VN7 KENH TRUYEN HINH
GIAO DUC QUOC GIA
CHUYEN DE

PHUONG TRINH NGHIEM NGUYEN

LIEN QUAN DEN MU - LOGARIT
Tac gia: Tran Trong Tri

Nhom Gido vién Toan tiép sitc Chinh phuc ky thi THPT nam 2020

Tiép ndi chuyén dé Max — Min lién quan dén Mii — Logarit, chuyén dé nay ké
thita cdc ki ndng thu gon moi quan hé giita cdc bién di biét nhu: f(u)=f(v),
f(u)< f(v), v6i f la ham 6" don diéu trén mot khodng cho trudc; dinh gid
bang cic bat ding thitc don gian; .... Tir d6 sir dung cdc ki thudt co ban lién quan
dén cdc bién nguyén dé giai mot bdi todn phuong trinh nghiém nguyén.

Thady hy vong vdi chuyén dé nho nay, sé gilp cdc em c6 cdi nhin ré hon vé mot

s0 dang todn lién quan dén phuong trinh nghiém nguyén.

1. Dang 1: C6 dang mdt bién nguyén va rat dugc bién nguyén nay theo bién

con lai. Dén day, ta xét ham dé€ tim mién gia tri cho bién nguyén do.

Vidu1: (Dé1-VTV7) Cébaonhiéu sé nguyén duong x sao cho ton tai s
thwc Y 16n hon 1 thoa man (Xy2 +X— 2y—1)log y= |OQM?

A. 4. B. 2. C. 3. D. V6 s6.

Loi giai

y>1 y>1
biéu kién: {xe N’ odxeN
2y—x+3>0 2y—x+3>0
x

Taco:
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(xy* +x-2y-1)logy = log

2y —X+3

<:>(xy2+x—2y—3)log y+2logy=log(2y—x+3)—logx
<:>(xy2 +x—2y—3)|ogy= Iog(2y—x+3)—|og(xy2) (1)

, . |\VT >0
+Néu xy* >2y—x+3 thi g (do logy>0).
VP <0

VT <0
+Néu xy> <2y-—x+3 thi < (do logy>0).
VP >0

2
Do do, tr (1) suy ra: xy’ =2y-x+3 < x= )2)+3.
y +1
2y+3
Xét ham = , vell;+oo). Ta co:
=272, e (i)

f’(y) _ —2y2 —6y2+2
(1)

khoang (1; +oo) .

<0, Vy e(l;+oo). Suy ra: Ham s6 f(y) nghich bién trén

5 .
Suy ra: x = €l 0;=1].VixeN nén xe{l;2}.
e v (3)<[ 0] 12}
Vay c6 2 gia tri x thda yéu cau bai toan.

2. Dang 2: Khi phuong trinh rat gon la phwong trinh bac hai theo bién
khong nguyén. Ta st dungdiéu kién c6 nghiém cta phwong trinh bac hai dé

tim mién gia tri cho bién nguyén.

Vidu 2: Cébao nhiéu s6 nguyén x sao cho ton tai s6 thyc y thdéa man
4 — 3x2+y2 ?
A. 4. B. 2. C. 3. D. V6 s0.

Loi giai

4 — Y oy 2 +y2—(X+ y)log34:0<:> y?—2ylog, 2+x*—2xlog,2=0. (*)
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Ta coi (*) la phuwong trinh bac hai theo bién y . Phuong trinh (*) c6 nghiém

khi va chi khi A">0 < (log, 2) —(x* ~2xlog,2) > 0= -0,2<x < 16.
Ma xeZ nén x e {O;l} . Vay c6 2 gia tri x thoa yéu cau bai toan.
Chuy:

% Trong cau 1, ta cd thé giai theo cach sit dung diéu kién c6 nghiém cua
phuong trinh bac hai nhu sau:

Tir xy* =2y-x+3 < xy’ —2y+x-3=0 (*).

Ta coi (*) la phuwong trinh bac hai theo bién y . Phuong trinh (*) c6 nghiém

3-13 x<3+\/ﬁ
; < .

3

khi va chi khi A'=1—x(x—3)=—x2 +3x+1>0=

IA

Vi xeN" nén xe{1;2;3}.
© Véix=1,tacd: y’—2y—-2=0 ¢ mot nghiém y:1+\/§>1 (thoa).

1+\/§
2

© Véix=2,tacd: 2y’ -2y—1=0 cé mot nghiém y =

>1 (thoa).

o Vdéi x=3,tacod: 3y2—2y=0<:>ye{0;§} (loaido y>1).

Vay x e { 1;2}, tiecla cd 2 sd nguyén duong x thoa yéu cau bai toan.

% Vi cach giai sit dung diéu kién c6 nghiém cta phuwong trinh bac hai, ta
phai thtr lai nghiém, nén c¢6 han ché hon so v6i phuong phap 6 lap, xét
ham. Do d6, trong mot bai toan néu c6 thé ¢6 1ap, xét ham thi ta nén
chon phuong phap nay.

Vidu 3: (Dé tham khao 1an 2 nam 2020) C4 bao nhiéu s6 nguyén X sao cho
ton tai s6 thuc y théa man log, (x+y)=log, (x* +y*) ?
A. 3. B. 2. C. 1 D. V6 s6.

