NHOM GIAO VIEN TOAN VIET NAM

Trao déi kinh nghiém day hoc theo dinh
huéng tiép cadn nang luc nguoihoc

Ung dung mot so tich chat dédc biét cua ham so de giai
phuong trinh, bat phwong trinh

Ths NGUYEN SY
Gido vien Truwong THPT chuyén Lé Hong Phong, Nam Dinh.

Phwong trinh, bit phwong trinh, hé phwong trinh la mot mang kién thirc khd
quan trong cua chwong trinh todin THPT, né dong vai tro quan trong trong viéc rén
luyén kij nang gidi todn va phat trién tw duy cho hoc sinh, chinh vi thé’bai tdp phwong
trinh, bat phwong trinh, hé phwong trinh xudt hién nhiéu trong cdc ky thi TN THPT
va ky thi HSG cdp tinh. Cdc kij thuit gidi phwong trinh, bdt phwong trinh rdt phong
phii va da dang. Tuy nhién, kij thudt sir dung tinh chit ddc biét ciia ham s6'co rat nhiéu
wu thé'trong viéc giup cdc em tim toi, phat hién, tao hirng thii trong qud trinh hoc bg
mon Todn, va hon nita la g6p phin ndng cao chat lwong giang day vi thé'toi viét chuyén
dé “Ung dung mot sé tich chat dic biét ciia ham s6 dé gidi phwong trinh, bat
phuwong trinh ”.

1. Co s6 ly thuyét
1.1. Kién thirc ciin nim
1.1.1. Dinh nghia ham so chdn, ham so'lé

Cho ham sd f (x) xac dinh trén tap D.

VxeD=-xeD
f(—x)=f(x), Vx e D.
VxeD=-xeD
f(—x)=—f(x),‘v’xeD.

Ham s8 f(x) duwoc goi la ham s6 chan trén tap D néu {
Ham s6 f(x) duwoc goi la ham s6 1é trén tap D néu {

1.1.2. Mot so'két qua thwong dung
Pinh Ii 1
Choham s6 y = f(x) c6 dao ham trén khoang X .
Néu f'(x)>0VxeK thihamsd y= f(x) dong bién trén K .
Néu f'(x)<0VxeK thihams6 y= f(x) nghich bién trén K .

Luu y: Néu f'(x)>0Vxe(a;b) va ham s6 y = f(x) lién tuc trén doan [a;b] thi
ham s§ y = f(x) dong bién trén doan [a;b].
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Caul.

0 f lién tuc va don diéu trén khoang K, khi do

.. luek
PTf(u):f(v)<:>u:v vOl1 {veK.

Tinh chit 2. Choham s6 f lién tuc va dong bién trén khoang K, khi d6
uek

ve K.

Tinh chit 3. Choham sd f lién tuc va nghich bién trén khoang K, khi dé
uek

ve K.

BPT /' (u)> f(v) = u>v V(’)?i{

BPT f(u)> f(v) e u<v Véi{

Mot s6" ham s6"co mot vai tinh chat dic biét:
+) Vi a>1 ham s§ f(x)=a"—a™ la ham s6 1¢, dong bién trén R.

X

a

a"+\/;

+) Véi a>1, ham s6 f(x)= dong bién trén R, va thoa man

f(x)+f(1—x):l VxeR.
1
+) V6i a,b>1, ham s8 f(x)=log, x+b*—b* dong bién trén khoang (0;+w) va thoa man

f(%]:—f(x) V> 0.

+) Véi a>1 ham s6 f(x):loga\/x+\/x2+a2 dong bién trén R va thoa man
f(x)+f(—x)=1 VxeR.
+) V6i a,b >0, ham s§ f(x):a(e"—e"‘)+bln(x+\/x2+1) 1a ham s8 1¢, dong bién trén R .

