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Chuong 1
KHOI PA DIEN VA THE TICH KHOI DA DIEN

Pai cuong vé khdi da dién

1.1.1 Khoi da dién

Muc nay gi6i thiéu céc kién thic dai cuong vé khéi da dién nén cac khai niém duge tong hgp
lai trong Séch gido khoa Co ban Hinh hoc 12 [3] nhdm thdng nhét cac khai niém trong chuong
trinh.

Dinh nghia 1.1.1: Hinh da dién

Hinh da dién (%#) (goi tit 1a da dién) 1a hinh dugc tao boi mot sd hiru han céac da giac
thoéa man dong thai ba diéu kién:

* Hai da gidc phan biét chi c6 thé hodc khong giao nhau, hodc chi ¢6 mot dinh chung,
hodc chi c6 mot canh chung.

* Moi canh cta da gidc nao ciing 1a canh chung ctia diung hai da giéc.

e V6i hai mit S, S’ bat ky luon ton tai mot day cac mit Sy, S, ..., Sy, sao cho Sy = S,
Sy, = S’ va bat ky hai mat lién tiép nao trong day nay déu c6 mot canh chung.

Mai da giac nhu thé dugc goi la moét mét ctia hinh da dién (7). Céc dinh, canh cua cac

da gidc ay theo thtt tu goi la cac dinh, canh ctia hinh da dién (7).

Dinh >

<«—— Canh —» i

Dinh nghia 1.1.2: Khéi da dién

Khdi da dién 1a phan khong gian dugc gi¢i han béi mot hinh da dién, ké ca hinh da dién
do.
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Mbi da dién (%) chia cac diém con lai cia khong gian thanh hai mién khong giao nhau:
mién trong va mién ngoai cua (). Trong d6 chi c6 duy nhat mién ngoai 1a chira hoan toan
mot dudng thing nao day.

Céc diém thudc mién trong dugc goi 1a cac diém trong, cdc diém thudc mién ngoai dugc goi la
cac diém ngoai ctia (7).

Khoéi da dién (7)) (1ay cung tén v6i hinh da dién) 1a hgp cta hinh da dién () va mién trong
ctia n6.

d
Mién ngoai
Diém trong_| .
B —
Diém ngoai M

Vidul.1.1

Céc hinh dudi day la cac khoi da dién:
| / |

Cac hinh dudi day khong phai 1a cac khéi da dién:

- o 010

d)

Vidul.1.2
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Hinh a) khong 1a khdi da dién do c6 mot canh (trén cting) khong 1a canh chung ctia hai mit.
biéu nay vi pham diéu kién tht hai trong Dinh nghia 1.1.1.

Hinh b) khong 1a khéi da dién do c6 mot mét phdng chira mot dinh ctia cdc mét khac. Khi do,
mdt phdng nay giao véi mit phang khac nhung lai khong ¢6 dinh chung ciing khong c6 canh
chung. Diéu nay vi pham diéu kién mot trong Dinh nghia 1.1.1.

Hinh c) khong 1a khéi da dién do ¢6 mot canh 1a canh chung ctia bén mit. Diéu nay vi pham
diéu kién hai trong Dinh nghia 1.1.1.

Hinh d) khong 1a khéi da dién do vi pham diéu kién thi ba trong Dinh nghia 1.1.1.

1.1.2  Co bdn vé phép bién hinh trong khong gian

Dinh nghia 1.1.3: Phép bién hinh

Phép bién hinh trong khong gian la mot quy téc F ma v6i mdi diém M trong khong gian,
thuc hién theo quy tic F, dung dugc mot va chi mot diém M. Diém M’ duge goi la &nh
ctia diém M qua phép bién hinh F, ky hiéu la M’ = F(M).

Vi du 1.1.3: Phép tinh tién theo vecto v/

La quy tdc: "M0di diém M bién thanh diém M’ o
—
sao cho MM’ = 7", /
. y M
Ky hiéu, Ty: M — M' < MM’ = 7.

Vi du 1.1.4: Phép ddi xitng qua mit phéng (P)

La quy tdc: “Mdi diém M bién thanh
chinh né néu M € (P) va bién thanh M’
sao cho (P) la mit phang trung truc cta
MM’ néu M khong thudc (P)”. H
Néu phép déi xting qua mét phing (P)
bién hinh . thanh chinh n6 thi (P) dugc
goi la mdt phdng d6i xing cta 7. Ve

Vi du 1.1.5: Phép d6i xiing tdm O

La quy tdc: ”Bién O thanh chinh n6, bién mdi diém M # O
thanh M’ sao cho O la trung diém cta M M'"”.

Néu phép dbi xtiing tdm O bién hinh J# thanh chinh né thi
O dugc goi la tam d6i xtng ctia 7.

M O M’

11
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Vi du 1.1.6: Phép ddi xiing qua duong thing A

La quy tdc: ”Bién mdi diém thudc A
thanh chinh n6 va bién mdi diém M
khong thudc A thanh M’ sao cho A 1a Wi
trung truc caa MM'”. M/‘

Néu phép dbi xting truc A bién hinh 7 w

thanh chinh né thi A dugc goi 1a truc d6i
xtng cta hinh J7.

Dinh nghia 1.1.4: Phép doi hinh va hai hinh bang nhau

* Phép bién hinh F' duoc goi 1a mot phép doi hinh néu véi hai diém M, N bat ky, goi
M’, N"1an lugt 1a anh cia M, N qua phép bién hinh F, ta c6 M'N' = M N.
Vi du: Céc phép tinh tién, d6i xiing qua mat phang, d6i xting tam, d6i xang qua dudng
thang 1a cac phép dai hinh.
Chi y: Thuc hién lién tiép cac phép doi hinh sé dugc mot phép doi hinh. Hon nira,
phép doi hinh bién hinh .77 thanh hinh .7#” thi bién moi dinh, canh, mit ctia # tuong
tng thanh dinh, canh, médt cua 7.

e Hai hinh da dién dugc goi la bang nhau néu c6 mot phép doi hinh bién hinh da dién
nay thanh hinh da dién kia.

Vidu1.1.7

Phép tinh tién vecto ¥ bién da dién () thanh da dién .7, phép d6i xting tam O bién
da dién (#’) thanh da dién (#"). Khi d6, phép doi hinh ¢6 duge bang cach thuc hién
lién tiép phép tinh tién vecto 7/ va phép dbi xing tam O bién da dién () thanh da dién
(#"). Do d6, cac da dién (7), (") va (") bang nhau.

12
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Dinh nghia 1.1.5: Phép vi tu va phép dong dang

e Phép vi tu tdm O ti s6 k # 0 la quy tic bién moi diém M thanh diém M’ sao cho
OM' = kOM
N/
N
O — o vy

* Phép bién hinh F' dugc goi 1a phép ddng dang ti s6 k > 0 néu F bién hai diém M, N
bat ky thanh hai diém M’, N’ sao cho M'N’ = k.M N.
Vi du: Phép vi tu tam O ty s6 k # 0 1a phép dong dang ty sd |k|.

CHU ¥: Phép dong dang ty s6 k& > 0 bién khdi da dién (#’) thanh khoi da dién (.#”) thi ti s6
thé tich ctia () va () bang k3 (1ap phuong ti s6 ddng dang). Cht y nay rat hitu ich cho céac
bai toan vé ti 1é thé tich & cAc phan sau.

Cho tt dién ABCD. Goi A’ 1a trong tdm ctia tam gidc BC'D. Céac dudng thing qua A’
1an luot song song véi AB, AC, AD lan lugt cit cac mit phang (ACD), (ABD), (ABC)
tai B/, C’, D'. Ching minh rang ta dién ABCD va A’B'C’'D’ dong dang.

Goi M 1a trung diém caa CD. Do A’ la
BA 2
BA’ ABB/M 3

oY, A _ K
Do A'B" || AB nén B~ AM (Ta-let)

/
= 1/41]1\34 = % Vay B’ cling la trong tam
ctia tam giac ACD.

Tuong tu, C’, D’ cling 1a trong tam ctia
tam giac ABD va tam gidc ABC.
Trong tam gidc ABM, goi G = AA' N
BB’

trong tam tam gidc BC'D nén

L AG _BG _AB

GA/_GB/_A/B/ 2k

. AB AM _ _ AG BG CG  BG
Matkhac,ﬁ—B/M—B. Vay CA = B = 3. Tuong tu ol = 3.

13
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— —
Do céc cdp vecto ( A, GA), @ GB') (Cﬁ , GC") ngugc huéng nén ta c6

— — —
GA=—3GA", GB = —3GB', GC = —3GC'.

Vay phép vi tu tam G ti s k = —3 bién tu dién A’B’C’'D’ thanh ta dién ABCD. Do d6
hai ta dién ABC'D dong dang véi tit dién A’B’C’D’ theo ti s6 3.

1.1.3  Khoi da dién 16i, da dién déu

TroNG cHUONG TRINH THPT, dbi tugng chul yéu cta hinh
khong gian 1a cdc khoi da dién 16i va di tinh céc yéu t6 lién quan
ctia n6 nhu thé tich, géc hay khoang cach. Nhung trude khi di
vao céc khéi hinh cu thé, ta can phan biét duge khdi da dién 16i
vi cac khoi khong 16i va ndm duge co ban céc dic diém cta cac
khéi da dién déu.

Dinh nghia 1.1.6: Khéi da dién 16i

Khoéi da dién (#) dugce goi la khdi da dién 16i néu
doan théng ndi hai diém bat ky ctia () luon thudc
(). Khi d6 hinh da dién tuong ang dugc goi la da
dién 16i.

Vi du: Céc khdi chép tam gidc (tir dién), khdi chép
da giac 16i, khéi hop 1a nhirng khéi da dién 16i.

Chi y: Khoéi da dién 1a 16i khi va chi khi mién trong
ctia n6 ludén ndm vé mot nira khong gian chia boi mot

mdt bat ky ctia no.

Dinh nghia 1.1.7: Khéi da dién déu loai {p; ¢}

Khéi da dién déu loai {p; ¢} 1a khoi da dién 16i théa man dong thdi hai tinh chat:

e MOdi mit ctia né 1a mot da gidc déu p canh (cting 1a p dinh).

e Maoi dinh ctia n6 la dinh chung ctia ¢ mit (cting la ¢ canh).

NGud1TA CHUNG MINH PU G C chi 6 ndm khéi da dién déu gom cac loai {3; 3}, {4;3}, {3;4},
{5;3} va {3;5}. Cu thé dugc tom tit & bang sau.

14
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Tén (n =s6 mit)

Loai

S6 dinh

S6 canh

S6 mit phang
ddi xing

Ta dién déu (n = 4)

{3;3}

|
|
[l
|
|
|
|
-
-
-
-

Khéi 1ap phuong
(

3
Il
2

{4;3}

12

Bét dién déu (n = 8)

{3;4}

12

Thép nhi dién déu
(n=12)

{5;3}

20

30

15

’

&

Nhi thap dién déu
(n = 20)

{3;5}

12

30

15

15
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Luu ¥, ta c6 thé tinh s6 dinh va s6 canh ctia khdi da dién déu n mit loai {p; ¢} nhu sau

A X A
S6 canh — %; Sé dinh —

nxXp
q

NGoAr ra, mot s6 dic diém khéc ctia khdi da dién déu ciing dugc quan tdm nhu s6 truc d6i
xting, g6c nhi dién gitta hai mit ké, gc & tdAm mat cdu ngoai tiép chan boi mot canh, thé tich, ban
kinh khdi cau ngoai tiép. Ching han, khéi ti dién déu c¢6 3 truc ddi xing 1a céc duong di qua
trung diém ctia hai canh ddi dién; khéi lap phuong c6 9 truc d6i xting bao gdm: 3 duong di qua
tdm hai mat d6i dién, 6 dudng di qua trung diém ctia hai canh d6i dién; khéi bat dién déu ciing
€6 9 truc ddi xting bao gdm: 3 dudng di qua hai dinh déi dién, 6 duong di qua trung diém cua
hai canh déi dién. Viéc dém s6 truc dbi xting ctia khdi mudi hai (thap nhi) mat déu va hai muoi
(nhi thap) mat déu phtic tap va kho hinh dung hon nhiéu nén cudn sach nay khong dé cap & day.

Dinh nghia 1.1.8: Nhi dién va g6c nhi dién

Nhi dién 1a hinh hgp béi hai nita mat phang c6 chung bd 1a gia tuyén cta ching.
Cho nhi dién (P) va (Q) c6 giao tuyén d. Tu I € (P)vaJ € (Q) v6i I,J ¢ d ha
ITH1d; JK 1dthigoéc (HI, KJ)goilagoécnhidién [(P),d, (Q)].

Nhu vay, s6 do géc nhi dién ¢6 thé tit va bang hodc but véi s6 do goc gitta (P) va (Q).

Goi « 1a géc phing nhi dién tao béi mot canh bat ky
ctia khdi da dién déu va hai matbén ké véi canh do6, 8
1a goc & tam khoi cau ngoai tiép cua da dién (c6 ban
kinh R) chdn bdi moét canh bat ky (xem Hinh 1.1).
Néu ndm dugc sd do cac gbc nay thi ta c6 thé dé
dang tinh toan dugc cac yéu td khac ctia khéi da dién.
Bang dudi day chi ra mot s6 didc diém co ban khac
cta cac khoi da dién déu bao gom sb do cac goc o va
3. Chi tiét xem thém tai [4].

Hinh 1.1: Géc nhi dién va géc ¢ tam ctia da dién déu

Khbi da dién déu Dién tich Thé tich Go6c nhi dién | Géc & tAm cau
canh 1 mot mat mot canh: o | chdn 1 canh: 8

S V3 V2 1 1

T 5 ié d/\ _— _ = — = ——

1 dién déu 7 12 CoS « 3 cos 3 if

Lap phuong 1 1 o= g cosf3 = —3

iy 1A A V3 V2 1 T

Bat dién déu = - cosa = — \gf 8= §\f

. 1 1 5 5

Mudi hai mat déu 1\/ 25 + 10v/5 1 (15 + 7\/5) cosa = ~ & cos 3 = =

Hai muoi mit déu \f % (3+V5) | cosa = —\f cos 3 = \f

16
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1.1.4 Bai tdp dp dung

17
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Thé tich khéi da dién

Muc NAY cudn sich gidi thiéu véi doc gia phuong phap tiép
can moi trong viéc tinh thé tich khdi chép va khéi lang tru ma
déi v4i nhitng hoc sinh han ché vé tudng tuong hinh khong gian
van c6 thé dé dang van dung dugc. Dé 1am dugc diéu nay, hoc
sinh trudc hét phai “biét vé hinh” (lam cht hinh vé) va xac dinh

dugc cac yéu t6 co ban ctia hinh. O day ta ky hiéu Ry 1a ban kinh dudng

tron ngoai tiép ddy ctia céc khdi chép

. . PR . R . . . _. hodc lang try, S(ABC) la dién tich tam

DAc B1fT, doi v6i hinh thire thi va lam bai trac nghiém thi ngoai gisc ABC va cac quy wéc vé do dai canh,

yéu t6 ndm r6 phuong phép giai toan hoc sinh cdn phai tinh toadn 410ng cao dudng trung tuyén, nta chu

j B - A ~ T PR B vilan luotla a, b, ¢, ha, mq, pnhu thong

nhanh ra dap s6. Chinh vi vay, nhitng yéu to c6 tinh chat quen e,
thuoc, ldp lai nhiéu lan trong qud trinh gidi bai nén dugc hoc

thudc mot cach hé thong.

1.2.1 Lam chii hinh vé khoi chép va ling tru

LAM CHU PAY

Déy 1a tam gidc ddc biét: Tom tit ddc diém co ban

Tam gidc déu canh bang a Tam gidc vudng can canh bén bang a
Canh huyén: v/2a.

3
Duong cao: > a. 1
Dién tich: ~a?.

oo V3
D}en tld}“ T Ban kinh duong ¢ 22
Bén kinh duong a A, tron  ngoai  tiép:
tron ngoai  tiép: g V2
V3 fla =50 —
4=g0 :

Tam ngoai tiép 1a trung diém canh huyén
Tam ngoai tiep ciing 1a trong tam. (chung cho moi tam gidc vudng).

Tam giac vudng c6 géc bang 60°
.2

2a

V3a

V3a
3
R4 = a; dudng cao = %; dién tich: \4[a2.

1
Dién tich = 5\/§a2; R4 = a.

18
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Day 1a tir gidc dic biét: Tom tit dic diém co ban

D4y la hinh vudng

a

o[

Dién tich = a?; Rq =

DAy 1a hinh thoi c6 géc 60°

a

Puong chéo ngén = a.
Duong chéo dai = V3a.

1
Dién tich = itich hai duong chéo = \fa .

Khoéng c6 duong tron ngoai tiép.

2

Day 1a hinh chir nhat
b
a
1
Dién tich = ab; Rg = 5\/ a? + b2

Tam dudng tron ngoai tiép la tam ddy.

D4y 1a hinh thang vudng c6 d4y 16n gap 2
ddy nho va duong cao

[

3
Dién tich = iag. Hinh ghép bdi hinh vuong
va tam giadc vuong can. Khong c6 duong
tron ngoai tiép.

Hé thic lugng trong tam gidc

Tam gidc vudng
A

B H C
BH BA?
_ 2 e R
BH.BC = BA® = BC — BCT
1 n 1
AH? AB?2  AC?
AH.BC = AB.AC = 2S(ABC).
tanB—A—C— i CosB—A—B V.V.
~ AB BH’ - BC' T

Tam gidc thuong

b2 + 2 —a?
A= o Al
cos e im

a b c

= = = 2 .
sind sinB sinC Fa

S(ABC) = %bcsinA = %a.ha
=plp—a)(p—b)(p—c) =pr.

19
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NGoAI rA, trong mot sb it truong hop ta gdp phai déy 1a hinh binh hanh hodc nira luc gidc déu.
Khi d6, mot s6 ddc diém quan trong ctia cac hinh nay ciing can dugc ghi nhd.

D4y 1a hinh binh hanh hoic ntra luc gidc déu

Hinh binh hanh biét géc-canh-géc Nira luc gidc déu hay hinh thang can

Dién tich = absin o, & day o # 90°.
Khong c¢6 duong tron ngoai tiép.

Puong chéo ngén = Va2 + b2 — 2abcos a.
Pudng chéo dai = Va2 + b2 + 2bccos a.

Dién tich = ?’fa% R4 = a.

Hinh dugc ghép boi 3 tam giac déu va
dudng tron ngoai tiép nhan day lon la
duong kinh.

LAM CHU PUONG CAO

Kudb1 cuér vA LANG TRU ban chit nhu nhau trong qud trinh vé hinh cting nhu tinh toan.
Chéng han, cho ling tru ABC.A’B’C’ ¢6 hinh chiéu ctia A’ 1én mit phing (ABC) 1a H (tai vi tri
nao do6 trén day ma bai toan cho biét trude). Khi d6, ta chi can lam viéc v6i hinh chép A’ ABC
1a da dé tinh todn moi thong sb cta hinh lang tru ABC.A’B’'C’. Do d6, hoc sinh chi cdn ndm
chéc céc truong hop xéac dinh duong cao déi véi hinh chép (xem Hinh 1.2).

A/
_—
A A
C
B

Mot s6 iT TRUGNG HY P, bai todn khong cho chinh xdc vi tri chan dudng cao H ngay tir dau,
ta chi can goi H 1a mot vi tri nao d6 dudi day dé tir d6 khai thac cac thong tin vé H dya vao céc
gia thiét. Nhitng bai todn dang nay dugc xép vao bai toan muc dd van dung trd 1én.

A C’

Hinh 1.2: Quy hinh ling tru vé hinh chép
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DA s6 TRUUNG HPP bai toan cho thong tin vé dudng cao ctia khéi chép (ldng tru) ma déu ¢
thé roi vao mot trong bén trudng hop dudi day.

B6n truong hgp co ban xdc dinh

Canh bén vuodng géc véi day Hai mat cuing vudng goéc vdi day
Chéng han: S.ABCD ¢6 SAL(ABCD) Chéanghan: S.ABC ¢6 (SIA),(SIB)L(ABC)
S v6i I 1a diém xac dinh truée
S

DT €0 c%ﬁnh la Cz;mh\bén. Dudng cao 1a giao tuyén SI cua hai mit
Décbiét: Khoi lang tru deu lalang tru ding nay.
va déy la da gidc déu.

Mot mit vudng véi ddy Canh bén bing nhau
Chéng han: S.ABCD c6 (SAB)L(ABCD) | Chang han: S.ABC ¢6 SA =SB = SC.
S

Duong cao chép chinh 1a duong cao tir S
dén AB cua tam giac SAB.

Dic biét: Néu ASAB can tai S thi H la
trung diém AB.

Chan dudng cao trung véi tdm duong tron
ngoai tiép O cua day.

Décbiét: Néu thém diéu kién day la da giac
déu ta c6 khbi chép deu.
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XAC PINH GOC CO BAN VA KHOANG CACH CO BAN

Go6c vA kHOANG cAcH trong khong gian sé duoc trinh bay sau hon trong muc 1.3. Tuy nhién,
dé hd trg cac tinh toan lién quan trong cac bai toan tinh thé tich khdi da dién, muc nay sé trinh
bay nhitng khai niém co ban va cach xac dinh géc cling nhu khoang cach trong truong hop don
gian nhat.

