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ssl 1. GIGI HAN CUA DAY s&

@ TOM TAT LY THUYET

binh nghia 1 (Gidi han bang 0). Ta néi day s6 (uy) cé gidi han la 0 néu véi mdi s6 duong nhé tiy ¥
cho trude, moi s6 hang ciia day s6, ké tit mot sd hang nao dé trd di, déu c6 gia tri tuyéet déi nhé hon sb
duong d6. Khi d6 ta viét lil}rl Uy = 0 hay limu,, = 0 hay u,, — 0 khi n — 4-o0.

n—-+0oo

binh nghia 2 (Gidi han bang a). Ta néi day s6 (u,,) cé gidi han la s6 thuc a néu lim(u, — a) = 0. Khi

do6 ta viét viét lir_irrl U, = a hay limw, = a hay u, — a khi n — +o00. Diy s6 c6 gidi han 13 s6 a hitu
n—-+0oo

han goi 1& day s6 c6 gidi han hitu han.
Dbinh nghia 3 (Gigi han v6 cuc).
(@) Ta néi day s6 (u,) cé gidi han la +oo khi n — 400 néu u, c6 thé 16n hon mot sé duong bat ky, ké
tit mot sd6 hang nao dé tré di.
Ky hiéu: lim u,, = +o0 hay u,, — +oo khi n — +o0.

(2) Day s6 (uy) c6 gidi han la —oo khi n — +o0 néu lim(—u,,) = +oc.

Ky hiéu: limu,, = —o0 hay u,, - —oo khi n — +o0.
GIGI HAN HUU HAN GIGI HAN VO CUC
Cac gidi han dac biét Cac gidi han dac biét
olim—c =0, (keN"). o limn¥ = +o0,  (kEN).
n

lim ¢" = +o0, >1).
o limg" =0, (g <1). * ma o0, (a>1)

e imC=C, (CE€R).

) Dinh Ii 2.
bDinh li 1. Néu limu,, = a va limv,, = b thi
) e Néu limu, = a va limv, = Zoo thi
o lim(u, £v,) =axtb. . Up
lim — = 0.
Un,

o lim(uy, -v,) =a-b.

” e Néu limu, = a > 0, limv, = 0 va v, >
n

. a
° hm—:g, (b #0). 0, Vn th lim 2 = fo0.
n vn
o Néuu, > 0,Yn valimu, =a thia >0 va e Néu limu, = +oo va limv, = a > 0 thi

lim /un = Va. lim(uy, - v,) = +o00.

Pinh 1i 3 (Nguyén 1y Kep). Cho ba day s6 (u,), (vy), (wy). Lic dé, néu u, < v, < wy,, ¥n va limu, =
limw, = a, (a € R) th limv,, = a.
Pinh nghia 4. Cap s6 nhan (u,,) c¢6 cong boi ¢ dugce goi 1a cap s6 nhan lui vé han néu |q| < 1.
Nhan xét. Cho cdp s$6 nhan lui vo han (uy) cé cong boi q. Vi moin € N*, dat Sy, = ug +ug + -+ + Uy,
Lic do

uy
1—q

(4.1)

lim S,, =
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Dinh nghia 5. Giéi han (4.1) dugc goi la tong ciia cap s6 nhan lui vo han (u,) va duge ky higu 1a
S=up+uz+uz+--+u,+--o.

Nhu vay

U1

, (lal < 1).

= 1. =
S =1mS, 1

(® DANG TOAN VA BAI TAP

O DANG 1.1. Tinh gigi han L = lim ggz; v&i P(n), Q(n) la cac da thic.

Phwong phap gidi:

Riit ldy thita bic cao nhdt ciia tf va mdu, roi st dung cdc cong thitc:

o lim— =0, (keN*, ceR). o limn* =400, (keN*.
n
lim u,, = +oc0 limu,, = —oc0
. ] b = lim(u, - v,) = +00. ° o = lim(u, - v,) = —00.
limv, =a >0 limv, =a >0
lim u,, = +o0 . lim u,, = —oco .
° ) = lim(u, - v,) = —00. ° ) = lim(uy, - vy) = +00.
limv, =a <0 limv, =a <0

0 ViDU

VI DU 1. Tinh giéi han L = lim

an? —n—1

3+ 2n?
Loi giai.
n2<4_1_i) , L1
2 T 5 4-0-0
Ta c6 L = lim s = lim— n? _ =2 O
n n

5 s ~ p Hé s6 ba hét cia i
Nhan xét. Néu bac ti P(n) bing bic mau Q(n) thi lim (n) - e ?0 accao n /a fua — .
Q(n)  He s6 bac cao nhat ciia mau

n? —n)5 <(4n —1)4
T

. 2
VI DU 2. Tinh giéi han L = lim (
20n8 - (2n%2 —n+1)

Lai giai.
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-3 (-3)

3 1\*
20(2——+—2)
n n

(2-0)°-(4-0)*
20-(2—0+0)*
128

-

= lim

O
Nhan xét. Vdi bai todn cé liy thita cao, ta thudng rit bac cao trong ting dau ngodc, sau dé dp dung cong thic
(a-b)™ =a™ - b™ va tinh todn tuong ty nhu cdc bai trudc.

2
. — 3
Vi DU 3. Tinh gii han L = lim 2
ns + 2n
Loi giai.
1 3 1 3
SOC1aB) g
2 1 1-0+0
Ta ¢6 L = lim o =lim | ot :o-ﬁ:o O
n
i ozt AA ha s ) I . . P(n)
Nhan xét. Néu bac ti P(n) nhd hon bac mau Q(n) thy L = lim o) =0.
n
. 2n3 — 1ln +1
VI DU 4. Tinh giéi han L = lim %
n2 _
Loi giai.
11 1
w (2= 4 ) s 11
. n?  n3 . 2 3
L =1lim 5 = lim nn72n = +00
o(-2) "
n n
11 1
2- 5+ 3
\ﬁlimn:+oovalimn72n:2>0. (I
l==3
n
) ~ P I
Nhan xét. Néu bac ti¢ P(n) lon hon bac mau Q(n) tht L = lim ani = +o00. Dé biét la 400 hay —oco ta dua
n
vao dau cta gidi han hai nhan tik trong tich theo quy tdc “cung dau thi tich dwong, trdi dau thi tich am”. Thong
thuong, sé dé trong = --- va zét dau sé dién vao sau. Vé trac nghiém, dé chinh la dau cia tich hé s6 bac cao
nhat cia t va mau.
., 1+34+54+74+9+--- 2 1
Vi DU 5. Tinh gidi han L — lim -5 2+ 7 +9+ -+ (Cn+1)
3n?+4
Loi giai.
Xét cap s6 cong: 1,3,5,7,9,...,2n+1 c6 s6 hang dau tién u; = 1, cong sai d = 2 va s6 hang cubi 1a u,, = 2n+1,
ta co

w+m-ld=2n+1<1+2m—-1)=2n+1m=n+1.

Vay cap sb cong c6 n + 1 sb6 hang. Suy ra téng

1
S:1+3Jm5+~-.+2n+1=%(u1+um):";r (1+2n+1)=n+2n+1
Vi thé
n2(1+7+—> 142, 1
. ni42n+l n ' n2 AT o T 14040 1
L =1lim a2 4 = lim 1 = lim T = 350 :5,
n n
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Nhan xét. Can nhd cong thic cap s6 cong:

o upi1 —ux =d, vdid la cong sai. e u, =uy+ (n—1)d, vdid la cong sai.
® Upy1+up—1=2ug, véi k> 2. . n:U1+u2+"'+un:g(u1+un)'
Vi DU 6. Tinh gidi han L = li {1+1+1+1+ - }
. Tinh gi6i han L =lim | — + — + — e — .
; Sict et 1.2 723734 4.5 n(n+1)
Loi giai.
P . 1 1 1
-1 (1 1+1 1+1 1+1 1+ +1 1)
lim(1- -2 -4 - 4
2 2 3 3 4 4 5 n n+1
:hm(lf 1 )
n+1
—limL
N n+1
. n
= lim
n(l—f—f)
n
1
=lim ——
14+ —
1
=—=1.
1+0
O
1 a b 1 1
Nha &t. Phan tich ———— = — dia= —— =lwvab= — = —1.
an xé an tic K+ 1) k+k+lvla P va Rl
Q BAI TAP AP DUNG
2 _
BAI 1. Tinh gi6i hanL:lim%
Loi giai.
Ta c6
1 5
77/2(34‘*—72)
L = lim ”1"
w(2+5)
1 5
3+———
= lim nln
2+ﬁ
3+0-0
240
_3
=5
O
N 3 _ 3
BAI 2. Tinh gidi hanL:hm#Jrg%.
Loi giai.
Ta c6
1
n3(1——2+%>
n n
L =1lim
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1 3
I——+3
= lim n n
2.5, 1
n n3
_1-040 1
- 04+3-0 3
. 3 _on+1
BAI 3. Tinh giéi han L = lim — o — 2 +1
5nd3 —n(n2+n-—1)
Loi giai.
Ta co
3 _
-1 6n 2n+1
4n3 —n2 +n
2 1
n3(6*72+73)
= lim n n
1 1
n3 4—*"‘72
n n
g 2,1
:hmM
4 -4 =
n+n2
~6-0+0 3
4-040 2
O
. ot +1)° 2)9
BAI 4. Tinh gidi han £ — im 1) (127
ntt+1
Loi giai.
1112 2\1°
(2o )] (14 2)]
n
L =lim T
n17<1+n17)
12 2\°
n8<2+7) n9<1—|—f)
= lim n n
1
n17(1+ﬁ)
1)\? 2\°
(2+ %) (1+2)
. n n
= lim T
(240)*-(140)° A
(140) '
0

(2n —1)% (3 — 4n?)

BAI 5. Tinh gi6i han L = lim (4n +2)3(2 —n)? :

Lai giai.
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_2-0%-(0-4) 1
(4402 (0-1)2 4

(3n2 —1)* (2n + 5)2(9n + 4)

BAI 6. Tinh giéi han L = li .
i SIOthan £= A o T 003 1 1) (202 — 7)

Lai giai.

(3—0)*-(240)*-(9+0)
(2-0)*-(2+0)-(2-0)
243
-

(n*+2) (n— 1)

BAI 7. Tinh gi¢i han L = lim .
(n+1)(2n2+3)

Lai giai.

™3 +2n%+1

Lai giai.
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Ta c6
2 1
n3(7+*+73>
. n o n
L =1lim
4( 5 1)
n 1+*+73
n o on
2 1
1 7+*+73
=lim | — TSL nl
I
non
=0.
2 1
1 7+*+73
Vilim— =0 vi lim — 2 1% — 7,
n 5 1
1+—-+—=
n o on
A . . ™+ 3
BAI 9. Tinh g101 hanLth m
Loi giai.
Ta c6
3
n(7+*)
L =lim : 5 1
n *+3+73
n
3
1 7+E
= lim
2 4
e
n n
=0.
3
1 T+ 7
" 43+
n n
N n?+4n—-5
BAI 10. Tinh giéi han L = lim —————.
inh giGi han 1m3n3+n2—|—7
Loi giai.
Ta c6
4 5
L =lim n_n
1 7
n3 3‘1‘*“!‘73
n o n
4 5
1 Ito -
=lim| —- ? n7
B
= 0.
4 5
1 I+=="3 1
Vilim— =0 v lim — 2% 1% — _|
1 7 3
3+7+f3
n o on
. _23 2 4
BAI 11. Tinh giéi han L = lim w
nt4+4nd3 +n
Loi giai.
Ta c6

3 4
n? (—2+—+—3)
L =1lim non

4 1
n4<1+—+—3>
n n
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3 4
L 24+ S
=lim | — 4n {l
R
n
=0.
3 4
) —2+ >+ =
Vilim — =0 vd lim —— 271" — 9,
n 4 1
14+ =+ —
n o n
\ —on? 2
BAI 12. Tinh gidi han [ = lim ——2 "2
3nt+5
Loi giai.
Ta c6
2( 1 2>
n | -24—-+—
. n  n?
L =lim
i34 2
n +n4
1 2
L 24—+
=lim| — - n_n
n2 H)
34
=0.
2442
1 - o2 2
Vilim — =0 va lim —— 2 _ 0% _ =
n? 5 3
3+
n
3 _
BAI 13. Tinh gidi han L = lim 213
3n2+n-1
L3 giai.
Ta co
5 3
n n
L =lim
1 1
TL2 3+*—72
n o n
5 3
TR
=lim| n i 1
= +00
5 3
l==+—5 1
Vilimn:+oovalim%:§>0
34— — —
n o n

4 .3 2
BAI 14. Tinh gi6i han L — lim 2" +o1"+3
n? —3n3 -1

Loi giai.
Ta c6
L1 5nt —n3 +5n2 43
= lim
n? —3n3 -1

1 5
n4 5—*+72+
=lim| —- n__n
n3 1 1
n n3
1 5 3
S5——+ =5+
=lim| n- 1” n 1”
- _3_
n n3
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= —00.
5 1+5+3
vilimn = +oo va lim n_n? nt :—é <0
1 4, 1 3
n n3
Vay L = —co. O
N 3nt+2n2 -1
BAI 15. Tinh gidi han [ — lim — =" — 1
n3+2n+9
Loi giai.
Ta co
3nt+2n% —1
L=lm-————
s oan+ 9
2 1
W T
n3 9
1—&-?4'@
2 1
3t 5 A
=lim| n nQ 119
1+72+$
= 400
2 1
3+ 5
Vilimn:+oovalimn27%23>0.
1+ﬁ+ﬁ
Vay L = —o0. O

In® —2nt +2n 47
—6n*+2n3 +n% -1

BAI 16. Tinh gi6i han L = lim

Lo gidi.
Ta c6
o3t —2nt 42+ T
L = lim
—6nt+2n34+n2 -1
3 2+2+7
= lim n—s n_n' nd
n4 6—|—2+ 1 1
n n? nt
2 2 7
3—*-1—?4'%
=lim| n 5 T i
—6+*+$ v
= —o0.
2 2 7
-t ot 5 1
vi limn = 400 va lim n2 nl nl =—-<0
B T T
JrnJrn2 n4
Vay L = +o0. 0
. 14+24+3+--
BAI 17. Tinh gi6i han L = lim tetot +n.
3n? +1
Lo giai.
Xét cap s6 cong 1,2,...,n c6 s6 hang dau u; = 1, sd hang cubi u,, = n va cong sai d = 1.
. 1
Dodét@ngl—i—?—l-“-—&—n:n(nTH.
Suy ra
n(n+1) 1 1
14243440 T o5 t 1
L =lim a2 1 = lim a2 11 = lim T :6.
ne + ns + 2(3+ﬁ)
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1
Vay L = —. 0
ay 6

BAI 18. Tinh giéi han [ — lim -0t o+ 7+ -+ @n=1)

n?2+3n+1

Ll giai.
Xét cap s6 cong 1,3,5,...,2n—1 ¢6 s6 hang dau uy = 1, cong sai d = 2, s6 hang cudi 2n—1=1+(n—1)-2 = u,.

142n—1
Dodo 14345+ +(2n—1) = EF2=bn_ o

2
Suy ra
1 e (@2n—1 2
L=tim 22T i(" ) —lim S —lm—— =1
ns+9n + n® +3n + 1424 =
Vay L =1. 0
\ L 1424344
BAI 19. Tinh giéi han L = lim .
2n2 —n+9
L3i giai.
Xét cap s6 cong 1,2,...,n c6 s6 hang dau u; = 1, s6 hang cudi u, = n va cong sai d = 1.
N 1
Dodét@ng1+2+~--+n:n(nT+).
Suy ra
1—|—1
1+2 2 — 1
/TN e e e LN P Lt L TN N
2n2 —n+9 2(2n%2 —n+9) 19 4
2(2-~+
n o n
Vay L L 0
ay L= -.
Ly 4

549413+ +4n—3

BAI 20. Tinh gi6i han L = 302+ 50— 1

Loi giai.
Xét cap s6 cong 5,9,13,...,4n—3 c6 s6 hang dau u; = 5, cong sai d = 4 va s6 hang cudi 4n—3 =5+ (n—2)-4 =

2 4n — -1 4n? —2n — 2
un_l.Suyrat()ng5+9+13+.-~+4n73:(5+ n—3)n ): " " )

2 2
Do do6
2 2
5+9+13+ - +4n—3  dn’-2m-2 4= o -5 4 2
L: :llm—:hm—:*:*.
3n%2+5n—1 2(3n% 4+ 5n—1) 5 1 6 3
2(3+=-=
n n
) 2
N 1-24+3—4+...+(2n—1)—2
BAI 21. Tinh gidi han L = lim -2 +3 -4+ +(@n=1)=2n
2n+1
Loi giai.
Tac61l—-243—-4+---+2n—-1)—-2n=-1-1—---—1=—n.
—_— ——
n s6 hang
Do do 1-2+3—4 2n—1)—2 1 1
L=lim——2t5" Z"'J;(”_ )~ ”:hm2‘”1:hm;1:_§_
n+ n+ 94 =
Va L——1 0
w L=—3.
BAI 22. Tinh giéi han L = {1+1+1+1+ Lt }
. 1mn 101 n =m |——- —_— _— _— _ .
Sict et 1372435 4.6 n(n + 2)
Loi giai.
Ta c6
ELINIE S S !
1-372:4 3.5 4-6 n(n + 2)
B 1(1 LIS NS WS U S 1 1)
2 3 2 4 3 5 4 6 n n+2
1( 1 1 1)
2 2 n+l1 n+2
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Do dé6
1 1 1 1 3
p=tm|g (14 - - ogg) =5 (10 5) =
o +2 n+1l n+2 2 +2 4
3
Vay L = 2.
ay 1
BAI 25. Tinh i@ihanL—hm{i+i+i+ + 1 }
' gl L= T3 T3 s Ty Cn—D)En+ 1))
Loi giai.
Ta c6
1-3 3.5 5.7 (2n —1)(2n + 1)
S GO O O U S T
) 3 3 5 5 7 m—1 2n+1
(- 51)
= —_ 1_
2 on+1
Do do
L:hm{7<1— 1 )}:1
2 on+1 2
1
Vay L = —.
ay 5

. 1 1 1 1
BAI 24. Tinh giéi han L = lim |—— + —— + —— + ... }
inh gi61 han m 1-4+4~7+7-10+ +(3n—2)(3n+1)
Loi giai.
Ta ¢o
i+i+—l 4o 1
1-4 4.7 7-10 (3n—2)(3n+1)
S ¥ G U U U S A L)
03 4 4 77 10 3n—2 3n+1
1
- §-5)
3 3n+1
Do dé6
1 1
ey (1 )]
o It 1 3
1
Vay L = —.
ay 3

S

Q(n)

(O DANG 1.2. Tinh giéi han dang L = lim Pln) véi P(n), Q(n) ld cdc ham mi a™.

Phuong phap gidi:

Ap dung lim ¢™ = 0 vdi |q| < 1.
St dung cong thitc mi, 101 chia cd ti va mau cho a™ vdi |a| la co s6 ldn nhat.
Cong thiic ma can nhd

a™t =a™m - a"va ™"t = —.

€ vioy

1—3"+4-5"+2
2n+1 + 3n+2 + 5n+1 :

Vi DU 1. Tinh gi6i han L = lim

Lai giai.

= Nguyén Qudc Duong - @ 0375113359
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= Chuong 4. GIOI HAN

Chia ¢4 tit va mau cho 5™, ta ¢6

"3\ q —
()" +100 0 0+100 _,

I L - +100 ()
222 4+9- 545 2-(H)"+9-(H)"+5  0+0+5

O

Nhan xét. Ta chia cho a™ vdi |a| la co s6 lon nhat vi sau khi chia luon tao ra co s6 c6 tri tuyét doi nhé hon

1 dé dp dung cong thitc lim ¢" = 0 vdi |q| < 1.

. 142422423 4...4927
Vi DU 2. Tinh giéi han L = lim ——+ = +=" T+
5-2"+1
Lo giai.
e Xét cAp s6 nhan 1, 2, 22, 23, ... | 2" ¢6 s6 hang dau tién u; = 1, cong bdi ¢ = 2 va c6 s6 hang téng quat

Up =" ugm ' ="em—-—1l=nem=n+1.

2 z £ 2 £ £ ~ ~ N
Suy ra tong céac so6 hang ctia cap s6 nhan trén la

qm71:2n+171:2n+1_1.

2-1

Sm = ug - -1
e Suy ra
ntl 1
L =lim
5-2n+1

Nhan xét. Cdc cong thic cin nhd vé cip s6 nhan

@ Uk+1

Uk

@ Unp = Uy - g7 L

€> BAITAP AP DUNG

= q(q la cong boi).

43" 4 5m !

BAI 1. Tinh giéi han L = lim ———————.
3 . 2n + 5n

q" -1
@ S =wr +up + -+ up = s,

@ Ukt * Up—1 = ui vdi k > 2.

Loi giai.
Chia tit va mau cho 5", ta dugc
4-(H"+5 0
L =lim (2)n+ _0*5 g
3-(3)"+1 0+1
. 4n+2 6n+1
Loi giai.
Chia tt va mau cho 6™, ta dugc
16-(3)"+6  0+6 1

L=l = = .
lml.(g)”+432 0+432 72

5

2" — 372 4 3. 542

BAI 3. Tinh gi6i han L = lim T

Loi giai.
Chia tt vd mau cho 5", ta dugc

(

(SN

1o 3\" —
) (5) +7 _0-0+75 _

1
L =lim 9
2 () +

9-(3)"+5 0+0+5

q—1"

Trang

= Nguyén Qudc Duong - @ 0375113359
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2" — 37 4 5"+2
2n+1 + 3n+2 + 5n+1 :

BAI 4. Tinh gi6i han L = lim
Loi giai.

Chia t1t va mau cho 57, ta dugc

B)"-(3)"+25 0-0+25

L=1li - = -
M2 @) e ()45 04045

A . . (=3)" —4.57HL
BAI 5. Tinh giéi han L = lim —————
inh gi6i han im 5.4 13 5n
Loi giai.
Chia tit va mau cho 5", ta dugc
—3"—20 -2 2
L_lim(52n 0B 20
2-(5)"+3 043 3
2" + (=5)"

BAI 6. Tinh giéi han L = lim

23" +3- (=)
Lo giai.
Chia t vd mAu cho (—5)", ta dugc

N B . . (_1)n . 25n+1
BAI 7. Tinh gi6i han L = lim T
Loi giai.

Chia t1t va mau cho 243", ta dudc

1424224284 ... 427

BAI 8. Tinhgi(’ﬁhanL:11m1+3+32+33+.”+3n.

Loi giai.
Ap dung cong thic tinh téng ctia mot cAp s6 nhan, ta 1an lugt c6
gl
e 1 +2+22423 4. 42" = ST —ontl _q,

gl -1 gl

e 14343243+ 43" =

3-1 2
Do d6 ) )
ontl ] 2.2" —1 " —(H)” 0-0
L=lm-—5—— =2-lim>——— =2lim ) <,§) =2.
3ntl 1 3-3"—1 3—(%) 3—-0
2
1 1 1
) L4g+ 7+t o
BAI 9. Tinh gi6i han L = lim 1 T
T = = —
+tgtg ot
Lo giai.
Ap dung cong thic tinh téng clia mot cap s6 nhan, ta lan lugt 6
n+1
11 1 (3" -1 [1 (1)" }
1+ 4+ 24y — =232/ " _(_9.|Z.([2) =1
R R T E
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. 1+1+1+...+1:(é)"ﬂ—lz(ﬁ){l.(l)”_l}

39 3n %—1 2 3 \3
Do do L /e
I (*2){5'(§> *1} 4 L.0-1 4
= lim =_. _ =
(] e
2 3 \3
A . . 1 1 1
BAI 10. Tinh giéi han L = lim 1—2—2 . 1—? l_ﬁ .
Lai giai.
Ta xét danh gia dai dién
1y (=1 (h+ 1)
Cho k nhan gia tri lan lugt tit 2 dén n, ta duge
1x3x2x4x---x(n—1)x(n+1) n+1

L =lim = lim

12 x 22 x ... xn2

12422432+ +n?
nn+1)(n+ 2)

BAI 11. Tinh gi6i han L = lim

Loi giai.
Trong bai quy nap toan hoc, ching ta da ching minh duge
nn+1)2n+1)

12422432 4. . 4n? = G :

Do do

et S

124234334 ... 408

BAI 12. Tinh gi6i han L = lim {

n* +4n3 +1
Loi giai.
Trong bai quy nap toan hoc, ching ta da ching minh duge
2 1 2
B4 23 4834 = %.
Do do ) )
. ; n (n4+1) 1 ) n2(n + 1)2 1 i (1 +
=lm|—-—|=--lm———5—— = —"-lm
nt+dand+1| 4 nt+4nd+1 4 1+4

2:1243-2244-32 4+ 4+ (n+1)-n?
4

BAI 13. Tinh giéi han L = lim {

n
Loi giai.

Trude hét ta can tim duge biéu thitc téng quat cta tong
S=2-124+3-2244-32+.--+(n+1)-n*

Ta viét lai tdng

n(n+1)(2n+1) 1 . am+1)@2n+1) 1 . 2n+1 1 . 2+
im = lim——r = =1
6 nn+1)(n+2) 6 n+2

1
5"

im
6 1+

S=(1+1)-1"+241)-224+3+1)-3°+---+(n+1)-n°
& S=(P+22 43+ +n®) + (1P +22 43"+ +n?)
o S§— n?(n+1)2 +n(n+1)(2n—|—1).
4 6
Twu dé ta co
n2(7L+1)2 n(n+1)(2n+1)
1 1 : 6 _ _
L—llmT—FllmT_Z—&—O_f.
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0D DANG 1.3. Tinh giéi han cla déy sé chira can thirc

Phwong phap gidi:

Rt lay thia bac cao hodc lién hop va s dung lim nkF = oo. Luu j: Déu hiéu nhan dang lién hop (dang
+00-0) la sau khi mit n c6 mi cao trong can va nhém thita s6, zudat hién s6 0. Chang han:

— Tinh ¢idi han day u, = Vn? +3n+5 — n: biéu thic trong cin c¢é n? la liy thila cao nhat va ta
quan tam dén nd, nhitng hang té sau b6 hét, cé nghia ta zem u, = Vn2 —n=n—n =0 nén can
lién hop.

— Tinh gidi han day u, = V2n2 + 3n + 5 — n: biéu thic trong can cé 2n? la liy thiva cao nhat nén
nhdp V2n2 —n = nv2 —n = n(v/2 — 1) ¢6 /2 — 1 # 0 nén ta khong can lien hgp ma rit ra gidi
truc tiép.

€ vioy

Vi DU 1. Tinh giéi han L = lim (\/2712 +3n+5— n)

Loi giai.
Ta co:

22
L~ tm [\/HQ(W)_H]
n
= lim<n\/2—|—3+52—n)
non
= 1imn~< 2+3+521)
non
.- < 3 5 R
Vilimn = +oo va lim 2+—+—2—1 =+v2—-1>0néen L = +o0. U
non

Vi DU 2. Tinh gi6i han L = lim (vOn% +3n — 4 — 3n +20).

Li giai.
Ta co:
L = 1im20+1im( 9n2+3n—4—3n)
3n—4
VOn2+3n—4+3n

4

n{3——

n

3 4
n\/9+———+3n

n o n

= 20+ lim

= 20+ lim

(a—b)(a+b) =a®—b?

A Can nhd: Lién hgp la hinh thic truc can dva vao HDT { (a+ b)(a2 - ab+ b2) M SpE

7 Nguydn Quéc Duong - @ 0375113359 Trang (23)
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a—>b 3 a+b
— Va—-Vb= ———. — Va+ Vb=
v Va+vb va Va2 — Vab+ V>
a—b? a—b’
— —b= Ja—b= .
Va—b= U+ Yabt b
b , a+b?
— Mg — = a ) — Va+b= —-—-——.
\/& \[ 3/a2+3ab—|— 3/b2 f «3/a2—\3/6b+b2

VI DU 3. Tinh gidi han L = lim (§/n + 2 — ¢/n).

Loi giai.
Ta c6
n+2—n

(Vn+2)? 4+ Vn+2-Yn+(In)?
2
+ 3n(1+%)~%+(%)2

SINE
(2
n
2
= lim =0

a—2b
Va2 + ab+ Vb2

L = lim

= lim

/\ Cén nhd: Ja— Vb=

Vi DU 4. Tinh gici han L = lim (/8n® + 302 — 245 — 2n).

Loi giai.
Ta co

L = limb5+lim (/803 +3n% —2 — 2n)
= 5+lim<\3/m—2n)
8n3 +3n? — 2 — 8n?
(VEn5 + 307 —2)" + /8n® + 307 — 2 2n + 4n?

3n% -2

= 5+ 1lim

= 5+ 1lim

3 - =
21
= 5+lim n? _5 3

+ =—.
/8+—-———= | +{8+-——=5-2+4
n n n

a—b
va?+ Ja-b+b?

— lim (up + vp) = limu,, + limv,.

/\ Cén nho: a—b=

. Trong loi gidi trén, da st dung hai tinh chadt:

— 1limC = C vdi C la hing s6 va C € R.
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VI DU 5. Tinh giéi han L = lim(v/n2 + n + 1 — /n + n2).

Lai giai.

L = lim(vVn2+n+1-—Ynd+n?)
= lim[(\/n2+n+1—n)+<n—m>]
= lim(\/mfn) Jrlim(n— m)

. on?P4nt+l1-n% n® — (n® + n?)
= lim + lim 5
vn?+n+1+n n2+n\3/n3+n2+(\3/n3+n2)
. n+1 i —n?
= lim im
vn?+n+1+n n2+n€/n3+n2+(€/n3+n2)2
1
1+~ 3
= lim & + lim

T 1 2

/ o 1 1

I+ =45+l 1+§/1++<\3/1+)
n n

_ 1.1
2 3
_ 1
= =
0
Q BAI TAP AP DUNG
N 2 _
BAI 1. Tinh gidi han L = lim Yo — 2+ 1
dn — 2
Loi giai.
1
V2 —n+1
L = limn1
—(4n -2
~(4n—2)
T 1
9-—+—
= lim n2 n
4— =
n
V9040
B 4-0
_ 3
- <
O

BAI 2. Tinh gidi han L = lim (vnZ +n+1—n+10).
Lai giai.

L = lim10+lim(\/n2—|—n—|—1—n)

1
— 10+ lim nt
vVni4+n+1+4n
1
n(1—|—f>
— 10+ lim n

T 1
n(\/1++2—|—1)
n n
1
14 =
n
T 1
Vi+t—+—+1
n n

7 Nguydn Quéc Duong - @ 0375113359 Trang (25)
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BT WP e i T S
B VIF0+0+1 2

21

Vidn? —n+1-—n

BAI 3. Tinh gi6i han L = lim
& ) VIn? 4+ 3n

Lai giai.

W =

BAI 4. Tinh gi6i han L = lim (vVOn2 +2n— 1 — VAn? +1).
Li giai.
(9n? +2n—1)— 4n?>+1) 5n? 4 2n — 2

L = lim = lim
VInZ+2n —1++v4n2 + 1 VIn2 +2n —1++V4n2 + 1

Vilimn = +oo va lim

BAI 5. Tinh gi6i han L = lim (V4n2 +n +1—9n).
Lai giai.

C 4An?4+n+1—81n?

L = lim
Van2 +n+1+9n
7% +n+1

lim
vVadn?2 +n+149n
1

1
n2<—77+*+7)
n n
/ 1 1
n< 4++2+9>
n n
1 1
—TT+ =+ =
n n

I 1
Vi+=—+—5+9
n n

7 Nguydn Quéc Duong - @ 0375113359 Trang
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1 1
—TT+ =+ =
n_7n =-7<0

T 1
Vi+=—+—=5+9
n n

BAI 6. Tinh gi6i han L = lim (V4n2 +n — vAn? +2).
Lai giai.

Vilimn = +o00 va lim

(4n? +n) — (4n% + 2)

VAnZ +n + V4n2 + 2
n—2

im
VAnZ +n + V4n2 + 2

(°2)

L = lim

=1

1-0
Vit O0+vEit0 4

V2nt+3n—2

BAI 7. Tinh giéi han L = lim
2n2—n+3

Lai giai.

V24+0-0 V2
2-0+0 2

BAI 8. Tinh gi6i han L = lim (vVn? +3n +5 — n +25).
Lai giai.

L = lim25—|—lim(\/n2 +3n+5—n)

(n? 4+ 3n +5) — n?

= 25+ lim
Vn2+3n+5+n
= 25+ 1lim sn+o
Vn2+3n+54+n
5
n(3+*)
= 25+lim i

3 5
n<\/1++2+1>
n n
5
3+ =
n

35
Vit =+ 5 +1
n n
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B VIF0+0+1 27

BAI 9. Tinh gi6i han L = lim

Von+1—+n+3

Lai giai.

van — 5

(2n+1) — (n+3)
VAn =5 (V2n+1+v/n+3)
. n—2
I —5 (V2nt 1+ vn 1 3)

ey
n\/4—i<\/2+;+\/1+i>

2
1-2
n

fim 5 1 3
F2 (e ey d)
n n n
0

lim

|

1—
VEi—0(V2+0+VIF0) 2

BAI 10. Tinh gi6i han L = lim (n? + 2019 — vn® +3n+ 1).

L&i giai.
L

1im 2019 + lim (n2 —/nt+3n+ 1)

nt — (n* +3n+1)

2019 + lim
n2++vnt+3n+1
2019 + lim —3n—1
n2+vnt+3n+1
1
n (,3 _ f)
2019 + lim n

3 1
n2<1+ 1+n3+n4>

1 B
2019 + lim — - n
n 3 1
1
1 —3-—
2019 + lim — - lim n
n

31
L1+ 5+ —

2019 + 0 - (—3) = 2019.

BAI 11. Tinh gi6i han L = lim

VAn2 — 1+ V/8n3 +2n2 -3

Lai giai.

V16n2 +4n — vnt + 1

1
- (\/4712 14 Y83+ 2n2 — 3)
lim

1
7(\/16112—0—411—\4/714—&—1)
n
1 ) 2 3
\/4—*2+</8+*—f3
. n n o n
lim 7 i
\/16+ﬁ_</1+ﬁ

V2 -1
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BAI 12. Tinh gi6i han L = lim (3n — 5 — 9n? +1).
L&i giai.
L = lim(3n—/9n2 +1—lim5)

In% —9n% —1

= lim——— — limH
3n+vVIn2 +1
—1
= lim————— —limH
3n+vVIn2 +1
= 0-5=-5.

N 3/ 6 _ 3 _
BAI 13. Tiuh gidi han L = lim "~ 71° —5n+8

n—+ 2
Loi giai.
RO A .}
L = lim nd n> nf
o 2
n-<1+*>
n
7 5 8
= limno\/ n? n5+n6
7 (1+7)
1+ —
n
= +o0.
7 5 8

e
3 5 6
n n n® _ 4

(1+7)
1+ =
n
BAI 14, Tinh gi6i han L =lim [n (vVn2 +1— vnZ +2)].
Lai giai.

Vi limn = +oco va lim

n[(n?+1)— (n?® +2)]
Vn2+1++vn?2 42

—n

lim
Vn?+14vn? 42
. -1
lim i 5
\/1+ﬁ+\/1+ﬁ

VI+44+7+--+Bn+1)
2n2 +vnt+2n+1 .

L = lim

BAI 15. Tinh gi6i han L = lim

L&i gii.
CESEES))
V2 (2n2 +vVntfon+ 1)

lim V3n2 +5n+2
2v2n2 +vV2vn% + 2n + 1

5 2

3+ -+

n n
2 1
2vV2n+vV24/n2 + = + =
n n

L = lim

= lim

N |
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2
lim\/3—|—§“v‘*2
non
. 2 1
lim [ 2v/2n + 2 n2+7+—2
non
3
2 1
n +

3
lim <2\/§n+\/§ 2—1—5 n2>
= 0.

BAI 16. Tinh giéi han L = lim(¥/n +4 — ¥/n + 1).
Loi giai.
Ta c6

L = lim(vn+4—-vn+1)
3

“mm, Yt d) D+ (n+1)7°
lim -
o) e () G g (43
. 3 =0.
(DR (CHICRE ()

BAI 17. Tinh gi6i han L = lim (¥/8n% + 3n% — 2+ ¥/6n2 — 8n).

Loi giai.
Ta c6
L = lim (€/8n3 +3n2 — 24 V/5n? — 8n?)
. 8n? —2
= lim :
\3/(8713 +3n2 —2)* — {/(8n3 1 3n% — 2) - (5n% — 8n3) + {/(5n2 — 8n3)?
2
8- —
= lim n

BAI 18. Tinh gi6i han L = lim (¥/8n% + 3n% +4 — 2n.+ 6).
L&i giai.
Ta co
L = lim (/803 +3n2+4—2n+6)
= 6+1lim (/803 +3n2 +4—2n)
3n?+4

/(803 + 3n2 + 4)2 + 2 - /308 1 302 1 4 + 4n?
4

3+ —
= =6+lim > L
of 34 [ 3 4
Y <8+—+—3) +2- {8+ -+ —5 +4
n n n n
1 25
6+-—=—.
* 4

4

= 6+ lim
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BAI 19. Tinh giéi han L = lim (\3/271 —n3+n— 1).
Loi giai.
Ta c6

L = lim<\3/2n—n3+n—1>

= —l—i-lirn(3 2n—n3+n)

2n
{/(2n — n3)? —n¥/2n — n® + n2
2

n
N 22
\/(nz‘1 SVt

= —-1+0=-1

= —1+1lim

= —1+1lim

BAI 20. Tinh gidi han L = lim (\3/71 —nd+n+ 2).
Loi giai.
Ta cé

L = lim<\3/n—n3+n+2>

= 2—|—lim(3n—n3—|—n)

— 2+ lim i
v/ (n—n3)" —n-v/n—n3+n?
1
= 24lim n
(1 )
S-1) —{/5-1+1
= 240=2.

BAI 21. Tinh giéi han L = lim (\S/n?’ —2n2 —n— 1).
Lo giai.
Ta co
L = lim<\3/n3 —2n2 —n — 1)
—1 4+ lim (\3/n3 —2n2 — n)

—2n?2

—1+ lim

O/ (n3 —2n2)> + n - /nd — 202 + n?

-2
/ 22 2
3(1——) +{/1-—=+1
n n
2 5
= —1-Z2=_=

3 3

—1+ lim

BAI 22. Tinh gi6i han L = lim (n + V1 - n3).
L3i giai.
Ta co
L = lim(n+ v 17n3)
1

n2—n-vV1I—n3+ /(1 -n3)?

= lim
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1

n2

1 (1 2
3 3
1—\/;+ ()

= lim

= 0.
O
BAI 23. Tinh giéi han L = lim [n-<\3/n3+n—n>].
Lo giai.
Ta c6
L = 1im[n-(\3/n3—|—n—n)]
n2
= lim
\/(n?’—i—n \/n3+n+n2
= lim
/ 1)° [
Y (]."5‘72) +n- Y 1+72+1
n n
_ 1
= 3
U
N V4n? -2
BAI 24. Tinh giéi han L = lim — Y -2 2"
vnd+4n+1-—n
Lo giai.
Ta c6
r - hm[(4n2+1)74n2][3(n3+4n+1)2+n~\3/n3+4n+1+n2]
(VAn? + 14 2n)(n® +4n+ 1 —n3)
B YmP+4An+1)2+n-vVnd3 +4n+1+n?
B (V4n? + +2n (dn+1)
1/1+ +3 W1+ +47+1
(\/4++2> (4+ )
n?
o 1+1+41
(2+42)-4
- 3
16
O
N 24 31 -—nb
BAI 25. Tinh gidi han [ = lim V- "
vnt+1-—n?
Lo giai.
Ta c6
[ — lm [n° + (1 —nO)](Vn' +1+n?)
[n* —n2v/1—nS+ 3/(1 —nb)2][(n* +1) — n4
= lim niti+n’
nt —n2y/1—nb+ /(1
/ 1
1+7+1
= lim n =
n2 — /1 —-nb+ ¢ (—37n3)
= 0.
([l
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BAI 26. Tinh gi6i han L = lim

Lai giai.

Ta c6

n(v/4 —n3 +n)
VinZ +1-2n

n(4 —n®+n3)(Van2 + 1+ 2n)

L = lim
[3/(4 —n3)2 — nv/4 —n3 4+ n?)(4n2 + 1 — 4n?)
— lim dn(v/4n? + 1+ 2n)

/(4 —n3)2 —nV4—n3 +n?)

s

BAI 27. Tinh gi6i han L = lim (V/8n% + n2 — vAnZ — 7).

Lai giai.

BAI 28. Tinh gi6i han L = lim (\/4712 +3n— /8n3 + 5n2>.

Lai giai.

3 )
(I
lim<€/8n3—|—n2—\/4n2—n)
lim [( v/ 8n3 +n? — 2n) — <\/4n2 —n— 2n>]
lim (\3/ 8n3 +n2 — Qn) — lim (\/4712 —n— Qn)
lim (8n3 +n? — 8n?) e (4n —n — 4n?)
3/(8n3 4+ n?)2 + 2nv/8n? + n? + 4n? \/ 2—n+2n
lim n* + lim "
\3/(8n3+n2)2+2n\3/8n3+n2+4n2 Vian? —n+2n
R T
@/ 8+ +2\/8+ +4 V- 2
4+4+4 4
1
3
[
lim(\/4n2—|—3n— \3/8n3+5n2>
lim [(\/4712 +3n — Qn) — (\3/ 8n3 + Hn? — 2n>]
lim (v/4n2 + 3n — 2n) — lim (/813 + 5n% — 2n)
mi?m — lim 5n’
Van?2 + 2n 3/ (8n3 +5n2)2 + 2nv/8n3 + 5n? + 4n?
lim )
; 5\ o). D
4+ i (84—7) +2{/8+ = +4
n n
3__ 5
4 4+4+4
1
3
(I
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BAI 29. Tinh gi6i han L = lim (\/n4 +n2— /nb + 1).

Lo giai.
L = hm(\/n4+n27\/n6+l)
= lim [(\/n4 + n? —n2) — (\3/n6 +1 —nQ)]
= lim(\/n4—|—n2 —n2> —1im(\3/n6 +1 —n2)
= lim (n? 4 n? —n?) — lim (n° +1) —n"
e ) e Ve i
= lim n? — lim L
B Vnt+n? 4+ n2 Y/ +1)2 + n2y/nb + 1+ nt
= limil1 +0
Yi+t—+1
_ 1
= 3

BAI 30. Tinh gi6i han L = lim <\/n2 +n+1—n3+ n2).
Lai giai.

L = lim<\/n2+n+1—\3/n3—|—n2)
= lim[(\/n2+n+lfn>f(\3/n3+n27n)]
= lim<\/n2+n+1—n)—lim<\3/n3+n2—n)

n—|—1 n2
= lim — lim -
vnZ4+n+14n Y (n3 +n?)2 +nv/nd + n2 + n?
1
14—
n

1
lim . T — lim =
/ [( 1 I
I+—+ 5+l 3<1+7) + {1+ =41
n n n n

_ 1.1
2 3
_ 1
- =
€) BAITAPREN LUYEN
BAI 1. Tinh céc gi6i han sau
Co2n2—3n+1 . mP—-n+3
T @lim g g1
) n®—n+3 Co8nd—2n%2+1
@hm72n2+3n3 —1- @11m71—3n2+2n3"
, 6n° —2n+1 C (n?P+2)(3-n)+2n3
® lim 2nd —nn?+n-1)" @hm( (3n2)—i(—2)(5)—n)
— 1)2(3 — 4n3 4 2 9
Do), Qs
. (n?2+2)(n—-1)2 . ant —n? +1
lim—— 1 .
@ lim (n+1)(2n + 3)3 M 2T DB -n)m2+2)
- (n+2°B-n) : (n+2)°@B-n)°
1 . 1 .
D lim B2+ 2)(5 —n)2 12)lim (3n2 + 2n + 1)3(5 — n)?

2

1 1 n3 n
(ol L), (1)
13) tim n2+2n  2n2+3 2217 2n 1
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5n+1

BAI 2. Tinh céc gi6i han sau
2" + 4"
lim .
@ tim o—.
4"+ 23"
lim ———
@lim =
. 437 45
® lim W
-3)" —
li —..
@ lim
— 37 4 5nt2
@ lim 2n+1 + 37z+2 + 5n+1 o
VI +1
@ hm ﬁ

71 n ., 25n+1
@ i 027

35n+2

@1 4qn + 2. 22n+1
M ot 1) & 2n 5. 922(n+1) 4 3n

. 2" 43" — 4"
@ hm n 3n+1 4n+1

hm —3)" — 5"
n 2+5n+1+2

BAI 3. Tinh céc gi6i han sau

®hm\/4n2—n+1—n
VIn2 + 3n

Van2 — 1+ /8n3 4+ 2n2 =3

Olin - v
® lim (V32 —n+5—n)
BAI 4. Tinh céc gi6i han sau
@ lim (VAT ¥ 1—n).
(3 lim (\/m - n)
® tim [o (VA FT - V).
@ lim (VnZ+2n—n+3)..
© lim (VOnZ +3n—4—3n+2)..
(D) tim (Vn 2= /n)..
(13) lim(/n — 03 + 1+ 2)..
(15) lim (/0 — 202 —n — 1)..
BAI 5. Tinh céc gi6i han sau

. 245484+ (3n—-1)
1 .
@ lim An? 1 1

lim
@ 22 +vnt+2n+1
2444420
lim——————— .
@ lim
1

(@) lim

VI+44+7+-4+@Bn+1)

AL
5 - 4”+6 57
1+2-3"
5437
4n+2+6n+1

5n—1 +2. gnt3 "

—3" 4+ 4. 5n+2
. hm 2n+1 + 3n+2 + 5n+1 :

(=5)"
10 1im 3n+3 (=5
@hm 7n+ 41
" 4n
11 m
_2n+5n
111 ETSr
. 4-i—2~3"_1—4"_2
hm 2n+3n+1 +4n+1

) 3n . 2n—1 + 3n+2
tn

(@ lim
@ lim
(®) lim

®lim\/2n+1—\/n+3
VvVan —5
@hm\/n2+n+ Vn? 4+ 3n
V1ent +1
@lim(\3’/8n3—n2+n—2—n>

@ tim (
@ tim (VT30
®lim [n (Vn?+1- Va2 +2)].
® lim (VA +3n+1—2n+1)..
(10) lim (1 +n? — Vo +3n +1)..

(12) lim (/n®+ 302 — n)..

(14) lim(/2n — 13 + n — 1)..

(16) Lim(/8n% + 4n% +2 — 2n + 3)..

VAn2 +n — V4n? + 2)

4n2 4 3n — 2n)

1

1
+ +
V2421 2v3+3V2

+(n+1)y/nd”
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sAl2.  GIGI HAN CUA HAM sO

@ TOMTAT LY THUYET

Dinh nghia 1 (Gidi han ctia ham sb tai mot diém). Gia st (a; b) la mot khodng chita diém z va f 1a
mot ham s6 xac dinh trén tap hop (a;0) \ {xo} Ta n6i rang ham s6 f 6 gi6i han 1a s6 thyc L khi z dan
dén z¢ (hodic tai diém z() néu véi moi day sb (x,,) trong tap hap (a;b) \ {zo} ma limz,, = z¢ ta déu c6
lim f(z,) = L.
Khi do6 ta viét lim = [ hogc f(x) — L khi x — zo.

T—xo
Pinh nghia 2 (Gidi han ctia ham sd tai vd cye). Gia sit ham s6 f xéc dinh trén khoang (a; +00). Ta
n6i ring ham sb f c6 gidi han 1a s6 thyc L khi 2 dan t6i +o0o néu véi moi diy s6 (z,,) trong khodng
(a; +00) ma limz, = +oco ta déu c6 lim f(x,) = L.
Khi dé ta viét Igrfoo = L hosic f(z) = L khi z — +o0.

@ Gidi han hitu han

—— Giéi han diac biet

@mlinéox:xo. @IILIEOCZC(CER).
— Dinh i
Néu lim f(x) =L va lim g(z) = M thi
Tr—rxo T—rT0
_ : _ . f(x) L
@ lim [f(z) £g9(2)] = L+ @ lim [f(z)-g(x)] = L - @wlggoﬁ—ﬂ-
M. M.

Néu f(z) 2 0 va lim f(z) = L th lim |f(z)| = |L| va lim V()= VL.
T—To T—To T—=To

— Gidi han mot bén
lim f(z)=L & hm f(z)= lim f(z)=

T—=To z—ad Ty
(2) Giéi han vo cuc
—— Gidi han dac biét

lim zF = +o0. lim =0.
r—+00 @ —+oo xk

(3 lim l:—oo. @ lim 1:—l—oo.

z—0~- T z—0t T

+ oo khi £ chén
lim zF =
® { — oo khi 1.

— Dbinh li 1
Néu lim f(x) = L # 0 va lim f(z) = Zoo thi lim [f(z) - g(z)] =
T—rxo T—xo T—rTo
+ookhi L- lim g(z) >0

rT—rT0o

— oo khi L+ lim g(z) < 0.

Tr—rxo

. + oo khi L - >0

Néu lim g(x) =0 thi lim La:) oo khi L-g(z) >
—oo khi L-g(z) <0.

T—To z—=z0 g x)
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(® DANG TOAN VA BAI TAP

(O DANG 2.1. Tinh giéi han vé6 dinh dang g, trong dé tr thirc v méau thire 1 cée da thire

Phuong phdp gidi: Khit dang vo dinh biang cdch phan tich thanh tich bing cich chia Hoéc-no (dau roi,
nhan téi, cong chéo), roi sau dé don giin biéu thitc dé khit dang vo dinh.

0 ViDu

, 222 —14
VI DU 1. Tinh gidi han A = lim 2> 57— 14,
r—2 x€X —4
Loi giai.
Ta c6 -
w4314 2(””_2)(””+§) w47 11
A= lim = lim =lim ——— = —. |
z—2 x2—4 =2 (z—2)(z+2) =2 T+ 2 4

/N Cén nho: f(z) = ax?® + bx + ¢ = a(x — x1)(z — 22) vdi x1, x2 la hai nghieém cia phuong trinh f(z) = 0.
Hoc sinh thuong quén nhdan thém a.

: o . 223 —b5x? -2 -3
VI DU 2. Tinh gi6i han A = iﬂ% 5 1322 1 4o —3

. 223 —5z%—22 -3 . (z—=3)22* +x+1) 2224 x+1 11
A= lim = lim = =—. O
s—3 423 — 1322 + 42 — 3 23 (x —3)(4a? — 2z + 1)

im —
a3 422 —x+1 17
Nhan xét. Bdng chia Hoéc-no (dau roi, nhan tdi, cong chéo) nhu sau:
Phan tich 223 — 52% — 2x — 3 thanh tich so:
| 2
3] 2

-5 _2‘_
[T ]1]o

=223 — 522 — 20— 3= (v —3)(222 + = + 1).

Phan tich 423 — 1322 4+ 42 — 3 thanh tich so:

| 4
34

134 -3
1)1

T (1o o018 e 3= (- 3)(a? —a ),

. ) B A oy |
VI DU 3. Tinh gldl han A= iL}Hll m

Loi giai.

. . o2t —2r 41 . (@ —2) = (z—1) oz (2 —1)—(z-1)
TaCOTaCOL_:}:Ex5O—m—x+1_m% (%9 —z) — (z — 1) _:vlamlx(x‘w—l)—(x—l)

2z —1) (@®+2"+ - Fa2+1) - (z—-1) (x—1) (2" +a®+- -+ +2-1)
el —1) (@B +247 4+ dr+1)—(z—-1) o>l (z—-1) (¥ +28+. . +224+2-1)
e +2® 4 b2+ —1 98 49

— _ 22
- P08 a2 11 48 24
/N Cin nhé héng déing thic 2" — 1 = (z — 1) (a" P2 242 f o+ 1).
Chitng minh: zét cap s6 nhan 1,z,22,23,..., 2" c6 n s6 hang va u; = 1,q = .
n_1q n_q
Khidé Sp,=1+x+2*>+ - +a2" ' =u;- =1.2
q—1 r—1

s —1=(-1) (2" " +2" P+ +2®+a+1).
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Q BAI TAP AP DUNG

BAI 1. Tinh gi6i han

3x—|—2
®A_ibmz 4
Loi giai.
2 - 2 —1)(zx—2 -1 1
TacéAzlimﬂzlimw:hmx = -,
z—2 2 —4 z—2 (x + 2)(3’: - 2) =2 x + 2 4
x?—1
A=lm-————.
@ xl—>1x2+3x—4
Loi giai.
21 -1 1 1 2
TacoA—hmxizlimw:hmm—k = —.
e=1a2 +3x—4 251 (x—1)(x+4) 251xz+4 5
Tx + 12
O
Loi giai.
2 _ 12 — —4 —4 1
TacéA:limx 2733—1— = lim (v —3)(= )zlimm = ——,
=3 22 -9 e=3 (x —3)(z+3) +=3x+3 6
2% — 9z + 20
@Aiig% 2 -5
Loi giai.
2 2 —4)(x — —4
Tacc’)A:limx 9z + Ozlim(x )@ 5):lim$ ==
=5 x2 — bz z—5 z(x — 5) 5 I
322 — 10z + 3
®A_P§%’> 22 —bx +6
Loi giai
21 —1)(x — -1
To b A — lim % —102+3 . Br-D@-3) . Sse-1_ o
=3 22 -5z +6 z—3 (.%‘—2)(56’—3) z—=3 r — 2
2?2 +2c—3
@A_}I—%Qﬁ—x—l
Loi giai.
2x — -1 4
TacoA—thH—lim (@ )(@ +3) = lim r+3 = —.
e=1222 —x—1 =1 (2x+1)(z—1) 2—=122+1 3
zt — 16
A= lm ———
Q o522 22 + 62+ 8
Loi giai.
-1 -2 2)(z2 +4 — (2?2 + 4
A g 16 @ EEE ) @2
z——2 12 +6l‘+8 z——2 (x+2)(x+4) z——2 r+4
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o 42y/r -3 _ 2

Lai giai.

3 —8
A=lm —-—"—.
©® zgnQﬁ—Sx—i—?
L3i gii.
3 —(x2 42z +4 242044
Alim -2 =8 gy @@ 2D A2l
=232 —3x+2 z-52 (x—1)(z—2) =2 x—1

/N Cén nhd: Hing ding thite a® + b = (a + b)(a® — ab + b?) va a® — b3 = (a — b)(a® + ab + b?).

3
8

A: lim o

z—>-2722 + 11x + 18

Loi giai.
. 23+ 8 . (z+2)(2% - 22 +4) ox?=2x+4 12
A= lim ——— = lim = lim ——=—.
e——222+ 11z +18 +=-2 (z+2)(z+9) e—>-2 x+9 7

. xz—x—2+\/§
@) A= lm & oTT2EV2
e—vZ a3 —2V2

Lai giai.
ot —2442 ) (x —V2)(x +v2—-1) oz +V2-1 2V2-1
A= lim —— X = lim = lim = .
esv2 w3 —2¢/2 ev2 (1 —V2) (22 + V22 +2)  esva a2 +V2x+2 6

BAI 2. Tinh gi6i han

223 — b2 + 22+ 1

@A:i;ml 2 —1
Loi giai.
2¢3 — 52 + 2 1 — 1222 =32 -1 222 -3z —1
A= lim 2% dx“ + 2z + ~ fim (z —1)(22° — 3z ):hm x® — 3z _ 1
z—1 2 —1 a—1  (z—1)(x+1) a—1 x4+ 1
. 2 —3x+2
®A7il—>mlx4—4x+3'
Lai giai.
3 - 2 —1)2 2 2 1
A:limﬂ—lim (z—1)(z+2) = lim T —.

el ot —4dr+3  aol (v — 1)2(22 4+ 27 + 3) 22+ 22 +3 2

223 + 522 +4x + 1

®A:x£n31 42—z -—1
Loi giai.
. 203+ 52t +dx +1 . (x+1)2%2x+1) . 2z+1 1
A= lim = lim ——————— = lim — = —.
z—=—1 34+ 32 —x—1 a—-1 (x+1)2(x —1) z——-1 x — 1 2
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ot -2 -2+ 1

A=1 .
@ zl—>nllx3—5.'172+7$—3
Loi giai.
4 .3 1 _12 2 1 2 1
e—1 23 =522 +T7x—3 -1 (z—1)%(x —3) a—1 -3 2
\ 203 — 322
BAI 3. Tinh gigi han A — lim 2% — 32+ +9+7V3
:c~>7\/§ 3_-752
Lo giai.
3 _ 9.2
Taco A= lim 22° ~ 32> + 2 +9+7V3 a
m~>7\/§ 3_1'2
) (z++v3) (22— (3+2v3) z+7+3V3)
= lim -
z——/3 (x + \/§> (ac — \/3)
202 — (3+2V3)x+7+3V3
= lim -
z——/3 l‘—\/g
_18419V3
—
3 _ k.2
BAI 4. Tinh giéi han A = lim v 5e 43z 19
z—3 1t —8x2 -9
Lo giai.
3 _r.2 _ )2 _
Tac6 A= lim — be +3x+9:1im (z+1)(z=3) zlim—(x+1)(x 3)20. (]
z—3 gzt —8z2—-9 e=3 (x —3)(z+3) (22 +1) =2-3(z+3)(z2+1)
BAL5. Tinh gidi han A — lim — %
. Tinh gi6éi han A = lim —————.
& @ e—1 x% — 422 + 3
L3i giai.
1— 28 (z—1)(—a? —z—1) i | 3
Taco A= li = 1i =1l =7 H
@ o el 74 — 422 + 3 xlinl(:r—l)(x?’—i—xQ—?)x—?)) P z3 122 — 3z -3 4
BAI 6. Tinh gi6i han A = li ( ! &>
- Tinh gi6i han A = lim { — — —5—— .
Lo giai.
3 _ _9)2
TacéA:lim( I !12 >:lim x 12xl—|—16 o (x+4)(x—2) — lim (x+4) :1.
e—2\z—2 3-8 e—=2 (x—2)(23 —8) 2-2(x—2)2(22+22+4) 2-2(2?+2x+4) 2
O
BAI 7. Tinh gi6i han A = i ( ! + . )
- i siottan A= 22 -3x+2 22-52+6/
Lo giai.
22 -5z +6+22 -3z +2
Taco A= li ( ):1' (I
o s x2—3x—|—2+x2—5z+6 xl—>1%(x2—3x—|—2)(z2—5;1:+6)
92
= lim 2z —2) :hm;:—Q.
s=2 (2 —2)2(x —3)(x—1) 222 (x—3)(x—1)
A . . 1 1
BAI 8. Tinh gi6i han A = lim | — —
—1\z24+2-2 23-1
Lo giai.
1 1 3_1-—x2_— 2 3 _ .2 1
TacéA:Iim( = )*'mx e A N ik i O
e=1\z?2+x—-2 23-1 z=1 (22 + 2 —2)(23 —1) 2-1(x2 42 —2)(xd —1)
—1)2 1 1 1
= lim (z= 1) +1) — lim Tt _

el (2 — 12z +2) (@2 +24+1) ool (z+2)22+z+1) 9

N B o220 2 +1
BAI 9. Tinh gldl han A= iL)Hll m

Lai giai.
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20 _9p 41
Tacé A= lim 5 — 2212
z—1 230 — 2x + 1

22—z —(z-1) . z(@¥®-1)—(z-1)

= 1li - =
mlemlxm—xf(xfl) xlemlx(x%—l)f(xfl)

. owr—1D)@B+ 2T+t + 1)~ (2 —1)
= lim
slx(r— D)@ +22"4+ - +az+1)— (x—1)
. (=D 8+t —1)
= lim
a—1 (x — 1) (229 4+ 228+ 42 —1)

o441 18 9
= lim T 52 T og°
21229 4+ 228 .. 4 —1 28 24

N . . M x50 — 1
BAI 10. Tinh gidi han A = lim 2 _37+2

Lai giai.

20 —1
Taco A= lim ————
z—=1 22 — 3z + 2

(z—D)(@* +28+- +x+1)

= 1.
2o @ D@ —2)
R R
= lim
x—1 x—2
= —50.

BAI 11. Tinh gidi han A = lim ©— 22 =1

lim @12 . (v6i n 1a s6 nguyen)

Lai giai.

n
— -1
Taco A= lim%

z—1 (x—l)Q
n_ j— j—
— lim (z" =1)—n(z—1)
z—1 (x —1)2
. (=D (@ 42"+t +1) —n(z—1)
= lim
x—1 (.’17—1)2
(=1 (@™ a2+t +1—n)
= lim
r—1 (1‘71)2
B S e S R R R U
= lim
r—1 z—1
I R e A N |
= lim
z—1 z—1
_ (=1 ("2 +a" 24+ Faz+1)+@-1) (@ 3+ + o+ 1)+ F (2 —1)
| z—1
=lim [(a" 242"+ r+ 1)+ (@ P +2" 1)+ 4 1]
r—1
n?—n
=n-1)+n-2)+---+1= 5

n+1 _
BAI 12. Tinh giéi han A = lim — (n+ Dz +n
rx—1 (x _ 1)2

Lai giai.
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" —nr+n-—1

n_ J— J—

:hmx(x 1) =n(z—1)

paee] (-1

. (=1 (z"+a" 42?4 x) —n(z—1)
= lim

z—1 (x —1)2

. (e=1(@"+a" 4+t +z—n) R L E R e )
= lim = lim

z—1 (;L' — ]_)2 rz—1 rx—1

o —14am 14+t -1 -1
= lim

r—1 z—1
oy (-1 (@t +a" 2+ )+ (-1 (@" 242" P+ 1)+ F (1)
—3;311 z—1
=lim [(@" ' +2" P+ o+ 1)+ (2" 2" P 1)+ 4]
r—1
1
=n+(n—1)+~-~+1:@
2 34 ... n_
BAI 13. Tinh gi6i han A = lim S i n.(m,nla s6 nguyén)

sl +x2+a34 - 42m—m
Loi giai.
2 3. n_

Taco A = lim 0 & B H T 20 0
s=lx4a?+a3+--+am—m

I I L I S S e I S A |
lim
aolgm —14am -1+ 422—-14z-1

lim (=1 (@ 42" 2+ daz+ )+ (-1 (@"2+2" P+ 1)+ (1)
=1

el (x—1)(@mt4am2 4. for+1)+(x-1)@m2+am 34+ +aox+1)+---+(x—-1)

g @A et ) (@ 42" b ) 4 4
= lim
a1 (et pam24 .o+ )+ (@ 2+2m 34+ 1)+ + 11
n+n—-1)+---+1  n(n+1)
m+m—-1+---+1 mim+1)

BAI 14. Tinh gi6i han A = lim ( L )

z—1 \1 — ™ 1—2zn

Lai giai.

. . m n . m 1 " 1
TacoA—il_)ml(l_mm—l_:Cn)—i:ml Kl_mm_l_l)_(l_xn_l—x)}

. m 1 . n 1
= lim — — lim —
=1 \1—2m 1-—2x a1\l —2" 1-—x
NP m 1 . m—(1+x+x2+--~—|—xm_1)
va lim = lim

1—zm 1—=x

x—1 z—1 1—am

(l-2)+(1—2%) 4+ (1—am?)