Loi giai

43 Nguyén Chi Thanh, Qudan Ba BPinh, Ha Noi
PT. + 84 24 62831777 Fax: + 84 24 62831777
Email: viv7@vivivn  Website: www.vivZ.gov.vn




Viv7

KENH TRUYEN HINH
GIAO DUC QUOC GIA

. X+y>0
biéu kién:

X2 +y?>0
oA T g . x+y=3
Diéu kién can:Datt:Iogs(X+y)=Iog4(X +y )<:> :
X2+y2:4t
_qt_
ST . =2y-2y3 49 —4'=0 (*)
y2+(3t_y) =4t

(*) c6nghiém y < A'>0<9 -2(9' -4')20< t<log, 2~0,8548.
4

g3 V2 D<x?<3 x=-1
2 IXT =
Khi d6: X’ +y*<4 ° %327= =|x=0 .
XxeZ N

Piéu kién dua:

, y=3+1 [4-1>0 t>0
o Voi x=-1=> = 2 = t t t :
y2=4'—1 4t_1=(3t+1) f(t)=9'+23+2-4'=0

Khi 0<t<0,8548=9'>4"'= f (t)>0 nénloai x=-1.

2

© VGi x=0.Ro rang ton tai y=1 d€ Iog3(x+y)=log4(x +y2).

2

© VGi x=1.R3 rang ton tai y=0 d€ Iogs(x+y)=log4(x +y2).

Vay ¢6 2 s nguyeén x thoa yéu cau bai toanla x=0, x=1.

Chu y : Ngoai ra, ta c6 thé chan diéu kién cho cac bién be‘“mg cach str dung cac
bt dang thitc co ban, diéu kién tuong giao gifta duong thang va duong tron

nhuw sau :

x+y=3 (d) 7 . : 7
.Do do dé x,y ton tai thi dwong thang d phai cé diem
x*+y?=4" (C)

_3t
chung véi dudng tron (C) < d(0;d)<R @%S 2! =>t< IogE\/EzO,8548.
2
X+y=3"
9 _4t . Vi(x+ y)2 >4xy < 2.4'>9 < t<log, 2.

x+y=3
Hoac { y
2 4

=N
X2 +y* =4 Xy
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3. Dang 3: Ca hai bién déu nguyén, trong d6 c6 mot bién nguyén thudc tip K

cho trude, véi K c6 thé 1a mot khoang, mot doan. Khi do, ta ciing rat bién
nguyén thudc K theo bién con lai d€ tim mién gia tri cho bién do.
Vidu 4: (Dé tham khao Ian 1 nam 2020) C6 bao nhiéu cip s6 nguyén (x;y)
thoa man 0<x <2020 va log, (3x+3)+x=2y+9"?
A. 2019. B. 6. C. 2020. D. 4.
Loi gidi
E(ﬁ:l()g3(3x+3)+x =2y+9’ < log, (x+1)+(x+1)=2y+3%
e f(x+1)=f(2y), voi f(r)=1+3, teR.
Tacéd: f'(t)=1+3'In3>0,Vte R nén ham sd f(t) doéng bién trén R . Do d6:
f(x+1)=f(2y) < logs(x+1) =2y = x=9" -1
Vi 0<x<2020 nén 0<9¥-1<2020 < 0<y<log, 2021.
Do y nguyénnén ye{0;1;2;3}. Suy ra(x;y) € {(0;0);(8,1);(80;2);(728;3)} .
Vay c6 4 cap sd nguyén (x;y) thoa dé.
4. Dang 4: Ca hai bién déu nguyén, rat dugc bién nay theo bién kia dwa vé
bai toan tim di€m nguyén trén cic duong cong don gian
Vidu5: C6 bao nhiéu cdp s0 nguyén duwong (z;y) thoa man
log, (@ +)(y + 1| =4~ (@~ Dy +1)?
A. 2. B.1. C. 3. D. 8.
Loi gidi

Tir gia thiét ta o6 (y +1)log, [(z + (y + )| =4~ (z —1)(y + 1)

<:>logQ[(x—l—l)(y—l-l)]:ﬁ—(x—l)<:>log2<a:+1>—|—log2(y+1):ﬁ_x_Fl

4
@logQ(:Iz—Fl)—F(x—kl):—logQ(y+1>—|—2+?
y

4 4 4
sSlog(z+D+(x+D=log. — +—& flz+1)= f|—|,
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voi f(t) =t+log,t, tE€ (O;—i—oo).

Tacod f'(t) =1+ ﬁ > 0,Vt > 0 = ham s& f(t) dong bién trén (0;+oo).
n

Dodé f(z+1)=f 4 lesr1=—2 o144
y+1 y+1 y+1

Vi z;y la s6 nguyén duwong nén cting la s6 nguyén duong

y+1
= y+1e {124} =y € {13} (loai y=0).
© V6i y=1= x=1 (nhan).
o Véi y=3= x=0 (loai).
Vay ¢6 1 cdp s6 nguyén duong (z;y) la (1;1).

