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§1. GOC LUONG GIAC

KIEN THUC TRONG TAM

1. Géc lugng giac
1.1. Khai niém goc lugng giac
binh nghia 1.1. Cho hai tia Oa, Ob.
© Néu mot tia Om quay quanh gbc O ctia né theo mot chiéu ¢ dinh bat dau tir vi tri tia Oa
va dirng & vi tri tia Ob thi ta néi tia Om quét mot goc lugng giac c6 tia dau Oa, tia cudi Ob.
Ky hiéu: (Oa, Ob).

@ Khi tia Om quay mot goc a, ta néi sé do ctia goc lugng giac (Oa, Ob) bang a.
Ky hiéu: (Oa, Ob) = a.

A\ Vi hai tia Oa va Ob cho trudc, cé v6 s6 goc lugng gidc 6 tia dau Oa va tia cudi Ob.

o]

Xéc dinh s6 do ctia céc goc lugng gidc (Oa, Ob) trong hinh sau

b b b
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55~ Trang e 1. GOC LUONG GIAC

A 56 do ciia cdc goc luong gidc cd ciing tia ddu Oa va tia cudi Ob sai khdc nhau mét boi nguyén ciia 360°
nén cd cong thirc tong quat 1o

sd (Oa, Ob) = a° + k360° (k € Z).
hodc thuong viét la
(Oa, Ob) = a° + k360°.

v6i a° 1 56 do ctia mot goc liugng gidc bt ki cd tia ddu Oa va tia cudi Ob. Chang han, trong hinh ddu
tién cua vi du trén thi (Oa, Ob) = 90° + k360°.

)

Cho MON = 60°. Xac dinh sb do ctia cac goc lugng gidc duogc biéu dién trong hinh vé va viét
cong thic téng quat cua s6 do goc lugng giac (OM, ON).

N
N N

a) © M b) o)

Trong cac khoang thdi gian tir 0 gio dén 2 gio 15 phut, kim phut quét mot goc lugng giac 1a bao
nhiéu do?

1.2. Hé thitc Chasles (Sa-10)

Dinh nghia 1.2 (Hé thitc Chasles). Véi ba tia Oa, Ob va Oc bat ki, ta c6

(Oa, Ob) + (Ob, Oc) = (Oa, Oc) + k360°, (k € Z).
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Chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Trong hinh bén, chiéc quat c6 ba canh dugc phan bd déu nhau. Viét
cong thic téng quat do s6 do cta cac goc lugng giac (Ox,ON) va
(Ox, OP). /

2. Don vi radian

Trén dudng tron ban kinh R tuy ¥, géc & tim chian mot cung c6 do dai ding bang R duge goi la

mot goc co s6 do 1 radian (doc 1a 1 ra-di-an, viét tat 1a 1rad ).
Trén duong tron ban kinh R, mot géc & tam c6 s6 do « rad thi chan mot
cung c6 do dai aR (Hinh 10). Vi goc bet (180°) chan nira duong tron véi do

daila 7R, nén goc bet c6 s6 do theo don vi radian 1a 7. Khi d6 ta viét

180° = 7rrad.

180

aR

Hinh 10

Suy ra, v6i 7T & 3,14, ta c6 1° = T orad ~ 0,0175rad va 1rad = (7) ~ 57,3° (hay 57°17'45").

180

Do d6 ta c6 cong thitc chuyén déi sb do goc tur don vi radian sang d6 va nguoc lai nhu sau:

wrad — (180&)

s

Déi cac s6 do goc sau day tir radian sang d6 hodc nguoc lai

a) —60°.

A a) Khi ghi s6 do ciia mot goc theo don vi radian, nguoi ta thuong bé di chit rad sau s do. Vi du,

g rad duoc viét la g, 2 rad doc viét 1a 2 .

b) Vi don vi radian, cong thiic s6 do tong qudt ciia goc lugng gidc (Oa, Ob) I

(Oa,Ob) =+ k2 (k € Z),

Trong dé a la s6 do theo radian ciia mot goc lugng gidc bat ki cd tia dau Oa va tia cubi Ob. Luu
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355> Trang e 1. GOC LUONG GIAC

y: khong duoc viét o + k360° hay a® + k27t (vi khong cing don vi do).
3. Dudng tron lugng gidc

Trong mat phang toa d6 Oxy, cho dudng tron tam O béan kinh bang 1.
Trén dudng tron nay, chon diém A(1;0) lam gbc, chiéu duong la chiéu

y
o X . A X N « X N N o X N « X . X 1
ngugc chiéu kim dong ho va chiéu am la chiéu cung chiéu kim dong /"\Y\%—

ho. Puong tron cung voi goc va chiéu nhu trén dugce goi la duong tron

luong giac A0
gg . _1Q/1 X
1 /_
Hinh 11

Cho s6 do goc a bat ki. Trén dudng tron luong giac ta xac dinh dugc duy
nhat mot diém M sao cho sb do goc lugng giac (OA OM) bang « (Hinh
12). Khi d6 diém M dugc goi la diém biéu dién ctia goc c6 s6 do a trén M
duong tron luong giac. /

« A
Hinh 12

|

Biéu dién trén dudng tron lugng gidc cac goc lugng gidc c6 s6 do la:

a) 865°;

77

b) —.
) 3

Pé chuyén déi don vi do - radian can nhé:
o T a-m 180 -180\°
©1 = jggrad = #° = gy rad ®1rad—(n) :>nrad:(nn )
+ETm,
D3Gi 50° sang radian. & 50° = 7% rad.
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Chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

& %r rad = 135°.

Déi 34—7T rad sang do.

TR,

a) Déi tir d sang radian cac s6 do sau: 45°;150°.
FIEEN . ~ % T 51
b) D6i tui radian sang do cac so do sau: 3 S

Dé6i s6 do cta cac goc sau ra radian: 72°;600°; —37°45'30"

X vicus |
57 31

7 7

D6i s6 do cia cac goc sau ra do: TG

o Vidué ||
Hoan thanh bang chuyén déi s6 do do va s do radian ctia mot s6 géc déc biét sau

bo 30° ? 60° ? 120° ? 180°
T 7T 3T
i ? i ? i ? = ?
Radian 1 5 ? 1 ?

GV: NGUYEN BINH KHOI - BT: 0909 461 641



%%~ Trang y 1. GOC LUONG GIAC

Dé xac dinh s6 do ctia mét goc lugng gidc ta chi y tia dau, tia cudi va chiéu cu thé
© Chiéu duong la chiéu nguoc chiéu kim dong ho;

© Chiéu am la chiéu cting chiéu kim dong ho

T

Xéc dinh s6 do ctia cac goc lugng gidc (Oa, Ob) trong hinh sau

a D6 dai cia mét cung tron

Ta c6 cong thitc | = Ra v6i R, a 1an lugt 1a ban kinh ctia dudng tron va sb do tinh bang rad

T

Mot duong tron c6 ban kinh 20 cm. Tim d6 dai cac cung trén duong tron d6 c6 sé do sau:

a) %, b) 1,5; c) 35°; d) 315°.

2]

Mot vé tinh dugce dinh vi tai vi tri A trong khong gian. Tt vi tri A, vé tinh bat dau chuyén dong
quanh Trai Dat theo quy dao la dudng tron véi tam 1a tim O cta Trai Dat, ban kinh 9 000 km.
Biét rang vé tinh chuyén dong hét mot vong ctia quy dao trong 2 gio.

a) Hay tinh quang dudng vé tinh da chuyén dong dugc sau 1 gio; 3 gio; 5 gid.

b) Vé tinh chuyén dong dugc quang duong 200 000 km sau bao nhiéu gis (1lam tron dén két
qua hang don vi)?
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Chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC N\ Trang @ ==

Dang @ Biéu dién géc trén dudng trén luong gidc

Dé biéu dién cac goc lugng giac trén duong tron lugng giac ta thuong st dung cac két qua sau:

® Goc a (a°) va cung c6 sb do a + k27, k € Z (a° + k360°) c6 cung diém biéu dién trén
duong tron lugng giac.

© S6 diém trén duong tron luong gidc biu dién goc lugng gidc s6 do c6 dang a +

k277f (hay a° + k3:10 ) (v6i k 1a sb6 nguyén va m 1a s6 nguyén duong) la m. Tir d6 dé

biéu dién cac goc lugng gidc d6 ta 1an luot cho k tir 0 t6i m — 1 r6i biéu dién cac goc do.

T,

Biéu dién trén dudng tron lugng giac cac goc lugng gidc c6 sd do sau (véi k 1a sb6 nguyén tuy y)

a) & = kr; b) a =2 4 k.

T,

Biéu dién trén dudng tron lugng gidc cac goc lugng gidc c6 s6 do la

1 7
a) 865°; b) —1485°; ) ?371, d) —571
@ BAI TAP REN LUYEN
Déi s6 do ctia cac goc sau day sang radian:
a) 38°; b) —115°; C) (é)o
7 4 7_[ M
Déi s6 do ctia cac goc sau day sang do:
T 137
a) E, b) —5, C) T
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2= ang@ 7 1. GOC LUONG GIAC

31 ; I
Goc lugng giac TT[ c6 cung diém biéu dién trén duong tron luong gidc voi goc luong gidc nao
sau day?
37 10w 257
777 7

Viét cong thitc s6 do tdng quét cta cac goc lugng giac (OA, OM) va y
(OA, ON) trong hinh bén. y
120°
™ A
Q _750 X
N
Hinh 14
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Chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

\_ Trang =<£

Trong hinh vé bén, mam banh xe 6 t6 dugc chia thanh ndm
phan bang nhau. Viét cong thitc s6 do tong quét cta goc luong
giac (Ox, ON).

Trén dudng tron lugng gidc, hay biéu dién cac goc lugng giac c6 s6 do 6 dang la:

a) g—l—kn(kEZ); b) kg k € Z).

Vi tri cdc diém B, C, D trén canh quat dong co mdy bay trong hinh 16
c6 thé dugc biéu dién cho cac goc lugng gidc nao sau day?
-I- k (k € Z).

—+k—(keZ) +k—(keZ)

B
,’_‘\\\
N
7 \\
4 \
/ \
4 \
I
! © ‘A
T |
\ X
\ /
\ /
SN /D
//
|-
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%%~ Trang / 1. GOC LUONG GIAC

Hai 1i la mot don vi chiéu dai hang hai, dugc tinh bﬁng do dai mot T

4y

cung chan mot goc a = (%) cia duong kinh tuyén (Hinh 17).

Dai 56 do a sang radian va cho biét 1 hai 1i bang khoang bao nhiéu
kilomét, biét ban kinh trung binh ctia Trai Dat 1a 6371 km. Lam tron
két qua dén hang phan tram.

Cuc Nam

Hinh 17
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Chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

52. GIA TRI LUONG GIAC CUA MOT GOC LUONG GIAC

KIEN THUC TRONG TAM

1. Gid tri lugng gidc cila mot goc lugng gidc

.
Khi do:

@ Néuxpy £ 0thitisd 24 =
ki hiéu tan «.
A N g2 A X
® Neuyuy £0thitisd 4 =

ki hiéu cot «.

y sin«

XM COSK

cos

ym  sina

® Tung d6 ya caa M goi la sin cta a, ki hiéu sin a.

© Hoanh do6 xj; caa M goi la ¢6sin ctia «, ki hiéu cos a.

goi la tang cua «,

goi la cotang cua «,

\_ Trang =<£

Dinh nghia 2.1. Trén dudng tron luong giac, goi M 1a diém biéu dién goc lugng giac 6 s6 do

Yy
™M N A
i @) x
|
M¥X------- Ym

Cac gia tri sin«, cos &, tan & va cot « dugc goi la cac gia tri lugng giac cta goc lugng giac .

A Chiiy:

@ Ta goi truc hoanh la truc césin, con truc tung la truc sin.

@ sina va cos a xdc dinh vdi moi & € R;

tan w chi xdc dinh vdi cdc goc . # g +krt (k € Z);

cotw chi xdc dinh vdi cic goc w # k7t (k € Z).

© Vi moi goc lugng gidc a va s6 nguyén k, ta co

sin(a + k271) = sina;

tan(a + k7r) = tana;

cos(a + k27) = cosw; cot(a + k) = cota.

© Ta da biét bang gid tri luong gidc ciia mét s goc a diic biét vdi 0 < o < g (hay 0° < a < 90°)

nhu sau:
do 0° 30° 45° 60° 90°
T T T T
L T N o - S )
sing | 0 1 vz 3|
2 2 2
2 2 2
tan « 0 ? 1 V3 Il
3
cota Il V3 1 5 0
GV:
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)

Tinh cac gid tri luong gidc cua cac goc

2. Tinh gid tri lugng gidc ctia mot goc bang may tinh cam tay

Ta c6 thé tinh gia tri lugng gidc ctia mot goc lugng gidc bat ki bang may tinh cam tay. Luu y truée
khi tinh, can chon don vi do géc nhu sau:

© Lan lugt 4n cac phim (), MW va [2) d€ man hinh hién 1én bang lua chon don vi do géc.
© Tiép tuc an phim (1] dé chon don vi d6 (Degree) hodc phim (2] dé chon don vi radian.
@ An céc phim @B (1) dé vao ché do tinh toan.

3. Hé thiic ca ban gitia cdc gid tri lugng gidc cta mot géc lugng giac

@ sin®x 4 cos?x = 1 @tanoc-cottlevéioc#kg,kez
1 .
@ 1+tanw = — vc’ﬁzx;éerkn,keZ @ 1+cot?a = ——véia #km, ke Z
COs* i 2 sin“ w

Cho cosa = g Voi—5 <a< 0. Tinh cac gia tri lugng giac con lai cua goc a.

4. Gid tri lugng gidc cta cdc géc lugng gidc cé lién quan dac biét

4.1. Hai géc d6inhau: a va —a

2 2 ~ 2 £ y
Céac diém biéu dien cua hai goc & va —a doi xing qua truc Ox
(Hinh 7), nén ta c6
@ sin(—a) = —sina /T \M
|
x A
@ cos(—a) = cosa 5 .
|
@ tan(—a) = —tana N /N
@ cot(—a) = — cota
Hinh 7
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4.2. Hai cung hon kém nhau m: e vaa + 7

. e x o ) . A L ) Y
Céc diém biéu dién cua hai goc a va a + 7t doi xttng nhau qua goc
toa do O (Hinh 8), nén ta c6
@ sin(a + 1) = —sina A \M
x T+ | A
@ cos(a + 1) = — cos ol [ An *
| o) Xyv X
|
® tan(a + 71) = tanw N YN
@ cot(a + 1) = cota
Hinh 8
4.3. Hai goc bu nhau: « va 7 — «
- o AR o AR « X ? . - N A - y
Cac diém biéu dien cta hai goc a va 77 — a doi xitng nhau qua truc
Oy (Hinh 9), nén ta c6
- . Y R R \M
@ sin(rr — &) = sina N » ‘
| |
I VA
@ cos(rt — &) = — cos * & *
O X
@ tan(r —a) = —tana
@ cot(r — &) = — cota
Hinh 9
, T
4.4. Hai goc phu nhau: « va 5
o mA e x o T £ y
Cac diém biéu dién cua hai goc & va — — a doi xang nhau qua d
duong phan giac d ctia géc xOy (Hinh 10) nén ta c¢6 B
! M
. 7'( T AT A
@sm(——a):coszx 7
2 o 1A
7T . O X
® cos (E — oc) = sina
T
® tan <E — ac) = cotw
T .
© cot 5~ vc) = tana Hinh 10

S ) ¥ < oaa T
a) Biéu dien sin —— qua gia tri luong gidc c6 so do tir 0 den 1

b) Biéu dién tan 258° qua gid tri luong giac c6 s6 do tir 0° dén 45°.
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CAC DANG TOAN THUGONG GAP

Dang @ D&u clia céc gid tri lvong gidc

Ta c6 thé dua vao dudng tron lugng gidc dé suy ra dau cua cac gia tri lugng giac sina, cosa,
tana, cota cu thé nhu sau
Gia triluong giac | I | II | IIT | IV
sin & + |+ = | =
Cos i + | = | - +
tana + | — | + -
cotu + | — | + -
R
e A i o . 3m
Xét dau céac gia tri lugng gidc cua goc lugng giaca = — 7
gy Vdu2l
Xac dinh dau cac biéu thic:
20
a) A = sin50° - cos (—100°); b) B = sin195° -tan7n.
+RETE
Cho 7t < & < “2*. Xét du cdc bidu thitc sau:
2019
a)A:cos(zx—g); b) B=t ( 27T_ )
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Dang 9 Tinh gid tri lwong gidc clia mét géc

@ sin®a + cos?a = 1. @ tanZa 4+ 1 — 12
cos?a

@ cot?a+1= 1
® tana-cota = 1. I

I,

Cho géc lugng giac c6 sb do bang —g.

a) Xéac dinh diém M trén duong tron lugng giac biéu dién goc lugng gidc da cho.

b) Tinh cac gid tri luong gidc cua goc lugng giac da cho.

e,

Tinh céc gia tri lugng giac ctia goc a, biét

) cosa = ~va0<a< b) sina = 2va X < & < 71
a) cosw = ¢V X =gvay ;
1 3
) tanoc:\/gvén<tx<3?n; d)cota:—ﬁvé7n<tx<27r.

Dang a Gid tri lrong gidce cla cac géc cdb lién quan ddc biét

a) Géc déinhau (« va —a) ® sin (; _ ,x) — @3
@ cos(—a) = cosa © cos (E _ tx) — sina

@ sin(—a) = —sina 2

T
@ tan(—a) = —tana @ tan (E - oc) = cota

® cot(—a) = — cotu
(=) @cot(g—tx):’cantx

b) Goc bu nhau (« va T — «)

© sin( — a) = sina d) Goc hon kém 7t (a va 7T + a)

® cos(m — &) = —cosw ® sin( + a) = —sina
® tan(m — &) = —tana ® cos(m+ &) = — cosa
® cot(m —a) = — cota

© tan(rr + a) = tana

7z Y n
¢) Goc phu nhau (« va 5 o) @ cot(rr + a) = cota
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)

Khong dung mdy tinh cam tay, tinh gia tri cia biéu thirc

A — n_in1371+ 57‘[+ 87‘(_ -
—cos9 S 6 cos36 cos9 COS TT.

Tinh gi4 tri dting cta cac biéu thitc sau (khong dung mdy tinh cam tay).

) A=sin " +sin" —sin>2C fsinm  b) B = cos - +cos X — sin X — gin 2L,

a = sin o +sin —- —sin — = +sin7; = €08 15 +cos 7o —sin oo —sin— =
T T 2371 T T 51

) C—tan%-tanzﬂcan?, d) D—Cotﬁ-cotg-cotv.

@ BAI TAP REN LUYEN

Céc dang thiic sau c6 thé dong thai xay ra khong?
a) sinw 3 a cosw 4 b) sinu« L a cotu ! ¢) tana = 3 va cotu L
—= — V. = —= == — V. = — = V = —.
5 5 3 2’ 3

| oo 12 B L ( 157 )
Chosmoc—13 va cosa = 13.TII‘IhSlI‘l > ! cos(137T + w).

Tinh cac gid tri lugng giac cta goc a, néu:
5 s 2
a) sinazﬁvé5<a<7'c; b)cosa:§vé0<zx<900;
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1
) tanocz\/gvén<oc<3n d) cotzx:—i va 270° < a < 360°.

7}

Bai 4
< R X s .z . .z s .z . .z 2 s s A N A 7T v
Biéu dien cdc gia tri lugng gidc sau qua céc gia tri luong giac cua goc o6 so do tir 0 den 1 hoac
tir 0° dén 45° va tinh:

21 12
a) cos —T[; b) sin :T[; c) tan1020°.

Chiing minh cac dang thiic lugng giac sau:

a) sin*a — cos*a =1 —2cos?«; b) tana + cota =

sinacosa’

Rt gon céc biéu thic sau:

1 1
tana + 1 v cota +1’

a)
b) cos (% - oc) — sin(7T + «);

C) sin (oc = g) + cos(—a + 671) — tan(a + 71) cot(37T — ).
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B

. . . -
Thanh OM quay ngugc chiéu kim dong ho quanh truc O cua n6 J l Jan -

trén mot mat phang thang ding va in béng vudng géc xuéng mat
dat nhu Hinh 12. Vi tri ban dau ctia thanh la OA. Hoi d6 dai bong
1 )
O'M’ ctia OM khi thanh quay dugc 3E vong la bao nhiéu, biet do
dai thanh OM 1a 15 cm? Két qua lam tron dén hang phan mudi.

M bong o
Hinh 12

Khi xe dap di chuyén, van V ctia banh xe quay
quanh truc O theo chiéu kim dong ho voéi toc
do goc khong d6i la 11 rad/s (hinh bén). Ban
dau van ndm & vi tri A. Héi sau mét phut di
chuyén, khodng cach tir van dén mat dat la bao
nhiéu, biét ban kinh OA = 58 cm? Gia st do
day ctia 16p xe khong dang ké. Két qua lam tron
dén hang phan mudi.
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PESO 1
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

OO0 | 8 | ®GOOO | 15 | ®OOO | 2 | ®OOD | 29 | ®OOO
OO0 | 9 | ®GOOO | 16 | ®OOO | 2 | ®OOO | 30 | ®GOOO
OO0 | 10 | ®OOO | 17 | ®OOO | 4 | ®OOO | 31 | OO0
OO0 | 11 | ®OOO | 18 | ®OOO | 25 | ®OOO | 32 | ®OOO
OO0 | 12 | ®GOOO | 19 | ®GOOO | 26 | ®OOO | 33 | ®GOOO
OOO0 | B | ®OOO | 20 | ®OOO | 27 | ®OOO | 3¢ | ©OOO
OO0 | 4 | ®GOOO | 21 | ®GOOCO | 28 | ®OOO | 35 | OOOO

N | O |G| W | DN |-

Cung c6 s6 do 270° thi c6 s6 do theo don vi 1a radian 1a

251 ® =" 2 £l
12 ° 18 ° 9 - 18

4
15°. (©)225°. (D) 5°.

6
390°. (©)510°. (D) 520°.

Trén duong tron lugng giac gdc A, cung lugng gidc nao cd cac diém biéu dién tao thanh tam
giac deu?

kr kr kr k2
3 ® 5 e R
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Cho L, M, N, P lan lugt 1a diém chinh gitta cac cung AB, BA’, A'B’, B’A. Cung a c¢6 mut dau

2 3 £y _» 2 s
trung véi A vaso do a = —TN + kr hay « = —135° 4 k180°. Mt cuoi cua a ¢ dau?
@Mhoéc P. M hoac N. @Lhoéc N. @ L hoac P.

Cho luc gidc déu ABCDEF ndi tiép dudng tron lugng gidc c6 goc la A, cac dinh lay theo thi
ty d6 va cac diém B, C c6 tung do duong. Khi d6 goc lugng gidc c6 tia dau OA, tia cubdi OC

bang
(A)240° + k360°,k € Z. 120°.
(©) —240°. (D) 120° + k360°, k € Z.

Trén dudng tron lugng giac, cung lugng gidc c6 diém dau la A va diém cubi la M sé co
(A)mot s6 do duy nhét.
hai s6 do, sao cho téng ctia chiing 1a 27.
@hai s6 do hon kém nhau 27t.
@ v0 s6 s6 do sai khic nhau mot bdi ctia 27t.
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Banh xe ctia nguoi di xe dap quay duoc 2 vong trong 6 gidy. Hoi trong 1 gidy, banh xe quay
duoc bao nhiéu do?

(A) 60°. 72°. (C)240°. (D) 120°.

Trong hé truc toa d6 Oxy, cho M va N 1a hai diém thudc duong tron luong giac. Hai goc lugng
gidc (Ox, OM) va (Ox, ON) léch nhau 180°. Chon nhan xét dung?

(A)M, N c¢6 tung do va hoanh dé déu bing nhau.

M, N c6 tung d6 va hoanh do déu déi nhau.

@ M, N c6 tung d6 bang nhau va hoanh do d6i nhau.

@ M, N c6 hoanh d¢ bang nhau va tung do déi nhau.

Banh xe cta nguoi di xe dap quay duogc 2 vong trong 5 gidy. Hoi trong 1 gidy, banh xe quay
dugc moét goc bao nhiéu do?

(A) 144°. 288°. (©)36°. (D) 72°.

Ngudi ta mudn lam mét canh diéu hinh quat c6 ban kinh la a, d6 dai b
cung tron la b va c6 chu vila 80 cm (nhu hinh vé). Khi dién tich canh
diéu dat gia tri 16n nhat, téng a + b ban

&
@ 50 cm. 40 cm. @ 70 cm. @ 60 cm.

(A) 40°. 50°. (©)60°. (D) 30°.

GV: NGUYEN BINH KHOI - BT: 0909 461 641



%%~ Trang / 2. GIA TRI LUONG GIAC CUA MOT GOC LUONG GIAC

Banh xe ctia nguoi di xe dap quay dugc 2 vong trong 5 gidy. Hoi trong 1 gidy, banh xe quay
dugc mot goc bao nhiéu do?

(A) 144°. 288°. (C)36°. (D) 72°.

Cho %T < a < 71. Ménh dé nao dung?

@cosoc>0. tanac>0. @sintx>0. @cot(x>0.

Cho27m < a < 5; Két qua dung la:

@tanzx<0;cottx>0. (B) tana < 0;cotar < 0.
@tanzx>0;cotzx<0. @tantx>0;cotoc>0.

Cau 1.Diém cudi ctia goc lugng gidc a & géc phan tu thit may néu sin &, tan « trai dau?
(A)Tha I. Tha Il hoac IV.  (C)Thit I hodc I1I. (D) Thit I hoic IV.

Goi M la diém cudi khi biéu dién cung luong giac a trén dudng tron lugng giac. Trong cac phat
biéu sau day, phat biéu nao dung?

@ Néu M nam phia trén truc hoanh thi sina > 0.

Néu M nam bén phai truc tung thi cosa < 0.

@Néu M thudc géc phan tu thit tu thi sina < 0 va cosa < 0.

(D) Néu M thudc goc phan tu thit hai thi sina > 0 va cosa > 0.
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Cho2mr <a < 577[ Két qua dung la:

@tanzx<0;cotoc>0. (B) tana < 0;cota < 0.
@tantx>0;cotzx<0. @tancx>0;cota>0.

Cho g < a < 7. Ménh dé nao dung?

@cosrx>0. (B) tana > 0. @sinoc>0. @cotoc>0.

Cau 1.Diém cubi ctia goc lugng gidc a & goc phan tu thit may néu sin «, tan a trai dau?
(A) Th 1. Thit IT hodc IV.  (C)Thu II hoac I11. (D) Thit I hodc IV.

Cho goc a thoa man 27 < a < 57” Khang dinh nao sau day sai?
@tanzx<0. (B) cota > 0. @sinoc>0. @cosoc>0.

Cau 5.Cho géc a thda man 0° < a < 90°. Khang dinh nao say day dung?
@ Cac gia tri lugng gidc ctia goc a 1a cac sé duong.
Céac gia tri lugng gidc ctia goc a 1a cac s6 am.
@sin & va tan a trai dau.
(D) cos « va tan « trai dau.
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Cho tana = §, O<a< % Khéng dinh nao sau day la sai

4
4 4
@sinzx>0. cosoc:—g. @cota:§. @coszx>0.
12 | e o .
Cho cosa = 13 vanr <o < —.Giatricuasina la

5 5 5
V) ©-5 OF

A)12. 11. (©)13. (D)5.

. 5 3
Biet sina = 3 cosb = 5 (g <a<m0<b< E).Héytinhsin(a+b).
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N\ Trang £

7T N o 2 92 nd D
—E<x<0> thi sin x c6 gia tri bang

3 1
v G

tana = ?I

Gia tri cot 897” la

(A 3.

Chosina = —1. Tinh «.
Aa=kt (kez).

©ua=kn (kez).

OF

2

§+k27r k € Z).
@a: T iken (k € Z).

. 1 s
Néu sin®a = 3 thi 1 + tan? a bang

%, 4. @g.
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2sinx — 3 cosu
4sina + 5cosa

(A) —1. g. ;. D 1.

biét cota = —3.

Tinh gia tri ctia biéu thic P =

Cho cosa = —% vam <o < 377[ Gia tri ctia sinw la
5 5 _5 ©°
V13 V13 13 1fe>
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3. CAC CONG THUC LUONG GIAC

KIEN THUC TRONG TAM

1. Cong thic cong

- ( Cong thirc cong )

@ sin(a + B) = sina cos B + sin B cos a. @ tane + f) = tan« + tan 8
1—tanatanp

® sin(a — B) = sina cos p — sin B cos a.

® cos(a + B) = cosa cos B — sinasin B. . anp
ana — tan

© cos(w — B) = cosa cos B+ sinasin . ¥ e =)= 1+tanatan B
T
Tinh gia tri cos i
gla trl 1o
T T
Tinh sin — va —.
Inh sin 0 va tan B
2. Cdng thic géc nhan doi
- ( Cong thirc géc nhan doi )
® cos2u = cos?a —sin’a =2cos?a —1 =1—2sin’a.

® sin2a = 2sina cos &.

2
® tan2a = ta—ni.
1—tan“«

P . . TT
Tinh gid tri sin 3
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T T
Tinh cos — va tan —.
8 8

3. Cong thdc bién doi tich thanh tdng

{( céng thirc bién dditich thanh 1ng )

@ cosacosf = % [cos (& — B) + cos (a + B)];

@ sinasinf = ! [cos (x — B) — cos (a + B)];

N

@ sinacos p = = [sin (« — B) +sin (v + B)].

. J

77

, ., . s s . 11 7T
Tinh gia tri cua biéu thuc cos ETIETE

N =

P S S 4 St . 7m . bm
Tinh gia tri cua biéu thuc Sin 5, cos - va sin —o-sin —o-.

4. Cong thic bién doéi tong thanh tich

{( céng thirc bién aditdng thanh tich )

a) cosoc+cosﬁ:2cos0‘+ﬁcos“_ﬁ; b) cosoc—cosﬁ:—Zsin“+ﬁsinm_ﬁ
2 2 2 2
c) sinoc—i—sinﬁ:Zsin“;’Bcos“;’B; d) sintx—sinﬁ=2cos“42_’gsin“;’3.

T

, . b LT
Tinh smﬁ -+ sin T
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, 77T 7T
Tinh cos T + cos o

Mot s6 truong hop rit gon nén nhd:

@ sinx + cosx = v/2sin (x—i—%) = /2 cos (x— g)

® V/3sinx + cos x = 2sin (x+%) = 2cos (x— g)

@ sinx + v/3cosx = 2sin (x—i—%) = 2c0s (x— E).

T

Do i
: Chling mllnh réng 81nx+\/§COS x 28111 <x +73T) ........................................
- -
................ —
B v e ot
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5]

P:sin(——oc) +sin(%—|—oc) —cosu

oy

Mot thiét bi tré ky thuat s 13p lai tin hiéu dau vao bang cach lap lai tin hiéu d6 trong mot
khoang thoi gian c6 dinh sau khi nhan dugc tin hiéu. Néu mot thiét bi nhu vay nhan dugc nbt
thuan f1(t) = 5sint va phat lai n6t thuan f,(t) = 5cost thi am két hop 1a f(t) = f1(t) + fo(t),
trong d6 t 1a bién thoi gian. Ching té rang am két hop viét duge duéi dang f(t) = ksin(t + ¢),
tirc 1a &m két hop 1a song hinh sin. Hay xac dinh bién d¢ am k va pha ban dau ¢ (—71 < ¢ < 7)
cta séng am. Qk=5v2,9= 7.

Dang @ Ap dung cong thitc nhan déi, ha bac

Cong thuc nhan d6i Cong thuc ha bac
) ) ) 1 — cos2«
sin2a = 2sin & cos & sina = —
. ) 1+ cos2«
cos2a = cos?a —sina =2cos?a —1=1-2sin’a | cos?a = Sl CUSE) >
2tanw 2 1 — cos2«

tan2ua = —— tancdg = ———
1—tan“« 1+ cos2ua

cot?a — 1 1+ cos2a

cot2e = ———— cot? x = SO
2 cotu 1 — cos2«

T

Bién d6i thanh tich biéu thic sau

A =sin2x —sinx +2cosx — 1.
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2]

Rut gon cac biéu thirc (gia st cac goc 1am cho biéu thic ¢ nghia).

(1 4 sin2a) (cosa — sina) sina + sin2a
a) A= , ) b) B = .
cos 2a(cos a + sina) cosa+cos2a+1
5 . T o ) T T
Cho cosa = e voil <a< 5 Tinh sin 2a, cos 2a, tan 24, sin (Za + §>, tan (Za — E)'
Cho sin2a = — véi g < a < mt. Tinh tana + cota, tana — cota.
Cho sina + cosa = m, (—v/2 < m < v/2). Tinh |sina — cosal.
. 3 —4cos2a+ cos4a
Rut biéu thuc P = .
ut gon bieu thuc 3 +4cos2a+ cos4a
|
Chiing minh céc dang thic
1 3
a) sin* x 4+ cos*x = Z}COS4x+ T b) sin® x + cos® x = gcos4x+ g
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Dang @ Ap dung céng thirc bién ddi tich thanh téng, tdng thanh tich

T

Bién d6i cac téng sau thanh tich
a) A = sinbx + sin 6x + sin 7x + sin 8x. b) B = sinx — sin 3x + sin 7x — sin 5x.

¢) C = cos7x + sin3x + sin2x — cos 3x. d) D = sin 35° + cos 40° + sin 55° 4 cos 20°.

Ching minh dang thiic cos®

1
acos3a —sin’asin3a = Zcoséla + -.

4

oy |
Rut gon cac biéu thic sau
a) A = cos1lxcos3x — cos17xcos9x. b) B = sin 18x cos 3x — sin 19x cos 4x.

¢) C = sin xsin3x + sin4x sin 8x. d) D = sin2x sin 6x — cos x cos 3x.

Cho tan 32 = 2023. Tinh gié tri bidu thiic P = S22 — SN 30 + sin 4a

cos2a — cos3a + cos4a’

5]

Rut gon biéu thitc S = 2 sin x (cos x + cos 3x + cos 5x). Tir d6 tinh gia tri biéu thuc

P—cosn+cos3n+c055n
- 7 7 7
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Két hop nhiéu céng thirc lwong gidc

Chting minh rang 4 cos x cos (% — x) cos (g + x) = cos 3x, voimoi x € R.

(VDT) Chung minh réng voéimoia € R: cos® a cos 3a — sin®

3 1
asin3a = Zcos4a+ 1

o]

Chung minh rf?mg gia tri ctia biéu thuc sau day khong phu thudc vao bién s6 x:

2 2
S = cos? x + cos? (%—I—x) + cos? (?n—x).

o]

Rit gon biéu thitc A = 2sin x(cos x + cos 3x + cos 5x).

. 3 5
Tir d6 tinh gia tri biéu thic T = cos ; + cos 7” + cos 77T & A =sinbx; T = %
Tinh gid trj biéu thic A = sin? 10° + cos 70° cos 50°. an=
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Nhén dang tam gidc

@ Mot s6 luu ¥ khi gia thiét cho A, B, C la ba géc cia mot tam giac
— A+B+C=180° = (A + B) va C bii nhau, tuong tw véi (B + C) va A,...

—é+E+E—90°:>(é—|—E>VéE hu nhau, tuon, tu’Véi(E—i-E)Véé
2 T2 Ty T 22 o Pt ,HIong i 2 "2 2"

— Cac goc A, B, C déu c6 s6 do trong khoang (0°; 180°).

— Cac goc déu la cac goc nhon nén ¢6 cac gia tri lugng gidc déu duong.

4 1€
27272
® Phuong phap:

— Bién d6i, ddn dén sin A = 1 hodc cos A = 0sé c6 A = 90°.

— Néu a? + b* = ¢ thi C = 90°.

— Néu sin(A — B) = 0 hodc cos(A — B) = 1 thi A = B, suy ra tam giac can.

— Tam gidc cAn ma c6 mot goc bang 60° 1a tam gidc déu.

T

Ching minh rang A ABC vuéng khi sin A sin C = cos A cos C.

sin B +sinC )

Tam gidc ABC la tam gidc ginéusin A = ———————7
am giac atam glac gi heu sin cos B+ cos C
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BAI TAP REN LUYEN

Khong duing mdy tinh cam tay, tinh cac gia tri lugng gidc ctia cac goc:
S5n o
a) ETR b) —555°.

‘ Tinh sin (tx + %), cos (% — tx) biét sina = —15—3 vam<a< 3%

Tinh cac gid tri lugng giac ctia goc 2a, biét:
a) sinzx:\/?gvéo<tx<§; b)sin%:Zvérc<1x<27r.

Rt gon céc biéu thic sau:

a) V/2sin (a I %) —cosu; b) (cosa + sina)? — sin 2a.

Tinh cac gia tri lugng giac cta goc a, biét:

2 o , 4 7 37
a) cossz—gva—§<zx<O, b)sm20c——§va§<zx<f.
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Bdi 6

|2

Trong hinh bén, tam giac ABC vudng tai B va c0 hai canh goc 4
vuong 1a AB = 4, BC = 3. Vé diém D nam trén tia d6i cta tia CB
thoa man CAD = 30°. Tinh tan BAD, tit d6 tinh d6 dai canh CD. 30
4
B D
3 C
Bai 8

Trong Hinh 4, pit-tdbng M ctia dong cd chuyén dong tinh tién qua lai doc theo xi-lanh lam quay
truc khuyu IA. Ban dau I, A, M thang hang. Cho a 1a géc quay ctia truc khuyu, O 1a vi tri cda

pit-tong khia = g va H 1a hinh chiéu ctia A 1én Ix. Truc khuyu [ A rit ngan so v6i do dai thanh
truyén AM nén c6 thé xem nhu do dai MH khong d6i va gan bang MA.

a) Biét [A = 8 cm, viét cong thirc tinh toa do x); ctia diém M trén truc Ox theo a.

b) Ban dau a = 0. Sau 1 phut chuyén dong, x); = —3 cm. Xac dinh x) sau 2 phtt chuyén
dong. Lam tron két qua dén hang phan mudi.

™~

A |
- 1 /S
I R, (-1 R | = 77 |
O Iy
1
Truc khuyu /4 ' pit-tong M

Hinh 4
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Chuong 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

Bai 9
Trong Hinh 5, ba diém M, N, P nam & dau cac canh quat cta tua-bin gié. Biét cac canh quat
dai 31 m, d6 cao ctia diém M so v6i mat dat la 30 m, géc gitta cac canh quat la = va s6 do goc
(OA,OM) 1a a.

a) Tinh sina va cos a.

b) Tinh sin cta cac goc lugng giac (OA, ON) va (OA, OP), tir d6 tinh chiéu cao cta cac diém
N va P so v6i mat dat (theo don vi mét). Lam tron két qua dén hang phan tram.

=Y

3 - 60m
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BAI TAP TRAC NGHIEM

BANG TO PAP AN TU LUYEN - PE SO 1
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

WOOO | 7 | ©GOOO | 13 | ®OOO |19 | ©®OOO | 25 | ©®OOO
QOO0 | 8 | OOODO | 14 | ©GOODO | 20 | ®GOOO | 26 | GOOO
OOOO | 9 | GOODO |15 | ®GOOO |21 | ®OOD | 27 | ©®OOO
GOOO |10 | ®OOO | 16 | ©®OOO | 22 | ®OOO | 28 | ©®OOO
QOO0 |11 | ®OOO |17 | ®OODO | 28 | ®OODO | 29 | ©®OOO
QOO0 | 12 | ®OOO | 18 | ®OODO | 24 | ©®OOO | 30 | ®OOO

N |G | x| WD |-

—cosa. @ cos . @ sin«.

Néu biétsina = — (7—T <a< 7'() ,C08 = g (0 <B< g) thi gia tri dung ctia cos(a — B) la
16 18 18
®-% & &

Biét sina + cosa = m. Tinh P = cos (oc — %) theo m

7 B) mv2. =, ©2m.
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N\ Trang £

(AM < 5. B M >5.

Cho M = 3sin x + 4 cos x. Chon khang dinh ding.

(©M >5.

Trong cac cong thitc sau, cong thic nao dung?
@cos(a —b) =cosa-cosb+sina-sinb.
@sin(a —b) =sina-cosb + cosa-sinb.

cos(a + b) = cosa - cosb +sina - sinb.
@sin(a + b) = sina - cosb — cos - sin b.

@2. 1+tanzx.

. 2
£ g sinwa + tan« N
Két qua rat 1a biéu thu (—) + 1 ba
et qua rut gon cua bieu C cosat1 ang
1 1

cosa’ sin?a
Biéu thtc sin x siny + cos x cos y bang
@ sin(x — y). cos(x + y). @ sin(x + y) @ cos(x —v)

®Y

Gia tri ctia biéu thirc tan 20° + tan40° + /3 tan 20° - tan 40° béng

©-v3.
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- T o T\ s
Ch081r\1/oi—ﬁva0<(x<E,k}\;l_doglatncuacos (tx :/_Z) la .
2 2 172 7V2
® 5% ® 2% ©% ©-%

Biéu thtc sin (a + E) duoc viét lai
6
@sin(aJr%) :sina+%. sin(a—l—%) :%sina—gcosa.
@sin (a—l— %) = ?sina — %cosa. @sin (a+%) = ?sina—i—%cosa.

T T N S o
COS — COS — — sind-—— sin —

Gié tri ctia biéu thire — 10— 15 15 10 pyng
COS — CO 2—7-[— inz—n inE
55 s TS5 %5

A)V3. ® 1 1. ®
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Biéu thtc sin x siny + cos x cos y bang

@ sin(x — y). cos(x + y). @ sin(x + y). @ cos(x — y).

12
@_\/g—l-\/z \/E—\/g @\/6—1—\/5 @\/6—\/5
— 1 — _— _—

1 2
Cho cac goc «, B thoa ma”mg <a, B <msing = 3 cos = —3: Tinh sin (x 4 B).

@sin(zx—l—ﬁ):—m. sin(tx—i-ﬁ):z\/:#.

Cho cos« \/g_(g <a< 0).Tinh\/§ié tri cua sin (% —oc?/._ .
3—4v3 44343 3+4v3 4—3+/3
@ 10 10 @ 10 @ 10

Rut gon biéu thitc: cos 54° cos 4° — cos 36° cos 86°, ta dugc:
@ cos 58°. sin 50°. @ sin 58°. @ cos 50°.
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Cau 2.Gia tri ctia biéu thitc sin2 - cos 3 — sin 3 - cos 2 bang?

@sin5. sin1. @—cosS. @ —sin1.

T T 3

— cos . @ cos &. @ sin .

Biéu thiic sin x siny + cos x cos y bang

@ sin(x — y). cos(x + y). @ sin(x + y). @ cos(x — y).

Cho céc goc lugng gidc a,bva T = cos(a + b) cos(a — b) — sin(a + b) sin(a — b). Ménh dé sau day
dung?

@ T = sin 2b. T = cos 2a. @ T = sin2a. @ T = cos 2b.
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) .
P:%. ©r="2L. D) P =my2.

Néu biét sina = £l (E <a< n) ,Co08 3 = g (O <B< g) thi gid tri dung cta cos(x — ) la

16 1312 16 18 18
= ® - = =

Rut gon biéu thitc: cos 54° cos 4° — cos 36° cos 86°, ta dugc:

@ cos 58°. sin 50°. @ sin 58°. @ cos 50°.

1
Chosina = —=voi0 < a < g Gia tri cua cos (oc + g) bang

V3

@22_\/\6/6- \/_—%. ©V6-3. ®)

1
Cho hai goc nhon a va b véi tana = - vatanb = 2 Tinh a + b.

4 T 4 ®Z
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=ED

Cho M = 3sin x + 4 cos x. Chon khang dinh ding.
(AM<5. (B)M > 5. (©M >5. —5< M <5.

V6i moi a, b khang dinh nao duéi day ding?
@sin(a +b) =sina-cosb+sinb - cosa. cos (a+ b) = cosa -sinb — sina - cos b.
@cos(a +b) = cosa-cosb+sina - sinb. @ sin(a + b) = sina - sinb + cosa - cos b.

Biéu thitc A = c0s20° + c0os40° + cos 60° + ... + cos 160° + cos 180° c6 gid tri bang

A1 1. ©2. 2,

. ) 2
Tinh gia tri ctia biéu thitc P = (1 — 2 cos 2a) (2 + 3 cos 2«) biet sina = 3

49 50 48 47

1 .
Cho sina = > Gid tri cia P = cos2a 4 sina bang

A1 ® 2. @%. D)o.
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Cho sina = Z Khi do, cos 2« béng

. 1 .. =« 92 8 B g Y
Cho sina = 3 vOi —5 < & < 0. Gia tri cua sin 2a bang

3 9 9 9
Trong cac ménh dé sau, ménh dé nao dung?
@sin4x =4sinx - cosx. sin4x = 4sin2x - cos 2x.
@ sin4x = 2sin2x - cos 2x. @ sin4x = cos? 2x — sin? 2x.
Rt gon biéu thic P = 1—sinx (sin2x # 0) ta duogc
8¢ ~ sin2x '

@P:%tanx. Pzécotx. ©P=2cotx. @P=2tanx.

Néu sin x + cos x = % thi sin 2x bang
-3 1 1 —1
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Chon khéng dinh sai trong cac khfang dinh sau.
@ cos2a = cos? a — sin” a. cos2a =1—2cos?a.
@cos2a:1—25in2a. @C052a22c052a—1.

Chon khang dinh sai trong cac khang dinh sau.
(A) cos2a = cos?a — sin? a. cos2a =1 —2cos?a.
@cosZazl—Zsinza. @cosZachosza—l.

Biét sin* x = a + bcos2x + ¢ - cosdx, v6ia,b,c € Q. Tinh téng S = a+ b +c.

(A)S=0. B S=-1. ©s=1. DS =4

Chon khéang dinh sai trong cac khang dinh sau.
@ cos2a = cos? a — sin” a. cos2a =1—2cos?a.
@cos2a:1—251n2a. @cosZa:2cosza—1.

Chon cong thtc sai trong cac cong thic dudi day
b —b b —b
@COSQ—FCOSb:ZCOSa; cosa2 . sina—sinb:ZCOSa; sina2 .
b —b b —b
@sina—ksinb:Zsina—; cos 5 @cosa—cosb:2sina—£ sin >
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. 1 1 .
Cho hai goc nhon a va b. Biet cosa = 3 cos b= e Gia tri cos (a + b) - cos (a — b) bang

113 ® 115 Y 119
144° 144" 144" 144"

Biéu thtic 2 sin (% + m) sin (% — tx) dong nhat védi biéu thitc nao dudi day ?

@ sin 2u. cos 2. @ sin «. @ cos .

Trong cac cong thitc sau, cong thic nao sai?
b —b b —b
@cosa—kcosb:Zcosa_; -cosa2 . cosa—cosb:2sina+ . a2 .
b —b —b
@sina—i—sinb:Zsina—; - cos > @sina—sinbzzcosa; sin 2 5

Tinh M = cosa + cos (a + 1200) + cos (a — 1200).

A1 B 2. ©o. D) —2.

Rut gon biéu thic sin(a — 17°) - cos(a + 13°) — sin(a + 13°) - cos(a — 17°), ta duoc

@sinZa. cos 24. —%. %
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Goi M = cos(a+b) - cos(a — b) + sin (a + b) - sin (a — b) thi
(A) M = sin4b. (B) M =1-2sin?b. (C)M=1+2sin?b. (D) M = cos4b.
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s4. HAM SO LUONG GIAC VA DO THI
KIEN THUC TRONG TAM

1. Ham sb lugng giac

. ( Cdc ham sé lvong gidc )

@ Ham s6 sin I3 quy tic dit tuong ting mdi s6 thuc x véi sd thuc sin x, ki hiéu y = sinx.

© Ham s6 cbsin 13 quy tic dit tuong tng mbi sb thuc x véi sb thuc cos x, ki hiéu Y = COSX.
© Ham s6 tang 13 ham sb duoc x4c dinh bdi cdng thiic

sin x .. 7T o -
Y= ogg VOIX 7 5 Hhn(k € Z), ki hituy = tanx.

© Ham sb6 cotang 13 ham sb dugc xac dinh bdi céng thic

CoS X
= —Véix # kmt(k € Z), ki hiéuy = cot x.
Y= Snx # krt( ) uy
( Tép xdc dinh ham sb luong gidc ) \

@ Tap xac dinh clia hAm sb y = sinx va y = cosx 13 2 = R.
© Tap xc dinh ciia ham sb y = tanx 13 7 = R\ {g +kn|k € Z}.

@ Tap xéac dinh clia ham s6 y = cotx 14 2 = R\ {krt|k € Z}.

2. Hdm sb chdn, ham sd 18, ham s tudn hoan
a) Ham s6 chan, ham so 1é

® Ham sb6 y = f(x) voi tap xdc dinh 2 duogc goi 1a ham s0 chdn néu véi moi x € 2 ta c6
—x € I va f(—x) = f(x).

© Ham s6 y = f(x) véi tap xac dinh 2 dugc goi 1a ham sé 1é néu véi moi x € 2 ta c6
—x € I va f(—x) = —f(x).

Chu y:
© D0 thi ctia ham s6 chdn nhan truc tung lam truc déi xing.
© D6 thi ctia ham s6 16 nhan gbc toa do lam tam dbi xing.
b) Ham sb6 tuan hoan

® Ham sb y = f(x) v6i tap xac dinh 2 dugc goi 1a ham s6 tudan hoan néu ton tai mot s6 T
khacOsaochovéimoix € Ztacox+T € Zva f(x+T) = f(x).

® S6 T duong nho nhat thoa man cac diéu kién trén (néu c6) duge goi 1a chu ki cia ham
s6 tuan hoan y = f(x).

Chu y:

@ DO thi ctia ham s6 tuan hoan chu ky T dugc 1p lai trén tirng doan gid tri ctia x c6 do dai

T.
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@ Nguoi ta chiing minh dugce rang
— Cacham sb6 y = sinx va y = cos x 1a cdc ham s6 tuan hoan véi chu ki 27t.
— Cacham s y = tan x va y = cot x 1a cdc ham s6 tuan hoan véi chu ky 7.
3. Do thi cta cac ham sb lugng giac
3.1. Ham so y = sinx

Ta c6 dd thi ctia ham s6 y = sin x trén R nhu sau

Chu y: Viy = sinx la ham s6 1é nén dé vé do thi ctia n6 trén doan [—7; 7], ta c6 thé vé trén doan
[0; 7r], sau d6 lay doi xitng qua goc toa do.

Tir d6 thi trén, ta thay ham sO y = sinx c6 tap xac dinh 1a R, tap gid trila [—1;1] va c6 cac tinh chat
sau

a) Ham sb tuan hoan chu ki 27r.

b) Ham s6 18, c6 do thi ddi xiing qua gbc toa do O.

c) Ham sb dong bién trén mdi khoang (—g + k2m; % + k27r> (k € Z) va nghich bién trén mdi

37

khoang (g k2 o+ k27r> k € Z).

