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LT THUYET PAI SO LOP 10

CHUONG I: MENH PE - TAP HQOP
A. Ménh dé va ménh dé chira bién

1. Ménh dé: Ménh dé 1a mot cau khang dinh hodc dang hoic sai.

2. Ménh dé phii dinh: Cho ménh d& P, ménh dé phu dinh ciia P 1a: *“ Khong phai P ** va ta ki hiéu P .
Ch( y: Ménh dé P va P 14 hai cau khing dinh trai nguoc nhau.
3. Ménh dé kéo theo: Cho hai ménh dé P va Q. Ménh dé kéo theo 1a: ““Néu P thi Q*” va ki hiéu P=Q
Chiay: + Ménh dé P = Q sai khi P dting, Q sai va dung trong céc truong hop con lai.
+ Trong ménh dé P = Q thi: - P la gia thiét ( hay P 1a diéu kién du dé c6 Q)
- Q la két luan ( hay Q l1a diéu kién can dé c6 P)
Ménh dé dio: Ménh & Q = P duoc goi 12 ménh dé dao cia ménh & P=Q
4. Ménh dé twong dwong: Cho hai ménh dé P va Q, ménh dé twong duong la: ** P néu va chi néu Q >’ va
ta ki hiéu: P< Q
Cha y: Ménh dé P < Q ding khi P= Q va Q=P déu dung
Cach phat biéu khéc cua hai ménh dé twong duong:
- P khi va chi khi Q
- P 1a diéu kién va du dé co Q ( Q la diéu kién can va du dé co P)
5. Ménh dé chira bién: \(i du S:ho khang dinh ¢ 2+n=4". Khi thay moi ‘gié tri Cu’thé n vao khing dinh
trén ta duoc mot ménh dé. Khang dinh c6 dac diém nhu thé goi la ménh dé chira bién.
6. Cac ki higu Vv va 3: v doc la véi moi, 3 doc I ton tai
Vi du: Ménh dé: < Vi moi x thude X, P(x) diing’’, ta ki hidu: <“ Vx € X, P(x) *’
Ménh dé: ¢ Ton tai x thudc X dé P(x) ding”’, ta ki hiéu: <“Ix € X, P(X)
7. Ménh dé phii dinh ciia ménh dé c6 chira ki higu Vv, 3
+ Xét ménh d&: *“ Wx e X, P(x) >’ thi ménh d& phu dinh cua no 1a: <“3x € X, P(x) >’
+ Xét ménh dé&: ““3x e X, P(x) ** thi ménh d& phu dinh cua n6 1a: < vx e X, P(X) >’
Chay: + Phudinhcia“a>b’1a: ‘a<b’
+Phadinhcia“‘a=b’la: “a#b’
+Phu dinhcia “a<b’1a: “a> b’
+ Phu dinh cua © a chia hét cho b’ 1a: * a khong chia hét cho b’

B. Ap dung ménh @& vao suy luan toan hoc

1. Binh i va chitng minh dinh 1i: Trong toan hoc, dinh li 1a mot ménh dé dung. Nhiéu dinh li dugc phat
biéu dudi dang: ““ Vxe X,P(X)=Q(X)”” (1)
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C0 2 cach ching minh dinh i 1.

Céch 1: Chiing minh tryc tiép

+ LAy x tly y thuéc X ma P(x) dung

+ Dung suy luan va kién thirc toan hoc dé chi ra Q(x) dung

Céch 2: Chirng minh phan ching

+ gia str ton tai Xo thudc X sao cho P(xo) dung va Q(xo) sai, tirc ménh dé (1) 1a ménh dé sai.
+ Dung suy luan va kién thtic todn hoc dé chi ra mau thuan.

2. Diéu Kién cdn, diéu Kign dii: a) Xét dinh Ii dang: << Vx € X, P(x) = Q(X) ** thi P(x) goi la gia thiét con
Q(x) goi 1a két luan cua dinh Ii.

Dinh 1i trén dwoc phat biéu: P(x) 1a diéu kién da dé c6 Q(x), hodc Q(x) 1a diéu kién can dé co P(x)
b) Xétdinh li << ¥x e X,P(x) < Q(x)** khi d6 ta ndi P(x) 1a diéu kién can va du dé c6 Q(x).
C. Tap hop va cac phép toan trén tip hop

1. Tdp con: A la tap con cua B néu moi phan tir cia A déu 1a phan tu caa B.
AcC B@(VX,XGA:XGB)
2. Tdp hep bang nhau: Tap A, B bang nhau néu mdi phan tir ciia A 1a mot phan tir ciia B va nguoc lai.
A=B<(AcB; BCA)
3. Phép hop: Hop cua hai tap hop A va B la tap hop gom tat ca phan tir thudc A hoic thudc B.
AUB={x:xe A hoac x € B}
4. Phép giao: Giao cua hai tap A va B 1a tap hop bao gom tat ca cac phan tir thuoc ca A va B.
AnB={x:xeAvaxeB}

5. Phép lay phan bu: Cho A la tap con cua E. Phan bu cua A trong E 1a tap hop gom céc phan tir cua E
ma khong la phan tir cua A.

Higu cia hai tdp A va B 1 tap hop bao gom tat ca cac phan tir thudc A nhung khéng thudc B.
A\B={x:xeAxeB}

CHUONG II: HAM SO BAC NHAT VA BAC HAI

A. Pai cwong vé ham sé

1. Sur bién thién ciza ham sé: Cho ham sé fix) xac dinh trén tap D.

+ f(x) dong bién trén D néu Vx,, X, € D,x, < X, = f(x,) < f(x,) .( 46 thi ctia ham dong bién di tir dudi di
Ién, tir trdi qua phai)

+ f(x) nghich bién trén D néu Vx,,x, € D,x, < X, = f(x,)> f(x,).( dd thi cia ham nghich bién di tir trén
xubng dudi, tir trai qua phai)

2. Khdo sat sw bién thién ciia ham sé: 1a ta xét sy ddng bién, nghich bién caa ham sb do.
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f(x,)—f(x)
X=X

Dé khao sét sy bién thién cua ham f(x) trén tap D, ta xét biéu thirc: P = , VX, X%, €D

+ Néu P > 0 thi ham f(x) dong bién trén D

+ Néu P < 0 thi ham f(x) nghich bién trén D.

3. Ham sé chdn, ham sé 1é: Cho ham s y = f(x) xac dinh trén tap D.

Vxe D= -xeD
f(=x)=—1(x)

Vxe D= -xeD
f(=x)=f(x)

- Db thi ham sé chin nhan tryc tung 1am truc ddi xing, do thi ham s ¢ nhan gbc toa d6 1am tam ddi xang
4.Tinh tién d6 thi: Cho d6 thi (C) ctia ham sé 'y = f(x) va cac sé a , b, p, q dwong. Khi do:

+ d6 thi ham y = f(x — a) 1a phép tinh tién d6 thi (C) sang phai a don vi.

+ f(x) 1a ham sb chin néu { + f(x) 1a ham s6 1é néu {

+ d6 thi ham y = f(x +b) la phép tinh tién do thi (C) sang trai b don vi.

+ @6 thi ham y = f(x) + p la phép tinh tién do thi (C) 1én trén p don vi.

+ d6 thi ham y = f(x) - q 1a phép tinh tién 6 thi (C) xudng duéi q don vi.
B. Ham sé bac nhét va ham sé bac hai

1. Ham sé bdc nhat: 1a ham s6 c6 dangy = ax + b
+ Ham s6 dong bién khi a > 0 va nghich bién khi a < 0.

+ Bang bién thién:
X -00 +oq X -00 +od

+00 +o0

y=ax+b \ y=ax+b /
a<o0 a>0 |__

=00

+ P thi ham sb 1a duong thang va ta goi a 1a hé s6 goc cua duong thang y = ax + b
2. Ham sé bdc hai: 1a ham sé c6 dang y = ax? + bx + ¢
+TXD: R

+ Toa do dinh | (—23 ;—Aj véi A = b? — 4ac, dd thi nhan duong thang x = —23 lam tryc ddi xang.
a

+ Bang bién thién

b b
X -00 -— +0o0) X -00 -— +0o0)
2a 2a
+00 +o0) A
y = ax2+bx+c \ / y = ax2+bx+c / 4a \
A
(a>0) ‘4_a (@<0) -0 -00

+a> 0 ham sé nghich bién trén khoang (—oo;—zﬁj, dong bién trén khoang (—23;+ooj .
a a
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. A TR A
Miny = —— tai x:—ﬁ,vé do thi c6 bé 16m hudng Ién trén.
4a 2a

+a < 0 ham s6 dong bién trén khoang (_OO;_ZB]’ nghich bién trén khoang (—2£;+ooj .
a a

Maxy = —— tai X= _b , va do thi c6 bé 10m hudng xuong dudi.
4a 2a

+ V& Parabol ta can lap bang gié tri gdm it nhat 5 diém.

3. Ham sé trj tuyér doi: Tir db thi (C) ciia ham sé y = f(x) ta suy ra céch vé:

a) D4 thi (C1) cua ham sb y =|f(x)|

+ Gitr nguyén phan d6 thi (C) nam phia trén Ox.

+ LAy ddi xing phan d6 thi (C) nam bén dudi Ox qua OX.

b) Do thi (C2) cua ham s y = f (|x|)

+ Giit nguyén phan d6 thi (C) nam bén phai Oy.

+ Lay d6i xting phan d6 thi (C) nam bén phai Oy qua Oy.

4. Bai todn twong giao: Xét Parabol (P) y = ax? + bx + ¢ va duong thang (d) y = kx + m.
Xét phuong trinh hoanh d¢ giao diém: ax? + bx +c=kx+m (1)

S6 giao diém cua (P) va duong thang d chinh 1a s6 nghiém cia phuong trinh (1) va nguoc lai.

CHUONG III. PHUONG TRINH VA HE PHUONG TRINH
A. Phwong trinh bac nhit va phwong trinh bac hai

1. Phwong trinh bgc nhdt: c dangax +b =0 (1)

+ Néu a # 0 thi pt (1) c6 nghiém duy nhét.

+Néu a=0vab # 0 thi pt (1) v nghiém.

+ Néu a = b = 0 thi pt (1) v6 s6 nghiém.

2. Phwong trinh bdc hai: c6 dang: ax?+bx+c=0 2
Ta xét truong hop a # 0. Tinh A = b? — 4ac

+ Néu A < 0 thi pt (2) vd nghiém.

+ Néu A = 0 thi pt (2) c6 mét nghiém (nghiém kép) la x = —%

+ Néu A > 0 thi pt (2) c6 2 nghiém phan biét x = ~b—VA X = ~b+yA
2a 2a
Pinh li Viet: gia su X1 ; X2 1a hai nghiém cua pt (2) thitacé S=x,+ X, = _b ; P=xX, = ¢
a
3. Cdc bai todn lién quan phwong trinh bac hai. Xét phuong trinh: ax®> +bx+c=0 1)
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a) Phuong trinh (1) ¢6 2 nghiém trai dau khi ac<0

a=0
az0 AS0
b) Pt (1) ¢6 2 nghiém cuing dau khi {A >0 c) Pt (1) c6 2 nghiém cung duong khi _O
P>0 g
P>0
a=0
A o . |A=0
d) Pt (1) c6 hai nghiém cung am khi
S<0
P>0

e) Pt (1) c6 hai nghiém X1, x2 < k khi
YR gm0 {xz—k<0 (% —K)(x,-K)>0

x,—k<0 <:>{(x1—k)+(x2—k)<0
4. Dinh li ddo tam thac bdc hai.
Xét tam thuc bac hai f(x) = ax® +bx+c. Gia s X1, X2 la 2 nghiém cua pt f(x) = 0. Khi d¢:

a) X, <a<x,=af(a)<0

A>0 A>0
S S
b) X, <X, <a < E—a<0 C) a<X <X, & E—a>0
af(a)>0 af(a)>0
af 0 af 0
d) X, <a<pf<x, < () < e) X, <a<X<f< (@) <
af(p)<0 af(p)>0
A>0
§—a>0
2
af(a)>0 S
<X <P<X, & <KX <X <fS=——pF<0
f)ozxi/fz{af(ﬁ)<0 Q) a<x <% <fe2-f
af(a)>0
af(p)>0
B. Cach giai phwong trinh, bit phwong trinh v ti
1. Phwong trinh, bit phwong trinh chira ddu gia tri tuyét doi
B>0 B>0
a =B& o <B&
1A {AziB 1A {—B< A<B
b) |Al=|B|< A=+B d) |A<|B|< A’ < B’ < (A-B)(A+B)<0
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[(B<O

Chu §: D6i v6i phuong trinh, bt phuong trinh ma A canghla
cfzua r.1h|euﬂg|ai.tr1 ;tuygt_ doi ta thuong lap bang pha e) |A| B! (B>0
dau tri tuyét doi de giai.

A>B

A<-B
2. Phwong trinh, bit phwong trinh chiva cin thirc

A>0(B>0 ' (B<O
) JK:JE@{ (B=0) { 520
A=B A>0
c)\/K>Bc> d)\/K<B<:> A>0
b) A=Be A2:B _A>BZ
cha y: Véi phuong trinh, bt phuong trinh ma chira B>0
nhjéu can thi trude tién ta tim diéu kién, sau do ta €) JA>{Bo A>B
bién doi hai vé cua phuong trinh khong am roi mai
binh phuong.
3. Cac phwong phap gidi phwong trinh
Phwong phdp 1: Bién doi twong dwong
- Ta c6 thé dua vé phuong trinh tich.
A=0

- Ta dua vé tong cac so khéng am A? +B? +C*=0<B=0

- Ta str dung phép lién hop.
Phurong phdp 2: Bat an phu

C=0

- D3t an phy khong hoan toan( phuong trinh chira ca x va an phu t). Chi dung khi dua dugc vé phuong
trinh bac hai va dinh thiic A = b® —4ac 1 s6 chinh phuong.

- Dit an phy dwa phuong trinh vé dang phuong trinh tich.

- Pbat an phu dua phuong trinh vé hé phuong trinh.

Chu y: Khi dat an phy thi ta dua vao diéu kién cua x dé tim diéu kién cho an phu t (rat quan trong).

Phuong phdp 3: Phuong phdp ham sé
a) Xét phuong trinh: f(x) =k (1)

- Néu ham sé y = f(x) dong bién hoac nghich bién trén tap xac dinh D thi phuong trinh (1) néu c6 nghiém

thi nghiém do 1a duy nhat.
b) Xét phuong trinh: f(x) = g(x) 2)

- Néu hai ham sé y = f(x) va y = g(x) don diéu nguoc va lién tuc trén tap D (Nghia la néu f(x) 14 ham dong
bien thi g(x) Ia ham nghich bién) thi phuong trinh (2) néu c6 nghiém thi nghiém d6 la duy nhat.

c¢) Xét phuong trinh: f(u) = f(v) 3)
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- Xét ham dic trung y = f(t). Néu ham f(t) ddng bién hoic nghich bién va lién tuc trén tap D thi ta co:
f(luy=f(v)yeu=v

Chu y: Diéu kién caa t chinh 1a hop diéu kién caa u va v.

4. Phwong phdp ham sé gidi bit phwong trinh.

a) Xét phuong trinh: f(x) >k (1)

Budc 1: Nham nghiém x = Xo sao cho f(xo) = k.

Budc 2: Chi ra ham sé y = f(x) ddng bién hozc nghich bién trén tap D.

- Néu f(x) ddng bién thi f(x)>f(x,) < X > X,

- Néu f(x) nghich bién thi f(x)>f(x,) < X <X,

b) Xét phuong trinh: f(x) <g(x) 2

Budc 1: Nham nghiém x = Xo sao cho f(Xo) = g(xo)

Budc 2: Chi ra ham y = f(x), y = g(x) la don diéu nguoc, gia sir f(x) 1a ham dong bién con g(x) Ia ham
nghich bién.

- Néu x > x,thi g(x) < g(X,) = f(X,) <f(X)

- Néu x < x,thi g(x) > g(X,) =f(X,) > f(x)

c¢) Xét phuong trinh: f(u) < f(v) 3)

+ Xét ham déc trung y = f(t) va chi ra ham f(t) don diéu trén tap D.
- Néu f(t) 1a ham dong bién thi f(u) <f(v) < u<v

- Néu f(t) 12 ham nghich bién thi f(u)<f(v) << u>v

D. Hé phwong trinh

1. H¢ phwong trinh bac nhdt hai an.

Xx+by=c
La hé phuong trinh c6 dang {al =6
ax+hy=c,
b c, b
Ta tinh c4c dinh thic sau: D = % B = iD= 2 G
b2 C2 b2 a2 CZ
Quy tic nhé: Anh ban — cam bét — dn com.
‘ - R ; : D, . D
a) Neu D = 0 thi hé¢ c6 nghiém duy nhat (x , y) voi X = EX vay= Ey

b) Néu D=0 con D, =0hogc D, =0 thi h¢ vo nghiém
c) Néu D=D, =D, =0 thi h¢ v s6 nghiém.
2. Hé phwong trinh déi ximg logi 1

f(x,y)=0

La hé c6 dang {
g(x,y)=0
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Trong d6 khi ta thay ddi vai trd x, y trong hé thi mdi phwong trinh trong hé khong thay doi.
+ Néu (xo ; yo) 12 nghiém cua hé thi cap (yo ; Xo) ciing 1a nghiém cua hé.
+ Piéu kién can dé hé c6 nghiém duy nhat 1a Xo = yo
Céch giai: - Buéc 1: Tim diéu kién néu cé
- Budc 2: Biat S =x +yva P =x.y (Dk: S? > 4P). Khi d6 hé¢ mgichua S, P.
- Budc 3: giai hé magi tim S, P. Véi S, P tim duoc thi X, y 1 nghiém phuong trinh:
X?-SX+P=0
f(x,y)=0
9(x,y)=0
Trong d6 khi ta thay ddi vai tro x, y thi phwong trinh nay bién thanh phwong trinh kia trong hé.

La hé c6 dang {

Céch giai:- Bugc 1: Trir 2 vé cua phuong trinh rdi bién dbi phuong trinh vé dang tich.
- Budc 2: Két hop mot phuong trinh tich va mét phwong trinh trong hé dé tim nghiém.