Dinh nghia 1.2.1: Dinh nghia géc gitta dudng v6i mit phang va géc giita hai mit phing

Goc gitta dudng thing va mit phing Goc gitta duong thdng d va mit phing (P),
ky hiéu la ¢ = (d,(P)) 1a goc (d,d’) (goc
1\// gitta hai duong d va d') v6i d’ 1a hinh chiéu
ctia d lén (P).

Cdch tinh phé bién: |sinyp = i, () |
/4 d i ) MI

v6i M 1a diém bét ky trén (P) va d(M, (P))
(P) ky hiéu cho khoang céch tt M dén (P). I
1a giao diém cua dudng thdng d v6i mit
phéng (P).

Goc gitta hai mat phang (P) va (Q), ky hiéu
lag = ((P),(Q)), lagécgittadvad véid,d
1an luot 1a hai dudng thdng vudng goc véi
(P) va (Q). Tuy nhién, thuong dung goéc
gitta hai mdt phang nhu hinh bén thay cho
dinh nghia.
Cdch tinh pho bién: 1Lay diém M bat ky trén
(Q). Chiéu vudng goéc M 1én giao tuyén
cta hai mit phang. Chiéu vuéng géc M H
404 (P)) |
MI

lén (P). Khi d6|sing =

D G10P HOC sINH DE THUC HIEN HON trong cac bai todn tinh thé tich, trudc hét hoc sinh can
ndm virng hai loai géc co ban: géc giita canh bén va ddy va géc giita mdit bén va day. O muc
trén, hoc sinh da lam chu dugc bon trudng hgp co ban xay ra ctia dudng cao trong mot hinh
chép (tuong tu ddi véi hinh lang tru). Diéu d6 c6 nghia rang ching ta da lam chu dugc vi tri
chan duong cao H ndm trén mit phang day. Vi vay, 4p dung Dinh nghia 1.2.1 ta dé dang xac
dinh duogc hai loai géc co ban nay.

D o1 kH1 ta cling gdp phai mot s bai toan lién quan dén khoang cach 6 mitc do co ban. Khi d6,
dé chu dong trong tinh toan hoc sinh cdn ndm dugc cach xéac dinh khoang cach co ban nhét.
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Hai loai géc co ban

Goc giira canh bén (canh xién) va day

AL

Tir chan duong cao H ndi vdi giao ctia canh
bén (canh xién) véi ddy.

Chédng han, géc (SA4, (day)) = SAH.

Goc gitta mat bén (mat xién) va day
S

>

B

Tt chan duong cao H ké HI vudng géc voi
giao tuyén cua mat bén (mit xién) voi day.
Chéng han, géc ((SAB), (day)) = SIH.

Xdc dinh khoang cach co ban

Khoang cich tir chan dudng cao dén mit
xién

S

Tt H ké HI vudng goc véi giao tuyén.
Tt H ké HK vuong goc véi S1.
Khi d6, d(H, (SAB)) = HK.

. . 1 1
Céch tinh: FiE + 7k

HEKZ?

Dich chuyén khoang cich

Muén chuyén khoang cach dys = d(
sang dy = d(N, («a)) — ndi M N:
Néu M N || (Oz) = Cl]\/[ = dN (11)

M, (a))

o i IM (12).
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SAU KHI LAM CHU ddy va duong cao cia mot khoi chép hay lang
tru thi viéc tinh thé tich cua khdi chép hay lang tru d6 trd nén
hét sttc don gian. D6i véi bai toan cho biét Ct goc gitta canh bén va
déay hodc mat bén va déy lan lugtla ¢ = SAH hosc p = STH thi
chiéu cao h ctia khoi chop (hodc lang tru) thuong dugc tinh theo
cac gia tri luong gidc ctia . Chang han

[h = HA.tanp hodc h = HI.tangp]

Dudi day, cudn sach sé minh hoa chi tiét cho cac dang toan
thuong gip trong céc ky thi THPT Qudc gia.

1.2.2  Tinh thé tich khéi chép

TuE TicH clia mot khéi da dién 1a dai lugng dung dé do phan
khong gian bén trong khéi da dién d6, thuong ky hiéula V. O
chuong trinh THCS hoc sinh da dugc lam quen véi thé tich mot
s6 khéi da dién dic biét nhu:

* Vinsi lap phuong canha = @

® Vihéi hop chit nhat kich thudc a, b, ¢ = a0C.

Trong chuong trinh THPT, chiing ta tiép tuc dugc hoc vé thé tich
cta cac khdi chop, khéi lang tru va mot s6 khoi da dién khéc.

Thé tich khbi chép

S

Thé tich khéi chép dugc tinh bing % tich cta
dién tich ddy va chiéu cao khoi chép do.

Ta ky hiéu Sg;y la dién tich day ctia khoi chop,
h 1a d6 dai dudng cao ctia khoi chép. Ta co:

1
V = SSas-h (1.3)
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Vi du 1.2.1: Canh bén vudng d4y biét géc ctia canh bén véi day

Cho hinh chép S.ABCD c¢6 déy la hinh chit nhat, AB = a, BC' = 2a, SAL(ABCD). Biét
goc gitra SC va day 1a 60°, tinh theo a thé tich ctia khdi chép S.ABCD.

Coi a la don vi d6 dai, do d6 ta chi tinh toan
v6i cac hé s ctia d6 dai cac doan thang.

Ta c6 A la chan dudng cao ctia hinh chép
nén géc giita SC va ddy bing SCA = 60°.
Vay h = SA = AC'tan60° = AC.\/3 = /15
(do AC = V12 + 22 = /5).

C6 Sqay = AB.BC = 2.

Do dé6

2v/15
3

1 3
V = g'SdéY'h = a.

Vi du 1.2.2: Canh bén vudng ddy biét géc cia mit bén véi ddy

Cho hinh chép S.ABC c6 tam gidc ABC déu canh a va SAL(ABC). Biét goc gitrta mat
phdng (SBC) va day la 60°, tinh theo a thé tich khéi chép S.ABC.

Do A la chan dudng cao ctia hinh chép nén
ké AILBC thi STA la géc gitta mit phing 5
(SBC) va (ABC). Vay STA = 60°.

Tam gidc ABC déu canh a nén I 1a trung

diém ctia BC, do d6 AI = \fa.

Tam giac SAI vudng tai A nén

SA = Al tan60° = ‘fa.\/ﬁ = ga
Vay
Saay-SA

3
98— @a:%_
2 8

Vsapc =

Wl Wl
N\
S
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Vi du 1.2.3: Hai mat bén cung vudng véi day

Cho hinh chép S.ABC c6 ABC 1a tam gidc vudng tai B véi AB = a, BAC = 60°. Hai mit
phing (SAB) va (SAC) cung vudng goc véi mat phang (ABC). Biét goc gitra (SBC') va
day bang 45°, tinh theo a thé tich cua khdi chép S.ABC.

Do hai mit phéng (SAB) va (SAC) cung S
vudng goc véi mit phing (ABC) nén
SAL(ABCD).

Tt A ké vudng goc voi BC roi vao B nén
SBAla goc gitra (SBC) va ddy.

Vay SBA = 45°.

Tinh dugc SA = BAtan45° = a.

Day ABC 6 Sgzy = ‘fa?.
Vay
1
V= f.ﬁ.la?’ = éag.
372 6

Vi du 1.2.4: Hai mat chéo cuing vudng véi ddy

Cho hinh chép S.ABCD c6 déy la hinh thoi canh a, ABC = 60°. Goi H la trung diém cta
AB, hai mit phdng (SHC) va (SHD) ciing vudng goc v6i (ABCD). Biét khoang cach tu
A dén (SBC) bang Za. Tinh theo a thé tich ctia khéi chép S.ABCD.

bay 1a hinh thoi 60° nén Sgsy = \fcﬂ.

Theo quy tic chuyén khoang céch:
d(A,(SBC)) = 2d(H,(SBC)) (do H la
trung diém AB). Vay d(H, (SBC)) = %a.
H 1a chan duong cao nén

d(H, (SBC)) = HK — %a.

1 3
Mt khac HI — ~AM — *4[.
) 1 1 1
Apd _
P aNg Fre Hr t s
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Vi du 1.2.5: Mt bén vudng véi ddy

Cho hinh chép S.ABCD c6 ABCD la hinh thang vuong tai Ava B, AD = 2AB = 2BC =
2a. Tam gidc SAB déu va ndm trong mit phing vudng géc véi day. Tinh thé tich ctia
khéi chép S.ABCD theo a.

Tam gidc SAB déu va ndm trong mit phang vudng véi ddy nén chan dudng cao H cta
hinh chép 1a trung diém AB.

Vay SH = \éga.
Theo muc 1.2.1 ta c6
Sdéy = gaQ.
. 133,
Vay Vs aBcp = 55-7(1
V3 s
= —a°.
4

Vi du 1.2.6: Midt chéo vudng véi day

Cho hinh chép S.ABC D va déy 1a hinh vuong canh a. Tam giac SAC vudng tai S va nam
trong mit phéng vuong goc véi ddy. Goc gitta SA va day bang 60°. Tinh thé tich khoi
chép S.ABCD theo a.

Mit phéng (SAC) vudng véi ddy nén chan

duong cao H ctuia hinh chép thudc AC.

Theo muc 1.2.1, goc gitta SA va ddy la goc

SAH = 60°.

Ciing theo muc 1.2.1, tam gidc vuong SAC
) 1 V2

c6 AH = ZAC =4

Vay SH = AH tan 60° = \fa

-
N o

1
=V = ngéy.SH = a3.
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Vi du 1.2.7: Canh bén bang nhau

Cho hinh chép S.ABC ¢6 SA = SB = SC = 2a. Tam gidc ABC can tai A c6 BAC = 120°
va AB = a. Tinh thé tich ctaa khéi ch6p S.ABC theo a.

Do canh bén bang nhau nén chan duong g
cao H ctia hinh chép 1a tam ngoai tiép tam
gidc ABC.

Tam gidc ABC can c6 goc & dinh bang 120°
nén Rg = a va Sgzy = *fa?

Theo Pi-ta-go ta c6

SH:MSAQ—R%:\@CL.

Vay

Vi du 1.2.8: Khoi chép déu

Tinh theo a thé tich khéi chép déu S.ABCD c6 tat ca cac canh béang a.

Hinh chép déu ¢6 SO la duong cao, trong
dé O la tam day.

Do tat ca cac canh déu bang a nén tam giac
SAC vuoéng can tai S do c6 AC = v/2a va
SA=5C=a.

1 2
Vay SO = JAC = \ga.
Hién nhién Saay = la?.

1 2 2
Do dé V= 5.1.7(13 = ?a?’.
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Vi du 1.2.9: Biét vi tri chdn dudng cao cho trudc

Cho hinh chép S.ABCD ¢ AB || CD va AB = 2CD = 2AD = 2a, BAD = 60°. Goi O
1a trung diém ctia AB, hinh chiéu vudng géc cta S trén mp(ABC D) 1a trung diém ctia
DO. Biét goc gitta SB va mit phing (SAC) bang 30°. Tinh thé tich khéi chép S.ABCD.

Tir gia thiét thay day ABCD 1a hinh thang
can nira luc gidec déu nhu trong muc 1.2.1.

Do d6 Sasy = 3\—fa2, AC = +/3a va

4
ACLBC.
Goi H la trung diém ctua DO thi H cling

1a trung diém cta AC. Theo gia thiét
SHL(ABCD).

C6 BCLACma BCLSH (do SHL(ABCD)
nén BCL(SAC). Vay C la hinh chiéu cta
B lén (SAC), do d6 gbc gitta SB va mit
phing (SAC) 1a BSC. Suy ra BSC = 30°.
C6 SC = BC.cot BSC = 1.v/3a = /3a.

C6 SH =+/SC? - HC? = ga.

Vi du 1.2.10: Chan dudng cao 1a tim dudng tron néi tiép day

Cho hinh chép S.ABC ¢6 AB = 3, AC = 5, BC' = 6. Cac mdt bén ctia hinh chép clung
tao voi ddy mot goc 60°. Tinh thé tich khéi chép S.ABC biét chan dudng cao ha tir dinh
S ndm & mién trong cua tam giac ABC.

Huéng dan
Goi H la chan dudng cao cta hinh Ch(’)p 1 2 V1. 2[ \ﬁ 8v/3
trén day va I, K, L lan lugt 1a hinh chiéu 3

cta H 1én AB, BC,CA. Khi d6, theo muc
12.1¢6 STH = SKH = SLH = 60°.

Dé thay céac tam gidc vuong STH, SIK, SIL
bing nhaunén HI = HK = HL = r, v6i
r 1a ban kinh dudng tron noi tiép tam giac
ABC. Pitp = (345 +6)/2

= Sasy = vVP(p —3)(p—5)(p — 6) = 2V14.

o= = Q‘ﬁ = SH =2v3.V/14/7

p
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Vi du 1.2.11: Tinh d¢ dai dudng cao bang lap phuong trinh

Cho hinh chép S.ABC c6 ABC la tam giac vudng tai B, BC = 3a, canhbén SA1(ABC).
Biét SB va SC tao v6i ddy cac goc c6 s6 do 1an luot 1a 45° va 30°. Tinh thé tich cua khoi
chép S.ABC theo a.

Do SAL(ABC) nén SBA, SCAlanluotla | S
goc gitta SB va SC véi day.

Ddt SA = h,suy ra AB = h.cot45° = h;
AC = h.cot30° = h\/3. h
Do tam gidc ABC vudng tai B nén c6
AB? + BC? = AC? & I* + 94> = 30° | 4

3v2
<:>h: TCL.

1 9
Vﬁy VS.ABC = ESA.AB.BC = 1(12

Vi du 1.2.12: Tinh kich thudc ddy bang lap phuong trinh

Cho hinh chép déu S.ABCD c¢6 canh bén bang 2a, canh déy 16n hon canh bén. Goi O 1a

tam duong tron ngoai tiép hinh vuong ABCD. Biét khoang céch tir A dén mit phang
. 2 3 <

(SCD) bang \3./6@. Tinh the tich khoi chép S.ABCD theo a.

Goi = va h 1a do dai canh déy va dudng cao 43 2v/3
R j o . . S x= —h_—(do > 2).
ctia hinh chép, coi a 1a don vi ctia phép do.

_32V3
~ o ¢

Theo ti 1é khodng cach trong muc 1.2.1, Vay Vs apcp = 1
d(A, (SCD)) = 2d(0, (SDC)) .

= d(0, (SCD)) = \f hay OH = \f.
cs L 1 1 3 4° 1

‘omTor o T 2T 2
Trong tam gidc SOD c6 0S? + OD? = 4

= h% + ?_4.

Vay ta c6 hé phuong trinh vy h? 2
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Dinh 1y 1.2.1: M6t s6 cong thirc khac tinh thé tich ti dién

1. Tinh thé tich biét do dai, géc, khoang
cich giita hai canh déi
A

O

3. Tinh géc nhi dién tir géc tam dién
Go6c tam dién A.BCD c6 BAC
BAD = B; CAD = 5.

Goi ¢ la géc nhi dién canh AB ctia hai mat

Q;

phéng (ABC) va ABD.
A
&>
a c

o

2. Tinh thé tich biét dién tich hai mit
bén, géc nhi dién va do dai giao tuyén ctia
ching

A

C
vV = ESABC-SABD- sin((ABC), (ABD))
3 AB
(1.5)
Ta c6
€087y — Cos . cos 3
CosP = sin «v. sin 3 (L.6)

Tinh thé tich biét s6 do géc tam dién va do
dai ba canh

Cho ttr dién ABCD ¢6 BAC = q;

BAD = 8; CAD = .

Goi ¢ la géc nhi dién canh AB cta hai mat
phdng (ABC) va ABD thi ¢ dugc tinh boi
cong thuc (1.6).

Ap dung cong thitc (1.5) ta duge cong thirc
thé tich ctia khoi t dién:

1
[V = Eabc. sin . sin /3. sin ¢ (1'7)]

hoac

abc

V= F\/1 — cos? o« — cos? B — cos? ¥ + 2 cos acos 3 cos y (1.8)]

D3c biét, néu goc tam dién vuodng (tic o = 8 = v = 90°) thi

V = —abe.| (1.9)

6
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CHUNG MINH CONG THUC (1.4):

Dung E sao cho BCDFE la hinh binh hanh, ta c6
Vapep = Vappe vad(AB,CD) = d(D, (ABE)).

1
Co VABDE = gSABE'd(Da (ABE)) theo (13)

Mait khac, Sagg = %AB.BE. sin ABE
= %AB.CD.sin(AB,CD).
1
Vay Vagcp = AB.CD.d(AB,CD).sin(AB,CD)

CHUNG MINH CONG THUC (1.5):

Goi H la hinh chiéu ctia D 1én mit phang (ABC)
va I 1a hinh chiéu ctia H 1én AB thi

DIH = ((ABC),(ABD)) = a. K3
Tacé Vapep = =Sapc.DH = gSABC‘DI- sin a.

QSABD . QSABc.SABD.SinOé

Ma DI = 1B .Vay V = SAB

N

CHUNG MINH cONG THUC (1.6):

Xét goc tam dién Azyz véi cac sd do a, 3,~ khac
90° nhu hinh vé.

Trén tia Ax lay diém I sao cho AT = 1. Tu I ké
IK,IL cuingvudng gbc véi Ax tai I (xem hinh bén).
Khi d6 ¢ = LIK 1a géc nhi dién canh Az ctia géc
tam dién.

Tacd IK =tana; IL = tan (3;

AK:L;AL: .
CoS « cos 3

Theo dinh 1y ham s Cosin cho tam gidc AKL ta
cO:
KIL? = AK? + AL? — 2AK.AL.cos".
1 1 2cosvy
= - =1+ tan® l+tan’f — ———
cos? a * cos?2 8 cosacos 3 + atit b cos a cos f3
Theo dinh ly ham s6 Cosin cho tam giac I K L ta c6:

KL? = IK* +IL* = 2IK.IL.cos p = tan” a + tan” § — 2tan a. tan 8. cos ¢ (2)
Tir (1) va (2) suy ra 1 — cosy _SlIIOlenﬁCOS(p'

cosacosfB cos a cos 3
COS Y — COS (¥ COS (3

2cosy

(1)

Do dé cos p =

sinasin B . Cong thuc van ding khi a hodc 5 bang 90°.

Cong thuc (1.8) dugc suy ra tir cong thirc (1.6) va (1.7) bang cach thay sinz boi V1 — cos? z.
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Vi du 1.2.13: Tt dién c¢6 do dai hai canh d6i, khoang cich va géc giira ching

Cho ti dién ABCD ¢6 AB = 2a,CD = 5a. Biét goc gitra hai duong thing AB va CD
béng 60° va khoang céch gitta chiing bang 3a. Tinh thé tich ti dién ABCD theo a.

Huéng dan

Ap dung cong thitc (1.4) ta c6

1
V= 6.2.5.3.sin60° 3= 5‘2@(13.

Cho t dién ABC'D ¢6 cac tam gidc ABC va ABD déu canh a va hgp véi nhau mot goc
45°. Tinh theo a thé tich t dién trén.

Huéng dan

Ap dung cong thic (1.5) ta c6

v

_ 2.SABc.SABD.SiI’145O _ 2??@ 3 ﬁ 3
3.AB 3.1 16

Cho t&r dién ABCD c6 BAC = 90°, BAD = 45°, CAD = 60° va AB = a, AC = 2a,
AD = 3a. Tinh thé tich t& dién trén theo a.

Céach 1: Ap dung cong thic (1.8),

1 1
V= 61.2.3.\/1 — €082 90° — cos2 45° — cos? 60° + 2 cos 90° cos 45° cos 60°a> = §a3.
Caéch 2: Goi ¢ la g6c nhi dién canh AD cuta t dién ABCD, theo (1.6) c6

cos 90° — cos 45° cos 60° ﬁ = sino — @
sind5°sin60° 3 L

cos p =

p 1 1
Ap dung cong thiie (1.7) c6 V = £1.2.3. sin 457 sin 60° sin pad = §a3.
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Ciach 3: Goi H 1a hinh chiéu ctia D
léen (ABC), K, L lan luot 1a hinh
chiéu cta H 1én AC, AB.

Ta ¢c6 DH? = DK? — HK? (1);
DH? = DL? — HL? (2);

DH? = DA? — HA? (3).

Cong (1) v6i (2) va trir (3) duoc
DH? = DK? + DL? — DA?

(chay HA? = HK? + HL?).

Ma DK = DAsin60° = %a;

2
2
DL = DAsin45° = 3\2[a.

27 18 9a? 3 1 1
2 = _— _—— 2: _— = — 2 = — = — 3
= Z)H = (4 + 4 9> a 4 = DH 2a. -Vf:}yv 3~SABC-DH 2& .

Thé tich cuaa ti dién gan déu

Tt dién ¢6 céc cdp canh ddi bang nhau dugc goi 1a tir dién gan déu. Cho ti dién gan déu
ABCD v6i AB = CD = ¢; AC = BD = b; AD = BC = a thi luén dung dugc mot hinh
hop chir nhat sao ngoai tiép ti dién ABC D nhu hinh sau.