= lim

r—1 1—gm
:hm(1—3@)[1+(1+x)+-~-+(1+m+x2+-~-+xm_2)]
w1 Ql-2)I4+z+a24 - +am1)
:hm1+(1+x)+~--+(1+x+x2+-~-+xm*2):1+2+---+m—1:m—1
z—1 1+z+a22+---+am! m 2
Tlrdngtu’tacélim< n L ):n_l
’ z—=1\1—2" 11—z 2
. m n m—1 n—-1 m-—n
Vayil—anl(lfxm_lfx">: 2 2 2 H

(O DANG 2.2. Tinh gigi han v6 dinh dang %, trong dé t& thirc hodc mau thirc cé chira can thirc

Phwong phdp gidi: Nhan lugng lien hop dé khit dang vo dinh.
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0 viby

Vi DU 1. Tinh giéi han B = lim 3-vaets
x—6 €r — 6

Loi giai.
) . 3=vz+3 . B=-vVz+3)B+Vzr+3)
Taco B= lim ——— = lim O
x—>6 1 —6 =6 (z—6)(3+Vz+3)
B 9— (z+3) . 6—x -1 1

-1
206 (z—6)(3+ vV +3) a6 (z—6)(3+Vz +3) 2363+ Vo +3 3+v6+3 6

. S 92— _
VI DU 2. Tinh giéi han E = lim vz + Vor 6.

r—2 x—2
Loi giai.
) . (\3/395—1—2—2)4—(2—\/53:—6) L 3 +2-2 . 2—+4/bx—06
Ta c6 E = lim =1 lim .
r—2 T —2 r—2 T —2 r—2 r—2
A B
L 3z +2-2 . 3x+2-—23
A = lim = lim
o2 x—2 e=2 (z —2) [(V3z+2)2 + 2 3z + 2+ 4]
= lim 3z —2)
o2 (- 2) [(Br+2)2+2- /B3 +2+4]
= lim 3 —1
o2 (VB4 2)242-YBr+2+4 4
. 2—+br—6 4 — (5x — 6) . -5 5
B = lim = lim =lim ——-—=——.
z—2 r—2 m~>2(x—2)(2+\/m) =22 4+ /bxr — 6 4
S aE*AJrB*}fé*fl ]
R I
/b —3+2

Vi DU 3. Tinh giéi han L = lim
z——1 x+1

Lai giai.
Ta c6
. Vo —3+ . T — 9+
L= lim M = lim > S+8
e-1 w41 w1 (2 4+1) (/5 — 3)2 — 2¢/62 — 3+ 4)
~  lim 5(z+1)
w1 (z+1) (3/(5z —3)2 — 296z — 3+4)
= lim 5
v==1 3/(5x — 3)2 — 2¢/bx — 3+ 4
- 5
12°
O
; Y 23z -2
Vi DU 4. Tinh giéi han E = lim Vo2 t2 - V82 -2
r—2 r— 2
Loi giai.
o B +2—-3x -2 L Bx+2-2 . V3r—-2-2
E = lim = lim — lim
x—2 x—2 x—2 x—2 r—2 x—2
3r+2—-8 . 3r—2—14

= lim — lim

= (w-2) (Yo +2 +20852+4) 2l -2 (VEr-242)
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3 3
= lim — lim
©22 83p4+2)? 2B+ 244 TTEVIT—2+42
_ 1. 3_1
4 42

R _
Vi DU 5. Tinh gici han F = Jim Y1720 VI+4r -1

x—0 x

Lai giai.

o VIF2z- YTz —1 V1+2z- (YT+4e—1)+ (VI+2z—1)
F = lim = lim

z—0 T z—0 x

V142 (V1+4x—1) Vi+2r—1
lim + lim

z—0 x x—0 X

. VIF2z-(144z—1) , 14221
= lim - +lim —————
H%(d(lﬂx)umﬂ) a0z (VI+ 22 + 1)

. Vv1+2x-4 .
= lim + lim

2
z—0 3/(1+4x)2+m+1 z—=0 /1 +2x+1

4 7
3+ 3

€ BAITAP AP DUNG

A z—38
BAI 1. Tinh giéi han B = lim —— >
mn giol nan g«li,%gfm
Loi giai.
Toc6 B = lim — 2 =8 iy =8B+ Vet D)

PR3- Votl e (3- Vot )3+ Vatl)
@-8)B+vet+l) . (@-8)B+Ve+])

i I g BB — iy V) = 5 T =
R V4 2-2
BAI 2. Tinh gi6éi han B = lim vitrda -2
r——1 T + 1
Loi giai.
) VAt z+a?-2 . (Vitr+a?-2)(Vit+ar+a?42)
Tac6 B= lim —— = lim
z——1 z+1 z——1 (z+ 1) (Vd+z+22+2)
= lim itotat 4 = lim 2@+ 1) = lim — _ 1
==l (z+1)(Vd+z+2°+2) s=-1(x+1)(Vd+ax+2?+2) zo-14d+z+2%2+2 4
. V222 — 37 —
BAI 3. Tinh giéi han B = lim ver morT e
z—3 2xr — 6
Loi giai.
. . V22 -3z -2 . (V222 -3z —2)(v222 -3+ 1)
Tacét B= lim —— = lim
T—3 20— 6 w3 (2z — 6)(V222% — 3z + )
) 22 — 3z ) x(x —3) ) x 1
= lim = lim = lim =
=3 (2r — 6)(V222 — 3z +2) 2232(x—3)(V222 —-3x+2x) 2232222 —-3zx+x) 4
N vV -2
BAI 4. Tinh giéi han B = lim %
r—2 % —4
Loi giai.
) . Vr+2-2 (Vr+2-2)Vzx+2+2) x —2
Ta cé B= lim ———— = lim = lim
a2 12 —4 e=2 (22 —4) (VT +2+2) =2 (22 —4) (VT + 2+ 2)
z—2 1 1

= lim

a2 (z—2)(z+2) (Va1 2+2) i} (z+2)(Vz+2+2) 16
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BAI 5. Tinh giéi han B = lim $
r—2 x —4

Loi giai.
2-\Bz—2 3(2 — z) . -3 3
B =lim ————— = lim = lim ——.
a—2 22 —4 =2 (x — 2)(z +2)(2+ 3z —2) x—>2( +2)(2+ 3z — ) 16
BAI 6. Tinh giéi han B = lim Ve =3
=9 9z — 12’
Lai giai.
B = lim f_3zlim r—9 zlim_il:—i.
e—=9 9z — 22 29 2(9—2)(Vr+3) =9 x(v/r+3) 54
vr+2-2
BAI 7. Tinh gi6i han B = ig 2+ 7= 10"
Loi giai.
vr+2-2 . T —2 . 1 1
B = lim = lim = lim = —.
052222 4w — 10  ao (x=2)2x+5) (Ve +2+2) +2-2Q2x+5)(Ve+2+2) 36
VT —2 -2
BAI 8. Tinh giéi han B = lim ! 2x T .
z——1 xX —1
Lai giai.
. \/ —2:z:+x— . 721 — (v —2)?
B = lim = lim
z——1 R == N P T 1)(\/7 2z +2 —x)
~ lim —22 422 +3
a2 (204 5)(z — D)@+ 1) (VT -2z +2 — )
= lim Sow -2
a1 (224 5) (@ - 1)(VT 20 +2-2) 3
R 92 _ /222
BAI 9. Tinh giéi han B — lim 10 V2" +T+8
-1 22 +3x +2
Lai giai.
. 2x+5—vV2r?2+x+8 . (22 +5)% — (222 + x + 8)
B = lim 5 = lim
z——1 z? + 3z + 2 e=—1 (22 + 32+ 2)(2x + 5+ V222 + x + 8)

lim 222 + 192 + 17
T—r— 1(x2+3w+2)(2x+5+\/m)
~ lim (z +1)(2z + 17)

es—1 (x4 1)(z+2)(2z + 5+ V222 + = +8)

~ lim 2z + 17
e=—1 (x4 2)(2x +5+ V222 +x+8)
5
=5
BAI 10. Tinh gi6i han B = lim serl- x+3.
a=1  \Jz+8-3

Lai giai.

B VAR FI-Va+3 o 20— DT 8+3)
=1 Vr+8-3 251 (z —1)(v3z + 1+ Vo + 3)
i 2(Vx +8+3) _
a1 B+ 1+ Vo +3

BAI 11. Tinh gidi han B — lim —— Y213
z—1 \/41:+5—\/3x—|—6
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Lai giai.

. VT +3—2 . (x—=1)(V4z +5+ 3z +6)
B = lim = lim
e=1 Az +5—3x+6 z—1 (z—-1)(V+3+2)
Var+54+3x+6

=1 =-.
pas| vr+3+2 2
(]
BAI 12. Tinh gidi han B — lim — o2~ V2%
e—=2\r—1—-+3—x
Loi giai.
B = lim Vr+2—+/2zx — lim 2-2)(Vx—1++/3—-1)
e=2/x—1—3—z =2 2(z—-2)(Vz + 2+ V22)
P B S
=2 2(va + 2+ v/2x) 4
]
BAI 13. Tinh gidi han B — lim Y21 —V32 =5
z—=3 2z +3 -2 +6
Loi giai.
Ve+1l—-+3xz—-5 . 28—-1z)(v2xr+3++Vz+6)
B = lim = Im
e=320+3—+vVx+6 =3 (z—-3)(Vzr+1++/3x—5)
oy 223 VI TG
a3 Vo r14+3z -5
(]
. 2 3 VI—
BAI 14. Tiuh gidi han B = lim Y% o vi-zo
z——1 x4+
Lo giai.
. Vit r+2—-y1-x ) (2 +2+2)—(1—2)
B = lim 7 = lim
z——1 4z so-lp(z+1)(22 -2+ 1)(Va2+z+2+V1—1)
. (z+1)?
= lim
eo-1gp(r+1)(22 -2+ 1)Vl +z+2+V1 1)
. z+1
= lim =0.
eo—1g(x2 —r+1)(Ve2+z+2+V1—1)
([
N Viz —3-1
BAI 15. Tinh gidi han B = lim Y20 =3 =1
r—1 1’—1
Loi giai.
. VAz—-3-1 ) 4(x —1)
B=lim — = lim
e=1 r—1 a1 (z — 1) ({/(dz — 3)3 + {/(4dx — 3)2 + VAz — 3+ 1)
= lim 1 =1
e=1 3/ (4w —3)3 + /(4o —3)2 + Vdz —3+1
(]
. 2 _
BAI16. B — i Y2 T 1= V20 H5
=2 2+ 1—+vax+3
Loi giai.
Bl V212 4+1—+22+5 y (222 — 22 —4)(V22 + 1+ Vx + 3)
= l1m = 111m
=2 \r2 41—z +3 222 (22 -z —2) (V222 + 1+ 22 +5)
g 2V AT VI HE) 2v/5
v=2 /222 + 1+ /22 + 5 3
]
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BAI17. B =

Lai giai.

BAI18. B =

Lai giai.

BAI 19. Tinh giéi han L = lim

Loi giai.
Ta c6

BAI 20. Tinh gidi han L = lim

Loi giai.
Ta c6

lim

z—0

lim

z—1

vVr+9++vVr+16 —

xT

B:hm\/er\/m—?:hm Vz+9-3)+(x+9—4)
z—0 X x—0 x
+ X
1m¢m+3 Ve +16+4
z—0 x
=ty ( 1)~ 2
=, \/JT+3 Vr+16+4/ 24
V2r+24++bz+4-5
x—1 '
B:hm\/2x+2+\/5x+4—5:hm (V2z+2-2)+ (vVbz +4-3)
z—1 z—1 z—1 T
2(x —1) 5(x —1)
_lmm+2 Vb +4+3
rz—1 r—1

2 5 ) 4
Hl(\/sz 2+2 \/5x+4+3 )

w—>3

r—3

2Vr +6+2x — 2 —

x—3

r—3

2o/ —1+a22—8
x—2 '

z—2

2evr —1+22—8
xr — 2

L = lim

r—2

T—2

lim
r—2

2V +6+4++2x—2—-28

(2vz +6—6) + (V2o —2-2)

lim

r—3
:r:+6 9 2r—2—4
\/:c+ +3 V2xr —2+2
r—3
9 r—3 n xr—3
vVr+6+3 V2x —2+2
r—3

r—3

:1:~>3

r—3

it e
w—>3( r+6+3 20— 242

5

6

(2zvx — 1 — 2?) 4 2(2? — 4)
T —2
4r —4 — 22
T —2
2
xH oz —2)(z+2)

r—2
7+2(x+2))
—+x

+2(z —2)(z +2)
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A — D2z — _ 84
BAI 21. Tinh gi6i han L = lim (52— 4)V2r =3+ —84
r—6 x—6
L3 gidi.
Ta co

(5 —4)V/2x — 3+ — 84 5 [(5x — 4)v2x — 3 — 3(5x — 4)] + 16z — 96

L = lim = lim
xr—6 :]')76 x—6 .T*6

(52 —4) (V2x —3 —3) + 16(z — 6)

= lim
r—6 r—6

2(z —6)

(5a — 4) +16(z — 6)

— lim V2r—3+3

r—6 z—06

li ( 10z — 8 +16)
= lim | ———
w56\ /27 —3+3

74

3

N V1+4z/1 -1
BAI 22. Tinh gi6i han L = lim +devlt 6o .

z—0 x

Loi giai.
Ta c6

L =lim

x—0

= lim

x—0 X
oy 22?4100 411
=03 (V2da? + 102 +1+1)
~ tim x(24z + 10)
#=07 (V2da? + 102 +1+1)
24x + 10

lim
=0 /2422 + 102 + 1+ 1
= 5.

V1+4zy/1+62 -1 V2422 4+102+1-1
x

N 4x — 3 20 —1 -3 1
BAI 23. Tinh gi6i han L = lim Vi V20 T .
xr—1 1‘2*2$+1

Loi giai.
Ta c6

o VAr —3+V2x—-1-3x+1
L = lim
z—1 2 —2r+1
[Va—1-2 iz —3-(2z-1)
= lim +
L P CESIE
i 2z — 1 — 22 N dr — 3 — (20 —1)?
= lim
el | (x—1)2 (V2 —1+2) (z—1)?(Viz —3+2z—1)
. [ -1 4 }
= lim -
=1 1\2x —14+2 Vdr—-3+4+2zx—-1
1 4 5

BAI 24. Tinh gidi han L — lim 00—~ 4Ve+3+2v2r -1
z—1 T2 —2r+1

Lai giai.
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Ta c6
L Br—T+4VT+3+2v22 -1
L = lim
z—1 22 -2 +1
_ (4\/x+37x77)+(2\/2x7 721’)
- a:1~>Inl ((E—l)Q
16x—|—48—x2—14a:—49+4(2m—1)—4x2
~ lim (x+7+4v/x+3) 2+ 2422 — 1
S (x—1)2
—(z —1)? —4(x —1)?
~ im (x+T74+4vVr+3) 20+2/2x-1
- rz—1 (I—1)2
S
= lim —
a1\ +T7+4Ver+3 2x+2y2x—1
_ 7
16
|
R 4z + 4 — 6z —
BAI 25. Tinh gi6i han L = lim Viz + +\2/9 bz 5.
z—0 x
Loi giai.
Ta c6
. VAir+4+/9—62—5 . [VAz+4—(z42)] 4+ (VI— 62+ —3)
L = lim = lim
z—0 ,1'2 z—0 x2
dr+4—22—42x—-4 9—-6x—22+6x—9
_ Vir +44 (z+2) V9 — 6z — (z—3)
250 22
—x? x?
~ lim s/4m+4+(m+2)_\/9—6m—(x—3)
- z—0 xz
= lim( 1 — L )
0\ VAr + 4+ (x+2) VI 6z — (z—3)
_ 5
127
O
N 272 —
BAI 26. Tiuh gidi han L = lim Y07 T3 +27° — 52
rx—1 (x—]_)z
Loi giai.
Ta c6
6z +34 222 — b . 202 —2x41)+ (V6r +3 -2 —2)
L = lim lim
z—1 (x —1)2 z—1 (x —1)2
6r+3—22—4x —4
2(x — 1)+
oy (z-1) 6z 13 +7+2
= lim
x—1 (37—1)2
—1)2
da -1 B
- 1 Vér+3+x+2
= lim
r—1 (5(}—1)2
tim (2 ! )
= lim|2—- ————
z—1 V6r+3+z+2
1
- 5
O
R Vix — 2
BAI 27. Tinh gi6i han L = lim ~—~ =,
=2 T — 2

Lai giai.
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Ta c6
Lo tim VA2 gy dr 8
a2 T — 2 22 (2 — 2) (V1622 + 2¥/4z + 4)
. 4
= lim .
=2 /1622 + 2v/4x + 4
1
= 3
([l
. 1- 1=
BAI 28. Tinh gi6i han L = lim — Y-
z—0 €T
Lo giai.
Ta c6
1-{Y1-z . 1-(1-ux)
L=1lim ——— = lim
z—0 x z—)Ox(1+\3/1,x+ &3/(1,‘%)2>
— 1' T
= 5% 37— 3/(1 — 2
JJ<1+\/1 z+ 3/(1-=x)
. 1
= lim T T
e=014+ YT —z+ /(1 —x)
1
= 3
([l
5 VaZ —1—2
BAI 29. Tinh gi6i han L = lim ———
r—3 z—3
Lo giai.
Ta c6
Va2 —1—2 2 -9
L=1lm-—— = lim
z—3 x—3 z—3 (a:—3)(§"/(z2—1)2+2{3/:1:2—1+4)
= lim z+3
=3 322 —1)2+2Va22 —1+4
1
= 3
[l
3
N VA -2
BAI 30. Tinh giéi han [ = lim 1" —2.
r—1 \/57]_
Loi gidi.
Thuyc hién phép nhan lién hop & ca ti va mau, ta co
: T+7 - . x —
v 7T—2 1
L:hmlﬁ = hm1 pr—]
T— xr — T — 3 2 3
. 7 2 7T+4
NS (\/(z—i- )2 +2Ve + T+ )
~ tim Ve +1
o=l x4+ T7)2+2Vr+T7+4
_ 1
= &
U

N . . V-2
BAI 31. Tinh gidi han L = lim ————.
inh gidi han lim ST

Lai giai.
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Ta c6
T —8
3/ 3/ .2 3
L:limﬁ — hmm
=8/ 2r +9—5 z—8 2z — 16
V2r +9+5
~ lim V2xr+9+5
w82 (Va2 + 293 +4)
_ 5
12
O
N S —1
BAI 32. Tinh gidi han L = lim L.
z—1 13/1'—2—‘,-1
Loi giai.
Ta c6
r—1
3/ 3/ .2 3
Lelim V21 _ Vol + Vrt+1
:v~>1.3/;[;—2—|—1 rz—1 rz—1
V(—-22—Jr—2+1
. (=222 =Yz —-2+1
= lim 5
r—1 {/1.2_~_\?/5+1
= 1.
O
5 V1I0+ 22+ — 1
BAI 33. Tinh gidi han L — lim ~0t2& Te—1
z——1 2243z 4+ 2
Loi giai.
Ta co
L VTP a1 ) (VI0+22% —2) + (x+ 1)
oot 2243z +2  aoe @+ 1)(z+2)
223 + 2
+(x+1
_ gy V(04 22%)7 42710+ 227 +4 (@+1)
I (z+1)(z +2)
20+ (a2 —x+1
Lt Dot Ly
i /(10 + 223)2 + 2910 + 223 + 4
= 1m
2(2? —z+1) 1
_ oy V(0+22%) + 2910+ 227 +4
e (erQ)
_ 3
= 3
O
N Y 11 —
BAI 34. Ttuh gidi han B = lim Yor 1L = Ve +T
T2 2 —3x +2
Loi giai.
. Br+ 11—z +7 . YBr+11-3 . Jr+T7-3
FEF = lim = lim — lim
T2 2 —3x +2 =2 12— 3z 42 z—=2 22 — 3z + 2
. 8z +11—-27 . T+7—9
= lim — lim
m_’Q(x—l)(m—2)(3(8m+11)2+3\3/8x+11+9) 72 (2 — 1) (z = 2) (Vo +7+3)
8 1
= lim — lim

(@ 1) (Yo + 1) 398711 +9) 2D (VEETHI)
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_ 8 1_7
2T 6 54
O
N 3/ 3 _ 2
BAI 35. Tinh gidi han B — lim 01— V&2 +3
rx—1 :L'fl
Lai giai.
V3T —V22+3 o V23 +T7-2 . Vz24+3-2
EF = lim = lim — lim
z—1 x—1 r—1 x—1 z—1 x—1
. 3 +7-38 . 2 4+3—-4
= lim — lim
$H1(:c—1)(3(x3+7)2+2€/m+4) =1 (@ - 1) (Va?+3+2)
; a® —1 . 2 -1
= lim — lim
Hl(x—l)(?’(xi”+7)2+2\3/m+4) w1 (2= 1) (Va2 +3 + 2)
. 2 +z+1 . r+1
= lim — lim
z—1 3/($3+7)2+2W+4 z—=1 /22 +342
111
42 4
O
X oI —z— /8=
BAI 36. Tinh gi6i han E = lim rov8-z
x—0 x
Loi giai.
21— — 8-z o2Vl -2 -2 L 8 —x—-2
E = lim =lim ——m—— — lim ————
x—0 x x—0 x x—0 x
. 4(1—2)—4 . 8—x—38
= lim ———2—— — lim :
w—)ox(Z\/l—$+2) $—>0x(3/(8_x)2+2m+4)
li -1 li -1
im — lim
202Vl —x 42 w20 8/ 0)? 4 2R —x +4
-1 11
12 12
O
. /222 + 4 11 —
BAI 37. Tinh gi6i han E = lim V2e? 4 x:_ \/x—|—7.
r—2 x4 —4
Lai giai.
o224 A+ 11—V 7 o V22244 +11-3 . VJx+T7-3
E = lim = lim — lim ——————
r—2 1,‘2—4 r—2 .132—4 r—2 1‘2—4
. 2% 4+ 4z + 11 — 27 . r+7-9
= lim — lim 5
HQ(;E2—4)(§/(2x2+4x+11)2+3€/2x2+4x+11+9) a2 (22 — 4) (Vo +7+3)
. 2(x—2)(z+4) . x—2
= lim . — lim 5
x_>2(172—4)({/(2x2—|—4x—|—11)2—|—3\3/2x2—|—4x—|—11—|—9) w2 (22 —4) (Vo +7+3)
. 2(x+4) . 1
= lim — lim
2 (w+2) (Vo2 + 42+ 117 43037 T o+ 11 4+9) T2 @42 (Ve rTH3)
115
9 24 72
|
N V4 L —4
BAI 38. Tiuh gidi han F = lig Y2 2 VO£ 74
z—0 T4+
Loi giai.
P gy YAite VB+3r-4 Vit (V8+3z—2)+ (2V/4+z—4)
= 2% 24+ x = 250 22+ x
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 VA+z- (VB8+3x—-2) . 2/itax—4
= lim + lim
z—0 2+ z—0 2+
. Vi+az-(8+3z—38) . 2(44+2—4)
= lim + lim
0o @+ 1) (Y8 + 32 + 208+ 37+ 4) =0 g (x+1) (Vi+a+2)
. vVi+ax-3 . 2
= lim + lim
Ho(x+1)(&‘/(8+3x)2+23/8+3x+4) 70 (z +1) (VA+z +2)
— 14_1—1
= 5+5=
X VI —1
BAI 39. Tinh gi6i han F = lim Mitaz—?
r— €T
L3i giai.
Fo— lim \"/1+ax—1_lim l4+ax—1
v0 v Iﬁox(’{/(lJra:c)"*l%—’{/(1+aw)”72+~~~+m+1)
. a
- l-lm 1 2
=02/t an)" + YU +ar)" 4 YT az+1

a

\ THar— %
BAI 40. Tiuh gidi han F — lim L1 0%~ V1+be

z—0 x
Loi giai.
o WV1+ax— V1i+bx ) (\"/1—|—a1‘—1)—(7\”/1—|—b:6—1)
F = lim = lim
x—0 X z—0 X
. Vlit+taxr—1 . V14+br—1
= lim —FF~ — lim —————~
x—0 €T x—0 xX
_a_b
T onoom’
N VTTaz—1
BAT 41. Tinh giéi han F = lim ~——C "~ (4 £ 0).

w=0 %/T+ bx — 1

Loi giai.
) . V1l4axr—1 . V1i4ar—1 1
Ta c6 F = lim ————— = lim .
=0 X/1 +bx—1 =0 T V1+bx—1
T
Xét Ailmiﬁm:g;
x—0 x n
. V1l+bx—1 b
B=lm —— = —;
x—0 x m
a 1 am
=F=——=—.
n b bn
m
N /1 — X/1+b
BAT 42, Tinh gidi han F — lim VLT 0%~ V1+be,
z—0 Vi4+xr—1
Loi giai.
WV 4axr— V1+bx ) (\"/1+aac—1)—("\'L/l—&—bx—l)
F = lim = lim

50 Vitzr—1 T—0 Vitzr—1
. V14+axr —1 . V1+bxr—1

= lim — lim
z—=0 /1 4+x—1 z—=0 /14+x—1
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i . — lim .
2—0 T Vi+tzr—1 z—0 T Vit+z—1
Taco6 A = lim 1—|—ax—1:g
x—0 €T n
V14+bxr—1 b
B = Ilim = —
x—0 x m
. x . x(\/l—i—x—i—l) .
¢ = Mmoo S (Viver) =2
= F = 92fﬂ.272<973)
n m n m

@® TOMTAT LY THUYET

(® DANG TOAN VA BAI TAP

(D DANG 2.3. Gi6i han ctia ham s6 khi z — co

- Déi vdi dang da thic khong can, ta rit bac cao va dp dung cong thic khi x — +o00.

. E . k o . < S P
xgrf_loox = 4o0. @ mEIElOOm = mgrﬂgloo i 0 (c hang s6).
+ oo khi k chan
—oo khik Ié

- Déi véi dang phan s6 khong can, ta lam tuong tu nhw gidi han day so, tic rit biac cao nhat cia té va
mau, sau dé dp dung cong thic trén.

- Ngoai viéc dua ra khéi cin bac chdn can cé tri tuyét doi, hoc sinh can phan biét khi nao dva ra ngodi
can, khi nao lien hop. Phuong phdp suy ludn ciing tuong tw nhu gidi han ctia day so, nhung can phan biét
khi x — 400 hodc x — —oc0

€ vioy

Vi DU 1. Tinh gi6i han A = lim (—x3 — 622 + 9z + 1).

xr—r~400
Loi giai.
6 9 1 6 9 1
A= lim {xS(—l—f—i———l——)} = —o0,vi lim z® = +oo va lim (—l—f—l—f—l—f) =-1<0.
T—>+00 €T 1’2 J;?’ T—>+00 T—>+00 x {L'2 {L‘3
O
22+ 3z +1

Vi DU 2. Tinh giéi han B= lim ——M— .
z—+o0 2 — 622 — 63

Loi giai.
3 1 3 1
3 [T
. $<1+x2+x3) St S 14040 1
B = lim = lim = E———
T—+400 2 6 T—r+00 2 6 0—-0—-6 6
2| ——-———6 ————6
3 3z

VI DU 3. Tinh gii han C = lim (Va2 +z+1+2z).
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Lai giai.

1 1 1 1
= lim {x (1++2)+2x} = lim {x<2 1++2)} = —00,
T—>—00 x xT T——00 x T

/ 1 1
vi lim z=-ocova lim (2 1++2>211>0.
T——00 T—r—00 x T

€) BAITAP AP DUNG

BAI 1. Tinh giéi han A = lim (:C?’ —32% + 2)..

r——00
Loi giai.
3 2 3 2
A= lim {aﬁg’(l———i——g)} =—o0,vi lim 2= —ocova lim (1—7—1——3) =1>0.
T——00 x x T——00 xT—r—00 x T
BAI 2. Tinh giéi han A= lim (—2®+32% - 1)..
Tr—r— 00
Loi giai.
) 3 3 1 L 3 . 3 1
A= lim |2°|-1-—=—-—= ]| =400,vi lim z°=-ocova lim (-1-——-—)=-1<0.
T——00 2 3 T——00 T——00 2 3
BAI 3. Tinh gii han A= lim (2" —22° +1)..
r—+00
Loi giai.
) 4 2 1 . 4 - 2 1
A= lm |2°(l—- =+ —)|=40c0,vi lim z2*=+cova lim |l1——+4+—)]=1>0.
z—+00 2zt T——o00 T 400 2
BAI 4. Tinh giéi han A = lim (—z* +22% +3)..
r—+0o0
Loi giai.
) 4 2 3 . 4 L 2 3
A= lim |z°(-14+4 =+ — ]| =—-00,vi lim z°=4occvd lim (-14+—+—)]=-1<0.
T—+00 2 gt T——00 z—+oo x?2 gt
BAI 5. Tinh gi6i han A= lim (—z* — 2% +6)..
Tr—r—00
Loi giai.
) 4 1 6 L 4 . 1 6
A= lim |2°|-1—- =4+ — ]| =400,vi lim 2" =4ocova lim (-1-—=+—]=-1<0.
T—>—00 :L'2 ]]4 T——00 xT—>r+00 J;2 ,’1,‘4
A P . 1—-8z
BAI 6. Tinh gi6i han B = lim .
z—+o00 22 — 1
Loi giai.
1
x (f - 8) ~_8
. . T . z 0-8
Tinh giéi han B= lim ———— = lim *+—=——+ = —4.
r—r+o0 1 Tr—r+o0 1 2 — O
x (2 - 7) 2 —
x x
. 2
BAI 7. Tinh gi6i han B = lim -
z—+oo x — 1
Loi giai.
(1+3)
T\ I+= 140
Tinh giéi han B = lim ————~% = lim z_1t9 4
Ty 400 1 z—+00 1 1-0
z|l—-— 1—-—
x x
R 2zt + 723 — 15
BAI 8. Tinh gi6éi han B = lim 33 +4 *
T——00 x* 4+ 1
Loi giai.
7 15 7 15
$4<2+7—f> 24— — =
1
B= lim L x1x4:2—;0—50:2
T——00 2 (1+7) T——00 1+74 +
x
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N 23 —4
BAI 9. Tinh giéi han B = lim — 504
z—too —x3 — 2 + 1
Loi giai.
3 4 3 4
z3 (2+———) 24 _
2 3 2
B = lim i r = lim 2?2 a3 _ 24040 =-2 O
T—+00 1 1 T—+00 1 1 —1-0+0
P\-l-2+ 3 R
T x T
N o N
BAI 10. Tlnh gldl han B = xll)g}oo 2:1;37_1
Loi giai.
3 1 7) 31 7
B -
B— lim * (Jc x2+x3 — lim E_E—FEZO—FO—FO:O O
T——00 3< 1) Z——00 1 2—-0 '
X 2— — 2—7(
3 3
N e . z3 z?
BAI 11. Tinh gi6i han B = IBIEOO (3302 my iy 2)..
Lai giai.
4 4
3 =
. 22 (2z +4) ) . (2+x) . 2+~ 240
B = hr+n G213 2): lim 1 o\ = lim 1 5 :(3 003 0):
T—+00 — T—r—00 T——00 _
I e (e [ M
22 x 2 x
2
2 O
9

3 4
BAI 12. Tinh gidi han B — lim 2322 +1)
z—+00 (3 + 2x)7

Lo giai.
3\° 1\* 3\° 1\*
(ee2) og) 0 (23) (4]
B lim - ( o) ) lim Ta) Ut _ @02 +0t 0
_xﬁfoo 3 7 _1:*)700 3 7 o (0+2)7 o
7 (24 = 24—
x x
. 97 — 3)20 )30
BAI 13. Tinh gi6i han B = lim (22 —3) (3335: )
T——00 (1+22)
Loi giai.
3 20( 2)30 ( 3)20< 2)30
50 (9 _ 2 2 _2 z
B— lim v (2 x) 3t x ~ m 2 x 3t x 2-0*@B+0)2 (3)30 O
T a5 —oo 1\°%0 [ e 1\°° N (0+2)30 S \2 '
x50 <2+7) (2+7)
z x
2 _
BAI 14. Tinh giéi han B = lim 33”7”3;3..
T——00 €r —
Loi giai.
L3 1 3 1 3
2 _ 4=
Ce(ien) 3- .+ L L 3ot n
B = lim = lim r——F—" =—-00,vi lim z=-ocova lim ————=3. O
z|{1l—— 1—— 1— =
x x x
N 23 — 2
BAI 15. Tinh gidi han B = lim x57x+3
T——00 —x
Loi giai.
2 3 2 3 2 3
3
x<2_?2+?3) -5t 2- 5+
B = lim = lim 22— — 0, vi lim z® = +oc0 vd lim —ZL——T° —
z——00 (5 > T——00 ) z——00 T——00 5
z|{——1 - -1 ——1
x x x
—2. (Il
BAI 16. Tinh gii han C = lim (v/2?> -3z +2—2410)..
Tr—+o0
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Lai giai.

3 2
3 2 l——+—=5-1
= 10+ lim {x (1 -+ 2) x}—lO—F lim |z A"
z— 400 x z—+00 3 2
1- S+ 5 +1
x
2
-3+ 317
= 10+ i L =10+ — = —.
t o 3 2 L
1-24+ 5 +1
A
a
X V2it ¥ a? — 1
BAT 17. Tinh gidi han C = lim Yo % — 1
z—>—+00 1—2x
Lai giai.
1 1 1 1
22 2+*2*74 2+72*74
Cc = lim = lim =z = —o0, vi lim z = +Hoo va
r——+00 ]. r—~400 ]. r—~400
z(=—2 -2
x x
2+ ! !
2 4 2
lim L L ——£<0 [l
xr—+00 1 2
(5-2)
T
BAI 18. Tinh gi6i han C = lim (v/42? — 4z + 1 + 2z +13).
Tr—r—00
Loi giai.
42 — 4 1 — 422
C = 13+ lim (V42 — 4z +1+22) =13+ lim ( v At )
T——00 T——00 4x2—4$+1—2$
1
—z |4+ -
e (1+3)
= 13+ lim s =13+ lim i
T——00 4 1 T——00 / 4 1
\/$2(4—+2)—25L' ‘-77| 4—*4’72—258
T T x
1 1
—x(4+f) (4-1-*)
= 13+ lim < =13+ lim < =14
T——00 4 1 T——00 4 1 .
—r\/4——+— —2x 4——+—=+2
Tz x? x2
a
BAI 19. Tinh gi6i han C = lim (Va2 +z+2+5).
r—r—00
Loi giai.
. 1 . 1
C = 5+ lim (—-z\/1+—+2) =5+ lim |z|{1—/1+—
T——00 x T—>—00 Y
1-1 1
T -1
= 5+ lim |z ——%= =5+ lim 7:9.
T — 00 1 T——00 1
14+4/1+— IL+4/1+4 =
x x
O
BAI 20. Tinh gi6i han C = lim (V222 +1+z)..
r——00
Loi giai.
. / 1 . 1 . 1
C= lim |—-z\/24+—=4+z])= lim |z(1—-1/24+— =4oo,vi lim [1—-4/24+4 = )=1-V2<0
T——00 2 T——00 2 T——00 x2
va lim z = —o0. O
r—r — 00
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BAI 21. Tinh gi6i han C = lim (V22 — 42 — 2 4 2021)..

r—+o0
Loi giai.
. 4 . 4
C = 2021+ lim [zy\/1———2)=2021+ lim |z 1—-—-—-1
T——00 T T——00 T
4
1-—-1 —4 4
= 2021+ lim |o| —Z—— =2021 + lim ——— =2021 — = = 2019.
r——00 4 T——00 4 2
\/1——+41 1—-—-—+41
T T
O
BAI 22. Tinh gi6i han C' = lim (\/:c2 +x— \/1"2 + 1)..
r——00
Lai giai.
1 1 1
C = lim (—x\/1++x\/1—|—2>: lim = 44 L lim x -
T——00 T T T——00 1 1 T——00 1 1
\/1—&-*-1—\/14—*2 \/1-&-*4— 1+ —
) T T T T
_Z. O
2
N o . 2|z +3
BAI 23. Tinh giéi han C = lim —m———..
& ' z=—00 \/z2 4+ x+5
Loi giai.
2\x| 3
B hm 2|33|+3 240 _ 0
BAI 24. Tinh gi6éi han C = lim (\/4m4+3x2—|—1—2w )
r——+00
Loi giai.
1
14 =+ ——-4 3+ —=
1
C= lim [a? 4—}—3—}———2322 = lim 2 a2 = lim 2 :i
T +00 2 gt T—400 3 1 z—+o00 3 1 4
4+ S+ +2 4+ S+ +2
T T T T
O
N Va2 2
BAI 95. Tinh gidi han C = lim Y2 2 +H=T
T——00 2.(1,‘+3
Loi giai.
1 1 1
—z\/1+ =+ 2z r| -1+ —+2 14+ = +2
. T . T . T -14+2 1
T Tt M x(2+—) T 24
BAI 26. Tinh gi6i han C = lim (Va2 +z+1-2+1).
Tr—r+00
Loi giai.
1 1 1 1
cC = 1+ hm A1+ -+ —z|=1+ lim |z|(\/1+-—+—=5—-1
xr—+00 €T x2 xr——+00 €T (E2
1 1 1 1
I+—-+— I+-+—5-1
= 14+ lim |z " =1+ lim |z
T— 400 1 1 z—~+00 1 1
Vy1+-+—5+1 Vi+—-+—5+1
r T
O
N /2
BAI 27. Tinh gidi han C — lim 1~ V& +2
T——00 x+ 10
Loi giai.
1 T / 1
C= lim —— % — lim % L — =0. O
T— —00 x+10 T— —00 10 1
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BAI 28. Tinh gi6i han C' = lim (\/4x2 — 9y —921 — \/4x2 —Tr+ 13)“
r—r—00
Lai giai.
9 21 7 13
*4+ +—+4——+
. 9 21 7 13 .
C = lim (-2\4-=-—F+az\/d—-+—=5|= lim
T—r—oo r x T T —o00
\/4—*—f+\/4 —+7

34
24+ — 9 1
= lim z = =z,
—— 7 13 242 2
4———— -+
X T
O
. 42 _ 2 -1
BAI 29. Tinh gidi han C — lim 2@ =30 +Tw -1
z=—co (2x +1)2-vVa? + 3z
Loi giai.
o (A2 T ) Aol (3,71
C = lim i 2:E i z = lim -% x2 2 ad _ =1 0
T——00 1 3 T——00 1 3 22.1
x2(2+—) (=) 1+ — (2+—) A1+ —
xr X X X
BAI 30. Tinh giéi han C = lim (\/4952 —dr+1+22+ 3)..
T——00
Loi giai.
4 1
[ 4 1 d—d+—-—
. . J’; a;‘
C = 3+ lim <—a: 4——1—2—1—2):3—1— lim |z
T——00 x x T——00 4 1
Vai— =+ +2
xr X
1
= 3 1. =
T T 1 1104+0+0
d— =+ +2
X X
. O
BAI 31. Tinh gidi han C = lim | (2 — 1)/ — 0"
: & ) _z—>—oo 5—3£E—(E3 N
Loi giai.
3
21
L 1 . o B 0-1
o= m_|e(1-1) N EE = 3% B AT T
2?5 -=>-1
X X
BAI 32. Tinh gi6i han C = lim (/1622 + 32 — 4z +5)..
I—)OO
Loi giai.
/ 3 . / 3
C = 5+ hm (w 16+—4x>=5+ lim {x( 16—1——4)}
r——+00 €T r——+00 €T
1643 16
o 4
= 54 lim |z| —L—— =5+ lim 3 = 3 :5+§: 3

16+ 2 +4 16+ = +4
X T

([l
N 2 3
BAI 33. Tinh gi6i han C = lim |« st .
T——00 d —x2+3
Lai giai.
z3 (2 + 2)
C = lim x = lim - O
2 \1-—+—%
x x
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BAI 34. Tinh gi6i han C = lim (2 -3 - V22 —z+1)..

r—+o0
Lo giai.
1 1 1 1
S v AP Y e e |
T——00 T x T——00 T
1 1 1
= -3+ lim |z £ =-3+ lim L =-34+=-=—-.

(I
BAI 35. Tinh céc gi6i han sau
223 4 x 2z + 3
li Y i lim —2 T2
@m;moolx 5213 @ Im s
@ lm V2t r+2+3z+1 @ lim V2t —a? — ava? + 3
t—too A2 4 14+1—2x T——00 x(5 — 2z)
® lim 20 — 1+ 3V4a2 + 7 -5 ® lm 3Wa2 —1—V1—28a3
z—=+00 1 — 3x 4+ 2v/922 — x + 10 z——o0 6z +9
. 2z — 1)va2 -3 . z— V4?2 + 3z -1
1 - 1
@ lim S O N T N
20 +1 8+ 3
lim lim
z=too /22 —x + V22 fﬁ*w&c—i— da? + 2+ 3
) Vrz+1—-Tr+2 . x+2V1 -2z
@ lim @ lim =—.-=¥- =%
e=too /2 4+ 31 + 2+ 52 + 3 eo—0  l—u
Lo giai.
) 223 4+ )
@wgmm[w- o2t oLamo | =
_\/i
3
_2_~_,
. 2|lz| +3 . —2z +3 .
@ lim ————— = lim = lim ——% =2
T——00 /2 T——00 1 5 T——00 1 5
S —\[14— +— 1=+
T x x
1 1 2 3 1 1 1 2 3 1
@ tw YOErAZedesr o VTGPt o VI eIy 143
z—+00 2 _ r——+00 T—+00 2—1
Tt vartt+l4l-z oo POV ST - ar il
x x
4.
/ 1 3 \/ 1 \/ 3
2. /g Lt .2 2 _ d
@ lim \/2x4—;1:2—1:\/x2+3: lim 772 $2—|—x 1+z: lim 2 x2+ 1+x:_\/§+1
T——o00 z(b —2z) T——00 22 <§ _ 2) T——00 <§ _ 2) 2
x x
1 5 1 / 1 5
@ . 2x_1+3\/m . 2I1+31‘m: . 27;4’3 4+5*P:
rz—+oo 1 — \/ﬁ x—+00 1 10 rz—+oo | 1 10
1—32+2/922 2 + 10 1_3$+2x\/: S 3404 )
. xz  x? T z  z?
g.
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I i
3vVa? —1— /1 —8a3 _3””\/% \/*7_8 —3\/1—;#—\/:63—8

T
_1
5
3 L) il
. (23;_1)\/m . (2$—1)-(—x)\/; . (275 - (-1) 175 )
@ hm -—_—— hm — hm _2
T——00 T — 52 T— —00 T — 52 T——00 1 -5 5
T
s T S irfaed oL o anfael L
lim 92 5 = lim i 3 = lim - 3 _
xﬁoo\/—i — T——00 Lo
-z +3- 5z _xm_w_g ‘Eﬂ—*
r r .
1
1
1
2z +1 2z + 1 2—&-; 2
@xﬁ+°°\/x2—x+\/x2+x:r%+oo :gHJroo :1
\/1——+m\/1+— \/1_7_#\/1_’_7
3
8z +3 8z + 3 8+ -
9H°°6 Vit z+3 = Hm HOO L =
x + T x —x\/ﬁ 4+7+72
r T
\F oy \F L2
@ Va2 +1-Te+2 i Wi+ 5 -+ . t T

m—>+oo\/27 $_’+°O T—+00
@?+ 3z +2+5c+3 \/i+5x+3 \/i+5+7
x—2x\/7 \/7

. T+ 2v1 -2z .
@ lim ————— = lim = lim —1.
r—r—00

1—x LT—>—00 ].—(ﬂ T——00

R

BAI 36. Tinh céc giéi han sau

@ mErEloo (\/352 +x— m) ® wginoo (\/xQ —dx — m)
Ill)rfoo( +2— \/x—2) @xEr—noo <\/gg2_|_gc—\/gc2_|_1)
xll)rfoo(\/x2+4x+1—x—2) @xEIPOO(\/JcQ—Sx—I—S—&—m—I—l)
IETOO (\3/27x3 —x? - 3x> le}rfoo (23: —VA4z? + 2z — 1)
© lim (203~ Via? +4z +3) (10) lim (VA2T+327+1-22?)

@ IEIEOO (\/4302 +3x+1—-2z+ 4) @ wgmoo (\/4x2 dr + 1+ 22+ 3)
: VAr? — o? :
e e W@t (V8FFT 20 41)

Lai giai.
i : 1 . 1
T—o0 T——00 X T—r—00 €T
1
Vi lim = -ocova lim (—F_ 1) - _9
T——00 T——00 €T
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x? 4x — x2 —4x

i 2 _ _ — — [ — —
1——+a 1——+1
y xr+2—(x—2) . 4 _
® Jm (Ve2-vi-2)= lm S = 5 7\
VE (IS 1=

1

Vi lim i:OVBL lim

T VT e <\/1+ +\/1>

_ 1 _

lim (\/12+xf\/m2+1) lim 2z (2 +1) lim ac
T——00 r—— °°\/$2+l'+\/$2+1 T——00 1 1
—z\/1+——z\/1+ —
T T

1

= lim

1_,
Tr—r—00
¢1+W¢1+f

4 1-— 2 —
lim ( x2—|—4x—|—1—x—2): lim 2 +do+ (z +2)° = lim 3
e H+°°( Edr o) oot (AT
r  x2
= lim -3 =0.

— 400 4 1 2
X 1+*+72+1+*
xT x xT

2_3 5— 1)2 -5 4
lim (\/$2—3m+5+m+1>: lim — s (z+1) = lim v
T——00 T——00 (1 /ZE2 _ 356 + 5 —r— 1) xT——00 3 5
—\l1-—-+—5—-z-1
T
54 =
= lirP £ —5

, 273 — x? — 2723
lim (327x3—x2—3x>: lim r oY x

/ a 2
proe P (YTt =)+ 3082 — P + a2

—x? -1 1
= lim v = lim = ——

T—+00 1 2 T—r+00 1 2 1 27
x2({’/27—) +3x2{’/27— +9x2 (\3/27—) +3{/27— =49
x x €T

42? — 422 — 20 +1 9w 41
lim (20— V422 +20-1) = lim (x x2 z A ): lim $+2 -
<2I+JC\/4+Z.2>
1
o4 s .
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©®
2r — 3)2 —42? — 4z — -1
lim <2x—3—\/4x2+4m+3>: lim (22 —3) ad z—3 — lim 6z + 6
=00 @00 <2x—3+\/4m2+4x+3) w00 (2x73+\/4x2+4x+3)
6
—16z+6 . —16+ 2

= lim = 1 = —4.

1m
(2$—3+.’L‘\/4++2> <2—+\/4++2>
X x X X x

drt 4+ 322 41 — gt 322 41

lim (V4! +32% +1-22%) = lim Zf ;; 1 ;2: Jim z* 1
r—>—00 T—>—00 4/ T—>—00 /

X X

3+ L
= lim 3 I21 =§
Tr—r—00
4t 5+ +2
402 + 3z + 1 — (22 — 4)? 19z — 15
lil’_"I_l <\/4x2—|—3x+1—2x+4>: liI_P x —Z i (22 ) = 1ir_ir_1 33: -
Tr—r+00 Tr—r+0o0 _ Tr—r+00
(VAT + 32 +1+ 2z — 4) (w /4+++2$_4)
T
15
= Lo T 4\ 4
Tr—r+00
< 4+++2)
T T
402 — 4z +1— (220 + 3)? —16z —8
lim (\/4m2—4x+1+2x+3>: lim x > vt (22 +3) = lim - ml
Tr—— 00 Tr—r— 00 _ . _ Tr—r— 00
(Vaz" =4z +1 -2z - 3) (_x /4_+2_2x_3>
x  x
8
162
= lim 1 lx 3 =4.
Tr— — 00
(i)
T x
4+ VA2 — a3 3 + 42?2 — 23 2¢ + V4x2 — 3z

lim = lim .
voteo 2p — V4o —3p  wovteo | 4o —da? 430 o pepr oIy ( VAx? — 953>2

3
A 244/4- 2 16

= lim . =

z—~+00 g 1 3/%—1+<34x2—x3)2

341 (20— 1)°
lim (/823 +1-2041)= lim St (z—1)
oo T (VBaS ) 4 (20— 1) - VBT A T+ (20— 1)2
6 2
. 1222 — 6 + 2 . -t e
= EI—"I} P} = E{I‘} 2
z o (3/53 _ . 3/Q.3 —1)2 z o0
(V823 +1) + (22— 1) VBT + 1+ 20— 1) (W) +(2_l).§/8+7i3+(2_l)
X xr T X
- 1.
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Q BAI TAP REN LUYEN

. [7—1
BAI 37. Tinh gi6i han C = lim ((33 +2) a; >
T—>+00 T’ +x
BAI 38. Tinh gidi han C = lirf} (\3/ 2713 — 22 — 3x>..
T—r+00
BAI 39. Tinh gi6i han C = lim (/82% +1— 22+ 1)..
T— 00
. /6 — _
BAI 40. Tinh gi6i han C = lim vl 6..
z=—00 /212 —3x+1—4x
BAI 41. Tinh gi6i han C = lim (Va2 +1- Va3 —1).
Tr—r+00
BAI 42. Tinh gi6i han C = lim (V1624 + 32 +1— /422 + 2)..
Tr—r+00
. [orE L 22 _
BAI 43. Tinh gidi han C = lim Y20 &~ 1
T—+00 1-—2x

BAI 44. Tinh céc gi6i han sau

@ lim {(Hl)-\/%}

T—r+00
203 + x
J:. ri
b — 2243

|x| + Va2 4+ x
x4+ 10
Vet +ax+24+3z4+1
Vix2+1+1—2x
Vdz?2 =22 +1+2 -2
V9x2 —3x + 2
Va2 -3z 4+ 22
3z —1

Va2 —x -1+ 3z
20+ 7

3 lim

Tr—r—00

B lim

Tr—r—00

@ lim

Tr—r—00

@ lim

T—r—00

@), lim
13) lim
20 — 3

lim ———

@ z=—o0 \/z2 41—

BAI 45. Tinh céc gi6i han sau
@ lim (\/562 +z+ m)

Tr—r—00

(
(\/4x2+x+17293)

@ lim (\/962—496—1—3—\/332—3:10—}—2)
(
(

r—>—00
© lim (v42? — 9z — 21 — v4a? — To+13)
@) tim (Ve +l-z+1)
© Jim (v Va7 =51

Vi +1l—z+1

T

@ lim
r—r—+00

2 lim

T—r+00

R
® im0/

4a?|z| — 32% + 7w — 1

lim
@fﬂ*w (2x 4+ 1)2 - Va? 4+ 3z
Va2 +2r+3+4r+1
lim
wﬂfoo Vir?2 +1—x+2
. z+1
L
zotoo dy/x2 +x+ 1+
. V2 —24 3z
@ lim ——M—
T—r—00 6.’1}—7
. 3r—1
@
=t /22 + 2r +

. 3x + 2
lim
z—+00 /432 — 62 + 1+ 3z

lim 2 +1— x)
r—+o0

lim x2—4x+3—|—x)
r——+00

lim (V922 4+2+1 +3:17>
r— — 00

lim \/x2+x+1—\/x2+1>
T——

® 6 e @

®
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O DANG 2.4. Gi6éi han mét bén = — zf hodc » — x;

Phuong phdp: St dung cdc dinh lij vé gidi han ham sé .

0 viby

VIiDU 1. Tinh A — lim 2% =3

1+ . —1°

Loi giai.
Ta c6
@ lim (2z-3)=-1<0.
rz—1t
li —1)=0.

@r—=l1ft=z>1l=2-1>0.

20 —
Suy ra A = lim z =3

z—1+ x — 1

= —OQ.

ViDU 2. Tinh A = lim 21

st T —2

Loi giai.
Ta c6
@ lim (z —15)=-13 < 0.
r—2t
li —-2)=0.
Jim, (e -2)

Br—=2t=z>2=2-2>0.
2 — 3

S A= 1 = —00.
T e
. B . 2—x
VI DU 3. Tinh A = lim .
z—3- 33—
Loi giai.
Ta c6
@ lim (2—2)=-1<0.
x—3~
2 lim (3—2)=0.
x—3~

@zr—=3 =22<3=3-1>0.

9
Suy ra A= lim N
z—3-3—T

ViDU 4 Timh A= lim 201
z—2+ 20 — 4

Lai giai.
Ta c6

@ lim (z+1)=3>0.
z—2+

(@ lim (2z —4) = 0.

r—271
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@z—=2t=2>2=2r-4>0.

1
Suy ra A = lim s = +o00.

z—2+ 20 — 4

p . - r—95
VI DU 5. Tinh A = $£I£l_ m

Lai giai.

Ta co

@ lim (z—5)=—1<0.

r—4-

@ lim (z —4)*=0.

r—4-

B r—4 = (x-4)?%>0.

Suy ra A= lim TS5

rz—4- (Z‘ — 4)2 -

., 3xr—8
. Tinh A = lim —.
VI DU 6. Tin wig}_ B_a)

Loi giai.
Ta co

@ lim 3z —8)=1>0.

r—3~

2 lim (3—x)*=0.

r—3~
@ r—=3 =0B-2?%>0.

Suy ra A = lim sz~ 8

T3~ (3 — 1‘)2 = oo

2 _
VIDU7. Tinh A= lim 25 15¢—3
z—-3+ (x+3)2

Loi giai.
222 — 2 — 1 2z — 1
To e A lim 22 t52-3_ . (2z-D+3) _ z—1
z—-3+ (2 +3)2 w——3+ (x +3)? c——3+ T+ 3
@ lim (22-1)=-7<0.
rz——3+

@ lm (z+3)=0.

z——3*1
@r—-3t=z>-3=2+3>0.

222 -
Suy ra A= lim v +5r—3

_—— = . |:|
a——3+ (x+ 3)2 >
Vi DU 8. Tinh A = i ( L L )
. 1. = 1m _ ).
22— \x—2 x2—-4
L&i giai.
TacéA:Iim< ! ;):lim 211
z—2- \r—2 2x2—-4

2= (. —2)(x+2)
@ lim (x+1)=3>0.

r—2~

@ lim [(z —2)(z +2)] = 0.

Tx—2~
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@zr—=2"=2<2=(r-2)(z+2)<0.

1 1
A= 1 ( - ) = —o0.
Suy ra oo \z—2 22_4 >

ViDU 9. Tih B = lim — 12— %
z—2- 222 — 51 + 2

Loi giai.
Viz 2" =2<2=2—2=2—1.
2 — -1 1
Dodé B= lim ————— — lim .
z—2- (. —2)(2x —1) a—o2-2x—1 3

., ) . |z — 3]
vi DU 10. Tinh B = 1 .
v - o8+ bz — 15

Loi giai.

Viz 53t =2>3=|z—-3|=2-3.
z—3 1 1

Dodé B= lim — = lim - = —.

00 E = I B@—_3) «os+5 5

Q BAI TAP AP DUNG

. —1
BAI L. Tinh B = lim 21
z—1- 223 + a1 — 3

Loi giai.
Viz—>1"=2<l=z—1=—(z—1).

. . —(z—1) . -1 1
Do d6 B = 1 = lim 5 = 1.
O N -2 +20+3) aoi-222+22+3 7

R -2 -2
BAI 2. Tinh gi6éi han A = lim i | va B = lim . Suy ra giéi han C' = lim = |
z—2- T — z—2+ T — 2 z—2 T — 2

|z —2

Lai giai.

—(z—2
Dz—-2 =22<2=r-2/=—(r—2)nén A= lim =2
z—2- T — 2

-2
@x—>2+:>x>2:>|x—2|:x—2nénB:limz =1
z—2t T — 2

=1

-2 -2 N -2
Suy ra lim M lim M nén khong ton tai giéi han ctia C' = lim M
z—2- T —2 z—2t x — 2 z—=2 T — 2

N R . |a? =9
BAI 3. Tinh giéi han C' = lim ————.
r—3 I — 3

Lai giai.

Tacéczhmw
r—3 ;U73 )

r—3- X — z—3~ z—3 r—3~

2 _
Do d6 gi6i han C = lim 2% = 9)

=3 T —

khong ton tai.

5z — 622 —2 khixz >1 Timh lim f(z)va lim f(z)
.Tinh lim f(z) va lim f(x).
2 — 3z khix <1 z—1- z—1+
Hoi ham s6 f(z) ¢6 gidi han tai x = 1 hay khong? Tai sao?
Loi gidi.

BAI 4. Cho ham s6 f(z) = {

@ lim f(z)= lim (2* —3z)=1-3 = —2.

rx—1— x—1—
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lim f(x) = lim (52* — 62> —2)=5—-6—1=—2.
@
z—1+ +

rz—1
Vi lim f(z) = lim f(z) nén ham s6 c6 gidi han tai z =1 va lim f(z) = —2. O
r—1— r—1t z—1
BALS . L C = lim f(x) fa) -3 khiz <1
. Tinh gi6i han cta C = lim f(x) véi f(x) = .
w1 1—+/72242 khiz>1
Loi giai.
Ta c6
@ lim f(x)= lim (z —3) = —2.
r—1— r—1—
@ lim f(z) = lim [1 —VT7x? + 2] =-2.
z—1t z—1t
Do d6 C = lim f(z) = —2. O
z—1
. - , , 372 g < -2
BAI 6. Tinh giéi han C = lim f(x) v6i f(z) =< z+1 .
i 2410 khiz>—2
L3 giai.
Ta c6
@ lim f(r)= lim (z+10)=8.
T——2" T——2"
3x — 2
li = 1l =8.
® i f@= tm
Do d6 C = lim f(z)=8. O
T——2
3+ 1
< Y . khi z < —1
BAI 7. Tim m dé ham s f(x) =< xz+1 te ¢6 gidi han tai x = —1.
mz? —x+m? khiz> -1
Lo giai.
Ta c6
@ tm @)= fm St e dm @ —at1) =3
im f(z)= lim = lim (z°—= =3.
z——1- z——-1— x+1 z——1-
@2 lim f(z)= lim (mz?—z+m?) =m?+m+1.
rz——11 rz——11
Do d6 dé ham s6 c6 gidi hantai z = —1thi3=m?+m+1lem=1Vm=—2. O
N — —1|vbx?2 +4
BAI 8. Tinh gi6éi han C' = lim Sz =3+ [z — 1]Voa® + .
z—1- x? —2x+1
Lo giai.
Viz—1"=2-1<0=|z—1]=—(z—1). Dodo
1) — (g — 2
C - fim 3(x—1)— (z—1)vVbz2 +4
1= (x —1)2
~ i 3—Vbha?+4 i 9 — (522 +4)
1= x—1 z—1- (x —1)(3 + vbx2 +4)
. 5(1 — 22) _ —5(1+a) 5
= lim = lim —————=—-.
e—=1- (x = 1)(34+ Vb2 +4) 2-1- 3++ba?+4 3
[

N 922% — 2 —1
BAI 9. Tinh gidi han C — lim 2% ~ 2T lr =1V +3
c—1— 2 —2x +1

Lai giai.
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Viz—1"=2z-1<0=|z—1]=—(z—1). Do d6
C -  lim 2(x — 1) — (z — DvVax + 3
T—1- (x —1)2
. 2x—+x+3 . da? —x -3
= im ——————— = lim
a1 x—1 a—1- (z —1)(2z + Vo + 3)
) (xr —1)(4x + 3) . 4 +3 7
= lim = lim

a—1- (2 — 1)(2z + Vx + 3) Ces1- 22+ T + 3 s

N o . |z — 2|
BAI 10. Tinh giéi han C = 1 _—.
inh gi6i han mlgl N
L&i giai.

Viz—2"=2-2<0=|r—2|=—(z—2). Do d6
C — lim —(z—-2)(Vx—141)
T2~ (13—1)—1

= lim [-(Va-1+1)]=-2

r—2~

N V2 —Tr+12
BAI 11. Tinh gi6i han D = lim ———n——.
inh gi6i han lim 2

D= fim Y@@ V3—aVi—x i Vi—z 1

Lai giai.

o3 JB—2)B+r) w0 313tz o VBiz V6

. N g
BAI 12. Tinh gidi han D = lim Y2 —°2 0
r—2~ 4 — 332
Lo giai.
. A/(x=2)(z-3) . V2—aV3—2 . V3—x 1
D= lim Y—————- = lim = —

—_—— = |lim —— = —.
z—2- 1/(2—,7;)(24—;5-) 2= \/2—x\24+ T -2 \2+4+=x 2

BAI 13. Tinh gi6i han D = lim w
r—1— T2 — 13
Lai giai.
Vi—-z—(1-xz) Vi—z—/(1-2)? . 1—-y1-x

D = lim lim

= = lim
T1- 22(1 —2) z—1— |z]v/1 — =z z—1— |z]

A . . [ x+5
BAI 14. Tinh 2101 han D= xli}l’{l_#(l — J?) m

Loi giai.
—1)2 _
D= lim |-y —EDEES) g, JEoDEES)
a1+ (x —1)(a? 4+ 32+ 3) T 1+ x2+3x+3
s 3 — 2
BAI 15. Tinh gi6i han D = wlf?_ ;T?ﬁl
Lo giai.
—1)2 2 _
Dot YOVt (-oVeE2 o VeE2 V8
a=1- (x—1)(z—4) a=1- (r—1)(x—4) a2o1- 4—=x 3

(O DANG 2.5. Giéi han clia ham sé lwong gidc

0 viby
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p 2 si -1
VI DU 1. Tinh gi6éi han A = lim ki
e~ 4cos?x — 3

Loi giai.
2sinz — 1 . 2sinx — 1 . 2sinx—1
A = 1m27:hm —5 = lim ————
t—T4cos?r —3 x—Z4 (1 — sin gc) —3 2—Z1—4sin“z
. 2sinz — 1 . —1 1
= lim - " = lim = — =
e—Z (1 —2sinz) (14 2sinz) 2-2142sinz 2
O
., 2 si -1
Vi DU 2. Th gi6i han A — lim \[Sfix
z—Z 2cos?x — 1
Loi giai.
\/isina:—l . V2sinz — 1 . ﬂsinx—l
A = 1m = hm 5 = hm72
e—= 2cos?x — 1 r—>§2(1—sm x)—l z—2 1 —2sin“x
) V2sinz — 1 , -1 1
= lim = lim ——=—-.
T—=F (1+\/§sinm) (1—\/§sinx) =% 14 +/2sinx 2
O
, 4r — 1
Vi DU 3. Tih gidi han A = lim <> —%
z—0 sindx
Loi giai.
. cosdxr —1 _ cos? 2z — sin? 2z — cos? 2z — sin® 2z
A = lim—— = lim -
z—0 sin4x z—0 2sin 2x cos 2x
—2sin? 2z . —sin2x
= lim—— =lim— =
z—02s8in2x cos2xr  =—0 cos2x
O
, 1 —sin2z — 2
VI DU 4. Tinh giéi han A = lim s?n L CosAr
z—01 4+ sin 2z — cos 2z
Loi giai.
. 1—sin2x —cos2x . 1—QSiHCCCOSx—(COSQZ‘—Sin21‘)
A = lim - = lim : )
z—01 4+ sin2x —cos2x =01 4 2sinxzcosx — (C082 T — sin :17)
. 2sin®z — 2sinzcosx . 2sinz (sinx — cosx) . sinxz —cosz
= lim — 5 - = lim — - = lim — = —1.
z—=02sin“ x + 2sinx cos z—02sinx (smm + cos $) z—0SIn T + cos T
O
Q BAI TAP AP DUNG
N 1 in2x — 2
BAT 1. Tinh gi6i han A = lim ~ S2=% — COS2T
z—01 — sin 2x — cos 2z
Loi giai.
. 14sin2z — cos 2z ) 1—|—2$in:cCOS$—(COSQI‘—Sin21‘)
A = lim - = lim - —
z—01 —sin2x —cos2x =01 — 2sinxzcosx — (C082 T — sin :17)
. 2sin®z + 2sinzcosx . 2sinz (sinx + cosx) . sinz +cosz
= lim — 5 - = lim — - = lim — = —1.
z—=02s8in“xr — 2sinx cosx z—02sinx (smm — COS l‘) z—0SIn T — COS T
O
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. in2
BAI 2. Tinh gi6i han A = lim —— =% .
z—01 — sin 2x — cos 2x

Loi giai.
. sin 2x . 2sinx cosx
A = lim - = lim : )
z—01 —sin2x —cos2x z—0]1 — 2sinxzcosx — (cos2 —sin :z:)
. 2sinx cosx . 2sinxcosx . cosT
= lim = lim = lim =-1.

c—02sin?z — 2sinzcosx  =—02sinz (sinz — cosx) «—0sinz — cosx

O
N , . sin7xz —sinbx
BAI 3. Tinh giéi han A = lim —.
z—0 sinx
Loi giai.
A — pminrrosindr . 2eosbrsinz oo 6w — 9.
x—0 sinx z—0 sinx z—0
O
A . . sinbx —sin 3z
BAI 4. Tinh giéi han A = lim —.
z—0 sinx
Loi giai.
inbx —sin 3 2 4 si
A = limw = limw = lim2cos4x = 2.
0 sin 0 sin 0
O
N 1
BAI 5. Tinh gi6i han A = lim — >
z—0 sinz
Loi giai.
1— cosx 1— (C082 r_ sin? E) 2sin? z sin z
. . 2 2 . . 2
A = lim— = lim Z 7 = lim 7 = lim 7 =0.
=0 sinx =0 2sin = cos — t7096in = cos =  **Vcos =
2 2 2 2 2
O
N 53 2cos 2 2
BAI 6. Tinh gidi han A = lim <220 T 20822+ 2
=2 sin 3x
Lai giai.
. cos3x + 2cos2x + 2 ~ 4dcos®z —3cosx + 2 (COS2$ — sin2x) +2
A = lim - = lim - —
=T sin 3z =T 3sinz —4sin°z
. 4dcos®z —3cosx +4cos®x . cosx (4cos’ x — 3+ 4cosx)
= lim - —5 = lim - 3
e~ sinz (3 —4sin®z) e—%  sinz[3—4(1— cos? )]
2
I COS?B[(2COS9U+1) _4] . cosz(2cosx+3)(2cosx — 1)
= lim = lim
e sinx [4 cos? —1] e—Zsinz (2cosz+ 1) (2cosz — 1)
. cosz (2cosx +3)  2v/3
= lim = .
e—Zsinz (2cosx + 1) 3
O
N 1 in2 2
BAI 7. Tinh giéi han A = lim +sin x4 cos .
P cos T
Loi giai.
. 1+sin2x + cos2x . 1+QSiHICOSCC+(COSQx*SiHQx)
A = lim = lim
P4 CoS T P4 cos T
— im 2cos?z + 2sinw cos x ~ lim 2cosx (cosx + sinx) ~ Jim 2 (cosz + sinz) = 2.
=T coS T P4 cos T a—I
O

0 ViDU
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. 1 —
VI DU 5. Tinh giéi han B = lim S cosar
z—01 — cos bx

Loi giai.
9 gin? ar . ax bx
B 1 1 —cosazx I S - i S 9 9 a
= 1m = [1m = ]l1m —_—_——a 4 = —.
e=01 —cosbr  @—=09gi,2 ar 2o\ b azx . b b
B sin 5
. ax bx
- sin—- - 5
Vlalg% az zlvaalgrb ble' O
sin —
2 2
¥ . . . sinbzx
VI DU 6. Tinh gi6i han B = lim .
x—0 x
Loi giai.
B - Iim sin bx ~ fim sinbx - 5 _5
z—0 I z—0 5x
Vi lim 5% _ g O
x—0 51’

sinbx - sin 3x - sinx

VI DU 7. Tinh giéi han B = lim

x—0 45373
Loi giai.
B . sinbx - sin3x - sinw . (sin 5¢ sin3z sinx 1) 1
= lim = lim . . ===
0 4523 z—0 \ bz 3z r 3 3
Vi lim sin bx i sin 3x ~ 1, lim sinz_ 1 0
z—0 bHx z—0 3x z—=0 T
, 1—
VI DU 8. Tinh giéi han B = lim ﬂ
x—0 x
Loi giai.
.2
. l—coszx 2sin” o 1
B = lim 5 = lim ===
z—0 x z—0 [T 2
(3)
sin? z
Vi lim——2 = 1. m
z—0 (E)
2
€)» BAITAP APDUNG
N 1—
BAI 8. Tinh giéi han B = lim ﬂ.
z—01 — cos 3x
Loi giai.
. 99T . 90T (333)2
1—cosbe . 2o st {5 ) a5 25
B = 1rn1 3 = lim 3, = lim 5 55 o :E,
z—01 — cos ox $4>02 sin2 R z—0 (5£) Sin2 9T
2
.9 0T 3x)2
sin
Vi lim 2 _ 1 va lim = |
x—0 593 2 x—0 2 371'
(%) ;
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R 1
BAI9. Tinh gi6i han B = lim ~— >
r—r i
Lai giai.
. 5 AT
. 1—cosax 2sin o a* P
B = lim = s — =
z—0 2 xz—0 (%) 4 2
2
2sin? ax
Vi lim——2 = 1.
z—0 (g)
2
N 1 —cos?2
BAI 10. Tinh giéi han B = lim — > =%
x>0 zsinx
Lai giai.
-2 -2 2 .
. 2 4 . .
B = limbm. - lim st a.JCOb - lim (bmx -4005230) = 4.
e—>0xsine -0 xsinx =0\ T
Vi lim ot =1,
x—0 X

BAT 11. Tinh gii han B — lim S0~ 0%

x—0 ;I,‘3
Loi giai.
. sinx
: sinz — : :
sinx — tanx ) sinxcosx — sinx
B = Ilim = lim _COST _ | -
x—0 x?’ z—0 1’3 x—0 1"3 COS T
. —2gin z sin? z . sin? z
. —sinz (1 — cosz) , . sinx 7 -2
= lim = lim = lim . .
z—0 z3 cosx =0  x3cosxk =0 | x (ZC)Q 4cosx
2
. 2
. sin
. sinz N
Vi lim =1 va lim > =
z—0 X x—0 (I)
2
N . . tanx —sinx
BAI 12. Tinh gi6i han B = lim —————
z—0 sin” x
Loi giai.
sinx .
B I tanx —sinz I Cosx—smm . sinx —sinxzcosx
= m-——-s— 3 = lim — = lim —
z—0 sin” x z—0 sin” x z—0 sSin” x cos x
T
. 2
1—coszx 2sin 9 1

= lim =l .
= lim——— = lim 5
3 LT z T

z=0sin” xcosx = 304511125(30527005‘% 2090052 ~ cosx 2

2
BAI 15. Tinh gidi han B — lim +—— 2> 2%

z—0 xsinx

Loi giai.
.2 c 2 2 :
. sin“2x . 4sin“xcos x . sinx
B = lim— = lim - = lim < - 4 cos? x) = 4.
z—=0xsinx  x—0 Tsinx z—0 x
. sinx
Vi lim =1.
x—0 X
3

BAI 14. Tinh gidi han B — lim ~— 2> £

z—0 xsinx
Loi giai.