3.2. Ham sé y = cos x

Ta c6 do thi ctia ham s6 y = cos x trén R nhu sau

Chd y: Vi y = cosx la ham s6 chdn nén dé vé do thi cia né trén doan [—7; 77], ta 6 thé vé trén
doan [0; 7], sau d6 1y ddi xiing qua truc tung.

Tir d6 thi trén, ta thay ham s6 y = cos x c6 tp xac dinh 1a R, tap gid tri 1a [—1;1] va c6 cac tinh chat
sau

a) Ham s6 tuan hoan chu ki 27r.
b) Ham s6 chan, c¢6 do thi dbi xing qua truc Oy.

c) Ham s6 dong bién trén méi khoang (— 7t + k27t; k277) (k € Z) va nghich bién trén moi khoang
(k27t; T+ k2m) (k € Z).
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3.3. Himsby = tan x

L3R 41s 1 £ A 7T
Ta 6 d0 thi cia ham so y = tan x trén R \ {E +km|k € Z} nhu sau
y
/ y = tanix
—T7T 7T

Chu y: Viy = tan x la ham s6 1€ nén dé vé do thi cia n6 trén khoang <—%( ; %[)’ ta c6 thé vé trén
nura khoang [0; g) , sau d6 lay ddi xiing qua goc toa do.

Tir do thi trén, ta thiy ham sb y = tan x c6 tap xac dinh 1a R \ {g +kmt|k € Z}, tap gid trila R va
c6 cac tinh chat sau

a) Ham sb tuan hoan chu ki 7.

b) Ham s6 1, c6 do thi ddi xiing qua gbc toa do O.

c) Ham s6 dong bién trén méi khoang (—g + kr; g + kﬂ) (k € 7).
3.4. Ham sd y = cotx

Ta c6 do thi cia ham s6 y = cotx trén R \ {k7t|k € Z} nhu sau

y

y = cotx

=271 _3n — 71 —

[SE
NI

Tir d6 thi trén, ta thly ham sb y = cot x c6 tap xac dinh 1A R\ {krr|k € Z}, tap gia tri 1a R va c6 cac
tinh chat sau

a) Ham so6 tuan hoan chu ki 7.
b) Ham s6 1é, c6 do thi dbi xung qua g6c toa do O.
c) Ham s6 nghich bién trén méi khoadng (k7t; 7 + k) (k € Z).
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Xét tinh chan, 1é ctia cac ham s6 lugng gidc y = cosx, y = tan x.

oy

Nhiét do ngoai troi T (tinh bang °C) vao thoi diém t gid trong mot ngay & mot thanh

phd dugc tinh bdi cong thic T = 20 + 4sin (%t - 5%) Dé bdo quan cic tdc pham

nghé thuat, hé théng diéu hoa nhiét d6 ctia mot bao tang sé duogc tu dong bat khi
nhiét do ngoai troi tu 22°C trd lén. Dya vao dd thi ctia ham sb sin, hdy xac dinh
khoang thdi gian t trong ngay (0 < t < 24) hé thong diéu hoa dugc bat. (Theo
https:/ /www.sciencedirect.com/science/article/abs/pii/0168192385900139)

Trong Dia li, phép chiéu hinh tru dugc sit dung dé vé mot ban do S T S
phang nhu trong hinh bén. Trén ban db phang 1y duong xich dao -
lam truc hoanh va kinh tuyén 0° lam truc tung. Khi d6 tung do '
ctia mot diém c6 vi do ¢°(—90 < ¢ < 90) dugc cho bsi ham s . //// ‘
y = 20tan (% qo) (cm). St dung do thi ham sb tang, hay cho biét i H
nhimng diém & vi do nao ndm cach xich dao khéng qua 20 (cm) ngign B\B r
trén ban do. (Theo https://geologyscience.com/geology/types- _:
of-maps/) LR
\f_ |
=
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MOT SO DANG TOAN THUONG GAP

Dé tim tap xac dinh ctia ham s6 luong giac ta can nhé

@ y = tan f(x) = z’g;f;((’;)) PRXD 5 cos f(x) £ 0 & f(x) # g tkn k€ Z.
@ y = cot f(x) = ‘s:f;’ jff((;‘)) PIXB s sinf(x) £0 & f(x) £ km,k € Z.
@ Mot sb truong hgp tim tap xac dinh thuong gép:
Y= 5 DEXD_, P(x) # 0. b) y = ¥/PE) —=22 4 p(x) > 0.
! PDEXD, px) > 0.

Y= e

A\ Kni tim tap xdc dinh, ta xem né c6 mdu khong? cé tan, cot khong? cé cin khong?
@ Vdi k € Z, ta can nhd nhiing truong hop dac biét:

+Sinx:1®x:g+k2”- + cosx =1< x = k2.
= =l = k27t

2 T
=0 = — +km.
+ sinx =0« x = k. v (0 X 2+ i

-1 _ T +cotx=1¢>x:z+k7r.
+ tanx = @x—z—l— 7T. 4

7T
) +tanx=—1@x=—g+kn. d) +cotx:—1<:>x:—z+kn.

+ tanx =0 & x = k7. +cotx:0<:>x:g—|—k7r.

]
tan 2x

Tim tap xéac dinh & ctia ham s6 y = osx 1 + sinx.
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2 2tan2x —
Tim tap xac dinh % cta hamsoy = 2fan2x -5

sin2x +1 °

Tim tap xéac dinh 2 ciia ham s y =

5 - + tan x.
COS* X — sin” x

Ham so y = sin x
Ta c6 do thi ctia ham so y = sin x trén R nhu sau

4

Ham s dong bién trén mdi khoang (—g + k27; g + k27r) (k € Z) va nghich bién trén méi
; 3

khoang (g + k27; 77-( S k27r) (k € Z).

Ham so y = cos x
Ta c6 do thi ctia ham so y = cos x trén R nhu sau

Ham s6 dong bién trén mdi khodng (— 7 + k27t;k27) (k € Z) va nghich bién trén mdi khoang
(k27t; T+ k2m) (k € Z).
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Ham s6 y = tan x y
Ta c¢6 do thi cia ham s6 y = tanx /

y = tanfx

trén R \ {g +krlk € Z} nhu hinh bén.
Ham s6 dong bién trén mbi khoang

(=5 +km 2 +kn) (k€ D). =7 n

w

N

|

S
o
NI
W

NS
=

Ham sé y = cotx y
Ta c6 do thi ciaham sy = cot x
trén R \ {krt|k € Z} nhu hinh y = cotx
bén. Ham s6 nghich bién trén
moéi khoang (k7t; 7w+ km) (k €
Z).

-271 _3n — 71 —

N
NIx
|
(e8]
NI
=

Ham s6 y = sinx
@déng bién trén mdi khoang (%T + k27t; 7T+ k27‘t> va nghich bién trén méi khoang
(m+ k2 k2m) voi k € Z.
57

dong bién trén mdi khoang (—3; + k27; -+ k27'c) va nghich bién trén mdi khoang

7T 7T L.
(‘E + k2 = + ko) véik € Z.

(C)ddng bién trén méi khoang (%[ + k27; 377[ —i—k27r) va nghich bién trén mdi khodng

7T 7T s.
<_E + k2 +k2r) véik € Z.

(D) déng bién trén mdi khoang (—g + k27‘[,'g + k27'[> va nghich bién trén mdi khoang

(g +k2n,~37” +k27r) véik € Z.

Ham so y = cosx
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(A)ddng bién trén mébi khoang (g —I—k27‘(,‘7‘(—|—k27‘(> va nghich bién trén mdi khoang
(t + k2, k2mr) voi k € Z.

dong bién trén mdi khodng (—7m + k27;k27r) va nghich bién trén méi khoang
(k27t; w4+ k2m) voi k € Z.

(C)déng bién trén méi khoang (g —l—k27r;377r —|—k27‘[) va nghich bién trén mdi khoang

7T 7T L.
(_E + k2 o + k2) véik € Z.

(D)déng bién trén mbi khoang (k271;w +k27m) va nghich bién trén mdi khoing
(r+k2m; 3t + k2m) voi k € Z.

oy

Ham s6 y = tan x dong bién trén khodng nao sau day?

A wem o= 0(FY)

Ham s6 y = cot x nghich bién trén khoang nao sau day?

@A) (0;27). (g;zn). (©) (—1;0). D (;37")

s

Ham s6 y = /3 + 2 cos x ting trén khoang

REED e(EE) o) 0D
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@ BAI TAP REN LUYEN

Cac ham s6 dudi day c6 la ham s6 chan hay ham s6 1é khong?

a) y =5sin’x +1; b) y = cosx + sinx; c) y = tan2x.
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Khi du quay hoat dong,
van toc theo phuong ngang
cia moét cabin M phu
thudc vao goc luong giac
a = (Ox,OM) theo ham sb
vy = 0,3sina (m/s) (Hinh
vé bén).

a) Tim gid tri lon nhat va
gia tri nho nhat cta vy.

b) Dua vao do6 thi cua
ham s6 sin, hay cho
biét trong vong quay
dau tién (0 < a < 27),
goc a & trong cac
khoang nao thi vy
tang?

Khoang cach tir tim mot gudng nude
dén mat nuée va ban kinh cta gudng
déu bang 3 m. Xét gau G ctia guong.
Ban dau gau G nam & vi tri A (Hinh
vé bén).

a) Viét ham sb h biéu dién chiéu
cao (tinh bang mét) ctia gau G
so vdi mat nudc theo goc o =
(OA,0G).

b) Gudng nudc quay hét méi
vong trong 30 gidy. Dua vao do
thi ctia ham s6 sin, hay cho biét
& céc thoi diém t nao trong 1
phut dau, khodng cach cta gau
dén mat nudc bf?mg 1,5 mét?
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D

Trong hinh vé bén dudi, mot chiéc may bay A bay & do cao 500 m theo mot dudng thang di
ngang qua phia trén tram quan sat T & mat dat. Hinh chiéu vudéng goc ctia A lén mat dat la H,
« la goc luong giac (Tx, TA) (0 < a < 7).

A (may bay)

500m

T (tram quan sat) H x (m)

a) Biéu dién toa do xg ctia diém H trén truc Tx theo a.

2

3 thi xy ndm trong khodng

A N A A = A, . T
b) Dua vao d6 thi ham so6 cotang, hay cho biet véi 3 <a<

nao? Lam tron két qua dén hang phan mudi.
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PE SO 1
Hoc sinh lam BTTL xong, t6 phuong dn ding. Budi hoc sau, ciing vdi GV kiém tra két qud.

OOOO | 8 | OOOO |15 | ©®OOO | 22 | ®OODO | 29 | ©®OOO
QOO0 | 9 | OOOO |16 | ®GOOO | 28 | ®OOO | 30 | ®OOO
QOO0 |10 | ®OOO | 17 | ®OODO | 24 | OO0 | 31 | ®OOO
GOO0OO |11 | @OOO | 18 | ®OOO | 25 | OO0 | 32 | ©®OOO
OO0 | 12 | @OOO | 19 | ®OODO | 26 | ®OOO | 33 | ®OOO
OOO0O | 1B | OO0 |20 | ®OOO | 27 | OO0 | 34 | ©OOO
OOO0O | 4 | ®OOO |21 | ®OOO | 28 | ®OOO | 35 | ©®OOO

N | O |01 | x| W | DN |-

Ham s6 y = tan x xac dinh khi nao?
@x#%—kkmkez. x#%—kkn,kez.
©x¢g+kn,kez. D) x # kn,k € Z.

Tim tap xéc dinh ctia ham s6 y = cot x.
A 2 =R\ {k§|kez}. (B 2 = R\{krlk € Z}.
(©) 2 = R\{k2n|k € Z}. @@:R\{g—i-kﬂkez}.

2
cosx —1

@cosx;&—l. (B) cosx # 1. @cosx;«éZ. @cosxyéO.

bieu kién xac dinh cia ham so y =

. 1
HK1 THPT Hung Nhan, Tinh Thai Binh][Ham so y = Sinx c6 tap xac dinh 1a
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@IR\{ +km k€ Z}. ® R\ {0}.

©OR. DR\ {kn,k € Z}.

Xét bon ménh dé
(1) Ham s6 y = sin x c6 tap xac dinh 1a R.
(2) Ham s6 y = cos x c6 tap xac dinh 1a R.
(3) Ham s6 y = tan x c6 tap xac dinh 1a R\ {kn|k € Z}.

(4) Ham s6 y = cotx c6 tap xac dinh 1a R \ {%ﬂk € Z} :

S6 ménh deé dung la

Diéu kién xac dinh cia ham s6 y = 1-sinx la
oS X
@x;«é—JrknkeZ x;é—+k kez.
@x;«éngkE,keZ. @x#EJrkn,keZ.

Tap xac dinh ctia ham s6 y = sin 2x la:

@ [_%" %] = ©R\ {£2}. (D) (—o0;2).
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Trong cac ham so sau, ham so nao cé tap xac dinh 1a IR?

@y:sinx. y:tanx. @y:cotx. @y:ﬁ,

2 a
cosx —1

@cosx#—l. (B) cosx # 1. @cosx;éZ. @cosx#o.

Diéu kién xéac dinh ctia ham s6 y =

Tim tap xéac dinh ctia ham s6 y = colsx'
@.@z{kg;kez}. .@zR\{kg;keZ}.
(© 2 =R\ {km;k € Z). @9:R\{%+kmkez}.

s in 2 ;
Chohamsoy = %. Phat biéu nao sau day la dung?

(A)Ham s da cho la ham sé chn.
Ham sb da cho 12 ham sé 1é.

@Hém s6 da cho c6 tap xac dinh 2 = R\ {g}
(D) Ham s6 da cho 1a ham s6 khong chan, khong 1é.

Trong cac ham so sau, ham so nao la ham so chan?

1+ sinx 1+ cosx 1+ tanx 1+ cotx
@yzl— y:— @y:_—- @y_—

—sinx’ 1—cosx’ ~ 1—cotx’
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Cho hai ham s6 f(x) = sin2x va ¢(x) = cos 3x. Ménh dé nao sau day la ding?
@ f(x) va g(x) 1a hai ham s6 chan. f(x) va g(x) 1a hai ham s6 1.
@ f(x)1a ham sb chén va g(x) laham s§16. (D) f(x) 1a ham s6 1& va g(x) 1a ham sé chan.

Cho biét khang dinh nao sau day la sai?
(A)Ham s6 y = cos x 1a ham s 1¢. Ham s6 y = sin x 1a ham s6 1é.
(C)Ham sb y = tan x 1a ham s 1&. (D)Ham sb y = cot x 1a ham s 1é.

Trong cichamséy = sinx, y = x,y = x>+ 1,y = cosx, y = tanx, y = cot x c6 tat c bao nhiéu
ham so 1é?

As. 3. (©s. D) 4.

Ham s6 lugng gidc nao dudi day 1a ham s6 162

= sin® x. = sinx. = Cos X. (D)y = tan?x.
By y y y

Trong cac khang din sau khang dinh nao la sai?
@ Ham s y = sin x 1a ham s6 1é. Ham s6 y = cos x 1a ham s6 1é.
Ham s6 y = tan x 1a ham s6 1é. (D)Ham s6 y = cot x 1a ham s6 1é.
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Ham s6 nao sau day 1a ham so 1é trén tap xac dinh?
1
@yzl—l—tanx. yzisinxCOSZx. @y:2c052x. @y:si:lx.

Trong cac ham sb sau, ham s6 nao 1a ham s6 chan
Ay =tanx+x2.  (B)y= —|sin2x|. (©y = cos(dx —x2). (D)y = cosx + x.

Ham s6 nao sau day 1a ham s6 chan?
tan x
@y:sin3x. ]/:cosxtaan. @y:xcosx. @y: Sy

Ham s6 lugng gidc nao dudi day 1a ham sb chan?
@ y = sin 2x. Y = cos 3x. @y = cot 3x. @ y = tan2x.

Trong cdc ham sb dugc cho bdi cac phuong én sau day, ham s6 nao la ham s6 chan?
@ y = cot 2x. y = sin2x. @y = tan2x. @ Y = cos 2x.

Xét trén tap xac dinh ctia ham s thi khang dinh nao sau day la sai?

@ Ham s6 y = sin2x 1a ham s6 1é. Ham s6 y = tan 2x 1a ham s6 1é.
@ Ham s6 y = cot2x 1a ham s6 1é. (D) Ham sb y = cos 2x 1a ham s6 1&.
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Trong cac ham s6 sau, ham s6 nao 1a ham s 162
. 2 . . 3 .
C x —sinx ® 3x° —sinx @ X —sinx x° —sinx
YT Tcos2x ®y cos3x Y sinx ©y sin3x

Ham s6 nao sau day nghich bién trén (g ; n) ?
@y:—sinx. y:cosx. @y:—cotx. @y:tanx.

Ham s6 y = sin x dong bién trong khoang nao sau day?

(A) (771,-157”). (—77"; —3n). © (197”,- 10n). (D) (—6m; —5m).

Khang dinh nao sau day dting?
@ Ham s6 y = sin x dong bién trén khoang

Ham sb y = cos x dong bién trén khoang

@Hém s6 y = sin x dong bién trén khoang (—Tn; —g)
( T
4
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Vi x € (317T' 337{) , ménh dé nao sau day la ding?

Ta
(A)Ham sb y = cot x nghich bién. Ham s6 y = sin x dong bién.
(C)Ham s6 y = cos x nghich bién. (D) Ham sb y = tan x nghich bién.

Xét ham s y = sin x trén doan [—77; 0]. Khéng dinh nao sau day dung?
@ Ham s6 dong bién trén khoang ( T, — ) nghich bién trén khoang ( 72T, O) .
Ham s6 dong bién trén khoang ( TT; ——) (— 5 O).
@ Ham s6 nghich bién trén khoang ( ) dong bién trén khoang ( 72T, 0) .
@ Ham s6 nghich bién trén khoang ( - E) va (— %T ; 0) .

Khang dinh nao sau day dung?
@ Ham s6 y = sin x dong bién trén khodng

Ham s6 y = cos x dong bién trén khoang <§

@Ham s0 y = sin x dong bién trén khodng Tﬂ ; —%)
@ Ham s6 y = cos x dong bién trén khodng 3%[, —%) :

N A N A PN s A A 2 7T
Ham so nao sau day dong bien trén khoang <E ; n).

@y:cosx. y:tanx. @y:sinx. @y:cotx.
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Ham s6 y = sin x dong bién trong khoang nao sau day?

(A) (771,-157”). (—77”,- —3n). © (197”; 10n). (D) (—67m; —5m).

2
(A)y =sinx. (B) y = cosx. (©)y = cotx. (D)y = tan .

Hay chon khang dinh sai trong cac khang dinh duéi day: Trong khoang (% ; 7'[) thi

@ ham s6 y = cot x la ham s6 dong bién. ham s6 y = tan x 1a ham s6 dong bién.
(C)ham s6 y = cos x 1a ham s6 nghich bién. (D) ham s6 y = sin x 1a ham s6 nghich bién.

Xét cac ménh dé sau:

D:Vx € (n; 3%) hamsby =

37T N A _ 1 . « A
(ID): Vx € (71’, 7) hamsoy = p— nghich bien.

nghich bién.

s x

Hay chon ménh dé dung trong cdc ménh dé trén.
(A) Cé hai duing. Chi (I) dting. (C) Chi (II) duing. (D) Cé hai sai.

Ham sb y = sin x nghich bién trén khoang nao dudi day?
57, 7m) (3, 5m) (3 7m) (2, 2m)
®(4'4 ' 474 ) @ 274 ) © 474 )
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Ménh dé nao dudi day sai?
5 4 ; . 2 ) 7T
@ Ham so y = sin x tang trén khoang (— o
Ham s6 y = sin x gidm trén khoang (g, 7)
(C)Ham sé y = sin x gidm trén khoang (—3%; —71).
@ Ham s6 y = sin x tang trén khoang (0; 7).

Xét sy bién thién ctia ham s6 y = cot 2x. Trong cac két luan sau, két luan nao ding?
(A)Ham sb da cho dong bién trén khoang (O; %) va (% ; g)
Ham s6 da cho nghich bién trén khoang (0; g) va dong bién trén khoang (g ; n).
(C)Ham sb da cho nghich bién trén khoang (g ; 71) :
s 37r)

(D) Ham s da cho nghich bién trén khoang (E i
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55. PHUONG TRINH LUONG GIAC CO BAN

KIEN THUC CAN NHO

1. Phuong trinh tudng duong

I Dinh nghia 5.1. Hai phuong trinh dugc goi la tuong duong néu ching c6 cting tap nghiém.

\_ Trang =<£

Phuong trinh x? — 4 = 0 tuong duong v6i phuong trinh nao sau day?

a) 2x% = 8. b) x2 _ 4 1 1
) A T e T
2. Phudng trinh sinx = m
Pinh nghia 5.2. Xét phuong trinh sinx = m.
@ Néu |m| > 1 thi phuong trinh v6 nghiém.
® Néu |m| < 1 thi phuong trinh c6 nghiém:
xX=oa-+knke”Z
va x=m—a«a-+k2m,keZ,
vdi x 1a goc thudc [—g; g} sao cho sina = m.
y
/7:\ ?1 /7:\ /7:\

| RN SR | an
3m I 5w —27 3 T T o« T —« ' 3 -2 5 37i

P Ty \ L 2 Y o

2r

a) Mot so truong hop dic biét

sinx=1<:>x:%+k27t,kez;

sinx = —-1& x = —%—I—an,k cZ

sinx =0« x =k, k € Z.

b) sinu=sinv<s u=v+k2m,k € Zhoicu =m —v+k2m, k € Z.

¢) sinx = sina® < x = a®° +k360°, k € Z hodc x = 180° — a® + k360°,k € Z.
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a2

Gidi cac phuong trinh sau

¢) sin2x = sin 3x.

3. Phudng trinh cosx = m

binh nghia 5.3. Xét phuong trinh cos x = m.
@ Néu |m| > 1 thi phuong trinh v nghiém.
© Néu |m| < 1 thi phuong trinh c6 nghiém

x=«a-+k2mn, ke Z
va x=—a+k2mkeZ,

voi a la goc thudce [0; 7r] sao cho cosa = m.

y
1
T y=m
=3 =27 —7T / m T\ T —27 3
\Y — O « Y\ X
| I |
27

A

a) Mot so truong hop dic biét

cosx=1<x=kRn,keZ
cosx=—-1x=n+kn,kecZ

cosx:0<:>x=§—|—k7r,k€Z.

b) cosu =cosv < u=v+k2m,k € Z hoicu = —v+k2m, k € Z.

c) cosx = cosa’® < x = a° + k360°,k € Z hodc x = —a° + k360°,k € Z.

T

Giai cac phuong trinh sau

b) cos2x = cos(x + 60°). ¢) cos3x = sinx.
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4. Phuong trinh tanx = m

Dinh nghia 5.4. V6i moi s thuc m, phuong trinh tan x = m c6 nghiém

x=u«u-+km,keZ,

o s . T
véi o 1a goc thudc (—5; E> sao cho tana = m.

Y y =tanx
1 [i ] | [ e
i 3r i_z O z;ciz i37r i57rx
Y 2 2 2 2
T
A tanx =tana® & x =a° +k180°,k € Z.
Ly
Gidi cac phuong trinh sau
a) tanx = /3. b) tan2x = tan %

5. Phudng trinh cotx = m

Dinh nghia 5.5. V&i moi s6 thuc m, phuong trinh cot x = m ¢ nghiém
x=u«u-+km keZ.

véi o 1a goc thudc (0; 1) sao cho cota = m.

GV: NGUYEN BINH KHOI - BT: 0909 461 641



195> Trang / 5. PHUONG TRINH LUONG GIAC CO BAN

| y | y:COtx | |
1 \ 1 \ 1 \ v
1 -7 O 0‘4 } T 127‘( 1371’3(
7T
A cotx =cota® & x =a° +k180°,k € Z.
s
Gidi cac phuong trinh sau
3 — cot &
a) cotx:—g. b) cot3x—cot7.

6. Gidi phuong trinh lugng gidc bang mdy tinh cam tay

Ta c6 thé gidi phuong trinh luong gidc dang sinx = m, cosx = m, tanx = m va cotx = m bang
mady tinh cam tay nhu trong vi du sau

Str dung mdy tinh cam tay d€ giai cdc phuong trinh sau

1 _ .
a) sinx = — 5 Ket qua ghi theo don vi radian.

b) cotx = 3. Két qua ghi theo don vi do.

A Dé gidi phuong trinh cotx = m(m # 0), ta gidi phuong trinh tan x = poet
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MOT SO DANG TOAN THUONG GAP

\_ Trang £

Phuong trinh lvong gidc co bdn dung Radian

@ tanx = tana & x = a + kmt (k € Z).

@ cotx = cota & x = a+kmr (k € Z).

x=ua+k27

@ sinx = sina < - (k € 7).
x=m—a-+k2m1
x=ua+k27T

@ cosx = cosa & * k € Z).
X =—ua+ k27

T

Giai phuong trinh sinx = 1.

an=§+k27r(k€Z).

Giai phuong trinh sin <3Zx - g) =1
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Giai phuong trinh cot 3x = cot x. &x =7 +km, k€ 2).

Phuong trinh lvong gidc co bén dung dé

x = a°® 4+ k360°

ke Z).
x:180°—1x°+k360°( S

® sinx = sina® < [

x = a° + k360°

ke Z).
x=—tx°—|—k360°( sS4

® cosx = cosa® & [

@ tanx = tana® < x = a® +k180° (k € 2Z).
@ cotx = cota® & x =a° +k180° (k € Z).

T

Tim géc lugng gidc x sao cho:

a) sinx = sin55°; ¢) tanx = tan67°;

b) cosx = cos(—87°); d) cotx = cot(—83°).

2]

Giai cac phuong trinh sau:

a) sin (x +20°) = L. b) sin (x + 30°) = sin (x + 60°).

2/
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Giai phuong trinh cos 2x = cos (45° — x).

Luu y mot s6 phuong trinh sau:

. . . . , T
@ sinu = —sinv < sinu = sin(-v). @ cosu = —sinv < cosu = cos (E +U).
. . . 7T
@ sinu = cosv < sinu = sin (——v).
2 @ tanu = —tanv < tanu = tan(—0o).

) . . T
® sinu = —cosv < sinu = sin (v— E)'

T
@ tanu = cotv & tanu = tan (— —v).
@ cosu = —cosv & cosu = cos(7T — v).

2

q 7T 7T
@ cosu = sinv < cosu = cos (E —Z)). ® tanu = — cotv < tanu = tan (34_0).

1. Vi du mau

Giai phuong trinh: sin 2x = cos 3x.

Giai phuong trinh: sin4x — cos (x + %) =0.
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i aus]

Giai cac phuong trinh sau:

a) sin2x + cos4x = 0. b) cos3x = — cos7x.

Todn thuc té lién mén

T

Nhiét d6 ngoai trdi  mot thanh phd vao cac thoi diém khac nhau trong ngay c6 thé duge mo
phong bai cong thic
h(t) = 29 + 3sin -= (t — 9).
12
v6i h tinh bang do C va t 1a thoi gian trong ngay tinh bang gio.

a) Tinh nhiét do¢ luc 12 gio trua. b) Tinh thoi gian nhiét do thidp nhét trong
ngay.

T au2]

S6 gid c6 anh sdng mat troi cia mot thanh phd A & vi do 40° Bac trong ngay thit t cia mot ndm
khong nhuan duoc cho bdi ham sb

d(t) = 3sin %-(t—sm] F12v6it € Zva0 < t < 365.

Hoi thanh phd A c¢6 dung 12 gid c6 anh sang mat trdi vao ngay nao trong nam?
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s

Gia st mot vat dao dong diéu hoa xung quanh vi tri cAn bang theo phuong trinh
T
X = 2cos <5t — —)
6

O day, thoi gian t tinh bing gidy va quang duong x tinh bing centimét. Hay cho biét trong
khoang thoi gian tir 0 dén 6 gidy, vat di qua vi tri can bang bao nhiéu lan?

)

Mot cdy cau c6 dang cung AB ctia d6 thi ham s6y = 4,2 - y

X . A L2 A~ A oe . N
cos 3 va dugc mo ta trong hé truc toa do véi don vi truc la A B
mét nhu & hinh bén. Mot sa lan chd khéi hang hod dugexép — —4m o 4 X

thanh hinh hop chir nhat v6i d6 cao 3 m so voi muc nudc
song sao cho sa lan c6 thé di qua dugc gam cau. Ching
minh rang chiéu rong ctia khdi hang hoa d6 phai nh6 hon
12,5 m.

s

Mot qua dan phéo duge ban ra khdi nong phdo véi van téc ban dau vy = 500 m/s hgp véi
phuong ngang mot goc a. Trong Vat li, ta biet rang, neu bo qua stc can cua khong khi va
coi qua dan phdo dugc ban ra tir mat dat thi quy dao ctia qua dan tuadn theo phuong trinh
—8 2 2 3z 29y e LA N

= —° . x*+xtana, 3do6 ¢ = 10 m/s* la gia toc trong truong.
Y 203 cos? § & g &
a) Tinh theo géc ban a tam xa ma qué dan dat t6i (tic 1a khoang céch tir vi tri ban dén diém

qua dan cham dat).

b) Tim géc ban a dé qua dan tring muc tiéu cach vi tri dat khdu phao 22 000 (m).
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@ BAI TAP REN LUVYEN

Giai cac phuong trinh lugng gidc sau
1 T 27 . 7
. _ - 0 A R 4 _ i —
a) sm2x—2. b) sin (x 7) = sin —-. c) ;m X — cos (x+ 6)

Gidi cac phuong trinh lugng giac sau
T V3 — s 2T c) cos?x = 1.
a) cos (x E 5) == b) cos4x = cos = )

Giai cac phuong trinh lugng gidc sau

a) tanx = tan 55°. b) tan (Zx + g) = (0],

Giai cac phuong trinh lugng gidc sau

IS

1 T
a) cot EJH_Z = —1L b) cot3x = —
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Trong hinh duéi, khi duge kéo ra khdi vi tri cAn bang & diém O va buéng tay, luc dan héi cta
10 xo khién vat A gan & dau ctia 16 xo dao déng quanh O. Toa dd s (cm) ctia A trén truc Ox vao

thoi diém t (gidy) sau khi budng tay dugc xac dinh bdi cong thic s = 10sin (lOt + g) . Vao cac
thoi diém nao this = —5v/3 cm ?

(Theo https://www.britannica.com/science/simple-harmonic-motion)

Trong hinh dudi, ngon deén trén hai dang H cach bo bién yy’ mot khodng HO = 1 km. Pén xoay
ngugc chiéu kim dong ho véi toc do % rad /s va chiéu hai ludng anh sang vé hai phia déi dién
nhau. Khi dén xoay, diém M ma ludng anh sang ctia hai dang roi vao bo bién chuyén dong doc
theo bo.

(Theo https://www:mnhs.org/splitrock/learn/technology)

y

1 km

bo bién

a) Ban dau ludng sng trung véi dudng thang HO. Viét ham s6 biéu thi toa do yu ctia diém
M trén truc Oy theo thoi gian .
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b) Ngoinha N ndm trén bg bién véi toa do yy = —1 (km). Xéac dinh cac thoi diém t ma den
hai dang chiéu vao ngdi nha.
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PESO 1
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qua.

OO0 | 8 | ®WOOO | 15 | ®OOO | 22 | ®WOOO | 29 | ®OOO
OO0 | 9 | ®OOO |16 | ®GOOO | 2 | ®OOO | 30 | OO0
QOO0 | 10 | @OOO | 17 | OO0 | 24 | ©®OOO | 31 | ®OOO
QOO0 | 11 | OOO | 18| ®OOO | 25 | ©®OOO | 32 | ®OOO
QOO0 | 12 | @OOO | 19 | ®OOO | 26 | ®GOOO | 33 | ®OOO
QOO0 | B | OO0 |20 | OO0 | 27 | ©®OOO | 34 | ©OOO
QOO0 | 4 | OOOO |21 | GOOO | 28| ®OOO | 35 | ®OOO

Phuong trinh (\/§ tanx + 1) (sin2 X+ 1) = 0 c6 nghiém la
®x=%+k27'c. x=—%—|—k7‘c. @ng—i—kn. @xz—%—l-kZT(.

N | O |G || W DN |-

Khang dinh nao sau day la diing
@cosx:0©x2g+k2n;kez. sinsz(:)x:an;kEZ.
@cosxz—l(:)x:n—i—er(;keZ. @tanx=0<:)x:k27r;k€Z.

Tap nghiém S ctia phuong trinh 3tanx — /3 = 0 1a
[ k2w } gy
@S—{g—f‘T,kEZ . S—{g—f‘kﬂ,kEZ}
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T o km
‘ @S:{ngerr,keZ}. @S:{qu?,keZ}. ‘

Tap nghiém cta phuong trinh sin 2x = sin x la
@Sz{kZTt;g+k2n|k€Z}. S:{k27r;g+k27n\k62}.
@S:{kZm—%JrkZMkeZ}. D) s = {kem;n+k2r|k € Z).

2 2. ~ . _1 A N
Tong cac nghiém cua phuong trinh sinx = ———— trén doan [0; 277] la
. 5 2v/2cos x "
T T T
5 ® 35 ©sn R
Phuong trinh lugng gidc 2sin x + v/2 = 0 c6 nghiém la
i i T
@ - ke keZ.
T 51
x =—+k2m x=—+k2m
" 1 "
x:—ﬂ+k27r X=Z+k27t
© . kez. D) 7r kez.
x:Z—i—an x:_z‘|‘k27f

Phuong trinh cos x = E c6 tap nghiém la:
T 2 T
W{-Z+kr|kez}. ® {2 +kn | ke Z}.

T 27
©{§+k2n|kez}. @{:l:?+k27'c|kez}.
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1
Nghiém ctia phuong trinh sinx = 5 la

®x=%+k27tvéx:5%+k2n. x:%—i—kﬂvéx:%—i—km
@x:—%—kanvéx:—S?n—i—an. @x::l:%-l—erc.

Phuong trinh cos 2x = m v6 nghiém khi m thoa

A)m < —1. ® m>1. ©-1<m< 1. ®|"<

[

1
Giai phuong trinh cos2x = — 5

@x::l:%—l—kn,(kEZ). xz:l:%—kkn,(keZ).
@x:i%”Jrkzn,(kEZ). @x::l:g—i—k%r,(keZ).

Nghiém am 16n nhat ctia phuong trinh sin2x = —— 1a

5 2
®-Z - B¢ 2
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| Cauls 4

Phuong trinh sin (x - %) = 1 cé nghiém la
@x:%Jrkzn,kez. x:%”Jrkzn,kez.
@x:%—l—kmkez. @xz%—l—kn,kez.
| Cautd
Nghiém ctia phuong trinh 2 cos g +v3=01a
®x=:|:5?n+k47c,kez. xzi%"Jrkzm,kez.
@x:i%”Jrkzn,keZ. @x:i%”Jrkzn,kez.

Phuong trinh lugng gidc: 2 cos x + v/2 = 0 ¢6 nghiém la
& T -
x=Z+k27r x:g+k2n
@ 37-[ * 7T *
x=—+4k2m x=-——+kn
r 3451 - 77;l
x:T—i—an x=z+k2n
@ 377 : @ 77
x:—z+k27'c x=—I+k27T

Khang dinh nao sau day la diing
@cosx:0@x2g+k2n;kez. sinx:0<:)x:k27r;k€Z.
@cosx=—1<:)x=7r+k27r;k€Z. @tanx:O(:)xszn;keZ.
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N Trang E9 £

[

@:tg +ken ke Z.
@:t% + k2 k € Z.

: 1 . . . .
Duong thang y = 5 cat do thi ham so y = cos x tai nhirng diém c6 hoanh d¢ la
i%” +k2m,k € Z.
D i%ﬂ +k2mk € Z.

Phuong trinh sin2x = \/T§ c6 bao nhiéu nghiém trén khoang (0; 377)?
(A) 4. 1. (©s.

Trong cac phuong trinh sau, phuong trinh nao vo nghiém?
3
@sinx—cosle. sinx:—z. @cotx:2018.

Phuong trinh cos x = ﬁ c6 nghiém la

2
- - x:€+k27t
@x:g—i—kn. x=:|:g+k27r. @ 5T

@ x:g+k7r
5
= _— +k
X 6-|—

Tap nghiém ctia phuong trinh tan (x — %) =31a
@B)Ss = {g—l—kn,k cz}.

©s={3 +kenkez}.

®)S = {g+kn,kez}.

@S: {%n—l-krc,kGZ}.
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Giai phuong trinh 2cosx —1 = 0.
@x:i%JrkZﬂ,keZ. x:i§+2n,kez.

@x=:|:%+k27r,k€Z. @x=%+k2n,kez.

Phuong trinh: sin x = cos 5x c6 cac nghiém la
@x: %+k27rv?ax: _Tn+k27r,(k€Z). B) x = E+k7rvéx: _Tn—i—kn,(ke 7).

4
T Ut .~ .7 = Lol = L
@x_ﬁ+kgvax— 3 —|—k2,(k€Z). @x 1 —|—k3vax 8—|—k2,(k€Z).

Nghiém ctia phuong trinh cos (x + %T) =01la

@x:—%—kkn;kez. x:—%—Fan;kEZ.
@x:%—i—kkaEZ. @xZZSTT[Jrkr(;kEZ.

. . s 1 A . ,
SO nghiém cua phuong trinh sin x — 5= 0 trén khoang (0;4) la

on ® 3. ©:2. @1

Phuong trinh sin x = m v6 nghiém khi va chi khi

®m<_1 B -1<m<1 ©m< -1. D m > 1.

m > 1.
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Phuong trinh sin? x + cos 2x = — cos? x ¢6 nghiém la
@x=7t+k27‘c,(k€Z). ng—kkm(kEZ).
(©)x =k2m, (k € Z). (D) x = kn, (k € Z).

1
Cho hai phuong trinh cos3x —1 = 0 (1); cos2x = — 5 (2). Tap cac nghiém ctia phuong trinh (1)
dong thdi la nghiém ctia phuong trinh (2) 1a

@x:%—l-kZﬂ’,kEZ. x:k27r,k€Z.
@x:ig—kan,kEZ. @x:iz?n—kan,kEZ.

Cho phuong trinh sin x — sin 2x + sin 3x = 0. Nghiém ctia phuong trinh la

@x:ingan;x:kg,keZ. x:k7§+kn—,kez.
@ng—i—an;x:kn,kEZ. @x::t%-i—kn,kez.

A . . . 1 .
Tim s6 nghiém cua phuong trinh sin x = 5 trén doan [0; 7t].

A)2. 1. ©s. D4
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Nghiém 16n nhat cia phuong trinh 2 cos 2x — 1 = 0 trong doan [0; 7] 1a

@x:ﬂ. x:111_27r. @xzz—n. @x:5—n.

Tim tap nghiém ctia phuong trinh 2 cos (3x + %) ++3=0.

77T 27t 137 27 } { 5 }
® {5 +i5 a5 T lkez) g ke zy.
77T 27 137w 27 {77r 137 }
/m G 2m 18w 27 , m _2N L onlkeZb.
@{36+k3, e +k3|keZ} ® o0 ke — =~ v kenlk €

Trong cac phuong trinh sau, phuong trinh nao vo nghiém?
3
@sinx—cosle. sinx:—L—L. @cotx:2018. @sinx:
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56. BAI TAP CUOI CHUONG |

BAI TAP TRAC NGHIEM

. 1 \ N R
Goc lugng giac nao tuong ung voi chuyén dong quay 35 vong nguoc chiéu kim dong ho?

(%) (©)1152°. (D) 1152

—_ E
a1l

Trong truong hop nao dudi day cosa = cos f va sina = — sin 8?
Wp=—a B p=rm—a ©p=n+e @,B:g+zx.

g

Khang dinh nao sau day dung?
(A)Ham sb y = sin x 1a ham sé chan. Ham s6 y = cos x la ham s6 chén.
(C)Ham s6 y = tan x 1a ham s6 chan. (D) Ham sb y = cot x 1a ham sb chan.

Nghiém 4m 16n nhat cia phuong trinh lugng giac cos 2x = cos (x + g) la

7T 5 77T 137
@-3 ® -3 -5 -5

S6 nghiém ctia phuong trinh tan x = 3 trong khoang (—g ; 7?7[) la

1. ® 2. ©s. D) 4.
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Nhiét d6 ngoai trdi & mot thanh phé vao cac thoi diém khac nhau trong ngay c6 thé duge mo
phong bdi cong thuc
h(t) = 29 + 3sin %(t —9)

v6i h tinh bang do C va t 1a thai gian trong ngay tinh bang gio. Nhiét do thap nhat trong ngay
1a bao nhiéu do C va vao ltic mly gio?
(Theo https://www.sciencedirect.com/science/ article/abs/pii/0168192385900139)
@ 32°C, luc 15 gio. 29°C, luc 9 gio. @ 26°C, luc 3 gio. @ 26°C, luc 0 gio.

BAI TAP TU LUAN

Mot chiée quat tran ndm canh quay véi toc do 45 vong trong mot phit. Chon chiéu quay cta
quat la chiéu thuan. Sau 3 gidy, quat quay dugc mot goc c6 s6 do bao nhiéu radian?

Cho cosa = %v?a —g < a < 0. Tinh:

a) sina; b) sin2x; c) cos (zx + —).

Chuing minh dang thic lugng gidc:

a) sin(a + B) sin(a — B) = sin®a — sin? j; b) cos* x — cos* (oc — g) = cos2a.
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Nghiém duong nho nhét ctia phuong trinh sin (x + %) —sin2x = 0 la bao nhiéu?

Giai cac phuong trinh sau:

2
a) sin2x + cos3x =0 b) sinxcosx = R c) sinx +sin2x = 0.

Bai 6

D06 sau h( m) cia myc nude & mot cang bién vao thoi diém ¢ (giod) sau khi thuy triéu 1én 1an dau
tién trong ngay dugc tinh xap xi bdi cong thic h(t) = 0,8 cos 0,5t + 4.
(Theo https://noc.ac.uk/files/documents/ business/an-introduction-to-tidalmodelling.pdf)

a) Do sau ctia nuée vao thoi diém t = 2 1a bao nhiéu mét?

b) Mot con tau can myc nude sau ti thiéu 3,6 m dé cé thé di chuyén ra vao cang an toan.
Duya vao do thi ctia ham s6 cosin, hay cho biét trong vong 12 tiéng sau khi thuy triéu 1én
lan dau tién, 6 nhitng thoi diém # nao tau c6 thé ha thuy. Lam tron két qua dén hang phan
tram.

Cho van téc v (cm/s) cia mdt con lac don theo thdi gian t (gidy) dugce cho béi cong thirc
v = —Bsin (15t + 7 ).
(Theo https://www.britannica.com/science/ simple-harmonic-motion)

Xac dinh céc thoi diém t ma tai do:
a) Van toc con lac dat gia tri 16n nhat;

b) Van tbc con lac bfing 1,5cm/s.
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Trong hinh vé, cdy xanh AB nam trén dudng xich dao dugc trong vuong goc voi mat dat va
c6 chiéu cao 5 m. Bong ctia cay la BE. Vao ngay xuan phan va ha phan, diém E di chuyén trén
duong thang Bx. Géc thién dinh 6; = (AB, AE) phu thudc vao vi tri ctia Mat Troi va thay déi
theo thoi gian trong ngay theo cong thtc

7T
6,(t) = 75 (t — 12)rad

vdi t 1a thoi gian trong ngay (theo don vi gio, 6 < t < 18).
(Theo https://www.sciencedirect.com/ topics/engineering/solar-hour-angle)

A

E - x(m)

a) Viét ham s6 biéu dién toa do ctia diém E trén truc Bx theo t.

b) Dya vao do thi ham sb tang, hay xac dinh cac thoi diém ma tai d6 béng cay phu qua vi
tri tuong rao N biet N nam trén truc Bx vdi toa d¢ la xy = —4 (m). Lam tron ket qua den
hang phén mudi.
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51. DAY SO

KIEN THUC TRONG TAM

1. Dinh nghia day sb

Dinh nghia 1.1. Ham s6 u xac dinh trén tap hgp cac s6 nguyén duong N* dugc goi 1a mot day
s6 v6 han (hay goi tat 1a day s6), nghia la

u:N*— R
n— u, = u(n).

Day sb trén duge ki hiéu 1a (u,). Dang khai trién cta day sO (up) 1a: g un; .. sty ..

A Chiy:

a) uy = u(1) goi la s6 hag dau, u, = u(n) goi la s6 hang thit n (hay s6 hang tong qudt) ciia diy so.

b) Néu u, = C vdi moi n, ta néi (u,) la diy sé khong doi.

]

Cho ham sb:
u:N*—= R
2

n+— u(n) = n”.

Ham s6 trén c6 1a day s6 hay khong? Néu c6, hay tim s6 hang thi nhat, thi hai, thi ba va sb
hang tng quat ctia day sd.

2]

Cho ham sb:
v:{1,2,3,4,5} - R

n — ov(n) = 2n.
Tinh v(1), v(2), v(3), v(4), v(5).
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Dinh nghia 1.2. Ham s6 u xac dinh trén tap hop M = {1;2;3;...;m} thi duogc goi 1a mot day
s6 htru han. Dang khai trién cua day sO nay la uq,up, ..., uy, trong do u; la sO hang dau va u,,
1a s6 hang cubi.

Day gom 10 s6 ty nhién 1é dau tién 1;3;5; .. .;19 c6 phai la day s6 hitu han khéng? Néu c6, tim
s0 hang dau va so hang cu6i cta day so.

Cho day so:

u:IN* - R
Ny, = nd.
a) Hay cho biét day sb trén 1a hitu han hay v6 han.

b) Viét ndm s6 hang dau tién ctia day sb da cho.

:
Cho 5 hinh tron theo thu tu ¢6 ban kinh 1;2; 3; 4; 5.
a) Viét day s6 chi dién tich ctia 5 hinh tron nay.

b) Tim s6 hang dau va s6 hang cubi ctia day so trén.

2. Cach xdc dinh day sb

Cho cac day sb (a,), (by), (cn), (dn) dugc xac dinh nhu sau:

1 = 1
=0,a0=1,a3 =2;a4 = 3; a5 = 4. b
a) m as a3 a4 as ) {Cn b1 (132).
c) b, =2n. d) d, la chu vi cta duong tron ¢6 ban kinh
n.

Tim b6n s6 hang dau tién ctia cac day so trén.
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Dinh nghia 1.3. Thong thuong mot day s6 c6 thé dugc cho bang cac cach sau:
a) Cach 1: Liét ké cac s6 hang (vdi cac day s6 hiru han).
b) Cach 2: Cho cong thic ctia s6 hang tong quat uy,.
c) Céch 3: Cho hé thirc truy hdi, nghia la

© Cho s6 hang thit nhat u; (hodc mot vai s6 hang dau tién);
@ Cho mot cong thitc tinh u, theo 1,1 (hodc theo vai s6 hang ding ngay trude no).

d) Cach 4: Cho bang cach mo ta.

T

Cho day s6 (uy) v6i uy =

n—1
3n+1

a) Tim ba sb hang dau tién. b) Tinh usy va ugg.

Cho day s (u,) xac dinh boi:

up =1,uy =1
Uy = Uy 1+ Uy_p (n>3).

Cho day sb (u,) xac dinh béi:

u = 3
Uy = 2uy (n > 1).
a) Ching minh up =2-3; u3 =22 -3; uy = 23-3.

b) Dy doan cong thitc s6 hang tong quat ctia day s6 (u,).
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3. Day sb tang, day sd gidam

oy 0]

Cho hai day sb (a,) va (b,) duoc xac dinh nhu sau: a,, = 3n + 1; b, = —5n.
a) Sosanha, vaa,,q1,Vn € N*. b) So sanh b, va b, 1,Vn € IN*.

Dinh nghia 1.4. Cho day s6 (uy,).
Day s0 (u,) dugc goi la day s6 tang néu u,, 1 > uy,, Vn € N*.
Day s0 (u,) dugc goi la day s6 gidm néu u,, 11 < u, Vn € N*.

T,

Xét tinh tang, giam ctia cac day so sau

Sa Vidu 12|
Xét tinh tang, gidm ctia cac day sb sau

a) (ay) vOi ay = HLH; b) (by) V6i by = 1 — 12,

s

Xét tinh tang, giam ctia cac day so sau

L n—1 . n+2 i
a) (uy) véiu, = R b) (x,) véi x, = i ) (ty) véit, = (=1)" - n?.
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4. Day sd bi chan

~ A z. ]- . 2 A 2 ~ A 20 N
Cho day so (1) v6i u, = —. So sanh céc so hang cua day so v6i 0 va 1.
n

binh nghia 1.5.
a) Day s (u,) dugc goi la day sb bi chan trén néu ton tai mot s6 M sao cho
u, < M,Vn € N*.
b) Day sb (u,) dugc goi la day s6 bi chdn dudi néu ton tai mot s6 m sao cho
u, > m,Vn € IN*.

c) Day sb (u,) duoc goi la day s bi chdn néu no vira bi chin trén vira bi chan dudi, nghia la
ton tai cac so M va m sao cho

m<u, <M,Vn € N*.

o]

. 1
Xét tinh bi chan cua day so (u,) v6i u, = -

oy o]

Xét tinh bi chan ctia cac day sb sau

a) (a,) vGi ay = cos%; b) (bn) Vi by = ——.

MOT SO DANG TOAN THUGONG GAP

Dang @ $6 hang t8ng quét, biéu dién day sé

Dé tim s6 hang tong quat ciia mot day bat ky khi biét mot vai s6 hang dau cua day sb ta lam
nhu sau

© Phan tich cac s6 hang sau theo cac s6 hang da biét theo mot quy luat nao do.
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® Du doan s6 hang téng quat

@ Kiém tra bang cach thay lan lugt cac gid tri n € N* vao cong thirc téng quat (Ching minh
bang phuong phap quy nap).

Dé biéu dién mot day sb khi biét cong thic tong quat ta 1an lugt thay n € N* vao cong thic
tong quat dé tim cac s6 hang thi nhat, thit hai, . ..

1. Vi du mau

o

(NB) Xac dinh s6 hang dau la s6 hang tong quét ctia day sb (u,) cdc s6 tu nhién 18 1,3,5,7, . ..
Qu, =2n-1

(NB) Xac dinh s6 hang dau 1a s6 hang téng quat cta day sb (v,) cac s6 nguyén duong chia hét
cho 5:5,10, 15,20, ... & v, = 5n

(NB) Viétnam sb hang dau va s hang thit 100 ctia day s6 (1) c6 s6 hang téng quat u, = 3n — 2.
Qz« U100 = 298

(NB) Cho day s6 xac dinh bmeg hé thuc truy hoi: uy = 1,u, = 3u,_1 +2 véin > 2. Viét ba s6
hang dau cta day s6 nay. @ uy =1,y =5u3 =17

(NB) Day sb (uy) cho bdi hé thic truy hoi: u; = 1,uy, = n-u, 1 voi n > 2. Viét ndm s6 hang
dau cta day s6 va dy doan cong thic tong quat u,. & 1ty = n!
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Dang @ Tim s6 hang cu thé clia day sb

Dé tim s6 hang cu thé ctia day s ta lam nhu sau

© Voi truong hop day s6 da cho biét cong thitc tong quat ctia day sb thi ta chi can thay gia
tri twong ing ctia s6 hang d6 vao cong thic tong quat.