D
Goi z, y, z 1an lugt 1a céc kich thude ctua hinh hop chit nhét, ta c6
5 a? + 2 — b?
z2 + y% = a? = T
a’? +b? — 2 N 1 1
y2 4 = = y2 =——  —  .Vay|Vapcp = thQP = gacyz - (1.10)
22+ 22 =¢> 2_b2+c%—a2

* 2
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Vi du1.2.16

Cho ta dién ABCD ¢c6 AB =CD =4, AC = BD =5, AD = BC = 6. Tinh khodng cach
tir A dén mit phang (DCB).

Goi z, y, z 1a kich thudc hinh hop chit nhat ngoai tiép ta dién gan déu ABCD, ta c6:

22 +y? =16
s o 3v6 V10 3v10 156
Yy +2°=25 Sr=——y=——32=——=Vapop = ——.
2 2 2 4
2>+ 2% =36
. . 4+5+6 157
Lai c6 Spep = \/p(p —4)(p—>5)(p—6) véip = — suy ra Spop = 1
_ 3VaBcD 3v42

Vay d(4, (BCD)) = Z1090 = 2

MO&T TG DIEN PAC BIET KHAC ta thudng gdp trong cac bai toan lién quan dén thé tich ctia khéi
choép, d6 1a ta dién vuong hay goc tam dign vudéng. Viéc ndm duogc céc tinh chat ctia né sé gitp ta
tim ra 10i giadi nhanh hon rat nhiéu so v6i viéc dung lai cac tinh chat tir dau. Cac tinh chat ctia
né dugc chi ra dudi day.

Goc tam dién vudng va tinh chét

Hinh chép OABC ¢6 cac canh OA, OB, OC d6i mot vuong géc thi OABC duoc goi la
goc tam dign vudng.
Dit OA = a;0B = b; OC = ¢, taluu y cac tinh chat sau ctia khéi tir dién nay.

1
e Voapc = gabc.

SiBc = Séap + Sdsc + Sooa-

1 1 1 L.

H 1a hinh chiéu cta O 1én mp(ABC) khi
va chi khi H 1a truc tam tam gidc ABC.
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Cho hinh chép S.ABCD c6 déy la hinh chir nhat, SAL(ABCD), AB = a, AD = 2a. Biét
khoang cach tir A dén mit phang (SBD) bang \fa. Tinh thé tich khéi chép S.ABCD.

Goi h = SA,d=d(A,(SBD)). Coi a la don vi do ctia hinh.
Ap dung cong thtc tinh chat ctia g6c tam dién vuong A.SBD ta c6

el L Ll L g DS
d2  h?  AB?  AD? A2 172" 11
2v3 1 _2v3 43
Véyh:\?)[-DOdéVS.ABCDZ?)-?-\g[: \gfa?)_

TuE ticH kHO1 cHOP cyT cling dugc trinh bay dudi day.

Thé tich khéi chép cut

Cho khéi chép cut AjAs...A, A AL Al
(xem dinh nghia trong [2]).

Goi h la duong cao cua khdi chép cut
(khoang cach hai ddy).

51,99 1an lugt 1a dién tich hai day. Ta c6

1
V = gh (Sl + kY4 5152 + SQ) (1.11)

Chi y: Goi S 1la dinh hinh chép sinh
boi chép cut. Khi d6 A;1A4s...A, 1la anh
caa AjA,.. A, qua phép vi tu tdm S

. A .
ti 6 k = SAT Vi = 1,2,..,n. Vay
1
Vsajay.a, = 13V5.4:149..4, DO
do V. = Vsaa,.a, — Vsayay. ., hay
3 1
V=& -1)Vsaa.a =1- yE; Vs a1 4,...4, (1.12)
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Vidu1.2.18

Cho hinh chép S.ABCDE c6 thé tich bing 12. Goi A’ 1a diém thudc SA sao cho SA" =
%SA. Mit phdng qua A’ va song song v6i mit phang (ABCDE) cat SB, SC, SD, SE lan
lugt tai B, C’, D', E'. Tinh thé tich khéi chép cut A’B'C'D'E'. ABCDE.

Huéng dan

Do A'B'C'D'E’ 1a anh ctia ABCDE qua S
< 1 A
phép vi tu tam S tiso k = 3 nén ap dung SN
cong thuc (1.12) ta co:
1 26 104
V=|(1-=)V =Z12=",
< k3> S.ABCDE = 5 9
Vi du 1.2.19

Cho lang tru tam gidc déu ABC.A'B'C’ c6 tat ca cac canh bang a. Goi M, N lan luot la
trung diém cta A’B’ va BC. Mt phéng (AMN) cdt B'C’ tai P. Tinh thé tich khéi da
dién ABN M B’P theo a.

Huéng dan

Ta thdy AN, BB', NP dong quy theo dinh ly vé 3 L C
giao tuyén cta 3 mt phdng (hodc dong quy, hodc M
song song). Do d6 ABN.M B'P 1a mot hinh chép
cut. a B
1 3
C6 Sapn = §SABC = \8[&2-
MB' 1 1 3
Co :7:>SMB,P:7$ABN:£CL2. a
B 2 1 32 S I U

Theo cong thic (1.11) ta co: AR C
vl (V3. V8, [VBVBY 5 TV ; N

3 8 32 8 32 96 =
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1.2.3 Bai tdp dp dung
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1.2.4  Thé tich khoi ling tru

TroNG Myc 1.2.1 trong Hinh 1.2 da chi ra ring
lam viéc véi khéi ling tru tuong duong véi giai
bai toan hinh chép, trong dé day chép la mot day
ABCD... cua lang tru con dinh chép 1a mot trong
cac dinh A’, B’ hodc C’ v.v... . Viéc chon dinh nay
phu thudc vao thong tin vé dudng cao cua khoi
lang tru. Chdng han, néu bai cho hinh chiéu cta
A’ thi ta lam viéc véi khoi chép A’ ABCD.... Mot
khi x4c dinh dugc ddy va dudng cao ctia khéi ling
try, thé tich ctia n6 dugc tinh bdi cong thirc

V = Saay-h (1.13)

Trong d6 Sgsy 1a dién tich mot ddy ctia khoi lang
tru, h 1a d¢ dai dudng cao ctia lang tru.

Cho lang tru ding ABC.A'B'C’ ¢6 day la tam gidc déu canh a, géc gitta mit phing
(A’BC) va déay béng 60°. Tinh thé tich ctia ling tru.

Dé bai cho goc gitra (4’BC) va ddy nén ta

chi can tinh toén trén hinh chép A’.ABC.

Ké AM1BC (M la trung diém BC) thi

A'MA 1a géc gitta (A'BC) va ddy, suy ra

A'MA = 60°.

Co AA" = AM tan60° = \f.ﬁa = ga,
3

vay h = 2%

Ap dung cong thitc (1.13) thé tich c6
Vi3, 33,
= = ? .

Cﬂ

Cho khéi ling tru ABCD.A'B'C'D’ ¢6 day la hinh thoi canh a va BAD = 60°. Hinh
chiéu vudng goc ctia A’ 1én mit phdng (ABC D) trung vdi trong tdm ctia tam giac ABD.
Biét goc gitta AA’ va day bang 45°. Tinh thé tich cta khéi ling tru da cho.
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Pé bai cho hinh chiéu ctia A’ nén ta chi can

xét hinh chép A’ ABCD. A
C6 ABCD la hinh thoi ddc biét, theo muc
. V3 4
1.2.1 ¢6 Saay = =
Tam gidc ABD déu canh a nén AG = \/fa.
Goc gitrta AA’ v6i day bang AAG,
do d6 = A’AG = 45°.
Vay A'G = AG tan45° = \gga = h= \gga.

Ap dung cong thirc (1.13) ta 6

Cho hinh ling tru ABCD.A'B'C'D’ ¢6 déy la hinh chit nhat véi AB = 2, BC' = 5. Biét
AA" = 3 va gobc gitta hai mdt phdng (AA'B'B), AA'D'D véi déy lan lugt 1a 45° va 60°.
Tinh thé tich khéi ling tru ABCD.A'B'C'D'.

Huéng dan

Goi H 1a hinh chiéu cta A’ 1én (ABCD). Tu
H ké HI, HK lan lugt vudng goc véi AB
va AD. Thi gbc goc gitta hai mdt phing Al
(AA'B'B), AAD'D v6i déy lan luot la
A'TH va AAKH. Do d6 A/IH = 45° va
A'KH = 60°.
bit AAH = h, tacé: HI = hcotdb® = h;
h
HK = hcot60° = 7
Do AK HI la hinh chit nhit nén
4
AH?=HK?+ HI* = gh?.
4
Laic6d AA? = A/H?>+ HA? = 9 = §h2 L

2 21
:>h2:77.Véyh:3\7ﬁ.

Vay, thé tich khéi ling tru bang C
Y 3v21  30v21

7 7
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Dic biét: Tinh thé tich lang tru xién theo thiét dién vudng

Cho khoi lang tru A; As... A, A A, AL, c6 Al
do6 dai canh bén bang I. Mot mdt phang
(P) vudng gbc véi cac canh bén cta lang Al
tru cdt khoi lang tru theo thiét dién c6 dién i
tich bang S. Khi d6, thé tich cua khdi ling ,
tru duoc tinh theo cong thic I i

|

|

(V=51 119) AR -

CHUNG MINH:

Gia sit mdt phdng (P) cdt cac canh bén cua hinh
lang tru tai By, Ba, ..., By,

Xét phép tinh tién theo vecto m bién khdi
da dién A;As..A,.B1Bs..B, thanh Kkhdi
da dién AjA,.. A} .B|B,.B], va hon nita
cac diém B, B), ..., B, ndm ngoai cdc canh
ALAL As AL, o AR AL

Theo tinh chéat phép doi hinh, thé tich khéi da dién !
A1A2AnBlBQBn béng thé tich khél da dién
Al Aly.. Al .B] Bb...Bl,. Do d6, thé tich khéi da dién
A1 Ay Ap AL AL Al bang thé tich khéi da dién
B1Bs...B,.B,B)...B..

7
— SR 7
7
7
7

7
7
7
7
7

1
1
_____________71_____

.
i

Ma khéi da dién By By..B,.B| By..B, la lang tru AN pe__ |

dtng c6 dién tich ddy bang S va duong cao bang B AR

1, do dé thé tich duoc tinh boi 2 .
V=81

Vi du 1.2.23: Dé thi THPTQG 2018

Cho khéi lang tru ABC.A'B'C’, khoang céch tir diém C dén dudng thing BB’ bing /5,
khoang cach tir A dén cac duong thdng BB’, CC’ lan lugt 1a 1 va 2. Hinh chiéu vuong

: 5 1 q
goc cuia A lén mat phang (A’'B’'C’) la trung diem M ctia B'C’' va A’M = \/;5 Tinh the

tich khoi lang tru.
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Huéng dan

Ké AB;, AC; lan lugt vuong
goc v6i BB', CC’ thi ¢6 ngay
AA', BB',CC'L(AB;Cy), va do d6
MM'1(ABCy) tai H, trong dé
M’ H 1a trung diém cta BC va
B1Cy.

Ta thay tam gidc AB,C; vudng tai
A theo Pi-ta-go nén

1 V5
AH = ;B1C1 = ~~.

Theo hé thtic luong trong tam giac
vuong M AM’ c6

Al

1 1 B 1 _%_%_1
AM?  AH? AM? 5 5 5 B!
= AM = /5.

1
Do d6 AA" = A’M2+AM2:,/§+ :2‘/375_
. 2v/1 2v1
Ap dung cong thuac (1.14) ta c6 V4, = Sap,cy -AA' = 1.\2?) = ?

Vi du1.2.24

Cho lang tru ABC.A'B'C’ ¢6 AA’ = 4. Hai mit bén AA'B'B va AA'C'C tao v6i nhau
mot géc 60° 6 dién tich 1an lugt 1a 4 va 8. Tinh thé tich khdi ling tru.

Huéng dan

Ké AB;, ACy lan lugt vudng goc
v6i BB',CC’ thi mit phing
(AB1C1)LAA'. Khi do6 goc
(ABy, ACy) = 60°.

Dién tich Sya'pp =4 = AB; = 1.
Dién tich SAA’C’C =8= AB; =2.
Vay

1
Sap,c, = §ABl.AC1 sin 60° = —.
Ap dung cong thic (1.14):
V= ?.4 = T/,
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1.2.5 Bai tdp dp dung
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1.2.6  Phuong phdp ti so thé tich

Kui tinu THE TicH ctia mot khéi da dién ma n6 chila mot phan
ctia khdi da dién ban dau, o rang ta khong thé ap dung truc tiép
cong thirc tinh thé tich cta chiing do rat khé khan trong viéc xac
dinh day va dudng cao ctia né. Tuy nhién, khéi da dién ban dau
thi lai rat dé dang thuc hién duge diéu d6. Chinh vi vay, chung ta
can tim mbi quan hé (tim ti 1¢) cta thé tich can tinh (khong tinh
truc tiép dugc) véi thé tich ctia khdi da dién ban dau (dé tinh
dugc ngay). Mudn vay, hoc sinh cdn ghi nhé ba dang chuyén déi
thé tich sé duoc trinh bay duéi day.

Dang 1: Céng thirc Simson va mé rong cho chép ti giac

Cong thuic Simson

Cho hinh chép tam gidc S.ABC. Ba diém
A', B',C" khac A bat ky 1an lugt thudc cic
dwong SA,SB,SC. Khi dé ta c¢6

e N Bl

= 1.1
Vs.aBe SA SB SC s

M¢ rong cho chép c6 day la hinh binh
hanh

Cho hinh chép S.ABCD c6 ABCD la hinh
binh hanh. Goi A’, B’,C’ lan luot 1a cac
diém bat ky thudc cic tia SA, SB, SC. Mit
phang (A'B'C") cat SD tai D'

Dit a — SA'b— SB‘C_ SC‘d_ SD
T 8A”T 8B’ SC” T SD
Khi d6 ta c6
* at+c=b+d
Vs aporp a+b+c+d
] = 1.16
Vs.aBcD 4abed ( )
Hinh 1.3: Ti s6 thé tich chép ti gidc
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CHUNG MINH CONG THUC (1.15):
1 11
Co VSA’B’C’D’ = gSSA’B’~d(C/7 (SA/B/)) = g SA'.SB'. Sll’lA/SB/ d(C/, (SA/B/))

Ma sin A'SB’ = sin ASB, d(C',(SA'B')) = d(C",(SAB)) do
A', B’ cuing nam trong tam giac SAB.

M \

Theo tiéu muc ti s6 khoang céch trong muc 1.2.1,
d(C’,(SAB))  SC'
d(C,(SAB)) — SC°
Matkhc Vs apc = 3 Ssap-d(C, (SAB)) = éSA.SB. sin ASB.d(C, (SAB)).
Vswmer  SALSB' d(C',(SAB))  SA'.SB.SC'
Veasc  SASB d(C,(SAB)) ~ SA.SB.SC

Vay

CHUNG MINH cONG THU C (1.16):

—— —
Vé6i cackliigt a,b,c, d_El’_l)u’ bai toan ta cé SA = aSA’ S@ =aSB’;
SC = aSC’; ﬁ =aSD'. Hdn nira, dat 50 = kS1.
Do O la trung diém AC nén SA + @ — 250

= aS4 +¢5C" = 250 = 2151 (xem Hinh 13).

7—% 7
VayST} 2kSA +2kSC

Vi A',I,C’ thing hang nén % + i =1=a+c=2k.
Chting minh hoan toan tuong tu ta duoc b + d = 2k.
Vaya+c=0b+d.
Ap dung cong thitc (1.15) cho khéi chép S.ABC ta c6
Voape _ SA" SB" SC" 1 117).

Vs ABC SA SB SC ~ abc

Tuong tu cho khéi chép S.ADC ta c6

Vsape 1 g
) S.ADC adc
Ma Vs apc = Vs.apc = §VS.ABCD (1.19).

1 1\ V.
Tit(1.17), (1.18) va (1.19) tacd Vg ar provpy = ( adc) Z5.ABCD

abe 2
b+d
= Vsapop = Vs.aBcD.
2abed v b J
Laic6b+d=a+ cnén sapcp _ atoret
VS.ABCD 4abcd

THEO cACH CHUNG MINH TREN, ta hoan toan c6 thé tong quat bai toan nay trong truong hop
R . 0]
day 1a tir gidc thuong thay vi hinh binh hanh véi diéu kién biét dugc ti s6 — va —
. S — — oc oD
Cu thé, néu cho @’OA + ¢OC = 0 va VOB + 0D = 0 thi

CLCL’ + CC/ bb/ -+ dd/ 3 VS.A’B’C’D’ aa’ + bb/ -+ CC’ + dd/
— v pr— .
a +c b +d Vs.aBcD (@ + ¥+ + d)abed

(Chiang minh danh cho ban doc.)
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Vi du 1.2.25

Cho khéi chép déu S.ABC c6 canh ddy bang a, canh bén bang 2a. Goi M la trung diém
ctia SB, N 1a diém trén doan SC sao cho NS = 2NC. Tinh thé tich khéi chép A.BON M.

Huéng dan

Tam gidc ABC déu canh anén OA = “—a,
suy ra SO = v/ SA? — AO? = \/>

Dat V = Vs agcep

1 v3 V33 , \/ﬁa3

s

Ve T3 YT
Ap dung (1.15) c6
Vsamun _ AM AN 1

V. AB AC 31' )
Do d6 Vi ponym = < — 3> = gv.

. 2 V11 5 V11,

Vay Vi ponm = PO TR Tt
Vi du 1.2.26

Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh binh hanh va I 1a trung diém caa SC.

. . V.
Mat phang qua Al song song v6i BD cat SB, SD tai K, L. Tinh _SARIL
Vs.aBcD

Huéng dan

Gia sit mit phdng qua Al song song vdi
BD cét SB,SD lan lugt tai K, L thi theo
quan hé song song trong khong gian cé

SB 5D
KL || DB. Dod6 ¢ = o

Nhu vay ta khong phai dung thiét dién ctia
hinh chép cdt boi mat phang.

. SA4 SC . SB , SD
Data—Sj,C SI b SK,d STthl
a=1c=2,b=d.
Doa+c=b+dnénb=d= g
Ap dung cong thic (1.16) ta 6
Vsarkir 1+2+343 B

1
V. T 41233 T3
S.ABCD A.2.5.5
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Dang 2: Dich chuyén dinh hoic ddy caa hinh chép

Chuyén thé tich khéi chép S.A;4s...A,
sang khoi chop S'.A4;A45...A, ma c6 SS" ||
(A1 Asg...A;) (hinh bén) thi ta c6

(V=" 1.20)]

VOiV = Vsa,4,..4, VAV’ = Vg 4,4, 4,
CHUNG MINH:

Vi SS’ || Bay nén

(S, (Péy)) = d(S', (Pay)).

Hai khoi ch6p chung déy va chiéu cao bang
nhau nén thé tich bing nhau.

Chuyén thé tich khéi chép S.A;4s...A,
sang khoi chép S'.A4;A45... A, ma ¢6 SS' N
(A1As...A;) = I (hinh bén) thi ta c6

v
VI

2, N !
VOV = Vg a,4,..4, VAV’ = Vs A, 4,..4,-
CHUNG MINH:

Vi S8’ NPéy = I nén

ST

s

(1.21)

d(s, (Pay)) _ SI
a(S', (Day)) ~ ST
Hai khéi chép chung ddy nén ti s6 thé tich
bang ti s6 dudng cao.

Di chuyén day trén cung mot mdt phing thi ti
s thé tich bing ti s6 dién tich.

Chéng han, khéi chép dinh S c6 dédy thudc
mdt phang (P) c6 dién tich S;. Trén (P) c¢6
mot da gidc khéc c6 dién tich Sp. Khi d6

Vv

S1
— (122
SQ( )

V/

CHUNG MINH:
Do hai ddy cing ndm trong mot mit phang
nén chiéu cao ctia hai hinh ché bang nhau.

Vay ti s6 thé tich bang ti s6 dién tich hai day.
S
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Cho khéi tit dién déu ABCD c6 thé tich V. Goi M, N, P,Q lan lugt la trung diém
AC, AD, BD, BC. Tinh thé tich khéi chép AM N PQ.

Dé thdy M NPQ 1a hinh binh hanh nén

Vamunpg = 2Vaunp = 2VI'P.AMN-

Trong (ACD) ¢6 Sanm = ZSACD nén theo
1

(1.22) tacé Vpaun = ZVP.ACD'

C6 PBN (ACD) = D nén theo (1.21) ¢6

Vpacp = @VB.ACD = §VB.ACD~

1 1
Va =2-.-V] =-V.
ay Vamnpg 15 VB.ACD 4V

Cho khéi ling tru tam gidc ABC.A'B'C’ ¢6 thé tich bang 6. Goi M, N 1an lugt 1a trung
diém ctia AB va CC’. Tinh thé tich khéi tt dién B’MCN.

