Truong THPT Hung Vuong-Binh Phuéc GV. Nguyén Hiru Hiéu —swru tam-bién soan

MOT SO VAN PE CO BAN VE GIOI HAN CUA DAY SO
A.TOM TAT LY THUYET
1. Dinh nghia 1
Day s6 (u,) duoc goi la day s6 taing néu voimoi n ta cd u, <u,.,

Day s& (u,) duoc goi la ddy s6 giam néu véimoi n ta cb u, > Uy,

2. Dinh nghia 2
Day s& (u,) duoc goila day s6 bi chidn trén néu ton tai mot s M sao cho
u, <M, VneN*
Day s6 (u,) duoc goi la day s6 bi chidn dwéi néu ton tai mot s6 m sao cho
u,=m, VvneN*
Day s& (u,) duoc goila day s6 bi chan néu ton tai mot s§ M vamot s6 m sao cho
m<u,<M,VneN¥*

3. Pinhly1
a. Moi day tang va bi chan trén thi hdi tu.
b. Moi day gidm va bi chan dwéi thi hoi tu.

4. Pinhli 2
a. Moi day tang va khong bi chan trén thi tién ti +o.
b. Moi day giam va khong bi chan dwéi thi tién tdi —o.

5. Dinh 1y 3

a. Néu mot day (u,)hoi tu dén a thi moi day con trich tir (u,) cting hdi tu dén a.
b. (u,) hoitu dén a < (u,,) va (U,,,) hoitudén a.

6. Dinh Iy 4

A~ - \ \ - 1
a. Néu limu,=0vau,#0,vneN thi lim —=o

N—+o0 n—-+ow u
n

b. Néu limu, =0 va u,#0,vneN thi lim i:O

>0 =

7. DPinh ly 5.(Dinh ly kep gitra vé gidi han). Néu véi moi n>n, ta ludn c6 u, <X, <v,va
limu, =limv, =a thi limx, =a

8. Stt dung tiéu chuan Weierstrass d€ chirng minh day s6 c6 giéi han

u=a

c6 gioi han hitu han va
u,=f(u_)n=2

Bai toan. Chiing minh day sd (u, ) xac dinh boi {

tim gidi han d6 ( f (x) 1a ham s lién tuc).

Phuwong phap giai
a) Day (x,) bichan. Néu f(x) laham sd tang trén [a;b] thi day (x,) don diéu va hoi
tu dén L 1a nghiém cta phuwong trinh f (x)=Xx.
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b) Néu f(x) la ham s6 nghich bién thi cac day con (X,, );(X,,,;) cua day (x,) nguoc
chiéu bién thién.
Nhanxét:  Néu day (x,,) hoi tu dén L, day (x,,.,) hoi tu dén K:

Véi L=K thiday (Xn) khong cé gidi han;

V6i L=K thiday (x,) c6gidihanla L.

II. BAI TAP

1. CHUNG MINH DAY SO CO GIOI HAN

u =3
Bai 1. Cho day s6 (u )xac dinh boi cong thire 1 .. . Chiing minh
" u  ==2u +—|; (neN).
day s6 c6 gidi han. Tinh limu ?
Loi giai
Theo cong thitc xdc dinh ddy (u ), tacéd u >0; VneN .
Ap dung bat dang thiic Cosi, ta c:
1 i *
u . =—-|2u —I—% =—lu +u +% 23u2.%:§/§ ; Vne N .
! 3 ! u/ll ' ' u7l ! un
Do do: u 23/5;VnEN*.
3P
Mat khac: v, —wu zzu —I—l—u :li—u :l i <0.
" SR T 7o 1 E7 3|
Vay (u ) la day s6 giam va bi chan dudi nén né c6 gidi han.
Gia st, limu_ = q.Ta co: a:ch—i?(:)a:%@a:%@.
a a
Keét lugn. limu, = 43
Bai 2. Chuing minh day s c6 gidi han va tim gidi han dé
u, =1
Bai 3. Chiing minh day s6 Ut n_123 6 gidi han va tim giéi han do.
" 3+u,, T
) ]' 31;”
a ToT, ==, =
n 1 6 n+1 227” +1
b) xn : xl = \ﬁ;xwrl = \A2 _'_ xn
!
C) AR L — ime N
T 2n41 1
d) r ocx =13z = 412 +z
1 4 ,
e) xn : fE] = 5 ;:En,Jr] = g xn o xn
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" 1
==
2
b , 3u + 4
nl - ,TLZ]_
- 2u +1
r, =0z, =1
T A 3 2
g) n xJ_l — xn—l—i_ ’n22
" 10z +2x  +2
:clzl
h : 1
) “u xn+1:20+—3,n:1,2...
:1:1:1
i z 1 2014
) ! n+1:_ n+ . 7n21
31;71,
:1:1:1
j) T u
T, =—" ,n > 2
u | +1

3
k) T $1:§;$n+1:a/333n—2;7121
1) T :xlzo;xn+1:,,f6+xn;n21

2 2z +1

m) xn . xl _17xn+1 = xn +3 ’ Z
n) r oz =Lz, =2z, = \ﬁ—{— *;%qm >2

4 4 8
O) xn xl:§;$77+l_—§+§ an,nZl

1 3 5, 1 3 . x 1es ~
9] T, T =i, = o8, T 5T >1 . Hudng dan: Xét ham so.