@ Vdi truong hop day sb cho bai cong thic truy hdi hodc dudi dang thi ta phai tim 1an lugt
ti nhitng s6 hang dau tién cho dén s6 ding trudc sd can tim trong day.

T

. . 2" .
Cho day sb (uy), biét u, = (=1)" - —. Tim s hang us. &y = 72
8 8
@ugz—g. u3:2. ©u3:—2. @ug,:g.
Ly
) ) n? — ) 7
Cho day so (1un), biet u;, = nz—+37T“1m sO hang us. . 70; us = 3
@uSZZ' U5:ZL. ©u5zﬁ. @u5:@.
Cho day s6 u, bao gdm céc s6 nguyén t6. Tim s6 hang thit 5 ctia day sb. & us =11
]
~ % » ~ 1=05 A , > ~
Cho day so (1) thoa man { . Tim s0 hang thit 5 cua day so. & us = 15
Upy1 = Uy +1

(A)11. 15. (©)16. D) 12.
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]
Cho day sb xéac dinh bang hé thic truy hoi
uy =1,uy, =3u,_1+2véin >2
Viét ba s6 hang dau ctia day s6 nay. & u5 =17

Dang @ Xét tinh tadng gidm cla day sb

a) Phuong phéap 1. Xét diu ctia hiéu s6 ;1 — uy

(@) Néu uy, 1 — uy > 0,Yn € IN* thi (u,) 1a day sb tang.
(b) Néu 1,1 — u, < 0,Vn € N* thi (u,) 1a day s6 giam.

b) Phuong phép 2. Néu u,, > 0,Vn € IN* thi ta c6 thé so sanh thuong Dl v 1.

Uy

(@) Neu ” LS 1thi (uy) 1a day sb tang.

n

(b) Néu ZH < 1 thi (uy,) 1a day s6 gidm.

Néu u, < 0,Vn € IN* thi ta c6 thé so sanh thudng L véil.

n

(a) Néu ZH < 1 thi (uy,) 1a day s6 ting.

(b) Néu “ntl S 1 thi (un) l1a day sb giam.

I’l

c) Phuong phap 3. Néu day s6 (uy,) cho bdi hé thirc truy hoi thi thuong duing phuong phap
quy nap dé ching minh u, 1 > uy,,Vn € N* (hodc u, 1 < u,Vn € N¥).

T

Xét sy tang gidm ctia day sb (uy) v6i u, = (—1)".

& day khong tang khong giam
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2 ? ~ A ) 2” ]_
Xét tinh tdng giam cua day so sau (u,) v6i u, = n——:—l & day s6 tang
Xét tinh tang gidam ctia day s6 (uy,) vOi uy = /n — /n + 2. & day sb tang
Ly
s s v .2 ? ~ A 2. n
Xét tinh tang giam cua day so (u,) voi u, = TR &, day sb giam
)
u = 2
Xét tinh tang gidm cta day s6 (u,) voi Bu, +1 . & day s6 tang
Upt1 = i1 €N
n

Dang (4)  Xéttinh b chan ciia déy sb

© Dé chitng minh day s6 (1) bi chan trén bsi M, ta chiing minh u,, < M, Vn € IN*.
@ Dé chiing minh day s6 (1) bi chan dudi bdi m, ta chimg minh u, > m, Vn € IN*,
© Dé€ chiing minh day s6 bi chan ta ching minh n6 bi chdn trén va bi chan dudi.

— Néu day s0 (u,) tang thi bi chan dudi boi uy.

— Néu day s0 (u,) gidm thi bi chan trén bdi u.

T,

Chimng minh rang day sb () v6i u, =

7 | . 1
0 bi chan trén boi —. & day sb da cho bi chan trén béi ~
n-+9 2 2
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‘ Ching minh rang day s6 (u,,) xac dinh bdi u, = 22 i g la mot day s6 bi chdn. & day so bi chan

_y R T . 3n+1
Xét tinh bi chdn cua day so (1) véi u, = :—:_3 & day s6 bi chan
]
-~ % . 4 ”. < Uy +2 ., . 3 - .
Cho day so (1) xac dinh boi uy = 1 va u, 41 = 1 Vn > 1. Chung minh rang day (u,) bi
n
chan trén badi s6 ; va bi chan dudi bdi so 1.
Xét tinh bi chan cta day sb (u,) v6i u, = sinn + cosn. & day s6 bi chan

Todn thuc té vé day s6

Mot chong cot gb duge xép thanh cac 16p, hai 16p lién tiép hon kém nhau mét cot go.
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a) Goi up = 251a 50 cot gb c6 & hang dudi cling ctia chong cot g6, uy, 1a s6 cot gb c6 & hang
thit n tinh tir dudi 1én trén. Xét tinh tang, gidam cta day so nay.

b) Goi vy = 14 1a 86 ct gb c6 & hang trén cling ctia chong cot g6, vy, 1a s6 cot gb c6 6 hang
thit n tinh tit trén xuong dudi. Xét tinh tang, gidm cta day so nay.

Chi Mai gtri tién tiét kiém vao ngan hang theo thé thirc lai kép nhu sau. Lan dau chi gti 100

triéu dong. Sau d6, i hét 1 thang chi lai gti thém vao ngan hang 6 triéu dong. Biét lai suat ctia

ngan hang 1a 0,5% mot thang. Goi Py (triéu dong) 1a s6 tién chi c6 trong ngan hang sau n thang.
a) Tinh so tién chi c6 trong ngan hang sau 1 thang.

b) Tinh sb tién chi c6 trong ngan hang sau 3 thang.

¢) Du doan cong thuc ctia P, tinh theo n.

Anh Thanh vita dugc tuyén dung vao mot cong ty cong nghé, dugc cam két luong ndm dau sé
14 200 triéu dong va luong moi nam tiep theo sé dugc taing thém 25 triéu dong. Goi s, (triéu
dong) 1a luong vao nam thit n ma anh Thanh lam viéc cho cong ty d6. Khi d6 ta c6

s1 =200, s, =s,_1+25v6in > 2.
a) Tinh luong ctia anh Thanh vao nam tha 5 lam viéc cho cong ty.

b) Chitng minh (s,,) la day s6 tang. Giai thich y nghia thuc té cia két qua nay.
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)

Ong An gui tiét kiém 100 triéu dong ki han 1 thang véi 1ai sut 6% mot ndm theo hinh thic
tinh 1ai kép. S6 tién (triéu dong) ctia dng An thu dugc sau n thang duoc cho bdi cong thirC

0,06 ) "

An, =100 (1—|— B

a) Tim s tién 6ng An nhan dugc sau thang thir nhat, sau thang thit hai.

b) Tim s6 tién 6ng An nhan dugc sau 1 nam.

s

Chi Huong vay tra gép mot khoan tién 100 triéu dong va dong y tra dan 2 triéu dong mdi thang
vdi lai suat 0,8% sb tién con lai cia méi thang. Goi A, (n € IN) la s6 tién con ng (triéu dong)
cta chi Huong sau n thang.

a) Tim lan luot Ay, Ay, Aa, Az, Ay, As, Ag dé tinh s6 tién con ng cta chi Huong sau 6 thang.

b) Dy doan hé thirc truy hoi d6i véi day s6 (A;).

@ BAI TAP REN LUYEN

e

Tim uy, u3 va dy doan cong thitc s6 hang tong quat u, cta day so:
u = 1
Upn
Uyl = n>1
1 1

Cho day s6 (1) vOi u, = T2 753t + m Tim uq, up, uz va du doan cong thirc sb

hang tong quat u,.
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Xét tinh bi chdn cda cac day so sau

s . o NTT nit . on —4
a) (a,) véi a, = sin? 3 + cos L b) (u,) véiu, = o
: —1 :
Cho day so (1) véi u, = :—_H Chung minh (u,) la day so tang va bi chan.
Bdi 6
a+2

~ A = n .z . ? ~
Cho day so (1) voi uy, = . Tim gia tri cua a dé

n+1
a) (un)la day sb tang; b) (u,) la day s6 gidm.

gi vé day sb trén?

Trén luGi 6 vudng, moi 6 canh 1 don vi, ngudi ta vé 8 hinh vuong va té6 mau khac nhau nhu
Hinh vé . Tim day s0 biéu dién do dai canh ctia 8 hinh vudéng dé tir nhd dén 16n. C6 nhan xét
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PESO 1
Hoc sinh lam BTTL xong, td phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

OOO0O | 8 | ®GOOO |15 | ®OOO | 22 | ®OOO |29 | ®OOO
OOOO | 9 | ©OGOOO |16 | ®OOO | 28 | ®OOO | 30 | ®OOO
OOOO | 10 | ®GOOO |17 | ®OOO | 24 | ®OO0O | 31 | ®OOO
OOOO |11 | OO0 | 18| ®OOO | 25 | ®OO0O | 32 | ®OOO
OOOO | 12 | ©GOOO | 19 | ®OOO | 26 | ®OOO | 33 | ®OOO
OOOO | 13| OO0 |20 | ®OOO | 27 | ®OO0O | 34 | ©®OOO
OOO0O | 14 | OO0 |21 | ®OOO | 28 | ®OOO | 35 | ®OOO

N | |G [ =W (DN |-

Cho céc day sb sau. Day s nao la day s ting?
1111
@1;1;1;1;1;1;.... 1;—;—;§;—'....

11 11
©1’_§’Z’_§’E""' (D) 1;3;5;7;9; . ...

2n? —1
n2+43

1 7 17 71
@u5:Z. uSZZ_L' ©u5zﬁ. @l/l5:@.

Cho day sO (uy), biét u, = . Tim sb hang us.

< . |ug=-1
Cho day sb (i), biét { !
Upt1 = Up +

la nhiing s6 nao dudi day?

(A)—1; 2; 5. ~1;3;7. ©)1; 4 7. (D) 4; 7; 10.

vdi n > 0. Ba s6 hang dau tién cta day s6 d6 la lan lugt
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1. DAY SO

n
Cho day s6 (uy), biét u, = (—1)" - 27 Tim s hang us.

8 8
@Mgz—g. u3:2. ©u3:—2. @ugz—.

U = 2
Cho day s6 (u,) xac dinh boi 1 . Tim s hang uy.
Upt1 = g(un +1)

2 14
@u4:§. u4:1. ©u4:—. @u4:§.

~ A o A —-n o A X [P 2 = A s 12X N ~ A s
Cho day so (1), biet u, = PR Nam so0 hang dau tién caa day so do lan luot la nhirng so6 nao
dudi day?

®2,3,45.6 ®_1, 2, 3 4 >
3'4'5°6" 7 273 4 5 6
©_2,3 4 5 6 ©L23L5
34 5 6 7 234’56

(A) uz = —6. B up = 4. (©uy = 8. D) u; = —2.

g

Cho day sb (uy), biét u, = ——
dudi day?

1
111 123 11 3 111
aT OF © D35

2426
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Trong cac day sb (u,) cho bdi sb hang tong quat u, sau, day s6 nao la day sb tang?

(A) 1, = (—2)". B u, = 3% @un = E (D) u, = 2".

n

Cho day s0 (uy), biét u,, = 3". Tim sb hang u,_1.
@ Upy_1 = 32n=1), 0 Upy_1 = 32 1.
(©ugy_q = 33771, (D) ugp_1 = 323" — 1,

Trong cac day sb (u,) sau day, day sd nao la day s6 bi chan?

@un=n+%. un=\/n2-|—1. @unz " @un=2”+1.

n+1

Cho day sb c6 cac s6 hang dau la: —2;0;2;4;6;. ... SO hang tong quat ctia day s nay la cong
thitc nao dudi day?

@unz—Z(n—i—l). un=—2n. @un=2n—4. @unzn—z.

Trong cac day sb (u,) cho bdi s6 hang téng quat u, sau, day s6 nao bi chan?

A uy =n+1. B) u, = n?. @un=3". @”":zln'
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. . 1234 . .
Day so c6 cac so hang cho bdi: 0; Y Z,‘ ARE c6 sO hang tong quat la cong thic nao dudi
day?

n+1 n—1 n®—n n
@un— ” . un— ” @un—n—l_l. @un—n+1.

= 4 2 . up =2 4 2 2 , = T S

Cho day so (1), dugc xac dinh y o SO hang tong quat u, ctua day so la so hang nao
n+1 — n

dudi day?
@un:2”. (B) u, = 2"+,

[

up =2 £ ° p > = A 18 A
! . 50 hang tong quat u, cta day so la so

Cho day sb (uy), duge xac dinh {

hang nao dudi day?

@un:2—(n—1)2.
@un:Z-l—(n—l)z.

Upy] —Up =2n—1

B) u, =2+ n2

@un=2+(n+1)2.

Trong cac day s (u,) cho bdi s6 hang tong quat u, sau, day s6 nao la day sb giam?
3n—1 1
@”nznz- ”n: n+1" @”n:vn—i-Z. @unzz_n.

Trong céac day s (uy) cho bédi s6 hang téng quat u, sau, day s6 nao la day sb tang?
1 1 n+>5 2n —1
@un—g. un—z_n. @un—3n+1. @un— n+1 .
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3n—1
3n+1

Cho day s6 (uy), biét u, = . Day s6 () bi chdn trén bdi s6 nao dudi day?

2n+5

Cho day s6 (uy), biét u, =

So

(A)9.

5n —4°

B 6.

7
12

1a s6 hang thit méy cia day s6?

D)8

Trong cac day s0 (1) cho bdi s6 hang tong quat u, sau, day s6 nao bi chan trén?

@un:nz. unzl. @unzzn. @un:\/n—i—l.

n

uy = -2
1 .S6 hang téng quat u, cta day s6 la s6 hang

Upt1 = —2— o
n

©un = -

Cho day s6 (uy), duge xac dinh {

nao dudi day?

u _Tl+1
n = .

+1
n+1" n n

Cho day s6 (i) c6 sb hang tong quat 1a u, = 2-3" véi n € IN*. Cong thirc truy héi ctia day sb
do la:

Up = 6“1’1—11” > 1

®{u1:6

Up = 3”1’[—11” > 1

{u1:6
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Uy = 6u,_1,n>1 Uy =3u,_1,n>1

‘ ©{u1:3 @{u1:3

2 u = 1
Cho day so (u,,), duge xac dinh {
y n / un_|:1 — un + (_1)21’1
S6 hang téng quat u, ctia day sb 1a s6 hang nao dudi day?

@unzl—i—(—l)zn. B) u, = n. @unzl—i—n. @unzl—n.

. n—1 2n+3 .
Cho day so (uy), v6i u, = (n——l—l) . Tim s0 hang 1,1 1.
n—1 2(n—1)+3 (1’1 . 1)2(n+1)+3
@un+1—(n+1) . un+1— 1
2n+5 2n+3
n n
©u”“_(n+2) ' @un+1—(n+2) '

Cho day s6 (uy), biét u,, = 2". Tim sb hang u,,1.

Bup1=2"+1. ®upp1=2"-2. Qup1=2"42. D upy =2(n+1).

~ A « A n + 1 A 8 N A , A ? ~ A
Cho day so (uy), biet u,, = 1 SO G la s0 hang thi may cua day so?
6 (©)5. D)8.

w7.
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Cho day s6 (uy), vdi u, = (—1)" Ménh dé nao sau day ding?

@ Day s (1) 1a day s6 bi chan. Day s (uy) la day sb tang.
@ Day s (1) la day s6 khong bi chan. @ Day s (uy) la day s6 gidm.

[

u =

1
Cho day s6 (1), dugc xac dinh { 2 . S6 hang tng quat u, ctia day sb la s6 hang

nao dudi day?

@un:%—Zn. un:1+2n.

2
@un:%+2(n—1). @un:%—Z(n—l).

Day s6 c6 cac s6 hang cho bsi: —1;1; —1;1; —1;... ¢6 s6 hang téng quat 1a cong thitc nao dudi

@un = -1 u, = (=1)". @un =1 @ Uy = (=1)" 1

U = 3 N
Cho day (u,) xac dinh boi Uy, . Ménh dé nao sau day sai?
Upt1 = > +2

5 31 15 63
@uzzz. u4:§. ©u3:—. @u5:—.

Cho day s (uy), v6i uy = 51 Tim s6 hang u,,_1.

@ Uy,_1=>5-5"1, Up_1=5""1. @un_l =5". @ U,_1=>5-5"",
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Ménh dé nao sau day ding?
< A 1 T < 4 [T
@ Day so u, = o 2 la day tang. Day so u, = 2n + cos = la day tang.
(C)Dau sb uy, = Z — la day giam. (D) Déy 6 1y = (—1)"(2" + 1) 1a ddy giam.

a) = 3
Cho day s6 (a,,), dugc xac dinh 1 . Ménh dé nao sau day sai?
py1 = 5n 1 >1

93 3
®a1+a23+a3—|—a4+a5zﬁ. ﬂlozm- .
@an = 2_TZ @an+1+an = z—n

Cho day s6 (uy), biét u, = V/3cosn —sinn. Day s6 (u,) bi chin dudi va chan trén lan lugt béi
cac so m va M nao dudi day?

@m=—1~M=1. B m=—-V3+1;M=+3-1.
©Om=-2M=2. @m:—%;M:\/g—i—l.
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52. CAP SO CONG
KIEN THUC TRONG TAM

1. Cép sb cdng

Dinh nghla 2.1. Cap s cong la mot day so (v6 han hodc hitu han) ma trong do, ké tir s6 hang
thit hai, méi sb hang déu bang téng ctia s6 hang ding ngay trudc né véi mot sb6 d khong doi,
nghia la:

Upi1 = Up+d voin € N

So d dugc goi la cong sai ctia cap so cdng.

Tim cap sb cong trong mbi day sb sau

a) 5; 10; 15; 20; 25; 30.
b) 1; 2; 4; 8.
o) 7,7,7,7;, 7.

Cho cap sb cong 3; 6;9; 12; ... Tim s6 hang dau, cong sai va us.

Chting minh méi day sb sau la cp s6 cong. Xac dinh s6 hang dau va cong sai ctia méi cap sb
cOng do.

a) Day s (uy) voi u, = 2n + 1.
b) Day s6 (vy) v6i uy = —3n + 5.
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A Néu (uy) la cdp sb cong thi ké tir s6 hang thit hai, mbi sé hang (trir so hang cudi doi véi cp sb cong
hitu han) déu la trung binh cong ciia hai s6 hang diing ké no trong day, tirc I

_ Mk + Uk

5 (k> 2).

5
Chitng minh méi day s6 sau la cap s6 cong. Xac dinh cong sai ctia méi cap s6 cong do.
a) 3; 7, 11; 15; 19; 23.
b) Day s6 (uy) v6i uy = 9n — 9.

c) Day sb (v,) v6i v, = an + b, trong d6 a va b 1a cac hang sb.

Il
<
o
=
~N

Mt cat cia mot t6 ong c6 hinh luéi tao béi cac 6 hinh luc giac déu. Tir
mot 6 dau tién, bude thit nhat, cac ong thg tao ra vong 1 gom 6 6 luc
giac; bude thit hai, cac ong thg tao ra vong 2 gom 12 6 bao quanh vong
1; budc thir 3, cac cac ong thg tao ra vong 3 gdm 18 6 bao quanh vong
2; ctt thé tiép tuc. S6 6 trén cac vong theo thit tur ¢6 6 tao thanh cap sb
cong khong? Néu c6 tim cong sai ctia cap s6 cong nay.

2. S6 hang téong quat ciia cdp sb cong

Dinh ly 2.1. Néu mot cap s6 cong () c6 s6 hang dau u; va cong sai d thi sd hang tong quat u,
ctia n6 dugce xdc dinh boi cong thic

Uy =u1+m—11d, n>2.

T

Tim s6 hang t6ng quat u, cta cip sb cong c6 s6 hang dau 1y = 3 va cong sai d = 9.
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Tim s6 hang téng quat ctia cac cap sb cong sau

a) Cap sb cong (a,) coa; =5vad = —5;

b) Cap s6 cong (b,) c6 by = 2 va by = 20.

oy 10

Tim s6 hang tong quat ctia cap sb cong (c,) 6 cq = 80 va cg = 40.

3. Téng ctia n s6 hang dau tién ctia cap sb cong

Dinh ly 2.2. Gia st (u,,) la mot cap s6 cong c6 cong sai d. Dat Sy, = ug + up + - - - + uy, khi d6

Sn = —1’1 (ul t un) hay Sn =

n[2uq 4+ (n — 1)d]
> .

2

Tinh cac tong sau
a) Tinh tong ctia 100 s6 nguyén duong dau tién.
b) Cho cap s6 cong (1) cb uy + ug = 20. Tinh téng 9 s6 hang dau tién ctia cip s cong do.

c) Cho cap s6 cong (v,) c6 S3 = —3 va S5 = —15. Tinh Ss.

== Vidu 12
Tinh tong sau
a) Tinh téng ctia 50 s6 tur nhién chan dau tién.

b) Cho cap sb cong (u,) €6 us + uzg = 100. Tinh téng 30 s6 hang dau tién ctia cap sb cong
do.

c) Cho cap sb6 cong (vy) c6 S¢ = 18 va S1p = 110. Tinh Spo.
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s

Mot rap hat c6 20 hang ghé xép theo hinh quat. Hang thi nhét c6 17
ghé, hang thi hai c6 20 ghé, hang thit ba c6 23 ghé, ... ¢ thé tiép tuc
cho dén hang cudi cung.

a) Tinh so ghe c6 6 hang cuoi cung. N shnkniy

2 A A P Hinh 4
b) Tinh tong so ghe c6 & trong rap. ;

Nhan dién cdp s cong, cdng sai d

Dua theo dinh nghia cta cap sb6 cong, d€ nhan dién (u,) 1a cap sb cOng < Uy = Uy +d.
Khi d6 cong sai d = u, 11 — uy, Vi € IN*.

T

Day s6 hitu han nao 1a mét cap s6 cong? Vi sao?

a) —2,1,4,7,10, 13, 16. b) 1, -2, —4, —6, —8.

& Day sb 1 1a mot cap sb cong, day s6 2 khong 1a mot cap sb cong.

+aEm
Trong cac day s6 dudi day, day s6 nao la cap sb cong?
a) Day s6 (ay) voia, = 4n —3; b) Day s (c) v6i ¢, = 2018".

& Day s6 11a mot Cép ) cong, day sb 2 khong 1a mot cép sb cong.

Cho cap sb cong (uy) c6 cong thirc sé hang téng quat u, = 3n+ 1, n € IN* . Tim s6 hang dau
11 va cong sai d? @ uy =4,d=3.
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ad=6

Tinh s6 hang dau u; va cong sai d cia mot cap s6 cong biét uy = 10vauy =19.  aw —1,d-3

Dang @ $6 hang téng qudt ctia cdp sé coéng

Dé xac dinh s6 hang téng quét ciia mot cap s6 cong, ta sit dung cong thiic
Uy, =u;+m—1)dhoacu, =u, 1+dvéin > 2.

Tiic 1a ta can xac dinh s6 hang dau u; va cong sai d.

T,

. . A 2 ‘e 2 A A A .z, JU7 =
Xac dinh so hang tong quat ctia cap so cong (u,), biet { p @ 1y =21 —6
A Y s A . .z 2 A 4, Ju1t+us—uz =10
Tim s0 hang dau va cong sai cua cap so cong (uy), biet Gy =16,d = -3
uy +ug = 17.
== Vidu3 I
2 2 A .. JU1L = -9 2 2 P 3 2 A
Cho cap so cong (u,) voi . Tim s0 hang tong quat cua cap so cdng (u,,).
Up—1 = Un —
Q 1, =5n—14
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Cho cap s6 cong (1) €6 upy = —52 va us; = —145. Hay tim s6 hang tong quat ctia cap s6 cong
dé. & uy, = —-3n+8

]
Tim s6 hang dau va cong sai ctia cap s6 cong (u,), biét
ug = 5uyp Uy —uz +us =10
a) b)
U1z = 2ug + 5. Uy +ug =7.

Q&M1:3,d:4;b{1:36,d:*13

== Vidué I
Tim s6 hang dau va cong sai ctia cap sb cong (u,), biét

—uz+uy =38 us = 4us
a) B b) B
UoUy = 75. UoUg = —11.

°~¢ {u1 =3 hOéC {ul :—17; {ul =—4 hOéC {ul =4
d=2 d=2 =3

Dang @ Tim sé hang cu thé frong cép s6 cong

Tim s6 hang thu k (k € N*) bang cong thic

U =u;+ (k—1)d.

T,

Cho cap sb cong (uy), biét
up = —15
d =18.
a) Tim us, uyg, U1s, U0, U25-

b) S6 1209 1a s6 hang thit bao nhiéu ?

Q us = 57, 119 = 147, u1s = 237, ung = 327, 25 = 417; 1209 1a s6 hang thit 69
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Tim sau s6 trong khoang (7; 35) dé dugc mot cap sb cong gom tam sb hang vdi u; = 7, ug = 35.
&, 11; 15; 19; 23; 27; 31

Mot cap sb cong c6 ndm sb6 hang ma téng s6 hang dau va s6 hang thit ba bang 28, tong cia s6
hang thit ba va so hang cuodi bang 40. Hay tim cap so cong do. & 11;14;17;20;23

Xéc dinh 4 géc ctia mot ti giac 10i, biét rang 4 géc hgp thanh cap sb cong va géc 16n nhat bang
51an g6c nho nhat. & 36°; 72°; 108°; 144°

a5

) ) . u5 = —43
Cho cap s6 cd o

a) Tim d va u;.

b) Tim uyg.

c) —161871asbd hang thit bao nhiéu caa cép ) cOng trén?
d) —35 c6 thudc cap sb cong trén hay khong?

Q {ZL: _811; 1rg = —235; —16187 la s6 hang thr 2023; —35 thudc cép sb cong da cho
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Dang (4)  Céc bai todn thyc 1

Céc bai toan thuc té vé cAp sb cong c6 thé dugce gidi bang cach st dung cong thirc ctia cAp sd
cong. Cong thic caa cap so cong la: u, = uy + (n — 1)d. Trong do:

© uy la s6 hang thi n ctia cap s6 cong.

@ uy 1a s6 hang dau tién ctia cap sb cong.
©@ d la cong sai ctia cap s6 cong.

© Mot s6 cong thirc thuong gap:

© u — Up—1+ Unt1

— 5 =uy+(n—1)d.
@Sn:(u1-|-2un).n:2u1—|—(2n—1)d%

T

Mot ngudi c6 mot khoan tién giri ngan hang voi lai suat 10% nam. Néu sau 5 ndm ngudi do6
nhan dugc tong so tién 1a 550 triéu dong thi s6 tién giri ban dau ctia ngudi d6 1a bao nhiéu?
& 366,67 triéu dong.

2]

Ban An muén mua mdt mén qua tdng me nhan ngay mung 8/3. Ban quyét dinh tiét kiém tir
ngay 1/2/2017 dén hét ngay 6/3/2017. Ngay dau An c6 5000 dong, ké tir ngay thu hai sb tien
An tiét kiém dugc ngay sau cao hon ngay trudec mébi ngay 1000 dong. Tinh s6 tién An tiét kiém
dugc dé mua qua tang me. &, 731000 déng.

i aus]

Mot hoi dong quan tri quyét dinh tang luong cho nhan vién hang nam theo ty 1é c6 dinh. Vi dy,
luong cia mot nhan vién dugce ting thém 5% so véi ndm trude. Hoi néu luong ctia mot nhan
vién 1a 10 triéu dong/ndm vao nam nay, thi luong ctia nhan vién do6 sé 1a bao nhiéu vao nam
thu 5? & 12,1550625 triéu déng/nam.
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)

Hung dang tiét kiém dé mua mot cdy guitar. Trong tuan dau tién, anh ta dé danh 42 d6 la, va
trong moi tuan tiét theo, anh ta da thém 8 d6 la vao tai khoan tiét kiém ctia minh. Cay guitar
Hung can mua c6 gia 400 d6 la. Héi vao tuan thir bao nhiéu thi anh ay c6 dd tién dé mua cay
guitar do? 8 1 = 46.

s

Hang thang 6ng An guri vao ngan hang mot s6 tién nhu nhau la 5000 000 dong (vao ngay dau
mdi thang) véi lai suat 0,5% mot thang, biét tién 1ai cua thang trudc duge nhap vao tién goc ctia
thang sau. Hdi sau 36 thang 6ng An nhan dugc so tién von va lai 1a bao nhiéu? (lam tron dén
hang don vi). & 197663927 ddng.

s

Mot xudng c6 dang tuyén cong nhan véi dai ngd vé luong nhu sau: Trong quy dau tién thi
xudng tra 1a 6 trieu dong/quy va ké tir quy thut 2 sé ting 1én 0,5 triéu cho 1 quy. Hoi véi dai
ngo trén thi sau 5 nadm lam viéc tai xudng, tong sb luong ctia cong nhan do la bao nhiéu?

&, 215 triéu dong.

Cho (u,) la cép ) cOng vai ) hang dau u; = 4 va cong sai d = —10. Viét cong thirc ) hang
tong quat uy,.
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Cho cap sb cong (uy) c6 s6 hang dau u; = —3 va cong sai d = 2.
a) Tim Uuio.

b) S6 195 1a s6 hang thi bao nhiéu cta cép sO cong do?

Bdi 4

Trong cac day sb sau day, da s nao la cap s6 cong? Tim s6 hang dau va céng sai ctia no.

9-5
a) Uy = 3 — 4n; b) un:g—él; Q) up = 5" d) u, = 3".
Tim s6 hang dau va cong sai ctia cap sb cong (u,), biét:
uz —u; = 20 Uy +uz =0 Us — Uy =
a) b) c)
Ur + us = 54; up + us = 80; ug-uz =24

Mot ngudi mudén mua mot thanh gb dt dé cat ra lam
cac thanh ngang ctia mot cai thang. Biét rang chiéu dai
cac thanh ngang cua cai thang do (ti bac dudi cung)
lan luot 1a 45 cm, 43 cm, 41 cm, .. ., 31 cm.

a) Cai thang d6 c6 bao nhiéu bac?

b) Tinh chiéu dai thanh g6 ma ngudi d6 can mua,
gia st chiéu dai cac mbi ndi (phan gb bi cat thanh
mun cua) 1a khong déng ké.
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Khi mét van dong vién nhay du nhay ra khoi mdy bay, gia st quang duong
ngudi ay roi tu do (tinh theo feet) trong méi gidy lién tiép theo thir tu trudc khi
bung du 1an luot 1a: 16; 48; 80; 112; 144; . .. (cac quang dudng nay tao thanh cap
s6 cong).

a) Tinh cong sai ctia cap s6 cong trén.

b) Tinh téng chiéu dai quang dudng roi ty do cta ngudi d6 trong 10 giay
dau tién.

O mot loai thuc vat ludng boi, tinh trang chiéu cao cay do hai gene khong alen 1a A va B ciing
quy dinh theo kiéu tuong tac cong gop. Trong kiéu gene néu cit thém mot alen troi A hay B thi
chiéu cao cay tang thém 5 cm. Khi trudng thanh, cay thap nhat ctia loai nay véi kiéu gene aabb
c6 chiéu cao 100 cm. Hoéi cdy cao nhat véi kiu gene AABB c6 chiéu cao bao nhiéu?
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PESO 1
Hoc sinh lam BTTL xong, t6 phucong dn diing. Budi hoc sau, ciing vdi GV kiém tra két qud.

QOO0 | 8 | OWOOO |15 | ®OOO | 22 | ®GOOOD | 29 | ®OOO
QOO0 | 9 | OOOO |16 | GOOO | 2 | ©GOOO | 30 | ®OOO
@OOO | 10 | @OOO | 17 | OOOO | 4 | OO0 | 31 | ®OOO
QOO0 | 11 | OOO | 18| ®OOO | 25 | ©®OOO | 32 | ®OOO
@WOO0O | 12 | OO0 |19 | ®GOOO | 26 | ®OOO | 33 | ®GOOO
QOO0 | B | OOOO |20 | ®OOO | 27 | ©®OOO | 3¢ | ©®OOO
QOO0 | 4 | OO0 | 21 | ®GOOO | 28 | ®OOO | 35 | ®OOO

N | O | O | x| WD |-

Xen vao gitra hai s6 4 va 40 bon s6 dé duge mot cap sb cong? Tim téng bon s6 d6?

(A)72. 88. (©)100. (D) 66.

(A)33. 37. (©)40. (D) 45.

Cho cap s6 cong (uy) c6 uy = —12, ug4 = 18. Tinh téng 16 sb hang dau tién ctia cip sb cong

(A) S16 = —24. S16 = 26. (C) S16 = —25. (D) S16 = 24.

iz 1 ,
Cho cap so cong (uy) cO uy = —3vad = > Khang dinh nao sau day dung?

1 1
@un:—3+§(n—|—1). un=—3—|—§n—1.

1 1
@un=—3+§(n—1). @un=—3+1(n—1).
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\_ Trang £

Cho cap sb cong (1) c6 us = —15, upy = 60. Téng Sy ctia 20 s6 hang dau tién cta cap s6 cong

la
S0 = 60. @ S0 = 250.

(D) Sy = 500.

(A) Sz = 600.

Cho cap sb6 cong (u,) co ug =1 vaup = 3. Gia tri cta us3 bing

9. (©)4.

g A X N 2 A A A A N 31’12 —19n s A A
Tong n so hang dau tién cua moét cap so congla S, = —g  Vvoin € IN*. Tim so hang dau

tién 11 va cong sai d cta cap so cong da cho,.

3 3 5 1
@u1:2,d:—§ u1:—4, :i @ulz—i,d:—Z. @ulzz,d:z

Day s6 nao sau day 1a mot cap s6 cong?
@ uy = 3n%+ 1.
@ Uy = vn+>5.

un = 2",

(D) u,, = 2020 — 2019n.
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Trén mot ban cd c6 nhiéu 6 vudng, ngudi ta dit 7 hat dé vao 6 dau tién, sau d6 dat tiép vao 6
thit hai s6 hat nhiéu hon 6 thit nhat 1a 5, tiép tuc dit vao 6 thit ba sd hat nhiéu hon 6 thit hai
14 5,... va ctt thé tiép tuc dén 6 thu n. Biét rang dit hét s6 6 trén ban cd ngudi ta phai stt dung
25450 hat. Héi ban co d6 c6 bao nhiéu 6 vudéng?

(A) 100. 102. (C)9s. (D) 104.

Néu céc 86 5 + m; 7 + 2m; 17 4+ m theo thu tu 1ap thanh cap s6 cong thi m bang bao nhiéu?

@mz . m=2. ©m=4. @mz

Trong cac day sb6 duoc cho dudi day, day sb nao la cap sd cong?
7
@u =7 — 3. B u,=7-3n. @un:7-3”. @un:E’)_n'

Cho cap s6 cong (u,) cé uy = —5vad = 3. 56 100 la s6 hang thir may ctia cap sb cong?
(A) Thix 36 . (B) Thr 15 . (C) Thx 20 . (D) Thx 35 .

A s —u3z =38 )
Cho cap s0 cong (1) théa man {Z7u 1 75 Tim cong sai d cta cap so cong da cho.
2U7 =
(A)d=3. ® d=2. @d:%. @d:%.
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Véi gia tri nao cua x va y thi cac s6 —7; x; 11; y theo thi tu d6 lap thanh mot cép sO cong?

Ax=4y=18. B®x=Ly=21. ©x=2y=2. Dx=3y—19.

Cho hai s6 —3 va 23. Xen keé gitta hai s6 da cho 7 s6 hang dé tit ca cac sb d6 tao thanh cap s6
cong c6 cong sai d = 2. Tim n.

(A)n=12. B) n=13. ©n=14 (D) n = 15.

Cho cap s6 cong (u,) thoa man uy + ug + ug + u15 = 100. Tinh tong 16 s6 hang dau tién ctia cap
s6 cong da cho.

(A) S16 =300 . S16 = 200. (©)S1 = 100. (D) S16 = 400.

Cho cap sb cong (uy) c6 up = 2001 va us = 1995. Khi d6 11991 bang:
@ U001 = 1. U001 = 4005 . @ U001 — 4003. @ U001 — 3.

Mot gia dinh can khoan mot cai giéng dé 14y nude. Ho thué mot doi khoan giéng nude dén
dé khoan giéng nudc. Biét gia ciia mét khoan dau tién 1a 80.000 dong, ké tir mét khoan thit 2
gia ctia mo6i mét khoan ting thém 5.000 dong so véi gia ciia mét khoan trude d6. Biét can phai
khoan sau xudng 50 m mdi c6 nude. Vay hoi phai trd bao nhiéu tién dé khoan céi giéng d6?
(A)10.125.000 dong. 4.000.000 dong.  (C)4.245.000 déng. (D) 5.2500.000 ddng.
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Cho cp s6 cong (1) c6 uy = —12 va uyy = 18. Tim s6 hang dau tién u; va cong sai d ctia cap
s6 cong da cho.

(A uy = —22;d = 3. B uy = —21;d = 3.

(©uy = —21;d = 3. (D) uy = —20;d = —3.
Cho cap sb6 cong (uy), biét: u, = —1,u, 1 = 8. Tinh cong sai d cau cap s cong do.

= -9. ®d=-7. ©d=9. ©d=

Ba goc A, B, C(A < B < C) ctia tam gic tao thanh cAp sb cong, biét goc 16n nhat ghp doi goc
bé nhat. Hiéu s6 do do ctia goc 16n nhat voi goc nhd nhat bang:

(A) 60°. 80°. (C)45°. (D) 40°.

Uy —uz+us =15

Cho cép sO cong (u,) thoa man { . Chon khéng dinh dung trong cac khrfmg

Uy + ug = 27
dinh sau?
u1:21 u1:18 u1:21 u1:21
LTS Lt oPL e

Mot cap s6 cong c6 12 s6 hang. Biét rang tong ctia 12 sb hang d6 bang 144 va sb hang thir mudi
hai bang 23. Khi d6 cong sai d ctia cap s6 cong da cho la bao nhiéu?

Ad=2. Bd=4. (©d=3. Dd=
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Cho cap s6 cong (u,) c6 uy = —5 va d = 3. Ménh dé nao sau day ding?

@ Uis = 45. Uiz = 31. @ Uiy = 34. @ Ui = 35.

Viét ba s6 hang xen gitra cac s0 2 va 22 dé dugc mot cap s6 cOng c6 nam so hang.

(A)6;12;18. 7;12;17 . (C)8;13;18. (D) 6;10; 14.

Nguoi ta trong 3003 cay theo mot hinh tam giac nhu sau: hang thir nhat trong 1 cay, hang th
hai trong 2 cy, hang thi ba trong 3 cay, . . . Hoi c6 tat ca bao nhiéu hang cay?

(A)75. 73. (©)77. (D) 79.

A A A 2 A X 1 . 1 9 A . . A X . 2
Cho cap so6 cong c6 so hang dau u; = — 5 cong sai d= > Nam so hang lién tiep dau tién cua
cap sb nay la:

@—1-0~1-0-%. ® —2:0:1: 51, @1,-1;%,-2;; @—1-0-1-1%.

2/ 4 121

Cho cap s6 cong (1) c6 u; = 4 vad = —5. Tinh téng 100 s6 hang dau tién ctia cap sb cong.
(A) S100 = —24350. S100 = 24600. (C) S190 = 24350. (D) S199 = —24600.
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Cho cac s6 —4; 1; 6; x theo thit tu 1ap thanh mot cap s6 cong. Tim x.

(A)x=10. B x=12. ©x=11. Dx=7.

Cho cp s6 cong (uy) coOuy = —3vad = 5 Khang dinh nao sau day dung?
1 1
@un:—3+§(n—1). un:—3+§(n+1).
1
@un:—S—FZ(n—l). @un:—3+%n—1.

Cho cép ) cong (uy) co cac ) hang dau lan luot 1a 5; 9; 13; 17;. ... Tim sb hang tong quat uy,
cta cap so cong.

(A) u, = 4n — 1. B)uy,=5n—1. Quy=5n+1. D) u, =4n+1.

Mot rap hét c6 30 day ghé, day dau tién c6 25 ghé. Mbi day sau c6 hon day trude 3 ghé. Hoi rap
hat c6 tat ca bao nhiéu ghé?

(A)1635. 2055. (©)1792. (D) 3125.

.1 1 L 4
Cho day so 5;0;—5;—1;—%;....15;1 cap so cong voi:

) N 1 1 ’ \ 1
@ SO hang dau tién la 5 cong sai la —5 So hang dau tién la 0, cong sai la >

- N 1 2 ; 1 1
@ So hang dau tién la 0, cong sai la —5 @ SO hang dau tién la > cong sai la >
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Cho cap sb cong (uy) c6 d = —2 va Sg = 72. Tim s6 hang dau tién u,

®M1:16. u1:—16. ©u1:11—6. @u1:—11—6.

Ba goc cia mot tam gidc vuong tao thanh cap s6 cong. Hai géc nhon ctia tam gidc c6 s6 do (do)
la:

(A) 45° va 45°. 20° va 45°. (C)30° va 60°. (D) 20° va 70°.

(A)S=0. B S=-1. ©S=n. D)S=—n.

Cho cap so cOng u1; uy; us; . .. ; U, ¢d cong sai d, cac so hang cua cap so cong da cho deu khac 0.
ca.oo 21101 . A %
Vdi gia tri nao cua d thi day so —; —; —;...; — la moét cap so cong?
Uy Uz Uz Up

(A)d=0. ®d=1. ©d=-1. Dd=2.

Cho cap sb cong (1) thda man uy + upz = 60. Tinh tong Sy ctia 24 s6 hang dau tién cta cap s6
cong da cho.

(A) Sy =60 . Spy = 120. (C) Sp4 = 1440. (D) Sy4 = 720.
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Uy + ug + ug = 36
u2u3=54

(A)d=4. B d=3. (©d=6. D) d=

Cho cap s6 cong (uy,) thoa { . Tim céng sai d cta cap s6 cong (u,) biét d <
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53. CAP SO NHAN
KIEN THUC TRONG TAM

1. Céap s6 nhan

Dinh nghia 3.1. Cip s6 nhan la mét day s6 (hitu han hodc v6 han) ma trong do, ké tir s6 hang
thit hai, méi s6 hang déu bang tich cta s6 hang ding ngay trudc né véi mot sd g khong déi,
nghia la

Upi1 = Uy -q vOin € N™.

S6 q dugc goi 1a cong boi cta cap sd nhan.

T

Tim s6 hang dau va cong boi ctia cac cap so nhan sau:

a) 3;6;12;24;48; .. ; b) 1, —

¢ 999,909 ...

Trong cac day sb sau, day s6 nao la cip s6 nhan? Tim s6 hang dau va cong boi ctia cap s6 nhan
do.

a) 1;11;121;12321;1234321; b) 1;,—-1;1;,—-1;1; c) 4;8;12;16.

A Chii j: Dy s6 (1) 1a cdp s6 nhan thi u2 = u,_q - ty4q v6in > 2.
y- bay P n +

Cho ba sb tu nhién m; n; p theo thit tu 1ap thanh cp sb cong. Chirng minh ba s6 2™; 2"; 27 theo
thit tu 1ap thanh cap s6 nhan.
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oy

Mot qudc gia c6 dan s6 nam 2011 1a P triéu ngudi. Trong 10 ndm tiép theo, mdi ndm dan s6
tang a%. Chung minh rang dan so cac nam tir nam 2011 deén nam 2021 cua quoc gia d6 tao
thanh cap so nhan. Tim cong bdi ctia cap sO nhan nay.

oy

Tan sb cta ba phim lién tiép Sol, La, Si trén mot cay
dan organ tao thanh cip s6 nhan. Biét tan sb6 cta hai
phim Sol va Si lan lugt 1a 415 Hz va 466 Hz (theo:

https:/ /vi.wikipedia.org/wiki/Do _(nét nhac)). Tinh tan
s6 ctia phim La (lam tron dén hang don vi).

2. S6 hang tong quat ciia cdp sd nhan

Dinh ly 3.1. Néu mot cap s6 nhan (u,) c¢6 s6 hang dau u; va cong boi g thi s6 hang téng quat
U, cua no6 duoce xac dinh bdi cong thuc

Uy = u1~q"*1, n> 2.

T

Cho cap so nhan c6 8 so hang, so hang dau la 4374, so hang cuoi la 2. Tim cong bdi cta cap so
nhan do.

oy

Viét cong thitc s6 hang téng quat u, theo s6 hang dau u; va cong boi g ctia cac cap sd nhan sau:

1 1 1 1

a) 5;10;20;40;80;...; b) 1; E; 100; 1000} 10000;. ..
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Chu ki ban ra ctia nguyén t6 phong xa poloni 210 1a 138 ngay, nghia la sau 138 ngay, khdi
lugng ctia nguyén t6 do chi con mét nira (theo: https:/ /vi.wikipedia.org/wiki/ Poloni-210).
Tinh khéi lugng con lai ctia 20 gam poloni 210 sau:

a) 690 ngay; b) 7314 ngay (khoang 20 nam).

3. Téng cta n sd hang dau tién cta cap s6 nhan
Cho cap s6 nhan (uy) c6 cong boi g. Dat Sy = ug +up + -+ - + uy.

a) Sosanh q-S, va (up+uz+---+uy)+4g- b) Sosanhu; +4-S,vaS,+uy-q"
Uy,

Dinh ly 3.2. Gia st () 1a mot cap s6 nhan c6 cong boi g # 1. Dat S, = uq + up + - - - + uy, khi

.
up (1—¢")

A Chiy:Khiqg=1thiS, =n-uy.

Tinh téng 10 s6 hang dau tién cta cap s6 nhan (u,) c6 sb hang dau u; = 1 va cong boi g = 2.

Tinh tng 1 s6 hang dau tién cta cap s6 nhan (u,,) trong cac truong hgp sau:

a) u1:105/q:O/11n25; b) M1:10,u2:—20,7’l:5.
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MOT SO DANG TOAN THUONG GAP

Dang @ Nhan dién cép s nhan, cong bdi g

Dé nhan dién (chiing minh) méi day s6 1a cap s6 nhan, ta lam nhu sau:
Chiing minh u,, 11 = u,q, Vn € IN* va g 1a mot s6 khong déi.

A S A 2 A u
Neu u, # 0, Vn € N* thi ta lap ti so 1 _

n
Up

@ Néu k 1a hang s6 thi (u,,) la cAp s6 nhan véi cong boi g = k.
@ Néu k phu thudc vao 7 thi (u,) khong phai 1a cip s6 nhan.

DPé chitng minh day (u,) khong phai la mot cp s6 nhan. Khi do, ta chi can chi ra ba s6 hang

A N an R 4 A 2 u u
lién tiep khong tao thanh mot cap so nhan, chang han u_3 u_z
2 1

Dé chitng minh ba s6 a, b, ¢ theo thit tu d6 lap dugc mot cip sb nhan, thi ta chiing minh ac = b?
hoac |b| = /ac.

T

Day s6 1;1;1;1;... c6 phai 1a mot cip s6 nhan hay khéng? & Diy s61;1;1;1;. .. Ia mot cip s6 nhan.

Day s6 u, = 3" c6 phai la mot cdp s6 nhan khong? Néu co, hay tim cong bdi ctia cap s6 nhan
do. & (i1,,) 1a cap s6 nhan véi cong bodi g = 3.

uy = 3
Day s6 9 ¢6 phai la mot cp s6 nhan khong? Néu c6, hay tim cong boi ctia cap sd
Unyl = —
Un
nhan do. & (i1,) 1a mot cap s6 nhan véi cong boi g = 1.

Cho (uy) 1a cdp s6 nhan c6 cong bdi g # 0, uy # 0. Chirng minh rang day s6 (v,) v6i vy = Uy,
Cﬂng la mét Cép sO nhan. & (v,) la mot cap sé nhan vdi cong boi 1a g°.
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s

, .y
Cho day s6 (i) dugc xac dinh b {”1

Upr1 = 4u, +9
xac dinh béi v, = u, +3,Vn € IN* la mot cap so nhan. Hay xac dinh s6 hang dau va cong bdi
cua Cép sO nhan do. & (vy) 1a cp s6 nhan véi cong boi g = 4 va s6 hang dau vy = 5.

,¥Vn € IN*. Chitng minh rang day s6 (v;,)

Dang @ $6 hang t8ng quét ctia cép sé nhan

Dua vao gia thuyét, ta 1ap mot hé phuong trinh chira cong boi g va s6 hang dau u,. Giai hé
phuong trinh nay tim duoc u; va q.
Néu cép s6 nhan (u,) c6 s6 hang dau u; va cong boi g thi ) hang tong quat u, dugc xc dinh
boi cong thiic

Uy = uy-q" L véin > 2.

T

Tim sb hang t6ng quat ctia day s62;4;8;16;32; ..., biét day (u,) 1a mot cép s6 nhan.
Q u, =221,

2]
U1 + us =51

Tim s6 hang dau, cong boi va sb6 hang tong quat ctia cap s6 nhan, biét
Ur + ug = 102.

Quy=3,q=2vau, =3-2"1

u1 + ug = 30

Tim s6 hang dau, cong bdi va sb hang téng quat ctia cap s6 nhan, biét
ur + uy = 120.

6
=4dvau, = —— -4

6
& = 5051 205
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s

2 N A e 8 A 2 y 2 A A A . 4 uz =40
Tim s0 hang dau, cong bodi va so hang tong quéat cta cap so nhan, biet { 160
Ug = .
& uy = %,quvéun =40-3"3,

s

Tim s6 hang dau, cong boi va sb6 hang téng quat ctia cip s6 nhan c6 cong bdi g € Z, g # 0, biét
{uz + u4 — 10 72)n

Qo =-1,9g=-2vau, = (

Uy + uz +us = —21. 2

Dang @ Tim s6 hang cu thé cGia CSN

Ta chuyén cac s6 hang ctia CSN vé s6 hang dau u; va cong boi g. St dung cong thirc u, =
-1

up-q" .

Chia hai phuong trinh ve theo ve ta thu dugc phuong trinh theo g.

Giai tim g va uy. Tir d6 tim duoc s6 hang can tim thda ycbt.

T

Cho u, 1a CSN thoa u; = 2; uy = 16. Tim s6 hang thit 5 cia CSN.

A 5 uy +ue = —540
Cho cap so nhan (u;) c6 { 4t

us +us =180 Tinh s6 hang dau u; va cong bdi g ctia cap SO nhan.

A 2 9% . T PSP S
Cho capsonhanco u; = —3,g9 = 3 SO i3 la so hang thit may cua cap so nhan?
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oy

A A 2 A ~ z N 3 A A LN N A A
Cap so nhan (u,) c6 soO hang tong quat la u, = 5 2"=1 5 € IN*. S6 hang dau tién va cong boi

cta cap so nhan do la

s

Ngudi ta thiét ké mot cai thap gém 10 tang theo cach: Dién tich bé mat trén ctia méi tang bang
nuta dién tich bé mat trén ctia tang ngay bén dudi va dién tich be mat cia tang 1 bang nira dién
tich bé mat de thap. Biet dién tich bé mat de thap 1a 12288 m?, tinh dién tich bé mat trén cung
cta thap.

