Truong THPT Hung Vuong GV. Nguyén Hiru Hiéu

BAI TOAN BAT PANG THUC-GTLN-GTNN CUA BIEU THUC

1. Mot s0 bat dang thitc co ban thuong st dung
1.1 Cho a,b>0.Khi d6 ta cé a+b >2+ab . Dang thitc xay ra khi va chi khi a =b. Bat dang
thirc nay con duoc viét dudi dang khéac twong duong la

a+b (a+b)2

2
(Tj > ab ;(a+b)224ab;a2+b222ab;a2+b22
1.2 Cho a,b,c > 0. Khi d6 ta c6 a+b+c > 3%/abc . Dang thitc xay ra khi va chikhi a=b=c.

Bat dang thitc nay con cé mot s8 ting dung d€ chirng minh mot s8 bat dang thiec co ban khéc

kha pho bién nhu sau:
a’+b*+c*>ab+bc+ca a2+b2+022%(a+b+c)2
(a+b+c)’>3(ab+bc+ca) a’b” +b’c* +c’a® = abc(a+b+c)
(ab+bc +ca)” >3abc(a+b+c) 3(a®+b*+c®) 2 (a® +b? +c?)

(a+b+c)(ab+bc+ca)< g(a+b)(b+c)(c+a)

(a+b+c)

a’+b*+c” > (a+b+c)(1+1+})29

a b c

1.4 M6t s6 hang dang thitc dang nhé
(x+y)(y+z)+(y+z)(z+x)+(z+x)(x+y):(x+y+z)2+xy+yz+zx
(x+y)(y+2)(z+x)+xyz=(X+y+2)(Xy+ yz+2X)
x2+y2+22=(x+y+z)2—2(xy+yz+zx)
x3+y3+z3=(x+y+z)3—3(x+y)(y+z)(z+x)

1.5 Tuy nhién biéu thizc nay lam ta nhé dén bat dang thitc phu:
1 + 1 S
a>+1 bV +1 1+ab
1 N 1
l+a> 146> 1+ab

(1+a)(1+b)>(1+Vab) ,va,b>0

,voiab>1.

, 001 a,b>0va ab<l1.

IL. Bat dang thitc d6i xting hai bién
Phuong phap giai
1) x>+ y? > 2xy; ding VX;y.Dau "=" xay rakhivachikhi x=Yy;
2 2 2 2
X Y (xay) (x4 -

2) X2+y2:T+T2 ol - 2 ; dung VX;y.D&au " =" xay ra khi va chi khi x=y;

2
3) X <(X+y) ,d’ \v/ . . nm_n 2 . \ 2 . _ .
y_—4 ; daung VX;y.Dau "=" xay rakhivachikhi x=y;

4) (X+ y)2 > 4xy; dung VX;y.Dau "=" xay ra khiva chikhi x=y.
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Bai 1. Cho ccsd thuc x,y thoa diéu kién 2(x* + y*) = xy +1. Tim gié trj 16n nhat va gi4 tri
x*+y*

nho nhat cua biéu thic P = )
2xy +1

Loi giai
bat t=xy.Taco: Xy+1= 2((x+ y)2 —2xy) > —4xy = Xy > —%

Va xy+1=2((x—y)2+2xy)24xy:>xys%.DK:—%gts%.

2
(x*+y?) —2x7y? T+ 2t+1

Suyra: P=

2xy +1 o 4(2t+1)
7(-t* -t
Do dé: P'=(—2), P'=0et=0,t=—-1(L) P(-EJ:PGJ:E va P(0)=1
2(2t+1) 5 3) 15 4
x=0,y=J_ri
1A 1 2 g 2 1
Két lugn. MaxP == < va MINnP=—& Xx=y=t—.
J—ox—s L 15 3
2
Bai 2. Cho x,y>0 théamain x+y+xy=3. Tim GTLN, GTNN ctia biéu thic:
S N y: 1
y+1 x+1 X+y+3’
Nhan xét

Trong bai toan nay ta chi can st dung phép bién doi twong dwong la xuat hién ngay an phu. Cu
thé nhu sau:

2 2 s )
Tach: P=— 4+ ¥ _ 1 (x+y)y -3xy(x+y)+(x+y)"-2xy 1
y+1 x+1 Xx+y+3 Xy +(x+y)+1 (X+y)+3
Dit: t=x+y= xy=3—t.Khidé: P=f(t)= 2t +t?—Lt——+ _3
4 4 t+3 2

Bai 3. Cho hai s8 thuc X,y thay d&i va thoa man X* + y? =8. Tim gid tri 16n nhat va gia tri
nho nhat caa bidu thie P = x* + y® —3xy .
Loi gidi

Tacd P=(x+y)(x* +y? —xy)—3xy = (x+y)(8—xy)—3xy.

2

Dit X+ y=t.Do X’ +y* =8 nén Xy =

.Suy ra

2 2 3
potlg-t=8]| 3 B=8__ U 3¢ 1412
2 2 2 2
Do (x+Y) >4xy nén t* > 2(t* -8) < -4<t<4
3

Xét f(t):—%—gtz +12t+12 véi te[—4;4].
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Taco (1)=-2¢ —as12, 1(1)=0es| —* L
2 t=2€[—4;4]
f(—4)=-28; f (2)=26; f (4)=4.
Kétlugn. MaxP=26 t=2 < x=y=LMinP=-28t=-4<x=y=-2.
Bai 4. Cho x, y 1a cac s6 thuc thay d6i thoa man diéu kién x* + y? + xy =1. Tim gia trj lén nhat

va gia tri nho nhat ctia biéu thiee: S = x*y — xy?.

Loi gidi
Tacd S =xy(x—y) = S? = (xy)*(x* + y* —2xy) = (xy)*(1—3xy)
Dit t = xy
X+ y+xy=11-3xy=(x-Yy)° ZO:tS%
X +y+xy=lea(x+y)  =1l+xy>0=>t>-1
1 t=0
= 8% = f(t)=t2(1—3t),te{—1;§]. f')=2t-9t’=0<=| 2
9
f(-1)=4, f(0)= f (lj:o, f (Ej:i:sz <4 2<5<2
3 9) 243

S=2ex=-1y=1
S=-22<x=1y=-1
Két lugn. MaxS=2 < x=-1,y=LMinS=-2<x=1y=-1.

3 3

J 2 ~ 3 X N .7 . 7 Y ?
Bai 5. Cho céc s6 thuc duong X,y théaman 3+ —=—+ Y +—— - Tim gia tri lon nhat cua
Xy Yy X Xy
. 16
biu thiec P = x*y* + ————.
X“+y +2

Loi gidi

2 2
Tl gia thiét ta cé: 3xy +3= X"+ y* + — > 2x°y* + —
Xy Xy

Pit t =xy,t>0 tacod 3t+322t2+%<:>2t3—3tz—3t+2£0<:>te{%;2}

P=x’y+——5— 162 <XPy? + 10 _p, 8
X“+y +2 2Xy + 2 t+1

Xét ham s8& f(t):t2+ti1,teE;2} ta c6 Max f (t):@ct:2<:>x: y =+/2
+ B
>

Két ludn. Maxf(t):§<:>t:2<:>x:y:\/?

4
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Bai 6. Cho cac s6 thuc duwong X,y thoaman X+ Yy + Xy = 3. Tim gia tri nho nhéat cua biéu thic
3 3
X+1 +1
P= 4(—) +4(y—j + X+ Y’
y X
Loi gidi
T gia thiét bai toan ta co

(x+y) :{x+y22

3=X+Y+Xy<X+Yy+ = X+y=>2

4 X+y<-6
Mt khac X,y >0 nén 3=X+y+Xy>X+Y
Vaytaco 2<x+y<3.
Theo bat dang thitc Cauchy-Schwarzt ta chiing minh duoc 4(a3 + b3) > (a+ b)3

Ta co

3 3 3
p:4(x_+lj +4(y_+1j + X2 +y? 2(X+l+y+lj +Xj§y

y X y X
3
S (x+y)2+3(x+y)—6 LXTY
3-(x+Y) 2
24+3t—6) t
batt=x tel2:3),tacd f(t)=P=| ——— —:tel2;3
a +y€[)aco () [3—t jer/E e[ )

Két lugn. Min f () =64+2 ot=2=x=y=1.

[2:3)

Bai 7. Cho x° +y® —xy =1. Tim gid tri 16n nhat, gia tri nho nhat ctia biéu thikc
M =x*+y* —x?y?.
Loi gidi

1=+ y> =Xy > 2Xy — Xy = Xy
f—

Ta co: x2+y2—xy=1:>{ %Sxygl

1=(x+y)* —3xy > -3xy

Mitkhac, tit X* +y> —=xy =1 x>+ y*> =1+ xy nén M = (X* + y?) = 3x°y? = -2x°y* + 2xy +1
Piatt=xy=>M =-2t> + 2t +1.

“ o , A ) R -1
Vay can tim Min va Max cua tam thirc bac hai: f (t) = —2t? + 2t +1 trén doan {? ;1} .

X*+y>—xy=1 y=—7-

Ta c6: Min,, = f(_—l)zl.Dat duoc khi 1 < 3 :
379 Xy =— J3
3 X=——
3
,
3
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L 3 x> +y?—xy=1 x:?’+\/g
Ta c6: Max,, = f (=) = = .Dat dwoc khi: -1 o
2" 2 xy=? - /é_\/g
2

Bai 8. ChoX,Y la cacsd thuc thoa man x* + y* — xy = 1.Tim gid trj 16n nhat; gia trj nho nhat cta
bieu thike F = x® + y® —2x%y* —xy.

BAI TAP REN LUYEN

Bai 9. Cho hai s6 thuc X,y thoaman x*+ y? =2. Tim gia tri 16n nhat, gia tri nhé nhat cua biéu
thiec P = 2(x3 + y3)—3xy.
.. . . , X 3y 2, .2
Bai 10.Cho x>0, y>0va x+ Y+ xy =3. Tim GTLN cua A:ﬁ+ﬁ_(x +Y9).
+1 x+

Bai 11.Cho X,y 1a cc s& thue duong thoa man diéu kién 3(x” + y*) =2(x+y). Tim GTNN

(o503

cua biéu thiec P =| X+ — +(y+—) i
y X

Bai 12.(B-2009) Cho céc s8 thuc X,y thay di thoa man (x+Y) +4xy > 2. Tim gia tri nho nhat

cta bigu thire A=3(x* +y* +x7y?) = 2(x* + y?) +1.

Bai 13.(D-2009) Cho cac s0 thuc khong am X,y théa man X+ y =1. Tim gid tri nho nhat, gia tri

16n nhat ctia biéu thire S = (4x° +3y)(4y? +3x) + 25xy .