- 1 7 ~ A 7

fx :gx3—§x3,x€[0;1], f'z ZO;V:BE[O;l] tedosuyra f z tdng trén [O;l].Chu’ng

minh u € [0;1] bang quy nap. Do f z tiangnén f u —fu  &u —u  cungdau, vado

dé6 cuing dau véi u, —u, = — % <0.Twr dosuy ra v, la day giam va bi chan dudi.

q) T :\/E;an :4f2+\/2;n21 HD: Xétham s6 [ =« :*\¢2+xj;;x€[0;2]

u n T

=22;p>1 HD: Xétham s6 f = :25;x€[1;2]

r) z :331:\/5;3:

n+1

7 \ N 1
S) v ox =198%z = 1 :n>1 HD: Xéthamso f =z = 3 ;xE[O;l].

— 3z 4 — 3z

n
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1
t) x rx=Lkr =1+—n>1

MOT SO BAI TOAN TiNH GIOI HAN CUA DAY SO

1
u==
Bai 1. Cho day s6 thuc (u,)xac dinhboi: { + 2 . Tim gi4i han sau:
u,=u’+u,vn>1 (1)
. 1 1 1
lim + +ot .
>l U +1 0 u,+1 Uy, +1
Loi giai

o Bang phép quy nap don gian ta thdy rang: u, >1, Vn>3
e Xét tinh don diéu cua (u,): Tt hé thite (1) ta suy ra duoc

Uy —U, =U2 >0 = (u,) tang.

Tinh tong:
, 1 1 1 1
un+1:un+un:> - T
u,, u (un +1) u, u,+1
1 1 1 (n=12.) (¥
un +1 un un+1

Thay n béi 1,2,3,...n vao (*) va cong vé véi vé cac dang thirc ta suy ra duoc:
1 1 1 1
+ ..+ =2-
u+1l u,+1 u,,+1 u

n+l

n+l
e Do (u,) la day tdng nén c6 hai kha ning sau xay ra:
1) Day (u,) bi chan trén. Theo tiéu chuan Weierstrass, do (u,) tang va bi chan trén
nén no cod gidi han.
Giastt limu, =a thi a>0.Chuyén qua gidi han hé thic (1) khi n — +oo ta co:

a=a’+a<a=0 (voly)
2) Day (u,) khong bi chan trén, do (u,) ting va khong bi chin trén nén:

, : .1
limu, =4+0= limu_, =4+0= lim —=0

nN—+o0 N—-+o0 n—>+oo |

Vi thé tr (2) ta suy ra: lim 1 + ! ..t 1 = lim 2—i =2
ol U +1 0 u,+1 u

ool U +1 0 U, +1 u,,+1

e Vay Iim[ ! + ! +...+ ! j:2®.

| =2

u
Bai 2. Cho day sd thuc (u, ) xac dinh boi: ,
U, =U, —u,+1,vnx>1 (1)
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N o /. - 1 1 1
Tim gidi han sau: lim| —+—+..+— |.
N—+0 U]_ ul u

Loi giai
e Bang phép quy nap don gian ta chitng minh dwoc rang: u, >2, vn>1
e Xét tinh don diéu cua (u,) T hé thic (1) ta suy ra duoc
vneN', u,, -u, =(u,-1)" >0, vay (u,) ting.
e Tinh tong: Xuat phat tix hé thuic truy hoi (1) ta suy ra dugc

1 1 1 1
un+1 un (un ) = Un+1 -1 un (un _1) lJn -1 un
SN S B (n=12.) (%)

u, u,-1 u.,-1

n
Thay n boi 1,2,3,....n vao (*) va cdng vé voi vé cac déng thitc ta suy ra dwoc:
1 1 1 1
—+—+..+—=1-
u u u Upg -1

n

e Do (u,) la day ting nén c6 hai kha ning sau xay ra:
1) Day (u, ) bi chan trén. Theo tiéu chuan Weierstrass, do (u,) tdng va bi chén trén
nén no ¢é gidi han.

Gia st limu, =a thi a>2.Chuyén qua gidi han hé thic (1) khi n— +o ta cé:

a=a’-a+leoa’-2a+l=0<a=1(voly)
2) Day (u,) khong bi chin trén, do (u,) tang va khong bi chan trén nén:

=0

limu, =+ = lim (u,,, —1)=+0 = lim
n—-+oo

N—>+0 n—+o0 | —
n+1

Vi thé tir (2) ta suy ra: Iim(i+l+...+iJ=Iim(l— ! ]:1

n—+0 ul ul un n—>-+o0 un+l -1

N—>-+0 ul ul u

e Viy lim [1+1+...+i}=1 .
u, =3
Bai 3. Cho day so6 u, xac dinh boi 1,
Uy == (U +u, +4),n=1;2;3....
5
a) Chiing minh day s6 u, tang nhung khong bi chan trén ;

b)ybat S, =
)bat s, kz_l“uk+3

Bai 4. (Dé kiém tra ddi dy tuyén Nam Dinh) Cho day s8 (x, ) xac dinh boi

,n=12,3... Tinh limS, .

x, =2012;x,,, = x> —5x,+9 v4i moi n nguyén duong.
a) Chtrng minh (xn ) la day so tang;
b) Chttng minh (xn)khéng o gioi han hitu han;

n

c) Xét day ( Y, ) xac dinh boi y, =)

k=1 X —

.Tim limy .
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Loi giai
a) Xéthiéu:x, , —x =x>—5x +9-x, =(x, —3)>20

e Do x,=2012>3 nén x, , —x, >0 suyraday da cho la day tang.
b) Gia str day (x,) co gidi han hitu han, dat limx, = a(a >2012).
Tt cong thire truy hoi x,,, = x> —5x, +9.
LAy gidi han 2 vé, ta dwoc: a=a”>—5a+9 <> a=3 (khong thoa man).
Do d6 day da cho khong c6 gidi han hiru han.