Dang (4)  Tim diéu kién d& mét day s 1ap thanh CSN

Day sb a, b, c 1ap thanh CSN khi b?> = a - c.
b2=a-c

Day sb a, b, ¢, d lap thanh CSN khi { 2>y
cC=0v-d.

T,

Cho day 3, x,12,y. Tim x, y dé day la CSN.

Y,

’ L % R ’ 5
Céc so x + 6y, 5x + 2y, 8x + y theo thu tu do6 lap thanh moét cap so cong, dong thoi, cac so x + 3
y — 1, 2x — 3y theo thit tu d6 lap thanh mot cap s6 nhan. Hay tim x va y.
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o]

Tim tat ca cac gia tri cia tham s6 m dé phuong trinh sau c¢6 ba nghiém phan biét 1ap thanh mot
cap sé nhan x> — 7x? + 2 (m? + 6m) x — 8 = 0.

Céc s6 x + 6y, 5x + 2y, 8x + y theo thit tu d6 1ap thanh mot cap s6 cong; dong thoi cacsd x — 1,
y + 2, x — 3y theo thit tu d6 1ap thanh mot cAp s6 nhan. Tinh x? + y2.

Dang @ Tinh téng cla cép sé nhén

Phuong phap
© Xac dinh s6 hang dau uq, cong boi g.

@ Ap dung cong thiic tinh tong cac s6 hang ctia cap s6 nhan.

T

Tinh t6ng 10 s6 hang dau tién ctia cAp s6 nhan (u,), biét u; = —3 va cong bdi g = —2.

& 5y = 1023

Tinh tong 8 s6 hang dau tién cta cap s6 nhan (uy,), biét u; = 3 va up = 6. & S5 = 765
inh tong vo han S = 1+ = + — !

Tinh tong v6 han —1—|—§—|—§+...+2—n—|—... & S=2
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i

. ) \ ) . Jur =1
Tinh tong 200 so hang dau tién caa day so (u,) biet { !

Upy1 = 3Up

Dang @ Két hop cdp s cong va cép s6 nhan

Nhac lai tinh chat CSC, CSN
© 3sba,b,c theo thit tu 1ap thanh CSC thia + ¢ = 2b.
@ 3sba,b,c theo thit tu 1ap thanh CSN thi a.c = b,

T

Ba s6 x,y, z theo thit tu d6 lap thanh mot CSN véi cong boi g(g # 1), dong thoi cac s6 x, 2y, 3z
theo thu tu do lap thanh mot CSC véi cong sai d . Hay tim ¢?

Biét ré“lng a,b,clabasb hang lién tiép ctia mot CSC va a, ¢, blaba sd hang lién tiép cua mot CSN,
dong thoia + b+ c = 30. Tim 4, b, c.

Ba sb x, Y,z theo thu tu d6 lap thanh moét CSN. Ba s6 x, y — 4, z theo thu tu do6 lap thanh CSN.
Dong thai cac s6 x,y — 4,z — 9 theo thit tu d6 1ap thanh CSC. Tim x, y, z.
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s

Cho a,b, ¢ 1a ba s6 hang lién tiép ciia mot CSN va a,b,c — 4 1a ba s6 hang lién tiép ctia mot
CSC, déng thoia, b —1,c —51labasb hang lién tiép ctia mot CSN. Tim a, b, ¢ biét a, b, ¢ 1a céc s6
nguyén.

a5

Cho 4 s6 nguyén duong, trong d6 3 s6 dau lap thanh mot CSC, 3 s6 hang sau thanh lap CSN.
Biét rang tong ctia s6 hang dau va s hang cudi 1a 37, téng ctia hai s6 hang gitra la 36. Tim téng
456 do

{ : ) Bditodn thuc té

T

Dan s6 trung binh ctia Viét Nam nam 2020 1a 97,6 triéu ngudi, ti 1é taing dan s6 1a 1,14% /nam.
(Nguon: Nién gidm thong ké ciia Viét Nam nim 2020, NXB Thong ké, 2021)
Gia st ti 1é ting dan s6 khong déi qua cac nam.

a) Sau 1 ndm, dan sb cta Viét Nam sé 1a bao nhiéu triéu ngudi (lam tron két qua dén hang
phan muoi)?

b) Viét cong thirc tinh dan s6 Viét Nam sau 7 ndm ké tir nam 2020.

& ~ 98,7 triéu nguoi

2]

Bac Linh gtti vao ngan hang 100 triéu dong tién tiét kiém voi hinh thic lai kép, ki han 1 nam
vdi lai suat 6% /nam. Viet cong thic tinh so tién (ca goc va 1ai) ma bac Linh c6 dugc sau n nam
(gia st 1ai suat khong thay ddi qua cdc nam). & 100 1,06"! triéu déng
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T,

Mot hinh vuéng mau vang c6 canh 1 don vi dai dugc chia thanh chin hinh vuéng nho hon va
hinh vudng & chinh gitra dugc t6 mau xanh nhu Hinh 2.1 Mo6i hinh vuéng mau vang nhé hon
lai dugc chia thanh chin hinh vudng con, va mdi hinh vuéng con & chinh gitra lai dugc t6 mau
xanh. Néu qua trinh nay dugc tiép tuc 13p lai ndm lan, thi tdng dién tich cac hinh vuéng dugc

t6 mau xanh la bao nhiéu? 26281
|
| |

39366

Mot khay nudc c6 nhiét do 23° dugc dit vao ngan da cda ta lanh. Biét sau méi gio, nhiét do
ctia nudc gidam 20%. Tinh nhiét d¢ ctia khay nudc do sau 6 gio theo donvido C. & ~7,5 gam

s

Chu ki ban ra cta nguyén t6 phéng xa poloni 210 1a 138 ngay, nghia la sau 138 ngay, khoi
lugng ctia nguyén t6 d6 chi con mot nira (theo: https:/ /vi.wikipedia.org/wiki/ Poloni-210).
Tinh khéi lugng con lai ctia 20 gam poloni 210 sau:

a) 690 ngay; b) 7314 ngay (khoang 20 nam).

Té bao E.Coli trong diéu kién nudi cay thich hgp cit 20 phtt lai phan d6i mot 1an. Hoi sau 24
gio, té bao ban dau sé phan chia thanh bao nhieu te bao? & 272
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@ BAI TAP REN LUVYEN

Trong cac day sb sau, day s6 nao la cap s6 nhan?

U = 1
w, = 3(=2 n; b = (=1 n+1 | 771’.
a) uy (—2) ) up = (1) c) {un—H = 2u, +3.

Tim s6 hang dau va céng bdi ctia cap s6 nhan (u,), biét:

us —up =15 U1 — Uz + us = 65
a) b)
U+ uy = 325.

a) S6 do bén gbc clia mot tit gidc 1ap thanh cdp s6 nhan. Tim s6 do ctia bon goc d6 biét rang
s0 do ctia goc 16n nhat gap 8 lan so do cua goc nhé nhat.

b) Viét sau sb xen gitta cac s6 —2 va 256 dé dugc cap s6 nhan c6 tam sb hang. Néu viét tiép
thi so hang thu 15 1a bao nhiéu?

2 1 2
b—a' b’b—c
tu 1ap thanh cap so nhan.

theo thtt tu 1ap thanh cap sb cong. Ching minh rang ba s6 4, b, ¢ theo thi

Ba s
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Tinh cac tong sau:

1 1 1
a) Sn:l+§+?7+-"+3—n; 9} 5 = YR ERCERI S 000 o B 0

nchitsb9

Mot loai vi khudn dugc nudi cay trong
phong thi nghiém, ct mdi phut s6
lugng lai ting 1én ghp doi sO luong
dang c6. Tir mot vi khuan ban dau,
hay tinh téng s6 vi khuan c6 trong bng
nghiém sau 20 phuit.

I

Gia st mot thanh phd c6 dan sb nam 2022 la khoang 2,1 triéu ngudi va toc do gia ting dan s6
trung binh mdi nam 1a 0,75%.

a) Dy doan dan sb cta thanh phd d6 vao nam 2032;

b) Néu toc do gia ting dan s6 van gitt nguyén nhu trén thi udc tinh vao ndm nao dan s6 cda
thanh phd do6 sé tang gap d6i so voi ndm 2022?
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Trong trd choi mao hiém nhay bungee, méi 1an nhay, ngudi choi
sé dugc day an toan c6 tinh dan hoi kéo ndy ngugc 1én 60% chiéu
su cta cd nhay. Mot ngudi choi bungee thuc hién ci nhay dau
tién c6 do cao nay nguoc lén 1a 9 m.

a) Tinh d6 cao ndy nguoc 1én ctia ngudi dé & lan nay thit ba;

b) Tinh tong cac do cao ndy ngugc 1én ctia ngudi d6 trong 5
lan nay dau.
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Chuong 2. DAY sO, CAP s& CONG, CAP sO NHAN

BAI TAP TRAC NGHIEM LAN 1

\_ Trang £

BANG TO DAP AN TU LUYEN - PESO 1
Hoc sinh lam BTTL xong, td phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

OOO0O | 8 | ®OOO | 15

OO0 | 22 | ®OOO |29 | ®OOO

OOOO | 9 | ©®OOO | 16

@OO0 | 23 | ®OOO | 30 | ®OOO

OOOO | 10 | ®OOO | 17

OO0 | 24 | ®OOO |31 | ®OOO

OO0 | 11 | OO0 | 18

OO0 | 25 | ®OOO | 32 | ®OOO

OO0 | 12 | ®OOO | 19

OO0 | 26 | ®GOOO | 33 | ®OOO

OO0 | 13 | OOOO | 20

OO0 | 27 | ®OOO | 34 | ®OOO

N | O |G s W DN

OOO0O | 4 | OOOO | 21

OO0 | 28 | ®OOO | 35 | ®OOO

(A)18. ®) 17.

Mot cap s6 nhan c6 cong bodi bang 3 va s6 hang dau bang 5. Biét s6 hang chinh gitra la 32805.
Hoi cap s6 nhan da cho c6 bao nhiéu s6 hang?

(©o. D) 16.

AL 1 . 1 . , AL
Cho cap so nhan (u,) cou; = —1vag = ~10 SO 10 la s0 hang tht may cta cap so nhan da
cho?
@ S6 hang thi 104. Khong 1a s6 hang ctia cap sb da cho.
(C)S6 hang thtx 105. (D) 6 hang th 103.
Cho cap sb nhan (uy,) c6 u; = —3 va g = —2. Tinh t6ng 10 s6 hang dau tién ctia cAp s6 nhan da
cho

(C) Sy = —511. (D) S19 = 1023..

2 74 1 Z 2z
Tim b > 0 dé cac sb —; V/b; v/2 theo thu tu d6 lap thanh mot cap so nhan.

V2
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Thém hai s6 thuc duong x va y vao gitta hai s6 5 va 320 dé dugc bon s6 5; x; y; 320 theo thi tu
d6 lap thanh cap s6 nhan. Khang dinh nao sau day la diung?

®{x=15. {x=25 ©{x=20. @{x=30.

y =45 y =125 y =80 y =90

Cho cap s6 nhan (u,) c6 tong cda hai s6 hang dau tién bang 4, tong ctia ba s6 hang dau tién
bang 13. Tinh tong ciia nam so hang dau tién cta cap so nhan da cho, biet cong boéi ctia cap so
nhan la mot so duong.

(A) S5 =121. 55:§. (C)S5 =141. @55=181

16

(©11. D) 12.

Cho cép s6 nhan (u,,) ¢6 cong boi g. Ménh dé nao sau day dung?
10" —
(A)S=9+99+999+---+999...9. OFE = !
Up_1+u _
@“k:%- D) uy = uy - ¥,
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=D

n - 4 Z
Cho cap sb nhan (u,) c6 téng n s6 hang dau tién 1a S, = e Tim s6 hang tha 5 ctia cap so

nhan da cho.

2 2 5
®u5=§. u5=??. ©u5=35. @u5=3—5.

Cho cap s6 nhan (uy) c6 téng 1 s6 hang dau tién 1a S, = 5" — 1. Tim s hang thi 4 cta cap s6
nhan da cho.

(A)uy =124, (B) uy =500 . (©)uy = 624. (D) uy = 100.

Cho cép sO6 nhan (1) c6 u, = —6 va ug = —486. Tim cong bdi g cua cép s6 nhan da cho, biét
rang uz > 0

@q:_?" q:3- @q:—%. @q:%.

Ba so0 hang dau cia mét cap so nhan la x — 6; x va y. Tim y, biét rang cong boi cua cap so nhan
la6

324 1296
Wy=12 (B) y =216. ©y==. ©y=20.

Tim s6 hang dau 1 va cong bdi g ctia cip s6 nhan (u,), biét {
u

®{u1:5. {u1:6. ©{u1=6. @{u1=5.

g=3
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Cho cép s6 nhan c6 céc s6 hang lan luotla 1; 4; 16; 64;...Goi S, 1a t6ng ctia 7 s6 hang dau tién
cta cap so nhan d6. Ménh de nao sau day dung?

n—1
@sn:%. ®) S, = 4" 1,

44" -1 4" —1
@Sn:¥ @Snz 3 .

Day s0 nao sau day la cap s6 nhan?
U = —2 u; =1
un+1:2un+3/n21. {
up = — —

2 g
© o e

U, = sin(
n J—

Tim x dé ba 56 1 + x;9 + x;33 + x theo thit tu d6 lap thanh mot cap s6 nhan.

®x=3. x=3;x:7. @le. @x:7.

Mot chp s6 nhan c6 ba s6 hang 1a a, b, ¢ (theo thit tu d6) trong d6 cac sb hang déu khéac 0 va
cong boi g # 0. Ménh dé nao sau day la ding?

1 1 1 1 1 2 1 1
i-L1 ®1-1 1.2 @i-L

Mot cap s6 nhan c6 s6 hang thit hai bang 4 va s6 hang thit sdu bang 64, thi s6 hang tong quat
ctia cAp s6 nhan dé6 c6 thé tinh theo cong thirc nao dudi day?

@un:2”. (B) u, = 2"+t . @un:2”*1. (D) uy, = 2n.

GV: NGUYEN BINH KHOI - BT: 0909 461 641




Chuong 2. DAY 5O, CAP 56 CONG, CAP 5O NHAN \_ Trang %

Cho cp s6 nhan (u,) 6 up = —2 va us = 54. Tinh téng 1000 s6 hang dau tién ctia cap s6 nhan

da cho.
1— 31000 1— 31000 31000 o 1 31000 1

@ S1000 = ———— S1000 = ———— @SIOOO = — @ S1000 = —

11
Cho cap s6 nhan c6 cac s6 hang lan lugt la oL ;1;...;2048. Tinh t6ng S cta tat ca cac sb hang
ctia cAp s6 nhan da cho.
@ S = 4096,75. S =12049,75 . @ S =2047,75. (D) S = 4095,75 .
Cho cap s6 nhan (uy) ¢6 11 = 2 va up = —8. Ménh dé nao sau day dung?

(A) S5 = 256. (B) us = 256 . (©g=—4 (D) S¢ = 130.

(A)x=32. B x=14. " ©x=64. (D) x = 68.

Cho cp s6 nhan c6 cac s6 hang lan lugt 1a x; 12; y; 192. Ménh dé nao sau day la ding?

Ax=3y=48. B®x=Ly=144. ©x=2y=72. D x=4y=236
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Tim tt ca gid tri ctia x dé ba s6 2x — 1; x;2x + 1 theo thit tu d6 1ap thanh mot cAp s6 nhan.

(A)x = £3. x::t%. @x::t%. D) x = +£/3.

A s —up = 36 :
Cho cap so0 nhan (u,) théa man tamin . Chon khang dinh dung?

u5—u3:72

®{u1:9' {u1:6. ©{u1:9' @{ulzél.

qg=3

Trong cac day sb (1) cho bédi s6 hang téng quat u, sau, day s6 nao la moét cAp s6 nhan?

(A, =7—3n. un:;n. Quy=7-3". (D) u, =7-3".

Véi gid tri x, y nao dudi day thi cac ) hang lan lugt 1a —2; x; —18;y theo thit tu d6 lap thanh
cap s6 nhan?

oft,  ofIn  ofin efd

Cho cap s6 nhan c6 cac sb hang lan luot la 3; 9; 27; 81. Tim s6 hang tong quét u, cta cap sb
nhan da cho.

(A)u, =3"1, B) u, = 3". (©uy =3+3". (D) u, = 3"+,
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Day s6 u, = 3 + 3" la mot cap s6 nhan véi
@ Cong boi 1a 4 va ) hang dau tién 1a 2. Cong boi la 2 va ) hang dau tién la 2.
@ Cong bdi 1a 3 va s6 hang dau tién la 1. @ Cong bdi 1a 2 va s6 hang dau tién la 1.

Nguoi ta thiét ké mot cai thap gdm 11 tang. Dién tich bé mat trén ctia mbi tAng bang ntra dién
tich ctia mat trén ctia tang ngay bén dudi va dién tich mat trén ctia tang 1 bang nira dién tich
cta de thap (c6 dién tich la 12288 m?). Tinh dién tich mat trén cung.

(A)10m?. B 12m?. (©6m?. (D)8 m?.

. 2 2 N
Cho cap so nhan (u,) co6u; = -3 vag = 3 Ménh dé nao sau day dung?

16 27 27 16
@usz—ﬁ MSZ—E @uSIE @u5:2_7
.............................................;HET._.. ............................................
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@ BAI TAP TRAC NGHIEM LAN 2
BANG TO DAP AN TU LUYEN - DE SO 2

Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, ciing vdi GV kiém tra két qua.
QOO0 | 8 | GOOO |15 | ®OODO |22 | OO | 29 | ©®OOO
QOO0 | 9 | OOODO |16 | ®GOODO | 28 | ®OOO | 30 | ®OOO
QOO0 | 10 | OOO | 17 | OOOO | 4 | OO0 | 31 | ®OOO
QOO0 | 11 | OOO | 18| OOO | 25 | OO0 | 32 | ®OOO
QOO0 | 12 | OO0 | 19 | OOO | 26 | GOOO | 33 | ®GOOO
QOO0 | B | OO0 |20 | @OOO | 27 | ©OOO | 3¢ | ®OOO
@WOOO | 14 | OO0 |21 | ®GOOO | 28 | ®OOO | 35 | ®OOO

N | O | O | x| W |DN |-

Véi gid tri x nao dudi day thi cac s6 —4; x; —9 theo thit tu d6 1ap thanh mot cAp s6 nhan?

@x:—%s. B) x = —36. @x:6. @x:36.

Cho day s6 (1) v6i uy = 2-5”. Khang dinh nao sau day dung?
(A) (1) 1a cAp s6 nhan c6 cong boi g = 5 va s6 hang dau 1y = g :
(11,) khong phai 1a cAp sé nhan.
@(un) 1a cAp s6 nhan c6 cong bdi g = ; va s6 hang dau u; = 3.

A . \ 1
@ (uy) 1a cap so nhan c6 cong bdi g = 5 va so hang dau u; = 75

4 L. . . 1 £ 2 ) . s
Mot day so dugce xdc dinh boi uy = —4 va u, = _Eun_l' n > 2. 50 hang tong quat u, cua day
s6 do 1a

@un = —4(—1)11_1. Uy = (=2)" L.

2

©uy = —4- 271, (D) u, = 2"1.
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Cho cap s6 nhan (1) c6 u; # 0 va g # 0. Dang thitc nao sau day la dung?

®u7:u4-q5. ® uy=uy-q°. ©u7:u4-q4. @u7:u4-q6.

Day s6 nao sau day khéng phai 1a cAp s6 nhan?

11 11 1 1
@4:,2,5,1,.... E,?,F,;,....
(©)1;2;4;8; (D)3;3%33%;3%;. ...

Cho cap s6 nhan (uy) c6 u; = —6 va g = —2. Tong n s6 hang dau tién cta cap s6 nhan da cho
bang 2046. Tim n.

(A)n=10. B n =12 ©n=9. D)n=11.

A A 2 A - 2 v 1 A A v 1 2 . A X LN 2 A A
Mot cap so nhan c6 so hang thui bay bang 5, Cong boi bang T Hoi so0 hang dau tién cua cap so

nhan bang bao nhiéu?

Cho cép sd nhan (u,) véi ug = —2 va g = —5. Viét bon sd hang dau tién cta cép s6 nhan.
@ —2;—10;, —50; —250 . —2;10; —50; 250.
(C)—2;10;50; —250 . (D) —2;10; 50; 250.
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Mot cap s6 nhan c6 hai s6 hang lién tiép la 16 va 36. S6 hang tiép theo la

(A)81. 64. (©)720. (D) 56.

Cho cap s6 nhan (u,) c6 u; = 3va g = —2. 56 192 la s6 hang thit may ctia cap sb nhan da
cho?

@ S6 hang thu 7. S6 hang thu 6.

@ Khéng 1a s6 hang ctia cap sb da cho. @ S6 hang thu 5.

Hai s6 hang dau ctia cia mot cap s6 nhan la 2x + 1 va 4x? — 1. S6 hang thit ba ctia cap s6 nhan

la:
(A)2x —1. B) 8x3 +4x2 —2x — 1.

(©)8x3 —4x2 —2x +1. (D)2x +1.

1 1 1
@un:nz—g. B uy=n+-=. @un:——l. @u”:W'

Mot cap sb nhan c6 6 s6 hang, s6 hang dau bang 2 va s6 hang thit sau bang 486. Tim cong boi
g ctia cap s6 nhan da cho.

Ag=3. ®q=-2. ©g=-3. @q=
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Cho mot cap s6 nhan c6 15 s6 hang. Dang thitc nao sau day la sai?
@ul‘u15:”12‘u4- ul'”15:u6'u9-
Uy - U5 = Up - U4 - @ul'ulszus'un-

B6n goc ctia mot t gidc tao thanh cip s6 nhan va géc 16n nhat gap 27 lan géc nhé nhét. Tong
cta goc lén nhat va géc bé nhat bang;:

(A)252° . 168°. (C)56° . (D) 102°.

Tinhténg S = —24+4—8+16—32+64 —---+(=2)" ' +(=2)"véin > 1, n € N
_(_ n
@sz—z.l(Tz). B S=2n.
_ __nn
@szM. D) s=2".

Mot du khach vao chudng dua ngua dat cuge, lan dau dat 20000 dong, méi lan sau tién dat gap
doi lan tién dat coc trude. Nguoi dé thua 9 1an lién tiép va thang & lan thi 10. Héi du khac trén
thang hay thua bao nhiéu?

(A) Hoa vén. Thua 40000 dong.
(C) Thua 20000 déng. (D) Théng 20000 déng.

GoiS=1+11+111+---+111...1 (ns6 1) thi S nhan gia tri nao sau day?
10" —1 10" —1

®5_ 8110n .1 5_110( 8110'1);”.

(©)s = 10( s @5:5[10( 5 )"
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L 2 uy +usz =14
Cho cap soO nhan (u,) thoéa Hyt Uzt . Tinh u,
Ui -uUp- Uz = 64
(A uy = 4. B) u, = 8. (©) uy = 10. (D) u, = 6.

Cho mét cap s6 nhan c6 n s6 hang (n > k > 55) Dang thitc nao sau day sai?
®u1'un=uk'un—k+1~ u1'un=us'un—4-
@ul'un=u2-un—1- @u1'un=u55'un—55-

N
S
® 2
S8
= g
Il w
SRS g‘
>
=]
)
o
=
2
=
2
<
&
=
—
I
=
?
o)
(e}
=]
()}
o
O
<
-
Q.
>
N
<
N
+
Ul
=
w
Q.
)
=
aQ
.
(o'
e
=,
O~
=]
Sy
QO
2
N

qz—é ©g=0. @g=1

Cho cap s6 nhan (u,) c6 u; # 0va g # 0 Véi 1 < k < m, dang thitc nao dudi day la ding?
A =ue-q" %, B = up-q" . Qum=up-q"* . D) s =ug-g*.

Ba sb x; y; z theo thu tu lap thanh mot cép s6 nhan véi cong boi g khac 1; déng thoi cac s
x; 2y; 3z theo thit tu 1ap thanh mot cap s6 cong vdi cong sai khac 0. Tim gid tri cda g.

Bg=-3. q=%- ©q=—§- @‘1:%-
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= 8 2
120 LY . Chon khang dinh dung?
Uy + us = 272

@‘7: : q: ; @q:—Z. @q:—4.

Cho cap s6 nhan (u,) théa man {

Goi S =9+99+999 + ---+999...9 (n569) thi S nhan gia tri nao sau day?
10" —1 10" —1
@5=10(09 ). 5=10(09 )—1.
10" —1 10" —1

@5:10(09 )+ n. DS = 09 .

Mot cap s6 nhan c6 6 s6 hang véi cong bdi bang 2 va tong s6 cac s6 hang bang 189. Tim s6 hang
cuoi ug ctia cap so nhan da cho.

(A) ug =104 (B) ug = 96. (C)ug = 48. (D) ug = 32.

Céc s x + 6y,5x + 2y,8x + y theo thu tu d6 lap thanh mot cap sb cong; dong thdi cac sb
x — 1,y + 2, x — 3y theo thit tu d6 1ap thanh mot cap s6 nhan. Tinh x? + 2.

(A) x? +y? = 25. (B) 22+ y? = 40. (©)x2 + 12 = 10. (D) 22 + 12 = 100.

S6 hang thit hai, s6 hang dau va s6 hang thit ba ctia mot cap s cong véi cong sai khac 0 theo
tha tu d6 lap thanh moét cap so nhan véi cong boi 4. Tim g.

@LI:—; q=§- ©q=-2. Dgq=
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| Cau29

Cho day sO tang a, b, c (c € Z) theo thu tu lap thanh cép s6 nhan; déng thoia, b + 8, c theo thu
tu lap thanh cap s6 cong va a,b + 8, ¢ + 64 theo thit tu lap thanh cap s6 nhan. Tinh gid tri biéu
thiucP =a— b+ 2c.

A p=13 (B)P=64. ©pr=32. ©r=2.

9

. 4 — =65
Cho cap so0 nhan (u,,) thoéa Hy — Uyt s . Tinh u3.
u1 +uy = 325

(A) uz = 10. B) uz = 15. (©)us = 20. (D) us = 25.
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Chuong 2. DAY sO, CAP s& CONG, CAP sO NHAN

4. ON TAP CHUONG 2

BAI TAP TRAC NGHIEM

BANG TO PAP AN TU LUYEN
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

1 | 000 | 8 | ®OOO |15 | ®OOO |22 | ®WOOO | 29 | WOOO
2 | OOO0O | 9 | OO0 |16 | @WOOO | 3 | WOOO | 30 | ®WOOO
3 1 OWOO00O |10 ®OOO |17 | ®OOO |24 | ®WOOO |31 | OO0
4 1 OO000 |11 | ®OO0O | 18| ®WOODO |25 | ®WOOO | 32 | OO0
5 1 OO000 | 12| ®OOO |19 | ®OOD |26 | ®OOO | 33 | OO0
6 | OO0 | 1B | OOOO |20 ®OOO |27 | ®WOOD | 34 | OO
7 | OO0C0O |14 | ®WOODO |21 | OO0 | 8 | @OOO | 35 | ©OOO
Trong cac day sb sau, day nao la cap sb cong?

(A)21,-3,-27, 51, —75. %,Z,z,%,%.

OVEVEVE VL oiiili
Cho cap s6 cong (i) c6 s6 hang dau u; = —5, cong sai d = 4. Cong thitc ctia s6 hang téng quat

uy la:

(A u, = —5+4n. (D) uy = —9 + 4n.

un:—1—4n.

(© uy = —5+4n?.

8
@u;),:—g. ©u3:—2.

u3:2.
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| Caud

Trong cac day s dugc cho dudi day, day s6 nao la cap sb cong?

Ay = (=1)"@n+1). {”1 -
@{ulil . @unzsin%.

Tong ctia 100 s6 ty nhién 1é dau tién tinh tur 1 1a:

(A) 10000. 10100. (€)20000. (D) 20200.

Trong céac day sb (1) cho bang phuong phép truy hdi sau, diy s6 nao la cAp s6 nhan?
Day s6 (u,) duoc xac dinh béi: ug = 1va u, = u,_1(n — 1) véi moin > 2.
Day s6 (1) dugc xac dinh boi: uy = 1 va u, = 2u, 1+ 1véimoin > 2.
@Déy s6 (u,) duoc xac dinh béi: u; = 1va u, = u,_1> véi moin > 2.

. 1
@Déy sO (uy) dugc xac dinh boi: u; = 3va u, = gun_l véimoin > 2.

. 1 1 )
Cho cap so nhan (1) c6 u; = —1, cong bdi g = T Khi do 102017 la s0 hang thu:

(A)2016. 2017. (C)2018. (D) 2019.
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Trong cac day sb (u,) sau day, day s6 nao la day sb tang?

@un = sinn. u, = n(=1)". @un = 1 @ u, = 2"tL

n

Tinh téng T = 15 + 20 + 25 + - - - 4 7515.
(A) T = 5651625. T = 5651265. (©) T = 5651526. (D) T = 5651256.

[

3n2 — 19n

Tong n ) hang dau tién cia mot cép ) congla S, = v6in € N*. Tim sb hang dau

tién u; va cong sai d ctia cAp s6 cong da cho.

3 5 1
@u1:—4,d:§ ul:il :E
@”12—2,61——2. @ul—Z,d:—%

Mot tam giac vudng c6 chu vi bang 3 va d6 dai cac canh lap thanh mét cap so cong. D6 dai cac
canh cua tam gidc d¢ la

Xét cac sb nguyén duong chia hét cho 3. Téng s6 50 sb nguyén duong dau tién do bang:

(A) 3825. 3900. (C)7500. (D) 7650.
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Néu a; b; ¢ theo thtt tu 1ap thanh cap sb cong thi day s6 nao sau day lap thanh cap sb cong?

@ 2ba;c. —2b; —2a; —2c . ©2b; —a; —c. @ 2b%;a2; c2 .

Biét cac s6 CJ,, C2, C3 theo thu ty lap thanh mot cap s cong v6i n > 3. Tim n.

An=>5. B n=11. ©n=09. Dn="7.

Mot cap s6 cong c6 6 s6 hang. Biét rang t6ng ctia s6 hang dau va sb hang cudi bang 17; tong
cta so hang thu hai va so hang thu tu bang 14. Tim cong sai d cta cap so cong da cho.

Ad=2. B d=5. (C©d=-3. D)d=4.

Cho cap sb cong (uy) c6 us = 15vad = —2. Tim uy,

B uy, = §n2—4. B uy=-31—17. ©Qu,=-2n+21. Du,= —§n+12.

Trong cac day sé duge cho du6i day, day s6 nao khong phai la cap sb cong?

Auy=-2"+15. B up=-4n+9. ©Quy=-2n-21. DO u,=—-2n+19.

Mot chiéc dong ho danh chudng, ké tur thoi diém 0 (gio) thi sau mbi gio thi sb tiéng chudéng
dugc danh ding bang sb gio ma dong ho chi tai thoi diém danh chudng. Hoi mot ngay dong
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ho dé danh bao nhiéu tiéng chudng?

(A)78. 156. (C)300. (D) 48.

uy +uy =26

. Ménh dé nao sau day ding?
uo? + gt = 466 y s

Cho cap sb cong (uy) théa man {

T6éng 1 s6 hang dau tién ctia mot cAp sb6 cong la S, = n? +4n véi n € IN*. Tim s6 hang tong
quat u, cua cap so cong da cho.

n—1
@un:5'(§) . B uy,=3n+2. ©up=5-3""1. (D) uy, = 2n+3.

Cho a; b; ¢ theo thit tu 1ap thanh cap s6 cong. Ménh dé nao sau day ding?
®a2+c2+2ac:4b2. (B) a2 + ¢ = 2ab — 2bc.
@az—c2:2ab—2bc. @az—czzab—bc.

BAI TAP TU LUAN

Xét tinh tang, gidm va bi chan ciia méi day s6 (u,,) sau, biét s6 hang téng quat:

Ll b) 1ty = —5; Q) ty = (~1)"2.
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Cho cap sb cong (uy). Tim s6 hang dau uy, cong sai d trong mbi trudng hop sau:

a) Uy + us = 42 va ug + ug = 66; b) up +uy =22 vauq.us = 21.

Cho cép sd nhan (u,,). Tim s6 hang dau u, cong boi g trong moéi truong hgp sau:

a) ug = 192 va uy = 384; b) uy +upy +uz =7vaus —upy = 14.

Tix gidc ABCD c6 s6 do bdn goéc A, B, C, D theo thit tu lap thanh cap sb cong. Biét s6 do goc C
gap 5 lan s6 do goc A. Tinh s6 do cac goc cua tir gidc ABCD theo don vi do.

Ngudi ta trong cay theo cac hang ngang véi quy luat: & hang thit nhat c6 1 cay, & hang thi hai
6 2 cay, & hang thit ba c6 3 cdy, ... & hang thit 1 c6 n cay. Biét rang ngudi ta trong hét 4950 cay.
Hoéi s6 hang cay dugc trong theo cach trén 1a bao nhiéu?

Mot cai thap c6 11 tang. Dién tich ctia mit san tang 2 bing ntra dién tich ciia mat dy thap va
dién tich cia mat san méi tang bang nira dién tich ctia mat san méi tang ngay bén dudi. Biét
mat day thap c6 dién tich la 12288m?2. Tinh dién tich ciia mit san tang trén ciing cda thap theo
don vi mét vuodng.
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Mot khay nuée c6 nhiét do 23° duge dat vao ngan da caa ta lanh. Biét sau méi gid, nhiét do
ctia nudc giam 20%. Tinh nhiét dé cta khay nude doé sau 6 gio theo don vi do C.

Cho hinh vuéng C; c6é canh bé“mg 4. Ngudi ta chia moi canh hinh
vuong thanh bén phan bang nhau va nbi cac diém chia mot cach thich
hgp dé c6 hinh vuéng C, (Hinh 4). Tix hinh vudng C; lai lam tiép tuc
nhu trén dé c6 hinh vuéng Cs. Ctt tiép tuc qua trinh nhu trén, ta nhan
duoc day cac hinh vuong Cy,C,C3,...,Cy, ... Goi a, 1a do dai canh
hinh vuéng C,,. Chitng minh rang day s6 (a,) 1a cap s6 nhan.

Ong An vay ngan hang 1 ti déng véi lai suat 12%/nam. Ong da trd ng theo cach: Bat dau tur
thang thi nhat sau khi vay, cuoi thang 6ng tra ngan hang s6 tién 1a a (dong) va da tra hét ng
sau duing 2 nam ké tir ngay vay. Hoi s6 tién méi thang ma dng An phai tra la bao nhiéu dong
(Iam tron két qua dén hang nghin)?
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KIEN THUC TRONG TAM

1. Gigi han hitu han cua day sb
1.1. Gi6i han 0 ctia day s6

Dinh nghia 1.1. Ta néi day sb (u,) ¢6 gidi han 0 khi # dan t6i duong vé cuc, néu |u,| nhd hon

mot s6 duong bat ki cho trudce, ké tir mot sd hang nao do6 trd di, ki hiéu lim u, = O0hay u, — 0
n (o]

khi n — 4o0. Ta con viét lim u, = 0.

(="

Véi day s6 u, = — stt dung dinh nghia, chiing té rang lim u, = 0.

Dinhly 1.1. Mét s6 gidi han co ban
a) lim % = 0, v6i k nguyén duong bt ki.

b) limg" = 0, véi q 1a s6 thuc thod man |q| < 1.

= Vidl_12|

Ap dung gi6i han co ban, tim lim ———;
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\_ Trang £

T,

Tim cac gidi han sau

1.2. Gidi han hitu han ctia day sb

Dinh nghia 1.2. Ta néi day s (#,) c¢6 gidi han hiru han la s a (hay u, dan t6i a) khi n dan t6i

duong vo cuc, néu lim (u, — a) = 0. Khi d9, ta viét lirf u, = a hay limu, = a hay u,, — a khi
n——+0o0

n — oo,

A Chi y: Néu u, = c(cla hﬁng s6) thilimu, = limc = c.

241
Duing dinh nghia, tim gidi han lim Mt

n2

s

2. Cac phép toan vé gidi han hitu han caa day so

Tinh chat 1.1. Cho limu, = a, limv, = b va c 1a hing s6. Khi d6

a) lim (u, +v,) =a+b.

c¢) lim(c-u,)=c-a.

e) lim :%(b £ 0).

b) lim (4, —v,) =a —b.
d) im (u, - v,) = a - b.

lim /i, = \/a.

f) Néu u, > 0,Vn € N* thia > 0 va

On
ool

Tim céc gidi han sau
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|
Tim cac gidi han sau

2n? 4 3n  \/4n2 +3
- = —

li .
a) lim 21

3. Téng ctia cdp sd nhan lui vé han

Pinh nghia 1.3. Cap s6 nhan vé han (u,) c6 cong boi g thoa man |g| < 1 dugc goi la cAp sb
nhan lui vo6 han.
Cap s6 nhan lui v6 han nay c6 tong la

231

S=uj+u+---+u,+---= .
1—q

|

Y SRS S SN SIA 1 1 1 1\"
Tmhtongcuacapsonhanlulvohan.1—A—L—l—E—6—4—1—---—|—(——) +oeee

o]

Biet rang co thé coi so thdp phan v6 han tuan hoan 0,666 . .. la tong cua mét cap so nhan lui vo

han:
1 1
0,666...=0,6+ 0,06+ 0,006+ - -- —O,6+0,6-E+0,6-W+---

Hay viét 0,666 . .. dudi dang phan sb.

o o 1, (1)? 1\"
Tinht()ngcuacépsénhénlulvohan:1—|—§+(5) +---—|—(—) +oeee
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== Vidu 11
Tir to giay, cat mot hinh tron ban kinh R (cm) nhu Hinh 3a. Tiép theo, cat hai hinh tron
R .

ban kinh > roi chong lén hinh tron
dau tién nhu Hinh 3b. Tiép theo, cat
bén hinh tron ban kinh 1 roi chong
Ién cac hinh truéc nhu Hinh 3c. Ca
thé tiép tuc mai. Tinh tong dién tich
cua cac hinh tron.

4. Gidi han vd cuc

binh nghia 1.4.

@ Ta noéi day s6 (1) c6 gidi han 1a +oo khi n — +00 néu u, 16n hon mot sé6 duong bat ki, ké
tr mot s6 hang nao do trd di, ki hiéu lim u,, = 400 hay u,, — 400 khin — 4-oco.

© Ta néi day sb (u,) c6 gidi han 1a —co khi n — +o0 néu lim (—u,) = +o0, ki hiéu limu, =
—oo hay u, — —oo khin — +o0.

A Chii yj: Ta c6 cdc két qua sau:

a) limu,, = —+o0 khi va chi khi lim (—u,) = —oo.

. 1
b) Neu lim u,, = +o0 hodc lim u,, = —oo thi limu— =0.
n

¢) Neulimu, = 0va u,, > 0vdi moi n thi im — = +o0.
Up

Tim giéi han lim g" véig > 1.

a) limnk = +oo (k € N, k > 1). b) limg" = 400 (g > 1).
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CAC DANG TOAN THUGONG GAP

Phuong phdp ddt thira sé chung

2n3 -2
Tim gidi han sau lim nl_—4nn3+3
Vit +2n+2
Tim gidi han sau lim M
n?+1
n+l _ yn
Tim gidi h lim ————.
im giGi han sau lim —7———

14+2+22+. .. 42"
14+3+32 4+ 43"

Tim gi6i han sau lim

Phuong phdp lvong lién hop

Néu gi6i han ctia day s6 & dang vo dinh thi ta st dung cac phép bién déi dé dua vé dang co
ban.
Mot s6 phép bién déi lién hop:
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(f(n))* — (3(n))?
f(n) + g(n)

f(n) — g(n)
V) = /() OENED)
[5Ga) — e(m) = £ 7L— @) (g(n))2
) — gy = ~ fg(n)—g(n)

V() + 3/ fm)gn) + /(g(m)*

f(n) —g(n) =

T

Tinh gii han I = lim (V2 —2n+3 — n).

TMl
Tinh gidi han I = lim (\/n2—|—7— \/n2—|—5).

‘ Tinh gi6i han I = lim (V2 + 21 — V/n? = 2n).

‘ Tinh gii han I = lim (v2n? —n+1 - v2n2 =31 +2).

TMI
Tinh gii han I = lim (n — /n® +3n% +1).
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Dang a Gi6i han tai vo6 cuc

@ lim n = +oo;

n— 400

@ lim nF = 400 véi k 1a s6 nguyén duong;
n—-+oo

® lim ¢" = +oonéug>1.

n——+o0
Dinh ly:

A 1. < q. ..  q. U
@ Néulimu, =a > 0valimov, = 0véiv, > 0thilim —= = +oo;
Un

® Néulimu, = +oovalimo, = a > 0 thi lim u,v, = +oo.

T

Tim gidi han

a) lim(n3 +n? +n +1). b) lim (n* — ny/n+1).

L,
Tim gidi han
n’+nt—n—2 V/né —7n3 —5n +8
. . . 2_
a) lim CETy I B b) lim 12 . ©) lim <n—|—\/n n—l—l).
LY,
Tim gi6i han
o) lim L2 A b) lim (1 + Vw3 —21+1). ) lim r —3n
n2+3nyn—+2° ' 2n+15

Dang @ Tinh t8ng ctia day cdp sé nhdn IUi vé han

n—1

Cép s6 nhan vo han uy, u14, ..., u1g" 1, ... c6 cong boi g théa man || < 1 dugce goi la cap s nhan
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1ti v6 han. Téng ctia cap s6 nhén lui vo han da cho la

U
1—-9q

S:u1+u1q+u1q2+...:

Ly

A A A 70 N N A 1

Cho cap so nhan (u,), v6i u; = 1 va cong boi g = 5
a) So sanh |g| vdi 1.

LR 1 1
TlnhtongT:1—|—3+§—|—,,,-|-3n+

o, 1 1 1 1\ 1!
TmhtongS—l—E-l-Z—g—I—...—i—(—5) +....

Biéu dién s6 thap phan vo han tuan hoan 2,222 ... dudi dang phan sb.

Biéu dién s6 thap phan vo han tuan hoan 0, (3) dudi dang phan sb.
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Toén thuc &, lién mén lién quan dén gidi han day sb

S:u1—|—u1q—|—u1q2—|—...:

T

Tit hinh vuéng c6 d¢ dai canh bang 1, ngudi ta ndi cac trung diém ctia
canh hinh vudng dé tao ra hinh vuéng méi nhu hinh bén. Tiép tuc qua
trinh nay den vo6 han.

a) Tinh dién tich S,, cta hinh vuéng duoc tao thanh tir budc thu n.

b) Tinh téng dién tich cta tit ca cac hinh vudng dugc tao thanh.

2]

Colkg chat phéng xa doc hai. Biét rang, it sau mot khoadng thoi gian T = 24000 ndm thi mot
ntta s6 chat phéng xa nay bi phan ra thanh chat khac khéng doc hai déi véi stic khoe ctia con
ngudi (T duoc goi la chu ki bdn ra).

(Nguon: Dai s va gidi tich 11, NXB GD Viét Nam, 2021)
Goi uy, 1a khéi lugng chat phéng xa con lai sau chu ki thi n.
a) Tim s hang téng quat u, cta day s6 (uy).
b) Chiing minh rang () c6 gidi han 1 0.

c) Tir két qua cau 2, ching to rang sau mot s6 ndm nao dé khéi luong phéng xa da cho ban
dau khong con doc hai voi con nguoi, biet rang chat phong xa nay sé khong doc hai nira
néu khoéi lugng chat phong xa con lai bé hon 107° g.

LY,
Goi C la ntta duong tron duong kinh AB = 2R.
AB

C; 1a duong gdm hai nira duong tron dudng kinh >

\ ) AB
C; la duong gom bon nira duong tron duong kinh A
AB

Cp la duong gom 2" nita duong tron duong kinh T
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Goi py, la d6 dai caa C,, Sy, 1a dién tich hinh phéng gioi
han bdi C,, va doan théng AB.

a) Tinh py, Sp.

b) Tinh gidi han ctia cac day s6 (py) va (Sy).

Tir do cao 55,8 m cua thap nghiéng Pisa nudc
Y, nguoi ta tha mdt qua bong cao su cham
xudng dat hinh bén dudi. Gia st méi lan cham
T Ca A i SN A
dat qua bong lai nay 1én d6 cao bang 0 do cao
ma qua bong dat dugc trude d6. Goi Sy, 1a tong i mm'
do dai quang duong di chuyén cua qua bong
tinh tir Iic tha ban dau cho dén khi qua béng
dé cham dat n lan. Tinh lim S,,.

Cho mét tam gidc déu ABC canh a. Tam gidc A1B1Cy ¢6 cac dinh 1a trung diém cac canh ctia
tam gidc ABC, tam gidc A2B,Cy ¢6 cdc dinh la trung diém céc canh ctia tam giac A1B1Cy, ...,
tam gidc A, 1B,+1Cye1 €6 cac dinh la trung diém céc canh cta tam gidc A,B,Cy, ... Goi
pP1,P2 -, Pns--- va S1,52,...,Sy,... theo thi tu la chu vi va dién tich cta cac tam giac
A1B1Cq, A2ByCy, ..., AyB,Cy, . . ..

a) Tim gidi han ctia cac day s6 (p,) va (Sy).

b) Timcactong p1 +p2+...+pun+...vaS1+So+...+ S+ ...
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@ BAI TAP REN LUVYEN

Tim cac gidi han sau:
— 2 _
) T L b) lim Y201 =2
4 n*—2n+3

c) lim oI d) lim 2
Tinh téng ctia cac cap s6 nhan lui vo han sau

) 1—!-1 1+ —I—(—l)n-i- b)1+1+1+ +(1)”+

V2 Ta s 2 ' 4716 " 64 4

Viét s6 thap phan vo han tuan hoan 0,444 . .. dudi dang mot phan sb.

Tir hinh vudng dau tién c6 canh bé’mg 1 (don vi do dai), ndi cac
trung diém cta bon canh dé c6 hinh vudng thit hai. Tiép tuc nbi
cac trung diém ctia bon canh ctia hinh vudng thit hai dé dugc hinh

vudng thit ba. Cu tiép tuc lam nhu thé, nhan dugc mot day hinh @
vuong (xem Hinh 5).

Hinh 5

a) Kihiéu a, la dién tich ctia hinh vudng thit n va S, 1a téng dién tich ctia 7 hinh vuéng dau
tién. Viét cong thuc tinh a,, S, (n =1,2,3,...) vatim lim S, (gi6i han nay néu c6 duoc goi
1a tong dién tich ctia cac hinh vuong).

b) Kihiéu p, la chu vi ctia hinh vuéng thit n va Qj, 1a tong chu vi ctia 7 hinh vudéng dau tién.
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Viét cong thuc tinh p, va Q, (n = 1,2,3,...) va tim lim Q, (gidi han nay néu cé dugc goi
1a tong chu vi ctia cac hinh vuong).

S

Xét qua trinh tao ra hinh c6 chu vi v cuc va dién tich bé“mg 0 nhu sau:
Bat dau béng moét hinh vuéng Hy canh béng 1 don vi d6 dai (xem Hinh 6a). Chia hinh vuéng
Hp thanh chin hinh vuéng bang nhau, b di bén hinh vuéng, nhan dugc hinh H; (xem Hinh
6b). Tiép theo, chia mbi hinh vudéng ctia H; thanh chin hinh vuéng, r6i bé di bén hinh vuéng,
nhan dugc hinh H, (xem Hinh 6¢). Tiép tuc qua trinh nay, ta nhan dugc mot day hinh H,
n=1,23,...).

Hj
a)

m

. |

EE EE:

m m

EE EE:
H H,
b) )

Hinh 6

a) Tinh dién tich S,, cia H,, va tinh lim S,,.
b) Tinh chu vi p, ctia H,, va tinh lim p,,.

- N |
Ta c6: Hy ¢6 5 hinh vuéng, moi hinh vudng c6 canh bang 3 ;

11 1

H, ¢65-5 = 52 hinh vuong, moi hinh vuong co canh bmeg 33732 I
1

Tir d6, nhan duge Hy, ¢6 5" hinh vuéng, méi hinh vuéng c6 canh bang e

(Qua trinh trén tao nén mot hinh, goi la mét fractal, dugc coi la ¢6 dién tich lim S,, va chu vi
lim py,).
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BAI TAP TRAC NGHIEM

BANG TO PAP AN TU LUYEN
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

OOODO | 8 | ®GOOO |15 | ®OOO | 22 | ®OOO | 9 | ®GOOO
OOOO | 92 | ©®GOOO |16 | ®GOOO | 3 | ®OOO | 30 | ®OOO
OOOO | 10 | ®OOO |17 | ®OOO | 4 | ®OOO | 31 | ®OOO
OOOO |11 | OO0 | 18 | ®OOO | 25 | ®OO0 | 32 | ®OOO
OOO0O | 2 | ®OOO |19 | ®OOD | 26 | ®OOO | 33 | ®OOO
OO0 | 13| ®OODO |20 | ®OOD |27 | ®OOD | 4 | ®OOO
OOO0O0O | 14 | ©OOOO |21 | ®OOO | 28 | ®OOO | 35 | ©®OOO

N | O | O | x| W | DN |-

T : (—1)") y
Gia tri cua gidi han lim (4 = — bang

@)1, ® 3. ©4 D2

Gid tri cua gidi han lim 4112—_—271—1—1 la

33 —2n+1 .

GV: NGUYEN BINH KHOI - BT: 0909 461 641



Chuong 3. IS HAN \_ Trang <%

o . n*+n+5
Tinh gidi hz;n L =lim o1 1
@L:E. B L==z ©L=2 DL=1
. 4n? A ’ N ,
Cho day so (uy) voi uy, = %.Dé day so da cho c6 gidi han bang 2, gia tri cua a la
@a:—4. B a=4 @a:3. @a:Z.

Trong cac gi6i han sau day, gidi han nao bang 0?

. 3+2n° . 2n>-3 . 2n—3nd . 2n?—3nt
@llm 2112— 1 hmm ©hmm @hmm

Day s nao sau day c6 gidi han 1a +c0?

Day s0 nao sau day c6 gidi han 1a —co?

@ 1+ 2n u _n3+2n—1
e = =

5n + 5n2’ —n+2n3
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‘ @u _ 2n? =3t oF _n*—2n
n= "5 A3 n= .

1 3 n

§+1+§+---+§ .
4 111 clia «i6i han 1 S
Gia tri cua gioi han lim 21 bang

1 1 1
- 1. © = D =

Téng ctia mot cap s6 nhan lui vo han bang 2, tong ctia ba s6 hang dau tién cda cip s6 nhan

bang g S6 hang dau u; cta cap s6 nhan do la

®M1:3. 1/[1:4. @ulzg. @u1:5.

, 1 1
Tinh t6ng S =943+ 1+ 5+ < + -~
inh tong +3+1+ g+t

@szzg. B S =14. (©)s =16. (D) S = 15.

Gia tri ctia gi6i han lim <\/n +5—n+ 1) bang

(A)o. 1. ©s. D)5.
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1+3—|—5—|—--'—|—(2n+1))b§mg

Gié tri ctia «iGi han I (
1a tr1 cua gi101 han lim 31’12—|—4

: 2 4 2"
Tinh t6 =144+ 4=+,
inh tong S +3+9+ +3n+

(A)S=3. B S =4 (©)s=5. D)s =6.