5. Dang 5: Dwa phwong trinh vé tong cic binh phwong cta hai bién nguyén
Vidu6: (Pé thithtIan 2 - S6 GDPT Ha Noi nam 2020) Cho cac s6 thiec
dwong x,y thoa man /logx +,/logy + Iog\/;+ Iogﬁ =100 va

Jlog x,/log y,logv/x, log \/V la cac s6 nguyén duong.

Khi d6 két qua xy bang
A. 10™, B. 10" . C. 10", D. 10°®,
Loi giai
Jlogx=a [logx=a?
bat g :>{ g
Jlogy=b

J90ogx +./logy +Iog\/§+log\/§=«/Iogx+1/log y +%Iog x+%|og y =100

log y:b2 . Ta co:

= a+b+%a2 +%b2 =100 <:>(a+1)2 +(b+1)2 = 202<:>(a+1)2 +(b+1)2 =02 4+11?

\ NPT A A a+l=9  [a+1=11
Ma a+1, b+1 la cic s6 nguyén duong nén suy ra c .
b+1=11 b+1=9
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Truong hop 1:
R R A
Truong hop 2:
{Z: Z 191 < {Z i 180 < {izii : 220 < {; : igzo = xy=10""""" =10"".

Vay xy=10"".
6. Dang 6: Puwa vé phuong trinh tich ctia hai bién nguyén

Vidu 7: Cébao nhiéu sd nguyén dwong X sao cho ton tai s nguyén duwong y
1

thoa méan diéu kién log, [ (2x -2y +1)(x+2y)]+3.9"Y = 27% +1?
Al B.2. C. 2020. D. 2021.

Loi giai
Chon A

X,yeZ"
Diéu kién: { ye

2X—-2y+1>0
Ta co:

1

IOgS [(2X—2y+1)(x+2y)]+3.gx—y — 27x+2y 1

3

< log, (2x—2y +1)+log, (X +2y)+37#* = 3% +log, 3

3 : 3
< log, (2x—2y+1)+32 2" =0 +3% o f(2x-2y+1)=f ,
0s(2x-2y+1) %2y (2x-2y+1) [X+2y]

voi f(t)=log,t+3', te(0;+w)

Ta c6: f'(t) =ﬁ+ 2'In3>0, Vt>0 nén ham s f(t) dong bién trén khoang

(0;+oo).
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Dodof 2% — 2y+1 :f( j<:>2x—2y+]_= 3
X+2y
& (2x-2y+1)(x+2y)=3.

[ (2x-2y+1=1

Vi X on d én (*) tuong d x+2y=3

1 X, ¥ nguyen duong nen umon uwon

Y nguy & 8 8 2X—2y+1=3

| (x+2y=1

X—y=0 x=1
_ _,(n)
X+2y=3 y=1
1 T x=1
X—y: =
_ INO
X+2y=1 y=0
Vay co 1 gid tri ctia X thoa man bai toan.
7. Dang 7: St dung tinh chit chia hét

Vidu 8: Cé bao nhiéu s6 nguyén x thudc doan [1;2020] sao cho ton tai sO
(4x2—3y+1)logx _ 3y +1 »

nguyén duong y thoa man 10

4
A. 2020. B. 1347. C. 673. D. V6 s6.
Loi giai
10(4x2_3y+1)logx _ 3y4+1 - (4X2 _3y +1) log x = Iog(3y4+1)

& (4x° - (3y+1)+2)log x = log (3y +1) - log 4

& [ 4% —(3y+1) |log x+2log x + log 4 — log (3y +1) =

& [4x2 —(3y +l)}log x+[log(4x2)— log(3y +1)] =0 (1)
+Néu 4x* >3y +1 thi Iog(4x2) > log(3y +1). Suy ra: VT (1)
+Néu 4x” <3y +1 thi log(4x*) <log(3y +1). Suy ra: VT (1)<

Do do¢, ttr (1) suy ra: 4x? =3y+1<:>y:4x23_1<:>y:x +(x—1 (x+1) (2)
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Voi x=3k+1, x=3k+2, keN , tix (2) dé dang thay y 1a s6 nguyén dwong.

Xét y khong la s6 nguyén duong. Tte (2) , suy ra: x chia hét cho 3.

Dit x=3k, keN'. Vi xeZ[1;2020 ] nén 1<3k <2020, ke N’
=1<k<673,keN".

Do dé ¢6 673 s6 nguyén x thudc doan [1; 2020] ma y khong phai la s6
nguyén duwong.

Vay c6 2020—-673 =1347 sd nguyén x thda man yéu cau bai todn.

8. Dang 8: Dém diém nguyén trong cac hinh co ban

Vidu 9: Co bao nhiéu cdp s6 nguyén (a,b) thoa man dong thoi cac diéu kién:

bz(az+bz+4)+4a2
a’+b>>1vaa +b>-3<log, , —— ?
arth a’+2b
A. 10. B. 6. C.7. D. 8.
Loi giai
Ta cod:
bz(a2+b2+4)+4a2 (b2+4)(a2+b2)

2 2 2 2
a“+b —3£Ioga2+bz[ ]<:>a +b"-3<log,

a’ +2b? w24 2b?

