 lién tuc trén doan [0;1] thoa man diéu kién
[f'(x)]2 +f(x)f"(x)>1,vxe[0;1] va £ (0)+f(0)f'(0):%. Tim gia tri nhd nhat cta tich

phan j f2 dx7

A2 B. c i D. Z
2 2 6 2
Cau 39: Cho ham s6 f(x) c6 dao ham lién tyc trén R thoa man f(1)=1 va dong thoi diéu
kién f'(x)[f(x)]2018 =xe*,Vx e R. S6 nghiém ctia phuong trinh f(x)= 1 1a?
e
A. 0 B. 2 C.1 D. 3

Cau 40: Cho ham s6 f(x) xac dinh va lién tyc trén R\ {0} thoa man f(1)=-2 va déng
thoi x*f? (x)+(2x-1)f(x) =xf'(x)-1,Vx e R\ {0}. Tinh _[ x)dx?

A -2 B. —In2—= C.-in2-2 p, 123
2 2 2

Cau 41: Cho ham so6 f (x) nhén gia trj duong, c6 dao ham lién tyc trén khoang (0;+w) thda

- Zf'(x)zf(x)(x+2) 50 va _ 1 <ch ohan [ 1
T PO )= Tehphan [

A. E+1112 B. —1+ln2 C. E+1112 D. Z+1r12
2 2 2 2

dx?

Cau 42: Cho ham s6 f(x) c6 dao ham lién tuc trén R thoa man f(1)=e va dong thoi diéu

kién (x+2)f(x)=xf'(x)—x>,vxeR. Tinh (2)?

A. 4e* —4e+4 B. 4e* -2e+1 C. 2e’-2e+2 D. 4e* —4e+1
. f
Cau 43: Cho ham s6 f(x) nhan gia tri duong thoa man f'(x) =ﬁ+3x2,Vx e(0;+x) va
X

2 ?)X3 1 e, e LR , N
I ———dx==.Gid4 tri cua biéu thac f(1)+f(2) bang?

1£2(x) 9

N g 03 C 8 b, 49

2 2 2 2

Cau 44: Cho ham s6 f(x) déng bién va c6 dao ham lién tyc trén R théa man f(0)=1 va
[f ] Vx eR.Tinh j X ?

A.e-2 B. e?-2 C.e’-1 D.e-1

Cau 45: Cho ham s6 f(x) nhan gia tri duong va f(x) c6 dao ham lién tuc trén [O;g} thoa

man f'(x)=tanxf(x),Vx e {O;z},f(O) =1.Tinh chosxf(x)dx?
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1+m n+1

4
Cau 46: Cho ham s6 f(x) c¢6 dao ham lién tuc trén R va f'(x)=eff(x) (2x+3), £(0)=In2.

A. B. C.In

D. 0

=~ a

Tich phan sz(x)dx bang?
phan | g’
A. 6In2+2 B. 6In2-2 C.6In2-3 D. 6In2+3
Cau 47: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] thoéa man f(1)=1 va déng
N | _ 2 . . . A 1 5
thoi xf'(x)—f(x)=x?,vx€[0;1]. Tinh tich phan IO xf (x)dx ?
AL B. c2 D. 3
3 4 3 4
Cau 48: Cho ham s6 f(x) c¢6 dao ham lién tuc trén R théa man f(0)=-1 va dong thoi diéu
kien f'(x)=f(x)+x%*+1,vxeR. Tinh £(3)?
A. 6e*+3 B. 6e” +2 C. 3e* -1 D. 9¢° -1
Cau 49: Cho ham s6 f(x) c¢6 dao ham lién tuc trén (0;+) théoa man f(1)=2 va déng thoi

f'(x)+M =4x”+3x va f(1)=2. Phuong trinh ti€p tuyén cta do thi ham s6 y =f(x) tai
X

diém c6 hoanh do x =2 1a?

A. y=16x+20 B. y=-16x+20 C. y=-16x-20 D. y=16x-20

Cau 50: Cho ham s6 f(x) c¢6 dao ham lién tuc va nhan gia tri khong am trén doan [0;1]

()T [T
thdéa man [ (X)] Z[X (X):I = 1+[f(x)]2 ,Vx€[0;1]. Biét £f(0)=1. Ménh dé nao sau day
e
dang?
A. f(l)e(g;?)) B. f(l)e[?);%j C. f(l)e[2;§) D. f(l)e(%;Zj
DAP AN
Cau 1. Chony C.
Theo gia thiét ta c6 (x’f(x))' > 673x™"*, 14y tich phan 2 vé& can tir 0 t6i x ta dugc

X ' X 673x2019
'[0 (xzf(x)) dx > IO 673x*dx < x*f (x) > 2019
x2017 1 1 X2017 1
= f(x)> 3 :J.Of(x)dxzjo 3 X:3.2018

Cau 2: Chon y A.
Céu 3: Chon y C.
Céau 4: Chon y D.
Cau 5: Chon y B.
Cau 6: Chon y B.
Cau 7: Chon y C.
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Céau 8: Chon y C.
Céau 9: Chon y B.
Cau 10: Chon y D.

| _ 1
Tacc’)m:2x+1:>—izx2+x+(:i)_2—>f(x)=— ! =—(1— 1)

f(x) f(x) X2 +x X x+1
2018 2018 1 1 1 1 2018
f(i)=-— i [ - _
:2 (1) 2(1 i+1j (1 2019) 2019

Céau 11: Chon y B.

bt h(x)=f(x)+g(x),h(1)=g(1)+£f(1)=9e.Taco

(x)+g(x) =—x* [f'(x)+g'(x)] :>h(x)+x2h'(x)=0
X) !

h' 1
h((x) =—%:>1n‘h(x)‘=%+CM>h(x)=9ex

= J-4—f(x)+2g(x) dx = f%eidx = 9(e—4/g)

1 X X

-~

0

Cau 12: Chon y A.
Tuong tu cau 11

Céau 13: Chon y A.
Céau 14: Chon y A.
Cau 15: Chon y B.
Cau 16: Chon y B.
Cau 17: Chon y D.
Tuong tu cau 1.

Cau 18: Chon y B.
Cau 19: Chon y B.
Cau 20: Chon y D.
Cau 21: Chon y A.
Cau 22: Chon y A.
Cau 23: Chon y C.
Cau 24: Chon y C.
Cau 25: Chon y B.
Cau 26: Chon y D.
Cau 27: Chon y D.
Cau 28: Chon y B.
Cau 29: Chon y A.

Bién déi gia thiét ta c6
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[f'<x)]"f(")f”(x)—(f'(x))z__x2:,M Xic

f(x) (f(x))2 f(x) 3
3 4
_f=f= C:—:lnf(x):J. X A g X KX C,
3 3 12 3
£(1)=1 x* 4x 5
O D=2 S inf(x) = -+ X -2 S Inf(3) = —4
12 3 4
Céu 30: Chon y C.
Bién d6i gia thiét ta c6
' . 2 § 1 f(2)-n2
jf (x)e" )dx:J—decef():—X2+C 4t 5C=1

= f(x )—ln(l——) %Bf ﬁo—lf(l—lzﬂ

i=2 1

i (22-1)(3°-1)..(2018° 1) | 13.2.4.3.5..2017.2019
(23..2018)’ (2.3..2018)°

20191
20171. 2019 3673 O
= > (i)

2 _ _ 367
(201817 122018 21009 45

=In3-In4+1n673-In1009

Cau 31: Chon y B.

Tu gia thiét ta c6 Jj[f'(x)]2 dx = Jj(sz —20—4f(x))dx =12 —4_[§f(x)dx

Ap dung cong thic tich phan timg phan ta c6
ij(x)dx=xf(x)‘3—I3xf'(x)dx=12—I3xf'(x)dx
:>I3[f ]dx 12-4(12- [ xf'(x)dx
<:>J. dx 0=f'(x)=2x=f(x)=x*+C
—>< = C=—5:>f( )=x —5:»[ x)dx =6

Cau 32: Chon y D.
Taco f(x)>f(0)=1,vxe [0'2] do Véy

1 f 2
[f (X)] = [ ] —1:>1nf(x):X—+Cx+D
f(x) [f )| 2
D=0 C=2 X 2 5
Métkhécdof(O):l,f(Z):e6:{6_2+2C+D:>{D_0:>f(x):e2 Yo f(1)=e

Céu 33: Chon y C.
Lay tich phan 2 v& trén doan [0;1] ta duoc

376

Iol [f'(x)]z dx +4I01(6x2 —1)f(x)dx = Iol(40x6 —44x* +32x7 —4)dx =15
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Ap dung cong thic tich phan timg phan ta duoc:

.[:(6x2 —1)f(x)dx = Iolf(x)d(2x3 —x)
- (2x3 _x)f(x)‘: —Iol(2x3 —x)f'(x) = 1—[:(2x3 —x)f'(x)dx

Thay lai ddng thtc trén ta c6

J.Ol[f'(x)]2 dx+4(1—jol(2x3 —x)f'(x)dx)=%

@I:[f'(x)]z dx—4‘|‘01(2x3 —x)f'(x)dx+%=0

@I:(f'(x)—2(2x3 —x))2 dx:0<:>f'(x):2(2x3 —x):>f(x):x4 —x*+C
%Czl:f(x)zx“—xz +1:>J.01f(x)dx:%

Cau 34: Chon y D.

Cau 35: Chon y B.

Cau 36: Chon y A.

Xem lai phan tich phan c6 can thay déi

Cau 37: Chon y B.

Céu 38: Chon y C.

Bién d6i gia thiét tuong duong [ £(x)f'(x)]'= [f‘(x)]2 +f(x)f"(x)>1,vx €[0;1]

Lay tich phan céan tr 0 dén x ta dugc

[JE()F (x)dx > [ [£(0)F(0) +x dx
@@_@Zf(o)f'(o)ﬂg©f2(><)2x2 +£2(0)+2£(0)f'(0)x

= [} £ (x)ax = [[[x* +£(0)+26(0)F(0)x]dx =3 + £ (0)+£(0)£'(0) =

Dau “=" xdy ra chang han tai f(x)=vx* +x+1
Cau 39: Chon y B.
Ta co If'(x)[f(x) P qx = jxexdx =(x-1)e*+C

[f(x)]2019 1
=>=——=—=(x-1)e"+Cf(1)=1=> —==C=f(x) =2§1+2019(x-1)e"

2019 2019
Vay f(x)= —% <1+2019(x-1)e* = —62% < 2019(x-1)e**” +e* +1=0

Xét ham s6
g(x)=2019(x—-1)e**” +e*” +1=g'(x) =2019 [e”mg +(x —1)e“2019] =2019xe*" "

Do g'(x)=0 c6 ding 1 nghiém nén g(x)=0 c6 t6i da 2 nghiém
Cau 40: Chon y B.
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Tur gia thiét ta c6 x*f* (x)+2xf(x)+1=xf'(x)+f(x) < (xf(x)+1)2 =(xf(x)+1)

f 1)
Suy ra J-de=jdx=x+€<:>xf(x)+1=— L
(xf(x)+1) x+C
o . 1 1 1
Mit khac f(1)=2=C=0=xf(x)+1=—==f(x)=—5—-—
X x® X
2 2 1 1 1
Suy ra L f(x)dx:J-1 —(?+;jdx:—ln2—§

Cau 41: Chony C.

Cau 42: Chon y A.

Céau 43: Chon y C.

Céau 44: Chon y D.

Cau 45: Chon y B.

Cau 46: Chon y B.

Cau 47: Chon y B.

Céau 48: Chon y D.

Cau 49: Chon y D.

Cau 50: Chon y A.

Tuong tu v6i cau trong dé thi tht Chuyén Lé Khiét , xem lai phan trudc

15. BAT PANG THUC TiCH PHAN

Cac bai toan bat dang thic tich phan dugc gi6i thiéu trong phan nay nhat la phan st dung
bat déng thtc Cauchy — Schwarz da phan chi mang tinh tinh tham khao, khong nén qué di
sau do day la chuong trinh lién quan t6i toan cao cap cua bac dai hoc, chi nén hoc phan 1
va phan 2!

1. PHAN TICH BINH PHUONG

Vi dang todn nay ta can cha y t6i nhing kién thitc sau day:

Vi f(x),g(x) la cac ham lién tuc trén [a;b](a <Db) ta co:

. Ib(f(x))Zn dx>0.Dau “=" xay ra < f(x)=0Vx €[a;b]

b
<]
a

e Cong thtc tinh dién tich hinh phdng gi¢i han prabol va mot dudong thang:

2 = (J‘x"z A®

36a’

Véi x,,x, 1a 2 nghiém cta phuong trinh ax® +bx+c=0.

f(x)=0vxe[a;b]
f(x)<0Vxe[a;b]

Ibf(x)dx

a

f(x)|dx. Ddu “=" xdy ra < {

2
ax’ +bx+c‘dx) =

Vi du 1: Cho 2 s6 thyc a,b thoa man a<b,a+b=ab+4. Tim gia tri nhé nhat cua tich
phan 1= J-b‘x2 —(a+b)+ab‘ dx
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A. 43 B. 12 C. 2.3 D. 48

.....

Pay chi la bai tap md dau ap dung cong thac thoi do a,b da 1a nghiém cta phuong trinh

béc 2 trong dau tri tuyét doi roi!

Ta co:
12—(jbxz—(a+b)x+ab‘c1x)2—A—3
~a 36
3 3 2
a+b)’ —4ab ab+4)’ —4ab ab+2)’ +12
((aby —aab) ((@bay—aab) ((@be2yen2]
36 36 36
Chon y D.

Vi du 2: Cho ham s6 y = f(x) ¢6 dao ham lién tyc trén [0;1] théa man f(1)=0 va
1 1 7 . , A (!
_[0 (f'(x))2 dx= —7_[0 x3f'(x)dx—Z . Tinh tich phan _[O f(x)dx.

A. z B.
5

RN
0N
® |

D. —
10

Thoat nhin thi bai toan nay c6 vé kha la rdc r6i, nhung hay chd ¥ néu coi f'(x) 1a n thi ta
thdy bong déng cua tam thtic bac 2, dén day ta sé giai quyét bai toan nhu sau:

Bién déi gia thiét ta duoc:

() dx=7[ xf (x)dx—

2 3 2 _
=N 1(f'(x)+zx3j dx— [ X clx:—7
0 2 o 2 4

2 3 4
o 1(f'(x)+%x3j =0 £(x) = -2 vxe[01) = ()= 2

0

+C

Mt khac ta lai ¢6 f(l)zO:Cz%: Olf(x)dx:%.
Chon y D.
BAI TAP TUONG TU

Cau 1: Cho ham s f(x) c6 dao ham duong lién tuc trén doan [0;1], f(1)-f(0)>1 va
1 1 1 N
.[0 f'(x)[3f2 (x)+2] > IO 2,/6f'(x)f (x)dx. Tich phan .[O f*(x)dx bang
221 27 221 27

A —— B. — C.—-1 D.—-1
9 3 9 3

Cau 2: Cho ham s6 f(x) c6 dao ham duong lién tuc trén doan [0;1] va £(1)—f(0)=1 thoa

man ZJ: mf(x)dx > J.Olf'(x)(f2 (x) +1)dx. Tich phan Jj [f(x)]3 dx bang?
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3 _
A3 B, 533 C. 533 +54 D. 533 -27
2 18 18 18

Cau 3: Cho ham s6 f(x) ¢6 dao ham duong lién tyc trén doan [0;1] thoa man 4f(1)=£(0)

va I:f2( dx— 3I x)dx = ZJ. J(Bx+1)f x)dx . Tinh £(0)?

A2 B 1> c _ 5 D -2
In4 In4 In4 In4
Cau 4: Cho ham s6 f(x) c6 dao ham duong lién tuc trén doan [0;2]thda man
6J‘ 1/ x)f (x dx>2j )f?(x)dx +9. Tich phanj x)dx bang
2
A2 B. 2 . :
3 3 C.2 D. 29

Cau 5: Cho ham s6 f(x) lien tuc trén doan [0;1] théa man diéu kién

I:[fz (x)+2In? %}dx=2j:f(x In(x+1)dx. Tich phan j x)dx bing

A. lnz B. lné C. lnE D. In2

e 2 e
Cau 6: Cho ham s6 f(x) c6 dao ham duong lién tuc trén [0;1] thdéa man f(0)=1 va

3..‘:(f'(x)f jdx<2J‘ \/7f dx. Tinh tich phanj [£(x ] dx

A2 B.

C.
2

D.

&~ | o1
(o) NIRN|

0;

— SN

Cau 7: Cho ham s6 f(x) lién tyc trén doan } déng thoi thdéa man diéu kién

N3

jo{fz(x)+2x/§f(x)cos(x—gﬂdx=—Tz Tich phan sz x)dx bang
2

A.7 B. 0 C.2 D. 2

Cau 8 Cho ham s6 f(x) lién tuc trén doan {O;g} va théa man diéu kién

J; {fz (X)—Z\/Ef(x)sinix_gﬂ e 2;

Al B. 0 C.

OEf(x)dx

=~ a
N3

Cht y xem 16i giai vi du 1 dé van dung!

Vi du 3: Cho ham s6 f(x) nhan gi4 tri duong va c6 dao ham lién tuc trén doan [0;1]

2
fl
dong thoi théa man f(1)=ef(0)=e va _[01 (ﬁ] dx <1. Ménh dé nao dudi day dang?

£(x)
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A. f(%j:ez B. f(%):\/g C. f(%]:% D. f(%j:@

.....

bay la mot bai toan tuong d6i kho c6 dang hoi hoi giéng voi cac bai toan & phan 5! Ta hay

£(1)

dx =In ‘f H; =In—<=Ine=1. Bén day ta c6 dinh huéng giai bai toan

£(0)

nay bang phuong phép hé so bat dinh nhu sau.

dé y rang I

Gia st ton tai mot s6 a thoa man:

[[58-a) axco | [500] - oceo

@jol( f( J {Za%—az}dx:Za—az

Ma theo gia thiét ta c6 J.O( J dx<1=2a-a’<le(a-1)<0=a=1

Vay khi d6 gia thiét bai toan sé dugc bién déi tuong duong:

j:(%]zdxﬂ@j:(%qfdxsoa%ﬂ:f(x):kex

Taco f(1)=ef(0)=e nén kzl:f(x):exzf(%):\/g.

Chon y B.

1
Vi du 4: Cho ham s6 y =f(x) lién tuc trén doan [0;1], théa man J.[f(x)]2 dx=4va
0

1 1
f(x)dx = Ixf(x)dx =1. Gia tri cua tich phan I[f(x)]3 dx bang?
0 0

A. 1. B. 8. C. 10. D. 80.

O day cac ham xudt hién duéi dau tich phan la [f(x)]2 , xf(x), f(x) nén ta sé ndy ra y
tudng lién két voi binh phuong [ f(x)+ax+ [3]2 :
V6i mdi s6 thuc o, B ta co:

j[f(x)+oax+ﬁ]2 dx = J1’|:f(x):|2 dx+Zj(ax+B)f(x)dx+j(ax+B)2 dx

0 0 0 0

2

=4+2(G+B)+%+GB+BZ~

1 2
Ta can tim o, B sao cho J.[f(x)+ocx+[3]2dx:0 hay 4+2(a+[3)+%+oc[3+32 -0

0
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& o +(3p+6)o+3p> +6B+12=0. Dé ton tai o thi A=(3p+6)" —4(3p% +63+12)>0

& 32 +12B-1220 3(B-2) 20 =p=2=a=—6.

Vay I[f(x)—6x+2]2 dx=0=1f(x)=6x-2, vxe[0;1]= j[[f(x)]3 dx =10.

Vi du 5: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], thoéa man f(1)=0 déng thoi

1 1 1
E[[f'(x)]z dx=7 va Ixzf(x)dx=%. Tich phan E[f(x)dx bang?

0

C.

SIRN
NI

A. 1. B. D. 4

Dé minh hoa THPT Quéc Gia 2018
Loi gidi

bay 1a mot cu tung xudt hién trong dé minh hoa THPT Qudc Gia 2018 cua b va sau do6
da tré thanh mot trao luu trong céc dé thi thtr va tham chi dén dé khéo thi chat lugng cua
bo ciing da ting xuat hién bai todn nay, tuy nhién cic cach giai trén mang da phan la su
dung dén bat déng thic Cauchy — Schwarz tuy nhién day c6 1& khong phai ¥ tuéng ra dé
clia Bo bédi day la kién thic bac Dai hoc. Duéi day la sé tiép can bai toan bang kién thic
cua bac THPT.
Y tudng ctia bai toan van la dua vé binh phuong tuy nhién ham duéi dau tich phan la
[f ] ) khong c¢6 méi lien hé voi nhau. Vay lam sao dé lam xuat hién binh
phuong déy? Co f'(x) dang 6 dang binh phuong thi ta sé nghi ngay dén viéc st dung tich

1 1 3 1 1
phan timg phén cho ijf(x)dx =% ta duoc: Ix2f(x)dx = X?f(x) —%Ix‘”’f'(x)dx
0 0

0

1
Két hop v6i gia thiét £(1)=0, ta suy ra IXBf'(x)dx =-1.
0

j[f'(x)]z dx=7

0

J.xg’f'(x)dx:—l.

0

Bay gio gia thiét dugc dua vé Ham duéi dau tich phan bay gio la
[f'(x)]2 , X’f'(x) nén ta s& lién két v6i binh phuong [f +ox ]

V6i mdi sé thuc o tacod :
2

j[f'(x)+ax3}2dx:j‘[f ] dx+20cj *f'(x dx+0c_[ fdx =7 — 2a+7:%(a—7)2.
0 0

200 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

1

Ta can tim a sao cho I[f'(x)+ax3]2dx=0 hay ;(oc—7)2 =0 a=7

0
Vay I[f X)+7x° ] dx=0=f'(x )——7x3,Vxe[O;1]:>f(x)=—zx4+C

7 A
=>C="=f(x)=—=x"+== [f(x)dx =
4 4 4

7
=
Chon y B.

Vi du 6: Cho ham s& f(x) c¢6 dao ham lién tuc trén [0;1],

£(1)=0, [[£(x)] dng—Zan va i jixl))

. B. 1—21n2. C. 3—2ln2. D.
2 2 2

théa man dong thoi

E dx:21n2—% Tich phan If )dx bang?

3—-4In2
5 .

.....

Thoat nhin thi ta s& thay bai nay tuong tu bai trudc van phai lam xuét hién f'(x) (f ‘(x))2 ,
cting bién déi dé xem c6 nhu bai trudc khong nhé!

e e oo ¢ £(X)
Nhu cac bai truéc, ta bién doi .[
0

~dx=2In2-= dé lam xuat hién f'(x) béng cach
2
u=£(x) du=£'(x)dx
tich phan tung phan. Dat dv 1 : x> _— 1
(x+1) x+1

Khi d6 ta duoc:

ot b 0.0,

(x+1
T6i day ta bi vuéng £(0) vi gia thiét khong cho. Do d6 ta sé théem bét hing s6 nhu sau

u=f(x)

du=£'(x)dx
dv = 1 de:> . 1 T v6i k 1a hang so.
(x+1) x+1
=0 ta duoc:

Khi d6 két hop véi (1)
f(x

[

dx:(—xil +kjf(x)1 -E(—Xil +k)f'(x)dx
(-1+k)f .:[( 1 j x)dx

Ta chon k saocho -1+k=0< k=1

1
Khi d6: 2In2 - 3 f ) d

—= x=—J‘Lf( dx:>j x)dx=§—21n2.
2 3 x+1) o x+1 x+1 2
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2
Ham duéi dau tich phan la |:f'(x)]2 , = n f'(x) nén ta can c6 {f'(x)+ a— J .
X+ X+

Ta tim duoc a=-1=f'(x)=

=f(x)= I

1
=C=In2-1=f(x)=x-In(x+1)+In2-1. Vay jf(x)d =
0

dx=x-In[x+1|+C

x+1 x+1

1-2In2

Chon y B.

2. CAN BANG HE SO VA BAT DPANG THUC AM - GM

Trong phan nay ta sé tiép can mot s6 bai toan khé hon phai st dung dén bat dang thic
AM - GM va céc ki thuat can bang hé s6 trong bat déng thic. Pau tién nhic lai bat dang
thitc AM - GM. Cho 2 s6 thyc duong a,b thi ta luén c6 a+b> 2+/ab . Dau “=" xay ra khi va
chikhi a=b

Vi du 1: Cho ham s6 f(x) nhén gid trj duong va c6 dao ham f'(x) lién tuc trén [0;1],

1 1
thoa man f(1 ) va .([fzd();) +-(|).[f'(x)]2 dx <2. Ménh dé nao sau day dung ?
2e 2(e-2) 2¢’ 2(e-2)
A f(1)=,— B. f(1)= C. f(1)= . =
(D=y-7 (=== W=\z7 D iU)=y—=
Loi gidi

Luét nhin qua bai toan nay thi kha la “hai” nhung tuy nhién hai tich phan dang 6 cting

can nén ta sé dua né vao cung mot tich phan va st dung bat drfmg thac AM - GM nhu sau:
Lodx L | s g McM Lf
!fz (X)+£[f (x)] dx= I 0 ——+[f'(x dx >

=2Inf(x)|, =2In]f(1)|-2Inf(0)|=

Mt khac theo gia thiét ta lai c6:

j dx +l‘[f'(X)]2de2:>f'(x):L@f(x)f'(x)zl

0 £ (x) f(x)
:>If '(x)dx = jxdxa@=x+€:>f(x):\/2x+2C.

1

Ta co6: £(1)=ef(0) néntaco J2+2C=e2C = 2+2C= e22C<:>C—

—‘/2x+ :>f ,f 4/
e —1 e?—
Chony C.

Vi du 2: Cho ham s6 f(x)>0 va c¢6 dao ham f'(x)>0 lién tuc trén [0;1], thoa man
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£(0)=1 va j[f3(x)+4[f'( de<3jf (x)dx. Tinh I = jf
0
A 1=2(Je-1). B.1=2(e’-1). c.p-Ye-1 D.1-% "1
2 2
Loi gidi

Bai toan nay la mot bai toan khé nhung tuy nhién néu biét vé bat dang thtcc AM - GM thi
noé trd 1én kha la don gian

Ap dung bat dang thtc AM ~GM cho ba s duong ta c6

()l 0] =afr (] + L B
23#4@ ] = )
:>j;[f3 (X)+4[f'(x)]3}dx2 3If.(x)f2 (X)dx.

Mt khac theo gia thiét ta co:

i[f3(x)+4[f'( de<3jf (x)dx=4[f'(x)] O B CO DRI Y

:M=131de:—jdx:>1n‘f(x)‘:%X+C:>f(x)=e§

f(x) 2 f(x)
Ta co: £(0)=1=C=0=f(x)= e :>jf Jdx =2(+e -1).
Nhdn xét. Day 1a huéng tiép can theo bat ding thic AM - GM tuy nhién ta con mot
céch khac c6 thé s& nhanh hon teo. Pé y néu ta coi a,b 14n luot 1a f(x),f'(x) thi ta s&
c6 duoc da thiic thuan nhat bac 3. Cu thé ta c6:
f(a,b)=a’ +4b’ —3a’b=(a+b)(a-2b) >0
Khi d6 gia thiét tuong duong:

Hf3(x)+4[f'( de<3jf dx<:>_[ +E1(x))(£(x) - 26 (%))’ dx <0

Mit khac f(x) >0, f'(x)>0 nén dau “=" xay ra khi f(x)=2f'(x).

bén day bai toan lai trd nén binh thuong!
Chon y A.

Vi du 3: Cho ham s6 f(x) nhan gia tri duong trén [0;1], c6 dao ham duong va tuc trén

1 |
[0;1], thoa man J. Xt (X)dx >1 va £(0)=1, f(1)=e’. Tinh gia tri cia f[%j
0

£(x)

N Y A Y o
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.....

Cach lam chung ctia cac bai toan thé nay 1a tir gid néu bai toan cho 1a 16n hon hogc bang
thi ta phai chi ra ddu nhé hon hodc bing va nguoc lai. Bai toan nay ciing nhu thé, ta can
xf'(x)
f(x)

Ham dudi dau tich phan la: xf_(x) = Jx. m, vx e[0;1].
f(x) f(x)

biéu nay khién ta nay ra y tudng danh gia:

X M <ax+M
T R T

Mudn vay ta phai danh gia theo AM —GM nhu sau:

chi ra dugc I dx <1 bang cac danh gia co ban.

) (X)+mx22x/a. () voi m>0 va xe[0;1].

£(x) £(x)

1 f! 1 f!
Do d6 ta can tim tham s6 m >0 sao cho: J-{ () +mx} dx > 2\/5_“ X (X)dx hay:
0

oL £(x) £(x)

1
zzJE.1@m\f(l)\—ln\f(o)h%zz&@2—0+%22\/5

0

ln‘f(x)H; +rnX72

Dé dau "=" xay ra thi ta can c6 2—O+%:2x/m<:>m=4.

V&éi m =4 thi ta co:

Hf'(x +4x}dx 4> 4[\/7 irdx 1

Dau “=" xay ra khi f| =dx= If' ~ldx= I4xdx<:>ln‘f ‘ 2 +C=1(x x)=e e,

(x) £(x)
Theo gia thiét {EES;:& = C=0=f(x)=e? = f(%j _Je

Cach 2. Theo bat dang thtc Cauchy - Schwarz ta co:

[+ [0, 9, ) ), 1, )
1‘{! i J UI ()d"J <Pl 9 =2 )

. f! xf'
Vay dang thtc xay ra nén ta c6 () =kx, thay vao I (X)dx 1 ta duoc k =4.

£(x) £(x)

Suy ra =4x. bén day 10i giai giong nhu trén.

f(x)

P/s: Bat ddng thtc Cauchy - Schwarz ta sé& tim hiéu 6 phan sau!
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Chony C.

1
Vi du 4: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], théa man ﬂ:f(x)f'(x)]2 dx<1
0

va f(0)=1, f(1)= J3. Tinh gia tri cia f(%j

A f@:ﬁ. B. f@=3. C. f(ljwa D. f(lj:e.

Nhan thdy bai nay ddu “<” nén can phai danh gia theo chiéu ngugc lai, chu y t6i bai toan
lién quan t6i f'(x),f(x), néu ta danh gia dugc [f(x)f‘(x)]2 vé f(x)f'(x) thi bai toan coi
nhu dugc gidi quyét. Muodn vay ta phai danh gia theo AM - GM nhu sau:

[£(x)f'(x)] +m=2vm.f(x)f'(x) v6i m20.
Do d6 ta can tim tham s6 m >0 sao cho:

j([f(x)f'(x)]z +m)dx > Zx/a:[f(x)f'(x)dx

0
2 (x)[
Hay 1+m22x/E.T o 1+m>2J/m
0
Dé dau "=" xay ra thi ta can c6 1+m=2Vm < m=1.

Khi d6 ta duoc:

1

[[E)f(x)] dx+1= I[f(x)f'(x)f dx+I|1).1dx

0

. Neuf(x)f'(x):—1:>Jl.f(x)f'(x)dx:—'l[dx@fzgx) :—x|(1)<:>1:—1 (vo ly)
)

e Néu f(x)f'(x):l:If(x)f'(x)dx=_[dx©%=X+C:>f(x):\/2x+2(:.
0

f
Theo gia thiét {lei :Cz%:f(x):\/2x+1:>f(%j:\/§.

5

Cach 2. Ta c6 j)-f(x)f'(x)dx = fzgx) =%[f2 (1)-f*(0)]=1.

Theo bat dang thiic Cauchy - Schwarz ta c6:

1
0
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1 1

12 :[il.f(x)f'(x)dx] < [1ax [[f(x)f'(x)] dx<11=1.

0 0
1
Vay dang thtic xdy ranén ta cé f'(x)f(x) =k, thay vao If(x)f'(x)dx =1 ta duoc
0
k =1. Suy ra f'(x)f(x)=1.Dén day lam ti€p nhu trén!

P/s: Bat dang thac Cauchy - Schwarz ta sé tim hiéu ¢ phan sau!

Chon y A.

Vi du 5: Cho ham s6 f(x) nhan gid tri duong va c6 dao ham f'(x) lién tuc trén [1;2],

2 fl 2
thda man J%dx <24 va f(1)=1, £f(2)=16. Tinh gia tri cta f(\/i)
< xf(x

A. £(2)=1. B. f(v2)=2. C. f(v2)=2. D. f(2)=4.

.....

Chéc rdng qua 4 vi du & trén ta da phan nao hinh dung va ndm duoc y tudng va phuong

phép lam dang nay roi, bai cudi cuing sé khong di phan tich ma di luon vao 10i giai!

[f|(x)]2 1 [P(X)]z
Ham du6i dau tich phan 1a =—. . biéu nay lam ta lién tuéng dén dao ham
xf(x) x  f(x)

f! y
diung () , mudn vay ta phai danh gia theo AM - GM nhu sau:

i
[fl(x)]z +mx > 2Jm t (X)

xf (x) m

voi m>0 va xe[1;2].

1 Xf(X) 1

2m 2 2m 2m
24+Tz4ﬂ,/f(x) 1 <:>24+724\/5[4&(2)—1/f(1)}<:>24+7212x/a<:>m:16.

2 fl 2 2 ¢
Do d6 ta can tim tham s6 m >0 sao cho I[[ ()] +mx]dx > ZJEJ.\jf((l))dx hay:
X

Pé dau "=" xay ra thi ta cAn c6 24+2—m=12\/ac>m=16.

3
, ()] !
V6i m =16 thi dang thtc xdy ra nén [ (X)} =16x= ) =2x
xf (x) 2 /f(x)

:I%\/%dXZJZde@m:xz+C:>f(x):(x2+C)2

L [f(1)=1
Theo gia thiét

f(2):16:>C:0:>f(x)=x4:>f(«/§):4.
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Céch 2. Ta c6 !%dx=2.!%\/%dx—

Theo bat dang thic Cauchy - Schwarz ta c6
2 2

G gl < X

e e el e

! 1 2 £
Vay dang thtc x4y ra nén ta c6 f() =ki/x < ﬂ =kx thay vao I £ dx=6

(9 &) V)
F(x)

= 4x. bén day lam tiép nhu trén!

N)| =2[Ji@) - i@ |=6.

ta dugc k =4. Suy ra

Chony D.

3. BAT PANG THUC CAUCHY - SCHWARZ CHO TICH PHAN

Nhin chung thi céc bai toan nay chua gdp thi sé thdy no6 la va rat kho, tuy nhién néu da

gdp va lam quen rdi thi bai todn nay tré nén tuong d6i dé, c6 thé dé hon 2 dang toan trén !
e Bt dang thtc Cauchy - Schwarz cho tich phan

Cho f(x),g(x):[a,b]—> R 1a cac ham kha tich trén doan [a;b] khi d6 ta ludn ¢6 :

2
Ibfz ()()d)(.jbg2 (x)dx > (Ibf(x)g(x)dx)
Déng thic x4y ra khi va chi khi f(x)=kg(x) véi s thuc k0.
Chitng minh
b 2

V6i moi te R xét binh phuong ta ludén ¢ I (tf(x)+g(x)) dx=0
biéu nay tuong duong vai :

h(t) :(jbfz (x)dx)t2 +2(jbf( )8 (%) dx)t+j g? (x)dx >0Vt e R
+ Trudong hop 1: I f*(x)dx=0 < f(x) =0 bat dang thic da cho la déng thc.
+ Truong hop 2 : I f?(x)dx >0, day 1a tam thic bac 2 hé s6 a duong va luén khong am,

tac biét s6 delta luon khong duong. Tuong duong :

A':(Lbf(x).g(x)dx)Z—j dxj g% (x)dx <0
=S (J.bf(x).g(x)dx)2 < L £ (x)dx.JAa g?(x)dx

bén day ta c6 diéu phai ching minh !
o Bat dang thtc Holder cho tich phan
Cho f(x),g(x):[a,b] >R la cac ham kha tich trén doan [a;b] khi d6 ta ludn c6 :

I ) =( [ (o

a
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Trong d6 p,q la céc s6 thuc duong théa man 1 + 1 1.

q p
Vi du 1: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], thoéa man f(1)=0 déng thoi

1 1 1
E[[f'(x)]z dx=7 va Ixzf(x)dx=%. Tich phan E[f(x)dx bang?

0

A. 1. B. C. D. 4

SIRN
NI

Dé minh hoa THPT Quéc Gia 2018
Loi gidi
Bai toan nay ta da dugc gdp & phan phan tich binh phuong réi, gio ta sé tim hiéu mot cach
tiép can khac bing bat ddng thtc Cauchy - Schwarz. Chd y la bat dang thac Cauchy -
Schwarz cho tich phén thi luén phai c6 moét luong binh phuong cho nén ta khong duoc
bién doi gia thiét (f'( x))z, tuy duy van nhu phan trudc, ta phai lam xuat hién f'(x) o gia
thiét tha 2.

Tich phan timg phan cho | x*f(x)dx = % ta dugc:

O Ly

1 1 1 1
[x°f(x)dx = £(x)) == [x°F (x)dx < [xF'(x)dx = 1.
0 3 0 30 0

Str dung bat dang thac Cauchy - Schwarz ta c6 :

([, % (0)d ) < [xdx [ [£() T dx=1=-1< [ X' (x)dx <1

Vay ddu "=" xay ra khi f'(x) =kx’. Th& nguoc lai ta im dugc k =-7

Vay f'(x)=-7x>,Vx e[0;1]=f(x) = —%x“ +C

1
:>C:Z:>f(x)=—zx4+Z:>jf(x)dx=z.
4 g T 5
Chon y B.
BAI TAP TUONG TU.
Cau 1: Cho ham s6 f(x) lién tuc trén doan [-1;1] théa man f(-1)=0, j ?6 va
[ (£1(x))’ dx =112, tinh tich phan I = [ £(x)dx.
o 168 5 5 % b, &
5 2 4 5
Cau 2: Cho ham f(x) c6 dao ham lién tuc trén [0;1] théa man diéu kién

21

Jy ()’ de= [} (x+ 1) et (x)x =

va f(1)=0. Tinh tich phan J.Olf(x)dx
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-1
A. eT B. C. e-2 D.

N | @

€
4
Cau 3: Cho ham f(x) c6 dao ham lién tuc trén [0;1] thoa man f

I:[f'(x)]z mdx = 1+1 5

—

0)=0,£(1)=1 va

. Tich phan .[ f(x) dx béng

2 +1
A. %1n2(1+ﬁ) B. ‘1+2*/51n2(1+ﬁ)
C. %In(1+x/§) D. (—1+ﬁ)ln(1+ﬁ)

Cau 4: Cho ham f(x) c6 dao ham lién tyc trén [0;1] théa man f(1)=1 va déng thoi
1 4 49 2
IO x.f(x)dx =15 va I [f (x) G . Tinh I [f ] dx
2 1 4

A. — B. — C. —
9 6 63 D.1

1
Cau 5: Cho ham s6 f(x) lién tuc trén doan [0;1] théa man f(1)=1 ,J.(f'(x))2 dx:g va
0

.Llf (\/; )d =—. Tich phan j dx bang

A. 1 B. 1 C. 2 D. 3
4 5 4 5
2
Cau 6: Cho ham f(x)lién tuc trén [0;1] thoa man J.Ol(f‘(x))2 dx=IoleXf(x)dx= © 4_1 va
ef(1)=£(0). Tinh tich phan Iolf2 (x)dx
A.e-2 B.e-1 C.2e-3 D. 2e-1

Cau 7: Cho ham s& f(x) c6 dao ham lién tuc trén doan [0;1] va £(0)+£(1)=0. Biét rdng
Jj f2 (x)dx =%,I:f'( ) cos mxdx _E Tich phan J. x)dx bang

A?)—Tc B.
2

Cau 8: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1]. Biét Efz (x)dx=3 va

1

C.n D. —
T

SN

I:f (x)sinnxdx = . Tich phanJ. ( ]dx bang

A. sn B.
2

c.-8 D. L
T T

AN

2
Cau 9: Cho ham s6 f(x) lién tuc trén doan [0;1] thoa man f(1)=0, j [f ]2 dx:%,

I COS(ZXJ £(x)dx =% Tich phan J x)dx bang
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T
A. E B. &t C.

Cau 10: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1], va thoa man f(1)=1,

1 D. 2
s T

I:[f'(x)]z dx=9va I:x3f(x) =% Tich phan J x)dx bing

A2 B. 2 c.’ D.
2 3 4

gl o

Cau 11: Cho ham s6 f(x) c6 dao ham lién tuc trén doan R thoa man f(gj=0,

I [f ] dx—g va Ecosx.f(x)dx T oTi nh f(2018r)

N
,4;

A. -1 B. 0 C. D. 1

N | =

Cau 12: Cho ham s6 f(x) c6 dao lién tuc trén doan [1;2] va théa man diéu kién
2 1 2
=0 L (x—1)2f(x)dx:—5 va L [f ] dx =7. Tich phan j x)dx bing

AL B. —. c.Z D. ~
5 5 20 20

Cau 13: Cho ham s6 f(x) lién tuc trén [0;1] théa man _[: x£?(x)dx = J.Ol xz.f(x)dx—%. Tich

phan I x)dx bang?

A. 1 B.
5

Cht y xem loi gidi vidu 1

| =
[SSHT

Qu

é van dung!

Vi du 2: Cho ham s6 f(x) lién tuc trén [0;7], thda man If(x)dx =Icosxf(x)dx =1. Gia
0

0

tri nhé nhat cua tich phan I £ (x)dx bang?

A. B. —. C.

g 3 é 3
T T T 2

Loi gidi
Nhin cach phat biéu ctia bai toan tuong déi giong v6i bai trén, néu ap dung bat déng thic

Cauchy - Schwarz ta c6 :
2 U I T
(" 2 2 T
1= (IO cosx.f(x)dx) < .([cos xdx.z!-f (x)dx = > -([

Suy ra jfz )dx > Z dén day sé c6 nhiéu ban khoanh A.

Cht y rdng dau "=" xay ra khi f(x)=kcosx thay vao If(x)dx =1 ta duogc:
0
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1

If x)dx = kjcosxdx ksmx| =0
0

biéu nay la vo ly! Vay 1oi giai dung cta ta sé can phai st dung t6i phuong phép bién thién

a=Iacosxf(x)dx
n 0 . |la,beR
f(x)dx=J.cosxf(x)dx=1:> . VOI{

hing s6. Ta c6 2 1250
0 b= [ bf(x)dx R
0

O e 3

Theo Cauchy - Schwarz ta co :
T 2 T T
(a+b)2 :(L (acosx+b)f(x)dx) < IO (acosx+b)2 dxj0 f? (x)dx

: 2(a+b)” {a, beR
Lai cé \Y%

n(a2+2b2) a’+b*>0

o'—.:l

acosx+b %n(a2+2b2). Suy ra J-fz(x)dxz
0

T 2
Do d6 Ifz (x)dxzz.max{ﬂ}=é
0 T T

a’ +2b’
Chon y B.
Nhan xét:
e Tanhanthém a, b vao gia thiét dugc goi 1a phuong phéap bién thién hing so.
, b’
e Cach tim gid tri lén nhat caa P = % ta lam nhu sau:
a”+2b
+Néu b=0=P =1 (chinh la ddp 4n sai ma minh da lam ¢ trén)
2
a a
—| +2—+1
, oy () 2
+Néub;r&0:>P:(j1 )2: b 5 bt t2t+1£t—ij
a“+2b ( a J t°+2 b
b +2

T6i day ta dao ham hosc ding MODE 7 do tim. Két qua thu duoc GTLN ctia P bang %

khit:2:>%=2<:>a=2b.

a=2b
Vay ddu "=" dé bai toan xay ra khi {f(x)zb(zcostrl)
Thay ngugc lai diéu kién, ta dugc: Ib(Zcosx+1)dx =1l<b= 1 =f(x)= 2cosx+1
0 T §
Ldc nay IfQ x)dx I(M]d _3
T

Cdch khdc. Dua vé binh phuong
Ham du6i dau tich phan la £*(x),f(x),cosx.f(x) nén ta lién két véi (f(x) +0LCcOoS X + B)2
V6i mdi so thuc o, B ta co:
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(f(x)+occosx+[3)2 dx =

O t—=

£ (x)clx+2]£(occosx+B)f(x)dx+]E(occosx+[3)2 dx

O3 Oy

£ (x)dx+2(oc+B)+goc2 +np’
Ta can tim a, B sao cho 2(a+p) +goc2 +7f’ dat gia tri nho nhat. Ta co:

2(OL+B)+§0L2+TCBZ :g(a+%j +7{B+1} _éz_é

T T T

T 2 T
Vay véi QZ—%}B:—l thi ta c6: I[f(x)—zcosx—l} dx:J.fz(x)dx—E
T 0

T 0 T T T

b n 2
Suy ra Ifz(x)dx=j{f(x)—gcosx—l} dx+§2§. Ddu "=" xay ra khi f(x)= 2cosx+1
0 0 7T

T T T T

BAI TAP TUONG TU
Cau 1: Cho ham s6 f(x) lién tuc trén [0;1] thoa man J x)dx = J xf(x)dx=1 va
.[01 [f(x)]2 dx =4. Gia tri ctia tich phan _[O f(x)) dx la
A. 10 B.1 C. 80 D. 8
Cau 2: Cho ham s6 f(x) lién tuc trén doan [0;1] thda man J x)dx = J e*f(x)dx=1. Goi

m 1a gia tri nho nhat cta tich phan -[ dx Ménh dé nao duéi day dang?
A.0<m«<1 B.1<m<?2 C.2<m<3 D.3<m<4
Cau 3: Cho ham s6 f(x) lién tuc trén doan [0;7] théa man I x)dx = I sinxf(x)dx=1.

Gia tri nho nhat cta tich phan J x)dx bing?
A p. 218 c. r-4 D. >
T n -8 n -2 2n

Cau 4: Cho ham s6 f(x) lién tuc trén doan [0;1] théa man J. x)dx = J \/_ f(x)dx=1.Gia

tri nhé nhat cda tich phan I x)dx bang?
2 4 8
A. — B. — D. —
3 3 .3 3

Cau 5: Cho ham s6 f(x) lién tuc trén doan [1;e] thoa man J. x)dx = I Inxf(x)dx=1.

Gia tri nho nhat cta tich phan J x)dx bing?
. 22e—5 B. 2e-3 C. 22e—3 D. 2e-5
e —3e+1 e—2 e —3e+1 e-2
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Cau 6: Cho ham s6 f(x) lién tuc trén [O; 4} théa man I x)dx = I4 tanxf(x)dx=1. Gia

tri nho nhat cuda tich phan I4 f?(x)dx bing?
4In(2e) 4In(2)-4 161n(2e) 161n(2)-16
. B. C. D.
n’ —4n+4In°2 n’ —4n+4In°2 n’ —4n+4In°2 n’ —4n+4In°2
Cau 7: Cho ham s6 f(x) lién tuc trén [0;1] thoa man J x)dx = I M f(x)dx=1 . Gid tri

nho nhat cda tich phan .[0 [ f (x)] dx 1a?
A. 4036 B. 4038 C.4034 D. 4032
Cau 8: Cho ham s6 f(x) lién tuc trén [0;1] thoa man I:x.f(x)dx:.[;f(x)\/;dx:l va

J. [f (x) ] dx=>5. Gia tri cua tich phan -[ x)dx bing

A2 B. 2 c. L D. -
6 7 18 21

Cau 9: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;7] thoa man Ionf'(x)sin xdx =-1 va

[T(£(x)) dx= % . Tinh tich phan ["xf(x)dx

0

A -2 B. c -2 D.-I
T T 2

Chua y xem 101 gidi vi du minh hoa dé van dung!

2
Vi du 3: Cho ham s6 y =f(x) c6 dao ham lién tuc trén [1;2], thoa JXBf(X)dX =31 Gia tri
1

2
nho nhat cta tich phan J‘ f* (x)dx bang?
1

A. 961. B. 3875. C. 148955. D. 923521.

Loi gidi
Van la bat déng thtc Cauchy - Schwarz nhung yéu cau ctia bai todn f(x) bac 4 va gia thiét

chi c6 1, vi thé y tudng cuta ta la danh gia truc ti€ép yéu cau I f*(x)dx qua I ’f(x)dx =31.

1
Thé st dung Cauchy - Schwarz nhu thé nao? R4t don gian doé 1a st dung lién ti€p bat
dang thiic Cauchy - Schwarz!
Ta c6 ap dung hai 1an lién tiép bat dang thic Cauchy - Schwarz ta duoc:

31* = (Jf x°f (x)dx)4 = {(Lz x> xf (x)dx)2 T < (f x4<:1x)2 (Lz x*f? (x)dx)2 < (Lz x4dx)3 :[f“ (x)dx
Suy ra Jf f* (x)dx > L3 =3875.

(LZ x4dx)
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D4u "=" xay ra khi f(x)=kx nén kLZ x'dx =31 k=5=f(x)=5x"
Chon y B.

Vi du 4: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;2], théa man f(2)=1,

2
32 N
*f(x =— f'( dx=— Giat tich ph f(x)dx bang?
'([X va H: ] x=— Gia ri clia tich p an_[ x bang
A -2 B. -2, c.-Z. D. ..
2 3 3 3
Loi gidi
2
Van nhu bai trén ta phai lam xuat hién (f '(x))4 . Tich phan tang phan Ixzf (x)dx = % két
0
i 32
hop véi £(2)=1, ta dugc Ix3f'(x)dx =<
0

Ap dung Cauchy - Schwarz 2 1an ta dugc

[%T :( [} x3f’(x)dx)4 :( [} xz.xf’(x)dx)4 < ( j02><4dx)2 ( [ [e()T dx)2
(j02x4dx)2( x0T dx) _( 4dx) x( 4dx.j:[f'(x)]“dx)
(I02X4 dx)?’x Joz[f'(X)T o 1048576 E j

Dau "=" xay ra khi xf'(x) =kx* = f'(x) =kx thay vao J.[f'(x)]4 dx= % ta tim duoc k =1
0

IA

2

:>f‘(x):x:f(x)zjxdx:%+Cﬂ>C:—1.

x* [ 2
Vay f(X)=?—1:>J.f(X)dX=—§.

Chon y B.
Cdch 2. Ap dung bat déng thtic AM - GM ta c6:
[£'(x) ]4 +xtHxt +xt > 4°f ! (x)

2
Do vay I[f ] dx+SI x*dx > 4I x’f'(x)dx. Ma gi4 tri cta hai v& bang nhau, c6 nghia la
0

dau "=" xdy ranén f'(x)=x.Pbén day la ti€p nhu trén!

Vi du 5: Cho ham s§ f(x) c6 dao ham lién tuc trén [0;1] déng thoi thoa man cac diéu

)
kién f(1) = I =§ 2 Iol(x 1)\/1+

(f'(x)) dx——% Tinh [ £*(x)dx ?

x—2
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N 52 = b, 23
3 15 60 60

Loi gidi

Mot bai toan khé kho, ta thdy réng c6 mot lugng binh phuong trong can nhung tuy nhién
néu dé nguyén thi khong thé nao ap dung Cauchy - Schwarz duoc, do d6 sé nay ra y
tuong st dung bat dang thic AM - GM dé pha can. Nhung ta khong thé ap dung luén
dugc do x-1<0 bédi bat ding thic AM - GM ap dung cho 2 s6 duong, do d6 phai déi
chiéu lai méi st dung duoc. Trude tién phai bién déi gia thiét dau tién trudc da.

Str dung tich phan timg phan ta co: J‘Olf(x)dx = g = f(1)—J‘01 x.f'(x)dx = Jj x.f'(x)dx = 2
Mt khac theo bat dang thac AM - GM ta c6:

X | 2 2 X , 2
2(1_X)\/1+x—2(f (x)) <(1-x) +1+X_2(f (x))
Tich phén hai vé trén doan [0;1] ta c6:

%S%ﬁ:xiz(f'(x))z

Theo bat dang thic Cauchy — Schwarz ta co:
(I x.f'( ) U JX(2—x ,f ] x(2- x)dxj 2X (f'(x))zdx
—-X
2

:>J‘1 X (f'(x))zdng :>f'(x):2—x:>f(x)=2x—%2:>j01f2(x)dx:—.

02—x

X \ 2 <z
(f (x)) dx < 3

Chony C.

- 1
Vi du 6: Cho ham s6 f(x) lién tuc trén [0;1] thoa man I xf(x)dx=0 va max f(x)‘ =6.
0 [0;1]
Gia trj 16n nhat cta tich phan Iol x*f(x)dx 1a?