c) Ta cé: r _t 1
x, -2 x,-3 x, -3

Dodé,tacc'):yn:z t 1t - 1 L L

Sy 2 x-3 " x -3 2009 x, -3
Ma limx_ =+ nén limy =——.
2009
. A u, =1 y N
Bai 5. Chodayso u in=12,..DPat § :Z—.Tlm lim S .
" Un+1 =1 + U1U2U3...Un n 1 uk n——4oo "

Loi giai

Ta co u .  =l+uu,.u (n>1)u =1+uu..u ;n>2 , suyra

n—1"

m _
Ll:un,anqunH—lz u —1 u
u J—
1 1 1 1 1 1 1
:> = = ——:>—: —
”H—l u —1 u u —1 wu U u —1 - 1

1 n 1 1 n 1 1 1 1 ]_
=85 ==+ —=— — =+ -

ul k=2 U'k. ul k=2 uk_]' uk+1_]‘ ul uQ_]' n+1 1

1

Ta co
U, =1+u;u, =1+uu, =1+u, (1+u,) >1+u,

)
=u, >1+U, = uu,..u, >(1+y,)"

Matkhacu  —u =1+u wu,.u  —1 >0hay u tingnén
n—1
u,  —l=wu..u >u 1+u =2""=lim u —1 =4co= lim S =2

n+1 n—-+o n—-+0oc

Bai 6. Chodaysd = :z, =lz =,z 2 +1 z +2 z +3 +1.Tinh lim [Z 1+2
L L b b v n— 400 i1 ajj

Mot so van dé co bdn vé day so va gioi han cia didy 6
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Loi giai

Taco z,=5vaz >0 véimoi n=12,...

n+1

5, = o (o, + D@, +2)(@, +3)+1= 2’ +35, 2’ +30, +2 +1 =2 +3z +1 (]

Tt d6 suy ra

x,’l+l—|—1:xj+3xn+2 :xn+1 xn+2
1 - 1 1 B 1 N 1 B 1
T .+ 1 x"+1 T +2 xn+1 z, + 2 z + 2 T +1 T, +1
, & 1 2 1 1 1 1 1 1
Dodé6 y = Z = _ _ _ _1
- T +2 I+l T, + 1 r+1l z +1 2 =z  +1

T (1) 2, = + 3z, +1> 3z, >33 =3"

Ta dé dang ching minh bang quy nap z, > 3" ()
A . 1 N\

Neén }LLIE y = 3 (vido(2) z ,, >3")

Ta c6 thé chitng minh limz = 400 vdi cach khac:

Dé thdy z laday ting, gia st limz =a(a>1)

Nén ta co a = \[’a(a+1)(a+2)(a+3)—|—1
Suyraa®’=aa+1 a+2 a+3 +1 hay a' +6a’ +10a® +6a+1=0

R6 rang phurong trinh nay khong c6 nghiém thoa mana>1. Vay limz = +o0

= Ve ~ A 7 . 2 . N\ ]‘ &) .
Bai 7. Xetdaysd = ;n=123,... xdcdinhboi z =2vazx A = E(xi + 1) voi moi

1 + 1 .Tim lim S .
14—31:2 1+z n—too

Loi giai
Ta c6 thé tong quat hoa bai toan nhuw sau:

u =a
Choday u  thoaman w?—(b+cu + ¢

n+1 b—C

Ta ching minh S = Z L L L

i=1 u7;+b _ul—f—c_unﬂ—i—c
That vay.
2 2 2
, —(b+cu, + —(b+c)u, +b +b)(u +
Tacou , = v, —( ; e, ¢ suyra u _ +c= v, —( ; oy, c_ (1, b)(un )
—C —C —C
, 1 1 1 1 1 1
Tk d6 _

— — = =
un+1 + ¢ un + ¢ un + b un + b un + ¢ un+1 + ¢
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Khai trién va wéc luong duoc
111
u +b u +c u +c

11
u2+b u, +c¢ u, +c

11 _ 1
u7+b u +c u., tc
Dodo § = —————*

ul—i—c un+l+c

Ttr d6 van dung vao bai todn trén véib =1, c=-1ta c6

g 1 1 1

' z, —1 anrl_l anrl_]'

\ 1 A 1x
Maz  —z =5 % 17 >0VneN* nénday z laday tang. Gia st nlirfloox =a (a

>2). Thi 2a =a* +1 suyraa=1.Valy.
Vay lim z =+o00.Dodd lim § =1

n—+00 n—-+400
Nhin xét. Trong cic bai todn tong qudt ta c6 thé'thay cdc gid tri ciia a, b, ¢ khdc nhau dé dwoc cdc bai

todn méi. Chiang han:

(2:1;7] _|_ 1)2012

Bai 8. Chodaysd z, duwgcxacdinhboi:xi=1;z = + . Véinla s6 nguyén

2012
2 1 2011 2 1 2011 2 : 1 2011 2 1 2011

duwong. Dat u :( 7, 1) +( z, +1) +( z +1) +...+M.Tim limu .

" 2z, +1 2z, +1 2z, +1 2z, !
Loi giai

, 2 + 1 2012
Taco x ]—x:u,Vn21

n+ n 2012

Suy ra 1 _ 2(xn+1 B xn) _ (an + 1)2011

2¢ +1 2z +1 (22, +1)(2z, +1) 100602z, +1)

=100 Z

Matkhac: z, | — 2 > 0nén day (xn) la day s6 tang Vn > 1. Néu (xa) bi chan thi limx» ton

2 12011
N Z( T+ )
2¢. . +1

i=1 i+1

1
2x +1 25137.’+1 +1

1 _ 1
2:0l +1 2:1:77’+l +1

tai.