. o0& 9
(1— cosz) (1—|—cosx—|—cos2x) i 2sin 5(1+Cos:c+cos x)

B = lim - = lm T T
7—0 rsinx z—0 2x sin — cos —
2
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L x
. sm§ 1+ cosz + cos? x 3
z— x 9 cos &
5 €08
sin —
Vi lim —2 = 1. O
z—0 7
2
@ viby
; (\/cos 8xr — 1) sin? 3z
VI DU 9. Tinh giéi han B = lim .
z—0 3zt
Loi giai.
B i (\/ cos 8z — 1) sin?3z  (cos8z — 1)sin? 3z i 2 sin? 4z sin? 3
= 11m = l1m = 111m
z—0 3zt =0 34 (\/cos 8 + 1) =034 (\/ cos 8x + 1)
. sindz\? [sin3z —96
= llm . . - 748.
z—0 4x 3z vecos8x + 1
O
. 1—+/2 1
Vi DU 10. Tinh gidi han B = lim ——Y—2 T ©
z—0 sin 2x
L3i gidi.
1= 2zx+1 . 2x -1 -1
B = lim———— = lim | — . = —.
z—0  sin2z z—0 Lsin2x 142z +1 2
O
. 1-— 2V 2
Vi DU 11. Tinh giéi han B = lim — YO ZF,
x—0 €T
Lo giai.
. 1 —coszvcos2x . 1 — cos? x cos 2z o 1—cos?z (1 — 2sin? x)
B = Ilim 5 = lim = lim
0 x 0.2 (1 + cos zv/cos 2x> =0 22 (1 4+ cos zv/cos 2:3)
sin® x + cos? x — cos? x (1-2 sin® ) i sin x + 2sin® x cos?
= 11m = 11m
z—0 2 (1 + cos v/ cos Q:v) =042 (1 + cos v/ cos Qx)
i <sina:)2 1+ 2cos’z 3
= im . = —.
z—0 x 1 4 cos zv/cos 2z 2
O
. 11— 3
Vi DU 12. Tinh gi6i han B = lim —V "
z—0 tan x
Lai giai.
1 1—
B — linb : 2cosac _ lirr%) . CoS T
2722 (1 + cosx + v/ cos? x)
. 4sin® % cos’x . cos? o 1
= lim = = " = lim = - = —.
=09 gin? 5 cos? B (1 4 cosx + v/ cos? x) =09 cog2 3 (1 + Jcosx + Vcos? a:) 6
O
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3 _
Vi DU 13. Tinh giéi han B = lim @

z—Z sin“x — 1

Lai giai.

vtanz — 1 . tanz — 1
m —— =

sinx — cosx

= lim CoST
T—=F (sin2 x — cos? x) (\/d tan?x + Vtanz + 1)
1 1

= lim ==

=7 cosz (sinz + cos x) (\/3 tan? x + Vtanz + 1) 3

O
Q BAI TAP AP DUNG
1+t — 1 i
BAI 15. Tinh gi6i han B = lim V14 tanz 3 v —|—sma:.
z—0 €T
Loi giai.
. V/1+tanz — /1 +sinz . tanx — sinx
B = lim = lim -
0 x3 2023 (/1 + tanz 4+ 1+ sinx)
~ m sinx — sinx cos
oS08 cosz (v/1+ tanz + /1 + sinx)
2 sin z sin? z
= lim 2
2=0g3 cosz (V1 + tanz 4+ /1 + sinz)
AN
. |sinz [ 905 2 1
= lim . = . - = —.
=0 | i 4(V1+tanz + /1 +sinx) 4
2
O
1—
BAI 16. Tinh gi6i han B = lim %.
20(1 - T q)
Loi giai.
2L (1+v1=2)
) 1—cosx 2sin 5( +VI-z)
B = hm—2 = lim 5
I*)O 1 _ I z—0 €T
SlIl — 1 + /1 — .’IJ)
= lim =2.
z—0
|
VIta? -
BAI 17. Tinh gi6i han B = lim w.
xz—0 €T
Loi giai.
. V1422 —cosz . 1422 —cos?z z? 4+ sin’ x
B = hm—2 = lim = lim
z—0 x =02 (\/1 + 22 + cos :c) =02 (\/1 + 22 + cos x)
. sin? 1 1 1 1
= lim o + =_4+-=1.
AN V1+z24cosx V1422 +cosz 2 2
O
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N 1—+2 1+ si
BAI 18. Tinh gidi han B — lim Trltsms
=0 3rx+4-2—=x
Loi giai.
. 1—+2x+1+sinx
B = lim
=0 3r+4—2—=
. 1—+2x+1 . sinx
lim— 4+ lim———
z2=0y3r+4—-2—x +203x+4-2—-2
—23:(\/3x+4+2+x) . sinx(\/3x+4+2—|—a:)
+ lim
e=0(—z2 —x) (1++2x +1) 20 —x(r+1)
-2 (V3z+4+2+x) + lim (sinx \/3x+4+2+x>
x—0

m
e=0(—z — 1) (1422 +1) x —r—1
= 4—-4=0.
O
\ %+ 1— Va1
BAI 19, Tinh gigi han B — lim Y22 71— Va2 + 1
z—0 S x
Loi giai.
V21— V2241 V21 —-141— V2241
B = lim - = lim -
z—0 sin x z—0 smx
V2 +1-1 o l—=V22+1
= lim——— 4 lim————
z—0 sin x z—0 sin x
. 2x . —?
= lim— + lim =1.
#=0sing (V2o +141) a0y, (1 + V22 + 1+ /(22 + 1)2)
O
0 viby
Vi DU 14. Tinh giéi han C' = lim [tan2mtan (% —:C)}
=7
Loi giai.
Datt:xfg.Vix%%étﬁo.Khidé
. s . . cos2t 1
c = tlgrg)[tan(2t+§> (—l)tant}—ili%(cot%tant)—ig%m_i.
. O
BAI 20. Tinh giéi han C' = lim LOS;E.
LE*)‘IT(xfﬂ—)
Lai giai.
batt=x—7n. Viz > 7 =1t — 0. Khi d6
2sin? —
. 1 —cost . 2 1
¢ o= M= =
O
BAI 21. Tinh gidi han C = lim & — 1)
. Tinh giéi han C = lim ———*.
& ‘ z=rx? —4x + 3
Lai giai.
batt=x—-1.Viz—>1=t— 0. Khi d6
C — lim sin(z — 1) — lim sin(z — 1) — lim sint :71.
a=rg? —dx+3  a-r(z—1)(z—3) t-0t(t—2) 2
O
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sinx —sina

BAI 22. Tinh gi6i han C = lim

T—a €T —a
Loi giai.
batt=x—a. Viz —a=1t— 0. Khidé
9 t+2a . t
. o cos sin —
C = lim sint + ) —sina = lim 2 = cosa.
t—0 t t—0 2E
O
Q BAI TAP REN LUYEN
BAI 1. Tinh céc gi6i han sau:
. r—3 242215
®ay£%x2—ac—6' ®ilir}3 z—3
Loi giai. Loi giai.
Ta co: Ta co:
. r—3 . r—3 2?4+ 22— 15 (x —3)(z+5)
lim ——— = lim-———— im ~—=" "% — |jm — A\ 7Y
=312 —2—6 =3 (z+ 2)(z — 3) 31:11% r—3 allg%’» r—3
. 1 1 = lim(z+5)=2_8.
= lim = —. 3
z—=3 T+ 2 5
0 O
. x4+ 3 o ox2—3x+2
® lim s ® iy —5—
Loi giai. Loi giai.
z+3 . r+3 . w2 —3x+2 . (=1 (z-2)
m —————— = lm ——F—F—— lim = lim
z—-3 22+ 22 — 3 e—=3 (x+3)(z—1) =2 x2—4 a2 (x — 2)(z +2)
. 1 r—1 1
= lim = —. - i
sz —1 4 s S Bl
O O
. 224+ 3x+2 ot —Tr+12
®:p1££12 4 — g2 @ilg%% x2—-9
Loi giai. Loi giai.
2 2 1 2 2 T7x+12 —3)(z—4
li % = limx — —QM lim r T+ — lim w
z——2 4 — 2 (2—1x)(2+x) e—3  22-9 =3 (x — 3)(z + 3)
g z+1 1 _ 1mx—4__1
I = B w3343 6
O O
@ lim L lim z24z—6
x—1 J,‘Q + 3x — 4 r—2 x2—4
Loi giai. Loi giai.
2 o 2 _ -9
lim T 1 ~ m (z—1D(x+1) lim r*4+x—6 — lim (z )z +3)
a1 22 + 37 — 4 o1 (2 — 1)(z + 4) =2 32 —4 a2 (x — 2)(z +2)
z+1 2 .. r+3 5
= lim = - = lim -
z—1x+4 5 =2 T + 2 4
O O
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222 +3x714
@;11312 2 —4

Loi giai.
2% + 3z — 14

lim ———— =
r—2 ;C2 —4

@ lim 3.%' —z—10
r—>2 4x2 +x — 18
Loi giai.

i 32 —x—10
im —— =
z—2 4x2 + 1 — 18

22

13 liny 561

g 2962 — 10z +12°
Loi giai.

lim 4 — g2
s 222 — 10z + 12

22 =5z +6

.
— z2 — 3z

x—3
Loi giai.
22 =5z +6

lim —————— =
=3 12— 3z

@1 322 —10x + 3
w—)3 1}2—5$+6 ’

Loi giai.

322 — 10z + 3

lim ———— =

r—3 1‘2—5.’1,‘+6

(z — 2)(2x +7)

2r+7 11

b a2 4

(x —2)(3z +5)

ﬂém

3:E+5 11
(2—2)(2+x)

1
752 2(z — 2)(z — 3)
—xr —2

lim — = 2.
ml—>rn? 2(1’ — 3)

lim (x —2)(x —3)
z—3  x(x —3)

o —2 1

lim = -
r—3 x 3

lim (x—=3)(3z—1)
z—3 (r —2)(x — 3)
lim 3z~ 1 = 8.
x—3 r — 2

91%3 ac2 4:E+3

Loi giai.

@ lim .T — bz
z—5 :Z?2 — 25
Lai giai.

x? — bz

lim =

z—5 22 — 25

ia22x2—m—6'

Loi giai.

4 — z?
lim —————
=2 222 —x — 6

1, $2—9$+20
i x?2 —bxr

Lo gidi,
i 2 — 9z + 20
258 2 — bz

1 22 4+2x -3
1222 — g — 1
Loi giai.

2242 —3
lim ————
a—=1222 —x —1

lim

1irnx+3 =3.
z—=3 1 — 1
z(x —b5)

=5 (x — 5)(x + 5)

xT

. 1
lim = —.
z—=5 x4+ 5 2

lim (2—xz)(2+x)
=2 (x — 2)(2z + 3)
—x—2 4

lim .
=2 2r+3 7

= (= 5)
z—5  xz(x —5)

. oxrx—4 1

lim = -
r—5 x 5
L@@ +3)
a—1 (x —1)(2z — 1)
. r+3
lim =
z—12x — 1
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% — 522 + 6z
9 — x2

Lai giai.

lim
r—3

.
23 — 5z? + 6z

li
11m 9_ 1‘2

r—3

3
@71"—>Qz2—5x+6

Loi giai.

I 8 — g3
im ———
z—=2 22 — bx + 6

lim
/2 $3 - 2\@
Loi giai.
22— —2+V2
hm _—
@ i T2
z——/2 x2 -2
Loi giai.
3 +2v2

1 2
z——v2 X -2

3 _
lim (z+3) 27.
x—0
Loi giai.
3
-2
o (x+3) 7

x—0

22— —24+2

$4716
wa o2 16+ 8
Loi giai.
) _ 4 _ 2 _
— lim z(x )z —3) lim % 16 —  lm (*+4)(x—2)(x+2)
a=3 3—x)3+ 1) e—-2 12 4+ 6z + 8 z——2 (x+2)(z+4)
-2 1 2 _
- I M:_,, = lim W:_m,
753 —r —3 2 T——2 z+4
O O
@) lim _T+8
e——2 22 + 11z + 18’
Loi giai.
lim (2 —2)(4 + 2z + 2?) lim 3+ 8 . (z +2) (2% — 2z +4)
———— = lim
e—=2  (x—2)(xz—3) o2 22 + 11z + 18 z=-2  (z+2)(z+9)
(2 2 _
lim (z +2x+4):12' — lim © 2x—|—4:E.
r—2 x—3 r——2 x-|—9 7
O O
@4) limy
T—2 $2—3$+2
Loi giai.
_ _ (x —2)(2? 4+ 2z + 4)
lim R (G 1"'_\[1)111 =
o (& — /) (a? + vox ?5” S @ DE=2)
o T—l4V2 2Bl _ 11%%"’”;”1:12.
= oy _
eovia? t 2z 2 6 .
O
O
1 3.1
(36) tim LT 71
z—0 xT
Lai giai.
lim (ajfﬁ)(fo\@xwLQ) hmw — hmw
oo @Ay T ?0( 2+3x+3) 3
= lim(z x =3.
. 552_\/535"‘2 3\/§ z—0
lim =— .
so—vZ T —2 2 n
O
xt — 27x
(28) lim :
r—3 21}2—31'—9
Loi giai.
. z2((z+3)2+3@+3)+9) zt — 27z . z(z—3)(22 + 3z +9)
lim im = lim
x—0 x r—3 23}2—3,’1}—9 r—3 ($—3>(2$+3)
lim ((z + 3)% +3(z + 3) + 9) = 27. 2
lim (2 + 3)° + 3(z +3) +9) sty
z—3 2+ 3
O
O
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23 — 522 + 10z — 8

whi% z—9 ilgi 2 -1
Loi giai. Loi giai.
. o3 —5z% 4+ 10x — 8 . (z—2)(2?* =3z +4),, 223 —bx?+22+1
lim = lim lim
T—2 x—2 r—2 x—2 z—1 1’2—1
= lim(x2—333—|—4):2.
r—2
O
Coxd—2x—4 . 3 + 322 +2x
lim —————. lim —_°% ™%
z—2 12 —4 z=5-2 22— -6
Loi giai. Loi giai.
. w3 —2r—4 . (z—-2)(2*+22+2) . 23+ 322+ 2z
lim ———— = lim lim ———————
z—=2 2 —4 z—2 (x—?)($+2) z—=—2 x2—1—06
2?2 +2x+2 5
= lim ——M— = —.
O
. 222 — 2 — 10 ot =2t —z+1
Loi giai. Loi giai.
. 222 —2—10 (x +2)(2z — 5) R e o |
lim ———— = im lm ——Mm—————
es—2 23 —1+6 v—>=2 (x + 2)(2% — 2z + 3) a1 x2 —2x+1
2r — 5 9
= lm ———— —.
z—— 2x272:£+3 11
O
Coat =22 —x+2
@;_)21;3_?&_2 }1_% 22— 4 :
Loi giai. Laoi giai.
22 —4 . (z=2)(z+2) . w3 =222 —x+2
hmi = lim —F——% lim
z—2 13 — 3 — a2 (x — 2)(x + 1)2 T2 2 —4
T+ 2 4
= lim-—s=-.
T—2 ($+1)2 9
O

22 +3x—4

@zl—ﬂ 203 + 22 —3°
Loi giai.
22+ 3z —4

m ——-—-
rx—1 21’3 —|—.’E2 -3

= lim

= 1
e51 (z — 1)(222 1 3 + 3)

1%12562—1—3.%4-3 8.

(x—1)(z+4)

r+4 5

@ .

223 —5a? + 2z + 1

33 — 42?2 — 22+ 3

lim

=1 322 —2x —1

Lai giai.
33— 42?2 —22+3
lim

=1 322 —2x —1

(x —1)(222 =3z — 1)

z—1

z+1

1m
rx—1

z(z+ 1)(z + 2)

22 (2 + 2)(z — 3)
i fEt+D 2
r——2 :]']73 5

d

(z—1)2(z+1)
(z —1)2
lim (z 4+ 1) = 2.

rz—1

z—1

(x —2)(x+2)
z? -1 §

(- 2)(* - 1)

(x—1)(z+1)
222 — 3z —1 _

(x —1)(322 —x — 3)

|

i1 (- DBz +1)
32—z —3 1

m-—=——.

z—1  3x+1 4

O
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oot 42t —5r—2 223 —5x +3
wlg 22 -3x+2 ial 22 —3x+2
Loi giai. Loi giai.
. x4+ 2% -5 —2 . (z—2)(2*+3x+1) . 223 —bHx+3 . (z—1)(22% + 22 — 3)
lim = lim lim ——— = lim
z—2 12 —3x+2 =2 (z—=2)(z—1) a—1 22 — 32+ 2 z—1 (x—1)(z—2)
2 2 —
— hmwzn — hmw:_l.
r—2 3371 r—1 1’72
O O
. z2 —2x —8 1—23
zlinj23x3+4m2—x+6' ialx‘l 422 +3°
Loi giai. Loi giai.
z? —2x —8 , (x+2)(x—4) 1—3:3 , (x—1)(—2* -2 —1)
lim = im hYVl = lim
z—>-2 323 + 422 —x + 6 z——-2 (z + 2) (322 — 2z + — 42243 a1 (x — 1)(23 4+ 22 — 3z — 3)
) z—4 6 —22—z-1 3
= llm —— Y = — . = h = —,
z—-2 322 —2x + 3 9 z=1ax3 4+ 22 —-3x—-3 4
O O
1, 3 — 522 +32+9
xlg%% x4 — 822 -9
Lai giai.
a3 —5124+3x+9 ) (x —3)(z? — 22— 3)
lim = lim -
a—3 a2t —8x2 -9 =3 (x — 3)(23 + 322 + = + 3)
. 2?2 —22 -3
im =
z—3 23 + 322+ 2+ 3
U
lim 623 — 522 +4x — 1
1 924482 -1 °
I*)g
Lai giai.
. 623 —bx? 44— 1 . (3z —1)(22% —x + 1)
lim = lim
1 9r*+8x2-1 1 Br—1)3ax3+22+3zx+1)
xr— — r— —
3 3
lim 202 —x+1 2
= lim —.
H13x3+x2+3x+1 5
O
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T+2yr -3 23 — 37+ 2
lim lim ——.
walx—5f—|—4 wal.’[]4 4z + 3
Loi giai. Loi giai.
e EE2VE-3 L (Vi DT+ 3) g B3 2 L (@4 2)@ - 20+ 1)
b4 X (V- 1)(Vz - 4) solat —dp+3 o aml (@7 - 20+ 1)(2% + 20+ 3)
_ Vi+3 4 = lim7x+2 :1.
= :H1\/§—4 =3 e—122 42043 2
O O
=22t 42 2t -3 - 41
911—>mZ 22 —4 ' i1—>1x3—5x2+7x—3'
Loi giai. Laoi giai.
. oxd =2t 4w -2 . (z—=2)(=*+1) -2 -2 +1 . (@ =22+ D)@+ +1)
lim = lim ———F+—-= lim = lim
T2 x? —4 w2 (z—2)(z + 2) a—1 23 — 522 + 7w — 3 a—=1 (22 =2z 4+ 1)(x — 3)
a4l 17 o2+ x+1 3
= lim = —. = lm——=——.
=2 T+ 2 4 z—1 x—3 2
O O
1, 23 — 522 —2x—3 @ I 223 + 522 + 4z + 1
#5328 — 1322 + 4w — 3 a1 P 4a?—w—1
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x—0 €T

7
9 sin 4z sin z — 2 cos 5z sin? g

=l p
TN\ 2
. sindxr sinx 49 S 9 49 33
2
@ Ta co
. cosazx — cos bz cos cx
lim 5
x—0 x
. cosax — cosbx + cos bxr — cos bx cos cx
= lim 5
x—0 X
b b—
2sin (a+b) sin (b—ajr + cos bz (1l — cos cx)
= lim 2 2 5
x—0 X
b b—
2sin (a+b)z sin ( )z — 2cos bz sin? i
= lim 2 2 2
x—0 1‘2
. (a+b)z . (b—a)x . cxN 2
b2 — g2 ST sin—— 2 , sin -
- i 9. . . _9.%. 2
290 4 (a+b)x (b—a)x g oosor cx
2 2 2
B2—a? 2 b2—a?-c
- T2 T2 2
Ta c6
. sin(a+ z) — sin(a — x) ) 2cosasinz
lim = lim :
z—0 tan(a + x) —tan(a — )  =—0 sin 2z
cos(a + ) cos(a — x)
_ iy 8¢ cos(a + x) cos(a — x) ot a
20 cos T
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@ Ta c6

i V2 +1— 22 +1 i V2e+1—-141— Va2 +1
1m = 11m

z—0 sin x z—0 sinx
2x N 2
2
I V2r+1+1 1+ Y 1+ (Va2 +1)
B wll)% sinx
2 T
B 2
. V2r+I+1 L 14 (W)
B }1_% sinx =1.
T
@ Ta c6
. sin?2z — sinz - sin 4z . sin 2z(sin 2z — 2 sin z cos 2x)
lim i
z—0 .134 x—0 .134
2sin 2z sin z(cos ¢ — cos 2x) . 4 sin 2 sin x sin 5 Sy
= = lim
z—0 3;‘4 x—0 334
.3 oz
= lim 4,§_Sin2$_8inx.81n?-811;§ .
0 2 2x T 3x d
2 2
sin | x —
lim COSJ;T = lim 2/ _1
z us

™
I~>7§x+§ To—g T+ —

2
@ . sinx — sin 2z . sinz(l —2cosx) . (sinx 1—2cosa:) _
z—0 ’

lim —————— = lim = l1im

o
@=0 . (1 — 94in? 7) z—0 TCOST x cos T

V1422 —coszx V1422 —-14+1—cosz

lim ——————— = lim

x—0 :,C2 x—0 {L‘2
. VvVi4+22—-1 1-—cosz
= lim +
x—0 372 ,7,‘2
. 2
1 2_q 2sin” —
= lim e 2

0 x2<m+1>+ 22

. T
. 1 Jr1 s1n§ 1+1 1
= 1m e — — . = — — =1.
20\ /14+22+1 2 r 2 2
2

. V1+tanz — /1 +sinz . 1+tanz — 1 —sinz
lim lim

0 x3 20 23 (/1 + tanz + /1 + sin z)
] sinz(1 — cosx)

im
2=0 23 cosz (/1 + tanz + /1 +sinx)

. . x
2 sin x sin? 3

= lim
2=0 23 cosz (/1 + tanz + /1 +sinx)

|8

2 sinz 1

= lim . -

@=0 \ cosz (V1+tanz ++1+sinz) z 4

|8

| =
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@ Ta c6

1—cosbrcos7ex . 1—cosbz+ cosbr(l — cosTx)
lim ——————— = lim —
z—0 sin® 11x z—0 sin“ 11z

5 7
2 sin? 733 2 cos 5 sin? 7]:

= lim — + —
z—0 sin“ 11z sin“ 11x
C 5z \ 2 T\ 2
i 25 ( Sy ( 1z >2+ 9 St - < llz >2
= lim | — — .
aso | 242 | B sinlle/) 242070\ Tz sin 11z
2 2
_» a9 3
S 242 0 242 1217
@ Ta c6
. Vr+3-2 . r+3—-4
lim ——— = lim
z—1 tan(z —1) 2>l tan(z — 1) (Vo +3+2)
. ( 1 z—1 ) 1
= lim . = —.
a1 \/z +3+2 tan(x —1) 4
@ Ta c6
0T
14 coszx 2cos 9
lim = lim
T—>T ("L‘ — 7'[')2 T—rT (x — Tl')2
_ _ 2
2 sin? (ﬂ- x) sin(ﬂ- m) 1
= lim 2 = lim — 2 7 ==
T—T (;(} —71')2 T—T ™= 2

lim sin(z — 1) — lim sin(x — 1) ~ lim <sin($—1) 1 )__1
x—>1z2—4x+3_z—>1(z—1)(x—3)_ac—>1 x—1 x—3/) 2

@ Ta cé

V2 +1—cos2zx I vVaz4+1—-14+1—cos2z
m = lim

x—0 f£2 x—0 1’2
. VzZ+1—-1 1—-cos2zx
= lim +
x—0 :172 ;C2
. 24+1-1 2sin? x
= lim

=0 332(\/$2+1+1> z?
1 sinz\? 1 5
= i - 2~< ) =-+2=_.
ml—rf})(./x2+1+1+ T ) 2Jr 2

1 — coszv/cos 2z 1—00535‘5‘00535(1—\/@)

lim = lim

z—0 x2 z—0 x?
1—cosz COS.r(l—\/COSQJ?)
= lim 5 + 5
z—0 xT T
. 9 X
2sin? =

9 . cosz(l — cos2x)

= lim +
z—0 x? 2 (1 + +v/cos 2:1:)
AN
1 Sin 9 2 coszsin? z

=lm | = —2 | +
=0\ 2 g 2 (1+\/cos2x)
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R ANE
b S g N 2cos '<sinx)2 _1_’_1_;
z—0 L 1+ v/cos 2z x 2 2
2
O
BAI 12. Tinh céc gi6i han sau
CcoS3r — CcosST — 2sinx
lm ——m— 1 _—
wlg}JCOSS:U—cosac @ M 4008290—3
@ lim 1+ sin 2x + cos 2x @ lim sin 7x — sin bx
P Ccos T z—0 sin x
2 _ 3
@ hm \[ co;a: @ hm Jcoszx
4 sin (:v——) =50  tan’®zx
4
inxr —+3
®th£ W mlij% [tanQa:-tan (% —x)}
. cos3x +2cos2x +2 . Vtanz —1
@ lim - @ lim ——
x_,% sin 3x x_% 2sin“x — 1
Loi giai.
sinx
cosS3xr — cosT —2sin2zsinx sinx T 1
m-—=1lm ———— = lim — = lim —%—— = —.
z—0 cosdr —cosx z—0 —2sin3xsin2x  »—0 sin 3z zHOS_ sin 3z 3
3x
. 1—2sinx 1—2sinx 1 1
@ lim —— 5= lim ———— = lim ———— = _.
xﬁg 4cos®x — 3 IH% 1 —4sin“x zﬂg 1+ 2sinx 2
1+sin2 2 2 cos? in 2
@ lim +SIn 2T+ Cos 2w = £COSTT +sin 2w = lim (2cosz + 2sinz) = 2.
RN Ccos T o Ccos T PN
2 2 2
7 5 2 cos 6 si
@ lim w = lim M = lim 2cos 6x = 2.
x—0 Sln €T z—0 Ssinx x—0
®
2 (L2~ coss T asin (T4 D) s (T
V2 — 2cosx 9 2 COS - — COS T 4sin 8+2 sin{ 2 =5
Y O B R I Y Co R Y (A P ey
=y sin(x — — @ sin (x — — r=y  sin(z— — z=y 2s8in|(— — =) cos( = — —
4 1 4 4 4 4 4 2 8 2 8
2in(747)
sin(— 4+ —
lin}r (xg 71.2) =2
Tr—r 5 - —
1 COS 5 3
® lim 1 \3/2cosa: ~ lim (1 — cosx) -cosix . cos? x : _1
=0 tan®x @0 gin? z; - (1—1— cos:v+\/0082:c) =0 (1+cos:c)~(1—+—€’/cos:c+\/cos2 :v) 6
2sin <:cfﬁ)
3
. ™ . s
_ sinz —+3cosz QSIH(ZE7§> . 28111(%75) . xfg
@hm,—— m ——— 22— = lim = = lim = =
P sin 3z eI sinBr—m+m) LT g [3 (x— g)} P sin [3 (x— g)}
T — =
3
2
3
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2tanx

1—tanz 2tanzx

=1

|

{tan 2x - tan (g — x)] = lim

IHZ

lin}T

x%z

O)

cos 3x + 2cos2x + 2

lim = lim

1—tan’z 1+tana

4cos®z —3cosx + 4cos®x

III}T PRY)
=7 (1 + tan 1')

2 —1)(2
— lim (2cosx —1)(2cosx + 3) cos

g %
3 3

cosT — cosg) (2cosx + 3)cosx

—~Z (2sinz + V3)(2sinz — v/3)sinx
23

3sinx — 4sin® x

(2cosz + 3) cosx

sin 3x
lim (

T (smx — sin 3) (2sinz 4+ v/3)

Jtanz — 1

—sin (
= lim
sinz =% cos (5 QSinx—l—\/g)sinx 3

2

2 — COS™ T

(tanx — 1) cos® x

= lim

lim —— = lim

z_% 2sin“x — 1 z_% (1 — tan?
B 1
= 1

BAI 13. Tinh céc gidi han sau

@ lim

x—0

(3) lim

z—0 1 — sin 2z — cos 2z

cosdr — 1
sin 4x

sin 2x

sin bx — sin 3x
@ lim ———

x—0 sinz

V2sinz — 1

I 2cos2z — 1

n(G7)
sin(——u
4

V2sinzx

@ lin

BAI 3.

T (1 +tanwz) - [(\:Vtana:)2 + tanz + 1]

z) - [(\S/tanx)2 + tanx + 1]

1 +sin2x — cos 2x

2 lim

z—0 1 — sin 2x — cos 2z

1—cosx
@ lim —— %7
x—0 sin

sin (% — a:)

1
sinx

1
tanx

(®) lim
z—0

)

® hm

xﬁg 1—2sinz
. 2
lim | — —cotx
z—0 \ sin 2z

HAM sO LIEN TUC

@ TOM TAT LY THUYET

0 HAM s& LIEN TUC TAI MOT DIEM

— Gia st ham s6 f(x) x4c dinh trén khoang (a;b) va x¢ € (a;b). Ham s6 y = f(z) goi la lien tuc tai
diém x¢ néu lim f(x) = f(xo).
T—TQ

— Ham s6 khong lién tuc tai zg goi 1a gian doan tai .

@ HAM O LIEN TUC TREN MOT KHOANG, TREN MOT DOAN

— Gia st ham s6 f(x) lien tuc trén khodng (a;b). Ta néi rang ham s6 y = f(z) lién tuc trén khoang
(a;b) néu né lién tuc tai moi diém ciia khodng dé.

— Ham s6 y = f(z) goi 1 lien tuc trén doan [a;b] néu no lien tuc trén khodng (a;b) va lim f(z) =

f(a)’ mlir{i f(x) = f(b) T—a

-
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Nhan xét. —— Néu hai ham f(z) va g(z) lién tuc tai diém xo thi cic ham s6 f(x) +g(z), f(x)-g(x),
c- f(z) (vdi c la hang s6) déu lién tuc tai diém xq.

—— Ham 56 da thite lién tuc trén R. Ham s6 phan thic va luong gide lién tuc trén ting khodng xdc dinh
cua ching.

Q TiNH CHAT CUA HAM $O LIEN TUC

— Dinh 1y vé gia tri trung gian. Gia sit ham s6 f lién tuc trén doan [a;b]. Néu f(a) # f(b) thi
v6i mbi s6 thue M ndm gitta f(a), f(b), ton tai it nhat mot diém c € (a;b) théa f(c) = M.

— Y nghia hinh hoc. Néu ham sb f lien tuc trén doan [a;b] va M 1a mot s6 thyc nim gitta f(a),
f(b) thi duong thang y = M cit do thi ham s6 y = f(z) tai it nhat mot diém c6 hoanh do ¢ € (a; b).
— Hé qua. Néu ham s f lien tuc trén doan [a;b] va f(a) - f(b) < 0 thi ton tai it nhat mot diém
¢ € (a;b) sao cho f(c¢) =0. Ta thudng van dung theo hai huéng sau:
— Van dung chitng minh phuong trinh ¢6 nghiém: “Néu ham s6 y = f(x) lién tuc trén doan [a; b]
va f(a) - f(b) < 0 thi phuong trinh f(x) = 0 ¢6 it nhat mot nghiem trong khoang (a;b)”.

— Van dung trong tuong giao do thi: “Néu ham s6 y = f(z) lien tuc trén doan [a; b] va f(a)- f(b) <
0 thi do thi ctia ham s6 y = f(z) cat truc hoanh it nhat tai mot diém c6 hoanh do ¢ € (a;b)”.

(® DANG TOAN VA BAI TAP

03 DANG 3.1. Xét tinh lién tuc ctia hém sé tai mét diém

Phuong phdp gidi

Pé cho | x=xg T # g T <z T > Tg
Can tinh | f(zo) | lim f(z) | lim f(z) | lim f(z)
T—To =Ty z%za'

Ham s6 lien tuc tai diem x = xg khi f (v9) = lim f(x) hodc f (x9) = lim f(x) = lim f(z).
=7y Tz z%xé’

0 vipy

2?2 — 3z +2 .
. o s o . —— khiz#2  _,
VI DU 1. Xét tinh lién tuc clia ham s6 f(z) = x—2 tai diem xg = 2.
4o — 7 khi z =2
Loi giai.
Ta c6 f(xg) = f(2)=4-2-T7T=1.
. . w2 =3z +2 . (z=1)(x—2) .
S T I T
Suy ra f(2) = 111112 f(z) nén ham s6 f(x) lien tuc tai diém zg = 2. O
T
vV -2
, VIFIZ2 i1
VI DU 2. Xét tinh lién tuc ctia ham sb f(z) = ) z—1 tai diém z¢ = 1.
Lai gidi.
) 1
Ta c6 f(zo0) = f(1) = 3

limf(x)—lim@—lim v -1 —lim;—1
=1 T anl -1 asl(z—1)(Vz+3+2) eolVzra+2 4
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Suy ra f(1) # ;1_>ml f(z) nén ham s6 f(x) khong lién tuc tai diém zo = 1 (hay gidn doan tai diem zo =1). O

22—-3z+3 khiz<2
VI DU 3. Xét tinh lien tuc ctia ham s6 f(z) =4 1 _ /27 =3 tal diém zo = 2.
————— khiz>2
2—x
Loi giai.

Ta c6 f(xo) = f(2) =22 -3-2+3=1.
lirgf f(@) = lim (2? —3z+3) =1.

T—2

lim f(z) = limw— lim 1-20+3 = lim#—l
22t Cam2t 2—xz as2t 2—-2)(14+V20—3) a=2t 1420 -3
Suy ra f(2) = 111;1 f(z) = lir121+ f(z) nén ham s6 f(x) lien tuc tai diém zo = 2. O
r—2— z—
2
' . , Y hie»3
VI DU 4. Xét tinh lién tuc ctia ham s6 f(x) = ¢ vz +1—2 tai diem zy = 3.
20+ 12 khiz <3
Loi giai.
Ta 6 f(xg) = f(3) = 18.
lim f(z) = lim (2z+ 12) = 18.
T—3~ T—3~ ) ( )( )( : 2)
. . x* =9 . z—3)(z+3) (Ve +1+ )
Suy ra f(3) = lim f(z) # lim+ f(z) nén ham s6 f(x) khong lien tuc tai diém xo = 3. O
T3~ T—3
1—+/
rhlzvess g0
z—1
VI DU 5. Xét tinh lien tuc ctia ham s6 f(z) = % khiz =1 taidiém zo=1.
323 — 622 — 30 + 6
khi 1
307 — 14z + 11 s
Loi giai.
) 3
Ta o f(zo) = f(1) = 7.
3 2 -1 2 _ _ 2 _ _
lim f(z) = lim 3a° — 62" —3x+6 . (z —1)(3z* — 3z — 6) _ lim 3u° —3r -6 _ §
1 z—1-  3x? — ldz + 11 a—1-  (x—1)(3z —11) z—1-  3x—11 4
. . z+1l1—+yz+3 . (x+1)% — (z+3) . T+ 2 3
lim f(z)= lim ———— = lim = lm —— =—.
o1+ o1+ x—1 eott (z—1)(z+1+Vo+3) eottz+1+Vo+3 4
Suy ra f(1) = lim f(z) = lim+ f(z) nén ham s6 f(x) lien tuc tai diém zo = 1. O
Tz—1— z—1
) . , ) 2cos5x~coi3xf2c088x71 Khiz£0
VI DU 6. Xét tinh lién tuc clia ham s6 f(x) = zt+ tai diem z¢ =
2 khiz =0
0.
Loi giai.
Ta ¢6 f(xo) = f(0) = 2.
. . 2cosdx - cos3dx —cos8x — 1 . cos8x + cos2x — cos8x — 1
lim f(z) = lim = lim
x—0 z—0 xt 4 2 x—0 xt 4 2
. cos2x —1 . —2sin’z . sinz\? —2
= lim——=lim————~=1lm || — ] ——| =-2.
z—0 x4+ x2 z—0 x2(a:2 + 1) z—0 x 2 +1

Suy ra f(0) # lin% f(x) nén ham s6 f(z) khong lién tuc tai diém zo = 0 (hay gian doan tai diém ¢ = 0). O
xr—
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3 2 2 _
, i A S NP
VDY 7. Tim a dé ham s6 f(x) = ¢, * —dx lien tuc tai diém zo = 2.
g(a—i-x) khiz =2
Lo giai.
1
Ta c6 f(2):§(a—|—2);
lim f(z) = lim ¥+ 22 —br—6 lim (x—2)(2® +42+3) im 2 +4r+3 15
w2 o2 23 — 4z Cas2 z(z—2)(z+2) 2o2 z(z+2) 8
. N 15
Ham s06 lien tuc tai diem zp =2 < f(2) = lime(x) =3 g(a—i—Z) =g @a= 13. O
Tr—r
2(z% —4
. , ) 2" —4) khiz > 2 )
VIDU 8. Tim m dé ham s6 f(z) =<¢ vz +2—=x lién tuc tai diém zg = 2.

vm+2+m—10x khiz <2

Lo giai.
Ta cé
— f2) =vm T2+ m—20.
3(x? —4) . 3@ —2)(z+2) (Ve +2+a)
— lim f(z) = 1m7= lim
r—2+ z—2t /o + 2 — r—2+ x4+ 2— 2
— lim 3(x—2)(z+2) (\/x—i— +x) fim 3r+2) (Ve +2+z) 16
a2t —(z+1)(z-2) a2t —(z+1) N '
— lirg f(sr:): hm (Vm+2+m—10z) = vVm+2+m — 20.
Tr—27
Ham s6 f(z) lien tuc tai diém zo = 2 < lirél+ flz) = lian flz)=f2)evVm+2+m—20=-16
— 2~
m <4 m < 4
Svm+2=4-me& - & B &m=2. O
{m2—9m+14:0 {m=2\/m:7
Q BAI TAP AP DUNG
322 — 22 -1
R . ——  khiz<1 .
BAI 1. Xét tinh lien tuc cia ham s6 f(z) = z—1 PES b diém 2 = 1.
2x + 2 khiz>1
Lo giai.
Ta c6 f(xzo) = f(1) = 4.
li = lim (2 2) =4.
Jim, 1) = Jim, (25 2
-2z -1 -1 1
lm fz) = lim oL =2l g, @ DGEED ey 2,
z—1- 1~ rz—1 z—1- rz—1 z—1-
Suy ra f(1) = hm f(z) = lim f(z) nén ham sb f(z) lién tuc tai diém z¢ = 1. O
r—1—
x2—-3-1
BAI 2. Xét tinh lien tuc ctia ham s6 f(z) = x—2 hi z 72 tai diém x¢ = 2.
20 — 2 khi x =2
Lo giai.
Ta c6 f(xzo) = f(2) =2.
lim f(z) = lim x2_3_1—lim v 4 —limxim—
T2 T2 x—2 z~>2(x72)(/1.273+1) o2 /22 —3 4+ 1
Suy ra f(2) = lin12 f(z) nén ham s6 f(x) lien tuc tai diém zg = 2. O
T
2
2r —
% khi z > 1
BAI 3. Xét tinh lien tyc ciia ham s6 y = f(z) =4 *_ "~ tai diem zo = 1.
] y = f(z) VIEI+T . : 0
— s khix <1
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Loi giai.
) V24T
Taco f(no) = (1) = Y2HT
. VT 14T V247
lim f(z) = lim = .
Tz—1— Tz—1— 9 3 3
2z — -1 4
lim f(z) = lim v lim w: lim v+3 =-.
T 1+ amit 224+ -2 a1t (z—1)(xz+2) ao1tz+2 3
Suy ra f(1) = lm f(z) # lim+ f(z) nén ham s6 f(x) khong lien tuc tai diém xo = 1. O
Tz—1— z—1
2 2 _ .3
\ T o ST T gt
BAIJ 4. Xét tinh lién tuc clia ham s6 f(z) = 22 —3x +2 tai diem zg = 2.
1 khi x = 2
Loi giai.
Ta c6 f(xzo) = f(2) = 1.
9 _ 2 _ .3 — ) (—=x2 -1 —? -1
lim f(z) = lim w50 — o im (z=2)(za” + 32 ): T 3 =1.
T2 =2 22 —-3x+2 T2 (x—2)(xz—-1) T2 z—1
Suy ra f(2) = lin12 f(z) nén ham s6 f(x) lien tuc tai diém zg = 2. O
r—
2
. T Lo A3 +2 khiz# -1 . .,
BAI 5. Xét tinh lién tuc ciia ham s6 f(z) = —z—1 tai diem g = —1.
z? + 2x khi z = -1
Loi giai.
Ta c6 f(xo) = f(—1) = —1.
2 2 1 2
lim f(z)= lim s lim E+D+2) = lim (—z—-2)=-1
z——1 z——1 —x—1 z——1 —(:L’ + 1) z——1
Suy ra f(—1) = lim1 f(z) nén ham s6 f(x) lien tuc tai diém zg = —1. O
T—>—

22 —3x—4 .
N ) h ———— khiz>4  _,
BAI 6. Xét tinh lién tuc ctia ham s6 f(z) =¢ v +5—3 tai diem xg = 4.

—4x + 46 khi x <4
Lo giai.
Ta ¢6 f(xg) = f(4) = 30.
lim f(z) = lim (—4x 4 46) = 30.
T—4- T—4~

22 — 3w —4 I (x—4)(z+1)(Vz+5+3)

Jm fle) = lim Zemmy = i, P = Jm (z+ (Ve +5+3)=30.
Suy ra f(4) = hrfll f(z) = lirff+ f(z) nén ham s6 f(x) lien tuc tai diém zo = 4. O
x—4- x—
3 —8

N . . ——— khi 2 .

BAI 7. Tim m dé ham s6 f(z) = 222 —2 6~ lien tuc tai diém o = 2.
mx + 10 khiz <2

L3i gii.
Ta c6:

— f(2) = 2m + 10.

— lim f(z) = lim (mx + 10) = 2m + 10.

T—2~ T2~
z3 — 8 . (z—2)(2® + 27 +4) x4+ 2c+4 12
— lim ——— = lim = lim —— = —.
z—2+ 202 —x — 6  a—2t (204 3)(x—2) z—2+t  2r+3 7

< < . R . . 12 29

Ham s6 f(x) lién tuc tai ditm 2o =2 < lim f(z) = lim f(z)=f2)e2m+10= =< m=——. O
r—2t T—2~ 7 7
3 _ 5.2 _

. \ L ) T b+ Tx — 3 khiz £1 o

BAI 8. Tim m deé ham s6 f(z) = 2 -1 lién tuc tai diem xg = 1.
2m+1 khiz =1

Loi giai.
Ta coé:

— f)=2m+1;
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3 _ 2 _ -1 2 _ -1 _
i f(z) = lim O TSy (=D @=3) _ @=DE=3) _,
x—1 z—1 332 -1 r—1 (,’17 — 1)(33 + 1) r—1 x+1

) , 1
— Ham s6 f(z) lién tuc tai diem zp =1 < limlf(x) =fl)e2m+1=0&m= —3

r—r
U
\ q itz -yl khi  # 0
BAI 9. Tim m dée f(z) = $4 - lien tuc tai diém z¢ = 0.
—b5m + khiz =0
z+2
Lo giai.
Ta c6
— f(0) = —5m +2.
. . V1i+r—V1—z . 2x . 2
— lim f(z) = lim = lim = lim =1.
z—0 z—0 x $—>0$(w/1+1‘+w/17f£) z—0 (~/1+x+~/171:)
Ham s6 lien tuc tai diém o = 0 khi va chi khi
. 1
ilg})f(m)—f(O)(:)—Sm—i—Q—l(:}m—g.
Va ! =
ay m= —.
Ay 5
V2r—1-1 .
N R . ————— khiz>1_ gz
BAI 10. Tim m dé f(z) =< 22+ 22 -3 lien tuc tai diém xo = 1.
T+m khixz <1
Lo giai.
Ta c6
— ) =14m.
) . V2ax—1-1 . 2(x — 1) . 2
— lim f(z) = lim —V———— = lim = lim =
1+ eoit 22 +20 =3 ao1t (z—1)(x+3) (V22 —1+1)  ao1t (2 +3) (V22 —1+41)
1
1.
— lim f(z)= lim (z+m)=1+m.
x—1— r—1—
Ham s6 lien tuc tai diém o = 1 khi va chi khi
1 3
I — i - f(1 1=- =2
lim f(e) = lim f(z) =f1) &m+l="2em=—7
3
Va =——. (Il
ay m=—7
3 —
\ \ . VOFT =2 e o o
BAI 11. Tim m dée f(z) = T —2 lién tuc tai diem xy = 2.
2r —m khi x = 2
Lo giai.
Ta co
— f(2)=4-m
. . V6+xz—2 . x—2 . 1
— lim f(z) = lim —— = lim = lim =
w2 =2z =2 w2 (2 —2) (YOG +a2+2v6+z+4) =2 Y6+ +2V6+ 7 +4
1
E-
Ham s6 lien tuc tai diém o = 2 khi va chi khi
. 1 47
i1_>rr12f(x)—f(2)<:>4—m—ﬁ<:>m—ﬁ.
47
a = —. O
Vay m=
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227 — T2 46 _
\ P2 =270 khiz<2
BAI 12. Tim m dé f(z) = ?72 lien tuc tai diém z¢ = 2.
m+ * khi z > 2
T+ 2
Loi giai.
Ta c6
1
— Q) =m—-.
f@=m-1
. . 1—-2z 1
o g (e 250) -
—2)(22 — —(z—2)(2z — 2% —
— lim f(z) = lim —|(x )2z = 3)| = lim (z—2)@22—3) = lim (22 - 3) =—1.
Tx—2~ r—27 T —2 r—2~ r—2 T—2~ 1
Ham s6 lien tuc tai diém o = 2 khi va chi khi
lim f(@) = lm f() = f()om-7=—1em=—>
1m = l1m = _— = — = ——.
e T s B "y "=y
3
Vay m = —°. O
ay m=—7
S22 —4 -2
. ) viermeTe Khiz#1 o
BAI 13. Tim m de f(z) = z—1 lién tuc tai diem xg = 1.
vVm2z2 +8+2mx khiz=1
L3i gii.
Ta c6
— f(1) = vVm? 4+ 8+ 2m.
po VIZe—d-2 12(z — 1) ; 12
— lim ————— = lim = lim =
=1 oz —1 21 (1771)(13/(12$74)2+2m+4> o1 3/(122 — 4)2 +2Y 12z — 4 + 4
12.

Ham s6 lien tuc tai diém o = 1 khi va chi khi

1-2m >0
lim f(z) = f(1) & Vm2 +8+2m =1 , N
Vay m = —1.

3x —3+ |z —1|vbx2 +4

2 —2x+1

BAI 14. Tim m dé f(z) =
m? + ga: —3m

Loi giai.
Ta c6

— f(l):mz—i—%—?)m.

lim
r—1t

— lim f(x)

r—1+t

<1
1 m=3
m < —
) -2 & m=—-1<m=-1.
—2m) —3m 4 dAm+T7=0 7
m=—
3
O
khiz <1 .
lién tuc tai diem z¢ = 1.
khiz >1

1 1
(m2+§x—3m)=m2—|—§—3m.
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3z -3+ |z —1|Vbx? + 4

li = 1
zigl* f(x) :v—l)r{l* IZ — 2z + 1
_ _ 2
— lim (x—1)(3 522 4 4)
r—1— ($ — 1)2
. 3—+br? 44
= lim —————
z—1— rx—1
— -1 1
I Gt )

e=1- (z — 1)(3 + vbx2 + 4)
—5(z+1) 5

lim ———— = — .
e—1- 3+ v/bx? +4 3

Ham s6 lien tuc tai diém o = 1 khi va chi khi

lim f(z)= lim f(x):f(l)(:)mQ—i—l—?)m:—§<:)m2—3m+220<:)

z—1+ z—1- 3 3 m =

Vay m =1 hodc m = 2. O

\ vizse o4 s o3
BAI 15. Tim m dé f(x) = 2-Vl-= lien tuc tai diém zo = —3.

2 3 :
m—2m33—§ khi z < -3

Lai giai.
Ta cé

— f(=3)=m?+6m— §

2
— lim f(z)= lim <m2—2m:177 §) *mQJer—§
r——3" o r——3" 2 o 2
lim f(z) = lim viz3r -4
z——3*1 a3+ 2—+1—2x
_ o @3 (24 v1—x)
= L ey (Vo8 1)
3(24+vI=E) 3

= lim V-7 .
vyt T—Bz+4 2

Ham s6 lien tuc tai diém zo = —3 khi va chi khi
3 3 m = —0
lim f(z)= lim f(z)=f(-3)em?’+bm—-=-—-cm?’+6m=0<=
r——3— r——31 2 2 m = 0.
Vay m = —6 hoac m = 0. O
3—x

——  khiz >3
BAI 16. Tim m dé f(z) = ;r)n_ Va? 416 lien tuc tai diém g = 3.

E(m—&—m—i—l) khi z <3
Lo giai.
Ta c6

— [ =G+ m).

— lim f(z)= lim %(z+m+1):%(

r—3~ r—3~

4+m).
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lim 3-2

li S
S i) = e e T
(3— ) (5+ V22 +16)

= 1.
e ot B-x)3+x)
—  lim 5+va+16 5
o r—3t 3+ B 3
Ham s6 lien tuc tai diém zo = 3 khi va chi khi
. . m 5 9 m= -5
lim f(z)= lim f(z)=f3)e -@+m)=-m°+4m-5=0%&
r—3— r—31 3 3 m = 1.
Vay m = —5 hodac m = 1. O
2
. i S —4) khi z > 2 )
BAI17. Timm deé f(z) = ¢ Vv +2—=x lien tuc tai diem zo = 2.
vm+2+m—10x khiz <2
Lai giai.
Ta c6

— f(2) =vm+2+m —20.
— lim f(z)= lim (Vm+2+m—10z) = vVm+2+m — 20.

li
T2~ r—2

3(x% —4)
I —  lim 2 %
S @) = e s,
. 3@ —2)(z+2) (Ve +2+a)
= lim
2+ —(z—=2)(x+1)
2 2
_ o 2@ VER24D)
T2+ —(z+1)
Ham s6 lien tuc tai diém o = 2 khi va chi khi
4—m>0 <4 m=d
-m m
lim f(z)= lim f(z)=f2)eVvm+2=4-m< o = . = m=2 <& m=2.
m%Z*f() z%2+f() £2) {m—|—2=(4—m)2 {m2—9m+14=0
m=7
Vay m = 2. O

Q BAI TAP REN LUYEN

342
\ S U R YR
BAI 18. Xét tinh lién tuc clia ham s6 f(z) = Z“Z_ +oz -3 tai difm 2o = —3.
= Khi z = —3
5
9.2
\ , , U i R S
BAI 19. Xét tinh lién tuc clia ham s6 f(x) = { V1 —4z —3 tai diem zp = —2.
5T — 2 khi z < —2
2
. , i ) U9 hizs3
BAI 20. Xét tinh lién tuc clia ham s6 f(z) = Vo +1—2 tai diem xg = 3.
2r + 12 khixz <3
2 _
\ _ T a2
BAI 21. Xét tinh lién tuc ciia ham s6 f(x) = { © _8 Tz —10 tai didm z = 2.
- g khi 2 = 2
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(x—5)72+3 khiz<5s

BAI 22. Xét tinh lien tuc ciia ham s6 f(z) = z—5 Khiz > 5 tai diém z¢ = 5.
—_— i
V2r—1-3 v
2 —12
BAI 23. X6t tinh lién tuc ciia ham s6 f(z) ={ , ; tai diém z = 3.
-t khi z = 3
T —
viz+5-5 khiz>5
BAI 24. Xét tinh lien tuc ctia ham s6 f(z) = ) T =5 tai didm zo = 5.
2*15; khi z <5
V3dz+1—+/b—=x Khiz > 1
BAI 25. Xét tinh lien tuc ctia ham s6 f(z) = —2x3 + 322 —x tai diém zo = 1.
—2r+1 khiz <1
zvV2—x—4 khix <2
BAI 26. Xét tinh lien tuc ctia ham s6 f(z) = 2’ —5a+6 khi 2 > 2 tai diém zg = 2
. ] = _ : 0= 2.
vr+2-2
—4 khi z =2
—6 khixz =1
N . 2 —3x+2 .
BAI 27. Xét tinh lién tuc ctia ham 86 f(z) = { ———— khiz >1 tai diem 27 =1.
) vr+8—3 '
xvV1—2x—6 khix<l1
223 —
I g
BAI 28. Tim m dé ham s6 f(z) = T lién tuc tai diém zy = 1.
(m?—1)2*+4
x
xt — 6a2 — 27 khiz £ —3
. . . i — .
BAI 29. Tim m dé ham s6 f(z) =< 23+ 322+ 2 +3 v lien tuc tai diem zo = —3.
mx + 3 khiz = -3
3 —27
. . . ————  khi 3 .
BAI 30. Tim m dé ham s6 f(z) =< 222 —4x —6 Y22 Jien tuc tai diem zo = 3.
mx + 8 khix <3
x—2
. i ) ~ T2 iz 42 i
BAI 31. Tim m dée ham s0 f(z) =< v +2—2 7 lién tuc tai diem z¢ = 2.
T +2m khiz = 2
2% —25
. s . ————  khiz>5 .
BAI 32. Tim m dé ham s6 f(z) =< 22 —4x —5 e lien tuc tai diem zo = 5.

(x —5)>+m? khiz<5

[0 DANG 3.2. Xét tinh lién tuc cla ham sé cho truéc trén R

0 ViDU

2 3
] w khiz # —1
VI DU 1. Xét tinh lien tuc ctia ham s f(z) = . z°+1 trén R.

Loi giai.
Tap xéac dinh ciia ham s6 & 2 = R.
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B 23+ +3

— Xét x # —1 thi f(x) = 51 1& ham phan thic hitu t1 nén lién tuc trén cac khodng (—oo; —1) va
x

(=1;+00) ma né xac dinh.

— Xét tinh lien tuc ctia ham s6 f(z) tai z = —1
) . 23+ +3 . (r+1)(22% — 22+ 3) 222 —-22+3 7
lim f(z)= lim ————— = lim = lim ———— = .
z——1 z——1 341 a——1 (x4 1)(22 —2+1) s>—1 g2 —x+1 3
7
fey="1
Suy ra hm1 f(z) = f(—1) nén ham s6 da cho lien tuc tai z = —1.
z——
Vay ham s6 da cho lién tuc trén R. O
2
—4
) , o ToAHS e
VI DU 2. Xét tinh lién tuc ctia ham s6 f(x) = z—1 tréen R
—Vbh—=x khiz <1
Lo giai.
Tap xac dinh 2 = R.
24 3
— V6i moi zg € (1;400), lim f(z) = lim ik f(xo).
T—xTo T—To z—1

Suy ra ham s6 da cho lién tuc trén khoang (1, 4+00).

— V6i moi zg € (—o0;1), ta c6 lim f(z) = lim (—v5 —x) = —/5 — z¢ = f(z0).
xr—To

T—xTo
Suy ra ham s6 da cho lién tuc trén khoang (—oo; 1).

—— Xét tinh lien tuc clia ham sb tai x =1

— ) =—F-z=2
" A fl@) =l (Vs ey =2
(x—1)(x —3)

— i = lim ——————==1i -3)=-2.
A= e = )

Suy ra lim f(z) = lim f(x)= f(1) nén ham s6 lien tuc tai z = 1.
z—1- z—1t

Vay ham s6 da cho lién tuc trén R. O
2,
) . ) v te—6 khiz >2
VI DU 3. Tim a dé ham s6 f(z) = Vo +2 — /32 —2 lién tuc trén R.
(2 —3)*+a khiz <2
Loi giai.
Véi Vo € (—o0;2) ta ¢
2
. o + x0 — 6
Flwo) = VEo +2 —/3x9 — 2
> +z—6 23 +29—6

oy _ _
A @) = e = T Ve g 3= v =3
Suy ra_lim f(x) = f(zo) nén ham s6 lien tuc trén khoang (—oo;2).
T—rXo

Véi Vo € (2;400), ta co
—_— f(ib'o) = (21’0 — 3)2 + a.
- . _ 1 . 2 _ - 2
xl;n;ﬂ f(@) xl;n;ﬂ [(2z — 3)* +a] = (220 — 3)* +a.
Suy ra lim f(z) = f(x¢) nén ham sb lién tuc trén khoang (2; +00).
Tr—rT0o

Lai c6

— f(2)=1+a.
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2 —
— lim f(z) = lim v te—0

r—2+ =2+ \Jr+2—3x—2 -
— lim f(z)= lim [(2z-3)2+4a] =1+a.
r—2—

T2~

—10.

Khi d6 ham sé liéen tuc trén R thi sé lién tuc tai = 2 khi va chi khi

lim f(z)= lim f(z)=f(2) < -10=1+a.

z—2+1 T2~

Suy ra a = —11 1a gi4 tri cAn tim. O

Q BAI TAP AP DUNG

203 + 622+ +3

khiz # —3

BAI 1. Xét tinh lien tuc ctia ham s6 f(z) = r+3 tren R.
19 khiz = -3
Lo giai.
Tap xéac dinh ciia ham s6 & 2 = R.
223 + 622 3
— Xét x # —3 thi f(z) = Tt wx—'_ ;_ vt 1a ham phan thitc hitu ti nén lién tuc trén cac khoang (—oo; —3)
va (—3;4+00) ma né xac dinh.
— Xét tinh lién tuc ctia ham s6 f(x) tai 2 = —3
223 + 622 3 3)(22% +1
lm f(z) = lim 22 F0rFr+d L EEICTED 02 1) = 10,
z——3 z——3 r—+3 z——3 r—+3 z——3
f(=3)=19.
Suy ra 1im3f(x) = f(—3) nén ham s6 da cho lien tuc tai x = —3.
T——
Vay ham s6 déa cho lién tuc trén R. O
22 =5z +6
N . ———— khi 2
BAI 2. Xét tinh lién tuc ciia ham s6 f(z) = 223 — 16 "TSL ren R
2—x khiz > 2
Loi giai.
Tap xac dinh 2 = R.
. . . 2®—50+6
— V6i moi zg € (—o0;2), aill{gjlg flz) = aill{gjlg B 16 f(zo).

Suy ra ham s6 da cho lién tuc trén khodng (—oo; 2).
— V6i moi zg € (2;4+00), tacé lim f(z) = lim (2—2) =2 —x = f(x0).
r—rxo r—rx0o
Suy ra ham s6 da cho lién tuc trén khoang (2; +00).

—— Xét tinh lién tuc ctia ham sb tai z = 2

- f(2)=0.
2?2 — 51 +6 (x —2)(x —3) (x —3) 1
Jm @) = s T S D) S i) 2
A )= g @m0

Suy ra ham s6 khong lién tuc tai x = 2

O
222 —x —3
R . ——————— khi -1
BAI 3. Tima dé f(zx) =< 23+ 224+2+1 iz lien tuc trén R.
a® khiz = —1
Loi giai.
. 2 —x -3 ol T it A SN . <
Ta ¢6 v6i © # —1 thi f(x) = ——————— 14 ham phan thic hiu ti nén né lién tuc trén ting khodng ma né
B4+ r+1

xac dinh. Lai c6
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— (-1 =
2% — 1 — 1)(2x — 2x —
z——1 z——1a3+ a2 +x+1 z——1 (x + 1)(m2 + 1) z——11224+1 2
Khi d6 ham s6 lién tuc trén R thi sé lién tuc tai £ = —1 khi va chi khi

lim f(z) = f(—-1) & ad® = ,g

r——1 2

0 BAI TAP REN LUYEN

8/
‘\/ﬁ 1 Khiz > 1
BAI 4. Xét tinh lien tuc ctia ham s6 f(z) = v lien tuc trén R.
Vi—z+2 .
——F khiz <1
x4+ 2
Lo giai.
2
\ q LTS higso
BAI 5. Tim m dé f(x) = x—1-1 lien tuc trén R.
m + 2 khiz <0
Loi giai.
221
N . ———  khi -1
BAI 6. Tim m dé f(z) = 23+ 224+ 2 +1 iz # lien tuc trén R.
cosm khiz = -1
L3i giai.
3 J— J—
. ) ) vVer—24+2r—1 khiz £1 )
BAI 7. Tim m dé f(x) = xz—1 lien tuc trén R.
3m — 2 Khiz # 1
Lo giai.
o verl=l o ygiaso )
BAI 8. Tim m dée f(z) = T lien tuc trén R.
20 +3m+1 khiz <0

Lai giai.

(O DANG 3.3. Chirng minh phuong trinh c6 nghiém

lien tuc trén 2 va cé hai s6 a, b € 9 sao cho f(a)- f(b) <O0.

dinh cia ching.

— DE chitng minh phuong trinh f(x) = 0 c6 it nhat mot nghiem trén 9, ta ching minh ham s6 f(x)

— DE chatng minh phuang trinh f(x) = 0 cé k nghiém trén @, ta ching minh ham sé f(z) lién tuc trén
9 wva ton tai k khodng roi nhau (a;; a;v1) véii = 1;2;. .. 5k nam trong 2 sao cho f (a;)-f (a;+1) < 0.
I\ Ham s6 da thitc lien tuc tren R. Ham s6 phan thiic va lugng gidc lién tuc trén tung khodng wdc

Khi ham s6 da lién tuc trén R roi, sé lién tuc trén moi khodng (a;;a;11) ma ta can tim.

0 ViDu

VI DU 1. Chitng minh phuong trinh 42® — 822 + 1 = 0 ¢6 nghiem trong khoang (—1;2).

Lai giai.
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— Dat f(z) = 42® — 82% + 1 vi f(x) 1a ham da thic nén lién tuc trén R, suy ra lién tuc trén [—1;2].

=) =-11 9) - _
— Ta co {f(Q) _ = f(-1)- f(2)=-11<0=3Fxg € (-1;2) : f(x9) =0,

nghia la phuong trinh f(x) = 423 — 822 + 1 = 0 ¢6 it nhat mot nghiém trong khodng (—1;2).

VI DU 2. Chitng minh phuong trinh 23 — 3z + 1 = 0 ¢6 ding ba nghiém phan biét.

Loi giai.
Dat f(z) = 2® — 3z +1 va f(x) 1a ham da thifc nén lién tuc trén R, suy ra ham s6 lién tuc trén céc doan [—2;0];
[0;1];

—2)=—1 £
— Ta c6 {f( ) = f(=2)- f(0) = —1 < 0 = phuong trinh f(z) = 28 — 3z +1 = 0 ¢6 it nhat mot

f0)=1

nghiém thudc khoéng (—2;0). (1)
f(O) =1 - N 8 - . z ~

— Tuong tu (1) = -1 = f(0)- f(1) = —1 < 0 = phuong trinh f(z) = 2® — 3z + 1 = 0 ¢6 it nhat mot
nghiém thudc khoéng (0;1). (2)
f(l) =-1 o N 8 o 2. % ~

— Tuong tu £2) =3 = f(2)- f(1) = =3 < 0 = phuong trinh f(z) = 2®° — 3z + 1 = 0 ¢6 it nhat mot
nghiém thuoc khoéng (1;2). (3)

— Tu (1); (2) ; (3) suy ra phuong trinh ¢6 it nhat ba nghiém phan biet thuoc cac khoang (—2;0); (0;1);

(1;2). Ma f(z) 1a da thic bac ba nén phuong trinh f(z) = 0 ¢6 t6i da ba nghiém. Suy ra phuong trinh
da cho c6 ding ba nghiém phan biét.

O
JANRT sy ho trg cia chiic nang mode 7 trong Casio, ta dé dang tim dugc cic khodng (—2;0); (0;1); (1;2) nhu
trén. Cong viéc con lai la trinh bay sao cho ding ngon ngt.

VI DU 3. Chitng minh riing phuong trinh 2°® 4+ 2 + 1 = 0 ¢6 it nhit mot nghiém am 16n hon —1.

Loi giai.

Dat f(z) =2® +  + 1, vi f(z) la ham da thtic nén lién tuc trén R, suy ra ham s6 lien tuc trén doan [—1;0].
1) =-1 )

Ta c6 {;EO) )7 . = f(=1)- f(0) = —1 < 0 = phuong trinh f(z) = 0 ¢6 it nhat mot nghiem thuoc khoang

(=1;0).

Suy ra phuong trinh f(x) = 0 ¢6 it nhat mot nghiém am 1én hon —1. O

VI DU 4. Chitng minh riing phuong trinh z® 4+ 522 — 2 = 0 ¢6 it nhét hai nghiem.

Loi giai.
Dat f(z) = 2% + 522 — 2, f(x) 1a ham da thitc trén R, suy ra ham s6 lien tuc trén doan [—1;0]; [0; 1].

— Ta co {;EO) ~ = f(=1)- f(0) = —4 < 0 = phuong trinh f(z) = 0 ¢6 it nhat mot nghiem thuoc

khoang (—1;0). (1)

= f(0)- f(1) = —8 < 0 = phuong trinh f(x) = 0 ¢6 it nhat mot nghiem thuoc

— Tu (1), (2) ta suy ra phuong trinh f(z) =0 c6 it nhat hai nghiem.
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VI DU 5. Chitng minh riing phuong trinh 4z + 222 —  — 3 = 0 ¢6 it nhat hai nghiém.