Trong hinh binh hanh BCC'B’

c6 Spne = 553'30 nén theo (1.22) ta ¢6

1 1
Vm.pNne = §VM.B’BC = §VB'.MBC~

1
Trong tam gidc ABC c6 Sypc = §SABC

1
nén theo (1.22) ta c6 Ve yipc = §VB’.ABC-
X 1 1
Ma VB’.ABC = 31Sfé1yh = glv :
Va ’ = —.—-= = o= - =
y Veune =553V =35V =75

A/

B/

— =

C/
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Dang 3: Ti s6 thé tich cho ling tru

Cho khéi ling tru ABC.A'B'C'.  Goi A

N C’

Ay, By, Cq 1a ba diém bat ky trén cdc canh
AA', BB',CC". ,
patg Ad, BB _CC A -

=W’ T BB T oo c
Khi dé ta c6 !

VA’B’C’.A1B1C1 _ a + b +c (1.23) A C
Vapc.apor 3
B

Cho khéi héop ABCD.A'B'C'D'.
Mit phing (o) bat ky cit cdc
canh AA',BB',CC’,DD’ lan lugt tai

A/Al B/Bl
Ay, By,C1,D;,. Pata = ol = ;
1, C:}/?C( 1,1 /5.1 a A A BB’
1 D Dl .
== d: . 4 o
c oo . Khi dé ta c6

Vasopapop a+c  b+d

Vapep.apcrp 2 2

(1.24)

CHUNG MINH CONG THUC 1.23:

A/

Goi V la thé tich lang tru.
COVa,Bicr.aBrer = Va, apcr +Va, oo,
+VA1.B1B’C1 . (1.25).

AL A
Theo (121), VA1.A'B’C' = yVA.A/Blcr
Co A'A | (B'C'Cy) nén theo (1.20), A

Va,.pcre, = Vapeoe, = Vo, aper-

B

c.c’ c
Theo (1.21), Vo, arprer = ﬁVC_A,B/C, = V. (127).

Co A’A; || (B'B1C1) nén theo (1.20), V4, p'Bicy = Var.pao, = Vo, AB'B; -
Co 0’6’1 H (A’B’Cl) nén theo (1.20), VC’1.A’B’B1 = VC’.A’B’31 = VBl.A’B’C"
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BB b
Theo (121)’ VBl.A’B’C’ — WVB.A’B’C’ = §V (128) b
Tt (1.25), (1.26), (1.27) va (1.28) ta ¢6 Va, 3,0y A/ B/Cr = %V'

CHUNG MINH CONG THUC 1.24:

Goi V la thé tich lang tru, O, O’ 1an lugt 1a tim cac
déy ABCD va A'B'C'D.

Theo tinh chat vé quan hé song song trong khong
gian, A; B1C} D 1a hinh binh hanh va goi I 1a tam
ctia né. Hién nhién I € OO'.

Theo tinh chat dudng trung binh cta hinh thang
tac6 A’A; +C'Cy =20'I; B'B, + D'D; =20'I.
V@y A'A+C'Cy = B'B1+D'Dy,dodé a+c = b+d.
Co6 Vaupepasep = Vapoapco +
Va,p,0y.4DCr-

- By b
Ap dung cong thirc (1.23) cho lang tru ABC.A’B'C" ta ¢6 Vaporaper _atbt ‘
VVABC.A’B’C’ 3d
Ap dung cong thitc (1.23) cho lang tru ADC.A'D'C’ ta c6 —21CAD arare
Vapc.aprer 3

1
Ma Vapoarpcr = Vapoc.arpror = §VVéa+c: b+ d. Vay ta co
a+b+c a+d+c 2(a+c)+ (b+4d) a+cV_b+d

VA BiC\Dy.A'BIC'D! = G V+ c V = . V= . ! v

Cho hinh lap phuong ABCD.A'B'C’ D’ ¢6 canh bang a. Mot méit phing («) cdt cac canh

A ) 1 ) . ]
AA',BB',0C', DD/ lan luot tai M, N, P, Q biét AM = za, CP = a. Tinh thé tich kh6i
da dién ABCD.MN PQ.

AM CP D
bita=——,¢c=——,taco C
AA cc’
1 2
a=—-vac= —
3 5

Ap dung cong thic (1.24), ta c6

Vapcp.munpg a+c 11

Vapcep.arBrcrpr 2 30

11

Vay Vapep.mnpg = 30%"
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1.2.7 Bai tdp dp dung
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1.2.8 Bai todn cuc tri va bai todn thuc té

BA1 TAP NANG cao vé thé tich ctia khéi chop hay khéi ling tru
thudng tap trung vao cac bai toan tim gid tri 16n nhat nho nhat
cia n6 hodc cac bai todn tim phuong an t6i uu trong thuc té. Dé
hoc sinh hinh dung rd hon cac bai todn dang nay, cuén sach dua
ra ba dang toan thuong gap dudi day.

Dang 1: Tim gid tri 16n nhat hodc nhé nhét caa dién tich hay thé tich ma quy vé ham

mot 4n

Quy tic chung:

e Tinh dai luong can dénh gia (thé tich hodc dién tich) theo cdc bién trong cong thitc ctia
no6 (c6 thé 2 hodc 3 an).

* Tim mién xdc dinh va méi rang budc gitta céc an trong cong thirc do.

¢ Tinh cac 4n theo mot 4n thanh mdt ham s6 mot an.

e Tim gid tri 16n nhat (GTLN) hodc gid tri nhé nhat (GTNN) ctia ham s6 mot an trén
mién xac dinh.

Vi du 1.2.30

Ong Kiém mudn xay mot cai bé chita nudc 16n dang khéi hop chit nhat khong nép c6 thé
tich bang 288m3. D4y bé 1a hinh chit nhat c6 chiéu dai gap 2 chiéu rong. Gid thué nhan
cong xay bé 1a 500.000 ddong/m?. Hay gitp dng Kiém xay bé v6i chi phi thap nhat va chi
phi d6 bang bao nhiéu?

Goi z; 2z 1a céc kich thude ddy va h 1a chiéu cao ctia hinh hop.
Ta co ngy = Sdéy + S;Eq = 212 + 6zh.

. X 144
Do thé tich bing 288 nén 2z2.h = 288 = h =

6.144
Vay Sxay = 22 + = f(z), z>0.

Khéo sat ham f(z) trén (0; +oc) hodc dung may tinh cam tay chic ndng TABLE hodc
dénh gia bat ddng thirc Co-Si ta tim duogc gié tri nho nhét cua f ().
Chéng han, ap dung BDT C6-Si cho 3 s6 duong, ta c6:
6.144 3.144  3.144 3.144 3.144
207 + — =20+ — + —— >3§/2x2. : = 3v/2.32.1442.
x x x

- X x

2

Vay chi phi thap nhat dé xay bé la: 3v/2.32.1442 x 0,5 = 108 triéu dong.
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Vi du 1.2.31

Cho hinh chép tit gidc déu S.ABC'D c6 khoang cach tir A dén mit phing (SCD) bang 4.
Tinh gid tri nho nhét cta thé tich V ctia khoi chop.

Goi z 1a canh déy va h 1a chiéu cao, ta ¢6 | Khdo sat ham sb f(h) trén (0; +oo) ta dugc
V= 1ZE2h Vmax = f(2\/§) = 16\/3.

Theo (1.2) c6 d(A, (SCD)) = 24(0. (SCD))
= d(0,(SCD)) = 2.

Ap dung tinh chat khoang cach trong géc
tam dién vuong O.SCD, ta c6

[ D
4_100; oD%  08§?
xT
—_ = —= —_— — = Dzi
=1 x2+x2+h2,(00 @) \/Q)
o 16
R —4 ,
A 16 h o
Vi du 1.2.32

Cho mot hinh ling tru diing c6 ddy 1a tam gidc déu. Thé tich ctia hinh ling trula V. Dé
dién tich toan phan cta hinh lang tru nho nhat thi canh ddy cua lang tru 1a bao nhiéu?

Goi x la do dai canh ddy cua lang tru va h

5 4 b
1a chiéu cao thi V = ﬁaﬁh she 2 & ¢’
T Vi
Dién tich toan phan ctda lang tru
4 B’
S:\gg:r:2+3:ch:\é§x2+\/fv
V3, 23V 2/3V 2
==X + + . V
PR < )
Ap dung bat dang thdic Co6-Si cho 3 sd
duong ta c6
3 2v3V. 2v3V
*2[:[;2 - \g + ‘g > 3v/6v/3V2 c
; 2
Dau "=" & ?aﬂ _ WV Vav.

x
Vay dién tich toan phan cta ling tru nhé
nhét khi canh day » = V/4V.

\. .
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Vi du 1.2.33: Tt dién c6 5 canh bang nhau va mot canh thay déi

Cho hinh chép S.ABC c6 SA = SB = SC = AB = BC = a va AC c6 do dai thay d6i.
Tinh thé tich 16n nhét ctia khéi chép.

Céch 1:

Hinh chép S.ABC ¢6 canh bén bang nhau nén
chan dudng cao trung véi tdm ngoai tiép O clia
day. Dét@ =a,0 < a< g) thi theo dinh

ly ham s6 sin ¢6 Ry = . Vay

2sin o

/ 1
h=./SA%2 - R?2=,/1- .a.
2 Rd 4sin2aa

— 1
C6 ABC = 180° — 2ax = Sapc = §a2 sin 2av.

1
Vay V = — sin 2a.a?

6  4sinZa
1 1
== 4sin?a — 1cosa.a® = - 3 — 4 cos? a. cos av.a®.

1
Ditcosa=t,(0<t<1)=V = 6\/3752 — 4t4.a3. Xét f(t) = 3t> — 41,

3 9
5 f(t) = 6t — 16t° = :\[ ;1). Khi d6 =—.
Co f'(t) =6t —16t° =0t 86(0,) 1d01(1(};al>)<f(t) =
. 13 1
Vay GTLN cta V bing E'Z'a?) = §a3.

Cach 2:
Dit ASC = B, 0 < B < m. Ap dung cong thiic tinh thé tich (1.8) ta c6

1
V= 6.0,.&.&.\/1 — c0s260° — cos? 60° — cos? 3 + 2 cos 60°. cos 60°. cos 3

1 /1 1
_ 2 aae2 2 3
6\/2 cos ﬁ—i—zcosﬁ.a

X 1 % 1 1.
Ditt = cos B, (—1 <t < 1) thi dé thdy GTLN ctia f(t) = —t> + it + P bang 1% dat duoc
3 a
ad = —,

8

tait = i Khi d6 GTLN caaV1aV =

|
= w

Cach 3: Danh gia
Ap dung cong thic (1.5) ta c6
2.55,43.553(]. sin ((SAB), (SBC))

3SB
Ma sin ((SAB), (SBC)) < 1, dang thuc dat duge khi (SAB) L(SBC).
R

V=

3

Vay GTLN cua V bang

[SSRI )
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Céch 4: Déanh gia S
Goi M 1a trung diém cua SB. Do cdc tam
gidc SAB,SBC déu nén AM,CM1SB hay

1
SBL(AMCO). Vay Vsapc = gSAMC-SB-

Ma AM = CM = ?a = Sanc = gaz.sinm. e

1 — 1
Do d6 Vsage = §a3.sinAMC < §a3.

Déng thuc dat tai AMC = 90° nén GTLN caa V la

3
V= % Khi d6 AC = \géa.

B
Ciéch 5: Danh gia

1
TacoV = g.SgAB.d(C, (SAB)) = \1/2§.a2.d(0, (SAB)) véi d(C, (SAB)) 1a khoang cach
(S

tir C' dén mat phang (SAB). Vay V 16n nhat khi d(C, (SAB)) 16n nhét.
Ma d(C,(SAB)) < d(C,SB), dang thtc xay ra khi (SBC)L(SAB), khi d6
d(C, (SAB)) = \fa (do tam gidc SBC déu).

V3 V3 5

Vay thé tich 16n nhat ctia khéi chép 1a V = 5 =g

Cho hinh chép S.ABCD c6 déy la hinh thoi canh a, cdc canh bén SA = SB = SC = ava
canh SD thay d6i. Tinh thé tich 16n nhat ctia khéi chép S.ABCD.

Xét ti dién SABC ¢6 5 canh bang nhau va
chicé AC thay déi. Ap dung két qua ctia Vi

3
du 1.2.33 ta c6 GTLN ctia Vs ape 12 %

3
V@y GTLN cuaa VS.ABCD la 2VSABC’ = aZ.
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Vi du 1.2.35

Tir mot tdm bia hinh vudng ABC'D ¢6 canh bang 2 ngudi ta cdt b 4 tam gidc can bang
nhau (nhu hinh vé) rdi gap lai dé dugc mot hinh chép ti gide déu. Tinh thé tich 16n nhat
cua khéi chép do.

D
E
F H
G
A
Huéng dan

Goi N la trung diém cta CD, ddtx = EN, (0 <z < 1) = CE = V22 + 1va EG = 2—2x.
1

Hinh vuong EFGH ¢6 EG =2 — 2z = Sgpen = 5EG2 =2(1—z)2

Hinh chép ¢6 S = A = B = C = D la dinh nén chiéu cao

CO=+CE?2-EO?2=+/22+1—(1—z)2=+2z.

1 2v/2
Vay Vs gran = 5.2(1 —z)2.V2z = \!.(1 —z)%.\/x.
N
D ©
x
2 F — XH E—
0]
B

Xétham f(z) = (1 —x)%/z, (0 <z < 1).
bitt =z, (0<t<1)thif(z)=g(t) =1 —-t*)%t =1 —2t3 +¢.
1 . .
Tacog'(t) =5t —6t2+1 =0t = 7 € (0;1). Dé dang kiém tra dugc

o N TINE) T 125
32v/10

Khi d6, GTLN ctia Vs apcp bang e
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Dang 2: Ap dung bit ding thitc nhiéu bién dé tim GTLN hay GTNN

Quy tic chung:
e Tinh dai lugng can dénh gia theo cac bién trong cong thitc ctia no.
e Ap dung cac bat déng thitc thuong gip nhu
a+b>2Vab,Ya,b > 0; a+b+c > 3Vabe,Va,b,¢ > 0; (a+b)? < 2(a®+b?), Va,b e R

Diéng thuc dattaia = b = c.

Va2+ a2+ V2 + 82> /(@ +y)?+ (a+b)2,Va,b,z,y R (1.29)

Déng thuc dat tai (z;a) = k(y;b), k > 0.

2 2 2 2
LY L A Byt eRab> 0. (1.30)
a b c a+b+c
Diéng thuc dit tai .

a b ¢

* Sau khi 4p dung bat ddng thic c6 thé dua vé ham mot bién nhu Dang 1.

Vi du 1.2.36

Cho hinh ch6p S.ABC c6 SA =z, BC =y, AB = AC = SB = SC = 1. Khi thé tich khéi
chép S.ABC 16n nhat thi tong = + y bang bao nhiéu?

Huéng dan

Dé chung minh dugc SAL(MBC) va
AMBC cén tai M.

B 2
Tacé MN? = MB? — g
:AB2_57AQ_BCQ :1_x2+y2
4 4 4
1 2 + y?

DOd(’)V:VS.ABczéiL'y 1-—
Viz? 4+ y% > 22y nén

1 Yy V2 2

< = 1—-—==— (2 - .
V<gan/l-5 =33V 2-ay

Dau bang xay ra khi z = y..
Ditt = xy va xét f(t) = t3(2 — t),

4

f(t) dat GTLN trén (0;2) khit = 3
2 4
suyrar=y=-——==>¢ty=—.
yRI=I=A T
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Cho hai duong thang Au, Bv chéo nhau va vudng géc véi nhau ¢6 AB = ala doan vudng
goc chung. Hai diém M, N 1an lugt chuyén dong trén Au, Bv sao cho M N = 2a. Tim gia
tri 16n nhat ctia thé tich t& dién ABM N theo a.

Huéng dan

bat AM = 2, BN =y (z,y > 0), 4p dung (1.4) c6

1 1
Vapcep = EAM.BN.AB.sin90° = S8y,

2
Lai 06 402 = MN2 = (M_>A+ﬁ+ﬁ>

— —
— 22 442 +a? + 2MAADB + 2ABBN + 2BNMA4,
Do M A, AB, BN d6i mot vudng géc nén
4a0% = 2% + y® + a® = 22 + y? = 3.

x2—|—y2 1 3

Ap dung bét déng thitc C6-Si ta c6 vy < ,do d6 Vuapep < i

. 3 : 1
Ding thitc dit tai z = y = \ga. Vay GTLN cua thé tich ta dién la Za:”.

Vi du 1.2.38

Cho lang tru ding ABC.A'B'C’' ¢c6 AB = 6,AC = 8, BC = 10, thé tich khdi ch6p
C'.ABB’'A béng 80. Goi M la diém bat ky ndm trong tam gidc A’BC’. Tim vi trf cua
diém M sao cho tong dién tich tat cd cdc mit ctia hinh ch6p M.ABC nho nhat.

Huéng dan

Tam gidc ABC vuong tai Anén Sapc = 24. o

Co Vor.appra = 2V app = 2Vo ABB ln
= gviéng tru = Vlﬁng tru = 120.
Vay chiéu cao cua lang tru M H = 5. 1
Ditz = HD,y = HE, z = HF v6i D, E, F 1a hinh S
chiéu cta H 1én BC,C A, AB.
XétT = Syap + Suc + Suca

= % (MD.BC+ ME.CA+ MF.AB)

= 5v/25 + 22 + 44/25 + 42 4 3v/25 + 22 = /625 + 2522 + /400 + 16y2 + /225 + 922.

Laicéd Sapc = Supc + Saca + Sgap = bx + 4y + 3z = 24.

Ap dung (1.29) cho bd 36, ta c6 T > \/(15 +20 4 25)% + (52 + 4y + 32)® = 12V/41.
5r 4y 3z

Déau ”=" khi ST & r =y =z, hay M la tdm dudng tron noi tiép AA'B'C’.
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Dang 3: Ky thuat trai hinh tim phuong én t6i vu

Bai toan: Tim quang duong di ngdn nhat trong khong gian.
Quy tic chung:

e Trai cic mit phang chita cdc doan dudng ra trén cting mot mdt phing.

* Quang duong di trong khong gian sau d6 1a moét duong gap khic ma méi doan la céc
doan tuong tng trong cdc mdt phang khac nhau trong khong gian.

e Tim duong di ngdn nhat cta duong gap khuc nay trong mat phing (thuong 1a doan
thang khi cac dudng gap khuc thing hang).

Cho hinh chép t gidc déu S.ABCD c6 SA = a va SAB = 121% Goi @ la trung diém

canh SA. Trén cic canh SB, SC, SD 1an lugt 1ay cac diém M, N, P khong trung véi cac
dinh hinh chép. Tim gia tri nho nhét cta tong AM + M N + NP + PQ theo a.

Huéng dan

Ta trai cdc mat bén ctia hinh ch6p ra mit phang:
Suy ra AM + MN + NP + PQ ngdn nhat khi A; M; N; @ thing hang.
SA=1
a
Xét AASQ c6 ¢ SQ =5
N ™ ™
ASQ = ik 4=

3
Suy ra AQ = \/A52 + 502 —25A - SQcos ASQ = a‘f.
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Vi du 1.2.40

Thi xa Tir Son xdy dung mot ngon thap dén 1ong
14y hinh chép tir gide déu A.ABCD ¢6 canh bén
SA =12m va ASB = 30°. Ngudi ta cAn méc mot
duong day dién tir diém A dén trung diém K cta
SA gom 4 doan thing AE, FF, FH, HK nhu hinh
vé. Dé tiét kiém chi phi ngudi ta can thiét ké duoc
chiéu dai con dudng tir A dén K 1a ngédn nhat. Tinh

deg . AP +HE
i ="
OF = EATEF
Huéng dan

Gid st trdi hinh chép trén mot
duong tron tdm S, ban kinh SA nhu
hinh vé bén.

Dé nbi tir A dén K la ngén nhat thi
AK 1a mét duong thang.

Xét tam gidc can ASAA’, thay rang
F la trong tam tam gidc.

Neg AF_1_ HF +HK _ 1

NFK -2 EA+EF 2

AI

Vi du 1.2.41

Cho hinh 1ap phuong ABCD.A'B'C’'D’ canh a. M6t con kién bo tir trung diém M ctia
canh AB dén mot diém N bat ky trén canh BC, sau d6 di tiép dén mot diém P trén canh

CC' rdi vé D'. Tinh quang dudng ngdn nhat cta con kién.

Huéng dan

Trai hinh nhu hinh bén.
Ta thdy ngay quang dudng

1

/
/

ngdn nhat cta con kién la

MD' =/(1,5a)% + (2a)?

R
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1.2.9 Bai tdp dp dung
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Khoang cach va géc

1.3.1 Khodng cich

Dang 1: Khoang cach tir mot diém dén mot dudng thing

e Chuyén diém A — Ay véi
d(A,A) = d(A1,A)

1A
—d

d(4,8) = 7

(A2,A)

e Lay B,C € A va giai tam gidc ABC.

e Chuyén diém A — Ay v6i AAs N A =T

AAy || A

Gia stt can tinh khoang cach tir A dén duong thing A, luu y cac cach sau

Vidu1.3.1

CM.