Mot so van dé co bdn vé day so va gioi han cia didy 8
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2012
bét limz =a= a>1va a= % +a (vOly).Suyra z khong bichan trén
hay limz = 400 suyra Iim;=0. Suyra lim u = 1006
n xn+l + 1 N—s 400 n

u =1
Bai 9. Cho day s& thuc (u, ) xac dinh boi: u2 Tim gi6i han sau:

Uy, =——=+U,Vn=1

2012

lim| 242y )
Uy Ug Unsg

Loi giai

Bang phép quy nap don gian ta thdy rang: u, >1, vn>1

e Xét tinh don diéu cua (u,): Tt hé thirc (1) ta suy ra duoc
2
u
vneN", u .,—u =—"->0,vay (u. ) tang.
€ R ay ( n) &
e Tinh tong: Xudt phat tir hé thirc truy hoi (1) ta suy ra duoc
2

Uy +U, = u; =2012(u,,, —u,)

u =
"™ 2012
u ,—u
U _pgpp(Ua=th)
un+l un'un+l
— =2012(1—1j (n=12...) (™
un+l un un+l

Thay n boi 1,2,3,....n vao (*) va cdng v€ vdi vé cac dang thire ta suy ra duoc:

Y, Y =2012(i—ij=2012[1—1j @)
u, U, u u u u

n+l n+l N+l
e Do (u,) la day ting nén c6 hai kha ndng sau xay ra:
1) Day (u,) bi chan trén. Theo tiéu chuan Weierstrass, do (u,) tang va bi chan trén
nén no ¢é gidi han.
Giasu limu, =a thi a>1 .Chuyén qua gidi han hé thirc (1) khi n— +oo ta cé:
2

a=
2012
2) Day (u,) khong bi chan trén, do (u,) ting va khong bi chin trén nén:

+a<a=0 (voly)

: : 1
limu, =+0= limu_, =4+0= lim —=0

n—+o0 n—+o0 n—-+o |
n+1

e Vith&tir (2) tasuy ra: lim [i+“—2+...+”—"]= lim 2012[1—ij — 2012

n—+0 N—+o0
u2 u3 un+1 un+l

Mgt so van dé co bdn vé day so va gioi han cia didy 9
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e Vay lim [i+”—2+...+ = j:2012 X

el Uy Ug Un.a
u, =2
Bai 10. Cho day s6 thuc (u, ) xac dinh boi: 2 Tim gidi han
y (uy) e L E TP 8
2012
sau: lim| —2 4 Y% o Uy
n>to{ U, -1 U;—1 u,,—1
Loi giai

¢ Bang phép quy nap don gian ta thdy rang: u, >2, ¥n>1

e Xét tinh don diéu cua (u,): Tt hé thite (1) ta suy ra duoc

VneN’, u,,, —u =M>O vay (u,) ting.
7 HYn4l n 2012 s Ve n

e Tinh tong: Tt hé thitc truy hoi (1) ta suy ra dugc

2

,, =t 2O 2 o010y, = 20120, = u, (u, 1) = 2012(u,., ~u, )
2012
u,,—1)—(u,-1
— =2012( P G ): U _poppf L __ 1 (n=12,..)(*
Uy -1 (un+l _1)(un _1) Uy -1 u, -1 Uy -1
Thay n béi 1,2,3,...n vao (*) va cong vé véi vé& cac dang thiic ta suy ra duoc:
W, Y U _oppfgo 1t @)
U, -1 Uy -1 un+l_1 un+1_l

e Do (u,) la day ting nén c6 hai kha ning sau xay ra:
1) Day (u, ) bi chin trén. Theo tiéu chuan Weierstrass, do (u,) tdng va bi chin trén
nén no ¢é gidi han.
Giasw limu, =a thi a>2 .Chuyén qua gidi han hé thic (1) khi n— +o ta cé:
_a(a-1)

a=————r+asala-1)=0=a=0va=1 (voly
2012 (a-1) % (vo ly)

2) Day (u,) khong bi chan trén, do (u,) ting va khong bi chin trén nén:

limu, =+0=> lim (u,,, 1) =40 = lim =0

n—+o0 n—+o0 n—-oo —
u n+1 1

e« Vith&tir () tasuyra: lim| -2+ % o o % | jimoo12[1-—1 | 2012,
noo{ U, -1 uy—1 u,,—1) now u.,-1

n+1

. Vay Iim[ “11+ “21+...+ Yy 1J=2012.®

n+1

Mot so van dé co bdn vé day so va gioi han cia day 10



Truong THPT Hung Vuong-Binh Phuéc GV. Nguyén Hiru Hiéu —swru tam-bién soan

1
Ul = E
Bai 11. Cho day s6 thuc (u, ) xac dinh boi: Tim gidi
Y n g 2
«/u +4u_, +U
u, =-+—- 2”’1 “ovnz2 (1)
i 1 1 1
han sau: lim| —+-—=+..+—|.
nN—+o0 ul u2 un
Loi giai

e Bang phép quy nap don gian ta thdy rang: u, >0, vn>1

e Xét tinh don diéu cta (u,): Tt hé thirc (1) ta suy ra duoc

2 2
\/un—l + 4Xn—1 + l"In—l \/un—l + 4'Xn—l - un—l 2un71
_ —u L= = >0
n 2 n 2 > 4
\Aun—l + Xn—l + un—l

Suy ra: (u,) ting.

e Tinh tong:

b= S ( ), S = (=12.) ()

n~ Yn > - 2
«/un_1+4xn_1+un_1 u- U, U

e Thaynbdil,23,..,n vao (*) va cong v€ véi v€ cac dang thirc ta suy ra duoc:

i2+i2+...+i2:i2+l—i:6—i (2)
ul u2 un ul ul un un

Do (u,) la day téng nén c6 hai kha nang sau xay ra:
1) Day (u,) bi chan trén. Theo tiéu chuan Weierstrass, do (u,) tang va bi chan trén
nén no ¢é gidi han.