+)Ham s6 f(x)=x+ I +1 dong bién trén R va thoa man f(x).f(-x)=1VxeR.
Viéc chirng minh céc tinh chat trén kha don gian (xin danh cho ban doc).
2. Bai tap ap dung:
Cho ham s6 f(x)=2021"-2021"". Gia tri nguyén 16n nhat cta m d€
f(m)+ f(2m+2019)<0 l1a
A. -673. B. —674. C. 673. D. 674.
Loi giai

Chon B
Ta c6 f'(x)=2021"1n2021+2021"In2021>0, Vxe R, suy ra ham s& f(x) dong bién trén
R.
Do f(—x)=-f(x),vxeR=hamsd f(x) laham s&1é trén R.
BPT:
£(m)+ f(2m+2019) <0< £(2m+2019) < —£(m)

& f(2m+2019) < f(-m)

< 2m+2019<-m

& 3m<-2019 < m<—673.
ay gia tri nguyén 16n nhat cia m 1la -674.
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Cau 3.

Cau 4.

=2020" —2020". Gia tri nguyén l6n nhat ctia tham sd m
trinh £ (log, x—m)+ f (log} x) =0 c6 nghiém xe&(1;16).
A. 65. B. 67. C. 68. D. 69.

Loi gii

Chon B
Ta c6 f'(x)=2020"In2020+2020""In2020 >0, VxR, suy ra ham s& f(x) dong bién trén
R.
Do f(—x)=-f(x),vxeR=hamsd f(x) lé trén R.
Dit 1 =log, x, DK 1 €(0;4). PT tré thanh
f(t=m)+f(£)=0e f(£)=-f(t-m) = f(£)=f(m-1)
Stf=m-tot+t=m.
Xétham s§ g(t)=1+1 voi 1e(0;4), tacd f'(t)=31"+1>0Vre(0;4). Ma f(¢)lién tuc trén
[0;4].Suy ra g(0)<g(r)<g(4)Vie(0;4), hay 0<g(t)<68,Vie(0;4).
Vay PT da cho c6 nghiém xe(1;16) khi va chi khi 0<m <68. Suy ra gi4 tri nguyén I6n

nhat ctia tham s6 m 1a 67.
1

Cho ham s8 f(x)=Inx+e' —e*. C6 bao nhiéu nghiém nguyén dwong cta phuong trinh
sau f(log(gm) 10)+f(log(2+x3)) =07?
Al B. 0. C. 3. D. 2.
Loi giai
Chon A

1
Tacéd: f'(x)= l+e" +Lze" >0,Vx>0, suy raham s§ f(x) dong bién trén khoang (0;+x).
x x

1 1
Vi x>0, taco f(lj =]n(lj+e" —e =—{lnx+ex —ex} =—f(x).
x X
Véi x e Z',, phuong trinh

f(log(gm) 10)+f(log(2+x3)) =0 f[mJ+f(log(2+x3)) =0
<:>—f(log(9x+2))+f(log(2+x3))=0<:>f(log(2+x3)) = f (log (9x+2))
x=0

x=13"

Dai chiéu diéu kién dang xét. Vay phuong trinh ¢6 nghiém duy nhat x=3.

Cho ham 8 f(x)=—
9" +3

f[3m +%sin x) + f(cos2 x) =1 c6 nghiém la

& log(2+x*) =log(2+9x) < x(x’ —9):0@{

X

. Tap tat ca cac gia tri thuc cta tham s6 m d€ phuwong trinh

A. —LSmsé. B. —L<m<§. Q._—ISmSi. D. —L<m<i.
192 4 192 4 192 12 192 12
Loi giai
Chon C
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Cau 5.

.Tacd f'(x) =L1'(;.9".1n9 >0,VxeR.

9% +3 (9x+3)

9x
9% +3
, 9* gl—x 9* 3
Taco: f(x)+ f(1-x)= + = +
S(x)+(1=x) 9¥+3 9"¥ 413 9¥ 43 9¥ 43

Do d6 f(cos2 x) = f(l—sin2 x) =1—f(sin2 x).