CHUONG IV: BAT PANG THUC VA BAT PHUONG TRINH
A. Bit ding thirc
1. Bét dang thirc co ban

a) a®+b*>2ab Va,b

b) a®+b*+c*>ab+bc+ca Va,b,c

c) (a+b+c)2 >3(ab+bc+ca) Vab,c
d)3(a2+b2+cz)2(a+b+c)2 Va,b,c
e) a®+b*>a’b+ab® Vvab>0

f) a’h® +b?c® +c’a® > abc(a+b+c) Vab,c
0) (ab+bc+ca)2 >3abc(a+b+c) Vabc

h) a*+b*+c*>abc(a+b+c) Va,b,c

i) Va2 +x’ +\/b2+y2 2\/(a+b)2+(x+y)2 va,b, X,y
2. Bdt dang thiic Cauchy

a) Cauchy cho 2 s6 a,b>0la: aLzbz\/% ,dau =" xayrakhia=b

a+b+c

b) Cauchy cho 356 a,b,c>0la: >3/abc , ddu ‘="xayrakhia=b=c

c) Cauchy chonsb a,a,,...a, >0 la: >faa,...a, ,diu =" xayrakhias=a;=... = an

a+a,+.+a,
n
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Hé qua: Cho a, b, ¢ >0 ta co:

b)* b+c)’
1)abs(aJr ) 4) abcg%
2) }+1> 4 5) 1 1 l 1 9
a b a+b a b c a+b+c
1, 4 6) —>— 20 7)am™ i b™ zamp" +amh"
ab (a+b) abc (a+b+c)

3. Bdt ding thirc Bunhiacopski
Choa, b, cvax,y, z 1a cac sb thuc bat ki. Ta co

1) (ax+by)” <(a®+b*)(x*+y?) , ddu * = xay ra khi a_b
Xy
2) (ax+by+cz)2S(a2+b2+c2)(x2+y2+22) , dau “ =" xay ra khi a_b_c
X y z
Hé qua: Choa, b, ctuyyvax,y, z >0, tacé:
2 2 (a+b)
& D@D e ayrakni AP
X Yy X4y y
2 2 ¢ (a+b+c)
o) &4 00 8 (@D ey rakni 2P
X Yy Z @ X+y+z X y z
B. Bit phwong trinh
1. Ddu nhj thirc bdc nhat
Nhj thirc bac nhat c6 dang f(x) = ax +b
Phuong trinh f(x) =0 <:>X=—E. b
a d
X |—oo -a +00

Bang xét dau thé hién nhu sau: ’ '
f(x) = ax +b traidauvéia (Q cungdau véia
Quy tic: Phai cung — trai khéc

2. Ddu tam thirc béc hai

Tam thirc bac hai c6 dang: f(x) = ax? + bx + ¢. Tinh A =b”* —4ac

a) Néu A < 0 thi f(x) cung dau véi a véi moi x
b) Néu A = 0 thi f(x) cung diu véi a voi moi x = —23

¢) Néu A > 0 thi f(x) = 0 ¢ hai nghiém x1 , X ta c6 bang xét ddu nhu sau:

X | -0 X1 X2 +o0

f(x) =ax? + bx+c | cingdiuvsia 0 triidauvéia O cungdauvéia
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Quy tic: Trong trai — ngoai cing
3. Bét phwong trinh bic nhdt 2 dn
La bat phuong trinh c6 mét trong cac dang: ax + by + ¢ <0, ax + by + ¢ > 0,...
M3i cap s6 ( Xo ; Yo) thoa man: axo + byo + ¢ < 0 dwoc goi 1a mot nghiém cua bat pt: ax + by +c<0
Cdch xdc dinh mién nghiém cua bdt phuwong trinh: ax + by + ¢ <0 (1)

Budc 1: V& duong thang d: ax + by + ¢ = 0.
Budc 2: Xét mot diém M(xo ; Yo) khdng thugc d.
- Néu axo + byo + ¢ < 0 thi nira mit phiang (khong ké bé d) chira diém M s& 13 mién nghiém bt pt (1)
- Néu axo + byo + ¢ > 0 thi nira mat phang ( khong ké bo d) khdng chira diém M s& 1a nghiém bat pt (1).
4. H¢ bdt phwong trinh bdc nhat 2 dn.
f(x,y)>0
La hé co dang 19(x,y) <0
h(x,y)>0
Mién nghiém cua hé 1a giao cac mién nghiém cua cac bat phuong trinh trong hé.

Cdch xdc dinh mién nghiém cua hé nhu sau:

- Vi mdi bat phuong trinh trong hé ta xac dinh mién nghiém cua né va gach bé mién con lai.

- Sau khi 1am nhu trén 1an luot di véi tat ca cac bat phuong trinh trong hé trén ciing mot mat phang toa
d6, mién con lai khéng bi gach chinh Ia mien nghiém cua hé bat phuwong trinh da cho.

5. Céch gidi bat phwong trinh mét an
Budc 1: giai tir s6 va giai mau sé (néu co) dé tim cac nghiém
Budc 2: Lap bang xét ddu ( chd y: nghiém x dudc xép tir nho dén Ion)
Dung quy tac xét dau nhi thirc bac nhat va dau tam thac bac hai dé dién dau
Budc 3: Dya vao bang xét dau dé két luan nghiém bat phwong trinh.

CHUONG VI: GOC LUQNG GIAC VA CONG THUC LUQNG GIAC
A. Géc va cung luwong giac

1. Dy -
Cho duong tron (O; R), géc AOB = n°. UN:!
Khi d6 d¢ dai cung AB la: |5 = mRn

180
2. Dinh nghia radian: Cung tron c6 d6 dai bang ban kinh R B
goi la cung ¢6 s6 do 1 rad.
Gia st g6c AOB = o rad thi do dai cung AB Ia: |, =c.R R

C
e ia LA iz , o n
3. Moi lién h¢ gia dp va radian: —=—
n 180
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4. Duong tron lwong giac
a) cosa = OH
b) sina. = OK
c) tana = AT
d) coto =BS

B. Cong thirc lwong giac

1. Cong thirc co ban

SPT: 0374 670 013

YA
truc cotg B S
K M T
truc cos O . 1
H A >
truc sin tryc tan

sin®a+cos®a =1

1+tan’ o = 1+cot’ o =

cos’ o

tanoa.cota =1

sin o

-1<sina,cosa <1
sin(a+k2r)=sina ; cos(o+k2m)=cosa

tan(a+km)=tana ; cot(a+km)=cota

2. Gia tri lwong giac ciia cung co lién quan dac biét

Cung d6i nhau: o va -a

Cung bunhau: avam-a

sin(n—a)=sina

Cung hon kém: avamw+ a
sin(n+a)=-sina

Cos

(T

SINf —— o |=C0Sa
5-)
T )

COS| ——a |=SIha
3

tan(ﬁ—a =cota
2

Cot(ﬁ—a =tana
2

Cung hon kém g: ava g+a

. T
SII’](E-FOL) =CoSa

T .
COS(—+OL =-=SIha
tan(ﬁ+a =—Cota

2
Cot(ngoc =—tana

Hoa s€ n¢ khi ngam dua gié suong
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3. Cong thire lwpng giac

SPT: 0374 670 013

Cong thirc cong
cos(axb)=cosacoshxsinasinb

sin(axb)=sinacosb+cosasinb

Cong thirc nhan doi, nhan ba
sin2a =2sinacosa

cos2a =cos’a—sin®a

Cong thirc ha bac

., 1l-cos2a
sin a=T

tana-+tanb =2cos’a—-1=1-2sin’a cosza:M
tan(a+b):ﬁ ot 2
t;rfzn atzlnb tanza =y tanf1 tan?a = 1200522
tan(a—b)=——— _ —ana , 1+ cos2a
l+tanatanb sin3a =3sina—4sin°a
cos3a =4cos’a—3cosa
3
tan 34 = 3tana ta;n a
1-3tan“a
C6ng thitc bién déi tich thanh tdng | Cong thirc bién déi tong thanh | Pic biét
tich .
N sina+cosa
smasmbzl[cos(a—b)—cos(a+b)] aib  ab
2 cosa+Cosh = 2cos —— cos —— :«/Esin(a+ﬁj
1 2 2 T4
cosacosh ==[cos(a—b)-+cos(a+b)] aib . a_b
12 cosa—cosh =-2sin TsinT sina—cosa
sinacosb ==[sin(a—b)+sin(a+b)] asb  ach | = vFcoslar®
2 sina+sinb=2sin——-cos—— | 4
2 2
sina—sinb = 2cos 2 2sin 22

Hoa s€ n¢ khi ngam dua gié suong
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LI THUYET PAI SO VA GIAI TICH LOP 11

CHUONG 1: HAM SO LUQNG GIAC VA PHUONG TRINH LUQNG GIAC
A. Ham sé lwong giac

Ham sb y = sinx Ham s6 y = cosx
TXD: R TXD: R
Tap gid tri: [-1; 1] Tap gid tri: [-1; 1]
-Lahamsé lé - La ham s6 chin
- La ham s6 tuan hoan vai chu ki 2m - La ham s6 tuan hoan vai chu ki 2m

- Déng bién trén (‘%* kam; 2+ k2nj - Dong bicn trén (-~ -+k2r ; k2r)

- Nghich bién trén (k2m ; m+k2m)
- Nghich bién trén (g+ k2w ; %n+ k2nj

Ham sé y = tanx Ham sé y = cotx

TXD: D:R\{g+kn} TXD: D=R\{kn}
Tap giatri: R
Tep giatri:R -lahamsb e

-laham so le - La ham sé tuan hoan véi chu ki 1t

- La ham s6 tuan hoan véi chu ki T
anam so tuan hoan vo ehu ki - Nghich bién trén (kr ; n+kn)

X - X ~ T . T ” )
- bong bien trén —§+ km ; §+ kn - Nhan duong thang x = kn la tiém can ding

- Nhan duong thang x = g +kn 12 tiém can dung

B. Phwong trinh lwgng giac co ban
1. Phuwong trinh: sinf(x) =m (1)
+ Néu m > 1 hoic m < - 1 thi pt (1) v nghiém.

, o _ _ f(X) = a+k2n
+ Néu —1<m <1 thi: sinf(x) =m < sinf(x) =sina <
f(X)=n—a+k2n
2. Phwong trinh: cosf(x) =m  (2)
+ Néu m > 1 hodc m < - 1 thi pt (2) v nghiém.
, X f(X) = +k2n
+ Néu —1<m <1 thi: cosf(x) = m < cosf(X) = cosa <
f(X) =—a+k2n
3. Phwong trinh tanf(x) = m 3)

+ Phuong trinh (3) c6 nghiém véi moi m. Khi do:
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tanf(x)=m < tanf(X) =tana < f(X) =a+kn
4. Phwong trinh cotf(x) =m 4)
+ Phuong trinh (4) ¢6 nghiém véi moi m. Khi do:
cotf(x) =m < cotf(x) =cota < f(X) =a+kn

5. Phwong trinh dac bigt

cosf(x) =1<f(x)=k2rn

sinf(x) =1 f(X) == +k2n
2 cosf(X)=-1<f(X) =n+k2n

tanf(x):1<:>f(x):£+kn

. T T
smf(x):—1<:>f(X)=—§+k27t cosf(x)=0<:>f(x)=g+k7c tanf(x):—1<:>f(x):—z+kn

sinf(x)=0< f(x)=kn tanf(x) =0 < f(x) =kn

C. Phwong trinh lwong giac thwong gap

1. Phuong trinh: a.sin®x+b.sinx+c=0

Phuong phép giai: Ta dat t = sinx (t = cosx). Diéu kién: -1< t < 1 rdi dua vé phuong trinh bac hai.
Chu ¥: dat t = tanx t = cotx) thi t khong can diéu kién.

2. Phwong trinh bdc nhdt déi véi sin va cos c6 dang: Asinx+Bcosx=C (1)

+ Phuong trinh trén c6 nghiém khi A* +B? > C?

+ Céch giai: Chia hai vé ciia phuong trinh cho vA? + B?

Pt(1) < sinx + COSX =

A B C

, . C . A .
< €0saL.SIN X +SINL.COSX = ———=—= trong d0: COSQ. = ————=; Sina. =

B
A%+ B? A% +B? \JA? +B?

¢ dén day ta giai binh thuong.

JAziB?

3. Phwong trinh thuan nhdt bdc hai véi sin va cos

< sin(x+a)=

C6 dang: a.sin® x +bsinx.cosx +c¢.cos’ X =d 2)

Céch giai: + TH1: Xét xem cos x = 0 ¢0 la nghiém pt (2) hay khéng?
TH2: Chia hai vé cua pt (2) cho cos? x

.sinxcosx+ccoszx= 1

2
SN X p d

Pt(2) @a— > — —
COS” X COS” X COS” X COS” X

& atan’x+b.tanx+c=d(1+tan’x)
< (a-d)tan’x+b.tanx+(c—d)=0  dén day ta giai binh thuong.
4. Phwong trinh doi xirng

C6 dang: a.(sinx+cosx)+b.sinxcosx+c=0 (3)
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Cach giai: dat t = sinx + cosx , didu kién: —v2 <t<+2
t? =(sinx4_rcosx)2 & t? =1+ 2sin X cos

Tir d6 ta dua pt (3) vé phuong trinh bac hai an t.

D. Tim Max — Min ctiia ham s6 lwong giac

1. Ham sé co bdn: y = Asinf(x) +B

Céch giai: Ta dung nhan xét: -1 < sinf(x), cosf(x) < 1 la xong.

2. Ham sé dgng: y = a.sin?f(x) + b.sinf(x) + ¢

Cach giai: ta dat t = sinf(x) (chd y: ta dua vao diéu kién cua x dé tim diéu kién cua t chinh xac)
Khi d6 bai toan quy vé tim Max — Minhamy =at?+b.t+c¢

(Ta dya vao bang bién thién caa ham sé Parabol 16p 10 dé tim max — min)

3. Ham sé dang: y = a.sinx + b.cosx + ¢

Cach giai: ta bién ddi nhu sau:

y =a.sinX+Db.cosx+c

y= a+b2[ SiN X + ————=CO0SX |+C
| s e

y:\/m(coswsinx+sinoc.cosx)+c

y:\/msin(x+a)+c

Nhan xét: —1<sin(x+a)<1
<:>—\/a2+b2g\/a2+bzsin(x+oc)£\/m
o al+b?+c<y<a’+b24c

Vay: Maxy=\/m+c ; Miny=—\/m+c

CHUONG 2: TO HQP VA XAC SUAT
A. To6 hop
1. Hai quy tdc dém

a) Quy tdc cong: gia st mot cong viéc c6 thé dugc 1am theo 2 cach. Cach mot c6 m cach 1am, cach hai co
n cach lam. Khi do6 ta c6 (m + n) cach lam cong viéc do.

b) Quy tic nhan: gia sir mot cong viéc bao gom 2 cong doan. Cong doan mot ¢6 n cach 1am, véi mdi cach
thuc hién cong doan mot thi cong doan hai c6 m cach lam. Khi d6 cong viéc ¢6 n.m céch lam.

2. Hoan vi

a) Pinh nghia: Cho tap A gdm n phan tir. MGi cach sip xép n phan tir cua tap A theo mot thir ty thi ta goi
la mét hoan vi caa tap A.
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b) S c&c hoan vi caa n phan tir 1an! = n.(n — 1).(n — 2).(n — 3)...3.2.1
3. Chinh hgp

a) Dinh nghia: Cho tap A gom n phan tir. Khi ldy ra k phan tir cia tap A va véi mdi cach sp xép k phan tur
cua tap A goi la mét chinh hop chap k cta n phan tu.

n!

(n—k)!

b) Dé tinh s cac chinh hop chap k cta n phan tir ta ding cong thirc: A¥ =

4. Té hep

a) Dinh nghia: Cho tap A gom n phan tir. Mdi tap con cua A ¢6 k phan tir duoc goi 1a mét to hop chap k
cua n phan tu.

. . . !
b) Bé tinh s6 t6 hop chap k caa n phan tir ta ding cong thire sau: CX = m
¢) Tinh chét t6 hop
Ci=Cr* ; Ci+Ci'=Cy,; kCi=nClT ; Lot e

k+1 " n+1 "t

B. Nhi thiéc Niuton

Xét khai trién: (a+b)" =Ca" +Cha"b+C2.a" b’ +...+C} ab"* + Clb"

oy
k=0
Trong khai trién trén ta chl y:
+ Khai trién trén gom (n + 1) s6 hang
+ S6 hang tong quat thar (k + 1) 1a T, , = C*.a"*b*
+ S hang khong chura x, nghia 1a s6 mii ciia x bang 0.
Chl y: Xét khai trién (1+X)" =C) +CLx+C2.X* +..+4CI X" +Clx" (1)
+ Thay x = 1 vao hai vé cta (1) ta dugc: 2" =C2 +C! +C2 +..+C'" +C!
+ Thay x = - 1 vao hai vé cita (1) ta dwgc: 0=C? —C} +C2 —....+(-1)" C!
+ Pao ham hai vé cua (1) ta dugc: n(1+x)"" =C: +2xC2 +3x*C? +..+nx"*C"  (2)
Thay x = 1 vao hai vé cua (2) ta dugc: n.2"* =C! +2C2 +3C? +...+nC'

+ Tich phan hai vé cua (1) ta duoc:
1
(1+x)" dx = [(C) +XC} +X°C} +X°C} +...+X"C ) dx

0

O ey

1

(1+ x)n+1 '
n+1

f—

2 3 n+1
= xCﬂ+X—Cﬁ+X—C§+...+X Ch
2 3 n+1
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n+l

2 =C° +1Cﬁ +1C§ +...+LC2
n+1 2 3 n+1

C. XAc suit

1. Phép thiz - khdng gian mdu — bién cé

a) Phép thtr 1a mot hanh dong thoa man hai diéu kién:

+ Két qua ctia n6 khong doan trude dugc

+ Biét trudc duoc tat ca cac két qua xay ra cua phép thir do.

b) Khong gian mau Ia tap hop tat ca cac két qua cua phép tha, ta ki hiéu 1a Q

c) Bién ¢6 A lién quan dén phép thir T 1a mot sy kién ma viéc xay ra hay khong xay ra A phu thugc vao
ket qua cua phép tha T.
+ Mdi két qua ctia phép thtr T ma 1am cho bién cd A xay ra goi la két qua thuan lgi cho A.
+ Sb két qua thuan loi cua A ki hiéu 1a n(A)
. S A S . i A . n(A)
2. Xac suat cua bien co A dugc tinh boi cong thac: P(A) = @
n
Trong dé: n(A) 1a sé két qua thuan lgi cia A, con n(Q) sé két qua cua khéng gian mau.
Tinh chit xac suat: 0 < P(A) < 1

D. Quy tic tinh xac suat

1. Céc phép toan vé bién cé
a) Bién c6 hop: Cho hai bién ¢ A, B. Hop hai bién ¢ A, B ki hiéu 13 AUB : ‘A hoic B xay ra’

b) Bién c6 xung khic: Hai bién cé A, B goi la xung khac véi nhau néu bién ¢ nay xay ra thi bién cé kia
khéng xay ra.

c) Bién c6 déi cua A ki hiéu la A : ‘Khong xay ra A’
Chiy: + AUA=Q
+ Hai bién cb d6i nhau 12 hai bién ¢ xung khéc, nguoc lai khéng ding.
d) Bién c6 giao: Cho hai bién ¢ A, B. Giao hai bién c6 A, B ki hiéu 1a AB: © A va B cung xdy ra’

e) Bién ¢ doc lap: Hai bién c6 A, B goi 1a doc 1ap vai nhau néu viéc xay ra hay khong xay ra bién ¢ nay
khdng lam anh huong tai viéc xay ra bién co Kia.