Bai 14.(D-2012) Cho cac s6 thye X,y thoa man (X — 4)2 + (y — 4)2 +2Xy < 32. Tim gia tri nhd

nhat ctia biéu thte A= X +y° +3(xy —1)(x+y—-2).

Bai 15.(A-2013) Cho céc s thuc duwong a,b,c thoéa man diéu kién (a + C)(b + C) =4¢®. Tim gia

tri nho nhat cia biéu thite P—— 28, 320" Na+b
(b+3c)” (a+3c) c
Bai 16.Cho X,y >0 thoaman X’y + Xy? = X + y + 3xy . Tim gia tri nhé nhat ctia biéu thikc
(1+ 2xy)2 -3
2Xy '
Bai 17.Cho X, yla hai s6 thuc thoéa man X>+y +xy=1. Hay tim gid tri I6n nhat va gia tri nhé
nhat ctia biéu thite A=5xy —3y?.

P=x*+y"+

, 6 . o
Bai 18.Cho X, Yy la hai s6 thuc dwong thoa man x* + y4 +4 = — . Tim gia tri nho nhat caa biéu
Xy

«fX
thiee P = X+l+ y+l _ 5 z .
2x+1 2y+1 x"+y° -1
Bai 19.Cho cac s6 thue X,y >0 va thoaman x+ y+1=23xy . Tim gid tri I6n nhat cta biéu thirc
p_ 3X N 3y 1 1

2 2

y(x+1) x(y+1) x* vy
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Bai 20.Cho cdc s0 thue duong a,b thoa man ab+a+b=3. Tim gia tri nho nhét cua biéu thic

p_f3 4 a7 3.
b+1 a+1

Bai 21. Cho cac s0 thuc duong X,y thoa man diéu kién X[l— lj + y(l— l) =4.Tim gia tri
Yy X

nho nhat caa bidu thie P = xy + 1+ % + \/1+ yo.

Bai 22.Cho hai s6 thiee dwong x, y thoa man: x* + y* =1. Tim gia tri nho nhat ctia biéu thic:

P_(1+ x)(l+%}+(l+ y)(1+§j.
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II. Mot s6 bai toan can dung bat dang thitc phu
Bo dé: Cho a,b >0ta ludn co:
1 1 2
) ——+5—2 ,v6iab >1.
a+1 b +1 1+ab
1 N 1 <
1+a> 1+b> 1+ab

2) ,v0iva ab<l.

Bail. (Dé thi HSG 12 Binh Phiréc 2014) Cho cac s6 thuc duong a,b thoa a +b = 2ab. Tim gia

tri nho nhat cua biéu thic: Q = 21 + 21 +13/a2+b2+a+b+4.
> +1 B +1 s

Nhin xét
Trong bai ton nay vdéi gia thiét a + b = 2ab thi bidu thitc dwdi dau can kha nhe nhang, né c6
thé biéu dién theo tong hodc tich. Do d6 an phu ctia bai toan phu thudc hoan toan vao biéu thire

]- ]- 2 7 \ \ 7 A Y < 7
con lai la — ! + TR Tuy nhién biéu thitc nay lam ta nhé dén bat dang thirc phu:
a” + +

1 n 1 >
o> +1 b +1" 1+ab
Tir gia thiét ta o6 2ab = a +b > 2ab = Vab >1 = ab > 1. Dén day ta c6 thé dy doén an phuy Ia
mot biéu thirc theo tich ctia a va b.

, VOl ab>1.

Ta co
Q> 2 +i%/a2+b2+a+b+4: 13,a+b +4 > \3/4b+
14 ab g/Z
. 2

Détt:\3/ab+1,tacosz(t):t—3+3t.

.. . , 1 1 32

Bai2. Choa, b>0: ab>1.Tim GINN cua T = + — .
l+a 14b . [Pa(l+a)+2b(1+b)+8

+) Ta co: L + L ab>1.

1o 1457 1+ \/_ -
2
That vay: Quy dong, chuyén vé, bdt trén twong duong voi Ja—\b Nab—1 >0 (bung).

2 2 4 1 1 4

= > = . Suy ra: + > .

1++Jab 1+ +Jab1 1+ab+1 ab +3 l+a 140 ab+3
2

+)Tacod: al+a)+b(1+b)= a*+b*—2 + a+b+2 > 2ab—2 +2ab +2>2ab + 2.

Lai co:

Suy ra: 2a(1 +a)+2b(1+0) +8 > 4\/_ b +12.
1 —32 —32 —16

\/Qa (14a)+20(1+0)+ \/4\/_+12 \/2a1+a)+2b( +b) + 2\/\/_+3 \/\/J_Fg

P SR
OPstt=Nab>1=7>—2_ 10 _ 4y

' +3 t+3
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PP S B G k) e (N RS
(t* + 3) (t+ 3)\/25-1-_3 (# + 3)(t + 3)\/75-1—_3

Xét M= (8 +3F —t(t+3Nt+3>(t+3) 2 +3—tJt +3 >0

SE+3I>tt+3 et +66°+9>¢" +3° & (t' —°)+3t° +9>0 (Pung Vi > 1).
Suyra f'(t)>0Vi>1 = f(t) dongbién V¢ >1.
Tirdo: MinT = f(1) = ~T & t=1&a=b=1

[ 24
Bai 3. Cho cacso thuc x,y >0 thda man X4+y4+4=£.T‘lm gid tri nho nhat cua bi€u thirc

Xy
p_ 1 N 1 N 3—22xy2.
1+2x 1+2y 5-x"-y

@® Theo BDT AM-GM ta cé: x*+y*+4>2x*y* +4

Do do: E:x“+y“+422x2y2+4<:>2x3y3+4xy—6£0
Xy

< 2(xy-1)(x°y* +xy+3) <0< xy <1
1

@ Ta luon c6 bat dang thitc phu sau: + >
1+2x 1+2y 2+Xxy

, VX, y>0.
1 2
+ >
1+2x 142y 24Xy
S 2+ XY +2(X+Y)+ XY (X+Y) 21+ 2X+ 2y +4Xy < X°y + y*X+1>3xy

(Diéu nay luon ding do x*y +y*x+1>3¥x%y* =3xy).

1 N 1 N 3—-2xy > 2 +3—2xy

1+2x 142y 5-x"—y* 2+4xy 5-2xy
3-2t

2
Dt t=xy,te(0;1]. Xét f(t)=—"—+——,te(0;1
& bat t=xy,te (0. Xét () =———+_— te(01]

That vay ta co:

Vay P=

(theo AM-GM).

Tacé: f'(t)= _22— 4 > <0,vte (0;1]
(2+t)" (5-2t)

= f(t) nghich bién trén (0;1] nén P> f(t)> f (1) =1.
X’y = yx

&S x=y=1.
Xy =1 y

Vay min P:1®{

Bai4. Cho cdc s6 thuc 7,y thoa man dieu kién: z + y = 2z +2 + 3yy — 2014 +2012. Tim gia

tri nho nhat va gid tri 16n nhat caa biéu thitc: 5 — 71"+ y—1" + 20153 2opNr ty 1
z+y+1

Nhan xét

Phép dit an phu cho bai toan la: 1= /x+y+1.Van dé dat ra la voi gia thiét c6 vé phtrc tap kia
lam sao chan dwoc dn phu t.

Quan sat v& phai gia thiét ta thay néu dung bat dang thitc Bunhiacopxki ta thu dwoc tong x+y
tlr d6 ta c6 mot bat dang thikc chita an 1a x+y. Giai bat phuong trinh nay ta thu dugc giéi han
cua x+y, tte d6 thu dwgc diéu kién cho an phu t.

That vay:
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x+y:2\/x+2+3\/y—2014+2012§\/22+32 2424y —2014 +2012=\/13 24y —2012 42012

© x+y=2012<[13(x+y—-2012) < (x+y-2012) —13(x+y—2012) <0< 0< x+y—2012<13
2012 < x+y<2015¢2013< x+y+1<2016

Do d6 te[m;m].

IV. B4t dang thixc d6i xitng ba bién
Phuwong phap giai
Dbn vé mot trong cac bién t=X+Yy+2; t=Xy+yz+ 2t =x>+y* +2°; t =xyz;
Tim diéu kién chat ctiia bién t
St dung dao ham dé khao sat ham sd bién t; tim GTLN; GTNN cta ham s6 mdi.
Chii : DSi véi cac bai toan ve bat dang thitc d6i xting ba bién chiing ta can chti y dén cac danh
gia, phan tich thuong stt dung nhu sau:

1) X* +y?+2° > xy+yz+12x; dGng VX;y;z. Ddu " =" xay ra khi va chikhi x=y=1z;
2 2 22 (x+y+z) (x+y+z)

2) x2+y2+zzzx_+y—+z—2( y ) =( Y ) ; dung VX;y;z.Dau "=" xay ra khi
1 1 1 1+1+1 3

vachikhi x=y=2;

3wz XHY+2)
27

4) (x+y)(y+z)+(y+z)(z+x)+(z+x)(x+y)=(x+y+z)2+xy+yz+zx;

5 (Xx+Y)(y+2z)(z+x)+xyz=(x+y+2)(Xy+yz+2X);

(x+ y+z)2—2(xy+ yZ +2X);

(x+ y+z)3—3(x+y)(y+z)(z+x).

Bai 1. Cho cac s6 thuc dwong a, b, ¢ thoaman a + b + ¢ = 1. Tim gia tri nho nhét cta biéu thiec

7 n 121

a2 +bv:+ 14(ab+ be + ca)

Nhan xét

Trong bai toan nay chi can thé€ a +b + ¢ =1 vao P sé lam xudt hién ngay dn phu. That vay:

Tacd 1= (a+b+c) =a® +b* +c +2(ab+be + ca)

1—(a* +b* +¢)

; dung VX;y;z.Dau "=" xay rakhivachikhi x=y=12;

6) X +y*+2° =

7y X+y 42’ =

pP=

= ab +bc +ca = 5
Dodé A=— 121
> +0° +c& 71— (a* +b7 + 7))
Détt:aQ+b2+c2.Tacéf(t):z+ 121
t T1—1)

Bai 2. Cho céc s6 thue duong X, Y,z thoa man X° + y? + 2% = 3. Tim gia tri 1én nhat ctia biéu

thitec P=Xy+yz+2x+ —.
X+Yy+2

Phan tich tim 10i giai
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R Day 1a mot bai toan vé bat dang thie d6i xting ba bién. Do d6 chting ta du doan ddu dang
thtrc xay ra khi cac bién bang nhau X = y =z =1. Quan sat gia thiét va yéu cau bai toan ta du
doan dn phu la t =X+ y+z. Tt gia thiét ching ta can luu y cdc danh gia d€ duwa vé t=X+y+z
.Taco

(x+y+z)2

X>+yi 472> ;xy+yz+zxs%(x+y+z)2.