3
A. 2 B.2-2 C-g D. —1+2

Bién doi gia thiét ta c6
1
2
_[O x*f (x)dx

Sj:‘xz—afo ‘dx<j ‘x —ax‘max‘f ‘dx:6jl‘x2—ax‘dx

- Ul x*f(x)dx— Il axf (x)dx

= Uol(x2 —ax)dx

Do do U dx

<6m1nj ‘xz—ax‘dx<6m1nj ‘x —ax‘dx 2-42.

aeR

“” II

Déu “=" xay ra tai a—72

Chon y B.
BAI TAP TUONG TU
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Cau 1: Cho ham s6 f(x) lién tyc trén [0;1] thoa man J.lef (x)dx=0 va max‘f ‘ 6. Gia
tri lon nhat cda tich phan I x)dx la?
A3 B. 2 c.3 2
2 3 5 4

Cau 2: Cho ham s6 f(x) lién tuc trén [0;1] thoa man Jlxzf(x)dx =0 va max f(x)‘ =6.Gia
0 [0,'1]

tri 16n nhat caa tich phan I x)dx la?
-3 3
A. 1 B 3(2 \/Z) C. 2-34 D. 1
8 T4 16 24
Cau 3: Cho ham s6 f(x) lién tyc trén [0;1] thoa man J.lef (x)dx=0 va max‘f ‘ 6. Gia
tri 16n nhét caa tich phan I x)dx 1a?
3(4-+/2 _
A. V2 B. M C. 432 D. V2
4 10 20 24
Tom lai:

e Day la mot van dé c6 thé goi la kho, nhung tuy nhién néu tim hiéu ky thi ta c6
thé thay no ciing kha don gidn, mau chét van ludn 1a cac dai luong binh
phuong, cac dai lugng khac déu phai bién déi dé dua vé dai lugng nay.

e Kinh nghiém gidi nhanh: Cac bai toan & day ddu “=" déu xay ra tai
f(x)=k.g(x), vi du nhu bai todn vi du 1, f'(x)=kx’, vay trong khi thi trdc
nghiém néu bién déi theo ding miu cta bat dang thiic nay rdi thi ta c6 thé du
doan dugc méi lién hé va thé nguoc lai tim hang s6 k, khong phai mat cong st
dung bat dang thitic dé chting minh né nita, sé tiét kiém duoc thoi gian lam bai!

LUYEN TAP
Cau 1: V6i céc s6 thyc a €[0;1]. Tim gid tri nho nhét cia S= Jj‘xz —ax‘dx

2-2 ~1+42 “1+42 2-2
Am=—— B. m= C.m= m 3

6 3 6
Chon y A.

Ap dung cong thic tinh dién tich hinh phang ta d& dang tim dugc S > 2-
Cau 2: Ki hiéu A la tap cac ham s6 lién tuc trén doan [0;1].
Tim [ = max{J'lesz(x)dx—J.O1 x.f? (x)dx}

f(x)eA
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. 1 B. 503 C. 2012 D. 1
2014 2014 2013 16104
:Chony A.

2012 2
Ta c6 I: x*"Pf (x)dx —Iol x£? (x)dx = _I:(\/;f(x) -z 2&] dx+ %J‘: xPdx < 4.4026

‘ b
Cau 3: Tim gia tri nho nhat ctia tich phan T=[

x? +(2—m)x—2‘dx(a<b) trong d6 a,b la

nghiém ctia phuong trinh x* +(2-m)x-2=0

128

A — B. 242 C. 82 D. 8
9 3

Chony C.

82

Ap dung cong thic tinh dién tich hinh phéng ta dé& dang tim duoc 1> =

z . . kd A ? 7 A 1
Cau 4: V6i céc s6 thyc a €[0;1]. Tim gid tri nho nhét cda tich phan 1= IO ‘x3 —ax‘dx .

A 272 B. 1 ct p 2-V2
6 8 4 8
Chon y B.

Pha tri tuyét doi ta c6

M= J.Ol‘x3 —ax‘ dx = If

2
:Ioﬁ<aX_X3)dX+I;5(X3 —ax)dXZ%(a—%] +%Z%

Cau 5: Cho m 1a tham s6 thuc me[1;3]. Goi 4,b 1an luot 1a gid tri nhé nhét va gia tri 16n

x> — ax‘dx + Lla_

N— ax‘ dx

nhat cta tich phan S = Izm‘xs —4mx’ +5m’x — 2m3‘dx .Tinh P=a+b

41 21
A.P=— B.P=1 C.P=— D.P=2
6 4
Chon y A.

Bién doi gia thiét ta c6
2m 2m
S =j [x* - 4mx® +5m’x - 2m’|dx = j

m

= ‘Lim((x—m)z (X—Zm))dx = —Lim(x—m)3 d(X—m)+mI2m(x—m)2 d(x-m)

(o oy | L[ L]

=—m ;——
T 12'12
Cau 6: Ki hiéu A 1a tap cac ham s6 lién tuc trén doan [0;1] va nhéan gié tri khong am trén

(x —m)2 (x —Zm)‘dx

doan [0;1]. Xac dinh s6 thyc ¢ nhé nhat sao cho Iolf(z‘n«g/;)dx < cfolf(x)dx vi(x)eA.

1
D. 2018

C. —
A. 2018 B. 1 2018
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Chon y A.
Pt £ = x = dx = 2018t™" = [ £(*¥/x )dx=2018[ tf (t)dt <2018[ £(t)dt
0 0 0
Do ¢ nho nhét nén c¢<2018. Ta sé chung minh ¢=2018 1a s6 can tim. Ta xét ham so

2018(p+1)

P
f(x)=x" thay vao bat dang thic dé bai ta c6 Iol x2018dx < CI: xPdx = ¢ > 018
p+

Cho p — +o tasuy ra ¢>2018. Vay c¢=2018 1a s6 can tim

Cau 7: Cho ham s6 f(x) nhan gia tri duong va c6 dao ham f'(x) lién tuc trén doan [0;1]

thoa man (1) =2018f(0). Tim gia tri nho nhat cia M = I:[( (1))2 + (f'(x))zldx
f(x
A. In2018 B. 2In2018 C. 2e D. 2018e
Chon y B.
St dung cach phan tich binh phuong ta cé

M=.|.01[ ; ! (f'(x))z}dx=.[:{%x)f'(x)} dx+2jlo1 ffl((::))dx

> 2[ dx 21n 2018

Cau 8: Cho 2 s6 thuc a,b thda man a<b va a+b=ab+4. Tim gid tri nho nhat cta biéu
thuc tich phan M = Ib‘(x—a)z (x —b)‘dx :
A. 12 B. 0 C. — D. —

Chon y A.
Thuc hién tuong tu cac cau trén.

Cau 9: Ki hiéu A 1a tap cac ham s6 lién tyc trén doan [0;1].

Tim I=min{ IO x*"f (x dx+.[ x.£2 (x dx}

f(x)eA
1 B c. -207 .
2019 16144 2018 16140

Chon y B.

Cau 10: V6i m e[1;3], goi a,b 1an luot 1a gid tri 16n nhat va gia tri nhd nhat cta biéu thic
I:rm(x—m)2 (x—Zm)2 dx.Tinh a+b=?

122 121
A. 31 B. 36 C. — D. —

Chony C.
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oo , I 2m*+2
Cau 11: Biét gia tri nho nhat cta [ = I '

2m

x2 —Z(m2 +m+l)x+4(m3 +m)‘dx:3, v6iabla
b

Z ~ A ~ a A .2 p3
cac s6 nguyén duong va 5 toi gian. Tinh a+b="?

A.7 B. 337 C. 25 D. 91
Chony C.

" N o . N , N 2018 . )
Cau 12: Cho ham s& f(x) lién tuc trén [0;1] thoa man af(b)+bf(a)< v6i moi a,b

T
thuoc doan [0;1]. Tim gia tri 16n nhat caa tich phan I= .[: f(x)dx
1009 2018 1009
A. B. C. — D. 1009
T T 2

Chony C.

Pit x=sint = dx=costdt= M= Iff(sint) cos tdt

Tuong tu ddt x=cost=>M = JEf(cos t)sin tdt

Do d6 M = 1J'E(f(cost)sint +f(sint)cost)dt < 1-[5 2018 dt < 1009
20 2% n 2
D4u “=" xay ra chang han tai f(x)= &
n(x +1)

Cau 13: Cho ham s6 f(x) lién tuc trén [0;1] théa man f(x)+f((1—\/;)2)£1 v6i moi x

thudc doan [0;1]. Tim gia tri 16n nhat caa tich phan I= _[:(1 —\/Z)f(x)dx.

AL B. ~ cl D. ~
8 12 6 16
Chony C.

bit x=sin*t=1= J'O;E(l —sin? t)f (sin4 t)4sin3t costdt = 4jogf (sin4 t)4sin3t cos® tdt
Pit x=cos*t=1= J.O;r(l —cos? ’c)f(cos4 t)4cos3t sin tdt = 4.|.0121f(cos4 t)4sin3t cos’ tdt

Do d6 1= 2J.Og(f (sin4 t) +f (cos4 ’c))sin3 tcos® tdt < 2!02 sin® tcos® tdt =

N |

Cau 14: Cho a,b 1a hai s6 thuc thoaman 0<a<b<1. Dbt f(a,b) =fb(2—x—3x2)dx(a< b).

R m . N g oK L oMo A X e o P
Biét rang maxf(a,b)=— vo6i m,n l1a cac s6 thyc duong vao — la phan s6 t6i gian. Tinh

n n
T=m+n.
A. 49 B. 71 C. 67 D. 179
Chon y A.
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2 2

+a’-b’

Ta dit g(a)=Ib(Z—x—sz)dx:Z(b—a)+ 2
, 2 2
Ta c6 8‘(a)=0©a=—1;a=5:>rfgg]xg(a)=ma><{g(0);g(1);g(gj}

1

:max{%(—2b3—b2+4b);§(—2b3—b2+4b)_1;1( 22

—2b° -b? +4b)——}
2 27

1 22
_g(b)=2(-2b* b +4b) < 2
g(b) = +4b)< 22

Cau 15: Cho ham s& f(x) c6 dao ham lién tuc trén R thoa man f(x)+f'(x)<1vx va

f(1)=0. Tim gia tri lon nhat cta f(1)

A e-1 B. &1 C.—— D. e
e e—1
Chon y B.
Cau 16: Cho f(x) lién tuc trén [1;8] thoa man j((f()@))z +2f(x3))dx:zj.f(x)dx—§ Gia
' ' ) 34 15"
8 N

tri cta tich phan L f(x)dx bang?

RECCE . p, 12

- —— 5 3 5
Chon y B.
£(x)” +2f(x
Pit x° = t = 3xdx = dit = dx =~ :Jz((f(x3))2+2f(x3))dx:fs( () + 2 ))dx
3%/,(_2 1 1 33/,

DPén day ta lai st dung ki thuat dua vé binh phuong dé giai quyét bai toan!

2x% +2ax —4a> |

Cau 17: Cho s6 thyc duong a, gia tri 16n nhat cua tich phan I:J.a2 T ‘dx
2a +a
bang?
27 27 27
A. — B. ¥3 C. —= D.
1 & 7 s
Chon y D.

Cau 18: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1]thoa man f'(x)>f(x)>0. Gia trj

16n nhat cua tich phan J.:%dx :
1 1 1 1 1 1
A — B. — C.—— D.
£(0 £(1) £0) 1(1) 26(0) " 2£(1)

(
Chony C.
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f'(x)>1:> 1 - f'(x) :>j:f(1)()dX§jl f'(x) 11

(0 1) [f(] Te . H0) (D)

Cau 19: Cho ham s6 f(x) c6 dao ham duong lién tuc trén doan [0;1] théa man £(0)=1 va
1 , 3 1 ,
IO (f3 (x)+4(f'(x)) )dxs?)jof (x)£*(x)dx. Tich phan _[ x)dx bing

A2fen) o omofen) ek ped

Ta c6

Chon y A.

Nhan thay f'(x)>0,Vxe[0;1]= 1= f(O) <f(x)< f(l)

Khi do ta c6 £ (x)+4[f'(x)] —3f'( )=[£(x)=2'(x)] (£(x)+£'(x))=0

Dén day ta co thé dé dang giai quyét bai toan!

Cau 20: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1],f'(x)>2f(x) >0, v6i moi

va [ dx= 1 i4 trj cia biéu thic f(1) an
1 jomd \/@MG’( biéu tha f(o)bg
A. 2e B. ¢’ C. 2e D. >
Chony C.
aco f'(x)=2f(x)>0= <f'(x):> 1 X < ! fl(x) X = 1 1
Taco £(x)22((x)>0= 227052 |, —=d _IOZ\/f3(x)d NIORNAE)
Déu “=" xay ra khi f'(x)=2f(x)=f(x) keZ"(k>0):>%—llz—Zi 2

16. CAC BAI TOAN TONG HOP.

Caul:Goi S la tép hop tat ca céc s6 nguyén duong k théa man bat phuong trinh

_2[ 2018 e* ~2018 . S8 phan ti ctia tap hop S bang,.

1A- 7 B. 8 C. V6 s6. D. 6
Loi gidi

Ta co: jek"dx = (%ekxjj = ezkk_ek

T e 2018.e*-2018 e*™ —e* 2018.e*-2018

J‘e dx < IS <

) k k k

& e*(e"-1)<2018(e* ~1)(k > 0)

& (e -1)(e" -2018) <0 <> 1<e* <2018 0 <k <In2018~7.6
Do k nguyén duong nén ta chon duogc keS (voi S={1;2;3;4;5;6;7}).
Suy ra sd phantacta Sla 7.
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Chon y A.

Cau 2: Cho ham s6 y =f(x) c6 dao ham trén [1;+x) théoa man f(1)=1 va

f'(x)=3x*+2x-5 trén [1;+%). Tim s6 nguyén duong 16n nhat m sao cho Ir[gl{é]f( X)>m

vOi moi ham s8 y =f(x) thoa diéu kién dé bai.

A. m=15 B. m =20 C.m=25 D. m=30

Loi gidi
Ta c6: f'(x)>3x*+2x—5 trén [1;+wx)
Do 3x*+2x-5>0, Vxe[1;+») nén {'(x)>0, Vxe[1;+x).
Do d6 ham s6 f(x) déng bién trén [1;+). Suy ra min f(x)=£(3).

xe[3 10]

Ta lai c6:

e 1

3
f'(x j3x +2x-5)d
1

(x) ‘ (x3+x2 —5X)L < f(3)-f(1)>24 < £(3)=25

Vay min f(x)>25. Hay m=25.

xe310

Chony C.

2
Cau 3: Biét J.(i/x—x—lz +2i/%—%}dx :%3 c, voi a,b,c nguyén duong, % toi gian va

c<a.Tinh S=a+b+c?
A. S=51 B. S=67 C.S5=39 D.S=75

Loi gidi

e Wi e

bit t=3 x—% =t =x—l2 :>3t2dt:(1+%)dx.

X X X

r
Khi d6 i[i/x_%” %__j j3t3dt__t i 21J_
1

Chon y B.

Cau 4: Cho ham s6 f(x) lién tuc va c6 dao ham tai moi x € (0;+0) dong thoi thoa man

cac didu kién f(x)=x(sinx+f'(x))+cosx va | f(x)sinxdx=—4. Khi d6 gi tri cta f(r)

Nl —o | Y

ndm trong khoang nao?
A. (6;7) B. (5;6) C. (12;13) D. (11;12)

Loi gidi
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Ta cé:
f(x)=x(sinx+f'(x))+cosx = f(x)—if (x) = sinx+coix
X X X
:(M} =(1cosxj :ﬂ=lcosx+c:>f(x)=cosx+cx
X X X X

3 o

2 2
Khi doé: If(x)sinxdx:—4 = I(cosx+cx)sinxdx:—4

3 3

3n

2
o cosxsinxdx+cj xsinxdx=—4 < 0+c(-2)=—4 < c=2

Dla—o| Y

2

= f(x)=cosx+2x =f(n)=2n-1¢(5;6).

Chon y B.
1 2 _
Cau 5: Choj.x{ln(x+2)+ Z}dxza In2 ‘chn3+c voi a,b, ceN.Tinh T=a+b+c.
) X +
A. T=13 B. T=15 C.T=17 D. T=11
Loi gidi
1
du=
=1 +2
bat “ n(x ): ;<+2'
dv = xdx X" —4
V= 5

Khi d6 tich phan ban dau tré thanh

1

Ix{ln(x+2)+

0

2 o 1
X -4 —J.—X 2dx+J. X dx
0 2 0 X+2

}dx == In(x+2)

X+2

0
1

2
=_—31n3+21n2—1(x——2xJ +(x—21n(x+2))‘
2 20 2

1
0

0

= 1342102+ 2 41-2(In3-1n2) = 4n3+16In2+7
2 4 4
a=4
Suy ra: 1b=2.Vay T=a+b+c=13.
c=7
Chony A.

Cau 6: Cho ham s6 f(x) théa man f'(x).[f(x)]2018 =x.e* voimoi xe R va f(1)=1. Hoi

phuong trinh f(x)= _Z c6baonhitu nghiém?
e

A. 0 B. 1 C.3 D. 2

Loi gidi
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Ta co: Jf'(x).[f(x) 2 dx = '[x.ex dx & I[f(x) 20 df (x)=(x-1).e*+C
1 ¢ ]2019 B 2019

ST (x)] =(x-1).e*+C=[f(x)] =2019(x-1).e*+2019C.

Do f(1)=1 nén 2019C =1 hay [f(x)]" =2019(x~1).e*+1.
1

T 2019
e

<:>2019(x—1).ex+1+i:0.

2019
e

Ta c6: £(x)= —% [T =

Xét ham s6 g(x)=2019(x—-1).e" +14—=_ trén R.

2019
e

- g'(x):2019x.ex;g‘(x):O<:>x:0;g(0):—2019+1+ez—1019<0
aco

lim g(x) = +o0; lim g(x)=1+% >0
X—>+0 X—>—0 e
Bang bién thién ctia ham so:

X —o0 0 +o0

1 + e—2019

g(0)

Do d6 phuong trinh f(x)= L dung 2 nghiém.
e

Chon y D.

Céau 7: C6 bao nhiéu gia tri ctia tham s6 m ndm trong khoang (0;6n) théa man phuong

trinh Iﬂdx:l?
o O+4cosx 2

A. 6 B. 12 C.8 D. 4

.....

Bién déi gia thiét ta c6

:_1I;d(5+4cosx):—lln|5+4cosx|
47 5+4cosx 4 0

m

Ma 5+4cosx25—4>O:>%:—%ln(5+4cosx) :—iln

0

5+4cosm
9

5+4cosm

9

9¢? -5 9¢? -5
< m =t arccos

S5+4cosm

=1In 2

& cosm = +k2rn (keZ)
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9¢? -5

arccos +k2ne(0;6m)=

Theo dé bai m €(0;6n) =

k
k
k
%97 -5
—arccos — 1 +k2ne(0;6n)= {
V6i mdi gia tri k trong hai truong hop trén ta duge mot gia tri m thoa man.
Vdy c6 6 gia tri cia m thoéa man bai toan.

Chony A.
, f(Vx+1)  2(Vx+1+3)
Cau 8: Cho ham s6 f(x) lién tuc trén R va thoa man j dx = +C.
Jx+1 x+5
Nguyén ham ctia ham s6 f(2x) trén tap R* la:
AP ¢ B X+3 c. 23 ¢ D. 2% ¢
2(x* +4) N 4(x*+1) 8(x*+1)
Loi gidi
Theo gia thiét ta c6 :
f(\/x+1) 2(\/x+1+3) 2(\/x+1+3)
I dx = +C<:>2'[f(\/x+1)d(\/x+1):—2+C
vx+1 x+5 (\/x+1) +4
2(t+3) t+3 C
Hay 2|f(t)dt= +C= |f(t)dt= +—.
y -[() t* +4 I() t?+4 2
1 1| 2x+3 C 2x+3 C
S f(2x)dx==|f(2x)d(2x)==| ——+—= |= y=
avra fronpax- Hrionaion -3 25205 22
Chon y D.
by _
Cau 9: Cho s6 httu ty duong m thda man J- x.cosmxdx = n22 . Hoi s6 m thu¢c khoang
0
nao trong cac khoang dudi day?
A. Z;2 B. 0,'1 C. 1,'é D. §,§
4 4 5 6 7
Loi gidi
U= x du =dx
Ap dung cong thuc tich phan timg phan, dat { dv = cosmxdx = ve 1 i
m
Tich phan ban da tré thanh:
= X . pm 1% 1 wm (r-2) 1
j x.cosmxdx = —sinmx| —— .[ sinmxdx = — +—.cosmx| = —
i m o My 2m°~ m 0 2 Jm
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Theoglathlettaco( _zj.iz:n_zcnn:ﬂ
2 m 2

58
Vi m la s6 httu ty duong nén m=1¢ g ;

Chony D.

Cau 10: Cho I_ =Itan“ xdx v6i neN.Khido I, +1, +2(L, +I, +...+1;)+1,+I,, bdng?

9 (’canx)r 2, (tan x) o 10 (’canx)r (tanx) ik
A. C B. C. ~ 1 1C D.
; T i ;: r+1 ; r i ; r+1
Loi gidi

Bién d6i tich phan ban dau ta c6

1 n-1
[ = .[’carf“2 x.tan” xdx = J.’tan“_2 x.( R —1de _fan 1X -1 ,+C
cos” x n-
n-1
= J.tan’“‘2 x.(tanx) dx-1 _, =1 +I , = tan 1X +C.
n p—

Khi do I, +1, +2(L + L +...+ L)+ L+ 1, =T+ L)+ (I, +1, ) +...+ (I, + L )+ (I, +1))

tan’ x tan®x tan® x 2 tan’ x
= + +tanx+C = Z

+.... +C.
9 8 2 r=1 r

Chon y A.

Cau 11: Xét ham s6 f(x) c6 dao ham lién tyc trén R va thoa man diéu kién f(1)=1 va

£(2)=4. Tinh J = j[ X)+2 ()« jdx

2

X X
1 1
A.J=1+In4 B.]=4-In2 C.J=mn2-- D.J=_+In4
L(‘figidi

2 2 f Zf 2
Céchl:Tacé]:I( ()+ ] —J' dx I f)dx+j(z—l2jdx.

1 X 1 T\X X

5 u=1 du=-—dx

bat X = X

dv=f'(x)dx |v=£f(x)
Khi d6 tich phan ban dau tré thanh

:i(f’(x)+2 _f(x)2+1]dx =1.f(x)

1

Cach 2: Ta c6

226 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

5 2
J= I[ X)+2 _fx j I( z—%}dx =[M+21n|x|+1] ~Liing,
1 X X X X)),
Chony D.
Cau 12: Cho ham s6 f(x) xac dinh trén R thoa man f'(x)=+e*+e™ -2, f(0)=5 va
f(ln%j=0. Gia tri ctia biéu thitc S =f(-1n16)+f(In4) bing?
As=2 B.S=2 c.5=2 D. £(0).£(2)=1
2 2 2

.....

X X

e2—e 2 khi x>0

Taco f'(x)=vVe*+e* -2 =

X

e2—e2 khi x<0

=

2e2+2e 2+C, khi x>0
Do d6 f(x)= .

—2e2-2e2+C, khi x<0
Theo gia thiét ta co:
In4 In4

f(0)=5nén 2e’+2e’+C, =5 < C, =1=f(In4)=2e 2 +2e 2 +1 =6

EONEE

Tuong tu ta co f(ln%jzo nén 2e 2 -2 2 +C,=0<C,=5

(-In16) (-In16)

=f(-In16)=-2e 2 -2 2 45 =-=

Vay S=1f(-In16)+f(In4)=

>
2
Cau 13: Cho ham s6 y = f(x) lién tuc trén doan [0;1] va thoa man diéu kién

3
f(x)- 8x3f( 4)+\/)2(__0 Tich phan 1= jf x)dx coketquadang b\/E, a,b,ceZ,
x“+1 C
a, b toi gian. Tinh a+b+c.
¢’ ¢
A. 6 B. 4 C. 4 D. -10
Loi gidi

Bién d6i gia thiét ta co:
3 3

f(x)—8x3f(x4)+\/x>2(ﬁ20:>f(x):8x3f(x4)—\/x>2(ﬁ.
Izif(x)dx:j8x3f(x4)dx—l X>2(3+1dx (1)

e Xét tich phan j.8x3f(x4)dx = JZf(x4)d(x4) = 2jf(x)dx =21
0 0
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1.3
X
e Xét tich phan dx
E[ Vx® +1

Pit t=vx’+1 =2 =x>+1 = tdt =xdx. Pdican x=0=t=1, x=1=t=+/2.

1 3 V2 (2 =1)tdt 3 2
Nen [—= dx:j(—) [t__ 2 42

N ) t 3 ), 3 3
Dodé(1):1:21—(%]:1:%.1\1@@1:2,b=1,c=3.

Vay a+b+c=6.
Chony A.

[.2 [2
X+1dX:2500.e m-+1 .

G 2 2z L% . 2 A m
Cau 14: Tim tat ca cac gia tri duong cua tham s6 m sao cho IO xe

A.m=2"y2"_2 B.m=+2""+1 C.m=2"2"12 D.m=+2"-1

Loi gidi
j\/mz +1 m?2+1
1

Ta co _[Om xe¥ 1 dx = te'dt = (tet —e' ) )

:( m2+1—1)e 1

Theo gia thiét ta c6
Iomxemdx = 250 ¥l oy 9500 g1 —(\/m +1- 1) <2 =ym’>+1-1

P mz +1= (2500 +1)2 N mz — 21000 +2501 _ 2500 (2500 +2) —m-= 2250 /2500 +2.
Chony C.

6
N3x+1 '

Cau 15: Cho ham s6 f(x) lién tuc trén [0;1] thoa man diéu kién f(x)= 6x2f(x3 ) —
1

Tinh tich phan I f(x)dx
0

A. 2 B. 4 C. -1 D. 6

Loi gidi
Bién déi gia thiét ta co:

dx

1 1
=3 E[f(x)dx = £6x2f(x3)dx— )

O ey
(@)

6
£(x)=6x°f(x*) -
(=6 X)o7
bit t=x*=dt=3x%*dx, d6ican x=0=>t=0, x=1=t=1.
1 1 1
Ta co: j6x2f(x3)dx:j2f(t)dt:j2f dx,dex 4.
0

0 V3x+1

Vay j.f(x)dx jf( )dx — 4:>jf )dx = 4

0

Chon y B.

228 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Cau 16: Cho ham s6 f(x) va g(x) lién tuc, c6 dao ham trén R va théa man
2

£'(0).£'(2) =0 va g(x)f'(x)=x(x—2)e*. Tinh gia tri cta tich phan I = jf(x).g'(x)dx?
0

A. 4 B.e-2 C. 4 D.2-e

.....

Taco g(x)f'(x)=x(x-2)e* =g(0)=g(2)=0 (vi £'(0).f'(2)=0)
Khi d6 tich phén can tinh trd thanh:

I= if(x).g'(x)dx = :[f(x)dg(x)
(1)), (01 (e =~ (7 -2x)erea.

Chony C.
1(x2+x)eX .
Cau 17: Cho I—_de=a.e+bln(e+c) voia,b,ceZ.Tinh P=a+2b—c?
 X+e
A.P=1 B. P=-1 C.P=0 D.P=-2
Loi gidi
X +x 1 +1
Taco I= I( J. X e xe’
o Xx+e’ o xe+1

bit t=xe*+1 = dt=(1+x)e*dx.

Pdican:x=0=t=1; x=1=>t=e+1.
e+1 e+l 1 e+1
Khi doé: 1= —dt— 1-—|dt=(t-In|t
taor 1= [ k= 14 Jae=(e- )

1

=e—In(e+1).

Suyra:a=1,b=-1,c=1.Vay P=a+2b-c=-2.
Chon y D.

X COS X —sin X

2
X

Cau 18: Biét F(x) la nguyén ham ctia ham s6 f(x) = . Hoi @0 thi cua ham s6
y =F(x) c6 bao nhiéu diém cyc trj trong khoang (0; 2018x)?

A.P=1 B. P=-1 C.P=0 D.P=-2

.....

X COS X —Sin X

2

Taco F'(x)=1f(x)= »

= F'(x)=0< xcosx—sinx=0,(x#0) (1)
Ta thdy cosx=0 khong phai la nghiém ctia phuong trinh nén (1) < x =tanx (2)
Xét g(x)=x—tanx trén (0;2018n)\{k2|k eZ*}. Ta co:

l 1 n +
g (x)=1—COszX =—tan2xSO,Vxe(O;ZOlSn)\{k?keZ }
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o Xét xe(O;g), ta c6 g(x) nghich bién nén g(x)<g(0)=0 nén phuong trinh
x = tanx vO nghiém.

S o . NN S 13 A . 3
Viham s6 tanx c6 chu ky tudn hoan la n nén ta xét g(x)=x—tanx, voi xe( an

Do d6 g(x) nghich bién trén khoang (g ,%Tj va g(n).g (% n) <0 nén phuong trinh

x =tanx c6 duy nhat mot nghiém x,,.

Do do, [; 40235 j c6 2017 khoang rdi nhau c6 do dai bang n. Suy ra phuong trinh

x =tanxcé 2017 nghiém trén (g %nj

e Xét xe (402575 ;201875), ta co6 g(x) nghich bién nén g(x)>g(20187)=2018n nén

phuong trinh x =tanx v nghiém.
Vay phuong trinh F'(x) =0 c6 2017 nghiém trén (0;2018x). Do d6 d6 thi ham s&
y =F(x) ¢6 2017 diém cuyc trj trong khoang (0;20181).
Chony C.

1.3 2
Cau 19: Biét tich phan ILXZJF?)dx =—+ bln% (a,b>0) tim céc gia tri thyc ctia tham
. X+ a

o (K*+1)x+2017
sO k dé | dx< lim
) o x+2018

A. k<0 B. k=0 C.k>0 D. keR

Loi gidi
Bién doi gia thiét ta co:

1.3 2 1
dexzmﬁ
X+2 0

1

1 3 =
=—+3In— d dx=1
<3eand =070 e fax-

3 jdx :%x3 +3In|x+2|

0 X+2
ab (k2 +1)x+2017 (k2 +1)x+2017
Mat khéac talai c6 | dx < lim =1<lim
) xore x+2018 oo x+2018
(K*+1)x+2017 |
Ma lim =k*+1
oo x+2018
ab (1<2 +1)x+2017

Vay dé |dx< lim
s T 2018

Chon y B.

thi 1<k’+1 =>k*>0=k #0.
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2x2 +4x+1

V2x+1

4 3
Cau 20: Gid st a, b, c 1a céc s6 nguyén thda man I dx = %I(au4 +bu’ + c)du ,
0 1

trong d6 u=+2x+1.Tinh gid tri S=a+b+c

A.S5=3 B.S=0 C.S5=1 D.S=2
Loi gidi
udu =dx
bit u=v2x+1 > u’ =2x+1= u? -1
X =
2

Khi d6 tich phén can tinh trd thanh

Vay S=a+b+c=1+2-1=2.
Chon y D.

Cau 21: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;4], théa man

f(x)+f'(x)=ev2x+1 v6i moi x €[0;4]. Khang dinh nao sau day la ding?

Al e4f(4)—f(0)=2—36. B. e*f(4)—£(0)=3e.
C. e*f(4)—£(0)=e* ~1. D. e*f(4)—£(0)=3.

Loi gidi
Nhan hai vé& cho e* dé thu dugc dao ham dang, ta dugc
e’f(x)+e'f'(x)=v2x+1 < [exf(x)}' =+2x+1.
Suy ra e*f(x)= I\/2x+1dx = %(2x+1)\/2x+1 +C.
Vay e'f(4)-£(0)= %6

Chon y A.

Cau 22: Cho ham s6 f(x) c6 dao ham trén R, théa man f'(x)—2018f(x)=2018x*"e**
voimoi x e R va f(0)=2018. Tinh gia tri £(1).

A. £(1)=2018¢ ™. B. £(1)=2017¢™".
C. £(1)=2018e™". D. f(1)=2019¢™®.
Loi gidi

Nhan hai vé& cho e*"* dé thu dugc dao ham dtng, ta dugc
fl(x)e—2018x _ 2018f(x)e—2018x — 2018X2017 = |:f (X)e—2018x:|1 — 2018X2Ol7
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Suy ra f(x)e™"™ = j2018x2°17dx = x84 C.

Thay x =0 vao hai vé ta duge C=2018 = f(x)=(x*"* +2018 )e*"™
Vay f(1)=2019¢*".
Chony D.

Cau 23: Cho ham s6 f(x) c6 dao ham va lién tyc trén R, thoa man f'(x)+xf(x) = 2xe ™™

va £(0)=-2. Tinh £(1).

A f(1)=e. B. (1) =

.....

Nhan hai v& cho e? dé thu dugc dao ham dang, ta dugc
f‘(x)e7 +f(x)xe7 =2xe 2 & {ezf(x)}' =2xe 2

Suy ra e 2 f(x)= J-2xe_7dx =-2e 2 +C.

2

Thay x =0 vao hai vé€ ta dugc C=0= f(x)=-2e™
2

Vay f(1)=-2e" =—=.
e

Chon y D.

_ax+b
x+4

Cau 24: Biét ludn c6 hai s a va b dé F(x) (4a-b=0) la nguyén ham ctia ham
s6 f(x) va théa man diéu kién 2f* (x) =[ F(x)-1]f'(x). Khang dinh nao dusi day ding

va day du nhat?

A.a=1,b=4 B.a=1,b=-1 C.a=1,beR\{4} D.aecR,beR
Loi gidi
ax+b 4a—b 2b—8a
Tacoé F(x)= la neuyén ham cua f(x) nén f(x)=F'(x)= va f'(x)= )
2
Do d6 2f2(x)=(F(x)—1)f'(x)<:>2(4a_b4) =(ax+b—1j 2b-8a
(x+4) x+4 (x+4)

< 4a-b=—(ax+b-x—-4) & (x+4)(1-a)=0<a=1 (do x+4#0)
Véi a=1ma 4a-b#0 nén b=4.
Vay a=1, be R\ {4}.
Chony C.
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Cau 25: Cho I = I(2x —1)e*dx. Tap hop tat ca cac gia tri ctia tham s6 m déI<m la
0

khoang (a;b). Tinh P=a-3b.

A.P=-3 B.P=-2 C.P=1 D.P=0
Loi gidi
du =2dx
. . u=2x-1
Ap dung phuong phap tinh tich phan timg phan dat g = e
dv=edx |v=

2
Khi d6 tich phan can tinh tro thanh:

m
m

_ 2x
(2X 1)e —Jezxdx

2

I=](2x-1)e*dx =

O ey 5

—M+1 1 2x
- 2 2 2

Theo gia thiét ta c6 I<m < me”™ —e’™ +1<m < (m-1)(e”-1)<0<0<m<1.

Suyraa=0,b=1=a-3b=-3.

Chon y A.
9
ﬁ COS(T[XB) N
Cau 26: Gia trj 1= I X sin(nxg)e dx gin bang s6 nao nhat trong cac s6 sau day?
1
%
A. 0,046 B. 0,036 C. 0,037 D. 0,038
Loi gidi
x 3 2 3 2 . 3 1
bat u:cos(nx ) = du =-3nx sm(nx )dx:>x sm(nx )dx=——du.
3n
e Khi x:L thi u:ﬁ.
6 2
e Khi x=i thi u=£.
34 2
& B
13 13 12 1[5 &
Khido I=—— [e'du=— [e"du=—e'| =—|e? —e? |~0,037.
3n£ 371@ 3n % 3n
2 2
Chon y C.

I V2x+1dx

Cau 27: Biét
'([2x+3\/2x+1+3
A. T=4 B. T=2 C.T=1 D. T=3

=a+bln2+cln§(a,b,ceZ). Tinh T=2a+b+c.

Loi gidi

Bién déi tich phan can tinh ta duoc:
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- j V2x+1dx j~ V2x +1dx
0 2x+3V2x+143 4 (V2x+1+1)(V2x+1+2)

42( 2x+1+1) (\/2x+1+2)dx 2dx
'([ (2x+1+1)(«/ﬁ+2) 0(\/27("‘1"‘2)

Pit u=v2x+1=udu=dx.V6i x=0=u=1,véi x=4=u=3.

Su raI—TZUdu—fudu—f(Z— 4 jdu—s(l—ijdu
y u+2 u+l ¢ u+2 u+1

1

dx

(\/2x+1 +1)'

'_‘,;;
o'—.us

3
:(u—4ln|u+2|+ln|u+1|) ]

:2—41n§+1n2

=a=2,b=1,c=1=>T=21+1-4=1.
Chon y C.

—nx

1
Céu 28: Cho tich phan I = I c -
o l+e

bit u, =1.(I, +L,)+2(L, +1,)+3(L, +I,)+..+n(I, +I,,)-n. Biét limu, =L. Ménh dé

de voi neN .,

nao sau day la dang?
A. Le(—l;O) B. Le(—2;—1) C. Le(O;l) D. Le(1;2)

Loi gidi
Vé6i ne N, bién déi gia thiét ta c6

I

0

I‘H—l —Nnx —X 1 1 —nx

1
I 1+ee dx =£e“xdx—_(|)‘1ie_X dx :!;enxdx—ln

=1 —'[ dx-1, =1 ,,+1, :l(l—e_“)
n

Dodé u, =(1-e")+(1-e?)+(1-e”)+..+(1-e")-n=>u, =-e' e’ -’ .-

5 s LR < Ay A e a1 o » RN 1
Ta thay u, la tong n s6 hang dau ctia mot cdp s6 nhan lui vo han véoi u, =—e™ va q=—,
e

-1

:>L:_—1 =Le(-1,0).
1-2% e-1
e

nén limu,_ =

Chon y A.

Cau 29: C6 bao nhiéu gi4 tri nguyén duong n thoa man tich phan
2
I(l—nz +2x+3%" +4x + ..+ nx" ) dx = -2
0

Al B. 2 C.0 D. 3

Loi gidi

Bién d6i gia thiét ta co:
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2

=2

ot—

(1—n2+2x+3x2 +4x3+...+nx“*1)dx=—2 <:>(x—r12x+x2+x3 +x4+...+xn)

0

©2-2n" 422420428+ 42" =2 & 14242+ 42" =n" +1

<2"-1=n+1<2"-n*-2=0.

Tht v6i cac gia tri ne{1;2;3;4} déu khong théa man.

V6i neZ, n>5 taching minh 2" >n”+2 (1). Dé thdy n =5 thi (1) dung.

Giastr (1) dung v6i n=k véoi keZ, k>5.Khi do 2" >k*+2.

Khi d6: 251 >2(k? +2)=k* +k*+2+2 >k + 2k +1+2 = (k+1)" +2.

Do d6 (1) dang v6i n=k+1. Theo nguyén ly quy nap thi (1) dung.

Vay khong ton tai s6 nguyén n.

Chon y C.

1
Cau 30: Cho ham s6 f(x) lién tuc trén R thoa man déng thoi 2 tich phan jf (2x)dx =2
0
2

2
va [f(6x)dx =14 . Tinh tich phan [ f(5[x|+2)dx
-2

0

A. 30 B. 32 C. 34 D. 36

.....

1
Xét tich phan thir nhat [f(2x)dx =2.
Pit u=2x=du=2dx; x=0=u=0;, x=1=u=2.

1 2 2
Neén 2=If(2x)dx :%jf(u)du :>If(u)du:4.
0 0 0

2
e Xét tich phan tht 2 If(6x)dx =14.
0
it v=6x=>dv=6dx; x=0=>v=0; x=2=v=12.
2
Neén 14:If(6x)dx == I v)dv :>'[ v)dv=284.
0
0 2
e Xét tich phan can tinh J- £(5/x|+2)dx = If(5|x|+2)dx+_|.f(5|x|+2)dx
2 -2 0
0

1. Tasé di tinh tich phan I, = If(5|x|+2)dx

-2

Dt t=5[x|+2.
Khi 2<x<0, t=-5x+2=dt=-5dx; x=-2=t=12; x=0=t=2.

12 2

I =_€1j2f(t)dt :%Df(t)dt—_[f(t)dt} :%(84—4):16.

0 0
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2
2. Tinh tich phan T, = [ £(5x|+2)dx
0

bat t=5|x|+2.
Khi 0<x<2, t=5x+2 =dt=5dx; x=2=t=12; x=0=>t=2.

=—j ﬁ t)dt— jf dt} 5(84 4)=16.
Vay if(5|x|+2)dx:32.

Chon y B.

Cau 31: Cho ham s6 f(x) lién tuc trén R, c6 dao ham c4p hai théa man x.f"(x)>e* +x
va f'(2)=2e, £(0)=€’. Ménh dé nao sau day la dang?
A. f(2)<4e-1. B. f(2)<2e+e’. C. f(2)<e®-2e. D. f(2)>12.

Tir gia thiét x.f"(x)>e* +x 14y tich phan can tir 0 dén 2 ta co
2 2
_[O x.f"(x)dx > IO (e +x)dx (1)

u=x {du=dx

Ap dung tich phan timg phén ta dit {dv =£'(x) " |v=F(x)

2

Khi d6 (1) & x.f'(x)| ‘Jozf'(x)dx = [ex +X72j

0
2

e xf (X)) ~f(x)] [e +72j0

Mit khac do £'(2)=2e, £(0)=e*=f(2)<4e-1

< [2£(2)-0£'(0)]-[£(2)-£(0)]ze*+2-1

Chon y A.
Céu 32: Cho ham s6 f(x) c6 dao ham lién tuc trén [1;2], déng bién trén [1;2], thda man
2
1)=0, J[f ] dx=2 va If '(x)dx =1. Tich phan If x)dx bang?
1
A. % B. V2. C. 2. D. 24/2.
Loi gidi

Ham duéi d&u tich phan la [ f'( x)]2 ,£(x).f'(x) nén ta s& lién két v6i binh phuong
2
[£'(x)+of (x)]2 . Nhung khi khai trién thi vuong I[f (x)]2 dx nén huéng nay khong kha

fzx

(1) _£(2)-0

% 2 5 :f(z):«/i

2
thi. Ta c6 1= [£(x).f'(
1

236 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Do déng bién trén [1;2] nén £(2)>£(1)=0
T £(1)=0 va f(2)= x/_tanghlden jf )dx =f(x )‘ (2)—f(1):\/§—0:\/§

Ham duoi dau tich phan bay gio 1a [ f'(x ] ,f'(x) nén ta s& lién két voi [f'(x)ﬂx]z
Ta tim duoc az—ﬁ:f'(x):ﬁ:f(x): Px+C—00 sc=—\2

Vay f(x)zﬁx—ﬁ:ff(x)dX:Q

2
Chon y A.
Céu 33: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], thoa man f(1)=1,
1
Ix5f == va If :i. Tinh £(2).
J 13
A. £(2)=2 B f(z):@. c.£(2)=2°, D. £(2)=2%1.
7 7 7
Lafigidi
1
Viét lai gia thiét ban dau | f' = £'( dx=—
iét lai gia thiét ban dau ! (x)d( I[ ] X 3
1 NG 1 1L
Duing tich phan timg phan ta c6 IXSf(x)dx = Zf(x) —gjx(’f'(x)dx
0 0 0
1
Két hop voi gia thiét f(1)=1, tasuy ra Ix6f'(x)dx :%
0

j.[f'(x)]z dx = %

0

2
f ' (x)dx = —
'[x (x)dx 0

0

Bay gio gia thiét dugc dua vé . Ham dud6i ddu tich phan bay gio la

[f'(x)]2 ,x°f'(x) nén ta sé lién két voi binh phuong [f '(x)+ox° ]2 . Tuong tu nhu bai trén

N | a1

tatimduc_yca=—2:>f'(x)22x6:f(x):§X7+C (=1 oo

Vay f(x):§x7+;:>f(2):§

Chon y D.

Cau 34: Cho ham s6 f(x) lién tuc va c6 dao ham trén (O ;gj, thoa man hé thic

f(x)+tanx.f'(x) =

. Biét rang \/_f( j (6):% 3+bln3 trong d6 a,b e Q. Tinh

COS X

gia tri cta biéu thic P=a+b.
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A.Pz—é. B.Pz—g. C,P:Z, D,P:E,
9 9 9 9
Loi gidi
Bién d6i gia thiét ta c6
X
£(x) +sinxf (x) = —>— e [sinxf (x)] =
cos xf (x)+sin xf'(x) 7 [smx (x)] 7
:sinxf(x):j : dx=xtanx+ln|cosx|+C
cos? x
. Véix=£:>£f(£j=i—l 2= J_f( j 2"f—21nz+2c.
3 2 3 3 3
. Véix:ﬁzlf(ﬁjzi s ln2+C:>f( j:i+ln3 2In2+2C
6 2 \6 18 2 6 9

6

5
:ﬁf{gj—f(ﬁj: 5n\/§—ln3:> 879 S P=a+b=-=
3 9 b=-1

Chon y A.

Cau 35: Cho ham s6 y =f(x) lién tuc trén doan [0;1] va thoa man af(b)+bf(a)=1 véi
1

moi a, be[0;1]. Tinh tich phan I:J.f(x)dx
0

L

A 1= 1
2

B. I=
4

.....

Pit a=sinx, b=cosx véi x € {0;%} = sinx.f(cosx)+cosx.f(sinx) =1

:>J.Oisinxf(cosx)dx+.[fcosxf(sinx)dx J.de:g( )

T 0
Jf sinx.f(cosx)dx = —!f(t)dt(t =CosX)=
1

L;[ cosx.f(sinx)dx = .[f(t)dt(t =sinx) = j)-f(x)dx

0

f(x)dx

O Ly

Ta co

1
Do d6 (1)<:>.[f(x)dx=£.
0

Chon y D.
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’ _ fB—x)f(x)=1
Cau 36: Cho ham s6 y =f(x) c6 dao ham trén [0;3], théa man f( ) | v6i moi
X)#—
3 |
x €[0;3] va f(0)=1. Tinh tich phan I:I X (X)2 dx.
2 0[1+f(3—x)] £2(x)
1 3 5
A . 1=—. = C.l=-. D.[=—.
5 B.1=1. 5 >
Loi gidi
f(3—-x).f(x)=1
Tu gia thiét p 1 =f(3)=2
2
Taco [1+£(3—x)] £ (x)=[1+£(x)] (£(3-x).f(x)=1)
2 xf'(x 2 1 X |3 o1
e Tinh I= dx=-|xd =— + dx=-1+]
;|;|:1+f x)[ ! 1+f(x)J 1+£(x)|, £1+f(x)
T 1 t=3-x 1 ; 1 < 1
Tinh J = dx = - dt= dt= d
s fih] £1+f(x) * '3[1+f(3—t) -([1+f(3—t) £1+f(3—x) *
3 1 3 1 3
2] = dx dx=|dx(f(3-x).f =1)=3 =—_
=2 £1+f(x) +£1+f(3—x) ! X( (3-x)£(x) ) =]
3 |
Vay 1= 0 I
0[1+f(3—x)] £2(x) 2
Chon y A.
f(1)+g(1)=4
Cau 37: Cho hai ham f(x) va g(x) c6 dao ham trén [1;4], thoa man {g(x)=—xf'(x) voi
f(x)=-xg'(x)
4
moi x €[1;4]. Tinh tich phan I:Hf(x)Jrg(x)]dx.
1
A.I=3In2. B. [=41n2. C.I=6In2. D. [=8In2.

Bién ddi gi thiét ta c6
f(x)+g(x)=—xf'(x)-xg'(x) & (f(x)+ x.f'(x)) +(g(x)+ x.g'(x))

o (x.f(x))‘+(x.g(x))' =0 = xf(x)+xg(x)=C=f(x)+g(x)=

0

e

Ma f(1)+g(1):4:>C=4:>I:I14[f(x)+g(x)]dx:I14§dx:81n2

Chon y D.
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Cau 38: Cho hai ham s6 f(x) va g(x) c6 dao ham lién tuc trén [0;2], thoéa man
2

£'(0).£'(2) =0 va g(x).f'(x)=x(x—2)e*. Tinh tich phan 1= If(x).g'(x)dx.
0

A.1=-4. B. [=4. C.l=e-2. D.I=2-e.

f
Tir gi thiét £'(0).£'(2) = 0= {f

52)- 25~

)
0(0-2)e"
)

N

Do d6 tir g(x).f'(x)=x(x-2)e* =

2
Tich phan timg phan ta dugc I1=[f(x).g (x)]‘i —Ig (x).f'(x)dx
0

2

= f(2).g(2)—f(0).g(0)—i‘x(x—2)exdx = —Ix(x—Z)exdx =4.

0

Chon y B.

Cau 39: Cho ham s8 f(x) c6 dao ham xéc dinh, lién tyc trén [0;1], thoa man £'(0)=-1 va

{Ef( ) ] =i V(’)i moi x €[0;1]. P4t P=£(1)-£(0), khang dinh nao sau day dting
#0

A. 2<P<-1. B. -1<P<0. C.0<P<1. D.1<P<2.

.....

1
Nhan thay P:f(l)—f(O):jf'(x)dx nén ta can tim f'(x).
0

Bién ddi gi thiét ta c6

M: f"(x) X & — 1 =x+Cot'(x)=- !
rof I[f S R (O R e
Méf'(0)=—1:>C:1:>f'(x)=—X11

dx=-In2~-0,69

1 1
1

Vay P=[f'(x)dx=-
Y J(X)X -([x+1

Chon y B.
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Cau 40: Cho ham s6 y =f(x) lién tuc trén R va théa man f*(x)+f(x)=x v6i moi x € R.

2
Tinh I= If(x)dx

A I=—. B.I:é. C.Il=—:. D,I:E
5 5 4

Dt u=£(x), ta thu dugc u’ +u=x. Suy ra (3u +1)du=dx.

x=0—-u=0

1
Tu u3+u:x,tadéicém{ .Khido I= Iu 3u +1

x=2—->u=

Cdch 2. Néu bai toan cho f(x) c6 dao ham lién tyc thi ta lam nhu sau:
£(0)+£(0)=0 _){f(0)=0

£2(2)+£(2)=2 |f(2)=1

Ciing tir gia thiét > (x)+f(x)=x, taco f'(x).£* (x)+£'(x)f(x)=xf'(x).

Tu gia thiét £ (x)+f(x) = x:{

2 2
Lay tich phénhaivé’j[f‘(x)ﬁ( x)+f'(x ]dx J. £'(x)dx
0 0

j[[f SIRES }]
Chon y D.

2

—xf(x)‘z —!f(x)dx:if(x)dx=

| Ot

0

Cau 41: Cho ham s6 f(x) xéac dinh va lién tuc trén [0;1], théa man f'(x)=f'(1-x) véi
1
moi x €[0;1]. Biét rang £(0)=1, f(1)=41. Tinh tich phan I = J.f(x dx

A. I=4/41. B. I=21. C.1=41. D. =42

Taco f'(x)=f'(1-x)=f(x)=—f(1-x)+C = £(0)=—f(1)+C=C=42
= f(x)=—f(1-x)+42 = f(x)+f(1-x)=42 :j[f(x)+f(1—x)]dx=j42dx=42 (1)

Vi f'(x)=f'(1-x) = [f(x)dx = [f(1-x)dx. (2)

0 0
1 1
Tix (1) va (2), suy ra If(x)dx:jf(l—x)dx=21.
0 0

Chon y B.
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Cau 42: Cho cac ham s6 f(x), g(x) lién tuc trén [0;1], thoa m.f(x)+nf(1-x)=g(x) v6i

1 1
m, n 1a s6 thuc khac 0 va If(x)dx:jg(x)dx:l. Tinh m+n.
0 0

1
A. m+n=0. B.m+n=§. C. m+n=1. D. m+n=2.

Loi gidi
Tix gia thiét m.f(x)+n.f(1-x)=g(x), ldy tich phan hai vé ta dugc :

Do j.f( Ig )dx = 1:>I[mf +n.f(1—x)]dx:j-g(x)dx:>m+nj.f(1—x)dx:1(1)

.. x=0=>t=1
Xét tich phan jf(l—x)dx. bit t=1-x, suy ra dt =—-dx. Doi can:
) x=1=t=0

Khi d6 j.f(l—x)dx = —Tf(t)dt =jf(t)dt = j.f(x)dx =1.(2)

1 0 0

T (1) va (2), suyra m+n=1.
Chony C.

In«/g 1
Cau 43: Biét tich phan |
3

Ve +1—e*

dx:1+%lnh+a\/g—\/g v6i a, beZ". Tinh gia tri
a

ctia biéu thicc P=a+b

A.P=-1. B. P=1. C.P=3. D. P =5.

Loi gidi

Bién déi tich phan ban dau ta dugc

InA/8 1 In+/8 In\/8 InA/8
I= I 2—dx= I (\/e2x+1+e")dx= I Ve +1dx + I e*dx
my Ve +1—e Iny3 Inv3 Inv3
InvB Iny8
e Xét tich phan J‘exdx:eX lnﬁ:2\/§—\/§
ln\/—
In«/_
e Xét tich phan J. Ve +1dx. Pat t=ve* +1 o t* =™ +1
In«/—
:>2tdt=2e2xdx<:>dx:t;jt::i.Béicén: x=Iny3=t=2
e”™ t -1 x=In\/8 =t=3
Iny8 3,2 3
Khi d6 J-x/ezx+1dx:-|.t2—dtdt:-[(l+ 1 ]dt:[ e L 1) —142m2.
B ot -1 S -1 2 [t+1])], 2 2

2
Vay I = 1+;lnz+2x/_ J—j{b 3:>P:a+b=5

Chon y D.
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Cau 44: Biét I _+\/§+e

\/;eZX

B. P=-4.

dx=a+e”—e° véia, b, ceZ. Tinh P=a+b+c.