Gia st limu, =a thi a>0.Chuyén qua gidi han hé thic (1) khi n— +o ta cé:

2
a=—”+24a+a@a=0(v61y)

2) Day (u,) khéng bi chin trén, do (u,) tdng va khong bi chin trén nén:

: 1
limu, =+0= lim—=0

n—-+o0 n—-+o un
e Vithé'twr (2) tasuyra: lim [%"‘%4""%] = lim [6—ij =6
n—+o| Uy U, u N—>-+o0 .
e Viy lim (iz+i2+...+i2]: 6.
N+ | Yy u, u;
\ - ~ A , . 2 . ul = 2012 N
Bai 12. Cho day s6 thuc (u, ) xdc dinh boi: § Tim
U2 +2011u —2013u,, +1=0,¥n>1 (1)
‘. . 1 1 1
gidi han sau: lim + +ot——|.
no| U, 42012 U, +2012 U +2012

Loi giai

Mot so van dé co bdn vé day so va gioi han ciia ddy 11
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e Bang phép quy nap don gian ta thdy rang: u, >2012, vn>1

e Xét tinh don diéu cta (u,): Tt hé thire (1) ta suy ra duoc

u —Uu :(un _1)2 >O:> (U ) téng
" 2010 "
e Tinh tong: Xudt phat tix hé thirc truy hoi (1) ta suy ra duoc
2
U2 -+2011, ~20130,,, +1=0 &>, , = o F LML 1
2013
2
ou,, —1= up +2011u, +1
2013
u —1)(u +2012
<:>un+1_:|.=( n )( n )
2013
1 1 1

P = — n=1,2,... *
u,+2012 u,-1 wu,,-1 ( )0

e Thaynboil,23,..,n vao (*) va cong v€ véi vé€ cac déng thirc ta suy ra duoc:
1 1 1 1 1 1 1
+ ot = - = -
u, +2012 u,+2012 u,+2012 uv,-1 u,,-1 2011 wu,, -1

e Do (u,) la day tdng nén c6 hai kha ndng sau xay ra:

1) Day (u,) bi chan trén. Theo tiéu chuan Weierstrass, do (u,) tang va bi chan trén
nén no co gidi han.
Giastr limu, =a thi a>2012. Chuyén qua gidi han hé thirc (1) khi n — +oo ta co:

a® +2011a—2012a+1=0<=a=1 (vd 1)
2) Day (u,) khong bi chan trén, do (u,) ting va khong bi chin trén nén:

lim u, =400 = lim (u,,, 1) =+00 = lim =0

n—+o0 N—>+w0 n—-+o | —
n+1

Vi thé tir (2) ta suy ra:

: 1 1 : 1 1 1
lim + +..t = lim - =
oo\ U +2012 U, +2012 u,+2012 ) n->={ 2011 u,,-1) 2011

N 1 1 1
e Viy lim + +.ot =
ool U +2012  u, +2012 u,+2012 ) 2011

1
U =——
Bai 13. Cho day s6 thuc (u,)x4c dinh boi: { 2012 . Tim gidi han
u., =2012u’ +u_,vn>1 (1)
sau: lim| 2%y |
e u2 u3 un+l

Loi giai

¢ Bang phép quy nap don gian ta thdy rang: u, >0, ¥n>1

Mot so van dé co bdn vé day so va gioi han ciia ddy 12
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e Xét tinh don diéu cua (u,): Tt hé thirc (1) ta suy ra duoc

U, —U, =2012u; >0 = (u,) tang.
e Tinh tong: Xuat phat tir hé thic truy hoi (1) ta suy ra duogc

2 —
201202 =y, , —u, = 208 UnaUy Uy 1 P11 o
u,u u,u u 2012{u, u

n-n+l n~n+l n+1 n+l

e Thaynbdil,?23,..nvao (*) va cdng v€ véi vé€ cac dang thikc ta suy ra duoc:

u, u, u, 1 1 1 1 1 1 1
—+—=+..4+ =——|| —— |[+| —— |+ | ———
u2 u3 un+l 2012 ul u2 u2 u3 un un+l

N P
2012 u

n+1

e Do (u,) la day ting nén c6 hai kha ning sau xay ra:
1) Day (u,) bi chin trén. Theo tiéu chudn Weierstrass, do (u,) ting va bi chin trén
nén no ¢é gidi han.

Giastt limu, =a thi a>0.Chuyén qua gidi han hé thic (1) khi n — +o ta cé:

a=2012a*+a<>a=0 (v ly)
2) Day (u,) khéng bi chin trén, do (u,) tdng va khong bi chin trén nén:

. . .1
limu, =+0= limu,,, =+0= lim—=0
N—-+o0 N—+o0 N—+o0 un+1
LA g . (U U u . 1 1
e Vithétr(2)tasuyra: lim| ++—-2+..+— |=lim| ——|2012—-— ||=1
n>to{ U, U, Uy, n—>+o| 2012 VI

e Vay lim [i+u—2+...+ U J=1®.