L Chti y rang Bai toan tim gia tri 16n nhat ctia biéu thtic nén dénh gid P theo chiéu "<".
Ta 6 101 giai chi tiét cho bai toan nhw sau:
Loi gidi
2
Tacd 3=X"+y° +2° <3+2(Xy+yz+2x)=(X+y+2)".

2

Ditt=X+Yy+2,taco: 0<Xy+yz+2x= <x*+y*+72=3=.3<t<3.

3
f'(t)=t—§=t
14

Vaytacé: P=f (1)< f(3)= 3 .Dau “=" xay rakhi x=y=z=1.

5

t?-3 5
+_/
t

Khi 6, ta c6: P = f ()= >0,Vt>+/3.

t2
V. 14
Két lugn. maxP =— khi x=y=z=1.
3
4 A A 2 ~ 4 N .7 . 4 A \ L4
Bai 3. Cho cac s8 thuc X,Y,z khong am thoa man X° + y° + 2% = 3 Tim gia tri 1én nhat va gia

tri nho nhat cua biéu thire: P = 2(xy +yzZ+ ZX) +—.
X+Y+12

Phan tich tim 10i giai
& Day la mot bai toan vé bat dang thirc d8i xttng ba bién. Do d6 chiing ta du doan ddu dang
thitc xay ra khi cac bién bang nhau; tir gia thiét ta dw doan ddu "=" xay rakhi x=y=2z=1.
Quan sat gia thiét va yéu cau bai toan ta du doan an phu t =X+ y+z. Tt gia thiét chiing ta can
Itu y danh gia:
2
X+y+12 1
X2 +y% +7° zu; Xy +yz+2x<Z(x+y+z).
3 3
4
t? =(x+y+z)2 =X+ Yy + 28 +2(xy +yz+2x) 2 X + Yy’ +2° =3
R Chu y rang Bai toan tim gia tri 16n nhat va gia tri nhé nhat ctia biéu thitc nén khi danh

gia bién t ta can chan ca hai phia. Ta c6 101 giai chi ti€t cho bai todn nhw sau:

Loi gidi
bat x+y+z=t (%StSZJ.TaCé

_1 2 2 2_2_1 2_ﬂ A _ 42 §_ﬂ
xy+yz+zx_2[(x+y+z) x> -y z]_ (t 3jnenP_t+t

2
3

Xétham so f (t) =t? + % —% xac dinh trén {
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f'(t)=2t—§=0 t—§E<lo ai). f( IJ #;f(z):%
3\/_ 23 2\/—

Két lugn. MinP = —— khi t_T < 2trong 388 X, Y,z bang 056 con lai bang ——

MaxP:% khit=2< x:y:z:g.

Bai4. Choa, b, ¢ laba s6 thyc dwong thdéa man Z(a2 +b?+ C2) =ab+bc +ca+ 3. Tim gia tri

z « A2 ’ 1
16n nhét ctia biéu thiee S =a% +b° +¢* - ———.
a+b+c+3
Phan tich tim 10i giai
L Day la mot bai toan vé bat dang thirc d8i xting ba bién. Do d6 chting ta dy doan ddu dang

thtrc xay ra khi cac bién bang nhau a=b=c=1. Quan sat gia thiét va yéu cau bai toan ta du
dodn an phu t =a+b+c. T gia thiét chung ta can luvu y danh gia d€ dwavé t=a+b+c.Tacd

(a+b+c)

a’?+b*+c?> ;ab+bc+ca§%(a+b+c)2.

& Chti y rang Bai toan tim gia tri 16n nhat ctia biéu thtic nén dénh gid P theo chiéu "<".
Ta 6 101 giai chi tiét cho bai toan nhw sau:

Loi gidi
Véia, b, c la cac s6 duong ta c6
a+b+c) a+b+c)
(a2+b?+§)2£——?;—l—;ab+bc+ca££—————L
2(a+b+c) a+b+c)
B&v%r( 2 )S( 3 ) +3e(a+b+c) <9
Tuedé O<a+b+c<3
(a+b+c)’
Taaﬁ2@3+b”+§)=ab+bc+ca+3s-——7;———+3
(a+b+c)” 3
Nén(a2+b2+C2)£————————v+—
6 2
Béi vay
a+b+c)
S—atibiico 1 J 1 3.1, 1.3
a+b+c+3 6 a+b+c+3 2 6 t+3 2
Xét ham s& f(t):ltz—i+§ v6i 0<t<3
6 t+3 2
f'(t):%t+( 13)2 >O,Vte(0;3].Tfr dé suy raham s f(t) dong bién trén (0;3]
t+

Dods f(t)< f(3),Vte(0;3] hay f(t)S% Suy ra: SS%.D&'U “="xayrakhi a=b=c=1

Két ludn. MaxS :% khia=b=c=1.

Bai 5. Cho a,b,c 1a ba s6 dwong. Tim gid tri 16n nhat cua bi€u thiie
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p_ 1 B 2
\/a2+b2+cz+l (a+1)(b+l)(c+1)

Phan tich tim 10i giai

L Day 1a mot bai toan vé bat dang thic d6i xting ba bién. Do d6 chiing ta du doan dau dang
thitc xay ra khi cac bién bang nhau. Quan sat biéu thitc trong P ta du doan an phu t=a-+b+c.
R Chu ¥ rang Bai todn tim gid tri 16n nhat cta biéu thiic nén danh gid P theo chiéu "<".

T d6 suy ra biéu thic a’+b°+c’+1 can danh gid theo chiéu ">"; biéu thic
(a+1)(b+1)(c+1) can danh gi4 theo chiéu "<" (vi phia trwéc bidu thtic cé thém d&u "-"). Ta

co
a+b+c+1) a+b+c+3)
a2+b2+c2+122( Z ) ,-(a+1)(b+1)(c+1)s( > ) :
Ta 6 101 giai chi tiét cho bai toan nhw sau:
Loi gidi
5 a4+ b? + 2 1 2 a+b+c+3Y
Tacd: @’ +b*+c +1zz(a+b+c+1) ;(a+1)(b+1)(c+1)< —
Vay P < - >4 3
a+b+c+l (a+b+c+3)
_2 o4 ;=f(t) véit=a+b+c+1l (t>1)
t (t+2)
t=4(n
Flt)=—2+ 202 f’(t):Oc{ ("
" (t+2) t=1()
Bang bién thién
t 1 4 400
(1) + 0 -
1
4 \
f(t)
0
0
. a+b+c=3
Két ludn. MaxPzz khita=b=c <<a=b=c=1
c=1
Bai 6. Cho a,b,Cla cac s6 thuc dwong va a+b+c = 3. Tim gid tri 16n nhat ctia biéu thic

p_ 2 L, abc
3+ab+bc+ca | (1+a)(l+b)(1+c)

Phan tich tim 10i giai
R Day 1a mot bai toan vé bat dang thike d6i xting ba bién. Do d6 chting ta du doan ddu dang
thtrc xay ra khi cac bién bang nhau a =b = ¢ =1. Quan sat biéu thtrc P ta dw doan an phu t =abc
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R Chu y rang Bai toan tim gia tri 16n nhat ctia biéu thiic nén danh gia P theo chigu "<".
Tir d6 suy ra biéu thic ab+bc+ca; (1+a)(1+b)(1+c) can dénh gia theo chiéu ">". Ta c6
101 giai chi tié€t cho bai toan nhu sau:
Loi giai

Ap dung Bat dang thite: (X + Y +2)* > 3(xy + yz +2X), VX, y,Z € R ta co:
(ab+bc +ca)® > 3abc(a+b+c)=9abc >0 = ab+bc +ca > 3yabc
Ta c6: (L+a)(L+Db)(L+c) > (L+3/abc)?, Va,b,c>0.

That vay

(1+a)(1+b)(1+c)=1+(a+b+c)+(ab+bc+ca)+abc

>1+ 3%abc +3§/(abc)® +abc = (1+ ¥abc)?

2 N 3/abc _Q

3(1++/abc) 1+ %abc '

3
bit Yabc =t; vi a,b,c >0 nén 0<abcs(a+—g+cj =1

Khi dé: P <

2 t? _ L 2(t=1)(-1)
3(1+t3)+1+t2 te(01] QM=

Xétham s Q = >0,Vte (O;l] .

(l+t3)2(1+t2)2 -
n N A s 1 . . 1
Do d6 ham s6 dong bién trén (O;l] =Q=0Q(t)<Q(1)= 5 (2). Tk (1) va(2): P< 5

Két luidn. MaxP = %, dat duwockhivachikhi: a=b=c=1.

Bai 7. Cho a,b,Cla céc s6 thuc duwong thoa man a?+b*+c?=3.Tim gia tri nho nhat cua bi€u
a’+1 b’+1 c’+1 1
+ + — :

b c a a+b+c
Phan tich tim 10i giai
& Day la mot bai toan vé bat dang thirc d8i xiing ba bién. Do d6 chiing ta du dodn ddu
déng thirc xay ra khi cac bién béng nhau a =b=c=1. Quan sat biéu thirc P ta du doan an phu
t=a+b+c.

thtc P =

» Chi ¥ rang Bai toan tim gia tri nhé nhat ctia biéu thitc nén danh gid P theo chiéu ">".
Trong biéu thitc P chita a’;b?;c? & tir s8 nén chiing ta nghi dén bat dang thitc Cauchy-
2 2 2 2
. La b c a+b+c 1 1 1 9
Schwarzt dang cong mau sO —+—+—2¥=a+b+c; —+—+—-—2———_Ta
c a a+b+c a b c a+b+c

0 101 giai chi tiét cho bai toan nhw sau:
Loi gidi

2
w:a+b+c£3

Theo gia thiét, ta c6 3=a* +b* +¢* >
Mat khac
(a+b+c) =a?+b?*+c*+2(ab+bc+ca)>a’ +b? +c* =3=a+b+c>+3

Ap dung bat dang thtic Cauchy-Schwarzt ta c6
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a®> b* ¢ 1 1 1 1 (a+b+c)’ 9 1
P=—+—+—+—+—+—- > + —

b ¢ a a b ¢ a+b+c a+b+c a+b+c a+b+c

b+c+

a+b+c

Datt=a+b+c;te[\/§;3],ta co f(t)=t+§;te[\/§;3]

t:\/g (n) 11\/— |
—J§(|); f(\/_) 1 (3)= 3,f(\/§):4\/§
ZI

Két luan: MinP = 4\/_<:>t—\/_<:>a b=c=——

f'(t):l—téz; f'(t)=0e

Bai 8. Cho cac s6 duong X, Y, Z thoa man: X(X—1)+ y(y—1)+z(z-1) <6. Tim gia tri nho
1 1 1
+ + :
X+y+1 y+z+1 z+x+1

nhat ctia biéu thitc A=

Phan tich tim 10i giai
L Day la mot bai toan vé bat dang thirc d8i xttng ba bién. Do d6 chiing ta dy doan ddu dang
thitc xay ra khi cac bién bang nhau X = y = 7. Truedc hét ta phan tich giai thiét bai toan:
X(X-D+y(y-D+z2(z-1) <6 x> +y* +2° —(Xx+y+2)<6
=18>(X+y+2)°-3(X+y+2) = -3<X+y+2<6 =>0<X+y+X<6
Do d¢, ta du dodn an phula t=Xx+y+z
o Chi ¥ rang Bai toan tim gia tri nhé nhat ctia biéu thitc nén danh gid P theo chiéu ">".
Quan sat bidu thitc A ta cé thé xtr Iy theo 2 cach: Str dung bat dang thite AM-GM hoéc bat
dang thitc Cauchy-Schwarzt dang cong mau s6 d& danh gia. Loi giai chi tiét cho bai toan nhuw
sau:
Loi gidi
Tacd X(X-D)+y(y-D+z2(z-D)<b6=> x> +y* +2° —(X+y+2)<6
=18>(X+y+2)°-3(X+y+2) = -3<X+y+2<6 =>0<X+Yy+X<6

1 +y+z+1>g. 1 +z+x+1>g;

y+z+1 25 5" z+x+1 25 5
1 +x+y+1 2
X+y+1 25 5
2(x+y+z)+32§®A2§_2(x+y+z)+32§
25 5 5 25 5
Dau “=" xay rakhivachikhi Xx=y=2=2

Ta co:

= A+

Két luidn. MinA=g<:>x:y:z:2.