< a’+b’-3<log , . (b*+4)-log . . (a’+2b%)+1

o (a2 +2b? ) +log . . (a2 + 2b2) < (b2 + 4) +log , .. (b2 + 4).

Néu a’+2b* >b® +4 thi log , . (a*+2b%)>log . (b*+4). Suy ra:
(a®+2b%)+log,. .. (a® +2b%) > (b® +4)+log ;.. (b* +4) (vO li).

Do db, a® +2b* <b*+4 < a*+b*<4.

Ma a’+b*>1, a,beZ nén nghiém nguyén (a,b) la cac diém nguyén trong

mat ph:fmg toa do (Oxy) nam trong hinh vanh khan, tao boi 2 duong tron

dong tam O(0;0) ban kinh Ian luotla 1 va 2 (bo di bién ctia hinh tron (0;1))

(Xem hinh vé).
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Suy ra: (a,b)e {(2;0),(—2;0),(0;2),(o;—z),(1;1),(1;—1),(—1;1),(—1;1)} :
Vay ¢6 8 cdp sd nguyén (a,b).

Vi du 10: C6 bao nhiéu cap s6 nguyén (a,b) thoa man dong thoi cac diéu kién:

L ‘ 16[b|+ 64
0<a’+b* <16 va |a|+|b|>1og2W?
A. 10. B. 6. C.7. D. 8.

Loi giai
Chon D.

T diéu kién 0<a’ +b° <16, suy ra a, b khong dong thoi bang 0 nén
|a|+2|b| >0.Ta co:
16[b|+ 64

|a|+|b| > log, W

= |a| + |b| >4 +log, (|b| + 4) —log, (|a| + 2|b|)

< log, (|a| +2|b|)+(|a|+2|b|) > log, (|b|+4)+(|b| +4) = f(|a| +2|b|) > f(|b| +4),
voi f (t) =t+log, t laham s6 dong bién trén khoang (0;+oo) .

Do d¢, f(|a|+2|b|)>f(|b|+4)<:>|a|+2|b|>|b|+4<:>|a|+|b|>4.
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Két hop v6i diéu kién 0<a’ +b* <16, a,b € Z nén nghiém nguyén (a,b) la cac

diém nguyén trong mét phang toa do (Oxy) ndm trong hinh tron tam 0(0;0),
ban kinh bang 4 (b6 di tdm 0) va nam ngoai hinh vudng |x| + | y| =4.

(Xem hinh veé).
A

Dém truc tiép trén hinh, ta c6 8 diém nguyén thoa man yéu cau bai toan.

Vay c6 8 cap sO nguyén (a,b).
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Caul.

A. 2.

Cau 2.

A. 0.

Cau 3.

A. 1.

Cau 4.

A. 2019.
Cau 5.

A. 2.
Cau 6.

A. 1.
Cau 7.

A. 6.
Cau 8.

BAI TAP TU LUYEN

Cé bao nhiéu s6 thuc x sao cho ton tai s6 nguyén Yy théa man

2 —
|og2(x—;3)—|ogz(4x2+4x+8)= v +);)+3 %

B. 4. C. 3. D. V6 s6.

C6 bao nhiéu s6 nguyén X sao cho ton tai s6 thuc y thoa man
log, (x+2y—2)=log, (X* +4y* —2x—4y +2)?
B. 2. C. 4. D. 8.
C6 bao nhiéu s6 nguyén y dé ton tai s6 thyc x thdéa man
log, (4x+3y) =log, (x* +y*)?
B. 2. C. 0. D. 3.

C6é bao nhiéu cip s6 nguyén (X;y) thoa man 0<y<2020 va

Iogz[?’ _1} 2y+2-3"2
y

B. 7. C. 2020. D. 4.

Cé6 bao nhiéu cdp s nguyén (x;y) thoa man

5% 459" 4 x(y+1)+1=5""+ -3y?

5x+3y

B. 1. C. 3. D. 4.

Cé bao nhiéu cdp s6 nguyén duong (x; y) thoa man

r+y+20 2 2
log -————=2"+y — 20+ 4y —42?
Pty 6y
B. 2. C. 3. D. 4.

(Chuyén DH Vinh - lan 2 - 2020) C6 bao nhiéu cip s6 thwc dwong
(a;b) thoa man log,a la s6 nguyén duong, log,a=1+log,b va
a’+b? <2020%?

B. 7. C. 5. D. 8.
Cé bao nhiéu cfp s6 nguyén (x;y) thoa man
2.625° —6250.125%" =9y —4x* +5?
B. 2. C. 0. D. 3.
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Cau9.

A. 1.

Cau 10.

A. 4.

Cau 11.

A. 4.

Cau 12.

A. 45.

Cau 13.

A. 25.

C6 bao nhiéu bo (X; y) véi X,y 1a cac s6 nguyén thoa man
1<x,y<243 va 9Iogs(9x2)=3Xy +9x(y—x)?
B. 3. C. 12. D. 243.