Suy raham sd f(x)= dong bién trén R.

=l:>f(x)+f(l—x)=1‘v’xeR.

Nén PT da cho < f(3m +%sin x) = f(sin2 x)

1. . 9 . 9 1.
<:>3m+zsmx:sm x < 3m=sin x—Zsm X

bit t=sinx,te[—1;l];g(t)=t2—%t:g'(t)=2t—%;g'(t)=0<:>2t—é=O<:>t=%.

t -1 1/8 1

o'(1) — 0 +

z(7)

\ s
. ~ . A 1 5 -1 5
Phuong trinh da cho c6 nghiém < -—<3m<—<< —<m<—.
64 4 192 12

Cho ham s§ f(x)= . Tap tat ca cac gid tri thuc ctia tham s6 m d& phuong trinh

442
f (m —%sin xj + f (cos2 x) =1 c6 dung 8 nghiém phan biét thudc doan [—ﬂ; 272’] 1a

A. —L<m<§. B. —i<mS0. C. —L<m<0. D. —i<msi.

64 4 64 64 64 4

Loi giai
Chon B
Xéthéms6f(X)=4x+2,taC(')
.\ 247In4 o o
J (x)=W>O,VxeR:> ham s8 f(x) dong bién trén R . (1)
4 +2
4 4 2

ico: 1— = = =
Talaico: (=0 = g = " oh s
Suyraf(l—x)+f(x)— 2 + 4 =1=>f(x)=1—f(1—x)_

412 4742
Tw do, PT f(m—%sinxj+f(cos2 x)=1<::>f(m—%sinszl—f(l—sin2 x)

@f(m—%sinx]=f(sin2 x). (2)

Tir (1) va (2), tac6 PT(2) < m—%sinx =sin’ x < m =sin’ x+%sinx (*)
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1
c6 8 nghiém phan biét thudc [-7;27] khi va chi m=¢ ! c6 2 nghié

phan biét thude (—1;0].
Xét ham s6 y =1 +£
Bang bién thién:

t -1 8 0

\‘61—4/ 0

Vay (*) c6 8 nghiém phan biét thudc [-7;27] khi —é <m<0.

e

t
=242
Y +4

1
Cau 6. Chohamsd f(x)=log,x+3"-3*. Tong binh phuong cac gid tri ctia tham s6 m dé€ phuong

trinh f _ +f (x2 —4x+ 7) =0 c6 dting ba nghiém thuc phan biét bang
4 |x - m| +3
A. 14. B. 13. C. 10. D. 5.
Loi giai
Chon A

1 1
Ta c6: f(lJ:10g3l+3" -3 :—(10g3x+3x—3xJ:—f(x)‘v’x>0
x x

1
+3".1n3+xL2.3x.1n3 >0Vx>0=Ham s6 f(x) dong bién trén (0;+)

Laicé: f'(x)= 3

_
4|x—m|+3

Do d6 f( ]+f(x2—4x+7)=0 & f(4x—m|+3)=f(x* —4x+7)

o . dm=—-x"+8x—4
= 4|x—m|+3—x —-4dx+7 < 4|x—m|—x —4x+4 <
Am=x"+4

Vé hai parabol y =—-x’+8x—4 va y=x’+4 trén cuing mot hé truc

12| = 12

\8 A y=38
.:\y=4

W 7 \ .
Hai parabol y=-x*+8x—4 va y=x’+4 tiép xtic voi nhau tai diém A(2;8).
Parabol y =-x’+8x—4 cd dinh [, (4;12); parabol y=x*+4 c6 dinh 1,(0;4).
4m =4 m

Phuong trinh da cho c6 dung ba nghiém thuc phan biét< |4m=8 < |m
m

4m=12

1
2.
3
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Cau 8.

=log, Vx+x*+4 . C6 bao nhiéu gia tri thuc ctia tham s6 m dé ba

phuong trinh f((x+1)4 —4x—5)+f(x2 +6m—m’ —m4) >1 nghiém dung véi moi xeR?