Cht y: Néu A, B doc lap thi cac cap (A,E) ;(Z\, B) ;(K,E) ciing doc 1ap.

2. Cong thaic tinh xac sudt

a) Quy tic cong xac suat: Néu A, B 1 hai bién cb xung khac thi P(AUB) =P(A) +P(B)
Chay: P(A)+P(A) =1

b) Quy tic nhan xé&c suat: Néu A, B 1a hai bién cb doc lap thi P(AB) = P(A).P(B)
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CHUONG 3: DAY SO - CAP SO CONG - CAP SO NHAN

A. Phwong phap quy nap todn hoc

Dé chitng minh ménh dé A(n) dang véi moi sé nguyén dwong n, ta 1am theo hai budc:

Budc 1: Ching minh A(n) ding khin = 1.

Budc 2: gia st ménh dé A(n) dung voi n =k > 1, nghia 1a A(k) dung. ( goi la gia thiét quy nap)

Ta phai chirng A(n) dung véin =k + 1.

Cha y: Khi ménh dé A(n) dang véi n = p tré di thi & bude 1 ta kiém tran = p.

B. D3y sb

1. Dinh nghia: Mot ham s6 u(n) xac dinh trén tap s nguyén duong N” duoc goi 1a mot day sé.

Ta goi u(1), u(2) 1a s6 hang thir nhat, sé hang thir hai caa day. Ta ki hiéu u(1), u(2) s& 1a us ,uz ,...

2. DAy sé ting, diy sé giam

a) (un) la ddy s6 ting <>u_<u_, ,vn

n+l !

b) (un) la day sb giam < u_ >u_, ,vn

n+l !

Chu y: Dé chitng minh dy s6 tang, giam ta ¢ 2 céch

Cach 1: ta Xét hiéu un+1 - Un

. , u
Cach 2: ta xét thwong —L
u

n

3. Dy sé bi chgn

a) (un) la day sb bi chan trén néu ton tai s6 M sao cho u, <M ,vne N’

b) (un) 12 ddy s6 bi chan dugi néu ton tai sé msao cho u, >m ,vneN’

c) (un) la dy sb bi chan néu n6 vira bi chan trén va dudi, nghiala m<u_ <M ,vne N’

C. CAp s6 cong — cap s6 nhan

Cap sb cong

Cap s6 nhan

a) Binh nghia: (un) 12 CSC <> Un+1=Un + d
b) Sé hang tong quét: un = u1 + (N —1)d
¢) Tinh chét: u, = k2 "
d) Tong n sé hang dau cua CSC:

n(ul + un)

S,=u,+uU,+...+u, = >

a) Binh nghia: (un) 12 CSN < Un+1 = Un.q
b) Sé hang tong quat: un = uz.q™*

¢) Tinh chat: u®> =u, ,.u,,

d) Tong n sé hang dau cua CSN:

1-q"

1-q

S,=u+U,+...+U, =U,
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CHUONG 4: GIOI HAN
A. Giéi han day sb

1. Mgt sé gidi han co ban

.1 .1 .1
lim— =0 (anguyén duong); lim—==0; lim—==0
= (& nguy g) Tn In

mv_ =0

n

. I RESY
binh 1i 1: Cho hai day so (un) va (vn). Néu {|I ol < Vs thi limu, =0
i

Dinh 1i 2: Néu |g| <1 thi limg" =0

Pinh Ii 3: Néu limu, = A thi:

a) lim|u,|=|A| va lim3u, =YA

b) Néu u, >0, vn thi lim.Ju, =VA
binh li 4: Cho limu, =a, limv, =b taco:
a) lim(u, £v,)=limu, £limv, =a+b

b) lim(u,v,)=limu,.limv, =ab

c) lim(ku,)=k.limu, =ka

) lim| Y |- MY, _23
Vv limv, b

n

2. Téng cia cdp s6 nhan Ii vo hgn
Cép sb nhan (un) ¢ cdng boi g goi la cap s6 nhan 10i v hannéu-1<q<1.

SPT: 0374 670 013

Tong cap s6 nhan Ui vo han 1a: S=u, +u, +..+U_ +...= 1ilq

3. DAy sé ¢6 gidi han vo cuc

Pinh If: Néu limu_ = +so thi lim— =0

un

Quy tic 1

Néu limu, =00 va limv, =zoo thi lim(u,v,) la
limu, limv, lim(u,v,)
+00 +00 +00
+00 - 0O - 0O
- 00 +00 - 00
- 00 - 00 400
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Quy tic 2
Néu limu, =+o0 va limv, =A thi lim(u,v,) I&:
limu, Dau cua A lim(u,v,)
+0oo + +00o
+00 - - 0
-0 + - 00
- 00 - +o0
Quy tic 3
- : o U
Neu limu, =A; limv, =0 thi lim— la:
Vn
Dau cta A Dau cua vy (u
lim| —
Vn
+ + +00
+ - - 00
- + - 00
- - +m

4. Cach tim gidi hgn day sé
Xét gidi han Iimm
g(n)

+ Néu f(n) va g(n) 1a cac da thirc ta chia ca tir vd mau cho n ¢6 sé mil cao nhét, roi 4p dung céc gigi han
dac biét dé lam.

+ Néu f(n), g(n) c6 chira can thirc thi ta can nhan lién hop dé dua vé dang co ban dé lam.

+ Néu f(n) va g(n) 1 cac ham mil thi ta chia ca tir vd mau cho co s 16n nhat.

B. Gi¢i han ham s

1. Cdc dinh nghia giéi han ham sé

a) Pinh nghia gisi han ham sé tai mér diém: Cho ham sé y = f(x) xac dinh trén khoang K va xo € K. Ta
noi ham s6 f(x) c6 gigi han 1a A khi x dan t6i xo, ki hiéu 1a lim f(x) = A néu véi moi day sb (xn) bat ki ma

X—>Xq

Xn € K\{Xo} ma limx, =x, tadéuco limf(x )=A.

Nghia la: lim f(x) = A < V(X,),X, € K\{x,} ma limx, =X, tadéuco limf(x,)=A.

b) Pinh nghia giéi han vo cuc: Cho ham sé 'y = f(x) xac dinh trén khoang K va xo € K.

Tanoi limf(x) =+ < V(X,),X, € K\{X,} ma limx, =x, tadéuco limf(x,)=+o

X=X

Gi6i han lim f(x) = —o dugc dinh nghia tuong tu.

X=X
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¢) Pinh nghia giéi han ham sé tai vo cuc: Cho ham sb y = f(x) x4c dinh trén khoang (a ; +oo)

Tandi lim f(x) =A< V(X,),X, >a ma limx, =+ tadéuco limf(x,)=A

Céc giai han tai vo cuc khac duge dinh nghia tuwong tu.
2. Cac gioi han dac biét

: . .k
limc=c; limx=x,; lim—=0

X—Xo X—Xg X—to0 ¥

. . . « +o0 , k chan
lim x" =400 ; lim x* =
X—>-+0 X—>—00 -0 , k le

3. Mgt sé dinh li vé gigi han héizu hgn
binh li 1: Cho limf(x)=a va limg(x) =b. Khi d6

a) lim[f(x)=g(x)]= limf(x) £ limg(x)=a+b
b) lim [f(x).g(x)] = limf(x).lim =ab ; limkf(x)=k.limf(x)=ka
lim f(x)

(X)) xox a
lim =— =
x> g(x) limg(x) b

c)

binh li 2: Cho lim f(x) = A, khi do:

a) lim [f(x)|=|A|

b) lim 3ff(x) =3A

c) Néuf(x) > 0thi A= 0va lim . ff(x) =JA

4. Gidgi hgn mgt bén

a) Binh nghia gidi han mot bén:

+ Cho ham sé y = f(x) x4c dinh trén khoang (o ; b). Ta n6i ham sé f(x) ¢6 gidi han bén phai xo, ki hiéu 1a

lim f(x) = A < V(X,), X, €(X,;0) ma limx, =X, ta déu co limf(x ) =A

+ Cho ham s y = f(x) xéc dinh trén khoang (a ; xo). Ta n6i ham s f(x) c6 gidi han bén tréi xo, ki hiéu 1a

lim f(x) = A < V(X,),X, €(@;X,) ma limx, =x, tadéucod limf(x )=A

X—>Xg

Chay: limf(x)=A < lim f(x) = lim f(x) = A

X—>Xg

5. Céc quy tdc tim gidi han vo cuc

Dinh 1i 1: Néu lim f(x) = +oo thi lim N

X—Xq X—Xo (X)
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Quy tic 1: tim gidi han f(x).g(X)

Néu limf(x)=A va lim g(x) =+ thi lim [f(X).9(x)] duoc tinh bai bang sau:

lim £ (x) lim g(x) lim [f(x).9(x)]
+o00 +o00
A>0
-00 -C0
+00 -C0
A<O0
-C0 +00
Quy tic 2: Tim gisi han )
9(x)
lim (x) lim g(x) Dau cia g(x) tim £()
0 0 X=X g(x)
A +o0 Tuyy 0
A>0 0 + +00
- -00
A<O0 + -00
- +o00

6. Céch tim gidi han ham sé cac dang vé dinh
Xét gidi han lim )
X—Xg g(x)

a) Dang v6 dinh %

+ Ta phan tich tir va mau thanh cac nhan ti roi rat gon
+ Néu f(x) , g(X) 1a cac biéu thtc chira cin ta nhan ca tir va mau véi lién hop sau do phan tich thanh nhan
tir @€ rat gon.

b) Dang ®
Qo0

+ Ta chia ca tir va mau cho x ¢6 s mii cao nhat

+ Néu f(x), g(x) c6 chira can thi ta bién d6i trong can trudc rdi méi chia ca tir va mau cho x ¢6 s6 mii cao
nhat.

¢) Dang oo - o0 ; 0.00
+ Néu f(x) chira cin thi ta nhan va chia cho biéu thirc lién hop.

+ Néu biéu thtrc chira nhiéu phan thire thi ta quy dong mau va dua vé ciing mot biéu thac.

d) Ham luong gidc dang %
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N LA . sinx sinu(x . tanx tan u(x
Ta dung cac cong thuc sau: lim——=1; #:1; lim——=1; #:1
x—0 X u()-0  u(x) x—0 X u(x)-0  U(Xx)

C. Ham sé lién tuc

1. Binh nghia: Cho ham sé y = f(x) xac dinh trén tap D.

A(x) khix =X,

TH1: Xét ham s6 f(x) :{ thi f(x) lién tuc tai xo khi lim f(x) = (x,)

B(x) khix=x,
g A(X) khix>x, . N . Lo .
TH2: Xét ham so f(x) = ) thi f(x) lién tuc tai xo khi lim f(x) = lim f(x) =f(X,)
B(x) khix<x, X—%5 X—Xo

Néu ham sé y = f(x) khdng lién tuc tai xo thi ta noi f(x) gian doan tai Xo
2. Ham sé lién tuc trén mgt khodng, mét dogn

a) Ham s6 y = f(x) lién tuc trén khoang (a , b) néu nd lién tuc tai moi diém thuoc khoang d6. Nghia 1a
lim f(x) =f(x,) , VX, €(a,b)

lim f(x) =f(x,) , VX, €(a,b)
b) Ham s6 y = f(x) lién tyc trén doan [a, b] < < lim f(x) =f(a)

lim f(x) = (b)
3. Cic dinh i

Dinh li 1: Ham da thac, ham phén thuc hitu ti, ham luong giéc lién tuc trén tap xac dinh cua ching.

f(x)

Dinh Ii 2: Néu f(x) , g(x) 1a cac ham lién tuc tai xo thi cac ham f(x) + g(x) , f(x).g(x) , m cling lién tuc

tai Xo

Pinh Ii 3 ( Chirng minh phuwong trinh f(x) =0 ¢6 nghiém) Cho ham sé y = f(x) lién tuc trén doan [a , b]
va f(a).f(b) < 0 thi ton tai s6 ¢ € (a, b) sao cho f(c) = 0 (nghia la phuong trinh f(x) = 0 c6 nghiém ce(a, b)

CHUONG 5: PAO HAM
A. Khéi niém dao ham

1. Pinh nghia dao ham cia ham sé tai mét diém
a) Pinh nghia: Cho ham sé y = f(x) x4c dinh trén tap D va Xo € D. Dao ham caia ham f(x) tai xo ki hiéu la

(x0) va duogc tinh bai cong thirc: f'(x,) = lim FO9=10x0) @
X—=Xg X=X,

+ Néu ta dat Ax = X — Xo (A goi 1a s6 gia cua bién sd tai xo) Ay = f(xo + Ax) — f(xo) (Ay las6 gia cua ham
s0) thi cong thac (1) c6 dang:
f(X, +Ax)—f(X,) Ay

fog=fm==—p ==ty @
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b) Quy tic tinh dao ham cua f(x) tai Xo
Budc 1: Tinh Ay = f(xo + Ax) — f(Xo)

Budc 2: Tinh gidi han f'(x,) = lim 4y

Ax—0 AX

¢) Tinh chét dao ham

SPT: 0374 670 013

Néu ham s6 f(x) co dao ham tai Xo thi s& lién tuc tai diém d6, nguoc lai khong dung. Nhu vay ham s6
khong lién tuc tai Xo thi s€ khong c6 dao ham tai diém do.

2. Cong thirc tinh dgo ham
a) Quy tic tinh dao ham

+ (f+g)' =f'+g’
+(fg)=f'g+fg’ va (kf)'=kf'

+££j=f'.g—2f.g'
g g

b) Bang dao ham cac ham co ban

Pao ham ham co ban

Pao ham ham hop

k) =0 (kx) =k (x) =1

(x"y =n.x™!

(f)—zf

(u"y =nu™tw

(f)—zf

(sinx)'=cosx

(cosx)'=—sinx

(sinu)'=u'.cosu

(cosu)'=-u".sinu

(tanx)'= oo (tanu)'= ey
1 u'
(cotx)" =~ G (cotv) =G
(ax)'_a Ina (a“)'—u a'.Ina
() =e (') =u'e’
1 u'
| '= |
(log, x) x.Ina (log, u) u.lna
"
Inx) == Inu)'=<L
(Inx) < (Inu) .
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3. Pao ham cdp cao

Dinh nghia: Gia sir ham sb y = f(x) ¢6 dao ham £ (x)

+Dao ham cép hai cua f(x) 1a f"(x) =[f'(x)]'

+Dao ham céap ba cia f(x) Ia f"(x) =[f "(x)]'

+ Tuong tw nhu vy, dao ham cp n ciia f(x) 1a £ (x) =[ f"2(x) |

B. Y nghia hinh hoc cia dao ham

1. Phwong trinh tiép tuyén tai tiép diém
Cho ham sé y = f(x) ¢6 d6 thi (C), diém M(xo ; Yo) € (C).
Phuong trinh tiép tuyén tai diém M 1a: y = '(X,)(X —X,) + Y,

Trong d6 £(xo) goi 1a hé s6 goc cua tiép tuyén.

Cha y: + Hai duong thang song song thi hé s6 goc bang nhau.
+ Hai duong thang vudng goc thi tich hé s géc bang — 1
+ Puong thang (d) ¢ dang: y =ax + b thi a 1a hé s6 gdc cua (d)
+ Puong thang (d) c6 hé s goc 1a a, dudng thang (d”) ¢ hé s6 goc lak va a = (d, d’). Khi d6 ta

c6 cOng thuc sau: tanao =

1+ka
2. Viét phwong trinh tiép tuyén néu biét truéc hé sé goc
Bai toan: Viét phuong trinh tiép tuyén caa d6 thi ham sb y = f(x), biét tiép tuyén cd hé sé goc la k.

Phuong phdp gidi:

Budc 1: Goi M(Xo ; Yo) la tiép diém cua tiép tuyén.

Budc 2: Tinh y’ = f(x), sau d6 giai phuong trinh f(xo) = K tir d6 tim duoc Xo rdi suy ra yo = f(Xo)
Budc 3: Khi tim duoc tiép diém M rdi ta ding cong thic o trén dé viét phuong trinh tiép tuyén.
3. Viét phwong trinh tiép tuyén di qua mét diém

Bai toan: Viét phuong trinh tiép tuyén caa d6 thi ham sb y = f(x), biét tiép tuyén di qua A(x1 ; y1)

Phuong phdp gidi:

Budc 1: Goi duong thang (d) di qua A(x1 ; y1) va nhan k 1am hé s6 géc thi (d) c6 dang: y = k(X —X1) + y1

LAy INA Y A oA gpe LN A N . . f(X) =k(x=x)+y;
Budce 2: bé (d) la tiep tuyen cta do thi ham so y = f(x) thi hé sau c6 nghiém F100 =k

Ta giai h¢ trén dé tim x sau d6 tim k, thay k tim dugc vao duong thang (d) 1a xong. ( C6 bao nhiéu k thi
ung voéi bay nhiéu tiép tuyen).