Loi giai.
Dat f(x) = 42* 4+ 222 — x — 3, f(x) 13 hAm da thitc trén R, suy ra ham s6 lién tuc trén doan [—1;0]; [0; 1].

1) =14 )
— Ta ¢6 {f( ) = f(-1)- f(0) = —12 < 0 = phuong trinh f(z) = 0 ¢6 it nhat mot nghiém thuoc

f(0)=-3
khodng (—1;0). (1)
f(O) =-3 o N _ sz % ~ A ~
— Tuong tu (1) =2 = f(0)- f(1) = =6 < 0 = phuong trinh f(z) = 0 ¢6 it nhat mot nghiém thudc
khoang (0;1). (2)

— Tu (1), (2) ta suy ra phuong trinh f(z) = 0 c¢6 it nhat hai nghiem.

VI DU 6. Chitng minh réng phuong trinh (1 - m2) 2® — 3z — 1 = 0 luon ¢6 nghiém v6i moi m.

Loi giai.
Dat f(z) = (1 —m?) 2® =3z — 1 va f(z) la ham da thic nén lien tuc tren R = f(z) lien tuc tren doan [—1;0].
f(0) = -1
Ta c6 = f(—-1)- f(0) < 0= dzg € (—1;0): f(zg) = 0.
g = 10 10) 0 € (=1:0): f(ao)
Do d6 phuong trinh f(z) = (1 —m?) 2® — 3z — 1 =0 luon ¢6 nghiém Vm (dpem). O

I\ Déi véi bai todn chita tham sé m, ta chon khodng (a;b) sao cho tagi vi tri a va b triét tieu di m hodc la biéu
thite luon duong hodc luon am dua vao kinh nghiém ngudi gidi todn. Mot s6 truong hop st dung ddu tam thic
bac hai dé danh gid, tic

a<0

A <O0.

a>0

24br4+c>0,VeER S
@ azx T+ C T A <o

@ax2+bx+c<O,V:c€R<:>{

VI DU 7. Chitng minh riing phuong trinh z* + ma? — 2maz — 1 = 0 ¢6 nghiém véi moi m.

Loi giai.

Dat f(x) = 2* + ma? — 2mz — 1 vh f(z) 13 ham da thic nén lién tuc trén R, suy ra lién tuc trén doan [0;2].
0)=-1

Ta c6 {;é; 15 = f(-1)- f(2) = —15 < 0 = phuong trinh f(z) = 0 ludn c6 nghiém véi moi m. O

VI DU 8. Chitng minh ring phuong trinh m(z — 2)(x — 3) + 22 — 5 = 0 ¢6 nghieém véi moi m.

Loi giai.

bat f(x) = m(z —2)(z —3)+ 2z —5 va f(z) la ham da thic nén lién tuc trén R, suy ra lién tuc trén doan [2; 3].
2)=—

Ta c6 {;E?); _ = f(3)- f(2) = —1 < 0 = phuong trinh f(z) = 0 luon c6 nghiém véi moi m. O

Vi DU 9. Chitng minh phuong trinh (z — a)(x — b) + (z — b)(z — ¢) + (z — ¢)(z — a) = 0 ¢6 it nhat mot
nghiém véi moi s6 thyce a, b, c.

Loi giai.
bat f(x) =(x—a)(x —b) + (x = b)(x — ¢) + (x — ¢)(x — a) v f(x) la ham da thitc nén sé lién tuc trén R.
Khong mét tinh tdng quat, c6 thé gid st a < b < ec.

— Néu a = b hoic b= c thi f(b) = (b—a) (b — ¢) = phuong trinh c¢6 nghiéem x = b.

fla)=(a=b)(a—c)>0
f)y=(b-a)(b—c) <0
nghiém trong khoang (a;b).

— Néu a < b < ¢ thi { = f(a) - f(b) < 0. Do d6 phuong trinh ¢6 it nhat mot

Suy ra phuong trinh c6 it nhat mot nghiém (dpcm). O
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VI DU 10. Cho ba sb a, b, ¢ théa man hé thic 2a + 3b + 6¢ = 0. Ching minh ring phuong trinh
ar?® + bz + ¢ = 0 ¢6 it nhat mot nghiem thudc khoang (0;1).

Lo giai.
Diat f(z) = az? + bz + ¢ = 0 vh f(x) 1A ham da thiic nén sé lien tuc tren R.

2a+3b+6¢c=0

— Ta c6 f(0) = ¢ va ¢co <2> 4 2 2 c c
5 ) =-a+ b =-(2a+3b+6¢c)— - =—=
3 9a+ 3 +c 3( a + 3b + 6¢) 3 3
B} 2 0 . , o 2
— Neuc=0=f (§> =-3= 0 = phuong trinh c6 nghiém =z = 3 € (0;1).
2 . , 2 c? ) . 2
— Néu ¢ # 0 thitaco f(0)- f 3 :f§<0¢f(x):()congh1em:c:a€ 0;§ C (0;1).
Vay phuong trinh ¢6 it nhat mot nghigm thuoc khoang (0;1). (I

VI DU 11. Cho ham s6 f(z) = 2® — 322 — 1. Chitng minh phuong trinh c6 nghiém z, € (3;4). Khong
tinh f (\“/%) va f (1 + \5/36), chitng minh ring zo > 1+ v/36

Loi giai.
Ta co

33—3.32_1:_1
AR BV CRTU RS R

Suy ra phuong trinh cé nghiém zy € (3;4).

Taco f(z) =a® — 322 —1= (20— 1)* =3 (x —1) — 3.

Vi 7 la nghiem ctia phuong trinh f(z) = 0 nén ta c6 f(zo) =0 < (zg — 1) =3 (z — 1) —3 = 0.
Dat a =z9 — 1 va xp € (3;4) = a € (2;3). Khi do, ta co

a®—3a-3=0=a’=3a+3>2-V9a < a®>6/a < a’>36a<a’>36<a> V36

Dau "=" x4y rakhi 3a =3 < a=1¢ (2;3).
Do d6, ddu "=" khong x4y ra, tiic ta ludn cod

a>\5/%éa:xofl>\‘7%¢>xg>l+\5/%.

Suy ra diéu phai chitng minh. O

€) BAITAP AP DUNG

BAI 1. Chimmg minh phuong trinh (m2 + 1) x% — 2m22? — 42 + m? + 1 = 0 ¢6 ba nghiém phan biét.
Loi giai.

Dat f(z) = (m* +1) 2® — 2m?2® — 4o+ m? + 1, f(z) lien tuc véi moi = € R.

Xét
f(=3)=(m*+1)-(=3)° —2m*  (=3)> —=4- (=3) + m* + 1= —44m®> — 14 < 0.
Xét
fO)=(m*+1)-0°—2m?- 0> —4-0+m’> +1=m? +1 > 0.
Xét
f)y=(m*+1)-1>—2m? -1 —4-14+m* +1 = -2 <0.
Xét

f2)=m*+1)-2°—2m? 2> —4-24m’> +1=m? +1> 0.

Ta thay f(—3)-f(0) <0, f(0)- f(1) <0, f(1)- f(2) < 0 nén phuong trinh (m? + 1) 2* —2m?2? —dz+m?+1=0
6 it nhat 1 nghiem trong khoang (—3;0), it nhat 1 nghiem trong khoang (0; 1), it nhat 1 nghiém trong khoang
(1;2).

Vay phuong trinh (m2 + 1) 23 — 2m222 — 4z + m? + 1 = 0 c6 ba nghiém phan biét. (I
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BAI 2. Chitng minh phuong trinh (1 — m)z® + 9ma? — 16z — m = 0 c6 it nhat hai nghiem phan biet.
Loi giai.

Dat f(z) = (1 — m)a® + 9ma® — 162 — m, f(z) lién tuc v6i moi x € R.

Trudng hgp 1. m = 0 ta c6 phuong trinh % — 162 = 0 ¢6 nghiém x € {0; +2}.

Vay véi m = 0 thi phuong trinh (1 —m)a® + 9ma? — 162 — m = 0 c¢6 it nhat hai nghiegm phan biét.
Trudng hgp 2. m # 0 thi

Xét
f(=2) = (1—m)(—2)5+9m-(—2)2_16.(_2)_m: —32+32m+36m + 32 —m = 67m.
Xét
f0)=(1—=m)-0°+9m-0>—=16-0—m = —m.
Xét

F@)=1-m)-254+9m-22-16-2—m =32—32-m+36m —32—m = —3m < 0.

Ta thay f(—2)- f(0) = —67m? <0, £(0) - f(2) = —3m? < 0 v6i moi m # 0.

Suy ra phuong trinh (1 —m)z® + 9ma? — 162 — m = 0 ¢6 it nhat 1 nghiem trong khoang (—2;0).

Vay phuong trinh (1 —m)z® + 9ma? — 162 — m = 0 ¢6 it nhat hai nghiem phan biét. O
BAI 3. Chitng minh phuong trinh (m2 —-m+ 3) 22" — 22 — 4 = 0 c6 it nhat mot nghiém am véi moi m.

Lai giai.

Dat f(z) = (m? —m +3) 2®" — 2z — 4, f(z) lien tuc véi moi z € R.
Xét f(=2) = (m* —m+3)(=2)*" —2-(=2) —4 = (m* —m+3)-4" > 0.
Xét f(0 :(m —m+3) 0" —2.-0—4=-4<0.

Ta thay f(—2)- f(0) < 0 v6i moi m # 0.
Suy ra phuong trinh (m2 —m+ 3) 22" — 22 — 4 =0 c6 it nhat 1 nghiem trong khoang (—2;0).
Vay phuong trinh (m2 -—m+ 3) 22" — 2 — 4 = 0 c6 it nhat 1 nghiém am. O

BAI 4. Ching minh phuong trinh (4m + 1)2® — (m + 1)z 4+ m = 0 ¢6 nghiém véi moi m.

Loi giai.

Trudng hgp 1. m = 0, ta c6 phuong trinh 22 — 2 = 0 ludén c6 nghiem = = 0, x = £1.

Trudng hgp 2. m # 0.

Dat f(z) = (4m + )23 — (m + 1)z +m, f(z) lién tuc v6i moi = € R.

Xét f(=1)=(@dm+1)- (=12 = (m+1)-(=1)+m = —2m.

Xét f(0) = (4m+1)-0> = (m+1)-0+m =m.

Ta thay f(—1)- f(0) = —2m - m = —2m? < 0 nén phuong trinh (4m + 1)z3 — (m + 1)z + m = 0 ¢6 it nhit 1
nghiém trong khoang (—1;0).

Vay phuong trinh (4m + 1)2® — (m + 1) +m = 0 ¢6 nghiém véi moi m. O
BAI 5. Chiting minh phuong trinh (m? = 1) (20 — 1) (z + 2)?°°2 + 2z + 3 = 0 ¢6 nghiem véi moi m.

Lo giai.

bat f(z) = (m® — 1) (22 — 1) (z + 2)?°°2 + 22 + 3, f(x) lien tuc v6i moi = € R.

Xét f(— ): (m® —1) [(=2)20 — 1] [(-2) + 27 +2- (-2) +3 = -4+ 3 = 1.

Xét f(1) = (m® — 1) (12000 — 1) (142)2002 4 2.1 4 3 = 5.

Ta thay f( 2)- f(1)=—-1-5= -5 <0 v6i moi m.

Suy ra phuong trinh (m?’ —1) (229" = 1) (x +2)*°°2 + 22 4+ 3 = 0 ¢6 it nhat 1 nghieém trong khoéng (—2;1).
Vay phuong trinh (m? — 1) (22°° — 1) (2 4 2)?°°% 4 22 4 3 = 0 ¢6 nghiém v6i moi m. O

BAI 6. Chitng minh phuong trinh (m2 + 1) 23 — 2m22? — 42 + m? + 1 = 0 c6 ba nghiém phan biét.

L3 gidi.

Dat f(z) = (m? +1) 2® — 2m?2? — 4z 4+ m? + 1, f(x) lien tuc véi moi = € R.

— f(=3)=(m?+1) - (=3)* —2m? - (=3)* =4 (=3) +m? + 1 = —44m? — 14 < 0.

(m?+1)-0°—2m?-0*>—4-0+m*+1=m?>+1>0.

— ) =m*+1)-P=2m? 12 -4-1+m? +1=-2<0.
(m?+1)-22—2m?- 22 —4.2+m?+1=m?+1>0.

Ta thay f(—3)-f(0) <0, f(0)-f(1) <0, f(1)-f(2) < 0. Suy ra phuong trinh (m? + 1) 23 —2m?z*—4z+m?+1 = 0

c6 it nhat 1 nghiem trong khodng (—3;0), it nhat 1 nghiém trong khoang (0; 1), it nhat 1 nghiém trong khoang

(1;2).

Vay phuong trinh (m2 + 1) 2% —2m?2? — 42 +m? 4+ 1 = 0 ¢6 ba nghiém phan biét.
O
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BAI 7. Chitng minh phuong trinh m(z — 1) (x3—4x)+x3—3x+1:0cé it nhat ba nghiem.
Loi giai.
bat f(z) =m(z — 1) (2® — 42) + 2® — 3z + 1, f(z) lien tyuc v6i moi z € R.
— f(2)=m(-2-1)[(-2®—-4-(-2)] +(-2)* =3 (-2) +1=—8+7=—1.
(0°-4-0)+0°-3-04+1=1.
— M) =m(1-1)(13-4-1)+13-3-1+1=-1<0.
(2-4-2)+2°-3-24+1=1.

Ta thay f(—2)- f(0) = =1 < 0, f(0)- f(1) = =1 < 0, f(1)- f(2) = —1 < 0. Suy ra phuong trinh m(z —
1) (#3 — 42) +2® — 3z + 1 = 0 ¢6 it nhat 1 nghiém trong khodng (—2;0), it nhat 1 nghiém trong khoang (0; 1),
it nhat 1 nghiém trong khoang (1;2).

Vay phuong trinh m(x — 1) (m3 — 4:U) + 2% — 3z + 1 = 0 ¢6 it nhat ba nghiém. O

BAI 8. Cho o va 3 théa man 0 < o < . Chitng minh phuong trinh sau c6 nghiém

. 10 asin®a + Bsin'® § — a2 — 52
sin’x —x =
a+p
L3i giai.
.2 . 10 2 2
. asm” o + O sin —a® — . 2 . "
Dit f(z) =sin'®z —x — b p P , ham s6 f(x) lien tuc trén R.

a+p
Ta ¢6 hm f(z) = 400 nén ton tai m < 0 sao cho f(m) > 0.

Ma hr+n f( ) = —o0, nén ton tai M > 0 sao cho f(M) < 0.
Tr—r+00
Do d6, ham s6 f(z) lien tuc tren [m; M] va f(m) - f(M) < 0 nén phuong trinh f(x) = 0 ¢6 nghi¢m. O
N . . b
BAI 9. Ching minh rang néu % + -+ ‘. 0, (k >n >m > 0) vd km < n? thi phuong trinh az? + bz +c=0
nom
c6 nghiém thuoc khoang (0;1).

Loi giai.
Xét phuong trinh az? + bx + ¢ = 0. (1)
Dat f(x) = axz® + bz + ¢ thi f(z) lién tuc trén R.

Tl2

< B S O
Tacof(O)—c,f(k)2 a k2+b k+c 2 2
n n® (a b c) ( n ﬂ 2( n) a b ¢
() == (24242 1—— )| =c2({1——) (do=+—-+4— =
= J0) f<k) C{k(k+n+m te km ¢ km (Ok+n+m 0)
n2 n2
\/“1«:220;nQka>0¢—21d0déf(0)'f<*):Cz(lff)SO-
km m
— V6i ¢ = 0 phuong trinh da cho tré thanh az? + bz = 0.
Suy ra = 0 hosic ax + b= 0. (2)

2 S b
—Néua:Othitl‘ICZazOVadiéukién%—I—E—F%:Osuyrab:0.Khidéphu’dngtrinh (2) co

nghiém la Vz € R, suy ra phuong trinh (1) ¢6 nghiegm x € (0;1).

. . R b
—Néua;«éOthib;éO(Vinéub:0,c:0thitfrdiéukién%—&—f—i—ﬁzosuyraa:O)
n m

b
suy ra phuong trinh (2) ¢6 nghiém z = ——
a

s

. b b
Khidétfrdiéukiénf—f—f—i—i=0;k>n>m>0véc:Osuyrax:—f: € (0;1)
n m a

eSS
>3

Do d6 phuong trinh (1) ¢6 nghiem z € (0;1).

2
— V6il- ;Lm —0=f (%) —0= % la nghiem thuoc (0;1).

2
—Véic#Ovalf;l—m;éO:,sf(o).f(E

k) < 0= f(z) c6 it nhat mot nghiem thuoc khoang (O; %)

Ma (O; %) c(O;H(vio< % < 1) nén phuong trinh (1) ¢6 nghiém z € (0;1)
Vay phuong trinh (1) luén c¢6 nghiém thudc khoéng (0;1). O
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O BAI TAP REN LUYEN

BAI 10. Chting minh ring phuong trinh z* — 23 — 222 — 152 — 25 = 0 ¢6 it nhat mot nghiem am va it nhat
mot nghiém duong.

BAI 11. Chting minh riing phuong trinh z® + 422 — 2 = 0 ¢6 ba nghiém trong khoang (—4;1).

BAI 12. Chting minh riing phuong trinh 2% — 52% + 4z — 1 = 0 ¢6 dtng nam nghiém.

BAI 13. Chting minh ring phuong trinh z* — 23 — 222 — 152 — 25 = 0 ¢6 it nhat mot nghiem am va it nhat
mot nghiém duong.

BAl4. ON TAP CHUONG IV

BAI 1 (HKII - THPT Luong Vin Can).

(@ Tinh céc giéi han sau

Ve +2-2
a) lim —5——.
z—=2 x4 —4
Vdr? 1
b) lim L?’l’*
T—>+00 r—1
322 — 27 —1
£ —— khi <1
(2) Xét tinh lien tuc ctia ham s6 f(z) = x—1 b tai zp = 1.
2x 4+ 2 khi z>1
Lo giai.
ver+2-2 1 1
Ta c6 lim Y1 == — i ==
@ a) Taes oy = = Iy o a3 16
/4 + 3+ -
Var? + 3z 41 T x2
b) Taco lim YA F3rtl o TV @ 2y
T—+00 rx—1 T—+00 ( 1)
z|l——
x
(2 Taco
— ) =1
— i = 1i 2 2) =4.
A ) =l e 2)
2 9z 1
— lim f(o) = tim 2l B 1) =4
rz—1— rz—1— z—1 Tz—1—

Suy ra lim f(z) = lim f(x)= f(1), nén ham s6 da cho lién tuc tai zo = 1.
z—1- z—1+

BAI 2 (HKII - THPT Sudng Nguyét Anh).
(@ Tinh céc giéi han sau

) i 2¢2 —z — 10
YA T s 16

b) lim (3z+ Va2 =22 +3).

Tr—r—0o0
Vo2 -3-1
V3Tl g azo
@Xet tinh lién tuc clia ham s6 f(x) = T —2 tai xg = 2.
2x — 2 khi =2
Loi giai.
222 —x — 10 2)(2x — 5 2z — 5 9
@ a) Taco lim e | (z+2)2z=5) _ li ’ —

ot 3 516 wote (2 +2) (@2 —20+3) w222 -22+3 11
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b) Ta c6
2
2 —
lim (3a:+\/x2—2x+3> = lim Be” +2z 3
xr——00 T——00 (3£B— </.’E2 —2$+3>
2 3
(E2 (8 + - — 72)
. r
lim = —00
T——00 3
X (3+ 1-— +2>
T
(2 Taco
— f@) =2
Va2 —-3-1 2
— lim f(z) = lim o3 = lim Tt 2.

z—2 x—2 x—2 $—>21/x2_3+1:

Suy ra lim2 f(z) = f(2), nén ham s6 da cho lien tuc tai zo = 2.
z—

BAI 3 (HKII - THPT Bui Thi Xuan).
(1) Tinh céc gi6i han sau
623 — 5% +4x — 1

2) wh_r}n% 9zt + 822 — 1
b) lim_ (Vo +3z+1+3z+1).
a+b khi z=1
(2 Tim a, b dé ham s6 f(z) = M khi 2 > 1 lién tuc tai g = 1.

r—1
22 + 2bx + 3a khi z<1

(3) Chiing minh raing phuong trinh (m? — 3m + 2)(2? — 3z + 2) + (3 — 22)(3 — 2m) = 0 c6 nghiém v6i moi

m € R.
L3i gii.
@ a) Taco
. 623 =52 +4x -1 , Bz —1)(22%2 —x + 1)
lim = lim
1 9zt + 822 — 1 . Bx —1)(3z3 + 22+ 3z + 1)
_ 222 —x 41 2
= lim = .
z_>%3x3+:r2+3m+1 5
b) Ta co
. . —3x
lim (\/9x2+3:ﬂ+1+3x+1> = lim
00 T——00 3 1 1
| —\9+=+5-3-=
T x x
. -3 1
= lim = .
9+ 4+ S -3 —
x
(2 Taco
— f(1)=a+b.
— lim f(z) = lim (22 + 2bx + 3a) = 3a + 2b + 1.
Tz—1— rz—1-
222 + b5z — 7
— i = lim —— = lim (2 =0.
T I U
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Ham s6 f(z) lién tuc tai zo = 1 khi va chi khi

lim f(z) = lim f(x):f(l)@{

z—1— z—1t

3a+2b+1=9 a=—10
a+b=9 b=19.

(3) Ta c6 ham s6 f(x) = (m? —3m + 2)(2% — 32 + 2) + (3 — 22)(3 — 2m) lién tuc tren R.
Mit khac f(1)- f(2) = (3 —2m)(2m — 3) = —(2m — 3)2.

. 3
— Néum = 3 thi f(1) - f(2) = 0 nén phuong trinh c6 nghiém = = 1 hodc x = 2.
. 3 .
— Néum # 3 thi f(1) - f(2) < 0 nén phuong trinh da cho ¢6 it nhat mot nghiém thudc khoang (1;2).

Vay phuong trinh (m? — 3m + 2)(2® — 3z + 2) + (3 — 22)(3 — 2m) = 0 ludn c6 nghiém véi moi m € R.

O
BAI 4 (HKII - THPT Nguyén Hitu Huan).
(1) Tinh céc gi6i han sau
 Jz-1
& 01:1—>ml 2 —1
3 2
2
b) lim LT 2
-2 x°—x—06
22 —3x+2
£ —— khi 1
(2) Xét tinh lien tuc ctia ham s6 f(z) = z—1 Pes tal xg = 1.
-1 khi z=1
L3i giai.
-1 1 1
@) a) Tacc’)limﬁ =lm-——— = —.
z—1 g2 —1 z—1 (\/E—&— 1)(x+1) 4
3 242 1 2 1 2
b) Taco lim S50 £22 _ p, slefD@+2) o, zl@+l) 2
z5—2 x22—2x—6 z—>-2 (x4 2)(x —3) -2 1 —3 5
(2 Taco
— 1) =-1.
. . x?=3r+2
B R e it i
Suy ra hm1 f(x) = f(1), nén ham s6 da cho lién tuc tai zg = 1.
r—
(I

BAI 5 (HKII - THPT Hermann Gmeiner).
(1) Tinh céc gi6i han sau

-2 -z +1

I
2) s 2 —2x+1
. V/1—23-3
b) lim ———.
r——2 $+2
¢) lim r=5

a—d— (x —4)2

d) lim (\/952 —l—x—i—l—i—x).

T——00
(2) Tim a dé ham s6 f(x) = B Zi lien tuc tai xo = 0.
a—5-+ khi >0
z+1

Lai giai.
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3 _ 2 1 712 1
@ a) Taco lim & —2H1 g, @ D@+ 1)

V1—23-3

b) Ta c6 lim

r——2

= lim —(@° +8) = lim ——(332—256—1—4)
x+2 e=-2 (z +2)(V1—23+3) 2=-2 /1—-23+3
lim (z —5)=-1<0
T—4-

c¢) Ta co wlirfll_(x—él)Q:O éxlirff(xx—;éf)?:7
(x—4)>>0 khi x+#4
d) Ta co
lim ( mQ—I—x—l—l—i—x) = lim vl
P—— @— 00 (m _ z)
m(l—l—l)
. x 1
= LI T 1 2
| —\/1+—-+—5—-1
x
(2 Ta co
— fO)=a—1
14++v1-—
— lim f(z) = lim x = lim z(1+ ) =2
z—0— z=0- 1 —+1—2 -0~ T
4—x
— = 1 (a5 J=a-1
Jim @)= Jim {05+ 227 ) =

Ham s6 f(z) lién tuc tai zo = 1 khi va chi khi

zlir&f(x): lim f(z)=f(0)ea-1=2&a=3.

z—0~

BAI 6 (HKII - THPT Hoang Hoa Thém).

) o . Va2 + 2z 4 3x
(1) Tinh céc gi6i han sau lim .
z——00 \/4x? + 1 —x 4 2

2 .
Y . ax® + 2z khi z<1
Ti de ha 0 =
@ Tim a dé ham 55 f(z) {cos(x —1) khi z>1

lién tuc tai z¢g = 1.

(3) Chiing minh ring phuong trinh 2* — 23 — 222 — 152 — 25 = 0 ¢6 it nhat mot nghiem duong va mot nghiem

am.
Lai giai.
1—|—2+3
zl - z
- Va2 +2x + 3z . x 2
@ Tacé lim lim =—-.
A VI Tl —a 2 e ] 2\ 3
T\ — 4+72*1+*
x x
(2 Taco
— =1
— lim f(z) = lim (az?+22) =a+2.
z—1- rz—1-
— i = li -1)=1.
S )= Jim, costa =)

Ham s6 f(z) lién tuc tai zo = 1 khi va chi khi

lim f(z)= lim f(z)=f1)eae+2=1<a=-1.

r—1— z—1t
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(3 Ta c6 ham 6 f(z) = 2* — 2% — 222 — 152 — 25 lien tuc trén R.
Mit khac £(0) = —25 < 0.
lim f(z)= lim (2% — 2% — 222 — 152 — 25) = +oo0.
T——00 T——00
. _ 1 4,3 9,2 _ —
mginoo f(z) = wgrfoo(x x° — 2% — 152 — 25) = +o0.
Vay phuong trinh o4 — 2% — 222 — 152 — 25 = 0 ¢6 it nhat mot nghiém trén (—oo;0) va c6 it nhat mot

nghiém trén khoéng (0; 400).
Do d6 phuong trinh z# — 23 — 222 — 152 — 25 = 0 ¢6 it nhat mot nghiém duong v mot nghiém am.

BAI 7 (HKII - THPT Han Thuyén).

(1) Tinh céc gi6i han sau

. r—3
a) lim ———-——.
z—3 12 4+ 22 — 15
. (Bx+1)vV222 -3
b) lim .
z——00 —3z2 +z
—1
. . VT khi z#1 .
(2) Tim m dé ham s6 f(z) = 7_73036 lien tuc tai diem zo = 1.
m——= khi z=1
2
Loi giai.
z—3 z—3 1 1
Taco lm ——— =lim ———— = lim —— = —.
@ a) Taco lim 5 5 i3 (z—3)(x+5) as8z+5 8
1 3 1 3
e(34 1) (~ay2- 5 (3+2) (2>
. (Bz+1)v222-3 , ( x ( 9:2) . z z?
b) Tacoé lim 5 = lim = lim
T——00 —3z% +x T——00 22 (73+1) T——00 (73+l)
T x
V2.
(2 Taco
1
— f)=m—=.
@y =m-g
. . -1 1
— @) =ln sy = T
Ham s6 da cho lien tuc tai ¢ = 2 khi va chi khi
1 1 3
li = f(1 — == =2,
lim flz) =fl)em—g=-—p em=
([l
BAI 8 (HKII - THPT Huing Vudng).
) . 423 —72% + 192 — 16
(@ Tinh gisi han il_)ml 572 8543 .
4 — 22
. P —————  khi > 2
@ Timm dhamsb f(z) =4 var2—1 7~ lien tuc tai zo = 2.
2r —m khi <2

(3) Chitng minh ring phuong trinh (m? —m + 4)22°1® — 22 41 = 0 ¢6 it nhat mot nghiem am véi moi gia tri
ctia tham s6 m.

Lai giai.

4x3—7x2+19x—16_lim(;v—l)(4x2—3$+16)_hm4x2—3x+16_L7
522 — 8z + 3 251 (e—-1D)(GBzx—-3) @1 bx—-3 27

@) Taco li_>m1
2 Taco
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— f(2) =4—m.
— lim f(z)= lim 2z —m)=4—m.
T2~ T2~

4 —z?
_— 1. = 1. _— =
aciglJr f(.lf) aciglJr \/m -1
Ham s6 f(z) lien tuc tai zp = 2 khi va chi khi lim f(z) = lim f(z)=f(2)<4-m=0&m=4.

T2~ r—271

0.

(3) Ta c6 ham 86 f(x) = (m? —m + 4)22°5 — 22 + 1 lién tuc trén R.
Mat khac f(0) =1 > 0.
2 1
: _ 2015 ()2
B N e =

Vay phuong trinh (m? —m + 4)2%%1% — 22 + 1 = 0 ¢6 it nhat mot nghiem trén (—oo;0) (nghigm am) voi

):—oo (vim? —m+4> 0 véi moi m € R).

moi gia tri clia tham s6 m.

O
BAI 9 (HKII - THPT Hung Dao).
(1 Tinh céc gidi han sau
a) lim 5 — 6z
z—+o0 3+ 21
b) lim L.
=2+ T — 2
: _ 9.3
c) zgr_noo(3a: 2z%).
z? 4 3z — 4
. . ———  khi 1 .
(2 Tim a dé ham s6 f(z) = a3 —1 bad lien tuc tai diem zg = 1.
m khi z=1
Loi giai.
5
5 — 6 v (E - 6)
@ a') Ta c6 xEI—‘,I-loo m = x_&l’_"r_loo ﬁ = -3.
T|—+2
x
lim (z—-3)=-1<0
_3 z—2+
b) Ta c6 lim i =—ocovig lim(x—2)=0
z—2+ T — 2 T2+
r—2>0 khi z>2
¢) Taco lim (3z —22%) = lim a3 (% - 2) = +o00.
T——00 T——00 €T
(2 Taco
— f)=m.
2 -4 -1 4 4
— lim f(z) = lim%:hm (z=Dw+4) = limL:i
z—1 z—=1  x3—1 a=1(x—1) (2242 +1) 2=122+4+2+1 3
£ )
Ham s6 f(x) lien tuc tai xo = 1 khi va chi khi lim1 flz)=f(1)em= 3
r—r
([

BAI 10 (HKII - THPT Ba biém).
(1) Tinh céc gi6i han sau

) x2 —3x+2
a zlana 2 —4

b) lim (\/x2 + 1 — 12 —1’).

r—+o0
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(x—5)%+3 khi <5

(2) Xét tinh lien tuc ctia ham s6 f(z) = z—5 _ tai diém zo = 5.
———— khi =z>5
V2xr—1-3
z? —5r+6
, . —— X  khi 3 5
(3 Tim m dé ham s6 f(z) = x—3 e lién tuc tai diem zy = 3.
2ma +1 khi z=3
Lo giai.
. w2 =3x+2 . (z=2)(x—-1) ox—1 1
D a) Tacs liny == = Iy ey~ o 1
2 2
b) Taco hIJP (\/x2+x—\/mz—w>: lir+n = i = = liI+n 1x -
r—+00 x—+00 _ r—+00
(Va? 4o+ a2 =) x<\/1++\/1—>
x x
1.
(2 Taco
— ) =3
— lim f(z) = lim ((x —5)%>+3) =3.
T—5~ T—5~
— —5)(v2xr —1+3
— limf(x):limzi5:lim (z=5) (V2o +):3.
o5+ a5t 2z —1—3  a—5+ 2(z —5)
Suy ra lim f(z) = lim f(x)= f(5), nén ham s6 da cho lién tuc tai zo = 5.
z—5~ z—5+
(3) Taco
— f(3)=6m+1.
2
- —3)(z—2
ot fr) = lim 026y, 2@ =)
r—3 xr—3 (E—,?) x—3 1’—3

Ham s6 da cho lién tuc tai zo = 3 khi v& chi khi lim f(z) = f(3) @ 6m+1=1<m =0.

r—3
O
BAI 11 (HKII - THPT Binh Tén).
2—2
VETEL NS
@ Tim m dé ham s6 f(z) = x _12 lien tuc tai diém zo = 2.
mx + 1 khixz <2
(2 Chiing minh réing phuong trinh (1 — m?) 2® — 3z — 1 = 0 ¢6 it nhat mot nghiém véi moi gié tri ctia tham
sb m.
Loi giai.
(@) Ta co
1
lim f(z) = I ( +1) om + ©
- 1m = 1m — = —.
T2~ * T2~ e 4 m 4
lim f(z) I vr+2-2 i r+2—-4 . 1 1
— lim f(z)= lim ~————~ = lim = lim ————— = —.
T2+ es2t T —2 eo2t (2 —2) (Ve +2+2) a2t Vz+2+2 4

Ham s6 da cho lien tuc tai diém zo = 2 khi 2m + 1 = i < m=0.
@ Dat f(z) = (1-m?)a® -3z —1=0. Ta co
f(0)=—1, f(=1) =m2+1.Suyra f(=1)- f(0)=-m? —-1<0VYm.
Mat khéc, vi f(z) la ham s6 da thic lien tuc tréen R nén f(z) lién tuc trén doan [—1;0].
Do d6 phuong trinh da cho c6 it nhat mot nghiém trong khoang (—1;0) vdi moi gid tri ctia tham s6 m.
Vay ta c¢6 dpcm.
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BAI 12 (HKII - THPT Cua Chi).

(@ Tinh céc giéi han sau

a) lim73n2_n+9
1—2n?
1-3n)3 (n2 +1)
by fim =) (n? +1)"
3n” —2
c) EIEI (m—3—|—\/x2—x+1>.
2?2 —4
T Wiz 42
(2) Xét tinh lien tuc ciia ham s6 f(x) = m—8v7x—10 tai diém x¢ = 2.
-5 khi 2 = 2

(3) Chitng minh ring phuong trinh 4z + 222 — 2 — 3 = 0 ¢6 it nhat hai nghiem.
Loi giai.

(@ Tinh céc giéi han

1 9
a) lim3n27n+9:hm3_n+ﬁ:370+0:7§
1—2n2 1 9 0—-2 2
o
3 13\2
2 7—3> (1_’_7)
b) lim (L=3n)* (n® +1)° . (” n?/) _(0-3)?%-(1+07
3n” —2 3 2 30 :
g
n

(x =32 — (22— +1)

lim (z—34++vVa?2—z+1) = lim
H—oo( ) eo—c0 p—3—2Z—x+1
. -5z + 8
17737|1}‘ 1**4’72
,5+§ 5
: x
= lim =
T——00 3 1 1 2
l——4+y\1-=+—=
T  x
(2 Ta co
16
— j=—3.
. . 2?2 —4 . (2?2 —4) (z + Tz —10) . (2 +2) (z+ Tz —10)
— lim f(z) = lim ———= = lim = lim
r—2 =2 ¢ —+/7Tx — 10 T—2 (E2—75U+].0 r—2 r—D5
16
-3

Ta thay f(2) = lim2 f(z). Vay ham sb da cho lién tuc tai 29 = 2.
z—

(3) Dit f(z) = 42* + 222 —z — 3. Tac6 f(—1) = 4, f(0) = —3, f(1) = 2.
Suy ra f(—1)- f(0) =—-12 <0, f(0)- f(1) = -6 < 0.
Vi f(x) la ham s6 da thic lien tuc trén R nén f(x) lien tuc trén cac doan [—1;0] va [0; 1].
Do d6 phuong trinh f(z) = 0 ¢6 it nhat mot nghiém trén mdi khodng (—1;0) va (0;1).
Vay phuong trinh da cho c6 it nhat hai nghiém.

BAI 13 (HKII - THPT Dinh Thién Ly).
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(1) Tinh céc gi6i han sau

2
a) A=lim S+ .
nt +2n3 —5n + 2
3n _ gn
b) B=1 .
) im T3
o 223 —5x2—20—3
) C-il_)ng 2 -9 '
d) D= lim (\/4x2+x+1—2x).
T—+00
20 éuzx>2
——————  néucz
(2 Chohams6y = f(z) = vz +7—-3
2ax + 3 néu z < 2.

a) Khi a = 1, xét tinh lién tuc ctia ham s6 tai x = 2.

b) Tim gia tri ctia a dé ham s6 lién tuc tai » = 2.
(3) Chitng minh phuong trinh 2° — 32* + 52 — 2 = 0 ¢6 it nhat ba nghiém phan biét.
Loi giai.

(@ Tinh céc gisi han

3+2
R T R -
a)A—hmn4+2n3_5n+2—hm1 5 5 5 = 0.
e
n nd n
1 n
S) -1
e (3)
b)B:hmM:th:—
3 6™
L 2522 —20 -3  (x—-3)(22+x+1) 22?4 ax+1 11
c) C = lim = lim =lim ——— = —.
r—3 1’2—9 x—3 (ZL’—3)(.’E+3) r—3 x+3 3
1
42 1_42 1+ — 1
) D= lim (VA7 +z+1-20) = lim Z:H : f; = lim —z_ -
T—+00 T—r+00 T—+00
Vidrs +x+ 1+ 2z PR
T x
2_71. neux>2
@ y=fo)={ VrrT-3
2ax + 3 néu z < 2.
2 éu x> 2
——— néux
a) Khia=1,tadugcy= f(z)=¢ ve+7-3
2¢ + 3 néu z < 2.
Ta thay
— f(2)=".
— lim f(z)= lim (204+3)="7.
T2~ T2~
2—z (2—2) (Ve +T7+3)
— I = lim — =1 =1 — 7—3) =—6.
A e e S Rl A, Jim, (—va+7-3)

Vi lim f(z) # lim f(x) nén ham s6 da cho khong lién tuc tai z = 2.
T2~ z—2F

b) Ta co
— f(2)= xlfél f(zx) =4a+3.
— lirgl+ f(z) = —6.

Do d6 ham s6 da cho lién tuc tai x =2 khida+3= -6 <a= f%
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(3 Diat f(z) =2° —32* + 55— 2. Taco f(0) = -2, f(1) =1, f(2) = -8, f(3) = 13.
Suy ra f(0)f(1) =-2<0, f(1)f(2)=-8<0, f(2)f(3) =—-104 < 0.
Mat khéc, vi f(z) 1a ham da thic lién tuc trén R nén f(z) lién tuc trén cac doan [0;1], [1;2], [2;3].
Do d6 phuong trinh f(x) = 0 ¢6 it nhat mot nghiém trén cac khoang (0;1), (1;2), (2;3).
Vay phuong trinh da cho c6 it nhat ba nghiém.

O
BAI 14 (HKII - THPT Ly Tu Trong).
(@ Tinh céc giéi han sau
x—5H
a) lim .
) T—5 p — \/5
b) lim Y& +5-3
r——2 T + 2
2?2 —4x+3
, . ———  Kkhi 3 )
(2 Tim a dé ham s6 f(x) = 3—x ie# lien tuc tai diem zy = 3.
dax +5 khi x =3
(3) Chitng minh phuong trinh 52° — 32* 4 423 — 5 = 0 ¢6 it nhat mot nghiem.
Loi giai.
(@) Tinh céc giéi han
-5
a) lim =0.
) T—=5 p — \/5
Va?+5-3 . r24+5-9 ) x—2 2
b) lim —— = lim = lim — =——.
-2 x+2 T==2 (g 4 2) (</m2+5+3) e——2 /72 + 543 3
(2 Taco
— f(3) =12a +5.
2 4x+3 —3)(z—1
— lim f(z) = lim i lim E=3)=1 = lim(—z+4+1) = -2.
x—3 z—3 —x z—3 3—x x—3
) , 7
Ham so da cho lién tuc tai diem xog = 3 khi 12a+5=-2 < a = 13
(3 Diat f(z) = 52° — 32* +4a® — 5. Ta c6 f(0) = =5, f(1) = 1. Suy ra f(0)f(1) = =5 < 0.
Mat khéc, vi f(x) la ham da thic lien tuc trén R nén lién tuc trén doan [0; 1].
Do d6 phuong trinh da cho ¢6 it nhat mot nghigm trong khoang (0;1).
Vay ta ¢6 dpcm.
O
BAI 15 (HKII - THPT Lé Quy Don).
vr+3-—2 .
SR PN, 55 o7 khiz<1l . .
(@) Tim gia tri ctia @ dé ham s6 f(z) = < 222 — 3z + 1 lien tuc tai zg = 1.
—2a+7 khiz >1
(2) Chitng minh phuong trinh (m2 —3m+ 3) 2% + 22 — 3 = 0 c6 nghiém v6i moi m.
Loi giai.
() Ta co
— f(1)=—-2a+T7.
— i = lim (-2a4+7) = —-2a+7.
S, f(@) = Jim (~2047) = 20+
— lim f(z) = thH— lim v3-4 = lim L =
21— a1 222 -3z 41 ao1- (z-1)(22-1) (Ve +3+2) a-1- 22-1)(Vz+3+2)
1
Z.
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. 1 27 27 .
Ham s6 da cho lién tuc tai xg =1 khi —2a 4+ 7 = 1 Sa= 3 Vay a = -y la gia tri can tim.

@ Dat f(z) = (m? —3m+3)2®+22—-3=0.
2
Ta c6 f(0) = —3, f(2):8m2724m+25:8(m—g) +7>0Y m. Suy ra £(0)£(2) <0V m.

Mat khac, vi f(z) 1a ham da thic lién tuc trén R nén f(z) lién tuc trén doan [0;2].
Do d6 phuong trinh f(z) = 0 luon c¢6 it nhat mot nghiem trong khoang (0;2) véi moi m.
Vay ta c¢6 dpcm.

a
BAI 16 (HKII - THPT Chuyén Nguyén Thugng Hién).
(1) Tinh céc gidi han sau
a) lim (\/x2 +x— V24 1).
Tr—r—00
tanx —sinzx
lim ——.
1—=x
. . khiz >1
(2) Tim tham s6 m dé ham s6 f(z) =< Vo +8—3 liéen tuc tai g = 1.
m22? 4+ Tmz  khiz <1
@ Chting minh phuong trinh ma'* — (Sm2 + 7) x'® — 5 =0 ludn c6 it nhat mot nghiem véi moi m.
Lai giai.
(1) Tinh céac gisi han
2 2 1 —1
a) lim (\/x2+x—\/x2+1): lm — tro = lim x
T——00 T——00 \/12 + x4+ \/12 +1 T——00 1 1
lz[4/1+ — + |z] 1+ —
x x
1 1
- 1
T——00
ISR
x x
sinz —sinx sinz - 2sin? z
b) Tim tanz —sinz iy COSZ _ iy SR (1 —cosx) — lim 2
0 473 z—0 413 =0  cosx - 4x? =0 cosz - 4x3
o
. sin® —
~ lim 1 sinz % _ 1
=0\ 8cosx «x (g) 8
2
(2 Taco
— f(1) =m? + Tm.
— lim f(z) = lm (m?2? + Tmzx) = m? + Tm.
r—1— r—1—
1—x (1-z)(Vz+8+3)
— i = 1 =1 =1 — 8§—-3)=-6
S = s s T T s Jm, (Ve +8-3)
) =1
Do d6, ham s6 da cho lién tuc tai zg = 1 khim? +Tm=—-6<m?+Tm+6=0< 6
m = —6.
Vay m = —1, m = —6 13 cic gia tri can tim.
@ bat f(z) = ma' — (3m? 4+ 7) 2" — 5.
1\ 7
Ta c6 f(0) = =5, f(—=1) =3m? + m +2=2m? + (eri) +Z >0V m. Suy ra f(—1)f(0) <0V m.
Mat khéc, vi f(z) la ham s6 da thic lien tuc trén R neén lien tuc trén doan [—1;0].
Do d6 phuong trinh f(z) = 0 c¢6 it nhat mot nghiem trong khoang (—1;0).
Vay phuong trinh da cho luén cé it nhat moét nghiém véi moi m.
|
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BAI 17 (HKII - THPT An Lac).
(1 Tinh céc gi6i han sau
4 +5x— 206
a) lim ————.
=2 — a2tz —2
b) lim (V422 —z+22-1).

r——00
3 _ .2 2% — 2
e e khi #1

(2 Tim m dé ham s6 f(x) = 1— a3 lien tuc tai diém xo = 1.
dma® +6x+1  khi z=1

BAI 18 (HKII - THPT Nam Ky Khdi Nghia).

(@) Tinh céc gi6i han sau

. oa® =522+ 3z +9
a) lim

=3 z*—8x2-9
Vo2 +1—V4x2 +1

b) i
) Jlim P
3_4
TS hi w1
(2) Tim m dé ham s6 f(z) = T —dz+3 lien tuc tai diém xo = 1.
-mz khi =1
4
BAI 19 (HKII - THPT Nguyé&n Chi Thanh).
(@ Tinh céc giéi han sau
a) lim 23— 322 — 9z +2
z—-2 23 —-Tr—6
b) lim (235 —1—+4x? — 4o — 3)
T— 00
2
o THS g w3 ,
(2 Tim a dé ham s6 f(z) ={ Vo +6—3 lien tuc tai diem xg = 3.
ar + 3 khi <3

BAI 20 (HKII - THPT Nguy&n An Ninh).
(@ Tinh céc gi6i han sau

) I 223 + 322 — 8z — 12
& x—l>H—12 2 —x—-6 '

b) lim (22 + VAT + 2 +5).
7”’;24'7_4 khi £

(2 Tim m dé ham s6 f(x) = x—3 z73 lien tuc tai diém o = 3.
x—2m khi z=3

BAI 21 (HKII - THPT Nguyén Du).

(@ Tinh céc giéi han sau

)1, 22 =5z +6
im .
& z—2 13 — 322 + 7Tz — 10

b) lim [x (\/a;2 +1+ x)]

r——0Q
VaZ 13 -2
? VI3 i w1 9
(2 Tim m dé ham s6 f(z) = €z _11 lién tuc tai diém z¢ = 1.
m2z — 3 khi =1
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BAI 22 (HKII - THPT Mac Dinh Chi).
@ Tinh céac gidi han sau
) lim<2~3”—3~7"-i-4>
& 3.on14 )

(m_z)

b) lim

z—0 x2 +x

¢) lim (3z+1+ V922 +3z+4).
Vir+5-5

r—95
2z

25

(2) Xét tinh lien tuc ctia ham s f(z) =

BAI 23 (HKII - THPT Gia Dinh).
(1) Tinh céc gi6i han sau

o) i 2t — 6z +12—3
+08 422 — 11z —3
) VT + 8- 909z — 28 — 12
b) lim .
z—4 3 — 472 + 22 — 8
. V12 +4— /36 + 8
c¢) lim
x—0 2.173—121‘2

(\3/64333 —Ax? — 4z + 1).

d) lim

T— 00

r+1—+vVxr+3

z—1
(2) Xét tinh lien tuc ciia ham s6 f(x) = g

khiz > 5

khix <5

khiz>1

khix =1 tai zg = 1.

323 — 622 —3x+6

khiz <1

322 — 14z + 11

BAI 24 (HKII - THPT Nguyén Hién).
(1 Tinh céc gidi han sau
a) lim 9zt — 8222 +9
o3 223 —54

(2z + 3)Va? + 4.

b) i
) lim (22 4+ 5)2

r——00

V3r+1—+vbH—=x

khix >1

(2) Xét tinh lien tuc ctia ham s6 f(x) =
-2z +1

BAI 25 (HKII - THPT Nguyén Hitu Canh).
(@ Tinh céc giéi han sau

) I 222 -3z +1
] 4 -3z —x2"

. T —+6—2x
b) lim —————.
=2 —x? + 3z — 2
vVe+1—2
r—3
r—2
4

(2) Xét tinh lien tuc ctia ham s6 f(x) =

BAI 26 (HKII - THPT Nguyén Théi Binh).

—223 4+ 322 —x

khiz <1

khi z > 3 A
tai dim z¢ = 3.

khi z <3

tai dim zo = 1.

= Nguyén Qudc Duong - @ 0375113359
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2 —12
% khi 2 # 3
(D Xét tinh lien tuc ctia ham s6 f(z) =4 T tai diém z = 3.
T°+5 .
khi x =3
z—1

(@ Chiing minh phuong trinh (m? 4+ m + 3) (z — 2) + 2% + 22 — 4 = 0 ¢6 nghiem Vm.
BAI 27 (HKII - THPT Tay Thanh).

(1) Tinh céc gidi han sau

z—3 9 — g2
b) lim (\/m+2x).
r—r—0Q
m (m® — 3) khi z = 2
(2 Tim m dé ham s6 f(z) = x—2 ) lien tuc tai z¢ = 2.
khi z # 2
VH—=2x—+vV3—=x

(3 Chiing minh phuong trinh 5z% + 323 — 622 — x + 1 = 0 c6 it nhat hai nghi¢m trong khoéng (—1;1).

= Nguyén Qudc Duong - @ 0375113359
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‘ }  DPAO HAM

sl 1.  DINH NGHIA DAO HAM - CAC QUY TAC
TINH PAO HAM

@ TOMTAT LY THUYET

(1 Dinh nghia dao ham: Cho ham s6 y = f(z) xac dinh trén khoang (a;b) va zo € (a;b).

Gidi han hitu han néu cé cua ti sé w khi 2 — z¢ dudc goi 1a dao ham clia ham s6 da
— o
cho tai xg, ki hiéu f’(x¢) hay ¢'(x¢). Nhu vay, ta co:
fl (l'o) — lim f(l') B f (.’Eo)
T—TQ T — X0

(2) Quan hé giita sy ton tai cia dao ham va tinh lién tuc ctia ham sb
Dinh Ii 1 (thita nhan). Néu ham s6 y = f(x) c6 dao ham tai o thi né lien tuc tai diém do.

(3) Y nghia ctia dao ham

(a) Y nghia hinh hoc: Phuong trinh tiép tuyén ctia d6 thi ham s6 y = f(z) tai diém
M (zo; f(z0)) c6 dang: y = k(x — xo) + f(mo) v6i k = f'(x) 1a he s6 goc clia tiép tuyén.

(b) Y nghia vat ly:
— Van tbc tic thai: v(t) = s'(¢).
— Gia toc tie thoi: a(t) = v'(t).
— Cudng do dong dién tic thoi: I(t) = Q'(1).

(4) Dao ham trén khoang: Ham s6 y = f(x) dugc goi la c6 dao ham trén khoang (a;b) néu né cé
dao ham tai moi diém z tren khoang do6.

(® DANG TOAN VA BAI TAP

(O DANG 1.1. Tinh dgo ham bdng dinh nghia

Can nhd cong thic: f' (o) = lim M

T—rTo Tr — X

0 vipy

VI DU 1. Cho f(x) = 22% + = + 1. Tinh f/(2)?

Lai giai.

147



7 Chuong 5. PAO HAM

Ta c6
—f(2 212 1-11 —2)(2
F(2) = tim 1O =S@) 2 N ) [ € ) B T Y
r—2 r—2 r—2 r—2 r—2 r—2 x—2
O
VI DU 2. Cho y = 2® — 22 4 1. Tinh ¢/(1)?
Loi giai.
Ta c6
—y(1 3 _2x 41— —D(z?+z—1
y/(l)*hmwzlimw:hm (w=- D@ +o )zlim(zz—l-x—l):l.
r—1 r—1 r—1 r—1 r—1 r—1 r—1
O
Vi DU 3. Cho f(z) = 2z + 1. Tinh f/(1)?
Lai giai.
Ta c6
, . f@)—fQ) . N2rF1-3 22 — 2 , 2 V3
() = lim ————= = lim ——— = lim =lim ——= = —.
z—1 r—1 z—1 z—1 xa1(x_1)(,/2x+1+\/§) a—1 /22 + 1+ V3 3
0
: 2z —1 ,
e i ?
VI DU 4. Cho y x+3.T1nhy(3).
Loi giai.
Ta c6
2c—1 5
. -y(3) . 3 6 . Tz — 21 . 7 7
"(3) = 1 le x+3 6 gy, Py D
yi3) = lm =3 w53 73 v536(z +3)(x—3) 2986z +3) 36
0

Q BAI TAP AP DUNG
BAI 1. Cho f(z) = 2® +x — 2. Tinh f'(-2)?

Lo giai.
Ta c6
— f(=2 S —2—(-12 2)(a? — 2
F(=2) = m T@=IED o Pt (212) |y @HEDEZ2845) 2oy — 13,
T——2 x+ 2 rz——2 x+ 2 T——2 T+ 2 r——2
O
BAI 2. Cho y = v/3 — 2z. Tinh y/(—3)?
Lo giai.
Ta c6
, . y(z) —y(=3) . V/3—-2x-3 . —6 — 2z . -2 1
y'(-3)= lim =——"—— = lim ——— = lim = lim —— =—-.
e—-3  x+3 e>-3  x+3 e»-3(x+3)(vV/3—-2r+3) =--3y3-20+3 3
(]
N 2 1
BAI 3. Cho f(z) = “1 . Tih f'(2)?
T —
Lo giai.
Ta c6
2z +1 5
2 - _ _
f(2) = lim /(@) ) _ lim £ —1 sr+b S _ 3
=2z — =2 —2 =2 (x—1)(x—2) o2 (x-—1)
]

= Nguyén Qudc Duong - @ 0375113359 Trang
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O BAI TAP REN LUYEN

BAI 4. Cho y = 2% — 2 4 2. Tinh ¢/(1)?
BAI 5. Cho f(z) = 2z + 7. Tinh f/(1)?
BAI 6. Cho y = V22 + 5. Tinh ¢/(2)?

(D DANG 1.2. Céc quy téc tinh dao ham vé bang dao ham

@D (w+v—w) =u+v —w | @ (u-v) =uv+2'u
u\’"  u'v—vu ‘ , ,
Ham so cap Ham hgp
o () =0 (CEeR)
o (z") =n-2z" ! (neN¥) o (u") =n-u"1l-u (neN¥)
r 1 , u
o WE =5z @>0) o (V) = 57 (u>0)
-2 @#o (3) =-2 wro
o — = — o — = —
x 22 7 u w
o Cong thtc tinh nhanh
. (aa:—i—b)’_ ad — bc (axQ—i—bm—i—c)/_adﬂc2+2aew+(be—cd)
cx+d/)  (cx+d)? dz +e B (dz + e)?
ar b 24| @ o, | bhoa
as by as C2 by o

(alav2 +blm+cl>l B

4922 + bat + C (Tich huyén tri tich sic)

(a222 + box + ¢9)?

Lam quen nhém coéng thic | (z") =n -z va ‘ (u-v) =v'v+v'u ‘

€ vioy

VI DU 1. Tim dao ham ciia ham s6 y = z* — 222 + 1

Loi giai.
y =da3 — 2.2z = 423 — 4a.

VI DU 2. Tim dao ham ctia ham s6 y = 52%(3z — 1)

52%(3z — 1)]" = (522)" - (32 — 1) + 522 - (32 — 1)’ = 102 - (32 — 1) + 522 - 3 = 4522 — 10z

Q BAI TAP AP DUNG
BAI 1. Tim dao ham cfia ham s6 y = —22* + 422 — 3z + 1
Lo giai.
Yy =-2-423+4-22 -3 =823+ 8x — 3.
BAI 2. Tim dao ham ctia ham s6 y = 2% — 322 + 2 — 1
Lo giai.
y =322 —-3-204+1=2322—6z+1.

N . 1 3
BAI 3. Tim dao ham ctia ham s6 y = 51‘5 +at— 23— 51‘2 +4x —5
Lo giai.

1 3 5

y = §~5x4+4x373x275~2$+4: §x4+4x373$273m+4.

= Nguyén Qudc Duong - @ 0375113359 Trang
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N . 1 1

BAI 4. Timdaohamcﬁahamséy:Zf§x+x275x4

Loi giai

’*—E—V—Qx—1 4z3*—1+2x—2x3 |
Y=73 2 T3 '

< P 1 1
BAI 5. Tim dao ham ctia ham s6 y = gmx5 —2z* + ga:?’ +m? -1

L3i gii.
1 1

y’:5-5mx4—2-4x3+§-3x2=mx4—8x3+x2. O

< . . . . 2t 1 9

BAI 6. Tim dao ham cuahamsoyzz—g—i-ix +m—1

Lai gidi.

y’:1~4z371'3x2+1~2x:x37x2+x O
4 3 2 ’

BAI 7. Tim dao ham ctia ham s6 y = 32% + 2(m — 1)2® + x +m? — 1

L3i gii.

Y =3-322+2-2(m— 1z +1=92% +4(m — 1)z + 1. O

BAI 8. Tim dao ham ciia ham s6 y = (22 + ) (3 —a?)

L3i gii.

v =[("+2)(3-2%)]
= (2% +2) (3-2%) + (2 + ) (3—2?)’
=(2¢+1) (3—22) + (22 + ) (—22)
= —42® — 32% + 62 + 3.

0
BAI 9. Tim dao ham cia ham 6 y = (22 — 1)* (2z + 1)°
Loi giai.
li
y =2z -1)* 2z +1)7]
= [ -4 e+ 12+ @e-1)? [+ 1)
=2.224+1)° 4+ (2z-1)>-2
= 162” + 4.
0
BAI 10. Tim dao ham cfia ham s6 y = z(2z — 1)(3z + 2)
Loi giai.
y =z Q2r-1)Bz+2)
= [(2z —1)(Bz +2)] +z - [(2z — 1)(3z + 2)]
=1-[2z-1)Bz+2)]+a [(2—1) Bz +2)+ (22 —1)- (32 +2)]
=1-[62>+2—2]+a-[2-(3z+2)+ (2x—1) 3]
=62 +2—2+z[122+1]
=62 +2—-2+122% + 2
= 1822 + 22 — 2.
O
Q BAI TAP REN LUYEN
N . . . P 1, x?
BAI 11. Tim dao ham ctia ham s6 y = Zx iy -2
Loi giai.
1 1 "1 1
P2t = 222 - 92) =2 43— = .2 =23 — 1. 0
s (o) s faos

= Nguyén Qudc Duong - @ 0375113359 Trang
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. . 1
BAI 12. Tim dao ham ctia ham s6 y = fzx‘l —22%2 -5

Loi giai.

1
y’:—1-4x3—2~2m:x3—4x. O
BAI 13. Tim dao ham ciia ham 6 y = m?z* — (m — 1)2% + m? — 5m + 4
Loi giai.
v =4-m?2® -2 (m— Dz =4m2z3 — 2(m — 1)a. O
BAI 14. Tim dao ham ctia ham s6 y = 3z° — 6ma? — 2ma +m? — 1
Loi giai.
y' =3-5z* —6-4ma® — 2m = 152* — 24ma® — 2m. O
BAI 15. Tim dao ham ctia ham 6 y = 2% — 223 — 522 + 3
L giai.
Y =6-2°—-2-322 —5-22 = 62° — 622 — 10x. O
BAI 16. Tim dao ham clia ham s y = (2z — 3) (2° — 2z)
Loi giai.

y = [(2z—3)(2® - 23@)],
=(2z-3) (2° —22) + (22— 3) - (2° — 23:)/
=2 (2° —2z) + (22— 3) - (a* — 2)
=22° — 4o+ 102° — 152* — 42 + 6
= 122° — 152* — 8z + 6.

(Il
BAI 17. Tim dao ham ctia ham s6 y = (22 — 2z + 3) (222 + 3)
L3 gidi.
y = [(332 — 22+ 3) (2:52 + 3)]/
= (2% =20 +3) - (222 +3) + (2 — 22+ 3) - (227 +3)'
= (22 —-2)- (22° +3) + (2* — 22+ 3) - (4)
= 42® — 42® + 62 — 6 + 42® — 827 + 122
= 82% — 1222 4+ 18z — 6.
O
BAI 18. Tim dao ham ctia ham s6 y = (2% +1) (5 —32?)
Lai gidi.
= [(z* +1) (5 - 32?)]
= (22 +1)" (5-322) + (22 +1) - (5 - 32?)’
= (22) - (5—32%) + (2> + 1) - (—62)
=10z — 62° — 62° — 6z
= —122° + 4x.
(I
Lam quen nhém céng thic | (u") =n-u"" 1o
€ vioy
Vi DU 1. Tim dao ham ctia ham s6 y = (7 + x)Q
L i giai.
= ( 7+ x) (71‘6 + 1) =2 (79613 + 827 + :C) = 14213 + 1627 + 2z. ]

= Nguyén Qudc Duong - @ 0375113359 Trang @



7 Chuong 5. PAO HAM

VI DU 2. Tim dao ham cfia ham s6 y = (22 — 22 + 3) (2 +1)°

Lai giai.

O
€> BAITAP AP DUNG
BAI 1. Tim dao ham ciia ham sb y = (22° — 322 — 6z + 1)2
Loi giai.
Yy =2(22° - 32" — 62+ 1) - (6% — 62 — 6)
=2 (122° — 302" — 302* + 602® + 30z — 6)
= 242° — 602" — 602° + 1202” + 602 — 12.
O
BAI 2. Tim dao ham ciia ham s6 y = (27 + 3z +2) 10
Loi giai.
y =10 (27 + 32* +2)° - (725 + 1243). 0
BAI 3. Tim dao ham ctia ham s y = (2* — 22° + 2 — 1)2
Loi giai.
y' :2(x472:r2+:c71) . (4x374x+1)
=2 (427 — 122° + ba' + 42® — 62° + 5z — 1)
=827 — 242° + 102" + 8z® — 1227 + 10z — 2.
O
BAI 4. Tim dao ham ctia ham s6 y = (3z — 5a? + 4:53)10 (z 4 3)°
Loi giai.
!
y = [(3m — 52?4+ 43:3)10 (z + 3)5]
!/
= [z — 52> +42%)'°] - (@ +3)° + (32 — 52* + 42%) " [(= + 3)°]
= [10 (3z — 52® +42%)° - (3 — 10z + 122%)] - (2 +3)° + (32 — 5o + 42®)"" - [5 (z +3)" - 1]
=10 (122 — 10z + 3) (z + 3)° (32 — 52 + 42%)° + 5 (z + 3)* (3z — 52 + 42%)"° .
O
€) BAITAPREN LUYEN
BAI 5. Tim dao ham cia ham s6 y = (1 — 23:2)3
Loi giai.
Y =3(1—22%)° (—dz) = —122 - (4a* — 4a® + 1) = —482° + 482° — 12z O
BAI 6. Tim dao ham ctia ham s6 y = (2% + 2 + 1)4
Loi giai.
y =4@+2+1)7 20 41)
=42 +1) (2 +2+1)°.
O

= Nguyén Qudc Duong - @ 0375113359 Trang @
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BAI 7. Tim dao ham ciia ham sb y = (z — x2)32

Lai giai.