A. P=-5. C.P=-3.

Loi gidi
Bién d6i tich phan ban dau ta c6:

e
e 1
a=1
Véy ta dugc 1b=-1=P=a+b+c=—-4.
c=—4
Chon y B.
Cau 45: Blé’tj 2+:f_dx an+bV2+cvéia, b, ceZ Tinh P=a+b+c.
X
A.P=-1. B. P=2. C. P=3. D. P=4.
Loi gidi
bat Jx =2cosu véi ue{O;g} . Suy ra x =4 cos? u = dx = —4sin2udu.
Khi d6 tich phan ban dau tré thanh:
2 2 cos =
2 2 -
I:4J fmﬂ in2udu = 8J‘ z.sinu.cosudu
- \2—-2cosu . u
n T sin —
4 4 2
s : : :
= 16J.cos2 E.cosudu = 8](1+cosu).cosudu = 8fcosudu+4j.(1+c052u)du
i i . i
a=1
(4x+2sm2u)2— 2+6=><b=-4=P=3
4 4 c= 6
Chony C.
g 2
Cau 46: Biét Iﬂd :a+n—+@ vOi a, b, ¢ la cac s6 nguyén. Tinh gia tri cta
TeN1+X +x b c
6

biéu thitc P=a—-b+c.

A. P=-37. B. P =-35. C. P=35.

D. P =41.
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Loi gidi
g g g
Taco 1= Iﬂdx= jxcosx(\/1+x2 —x)dx= J.x(\/1+x —x)cosxdx
T 1 2 T T
_g\/ +x% +x ‘g ‘g
6 X=*f_g —t)COS(—t) _g tcost
Mt khac T= [ - 295X 4y = ( d(—t)= dt
Nl Wi il Y v
6 6 6

N [ 3
A

’c(\/1+t2 +t)costdt=—J. x( 1+ x> +x)cosxdx.

g

o a

6

:

=2l = x( 1+x2—x)cosxdx— x( 1+x> +x)cosxdx

|

oy A
|

g = a

x? cosxdx = 1= —J‘ x? cos xdx

ey [ A

=2

T

6

oA

a=2
2
Tich phén ting phan hai 1an ta duoc I:2+n—+@ =<b=-36=>P=a-b+c=35
- - c=-3

Chony C.

Cau 47 : Cho ham s6 y =f(x) xéac dinh va lién tuc trén [% ; 2} , thoa man diéu kién

3 5
A I=— L= CI=—. L=
5 B.1=2 5 D.I1=3
Loi gidi
bédt x=—, suy ra dx =-—dt. Khidélzj—t.(——zjdtzj- 5 t dtzj ZX dx
t > L Ut 1t +1 1 x*+1
t2 2 2

Chon y A.
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Cau 48: Cho ham s6 f(x) théa man f(x)>0,vx>0, f'(0)=0;f(0)=1 va dong thoi diéu
kién f”(x)f(x)—Z[f'(x)]2 +xf’(x)=0. Tinh gia tri caa f(1)?

2 B. > c.? D. .
3 2 7 6

Loi gidi
Bién déi gia thiét tuong duong

£1(x)d(f'(x))-f'(x)d (£ (x)) fi(x) -

NN Co) e S G SN G I
709 x<:>f2(x) +C=
1 x> 6 6
X Ko K=1=f(x)= f(1)=2
:>f(x) 6+ = =f(x) x3+6: (1) 7

Chony C.

Cau 49: C6 bao nhiéu ham s6 y =f(x) lién tuc trén [0;1] thoa man diéu kién

Jj(f( ))2018dX I (f( ))2019dx J« (f( ))ZOZOdX

A. 1 B. 2 C.3 D. 4
Loi gidi
Tu diéu kién ta suy ra J.Ol(f(x))2018 (f(x)-1 ) dx=0= (f(x))2018 (f(x)—l)2 =0
Ma f(x) lién tuc trén [0;1] nén EX; B . Vay ¢6 2 ham thoa man yéu cau dé bai.
X
Chony C.

Cau 50: Cho ham s6 f(x) lién tuc trén doan [1;4] c6 f(1)=1;f(4)= 3lng+ 1 va théa man

dong thoi rﬂdx:i;fx(f'( )) dx = 9111%—?—3 Tinh tich phan J?f(x)dx

T x+1 10
A. 51n§—6 B. 5ln§+6 C. 15ln§—6 D. 151n§+6
2 2 2 2
Loi gidi
e B e 5 27
Ta viét lai L (\/;f (x)) _9IHE_E_A
Tu gia thiét ta suy ra J‘A‘f'(x)dx=f(4)—f(1)=31nE:>J.4 I -2
1 2 1 1 2 10
axf( ) J_ 5 9
H dx =31 f'( dx=3In——-—=B
| St &= n :I ([ x+1] 12710
2
Tadedangtmhduocj W dx —lng—i=C
x+1 2 10
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Ta xay dung tich phan J.14{\/§f'(x)+ m\/fjdx =0 A+2Bm+Cm*=0<m=-3
X+

3
x+1

Tir d6 tim duoc f'(x) = :>L4f(x)dx:151n§—6

Chony C.

(2018 + cos x)1+COSX
2018 +sin x

3
Cau 51: Cho tich phan I:jln[ }dx:alna—blnb—l vo6i a,b 1a cac s6
0

nguyén duong. Gia tri cia a+b bang?
A. 2015 B. 4030 C. 4037 D. 2025

.....

Str dung tinh chat J.bf(x)dx = Ibf(a+b—x)dx, ta co

)

T

1+cosx 2 . 1+sinx
1: 1][{(2018+cosx) }dxzjln[(2018+51nx) }dx
0

O D | A

2018 +sin x 2018 + cos x

s
T

2 . n
=2l = J.In [(2018 +cos x)COSX (2018 +sin x)Smx } dx = .[02 sinxIn (2018 + cos x)dx
0

= [ In(2018+ x)dx = 20191n 2019 - 2018 In 2018 - 1
Chony C.
BAI TAP TUONG TU
1. Tinh tich phan JE In(1+tanx)dx

,'J.bln(1+tanx)dx= nin2
a 24

. Tich tich

=~ a

2. Cho 2 s6 thuc a,b 6(0;2) théaman a+b=

phan besin(12x)dx

, 8
Cau 52: Cho ham s6 y =f(x) c6 dao ham f'(x)>0,Vx €[0;8] va IO f(x)dx=10. Gi4 trj

16n nhét cia ham s6 g(x) = 1J‘Xf(’c)dt trén (0;8] 1a?

Loi gidi
Tac6 g'(x)= (onf(t)dt)';—qoxf(t)dt ) Xf(X)—ijoxf(t)dt ] h}Ej)
= h'(x)=f(x)+xf'(x)-f(x)=xf'(x)>0,vx €[0;8] = h(x)>h(0)=0
=g'(x)= hi;() >O’vx6(0;8]:%?8])(‘%()():‘%(8):2
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Chony C.

Cau 53: Cho ham s6 y =f(x) c6 dao ham va lién tuc trén [0;%} thoa man f(gj =3 dong

4
dx=1 va Hsmx tan x.f(x) Jdx =2. Tich phan J.sinx.f'(x)dx bang?
0

2432 1432

-+
=
Q
.
O i | 3
-
/—\
\_/

A. 4 B. C. D. 6
2 2
Loi gidi
u =sinx du = cosxdx
Ap dung cong thic tinh tich phan timg phan ta dat (%) .
v=1f(x
E 4 3\/_
Khi d6 tich phan can tinh trd thanh I=sinx.f(x g jcos xf(x)dx =—=-1,.
0

Bién d6i gia thiét ta c6

2= [smxtanxf ]dx —j{sm X. f(X)}dx

0 COs X

O'—.»-b\?—i

=j§[(1cosz x).%}dx;ﬁ%}dxjzcosx.f(x)dx =1-1,.

0

:>11:—1:I:i 1—3 22+2.

Chon y B.

f(Z\/;—l) Inx
N + _—

Cau 54: Cho ham s8 f(x) lién tuc trén doan [1;4] va théa man f(x)=

4
Tinh tich phan 1= If(x)dx
3

A.1=3+2In?2 B. 1=2In"2 C.1=In?2 D.1=2In2

Loi gidi

Tacs jf(x)dx =ﬂf(2§x;‘ ). lnx} —f ( )d +Ilnx

Xét tich phan K = ?udx
1

Jx

Pt 24/x-1=t :J‘:% jﬂzdt.:K:jf(t)dt=jf(x)dx.

\/; 1 1
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4

2
In"x _ 5120

4 4
Xét tich phan M = jl—dx Ilnxd(lnx) =
1 X 1

1
3

4 4
Do d6 If(x)dx:Jf(x)dx+2ln22 :jf(x)dx:2ln22.
1 1 3

Chony B.

Cau 55: Cho ham s8 y =f(x) lién tuc, luén duong trén [0;3] va théa man diéu kién

3

I[= _[f( )dx =4 . Khi d6 gia trj ctia tich phan K = I( tein(f(9 +4)dx 1a?

0

A. 4+12e B. 12+ 4e C.3e+14 D. 14 +3e

Loi gidi
Bién doi tich phan can tinh ta c6
3

K= J.( Lin(f +4)dx ':f dx+J.4dx ejf dx+j4dx de+4x| =4e+12.

0
Vay K=4e+12.
Chon y B.

Cau 56: Cho a la s6 thuc duong. Biét rang F(x) 1a mot nguyén ham cta ham so
f(x)=e" (ln(ax) +

A. ae( L ;1) B. ae(O —} C. a€[1;2018) D. a €[2018;+x)
2018 2018

lj théa man F(l

j =0 va F(2018) =e™°. Ménh dé nao sau day dung ?
X a

Loi gidi
Xét nguyén ham I = j [In ax)+ 1jdx=.|‘ex 1n(ax)dx+j§dx (1)
X X

e Tinh tich phan jex In(ax)dx:

o — e'dx = Xx :>'feX In(ax)dx =e* ln(ax)—J‘%dx

v=e

5 {u:ln(ax) du=Ldx
bat

Thay vao (1) , ta dugc: F(x)=e*In(ax)+C.

1 1
Véi F(_]ZO e*.In1+C=0 {C=0 e

a < g :> a= .
F(2018)=c™® (¢ In(a2018)+C=e™" In(a.2018) =1 2018
Vay ae( 1 ;1).
2018
Chon y A.
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2017x

Cau 57: Biét rang F(x) la mot nguyeén ham trén R cta ham s6 f(x)=————— thda
(x*+1)
mén F(1)=0. Tim gié tri nho nhat m cta F(x).
1 1-— 22017 1+ 22017 1
A.m:_z B.mzw C.m:W D'mZE
Loi gidi

Xét nguyén ham sau:

jf(x)dx :J‘ 2017x dx = 2017 J.(x2 +1)_2018 d(x2 +1)

(X2+1)2018 2
2+1 -2017
:20217'(x_201)7 bC oL iC-F(x)
2(x +1)
Theo gia thiét ta c6 F(1)=0 :—ﬁ+c=o:c:%
Do do F(X):_ ! 2017 T 21018 Suy ra
2.(x+1) 2

F(x) dat gid tri nho nhat khi va chi khi

l6n nhat (x2 +1) nho nhat< x=0
2(x*+1)

2017

1 1 1 _ 22017

Vay m=—§+ A28 2018
Chon y B.
1
Cau 58: V6i mbi s6 nguyen duong n ta ki hiéu I =J‘x2 (1—x2 )n dx. Tinh lim Ii‘—”
0 n
A. 1 B. 2 C.3 D. 5
Loi gidi
du =dx

o A h 2 2\ o u=x 5 \n+1

Xét tich phan In=.([x (1—x ) dx. Dat {dv=x(1x2)ndx:> V=—(1—x ) :
2(n+1)
1

. o2 B _X(].—X2 )I”l 1 ¢ 5\n+1 _ 1 1 5 \n+1

Khido I, = 1 +2(n+1)£(1—x ) dx-2(n+1)‘(|:(1—x ) dx
0
ST = L (1-0) (1)
" 2(n+2)3
1 % n+1 n+1
:>In+1—2(n+2)L[(1—x2) dx—!xz(l—xz) dx}
_ 1 In+1 2n+1 In+1 _

= o 2(n+2)[2(n+1)1“ La]= Tt =5 = im e
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Chon y A.

3

Cau 59: Tim tat ca céc gia tri duong ciia m dé Ix(3 —x)" dx = —f”(%j ,v6i f(x)=Inx".

A.m=20 B.m=4 C.m=5 D.m=3
Loi gidi
. 15x* 15 -15 10 243
Theo gia thiét ta c6 f(x)=Inx" = f'(x)= == —f" :—:f"(—)=—.
g ( ) (X) X15 X (X) X2 9 20

3
Tinh tich phan = J.x(?) —x)"dx.
0

, x |0 3
e Datt=3-x :>x=3—’c,dx=—d’c,c‘1‘€)icént 3

o

3
3tm+1 tm+2 3m+2

m+1 m+2 B (m+1)(m+2)

e Dodo I:i(3—t)tm(—dt) =

O C—)

(3t“‘ — )dt =

Ta c6 ix(3—x) dx —f"(loj o 3~ _243 N 3 :3_5
9 (m+1)(m+2) 20 (m+1)(m+2) 45

0
Thay lan luot cac gid tri m & 4 dap an, nhén gié tri m=3.

Chon y D.

Cau 60: Cho ham s6 f(x) lién tuc, khong am trén doan {0;%} , théa man f(0)= J3va
f(x).f'(x) =cosx,/1+f*(x),Vxe [O;g} . Tim gié tri nho nhat m va gid tri 1on nhat M cta

ham s6 f(x) trén doan {g g}

5
A.m=g,M:2\/§. B.m=E,M:3
C.m:;,M:\/g. D.m=+3, M=22.
Loi gidi
T gia thiét ta c6

f(x).f'(x) =cosx.[1+f*(x) :%}f)’(x)—cosx:j\hz%(dx:smx+C

Dit t=,/1+f*(x) = t* =1+£*(x) = tdt=f(x)f'(x)dx.
Thay vao ta duoc Idt:sinx+C:t:sinx+C:> 1+£*(x) =sinx+C.

Do £(0)=+/3 =C=2.

Vay ([1+£*(x) =sinx+2= f*(x) =sin’ x+ 4sinx+3
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= f(x)= Jsin? x + 4sinx+3 , vi ham s f(x) lién tuc, khong 4m trén doan {0;%} )

Ta c6 ngSg:%Ssinxsl,xéthéms@’ g(t)=t>+4t+3 c6 hoanh d¢ dinh t=-2 loai.

Suy ra rEiTg(th(lF& rﬁjﬁlg(t):g(%}%
Suy ra E%Tf(x)zf(gjz%/i, I[Igl;iﬁf(x)zg(

Chon y A.

1
Cau 61: Cho f(x) la ham s6 lién tuc trén R thoa méan déng thoi jf(x)dx =4,
3 1
'[f(x)dx =6. Tinh tich phan 1= If(|2x+1|)dx
0 -1

A.I=3 B.I=5 C.I=6 D.1=4

.....

bat u=2x+1:>dx:1du.Khi x=-1thi u=-1.Khi x=1 thi u=3.

NénI:%Tf(|u|)d ;(Tf(|u| du+jf [u)d j %Uf(—u)dmif(u)duj.

-1 -1 -1

XettlchphanJ.f Jdx=4.Ddt x=—u=>dx=-du.

1 -1 0
Khi x=0 thi u=0.Khi x=1 thi u=-1.Nén 4:If(x)dx=—If(—u)duzjf(—u)du.
0 0 1

Ta c6 if dx= 6:>If du=6.NénI:%{}f(—u)du+jf(u)duj:%(4+6):5.
0 -1 0
Chon y B.
Cau 62: Biét I zofgsmzm x2018 dx T trong d6 a, b 1a cac s6 nguyén duong. Tinh
sin”™° x+cos” X b
P=2a+b.
A.P=8 B. P=10 C.P=6 D. P=12

.....

xsin®™® x

sin?® x + cos®™® x

Xét tich phan I = j dx.

e Dit x=n-t=>dx=-dt.
¢ Khix=0thit=nxn
e Khi x=mnthit=0
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Ta o r (n—t)sinms(n—t) p x)sin®""® x 4
aco I= —I . J. X
> sin®® (m—t)+cos™® (n— ; sm2018 x 4+ cos?™® x
T sin2018 X XSanOlS X b Sin2018 X
= nJ. 2018 PTERR _I . 2018 oo dx = nJ. 2018 o dx-1I.
- sin™"® x + cos™"® x o sin™"® x +cos™"® x sin?® x + cos™® x
o sin?® x
Suy ra I:_J- . 2018 2018 dx.
278in”" x+cos” x
T . 2018
y . sin®"® x
Xét tich phan ] = j —o1s oe—dx.
© sin®"® x +cos™® x
2
y T
e DPitx=——u=dx=-du.
2
) T ..
e Khi x=— thi u=0.
2
) . T
e Khi x=nthit=-=.
2
n . 208 TC
¢ st (2 - uj . cos?® x
Neén ]:_J' T T du = I sin®® x + cos™® x dx.
0 5in®®| Z—u |+cos™®| Z—u z
2 2 2
2018
e cos™® x . L
Viham so f (x) = o e la ham s6 chan nén
sin?® x + cos™*® x
L
0
J~ cos®® x dx = j~ cos?® x dx
| sin®"® x +cos™™® x o sin™"® x +cos™"® x
2
Tw do ta co
L
o ]5 sin®"® x dx =T j- sin®"® x dxt sin®® x d
—_— X =— X X
27 sin®" x+cos™® x 2| 2 sin®® x +cos™™® x -+ sin™"® x + cos™® x
E
L L
B 2 sin2018 X 2 C052018 X
5 j . 2018 o A X +I 2018 PTTERR
2| ¢ sin®"® x +cos™® x 2 sin"® x + cos™® x
3 z
_ -TS 2018X+C082018 X_Tfj'dx_nz
29 5in*" x + cos™™® x 29 4

Nhuvay a=2, b=4.Dod6 P=2a+b=22+4=8.

Ngoai cach lam nay céc ban c6 thé st dung céc tinh chat ctia phan tinh tich phan bing

phuong phap déi can déi bién.
Chon y A.
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Cau 63: Cho ham s6 y =f(x) c6 dao ham trén R théa man 3f'(x).ef3(x)7x2*1 ————=0va

£(0)=1. Tich phan '[xf dx bang

A 27 B. 2 c® D, 37
"3 4 8 T4
Loi gidi
Ta co 3f'(x ) Pt 2X =0 < 3f*(x).f' (x).ef () — 2y X'+

P (x)

Suy ra e" ™) — 1 L C . Mt khéc, vi £(0)=1 nén C=0.

Do d6 e ™ =¥+ o (x)=x*+1 e f(x)=Yx"+1.
7 7 i ;

Vay Ix.f(x)dx=Ix.\3/x2+1dx=§j\3/x2+1d(x2+1) 8[()( +1)\/x +1J
0 0 0

Chony C.

Cau 64: Cho ham s6 y =f(x) lién tuc trén R thoa man dong thoi diéu kién
3f(x)+£(2-x)=2(x~1)e¥ > +4. Tinh tich phan I = _[f x)dx ta dugc két qua 1a?

A I=e+4 B.I1=8 C.I=2 D.I=e+2

.....

Theo gia thuyét ta c6 j‘[3f(x)+f(2—x)]dx = J.[Z(x—l)exz’2X+1 +4}dx (*).
Ta tinh Tf(Z—x)dx = —j‘f(Z -x)d(2-x)= jf(x)dx :
Vi vay T[3f(x)+f(2—x)]dx = 4jf(x)dx

Hon nita jz(x_l)ex22x+1dx _ j‘exzzxnd(xz —9x +1) _ eXaxil 2
0

0
0

2
-0 va j4dx=8.
0

Chony C.
Cau 65: Tinh tf;ng T= Cgms _ C;OlB + C§018 _ Ciow deeem Cigg + Cigig )
3 4 5 6 2020 2021
A—__  B— _ C—r D
4121202989 4121202990 4121202992 4121202991
Loi gidi

2018 2018 _,2018

Xét khai trién (1-x)" =Cj s — CopeX + CoppeX” + ..+ Copax

) 2018 o 2018__ 2020
X (1_X) _C2018X CZOlSX +C2018X +o+ CopgX (1)
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Tatinh I= [ x*(1-x)""dx, dt t=1-x, dt=-dx, déican x=0=t=1, x=1=t=0

t2019 t2020 t2021
-2 +
2019 2020 2021 ]

1

Khi do I= [ (1-t) £dt = [ (£ 26 + 2 )dt = [

0

11 11
2019 1010 2021 4121202990

Lay tich phan hai v€ ctia (1) ta dugc:

1 1
2 2018 _ 0 2 1 3 2 4 2018 _ 2020

Ix (1-x) dx-J.(szgx —ClpeX” + CopeX + .+ CopaX )dx
0 0

1

1 0 X3 1 X4 5 X5 2018 X2021
S—— = Gy ——Cops —+Copps — -+ Copps ——
4121202990 [ S T S 2021 )
1 o 1 1 1 » 1 18 1
o— = Z_CL o —+C 4 4 C_—
4121202990 3 T84 5 28 2021
Véy T= Cgms _ Ciow Ci(ns _ Cims e Ci(())llé Ci?ﬁi — 1 )
' 3 4 5 6 2020 2021 4121202990
Chon y B.

Cau 66: Cho ham s6 f(x) c6 dao ham lién tuc trén khoang (0;1) va f(x)#0, ¥xe(0;1).
Biét rang f(x) thda man f(%j:a, f{%}zb va x+xf'(x)=2f(x)—4, Vx€(0;1). Tinh

sin® x.cos x + 2 sin 2x

dx th ab.
e x theo a va

tich phan I =

o8 ——w |3

B.I—3b+a C.I:3b_a 3a—-b

_3a+b
4ab ~ 4ab 4ab ~ 4ab

A 1=

Loi gidi
Theo gia thiét ta co:
x+xf'(x)=2f(x) -4 < x+4=2f(x)-xf'(x)

2 V20 2 5 ’
= X +dx = 2xF (x) = x*f'(x) <> > +ax _2d()-x'(x) | x +4x:[fx )J.

£ P P

sin? x.cos x + 4 sin x.cos X
f? (sinx)

Dit t =sinx = dt = cos xdx, d6i can X:g:t:%’ x:g:tzg.

sin? x.cos x + 2sin 2x
f? (sinx)

dx = dx

Tinh tich phan I =

Y C—
o8 — |3
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Taco I=

_f[\/ﬂ f(lj_zlb 4a  4dab

2 2

Na [*BT 1Y
2|2 |2 _(2] 3 1 3a-b
|

N\H'—.N‘a
-+
N
+
o~
-~

Chony D.

Cau 67: Cho ham s6 y =f(x) c6 dao ham lién tuc trén R thoéa man diéu kién

2
f(x)+f(g—x]=sinx.cosx, voimoi xeR va f(0)=0. Gia trj cta tich phan J- £ (x)dx
0

bang
A = B. L c.t D. 1
4 4 4 4
Loi gidi

Theo gia thiét, f(0)=0 va f(x)+f(g—x):sinx.cosx nén f(0)+f(g]=0 @fG}o.

N a

Taco: I=|xf'(x)dx = xd[f ]:[xf ]‘ J-f dx = 1= _[f(x)dx.

0

ce— |
O'—.N\?—!

Mt khéc, ta co:

f(x)+f(g—xj:sinx.cosx:> J-(ff(x)dx+f(ff(g—xjdx:'[Ozsinx.cosxdx:%

Suy ra Iff( )dx— J.nf(g—x]dx=%<:>jo2f(x)dx=%

2

f(x)dx =

Vay I =—
y 1

O =y [ 3

2 [f'(X)T 7
Cau 68: Cho ham s6 f(x) thoaman f'(x)>0, Vx e[1;2] va I dx = . Biét
X

f(1)=1, £(2)=22, tinh 1~ jf(x
A.P:2 B.P:é C,P:7_3 D.P=3—7
60 5 60 30

.....

Ap dung bat dang thic AM - GM ta c6:

[f'(X)TJF x* N x* S i/[f 4] x> x> 3f'(x)

x* 125 125 125125 25

2

L4y tich phan hai v&€ BDT trén ta c6: J. [ ] dx + 2.[ X2 I 3t
1
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@j[fii’?] dx+2.% > 2—35[f(2)—f(1)] @j[fli’iﬂ dx > 3;5 .

Két hop voi gia thiét ta c6 dau “ =" cua BDT trén xay ra

O] 2 ] =2 o ()K= Sov

125 T 125 5 15
3
Ma f(1)=1=1=—+C=C=z = f(1)= 312
15 15 15

2.3
TacéI:IX +14dx:2.

)15 60
Chon y A.

Cau 69: Cho

O NV | 3

(4c052x+3sin2x)ln(cosx+2sinx)dx:cln2—%, trong d6 a,b,ceN’, %

14 phén so toi gian. Tinh T=a+b+c.
A. T=9 B. T=-11 C.T=5 D. T=7

Loi gidi

2
Bién d6i gia thiét taco 1= I(4 cos 2x +3sin 2x)In (cos x + 2 sin x ) dx
0

2(cosx+2sinx)(2cosx—sinx)In(cosx+2sinx)dx.

O'—.N\:l

Dit t = cosx+2sinx = dt = (—sinx+2cosx)dx.
e V6ix=0thit=1.

. Véix:gthitzz.

2 2 2 2 ?
Suy ra I:IZtlntdt:Ilntd(tz)=(t2.lnt)‘j—jtdt=41n2—% :41n2—%.
1 1 1 1
a=3
Vay «b=2 =T=a+b+c=9.
c=4
Chon y A.

Cau 70: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] déng thoi thoa man
£(0)=9 va 9f"(x)+[f'(x)-x] =9. Tinh T=£(1)~£(0).

1
A. T=2+9In2 B. T=9 C.T=§+91n2 D. T=2-9In2

Loi gidi
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Ta co 9f"(x [f x]2:9 :>9(f"(x)—1):—[f'(x)—x]2:——:%.

A
S

Do {'(0)=9 nén C:% suy ra f'(x)—x:

L4y nguyén ham hai vé- J

9
x+1

:91n2+1.
2

Vay T:f(1)-f(o)=j(

0

2
9 +x)dx =(91n|x+1|+%}

x+1

0

Cau 71: Cho ham s6 y = f(x) c6 dao ham trén R thoa man dong thoi 2 diéu kién:
£(0)=£'(0)=1
f(x+y)=f(x)+f(y)+3xy(x+y)-1,VxyeR

1
Tinh tich phan If(x—l)dx.
0

1

A. B. —— C.
4

S
AN

£
2

.....

Lay dao ham 2 vé theo ham s6 y ta duoc f'(x+y)=f'(y)+3x*+6xy, VxeR.
Cho y:0:>f'( ):f'(0)+3x2 = f'(x) =1+3x>

Vay f(x J'f =x*+x+C ma f(0)=1=C=1suyra f(x)=x3+x+1.
i ‘ PPN xt X2 ’ 1 1
f(x=1)dx = [ f(x)dx = dx =X+ X 11,1

:>J.(x )dx J;(x)x J;(x+x+)x [4+2+XJ n

0

Chony C.

Cau 72: Cho ham s6 y =f(x) c6 dao ham cap 2 lién tuc trén R thoa man dong thoi céc

f(x)>0,VxeR,
diéu kién <£(0)=£'(0) =1, . Ménh dé nao sau day dung?
x[£(x) ] +[F(x)] =£(x)f"(x),¥xeR.

A.%<lnf(1)<1 B.O<1nf(1)<% C.%<lnf(1)<2 D. 1<Inf(1)<=

.....

Ta co

LT —t () (x) 0 ST CITLFCIT | TR £1()
x[£0) ] +[f'(x) ] =£(x)f (X)C> T @{ } =x =—+C.

Lai c6 f(0)=f'(0)=1=C=1.
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Ta co

F(x) jf’(x) o f .

[?2+1jdx e n(f(x), =% c>lnf(1)=%.

:>1<1n(f(1))<;

Chon y D.
a _x? b x
Cau 73: Cho cac s6 a,b>2 thoa man ZIe X =Ie— dx. Khi d6, quan h¢ gitta a,b 1a?
X
1
A.a=2b B. b=2a C.a=b’ D. b=a’
Loi gidi
) d(x*)= idxnenb a
[ a2
Chon y D.

Céau 74: Cho ham s6 f(x) c6 dao ham cdp hai trén R va £ (—x)=(x" +2x+4)f(x+2) Biét
rang f(x)#0,VxeR tinh tich phan I = _[ xf"(x)dx.
A.1=-+4 B. =4 C.I=0 D. =8

Theo gia thiét ta c6
ll ! | 2 2 ! !
I= jxf x)dx = '(x)|] jof (x)dx=£'(x)[, —£(x)|, =£'(2)—£'(0)-£(2)+£(0)
Trong gia thiét ta thay x=0;x=2 ta c6:

£(0)=4£(2) _ 2
{fz 2)-at(0) = O =167 (2)=64(0)= {
(%)=

£'(0
(2

(0)=4
f(2)=4
2x+2)f (x+2)+(x* +2x +4)f' (x+2)

(
)=2+£(2) :{fm:—z
)=

—2+£'(0) |f'(2)=2

Pao ham hai vé ta c6 —2f '(—

)£
Lai thay x=0 va x=-2, taco{ of!

Két hop lai ta dugc 1=2—(-2)-4+4=4.

Cau 75: Trong giai tich, 1= jxm (axn £ b)p dx v6i a,beRva m,n,peQ\{0} duoc goi la

tinh duoc (co thé biéu dién béi cic ham nhu da thitc, hitu ty, lugng gidc, logarit, ...) khi mot

trong céc sO p, m+1 P+ M7 13 s6 nguyén. Xét nguyén ham I= J-LXW héi c6 bao
n n o[\ + 1)
nhiéu s6 a€{2,3,4,5,6,7,8,9,10} d€ I c6 thé tinh duoc?
A5 B. 9 C. 4 D. 6

.....
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_6
Ta viét lai nguyén ham da cho thanh 1= Ixa (x5 +1) adx nén m=a,n=5,p= —é.
a

Theo dé bai ta chi can c6 —geZ,a—HeZ,—9+a+1
a a

€Z,suyra aec{2,3,4,56,9}

Chii . Day 1a mot bai toan vé bién déi lily thira, yéu t6 nguyén ham chi 1a phu. Cong thic

trén c6 tén la dinh 1y Chebyshev.

Cau 76 : Mot con dé dugc budc vao diém A trén hang rao
vé phia ngoai cua khu vuon hinh tron tdm O ban kinh
6m. Soi day budc con dé c6 do dai bﬁng nta chu vi khu
vuon. Hinh bén mo ta phan c6 bén ngoai vuon ma con dé
c6 thé &n duoc. Biét rdng voi ham s6 f:[0;n] - R va diém
B thudc (O) sao cho AOB=0a>0 thi doan BC la tiép

tuyén (O) c6 d0 dai f(o) s& quét qua mot phan mit

phéang ma dién tich duoc xac dinh béi J‘Onfz (a)do khi o

thay déi tir 0 —> n (& day tinh ca bén trai 1an bén phai)

Ttr cong thirc trén hay xéc dinh dién tich S phan c6 ma con dé c6 thé &n duoc.
A. S=327° B. S=187’ C. S=307" D. S =287

Loi gidi
Ta thay khi dé c6 thé di chuyén tu do vé phia khu vuon (O), nhung khi di chuyén vé phia
dudi thi chi c6 mot phan cta day sé trai trén (O), phan day con lai néu muén di xa nhat
thi sé tao thanh ti€p tuyén véi (O), tic la ndm trén bién ctia dudng cong trong hinh. Phan
c6 dé an dugc 1a s& phan bén trong duong bién va bén ngoai (O). Ti€p tuyén tai A cta

(O) chia phan c6 cta dé thanh trén va dudi véi dién tich1a S, S, .

Phan trén la nira hinh tron ban kinh bing do dai soi day 1a 6x nén S, == -(6n)’ =18’

N[a

Pé tinh S, ta dung cong thic da cho.
Do dai cung AB1a 60 nén BC=6n—60.(0< o <7).Suy ra
S, =] (6n—6a)’ da =121’ =S=8, +5, =30’

Bai todn trén cd tén goi la “grazing goat problem”, mot bai todn rat thii vi cia todn cao cdp. Cong
thitc trén xudt phdt tir tich phin 2 16p, toa A6 cuc nam ngoai chuong trinh THPT nén dé bai da cho

sin dang so cdp cia né dé dé dp dung.
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Céau 77: Cho ham s6 f(x) lién tuc trén doan [0;1] thoa man diéu kién
_[: xf (x) (x* +£° (x))dx > % Gia tri nhé nhat cda tich phan J-Ol(x2 +%f2 (x))dx bang?

B.E C.% D. —

A
10 45

Dé don gian ta coi a = f(x) khi d6 voi

2
Azj'l(x2+%a2j dx;B:Ilea(x2 +a2)dx2§ va tr danh gia cung bac c6

0

(a2 +3x2)2—4ax(a2+x2)—8x4 =(a—x)4 >0

1 ’ : 1 8_ 16
:>9A=J.O(a2+3x2) dx24joax(x2+a2)dx+8jox4dx=4B+gzg
D4u “=" xay ra khi x=£(x), vxe[0;1].
Chon y B.

Cau 78: Cho ham s8 f(x) c6 dao ham trén [1;3] va £(1)=0, rﬂ%]x‘f(x)‘ = /10. Gi4 tri nhd
3

nhat cta tich phan j[f'(x)]z dx bang?
1

A. 1. B. 5. C. 10. D. 20.

.....

Nhan thay rang rﬂg]x‘f(x)‘ =/10 = 3x, €[1;3] sao cho I£(x,)| = J10

Ta c6 f(1)=0 = 3x, €(1;3] sao cho |f(x0)|=\/ﬁ.

Theo bat dang thic Holder ta co:
(J-lxof'(x)dx)2 < LXU 12dx.J-1XO [f'(x)]2 dx =(x, —1).J‘1XU [f‘(x)]2 dx
Xo 2
Y ) =(f(x)~£(1))" =10
0 2 10 10 10

:I[f'(x)] dx > - :j[f'(x)fdxzxf[f'(x)]2dxzXo_l za

1

Xo 2
Mt khac ta lai ¢6 (L f'(x)dx) :(f(x)

Chon y B.
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Cau 79: Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1], thoa f'(x)>f(x)>0, Vxe[0;1].

1
Gi4 tri l6n nhat ctia biéu thtc f (0).I%dx bang?
X

0

-1 +1
A. 1. B. <. c. . D.e-1
e e
Loi gidi

Lay tich phan 2 v€ can tir 0 dén t ta dugc

JE0) e [1ax e It (x)] 2, & Inf(6)-In£(0) 2 £(1) 2 £(0)e
0

o £(%)

Chon y B.

Cau 80: Cho ham s6 f(x) nhan gia tri khong am va lién tuc trén doan [0;1]. B4t ham s6
x> 1

g(x)=1+ If(t)dt . Biét ring g(x) > 2xf(x*) v6i moi x e[0;1], tich phan Ig(x)dx 6 gia
0 0

tri lon nhat bang?
A. 1. B. e-1. C. 2. D.e+1.

.....

g(0)=1
g'(x) =2xf(x*)

Theo gia thiét g(x)> 2xf(x2):> g(x)2g'(x) = g'(x) <1

L4y dao ham 2 vé& cua gia thiét ta c6 { va g(x)>0, vxe[0;1].

Lay tich phan 2 vé can tir 0 t6i t ta duge
t ! t
g'(x) o
——dx<|ldx & Ing(x) <x
!g(X) ! Sl
< Ing(t)-Ing(0)<teIng(t)<t<g(t)<e'
1 1
Do d6 J.g(x)dxéj.exdx:e—l
0 0

Chon y B.
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Cau 81: Cho ham s6 f(x) nhén gid tri khong am va lién tuc trén doan [0;1], théa man

diéu kién f(x)32018+2j‘f(t)dt voi moi xe[0;1]. Biét gid tri 16n nhat cua tich phan
0

f(x)dx c6 dang ae® +b véi a, beZ. Tinh a+Db.

O Ly

A. 0. B. 1009. C. 2018. D. 2020.
Loi gidi
X 0)=2018
bit g(x)=2018+ ZIf(t) dt, 18y dao ham 2 vé ta c6 {g' ) va g(x)>0,vxe[0;1]
0 g'(x)=2f(x)
Theo gia thiét g(x)>f(x)=g(x)> 5 gx) =8 ((X)) <2
g(x

Lay tich phan 2 v€ can tir 0 dén t ta dugc
t 5! t
g'(x) t t
=——~dx<|2dx, Vte|0;1|< In|g(x)| <2x
J& B axs o, i) < nfg o], <24,

< Ing(t)-Ing(0)<2t <= Ing(t)<2t+In2018 = g(t)< 2018.e*

1
Do d6 [f(x)dx< - =1009 ~1009.
0

O Ly

1
g(x)dx < 2018] e”dx =1009¢**
0

Chon y A.
BAI TAP TUONG TU
1. Cho ham s6 f(x) nhan gid tri khong am va lién tuc trén [0;1]. Ddt ham s6
X 1
g(x):1+jf(t)dt. Biét g(x)<./f(x) v6i moi x€[0;1], tich phan J. (1 )dx c6 gié tri 1on
0 Og S
nhat bang
1 1 N
A. —. B. —. il
3 5 C. 5 D. 1.

2. Cho ham s6 f(x) nhan gia tri khong am va lién tuc trén doan [0;1], théa man diéu kién
X 1

£2(x)<1+ 3If(t)dt =g(x) v6imoi x €[0;1], tich phan J.1 /g (x)dx co gia trj 16n nhét bdng?
0 0

Al B.

3
Chon y B.

C. D.

PN
arll\o
N | U1
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Cau 82: Cho ham s6 f(x) duong va lién tyc trén [1;3], thoa 17{1a]xf(x) =2, r[r11131]1f(x) 2%

3
va biéu thtc S = I f(x)d I E dx dat gia tri 16n nhat, khi d6 hay tinh 1= jf

£(x)
A. g B. Z C. Z D. E
5 5 2 2
Loi gidi
Tu gia thiét ta c6 1Sf( )<2,suyra f( )+LSE.
2 f(x) 2

)
:>j{f(x)jti}dxSigdxoj‘f(x)dXJerdeS@jideS—ij(x)dx

1
) ) 3 3 3 3
Khidsé S= !f(x)dx.!mdx < !f(x)dx.(S—L f(x)dx) :—(L f(x)dx—E
3
Dau "=" xay ra khi va chi khi If(x)dx =
1

Chon y D.

Cau 83: Cho ham s6 f(x) lién tuc trén doan [0;1] théa man v6i moi x,y,o,p va

o’ +p*>0 ta c6 of(x)+Bf(y)=(a+pB)f (axigyj. Biét £(0 OJ'Zf )dx=2. Gié tri
o

nho nhat cua tich phan J. x)dx bang
A.8 B. 4 C. 242 D. 2

.....

Ap dung tinh chat cta tich phan ta co:

[ £(x)dx =] f(1-x)dx=> j x)+£(1-x))dx >%J‘:(1+1)f(%(1_x)}dx:f(%)
Mt khac ta lai c6:
f(%j=f(o)+f6j=j:{f(o)+f6ﬂdx=2j:[(1—x)f(o)+xf(%ﬂdx

(1-x).0+x. 1

ZZJ'Ol(l—erx)f 2 |dx = ZI (jdx 4J-2f )dx =8

1-x+x

Vay -[Olf(x)dx > 8, ddu “=" xay ra ching han tai f(x)=16x.
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Cau 84: Cho ham s& f(x) duong lién tuc [0;+w) théa man déng thoi diéu kién

f(x )<2018+ZI t)dt, Vx>0j x)dx = 1009(e —1) .Tinh tlchphanj dx

A. 2018(e-1) B. 1009(e+1) C. 2018(e-2) D. 1009(e—1)
Loi gidi

Ta c6 £(x)<2018+2[ £(t)dt < f(x)-2018-2[ £(t)dt <0(1)

Pit g(x)=e™ (j £(t )dt+b) ( [T E(t)dt+£(x +ab)

a=-2 a=-2
Tir (1) ta thuc hién phép ddng nhat ta d
r (1) ta thyuc hién phép dong nhét ta duoc {ab=—2018<:>{b=1009

Suy ra g'(x)<0,Vx>0=> g(x)nghich bién trén [0;+x).

Se (joxf(t)dt+1009) = g(x)<g(0) =2 £(t)dt +2018 < 2018e>
Vay f(x)<2018¢> = [ 'f(x) dx < 1009¢* ~1009
D&u “=" xay ra khi va chi khi f(x)=2018e* = Illf)dx =2018(e—1)

0 e
Chon y A.

Cau 85: Cho ham s8 f(x) c6 dao ham khéc 0 va lién tuc dén cap hai trén doan [1;2]. Biét

1r12f'(1):f(1):1,f'(x):?i/M Vx €[1;2]. Tinh tich phan I= _[xf x)dx?

21129
A. log, 5+ L +1 B. 3lo 5—i—2
P08 oD nO0820 T
C.log. 52> 12 D. 2log.5- -5 1
P80 5277 512
Loi gidi

Bién ddi gia thiét ta co:

f,(x):i/f'(x)—xf"(x) ()2 In?2 = 2f'(x)—2xf"(x)

Zf(x)—l 1n2 2

@(2f<x)1n2)'=[ 2 ]'@2“X>1nz=—2x +C,

f'(x)
Vi In2f'(1)=£(1)=1=C, =0. Khi d6 ta duoc
£'(x)2" ™ 1n2 = 2x c><2f(x))' =2x <2 :J2xdx =x’+C, & f(x)=log, (x2 +C2)

Vi f(1)=1=C, =1=f(x)=log, (x2 +1) . St dung tich phan timg phan ta c6
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2
_ 2 2 _1 2 2 1 2 X
I—Lxlog2(x +1)dx-§x logz(x +1)1_ELH X
1 1 1 1 [x
—210g25—§—— (x— > 1]dx 210g25—§——[—

2
—%ln(x2 +1)

In270 X+ In2| 2
3
=2log, 5——-1
52 In2

2]
1
Chony D.

Cau 86: Cho ham s6 f(x) lién tuc trén doan [1;4] thoa man f(1)=-1,f(4)=-8 va déng

thoi [f'(x)]2 \/x_a—f 9\/_ Jx = 3x, Vx €[1;4] . Tich phan I x)dx bang

89 79
- B. —— C.—— _
A. -7 6 6 D. -8
Loi gidi
Gia thiét da cho tuong duong [f'(x)]2 f(x) -9 1.3
B x Wk

Lay tich phan 2 vé trén doan [1;4] ta duoc:

[TE()T dx j j[9—1— > ]dx 21-21In2

X

St dung tich phan tfmg phan ta duoc

J’ j (——+aj , a sé duogc xac dinh sau

:(a—%jf(x)4

1

_jf[a—%Jf'(x)dx:7a-6+2j14(%—%jf'(x)dx

Tir day ta c6 dang thac:

['(F(x) dx+7a—6—2j14(%—%)f'(x)dx =21-2In2

3a’
@j( ——+ jdx—21n2+9a—T—6:21—21n2
Ta dé tim dugc a =3 dé —21n2+9a—3%—6 21-2In2, khi d6
£'(x) =L -3, wx e[L;4] = £ (x) = 24X —3x
Jx

Va I4f(x I(Z\/_ 3x) 7

ay ) 6

Chony C.
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Cau 87: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [1;2] théa man déng thoi 2 diéu
kién 2[f(2)]2 —[f(l)]2 = 63;2[f(x)]2 +x2 [f'(x)]2 =27x*,Vx e[1;2]. Tinh gia tri caa tich

phan LZ [f(x)]2 dx
A. 15 B. 18 C. 21 D. 25

Theo gia thiét ta c6

Lz[f(x)]z dx+ Jj[f(x)}z dx +L2 x> [f'(x)]2 dx = J‘f 27x*dx =63(1)

Xét tich phan 1= Lz[f(x)]z dx, dat {u - [f(x)]z N {du =2f'(x)f(x)

dv =dx V=X
:>I:x[f(x) ? —ZIlzxf'(x)f(x)dx:63—2I12xf'(x)f(x)dx
Ta cé:
1)< Lz[f(x)]z dx—ZJ.lzxf'(x)f(x)dx+J.12><2 [f'(x)]2 dx=0< J‘lz[f(x)—xf'(x)]2 dx=0

Do d6 f(x)—xf'(x):()@(l

f(x))':OQf(x)ECx

X

Vay 2(Cx)’ +x*C* =3C%¢ =27x* = C=3= [ [£(x)] dx=21
Chony C.

Trong bai toan nay ta da st dung tinh chat sau cua tich phan:

Néu Lb[f(x)}2 dx =0 thi tasuy ra f(x)=

Cau 88: Cho ham s6 f(x) c6 dao ham duong lién tuc trén doan [1;3] thoa man diéu kién

.[13[2'(();)) dX_I (1) = 242, 2,£(3)=4. T1chphanj ) dx bang

Kx+2
A. J6 -5 B. 2 - ‘f C.\V3-2 D.\5-2
Loi gidi

Vi £'(x)>0,vx e[1;3]= f(x) 2 (1) =2v2 >0, vx € [1;3]
0 43T =2 (FE) - 0)-

Ta co j dx=—
Ap dung bat ddng thitc AM - GM cho 3 s6 thuc duong ta cé:

L 3E(x) 2
()] 27 27 \/[f ] 272 27 ()
f(x)

fx) 8 8" 88

8 8 Z'sf(x)

Lay tich phan 2 v& trén doan [1;3] ta duoc:
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([E()] 27 27 S 27 £(x)

L [—f(x) +§+§de__|‘l {ZT\/TX)]dx
S[£(x)T

LI 7 T,

27 (x)

fl 3 | 3
Dau “=" xay ra khi M:zamzéjgf’[f(x)]z :§x+C:f(x): (x+£}
f(x) 8 J(x) 2 2 2 3

Mt khac f(l):2x/§:C:%:>f(x): (><+1)3 :>J‘13\/f%dx:\/g—x/g

Chon y A.

Cau 89: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] théa man ef(1)=4f(0)=

va dong thoi J.Ol e™ ([f '(x):l2 ki (x):|2 )dx + 4_[01 e*f(x)dx = g Tinh tich phan I x)dx ?

o 4(e-1) - 3(e-1) = 2(e+2) = 5(e-2)
e e e e
Loi gidi
2 P A _ 1 2x | 2 X _ 8
Xét tich phan K = IO e ([f (x)] —[f(x)} )dx+4jo e*f(x)dx = 3

bit u(x)=e*f(x)=u'=ef(x)+ef'(x) = *f'(x) = u'- u, khi d6 ta duoc

K= Jol[(u'—u)z —u? +4u}dx = E[(u')z —2u.u'+4u}dx(u(1) =4,u(0) :1)

Ta c6 Iolu.u'dx=u7 =1—25,I01udx=xu|; —.[;xu'dx=4—.[:xu'dx.

0

Suy ra K= I [ 4xu}dx—§ bén day ta chon m e R sao cho
I[u 2x-m] dx = O@I[ 4xu}dx 2mjudx+.[ (2x+m)’dx=0

<:>§—6m+m2+2m+§:0<:>m:2

Vay ta dugc Iol[u'— 2x—2]2 dx =0 < ef(x)+e'f'(x)=2x+2

x> +2x+C o >f(X)=X2+2X+1:>jlf(x)dx 5(e—-2)

X

e e

<:>(exf( )) 2x+2 < f(x)=

X

Chon y D.

Cau 90: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [0;1] thoa man déng thoi cac

3
diéu kien f(O)=%;J.Ol(x+1)3f'(x)dx2—1;_[1 [ ]2 dx:6l4 . Tinh tich phan J x)dx ?

A. 1 B. E C.
24 32

D. >
4

. —
—_

Q| = %
X
\_/\_/
| I—
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Ap dung nguyén ham timg phan ta c6:
I:(x+1)3f'(x)dx:(x+1)3f(x)‘: —3_[01(x+1)2f(x)dx:—%:I:(x+1)2f(x)dx=—

Ap dung bat dang thic Holder ta c6:

1 1 f(x) 2r,, 2 1 f(x) 3 0 20, 33 %
—=j0 g(x+1) [f (x):|3 dx < _[0 ——— | dx {[O (x+1) [f (x):|3 dx]
R IO [£'(x)] { }
1[f(x)]3 ; 1 5, 2 1M1y 1
[f e } (17 vl (L (1) -4
au “=" xay ra khi va chi khi f(x)2 =k| (x+1)[f'(x i;@[f'(x)T: 1
Do~ xay s [ R e el
acod 1[f(x)]3 X = ' f(x) 3 (x)dx = ' x+1) £'(x x:i: :__1
T Io[fl(x)]zd jo[f,(x)} f1(x)dx = [ k(x+1) f'(x)d k=
Khi do6 ta duoc
(1)@%:—é:>lnf(x):—21n|x+1|+C%f(x):m:I:f(x)dx:é
Chon y B.

Cau 91: Cho ham s6 f(x) lién tuc trén doan R thoa f(0)=0,

f(x)—f(y)|=|sinx —siny|
v6i moi x,y € R. Gid tri 16n nhat cda tich phan jog((f(x))z _f(x))dx bang
A.

+1 B. c. 2t D.1-Z
4

| a
(o)

r
4

Theo gia thiét ta c6 [f(x)|=[f(x)—0|=|f (x)—£(0)| <|sinx—sin 0] =|sin x|
= [f(x)]2 —f(x)<sin®x+sinx = Ig([f(x)]z —f(x))dx < J.O;(sin2 X +sinx)dx =1 +g

D4u “=" xay ra khi f(x)=—sinx.

Chon y A.
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Cau 92: Cho ham s6 f(x) c6 dao ham cap hai trén [0;+) théa man déng thoi cac diéu

kien £(0)=1;f'(0)=0;f"(x)-5f'(x)+6f(x)=0,Vx e [0;+oo);J';n2

f(x)dx:%l. Tinh gia tri

In2

ctia tich phan _[ £2 (x)dx

AR B. > c. 2 D. 2
4 17 20 7

Bién d6i gia thiét ta c6 £"(x)—5f'(x)+6f (x) 20 < £"(x) - 2f'(x) =3[ f'(x)-2f(x)] 20
bit g(x)=f'(x)-2f(x)=g'(x)-3g(x)=0
Xét ham s6 h(x)=eg(x)=h'(x)=-3e g (x)+eg'(x) =™ (g'(x)-3g(x)) 20
Suy ra h(x) déng bién trén [0;+)=h(x)>h(0)=g(0)=£'(0 ) ( )=-2
= e g(x) 22 e e (f'(x)-2f(x))+2

Xét ham s6 k(x)=ef(x)+2e* = k'(x)=e > (f' (x)—2f(x))+2e >0
Suy ra k(x) déng bién trén [0;+0) = k(x)>k(0)=£(0)+2=3

= e 7f(x)+2e* 23 < f(x) 23> -2e™ = Iln2f(x)dx2—%

27

D4u “=" xay ra khi va chi khi f(x)=3e* -2e>* = Ilnz[f ] dx =50

Chony C.

Cau 93: Cho ham s6 f(x) lién tuc va c6 dao ham dén cdp 2 trén [0;2] thoa man diéu kién
£(0)—-2£(1)+£(2)=1. Gid tri nho nh4t cta tich phan I; [ f ”(x)]2 dx bang
A.2 B. 3 C. 4 D. 5

.....

Ap dung bat ddng thic Holder ta c6

j;[f”(x)]z dx= 3:[x2dx.-1.[f”(x)]2 dx > 3(-[01 x.f"(x)dx)2

X X 1 1 ? ! 2
Ta dit {dv _£1(x)dx = 3([0 xf (x)dx) =3[ £'(1)+£(0)-£(1)]
Str dung bat ding thic Holder mot 1n nita ta duoc

I[f"(x)]z dx:3j(x-z)2 dxj[f"(x)]z dx = 3( jf(x-z).f”(x)dx)z

u=x-2

Ta dat {dv _ f"(x)dx: 3(Ilz(x—2)f"(x)dx)2 =3[_f'(1)+ f(2)—f(1)]2

Suy ra 2i[f"(x)]2 dx23[f'(1)+£(0)—£(1)] +3[~f'(1)+£(2)~£(1)]
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Theo b4t dang thic AM - GM ta c6

3[£(1)+£(0)~£(1)] +3[~£'(1)+£(2)-£(1)] 23. [f(o)_?'f(zl)”(z)] =%.

Chon y B.

Cau 94: Cho tich phan I= f;(x/x+7 +\/11—x)dx, goi M va m lan lugt 1a gia tri 16n nhat

va gia tri nhd nhat cta I. Tinh S=M+m?

A. 544/2 +108 B. 36+/2 +108 C. 6+/3 +54 D. 6+/3 +36
Loi gidi
Pit y =+x+7 +4/11-x voi xe[-7;11]. Taco y' = 1 1 =0 x=2

2Jx+7  2411-x
Nhan thdy y’ khong xac dinh tai —7;11, v& bang bién thién ta c6 {18 <y <6

= Jj«/ﬁdx < f;(x/x+7 +\/11—x)dx < f716dx

& 542 <[ (Vx+7 +/11-x)dx <108

Chon y A.