C. Y nghia vat li ciia dao ham

1. Vdn téoc tirc theoi
Xét chuyén dong thang c6 phuong trinh s = f(t). Khi d6 van téc tic thoi tai thoi diém to 13 v(to) = s’(to)
2. Gia téc tirc thoi
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Xét chuyén dong co phuong trinh s = s(t), gia tc tac thoi tai to 12 a(to) = s’ (to)

3. Cuwong do tuc thoi

Dong dién c6 dién luong Q = Q(t) thi cudong do tic thoi cua dong dién tai thoi diém to 12 1(to) = Q’(to)
D. Vi phan

1. Dinh nghia: Cho ham s6 y = f(x) xac dinh trén khoang (a , b) va c6 dao ham trén khoang dé. Vi phan
ham f(x) ta ki hiéu df(x) (‘hay dy) tinh boi céng thuce: df(x) = £(x).dx ( hay dy = y’.dx)

2. Ung dung phép vi phén dé tinh sé gan ding

Tir cong thire tinh dao ham bing dinh nghia: '(x,) = lim T+ AAX: (%)

f(x,+Ax)—f(x,)
AX

< F(X, +AX) = F(X,)+T'(X,).AX

Vi |Ax| @ nho, thi f'(x,) =
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Li THUYET GIAI TiCH LOP 12

CHUONG 1: UNG DUNG VA KHAO SAT HAM SO
A. Tinh ddng bién, nghich bién ciaa ham sé
1. Dinh nghia: Cho ham s6 y = f(x) xac dinh trén D.
+y =1f(x) dong biéntrén D < f'(x)>0 vxeD

+y = f(x) nghich biéntrén D < f'(x) <0 ¥xeD (diu ‘=" chi xay ra tai hiru han diém)

ax+b

Chuy: Vi ham f(x) =
cx+d

thi f(x) d6ng bién khi f*(x) > 0 va nghich bién khi £(x) < 0

2. Cdc budc xét tinh don di¢u cia hamy = f(x)
Budce 1: Tim TXD
Budc 2: Tinh y’ va giai phuong trinh y’ = 0 dé tim cac nghiém

Budc 3: Lap bang bién thién rdi két luan ( Khi dién gia tri x vao bang bién thién thi ta xép tir nho dén 16n
va bao gom ca gié tri x vi pham diéu kién).

3. Cac dang todan thwong gap

Dang 1: Tim m dé ham sb y = f(x , m) don diéu trén tap xac dinh ( ta 1am theo dinh nghia)

Bude 1: Tim TXD

Budc 2: Tinh y’, dé ham sb dong bién trén TXD thi y'>0 , nghich bién trén TXD thi y'<0

a<o
A=b*-4ac<0

a>0

Chay: ax’ +bx+c>0 VxeR < ,
A=b"-4ac<0

- ax?+bx+c<0 VXER@{

Dang 2: Tim m dé ham s6 y = f(x) don diéu trén khoang (a , b) 1a tap con cia TXD

Budc 1: Tinh y’, dé ham sb ddng bién trén khoang (a, b) thi y'>0 Vx e (a, b), ham s6 nghich bién trén
(@,b)thi y'<0 Vxe(a,h)

Dén day ta c6 2 cach lam.

Cach 1: Néu khdng ¢ lap duoc m thi ta lam theo tam thuc bac hai.

Céch 2: Néu ¢ lap dugc m thi ta bién d6i y'>0< ...« g(x) >h(m). Ta lap bang bién thién ham g(x)
roi dua vao bang bién thién dé két luan m.

Chay: f(x)=m VXe(a,b)@r(nibr)]f(x)Zm
f(x)<m VXe(a,b)c>r(r1%>)(f(x)£m

B. Cuc tri cia ham sb

1. Pinh nghia: Cho ham sb y = f(x) xac dinh trén tap D.

+ Xo goi 1a diém cuc dai cua ham s6 f(x) néu c6 khoang (a, b) ma x, € (a,b) va f(x) < f(xo), Vx € (a,b).
Khi d6 f(xo) dwoc goi 1a gia tri cuc dai caa ham sb.
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+ X1 goi 1a diém cuc tiéu ciia ham sé f(x) néu cd khoang (a, b) ma x, € (a,b) va f(x) > f(x1), Vx € (a,b).
Khi d6 f(x1) dwoc goi 1a gia tri cuc tiéu cua ham sé.
Cha y: - Biém cuc dai, diém cyc tiéu goi chung 1a diém cyc tri.

- Gié tri cuc dai, gi tri cuc tiéu goi chung 1a cuc tri.

- Diém (xo; f(X0)) goi la diém cuc tri cia do thi ham s f(x).

2. Dinh 1i 1: Néu ham y = f(x) c6 dao ham tai Xo va Xo 1a diém cuc tri thi £(xo) = 0.
DPinh Ii 2: Biém cuec tri duoc nhan biét qua bang sau

X| a X0 b X |a Xo b
Fx) § " £(x) + -
f(xo)
f(x) \ / (cuc dai)
f(xo) ) / o \
(cuc tiéu)

3. Quy tédc 1 tim cuc tri ham y = f(x)
Budce 1: Tim TXD
Budc 2: Tinh y’, giai phuong trinh y’ = 0 dé tim cac nghiém

Budc 3: Lap bang bién thién roi ta két luan ( gid trj x trong bang bién thién gom cac nghiém pt y*=0 va
Céc gia tri vi pham dieu kién).

4. Quy tdc 2 tim ceec tri ham sé y = f(X).

Budc 1: Tinh £(x) va giai phuong trinh 2(x) = 0 dé tim cac nghiém Xo
Budc 2: Tinh £°(x) va tinh gia tri £’ (xo).

+ Néu °(xo) > 0 thi Xo 1a diém cyc tiéu caa ham sé

+ Néu £’(x0) < 0 thi xo 1a diém cuc dai ciia ham sb.

Cha y: Vi ham luong gidc thi ta diing quy tac 2 tim cyc tri. Hoac vai bai tim tham s6 m ta ciing dung
quy tac 2 lam cho nhanh.

5. Bai todn lién quan dén tim m dé ham sé co cuc tri

a) Ham s bac ba, hodc ham phan thiic bac hai / bac nhit ¢6 cyc tri (2 cuc tri) khi phuong trinh y’ = 0 ¢6 2
nghiém phan biét.

b) Cong thurc tinh nhanh

+y=ax® + bx%+cx +dco cyc tri khi b>—3ac >0vaa # 0.
+y=ax*+bx%+cco3cuctri khiab <0, vaco1cuctrikhiab>0
f'(x,)=0

) thi Xo 1a diém cyc dai ciia ham so.
f"(x,) <0

¢) Néu {

thi Xo 1a diém cuc tiéu caa ham so.

£ fl(xo)=0
") >0
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6. Phuwong trinh dwong théing di qua hai diém cuc trj ciia do thj ham sé
+ Vi ham da thic bac ba, ta thuong c6 hai cach lam
Cach 1: Néu phuong trinh £(x) = 0 ¢6 hai nghiém dep thi ta tim truc tiép hai diém cuc tri A, B va viét

phuong trinh duong thang AB c6 dang: X=Xp _ Y= Ya
Xg=Xa  Ysg—Ya

Cach 2: Néu phuong trinh £(x) = 0 c6 nghiém Xau, thi ta chia f(x) cho f'(x) s& c6 dang:

f(x) = p(x).f (x) + q(x). Khi d6 y = q(x) 1a phuong trinh duong thang di qua hai diém cuc tri caa ham sé.

) thi phuong trinh dudng thang qua hai diém cyc tri la y = I(X)
g(x) g'(x)

C. Gia tri I6n nhit, gia tri nhé nhat cia ham sb

+ Vi ham béc hai / bac nhat y =

1. Dinh nghia: Cho ham s6 y = f(x) xac dinh trén tAp D va Xo ; X1 € D

+ f(xo) dugc goi la gia tri 16n nhat ciia ham s f(x) néu f(x) <f(x,) VxeD.Ki hi¢u: max f (x) = (x,)
+ f(x1) dwoc goi la gia tri nho nhat cia ham sb f(x) néu f(x) >f(x,) VvxeD.Ki hiéu: minf (x) = (x,)

2. Quy tdc tim max — min cia ham sé y = f(x) trén mgt khodng

Budc 1: Tim TXD ( néu dé bai chua cho truéc khoang nao)

Budc 2: Tinh y’ va giai phuong trinh y’= 0 dé tim cac nghiém

Budc 3: Lap bang bién thién rdi két luan

3. Quy téc tim max — min ciia ham sé y = f(x) trén doan [a, b ]

Bude 1: Tinh y’ va giai phuong trinh y” = 0 dé tim cac nghiém xo € [a, b]

Budc 2: Tinh f(a), f(b), f(Xo),...Khi d6 gié tri 16n nhat 12 max, gia tri nho nhat 1a min.

D. Puong tiém can ciaa dd thi ham sb

1. Pinh nghia: + Puong thang y = b 1a tiém can ngang (TCN) cua d6 thi ham sb y = f(x) néu mot trong
hai diéu kién sau thoa man: lim f(x)=b; lim f(x)=b

+ Puong thang x = a la tiém can ding (TCP) cua dd thi ham sé y = f(x) néu mot trong bdn diéu kién sau
thoa man: lim f(x) = o0 ; lim f(x) =+
2. Ddu higu nhan biét tigm cdn ngang
+ Ham da thuc khéng c6 TCN
+ Xét ham sb y:m thi:
9(x)
- Néu bac f(x) > bac g(x) thi ham sé khéng c6 TCN
- Néu bac f(x) < bac g(x) thi TCN lay =0

- Néu bac f(x) = bac g(x) thi TCN lay = hé s6 ciia x ¢6 s6 mil cao nhat & tir / hé s6 caa x co
s mii cao nhat & mau. ( néu ham chira can bac hai thi ta chl y ¢6 thé c6 hai TCN)

3. Ddu higu nhan biét tigm cégn ding
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+ x =ala TCD cua d6 thi ham sb néu a 1a nghiém cta mau nhung khong 13 nghiém cua tir, dong thoi a
phai thugc TXD cia ham so.

+ Pé tim tiém can dtng cta ham sé ta nén phan tich tir va mau thanh cac nhan ti rdi rat gon cho don gian
sau d6 mai tim tiém can dung.

E. Bai toan twong giao

1. Céc bwéc khdo sat va vé do thi ham sé y = f(x)

Budce 1: Tim TXD

Budgc 2: Su bién thién

+ Chiéu bién thién: Tinh y’ va giai phuong trinh y’ = 0.

+ Bang bién thién

+ Két luan: Tinh dong bién, nghich bién va cuc tri ham sb
+ Tim gigi han —tiém can

Buéc 3: V& db thi

+ Can bang gia tri cac diém

2. Dwa vao dé thi bién lugn sé nghiém phiwong trinh

Cho ham sé y = f(x) ¢6 d6 thi (C). Tim m dé duong thang (d) y = g(m) cat db thi (C) theo yéu cau bai
toan.

Cach giai: Ta lap bang bién thién ham y = f(x), sau d6 dya vao bang bién thién ta két luan m.
3. Bai todn twong giao

Cho ham sé y = f(x) ¢6 d6 thi (C1) va ham sé y = g(x) ¢6 d6 thi (C2).

Xét phuong trinh hoanh d¢ giao diém: f(x) = g(x) Q)

S6 nghiém phuong trinh (1) chinh 1a s6 giao diém cua hai do thj ham s6 va nguoc lai s6 giao diém cua hai
do thi ham so chinh [a s6 nghiém phuong trinh (1).

F. Phuong trinh tiép tuyén

1. Phwong trinh tiép tuyén tai mgt diém
Cho ham sb y = f(x) ¢6 db thi (C) va diém M(Xo ; Yo) € (C). Phuong trinh tiép tuyén tai M 1a:

y = £(X0).(X —Xo) + Yo
Trong d6 f(x0) duoc goi 1a hé sb gdc cua tiép tuyén va M(Xo ; Yo) goi la tiép diém.

2. Viét phwong trinh tiép tuyén khi biét h¢ sé goc k

Budc 1: Goi M(Xo ; Yo) la tiép diém cua tiép tuyén.

Budc 2: Giai phuong trinh £(x0) = 0 dé tim Xo tir d6 tim yo = f(Xo), khi d6 ta tim duoc tiép diém M
Budc 3: Viét phuong trinh tiép tuyén tai M gidng phan trén.

Cha y: + Puong thing (d1) c6 hé sé goc 1a a, duong thang (dz) 4k

1+ka

fano =

c6 hé sb goc 1a k. Goi o = (d1 ; do) thi

+ Hai dudng thang song song thi hé sé goc bang nhau
+ Hai duong thang vudng goc thi tich hé sé goc bang — 1

Hoa s€ n¢ khi ngam dua gié suong Page 31



ThS Nguyén Trong Doan SPT: 0374 670 013

+ Puong thing (d) c6 dang: y = ax + b thi a duoc goi 12 hé sb goc cua d.
3. Phwong trinh tiép tuyén di qua mét diém
Cho ham sé y = f(x) db thi (C), viét phuong trinh tiép tuyén cua do thi (C) biét tiép tuyén di qua A(x1 ; y1).
Budc 1: Goi (d) 1a duong thing qua A nhan k 1am hé s6 goc thi (d) c6 phuong trinh:
y=K(X—X1) +y1

fO)=k(x=x)+y, (1)

c6 nghiém
f'(x)=k 2)

Budc 2: Dé (d) 1a tiép tuyén cuaa (C) thi hé phwong trinh: {

Tathé (2) vao (1) dé tim x sau d6 thay x vira tim dugc vao (2) dé tim k. Hé phuong trinh c6 bao nhiéu k
thi ting v&i bay nhiéu tiep tuyen.

G. Céch vé a6 thi ham tri tuyét doi

Tur d6 thi (C) cuia ham sb y = f(x) ta suy ra cach vé do thi ham sé

1. D6 thj ham sé y =|f(x)| ¢é dé thj (C1)

+ Giit nguyén phan d6 thi (C) nam phia trén Ox , ki hiéu (T1)

+ LAy d6i xtiing phan d6 thi (C) nam phia dudi Ox qua Ox, ki hiéu (T2)
+(C1) = (T1) U (T2)

2. Do thihamsé y =f(|x|) cé dé thj (C2)

+ gitr nguyén phan d6 thi (C) nam bén phai Oy, ki hiéu (Ts)

+ LAy ddi xing phan d6 thi (Ts) qua Oy, ki hiéu (Ta)

+(C2) = (T3) U (Ta)

H. Phép tinh tién db thi

Tir d6 thi (C) cua ham sb y = f(x) ta suy ra cach vé do thi cua ham sé:

1.y = f(x — a). Ta di chuyén (C) sang phai a don vi.
y = f(x + b). Ta di chuyén (C) sang trai b don vi.
2.y = f(x) + p. Tadi chuyén (C) 1én trén p don vi
y = f(x) — . Ta di chuyén (C) xudng dudi q don vi.
3. y = m.f(x). P thi (C) dugc gidn ra m lan theo tryc Oy.

y = f(nx). D6 thi (C) duoc gian ra 1 lan theo truc OX.
n

CHUONG II: HAM LUY THUA - HAM MU - HAM LOGARIT
A. Cong thirc lay thwra - logarit
1. Tinh chdt liy thira

+aMmg" =gm™n , (am)” —gqmn 1 (ab)” —a"p"
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n n
a a 1 _ 1
+ — :—,—n:an' _n:an’nam:a
b b" a a

+Néua>1thia">a"<m>n
+NéuO<a<lthia™">a"<m<n

2. Logarit

m
n

SPT: 0374 670 013

( tr trong — mau ngoai )

a) Dinh nghia: Logarit co s6 a cia b, ki hi¢u Ia log, b dwgc dinh nghia nhu sau:

log,b=c<>b=a°, diéukién: 0<a=1vab>0

Chay: log,,b=logb=Igb , log,b=Inb
+Néua>1thi log,b>log,c<b>c
+NéuO<a<1thi log,b>log,c=b<c

b) Cdng thuc

log,1=0, log,a=1, |Ogaab —b, 2" —p
log, (b.c) =log, b+log,

log, b_ log, b—log, c
c

log, b™ =mlog, b ; log, b =%Ioga b

0g.a log, a

aIoghc — CIogha

3. Pao ham ham mii va ham logarit

(ax)':ax.lna

(e)=e

(a“)'zu'.a“.lna

(') =u'e’

1
x.Ina

(Inx)':l (Inu)'zu—

X u

(log, x)' =

B. Ham liiy thira — ham mi — ham logarit

1. Ham liy thira: y = xX*

Céch tim diéu kién ham liy thira

a) Ham co ban: y =x“

+ Néu o nguyén duong thi TXD: R

+ Néu o nguyén am thi TXD: R\{0}

+ Néu o khong nguyén thi TXD: D = (0, +0)

b) Ham tong quat: y =[f(x)]"
+ Néu o nguyén duong thi TXP: R
+ Néu o nguyén am thi diéu kién: f(x) # 0

+ Néu o khong nguyén thi diéu kién: f(x) >0

Khao sat ham liiy thura
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y =X ;o>0

y=X ;a<0

+ TXD: D = (0; +0)

+ Su bién thién

- ham sé dong bién trén TXD
- Ham s khéng c6 tiém can
+Pd thi

4

+ TXD: D = (0; +o0)
+ Sy bién thién
- ham sé nghich bién trén TXD

- Ham s6 c6 tiém can ngang 12 Ox (y = 0) va tiém
can dang la Oy (x =0)

2. Khdo sat ham sé mii

y=a  ;a>1

X

y=a" ;0<ax<l

+TXD: R

+ Sy bién thién:

- Ham sb ddng bién trén R

- Ham s6 ¢6 tiém can ngang Ox (y = 0)
+ P thi

+TXD: R

+ Sy bién thién:

- Ham s6 nghich bién trén R

- Ham s6 ¢6 tiém can ngang Ox (y = 0)
+Pd thi

3. Khdo sat ham logarit

y=log,x ;a>1

y=log,x ;0<a<l

+TXD: D = (0; +o0)

+TXD: D = (0; +o0)
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+ Sy bién thién

- Ham s dong bién trén TXD

- Ham s c6 tiém can diing Oy (x = 0)
+Pd thi

+ Su bién thién

- Ham s6 nghich bién trén TXD

- Ham s c6 tiém can diing Oy ( x = 0)
+Pd thi

C. Phuong trinh mii — phwong trinh logarit

a=1
a'™ =™ & {O<a¢l
f(x)=9(x)
£00 0<a#Lb>0
a=bs
f(x)=log, b
AF00 _ a0 O<a,b=1
f(x) =g(x).log, b
Chu y: dat t=a"™ thi diéu kiént>0
_{a >1
f(x) <g(x)
a'W<a'™ o la=1
{0<a<1
| F(¥)>9(x)

a>1

{f(x) <log, b
O<ax<l
{f(x) >log, b

a®<heo

O<a=l

log, f(x) =log, g(x) < {f (x)=g(x)>0
O<a=l

log, f(X)=b < {f (x)=a"

Cha y: dat t=1log, f(x) thi khéng can diéu kién t

{a >1
log, F(x) < log, g(x) | L~ ) <90
{0<a<1

f(x)>g(x)>0

a>1

{O <f(x)<log, b
O<axl
{f(x)>|oga b

log, f(X)<b<

Cdc phwong phap gidi phwong trinh mii — logarit

Céch 1: Phuong phap bién dbi twong duong vé cac dang co ban ¢ trén

Cach 2: Phuong phéap bién doi dua vé phuong trinh tich

Céch 3: Phuong phép dat an phy
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+ Pit 4n phu dua vé dang co ban

+ Pit an phu khong hoan toan ( gom ca t va x trong phuong trinh), dang nay dat khi A 1a s chinh
phuong

+ Pat an phy dua vé phuong trinh tich

+ Dit an phu dua vé hé phuong trinh
Céch 4: Dung phuong phap ham sé ( Li thuyét xem phan 16p 10)
Cach 5: Phuong phap danh gia

Ap dung tinh chat bat dang thirc, bat dang thic Cosi, Bunhia, tri tuyét ddi... ta danh gia VP < k, VT > k.
dau bang xay ra khi {VP =k
VT =Kk
Phuwong phdp tim tham so6 m dé phwong trinh cé nghigm théa mén dé bai
Xét phuong trinh: f(x, m)=0 (1)
Tim m dé phuong trinh (1) ¢6 nghiém théa man diéu kién A
+ Néu phuong trinh don gian ta 1am truc tiép.
+ Néu phuong trinh phtc tap ta lam theo cac budc sau:
Budc 1: Bat an phu t, dya vao diéu kién cua x dé tim diéu kién cho t ( rat quan trong)

Budc 2: Phuong trinh (1) dua vé dang méi theo t. Ta phai bién ddi dé cd lap biéu thirc chira t mot vé, biéu
thirc chira m mot ve.