O
BAI 8. Tim dao ham ctia ham s6 y = (2% — z + 1)3
Lai giai.
Yy’ :3(x2—x+1)2-(2x—1)
=32z —1) (mQ—a:+1)2.
O
f 'y — b\’ d—b
Lam quen nhém céng thic (%) = % va (:i—td) = ((clx—f—d;z
0 viby
. P 2 1
Vi DU 1. Tih dao ham cita ham s6 y — ——
z+1
Lai giai.
12 Toy oyl
—— Céch 1. St dung cong thiic <E> = w ta dugc
v v
Qe+ 1D)(e+1)—(z+1)(2e+1) 2(@x+1)—-1122+1) 1
B (z+1)2 B (x+1)? S (z+ 1)
b\’ d—"b .
—— Cach 2. St dung cong thitc nhanh <Z§——:—_d) = (Zx n d; (rén luyen cho 16p 12 trong trac nghiem)
, 21-1-1 1
SN CE SRV
O
. . 2 1
Vi DU 2. Timh dao ham ciia ham s6 y — -2+ 1
r+m
Lai giai.
12 Toy oyl
—— Céch 1. St dung cong thiic (%) = uvv# ta dugc
) = 2mz+1)(x+m)— (@+m)2ma+1) 2m(x+m)—1-2ma+1) 2m? — 1
(z +m)? (z +m)? (x+m)?
b\’ d—"b .
—— Cach 2. St dung cong thitc nhanh (Zji_d> = (::lm n d; (rén luyén cho 16p 12 trong trac nghiém)
;_2m-m—1-1 2m? — 1
P eamy T @mp
O
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Q BAI TAP AP DUNG

N P 20 — 1
BAI 1. Tinh dao ham ctia ham s6 y = x .
dxr — 3
Lai giai.
/ Toy oyl
—— Cach 1. S dung cong thiic (%) = UUU# ta dugc
, (2r—1)(4r —3) — (4v —3)'(2xr —1) 24 —-3)—4Q2x—-1) -2
v= (4z — 3)2 (4z — 3)2 T (dz-3)2
b\’ d—b .
— Cach 2. St dung cong thitc nhanh (S;C——:—_d> = (;la: m d; (rén luyén cho 16p 12 trong trac nghiém)
;23 —4-(-1) -2
YT T =32 3
O
. . 3
BAI 2. Tinh dao ham ctia ham s6 y = .
2z 41
Loi giai.
) ) - oruy dv—1u
—— Céch 1. St dung cong thiic <7> = ——— ta dugc
v v
, (BYQr+1)—(z+1)-3 0-(2c+1)—2-3 -6
v = 2z + 1)2 T (@12 (1)
b\’ d—b .
—— Cach 2. Sit dung cong thic nhanh (Z:f—td) = ((cl:v n d; (réen luyén cho 16p 12 trong trac nghiém)
, 0-1-2.3 -6
2r+1)2  (2z4+1)2
O
< p 2 1
BAI 3. Tinh dao ham cita ham s6 y = ;”_J;x.
Lai giai.
. . _ CoruN uv—vu
— Cach 1. St dung cong thiic (7> = ——— ta dugc
v v
, (e 4+1)(1—-3z) - (1-32)2x+1) 2(1-3z)+32zx+1) 5
(1—3z)2 (1—3z)2 (11— 33)%
b\’ d—1b .
—— Cach 2. Sit dung cong thic nhanh <Z§i d) = ((cl:v n d; (réen luyén cho 16p 12 trong trac nghiém)
,2-143-1 5
(1 -32)2  (1-3x)%
O
< . N ) N . 1—2x
BAI 4. Tinh dao ham ctia ham s6 y = .
Tz+5
Lai giai.
12 Toy oyl
— Cach 1. St dung cong thiic (E> e dugce
v v2
, (=22)(x+5) - (x+5)(1—-22) —2@+5)—-(1-2z)  —11
V= - (@ +5)2 ORI

(x +5)2

= Nguyén Qudc Duong - @ 0375113359
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—— Céach 2. St dung cong thic nhanh <

b\’ d—b .
az + > = (a ¢ (rén luyén cho 16p 12 trong trac nghiém)

cx+d/)  (cx+d)?
, —2.5-1-1  —11
RN
([l
N p 4
BAI 5. Tinh dao ham ctia ham s6 y = ma+ .
r+m
Loi giai.
, Loy ot
— Cach 1. St dung cong thiic (E> = qu ta dugc
v v
, (mz+4)(x+m)—(x+m)(me+4) mx+m)—1-(mx+4) m>—4
(z +m)? B (z +m)? C(z+2)%
b\’ d—0 .
—— Cach 2. Sit dung cong thic nhanh <ijr_d> = (Zx n d; (rén luyeén cho 16p 12 trong trac nghiém)
, m-m—1-4  m?—4
P T arm T @
O
N P 2 Dz —2 1
BAI 6. Tinhdaohamcﬁahamséy:(m+ ) (m + )
mz +m?2 —1
Loi giai.
12 Toy oyl
— Cach 1. St dung cong thiic (E> = w ta dugc
v v
, (2m+ 1)z —2(m+ 1)) (mx+m? —1) — (mx +m? — 1) (2m + Dz —2(m + 1))
y = 2 2
(mx+m2—1)
 @Cm+1D(mz+m? —1) —m- ((2m+ 1)z —2(m+ 1))
B (mx +m? —1)2
o 2mP+3m? -1
 (mx+m2-1)2
b\’ d—b .
— Cach 2. St dung cong thitc nhanh <Z§—td> = (Zac n d; (rén luyén cho 16p 12 trong trac nghiém)
,@Cm+1)-(m?P—-1)+2(m+1)-m _ 2m*+3m? -1
N (mx + m? — 1)2 ~ (mx+m?2—1)2
([l
0 BAI TAP REN LUYEN
BAI 7. Tinh dao ham ciia ham s6 y = . Eﬁx.
Loi giai.
12 Toy oyl
—— Céach 1. S dung cong thiic (%) = uvv# ta dugc
, (5x)'(1 —4x) — (1 —4x)'(5z)  5-(1—4x)+4-52 5
(1 —4x)? B (r +5)2 (1 —4x)2”

(rén luyén cho 16p 12 trong trac nghiem)

b\’ d—b
— Cach 2. St dung cong thitc nhanh (aa: a ) = (a ¢

cx+d cr +d)?
, 51440 5

@+5)2  (1—4da)?
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O
< . -1
BAI 8. Tinh dao ham ctia ham s6 y = z .
T+ 2
Lai giai.
/ oy oy
— Cach 1. St dung cong thiic (E> = w ta dugc
v v
;-1 +2)—(z+2)(z—-1) 1-(z+2)—-1-(z—-1) 3
v= (r +2)2 - (z+2)2 T (@t2)?
b\’ d—1b .
—— Cach 2. St dung cong thic nhanh <Z;:—td) = (Zx n d; (réen luyén cho 16p 12 trong trac nghiém)
;21411 3
@422 (@+2)
(Il
N P -1
BAI 9. Tinh dao ham ctia ham s6 y = bz .
42
Lai giai.
12 Toy oyl
—— Céch 1. St dung cong thiic <E> = M ta dugc
v v
, (br—1)(x+2)—(x+2)(6xr—1) 6-(x+2)—1-(62—1) 13
’ (@+27 B (+2 T @2
b\’ d—b .
—— Céch 2. St dung cong thic nhanh <Z§i d) = (Zz n d; (rén luyeén cho 16p 12 trong trac nghiém)
, 6-241-1 13
S @422 (2+2)?
O
< . -2
BAI 10. Tinh dao ham ctia ham s6 y = e e
z—m+1
Loi giai.
/ oy oy
— Céach 1. St dung cong thitc (3) = 2000 ta duge
v v
, (mz—2)(x—m+1)—(z—m+1)(mz—-2) mz-—m+1)—1-(mz—2) —-m?>+m+2
v = (x —m+1)2 B (x —m+1)2 (z—-m+1)2°
b\’ d—b .
— Cach 2. St dung cong thitc nhanh (j;v——:—_d> = (;la: m d; (rén luyén cho 16p 12 trong trac nghiém)
, ome(m4+1)+2-1  —mP+m+2
4= (x —m+1)2 C (z—m+1)27
O

< ) Dz —m?
BAI 11. Tinh dao ham ctia ham s6 y = Bm+ Dz —m” + n

r+m
Loi giai.
/ /
—— Cach 1. St dung cong thiic (ﬁ)l = M ta dugc
v v
, (Bm+Dz—m?+m) (z+m)— (z+m)((B3m+ 1)z —m? +m)
b (z+m)?
_ (Bm41)-(x+m)— (Bm+ 1)z —m?+m)
a (x +m)?
_ 4m?
C (@+m)?

= Nguyén Qudc Duong - @ 0375113359 Trang
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—— Céach 2. St dung cong thic nhanh <

b\’ d—b .
az + > = (a ¢ (rén luyén cho 16p 12 trong trac nghiém)

cx+d/)  (cx+d)?
, Bm+1)m—1-(—m*+m)  4m?
(z +m)? C(z+m)?
|
u\’  vv—vu
Lam quen nhém céng thic (f) =——>—|va
v v
a;r b 2 a; cC1 bi o
2
(a1$2+b1$+01)/_ ag ng v az Co & by co
02$2 + b213 + c2 B (CLQJ?Q + ng + 62)2
0 viby
i ) P
VI DU 1. Tinh dao ham clta ham s6 y = ———.
202 —x+4
Loi giai.
12 Toy oyl
—— Céach 1. St dung cong thiic <E> = M ta dugc
v v
;o (@41 (22 —x+4) - (222 —x+4) (P +x+1)
vo= (227 — z + 4)?2
Qe+ 1)(222 —x4+4)— (e —1)(2®+x+1)
N (222 — x + 4)2
_ —322 +4r+5
(222 —x +4)2°
— Céach 2. Sit dung cong thitc nhanh (rén luyén cho 16p 12 trong trac nghi¢m)
;o (1 1 1> (11 -2-1)2*4201-4-2- Dz +(1-4+1-1)  —3z*+4x+5
Y=\ -1 4)7 (227 — z + 4)? T (22 —r+ 42
|
. . 2 2m-1
VI DU 2. Tinh dao ham ctia ham s6 y = z (m )f tm 3.
T —
Loi giai.
12 Toy oyl
—— Céch 1. St dung cong thiic <E> = w ta dugc
v v
;o (@ =2m—-Dz+m+3)(z—1)— (z—1)(a* —2(m — 1)z +m+3)
b (=17
- @e—2m—1))-(x—1)— (2 —2(m — 1)z +m + 3)
- (z—1)?
_ 22 -2x+m-—5
(z —1)?
— Céach 2. Sit dung cong thitc nhanh (rén luyén cho 16p 12 trong trac nghiém)
;o (1 —2(m —1) m—|—3> 2 —2r4+m-—5
Y=o 1 -1/)7 7 @-1)?
O

= Nguyén Qudc Duong - @ 0375113359 Trang @
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Q BAI TAP AP DUNG

1+x—22

BAI 1. Tinh dao ham ciia ham sb y = ————.
1—ax+2?

Lai giai.
3 . - Coruy dv—'u
— Cach 1. St dung cong thiic (f) = ——— ta dugc
v v

, A+z—2>)Q—-a+2?) -1 —2+22)(1+2—2?)

vo= (1 -+ 22)?
(=251 —z+2?) — (-1 +2z)(1 +x — 2?)
N (1 -2+ 22)?
_ —4x+2
(222 —x +4)2

— Céch 2. Stt dung cong thitc nhanh (rén luyén cho 16p 12 trong trac nghiém)

;L (—1 1 1) (1 (=D —-1-1)2?+2(-1-1-1- D+ (1-14+1-1) —dx+2
Y=\1 1 1)7 (227 — z + 4)2 T 22—z 447
O
2 _
BAI 2. Tinh dao ham ciia ham s6 y = %
T —
Lai giai.
/ Toy oyl
—— Céach 1. St dung cong thiic (%) = uvv# ta dugc
, (@ =3z+7)(2c—5)— (20 —5)(a? —3x+7)
vo= (2x — 5)2
(22 -3)(2z—5) —2(2* — 3z +7)
(22 —5)?
222 — 10z + 1
(22 — 5)2
— Céch 2. Sit dung cong thiic nhanh (rén luyén cho 16p 12 trong trac nghiém)
, (1 -3 7)_ 222 — 10z + 1
Y70 2 -5)7  (2z-5)2
O
A B N N 2 2z -5
BAI 3. Tinh dao ham clia ham s6 y = ————.
¢4+ z+2
Lai giai.
/ oy oyl
—— Céach 1. S dung cong thiic (%) = UUU# ta dugc

;. (-5 (*+x+2)— (¥ +x+2) (2 —5)
(22 +x+2)?
22 +x+2) — (22 + 1)(2z — 5)
(22 +x+2)?
—22% + 102 + 9

— Céach 2. Sit dung cong thitc nhanh (rén luyén cho 16p 12 trong trac nghiém)

_(0 2 —5)7—2:52—#1096-1—9
Y=\ 1 2)T (@raro2

= Nguyén Qudc Duong - @ 0375113359 Trang
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O
X 2 Nz —3
BAI 4. Tinh dao ham ctia ham s6 y = z" 4 (m+ )glc m—i—l.
T —
Loi giai.
! oy oyl
—— Céach 1. S dung cong thiic (E) = w ta dugc
v v
;o (222 + (m+2)z—3m+1)(z—1) — (z — 1) (22% + (m + 2)z — 3m + 1)
b (=1
M+ m+2)-(z—1)— (222 + (m+2)z —3m + 1)
B (z—1)?
 22®—dx+2m -3
- (z —1)?
— Céch 2. Stt dung cong thiic nhanh (rén luyén cho 16p 12 trong trac nghiém)
;o (2 m+2 —3m+1) 22 —4x+2m—3
Y=\ 1 -1 )= (x—1)?
O
0 BAI TAP REN LUYEN
. ) 245z — 2
BAI 5. Tinh dao ham ctia ham s6 y = 1?-1-7301
T _
Lai giai.
/ Toy oyl
—— Céach 1. St dung cong thiic (E) = L;}u ta dugc
v v
;o (@45 —-2)(x—1) — (z— 1) (a? + 5z — 2)
b (=1
@z +5)(z—1)— (2 + 52— 2)
- (z —1)?
_ 2?2 —2r -3
R
— Céach 2. Sit dung cong thitc nhanh (rén luyén cho 16p 12 trong trac nghiem)
;o (1 5 —2) a2t —22-3
Y=\ 1 )T T@on? o
O
N P 222 — 4 1
BAI 6. Tinh dao ham ctia ham s6 y = %
T —
Loi giai.
/ loy oyl
—— Cach 1. St dung cong thiic <E> = w ta dugc
v v
;o (22— 4+ 1) (z—3) — (z — 3) (22 — 4w + 1)
o (@ =3
(4 —4)(x—3)— (22® — 4z +1)
- (z —3)?
22 —120411
- (z—1)?

— Céch 2. Stt dung cong thiic nhanh (rén luyén cho 16p 12 trong trac nghiém)

,7(2 —4 1)72m2—12m+11
Y=\ 1 =3)7 T (@-32

= Nguyén Qudc Duong - @ 0375113359 Trang
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N P -1
BAI 7. Tinh dao ham clia ham s6 y = x?f37x+3
Loi giai.
/ Toy oyl
— Cach 1. St dung cong thiic (E> = M ta dugc
v v
, (@ —1)(@* -3z +3)— (2> —3x+3)(x—1)
vo= (22 — 3z + 3)2
1-(@*=3z+3)— (22 —3)(z—1)
N (22 — 3z + 3)?
_ —x% + 22
(22 — 3z +3)%

— Céach 2. Sit dung cong thitc nhanh (rén luyén cho 16p 12 trong trac nghigm)

=0 —1)7ﬂ
Y7 3 3) T @2 _3r+3)2

. . 222 — 1
BAI 8. Tinh dao ham ciia ham s6 y = —- " =3m+ 1

mx — 1
Lo giai.
12 Toy oyl
—— Céach 1. S dung cong thiic (E) = w ta dugc
v v
y = (222 +mx —3m + 1) (mx — 1) — (mx — 1)'(22% + maz — 3m + 1)
(z—1)?

4z +m) - (z—1) —m(2z® + ma — 3m + 1)
B (max —1)2
_ 2ma® —4x +3m? —2m
N (ma —1)2

— Céch 2. Stt dung cong thiic nhanh (rén luyén cho 16p 12 trong trac nghiém)

,_(2 m —3m—|—1)_2mx2—4x+3m2—2m
Y= m -1 N (ma —1)2

R . . IR | /1y
Lam quen nhém cong thic |(— | =—— |va||— ) =——

0 viby

Vi DU 1. Tinh dao ham cla cac ham sb sau:

@y:milJrl.
@y=o-7+ T
®y=ﬁ-

Lai giai.

= Nguyén Qudc Duong - @ 0375113359

-



7 Chuong 5. PAO HAM

(x—1) 1
!
= — O——
Vv ==y *0= G
4 ! 3 2
(z* + 623 — 1) 9 (42® + 182?)
—1+—+2 —:1+—+2-—.
@y (24 + 623 — 1)° 2 (x4 + 623 — 1)
© ,__(3:10 +22) 6z +2
= (322 +2x)2 (322 +2x)2’
0
Vi DU 2. Tinh dao ham clia cac ham sb sau:
1
T
4
®y7(a:2—2x+5)2'
1 2
®y757(3w—1’2)5'
Loi giai.
@y Cro9T  200-5) o5 4
Y= T w5 (22 — 5)4 T T @r—5)®
@ y =4 (@ =20 457 2 —20+5)-@2-2+5) _ 16@-1) _ 16(1—q)
v (2 — 2z +5)% (2 — 2z +5)* (@222 +5)3 (2222 +5)3
© ’——i+ [(3x—x2)5]/__i+2 5(3x—x2)4~(3x—x2)’__i+25(3—2x) 103 —2x) 1
4 2 (3z —x2)10 22 (3z — x2)10 22 Bz —22)6 (3 —x2)6 22
0
T . N 5 N % 3 5
VI DU 3. Tinh dao ham ctia ham s6 y = po + 22z — 1)
Loi giai.
s (:c—l)’_5 [2(21—1)6]’__3 1L 2:6Qe—1° (201 3 30
Y= e— )2 A2z -1z~ % @—1)2 A2z —1)12 T T @102 Q-7

Q BAI TAP AP DUNG

BAI 1. Tinh dao ham ciia cac ham s sau:

®y*xi172x'

@y= ;x—kl

@y=13 ;x+1

Loi giai.

0v--E2 -1y

@y = {(x—ll)Q /__[((2—11))241], __2@-(;)_-3;4_ = :_(x—21)3'
®y= _((jj_gjii)é @ ix:a;iw T (@2 i;;ﬁ 12

= Nguyén Qudc Duong - @ 0375113359 Trang
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(]
BAI 2. Tinh dao ham ciia cac ham sb sau:
1
D= (22 —x +1)%
_ 3 2
@y= (222 — 8x)* 20
3
@v=r- g
1 1 1
®y=2-2= 2z —1)5
Lo giai.
@ ;o (@ =2+ 1] 5@z 4 D)t (@ —2z4+1)  5Q2z-1)  5(1—2ax)
R PP § T @2 —z+1)0 T @ —rt 1) (@—z+ 1)
I
, (222 — 8x)*] 4(22% — 8x)3 - (222 — 8x)’ 4(4x — 8) 3(2 —2)
- dp = -3 g = 3. NPT g -
@y (222 — 8x)® v 3 (222 — 8x)® . 3 (222 — 8x)® v (22 — 4zx)d
4zx.
@y =1-3 [(ac2 31:)10}/ 3. 10(2% — 32)° - (22 — 3z)’ _1_3. 10(2z — 3) _ 30(2z — 3)
(22 — 32)20 (% — 32)20 (2 — 32)11 (2% — 32)11
@yt (#*)" [@z-1° 1 2z 5Qe-D'- (-1 1 2 10
LA x? (2z —1)10 22 " gt (2x — 1)10 22 3 (2 - 1)8°
(I
Q BAI TAP REN LUYEN
BAI 3. Tinh dao ham ciia cac ham sb sau:
1
= —z+1- .
Dy=-a+l-—5
3
@y= (Bz+5)2
2
® = R VR
1 1
®v= T
Lo giai.
(x +2) 1
r=1 2y
Oy =-1+0+ oo @+ 2)
@y 3 [(Bz+5)%" ., 2Bz+5 (Bx+5) 18
v Gr+534 (3z + 5) T T Bzt
@y =2 (;v3—3ac2+1)’__ 32% — 6z _ 6bx(z—-2) 6z(2-u)
4= (23 — 322 4+1)2 (3 —3224+1)2 (23 —-322+1)2 (23 —322+1)2
@ o — - [(a® — 32)'1]’ 1 1@ -30)0 (@® —32) 1 1(32®-3) 1 331-2% 1
v = (x3 —32)22 22 (23 — 3x)22 x? (23 —32)12 " 22 (23 - 3x)12 22’
([
/
Lam quen nhém céng thiic (\/5)/ = ﬁ . (\/ﬂ)/ = 2“\/5 va két hgp mot sé cong thiic khac
0 viby
= Nguyén Qudc Duong - @ 0375113359 Trang
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Vi DU 1. Tinh dao ham clia cac ham sb sau:
1
9 2

@ y=vVr2+6r+7.

Loi giai.
1
@y':8z3—x2+ﬁ.
1 1 2 2
P 6r 4 e — 2 = 6 — o —
@y * 2z x? ‘ N
©) , (46247 2r +6 B x+3
YT ovaTrez 7 2/t ba+7 VRt6at7
O
€> BAITAP AP DUNG
BAI 1. Tinh dao ham ciia cac ham sb sau:
@ y=2°—42® + 2z - 3/z.
2 y=+Va2 -2z -38.
3 y = Vi — 22
Lo giai.
@y':5m4712x2+273~i:5x4712x2+27i.
2\/x 2\/x
® , (a*—20-8) 2r — 2 B x—1
YT ovaT-9z-8 2/i?-20-8 Vi2-0z-8
©) , (A —a?)  4-22  2—z
4 0adr — 22 X/Ax — 22 Az — 22
(]

BAI 2. Tinh dao ham ciia cdc ham s sau

Dy=vVr+4—V4—u.

@y=x—2V22+3r+3.

B y=2r—+22-3.

@y=a+V222+1.

1 1

@y:§x—§\/12—3x2
Loi giai.

(@ Tap xic dinh: 2 = [—4;4].

(z+4) (-2 1 N 1
Wr+4 2/h—-z 2/r+4 2/h—zx
@Tap x4c dinh: 2 = R.
2- (¢ +3x4+3) . 2043  Va?+3r+3-2x-3
222 + 3z +3 Va2 +3z+3 Va2 +3z+3

™ Nguyén Qudc Duong - @ 0375113359 Trang
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7 Chuong 5. PAO HAM

(3 Tap xac dinh: 2 = (—o0; —V/3] U [V/3; +0).
(x2—3)’_2_ 20 2Va?-3-ux
2v22 -3 2v2? -3 V22 -3

@ Tap xéc dinh: 2 = R.
(222 + 1) 14 4 V222 + 1+ 22
2v/222 + 1 2v/222 4 1 V2241

(5 Tap xac dinh: 2 = [-2;2].

Tacoy =2 —

Tacoy =1+

hegy L 1 (1232 1 1 -6 _1(1+ 3z )_\/12—3x2+3x
Yoo 2 o/ia—s2 2 2 2/i2—322 2 V12 — 322 2v/12 =322
BAI 3. Tinh dao ham ciia cdc ham sb sau
@D y= (322 —2)V2z + 1.
@ y=(1—-)Va2 -2z +5.
@yzi—\/ﬂf—l-gx\/f.
2 3
@ y=2V16 - 22+ (x — 1)/z.
®y=vVr2+2z+5—(z+1)Vo + 1.
Ldi gidi.
e 1
@ Tap xac dinh: 2 = {—5; —|—oo).
1 6z —1)2z+1)+ 322 -2 1522 +3x— 1
Tacéy = (62— 1)v2zx + 1+ (322 — ) - = =
y = ) ( T NorEs NorEs
@Tap xac dinh: 2 = R.
1 (2% -2 —(—1)2 —22+dx—
Tacoy =—va?2—-2c+5+(1—2)- 3: = (@ k) i) e 6.
Va?—-2x+5 Va2 -2z +5 Va2 -2z +5
(3) Tap xac dinh: 2 = (0; +00).
322 1 2( > 6 1
T z I:_ _ — . = - — .
acoy i VA RSO @ am tVE
(@) Tap xac dinh: 2 = [0;4].
Ta c6
—21) 1
"= 16—x2+x~(7+ r+(x—1) —
y Wit Vo +( )2\/5
16 — 22 — 2 1 1
= Vot VI -
T Vi Q\F SN
16 — 222 3 1
Vi 2V o
(5) Tap xac dinh: 2 = [~1; +o0).
2x + 2 1 z+1 3
Tacoy = ——e-o-ur——Vz+1—(z+1 = — =z +1.
/=y P ( )2\/m+1 Ve 2z +5 2
O

BAI 4. Tinh dao ham ciia cdc ham sb sau

= Nguyén Qudc Duong - @ 0375113359 Trang
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Dy=(-27
1+x
3
x
®y_\/m'
z+1
@y=—
V2x2—2+43
®y= 3r+2
Lo giai.
(1) Tap xac dinh @ [2; +00).
-2 3
Ta c6 9y = 3( ) = -z —2.
(x—2)3 2
(2) Tap xac dinh: Z = (—o0; 1).
Vi-z—(1+42)-

2\/1—95 S 2(l-2)+ (142 3—x

Ta c6 y = =

1—2 WT—z(l—2z) 2/1—z(1—2x)
(3 Tap xac dinh: 2 = (—o00; —v/6) U (v/6; +-00).

2z
2. /3 G 3.
Ta c6 ,_3I S oWr2—6  3a%(z*—6)—a* 2z — 1822
y z*>—6 (22 —6)vV22 =6 (22 —6)VaZ -6
(@) Tap xic dinh: 2 = (—1;1).
—2z
2 — R
Tacoy = = = = .
1 — a2 1—-22)v1—-22 (1—-22)vV1—-22 (1-2z)V1-—2a?
2
(5) Tap xac dinh: 2 =R\ {—g}
Ta co
dr —1 2
Ue—1)@2+42) 5 5073
y/ _ 2\/2$2—$+3
(3z +2)2

(4z — 1)(3z + 2) — 6(22% — x + 3)
23z 4+ 2)2v222 —x +3
1222 + 5z — 2 — 1222 + 62 — 18
23z +2)2v222 —z+3
11z — 20
23z +2)2V222 —z + 3

€) BAITAPREN LUYEN
BAI 5. Tinh dao ham ciia cac ham sb sau:
2 1,
D y==+4/r— -2t +1.
T 2
@ y=+V1+2z — 22
(3 y=+v22% -5z +2.

= Nguyén Qudc Duong - @ 0375113359 Trang
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Lo giai.
1 1 1 2 2
T S R 1 )
Dy 27 2\/r 2 v x2+\/5 v
@y = (14 2z —a?%) 2 -2z B 1—x
y72\/14—2]}—%‘272\/14—2.13—1‘27\/14-2.1‘—1‘2.
@y = (22 — 5z +2) dx —5
SN Ty R W, 4
[l
BAI 6. Tinh dao ham ciia cdc ham s sau
1
®y21x2—x—\/4x—x2.
@y =2z
Q@y=2>+ayz+1.
@ y=(r—1)V3z+2.
®y=zV1—22
Lo giai.
(D Tap xac dinh: 2 = [0;4].
o, 1 (4z —2?)" 1 2—z (x —2)Vir —2? + 22— 4
Tacby =—or—-1—-——==—-2—-1-— = .
2 2V4r — 22 2 VZv 2V 4xr — 2
(2) Tap xac dinh: 2 = [0; +00).
1 )
Ta co y = (22) - o+ 22 (Vz) =207 + 51‘\/5 = §x\/§
(3) Tap x4c dinh: 2 = [0; +00).
3
Tacéy’:2334—(1‘)’\/5—&—95(\/5)’:2364—\/54—?:295—1—5\/5.
2
(@) Tap xac dinh: 2 = {—g; —l—oo).
3 283z +2)+3(x—1)
Tacoy = (x—1)V3z + 24 (@ —1) (V3r +2) = 3z + 2+ (z—1)- = =
Y= (@-1) (2=1) (V32 +2) = V32 + 2+ (2 1) ey NI
9z + 1
2v/3z+2
(5 Tap xac dinh: 2 = [1;1].
1—z?) z? 1— 222
Tacoy = vIi—aZta- S=) _ g - .
4 241 — 2 Vi—22 VJ1-—22
[l
BAI 7. Tinh dao ham ctia cac ham sb sau
_
Dv= "o
x
®y_\/16—x2.
T+ 2
®y7\/x2—x+3'
@ VA +a?
Y= - .
® _avai+l
Y= o1

= Nguyén Qudc Duong - @ 0375113359 Trang



7 Chuong 5. PAO HAM

Lo giai.
(D Tap xac dinh: 2 = [0; +00).
x + 100
_ ﬁ
100 —
Ta 6y = 2\/x _ 00 —x

(z +100)2 2(xz 4+ 100)%y/z
(2) Tap xac dinh: Z = (—4;4).

/16—x2—$'i
Ta c6 1 = V16 — 2% _ (16 — 2?) + 22 _ 16
16 — 22 (16 — 22)V/16 — 22 (16 — 22)V/16 — 22
(3) Tap x4c dinh: 2 = R.
Ta c6

20 — 1
Vi —z+3—-(2+2) —————
y = ( ) 2V —x+3

x2—x+3
222 —x+3) — (x+2)(2z — 1)
22—z +3)Va2—z+3
222 — 22 + 6 — (222 + 3z — 2)
222 — 2 +3)Va2 -z +3
—ox + 8
22—z +3)Va? —z +3

(@) Tap xac dinh: 2 = R\ {0}.
x

——— -z — V4 + 22
Ta c6 oy = 442" =$2_(4+x2)= 4 .
x? 24 + 22 22v/4 + 22
1
(5) Tap xac dinh: 2 =R\ {5}
Ta c6

(2 —1) (zva + 1>/ —2zva? +1

vo= 2z — 1)2
x? >
) (2171)\/x2+1+(2x71)~\/Tﬁf2x\/x +1
(2z —1)2

2r —1) (22 + 1)+ 2z — 1)2? — 2z(2? + 1)
2z —1)2Va?2 +1
223 — 222 — 1

2z —1)2V22 4+ 1

([l

BAI 8. Tinh dao ham ciia cdc ham s sau

T\/T
®y_$2—1

22+ 1
@y=y\—

3

@y:(lf\/leﬂ).

11—z
@y = VT

tVa

1+vz+3
®y=—-—7—

= Nguyén Qudc Duong - @ 0375113359 Trang
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Lai giai.

(@) Tap xac dinh: 2 = [0; +00) \ {1}.

(zy/@) (2% — 1) — 22%/x gﬁ(ﬁ 1) —22%/x —%gﬂf_ gﬁ
(22 — 1)2 - (@2 —1)2 ST o

Ta co y =

(2 Tap xac dinh: 2 = (0; +00).

U - 21
Tacoy = = = .
2\/x2+1 2\/x2+1 2zy/zva? + 1
x x

1
(3) Tap xéc dinh: 2 = <—oo; 5}
2

Tacsy =3(1—vT—22)°(1—vT—22) =3(1—vI—22)"-

(@) Tap xac dinh: 2 = [0; +00).
-2 ;o -1
arvar Y v

Ta coy =

(5) Tap xac dinh: 2 = [-3;+00) \ {1}.

1
Tacéy’:m.(x_l)_(l—'_\/m) :(37_1)—2\/3?—2(954—3):—33—7—2@

(z—1)2 2V +3(z — 1)2 2z 3z —1)2
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7 Chuong 5. PAO HAM

Nhém bai toan chiing minh, gidi phuong trinh va bat phuong trinh

Phuong phap giai
— Tinh /.

— Diing céc kién thic da hoc dé riat gon, bién ddi vé phuong trinh hosc bat phuong trinh da biét

cach gidi nhu phuong trinh bac nhat, bac hai, bac ba (sit dung méay tinh cam tay).

— Déi v6i bai toan chiing minh diing thic thi ta bién ddi vé phitc tap thanh vé don gidn hodc bién

ddi ca hai vé ciing bing mot biéu thitc trung gian.

A Mot s6 bai todn tim nghiem cila phuong trinh bac hai théa man diéu kién cho trudc.

Cho phuwong trinh ax® +bx +c=0 () vdia # 0.

b

. S=z1+x39=——

Néu phuong trinh () cé hai nghiém 1, xo thi ‘ @
P = T1X9 = —.
a

(D) Phuong trinh (x) c6 hai nghiém trdi dau khi va chi khi ac < 0.

A>0

(2) Phuong trinh (%) ¢6 hai nghiem duong phan biét khi va chi khi { S = o >0
P=S>0.
a

A>0
(3) Phuong trinh (%) c6 hai nghiém am phan biet khi va chi khi { S = % <0

pP=S>0.
a

YAN Mot s6 bai todn vé bat phuong trinh bac hai thudng gap.
Cho tam thic bac hai f(z) = ax?® + bz + ¢ vdi a # 0.
a>0

@ f(z) >0, vxeR@{A<0.

a>0

>
@ f(z) >0, Vz eR & A <o,

@ f(z) <o, v:ceR@{a<O
@ f(x) <0, VJ:ER@{

{} ViDU

VI DU 1. Cho ham s6 y = v/& + v/1 + 22. Chitng minh ring 2y'v1 + 22 —y = 0.

Loi giai.
Ta c6

2Vu 2zt vitar 2Vr+ It
VitaZ+a _ z+V1+a?
oo+ Vitavita?  2V/1+a2
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7 Chuong 5. PAO HAM

VI+VI+a2
Dodé, 2yvita—y=2 YT VIFY" A iiVit@=vVit Vit - VitVitaZ =0

2v/1 + x2
Vay 2y'v1+a22 —y=0.

d

VI DU 2. Cho ham s6 y = 3z + v/10 — 22. Giai phuong trinh 3’ = 0.

Loi giai.
Diéu kien —v/10 <z < V10 ().
x
Tacoy =3 — ——.
Y V10 — 22
Khi do,
, x

=0 & 3———==0
Y V10 — 22

x
V10 — 22
&S 3WV1I0—22 =12

x>0
< 9 (10 — 2%) = 2*

x>0
1022 — 90 =0

x>0 a1
<o =3 (thdéa dieu kién (x)).
r =23

& 3=

Vay phuong trinh 3’ = 0 ¢6 duy nhét nghiém z = 3.

B>0
VAN Cénnhdﬂ:B@{ T,
A= B~°.

nghiém duong phan biét.

VI DU 3. Cho ham s6 f(z) = 2® — 22 4+ 3ma + 201. Tim tham s6 m dé phuong trinh f/(z) = 0 c6 hai

Loi giai.
Tac6 f'(x) =322 —2r+3mva f'(z) =0 322 -2 +3m =0 (%)
Phuong trinh (%) ¢6 hai nghiém duong phan biét khi va chi khi
a0 3#0
=42
S>0 3 >0
P>0

— 1
9 <:>O<m<§.
m >0

m >0

N 1
Vay gid tri m can tim la m € (0; §>

nghiém x7, x5 phan biét théa man x% + x% — z129 = 10.

VI DU 4. Cho ham s6 y = 2% — 3ma? + 3 (m? — 1) z. Tim tham s6 m dé phuong trinh 3’ = 0 c6 hai

Loi giai.
Ta c6 y = 32 — 6ma + 3 (m? — 1) va

Y =0&3"—6mz+3(m*—1)=0s2>-2ma+m’—1=0 ().

Ta bién ddi duge 23 + 23 — z129 = 10 & (77 + x2)2 — 32122 = 10.
Khi dé, yéu cau bai toan tuong duong véi

{A’>O {m2(m21)>0

2
<= em?=Tem==+VT7.
5*—3P=10  |(2m)>—3(m*>—1) =10

Vay gia tri m can tim 1a m = +/7.
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7 Chuong 5. PAO HAM

VI DU 5. Cho ham sb y = ma*+ (m2 - 9) 22 +10. Tim m dé phuong trinh 4/ = 0 c6 3 nghiém phan biét.

L3 giai.
Ta c6y =4ma® +2(m? —9) z va
=0

"=0edmat+2(m? -9 z=0=222mz>+m?>-9)=0<
Y ( ) ( ) 2ma® 4+ m? —9=0. (%)

Phuong trinh ¢’ = 0 ¢6 3 nghiém phan bigt khi va chi khi phuong trinh () ¢6 2 nghiém phan biét khac 0. Diéu
kién tuong duong la

m#0
2m # 0 m< —3
, 5 m < —3
A'=0-2m(m*-9)>0&<¢ [0<m<3 &
) ) 0<m<3.
2m -0+ m*—9#0 m#3
m# —3
Vay gid tri m can tim 1& m < —3 hodc 0 < m < 3. ]
2
. B —2 B
Vi DU 6. Cho ham séy:%. GiAi bt phuong trinh 3/ < 0.
T
Lo giai.
. 22 —2x -3
TaCOy/:W.

Diéu kien z # 1 ().
Khidé, iy <022 —-2r—-3<0& —-1<zx<3.
D6i chiéu véi diéu kien (x), bat phuong trinh ' < 0 ¢6 tap nghiem 1a S = (—1;3) \ {1}. O

VI DU 7. Cho ham s6 f(z) =
f'(z) <0, Vo e R.

(m?> —=m—6)2® — (m + 2)z® — 4z + m. Tim tham s6 m sao cho

W =

Loi giai.
Ta c6 f'(z) = (m* —m —6) 2? — 2(m + 2)z — 4.

m= —2

—Tru’EjngthmQ—m—Gzoé{
m = 3.

— V6im = -2 thi f'(z) = -4 <0, Vo € R. Do d6, m = —2 théa méan bai toan.
— Vi m = 3 thi f/(x) = —10z — 4 1a nhi thitc bac nhat nén f/(z) khong 16n hon 0 véi moi z € R. Do
d6, m = 3 khong théa méan bai toan.

T # =2 )
— Trusng hop m? —m —6 #0 < . Khi do,
x#3
f'(z) <0, Vz eR
& (mz—m—G)foZ(m+2)x74<O, vz e R

a<0

<~ A/
m2—m-6<0
(m+2)>+4(m®>—m—6) <0
m2—m-—-6<0

<~
5m? —20 < 0
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7 Chuong 5. PAO HAM

—2<m<3
—2<m<?2
&S —2<m<2

Tém lai, gia tri m can tim 1a —2 < m < 2. O
Q BAI TAP AP DUNG
BAI 1. Cho ham s6 f(x) = 2 — 322 + 2. Giai phuong trinh f’(z) = 0.
L3i giai.
Ta c6 f'(z) = 322 — 6x.
. z=0
Khi do, f'(z) =0 322 — 62 =0 < )
z=2.
Vay phuong trinh f'(x) = 0 ¢6 hai nghiéem = = 0, = 2. |
N . 243 3
BAI 2. Cho ham s6 y = % Giai phuong trinh ¢’ = 0.
x
Lai giai.
% + 2z
Tacoy = ———.
a ¢y CEIE
Diéu kién = # —1 ().
r=—-2
Khidé, vy =0 22 +2r =0 < 0
x=0.
D6i chiéu véi diéu kién (x), phuong trinh 4" = 0 ¢6 hai nghiém z = —2, = = 0. O
BAI 3. Cho ham s6 y = (z — 1)y/2z + 1. Giai phuong trinh ¢’ = 0.
Lo giai.
. (2 4+ 1) z—1 2e+14+2z-1 3z
Tacoy =1-vV2zx+1+(x—1)- —==V2zr+1+ = = .
Y AN TEs V2T + 1 V27 1 V27 + 1
N 1
Dicu kién x > —5 ().
Khido, 3y’ =0 3z=0< 2z =0.
D6i chiéu véi diéu kién (x), phuong trinh ¢' = 0 ¢6 mot nghiem z = 0. O
N . 1 P
BAI 4. Cho ham s6 y = §m3 — 222 — 62 — 8. Giai bat phuong trinh ¢y’ < 0.
Lo giai.
Ta c6 y = 22 — 4z — 6.
Khi dé, i <0 e 22 — 4z —6<0e2— 10 <z < 2+ /10.
Vay bat phuong trinh ¢’ < 0 c6 tap nghiém la S = [2 —v10;2 4 v/ 10] O
BAI 5. Cho ham s6 f(x) = —2* + 822 + 1. Giai bat phuong trinh f'(z) < 0.
Lo giai.
Ta c¢6 f'(z) = —42® + 16a.
o 3 —-2<z<0
Khi d6, f'(z) <0< —42° + 162 < 0 &
x> 2.
Vay bat phuong trinh f/(z) < 0 ¢6 tap nghiem la S = (—2;0) U (2; +00). O

BAI 6. Cho ham s6 y = 3ma® — 222 4 (3 — m)z. Tim tham s6 m dé phuong trinh 3 = 0 c¢6 hai nghiém trai

dau.

Lo giai.
Tacoy =9ma? -4z +3—mvay =0 9Ima? -4z +3-m=0 (%)
Phuong trinh (%) ¢6 hai nghiém trai dau khi va chi khi

m # 0
a#0 9m # 0 m <0
& & m<0 <
ac <0 I9m(3—m) <0 m > 3.
m >3

Vay gia tri m can tim 13 m < 0 hodc m > 3.
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7 Chuong 5. PAO HAM

N . 1. P
BAI 7. Cho ham sb f(z) = gx“ +ma? + (m + 6)z + 1. Tim tham s6 m sao cho f'(z) > 0, Vz € R.

L3i gii.
Ta c¢6 f'(z) = 2% + 2mx + m + 6.
Khi dé,
f'(x)>0,VzeR
& 2®+2mr+m+6>0, VzeR
a>0
A" <0
1>0
= 2
m°—m—-6<0
& —2<m<3.
Vay gia tri m can tim 1a —2 <m < 3. O

N £ 1 2 ,
BAI 8. Cho ham s6 y = —gmas‘3 + (m — 1)z? + mx + 3. Xac dinh tham s6 m dé phuong trinh 4’ = 0 ¢6
(D) hai nghiém phan biet cting am,
(2) hai nghiéem 1, ¥ thdéa man x? + 22 = 3.
Loi giai.
Tacoy =-ma?+2m—Dr+mvay =0 —-maz?+2(m— 1z +m=0 ().
(@) Phuong trinh () c6 hai nghiém phan biét ciing am khi va chi khi

040 —m#0
A> 0 (m—-12%4+m?>>0
P>0 m

—1>0 (voly).
Vay khong cé gia tri m thoéa mén bai toan.

@ Tacoa? +a2 =3 (v1 4 22)° — 22125 = 3.
Yéu cau bai toan tuong duong véi

m 0

"7 (m—1)>+m?>>0 m # 0 e m=2

A >0 & . @{32 —_— 0@ m=2 . 2

S2_9p—3 [M} o3 m m = m:g m= .

m 3
SRR T “ 2
Vay gia tri m can tim 1a m = 2 hodc m = 3"
([l
Q BAI TAP REN LUYEN
BAI 9. Cho ham s6 f(z) = —2z* — 22 + 4. Giai phuong trinh f'(z) = 0.
Loi giai.
Ta c¢6 f'(z) = —8x® — 2.
Khi d6, f'(z) =0& -8z —22=0& -2z (42 +1) =0 2 =0.
Vay phuong trinh f'(x) = 0 ¢6 mot nghiém x = 0. |
N p 222 +2
BAT 10. Cho ham 6 y = —— 2 Giai phiong trinh 3 — 0.
—x

Loi giai.

—22% +4
Ta ¢6 y = —2z" 4z +2

(1—=)?

Diéu kien x # 1 (x).
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r=1+V2
Khi do, ¢/ =06 222 + 4z +2=0 &
z=1-—+2.
D&i chiéu véi diéu kien (), phuong trinh 4’ = 0 ¢6 hai nghiem z =1 ++v/2, 2 = 1 — /2. O

N P 4
BAI 11. Choham sb y =z — 2 + ot Giai phuong trinh ¢’ = 0.

Loi giai.
Diéu kien z # 0 ().
) 4 (z?) 8 8 2°-38
Tacoy =1-— @2 :17921752 e
Khido,y =0 23 -8=0&2=2.
D6i chiéu véi diéu kién (x), phuong trinh ¢’ = 0 ¢6 mot nghiem z = 2. O

BAI 12. Cho ham sb6 y = 2* — 2ma? + 2m?2. Tim m dé phuong trinh 4/ = 0 ¢6 ba nghiém phan biét.
Lai giai.
=0

2—m=0 ().

Phuong trinh ¢’ = 0 ¢6 3 nghiém phan bigt khi va chi khi phuong trinh (*) ¢6 2 nghiém phan biét khéac 0. Diéu
kién tuong duong la

Tacoy =42 —dmzvay =0& 42 —dme =0 & 4z (2 —m) =0 &

m >0
9 < m > 0.
0“°—m#0

Vay gia tri m can tim 1a m > 0. O
BAI 13. Cho ham s6 f(z) = 2° + 322 — 9z + 1. Giai bat phuong trinh f’(z) > 0.

Lai giai.

Ta c¢6 f'(z) = 322 + 62 — 9.

. <=3
Khi d6, f/(z) >0 322 + 62— 9> 0 &
x> 1.
Vay bét phuong trinh f/(z) > 0 ¢6 tap nghiem la S = (—oo; —3) U (1; +00). O

BAI 14. Cho ham s6 f(z) = 2° + ma? + (4m — 9)z. Tim tham s6 m sao cho f'(z) >0, Va € R.
Lo giai.
Ta ¢6 f/(z) = 322 + 2mx + 4m — 9.

Khi do,
f'(x) >0, Vz e R
= 3x2+2mx+4m—920, VreR
a>0
< {A’go
{3>0
= 2
m? —3(4m —9) <0
& m?—12m+27<0
& 3<m<HI.
Vay gid tri m can tim 1a 3 <m < 9. ]

BAI 15. Cho ham s6 y = %:cg —ma? — 2 +m+ 1. Tim tham s6 m dé phuong trinh 3’ = 0 ¢6 hai nghiém 2z,
7o phan biét théa man z? + 23 + 4r 1y = 2.

Lo giai.

Tacoy =22 —2mx—1vay =022 -2mz—1=0 ().

Phuong trinh (x) ¢6 ac = —1 < 0 nén luon c¢6 2 nghiém phan biét x1, 5.

Khi d6, 22 + 22 + dzy20 = 26 (21 4+ 20)° + 20120 =2 (2m)2 —2 =2 4m2 =4 & m = £1.

Vay gia tri m can tim 1a m = £1. O
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(D DANG 1.3. Dao ham cla ham sb lwong gidc

Bdng cong thic dao ham

Ham so cap

Ham hop

o (sinz)’ = coszx

o (sinu) =u'-cosu

o (cosz) = —sinx

o (cosu) = —u'-sinu

1

t "= 1+tanx = 0 = 20) o =
o (tanwx) + tan® x p—p o (tanu)' = (14 tan‘u) - u p—Ty
9 1 u’
o (cotz) = —(14cot’z) = —— o (cotu) =—(1+cot?u) v = ——
sin® x sin® u
0 viby
Vi DU 1. Tinh dao ham clia cac ham sb sau:
(D) y = 5sinx — 3cos .
9 2
O
(3 y = cos? 5z.
@ y = tan® (51:{—%).
Loi giai.
@) o' = 5cosx + 3sin .
2 4
r_
@y= cos? 2z sin? 2z
Yy =2cosbx - (cosbzx) = —2cosbx - sin bz - (5x)’ = —5sin 10x.
"' =2cosb 5x) 2cosb inbx - (5x) 5sin 10
! 1
@ y' = 3tan® (510—{— z) : (tan <5sc+ z)) = 15 tan? (5x—|— z) v
3 3 cos? (53:—1——)
3
(]
VI DU 2. Tinh dao ham ciia cac ham s6 sau:
@) y = sin® z + cos* z.
@2 y =1 +sin2z.
Loi giai.
1 1 3 1
@ Tacoy= (sin2x+coszm)2 —2sin®zcos?z =1 — §Sin2 2r=1-— Z(l —cosdx) = 1 + 100543:.

1
Suy ra y’ = 1 -4 (—sindz) = —sindax.
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@ y = (1 4 sin 2z)’ __ cos2x .
2v/1+sin2x /1 +sin2z

Vi DU 3. Tinh dao ham clia cic ham sb sau:

@ 2sinx — 3cosx

sinx + cosx

1+cos2x>2
1—cos2x/ °

@

Loi giai.
(1) Diéu kien xac dinh cia ham s6 1a © # f% tkm ke
Ta c6

, _ (2sinz —3cosx)’(sinx + cosx) — (2sinz — 3cos x)(sinx 4 cos )’
v= (sinz + cosx)?

(2cosx + 3sinz)(sinz + cosz) — (2sinz — 3cosx)(cosz — sinx)

(sinx + cos x)?

2sinzcosz + 2cos? x + 3sin® x + 3sinz cosz — 2sinx cosx + 2sin’ x + 3cos? x — 3sinz cos x

(sinx + cos x)?

B 5 (sin2 x + cos? ac) B 5

(sinz +cosx)?2  sin2x+1°

(2) Diéu kien x4c dinh ctia ham s6 1a x # krm, k € Z.
Ta c6

o (1 +c032x> —2sin2x(1 — cos 2x) — (1 + cos 2z) - 2sin 2z
1 —cos 2z (1 — cos2x)?
(1 + cosQw) —2sin 2z + 2 sin 2x cos 2z — 2 sin 2z — 2 sin 2x cos 2
. (1 — cos2x)?

1 —cos2x
8sin 2z(1 + cos 2x)
(1 —cos2zx)3

Q BAI TAP AP DUNG
BAI 1. Tinh dao ham ciia cac ham sb sau:
@ y = 2sinx + cos 2.
Loi giai.
Yy =2sinx + (2z)" - (—sin2z) = 2cosx — 2sin 2z. O
@ y = cos3x + tan (z? + 2z).
Loi giai.
22 + 2x) 2z + 2
' = —3sin3 (7:—3'3 —_—. O
4 s o+ cos?(z? 4 2x) ST+ cos?(x? + 2x)
(3 y = (2cosz + 1)(3sinz + 1).
Loi giai.
y = —2sinx(3sinx+1)+(2cos x+1)-3cosz = 6(cos? z—sin? x)—2sin 243 cos & = 6 cos 2z—2sin x+3 cos
O
) 1
@ y=sinz — §00s3:z:+2tan:z:+7r.

Lai giai.

y' = cosx +sin3r + —5—. O
cos?
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3 1
B y= ZlA + §Sin2x+ V222 + x.
Loi giai.
dr +1

(222 + z)’ 3
. —=32° +cos2x + ———. O
2v2x2 + x 2222 + x

(®) y = Tsindx — 2 cos 5.
Lai giai.
y' = 28 cos4x + 10sin 5. O

y' = 323 + cos 2z +

@ y = cos (31‘7 + 2) + cot 2z.

Lai giai.
' 7 I 7 2 6 o 7 2
Yy =—Bx"+2) -sin(3z" +2) - —5— = —212°sin(3z" +2) - ——. O
sin“ 2z sin“ 2z
y = sin 2z — cot (w—%)
Lai giai.
T !
) 1
Y =2c082z + ——— 0 =2c082T + —————. O
.2 .2
sin (x——) sin (x——)
3 3
(9 y =sinx + 3cosx — 2tanz.
Lai giai.
/ : 2
y' =cosx — 3sinz — 7" ([l
cos? x

Y = COS (2;102 — bz + 14).

Loi giai.

y' = — (202 — 5z + 14) - sin(22? — 5z + 14) = (5 — 4x) sin(22? — 52 + 14). O
@ y = cos? 22 — sin 2z.

Loi giai.

Yy = 2cos2x - (cos2x) — 2cos2x = —4sin 2z cos 2z — 2 cos 2x = —2sindx — 2 cos 2. ]
@ y = sin® 3z + cos .

Loi giai.

y' =2sin3x - (sin3z) — sinz = 6sin 3z cos 3z — sinx = 3sin b6z — sinx g
@ y = cos® 2z — tanz.

Loi giai.

! 2 l 1 2 3 1
y' = 3cos? 2z - (cos2z) — —— = —6cos” 2z - sin 20 — ———. O
cos? x cos? x

y =sin®(2z + 1).

Loi giai.

y' = 3sin®(2z + 1) - (sin(2z + 1))’ = 6sin*(2z + 1) - cos(2z + 1). O
@ y = cos?(3z — 1).

Loi giai.

y' =4cos?(3z — 1) - (cos(3x — 1))’ = —12cos?(3z — 1) - sin(3z — 1). O
y = cos?(sin 2z).

Loi giai.

y' = 2cos(sin 2z) - (cos(sin 2z)) = —2 cos(sin 2z) sin(2 sin 2z) cos 2z = — sin(2sin 2z) - cos 2z. O
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@ y = sin (Cos2 x tan? x)
Loi giai.

2

Ta c6 y = sin(sin” z). Suy ra ' = (sin®z)’ - cos(sin® z) = 2sin x cos z - cos(sin? ) = sin 2z - cos(sin® ). [

y = 2sin? 4z — 3 cos® 5.

L3i gii.
y' = 4sindx-(sin4x)’ —9 cos? 5z - (cos 5z)’ = 16 sin 4z cos 42 +45 cos? 5z sin bz = 8 sin 82+ 45 cos? 5z sin 5.
(I
J = cos? (@)
Vo —1
Lo giai.
1 Yy 1 1 1y 1
y’ZQCOS(ﬁ+ )-(cos<ﬁ+ )) :—QCOS<\/5+ )-Sin(ﬁ—i— )<ﬁ+ > :—Sin(2-\/5+ )
Vo -1 Vo —1 Vo —1 Ve—1/ \{z -1 Vo —1
1 1
— (JT-1)— —— 1
2\/5(\/5 ) 2\/;5(\/%L )7 1 Sm(2 \/E+1> O
Vi—1)? = RE-1) vi-1)
— 02017 (13 f)
Y = COS (x + -)
Loi giai.
!/
y' = 2017 - cos2016 (x?’ + g) . (cos (;v?’ + g)) = —60512? - cos?016 (x?’ + g) - sin (x3 + g) (]
2
@ y = tan® (27230) .
Lo giai.

( - —2 )

T 2 T 2\’ T 2 (4 Jf) ) T 1

= ? 74 - ' 74_ ) ) = ? (74 - ) .—7'( = ( _7>.—
Yy 3tan ( 23?) (tan( 2x 3tan 2x 12 ( 2x

U
@ y = (3 —sinz)3.
Lo gidi.
y' =3(3 —sinz)? - (3 —sinz) = —3cosz(3 — sinx)?. O
BAI 2.

@) y = (sinz + cosx)®.

Loi gidi.
8
Tacoy= [\/ﬁsin (m—l— %)] = 16sin® (x + %)
, ™ . 7 7 ™ . 7 m
Suy ra y’ =16 - 8 - cos <x—|—7> - sin (as—i— 7> = 128(:05(36—1— f)sm (aj—&-f). U
4 4 4 4
@ y = (2sinx — cosx)*.
Loi giai.
y' = 4(2sinx — cosz) (2sinz — cosz)® = 4(2cosx + sinz)(2sinx — cosx)3. O
By= (2 + sin? 293)8.
Loi giai.
Y =8 (2+sin®22)' (2 +sin®22)" = 16(sin 22’ sin 2 (2 + sin® 22)" = 16 sin 4z (2 + sin® 22)". O
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@y= (cos4 x — sin? x)s.
Loi giai.

2

Ta c6 y = [(cos® z — sin? x)(cos? x + sin? m)]s = cos® 2x. Suy ra y’ = 5(cos 2z)’ cos 2z = —5sindz. O

(B) y = sin /7.

Lai giai.

Y = T cos\/x =

cos /T
. 0
2V

®) y = V/cos 2z.
Loi giai.
(cos2zx)’ sin 2z

y = =— . O
2 cos2x v cos 2x

@ y = Vsinx + 2z.
Loi giai.
,  (sinz+2zx)  cosx+2
2vsinz + 2z 2v/sinz + 2z

(®) y = cos V2 + 22

Lai giai.

/ 2+ 22) xrsinv2 + x2
"= /2+ 22 sin\/2+x2:7( sinv2 422 = —————. O
Y 2v/2 + 2 2+ a2

(@ y =sinva2 + 1.

Lai giai.

. ) 1
Yy =Vr2+1 cosvVa 1= oV T T2 236 1+ . O
T* +

y = V22 + sin 5.
Loi giai.
,  (22% +sinbz)’ 62?4 5cosbr

v 2223 £sinbr  2v/223 +sinbz

BAI 3. Tim dao ham ctia cac ham sé sau

x
®y_cosx'
@ y=

2x + sin 2x
1—cos2z

sinx T
@ y= +——.
T sin

cosd x +sin®
@y=—"-——.
sinx + cosx
@ _ 522 + 1
Y= 41 3sina
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sin 2x + cos 2x
@ _

sin 2 — cos 2x

xr +sinz
@v=—a
sinx 3
Lai giai.
(1) Diéu kien xac dinh cia ham s6 1a z # g tkm k€ Z.
Ta c6

, (x) -cosz—x-(cosxz)  cosx+ xsinx

y = =
cos? x cos? x

(2) Diéu kien x4c dinh ctia ham s6 1a x # krm, k € Z.
Ta c6
(2 4+ 2cos2x)(1 — cos2z) — (2x + sin 2x) - 2sin 2z
(1 — cos2zx)?
_ 2—2cos2x + 2c08 2w — 2 cos? 2z — 4z sin 2z — 2sin® 2z
N (1 — cos2zx)?

/

4z sin 2x
(1 —cos2x)?’

(3) Diéu kien x4c dinh ctia ham s6 1a x # krm, k € Z.
Ta c6

, xTcosr —sinz sinz—zxcosr cosxT sinx+1—xcotx

y = 2 2 = T T2

x sin“ x T T sinx

(@) Diéu kien xac dinh ciia ham s6 1a x # —% + km, k€ Z.

Ta co

3 in3 5 . in2 < . .2

Ccos” x +sin” x (sinz + cosx) (sin” x — sin x cos x + cos® x 1 1 . 9

= — = - =1— —sin2z.
sInx + cosx sSInx + cosx 2

1 /
Khi do, ' = (1 —5 sin2x) = —cos 2.

() Ta co

, (52 4+1)(4+3sinx) — (522 + 1)(4 + 3sinz)’  10x(4 4 3sinz) — 3cosz(5z2 + 1)
B (44 3sinx)? B (4 + 3sinx)? '

(6) Diéu kien xac dinh ciia ham s6 1a x # % + kg, k€ Z.
Ta c6
(2cos 2z — 2sin 2z) (sin 2z — cos 2z) — (sin 2z + cos 2z)(2 cos 2z + 2 sin 2x)
(sin 22 — cos 2x)?
—2 [(sin 2z — cos 2z)? 4 (sin 2z + cos 2z)?] _ —2(1 —2sin 2z cos 2z + 1 + 2sin 2x cos 2x)
B (sin 2z — cos 2x)? B (sin 2z — cos 2x)?
4
(sin 2z — cos 2x)2’

/

(7) Diéu kien xac dinh ciia ham s6 1a x # 0.
Ta c6

J = (14 cosz)(z —sinz) — (x + sinx)(1 — cos x)

(z — sinx)?
T —sinxr+ xcosxr —sinxcosx —x +xrcosx —sinx + sinx cosx
2

(r —sinx)
2(x cosx — sinx)

(x — sinx)?
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7 Chuong 5. PAO HAM

Diéu kién xéac dinh ctia ham s6 1a = # 7 + k27, k € Z.

Ta c6
;L 3sin’z cos (1 + cosx) + sin? z B 3sin? z(1 4 cos z) B 3sin’z
v = (14 cosz)? (14 cosx)? ~ (I+cosz)*  (1+cosz)d’
(]
N . . _ _cosz . , , /([) ,(Z)
BAIJ 4. Cho ham s6 f(x) o sz Tinh f/(0), f'(n), f 5 , f 1)
Lai giai.
Diéu kién xac dinh ctia ham s6 13 © # —g + k27, k € Z.
Ta c6
Fla) = —sinz(1 + sinx) — cos? x _ —sinz — sin? 2z — cos? x _ 1
N (1+sinz)? N (1+sinz)? - sinz+ 17
1
Vay [1(0) = =1, f'(m) = —1, /' (5) = =5 1 (§) = v2 -2 O

O BAI TAP REN LUYEN
BAI 5. Tinh dao ham ctia cac ham sb sau
@® y = Vtan4dz.
@ y=VI+2tanz.
® y=cot’ VaZ —z +1.
@ y=cos’V2r + 1L
® y=VI1-cot?x.
@ Y= \/2sin2x— 3cos2x + 5.
@ y = \eot?(z? +1).

y = Vot 2z.

BAI 6. Tinh dao ham ciia cAc ham sb sau

@ y = zcosz.

@ y = rsin.

3 y=(2x+1)sinz.

@ y = (5—x)cos 5.

(5B) y= (4 — 2?)cos2z.

® y=(2—2%)sin3z.

@ y=(z —sinz)(mr — 2 —sinx).

Yy = x cot 2x.

sinx — cosx
@ y= I

sinz + cosx
sinx + cosx
Y= —""-
sinx — cosx

BAI 7. Tim dao ham ctia cac ham sé sau
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COST

\/1+sin2m.

4
cos*3xr — 1
@y=FT—
Vveos2x — 2

2

@y— sin” x

1+4cos?2z’

Dy=

1 + tan? 3z
1 —tan? 3z’

@y=

sinx — xcosx
®y=——"—"".
COST + xrsinx
4o — 2
Vicots —sinz + /z

COS T

®y=

@y=

cosx —sinz’
sinx

®y=

sinx + cosx’
@ _ 2 —sin 2z
4 cosdx +sin®z’
@ y = COS2 X
1+sin’z
Loi giai.

@ Ta co

. ) 2sinx cosx cosx
—sinzy14sin“ 2 — ———— . . 9 . .9
, 2v/1 + sin? —smx(l—f—sm x) —smx(l—sm x)

y = . =
1+sin’z (1+ sin? ) V1 +sin?z
2sinx

_(1+sin2m) \/1—|—sin2x.

(2) Diéu kién xac dinh ciia ham s6 1a —Z +Ekr<zx< % +km, ke

Ta c6

. —2sin 2z
4cos® 3z - (—3sin3x) (Veos2z — 2) — (cos* 3z — 1) —=
, ( ) < ) ( ) 2v/cos 2x

Yy = 2
(\/cos 2r — 2)
(0084 3r — 1) sin 2x _ 12sin 3z cos® 3z

2
(\/cos 2r — 2) Vcos 2z Veos 2z — 2

(3) Ta c6

, QSinxcosx(l + cos? 33) +2coszsinz - sin® z 251n:ccosx(1+cos2x+sin2 Jc)
Yy = =
(1 + cos? z)* (1 + cos? z)?
4sinx cosT 2sin 2x

(1 + cos? z)* B (14 cos? z)*

= Nguyén Qudc Duong - @ 0375113359 Trang
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. p k k

Didu kien xac dinh ciaham s6 laz £ +— + L 22 24 5T p e,
12 3 6 3
Ta c6
- 1+ tan? 3z - 1 a 1 - 1
v= 1—tan?3z  cos23x (1 — tan? 333‘)  cos23x —sin?3x  cos6x’

Khi d6. o/ (cos6zx)  6sinbx

140, ¥y = — =

cos? 6 cos2 6z

(5) Dieu kien xac dinh clia ham s6 1a cosz + zsinz # 0.
Ta c6
,  [cosxz — (cosx — zsinz)] (cosz + xsinz) — (sinx — x cosx) [—sinx + (sinz + = cos z)]

v = (cosz + xsinx)?

rsinz(cosz + wsinz) — rcosz(sine — xcosx)  xsinazcosz + x?sin? 2 — xsinzcosx + 22 cos® x

(cosx + zsinx)? B (cosz 4 xsinz)?

1’2

(cosx + zsinz)?’

(&) Vi diéu kien xac dinh ctia ham s6 ta c6

4(1 + cot?x) — cosx 1

4 (VAGOTT S + VE) — (42 —2) | = Ll o) oy e
(Vicotz —sina +v/z)° '

/

y:

(7) Diéu kien xac dinh ciia ham s6 la = # % +km, k € Z.

Ta c6
, —sinz(cosw —sinx) — cosx(—sinz —cosz) —sinxcosx +sin®z + sinzcosz + cos? x
y = — = T3
cosT —sinx sin 2z
1
1—sin2z’

. . T
Diéu kién xac dinh ctia ham s6 1a x # v + km, k € 7.
Ta c6

2

,  cosz(sinz 4 cosx) — sinz(cosx —sinz)  cosxsinz + cos? x — sinz cos x + sin® x

(sinz + cosx)? sin2z + 1
_ 1
Cosin2r 41

(9) Diéu kién xac dinh ctia ham s6 1a = # —% +kn, k€ Z.

Ta co
2 —sin 2z 2(1 — sinz cos) 2

sin2 +cos*z  (sinz + cosz) (sin®z — sinzcosz + cos?x)  sinz 4 cosz

Khi dé
, 2(sinz + cosx)’ 2(cosx — sin x)

Y :_(sinz+cosx)2 T sin2r+1
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Ta co

, —QCosxsina?(l + sin? x) —cos?z - 2sinz cosw —2sinyccosac(1—|—sin296—|—cos2 m)
y = =
(1 + sin? x)2 (1 + sin? x)2

2sin 2x

(1+ sin? x)2 '

O
Nhoém bai tap chitng minh ding thiic, giai phudng trinh chita dao ham
0 viby
VI DU 1. Cho ham s6 y = tan 2. Ching minh 3’ — 3% —1 = 0.
Lo giai.
Diéu kién xac dinh ctia ham s6 13 = # g +kn, k € Z.
1
Tacoy = —— = 1+ tan?z.
cos? x
Khi doé
y —y>—1=1+tan’z —tan’z — 1 =0.
Ta c6 diéu phai ching minh. O
VI DU 2. Cho ham s6 f(x) = sin 2z — 2cos 2. Giai phuong trinh f/(2) = 0.
Loi giai.
Ta ¢6 f/(x) = 2cos2z + 2sinz. Khi d6
¢ = g tk2m ke
sine =1 .
f'(x) =04 2cos2z + 2sinz = 0 & —2sin*z +sinz+1=0« | 1< SE:*E+/€2W,]€€Z
sing = —=
2
x:%+k2w,kez.
~ N / s 2 cn ™ ™ s .
Vay phuong trinh f'(x) = 0 ¢6 cac nghiem z = ) + k27, x = ~% + k27, x = 3 + k27 v6i k € Z. O
Q BAI TAP AP DUNG
BAI 1. Cho ham sb y = z sinz. Ching minh
@ 2y + z(2cosz — y) = 2(y' — sinx). @y — rcosx = cosxtanx, véi x # g + km, k € Z.
L3 giai.
Ta c6 3y’ = sinx + x cos .
Khi dé
(D) Khi d6

2y +x(2cosx —y) = 2(y — sinx)
& ay+2xcosr —ay = 2(sinx + x cosr — sinx)

& 2xcosz = 2zxcosx (luon dung).

Ta c6 diéu phai ching minh.

= Nguyén Qudc Duong - @ 0375113359 Trang
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@Vc’iimoia:yég+k7r,kez,tacé

Yy —xcosr =sinx 4+ rcosx — TrCcosT =SinT = CcosT - = cosxtanwx.
CosS T
Ta c6 diéu phai chiing minh.
d
2
BAI 2. Cho ham s6 f(z) = —— = Chiing minh f (E) _3f (f) -3
1+sin"z 4 4
Lai giai.
Ta c6
() 72cosxsinx(1+sin2x) —cos?x - 2sinxcosx 72811133(308%(1+Sin2.’L'+COSQx)
xXr) = =
(1 + sin? a:)Q (1 + sin® m)Z
_ 2sin 2z
(1 + sin? x)2 .
m 1 T 8
Laie 1 (7) = 5.7 (5) =5
e fy) =5\ 9
Do dé
™ /<z):1_ .(_§):
! (4) 3f 4 3 3 9 5
d
BAI 3. Cho ham s6 y = cos? z 4 sin . Gii phuong trinh 3’ = 0.
Lai giai.
Ta c6 y' = —2cosxsinx + cosx = —cosz(2sinz — 1).
Khi dé6
s
T = 5 +km,k €Z
cosz =0 s
Y =0& —cosz(2sinz —1) =0« 1 & x=g+k27r,k€Z
sinz = 3 5
r= %—s—ka,keZ.
N < 1 . . . s ™ 57T .
Vay phuong trinh ¢’ = 0 ¢6 cac nghiém x = 5 +km,x= s + k27, x = 5 + k27 véi k € Z. |
Q BAI TAP REN LUYEN
BAI 4. Cho ham s6 y = cot 2z. Chimng minh 3’ + 2y% 4+ 2 = 0.
Lai giai.
N . k
Didu kien xac dinh ctia ham s6 1a = # 777 ke
Ta c6 y = —2 (1 + cot? 2z).
Khi dé6
Y +2y* +2=—2(1+ cot’ 2z) + 2cot? 2z 4+ 2 = —2 — 2cot® 2z + 2 cot”? 2z + 2 = 0.
Ta c6 didu phai chitng minh. 0
BAI 5. Cho céc ham s6 f(z) = sin® z + cos* z v g(x) = sin® 2 4 cos® 2. Chting minh 3f’(z) — 2¢/(z) = 0.
Lai giai.
Ta cé

1
flx) = (sin2 x + cos? z)2 —2sin® zcos’z =1 — B sin? 2.

3
g(x) = (sin2 x + cos? ac)g —3sin® zcos? © (sin2 x + cos? x) =1-3sin®zcos?z =1 — = sin? 2.
Khi deé.

1 3 3
f(z) = —5 2sin 2z - 2cos 2z = —sindx va ¢'(z) = vk 2sin 2z - 2cos 2z = ) sin 4x.
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Vi vay,
3
3f'(z) —2¢' () = —3sindx — 2 <—§ sin4m> =0.