Gia tri cua gi6i han lim (\/ n2—n+1- n) la

@—%. 0. @1. @—oo.
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a

2 Tinh tong

S6 thap phan vo han tuan hoan 0,5111 - - - dugc biéu dién bdi phan sb tdi gian
T=a+b.

(A)17. 68. (©)133. (D) 137.

S6 thap phan vo han tudn hoan A = 0,353535. .. duoc biéu dién béi phan sb téi gian . Tinh

b
(A) 3456. 3465. (C)3645. (D) 3546.

N 2 NP PSR
va vy, = ——. Khi d6 lim —* c6 gia tri bang
n+2 Uy

® 2. ' ©o. D) 3.

Cho day sO (uy) vOi u, = m trong do a la tham s thuc. Bé day sb (1) c6 gidi han béng 2,

) 5n+3
gia tricuaala

(A)a = 10. (B)a=8s. ©a=6. (D)a=4.

Cho day s6 (uy) véi u, = EZ _—::g trong d6 b 1a tham sb thyc. Dé day sb (uy) c6 gidi han hiru
han, gia tri cta b la

(A)b1a mot sé thuc tuy ¥. b=

@ khong ton tai b. @ b=>5.

GV: NGUYEN BINH KHOI - BT: 0909 461 641




Chuong 3. IS HAN \_ Trang <%

A ke , ., . 2 A 2 5 5n2 - 3[1”4
Tim tat ca cac gia tri cua tham s6 4 dé L = lim > 0.
1—-a)yn*+2n+1

(A)a<0a>1. B®o<a<l (©a<0;a>1. Do<a<1.

C6 bao nhiéu gid tri nguyén cua tham sb6 a thudc khoang (—10;10) dé L =
lim (57 — 3 (a* —2) n3) = —o0?

(A)19. 3. (©)s5. (D) 10.

Cho day s6 (1) v6i uy = /2 + (\/5)2 o aa b <\/§)n Ménh dé nao sau day ding?

2
@hmun:—oo. limunzll/_\/i.

@ lim u;, = +-oco0. @ Khong ton tai lim uy,.

Cho day s c6 gidi han (u,) xac dinh boi 1 . Tinh lim u,,.

Cho day s c6 gidi han (u,) xac dinh boi uy, +1 . Tinh lim u,,.
Uptl = > ,n>1

®lim u, = 1. limu,, = 0. @Hmun = 2. @ limu, = +oo.
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Van3 +5n2 — 7

= b\/3+cvia,b,clacic tham sb. Tinh gia tri cua biéu thtc
3n2—n+42

Biét rang lim

a—+c

(AP =3. P:%. ©pr=2 @P:%.

Ao, ® 2. ©1 D)3.

Cho day s6 (uy,) v6i uy, = Vn2 +an +5— v/n?2 + 1, trong d6 a 1a tham s6 thyc. Tim a délim u, =

(A)3. 2. -2. 3.

<\/§)n_2n+1+1 +2n2+3) _a\/g

Biét rang lim T 5 = —— +cvbiab,c € Z. Tinh gia tri cua
(5-zn+<ﬁ>”* 5 W

b
biéu thic S = a2 + b? + 2.

(A)S = 26. (B) S = 30. (©)s =21 (D) S =31.
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A R aans A A o af4T2ML
Tim tat ca gia tri nguyén cua a thudc (0;2018) dé lim 3 anta < 1004

(A) 2007. 2008. (©)2017.

(D) 2016.

[

Co6 bao nhiéu gia tri nguyén cua a thudc (0;20) sao cho lim \/ 3+ 6;1_2'_—;21 — zln la mot s6
nguyén?
(A1 3. (©)2 (D) 4.
Gia tri cua gidi han lim e i LR (la| < 1,|b| < 1) bang
' ' 1+b+b2+-- +b"
(A)o0. 1:2 @1:; (D) Khong ton tai.
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52. GIOI HAN CUA HAM sO
KIEN THUC TRONG TAM
1. Gidi han hitu han ctia ham sd tai mot diém
Dinh nghia 2.1. Cho diém x( thudc khodng K va ham s6 y = f(x) xac dinh trén K hodc K \ {xo}.

Ta n6i ham s6 y = f(x) ¢ gidi han hiru han 1a s6 L khi x dan t6i xo néu vdéi day so (x,) bat ki,
xy € K\ {x0} va x, — x¢ thi f(x,) — L, ki hiéu xh_{tg} f(x) = Lhay f(x) — Lkhix — x.
0

x2 —4

Cho ham s6 f(x) = o

.Tim lim_ f(x).
xX——2

A lim x =xy; lim ¢ = c (c la hing s6).
X—XQ X—XQ

o

Tim cac gidi han sau:

a) im(2x? — x); b) lim
x—3

2. Cac phép todn vé gigdi han hitu han ctia ham sé
A a) Cho xh_)n}rclo f(x)=Loa xh_>n;0 g(x) = M. Khi do:

@ xh—>n;c10[ fx)+gx)]=L+M;
) }Lngolf (x) —gx)]=L—-M;
@ ggrgolf(X) g =L-M;

L
®xh_>n;0g(x)—M(va7é0).

b) Néu f(x) > 0ova xl;n;@f(x) =LthiL>0uw xl1_>n;0 V) = VL.
(Déu ctia f(x) dugc xét trén khodng tim gidi han, x # xo).

A

. k k N A A
a) lim x* = x£, k la s0 neuyén duong;
) X—XQ 0 g y g’

b) xli_)rgclo[cf(x)] = th—>r5c10 f(x) (c € R, néu ton tai xh—>nx10 f(x) € R).
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s

Tinh cac gidi han sau:

3x —2
lim(x2 — 4x + 2); li
a) lim(x" —4x +2); b) lim > =7

Tinh cac gidi han sau:

a) lim (x? +5x —2); b) lim
x——2

3. Gigi han mot phia

binh nghia 2.2.

© Cho ham s6 y = f(x) xac dinh trén khoang (xo; b).
Ta néi ham s6 y = f(x) cd gidi han bén phdi la s6 L khi x dan tdi xo néu véi day sb (x,,) bat
ki, xo < x, < bvax, — xo thi f(x;,) = L, ki hiéu lim f(x) = L.
X—)XO

© Cho ham s6 y = f(x) xac dinh trén khoang (a; xo).
Ta néi ham sb y = f(x) cd gidi han bén trdi 1a sb L khi x dan tdi xo néu véi day sb (x,,) bat
ki, a < x, < xpvax, — xothi f(x,) = L, ki hiéu lim f(x) = L.
X=Xy

A a) Ta thita nhén cdc két qud sau:
@ lim L f(x) = Loa lim f(x) = L khi va chi khi hm f(x) =1

X—)XO X—>X0
©@ Néu lim f(x) # lim f(x) thi khong ton tai lim f(x).
x—xg X=Xy X—rXo

b) Cdc phép todn vé gidi han hitu han ciia ham sé & Muc 2 van diing khi ta thay x — xo bang
x — xg hodc x — x; .
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s

, 0 Khix <0
Cho ham sb f(x) = { Prs

1 khix>D0.

a) Tim cac giéi han lim f(x)va lim f(x). b) C6 ton tai lim f(x)?
x—0+ x—0~ x—0

1—2x khix < -1

x2+2 khix > —1.

Tim cac gidi han lim f(x)va lim f(x)va lim f(x) (néu co).
x——1% x——1" x——1

Cho ham s6 f(x) = {

4. Gigi han hitu han ctia ham sb tai vo cuc

binh nghia 2.3.

© Cho ham s6 y = f(x) xac dinh trén khoang (4; +00).
Ta néi ham s6 y = f(x) c6 gidi han hitu han 1a s6 L khi x — +oc0 néu v6i day sb (x,,) bat ki,
Xp > avax, — +oothi f(x,) — L, ki hiéu 1_131 f(x) = Lhay f(x) = L khi x — +oo0.
X oo

© Cho ham s6 y = f(x) xac dinh trén khoang (—oo; a).
Ta néi ham s6 y = f(x) c6 gidi han hitu han 1a s6 L khi x — —oco néu véi day sb (x,,) bat ki,
Xp < avax, — —oothi f(x,) — L, ki hiéu l_i)m f(x) = Lhay f(x) = L khi x — —oo.
X——00

Cho ham s6 f(x) =

2x —1
x+2 x—>+00

A ) wicn hang s6 va k la s6 nguyén duong, ta luén cé:

) . . c
Iim c=c wva lim — =0.
xX—do0 xX—rFoo xk

b) Cic phép todn trén gidi han ham sé & Muc 2 vén diing khi thay x — xo bang x — +oo hogc
X — —00,
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Tim cac gidi han sau

. 1-3x2 .
a) xLlrJrrloo x2 +2x’ b) xg@mx+1'

Mot cai ho dang chita 200 m® nudc mén véi nong do mudi 10 kg/ m’. Nguoi ta ngot hoa nudc
trong ho bang cach bom nudc ngot vao ho véi van toe 2 m3/phit.

a) Viét biéu thic C(t) biéu thi nong dd mubi trong ho sau ¢ phuit ké tir khi bat dau bom.

b) Tim gidi han tlirf C(t) va giai thich y nghia.
— 100

5. Gidi han vd cuc ciia ham sé tai mot diém

Dinh nghia 2.4. Cho ham s6 y = f(x) xac dinh trén khoang (x¢; b).

© Tanéi ham s6 y = f(x) cd gidi han bén phdi la +oo khi x dan t6i xy vé bén phai néu véi
day s (x,) bat ki, xg < x, < bvax, — xo thi f(xn) = o0, ki hiéu lim+ f(x) = 400 hay
x—>x0
f(x) = +ookhix — x§.

© Tanéi ham s6 y = f(x) cd gidi han bén phdi la —oo khi x dan t6i xo vé bén phai néu véi

day s6 (x,) bat ki, xo < x, < b va x, — xq thi f(x,) — —oo, ki hiéu lirn+ f(x) = —oc hay
x—)xo

f(x) = —ookhix — x§.

A a) Cdc gidi han lim f(x) = +oo, lim f(x) = —oo, xgrfmf(x) = +o00, ngmf(x) = —o00,

x—>x0 x—>x0
1_i>m f(x) = +oo, 1_i>m f(x) = —oo duoc dinh nghia nhu trén.
X —o0 X —0o0

b) Ta co cdc gidi han thuong dung nhu sau:

1
® lim = tocova lim = —o0(a € R);
x—=at X —4a x—a- X —4a
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© xlfi‘oo x* = 400 vdi k nguyén duong;

@ lim x* = +o00 vdi k la s6 chin;
X——00

@ lim x* = —covdiklaséIé.
X——00
¢) Cic phép todn trén gidi han ham so ciia Muc 2 chi dp dung duoc khi tat cd cdc ham s6 dugc xét
c0 gioi han hitu han. Voi gidi han v6 cuc, ta cé mot s6 quy tic sau day.
Néu lim f (x) =L #0va lim g(x) 400 (hodc lim g(x) —o0) thi lim [ f(x) - g(x)]

x—>x0 X—r JCO x—>x0 X— .'XO
dueoc tinh theo quy tic cho béi bang sau:

xlff% f(x) xlf?o g(x) xhrffo [f(x) - g(x)]
L>0 +o0 +oo
L>0 —00 —
L<0 +o00 —00
L<0 —00 +o00

Cdc quy tdc trén vin diing khi thay xg thanh xy (hofic +o00, —co).

2]

Tinh cac gidi han sau:

b) lim (%+1).

s

b) lim (3x —1).

x—3— X — 3’ X—+00

MOT SO DANG TOAN THUGONG GAP

Thay s6 truc tiép
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Ve

Tinh cac gidi han sau

3x —2
lim(x? — 4x + 2); b) li )
a) lim(x" —4x+2) ) i

FViay2]

-1
Cho f(x) la mot da thuc thdéa man lirr} W = 24. Tinh gidi han sau
X—r -

lim f) — 16
=1 (x —1) (\/2f(x) +4+6)

Dang @ Phuong phép ddt thira sé chung - két qud hiru han

@ Néu tam thitc bac hai ax? + bx + ¢ c6 hai nghiém x1, x, thi ax? + bx + ¢ = a(x — x1)(x — x2).

@ a"—b"=(@—b)(a" 1 +a" b+ +ab" 24 b,

. . c 28 - T T A s
® lim c=¢ lim — =0vdiclahangsovak € N.

x—r+o00 x—>+o0 xk
Va?b a>0
@ avb =
—Va2b a<O.
o]
2 _
Tinh gidi han lim & 9. &1=6
r—3 X —3
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2 _
Tinh gidi han I = lim * 5x+6. &I=-1
x—2 x—2
4
§ . X*+7
Tinh gidi han x1_1>rJ1r100 A1 & 1.
2
. x°+1
Tim g101 han x1—1>I—|I—Ioo m & 0.
! - & ) & -1
1—x 1-x3/" -
2
Cho m, n 1a cac s6 thuc khac 0. Néu gidi han lim roamen 3, hay tim mn. 8 mn = 520.
x——5 x+5
) V2x? 2024 1
Tim soO thuc a thoa ménxl_i}fwa ;x::—_io-;?)o =5 %a:?.
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Dé tim gidi han ctia ham so ta can nhg

k:{—i—oo,k:2n

@ lim x*¥ = +o00; lim «x

x—+00 x——00 —o00,k =2n+1.
. . c .1
® lim c=c¢ lim — =0;lim — = co.
x—rZdoo x—Foo xk x—0 X
== Vidu 1 |

Tinh lim & +oo
X—r+00

Tinh lim (x3 +3x+1). & —oo
X——00

Tinh lim (—4x° —3x%+x+1). & +oo.
X——00

y . . x+2
Tinh gi6i han xli>r1r_13 GTar & —co
Tim tat ca cac gia tri nguyén ctia tham s m dé [ = lim [(m? —1)x® 4+ 2x] = —c0.  @m=—0
X (o)
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Dang @ Phuong phdp Iuvong lién hop két qua hiru han

. ) V -2
Cho m la hang s0. Tinh lim — x+3 .
=1 X5 +mx —x—m

1 1 1
T . 1. @Z. @m.

|

Biét lim (\/x2—|—1+x+1) — 4. Tinh 242 + 1.

X——00

s

Biét lim (v/4x2—3x+1— (ax +b)) = 0. Tinh gia tri bidu thitc T = a — 4b.

X—r 400

(AT = —2. B)T=>5. ©T=-1. D) T=3.

< s . s 1 1 < A RV 2x+1—
Cho f(x) la ham da thuac thoa lim fx)+ = g va ton tai lim f) 4 2x+ *_ T. Chon
, =2 X —2 x—2 x2 —4
dang thic dung
a+2 a—+ a—2 a—2

GV: NGUYEN BINH KHOI - BT: 0909 461 641



Chuong 3, GIOI HAN \_ Trang <

Dang (5)  Gi6i han mét bén

2

« . . X _3x+2 273 2
Tinh ¢i6i han lim ——n——+—. & lim 0¥ t2

g Ty A /2 —x x—=2-  \2—X

3
. . x> +1 s
Tinh giéi han lim S5 o & lim % _
x—(—=1)* X + 2x* 4+ x (-1t X3+ 2x2 + x

V9—x2 khi —3<x<3

Cho ham s f(x) =< 1 khix =3
Vx2—9 khix > 3.
Ham s f(x) c6 gi6i han khi x — 3 hay khong? & lim f(x) = 0

o]

Ta goi phan nguyén cta sb thuc x 1a s6 nguyén 16n nhat khong 16n hon x va ki hiéu né 1a [x].
Vidu [5] = 5; [3,12] = 3; [-2,725] = 3.

Tim lim [x] va lim [x]. Gidi han lim[x] c6 ton tai hay khong? & lim [x] = 0; lim [x] =1
x—1- x—1t x—1 x—1- X1+
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LEEm
_y YOV ghix<2 .
Chohamso f(x) = ¢ 4 —x2 (m 1a tham s0).
x>—x4+m khix>2
Tim m dé ham s6 f(x) c6 gidi han khi x — 2. & m— _g

Dang @ Todn thuc té, lién moén vé ham s lién tuc

]
Tinh xl_igrloo (\/x2 +3xy/x —x+ 1).
1
®—|—oo. 4. @—oo. @—.

2]

[ee]

@0. ® % @—i—oo. @ —o00.

]
Tim gidi han I = xl_i)rgoo (\/ x*+4x3 41— x2)

A =-4. B®I=1 ©1=-2 D1=-1.

]

(A)L = +co. B) L= —c. ©L=2 D L=-2
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s

Tim tham s6 m dé liI_lif_I (VX3 + mx? — xy/x) = —c0.
X—>+00

@m:. ®) m > 0. ©m<0.

\_ Trang £

@ BAI TAP REN LUYEN

Tim cac gidi han sau

. 2 ) . X—3
L) =

=
N

khix <1

x khix>1.

Tim cac gidi han lim f(x), im f(x), lim f(x) (néu c6).
x—1t x—1- x—1

Cho ham sb f(x) = { B

Tim cac gidi han sau:

. 4x+3 . 2
a) x1—1>r—il:loo 2x b) x1—1>11100 3x+1
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Bai 4

Tim céc gidi han sau:

Trong ho c6 chita 6000 lit nude ngot. Nguoi ta bom nudc bién c6 nong dd mubi 1a 30 gam/lit
vao ho vdi toc do 15 lit/phut.

a) Ching t6 rang nong do mubi ctia nude trong ho sau t phit ké tir khi bat dau bom la
C(t) = _S0F (gam/lit)
T 200+t 0 '

b) Nong do mudi trong hd nhu thé nao néu t — +oco.

Bai 6
Mot thau kinh hoi tu c6 tiéu cy la f > 0 khong d6i. Goi d va d’ 1an lugt 1a khoang cach tir
vat that va anh ctia n6 t6i quang tdm O cta thiu kinh (xem hinh bén dudi). Ta c6 cong thiic:
1+1 —1ha d = af
A a - FYYTa—F
Xét ham s6 g(d) = % Tim céc gi6i han sau day va giai thich y nghia.
-------= P mm == >
| f | f |
B : i
l F A
Al T 0
| 15
1 d d
e ittt P — —— m mmmm -~ >
li d);
a) B, 8(d)
b) i d).
) Jm g(d)
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN

Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, ciing vdi GV kiém tra két qua.

OOODO | 8 | ©®OOO |15 | ®OODO |22 | ®OOO |29 | ®OOO
OOOO | 9 | ©®OOD |16 | ®EOD |23 | ®GOODO | 30 | GOOO
OOOO | 10 | ®OOO |17 | ®OOO | 4 | ®OOO | 31 | ®©OOO
OO0 | 11 | OO0 | 18| ®OOO | 25 | ©®OOO | 32 | ©OOO
OO0 | 12 | ®OOO | 19 | ®OOO | 26 | ®GOOO | 33 | ©OOO
OO0 | 3| OOOO |20 | ®OOO | 27 | ©®OOO | 34 | ©OOO
OO0 | 4| OO |21 | ®OOO | 28 | ®OOO | 35 | ©OOO

N | O | O | x| W DN |-

Gia tri ctia gi¢i han hng (3x24+7x+11) 1a
X—
(A)37. 38. (©)39. (D) 40.

2
0 Zag o o . -3 ..
Gia tri cua gidi han xlgx_l1 R la .
(A)1. 2. ©2. D —
/322 _
Gid tri cua gidi han lim E la
3 S 1 3
. 2 ©- ©3
% s 2 o280 . x—15 N
Ket qua cua gioi han xll>1121+ - la .
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Két qua ctia gi6i han lim

x—=2t \/x —2
(A) —co. +oo. —E. D) Khong xdc dinh.

A m o oo . 2— X
Ket qua cua gidi han xlinznf ﬁ la

—00, @ +o00. @—% @ %

viix <1

vV +1 voix>1

.Khidé lim f(x)1a
x—1+

x2+1
Chohamsb f(x) = ¢ 1—x
V2x —2 voix >1

(A) +o0. ~1. ©o. D) 1.

VRS L e @t T, )
x—1—
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| Caud

¥ —2x+3 voix >3
Cho ham s6 f(x) = { 1 v6i x = 3. Khang dinh nao dudi day sai?
3 —2x2 voix <3
(A) lim f(x) = 6. Khong ton tai lim f(x).
x—3+ x—3
(©) lim f(x) = (D) lim f(x) = —15
3- x—3~

Gid tri ctia gii han lim (x —x®+1) la
x——00

@ 1. (B) —oo. @0. @ +o00.

+o0. ©1. (D) —oo.

82 o8l P 38 . X
Gia tri cua gioi han lim —
x—2 X< —

@ 0. +o0. @ 3. @ Khoéng xac dinh.

3
Biét réng lim M = av/3 + b. Tinh a2 + b2.
x——/3 3—x

(A) 10. 25. (©)s5. (D) 13.
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Gid tri ctia gi6i han lim
x—0F X

@ 0. (B) —co. @ 1. @ +o00.

) 2x2 4+5x —3
K/\t ? ? .6. h 1' 1\
étqua clia gidi han lim ———"——1Ia

-2, (B) +o. (©s. D) 2.

A o o o0 L 2P —7x? 4+ 11
Ket qua cua gidi han xl_l)l’floo 33;6 - 2’;;& 5 la

A) —2. +o0. ©o. D) —c.

Gid tri ctia gidi han lim (2x% —x?) la
x——00

@1. +o00. @—1. @ —o00.

c>o<\/1 +2x2—x) la
@0. +o00. @\/E—l. @ —o00.

Gid tri cta giéi han lim
x—+
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Gia tri ctia gi6i han lim ( LI 4) la

x—2~

(A) —co. +o0. ©ho. D)1.

[

Cho ham s6 y = f(x) c6 do thi nhu hinh vé bén. Tinh y
lim f(x) 4+ Lm f(x).
x—1t x—3~
(A)5. 4.
©2. D)o.

@ |beccococococoos
=

T
Cho ham sb f(x) = ax? + bx + ¢ c6 d6 thi nhu hinh bén. Tinh y
f(x) A
X——00 %xz +1 ”
5. 9 § .
(©)2 D) 1. o
1 2 X
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N A 2x2 — &3 + 2 cAg N . .
Cho ham s6 f(x) = — 7 Biétring lim [f(x) — (mx +n)] = 0. Tinh m + n.

@m—i—n:O. ®m+n=1. ©m+n=—1. @m—i—n:B.

£ N g ]. - 1 - 2
Biét ring b > 0, +b = 5 va lim vazx + . VI=0% 5 Khing dinh nao dudi day sai?
x—

(A1 <a<3. ®b>1. (©a?+ b > 10. Da—b<o0.

Tim tAt c cac gid tri cia a dé lim (\/ 2x2+1+ ax) 1a +oo.

X—r—00

®a>\/§. a<\/§. ©a>2. @a<2.

A s . a b - Py
B1etranga—|—b:4va3161_>rr} (1—x_ 1—x3) htru han. Tinh gi6i han

SN
Gia tri cia lim il il la
: x—1 x2—4x+3

3 5 7 8
> > ©5 ©3
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2
Tinh gigi han lim S+ a3
x—(=2- x+2

—00. 2. ©—|—oo. @ g

Gidi han nao sau day khong ton tai?
Va2 —4x+4 V2 —4x+4
lim —————. lim ————.
Iy e ® i
VxZ—4x+4 Vxr—4x +4
lim —————. lim ————F++—.
LA Ol "y

. ¢ 20 . x+2
Tinh g101 han xli>n:—12 m

@ lim SR —1. lim il

o 22x2 4 5x+2 3 2 2x2 £ 5x 42
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©1imx—+2__l @1imx—H_1
x—»-22x24+5x4+2 2 x—=-22x2+5x+2 2

Xac dinh lim m

x—0 x2 '

(A)o0. —00. (C) Khong ton tai. (D) +co..

..................................................................................................
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3. HAM SO LIEN TUC
KIEN THUC TRONG TAM
1. Ham sb lién tuc tai mot diém

Dinh nghia 3.1. Cho ham s6 y = f(x) xac dinh trén khoang K va xj € K.
Ham s6 y = f(x) dugc goi 1a lién tuc tai diém xo néu lim = £ (xo).
0

A DEhamséy = f(x) lién tuc tai xg thi phdi cd cd ba diéu sau
a) Ham s xdc dinh tai xo.

b) Ton tai )CILHQO f(x).

0 lim f(x) = f (x0).

A Khiham sé y = f(x) khong lién tuc tai diém xq thi ta ndi f(x) gidn doan tai diém xq va xo dugc goi I
diém gidn doan ciia ham sé f(x).

T
Xét tinh lién tuc ctia ham s6
a) f(x) = x? —2x + 3 tai diém xy = 2.

2 .
2 4
b) f) = 4% T2 KX>0 s iemx = 0.
2x khix <0

2. Ham sb lién tuc trén mot khodng, trén mot doan

binh nghia 3.2.

© Cho ham s6 y = f(x) xac dinh trén khoang (a; ).
Ham s6 y = f(x) dugc goi la lién tuc trén khoang (a; b) néu f(x) lién tuc tai moi diém trong
khoang ay.

© Cho ham s6 y = f(x) xac dinh trén doan [a; b].
Ham s6 y = f(x) dugc goi la lién tuc trén doan [g; b] néu f(x) lién tuc tai trén khoang (a; b)
va lim ()= f@, lim f() = f(b).
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A Do thi ciia ham s6 y = f(x) lién tuc trén doan [a; b] la mot duong y
lién, cd diém dau, diém cudi nhu hinh vé bén. Néu hai diém nay nam
vé hai phia so vdi truc hoanh thi duong lién néi trén ludn cit truc J)] E—
hoanh tai it nhat mot diém. Diéu nay cé thé duoc phdt biéu dudi
dang nhu sau:
Néu ham s6 y = f(x) lién tuc trén [a;b] va f(a) - f(b) < O thi luén
ton tai it nhat mot diém c € (a; b) sao cho f(c) = 0.

S e

\‘*“

-4 f@)

Xét tinh lién tuc ctia ham s6 f(x) = v/1 — x2 trén doan [—1;1].

3. Tinh lién tuc ctla ham sd sd cap

binh nghia 3.3.
© Ham sb da thic P(x), cac ham sb lugng gidc y = sin x, y = cos x lién tuc trén R.

P(x)
Q)

y = cot x lién tuc trén cac khoang cua tap xac dinh cta ching.
Trong do, P(x) va Q(x) la cac da thuc.

© Ham sb phan thicy = ,ham s6 can thic y = +/P(x), cic ham s6 lugng gidc y = tan x,

A Him s6 thudc nhitng logi trén duoc goi chung la ham s6 so cdp. Khi ndi xét tinh lién tuc ciia mot ham
s6 ma khong noi gi thém thi ta xét tinh lién tuc ciia ham s6 dé trén nhitng khodng cia tdp xdc dinh ciia
chiing.

Xét tinh lién tuc ctia cac ham sé sau

a) y = 3x> —4x? +5x + 2. b) y =

4. Téng, hiéu, tich, thuong ctia ham sb lién tuc

Dinh nghia 3.4. Cho hai ham s6 y = f(x) va y = g(x) lién tuc tai diém xo. Khi do:
© Cachamsoy = f(x) + g(x), y = f(x) — g(x), y = f(x) - g(x) lién tuc tai xo.

f()

® Hamsby = @

lién tuc tai xp néu g (xo) # 0.
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T T n s s sin x
Xét tinh lién tuc cia ham so y =

x+1

Dang @ Dua vao dd thi xét tinh lién tuc clia ham sé tai mét diém, mét khodng.

DéE xét tinh lién tuc ctia ham sb khi biét d6 thi, ta can nhé:
® DO thi ctia ham s6 lién tuc trén mot khoang 1a mot dudng lién nét trén khoang do.

® Ham sdy = f(x) lién tuc tai x( khi va chi khi lim f(x) = lim f(x) = f(xo).
X—Xp~

X—X0
T

Cho ham s6 y = f(x) c6 d6 thi nhu hinh vé bén.
Xét tinh lién tuc ctia ham s6 y = f(x) trén khoang (0; 2).

01 2 X
& Ham s lién tuc trén khoang (0;2).

2]

Cho ham s6 y = f(x) c6 d6 thi nhu hinh vé bén.
Xét tinh lién tuc ctia ham s6 y = f(x) trén khodng (—2;2).

-2 o 2 x
& Ham s6 lién tuc trén khoang (—2;2).
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]
Cho ham s6 y = f(x) c6 d6 thi nhu hinh vé bén. y
Xét tinh lién tuc ctia ham s6 y = f(x) trén khoang (0; 2). v = f(x)
2 ;
3%
o1 2«
& Ham s6 da cho lién tuc trén cac khoang (0, 1), (1,2) va gian doan tai x = 1.

oy

Cho ham s6 y = f(x) c6 d6 thi nhu hinh vé bén.
Xét tinh lién tuc ctia ham s6 y = f(x) trén khoang (0; 2).

o1 2

& Ham s6 da cho lién tuc trén cac khoang (0,1), (1,2) va gidn doan tai x = 1.

s

Cho ham s6 y = f(x) c6 tap xac dinh Z = R\ {0} va c6 dd thi nhu y
hinh bén. Xét tinh lién tuc ctia ham sb y = f(x) trén 2.

y=f(x)

lo X

& Ham s6 da cho lién tuc trén cac khoang (—oo;0) va (0; +00). Gidn doan tai diém x = 0.

Dang @ Héam sé lién tuc tai mot diém

Dé kiém tra tinh lién tuc cia ham s6 y = f(x) tai diém x = xj ta cAn lam nhu sau:

® Budc 1: Tinh xh_gclo f(x).

® Budc 2: Tinh = f (xp) . Néu lim f(x) = f (x0) thi két ludn ham sb f(x) lién tuc tai x = xo.
0

Néu xh_)rgcl f(x) # f (x0) thi két luan ham s6 f(x) lién tuc tai x = xo.
0
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= Vidul]
tan x

A i ) khix #0
Biét ring lim ~— — 1. Ham s f (x) = { % 4
0 0  khix=0

. Xét tinh lién tuc ctia y = f(x) tai

& f (x) khong lién tuc tai x = 0.

T, |
3 khi x = —1
7z 4 z
Ham so f (x) = x2 X khi x # —1, x # 0 . Xét tinh lién tuc cuahamsotaix = —1,x = 0.
X+ x
1 khi x =0
& Ham s6 lién tuc tai x = —1,x = 0.
]
0,5 khi x = -1
A o R .z 2 N A x(x+1) .
Tim so diém gian doan ciia ham so f (x) = 2T khix# -1, x#17
x N
1 khix =1
& Ham s6 y = f (x) gidn doan tai x = 1.

e 1eA N . 1—cosx khix <0
Xét tinh lién tuc ciia ham so f (x) =

vVx+1 khix>0

tai x = 0?

& Ham sd y = f (x) gidn doan tai x = 0.

GV: NGUYEN BINH KHOI - BT: 0909 461 641




Chuong 3. IS HAN \_ Trang <%

T
2
;khix <1Lx#0

Cho ham s0 f (¥) = 4 0 khi x — 0 . Xét tinh lién tuc ctia ham s6 f (x) tai x = 0,x = 1?
Vxkhix >1

& Hamsbéy = f(x)liéntuctaix =0vax = 1.

Dang @ Ham s lién tuc trén khodng, doan

® Ham sb y = f(x) dugc goi 1a lién tuc trén mot khodng néu né lién tuc tai moi diém cua
khoang do.

® Ham sb y = f(x) duoc goi la lién tuc trén doan [a, b] néu né lién tuc trén khoang (a, b) va

lim f()=f(@), lim f()=f ().

© DO thi ctia ham s lién tuc trén mot khoang 1a mot duong lién nét trén khoang do.

T,

2 _
x“—=3x+2 .
N A T A A kh1x>2 N £ e ez g e » NETRS A
Chohamso f(x) =< vVx+2-2 , m 1a tham so. Véi gid tri nao ctia m thi ham so
m?x —4m+6 khi x <2
da cho lién tuc tai x = 2? & m=1.
Ly
x> +3x+2 .
s e A 21 A khi x < -1 . n .
Tim gia tri cia tham so m dé ham so f (x) = x2—1 lién tuc tai x = —1?

5
osemfi.
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i aus]

@ khix > 4
Timm déhamsd f(x) = x—4 * lién tuc tai diém x = 4. & m= Z.
mx—+1 khix <4
oy
2
xt—x-=2
. ) ———— Kkhi —1
Tlmmdéhéms()f(x):{ x+1 khix > lién tuc tai x = —1. Qcme{l;—g}.
mx — 2m? khix < —1
= Vidu5
e VIZX=VIFY i xco
Tim gid tri cua m dé ham so f (x) = 1% lién tuc tai x = 0?
—X
m—+ khi x>0
1+x
& m= -2

@ BAI TAP REN LUYEN

Xét tinh lién tuc ctia ham so:

¥24+1 khix>0

tai diém x = 0.
1—x khix <0 °

a) f(x) = {

khix <1

2 ix>1 .
b)f(x):{z 2 khivzl o igmx=1
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x* —4 Khix £ 2
Choham sb f(x) = { x+2 Y
a khi x = —2.

Tim a dé ham s6 y = f(x) lién tuc trén R.

Xét tinh lién tuc ctia cac ham sé sau

a) f(x) = Al b) g(x) = V9 — x2. c) h(x) = cosx + tan x.

x2 —4

Cho ham s6 f(x) = 2x —sinx, g(x) = v/x — 1.
Xét tinh lién tuc cia ham séy = f(x) - g(x) vay = =—.

Mot bai dau xe 6-td dua ra gia C(x) (dong) khi thoi gian dau xe la x (gid) nhu sau:

60.000 khi0<x<?2
C(x) = {100.000 khi2 < x<4
200.000 khi4 < x < 24.

Xét tinh lién tuc ctia ham sb C(x).
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Luc hap dan do Trai DAt tac dung lén mot don vi khéi lugng & khodng cach r tinh tir tim ctia

M xnio<r<R , ,
nola F(r) = GIZ{VI , trong d6 M la khoi lugng, R 1a ban kinh cta Trai Dat, G

la hﬁmg s6 hap dan. Ham s6 F(r) c6 lién tuc trén (0; +o0) khong?
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN

Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

OOOO | 8 | OGOOO |15 | KOO0 | 22 | ®OOO |29 | ®OOO
OOOO | 9 | OOOO |16 | ®GOOO | 28 | ®OOO | 30 | ®OOO
OOOO | 10 | ®GOOO |17 | ®OOO | 24 | ®OO0O | 31 | ®OOO
OO0 |11 | ®OOO | 18| ®OOO | 25 | ®OO0O | 32 | ®OOO
OOODO | 12 | ®GOOO | 19 | ®OODO | 26 | ®OOO | 33 | ®OOO
OO0 | 13| ®OOO |20 | ®OOO | 27 | ®OOO | 3¢ | ©®OOO
QOO0 | 4 | OOO | 21 | OO0 | 28| ®OOO | 35 | ©®OOO

2x2

Cho ham s6 f(x) = —~ Chon khéng dinh diing trong cac khang dinh sau:
@Hé\m s0 f(x) xac dinh véi moi x # 0.
Ham s6 f(x) lién tuc trén R.
li li .
© lim f() # lim f(x)
(D)Vi lim f(x) = lim f(x) nén f(x) lién tuc tai x = 0.
x—0T x—0~

N | OG- W |-

) 2 —14 . ) s e
Cho ham so f(x) = % vOi x # —4. Dé ham so f(x) lién tuc tai x = —4 thi ta can bo

sung gid tri f(—4) bang bao nhiéu?

A)s5. —5. ©s. D)o.

Ham sb nao dudi day gian doan tai diém x = 1?

-1 2 _—x+1
By=5—— ®y=-""TT".

X2+x+1" ,
@y=(x—1)(x2+x+1). @y:x +2.
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| Caud

Tim a déhamsb f(x) =< x—1 khi x # 1
a khi x =1

@a:—l. a=2. @az . @azo.

lién tuc tai diém xy = 1.

3., .2 -
Z 7kh _1 2 L Q
Cho ham so f(x) = At %x 7 . Tim m dé ham so0 lién tuc tai diéem xy = —1.
2x +m —1 khi x = —1
(A)m = 10. B m=38. (©m = —10. D) m =12.

x> —8
Cho ham s f(x) = ¢ x —2
mx+1 khix=2

15 11 17 13

e o= 2. Tim m dé ham s6 lién tuc tai x = 2.

khix >1

Cho ham sy = f(x) = Khix — 1 Biét ham s6 f(x) lién tuc tai xg = 1. Gia tri cta

n
mx-+1 khix<1

@n:mzl. B n=1m=0. @n:—l,m: . @n:O,mzl.
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| Caus

ol voix £ 1
Cho a, b 1a hai s6 thuc sao cho ham s6 f(x) = x—1 ’ lién tuc trén R. Tinh
2ax — 1 ,voix =1

x2—16 ,
Chohamséf(x)z{ x—q Khix74
ax —1 khix =4

. Tap hop cac gia tri cua a dé ham s6 lién tuc tai x = 4

‘B (0}. ©f-3} ® {2

sinztx khi |x| <1 A L o
. Ménh dé nao sau day la dung?
x+1 khi |x]>1

(A)Ham s6 lién tuc trén cac khoang (—oo; —1) va (—1; +o0).

Ham s6 lién tuc trén RR.

(C)Ham sb lién tuc trén cac khoang (—co; 1) va (1; +o0).

@ Ham sb gian doan tai x = +1.

Cho ham s6 f(x) = {

x24+m khix>2
3x—1 khix<?2
s6 da cho lién tuc tai xg = 2.

@m:O. m:1. @m: . @m:

Cho ham s6 flx) = { (m 1a tham s6). Tim gid tri thuc cia tham s6 m dé ham
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Tim tat ca cac gia tri thuc ctia m dé phuong trinh m(x — 1)3(x — 2) + 2x — 3 = 0 v6 nghiém.

@mzl. m:O.

@ Vm € R. @ Khoéng c6 gia tri m.

2 _
Xt —3x+2 o
.z — VOXFE2 . . . N
Cho ham so f(x) = x—2 . Vi gid tri nao cua m sau day dé ham so f(x)
2m+1 VOi x =

lién tuc tai x = 2.

A)2. 0. ©1. 1.

. 1 4 R
Cho ham so f(x) = §x5 S §x3 — 5x + 3. Ménh deé nao sau day sai?

@ Ham sb da cho gidn doan tai xg = 5
Phuong trinh f(x) = 0 c6 nghiém trén khoang (0; +c0).
@Phuong trinh f(x) = 0 c6 nghiém trén khoang (—1;1).
@ Ham s6 f(x) lién tuc trén R.

M Khix > 1
Cho ham s6 f(x) = x—1 ’ . Chon khéang dinh ding.
2x +1 Jkhix <1

@ Ham s6 f(x) lién tuc tai diém x = 1.
Ham sb f(x) gian doan tai diém x = 1 vi khong ton tai lin} f(x).
X—r
(C)Ham sb f(x) khong xac dinh tai x = 1.
(D)Ham s6 f(x) gidn doan tai diém x = 1 vi lin} f(x) # fQ).
x—
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ax>* —(@a—2)x -2 Khi x £1

Cho ham s6 f (x) = Vx+3-2 . C6 bao nhiéu gia tri ciia tham sb a dé
8+ a* khi x=1
ham sb lién tuc tai x = 1.

(A)2. ®o. ©1 D) 3.

Cho ham s6 f(x) = x° +x — 1. Xét phuong trinh f(x) = 0 (1). Trong cac ménh dé sau, ménh dé
nao dung?

@ Phuong trinh (1) vo nghiém.

Phuong trinh (1) khong ¢6 nghiém trén khoang (—1;1).

@ Phuong trinh (1) ¢c6 nghiém trén khoang (0; 1).

@ Phuong trinh (1) khong c¢6 nghiém trén khoang (0; 1).

x% —3x +2
lién tuc tai x = 1.

@m:—Z. ® m=2. @m:—l. @m:

x? —4x+3 e
Tim P dé ham sb6 y = x—1 Y lién tuc trén R.
6Px —3 khix <1

>)
)
!
@)
)
!
©
)
!
©
h
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| Cou20

Vx2+4-2

) 5 khix # 0 ) ) )
Cho ham so f(x) = ’55 . Tim gia tri thuc ctia tham so a dé ham so f(x)
2a — 1 khix =0

lién tuc tai x = 0.

Chon ménh dé sai trong cac ménh dé sau.
(A)Ham sb y = 2x3 — 10x2 + 3x + 2017 lién tuc tai moi diém x € RR.

(B)Ham sby = =

+x+1
(OHamsby = P lién tuc tai moi diém x # —1.

lién tuc tai moi diém x € R.

4 x 2
@ Hamsoy = lién tuc tai moi diém x # 2.

2 9
) x*+1 khix<1
Ham so f(x) = -
f@&) {x+m khix >1

@mzl. m=2. @mz—l. @m=—2.

lién tuc tai diém xo = 1 khi m nhan gia tri

Cho ham s6 y = f(x) c6 dao ham trén R va f'(x) > x* + é —2x, ¥x > 0va f(1) = —1. Khang
dinh nao sau day la dung?

@ phuong trinh f(x) = 0 c6 dung 3 nghiém trén (0; 4-c0).

phuong trinh f(x) = 0 c6 1 nghiém trén (0;1).

@phuong trinh f(x) = 0 ¢6 1 nghiém trén (1;2).

@ phuong trinh f(x) = 0 c6 1 nghiém trén (2;5).
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| Cau24

Choham sdy = f(x) lién tuc trén doan [a; b] va f(a)f(b) < 0. Khéng dinh nao sau day la sai?
Phuong trinh f(x) = 0 c6 it nhat mot nghiém thudc doan [a; b].
Ham s6 y = f(x) lién tuc trén (a; ).
(C)Db thi ctia ham s6 i = f(x) trén khoang (a; b) 1a “dudng lién”.
(D)Ham s6 y = f(x) lién tuc tai x = a.

Cho ham s f(x) xac dinh trén khoang K chita . Ham s6 f(x) lién tuc tai x = a néu
(A) lim f(x) = f(a). lim f(x) = lim f(x) =a.
x—a x—at x—a~
(C) f(x) c6 gi6i han hiru han khi x — a. (D) lim f(x) = lim f(x) = +oo.
x—at x—a~

3x+a—1 khix <0
Cho ham 0 f(x) = ¢ /ox 11— 1 h . Tim tat ca cac gia trj thuc ctia a d€ ham s6 da
_— ix>0
x

cho lién tuc trén R.

@a:Z. a:3. @azl. @a:4.

3x+5 khix #1,

Biét ham s6 y = =
iet ham s6 y = f(x) {a Khix =1

. D€ ham s6 lién tuc tai x = 1 thi gia tri ctia a
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=B

2x2 —4 -2 ’
Cho ham s6 f(x) = x—2 25 . Tim a d€ ham sb f(x) lién tuc tai x = 2.
a 58 =

As. 6. ©:2. D4

Khang dinh nao sau day la ding?
<A x+1 . . < i X+
@ Ham so f(x) = lién tuc trén R. Ham so f(x) = .

Vi—1 -
Z 1 G
@ Ham so f(x) = \/% lién tuc trén R. (D) Ham s6 f(x) = \{cx——i_l
X

1
1 lién tuc trén R.

1 lién tuc trén R.

J;—itlx voi x <0,x # —1

Cho ham s6 f(x) = 1 Véi x — —1
Vxcosx vdi x > 0.
Khang dinh nao sau day dung?
@ f(x) lién tuc trén R.
f(x) lién tuc tai moi diém, trir diém x = —1.
@ f(x) lién tuc tai moi diém, trir diém x = 0.
(D) f(x) lién tuc tai moi diém, trir diém x = 0 va x = 1.

Céc do thi ctia cic ham s6 y = f(x),y = g(x),y = h(x),y = t(x) nhu hinh vé bén dudi. D6 thi
nao thé hién ham s6 khong lién tuc trén khoang (—2;2)?
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y = h(x)

\_ Trang £

y=g() —41

y=tx -2

cau khang dinh ding trong cac cau sau.
@ Phuong trinh ludn cé nghiém x € (—2; —1).
Phuong trinh luén c¢6 nghiém x € (1;2).
@ Phuong trinh luén c¢6 nghiém x € (2;3).
(D) Phuong trinh luén ¢6 nghiém x € (0; 1).

Cho phuong trinh ax? + bx + ¢ = 0 (a # 0) théa man L

b
m+2 m+1 m

+£ = 0,véim > 0.Chon

x2—16
x—4
mx+1 khi x<4

RS £ khi x >4
Tim m dé ham so f(x) =

lién tuc tai diém x = 4.
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54. ON TAP CHUONG llI

BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PE SO 1
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing véi GV kiém tra két qud.

OO0 | 8 | ®GOOO | 15 | ®OOO | 22 | ®OOD | 29 | ®OOO
OO0 | 9 | ®GOOO | 16 | ®GOOO | 2 | ®OOO | 30 | ®OOO
OO0 | 10 | ®OOO | 17 | ®OOO | 4 | ®OOO | 31 | OO0
OO0 | 11 | ®OOO | 18 | ®OOO | 25 | ®OOO | 32 | ®OOO
OO0 | 12 | ®GOOO | 19 | ®GOOO | 26 | ®OOO | 33 | ®GOOO
OO0 | B | ®OOO | 20 | ®OOO | 27 | ®OOO | 3¢ | ©OOO
OO0 | 4 | ®GOOO | 21 | ®GOOCO | 28 | ®OOO | 35 | ®OOO

N | O |G s W DN

Cho ham s6 y = f(x) xac dinh trén khoang (a;b) va xo € (a; b). Diéu kién can va du dé ham s6
y = f(x) lién tuc tai xg la
(A) lim_f(x) = f (x0). lim f(x) = f (xo).
x—xg X=X,
@ lim+f(x) = lim f(x). @ lim+f(x) = lim f(x) = f (xo)-
x—>x0 x—>x0 x—>x0 x—>x0
Tinh lim =1
x—15x —1 4 5
A0 5 © 1 © -1

2_3n3

n
T e
M S s 5n—2
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Day s6 nao sau day c6 gi6i han bang 0 ?

A (V2. (—1,101)". (©)(0,919)". D) (1,001)".

Trong bdn gidi han sau ddy, gi6i han nao bang 0?
. 2"43 . @n+1)n—23)7
@ lim 1= 2n3. lim o
. 1-n 2"+
@hm n2+2n. @llmm
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=D

—x2—x+2 | L
Ham s6 f(x) = x2—4 neux . Ham s6 lién tuc tai x = —2 khi:
a néux = —2

=
!
@)
I

|
©
!
©
!

|

Chon ménh dé sai
2 2
. x- —16 9 .o xc—4x+3
im —— = —. im ———M = 2.
@xﬂngrx—zo 8 xlfé x—3

0. ©+00. @ —00.

=
T an—Dentn/)
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1+2+3+..+n

Tinh li
inh lim o

3x+1

x> —8 khi x % 2
Véi gid tri nao ctia a ham sb f(x) = %—2 ty lién tuc trén IR?

5x4+a khi x=2

@azz. B a=1. @a:—l. @a:—Z.

x* —4 ,
e s .z ———— khix>2 :
V6i gia tri nao cua a ham so f(x) = Vx+2-2 lién tuc tai x = 2?

a+2x khi x <2

(A)a = —20. (B)a=>5. (©a =12 (D) a = 10.
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Trong cac khang dinh sau, khang dinh nao sai?
@Phufdng trinh 2x3 — 10x =7 = 0¢6 nghiém.
Phuong trinh 2x + 6¢/1 — x = 3 ¢6 diing 3 nghiém phan biét thudc khoang (—4;7).
(C)Phuong trinh x5 — 523 + 4x — 1 = 0 ¢6 5 nghiém thudc khoang (—2;3).
(D) Phuong trinh cos? x — v/x = 0 v nghiém.

A)2. 0. ©1 D -2

C6 bao nhiéu gia tri ctia tham s6 m € R thda man

3 3/
hm\/x—l—m-l—\/x m

x—0 X

=1

/2 _
Cho lim Y 42-xv2 _ av/2 + bv/3 + cv/6 + d(a, b, c,d € Q). Tinh ab — cd.
x=—00 \/x2 43— x

Ao. 3 1. ©2. D) 3.
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V52— Vx2+7
lim
x—1  2017x2 — 2017

1 ®_ L ©_ 1 ©-1L

co gia tri bao nhiéu?

48408 48408 48409 46391
l_igl (V/x100 — 2017.x50 + 32 — x%0) ¢ gia tri bao nhiéu?
X o0
1 2017
@)o. ® - _207 ® +oo.

Tir mot hinh vudng c6 dién tich la 1m?. Goi A, B, C, D 1an luot 1a trung diém bdn canh ctia hinh
vuong, ban Huing dung but chi vé theo hinh vuéng ABCD dé dugc hinh vuéng thit hai. Ban
Hung lai tiép tuc vé theo bon trung diém cac canh ctia hinh vudng ABCD dé dugc hinh vuéng
thit ba, va ct tiép tuc nhu vay. Tinh téng dién tich tat ca cac hinh vudng da co.

A 4. ® 2. (©s. %

3 2 1 _ 4/1 B »
Cho lim > o E, véi - thi gian. Tim gid tri ctia tong a® + b2,
x—3 x—3 b b

(A) 4709. 6005. (©)1145. (D) 449.

BAI TAP TU LUAN

Tinh cac gidi han sau:

2) lim2n2+6n+1. b lim 4n® —3n+1
8n2+5 7 —3n3 4 5n2 — 2’
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Vian? —n+3 2n+l
im—— "= . . .
c) lim S5 d) lim { 4 3 )
45" 422 245
e) lim —65t ; f) lim 6”n .
Tinh céc gidi han sau:
22— 55+ 2 Vx—2
lim (4x? — ; im———; im-———.
Ut R - s R RT
Tinh cac gidi han sau:
. 6x+8 . 6x+8 , 92 —x+1
R Ny L °) B 5y —2 L T

) lim Vox2 —x+1 o lim 3x2+4 i X H4
xo-0  3x—2 x—-—2-2x+4 xo—2+ 2x+4°

2x+a néux<?2
Cho ham s f(x) = { 4 néu x = 2
—3x+b néux>2
a) Véia =0,b =1, xét tinh lién tuc ctia ham s6 tai x = 2.
b) Véi gia tri nao cda a, b thi ham s lién tuc tai x = 22

¢) Véi gia tri nao caa a, b thi ham s6 lién tuc trén tap xac dinh?
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Tir d6 cao 55,8 m cua thap nghiéng Pisa nudc
Y, nguoi ta tha mét qua bong cao su cham
xubng dat hinh bén dudi. Gia st méi lan cham

’ N 1
dat qua bong lai nay 1én d6 cao bang 10 do cao

ma qué béng dat dugc trude d6. Goi Sy, 1a tong
do dai quang dudng di chuyén ctia qua bong
tinh tir Iic tha ban dau cho dén khi qua béng
dé cham dat n 1an. Tinh lim S,,.