1 s S Kt on oiA i 2 1
Cau 95: Cho tich phan I = I biét rang tong gia tri I6n nhat va gia tri nho nhat

dx
0 /4 NI ’
cta I duoc viét dudi dang an[%+§}, trong d6 a, b, ¢, d 1a céc s6 nguyén duong va % la

phén s6 t6i gian. Tinh S=a+b+c+d?
A. 14 B. 15 C. 16 D. 17

Loi gidi

Ta co xe[O,‘l]:>OSx3 <X = xX<x<0=24-2x* <4-x*—x><4-x%?

1 1 Pl : fo1
= X < dx
\/4 2x? \/4 x? —x° \/4 x2 '([\/4 x2 ! 4 x? —x° ! 4-2x?
]
: g
Dé’cx=25in’c:>dx=2cos’cc1t::>I:J‘Adt=.|‘dt:E
01/4—(2811’1’[)2 0 6

|a
NE]

ny2

"8

4
Détx:ﬁsint:dx:ﬁcostdtzﬂz‘[ V2 cost 2dt=\/2§|
0\/4—2(J§sint) b

X <
4x—x 8

Vay T : 2
Vay o<l

6 0
Chony D
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4

2
dx o 3 . 2
Cau 96: Cho tich phadn [= | ——==,ne N, biét rdng tong gid tri I6n nhat va gia tri nho
!Vl—xh

. e o a ) S x A S
nhat caa I dugc viét duéi dang §+§ , trong do6 a, b, ¢, d 1a cac s6 nguyén duong va

% % 14 phan s6 t6i gian. Tinh S=a+b+c+d?
A.9 B. 10 C. 11 D. 12
Loi gidi
1 2 1 1 1
Taco x">0=2>1<—— = [2dx < [?——dx= |2—dx>=
,1_X2n J.O J-O [1_X2n J.O [1_X2n 2
Dau “=" x4y ra khi x =0
Ta thay neN*,xe{O;l} "< x? :>j dx<I L dx
2 N1- J1-x2
Détx:sint:dx:costdt:j d I costdt ———dx :‘[gd’c:E
\J1-sin’t 0 6
Déu “=" xay ra khi x=1
Chon y B.
N a8 . .
Cau 97: Cho tich phan = j %dx, biét rang gia tri 1on nhat caa I dugc viét dudi
X+

dang b , vOi a, b la cac s6 nguyén duong va E t6i gidn. Tinh tdng S=a+b

A. 13 B. 14 C.14 D. 15

Loi gidi

Ta c6 v6i moi xe[l;x/g}:>—xs—1:>e*X Sl
e

e “sinx 1 *.sinx
T A1 Se(x2+1) L x?+1 el L

Xét tich phan .[1 ﬁ
X"+

x +1
dx.DPit x =tant = dx = (tan2t+ 1) dt ta duoc

J.Jg 1 dx e J. (tan t+1)dt tdt

1 e(x2+1) (tan t+1) g?_ﬁ

T

Viy [<—
W 12e’

Chon y A.
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Cau 98: Cho ham s6 f(x) c6 dao ham lién tyc trén doan [0;1] théa man f(1)=1,f(x)>0

va dong thoi f(x)Inf(x)=xf'(x) [f 1],‘v’x €[0;1]. Tinh tich phan I:f(x)dx
e—1 -6
A — B. _—
3 6 C. 4 D.1
Loi gidi

Bién déi gia thiét tuong duong

@f(x)lnf(x)+xf'(x):xf'(x)f(x)<:>lnf(x)+xf|(x) =xf'(x)

f(x)
& (xlnf(x))' =xf'(x) xlnf(x)‘(l) = ijf'(x)dx = xf(x)‘; —I:f(x)dx
Vay ta dugc J.Olf(x)dx =f(1)=
Chon y D.

Cau 99: Cho ham s6 f(x) c6 dao ham lién tyuc trén doan [0;1] thda man diéu kién

f(2018x+2017) = 2018f (x), ¥x € R . Tinh tich phan [ [f(x)] dx?

afli0]  eS] efl] )]

.....

Xét biéu thirc f(2018x +2017)=2018f (x). Lay dao ham 2 vé ta dugc
2018f'(2018x +2017) = 2018f ()

x=2017 51841

Thay x bdi 2018x+2017 , ta duoc f'(x)=f' 20182018 = f'(

x—2018%+1
2018*

Thay dén n 1an va bing quy nap ta chiing minh duoc

£i(x)= £ XZ2018" 1 zf.( X g1 j
2018 2018”2018

Khi n —+0=f'(x)=£'(-1)=f(x) =£'(-1)x+C(*)
Thay x=-1=f(-1)=2018f(-1)=f(-1)=0

Thay x=-1=(*):f(-1)=—f'(-1)+C=0<{'(-1)=C
Vay £(x)=f'(-1)(x+1)= [ [£(x) ]de:g[f(q)]z

Chony C.
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Cau 100: Cho ham s6 f(x) c6 dao ham lién tuc trén doan [1;2] théa man f(1) 4 va

3
f
déng thoi 32X () =f'(x)—x,Vx e[1;2]. Tinh gié trj caa £(2)?
x)] +xf'(x)+x*
A 7\7 -1 B 77 +1 . 247 -1 D. 27 +1
3 3 3 3
Loi gidi

Bién ddi gia thiét tuong duong

3 (x) = (£'(%)=x)([£1(x)] +xE'(x)+*)

’ X=X x)+1)=|f'(x 3(@&:
3000 =[]~ x (31(0) 1) [ ()] > L
L%/ﬁ j @ j[3f +1}%d(3f(x)+1)=_
2 2 [3(x) 31 =%<:>[3f(2)+1]§—[3f(1)+1]§=3:f(2):7ﬁ_1

3
Chon y A.

Cau 101: Cho ham s6 f(x) lién tuc trén [0;1], ham s6 f'(x) lién tuc trén doan [0;1] va
f(1)-£(0)=2. Biét rang 0<f'(x)< 22x,Vx e [0;1]. Khi d6, gia tri cta tich phan
1

I (f '(x))2 dx thudc khoang nao sau day.
0

A. (2;4) B. [E,Ej C. [10;13j D. (1;3)
3°3 3°3
Loi gidi
Bién d6i gia thiét ta c6 0 < f'(x) <2+2x,Vx €[0;1]
:>0S[f'(x

)]2 <8x,Vxe[0;1]=0< I: [f'(x)]2 dx < _[:8xdx =4(1)

dx)2 < ['T8(0)T dx
(£(1)—£(0)) =2 = [ [£(

Theo bat dang thic Cauchy - Schwarz ta c6 (Il '
1 2
Mt khac (J-Of (x)dx)

2)= [ [£'(x)] dx=4.

Chon y A.

x)]2 dx>4(2)
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Cau 102: Cho ham s6 f(x) lién tyc trén R, c6 dao ham dén c4p hai trén R va théa man

5In2

£ (x).[4(F'(x))" +£(x) £"(x) | =e*, vxe R, biét £(0)=0.Khid6 | £ (x)dx bing?
0

2 355In2
A. 5[31—251;1 2—51nzj B. (31— j
2 355In2
c iz B2 o5 D.5 (31— j
5 2
Loi gidi

Gia thiét tuong duong (f*(x).f'(x))'=e* = f*(x)f'(x)=e*+C ma £(0)=0=C=-
:f4(x)f‘(x):ex—1:>'[f4(x)f'(x)dx:ex—x+D:f5(x):5(ex—x+D)
Mit khéc £(0)=0=D=-1=f(x)=5(e* ~x-1)

2
:>j51 " (x)dx = 5j5l : (e —x—l)dx=5[31—251n 2—51n2j
0 2

Chon y A.

Cau 103: Cho ham s6 f(x) lién tyuc trén R va I f(x)dx=1. Tinh gi6i han cta day s6:

o e e (o e e ()]

2 4
ol D. =
3 C.1 3

A. 2 B.

Loi gidi
Cha y day 1a mot cau sit dung dinh nghia tich phan bang tdng Riemann khong ndm trong
pham vi kién thttc THPT nén chi mang tinh tham khéo, khong di sau!

(V¥) f[ “31}
f{vx 1213 n 1“3( 31]
Xéthamso g(x)=—=-=S=-) ————~< =" —o| 1+—
g() \/; 3;‘n 1+§ 3;:11g
n

n

Ta chia doan [1;4] thanh n phan bang nhau bang cac diém chia

x, =1+1. 4;1(1 —(),_n)(x0 =1,...,x, =4)
Mbi doan con c6 do dai la x,,, —x; =4— =1i Xip —X;)
n 35
= limS == I :—J ( )—%J‘:Zf(\/;)d(\/;):%

Chon y B.
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Cau 104: Cho ham s6 f(x) va g(x) thoa man f'(1)=g(1)=1;f(2).g(2)=£f(1) va déng
thoi 1—f'(x)g'(x):g(x)[f"(x)+1f'(x)},‘v’xeR\{O} . Tinh tich phan I=J.12f(x)g'(x)dx?
X

A. E+11r12 B. —§+11n2 C. E—11112 D. —E—lan
4 2 4 2 4 2 4 2

Loi gidi
Bién déi gia thiét tuong duong
x=xt'(x)g'(x) =xg (x)f"(x) +8(x)f'(x)
& x=x[g'(x)f'(x)+g(x)f'(x)]+g(x)f'(x)

2
X

o x=(xf'(x)g(x)) = xf‘(x)g(x):?+C

@f'(x)g(x):§+9Mfl(x)g(x)__+2i
X X
‘g 2o(x 1 3 1
o [T g)ax=] (3o Jix=24 212
Str dung tich phan timg phan ta c6
2 ! 2 2 \ 3 1
L= [ £(x)g(x)dx =g (x)f(x)], - ], f(x)g'(x)dx =+ In2
2 . 3 1
:>.[1 f(x)g (X)dx=—1—zln2

Chon y D.

Cau 105: Cho ham s6 y =f(x) c6 dao ham [0;1] théa man f(0)=£(1)=0 va déng thoi

diéu kién Iol‘f'(x)‘ dx =1. Tim gia tri l6n nhat cua |f(x)| trén [0;1]?

1 1 1
A. — B. — C. - .
2 3 4 85 1
Loi gidi
Ta cé:

SI:‘f‘(t)‘dtSE‘f'(t)‘dt
<.
1

== [ wlans el 2]

Chony A.

. Véi xe[o;ﬂ: ‘f(x)‘=“oxf’(t)dt

Llf'(t)dt

» 1
o Véi X€{§;1:|:>‘f(x)‘:

£'(t)[dt < []f'(v)|dt
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NHI THUC NEWTON VAN DUNG CAO
GIOI THIEU VE NHI THUC NEWTON

Dé ghi nho cong lao cta Isaac Newton (1642 - 1727) trong viéc tim ra cong thic khai trién
nhi thiic sau, dugc goi la nhj thitc Newton.
m -1 -1)(m-2)..3.2.1
(x+1) :1+Ex+—m(m )x2+...+m(m J(m-2) x™ (1)
1! 2! m!

Trén bia mo ctia Newton tai tu vién Wesminster (la noi an nghi cua Hoang gia va nhitng
nguoi noi tiéng ciia nudc Anh) nguoi ta con khic hoa hinh Newton ciing véi ca nhi thic
Newton. Vay c6 phai ching loai nguoi da khong hé biét gi vé cong thiic khai trién nhi thic
trudce khi cé phat minh ctia nha bac hoc vi dai nay ? Theo cac van ban con luu git duoc tir
rat lau truéc Newton, ngay tir 200 ndm trudc Cong nguyén cac nha toan hoc An Do da
quen biét v6i mot bang tam gidc s6 hoc. Trong tdc phdm ctia nha toan hoc Trung Qudc
Chu Sinh viét tir ndm 1303 nguoi ta tim thay bang s6 sau:
1
11
121
1331
14641
15101051
1615201561
172135352171
18285670562881

RO rang d6 1a cac hé s6 cta cong thic khai trién nhi thicc Newton tir cdp 0 dén cap 8, du
nha toan hoc nay da khong noéi gi cho cac hé sd tiép theo ciing cong thic tdng quat cia
ching, nhung theo cach thtic 1ap bang ctia 6ng, ta c6 thé dé dang tim ra quy luat cho phép
viét dugc cac hang moi.

Vao ntra ddu thé ki XV trong tac pham chia khéa sd hoc viét bang
tiéng A rdp cua nha toan hoc, thién van hoc Xamacan c¢6 tén la
Giem Xit-Giaxedin Casi nguoi ta lai gdp tam gidc s6 hoc ma tac gia
da goi tén rd hon 1a cic h¢ s6 nhi thitc cing voi nhitng chi dan cach
thanh 14p cac hang k€& ti€p ctia nhi thtc. Véi 16i chi dan (khong
chtng minh) d6 Casi da cho ta kha nidng khai trién nhi thtc &
mot cap bat ki. C6 thé coi d6 1a su phat biéu bang van dau tién

trong lich st cta dinh 1i vé nhi thic Newton. O chau Au, tam gidc

s0 hoc duge tim thdy dAu tién trong cong trinh ctia nha toan hoc

nguoi Puc Stiffel M. Cong bd vao ndm 1544. Trong cong trinh Isaac Newton
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nay ciing da chi dan ra cic hé s6 cta nhi thic cho dén cap 17.

Gan mot trdm ndm sau, hoan toan doc lap v6i nhau, Céc nha todn hoc ngudi Anh Bo-rit-
gon (1624), nha toan hoc Phap Fermat (1636) rdi nha toan hoc Phép Pascal (1654) da dua
ra cong thtic hoan hao véh¢ so cua nhj thitc Newton. Dic biét trong cong trinh mang
tén Lugdn vin ve tam gidc s6 hpc cong b6 vao ndm 1665, Pascal da trinh bay kha chi tiét vé
tinh chat ctia cc hé s6 trong tam gidc s6 hoc va tir d6 tam gidc s6 hoc duoc stt dung mot
cach rong rai va tén tam gidc Pascal ra doi thay cho tam giéc s6 hoc.

R6 rang ma noéi vé mat lich st thi tam giac s6 hoc da dugc cac nha toan hoc A dong xét dén
trudc Pascal rat nhiéu. Vay vai tro cua Newton ¢ dau trong qua trinh hinh thanh cong thic
nhj thitc Newton ? Nam 1676 trong buc thu tht nhat gui O-den Hiaro - Chd tich Vién
Han Lam hoang gia Anh, Newton da dua cong thic (1) ma khong dan giai cach ching
minh. Sau d6 it lau trong btc thu tht hai gai dén Vién Han Lam, Newton da trinh bay rd
rang bang cach nao dng di dén cong thitc d6. Thi ra bang cach nay Newton da tim ra cong
thic Newton tir ndm 1665 khi ma ong chi méi 22 tudi. Nhung du vay thi viéc dua trinh
cong thic cia minh Newton ciing khong no6i duge diéu gi mai cho cac nha toan hoc duong
thoi.

Vdy tai sao cong thicc khong mdi do lai mang tén Newton ? Van dé la & chd y tudng cua
Newton khong dimng lai & viéc d4p dung cong thtc nay cho truong hop cac s6 mii 1a sé
nguyén duong ma cho s6 mi bat ki: s6’ duong, s6 dm, s6 nguyén va phin so. (¢ trung hoc chi hoc
0 mil nguyén duong)

Chinh y tudng méi d6 cho mot y nghia 16n lao d6i v6i viec phét trién cta toan hoc. Cac
nha toan hoc duong thoi thdy ngay tam quan trong ctia cong thtc va cong thiac duoc ap
dung rong rai trong nhiéu céng trinh nghién cttu toan hoc, dic biét trong dai s6 va giai
tich. Nhan day ciing phai néi thém rdng cong thtc nhi thic Newton khong phai 1a sy
dong gop 16n nhat cia Newton cho toan hoc. Newton da dong gop rat nhiéu cho viéc mo
dau nhiig hudéng toan hoc cao cép, do6 la cac phép tinh d6i véi cac dai luong vo cing bé.
Va do vay doi ltic Newton dugc coi la nguoi sang lap ra nganh Giai tich todn hoc

I. CONG THUC NHI THUC NEWTON.

Khai trién (a+b) dugc cho bdi cong thic sau:
V6i a, b 1a céc s6 thuc va n 1a s6 nguyén duong, ta c6
(a+b)" = iCﬁa”‘kbk =Cla"+Cla" 'b+..+Cka" " b* +...+ CIb".(1)
k=0
Quy uéc a’ =b° =1
Cong thitc trén dugc goi la cong thirc nhj thitc Newton (viét tit 1a Nhi thitc Newton).

Trong biéu thtc & VP ctia cong thic (1)
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a) SO cac hang tarla n+1.
b) S6 cac hang ti c6 s6 mii cua a gidm dan tr n dén 0, s6 mi cda b ting dan tir 0 dén n,
nhung téng cac sd mii ctia a va b trong mdi hang t& ludn bang n.
c) Cac hé s6 ctia mdi hang tir cach déu hai hang ttr dau va cudi thi bing nhau.
HE QUA
e Véia=b=1,thitacoé 2"=C)+C. +..+C".
o Véia=T,b=-1,tac6 0=C’~Cl+...+(-1) Ct+...+(-1)"C"
CAC CONG THUC CO BAN LIEN QUAN TOI KHAI TRIEN NHI THUC NEWTON
o (x+1)' =C)x"+Cix""+CIx" 4.+ Cix"  +.+CIx+CD
e (1+x) =C)+Cx+Cix* +..+Cix* +..+Ch X" +Cx"
o (x=1)" =C —Clx+C2 —c4 (1) Co* .+ (-1)" T C x4 (1) O
o Ck=C*
e CHaCH=CM (n21)

n+17/

e kCk= k! _ n(n-1) =nC:!
" (n-k)K! (n-k)(k-1)! 7
N P kn! n(n-1)! 1

k+1 " (k+1)(n-k)k! (n+1)(n—k)I(k+1)! n+1 ™!
Mot s6 cong thic thuong dung trong cac bai tap dang nay nhu sau:
¢ C=CF
e Cr+Cl'=Cyl, (n>1)
e KkCt=nC:(¥)
bk

o 2"=C)+Cl+..+C"
. i
e 2" =C)+C2+Cl..+C?

2| — |+1

e 2'=C +C] +Ci...+Cn[ )
Ngoai ra tit cong thitc (*) ta mé rong duoc cong thic
e Cr+2C+Cy?=Cy2

o CH+3CK"+3CK? +Cx° =C3

n+3
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II. GIOI THIEU TAM GIAC PASCAL.

n=0 1

n=1 1 1

n=2 1 2 1

n=3 1 3 3 1

n=4 1 4 6 4 1
n=5 1 5 10 10 5 1

Tam gidc Pascal dwgc thiét ldp theo quy ludt sau

e Dinh duoc ghi s6 1. Tiép theo la hang tha nhat ghi hai s6 1.

e Néu biét hang tht n (n > 1) thi hang tha n+1tiép theo duoc thiét 1ap bang cach cong
hai s6 lién ti€p cta hang tha n r6i viét két qua xudng hang dudi & vi tri gitra hai s6
nay. Sau d6 viét s6 1 & dau va cudi hang.

Nhdin xét.

Xét hang tht nhat, taco 1=C), 1=C;.

Ohang thtr2, tac6 1=C%,2=C}, 1=C2.

O hang thtr 3, tac6 1=C%,3=C!,3=C%,1=C’.

Cac s6 ¢ hang thit n trong tam giac Pascal la day gém (n+1) s6 C), C;,, C2,..., Ci™!, Co.

DAU HIEU SU DUNG NHI THUC NEWTON.
Sau day la mot s6 dau hiéu giap ta nhan biét duoc céc dang toén trong phan nay, cac dang

toan nay sé dugc huong dan ky hon & phan sau.

a) Khi cin chimg minh déng thiic hay bat ddng thic ma c6 » C. véi i la s6 tu nhién
=i

lién tiép.
b) Trong biéu thtc c6 > i(i—1)C}, thi ta dung dao ham (ieN)
i=1

e Trongbiéu thircc6 Y (i+k)C} thita nhan 2 vé v6i x* réi ldy dao ham
i=1

e Trong biéu thic c6 Z:akCi1 thi ta chon gia tri cia x=a thich hop.
i=1
e Trong biéu thic c6 Z%C; thi ta ldy tich phan xac dinh trén [a;b] thich hop.
i=1 1 —
e N&u bai toan cho khai trién (xa +x° )n =>C, (xa )n_i (xb) = ZC;xa(nfi)“b thi hé s6
i=1 i

i=1
ctia x™ 1a C', sap cho phuong trinh a(n—i)+bi =mc6 nghiém ieN
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e C! dat max khi i=nT_1 hay i:nTH voin 1§, i:% v6i n chin.

III. CAC DANG TOAN LIEN QUAN TOI NHI THUC NEWTON.
1. BAI TOAN KHAI TRIEN NANG CAO.
BAI TOAN KHAI TRIEN TAM THUC

Mot thuat todn khai trién nhanh tam thte Newton (a+b+c)"
Loi gidi tong qudt
e Buéc 1: Viét tam gidc Pascal dén dong tht n, dé c6 duoc hé sd cta nhi thic
Newton (b+c)".

n

o Buoc 2: O cac dau dong ta viét cac don thic la khai trién nhi thic Newton (a+1)
e Budc 3: Nhan 1an luot cac don thirc & dau dong mdi cot vi cac don thic con lai trén
mdi dong d6 réi cong cac két qua lai, ta thu duoc két qua khai trién.

Cu thé'ta c6 6 duéi day

la" 1

Cla™! 1b 1lc

Cla™? 1b° 2bc 1c®

Cla™® 1b° 3b*c 3bc? 1

1.a° 1.b" Cl.b"".c Cr'b.c™! 1.c"

Sau khi cong lai ta duogc:
(a+b+c) = ZCE.a“p.[Z c .b“q.ch = Y CCibTctan
p=0 q=0 0<q<ps<n
Sau khi khai trién (a+b+c)" voi 0<q<p<n s6 hang tht p+1 trong khai trién la

—CP C9H9 9 40P
T,=C,.Cl.b" " .ct.a™™.

Vi du 1: Hé s6 ctia s6 hang chita x* trong khai trién P(x) = (3x* +x+ 1)10 1a?

Loi gidi
V6i 0<q<p<10 thi s hang tdng quat ctia khai trién P(x) = (3x> +x+ 1)10 la:
T, =Ch.CL(3x2)" ©.xP9.19 = CF, CL310 P, xP o202
Theo dé bai thi p—q+20-2p=4 < p+q=16
Do 0<q<p<10 nén (p;q)e {(8;8);(9;7);(10;6)} )
Vay hé s6 ctia x* trong khai trién P(x) = (3x” +x+ 1)10 la:
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C.CE3108 4 0 73100 1 C10.C8 310710 = 1695,
Chu y khi ra nhiéu truong hop cta (p;q) thi ta cong hé s cac truong hop v6i nhau dé co

két qua.

s . o R ~ z 7 2 10
Vi du 2: Tim s6 hang chtta x' trong khai trién thanh céc da thic ctia (x+x* +x°) " ?

Loi gidi
V6i 0<q<p<10 thi s hang téng quét ctia khai trién (x+x* +x’ )10 la:
T, =C5,.ClLx"7.(x*) (X)) =CF,.Ca3P.x' 0P
Theo dé bai thi 10+p+q=13<p+q=3
Do 0<q<p<10 nén (p;q)e{(2;1);(3;0)}.
Vay hé s6 cua x"° trong khai trién la: C;,.Cj +C;,.C3 =210.

Vi du 3: Tim hé s6 cta x® trong khai trién da thtc ctia: [1 +x%(1- x)g}

Loi gidi
8 ko 3 k Tk
Cdch 1. Ta c6: f(x)=> Cy [xz (1 —x)} = Cex** [Z(—l)lCLx’} .
k=0 k=0 i=0

[(i=0
0<i<k<8 {

- , k=4
Vay ta c6 heé so cta x*la: (-1)' C5C, thoa {2k +i=8 =

ikeN i=2
k=3

He s6 trong khai trién ctia x* 1a (-1)’ CiCS +(-1)° C3C2 =238
Ciich 2. Ta ¢6:£ (x) = Cy +...+ C [ x* (1-x) | +Ci[x* (1-x)] +..+Ci[x* (1-x) ]
Nhan thay: x® chi ¢6 trong cac s6 hang;:

e 6 hang tha4:C3[>* (1-x) ]’

e S6hang th 5:Ci[x* (1-x)|

V6i hé s6 tuong duong voi: Ag= C;C; + C,C; =238

. N AN A N 2 R P 1 1 ! 2+ 2
Vi du 4: V6i n 1a s6 nguyén duong va x =0, xét biéu thtc (xg +x>+—+ —7j . Hoi c6 bao
X x

nhiéu s6 n <2018 sao cho khai trién ctia biéu thtic trén c6 s6 hang tu do1a 0?

Loi gidi

7

1 1Y n 1y ’ 7 : Y
Ta c6 [xs +x° +—2+—7j =(1+x°) (x3 +—j nén s6 hang tong quat cta khai trién trén
x* X X

1aT =CExF - Chx* 1" = CECEX 1" S8 hang nay la s& hang tu do khi
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3n+5k-10h =0 < 3n=>5(2h-k)
Néu n khong chia hét cho 5 thi khai trién sé khong chta s& hang tu do, tac la s6 hang tu do

la 0. Con khi n chia hét cho 5 thi khi h = %l,k = %, s6 hang tu do sé 1a CEC! =0 khong

thoa man.

9 o R o x N
i du 5: Cho khai trién (1+x+x*) =a,+a,x+a,x* +...+a, x*", v6i n>2 va a,, a,, a,,
Vi du 5: Cho khai t 1+x+x ptax+a,x’ +...+a, x", v6i n>2 0, A, A,

N z A A o A > a a o P > s
<.r &y, la cac hé s6. Biét rang ﬁ = —;, khi d6 tinh tong S=a, +a, +a, +...+a,, ?

Loi gidi
n n n k
Ta co (1+x+x2) =>Ck (x+x2)k:ZCﬁZCLxH.X21.
k=0 k=0 1=0
A X ofia o3 18 K _ 3 1=0;k=3 300, 21
Hésocua x” la x" =x"=>k+1=3= =a,=C,C;+C.C,.
I=1,k=2
1=0;k=4
Tuong twyhé s6 cta x* 1a X' =x* > k+1=4=|1=1,k=3=a, =C!C] +C.CL +C:C;.
1=2;k=2

Theo gia thiét 14a, = 4la, < 14(CiC) + C,C, + C1C; ) = 41(C.C) + C2CY)

@14(4!(i4)!+ 3!(?1!3)! +2!(;112)!]:41(3!(i3)1 +2!(iI1!2)!J

@14[n(n—1><n—z>(n—s>+n<n—1>(n—z>+n<n2—1>j=41(n<n—16><n—2>+n(n_1)j

24

Do n>2 nén n=10.
. N ” . R 10
Mit khéc thay x=1 vao hai v& cta khai trién (1+x+x*) =a,+a,x+a,x* +...+a,x" ta

— _n10
dugc S=a,+a,+a,+...+a,,=3".

0

2 2 11 P
Vi du 6: Gia st (1+x+x2 +x° +...+x10) =a,+a,x+a,X" +a,x’ +..+a,,X' " voi a,, a,, a,,

N A4 A X z R _ 0 1 2 8 10 11
..., @p3p la cac hé so. Tinh tong T = Cjja,, —Cja,, +Clia, —Ciag +...+Cjja; —Chia, ?

Loi gidi
Taco: A=(1+x+x2 +X +..4x°) & (1-x)" A=(1-x")"
110

11 11
e Cy (—x)k ax =) Ch (—x11 )m :
k=0 i—0 m=0

P Q

A N 11 s (0 1 2 3 10 1m, _
Héso6 caa x trong P la Cjja;, -Cja,, +Cja,—Cliag +...+Cjja, —Cpja, =T
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A N 2 11 N 1
Heé s6 cua x trong Q la —Cj,

Vay T=-C}, =-11.

Vi du 7: Biét tong cac hé s6 ctia ba s6 hang dau trong khai trién Newton
2 & o ks gk (2

(2= Zearer )
k=0 X

Bing 49 . Khi d6 tinh hé s6 ctia s6 hang chia x° trong khai trién d6?

Loi gidi
Ta cé 22n_nk kz“‘kzk_nk K ~k _2n-3k
aco | x*—=| =>.Cx(-1) (x) L =] =D Ce(-1) 25X
X k=0 X k=0

Téng cac hé s ctia ba s6 hang dau trong khai trién bang 49 nén C) —2C! +2°CZ =49(*).
Piéukién neN*, n>2.
-1 n=-4(L
Khido (*) < 1-2n+22 207D 49 oont 4n_48-0 (L)
2 n=6(N)

6
Véi n =6 ta cé nhi thtc (xz —gj .
X
56 hang tdng quét ctia khai trién la: C¥(-1)".2°x*™ (keN, 0<k <6).
S6 hang chtta x* ng v6i k théa man 12-3k=3 < k=3 (nhan).

Vay hé s6 ctia s6 hang chita x* trong khai trién 1a C? (-1)’.2° =-160.

) 2018 2017 ., J
Vi du 8: Cho khai trién T = (1+x—x2°17) +(1—x+x2°18) . Hé s6 cua s6 hang chaa x

trong khai trién bang bao nhiéu?

Loi gidi
Ik 207 \F | A ke 2018 K
Cich1.Taco T= ZCZMS (x—x ) + ZCZW (x —x) .
k=0 k'=0
Heé s6 cua sO hang chtta x tng voi k=k'=1.
2 A A A N N 1 1 _
Do d6 hé s6 can tim la C,,,; —C,,,, =1.
Cich2. Taco T=a,+a,X+a,X" +...+ay;,0sX 0 =£(x)

= f'(x)=a, +2a,x +...+2017.2018a,;, X" ' = £'(0) =a,.
Ma £'(x)=2018(1+x—x*7 )" (1-2017x*")+2017 (1-x+x** " (~1+2018x*" )
= £'(0)=2018—-2017 =1 = a, =1. Do d6 hé s& can tim 1a 1.

4

Vi du 9: Tim hé s8 cda x° trong khai trién (2x+1)° (xz +X+ %j thanh da thtc?

Loi gidi
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Xét khai trién (2x+1)" =(1+2x)’ chl“ (2x)" chzk x

4 8 8 8-
(x2+x+1J :(x+1] =(1+xj =ZC§(EJ X/
4 2) "2 <5\ 2

~j n 8 8-j
Vay (2x+1) (x + X+ j ZCka kZCJ[ j xj:ZCngk.ZCé(%j Xk

k=0 j=0

S6 hang ctia khai trién chta x° khi j+k =6.

Xét bang:
k 0 1 2 3
j 6 5 4 3
1 8-j 1 2 1 3 1 4 1 5
ckok.Cl (Ej Co2°.C8 (Ej ci2'.C3 (Ej C22%.Cy (Ej C.2°.Cy (Ej
K 4 5 6
j 2 0
1) 1Y 1Y 1Y
Ckok.C! (Ej Cint 2 (Ej Ce2°.C; bj Ce2°.Cq (Ej

4
Vay hé s6 x° trong khai trién (2x+1)’ (xz +X+ %j thanh da thtc 1a

Vi du 10: Cho khai trién (1+2x)" =a, +a,x+a,x* +---+a,x", n>1. Tim s6 gia tri nguyén

clia n v6i n <2018 sao cho tén tai k (0<k<n-1) théaman a, =a,,,.

Lovi gidi
Tac6 (1+2x)" ZCkaxk,suyra a, =Cs2* v6i k=0,1,2,3,..,n
k=0
n! 5 n!
kK!i(n-k)! “(k+1){(n-k-1)!
1 2 2n-1

= 2n-2k=k+1 k=
Q(n—k) (k+1)<:> n +1 <<

Do d6 a, =a, , < C2" =C"2"" o

Vi0O<k<n-1nénsuyranzx2.

Néu n=3m,meN,thik:¥:2m—%¢N.

2.(3m+1)-1 1

Néu n=3m+1,meN, thi k= =2m+§eEN.

2. BAI TOAN HE SO LON NHAT.
V6i céc bai toan yéu cAu tim hé s6 16n nhat a, khi khai trién nhj thic (ax+b)" thanh da
thuc ta sé lam theo phuong phap sau.
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. a 2a,

e Budc 1: Lap hé bat phuong trinh ¢ <~ <
A 2y,

e Budc 2: Giai hé bat phuong trinh trén dé tim cac s6 nguyén k thda man.

e Budc 3: Thay céc gia tri k vira tim dugc dé tim hé s6 16n nhat.

Vi du 1: Khai trién da thtic P(x)=(1+2x)? =a, +a,x+...+a,,x"*.

Tim max(a,,a,,a,,...,a;)?

Loi gidi
. N N DA g 2 . R
Goi a, la hé so6 16n nhat caa khai trién suy ra: a, >a, ,

2, 1

24Cy, =21 Cy! 12—
Tur day ta c6 hé phuong trinh { . f - il ok 12-k+1
2°CL, 22 Cy) 1 > 2
12-k  k+1

= max(a,,a,,a,,...a, ) =a, = C;,2"° =126720

10
Vi du 2: Cho khai trién nhj thiic (% +§xj =a,+a,X+..+a,X +a X .

Hay tim s6 hang a, 16n nhat.

Loi gidi

10 N
Ta c6: (—+—xj :%0(1+2x)10 =%ZC§O (2x)" = a, :%C%Zk
3 3 37 = 3

k k k+1 nk+1
a, >a,, [C25>CN'2
:>{ T e

a, za,, |CY2">Ci 2!
k k
k'(21010!k)'2(k 12)'1(21 K)! a2
: —K)! +1)i{Y—K): N
Ta c6 a, dat dugc max < = 10-k k+1®§£k£2
210! 210! 2, 2 3 3

kI(10-k)! (k-1)(11-k)r k 11-k
=k=7(keN,ke[0,10])

A 27
Vay max a, =a, = FCN

9
Vi du 3: Trong khai trién biéu thtc F = (\/5 +32 ) s6 hang nguyén c6 gia tri lon nhat 1a?

Loi gidi

Ta c6 s6 hang tong quat T, ., =Cs (\/5 )H (3/5 )k
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Ta thdy bac hai ctia cin thic la 2 va 3 1a hai s6 nguyén t6, do d6 dé T, ,, la mot s6 nguyén
keN ] ,
0<k<9 |k=3=T,=C3(3) (¥2) =4536

O-127 k9=, -c3(o8) (48] =s

thi

Vay trong khai trién c6 hai s6 hang nguyén la T, =4536 va T,, =8.

Vi dy 4: He s8 c6 gia trj 1on nhét khi khai trién P(x)=(1+2x*)" thanh da thtc 142

Loi gidi

12 12
. R 2.0 k
Khai trién P(x)=> C},2"x* => a,x™ v6i a, =Cy,2".
k=0 k=0

e a_, >a, <:>C‘1‘2”2k“>C1;22kc>%>121kc>k<?<:>k£7.
+ —

Nhu vay a, <a, <a, <...<a.

e a5 <a, <:>Cl{2”2k“<C11‘22k<:>%<121k<:>k>§<:>kz8.
+ —

Nhu vdy ag >a, >a,,>...>a,,.

Vay hé s6 c6 gia tri 16n nhat 1a a, = C},2° =126720.

Vi du 5: Cho biéu thic P(x)=(x+2)" =a,x"+a,_x"" +..+a,x" +..+a,x+a,, neN*.

Biét a, , >a, s vaa,,>a, . Timgia tricua n?

Loi gidi
Theo cong thic khai trién nhi thiic Newton ta c6:
P(x)=(x+2)" =Cpx"2° +Cix" 2" + .+ Ch o 2" 4+ 4+ Ch X2+ Cx"2", n e N*
Ma P(x)=(x+2)" =a,x"+a,_x" ' +..+ax" +..+ax+a,, neN*
Tacé: a, =2"*CM* =2"*C5, 0<k<n=a_ ,=2°C"*=2°C}, a, ,=2°C), a,,,=2""CV

Theo dé bai voi n>10, ne N*:

9 n! 8 n! ) 1
> - 25
> 91(n-9)! 8!1(n—8)! Z =
{an—9 an—8 PN ( ) ( ) PN 9 n 8<:> n> 2 <:>1'1:13
a,_,>a_ 29 n! S 10 n! 1 S 1 n<14
9!(n—9)! 10!(n—10)! n-9 5

Vi du 6: Cho(1+2x)" =a, +a,x' +..+a,x", ne N Biét a, +%+;—§+...+;—§:4096 .S6 16n

nhét trong cac s6 a,,a,,a,,...,a,co gia tri bing bao nhiéu?

Loi gidi
Ta co:
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n
(1+2x)" =) Ch2"x" = C).2°%" + C 2! x! +C2.2°%% +..+Ch.2"X" =a, +a,x' +...+a,x".
k=0

) a, a a

Taco ay+—2+—2+..+—L2=4096 = C) +CL +C2 +..+C =4096 < 2" =4096 <n=12.
0 2 22 2n n n n n

Taco a, <a,,, < C;.2"<C'2"" & CY, <2Cy' . Suyra: a,<a, <a, <..<a,.

Mt khac a, >a,,, © C;,.2">C'2"" < CY, >2C5" . Suyra: ag >a, >a,, >...>a,,.

Vay s8 16n nhat trong cac s6a,,a, ,a,, ..., a,la a, = C},.2° =126720.

Vi du 7: Cho khai trién (x+3)" =a,+a,x+a,x* +a,x’ +..+a,x", trong d6 neN" va a,
a,, a,,...,a, lacacsd thuc. Goi S la tap hop chttra cac s6 tu nhién n dé a,, 1a s6 16n nhat

trong cacso a,, a,, a,, ...,a, . Tong gid tri cdc phan t& cua S bang bao nhiéu?

Lovi gidi
Ta c6 khai trién (x+3)" = Cr3"*x" .
k=0
S6 hang téng quét ctia khai trién 1a T, = C53"*x*. Suy ra hé s6 ctia T, la a, = Ck3"™ .
Dé a,, la s6 16n nhat trong cac s6 a,, a,, a,, ...,a, thi:
a, >a, cla3>Cl3™? Ccl>3C’ n>39
= =S =

Clgm0>Cligt T |3c0 >l |n<43

Vay S= {39; 40;41;42; 43} .

<= 39<n<43.
a;p =ay,

Toéng cac phan tirctia S 1a T=39+40+41+42+43=205.
3. UNG DUNG PAO HAM TRONG CHUNG MINH PANG THUC TO HOP.
DPAO HAM CAP1.

Ddu hig¢u sir dung
Khi hé s6 dtng trude t6 hop ting dan hodc gidm dan tir 1,2,3,...,n hay n,...,3,2,1 ttc 1a s6
hang d6 c6 dang kCX hodc kCka" b thi ta c6 thé dung dao ham cap 1 dé tinh. Cu thé:
(a+x)" =Cla"+2Cla" 'x +...+nCrax"
Lay dao ham hai vé theo x ta dugc:
n(a+x)" =Cla"" +2C%"2 +...+nClax"" (1)
Dén day thay x, a bang hdng s& thich hop ta dugc téng can tim.
Trén day 1a dau hiéu nhan biét va phuong phap lam dang nay. Sau day ta sé cting tim hiéu

k¥ hon qua cac bai toan cta dang nay!

Vi du 1: Tinh téng C. —2C? +3C% —4C* +...+(-1)"" nC"

Loi gidi
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Ta thdy tong can tinh c¢6 dang nhu VP(1). Viéc con lai chi cdn chon a=1,x=-1 ta tinh
duoc téng bang 0.
Cdch khdc. St dung dang thtc kCX =nCX} ta tinh dugc téng bang:

nC’ , —nC!, +nC2, +..+(-1)"'nC} =n(1-1)"" =0

Vi du 2: Tinh tong 2008C3,,, +2007Clyoy + ...+ Canor

Loi gidi
He s6 trudc t6 hop gidm dan tir 2008,2007,...,1 nén duing dao ham la diéu dé hiéu:
(x+1)" = Copx ™ 4+ Clypy X 4.+ C20
Bay gio néu dao 14y dao ham thi chi duge 2007C),,,x*** trong khi d6 dé dén 2008 do d6 ta
phai nhan thém véi x vao déng thtc trén réi méi dting dao ham:
x(x+1
& (x+1)™ (2008x +1) = 2008C 3, X + 2007 Clyp, x* +...+ C27

2007 007

2007 5
) +o+ CopX

A0 2008 1
= Copor X" +ChprX

Thay x =1 vao ta tim dugc téng 1a 2009.22"

Vi du 3: Ching minh rdng (x+2)" =1.2""'C. +2.2"?C} +..+nC} =n3""',Vn<1leZ

Loi gidi
Taco (x+2) =Co2"+C, 2" 'x+C22" 2 x* +...+ CxX"

Pao ham 2 vé theo bién x ta duoc n X+ 2 ZCkkx

Cho x=1=n.3"" =) Ck, diéu phai ching minh !

k=1

Vidu 4: Tinh téng S=n2""'C, +(n-1)2"23.C, +(n-2)2"°3%C2 +...+3"'C"

Loi gidi
Nhan thay hé s§ dung trudc té hgp gidm dan n,n-1,...,3,2,1 nén phai hoan d6i vi tri a va

x . Xét khai trién (x+a)" ZCk n-kgk

n

Pao ham theo bién x ta dugc n (x + a\)“_1 = (n —k) Cixnfk—lak
k=1

Thay x=2,a=3 ta dugc S=n.5"".
Cdch 2. Ta sé& st dung t6i 2 dang thiac C2™* = C¥,kC* =nCX] ta co
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S=n2""C" +(n-1)2"23.C"" +(n-2)2"732C" 2 4.+ 3" C!
=n2"'CM ] +n2"23.C0 2 +n2" %32 CM 0 +..+n3"CY
=n(2M'CI 427 3.0 4273 C +.. 437 Ch ) =n(2+3)" =n5""

Vi du 5: Ching minh rdng C) +2C; +3C> +..+(p+1)CE +..+(n+1)C: =(n+2)2""

Loi gidi
Ta nhan thay rdng néu xét khai trién tdng quat thi cac hé s6 b léch di 1 don vi, do d6 dé xt

ly duoc ta sé nhan thém vao 2 v€& dai luong x, xét khai trién x(x+1)" ta dugc
X(x+1)" =xD_Cix* = (x+1)" +nx(x +1)" Zkaxk+ZCk k
k=0

Cho x=1 ta c6 diéu phai ching minh !

Vi du 6: Tinh téng S =3C, +4C, +5C; +...+(n+3)C:?

Loi gidi

3C) =(Cx*)
Ly 4C, =(Cx")’

Nhan thdy rang v6i x =1 thi ta c6 ! ( ! )

(n+3)C) =(Cix™?)’

= Cox* +Cx* + Cox +..+(n+3) Cx™ =x7 (C) + Chx+ Cox? 4.+ Cox" ) = (x+1)" (%)
Xétham s8 f(x)=x*(x+1)" = f'(x) =3x* (x+1)" +1nx’ (x + 1)
Két hop vai (*) taco = f'(x) =3x>C), +4x°C, + C25x" +...+(n+3)x"*Ch,
Chon x =1 thi S=3C) +4C; +5C +..+(n+3)Ch =3.2" +n2"" =2""(n+6)

Vi du 7: Cho s6 nguyén duong n thda man dang thac t6 hop Ci, +C3 +---+Ch ' =512,
Tinh tong S=2C} -3°C} +---+(-1)" n*.C.

Loi gidi

Taco (1+x)" =C5, +Chx+C2 03 +C3 o+ + CTL L C2 " (1),
Thay x=1 vao (1) taco: 2" =C; +C,, +C; +C5, +--+Con '+ Coh (2).
Thay x=-1 vao (1) tacé: 0=C; -C,, +C;, -C5 +--—-Con '+ C3" (3).
Tru ting v€& cta (2) va (3) ta co:

22" =2(Ch, +C3, -+ O ) 2 Gy + 4o+ O =270
Nén C, +C) +-+Cl "' =512 2""'=2"<2n-1=9 < n=5.
Béi vay S=2°C2—32Cl +42C! —5°.C".

Tir (1+x)° = CY+Clx+C2x* +Cx® + Cix* +C.x7, 14y dao ham hai v& ta dugc:
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5(1+x)" = CL+2C2.x+3C2x2 +4Chx* +5C3.x*
= 5x(1+x)" = Clx+2C2x* +3Chx* +4CEx" +5C2x° (4).
Lai lay dao ham hai v€ (4), ta co:
5(1+x)" +20x(1+x)’ =CL+22C2 x+32Cix® +42CL A +52°Clx* (5).
Thay x =-1 vao (5) ta dugc:
0=CL-2C2+32C3 - 42C! +5°C3 = 2C2 -32C +42CL -52C3 = C}
Hay S =22C2-3°C3+42>C! -52C3 =5.

Vi du 8: Tinh tong S =2.2%"Cj s +3.2%°Cl s +4.27°C) g +... +2019Cs5 .

Loi gidi

Ap dung khai trién nhi thitc Newton ta c6

2018
(24%)™™ = Cy 227 4 Cly 277 X+ Clyg 277 o CIE X
2018
& X(24 %)™ = Clyyg 22 x4 Clyg 277 X2 4 C211 220053 4 C28 2019

Lay dao ham theo x hai vé ta dugc:

(24 %)™ +x.2018.(2+ )™ = Clg. 278 +2.CLy16 227 X +3.C2 4 22 X2 4.+ 2019.C208 218

2018 2017

Cho x =1 ta duge 3™ +2018.3%7 =Y. 2% +2.Chy 1522 +3.C26.2°" +...+2019.C28
= S =328 £ 2018.3%Y — CY 5.2 =2021.3%Y — 28

Vi du 9: Tinh tdng S = ﬁ (23C%,, +3.3°Cly, +4.3°Chyy +-++2017.321°CH7 ).

2017

Loi gidi
Xét khai trién: P(x)=(1+x)"" = Clyy + CloyX + ClopyxX* + ChpxC + Chopx? -4 CXTx 20
Lay dao ham hai vé ta duoc:
2017 (1+x)" " =Chypy +2C50,,x +3C0,x> +4C5,,x° +--+2017Co7x"° .

2016

Cho x =3 ta dugc 2017.4%¢ =CL, +2.3C2,, +3.3°C2,, +4.3°C  +---+2017.3%C27

2017 -
= 2017_42016 - C;Ol7 = 2-3C§()17 =+ 3,32 C2017 + 4'33 C§017 +eeet 2017.32016 C;g%; )
oo 0117 (2017.4** - 2017 ) = —20117 (2.3C2,, +3.3°Chyy +4.3°Chyy +++++2017.30°C27 ).

<47 -1=86.

Vi du 10: Cho s§ nguyén duong n thda man 2C; +3C; +..+(n+1)Ch =2621439. S

hang khong chtia x trong khai trién ctia biéu thic (xz + 1} bang bao nhiéu?
X

Loi gidi

Tacé x(1+x)" =Chx+Cix* +C2x° +...+ Cax"".
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L4y dao ham hai vé ta duoc
(x+1)" +mx(x+1)"" =C% +2CIx+3C +...+(n+1)Cx" .
Cho x=1,tac6 C, +2C, +3C. +...+(n+1)Ch =2" +n2"" =2""(2+n).

2621440

= 2" (2 +n) —1=2621439 < 2" (2 + n) =2621440 < 2" >
+n

2.(%)
2621440

Xét f(n)=2" 1a ham s6 dong bién trén (0;+x) va g(n)=2. >
+n

1a ham s6 nghich bién
trén (0;+). Ta c6 £(18)=g(18) = n =18 la nghiém duy nhat cua (*).

18
Khi d6 s6 hang tong quat cta khai trién (xz + 1) la Cix**voi keZ,0<k <18.
X

Vay s6 hang khong chtra x 1a Cj; =18564.
DPAO HAM CAP 2.

Ddu hi¢u sir dung.
Khi hé s6 dung truoc t6 hop c6 dang 1.2,23,..(n-1)n hay (n-1)n,..,3.2,2.1 hay
1%,2%,..,n* tac 6 dang k(k—1)Cka"™ hay téng quat hon k(k—1)Cka"*b" thi ta c6 thé
dung dao ham dén cap 2 dé tinh. Xét da thic
(a+bx)" =C) +C a" 'bx+...+ Cb"x"
Khi d6 dao ham hai vé theo x ta duoc:
bn(a+bx)"" =Cla""b+2C2a"?b*x... + nCb"x""
Pao ham lan nixa:
bn(n-1)(a+bx"?)=21C}a"b* +...+n(n-1)Cb"x" " (2)
DPén day ta gdn nhu gidi quyét xong vi du toan chi viéc thay a,b,x bdi cac hing so thich
hop ntta thoi.

Sau day ta sé cung di vao cac vi du minh hoa dé hiéu r6 hon phuong phap!

Viduy1: Cho hams6 f(x)=(1+x)",(2<n<Z)
2) Tinh £"(1)
b) Ching minh rang 2.1C2 +3.2C; +...+(n-1)nCl =n(n-1)2""

Loi gidi
2

a) Taco f'(x)=n(1+x)"" =f"(x)=n(n-1)(1+x)"" =£"(1)=n(1+x)"

b) Ta c6 khai trién
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f(X):(1+X)n :iCi k :Cg+Cix+iCixk :f|(x)zci+ikcixk_l
= k=2 k=2

= £'(x) :gk(k—l)cﬁx“ = £1(1)= gk(k—l)cﬁ —on?

=21C; +32C2 +...+(p+1)C +..+(n+1)nC: =n(n+1)2>""

Tt cdu b) thay n—1=n+1 thi ta c6 mot bai toan khac:

Chitng minh rang.2.1C} +3.2C2 +...+(n+1)pCP +...+(n+1)nC? =n(n+1)2""

Véi bai toan nay ta gidi nhu sau:

Xét nhij thitc (1+x)" =C), +Crx+...+Chx"

Nhan 2 v& ctia ddng thic véi x # 0 dong thoi 18y dao ham cap 2 hai vé theo bién x ta duoc
2n(1+x)" +n(n-1)x(1+x)" " =2Ctx+3.2C2x +...+ (n +1)nCix""

Cho x =2 ta dugc diéu phai ching minh!

Vi du 2: Rat gon tong sau S =17 Clyy 27" +27Ch0 2% +3°Chype 22" +...+2009° Cooo

Loi gidi
V6i y tudng nhu bai trén ta xét da thuac
2009 0 2009 1 2008 2 2007 2 2009 _ 2009
(x+2)7 =Ch0e2™ + Che 27 x 4+ C3000 27 X% + ...+ CpoX

)2008

Lay dao ham 2 vé ta dugc 2.2009(x+2)" =1C;002%" +2C509 27" x + ...+ 2009C 500%™ **

Néu ta tiép tuc dao ham l1an nita thi chi thu duoc 1.2, 2.3 ,... do d6 dé thu dugc 2?,3?,... ta
phai nhan thém hai vé voi x r6i mai 14y dao ham, ta c6

2009x (x+2)™" = 1Chy00 22 X +2C200 227 X +... + 2009C 2%

)2008

= 2009 (x +2

)2008

+2009.2008x (x +2

2007
)= 12 Clype 27" + 272 C2100 27" X + ...+ 20097 Coopax "

Thay x =1 rat gon tong trén ta duoc 2011.2009.3*.
Tuong tu khi tinh tong 2.1C, +3.2C%+4.3C> +...+(n+1)nC} ta can cha y 1a trudc to
hop c6 mot hé s6 16n hon k trong CX nén ta phai nhan véi x trude khi dao ham 2 lan.

4. UNG DUNG TiCH PHAN TRONG CHUNG MINH PANG THUC TO HGP.

Ddu hiéu sir dung.

b
al<+1 _ bk+1

k+1

a k+1

k+1
Y tudng ctia phuong phép nay la dua vao heé thic bekdx = ( X j
Tu ddy dé dang tim dugc dau hiéu dé st dung phuong phéap nay 1a s6 hang cta tong c6
ak+1 _bk+1

d
e T

Ck. Cu thé xét tich phan 1= J- b(C +dx)" dx ta c6 thé tinh bang 2 cach.

n+1 b
e Tinh tryc tiép 1= %Lb(wrdx)“ d(c+dx)= % (C;ixl)
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e Tinh gian tiép 1= I ( Ck gk kj X:Z(Cicnkdkjbxkdx)

k=0
n k+1 n k+1 _ k+1
:z Ck nkgk| X :Z Cicn—kdka b
k=0 k + a k=0 k aF 1

Hai cach trén la nhu nhau nén tix do ta c6 duoc

n+1 [P
Zn:[cl:lcnkdk ak+1 _kaJ:l(C—'_dx) 1

=0 k+1 d n+1

Tuy timg bai toan ta chon cac hé s6 a, b, ¢, d thich hop!
Dé dé dang nhan biét hon thi ta c6 thé chd y nhu sau:

Néu trong tong day to hop, céc s6 hang chtra cac phan s6 1; % ,&, ,'l va mau so duoc

n

Q. I\J|H

x€p theo thtr ty tdng hodc gidam déu theo mot quy ludt nao ta nghi ngay dén viéc st
dung tich phan. Khi do, ta thuc hién theo cac budc sau:
e Budc 1: Tim ham dé tinh tich phan véi cac can thich hop.
e Budc 2: Tinh tich phan trong ca hai vé: v& chua khai trién nhi thiic Newton va vé da
khai trién.
e Budc 3: Cho hai két qua bang nhau va két luan.