Cd bao nhiéu cdp s6 nguyén (a,b) thoa man diéu kién:
" 1o (a® —ab+ b ~1)-e" " =07

B. 2. C. 9. D. 6.
C6 bao nhiéu cdp s6 nguyén (x, y) thoa man diéu kién:
2fsx+x%x—y)=3zf@””+2y—3x+5?

B. 2. C. 1. D. 3.

Cd bao nhiéu cdp s6 nguyén khong am (x; y) théa man diéu kién:

2 2
L+11+x2+y2—6x—8y+9s0?
6x+8y+2
B. 49. C. 48. D. 47.

C6 bao nhiéu cdp s6 nguyén (a,b) thoa man diéu kién:
a+b’

<4412
-+

27 +log,

B. 24. C. 36. D. 35.
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DAP AN

Caul. Cdbao nhiéu s6 thuc x sao cho ton tai s6 nguyén Yy thoa man

2 —
Iogz(x—;g)—logz(4x2+4x+8)= v +);)+3 %

A. 2. B. 4. C.3. D. V6 6.
Loi giai

biéu kién: 1 vy .Taco:
yeZ
y(x2 + x)+3—x
y

log, (XT_Q'j ~log, (4x* +4x+8) =

<:>Iogz(XT_?’]—logz(xz+x+2)—2:x2+x_X_;3

@Iogz(x—_g}"x—_?):|092(X2+X+2)+(x2+x+2)<:> f(x__gj: f(X2+X+2)
y y y
,voi f(t)=log,t+t la ham s6 dong bién trén khoang (0;+«). Do do:

f(x—_sz f(x2+x+2)<:>x—_3=x2+x+2<:>yzzx;3.
y y X"+ X+2

A 7 A A . v A \ A « A - 3 A 3 ~
Nhan xét : Néu ton tai cdp so (a:; y) thi diéu kién 27250 ludn thoa man.
y

Cach1: Xétham y = —— = voi x#3, ta c6:
T +x+2

_2
’:M;y’zO(:)—xQ+6x—|—5:O<:>xe{3—\/a;3+\/a}

(:1:2 4+ —|—2)2
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Bang bién thién

T | —o0 3—\/ﬂ 3 3+\/ﬁ +00
y' —~ 0 - - 0 -
74214
7 \
0 0 0
Y \
N
7

Dua vao bang bién thién, suy ra: y €

—7-214 —7+ 214
7 I

7

\{0}-

Ma yeZ nén ye {—2;—1} .

Mat khac, dwa vao BBT, ttng véi mdi gidtri ye {—2;—1} ta cé 2 nghiém z.
Vay c6 4 giatri z théa yéu cau bai toan.

Cach 2: Xét phuong trinh yx* + ( y —1) X+2y+3=0 (*)

Phuong trinh (*) ¢6 nghiém khi va chi khi A = (y —1) —4y(2y +3) >0

N —7+214
== SR aNEE

&S Ty —ldy+1>0< =

YRS
ViyEZ,yzOzﬁgE{—Z—l}.

© Véi y=-2.Thay vao (*), suy ra: x € {—1;—%}.

© V6i y=-1.Thay vao (*),suy ra: xe{—l—\/a;—1+\/5}.

Vay c6 4 gid tri x thoa yéu cau bai toan.
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Cau 2.

C6 bao nhiéu sd nguyén X sao cho ton tai sd thuc y thoa man
log, (x+2y-2)=log, (X* +4y* —2x -4y +2)?
A. 0. B. 2. C. 4. D. 8.

Loi giai

Ta c6: log, (x+2y—2) =log, (x* +4y* - 2x—4y +2)

< log, (x+2y—-2)=log, [(x—l)2 +(2y—1)2}.

Dt a=x-1,b=2y-1. Phuong trinh tr& thanh log, (a+b)=log, (a*+b*). Day
chinh 1a mot cau trong dé tham khao lan 2 nam 2019 — 2020.

Cau3. Codbaonhiéusdnguyén y dé€ ton tai sd theee x thoa man
log, (4x+3y) =log, (x2 + yz)?
A. 1. B. 2. C.0. D. 3.

Loi giai

. 4x+3y >0
biéu kién:

X2 +y?>0
Piéu kién can :
4x+3y =T
Dat t=log, (4x+3y)=log, (x> +y*) = .
7 ( ) 2 ( ) N yz _ ot
Dé ton tai x thi duong thang d:4x+3y—7' =0 va duong tron (C) tam

0(0;0), R:\/E:(x/g)l phai c6 diém chung <:>d(0;d)£R

@%s(\/i) @(lj <5=1<log, 5~1,006.

i :

log ;5

Suy ra: y*<2'<2 ¥* 2,009, ma yeZ nén ye{—l;O;l}.

Piéu kién dua:
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o Vi y=1= log, (4x+3) = Iogz(x2 +1) cé nghiém x=1nénnhan y=1.

4x=T' t
2 t:>(7t)2 =16.2' :(4—29) =16 c6 nghiém ¢ nén ton tai x.

o Voi y:0:>{
X =2

Do dé nhan y=0.

o Véi y=-1= log, (4x—3) =log, (x* +1).