Cdch khdc: Dit t=x+y+z,te(0;6].
1 1 1 9
+ >

A= + >
X+y+1 y+z+1 z+x+1 2(x+y+2z)+3
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9 9 n ey
Do d6 A> .Xét f(t)= trén (0;6], suy ra két qua bai toan.
2t+3 2t+3
Bai 9. Cho ba s6 thuc duwong x,y,z thod man X+ Yy +2z>6. Tim gia tri nho nhat cua biéu thirc

2 2 2
z

X y
+ + .
yz+V1+ x> zx+1+y? xy+1+7°

Phan tich tim 10i giai

P=

R Day la mot bai toan vé bat dang thitc d8i xting ba bién. Do d6 ching ta du dodn dau
dang thtkc xay ra khi cac bién bang nhau X = y = z =1. Cht1 y rang Bai toan tim gia tri nho nhat
cta biéu thirc nén danh gia P theo chiéu " >". Quan sat biéu thiec P chira X% y%: 2% ot sd
nén chiing ta nghi dén bat dang thitc Cauchy-Schwarzt dang cong mau sd. Ta c6 10i giai chi tiét
cho bai toan nhw sau:
Loi gidi

Ap dung bat dang thiee Cauchy — Schwarzt ta c6
(X+y+2)°

Taco P2
xy+yz+zx+\/l+x3+\/1+ y® +1+72°

2

2+ X

Lai co \/1+ x® =\/(1+ X)(L-x+x%) < . D&u bang xay ra khi X =2

(X+Yy+12) _2(x+y+z)?
2(Xy +YZ+ZX)+ X2+ Yy +2°+6  (X+Yy+12)°+6

Ditt=(x+y+2)*(t>36). Tacod Pztz—t6
_|_

V6i 1236 xét ham s6 f(t)=#;f'(t): (t+66)2 >0. Ham s§ dong bién = f (t) > f(36):$.

Suyra P>2.

Suy ra PZ%.

Két ludn. MinP:% khi x=y=z=2.

BAI TAP REN LUYEN

Bai 10.Cho cac s6 thuc dwong X, Y,z thoaman X+ Y+ z =1. Chiing minh
3 2
+ 2 2 2
XY +YZ+2X X +Yy +12
Bai 11.Cho X, Y,zla cac s thuc duong thdéa man Xy + yz + zx = 3. Tim gia tri nhé nhat cta biéu
X Z
thire P R )
X+Yy Yy+Z Z+X
Bai 12.(B-2010) Cho cac s6 thuc khéng &m a,b,Cc théa man a+b+c=1. Tim gia tri nho nhét

>14.

ctia biéu thizec M = 3(a2b2 +b%c? +c?a? ) +3(ab+bc+ca)+2ya* +b® +c?.
2 2 3
a b 4c 2
Bai 13.Cho ba s6 thue dwong a,b,c. Chiing minh >+ -+ 2.
(a+b)” (b+c)” 3(c+a) 3

Bai 14.Cho a,b,c > 0. Tim gia tri 1én nhéat ctia bi€u thiic
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1 2
32(a®+b+c®+1 B Jab +1)(+/bc +1)(+/ca +1
( )

Bai 15. Cho cac sO thuc X,Yy,z >0 théa man X+ Yy +z =1. Tim gia tri nho nhat ctia biéu thiec

P=

=) :4(x3 +y%+ z3)+15xyz.

Bai 16.Cho cac s6 thyc dwong X, Y,z thoaman X+ Yy + z = 3. Tim gia tri nho nhat cta biéu thiee
2 2 2
X z
P= >+ y >+ 5 -
X+y? y+7° z+X
Bai 17.Cho cac s6 thuce dwong a, b, ¢ thoa man ab + bc + ca = 3abc. Tim gia tri nho nhét cta biéu
b* c’ a*
thiee P = — >+ — =+ — > +8abc .
ab”+2a“ bc"+2b° ca’+2c

4 1 V4 .7 . s Y ? . A? 7
Bai 18. Cho cac s6 thuc duong a,b,Cc thoaman a+b+c= E Tinh gia tri 1én nhat cua biéu thiec

_\/ (a+b)(b+c) +\/( (b+c)(a+c) +\/( (a+c)(a+b)

(a+b)(b+c)+a+c b+c)(a+c)+a+b a+c)(a+b)+b+c’
Bai 19. Cho 3 s6 thuc duong a, b, ¢ théa man a’ +b* + ¢ =1. Chitng minh ring
a®-2a%+a b°-20°+b c°—2c+c 243
2 2 + 2 2 + 2 2 S
b +c c-+a a“+b 3

II. Bat dang thitc ba bién khong déi xing

Bai 1. Cho ba s6 thuc duong a,b,c. Tim gia tri nho nhat ctia bi€u thic
24

3
13a +12+/ab +164/bCc  Ja+b+c

P:

Phan tich tim 10i giai

& Day la mot bai toan vé bat dang thitc khong d6i xting ba bién. Quan sat biéu thikc trong
P ta du doan an phu t=a+b+c.
» Chi y rang Bai toan tim gia tri nhé nhat ctia biéu thitc nén danh gia P theo chigu ">"".

T d6 suy ra biéu thirc 13a +12+/ab +16+4/bC can danh gid theo chiéu " <" va can ¢ danh gia
biéu thitc 13a +12+/ab +16+/bCc < a(a +b+ C). Van dé o day la lam thé nao dé xac dinh duoc a?

Gia st ta c6 danh gia

13a +12+/ab +16+/bc =13a + —— manb+\/7«/pch

<13a+i(ma+nb)

T \/8_(pb+qc)

(13+6\/7Ja+( \/7+8\/7jb+[ \/7jc a(a+b+c)
. “ s e m n p q N AN 1 1
Do d6 ta can xac dinh m,n, p,q sao cho 13+6 FZG E+8 a=8 B.Deydentmh chinh

phueong” ctia cac biéu thikc trong cédn ta xac dinh duoc m=Ln=4;p=1,q=4.
Ta 6 101 giai chi tiét cho bai toan nhw sau:
Loi gidi
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Ap dung bat dang thite AM —GM , ta ¢6
13a +12+/ab +163/bc = 13a + 6+/a.4b + 8v/b.4c

a+4b b +4c
+8.

<13a+6. =16(a+b+c)

=13a+12+/ab +16+/bc <16(a+b+cC). Dadu “ =" xay ra < a =4b=16c.

3 3
2(a+b+c) ~Jatbic
3

3
Datt=a+b+c,t>0.Khidotacd: P>—-—

2t Wt

Suyra P>

3 3 3 3
Xétham so f (t) =— — — trén khoang (0;4+0),tacd f'(t)=——-—.
® 2t Jt g (0i+c) ®) ot 2t
3 3 .
f'(t)=0o——=-—=0st=1; limf(t)=400; lim f(t)=0
( ) 2'[\/t_ 2t° x—0° ® X—>+oo ®)
Bang bién thién
t 0 1 +00
f'(t) - 0 +
+00
0
f(t) /
_3
2
, a+b+c=1
Vay ta co PZ—E,déngthL’rcxéyra@ @a:E;b:i; _1
2 a=4b=16c 21 21 21
. 16 4 1
Két lugn. MinS = 3 khi va chi khi (a,b,c) = (———)
2 21 21 21
Bai 2. Cho g, b, ¢ la cac sd thue dwong. Tim gia tri 16n nhat cua biéu thirc
p_ 4 B 9
JaZ+b?+c?+4 (a+b)y(a+2c)(b+2c)
Phan tich tim loi giai
& Day la mot bai todn vé bat dang thirc khong ddi xting ba bién. Quan sat bidu thitc trong
P ta du doan an phu t=a+b+c.
<> Cht y rang Bai toan tim gia tri 16n nhat ctia biéu thitc nén danh gia P theo chiéu "<".

Tl d6 suy ra can danh gia biéu thize @° +b* +¢* +2° theo chiéu " >". Piéu nay c6 duoc nho
bat dang thitc Cauchy-Schwarzt . Theo bat dang thitc Cauchy-Schwarzt ta co
2 p ¢ 22 (a+b+c+2)
a2+b2+cz+22=a—+b—+c—+2—2( )
1 1 1 1 4
R Biéu thtec (a+b)/(a+2c)(b+2c) can c6 danh gia chiéu " <" (vi phia trwde c ddu "-").