A. 1. B. 2. C.0. D. V0 so.
Loi giai
Chon A
Xét ham s& f(x)=log2\/x+\/x2+4 :%logz(x+\/x2+4).
TXD: D=R
1+ 2x
Tacéd f'(x)= VX +4 >0, VxeR nén f(x) dongbién trén R.

1
2(x+\/x2+4)1n2 2Jx*+41n2
Mit khdc f(—x) =%log2 (—x+ (—x)2 +4) - %10g2 (w/xz 4 —x)

1 4
=—log, ——
2 2\/x2+4+x

Do d6 bat phwong trinh da cho twong duong
f((x+1)4—4x—5)+f(x2+6m—m2—m4)21 <::>f((x+1)4—4x—5)21—f(x2 +6m—m2—m4)

=1—%10g2(\/x2+4+x) =1-f(x) VxeR.

<:>f((x+1)4—4x—5)2f(—x2—6m+m2+m4)
<::>(x+1)4—4x—52—x2—6m+m2+m4
<:>(x+1)4+(x+1)2—6(x+1)2m4+m2—6m.

Dt ¢ = x +1;¢ € R. Bt phuong trinh tro thanh ¢* +£* -6t > m* +m’ —6m.
Xéthamsd g(1)=t'+1*-6r,teR.

Tacod g'(t)=4r+2:-6; g'(t)=0 <48 +2t-6=0 <t=1.

Bang bién thién

X —00 1 +00
g'lt) - 0 +
+00 +00

glt) \ /

—4

B4t phuong trinh da cho nghiém diang véi moi xeR < m* + m*> —6m <-4
< g(m)<—4 < g(m)=—4 < m=1 (Suy ra tit bang bién thién).
Vay co 1 gia tri thuec cia m thdéa man.
Cho ham s§ f(x)= (ez" —e’“)+ ln(x+ Vx? +1)+ x*. Cé bao nhiéu gid tri nguyén cta tham
sO0 m d€ bat phuong trinh f(|3x2 +m|)+f(x3 —12) <0 nghiém dung voi moi x e[-2;1].
A.21. B. 22. C. V0 s0. D. 20.
Loi giai
Chon A
Xétham s6 f(x)= (ezx —e_z")+ln(x+\/x2 +1)+x3.
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1+x

Ta co f'( ) (2e +2e_2x) ¢+3x _(26 +ze—2x)

N 1
x+x7 +1 X’ +1
Suy ra ham s6 f (x) dong bién trén R . Ta c6
f(—x) - +ln( P x)
R S
VX +1+x
=(e_2’“—ez")—ln(\/x2+1+x)—x3
=—f(x) VxeR.
Suyra f(x)lahamsdlétrén R.
BPT £ (j3% +m)+ 1 (¥’ =12) <0 £ (j3° +m) <  (12-%)
X +3x7+m—12<0, (1)
X' =3x*-m-12<0, (2)

+3x2>0VxeR.

= (e‘z" —ezx)+1n

<::>|3x2+m|312—x3 <:>x3+|3x2+m|—12$0<:>{

N Dt g(x) =2 +3x" +m-12= g'(x) =35 +6x=3X(x+2):0<=>{ x:OZ-
x:_
Ta c6 BBT:
X -2 0 .
g(x)

¢() \ /

Do d6 (1) thoa méan v6i moi xe[-2;1] ©m-8<0 < m<8.
+) bat h(x)=x3—3x2—m—12:>h'(x):3x2—6x=3x(x—2)=0<:>x=0.

Ta c6 BBT:
x ) 0 1
h'(x) + 0 _
h(x) -m-12

Do d6 (2) théa man véi moi x €[-2;1] @1}{[2;11)]((}1(@) <0 -m-12<0em=2-12.
Vay —12<m<8.Suy racé 21 gid tri nguyén cua m thoa man yéu cau.