Vi log, (X* +1)20 nén log, (4x-3)>0=>4x—-321= x>1.
Xétham f (x)=1log, (4x—3)-log, (x* +1) trén [ ;+w). Ta cd :

o4 2x  4In2(x*+1)-2In7(4x-3)x
(X)_(4x—3)ln7_(x2+1)ln2_ (4x-3)In7(x*+1)In2

x~-0,196 (1)
x~1,108 (n)

Lap bang bién thién, suy ra f (x) <f (1,108) ~—0,975. Suy ra phuong trinh

f(x) =0 vO nghiém. Do d6, loai y =-1.

Vay c6 2 s6 nguyén y thoa yéu cau bai toanla y=0, y=1.

Caud. C6 bao nhiéu cip s§ nguyén (X;y) thoa man 0<y<2020 va
log, {3*)/—1] =2y+2-3%?

A. 2019. B. 7. C. 2020. D. 4.

Loi giai
Chon B

0<y <2020

Tt gia thiét ta c6: 13 -1 . =3 >1= x>0.Khi do, ta co:
>
y
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KENH TRUYEN HINH
GIAO DUC QUOC GIA

log, (BXy 1} =2y+2-3" < log, (3 1)+ (3 ~1) =log, (2y)+(2y)
e f(3-1)=f(2y),

voi f(t)=log,t+t la ham s6 dong bién trén khoang (0;+e). Do do:

X_

2

f(3-1)=f(2y) & 2y=3-1lcy=

Vi0<y<2020= 0<3"-1<2x2020 < 1<3<4041< 0<x<log,4041~7,56.
Ma x €Z nén xe{1;2;3;4;5;6;7}.Suy ra, c6 7 cap sO nguyén (x,y)

Vay c6 7 cap (x;y) thoa man.

Cau5. C6 bao nhiéu cdp s0 nguyén (x; y) thda man

1

5x+3y

A. 2. B.1. C. 3. D. 4.
Loi giai

5% 459 4 x(y+1)+1=5""+———-3y?

Ta cé: 5% +5%" + x(y+1)+1=5""+

_3y

5x+3Y
S5 5 L x4 3y =559 _xy 1.
Xéthams6 f(t)=5-5"+t,teR.Taco f'(t)=5'In5+5"In5+1>0, VteR.
Suy ra:hamsd f (t) dongbién trén R.

Do d6: f (x+3y)=f(-xy-1) & x+3y=—xy-1< y(3+x)=-x-1

-Xx-1

3 ( Do x = -3 khong la nghiém ctia phwong trinh) < y = —1+L
+X

X+3"

Sy=
Vi x,yeZ nén x+3e{1;,-1,2;-2} = x e {-2;-4;,-1,-5}.

Vay c6 4 cap so (:1:; y) thoa yéu cau bai toan.

43 Nguyén Chi Thanh, Qudan Ba BPinh, Ha Noi

BT: + 84 24 62831777 Fax: + 84 24 62831777
Email: viv7@vivivn  Website: www.vivZ.gov.vn




VIV 7 | e st

Cau 6.

Cé bao nhiéu cdp s60 nguyén duong (x; y) thoa man

z+y+20 9 9
log -—————=12"+y — 20+ 4y —42?
ﬁx2+y2+6y
A. 1. B.2. C. 3. D. 4.
Loi giai
, r+y+20 9 5

Tacod: log r—————=2"+y —2x+4y—42

" g 4y 46y

o logﬁ[2(x+y+20>]+2<x+y+20): log ; (#* +y* + 6y) + (2* + y* + 6y)(*)
Xétham s f(t)=log ;t+t trén khoang (0,+00).

Ta co f’(t):L+1>O,Vt>O.Suy raham sé f(t) dong bién trén

t.In\/E

khoang (0;+00).
Do d6, (*) & f[2(x+y+20)|=f (X’ +y* +6y) & 2(z + y +20) = 2” + y* + 6y

X2y -2x+4y =40 & (x-1) +(y+2)’ =45 o (x-1) +(y +2)’ =3+ 6%.

. .. |x=-1=3 . | x=1=6
Vi x,yeZ" nén {y+2:6 {y+2:3:(x;y)e{(4;4),(7;1)}.

Vay c6 2 cdp sO nguyén duong (x; y) :
Cau7. (Chuyén DPH Vinh - 1an 2 - 2020) C6 bao nhiéu cip s6 thuc duong
(a;b) thoéa man log,a 1a s6 nguyén duong, log,a=1+log,;b va
a’ +b? <2020°?
A. 6. B. 7. C. 5. D. 8.
Loi giai
Dit log,a=n(neN" )suyra a=2" va log;b=n-1<b=3""

Ta c6 a? +b? < 2020% &> 22" + 322 < 20202 (1)
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=37 <2020’ = 2n-2 <log, (2020’ )= n <8, ma neN = n<7

Xét ham s6 f(t) =2 +3"? trén R. Ta ¢4

f'(t)=2.2".In2+2.3"%In3>0,VteR. Suy raham s f (t) dong bién trén R.
Vi f(n)<f(7)<2020° nén n<7, ne{L;2;..;7}.
Vay c6 7 cdp s6 thuc duong (a;b) théa yéu cau bai toan.
Cht y: Khi ¢6 n<7, thit voi n=7 thay thoa thi ta ¢6 thé két luan ne{1;2;...;7}.
Cau8. C4baonhiéu cip s nguyén (x;y) thoa man

2,625 —6250.125%" =9y? —4x? +5?