Cho hinh chép S.ABCD c6 dday ABCD la hinh vuéng tdam O, canh a. SA = a va vuong
goc v6i ddy. Goi I, M 1an lugt 1a trung diém caa SC va AB. Tinh khoang cach tur I dén

Huéng dan

SM+MC+SC V543

Coi a la don vi do dd dai. Co d(I, MC) = %d(s, MC) =
CéMCZ\/mz‘f,SM:\/m:
SC = VSA2+ AC? = 3.

Co .

SSMC\IP< —\f> (P—\/g)z\f,

véip = > >
5 _ 2Ssmc _ V30

Vay d(S,MC) = MO = E

=d(I,MC) = \{?TO

Vay d(I, MC) = \ﬁ’)ioa.

d(S, MO).
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Dang 2: Khoang cach tir mot diém dén mot mit phing

Trong Muc 1.2.1, cudn sach da gi6i thiéu phuong phap xéc dinh khoang cach co ban tu

mot diém dén mot mit phing:
e Tir chan duong cao dén mit xién.

e Dich chuyén khoang cach dén mot diém khéc thuan lgi hon.
Ngoai ra, ta can luu ¥ thém moét s6 phuong phap sau:

Khoang cich d(A,(P)) ma A € (Q) véi

(Q)L(P):
- Xac dinh giao tuyén A = (P) N (Q).

Diing thé tich cua ti dién:
- Chuyén d(A, (P)) = d(A,(MNP)), vé6i
M, N, P € (P) khong thang hang.

-Ké AHLA = d(A, (P)) = AH. _Khi d6 d(A, (P)) = SYAMNP q 3,
Sunp
A
(P)
A
(Q) > P
H A
(P) B
Vidu1.3.2

Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuéng canh a, SA = av/3 va vudng goc
v6i dédy. Tinh khoang céch tir trong tdm G cta tam gidac SAD dén mit phang (SAC).

Huéng dan

Ap dung cong thuc (1.2) c6

d(G,(SAC))  GS 2

d(M,(SAC)) ~ MS 3

= d(G, (SAQ)) = %d(M, (SAQ)).

Do M € (ABCD)va (ABCD)L(SAC) nén
d(M,(SAC)) =d(M,AC) = HM.

Ma HM = %DO = \{Ea.
2 2
Vay d(G, (SAC)) = ZMH = \6fa.
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Vi du 1.3.3: Dé thi THPTQG 2018

Cho hinh chép S.ABC c¢6 day la tam giac vudng dinh B, AB = a, SA vudng goc v6i mat
phdng day va SA = 2a. Tinh khodng céch tir A dén mét phdng (SBC).

C6 A 1a chan duong cao, (SBC) N S

(ABC) = BC va ABLBC. Ké AH1SB
thi d(A, (SBC)) = AH.
C6
L1 1
AH? AB?2 = AS2?
IR S
a2  4a2 4a2
2 25
AH = 2= =22,
= \/5 5 a
Vay d(A, (SBC)) = 2\5/5a.

Vidu1.3.4

Cho hinh chép SABC ¢6 céc mit phang(ABC') va (SBC) la nhiing tam giac déu canh a
va goc gitta chung bang 60°. Hinh chiéu vuong géc cua S xudng (ABC) ndm trong tam
gidc ABC. Tinh khoang cach tir B dén mat phing (SAC).

Goi M la trung diém ctia BC va H 1a chan duong S
caohatir Sthi H € AM va HMS = 60°.
C6 SM = HM = \favaH/M\S — 60° nén H 1a
trung diém cta AM = HM = HA = \fa.

3 3
SH = HMtan60° = a = Vsapc = *ga?).
SA=SHZT} HA? = 73a

SA+AC+CS  4++/3
p = = a.
2 4
3 39 3V. 3V13
Ssac = |p(p—a)? | p— av3) £02- Vay d(B, (SAC)) = “225€ = \/>a-
2 16 Ssac 13
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Cho hinh chép S.ABCD c¢6 ABCD la hinh chit nhat v6i AB = a, BC' = 2a, SA vudng
go6c voi mit phang day va goc gitta SC va ddy bang 45°. Tinh khoang céch tir A dén mit

phdng (SBD).

C6 (SC, (ABCD)) = 45° = SCA = 45°
= SA = AC.tan45° = v/5a.
C6 A.SBD la géc tam dién vudng tai A nén
ta co
1 1 1 1
= - +
@2(A,(SBD)) ~ AB® ' AD? ' AS?
1 1 1\ 1
= (1 it 5) s
29
~ 20a?

2v/145
29

a.

Vay d(4, (SBD)) =

Cho hinh chép tu gidc déu c6 tat ca cac canh bang 1. Goi O la hinh chiéu vudng géc ctia
S 1én mit phang ABCD. Tinh khoang céch tir O dén mit phing (SBC).

ABCD la hinh vuéng canh 1 nén

OB—OC’—\?.

ASAC cén tai S ¢6 canh bén bang 1 va
AC = v/2nén ASAC vudng tai S va

1 \/5
= —A = —
oS 5 C 5

0.5BC la g6c tam dién vuong tai O nén

1 S S
@(0,(SBC)) — 0B2 " 0c2 T 052
242426
1 V6

Vay d(O, (SBC)) = VAR

65



Luc Tri Tuyén

Vidu1.3.7

Cho hinh lang tru ABC.A'B'C" v6i AB = a,BC = 2a, ABC = 60°. Hinh chiéu vuong
goc ctia A’ 1én mat phang (ABC) trung véi trong tam G cta tam giac ABC. Goc gitra
AA' va (ABC) bang 60°. Tinh khoang céch tir G dén (A'BC).

AABC ¢6 AB = a,BC = 2ava ABC = 60° nén vuodng tai A. Goc (AA', (ABC))

= A'AG = A’AG = 60°. C6 AG = gAM = §§BC = 3@ = A'G = AGtan60° = \?’/ga.
A/
Ké AHIBC = AH = \fa (theo muc
1.2.1).
KéGI1BC = GI = éAH = \é?:a.
s 1 o
° 2(G,(ABC)) _ CGAZ TGP
o812 5
4?2 a? ;AGQ'
2a 24/51
a A'B =—=—a.

Vidu1.3.8

Cho lang tru ding ABC.A’B'C’ ¢6 day la tam gidc can tai A, AB = AC = 2q, CAB =
120°. Géc gitta (A’ BC) va (ABC) bing 45°. Tinh d(B/, (A'BC)).

Goi M la trung diém ctia BC thi A c’
AM = %AB = ava AMA = 45°

= AA’ = AM tan45° = a.
CoB'AN(A'BC)=1IvalB =1A

= d(B',(A'BC)) =d(A, (A'BQ)).

Ma L = ! + ! = =
d*(A,(A'BC)) AM?  AA?  a?

= d(A, (A'BC)) = ?a.

Vay d(B', (A'BC)) = “=a.

o[
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Dang 3: Khoang cach giira hai duong chéo nhau

tu sau:

Kiém tra truong hop dic biét:
aL(P)ma (P)>b

e Goi A=an (P).
eKé AB1b (B € b) = d(a,b) = AB.

Khoéng cach gitta hai dudng chéo nhau a, b, ky hiéu la d(a, b) dugc thuc hién theo trinh

Phuong phép tong quat:

e Dung mp(P) D bva (P) || a (bdng cach
tir 1 diém thuoc b ké song song véi a).
e d(a,b) = d(M, (P)) v6i M € a bat ky.

Cho hinh chép S.ABCD c6 ABCD la hinh vuéng canh a, M, N 1an lugt la trung diém
ciia AB va AD. Hinh chiéu vuong goc cua S 1én (ABCD) trung v6i giao diém H ctia
CM, BN va SH = a. Tinh khoang céch gitra hai dudng thang SC, BN.

C6 CM 1. BN theo muc 1.2.1,

ma BNLSH do SHL(ABCD),

vay BNL(HCS) vé6i (SHC) D SC.

Ke HK1SC = d(BN,SC) =HK

(truong hop ddc biét xay ra).

AMBC ¢6 CHCM = CB? trong d6

CM =+CB? + BM? = ;a,

2
dod6 CH = —a.
NG
1 1 I

HK? _HC® T HS® @’2
= HK = —a,hay d(SC,BN) = 3%

Co

Wl N
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Vi du 1.3.10

Cho hinh chép S.ABC' ¢6 SA vudng gbc véi ddy, tam gidc ABC vudng can tai B, AB = q,
S B hop véi ddy géc 30°. Tinh khoang cach gitta AB, SC.

Huéng dan

Cé géc (SB, (ABC)) = SBA
V3

— SBA =30°= SA = ABtan30° = 5 a
Ké CE | BAvaCE = AB thi
(SCE) > SC va (SCE) || AB
= d(AB, SC) = d(A, (SCE)).

C6 AELCE (do ABCE 1a hinh chit nhat)
1 1 1 4

~ P4, (SCE) AR Tas:Z -~ &
= d(A, (SCE)) =

Vay d(AB, SC) = =.

Vi du 1.3.11: Dé thi THPTQG 2018

Cho hinh chép S.ABCD c6 déy la hinh chit nhat, AB = a, BC = 2a, SA vuong goc véi
mit phang ddy va SA = a. Tinh khoang cach gitta hai dudng thang AC va SB.

Huéng dan

Ké BE | AC cdt duong
AD tai E thi (SBE) > SB
va song song v6i AC. Vay
d(SB,AC) =d(A, (SBE)).
Vi A.SBE la goc tam dién
vudng nén

1 1

#(4,(SBE)) _ AR T
1 1 9

A2 T A T ia
(luuy AE = BC = 2avi

ACBE la hinh binh hanh).

Vay d(A, (SBE)) = ga, hay d(SB, AC) = ga.
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Vi du 1.3.12: Dé thi THPTQG 2018

Cho hinh chép S.ABCD c6 déy la hinh chit nhat, AB = a, BC = 2a, SA vudng goc véi
mit phang day va SA = a. Tinh khoang cach gitra hai dudng thiang SC va BD.

Goi O :.;AC N Bl? vaké OM || SC\(M la Vay d(SC, DB) 2v/21

trung diem SA) thi (M BD) D BD vasong

song voi SC.

Vay d(SC,BD) = d(C,(MBD)).

Ma O la trung diém AC, O € (MSB) nén

d(C,(MBD)) =d(A,(MBD)).

C6 A.MBD la géc tam dién vudng va
a

AM = 5 nén ta c6

i 1 1 1
d2(A,(MBD)) ABZ? T apr T A
21
T 4a?
~ (A, (MBD)) = 2V2L,.

21

Vi du 1.3.13: Dé thi THPTQG 2018

Cho ta dién OABC c6 OA,OB,0C d6i mét vudng goéc véi nhau, AO = OB = a va
OC = 2a. Goi M la trung diém ctia AB. Tinh khoang céch gitta hai dudong thing OM va
AC.

Tu C ké duong song song v6i OM cdt A
duong OB tai E thi
d(AC,0M) = d(O,(ACE)) do (ACE) |
OM va (ACE) > AC.
CoMB=MC = OFE=0B= OF =a.
C6 O.ACF la géc tam dién vuoéng nén

1 1 1 1 9
Z(0,(ACE)) _0C2 "om2 o2~ 122
= d(0, (ACE)) = %a.

Vay d(AC,OM) = ga.
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Vi du 1.3.14

Cho khoi lap phuong ABCD.A’B'C’' D’ canh a. Tinh khoang céch gitta hai dudng thang
A'Bva B'D.

Huéng dan

Tu B’ ké dudng song song véi A'B
cdt dudng AB tai E thi BE = a (do
A'B'EB la hinh binh hanh). Goi
M = DEN BC thi M la trung diém
ctia BC (do B la trung diém AE),
vay BM = g.
Vi (B'DE) I A'B  va
(B'DE) > B'D nén d(A'B, B'D) = p ks
d(B,(B'DE)) = d(B, (B'ME)).
C6 B.B’MFE la ttt dién vudng nén
1 1 1 16
d2(B,(B'ME))  BM? + a?

BE?
Vi du 1.3.15

Cho lang tru ding ABC.A' B'C’ c6 ddy 1a tam gidc vuong tai A va AB = AC = av/2. Géc
gitta A'B va mit phing (A'B'C’) bing 60°, M 1a trung diém ctia BC. Tinh khoang cach
gitta cac duong thang AM va B'C.

DI

Huéng dan

Cé6 AM1BC (A can),

ma AM 1 BB’

nén AM 1 (BB'C'C).

Ké MNL1B'C, vi

(BB'C'C) D> B'C nén d(AM,B'C) = /
1
MN = §BH v6i BH L B'C.

Géc (A'B, (A'B'C")) = 60° = A'BA = 60° avf
= BB' = AA’ = ABtan60° zla\/é.

1 1
AB'BC 6 _ _
Co = gor T BeE ~ 2a?
o BH =B v =¥, Py S W i A c
5 JIE ) 60 | ~ S/ =
1 < o
Vay d(AM, B'C) = T5a.

N
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1.3.2  Bai tdp dp dung
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1.3.3 Goc

TronG Muc 1.2.1 cudn sach da gidi dinh nghia va cach tinh co ban vé goc gitta dudng thing
va mit phang cting nhu goc gitra hai mdt phang. Muc nay sé trinh bay sdu hon va cac phuong
phép da dang hon dé tich cac goc trong khong gian.

Dang 1: Goc giita hai dudng thing

Theo dinh nghia trong SGK Hinh hoc 11 [2], g6c gitta hai duong phan biét a va b, ky hiéu
1a (a,b) 1a goc gitra hai dudng thang cdt nhau o’ va b’ 1an lugt cting phuong véi a va b.

Nghia la:
(a,b) = (a,t') = (a/,b) = (d', V) = o.
C6 hai cich tinh:
. d.b‘ )
® COSp = ‘cos(c‘i, b)‘ = - VOi @, bla cac
|| . |b

vecto chi phuong cua a, b.
e Khi hai duong cit nhau, gan ¢ trong tam
gidc dé giai tam giac.

Cho ttt dién ABCD ¢6 AB = 4,CD = 6, M, N lan lugt 1a trung diém caa AC, BD va
MN = 4. Tinh cosin ctia goc gitra hai dudng thang AB va C'D.

Hué6ng dan

Cich 1: Dung dinh nghia.

Goi P la trung diém ctia AD thi NP || AB,
PM || CD. Vay d(AB,CD) = d(PN, PM).
Co6 PN = %AB =2,PM = %CD = 3 (tinh
chat dudng trung binh trong tam giac).

Ap dung dinh ly ham s6 cos trong AM NP,

ta co
— PN2+ PM? — MN? 1
MPN = _ 1
cos 2PN.PM 1
1
Vay cos(AB,CD) = e

Cich 2: Dung vecto. . N
Ta c6 M la trung diém AC nén OA + OC = 20M, V0.

72



Luc Tri Tuyén DT: 0972177717

= cos(ﬁ,CA’ﬁ) = i

Vay cos(AB,CD) = i

Lai c6 N la trung diém BD nén @ + 513 = ZO‘ﬁ, vO.
Trir vé-vé ctia hai dang thic trén ta duge 2M N =AB+ CD
— AMN? = AB? 4 CD? + 2ABCD = 64 = 16 + 36 + 2.4.6.cos(AB, CD)

hai dudng thang AB’ va BC'.

Vi du 1.3.17

Cho hinh lang tru tam gidc déu ABC.A'B'C' ¢6 AB = ava AA

v2a. Tinh géc gitta

Céch 1: Dung dinh nghia.

Goil = AB'NA'B=IB=1A";TA=1B".
Goi M la trung diém A'C' = IM || BC'.
Vay (AB', BC") = (IB',IM).

C6 AB' = /AA? + A'B2 = \/3a va

BC' = VBB? + B'C"? = \/3a

dod6 IM = IB' = \gga.

Ma B'M = \fa (do AA'B'C" déu c6 canh

bang a) nén AIM B’ déu canh \gga.
Vay MIB' = 60°, hay (AB’, BC") = 60°.

Céch 2: Dung vecto.
Coi a la don vi do cta hinh vé, ta chi lam
viéc voi hé sd do dai.
C6B'A=B'A'"+B'B,BC" = B'C" — B'B.
Nhan vé-vé ctia hai dang thuc trén véiluu y
A\ H —)
B'A'B'B=B'C'""B'B=0,B'A".B'C" =

—

[\)

—_— — 1 3
ta dIIO'C B/ABC/ = 5 - 2 = —5
Ma AB' = BC' = /3 nén
— —  BABO 1
COS (B/A, BC/) = W = 5.

Vay cos(AB’, BCY)
= (AB', BC') = 60°.

A C
avP
I
NS i M
N - - ————— - C’
A /
]
]
AL a
1 N\
B/
A C
V2
P N U c’
1 1
o

73



Luc Tri Tuyén

Vi du 1.3.18

Cho hinh chép tt gide déu S.ABCD c6 ddy ABCD 1a hinh vuéng, E 1a diém déi xting
v6i D qua trung diém ctia SA. Goi M, N 1an lugt 1a trung diém ctia AE, BC. Tinh géc
gitta hai duong thang M N va BD.

Céch 1: Dung vecto.

Goi [ 1a trung diém caa SA va O 1a tdm
day, ta c6 OI 1a duong trung binh tam
gidc DBE = EL = 2]0.

C6 M,N la trung diém AFE,CB nén
tuong tu Vidu 1.3.16 ta c6

NN = B £ 46 = 210 + AC, il D
Vay BD.2MN = BD.2I0 + BD.AC.
Mit khéc, theo tinh chat chép ti gide déu
6 BDL(SAC) = BD.AC = BD.IO = 0.
Vay BD.MN = 0 = (MN, BD) = 90°. B N C

E S

/

A
7
4

o34
v \\

Cich 2: Dung dinh nghia.

Goi I 1a trung diém ctia SA thi [ ciing la
trung diém ctia DE nén ADSE la hinh
binh hanh, suy ra BCSE ciing la hinh
binh hanh.

Co6 M1 la duong trung binh ctia tam gidc
ASE = MI || SE va MI = %SE.

Co NC c BCva NC = %BC. Do do,
MNCI 1a hinh binh hanh, suy ra M N ||
IC. Vay (MN, BD) = (IC, BD).

Mat khéc, BD1(SAC) va IC C (SAC)
nén BDLIC.

Vay (MN, BD) = 90°.

Ta THAY RANG, cach tinh gbc gitra hai duong thing stt dung dinh nghia ludn di tim nhiing
duong thang song song vdi it nhat mot trong hai duong thang da cho dua vao nguoén gbc sinh
ra ctia n6 dé dua vé hai dudng cit nhau hodc & vi tri “thuan tién hon” dé tinh toan. Con déi
v6i phuong phap dung vecto, uu diém la khong can vé thém dudng phu va tinh toan ngén gon.
Tuy nhién, cdch nay doi hoi hoc sinh ndm chéc cac bién déi vecto.
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Dang 2: Géc giita dudng thing va mit phing

LUU Y4 CACH TINH SAU:

Cachl: Dung goéc theo dinh nghia
e Dung hinh chiéu d’ ctia a 1én («).
e Tinh gbc gitra a va o’

Theo dinh nghia, goc gitta dudng thang a va mit phang («), ky hiéu 1a (a, (o)) 1a goc
¢ = (a,a’) v6i a’ 1a hinh chiéu cta a 1én ().

Céch 2: Chuyén thanh khoang cach
e Xéc dinh giao diém I = a N (a).
e Chon diém M € a batky.
A(M, (o))
MI

e Khi d6 sinyp =

Céch 3: Tinh theo phuong phip tuyén
e Xac dinh dudng thang b_L ().
e Khi d6 sin ¢ = cos(a, b).

Céch 4: Dich chuyén song song

e Xac dinh (¢ || («)).

e Hodc xac dinh o’ || a.

e Khi d6 (a, () = (¢, (@) = (a, (') =

(@, (a")).

TroNG 4 cAcH TREN, cdch 1 sir dung trong nhitng truong hgp don gian, dé dang dung dugc
hinh chiéu a’ ctia a 1én (o). Néu dé dang xac dinh duge mot duong thang vuong géc véi mp(«)
thi cach 3 nén dugc str dung. Céc truong hop khoé xac dinh hinh chiéu hodc phuong vuong goc
clia (), ta nén két hop cach 4 va cach 2 dé giam thiéu viéc phai ké thém cac duong phu, dong
thoi dich chuyén chiing dén céc vi tri dé tinh toan hon.
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Vi du 1.3.19

Cho ti dién déu ABCD. Goi ¢ 1a goc gitta duong thdng AB va mit phdng (BCD). Tinh
Cos .

Coi canh t dién déu bang 1. Goi O 1a hinh
chiéu cua A 1én (BCD) thi O la trong tam
ctia ABCD. Vay ¢ = ABO.

BO
Cé =——.
6cosp =~
Ma theo Muc 1.2.1 c6 BO = 3 trong khi
AB=1.

Vay cos p = ?3

Cho hinh chép S.ABCD c6 day la hinh binh hanh, AB = 2a, BC' = a,ABC = 120°.
Canh bén SD = av/3 va SD vudng géc v6i mat phang ddy. Tinh sin ctia géc tao bsi SB
va mit phang (SAC).

C6 BD? = AB? + AD? —2AB.AD. cos 60°
= av3 = SB = aV6.