Phuong trinh s& ¢ dang: g(t) = h(m). Tir d6 ta 1ap bang bién thién ham g(t), sau d6 dwa vao BBT dé két
luan.

D. Bai toan li suit

1. Lai don: Ban dau c6 s6 tién 1a A ta dem giri ngan hang véi Iai suat r % mdi ki han vai hinh thirc 13

don. Sau n ki han ta rat ra dugc tong so tien la T = A(1 + n.r)

2. L&i kép: Ban dau c6 6 tién 1a A ta dem giri ngan hang véi hinh thuc 1ai kép, vi 1ai suat r % mdi ki

han. Sau n ki han ta rut dugc tong so tien A T = A.(1 + r%)"

3. Bai toan 1: Ong A hang thang gui vao ngan hang X mot sé tién nhu nhau 13 a déng (vao dau madi ki
R . . s 1+r)" -1

han) véi lai suat r %/1 ki han. Sau n ki han dng A nhan dugc so tien la: T, =a(l+ r)Q

4. Bai toan 2: Ong A giri vao ngan hang a ddng véi lai suat r %/ 1 thang. Hang thang ong A riit ra x dong

o o (L)' -1
vao ngay ngén hang tinh I4i, thi so tién con lai sau n thang la: T, =a(1+r) —x¢
r

5. Bai toan 3: Ong A vay s0 tién 1a a dong, ki han 1 thang véi I&i suat cho s6 tién chua tra 12 r%/ 1 théng.
SO thang vay la n thang, sau dung 1 thang ké tur ngay vay, 6ng A bat dau hoan ng. Hai lan hoan no lién
tiep cach nhau dting mot thang, so tién hoan ng & moi lan 1a nhu nhau 1a x dong tra ngan hang.Thi cong

a.(1+—rn).r . (Vi sb tién con lai sau thang tha n 1a: T, =a.(1+r)" —x(lL)_l
(I+r) -1 r

sau n thang 6ng A tra hét ng nén T, =0 tir d6 suy ra x).

thactinh xla: x = , ma
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6. Bai toan 14i kép lién tuc: Ta da biét néu dem giri ngan hang sé tién ban dau 1a A dong vai lai suat mdi
nam 12 r% theo thé thirc 13i kép thi sau n ndm s tién thu duoc 1a: A(1+r)"

T T . \ v 2R et R S T TS S P . 1a
Gia sir moi nam ta chia thanh m ki @é tinh 1ai, thi 18i suat moi Ki la — va so tién thu dugc sau n nam la:
m

m
m&i nam 1a 1% thi theo thé thirc 14i kép lién tuc thi s tién thu vé sau n nam 1a T, = Ae"™

n.m
A.(l+ Lj . Khi m— o0 thi ta goi 12 14i kép lién tuc. Nhu vay véi sé von ban dau 12 A voi lai suat

CHUONG III: NGUYEN HAM - TiCH PHAN
A. Nguyén ham

1. Pinh nghia: Cho ham sé y = f(x) xac dinh trén K thi g(x) goi la nguyén ham cia f(x) néu g’(x) = f(x).
Ta ki hiéu nguyén ham 13 j f(x)dx = g(x)+c

Vay [ f(x)dx=g() < g'0) = f(x)

2. Tinh chat

a) (jf(x)dx)'z F( 5 [ Fo)dx=f(x)+c
b) [[f(x)=g()Jdx= f(x)dx+ [ g(x)dx
¢) [k.f(x)dx =k [ f(x)dx

B. Tich phan

1. Dinh nghia: j f (x)dx = g(x) 2: g(b)-g(a)

2. Tinh chat:

b

a) jf(x)dx:o ; If(x)dx:—jf(x)dx
b) i f(x)dx:.cf f (x)dx+.kf f(x)dx voia<c<b
c) jl[f(x)ig(x)]dx:j{f(x)dxiig(x)dx ; jk.f(x)dx:kj‘f(x)dx

b
d) Néu f(x) > 0 V x € [a, b] thi I f(x)dx>0  Vxe[a,b]

e) Néu f(x) > g(x) ¥ x € [a, b] thi j f (x)dx > j g(x)dx Vxe[a,b]
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f) Néum < f(x) < M V x€ [a, b] thi: m(b—a) < j'f(x)dx <M(b-a)

3. Chay quan treng

a) Néu f(x) lién tuc va f(x) 12 ham ¢ trén doan [- a, a] thi I f(x)dx=0

—a

SPT: 0374 670 013

b) Néu f(x) lién tuc va f(x) 12 ham chin trén doan [- a, a] thi j f (X)dx = 2 j f (x)dx
0

—a

C. Bang dao ham — nguyén ham co ban

1. Quy tdc dgo ham
a) frgy=rztg
b) (fg) =F.g+fg ; (ki) =k

£ f'.g-f.g’
9 Hz#
s g

cha y: (ax+bj'_ ad —bc
“lox+d ) (cx+d)?
[ax2+bx+cj'_‘§ ‘

dx® +ex+ f

X242 X +

c
f

a b c
d e f

(dx® +ex+ f)?

2. Bdng dao ham

Dao ham ham hop

Dao ham ham co ban | Dao ham ham hop Dao ham ham co ban
k'=0;x" =1; (kx)’ =
K X =1 () (tanx)'=—
(un)vzn.un—l.uu COS™ X
(x")'=nx"" , 1
, u Ccotx)'=——
1 (Vu) “odu (cotx) sin? x
(Wx)'=—= 2u
2Jx , (@)'=a".Ina
, 1) u’
(1] __1 u) u? (€)' =¢"
x) X o,
(sinu)'=u'.cosu (log. x)' =
(sinx)' = cosx , - ¢ x.Ina
(cosu)'=-u'sinu
(cosx)'=—sin x (In x)'=1
X

(tanu)'=—
cos“ u

u‘
(cotu)'=-—
sin“u

(@")'=u'a".lIna
(eu)I:U'.eu

u
u.lna

(log, u)'=

(Inuy'=--
u

3. Bdang nguyén ham
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[kdx =kx+c [ardx = . [ cotxdx =Injsinx|+c | Chuy:
Ina +) du=u’.dx
= X j dx=tanx+x |;U=u(X)
,[X dx_n+1 ¢ Jexdx:ex+c C0S%x
1 1 1 1 *) V —ar
j—dx:——+c J'eax+bdx:_eax+b+c j —— =—COotx+cC
X2 X a sin“x : __a

J'de:ln|x|+c
X

J

1
ax+b

1In|ax+b|+c
a

dx

.[sin xdX = —COSX + C
'[cosxdx:sinx+c

J'tan xdx = —In|cosx|+c

J‘sin(ax+b)dx:—lcos(ax+b)+c

a

D. Cach dit 4n phu co ban

a+x
a—Xx

d=|

2a

o1
’Iaz—x

n

a

—"l+c; jcos(ax+b)dx :gsin(ax+b)+c

1
-[az -dx  datx = a.tant
+X

1
o
J'\/a2 —x?dx dat x =a.sint

dx datx =a.sint

dx dat x_i
sint

.[ 1
Vx* —a?
j\/x —a’dx dat x—s

(e

bat x = acos2t

int

j (x—a)(b— x)dx
Piat x = a+ (b —a)sin’t

1
I =
Patt=x+ «/x? +a?

J'\/x —a’dx dat X

dv =dx

—a

2

E. Cac dang toan thwong gap

I. Tich ph&n ham hiru ti

P09 gy

TONG QUAT: | = j 760

a) Néu bac f(x) = bac g(x) thi ta ly tir chia cho mau. Sau d6 dung phuwong phap dong nhat hé so.

b) Néu bac f(x) < bac g(x) thi ta ding phuong phap dong nhat hé sé ludn.

Quy tic ddng nht:
f(x)

A

B Cx+D

(x—a)(x+b)(C +cx+d) X

+ +—
—a X-b x“+cx+d

Quy dong vé phai, dong nhat hé sb dé tim A, B, C, D la xong.

dx

THL: I =| ———
Jax2+bx+c

a) Néu A > 0 thi mau s6 c6 nghiém, khi d6 ta phan tich mau thanh nhan ti roi dung ddng nhat hé sé.
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. S bY A ... ... b [A
b) Néeu A <O0thi ax“+bx+c=a| x+— | —— . Khi d6 ta dat: x+—=,[—.tant
2a 4a 2a 4a
TH2: =[x
ax“+bx+c
Phan tich; —XHN _ A2ax+Db) B . Ta d6ng nhét hé sb dé tim A, B.

ax’ +bx+c  ax?+bx+c ax’+bx+c
Céch 1am gidng nhu THI.
2
ax’Fc
2 T 2 dX
(ax” +bxxc)(ax® +b,xxc)

TH3:I:I

Phuong phép: - Chia ca tir va mau cho x?
Pt t-—ax+S
X
II. Tich phan ham lwong giac
TH1: 1 :Jf(sinx,cosx)dx

a) Néu f(-sinx, cosx) = - f(sinx, cosx) thi dit t = cosx
b) Néu f(sinx, -cosx) = - f(sinx, cosx) thi dat t = sinx
¢) Néu f(-sinx, -cosx) = f(sinx, cosx) thi dat t = tanx

2

d) Trong cac TH con lai dat t = tan> . Chd y. sinx =i2 ; COSX=
2 1+t 1+t

a,sinx+b, cosx+c, dx
a,sinx+b, cosx+c,

TH2:|=j

Ta phan tich:
a sinx+b, cosx+c¢, = A(a, sinx+b, cosx+c,) +B(a,sinx+b, cosx+c,)+C
Ta dong nhat hé sé tim A, B, C la xong.

Lo R 1 X
Con déi véi tich phan | = j —— dx ta dgt t=tan
a,sinx+b, cosx+c,

TH 3: | = | f(sinx)dx; J =| f(cosx)dx

O o | N
O =[N

Dit x:%—t .Khido | = :% [ f (sinx) + f (cosx)]Jdx

o t— |y

TH 4: | = [x.f (sinx)dx
0
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Dit x=7z—t . Khi d6 |=%jf(sinx)dx
0

I11. Tich phdn ham vo ti

TH 1. I:J. X;daXer \/ax+b |
cx+d \Vcx+d
Goi k = BCNN(n, m,...). Ta dit t = k/a“b ox=g(t)
cX+d

TH 2:

X,/a’ xz)dx Ta dat x =asint

f(x,\/a + X )dx .Tadat x=atant
(x,x/x ) X .Ta dat x—i

sint

I =I f (x,\/ax2+bx+c)dx

+Néu A >0 thi Vax® +bx+c¢ = Ja(x—x)(x—x,) = (x—x,), [a

+ Néu A <0 thi ta dat: vax? +bx+c + x+/a =t

I_.[ f(x) T
Jax? +bx+c

+ Néu bac f(x) = 1 thi ta phan tich: —X*8 _ a@ax+b) = 7

Jax +bx+c - Jax +bx+c  vaxt +bx+c

Ta dong nhat hé sé tim «; 8 1a xong.

S N A f (x)dx 2 dx
+ Neéu bac f(x) = 2 thi ta phan tich: I— = g(x)vax? +bx+c + mJ'—
vax? +bx+c vax? +bx+c

- Trong d6 bac g(x) = bac f(x) — 1. Ta lay dao ham 2 vé r6i dong nhat hé sé hai Vé.
- giai hé phuong trinh tim g(x) va m.

TH 3: | :Ixm.(a+bx”)pdx

+Néu peZ ,datx =t° v6i s = BCNN(cac mau cua m, n)

. m+1
+ Néu

€Z ,dita+bx" =t v6i s = mau s6 caa phan sb p.
n

2, Mm+1 < ; iy XA o A oA
+Neu ——+peZ ,datax™+b=1tvdis=mau so caa phan so p.
n

IV. Tich phin ham ma — l6garit
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k
1= fx(x) dx , véi f(x) 1a ham chin.
sa +1

Pt x = - t. Khi dé jf(x)d _j f(x) :>I:Jk'f(x)dx

PHUONG PHAP TiCH PHAN TUNG PHAN
Xét tich phan: | :j f(x).g(x)dx ; (I :J'udv )

fusfeo _[d=reec
’ {dv=g(x)dx3 — )=o) K190 1 =uv=Judu = F00R00 ~ (-1 09K
u=P(x)

TH 1: I:IP(X).f(sinx,cosx)dx . Dit _
dv = f (sinx, cosx)dx

u="P(x)
b

dv = f(e*)dx
b

i {
it {u = f(e¥)

TH2: | :jp(x).f(eX)dx i

TH 3: | =| f(e*).g(sin x,cosx)dx
I )9 ) dv = g(sinx, cosx)dx

u=f(lnx)
TH 4: 1 = [ P(x).f (In x)dx Dt
dv = P(x)dx
U'u tién dit u: Nhat log- nhi da- tam lwong- tie mii

F. Ung dung tich phan

1. Di¢gn tich hinh phdang AY
TH 1: Di¢n tich hinh phang giéi han béi 1 dwong cong P T f(x)
, = f(X); =0 ____
Cho hinh phing (H) gisi han béi: {y iy s
X=a; X=b
b a b T
Khi o di¢n tich hinh phang (H) 1a: S = [| f (x)|dx
TH 2: Di¢n tich hinh phang gidi han béi hai dwrong cong 57k
y =/ (x)
7 = f,(x); = f,(x i
Cho hinh phing (H) gisi han béi: {y 00y =0 5
X=a; x=Db G
i L Yy =A0 ]
Khi d6 dién tich hinh phing (H) I S = j |£,(2) — ,(x)[dx O a 2 kY

2. Céch tinh dién tich hinh phang
Bai toan 1: Tinh dién tich hinh phang gidi han bai ham sb y = f(x), truc hoanh va cac dudng x = a, x = b.
Budc 1: Xét phuong trinh hoanh d6: f(x) = 0
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Ta giai phuong trinh trén, tim cac nghiém Xo ( chi Iy nghiém trong [a, b])
b Xy b
Busc 2: Dung ¢ong thiic: S = [| f ()] dx = [| ()] dx+ [ | (x)]|dx
a a Xo

X

j f (x)dx

a

b

j f (x)dx

Xo

+

b
Cha y: Néu f(x) khong doi ddu trén doan [a, b] (f(x) vd nghiém trén [a, b] ) thi j | f(x)|dx =

a

_T f (x)dx

Bai toan 2: Tinh dién tich hinh phang giéi han boi hai duong cong y =f(x), y = g(x) vax = a, x = b.

Dau tién ta xét phuong trinh hoanh d6 giao diém f(x) = g(x). giai phuong trinh va iy céc nghiém trong [a,
b]. Cac budac tiep theo lam giong bai trén.

3. Thé tich vdt thé

Mot vat thé (B) duoc gigi han bai 2 mat phang vudng gocvéi /j T — ¢
truc hoanh tai 2 didm x = a, x = b (a < b). Goi S(x) I dién tich P Y =
thiét dién cua vat thé (B) bi cat boi mat phang vubng goc voi L ) : %"% ‘f )
b oli T | i ‘Tl’_v"' s
truc Ox tai x € [a, b]. Thé tich ciia vt thé (B) Ia: V = [ S(x)dx = = =R
4. Thé tich khéi tron xoay y 4

y="f(x),y=0

TH 1: Cho hinh phang (H) gisi han béi cac dudng { :
X=a , X=b

Thé tich khéi tron xoay khi cho hinh (H) quay quanh truc Ox la

V= ﬂi[f (x)J2dx

x=g(y), x=0

TH 2: Cho hinh phang (H) gidi han boi cac duong {y e, y=d

. Thé tich khéi tron xoay khi cho hinh
d
(H) quay xung quanh truc Oy 1a V = nJ'[g(y)]zdy

y="f(x), y=9(x)

. Thé tich khéi tron xoay khi cho
X=a, Xx=b

TH 3: Cho hinh phang (H) gidi han boi cac duong {
b
hinh (H) quay xung quanh truc Ox 14 V = = j | £2(x)— g% ()|dx

Cha y: Trong nhiéu bai todn nguroi ta khéng cho x = a, x = b thi ta di xét phwong trinh hoanh dé dé tim
nghiém a, b.
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5. Bai toan chuyén déng

v(t) =s'(t) < s(t) = j v(t)dt

a(t) =v'(t) < v(t) = [a(t)dt

CHUONG IV: SO PHUC
A. Khai niém
1. Pinh nghia: S6 phuc z ¢ dang z = a + bi, trong d6 a, b 1a s thuc con i 13 don vi 40 théa man i% = -
z 1a s6 thuc néu phan 4o bang 0 (b = 0).
z 1a s6 thuan a0 néu phan thyc bang 0 (a = 0)

2. Hai sé pharc bang nhau: Cho hai s6 phac z: = ar + bai va z2 = a2 + bpi. Khi d6 z, =z, < {Zl i 2
17— M2
3. Biéu dién hinh hec cia sé phiic: g
Mai s6 phiic z = a + bi déu dugc biéu didn bsi diém M(a, b) va OM la
vec to biéu dién cua so phacz.  Fooooo ; ;_.:(n Y
Khi d6 mit phang Oxy goi la mit phang phc. ; A‘
Truc Ox goi la truc thyc 14 truc bidu dién céc sé thuc. Of ‘ —g"
Truc Oy goi 1a truc 40 14 truc biéu dién cac sé 4o.