Ta c6 didu phai chitng minh.
BAI 6. Cho ham s6 y = 3sin 2z + 4 cos 2z + 10z. Giai phuong trinh 3/ = 0.
Loi giai.
Ta ¢6 3y’ = 6 cos 2z — 8sin 2z + 10.
Khi do
Yy =0 < 6cos2z — 8sin2x + 10 = 0.

Ta thiy o = g + km, k € Z khong 1a nghiém ctia phuong trinh ().
Dat ¢t = tanz, phuong trinh (*) trd thanh

1—¢? 2t

-m—s 4+ 10=026—-6t2—16t+10+102 =0 4> - 16t+16=0<t = 2.

6 .
14+¢2

v6i t = 2 thi
tanx = 2 < x = arctan2 + kw, k € Z.

Vay phuong trinh ¢’ = 0 ¢6 nghiém x = arctan 2 + k7 véi k € Z.

BAl2. DAO HAM

@ TOM TAT LY THUYET

Cho do thi (C): y = f(x), M (x;y0) € (C). Phuong trinh tiép tuyén A véi (C) tai M la

Aty =y (z0) (z — 70) + 1o

Trong do, M (zo;yo) 1a toa do tiép diem (yo = f(z0)).
F'(z0) = k 1a he s6 goc clia tiép tuyén (k = y'(z0) = f'(x0)).

(® DANG TOAN VA BAI TAP

(3 DANG 2.1. Viét phuong trinh tiép tuyén khi biét tiép diém (tai diém 1/) (hodc biét hoanh do
hodc tung do).

Phuong phdp gidi
— Budc 1. Tinh y' = f'(x) va tinh hé s6 goc k = f' (o).

— Budc 2. Phuong trinh tiép tuyén cé dang y — yo = f' (z0) (x — x0).

0 ViDU

VI DU 1. Viét phuong trinh tiép tuyén A tai M (0;1) thuoc d6 thi (C): y = 22% — 62 + 1.

Lo giai.
— Tap xac dinh 2 = R.
— Tac6, y' = 622 — 6 = hé s6 goc 1a k =y (0) = —6.

— Phuong trinh tiép tuyén A vé6i (C) tai M la A: y=94/'(0)(z —0) +1 = A: y = —6x + 1.

O
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7 Chuong 5. PAO HAM

VI DU 2. Viét phuong trinh tiép tuyén A tai diém M(1; —1) thuoc (C): y = 32 — 5?2 + 1.

L3 giai.
— Tap xéc dinh 2 = R.
— Tacé, y' =922 — 10x = he 86 goc 1a k = y/(1) = —1.

— Phuong trinh tiép tuyén can timla Aty = —1(z —1) -1 = A: y = —x.

O
VI DU 3. Viét phuong trinh tiép tuyén A tai diém M (1;1) thuoc (C) : y = 2% — 62 + 1.
Loi giai.
— Tap xéc dinh 2 = R.
— Tacé y' =622 —6 = he s6 goc k =y/'(1) = 0.
— Phuong trinh tiép tuyén 1a A: y = 1.
O
z .z N .z 2z . 3.2 % Sx + ].
VI DU 4. Viét phuong trinh tiép tuyén A tai diem M (—2;5) thuoc (C): y = T
x
Loi giai.
— Tacéy':m = he s6 goc la k = o/ (=2) = 2.
— Phuong trinh tiép tuyén 1a A: y =2(x +2) +5 =2z + 9.
O
i . Z N P3 Z . 3.2 % .%‘2 — T + 2
VI DU 5. Viét phuong trinh tiép tuyén A tai diem M (2;4) thudc (C): y = ——1
Tz —
Lai giai.
., 2 —2x—1 PR ,
— Tacoy =———— = hésdgoclak=9y'(2) =-1.
(z—1)
— Phuong trinh tiép tuyén la A: y = —(x —2) +4 = —x + 6.
O
P 2 . . . 2
VI DU 6. Viét phuong trinh tiép tuyén A tai diem M (0;3) thuoe (C):y=z+1— 5 T
- _
Loi giai.
E— Tacéy’:1+m :>héségéck‘=y’(0)=5
— Phuong trinh tiép tuyén la A: y = 5(x — 0) + 3 = 5x + 3.
O
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Q BAI TAP AP DUNG
BAI 1. Viét phuong trinh tiép tuyén A tai diém M(1;0) thuoc (C): y = x* — 222 + 1.

Loi giai.
— Tacéy' = 42> — 4z = he s6 goc la k = ¢/'(1) = 0.
— Phuong trinh tiép tuyén 1a A: y = 0.
O
= —2% + 322

BAI 2. Viét phuong trinh tiép tuyén A tai diém M(1;2) thuoe (C): y

Loi giai.
— Tacoy = —42® +6x = he s6 goc la k =y/(1) = 2.

— Phuong trinh tiép tuyén 1a A: y =2(z — 1) + 2 = 2.
(Il

BAI 3. Cho ham s6 y = z® — 22 + 2. Viét phuong trinh tiép tuyén A ctia d6 thi ham sb tai diém M c6 hoanh

d@ o = —1.
Loi giai.
— Véi 29 = —1 = yo = 0. Suy ra tiép diém 14 M(—1;0).

— Tacéy =3x? —2x = he s6 goc la k =9/ (—1) =5.

— Vay phuong trinh tiép tuyén 12 A: y =5(z + 1) + 0 = 5z + 5.
(I

N P 2¢ — 1 B B . N . .
BAI 4. Cho ham s6 y = Ll Viét phuong trinh tiép tuyén A cta do thi ham so tai diem M c6 hoanh do

Tro = 1.
Loi giai.
o 1 P 1
— Véizg=1 :>y0=§. Suy ra tiép diem la M 1;5 .

—Tacéy/zmihéségéclakzy'(l)zz
3 1
= - — —.
4 4

P . 3
—— Vay phuong trinh tiép tuyén 1a A: y = Z(l‘ -1+ =
O

N . 2 1 . . . R . . N
BAI 5. Cho ham s6 y = * . Viét phuong trinh tiép tuyen ctia do thi ham so tai diem c¢6 hoanh do bang
T —

—1.
Loi giai.
— Véiz=—-1=y= ok Suy ra tiep diem la M <—1; 5)
— Tacoy = —— éhésc‘)géclé%k::y'(fl):f§
(x—1)2 i 4’
Phuong trinh tiép tuyén la A:y = —=(z+ 1)+ = = L
ng trinh tiép tuyen la A: y = —- (2 5= 11
|
N . 2 — . . . N . . N
BAI 6. Cho ham s6 y = v 5 Viéet phuong trinh tiép tuyén ctia do thi ham so tai diem c6 hoanh do bang
T —
5
o = 5
Loi giai.
. 5 P )
— Véi xg = 3 = o = 6. Suy ra tiép diem la M 5;6

P 5
—Tacéy':—w:hés@gécl?ak:zy'(z):—&

-
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— Phuong trinh tiép tuyén la A: y = —8 (z — g) + 6 = —8z 4 26.

(I
BAI 7. Cho ham sb y = L_T_i) Viét phuong trinh tiép tuyén véi do thi ham s6 tai diém c6 tung do bing —1.
x
Loi giai.
Tap xac dinh 2 =R\ {-1}.
Goi M (xo;y0) € (C) 1a tiép diém.
xro — 3

Ta c6 =-1 =-1 =1. Nén M(1;-1).

a co Yo :>a;0—|—1 = Zo én M(1;-1)
=k=y(1)=1

May = —
AN PRSP

Phuong trinh tiép tuyén tai M 1a A: y=4/'(1)(z — 1) — 1.

Suy ra A: y = x — 2 13 tiép tuyén can tim. O

N . 2x —
BAI 8. Cho ham s0 y = 5

5 Viet phuong trinh tiép tuyén véi do thi ham so tai diem c6 tung do bang 3.

Loi giai.

Tap xéc dinh 2 =R\ {2}.

Goi M (zo;y0) € (C) 1a tiép diém.

P02 3= wy = 4. Nen M(4;3).
-2 1

T k=g (4) = —-.

ooz v =—35

Phuong trinh tiép tuyén tai M 1a A: y = y/(4)(z — 4) + 3.

Ta c6 yo =3 =
o —

Ma y' =

1 . L s
Suyra A:y = 57 + 5 1a tiép tuyen can tim. O

BAI 9. Cho ham s6 y = 22 + 322 — 1. Viét phuong trinh tiép tuyén véi do thi ham s tai diém c6 tung do
bing 4.

Loi giai.

Tap xac dinh 2 = R.

Goi M (xo;y0) € (C) 1a tiép diém.

Ta c6 yo =4 = 223 + 323 — 1 =4 = 29 = 1. Nen M(1;4).

Ma y' =62 + 62 = k=1y'(1) = 12.

Phuong trinh tiép tuyén tai M 1a A: y =v/'(1)(z — 1) + 4.

Suy ra A: y = 12z — 8 1a tiép tuyén can tim. O

BAI 10. Cho ham s6 y = 2® + 322 + 1. Viét phuong trinh tiép tuyén v6i do thi ham sb tai diém c6 tung do
bang 1.

Loi giai.

Tap xac dinh 2 = R.

Goi M(zo;y0) € (O) la tiép diém.

xTr =
Tacoyo=1=ad+322+1=1= { o Nen Mi(=3;1) v Ma(0: 1),
T

Ta c6 y' = 322 + 6.

Tai M;(=3;1). Taco k =9y'(-3) =9.

Phuong trinh tiép tuyén tai My 1a Ay: y =19/ (=3)(z +3) + 1.

Suy ra A;: y = 9x + 28.

Tai M2(0;1). Ta c6 k = y'(0) = 0.

Phuong trinh tiép tuyén tai Ms 1a Ag: y = 3/(0)(z +0) + 1.

Suy ra Ag: y = 1. O

BAI 11. Cho ham s y = v/z + 2. Viét phuong trinh tiép tuyén véi d6 thi ham sb tai diém c6 tung do bing 2.
Loi giai.

Tap xéc dinh 2 = [-2; +00).

Goi M (z0;y0) € (C) 1a tiép diém.

Tacoyo=2= Ve +2=2=x9=2. Néen M(2;2).

1 1
May = ———— = k=y/(2) = -
V= overe Y@=y
Phuong trinh tiép tuyén tai M 1a A:y = y/(2)(z — 2) + 2.
1 3 NP Z N <
Suy ra A:y = i + 5 la tiep tuyen can tim. O
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BAI 12. Cho ham s6 y = 2* — 222 4+ 1. Viét phuong trinh tiép tuyén v6i do thi ham sb tai diém c6 tung do
bang 0.

Loi giai.

Tap xac dinh 2 = R.

Goi M (z0;y0) € (C) 1a tiép diém.

T =
Tacoyy=0= a5 —222+1=0= { ) . Nén M;(—1;0) va M5(1;0).
Tr =

Ta c6 v = 4a3 — 4x.

Tai M;(—1;0). Taco k =y'(-1) =0.

Phuong trinh tiép tuyén tai My 1a Ay:y=19/'(=1)(z + 1).
Suy ra A;: y =0.

Tai M2(1;0). Ta c6 k =1y'(1) = 0.

Phuong trinh tiép tuyén tai Ms 1a Ag: y = y/'(1)(z + 1).

Suy ra As: y = 0. O
X < L N £ £ P 2$ + 1 . . .2 o P

BAIJ 13. Viét phuong trinh tiép tuyén véi (C): y = 1 tai giao diem ciia (C) v6i truc tung.

Lai giai.

Tap xac dinh 2 =R\ {1}.
Goi M(z0;y0) 1a giao diém ctia (C) vé6i truc tung = = 0. Suy ra M (0; —1).

Tacéy’:mék:y'(()):fi%
Phuong trinh tiép tuyén véi (C) tai M 1a A: y =19/(0)z — 1.
Suy ra A: y= -3z — 1. |

BAI 14. Viét phuong trinh tiép tuyén véi (C): y = T

3 y

T tai giao diem cta (C) véi truc tung.
Loi giai.

Tap xac dinh 2 =R\ {1}.

Goi M(zo;y0) 12 giao diém ctia (C) vé6i truc tung = = 0. Suy ra M (0; —3).

, —4
TaCOy/:mék:y,(O)zfll.
Phuong trinh tiép tuyén véi (C) tai M 1a A: y =4/(0)z — 3.
Suy ra A: y = —4x — 3. |

A D ) P 2 1 .
BAI 15. Viét phuong trinh tiép tuyén véi (C): y = x—:—l tai giao diem ciia (C) véi truc hoanh.
x

Loi giai.
Tap xac dinh 2 =R\ {-1}.
Goi M(z0;y0) 1a giao diém ctia (C) v6i truc hoanh y = 0.

. 2 1 1 1
Phuong trinh hoanh dé giao diem $ +1 =0 x= —35 Suy ra M (75; O).
x

1 1
mesy =L aamy (N
a Oy EEE Yy 5
p P 1 1
Phuong trinh tiép tuyén véi (C) tai M 1a A:y =19/ (—5) (JL‘ + 5)
Suy ra A: y =4z + 2. O

BAI 16. Viét phuong trinh tiép tuyén véi (C): y = 2o — /222 + 1 tai giao diém ctia (C) v6i truc hoanh.
Lo giai.

Tap xac dinh 2 = R.

Goi M (z0;y0) 1a giao diém ctia (C) v6i truc hoanh y = 0.

Phuong trinh hoanh do giao diém 2z — 2224+ 1=0< 2 = \% Suy ra M (\}5’ O).
Tacéy/:2—2x2j+1:>k:y’<\}§) =1.

Phuong trinh tiép tu‘iyén véi (C) tai M 1a A:y =1y (%) <gc - \}5)

SuyraA:y:x—\ﬁ. O

T+ 2

BAI 17. Viét phuong trinh tiép tuyén véi (C): y = P tai giao diém ctia (C) véi dudng thang d: y —2 = 0.

Lai giai.
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Tap xac dinh 2 =R\ {-1}.
Goi M(z0;y0) 12 giao diém ctia (C) v6id: y —2 = 0.

. 2
Phuong trinh hoanh do giao diem L::—_l =2& 2z =0. Suy ra M(0;2).
x

-1
Tacoy = — - = k=y/(0) = -1
Phuong trinh tiép tuyén véi (C) tai M la A: y =/ (0)z + 2.
Suyra A: y=—x+ 2. |

N . B p 1 . . 2
BAI 18. Viét phuong trinh tiép tuyén véi (C): y = §$3 + 222 + 32 — 1 tai giao diém ctia (C) v6i dudng thang
d:y+1=0.

Lai giai.
Tap xac dinh 2 = R.
Goi M(zo;y0) € (O) 1a giao diém ctia (C) véid: y +1=0.

.1 =-3
Phuong trinh hoanh dé giao diem §x3 +222 43z -1=-1& ’ 0
xTr =
Suy ra M7(—3;—1) va M»(0; —1).
Ta c6 y = 22 + 4x + 3.
Tai My(—3;—1). Ta c6 k = y/(—3) = 0.
Phuong trinh tiép tuyén tai My 1a Ag: y = ¢/ (=3)(x + 3) — 1.
Suy ra A;:y=—1.
Tai M5(0; —1). Ta c6 k =y'(0) = 3.
Phuong trinh tiép tuyén tai My 1a Ag: y =/ (0)z — 1.
Suy ra Ag: y =3x — 1. |
Q BAI TAP AP DUNG
BAT 25.
-2 . . . ., .
Cho (C): y = 373 Viét phuong trinh tiép tuyén véi (C) tai giao diem cia (C) va duong thang d: y = x — 3.
T —

Loi giai.
Goi M (zo;yo) 1 giao diém ctia (C) va d.

. -2
Ta c¢6 phuong trinh hoanh do giao diem cua (C) va d la 5 flo =1x0—3 (1).

o —

V6i diéu kien 29 # 1 thi (1) & 3 —2w9 = (19 — 1)(w9 —3) & 22 — 429 +3 =3 — 239 & 22 — 279 = 0 &
2o = 0 (nhan)
2o = 2 (nhan).
= M;(0; —=3), M(2;—1).
-1

Ta co: y/ = W

9 =0 = k1 = y'(0) = —1. Phuong trinh tiép tuyén A; véi (C) tai M;(0; —3) la
Avry=(-1)-(z—-0)—-3=A;:y=—x—3.

o =2 = ko = y'(2) = —1. Phuong trinh tiép tuyén Ay vé6i (C) tai Ma(2;—1) la
Agiy=(-1)-(z—2)—1=Ag:y=—x+1.

O
BAI 26.

Cho ham 86 y = 2% — 322 + 2 ¢6 dd thi (C). Viét phuong trinh tiép tuyén véi (O) tai giao diém cta (C) va
duong théng d: x +y +3 =0.

Loi giai.

Duong thang d: 2 +y+3=0=y = —x — 3.

Goi M (xo;yo) 1 giao diém ctia (C) va d.

Ta ¢6 phuong trinh hoanh do giao diém ctia (C) va d 1a 23 — 322 +2 = —x9 — 3 (1).
=) eaf—325+x0+5=0% (o +1)(af —4ao+5) =0& (2o +1) (20 —2)2+1] =0z = —1.

= M(-1;-2).
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Tacoy =322 —6z=k=1y'(-1)=0.
Phuong trinh tiép tuyén A véi (C) tai M(—1;-2) 1a

Ary=9-(z+1)—-2=A:y=9z+7.

(I

BAI 27.

P 11 N . P P .

Cho ham sb y = 2% — g:ﬂ = zx + 3 c6 do thi (C). Viét phuong trinh tiép tuyén véi (C) tai giao diem cta (C)

va duong thing d: y = 4x + 4 c6 hoanh do duong.

Loi giai.

Goi M (wo;y0), To > 0 1 giao diém ctia (C') va dudng thang d cé hoanh do duong.

. 11
Ta ¢6 phuong trinh hoanh do giao diém cta (C) va d 1a 3 — gxz - Zxo + - dag + 4 (1).
7
To =5 (nhan)
3 25 21 1 7
:>(1)©x8—§x%—Zxo—§:0® To=— 5(loal) :M(g; 8)
3
To =5 (loai)
Av ooyl 2 9 / 7
Ta c6: vy = 3z —3x—zz>k:y 3 = 24.
Phuong trinh tiép tuyén A véi (C) tai M (g, 18) 13
7
A:y=24. T— g + 18 = A: y =24z — 66.

O

BAI 28.

. 2z +1 R ) . ) .
Cho ham s6 y = ’ +1 c6 do thi (C). Viét phuong trinh tiép tuyén véi (C) tai giao diem cia (C) va duong
x

thing d: y =z + 3.

Loi giai.
Goi M (zo; o) 1 giao diém ctia (C) va d.
. 2 1
Ta c6 phuong trinh hoanh d6 giao diem ctia (C) va d la o +1 =x9+3 (1).
o —

V6i diéu kien xg # 1 thi (1) & 220+ 1 = (29 — 1)(z0+3) & 23 + 210 -3 =210+ 1 22 -4 =0 &
2o = 2 (nhan)

2o = —2 (nhan).
) -3
Ta c6: y' = GoiE
o =2 = k1 = y'(2) = —3. Phuong trinh tiép tuyén A; v6i (C) tai M;(2;5) 1a
Apiy=(-3)-(z—2)+5=A;:y=-3z+ 1L

1 P P
xo=—-2=ke=y'(-2) = -3 Phuong trinh tiép tuyén Ay véi (C) tai Ma(—2;1) la

(O DANG 2.2. Tiép tuyén cho sén hé s géc, song song - vudng géc

Phuong phdp gidi:

@ Goi M(z0;y0) € (C) la tiép diém.
Ta ¢6 k =y (x0) = a, gidi phuong trinh y'(zg) = a = xo = Yo.
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(2 Nhdc lai:
o dlzy:a1x+b1:>kd1 =aj.
o do:y =agx+ by = kg, = as.
o dl//dgékdlzk’dzﬁalzag.

] le_d2:>kd1-kd2:7].{:}(11'(12:*1.
€ vioy
Vi DU 1.

Cho ham sb6 y = i : c6 do thi (C). Viét phuong trinh tiép tuyén A véi (C), biét he s6 goc k = 1.
x

Loi giai.

Tap xéc dinh: D =R\ {-1}.

Goi M (wg;yo) 1a tiép diém = ¢/ (zg) = k.

Tacc’)y’:;ﬁk:;:1®(xo+l)2:1® 2o =0=yo =0= M;(0;0)
(.’E + 1)2 (.’EO + ].)2 To = -2 = Yo = 2= M2(72, 2)

Phuong trinh tiép tuyén A; véi (C) tai M1(0;0) la

Alyzl(x—0)+0:>A1y:x
Phuong trinh tiép tuyén As v6i (C) tai Ma(—2;2) 1a

]
Q BAI TAP AP DUNG
BAI 1.
P -1 N £ P P P £
Cho ham s6 y = i_’_ 1 c6 do thi (C). Viét phuong trinh tiép tuyén A véi (C), biét he s6 goc k = 2.
Lo giai.
Tap x4c dinh: D =R\ {-1}.
Goi M (wo;yo) 1a tiép diém = ¢/ (zo) = k.
2 2 2o = 0= yo = —1 = M;(0; -1
Tacoy = ——— = k=—— _=%2& (rg+1)2=1| " vo 105 =1)
(IJ + 1)2 (SC() + 1)2 To=—-2=Y =3 = MQ(—Q; 3)
Phuong trinh tiép tuyén A; véi (C) tai My(0;—1) 1a
Aiy=2-(z—-0)—-1=A:y=2c—1
Phuong trinh tiép tuyén Ay véi (C) tai Ma(—2;3) 1a
NApgiy=2-(z4+2)+1=>Ay:y=220+T.
O

BAI 2.

1 N P P ) . P
v +1 ¢6 do thi (C). Viét phuong trinh tiép tuyén A véi (C), biét he sd goc k = —3.

P 2
Cho ham s6 y =
Loi giai.
Tap xéc dinh: D =R\ {1}.
Goi M (z0;y0) 1a tiép diém = y/(x¢) = k.

-3 -3
Tacoy = ——=2k=——>=-3& -1 =1«
a coy @1 (w0 — 102 (xo — 1)

Phuong trinh tiép tuyén A; vé6i (C) tai M1(0; —1) 1a

56‘0:0:}:[/0:—1?]\41(0;—1)
$0:2:>y0:5:>M2(2,5)

Apiy=(=3)-(x-0)—1=Ar:y=-3c—-1
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Phuong trinh tiép tuyén Ay véi (C) tai Mo (2;5) 1a

Ag:y=(-3)-(x—2)+5=Ag: y=—3z+11.

BAI 3.
P 2x — N P P P . P
Cho ham s6 y = x+ . ¢6 do thi (C). Viét phuong trinh tiép tuyén A véi (C), biét he s6 goc k = 3.
x
Lo giai.

Tap xac dinh: D =R\ {-1}.
Goi M (zo;y0) 1a tiép diém = 3/ (o) = k.
3 o =0=yo=—1= M;(0;-1)

3
Tacty = ———==2k=———-=3(z0+1)2=1e
y ($+1)2 (.’E0+1)2 ( 0 ) $0:72:>y0:5:>M2(72;5).

Phuong trinh tiép tuyén A; vé6i (C) tai M1(0; —1) 1a
Aiy=3-(z—0)—1=A:y=3zx—1
Phuong trinh tiép tuyén Ay véi (C) tai Ma(—2;5) 1a

Ap:y=3-(x+2)+5=Ay:y=3c+1L

BAI 4.

Cho ham s6 y = 2% — 22 + 2 ¢6 dd thi (C). Viét phuong trinh tiép tuyén A vé6i (C), biét hé s6 goc k = 1.

Lai giai.
Tap xac dinh: D = R.
Goi M(xg;yo) 1a tiép diéem = y/(zg) = k.
ro = 1=>y0 :2:>M1(1,2)
Tacoy =322 - 20 =k=303 — 200 =132 — 210 - 1=0< 1 50 1 50
1’0:7*:>y0:f:>M2(
3 27
Phuong trinh tiép tuyén A; véi (C) tai M;(1;2) la

Apry=1-(z—-1)+2=A7A:y=x+1

. P 1
Phuong trinh tiép tuyén As véi (C) tai Mo <—§; %) la

1 50 59
JAVE :1-( 7) — = Ny y = —.
2: Y a:+3 +27 21 Y a:+27

€) BAITAPREN LUYEN

T3

BAI 5. Cho ham s6 y = —2® + 522 — 3 ¢6 do thi (C). Viét phuong trinh tiép tuyén A véi (C) biét he s6 goc

k=3.

Loi giai.

Ta c6 y' = —32% 4 10z.
Goi M (zo;y0) € (C) 1a toa do tiép diem ctia (A) v6i (C). Vi hé s6 goc clia tiép tuyén A 1a 3 nén ta c6

o =

—333(2)—1—103;0:3<:>3x(2)—10mo+320<:>{
o —

W= W

— Véimg=3=yo=15= (A): y=3(z—3)+15 =3z +6.

» 1 67 1 67 94
—lex0=§:>y0:—2—7:>(A):y:3<x—§>—E:3x—2—7.
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2
. ) —z+2 ) . ) ) )
BAI 6. Cho ham s6 y = % (C). Viét phuong trinh tiép tuyén (d) véi (C), biét he sb goc ciia tiép
p—

tuyén 1a k = —1.
Loi giai.
Tap xac dinh: 2 =R\ {1}.

) 2?2 —2x—1
ooy =

Goi M (xg;y0) € (C) la toa do tiép diém ctia (A) véi (C). Vi hé s6 goc ciia tiép tuyén (d) c6 gid tri la k = 1
nén ta c¢6 phuong trinh sau

2 970 — 1 o =
L7200 a2 2zg-1=—-a2+200— 1622 —dug=0s |

(zo —1)? xo =
— Khizg=0=y=-2=(d):y=—x—2.
— Khizg=2=y=4=({d):y=—(r—2)+4=—-x+6.

]
X 2.0 $2—3$+4 L N « Z Z 2y . X
BAI 7. V6i (C): y = ——1 Viét phuong trinh tiép tuyén (A) véi (C), biét k = —1.
T —
L3i giai.
Tap x4c dinh: 2 = R\ {1}.
Tacéy,:(2x—3)(m—1)—(:ﬂ2—3m+4):2x2—5x+3—(x2—3x+4):x2—2x—1
(x—1)? (z—1)? (z —1)?

Goi M(zo;10) € (O) 1a toa do tiép diém ciia (A) vé6i (C). Vi he s6 goc clia tiép tuyén bing —1 nén

G — 2a0— 1 Ty =

0 . . e —2pg—1=-a2+250—-122 —dzg=0s | °

(w0 — 1)? zo =
— Khizg=0=y=-4=(d):y=—x—4.
—Khl[li():2:>y(]:2:>(d)y:—(l'—2)+2:—$+4

(I

BAI 8. Cho ham sb y

= /22 + 1 ¢6 dd thi (C). Viét phuong trinh tiép tuyén A ctia dd thi (C) biét he s goc
. P 1
cua tiep tuyen la k = 3

Loi giai.
Tap xac dinh: 2 = {—%; —|—oo).
Ta c6: y' = ;
V2z +1
Goi M(zo;y0) € (O) 1a toa do tiép diém ciia (A) v6i (C). Vi he s6 goc clia tiép tuyén bing % nén
1 1
7@ = 3 & xg = 4.

Khi 29 = 4 = yo = 3, khi d6 phuong trinh tiép tuyén can tim 1a

1 1 )
(A):y:§(m—4)+3=§x+7.

3
([
BAI 9. Viét phuong trinh tiép tuyén (A) ciia do thi (C): y = 2 — 3z 4 2, biét tiép tuyén song song véi
(d): y=3x—2.
Loi giai.
Goi M(zo;y0) € (O) 1a toa do tiép diém cia (A) véi (O).
Tacoy =2 —3. Vi(A) | (d) =y () =3220-3=320=3=yy=2= M(3;2).
Phuong trinh tiép tuyén (A) tai diém M 1a
(A):y=3(z—3)+2=3zx—T.
]

= Nguyén Qudc Duong - @ 0375113359 Trang



7 Chuong 5. PAO HAM

BAI 10. Viét phuong trinh tiép tuyén A ctia d6 thi (C): y = 2% —2+2, biét A vuong géc véi (d): 5y = —x+300.
Loi giai.
1 P 5 1
Ta c6 by = —x+300 & y = —5® + 600 = hé sb goc clia duong thang (d) 1a kg = ~5
Ta c6 3y’ =2z — 1. Goi M (z0;y0) 1a tiép diém ciia tiép tuyén A.
Yo =8
f/<:170) = 2370 —1=5.
Phuong trinh tiép tuyén (A): y =5(z —3) +8 = bz — 7. O

VIAL(d) e ff(xg) ka=—-1ky 2e0-1)=-1210-1=5c27=3=

BAI 11. Viét phuong trinh tiép tuyén A ctia do thi (C): y = %ms + %x2 — 2z — %, biét tiép tuyén song song
voi (d): de —y+2=0.

Loi giai.

Ta c6 (d): y = 4z + 2 = hé s6 goc cta (d) 1a kg = 4.

Goi M(xq;yo) 12 tiép diém ctia tiép tuyén (A) véi do thi ham s6 (C).

Ta c¢6 y' = 22 + x — 2. He s6 goc clia tiép tuyén 1a y' (zg) = 22 + 20 — 2.

) . =-3
Vi tiép tuyén (A) song song v6i (d) nén f/(xg) = kg & 23 + 10 —2=4 & o 5
o = 4.
2 2 26
— Véiag=2=y=—=-=>(A):y=4(x—2)— - =4do — —.
3 3 3
1 1 73
—Véix0=—3:>y0=6:>(A):y=4(x+3)+6=4a:+g.

O

BAI 12. Cho ham s6 y = z° + 322 — 2 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén A ctia d6 thi (C), biét A
vuong goc v6i dusng thang (d): x + 9y = 0.
Losi giai.
1 .
Ta co (d): y = g% = he 6 goc cua (d) 1a kg = —9.
Goi M (z0;yo) 1a tiép diém ctia tiép tuyén (A) véi do thi ham s6 (C).
Ta ¢6 y' = 322 + 6. He s6 goc clia tiép tuyén 1a y'(xq) = 323 + 6.
g — 1

) P 1
Vi tiép tuyén (A) vuong goc v6i (d) nén f'(xg) - kg = —1 < (323 + 6a¢) (_§) =-le { 5
g = —o.

— Véizg=1=yo=2va f(xg) =9=(A):y=9x—-1)+2=9z—T.
— Véizg=-3=yo=-2va f(x0) =9=(A):y=9(z+3) —2 =9z + 25.

O
A <L < L £ B3 PN . 2I + 1 L e N 2
BAI 13. Viét phuong trinh tiép tuyén A ctia do thi (C):y = 1— 25" biét A song song véi duong thing
-2z
d: 4z —y—-8=0.
Lai giai.
2 1 . .
Goi M (xg; o + ) la toa do cua tiep diem.
1-— 2.’11‘0
) P . 4
Heé s6 goc clia phuong trinh tiép tuyén tai M 1a: y'(xg) = A= 200
— 210
‘4 2 PN 2 A 4 2 ro =0
V1 tiép tuyén song song véi dudng thang d nén y'(z) =4 < m =4 (1-2z)=1¢& 1
— 24X o = 1.
Phuong trinh tiép tuyén tai diém c6 hoanh do 29 =01la y =4(x —0)+ 1 < y =4z + 1.
Phuong trinh tiép tuyén tai diém c6 hoanh do 29 =1lay =4(z — 1)+ (-3) .y =4z — 7. O

BAI 14. Cho ham s6 y = 2% — 322 4+ 62 + 10 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén véi do thi (C), biét
tiép tuyén song song v6i dudng thang d: 3z —y — 10 = 0.

Loi giai.

Goi M (zo; #§ — 323 + 670 + 10) 1a toa do clia tiép diém.

Hé s6 goc clia phuong trinh tiép tuyén tai M 1a: y'(z¢) = 322 — 620 + 6.

Vi tiép tuyén song song véi duong thang d nén y'(zg) = 3 < 323 — 629 + 6 =3 & 29 = 1.

Phuong trinh tiép tuyén tai diém c6 hoanh do 2o =11lay=3(z — 1) + 14 < y = 3z + 11. O
BAI 15. Viét phuong trinh tiép tuyén A cta dd thi (C): y = 3;+ 21

théng d:  — Ty +3 =0.

, biét tiép tuyén A song song véi dudng

= Nguyén Qudc Duong - @ 0375113359 Trang



7 Chuong 5. PAO HAM

Lai giai.
3z — 1 . .
Goi M (xo; o ) la toa do cua tiép diem.
Ty + 2
. . . 7
Hé s6 goc ctia phuong trinh tiép tuyén tai M 1a: ¢/ (2g) = —————.
¢ 50 g phuong p tuyén t y'(2o) @0+ 2)2
Vi tiép tuyé 6i duomg thing d nen o (z) = = & —— L o422 =190 o =9
i tiép tuyén song song vé6i ng thang d nén ¢/(rg) = - & ———— = = T =
p tuy g song g théng V) =z e o mn =7 0 20— 0.

. P . 1 1
Phuong trinh tiép tuyén tai diém c6 hoanh do zg =5 1a y = ?(z -5 +2ey= 7T + g Sr—Ty+9=0.

. 2 . 1
Phuong trinh tiép tuyén tai diém c6 hoanh do zo = -9 1a y = ?(x +9)+4e2—Ty+37=0. O

BAI 16. Cho ham s6 y = —z* — 2% + 6 ¢6 do thi (C). Viét phuong trinh tiép tuyén A ciia do thi (C), biét tiép
tuyén vuong goc véi dudng thing d: 6z —y — 1 = 0.

Loi giai.

Goi M (xo; —x§ — 3 + 6) 12 toa do cla tiép dicm.

Hé sb g6c clia phuong trinh tiép tuyén tai M 1a: y/(z¢) = —4a — 2.

Vi tiép tuyén song song véi duong thang d nén y/(xg) = 6 < —4xf — 220 = 6 < 19 = —1.

Phuong trinh tiép tuyén tai diém c6 hoanh do 29 = —1 la y = 6(z + 1) +4 < y = 6 + 10. O
X X N « X £ 3 X . 2$2 +x— 3 X 2o < 2
BAI 17. Viét phuong trinh tiép tuyén A cta do thi (C): y = —5r 1 biét A song song véi dudng thing

T —
d: y=>5z+3.
L3i giai.
212 -3 . .
Goi M (xo; w) la toa do cua tiép diem.
2&30 —1 )
) P P 4o — 4 5
Heé s6 goc clia phuong trinh tiép tuyén tai M 1a: y'(xg) = 33(02720);
T —
, j ) 472 — 4 5
Vi tiép tuyén song song vdi dudng thang d nén y'(zg) =5 < % =5& drd—4rg+5=5122-1)* &
o —
o = 0
o = 1.
Phuong trinh tiép tuyén tai diém c6 hoanh do 2o = 0 1a y = 5(z — 0) + 3 < y = 5z + 3(loai).

Phuong trinh tiép tuyén tai diém c6 hoanh do zp =11lay=5(z — 1) & y = 5z — 5. O
5 . p P N -1 . .
BAI 18. Viét phuong trinh tiép tuyén A cia do thi (C):y = er T biét A vudng goéc véi dudng thing

x
d:z+2y—1=0.
Loi giai.
. xTo — 1 < ~ o P . 2
Goi M | xg; —— | 1a toa do cua tiép diem.
zo+ 1
2 2 . 2
He s6 géc cuia phuong trinh tiép tuyén tai M la: 3/(xzg) = ——.
56 g phuong p tuyén tz y'(wo) (o + 172
p . . 1
Vi tiép tuyén vudng goéc véi dudng thang d nén y'(zo) - (—§> =-1<y'(xg) =2
2 o = 0
& —— — =2& (zg+1)2 =1
(xo +1)2 (o +1) LO = 9.
Phuong trinh tiép tuyén tai diém c6 hoanh do 29 =01lay=2(z —0) — 1 & y = 22 — 1.
Phuong trinh tiép tuyén tai diém c6 hoanh do zp = —2lay =2(z +2) +3 <y =20+ 7. O

BAI 19. Cho ham s6 y = v1 — 2 — 22 ¢6 dd thi (C). Viét phuong trinh tiép tuyén A ciia d6 thi (C), biét tiép
tuyén song song véi dudng thiang d: x + 2y = 0.
Loi giai.

Goi M (xo; 91—z — CE%) 1a toa do ctlia tiép diém.

. . . —1-2
Heé s6 goc clia phuong trinh tiép tuyén tai M 1a: y'(xg) = U
2y/1 —x¢ — x
~ 4 Z P N 2 % ’ —1 — QCCO ]_
Vi tiép tuyén song song v6i dudng thing d nén y'(xg) = —- & ————= = ——
2 2\/1—ag—a3 2
€T =
S 1+2z0=+/1-z9g—22=(1+220)°=1—20— 2% & 0 )
Trog = —1.
Tht lai chi ¢6 g = 0 théa man. Vay nghiém cta phuong trinh la xg = 0.
. . . 1
Phuong trinh tiép tuyén tai diém c6 hoanh do zo =014 y = fi(x -0)+lex+2y—2=0 O
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BAI 20. Viét phuong trinh tiép tuyén A ctia do thi (C):y = %, biét A vuong géc véi dudng thing
d:z—2y+10 = 0.
Loi giai.
Goi M <x0; ixj 4_5Ui) 1a toa do cla tiép diém.
Hé s6 goc ctia phuong trinh tiép tuyén tai M 1a: y/(zo) = ﬁ.
Vi tiép tuyén vuong goc véi dusng thang d nén y' (o) - (%) =-1&y'(zg) = -2
9 g =0
@m:—2@(1—4x0)2:1@ xo:g
Phuong trinh tiép tuyén tai diém c6 hoanh do x? =0lay=-2@x-0-1y=—-2zv—1.
Phuong trinh tiép tuyén tai diém c6 hoanh do xzo = % lay=—2(x — %) +0ey=—2r+1 O

BAI 21. Viét phuong trinh tiép tuyén A ciia do thi (C) : y = 2% + 622 — 9z + 5, biét A c¢6 hé s6 goc nho nhat.

Lo giai.

Goi M (z0;y0) € (C) 1a tiép diém.

Ta ¢6: y' = 322 + 122 — 9. Suy ra he s6 goc k = y'(xg) = 323 + 12z — 9.

Xac dinh hé sé géc nhé nhét:

Cach 1:

Ap dung (a £ b)2 +c>c= kyin =c.

Ta ¢6 k = 322 4+ 1229 — 9 = 3(22 + 420 + 4) — 21 = 3(z0 + 2)> — 21 > —21 = kpin = —21.

Dau “="x4y ra < 29 +2 =0 < 19 = —2.
Cach 2:
A PR b A
Ap dung cong thic dinh parabol I { ——; —— |.
2a°  4da
Zo —00 -2 +00
+00 +00
—21

Tu bang bién thien clia parabol = zg = —2, kyin = 3'(—2) = —21.
Cach 3:
Stt dung cong thic

|:kmin = y/(xO)v vGi y”(xO) =0

kmax = y/(ﬂﬂo), Véiy//(l'()) =0

y'(x9) =620 +12=0= 29 = =2 = kpyin = ¢'(—2) = —21.

Phuong trinh tiép tuyén:

Ta c6: xg = —2 = yo = 39 = M (—2;39).

Phuong trinh tiép tuyén A tai M(—2;39): y = kmin - (2 +2) +39 = —21(x + 2) + 39 = —21z — 3. O

BAI 22. Viét phuong trinh tiép tuyén A ciia dd thi (C) : y = —z® 4+ 622 — 3z — 2, biét A ¢6 hé s6 goc 16n nhat.

Loi giai.
Goi M(zo;10) € (O) la tiép diém.

Ta c6: y = —32% + 122 — 3. Suy ra he s6 goc k = y/(xg) = —3x3 + 1220 — 3.

Xac dinh hé s6 géc 16n nhét:

Céch 1:

Ap dung —(a+ b)2 +c¢>c= knax = C.

Ta c6 k= =323 + 1220 — 3 = —3(22 — 4o +4) + 9 = —3(x0 — 2)° + 9 < 9 = Kynax = 9.
Déu “="xdy ra < 19 —2 =0 < 29 = 2.
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Cach 2:
. b A
Ap dung cong thitc dinh parabol I (f—; f—>.
2a"  4a
To —00 2 +00
9
—00 —00

Tu bang bién thién clia parabol = zg = 2, kpax = ¥/ (2) = 9.
Cach 3:
St dung cong thic

kmin = y/<$0)7 vOi y”<x0> =0
kmax = ¥ (z0), v6iy” (z0) = 0.

Yy (x0) = =620+ 12=0= 20 =2 = kmax = ¥'(2) = 9.

Phuong trinh tiép tuyén:

Ta c6: ¢g =2 = yo = 8 = M (2;8).

Phuong trinh tiép tuyén A tai M(2;8): ¥ = kmax - (z —2) +8 = 9(x — 2) + 8 = 9z — 10. O
Nhan xét. Thong thuong ta dung cdch 1. Céch 2, cdch 3 thudng ding trong trdc nghiém hodc bai todn chita
tham s6 m.

BAI 23. Viét phuong trinh tiép tuyén A ctia do thi (C) : y = 22° — 322 + 1, biét A ¢6 hé sé géc nhé nhat.

Loi giai.

Goi M (zo;y0) € (O) la tiép diém.

Ta c6: y' = 62% — 6x. Suy ra he s6 goc k = y'(xg) = 622 — 6.
Xac dinh hé s6 géc nhé nhét:

Cach 1:

Ap dung (aib)2+c>c:kzmm =c.

1\ 3 1\? 3 3 3
T k =06z —6 —6< — —> = < _7> 2> sk = ——.
a o g — 619 Ty l‘0+4 5 = 6{70— 3 5275 5
1
Dau“—”xayra@gco—izo@xo 3
Cach 2:
i N P b A
Ap dung cong thic dinh parabol I { ——; —— |.
20" 4a
To —o0 L +o0
2
+00 400

T bang bién thién clia parabol = g =

N
o
g

5

|
Qﬁ\
/~
N
N——
Il

|
N W

Cach 3:
Stt dung cong thic

kmin = y/(xO)v voi y”(xO) =0
kmax = y/(ﬂﬂo), Vdiy//(l'o) =0

1 1 3
y"(w0) = 1220 =6 = 0= w0 = 5 = kimin = ¥/ (§> =3

Phuong trinh tiép tuyén:
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1 1 11
Tacé:a:ozféyozféM<f‘ )

2 2 2’2
11 1 1 3 1 1 3 )
Ph il tiEn tavén A .M<7.,): _ min.( _,> ,:_,< _,) 1_3 .5 O
uong trinh tieép tuyeén A tal 273 y==~k T 5 -1-2 5 T 5 _|_2 2554_4

BAI 24. Viét phuong trinh tiép tuyén A ctia do thi (C) :y = 2 — 322 4 1, biét A c6 hé s6 goc nhod nhit.

Lo giai.
Goi M (zo;y0) € (C) la tiép diém.

Ta c6: y' = 3% — 6x. Suy ra he s6 goc k = y'(xg) = 323 — 620.

Xac dinh hé s6 géc nhé nhét:

Cach 1:

Ap dung (a:i:b)2—|—cz ¢ = kmin = C.

Ta ¢6 k = 323 — 6x0 = 3 (23 — 220 + 1) — 3 = 3(z0 — 1)* =3 > —3 = kyin = —3.
Diu“="xdyra 9 —1=0& 9 = 1.

Cach 2:
. b A
Ap dung cong thitc dinh parabol I (——; ——).
2a°  4a
o —00 1 +o00
“+00 +00
-3

Tu bang bién thién clia parabol = zg = 1, kmin = ¢ (1) = —3.
Cach 3:
St dung cong thic

y”((ﬂg) =6xg—6=0=>2¢9=1= kpin = y/ (1) =-3.

Phuong trinh tiép tuyén:

Ta cé:xg=1=yo=—1= M (1;-1).

Phuong trinh tiép tuyén A tai M (1;—1): y = kmin - (zx — 1) —1=-3(z—1) - 1= -3z + 2. O
BAI 25. Viét phuong trinh tiép tuyén A ciia d6 thi (C) : y = 2® — 222 4+ 52 — 1, biét A c6 he s6 goc nhod nhét.

Loi giai.

Goi M (zo;y0) € (O) la tiép diém.

Ta ¢6: y' = 322 — 4z + 5. Suy ra hé s6 goc k = y/(z¢) = 322 — 4z + 5.
Xac dinh hé s6 géc nhé nhét:

Cach 1:

Ap dung (aib)z—i—cz ¢ = kmin = c.

4 4 11 2\2 11 11 11
Tacék:3x3—4x0+5=3(x%—7$0+7>+f=3<xo—*> +—>§:»kmin=—-

3 9 3 3 3 - 3
. 2 2
Dau “="x4y ra < xg — 3= 0 2y = 3
Cach 2:
i " PR b A
Ap dung cong thic dinh parabol I { ——; —— |.
2a°  4da
Zo —00 2 +00
3
+00 +00
3
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. 2 2 11
T bang bién thién ctia parabol = xg = 3’ kmin = ¢’ <7> =—.

Cach 3:
St dung cong thic

kmin = y/($0)7 véi y”(l‘o) =0
kmax = ' (z0), v6iy” (z0) = 0.

2 2 11
y//($0)26$0—4:0:>$02 g :kmin:y/ (g) .

Phuong trinh tiép tuyén:
2 47 2 47
Tacé:a:ozf:>y0:—:>M<' )

3 27 327
2 47 2\ 47 11 2\ 47 11 19
Phuong trinh tiép tuyé At'M(f;f>: :kmin'( —*> *:7< _7> w3t
ng trinh tiép tuyén A tai 397 )Y o)ty =g\t Ty T T3t Ty

BAI 26. Viét phuong trinh tiép tuyén A ctia d6 thi (C) : y = —22% + 322 — 62 + 1, biét A c6 heé s6 goc 16n nhat.

L3i giai.

Goi M (xo;y0) € (C) 1a tiép diém.

Ta c6: y = —62% + 62 — 6. Suy ra hé s6 goc k = v/ (z9) = —62% + 629 — 6.
Xac dinh hé sb6 géc 16n nhét:

Cach 1:

Ap dung —(a =+ b)2 +c>c¢= kmax = C.

1 9 N 9 9 9

Tacék:—6x%+6x0—6:—6($3—x0+1)—52—3(300—5) —§§—§=>kmaxz—§.
. . 1 1
Dau “="xay ra < xg — 5= 0 xg = 3
Cach 2:
5 A P b A
Ap dung cong thic dinh parabol I | ——;—— ).

2a" 4a

Lo —00 L +00
2
9
g / ’ \
—00 —00

N .4 o, 1 a! 9
T bang bién thién cta parabol = xy = 2 kmax = Y 3)= "5
Cach 3:
Stt dung cong thic

Kmin = yl(ffo), véi y”(l'()) =0

kmax = ¥ (z0), v6iy" (x0) =0

1 1 9
(o) = —12 = = 5 = kmax = /<*) )
Yy (z0) 2o+ 6=0= 29 2:> v 3 5
Phuong trinh tiép tuyén:
1 3 1 3
Ta c6: g = = =——=>M|=;—=].
a co: g 2:>y0 2=> <2, 2)
. . . ) 3\ 1 3 9 1 3 9 3

Phuong trinh tiep tuyen A tai M(§’ 2). Y = Kmax (x 2) 5= "5 (:E 2) 5 = 2x+ 1 (I

BAI 27. Viét phuong trinh tiép tuyén A cia d6 thi (C) : y = —a® + 422 + 122 — 2, biét A c6 hé s6 géc 16n nhét.

Lo giai.
Goi M(zo;y0) € (C) la tiép diém.
Ta c6: y = —32% + 87 + 12. Suy ra he s6 goc k = y'(x¢) = —3x3 + 8z + 12.
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Xac dinh hé s géc 16n nhat:
Cach 1:
Ap dung —(a £b)* 4 ¢ > ¢ = kpmax = ¢

8 16\ 52 4\? 52 52 52
Taco k=303 + 800412 = 3 (a3 o+ )+ 2= 30— 5) + 2 D k=
a cO g + 8xo + hint 3x0+9 +3 o 3 +3_3 a 3
. 4
Dau“:”xéyra@xo—g:0<:>a;0:§.
Cach 2:
i . L e b A
Ap dung cong thitc dinh parabol I | ——;—— |.
2a° 4a
Zo —o0 % 400
3
g
k / 3 \
0 o

s 4 . . 4 4 52
Tu bang bién thién ctia parabol = zy = 3 kmax =V <7) = —.

Cach 3:
St dung cong thic

kmin = ?/(950)7 vii y”<x0> =0
kmax = y/(x())a Véiy//(x()) =0

4 4 52
y”(a:o):—6m0+8:0:>x0:§:>k'max:y’<f) = —.

Phuong trinh tiép tuyén:
Tacé'x*éé *@¢ (é@)
T E R T T oy 327 )
4 506 4 506 52 4 506 52 118
Prusons i 56p i &t M (50 (o 4) 4 B0 L2 () 052 118
uong trinh tiep tuyen al 3 o7 Y a T 3 + o7 3 T 3 + 97 33; o7
Hay A : 468z — 27y — 118 = 0. (]

BAI 28. Viét phuong trinh tiép tuyén A ciia do thi (C) : y = —z® — 222 4+ 5z + 1, biét A ¢6 hé s6 goc 16n nhat.

L3 giai.

Goi M(zo;y0) € (C) la tiép diem.

Ta c6: y = —32% — 42 + 5. Suy ra hé s6 goc k =/ (z0) = —32% — 429 + 5.
Xac dinh hé s6 géc 16n nhat:

Cach 1:

Ap dung —(a =+ b)2 +c>c¢= kmax = C.

4 4\ 19 2\* 19 19 19
Tt = 53 —s0 5~ <3 (34 e 1)+ 10 (e 2) 00
a co 3x; o+ 5 3 x0+310+9 3 3x0+3 +3_ = 3
. 2 2
Dau “="xay ra < xg + 3= 0 2y = —3
Cach 2:
L A L b A
Ap dung cong thic dinh parabol I | ——;—— ).
2a"  4a
To —00 —g +0o0
3
19
g / ’ \
—00 —00
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. 2
Tu bang bién thién ctia parabol = zy = —3 kmax =Y (—7) = —.

Cach 3:
St dung cong thic

kmin = ¥/ (20), v6iy” (29) =0
kmax = ¥ (z0), v6iy" (x9) =0

2 2 19
" :_6 _4:0:> :_7jkmx: /<_7):7.
y" (o) o To=—3 ax =Y | —3 3
Phuong trinh tiép tuyén:
2 79 ( 2 79)
Ta c6: o = —= =—0==>M|-5 -5 ).
a co: zg 3:>y0 27:> 3 97
N (< 2 . 2.9 2
Phuong trinh tiép tuyén A tai M —g; —o Yy =kmax - | T+ 3

(x+

2

3

),

79

27

19 35

= —x +

37 21

03 DANG 2.3. Viét phuong trinh tiép tuyén khi biét diém di qua

qua diém M (0;1).

VI DU 1. Viét phuong trinh tiép tuyén A ctia d6 thi (C) : y = 2° + 322 — 62 + 1 biét tiép tuyén A di

Loi giai.
— Goi hoanh do tiép diém la x(. Suy ra {

— Phuong trinh tiép tuyén A

Yo = x5 + 322 — 69 + 1
Y (z0) = 3x2 + 629 — 6

y =1y (w0) (x — z0) + yo hay y = (3z§ + 60 — 6) (x — xo) + xf + 32§ — 639 + 1.

Ma M (0;1) € A nén

(322 + 620 — 6) (0 — o) + xf + 323 — 6zp +1 =1

& 223 —322=0
JL’O:O

& 3.
xr=—=

2

. 3 . . 33
— The g =0, xz = —5 vao phuong trinh tiép tuyeén ta duge A; : y = —6z, Ag 1y = -5 + 1.

qua diém M (—1;6).

VI DU 2. Viét phuong trinh tiép tuyén A ctia d thi (C) : y = 2 — 322 — 9z + 1 biét tiép tuyén A di

Loi giai.
—— Goi hoanh do tiép diém la x(. Suy ra { )

— Phuong trinh tiép tuyén A

Yo =z — 323 — 9z + 1

Y (z0) = 3x2 — 619 —9

y=1" (z0) (x — z0) + vo hayy:(31‘(2)—6300—9)(x—x0)+xg—3a:(2)—9xo+1.

Ma M (—1;6) € A nén

(323 — 620 — 9) (—1 —xo) + 2 — 32 — 929 +1=6

& 223+ 6x0+4=0
LL’():—I

1‘0:2
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— Thé 29 = —1, x9p = 2 vdo phuong trinh tiép tuyén ta dudc Ay :y =6 vd Ay 1 y = —9x — 3.

VI DU 3. Viét phuong trinh tiép tuyén A ctia d6 thi (C) : y = 2% — 222 + 2 + 4 biét tiép tuyén A di qua
diém M(—4; —24).

Lai giai.

L DTN y02m8—2x3+x0+4
— Goi hoanh do tiep diem la zg. Suy ra <, ) .
Yy (x0) = 3xf —4xo + 1

— Phuong trinh tiép tuyén A
y =1 (w0) (x — o) + yo hay y = (ng — 4xg —|—1) (z — x0) —|—x3 —2x(2)+x0—|—4.
Ma M (—4;—24) € A nén

(31‘8—4%‘0—"—1) (—4—x0)+xf§ _2x3+x0+4: —24
& 225 — 1023 + 1629 +24 =0

1‘0:—6
=4 o =—1.
1'0:2

— Thé zg = —6, g = —1, 29 = 2 vao phuong trinh tiép tuyén ta dudc A; : y = 133z + 508, Ay : y = 8z + 8
va Ag :y =5z — 4.

O
BAI 1. Viét phuong trinh tiép tuyén A ctia d6 thi (C) : y = 22*—422—1 biét tiép tuyén A di qua diém M (1; —3).

Loi giai.
Yo = 2z5 — 4zd — 1

—— Goi hoanh do tiép diém 1a zp. Suy ra )
' ? TP 0- =HY {y' (z0) = 82§ — 8z

—— Phuong trinh tiép tuyén A
y =1y (x0) (x — xz0) + yo hay y = (SIg - 81‘0) (x —xzo) + 2:1:6L - 4x3 —1.
Ma M (1;—3) € A nén

(82§ — 8xo) (1 —xo) + 225 —daf —1=-3
& —6x) + 8z +4xf — 819 +2=0

o = -1
= Zo :1
3
o = 1
L 1 N . 2 L 64 17
— Thé zg = -1, zg = 3’ zo = 1 vio phuong trinh tiép tuyén ta dugc Ay :y = =3, Ag 1y = —2—7;10 ~ 97

(Il
BAI 2. Viét phuong trinh tiép tuyén A ctia do thi (C) : y = z* + 22 +1 biét tiép tuyén A di qua diém M (—1;3).

Lai giai.

yozzéJr:z:ngl

—— Goi hoanh do tiép diém la zg. Suy ra )
y' (w0) = dap + 220
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— Phuong trinh tiép tuyén A
Ay =y (z0) (x — x0) +yo hay y = (4o + 220) (x — o) + zg + 2§ + 1.
Ma M (—1;3) € A nén

(42§ + 220) (-1 — o) + 25 + 25 +1=3
& —3rp —dad — 2l — 200 -2=0

& o= -—1.

—— Thé zg = —1 vao phuong trinh tiép tuyén ta dugc A : y = —6x — 3.

(Il
A IP3 < I3 £ o N . 2(,6 + 1 L IP3 £ . .2
BAIJ 3. Viét phuong trinh tiép tuyén A ciia do thi (C) 1y = T biét tiép tuyén A di qua diem M (—1;3).
Lai giai.
21’0 +1
Yo =
. , +1
— Goi hoanh do tiép diem la zg. Suy ra o 1
/
Y (v0) = ———
(w0 +1)°

— Phuong trinh tiép tuyén A

QLU() + 1
= / — h = — — .
y =1y (20) (z — o) + yo hay y (201 1) (z —@0) + P
Ma M (—1;3) € A nén
1 2 1
——— (=1 —z0) + ot =3
(1‘0 + 1) To+ 1
2z
- o+ 1
= x0=—3.
P . ol ik P 1 13
— Thé zg = —3 vao phuong trinh tiep tuyén ta duge A 1y = Zac + R
O
A < L ~ < L A 2 X . QZE + 1 4 s L £ . . 2
BAI 4. Viét phuong trinh tiép tuyén A ciia do thi (C) :y = 1 biét tiép tuyén A di qua diem M (—7;5).
Lai giai.
2wo + 1
Yo =
. .z .2 o — 1
— Goi hoanh do tiép diem la zy. Suy ra _3
!/
y' (wo) =
( 0) (CCO _ 1)2
— Phuong trinh tiép tuyén A
-3 2z9 + 1
Ay =y (20) (x — o) +yo hay y = ——— (z — z0) + ———.
(1‘0 - 1) xo — 1
Ma M (—7;5) € A nén
-3 2330 +1
— (=7T—29)+ ——— =5
(330—1)2( ) zo — 1
= 323 — 1220 —-15=0
o = -1
o — 5
. . . 3 1 3 59
— Thé zg = —1 va g = 5 vao phuong trinh tiép tuyén ta duge A :y = “1°71 va Ag iy = 71—6x + 16"
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O

< . ) P . 20 —1 ., P )
BAI 5. Viét phuong trinh tiép tuyén A ciia do thi (C) :y = a:+ 1 biét tiép tuyén A di qua diem M (—1;4).
z

Loi giai.
o 21’0 -1
. R .z .2 R o= i) + 1
— Goi hoanh do tiép diem la zg. Suy ra 3
/
Y (x0) = ——
(Io + 1)2

— Phuong trinh tiép tuyén A
21‘0 -1

xo) + ot 1

3
Ay =1y (o) (x —x0) +yo hay y = —— (z —
(l‘o-l—l)

Ma M (—1;4) € A nén

3 2£0—1
ot P T T T
0
= 2330:—8
& xp = —4.

. . . 13
—— Thé zg = —4 vao phuong trinh tiép tuyén ta dugc A :y = gx + 3
|

BAI 6. Viét phuong trinh tiép tuyén A ctia do thi (C) : y = 2% + 322 — 62 + 1 biét tiép tuyén A di qua diém
M(0;1).
Loi giai.
: L Yo = + 3§ — 6o + 1
— Goi hoanh do tiép diem la zy. Suy ra , 9 .
Y (zo) = 35 + 629 — 6

— Phuong trinh tiép tuyén A
y =1y (xo) (¥ — x0) + 9o hay y = (33:34—63:0—6) (x — x0) + x5 + 322 — 620 + 1.

Ma M (0;1) € A nén
(323 + 629 — 6) (0 — o) +af + 325 —6zg+1=1
& 225 —323 =0
.T():O

& 3.

330:75

. 3 . .
— Thé g = 0, g = —= vao phuong trinh tiép tuyén ta dugec Ay :y = —6x+ 1, Ay = —4° + 1.
O

BAI 7. Viét phuong trinh tiép tuyén A ctia d6 thi (C) : y = 2 — 322 — 92 + 1 biét tiép tuyén A di qua diém
M(—1:6).
Loi giai.
3 2
B . =x5—3x5 — 920+ 1
— Goi hoanh do tiép diem la zy. Suy ra y? 0 20 0 .
Y (zg) = 3 — 629 — 9

— Phuong trinh tiép tuyén A
y=1"(x0) (x — x0) + yo hay y = (31‘8 —6$0—9) (x—xo)—&-xg—?):rg — 9z + 1.
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Ma M (—1;6) € A nén

(323 — 620 — 9) (—1 —xo) + 2 — 323 — 929 +1=6
& 220 +620+4=0

o = -1
o = 2
— Thé 29 = —1, 29 = 2 vao phuong trinh tiép tuyén ta dugc Ay 1y =6, Ay : y = —9z — 3.

(@® BAITAP TRAC NGHIEM

Cau 1. Cho ham s6 y = gx?’ +2ma? — m2z + 1. Tim m dé tiép tuyén ctia do thi ham sé tai diém c6 hoanh do

. 11
o = 2 song song vdi dudng thang d: y = —dzx + 3
A m=-1 B. m=09. C. me{-1,9}. D. m e {1,9}.
L3i gii.
Diat y = f(x), khi dé ta c6 f'(z) = 2? + dmx —m? = f(2) = —m? + 8m + 4.
£ P m=9
Tiép tuyén (A) || (d) nén f'(2) = -5 —m?+8m+4= -5 & L
m=—

2 22
Véi m = 9 thi (Al):y:f5(x—2)f?@y:f5zf?9 (nhan do A || d).

19 11
Véim = —1thi (Ag): y = —5(x —2) — 3 oY= —51;—1—? (loai do Ay = d).
Vay m = 9 thda yéu cau bai toan.
Chon dap an O

Cau 2. Cho ham s6y = 23 —322 ¢6 do thi (C). Goi M 1a diém thuoc do thi (C) c6 hoanh do bang 1. Hdi tham s6
m thuoc khoéng nao sau day thi tiép tuyén ciia (C) tai M song song véi duong thang d: y = (m?—4)z+2m—1.

A. (—o0; 3. B. (-3;1). C. [1;5). D. [5;+00).
Lo giai.
Diat y = f(x), khi d6 ta c¢6 f'(z) = 322 — 62 = f'(1) = 3.

m=1

Tiép tuyén (A) L (d)nen m? —4=-3em?=1& X
m=—

Ta c6 tiép tuyén cia (C) 1a (A):y=-3(z—1)—2& -3z + 1.

V6i m = 1 thi dudng thing d c6 phuong trinh y = —32 + 1 (loai m = 1 do d tring véi A).

V6i m = —1 thi duong thing d c6 phuong trinh y = —3z — 3 (nhan).

Vay m = —1 théa yéu cau bai toan va nghiém nay nam trong (—oo, —3].

Chon déap an @ O

Cau 3. Cho ham 86 y = 2% — 2(m + 1)22 + m + 2 ¢6 dd thi (C). Goi A la diém thuoc dd thi ham s6 c¢6 hoanh
do bang 1. Hoi tham s6 m thudc khoang ndo sau day thi tiép tuyén véi do thi (C) tai A vudng goéc véi duong
thing d: x — 4y +1 = 0.

A. (-3;2). B. (—o0;—-3]. C. [1;5). D. [5;400).
Loi giai.
Dit y = f(x). Taco f/(z) = 423 —4(m + 1)z = f'(1) = —4m.
Ta viét lai phuong trinh (d): z —4y+1=0&y = i(aﬁ +1).

£ P 1
Tiép tuyén (A) L (d) nén 1 (=dm)=-1m=1

Vay m = 1 € (=3;2) théa yéu cau bai toan.
Chon dap an @ O

Cau 4. Cho ham s6 y = —2 + 322 + (2m — 1)z + 2m — 3 ¢6 dd thi (C,,). Tim m dé tiép tuyén c6 he s6 goc
16n nhat ctia do thi (C,,) vuong goéc véi d: x — 2y — 4 = 0.
A. m=-1. B. m=0. C. m=-2 D. m=4.
Loi giai.
Coy=f(x)=—-a3+322+(2m—1D)x+2m—3 (Cp).
Goi K 1a hé s6 goc tiép tuyén ctia (C,) tai diém c6 hoanh do .
Khi d6 K = f/(x0) = —3a2 + 60 + (2m — 1) = K’ = 60 + 6.
Ta xét bang bién thién cta K
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7 Chuong 5. PAO HAM

Zo —00 1 400
K'(x0) + 0 -
2m + 2
K(z) / \
—0o0 —00

T BBT ta thay tai 9 = 1 thi K dat GTLN la 2m + 2.
1 £
(d):x—2y—4:0<:>y:§(ac—4) c6 hé s6 goc Ky =

) .
Chon dép én (C) O

Cau 5. Hoéi tham s6 m thudc khodng nao sau day thi tiép tuyén cé hé sd géc nhé nhit ctia doé thi ham sb
y =23 —32% + (m — 2)x + 3m vuong goéc véi dudng thing d: z —y + 2 = 0.
A. (—o0;4). B. [—4;3). C. [3;5). D. [5;+00).
Loi giai.
Coy=f(x)=a%-322+(m—2)x+3m (Cp).
Goi K 1a hé s6 géc tiép tuyén ctia (C,,) tai diém c6 hoanh do xo.
Khi d6 K = f/(xg) = 323 + 679 + (m — 2) = K' = 67 + 6.
Ta xét bang bién thién cia K

N N

Dé (d) vuong goc tiép tuyén thi K- K = —1 < (2m + =-lem=-2

N |

To —00 —1 400
K'(z0) - 0 +
+00 +00
K(z) \ /
m—>5

Tt BBT ta thay tai v = —1 thi K dat GTNN 1la m — 5.
(d):z—y+2=0&y=a+2c6 hesdgoc Kg=1.

D@ (d) vuong géc tiép tuyén thi K- K = —1 < m —5=—1 < m =4 € [3;5).

Chondépén@ O

Cau 6. Cho ham s6 y = 2° + 22 — 1 ¢6 do thi (C), phuong trinh tiép tuyén ctia (C) tai A(1;1) cit (C) tai
diém th hai 1a B. Tinh do dai doan théng AB.
A. AB =426 B. AB=10. C. AB = V/105. D. AB=2.
Loi giai.
Diat y = f(x). Taco f/(z) = 32% + 2z = f'(1) = 5.
Phuong trinh tiép tuyén (A) tai A(1;1)lay=5(z—1)+ 1<y =5z — 4.
Phuong trinh hoanh do6 giao diém ciia (A) va (C) 1a

Sr—4=a3422—-1
s 22+22-52+3=0
r=1

=
Tz =-3.

Tacézp=—-3=yp=>5-(—3) —4=—19 nén B(-3;-19).
C6 AB = (—4; —20) = AB = 4/26.
Chon dap an @ ([l

Cau 7. Cho ham s6 y = 23 + 322 + 1 ¢6 dd thi (C). Goi A la tiép tuyén ctia (C) tai diém A(1;5) va B la giao
diém thtt hai ctia A v6i (C). Tinh dién tich S clia tam gidc OAB, véi O 1a goc toa do.
A. §=12 B. §=6. C. §=15. D. §=24.
Lai giai.
Dat y = f(x). Ta o f/(z) = 32% + 62 = f/(1) = 9.
Phuong trinh tiép tuyén (A) tai A(1;5) lay=9(z—1)+5 <y =9z — 4.
Phuong trinh hoanh do6 giao diém ciia (A) va (C) 1a

9r —4=24+322+1
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o 24322 -9 +5=0
rx=1

== .
T =-5

Tacozp=-5=yg=9-(—5) —4=—49 nén B(-5;—-49) = AB = (—6;—54).
Phuong trinh dudng thiang AB nhan 7 = (54; —6) lam vecto phap tuyén va di qua A(1;5) la

54(z — 1) — 6(y — 5) = 0 & 5 — 6y — 24 = 0.