Cho moét tam giac déu ABC canh a. Tam giac A1B1C; c6 cac dinh la trung diém cac canh ctia
tam giac ABC, tam gidc AyB,C; c6 cac dinh 1a trung diém cac canh cta tam giac A1B1Cy, ...,
tam gidc A, 1B, 11Cpi1 €6 cac dinh la trung diém céic canh ctia tam gidc A,B,Cy, ... Goi
pP1,P2, -, Pns--- Va 51,52,...,54,... theo thi tu la chu vi va dién tich cta cdc tam giac
A1B1Cq1,A2ByCo, ..., AuB,Cy, . . ..

a) Tim gidi han ctia cac day s6 (pn) va (Sp).

b) Tim cactong p1 +p2+ ...+ pn+...vaS1+So+...+ Sy +....

Mot thau kinh héi tu ¢é tiéu cu la f.Goidvad lan luot 1a khoang cach tir mot vat that AB va

tir &nh A’B’ ctia n6 t6i quang tdm O ctia thau kinh nhu hinh vé bén du6i. Cong thitc thau kinh
1 1 1

A=tz =-

GTaTT
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a) Tim biéu thitc xac dinh ham s6 d’' = ¢(d).
b) Tim lim ¢(d), lim ¢(d) va lim ¢(d). Giai thich y nghia ctia cac két qua tim dugc.
d—f* d—f~ d—f

GV: NGUYEN BINH KHOI - BT: 0909 461 641



SONG
GIAN

51. DIEM, PUONG THANG VA MAT PHANG TRONG KHONG

GIAN
KIEN THUC TRONG TAM

1. Mat phéng trong khong gian
1.1. Piém thudc mit phang
Cho hai diém A, B va mat phang (P).

® Néu diém A thudc mat phéng (P) thi ta néi A nam trén (P) hay (P) chuta A, hay (P) di qua A
vakihiéula A € (P).

© Néu diém B khong thudc mat phéng (P) thi ta néi B nam ngoai (P) hay (P) khéng chita B va
ki hiéula B ¢ (P).

1.2. Biéu dién cac hinh trong khong gian 1én mét mat phang

Dé biéu dién mot hinh trong khong gian 1én mot mat phang (1o gidy, mat bang, . .. ), ta thuong dua
vao cac quy tac sau:

@ Hinh biéu dién ctia dudng thang 1a dudng thang, ctia doan thang la doan thang.

@ Gitr nguyeén tinh lién thuoc (thudc hay khong thudc) gitta diém véi duong thang hoac véi
doan thang.

@ Gitr nguyén tinh song song, tinh cat nhau giita cac duong thang.

© Biéu dién duong nhin thay bang nét vé lién va biéu dién duong bi che khuét bang nét vé dut
doan.

2. C4c tinh chét thita nhan caa hinh hoc khong gian

Tinh chat 1.1.
C6 mot va chi mot dudng thang di qua hai diém phan biét cho trudc. d

B
/
Duong thang di qua hai diém phan biét A, B dugc ki hiéu 1a AB. Ta ciing néi dudng thang AB xac
dinh béi hai diém A, B.
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Cho ba diém phan biét M, N, P khong thang hang. C6 bao nhiéu dudng thang di qua hai trong
ba di€ém da cho?

Tinh chit 1.2.

C6 mot va chi mot mat phang di qua ba diém khong thang hang

cho trudc. B -
A C

A Mt phing di qua ba diém A, B, C khong thang hang duoc ki hiéu la mat phing (ABC).

T

Cho duong thang a di qua hai diém phan biét M, N va diém O khong thudc 0
a. C6 bao nhiéu mat phang di qua ba diém M, N, O?

Tinh chét 1.3.

Néu mot duong thang c6 hai diém phan biét thuéc mot mat

phang thi moi diém ctia duong thang déu thudc mat phang do. ////.d/
B

A

A Duong thing d nim trong mat phing (P) thuong duoc ki hi¢u la d C (P) hodc (P) D d.

Cho ba diém A, B, C khéng thang hang va mot diém M nam trén duong thang BC. Goi (P) la
mat phang di qua ba diém A, B, C. Ching té rang M € (P).

Tinh chat 1.4. Ton tai bén diém khong cling nam trén mot mt phang.

A Néu c6 nhiéu diém cing thudc mot mit phang thi ta néi nhitng diém a6 dong phiang, con néu khong
6 mét phang nao chita cic diém do thi ta néi chiing khong dong phang.

Cho bén diém A, B, C, D khong ciing nam trén mot mat phang. C6 bao nhiéu mat phang di qua
ba trong bon diém da cho?
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Tinh chat 1.5.
Néu hai mt phang phéan biét c6 mot diém chung thi chiing c6 mét duong
thang chung duy nhat chita tat ca cac diém chung ctia hai mat phang doé. E

&y

A DPuong thing d chung ciia hai mit phing (P) va (Q) duoc goi la giao tuyén ciia (P) va (Q), ki hiéu
d = (P)N(Q).

Cho tam gidc ABC va mot diém O khong thudc mat ph:fmg (ABC). Xac dinh giao tuyén cua hai
mat phezmg (OAB) va (ABC).

‘ Tinh chat 1.6. Trong mdi mit phing, cic két qua da biét ctia hinh hoc phéng déu diing.

o)

Cho bén diém A, B, C, D khong cling nam trén mot mat phang. A

a) Goi O la trung diém cta CD, G va G’ lan lugt 1a trong tam
cta tam giac ACD va BCD. Ching minh GG’ // AB.

b) Cho diém E trén AB sao cho EG cat mat phang di qua ba
diém B, C, D tai F. Chtiing minh bén diém B, G/, O, F thang
hang.

3. Cdch xac dinh mat phang
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@ Mot mat phang dugc xac dinh néu biét n6 chia ba diém )
khong thang hang. B

Mt phing xdc dinh bdi ba diém A, B, C khong thing hang ki hiéu la mp
(ABC) hay (ABC).

T

Cho ba diém A, B,C khong thang hang va khong nam trong mat phang (P). Biét ba duong
thang AB, AC, BC lan luot cat (P) tai cac diém M, N, E. Ba diém M, N, E c6 thang hang khong?
Giai thich.

A o Mot mét phing duoc xdc dinh néu biét né chita mét duong 2
thang va mot diém khong thudc duong thang do. .
I
a

Mt phing xdc dinh bdi diém A va duong thang a khong qua diém
A ki hiéu la mp(A, a) hay (A, a).

Véi duong théng d va hai diém M, N phén biét khong thudc d, ta xac dinh duge bao nhiéu mat
phang?

A @ Mot mit phing duoc xdc dinh néu biét nd chita hai duong thing

cit nhau. ><

Mt phing xdc dinh béi diém hai duong thang a, b cit nhau ki hiéu la b
mp(a, b).

V6i ba duong thang a, b, c khong cting nam trong mot mat phang va ciing di qua mot diém O,
ta xac dinh dugc bao nhiéu mat phang?

4. Hinh chép va hinh td dién
4.1. Hinh chop

Cho da giac16i A1 A, ... A, nam trong mat phang («) va diém S khong thuoc («). N6i S véi cac dinh
A1, Ay, ..., Ay taduge n tam gidc SA1Ap, SAA3, ..., SA, A Hinh tao boi n tam gidc d6 va da gidc
A1A; ... A, duoce goi la hinh chop, ki hiéu S.A1A3 ... Ay,
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Trong hinh chop S.A1A, ... Ay, ta goi: S Pinh S
® Piém S la dinh;

Canh bé
® Céc tam gidc SA1As, SA2A;,..., anh bén

SA,Aq la cac mat bén;

., Mit bén
® Da giac A1A; ... A, 1a mat day; D A D
® Cac doan thang
SA1,5A,,...,5A, la cac canh Canh day
bén; B g

© Céc canh ctia da gidc A1A; ... Ay
la cac canh day.

Ta goi hinh chop c6 day tam giac, ta
gidc, ngu giac,. .. lan luot 1a hinh chép
tam giac, hinh chop ta giac, hinh chop
ngu giac, ...

Cho hinh chép S.ABCD (Hinh vé bén). Goi tén cac mat bén, mat day, canh bén, canh day cta
hinh chép S.ABCD.

4.2. Hinh t@ dién

Cho bén diém A, B,C,D khong dong phang. Hinh tao bdi bén tam giac A
ABC,ACD,ADB va BCD duogc goi la hinh ta dién (hay tt dién), ki hiéu

ABCD.

Trong ta dién ABCD, ta goi:

® Cacdiém A, B,C, D 1a cac dinh. B D
@ Céac doan thang AB, AC, AD, BC,CD, BD la cac canh ctia t dién.

@ Hai canh khong di qua mot dinh 1a hai canh d6i dién.

© Cac tam gidc ABC, ACD, ADB, BCD la cac mat cta tu dién.

© Dinh khong thudc moét mat cua t dién 1a dinh d6i dién véi mat d6.

Goi tén cac mat, cac cap canh déi dién ctia ti dién MNPQ.
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A Chiy:
© Hinh tit dién c6 bon mdt la cic tam gidc déu duoc goi la hinh ti dién déu.

© Mot tir dién cd thé xem nhu la mot hinh chép tam gidc vdi dinh la mot dinh tuy y cila tir dign va
ddy la mat cia tir dién khong chita dinh do.

F ool

Cho tir dién SABC. Goi M va N lan luot 1a hai diém trén hai canh AB va BC sao cho MN khong
song song voi AC.

a) Tim giao diém ctia duong thang MN va mat phang (SAC).
b) Tim giao tuyén ctia cdc mat phéng (SMN) va (SAC); (SAN) va (SCM).

CAC DANG TOAN THUGNG GAP

Dang @ Tim giao tuyén cGa hai mat phdng

Dé tim giao tuyén ctia hai mat phang, ta tim hai diém phan biét cting thudc ca hai mat phang
do.

T

Cho S 1a mot diém khong thudc mat phang hinh binh hanh ABCD. Tim giao tuyén ctia hai mét
phang (SAC) va (SBD).

o]
Cho bén diém khong dong phang A, B, C, D. Trén hai doan AB va AC lay hai diém M, N sao
cho M 1va —— = 2. Hay xdc dinh giao tuyén ctia mat phang (DMN) v6i mét phang

FViaus]

Cho tit dién ABCD. Goi M, N lan lugt la trung diém ctia cdc canh AB va CD, trén canh AD
lay diém P khong tring véi trung diém ctia AD. Goi E la giao diém ctia dudng thang MP va
duong thang BD. Tim giao tuyén ctia hai mat phang (PMN) va (BCD)
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o]

Cho bén diém A, B, C, D khong dong phang. Goi I, K 1an lugt 1a trung diém ctia hai doan thang
AD va BC.

a) Tim giao tuyén ctia hai mat ph:fmg (IBC) va (KAD).

b) Goi M, N la hai diém lan luot lay trén hai doan thang AB va AC. Tim giao tuyén ctia hai
mat phéng (IBC) va (DMN).

s

Cho hinh chép S.ABCD, day la t giac ABCD c6 hai canh déi dién AB va CD khong song song.
Lay diém M thudc mién trong ctia tam giac SCD. Tim giao tuyén ctia hai mit phang:

a) (SBM)va (SCD);
b) (ABM) va (SCD);
c) (ABM) va (SAC).

Dang @ Xéc dinh giao diém clia dudng théng va mét phéng

Mubn tim giao diém ctia duong thang d va mat phang (P), ta tim giao diém ctia d v6i mot
duong thang a nam trong (P). Xét hai kha nang;:

@ Néu duong thang a dé thay, nghia la thiy sdn a C (P) va a cat duge d. Khi d6

Med

Qg Khi dd .
e GoiM=dnNa, ldO{MEaC(P)

e Vay M = d N (P).
@ Néu duong thang a kho thay, ta thuc hién cac budc sau:

e Tim mot mat phang (Q) chita dudng thang d va dé tim giao tuyén vdi (P);
e Tim (Q)N(P) = a.
e TimM=dNa,suyra M =dN(P).

-,

Cho t dién ABCD va E la mot diém nam trong tam giac BCD. Goi F 1a mot diém nam gitra A
va E. Xac dinh giao diém ctia duong thang BF va mat phang ACD.
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Cho hinh chép S.ABC. Goi G la trong tdm cuia tam giac ABC va M la trung diém cta SA. Tim
giao tuyén ctia duong thang SG va mat phang (MBC).

Cho hinh chép S.ABC. Goi M, N lan luot la trung diém ctia AB va SB. K 1a diém trén canh AC
sao cho AK > KC. Tim giao diém ctia SC v6i mét phang MNK.

i

Cho ti dién ABCD. Trén canh AC, AD lan luot lay hai diém M va N sao cho AC = 3AM,
3AN = 2AD. Goi O la diém thudc mién trong ctia tam giac BCD. Tim giao diém cta BD va
mat phang OMN.

Cho hinh chép S.ABCD. Goi M, N tuong ting la cac diém thudc cac canh SC va BC. Tim giao
diém ctia dudng thang SD vé6i mat phang (AMN).

Dang (3)  Tim thiét dién clia hinh (%) khi ¢t b&i mat phéng (P)

Ta tim cac doan giao tuyén nbi tiép nhau ctia mat phang («) v6i cdc mat ctia hinh chép cho dén
khi khép kin thanh mét da gidc phang. Da giac d6 la thiét dién can tim va cac doan giao tuyén
chinh la céc canh cta thiét dién.

T,

Cho ti dién ABCD. Trén cac doan CA,CB, BD cho lan luot cac diéfm M, N, P sao cho MN
khong song song vdi AB. Goi («) la mat phang xac dinh bai ba diém M, N, P. Dung thiét dién
tao bdi («) va tir dién ABCD.
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2]

Cho hinh chép S.ABC. Trén canh SA, SB lan lugt ldy M, N sao cho MN khong song song vdi
AB. Goi P 1a diém thuoc mién trong tam gidc ABC. Xéc dinh thiét dién khi cat hinh chép béi
mat phéng (MNP).

|

Cho hinh chop S.ABC. Goi K, N lan luot 1a trung diém SA, BC va M la diém thudc doan SC
sao cho 3SM = 2MC.

a) Tim thiét dién ctia (KMN) va hinh chép.
b) Mat phang (KMN) cat AB tai I. Dat A = kIB. Tim k.

Cho hinh chép ABCD. Trén canh AB lay diém M, diém N trén BC thdéa BN = 2NC, P la trung
diém CD. Xac dinh thiét dién khi cat hinh chop béi mat phang (MNP).

Cho hinh chép S.ABCD c6 day la hinh thang day 16n AD. Lay diém M trén canh SB. Tim thiét
dién tao bdi mat phang (AMD) va hinh chép.

Dang @ Chitng minh ba diém thdng hang

Dé chiing minh ba diém A, B, C thang hang, ta can chiing minh ba diém nay lan lugt thudc hai
mat phang phan biét («) va (B). Nghia la chiing ciing thudc giao tuyén d ctia hai mat phang («)
va (8) nén chiing thang hang.
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Cho tir dién SABC. Trén cac canh SA, SB, SC 1an lugt liy cac diém M, N, P sao cho MN cat AB
tai I, NP cat BC tai ] va MP cat AC tai K. Chiing minh rang ba diém I, ], K thang hang.

Cho ti dién ABCD c6 G la trong tam tam gidc BCD. Goi M, N, P lan luot 1a trung diém cua
cac canh AB, BC, CD.

a) Xac dinh giao tuyén ctia (ADN) va (ABP).
b) Goil = AGNMPva] =CMNAN.Changminh D, I, | théng hang.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O, hai diém M, N lan luot 1a
trung diém ctia SB, SD, diém P thudc SC va khong la trung diém cua SC.

a) Tim giao diém ctia SO v6i (MNP).
b) Tim giao diém Q ctia SA v6i mat phang (MNP).

¢) Goi F, G, H lan luot la giao diém ctia QM va AB, QP va AC, QN va AD. Chiing minh ba
diém F, G, H thang hang.

Cho hinh chép S.ABCD c6 AD khéng song song véi BC. Lay M thudc SB va O la giao diém
AC véi BD.

a) Tim giao diém N ctia SC vdi (ADM).
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| b) Goi I = AN N DM. Chiing minh S, I, O thing hang.

5]

Cho tir dién ABCD c6 G la trong tam tam giac BCD. Goi M, N, P lan luot 1a trung diém cua
AB, BC, CD.

a) Tim giao tuyén cta (ADN) va (ABP).
b) Goi I = AGN MP va ] = CM N AN Chitng minh D, I, ] thang hang.

Dang @ Chitng minh ba dudng théng ddng quy
Dé chiing minh ba dudng thang a, b, c dong quy ta lam theo cac budc sau:
@ Chon mat phang (P) chita duong thang a va b.
® Tim mat phéng (Q) chwaa va (R) chtabsaocho (Q)N(R)=c=1 € c.

Suy ra: 4,b, c dong quy tai I.

aC (P),bC(P),l=anb
a=(P)N(Q)

b= (P)N(R)

¢ =(Q)N(R)

Nghia la: = a,b,c dong quy tai I.

T,

Cho hinh chép S.ABCD c6 AB khong song song CD. Goi M 1a trung diém SC va O la giao di€ém
AC v6i BD.

a) Tim giao diém N ctia SD v6i (M AB).
b) Chitng minh ba duong thang SO, AM, BN déng quy.
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Cho hinh chép S.ABCD c6 day ABCD la t giac 16i. Lay M trén canh SC. Goi N la giao diém
ctia SB va (ADM). Goi O la giao diém AC va BD. Ching minh rang SO, AM, DN déng qui.

T,

Cho hinh chép S.ABCD c¢6 day ABCD la tu giac ma AB khong song song v6i CD. Trén canh
SC lay E khong trung véi S va C.

a) Tim giao diém F cta SD va (ABE).
b) Ching minh ba diém AB, CD, EF dong quy.

Cho ti dién ABCD. Lay M, N, P lan lugt trén cac canh AB, AC, BD sao cho MN cat BC tai I,
MP cat AD tai J. Ching minh: PI, NJ,CD dong quy:.

s

Cho hinh chép S.ABCD ¢6 ABNCD = E va AD N BC = K. Goi M, N, P lan luot 1a trung diém
ctia SA, SB, SC.

a) Tim giao tuyén cta (SAC) va (SBD).

b) Tim giao tuyén ctia (MNP) va (SBD).

c) Tim giao diém cta Q ctia SD va (MNP).

d) Goi H= MN N PQ. Chung minh: S, H, E th:fmg hang.
e) Chuang minh: SK, QM, NP déng quy.

Dang @ B&i todn quy tich va diém cé dinh
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CN

Cho tit dién ABCD va M, N la cac diém thay déi trén cac canh AB, CD sao cho 1;\14_]\;[ = ND'

Chiang minh MN luén ludn song song voi mot mat phéng c6 dinh.

Cho tit dién ABCD va M, N la cac diém thay dé6i trén cac canh AB, CD sao cho 1:4—]\; = %
Gia st 1]‘\1/1_]\; = % = k > 0va P1a mot diém trén canh AC sao cho PA = kPC. Khi d6 tim thiét
dién ctia hinh chép cat boi (MNP).

L yen . iR R A AM CN
Cho tt dién ABCD va M, N la cac diém thay doi trén cac canh AB, CD sao cho VB - ND -

k > 0 va P 1a mot diém trén canh AC sao cho PA # kPC. Tim thiét dién ctia hinh chép cat béi
(MNP).

Cho ti dién ABCD va M, N la céac diém thay d6i trén cac canh AB, CD sao cho —1:4]\;[ = % =

k > 0 va P la mot diém trén canh AC sao cho PA # kPC. Tinh theo k ti s6 dién tich tam giac
MNP va dién tich thiét dién ctia hinh chép cat bdi (MNP).

Cho hinh chop S.ABCD c6 ddy ABCD la hinh binh hanh tdm O ¢6 AC = a, BD = b. Tam giac
SBD la tam giac déu. Mot mat phang (a) di dong song song v6i mat phang (SBD) va di qua
diém I trén doan AO va Al = x (0 < x < a). Tinh dién tich thiét dién theo a, b va x.
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Dang (7)  Baiitodn thyc &

Dya trén hinh bén, vé hinh biéu dién ctia hop phan.

Hinh bén dué6i minh hoa ngudi thg dang kiém tra d6 phang ctia mat san nha. Hay cho biét
ngudi thg kiém tra do phang cia mat san nha bang cach nao?

@ BAI TAP REN LUYEN

Cho hinh chép S.ABCD, goi O 1a giao diém ctia AC va BD. Lay M, N lan lugt thudc cac canh
SA,SC.

a) Chiing minh dudng thang MN nam trong mat phang (SAC).
b) Chitng minh O 1a diém chung ctia hai mat ph:fmg (SAC) va (SBD).
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Cho hinh chép S.ABCD c6 déy la hinh binh hanh. Goi M 1a trung diém cta SC.
a) Tim giao diém I ctia dudong thang AM va mat phang (SBD). Ching minh [A = 2IM.
b) Tim giao diém E ctia duong thang SD va mat phang (ABM).

¢) Goi N la mot diém tuy y trén canh AB. Tim giao diém cta duong thang MN va mat
phéng (SBD).

Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi O 1a giao diém ctia AC va BD; M, N lan
lugt 1a trung diém ctia SB, SD; P thudc doan SC va khong la trung diém cua SC.

a) Tim giao diém E ctia duong thang SO va mat phang (MNP).
b) Tim giao diém Q ctia dudng thang SA va mat phang (MNP).

c) Goi I, ], K 1an luot la giao diém ctia QM va AB, QP va AC, QN va AD. Chiing minh I, ], K
thang hang.

Bdi 4

Cho t dién ABCD. Goi E, F, G lan luot 1a ba diém trén ba canh AB, AC, BD sao cho EF cat BC
tai I (I # C), EG cat AD tai H (H # D).

a) Tim giao tuyén ctia cic mat phang (EFG) va (BCD); (EFG) va (ACD).

b) Chitng minh ba duong thang CD, IG, HF cung di qua mot diém.
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PESO 1
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qua.

OO0 | 8 | ®GOOO | 15 | ®OOO | 22 | ®OOD | 29 | ®OOO
OO0 | 9 | ®GOOO | 16 | ®OOO | 2 | ®OOO | 30 | ®GOOO
OO0 | 10 | ®OOO | 17 | ®OOO | 4 | ®OOO | 31 | OO0
OO0 | 11 | ®OOO | 18 | ®OOO | 25 | ®OOO | 32 | ®OOO
OO0 | 12 | ®GOOO | 19 | ®GOOO | 26 | ®OOO | 33 | ®GOOO
OO0 | B | ®OOO | 20 | ®OOO | 27 | ®OOO | 3¢ | ©OOO
OO0 | 4 | ®GOOO | 21 | ®GOOCO | 28 | ®OOO | 35 | OOOO

N (N[O =W (N -

Cho bén diém A, B,C, D khéng dong phang. Goi M, N lan luot la trung diém ctia AC va BC.
Trén doan BD lay diém P sao cho BP = 2PD. Giao diém ctia duong thang CD va mat phang
(MNP) la giao diém ctia

(A)CD va NP. CD va MN. (C)CD va MP. (D) CD va AP.

Cho bén diém A, B, C, D khong cung ndm trong mot mat phang. Trén AB, AD lan lugt lay cac
diém M, N sao cho MN cat BD tai I. Diém I khong thuoc mat phang nao sau day

(A) (ABD). (CMN). (©)(BCD). (D) (ACD).

Khéi lang tru bét giac c6 tat ca bao nhiéu dinh?

(A)8. 16. (©)24. D) 12.

Cho b6n diém A, B, C, D khong cung nam trong mot mat phéng. Trén AB, AD lan luot lay cac
diém M, N sao cho MN cat BD tai I. Diém I khong thudc mat phang nao sau day

(A) (ABD). (CMN). (©)(BCD). (D) (ACD).
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Cho bén diém A, B, C, D khéng ciing nam trong mdt mit phang. Trén AB, AD lan lugt lay cac
diém M, N sao cho MN céat BD tai I. Diém I khong thudc mat phang nao sau day

(A) (ABD). (CMN). (©)(BCD). (D) (ACD).

Cho bén diém A, B, C, D khong dong phang. Goi M, N 1an luot 1a trung diém ctia AC va BC.
Trén doan BD lay diém P sao cho BP = 2PD. Giao diém cta duong thang CD va mit phang
(MNP) 1a giao diém ctia

(A)CD va NP. CD va MN. (©)CD va MP. (D) CD va AP.

Cho hinh chép S.ABCD c6 day ABCD la hinh thang, day 16n AD. Khi d6 giao tuyén cta hai
mat phang (SAB) va (SCD) la

(A)Puong thiang SO véi O 1a giao diém ctia AC va BD.
Duong thang di qua S va song song AC.
@Du’bng thang di qua S va song song BD.

(D) Pudng thing SI véi I 1a giao diém ctia AB va CD.

Cho hinh chép S.ABCD c6 ddy 1a hinh thang ABCD, AD // BC. Goi I 1a giao diém ctia AB va
DC, M 1a trung diém SC. DM cat mat phéng (SAB) tai J. Kh;fmg dinh nao sau day sai?

(A)JM C (SAB). DM cC (SCI).
(©)S,1,] thing hang. (D) SI = (SAB) N (SCD).
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=D

Tim ménh dé sai trong cic ménh dé sau day.
@ Mat phéng duoc hoan toan xac dinh khi biét né chira ba diém phan biét.
Mit phang dugc hoan toan xac dinh khi biét n6 di qua ba diém khéong thang hang.
@ Mat phang dugc hoan toan xéac dinh khi biét né chita hai duong thang cat nhau.
@ Mat phang dugc hoan toan xac dinh khi biét né di qua mot diém va chita mot dudng
thang khong di qua diém do.

A3, (®) 4. ©:2. D1

Cho hinh chép tit giac S.ABCD. O la giao diém ctia AC va BD. Giao tuyén ctia hai mat phang
(SAO) va (SBC) 1a duong thang

(A) SA. SB. (©)sc. (D) so.
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Chon ménh dé sai trong cac ménh dé sau:
@ Néu ba diém phan biét ciing thudc hai mit phang phan biét thi ching thang hang.
Hai mat phang c6 hai diém chung thi chiing c6 mot duong thang chung duy nhét.
@Ha/i mat phang phan biét c6 mot diém chung thi ching ¢6 mot duong thang chung duy
nhat.
(D) Néu hai méit phing c6 mot diém chung thi chiing ¢ v6 s diém chung.

Mot mat phang hoan toan dugc xac dinh néu biét diéu nao sau day?
(A) Mot diém va mot dudng thing thudc no. Ba diém ma né di qua.
@ Ba diém khong thang hang. @ Hai duong thang thuoc mit phang.

Cho hinh chép S.ABCD, AB cat CD tai E va AC cat BD tai F. Giao tuyén ctia mat phang (SEF)
v6i cdc mat phang (SAD), (SBC) la

(A)SIvéil = EFNAD. B SD.

(C)SA. (D) SIvéil = ESN AD.

Chon ménh dé sai
@ C6 mdt va chi mot duong thang di qua hai diém phan biét.
C6 vo s6 mit phang di qua ba diém khong thang hang.
@Néu hai mat phang phan biét c6 mot diém chung thi chiing con c6 mét diém chung khac
ntra.
(D) Ton tai bén diém khong ciing thudc mot mat phing.
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| Cau17

Cho tit dién ABCD, M la trung diém cta CD, diém P thudc tia ddi cta tia BD sao cho PD =
3PB, mat phang (APM) cat BC tai Q. Tinh ti s6 g—%.

7 5

—. 2. —. .

3 ‘3 2 @ 3

Cho hinh chép S.ABCD c6 ddy la hinh thang ABCD (AD // BC). Goi M la trung diém CD. Giao
tuyén ctia hai mat phang (MSB) va (SAC) 1a

(A) SI (I 1a giao diém ctia AC va BM). SJ (J 1a giao diém ctia AM va BD).
@ SO (O 1a giao diém cta AC va BD). @ SP (P 1a giao diém cta AB va CD).

Cho ta flién ABCD. Goi I, ] va K lan lugt 1a trung diém cta AB, BC va BD. Giao tuyén ctia hai
mat phang (ABD) va (IJK) la

(A)KD.

Khoéng co.

@Dudng thang di qua K va song song véi AB.

(D)KI.

(A) SA. SD. (©)sc. (D) SB.

Cho tir dién ABCD. Goi M, N lan luot 1a trung diém ctia cac canh AD, BC, diém G la trong tam
ctia tam gidc BCD. Tim giao diém ctia dudng thang MG va mat phang (ABC).

(A) Giao diém ctia MG va BC. Giao diém ctia MG va AC.
(C)Giao diém ctia MG va AN. (D) Giao diém ctia MG va AB.
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Trong cac ménh dé sau, ménh dé nao ding?
@ Hinh t dién déu la hinh ¢6 4 canh bf?mg nhau.
Hinh chép tam gidc 1a hinh ¢6 3 dinh, 3 canh va 3 mat.
@ Hinh chép tam giac 1a hinh ta dién.
(D) Hinh chép tit gidc la hinh c6 4 mat 1a t giac.

Hinh chép S.ABCD c6 tat ca bao nhiéu mat?

A6. ® 3. ©4. D)5.

Cho hinh chép S.ABCD, AB cat CD tai E va AC cat BD tai F. Giao tuyén ctia mt phang (SEF)
v6i mat phang (SBC) la

(A)S] véi I = EF N BC. ®) sc.

(C)SA. (D) SJ véi I = ES N BC.

Hinh chép S.ABCD ¢6 tat ca bao nhiéu mat?

Ae. B 3. ©)4. D)5.

Cho bbn diém A, B, C, D khéng dong phang. Goi M, N lan luot la trung diém ctia AC va BC.
Trén doan BD lay diém P sao cho BP = 2PD. Giao diém ctia duong thang CD va mit phang
(MNP) 1a giao diém ctia
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(A)CD va NP. CD va MN. (C)CD va MP. (D) CD va AP.

Cho ti dién ABCD. Goi E, F lan luot 1a trung diém cac canh AB,CD va G la trong tam ctia tam
giac BCD. Giao dém ctia duong thang EG va mat phang (ACD) la

(A) Giao diém ctia dudng thing EG va AC. Diém F.

(C)Giao diém ctia dudng thing EG va AF. (D) Giao diém ctia dudng thing EG va CD.

Cho tit dién S.ABC. Goi L, M, N lan luot la cac diém trén cac canh SA, SB va AC sao cho LM
khong song song v6i AB, LN khéng song song v6i SC. Mat phang (LMN) cat cac canh AB, BC,
SC 1an lugt tai K, I, J. Ba diém nao sau day thang hang?

(AK,I,7J. B K M,]. (©ON, 1]. D M,I,7J.

Cho tu dién S.ABC. Goi L, M, N 1an luot 1a cic diém trén cac canh SA, SB va AC sao cho LM
khong song song v6i AB, LN khong song song véi SC. Mt phang (LMN) cét cac canh AB, BC,
SC lan luot tai K, I, J. Ba diém nao sau day théng hang?

(AK,I,7J. B K M,]. (©ON,1]. D M,I,J.

Cho ti dién ABCD. Goi G la trong tam tam giac BCD, M 1a trung diém CD, I 1a diém ¢ trén
doan thang AG. Dudng thang BI cat mat phang (ACD) tai J. Khang dinh nao sau day sai?

(A) AM = (ACD) N (ABG). (B) A, ], M thing hang.
(©)DJ = (ACD) N (BD)). (D) 1a trung diém ctia AM.
............................................... HﬁT...............................................

GV: NGUYEN BINH KHOI - BT: 0909 461 641



il 263 I 2. HAI DUONG THANG SONG SONG

52. HAl DUONG THANG SONG SONG

KIEN THUC TRONG TAM
1. Vi tri tuong dbi cta hai dudng thang trong khong gian

Cho hai dudng thang a va b trong khong gian. Khi d6 c6 thé xay ra mot trong hai truong hop sau:

@ Truong hop 1: C6 mot mat phang chira a va b. Khi d6 ta néi a va b dong phing. Theo két qua
ctia hinh hoc phang, c6 ba kha nang sau day xay ra:

e Néu a va b c6 hai diém chung thi ta néi a tring b, ki hiéu a = b.

e Néu a va b c6 mot diém chung duy nhit M thi ta néi a va b cat nhau tai M, ki hiéu
anb= M.

e Néu a va b khong c6 diém chung thi ta néi a va b song song vdi nhau, ki hiéu a // b.

@ Trudng hgp 2: Khong c6 mat phang nao chita ca a va b. Khi d6 ta néi hai duong thang a va b
chéo nhau hay a chéo vdi b.

// =7 = L)

= anNnb=M a/lb a, b chéo nhau

Hinh 3.

Dinh nghia 2.1. Hai duong thang goi 1a song song néu chiing nam trong cling mot mat phang
va khong c6 diém chung.

A @) Hai duong thing goi la chéo nhau néu chiing khong dong phing.

b) Cho hai duong thang song song a va b. Cé duy nhit mot mdt phang chita hai duong thing do, ki
hiéu mp(a, ).

)

Cho tit dién ABCD c6 M, N lan luot la trung diém ctia AB, AC. Xét vi tri tuong ddi ctia cac cap
duong thang sau day:

a) MN va BC; b) AN va CD; ¢) MN vaCD.
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T

Cho hinh ch6p S.ABCD c6 day ABCD la hinh binh hanh.
Xét vi tri tuong d6i ctia cac cap duong thang sau day:

a) ABvaCD; b) SA va SC; c¢) SAvaBC.

\_ Trang =<£

2. Tinh chét ¢ ban vé hai dudng thiang song song

T

a)
Trong khong gian, cho diém M & ngoai duong thang
d. bat (P) = mp(M,d). Trong (P), qua M vé duong
thang d’ song song vdi d, dat (Q) = mp (d,d'). C6
thé khéng dinh hai mat phéng (P) va (Q) trung nhau
khong?

a = (P)N(R); b = (Q)N(R); ¢ = (P) N(Q) (Hinh 8).

Néu a va b c¢6 diém chung M thi diém M c6 thudc ¢ khong?

Hinh 7

b) Cho ba mat phéng (P), (Q), (R) cat nhau theo ba giao tuyén a, b, ¢ phan biét véi
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Dinh ly 2.1. Trong khong gian, qua mot diém nam ngoai mot duong thang c6 mot va chi mot
duong thang song song voi duong thang do.

)

Cho t dién ABCD. Trong mét phang (ABC) vé hinh binh
hanh ACBE. Goi d 1a duong thang trong khong gian di qua
A va song song vdi BC. Ching minh diém E thudc duong
thang d.

C
Hinh 9

s

Cho hinh chép S.ABCD. Vé hinh thang ADMS c6 hai déy 1a AD va MS. Goi d la duong thang
trong khong gian di qua S va song song v6i AD. Chiing minh dudng thang d ndm trong mat
phéng (SAD).

Dinh ly 2.2. Néu ba mat phang d6i mot cat nhau theo ba giao tuyén phan biét thi ba giao tuyén
ay hodc dong quy hodc doéi mot song song.

T

a) Trong Hinh 10a, hai tam gidc ABC va ABD khong cling nam trong mét mat phang. Tim ba
c&p mat phang c6 ba giao tuyén dong quy.

b) Trong Hinh 10b, hai hinh binh hanh ABCD va ABMN khong ciing ndm trong mot mat
phang. Tim ba cip mit phang c6 ba giao tuyén song song.

D
N

N

b)

Hinh 10.
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TuDinh 1i 2, ta c6 hé qua sau:

Dinh ly 2.3. Néu hai mat phang phan biét 1an lugt di qua hai dudng thang song song thi giao
tuyén ctia chting (néu c6) song song véi hai duong thang d6 hodc triing véi mot trong hai duong
thang do.

@ | @ N

« « «
d d2 dl d2 dz
dl dl
— — | —
a) b) )
Hinh 11

Cho hinh chép S.ABCD c6 déy la hinh binh hanh. Xac dinh giao tuyén ctia hai mit phang
(SBC) va (SAD).

s

Trong khong gian, cho ba duong thang a, b, c khong ddng phéang, a va b ciing song song vdi c.
Goi M la diém thudc 4, d 1a giao tuyén ctia mp(a, ¢) va mp(M, b) (Hinh 13b).

Dob // cnéntacdd // bvad J/ c. Gidi thich tai sao d phai trung véi a. Tir d6, néu két luan vé vi
tri gitta a va b.

Dinh ly 2.4. Hai duong thang phan biét cling song song v6i mot dudng thang thi ba thi song
song v4i nhau.

A Khni hai dwong thing phin biét a, b ciing song song vdi dudomg thiang c thi ta c6 thé ki hiéulaa | b J ¢
vi goi 1 ba duong thing song song.
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GoiM, N, P,Q, R, Slatrung diém cac canh ctia t dién ABCD nhu Hinh 14. Chung minh rf“mg
cac doan thang MN, PQ, RS c6 ciing trung diém.

o]

Cho ti dién ABCD c6 I va | lan luot la trung diém ctda céac
canh BC va BD. Goi (P) la mat ph:fmg di qua I, ] va cat hai
canh AC va AD lan luot tai M va N. A /@

a) Chung minh IJNM la mét hinh thang.
a) Tim vi tri cia diém M dé IJNM la hinh binh hanh.

CAC DANG TOAN THUGONG GAP

Phuong phap giai: Ta sé st dung moét trong cac cach sau

@ Chiing minh hai dudng thang d6 dong phang réi 4p dung phuong phép ching minh
song song trong hinh hoc phang (Pudng trung binh, Dinh li Ta-1ét d3o,...)

@ Ching minh hai duong thang dé cting song song v6i mot duong thang thi ba.

allb
aj/lc =bjc

b+#c
@ Ap dung dinh i v& giao tuyén song song.

@ Ap dung hé quéa: Néu hai mat phang phan biét 1an lugt chita hai duong thang song song
thi giao tuyén ctia chiing (néu c6) ciing song song véi hai duong thang dé hoac tring véi
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mot trong hai dudng thang do.

d c («)

dl/ C (’B)
(@)n(p)=4d
d jd

=d/jd",djd

T

Cho hai hinh binh hanh ABCD va ABEF khong cung E
nam trong mot mat phang.

a) Quan satboén duong thz?mg AB,BC,CD,DA. Chira

cac cap dudng thang cat nhau, cac cip duong thang
song song.

b) Trong ba dudng thang AB, AF, BE c6 hai duong A D
thdng nao chéo nhau hay khong?

Cho hinh chép S.ABCD c¢6 day ABCD lahinh thang (AB // CD). Goi M, N lan lugt la trung
diém ctia cac canh SA, SB. Chiing minh rang ti gidc MNCD la hinh thang.

Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. Goi M, N, P, Q lan luot 1a trung diém
ctia cac canh bén SA, SB, SC, SD. Chiing minh rang ti giac MNPQ Ia hinh binh hanh.

Cho tit dién ABCD. Goi M, N lan lugt 1a trong tdm ctia cac tam gidc ABC va DBC. Ching minh
MN /| AD.
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5]

Cho tit dién ABCD. Goi M 1a mot diém bat ki trén canh BC; (x) 1a mat phéng qua M va song
song voi AB va CD, cat cac canh BD, AD, AC lan luot tai N, P, Q. Chung minh réng MNPQ la
hinh binh hanh.

Dé tim giao tuyén ctia hai mit phang, ngoai phuong phap "Tim hai diém chung cta hai mét
phang", ta con ¢6 thé tim bang cach sau:

@ Budc 1. Chi ra rang mat phang «, B lan lugt chira hai dudng thang song song a va b.
@ Budc 2. Tim mot diém chung M ctia hai mat phang.

@ Budc 3. Khi d6 () N (B) = Mx // a J/ b.

T,

Cho hinh chép S.ABCD ¢6 day ABCD la hinh binh hanh. Xac dinh giao tuyén cua hai mat
phang (SAB) va (SCD).

2]

Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang (AB // CD). Goi M la trung diém ctia doan
thang SD.

a. Xac dinh giao tuyén ctia mat phang (M AB) va (SCD).

b. Goi N la giao diém ctia duong thang SC va mat phang (MAB). Chitng minh rang MN la
duong trung binh ctia tam giac SCD.

LR
Cho tit dién ABCD. Goi M, N lan lugt la trung diém ctia cdc canh BC, CD va P la mot diém

thuoc canh AC. Xac dinh giao tuyén ctia hai mat phang (AMN) va (BPD) va chiing minh giao
tuyén d6 song song véi BD.
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Cho tit dién ABCD, M la diém thudc canh AC. Goi (P) 1a mat phéng qua M song song vdi AB
va CD. Tim giao tuyén ctia (P) véi mat phang (BCD).

s

Cho hinh chép S.ABCD, ddy ABCD la hinh binh hanh ¢6 O 1a giao diém hai dudng chéo; M la
trung diém cua SC.

a. Chiing minh dudng thang OM song song v6i hai méat phang (SAD) va (SBA).
b. Tim giao tuyén ctia hai mat phang (OMD) va (SAD).

Dang @ Tim giao diém clia dudng thdng va mét phéng

@ Cach 1. Tim giao diém truc tiép

Budc 1. Tim dudng thang A C (a) ma d cat A.
Budc 2. Tim giao diém [ = d N A.

Budc 3. Kétluan I = d N (x)

@ Cach 2. Tim giao diém qua mit phiang phu
Budc 1. Tim () D dma (x)N (B) = A.

Budc 2. Tim giao diém [ = d N A.
Budc 3. Kétluan I = d N (x)

T,

Cho hinh chép S.ABCD c6 déy la hinh binh hanh. Trén canh BC, AD, SD lan luot léy cac diém

BI  A] SK T sy 12
I, ], K sao cho BC - AD — 5D Tim giao diém cua SC v6i mdt phang (I]K).

2]

, X . 1
Cho tu dién ABCD. Cac diem M, N lan luot 1a trung diém cua AC, BC. P € BD v4i PB = ZLBD‘
Xéc dinh giao diém ctia AD véi mét phang (MNP).
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i aus]

Cho hinh chép S.ABCD. Mit day 1a hinh thang c6 canh ddy lén AD, AB cat CD tai K, diém M
thuoc canh SD.

a. Xac dinh giao tuyén (d) cta (SAD) va (SBC).
b. Tim giao diém N ctia KM va (SBC).

o]

Cho hinh chép S.ABCD cé ddy ABCD la hinh binh hanh. Goi M, N lan lugt la trung diém cta

. H . :
SA, SB. Diém H thudc doan SD thoa man g_D = Z Tim giao diém cta duong thang SC va

mp(HMN)).

s

Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. Goi I, K lan lugt la trung diém cua
BCvaCD.

a. Tim giao tuyén ctia (SBD) va (SIK).
b. Cho M la trung diém ctia SB. Tim giao diém F ctia DM va (SIK).

Dang @ Tim thiét dién béing cdch ké song song

T

. . . 1
Cho ti dién ABCD. Trén cac canh AB, BC, CD lan lugt lay cac diém P, Q, R sao cho AP = EAB,

BC = 3QC va R khong trung véi C, D. Goi PQRS la thiét dién ctia mat phéng (PQR) véi tu dién
ABCD. Khi d6 PQRS 1a hinh gi?
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Cho hinh chép S.ABCD c6 day ABCD la hinh thang, AD /) BC, AD = 2BC. Goi M la trung
diém SA. Mat phang (MBC) cat hinh chép S.ABCD theo thiét dién la hinh gi?

Cho ti dién ABCD. Goi M, N 1an lugt 1a trung diém cta AB, AC, E la diém trén canh CD sao
cho ED = 3EC. Thiét dién tao bdi mat phgmg (MNE) va ta dién ABCD la hinh gi?

Dang @ B&i todin quy tich va diém cé dinh

Trong khong gian Oxyz cho hinh chép S.ABCD day ABCD la hinh chit nhat. Tim tap hop tat
ca cac giao diém ctia hai mat phang (SAB) va (SCD)?

2]

Trong khong gian Oxyz cho hinh chép S.ABCD ddy ABCD la hinh thoi. Goi M, N lan luot 1a
trung diém ctia SB, SD. Tim tap hop tat ca cac diém la giao diém ctia hai mat phang (AMN) va
(ABD)?

)
Trong mat phang toa d6 Oxyz cho hinh chép S.ABC. Goi K € SA sao cho SK = %KA, H € SB

1 " .
sao cho SH = EH B. Tim tap hop tat ca cac diém chung gitta (CHK) va (ABC)?
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Dang (6)  Bai toan thyc 16

L
Cho khéi rubik c6 dang dugc minh hoa nhu hinh bén duéi. Hay ké tén cac canh song song véi
canh CD.

A D’
B~ C’
Ao ~-==AD
B C

2]

Mot chiéc 1éu dugc minh hoa nhu hinh bén dudi.

a) Tim ba mat phang cat nhau tirng doi mot theo ba giao tuyén song song.

b) Tim ba mat phang cat nhau tirng d6i mot theo ba giao tuyén dong quy.

Khéi rubik tam giac dugc minh hoa nhu hinh bén dudi. Hay ké tén cac cip canh chéo nhau?
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\_ Trang =<£

)

Quan sat mot phan can phong (Hinh bén duéi). Hay cho biét vi tri twong déi ctia cac cap duong
thang ava b;avac; bvac?

H R

HEE N EEn
IIII.IIIII.I.k
u_u || || H_N
I.lll III.II.I
m_u ||

AN

_m uu N
| | ||

|/

Kim tu thap Ai Cap duoc minh hoa 1a hinh chop S.ABCD c6 ddy ABCD la hinh vuéng. Xét vi
tri tuong ddi ctia cac cdp duong thang AB va CD, SA va SC, SA va BC?
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@ BAI TAP REN LUYEN

B

Cho hai dudng thang song song a va b. Ménh dé sau day duing hay sai?

a) Mot duong thang c cat a thi cling cat b.

b) Mot duong thang c chéo véi a thi cing chéo véi b.

Cho hinh chép S.ABC va diém M thudc mién trong tam
gidc ABC (Hinh 17). Qua M, vé dudong thang d song song
vGi SA, cat (SBC) tai N. Trén hinh vé, hay chi o vi tri cta
diém N va xac dinh giao tuyén ctia hai mit phang (SAC)
va (CMN).
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Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh binh hanh.
a) Tim giao tuyén ctia hai mat phang (SCD) va (SAB).

b) Liy mot diém M trén doan SA (M khac S va A), mat phéng (BCM) cat SD tai N. Tit giac
CBMN la hinh gi?

Cho hinh chép S.ABCD c6 déy la hinh binh hanh. Goi I 1a trung diém ctia SD. Hai mit phang
(IAC) va (SBC) cat nhau theo giao tuyén Cx. Chitng minh r::fmg Cx // SB.

Cho hinh chép S.ABCD c6 day la hinh binh hanh, AC va BD cat nhau tai O. Goi I 1a trung
diém ctia SO. Mat phang (ICD) cat SA, SB lan luot tai M, N.

a) Hay noi cach xac dinh hai diém M va N. Cho AB = a. Tinh MN theo 4.

b) Trong mat phang (CDMN), goi K 1a giao diém ctia CN va DM. Chiing minh SK // BC //
AD.
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - DESO 1

Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, ciing vdi GV kiém tra két qua.

@OOO | 8 | WOOO |15 | ®OOO | 22 | ®OOOD | 29 | ®OOO
QOO0 | 9 | OOO |16 | OOOO | 3 | ©GOOO | 30 | ®OOO
@OOO | 10 | @OOO | 17 | ®OOO | 4 | ©GOOO | 31 | ®OOO
@O0 |11 | OO0 | 18| ®EOO |25 | ®OOO | 32 | ®OOO
QOO0 | 12 | OOO | 19 | ®OOD | 26 | GOOO | 33 | ®KOOO
@OO0O | B | ©OOOOD |20 | ®OOO | 27 | ®OOO | 3¢ | ®OOO
QOO0 | 4 | OOOO |21 | ®OODO | 28 | ®OOO | 35 | GOOO

N | O |01 | x| WD |-

Cho tir dién ABCD. Khi d6 hai dudng thang AB va CD la hai duong thang
@ cat nhau. song song. @ chéo nhau. @ trung nhau.

g

Chon khang dinh sai
@ Néu hai duong thang chéo nhau thi chiing khong dong phang.
Hai duong thang song song thi khong ddng phang va khong c6 diém chung.
@Hai duong thang phan biét cing song song v6i duong thang thit ba thi song song véi
nhau.
@ Hai duong thang cat nhau thi dong phang va c6 mot diém chung.

Cho hinh chép S.ABCD c6 day la hinh binh hanh. Qua S ké Sx, Sy lan lugt song song véi
AB, AD. Goi O la giao diém ctia AC va BD. Khi d6 khang dinh nao duéi day ding?

@ Giao tuyén cua (SAC) va (SBD) la duong thfang Sx.

Giao tuyén ctia (SBD) va (SAC) la dudng thang Sy.

(C)Giao tuyén ctia (SAB) va (SCD) 1a dudng thing Sx.

(D) Giao tuyén ctia (SAD) va (SBC) la duong thang Sx.
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| Caud

Ménh dé nao sau day la dung?
@ Mot dudng thang c6 1 diém chung v6i mat phang thi c6 vo sé diém chung khac nira.
Mot dudng thang c6 mot diém chung véi mat phang thi diém chung d6 1a giao diém ctia
duong thang va mat phang.
(C)Mot dudng thing khong cit mat phing thi khong thé c6 diém chung v6i mét phing.
@ Néu mot duong thang cat mot mat phang thi né sé cat it nhat mot duong thang nam
trong mat phang do.

Cho hinh chép 5.ABCD c6 ddy ABCD la hinh binh hanh. Goi d 1a giao tuyén ctia hai mat phang
(SAD) va (SBC). Khang dinh nao sau day dung?

@ d qua S va song song voi BC. d qua S va song song voi DC.

@ d qua S va song song voi AB. @ d qua S va song song voi BD.

ZO‘ZO
|0

sb
@%:3 gzz @gzz, @%:%,

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi G Ia trong tdm tam gidac ABC va
M la trung diém SC. Goi K la g1ao diém ctia SD v6i mat phang (AGM). Tinh t 6 —— KS

1 KD’
= ® ! = ©2. D) 3.
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Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N, P, Q lan lugt 1a trung diém
cﬁa} cac canh SA, SB,SC,SD. Goi I la mot diém trén canh B. Thiét dién ctia hinh chép véi mat
phang (IMN) 1a hinh gi?

@ Tam giac MNI. Tam giac MNQ.

(C)Hinh binh hanh MNIJ. (D) Hinh thang MN]J.

Trong cac ménh dé sau, ménh dé nao dung?
(A)Hai duong thing c6 mot diém chung thi chiing c6 vo s6 diém chung khéc.
Hai dudng thang song song khi va chi khi ching khong diém chung.
@ Hai dudng thang song song khi va chi khi ching khong dong phang.
@ Hai duong thang chéo nhau khi va chi khi chiing khoéng déng phang.

Cho hinh chép S.MNPQ c6 day MNPQ 1a hinh chit nhat. Giao tuyén ctia hai mat phéng (SMN)
va (SPQ) song song v6i duong thang nao sau day?

(A) MN. NQ. (C) MP. (D) SP.

Trong cdc ménh dé sau, ménh dé nao sai?
@ Hai duong thang khong c6 diém chung thi chéo nhau.
Hai duong thang chéo nhau thi khong c6 diém chung.
@ Hai duong thang phan biét khong cat nhau va khong song song thi chéo nhau.
@ Hai dudng thang phan biét khong chéo nhau thi hodc cat nhau hodc song song.