A. 1. B. 2. C. 0. D. 3.

Loi giai
Chon C
Ta co:
2.625° —6250.125% =9y? —4x? +5<> 2.5% — 2575 =9y? —4x* +5
© 257 +4x° =257 +(9y* +5) < f(4x°) = £ (9y*+5),
voi f(t)=2.5'+t 1a ham s6 dong bién trén R.
Do dé:

f(4x*)=f(9y*+5) < 4x* =9y’ +5 < 4x* —9y* =5 < (2x-3y)(2x+3y) =5 (*).

2x—-3y =1 2x-3y=5

. L ox A A 2x+3y=5 2x+3y=1
Vi X,y la s6 nguyén nén (*) tong duong oac .
2x-3y=-1 2x-3y=-5
2X+3y=-5 2x+3y=-1

Ca 4 treong hop déu cho két qua x,y ¢ Z.

Vay khong ton tai cap s6 (x; y) thoa man bai toan.
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Cau9.

C6 bao nhiéu bo (X; y) véi X,y 1a cac s6 nguyén thoa man
1<x,y<243 va 9Iogs(9x2)=3Xy +9x(y—x)?
A. 1. B. 3. C.12. D. 243.

Loi giai

Ta c6:
9Iogs(9x2)=3"y +9x(y—x) < log, x* +x* =392+ xy -2
o log, X2 +x* =392 410g, 3" % < f (xz) = f (3“‘2),
voi f(t)=t+log,t la ham s& dong bién trén khoang (0;+).
Do dé: f(x*)=f(37) e x* =37 ()
Ta c6:
VP =x?<243 =3 = xy <12 = x<12.

Mat khac, vi x,y € Z" nén tix (*) suy ra: x=3", v6i n 1a s6 nguyén khong am.

Suy ra: x=3"$12:>ne{0;1;2}.
© Véin=0.Suyra: x=1, y=2.

© Véin=1.Suyra: x=3, 37 =9:>y=§ (loai).

© Véin=2.Suyra: x=9, 3”7 :81:>y=§ (loai).

Vay c6 1 bo (x.y) 1a (1,2).
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Cau 10. Co6 bao nhiéu cdp s6 nguyén (a,b) thoa man diéu kién:

e? W 4 e (a2 —ab+b* —1)—e1+‘”’”’2 =07?
A. 4. B. 2. C.9. D. 6.

Loi giai

Ta cé: e +e®(a’—ab+b”—1)-e"®* =0

e a2 _ahih?-1-e =0

e g2 _ah42b? =" +14b° (1).

Xét ham s6 dic trung: f (t)=e'+t véiteR. Tacd f'(t)=€'+1>0 VteR.
Suy rahams6 f (t) dong bién trén R. Do do:

(2) < f(a*+20°—ab)= f (1+b*) <> &’ +20° —ab=1+b’ < a’ —ab+b* =1.
Cach 1: 8’ —ab+b?-1=0, ta xem nhu 1a phuwong trinh bac hai theo bién a.

Phuong trinh ¢6 nghiém < A = b’ —4<b2 —1) >0e b’ < %

Vi beZ nén be{—l;O;l}.
e Véib=0=ae{-Ll}.
e Véib=-1=ae{0l}.
o Voib=1=ae{0;-1}.
Vay c6 6 cdp s6 nguyén (a,b).
Cach 2:

a’—ab+b’=1< a? +b2+(a—b)2 =2 < a’+b? +(a—b)2 =1+1+0

Vi a,beZ nén {az =b"=1 hoac {az :(a_b)z =1 hoac {bz :(a_b)z =1
a
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Vay c6 6 cdp s nguyén (a,b).
Caul1l. Coébao nhiéu cip s6 nguyén (x, y) théa man diéu kién:
278" +x% (x-y)= 3227 2y 3452
A. 4. B. 2. C. 1. D. 3.
Loi giai
Chon B

Ta co:

X2+ x? +2)+

27 8 +x2(x—y)=32.2y( ?) +2y—3x+5e 20 +(x3 +3x)=2y( ’ +y(x2 +2)+5

o f(x +3x):f(y(x2 +2)+5), voi f(1)=2'+1 1a ham s& dong bién trén R.

P 4+3x-5 x-5
Suyra: X +3x=y[(X2+2)+5e y=2 T2 o iy )
y y( ) Y XX 42 Y x> 42
Cach 1:
Xéthémg(x)=x—_5,xeR.Tacé:
x*+2

2
g'(x :Losz:0<:>xe{5—3\/§;5+3\/§}.
(x2+2)

Lap bang bién thién ta duoc
ap bang bien thien ta duc g(x)e{ 7 7

—5—3\/5;—5+3x/§}_

Vi x,y € Z nén g(x)eZ.Suy ra g(x)e{—Z;—l;O}. Thtr lai :

x=5
Vi =-2 — ——1, y=—-3.
o Véi g(x) :>x2+2 =>x y
o Vi g(x)=—1:> x2—5 =—1:>xe{_1_ 13;_1+ 13} (loai).
X +2 2 2
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o Vi g(x):0:>

x-5

=0=>x=5, y=5.

x*+2

Vay c6 2 cdp sO nguyén (x;y) la: (—1;—3), (5;5).