Quan sat biéu thirc trong d&u cin (@+2¢)(b+2c) néu dénh gié tir tich sang téng sé nhan duoc

a-+b+4c. Nhu vay ching ta cin thém 3(a+b) nita méi ddm bao cé nhan tir (a+b+c), trong
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khi d6 bi€u thirc ngoai d&u can chi c6 1.(a+b). Do d6 ta cAn nhan thém hing s6 3 vao trudc bidu

thitc. Ta c6 danh gid quan trong nhw sau:

2
3(a+b)./@+20)(b+20) s(3a+3b).(#js%{@} —2(a+b+c)
Ta 6 101 giai chi tiét cho bai toan nhw sau:
Loi gidi
Cach1
a+b+c+2<,/4(a2+b?+c? +4)

2
3(a+b).(@at20)(0+20) s(3a+3b).(#jg%{@} —2(a+b+c)
Vay P < - 27 2.Deﬁtt:aerJrc,t>O,-Péi—z—zzg(t)

a+b+c+2 2(@+b+c) t+2 2t
8 27 2 3
(t)=—- +—; 0(1)=0=27(t+2) -8t"=0<t=6
t 0 6 +00
g9'(t) + 0 -
>
8\
g(t)
0
—00
5 5 .
PSg(t)Sg; maxP=§xayrakh1a:b:C:2.
Két lugn. Maxngxéyrakhia=b20=2.
Cach 2
a+b+c)’
a2+b2+c2+42&+4;
a+b+4c
(a+b)y(a+2c)(b+2c) <(a+b)——r—
2 2
13(a+b)2a+b+4cS1(3a+3b+a+b+4c) _16(a+b+c)
6 2 6 4 24
= P< 4 —2—7$§

, 2X
5+4 8
3
Déng thitc xdy rakhi a=b=c=2.
Két lugn. I\/Iaxng xay rakhi a=b=c=2.

Bai 3. Cho cac s0 thuc duong a,b,c. Tim gia tri nho nhat ctia biéu thic
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1 8
P= —
2a+b++/8bc \/sz +2(a+c)* +3

Phan tich tim 10i giai

R Day la mot bai toan vé bat dang thitc khong d6i xting ba bién. Quan sat biéu thikc trong
P chung ta dw doan an phu t=a+b+c.
L Chti y rang Bai toan tim gia tri nhé nhat ctia bidu thitc nén danh gia P theo chiéu " >".

Tt d6 suy ra can danh gia biéu thire 2a+b ++/8bc theo chiéu " <" va biéu thiic

\/Zb2 +2(a+c)’ +3 can c6 danh gia theo chiéu " >" (vi phia trudc c6 ddu ."—".).
L D€ dua bai toan vé an phu t =a+b+c thi ta can c¢6 danh gia
2a+b+\/ﬁga(a+b+c). Quan sat hai vé€ ta suy ra dwgc @ =2. Do dé
2a+b++/8bc =2a+b+2Jb2c <2a+b+b+2c=2(a+b+c)

o Dai véi biéu thire \/ 2b* +2(a+c)* +3, quan sét biéu thikc trong d4u cin ta luu y danh

gia sau: /207 + 2(a + ¢)? +3:\/2[b2+(at+c:)2}+32«/(a+b+c)2 +3=a+b+c+3. T dd ta

c0 101 giai chi ti€t cho bai toan nhw sau:

Loi gidi
Taco 2a+b++8bc =2a+b+2Vb2c <2a+b+b+2c=2(a+b+c).Suyra
1 S 1

2a+b++/8bc 2(a+b+c)

Mit khéc \/2(a+ C)? + 207 > (a+¢) +b. Suy ra 8 > 8
3+\/2(a+c)2+2b2 3+a+b+c
1 8
Do d6 P> — . 1
©0 2(a+b+c) 3+a+b+c @)
Déta+b+c:t,t>0.Xéthémsé’f(t)zi—i,bo.
2t 3+t
Taco f(t)=—m g0 3DOES g gvra () =0 t=1

2t (3+1)%  2t3(3+t)?
Bang bién thién

t 0 1 +00
f(t) —~ 0 +
+00
0
f(t)
3
2
Tl bang bién thién suy ra f(t) > f(1) = —g, vt > 0. (2)
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a+b+c=1 a=C=1

Tw (1) va (2) ta co PZ—; D4&u dang thitc xay ra khi {b =2c = 1 4
b=a+c b=§.

Két lugn. MinP :—g, dat dwoc khi a:c:%, b:%'

Bai4. Cho a,b,C la cac s thuc duwong thoa man a(b2 + CZ) =b+cC. Tim gia tri nho nhét cua

1 1 1 1

2 + 2 + 2 +

(1+a)’ (1+b)" (1+c) (1+a)(l+b)(1+c)
Phan tich tim 10i giai
& Day 1a mot bai todn vé bat dang thiic khdng ddi xting ba bién, tuy nhién ta thdy biéu
thitc P va gia thiét da cho 1a d6i xttng véi hai bién b & c. Tt d6 ta c6 thé dy dodn dau dang
thiic xay ra sé ¢ b =c. St dung gia thiét da cho; ta duoc

a(b+c)’

biéu thitc P =

b+c= a(b2 + CZ) > = a(b+c)<2.Vivay, ta im cdch dédnh gid biéu thirc P d€ dua

vé hai bién a va (b+c).

L Cht y bai toan tim gia tri nho nhat nén danh gia biéu thiic P theo chiéu ">". St dung
2 + 1 2 z

(1+b)" (1+c) (1+b)(1+c)

bat dang thitc AM-GM ta c6 danh gid quan trong ; cing theo

2

2 2 2
AM-GM ta c6 (1+b)(1+c)£wél(2+g) :(1+a) . Tt d6 suy ra

4 4 a a
N 2a2+1+ 4a° :2a3+6a2+a+1
“(a+1)” (1+a)’ (a+1)’
Xét ham s f(a):2a3+6a2+3a+1;a>0; f'(a)=2(L_?=O<:>a—
(a+1) (a+4)
Lap bang bién thién; ta c6 P> f (a)> f(lj:E
5) 108

Két luan. MinP=ﬂ©a=1;b=c=5.
108 5

Bai 5. Cho cdc s8 thue a,b,¢ >0 théaman a’ +b? +c®* —2bc+ab—2ca=0. Tim gia tri nho
2 2
C c Jab
+ +

(a+b_c)2 a?+b*> a+b

nhat ctia biéu thitc P =

Phan tich tim 1oi giai
& Day 1a mot bai todn vé bat dang thikc khong d6i xting ba bién, khi quan sat biéu thic P
nhiéu nguoi cam thdy “ai ngai” boi sy xudt hién cua biéu thiec @+ b —c . Thong thuong khi
lam viéc vé6i bai toan bat dang thikc thi hdu nhw quen véi cac s8 khdng am nhiéu hon. Tuy

-A A s ~ .2 - A, N\ . 14 4 2
nhién, d€ y k gia thiét bai toan ta c6 ngay a’+b”+c¢?—2bc+ab-2ca=0<(a+b-c) =ab.

, < an R 2. . PV A

Do d¢, ta nghi dén thay thé biéu thitc (a +b- C) boi ab 1a mot diéu hét stic tw nhién. Hon

~ \ M 7 2 ~ 7 ~? 7 AT 1] 2 s N 2 .
nita, tir dang thirc (a+b— C) =ab ta cling ¢ thé du doén duoc dau "="' xay ra khi va chi khi
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2 2 /
. 7 C C ab ~ s A X A 2 A Ao I3 A, PN
a=b=c. Khidé P=—+ —— + . bé'y dén mau so ctia s6 hang cu6i c6 xuat hién
ab a“+b° a+b

a+ b nén hai s6 hang dau ta cling nghi dén danh gia nhu thé nao d€ xuat hién (a + b). Chay

ddu " =" xay ra khi a =b=C nén ta can phai phan tich
c? c? Jab ¢ ¢ c? Jab

— e+ = + +———+

ab a“+b° a+b 2ab 2ab a“+b° a+b
c’ c’ c? c? S 4¢? ( 2¢C

. Ap dung Cauchy-Schwarzt cho .

2
+ . ta dwoc . Tuy nhién trong P lai con duv
2ab  a?+Db? ' J y &1 &

T 27 2 =
2ab a“+b (a+b) a+b
2 ,
L + ib . Khéo 1éo sit dung AM-GM ta c6 duoc két qua nhu y:
2ab a+b
2 2 2 2
C vab _ ¢ ab ¢ 2ab > | L 2ab 2 . Tém lai ta c6 ddnh

2ab ' a+b 2ab+\/5(a+b) 2ab+(a+b)2 2ab"(a+b)” a+b
gia sau:

c? c? Jab  ¢? j{cz c? j+«/£

“+ =
ab a’+b® a+b 2ab

2
2( 2 j +( 2 j=t2+t:f(t);t=2—cb>0

a+b a+b a+
Theo gia thiét ta co

P=—+ +———
2ab a“+b a+b

2 2
(a+b—c)2=abs(a+b) :(aer_Cj <1
4 a+b 4

2
N PR I N P I DL G PP
4 2 a+b 2

Xéthamsd f (t)=t*+t;1<t<3Minf(t)=2=t=1<a=b=c

Bai 6. Cho a,b,c >0 thoa man diéu kién ab +bc + ca =1. Tim gia tri I6n nhat ctia biéu thitc
a b 3c

P= + +
1+a® 1+b*  J14¢?

Phan tich tim 10i giai

& Day la mot bai todn vé bat dang thiic khong d6i xting ba bién, tuy nhién d6i xténg véi hai
bién a,b nén ta dy doan dau déng thirc xay ra khi a=b.

& Phan thitc cudi cuing khac biét véi hai phan thitc ddu nén y tudng cta ta sé danh gia hai
phén thic dau vé bién ¢;

& Day la bai toan tim gid tri 16n nhat nén ta nghi dén danh gia bat dang thiic theo chidu
"<t

& Trong cac phan thiic dau c6 liiy thira 2 va liiy thira 0 nén can dwa vé dong bac 2 bang

cach str dung gia thiét ab+bc+ca =1.
RS Luwu y dédnh gid \/%+c=\/§\/5+\/5\/5£\/(a+c)(b+c)

Loi gidi

p_ a N b N 3c
ab+bc+ca+a® ab+bc+ca+b® J14¢2
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B a N b N 3c
~(a+c)(a+b) (a+b)(b+c) J1+c?
a(b+c)+b(a+c) 3c  2ab+c(a+b) 3c

(@a+b)(bic)(cta) Jizc? (arb)bro)(cta) Jirc
<«/%(a+b)+c(a+b)+ 3c
" (a+b)(b+c)(c+a) Jitc?

(Vab+c)(a+b) Lk (Vab +c) 3¢

“(atb)(bic)(cra) iz (bic)(cta) Visc
<\/(a+c:)(b+c)+ 3 _ 1 L3
~ (axc)(b+c)  1+c?  (J(a+c)(b+c) Nl+c?
1 N 3c =1+3C:f(c)
J1+c¢2  J1+c?  1+¢?

Tacsd f'(c)= 3-¢ ;f'(c)=0<c=3

(1+cz)\/1+7

Bang bién thién

C —00 3 400

f'(c) + 0 -
J10
() / \
-3 3

—3+x/1_3

2

Két luan: MaxP:«/1_0<:>c:3;a:b:

Bai 7. Cho cac sO thuc khdong am X, y,z thoa man diéu kién x> +y*+2° <3y.Tim gia tri nho
nhat ctia biéu thikc
1 4 8

+ +

P= 2 2 2
(x+1)" (y+2) (z+3)

Phan tich tim 10i giai

& Day la mot bai todn vé bat dang thikc khong d6i xting ba bién va ciing khong ddi xting
véi hai bién nao ca. Do d6 chiing ta chura thé di doan duoc ddu dang thikc xay ra khi nao. Vi
vay ta nghi dén phan tich gia thiét bai toan trudc. Ta c6

Tacd 2X+4y+22<(X* +1) +(Y* +4)+(2°+1) =xX"+y* +7° +6<3y+6.