Trudc khi vao céc bai todn cu thé ta can nho cac dang thac tich phén sau:

1. I (x+1)"dx= I(CO+XC1+XC +..+Chx" ) dx

n+1b
<:>(x+1) ~
n+1

2 [[(1-x)"dx=[ (€l —xCL +x3C2 .. (-1)" Cox" ) dx
_(1_X)n+l b b
n+1

<~

n+1

2 n+1
_[xCO cl"?+...+(—1)“cgX j

3. [ (x+1) dx= [ (Cox" +Clx™ + C2x" 4.+ Cl ) dx

b

(x+1)n+1 ’
n+1

f

n n-1
[CO X - +Cr X2 X 1+...+C§xj
n+ n n-—

a a

4 [M(x=1) dx =] (Coxm ~Chx +C2x 2= +(-1) € ) dx

(X—]_)n+1 b

n+1

b

=

n+1 n n—1

_[co X o X e X +(—1)“ngJ

a a

22 -1

C1+23_1C2+ 27 -1

Vidu 1: Tinh téng S=C) + ! 2t n(n>1)
3 n+1
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Loi gidi
V& trai c6 chira cac phan s6, mau s6 duoc xép theo thit tu ting déu motdon vi, ta nghi ngay
dén viéc st dung tich phan. Bay gio, ta suy nghi ham 14y tich phan, céc can va s6 duoc

n+1

N [N ~ X e N z AN A * A A N A N LR
thay vao cho bién. Vi s6 hang cu6i cung c6 hé so6 nén ta biét can tir 1 dén 2 va tong

n+1

. n » 2 n
khong dan d4u nén ta st dung L (1+x)" dx.
Taco (x+1)" =C, +xC, +C2x* +...+ Cix"

= J12(x+1)n dx = Jf(Cg +xCL +x*C2 +...+C§x“)dx

2
+1 n+1 2
PGS0 0+ ice vl Lo
n+1 2 3 n+1 X
n+l _ An+l 2 3 _ n+l _
@L=Cﬂ+2 1C}1+2 1Ci+...+2 1CE:S
n+1 2 3 n+1

n+l
Vi du 2: Chtmg minh rang C’ +1C111 +1Cf1 ot L Cr = 27 -1
2 3 n+1 n+1

Loi gidi
Vé€ trai c6 chira cac phan s6, ta nghi ngay dén viéc st dung tich phan. Téng khong dan
- » 1 n
d4u, ta st dung _[O (x+1)" dx
Xét khai trién (x+1)" =C) +xC, +x°C> +...+x°C}

Ta cé:

(X+1)n+1 _2n+1_1
n+1 ‘_ n+1

. '[Ol(x+1)" dx =

1

. jl(Cg +xC} +...+x“CE)dx = (ng Jrlsz}1 +...+LCﬂxn+j
0 2

n+1 0
:Cﬂ+1C}1+1Ci+...+LCE
2 3 n+1

Tir 2 dang thic trén ta c6 diéu phai chtng minh!
BAI TAP TUONG TU

P . M 0 1 1m2 1 2mn3 n 1 nAn+l 1 n
Chimg minh ring 2C° —=C! 2% +=C22° - +(-1)" ——C"2 :—(1+(—1) )

2 3 n+1 n+1

Hudng dan. VE trai c6 chtra cdc phén s, ta nghi ngay dén viéc sit dung tich phan. Vi s

n+1

hang cudi cung c6 hé s6

Ioz(l —x)" dx.

1 nén ta biét can tir 0 dén 2 va tong dan dau nén ta st dung
n+
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X -1)2" +1
Vidu3:Chﬁngmirﬂ1réng%Ci+%ci+ici+m+ n CE=(n )2" +

n+1 n+1

Loi gidi
V& trai c6 chtra cac phén s, ta nghi dén viéc st dung tich phan. Vi s6 hang cu6i ciing c6 hé

A

sO nén ta khong thé nghi ra ngay mot ham s6 nao dé dé tinh tich phan. Bang cach

n+1

phan tich s hang tong quat kk " Ck = [1 —L) C¥, cho ta tong sau:
+

k+1
(C}l +C+C +...+CE)—(1C31 +1Ci +...+LC;‘)
2 3 n+1

1 n
Tu d6 st dung 2" —J.O (x+1)" dx

Cich 1. Xét s6 hang tong quét trong vé trai

ck =(1—chﬁ (k=0,n)
+1 k+1

Do do6 ta cé:

1Ci+zCi+§Ci+...+ d CE:(C}l+Ci+Cf’l+...+C§)—(1Cﬁ+1Ci+...+LC§j
2 3 4 n+1 2 3 n+1
N n+l _1 2n 1
=2n—jl(x+1) dx—pr 21 (=127
0 n+1 n+1

Cdch 2. Xét khai trién (x+1)" =C) +xC} +x’C> +...+x"C>.
Lay dao ham 2 v& ta duge n(x+1)"" = CL +2Cx +3C3x +...+ nCix"!
Ta co:

o J.Olnx(XJrl)m1 dx = J.:(n(1+x—1)(x+1)nfl)dx = nJ.Ol((x+1)n —(x +1)n71)dx

:n[(x+l)"+l (x+1)“}1

—L(2n+l—1)—(2n_1):w

n+1 n T n+1 n+1
0
o [(CL+2Cx+3C K +... A nCIx" )dx = 1o 202, 40 e
0 2 3 n+1
Tt 2 diéu trén ta c6 diéu phai ching minh!

2n
Vi du 4: Chting minh réng 1C§n +1C:§_’rl +1C‘;’n +...+lC§;‘*1 _2 -1
2 4 6 2n 2n+1

Loi gidi

2
(x+1)" =C), +xC;, +x°C5, +...+x"Ch

Xét cac khai trién .
(1-x)" =C3, —xC,, +x°C;, —...+x"Ch

Trir 2 vé& dang thc trén ta duoc:
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(X+1)2n —(1 —X)zn =2(xC}, +X°C;, +...+ x> 'Co )

:>'[ ~(1-9)" dx :J‘Ol(xCin +x°C, +...+x2“*1C§§*1)dx

1

(X+1)2n+1 +(1_X)21’1+1 1

2(2n+1) i
2n_
<:>1C§n+1C§n+1C§n+...+iC§§1 27-1
2 4 6 2n 2n+1
1

2n+1

=

= (% Cl x>+ i C x*+..+ Zl Ci;‘lxznj
n

0

%C§n+...+

¢ 2 4, A 1 n N Z
Nhdn xét. Néu phai tinh téng CJ_ + 3 Cl. + C2" thi ta xét

2n 2n
p(x) = ;(1_)() = QY +xCD, ok OO

Sau d6 tinh tich phan E P(x)dx.
1

Con néu phai tinh tong 1 C, +-Ci + 1C§n +ot
2 4 6 2n+2

G(x)=xP(x)=Cyx+C5.x* +..+ Conx*™"

C2" thi ta xét

Sau d¢ tinh tich phan I x)dx.

2n+1
2_cin=2(n21)
2n+1 2n+1

Vi du 5: Chting minh réng 2C9_ "‘%an +%C3n +ot

Lovi gidi
2 . R 2
Xét khai trién (x+1)" =C;, +xCj, +...+x>"Con
Ta co:

x+1 3
2n+1 \ 1 T n+1

1
)2n+1 22n+1

. J‘1 (x+1)2ndX:(

-1

1
T/ o 1 2n2n [ ~o 1 4 5 2n 2n+1
. L(C2n +xC,, +...+X C2n)dx —(C2HX+EC2HX +.ot ] Conx jl
=2C5. +ZC§n P cr
3 2n+1
Tir 2 dang thic trén ta c6 diéu phai chtng minh!

2n+l _1
3(n+1)

Vi du 6: Cho tich phan I 1 +X )n dx = (n>2). Chtng minh rang

n+1
1C§)1+1C}1+1Ci+...+ ! Ct = 2 -1
3 6 9 3(n+1) 3(n+1)

Loi gidi

Xét 1= I C0 +x°CL +C2x° +...+C;‘x3“)dx
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1
= _[O (ngz +Chx7 4.+ Cox? )dx

:1Cﬂ+1Ci+1Ci+...+ ! cr
3776 "9 3(n+1)
n+1
Mt khac I;x2(1+x3)ndx:32(11;11)(1122) vay ta c6 diéu phai chtng minh!
BAI TAP TUONG TU
1. Chtmg minh ring = 1t 1 1oy (1) C2=rx(1—x2)ndx
27" 4 "6 " 8 2(n+1) " o
. . (! n 1
Goi . Taco J-O x(l—xz) dx:Z(n+1)

. -1)"
2. Chtng minh rdng 1—1C1+1Cf1 —lCi+...+ (1)
3 5 7 2n+1

o
i=1

(2i+1)

ch :I:(l—xz)n dx

Goi . Ta co J.Ol(l—x2 )n dx =

i=1

Chii . Khi bai toan cho ma s6 hang tong quat khong phai 1a » -11— " Ck mala L 5 CX thi ta

N 2. A A N N - 2 2 * Lz z A N\ ~ N\ 1
can phai nhan thém x vao ham da thtic co ban trudc khi tinh tich phéan, con néu la : Ck

thi ta phai nhan thém x> vao ham da thtic co ban trudce khi tinh tich phan, ...

Sau day ta sé cung hiéu r6 hon qua vi du sau.

. 2n+1+1
Vidu7:Cht’mgminhréng%Cﬂ+%€i+iCi+...+ 12CE:(H(1)( l)(nzl)
n+ n+1)(n+
Loi gidi

V& trai c6 chtra céc phén s, ta nghi dén viéc st dung tich phan. Vi s6 hang cudi ciing c6 hé

N

SO

Ck thi ta phai nhan thém x vao ham s6 co ban truée khi tinh tich phan. Khi d6, ta

st dung J'le(x+1)n dx.

Ta co
n+2 n+l ! n+1
o le(x+1)ndx:JI(X+1)n+1dx—Il(x+1)ndx: (x+1) —(X+1) __n2" +1
0 0 0 n+2 n+1 (n+1)(n+2)
0
. jlx(x+1)“dx=j1x(c2+xci+...+x“c;‘)dx=1cg+1C1+...+Lc;‘
0 0 2 3 n+2

Tir 2 dang thic trén ta c6 diéu phai chtng minh!
BAI TAP TUONG TU.
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Chtng minh réng 1C2—1Ci+1ci_m+(_1) Co_ 1
2 3 4 n+2 (n+1)(n+2)

Vi du 8: Gid st s6 tu nhién n > 2 théa man déng thic dusi day hay tim n?
2 4 6 2n-2 2n
C2n + CZn + CZn 4.+ CZn + CZn — 4096

G, + _
3 5 7 2n-1 2n+1 13
Loi gidi
2 4 6 2n-2 2n
Gid str s6 ty nhién n >2 thdéa man C)_+ G, Can + Can o+ Can + Con 8192 ,
3 5 7 2n-1 2n+1 15
Ta co: (1 +x)2n =C) +C) x+C2 x> +...+C"x™".
1 1
= I 1+X dX:(anX+%C§nx2 +%c§nx3 +.+ > 1c22 2n+l]
0 n-+ .
1
1 2n+1 1
% =(C2nx+%C§nx2 +%C§nx3 ot o C2"x 2“”]
n+ n+ o
2 22n+l _1
(2 . )-=2C2n+%®n+§c§n+...+2 2 1C§§ (1)
n+ n+
-1 1
Mét khéac J.(l + X)Zn dx = (anx +1C;nxz +1C§nx3 4.+ C2E 2n+1j
0 2 3 2n+1 o
= 2—21:_2C2n+§cén_§cin+ +2 2 1C§§(2)
n-+ n+

Lay (1) tru (2), ta duoc:

2n+1 1 4 6 2n-2 2n 2n+1
2 Cy + Con  Con Gy S, G ) 2T 806 g
2n+1 3 5 7 2n-1 2n+1 2n+1 13
c c c 2 =g

Vi du 9: Tim s6 ty nhién n thoa man —2+—0+ 0 4+ n = .
12 23 34 (n+1)(n+2) (n+1)(n+2)

Loi gidi
Cach 1. Ta cé:
C n! - (n+2)! e
(k+1)(k+2) k!(n-k)!(k+1)(k+2) (n-k)!(k+2)!{(n+1)(n+2) (n+1)(n+2)’
Ck n Ck+2
S n+2
e Z )(2) & me)(n72)
c Cc ch _CL+C L, +C L+ +C
&S+ L4+ 4+ n n n n n (*)

1.2 23 34 (n+1)(n+2) (n+1)(n+2)
Ta xét khai trién sau: (1+x)n+2 C L +xCl L, +x2.C2 L +x.C0 o X2
ChO]_’I x=1= 2“*2 C?HZ + Ci+2 + C121+2 + CfHZ T +C21§
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100 n+2 0 1
Do dé: (*) < 2 -n=3 27 ~Can=Cun g _gn2 g,
(n+1)(n+2) (n+1)(n+2)
Cdach 2. Ta co:
C .G .G Ch
—_—n4 o fot———
12 23 34 7 (n+1)(n+2)
TR ERE TS ¥
1 2 2 3 3 4 n+1l n+2
=(1C° Ao ley chj—(lcg lo e, L ng
1 2 3 n+1 2 n+2
1 1 1 1
Lai c6 I(1+x)ndx—jx(1+x)ndx=j2(1+x) dx—_[(l+ )mldx
0 0 0 0
@[1cg+1c1+1c§ ..... Lc;]_[lcgiq 1oy cgj
1 2 3 n+1 2 3 n+2
1 1 n+1 n+2 n+2
C 2 | c Ly meo 2222 201 2 end
n+1 , n+2 o n+1 n+2 (n+1)(n+2)
1 2 3 _1\" n
Vi du 10: Tinh téng 5=, 25 3G, (1) nG,
23 34 45 (n+1)(n+2)
Loi gidi
. . ) (-1)" kC" K k( 2 1 j x 2C* e
56 hang t ta, =) Ton S o) e ()
© hang tong quat & (k+1)(k+2) (1) G, k+2 k+1 ( )k+2+( ) k+1
2C w1 C = k Ck = k+1 Cck
S=>|(-1) (-1 2 n
- 1;( k+2 ) k+1J kzl‘ kz k+1

Xét khai trién (x+1)" =C) +xC, +..+x"Ch

:'[0 x+1 nc1x=.|._01(C?1 +xC} +...+x“CE)dx

(x+ 1)n+1 _[xC, | X'C, X" '
= + +..t+
n+1 ) 1 2 n+1 .
n k
:L: (_1)k+1 Cl’l
n+1 o k+1

Tuong tu ta c6 x(x+1)n =xC? +x°CL + .. +x™'Ch

:I (x+1)" dx= J._Ol(ng +x°C} +...+x“”C§)dx
1 1 & « Ck
. 1 n
n+1 n+2 kZ::‘( ) k+2
1 1 1 n
Vay 6=2( — - IR N
v (n+1 n+2] n+l (n+1)(n+2)
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5. UNG DUNG SO PHUC CHUNG MINH PANG THUC TO HOP.

Cic tinh chiit ciia s6 phitc duoc sit dung trong phan nay
e Haiso phtc z =x+iy, w = x'+iy' béng nhau khi va chi khi x=x",y=y'
e Cong thiic Moive z=r(cos@+ising)= z" =1" (cosn+isinng)

e Giai phuong trinh x*—1=0. Ta dugc nghiém la x, =1;x, =—%+%;x3 __1 W5

Cac nghiém d6 chinh la cac can bac ba ctua 1.

1 W3 i3

bita=————=a =——+— va a c6 cac tinh chat sau:
2 2 2
1. a+a*=-1
2. a’=1
3 3k =1
4 a3k+l —a
5 a3k+2 =a2

Y tudng ciia phwong phdp nay dua trén cdc tinh chat cia so do i.
4k 1 s4k+1 i’i4k+2 _ _1’i4k+3 _ _l,k ceN

Tir d6, ta xét da thuc f(x)=a,+a,x+a,x* +..+a,x"

bat Sozz:ai,Sl: Z a,,S, = Z a,,S; = Z a,

:f(1)+f(—1)+2Re(f(i))
’ 4
£(1)=(S,+5,)+(5,+5,)  |g - fM=f(D)+2Im(£(D))
Tac 1 f(-1)=(S,+5,)~(S,+8)) &1 4 _
N : f(1)+f(-1)-2Re(f(i))
f(i)=(S,-S,)+(S,-S;)i  |S, = "
S :f(l)—f(—l)—ZIm(f(i))
’ 4

V6i Re(f(i)),Im(f(i)) 1an luot a phan thyc va phan 4o cua f(i)
Ddu hiéu
Day la van dé 16n nhat can chd y . Ta duing s6 phtic dé tinh tdng cta cac Cf khi tong nay
c6 hai dic diém:
e C4c dau trong tong xen ké déu nhau .
e k ludn 18, hodc ludn chdn hodc khi chia k cho mét sé ta luon duoc cung mot s6 du
(trong chuong trinh phd thong ta chi lam véi k =3n,k=3n+1,k=3n+2)
Sau day ta sé cuing tim hiéu phuong phap nay qua céc vi du sau.
Dang 1: Khai trién (x + 1)“, cho x nhén gia tri 1a nhing s6 phtc thich hgp hodc khai trién

truc ti€p céc s6 phtc
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Vi du1: Tinh téng
A= Cgoo9 - C§009 + C§009 —..F Ciggg

_ 1 3 5 2009
B= _C2009 + C2009 - C2009 +...- C2009

Lovi gidi
Xét khai trién (x + 1)2009

_ 0 1 22 2009 ~2009
=Chpe +XCpupe + X Chppg +...+ %7 C

2009
Cho x=-i ta cé:

\2000 o . ~1 22 . 2009 (2009
(1_1) = Cng +1Co000 +17Cipg +..17 Cigg

_(© 2 4 2008 1 3 5 2009 \ ;
- (C2009 - C2009 + C2009 —et C2009 ) + (_C2009 + C2009 o C2009 T C2009 )1

2009
w5 (22
_ (\/5)2009 (COSE _isin gj _ 91004 _ 51004

So sanh phan thuc va phan do cta (1-i)™" trong hai cach tinh trén ta duoc:
[ ]

_ 0 2 4 2008 _ ~1004
A= C2009 _C2009 + C2009 —..t C2009 =2

_ 1 3 5 _ (2009 _ 51004
o B=—Ch +Copo = Copgo +--- = Coppo =2

Vidu 2:Tinh téng S = 2_150(ch —3C3, +3°C4y ... +3%CH -37CY)

Loi gidi

2| 2™

50
Xét khai trién (—% +i QJ 1

(Cgo ~(iv3)C +(iv3) €2+ (1v3) €2+ (13) cgg)
_ 1

2 50 1 3 49 .
= (cgo ~(+B) 2 +m(VB) cgg)+ﬁ(_£c;0+(ﬁ) Cly == (3) cgg)1
. 50 50 .
Mt khac —1+£ = cos(z—njﬂsin(ﬁj :—1—£
2 2 3 3 2 2
A (1 iBY) o
So sanh phan thuc cta ~5 + — trong hai cach tinh trén ta duoc:

1

§ =5 (Co0 =3C5 +3Cly —. +37C5 -37C5 ) = 1

Vi du 3 : Tinh téng S =3"CY, —3°C2, +3°C}, —37C5 +...-3CE+C2

Loi gidi
Xét khai trién (i+v3)" =(V3)" Cl+i(3) Cl—..~iV3CH +C3
=(3"C5, -3°Cy +..—3Cy +C§8)+((\/§)19 c _(\/5)17 i)
Mt khic (i++3) =-2" ~i2"\3
N 20
So sanh phan thuc ctia (i +/3 ) trong hai cach tinh trén ta co:

S= 310C30 —39C§0 + 38C§0 —37C30 +... —3C;§+C§g =2
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Dang 2: Khai trién (x+1)n, dao ham hai vé theo x sau d6 cho x nhan gia tri la nhing s6

phtec thich hop

Vidu 1: Tinh téng
S=Cl —3C3 +5C3, —...—27C¥ +29C2
S, =2C2 —4C% +6CS, —...—28C% +30C

Loi gidi
Xét (x+1)" = CY) +xCly +x2C2 +...+x°CY
Pao ham hai vé& ta c6 30(x+1)” = Cl +2xC% +3x*C3 +...30x*CY
Cho x=i tac 30(x+i)” =(C}, —3C3 +...+29C3 ) +(2C3, —4C) +...— 28 C+30C i
Mit khac 30(i+1)” =-15.2"° -i.15.2"
So sénh phan thuc va do ctia 30(1 + i)* trong hai cach tinh trén ta co:
S=Cl —3C3, +5C3, —...—27C% +29C% = 152"
S, =2C2 —4Ck +6CS, —...—28C% +30CY = —15.2"
BAI TAP TUONG TU
1. Tinh t8ng S =2.3C2 —4.32CY, +6.3°CS, —...+18.3°C¥ —20.3°°C®
20 20 20 20 20
. ) 20
Goi . Xét khai trién (1 + \/gx)
2. Tinh téng S=1C;, —3C;, +...—(8n-1)Cen "
Goi y. Xét khai trién (1+x)™"

Vi du 2 : Tinh tong
M =C), —-3C3; +5C;; —7C5, +...+13C;2 - 15C;1
N =2C! —4C% +6C% —8C7, +...+ 14C12 —16CE

Loi gidi
Xét khai trién (x+1)" = Cl +xCly +x°C2 +...+ x*Cli + x°C2
Nhan hai v& v6i x ta c6 x(x+1)" = xCls +x*Cls +x°C2 +...+ x°Clt + x*C12
Pao ham hai v& ta c6 (x+1)" +15x(x+1)" = Cly +2xCl, +3x2C% +..+16x°CY
V6i x=1 taco
(1+)"7 +15i(i+1)" =(C}, —3C}, +...+13C}2 —15C}2 ) +(2C}, - 4C}, +...+ 14C12 ~16C12 )i

Mt khéc (1+i)"° =7.2° -27i
So sanh phan thuc va do ctia (1+i)"” +15i(i+1)" trong hai cach tinh trén ta co:

M =C". —3C% +5C* ~7C", +..+13C2 ~15CH =7.0°

N =2C. —4C% +6C5 ~8C, +...+14C2 ~16C" = -2
Dang 3: Khai trién (x+1)" , cho x nhan gia tri 1a cc cdn bac ba ctia don vi

1 i3

Céc bai toan & day st dung tinh chét s6 3 ma minh da dé cap o dau! Chay a= T

Vidu1:Tinh téng S=C), +Cy +Chy +...+ Cog +...+ Cho + Ci
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Loi gidi
Xét khai trién (x+1)" = C5 +xCly +x2C% +...+x°CL +x*C%
Cho x=1 tac6 2% =Cj +Cy +Cy +...+ Cy +C (1)
Cho x=a tac6 (1+a)” = CS +aCl +a’C2 +...++aCly +a>C% (2)
Cho x=a’ ta co (1+a2 )20 =Cy, +a’Cy +aC) +Cyy +...+a°Cy +aCsy (3)
Cong vé theo vé (1),(2),(3) ta duoc 2 +(1+a)20 +(1+a2 )20 =35
Mit khéc (1 +a)2 = (—a2 )20 =a¥ = a;(l +a? )20 = (—a)20 =a’

20
Do vay 35-29 _1=5-2 1

Vi du 2: Tinh tdng S=Cj, +Cs + Cly +...+ Coo ™ +...+Cho +Cop

Lovi gidi
Xét khai trién (x+1)" = C5 +xCly +x2C% +...+x°CL +x*C%
Nhan hai v& v6i x* ta cé x?(x+1)" = x2CY +x*Chy + X" CL +...+x2Cl +x2C
Cho x=1 tac6 2% =Cj +Cyy +Cy +...+ Cy +C (1)
Cho x=a tacé a*(1+a)’ =a’C +Cl, +aC2 +a2Cly +Chy +...+a> Cl + CL +aC% (2)
Cho x=a” taco a(l +a’ )20 =aCy, +Cy, +a’Cy +aCy, +...+aCy+ Cyy +a°Cy (3)
Cong vé theo vé& (1),(2),(3) taco 2% +a’(1+ a)20 + a(l +a’ )20 =35
2% +2

Mt khac a® (1+a)2 =a® zl;a(1+a2)20 =a?'=1=65=

Vi du 3: Tinh tong S = Cj +3C;, +6C5, +...+3kCoy +...+15CL +18C5

Loi gidi
Xét khai trién (x+1)" = C5 +xCly +x2C% +...+x°CL +x*C%
Pao ham hai vé& ta c6 20(x+1)" = Cly +2xC% +3x2CY, +...+ 19x"°CL +20x°CZ (*)
Nhén hai v& (*) v6i x ta c6 20x(x+1)" =xChy +2x*C2) +3x°Cy +...+19x"°CL +20x*°C%
Cho x=1 ta duge 20.2" = Cl +2C2 +3C3) +...+19CL +20C2 (1)
Cho x=a tac6 20a(1+a)’ =aCl +2a>C% +3C3 +...19aCl) +20a°C2 (2)
Cho x=a’ tac6 20a”(1+a’ )19 =a’C), +2aCy, +3C3 +4a’Ch +...+19a’Cly +20aC2 (3)
Cong vé theo vé& (1),(2),(3) ta cé 20[219 ra(l+a)” +a’(1+a? )19} =35-CY,

19

a(1+a)19 =a(—a2) =—a’=-1 . 1022
a’ (1 +a’ )19 =a’ (—a)19 =—a”=-1 3
6. PONG NHAT HE SO 2 VE.

Phuong phap lam dang toan nay la ta sé thuc hién khai trién theo hai cach, sau @6 so sanh

Mait khac -13

hé s6 ctia luy thira x* & hai vé ta s& c6 diéu phai chiing minh!
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Vi du 1: Cho céc s6 nguyén duong m,n;0 <p <min{m;n} . Chting minh ring
CP +CP'CL+CP?C2 +...+CPICe + ...+ COCP =CP

m+n

Loi gidi
(x+1)" =C), +xCp, +x°C2 +...+xPCP +...+x"Ch
Ta co N
(x+1)" =C) +xC,, +x*C2 +...+xPCP + ... +x"C]
Nhan theo v&ta c6 (x+1)"" =g (x)+(CLC) +C5'C) +...+CLACE +...+C) CP )xP
Trong d6 g(x) la biéu thac khong chtra x*. Mit khéc hé s6 cta x* trong khai trién
(x+1)"" la CP

m+n/

dén day so sanh hé s6 cua x” ta c6
CP. =CPC)+CP'CL+...+CPICI+..+C)CP
bén day bai toan da dugc giai quyét hoan toan!
Chay m=n=p=(C2) +(C) +(C2) +..+(C1) =3,
BAI TAP TUONG TU
(2n)!
(n+k)!Y(n-k)!

O S k’n . > 0~k 1 ~k+1 -k
Cho K ching minh rang C . C: +C C." +..+C.C! =
,ne

(2n)!
(n+k)!(n—k)!

Goi y. Viét lai dang thtic cAn chtng minh C°C™* + CICM™* ' 4+ CV*C? =

Piéu nay 1am ta goi t6i dén vé& trai la hé s6 cia x" ™. Ta xét (1+x)" (1+x)" =(1+x)™", sau

d6 so sanh hé s6 x" ™ &2 vé ta sé c6 diéu phai chtimg minh!

. 0<k,n N
Vi du 2: Cho 2 56 n,k théa man { 7 - Chting minh rang
,ne
Cg + Ci+1 + Ci+2 +.t C£+n = C2+k+1
Loi gidi
Viét lai ddng thtc can ching minh: Cf +Cf, +CF , +...+Cy, =C¥

Diéu nay lam ta goi dén vé trai la tong cac hé s6 chira x*. Xét da thic
14+ X)n+k+1 . (1 n X)k

X

P(x) = (14 x)* +(1%)" + (143 o (1x) " =

So sanh h¢ s8 ctia s6 hang chta x* & 2 vé ta suy ra dpem.

Y (cY . (cY c Y
Vidy3: Tinhtong S=| =2 | +| =2 | +| =2 | +..+4| —2
1 2 3 n+1

Loi gidi
Ck n' (n+1)| _ Ck+1

T A = — — n+1
T KT T (k+Dki(n—k)! (n+1)(k+1){(n-K)! n+1
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Ck+1 1
Khidé S = Z(niﬂlj :(n+1)2 ((Ciq) (Ci+1) +.. +(Cﬁﬁ)2)_(n_21) (Cmnln 1)

Vi du 4 : V6i cac s6 nguyén duong n, tinh téng S = (C:1 )2 +2(Ci )2 +ot n(CE )2

Xét S=(Ct) +2(C2) +..+n(C2)

= f'(x)=n(x+1)"" =CL+2xC? +3x°C2 +...+nx™'C"

= xf'(x) =nx(x+1)"" =xC! +2x*C2 +3x°C2 +...+1nx"C" (1)

Mit khéc (x+1)" =x"Cy +x"'Cp +x"2C2 +...+ C1 (2)

Nhan theo v& ctia 2 dang thic (1),(2) va so sanh hé sd ctia x" & ca 2 vé ta duoc

S=(CL) +2(C?) +..+n(C2) =nCy!, =nCy,

_1\K k-1
Vidu 5 : Tinh téng S = 1C;n —1(1; +...+(1)i+...+(—1)2“+1 L can
2 3 2n+1
Loi gidi
(2n)! 1 (2n+1)! 1 .

V6i k=2,2n+1 taco l(:‘;;1 = : Cont
k k(k-1)!(2n-k+1)! 2n+1 k!(2n+1-k)! 2n+1
D6 d6 ta co

2n+1

S = Z ) Ck -1 2nz+1 (_1)k Ck 1 2nz+1( 1) Ck
2n 2 +1 2n+l 2 +1 2n+1

k=2

1 2n+1 1 -
(;(—1)%;1—%1+c;n+1j=m((1—1)z '142n+1)=

2n
2n+1
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IV. CAC BAI TOAN TONG HOP.
DE BAI
Vi dy 1: Ching minh ring (C2 ~C2 +C! —...) +(Cl ~C2+C3 —..) =2
Vi du 2: Cho khai trién (x—1)" +x(x+1)"" =a, +a,x+a,x* +..+a, x> v6i n 1a s6 tu
nhién va n>3. Biét ) a, =768, tinh aj.
k=0
Vi du 3: Goi S 1a tong cac hé s6 ctia cac lily thira bAc nguyén duong ctia x trong khai trién
1 2018 1
nhi thire P(x)z[x+;j Tinh s+ Lo
Vi du 4: Cho khai trién a, (x-1)"+a, ,(x=1)"" +..+a,(x-1)+a, =x" v6i moi xeR,
neN va n>5. Tim n, biét a, +a, +a, =83n.

20 10
Vi du 5: Sau khi khai trién va rat gon thi biéu thtac (x—lj +(X3 —1j , cO tat ca bao

X2 X

nhiéu s6 hang ?
1 n
Vi du 6: C6 bao nhiéu s6 thuc x dé khi khai trién nhj thic (2* +22 J c6 tong s6 hang

tht 3 va tha 5 bang 135, con téng ctia ba s6 hang cudi bang 22?

Vi du 7: Trong khai trién cta biéu thiic (x3 -X —2)2017 . Tinh téng S ctia cac hé s ctia x>
v6i k nguyén duong?

Vi du 8: Ki hiéu a,, , la hé s cua s6 hang chta x**° trong khai trién (x2 +1)r1 (x+2)".
Tim n sao cho a,, , =26n.

Vi du 9: Cho khai trién x(x+1)" +2(x+1)" =a, +a,x+a,x* +...+a,,,x"" v6i n 1a s6 tu
nhién va n>2. Tim n, biét rdng a, -7n; na,; a, , theo th tu d6 lap thanh mot cap s
cong.

Vi du 10: Xac dinh n biét rng hé s6 ctia X" trong khai trién (1+x+2x* +...+nx" )2 bang
on.

Vi du 11: Cho n la s6 nguyén duong théa man C!.} +C!

n+1 n+1

=171. Tim hé s6 16n nhat cua
biéu thic P(x)=(1+x)(1+2x)" sau khi khai trién va rat gon.
Vi du 12: Khai trién (1 +X+ X+ ..+ x )11 duoc viét thanh a, +a,x+a,x” +...+a,,x"". Tinh
tong S=Cj,a, - Cj,a, +Cia, —-Cja, +...+ Cjja,, —Chia,,-
Vi du 13: Tinh téng

Clyy, —2°Chy, +3.2°Chyp —4.2°Chypy +...—2016.2°° C +2017.22° C2Y
Vi du 14: Tinh téng T = C}y,, + Coiy + Coonr +---+ Coon
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Vi du 15: V6i neN,n>2 va théoa man iz+i2+i2+...+i2:2. Tinh gia tri cua biéu
c: C: C C
2 3 4 n
C+C

thic P = ni2
(n—4)!

Vi du 16: Tinh téng S = Chs + Coms + Conng + -+ Copns (
k

Cans v6i k nguyén duong nhan gia tri lién tuc tir 1009 dén 2018 )

trong tong do, cac s6 hang c6 dang

Vi du 17: Biét réng trong khai trién nhj thic Niu-ton ctia da thtic P(x)=(2+x+2x* +x° )n
thi hé s6 caa x° 1a 1001. Téng cac hé s6 trong khai trién ctia P(x) bdng bao nhiéu?

Vi du 18: Cho khai trién P(x)=(1+x)(2+x)...(1+2017x) =a, +a,x +a,X* +.... +a,x*". Ki
hiéu P'(x) va P"(x) lan luot 1a dao ham cap 1 va dao ham cdp 2 cua da thic P(x). Tim
hés6 a,?

Vi du 19: Tim hé s6 ctia s6 hang chta x° trong khai trién

(1-2x+2015x™° ~2016x +2017x>"%)" .

7 0% (1-x) K (1-x) 1-x)" |
Vi du 20: Biéu thuc X—+X—.M+X—.ﬂ+...+& bang bao nhiéu?
10! 9! 1! 8 2! 10!

1 1 1 1

+ + +ot +
112018! 2!12017! 3!2016! 1008!1011! 1009!1010!

Vi du 22: Tim s6 nguyén duong n théaman Cj, , +C; ., +...+Ci'1 =1024.

N
v

Vidu 21: Gid tri cia A = ang?

Vi du 23: C6 bao nhiéu s6 duong n sao cho
S=2+(C]+C +..+C) )+(Cl+Cy +..+C J+...+(Chy +Ch 1)+ Ch

la mot s6 c6 1000 chit s6?
Vi du 24: Tim hé s6 ctia x° trong khai trién thanh da thic cta (2-3x)™, biét n 1a s&
nguyén duong théa man: Cy , +C;, ., +C;. ., +...+Cih =1024,
Vi du 25: Tim s6 nguyén duong n thda man 2C, +5C, +8C; +...+(3n+2)Ch =1600.
Vidu26:Véi x = -1 ta cé khai trién sau:

(XZ +2x+2

x+1

b b b
2 54 4 2018

)2018

2018 b1

2018
_ 2
] =8, +a;X+a,X" +eoF X+ +

x+1 (x+1)2 (x+1)3 (x+1

2018

Tinh téng S=>'b, ?
k=1

Vidu 27: V6i n la s6 tu nhién I6n hon 2, d§t S, =l3+i3+i4+...+ig. Tinh lim$S,
C C, C
3 4 5

(Ch) +e ()

n

2 2018
=

Vi du 28: Tinh téng S=——(C. )V +—~_
tauso Hnhvtons 2018( s ) 2017

208 2
2018
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) , e 2 3 -1\ nC"
Vi du 29: Cho s6 nguyén duong n, tinh tong S= <, + 2C, 36, + +()$
23 34 45 (n+1)(n+2)

Vi du 30: Tinh téng P =(C) )2 +(Ch )2 +~--+(C§ )2 theo n.

Vi du 31: Cho n va k nguyén duong théa man k <n. Chtmg minh ring
n+1( 1 N 111
n+2(Ck, C ) Cf

n+1 n+1

Vi du 32: Chiing minh rang 1+C> +C® +...= %(2“ +2cos%)

Vi du 33: Véi s6 ty nhién n >1. Ching minh rang
n+2

o
C) cosa+C; cos2a+Ch cos3o+...+Ch cos(n+1)o =2" cos™ 5 cos a

Vi du 34: Vé6i s6 ty nhién n >1. Tinh téng sau

A =C; (cosx—sinx)+0C2 +C; 3sinxcosx (sinx—cosx) +...+Cp.n sinxcosx(sin“‘2 x —cos" x)
Vi du 35: Véi s8 ty nhién m nguyén duong. Chtmg minh rang
Lo 1T 1o ()" w1

— . -——C+—C% —+—2LC =
1991 ' 1991 ' 1991 ! 1991-m "™ 1991
LOI GIAI

Vi du 1 : Chting minh rdng (Cf1 -C:+C} —...)2 +(Cf1 -C+C —...)2 =2"

Loi gidi
Xét s6 phtic z=(i+1)" =C} +iC} +i°C} +..+i"C} = (C) -C; +C} —...)+i (C, -C, +C} —...)
Mat khéc ta lai c6 z=(1+i)" =(v2)’ (Cos%+isin%j

Z 2, 2 . ~ z LN 2 7 .
So sanh |z| & c& hai v€ ta ¢6 diéu phai chimg minh!

. . R 2 2n-1 2. N
Vi du 2: Cho khai trién (x—1)" +x(x+1)" =a,+a,x+a,x’ +..+a, X" v6i n la sd tu

nhién va n>3. Biét ) a,, =768, tinh a.
k=0

Loi gidi

f(l1)=a,+a,+a,+...+a
Tacé{ ( ) 0 1 2 2n

£(1)+£(-1) =2 a,, =1536
f(—1):a0—a1+a2—...+a2n:> (1)+£(-1) ;a%

hay 2*" +22" =1536 = n=5= hé¢ s6 a, = C},(-1)" + Ci = -126.

Vi du 3: Goi S la tong cac hé s6 cta céc liiy thira bac nguyén duong ctia x trong khai

1 2018 1
trién nhj thitc P(x):(x+—j . Tinh S+=C3%.
X 2

Loi gidi
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1 2018 5018
4 2018—2k
Taco | x+ " E Chs-X .

Dé lity thira v6i s6 mii nguyén duong thi 2018 -2k > 0 <> k <1009.
Suy ra S=Chys + Chyg + -+ Conng-

1 1000 0 1008 . 1 ~1009
Suy ra S+ Eczms Cons + C2018 o+ Copg = > Coos
G-t iolgy 1 Cl® |0 Ll ol 1 LW | 2018 | ~2017 (1000 1 10
_— — = — —
5 s 2018 2018 2018 o o8 2018 2018 2018 o o8
0 1 2017 2018 _ 2018
= Cog + Copg -+ Coppg + Copg =27

2018

Véy S +1c1009 — 22017'
' 2

Vi du 4: Cho khai trién a, (x—1)"+a, , (x-1)"" +..+a,(x~1)+a, =x" v6i moi xeR,

neN va n>5. Tim n, biét a, +a, +a, =83n.

Loi gidi
Taco x" =[(x-1)+1]" =C (x=1)"+C} (x=1)" +C2 (x-1)" " +..+Ch " (x-1)+C.
Vi a,+a,+a, =83n=C2+C. +C! =83n

(n-1) +(n—1)(n—2)+ (n-1)(n-2)(n-4) =83 = n=13.
2! 3! 4!

<~

20 10
. . o« A N P ~ o« A » 1 1 pa A rd
Vi du 5: Sau khi khai trién va rat gon thi biéu thtc (x——j +(X3 ——j , €O tat ca bao

X2 X

nhiéu s6 hang ?

Loi gidi

1 20 1 10 20 1 m
Tacod | x—— | +|x>*==] =D CEx* (__j C™x 310m( _)
( Xz) ( xj ; 2 Z N
20
— Z( 2Oxzo 3k Z %Xao 4m_

Ta tim céc s6 hang c6 cung lay thura cta x:
{OSmSl0,0SkSZO

20— 3k = 30— 4m < 4m 3k —10 = (M) =(24),(6,7),(10;10).

Vay trong khai trién da cho c6 tat cd 21+11-3=29 s6 hang.

il n
Vi du 6: C6 bao nhiéu s6 thuc x dé khi khai trién nhi thuc [ZX +22 ] c6 téng s6 hang

thtt 3 va thtt 5 bang 135, con téng ctia ba s& hang cudi bang 22?

Loi gidi
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LAY
S6 hang thtr (k+1) trong khai trién 1a T, =C%(2*)"" (22 J :

Tu d6 suy ra:

e Téng hai s6 hang th 3 va tht 5 bang 135

LY naf 1Y
:»T2+T4=C§(2X)“[22 ] +CH(2) 4(22 ] =135 (1)
e Téng ba hé s6 ctia ba s6 cudi bang 22
n-2 n-1 n n(n_l)
=>C+C +C =2 ——+n+1=22<n=6.

Thay n=6 vao (1), taduge C;.2%2" % +C;.22.22™* =135 < 22" 4222 =9,

u=4=x=1
bit 0<u =2, ta duoc 2u+é=9<:> 1

1
u u=—=>Xx=——
1
Vay xe<1;,——+.
Y { 2}

2
\ . 2017 . R J e
Vi du 7: Trong khai trién cua biéu thtc (x3 —x—2) . Tinh tong S cta cac hé so cua

x*! v6i k nguyén duong?

Loi gidi
. (3 2017
Ta cod (x —x—2)

=a,+a,x+a,X +...+a455,x"" (1)

Tacan tinh S=a, +a;+a, +...+ay-

Thay x=1 vao (1), ta dugc a, +a, +a, +...+a,, =-2""" (2)
Thay x=-1 vao (1),, ta duoc a,—a, +a, —a, +...—ags =-2"" (3)

Tru vé theo vé€ (2) va (3), ta duoc 2(a, +a, +a, +..+ay; )=0<25+2a, =0<=S=-a,

2017
Theo khai trién nhi thtcc Niuton, ta c6 (x3 —X— 2)2017 => Chy (x3 — x)k (—=2)"""
k=0

¢ 2 A N 1 =
=56 hang a,x chi xuat hién trong C,, (x3 - x) (_2)2017 t

Ma Cy, (X - x)l (-2)"" =2017.2°.(x* —x) = a, =-2017.2""° =5 =2017.2"".

Vi du 8: Ki hiéu a,, , 1a hé s& cta s6 hang chta x*° trong khai trién (x2 +1)n (x+2)".

Tim n sao cho a,, , =26n.

Loi gidi
Ta c6 (X2 + 1)n (X + 2)“ = [ici (X2 )n_kj(iclxn—izij _N\'\ CKC Dix3n2ki,
k=0 i=0 k=0 i=0

Chon 3n-2k-i=3n-3 2k +i=3——(k;i)e{(0;3), (1;1)}.
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Suy ra hé s6 ctia s6 hang chtra ™" la C)C) 2% +C.C]2.

Theo gia thiét C)C>2°+C.C.2=26n=n=5.

Vi du 9: Cho khai trién x(x+1)" +2(x+1)" =a, +a,x+a,x’ +..+a,,,x"" voi n 1a s6 tu
nhién va n>2. Tim n, biét rdng a, —7n; na,; a, , theo thi tu d6 lap thanh mot cap s6

cong.

.....

Taco x(x+1)" +2(x+1)" =(x+1)" (x+2)=(x+1)" [(x+1)+1]=(x+1)n+l +(x+1)".

a,=C 4+C = (n +21)n . n(nz—l) 2

Suyra<a,=Cp,+Cr=(n+1)+1=n+2
(n+1)n(n-1) n(n-1) n(n-1)(n+4)

a,, =i+ Oy = B R

Theo gia thiét bai toan, ta co:

) A n=0 (L)
n(n+2)—(n2—7n):n(n_ )(n+ )—n(n+2)© n=-7 (L)
n=10 (N)

Vay n=10.

, > ¢ 2 n . R n 2 M
Vi du 10: Xac dinh n biét rang hé s6 cua x" trong khai trién (1+x+2x2 +...+1nxX ) bang

6n.

.....

Ta c6 (1+x+2x2+...+nx“)2:(1+x+2x2+...+nx“).(1+x+2x2+...+nx“)

Hésdcua x" la: 1n+1.(n-1)+2.(n-2)+..+(n-1).1+n.1
=1n+1.(n-1)+2.(n-2)+..+(n-1).[n-(n-1)]+n.1
:2n+n[1+2+3+...+(n—1):|—[12+22+32+...+(n—1)2}

:2n+n[$.(n_l)}_{n(n+1)6(2n+1)_nz}z n’ +611n.

3
n +11n:6n:>n=5

Theo gia thiét, ta c6

n
n+1

Vi du 11: Cho n 1a s6 nguyén duong théa man C!; +C", =171. Tim hé s6 l6n nhat cta

biéu thicc P(x)=(1+x)(1+2x)" sau khi khai trién va rat gon.

Loi gidi
S (n+1)! (n+1)!
Taco C 1 +C, =171 + =171
21 (n-1)! n!
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n=17

n(n+1)
n= —20(L)

=N +(n+1):171<:>n2+3n—340=0<:{

Khi d6 P(x)=(1+x)(1+2x)" =(1+x) ch 26x* —ZC‘1‘72kxk+ZCk 25Xk,

Suy ra hé s6 ctia x* trong khai trién 1a C}, 2" +Cy ' 25",
Ch 2" +C 28 > Ot 2t 4+ C) 2"
Cy, 2 +Cy 124 = Cy 12 + O 2202

1 S 22
Chl2vt >t (k-1)L(18-k)!  (k+1)l.(16-k)!
{C;Zk > 2282 = 2’ . 1

KL(17-K)! (k-2)L(19-K)!
1 S 4

(18-K)(17-K) ~ k(k+1) [3k?-141k +1224 <0

IS =k=12

f—
I 1 3k? - 147k +1368 >0

(k-1)k  (18-K)(19-K)
Vay hé s6 16n nhat can tim 1a C;32" +C;2" =50692096.

Heé s6 cta x* 1a 16n nhat khi {

. o« R 11 o A N
Vi du 12: Khai trién (1 XX+t xlo) duge viét thanh a,+a,x+a,x> +...+a X

1 2 3 10 11
Tinh tong S=C),a, —Cj,a, +Cha, - Cla, +..+Clla,, —Cjia,-

Loi gidi
Xét x =1, tir khai trién nhan hai vé& cho (x- 1)11 , ta duoc

11
(x"-1) =(x-1)" [a0+ax+ax +ota x|

o VEtrai = ZCk (-1) Rk 5 16 56 ctia x! bang C}, =11.

e VE&phai = (Z Crx"™( 1)kj.(a0 +aXx+a,x +..+ anoxm)

k=0
=He¢ s6 cta x"' bang Ca, —Cj,a, +Cha, —Cha, +...+ Cpta,, —Chia,,-

A _ 0 1 3 11 _
Vay S=Cja,-Cja, + Cna2 -Cla;+...+ Clla10 -Ca, =11.

Vi du 13: Tinh téng
Choy —2°Chpry +3.22°Chypy —4.2°Chy 1y +...—2016.2°° Co10 +2017.2%° Co7

Loi gidi
2017 K k 2017 7, X k ,
Ta 6 (1-x) ZCZW 1) X5 :>[(1—x) } =Z[C§m7.(—1) .xk}
k=0
& 2017.(1-x)"" = Clyy —2xC2y, +3x°Clyy, —4.2°Cliyy +...—2016.2%° CX1E 4 2017.2%1 CXY
Cho x =2 ta duoc:
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Cl, —22C2, +3.22C, —4.2°CY  +...—2016.22° C2% 4 2017.22° CXY = 2017 .

Vi du 14: Tinh téng T = Cly,, + Copy + Corr -+ Cany

Loi gidi
Xét hai khai trién:
o« 2% = (1 + 1)2017 = C(2)017 + C;017 + C§o17 + Cgow +..t+ ngi; (1)
e 0= (1 _1)2017 = C(2)017 _Céow +C§017 _Cgow +...—C§gi; (2)
Ldy (1)—(2) theo v&ta duge: 2™ = 2(Clyy, +Capyy + oy +-..+ Copy ) = T =277
. .. < 1, _ 1 1 1 9 . L. o 1R
Vi du 15: V6i neN,n>2 va théa man — +—+—+...+—=—. Tinh gia tri cta biéu
C, C C C. 5
5 8
thic P:—C“+C“*2.
(n—4)!
Loi gidi
. 1 1 1 9 012! 1121 212! (n—2)!2! 9
Tacd —+—=+—= — == + + tot——F—==
C, C C Cc. 5 2! 3! 4! n! 5
1 1 1 1 9 1 1 1 1 1 1 1) 9
(| —+—t+—+ oMl e =2
1.2 23 34 (n—l)n 5 2 2 3 3 4 n-1 n/) 5
5 3 5 3
o 2'(1—lj:2<:>1=l<:>n:10:>P:C“+Cn+2 :C1°+C12 =§
n/) 5 n 10 (n—4)! 6! 90

, ) 2 1009 1010 1011 2018 5 — . B
Vi du 16: Tinh tong S = Cyys + Cops + Cops +---+ Cops ( trong tong d6, cac s6 hang c6 dang

C‘;mg v6i k nguyén duong nhan gia tri lién tuc tir 1009 dén 2018 )

Lovi gidi
Ap dung tinh chat CX =C™™* ta c6
Cgow = Cigig
C;OIS = Cigg

2 _ (2016
szs = C2018

cin =i
cm =iy

= Chns + Cons + Coons + -+ Cants = Caong + Conng + -+ Cogs -
=25= Cgms + Céms + Cgms ot ngiz + Céggg-

Mt khac Cy +Chyyg + Clyg + -+ Co18 = (14:1)™" =228,
D018 C;ggg _ oy, %

Vay S=
ay 2
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Vi du 17: Biét rang trong khai trién nhj thic Niu-ton cta da thae P(x) = (2 +x+2x° +%° )n

thi hé s6 cua x° 1a 1001. T6éng cac he s6 trong khai trién ctia P(x) bdng bao nhiéu?

Loi gidi
Ta c6 P(x) :(2+x+2x2 +x3)n =(2+x)" (1+x2)n
= (Z Chonkyk j(ic;xﬂ j = ii(cﬁcgz“ )x 2
pari 10 k20 10

He¢ s6 ctia x° tng v6i k+21 théa man k+21=5=(k;1)={(5;0),(3;1),(1,2)}

e Trudong hop 1. Véi n25 khi dé (k;1)={(5;0),(3;1),(1;2)}.
—Heé s6 ctia x* [a C°C02"5 4 C3C1 2" 4 CLC2 2" =1001.
Vi v& trai [é ma vé phai luon chdn néu n >5 do d6 chi c6 thé chon n =5.
Tht lai vao phuong trinh ta thdy n =5 thda man diéu kién.

e Truong hop 2. V6i 3<n <5 khidé (k;1)= {(3;1),(1,’2)}.
—Heé s6 ctia x* la C2C1 2" 4 C1C22" =1001.
Vi v& trai [é ma vé phai luon chdn néu n >3 do d6 chi c6 thé chon n =3.
Tht lai vao phuong trinh ta thdy n =3 khong thda man diéu kién.

e Truong hop 3. V6i n=2 khidé (k;1)=(1;2).
=Heé s6 ctia x° la C;C;2=1001: vo ly.

Do d6 chic6 n=5 thda man = téng cac hé sd trong khai trién la —"*1 6° =7776.

Vi du 18: Cho khai trién P(x)=(1+x)(2+x)...(1+2017x)=a, +a,x+a,X" +....+ 2, x*"".
Ki hiéu P'(x) va P"(x) lan luot la dao ham cap 1 va dao ham cap 2 cua da thac P(x).

Tim hé s6 a,?

Lovi gidi
Ta co P'(x)=a, +2a,x+3a,x"....+ 2017a,,,x*"°.

Tiép tuc dao ham 14n nita, ta c6 P"(x) = 2a, +6a,x....+2017.2016a,,,,x*".

PH
Cho x =0, ta dugc P"(0)=2a, = a, :i)

2
Cha y P'(x)zP(x).(l1 +22 +....+12§;177j
+X +X + X
2 2 2 2
STRTNY (R S G . LI TR |
1+x 2+x 1+2017x 1+x 2+x 1+2017x

Vi du 19: Tim hé s6 ctia s6 hang chtta x® trong khai trién

(1-2x+2015x™" ~2016x* +2017x")" .

Loi gidi
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Pt f(x) = (1 —2x+2015x*"° —2016x*"" +2017x*""* )60
a .
g (X) — 2015X2016 _ 2016X2017 + 2017)(2018

Suy ra f(x)= [1 +(—2x+g(x))]6O = iclgo [_2X+g(x)]k

_ icgoic; (-2x) [(x)]" (0<i<k<60).

i=0

Cta s 3 . . L | k=i=0 k=3
Vi bac cta da thuc g(x) la 2018 = s6 hang chta x” tng voi =1 .
1=

Vay hé s6 can tim la C3.C3.(-2)" =-8.C3,.

2 0
Vi dy 20: Biu thae 2o 4 X (12X) ¢ (%) (1-x)
S 10090 10 8 21 10!

bang bao nhiéu?