Uy U Unia

u, =3
Bai 14. Cho day s0 thuece (u, ) xac dinh boi: u? +2009u. +2 v Tim giGi han sau:

Upyy = — —,Vn2

e 2012
T L L
Nt U, =2 Ug—2 Uy, —2
Loi gidi
2 —_— f—
e Bitndsiu, - u, +2009u, +2 o U —u = u, -, -2) (1)
2012 2012

Viu, =3nén3=u,<u,<u,<...<u,,suyraday {u,} tang.
e Gidsirday {u,}bichdn trén < 3Le R:limu, =L (L>3)
u2+2009u, +2 L? +2009L + 2

hay L =
2012 2012

< L?-3L+2=0<L=1hodacL=2(vdly vi L>3)

Suy ra limu ,=lim

Do d6 {u, } khong bi chan trén hay lim u =+« hay lim 1o

n—+oo |
n

Mot so van dé co bdn vé day so va gioi han ciia ddy 13
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e Bién doi (1) < @u,-1)(u,-2)=2012(u,,,-un)
u -1 1 1
n =2012 - *
2 (un 2 U,-2 ) )

n+l

e Chonlan luwgt nhéan cac gia tri 1, 2, 3, ....n, sau d6 cong vé theo v€ ta duoc:

s,=> U=t _o012 (1- . L )

i=1 Y n+l
e Vaylim$,=2012 @
X2 +2x +4

Bai 15. Cho day s6 (X,) xac dinh nhusau X, =3 va X, = —5 5 véi n=12,... Véi
X2 — X+

n

mdi s8 nguyén duong n, dt y, = Z >— . Tim limy, .
i X +4
. (% +4)(%, ~2)
Loi gidi. Xy —2=——" : 1
8 n+1 Xs _ Xn +6 ( )
Do X =3 nén bang qui nap ching minh dugc X, >2 véi moi neN
(x,—2)° UV
Xy — X, =—————=>0 = (X,) laday tang (2).
n+1 n X§—Xn+6 (n) y g()

Gia st day (x,)bi chin trén =3Ja>3 d€ Ilimx,=a . Khi do

3
a= 3 F2FA 434420 o a=2 (loa)

a’-a+6
Do d6: limx, =+o0 (3)
Tt (1) suy ra: ! = ! - 21 = 21 = 1 - 1
X, —2 X, —2 X +4 X“+4 X -2 X, —2
L1 1

Yo in2+4 X —2()

i=1 n+1

T (3) va(4)suyra: limy =1

2017
Bai 16. Cho day s6 (X,) xac dinh nhu sau 2 9 . Vi mbi s6
xn+1:2x§—5xn+5; VneN
nguyén duong n, dat u, = Z . Tinh limu, .
e X —1
Loi giai
e Xétham sd f(x)=2x2—5x+§.Khidé f(x)=x<:>2x2—5x+5=x<:> x=g.
Vay ham s c6 mét diém bat dong la Xzz.
Ta c6 xn+1:2x§—5xn+g<:> xn+1—§:2(xn—§ (x,—1)
2 2 2
Tt‘rdésural—l L —1_1@1—1_1
g X _§_2. X—§ (X _1)_)(_3 Xn_l Xn_l_x_§ X _E
n+1 2 n 2 n n 2 n 2 n+1 2

Mot so van dé co bdn vé day so va gioi han cia diy 14
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u_zn:l_l_ 1 1 1
" Hx -1 X1_§ . _3 1007 , _3
2 n+1 2 n+1 2
2017

Chting minh day tang. Do X, = nén bang qui nap ching minh duoc X, > 3 voi moi

neN
Xét hidu X, —X, = %(an —3)2 >0 VneN = (x,) laday tang.
e Chutng minh day (Xn) khong bi chan trén.
Gia st day s0 (X,) bi chan trén. Vi day tang va bi chdn nén Ja > g dé€ limx, =a.Khido

2a’ —5a+% =a<a =g (khodng thoa man). Do dé: limx, =+

Vay limu, = i
1007

Bai 17. (Olympic 30-4-2012) Cho day s6 (X,) xac dinh boi:
X =4
4
= 3X”—+9; vn>1"
X, —X,+6
Véi mdi s6 nguyén duong n, dit y, = Z
k=1

n+1

s—— . Tinh limy, .
k
Loi giai.
4 4
, X" +9 X" +9
+XéthamsG f(X)=————=.Khid6 f(X)=X <& ——=X x=3.
X’ —X+6 X*—X+6
Vay ham s6 c6 mét diém bat dong la x = 3.
4 3
X' +9 X2 +3)(x, —3
+Ta cd Xn+1=”—<:>xn+1—3=( n3 )( . )
X>—X, +6

1 :(x§+3)—(xn—3): 11
Xu=3  (}+3)(%,-3) (% -3) (x+3)

:y_z":l_l_ 1 1 1
" Ex+3 x-3 x.,-3 x .3

+ Chting minh day tang. Do X, = 4 nén bang qui nap chting minh duwoc X, >3 véimoi Ne N

( o — 3)2
_ Xn — -
(x, + 2)(xn —2X, +3)
+ Chiing minh day (X,) khéng bi chan trén.
Gia st day s6 (X,) bi chan trén. Vi day tang va bi chan nén Ja >3 dé limx, =a.Khi do

Xét hiéu X, >0 = (x,) laday tang.