Ké DH1AC, c6 AC? = AB? + AD? +
2AB.AD.cos60° = ay/7. Ma 2Sacp =
Sapcp = AB.AD.sin60° = v/3a?. Do d6

25 3
DI — 22ADC _ V3

Vaysing = —————= = T

AC AT
Goi ¢ la goc gitta SB va mdt phang (SAC)
4(B, (SAC))

SB
Do O la trung diém BD nén

(B, (SAC)) = d(D, (SAC)).

o ” 1
Mat khac, 75540y ~ per T DR

V3
22

tacosing =

= d(D, (SAC)) =
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Cho hinh chép S.ABC'S c6 ddy ABC D la hinh chit nhat, canh AB = a, AD = v/3a. Canh
bén SA = /2a va vudng géc v6i mat phing day. Tinh goc gitta dudng thang SB va mat

phing (SAC).

Goi ¢ = (9B, (SAC)), theo Cach 2 dang 2
co

- d(B,(5A0))
SlnsD—SiB.
Ké BILAC = BIL(SAC) (v
(SAC)L(ABCD)), vay
BA.BC V3

d(B,(SAC)) = BI = == “a
D& thay SB = v/SAZ + AB? = \/3a.
I 1

5’ hay ¢ = 30°.

B
Vay sinp = SE =

Cho hinh hop ABCD.A'B'C'D’ c6 M, N, P lan luot 1a trung diém cua cic canh
A'B' A'D',C'D'. Tinh goc gitta dudng thdng C' P va mit phang (DM N).

C6 MP || B'C" va MP = B'C' nén MP |
BC va MP = BC. Do dé6 BCPM la hinh
binh hanh = CP || BM.

Ma MN || BD nén BM C (MND).

Vay

CP | (MND) = (CP,(MND)) = 0°.

Chu y: Bai nay ta da chuyén C P vé duong
thdng song song véi n6 ma ban dau c6 mot
diém chung v6i mit phéng (M N D).
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Vi du 1.3.23

Cho hinh chép S.ABCD c6 day ABCD la hinh thang can, AD = 2AB = 2BC = 2CD =
2a. Hai mit phing (SAB) va (SAD) cung vudng goc v6i mdt phang (ABCD). Goi M, N
1an lugt 1a trung diém cta SB va C'D. Tinh cosin goc gitta M N va mit phdng (SAC) biét

thé tich khdi chép S.ABCD bang \fa3

Céch 1: ‘@W’

Tir gia thiét co6 ABCD la nlta luc giac déu | Vay cos(CD, MN) = o = o
canh a. Vivay DC1LAC dod6 DCL(SAC). _ 3/10 ) V310
Goi ¢ = (MN, (SAC)) ésmgpzW.Dodocosgp:To.

= singp = cos(M N,CD).
Goi P 1a trung diém AB, theo

Vi du 1.3.16 6 MN = l(ﬁJrsﬁ) _

(371+5A+E) (SA+21TN")
DO@SA = 0nén C —N> = C@ﬁ

S

=a. 2a cos 60° = Za .
1%
Vi VSABCD :—a3:>SA: 3 = a.
4 SaBcp
CO6MN =+MP? + PN2 = f
Céach 2:
v/ 10

Tuong tu cach 1 tinh dugc M N = —
Goi @ 1a trung diém cua BC thi (M PQ) ||
(SAC) do do6

(M. ($40)) = (L (117Q)) =

Vay sinp = —————~~,

Goi 1 = P 0B es

d(N, (MPQ)) = NI = NP cos60° = %a.

3v10 V310
Do dé siny = \2/(: Vay cos ¢ = 20
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Cho hinh chép tu gidc déu S.ABCD c6 canh day bang a, tam O. Goi M, N lan lugt la
trung diém ctaa SA va BC. Biét goc gitta M N va (ABC D) béng 60°. Tinh cosin géc gitta

M N va miat phang (SBD).

Céch 1:

Ha M H 1 (ABCD) thi H 1a trung diém cta
AO. Khi d6 MNH = 60° la goc gitta MN
va (ABCD). Goi F la trung diém cta AD
— (MHF) || (SBD) nén

(MN,(SBD)) = (MN, (MHF)) = ¢.

Do dé siny = W

Trong ACNH c6: HN? = CN? + CH? —
V10

1
2CN.CH.cos45° = T(G)a = HN = Ta

V1
= MN = HN/cos60° = Toa.

C6 d(N, (MHF)) = 2d(0,(MHF)) =

Céch 2:
Goi H la hinh chiéu ctia M 1én (ABCD) thi
H 1a trung diém ctia AO. Tuong tu cach 1,

410

C6 ACL(SBD) nénsiny = cos(M N, AC).
C6 M, N la trung diém SA, BC nén tuong

tu Vidu 1.3.16 ta c6 MN = % (1@ o S—B>)

Vay AC.MN = 2 4C? + 24658 = a2 (do
2 2

AC.SB = 0vi ACLSB).

e

DO dé COS(AC, MN) = m

_ a5
w20, 5

Vay sinp =

Suy ra cos p =

d(N,(MHF)) 1

MN
25

5

D
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Dang 3: G6c giira hai mit phing

Goc gitra hai mt phang («) va (3), ky hiéu 1a ¢ = ((«), (8)).

Céch 1: Theo dinh nghia Céch 2: Quy vé khoang | Cach 3: Dién tich hinh

Néu c6 al (o) vabl(B)thi |cach chiéu.
e Goi A = (a) N (B). e Lay mot da gidc trén () ¢6
e Lay M € () batky. dién tich S.

d(M, (04))‘ e Chiéu vudng goc 1én mit
d(M,A) " | phing (a) duge da gidc c6
dién tich S’.
!/
Khi dé = —.
o Khi d6 cos p = —

¢ = (a,b). o Khi d6 sinyp =

(ﬁ)/

yw/

Céch 4: Dich chuyén song song Céch 5: St dung mit phang thu 3
e Xac dinh mit phang () || («). e Néu c6 mit phdng (P) qua giao tuyén A
e Khi dé6 ((«), (8)) = ((¢/), (B)). cta (a) va (3). Xét mp(P’) qua A va vudng

g6c véi (P) chia khong gian thanh 4 phan.

Goi ¢1 = ((@), (P)), 2 = ((8), (P)). Khi dé:

_ Jcos(p1 —¢2)  néu (), (B) nam cling géc phan tu khong gian tao béi (P).(P').
oses {\cos(gpl + p2)| néu (), (8) ndm khéc goc phan tu khong gian tao boi (P).(P').
e Néu (P), (o), (B) d6i mot cat nhau theo 3 giao tuyén dong quy tai S, ta c6 thé st dung
cong thirc géc nhi dién trong (1.6).
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Vi du 1.3.25

Cho hinh 14p phuong ABCD.A'B'C'D’ ¢6 canh bang a. Tinh s6 do ctia géc gitra hai mat
phing (BA'C) va (DAC).

Ciéch 1:Theo dinh nghia. A

Ta thdy AB'1(BA'C) (do AB'LA'B va s 7
AB'1BC). Luuy, CBL(AA'B'B). B /
Tuong tu AD' L(DA'C). Do d6 \ /
((BA'C),(DA'C)) = (AB', AD'). N
Ma AAB'D’ déu (do 3 canh bang v/2a) nén RV,
(AB', AD') = 60°. AN
Vay ((BA'C), (DA'C)) = 60°. S0

D/

Céch 2: Dung go6c nhi dién. A
Tham khao hinh vé c6 A

1 . B’ /
COS (] = COS Py = ——;SiN ] = sin g = =

V3

[}
[}
]
|
Xét goc tam dién C.BDA’ ¢6 o1, p2 va c6 / Y N
[}
[}
[}
[}
]
[}
[}

D/

SlS

thém BCD = 90°. vi2a
Ap dung cong thitc (1.6) c6 géc nhi dién 4
c0s 90° — cos 1. cos Y2 4 R R Y >
. sin 1. sin 9 ;- ot 2
= —5 = [B,A'C. D] = 120°. - '
Vay ((BA'C),(DA'C)) = 60°.

cos|B,A'C,D] =

/
Céch 3 (Dung khoang cich): Goi ¢ = ((BA'C), (DA'C)) = sinp = w

BC.BA’ 2
Tam gidc A'BC vuong tai Bnén d(B, A'C) = ZT = g

Do AB || (A'CD) nén d(B, (A'CD)) = d(A, (A'CD)).

C6 A la chan duong cao ha tir A’ ctia chép A’ ACD 1én déy (ACD) va AD1CD nén

1 1 12 , _a
= 2 = A4, (D) = .

ZA (AICD) ~ AD? T 44"
d(A,(A'DC)) V3

= — = p =060°

Vaysing = =g 1iey 2
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Cho ling tru tam giac déu c6 ddy ABC canh a. Trén cac canh bén 1ay céc diém Ay, By, Cy
1an luot cach day mot khoang bang g, a, 37&. Tinh cos ((A1B1C1), (ABC)).

Xét hinh thang vuong AA; BB ké duong | Ma AABC la hinh chiéu vudng géc ctia
cao A1H tacé A1 By = +/ A1H2 -+ HB% AAB{C 1én mp(ABC)

!
2
— \/AB? + (BB, — A4 = Ve, Vay cos (A1 BiC1), (ABC)) = 5 = Y2

2 S 2
Tuong tu

B\Ci = /BC? + (BB, — CC1)? = \fa.

A1C1y = \JAC? + (441 — CC1Y? = Vaa. oA B
A1B1 + B.1Cy + C1 44

Diatp = 5 ,taco

Sapicy =8

\lp(pa\@)< —\éga> z\ffaQ.

3
M3t khéc, Sapo = S/ = ‘4[@2.

Vi du 1.3.27

Cho hinh chép S.ACBD c6 day ABCD 1a hinh thoi tam O, dudng thdng SO vuong goc

v6i mit phing (ABCD). Biét AB = SB = a, SO = “f Tinh géc ((SAB), (SAD)).

C6 0A%2 = AB? — OB? = 42 — BOZ?.
S0? = SB?2 — BO? = 4?2 — BO2.
av/6

vaOB =+/SB? - S50? = \}ga.

KéOMLSAéOM:&:ia

V2 V3
(do ASOA vudng can tai O).

Do d6 MO = OB = OD = BMD = 90°.
Ma SAL(BMD) nén
((SAB), (SAD)) = BMD = 90°.
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Cho tidién ABCD ¢6 CD = 3. Hai tam giac ACD, BC'D ¢6 dién tich 1an lugt1a 15 va 10.
Biét thé tich cua t& dién ABCD bang 20. Tinh cotan ctia goc gitta hai mit phdng(ACD)
va (BCD).

Goi ¢ = ((ACD), (BCD)). Ap dung cong thtic (1.5) ta c6

Vay cot? ¢ =

3Vugcp.CD 3

siny = =
254¢p-SBcp
1 1 16 ~ cot 4
—1=—=cotp=—_.
sin® ¢ 9 Y=g

Vi du 1.3.29: Dé thi THPTQG 2018

.

Cho hinh 14p phuong ABCD.A'B'C'D’ ¢6 tam O.
Goi I 1a tam caa hinh vuong A'B'C'D’ va M 1a
diém thuoc doan thdng OI sao cho MO = 2M1I
(tham khéo hinh vé). Khi d6 cosin cta goc tao bai

hai mit phang (MC’'D’) va (M AB) bang
17VI3 o 6V13

C

6185
A. .
85

Bh/%
T8y 65

65

B C
|\
|‘\
\\ |“ D
N
N Y
\\ | \‘ ] O
N
Lo
I\\ v
|
B R M.___
2h-——T T O
/’/ Il \\
- \
A D’

Céch 1: Dung mit phang thi 3
Lay N ddi xtng v6i M qua O thi (MAB) ||

(NC'D') theo phép dbi xting tam O. Vay

((MAB),(MC'D")) = ((NC'D"),(MC'D")) = ¢.

Goi 1,92 lan lugt 1a goc gitta (NC'D’) va
(MC'D") v6i (A'B'C'D’) thi ¢ = ¢1 — ¢o.
Goi K 1a trung diém ctia C'D’ ta c6

IN

tanyp)] = — = -

IK
Vay tan p =

. / 1 7
Do dé6 cosp = [ tan’p =5

5 M

6
1+tany;.tangs 7
8

V85

N

A

sy

g

/
Y GRS

2o

C

Cl
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Céch 2: Dung géc B o
Coi canh hinh vuéng bang 1. Goi d 1a giao tuyén H_ % T
cia (MAB)va (MC'D’) thid qua M vasongsong 4 N =
v6i AB,C'D). N
Goi H, K 1an lugt la trung diém cta AB,C'D’ thi \\\ \‘: N\
MH,MKLAB,C'D' dod6 MH, MK Ld RN
N N [N
(tham khao hinh bén). i\\\ \\: R
Vay (MAB),(MC'D")) = (]\é}iMK) B/'(__::‘ié\i___ NS
C6 MH = /MI? + I'H? = P (N I <
A /

COMK =vVMI?+1K? = \/7 D
Dé thay HK = +/2. Ap dung dmh ly ham s6 cosin trong AMHK c6

——  MH?>+ MK?*-HK?> 785 785

HMK = = — . Va MAB),(MC'D")) = ——.
€08 2 MHMEK g5 Yy cos(MAB),(MC'D')) = =7

Vi du 1.3.30

Cho hinh ling tru ABC.A’B'C’ ¢6 déy la tam gidc déu canh a, canh bén AA’ = 2a. Hinh
chiéu vudng goc cta A’ 1én mit phéng (ABC) trung véi trung diém ctia doan BG (véi G
la trong tam tam gidc ABC). Tinh cos ¢ véi p = ((ABC),(ABB'A’)).

av/3
=

Luu y mit phang (ABB'A’) = (A’AB).

Goi I, M, H, N 1an lugt 1a trung diém cta

AC,AB,BG,BM thi ¢ = SNH theo géc w

cd ban gitta mat bén va day muc 1.2.1.
V3

1 1
6 NH = :GM = .CM = ~-a.
Cé 5G C a

4
AH? = AI2 + TH? = fACQ + 5B = 71“2
at
Vay A/H? = A'A? — AH2 3¢ A
Suyra AN =+SH? + HN? = \ﬁ
HN 1

AN~ /165 2

Vi du 1.3.31

Trong khong gian cho tam gidc déu SAB va hinh vudéng ABC'D canh a ndm trén hai mét

O day cht y OM = BI =

I R ———
:
I
I
I
I
Q

Sai
m\ ~N

Do dé cos p =

phéng vudng géc. Goi ¢ 1a goc gitra hai mit phang (SAB) va (SCD). Tinh tan ¢.
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Goid = (SAB)N (SCD) = d || AB || CD
va S € d. Goi M 1a trung diém ctia CD

_ M € (SCD). Do (SAB)L(ABCD)
theo giao tuyén AB nén ké M H 1 AB thi
MH 1 (SAB) (khi d6 H la trung diém cua
AB). Dod || ABva SHLAB = HS.Ld.
Vay HSM la goc gitta (SAB) va (SCD).

HM o _ 2V3

Cotan HSD = ST :%/§ 3

2V3

Véy tango = T.

Vi du 1.3.32

Cho hinh chép S.ABCD c6 day la hinh vudng canh a, SA vuong v6i ddy. Tinh d6 dai
canh SA dé goc tao béi (SBC) va (SCD) bang 60°.

Ciéch 1: Dung géc nhi dién
Goia = SCD = SCB va ¢ la géc nhi dién
[D, SC, B]. Ap dung cong thtic (1.6) ta c6

c0s 90° — cos? « )
Ccos p = 3 = —cot*a < 0.

sin“ o
Vay ¢ > 90°. Do d6
((SBC),(SCD)) =60° < ¢ = 120°.
Tix cos p = —cot? a < cot’ a = >
o tana = V2 < SD = 2DC = v/ 2a.
Vay SA = /8SD2 — AD? = a.

Céch 2: Dung khoang cich. Bit SA = h = SC = Vh? +2a?> va SB = SD = Vh? + a?.

D B
Goi p = ((SCD), (SCB)) = sinp = W C6 ASDC vuong tai D nén
DS.DC  avh?+ a? o
d(D,SC) = S0~ Jirron Lai c6 d(D;f::il;)) = d(A;L(SCB)) = d(A,SB) (do
: a
AD Bva ABL1CB). Do dé d(D B)) = = .
| CB va CB). Do d6 d(D, (SCB)) B R
JVBZ £ 2
Véy@:600@w:§@2 ah :\/g'a h+a = h =a.
d(D,5C) 2 Vh? 4 a? VA2 + 2a2
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Cho hinh chép S.ABC'D c6 ddy la hinh chit nhat. Biét AB = 2, AD = 3,SD = /14. Tam
gidc SAB can tai S va ndm trong mit phéng vudng géc voi day. Goi M 1a trung diém cua
SC. Tinh c6sin cta goc gitta hai mdt phang (SBD) va (M BD).

Cich 1: Dung khoang cich

Goi H la trung diém AB thi SH 1 (ABCD).

Hon nita, SH> = SD*> — DH?

=SD?-DA? - AH?*=4= SH =2.

Goi ¢ 1a goc gitra hai mat phang (SBD) va
. d(M,(SBD))

(MBD) tacésing = “d(M,BD)

Ap dung quy tic chuyén khoang cach c6

d(M, (SBD)) = %d(O, (SDB))

_ %d(A, (SBD)) = d(H, (SBD)).

1 3
Ké HI1LBD = HI = ~d(A, BD) = —.
é 5 ) =75
6 ! -1 v 1 o ym,(sBD) = - vay d(M, (SBD)) = -
d2(H,(SBD))  HS? ' HI? ’ ~ Vel DN B

Do SA =SB = SC =5D,dodé SC = /14. C6 ASBC vuong nén BM =

DS? + DC? 211 22
C6 DM? = AR ) ::DM:\/;vaBD: CB2 + (CD? = /13.

2 4 2
. _ 2Susp _ 2y/p(p— BM)(p— MD)(p— BD) _ /793
Trong AMBD c6 d(M,BD) = BD — = ==
iy BM+MD+DB . d(M,(SBD) 12V13 43
P= 2 CYAYSIY =M, BD) 61 7T 61

Céch 2: Dung mit phang thi 3
Goi K 1a hinh chiéu cia M 1én ABCD thi K 1a trung diém HC. Goi G = HC' N BD thi
GH = 2GK (hoc sinh tu chiing minh). Goi ¢1, @2 1an lugt 1a géc gitta (SBD), (M BD)

SH MK
voi (ABCD) ta c6 tan Y1 = m, tanSOQ = d(TBZ))
N A 2v13
Do GH = 2GK = HI = 2d(K,BD), ma SH = 2MK vi vdy tan py = tany; = —3
3
HI,SH dugc tinh nhu trén). Suy ra cos o1 = cos g = ——.
( . ) y Y1 P2 Jo1 y

Theo Céch 5 trong Iy thuyét c6 cos ¢ = [cos(p1 + p2)| = |cos 2¢1| = [2cos? p1 — 1| = o
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Cho hinh chép S.ABCD c6 ddy ABCD la hinh vudng canh a, canh bén SA = 2a va
vudng goc véi mat phdng ddy. Goi M 1a trung diém ctia canh SD. Tinh tan ¢ véi ¢ 1a goc
gitta hai mat phdng (AMC') va (SBC).

Ciéch 1: Dung khoang cach.
Goi F 1a diém sao cho ACBE la S
hinh binh hanh.

Dé thay (SBE) || (MCA),do d6

((SBC),(MAC)) = ((SBC),(SBE))

||

oo coooon
\
\

d(C,(SBE)) N A

d(C,SB) Eg o [ __ I A W I N
Ta c6 CA | (SBE) nén I D
d(C,(SBE)) = d(A, (SBE)). =7 .
Ma A.SBFE la géc tam dién vudng B C
nén theo cong thitc khoang cach c6

1 1 1 1 9 2
- — Y = (A, (SBE)) = =.
(4, (SBE)) ~— 45t T ap tapz ~ 17 WA (SBE) =3

Vay sinp =

3 A s d(C,(SBE)) 2

B1(SAB B1SB B)=CB=1. = — = -

Ma CBL(SAB) = CBLSB = d(C,SB)=C Vay sin g d(C.SB) 3
1 5 2v/5

Lai c6 cot? o = .
' 2 sin? ¢ 5

Céch 2: Dung géc nhi dién. Goi O 1a tam ddy va [ 1a trung diém CD thi (M OI) || (SBC)
nén ((MAC),(SBC)) = ((MAC),(MOI)) =

Xét goc tam dién O.MCI 6 B MOI = 90°, S
COI = 45°. Ta chi con tinh MOC.

Co 534G — (45 - AF) (4B + AD) = -
- cos (B9, 40) = s

BSAC — o
1
Ma BS || OM nén cosMOC = ——
| 5 V10
va sin]\70\0 = —=,
v/ 10
c0s 45° — c0s 90°. cos MOC _ V5 25

Ap dung cong thic (1.6): cosp = —
sin 90°. sin M OC'
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Cho hinh chép S.ABC ¢6 SA = a,SAL(ABC), tam gidc ABC vudng can dinh A va
BC = a/2. Goi M, N 1an luot 1a trung diém cua SB, SC. Tinh cos ¢ vdi ¢ 1a goc gitta
(AMN) va (ABC).