Suy ra 2X+ Y +2z <6. Dau dang thitc xay ra khi X = % =z =1. Thong thuong dén day ta thay

X;%; Z ¢6 vai tro nhu nhau nén ching ta nghi dén phép dat an phu a = x;b= %;C =7.Khi do
l 1 8 A o\ ? . A A \ e Jé \ \ .7 . 2 A 2 A2
P= >+ > . Bay gio trd lai yéu cau bai toan la tim gia tri nho nhat caia bieu

(a+1)  (b+1) (c+3)
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thitc nén ching ta nghi dén danh gia biéu thiec P theo chiéu " >". Quan sat P ta thdy ottt sO ctia
cac s6 hang déu 1a hiang s8. Vi vay, ching ta nghi dén bat dang thitc Cauchy — Schwarzt dang
cong mau sd.
L Phan thttc cudi cung khac biét véi hai phan thitc dau nén y tedng cua ta sé danh gia hai
phén thirc dau vé bién C.
Loi gidi

Tacd 2X+4y+22< (X + D)+ (Y +48) +(Z° +1) =x*+y* +7° +6<3y +6.

z=1.

Suy ra 2X + Y + 2z < 6. Dau dang thtic xay ra khi X = %

Détazx;b:X;C=Ztacéa+b+C£3.Khido’P= 1 >+ 12+ 8 5
2 (a+1)" (b+1)" (c+3)

Ap dung bat dang thitc AM-GM ta c6
1 1 8 8 8 64

P= 7+ 7+ 7 2 2t 7 2 7 =1
(a+1)" (b+1)" (c+3)" (a+b+2)" (c+3) (a+b+c+5)
Ap dung (*) ta dwoc P = 1 >+ L + 8 > > 8 + e -
N 64 64.4 S 64.4 _1

y

_(x+—+2+z+3)2 T (2x+y+2z+410°  (6+10)7
2

Két lugn. MinP=1khi x=1,y=2,z=1

Bai 8. Cho ba s6 thuc duong X, Y,z thdoa diéu kién X > z. Hay tim gia tri 16n nhét cua biéu

thic P = X 4 / Z
\fx2+y2 \fy2+22 Z+X

Phan tich tim 10i giai

L Day 1a mot bai todn vé bat dang thirc khdng ddi xting ba bién nén chua thé du doén dau
dang thitc xay ra khi nao. Phan thtic cudi ciing khéc biét v6i hai phan thitc dau nén y tuong cta
ta 1a s& danh gia hai phan thitc dau theo phan thitc thit ba. Tuy nhién, phan thikc thit ba van

~ z 1
con 2 bién, néu don bién thi cé mot cach la chia ca t&r va mau cho z ta dwoc \/ = e
Z+x lp (j
Z
Trong hai sd dang dau ciing c6 bién doi twong tuw. Ta ¢
\/ZX 2+\/2y2: ! =+ ! 2.KhidéP: ! =+ ! =+ ! .
X"+ +Z X
TR TR T
X y X y
~ VA
Bay gio hai s6 hang dau van con khac biét vdi sd hang thit ba. Quan sat ky ta thay %V = <

Do d6 ta nghi dén stt dung bat dang thitc phu sau day dé don bién.
1 1

+ <
Ji+a? J1+b® +l+ab

Pén day bai toan xem nhu da duoc giai. Ta c6 10i giai chi tiét cho bai toan nhu sau:

;voia,b>0,ab<1
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Loi gidi
1 1 1
Tac6 P= + +

2 2 X
RO R
X y
1, 1 2
Ji+a? 1+b? +1+ab

, 1 1 1 1
Ta co + <./2 >+ >
Ji+a?  1+Db’ 1+a” 1+b
1
+ <
1+a® 1+b* 1+ab
Suy ra Bat dang thitc (*) dting. Dang thtic xay ra khi a =b.

" . 2 1
Ap dung Bat dang thttc (*) ta co: P < +

\/1+Z \/1+Z
X X

Patt=2 0<t<l P<—2 4 = V2

X J1+t \/1+1 Jt+1

N S 2

Jeet’ 2t (t+1)

t 0 l +00
4
0

Trwdc hét ta ching minh BDT (*);vdi a,b>0,ab<1

Mit khac < (a-b)’ (ab—1) <0 luén ding véi a,b >0, ab<1

Xét ham s6 f (t) = , f'(t)=0<:>t=%

f'(t) +

N3

f(t) 2/ \

o1

Két lugn. MaxP = /5 khi Y ox=2y=4z.

Bai9. Cho cic s8 thuc khong am a,b,c thoa man: 5(a° +b? +¢?) =6(ab +bc +ca) . Tim gid trj 16n
nhat ctia bidu thiee: M =./2(a+b+c) —(a% +b?) .

Phan tich tim 10i giai

R Day la mot bai todn vé bat dang thikc khong d6i xting ba bién a,b,¢ nhung lai d6i xting
véi hai bién a,b nén ta dy doan d&u dang thikc xay ra khi a=b.

R Yéu cau bai toan tim gia tri 16n nhat cua biéu thirc nén ta phai danh gia biéu thirc P theo
chiéu " <". Do d¢ biéu thirc (a” +b?) danh gia theo chiéu " >".

Loi gidi
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Ta co g(awrb)2 +5¢” <5(a” +b*) +5¢° = 6(ab + bc + ca) < %(a+b)2 +6c(a+b)

:>5C2—6C(a+b)+(a+b)2£0<:>a+b£c£a+b:>a+b+c£2(a+b)

Khi d6 : M =4/2(a+b+c)—(a2+b2)£4/2(a+b+c)—%(a+b)2£4/4(a+b)—%(a+b)2

batt=vJa+b=t>0va M SZt—%t“

Xét ham s6: f(t):2t—%t4 voit>0,c6 f')=2-2t' = f'(1)=0t=1.

Lap bang bién thién :
t 0 1 +00
f(t) + 0 —
3
2
0 —o0

Tir BBT suy ra f(t)gg,VtZO,dé’u Y gg,Va,b,czo

c=a+b 1
1A 3 a=b=—
Kétluan: M, =—<<qa=b < 2
a+b=1 c=1
Bai 10. Cho X,y la cac s6 thue dwong, tim gia tri 16n nhat cua biéu thic
X 2X

P= - 2
JOE+D( +y?)  (x+y) +(xy+D(x+y)

Loi gidi
p_ X ~ 2X B 1 ~ 2
4 2,2 2 2 2
VK axlyt eyt 09Xy +1(x+y) sz+yz+1+(yj (e +D(a+)
X

DétZ:XtacéP: ! - 2
X JE+y2 4241 (X+D(y+D)(z+1)
Ap dung bat dang thikc C6 si ta co: x2+y2+22+12%(x+ y)2+%(z +1)2 2%(x+y+z+1)2
3
(x+l)(y+l)(z+1)£(%+z+3j
Suyra P < 2 - >4 3.Détt=X+y+Z+l>1taCé:PSZ— >4 3
X+y+z+1 (x+y+z+3) (t+2)
Xétham () =2- 22 tren (Loo) taco: F/() =2+ 22 - fit)=0>t=Lt=4
t (t+2) t (t+2)

1
Lap bang bién thién ta c6 Maxf (t) = f(4) = 1

te(1+00)
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Két lugn. MaxP :% khi x =y =1.

Bai 11. Gia st x, , z 1a cac s8 thuc duong thoa man X° + y? + 2% =1. Tim gid tri 16n nhét cta

] X z  X*yi+yi®
bidu thite P= 442X Y *J

1+2% 1+x*  24x%7°
Phan tich tim 10i giai
L Day 1a mot bai todn vé bat dang thirc khdng ddi xting ba bién, tuy nhién d6i xting véi hai

bién X,y nén ta du dodn ddu dang thitc xay rakhi X =Y.

L Day 1a bai toan tim gia tri 16n nhat nén ta nghi dén dénh gid bat dang thiic theo chidu

" <". Luu phan thitc cu6i dong bac 1 nén ta cd thé dong bac hoa hai phan thirc dau veé bac 1
bang cach thay s6 1 tir giai thiét. va hai phan thitc dau danh gia theo chiéu " <" con phan thtkc
thit ba danh gia theo chiéu ">".

Loi gidi
Ap dung bt dang thicc AM-GM ta c6
Yy _ Xy N vz
1+72 1+x? (22+x2)+(22+y2) (x2+y2)+(x2+22)
3 xy N yz <1[X2+y2+y2+zzj
_2\/(22+x2)(22+y2) 2\/(x2+y2)(x2+22)_4 22 +x* P4yt X4yt xP+7

2 2 2 2
:1 1+ 2y >+ 2y > sl 1+y—+y— =l(1+l+ yj —+= (y yj
4 Z°+y" X +y 4 2yz 2xy ) 4 2z 2x) 4 8 X

Tiép tuc ap dung bat dang thitc Cauchy-Schwarzt , ta ¢ x°y® + y°z° > %(Xy +yz)® nén

x4 y A

3
Suy ra P< + = (y y) (l+lj :
4 8\z x 9%\z X

Datt=Y+Y khid6t>0vaP<——t'+otsl

7 X 9% 8 4

Xét ham s6 f(t):—it~°’+1t+E v6i t>0.
% 8 4
1

Taco /()= ——t+2: fi(t) =0t =2, vi t>0,
32 8

3,,3 3,3 3 3
Xy +y°z  (xy +yz) =%(l+l).