+1

Mot s6 van dé co bdn vé day so va gidi han cia diay 15
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4
a +9 =a < a=3 (khong thoa man).

a’-a+6
Do dé: limx, =+oo
Vay limy, =1.
Bai 18. (HSG BP 12-13). Cho day s0 (u, ) duoc xac dinh:

U = - u u, u

L2013 XétdaysS vy ———4—2— .. —2 Tim

w(2—-9u )=2u  (2—5u),Vn>1 l—u  1-u, 1—u
limwv .
Loi giai

Tacéu, =0;Vn>1.
2—9u
Khld(l)'u,i 2_9un+1 :2un+1 2_5un RS n+1:32 2_5'11/” o 2 —9:%_9
U, 1y u, u, . woou,

bat z = 2 Vn >1.Khi do ta co day méi z dwoc xac dinh boi:
u

r, = 2013

T, . :xi—5xn +9Vn2>1
Chitng minh z  la day ting:
Xét hiéu: T, T, = xi —5z, +9—1 = x —3 ’ >0

Doz, =2013>3nén z , —xz >0 suyraday z ladayting

Chitng minh x  khong bi chdn hay limz = +o0:
Giastt z_ bichdn, do day tang va bi chan nén ton tai gidi han hiru han.
Giastday =z c6 gidi han hitu han, dét limz, =a, o> 2013 .
Tt cong thikc truy hoi = | =22 — 5z + 9

LAy gidi han hai v€, ta dwoc: a = a’ —5a + 9 < a = 3 (khong thda man)
Do do6 day da cho khong c6 gidi han hiru han.

Ta co:
Vo= L+ & =2 1 + ...+ 1 =2 1 + ...+ 1 Vn>1
R e 7 1—u 2 T, —2 r —2
n 7_2 7_2 1 n
ul un
Ma 1 1 1

xn - 2 CU" - 3 anrl - 3

Do d¢, ta co: v, =2

Ma limz = 400 nén limv = ——.
" " 1005

Bai 19. (Quang Ngai) Cho day s6 (a,)thoa man diéu kién: a, =2,(4-a,)(6+a, ) =24

1

Mot so van dé co bdn vé day so va gioi han ciia ddy 16
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Tinh 52012=l+l+...+i.
1 aZ aZOlZ
" 4
HD giai: Ttr cong thitc truy hoitasuy ra a, = hor 1 :>l: 2 +1.
6+a_, 2 +1 a, 3a,, 4
3a,, 4
bat tnzl(tlzl):t zét +1<:>t +1:§(t +l)
a, 2 2" 4 2 2 2

1 3 3
batu =t +~wu,=D)=>u =—u =S =2[(=)"-1
‘ n n 2( 1 ) n 2 n—1 n [(2) ]

Cho n=2012,tacd S,,,, = 2[(%)2012 —1]-1006.

2012

5
, “W=3 . 0 g
Bai 20. Cho day s6 (u,) thoa man: (n eN ) Tim lim Z— .
u,=—Uu’-u +2 e Uy
u, =2
Bai 21. Cho day sd: u2°15 +u +1 (neN")
el UPE Y 43
a) Chimg minh U, >1, ¥ne N va (u,)1a ddy sb tang.
1
b) Tim lim> ——
Z_lluzom )
2 n
Bai 22. Cho day s§ u, thoa man u, = 2017;u,,, =u, (fi, +1) ;n=1,2,3... Tinh limy —

€T n—-+ox
n

€T .’L‘2014 x2014 x2014
Bai 23. Chodaysd =, :z, =1,—"*=14+2"" n>1.Tim lim |[*—+4 22—+ .. +—=—|.

- ~ ~N 1 N .
Bai 24. Choday s =, :z, =3,z == ?+z +4 n>1.Tim lim

1

n—-+00 —1 :I;k
Bai 25.Choday s6 =,  duocxacdinhboi 2, =12,z =z [1+ 3 . Chttng minh rﬁmg
nop>1 n+1 n n + 1
z laday s6 tang nhung khong bi chdn trén. Tim  lim [Z i 3
n—+00 —1 fL’
.. . . s . 1 <
Bai 26. Choday s6 =z, dwocxacdinhboi z, = —,z = t .Dbat

247" 143 n+2 n+3 T
S =z +z,+..+x . Tinh lim S .

n—-+00

1 T
—T —21: —1Ln>1.Tim lim —*.
2 Tl+ n—+0C n

Bai 27. Choday s6 = duogcxacdinhbéi z :z =

1ja;2+1—1
Bai 28.Choday sd z, :z, =1lz  =-"—"——

iT ,n>1.Tim lim z .