1 1
C6 Soap = 5d(0,AB) - AB = J[54-0~6-0 - 24| = 12.
Chon dap an @ |
Cau 8. Cho ham s6 y = 23 + ma + 1 —m c6 do thi (C), phuong trinh tiép tuyén clia (C) tai A(1;2) cit (C)
tai diém thit hai 13 B. Tim téng cac gia tri cia m sao cho AB = 3v/2.
A 2 B. 1 C. —6. D. 8.
Lo giai.
Diat y = f(x). Taco f'(z) =322 +m = f'(1) =m + 3.
Phuong trinh tiép tuyén (A) tai A(1;2) lay = (3+m)(x —1) + 2.
Phuong trinh hoanh do giao diém ciia (A) va (O) 1a
B4+m)(z—1)+2=a>4+mz+1-—m

& 3zd+mr—1-m=2>+mz+1-m

& 2®-3r4+2=0
[ x=1

=
T = -2

Tacézp=—-2=yp=—-3m—"7nén B(—2;-3m —17) = AD = (—=3;—3m —9).

(= —2
AB=+9+9%+54m+9m? =3V2 & .
m = —4.
Vay tdng céc gia tri m thoéa yéu cau bai toan 1a —6.
Chon dap an @ O

Cau 9. Cho A(—1;y4) € (C): y = 22% — 322 + m. Biét tiép tuyén ctia (C) tai A cit dd thi (C) tai diém thit
hai 14 B. Tinh tdng cac gia tri ctia m dé AOAB vuong tai goc toa do O.
A. —49. B. —44. C. —54. D. 54.
Losi giai.
A(=L;ya) € (O):y = f(x) =223 =322 + m = ya =m — 5= A(-1;,m — 5).
f(x) =622 — 62 = f'(—1) = 12.
Phuong trinh tiép tuyén tai A la y = 12(z + 1) +m — 5.
Phuong trinh hoanh do giao diém ciia (C) va tiép tuyén:

223 — 32> +m =12z + 1) +m —5
& 2% -32° - 120 -7=0

z=—1
< 7
)
7
= B §;m+49 .

C6 OA = (=1;m —5); OB = (%;m+49).
Dé AOAB vuong tai O thi

OA-OB=0
7
& —§+(m—5)(m+49):0
497

Phuong trinh bac hai trén c¢6 ac < 0 nén c¢6 2 nghiém phan biét mq;ms. Theo dinh Ii Viete thi m; +mo = —44.
Vay tdng cac gia tri clia m thoa yéu cau dé bai la —44.
Chon dap an O
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—xr+2
z—1"

Cau 10. Tim a dé tit A(a; 1) ké ding 1 tiép tuyén dén do thi ham s6 y =
Loi giai.

Diéu kién o # 1.

Tiép tuyén qua A(a;1) lay = k(z —a) + 1.

Diéu kiéen tiép xtic

—x+2

k(x — 1=
(r—a)+ po

1
k=—

(z —1)
o 0T g _TmH?
(x —1)2 or—1

& 227 —6x+3+a=0. (%)

Dé tit A ké diing 1 tiép tuyén dén do thi thi () phai c6 nghiém kép # 1 hodic c6 2 nghiém phan biét trong d6
c6 1 nghiém bing 1

A'=3-2a=0
b 3 L 3
- —%f§7é1(lu0ndung)® a=;
A'=3-2a>0 a=1.
2-6+34+a=0
PR, .9
Tong cac gia tri cia a la 3 O
a 5 2 s 0 3  Z % P N PN Py 20 +1
Cau 11. Tim m deé tux A(—2;m) ké ding 1 tiép tuyén dén do thi ham sb6 y = T
T —

Loi giai.

Diéu kién x # 1.

Tiép tuyén qua A(—2;m) la y = k(z + 2) + m.
Diéu kien tiép xtic

2¢+1
k 2 =
(@+2)+m=——"
3
k=————
(z—1)?
T+ 2 2+ 1
_3.7 =
(x71)2+m x—1

3z —6+m(x? —2z+1) =2z +1)(z—1)
(m—2)2? + (=2 —=2m)z+m —5=0. (%)

t e ¢

(x) c6 A/ = (—m —1)? — (m —5)(m — 2) = 9m — 9.
Dé tit A ké ding 1 tiép tuyén dén do thi thi (x) phai c6 nghiem kép # 1 hodc c6 2 nghiém phan bigt trong d6
c6 1 nghiém bing 1 hosic c6 1 nghiém khéc 1.

— Néu (*) ¢6 1 nghiem. Khi d6 m = 2.
£ 1
Thé m = 2 vao (x), ta duge -6z —3 =0 x = ~3 (théa x # 1) nén nhan m = 2.

— Néu (%) ¢6 nghiem kép thi A’ =9m —9=0<m = 1.
b 242
Khi dé nghiém ctia phuong trinh & —— = _ete —2 # 1 nén nhan m = 1.
2 2(1-2)

— Néu (*) ¢6 2 nghiem phan biet thi A’ > 0 < m > 1.

D@ phuong trinh c6 1 nghiém bing 1 va 1 nghiém khac 1 thim —2—-2—-2m+m —-5=0< —9=0 (vo
1i).

Vay m =1 vi m = 2 théa yéu cau bai toan. O
Cau 12. Tim m dé tit A(—1;2) ké ding 1 tiép tuyén dén do thi ham s6 y = q

T —
Loi giai.
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Diéu kién o # 1.
Tiép tuyén qua A(—1;2) lay =k(z+ 1) + 2.
Diéu kien tiép xtc

k(m+1)+2:3;:nf
__~l4m

SR FYE

(x+1)(m—-1)

@—1)7 +2=(z—m)(z—1)

e 24+ 2m—4)r+1=0. (%)
(x) c6 A’ = (m—2)2 —1=m? —4m + 3.

Dé tir A ké ding 1 tiép tuyén dén do thi thi (x) phai c6 nghiem kép # 1 hodc c6 2 nghiém phan biét trong do
¢6 1 nghiém bang 1.

m=1

— Néu (*) ¢6 nghiéem kép thi A’ =0 < { 5
m = 3.

V6i m = 1 thi nghiém phuong trinh la —; =1 (loai).
a

b
V6i m = 3 thi nghiém phuong trinh la —5g = —1# 1 (nhan m = 3).
a

p . . m >3
— Néu (%) ¢6 2 nghiém phan biét thi A’ > 0 &
m < 1.
Dé phuong trinh c¢6 1 nghiém bing 1 va 1 nghiém khéc 1 thi 1+ 2m —4+1 =0 < m = 1 (khong thda
m < 1).
Vay m = 3 théa yéu cau bai toan. O
, . L s N P 2
Cau 13. Tim m deé tit A(0;m) ké diang 1 tiép tuyén dén do thi ham sd y = T T
T —

Lai giai.

Diéu kién x # 1.

Tiép tuyén qua A(0;m) la y = kx + m.
Diéu kién tiép xic

T+ 2

kr +m =
r—1

3
k=————
(xz—1)?

& Brt+mr—1)?2=(r—2)(z—1)
s m-1Dz?+(-2m—4)z+m+2=0. (%)
(x) c6 A" = (m+2)? — (m —1)(m +2) = 3m +6.

Dé tit A ké ding 1 tiép tuyén dén do thi thi (x) phai c6 nghiem kép # 1 hodc c6 2 nghiém phan bigt trong do
¢6 1 nghiém bang 1 hosic ¢6 1 nghiém khac 1.

£ 1
— Néu m =1 thi (%) tré thanh 76x+3:0¢>m:§¢1nénnhanm:1.

. 1
—Néum;élvaA’:?)erG:O@m:fi.

b 1
Khi d6 phuong trinh cé nghiém kép la on = —1 # 1 nén nhan m = 5
a

P 1
— Néeum#1vaA'">0&m > 3 thi phuong trinh ¢6 2 nghiém phan biét.
D@ phuong trinh c6 1 nghiém bing 1 va 1 nghiém khac 1 thim—1—2m—4+m+2 =0« —3 =0 (vo li)

1 N
Vaym=1vam= ) théa yéu cau bai toan. O
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Téng hop kién thic can nhé vé tiép tuyén
(@ Viét phuong trinh tiép tuyén ciia do thi ham s6 y = f(z) tai diém M (xo;yo)-

Buéc 1: Tinh dao ham y’ = f/(x). Suy ra he s6 goc tiép tuyén k = y'(zo) = /(o).

Buéc 2: Phuong trinh tiép tuyén cltia do thi M (zg;yo) c¢6 dang ‘ d: k(z — o) + yo ‘

I\ Néu dé bai yéu cau viét phuong trinh tiép tuyén tai diém cé hoanh do xo thi khi dé ta tim 1y
bang cdch thé vao ham so ban dau, tic yo = f(xo). Tuong tu khi dé cho yo.

Néu dé bai yéu cau viét phuong trinh tiép tuyén tai cdc giao dieém do thi (C): y = f(x) va duding
thing d: y = ax + b. Khi dé cic hoanh do tiép diém la nghiém cia phuong trinh hoanh do giao
diém gitia d va (C). Ddc biet Ox: y = 0, truc tung Oy: x = 0.
Néu dé bai cho hé s6 géc tiép tuyén la k, ta lam theo cdc budc sau:
— Buwdc 1: Goi M(zo;v0) la tiép diem va tinh y' = f'(z).
— Bude 2: Ta c6 k = f'(xg) va gidi phuong trinh nay ta sé tim dude xq, suy ra yo.
— Budc 3: Ung vdi méi tiép diém, ta tim duge cdc tiép tuyén d: y = k(z — z0) + yo.
Ngodi ra dé bai thuomg cho hé s6 goc tiép tuyén dudi cic dang sau:
— Néu tiép tuyén d | A: y=axr + b=k = a.
p ) p 1
— Néu tiep tuyend L A:y=ar+b=>k=——.

a
— Néu tiép tuyén tao vdi truc hoanh Oz mot géc o thi k = tana (hodc —tan ).

% _tana (hodc —tan ).

— Néu tiép tuyén tao vdi d: y = ax + b mot goc a thi T
a

(2) Viét phuong trinh tiép tuyén ciia do thi ham s6 y = f(z) ké tit A(z4;y4) (qua A).
— Buéc 1: Goi M(a; f(a)) la tiép diém va tinh hé s6 goc tiép tuyén k = y(a) = f'(a) theo a.

— Budc 2: Tiép tuyén dang d: y = f'(a)(z — a) +y(a) ().
Vi diém A(za;y4) € d & ya = f'(a)(xa — a) + y(a) va gidi duge a.

— Budc 3: Thé a vho () ta tim duge tiép tuyén can tim.

(3) Diéu kién tiép xtc clia hai dudng cong. Cho hai do thi ham s6 (C): y = f(z) va (C"): y = g(x).
y=f(z)

Toa do giao diém (néu c6) ciia (C) va (C') 1a nghiém ctia hé phuong trinh & f(r) =
Yy=gr

g9(@). (%)

—— Phuong trinh (x) dugc goi 1a phuong trinh hoanh do diém chung ciia (C) va (C7).

— S6 nghiém ciia (*) chinh la s6 diém chung ctia hai do thi.

—— Truc hoanh Ox c¢é phuong trinh y = 0, truc tung Oy c¢6 phuong trinh x = 0.

f(z) =g(x)

fl(@) =g (x)

Tit diém A ké duge n tiép tuyén dén (C) khi he tiép xic c6 n nghiem phan biét.

Diéu kién tiép xtc: (O) tiép xtic véi (C') & { ¢6 nghiém.

€) RENLUYENLAN1

4 2

Cau 1. He sb goc tiép tuyén clia do thi ham s6 y = % + % — 1 tai diém c6 hoanh do =, = —1 bing
A -2 B. —1. C. 2. D. 0.

Loi giai.

Tap xac dinh 2 = R.

Ta c6 ¢y = 23 + z.

Goi M (z0;yo) 1a tiép diém = x, = —1.

= Nguyén Qudc Duong - @ 0375113359 Trang @



7 Chuong 5. PAO HAM

Suy ra, he s6 goc ciia tiép tuyén véi do thi ham sb tai M 1a k =3/ (—-1) = —2.

Chon dap an @ O
P P N ) 1 . . N
Cau 2. Tiép tuyén cta do thi ham s6 y = % tai diem A(—1;0) c6 he s6 goc bang
AL B. .. c. B D 0

6 6 25 25
Lai giai.
Tap xac dinh 2 =R\ {5}.
Ta c6 1/ = _ =6

ENCEEE

P . . P . N P 1

Vi A(—1;0) 1 tiép diem nén heé sd goc clia tiép tuyén voi do thi ham s6 tai A A k =y'(—1) = ——.

6
Chon dap an O
Cau 3. Phuong trinh tiép tuyén ctia do thi ham s6 y = 2% — 322 + 2 tai diém M (—1;-2) la
A. y=92x+11. B. y =92z —11. C.y=9—-T1. Dy

=9z 47.
Lo giai.
Tap xac dinh 2 = R.
Ta c6 y = 322 — 6.
Vi M la tiép diém nén he s6 goc ciia tiép tuyén véi do thi ham s6 tai M 1a k = y/'(—1) = 9.
Phuong trinh tiép tuyén vdi do thi ham sb tai M 1
y=9z+1)-2y=9x+7.
Chon dap 4n (D) O
Cau 4. Phuong trinh tiép tuyén ctia do thi ham s6 y = 2% — 322 + 4 tai diém A(1;2) 1a
A. y=3x+5. B. y=2x+4. C. y=-2x+4. D. y= -2z
Loi giai.
Tap xac dinh 2 = R.
Ta c6 y' = 423 — 6.
Vi A la tiép diém nén he s6 goc ciia tiép tuyén véi do thi ham s6 tai A 1a k =y/(1) = —2.
Phuong trinh tiép tuyén véi do thi ham s6 tai A 1a
y=-"2@-1)+2cy=—-2c+4.
Chon dap an @ O
P 2 N . 20— 1 .
Cau 5. Phuong trinh tiép tuyén ctia do thi ham s6 y = er 1 tai diem M (0;—1) 1a
T
A y=3z+1. B. y=3z-1 C. y=-3x—-1. D y=-3z+1.
Lo giai.
Tap xéc dinh 2 =R\ {-1}.
3
Tacoy = ——

(z+1)2
Vi M la tiép diém nén he s6 goc ciia tiép tuyén véi do thi ham s6 tai M 1a k = ¢/(0) = 3.
Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

y=3z—-0)—-1<y=3z—1.

Chon dap an O

, , X ) 22 . 1
Cau 6. Phuong trinh tiép tuyéen ctia do thi ham s6 y = x mn 1:6 tai diem A (1; —§> la
x
1 1 3 1 3 1 1
A y=_ux. B. y=- —. C.y=-z—-. D y=- =,
Y= Y=t YTIT T Y= ath
Loi giai.
Tap xéc dinh 7 =R\ {-1}.
2?2 +22 -2
Tacoy = —— =
R A P
. . P P P N . 1
Vi A la tiép diem nén hé s6 géc cla tiép tuyén véi do thi ham s6 tai A 1a k =4/'(1) = 1
Phuong trinh tiép tuyén véi do thi ham sb tai A 1a
1 1 1 3
y=ge-D-gev=qv-7
Chon dap an @ O
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. . N . 1 . 15
Cau 7. Phuong trinh tiép tuyen ctia do thi ham s6 y =5z + 1+ ﬁ tai diem A (57 5) la
T —
3 3
A.y:2xf§. B.y:f2x+§. C. y=3z—-1. D. y=3z+1.
Loi giai.
Tap xéc dinh 2 =R\ {1}.
1

Tacoy =5 — ———.

a co Yy 12

. , P P 2 N P 1

Vi A 1a tiép diém nén hé sé goc clia tiép tuyén véi do thi ham s6 tai A la k=19 <§> =3.

Phuong trinh tiép tuyén véi do thi ham s6 tai A 1a

1 5
=3 - = - y=3 1.
Y (x 2>+2 Y T +

Chon dap an @
Cau 8. Phuong trinh tiép tuyén ctia do thi ham s6 y = va2 + x + 1 tai diém M (0;1) 1a

1
A.y:§x+1. B.y:—§x+1. C.y=—-ax+1 D y=z+1.
Loi giai.
Tap xac dinh 2 = R.
P 20+ 1
Tacoy =

Va2 +r+1 .
Vi M la tiép diém nén he s6 goc ciia tiép tuyén véi do thi ham s6 tai M 1a k = y/(0) = 5
Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

1 1
y:§(x—0)+1<:>y=§$+1.

Chon dap an @

Cau 9. Phuong trinh tiép tuyén ciia do thi ham s6 y = 2 + 322 — 2 tai diém c6 hoanh do bing z, = —3
A. y =30z + 25. B. y =9z —25. C. y=30x — 25. D. y =9z +25.

Loi giai.

Tap xac dinh 2 = R.

Ta c6 y' = 322 + 6.

Goi M (xo;yo) 1 tiép diém = 1, = —3 va y, = —2.

He s6 goc clia tiép tuyén vdi do thi ham s tai M 1a k = ¢'(=3) = 9.

Phuong trinh tiép tuyén vdi do thi ham sb tai M 1a

y=9x+3)-2y=9x+25.

Chon dap an @

Cau 10. Phuong trinh tiép tuyén ctia do thi ham s6 y = 2* + 222 — 1 tai diém c6 hoanh do bing 1 1a
A. y=—-8z—6. B. y=8z—6. C. y=—-8x+10. D. y =8z +10.

Loi giai.

Tap xac dinh 2 = R.

Ta c6 ' = 423 + 4x.

Goi M(z0;yo) 12 tiép diem = z, = 1 va y, = 2.

He s6 goc ctia tiép tuyén v6i do thi ham s6 tai M la k = y/(1) = 8.

Phuong trinh tiép tuyén vdi do thi ham sb tai M 1a

y=8z—-1)+2<y=_8x—6.

Chon dap an @

. . N . 4 .
Cau 11. Tiép tuyeén cta do thi ham s6 y = po— tai diem c6 hoanh d6 z, = —1 1a
A y=—-x-3. B y=xz-1. C. y=—-x+2. D y=—-z-1
Loi giai.
Tap xéc dinh 2 =R\ {1}.
3 —4
Ta CO y/ == m
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Goi M (xo;yo) 1a tiép diém = 1, = —1 va yo = —2.
He s6 goc clia tiép tuyén v6i do thi ham s6 tai M la k = y/(—1) = —1.
Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

y=-1lz+1) -2 y=—x-3.

Chon dép an @ |

Cau 12. Phuong trinh tiép tuyén ctia do thi ham s6 y = 2% — 322 + 2 tai diém thuoc do6 thi c6 hoanh do .
thoéa méan y”(z,) = 0 la
A y=-3x+3. B y=9%2+7. C. 0. D. y=-3z-3.
Loi giai.
Tap xac dinh 2 = R.
Ta c6 y = 322 — 6x; v = 62 — 6.
Theo dé vy’ (z,) =0 62, —6=0< 2, = 1.
Goi M(z0;yo) 12 tiép diém = z, = 1 va y, = 0.
He s6 goc ctia tiép tuyén v6i do thi ham s6 tai M la k = ¢/(1) = —3.
Phuong trinh tiép tuyén vdi do thi ham sb tai M 1a

y=-3x—-1)+0sy=—-3cx+3.

Chon dap an @ O

Cau 13. Phuong trinh tiép tuyén ctia do thi ham s6 y = 23 — 322 + 1 tai diém c6 hoanh do z, théa méan
2y"(zo) + ¥/ (25) +15=01a
A y=92+7. B. y =92 +6. C. y=9z. D. y=9+1.
Loi giai.
Tap xac dinh ¥ = R.
Ta c6 y = 322 — 6x; ¢ = 62 — 6.
Theo d& 24" (z) + 1/ (20) + 15 = 0 & 2(620 — 6) + 322 — 60 + 15 = 0 < 322 + 620 +3 = 0 < 0 = —1.
Goi M(z0;yo) 1a tiép diém = z, = —1 va yo = —3.
He s6 goc cta tiép tuyén v6i do thi ham s6 tai M la k =y/(—1) = 9.
Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

y=9z+1)-3<y=9zx+6.

Chon dap an O

Cau 14. Phuong trinh tiép tuyén ctia dd thi ham sé y = 2% — 22 + 2 + 1 tai diém c6 tung do bing 2 1a
A y=2z. B. y=92x—11. C. y =54z + 32. D. y=2z+4.
Lo giai.
Tap xac dinh 2 = R.
Ta c6 ' = 322 — 2z + 1.
Goi M(z0;yo) 12 tiép diém = y, = 2 va z, la nghiém clia phuong trinh
2t rl=2e2 -2+, -1=0&2,=1
He s6 goc cta tiép tuyén v6i do thi ham s6 tai M la k = y/(1) = 2.
Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

y=2@x-1)+2<y=2z.

Chon dap an @ O
Cau 15. Phuong trinh tiép tuyén ctia do thi ham s6 y = 2* — 322 + 1 tai cac diém c6 tung do bing 5 1a

A. y =20z — 35. B. y = —-20x — 35 va y = 20z + 35.

C. y=20x — 35 vay=—20z — 35. D. y =—-20x + 35.
Loi giai.

Tap xac dinh ¥ = R.
Ta c6 y = 423 — 6.
Goi M (xo;yo) 1a tiép diém = y, = 5 va z, 14 nghiém clia phuong trinh

2 ~ . n
z: = —1 (vb nghiém
zs =3l +l=5eal-3l-4=0&| (vo ng )<:>a:§:4<:>xo:i2.
Ty =
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— V6i M;(2;5) = hé s6 goc clia tiép tuyén v6i do thi ham s6 tai M 1a ky = y/(2) = 20.
Phuong trinh tiép tuyén véi do thi ham sb tai M 1a

y=20(z —2)+5 & y =20z — 35.

— V6i My (—2;5) = he s6 goc clia tiép tuyén vdi do thi ham sb tai Moy 1a ke = y/(—2) = —20.
Phuong trinh tiép tuyén véi dd thi ham s6 tai My 1

y=—-20(x+2)+5cy=—20x—35.

Chon dap an @ O
. . N . 2z — . N
Cau 16. Phuong trinh tiép tuyén véi do thi ham so y = * tai diém c6 tung do bang 3 1a
T —
A z+4y—-20=0. B. z+4y—-5=0. C. 4dx+y—2=0. D 4z+y—-5=0.
Lai giai.
Tap xéc dinh 2 =R\ {4}.
) —4

Ta CO y/ - m
Goi M(xo;yo) 1a tiép diém = y, = 3 va z, 14 nghiém ctia phuong trinh

20, — 4

Yo 3e 20, —4=3(wo—4) & a0 = 8.

To —4

~ A 2 P s Z PRI PR Z . N ’ 1

Hé s6 goc clia tiép tuyén véi do thi ham s6 tai M 1a k= ¢/(8) = 1

Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

1
y:—i(x—8)+3@>w+4y720:0.

Chon dap an @ O
Cau 17. Phuong trinh tiép tuyén v6i do thi ham s6 y = v/3x — 2 tai diém c6 tung do bing 3 1a
A. 6z—-3y+7=0. B. 3x+6y+7=0. C. 3z —6y+7=0. D. 3xz+6y—7=0.
Loi giai.
2

Tap xac dinh 2 = {g, +oo).
Ta c6 y' = 3

Y oBr—2

Goi M (xo;yo) 1a tiép diém = y, = 3 vA z, & nghiém clia phuong trinh

11
\/3.’1/'0_2:3{:}.'1;0:?.

P . D N P 11 1
He s6 goc cua tiép tuyén v6i do thi ham s6 tai M 1a k =1/ <?) =5

Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

1 11
yzi(x—§)+3(:>3x—6y+7:0.

Chon dap an @ O
. . ) N P 2x —
Cau 18. Phuong trinh tiép tuyén tai giao diém cta do thi ham s6 y = ¢ v6i truc hoanh
T —
A y=-2z+4. B. y=-3z+1. C. y=2x—4. D. y=2x.
Loi giai.
Tap xéc dinh 2 =R\ {3}.
., -2
Ta co y/ = m
Goi M 1a giao diém ctia do thi ham s6 véi truc hoanh, xét phuong trinh hoanh do giao diém
20 — 4
i g =0e2—4=0r#360=2
T —
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Suy ra M (2;0) la tiép diém.

Hé s6 goc ctia tiép tuyén v6i do thi ham s6 tai M la k = ¢/(2) = —2.

Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a
y=-2@2-2)+0y=—-2c+4.

Chon dap an @

£ P . N P T +2
Cau 19. Phuong trinh tiép tuyén tai giao diem cta do thi ham s6 y = I T véi truc tung la
x

A y=—-x+2 B y=—z+1 C.y=z—-2. D y=—-x-2.
Loi giai.
Tap xac dinh 2 =R\ {-1}.
Tacoy = —
acoy—(x+1)2.

Goi M la giao diém ctia do thi ham s6 véi truc tung, suy ra M(0;2) la tiép diém.

He s6 goc cta tiép tuyén v6i do thi ham s6 tai M la k = ¢/(0) = —1.

Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a
y=—-1lzr—-0)+2cy=—x+2.

Chon dap an @

O

Cau 20. Phuong trinh tiép tuyén v6i do thi (C): y = —23 + 322 — 62 — 11 tai giao diém ctia (C) v6i truc tung

la
A y=06x—11vay =06z —1. B . y=6zx—-1
C.y=—-6xr—11vay=—6x—1. D. y=—62—11.
Lai giai.

Tap xac dinh 2 = R.

Ta c6 y' = —32% 4 62 — 6.

Goi M la giao diém ctia do thi ham s6 véi truc tung, suy ra M (0; —11) la tiép diém.
He s6 goc clia tiép tuyén vdi dd thi ham sb tai M 1a k = ¢'(0) = —6.

Phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

y=—-6(x—0)—11<y=—6z—11.

Chon dap an @ (Il
P P N 3—2 . )
Cau 21. Phuong trinh tiép tuyén ctia do thi (C): y = lz tai giao diem ciia (C) v6i duong thang y = = — 3
la
Aly=—2+3vay=—x—1. B y=—2-3vay=—-x+1
C.y=x—-3vay=xz+1. D y=—-x+3va—-x+1.
Loi giai.
Tap xac dinh 2 =R\ {1}
) —1
Ta CO y/ - m
Goi M 1a giao diém ctia do thi ham s6 véi duong thing y = = — 3, xét phuong trinh hoanh do giao diém
3—2zx 9
1 =r—-3e3-2z=@-3)(z—1,z#ler"-2r=0v#1<
z
— V6i 2 = 0= M;(0; —3) = hé sb goc ciia tiép tuyén véi do thi ham s6 tai My 1a ky = 3'(0) = —1.
Phuong trinh tiép tuyén véi do thi ham s6 tai M; 1a
y=—-1zr—-0)-3ey=—x-3.
— V6i 2 =2 = M(2;—1) = hé s6 goc ciia tiép tuyén véi do thi ham s6 tai My 1a ko = ¢/'(2) = —1.
Phuong trinh tiép tuyén v6i do thi ham s6 tai M2(2;—1) la
y=—-1lz-2)—-1leoy=—z+1.
Vay, c6 hai tiép tuyén can tim A y = -z —3vay = —x + 1.
Chon dap an O
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Cau 22. Cho ham s6 y = —a® + 32 — 2 ¢6 dd thi (C). S6 phuong trinh tiép tuyén ciia (C) tai giao diém ciia
(C) v6i duong thing d: x +y+2 =0 la
A 1 B. 2. C. 3. D. 4.
Lai giai.
Tap xac dinh 2 = R.
Ta c6 y = —322 + 3.
Goi M la giao diém ctia do thi ham sb v6i dudng thing d: y = —x — 2, xét phuong trinh hoanh do giao diém

x=0

—9:3+3x—2:—x—2<:>:v3—4x20<:>:1:(z2—4)20<:>
xr = +2.

— Véiz = 0= M;(0; —2) la tiép diém = hé s6 goc clia tiép tuyén v6i do thi ham sb tai My 1a ky; = y/(0) = 3.
Phuong trinh tiép tuyén véi dd thi ham s6 tai M 1

y=3rx—-0)—2<y=3r—2.

— Véi x = —2 = My(—2;0) la tiép diém = he s6 goc clia tiép tuyén v6i do thi ham s6 tai My 1a ky =

y'(=2) = -9.
Phuong trinh tiép tuyén véi dd thi ham s6 tai My 1a

y=-9+2)+0&y=—-9z—18.

— Véix = 2 = M3(2;4) la tiép diém = hé s6 géc clia tiép tuyén v6i do thi ham s6 tai M3 1a ks = y/(2) = —9.
Phuong trinh tiép tuyén véi do thi ham s6 tai M3 1

y=-9z—-2)+4< y=—-9x+22.

Va, c6 ba tiép tuyén can tim la y = 3z — 2;y = —9z — 18 va y = —9x + 22.
Chon dép én (C) O
Cau 23. Viét phuong trinh tiép tuyén ctia do thi ham s6 y = 2% — 322, biét tiép tuyén c6 hé sb goc bing
-3.
A y=-3z-2. B. y=-3. C. y=-3x—-5. D. y=-3z+1.
Loi giai.
Tap xac dinh ¥ = R.
Ta c6 ' = 322 — 6.
Goi M(z0;y,) 1a tiép diém.
Vi hé s géc clia tiép tuyén bang —3 nén

Y (1) =-3e322 —62,=-3322 62, +3=02,=1=y, = 2.
Phuong trinh tiép tuyén v6i do thi ham s6 tai M 1a

y=-3x—-1)-2cy=-3c+1.

ChQﬂdépéﬂ@ O
P . . N -1 L, Lz P . 1
Cau 24. Viet phuong trinh tiép tuyen cta do thi y = Lﬁ-l’ biet tiep tuyen c6 hé so goc 1a 3
x
1 1 1 7 1 1 1 7
. L 17 b 1T 1 7
LYy==x+=-vay=-x+ —. Y=+ VAY=—-x— <.
YTt Ty MU T et Ty YTmgtTg WU T et Ty
Lo giai.
Tap xac dinh 2 =R\ {—1}.
2
Tacoy = ——.
a Oy EESE
Goi M(z0;yo) 1a tiép diém.
Vi hé s6 goc clia tiép tuyén biang 3 nén
1 2 1 To+1=2 To =1
)=z ————=- (2, +1) =4 &
yilze) =3 (1o +1)2 2 ( ) Cot1=-2" |z, =—3
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— Véi 7, = 1 = M;(1;0). Phuong trinh tiép tuyén v6i do thi ham s6 tai M; 1a

—1( 1)+ 0« _ 1 !
y—2x y—2x 5"

— V6i wo = —3 = M3(—3;2). Phuong trinh tiép tuyén v6i do thi ham s6 tai Ms 1a

1 1 7
= - 3 28 y=— —.
Yy 2(x—|— )+ Yy 21:+2

- PR P SN 1 1 1 7
Vay, ¢6 hai tiep tuyén can tim la y = —x — g Vay=52 + 3

Chon déap an @ O
Cau 25. Cho ham s6 y = 2% — 622 4+ 9x c6 do thi (C). Tiép tuyén ciia (C) song song véi dudng thang d: y = 9z
c6 phuong trinh la
A. y =9z +40. B. y =92 —40. C. y=9x+ 32. D. y =92 - 32.
Loi giai.
Tap xac dinh 2 = R.
Ta c6 ' = 322 — 62 + 9.
Goi M(z0;yo) 1a tiép diém = hé s6 goc clia tiép tuyén 1a k = ¢/ ().
Vi tiép tuyén song song v6i d nén
o =0

Y(20) =9 322 — 120, +9=9 < 3z, (2o —4) =0 & \
To = 4.

— Véi zo = 0 = M;(0;0). Phuong trinh tiép tuyén v6i do thi ham s6 tai M; 1a
y=9(x—-0)+0<y="9z.
— V6i 2o = 4 = M>(4;4). Phuong trinh tiép tuyén véi do thi ham s6 tai My la
y=9x—-4)+4y=9r—32

Vay, chi c6 mot tiép tuyén can tim la y = 9z — 32.

Chon dap an @ O
£ . . N . 2 1 .

Cau 26. Tim tat cad cac phuong trinh tiép tuyén ctia do thi ham s6 y = T song song v6i duong thing
y=—-3x+15

A.y=-3z+1vay=-3zx—-T. B y=-3r—1vay=-3z+11.

C.y=-3z—-1 D y=-3z+11vay=-3x+5.
Lai giai.
Tap xéc dinh 2 =R\ {1}.

-3

Ta co6y' =

(x—1)%
Goi M(z0;yo) 1a tiép diém = hé s6 goc clia tiép tuyén 1a k = ¢/ ().
V1 tiép tuyén song song v6i dudng thing y = —3x + 15 nén

-3
Y (1) = -3 & 2:—3@(%—1)2:1@{

ro—1=1 To =2
(o —1) <

To—1=-1

— V6i o = 2 = M;(2;5). Phuong trinh tiép tuyén v6i do thi ham s6 tai M; 1a
y=-3(r—-2)+5ey=-3zx+11.

— V6i 2, = 0 = M5(0; —1). Phuong trinh tiép tuyén v6i dd thi ham s6 tai My 1a
y=-3(x—-0)—-1oy=-3cr—1.

Vay, c6 hai tiép tuyén can tim la y = -3z — 1 v y = -3z + 11.
Chon dap an O
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. . N . ] 1
Cau 27. Tiép tuyén ctia db thi ham s6 y = 2% — 3z 4 2 vudng géc véi d: y = 761’ +21a

1 1 1 1
A.y:—§x+18vay:—§x+5. B.y:§x+18vay:§x—14.
C.y=9z+18vay =9z — 14. D. y=92+18 vay =9z + 5.

Lai giai.

Tap xac dinh 2 = R.

Ta c6 3y’ = 322 — 3.

Goi M (xo;yo) 1 tiép diém = hé s6 goc clia tiép tuyén 1a k = ¢/ ().
Vi tiép tuyén vuong géc véi dudsng thang d nén

1
y'(xo) - <f§) =—ley(z)=9e32-3=9c 2, =+2
— V6i 2o, = 2 = M;(2;4). Phuong trinh tiép tuyén véi do thi ham s6 tai My la
y=9z—-2)+4<y=9z—14.

— V6i 2o = —2 = M5(—2;0). Phuong trinh tiép tuyén v6i do thi ham s6 tai My 13

y=9x+2)-0&y=9x+18.

Vay, ¢6 hai tiép tuyén can tim 13 y = 9z + 18 vi y = 92 — 14.

ChQHdépéﬂ@ O
. TR . - . 1
Cau 28. Tiep tuyen ctia do thi ham s6 y = 1 vuong géc véi duong thang y = fg:c la
x

A y=5x+3vay=>5zx—2. B. y=5x—-8vay=>5zx—2.

C. y=5z+8vay=5xr—2. D. y=5x+8vay=>5x+2.
Loi giai.

1
Tap xac dinh 2 =R\ {—5}
5

Tacoy = ———.

a co Yy e

Goi M(xo;yo) la tiép diém = hé s6 goc clia tiép tuyén 1a k = 3/ ().

Vi tiép tuyén vuong géc v6i dudng thang y = —5¢ nén

o) ( 1) Lo /(o) — 5 5 %0 +1=1 o =0
To) \—z )= —1<= To) =0 —————5 =0 <~ .
Y 5 Y (2zo 4+ 1)2 200 +1=—1 To— 1
— V6i 2o = 0 = M;(0; —2). Phuong trinh tiép tuyén v6i dd thi ham s6 tai M; 1a
y=5z—-0)—-2<y=>5zr—2.
— V6i wo = —1 = My(—1;3). Phuong trinh tiép tuyén v6i do thi ham s6 tai Ms 1a
y=>5(r+1)+3<y=>5x+8.
Vay, c6 hai tiép tuyén can tim 1a y = 5z +8 v y = 5z — 2.
Chon dap an @ O

. . . 3 L .
Cau 29. Viét phuong trinh tiép tuyén ctia dudng cong (C): y = 5:174 + 22 — 1, biét tiép tuyén vuong géc véi
duong thing d: x + 8y + 16 = 0.
13 13 13 13
A y=-8 —. B. y=8 —. C. y=-8xr— —. D. y=8x— —.
y T+ y=38r+ y T y=38— -

Lai giai.
Tap xac dinh 2 = R.
Ta c6 ' = 623 + 2z.
Goi M(xo;yo) la tiép diém = hé sb goc clia tiép tuyén 1a k = 3/ ().

. . . 1
Vi tiép tuyén vuong goéc véi duong thang d: y = —gx — 2 nén

1
y’(xo)-(—g):—1(:)y'(a:0)=8®6x§—|—2m0:8<:)6m§+2x0—8=()<:)xo:1.
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3 . . R .
Véiz,=1=M (1; 5) Phuong trinh tiép tuyen véi do thi ham so tai M 1a

3 13
y=8(r—1)+ 5 Y 8 5
Chon dép én (C) O
Cau 30. Phuong trinh tiép tuyén véi do thi (O): y = 223 — 622 + 3 ¢6 hé s6 goc nhé nhat 1a
A. 6z+y—5=0. B. 62+y+5=0. C. 62 —y+3=0. D. 6z+y—7=0.

Loi giai.

Tap xac dinh 2 = R.

Ta c6 y' = 622 — 122.

Goi M(z0;yo) 1 tiép diém = he sd géc clia tiép tuyén tai M la

k=y'(zo) = 632 — 1225 = 6 [(x, — 1)> — 1] > —6.

Dau “=" x4y ra khi z, = 1.
Do d6, tai M (1;—1) thi tiép tuyén véi do thi ham s6 c6 he sé goc nhd nhat 1a k = —6.
Vay, phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

y=—6(x—1)—1<6x+y—5=0.

Chon dap an @ O
Cau 31. Phuong trinh tiép tuyén véi do thi y = —z + 322 — 52 + 1 ¢6 hé s6 gbc 16n nhat 1a

A 2z —y=0. B. . z—2y+1=0. C. 2x+y=0. D. z+2y+1=0.
Loi giai.

Tap xac dinh 2 = R.
Ta c6 ' = —32% 4 62 — 5.
Goi M(z0;yo) 1 tiép diém = he sd géc ciia tiép tuyén tai M la

k=19 (zo) = =322 4+ 610 —5= —3(xo — 1) =2 < —2.

Dau “=" x4y ra khi z, = 1.
Do do6, tai M (1;—2) thi tiép tuyén v6i do thi ham s6 c6 he sd goc 16n nhat 1a k = —2.
Vay, phuong trinh tiép tuyén véi do thi ham s6 tai M 1a

y=-2@—-1)—-2<2x+y=0.

Chon dap an @ (I
Cau 32. Cho ham s6 y = 2% + 22 — 1 ¢6 do thi (C), phuong trinh tiép tuyén ctia (C) tai A(1;1) cat (C) tai
diém B. Tinh do dai doan AB.
A. 4V/26. B. 10. C. V105. D. V2.
Loi giai.
y' = 32% +2z; /(1) = 5.
Phuong trinh tiép tuyén ciia (C) tai A(1;1)1ad: y=5(x—1)+1 =5z — 4.
Phuong trinh hoanh do giao diém ciia (C) va d:

P42t —1=5r-4e3+22-52+3=0< 3
r=—

Toa do B(—3;—19). Do dai AB = 4/26.
Chon dap an (A) O

Cau 33. Cho ham s f(x) = V222 — 4. Viét phuong trinh tiép tuyén ciia do thi ham s6 tai diém c6 hoanh do
tiép diém bing tung do tiép diém.

A y=2z+2. B. y=-2z-2. C. y=2x—-2. D. y=-2z+2.
Loi giai.
Goi A(zo; /223 — 4) thuoc do thi ham sb. Ta c¢6: /223 — 4 = ¢ & 29 = 2.
2x
= ——:; y/(2) = 2.

Phuong trinh tiép tuyén ciia do thi ham s6 tai A(2;2) lad: y = 2(x —2) + 2 = 2z — 2.

Chon dap an @ O
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) P N P 2¢ — 1 .
Cau 34. Tiép tuyén ciia do thi ham s6 y = x+ . di qua diém A(—1;4) c¢6 phuong trinh la
x
1 13 1 1 1 1 13
A y=- —. B. y=- =. C. y=-z+4 D y=-2x——.
Y 3x+3 ] 3x+3 Y 3x+ Y 390 3
Lai giai.
229 —1 N P 3 3
Goi M (m ;7> thuoc do thi ham sé. Ta c¢6: v = ————; ¥/ (20) = ——.
' O o+ 1 ' ' Y= wr)e y'(wo) (zo 4+ 1)2
z z N z 2.230 -1
Phuong trinh tiép tuyéen ctia do thi ham s tai M la y = — = - (x — zg) +
g p tuy: i : U PR ( 0) P
Do tiép tuyén di qua A(—1;4) nén ta c6 phuong trinh:
3(—1 - Lﬂo) 2$0 -1
=4 y0=—4
(o +1)2 ' xo+1 0
. . 2 L e e i g R 1 13
Vay phuong trinh tiép tuyén ctia do thi ham so tai M (—4;3) lay = 3% + 3
Chon dap an @ O

Cau 35. Cho ham s6 y = 23 + ma? + z + 1. Goi k 1a he s6 goc tiép tuyén clia do thi ham sb tai M c6 hoanh
do z = 1. Tim tham s6 m dé théa méan k- f(—1) < 0.
A m>2. B. m < -2 C. 2<m<l1. D. m>1.
Loi gidi.
y =322+ 2mx+ 1; k=vy'(1) =2m + 4.
Diéu kién bai toén: k- f(—1) <0< 2m+4)-(m—1)<0& —2<m < 1.
Chon dap an @ (I

. . . . 1 1 . s
Cau 36. Goi dy, do 1a hai tiép tuyén ctia do thi ham s6 y = §x3 + 5582 — 62 — 1 tai hai diem lan lugt c6 hoanh

do 1a z1 vA zo. Biét x1, zo 13 hai nghiém phuong trinh 22 +ma —3 = 0. Tim tham sé m dé d; song song da.

A . m=-1. B. m=2. C. m=1. D. m=-2.
Loi giai.
y =22+ —6.

Hé s6 goc ctia dy, dy 1an luct 1a ¢/ (z1) = 22 + 21 — 6 va y/(z2) = 23 + 22 — 6.

Ta c6 dy H do <:>y/(l’1) :y’(mg) 4 (1‘1 7172) . (Il +$2+1) =0 21+22+1=0 (171 7&132)

Vi 21, x5 1a hai nghiém phuong trinh 22 + max — 3 = 0 nén 1 + 2o = —m. Suy ra m = 1.

Chon dap an @ O

Cau 37. Tim tham s6 m dé tiép tuyén ctia do thi ham s6 y = 2% — 222 4+ 3ma + 1 tai diém c6 hoanh do bing
1 di qua diém A(1;3).
A . m=2 B. m=-2 C. m=-1 D m=1
Ll giai.
Goi M(1;3m) thuoc do thi ham s6 . v’ = 322 — 42 + 3m; /(1) = 3m — 1.
Phuong trinh tiép tuyén ctia do thi tai M: y = (3m — 1)z + 1. Vi tiép tuyén di qua diém A(1;3) nén suy ra
m = 1.
Chon déap an @ O

4 —ma? 4 3m + 1 tai diém c6 hoanh do bing

Cau 38. Tim tham s6 m dé tiép tuyén ctia do thi ham sy =«
—1 di qua diém A(0;2).

A m=1 B. m=2 C. m=-1. D. m=-2.
Loi giai.
Goi M(—1;2m + 2) thudc dd thi ham s6 . ' = 423 — 2ma; y/(—1) = 2m — 4.
Phuong trinh tiép tuyén ctia do thi tai M: y = (2m — 4)x + 4m — 2.
Vi tiép tuyén di qua diém A(0;2) nén suy ra m = 1.

Chon dap an @ O
Cau 39. Goi M la diém thuoc dd thi ham s6 y = z* — 2(m + 1)2% + m + 2 ¢6 hoanh do bing 1. Héi gia tri
clia tham s6 m thuoc khoang nao thi tiép tuyén tai diém M sé vudng géc véi dudng théng d cé phuong trinh
r —4y — 2018 = 0.
A. (—o0;—3). B. [-3;0). C. [0;5). D. [5;+00).
Loi giai.
Goi M(1;1 —m) thudc d6 thi ham s6 . y’ = 423 — 2(m + 1)z; /(1) = 2 — 2m.
. . 1
Duong thang d c¢6 hé so6 goc kg = 1

Vi tiép tuyén tai diém M vuong goc v6i dudng thing d nén y'(1) =2 —2m = —4 & m = 3.
Chon dap an @ O
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Cau 40. Cho ham s6 y = z

— T c6 dd thi la (Cp,) va diém A(—1;2). Goi S la tap hgp tat ca cac gia tri thuc

ctia m dé c6 ding mot tiép tuyén cta (C,,) di qua A. Tong tat ca cac phan tit clia S bing

A. 1. B. 2. C. 3. D. 4.
Ldi gidi.
Diéu kien m # 1.
. Ty —m ~ X PR %
Goi M (xo; p— ) thudc do thi ham sb .
0 —
m—1 m—1

/

= 7’ / xT = —m
Yy (.13—1)2 y( 0) (.130—1)2
. . N . -1 —
Phuong trinh tiép tuyén ctia d6 thi ham s6 tai M la y = (;:ﬁ (z — o) + Sl;oo _T
Do tiép tuyén di qua A(—1;2) nén ta c6 phuong trinh:
m—1 To—m
——(-1—x = 2.
o172 T

Bién ddi phuong trinh ta duge: 22 + (2m — 4)xg +1 =0 (z¢ # 1).

Phuong trinh c6 nghiém duy nhat khi va chi khi (2m —4)2 -4 =0 4m? —16m+12=0 &

m=3
Do diéu kién m # 1 nén chi ¢6 m = 3 théa diéu kién bai toan.
Téng tat ca cac gia tri thuc ctia m bing 3.
Chon dap an @ O

€) RENLUYENLAN 1

. . . . . 1
Cau 1. Tiép tuyén tai diem la nghiém ¢y’ = 0 ctia d6 thi ham s6 y = gx?’ — 222 + 32z — 5 thi

A. Song song véi duong théng . B. Song song véi truc hoanh.
C. C6 he sb6 goc duong . D. C6 he s6 goc biang —1.
Loi giai.

Goi g 1a nghiém phuong trinh ¢’ = 0 : y/(z0) = 0. Khi d6 tiép tuyén tai diém c6 hoanh do x¢ sé& c6 he s6 goc
k = y'(z0) = 0 nén tiép tuyén song song vdi truc hoanh.
Chon dap an O

Cau 2. He s6 géc tiép tuyén ctia do thi ham s6 (O): y = 2* — 822 + 2 tai diém c6 hoanh do x¢p = /2 bing

A. —6V2. B. —7V2. C. —8V2. D. —9v2.

Loi giai.
y' = 42 — 16x. He s6 goc ciia tiép tuyén tai diém c6 hoanh do zo = v/2 1a ¢/ (V2) = —8V/2.
Chon dép én (C) O
Cau 3. He s6 goc ciia tiép tuyén véi do thi (C): y = 2® — 2o + 1 tai diém M (—1;2) bing
A. 3. B. 5. C. 25. D. 1.
Loi giai.
y' = 322 — 2. Hé s6 gbc ciia tiép tuyén tai diem M (—1;2) bing y'(—1) = 1.
Chon dép an @ O
P . N 2 1 1 .
Cau 4. Tiép tuyén ctia do thi ham s6 f(x) = gmg — 5;102 —4x 4 6 tai diem c6 hoanh do la nghiém ctia phuong
trinh f”(z) = 0 ¢6 hé s6 goc bing
47 13 17
A. —4. B. —. Cc. ——. D ———.
12 4 4

Loi giai.

fl(x)=a*—z—4; f'(z) =22 — 1.
1

ffe)=2z-1=0s2= 3

. . . ) N 1 17
He s6 géc cua tiép tuyén tai diém c6 hoanh do x = = bang f’ (5) =7

Chon dap an @ O
Cau 5. Trong cac tiép tuyén tai cac diém trén do thi ham s6 y = 23 — 322 + 2, tiép tuyén c6 hé s6 goc nhod
nhét bang

A. 3. B. 3. C. —4. D. 0.
Lo giai.
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y =322 —6x=3(r—1)2-3>-3;Vz € R.
Tiép tuyén c6 hé s6 géc nhd nhat bing —3 tai diém c6 hoanh do bing 1.

Chon dap an @ O
Cau 6. Phuong trinh tiép tuyén ctia do thi ham s6 y = 2% — 322 + 2 tai diém A(1;0) la

A y=-3z+3. B. y=-3z+1. C. y=3z+1 D. y=3z+3.
Loi giai.

y' =322 — 6x; ¢y/'(1) = —3.
Phuong trinh tiép tuyén ctia do thi ham s6 y = 23 — 322 + 2 tai diém A(1;0) lay = —3(x — 1) = =3z + 3.
Chon dap an @ ([l

. P N 2 1 .
Cau 7. Phuong trinh tiép tuyén ctia do thi y = * 1 tai diem A(2;3) 1a

A y=-3z+9. B. y=—x+5. C. y=3z-3. D y=x+1.
Lai giai.
-1
= ———y/(2) = —1.
Y (x_l)g,y()

) P X 2 .
Phuong trinh tiép tuyén ctia do thi y = < 1 tai diem A(2;3)lay=—(x—2)+3=—-x+5.

Chon dap an O

. . N -1 , N
Cau 8. Phuong trinh tiép tuyéen ctia do thi y = L—I—Z tai diem c6 hoanh do bang —3 la
x

A. y=-3z-5. B. y=3z+13. C. y=3x+5. D. y=—-3z+13.
Loi gidi.
3
f— 2 y(-3) =3vay(-3) =4
y (x+2)2,y( ) =3vay(=3)
Phuong trinh tiép tuyén ctia do thi tai diém c6 hoanh do bing —3 1a y = 3(z + 3) + 4 = 3z + 13.
Chon dap an @ O
Cau 9. Phuong trinh tiép tuyén ctia do thi y =  + V22 + 1 tai diém c6 hoanh do = = 0 1a
A y=x—-1. B y=z+1. C.y=z-2 D y=xz+2.
Loi giai.
x
"'=1+ ——=; 9 (0)=1vay(0) =1.
y Wi y'(0) y(0)
Phuong trinh tiép tuyén ctia do thi y = z + /22 + 1 tai diém c6 hoanh do z =0 la y = = + 1.
Chon dap an @ O
Cau 10. Phuong trinh tiép tuyén ctia do thi y = 2* + 222 — 1 tai diém c6 hoanh do bing 1 1a
A y=—-8x—6. B. y=8z—6. C. y= -8z +10. D. y =8z +10.
Loi giai.

Y =42® +4z; ' (1) =8 vay(1) = 2.
Phuong trinh tiép tuyén ctia do thi y = 2* 4+ 222 — 1 tai diém c6 hoanh do bing 1 lay = 8(z — 1) +2 = 8z — 6.

Chon dap an ([l

) . . N . 2 .
Cau 11. Goi duong thang y = ax + b la phuong trinh tiép tuyén ctia do thi ham s6 y = w+ T tai diem cé
x

hoanh d6 x = 1. Gi4 tri ctia @ — b bang

A. 3. B. 2. C. —1. D. 1.
Lai giai.
3 3 1
=2 (1) =S vay(l) = -
y (x+1)2,y( )= vayl) =g
. . . . 3 1 3 1
Phuong trinh tiép tuyén tai diém c6 hoanh do bang 1 1a y = Z(x -1+ =11
3 1
Suy ra a = Z’b__i' Vay a —b=1.
Chon dap an @ O
. . 1 .
Cau 12. Phuong trinh tiép tuyén cta (C): y = §x3 + 22 — 2 tai diém c6 hoanh do 13 nghiém ciia phuong trinh
y"(x) =0 c6 dang
A 3x4+3y+7=0. B. 7Tx—3y=0. C. Tx+3y=0. D. 3z —-3y—7=0.

Lai giai.
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y =242y =2z + 2.

4
y'(r)=0&2z=-1.Suyray/ (1) =-1vay(-1) = -
. , . . 4 -
Phuong trinh tiép tuyén tai diém c6 hoanh do bang —1lay=—-1-(z+1) — 3= e 3 hay 3z + 3y + 7 = 0.
Chon dap an @ -

Cau 13. Cho ham s6 f(z) = 5z +3 c6 do thi (C). Viét phuong trinh tiép tuyén ctia do thi (C'), biét hoanh
T —

do tiép diém la nghiém ctia phuong trinh (72 — 11) - f/(x) = 10.
) 1

2 1 1. 5 1
A.y_—g:c-l—ghoacy——gx—i-g. B.y——gx—éhoacy—2:;+2.l
C.y:—gx—i—ghoacy:—gx—i—é. D.y:—gm+ghoacy:—§m—§.
Loi giai.
10
/ [ —
f(l')— (m_3)2'
11 —-7x z=1

(Tx —11) - f'(z) = 10 & s=1ler’+r-2=0&

(x —3) r=-2

P . 1
D x=1 f(1)= fg va f(1) = —2. Phuong trinh tiép tuyén la y = fgx + 3

2 . P 2 1
@ r=-2: f(-2) = —x va f(—2) = 1. Phuong trinh tiép tuyén la y = —5® + £

Chon dap an @ O

. N P 1 .
Cau 14. Diéem M thuoc do thi ham s6 y = 1304 — 222 ¢6 hoanh do x¢ > 0 v y”(x9) = —1. Phuong trinh tiép

tuyén ctia do thi ham sb da cho tai diém M la va .
5 5 19 19
A.y:—3x—|—i. B.y=31:+1. C.y:3:ﬁ—?. D.y:—3z—z.
Loi giai.
y' =23 — dx; y" = 322 — 4.

7

y'(x0) = -1 323 —4=—-1& 129 ==%1. Chon o = 1. Suy ra y/(1) = -3 va y(1) = T

. P 7 5
Phuong trinh tiép tuyén can tim la y = —3(z — 1) — 1= -3+ 1
Chon dap an @ O
Cau 15. Tiép tuyén ctia do thi ham s6 y = 22 + 322 tai diém M c6 tung do bang 5 la

A y=-12z-7. B. y=12z-7. C. y=-12z+17. D. y=12z+17.

Loi giai.

Goi M(zo, o) 1 diém thuoc do thi ham s6. Theo dé bai y, = 223 + 322 =5 & 2, = 1.
Phuong trinh tiép tuyén can timla y =y/(1) - (x — 1) + yo = 12(z — 1) + 5= 122 — 7.

Chon dap an @ O
Cau 16. Phuong trinh tiép tuyén ctia (C): y = 2® — 322 4+ 9 tai diém c6 tung do bing 9 13

A y=1vay=9x—1. B. y=19vay=9z 8.

C. y=9vay=9x—18. D y=0vay=9z -1
Loi giai.

Goi M(xo,yo) 1a diém thudc do thi ham s6. Theo dé bai yo = 22 — 322+ 9 =9 < 5
To =

(@ x, = 0: Phuong trinh tiép tuyén can tim la y = y/(0) - (z — 0) + yo = 0(x —0) + 9 = 9.
Zo = 3: Phuong trinh tiép tuyén can tim la y =4’ (3) - (x — 3) +yo = 9(x — 3) + 9 = 9z — 18.
3: Ph inh ti 1 (3 3 9 3 9=9 18
Chon dap an @ O

. P . N 2z —
Cau 17. Phuong trinh tiep tuyéen tai giao diem cta do thi y =

A. y=2z. B. y=-2z+4. C. y=-2x—-4. D. y=2z—-4.
Loi giai.

vOi truc hoanh la
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2 —4

=0 =2
r—3 v

Phuong trinh hoanh do giao diém ctia do thi véi truc hoanh

r_ 2 o) —
Y **m»y@)**z

Phuong trinh tiép tuyén can tim la y = —2(z — 2) = —2z + 4.
Chon dap an (I

2¢+1

Cau 18. Viét phuong trinh tiép tuyén ctia do thi ham s6 y = , biét tiép tuyén c6 heé s6 goc bang —b.
x

-2
A y=-br+2vay=—bxr+22 B. y=-5z+2vay=—-br—22
C. y=5x+2vay=—bx+22. D. y=-5x—-2vay=—bx+ 22
Loi giai.
5 2
y/:—m.Glaly/:—E){:}(l‘—Q) =1l

(@) x = 3: Phuong trinh tiép tuyén can tim la y = —5(z — 3) + 7= —5x + 22.

(2) = = 1: Phuong trinh tiép tuyén can tim la y = —5(z — 1) — 3 = -5z + 2.

Chon dap an @ O
3
Cau 19. Viét phuong trinh tiép tuyén véi do thi (C): y = A o 2, biét tiép tuyén c6 hé s6 goc k = —9.
A y=-9x—43. B. y=-9z+43. C. y=-9z —27. D. y=-9z—11.
Loi giai.

Tap xéc dinh 2 = R. Goi M (zo;y0) € (O) la tiép diém.
Ta c6 ' = x? + 6. Ma theo gia thiét, tiép tuyén c6 heé sb6 géc k = —9 nén

Y (z0) =—9= 28 +6x9=-9< (v0+3) =029 =—3.

—-3)3
Do 6 yo — - 3) +3.(=3)2—2=16= M(—3;16).
Vay phuong trinh tiép tuyén 1a

y=-9-(r—x0)+y=-9 - (z+3)+16=—9z — 11.

Chon dap an (D) O
Cau 20. Viét phuong trinh tiép tuyén ctia do thi (C): y = —x® + 322 + 1, biét tiép tuyén song song vdi dudng
thing d: y = 3z + 2.

A. y=3z. B. y=3xz—-6. C. y=-3z+3. D. y =3z +6.
Loi gidi.
Tap xéac dinh 2 = R. Goi M (zo;y0) € (O) la tiép diém.
Ta c6 y' = —32% 4 62. Ma tiép tuyén song song véi d: y = 3z + 2 nén c6 hé sd goc k = 3. Do dé

y'(20) =3 = —32%+ 6190 =34 —3(xg— 1) =0 25 = 1.

Do d6 yo =3 = M(1;3).
Vay phuong trinh tiép tuyén 1a
y=3-(r—29)+y =3 (r—1)+ 3 =3z. (nhan)

Chon dép an @ O

241
=23

Cau 21. Viét phuong trinh tiép tuyén ctia do thi (C): y
A:3z—y+2=0.

biét tiép tuyén song song véi dudng thing

A y=3z+14dvay=3z+2. B. y=3z+14.
C.y=3z+5vay=3z—8. D. y=3z-8.
Lo giai.
Tap xéac dinh 2 = R\ {—2}. Goi M(zo;y0) € (O) la tiép diém.
Ta c6 y’:W.Ma tiép tuyén song song v6i A: y = 3z + 2 nén cé hé s6 goc k = 3. Do do
x
3 J?0+2:1 (L‘Q:—l
"(29)=3= ——= =3 (10 +2)0*=1s &
y (o) (xo +2)? (20 +2) To+2=-1 To = —3
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V6i g = —1 = yo = —1 = M(—1;—1). Do d6 phuong trinh tiép tuyén la
y=3-(x+1)—1=3z+ 2. (loai vi trung véi A)
V6i 29 = —3 = yo = 5 = M(—3;5). Do d6 phuong trinh tiép tuyén la
y=3-(x+3)+5=3z+ 14. (nhan)

Chon dap an O

Cau 22. Viét phuong trinh tiép tuyén v6i do thi ham s6 y = 23 — 222 — 1, biét tiép tuyén vuong goc véi dudng
théng d: y = .

23
A y=z—-1. B y=—2-——.
y=x Yy T o7 ”3
C.y=—x-—1. D y=—-2—-1.9y=—1— —.
Y T Y T y Y T o7
Loi giai.
Tap xac dinh 2 = R. Goi M (x¢;yo) € (C) 1a tiép diém.
Ta c6 ' = 322 — 4x. Ma tiép tuyén vuong goéc véi d: y = = nén cé hé sé géc k = —1. Do d6
To — 1
Y (z0) = —1=302 —dao=—-1325 —4p +1=0% 1
o — g
Véi g =1 = yo = —2 = M(1; —2). Do d6 phuong trinh tiép tuyén la
y=—-1l-(z—-1)—2=—-2—1.
1 32 1 32 P .
V6i xg = 3 =y = T =M <§, —2—7) Do d6 phuong trinh tiep tuyén la
L ( 1) 2 23
v= TT3) T T
Chon dap an @ O

Cau 23. Viét phuong trinh tiép tuyén v6i do thi ham s6 (C): y = 2% — 3z + 2, biét tiép tuyén vuong goc véi
dudng thang = + 9y — 9 = 0.

1
A.y:§x+18véy:§:r—l4. B. y=-9%+18vay= -9z +5.
C.y=9z+18vay =9z +5. D y=9+18vay =9z — 14.
Lai giai.

Tap xac dinh 2 = R. Goi M (x¢;yo) € (C) 1a tiép diém.
Ta c6 y' = 322 — 3. Ma tiép tuyén vuong géc v6i duong thing y = f%z + 1 nén c6 heé s6 géc k = 9. Do dé
Y (z0) =9=322 —3=9 25 =4 19 =+2.
V6i 79 = 2 = yo = 4 = M(2;4). Do d6 phuong trinh tiép tuyén la
y=9-(r—2)+4=9z— 14.
V6i 29 = 2 = yo = 0 = M(—2;0). Do d6 phuong trinh tiép tuyén la

y=9-(z+2) =9z +18.

Chon dap 4n (D) O
Cau 24. Tiép tuyén clia do thi ham s6 y = —4a3 + 3z + 1 di qua A(—1;2) c6 phuong trinh I3

A. y=-92+7hoicy =—x+2. B. y=—-92 —11 hodacy = —x + 2.

C.y=-92+ 11 hoicy=2. D. y=—-92 — 7 hodc y = 2.
Lo giai.

Tap xac dinh 2 = R. ,
Yo = 74z8 + 3z +1

Goi d 1a tiép tuyén can tim. Goi M (z0;y0) € (C) la tiép diém. Khi d6 ta c6 § )
y'(zo) = —1225 + 3

Do d6 phuong trinh tiép tuyén d la

y=1(x0) - (x —x0) + 5o = (=122 +3) - (x — 20) — 4a3 + 3x¢ + 1.
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Ma A(—1;2) € d nén ta co

2= (—1223 +3) - (=1 — xg) — 43 + 329 + 1
& Szp 41202 —4=0
& 42z — 1) (20 +1)2=0

200 —1 =0
(zo +1)2=0
1
e |73
o= —1.

1

Véix0:§tacéd:y:2.
Véizg=—-1tacod:y=—9x—T7.
Chon dap an @ O
Cau 25. Tiép tuyén ciia do thi ham s6 y = 23 + 422 + 42 + 1 tai diém A(—3; —2) cit do thi ham s6 tai diém
thit hai 14 B. Diém B c6 toa do l1a

A. B(~10). B. B(1:10). C. B(2:33). D. B(-2:1).
Loi giai.
Tap xac dinh 2 = R.
Ta c¢6 3y = 322 + 87 + 4. Phuong trinh tiép tuyén ctia dd thi tai A(—3;—2) la

d:y=9y(-3) - (x+3)—2="Tz+19.
Phuong trinh hoanh do giao diém ciia (C) va d 1a

=2

P44’ +dr+1=Tr+19c 23 +42> -3z -18=0< 3
T = —3.

Do do, diém B cé toa do (2;33).
Chon dép én (C) O
Cau 26. Cho ham s6 y = 23 + 322 4+ 1 ¢6 do thi 1a (C). Goi A 1a tiép tuyén ctia (C) tai diém A(1;5) va B 1a
giao diém thit hai ctia A v6i (C). Dién tich tam giac AOB bing
A. 12. B. 6. C. 15. D. 24.
Loi giai.
Tap xac dinh 2 = R.
Ta ¢6 y = 322 + 6. Phuong trinh tiép tuyén ctia do thi tai A(1;5) 1a

d:y=y'(1) (x—1)+5=9z—4.

Phuong trinh hoanh do giao diém ciia (C) va d 1a

3 2 am 3 2 _ T =-5
z°4+3z°+1=92r -4 2°+ 3z Y+5=0& 1
=1
Do d6, diém B c6 toa do (—5; —49). Suy ra AB = 6+/82.
4 N
Ma d(O; AB) = d(O;d) = nén dién tich tam gidc AOB ban
( ) = d(0;d) Ve g g
LA a0 aB) =L 6vzz. L — 12
2 T2 NC R
Chon déap an @ |

2 1 . , N
_ 2 +1 tai diem M (2;5) cit cac truc toa do Oz, Oy lan lugt tai A va

Cau 27. Tiép tuyén ctia do thi (C): y
B. Dién tich tam giac AOB (vé6i O la gbc toa do) bing

A 2 B. 19 c. 1% p. 1%
6 6 6 6
Lai giai.
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Tap xac dinh 2 =R\ {1}.
——— . Phuong trinh tiép tuyén ctia do thi tai M(2;5) la

Tacoy = —
acody =
d:y=vy'(2) (x—2)+5= -3z + 11

. 11 11
Do A la giao diém cia d v6i Oz nén c¢6 toa do <§, 0) = 0A= 3

Do B la giao diém ctia d v6i Oy nén c6 toa do (0;11) = OB = 11.
Ta c6 tam gidc AOB vuodng tai O nén c6 dién tich bing

1 11 121
-—-0A-OB==--—-11= —
2 3 6
Chon dap an @ ([l
. . N . 2 1 s . .
Cau 28. Tiep tuyéen cta do thi ham s6 y = x—:—l tai diém c6 hoanh do bang 0 cat hai truc toa do tai A va
x
B. Dién tich tam giac OAB (vé6i O la gbc toa do) bing
1 1
A - B. 1. C. -. D. 2.
2 4
Loi giai.

Tap xac dinh 2 =R\ {—1}. Goi M(0;yo) la tiép diém.

0+1
—1= M(0:1) vay/ =
01 = M(0;1) vay

1 P . N
Ta c6 yg = (1’72 Phuong trinh tiép tuyén ctia do thi tai M (0;1) la

+1)
d:y=y'(0)-z+1=a+1

Do A la giao diém ctia d véi Oz nén c6 toa do (—1;0) = OA = 1.
Do B la giao diém ctia d v6i Oy nén c6 toa do (0;1) = OB = 1.
Ta c6 tam gidc AOB vuong tai O nén c6 dién tich bing

1 1

1
Z.0A-OB=>-1-1="=.
2 0A4-0 2 2

Chon dap an @ O

-1 . N
mr tai diém c6 hoanh do bang 1 di qua

Cau 29. Tim tham sé m dé tiép tuyén ctia do thi ham s6 y =

diém A(1;-2).