Cau9. Cho ham s§ f(x)=In(vax" +1+2x)+

X

- 1 A A, - ’ .7 . 2 ~ A 1A
. Tap tat ca cac gia tri caa tham s6 m dé bat

phuong trinh f(\/x —4 —m(x— 1)) + f(m+1)20 c6 nghiém la

3”4‘/5. B. m<O0. c.ms_lz*ﬁ. !

Loi giai
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47 -1 1 1-4°

f(=x =1n(\/4x2+1—2x)+T=1n( j+ -
(=) 2 Jax’ +1+2x) 2

=1n[(\/4x2 +1+2x)_1j_4;:1 =—ln(\/4x2 +1+2x)—4;_1 =—f(x).vxeR.

Do d6 f(x) lahamsdlé trén R.

2
Jax? +1
Xét bat phuong trinh f(vx—4 —m(x=1))+ f(m+1)>0, DKXD x>4.
& f(Vx=4=mx-1)=zf(m+1)

& f(Nx=4=m(x=1))> f(-m-1) (do (x) la ham s5I¢)

S Nx—4-m(x—-1)>-m—1 (do f(x)ddngbién trén R)
<:>m(2—x)2—1—\/xT4

<M+l'

<=0

vx—4+1
x_

Talaico f'(x)= +2'In2+27In2>0, VxeR = f(x) dongbién trén R.

6-x—2Jx—4
=2\/m.(x—2)2'
x<6
g'(x):0<:>6—x—2\/xT4=0<:> x=8+2/3 <= x=8-2./3.
x=8-23

Xét g(x)= Taco g'(x)

Bang bién thién:
x |4 8 —2V3 +o0

g'(z) T 0 -

N =

Tt BBT, bat phuong trinh (*) c6 nghiém < m < 1+4\/§ .

Cach khac: bat t =vx—4,120, khi d6 (*) tro thanh m <

t+1
P2+2°

1
tl;+ 2trén khoang [0;+x) ta duoc
+

maxg(t)=g(\/§—1)=\/§+l 1+4\/§.

max I ttr d6 suy ra bat phuong trinh (*) c6 nghiém < m <

Cau10. Cho ham s6 f(x)= x+x 41, Tong binh phuong cac gia tri ctia tham s m dé€ phuong
(2 |x - m| + 1)

f(2 x> =2mx+m’ +1)

Lap bang bién thién caa ham s6 g(7)=

trinh (—x2 +2x— 2) f (—x2 + 2x—2) + =0 ¢6 dung 3 nghiém phan biét
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Bai 1.

.2,

"2 2
Loi giai
Chon B
Ta co: \/x2—2mx+m2=|x—m; f'(x)=1+ Al x2+1+x>0 va
V41 AxP 41
f(—x)=—x+\/x2+1:>f(x).f(—x)=1<:>f(x)=f( )VxeR
—x
2 o 1
= f(—x"+2x 2)_—f(x2—2x+2)'
Phuong trinh da cho < 2|x—m|+1 = x22—2x+2 (D).
fQx—m|+1)  f(x*—2x+2)
Xét ham s&
t+ t2+1—t—72
t AORIAQ) V] 1
H=——(@t>0 )= = = >0
S5 0= E 0Ty 70 N

Vay ham s6 g(r) dong bién, khi d6 phuong trinh (1) twong duong véi pt
X' =2x+1=2(x—m) - 2m=—x"+4x-1
X' =2x+1=-2(x—m) 2m=x"+1 '

Ta thdy hai parabol y=—x’+4x—-1, y=x" +1 ti€p xtic v6i nhau tai diém c6 toa d6 (1;2) nén

X =2x+2=2|x-m|+1 & x* - 2x+1=2|x—m| <:>[

do thi ctia chiing trong cuing hé toa dd Oxy nhu sau.