€T n—+4oo

n
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Bai29.Chodaysd =z :z :ux :l;x, —l T + x?%—i ,n>1.Tim lim z .
n n 1 2 n+1 2 n n 471, notoo N
T, =
Bai 30.(HSG QG 2012). Cho day s6 = : n+92 - Tim lim z .
Y r = + n—-+00
n 3n n—1
[z, = 2012
Bai 31.Cho day s6 =, : ¢’ 4+ 3z . Tim lim z .
€T - ______n n—+oo
n+1 315 + 1
z, = 2012
Bai 32.Choday s6 = : 1 1 2012 |. Tim lim
! xn+1 - 5 xn _'_ neree
x
u, = 2014
Bai 33. Choday s6 u_ xac dinh boi w>+6 .Tinh lim u
' U — n n—4oo "
n+1 2un _|_ 1
HD: Chting minh day u_ giam va bi chan dwdi boi 2.
=3 1 1
Bai 34. Cho u : w—y 4+9.-DitS = + .Tim lim S .
" w = m 7 " 24w 24w, 2+u "
n+1 5 n
1
Ul = 5 n
Bai 35. Choday s0 « thoaman T . Tim lim —
y n ui + 4un + un n——+oc kz:; uf
un+1 = 2 ’
u =3 1
Bai 36.Cho day s0 u_ thoa man 1 .Tim lim > —
un+1 = 5“721 - un + 2 o k=1 uk
u, = 2
Bai 37. Choday s6 z, dwocxac dinh W 2013
u ., =" —n=12..
2014 2014
a) Chitng minh «_ la day s tang.
b) V6imdi n >1,n € N, dit v = ot . Chttng minh réng
’ u'n,Jrl -
v +o,+..+v <2014 ;n=12..
.. Y . s U = 9
Bai 38. Choday s6 u_ dwocxac dinh )
u o =u + =12..

Y

in
s " 2013
a)  Chtmg minh rang day s6 u, tang nhung khong bi chin trén.

b) Dits :Z;.Tinh o S
! =1 ui +2013 n—otoo "
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u =95
Bai 39. Cho day s6 u, : u? —2u 416
[fon = 6
u, = 20
Bai 40.Cho day sd u, w4 Tu +9
un, 1 = ’ / ’n
| 13
2014
Bai41.Chodaysd « | 2013
n u + 2u
n+1 = - = 1’2
2
.. ho dav s& . 2n
Bai 42.Choday s6 z :x =1z, ; - T+
n _

Bai 43. Choday s6 u, duocxacdinhbéi u, =2,u

HD
Budc 1. Chitng minh  lim u = 400

n—-+0oo

Budce 2. Tinh Zi, tinh lim Zi.
n——+o0 < 1 ui

=1 i i=

Loi giai chi ti€t trang 64- Tai liéu 0

yn =

Tinh lim L
1 n—+0C pa— ui + 2
N |
.bat lim Z .
]_,2 nebee ST U, + 10
Dat lim S —
) : n——40c p— ui _|_ 2 )
s’ . x
z,+..+2  ,n>2.Tinh lim ["—“]
n—+0C x

=-—u +1. Tim lim Zl

n—-+o0 <
i=1 ui

< - ~ ~ $1 =1 , . T Z T
Bai 44. Chodayso z : ) .Tinh lim |+ 4+ 2 +.. 4+ ——|.
' xn+1 = 2014:1;71 + xn e 5132 xB anrl
Bai45. Choday s§ «, : z, =3,z =’ —3z +4.Tim
. 1 1 1
lim + + ...+ .
oty =10 m, —1 r  —1
< - ~ A 2 N : xl x?
Bai 46.Chodays6 =, :z, =a>1lz =z .Tim lim + +.o 4+ —2—
n n n e xQ o 1 xs o 1 anrl o 1
. “ s . l+z <
Bai 47.Choday s6 », dwogcxacdinhbdi —1<z <Lz = L Pat
v =4" 1—u ;w =uwu,.u . Hay tinh limv ;limw .
N ~ ~ 2 7 . = 1
Bai 48.Chodays6 =, :z =8z  =— z —7z +25 .Tinh lim [Z 2].
Y Y Y n—+00 i—1 Iq‘, —
. ) 2009z 1+ x: 1o 22
Bai 49.Cho day s6 =, : z, =2009,z, , = — —— . Tinh lim [—|> ——]||.
" ! 2009z, —x_ + 2009 et n |5 14

. N 1 , . 3 .
Bai 50. Cho day s6 thwc a, :a =1;a  , =a +—;n>1.Ching minhrdng lim

Bai51. Chodays6 z, :x, =21, = % z, +1

Mot so van dé co bdn vé day so va gioi han ciia ddy 19
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In

lim

n—+00

_ 5.

n—r=40C
n

T

1

= x, +1

. Tinh [ |; lim |3 |.
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. ~ AN 2 x ~ Z 4 .
Bai52.Chodays6 =, :z =_,z = 1 .bat § = E z,. Tinh lim [Sﬂ].
" 3 22n+1x2 +1 Bt n—+too
N . , N 1
Bai 53. Cho day so r otz =a>lz =z —1 +1 n>1.Tim lm |—+—-+..+—|.
g n—r+400 € €T €T
1 2 n

Bai 54. Cho day so r otz =a>0x = xi +z n>1 . Tim

. 1 1 1
lim + .
ot T4z, 1+, 1+

2

Bai55.Chodaysé = :2, =lz =z +—-—n>1.Tim lim
n n+ n 2014 N0

33'2 X

Z i i
<424 4 ]

3 xn +1

—_ — u .
1 7 n+1 2
10" 2 el — 4

. , u —2—|—1fu2+8u —4 . n
Bai 56.Cho day s8 (u ) u, = = ,u = -» 2T T neN - lim

Bai 57. Chodays6 u, duwocxac dinhboi v, = 2008, v, = u’ —4013u + 2007%; n > 1
a) Chtng minh v > n + 2007 .

n

b) Dat z = Z%, tinh lim z .

T—1 uk J— n—-+4o0o
Bai 58.(HSG BP 11-12). Cho day s6 u_ duoc xac dinh boi
u, = 2013 . _ 1 1 1
, .Tim lim + +ot——.
u; +2011u, —2013u,, =0 n>1 notelu + 2012 u, 42012 u + 2012

Bai 59.

... to be continued . . .

Mot so van dé co ban vé day so va gidgi han ciia day 20