Loi gidi

k(1 o\10k
Ta co6 X—& =i.1—0!.xk.(1—x)w_k :L.leo.xk.(l—x)m_k (0<k<10).
k! (10—1()! 10! k!(10—k)! 10!

K1) K (10 (X"

—_—. —. et
100 9! 1! 8 21 10!
10
=LZC§O.xk.(1—x)l°’k :i(x+1—x)10 1
10!{= 10! 10!
Vi du 21: Gia tri ctia A = t . L. L + L bang?
1!12018! 212017! 3!2016! 1008!1011! 1009!1010!
Loi gidi
K
Ta co ;:&.Do do
k!(n-k)!' n!
Chy Cho, Cho, O Chy ot O
2019! 2019! 2019! 2019! 2019!
_ C2019 +C;019 + C§019 et Cég(l)g -1 _ 27 -1 )
2019! 2019!

Vi du 22: Tim s6 nguyén duong n théaman C,,,, +C; ., +...+C301 =1024.

Loi gidi

2n+1

P 2n+l e 1 2n+1
Taco 2" =(1+1)" =Cy ., +Cyy +..+Co0y
_ 2n+l  ~0 1 2n+1
0_(1_1) _C2n+1 _C2n+1 +"'_C2n+1
1 3 2n+1) _ A2n+1 1 3 2n+1 __ ~2n
Suy ra 2(C},., +Cpy +..+Cony ) =22 = C L, +C L+ + TN =2

Do d6 22" =2024 < 2°" =20 < n=5,
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Vi du 23: C6 bao nhiéu s6 duong n sao cho
S=2+(C)+Cy+..+C0)+(Ci+C +...+ Ch )+..+(Cig + Co )+ Ch

1a mot s& c6 1000 chit s6?

Loi gidi
Ta co:
S=2+(C)+Cy+..+Ch)+(Ci+Ch +...+ Ch )+..+(Cr +Co ')+ Ch
=2+(C)+C})+(C+Cy +C3 )+ 4 (Ch +CLy +..+Coy ) +(Co+Ch ..+ Ch)
=242+ (1+1) 4.t (1+1)" +(1+1)
21

=242 4224 42" =242, =G =2

S 1a mot s6 c6 1000 chits6 = 10™ <S< 10" < 10 <2 < 10"
< 999log,10-1<n<1000log,10-1

DoneN nén ne {3318;3319;3320} .

Vay c6 3 s6 nguyén duong n théa man yéu cau bai toan.

Vi du 24: Tim hé s6 cta x° trong khai trién thanh da thic cta (2—3x)2n, biét n 1a s6

nguyén duong théa man: C)_ , +C;, ., +Cs,.; +..+Coh, =1024.

Loi gidi
2 2n+l 0 2n+1 1 2n 2n 2n+1
Taco (x+1)" =Cy X" +Cy X" +..+Con x+Conty (1)

Thay x=1 vao (1): 2" =C} ,, +Cyy +..+ Con +Contl (2)

Thay x=-1 vao (1): 0=-C,,,, +C,,,; —.—Con,, +Cont (3)

Phuong trinh (2) trir (3) theo vé: 22! = 2(an+1 +C ot C§E+1)

Theo dé bai ta c6 2*"" =2.1024 < n =5

S8 hang tdng quét ctia khai trién (2-3x)" 1a T, , = C%.21%,(-3x)" = C% .21 (-3)" x*

Theo gia thiét ta c6 k =5. Vay hé s6 cin tim 1a C3,.2°.(-3)’ =-1959552 .

Vi du 25: Tim s6 nguyén duong n thda man 2C; +5C; +8C. +...+(3n+2)Ch =1600.

Loi gidi
Tac6 2C) +5C, +8C5 +...+(3n+2)Cp =3(C}, +2C; +...+nCp ) +2(C) +C, +C} +...+Ch ).
Mit khac C? +CL+C2 +...+Ch =2".

n! B (n—l)! R
(n-k)'k! _n’(n—k)!(k_l)! =nC,.

Khi d6 C} +2C. +...+nCp =nC)_, +nC}, +..+nCh} =n(C), +C) +..+Co})=n2"".

Cdch 1: Ta c6 kCt =k.
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Cich2: (1+x)" =C) +Cix+C2x* +Cox” +...+ Cix" (1).

Pao ham hai v& ctia (1) ta dugc n(1+x)"" =CL +2xC2 +3x*C? +...+ nx""'C"
Khi d6 v6i x=1, tacé n2"" =C! +2C? +3C’ +...+nC"

Do d6 2C) +5C, +8C2 +...+(3n+2)Cp =3n.2"" +2.2" =(3n+4).2"".

Theo gia thiét ta c6 (3n+4).2""' =1600 > n=7.

Vidu26:Vé6i x# -1 tacé khai trién sau:

X% +2x+2
x+1

2018
b b b b
=a, +aX+a,X" Fot X — o —2 3 28
x+1 (x+1)" (x+1) (x+1)

2018

Tinh téng S=> b, ?
k=1

Loi gidi

2 2018
Pt f(x)= (L’sz , taco £(0)=a,+b, +...+ by, =27
X+

Suy ra a, +5=2""(1)

. 2018 18 Zk 2018
Lai c6 f(x):(x+1+x+1j ZCMS
1008 Ck 2018 Zk 2018
- Z 20210818 T Z C2018 .
k=1009
Suy ra
e b,=b,=..=b,,, =0=S=b, +b, +...+byps = Chs + Choss +---+ Cing + Cons
o ay=Coig + Conig +o+ Cog + oy = Copg +5 (Vi G =C17).(2)
Tix (1) va (2), suy ra S=2*" —%Cég(fg
. e 1s K A1 y 1 1 1 1 . ..
Vidu 27: V6i n las6 tunhiénlén hon 2, dédt S| =—+—+—+...+—. Tinh lim§S
C3 C4 C5 Cn
Loi gidi
Taco C° = n! =(n—3)!(n—2)(n—1)n :n(n—l)(n—Z) :%: 6
3!(n-3)! (n-3)x6 6 C) n(n-1)(n-2)
Vaytaco S, = 6 + 6 + 6 +..+ 6
123 234 345 n(n-1)(n-2)
1 1 2 1 1 . 2 3 1 1

Nhan xét

123 12 23 234 23 34 " (n-2)(n-1)n (n-2)(n-1) (n-T)n

=S :3£L—L+L—L+“.+ ! 1 1 _lj _3(1_1j 3(“‘2]:311_6

" 1.2 23 23 34 n-2 n-1 n-1 n 2 n 2n 2n
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3.6
Vay limSnzlim(3n_6jzlim —n :E.
2n 2 2
2 00
Két hop gia thiét c6 n=3 __ 2 -n-3 . _o

(n+1)(n+2) (n+1)(n+2)

Vi du 28: Tinh téng S = ﬁ(cims )2 +L(C§o1s )2 L +¥(C§8}§ )2 +¥(C§8}§ )2

2017
Loi gidi
. 2 _ 1 )2 2 2 )2 2017 (o7 \2 | 2018 50152
Tlnh tong S = ﬁ(CZOls) + m(czms) +...+ T(CZZOIS ) + T(C2018 )
Ta c6 Cllj :H_Tm.d;l voi VkeN, neN, n>k nén:
1 2018 2 2017 2018 1
= 2018 ;018' 1 3018 + 2017 Cgms- 5 C;ms +...F Tcigig-ﬁcggg

1 0 2 1 2017 ~2016 2018 2017
= Cons-Cons + Coog-Cons + -+ + Cons-Coms + Cong-Cons -
s~k 2018k 2018 2 2017 2017 ~2 2018 ~1
Ma Cy5 =Ch5 -~ suyra S= C2018 Cons + Cong-Comg -+ Cong -Cong + Cons-Cons -

2018

Z CheX = (14%)™ . (1+x

2018

Mzt khac ta ¢6 (1+x) )2018

2018 2018 2018

= Zczolsxk Zczmgx = Z C2018 C12018’Xk+1 (1) .

k,1=0

2019

Suy ra hé s6 cta s6 hang chita x*™ trong khai trién cta (1) la

_ 1 2018 2 2017 2017 2 2018 1
S - C2018 'C2018 + C2018 'C2018 +...t C2018 'C2018 + C2018 ’C2018 N
. 2018 2018 4036 4036
Laido (1+x) .(1+x)" =(1+x) ZC4036X

Suy ra hé s6 ctia s6 hang chtra x*

Vay S = CangCoors + Coons Cors + -+ Cong-Cons + Coong Caons = Clg
~ 4036! _ 4036-2018 4036! 2018 s
2019!.(4036—2019)! 2019  2018!.(4036-2018)! 2019 "’

trong khai trién ctia (2) la Cpg -

) , e 2 3 -1\ nC»
Vi du 29: Cho s6 nguyén duong n, tinh tong S = G, 4 2C, 3G, +... +()# .
23 34 45 (n+1)(n+2)

Loi gidi
Vé6ik, neN, 0<k<n, n>0 taco:

1 Ck = n! _ (n+1)! _ 1 a
k+1 " (k+Dk!(n-k)! (n+1)(k+1){(n-k)! n+1 ™"

Ap dung ta cé:
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kG, _ G, (1— 2 j: S, G I P <
(k+1)(k+2) k+1 k+2) k+1 (k+1)(k+2) n+1 (n+1)(n+2)
+ 3 4 n+2
SU.y ra S= Ci+1+ci+l Ci” ( 1) Cgé 2|: C +2+C w2t +( 1) Cn+2:|
n+1 (n+1)(n+2)
Ta co:

1 1
n+1 n+1 + Cn+1 n+1 n+1 Cn+1

* Ci_ﬂ ( 1) Cn+l ( CO CTZH_l ( 1) Cn+1) CO
=—(1-1)"" +1-(n+1)=-
e -(C°

(CO n+2

n+2

$C 4t (-1) O

n+2

—C3

n+2

+C?

n+2

—-C!

n+2

+Ch g+t (A1) C2 )= (Cho —Ch
—(1-1)"" - 1-(n+z)+(“+1)(“+2) __ntn
2 2

2 n’+n -n
Vay S=—(-
v n+1( )

+ C121+2 )

Tmi)n+2) 2 (n+l)(n+2)’

Vi du 30: Tinh téng P= (C?1 )2 +(C:1 )2 +-~-+(CE )2 theo n.

Taco (1+x)" (1+x)" =(1+x)™" (1).
(1+x)" (1+x)" (zc‘ kj(ZCl ljva 1+x)’ ZC

Xét hé s6 ctia X" trong khai trién vé trai ctia (1) la >’ C;.C, = iCi.CE‘k = i(C‘; )2 :

k+l=n k=0 k=0

Hé s6 ctia x" trong khai trién vé& phai cta (1) la C5, .

Tudosuyra 3 (C) =(C0) +(CL) +-+(C2) =C,
k=0

Vi du 31: Cho n va k nguyén duong thda man k <n. Chtng minh rang

n+1( 1 1)1
n+2|Ct T Ck Cx

n+1 n+1

Bién déi gia thiét ta c6

n+1( 11 ] n+1£k!(n+1—k)! (k+1)!(n—k)!J

n+2| Ck Cﬁﬁ n+2( (n+1)! ’ (n+1)!
I(n— (n-Kk)! ((n—k)!
:II:;k(.1(1n+11)<!).(n+1_k+k+1):Ezk('ﬁnnl)(!).(n”):k (I;!k) :é
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. G Ton2eenla TG

n+1

Vi du 32: Chiing minh réng 1+C> +C° +...= %(2“ +2cos%j

Loi gidi

Taco 2" =C) +C, +C2+...+Ch(1). Xét s6 phuc oc:c052§+isi1r12—37T ta co

o’ =(cosﬁ+isin%j3 :1<:>(oc—1)(a2+oc+1):0
3 3

Mat khac

e (1+a)'=C)+aC, +a’Cl +..+a"Ch =C) +aC} +a’C2 +C +aC; +a’C) (2)

. (1+0L2 )n =C) +a’C, +a’C +...+a”"C) =C) +a’C, +aC: +C +a’C,, +...(3)
Cong 2 v&€cua (1),(2),(3) taco

2" +(1+a) +(1+oc2)n :B(Cﬂ +C+C° +...)+(1+oc+oc2)(Ci +C2 +Ci...)
=3(Cy+C+Cp +..)

N T .. T T .. T _ L 3:A 7 P .
Ma 1+0c=cos§+1sm§;1+oc2 =cos§—1sm§ nén ta c6 diéu phai ching minh!

Vi du 33: V6i 56 tu nhién n > 1. Chiing minh réng
n+2

o
C) cosa+C, cos2a+C2 cos3o+...+Ch cos(n+1)o =2" cos” o cos o

Loi gidi
Xét khai trién (x+1)" =C) +xC;, +x*Ca +...+x"Cp = x(x+1)" Zxk“Ck

Thay x=cosa+isina va st dung cong thiic Moive ta c6
(cosa+isina)(cosa+isina)’ =C) cosa+C, cos2a+..+Chcos(n+1)a
+i(C) sino+C] sin2a+...Chsin(n+1)a)(1)
1 . . n a .. o o) . Lo a .. o)
Mat khac (1+Cosoc+1smcx) =| 2cos® = +2isin—cos— | =2"cos" —| cos—+isin—
2 2 2 2 2 2
Theo cong thic Moive ta c6
. o .. o) . no . . na
(cosoc+1s1noc)(cosi+1smzj =(cosoc+1smoc)(c037+1sm7j

... n
a+1sin

=COs (0

Do d6 (1+cosa+isin a)n =2" cos" %COS n+2 o+i.2" cos” %Sil’l n a(2)
T (1),(2) ta c6 diéu phai chimg minh!
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Vi du 34: Vé6i s6 ty nhién n > 1. Tinh tdng sau

A =C; (cosx—sinx)+0C2 +C; 3sinxcosx (sinx—cosx) +...+Ch.n sinxcosx(sin“‘2 x —cos" x)

Xétham s6 y =(1+cosx)" +(1+sinx)" thi:
y =(C) +C} cosx+C cos” x +...+ Ch cos" x ) +(Cy + C sinx +...+ Cj sin” x)
=2C, +C, (sinx+cosx)+C; (sin2 X +cos’ x)+ ..+t Ch (sinn X +cos" x)
= y'=C, (cosx—sinx)+0.C2 + C>3sinx cos x (sin x — cos x)
n n n

+... +Chnsinxcosx(sin"* x —cos"” x)

4 . -1 . . -1
Do d6 A:y‘:((lJrcosx)n +(1+smx)n): n(1+cosx)” .(-sinx)+n(l+sinx)  cosx

= n(cosx(1+sinx)nf1 —sinx(1+cosx)n'1)

Vi du 35: Véi s6 tu nhién m nguyén duong. Chtmg minh rang

1 1 1 (-1)" 1
¢ - o +— 2 —h = =
1991 " 1991 ' 1991 1991-m "™ 1991

.....

Voi n=1,2,..,ta dit S(n)=> (-1 ' trong d6 tong duoc 14y tir m=0 cho dén hét

nhiing s6 hang khac 0. Tac6 ) C =Cr*! =1-S(n)
k=m

n-1-m

Ta co
n-2
e S(n)=1->S(k),suyra S(n+1)=S(n)-S(n-1)(1)
k=0
e S(0)=5(1)=1, tirdé $(2)=0,5(3)=-1,5(4)=-1,5(5)=0,5(6)=1,5(7) =1
Tix (1) taco S(m)=S(n)néu m=n(mod6). Do T Cr=C™, +C™'  néntaduoc:
n-m
1 1 1 ) 1
1991. @ngl —MC}%I +@C5991 —...+19(91—)_mC1991m +—%ngz =1

Suy ra diéu phai chiing minh.
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CAC BAI TOAN PEM - XAC SUAT HAY VA KHO
Tiép ndi thanh cong cta s trude, trong s6 nay ching ta sé cing di tim hiéu cac bai toan
dém - xac suat hay va kho. Bén canh cac phuong phép tinh xéc sudt co ban nhu trong séach
gido khoa, trong bai viét nay minh sé gidi thiéu cho cac ban mot vai cong cu manh nira dé
giai quyét cac bai toan xéc suét.
I. HAI BAI TOAN TiNH XAC SUAT CO NHIEU UNG DUNG
1. BAI TOAN CHIA KEO EULER
Bai toan chia keo cta Euler 1a bai toan néi tiéng trong Ly thuyét t6 hop. Véi nhimg hoc
sinh chuyén Toan cdp 3 thi day 1a bai toan quen thudc va cé nhiéu tng dung. Dudi day la
mot cach ti€p can bai toan chia keo cua Euler cho hoc sinh 16p 6 & 7 dé thay réng cac bai
toan d&ém néi riéng va céac bai toan t6 hop néi chung ludn la nhimg bai toan ma 10i gidi ctia
n6 chta dyung sy hon nhién va ngay tho. Trudc hét, xin phat biéu lai bai toan chia keo cta
Euler
Bai todn chia keo ciia Euler:
C6 n céi keo (giong nhau) chia cho k em bé, hdi c6 bao nhiéu cach chia sao cho em nao
cting c6 keo.
Mot cach hop 1i, ta hay xét bai toan trong truong hop cu thé, don gidn hon dé tir d6 dinh
huéng dua ra 10i gidi cho bai toan tong quat.
Bai toan 1. C6 20 cai keo (giéng nhau) chia cho 3 em bé, hdi c6 bao nhiéu cach chia sao cho
a) Mo6i em c6 it nhat 1 céi keo.
b) Mdi em c6 it nhat 2 cai keo.
c) Em tha nhat c6 it nhat 1 cai keo, em thtt hai c6 it nhat 2 cai keo va em thit ba c¢6 nhiéu
nhat 3 cai keo.
Loi gidi.
a) Nhan thay rr?mg, vi moi em c6 it nhat mot cai keo nén sd keo ctia em thit nhat nhan duoc
it nhat 1a 1 va nhiéu nhat 1a 18 Xét cac truong hop
Truong hgp 1. Em tht nhat nhan duoc1 cai keo, thi s6 keo cta em tht hai c6 thé
1a 1,2,3,...,18 em thtt ba nhan s6 keo con lai sau khi chia cho em tht nhat va em tha hai
xong, nghia la trong truong hop nay c6 18 cach chia keo.
Truong hop 2. Em tht nhat nhan duoc 2 cai keo, khi d6 s6 keo cta em tha hai c6 thé
1a1,2,3,..,17 em tha ba nhan s6 keo con lai, nghia 1a trong truong hop nay c6 17 cach

chia keo

Hoan toan tuong ty cho céc truong hop con lai, ta nhéan thdy s6 cach chia 20 céi keo cho 3
em bé sao cho em nao cting c6 keola 18 +17+...+2+1=171

Phat biéu tong quat.
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Néu k =1 thi chi ¢6 1 cach chia keo
Néu k>2 ta trai n chiéc keo thanh dan hang ngang, tiép theo ta dung (k—1) chiéc thudce
dit vao (n-1) khe gitta cac vién keo dé n6 chia thanh k phan. Nhu vay c6 tat ca Ci
cach.
Ca 2 truong hop ta déu c6 CX7; céach chia keo.
Trén day la 10i gidi cta bai toan chia keo Euler - bai toan dém ndi tiéng véi nhiéu tng
dung trong cac bai toan dém khac. Bai nay tac gia sé trinh bay bai toan goc co ban va mot
sO bai toan dém dang tng dung ma néu dém theo cach thong thuong sé rat kho khan,
nhung khi hiéu theo cac d&€m ctia bai toan Euler thi bai toan lai tré thanh don gian.
Sau day ta sé cng tim hiéu mot tng dung rat lon trong viéc dém s6 nghiém nguyén cda
phuong trinh.
Bai toan 1. Phuong trinh Zk:xi =n(n>k) c6 bao nhiéu nghiém nguyén duong?

i=1
Coi x; 1a phan keo cta em nho tht i trong bai toan chia keo thi s6 nghiém cda phuong
trinh chinh la s8 cach chia n chiéc keo cho k em nhé. Vay phuong trinh c6 C57] nghiém
nguyén duong.
Bai toan 2. Phuong trinh ixi =n(n>k) c6 bao nhiéu nghiém nguyén khong am?

i=1
Taco x; +X, +..4+%, =N (x; +1)+(x, +1)+...+(x, +1)=n+k
bit x,'=x; +1 thi x;' 1a cac s6 nguyén duong.
Ap dung bai todn goc ta c6 tat cd CX.} , nghiém nguyén khong am cta phuong trinh

k
Bai toan 3. Bat phuong trinh » x; <n(n>k+1) ¢ bao nhiéu nghiém nguyén duong?
i=1

k k

Taluon c6 Y x,<n< Y x +x'=n(x'>1). Vay c6 tat ca C;_; nghiém nguyén duong ctia
i=1 i=1

phuong trinh.

k
Bai toan 4. Bat phuong trinh ) x; <n(n>k)c6 bao nhiéu nghiém nguyén duong?
i=1

k k k
Taco ) x;<ne ) x +x'=n(x'20)< D x; +x"=n+1(x"=x"+1)
io1 io1 i=1

Ap dung bai toan Euler ta c6 C¥ nghiém

k
Bai toan 5. Phuong trinh ) x; =n 6 bao nhiéu nghiém nguyén théa man déng thoi 2
i=1

k
diéu kién x, >d,(d,; 20),n>>d,(k>1)?
i=1
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x.'>1

i
i:xi'szrk—i:di '
i=1 i=1

bdt x,'=x,-d, +1=

k
bdt D = Z:di thi theo bai toan chia keo, phuong trinh c6 CX,, , , nghiém.

i=1

2. BAI TOAN PEM HINH HOC.
Bai toan 1. Cho da gidc c6 n dinh. Xét tam gidc c6 3 dinhla 3 dinh cta da giac

e Co6dung 1 canh chung voi da gidc n(n—-4)

e (6 duang 2 canh chung véi da giac n

e Khong c6 canh chung v6i da giac C, —n—n(n-4)
Bai toan 2. Cho da giac déu c6 2n dinh.
S6 tam gidc vudng c6 3 dinhla 3 dinh cta da giac lan(2n-2)
Bai toan 3. Cho da giac déu c6 n dinh. S6 tam gidc ttt dugc tao thanh tir 3 trong n dinh
n=2k ->nC>,
cua da giac la 2 s
n=2k+1->nC ,

2

Bai toan 4. Cho da giac déu c¢6 n dinh. S6 tam gidc nhon dugc tao thanh tir 3 trong n
dinh ctia da gidc = C. —(s6 tam giac tu + s6 tam giac vuong).
Bai toan 5. Cho da gidc déu c6 n dinh. Cong thic tong quét tinh s6 tam giac tu:

e Néu n chdn -»n.C2_,
2

e Néunlé >nC’,
2

Bai toan 6. Cho da giac c6 n dinh. Xét tt gidc c6 4 dinhla 4 dinh ctua da giac
e (6 dung 1 canh chung véi da giac nx [Cfl_4 —(n —5)] =A
n->5)

e Co6dang 2 canh chung v6i da gidc n(n—-5)+ H(T

=B

e Co6 dang 3 canh chung véi da gidc n=C

e Khong c6 canh chung voi da gidc C, —(A+B+C)
Va ta ¢6 thé chimg minh duge C, -(A+B+C)= %Ci_S
Bai toan 7. Cho da gidc déu c6 2n dinh.
S6 t gidc c6 4 dinhla 4 dinh ctia da giac va tao thanh HINH CHU NHAT 1aC2.
Bai toan 8. Cho da giac déu c6 4n dinh.
S6 t gidc c6 4 dinhla 4 dinh ctia da giac va tao thanh HINH VUONG la n
Chitng minh.
T gidc co dung 1 canh chung voi da gidc
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Chon 1 canh trong n canh ctia da giac nén c6 n céch.

Chon 2 dinh con lai trong n—4 dinh (tham khao hinh vé trén) nén c6 C2 , nhung 2 dinh
nay khong dugc lién ti€p nén trix cho n-5 (vi 2 dinh lién ti€p sé tao nén 1 canh ma c6
n -4 dinh con lai nén ¢c6 n—5 canh).

Vay trong truong hop nay c6 nx [Ci_4 —(n- 5)] ta gidc.

T gidc co diung 2 canh chung voi da gidc

Truong hop 1: Tt gidc ¢6 hai canh ké tring v6i canh cta da giac

Vi hai canh ké cit nhau tai 1 dinh, ma da gidc c6 n dinh nén c6 n cach chon hai canh ké

trung véi canh cua da giac.

Chon 1 dinh con lai trong n—5 dinh (b6 3 dinh tao nén hai canh ké va 2 dinh hai bén,
tham khao hinh v&). Do d6 truong hop nay c6 n(n-5) ta giac.
Truong hop 2: Tt giéc c6 hai canh d6i thudc canh ctia da giac

Chon 1 canh trong n canh ctua da giac nén c6 n céch.

Trong n—4 dinh con lai (b6 2 dinh tao nén canh da chon ¢ trén va 2 dinh lién ké canh da
chon, tham khéo hinh vé) sé tao nén n-5 canh. Chon 1 canh trong n-5 canh d6 nén c6
n-5 cach. Tuy nhién trong truong hgp nay so ta gidc minh d€m dén 2 lan.

Do d6 truong hop nay c6 n(n-5) ta giac. Vay co n(n—5)+@ ta giac thda man.
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Tt gidc c6 diing 3 canh chung voi da gidc
DPénh s6 tht ty cac dinh ctia da giéc, ta c6 n bo 4 s6:
(1,2;3;4), (2;3;4;5), ..., (n-3;n-2;n-1;n), (n-2;n-1;n;1), (n-1,n;1;2), (n;1;2;3).

LN\,

Vay truong hop nay c6 n ta giac thoa man.
II. CAC BAI TOAN TONG HOP.
Cau 1: Cho tap A= {1;2;3;...;2018} va cac sO a,b,ce A. Hoi c6 bao nhiéu s6 tu nhién co

dang abc saocho a<b<c va a+b+c=2016.

Loi gidi
Xét phuong trinh a+b+c=2016.
Ta biét phuong trinh trén c6 Cj,; nghiém nguyén duong.
e THI: Xét cac cdp nghiém 3 s6 trung nhau: a=b=c=672.
e TH2: Xét cac cdp nghiém c6 a=b, c#a=2a+c=2016. Suy ra c la s6 chdn thoa
0<c<2016 nén c6 1007gia tri c. Do d6 c6 1007 cdp, ma c6 cdp trux cdp
(672,672,672 ) (loai). Do d6 c¢6 1006 c&p.

e Tuong tu ta suy ra c6 1006.3 cdp nghiém c6 2 trong 3 s6 trung nhau.
Clos —3.1006 -1
3!

Do s& tap hop gdm ba phan ti c6 tdng bang 2016 1a =337681.

(Chia cho 3! 1a do a<b<c nénkhong tinh hoén vi ctia bo ba (a,b,c))

Cau 2: Cho tap A ={1;2;3;...;100}. Chon ngau nhién 3 s tu tap A. Tinh xac suat dé 3 s&

dugc chon ra khong c6 2 s6 nao 1a 2 s6 nguyén lién tiép.

Loi gidi
S6 cach chon ngau nhién 3 s6 1a C;,
Ta tim s6 cach chon bd 3 s6 (a; b,'c) thoa man, theo gia thiéttacé 1<a<b-1<c-2<8
Pat b'=b-1;c'=c-2=1<a<b'<c'<8.
MBbi cach chonra bo 3 (a;b';¢') tix tap {1;2;..,8} tuong tng v6i mot bo ba s (a;b;c) thoa

g 2 2 ~ z e A C3 7
man. Vay c6 tat ca C;’ cach chon thoa man. Xac suat can tim la C_38 = 15
10

Cau 3: Goi S 1a tap hop céc s6 tu nhién gdm 3 chit s6 dugc lap thanh tu tap X ={1;2;..;8}.

Rat ngdu nhién tir tap X mot s6 ty nhién. Tinh xac suat dé so rut dugc s6 ma trong sé do
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chit s6 ding sau ludn 16n hon hodc bang chit s6 dang trudc?

Loi gidi
S6 céc s6 thudc tap S1a 8.9.9 =648
S6 rut ra c6 dang abc voi 1<a<b<c<8.Pita'=a-1,c'=c+1=0<a'<b<c'<9.
MBbi cach chon ra bo 3 (a;b';c') tir tap {0;1;2;...;9} tuong tng v6i mot bo ba s6 (a;b;c)

théa man. Vay co6 tat cd C;, cach chon thda man.

A 5
Vay xac sudt can tinh la >

Cau 4: Goi S 1a tap hop cac s6 ty nhién gém 5 chit s6. Tinh xé4c suat dé s6 rat duoc sd ma
trong s6 d6 chir s6 dung sau luon 16n hon hodc bang chit s6 dung trudc va ba chir s6

ding gitta doi mot khac nhau?

Loi gidi
S& céc s6 thuoc tap Sla 9.10*
S6 chon ra c6 dang abcde v6i 1<a<b<c<d<e<9
Pita'=a-1,e'=e+1=0<a'<b<c<d<e'<10

DPén day thuc hién tuong tu cau trén ta tim duge CJ, s6.

Vay x4ac suat can tinh la :
500

Cau 5: Tir 12 hoc sinh gom 5 hoc sinh giodi, 4 hoc sinh khé, 3 hoc sinh trung binh, gido
vién mudn thanh 1ap 4 nhom lam 4 bai tap 16n khac nhau, méi nhom 3 hoc sinh. Tinh

xac sudt dé nhom nao ciing c6 hoc sinh gidi va hoc sinh kha.

Loi gidi
Ta c6 s phan i khong gian mau la n(Q) =C3,.C;.C..C5.
Panhs6 4 nhom la A, B,C, D

e Budc 1: x€p vao mdi nhom mdt hoc sinh kha c6 4! cach.

e Budc 2: x€p 5 hoc sinh gidi vao 4 nhom thi c6 1 nhém c6 2 hoc sinh gidi. Chon
nhom c¢6 2 hoc sinh gioi c6 4 cach, chon 2 hoc sinh gioi ¢ C; cach, xép 3 hoc
sinh gidi con lai c6 3! cach.

e Budc 3: Xép 3 hoc sinh trung binh c6 3!cach.

414.C2313! 36
C,CiCiCl 385

bap so:

Cau 6: Tro choi quay banh xe s6 trong chuong trinh truyén hinh “Hay chon gia dung”
ctia kénh VTV3 Dai truyén hinh Viét Nam, banh xe s& ¢6 20 nac diém: 5, 10, 15,...,, 100

v6i vach chia déu nhau va gia st rang kha ning chuyén tir ndc diém da c6 t6i cac nac
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diém con lai 1a nhu nhau. Trong mdi lugt choi c6 2 ngudi tham gia, mdi ngudi duoc
quyén chon quay 1 hodc 2 14n, va diém s6 ctia ngudi choi dugce tinh nhu sau:
e Néu ngudi choi chon quay 1 1an thi diém cta nguoi choi la diém quay dugc.
e Néu nguoi choi chon quay 2 1an va tong diém quay dugc khong 16n hon 100 thi
diém ctia nguoi choi la téng diém quay duoc.
e Néu nguoi choi chon quay 2 1an va téng diém quay dugc 16n hon 100 thi diém
ctia ngudi choi la tong diém quay duoc trir di 100 .
Luat choi quy dinh, trong mdi lugt choi ngudi nao cé diém s cao hon sé thdng cuoc, hoa
nhau sé choi lai lugt khac. An va Binh cting tham gia moét lugt choi, An choi truée va cé

diém s6 1a 75. Tinh x4c suat dé Binh thing cudc ngay & luot choi nay.

Loi gidi
100-5

Cich 1: Ta c6 n(Q) +1=20.

Dé Binh thing ta c6 ba truong hop.

e Truong hop 1. Binh quay mot lan ra diém s6 16n hon 75, ta cé 5 kha nang thudc tap

hop {80;85;90;95;100} . Do d6 xé4c suatla P, = % = %
e Truong hop 2. Binh quay 14n dau ra diém s6 1a a <75, ta c¢6 15 kha ning.
Do d6 xac suatla P, = 1> =E.
20 4

Khi d6 dé thang Binh can phai c6 tong hai 1dn quay 16n hon 75, ta c¢6 5 kha nang thudc tap
hop{80—-a;85-a;90-a;95-a;100-a} . Do d6 xac suatla P, = 220 = i

Ak X 3R s < N 1 31 7
Vay xac suat dé Binh thang ngay trong luotla P=P, +P, P, = 1 + rriRET?

Cidch 2:
e TH1: Binh quay mot 14n va thang luon.
Vi An quay & vi tri 75 nén Binh chi c6 thé quay vao 5 trong s& 20 vi tri dé c6 thé thing.
5 1
20 4
e TH2: Binh quay hai 1dn méi thing.

Do do P(A,)=

Nghia la lan moét Binh quay dugc két qua nhd hon hodc bang 75 va quay tiép dé tong hai
lan quay 16n hon 75 déng thoi nhé hon hodc bang 100 .
Gid str1an 1 Binh quay duoc a diém, 14n 2 quay duoc b diém.

R a<75
Can co: .

a+b <{80,85,90,95,100}

Khi d6: Chon a ¢6 15 cach, chon b ¢é6 5 cach.
Suy ra chon cdp {a,b} c6 15.5="75 cach.
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Khong gian mau cho TH2 c6 20.20 cach. Do d6 P(A,)= B3
20.20 16
Keét luan: P(A)=P(A,)+P(A,)=~+— =
' ' 4 16 16

Cau 7: Mot s6 tu nhién duoc goi la s6 tht vi néu s6 nay c6 8 chit s6 d6i mot khac nhau
duoc lap thanh ty tap {1;2;..;8} va s6 d6 chia hét cho 1111. Héi ¢6 bao nhiéu s6 tu nhién

tha vi nhu thé?

Loi gidi

S6 can tim c¢6 dang i=a,a,a;a,b,b,b,b,. Ta c6 tong céc chir s6 ctia s6 can tim la tong cac
chir s6 tir 1 dén 8 bang 36 chia hét cho 9 nén s6 can tim chia hét cho 9. Do 9 va 1111 ¢6 udc

chung 16n nhét 1a 1 nén theo gia thiét thi i chia hét cho 9999.

bit x=a,a,a,a,,y =b,b,b,b, . Tacéd i=x.10" +y=9999x +x+y chia hét cho 9999 tir d6 suy
ra (x+y) chia hét cho 9999.

Mat khac 0 <x+y <2.9999 = x+y=9999.Do d6 a, +b, =a,+b,=a,+b,=a,+b, =9

Tt cac chir s6 1,2,3,4,5,6,7,8 c6 4 cdp (1;8),(2;7),(3;6),(4;5) nén c6 8 cach chon a, ; 6 cach
chon a,; 4 cach chon a, va 2 cach chon a, ttic chon a, c6luon b, .

Vay s0 céac sO thu vi la 8.6.4.2 =384 s6

Cau 8: Cho tap A ={1;2;3;..;18} . Chon ngéu nhién 5 s¢ tir tap A. C6 bao nhiéu cach chon

ra 5 sO trong tap A sao cho hiéu cta 2 s6 bat ki trong 5 s6 d6 ci tri tuyét d6i khong nho
hon 2?

Loi gidi
Céc s6 chon ra luon sdp xép theo thit tu tang dan.
Gia stir day 5 s6 dugc chon ra théaman la a, <a, <a, <a, <a,. Theo gia thiét ta co:
1<a, <a,-1<a;-2<a,-3<a;—-4<14
bita,'=a,-1,a,'=a,-2,a,'=a,-3,a;'=a, -4

bén day thuc hién tuong tu cau 2, ta 6 s cach chon 1a C, céch chon.

Céau 9: C6 8 ban cung ngdi xung quanh mot cai ban tron, mdi ban cdm mot dong xu nhu
nhau. Tat cd 8 ban cung tung dong xu ctia minh, ban c6 déng xu ngua thi dung, ban c6

déng xu sap thi ngdi. Xéac sudt dé khong c6 hai ban lién ké cung dtng la

Loi gidi
Goi A 1a bién c6 khong c6 hai nguoi lién ké cung dung.
S6 phan tu ctia khong gian mau 1a n(Q)=2° =256.
R6 rang néu nhiéu hon 4 dong xu ngta thi bién c6 A khong xay ra.
Dé bién cd A xdy ra c6 céc truong hop sau:
e TH1: C6 nhiéu nhét 1 ddng xu ngtra. Két qua cta truong hop nay la 1+8=9.
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e TH2:C6 2 ddng xu ngua.
Hai dong xu ngtra ké nhau: c6 8 kha ning.
Suy ra s6 két qua cua truong hop nay 1a C; —8=20.
e TH3: C6 3 ddng xu ngua.
Céa 3 dong xu ngtra ké nhau: c6 8 két qua.
Trong 3 dong xu ngua, c6 dung mot cdp ké nhau: ¢6 8.4 =32 két qua.
Suy ra s6 két qua cta truong hop nay la C; -8-32=16.
e TH4: C6 4 ddng xu ngua.
Truong hop nay c6 2 két qua théa man bién c6 A xay ra.
Nhu vay n(A)=9+20+16+2 =47
n(A) 47
n(Q) 256

Xac suat dé khong c6 hai ban lién ké ciing ding 1a P =

Cau 10: Cho da giac déu 20 canh. Héi c6 tat ca bao nhiéu hinh chit nhat nhing khong

phai la dinh ctia hinh vuong c6 cac dinh la dinh ctaa da gidc da cho?

Loi gidi
~ s A Zz 7z 2 ? L% A N 20
SO hinh vuong ¢6 cac dinh ctua da gidc déu la i 5
Pa giac déu nay c6 tat ca 10 duong chéo qua tdm, mot hinh chit nhat tao bdi hai duong
chéo qua tam nén c6 tat ca C;, hinh chit nhat
Vay s0 hinh chit nhat khong phai la hinh vuéng c6 céc dinh 1a dinh cta da giac déu da cho
la 45-5=40

. . ~ *z A z 2 2 N z 2 2 2z A 2 R 2 1A n
Chii yj: SO da gidc déu c6 m canh c6 dinh la cac dinh ctia da gidc déu n canh c6 thé c6 la —
m

Cau 11: Tu céc chir s6 thuc tap hop S ={1;2;3;...;8;9} c6 bao nhiéu s6 c6d chin chit s6
khac nhau sao cho chit s6 1 dung trude chit s6 2, chit s6 3 dung trudc chit s6 4 va chir

s0 5 dung trude chir s6 6 ?

Loi gidi
Chon 2 vitri dé xép 2 chirsd 1, 2 (s6 1 dtng trude 2): c6 Co céch.
Chon 2 vi tri dé xép 2 chirsd 3, 4 (s6 3 dung trudc 4): c6 C; céch.
Chon 2 vitri dé xép 2 chirsd 5, 6 (s6 5 dung trudce 6): c6 C: céch.
3 chit s6 con lai c6 3! cach.
Vay c6 31.C2.C2.C2 = 45360 6.
Cau: Cho hinh hop chtt nhat ABCD.A'B'C'D, tai dinh A c6 moét con sau, mdi lan di
chuyén n6 bo theo canh ctia hinh hop chit nhat va di dén dinh ké véi dinh n6é dang ding.
Tinh xac suat sao cho 9 1an di chuyén né dimg tai dinh C’
Loi gidi
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Khong mait tinh tong quat gia st toa do dinh A(0;0;0) va C'(1;1;1).

Ta thé{y: modi 1an sau di chuyén la cong thém 1 tai 1 trong 3 vi tri hoanh d9, tung do6 va cao
do tu vi tri sdu dang dang. Do d6 s& phan tt cia khong gian méu la n(Q)=3" =19683.
Sau 9 14n di chuyén sau dung tai vi tri (1;1;1) khi va chi khi sau di chuyén s& lan tai cac
toa d thanh phan hoanh d¢ ; tung do, cao do 1a: (3;3;3) ; cac hoan vi ctia bo (1;3;5) ; cac
hoan vi ctia bo (7;1;1).

Do d6 s6 truong hgp thuan lgi ctia bién cd A :sau & C' sau 9 budce di chuyén 1a

n(A) =C,.C..C3+6.C.C..C} +3.C].CL.Cy = 4920

Cau 12: Cho da gidc c6 12 dinh. Chon ngdu nhién 3 dinh cta da gidc d6. Xac suat dé 3
dinh duoc chon tao thanh mot tam giac khong c6 canh nao 1a canh cta da gidc da cho

bang bao nhiéu?

Loi gidi
Ta c6 s6 tam giac duoc tao tir 3 dinh trong 12 dinh: C3,.

e S0 tam giac ¢6 3 dinh 1a 3 dinh cua da gidc va 2 canh 1a canh cda da giac: ¢t 3 dinh
lién ti€p cho 1 tam giac thoa man dé bai, nén c6 12 tam giac. (hodc hiéu theo cach
khéc: tam giac c6 3 dinh 1a 3 dinh lién tiép cta da giac ttc 1a c6 2 canh la 2 canh lién
tiép ctia da giac, 2 canh nay cit nhau tai 1 dinh, ma da gidc nay c6 12 dinh nén c6 12
tam giac thoa truong hop nay)

e SO tam giac 6 3 dinh la dinh cua da gidc va 1 canh la canh cta da giac: Trudc tién ta
chon 1 canh trong 12 canh cda da gidc nén c6 12 cach chon; tiép theo chon 1 dinh
con lai trong 8 dinh (trr 2 dinh tao nén canh da chon va 2 dinh lién ké véi canh da
chon). Do d6 trong truong hop nay c6 8.12 tam giac.

s {n(Q)=Ci2 L p_Ch-12-128
n(A)=C;,-12-8.12 C,

Cau 13: Cho da giac (H) c¢6 n dinh (neN, n>4). Biét s6 cac tam giac c6 3 dinh la dinh
ctia (H) va khong c6 canh nao la canh ctia (H) gdp 5 1an s cac tam giac ¢6 3 dinh la
dinh ctia (H) va c6 ding 1 canh la canh cta (H). Khéng dinh nao sau day dtang?

A. ne[4,‘12]. B. ne[13;21]. C. ne[22;30]. D. ne[31,‘38].

Loi gidi
S6 tam giac tao thanh c6 3 dinh1a 3 dinh cta da giacla C)
S6 tam giac tao thanh c¢6 dang 2 canh 1a canh cda da giacla n
S6 tam giac tao thanh c¢6 dung 1 canh la canh cua da giacla n(n—-4) (diéu kién neN va
n<4)
Suy ra s0 tam giac tao thanh khong c6 canh nao la canh cda da giac la Ci -n-— n(n - 4) .
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n=35(t/m)

Theo gia thiét, tac6 C; —n-n(n-4)=5n(n-4)< n=4(L)

Chony D.

Cau 14: Cho da gidc déu gdm 100 dinh. Chon ngau nhién ra 3 dinh, xac suat dé 3 dinh

dugc chon la 3 dinh ctia mot tam giéc ti la bao nhiéu?

Loi gidi

Panh s6 cic dinh1a A, A,,...,Ay-
Xét duong chéo A A, ctua da giac la duong kinh cta duong tron ngoai tiép da giac déu
chia duong tron ra lam hai phan, mdi phan c6 49 diém: tr A, dén A, va A,, dén A, .
Khi d6, mdi tam gidc c6 dang A AA; la tam gidc th néu A; va A; clung nam trong nta
duong tron

e Chon ntra duong tron: ¢6 2 cach chon.

e Chon hai diém A, A; la hai diém tuy y duogc 1ay tir 49 diém A, A,,.., A, <6

C2, =1176 céch chon.

Gid st A, ndm gitta A, va A; thi tam giac AA/A; tu tai dinh A;. Ma
AAA A, =AA A A nén két qua bi 1ap hai lan. C6 100 cach chon dinh.

Vay s0 tam giac tu la w =117600.
Chii y: Cho da gidc déu c6 n dinh. Cong thiic tong quat tinh s& tam gidc tu:

e Néu n chdn thi s6 tam giac tu 1a n.C?
2

e Néu n 1é thi s6 tam giac tu n.C>_

~ ‘
N

Ap dung cong thic nhanh ta ¢6 n.C?_, =100.C2, = 117600.

2

Cau 15: Cho da giac 161 (H) c6 22 canh. Goi X la tap hop cac tam gidc c6 ba dinh 1a ba
dinh ctia (H). Chon ngau nhién 2 tam gidc trong X, xéc sudt dé chon dugc 1 tam gidc
c6 dung 1 canh la canh cta da gidc (H) va 1 tam giac khong c6 canh nao la canh cta

(H) bang bao nhiéu?

Loi gidi
X|=C3, =1540
Ta c6 {n(Q)=C%,, =1185030 _748
1 1 1995
n(A) =Chs X C1540—(22><18+22) = 444312

Cau 16: Cho mot da gidc déu gébm 2n dinh (n>2, neN). Chon ngau nhién ba dinh
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trong s6 2n dinh ctia da giac, xac suat ba dinh dugc chon tao thanh mot tam giac vuong

la 1.Tim n.
5

Loi gidi
Ta c6 khong gian mau n(Q)=C;,.
DPé ba dinh duoc chon tao thanh tam gidc vuong khi va chi khi c6 hai dinh trong ba dinh la
hai dau mut cua mot dudong kinh cta duong tron ngoai ti€p da giac va dinh con lai la mot

trong s6 (2n—-2) dinh con lai cta da giac. Pa gidc ¢6 2n dinh nén c6 27n =n duong kinh.

e S8 cach chon 1 duong kinh1a C =n.
e 56 cach chon 1 dinh con lai trong (2n-2) dinhla C,, , =2n-2.
Suy ra n(A)=n(2n-2).

. 2n-2
Theo dé bai ta c6 phuong trinh n(LS) 1 <n=_8.

2n

Cau 17: Cho da giac déu c6 15 dinh. Goi M 1a tap tat ca cac tam gidc c6 ba dinh 1a ba
dinh ctia da gidc da cho. Chon ngau nhién mot tam giac thudc tap M, xac suét dé tam

gidc dugc chon la mot tam giac can nhung khong phai la tam giac déu la bao nhiéu?

Loi gidi
e Goi O la tam dudng tron ngoai tiép cua da gidc déu. Xét mot dinh A bat ky cua da
giac: C6 7 cdp dinh ctia da gidc d6i xting v6i nhau qua dudong thing OA , hay c6 7
tam gidc can tai dinh A. Nhu vay, v6i m6i mot dinh ctia da giac ¢6 7 tam giac nhan
n6 lam dinh tam giac can.

e 50 tam gidc déu c6 3 dinh la cac dinh cta da giac la D5 tam giac.

e Tuy nhién, trong cc tam gidc cAn da xéc dinh & trén c6 ca tam giac déu, do moi tam
giac déu thi déu can tai 3 dinh nén tam gidc déu duoc dém 3 lan.
Suy ra n(A)=7.15-3.5=90.
n(Q)=C>. =455
Ta co ( ) B =P= 2 = E
n(A):7.15—3.5:90 455 91

Cau 18: Cho da gidc déu c¢6 20 dinh. Chon ngau nhién 3 dinh cua da giac déu, xac suat

dé 3 dinh dugc chon la 3 dinh ctia mot tam giac vuong khong can 1a bao nhiéu?

Loi gidi

e S0 tam gidc vuong la 10.18.

e S0 tam gidc vuong can: Ct mdi cach chon 1 dudng kinh 1a ¢6 2 tam giac can (2
diém tao nén tam giac can la giao diém cta duong thing qua tam vudng géc voi

duong kinh da chon vé6i duong tron). Do d6 c6 10.2 tam giac vudng can.
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Cau 19: Ldy ngau nhién mot s6 ty nhién c6 5 chit s6. Xac suét dé chon dugc s6 ty nhién

c6 dang a,a,a;a,a; ma a, <a,+1<a,-3<a, <a,+2 bang bao nhiéu?

Loi gidi

. a,<b5
Via,+1<a,-3=
a, >

S6 6 dang Mcé 10 cach chon a;.
S6 c6 dang 1043a, c6 9 cach chon aj .
S6 6 dang Mcé 3 cach chon a;.
e Vay nhiing s6 c6 dang 104a,a; c6 3+4+..+10=5250.
S6 c6 dang 1053a, c6 9 cach chon aj .
S6 c6 dang 1054a, c6 8 cach chon aj .
S6 c6 dang 1059a, c6 3 cach chon aj .
¢ Vay nhiing s6 c6 dang 105a,a, c6 5210 = 4256,
e Vay nhiing s6 c6 dang 106a,a; c6 42 -9 =33 6.
e Vay nhiing s6 c6 dang 107a,a, c6 33—8=25s8.
¢ Vay nhiing s6 c6 dang 108a,a, c6 25—7 =1856.
e Vay nhiing s6 c6 dang 109a,a, c6 18—6=12s8.
Két luan: Nhing s6 c6 dang 10a,a,a; 6 12+18+25+33 +42+52 =182 56.
Nhimng s6 c6 dang 11a,a,a, (a, 2 5) c6 12+18+25+33+42 =1306.
Nhimng s6 ¢6 dang 12a,a,a; (a, >6) c6 12+18+25+33 =88 56.
Nhimng s6 ¢6 dang 13a,a,a,(a, >7) ¢6 12+18+25=5550.
Nhimng s6 c6 dang 14a,a,a, (a, >8) c6 12+18 =30 3.
Nhimg s6 c6 dang 15a,a,a;(a, 29) c6 1256,
Két luan: Nhiing s6 c6 dang 1a,a,a,a; c6 12+30+55+88+130 +182 = 497 56,
Tt d6 ta 1ap ludn nhu sau:

Nhiing s6 c6 dang 2a,a,a,a, (a, >1) c6 12+ 30+ 55+ 88+ 130 = 315 s8.

Nhiing s6 ¢6 dang 3a,a,a,a, (a, >2) c6 12+30+55+88 =185 56.
Nhiing s6 ¢6 dang 5a,a,a,a. (a, >4) c6 12+30 = 42 56.

c6 12 so6.

(a,21)
(a,22)
Nhimng s6 6 dang 4a,a,a,a, (a, > 3) c6 12+30+55 =97 s8.
(a,24)
Nhimng s6 c6 dang 6a,a,a,a, (a, > 5)
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Vay nhiing sO thda yéu cau bai toan 1a 12 +42+97 +185+315+497 =1148..
1148
90000

Vay xac suat can tim la

Céu 20: Cho mot da giac déu n dinh (n 1¢, n>3). Chon ngdu nhién 3 dinh cua da giac
déu d6. Goi P la xéc suét sao cho 3 dinh d6 tao thanh mot tam giac tu. Biét P = g S6

cac uéc nguyén duong cua n la bao nhiéu?

Loi gidi
Chon ngdu nhién ra 3 dinh c6 n(Q) =C> cach.
Gia st chon dugc moét tam giac tt ABC véi goc A nhon, B tu va C nhon.
Chon mot dinh bat ki 14y 1am dinh A ¢6 n cach. Ké duong kinh qua dinh vtra chon, chia
dudng tron thanh hai phan (trai va phai chdng han).
Pé tao thanh tam gidc tu thi hai dinh con lai dugc chon sé hodc cung ndm bén trai hodc

cung nam bén phai.

e Hai dinh con lai cting ndm bén trai c6 C>_, céch.
2
e Hai dinh con lai cting ndm bén phai c6 C? , céch.

2
Vay c6 thé co tat ca n(Cil + Cf”] tam gidc t, tuy nhién tng v6i mdi tam giac vai tro goc
2 2

nhon cia A va C nhu nhau nén s6 tam gidc duogc tinh 1&p 2 14n. Do d6 s6 tam giac tu tao

H[Ci_1 + Ci_lJ
thanh 1a 2 2 2 =nC2 .
2

2

nC;
Ma x4c suat P = C3T =£ (1). Do n 1é nén dit n=2k+1 (kzl):k:nT_l.

< 62(2k+1)C; =45C;, .,

k! (2k+1)!
21(k-2)! 31(2k -2)!
<31(k-1)=15(2k-1) < k=16

= 62(2k+1)

Vay n =2k+1=33. Do d6 s6 cic uéc nguyén duong cua n la 4.

Cau 21: Bién s6 xe mdy tinh K gém hai dong
¢ Dong tha nhat 1a 68XY, trong d6 X la mot trong 24 chit céi, Y la moét trong 10
chit so.

e Dong tha haila abc.de, trong dé a, b, c, d, e la cac chit sO.
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Bién s6 xe dugc cho 1a “dep” khi dong thit hai c6 tong céac s6 1a s6 co6 chit s6 tan cung
bang 8 va c6 ding 4 chit s6 gidng nhau. Héi c6 bao nhiéu cach chon 2 bién s6 trong cac

bién s6 “dep” dé dem ban dau gia?

Loi gidi
Chon X tir 24 chit céi va chon Y tir 10 chir s6, ta c6 24.10 =240 (cach chon).
Chon 4 chir s6 giong nhau tir cac chir s6 ta c6 10 cach chon;
Mbdi bo gébm 4 chit s§ giong nhau, ta c6 mot cach chon duy nhat 4 chit s con lai dé tong
cac s6 1a s c6 chit s6 tan cuing bang 8, Chéng han: 4 chts6 0, chits6 conlaisé 1a 8; 4
chits6 1, chits6 conlaiséla 4;...; 4 chts6 9, chit s6 con lai sé la 2).
S&p xép 5 chir s6 vira chon cé 5 cach xép.
Do d6, c6 tat ca 10.5=50 (cach chon s6 & dong tha hai).
Suy ra c6 tat cd 240.50 =12000 (bién s6 dep).
Chon 2 bién s6 trong cac bién sd "dep" ta co Cl,yy, = 71994000 (cach).