Suy ra bang bién thién

1@ -

£ /
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A , S o e o s a1
Dua vao bang bién thién ta cé P < 2 dau dang thitc xay ra khi va chi khi t =2 hay

1
X:y:Z:_.

B

Két lugn. MaxP = i dat dwockhi X=y=72=—.
12 \/§
Bai 12.Cho X, Y,z laba s0 thuc duong thoa man X% + y3 + Z(X2 + y2) = 3Xyz . Tim gia tri nho
y 21

7 2 o A2 7 X
nhat ctia biéu thitc P = + +
Y+Z Z+X X+Yy

Phan tich tim 10i giai

L Day 1a mot bai todn vé bat dang thiic khdng ddi xting ba bién, tuy nhién déi xting véi hai
bién X,y nén ta du dodn ddu dang thitc xay rakhi x =y

& Day la bai toan tim gia tri nho nhat nén ta nghi dén danh gia bat dang thiic theo chigu
">". Luu phan thitc thit ba khéc biét so véi hai phan thirc dau nén ta nghi dén danh gia hai
phan thitc dau theo phan thikc cudi. Liu y d&én bat dang thie Cauchy — Schwarzt dang cong
mau s8. Ta ¢6 10i giai chi tiét cho bai todn nhuw sau:

Loi gidi

Ap dung B4t dang thite AM-GM va B4t dang thize Cauchy — Schwarzt ta c6

:’>Z.M>:’>z.(xy):x3+y3+z(x2+y2)>()(er)erz,(Xer)2
4 4 2
2 3
:Z.(x+y) 2(X+y) =I2X+Yy=> >2
4 4 X+Yy
Ta co
2 2
e e
+z(X+ + +
y y y (x+y) c2(x+y) y
y 2(X+y)+ 2z _, 1 2
X+y+2z X+y 1. 22 X+y
X+Yy
Dau “=" xay rakhi X=Y;Z=X+Y
Xét ham so f(t)=i+t; t>2taco
1+t
f'(t)=— 2 >+1>0,Vt>2,dodé f(t)laham dongbién khi t>2. Vay

(t+1)

Minf (t) = f(2)=%khit:2 hay Miangkhi X=Y;2=2X=2y

BAI TAP REN LUYEN
) ) , (a+ b)2
Bai 13. Cho ba so thuc a,b,c e [1; 2] . Tim gia tri nho nhat ctia biéu thitc P =— .
¢’ +4(ab+hc+ca)
.. ~ , ) b 2C 4
Bai 14. Cho ba s6 thuc duong a,b,c . Chtiing minh > —

+ + >
b+c c+a 2(a+b)+c 3
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Bai 15.Cho cac s6 thuc duong X, Y,z théa méan diéu kién x* + y? +2° +2xy =3(Xx+y+2). Tim
23 23
+ :
IX+z  \Jy+2
Bai 16.Cho a,b,c 1a ba s6 duong. Tim gia tri 16n nhéat cua biéu thic

o 9 16
Jab(a+2c)(b+2c) Va?+b?+c?+1

Bai 17.Cho a,b,C 1a ba s6 duwong. Tim gia tri nho nhat ctia biéu thitc
1 1

P= -
6Jab +7c+8Jca 9Va+b+c

Bai 18.Cho X, Y,z >0 théaman x* + y* +2° < 2(y +1). Tim gia tri 16n nhat cua biéu thirc

P=2xy +2yz + ——.
y y X+y+z+1

Bai 19.Cho a,b,c la ba s6 duwong. Tim gid tri nhé nhat ctia biéu thiec
5 4

\/az+2b2+502+3+1_ab+b0+ca+1

gia tri nho nhat ctia biéu thtic P=X+y+z+

P=

1 1
a++ab+3abc Ja+b+c
Bai 21.Cho a>b;a>c&a,b,ce [1; 4] . Tim gia tri 16n nhat cua biéu thic

a b c

= + +
2a+3b b+c c+a
HD: Khao sat [an luot cac bién ¢,b,a.

Bai 20.Cho a,b,c >0 Tim gid tri nho nhét cua biéu thic P =

1
Bai 22. Cho X,y,z2>0:Xx+y+z=1.Tim Max P = X + y _
X+yz y+zx z+1

Bii 23.Cho a,b,c duong thoa a* +b® +¢” +2ab=3(a+b+c). Tim gia tri nho nhat ctia biéu

thiee P=6(a+b)+c’+ 2014 | 2014

Ja+c b+2
Bii 24.Cho a,b,c duong thoa a* +b® +¢” +2ab<2(a+b+c). Tim gid tri nho nhat ctia biéu
thite P=a? +b7 + 2¢+ ——0 420

Jb+c+1 +a+3

X y 2’ +2
+ +
y+1 x+1 3(xy+1)

Bai 25. Cho X;y;z >0 thoaman xy >1,z>1. Tim MinP =

HD: ps OEY) | 1
C2XY+X+Y  xy+1

2 2 2
Bai 26. Cho X, Y,z >0. Tim Min P:y+2X +z+2y +x+22 + 8
2x+1  2y+1 2z+1 X+y+z

2
Bai 27.Cho cac s6 thuc dwong X, Y,z thoa diéu kién x* + ( y* — 1) +2* <3.Tim gia tri 1on nhat
1

1a bieu thiee P =2y (x +2)+ :
cua bieu C y( ) x2+y2+22+1

Tai ligu boi dwong HSG 12 Trang 28



Truong THPT Hung Vuong GV. Nguyén Hiru Hiéu

Bai 28.Cho a,b,c 1a cac s6 thire dwong thoa man a’ +b° +¢” = 5(a+b+c)—2ab. Tim gid tri nho
J3 1
+ .
Ja+10 3b+c

Bai 29.Cho cac sd thuc z,y,2 € [1; 3] . Tim gid tri nho nhat cua biéu thic

nhat ctia biéu thttc Q=a+b+c+ 48(

2
25 y+=z
T —
122 4+ 2012 zy + yz + 2z

Bai 30. Cho cac s6 thue khong am a,b, ¢ thoa man ab + 2bc + 3ca = 6. Tim gid tri nho nhét cua

bieuthttc P= a+b b+c c+a +4a+b+c

Bai 31.Cho 2 s8 thwc a, b €(0; 1) thoa man (a° +b*)(a+b)—ab(a—1)(b—1) =0. Tim gia tri 16n nhat
1 N 1

Ji+a?  1+b?

14 ~ 2 ~ ]‘ N .7 . 14 N, ?
Bai 32.Cho céc s6 thuc duwong z,y thoa man 'yt +—=a2y+2.Tim gia tri 1on nhat cua
Yy

cua biéu thttc sau F =

+ab—(a+hb)>.

2 2 3
;T 2 :
1+a? 1+ 1+2ay
Bai 33. Cho a,b,¢ >0 thoaman a+ b+ ¢ =1. Tim gia tri nho nhat cta biéu thiec
2 2
P= a2 + b2 —§a+b2
b+c +5bc c+a +5ca

biéu thitc P =

Bai 34. Cho cac s6 thuc duong a,b,¢ thbaman a+b b+c¢ c+a =8.Tim gia tri nhd nhat

1 1 1 1
: + + + .
%/abc a+20 b+2c cH+2a

cua biéu thitc P =

Bai 35. Cho cac s0 thuc duong a,b € 1 ;1{. Tim GTNN cuaa P = ! 2 4 b
4 24+3a a+b b+1
. P | 1 L e ,
Bai 36.Cho a,b,c > 0 thoa man diéu kién -+ b—Q = 2—2 Tim gia tri nhoé nhat ctia biéu thitc
a c

a b c

p=—% 4
b+ c c+a \/a2+b2+02

b ca’ ca 6«/5

Bai 37.Cho ba s6 thyc duong a,b,¢. Tim Min P = + + - —
a b+ ba+b a+c ct+a

b c 57 6\, c a
HD: P = + + c C Pitr=—jy=—;2=—-—ayz=1Khidd
¢ b’ al 1.0 a b ¢
al—i—b—2 b1+ — [1+C] +Z
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2
oz n Y n 52 _6\j;> rT+y n 52 _6\/;
1+y* 1427 1+22 I+2z z4y+ay z+y 1_|_22 1+2

_a:+y+ 5z _6\/;>2xy+ 5z _6\/2
Itazy 14,7 14+z 14ay 1,,° 1+z

P

1
_2z_|_ 5z _6\/;_ 52 _4\/;
1+l 1—|—z2 L+2 1—|—z2 L+2
z

Bai 38.Vi du 1 (Dé du bi ky thi THPT Qudc gia 2015, si dung cho 29 thi sinh gdp sy c6 tai Da
lat)

7 AN 2 ~ 1 N .7 . 2 A, 2 - A? 7
Cho cac so thuc a,b thoaman a,b e {5;1} . Tim gia tri nho nhat cta biéu thiec:

P=a’b+ab’ + —3(a+b)

a+b’
Nhin xét
Trong bai toan nay phép dat an phu phtt hop nhatséla r=a+b.

1
| —<a<l

Vi a,be{—;l}: =1<a+b<2. Do d6 diéu kién cta an phu tla te[l;Z].
2 l <b<l
2

Bang mot s danh gia ta thu duoc P> f(t) = %(z—l)t4 +[——3t

, 6
Cong viéc con lai chi 1a khao sat ham s6 f(1) = %(r )t +5———-31, te [1;2] )

1 =2(r-1)

Bai 39.Cho cic s6 thuc duong z, y, 2 théa man 5(z° + y* + 2°) = Y(zy + 2yz + 27).

N .7 . 7 A 2 o« A? 7 ]_
Tim gia tri 1on nhat ctua biéu thttc P = 5 T

v+ 2 (a:+y+z)3'

Phan tich bai toan:
% Chiéu danh gia cua bai toan la: P < f(¢).
% Xac dinh an phu:

2 1 4 1
Bi mat cuia bai toan chinh la dénh gié P < - y+z) _ = o :
§(y+z)2 Qy+2)+y+=z y+z (y + 2)

Do dé ta c6 an phu cho bai toan la: ¢t =y +z > 0.

Trinh bay Loi gidi chi tiét:

Theo gia thiét ta co:

5z +y* + 2°) = Yzy + 2yz + 2z) < 5(z + y + 2)° = Yzy + 2yz + 22) + 10(zy + yz + 22)
&5z +y+2)° =192(y + 2) + 28yz < 19z(y + 2) + 7(y + 2)°

192 TN T

y+z y+z

x
y+z

<5 +1

< <21 <2y+2)

Mitkhactacd (y +2)° <2y’ +2°) v’ +2° > =(y + 2)°

N | —
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Vivay P < 2(y + 2) B 1 __ 4 1

Lytop 2y+2)+yt+z  Y+z 21+2)
2

4 1 (6t —1)*(2t +1)

bitt=y+2>0=P<—— = — +16 <16
t 21t 27¢°
r=2y+2) |,_1
Vay mianlG;dé'ubfang dat tai Jy = 2 & 3 1
1 y:Z:_
+2z=-= 12
‘y 6
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BAT PANG THUC-LE HOANH PHO

Bai 1. Cho cdc s8 thuc x, y théa man (X + y)3 +4xy > 2. Tim gia tri nho nhat cta
A=3(x"+y*+x°y*)-2(x* +y?)+1
Huoéng dan giai
Két hop (X+ y)3 +4xy =2 véi (X+ y)2 > 4xy suy ra:
(x+ y)3+(x+ y)2 >2=>Xx+y=1.