B. Céc phép toan trén sé phiic
1. Céng, trir sé phirc: Cho hai s phirc z1 = a1 + bii va z2 = a2 + bai.

Z1+22= (a1 + &) + (b + bo)i

Z1-22=(ar-a2) + (b1 - by)i
2. ¥ nghia hinh hoc ciia phép cgng, trir: Néu us,u, biéu didn cac sé phic z1 , zo. Thi

U1 + U2 biéu di&n sé phtc z1 + 2

U1 — U2 biéu di&n sé phtc z; - 22
3. Phép nhan sé phec: Cho hai s6 phtc z1 = a1 + bai va z2 = a + bai

212> = (a1 + bai).( a2 + boi)

= a182 — bib2 + (a1b2 + az2by)i
4. Phép chia sé phirc: Dé chia hai s phirc thi ta nhan ca tir va mau véi lién hop ciia mau.
C. S6 phikc lién hop va mé dun s phiic
1. S8 phuic lién hgp: Cho z = a + bi thi lién hop cua z 12 z va tinh bai cong thac z =a —bi
Tinh chat; ;:z, 2,+2,=21%2,, 2,7,=217, (ﬂj=f_l , Z.E:|z|2 . Khi || =1:>1=E; l=z
z,) z z
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2. M dun ciia sé phirc: Cho z=a + bi thi m6 dun ciia z Ki higu 12 [z = v/a? +b?

chu y: [z]=+zz

3. Tinh chét mé dun

2 Z |Zl| zZ, 7,7

+z:‘z‘, z|>0, |z..z,|=|z|.|z,|, o N P 1_f1rte

] Bzo. il e 2B
+ Hzl|—|22”s|zlizz|s|zl|+|22| , ‘22‘:|z|2 , |-7] =]

D. Cin bac hai s6 phirc va phwong trinh bac hai

1. Cin bdc hai sé phirc: Cho sb phic z, ta n6i sé phirc w 1a cin bac hai caa z néu w? = z.
+ Moi s6 phtrc z # 0 déu c6 hai cin bac hai.

+Khi a < 0 thi a ¢6 hai cin bac hai la: iv-a va —iv-a

+ Khi a > 0 thi a ¢6 hai can bac hai la: \/g va —\/E

2. Cach tim can bdc hai: Cho trudc z = a + bi. Tim can bac hai cua z ?

Gia str w = x + yi 1a can bac hai ciaz nén w? =z < (x+vyi)* =a+bi

< X% —y? +2xyi = a + bi

x* -y’ =a
= {ny Z b
Giai h¢ phuong trinh trén tim x , y 1a xong.
3. Phuwong trinh bdc hai: Xét phuong trinh: Az2+Bz+C=0. (1)
Tatinh 4=B*-4AC

+ Néu A=0 thi pt(1) c6 nghiém kép z :—%

+Néu A>0 thi pt(L) ¢6 2 nghiém phan biét z, =# 4,-TBV4

2A
+Néu A<0 hoic A 14 sb phic thi ta tim cin bac hai cia A. Gia sir « 14 cin bac hai cia A. Khi d6
. -B+a —-B-a
huong trinh ¢6 2 nghiém phan biét: z, = V2, =
p g ghiem p cl. 2, oA 2 oA ;

E. Dang lwong giac cia sé phirc b

1. Acgumen ciia sé phic: Cho s phirc z, diém M 1a diém biéu dién
cuia z trén mat phang phuec.

"

Thé thi ¢ =(Ox, OM) goi la acgumen cua s6 phirc z o "

2. Dang lrong giac cia sé phirc: Cho sé phtic z = a + bi thi dang lwong gi4c caa z 13 z = r(cose + ising)
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, . A , R a . b
Trong d6: r=+/a’ +b* 1a mo dun cua z, cON cosp =—, sinp =—
r r

3. Nhan, chia sé phire duwéi dang lwong giac: Cho z, =r,(cose, +ising,) Va z, =r,(cose, +ising,)

Z,Z, =1, [COS((Pl +@,) +isin(p, + (Pz)]
z, .
—+= —l[COS((pl —@,)+isin(e, _(Pz)]
ZZ rZ
4. Cong thirc Moivre: z" =[r(cos+ising)]" =r"(cosne+isinne)
5. Can bdc hai ciia sé phirc dang Iwong giéc: Sb phic z =r(cose+ising) co hai can bac hai la:

ﬁ(cosgﬂsin 9} va \/F(cos(gﬂrjﬂsin(gﬂcjj

2

F. Cac dang toan sb phirc

1. Bai toan cuec tri

a) Bat dang thuc tam giac b) Cong thie duong trung tuyén

+ |2, +2,| <z, +|z,| dAu =xay rakhizi=kzz, k > 0 2,+2,f +|z, -2, = 2(|Zl|2 +|22|2)

+ |2, -2, <z,]+[z,| dau=xay rakhi zs =kzz, k < 0 | ¢y Tap hop diém

+ |2, +2,| 2 |[2,| - |2, ] déu = xay rakhi 21 = kz2, k < 0 | + [z—(a+bi)|=R thi tap hop la duong tron tam
+ |2,-2,| ||z, -|z,| du = xay ra khi z: = kz, k > \(a, b), ban kinh R.
0

+ |z—(a, +bji)|=|z—(a, +b,i)| tap hop la duong trung truc AB véi A(as, ba) ; B(az , b2)
+ |z—(a, +bii)| +|z—(a, +b,i)| = 2a

- Néu 2a = AB véi A(ay, b1) ; B(az , by) thi tap hop 1a doan thang AB
- Néu 2a > AB thi tap hop 12 Elip (E) nhan A, B 1am hai tiéu diém véi do dai truc 16n 1a 2a.

2 2

Dic biét khi |z—c|+|z+¢|=2a tap hop 14 Elip: X—2+§=1 V6i b? +¢? =a?
a

2. Bai toan max — min

a) Str dung tinh chat s6 phic lién hop, cac bat dang thic trén va két hop bér dang thic bunhiacopski.

(aX+by)2 g(a2+b2)(x2+y2)1 déu = Xéy ra khi %zg

Bdt ding thirc vec to. Cho U =(a,b) va v=(x,y) taco: ‘G‘+Mz‘ﬂ+\7‘

o a2 +b? +\/x2+y2 2\/(a+x)2+(b+y)2
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b) Dung phuong phap lugng giac hoa:
Gia st tap hop s6 phire z 1a duong tron (C ) c6 pt: (X —a)2 +(y- b)2 =R?

x=a+Rsint

roi thay vao gia thiét diéu kién dé tim max — min 1a xong
y = b+ Rcost

Ta dat: {
Cha y: Cach tim max — min ham luong giac y = A.sinx + B.cosx +C
A B
y =+A? +BZ( cost
JA® +B? VA% +B?

y =VA?+B? (coso.sinx +sin a.cosx ) + C

y=vA?+B%sin(x+a)+C

sinx + +C

Ta co:

—1<sin(x+a)<1

& —JA? +B? <A+ B sin(x+a) < VA + B?
@—m+C§y£\/m+C

Vay maxy = \/m+c vaminy = - \/m+c

¢) Dung phuong phap hinh hoc: Ta vé& hinh ra va nhan xét
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LI THUYET HINH HQC LOP 10

CHUONG L. VEC TO

A. Dinh nghia va cic tinh chit vec to

1. Dinh nghia: Vec to 1a mot doan thing c6 huéng, nghia 1a di chi rd diém nao 14 diém dau diém nao la
diém cuoi.

2. Tinh chat:

a) Hai vec to goi 1a cing phuong néu ching song song hoic tring nhau.

b) Hai vec to bang nhau néu ching cing huéng va cing d6 dai.

¢) biéu kién dé hai vec to cting phuong; a cung phuong véi b <> ton tai sé k sao cho a =k.b

d) Pidu kién dé 3 diém thing hang: Ba diém A, B, C thing hang <> AB = k.AC

e) Biéu thi mét vec to qua 2 vec to khong cung phuong: Cho 2 vec to khong cing phuong a, b . Khi do
moi vec to ¢ déu duoc viét dudi dang c=ma+nb trong d6 (m, n) 13 cap s6 duy nhat.

3. CAc quy téc tinh vec to D c

a) Quy tic ba diém: Véi 3 diém A, B, C bat ki taco AB+BC =AC

b) Quy tic hinh binh hanh: Cho hinh binh hanh ABCD ta c6: Z
AG — AB+AD g ;

¢) Quy tac hiéu vec to: AC-AB=BC A

d) Quy tic dudng trung tuyén:

+ Néu M la trung diém BC thi MB+MC =0 G

+ V6i moi diém A bat ki thi AM = AB+AC (quy téc dudng trung tuyén) 5 v c

e) Quy tic trong tam

+ Cho G la trong tam tam giac ABC thi GA +GB+GC =0

+ Vi moi diém O bét ki tacé OA +OB +0C =30G

4. Tam ti cw ciza hg diém

Cho k diém Ai, Az, ..., Ak va k s6 thuc my, my, ..., mk . Khi d6 t6n tai duy nhat diém | sao cho:
mA, +m,IA, +...+m A, =0 ; I dugc goi la tam ti cu cua hé diém trén.

B. Toa do vec to

1. Céc phép toan vé vec to

Cho a=(x.y,) va b=(x,;y,) taco:
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a) aiﬁz(xlixz;yliyz) ; k.az(kxl;kyl)
- - X, =X . - - .
b)a=b<:>{ v c) ab=xX,+yy, (chiy:alb<ab=0)
Yi=Y,
d) a;b cung phuong @%:L e) Do dai vec to: ‘5‘ =X’ +y?
2 Y2

f) Géc giira 2 vec to: 005(5,5) ab XX, +Vy,

) ‘5‘.‘5‘ B XY AfXE 4y

2. Toa dé diém
Cho A(Xa , ya) ; B(xs, y8) ; C(xc, Yc)

8) AB=(Xg ~Xa:Ye—Ya) i AB=y(Xg—X,)" +(Yg —Ya)?

« = XstXe
=
b) Goi M(xwm , ywm) 1 trung diém BC thi 2
Y. = Ye t¥c
M 2
X+ Xg+Xc
6=
c) Goi G(xc, Ya) la trong tdm tam giac ABC thi 3
_Yat¥stYe
Yo = 3

CHUONG II. TICH VO HUONG CUA HAI VEC TO VA UNG DUNG

A. Tich vo hwong cua hai vec to

1. GOc gida hai vec to. 2 B
Cho hai vec to a va b . Cach xac dinh géc gifta hai vec to nhu sau: \ O
Budc 1: Tir diém O bat ki ta dung OA=a va OB=b z A

Buoc 2: Két luan (a,b)=(OA, OB) = AOB
2. Dinh nghia tich vé hwong: Tich vo huéng cua hai vec to a va b 1a mét sd, ki higu a.b va tinh bang
cong thirc: a.b= ‘QHB‘ cos(é, 5)

. . ~2
Chu y: Binh phuong v hudng caa mot vec to bang binh phuong do dai vec to do, nghia la: a = ‘a‘
3. Céng thec hinh chiéu:
Vec to OB’ 14 hinh chiéu ciia vec to OB trén duong thang OA. Khi d6 ta co

cong thire hinh chiéu nhu sau: OA.OB = OA.OB’
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4. Phuwong tich diém M déi véi dwong tron tam (O).
Cho duodng tron (O, R) va diém M ¢b dinh.
Mét duong thang qua M cit dudng tron (O) tai

hai diém A va B khi d6: MA.MB = MO? —R? 0
Dic biét khi MH Ia tiép tuyén duong tron _—<
thi ta c6: MA.MB = MH? A B "
B. Hé thire lwong trong tam giac A
1. Dinh |i cos trong tam giac bdt ki
Cho tam giac ABC ta c6: ¢ b
2 2_ 2 B a C
COSA = u
a’ =b?+c?—2bc.cosA 2hc
a®+c*—b?
b?=a’+c’-2ac.cosB —={cosB=——"——
2 2 2 ZaC
C-=a“+h°—2ah.cosC 2 K2 2
a‘+b-—-c
cosC=———
2ab

2. binh |i sin trong tam giac bdt ki
b ¢
sinA sinB sinC

B Dy & C

Cho tam giac ABC ta co: = 2R trong d6 R 1a ban kinh dudng tron ngoai tiép tam

giac.
3. Cong thire dé dai dwong trung tuyén

. . o (o o b+t a’l
Cho tam giac ABC, c0 AM = ma la duong trung tuyen thi: m; = 4
4. Cong thare dé dai phan giac trong
bc.cosé
2

Cho tam giac ABC, c6 AD = |a la phén giac trong goc A thi: |, = YT
+c

5. Cong tharc dign tich tam giac
Cho tam giac ABC, véi ha, ho, he 1a d6 dai dudng cao xuat phat tir dinh A, B, C. Con R, r lan luot 12 ban

kinh duong tron ngoai tiép, noi tiép tam giac, p = atb+c I ntra chu vi tam giac. Ta co:
s=1ha=2nb=1hc
2 2 2
S= 1ab.sin C= 1ac.sin B= 1bc.sin A
2 2
abc
S=ﬁ, S=pr S=\p(p—-a)(p—b)(p—c) (He-rong)
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CHUONG III. PHUONG PHAP TQA PO TRONG MAT PHANG
A. Phwong trinh dwdng thing

1. Phuwong trinh tong quat ciia dwong thing

a) Vec to phap tuyén cua duong thing: -

n
+ Vec to n duoc goi 1a vec to phap tuyén cua dudng thang A néu n L A A
+ N&u nla vec to phap tuyén cua A thi k.n ciing 12 vec to phap tuyén cua A. 3 M

Vay mét dudng thang co vo s vec to phap tuyén. u
b) Phuong trinh téng quat caa dudng thing

Puong thang A di qua M(xo ; Yo) va nhan ﬁ(a, b)lé vec to phap tuyén thi A c6 phuong trinh téng quét 12:

a(x —Xo) +b(y —yo) =0

Chu ¥: Khi phuong trinh tdng quét A ¢6 dang: ax + by + ¢ = 0 thi n(a, b) s& 1a vec to phép tuyén cua A
¢) Phuong trinh duong thang theo doan chan: Cho dudng thang A cit truc Ox tai A( a; 0) va cat truc Oy

tai B(0 ; b) thi phuong trinh A ¢6 dang: Xy % =1
a

2.Phwong trinh tham soé - chinh téac ciia dwong thang
a) Vec to chi phuong ctia dudng thang:
+Vec to U goi 1 vec to chi phuong ctia duong thing A néu U song song hodc triing véi A.

+ Néu u 12 mét vec to chi phuong cua A thi k.U ciing 1a vec to chi phuong cta A. Vay duong thang ¢ vo
SO vec to chi phuong.

b) Phuong trinh tham sb cua duong thang.

Puong thing A qua M(Xo ; Yo), nhan u(a,b) lam vec to chi phuong c6 phuong trinh tham sé Ia:

X =X, +at
te
y=y,+bt
¢) Néu a.b # 0 thi phuong trinh chinh tic cua A 1a: X=Xo _ Y=o
a b

3. Chay quan treng

a) Céach chuyén tir vec to chi phuong sang vec to phéap tuyén.

Quy tic: Do vj tri thém dau trir.

Néu G(a b) 1a vec to chi phuong cua A thi ﬁ(b —a) sé& la vec to phéap tuyén cia A va nguoc lai.

b) Hai dudng thang song song thi c6 cling vec to chi phuong hodc phap tuyén. Hai duong thang vudng
g6c thi chi phuong cia dudng thang nay 1a phéap tuyén cua duong thang kia va nguoc lai.

B. Vi tri twong dbi giira hai dwdng thing

Cho duong thang Az aix + bay + ¢1 = 0 va A2: a2x + bay + ¢2 = 0 khi do:
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z a
+A1catA) & Lt
a, b,

+ A1 A <:>&:—
a, b, ¢

+A1 L Ay < aa,+bb,=0

C. Khoang cach va qéc

1. Khodng cach tir mét diém dén mét dwong thang

Cho diém M(xo ; Yo) va dudng thang A: ax + by + ¢ = 0. Khoang cach tir M dén A tinh bang cong thirc:
_|ax, +by, +¢|

- Jaieb?

Chu y: + Khoang cach tir M dén truc Ox la d (M, Ox

d(M,A)

(M,0x) =y, |
+ Khoang cach tir M dén truc Oy la d(M,Oy) =|x,|

2. Vi tri ciia hai diém déi véi dwomg théng B

Cho hai diém A(X,;Y,), B(Xg;Ys) va duong thang A: ax + by + ¢ = 0. A

Xét biéu thic P =(ax, +by, +c)(ax, + by, +¢) khi do: B

+ Néu P > 0 thi A, B nam cuing phia véi A

+ Néu P < 0 thi A, B nam khéc phia véi A

3. Phwong trinh dwong phan giac cia goc tao béi hai dwong thang

Cho hai dudng thang As: a1x + byy + ¢1 = 0 va Az: azx + bpy + ¢2 = 0 cat nhau
tai O. Phuong trinh dudng phén gic cua goc tao bai hai duong thang 1a:

lax+by+c| |ax+b,y+c,|

Ja? +b? \a; +b; N, d A,

4.Goc gida hai dwong thang
Puong thang A1 ¢6 vec to phap tuyén nj(al, b,) va dudng thang A, c6 vec to phap tuyén nt(az, b,). Goi a
‘nl'nZ‘ _ |ala2 +b1b2|

14 96¢ aiia hai duona thing thi - T
a goc gitra hair duong thang thi . cosa ‘nl"‘nz‘ \/a12+bf'\/a§+b§

Chu y: Cong thirc van dang cho vec to chi phuong.
D. Pwong tron

1. Phwong trinh dwong tron
a) Cho duong tron (C ) tam I(a , b) ban kinh R thi phuwong trinh dwong tron (C) la:

(x—a)2 +(y—b)2 =R?
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b) Cho phuong trinh (C ) ¢6 dang: x* +y® —2ax—2by+c=0 (1)

phuong trinh (1) 1a duong tron khi a® +b* —c > 0. Khi d6 duong tron c6 tam I(a, b) va R =+/a® +b* —¢
2. Phwong trinh tiép tuyén ciia dwong tron A

Cho duong tron ( C) tam I(a ,b) , ban kinh R.