Trong cac khang dinh sau, khang dinh nao diing?
@ Hai dudng thang chéo nhau thi chiing c6 diém chung.
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Hai dudng thang c6 diém chung thi ching cat nhau.
@ Hai duong thang song song vdi nhau thi chiing déng phang.
@ Khi hai dudng thang & trén hai mat phang phan biét thi hai duong thang d6 chéo nhau.

Tim ménh dé sai trong cdc ménh dé sau
@ Ton tai duy nhat mot duong thang qua mot diém va song song v6i mot duong thang.
Ton tai duy nhat mot duong thang di qua mot diém va vudng goéc v6i mot mat phang.
(C)Hai duong thing song song thi déng phing.
@ Hai duong thang khong dong phang thi khong c6 diém chung.

Trong khong gian cho dudng thang A va diém O khong nam trong A. Qua O ¢6 méy duong
thang song song véi A?

(A)2. 3. ©1 (D) Vo sb.

Trong khong gian cho hai dudng thang song song a va b. Két luan nao sau day ding?
Néu c cat a thi c va b chéo nhau.
(B)Néuc // athic // bhodcc = b.
© Néu ¢ va a chéo nhau thi ¢ va b chéo nhau.
@ Néu ¢ va a cat nhau thi c va b cat nhau.

Cho tir dién ABCD. Goi M va N lan luot la trung diém AB va AC, E 1a diém trén canh CD véi
ED = 3EC. Thiet dién tao bdi mat phang (MNE) va ta dién ABCD la

(A) Tam gidc MNE.

Ti gide MNEF véi F 1a diém bt ki trén canh BD.

@Hinh binh hanh MNEF véi F 1a diém trén canh BD ma EF // BC.
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| @ Hinh thang MNEF v6i F 1a diém trén canh BD ma EF // BC.

Cho hinh chép S.ABCD c6 day ABCD la mot hinh thang véi day 16n AB. Goi M, N lan luot 1a
trung diém ctia SA va SB. Khang dinh nao sau day la diing nhat

@ MN song song voi CD. MN chéo voi CD.
(C) MN cét véi CD. (D) MN tring véi CD.

Trong cac khang dinh sau, khang dinh nao dung?
@ Hai duong thang chéo nhau thi ching c¢6 diém chung.
Hai duong thang c6 diém chung thi ching cit nhau.
@ Hai duong thang song song véi nhau thi ching dong phang.
@ Khi hai dudng thang & trén hai méat phang phan biét thi hai dudng thang d6 chéo nhau.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi [, |, E, F lan luot 1a trung diém
SA,SB,SC,SD. Trong cac dudng thang sau, dudng thang nao khong song song véi I]?

(A) EF. DC. (©) AD. (D) AB.

Trong cac ménh dé sau, ménh dé nao dung?
(A)Hai dudng thing c6 mot diém chung thi chiing ¢6 v6 sb diém chung khac.
Hai duong thang song song khi va chi khi chiing khong diém chung.
@ Hai duong thang song song khi va chi khi chiing khong dong phang.
@ Hai duong thang chéo nhau khi va chi khi chiing khong déng phang.
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| Cau21 4

Trong khong gian, xét cic ménh dé sau, ménh dé nao dung?
@ Hai duong thang khong c6 diém chung thi song song.
Hai dudng thang néu khong cat nhau, khong triing nhau thi song song.
@ Hai duong khong c6 diém chung thi chéo nhau.
@ Hai duong thang dugc goi 1a chéo nhau néu chiing khong dong phang.

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M, N, P, Q lan luot 1a trung diém
cta cac canh SA, SB, SC, SD. Ti giac MNPQ la hinh gi?

@ Tam giac. Hinh thang.

@ Hinh thang vudng. @ Hinh binh hanh.

Cho ta dién ABCD. Goi M, N, P, Q lan luot 1a trung diém cta cac canh AB, AD, CD, BC. Ménh
dé nao sau day sai?

(A) MN J/ BD va MN = %BD. MNPQ la hinh binh hanh.

1
(C) MQ va NP chéo nhau. (D) BD // PQ va PQ = 5BD.

Tim ménh dé diing trong cac ménh dé sau:
@ Hai duong thang phan biét ciing nam trong mot mat phang thi khong chéo nhau.
Hai duong thang phan biét khong cat nhau thi chéo nhau.
@ Hai duong thang phan biét khong song song thi chéo nhau.
@ Hai dudng thang phan biét 1an lugt thudc hai mét phang khac nhau thi chéo nhau.
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Cho tit dién ABCD, goi I va ] 1an luot la trong tdm ctia tam giac ABC va tam giac ABD. Puong
thang I] song song véi duong nao dudi day?

(A) AB. CD. (©)BC. (D) AD.

Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh binh hanh. Goi G la trong tam tam giac ABC va

M la trung diém SC. Goi K 1a giao diém ctia SD véi mat phang (AGM). Tinh ti so %

Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thang, AD // BC, AD = 2BC. Goi M la trung
diém SA. Mat phang (MBC) cat hinh chép S.ABCD theo thiét dién la

(A)mot hinh binh hanh.

mot tam giac.

(C)mot hinh tir gidc (khong 1a hinh thang).

@ mot hinh thang (khong 1a hinh binh hanh).

Cho tu dién ABC D Goi I, ] 1an luot la trong tam cac tam gidc ABC va ABD. Chon khéng dinh
dung trong cac khang dinh sau?

@I] cat AB. I] song song vadi CD.

@ I] song song v&i AB. @ I] chéo CD.

Cho ti dién ABCD. Biém M thudc canh BC sao cho MC = 2MB, cac diém N, P 1an luot 1a

trung diém ctia BD, AD. Goi Q 1a giao diém ctia AC véi mat phang (MNP), tinh ti s6 %
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Ba mit phang phan biét cat nhau tirng d6i mot thi ba giao tuyén cta ching sé ¢6 bao nhiéu vi
tri tuong doi?

A1 ® 2. ©s. D) 4.

..................................................................................................
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53. DUONG THANG VA MAT PHANG SONG SONG

KIEN THUC TRONG TAM

1. Dudng thdng song song v8i mat phang

Cho duong thang a va mat phang (P). Khi d6 c6 thé xay ra mot trong ba truong hop sau:

Truong hgp 1: a va (P) c6 tir hai diém chung phéan biét trd 1én (Hinh 2a), suy ra moi diém thudc a
déu thuoc (P), ta néi a nam trong (P), ki hiéu a C (P).

Truong hop 2: a va (P) c6 mot diém chung duy nhat A (Hinh 2b), ta néi a cat (P) tai A, ki hiéu
an(P)=A.

Truong hop 3: a va (P) khong c6 diém chung nao (H.2c), ta néi a song song vdi (P), ki hiéu a // (P).

a

P P
a) P

b) C)

Hinh 2
A Duong thing a song song vdi mat phing (P) néu chiing khong cd diém chung.

Cho hai hinh binh hanh ABCD va ABMN khéng dong phang. Xac dinh vi tri tuong déi cda
mét phang (ABMN) lan lugt véi cac duong thang CD, BD va BN.

2. Didu kién dé mot dudng thdng song song véi mdt mét phéng

Dinhly 3.1.
Néu duodng thang a khong nam trong mit phang (P) va song song a
vai mot duong thang b nao d6 nam trong (P) thi a song song véi

P
P

Hinh 6
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T

Cho hai diém A, B cung thudc mit phang (P) va mot diém C \C ds
khong thudc (P). Vé duong thang dy di qua A, B; dp di qua A,

C; d3 di qua C va song song véi AB (Hinh 7). Tim s6 diém chung \
ctia mdi duong thang vita vé véi (P). Xét vi tri tuong d6i ctia mat /( A\ B
P

phang (P) 1an lugt d6i v6i cac duong thang dy, do, ds.

3. Tinh chét ¢ ban ctia dudng thdng va mat phdng song song

Dinh ly 3.2. Cho duong thang a song song v6i mat phang (P). Néu mat phang (Q) chua a, cat
(P) theo giao tuyén b thi a song song vdi b.

Cho ti dién ABCD c6 M va N lan luot 1a trong tdm ctia tam gidc ACD va BCD (Hinh 11).
Chiing minh dudng thang MN song song véi cic mit phang (CAB) va (DAB).

Pinh ly 3.3.
Cho duong thang a song song véi mat phang (P). Néu qua diém a

M thuoc (P) ta vé duong thang b song song vdi a thi b phai nam

trong (P). / M b
P

Hinh 12

Pinh ly 3.4.

Néu hai mat phang phan biét cling song song v6i mot duong thang
thi giao tuyén ctia chiing (néu c6) cling song song v6i duong thang
do.

d

Hinh 13
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s

Cho hinh chép S.ABC c6 M 1a trung diém ctia AB. Goi (P) la mat phang chira CB va song song
voi SA, (Q) la mat phéng chia CM va song song vdi SA.

a) Tim giao tuyén ctia hai mat ph:fmg (P) va (Q).

b) Vé duong thang b qua Bvab // SA. Ching minh b C (P).

4. Mat phang di qua mot trong hai dudng thiang chéo nhau va song song véi dudng
con lai.

Dinh 1y 3.5. Néu a va b 1a hai duong théng chéo nhau thi qua 4, c6 mot va chi mot mat phéng
song song voi b.

o]

Cho ta dién ABCD.

a) Néu cach vé mat phang (P) chita AB va song song v6i CD. Ta c6 thé vé bao nhiéu mat
phang (P) nhu vay?

b) Tim giao tuyén ctia hai mat phang (P) va (BCD).

CAC DANG TOAN THUONG GAP

Dang @ Puong théng song song voi mat phéng

Véia ¢ (P)thinéua // d € (P) = a /| (P).

Pt

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Chitng minh rang AB // (SCD).
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Cho hinh chép S.ABCD. Goi M, N lan lugt la trung diém cta cac canh SA, SC. Ching minh
rang duong thang MN song song v6i mat phang (ABCD).

Cho hai hinh binh hanh ABCD va ABMN khéng dong phang, xac dinh vi tri tuong d6i cia
mat phéng (ABMN) lan luot véi cac duong th:fmg CD, BD va BN.

Dang @ Xdc dinh thiét dién béng céch ké song song

Dé tim thiét dién ctia mat phang (P) qua diém M va song song véi hai canh 4, b ctia hinh chép
ta lam nhu sau

© Xét cac mat cta hinh chép chua canh a.
@ Trong mat phang dang xét, tir M vé duong thang song song véi a.
® Xét cac mat cta hinh chép chua canh b.
@ Trong mat phang dang xét, tir M vé dudng thang song song vdi b.

Noi cac doan giao tuyén lai ta duoc thiét dién ctia mat phéng (P) vé6i hinh chép.

T

Cho hinh chép S.ABCD. M, N la hai diém trén AB, CD. Mit phang (P) qua MN va song song
véi SA. Xac dinh thiét dién cta (P) véi hinh chép.

Cho hinh chép S.ABCD. M, N la hai diém trén SB, CD. Mat phang (P) qua MN va song song
v6i SC. Xac dinh thiét dién ctia (P) vé6i hinh chép.
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i aus]

Cho tir dién ABCD, diém E nam gitra hai diém A va C. Goi P 1a mat phang qua E va song song
vdi hai duong théng AB, CD. Xéc dinh céc giao tuyén ctia (P) va cidc mit cta ti dién. Hinh tao
bdi cac giao tuyén 1a hinh gi?

Cho tir dién ABCD. Goi I, ] 1an lugt 1a trung diém ctia AB va CD. Mat phang (P) di qua mot
diém M trén doan I] va song song v6i AB va CD. Xac dinh thiét dién cta (P) véi ti dién ABCD.

|
Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi O 1a giao diém ctia hai duong

chéo hinh binh hanh. Mét mat phang (P) qua O dong thdi song song v6i SA va CD. Tim thiét
dién tao bdi (P) va hinh chép.

Dang @ B&i todn quy tich va diém cé dinh

Cho ti dién ABCD, mot mit phang (P) di dong luén song song véi AB va CD va lan lugt cat
caccanh AC, AD, BD, BC tai M, N, E, F. Tim quy tich giao hai duong chéo cta tua giac MNEF.

2]

Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh. Cac diém M, N lan lugt thudc AB, CD. Mt
phang (P) chita MN va song song véi SA.

a) Tim thiét dién ctia hinh chép va (P).

b) Goi I 1a giao diém hai canh (tir M va N) ctia thiét dién. Tim quy tich diém 1.
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s

Cho hinh chép S.ABCD c6 ddy 1a hinh binh hanh. Diém M nam trén canh AB. Mt phfmg (P)
di qua M, song song v6i BC, SA, cat cac canh CD, SC, SBlan luot tai N, P, Q. Tim quy tich giao
diém I cia MQ va NP.

@ BAI TAP REN LUYEN

Cho hinh chép S.ABCD, ddy ABCD la hinh binh hanh ¢6 O 1a giao diém hai dudng chéo. Cho
M la trung diém cta SC.

a) Chiing minh dudng thaing OM song song vdi hai mat phang (SAD) va (SAB).
b) Tim giao tuyén ctia hai mat phéng (OMD) va (SAD).

Cho hai hinh binh hanh ABCD va ABEF khéng nam trong ciing mét mat phang. Goi O va O’
lan luot 1a tAm ctia ABCD va ABEF.

a) Ching minh duong thang OO’ song song véi cac mat phang (CDFE), (ADF) va (BCE).
b) Goi M va N lan luot la trung diém cta AF va BE. Ching minh MN // (CDFE).
¢) Tim giao tuyén cuia hai mat phrfmg (OMN) va (ABCD).

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh va mét diém M di dong trén canh
AD. Mot mat phéng («) qua M, song song v6i CD va SA, cat BC, SC, SD lan luot tai N, P, Q.

a) MNPQ la hinh gi?

b) Goi I = MQ N NP. Chung minh r?ng I Tuén ludn thudc mot duong thfang c6 dinh khi M
di dong trén AD.
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Cho tir dién ABCD va diém M thuoc canh AB. Goi («) 1a mat phang qua M, song song voi hai
duong thang BC va AD. Goi N, P, Q 1an lugt 1a giao diém ctia mit phang (a) véi cac canh AC,
CD va DB.

a) Chang minh MNPQ 1a hinh binh hanh.
b) Trong truong hop nao thi MNPQ la hinh thoi?

Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang, day 16n AB. Goi M la trung diém cua CD,
(P) 1a mat phang qua M song song véi SA va BC. Tim giao tuyén ctia (P) v6i cic mat ctia hinh
chép S.ABCD.
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PE SO 1
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

QOO0 | 8 | OOOO |15 | OO0 | 22| ®OOO | 29 | ®OOO
QOO0 | 9 | OOO |16 | OO0 | 3 | ©®OOO | 30 | ®OOO
OOOO | 10 | @OOO | 17 | ©®OOO | 24 | ©®OOO | 31 | ®OOO
OO0 | 11 | ®OOO | 18| ®OOO | 25 | ®WOOO | 32 | OO0
OO0 | 12 | GOOO | 19 | ©®OOO | 26 | ®GOOO | 33 | ®OOO
OO0 | B | ®OOO | 20 | ®OOO | 27 | ®OOO | 3¢ | ©OOO
OO0 | 4 | ®OOO | 21 | ®GOOO | 28 | ®OOO | 35 | OO0

N | N |01 [ = W DN |-

Cho hai mat phgmgg (P), (Q) cat nhau theo giao tuyén la duong th:fmg d. Duong th:fmg a song
song vdi ca hai mat phéng (P), (Q). Khrfmg dinh nao sau day dung?
@ a, d trung nhau. a, d chéo nhau. @ a song song d. @ a, d cat nhau.

Cho hinh hép ABCD.A’B'C’'D’. Ménh dé nao sau day sai?
(A) AB song song véi (CDD'C)). DD’ song song véi (ABB'A').
(C)B'C’ song song v&i (BDD). (D) AD song song véi (A'B'C'D).

g

Cho cac giai thiét sau day. Gia thiét nao két luan dudng thang a song song v6i mat phang
(@)?

AajbvabC (). a/f (B)yva () (@)

©aybvab j (a). Dan@)=.
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Cho hinh chép S.ABCD c6 day la hinh vuéng. Goi O 1a giao
diém ctia AC va BD, M la trung diém cta DO, («) la mat
phéang di qua M va song song v6i AC va SD. Thiét dién ctia
hinh chép S.ABCD céat bdi mat phang () 1a hinh gi?

@ Ngu giac. Ta giac.

@ Luc giac. @ Tam giac.

Cho duong thang a nam trong mat phang (x) va duong thang b ¢ (). Ménh dé nao sau day
dung?
(A)Néu b // (x) thib / a.
Néu b cit («) thi b ct a.
(CONéub J athib J (a).
@ Néu b cat (x) va mat phang () chita b thi giao tuyén ctia (#) va (8) la duong thang cat ca
avab.

Cho ti dién ABCD 14y I, ] 1an luot 1a trung diém ctia AB, AD. Duodng thang I] song song véi
mét phang nao dudi day?

(A) (ABD). (ABQ). (©)(ACD). (D) (CBD).

Cho hinh chép S.ABCD, ddy ABCD la hinh binh hanh tdm O. Goi M, N lan lugt la trung diém
cta SB, SD. Trong cdc ménh dé sau ménh dé nao sai?

(A) AM khéng song song véi (SBC). MO song song véi (SAD).

@ MN khong song song voi (ABCD). @ AD song song vdi (SBC).
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| Caus

Cho hai dudng thang a va b chéo nhau. C6 bao nhiéu mat phang chita a va song song véi b.

(A)o0. 1. (©2. (D) V6 sb.

Cho hai dudng thang chéo nhau a va b. Khang dinh nao sau day sai?
@ C6 duy nhat mot mét phang qua a va song song véi b.
C6 duy nhat mot mat phang song song véi a va b.
@Cé v0 s6 duong thang song song véi a va cat b.

@ C6 duy nhat mot mat phang qua diém M cho trude va song song v6i ca a va b.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tdam O, M 1a trung diém doan SB, G

1a trong tdm tam gidc SAD. Goi | la giao diém ctia AD vdi (OMG) khi d6 D bang

2 1 2 Allj
5 I 5 5

Cho hai mat phéngg (P), (Q) cat nhau theo giao tuyén la duong th:fmg d. Duong th:fmg a song
song vdi ca hai mat phgmg (P), (Q). Khéng dinh nao sau day dung?
@ a, d trung nhau. a, d chéo nhau. @ a song song d. @ a, d cat nhau.

Cho dudng thang a C (P) va dudng thang b cat a tai M. Ménh dé nao sau day la ding?

(A)b C (P). B bN(P) = 2.

@ Néu b ¢ (P)thibn(P) = {M}. @ (P) 1a mat phang duy nhét chita a va b.
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Cho hinh chép S .ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N lan luot 1a trung diém AD
va BC. Giao tuyen ctia hai mat phzaang (SMN) va (SAC) la

@ SO v6i O la tam hinh binh hanh ABCD. SD.

(C)SG véi G 1a trung diém AB. (D) SF v6i F 1a trung diém CD.

Cho ti dién ABCD 14y I, ] 1an luot 1a trung diém ctia AB, AD. Dudng thang I] song song véi
mét phang nao duéi day?

(A) (ABD). (ABQ). (©)(ACD). (D) (CBD).

Cho hinh chép tit gidc S.ABCD. Goi M va N lan lugt la trung diém ctia SA va SC. Khang dinh
nao sau day dung?

(A) MN J/ (ABCD). MN J/ (SAB). (C)MN J/ (SCD). (D) MN // (SBC).

A3 B 2. ©:1. D4

[

Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Tim giao tuyén ctia hai mat phang
(SAD) va (SBC).

(A)SA.

Duong thang qua diém S va song song v6i AD, BC.

@Dubng thang qua diém S va song song véi AB, CD.

(D) SO v6i O la giao diém ctia AC va BD.

GV: NGUYEN BINH KHOI - BT: 0909 461 641




Chuong 4. QUAN HE SONG SONG TRONG KHONG GIAN \ Trang %é

Cho ti dién ABCD. Goi M la trung diém ctia canh AB. Cét tit dién ABCD béi mét phéng qua
M va song song v6i hai canh BC; AD. Thiét dién thu dugc 1a hinh gi?
(A) Tam giac déu. Tam gidc vuong. (C)Hinh binh hanh. (D) Ngii giéc.

Cho hinh chép déu S.ABCD c6 tat ca cac canh bang a, diém M thudc canh SC sao cho SM =

2MC. Mat phéng (P) chtta AM va song song BD. Tinh dién tich ctia thiét dién ctia hinh chép
S.ABCD cat béi (P).

342 2+/264> 4+/264> 2+/342

@ ' 15 @ 15 @

Trong khong gian cho duong thang a chira trong mat phang (P) va dudng thang b song song
v6i mat phang (P). Ménh dé nao sau day dung?

(A)aj b. a,b khong c6 diém chung.

@ a,b cat nhau. @ a,b chéo nhau.

Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N lan luot la trung diém céc
canh DC, BC,SA. Goi H 1a giao diém ctia AC va MN. Trong cic khang dinh sau, khang dinh
nao sai?

(A) MN chéo SC. MN // (SBD).

(C)MN J/ (ABCD). (D) MN giao mét (SAC) tai H.
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=B

Cho hai duong thang phan biét a, b va mat phang (). Gid stta // () va b // (x). Ménh dé nao
sau day dung?
a va b chéo nhau.
a va b hodc song song hodc chéo nhau hodc cat nhau.
@a va b hoac song song hodc chéo nhau.
(D) a va b khong 6 diém chung.

Cho hinh chép S.ABCD, ddy ABCD la hinh thang vudng tai A, B. SA vuong goc voi ddy, M 1a
mot diém trén canh A7B. Goi (P) la mat phéng qua M va song song voi SA, AD. Thiét dién ctia
hinh chép véi mat phang (P) la

(A) Hinh binh hanh. Hinh vudng.

@ Hinh thang vuong. @ Hinh chir nhat.

Cho tua dién A\BCD, G la trong tam tam giac ABD. Trén doan BC, léy diém M sao cho MB =
2MC. Ménh dé nao sau day la ménh de dung?

@ MG song song (BCD). MG song song (ACB).

@ MG song song (ABD). @ MG song song (ACD).

Cho hinh chép S.ABCD c6 day ABCD Ia hinh binh hanh. Goi I, | lan luot 1a trong tam cua
ASAB, ASAD va E, F la trung diém ctia AB, AD. Ménh dé nao dudi day dung?

(A)I] /f (SEE). 1] / (SAB). (©1] jy (SBD). D) 1] // (SAD).

Cho ti dién ABCD 14y I, ] 1an luot 1a trung diém ctia AB, AD. Dudng thang I] song song véi
mét phang nao duéi day?

(A) (ABD). (ABC). (©)(ACD). (D) (CBD).
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Cho hinh chop S.ABCD c6 day la hinh binh hanh. Goi M, N la

\ S
trung diém AB, CD (nhu hinh vé). Tim ménh dé dung. \
(A) MN J/ (SBC). MN J/ (SAB). ‘.|
(C)MN J (SCD). (D) MN J/ (ABCD). ".

Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh. Chon khéng dinh dung.
(A)BD J/ (SAC). CD J/ (SAB). (©)CD J/ (SAC). (D) BD // (SAD).

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Mat phang («) di qua trung

diém I ctia OA song song véi BD va song song v6i SC, (a) cat SA tai K. Khang dinh nao sau
day la khang dinh ding?

(A) SK = 2KA. SK = 3KA. (C)SK = 4KA. (D) AK = 3SK.

Cho hinh chép S.ABCD c6 day ABCD la hinh chi nhat tam O. Goi M la trung diém cta OC.
Mit phang («) qua M va («) song song v6i SA va BD. Thiét dién cta hinh chép S.ABCD véi
mat phang («) 1a hinh gi?

@ Hinh tam giac. Hinh binh hanh. @ Hinh chir nhat. @ Hinh ngt giac.

..................................................................................................

GV: NGUYEN BINH KHOI - BT: 0909 461 641



1%~ Trang &) 3. PUONG THANG VA MAT PHANG SONG SONG

GV: NGUYEN BINH KHOI - BT; 0909 461 641 - B



Chuong 4. QUAN HE SONG SONG TRONG KHONG GIAN \ Trang =%

54. HAl MAT PHANG SONG SONG
KIEN THUC TRONG TAM

1. Hai mat phdng song song
a) Cho hai mit phang (P) va (Q), c6 thé xay ra mot trong ba trudng hop:

® (P) va (Q) c6 ba diém chung khong théng hang, ta n6i hai mat phéng (P) va (Q) trung
nhau, ki hiéu (P) = (Q).

@ (P) va (Q) phan biét va c6 mot diém chung, ta néi (P) va (Q) cat nhau theo giao tuyén d
di qua diém chung, ki hiéu (P) N (Q) = d.

@ (P) va (Q) khong c6 bat ki diém chung nao, nghia 1a (P) N (Q) = &, tanéi (P) va (Q) song
song voi nhau, ki hiéu (P) // (Q) hoac (Q) // (P).

b) Hai mat phang dugc goi la song song néu chiing khong cé diém chung.
2. Diéu kién dé hai mat phdng song song

a) Néu mit phang (P) chia hai dudng thang a,b cit nhau va hai duong thing dé ciing song
song voi mat phfmg (Q) thi (P) song song vdi (Q).

</

b) Chu y: Chzfmg han néu A, B,C khong thzfmg hang va AB /| MN va AC /) MP thi (ABC) J/
(MNP).

)

Cho hinh chép S.ABCD c6 déy la hinh thang ABCD day lon
AD va AD = 2BC. Goi M va N lan lugt 1a trung diém cta
SA va AD. Ching minh rang hai mat phang (BMN) va (SCD)
song song v4i nhau.
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3. Tinh chét ciia hai mat phdng song song

a) Qua mot diém nam ngoai mot mat phgmg cho trudc c6 mot va chi mot mat phéng song song
voi mat phang do.

b) Cho hai mat phéng (P) va (Q) song song vdi nhau. Néu (R) cat (P) thi cat (Q) va hai giao tuyén
ctia chung song song voi nhau.

T

Trong mat phang (P), cho hinh binh hanh ABCD. Vé z
cac ntra duong thang song song véi nhau, nam vé mot
phia déi véi (P) va lan luot di qua cac diém A, B, C, D.
Mot mat phang (P’) cat bon nita dudng thang néi trén
tai A, B’,C’, D’.

a) Chung minh mp(AA’,BB’) song song vdi
mp(CC’, DD).

b) Ching minh ti gidc A’B’C’D’ 1a hinh binh hanh.

c) Goi O va O lan luot la giao diém ctia hai
duong chéo cia ABCD va A’B'C'D’. Chung
minh OO’ | AA’.
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4. Dinh 1y Thales trong khdong gian

Ba mat phang doi mot song song chan trén hai cat tuyén bat ki cac i, d
doan thang tuong ung ti lé. / \

Al —

A

\ B/
\
I \
J \
!/
C
\

!/

/

| \
L

/ \

B

Cho ba mat phéng (P), (Q), (R) doi mét song song. Hai duong théng d va d’ cat ba mat phéng
(P),(Q),(R) lan luot tai A,B,C va A’,B’,C’. Cho AB = 3,BC = 7, A’C’ = 20. Tinh cac d6 dai
A'B',B'C'.

5. Hinh lang tru va hinh hop

a) Hinh lang tru. Cho hai mat phzfmg (P) va (P’ ) song song v&i nhau. Trén (P) cho da giac 16i
A1A;... Ay Qua cac dinh cta da gidc nay, ta vé cac dudng thang song song vdi nhau va cat
(P") 1anluot tai Af, A), ..., A,. Hinh tao bdi cac hinh binh hanh A1 A, AL A), Ay A3 ALAS, ..., AnAl AL A
va hai da gidc A1 Ay ... Ay, AJAS ... A}, goila hinh lang tru, ki hiéu A1 A, ... A, - AJA), ... A}

Trong hinh lang tru A1 A; ... A,, AJAS ... A}, ta goi

© Hai da gidc A1A; ... Ay va Aj A ... A lahai mat
day nam trén hai mat phang song song.

@ Cac diém Ay, Ay,..., Ap Ay AL, . Al 1A cac

dinh.

® Cac hinh binh hanh
ALAALAL, AgAsALAYL, . Ap AL AL Ta céc
mat bén.

© Cac doan thang AA}, A2A), ..., A Al 1a cac
canh bén.

@ Cac canh bén song song va bang nhau.

© Cac canh cua hai da gidc day la cac canh day. Cac
canh ddy tuong tng song song va bang nhau.
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Chu y: Hinh lang tru c6 day la tam gidc, ti gidc, ngi gidc,. . . tuong ing duoc goi la hinh lang
tru tam gidc, hinh lang tru ti giac, hinh lang tru ngt gidc,. . .

oy
a) Goi tén cac hinh lang tru trong cac hinh sau day.

b) Goi tén cac thanh phan ctia hinh ling tru trong hinh dau tién.
Al ¢’ Al

b) Hinh hép. Hinh hop la hinh lang tru c6 day la hinh binh hanh.
Trong mot hinh hop ta c6

© Sau mat la sau hinh binh hanh. Mbi mat déu cé
mot mat song song voi no.

© Hai mat nhu thé goi la hai mat dbi dién.

@ Doan thang ndi hai dinh déi dién goi la duong
chéo.

@ Bbn duong chéo cat nhau tai trung diém cta
moi duong.
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CAC DANG TOAN THUGNG GAP

Dang @ Chirng minh hai mat phdng song song

Phuong phap Chiing minh hai mat phang song song (a) // (B).

Ta chiing minh mat phang («) c6 hai dudng thang CAT NHAU va lan

lugt song song véi mat phang (). a I

Cu thé %
a /| (B) o
b/ (B)

a,b C («) = @ /)
anb=1 /

Ngoai ra, dua vao phuong phap ching minh duong thang song song véi mat phang, ta con
¢6 thé chiing minh hai mét phang song song nhu sau: chitng minh hai duong thang cit nhau
nam trong mit phang nay, song song véi hai duong thang (cat nhau) nam trong mit phang
kia.

Cu thé

'a//c a I

by d =
a,b C () = («) /] (B)-
c,d C (B) d

\ﬂmb:I C :

T

Cho hinh chép S.ABC. Goi M, N, P 1an luot 1a trung diém cac canh SA, SB, SC va K 1a diém
bat ky trén canh MN. Ching minh rang (MNP) // (ABC). Tir d6 suy ra PK // (ABC).

2]

Cho hinh chop S.ABCD c6 day la hinh binh hanh tam O. Goi M, N lan luot 1a trung diém cta
SA, SB.

a) Chung minh (OMN) // (SCD).
b) Goi K la diém bat ky trén MN. Chitng minh OK // (SCD).
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Cho hinh chép S.ABCD véi ddy ABCD la hinh thang ma AD // BCva AD = 2BC. Goi M, N lan
lugt 1a trung diém cta SA va AD. Chiing minh: (BMN) // (SCD), tit d6 suy ra BM // (SCD).

i

Cho hinh chép S.ABCD c6 day la hinh thang, day lén AD gap déi day bé BC. Goi O = ACN
BD, M thudc canh SA sao cho AM = 2MS va N thudc canh SB sao cho 2BN = NS.

a) Chiing minh rang (OMN) // (SCD).

b) Goid = (OMN)N(ABCD), P =dnN AD, Q = dN BC. Chitng minh ti giac PQCD 1a hinh
binh hanh.

s

Cho hinh lang tru ABC.A’B'C’. Goi M, N, M 1an lugt 1a trung diém cac canh AB, AC va A'B’.
a) Chimg minh (MNM') // (BCC'B').
b) Tim giao diém N’ cia A'C’' va (MNM'). Tir gidc MNN’ M’ 1a hinh gi?

oy

Cho hinh chép S.ABC, trén canh SA 14y hai diém A;, A, sao cho Ay A1 = 2A1A. Goi (P) va (Q)
1a hai mat phang 1an luot di qua A;, Ay, dong thoi ciing song song véi (ABC). Mt phang (P)
cat cac canh SB, SC 1an lugt tai By, Cy; mat phang (Q) lan lugt cat cac canh SB, SC tai By, Co.
Chfl’ng minh BzBl = ZBlB va C2C1 = 2C1C.

Dang @ Tim gico tuyén béing cdch ké song song

(@) // (B)
Str dung tinh chat { (y)N(a) =a = a // b

(Mn@) =t
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-,

Cho hinh chép S.ABCD day ABCD la hinh binh hanh tam H. Mat phang (P) di qua H va song
song vdi (SAB). Tim giao tuyén cta

a) Mat ph:fmg (P) va mat ph:fmg (ABCD).
b) Mat phéng (P) va mat phzfmg (SBO).

T,

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi M la diém bat ky trén AB. Goi
(x) 1a méat phang qua M va song song v6i (SBC). Tim giao tuyén ctia («) v6i cat mat ctia hinh
chop.

Cho hinh hop chit nhat ABCD.A’B'C'D’. Goi M, N, P lan luot 1a trung diém cac canh AB, AD,
A’D’. Xac dinh giao tuyén ctia (MNP) va cac mat (A’B'C'D’), (AA'B'B).

bé tim giao diém cua duong thang a va mat phéng (P). Ta can tim mot mat phang (Q) chira
duong thang a va cat mat phang (P) theo giao tuyen la duong thang A. Khi d6 giao diém ctia
duong thang a va A chinh la giao diém ctia dudng thang a va mat phang (P).

T

Cho ti dién ABCD ¢6 G la trong tam tam gidc BCD. Biét mit phang («) chita BG va song song
v6i AC. Tim giao diém K ctia AD va mat phang («).

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Mt phang () qua BD va song song
v6i SA. Tim giao diém K ctia mit phang («) va SC.
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Cho hinh chép S.ABCD ¢6 day ABCD 1a hinh thang day 16n AB. Goi M la m6t diém trén CD,
(x) 1a mat phang qua M va song song v6i SA va BC. Tim giao diém Q ctia SC va («).

Dang @ Xéc dinh thiét dién bdng cdch ké song song

Dé xac dinh dugc thiét dién ctia mot hinh chop hodc hinh lang tru cat béi mat phang (P) ta

thuong dung cac doan giao tuyén ctia (P) v6i cdc mat ctia hinh chép hodc hinh lang tru d6. Khi
ay, ta st dung dinh li sau:

Dinh ly 4.1. Cho hai mat phang song song. Néu mot mat phang cat mat phang nay thi ciing
cat mat phang kia theo hai giao tuyén song song véi nhau.

T

Cho hinh chép S.ABC. Goi M la trung diém SA. Xac dinh thiét dién ctia hinh chép cat béi mat
phang (P) di qua M va song song v6i mat phang (ABC).

Cho hinh hop ABCD.A'B'C'D’. Goi M la trung diém ctia A’B’. Tim thiét dién cta hinh hop cat
bdi mat phang (P) di qua M va song song véi mit phang (A’C’C). Thiét dién 1a hinh gi?

o3|

Cho hinh hép ABCD.A’B'C'D’. Hai diém M, N lan lugt nam trén hai canh AD, CC’ sao cho
AM CN

WD — No Xéc dinh thiét dién ctia hinh hop cat bdi mat phang qua MN va song song vdi
(ACB)
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)

Cho hinh chép S.ABCD ¢6 ASAD déu. Day ABCD la hinh thang c6 AD /| BC, AB = BC =
CD =1, AD = 2. Goi (P) la mat phang qua diém M nam trén canh AB va song song v&i (SAD)
.Dat BM = x, (0 < x < 1). Tim x dé thiét dién ctia S.ABCD céat bdi (P) c6 dién tich bang mot
ntta dién tich tam giac SAD.

s

Cho hinh chép S.ABCD day la hinh binh hanh tam O ¢6 AC = a, BD = b. Tam gidc SBD la
tam gidc déu. Mot mat phang («) di dong song song v6i mat phang (SBD) va di qua diém [ trén
doan AC.

a) Xac dinh thiét dién ctia hinh chép véi mat phang (a).
b) Tinh dién tich thiét dién theo a,b va x = Al

@ BAI TAP REN LUYEN

Trong mat phang (P) cho hinh binh hanh ABCD. Ta dung cac ntra duong thang song song voi
nhau va nam vé mot Ph1a déi véi (P) lan lugt di qua cac diém A B,C,D. M6t mat phang Q)
cat bon ntra duong thang néi trén tai A’, B/, C/, D’. Ching minh rang

AA'+CC' = BB+ DD'.

Cho hinh chép S.ABCD, ddy ABCD la hinh binh hanh c6 O 1a giao diém ctia hai dudng chéo.
Goi M, N lan lugt 1a trung diém cta SA, SD.

a) Ching minh rang (OMN) // (SBC).

b) Goi E la trung diém ctia AB va F 1a mot diém thudc ON. Ching minh EF song song voi
(SBC).
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B

Cho hai hinh vuéng ABCD va ABEF & trong hai mat phang khac nhau. Trén cac dudng chéo
AC va BF lan lugt lay cac diém M, N sao cho AM = BN. Cac dudng thang song song v6i AB
vé tir M, N 1an luot cat AD, AF tai M/, N'.

a) Chang minh (CBE) // (ADF).

b) Ching minh (DEF) // (MNN'M’).

Bai 4

Cho hinh hop ABCD.A'B'C’'D’. Goi G va G’ 1an lugt la trong tdm cda hai tam gidc B'D’A va
BDC'. Chiing minh G va G’ chia doan A’C thanh ba phan bang nhau.
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BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PESO 1
Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, cing vdi GV kiém tra két qud.

OO0 | 8 | ®GOOO | 15 | ®OOO | 22 | ®WOOO | 29 | ®OOO
OO0 | 9 | ®OOO | 16 | ®OOO | 2 | ®OOO | 30 | WOOO
OO0 | 10 | ®OOO | 17 | ®OOO | 4 | ®OOO | 31 | OO0
QOO0 | 11 | OO0 | 18| ©®OOO | 25 | ®OOO | 32 | ®OOO
QOO0 | 12 | OO0 | 19 | ©®OOO | 26 | ®GOOO | 33 | ®OOO
QOO0 | B | OO0 | 20 | ®OOO | 27 | ®OOO | 34 | ©OOO
QOO0 | 4 | OOO |21 | OO0 | 28| ®OOO | 35 | ®OOO

N | N | O = W [N -

Cho hinh chép S.ABCD c6 day la mot hinh binh hanh. Goi A’, B, C/, D' 1an lugt 1a trung diém
ctia cac canh SA, SB, SC, SD. Tim ménh dé dung trong cdc ménh dé sau.

(A) A'B’ | (SBD). A'B' J (SAD).

(C)(A'C'D’) Jj (ABC). (D) A'C’ Jj BD.

Chon khang dinh diing?
@ Qua mot diém c6 vo s6 mat phang song song vdi mot mit phang cho trude.
Qua mot diém ndm ngoai mot mat phang, ¢6 v sé6 mat phang song song voi mat phang
da cho.
@ Qua mot diém ndm ngoai mot mit phang, ton tai duy nhat mot mat phang song song véi
mat phang da cho.
@ Qua mot diém ton tai duy nhat mot méat phang song song v6i mot mat phang cho trude.

Cho hinh chép S.ABCD, c¢6 day ABCD la hinh binh hanh tam O. Goi M, N lan luot 1a trung
diém SA, SD. Mat phang (OMN) song song v6i mat phang nao sau day?

(A) (SBC). (SCD). (C)(ABCD). (D) (SAB).
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Cho hinh chép S.ABCD c6 day la hinh thang ABCD, AB//CD, AB = 2CD. M la diém thudc
canh AD, (a) la mat phang qua M va song song v6i mat phang (SAB). Biét dién tich thiét dién

ctia hinh chép cat boi mat phang («) bang % dién tich tam gidc SAB. Tinh ti s6 x = AA%

Hay chon ménh dé ding trong cic ménh dé sau day.
@ Hai mat phang phan biét khong song song thi cat nhau.
Néu hai mat phang song song thi moi duong thdng ndm trén mat phang nay déu song
song v6i moi dudng thang ndm trén mat phang kia.

@Neu hai mat phang (P) va (Q) 1an lugt chita hai duong th:img song song thi song song voi
nhau.

@ Hai mat phang ciing song song véi mot dudng thang thi song song véi nhau.

Gid thiét nao dudi day két luan dudng thang a song song v6i mat phang («)?

(Wa jbvab j (w). a /l (B)va () /l ().
@aﬂ(tx):z. @a//bv?abc(rx).

Cho hinh ch6p 5. ABCD c6 déy la hinh binh hanh. Goi d 1a giao tuyén ctia hai mat phang (SAD)
va (SBC). Khang dinh nao sau day la khang dinh dung?

@ d di qua S va song song véi BD. d di qua S va song song vdi BC.

@ d di qua S va song song vdi AB. @ d di qua S va song song vdi DC.
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| Caus

DPac diém nao sau day 1a dung véi hinh lang tru?
@ Hinh lang tru c6 tat cd cdc mat bén bang nhau.
Pay ctia hinh ling tru 1a hinh binh hanh.
@ Hinh lang tru c6 tit cA cdc mat bén la hinh binh hanh.
@ Hinh lang tru c6 tat ca cac mat 1a hinh binh hanh.

toi cau nay: ID: [1H2B4-6] Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tdm O. Goi
M, N, P lan luot la trung diém ctia SA, SD va AB. Khéng dinh nao sau day la sai?

(A) (NOM) cit (OPM). (MON) // (SBC).
(C)(MNP) J/ (SBD). (D) (PON) N (MNP) = NP.

Cho hinh chép S.ABCD, c6 ddy ABCD la hinh binh hanh tam O. Goi M, N lan luot 1a trung
diém SA, SD. Mét phang (OMN) song song v6i mat phang nao sau day?

(A) (SBC). (SCD). (C)(ABCD). (D) (SAB).

Cho cac ménh dé sau

1. Hai mat phang phan biét ciing song song v6i mot duong thang thi chiing song song véi
nhau.

2. Hai mt phang ciing song song véi mot mat phang thi ba thi ching song song véi nhau.

3. Bat ki dudng thang nao cat mot trong hai mat phang song song thi n6 cling cat mit phang
con lai.

S6 ménh dé sai 1a
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| Coul2

Trong cac phat biéu sau, phat biéu nao diung?
@ Hai mat phang phan biét cling song song v6i mat phang thi ba thi chiing song song.
Hai duong thang cting song song v6i mot mat phang thi song song véi nhau.
@ Hai mat phang khong cat nhau thi tring nhau.
@ Hai mat phang khong song song thi tring nhau.

Phét biéu nao sau day la sai?
@ Hinh lang tru c6 cac mat bén 1a hinh binh hanh.
Cac mat bén cta hinh lang tru la hinh chir nhat.
@ Cac mat bén cta hinh chép cut 1a nhitng hinh thang.
(D)Hinh hop 1a lang tru ¢6 ddy 1a hinh binh hanh,

t6i cau nay: ID: [1H2B4-6] Cho hinh ch6p S.ABCD c¢6 day ABCD la hinh binh hanh tam O. Goi
M, N, P lan lugt la trung diém ctia SA, SD va AB. Khéng dinh nao sau day la sai?

(A) (NOM) cit (OPM). (MON) // (SBC).

@(MNP) /| (§BD). @ (PON)N(MNP) = NP.

Trong cac ménh dé sau, ménh dé nao dung?

(A)Néu hai mat phing (x) va () song song vdi nhau thi moi dudng thing ndm trong (x) déu
song song vdi (B) .

Néu hai mat phang («) va (B) song song v6i nhau thi moi duong thang nam trong () déu
song song v6i moi duong thang ndm trong (B).

@Néu hai duong thang song song lan lugt nam trong hai mat phang phan biét (a) va (B)
thi (x) song song véi ().

@ Qua mot diém ndm ngoai mat phang cho trudc ta vé duge vo sb mat phang song song véi
mat phang cho trudc do.
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Cho duong thang a C mp(P) va duong thang b C mp(Q). Ménh dé nao sau day ding?
(A) a va b chéo nhau. a /b= (P)J(Q).
©® 1 =alb. D@ 1(Q=al(Qvabj(P).

toi cau nay: ID: [1H2B4-6] Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi
M, N, P lan luot 1a trung diém ctia SA, SD va AB. Khang dinh nao sau day la sai?

(A) (NOM) cit (OPM). (MON) J/ (SBC).
(C)(MNP) JJ (SBD). (D) (PON) N (MNP) = NP.

Cho hinh ch6p S.ABCD c6 day la hinh binh hanh. Goi d 1a giao tuyén ctia hai mat phang (SAD)
va (SBC). Khang dinh nao sau day la khang dinh dung?

@ d di qua S va song song vé&i BD. d di qua S va song song véi BC.

@ d di qua S va song song v&i AB. @ d di qua S va song song vdi DC.

Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh. Goi A’, B/,C’, D’ 1an lugt la trung
diém ctia cdc canh SA, SB, SC va SD. Tim ménh dé dung trong cac ménh de sau day.

(A) A'C’ jj (SBD). A'B' | (SAD).

(C)(A'C'D’) Jj (ABC). (D) A'C’ jj BD.

Cho hinh chép S.ABCD c6 ddy 1a hinh thang (AB // CD) va AB = 2CD. Goi I, | lan lugt la
trung diém ctia SB va AB. Mat phang nao song song véi mat phang (SAD)?

(A) (BCD). (BI)). ©cry. (D) (SJC).
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Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M, N, P theo thu tu la
trung diém ctia SA, SD va AB. Khang dinh nao sau day ding?

(A) (NOM) cit (OPM). (MON) J/ (SBC).

(C)(PON) N (MNP) = NP. (D) (NMP) // (SBD).

Cho hinh ch6p 5. ABCD c6 déy la hinh binh hanh. Goi d 1a giao tuyén ctia hai mit phang (SAD)
va (SBC). Khang dinh nao sau day la khang dinh dung?

@ d di qua S va song song vdi BD. d di qua S va song song véi BC.

@ d di qua S va song song vdi AB. @ d di qua S va song song véi DC.

Cho hinh hép ABCD.A’B'C'D’ (cac dinh lay theo thut tu d6), AC cat BD tai O con A’C’ cat B'D’
tai O’. Khi d6 (AB'D’) sé song song mit phang nao dudi day?

(A) (A’0C). (BDA). (©)(BDC)). (D) (BCD).

..................................................................................................
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55. PHEP CHIEU SONG SONG

KIEN THUC TRONG TAM
1. Khdi niém phép chiéu song song
Phép chiéu song song thuong dugc dung dé biéu dién cac hinh trong khong gian 1én mot mat
phang.

Pinh nghia 5.1.

Trong khong gian, cho mat phang (P) va duong thang Phuong chiéu

I cat (P). V6i mbi diém M trong khong gian, vé mot \M \l

duong thang di qua M va song song hodc trung véi -~

I. Dudng thang nay cat (P) tai M’. Phép cho tuong ting \ \

moi diém M trong khong gian vdi diém M’ trong (P) M

duge goi la phép chiéu song song 1én mat phang (P) ) \

theo phuong /. ) \ |
Mat phang chieu

Mit phéng (P) duoc goi 1a mit phang chiéu va duong thang | dugc goi 1a phuwong chiéu ctia phép
chiéu song song noi trén.

Phép chiéu song song theo phuong I con dugc goi tat 1a phép chiéu theo phuong 1.

Diém M’ goi la anh ctia diém M qua phép chiéu theo phuong I.

Cho hinh 7 trong khong gian. Ta goi tap hop A" cac &nh M’ ctia tht ca nhiing diém M thudc 7
qua phép chiéu song song theo phuong I 1a hinh chiéu song song ctia . 1én mat phang (P).

2. Céac tinh chét cd ban caa phép chiéu song song

Tinh chat 5.1. Hinh chiéu song song ctia mot dudng thang 1a mot duong thang. Hinh chiéu
song song cia mot doan thang la mét doan thang. Hinh chieu song song cia mot tia la mot tia.

Tinh chét 5.2. Hinh chiéu song song ctia hai duong thang song song la hai duong thang song
song hodc trung nhau.

Tinh chit 5.3.

@ Phép chiéu song song bién ba diém thang hang thanh ba diém thang hang va khong lam
thay d6i thu tu ba diém do.

@ Phép chiéu song song khong lam thay déi ti s6 do dai ctia hai doan thang ndm trén hai
duong thang song song hoac trung nhau.

T

a) Tim hinh chiéu song song ctia doan thang AC, tia AB va dudong thang AD trong Hinh b).

AB A'B’
CD’ C'D"”
DA D'A’
DB’ D'B'

b) Quan sat Hinh a) va so sanh hai ti s6 ——

¢) Quan sat Hinh b) va so sanh hai ti s6 —
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A
I c B I
P CI D/ P B CI D/
a) b)

3. Hinh biéu dién ctila mot hinh khdng gian

Dinh nghia 5.2. Hinh biéu dién ctia mot hinh J# trong khong gian la hinh chiéu song song
clia J trén mot mat phang theo mot phuong chiéu nao d6 hoac hinh dong dang véi hinh chiéu
do.

A Dua theo tinh chit ciia phép chiéu song song, ta phdi tudn theo mot sé quy tic khi vé hinh biéu dién,
chﬁng han nhu

a) Néu trén hinh A 6 hai doan thang nam trén hai duong thang song song (hodc tring nhau)
thi chiing duoc biéu dién bing hai doan thang ndm trén hai duong thang song song (hodc triing
nhau) va ti s6 Ao dai ciia hai doan thing nay phdi bang ti s6 d6 dai ctia hai doan thing tuong
itng trén hinh 2.

b) Néu hinh phang nidm trong mét phing khong song song véi phuong chiéu thi
© Hinh biéu dién ciia mot duong tron thuong la mot elip.
© Hinh biéu dién ciia mot tam gidc (vudng, cin, déu) la mot tam gidc.
© Hinh biéu dién ciia hinh vudng, hinh chii nhdt, hinh thoi, hinh binh hanh la hinh binh hanh.

Quan sat bén dudi va tim hinh biéu dién ctia

a) doan thang AB. b) tam gidc ABC. ¢) duong tron (C) tam O.

GV: NGUYEN BINH KHOI - BT: 0909 461 641




Chuong 4. QUAN HE SONG SONG TRONG KHONG GIAN \ Trang %

@)

Vidt_.|3|

Vé hinh biéu dién va néu nhan xét vé hinh biéu dién ctia cdc mat ctia cac hinh sau

a) Hinh hop. b) Lang tru c6 day la luc ¢) T dién.
giac déu.

CAC DANG TOAN THUONG GAP

Dang @ Hinh biéu dién cGa mét hinh khéng gian

Céc hinh sau day thuong dugc st dung lam hinh biéu dién cta: hinh t dién (Hinh a); hinh
hop (Hinh b); hinh hop chir nhat (Hinh c); hinh lang tru tam giac (Hinh d).

a) b) c) d)
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o]

Trong cac Hinh a, b, ¢, hinh nao biéu dién hinh 1ap phuong?

2]

Trong cac Hinh a), b), ¢), hinh nao 1a hinh biéu dién cho hinh tit dién?