A=3(x4+y4+x2y2)—2(x2+y2)+1

:g(x2+y2) +§(x4+y4)—2(x2+y2)+1
zg(xz+y2)2+%(x2+y2)2—2(x2+y2)+1

- Az%(x2+y2)2—2(x2+y2)+1.Détt=x2+y2,ta 6

2

(x+y)
2

X2 +y° > zlztzl,dodé A> 22 _ot41
2 2 4

Xét f(t):%t2—2t+l;f'(t):%t—2>0 V(’)’im(_)itZ%

= min_f(t)=f 1 zg.Dodc’) Azgdé'u=xéyrakhiX=y=1.
2) 16 16 2

te[%;-%—ooj
9

Vay gid tri nho nhat cia A bang 6

Bai2. Cho x>0 vay tuyy. Tim GTLN, GTNN cua

2

Xy
M =
<x2+3y2)(x+«/x2+12y2)
Hudng dan giai
Xét y=0 thi M =0. Xét y =0 thi:

_xy( x? +12y —X 1/

-1
(x +3y 12y? 3(4+ 2y2j
XZ

12y? . Vi+t-1
X

d>0thi M = f (t)=
NS (t) 3(t+4)

=,

|

batt=
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2—t+ 241+t fr

Ta c6 f'(t)zﬁ(t+4)2.\/m’ (t)=0<=1t=8.
BBT
X 0 1 400
f + 0 +
f / 1/18 \
0 0

Do dé: 0<M Si.Ké'thopthiOSI\/l Si.
18 18

Vay max M :% khi 2x* =3y?, min M =0 khi y=0.

Bai3. Cho cac s6 thuc x, i, z khong am thoa man diéu kién: x° + y° +z° =2+ 3xyz . Tim gia tri
nho nhat ctia bidu thiee P = x* +2y” + 377
Hudng dan giai
Tir gia thiét x® +y°® +2° =2+ 3xyz

<:>(x+y+z)(x2+y2+22—xy—yz—zx)=2

< (x+ y+z)[g(x2+y2+zz)—%(x+ y+z)2}=2

t? 4
Dit t=x+y+z.Khidé t>0 va x2+y2+22:§+§

2
Xétham f(t)= %-i-% trén (0;+o0)

o o 4 2(t*-2)4
Ta cod f (t)zgt—Bt—zz(St—z)

f(t)=0et=32
Lap BBT thi min f (t)= f(¥2)=¥4, dat duockni t =32
Taco P2x2+y2+22 >34

Dau déang thitc xay ra khi va chi khi Xzé/z,y:Z:O.

Vay mian%/Z,datdu’Qckhi x=3/§,y=z=0.

Bai 4. Cho cac s0 thuc x, y thoa man diéu kién: X+ Yy = JIx=1+ \/ 2y +2 . Tim gia tri I6n nhat,
gia tri nho nhat ctia bidu thize P =X+ y* + 2(X+l)(y+l) +8\4—x-y
Hud6ng dan giai

biéu kién x>y >1.Suyra Xx+y=0.
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Ap dung bat dang thuc (au +bv)” < (a2 - bz)(u2 +V2) ta co:

(x+ y)2 :(\/x—1+\/2y+2)2 =(x/x—1+\/§.«/y+l)2 <3(x+y)
Suyra 0<x+y<3.Datt=x+y thite[0;3]

P=(x+ y)2+2(x+ y)+84—(x+y)+2=t"+2t +8J4-t +2

Xétham f(t)=t*+2t+8J4—t +2 trén [0;3]

f'(t)=2t+2—i- fr(t)=2- 2 >0 véimei te[0;3]

Ja-t’ (Va=t)

Suy ra f'(t) dong bién trén [0;3]

Do d6 f (t) > f (O) =0 véimoite [0;3]
Suy ra f (t) dong bién trén [0;3]
Véy max P = max f(t)="f(3)=25,datkhit=3<x=2,y=1

mianr[rol;is? f(t)=1(0)=18, datkhit=0<>x=Ly=1

Bai5. Cho cac s thuc x, y, z khong am thoa man: X\/Z —y* + y\/2 —x? =2. Tim gia tri nho
nhat ctia biéu thiee P =(x+ y)3 +12(x+y)—-12xy -12+ \/W

Hudng dan giai

, 2 a’ +b? L. ; p
Tacé (a—b) >0=ab< 5 véi moi g, b. Ap dung:

2,9 2 2,9 2
X 2_y2£#,y4/2_ng$

Suy ra 2=xm+ym§2.

Do d6 d&u dang thikc xay ra nén sz va y:\/ﬁ.
Suyra X,y>0 va X +y* =2

Dit t =x+y.Khidé 0stsJ2(x2+y2)=2

Dt t = x+y. Khi d6 ts,/2(x2+y2):2

Mat khac tz:(X+y)22X2+y2=2.Suyrat2«/§

(x+ y)z—(x2+y2) R

=—-1
2 2

Do do te[2;2].Tacs xy =
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Suy ra P=(x+y) +12(x+y)-12xy~12+/xy

2 2
=(x+y) +12(x+ y)—lZ(%—lJ—12+,/%—l
2
=t -6t +th+,/%—1

2
Xétham f (t)=t>—6t’ +12t+,f%—1 trén | V2;2]. Ta cor

t
Y

J5)

Vay max  (t)=(2)=9; min f (t)=(v2)=14V2-12.

[V22] [V22]

Bai 6. Cho cac s6 thuc duong a, b, c. Tim gia tri nhé nhat cta biéu thitc
B 9 B 16
\/ab(a+2c)(b+20) J1+a2+h? +c?

f '(t) =3t> -12t +12 + >0,voimoite [\/5;2] nén f (t) dong bién trén [\/E, 2}

P

Hudng dan giai
Tacd: 1+a®+b%+c® > %(l+ a)2 +%(b+c)2 > %(1+a+b+c)2
1 2
<
Jl+a?+b?+c? l+a+b+c

Suy ra:

Ap dung bat dang thiic Cosi, ta c6:

a+b a+2c+b+2c
2

Jab(a+2c)(b+2c) <

—(a+b)(a+b+40)=—3(a+b)(a+b+4o)

Si[B(a+b)+(a+b+4c)]2 (a+b+c)

12 4 R
1 S 3
Jab(a+2c)(b+2c) (a+b+c)

Suy ra

27 3 32
(a+b+c)2 l+a+b+c

nén P>

batt=a+b+c thit>0 va P2£—£

t? t+1
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s 27 32 _ , 54 32
Xét ham f(t):t—z—m tren (O,+OO),f (t):—t—3+m

f'(t)=0< (t-3)(16t° + 21t +9) =0 >t =3.
Lap BBT thi (rg)in) f(t)=f(3)=-5

Do &6 P >-5, ddu dang thiic xay rakhi a=b=c=1.
Vay gia tri nho nhat cua P 1a -5, datkhi a=b=c=1.
Bai 7. Cho cac s6 thwc khdng am 4, b, ¢ thoa man diéu kién: 3(a2 +b? +¢? ) +ab+bc+ca=12.
a’+b*+c?

Tim gid tri 16n nhat va gia tri nho nhat ctua P = aibic +ab+bc+ca.
a+no+cC

Huoéng dan giai

Tw gia thiét a, b, c khong am thoa man:

3(a2+b2+cz)+ab+bc+ca:12 ta 6 a+b+c=\/24—5(a2+b2+c2)
Va 1223(a2+b2+cz):>a2+b2+c2 <4
1233(a2+b2+02)+a2+b2+c2 =a’+b*+c?*>3

Suy ra @’ +b*+c’ e [3;4]

Pat t = [24-5(a” +b? +¢*) thi t e[2,3]

2 2 2
Dods p=__ &+ +C +12-3(a% +b7 +¢?)
\/24—5(a2+b2+02)
1( 2
—(24 -t ) 2
S5 gy g2t :1(3t2—t+ﬁj—E
t 5 5 t 5

Xétham f (t)=3t*—t +% trén [2;3].

f'(t) :6t—l—%:(t—l)+(5t—%j >0 v6imoi t €[2;3]

nén f dong bién trén doan [2;3].
Do dé max f (t) = f(3) = 32imin f (1) = £ (2) =22 nén 2<P <4
Vay max P =4, datkhi a=b=c=1.

Min P =2, dat khi a=2,b=c¢ =0 hoac cac hoan vi.

Bai 8. Cho cac sO thuc duong x, y, z thdoa man diéu kién:
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4(X+Yy+2)=3xyz. Tim gia trj 16n nhét cta bidu thic:

1 1 1

P= + +
2+X+YZ 24Y+IX 2+Z+Xy

Huéng dan giai

Ta c6: 3xyz =4(X+y+2)>4.3,/xyz nén xyz>8

Va: 2+X+yz> 2«/2@ +yz> ZN/ZM.yz = 2«/24/2xyz.\/y_z > 4\/5{/y_z

Suy ra ! 1 1 <11 1
Y exry a2y 422 I
11 1 1 13 1
S| =+=+—|==|=-+—
82 4 yz) 84 yz
Tu’ongtu’:égl(§+£j,#gl §+i
2+x+yz 8\4 zx) 2+x+yz 8(4 xy
Do d6 PS1 g+i+i+i =1(g+§j:§
84 xy yz zx) 8\4 4) 8

Vay maxPzg,khi X=y=2=2

Bai 9. Cho cac s6 thuc duong 4, b, ¢ thoa man diéu kién (a + C)(b + C) = 4¢”. Tim gia tri nho
nhat ctia biéu thirc

p_ 32a° . 32b° Ja'+b’

(b+3c) (a+3c) C

Taco (a+c)(b+c)=4c? @(%+1j(%+1):4

a
bat x=—;
C

Y =% thi (x+1)(y+1)=4

& S+P=3<P=3-S.Dodé

3 3
P=32K X ]+( y j]— X +y?
y+3 X+3

3
> 8 L+Lj ey

— 3 3
s?43s-2P s _[s?+35-2(3-5)] s
—g2 T2 Ter ) ° g —
35+(3-5)+9 | 2
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_g[S7+55-6) _S _8(3—1]3_3
2S5 +12 J2 2 2

S

—(s-1)°-=L.5>2
(s-17 -
1

P'=3(S-1) ——=0,vS >2
(5-1 -

DA4u “=” xay ra chang han khi x=y =1.

Vay min P=P(2)=1-+2.

Bai 10. Cho cac s0 thiee khong am x, y thay d6i va thoa man X+ y =1. Tim gia tri I6n nhat va

gia tri nho nhat ctia biéu thire S = (4x° + 3y )(4y? +3x) + 25xy

Huéng dan

S =16x°y* +12(x*+y°)+9xy + 25xy

=16x°y? +12[(x+ y)3 —3xy(x+ y)]+34xy =16x°y* —2xy +12

Dit t =Xy, ta dwoc S =16t* — 2t +12

2
ngysﬁzlste{o;l}
4 4 4

Xét ham f (t) =16t°> — 2t +12 trén doan {0;%:'

Két qua max S 2%, min S :g
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