Puong thang A: Ax + By + C =0 la tiép tuyén cua duong tron (C) M

R [Aa+Bb+C| _ R

khi va chi khi: d(1,A) =
E. DPuwong Elip

1. Dinh nghia

Cho 2 diém cb dinh F1 va F2 vai F1F2 = 2¢ (¢ > 0)

Puong Elip 1a tap hop cac diém M théa man MF1 + MF, = 2a (a > c)

Trong d6: F1 , F2 14 céc tiéu diém Elip, con F1F2 = 2¢ goi Ia tiéu cu Elip. YA
2. Phwong trinh chinh tic Elip B M(X, y)
i X2 y2
Elip c6 phuong trinh chinh tic la: =+ o 1 trong d6 a® =b” +c?
a
+ Doan A1A2 = 2a goi la d6 dai truc 16n < a
5o A,

+ Poan B1B2 = 2b goi 1a d6 dai truc be.
+ F1F2 = 2¢ goi la tiéu cu.
+ Piém F1(-c, 0) va F2( ¢, 0) goi la tiéu diém.

CX Xy

+ Bbiém M(x , y) thudc Elip thi MF, =a +
a

; MF, =a—

la cac ban kinh qua tiéu

+e=c/agoilatam sai E lip

LI THUYET HINH HQC LOP 11

CHUONG 1: PHEP DOI HINH — PHEP PONG DANG TRONG MAT PHANG
A. Phép tinh tién
1. Dinh nghia.

Cho trudc vec to V. Phép tinh tién theo vec to v ki hiéu la T bién /Y/Y M’

diém M thanh M’ théa man diéu kién MM =v |

Nhu vay T, (M)=M' < MM =v M

2. Tinh chat

Hoa s€ n¢ khi ngam dua gié suong Page 53



ThS Nguyén Trong Doan SPT: 0374 670 013

a) Tinh chat 1: Phép tinh tién bao toan khoang cach nén n6 I phép doi hinh, nghia 1a: T.(M)=M" va:
T.(N)=N'thi MN=M'N"
b) Tinh chét 2: Phép tinh tién bién:
+ Puong thang thanh dudng thang song song véi n6
+ Poan thang thanh doan thing bang n6, tam giac thanh tam giac bang no.
+ Puong tron thanh duong tron c6 cung ban kinh
3. Biéu thiic toa d¢
Trong mat phang cho v =(a,b), diém M(X,,Y,). Tim toa d¢ diém M” la anh cia M qua T,
Goi M'(x',y")=T,(M)=MM'=v
< (X'=X0, Y'Y, ) =(a,b)

{x'—xoza
@ 1
y'=Y,=b

{x':x0+a
@ 1
y'=y,+b

Dang 1: Tim anh caa mot diém qua phép tinh tién

4. Cac dang toan

Ta dung cdng thic biéu thic toa do 1a xong

Dang 2: Tim anh ciia dwong thang (d) qua phép tinh tién T .

Budc 1: Goi (d') =T, (d) theo tinh chét phép tinh tién thi d’ // d. Ta tim duoc vecto phap tuyén (d*).
Budéc 2: Chon M € d, rdi tim M'=T. (M)

Budce 3: Cho M’ € d’ 1a xong.

Dang 3: Tim anh caa duong tron (C) tdm |, ban kinh R qua phép tinh tién T

Budc 1: Goi (C’) c6 tam I, bén kinh R 1a anh cta duong tron (C) qua T.

Budc 2: Tim toa d6 I’ 1a anh cua diém | qua T,

Budc 3: Viét phuong trinh (C’) ¢6 tam I’ , ban kinh R.
Dang 4: Dung phép tinh tién giai bai toan tim tap hop diém
Phuong phap: Chang minh tap hop diém phai tim 1 anh caa mot hinh da biét qua phép tinh tién.
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B.Phép quay

1. Dinh nghia M!
Cho diém O c6 dinh va géc lugng gi4c a. Phép quay tam O, gdc quay o

OM =0M"*

Kihigula Q. bién diém M thanh M’ thoa méan { (OM,0M)
, ’ o

OM =0M"'

Nhu vay Qg (M) = MI@{(OM,OM'):Q

Chu y: + Goc lugng gidc o nghia la: Khi quay theo chiéu nguoc chiéu kim ddng hd thi a > 0, con quay
theo chiéu thuan chiéu kim dong ho thi a < 0.

+ Khi o= n+k2n thi phép quay 1a phép dbi ximng thm O
+ Khi o= k27 thi phép quay 1a phép dong nhat.

2. Tinh chat

a) Phép quay bao toan khoang céch giita hai diém bat ki, tic phép quay 1a phép doi hinh. Nghia 1a
A'=Qp (A); B=Q.) (B) thi A’B’= AB

b) Phép quay bién:

+ Puong thang thanh dudng thang

+ Poan thang thanh doan thang bang nd, tam giac thanh tam giac bang né.

+ Puong tron thanh dudng tron ¢ cung ban kinh.

3. Cac dgng toan

Dang 1: Tim anh cua mot diém, mot dudng thang, mot dudng tron qua phép quay

Phuong phap: Ta dung dinh nghia phép quay dé lam.

Dang 2: Str dung phép quay dé giai cac bai toan hinh hoc

Phuong phéap: Ta phai chon dugc tam quay va goc quay thich hop rdi dung tinh chat phép quay.
C. Phép vi tw

1. Dinh nghia.

Cho diém O cb dinh va sé k # 0. Phép vi tu tam O, ti sb k ki hiéu 1a

Vo4 bién diém M thanh M thoa mén diéu kign OM' =k OM

Nhu vay: M'=V,,, (M) < OM'=kOM

Chay: M=V, (M) = M =v(0’1)(|v|')

k

2. Tinh chat

a) Néu phép vi tu ti s6 k bién M thanh M’ va N thanh N’ thi {M \ -
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b) Phép vi tu ti sb k bién:

+ Ba diém thang hang thanh ba diém thing hang va bao toan thir tu giita cac diém ay.
+ Puong thang thanh duong thang song song hoic tring vai no.

+ Bién tam giac thanh tam giac dong dang véi no.

+ Bién duong tron ban kinh R thanh duong tron ban kinh |k|R

3. Tam Vi tw Ciia hai dwong tron

Dinh Ii: V6i hai duong tron bat ki luén c6 mot phép vi tu bién dudng tron nay thanh duong tron kia. Tam
cua phép vi tu duoc goi la tdm vi tu cua hai duong tron.

Cho hai duong tron (I, R) va duong tron (I’ , R”) xay ra 3 trwong hop:

TH1: Khi I trung I".

N s - , . A X R N R - X N N
Thi co hai phép vi tu tdm | ti so k =R vatiso k =R bién duong tron

tam (I, R) thanh duong tron tam (I’ , R”).

TH2:1# P vaR#R’

Thi phép vi tu tam O, i s6 k = % va phép vi tyr tam O:

ti 56 k, = —% bién dudng tron tam (I, R) thanh

duong tron tam (I’ , R’).

(0]
M
Thi c6 mot phép vi tu thm Oq ti s6 k = e -1 /

TH3:1#I’vaR=R’ Mm'
bién duong tron tdm (I, R) thanh dudng I O I
tron tam (I’ , R’).

Mll

D. Phép ddng dang
1. Dinh nghia

Phép bién hinh F goi 1a phép dong dang ti s6 k > 0 néu n6 bién 2 diém M, N thanh 2 diém M’ va N’ théa
man dieu kién M’N’ = k. MN
Nhan xét: + Phép doi hinh 1a phép dong dang tisd k = 1

+ Phép vi tu tam k 1a phép dong dang ti sb |K|

+ Phép ddng dang ti s6 k 12 hop cia mot phép doi hinh va phép vi tu ti s6 k.
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2. Tinh chdt phép dong dang

a) Phép dong dang ti sé k bién:

+ Ba diém thang hang thanh ba diém thang hang va bao toan thu ty gitta ba diém ay.
+ Puong thang thanh dudng thang, doan thang thanh doan thiang

+ Tam gi4c thanh tam giac ddng dang ti s6 k

+ Puong tron ban kinh R thanh duong tron ban kinh k.R

b) Néu thuc hién lién tiép phép dong dang ti s6 k va phép dong dang ti sé p ta duoc phép ddng dang ti sb
pk

¢) Néu mot phép dong dang bién tam gidc ABC thanh tam gidc A’B’C’ thi n6 cling bién trong tam, truc
tam, tm duong tron noi tiép, ngoai tiép tam giac ABC tuong wng thanh trong tam, tryc tam, tim dudng
tron noi tiép, ngoai tiép tam giac A’B’C.

3. Hinh dong dgng
Hai hinh goi 1a dong dang véi nhau néu c6 mét phép dong dang bién hinh nay thanh hinh kia.

CHUONG 2: QUAN HE SONG SONG TRONG KHONG GIAN
A. M& dau vé hinh hoc khdng gian

1. Quy tdc vé hinh trong khong gian

+ Hinh biéu dién caa duong thang 1a duong thang, cua doan thang 1a doan thang.

+ Hinh biéu dién cua hai dudng thang song song 14 hai duong thang song song.

+ Dung nét lién cho dudng nhin thay, nét dat cho dudng bi che khuét.

+Trong khong gian bao toan tinh song song, ti 1é doan thiang nhung khong bao toan tinh vuéng géc

+ Hinh vuéng, hinh chit nhat, hinh thoi, hinh binh hanh trong khong gian duoc biéu dién Ia hinh binh
hanh.

+ Tam gi4c can, tam giac vudng, tam giac déu, tam giac thuong trong khong gian duoc biéu dién la tam
giac thuong.

2. Tinh chdt thira nhan

a) C6 duy nhat mot duong thang di qua 2 diém phan biét

b) C6 duy nhat mot mat phang di qua 3 diém khong thang hang.

¢) Néu mot duong thang c hai diém phén biét thuoc mot mét phang thi dudng thang d6 nam trén mat
phang ay.

d) Ton tai 4 diém khong nam trén cling mat phang.

e) Néu 2 mat phang phan biét c6 mot diém chung thi chding con mot diém chung khac nixa.
f) Tinh chat trong hinh hoc phang ciing dung trong khong gian.

3. Cdc cdch xdc dinh mgt mgt phang

a) Qua 3 diém khoéng thang hang c6 duy nhat mét mat phing

b) C6 duy nhat mot miat phang di qua 1 diém va 1 dudng thang
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¢) C6 duy nhat mot mat phang chira hai duong thang cat nhau
d) C6 duy nhat mot mat phang chira hai duong thang song song
e) C6 duy nhat mot mat phang chtra dudng thing nay va song song dudng thang kia.
4. Dic diém cdc hinh dic biét

a) Tt dién déu c6 dic diém:

+ 6 canh bang nhau ( canh bén bang canh day)

+ Puong cao tir dinh xudng trong tim day ( cling 1a tim dudng tron ngoai tiép day)
b) Chop tam giac déu co dic diém:

+ Pay 1a tam giac déu

+ Céc canh bén bang nhau

+ Puong cao tir dinh xudng trong tim day.

¢) Hinh chop tir giac déu co dic diém:

+ D4y 1a hinh vudng

+ Céc canh bén bang nhau ( khac canh day)

+ Puong cao tir dinh xudng tam day ( tam ddy la giao 2 dudng chéo)
d) Hinh lang try c6 dic diém:

+ Hai ddy 1a hai da giac song song va bang nhau.
+ Céc canh bén song song va bang nhau.
+ Cac mat bén la hinh binh hanh.

e) Hinh lang tru ding c6 dic diém:

+ Hai day song song véi nhau

+ Cac mat bén la hinh chir nhat

f) Hinh lang try da giac déu la: I —--

+ Lang try dung s S IS
+ Péy la da giac déu -
i) Hinh Iap phuong 1a hinh c6 6 mat Ia hinh vudng. Hinh hop chit nhat 1a hinh ¢6 6 mét 1a hinh chit nhat.

Hinh hop la hinh cé 6 mat la hinh binh hanh.
B. Giao tuyén caia hai mit phing va giao diém ciia dwdng thing va mit phing

1. Céch tim giao tuyén hai mgt phang

Céch 1: Theo dinh nghia, tic 1a ta tim hai diém chung.

Céch 2: Sir dung hé qua vé giao tuyén 3 mit phang:

Néu hai mat phang phan biét lan luot chira hai duong thang song song

.
G

a
thi giao tuyén cua chiing ciing song song véi hai dudng thang ay. >/
P
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Céach 3: Sur dung dinh li:
Cho dudng thang a song song mp(P), moi mp(Q) chira a va cat mp(P)

theo giao tuyén b thi b song song véi a.
/) /
B b

2. Cdch tim giao diém ciia dwong thiang va mat phang.

Pé tim giao diém duong thang a va mp(P) ta c6 2 cach lam

Céch 1: Tim trong mp(P) c6 mét duong thang b mabna=Mthi M =an mp(P) 1
Céch 2:
+ Dung mp(Q) chira a va mp(P) theo giao tuyén b
+TimM=anb
+ Két luan M = a n mp(P) M b
P //

Chu y: Pé tim giao diém hai dwong thang trong khong gian ta phdi xét ching trén cing mét mat phang.
C. Céc dang toan

1. Chitng minh dwong thing song song mdt phéang

D¢ chimg minh duong thang a song song véi mp(P) ta chi ra dudng thang a song song véi mot dudng
thang nam trong mp(P).

2. Cach ch#ng minh hai mgt phang song song

Pé chizng minh mp(P) song song véi mp(Q) ta chi ra trong mp(P) c¢6 hai dudng thang cat nhau cling song
song vai mp(Q).

CHUONG 3: QUAN HE VUONG GOC TRONG KHONG GIAN
A. Cach chitng minh cac dang toan co ban

1. Céach chitng minh hai dwong thang a, b vudng géc véi nhau

- Ta ¢6 2 céch: Cach 1: Chirng minh tryc tiép nhu trong hinh hoc phang.
Céch 2: Chi ra duong thang a vudng goc mp(P) chtra duong thang b.

2. Céch chitkng minh dwong thang d vudng goc mp(P):

Chi ra duong thiang d vubng goc voi hai duong thang cit nhau nam trong trong (P)

3. Céch chirng minh hai mp(P) va (Q) vuéng goc.

Ta c6 hai cach: Cach 1: Chi ra trong mp(P) c6 mot duong thang a vudng goc véi mp(Q)
Céch 2: Tim goc gitta (P) va (Q) rdi chi ra goc d6 bang 90°
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4. Tinh chdt hai mp vuéng géc.

T/c 1: Néu (P) va (Q) vudng géc véi nhau

thi moi dudng thiang a nam trong (P) vuéng goc
Véi giao tuyén s& vudng goc véi (Q)

T/c 2: Hai mat phang cling vuéng goc véi mit
phéng thtr ba thi giao tuyén caa ching

cling vudng goc v6i mat phang th ba.

B. Cach xac dinh goc

1. Cdch xdc dinh goc giira hai
dwong thang chéo nhauavab

Quy tic: Ta dua vé chung gdc
a
o
0]
(@]

B1l: QuaOthuoch,takédta’//a
B2: Vay (a,b)=(a’,b)= ¢

b

2. Cdch xdc dinh goc giita dwong
thang d va mp(P)

B1: Tim giao diém M =d N (P)

B2: Tu A bat ki thuoc d, ké AH
L (P)

B3: Vay (d, (P)) = AMH = «

3. Cdch xdc dinh goc gi@a
mp(P) va mp(Q)

A

)
——-_8
o

B1:Tim giao tuyén A = (P)(Q)
B2: Dung mp(R) L 4

B3: Tim giao tuyén (R) véi (P)
va(Q)ladtavab

Vay ((P); (Q))=(b) =«

C. Khoang cach

1. Cdch xdc dinh khodng cach
tar M den mp(P)

s

rdlls
P H

B1: Dung mp(Q) chira M va
mp(Q) L mp(P)

B2: Tim giao tuyén
A4=P)n(Q)

2. Khodng céch tir dwong thang
a song song vai mp(P)

M a

Kk

Ta co:

d(a, (P)) =d(M, (P)) ; véi M bt
Ki nam trén duong thang a.

3. Khodng cach giita hai dwong
thang chéo nhau avab.

TH1: a, bchéonhauvaa L b.

P

B1: Dung mp(P) chira dt b va
vubng goc vai dt a.

B2: Tim giao ditmH=a N (P)
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B3:Ké MH L A thi B3: K¢ HK L bthi HK = d(a, b)

MH =d(M, (P)) TH2: a, b chéo nhau va a
khéng vudng goc vei b.