== Vidu3 I
Vé hinh biéu dién va néu nhan xét vé hinh biéu dién ctia cdc mat ctia cac hinh sau
a) Hinh hop. ¢) Ta dién.

b) Lang tru c6 day la luc giac déu.

Vé hinh biéu dién ctia hinh lang tru ABCD.A’B/C'D’ ¢6 mat day ABCD la hinh thang, AB song
song vdi CD va AB = 2CD.
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Dang Xdc dinh yéu 16 song song

| Caul

Cho hinh lang tru ABC.A’B'C’, qua phép chiéu song song phuong CC’, mat phang chiéu
(A’B'C’) bién M thanh M'. Trong d6 M la trung diém ctia BC. Chon ménh dé dting?

(A) M’ 1a trung diém ctia A’B’. M’ 1a trung diém ctia B'C’.
(C) M’ 1a trung diém ctia A'C’. (D) Ca ba dap an trén déu sai.

Cho hinh lang tru ABC.A’B'C’. Goi I, I 1an lugt 1a trung diém cta AB, A'B’. Qua phép chiéu
song song phuong Al’, mat phang chiéu (A’B'C’) bién I thanh?

(A A B'. ©c. Dr.

Cho hinh chép S.ABCD c¢6 day la hinh binh hanh, trén canh SA lay diém M sao cho MA =
2MS. Goi O 1a tam ctia ddy, qua phép chiéu song song phuong MO mat phang chiéu (ABCD)

bién diém S thanh diém N. Tinh ty s6 g—ZX

1 2 1 1
= 3 = =

Cho hinh chép S.ABC cac mat bén la tam giac déu. Goi M la trung diém ctia BC, N 1a diém trén
SN 1 ; ; )

canh SA sao cho NA = 7 Qua phép chieu song song phuong SM madt phang chieu (ABC)

bién N thanh:

(A) Tam duong tron ngoai tiép AABC. Tam duodng tron noi tiép AABC.
@ Trong tam cua AABC. (D)Caba dap an trén déu dung.
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Cho hinh lang tru tam gidc ABC.A’B'C’, goi M, N, P lan luot 1a tAm ctia cdc mat bén (ABB'A’),
(BCC'B’) va (ACC'A’). Qua phép chiéu song song phuong BC’ va mit phang chiéu (AB'C)
khi d6 hinh chiéu cta diém P la

(A) Trung diém ctia AN. Trung diém ctia AM.
(C) Trung diém ctia B'N. (D) Trung diém ctia B'M.

@ BAI TAP REN LUYEN

ED

Trong cac ménh dé sau, ménh dé nao ding?

a) Mot duong thang c6 thé song song véi hinh chiéu cta né.
b) Mot dudng thang c6 thé trung véi hinh chiéu ctia né.

¢) Hinh chiéu song song ctia hai duong thang chéo nhau c6 thé song song véi nhau.

d) Hinh chiéu song song ctia hai duong thang chéo nhau c6 thé triing nhau.
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Bdi 4
Cho hai diém A, B ndm ngoai mat phang («) va dudng thang d cat («). Gia sit dudong thang AB
cat («) tai diém O. Goi A’ va B’ 1an luot 1a hinh chiéu song song ctia A va B trén («) theo phuong
ctia duong thang d. Ba diém O, A’, B’ c6 thang hang khong? Vi sao? Chon d sao cho

a) A'B' = AB. b) A’B’ =2AB.

Vé hinh biéu dién cua
a) Hinh lang tru c6 day la tam giac déu.
b) Hinh lang tru c6 ddy 1a luc giac déu.
¢) Hinh hop.

Bai 6
Trong cac Hinh a), b), ¢), hinh nao 1a hinh biéu dién cho hinh ti dién?

Cho hinh hop ABCD.A’B'C'D’. Xéc dinh &nh ctia tam gidc A’C’D’ qua phép chiéu song song
1én mit phang (ABCD) theo phuong A’B.
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Bdi 8

Hinh 89 Hinh 90

Bai 9
Vé hinh biéu dién cta
a) Mot tam gidc vuong noi tiép trong mot duong tron;

b) Mot luc giac déu.
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6. BAI TAP CHUONG IV

BAI TAP TRAC NGHIEM

BANG TO DAP AN TU LUYEN - PESO 1

Hoc sinh lam BTTL xong, t6 phuong dn diing. Budi hoc sau, ciing vdi GV kiém tra két qud.

OO0 | 8 | ®WOOO |15 | ®OOO | 22 | ®WOOO | 29 | ®WOOO
OO0 | 9 | ©®OOO |16 | ®GOOO | 22 | ®OOO | 30 | ®OOO
@OO0 | 10 | ®OOO |17 | ®OOO | 24 | ®OOO | 31 | ®OOO
OO0 | 11 | OO0 | 18| ®OOO | 25 | ®OOO | 32 | OO0
OO0 | 12 | ®OOO | 19 | ®GOOO | 26 | ®OOO | 33 | ®GOOO
OO0 | B | OO0 | 20 | ®OOO | 27 | ®OOO | ¢ | ®OOO

N | O |01 = W DN |-

OO0 | 4 | ®GOOO | 21 | ®GOOCO | 28 | ®OOO | 35 | OO0

=

Trong khong gian, hai dudng thang song song véi nhau khi va chi khi
Hai dudng thang cling ndm trong mét mit phang va khong c6 diém chung.
Hai dudng thang khong c6 diém chung.
@ Hai dudng thang cling ndm trong mot mit phang.
@ Hai duong thang cting song song v6i duong thang thi ba.

Cho hai duong thang phan biét a va b trong khong gian. C6 bao nhiéu vi tri tuong déi gitra a
va b?

A1, 2. ©s. D4

g

Trong khong gian, duong thang song song v6i mat phang khi va chi khi
@ Duong thang d6 song song véi mot duong thang thudc mat phang.
Duong théng va mat phéng khong c6 diém chung.
@ Duong thang d6 khong c6 diém chung véi mot duong thang thudc mat phang.
@ Duong thang d6 khong c6 diém chung v6i hai dudng thang thudc mat phang.
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| Caud

Trong khong gian, hai mat phang song song véi nhau khi va chi khi
C6 mot mat phang chira hai dudng thang phan biét cling song song v6i mat phang con
lai.
Hai mat phang ciing song song véi mot dudng thang.
@ Hai mat phang ciing song song véi mat phang thi ba.
(D) Hai mit phang khong c6 diém chung.

Cho dudng thang a song song v6i mat phang (P). Mat phang (Q) chita dudng thang a va cét
mit phang (P) theo giao tuyén l1a duong thang b. Vi tri tuong déi ctia hai duong thang a va b
la

@ chéo nhau. cat nhau. @ song song. @ trung nhau.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M 1a trung diém ctia canh SD.
Duong thang SB song song v6i mat phang

(A) (CDM). (ACM). (©)(ADM). (D) (ACD).

Cho hinh hop ABCD.A’B'C'D’. Mt phang (AB'D’) song song véi mit phang
(A) (ABCD). (BCC'B)). (©)(BDA). (D) (BDC)).

g

Cho ba mat phéng (P), (Q), (R) d6i mét song song véi nhau. Puong théng a cat cac mat phéng
N A 2 2 Z 2
(P), (Q), (R) lan luot tai A, B, C sao cho —B = — va duong thang b cat cac mat phang (P), (Q),

BC 3
N . A'B" .
(R) lan luot tai A, B',C’. Ti s0 el bang
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Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh binh hanh. Goi M, N lan luot 1a trung diém cua
cac canh SB, SD, K 1a giao diém ctia mit phang (AMN) va dudng thang SC. Ti s6 oK bang

1 1 1 2 SC
5 3 i 5

Cho hinh hép ABCD.A'B'C'D’. Goi M, M’ lan lugt 1a trung diém ctia cac canh BC, B'C’. Hinh
chiéu ciia AB'DM qua phép chiéu song song trén (A’B'C'D’) theo phuong AA’ 1a
(A) AB'A'M'. AC'D'M. (© ADMM.. (D) AB'D'M..

BAI TAP TU LUAN

Cho hinh chop S.ABCD c6 day ABCD 1a hinh thang, AB // CD va AB < CD. Xac dinh giao
tuyén ctia hai mat phang sau

a) (SAD) va (SBC). b) (SAB) va (SCD). ¢) (SAC)va (SBD).

Cho hinh lang tru tam giac ABC.A’B’C’. Goi M, N, P lan lugt la trung diém ctia cac canh AB,
BCva AA’.

a) Xac dinh giao diém ctia mat phang (MNP) va duong thang B'C.

. : . . KB’
b) Goi K la giao diém ctia ctia mat phang (MNP) véi duong thang B'C. Tinh ti sO XC
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Cho hinh chop S.ABCD c¢6 day ABCD la hinh binh hanh. Goi G, K lan luot 1a trong tam cua
cac tam giac SAD, SCD.

a) Chung minh GK // (ABCD).

b) Mat phang chita duong thang GK va song song v6i mét phang (ABCD) cét cac canh SA,
SB, SC, SD lan luot tai M, N, E, F. Ching minh rang ttt gidc MNEF la hinh binh hanh.

Bai 4
Cho hinh hop ABCD.A'B'C'D’. Goi M, N lan luot la trung diém ctua AB, C'D’.
a) Ching minh rang (A’DN) // (B'CM).
b) Goi E, F lan luot la giao diém ctia duong thang D’B véi cac mat phang (A’DN), (B'CM).

. 1
Chung minh rang D'E = BF = EEF'

Cho hinh hop ABCD.A’B'C'D’. Goi M, N lan lugt 1a trung diém cta canh AD, A’B’. Chiing
minh réng

a) BD J/ B'D', (A’BD) J/ (CB'D')va MN /| (BDD'B')

b) Duong thang AC’ di qua trong tim G ctia tam gidc A’BD.

Cho ti dién ABCD. Trén canh AB lay diém M sao cho BM = 3AM. Mt phéng (P) diqua M
song song vdi hai dudng thang AD va BC.

a) Xéc dinh giao diém K ctia mit phang (P) véi duong thang CD.
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. KC
Tinh ti sO —.
b) Ti tlsoCD

Cho ti dién ABCD. Goi M, N lan lugt Ia trung diém ctia cac canh AB, BD. Piém P thudc canh
AC sao cho PA = 2PC.

a) Xac dinh giao diém E ctia duong thang MP véi mat phang (BCD).
b) Xac dinh giao diém Q ctia duong thang CD véi mat phang (MNP).
¢) Xac dinh giao tuyén ctia mat phang (ACD) v6i mat phang (MNP).

d) Goi I la giao diém ctia MQ va NP, G la trong tam ctia tam giac ABD. Chitng minh C, I,
G thang hang.

Bdi 8

Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi M, N lan luot la trung diém ctia cac
canh BC, SD. Xac dinh giao tuyén ctia mat phang (AMN) véi mbi mat phang sau

a) (SCD);

b) (SBC).

Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang (AB // CD) va AB = 2CD. Goi M, N lan
luot 1a trung diém cac canh SA, SB. Chitng minh rang

a) MN J/ (SCD);
b) DM j/ (SBC);

c) Ly diém I thudc canh SD sao cho :—é = % Ching minh rang SB // (AIC).
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Bai 10
Cho hinh lang tru tam gidc ABC.A’B'C’. Lay M, M’ 1an lugt 1a trung diém céc doan thang BC,
Fall
B'C’; 1ay cac diém G, G/, K lan lugt thuoc cac doan AM, A’M’, A’B sao cho :]61 = j’](\;/[/ =
AK 2
A'B 3

a) Ching minh rang C'M // (A’BM’).
b) Chiing minh rang G'K // (BCC'B).
¢) Ching minh rang (GG'K) // (BCC'B).

d) Goi («) la mat phéng di qua K va song song véi mat phéng (ABC). Mat phfmg (w) cat canh

. IC
! . o A ,
CC' tai diém I. Tinh i

Mot khéi gb c6 cac mat déu 1a mot
phan ctia mit phang véi (ABCD) //
(EFMH), CK / DH. Khdi gb bi
hong mot goc (hinh bén). Bac thg
mdc muén lam dep khéi gb bang
cach cat khéi gb theo mat phang
(R) di qua K va song song voi mat
phang (ABCD).

a) Hay giup bac tho moc xac
dinh giao tuyén cua mat
phang (R) v6i cdc mat cua
khoéi gb dé cat duge chinh xac.

b) Goi I, ] 1an lugt 1a giao diém
DH, BF v6i mat phang (R).
Biét BF = 60 cm, DH = 75
cm, CK = 40 cm. Tinh FJ.

GV: NGUYEN BINH KHOI - BT: 0909 461 641



51. SO TRUNG BINH CONG VA MOT CUA MAU SO LIEU GHEP

NHOM
KIEN THUC TRONG TAM

1. S6 liéu ghép nhom

Dinh nghia 1.1. M4u s6 liéu ghép nhém thuong dugce trinh bay dudi dang bang thong ké co

dang nhu sau:
Bdng 1: Bdng tan sé ghép nhom
Nhom | [ug;up) | [ug;uz) | ... | [k tigsr)
Tﬁn 56 ni ny 500 Ny

A o Bing trén gom k nhom [uj;uj 1) vdi 1 < j < k, moi nhém gom mot sb gid tri dugc ghép theo
mot tiéu chi xdc dinh.

®@ Comiun =mny +no+ -+ np.
© Gid tri chinh giita méi nhém dugc ding lam gid tri dai dién cho nhom ay. Vi du nhém [uy; up)
PP |
co gid tri dai dién la 5 (u1 + up).
© Hiéu ujy1 — uj duoc goi la do dai ciia nhom [uj; ujyq).

Tinh gid tri dai dién va do dai ctia m6i nhém trong mau s6 liéu sau

Khoang tuéi [20;30) | [30;40) | [40;50) | [50;60) | [60;70)
S6 khach hang nir 3 9 6 4 4

A Mot sé quy tic ghép nhom ciia mau sé liéu
M&i mdu s6 liéu c6 thé dugc ghép nhom theo nhiéu cich khdc nhau nhung thudong tudn theo mot so
quy tac sau:
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@ Sir dung tirk = 5 dén k = 20 nhém. C& mdu cang Ion thi can cang nhiéu nhom so ligu. Cdc
nhom cé cung d¢ dai bang L thod min R < k - L, trong do R la khodng bién thién, k la s6 nhém.

© Gid tri nhd nhat ciia mau thudc vao nhém [uy; uz) va cang gan uy cang tot. Gid tri lon nhat ciia
mau thudc nhom [uk; Uky1) VA cang gan uy.yq cang tot.

o2
Can nang caa 28 hoc sinh nam 16p 11 dugc cho nhu sau:

554 62,6 542 568 588 594 60,7 58 59,5 636 61,8 523 634 579

49,7 451 56,2 632 461 496 591 553 558 455 468 54 49,2 52,6

Hay chia mau d liéu trén thanh 5 nhém, lap bang tan s6 ghép nhom va xéac dinh gia tri dai
dién cho mdi nhém.

A @ Cic dau miit ciia cdc nhom cd thé khong 1 gid tri cila mau so ligu.

@ Ta hay gép cdc bang s6 licu ghép nhom la s6 nguyén, ching han nhu bang théng ké s6 16i chinh
td trong bai kiém tra giita hoc ki 1 mon Ngit Vin ciia hoc sinh khoi 11 nhu sau:

S616i | [1;2] | [3;4] | [5;6] | [7:8] | [9;10]
Sébai | 122 75 14 5 2

Bdng s6 liéu nay khong cé dang nhu Bing 1. Dé thudn loi cho viéc tinh cdc s6 dic trung cho
bing s6 lidu nay, nguoi ta higu chinh vé dang nhu Bing 1 biang cdch thém va bt 0,5 don vi vao
dau miit bén phdi va bén trdi clia méi nhém sé lidu nhu sau:

S616i | [0525) | [2,545) | [45;65) | [65;85) | [85;10,5)
Sé bai 122 75 14 5

2

s

Mot clta hang da théng ké sb ba 16 ban dugc méi ngay trong thang 9 véi két qua cho nhu sau:

12 29 12 19 15 21 19 29 28 12 15 25 16 20 29
21 12 24 14 10 12 10 23 27 28 18 16 10 20 21

Hay chia mau s liéu trén thanh 5 nhém, 14p bang tan s6 ghép nhom, hiéu chinh bang tan sb
ghép nhom va xac dinh gid tri dai dién cho mdi nhom.
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2. S6 trung binh

Dinh nghia 1.2. S6 trung binh cua mau s6 liéu ghép nhém, ki hiéu ¥, dugce tinh nhu sau

7= nicy + nocy + - - - + Nk
- 7
n

trong don =ny +ny+ -+ +ng.

Két qua khao sat can ning ctia 25 qua cam & moéi 16 hang A va B dugc cho 6 bang sau:

Can nang (g) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua cam &16 hang A 2 6 12 ! 1
S6 qua cam & 16 hang B 1 3 7 10 4

a) Hay udc lugng can ning trung binh cia moi qua cam & 16 hang A va 16 hang B.

b) Néu so sanh theo s6 trung binh thi cam & 16 hang nao ning hon?

A Y nghia ciia s6 trung binh ciia mau s6 liéu ghép nhom: S6 trung binh ciia mdu s6 liéu ghép nhém la
gid tri xdp xi cho s0 trung binh ciia mdu s6 ligu goc. N6 thuong ding dé do xu thé trung tdm ciia mdu
s6 liéu.

3. Mot

Nhom chita mét ciia mau s6 liéu ghép nhém la nhém c6 tan s6 16n nhét.
Giad st nhom chira mot 1a [uy,; ty,41), khi d6 mot ctia mau so liéu ghép nhém, ki hiéu la My, dugc
xac dinh bdi cong thuc

M — My —1

Moy =u, + -(u — Uy) .
0 " (M — ny—1) + (M — Nyyg1) (41 m)

A Néu khong cé nhom ké trudc ciia nhém chita mot thi u,, 1 = 0. Néu khong cé nhém ké sau ciia nhém
chita mot thi n,,, 1 = 0.

Mot cong ty xay dung khao sat khach hang xem ho c6 nhu cau mua nha & mitc gia nao. Két
qua khao sat duogc ghi lai 6 bang sau

Muc gia
\ [10;14) | [1418) | [18;22) | [22;26) | [26;30)
(triéu dong/m?)

S6 khach hang 54 78 120 45 12

a) Tim moét ctia mau s6 liéu ghép nhom trén.

b) Cong ty nén xay nha & mic gia nao dé nhiéu nguoi c6 nhu cau mua nhat?
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o]

S6 cudc goi dién thoai mot nguoi thue hién méi ngay trong 30 ngay dugc lya chon ngau nhién
dugc théng ké trong bang sau:

S6 cudc goi | [3;5] | [6;8] | [9;11] | [12;14] | [15;17]
S6 ngay 5 13 7 3 2

a) Tim mét cia mau s6 liéu ghép nhom trén.

b) Hay du doan xem kha nang ngudi d6 thuc hién bao nhiéu cudc goi mbi ngay la cao nhat.

A Y nghia ciia mét ciia mdu sé liéu ghép nhom

@ MOt ciia mdu so liéu khong ghép nhom la gid tri ¢ khd ning xudt hi¢n cao nhat khi ldy madu.
Mot cuia madu so ligu sau khi ghép nhém My xdp xi v6i mot ciia mau so liéu khong ghép nhom.
Cdc gid tri nam xung quanh My thuwong co khd ning xudt hién cao hon cdc gid tri khdc.

@ Mot mdu sé ligu ghép nhém c6 thé cé nhiéu nhém chita mot va nhiéu mot.

MOT SO DANG TOAN THUGONG GAP

Dang @ Nhén dang méu s liéu ghép nhém

T

Mau s6 liéu sau cho biét phan bd theo dd tudi ctia dan s6 Viét Nam nam 2019.

Do tudi | Dudi15tudi | Tir 15 dén dudi 65 tudi | Tir 65 tudi trd 1én

S6 nguoi 23 371 882 65 420 451 7 416 651

a) Mau s6 liéu da cho c6 1a mau s6 liéu ghép nhém hay khong?

b) Néu cac nhém va tan sb twong ting. Dan s6 Viét Nam nam 2019 la bao nhiéu?
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2]

Bang thong ké sau cho biét thoi gian chay (phut) cta 30 van dong vién (VDV) trong mot giai
chay Marathon.

Thoigian | 129 | 130 | 133 | 134 | 135 | 136 | 138 | 141 | 142 | 143 | 144 | 145
S6 VBV 1 2 1 1 1 2 3 3 4 5 2 5

Hay chuyén mau s liéu trén sang mau s6 liéu ghép nhém gdm sau nhom c6 do dai bang nhau
va bang 3.

FViays]

Mau s6 liéu sau cho biét két qua kiém tra moén Toan ctia 16p 11A nam 2022.

Diém sb [3;5) | [5;7) | [7,9) | [9;11)
S6 hoc sinh 5 18 10 7

a) Mau s6 liéu da cho c6 1a mau s6 liéu ghép nhém hay khong?

b) Néu cac nhém va tan sb tuong ing. S6 hoc sinh cta 16p 11A 1a bao nhiéu?

Dang @ Chuyén méu s liéu khéng ghép nhém sang méu sb liéu ghép nhém

1. Vi dy mau

-,

Bang thong ké sau cho biét thdi gian chay (phut) ctia 30 van dong vién (VDV) trong mot giai
chay Marathon.

Thoigian | 129 | 130 | 133 | 134 | 135 | 136 | 138 | 141 | 142 | 143 | 144 | 145
S6 VbV 1 2 1 1 1 2 3 3 4 5 2 5

Hay chuyén mau so liéu trén sang mau s6 liéu ghép nhom gom sau nhém c6 do dai bang nhau
va bang 3.
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Ecaiee] 335 1

2]

Can nang (kg) cta 35 nguoi truong thanh tai mét khu dan cu duoc cho nhu sau:

43
52

51
48

47
46

62
45

48
54

40
52

50
50

62
47

53
44

56
54

40
55

48
60

56
63

53
58

50
55

42
60

55

58 53.

Chuyén mau s6 liéu trén thanh dang ghép nhém, cac nhém c6 do dai bang nhau, trong dé c6
nhom [40; 45).

Cho bang s6 liéu bén dudi

Nhom [a;ait1) | - | [4%ak41)

n;

— Bang 3.2
Tan so

Khi do

S6 trung binh ctia mau s6 liéu ghép nhém ki hiéu 1a x.

miX1 + ...+ mMEXg
n

X =

aj + a1

trong d6, n = my + ...+ mpla cd mau va x; = 5

(voii=1,...,k)la gia tri dai dién cta
nhom [a;; a4 1).

T

Két qua khao sat cAn ning ctia 25 qua cam 6 méi 16 hang A va B dugc cho & bang sau:

Can nang (g) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua cam §16 hang A 2 6 12 4 1
S6 qua cam &16 hang B 1 3 7 10 4

a) Hay udc lugng cn nang trung binh ctia moi qua cam §16 hang A va 16 hang B.

b) Néu so sanh theo s6 trung binh thi cam & 16 hang nao nang hon?
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D€ tim moét ctia mau so lidu ghép nhom, ta thuc hién theo cac budc sau:
® Budc 1. Xac dinh nhém c6 tan sb 16n nhat (goi 1a nhém chira mét), gia st 1a nhém j:
[9j;811)
@ Budc 2. Mbt duoc xac dinh 1a
m] - m]-_l

(mj —mj_1) + (mj —mj;q)

M():aj—l— -h

trong d6 m; 1a tan s6 ctia nhém j (quy wdc mo = myq = 0) va h 1a do dai ctia nhém.

-,

Bang s liéu ghép nhém sau cho biét chiéu cao (cm) ctia 50 hoc sinh 16p 11A.

Khoang chiéu cao (cm) | [145;150) | [150;155) | [155;160) | [160;165) | [165;170)
S6 hoc sinh 7 14 10 10 9

Tinh m6t ciia mdu s6 liéu ghép nhém nay. C6 thé két luan gi tir gia tri tinh duge?

T,

Tudi tho (ndm) ctia 50 binh &c quy 6 t6 duoc cho nhu sau:

Tuoi tho (nam) | [2;2,5) | [2,5;3) | [3;3,5) | [3,54) | [445) | [455)
Tan sb 4 9 14 11 7 5

Xac dinh mot va giai thich y nghia.

T,

Mot thu vién thong ké sb lugng sach dugc mugn méi ngay trong ba thang & bang sau

S6sach | [16;20] | [21;25] | [26;30] | [31;35] | [36;40] | [41;45]
S6 ngay 3 6 15 27 22 14

Xéc dinh mét ctia mau s liéu ghép nhém nay.
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)

Thoi gian (phtit) dé hoc sinh hoan thanh mot cau hoi thi duge cho nhu sau:

Thei gian (phat) | [0,5;10,5) | [10,5;20,5) | [20,5;30,5) | [30,5;40,5) | [40,5;50,5)
S6 hoc sinh 2 10 6 4 3
Xac dinh mét ctia mau s6 liéu ghép nhém nay.
B, 5
Diém kiém tra mon Toan ctia 16p 12A dugc cho trong bang sau
Thoi gian (phat) | [3;5) | [5,7) | [7,9) | [9;11)
S6 hoc sinh 5 18 10 7
Xéc dinh mét ctia mau s6 liéu ghép nhém nay.
@ BAI TAP REN LUYEN
Anh Van ghi lai cy 1i 30 1an ném lao ctia minh & bang sau (don vi: mét):
7211729 | 702 | 709 | 722 | 71,5 | 725 | 69,3 | 72,3 | 69,7
723|715 | 71,2 | 698 | 723 | 71,1 | 69,5 | 722 | 71,9 | 73,1
716 | 71,3 | 722 | 71,8 | 70,8 | 722 | 722 | 729 | 72,7 | 70,7

a) Tinh cy li trung binh ctia m6i lan ném.

b) Tong hop lai két qua ném ctia anh Van vao bang tan s6 ghép nhom theo mau sau:

Cu li (m)

[69,2;70)

[70;70,8)

[70,8; 71,6)

[71,6;72,4)

[72,4;73,2)

So lan

?

?

?

?

?

d) Kha nang anh Van ném dugc khoang bao nhiéu mét 1a cao nhat?

) Hay udc lugng cy li trung binh méi 1an ném tir bang tan s6 ghép nhém trén.
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D

Nguoi ta dém sd xe 6 t6 di qua mot tram thu phi méi phtit trong khoang thoi gian tir 9 gio dén
9 gity 30 phut sang. Két qua duoc ghi lai & bang sau:

15|16 | 13 | 21 |17 | 23 |15 | 21 | 6 | 11 | 12 | 23 | 19 | 25 | 11
25| 7 (29110 | 28|29 24| 6 |11 23 |11 (21| 9 |27 |15

a) Tinh s6 xe trung binh di qua tram thu phi trong moéi phtit.

b) Téng hop lai sb liéu trén vao bang tan sé ghép nhém theo mau sau:

S6xe | [6;10] | [11;15] | [16;20] | [21;25] | [26;30]

S6 1an ? ? ? ? ?

c¢) Hay udc lugng trung binh sb xe di qua tram thu phi trong méi phtt tir bang tan sb ghép
nhom trén.

Mot thu vién thong ké s6 lugng sach duge muon mdi ngay trong ba thang & bang sau:

S6sach | [16;20] | [21;25] | [26;30] | [31;35] | [36;40] | [41;45] | [46;50]
S6 ngay 3 6 15 27 22 14 5

Hay udc lugng sb trung binh va mét cia mau s6 liéu ghép nhém trén.

Két qué do chiéu cao ctia 200 cay keo 3 ndm tudi & mot ndong truong dugc biéu dién & biéu do
dudi day.
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Chiéu cao 200 cay keo 3 nim tudi
(S cay) o

Y 60

60

55

35

30

20

O  [8588) [8,8;9,1) [9.1;94) [94,9.7) [9,7;10,0) (m)

Hay udc luong so trung binh va mot cua mau so liéu ghép nhom trén.
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52. TRUNG VI VA TU PHAN VI CUA MAU SO LIEU GHEP NHOM
KIEN THUC TRONG TAM

1. Trung vi

Dinh nghia 2.1. Céng thitc xac dinh trung vi ciia mau s6 liéu ghép nhém
® Goi n1a co6 mau.
©@ Gia st nhom [uy; iy, 1) chia trung vi;
© ny, 1a tan s6 ctia nhém chia trung vi;
@C=n+ny+---+ny,_1.
Khi do

(U1 — Um) -

T

Két qua khao sat cAn nang ctia 25 qua bo 6 mot 16 hang cho trong bang sau:

Can nang (g) | [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua bo 1 7 12 3 2

Hay tim trung vi cia mau s6 liéu ghép nhom trén.

T

Trong tuan 1& bdo vé mdi trudng, cac hoc sinh khdi 11 tién hanh thu nhat v6 chai nhua dé tai
che. Nha truong thong ké két qua thu nhat v chai ciia hoc sinh khoi 11 & bang sau:

S6 vo chai nhwa | [11;15] | [16;29] | [21;25] | [26;30] | [31;35]
S6 hoc sinh 53 82 48 39 18

Hay tim trung vi cua mau so liéu ghép nhom trén.

A Y nghia ciia trung vi ciia mau s6 liéu ghép nhém
Tix dit liéu ghép nhém néi chung khong thé xdc dinh chinh xdc trung vi ciia mau so ligu goc. Trung vi
clia mdu so liéu ghép nhom la gid tri xap xi cho mdu so liéu goc va c6 thé lay lam gid tri dai dién cho
médu s6 liéu.
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s

Trong mot hoi thao, thoi gian chay 200 m ctia mét nhém cac van dong vién dugc ghi lai 6 bang
sau:

Thoi gian (gidy) | [21;21,5) | [21,5;22) | [22;22,5) | [22,5;23) | [23;23,5)

S6 van dong vién 5 12 32 45 30

Dua vao bang s6 liéu trén, ban t6 chirc mudn chon ra khoang 50% s6 van dong vién chay nhanh
nhat d€ tiép tuc thi vong 2. Ban t6 chitc nén chon cac van dong vién c¢6 thdi gian chay khong
qua bao nhiéu giay?

2. Td phan vi

Dinh nghia 2.2. Céng thitc xac dinh t phan vi ciia mau s liéu ghép nhém

T phan vi thit hai ctia mau s6 liéu ghép nhém, ki hiéu Qy, cling hinh 1a trung vi ctia mau s6
liéu ghép nhom.

Dé tim tt phan vi thit nhat ctia mau s6 liéu ghép nhom, ki hiéu Q, ta thuc hién nhu sau:

© Gia stt nhém [uy; 1, 11) chita t phan vi thir nhat;
© ny, 1a tan s6 ciia nhém ti phan vi thir nhat;

@ C=n+ny+-+n,_1.

Khi do "
1 C
Q1 =um+ (U1 — Um).-
m
Tuong tu, dé tim ti phan vi thi ba cia mau sb liéu ghép nhom, ki hiéu Qs, ta thuc hién nhu
sau:

© Gia st nhom [uj;uj,1) chita ti phan vi thit ba;
@ n;jla tan s6 cia nhom chita ti phan vi thit ba;
© C:n1+n2—|—...+nj_1.

Khi d6 .
Z”—c
Qs = uj+ = (U1 — 1) .
)

o

Thoi gian luyén tap trong mot ngay (tinh theo gi®) ctia mot s6 van dong vién dugc ghi lai &
bang sau:

Thoi gian luyén tap (gio) | [0;2) | [2;4) | [4;,6) | [6;8) | [8;10)
S6 van dong vién 3 8 12 12 4
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Hay xéc dinh céc ti phan vi cia mau sb liéu da cho.
Huan luyén vién muon xac dinh nhom gom 25% cac van dong vién co6 so gio luyén tap cao
nhat. Hoi huan luyén vién nén chon cac van dong vién c6 thoi gian luyén tap tir bao nhiéu gio

trd lén vao nhom nay?

\_ Trang =<£

R | L
A Neu tir phan vi thit k o 5 (Xm + Xp41), trong do xu, va Xp4q thudc hai nhom lién tiep, vi du nhu

Xm € [Uj_1;1;) VA Xypq1 € [uj;ujqq) thi ta ldy Qp = u;.

Sé6lan gap su c6 | [1;2]

[3;4]

[5;6] | [7;8]

[9;10]

So xe

17

33

25 20

5

a) Hay udc lugng céac ti phan vi ciia mau s6 liéu ghép nhom trén.

Mot hang xe 6 to thé)ng ké lai s6 lan gap su cb vé dong co cta 100 chiéc xe cung loai sau 2 nam
st dung dau tién ¢ bang sau:

b) Mot ngudi cho rang c6 trén 25% xe ctia hang gap khong it hon 4 su c6 vé dong co trong 2
nam st dung dau tién. Nhan dinh trén c6 hop li khong?

A Y nghia ciia tit phéin vi ciia méu sé liéu ghép nhom

© Ba diém tir phan vi chia mdu sé liéu da siap xép theo thit tu khong gidm thanh bon phin déu

nhau.

© Gidng nhu vdi trung vi, néi chung khong thé xdc dinh chinh xdc cic diém tir phan vi ciia mau
s0 ligu ghép nhom.

© B9 ba tit phin vi ciia mdu s liu ghép nhom la gid tri xdp xi cho tir phdn vi cila mdu s6 liéu goc

va duoc sir dung lam gid tri do xu thé trung tam cila mdu so liéu.

© Tit phdn bi thit nhat va thir ba do xu thé trung tdm cila nika dudi (cdc dit liéu nhé hon Qo) va

nira trén (cdc dir liéu 16n hon Qy) ctia mau s6 lidu.

Mot nguoi théng ké lai thoi gian thuc hién cac cudc goi dién thoai ctia nguoi d6 trong mot tuan

6 bang sau:

Thoi gian

[0;60) | [60;120) | [120;180) | [180;240) | [240;300) | [300;360)
(don vi: giay)
S6 cudc goi 8 10 7 5 2 1
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| Hay udc lugng cac ti phan vi ctia mau s6 liéu ghép nhom trén.

7]

Mot phong kham thong ké sb bénh nhan dén kham bénh méi ngay trong thang 4 nam 2022 &
bang sau:

S6 bénh nhan | [1;10] | [11;20] | [21;30] | [31;40] | [41;50]
S6 ngay 7 8 7 6 2

a) Hay udc lugng cac tir phan vi ctia mau sb liéu ghép nhém trén.

b) Quén ly phong kham cho rang c6 khoang 25% s6 ngay kham c6 nhiéu hon 35 bénh nhan
dén kham. Nhan dinh trén c6 hop ly khong?

Dang @ $6 trung vi ca mdu sé liéu ghép nhém

®@ Goi n1a c6 mau.

® Gia st nhoém [uy; iy, 1) chia trung vi;
@ ny, 12 tan s6 cia nhoém chia trung vi;
@C=n+n+---+n,_1.

Khi dé

T

Két qua khao sat can ning ctia 25 qua ba & mot 16 hang cho trong bang sau:

Can ning (g) | [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua bo 1 7 12 3 2

Hay tim trung vi ctia mau so liéu ghép nhom trén.
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\_ Trang £

Va2l

Trong tuan 1& bdo vé moi trudng, cac hoc sinh khdi 11 tién hanh thu nhat vo chai nhya dé tai
ché. Nha truong thong ké két qua thu nhit vo chai ctia hoc sinh khéi 11 & bang sau:

S6 v chainhwa | [11;15] | [16;29] | [21;25] | [26;30] | [31;35]

S6 hoc sinh 53 82 48 39 18

Hay tim trung vi ciia mau s6 liéu ghép nhom trén.

FViays]

Trong moét hoi thao, thoi gian chay 200 m cia mdt nhém cdc van dong vién duoc ghi lai 6 bang
sau:

Thoi gian (gidy) | [21;21,5) | [21,5:22) | [22;22,5) | [22,5;23) | [23;23,5)

S6 van dong vién 5 12 32 45 30

Dua vao bang s6 liéu trén, ban t6 chitc mudn chon ra khoang 50% sO van dong vién chay nhanh
nhat dé tiép tuc thi vong 2. Ban t6 chiic nén chon cac van dong vién c6 thoi gian chay khong
qua bao nhiéu giay?

Dang e T& phan vi
Ta phan vi Q1, Q2, Q3 duoc xac dinh nhu sau

Q1 = ap + AT F )

my : (“PH —ap);

3ZT”—(7111-1-...-1—111;9_1)
it

Q3 =ap+ (apr1—ap);

Q2:Me:ap+%_(m1+m+mp_l)

m, (ap1—ap).

T

Tim ti phan vi thit nhat Q; va ti phan vi thi ba Q3 cia mau s liéu ghép nhém cho trong bang
sau

Thoi gian (phut) | [9,5;12,5) | [12,5;15,5) | [15,5;18,5) | [18,5;21,5) | [21,5;24,5)
S6 hoc sinh 3 12 15 24 2
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Trong phong thi nghiém, nguoi ta chia 99 mau vat thanh ndm nhém cén ctt trén khéi lugng
ctia chiing (don vi: gam) va 1ap bang tan s6 ghép nhém nhu sau.

Nhém (gam) | [27,5;32,5) | [32,5;37,5) | [37,5;42,5) | [42,5;47,5) | [47,5;52,5)
S6 mau vat 16 24 20 30 9

Tim t& phéan vi ctia mau s6 liéu.

a5

Sau khi diéu tra vé s6 hoc sinh trong 100 16p hoc, ngudi ta chia mau s6 liéu d6 thanh ndm nhém
can cu vao so lugng hoc sinh cia moi 16p (don vi: hoc sinh) va lap bang lan so ghép nhém nhu
sau. Tim t& phan vi ctia mau so liéu do.

Nhom (hoc sinh) | [36;38) | [38;40) | [40;42) | [42;44) | [44;46)
S6 16p 9 15 25 30 21

Gido vién cht nhiém chia thoi gian sit dung Internet trong moét ngay cta 40 hoc sinh thanh
nam nhém (don vi: phut) va lap bang tan s6 ghép nhém nhu sau. Tim t& phéan vi ctia mau s6
liéu do.

Nhom (phat) | [0;60) | [60;120) | [120;180) | [180;240) | [240;300)
S6 hoc sinh 6 13 13 6 2

Thoi gian luyén tap trong mot ngay (tinh theo gid) cia mot sb van dong vién duge ghi lai &
bang sau
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Thoi gian luyén tap (gio) | [0;2) | [2;4) | [4,6) | [6;8) | [8510)
S6 van dong vién 3 8 12 12 4

Tim t& phan vi ctia mau s6 liéu doé.

@ BAI TAP REN LUYEN

Luong thang ctia mot s6 nhan vién van phong dugc ghi lai nhu sau (don vi: triéu d@)ng):

125 196 | 11,7 | 12,7 | 100 | 10,0 | 122 | 98 | 109 | 6,7 | 13,6 | 9,2
131 |65 | 10,7 | 89 | 11,2 | 132 | 83 | 111 | 119 | 84 | 6,7 | 13,8

a) Tim t& phan vi ctia day s6 liéu trén.

b) Tong hop lai day so liéu trén dua vao bang tan s6 ghép nhém theo mau sau:

Luong thang
X [6;8) | [8,10) | [10;12) | [12;14)
(triéu dong)

S0 nhan vién ? ? ? ?

c) Hay uéc lugng tir phan vi cia s6 liéu 6 bang tan s6 ghép nhom trén.

S6 diém mot cau tha bong 16 ghi duoc trong 20 tran dau duge cho & bang sau:

25|23 121 13| 8 | 14 | 15 | 18 | 22 | 11
24 |12 | 14 | 14 | 18 | 6 8 | 25110 | 11

a) Tim t phan vi ctia day s6 liéu trén.

b) Tong hop lai day s liéu trén vao bang tan s6 ghép nhom theo mau sau:

Piémsbd | [6;10] | [11;15] | [16;20] | [21;25]

So tran ? ? ? ?

c) Hay udc lugng ti phan vi cta s6 liéu tir bang tan s6 ghép nhom trén.
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Kiém tra dién lugng ctia mot s6 vién pin tiéu do mot hang san xuét thu duge két qua nhu sau:

Dién luong
(nghin mAh)
S6 vién pin 10 20 35 15 5

[0,9;0,95) | [0,95;1,0) | [1,0;1,05) | [1,051,1) | [1,1;1,15)

Hay udc lugng sb trung binh, mét va tir phan vi cia mau s6 liéu ghép nhom trén.

Can nang cuia mot s6 lon con méi sinh thuoc hai giéng A va B duogc cho & biéu do dudi day
(don vi: kg).

Can nang ctia mot so

(Sb con) lon con m@i sinh
40
32
30

20

10 1

O oLy [LL12) [1,213) [1314)  (kg)
M Gibng A W Gibdng B
a) Hay so sanh can ndng cta lgn con mdi sinh gidng A va gidng B theo s6 trung binh va trung
Vi.

b) Hay udc lugng it phan vi thi nhat va thir ba ctia can nang lon con méi sinh giéng A va cta
can ndng lon con mdi sinh giong B.
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§3. ON TAP CHUONG V

BAI TAP TRAC NGHIEM

| Caul

Ngudi ta tién hanh phéng van 40 ngudi vé mot mau 4o so mi mdi. Ngudi diéu tra yéu cau cho
diém mau 4o d6 theo thang diém la 100. Két qua dugc trinh bay trong Bing dudi.

\_ Trang =<£

Nhém | Tansé | Tan s tich lay
[50,60) 4 4
[60;70) 5 9
[70,80) 23 32
[80,90) 6 38
[90;100) 2 40

n =40

a) Trung vi cia mau s6 liéu ghép nhom trén gan nhat véi gia tri:
(A) 74. 75. (©)76. D) 77.
b) T phan vi cia mau s6 liéu ghép nhém trén (Iam tron dén hang don vi 1a)

(A) Q1 ~ 71;Q; ~ 76; Q3 ~ 78. (B) Q1 ~ 71;Qy ~ 75, Q3 ~ 78.
(©) Q1 ~ 70; Qs ~ 76; Q3 ~ 79. (D) Q1 ~ 70, Q2 ~ 75; Qs ~ 79.

c) M6t cia mau s6 liéu ghép nhom trén (lam tron dén két qua hang don vi) la:

(A)73. 74. (D) 76.

Chon ngau nhién hai s6 khac nhau tir 21 s6 nguyén duong dau tién. Xac suat dé chon duoc hai
$0 c6 tong la mot s6 chan bang;:

11 221 10 1
ik ® i >

bang sau (don vi: triéu dong):

Doanh thu

[5;7)

[7;9)

[9;11)

[11;13)

[13;15)

S6 ngay

2

7

7

3

1
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S6 trung binh ctia mau s liéu trén thudc khoang nao trong cac khoang dudi day?

[9;11). (©)[11;13). (D) [13;15).

@E

Trung vi ctia mau s6 liéu trén thudc khoang nao trong cac khoang dudi day?
(A)[7;9). [9;11). (©)[11;13). (D) [13;15).

Mot cia mau s liéu trén thudc khoang nao trong cac khoang dudi day?

(A)[7;9). [9;11). (©)[11;13). (D) [13;15).

Tt phéan vi thit nhat ctia mau s6 liéu trén gan nhat vdi gia tri nao trong cac gid tri sau

A)7. 7,6. (©)s. (D) 8,6.

(A) 10. 11. ©12. (D) 13.

..............................................................................................

nhém sau

Thoi gian (phut) | [0;20) | [20;40) | [40;60) | [60;80) | [80;100)
S6 hoc sinh 5 9 12 10 6
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\_ Trang £

Gia tri dai dién cia nhom [20;40) 1a

(A) 10. 20.

(A)o0. 1.

Mau s6 liéu ghép nhém nay c6 s6 mdt 1a

(A) [20; 40). [40; 60).

Nhom chita mét ctia mau s6 liéu nay la

Nhém chira t phan vi thi nhat la

(A) [0;20). [20; 40).

(C) [40; 60).

(D) [60; 80).

Nhom chira trung vi la

(A) [0;20). [20; 40).

(C) [40; 60).

(D) [60; 80).

BAI TAP TU LUAN

cta 40 chiéc 6 to:

Mau sb liéu dudi day ghi lai do dai quang duong di chuyén trong mot tuan (don vi: kilomét)
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100 | 105 | 115 | 116 | 130 | 135 | 138 | 132 | 135 | 120
125 | 128 | 120 | 124 | 140 | 140 | 146 | 145 | 142 | 142
145 | 148 | 150 | 150 | 159 | 155 | 151 | 156 | 155 | 151
154 | 152 | 153 | 160 | 162 | 175 | 176 | 165 | 188 | 198

a) Lap bang tan s6 ghép nhém bao gdm ca tan sb tich lay véi ndm nhoém tng véi ndm nira
khoang:
[100; 120), [120; 140), [140; 160), [160; 180), [180; 200).

b) Xac dinh s6 trung binh cong, trung vi, ti phan vi ctia mau s6 liéu ghép nhém trén.

c) M6t cia mdu s6 liéu ghép nhém trén 1a bao nhiéu?

Ban Diing va ban Huong tham gia ddi van nghé ctia nha truong. Nha truong chon tir déi van
nghé d6 mot ban nam va mdt ban nir dé 1ap tiét muc song ca. Xac suat dugc nha truong chon
vao tiet muc song ca cua Ding va Huong lan luot 1a 0,7 va 0,9. Tinh xac suat ctia cac bien co
sau:

a) A: "Ca hai ban dugc chon vao tiét muc song ca";

b) B: "Cé it nhat mot ban dugc chon vao tiét muc song ca";

c) C: "Chi c6 ban Huong dugc chon vao tiét muc song ca'.

Hai ban Mai va Thi cting tham gia mot ki kiém tra ngoai ngtt mot cach doc 1ap nhau. Xac suat
dé ban Mai va ban Thi dat tir diém 7 trd 1én lan luot 14 0,8 va 0,9. Tinh xac suat ctia bién cb C:
"Ca hai ban déu dat tir diém 7 trg 1én’".
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Mot ngudi cho ngdu nhién 3 14 thu vao 3 chiéc phong bi da ghi dia chi sao cho mdi phong bi
chi chita mot 14 thu. Tinh xac suat dé c6 it nhat mot 14 thu duge cho vao ding phong bi da ghi
dia chi theo la thu dé.

Mot hop chita 9 qua cau c6 cuing kich thude va khéi lugng, trong d6 6 4 qua cau mau xanh
danh so tir 1 den 4, ¢6 3 qua cau mau vang ddnh so tir 1 den 3, ¢6 2 qua cau mau do danh so 1
va 2. Lay ngau nhién 2 qua cau ti hop. Tinh xac suat dé 2 qua cau dugc lay vira khac mau vira
khac sb.

Ban Anh vé trén dat mot bang gdm 9 6 vudng nhu Hinh bén. Sau
d6, ban An cam 4 vién bi gidng nhau dit ngdu nhién vao 4 6 vuong
trong bang do. Tinh xac suat dé bat ki hang nao va cot nao cia
bang cling c6 vién bi.

Théng ké diém trung binh mén Todn ctia mét s6 hoc sinh 16p 11 dugce cho & bang sau:

Khoang diém | [6,5;7) | [7;7,5) | [75;8) | [8;85) | [85;9) | [9;9,5) | [9,5;10)
Tan sb 8 10 16 24 13 7 4

Hay udc lugng sb trung binh, ti phan vi va mét cia mau s6 liéu ghép nhom trén.
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Dé kiém tra thoi gian str dung pin cia mét chiée dién thoai mdi, chi An théng ké thdi gian sit
dung dién thoai ctia minh tir lic sac day pin cho den khi het pin & bang sau:

Thai gian st dung (gid) | [7;9) | [9;11) | [11;13) | [13,15) | [15;17)
S6 1an 2 5 7 6 3

a) Hay udc lugng thoi gian st dung trung binh tir ltic chi An sac day pin dién thoai cho t6i khi
hét pin.

b) Chi An cho rang c6 khoang 25% s lan sac dién thoai chi duing dugc 10 gio. Nhan dinh cta
chi An c6 hop li khong?

T6ng sO luong mua trong thang 8 do duoc tai mot tram quan trac dat tai Ving Tau tu nam 2002
dén nam 2020 dugc ghi lai nhu dudi day (don vi: mm)

121,8 158,3 3349 2009 1656 1615 1943 220,7 189,8 2432
1659 1659 134 173 169, 189, 254 168 255

(Nguon: Téng cuc Thong ké)
a) Xac dinh s6 trung binh, tt phan vi va mét ctia mau s6 liéu trén.

b) Hoan thién bang tan s6 ghép nhém theo mau sau:

Tong lugng mua trong thang 8 (mm) | [120;175) | [175;230) | [230;285) | [285;340)

S6 nam ? ? ? ?

c) Hay udc luong sb trung binh, tit phan vi va mét cia mau s6 liéu & bang tan s6 ghép nhom
trén.
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Bai 10

Bang sau thong ké s6 ca nhiém mdi SARS-CoV-2 mdi ngay trong thang 12/2021 tai Viét Nam.

Ngay | S6ca | Ngay | Sbca | Ngay | Sbca | Ngay | Sdca
1 15139 9 15965 17 15685 25 16 046
2 14295 10 15474 18 16363 26 15667
3 14254 11 16 830 19 16586 27 15310
4 14598 12 15264 20 15420 28 14 866
5 14927 13 16 035 21 16 806 29 14299
6 15215 14 15871 22 17044 30 20454
7 14433 15 16192 23 16 860 31 17004
8 15223 16 15720 24 16 633

b) Hoan thién bang tan s6 ghép nhém theo mau sau:

(Nguon: worldmeters.info)

a) Xac dinh s6 trung binh va t phan vi ctia mau s6 liéu trén. Mau s6 liéu c6 bao nhiéu c6 bao
nhiéu gia tri ngoai 1€?

S6 ca (nghin)

[14;15,5)

[15,5;17)

[17;18,5)

[18,5;20)

[20;21,5)

S6 ngay

?

?

?

?

?

c) Hay udc lugng s6 trung binh va tit phan vi ctia mau s6 liéu § bang tan s6 ghép nhém trén.

 Bai 1l

Co cau dan sb Viét Nam nam 2020 theo d6 tudi duge cho trong bang sau

Do tudi Du¢i5tudi | 5—14 | 15—24 | 25—64 | Trén 65
S6 ngudi (triéu) 7,89 14,68 13,32 53,78 7,66

nam 2020.

Chon 80 la gia tri dai dién cho nhém trén 65 tudi. Tinh tudi trung binh ctia nguoi Viét Nam
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Nguoi ta ghi lai tudi tho ctia mot s6 con ong cho két qua nhu sau

Tudi tho (ngay) | [0;20) | [20;40) | [40;60) | [60;80) | [80;100)
S6 luong 5 12 23 31 29

Tim mot ctia mau s6 liéu. Giai thich y nghia ctia gia tri nhan dugc.

Mot bang xép hang da tinh diém chuan hoa cho chi s6 nghién ctru ctia mot s6 truong dai hoc &
Viét Nam va thu duge két qua nhu sau

Diém | Dudi20 | [20;30) | [30;40) | [40;60) | [60;80) | [80;100)
S6 luong 4 19 6 2 3 1

Xéc dinh diém ngudng dé dua ra danh sach 25% truong dai hoc c6 chi s6 nghién ctru tot nhat
Viét Nam
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