Huéng dan

Céch 1: Dung cong thirc hinh chiéu.
Coi a 1a don vi do dai. C6 BC = V2 =
AB = AC = 1. Goi M’, N’ 1an lugt 1a hinh
chiéu ctia M, N 1én ABC thi M’, N'la trung
diém ctia AB, AC.
1 1

Vay Sanrn = ZSABC =3

R LA a p X \@
Dé thay AAMN la tam giac déu canh =

2

v g V3 (VEY c

Y OAMN = 17\ 2 =g
Do AM’N’ la hinh §hiéu cta 1AM N lén
ABC) nén cos p = M N

3
Vay cos p = \3f
Céch 2: Dung géc chiéu hai lan.
Goi P 1a trung diém ctia SA thi (PMN) ||
(ABC) nén ¢ = (PNM), (AMN)).
Co6 P 1a hinh chiéu cta A lén (PNM). T
P chiéu PILMN thi I 1a trung diém ctia
MN. Khid6, o = AIP.
1
Co AP = oY tam gidc PM N vuobng tai P
1 1 2
nén PI = -MN = ;BC = ‘4[. Vay c
AP
t = — =+2.
any = - V2 .
1 3

Do dé =4/——=—.

PEVESY V1i+tanZp 3
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1.3.4 Bai tdp dp dung
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Chuong 2
Khoi tron xoay

Trong khong gian cho mét phang (P) chua duong
thang A va duong cong (¢). Khi quay (P) quanh
A mot goc 360° thi mdi diém M € (€) tao thanh A
duong tron tam O € A ndm trong mit phang g
vuong goéc voi A. Nhu vay, khi d6 duong cong
() sé tao nén mot bé mat dugc goi la mdt tron xoay.
Phan khong gian giGi han bdi mt tron xoay va hai
mit phdng vudng géc v6i A duoc goi 1a khoi tron
xoay (Hinh 2.1).
Puong cong (¢) dugc goi la duong sinh cia mat
tron xoay dé va A duoc goi la truc ctia médt tron
xoay (cting nhu khoi tron xoay). Hinh 2.1: Cach hinh thanh khéi tron xoay

Xung quanh chung ta ludn c6 rat nhiéu nhirng d6 vat, vat dung 1a cac khoi tron xoay nhu coe
udng nudc, binh gbém su, cac chi tiét mdy, chiéc nén 14 Viét Nam, ... Nhd vao céch hinh thanh
khdi tron xoay nhu trén, dé tao ra nhitng vat dung nay, nha san xuat phai nho vao nhitng ban
xoay hodc truc quay ctia mdy tién mdi c6 thé san xuét ra chiing dam bao do chinh xac, can dai.

Khéi nén va khai tru

2.1.1 Dinh nghia vi mjt s6 thiét dién co bin

Dinh nghia 2.1.1: M4t n6n, hinh nén va khéi nén

e Trong khong gian cho mét phang (P) chtra hai duong d va A cdt nhau tai O. Quay (P)
quanh A thi dudng sinh d tao thanh mot maét tron xoay dugc goi la mdt nén dinh O.

e Cho tam gidc OIM vudng tai I. Quay tam giac <

quanh canh géc vudéng OI thi duong gap khic
OMT tao thanh mot hinh dugc goi 1a hinh nén tron
xoay (Hinh bén).

e Khéi tron xoay tuong tung dugc goi 1a Khoi nén.
Khi d6, hinh tron (I,IM) goi la day; OI goi la
duong cao; OM la duong sinh. Do dai OT 1a chiéu
cao; do dai OM la do dai duong sinh. O goi la
dinh va mat tron xoay sinh béi OM goi la méat xung
quanh. Géc 25 goi la géc & dinh.
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Dinh 1y 2.1.1: Thiét dién caa hinh nén cit béi mit phing

Xét mit phdng (P) cat hinh nén hodc mit nén dinh S thi cac trudng hop sau c6 thé xay ra.
Tinh huéng 1: (P) di qua dinh ctia hinh nén:

e Néu (P) chtta truc ctia hinh nén thi thiét dién la
tam gidc can c6 dinh la dinh ctia hinh nén, canh
day la duong kinh ddy ctia hinh nén.

e Néu (P) qua dinh nhung khong chta truc cta
hinh nén va cit hinh nén theo moét thiét dién thi
thiét dién 1a mot tam gidc can ¢6 dinh 1a dinh caa
hinh nén va canh déy la mét day cung ctia dédy caa
hinh nén. Khi d6, thiét dién nay c6 thé coi nhu mat
bén ctia moét hinh chép dinh S va duong cao SO (O
la tam day).

Tinh hudng 2: (P) khong di qua dinh
va giao vdi mat non:

e Néu (P) vudng goc vdi truc ctia mat
nén thi thiét dién la dudng tron.

e Néu (P) khong vudng goc véi truc  Parabol
va chi cdt mot phan cua mat nén kép
thi thiét dién 1a Elip hodc Parabol. Cu
thé, thiét dién 1a Parabol khi (P) song
song vGi duong sinh va Elip trong

%

truong hgp con lai.

e Néu (P) cdt ca hai phan ctia mit nén
kép thi thiét dién 1a Hyperbol. Chi tiét
xem hinh bén.

Hyperbol

Chirng minh cta dinh ly tham khao tai
[5]. Tinh hudng nay cung cap cho hoc
sinh va gido vién cai nhin vé tinh chat
rat tha vi ctia mit nén cting nhu su
ton tai cdc duong conic trong tu nhién.

TuoNG TU v6i mdt nén va khdi nén, mit tru tron xoay cting nhu hinh tru (hay khéi tru) duge
dinh nghia du6i day ciing v6i mot sb thiét dién ctia no.

91



Luc Tri Tuyén

Dinh nghia 2.1.2: Mit tru tron xoay, hinh tru va khéi tru

Mat tru tron xoay:

e Trong mit phdng (P) cho hai dudng thang song ®
song A va [ cdch nhau mot khoang . Khi quay

mdt phing (P) quanh A thi duong [ tao ra mot
mat tron xoay duoc goi 1a mat tru tron xoay hay goi
tat 1a mat tru. Buong A goi la truc cta mat tru va

1 1a duong sinh. , w] /

Hinh tru va khéi tru:
e Xét hinh chit nhat ABC'D, quay hinh chit nhat

quanh mot canh AB ctia n6 thi duong gap khuc @
ADC B tao thanh mét hinh duoc goi 1a hinh tru tron

xoay hay goi tit 1a hinh tru. Mién khong gian gici
han bai hinh tru dugc goi 1a khoi tru.

e Khi quanh quanh AB, hai hinh tron dugc vach |
ra béi AD va BC dugc goi 1a hai ddy cta hinh tru e BR /\
trong khi CD duoc goi 1a duong sinh. Phan mat \'AT)
tron xoay sinh béi C'D dugc goi la midt xung quanh. ¢
Khoéng cach gitra hai day goi 1a chiéu cao ciia hinh tru. Trong hinh tru, d6 dai dudng sinh
cting bang chiéu cao.

Dinh 1y 2.1.2: Thiét dién caa hinh tru cit béi mit phing

Xét mat phdng (P) va hinh tru thi thiét dién cta hinh tru cit boi (P) c6 thé xay ra nhitng
truong hop sau:

e Néu (P) vudng gbc vdi truc thi thiét
dién la duong tron.

e Néu (P) nghiéng véi truc mot goc

a, (0° < a < 90°) thi thiét dién la mot
Elip.

e Néu (P) chira truc thi thiét dién la
hinh chit nhat ¢6 moét canh 1a duong
kinh day va moét canh 1a duong sinh.

e Néu (P) song song vo6i truc thi thiét
dién la hinh cht nhit c6 moét canh

la day cung cua day va moét canh la
duong sinh.

Chirng minh ctia dinh ly tham khdo tai [1].
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2.1.2  Thé tich va dién tich

Trai hinh nén va dién tich xung quanh-dién tich toan phan

Xét hinh nén dinh S ban kinh day r va dudng sinh do dai [. Goi A la diém bat ky trén
dudng tron ddy. Trai hinh nén theo dudng cit SA ta duge hinh quat tam S ban kinh
R, = [ (hinh dudi).

S A

Ta c6 d6 dai cung ctia hinh quat 1a chu vi dudng tron ddy cta hinh nén sau khi trai ra.
Do d6, do dai cung ctia hinh quat bang ([, = 27r.

1
Mat khac, 4p dung cong thitc dién tich hinh quat ta c6 S, = §Rq.lq = 7rl.
Vay ta c6 cong thirc tinh dién tich xung quanh ctia hinh nén:

[Sa=rri)

Tix day, ta c6 cong thic tinh dién tich toan phan ctia hinh nén:

Sep = mrd + w02 |
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Thé tich cua khéi nén

Xét da gidc A1 As...A,, 6 tat ca cac canh bang 1 noi tiép
dudng tron ddy ctia hinh nén. Ta c6

1
Vs a1 404, = gSAlAQ...An-h-

Mat khac, khi n — +oo thi Vs 4,4,..4, — Sg trong
d6 Sy 1a dién tich hinh tron day ctia khoi nén. Khi do,
Vs.A145...4, = Venep- Vay

1 1
‘/Chép = ngh = 5777’2}7/ b

Vi du 2.1.1

Trong khong gian cho tam gidc vudng O M vuodng tai I, goc TOM = 30°vacanh IM = a.
Khi quay tam gidc OIM quanh canh géc vuong OI thi dudng gap khiac OMT tao thanh
hinh nén tron xoay. Tinh dién tich xung quanh ctia hinh nén tron xoay va thé tich ctia
khdi nén tao ra bai hinh nén néi trén.

Huéng dan

Trong tam gidc vudng OIM c6 chiéu cao

h = OI = IM.cot30° = v/3a. Dudng sinh

I = OM = 2a vaban kinh duong tron day la r = a.
Vay dién tich xung quanh ctia hinh nén la

Seq = 7rl = ma.2a = 2ra’.

Thé tich ctia khdi nén 1a

1 1 3a’
V= §7r7“2.h = §7T(I2.CL\/§ = W\ga .

Cho khdinén ¢6 dinh S, cdt khdi nén bdi mot mat phdng qua dinh ctia khéi nén tao thanh
thiét dién la tam gidc SAB. Biét khoang cach tir tam cta duong tron day dén thiét dién
bang 2, AB = 12, ban kinh dudng tron ddy bang 10. Tinh chiéu cao & ctia khoi non.
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Huéng dan

Goi O la tam d4y ctia hinh chép va M 1a trung diém
cia AB thi OM 1L AB. Goid = d(O, (SAB)), theo
cong thitc lfhoénglcéch tir chan duong cao dén mat
bén ta cé — = oz T o

Mait khac, AB =12 = AM = 6. Do d6

OM =+VOA? — AM? =38.

Hon nita, theo gia thiét d = 2.

11 1 15 8  8/I5
VA —_— - — = — = —— = —
Yoz~ 1 81w T
) 8v15
Vay h = 15
Vidu21.3

Cho hinh tron c¢6 ban kinh 1a 6. C4t
bod 1 hinh tron gitta hai ban kinh
OA, OB, roi ghép hai ban kinh d6
lai sao cho thanh mét hinh nén (nhu
hinh vé). Tinh thé tich khéi nén tao
thanh.

Huéng dan

Cung 16n AB ban kinh 6 ctia duong tron tam O c6 d6 dai la: %1277 = 9.
Khi ghép hai ban kinh OA, OB lai thi day ctia hinh nén la dudng tron c6 chu vi bang
cung lén AB néi trén. Goi r 1a ban kinh ddy ctia hinh nén thi 27r = 97 = r = —

5
Mat khéac, duong sinh hinhnén! = OA = 6 nén chiéu cao hinhnén h = V12 — 12 = 3\2ﬁ

2 < 1 817
Vay thé tich ctia khéi nén tao thanh 1a V = ~mr.h = \S[W'

Cho hinh nén dinh S ¢6 ddy la hinh tron tdm O. Dung hai dudng sinh SA va SB, biét
tam gidc SAB vuodng va c6 dién tich bang 4a*. Géc tao bdi gitra truc SO va mit phing
(SAB) bang 30°. Tinh thé tich ctia khdi nén.
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Goi M 1a trung diém AB thi goc gitta SO va (SAB)
laOSM = 30°.

. A A O oa AB?
C6 ASAB vudng lai can tai S nén Ssap = 3
Theo gia thiét Sgap = 4a?, do d6 AB = 4a.

Suy ra SM = 2a.
A N T SM
ASOM vuong c6 OSM = 30° = OM = — =
Vay r = OA = VOM? + M A? = \/5a.
C6 h = SO = SM.cos 30° = v/3a.
5V3 .

3 ~ 1
Vay thé tich kh6i nén V = §7rr2h ==

Trai hinh tru va dién tich xung quanh- dién tich toan phan

Xét hinh tru c6 ban kinh déy 1a r va d6 dai dudng sinh (ciing 1a chiéu cao) bang .
C&t hinh tru boi mot dudng sinh AB bat ky roi trdi bé mdt xung quanh hinh tru ra
ta dugec mot hinh chiv nhat c6 mot chiéu bang [, chiéu con lai bang chu vi ddy va bang 27r.

A
l — S:cq
27r
B B
B

Vay dién tich xung quanh cta hinh tru la: .

Dién tich toan phan ctia hinh tru 1a: | Sy, = 27rl + 2702 = 27r(r + 1) |
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Thé tich khéi tru

Cho khéi tru v6i chiéu cao bang h va ban kinh day

bang r. Xét khdi lang tru déu n canh ndi tiép khodi
tru. Khi dé

Viéng tru — Sdziy lang tru-h-

Mt khac, khi n — +00 thi Vigng vy — Vir- Vay

Virw = Sasy-h = nr’h |,

NHU vAY, cong thiic tinh thé tich cua khéi nén tuong dong véi
khéi chép trong khi khéi tru tuong dong véi ling tru. Dé ghi
nhd cong thitc, hoc sinh c6 thé hiéu khéi nén c6 thé coi la mot
khéi ch6p suy rong va khdi tru coi 1a khéi lang tru déu suy rong.
Dién tich ddy khi d6 tinh theo cong thic dién tich hinh tron.

Vidu 2.1.5

Trong khong gian cho hinh vuéng ABCD canh a. Goi I, H lan luot 1a trung diém caa
cac canh AB va CD. Khi quay hinh vudng d6é xung quanh truc I H ta dugc mét hinh tru
tron xoay. Tinh dién tich xung quanh ctia hinh tru d6 va tinh thé tich khdi tru gi6i han
bdi hinh tru néi trén.

AB 4
Hinh tru tron xoay c6 ban kinh déy r = - = % \L/

va duong sinh [ = AD = a. Do dé6 dién tich xung
quanh ctia hinh tru la:

Sgq = 2mrl = ra’. a 3

Thé tich cta khéi tru gi¢i han bdi hinh tru la:

V = nr’h = ~a’.
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Cho hinh tru c6 day la hai dudng tron tam O va O’, ban kinh ddy bang chiéu cao va
bang a. Trén dudng tron tam O lay diém A, trén dudng tron tam O’ 1ay diém B sao cho
AB = 2a. Tinh thé tich ctia khéi tit dién OO’ AB.

Goi B’ 1a hinh chiéu cua B lén ddy chira duong
tron tdim O thi O’ BB’O 1a hinh chit nhat. Do dé
Soo'B = Somp', suy ra Vaoo'B = Va.op/, hay
Voo ap = Ve .aop'- Taco AABB’ vudng tai B’ nén
AB' = VAB? — BB”? = \/3a. Khi d6, AOAB' 1a
tam gidc cdn c6 canh bén bang a, canh ddy bang
V/3anén 1a tam gidc can dic biét (c6 AOB = 120°).
V3a?

Vi Véy SOAB’ = 1

" 1 V3
Vay VB.AOB/ - gSOAB/.BB/ — Y=,3

12(1.

biéu nay c6 nghia Voo ap = \1/2§a3.

Vi du 2.1.7

Cho mot hinh tru c6 ban kinh day bing R va c6 chiéu cao bing Rv/3. Hai diém A, B lan
luot ndm trén hai duong tron ddy sao cho goc gitta AB va truc ctia hinh tru bang 30°.
Tinh khoang cach gitta AB va truc ctia hinh tru.

Goi B’ 1a hinh chiéu ctia B 1én day chita duong tron
tam O thi géc gitta AB va OO0’ la ABB' = 30° (do
BB’ || 00).

Tam gidc ABB’ vudng tai B’ c6 ABB' = 30° nén
AB = BB'.cot30° = R. Vay tam gidc OAB déu.
C6 00’ || (ABB') = d(O0',AB) = d(O, (ABB)).
Ké OM LAB' thid(O,(ABB')) = OM (do (ABB')
vudng goc v6i mat day).

Ma trong tam giac déu OAB' OM = R;/§

Rv3
—

Vay d(AB,00") =
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Mot tdm nhom hinh chir nhat ¢6 hai kich thudc 1a a va b. Ngudi ta cudn tdm nhom dé
thanh mot hinh tru. Néu cudn tdm nhom theo chiéu c6 d dai a (khi d6 b 1a duong sinh)
thi thé tich cta khéi tru tao thanh tinh theo a, b bdi cong thitc nao?

Khi cudn tdm nhoém theo chiéu a thi chu vi ddy ctia hinh tru bang a, hay 27r = 1. Suy ra
a?b
47 |

r= 21 v6i r 1a ban kinh day. Vay thé tich ctia khéi tru tao thanh 1a V = 7r2.h =
T

A A ~ _
A
b — b
a o ">
B B
B
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2.1.3 Baitdp dp dung
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Mat cau va khéi cau

2.2.1 Dinh nghia vd cic vi tri tuong doi

Dinh nghia 2.2.1: Mit cau

e Tap hop nhitng diém M trong khong gian cach diém
O ¢6 dinh mot khoang khong déi R (R > 0) dugce goi la
mdt cau tam O ban kinh R. Ky hiéu la S(O; R).

e Hai diém A, B bat ky thudc mit cdu S(O; R) thi doan
thdng AB dugc goi la day cung ctia mit cau do.

e Dic biét, néu day cung C'D qua O thi doan CD dugc
goi la dudng kinh ctia mit cau.

Vi tri tuong d6i cia mit cdu va mit phéng

ed>R:S(O;R)N(P) =10

e d = R: S(O;R) tiép xuc
véi (P)

H goi 1a tiép diém.
(P) goi la tiép dién.

Cho mdt cau S(O; R) va mit phang (P). Goi d = d(O, (P)). Ta c6 cac trudng hop sau:

od < R S(O;R) cat (P)
theo thiét dién 1a dudng
tron.

H la tam duong tron thiét
dién.

Béan kinh » = VR? — d?.
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Vi tri tuong d6i ctia mit cau va duong thing

Cho mit cau S(O; R) va duong thang A. Goi H 1a hinh chiéu ctia O 1én A va d(O, A) =
OH. Ta c6 cac truong hop
ed>R:S(O;R)NA =10 ed = R: S(O;R) tiép xuc | e d < R: S(O; R) cat A theo
voi A day cung AB.
| A B
— H A S S AT
H Do dai day cung AB tinh boi
H goi 1a tiép diém.
A goi 1a tiép tuyén. AB =2/ R? — d?

Tiép tuyén di qua mot diém ctia mit ciu

Qua mot diém A ndm trén mit ciu
S(O; R) ¢6 vo sb tiép tuyén ctia mat
cau. Tat ca cac tiép tuyén nay déu
vudng goc voi ban kinh O A va nam
trong mat phing tiép xtc v6i mit
cau tai A.

Qua diém A ndm ngoai mit cau
S(O; R) ¢6 vO s tiép tuyén voi mat
cau. Céc tiép tuyén nay tao thanh
mét nén dinh A.

Khi d6, do dai duong sinh ctia hinh

non
l=+v0A2 — R2.

Duong cao cua hinh nén

OA? — R?

4 OA
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Vi du2.2.1

Cho mit cau S(O; R) va mot diém A ndm & mién trong khoi cu. Ba mit mit phdng thay
déi di qua A va doi mot vuong géc v6i nhau cdt mat cau theo ba dudng tron c6 ban kinh
lan lugt 1a 1, 72, 73. Chiing minh rang 7' = r? + r3 + r3 khong doi.

Goi dy, ds, ds 1an luot 1a khoang cach tir O dén
ba méit phang da cho. Khi d6, AO 1a duong chéo
ctia hinh hop chit nhat c6 ba kich thuéc dy, do, d3
nén d? + d} + d = OA? (hinh bén).

Theo vi tri tuong ddi ciia mdt phang va mit cau
ta co

1
1
|
|

ri = R> —d%r2 = R® —d5;r2 = R® — d2.

Do d6 T = 3R? — (d} + dj + d3) = 3R* — O A%
Vay T = 3R?* — OA? khong doi.

Vi du 222

Trong khong gian cho mit cdu tdm O béan kinh R va diém A sao cho OA = 2R. Céc tiép
tuyén ctia mit cAu qua A cting véi tiép diém tao thanh hinh nén dinh A. Tinh thé tich
ctia khéi nén néi trén.

Goi K 1a mot tiép diém, ta co

AK? = 0A? — R?> = 3R2.