Cau 22: C6 8 bi thu dugc danhs6 1, 2,3, 4, 5,6, 7, 8 va 8 tem thu cing duoc ddnh
s61,2,3,4,5,6,7,8.Dan 8 tem thu lén 8 bi thu (mdi bi thu chi dan 1 tem thu).
Hoi c6 thé cé bao nhiéu cach dan tem thu 1én bi thu sao cho c¢6 it nhat mot bi thu duoc

dén tem thu c6 s6 trung voi s6 caa bi thu do6.

Loi gidi

Ta xét bai toan tong quat n tem thu dugc dan vao n bi thu sao cho c6 it nhat mot bi thu
dugc dan vao tem thu c6 s6 trung v6i s cta bi thu d6.
Pénh s6 cac tem thula T, T,,.., T, va cacbithula B,, B,,.., B, . Bai toan duoc giai quyét
bang nguyén ly phan bu: LAy hoan vi n phan tk trir di trudng hop xép ma khong c6 tem
thu nao duoc dan cung s6 voi bi thu.
Dé giai quyét bai toan khong c6 tem thu nao duge dan cting s6 voi bi thu. Ta xay dung day
s6 f(n) nhu sau:
Cong viéc dan n tem thu vao n bi thu sao cho khong c¢6 bi thu nao dugc dan vao tem thu
6 s0 trung vai sO cda bi thu d6. Cong viéc nay gom c6 hai budc sau:

e Budc1l: Dantem T, 1én mot bi thu B, khac B, c6 n—1 céch.

e Budc 2: Dan tem thu T;vao bi thu nao do, ¢6 hai truong hop xay ra nhu sau:

+ THI: tem thu T; dugc dén vao bi thu B,. Khi d6 con lai n—2 tem (khac T, va T)) 1a

Ty Ty, T

i1, I, phai dan vao n-2 bi thu (khac B, va B;). Quy trinh dugc lap lai
gidng nhu trén. Nén TH nay c6 s6 cach dan bang f(n-2).

+ TH2: tem thu T; khong duoc dan vao bi thu B, .
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Khi d6 cac tem Ila Tz,...,ijl,Tj,TH,...,Tn sé dugc dem dan vao cic bi B,

B,,...B,,,B B, (ma tem thu T; khong duoc dan vao bi thu B,). Thi T; ltc nay ban

417007 Pn

chat giong T,, ta danh s6 lai T,;=T,. Nghia la n-1 tem T,,.., T, ,,T,, T, .., T, s& duoc

dem dén vao n—-1 bi B,, B2,...,Bj_1,Bj+1,...,B v6i viéc danh s6 giong nhau. Cong viéc nay

lai duoc lap lai nhu tir ban dau.
Nén TH nay c6 s6 cach dan bang f(n-1).
u, =0
Ta xét ddy u, =f(n) nhusau: Ju, =1
u, =(n-1)(u,_, +u,,)
Nhu vay két qua cta bai todn: n tem thu dugc déan vao n bi thu sao cho c6 it nhat mot bi
thu dugce dén vao tem thu c6 s6 trung voi s6 cua bi thudéséla P, —u,, .

Ap dung v6i n =8, ta dugc két qua la 8!-14833 = 25487 .

Cau 23: Trén mit phdng Oxy, ta xét mot hinh chit nhat ABCD véi cac diém A(-2;0),
B(-2;2), C(4;2), D(4;0) (hinh v&). Mot con chau chdu nhay trong hinh chit nhat d6
tinh ca trén canh hinh chir nhat sao cho chan né ludn dap xuéng mat ph:fmg tai cac diém
c6 toa dd nguyén (ttc la diém c6 cd hoanh do va tung dd déu nguyén). Tinh x4c sut dé
n6 dap xudng cac diém M(x;y) ma x+y <2.

ul

r+y=2

Loi gidi
S6 cac diém c6 toa d6 nguyén thudc hinh chit nhat 1a 7.3 =21 diém vi
x € {-2;-1;0;1;2;3;4}
ye {0;1;2}
Dé con chau chdu dap xudng céc diém M(x,y) c6 x+y <2 thi con chau chdu s& nhay
, x € {-2;-1;0;1;2}
trong khu vuc hinh thang BEIA. Dé M(x,y)c6 toa dd nguyeén thi :
y€ {0;1;2}
e Néu xe{-2;-1}thi ye{0;1;2} =c6 2.3=6 diém.
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e Néu x=0 thi ye{O;l}:> c6 2 diém.
e Néux=1=y=0=c61 diém.

Suy ra c6 tdt cd 6+2+1=9 diém théa man.

Vay xac suat can tinh P = 2.3
21 7

Cau 24: Trong madt phéng v6i hé toa do0 Oxy, chon ngau nhién mot diém ma toa d6 1a s6
nguyeén c6 gia tri tuyét d6i nhd hon hay bang 4. Néu cac diém déu c6 cung xac sudt dugc
chon nhu nhau, vay thi x4c suat dé chon duoc mot diém ma khoang cach dén goc toa do

nhé hon hodc bang 2 1a bao nhiéu?

Lovi gidi
' . x| <4 x e{—4;-3;-2;-1;0;1;2;3;4}
Goi toa do diém M(x;y) théa x,y € Z va né )
|y|£ 4 ye{—4;—3;—2;—1;0;1;2;3;4}

Suyra n(Q)=9.9=81.

Goi diém M'(x;y) thoa x,y € Z va theo gia thiét ta co:

X,yEL
Ix2+v? < Zivy?<4
OMS2<:>{ X +y _2@{)( +yZ S ax=041;1£2.
X,y €l X,y & y2<d—x

e Néux=0——>y=0;£1;#2. Do d6 c6 1x5=5 cach chon.
e Néu x=+1——>y=0;%1. Do d6 c6 2x3 =6 cach chon

e Néux=+2——y=0. Do d6cé 2x1=2 céch chon.

Suy ra n(A)=5+6+2=13.Vay xéc suét can tinh P = ;—i’

Cau 25: Trong mit phang toa dd Oxy, & goc phan tu thr nhat ta 1dy 2 diém phan biét; ct
thé & cac goc phan tu tha hai, tha ba, tha tu ta 1an lugt 14y 3, 4, 5 diém phan biét (cac
diém khong ndm trén céc truc toa do). Trong 14 diém d6 ta 1dy 2 diém bat ky. Tinh xac

suat dé doan thang ndi hai diém d6 cat hai truc toa do.

Loi gidi
Khong gian mau 1a s6 cach chon 2 diém bat ky trong 14 diém da cho.
Suy ra s phan tt cua khong gian mau la |Q=C;, =91.
Goi A 1a bién c6 "Poan thing ndi 2 diém dugc chon cit hai truc toa d6". Dé x4y ra bién
c6 A thi hai dau doan thing d6 phai & goc phan tu tha nhat va th ba hodc phan tu tha
hai va thtr tu.

e Hai ddu doan thing & géc phan tu thtt nhat va tha ba, c6 CiC} céach.
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e Hai diu doan thing & géc phan tu thi hai va tht tu, c6 CiC} cach.
Suy ra s6 phan tir cua bién ¢§ A 1a |Q, |=C,C, +C,C; =23.

_[0a]_23

Vay xéc suat can tinh P(A)="5'=—.
ay xac sudt can tinh P(A) o "o

Cau 26: Cho hai dudng thang song song d, va d,. Trén d, c6 6 diém phan biét, trén d,
c6 n diém phan biéet (n >3, neN ) Tim n, biét réng c6 96 tam giac c6 dinh la cac diém

da cho.

Loi gidi
Ctt 3 diém khong thing hang la tao thanh 1 tam giac.
Do &6 s6 tam gidc dugc tao thanh tir n+6 diém gém: 6 diém (thdng hang) thuoc d, va n
diém (thdng hang) thuoc d, 1a C , -C-C2.
n=4(N)

Theo gia thiét, taco C) , -C)-C’ =96 <
n=-8(L)

n+6

Bai tap tuong tu. Cho hinh vuéng ABCD. Trén cac canh AB, BC, CD, DA lan luot 14y
1, 2, 3 va n diém phan biét (n >3, neN) khac A, B, C, D. Tim n, biét s6 tam giac 1y
tir n+6 diém da cho la 439. Pép s6 n =10.

Huong dan. Theo gia thiét, ta c6 C. , —C; - C) =439.

n+6

Cau 27: C6 bao nhiéu s6 tu nhién c¢6 3 chit s6 dang abc théa a,b,c 1a do dai 3 canh cua

mot tam gidc can ( ké ca tam giac déu )?

Loi gidi
O<y<2x
Goi do dai canh bén va canh ddy cta tam gidccanla x,y =10<y <9
0<x<9
O0<y<9 ) L.
e THI: suy ra co 9.5 =45 cdp so.
5<x<9
X=1 ~ .
e TH2: . voi 1<x<4.V6imoigia tricta i, co 2i—1 so.
1<y<2i-1

Do d6, truong hop nay c6: (2.1-1)+(22-1)+(2.3-1)+(24-1) =16 cdp s6

Suy ra c6 61 cip s6 (x;y). Voi mdi cdp (x;y) ta viét s6 ¢6 3 chit s6 trong d6 ¢6 2 chit s6
x, mOt chitsd y .

Trong 61 cap co:

+9 cdp x=y, viét dugc 9 so.
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+ 52 cdp x =y, mdi cdp viét dugc 3 s6 nén co 3.52 =156 s0.

Vay tat ca c6 165 so.

Cau 28: Goi A 1a tap céc s6 ty nhién c6 8 chit s6 d6i mot khac nhau. Chon ngau nhién

mot s6 thudc A . Tinh xac suat dé s6 duoc chon chia hét cho 45.

Loi gidi
Goi s6 can tim c6 dang: abcdefgh tac6 a ¢6 9 cach chon
Céc chit s6 con lai c6 A
Neén s phan tt cia khong gian mau: 9.A7 =1632960
Goi B={0,1,2,3,4,5,6,7,8,9}
Taco: 0+1+2+3+4+5+6+7+8+9=45:9
Ta c6 céc bd s6 ma tng chia hét cho 9: B\{0,9},B\{1,8}, B\{2,7},B\{3,6} ,B\ {4,5}.
Xét B\ {0,9}={1,2,3,4,5,6,7,8)
Goi s can tim c6 dang: abcdefgh
Chon h c6 mdt cach.
Chon 7 chit s6 con lai xép vao 7 vi tri co: 71.
Nén truong hgp nay c6 7! céch.
Xét B\{1,8}=1{0,2,3,4,5,6,7,9}
e Tancunglach@sd 0:co 7! cach
e Tancunglachrsd 5: a c6 6 cach; cac chit sO con lai co: 6! cach
Suy ra: 7!+6.6!=9360
Cac truong hop B\ {2,7},B\ {3,6} tuong tu nhu B\{1,8}.
Xét B\ {4,5}={0,1,2,3,6,7,8,9}
Goi s6 can tim c6 dang;: m
Chon h ¢6 mot cach.
Chon 7 chit s6 con lai xép vao 7 vi tri co: 7!.
Nén truong hop nay c6 7! cach.
Suy ra s6 phan ti ctia bién ¢d A la: 71.2+9360.3 = 38160 .
38160 53

Vay xac suat ctia bién ¢6 A la: =
1632960 2268

Cau 29: Cho tap X ={6,7;8;9}, goi E 1a tap céac s6 tu nhién khéac nhau c6 2018 chit s6 lap

tlr cac s6 cua tap X . Chon ngau nhién mot s trong tap E, tinh xac suat dé chon dugce s6
chia hét cho 3.

Loi gidi
Goi A, B, lan luot 1a tap céc s6 chia hét, khong chia hét cho 3.
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V6i mdi s8 thudc A c6 hai cach thém vao cudi mot chit s& 6 hodc mot chir sé 9 dé duoc
A, vahai cach thém mot chir s6 7 hodc mot chirsé 8 dé duoc B, .

V6i mdi s6 thudc B, c6 mot cach thém vao cudi mot chir s6 7 hodc mot chix sd 8 dé duoc
A, ,, vacé ba cach thém mot chit s6 dé duoc B, ;.

[A | =2]A, [ +[B,|
[B...|=2[A,|+3[B,]
Hay |A,|=5]A,.[-4[A, .

Nhu vay { = [B,..|=3|A,.|~4[B,| = |A,..|=5|A, |- 4]A, .

Xét day s6 a, =|A,

,tac6a,=2,a,=6,a,=5a, ,-4a,,;n=>3.

Nén a, =a+p.4" :z+1-4n.
3 3

2018 +2

Suy ra c6 s0 chia hét cho 3.

Ma |E| = 4™,

. T A | 1
Vay P = 3472018 =§'(1+24035j'

Cau 30: Chon ngdu nhién 2 s6 tur tap S={1,2;3;..;20} . Xéc sudt d€ chon dugc 2 s6 ma

tich ctia chting 1a mot s6 chinh phuong bang bao nhiéu ?

Loi gidi
S& cach chon ra ngdu nhién 2 s6 1a C,

Ta can tim s6 cach chon ra cip s6 (a;b) théaman 1<a<b<20,ab=c*,2<c<19

Co tat ca 11 cdp so nhu thé. Xac sudt can tinh 1a % 1L
C2 190

Cau 31: Cho tap A ={1;2;3;..;2018}, hdi c6 bao nhiéu cach chon ra 5 s6 tir tdp A ma céc

s0 do lap thanh mot cap s6 nhan tdng va cong boi la mot s6 nguyén duong ?

Loi gidi
5 s0 duoc chon ra xép duoc duy nhat day tang, gia st X; <X, < X; <X, < X;

Theo gia thiét cac s6 d6 1a x,,9x,,9°%,,9°%,,9"'x,,qeN,q =2

Tac6 q*x, <2018 =q <3 2018 <2018 = q €{2;3;4;5;6}
X1
Mit khac 1<x, < 2018 =1<x, S[ZO?] V6i mbi s6 nguyén qe{2;3;4;5;6} ta co tat ca
2018 | e . At
—— | cach chon x; va céc s6 con lai c6 tuong ting duy nhat mét cach chon.
q

Vay theo quy tic cong va quy tic nhan ta c6 tat ca:
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6 2018 2018 2018 2018 2018 2018
Z =| — |+| = |+| = |+| = |+ =161
< 2 3 4 5 6'
Bai tap twong tu

Chon ngdu nhién 3 s6 tit tap A ={1;2;..;100} . Tinh x4c suat dé chon dugc 3 s6 ma céc s6

do lap thanh mot cap s6 nhan tdng c6 cong boi 1a mot s6 nguyén duong?

Cau 32: Cho tap A ={1;2;3;...;30}. Chon ngau nhién 3 phan ti ctia A, tinh xac suat dé 3

phan t&r dugc chon 1ap thanh mot cap s6 cong ?

Loi gidi
S6 cach chon ngau nhién 3 phan tirla C3,
Ta tim s6 cac b s6 (a;b;c)thda man a,b,ce A;1<a<b<c<30;a+c=2b
Ta c6 a, ¢ sé cung tinh chan 1é.
e Néua, c cing chdn c6 C}; cach chon a, c va b c6 duy nhat mot cach chon
e N&ua, ccungléco Ci, cach chon a, c va b c6 duy nhat mot cach chon

Vay c6 tat ca 2C}, cach chon.

Cau 33: Cho tap S = {21,22,...,210} . Chon ngau nhién 2 phan tir a, b ctia S, tinh xéc suat dé

log, b 1a mot s6 nguyén bang ?

Loi gidi
S& phan ti cua khong gian mau C3,
Ta thay rdng néu log, bla mot s& nguyén duong thi d6 phai 1a s6 nguyén duong 16n hon 1.
That vay vi a,b>1=1log, b >0 mat khac 2 s6 nay khic nhau nén log, b phai la mot s6
nguyén l6n hon 1. Vay log, b=keZ,k>2=b=a"
e Néua=2'=be {22;23;...;210}, ¢6 9 cach chon
e Néua=2*=Dbe2%;2%25 210} c6 4 cach chon

{
e Néu a:23:>be{26,2 },céZcéChchQn
e Néu a:24:>be{28} ¢6 1 cach chon

{

e Néua=2>=be 210} c6 1 cach chon

. 3 3 A .17
Vay c6 tat ca 17 cach chon. Xac suét can tinh la =

Cau 34: Chon ngau nhién 3 s6 phan biét a,b,c tir tap S={1,2;3;..;30} . Tinh xac suét dé

a’ +b? +c? chia hét cho 3?

Loi gidi
S6 phén ti cua khong gian mau C;,
Ta c6 nhan xét:
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e n=3k=n’=9’=0(mod3)

e n=3k+1=n’=9k*+6k+1=1(mod3)

e n=3k+2=n’=9k*+12k+4=1(mod3)
Vay dé a’+b” +c” chia hét cho 3 thi a,b,c cting chia hét cho 3 hoic a,b,c cing khong chia
hét cho 3. Tap S ¢6 10 phan tt chia hét cho 3, 20 phan tt khong chia hét cho 3.

. A 9
Vay s8 cach chon la C) + C), . Xac sudt can tinh la %

Cau 35: C6 bao nhiéu s6 tu nhién gébm 2018 chit sd va tong céc chit s chia hét cho 3 ?

Loi gidi

Vi tdng céac chit s6 bang 3 nén chit sd 1én nhat trong day nay c6 thé bang 3, ta xét cac
truong hop sau:

e S0 tao thanh tir 1 s6 3 va 2017 s6 0, 6 duy nhét 1 s6 thda man

e S6taothanhtir1sd1valsd2co 2.Chy,, =4034 s6 thoa man

e S6tao thanh tir3s8 1 c6 1.C5,, s6 thda man
Vay c6 tat ca 2037171 so.
Bai tdp tuwong tu
C6 bao nhiéu s6 tu nhién nhé hon 10 va téng cac chit s6 bang 3?

e 1 2 3
DPép s6: Cyppg + Adps + Coprg

Cau 36: Mot chudng c6 3 con thd trdng va 4 con thd nau. Nguoi ta bdt ngdu nhién 1an luot
ttmg con ra khdi chuéng cho dén khi nao bat dugc ca 3 con thd trdng méi thoi. Xac suat

dé can phai bat dén it nhat 5 con tho 1a?

Loi gidi
Cich 1.
Xét bién c8 ddi A :"bit dugc 3 thé tring trong 3 hodc 4 1an" .
e TH1: Bit dugc 3 con thé tring trong 3 1an dau:
3!
T
e TH2: Bit dugc 3 con thé trang trong 4 1an dau:

Taco n(Q)=7.65 va n(A,)=3!. Suyra P(A,)

Suy ralan 4 bit dugc con tréng; 1an 1, 2 va 3 bit duogc 2 con tréng va 1 con nau.

T
Taco n(Q)=7.654 va n(A,)=C,.C}3!. Suyra P(A_Z):%.
Suy ra P(K)zP(A_1)+P(A_2):3iS:>P(A)=%

Cdch 2. Ta mo ta khong gian ctia bién ¢6 A nhu sau
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{TTT; TNNN; NTNN; NNTN}

a1
35

Cau 37: Cho tap hop A={1; 2; 3; 4;5; 6;7,8,9}. Goi S la tap hop céc s6 tu nhién c6 4

Suy ra P(K)=%:>P(A)

chit s6 dugc 1ap tir cac chit s6 thudc tap A . Chon ngdu nhién mot s6 tir S, xac suat dé s6

duoc chon chia hét cho 6 bﬁng bao nhiéu?

Loi gidi

Tap S c6 9* phan t.
Goi s6 thoa man bién c6 1a a,a,aa,. Do a,a,a,a, :6—>a,a,a,a, 2.
Suy ra a, €{2,4,6,8}:c6 4 cach; va a,, a, c6 9* cach chon.

e Néu a,+a,+a, =3k =a,; €{3;6;9} nén a, c6 3 cach chon.

e Néu a,+a,+a, =3k+1=a, €{2;5;8} nén a, c6 3 cach chon.

e Néua,+a,+a,=3k+2=a, e{1;4;,7} nén a, c6 3 cach chon.
Vay a, ludén ludn c6 3 cach chonnén n(A)=4.923=972.

n(Q)=9* 4
Ta co =>P=—
n(A) =4.9%3 27

Céu 38: Trong budi sinh hoat nhém ctia 16p, t6 mot c6 12 hoc sinh gom 4 hoc sinh nit
trong d6 c6 Hoa va 8 hoc sinh nam trong d6 c6 Vinh. Chia t6 thanh 3 nhém, mdi nhom
gdm 4 hoc sinh va phai c6 it nhat 1 hoc sinh nft. Xac suat dé Hoa va Vinh cung mot

nhoém 1a bao nhiéu?

Loi gidi
Khong gian mau 1a s6 cach chia 12 hoc sinh thanh 3 nhém va phai ddm bao moi nhém c6
it nhat 1 hoc sinh ntr. Gia st
e Nhom thr nhat c6 2 nit va 2 nam, c6 C,.C; céch.
e Nhom thtthaicé 1 nitva 3 nam, c6 C,.C;.
e Sau khi chia nhém tha nhét va tha hai xong thi con lai 1 n@t va 3 nam nén nhoém
thtt ba c6 duy nhat 1 cach.
Suy ra s6 phan tr ciia khong gian mau la n(Q)=C;.C;.C,.C; =6720.
Goi A 1a bién ¢6 "Hoa va Vinh cung mét nhém'". Ta mo ta cac kha nang thuén loi cho
bién cd A nhu sau:
e Truong hop 1. Hoa va Vinh cing v6i 1 ban nam va 1 ban nit thanh mét nhém nén
c6 C;.C; cach. Nhém tht hai c6 3 ban nam va 1 ban nit nén c6 C;.C;. Cudi cuing
con lai 3 ban nam va 1 ban nit nén ¢6 1 cach duy nhat cho nhém tha ba. Do d6

trong truong hop nay c6 C;.C;.C;.C, =840 céch.
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e Truong hop 2. Hoa va Vinh cung v6i 2 ban nam thanh mét nhém nén cé C> céach.
Nhoém thit hai c6 2 ban nam va 2 ban nit nén c6 C:.C;. Cudi cung con lai 3 ban
nam va 1 ban n@tnén c6é 1 cdch duy nhét cho nhom thtt ba. Do d6 trong truong hop
nay c6 C:.C2.C; =630 cach.

e Truong hop 3. Hoa va Vinh cting v6i 2 ban nam thanh mét nhém. Nhém tha hai c6
3 ban nam va 1 ban nit. Suy ra nhém tha ba cé6 2 ban nam va 2 ban ntt. Truong
hop nay trung véi truong hop thit hai nén ta khong tinh.

Suy ra s6 phan tr ciia bién cd A 1a n(A)=840+630=1470.

Vay xac suat can tinh P = 1470 = 1
6720 32

Céu 39: An va Binh cting tham gia ki thi THPTQG nam 2018, ngoai thi ba mon Toan,
Vian, Tiéng Anh bat budc thi An va Binh déu dang ki thi them diang hai moén tu chon khac
trong ba mon Vat li, Héa hoc va Sinh hoc du6i hinh thtc thi tric nghiém dé xét tuyén Pai
hoc. M&i mon tu chon tric nghiém c6 8 ma dé thi khac nhau, ma dé thi ctia cdc mon khac
nhau 1a khac nhau. Tinh xéc suit dé An va Binh cé chung dang mot mon thi ty chon va

chung mot ma dé.

Loi gidi
Goi A 1a bién ¢6: “An va Binh c¢6 chung dang mot mon thi tu chon va chung mot ma deé”.
S6 kha nang An chon 2 moén thi tu chon va ma dé ctia 2 mon thila C;.8°.
S6 kha nidng Binh chon 2 moén thi ty chon va ma dé ctia 2 mon thi la C;.8°.
Do do, s6 phan ti ctia khong gian mau la n(Q) =C;.8°.C;.8%.
Bay gio ta d€m s6 kha ndng dé An va Binh c6 chung ding mot mon thi tu chon va chung
mot ma deé:
S6 kha ndng An chon 2 mén thi tu chon va ma dé cta 2 moén thila C;.8%.
Sau khi An chon thi Binh c¢6 2 cach chon 2 mén thi tu chon dé cé diang mot mon thi ty
chon v6i An, dé chung ma dé véi An thi s6 cach chon ma dé 2 mén thi cia Binh la 1.8=8
cach. Nhu vay, s6 cach chon mon thi va ma dé thi ctia Binh la 2.8.
Do d6: n(A)=C2.8228.
n(A) 828 1
n(Q) C;.8.C3.8 12

Boi vay: P(A)=

Cau 40 : Trong khong gian cho 2n diém phan bi¢t (n>4, neN), trong d6 khong c6 ba
diém nao thang hang va trong 2n diém d6 c6 dung n diém cting ndm trén mot mat
phéng va khong c6 4 diém nao ngoai 4 diém trong n diém nay déng phéng. Tim n sao

cho tir 2n diém da cho tao ra dang 201 mat phéng phan biét

Loi gidi
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Cich1.

S6 cach chon 3 diém trong 2n diém phan biét da chola C;, .

S6 cach chon 3 diém trong n diém ciing ndm trén mot mit phing la C.

S6 mat phang dugc tao ra tir 2n diém da chola C —C> +1.
2n(2n-1)(2n-2) n(n-1)(n-2)

Nhu vay: C2. —~C2 +1=201 & - _ . —200
- 2n(2n—2)(2n—2) _n(n—16)(n—2) 200

<71’ -9n? +2n-1200=0 (:)(n—6)(7n2 +33n+200):O on=6

Vay n=6.
Cdch 2.
C6 cac truong hop sau :
e THI:n diém déng phing tao ra 1 mit phang.
e TH2:n diém khong dong phing tao ra C> mit phing.
e THS3: 2 diém trong n diém déng phang két hop voi 1 diém trong n diém khong
déng phing tao ra C2C! =n.C> mit phing,.
e TH4: 1 diém trong n diém déng phang két hop vé6i 2 diém trong n diém khong
déng phang tao ra C:C2 =n.C> mit phing,.
Vay c6 1+C° +2nC2 =201 & n=6.

Cau 41: Tung mot dong xu khong déng chat 2020 1an. Biét rang xac suat xuat hién mat

sdp la 0,6 . Tinh xac suat dé mat sap xuat hién dang 1010 14n.

Loi gidi

Ta c6 Chyy cach chon 1010 vi trf trong 2020 1an tung déng xu dé mat xap xuat hién, cac
1an tung con lai khong xuat hién mat sap. Ung v6i modi cach chon c6 dinh 1010 vi tri xuat
hién mit xap ta c6 xac suat cua trudong hop dé tinh nhu sau:

e Tainhiing lan mit xap xuét hién thi xac sudt xay rala 0,6.

e Tainhiing lan mit ngtra xuat hién thi xac suat xay rala 1-0,6.
Do c6 1010 14n xuat hién mit sdp va 1010 xuét hién mit ngtra nén tng voi moi cach chon
¢§ dinh 1010 vi tri xudt hién mt x&p thi c6 xac xudt1a 0,6 (1-0,6)"" =(0,24)"".

Vay xac xuat can tinh la C;?;g.(o,24)1°1° :

Cau42:Cho 5 chits6 1, 2, 3, 4, 6. Lap cac s6 tu nhién ¢6 3 chit s6 d6i mot khac nhau

tir 5 chit s& da cho. Tinh téng cta cac s6 lap dugc.

Loi gidi
MBbi s0 s6 tu nhién cé 3 chir s6 doi mot khac nhau txr 5 chitsd 1, 2, 3, 4, 6 1a mdt chinh
hop chap 3 cta cac chit s6 nay. Do d6, ta lap duge A2 =60 s6.
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Do vai trdo cac s6 1, 2, 3, 4, 6 nhu nhau, nén s8 lan xudt hién ctia moi chir s8 trong céc
chit s6 nay & mdi hang (hang don vi, hang chuc, hang trdm) la nhu nhau va bang
60:5=12 lan.

Vay, tong cac s6 lap duocla S=12.(1+2+3+4+6)(100+10+1) =21312.

Cau 43: Cho tap hop A ={1;2;3;4...;100} . GoiSla tap hop gbm t4t ca cac tap con cta A,
mdi tap con nay goém 3 phan tirclia A va c6 tong bang 91. Chon ngau nhién mot phan ta

clia S. Xac suat chon dugc phan tir c6 3 s6 lap thanh cdp s6 nhan bang?

Loi gidi
Gia st tap con bat ki {a,b,c} €S =1<a,b,c<100 ;a,b,c phan biét va a+b+c=91.
Day la bai toan chia keo Euler nén s6 bo a,b,cla C,',
Tuy nhién trong cac bo trén van chtta cac bo c6 2 chir s6 giéng nhau, s6 bd c6 2 chit s6
giong nhau la 3.45=135 (bo). Vay n(Q)=(C3,~3.45):31=645.
Goi A labién c6: " a,b,c 1ap thanh cap s6 nhan”
Goi q la cong boi ctia cdp s6 nhan theo baira tacé q >0

a+aq+aq’ =91 <a(l+q+q*)=191=137

. Ja=1 a=1
e Truong hop 1: {1+q+q2:91c>{q:9
e Truong hop 2: {a=91 {a=91 (loai)
1+q+q° = q=0 '
. {a:13 {a=13 .
e Truong hop 3: , & (théa man)
1+q+q° = q=
e Truong hop 3: {a=7 {a=7 (thoa man).
1+q+q°=13 |q=
Vay n(A)zB:P(A)z%.

Cau 44: Mot toa nha c6 n tang, cac tang dugc danh s6 tir 1 dén n theo thi tu tir dudi lén.
Co6 4 thang mdy dang & tang 1. Biét rang mdi thang mdy c6 thé dimg & dung 3 tang
(khong ké tAng 1) va 3 ting nay khong 1a 3 s6 nguyén lién ti€p va voi hai tAng bat ky (
khac tang 1) cta toa nha luén c6 mot thang mdy dung duoc ¢ ca hang tang nay. Hoi gia

tri 16n nhat cta n 1a bao nhiéu?

Loi gidi
Gia sit 4 thang may dola A,B,C,D.
Do khi bdc hai thang bat ky luén c6 mot thang médy dung duge nén:
e Khi bdc hai tang 2,3 c6 mot thang dimg dugc gia st d6 la thang A, nén tang 4
khong phai thang A dung.
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e Khi boc hai tang 3,4 c6 mot thang dung duge gia st d6 la thang B, nén tang 5
khong phai thang B dung.

e Khi bdc hai tang 4,5 c6 mot thang dimg duoc gia st d6 1a thang C, nén tang 6
khong phai thang C dung.

e Khi bdc hai tdng 5,6 c6 mot thang dung duoc gia st d6 la thang D .

e Khi boc hai tAng 6,7 c6 mot thang dimg duogc khi d6 khong thé 1a thang A,B,C vi
sé dimg 4 (mau thuan), thang D khong thé & ting 7 do khong thé & ba tang lién
tiép.

Vay khéch san c6 t6i da sdu tang.

A X N A ~ LN 2 ~ e 2 2 ~, A e P
Cau 45: Chon ngau nhién mét s6 tu nhién c6 4 chit s6. Tinh xac suat dé s6 dugc chon c6

dang abcd, trong d6 1<a<b<c<d<9.

Loi gidi
Cdich 1: SG tu nhién c6 bon chit s6 c6 dang abed
Taco ae{1;2;3;4;5;6;7;8;9} suyraco 9 céch chon, bed c6 10° cach chon
Suy ra s6 phan tr ctia khong gian mau la n(€Q)=9.10°> =9000.
Goi A la bién c6 ““s6 dugc chon c6 dang abcd, trong d6 1<a<b<c<d<9”

e SO dang aaaa c6 9 so.

e S6dang abed (a<b<c<d)co C; so.

Ox

e S6dang aaab c6 C; s

O

e S&dang aabb c6 C; s

O

¢ S0 dang abbc c6 C; s

e S6dang abbc c6 C; s6.

e S6dang abce 6 CJ s6.
—n(A)=9+C!+3.C2+3.C) = 495.

n(A)_ 495 o
n(Q) 9000

Cdch 2: S6 phan tu ctia khong gian mau 1a n(Q)=9.10> =9000.

Vay P(A)=

Tu gia thiét 1<a<b<c<d<9=1<a<b+l<c+1<d+1<9+3=12.
S6 cach chon a ,b ,c, d va sdp xép ching theo mot thtt tw duy nhat la C;, =495.
n(A) 495

Vay P(A)= ) _ 2 55,
¥ P(A)=15) ~ 9000

Céau 46 : Goi S 1a tap hop tat ca cac s6 tu nhién c6 7 chit s6 va chia hét cho 9. Chon ngau

nhién mot s tix tap S, tinh xéc suat dé cac chir s6 cta s6 d6 d6i mot khéc nhau.

Loi gidi
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S6 chia hét cho 9 c6 dang: 9m, véi meZ.
Ta c6 1000000 < 9m < 10000000 < 111111 <m <1111111. Do d6 c¢6 1000000 s6 c6 7 chit s6
va chia hét cho 9. Tir cac chit s6 0;1;2;...;9 ta c6 cadc bd gdbm7 s6 c6 tong chia hét cho 9 1a
(0;2;3;4;5;6;7); (0;1;3;4;5;6;8); (0,1,2;4;5;7;8); (0;1;2;3;6;7;8); (0;3;4;5;7;8;9) ;
(0;2;4;6;7;8;9); (0;1,5;6;7;8;9); (0;1,2;3;4;8;9); (0;1;2;3;5;7;9); (2;3;4;5,6;7;9);
(1,3;4;5;6;8,9); (1,2;4;5,7;8;9); (1,2;3;6;7;8;9).
e C69 bosdgdm 7 s6 c6 tong chia hét cho 9 trong d6 c6 s6 0 nén tir cac b s6 nay
lap duoc: 9x6x6!=38880 s6 c6 7 chir s6 d6i mot khac nhau va chia hét cho 9.
e C6 4 bds6 gdbm7 s6 c6 tong chia hét cho 9 tuong tu nhu bo s6 (2;3;4;5;6;7;9),
nén tir cac bo s6 nay lap duoc 4x7!=20160 s6 c6 7 chit s6 d6i mot khac nhau va
chia hét cho 9.
Vay, xéac suat chon mot s6 tir tap Sdé duoc mot s6 c6 cac chit s6 cua s6 d6 d6i mot khac

38880+20160 369
1000000 6250

Cau 47: Trong mdt phéng toa d0 Oxy, cho hinh chtt nhat OMNP véi M(O;lO),

nhaula P=

N(100;10), P(100;0) Goi S la tap hop tat ca cac diém A(x;y) v6i x, y€Z ndm bén
trong ké ca trén canh cta hinh chit nhat OMNP. Lay ngau nhién 1 diém A(x;y)eS.

Tinh xéc suat dé x+y <90.

Loi gidi
Cich1: Tap hop S gébm c6 11.101=1111 diém.
Taxét S'={(x;y):x+y>90} v6i 0<x<100 va 0<y<10

¢ Khiy=0 = x>90=x=91;100 =C¢6 10 gia tri cta x

e Khiy=1 = x>89=x=90;100 =C6 11 gia tri cta x

e Khiy=10 = x>90 = x=91,100 = c6 20 gia tri cta x

Nhu vay S’ ¢6 165 phan ta. Vay xéac suat can tim la 1H1-165 _ 86
1111 101
Cich 2:
y
10
P
0 100 X

Nhan thay cac diém can tim ndm trén cac duong thing y =m, m =0;10.
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Dé thay trén cac duong théng y=0, y=1, y=2.., y=10 ¢06 lan luot 91, 90, 89...,81
diém.
~91+90+...+81 86

Vay xac suat can tim 1a p(A)

11.101 101"
Cdch 3:
y d
1o M(010) D E N
D K P
O 80 90 100 X

Ta c6 n(Q)=11.101=1111. Ta thdy x+y <90 c6 mién nghiém la ntra mit phéng c6 bo la
duong thang d chta diém O.

S6 diém thuoc hinh chit nhat ENPD 1a 21.11=231.

S8 diém thudc AEDK tinh ca canh EK 14 55+11=66.

Suy ra x+y >90 c6 231-66 =165 diém va x+y <90 c6 1111-165 =946

Cau 48: Hai thi sinh A va B tham gia mot budi thi van dap. Can bo hoi thi dua cho méi
thi sinh mot b cau hoi thi gobm 10 cdu hoi khac nhau, duge dung trong 10 phong bi dan
kin, c6 hinh thtc giong hét nhau, méi phong bi dung 1 cau hoi; thi sinh chon 3 phong bi
trong d6 dé xac dinh cau hoi thi ctia minh. Biét rdng bo 10 cau héi thi danh cho cac thi
sinh 1a nhu nhau, xac suat dé 3 cau héi A chon va 3 cau hdi B chon ¢6 it nhat 1 cau hoi

giong nhau la bao nhiéu?

Loi gidi
Khong gian mau 1a tap hop gdm cac cdp hai bo 3 cau hoi, ma ¢ vi tri tht nhat cua cdp 1a bo
3 cau hdi thi sinh A chon va ¢ vi tri tha hai cta cdp la b 3 cau hoi thi sinh B chon.
e Thisinh A c6 C, cach chon 3 cau hdi tir bd gébm 10 cau hoi.
e Thisinh B c¢6 C;, cach chon 3 cau héi tit bo gdm 10 cau héi.

ol=C3,.C,.

Suy ra s6 phan tu cia khong gian mau la
Goi X labién 6 "3 cau hdi A chon va 3 cdu hdi B chon c6 it nhat 1 cau hoi giong nhau".
Dé tim s6 phan tr ctia X, ta di tim s6 phan t cia X nhu sau
e Giastt A chon trudc nén cé C;, cach chon 3 cau hdi tir bd gom 10 cau hai.
e Dé B chon khéac A thi B phai chon 3 trong 7 cau hoi con lai tir bo 10 cadu hdi nén cod
C, céch chon.

A i a1 e T 1s 3 3
Suy ra s phan ti cua bién c6 X la ‘QQ‘ =C,.C,.
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Ql-lo- 3 3 3 7
Vay xéc sudt can tinh P(X) = [ = & ‘ X‘ = Clo'clg Slo'clo _17
o 19 Clo-Chy 24

Cau 49: Trong ky thi THPT Qudc Gia, thi sinh A du thi hai moén thi tric nghiém Vat li va
Hoéa hoc. DBé thi cia mdi mén géom 50 cau hoi; moi cau hodi c6 4 phuong an lya chon;
trong d6 c6 1 phuong 4n dung, lam dtung mbi cau duoc 0,2 diém. Mdi mon thi thi sinh
A déu lam hét cac cau héi va chic chin dtng 45 cau, 5 cau con lai thi sinh A chon ngau
nhién. Xac suat dé tong diém 2 mon thi cta thi sinh A khong dudi 19 diém la bao

nhiéu?

Loi gidi

Cich1.
Thi sinh A khong du6i 19 diém khi va chi khi trong 10 cau tra 1oi ngau nhién & ca hai
mon Vay li va Hoa hoc thi phai dang it nhat 5 cau.
Khong gian mau la sé phuong an trd 16i 10 cadu héi ma thi sinh A chon ngﬁu nhién. Suy ra
s0 phan ti ctia khong gian mau la n(Q)=4".
Goi X la bién c6 "Thi sinh A lam duoc it nhat 5 cau trong 10 duoc cho la chon ngau
nhién" nén ta c6 cac truong hgp sau day thuan loi cho bién c6 X.
Mbi cdu dung c6 1 phuong an tréd 161, mdi cau sai c6 3 phuong an tra 10i.

e 5cau dang - 5 cau sai: c6 C.(3)’ kha nang thuén loi.

e 6 cau dung - 4 cau sai: c6 C5.(3)" kha nang thuén loi.

e 7cau dung - 3 cau sai: c6 C.(3)’ kha niang thuan loi.

e 8cau dung - 2 cau sai: 6 C%.(3)’ kha nang thuan loi.

e 9cau dung - 1 cau sai: c6 C;,.3 kha ning thuan loi.

e 10 cau dang: c6 Cjy kha ning thuan lgi.
Suy ra n(X)=C3.(3)" +C%.(3)" +C.(3)" +C5.(3)" +C5.3+Cl =81922.

81922

Vay xéc sudt can tinh P=———
4

Cdch 2. Xac suét tra 10i dang 1 cau hoi la %, trd 101 sai la % . Ta c6 cac truong hop:

5 5

e Xac suat thi sinh A trd 16i dtng 5 trén 10 cau la C;, [ij (%j
1) (3Y

e Xécsuatthisinh A trd 16i dang 6 trén 10 cau la CS, (Zj (Zj

7 3
e Xécsuat thisinh A trd 16i dang 7 trén 10 cau la CJ, (%j (%j
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8 2
e Xacsuat thisinh A trd 16i dang 8 trén 10 cau la C, (%j (Zj

9
e Xacsuat thisinh A trd 16i dang 9 trén 10 cau la C;, (%j %

10
e Xéc suat thisinh A trd 1oi dung 10 trén 10 cau la C} [%j :

Cong cac xac sudt trén ta dugc xac suét can tinh.

Cau 50: Trong ky thi THPT Quéc Gia, thi sinh An du thi mon thi trac nghiém Toan. Dé
thi gbm 50 cau hdi; mdi cau hdi c6 4 phuong én lya chon; trong d6 ¢6 1 phuong an
dtung, lam dang mbi cau duoc 0,2 diém. Ban An lam chic chin dang 42 cau, trong 8
cau con lai chi c6 3 cau ban loai trir dugc moi cdu mot dap an chic chin sai. Do khong
con du thoi gian nén An bit budc phai khoanh bira cac cau con lai. Xéc sudt ban An duge

9,4 diém la bao nhiéu?

Loi gidi
Ta chi quan tam 8 cau con lai. Trong 8 cau con lai minh chia lam 2 loai:

e Loail:gobm3cauco3dapéanA, B, C
Suy ra xéc suét chon dap an dung la %, xac sudt chon dap én dang la %
e Loai2:gobm5cauco4dapanA, B, C, D
Suy ra xéc suét chon dap an dung la %, xac sudt chon dap én dang la Z
Dé ban An dat dugc 9,4 diém (ttic can dang thém 5 cau trong 8 cau con lai) thi xdy ra mot

trong cac kha nang sau

3 5
e DPung 0 cau loai 1 & Pung 5 cau loai 3 suy ra xéac suat (%j X Cg(%) .

2 4
e Dung1 cauloai1l & Pung 4 cau loai 3 suy ra xac suat Cé%(%) X Cé[l) %
1) 2 1Y
e Dung 2 cauloai1 & Dung 3 cau loai 3 suy ra xac suét C;[gj 3 cg.(—] :

3 2
e Dung3 cauloai 1 & Dung 2 cau loai 3 suy ra xac suét cg(lj X C;[lj (EJ :
3 4

o B A 499
Cong céc xac suat lai ta dugc xac sudt can tinh P = FEYR

Céau 51: C6 12 nguoi xép thanh mot hang doc (vi tri cia mdi nguoi trong hang 1a ¢d
dinh), Chon ngdu nhién 3 nguoi trong hang. Tinh xac suat dé 3 nguoi dugc chon khong

c6 2 nguoi ding nao canh nhau.

Loi gidi
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e S0 phan tu ctia khong gian mau: n(Q)=C;, =220.

e Gia str chon ba ngudi ¢6 s6 thit tu trong hang lan lugtla m, n, p.

m<n<p a<b<c
a=m
2 o A n_m>1 b-aZl
Theo gia thiét ta co: .bdt \b=n-1=
p—n>1 ) c-b>1
c=p-

m,n,pe{1;2;...;12} l<a<b<c=p-2<10
=a,b,c 1aba s bat ki trong tap {1,2;3;..;10} =C6 C;, cach chon hay n(A)=Cj, =120

n(a)_120_6
n(Q) 220 11

Vay xéc suatla P(A)=

Cau 52: C6 hai hoc sinh 16p A, ba hoc sinh 16p B va bon hoc sinh 16p C xép thanh mot
hang ngang sao cho gitta hai hoc sinh 16p A khong c6 hoc sinh nao 16p B. Hoi c6 bao

nhiéu cach xép hang nhu vay?

Loi gidi
Xét cac truong hop sau:
e TH1: Hai hoc sinh 16p A dtng canh nhau c6 2!.8! cach.
e TH2: Gitta hai hoc sinh 16p A c6 mot hoc sinh 16p C c6 2!1.A}.7! cach.
e THB3: Gitta hai hoc sinh 16p A c6 hai hoc sinh 16p C c6 2!.Aj.6! cach.
e TH4: Gitta hai hoc sinh 16p A c6 ba hoc sinh 16p C ¢6 2!.A}.5! cach.
e THS5: Giita hai hoc sinh 16p A ¢6 bon hoc sinh 16p C c6 2!.A}.4! cach.
Vay theo quy téc cong c6 2!(81+A} 71+ A6+ Aj5!+ Aj4!) =145152 cach.

Cau 53: T cac sO {0; 1;2;3;4;5; 6} viét ngau nhién mot s6 ty nhién gdm 6 chi s6 khac
nhau c6 dang a,a,a,a,a.a,. Tinh xac sudt dé viét dugc s6 thod man diéu kién

a,+a,=a,+a, =a,+a,.

Loi gidi

Ta dé c6 s6 phan tit ctia khong gian miu la [ =6.A7 = 4320.
Goi A 1a bién c8 “chon dugce s6 thod man yéu cau bai toan”. Khi d6 ta c6 3 phuong an dé
chon s6 a,a,a;a,a.a, nhusau:

e Phuongén 1: a, +a, =a,+a, =a;+a, =5.Khido

{(a1,,)i(a5,2,)5(as,a,)) = {(0,5);(1,4);(2,3)}.

+ Phuong én 1.1: (a,,a,)=(0,5)=c6 2.(2!)2 cach chon.
+ Phuong én 1.2: (a,,a,)#(0,5)=c6 4.(2!)3 cach chon.
Vay c6 2.(2!)" +4.(2!)’ =40 cach chon.

e Phuongén 2: a, +a,=a,+a, =a;+a, =6.Khido
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{(ara,)i(as,a,)5(as5,a4)} ©{(0,6)3(1,5):(2,4); -

Phuong 4n nay hoan toan tuong tu phuong &n 1 do d6 c6 2.(2!)" +4.(2!)’ =40 céch chon.

Phuong 4an3: a, +a, =a, +a, =a; +a, =7 . Khi dé
{(al,az);(a3,a4);(a5,a6)}c{(1,6);(2,5);(3,4)}
Suy ra c6 3!.(2!)’ =48 cach chon.

Al 128 4

Véy S6ph§nt&Cﬁa A |A|=402+48=128Suy1‘a p:@_ﬁ_ﬁ

Cau 54: C6 3 bi xanh, 3 bi do, 3 bi trang va 3 bi vang (cac vién bi cing mau giong nhau).
Hoi c6 bao nhiéu cach xép 12 vién bi thanh moét hang ngang sao cho céc bi cing mau
khong canh nhau?

Loi gidi

e X&p 3 bi xanh trudc: c6 1 cach (tao ra 4 khodng trong ké ca hai dau). Tiép theo xé&p 3
bi d6 vao 4 khoang tréng: c6 C; cach. Bay gio c6 tat ca 6 vién bi (g6m 3 bi xanh va 3
bi dd) tao nén 7 khodng tréng, tiép tuc xép 3 bi trdng vao 7 khodng trong: c6 C;
cach. Thoi diém nay c6 tat cd 9 vién bi (g6m 3 bi xanh, 3 bi d6 va 3 bi trdng), tiép tuc
xép 3 bi vang vao 10 khodng tréng: c6 C;, cach. Vay c6 1.C;.C,.C;, céch.

e Tuy nhién khi xép 3 bi xanh xong, ké tiép xép 3 bi dé vao 4 khoang tréng nhu da
trinh bay ¢ trén thi c6 2 truong hop ma 2 bi xanh canh nhau

b | X X| b | X | b

b| X | b|X X | b

Ung v6i mbi truong hop nay sé kéo theo viéc xép bi tring khong théa man la C) va viéc

xép bi vang khong théa man la C;,. Vay s6 truong hop khong théa man (can phai trir ra)
la 2.C2.C; cach.
12!
2

Ta co 31.31.31.3! :P:%
n(A)=1.C.C.C},-2.C.C}

Cau 55: C6 6 vién bi gdm 2 bi xanh, 2 bi dd, 2 bi vang (céc vién bi ban kinh khac nhau).
Tinh xac suat dé khi x&p 6 bi trén thanh mot hang ngang thi khong c6 hai vién bi cung

mau nao ding canh nhau.

Loi gidi
Truong hop 1. C6 3 cdp canh nhau: c6 3!.21.2!.2!=48 cach.
Truong hop 2. C6 2 cdp canh nhau
e Kha nidng tht nhat: Cdp xanh canh cdp do
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Ta xem cdp xanh nhu 1 vi tri, cdp do6 nhu 1 vi tri cing v6i 2 vién bi vang nén c6 4! cach
xép. Hai vién bi trong c&p bi xanh ddi vi tri nén c6 2! céch, hai vién bi trong cap bi d6 déi
vi trinén c6 2! cach. Nhung ta d€m thé nay 1a thira truong hop 3 cdp bi canh nhau.
Do d6 kha nang thtr nhat c6 4!.21.21-48 =48 céach.

e Kha nang th hai: Cép xanh canh cdp vang c6é 48 cach.

e Kha nang tha ba: Cdp do canh cdp vang c6 48 céch.
Vay truong hop 2 c6 48 +48+48 =144 cach.
Truong hop 3. C6 1 cdp canh nhau

e Kha nidng tht nh4t: Chi c6 2 vién bi xanh canh nhau
Ta xem cdp xanh nhu 1 vi tri, cing v6i 2 vién bi dd va 2 vién bi vang nén c¢6 5! cach xép.
Hai vién bi trong cdp bi xanh d6i vi tri nén c6 2! cach. Nhung ta dé€m thé nay la thira
truong hop 2 cdp bi canh nhau (cap xanh canh cdp do & cdp xanh canh cdp vang) va
truong hop 3 cap bi canh nhau.
Do d6 khé ning tht nhét c¢6 5!.2!-(2.48)-48 =96 cach.

e Kha nang th hai: Chi c6 2 vién bi d6 canh nhau c6 96 cach.

e Kha nang tha ba: Chi ¢6 2 vién bi vang canh nhau c6 96 céch.
Vay truong hop 3 ¢6 96 +96 + 96 = 288 cach.
Suy ra s6 cach xép 6 bi thda man bai toan la 6!—48-144 —288 =240 cach.
Nhan xét. Bai nay ta khong thé lam nhu bai truée dugce vi cac vién bi khac nhau.

n(Q)=6! 1
Ta co =P==
n(A):240 3

Cau 56: Co 2 hoc sinh 16p A, 3 hoc sinh 16p B va 4 hoc sinh 16p C xép thanh moét hang
ngang sao cho gitta hai hoc sinh 16p A khong c6 hoc sinh 16p B. Héi c¢6 bao nhiéu cach

x€p hang nhu vay ?

Loi gidi
Goi k la s6 hoc sinh 16p C ¢ gitta hai hoc sinh 16p A v6i k=0;1;2;3;4.
Trudc tién ta dém cach tao thanh cum A CC...CA.
k
e Chon 2 hoc sinh 16p A xép 2 dau c6 2! cach. Chon k hoc sinh 16p C xép vao gitta
hai hoc sinh 16p A c6 AIZ cach. Do d6 c6 2!.Al; cach tao ra cum ACC...CA.
—_—

k

e Coicum ACC..CA la moét vi tri cung voéi 9—(k +2) hoc sinh con lai thanh 8-k vi
k

tri. X&p hang cho céc vi tri nay ¢6 (8—k)! cach.
Vay v6i mdi k nhu trén c6 21.A}.(8—k)! cach xép hang.

4
Suy ra s6 cach xép hang thoa man dé bai la: > 21.A}.(8-k)!=145152 cach.

k=0
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Cau 57: Cho mot da giac 16i (H) ¢6 30 dinh. Goi ngau nhién 4 dinh cta da giac d6. Goi P
1a xac sudt sao cho 4 dinh duoc chon tao thanh mot tt gidc c6 bén canh déu 1a duong

chéo cua (H). Tim P.

Loi gidi
S6 phén ti ctia khong gian mau 1a n(Q)=Cj,.
Goi A: “4 dinh dugc chon tao thanh moét t giac co bon canh déu la duong chéo cua
(H)".
Dé chon ra mét ta giac thoa man dé bai ta lam nhu sau:

e Budc 1: Chon dinh d4u tién cua ta gidc, c6 30 cach.

e Budc 2: Chon 3 dinh con lai sao cho hai dinh bat ky cta ta giac cach nhau it nhat 1
dinh. Diéu nay tuong duong véi viéc ta phai chia m =30 chiéc keo cho n=4 dua
tré sao cho méi dda tré c6 it nhat k=2 cai, c6 C;,", ,, = C5; cach, nhung lam nhu
th€ moi tir gidc 1ap lai 4 1an.