Cach 2:
Tacod: y=x+ x2—5 . Vi x,yeZ nén x2—5 €Z.Suy ra X=5 =keZ.
x 42 x 42 X +2
Tacod: > =k ke —x+2k+5=0 (*).
X +2

e V6i k=0=x=5;y=5 (nhan)
e V6i k#0.Khido, (*) c6 nghiém khi va chi khi

—5—3\/5,—5+3x/§}
2, :

4

A:1—4k(2k+5)20@k{

Vi ke Z\{0} nén k e{-2;-1}. Thirlai tanhén k=-2, x=—1y=-3.
Vay c6 2 cdp sO nguyén (x;y) la: (—1;—3), (5;5).
Cach 3:

x=5

x*+2

()C—S)f(x2 +2):>(x—5)(x+5)f(x2 +2):>(x2 —25)f(x2 +2).

Tacod: y=x+

. Vi x,yeZ nén

= (¥ +2-27)i(x" +2) = 27i(x* +2)
= (x*+2)e{1;3,9,27} = x* € {1;25} = x € {~1;1;-5;5} . Thr lai;
o Véi x=—1=y=-3 (nhan).
. Véix=1:>y=—% doai).
. Véix=—5:>y=—¥ (loai).
e Vi x=5=y=5 (nhan).

Vay ¢6 2 cdp sO nguyén (x;y) 1a: (—1;—3), (5;5).
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Cau 12. Coé bao nhiéu cdp s6 nguyén khong am (x; y) théa man diéu kién:

2 2
Xy +22 +11+x2+y2—6x—8y+9£0?
6x+8y+2
A. 45. B. 49. C. 48. D. 47.
Loi gii
Ta co:
2 2
og Lﬂl+x2+y2—6x—8y+9s0
6X+8y+2

& log (X +y? +11)+X* + y* +11< log (6X +8Y +2)+6X +8Y +2 (1)

Xét ham s6 dic trung: f (t)=t+logt vé6i t>0. Ta co:
1

f'(t)=1
() +t.|n10

>0,Vt >0=Ham s6 f(t) dong bién trén khoang (O; +oo).
Do d6 (1) < f (x2 +y° +11) < f(6x+8y+2)< x*+y* +11<6x+8y+2

& (x-3) +(y-4) <16.

Ay
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Vi x,y la s0 nguyén khdng am nén ta coi cap sd (x, y) la cac diém nguyén

(x,y) nam trong hinh tron (C) cotam 1(3;4),R =4 & goc phan tu thit nhat.
(Xem hinh vé).

Vay c6 5x7+5x2+1+1+1=48 cdp s6 nguyén (x;y).

Chu y: Ta cling c6 tinh tinh tryec ti€p nhu sau:

(x=3)" +(y—4) <16 (*)= (x—3)’ <16 = -1<x<7.

Vi x la s6 nguyén khong am nén x e {0;1;2;3;4;5;6;7} . Thay vao (*) ta cling co
duoc 48 cap sd nguyén (x; y).

Cau 13. Coé bao nhiéu cdp s6 nguyén (a,b) théa man diéu kién:

27 1 log AL bl q
" el +[p
A. 25. B. 24. C. 36. D. 35.
Loi giai

biéu kién: |az| ::: |l;2| >0« a, b khong dong thoi bang 0. Khi d6, ta co:
a
27" +log, —|a;| : |be| <4 11627 ylog, (a2 +07) <4 s log, (|a| +[p]) +1

o2y log, (a2 + b2) < kel

+10g, [ 2(Ja +]ol)| & £ (o +0) s £ 2(al+[e] ]
v6i f(1)=2'+log,  1a ham s§ dong bién trén khoang (0;+).

Do do, f(a* +b*)< f[2(|a|+|b|)} & a2+ <2(|a+[p]) = (|| 1) +(|p]-1) <2.
Két hop véi didu kién a,beZ, a, b khong dong thoi bang 0 nén nghiém
nguyén (a,b) 1a cdc diém nguyén trong mit phang toa d6 (Oxy) ndm trong
hinh hoa, k€ ca bién, bo di diém O (O; O) (hinh hoa 1a hinh hgp béi bon hinh
tron bén kinh 2 Tan lugt 6 tam 7, (L1), 1, (1-1), I,(~L1), 1, (~L-1))
(Xem hinh veé).

43 Nguyén Chi Thanh, Qudan Ba BPinh, Ha Noi

BT: + 84 24 62831777 Fax: + 84 24 62831777
Email: viv7@vivivn  Website: www.vivZ.gov.vn



VIV 7 | e st

IV,

Dém truc tiép, ta thdy d6 1a cac diém nguyén nam trong hinh vuéng ABCD
kich thudc 4x4, bo di diém (0;0). Do do, c6 5° —1=24 diém nguyén,

Vay ¢ 24 cdp s6 nguyén (a,b).
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