M a

P

B1: Dung mp(P) chta b va (P) //
a

B2: d(a, b) = d(a, (P)) = MH

LI THUYET HINH HQC LOP 12

CHUONG I. THE TICH KHOI PA DIEN
A. Khoi da dién

1. Hinh da dién: Hinh da dién (da dién) 1a hinh tao boi mot sb hitu han cac da giac thoa méan 2 tinh chat
sau:

+ Hai da giac phan biét co 3 kha néang:
- Hoic khong c¢6 diém chung
- Hoac chi c6 mot dinh chung
- Hoac chi c6 mot canh chung
+ MJi canh cua da giac bat ki ciing 1a canh chung cua dang 2 da giac
2. Khéi da dién: La hinh da dién cong voi phan khong gian dugc gisi han béi hinh da dién do.
3. Khéi da di¢n 16i: 1a khéi da dién ma doan thang ndi 2 diém bat ki thuoc khéi da dién, déu nam trong
khoi da dién do.
4. Khéi da di¢n d@éu logi {p, q}: 1a khdi da dién 15i thoa méan 2 tinh chat:
+ MJi mit 1a mot da giac déu gom p canh
+ Mbi dinh 1a dinh chung cuiia ding q miit.
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Bang tém tit 5 loai khdi da dién déu

Loai Tén goi S6 dinh S6 canh S6 mat
{3,3} Tt dién déu 4 6
{3,4} Bat dién déu 12
{3,5} Hai muoi mat déu 12 30 20
{4, 3} Lap phuong 8 12 6
{5,3} Mudi hai mat déu 20 30 12
5. Dinh li Ole: | S6 dinh —s6 canh + s6 mat = 2 o
B. Thé tich khéi da dién
1. Thé tich khéi chop: V = % hS (hladuong cao, S la dién tich day)
2. Thé tich khoi ling tru: V =hS (h 1a duong cao, S la dién tich day) P

3. Thé tich khéi hgp chi#nhdt: V=ab.c (a, b, c 1a d6 dai 3 canh)

4. Thé tich khéi ldp phwong: V =a® (ala d6 dai canh hinh lap phuong)

5. Ti sé thé tich (chi dang vai khbi chop tam giac)

Cho khéi chop S.ABC, cac diém M, N, P nam bét ki trén SA, SB, SC

SM SN sp
Vise SA SB SC

C. Kién thirc bd tro cho viéc tinh thé tich

Y e Zoani e Vo
Khi d6 ta co ti so thé tich —=MNP —

1. H¢ thare lwgng trong tam giac vudng: Cho tam gidc ABC vudng tai A, duong cao AH. Ta co

+ AB? =BH.BC ;
+ AH? =HBHC

AC*=CH.CB

+ ABAC=AH.BC

1 1
+

1

= +
AH®> AB? AC?

2. Di¢n tich tam giac

a) Tam giac bat ki ta c6 5 cong thirc tinh dién tich

s=1h.a=1h b
2 2

S= lb.c.sinA = 1a.c;.sin B= 1a.b.sin C
2 2 2

a.b.c

:lhc.c
2

S=""2 (R la ban kinh dudng trdn ngoai tiép tam giac)

4R
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a+b+c

S=p.r (rlabankinh duong tron noi tiép tam giac, p 1a nira chu vi va p = >

)

S= \/p(p—a)(p— b)(p—c) goi la cdng thirc Hé réng ( dung tinh dién tich khi biét d¢ dai 3 canh tam giéc)

b) Tam gidc ABC vudng tai A thi S= %AB.AC

S=x’ ﬁ
¢) Tam gidc déu ABC canh x thi 4
V3
h=xY2
2
3. Di¢n tich céc hinh
o 1 Hinh thang: Hinh binh hanh:
Tam gidc: Spoc = AH.BC (AB+CD)AH Spac = AH.CD
A Spsco = 2
A B
/1N / —\ y i
B c N . /
° H ¢ D H c
N ~ Age _ N A . _ A2
Hinh chit nhat: S=a.b Hinh thoi: S:%dl.dz Hinh vubng: S=a
a a
b
d
W

CHUONG II. KHOI TRU - KHOI NON - KHOI CAU
A. Mit ndn tron xoay
1. Dinh nghia:

a) Hinh nén: Cho tam giac BOA vudng tai O. Khi quay tam giac d6 xung quanh OA thi s€ tao ra hinh
non tron xoay (goi tat la hinh nén). Trong do:

- OA la duong cao hinh nén
- AB 1a duong sinh hinh nén
- OB la ban kinh ddy hinh n6n

- g6c 2 OAB goi la goc ¢ dinh mat non
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b) Khéi nén: La phan khdng gian gigi han bai hinh nén va ké ca hinh nén do.
2. Cong thec dign tich xung quanh, toan phan va thé tich khéi non

a) Di¢n tich xung quanh: S, =mrl (11a duong sinh)

b) Dién tich toan phan: S, =S, +S, =mrl+mr’
¢) Thé tich khéi non: V =%n.r2.h (h 12 duong cao)

B. Mt tru tron xoay

1. Dinh nghia

a) Hinh tru: Xét hinh chit nhat ABCD, khi quanh hinh chi nhat quanh canh AB
thi s& tao ra mot hinh goi 12 hinh try tron xoay (goi tit 12 hinh try). Trong do:

- AB goi la duong cao hay tryc hinh try.

- CD goi 1a dudng sinh ( trong hinh try thi d6 dai dudng sinh bang d6 dai duong cao)
- BC goi la ban kinh day.

b) Khéi tru: La phan khong gian dugc gisi han bai hinh tru ké ca hinh try do.

2. Cong thazc tinh dign tich xung quanh, toan phan va thé tich khai tra.

a) Di¢n tich xung quanh: S, =2m.rh
b) Dién tich toan phan: S, =S, +2S; = 2mr.h+ 2mr?

¢) Thé tich khéi tru: V=mr?h
C. Miit cau
1. Dinh nghia

a) Mgt cau: Tap hop céc diém M trong khong gian cach diém O ¢6 dinh mot khodng R khong doi dugc
goi la mat cau tdm O, ban kinh R. Ki hiéu S(O, R)

b) Khdi cau: Tap hop cac diém thudc mat cau tam S(O , R) va cac diém nam trong mat cau do goi la khoi
cau hoac hinh cau tam O, ban kinh R.

2. Vi tri twong déi Qiira diém va mat cau: Cho mat cau S(O, R) va diém A bat ki, khi d6 néu:

- OA > R thi diém A nam ngoai mit cau.

- OA =R thi diém A nam trén mat cau.

- OA <R thi diém A nam trong mit cau.

3. Vi tri twong déi giira mat phang va mat cau.

Cho mp(P) va mit cau S(O , R), goi H 1a hinh chiéu cta O 1én mp(P) thi OH = d(O, (P)).Khi d6 néu:

- OH > R thi mp(P) khéng cé diém chung véi mit cau.

- OH = R thi mp(P) tiép xUc v&i mit cau tai diém H khi d6 H goi la tiép diém con mp(P) 12 mat phang tiép
dién.

CHU Y: mp(P) tiép xtic mdt cdu S(O, R) tai H khi va chi khi mp(P) L OH
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- OH < R thi mp(P) cat mat cau S(O, R) theo giao tuyén 1a duong tron tam H, béan kinh r =+/R? — OH?

{ l"\
\‘ . |

) \'\;»__l:[, — ,
/P) /P) y ; /P) .
Hinh a Hinh b Hinhc

4. Vi tri twong déi gifka dwong thang va mat cau

Cho mat ciu S(O , R) va duong thang A. Goi H la hinh chiéu vuong géc cua O Ién A thi OH = d(O, A).
Neéu:

- OH > R thi A khdng cat mit cau.

- OH = R thi A tiép xtic mit cau tai H, ta goi A 1a tiép tuyén cua mat cau va H 1a tiép diém.
CHU Y: 41atiép tuyén cia mat cau S(O, R) khi va chi khi 4L OH tai diém H.

- OH <R thi A cat mat cau tai 2 diém phan biét A,B.

5. Cong thaic tinh dign tich, thé tich khai cdu

a) Dién tich mit cau: S=4nR?
b) Thé tich khéi ciu: V = %ﬂ:.R3

6. Mgt cau ngoai tiép khéi chop
a) Pinh nghia: Mt ciu ngoai tiép khdi chdp néu cac dinh khéi chop déu thusc mit cau.

Mt cau noi tiép khdi chop néu mat cau tiép xtc vai tat ca cac mat cua khéi chop.

Chu y: Diéu kién can dé khai chop ¢ mat cau ngogi tiép la ddy khdi chop phdi ngogi tiép dwong tron.

Piéu _ki_é[\ can va di dé khéi lang tru c6 mat cau ngoai tiép 1a khéi ling tru dieng va ddy c6 dwong tron
ngoai tiep.

b) Cdch xdc dinh tam mdt cdu ngogi tiép khai chop.

Budc 1: Tim tam day ( 1a tim dudng tron ngoai tiép da giac day )
Budc 2: Dung duong thang A di qua tim day va vudng goc v6i day
(A goi 12 truc cta chop, luu ¥ 1a moi diém nam trén truc thi céch
déu cac dinh cua da giac day khdi chop)
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Budc 3: Dung dudng trung truc caa canh bén, hoic mit phang
trung truc caa canh bén cat truc A tai | thi 1 1a tim mat cau ngoai tiép khdi chop.
Cha y: + Tam giéc bdt ki tdm dwong tron ngoi tiép la giao 3 dwong trung truc.
+ Tam gidc vuéng tdm dwong tron ngogi tiép la trung diém canh huyén.
+ Tam gidc déu tam dwong tron ngogi tiép 1a trong tam.
+ Hinh chi nhdt, hinh vuéng tam dwong tron ngoai tiép la giao 2 dwrong chéo.

CHUONG III. PHUONG PHAP TQA PQ TRONG KHONG GIAN
A. Vec to trong khong gian va tinh chit

1. Vec to' va tinh chat co ban

Cho u=(x, ¥, Va V=(%,Y,2,)
&) UV=X.%+Y.Y,+2.Z, (ULVeuv=0)

X, = X,
a)U V<:> Yi=Y, f)‘a‘: ’X12+y12+212
z2,=1,
Lo X, + .Y, + 2,2,
b) Utv=(X X, Y, *Y,,2 *2,) g) cos(u,V) = o Y,

] HM \/x1+y1+z \/x +yi+Z2
c) ku = (kx,,ky,,kz,)

d) u,v cing phuong s N A

X, Y2 24

2. Toa dé diém
Cho A(Xa: Ya:2a); B(Xg, Ve, 25);C(Xc, Ve 2¢)

Xg + X
M 2 A
. . .2 N _Yst¥e
a) Goi M (Xy,, Yy ,2Zy) 1a trung diém BC thi Yu ==
Iyt 1
Zy = 5 c
X, + Xg + X
G 3 B M C
b) Goi G(X5,Ys.2s) latrong thm tam gidc ABC thi <y, = yA+>\;B+yC
Z,+125+1
¢ 3

C) E:(XB —Xar Ys —YarZg _ZA)

Hoa s€ n¢ khi ngam dua gié suong Page 66



ThS Nguyén Trong Doan SPT: 0374 670 013

d) AB = /(X —X,)? +(Yg — Ya)* +(Zs — 2,)’

B. Tich ¢6 hwéng va &¢ng dung

1. Dinh nghia: Cho u=(x,,Y,,2) Va v=(X,,Y,,2,), tich c6 huéng ciia hai vec to ki hiéu 1a: [u,V]

)

Y
Y2 2,

L X
Zp X

Y1
X2 Y2

Cong thuc [l],\?] :(
2. Tinh chat

a) [u,v] vudng géc véi U va v

b) \[G,G]\:\G\.\G\sin(ﬁ,&)

c) u,v cung phuong < [u,v]=0

3. Ung dung tich cé hwong

a) u,v,w dong phang < [u,v]w =0

b) AB, CD chéo nhau (ABCD la ti dién) <> [AB, AC].AD 0

c) ABCD la ttr giac (4 diém A, B, C, D dong phang) <> [AB, AC]AD =0

d) 3 diém A, B, C thing hang <> [AB, AC]=0 S A D'
et g Yo Ny
e) Dién tich tam giac ABC: S,;. = E‘[AB, AC] B’
f) Dién tich hinh binh hanh ABCD: S e =‘[E,E}‘ A c
g) Thé tich tir dién S.ABC: V, g = | 54,58 5C] B : .,
6

h) Thé tich khéi hop ABCD.A’B’C’D’: V = ‘[E,E’].M“

C. Phwong trinh mat cau

a) Mt cau (S) ¢6 tam I(a, b, ¢) va ban kinh R thi ¢6 phuong trinh la:
(x—a)*+(y—b)*+(z-c)*=R?

b) Phuong trinh: x? + y? + 22 — 2ax — 2by — 2¢z + d = 0 1a phuong trinh mat ciu < a®+b?+¢? -d>0

Khi d6 mit cu ¢6 tim I(a, b, ¢) va R =+/a’ +b*>+¢’ —d
¢) mp(P) tiép xtc voi mat cau (S) ¢d tdm I, ban kinh R < d(1,(P)) =R
d) mp(P) cit mat cau (S) < d(I,(P)) <R. Khi d6 giao tuyén 1a dudng tron

(C) c6 ban kinh r = YR? — IH? trong d6 TH = d(I, (P))
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D. Phwong trinh mit phing

1. Vec to phdp tuyén ciia mat phdng

a) Vec to n 1a vec to phap tuyén cua mp(P) néu n L mp(P)

b) Néu n 1a vec to phap tuyén cua mp(P) thi k.n cling la vec to phap .
M

tuyén caa mp(P).

2. Phwong trinh mgt phang

a) Néu mp(P) nhan n= (A,B,C) lam vec to phap tuyén va di qua M (X,, Y,,Z,) thi phuong trinh mp(P) la:
A(X—Xo0) + B(y —Yo) + C(z—-20) =0

b) Phuong trinh téng quat cia mp(P) 1a: Ax + By + Cz+ D =0, khi d6 n= (A, B,C) 1a vec to phap tuyén.

¢) Phurong trinh mdt phang theo dogn chan:

Néu mp(P) cit cac truc Ox, Oy, Oz tai A(a, 0, 0) ; B(0, b, 0) ; C(0, 0, ¢) thi phuong trinh mp(P) la:

§+%+§:1
d) Phuwong trinh chiim mat phang:

Cho mp(P): aix + b1y + €1z + d1 = 0 va mp(Q): a2x + b2y +c2z +d2 = 0. Khi d6 phuong trinh mét phang
chira giao tuyéen cua mp(P) va mp(Q) c6 dang la:

m(aix + b1y + €1z + d1) + n(axx + bay +c2z +d2) =0 (ta thuong chom =1 détimn la
xong)
e) Néu mp(P) di qua 3 diém A, B, C thi vec to phap tuyén mp(P) 1a: n= [ﬁ?;, EJ

f) Cha y: +) Hai mat phiang song song thi cting vec to phap tuyén.
+) Hai mat phing vudng goc thi vec to phap tuyén cia mp nay s& song song vaoi mp kia.
3. Vi tri twong déi ciia hai mdt phang
Chomp(P): Ax+By+Cz+D=0vamp(Q): A’x+B’y+C’z+D’=0
a) mp(P) cat mp(Q) < A:B:C=A":B":C'
A B C D
b) mp(P) song song m S—=—=—%—
) mp(P) song song mp(Q) < —==—2==* 1
c¢) mp(P) vudng goc voi mp(Q) < AA+B.B+C.C'=0
. A B C D
d) mp(P) trung véi m S—=—=—=—
) mp(P) trung p(Q) A B C D
4. Khodng cach tir mét diém dén mgt mat phang
Cho M(xo, Yo, Zo) va mp(P): Ax + By + Cz + D = 0. Khoang cach tir M d¢én mp(P) la:
Ax, +By,+Cz,+D
d(, (P)) = 2o L2+ Clo + D)
JA? +B? 4 C?

Cha y: mp(P) tiép xtc véi mat cau (S) tam |, ban kinh R < d(1,(P)) =R ( mp(P) goi la mp tiép dién)
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5. Goc giira hai mdt phéang
Chomp(P): Ax+By+Cz+D=0vamp(Q): A’x+B’y+C’z+D’=0
Goi a la goc gitra hai mp(P) va (Q). Khi d6

—

ne.ng) |AA'+ BB'+CC|
COS = 7——

e || ~ /N +B +C?JA?+B?+C”

E. Phuong trinh dwong thang

1. Vec to chi phwong ciia dwong thing

+ Vec to U duoc goi 1a vec to chi phuong cua dudng thing A khi gid u song song hoic triing véi A.

+ Néu u 1a vec to chi phuong cua A thi k. u (k # 0) ciing 1a vec to chi phuong cua A

2. Phwong trinh tham sé ciia dwong thang

Puong thang A di qua M(xo, Yo, Zo) Va nhan u= (a,b,c) 1am vec to chi phuong thi c6 phuong trinh tham
X=X, +al

s la: {y =y, +bt
Z=12,+cCt

3. Phwong trinh chinh tic ciia dwong thang

Néu a.b.c # 0 thi duong thing A ¢6 dang chinh thc 1a: 220 — y_byo _Ih
a c

4. Vi tri twong déi Qiita hai dwong thang

Cho duong thang Az ¢6 vec to chi phuong uj va di qua M1, duong thang A, c6 vec to chi phuong Uz va di
qua Ma.

TH3: A1 va A, cét nhau <

)0
TH1: A1 // A2 <5 .
[ U, MM, |0
TH2: A1va Az trung nhau < ELUZJ:O .
[Ul,MlMZ]ZO
[Gl,az ¢6

TH4: Ar va Az chéo nhau < | Us, Uz | MM, #0
5. Vi tri twong déi gia dwong thang va mat phang

Cho dudng thing A di qua M va nhan U 1a vec to chi phuong. Mit phang (P) ¢6 n 1a vec to phap tuyén.
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THI: A/ mp(P) < 44" =0
M & mp(P)

TH2: A nam trén mp(P) < un=0

M e mp(P)
TH3: A cit mp(P) < u.n =0
TH4: A L mp(P) < u,n cing phuong.

6. GOc gidta hai dwong thang

7 Ur.Uz

Goi a la goc gitra hai duong thang A; va Az thi cosa = 4
‘UlHUZ‘

trong do Uz, Uz 13 céc vec to chi phuong cua A1 va Az

7. Goc gidva dwong thang va mdt phang

o S o

Goli a la goc gitra duwong thang A va mp(P) thi sina = H H

ul.|n

Trong d6 u,n lan luot 1a vec to chi phuong va vec to phap tuyén cua A va mp(P)
8. Khodng cach
TH1: Khoang cach tir mot diém dén mot duong thang
Cho M va dudng thing A di qua A, nhan U lam vec to chi phuong.
[6.MA]
g

TH2: Khoang cach giita hai duong thang chéo nhau.

Khoang cach tir M dén A la: d(M, 4) =

SPT: 0374 670 013

Cho duong thang Az c6 vec to chi phuong uj va di qua M1, duong thang Az ¢ vec to chi phuong Uz va di

qua M2
‘[lﬁ,u)z].Mle)

[U1,U2]

Khoang céach giita hai duong thang 1a: d(4,4,) =
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