= S6 phan tir ctia bién ¢ A la n(A)= %

30.C2,
Ay B
Vay xéc suat cua bién c6 A 1a P(A)= nEQg _ C%* _ gzg
n 30

~0,6294 .

Cau: Cho da giac déu 2018 dinh. Hoi c6 bao nhiéu tam giac c6 dinh 1a dinh cta da giac va
c6 mot goc 16n hon 100°7?

Loi gidi

Goi A, ,A,,..., A,y 1a cac dinh cua da gidac déu 2018 dinh.
Goi (O) la duong tron ngoai tiép da gidc déu A A, A, .

356 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

C4c dinh cta da gidc déu chia (O) thanh 2018 cung tron bdng nhau, méi cung tron c6 s&
360°

2018

Vi tam giac cdn dém c6 dinh 1a dinh cua da gidc nén cac goc cua tam gidc 1a cac goc noi

tiép cua (O).

do bing

Suy ra géc 16n hon 100° sé chdn cung c6 s6 do 16n hon 200°. C6 dinh mot dinh A,. C6
2018 cach chon A, .

Goi A;,Aj,A, la cac dinh sap tht ty theo chiéu kim déng hé sao cho cung nhé

AA, <160° thi cung lon A A, >360-160°=200° = A, A A, >100° va tam gidc A A A, la

tam gidc cAn dém. Khi d6 A,A, 1a hop lién tiép cua nhiéu nhat % =896 cung tron
2018

noi trén.

896 cung tron nay c6 897 dinh. Trur di dinh A, thicon 896 dinh. Do d6 c6 Ci,, cach chon
hai dinh A, A, .

Vay c6 tat ca 2018.C,, tam giac théa man yéu cau bai toan.

Chii : Phan tich sai lam khi giai bai tap nay:

Giast A A A, >100° thicung A A  (khong chtra diém A ) sé c6 s6 do 16n hon 200°.

Tac la cung A, A (khong chtia diém A, ) s& 1a hop lién tiép cua it nhat ;28 +1=1122
2018

cung tron bang nhau néi trén.
Ttr d6 ta c6 cach dung tam giac thda man yéu cau bai toan nhu sau:

e Budc 1: Panh ddu mot cung tron la hop lién tiép ctia 1122 cung tron bang nhau néi
trén. C6 2018 cach danh dau.

e Budc 2: Trong 2018 -1121=897 diém khong thudc cung tron & budce 1 (bao gdm ca
hai diém dau mut cta cung), chon ra 3 diém bat ki, c6 C;,, cach chon, 3 diém nay
sé tao thanh tam gidc c6 mot géc 1on hon 100°.

Vay c6 tat ca 2018.C;,, tam giac théa man yéu cau bai toan.

Céch lap luan nay la khong chinh xéc, vi ta chua trir di cac truong hop tring nhau!

Cau 58: C6 bao nhiéu s6 ty nhién c6 2018 chit s6 sao cho trong mbi s6 tong céac chit s6
bang 57?

Loi gidi
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Vi5=4+1=3+2=2+2+1=3+1+1=2+1+1+1=1+1+1+1+1 nén ta c6 cac truong hop
sau:
e Truong hop 1: S6 tu nhién c6 mot chir s6 5 dang dau va 2017 s6 0 dung sau: Co 1
sO.
e Trudng hgp 2: S6 tu nhién c6 mot chir s6 4, mot chirs6 1 va 2016 s6 0.
+ Kha ndng 1: Néu s6 4 dung dau thisd 1 ding & mot trong 2017 vi tri con lai nén ta cé
Chopy SO.
+ Khé ndng 2: Néu s6 1 dung dau thisé 4 dung ¢ mot trong 2017 vi tri con lai nén ta co
Cyyy SO.
e Trudng hgp 3: S6 tu nhién c6 mot chir s6 3, mot chirs6 2 va 2016 s6 0
+ Khé ndng 1: Néu s6 3 dung dau thisé 2 dung ¢ mot trong 2017 vi tri con lai nén ta c6
Chory SO.
+ Kha ndng 2: Néu s6 2 dang dau thi s6 3 dung d mot trong 2017 vi tri con lai nén ta c6
Chory SO.
e Trudng hgp 4: S6 tu nhién c6 hai chir s6 2, mot chirsé 1 va 2015 s6 0
+ Khé ndng 1: Néu s6 2 dung dau thiso 1 vaso 2 con lai dang & hai trong 2017 vi tri con
lai nén ta c6 A2, s6.
+ Kha ndng 2: Néu s6 1 dung dau thi hai chit s6 2 dung 6 hai trong 2017 vi tri con lai nén
taco C3y,, 80.
e Truong hop 5: S6 tu nhién c6 2 chit s6 1, mot chix s6 3 thi tuong tu nhu trudng
hop 4 taco A}, +Cay, SO.
e Truong hgp 6: S6 tu nhién c6 mot chirs6 2, ba chirsé 1 va 2014 s6 0.
+ Kha ndng 1: Néu s6 2 dung dau thi ba chit s6 1 dung 6 ba trong 2017 vi tri con lai nén
taco C)y,, sO.
+ Kha ndng 2: Néu s6 1 dung dau va s6 2 dang 6 vi tri ma khong c6 s6 1 nao khac dung
trude n6 thi hai sd 1 con lai ding & trong 2016 vi tri con lai nén ta c6 Cj,, s6.
+ Kha ndng 3: Néu s6 1 dung dau va s6 2 dung & vi tri ma dang trude n6 c6 hai s6 1 thi
hai s6 1 va 2 con lai ding & trong 2016 vi tri con lai nén ta c6 A2, s0.
e Truong hop 7: S6 ty nhién c6 ndm chit s6 1 va 2013 s6 0, vi chit s6 1 dung dau
nén bén chit s6 1 con lai dtng & bon trong 2017 vi tri con lai nén ta c6 Cy,, sO.

Ap dung quy tic cong ta c6 1+4Ch,, + Z(Cg017 +AZ, ) + (Ci017 + A%+ Cooe ) +Chyy, SO can

tim.

Cau 59: Co 1 vién bi xanh, 2 vién bi vang va 3 vién bi do6 (cac vién bi c6 ban kinh khéc
nhau). Hoi c6 bao nhiéu cach xép 6 vién bi thanh mét hang ngang sao cho céc vién bi

cting mau khong xép canh nhau ?

358 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Loi gidi
Ta danh s6 thit tu cac 6 can x€p bi.
I II ITI IV \'% VI
e Truong hop tha nhat.

Bi mau dé & cac vitril, III, V nén cé 3! cach.
Bi mau vang va mau xanh & cac vi tri con lai II, IV, VI nén cting c¢6 3! cach.
Do d6 trong tuong hop nay c6 3!.3!=36 cach.
e Truong hop thit hai (nhu trudong hop tha nhat)
Bi mau dd & cac vitriIl, IV, VI nén c6 3! cach.
Bi mau vang va mau xanh & céc vi tri con lai I, III, V nén ciing c6 3! cach.
Do d6 trong tuong hop nay c6 3!.3!=36 cach.
e Truong hop thit ba
Bi mau d6 & cac vitri I, III, VInén c6 3! cach.
Bi mau vang va mau xanh ¢ tuy y cac vi tri con lai thi c6 3! cach nhung trong d6 cé vi tri
II(x)-1IV(v)—-V(v) khong thoa man.
Do d6 trong tudng hop nay c6 3!.(3!-2) =24 cach.
e Truong hop tht tu (nhu truong hop thit ba)
Bi mau dé & cacvitril, IV, VI nén c6 3! cach.
Bi mau vang va mau xanh ¢ tuy y cac vi tri con lai thi c6 3! cach nhung trong d6 cé vi tri
II(v)-II(v)-V(x) khong théa man.
Do d6 trong tudng hop nay c6 3!.(3!-2) =24 cach.
Vay c6 tat cd 36+24+36+24 =120 cach thoa man bai toan.

Céu 560: Trong tran ddu bong da gitra 2 d6i Real madrid va Barcelona, trong tai cho doi
Barcelona dugc huéng mot qua Penalty. Cau thu sut phat ngau nhién vao 1 trong bon vi
tri 1, 2, 3, 4 va thd mon bay nguoi can pha ngau nhién dén 1 trong 4 vitri 1, 2, 3, 4
vOi xdc sudt nhu nhau (tha moén va cau thu sat phat déu khong doan dugc y dinh ctia d6i
phuong). Biét néu cau tha stt va tha mon bay cung vao vi tri 1 (hodc 2) thi tht mon can
phé dugc cu sut d6, néu cung vao vi tri 3 (hodc 4) thi xac suat can pha thanh cong 1a

50% . Tinh xac suat cua bién c6 “cu sat d6 khong vao ludi”?

4

1 K =

Loi gidi
Cach 1:
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S6 phan tr ctia khong gian mau la n(Q)=4.4=16
Goi bién c6 A = “Cu sut d6 khong vao ludi”
Khi d6 bién c5 A = “Ct stit d6 vao ludi”
S6 phan tu cta n(K) la
e Truong hop 1: Cau thu sut vao vi tri 1 thd mon bay vao 1 trong 3 vi tri con lai. Cau
thti c6 1 cach sat. Tht mon c6 3 cach bay. Do d6, c6 3 kha nang xay ra
e Truong hop 2: Cau thu sut vao vi tri 2 thd mon bay vao 1 trong 3 vi tri con lai. Cau
tha c6 1 cach stt. Thu mon ¢6 3 cach bay. Do do6, ¢6 3 kha nang xay ra
e Truong hop 3: Cau thu sut vao vi tri 3 thd mon bay vao 1 trong 3 vi tri con lai. Cau
tha c6 1 cach stt. Thu moén ¢6 3 cach bay. Do do6, ¢6 3 kha nang xay ra
e Truong hop 4: Cau thu sut vao vi tri 4 thd mon bay vao 1 trong 3 vi tri con lai. Cau
tha c6 1 cach sat. Tha mon c6 3 cach bay. Do do, c6 3 kha ndng xay ra. Truong hop
5: Cau thu sat vao vi tri 3 tht mon bay vao vi tri 3. Cau thu ¢6 1 cach sat. Thu mén
c6 1 cach bay. Do d6, c6 1 kha nang xay ra
e Truong hop 6: Cau thua sat vao vi tri 4 thu mon bay vao vi tri 4. Cau tha c6 1 cach
stat. Thu mon c6 1 cach bay. Do d6, c6 1 kha nang xay ra

Khi d6 n(K) =43+21=14.

Xéc suét xay ra bién c8 A 1a p(K) = % +%% = % (Do 2 truong hop 5, 6 thi xac suét xay
ra chila 50%). Vay p(A) = 1—p(K) - 1—% :1_36 ,
Cdch 2:

4

Goi A, 1a bién ¢6 “clu thu sat phat vao vi tri i
B, 1a bién c6 “thu mon bay nguoi can pha vao vi tri tht i 7
Va C la bién ¢6 “Cu sut phat khong vao lu6i”

D thly P(A,)=P(B,)= . Taco

P(C)=P(A,)P(B,)+P(A;)P(B,)+>P(A,)P(B,)+ 2 P(A,)P(B,)

442

Cau 61: Trong mot 16p c6 n hoc sinh ¢6 ba ban A,B,C cing n—3 hoc sinh khéc. Khi xép

tily ¥ n hoc sinh nay vao mot day ghé dai c6 danh s6 tir 1 dén n ( mdi hoc sinh ngdi mot

ghé). Xac sudt dé sd ghé cta A bang trung binh cong s ghé ctia B va C bang % Timn ?

Loi gidi
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S6 cach xép tuy y 1a n!. Ta tim s6 cach xép thda man; gia st s6 ghé ctia A,B,C lan lugt 1a

a,b,c. Theo gia thiét ta c6 a= % < b+c=2a. Do d6 b va c cung chdn hodc cung 1é. Ta

xét 2 kha ndng cua n.
Truong hop 1: n=2m

e Néu b,c chdn c6 A? cach xép B va C; 1 cach xép A va (n—3)! cach xép hoc sinh
2

khac.
e Néub,cléco A cach xép Bva C; 1 cach xép A va (n—-3)! cach x&p hoc sinh khéc.

2

Vay xéc suat can tinh la:

|
2(n-3)1A2  2(2m-3)— 2
(n-3) n (2m-3) (m-2)! 2m(m-1) 13 701

nt (2m)!  2m(2m-1)2m-2) 675 52

Truong hop nay khong théa man.
Truong hop 2: n=2m+1

e Néu b,c chdn co6 A2 cach xép B va C; 1 cach xép A va (2m-2)! cach xép hoc sinh

khac.
e Néub,cléco AZ , cach xép B va C; 1 cach xép A va (2m—-2)! cach xép hoc sinh
khéc.

Vay xdac sudt can tinh la:
(2m-2)[AL+AL ] m(m-1)+(m+1)m 13

= = =13 =27
(2m+1)! 2m+1)(2m)(2m-1) 675

Vay n=27

Cau 62: Cho tam gidc déu H c6 canh bang 8. Chia tam gidc nay déu thanh 64 tam giac
déu c6 canh bang 1 bdi cac duong thiang song song véi cac canh ctia tam giac déu da cho.
Goi S 1a tap hop cac dinh cta 64 tam giac déu c6 canh b:?mg 1. Chon Ngau nhién 4 dinh
ctia tap S. Tinh xac suat dé 4 dinh chon dugc la bon dinh ctia mot hinh binh hanh ndm

trong mién trong tam gidc déu H.

NN/
/NN NN N NN
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Loi gidi
Cdach 1:
Ta thdy c6 3 loai hinh binh hanh dya vao cach chon phuong cua hai canh cta hinh binh
hanh. S§ hinh binh hanh ctia mdi loai 1a bang nhau nén chi can tinh mot loai rdi nhan véi
3.

CNCNININGN
O
AR
VAR R

Dung thém mot duong thing song song v6i canh day va cach canh day mot khoang bang

khoang cach gitia hai dudong thing song song ké nhau, tao thanh mot tam giac déu mé
rong nhu hinh vé. Ta chia canh méi thanh 9 phan bang nhau béi 8, cong thém 2 dau mat
nita thanh 10 diém. Cac diém duoc danh s6 tir trai sang phai tir 1 dén 10,

Khi d6, v6i 1 hinh binh hanh c6 hai canh song song v6i hai canh bén tuong ting v6i bon s6
1<a<b<c<d<10 theo quy tdc sau: N6i dai cac canh cta hinh binh hanh, cit cac canh
moi tai 4 diém c6 s6 tha tula a, b, ¢, d. Vi du véi hinh binh hanh mau dé trén ta ¢6 bo
(2,5,7,9). Nguoc lai néu c6 mot bd s6 1<a<b<c<d<10 ta s& ké cac dudng thdng tir
diém a, b song song vdi canh bén tréi va tir ¢, d song song v6i canh bén phai giao nhau
ra moOt hinh binh hanh.

Vay s6 hinh binh hanh loai nay 1a s céch 14y ra bon s6 phan biét (a;b;c;d) tix 10 s6 tu
nhién {1,2,3,...,10} va ta duoc Cj, =210.

Vay két qua la 3.C}, =630 hinh binh hanh.

Ta thay c6 1+2+3+..+9=45 giao diém gitta cdc duong thang nén s6 phan ti ctia khong
gian mau la n(Q)=Cj,.

3G, 2

T CL 473’
Cidch 2: Dé chon dugc mot hinh binh hanh ma 4 dinh chon duoc 1a bén dinh ctia mot hinh

binh hanh ndm trong mién trong tam gidc déu H ta lam nhu sau:

Vay xac suat can tinh la P(A)

Chon 2 trong 7 diém trén mot canh ( trir hai diém ddu mtt cta canh), cung vé6i hai diém

trong 5 diém ndm tuong Gng trén mot canh trong hai canh con lai cta tam giac ( trir mdi
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dau canh di 2 diém). Qua 4 diém nay c6 4 duong thing tuong tng ctia ddu bai sé cit
nhau tao thanh moét hinh binh hanh théa man bai toan.

Vi vai tro cac canh nhu nhau nén s6 hinh binh hanh thu duoc 1a: C2.C2.3 =630 (hinh).

Ta thay c6 1+2+3+...+9 =45 giao diém gitta cac duong thing nén s phan ta cta khong
gian mau la n(Q)=Cj,.

_3Chy_ 2

Vay xéc sudt can tinh 1a P(A) = o T3
45

Cau 63 : Goi A la tap hop tat ca cac s6 tu nhién c6 tam chit s6 d6i mot khac nhau. Chon

ngau nhién mot s& thudc A, tinh xac suat dé s6 tu nhién duge chon chia hét cho 45.

Loi gidi
Taco n(Q)=Aj, —A;.
Goi A la tap hop cac s6 a ¢6 8 chir s6 khac nhau chia hét cho 45.
Khi d6 a chia hét cho 5 va 9 (téng cac chit s6 chia hét cho 9 va s6 hang don vi bang 0
hodc 5).
e Truong hop 1: a c6 hang don vi bang 0; 7 chit s6 con lai c6 chitsd 9 va 3 trong 4
b0 s6 {1;8}, {2;7}, {3;6}, {4;5}, co 4.7! s6.
e Truong hop 2: a c6 hang don vi bang 5; 7 chit s6 con lai c6 chirsé 4 va 3 trong 4
bo s6 {0;9}, {18}, {2;7}, {3;6}.
Khong c6 bo {0;9}, co 7! s6.
Co bo {0;9}, c6 C3(71-6!) s6

I+C2(71-6!
o n(A) =471 C(7161) 56 = P(A) =27 S (7H0) | 58
AL —A] 2268

Cau 64 : Mot khéi lap phuong c¢6 do dai canh 1a 2cm dugce chia thanh 8 khoi 1ap phuong
canh lcm. Héi c6 bao nhiéu tam gidc duoc tao thanh tir cdc dinh ctia khéi lap phuong
canh 1cm.

Loi gidi
Co tat ca 27 diém.
Chon 3 diém trong 27 c6 C;, =2925.
Co tatca (82+6.2+4.2+4+3+2+2+2)=49 bo ba diém thing hang.

Vay c6 2925-49 = 2876 tam giac.

Cau 65: Hai nguoi ngang tai ngang stic tranh chiic vo dich cua mét cudc thi co tuéng.
Nguoi gianh chién thang la nguoi dau tién thang dugc ndm van co. Tai thoi diém nguoi
choi tht nhat da thang 4 véan va nguoi choi tht hai méi thdng 2 van, tinh xac suat dé

nguoi choi th nhat gianh chién thang.

Loi gidi
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Theo gia thiét hai ngudi ngang tai ngang stic nén xac sudt thing thua trong mot van dau la
0,5;0,5.
Xét tai thoi diém nguoi choi thtr nhat da thing 4 véan va nguoi choi thit hai thang 2 van.
Dé nguoi tha nhat chién thdng thi nguoi th nhat can thing 1 van va nguoi tht hai thing
khong qué hai van. C6 ba kha nang:

e TH1: Panh 1 van. Nguoi tht nhat thing xac suatla 0,5.

e TH2: Panh 2 van. Nguoi thi nhat thing & van tha hai xac suét 1a (0,5)" .

e TH3: Panh 3 van. Nguoi thit nhat thing & van thi ba xéac suat 1a (0,5)’ .

Vay P=0,5+(0,5)"+(0,5)’ =§.

Cau 66: Xét mot bang 6 vudng gdm 4x4 6 vudng. Nguoi ta dién vao modi 6 vuong do
A : N 9 R z ~ X N NS z ~ X
mot trong hai s6 1 hodc —1 sao cho tong céc s6 trong moéi hang va tong cac s6 trong moi

cot déu bang 0. Héi c6 bao nhiéu cach?

Loi gidi
Nhan xét 1: Trén mdi hang c6 2 s6 1 va 2 s6 -1, mdi cot c6 2 s6 1 va 2 s6 -1
Nhan xét 2: Dé tdng cac s6 trong mdi hang va trong mdi cot bang 0 dong thoi c6 khong
qué hai s biang nhau va ba hang dau tién da duoc xé&p s thi ta chi c6 mot cach xép hang
tht tu.
Do véay ta tim s6 cach xép ba hang dau tién. Phuong phap giai bai nay la xép theo hang.

(Hinh vé). Cac hang dugc déanh s6 nhu sau:

Hang 1

Hang 2

Hang 3

Hang 4

A~ ~ S X N A Z 4 Z LN ~ N R Z ~ N Z N Z
Néu xép tu do thi mo6i hang déu c6 o1 6 cach dién s6 ma tong céc s6 bang 0, d6 1a cac

cach x&p nhu sau (Ta goi la cac b s& tir (1) dén (6)):
11-1-1 (1), 1-1-11 (2),-1-111(3),-11-11 (4),1-11-1 (5),-111-1 (6)

Gid st hang 1 dugc xép nhu bo (1). S6 cach xép hang 2 ¢6 cac kha nang sau

e Khanidng 1: Hang 2 xép giong hang 1: C6 1 cach xé&p (bo (1)).
Hang 3 ¢6 1 cach (b6 (3)). Hang 4 ¢6 1 cach. Vay ¢6 1.1.1.1=1 cach xép.

e Khé ning 2: Hang 2 x&p d6i xtmg voi hang 1: C6 1 cach xép (bo (3))
Hang 3 c6 6 cach (1ay thoai mai tir cac bo vi téng hai hang trén da bang 0). Hang 4 c6 1
cach. Vay c6 1.1.6.1=6 cach xép.
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e Kha ning 3: Hang 2 xép trung vdi cach xép hang 1 & 2 vi tri: C6 4 cach xép (4 bo
con lai)
Khi d6, v6i mdi cach xép hang thit 2, hang 3 ¢6 2 cach.Hang 4 c6 1 céch. Vay co
1.1.6.1=6 céch xép.

Vi vai tro cac bo s6 nhu nhau nén s cach xé€p thda man ycbt 1a 6.(1+6+6)=90 cach.

Cau 67: Thay X c6 15 cudn sach gom 4 cudn sach todn, 5 cudn sach li va 6 cudn sach
hoa. Céc cu6n sach ddi mot khac nhau. Thady X chon ngdu nhién 8 cuén sach dé lam
phéan thudng cho mot hoc sinh. Tinh x4c suat dé s6 cudn sach con lai cta thdy X c6 da 3

mon.

Loi gidi
Goi A 1a bién ¢6 “S6 cudn sach con lai cta thdy X c¢6 da 3 mon”, suy ra A 1a bién ¢8 “S6
cudn sach con lai ctia thdy X khong c6 du 3 mon”= “Thay X da 14y hét s6 sach cua mot
mon hoc”.
S6 phan tu ctia khong gian mau la: n(Q) = C}, =6435

5 661

715

Cau 68: Mot con tho di chuyén tir dia diém A dén dia diém B bang cach qua cac diém

n(A)=Cj.C}, +C3.C}, +Co.C; = 486 = P(A) = P(A)=1-P(A)

nat (trong ludi cho & hinh vé) thi chi di chuyén sang phai hodc di 1én (mdi cach di chuyén
nhu vay xem la mot cach di). Biét néu thé di chuyén dén nat C thi bi céo 4n thit, tinh xac

suat dé tho dén duoc vi tri B.

Loi gidi

A
Vé thém cho em diém Jngay phia trén diém I nhé
Cha y : Néu di chuyén trén ludi theo huong lén trén hodc sang ngang thi di tir O(0;0) dén
A(m;n) s&€c6 Chn, =Ch  cach.
S6 cach di chuyén tir A dén 1 1a C; , s6 cach di chuyén tir I dén B la C;.
S6 phan t khong gian mau: n(Q)=C;.C; =60.

Goi X 1a bién cd tho dén duoc vi tri B.
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S6 cach di chuyén tir A dén 1 1a C2 , s cach di chuyén tir I dén J 1a 1 cach, s6 cach di
chuyén tix Jdén B 1a C;.Ta ¢6 n(X)=C:.1.C; =30.
n(X) 1

Vay P(X):@:E.

Cau 69: Méi luot, ta gieo mot con stic sac (loai 6 mat, can d6i) va mot dong xu (can déi).
Tinh x4c sudt dé trong 3 luot gieo nhu vay, c6 it nhat mot luot gieo dugc két qua con xtc

sac xuat hién mat 1 chdm, dong thoi dong xu xuat hién mat sap.

Loi gidi
Trudc hét ta tinh xac suat dé trong mot luot gieo tht k khong dugc két qua con xtc séc
xudt hién mit 1 chdm, dong thoi dong xu xudt hién mat sap.
S6 phan ti cua khong gian mau la C,.C, =12.
S6 cach gieo dé duoc két qua con xtc sic xuat hién mat 1 cham, déng thoi dong xu xuat
hién mit sap la C;.C; =1. Vay P(Ak):E:E

12 12
Goi A 1a bién c6 trong 3 luot gieo c6 it nhat mot luot gieo duoc két qua con xtc sdc xuat
hién mt 1 chdm, dong thoi dong xu xuat hién mat sap.
11 T 397

Khi d6 P(A)=1-P(A AA.)=1-[ L] =227
ido P(a) (ArhA,) (12 1728

Cau 70: Xép ngau nhién 8 chit cai trong cum tir ‘THANH HOA” thanh m¢t hang ngang.
Tinh x4c sudt dé co it nhat hai chit H dang canh nhau.

Loi gidi
Cdch 1.
Xét truong hop cac chix cai duoc x€p bat ki, khi d6 ta xép cac chit cai lan lugt nhu sau
e Co6 C; cach chon vi tri va xép c6 3 chix cai H.
e C6 C}céch chon vi tri va xép c6 2 chit cai A.
e (6 3! cach xép 3chircai T, O, N.
Do d6 s6 phan ti cia khong gian mau la n(Q)=C;.C;.3!.
Goi A 1a bién c6 “c6 it nhat hai ch@t H dtiing canh nhau”
e Néu c6 ba chit H ding canh nhau, c6 6 cach xép 3 chi H.
e Néu dung hai chit H dung canh nhau thi
+ Khi hai ch@t H ¢ hai vi tri ddu hodc cudi c6 5 cach xép chir cai H con lai
+ Khi hai cht H dtng ¢ vi tri gitra thi c6 4 cach x€p chit cai H con lai.
Do d6 c6 2.5+5.4=30 cach xép 3 chit H sao cho c¢6 dang hai chit H dting canh nhau.
Nhu vay c6 30+6 =36 cach xép 3 chit H, tng v6i cach x&p trén ta c6 Ci céach chon vi tri

va xép 2 chircai A va 3! cachxép T, O, N

366 | Chinh phuc olympic todn Fanpage: Tap chi va tu liéu todn hoc



TUYEN TAP MOT 58 NHOM CAU HOI VAN DUNG CAO MON TOAN

Suy ra n(A)=36.C:.3!. Vay xac sudt ctia bién cd A la P(A)= n(A) -2
n(Q) 14
Cdch 2. S6 phan ti ctia khong gian mau la n(Q)= 2?—:;' = 3360

Goi A 1a bién c6 “c6 it nhat hai ch@t H dting canh nhau”
|
DPau tién ta xép 2 chit A vaba cht T, O, N ¢ % cach.
Tiép theo ta c6 6 vi tri (xen gitta va & hai ddu) dé xép 3 chit H va khong c6 chit H nao
dimg lién nhau, c6 C§ céach.
d L ~ 5! 3 ~
Do d6 n(A):2—!C6 =n(A)=n(Q)-n(A)=2160.

n(A)_9
n(Q) 14°

Vay xac suat cua biéncd A la P(A)=

Cau 71: Trong mot bai thi trdc nghiém khach quan c6 10 cau. Mbi cau c6 bon phuong 4n
tra 10i, trong d6 chi c6 mot phuong 4n dtng. Mbi cau tra 16i dung thi dugce 1 diém, tra 1o
sai thi bj trir 0,5 diém. Mot thi sinh do khong hoc bai nén lam bai bang cach v6i mdi cau
déu chon ngau nhién mot phuong an tra 16i. Xac suat dé thi sinh d6 lam bai duoc s6 diém
khong nho hon 7 1a bao nhiéu?

Loi gidi
Chon ngau nhién phuong an tra 10i cho 10 ciu héi ta dugce khong gian mau ¢6 s6 phan ti
la n(Q)=4".
Goi A la bién ¢4 thi sinh lam bai dugc s6 diém khong nhé hon 7.
Mot thi sinh lam bai duoc sé diém khong nho hon 7 thudc mot trong cac truong hop sau:
e Ding 10 cau (dugc 10 diém) co: 1 cach chon.
e Dung 9 cau vasai 1 cau (dugc 8,5 diém) co: C;,.3=30 cach chon.
e Dung 8 cau vasai 2 cau (duoc 7 diém) co: C7).3° =405 cach chon.
Khi d6 n(A)=1+30-+405=436.
Vay xéc sudt dé thi sinh 1am bai dugc s6 diém khong nhoé hon 7 1a
n(A) 436 109

Vay P(A) = = )
Y PA)= 6 "7~ eim
Chii i:
Goi x 1a s6 cau ding (voi 0<x<10, xeN), 10-x Ia s6 cau sai thi diém cda thi sinh 1a

d:x—0,5(10—x):37X—5.

Vi d>7 nén 37)(—527@ x>8 nén x €{8;9;10}. Do d6 ta c6 3 trudng hop nhu trong 10
giai.
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Cau 72: Cho A la tap céc s tu nhién c6 7 chir s6. Ldy mot s6 bat ky cua tap A . Tinh xac

suat dé 1ay dugc s6 1€ va chia hét cho 9.

Loi gidi
S6 phan ti ctia khong gian mau 1a n(Q)=9000000 = 9.10° so.
Goi A la bién c6 thoa man bai toan. Ta d€m s6 phan tu cta A .
Ta c6 céc s0 1é chia hét cho 9 1a day 1000017, 1000035, 1000053 ,.,9999999 lap thanh mot
cap sO cong c6 u, =1000017 va cong sai d=18 nén s6 phan tk cta day nay la
9999999 —1000017
18

+1=500000. Vay n(A)=5.10%.

A > L. .
M = 5'106 _ 1 Vi A va B la hai bién c6 xung khac nén hai
n(Q) 9.10° 18

Xac suat can tim 1a P(A)=

bién c6 nay khong dong thoi xay ra.

Cau 73: Ttr 2 chirs6 1 va 8 lap dugc bao nhiéu s6 tu nhién c¢6 8 chir s6 sao cho khong co

2 chits6 1 dung canh nhau?

Loi gidi

e TH1:C6 8 chits6 8.C61s0

e TH2:C6 1 chits6 1,7 chits6 8.C6 8 cach xép chits6 1 nén cé 8 so.

e TH3:C6 2 chits6 1, 6 chirsd 8. Xép 6 s6 8 tacd 1 cach. Tt 66 8 ta cd c6 7 chd
trong dé xép 2 s6 1. Nén ta c6: C; =21 s0.

e TH4:C6 3 chitsd 1, 5 chits6 8. Tuong tu TH3, tit 5 chit s6 8 ta c6 6 chd trong dé
x&p 3 chitsd 1. Nén c6: C) =20 s6.

e TH5:C64chirsd 1,4 chitsd 8. Turd chits6 8 tacd 5 chd trong dé xép 4 chirsd 1.
Neén co: Ci =5.

Vay c6: 1+8+21+20+5=55 s0.

Cau 74: Goi S 1a tap hop céc s6 tu nhién nhé hon 10° duoc thanh lap tir hai chit s6 0 va
1. Lay ngdu nhién hai s§ trong S. Xac suat dé 1dy duoc it nhat mot sd chia hét cho 3

bang bao nhiéu?

Loi gidi
Co: a, #0 ; a,, ..., a, €{0;1} .
S6phantarcta Sla: 2+1.2+41.22+1.222+1.2.222+1.22222=64.
L&y ngau nhién hai s& trong S, c6 : C, (cach 1ay).
Goi A 1a bién c6 18y duoc it nhat mot s6 chia hét cho 3.
= A 1a bién c6 khong 14y duoc s6 chia hét cho 3.
Ta xét xem trong 63 s cta tdp S c6 bao nhiéu s6 chia dugc cho 3:

e TH1:S6c6 1 chirsd a, :c6 2 sO va hai s6 nay déu khong chia duoc cho 3.
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e TH2:S6c6 2 chirsd aja, voi a, =1:c6 2 s6 va 2 sO nay déu khong chia duge cho
3.
e TH3:S6c6 3 chitso a,aa, voi a, =1:c6 4 s6 vatrong d6 c6 1 s6 chia dugc cho 3.

e TH4:S6 c6 4 chit s6 a,a,aa, voi a, =1:c6 8 sO va trong d6 c6 3 s6 chia duoc cho

3.
e TH5:56 c¢6 5 chit s6 a,a,a,aa; voi a, =1:¢c6 16 sO va trong d6 c6 6 s6 chia duoc
cho 3.

e TH6: S6 c6 6 chit s6 a,a,a,a,a5a, voi a, =1: c6 32 s6 va trong d6 c6 11 so chia
duoc cho 3.

Do d6 c6 21 s6 chia dugc cho 3 va c6 43 s6 khong chia duge cho 3 .

_G 8 _»

Do dé: P(A)= & =9 Vay P(A)=1-P(A)= S

Cau 75: Trong 18 tong két ndm hoc2017 —2018, 16p 12T nhéan duge 20 cudn sach gdm 5
cudn séch toan, 7 cudn sach vatly, 8 cudn sach Hoa hoc, céc sach cung moén hoc 1a giong
nhau. S8 sach nay dugc chia déu cho 10 hoc sinh trong 16p, moi hoc sinh chi nhan duoc
hai cuén sach khac moén hoc. Binh va Bdo 1a hai trong s6 10 hoc sinh d6. Tinh xéc suat dé

2 cu6n sach ma Binh nhan duoc giéng 2 cudn sach cua Bdo.

Loi gidi
Goi x, y, z lan lugt la s6 phan qua gom sach Toan va Vat ly, Toan va Hoéa hoc, Vat ly va
x+y=5 X=2
Hoa hoc. Khi d6 theo dé bai ta c¢6 hé phuong trinh <x+z=7 <{y=3.
y+z=38 z=5
S6 phén tt khong gian mau 1a |n,|=C3,.C;.C2 = 2520.
Goi A labién ¢ 2 cudn sach ma Binh nhan dugc giong 2 cudn séch ctia Bdo.
S6 phan ticaa A la n, =C;.C;.C2 +C;.C,.C. +C:.C..C; =784
748 14

Vay xac suat can tim1a P(A)= 50" 18

Cau 76 : Trong khong gian cho 2n diém phan biét (n>3,neN), trong d6 khong c6 3
diém nao thidng hang va trong 2n diém d6 c6 ding n diém ciing ndm trén mit phing.

Biét réng c6 ding 505 mit phing phan biét dugc tao thanh tir 2n diém da cho. Tim n?

Lovi gidi
Xem 3 diém trong 2n diém da cho 1ap nén mot mat phang, thé thi ta cé C), mit phing.
Tuy nhién vi trong 2n diém d6 c6 diung n diém cting ndm trén mit phang nén n diém
nay c6 duy nhat 1 mat phang.
Vay s6 mit phang c6 duoc la (C;n -C+ 1) :
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(Zn)! B n!
3!(2n-3)! 3!(n-3)!

< 2n(2n-1)(2n-2)-n(n-1)(n-2)=3024 <7 -In*+2n-3024=0<=n=8§.

Theo dé bai ta c6: C; —C> +1=505 < =504

Cau 77: Goi S 1a tap hop cac s6 tu nhién c6 6 chir s6 duoc lap tu tap A ={0;1;2;3;...;9}.

Chon ngau nhién mot s6 tir tap S. Tinh xéac suat dé chon duogc s6 tu nhién c6 tich cac chit
s6 bang 7875.

Loi gidi
S8 phan tir ctia khong gian mau 1a s6 cach 1ap cac s6 ¢6 6 chir so tir tap A, do d6 sd phan
tt cta khong gian mau la n, =9.10°.
Goi B la bién c6 chon dugc sd ty nhién c6 tich céac chit s6 bang 7875 =357 .
S6 phan tircta B 1a C..C, =60.
60 1

Suy ra xac sudt P(B)= 910° = 15000

Cau 78: Gieo mdt con stc sac can déi va dong chat ba 1an lién tiép. Goi P la tich ba s6 &
ba lan tung (mdi s6 1a s6 chdm trén mat xuat hién & mdi 1an tung), tinh xéc suét sao cho P
khong chia hét cho 6.

Lovi gidi
S6 phan ti ctia khong gian mau: n(Q)=6" =216
Goi A la bién ¢8 “tich s6 chdm 6 ba lan gieo 1a mot s6 khong chia hét cho 6 ”
e Truong hgp 1. S6 cham & ca ba lan gieo déu la céc chit s§ thudc tap {1,2,4,5}

+ C4 ba 1an s6 chdm khéac nhau c¢6 A} kha ning.
v
+ C6 hai lan s6 chdm giong nhau c6 Ci.%.Z kha ning.

+ Cd ba 1an s6 chdm giéng nhau c6 4 kha ning.
= C6 64 kha nang.

e Truong hgp 2. S6 cham ¢ ca ba lan gieo déu la cac chit s6 thudc tap {1,3,5}
+ C4 ba lan s6 cham khac nhau c6 3! kha ning.

v
+ C6 hai lan s6 chdm giéng nhau c6 C;.%.Z kha nang.

+ Ca ba 1an s6 cham giong nhau c6 3 kha ning.
= C6 27 kha nang.
Tuy nhién ¢ truong hop 1 va 2 bi tring nhau ¢ kha nang;:
+ Ba lan s6 chdm giéng nhau d6i v6i s6 chdm 1 va 5: Chi c6 2 kha ndng
+ C6 hai lan s6 chdm giéng nhau d6i véi 1 va 5: Chicé 6 kha ning.
Do d6 n(A)=64+27—-(2+6)=83.
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83

A A 0 s A x s A A PO A~ ~ A 7 Z e Rz ~ A
Cau 79: Mot nguoi viét ngau nhién moét s6 ¢6 bon chit s6. Tinh xac suat dé cac chit so cta
s0 dugc viét ra c6 tha tu ting dan hodc gidm dan ( nghia 1a néu s6 dugce viét dudi dang

abcd thi a<b<c<d hodac a>b>c>d).

Loi gidi
Viét ngau nhién mot s6 c6 4 chit s6 nén s6 phan t& cua khong gian mau la
n(€)=9.10.10.10 = 9000.
Goi A la bién c6 céc chir s6 cua s6 dugc viét ra c6 tht tu ting dan hodc gidam dan
Goi s6 ty nhién c6 4 chir s6 ma cac chit s6 cua s6 duoc viét ra ¢6 tha ty tdng dan hodc
giam dan c6 dang abed .
e Truong hop 1: s6 tu nhién c6 4 chit s6 ma cac chit s6 ctia s6 dugc viét ra 6 thu tu
gidm dan. Vi a>b>c>d nén cac chit s6 d6i mot khac nhau va cac chitso a, b, c,
d lay tie tap X={1,2,3,4,5,6,7,8,9} va v6i 4 chit s6 lay ra tix X thi chi lap duoc
duy nhdt mot s6 thoa yéu cau bai toan. Do d6 s6 s6 tu nhién c¢6 4 chir s6 ma cac chit
s6 cta s6 duogc viét ra c6 th tu tang dan 1a C; .
e Truong hop 2: s6 tu nhién c6 4 chit s6 ma cac chit s6 cta s6 dugc viét ra 6 thu ty
ting dan. Vi a<b <c<d nén cac chit s6 d6i mot khéc nhau va cac chitsé a, b, ¢,
d ldy tutap Y={0,1,2,3,4,5,6,7,8,9} va voi 4 chitsd ldy ra tix Y thi chi lap duoc
duy nhat mot s6 thoa yéu cau bai toan. Do d6 s6 s6 tu nhién c6 4 chit s6 ma cac chir
s6 cta s6 duogc viét ra c6 tha tu gidm dan dan la Cj .
Vay s0 phan ti ctia bién ¢ A 1a n(A)=C, +Cj, =336.
n(A) 33 14
(

Xac suat ctia bién co A 1a P(A) = = = )
n(Q) 9000 375

Céu 80 : Chia ngau nhién 9 vién bi gbm 4 vién mau d6 va 5 vién mau xanh c6 cung kich
thu6c thanh ba phan, mdi phan 3 vién. Xéac xuat dé khong c6 phan nao gdm 3 vién cling

mau bang

Loi gidi
Cdch 1: Vi xéc suat khong thay d6i khi ta coi ba phan nay c6 xép thatu 1, 2, 3.
Chia ngau nhién 9 vién bi gdm 4 vién mau dé va 5 vién mau xanh c6 cung kich thudc
thanh ba phan, mdi phan 3 vién nhu sau:
e Phan 1: Chon 3 vién cho phan 1 c6 C; cach.
e Phéan 2: Chon 3 vién cho phan 2 c6 C; céch.
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e Phan 3:Chon 3 vién lai cho phan 3 ¢6 1 cach.
Do d6 s6 phan tr ctia khong gian mau la n(Q)=C;.C; =1680.
Goi A la bién 6 khong c6 phan nao gdm 3 vién cung mau, khi d6 ta chia céc vién bi
thanh 3 b nhu sau:

e BoO 1:2 dd, 1 xanh: C6 C;C} cach chon

e BoO 2:1 dd, 2 xanh: C6 C,C; cach chon

e B0 3:gdm cac vién bi con lai(1 do, 2 xanh).

; ' .
Vibo 2 va 3 c6 céac vién bi giong nhau dé khong phan biét hai bo nay nén co % sdp xép

A s Ae LA . 3! 1
3 bo vao 3 phan trén. Do d6 n(A)= 5C4C5C2C4 =1080.

n(A) 1080 9

n(Q) 1680 14°

Ta dugc P(A)=

Cdch 2: Ma héa:
e 4 viénbidd gibngnhaula 1,1, 1,1.
e 5 vién bi xanh giéng nhaula 0, 0, 0,0, 0.
!

+ X&p 9 phén ti hang ngang ¢6 |Q|= % =126 (céch).

1,0,0

2

1,0,0.

3

+ Mot cach xép thoa yéu cau la 1,1,0
1

|
- Hoan vi cdc nhém c6 % =3 (do ¢6 2 nhom giéng nhau).

- R&i hoan vi céc s6 trong modi nhém cé: 3.3.3=27.
o] _ 81 _9

Do d6 bién cd A co: |Q,|=3x27 =81. Vay P(A)_ﬁ_l% TR

Cau 81: Cho da giac déu (P) c¢6 20 dinh. Lay tuy y 3 dinh cta (P), tinh xac suat dé 3

dinh 1dy dugc tao thanh mot tam gidc vuodng sao cho, khong c6 canh nao 1a canh caa (P ) .

Loi gidi
Khong gian mau: Chon 3 dinh bt ki tir 20 dinh dé tao thanh mot tam gidgc = n(Q)=C,
Bién c6 A: 3 dinh ldy duoc tao thanh mot tam giac vuong sao cho, khong cé canh nao 1a
canh cua (P).
Ta c6 da giac (P) noi ti€p mot duong tron, nén tam giac vuodng tao ra tir mot duong chéo
(qua tam) bat ki va mot diém khéc (tam giac nodi tiép c6 mot canh la duong kinh 1a tam
gidc vuong)

S6 cach chon duong chéo qua tam 1a 10 céch.
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Mot duong chéo di qua 2 dinh, nén theo yéu cau, dinh thi ba khong thé 1a 4 dinh ndm
canh hai dinh da chon — c6 20-2-4=14 cach chon (trtr hai dinh tao thanh duong chéo
nita) Vay n(A)=10x14 =140 tam giac.

Vay xéac suat dé 3 dinh 14y dugc tao thanh mot tam gidc vuong sao cho, khong c6 canh
n(A) 140 7

n(Q) C, 57

nao la canh cta (P) lap =

Cau 82: Mot hop dung 26 tam thé duoc danh s6 tir 1 dén 26. Ban Hai rat ngau nhién
cing mot luc ba tdm thé. Hoi c6 bao nhiéu cach rat sao cho bat ky hai trong ba tam thé

14y ra d6 c6 hai s6 tuong tng ghi trén hai tdm thé ludén kém nhau it nhat 2 don vi?

Loi gidi
Gia str s0 ghi trén ba thé sép xép theo thtt tu ting danla a<b<c.
Vi hai trong ba tdm thé 1ay ra d6 c6 hai s6 tuong tng ghi trén hai tdm thé luén kém nhau it
a<b-1

nhat 2 don vi nén ta co: =1<a<b-1<c-2<24.
b<c-1

Vay s6 cach 1dy la: C;, =2024 céch.

Cau 83: Cho A la tap céc s6 ty nhién c6 9 chir s6. Ldy ngau nhién mot s6 thudc tap A .

Tinh xac suét lay duoc mot so6 1é va chia hét cho 9.

Loi gidi
S6 phan tu khong gian mau 1a n(Q)=9.10°
Goi B la bién c6 thoa yéu cau bai toan.
Ta c6 cac s6 1é c6 9 chir s6 chia hét cho 9 1a 100000017, 100000035, 100000053,...... ,
999999999 lap thanh mot cdp s6 cong voi u, =100000017 va cong sai d =18.

Nén s6 phan tt ctia day la 9999999991;100000017 +1 =50000000
n(B) 510" 1

n(Q) 9.10° 18’

Vay n(B)=5.10". Xac suatla P(B)=

Cau 84: Cho da giac déu (H) c6 15 dinh. Nguoi ta 1ap mot ti giac ¢6 4 dinh la 4 dinh

ctia (H). Tinh s8 ta giac duoc 1ap thanh ma khong c6 canh nao 1a canh cta (H).

Loi gidi
Kihiéu da giacla A A,..A ;.
e THI: Chon t giac c6 dang A,A A A voi 1<m<n<p<15.Goi x;,X,,X;,X, 1asd
cac dinh ndm gitta A, voi A, , A, Vi A, A v6i A, va A VOi A,.
X, +X, +X5+x, =11

Khi d6 ta c6 hé .
x;>21,i=1,2,3,4

bat x| =x,, thi x>0 va x| +x, +x;+x; =7 nén c6 C;, =120 ta giac.
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e TH2: Khong chon dinh A,. Gia su ta gidc dugc chon la A A A A VGi
l<m<n<p<q<15.Goi x, 1a s0 cac dinh gitta A, va A

A, vaA

X, la s0 cac dinh gitta

m’

N ~ P 2 .~ N N ~ Z 2 *~ N
X, la s6 céc dinh gitta A va A, x, 1a s6 cac dinh gitta A, va A, X;

n’
la cac dinh gitta A, va A,.

o | X X, H X X+ X5 =10 . o L
Ta co hé . Tuong tu truong hop trén c6 Cj, =330 ta giac.
Xy, Xy, X5,%, 21,%, 20

Vay c6 450 t& giac

Cau 85: C6 bao nhiéu s6 ¢6 5 chir s6 tan cung la 1 va chia hét cho 7.

Loi gidi

S6 tu nhién c6 5 chit s6 thoa man dé bai la abed1

Gia st abcd1 =10.abcd +1 =3.abcd +7.abcd +1
Ta c6 chia hét cho 7 khi 3.abcd +1 chia hétcho 7.

Khi do, 3.abcd+1:7k<:>abcd:2k+%,keZ la s6 nguyén khi k =31+1.

Suy ra abcd:7l+2:1000£71+2£9999@?SlS9997

c6 1286 gia tricua I.

Vay c6 1286 s6 thda man bai toan.

Cau 86: Chon ngau nhién mot s6 tu nhién c6 ndm chit s6. Tinh xac suat dé s6 duoc chon

c6 dang abcde trong dé 1<a<b<c<d<e<9.

Loi gidi
C6 9.10* sb tunhién cé 5 chir s6 duoc tao thanh.
Tt 1<a<b<c<d<e<9=1<a<b+l<c+2<d+3<e+4<13.
bdta, =a,a,=b+1,a,=c+2,a,=d+3, a,=e+4 =>1<a, <a,<a,<a, <a; <13.
Mbi cach chon bo s6 (a,,a,,a,,a,,a,) tuong tng ta dugc mot s6 abcde thda méan bai toan.

S6 cac s6 c¢6 dang abcde thda manla C), =1287 sé.

1287 143

Vay xéac sudtcan timla P=——=——.
9.10* 10000

Cau 87: Chocacs6 0, 1, 2, 3, 4, 5, 6 1ap mot s6 tu nhién c6 6 chir s6 d6i mot khac

nhau dang abcdef . Tinh xac suat dé s6 lap dugc théoa man a+b=c+d=e+f?

Loi gidi
S6 phan tir khong gian mau n(Q)=6.6!=4320.
S6 1ap duge thoa man a+b=c+d=e+{ taco cac truong hop sau:
e THI: xét cac bd s6 {0;6}, {1;5}, {2;4}:
Néu {a;b} ={0;6} thi c6 1 cach sdp xép. Khi d6 hai cdp s6 con lai c6: 2.2.2 =8 cach.
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Néu {a;b} ={1;5} thi c6 2 cach sdp x€p. Khi d6 hai cgp s con lai c6: 2.2.2 =8 céch.
Néu {a;b} ={2;4} thi c6 2 cach sdp x&p. Khi d6 hai cip s6 con lai co: 2.2.2=8 cach.
Suy ra c6: 8.5 =40 (s0).

e TH2: xét cac bd s6 {0;5}, {1;4}, {2;3} : tuong tu TH1 c6 8.5=40 (s0).

o THB3: xét cac bo s6 {1;6}, {2;5}, {3;4}:c6 3.2.8 =48 (s0).

_40+40+48 4
4320 135

Vay xac suat P(A)

Cau 88: Co tat ca bao nhiéu hinh chit nhat trén ban co vua 8x8 ?

Loi gidi

S6 cac hinh chir nhat chi chtra 1 6 vuong la 64. S6
cach chon ra 2 6 vuong phan biét trong 64 6 vudng
nay la C;, =2016. Trong d6 s6 cach chon 2 6 thuoc
cting 1 hang hodc 1 cot 1a 16C; . Suy ra c6 448 hinh
chtr nhat ma c6 chiéu rong la 1(céc 6 vudng ctia n6
cung thudc 1 hang hodc 1 cot). Vay s6 cach chon 2
0 vudong ma khong cting hang hay cot la:
2016 —448 =1568
Nhan xét: Vi 2 6 vuong khong cuing hang cuing

cot ta c6 thé tao ra 1 hinh chit nhat bi“mg cach chiéu

a b c d e f g h
Céc duong song song v6i cac canh ctia ban co va di qua 2 6 vuong d6. Cu thé nhu sau: Véi

2 6 vuong C5 va F3 thi ta c¢6 thé tao thanh hinh ch@ nhat c6 4 dinh 1a: C5; C3; F3; F5. Nhu

vay mbi hinh chit nhat c6 thé duoc tao ra bdi 2 cp 6 vudng khong cung hang cung cot. Do

d6 s6 hinh chit nhat trong truong hop nay la 68 _ 784 hinh chit nhat.

Cau 89: Mot hop dung 26 tam thé duoc danh s6 tir 1 dén 26. Ban Hai rat ngau nhién
cing mot luc ba tdm thé. Hbi ¢6 bao nhiéu cach rat sao cho bat ky hai trong ba tdm thé

14y ra d6 c6 hai s6 tuong tng ghi trén hai tdm thé luén kém nhau it nhat 2 don vi?

Loi gidi
Gia str s0 ghi trén ba thé sép xé&p theo tht tu ting danla a<b<c.
Vi hai trong ba tdm thé 1ay ra d6 c6 hai s6 tuong tng ghi trén hai tdm thé luén kém nhau it
nhat 2 don vi nén ta co: {azkc)_i =1<a<b-1<c-2<24.

Vay s6 cach 1dy la: C;, =2024 céch.

Cau 90: C6 4 cidp vo chong can xép ngodi vao mot ban tron. Tinh s6 cach xép sao cho ¢6 vo
chong nha A la ng6i canh nhau con céc cdp vo chong khac thi hai nguoi 1a vo chong cta

nhau thi khéng ng6i canh nhau.
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Loi gidi
C6 2 cach sdp xé&p cho vo chong A ngdi vao ban tron (gia st dng chong ngdi cd dinh, con
ba vg 6 2 céch xép).
e Talai xép 1 cdp vo chéng khéc vao ban tron, cdp vo chéng nay c6 thé ddi chd cho
nhau nén c6 2! cach.
e Bay gio c6 tat ca 3 khe trong (vi cdp vg chdng A khong cho ai ngdi gitta). Ta xép 1
cdp vo chéng khac vao 3 khe nay nén c6 A =6 cach.
e Bay gio co tat ca 5 khe trong. Ta xép 1 cdp vo chong con lai vao 5 khe nay nén co
A2 =20 cach.
Vay c6 2x2x6x20 =480 cach.
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LOI KET

Mic du chuyén dé nay minh gui t6i cho cac ban chua ddy da cac van dé cta chuong trinh
toan lién quan t6i 6n thi THPT Quéc Gia, nhung mong rang né ciing gitip ich dugc phan
nao cho cac ban trong viéc giai nhitng nhom cdu ma minh da dé céap t6i trong chuyén de.
Rét hy vong nhan duoc sy ing ho va déng gop tir moi nguodi. Mot lan nita cam on ban doc

da theo doi, chiic cdc ban mot muia thi sép t6i thanh cong!