Yy
3 y=3
\ 2 N\ y=2
V=1
\
0 il

3

2m=3 m_E

phan biét, tit d6 thisuyra |2m=2 < | m=1.
2m=1 1

m=—

L 2

Vay téng binh phuong cac gi tri ctia m béang %
3. Bai tap tu luyén:
Cho ham s8y = f(x) lién tuc trénR va c¢6 d6 thi nhu hinh vé bén. C6 bao nhiéu gia tri

m’ +5m

Jri+1

= f?(x)+6 cb dung bdn nghiém thuc

nguyén cua tham s6 m d€ phuwong trinh
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Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

Bai 7.

Bai 8.

Bai 9.

Bai 10.

A. 3. B. 2. C. 4. D. 1.
Goi S la tap hop gia tri thwc cta tham s6 m sao cho phuwong trinh

x*+2-m=33x> +4x+m cd ding hai nghiém thuc. Tich tt ca phan t& cua tap hop S

bf?mg.
A.é. B. 0. C.1. D.i.
27 27

Cho ham s8 f(x)=x"+x+2. S0 gia tri nguyén cta tham sd m d€ phuwong trinh
f(e/f3(x)+f(x)+m) = —x*—x+2 cé nghiém xe[-1;2] 1a
A. 1746. B. 1750. C. 1747. D. 1748.

Cho phuong trinh 4‘x+x—log4(m—x)—2m—%=0, (meR). S8 gia tri nguyén ctia m d€

phuong trinh da cho cé nghiém thudc doan [-2;2] la

A.3. B. 6. C. 5. D. V5 s0.

C6 tat ca bao nhiéu s6 nguyén duong a véi a <2021 d€ phuong trinh

(ax+alna).In(ax+alna)=e""

A. 1199. B. 2003. C. 1001. D. 1802.

Cho ham s8 y = f(x)= Jx* +1+x. Tim gi4 tri nho nhat ctia tham s8 m d& bat phuong

N 1+/1-x"
f (1 + m )

A 1++2. B. 2./2. C.3-1. D. 1.

C6 bao nhiéu cdp s6 nguyén duong (x;y) v6i x <2021 thoa man

2(3x—y)=3(1+9")~log, (2x~1)?

A. 2020. B. 1010. C. 3. D. 4.

Cho ham s6 f(x)=x"—15x> +78x~141-m~5Y2x~9+m véi m la tham s5. C6 bao nhiéu

s6 nguyén m thudc doan [-2020; 2020] sao cho f(x)<0 véimoi x thudc doan [2;4] ?

A. 2020. B. 2024. C. 2021. D. 2022.

Cho ham s8 f(x)=log,y,, (ﬁ + x) +x*' + x| Tap nghiém cta bat phuong trinh

f(27)+ f(-x-3)<01a
A. [-1;400). B. (-1 +m). C. (—oo;—1]. D. (—o0;-1).

c6 nghiém x>2

trinh (x—m) f(x— <0 nghiém dung véi moi x € [-1;1].

t

Xét ham s& [ ()= o véi m la tham s6 thuc. Goi S la tap hop tét ca cac gia tri cta
+m
tham s6 m sao cho f(x)+ f(y)=1 véi moi x,y thoa man ™’ <e(x+y). Tim s& phan ti

cua S.
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Loi két: ay la bai viét nho st dung tinh chat ctia ham s6 d€ giai quyet mé
bai toan vé PT-BPT bai viét duoc tham khao, tong hgp tir nhiéu cau héi duoc déng trén FB
NHOM GIAO VIEN TOAN VIET NAM vdi cac ky thuat nhu trén ching ta c6 thé tao ra
cac 16p bai toan thu vi hon.

Do kinh nghiém chwa nhiéu va thoi gian han ch€ nén chuyén dé con nhiéu thi€u
sot. Rat mong nhan duoc su doéng gop y kién cua cac thdy, ¢ va ban be dong nghiép dé€
bai viét dugc hoan thién hon. Chuc cac thay c6 va cac em stec khoe, thanh cong!
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