Goi H la tam duong tron ddy ctia hinh
nén. Ap dung hé thic lugng trong tam gidc
vuong OAK (hinh bén) ta c6

AK* 3

AO 2

Bén kinh dudng tron ddy ctia hinh nén

KO.KA V3 R
AO

h=AH =

r=KH =

. ) 1
Vay thé tich khéinénlaV = §7r7“2h = §R3.
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2.2.2  Thé tich khoi cau va dién tich mdit ciu

Dinh Iy 2.2.1: Thé tich khéi cdu va dién tich mit ciu

binhly 2.2.1 dugc chiing minh béng kién

R 2 thitc & chuong trinh cao hon.
* Mat cau ban kinh R c¢6 dién tich la: .

. . 4
e Khéi cAduban kinh R c6thétichla: |V = gwR‘Q’ |

Vi du22.3

Cho hinh 1ap phuong ndi tiép mot mat cau ban kinh R cho truée. Tinh thé tich ctia khoi
lap phuong do.

Goi x 1a do dai canh ctia hinh lap phuong

thi duong chéo ctia hinh lap phuong la

zv/3. Do khdi 1ap phuong noi tiép hinh

cau nén ban kinh khéi cau bang nira duong
T

chéo cua khdi lap phuong. Vay R = —
do d6 x = 2\3/§R. Vay thé tich khdi lap

phuonglaV =23 = 8\9/31%3.
Vidu2.2.4

Cho tir dién déu canh a. Tinh dién tich mét cdu noi tiép ta dién.

V2 .
—-—a".
12

N . 3V
Béan kinh mdt cau noi tiep: r =

?m-
V3

Trong d6 Sy = 4.Ta2 = v/3a? 1a dién tich ‘b

Thé tich ti dién déu: V =

toan phan cua ta dién.
T2

6
Véyr—\lgaé Cau:47r'r2:€a.
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2.2.3  Xdc dinh tdm va ban kinh khoi cau ngoai tiép

Mit cau S(O; R) goi la ngoai tiép mot hinh khong
gian (nhu hinh chép, lang try, hinh nén, hinh tru)
néu né di qua moi dinh cta hinh khong gian do.
Dic biét, ba diém A, B,C € S(O;R) thi O € A
v6i A la dudng thang di qua tam dudng tron ngoai
tiép AABC va vudng goc véi mit phang (ABC).
Dudng A con goi 1a tru cta dudng tron ngoai tiép
AABC (Hinh 2.2).

Dua vao dinh nghia va tinh chat nay ta méi dé dang
xac dinh dugc tAm mit cdu ngoai tiép ctia mot khoi
hinh khéng gian. Hinh 2.2: Truc ctia dudng tron trong khong gian

Dinh ly 2.2.2: Ba cong thic tinh ban kinh mit ciu ngoai tiép

Goi R la ban kinh hinh cdu ngoai tiép cac hinh khoéi can tinh, R, 1a ban kinh dudng tron
ngoai tiép day, R, la ban kinh duong tron ngoai tiép mat bén, I la canh bén, h 1a chiéu cao
va GT la giao tuyén ctia mat bén véi day, ta c6:

Canh bén vudng géc vdi | Mitbén vudng goc v4i ddy: | Cac canh bén béng nhau:
day: Hinh chép, ldng tru | Hinh chép, lang tru diing. | Hinh chép, hinh nén.
ding, hinh tru.

GT\? 2 2 2
R2=R§+R§—<2> r=L _ Bt g4
2h 2h

2
R? =R+ (Z) (2.1)

2.2)

CHUNG MINH CONG THU C (2.1):

Giai sit SAL (Day). s
Goi O la tam mdt cau ngoai tiép, thi O nam trén

truc A cua duong tron ngoai tiép day.

Do SAL (Pay) nén SA || A, tic A va SA dong
phéng. Do d¢, I la giao diém ctia A va trung truc h
cua SA trong mit phing (SA4, A). R
Vay .

VIS )

2 A 1
R? = AM? + AI* = <> + R%| Ry
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CHUNG MINH cCONG THUC (2.2): R
Goi O 1a tam khoi cau ngoai tiép thi O nam trén

truc A caa day.

Goi I, J 1an lugt 1a tAm dudng tron ngoai tiép ctia
mit bén vuong dédy (chdng han (SAB)) va mat day
thi IM, JM 1L AB v6i M 1a trung diém ctia AB. Khi
d6 O thudc duong thang qua J va vudng goc voi
mit phang (SAB). Buong nay song song véi I M.
Taco R? = R3+ OI? = R% + JM*.

2
Ma JM? = JB? — MB?* = R} — ATB

AB\?
Vay R2:R§+R§—(2> .

CHUNG MINH CONG THU C (2.3):

Truong hop nay truc A cua dudng tron ngoai tiép
day trung véi ST.

Trong mit phdng (SAI), tam O ctia mit cau la giao
diém cua ST véi trung truc cua SA.

, SM SO
Ta c6 AS]\;O :;AASI;;(;g.g) = ST = 3a
M.
=00= "o ~esr
.|, (Canhbén)* SA?
Vay| = 2.(Chiéu cao)  2h

Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhéat v6i AB = a, BC' = 2a. Canh
SAL(ABCD) va SC tao véi day mot géc 60°. Tinh ban kinh mat cdu ngoai tiép hinh
chép S.ABCD.

Theo gia thiét suy ra SCA = 60°
= h=S5A=AC.tan60° = ACV/3.
C6 AC =+/AB2 + BC? = \/5a = h = v/15a.

1
Laicoé Ry = §AC = \fa.
Ap dung cong thiic (2.1) ta c6
15 5
R?="0a?+ —a® = 5a® = R = /ba. B

4 4
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Cho khdi chép S.ABCD c6 ddy ABCD 1a hinh vudng canh a, mit bén SAB la tam gidc
can tai S c6 ASB = 120° va ndm trong mit phang vudng goc voi day. Tinh ban kinh mat

cau ngoai tiép khdi chép.

C6 giao tuyén ctia mit (SAB) v6i day 1a GT = AB = a.

2
Day la hinh vudng canh a nén R; = \2[@.

Ap dung dinh Iy ham sé sin cho ASAB cé:

AB V3
sinioge = fe=5a

Ap dung cong thiic (2.2) ta dugc:

Cho hinh chép déu S.ABCD c6 AB = 2 va SA = 31/2. Tinh ban kinh m4t cdu ngoai tiép
hinh chép.

Ap dung cong thic (2.3) ¢6 '

S
Hinh vuéng ABCD c6 canh bang 2 nén K
Ry = AO = V2. ;o
3V2 [
Coh=+/SA2 — AO? = 4. Foh

S D
SA? 18 9
R="" 22 L ~q
oh 8 4 2 Q\/
B C

V&13 cONG THUC TREN hoc sinh da c6 thé gidi quyét duge hon
90% cac dang bai tap hoi vé tinh ban kinh mat cau ngoai tiép.
Con lai déi véi nhiing bai khong roi vao céc truong hop trén, ta
can luu y mot s6 bai toan phd bién sau day.
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Vi du 2.2.8: Tit dién c6 do dai hai canh déi va doan nbi cac trung diém 1a dgn vuédng

goc chung

Cho ti dién ABCD ¢6 AB = a,CD = bva I, J lan lugt 1a trung diém caa AB, CD dong
thoi 1a doan vudng goc chung ctia AB, C'D. Biét I.J = [, tinh ban kinh m&t cau ngoai tiép
ttr dién ABCD.

Goi O la tam mit cau ngoai tiép ti dién ABCD.
Do 1J la duong trung truc chung cua AB va CD
nén O € 1J.

Dit OJ =z = OI =1 — . Vay ta c6

R?2=AI? + IO? = DJ?> + JO?

& Rzzaj—l—(l—x)Z:xQ—i-g.
4 4

Giai phuong trinh ta dugc

aQ—b27l

8l 2

€r =

Khi dé6 tinh dugc R.

Vi du 2.2.9: Tt dién c¢6 mot canh 1a dudng vudng chung cta hai canh ké

Cho t dién ABCD c6 AB1AD; AB1BC va cho biét AB = a,CD = b > a, goc gitta
AD, BC bang a. Tinh ban kinh mét cau ngoai tiép ti dién.

Do AB la doan vuong géc chung ctia AD va BC

nén ta vé AB thing dung cho dé hinh dung. A b
T Bké BE | AD va BE = AD thi ABED 1a hinh !
chtt nhat, do d6 E ciing thudc mit cau ngoai tiép i ///
ti dién ABCD. Vay ta chi can tim mgt cau ngoai | /,’
tiép hinh chép A.BCE. La S a
Goi Rgq la ban kinh duong tron ngoai E ¢ !
tiép ddy BCE ta ¢6 Ry = QZfa. Ma
CE = CD?-DE? = Vi?-a® Vay L 2

22— o2 - a
fa = sina oy

sin o
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Hinh chép A.BCE c¢6 canh bén AB vudng goc v6i day nén 4p dung cong thic (2.1) ta cd

2 2 AB’ ), 0 . ora s
R =R+ 1= R; + 1 Thay R4 tinh dugc & trén vao ta duoc

b2 b2 — a2
4 4tan?a |

Vi du 2.2.10: Ban kinh mit cau ngoai tiép ti dién gin déu

Cho tu dién gan déu ABCD v6i AB = CD = a; BC = AD =bvaCA = BD = c. Tinh
ban kinh mit cau ngoai tiép tu dién.

Theo trang 34 ctia Chuong 1 vé tit dién gan déu ta thay ti dién c6 thé ndi tiép dugc trong

9 a? + 2 — b2
Tl = ————

a2—|-l)22—02

5 b+ c% —a?
\ ) - 2 . )
Do d¢, ban kinh mat cau ngoai tiép hinh hdp chit nhat cting 1a mdt cau ngoai tiep ta dién.

Mit khéc, dé thay ban kinh mit cau ngoai tiép hinh hop chit nhat ¢6 canh z,y, z 1a

mot hinh hop chi nhét c6 canh z, y, 2 véi { 42 =

z

1‘2+y2+22

2 _
A 4

Vay, ban kinh mét cau ngoai tiép tt dién gan déu duogc tinh bai

a? + b + 2

2 _
= 8
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2.2.4 Baitdp dp dung
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Thé tich 16n nhat nhd nhét va toan thuc té doi
V@i khoi tron xoay

Muc NAY gitp hoc sinh gidi quyét nhitng bai toan vé thé tich
mang tinh chat thuc té va lién quan dén gia tri 16n nhét, gia tri
nho nhét cling nhu duong di t6i wu. Day c6 thé coi 1a cac dang
toan & muc do van dung - van dung cao trong dé thi THPTQG.

2.3.1 Phuong phdp chung cho bao todn cyc tri hinh hoc

Dang 1: Dua biéu thitc danh gia vé ham mot bién

Tinh biéu thitc cAn danh gia theo ham mét bién: f(z), z € D

l

Khao sat ham f(z) trén D dé tim GTLN, GTNN

Cho khéi nén dinh O, déy c6 tdm I bén kinh R va chiéu cao 1a h. Mot khdi nén khéc c6
dinh I va déy la mot thiét dién song song v6i ddy ctia hinh nén dinh O. Dé thé tich caa

khoéi nén dinh I 16n nhat thi chiéu cao cua khéi nén nay bang bao nhiéu?

Huéng dan

Goi H la tam day ctia hinh nén dinh I va c6 ban O

kinh r, datx = IH,0 < z < h, ta c6:
i_h—gc:> _h—:cR
R n T
Vay thé tich khoi nén dinh [ la
1 o 1 2 . p2
V:§7T7“ .xzﬁw.(h—az) x.R*.
Xét f(x) = x(h — z)?

Céf’(fﬁ):(h—l‘)z—?x(h—x):O@x:Z

\
N
>

Khao sét thay GTLN ctia V dat dugc tai z = g
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Vi du 2.3.2

Trong cac khdi nén noi tiép mot mat cdu tdm O béan kinh R, tinh thé tich ctia khdi nén c6
thé tich 16n nhat.

Goi I la tam déy ctia khoi nén (nhu hinh vé) va dat
OI = z, 0 < x < R. Ta chi can xét trudng hop O
ndm gitra S, I.

Co AI* =R? —z*vaSI = R+ .

Vay thé tich kh6i non

V= %WAIQ.SI = %(R2 —z3).(R+ z).

Xét ham f(z) = (R? — 22).(R + 2)
Ta c6 f'(x) = —3z2 — 2Rz + R?,
C()f’(:z:):()(:)x:?>0.

Tir day dé dang kiém tra thdy GTLN cta f(z) dat tai x = g
Khi d6 GTLN cta V bang :%R‘? .

Vi du 2.3.3

Mot xi nghiép ché bién thuc phdm muén san xuat nhitng loai hop hinh tru c6 thé tich
V cho trude dé dung thit bo. Goi z,h (z > 0,k > 0) 1an lugt 1a d6 dai ban kinh day va
chiéu cao cta hinh tru. Tim z, h dé san xuat hop hinh tru ton it vat liéu nhat.

Tacévzmﬂh:mah:; —
Do d6, dién tich toan phan cta hop tru e

2V
Sip = 2112 4+ 27rh = 272 + .

,
2V 2V
Xét ham f(r) = 2mr? + — c6 f'(r) = 4dmr — g

Giéif/(r):0<:>7":\3/£. il
2m B e .

Dé dang kiém tra thdy ham sd dat GTLN tai SN

r= ,3/K,l<hi dé h = Vo 2{‘/1. Vay khi V dat GTLN thir + h = 3{’/1.
2m 2 2m o
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Dang 2: Dua biéu thitc ddnh gia vé ham nhiéu bién va st dung cac bat ding thic

Tinh biéu thitc cin ddnh gia theo ham nhiéu bién a,b, ¢, ...: f(a,b,c, )]

[Dz’mh gia f(a,b, c,..) dua vao cac bit ding thic di biét

Cac bat dang thtc thuong dung:

e BAat dang thtrc Co-Si cho céc s6 duong: a + b > 2vab; a + b+ ¢ > 3V/abe. Dang thic
taia=b=c=..

A o : b
* B4t ddng thttc Bunhiakovski: (az + by)? < (a® + b%) (22 + ¢?), ... Déng thtc tai f_Z
r oy

e Bat ddng thitc hinh hoc: \/a? + b3 + /a2 + b3 > /(a1 + a2)? + (b1 + b2)2. Déng thtic
. a1 a2
tai % = 22,
o T b

2 .2 2 .2 .2 2 2
e Batdéng thtic Schwarz: x——l—y— > M; 337+y7+2’7 > Ety+2)]
a b at+b "a b ¢ a+b+c
y_ =
C

. T
Pang thtictai — = = =
& T a b

v6ia,b,c > 0.

Trong tt ca cac ti dién ABCD ndi tiép mit cu tdm O ban kinh R, t dién c6 thé tich 16n
nhat bang bao nhiéu?

Huéng dan

Goi M,N lan lugt la trung diém cta
AD,BC va diat x = OM,y = ON. Khi do
AD =2V R? — 22, BC = 2\/R? — 2.
Ap dung cong thitc (1.4) trong Chuong 1 ta ¢6
V< éAD.BC.d(AD, BC)

2
< §\/R2 —22.\/R2 —y2.(z +y).
Ap dung Co-Si ¢6
VR2 —x2.\/R2 — 2 <

2R? — (z2 + 4?)
> .

Ap dung béat déng thitc Bunhiakovski c6  + y < v/2.\/22 + 2.
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Vay v < Y2 (2R — ) tv6i ¢ = /7T
Khao sét f(t) = (2R* — t?) t dé dang tim dugc GTLN bang 4;/6]%3 khit = \géR_

Véay GTLN cua V bang 82\é§R3.

Cho tam dién vuong OABC c6 ban kinh mét cau ngoai tiép va noi tiép lan luogtla R var.

. R . +
Khi d6 ty sO — dat gia tri nho nhat 1a z Qﬂ, z,y €N. Tinh P =z + y?
r

1
Ta c6: R? = 5\/(12 + 02+ c2v6i OA = a,0B = b,0C = c. Mat khéc ta lai ¢6
_ 3V _ abc 2202 _ Q2 2 2
"= STp ab+be+ ca + Va2b? + b2¢2 + 22 (dey c65apc = Soap + Sonc + Soca)
R a? + b2 + c2. (ab+bc+ca+\/a2b2—|—b2c2+02a2>

abc
Ap dung bét déng thitc C6-Si cho 3 s6 ta cé:

oR V 3va2b2c2. (3\/3 a2b2¢2 + 3V a4b4c4) R R 3427

T abe
Vayz = 3; y =27= = +y = 30.

2.3.2 Mot b vi du vé trdi hinh vd tinh todn thuc té

TuonNG Ty Muc 1.2.8 trong Chuong 1, bai todn trai hinh d6i véi
khéi tron xoay ciing gidng nhu trai hinh trong khéi da dién chi
khac mot chat vé tinh toan va hinh dang ctia hinh sau khi dugc
trai phang.

NGoAI R4, trong cudc song hang ngay c6 thé bat gdp nhitng bai
toan hinh hoc thuc té vé cac khoéi tron xoay doi héi phai ¢6 nhitng
tinh todan nhat dinh. Muc nay cudn sach sé trinh bay mot s6 vi
du minh hoa cho céc bai toan nay.
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Vi du 2.3.6

Cho chiéc cdc hinh nén cut véi miéng cdc ban kinh

R = 2.5cm, déy coc ban kinh » = 2cm va d6 dai
duong sinh bang | = 6. Mot con kién bo tir diém
A & day coc dting mot vong dén diém B & miéng
coc (hinh bén). Tinh quang dudng di ngdn nhat
cta con kién (tinh gan dung dén hai chir sb thap
phan).

Trai chiéc cbc trén mit phang dién tich
xung quanh chiéc cdc nhu hinh vé (b6i p
den). Goi S 1a dinh ctia cdc hinh quat tao

thanh va o = S. Ta ¢6
2mr SA T

SB 27R  SA+l R

= SA= ro_ 24cm.
R—r
Theo cong thic do dai cung c6
R—r

2mr = SA.a = a=2m =
C6SB =S5A+1=30cm.
Theo dinh ly ham s6 cos cho ASAB ¢6

™
6.

AB? = SA24+SB?-25A.SB. cos% — 298 923

Théy SB? > SA? + AB2 nén SAB > 90°,
do d6 con kiém c6 thé bo theo duong
thang AB.

Vay quang dudng di ngdn nhét cta con kiém 1a AB = 15, 13cm.

Cho 4 mit cau c6 tdm lan luot 1a O1, O2, O3, O4 c6 ciing ban kinh r = 2 d6i mot tiép xuc

v6i nhau. Mot ti dién déu ABC D ngoai tiép ca 4 mit cau sao cho mdi mat cau trén tiép
xtc voi 3 mit ctia t dién. Tinh d6 dai canh t& dién déu ABCD.
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Huéng dan

Dé théy ta dién 01020304 la ta diél’l déu
canh bang 2r nén chiéu cao, chang han

d(Oy4, (010203)) = Q.Qr = %r.

V3 3
Goi I la tiép diém cua (04) v6i (ABC)

thi AI qua trung diém M cta BC, do d6

— —— MH 1
in/AO4 =sin MAH = —— = —.
sin OIO4 sm1 A 3
— = — = A04 = 3r.
Suy ra 10, ~ 3 = AO, = 3r

Mit khéc d ((010203), (BCD)) = r do 3 mait cau
(01),(02), (03) cung tiép xuc v6i (BCD).
Vay AH = AOs + d(O4,(0:0:03)) +

2 12+ 2
d ((010203), (BCD)) = 4r + \?)/ET: + \/67“.

R 2 6
Ma trong t dién déu c6 AH = g.AB = AB = \2[.AH = (2\/5 +2)r=4+ 4+/6.

Vay tit dién déu ABCD c6 canh bing AB = 4 + 4./6.

Vi du 2.3.8

V6i mot miéng ton hinh tron ¢6 ban
kinh bang R = 9cm. Nguoi ta mudn
lam mot céi phéu bang cach cit di
mot hinh quat ctia hinh tron nay va
gap phan con lai thanh hinh nén (nhu
hinh v&). Mudn dugc cai phéu c6 thé
tich 16n nhat thi hinh quat can dé lam
phéu c6 do dai cung bao nhiéu?

Huéng dan

Goi h 1a ban kinh dédy cua chiéc phéu thi ban kinh déy 72 = R? — h2.
7 X 1 1
Vay thé tich cia phéula V = §7rr2.h = gw(RQh — h3).
Ham f(h) = R?h — h3 c6 f'(h) = R? — 3h%. Dé kiém tra f(h) dat Q
f

R 6
TLN khi h = — h =—R-= .
GTLN khi wA 5 R 3v6

D0 dai cung tron can tinh bang chu vi ddy phéu va bang 271 = 67/6.
A B
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2.3.3 Baitdp dp dung
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Tra citu theo van

g6c, 72 lam cht hinh vé, 18 thé tich khéi da dién, 18
lam chu déy, 18 toan thurc té, 52

khoang cach, 62 ti s6 thé tich, 44

khéi da dién, 9 thé tich khdi chop, 24

khéi da dién déu, 14 thé tich khéi lang tru, 39 déy tam gidc, 18
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