A m=1 B. m=3. C. m=-3. D. m=-1.
Loi giai.
Tap xac dinh 2 = R\ {2}. Goi M(1;yp) la tiép diém.
-1 1-2 . ) N
Ta c6 yo = % =1l-m=M1;1-m)vay = ﬁ Phuong trinh tiép tuyén ctia do thi tai M(1;1—m)
_ Tz —

N

la
d:y=y1) - (x—1)+1-m=(1-2m) -z +m.

Ma d di qua A(1;—2) nén ta co
—2=01-2m)-1+mem=23.

Chon dap an O

. b . . . .
Cau 30. Cho ham s6 y = T 5 c6 ham s6 (C). Biét a,b 1a cac gia tri thyc sao cho tiép tuyén cia (C) tai
ar —

diém M (1; —2) song song v6i dudng thing d: 3z +y — 4 = 0. Tinh a + b.

A a+b=0. B. a+b=-1. C.a+b=2. D.a+b=1.
L3i giai.
2
Tap xac dinh Z =R\ {f}
a
-2 —ab . . ,
Ta c¢6 y = 2 Do M(1;-2) € (C) va tiép tuyén tai M song song v6i d ¢6 hé s6 géc k = —3 nén ta co

(ax —2)%"
hé phuong trinh

b=3-2a
302 — 124+ 10 + ab = 0.

a—2 & —2—ab

y'(1) = -3 @—22
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Giai he tren ta duge (a;b) = {(1;1),(2; -1)}.

Ta loai di dép an (a;b) = (2; —1) vi khi d6 tap xéac dinh 1a 2 = R\ {1} nén M (1;-2) ¢ (C).

Vay (a;b) = (1;1) = a+b=2.

Chon dap an @ O

Cau 31. Cho ham s6 y = —2° + 322 + (2m — 1)z + 2m — 3 ¢6 dd thi (C,,). Tim m dé tiép tuyén c6 hé s6 goc
16n nhat ctia do thi (C,,) vuong goéc véi d: x — 2y — 4 = 0.

A m=-2. B. m=-1. C. m=0. D. m=4.
Loi giai.
Tap xéac dinh 2 = R. Ta c6 3y = —32% + 62 + 2m — 1.
Goi k 1a he s6 goc ciia tiép tuyén A clia do thi tai M (xo;yo), khi d6 k = y'(x¢) = —3x3 + 629 + 2m — 1.
Taco k= —3(x3 —2x9+ 1) +2m + 2= —3(x¢ — 1)? + 2m + 2 < 2m + 2. Do d6 kpax = 2m + 2 khi xg = 1.
Mit khac ta c6 A vuong goc véi d: y = 3% —2men co hé sb goc bing —2, suy ra 2m +2 = -2 & m = —2.
Chon dap an @ O

Cau 32. Héi m thuoc khoang nido sau day thi tiép tuyén c6 hé sé6 géc nhé nhat clia do thi ham sb y =
2% — 322 4+ (m — 2)z + 3m vuong géc véi duong thing d: x —y +2 = 0.
A. (—o0;—4). B. [-4;3). C. [3;5). D. [5;4+00).
Loi giai.
Tap xac dinh 2 = R. Ta ¢6 y' = 322 — 6z +m — 2.
Goi k 1a he s6 goc ctia tiép tuyén A ctia do thi tai M (xg;yo), khi d6 k = y/(x) = 322 — 620 +m — 2.
Tacé k=3(z3 —2x0+1) +m—5=3(xzg— 1) +m —5>m —>5. Do d6 kuyin = m — 5 khi 7o = 1.
Mit khéc ta c6 A vuong goéc véi d: y = x + 2 nén c6 he sb goc bing —1, suyram —5=—1 & m = 4.
Chon dap an @ ([l

Cau 33. Cho ham s6 y = %mg +2ma? — m2%x 4+ 1. Tim m dé tiép tuyén ctia do thi ham s6 tai diém c6 hoanh
do zo = 2 song song véi dudng théng d: 15z + 3y — 2 = 0.

A . m=09. B m=1m=09. C. m=-1. D m=-1,m=09.
Loi giai.
Tap xéac dinh 2 = R. Ta c6 3 = 22 + 4mx — m?2.
Goi k 1a he s6 goc ciia tiép tuyén clia do thi ham s6 tai diém c6 hoanh do z¢ = 2 nén k = y/(2) = 4+ 8m — m?.

£ . 2 m=—1
Mait khac tiép tuyeén lai song song v6i d: y = —bx + 3 nenk=-5<4+8m-—m?=-5& 9
m =
” N PSRN . 19 11

V6i m = —1 thi tiép tuyén lac d6 c6 phuong trinh y = —=5(x —2) — — = -5z + —.

258 229
V6i m = 9 thi tiép tuyén lac d6 c6 phuong trinh y = —5(z — 2) — 5 = e -
Chon dap an @ O

Cau 34. Tim tdng cac gia tri clia tham s6 m dé tit diém A(m; 1) ké ding mot tiép tuyén dén do thi ham s6
22—z

y= .
rz—1

A. 1. B. § C. § D. 1

2 2 2
Loi giai.

Tap xac dinh 2 =R\ {1}.
Tiép tuyén ctia do thi ham s6 qua A(m;1) ¢6 dang y = k(x —m) + 1.
Dé tit A ké duge ding mot tiép tuyén dén do thi thi he

i:alj =k(z—m)+1 (1)
1
et @

c6 duy nhat mot nghiém. Thay (2) vao (1) ta dugc

2—x m-—x
— ]_ 22— == .
71 (x—1)2+ S22 -6 +3+m=0. (%

Dé hé trén c6 mot nghiém duy nhat thi phuong trinh () phai c¢6 nghiém kép khéc 1 hogic ¢6 hai nghiém phan
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biét trong d6 c6 mot nghiém bang 1. Do dé ta co

AN=3-2m=0

b 3 3
— = 1 = —
5a 270 o |72
A=3-2m>0 m = 1.
2—-64+3+m=0
ChQﬂdépéﬂ@ O

Cau 35. Tim tong cac gia tri ctia tham s6 m dé tir diém A(—1;m) ké ding hai tiép tuyén dén do thi ham s
_ .3 2
y=a>— 3"+ 2.
A 1. B. 4. C. -3. D. -2
Loi giai.
Tap xac dinh 2 = R.
Tiép tuyén ctia do thi ham s6 qua A(—1;m) c¢6 dang y = k(x + 1) + m.
Dé tit A ké duge ding hai tiép tuyén dén do thi thi he

23 =322 +2=k(zx+1)+m (1)
32° —6x =k (2)

c6 dung hai nghiém. Thay (2) vao (1) ta duge
23 =322 +2 =032 —62)(z+ 1) +me 223 +62+2=m. (¥
Dé hé trén c6 ding hai nghiem thi phuong trinh (%) c6 ding hai nghiém phan bigt, diéu nay tuong duong véi

dd thi ham s6 y = f(x) = —22° + 62 + 2 va dudng thing y = m c6 ding hai giao diém.
Vé do thi ctia ham s6 y = f(z) ta thay dé do thi ham s6 va duong Y

thang y = m c6 ding hai giao diém thi m = —2 hosic m = 6.
Vay tong cac gia tri clia tham sb m thoa yéu cau bai toan la 6
-24+6=4.

Vid

Chon dap an O

Cau 36. Cho ham s6 y = z

_T c6 dd thi la (Cp,) va diém A(—1;2). Goi S 1a tap hgp tat ca cac gia tri thue

ctia m dé c6 mot tiép tuyén ctia (C,,) di qua A tao véi hai truc toa do mot tam giac can. Tong tat ca cac phan
ti ctia S bang

A. 1. B. 4. C. 3. D. 5.
Lo giai.
b— . .
Tap xac dinh 2 =R\ {1}. Goi B (b; %) € (Cy,) la tiép diem. (b # 1)
—1 2 .
Ta c6 gy = (;n_il)z Phuong trinh tiép tuyén cta (C,,) tai B la

b—m m—1 b—m
. — . _ — . — R
d:y=y'(b)(x b)+bfl b-1) (z b)+b—1'

Ma d di qua A(—1;2) nén ta co

m—1 b—m

& 20b—-1)2=(m—1)(=1=b)+ (b—m)(b—-1)
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& 202 —4b+2=b1-m)+1—m+b+b(-1—m)+m
o 202 —4b+2=0%—2mb+1
s PPHb2m—4)+1=0. (¥

-1
Mzt khac d tao vé6i hai truc toa do mot tam gidc can nén y'(b) = £1 hay (77171)2 = +1.
-1
TH1. (;” 7 = 1o m—1=b2—2b+1< m=>b®—2b+2. Thay vio () ta dugc

1 -
2 2 3 b:—* (nhan)
b +0(20° —4)+1=0<20"-3b+1=0« 2

b=1. (loai)
. 1 13
-1
TH2.(;"_71)2:—1<:>m—1=—b2+2b—1<:>m=—b2+2b.Thayvzao(*)taduc,ic
x—l (nhan)
P +b(—202+4b—4)+1=0c 202 +5b> —4b+1=0 < 2 '
z=1. (loai)
1 3
leb—§:>m—1.
o 3.13}
Vays_{4’4 '
Chondépén O

Cau 37. Tim tong cic gia tri ciia tham s6 m dé tit diém A(m;0) ké ding hai tiép tuyén dén do thi ham s6
y = 23 4+ 322 v& hai tiép tuyén d6 vudng géc nhau.

1 1 21 21
A —. B. 2. c. Y27 p. Y217,

27 18 9 18
Lai giai.

Tap xac dinh 2 = R. Duong théng di qua A c6 dang d: y = k(z — m).
Dé tit A ké duge ding 2 tiép tuyén dén do thi thi he

23+ 32% = k(z —m) (1)
{:m2 +6r=k (2
¢6 ding 2 nghiém phan bigt. Thay (2) vao (1) ta duge
23+ 327 = (322 + 62)(z —m)
& x(z?+32) — 2324+ 6)(x —m) =0
& z(2? + 3z — 322 — 62+ 3ma +6m) =0
z=0
=
{2x2+x(3m3)+6m—0. (%)

Ta thiy véi x = 0 thi tiép tuyén qua A la d: y = 0, khi d6 khong c6 tiép tuyén nao clia do thi vuong géc véi d.
Vay dé tit A ké duge ding 2 tiép tuyén vuong géc véi nhau thi phuong trinh () phai c6 2 nghiém z;,x, phan
bigt khac 0 va théa (327 + 621)(323 + 6x2) = —1, suy ra

A>0 (3m — 3)* + 48m > 0 9m? +30m+9>0
m#0 S {m#0 SI{m#0
(323 4 621) (322 + 622) = —1 92323 + 181129 (71 + 29) + 367129 = —1 9P? + 18PS + 36P = —1
3m —3
voi S =11 + 19 = mT, P = zy25 = —3m (hé thic Vi-et). Khi d6 hé tuong duong véi
. L 1
m € (-00;=3) U | —35+00 m € (—o0;—3) U <—§;+oo) )
8lm? — 27m(3m —3) —108m =1 U 27
Chon dap an @ O
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Cau 38. Tim téng cac gia tri clia tham s6 m dé tiép tuyén c6 hé sb géc nhé nhét ciia do thi ham s y =
23 =322 + (m — 2)x — m? di qua diém A(—1;4).
A. 3. B. —1. C. 1. D. 0.
Loi giai.
Tap xéac dinh Z = R. Ta ¢6 v/ = 32% — 6z + (m — 2).
Goi k 1a he s6 goc clia tiép tuyén ctia dd thi tai M (xo;y0), khi d6 k = y/(z0) = 323 — 620 + (m — 2).
Taco k=33 —220+1)+m—5=3(xg—1)2+m—5>m—5. Do kmpin = m — 5 khi g = 1.
Khi d6 tiép tuyén c6 dang d: y = (m —5) - (x — 1) — m? + m — 4. Ma d di qua A(—1;4) nén ta c6

m=1

4=-=32m—-5)-m*4+m—-4em?’+m-2=0s )
m = —a.

Vay tdng céc gia tri m thoéa yéu cau bai toan 1a —2 +1 = —1.

Chon dap an O

. . L s . -1 .
Cau 39. Tim m dé dudng thang d: y = m — x cit do thi ham s6 (C): y = L—!-l tai hai diem phan biét A, B
x

sao cho cac tiép tuyén cta (C) tai A va B song song nhau.

A. m=0. B. m=1 C. m=2. D. m=3.
Loi giai.
2
Phuong trinh hoanh do giao diém ciia (C) va d 1a
z—1 9
m—x= +1@(m—x)(x+l):x—1@x +2-m)z—1-m=0. (%)
x

Dé d cit (C) tai hai diém phan bigt sao cho tiép tuyén tai chiing song song v6i nhau thi phuong trinh (%) phai
¢6 hai nghiém 1, zo phan biet théa y’'(z1) = ¢'(x2). Do d6 ta c6 he

m2+8>0 r1+1l=x2o+1 21 = x9 (loai)
<~

2 2 =2
(.’L‘1+1)2:<$2+1)2 r1+1=—-29—1 1+ 29 = —2.

A=2-m)?+4(1+m)>0 {
(z1+1)? (22 +1)2

Ap dung he thitc Viet cho phuong trinh (x)tacozy +xo=m—2.Dodom—2=-2<m=0.
Chon dap an @ O
Cau 40. Tim m dé duong théng d: y = m(z — 2) — 2 cit dd thi ham s6 (C): y = 2® — 32 + 2 tai ba diém
A(2;-2), B, D dé tich cac hé s6 goc tiép tuyén tai B, D cia (C) la 27.
A. m=0. B. m=1 C. m=2. D. m=3.
Loi giai.
Tap xéac dinh 2 = R. Ta c6 3y = 322 — 6x.
Phuong trinh hoanh do giao diém ciia (C) va d 1a

23 =322 +2=m(z —2) -2

23 =3 +4—m(x—-2)=0
(x—2)(z?—2x—-2)—m(z—2)=0
(x—2)(2® —2x—2-m)=0

T =2

-2 —-2-m=0. (%

T ¢t o2

Dé d cit (C) tai ba diém A, B, D va tich cic hé s6 géc tiép tuyén tai B, D la 27 thi phuong trinh (x) phai c6
hai nghiém 1, zo phan biet khac 2 thoa y'(z1) - ' (z2) = 27. Do d6 ta ¢6 he

A=1+424+m)>0 9+4m >0 m>—=
22 -2-2-m#0 & qm#0 S Qim0
(3% — 6x1) - (323 — 6x2) = 27 9x3x3 — 187 22(x1 + ) + 361172 = 27 9P2 — 18PS + 36P = 27
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v6i S =14+ 29 =1, P=x129 = —2 — m. Khi d6 heé tuong duong véi

9

9 9 m > ——

m > —— m > —— 4
4 4 0
m=1

9(2+m)2+18(2+m)—36(2+m)=27 9m2 +18m —27=0 { 3
m=—

Chon déap an O

sAl3. DAO HAM CAP CAO VA VI PHAN

@ TOMTAT LY THUYET

(1) Dao ham céap hai. Cho ham s6 y = f(x) c6 dao ham tai moi diém trén (a;b). Khi do, hé thitc
y' = f'(z) xac dinh mot ham s6 méi trén (a;b). Néu ham s6 ¢y = f/(z) lai ¢6 dao ham tai x thi ta
goi dao ham ctia ¢’ 1a dao ham cap hai clia ham s6 y = f(x) tai x, va ki higu 1a " hay f”(z). Ta

co
() = 7))
(2) Dao ham céap 3 clia ham s6 y = f(z) dugc dinh nghia tuong ty va ki hieu la 3 hay f"”'(z) hosic
O ().

(3) Téng quét, cho ham s6 y = f(z) c6 dao ham cap n — 1, ki hieu 1a f~V(z) (n > 2,n € N). Néu
f(”_l)(a:) ¢6 dao ham thi dao ham ctia n6 duge goi 1a dao ham cip n ctia ham s6 y = f(z), ki higu
y™ hay f((zx). Ta c6

F (@) = [f" V(@)

@ Y nghia ctia dao ham cip hai: dao ham cip hai f"(t) 1a gia tdc titc thoi clia chuyén dong s(t)
tai thoi diém ¢.

(5 Vi phan. Cho ham s6 y = f(z) xac dinh trén (a;b) va c6 dao ham tai z € (a;b). Gid sit Az 1a s6
gia ctia z. Khi d6, ta goi tich f’(z)Az la vi phan ctia ham s6 y = f(z) tai x ting véi s6 gia Az, ki
higu 1a df (x) ho#c 1a dy. Tic la

dy = df (z) = f'(z)Ax

(® ViDU MINH HOA

(3 DANG 3.1. Tinh dao hém cdp cao cla mét ham sd

Phuong phdp gidi
— Tinh dao ham cap mot y'.

— Lan lugt tinh cac dao ham cap 2, 3,..., n ciia ham s6 y = f(z).

€ vioy

Vi DU 1. Tinh dao ham cip n clia cac ham sb sau day

@y:x57212+1,n:3. @y:sin2x+cos2x,n:5.

Lai giai.
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7 Chuong 5. PAO HAM

Qy=2"-222+1,n=3.
Ta c6 y = bzt — 4z =y = (5z* — 4z)’ = 202% — 4 = 33 = (202% — 4)" = 6022

(2 y = sin 2z + cos 2z

Ta c6 y = 2cos2x — 2sin 2z = y"” = (2cos 2x — 2sin 2z)" = —4sin2x — 4 cos 2z
= y®) = (—4sin 22 — 4cos 2x)’ = —8 cos 2z + 8sin 2z.
Suy ra y*) = (=8 cos2x + 8sin 2z)’ = 16sin 2z + 16 cos 2z = y® = (16sin 22 + 16 cos 2x)’ = 32 cos 2z —
32sin 2x.
]
Q BAI TAP AP DUNG
BAI 1. Tinh dao ham cip hai ctia ham s y = 22° — 322 + 4z — 1.
Lai giai.
Ta c6 y' = (22° — 32 + 4o — 1)’ = 622 — 62 + 4. Suy ra y"" = (622 — 62 +4)' = 122 — 6. O
BAI 2. Tinh dao ham cip bén clia ham s6 y = 5z?* + 42® — Tz + 2019.
L3i giai.
Ta c6: y = 202° + 1222 — 7 = ¢/ = 6022 + 24z = y®) = 1202 + 24.
Suy ra y™® = 120. O
N . . 1
BAI 3. Tinh dao ham cap hai ctia ham s6 y = T .
-z
Loi giai.
Tac(’)y’:$:>y”:L O
(1—=x)? (1-=2)*
BAI 4. Tinh dao ham cAp nam cfia ham s6 y = sin(2z 4+ 1) + 2% +5 .
Lai giai.
Ta c¢6: ¥ = 2cos(2z 4 1) + 322 = 3 = —4sin(2z + 1) + 62 = y) = —8cos(2z + 1) + 6.
Suy ra y* = 16sin(2z + 1) = y©) = 32cos(2z + 1). O
BAI 5. Cho ham s6 y = f(z) = 22° + 42* — 322 + 2 — 2020. Tinh gia tri ctia £ (—1); £4(0).
Lai giai.
Tacé: f'(x) = 1024 +162° —6z+1 = f(2) = 4023 4+4822—6 = fO)(x) = 120224962 = ) (x) = 2402496.
Suy ra f(H)(—1) = 240.(—1) + 96 = —144 va f(0) = 96. O
N . 1
BAJ 6. Cho ham s6 y = f(z) = sin2z + ixz — x. Tinh f” (%) fO (n).
Lai giai.
Ta cé f'(z) =2cos2zx +z — 1 = f'(x) = —4sin2zx +1 = fO)(z) = —8cos2z.
Suy ra f” (%) = —4sin (g) +1=1-2V3; f®(r) = —8cos(2r) = —8. O

BAI 7. Cho chuyén dong thing xéac dinh bsi phuong trinh s(t) = > — 3t> — 9. Trong d6, t dudc tinh bing giay
va s dugc tinh bing mét. Tinh gia téc ctia chuyén dong khi t = 3 s.
Lo giai.

Ta ¢6 van toc clia chuyén dong tai thoi diém ¢ 1a v(t) = s/(t) = 3t — 6t — 9.

Suy ra gia toc clia chuyén dong tai thoi diem ¢ 1a a(t) = v'(t) = 6t — 6.

Vay a(3) = 6.3 — 6 = 12 m/s?. O

BAI 8. Cho chuyén dong thdng xac dinh bdi phuong trinh s(t) = t3 — 3t> — 9t. Trong d6, ¢ dugc tinh bing giay
va s dugce tinh bang mét. Tinh van tbc clia chuyén dong khi gia toc bi triet tieu.
Lo giai.

Ta ¢6 van toc clia chuyén dong tai thoi diém ¢ 1a v(t) = s/(t) = 3t — 6t — 9.

Suy ra gia toc clia chuyén dong tai thoi diem ¢ 1a a(t) = v'(t) = 6t — 6.

Gia t6c bi triet tieu khi a(t) =0 6t —6=0<t = 1.

Suy ra v(1) = —12 m/s. O

N . . -3
BAI 9. Ching minh rdng ham sé y = L—&-Zl thod 2(y')? = (y — 1)y".
x

Lai giai.
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14
T Ao — /! — .
a co y 7@_’_4)2 =y (z) CEWE
r—3 14 49
S -1 //:—( —1>. = 2.
uy ra (y = Ly T 14 (143 “(z+4)

7 =2y)%

Ta c6 didu phai chitng minh. 0
BAI 10. Chiing minh réing ham s6 y = 2 sinz thod zy — 2(y' — sinz) + ay” = 0.
Lo giai.
Ta c¢6 y' = (zsinz) =sinx +zcosz =y’ = cosx + (cosz — zsinz) = 2cosx — zsin z.
Suy ra zy — 2(y' — sinx) + zy” = 2%sinz — 2x cosx + x(2cosx — xsinz) = 0.
Ta c6 diéu phai chitng minh. 0
.3 3
BAI 11. Ching minh riing ham sb y = w thod (v')? + (y")? = 2.
1 —sinzcosz
L3i gii.
} sin®z +cos®z  (sinz + cosx)(1 — sinx cos ) .
Ta co y = - = - —=sinx + cos .
1 —sinzcosx 1 —sinzcosx
Suy ra ¢y = cosx —sinx =y’ = —sinx — cos z.
Do dé (/)% + (y")? = (cosx — sinx)? + (—sinz — cosz)? = (1 — 2sinz cosz) + (1 + 2sinz cosz) = 2.
Ta c6 diéu phai ching minh. O
BAI 12. Chiing minh riing ham s y = tan® 2z thod y” — 32y — 243 = 8.
Lai giai.
Ta c¢6 y' = 2tan 2x.(tan2z) = 4tan 2x(1 + tan? 2x) = 4 tan 2z + 4 tan® 2.
Suy ra y” = 8(1 + tan? 2z) + 24 tan? 2x(1 + tan? 22) = 24 tan? 2x + 32tan? 2z + 8.
Do d6 y” — 32y — 24y? = (24 tan®* 2z + 32tan? 2z + 8) — 32tan? 2z — 24 tan* 27 = 8.
Ta c6 diéu phai chitng minh. O
(O DANG 3.2. Tim vi phan ctia mdt ham sé
Phuong phdp gidi
— Tinh f'(z).
— Ap dung cong thic dy = f'(x)dzx.
0 viby
Vi DU 1. Tim vi phan clia cdc ham sb sau
@D y=a%—5z+1. 2 y = sin® .
Loi giai.
Qy=2°-5z+1. 2 y =sin® .
Ta c6: y' = 322 — 5. Suy ra dy = (322 — 5)dx. Ta c6 3y = 3sin® z.(sinx) = 3sin® z. cos z.
Suy ra dy = 3sin® z cos xdz.
(]
Q BAI TAP AP DUNG
BAI 1. Tim vi phan ctia ham s6 y = —22° + 322 + 1.
L3i giai.
Ta c¢6 y' = —622 + 62. Suy ra dy = y'dv = (—62% + 6x)dx. O
N . 2 1
BAI 2. Tim vi phén ctia cdc ham s6 y = T .
x+3
L3i gii.
P 5
Ta c6 y’:m.Suy ra dy:y’dx:mdx. O
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2

BAI 3. Tim vi phan clia cac ham sé y = sin® x — sinx cos z.

Loi giai.
Ta ¢6 y' = 2sinx cosz — cos 2x = sin 2z — cos 2x. Suy ra dy = (sin 2x — cos 2x)dx. O
BAI 4. Tim vi phan ctia cac ham s6 y = 2z + 1.
Lo giai.
1 1
Ta c6y = ———. Suy ra dy = ———=dx. O
Y V2 +1 Y Y Vz +1

BAl4. ON TAP CHUONG V

BAI 1. Dung dinh nghia, tim dao ham cfia ham s6 y = f(z) = V22 + 5 — 1 tai diém zy = 2.
Loi giai.

Tap xac dinh 2 = R.

Gia st Az 1a s6 gia cia doi s6 tai zg = 2.

Tacé Ay = /(w0 +A2)2+5—-1— /22 +5+1= /(w0 + Ax)2+5 — /22 + 5.

Khi do

Ay V(@o + A2)2+5— /22 +5
N Ax

(w0 + Az)* — a3
Ax(y/(wo + Ax)2+ 54 /22 +5)

B 2aoAx + N2
V(o + D)2+ 5+ /22 +5
o 2&30 + Ax
V(@o+ A2+ 5+ /2l +5
Nén lim %— lim 220 + O 1.3
Dz—0 AT Ax—0 \/(xo+Ax)2—|—5+ \/:534—5 6 3
3
Vay f'(2) = 3 u
BAI 2. Tinh dao ham ciia ham s6 y = (22 + ) (5 — 322).
Loi giai.
Ta c6 y = (22 + x)(5 — 32%) = —32* — 32 + 522 4 5z.
Suy ra y = —1223 — 922 + 10z + 5. O
A . Y x+4
BAI 3. Tinh dao ham ctia ham s6 y = 5
Loi giai.
x+4 x+4 7
Tacoy= = =y =———. O
AoV =TT a3 Y (3—12)?
< p 2
BAI 4. Tinh dao ham ctia ham s6 y = 423 + 3z — - + V.
Loi giai.
2
Tacoéy=4x>+3z - =+ /x
x
2 1
S "'=1222 434+ = + ——. O
uy ra y T° + +x2+2\/§
BAI 5. Tinh dao ham ctia ham s6 y = v/523 — 322 + 1.
Loi giai.
1522 —
Ta c6: y' = ba” — bu . O
2513 — 322 + 1
4
< P 5
BAI 6. Tinh dao ham ctia ham s6 y = % + 323 + ZxQ +5.
Lo giai.
5
Véi moi gia tri thuc clia z, ¥’ = 23 + 922 + 5% O
BAI 7. Tinh dao ham ctia ham s6 y = (222 — 1)(3z + 5).
Loi giai.
V6i moi gid tri thuc ctia @, v = 4z(3z +5) + 3(222 — 1) = 1822 + 20z — 3. O
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N P 3 —1
BAI 8. Tinh dao ham ctia ham s6 y = ——.
| V=
Loi giai.
2VaZ 1 — (2% — 1
5 moi / Ve x2+1(x ) 224 +32% + 2
Véi moi z € R, ¢ = 5 = .
25 +1 (22 + 1)V +1
BAI 9. Tinh dao ham ctia ham s6 y = (x + 4)v/22 + 4.

Lai giai.

. r(r+4) 222+4x+4
Véimoiz €R, 3y = Va2 +4+ = .
Y Va2 +4 Va2 +4

BAI 10. Tinh dao ham ham sé y = v/3z + 1 — %H
X
Loi giai.
1 1 (=2 1 1
V6i moi ©z > —— 5 (~22) Oz

/

) = - - + .
3 T OBl @2+2? 2Batl (22+2)?
BAI 11. Cho ham s6 g(x) = (=622 4 96)2°'°. Tinh ¢/(0).

Lo giai.

Véi moi z € R, ¢'(x) = 2015(—622 + 96)2°14(—12z). Suy ra ¢’(0) = 0.
BAI 12. Tinh dao ham ctia ham s6 y = (z — 2)v/22 + 1.

Lo giai.

z? — 2z 2x% —2x 41
Tacoy =(x -2Vl +1+(z -2 Va2 + 1 = V22 + 1+ =
V= (0= VT + (- )W T T e —
BAI 13. Tinhh dao ham gy ctia ham sé y = V22 — 62 + 8 va gidi phuong trinh y’ = 0.
L3 giai.
N r <2
Diéu kien: 22 — 6z +8 >0 <
T > 4.
2x —6 -3
Ta co y' = * = * .
2Vx2 —6x+8 Va2 —6x+8
Khidoy =0 —o 2 — 0oz =3 (loai).
Va2 —6x+38

Vay phuong trinh ¢ = 0 vo nghiém.

BAI 14. Cho f(x) = 2® — 22 — 62 + 2. Giai bat phuong trinh: f'(z) > —2.
Lo giai.

Tap xac dinh 2 = R.

Ta c¢6 f'(z) = 32 — 4z — 6.

r < 2
Khi d6 f'(x) > 2322 - 40 —-4>0< |7 = 3
T > 2.

) 2
Vay bat phuong trinh c6 tap nghiem 14 .S = (—oc; —g] U [2; +00).
N . 4
BAI 15. Tinh dao ham ctia ham s6 sau: y = (23 + 7x) (23: - ;)
Lai giai.
4 4
Ta c6 ' = (322 4+ 7) (Qx - f) + (@3 + Tx) (2 + —2) = 8z% + 20z.
x x

2
BAI 16. Tinh dao ham ctia ham s6 sau: y = B—xi—fi
x° 4+ 4z + 2
Loi giai.
Ta c6 y = —2x(x3 + 42 + 2) — (—2? — 3)(322 + 4) _ x* + 522 — 4z + 12
(23 + 4z + 2)2 (3 + 4z + 2)2
322 —x+1

BAI 17. Tinh dao ham ctia ham s6 sau: y =
z+5

Loi giai.
Tap xéc dinh: 2 =R\ {-5}.
(6z —1)(x+5)— (32> —z+1) 3(z%+ 10z — 2)

T A /: =
acoy (z + 5)2 (z +5)2

= Nguyén Qudc Duong - @ 0375113359

-



7 Chuong 5. PAO HAM

BAI 18. Tinh dao ham ctia cdc ham s6 sau: y = (4 — 5x)(—2x + 1).
Loi giai.
Ta c6 y = 102? — 13z + 4.

Khi d6 ¢ = 202 — 13. O
A P N AN 2 z+1
BAI 19. Tinh dao ham clia ham s6 y = ——.
x? 42
Loi giai.
x
V2 19— . —<
y = vt (@+1) x2_|_2:1:2—|—2—(x2—|—x): 2—x . O
2 42 (22 +2)Va2+2 (22 +2)Va2 42
N P 2 -3z
BAI 20. Cho ham s6 y = —— . Tinh ¢/(1).
Cho ham so0 y o y' (1)
Loi giai.
Ta c6 4 = —3(@? —x+1)—(2-32)(2x — 1) _ 3352—4:10—1.
(22 —x 4 1)2 (2?2 — 2 +1)?
-2
Khi d6, y/(1) = -~ = ~2
Vay y'(=1) = =2. -
BAI 21. Tinh dao ham ctia ham s6 f(z) = (2? — 2z + 3)(2z + 1)°.
Loi giai.
fllz) = (20-2)2z+1)*+ (2? —20+3) 32z +1)*-2
= (2z+1)?[(2z —2)(2z + 1) + 6(z* — 22 + 3)]
= (22 +1)*(102* — 14z + 16).
(]
X ) 2+ 3542
BAI 22. Tinh dao ham ctia ham s6 y = %
Loi giai.
Véi x = —1. Ham s6 da cho khong c6 dao ham.
Vé6ix # -1,y =x+ 2. Khi do, ¢y = 1. O
N . 50z + 15 '39) 1
BAI 23. Cho ham s6 f(z) = 43% Tinh A = J;éw) 5 ()
Loi giai.
) 2015
Ta co: y/(l') = m — f’(39) = 2015 .
—4030
"(z) = ——= — f"(41) = 4030.
") = e = 174D
Khi do, A =1 — 2015 = —2014. (I
N . 4
BAI 24. Tinh dao ham ctia ham s6 y = 325 — P 2z +1)y/x.
Loi giai.
Ta c6
/ 5/ 4 l l
yoo= Be) = (5)+ (2 + V)
4
= 152* + = (%) + (22 + 1) Vo + (22 + 1) (V)
1222 1
_ 4
= 15z +x—6+2\/5+(2x+1)m
1222 2v+1
= 152" 2 = .
5x* 4 5 +2v/z + NG
O

BAI 25. Tinh dao ham ciia cac ham sb sau

3
Oy=2°—dyz—> -1 @y =

Lai giai.

2 —2x—3

z+5
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4 3
/ 2 —
@ y = 6x 2\/5+ 2
@ v (332—2x—3)l(x+5)—(x—|—5)’($2—237—3) (20 —2)(x+5)— (22 =22 —3) 22 +102 -7
y = = = .
(z +5)° (z +5)° (z +5)°
O
BAI 26. Tinh dao ham ctia cac ham sb sau
5 — 3z — 22
D y=(223+2)(z% +1). @y:#
Loi giai.

@ ¢ = (220342) (22 +1)+ (223 +2) (22 +1)" = 622 (2% +1)+22(22°+2) = 62 +622+42* +42 = 1004 +622+42.
_B6-3z—-2?)(z-2)-56-3z—2*)(x—-2) (-3-2)(x—-2)—(5-3x—-2?) -—a®+dax+1

®v= w2 - w2 = T woop
O
BAI 27. Tinh dao ham ciia ham s6 y = ;2\{51
Loi giai.
3 22\/r 3
Ta 6 3 = (x\/f)/(xzfl)fm\/i(:ﬂzfl)/ 9 (952_1)_2952\/3E T _5\/5 _ _xQ\/EJr?)\/E
(x2 — 1)? (22 —1)° (22 —1)° (@2 -1)*
O
BAI 28. Tinh dao ham ciia cac ham sb sau
9z 4 1) 2015
®y= ( > :
3xr+1
@ y=01-2)Va? -2z +5.
Lo giai.
@ ,2015<2x+1>2014 (2x+1>/2015(29§+1)2014 -1
v= 32+ 1 3r+1/) 37+ 1 Gzt 12
-1 222 — 4x + 6
= (1-z)vVz? -2z + 5+(1—=x \/m2—2x+5/:—\/aﬁ2—2x+5+ 1-x x =— .
®y ( ) ( ) ( )\/ac2—2x+5 Va2 -2z 45
O

BAI 29. Tinh dao ham ciia cac ham sb sau

4
@ y:§x4+§x37x—5.

222 —5r+1
@y= x+2

B y= (—3562—1—395—7)
@ y=(z—5)Va2+2z - 1.
Lo giai.
@ v =52% +42% - 1.
@y = (222 —5x + 1) (x +2) — (222 =5z + 1)(z +2) (4o —5)(x +2) — (222 — 5z + 1) _ 222 + 8xr — 11

(z 4 2)2 (x +2)? (x +2)?

15

@y =15(=322+30—7)" - (=322 + 30 —17) = =452z — 1) (=322 + 3z —7)"".

+1 222 — 22 — 6
e V22— 14 (2 —5) — = :
@y ( ) Va2 +2r—1 Va2+2x -1

O
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BAI 30. Cho ham sb y = 2® — 422 + 5z. Tim tat ca céc gia tri ciia x thoa 3’ > 0.

Loi giai.
Ta c6 y' = 322 — 8z + 5.

5
Khidéy’>0<:>3z2—8:z:+5>0<:>x>ghoacx<1.

N p 3 2
BAI 31. Tinh dao ham ctia ham s6 y = L
Va2 —6x+5
Lai giai.
20 —
3VaF 15— 0
2vx? —6x+5

- (3 4+ 2)

—1lz +21

V6i moi z € (—oo; 1)U (5;+00), ¢y = 5
(\/x2 — 6z + 5)

O

BAI 32. Cho ham s6 f(z) = V22 — 1 — 2z. Giai phuong trinh f'(z) = 0.
LJi giai.

(a2 —6x+5)VaZ —6x+5

r<—1
Tacéf/(x):OéL—Q:O@ r>1 & >0 <:>:c:2—\/§
Va? -1 = 3
2vVr2—1=uzx 2V/3
rT=+—"
3
< , . 4
BAI 33. Giai bat phuong trinh y’20biéty=:ﬁ—2—|—ﬁ.
Loi giai.
8
Tacoy =1-—.
. x
Dieu kién x # 0.
Do do .
8 8
Y 2061-—>06 >0
X X
Bang xét dau
x —00 0 2 400
3 _
L 38 + - 0 +
T
Duya vao bang xét dau ta c6: x € (—00;0) U [2; +00).
Vay S = (—o0;0) U [2; 4+00).
BAI 34. Giai bat phuong trinh y' < 0 biét y = (z — 1)v/2z + 1.
Loi giai.
Tacoy =(x—1)V2r+ 1+ (@ —1)[y2r—1] =2z — 1+ (z-1 _3v-2
V2r—1 2z -1
2
3z —2 3t —-2<0 T< g 12
Khidoy <0 —— <0 { - % (:McE(f;f}.
Vor—1 2c—-1>0 x>§ 2’3
1 2
Va S:(,;,}.
ay 2’3

BAI 35. Tinh dao ham ctia ham s6 sau: y = (2 — 2%)(z + 1)2.

Lo giai.

Tacoy=(2—23)(z+1)? = —2° — 22* — 23 + 222 + 42 + 2.

223 + 22 -3z + 1
22+z+1

BAI 36. Tinh dao ham ciia ham s6 sau: y =
Lo giai.

Tap xac dinh: 2 = R.

Ta c6 ' =

(622 + 2z —3)(a? + 2+ 1) — (22° + 22 -3z + 1)(2z + 1) 22" 4 42® 4+ 1022 — 4

(22 +2+1)2

(22 42 +1)2

= Nguyén Qudc Duong - @ 0375113359
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N B 1 .
BAI 37. Cho ham s6 y = §x3 —2x — 12z — 223, Tinh ¢’ va giai phuong trinh ¢’ = 0.

L&i giai.
12 — 622 ) 6 — 322

o/1%z — 223 V122 — 223

Diéu kién: 12z — 223 > 0.

Tac6y =0 & (22 2)<1+ 3 ) boa?_2-0e [*=V2
a co Yy = % — — | = 22 —-2= )
Y V122 — 223 z=—/2
So sanh diéu kién, hai gia tri z déu théa man.
Vayx:\/?,x:—\/?. O

BAI 38. Viét phuong trinh tiép tuyén ciia (C) : y = 2* — 2 + 3 tai diém c6 hoanh do 1a —1.
Loi giai.

Ta cé: y' = 423 — 2z.

Goi M(zo;y0) 1a toa do tiép diém.

Do g = —1 nén yo = x§ — 22 + 3 = 3; v/ (x0) = 423 — 220 = —2.

Vay phuong trinh tiép tuyén ctia (C) : y = 2* — 22 + 3 tai diém M(—1;3) c6 dang

y=vy'(zo)(x —x0) +yocy=-2@+1)+3<y=—2z+1.

O

BAI 39. Cho ham s6 y = —2°® — 322 + 1 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén ciia (C) biét tiép diém c6
hoanh do bing 2.

Loi giai.

Ta c6 v/ = —322 — 62 = —3z(z + 2).

Goi M (2;ynr) € (C). Khi d6 yar = y(2) = —19 suy ra toa do M (2; —19).

Ta c6 he s6 goc tiép tuyén 1a y'(2) = —24.

Vay phuong trinh tiép tuyén ctia (C) tai M la:

y=—-24(x—2) - 19 < y=—24z +29.

(]
N . 20 —1 N . P P N .
BAI 40. Cho ham s6 y = x_ 5 ¢6 do thi (C). Viét phuong trinh tiép tuyén ctia do thi (C) tai diém c6 tung
do bing 3.
Lo giai.
) -3
Ta c6 y/ = m
2a —1
Goi M(a;3) € (C) véi a # 2. Khi do a 5 =3 < a=05. Suy ra toa do M(5;3).
a0 —
P P . 1
Tiép tuyén véi (C) tai M c6 heé so géc k =1y'(5) = -3

Vay phuong trinh tiép tuyén vé6i (C) tai M la

Lo sy 43ey=-1top 1
=—=(r— =—-r+ .
Y=73 V=3T3
O
s B 1-3 N . . B N
BAI 41. Cho ham s6 y = f(z) = n 296 ¢6 do thi (C). Viét phuong trinh tiép tuyén ctia (C) tai diém c6 tung
x
do bang 4.
Lo giai.
7
Ta co: ¢y = ————.
a ¢ y @ 2e
Goi o 1a hoanh do tiép diém. Khi d6, xy la nghiém ctia phuong trinh:
1-— 3£E0
=4 =1
To + 2 o
Heé s6 goc clia tiép tuyén tai diém c6 hoanh do zp = —1 la y/(—1) = —7.
Vay phuong trinh tiép tuyén tai A(—1;4) lay = —7(x +1)+4 hay y = —Tz — 3. O

BAI 42. Viét phuong trinh tiép tuyén ciia do thi (O): y = f(z) = 2% — 2® 4 3 tai diém M thuoc (C) va c6
hoanh do xg = 1.

= Nguyén Qudc Duong - @ 0375113359 Trang
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Loi giai.
Ta ¢ f'(z) = 322 — 2z = f/(1) = 1.
Phuong trinh tiép tuyén can tim 1

y=fxz-1D)+f()ey=2—-1+3cy=a+2.

O
BAI 43. Viét phuong trinh tiép tuyén ctia do thi ham s6 y = 3 222 + 32 + 1 tai diém c6 hoanh do zy = 0.
Lai giai.
Ta c6 f'(z) = 2% — 4o+ 3 = f'(0) = 3.
Phuong trinh tiép tuyén can tim 13

y=1(0)z—0)+ f(0) & y=3z+1.

O

BAI 44. Cho ham s6 y = 2 — 22 — 3 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén ctia d6 thi (C) tai diém c6
hoanh do bing 2.

Loi giai.

Ta c6 y' = 322 — 2z, v6i moi x € R.

Khiz=2tacoy=1vay'(2) =8.

Phuong trinh tiép tuyén ctia do thi (C) tai diém c6 hoanh do bing 2 1a: y —1 =¢/(2)(z —2) © y =8z —15. [

T+ 2

N P 2 N p . p N .
BAI 45. Cho ham so6 y = 3 c6 do thi (C). Viét phuong trinh tiép tuyén ciia do thi (C) tai giao diém cta

(C) va truc hoanh.

L3 giai.
., -8
Ta c6 y/ = W,Vx 7é 3.
Toa do giao diém ctia (C) va truc hoanh la A(—1;0).
) £ 1 1
Phuong trinh tiép tuyén cia (C) tai A(—1;0) la: y — 0=y (-1)(z — (-1)) &y = —3%~ 5 O

BAI 46. Cho ham s6 y — ~—-
o

d: y = 2z — 1. Viét phuong trinh tiép tuyén ctia do thi (C) tai diém A c6 hoanh do duong.
Loi giai.

1 N . N 2
T ¢6 do thi (C). Tim toa do giao diem A gita do thi (C) va dudng thang

-2
Véimoi x #£ 1,y = TRk
1
. , . . Y= Tt 2?2 — 2 = r=2
Toa do (z;y) voi x > 0 cia A la nghiém ctia hé r—-1 & =
_ y=2z—-1 y=3.
y=2x—1
Phuong trinh tiép tuyén ciia (C) tai A(2;3) lay—3=9'(2)(z —2) & y=—2x+7T. O

BAI 47. Viét phuong trinh tiép tuyén véi (C): y = 22% — 622 + 3 tai diém M € (C) ¢6 tung do bing 3.
L giai.
Ta c6 y' = 622 — 12z.
a=0
Goi M(a;3) € (C). Khi dé 2a® — 6a® + 3 =3 & 2a%(a — 3) & { 3
a=3.

Vay c6 hai diém thuoc (C) c6 tung do bing 3 1a My (0;3) va Mo(3;3).

. Tiép tuyén vé6i (C) tai M; 1a c6 he s6 goc ky = y'(0) = 0.
Vay phuong trinh tiép tuyén vé6i (C) tai My 1a: y = 3.

. Tiép tuyén véi (C) tai My 1a c6 he s6 goc ka = 3/ (3) = 18.
Vay phuong trinh tiép tuyén vé6i (C) tai My 1a:

y=18(x —3) +3 & y = 18z — 51.

O
B 202 +x—3

BAI 48. Viét phuong trinh tiép tuyén cta (C) : y = f(z) 51
T —

théng d : y = 5x + 2019.

biét tiép tuyén song song véi dudng

= Nguyén Qudc Duong - @ 0375113359 Trang
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Lai giai.
R 1
Dieu kién: x # 3
422 — 4z +5
Tacoy = ————
a coy Gz 1)

. . 1
Goi M(xo;y0) 1a toa do tiép diém, (:Eo * 5) .

Do tiép tuyén song song véi duong thang d : y = 5z + 2019 nén y'(zq) = 5.

da2 — 4 5
%:5@4z374x0+5:5(4$3*41’0+1)

@16%71610:0@{

V6i 79 = 0 = yo = 3. Suy ra phuong trinh tiép tuyén ctia (C) tai diém M;(0;3) c6 dang
y =y'(zo)(z — o) + yo
<y =5x+ 3 (nhan).
V6i 79 = 1 = yo = 0. Suy ra phuong trinh tiép tuyén ctia (C) tai diém M(1;0) c6 dang
y =19 (z0)(x — x0) + Yo O
< y=>5(x—1)=>5z—5 (nhan).

BAI 49. Cho (C) : y = 2% + 322 + 4, viét phuong trinh tiép tuyén ciia (C) biét tiép tuyén song song véi dudng
thing d : y = 9z — 1.
Loi giai.
Ta c6 ' = 322 + 62.
Goi M (z0;y0) 1a toa do tiép diém.
Do tiép tuyén song song véi dudng thang d : y = 9z — 1 nén y/(x) = 9
o = 1
Ty = -3.
V6i xg = 1 = yo = 8. Suy ra phuong trinh tiép tuyén ctia (C) tai diém M;(1;8) c6 dang
y =y (z0)(x — x0) + Yo
< y=9(x—1)+8 =9z —1 (loai do trung véi d).
Véi 29 = —3 = yo = 4. Suy ra phuong trinh tiép tuyén ctia (C) tai diém My(—3;4) c6 dang
y =y (z0)(x — w0) + Yo 0
< y=9(x+3)+4=9z+ 31 (nhan).

& 312 +620=9 &

BAI 50. Cho ham s6 y = —2® — 322 + 1 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén ciia (C) biét tiép tuyén
vuong goc véi dudng thing d: x + 3y — 2 = 0.

Lai giai.

Ta c¢6 y' = =322 — 62 = —3z(z + 2).

Goi N(a;b) € (O).

Do tiép tuyén vuong géc v6i duong thang d: x + 3y — 2 = 0 nén tiép tuyen c6 hé sé goc la k = 3.

Khi d6 y/(a) =3 & —3a? —6a=3 < a=—1. Suyrab=y(-1) = —1.

Vay toa do N(—1;—1).

Phuong trinh tiép tuyén can cta (C) tai N la

y=3z+1)—-1<y=3z+2.

O

N 2 2 ) R 3r—2 .. ) .
BAI 51. Viét phuong trinh tiép tuyén cia do thi (C): y = f(z) = i 5 biét rang tiép tuyén song song vdi
T —

dudng thang (A): y = —4x + 19.

Loi giai.

Gia stt tiép diém clia tiép tuyén can tim 1a M (z¢; f(x0)).

Khi d6 phuong trinh tiép tuyén can tim 1a y = f/(xo)(x — xo) + f(x0) v f/(x0) 12 he s6 goc cla tiép tuyén do.
Tiép tuyén song song v6i dudng thing (A): y = —4x + 19 = f'(z) = —4.

4 4 o =3
Ta c6 f’ =——nén ———= = -4 & -22=1le
ac0 filwo) = =gy e — ey (0 =2) 2o = 1.
Khi zg = 1, tiép tuyén can tim lay = —4(x — 1) — 1 & y = —4x + 3.
Khi zp = 3, tiép tuyén can tim la y = —4(z — 3) + 7 & y = —4z + 19 (loai). O

= Nguyén Qudc Duong - @ 0375113359 Trang
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BAI 52. Viét phuong trinh tiép tuyén ciia dd thi ham s6 y = f(z) = 22 — 2z + 1 biét tiép tuyén song song véi
duong thang (d): y = 6z — 7.

Loi giai.

Gia stt tiép diém clia tiép tuyén can tim 1a M (zq; f(x0))-

Khi d6 phuong trinh tiép tuyén can tim 1a y = f/(zo)(xz — x0) + f(z0) vA f'(z0) 12 hé sb goc cla tiép tuyén do.
Tiép tuyén song song v6i dudng thang (A): y = 6x — 7 = f'(x) = 6.

Ta ¢6 f'(x0) = 2290 —2 nén 2z — 2 =6 < xo = 4.

Khi 29 = 4 tiép tuyén can tim 13 y = 6(x — 4) + 9 & y = 62 — 15. O
r+1

5 €6 do thi (C).

BAI 53. Cho ham s6 y =

(@ Viét phuong trinh tiép tuyén véi (C) tai giao diém ctia (C) véi truc tung.
(2) Viét phuong trinh tiép tuyén véi (C) biét tiép tuyén vuong goéc véi duong thing d: 3y —x + 1 = 0.
Loi giai.
. 1
@ Giao diém ctia (C) va truc tung 1a M <O; —§>

£ P 1 3 1
Phuong trinh tiép tuyén cta (C) tai M 1a y = ¢’ (0)(z — 0) — 3 ®Y=—yT— 35

(2) Gia stt tiép diém clia tiép tuyén can tim 14 M (zo; f(0)).
Khi dé phuong trinh tiép tuyén can tim 1a y = f/(zo)(x — o) + f(z0) va f'(20) 14 hé s6 gbc clia tiép tuyén

do.
. P 5 1 1
Tiép tuyén vuodng goc véi dudng thang d: 3y —z+1=0&y = 373 khi va chi khi f'(zq) = —3.
-3 -3 xo =3
T A ! = é = —
a c6 f'(z0) (70— 2)° nén (20— 2)° 3& I

Khi o = 3, tiép tuyén can tim b y = —3(z — 3) +4 & y = -3z + 13.
Khi xo = 1, tiép tuyén can tim by = -3(z — 1) -2 &y = -3z + 1.

]

2 1 N P P P P
_ ¢6 do thi 1a (C). Viét phuong trinh tiép tuyén A ctia (C) biét A song

BAI 54. Cho ham s6 y = f(x) T
song v6i duong thang d: 4oz —y — 7 = 0.
Loi giai.
Gia sit tiép diém ciia tiép tuyén can tim 1a M (xo; f(x0)).
Khi d6 phuong trinh tiép tuyén can tim 1a y = f/(zo)(z — xo) + f(z0) vA f'(z0) 12 he sb goc cla tiép tuyén do.
Tiép tuyén song song v6i dudng thang d: 4o —y — 7= 0= f'(zg) = 4.
4 i 4 o [T0=1
@zo — 12 " Qa0 —12 7 |ap =0.
Khi g = 1, tiép tuyén can tim la y = 4(z — 1) — 3 & y = 4o — 7 (loai).
Khi zg = 0, tiép tuyén can tim 1a y = 4z + 1.
Vay tiép tuyén can tim la y = 4z + 1. O

BAI 55. Cho ham s6 y = 2°® — 222 +  ¢6 do thi (C).
(D Viét phuong trinh tiép tuyén ctia (C) tai diém c6 tung do bang 0.

Ta ¢6 f'(x0) =

(2) Viét phuong trinh tiép tuyén ctia (C) tai diém c6 hoanh do bing 2.

(3 Viét phuong trinh tiép tuyén ciia (C') biét tiép tuyén song song v6i duong thing d: y = x + 2015.
Loi giai.
o =0

@ Taco yo =0«
.%‘0:1.

V6i 29 =0tacoy =322 —4x+1=y'(0) = 1.
Phuong trinh tiép tuyén can tim 1a
y=9'(0)(z—0)+y(0) ©y=uz
Véi 29 = 1tacoéy’ =322 —do + 1= ¢/'(1) = 0.
Phuong trinh tiép tuyén can tim 1a
y=y' (-1 +y(1) < y=0.

Vay c6 hai tiép tuyén thoa bai toan la y = z va y = 0.

= Nguyén Qudc Duong - @ 0375113359 Trang
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(2 Tacoy =322 —dx+1=y'(2) =5.
Phuong trinh tiép tuyén can tim 1a

y=y2)z—-2)+y2) ey=5@r—-2)+2<y=>5z—8.

(3 Gia sit tiép diém ciia tiép tuyén can tim 1a M (zg; y(zo)).
Khi d6 phuong trinh tiép tuyén can tim 1a y = y/(z0)(z — zo) + y(z0) va v/ (z0) 14 he s6 goc cia tiép tuyén

do.

Tiép tuyén song song v6i dudng thing d: y = x + 2015 = 3/ (zg) = 1.
o =4

Ta c6 y'(z9) = 328 — 4o+ 1nén 22 —dazp +1=1« 0 0
o = U.

Khi o = 4 tiép tuyén can tim la y = (r —4) + 36 & y = x + 32.
Khi o = 0 tiép tuyén can tim 1a y = .
Vay hai tiép tuyén can timlay =2+ 32 va y = .

O
N . 2 — N P . P N Lz P
BAI 56. Cho ham s6 y = er . ¢6 do thi (C). Viét phuong trinh tiép tuyén ctia do thi (C) biét tiép tuyén co6
x
hé s6 goc bing 3.
Lo giai.
2a — 1 . )
Goi A <a, L) 1a tiép didm.
a+1
Theo gia thiét ta c6 /(a) = 3 < — P
eo gid thiét ta c6 y'(a) = —_— =
8 Y (a+1)2 a—=—2.

— a = 0. Khi d6, A(0; —1) va tiép tuyén tuong tng c6 phuong trinh la y = 3z — 1.

— a = —2. Khi d6, A(—2;5) va tiép tuyén tuong ing c6 phuong trinh 1a y = 3z + 11.

O
A . N X . 2 N £ 23: + 1 Fs S s L £ 2 X . s X s X ’s
BAI 57. Goi (C) 1a do thi cia ham sd y = 5 T Viét phuong trinh tiép tuyén ctia do thi (C), biét tiép tuyén
T —
song song v6i dudng thang d: y = —4x + 3.
Lai giai.
V6i moi x # L —1
i moi — Yy =
BET YV T ar—1)2

2+ 1 o
Goi A (a; 2“ + 1) 1a tiép didm.

Taco: y'(a) = -4 (2a—-1)2=1%

— a = 0. Suy ra A(0; —1) va phuong trinh tiép tuyén tuong tng la y — (—=1) = —4(z — 0) & y = 4z — 1
(nhan).

— a = 1. Suy ra A(1;3) vh phuong trinh tiép tuyén tuong tng la y — 3 = —4(z — 1) & y = —4z + 7 (nhan).

O
N B 2 N . . 2 N P . 2
BAI 58. Cho ham s6 y = T i c6 do thi la (C). Viét phuong trinh tiép tuyén ctia do thi (C), biét tiép tuyén
o
vuong géc véi duong thing d: y = 3z + 2.
Lo giai.
, -3
Ta co y/ = m7vl' 7é 1.
2 P .
Goi A <a, ot ) 1a tiép diem.
a—1
P . -3
Tiép tuyén ciia (C) tai A vudng goéc véi d khi va chi khi y/(a) -3 = -1 & @ 1? 3=-1e(a-1)?2=9«
a—
a=4
a=—2.
— a=-2. ) 5
Khi d6, A(—2;0) va phuong trinh tiép tuyén tuong ting la y = 3T 3
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— a=4.
. P 1 10
Khi d6, A(4;2) va phuong trinh tiép tuyén tuong tng la y = —37 + 3

]

BAI 59. Cho dudng cong (C): y = f(z) = —4a® — 322 + 5z — 7. Viét phuong trinh tiép tuyén ctia (C) biét tiép
tuyén song song véi d: y = —x.

Loi giai.

Ta c6 ' = —122% — 62 + 5.

Goi M (a;b) € (C). Suy ra hé s6 goc ctia tiép tuyén véi (O) tai tiép diém M 1a k = —12a% — 6a + 5.

Do tiép tuyén ctia (C) song song véi d: y = —x nén ta c6
a=—-1=b=-11
—12a®> —6a+5=—-1& 1 23

* Tai M(—1;—11) phuong trinh tiép tuyén cia (C) la

y=—(x+1)—-1ley=—z—12.

1 23 . p
* Tai M (5, _Z> phuong trinh tiép tuyén ctia (C) la
B < 1) 23 oy 21
Y= T 5 1 y=—x 1
2 ~ P . « L £ N N 21
Keét luan: C6 hai tiep tuyen lay = —x — 11 vay = —x — T O

BAI 60. Cho ham s6 y = f(z) = 2% — 522 + 2 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén cila dd thi (C) biét
tiép tuyén song song véi d: y = —3x — 7.

Loi giai.

Ta c6 y' = 322 — 10z.

Goi M (a;b) € (C). Suy ra hé s6 géc clia tiép tuyén véi (C) tai tiép diem M 1a k = 3a® — 10a.

Do tiép tuyén ctia (C) song song véi d: y = —3x — 7 nén ta c6

3a2 —10a = -3 & 1 40
=

* Tai M(3; —16) phuong trinh tiép tuyén cia (C) la

y=-3(x—3)—16 &y = —3z — 7(loai).

1 40 P £
* Tai M (5’ E) phuong trinh tiép tuyén cta (C) la
3 < 1) + 10 =4 3z + 07
=-3lz— < — =3+ —.
Y 3) "ot Y 27
P iz Loa 67
Ket luan: Phuong trinh tiép tuyén can tim la y = —3z + o7 (]

5 ) ) . R . 2041 ., ., . )
BAI 61. Viet phuong trinh tiep tuyen ctia do thi ham so6 y = L_Fl biét tiep tuyen song song v4i duong thang
T —
(A):x+3y+1=0.

Lo giai.
j -3
Tacoy' =3y
P P P P N -3
Goi M (a;b) € (C) v6i a # 1. Suy ra hé sb6 goc ciia tiép tuyén véi (C) tai tiép diem M 1a k = CESIER
a—

Do tiép tuyén ciia (C') song song véi (A): z + 3y +1 =0 nén ta c6

-3 1 a=4=0b=3
Y S o @-1)2=9s
-z 3D a=-2=b=1.
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* Tai M (4;3) phuong trinh tiép tuyén cia (C) 1a

1 1 13
=—-@—-4)+3y=— -
y=-—3zl@-4)+3ey=—gr+3

* Tai M(—2;1) phuong trinh tiép tuyén cta (C) la
1 1 1
= —= 2 ley=— —.
y 3(33 +2) + Yy 32 F 3

Két luan: C6 hai tiép tuyén la y = féx + %3 VA Yy = féx + % O
BAI 62. Viét phuong trinh tiép tuyén ciia dd thi ham sé y = 2% — 522 + 2, biét tiép tuyén song song véi dudng
thang 3z +y + 7= 0.

Loi giai.

y' = 3z? — 10z.

Goi M(xg,yo) 1a tiép diém.

Vi tiép tuyén song song véi dudng thang 3z +y + 7 = 0 hay y = —3x — 7 nén hé s6 goc ciia tiép tuyén tai M
bang —3.

.’IJO:3
Ta ¢6: ¢/ (z0) = —3 & 323 — 1029 = -3 & 1-
Tro = =

3

V6i 19 = 3 thi yo = 16. Phuong trinh tiép tuyén tai diém M (3; —16) 1a: y = —3(x —3) — 16 hay y = —32x — 7
(loai).

1 4 ) . . 1 4 1\ 4
V6ixg = 3 thiyy = 2—(7).Phu’dng trinh tiép tuyén tai diem M <§, 2—2) la:y = -3 (x - g) +£ hay y = 73m+gf;.
67
Vay y = —3 —. O
ay y T+ o7

N . 20— 1
BAI 63. Cho ham s6 y = — -
—X

duong thing 3z —y — 14 = 0.
Loi giai.

(C). Viét phuong trinh tiép tuyén ctia (C) biét tiép tuyén song song véi

r_
YT Car2e

Goi M(zo,yo) la tiép diém.

Vi tiép tuyén song song véi duong thing 3z —y — 14 = 0 hay y = 3z — 14 nén heé s6 goc ciia tiép tuyén tai M
bing 3.

= 3s(-z+2:=1le Tot2=1  |T0=1

(—$0+2)2 —$0+2:—1 .’170:3

V6i o9 = 1 thi yo = 1. Phuong trinh tiép tuyén tai diém M(1;1) la: y = 3(x — 1) + 1 hay y = 3z — 2.

V6i zg = 3 thi yo = —5. Phuong trinh tiép tuyén tai diém M (3; —5) la: y = 3(x — 3) — 5 hay y = 3z — 14 (loai).
Vay y = 3z — 2. O
BAI 64. Cho ham s6 y = —% 4 322 — 3z + 2 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén d ciia dd thi (C) biét
d vuong géc véi duong thing A :x — 3y —3 = 0.

Loi giai.

Yy = —3x2 + 6x — 3.

Ta ¢6: ¥/ (x0) =3 <

. . 1 . . PR
Vi tiép tuyén d vudng goc v6i A :x — 3y —3 =0 hay y = gx — 1 nén hé s6 goc cua tiep tuyen bang —3.

Goi M (xo;yo) 1a tiép diém.

o = 2

Ta c6: Y/ () = —3 & —323 + 619 — 3= -3 & 0
0=

V6i xg = 0 thi yo = 2. Phuong trinh tiép tuyén ctia do thi (C) tai A(0;2) la: y = —3z + 2.

V6i 29 = 2 thi yo = 0. Phuong trinh tiép tuyén ctia do thi (C) tai A(2;0) la: y = —3(x — 2) hay y = —3z + 6.

Vay c6 hai tiép tuyén théa man yéu cau dé bai la y = -3z + 2,y = -3z + 6. O

BAI 65. Cho ham s6 y = 2% + 222 — 1 ¢6 d6 thi (C). Viét phuong trinh tiép tuyén cia do thi (C) biét tiép
tuyén song song véi dudng thang d: z +vy — 3 = 0.

Loi giai.

y' = 32% + 4z.

Vi tiép tuyén song song v6i d: x +1y — 3 =0 hay y = —x + 3 nén hé s6 goc clia tiép tuyén bing —1.

Goi M (xo;yo) 1a tiép diém.
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o = -1
Ta c6: ¥ (z0) = -1 323 +420+1=0% 1.
Tro = —=
3
V6i xp = —1 thi yo = 0. Phuong trinh tiép tuyén ctia do thi (C) tai A(—1;0) la: y = —(x + 1).
1 22 . . N 1 22 1 22
V6i xg = —3 thi yg = ~ 57 Phuong trinh tiép tuyén ctia do thi (C) tai A(—g; _ﬁ) la: y = — <x + §> ~ 5
h 31
ayy=—o— —.
yy o7 "

Vay ¢6 hai tiép tuyén théa man yéu cAu dé bailay = -z —1vhy = —x — 77 O
N p 1-3 N P P . 2Lz P
BAI 66. Cho ham s6 y = f(z) = +23: c6 do thi (C). Viét phuong trinh tiép tuyén ctia (C) biét tiép tuyén

x
vuong goc véi dudng thing d: oz — 7y — 1 =0.
Lo giai.
Ta c6: y' = A
T T e

P 2 1 1 ) P P
Vi tiep tuyén vuong goc véid:x — 7y —1 =0 hay y = ?x — % nén hé s6 gée cua tiep tuyen bang —7.
Goi M (zo;y0) 1a tiép diém.
7 ( + 2)2 1 To — 71
(zo +2)? ’ zo = —3
Véi zg = —1 thi yp = 4. Phuong trinh tiép tuyén ciia do thi (C) tai A(—1;4) la: y = —7(x + 1) + 4 hay
y=—Tr—3.
V6i xg = —3 thi yg = —10. Phuong trinh tiép tuyén ctia do thi (C) tai B(—3;—10) la: y = —7(x + 3) — 10 hay
y = —7x — 31. Vay c6 hai tiép tuyén thoa man yéu cau dé bailay = —7z — 3 vh y = — Tz — 31. O

Ta c6: ¢ (xg) = -7 —

N , p . -2 L P
BAI 67. Lap phuong trinh tiép tuyén ctia do thi C : y = f(x) = Ll’ biét tiép tuyén song song véi duong
T —
théng d:y =2 + 2.
Lai giai.

Ta co:f'(x) = !

(x—1)*
Vi tiép tuyén song song véi d : y = x + 2 nén hé sb goc clia tiép tuyén bing 1.
Goi M (xg;yo) 1a tiép diém.

56022

Ta ¢6: ¢/ (x0) =1 < 221@(%—1)2:1@

1
(x—1) r9=0"
V6i 29 = 2 thi yo = 0. Phuong trinh tiép tuyén ctia do thi (C) tai A(2;0) la: y =z — 2.
V6i xg = 0 thi yop = 2. Phuong trinh tiép tuyén cta do thi (C) tai B(0;2) 1a: y = 2 + 2 (loai).
Vayy =2 — 2. O

BAI 68. Viét phuong trinh tiép tuyén cia d6 thi ham s6 (C): y = 2° + 22 — 4z — 2 tai giao diém ciia dd thi véi
duong thang = = 1.

Loi giai.

Ta c6 ' = 322 + 2z — 4.

Goi M la giao diém ctia do thi (C) v6i duong thing z = 1. Suy ra toa do M(1; —4).

Hé s6 géc clia tiép tuyén véi (C) tai tiép diem M 1a k =o/(1) = 1.

Vay phuong trinh tiép tuyén ctia (C) tai diém M la

y=z—1-4&y=x-5>.

Két luan: Phuong trinh tiép tuyén can tim la y = = — 5. (]
N P —1 N P . N
BAI 69. Cho ham s6 y = z 7 ¢6 do thi (C). Tiép tuyén cta do thi (C) tao véi truc Oz, Oy tam gidc vudng
T
can tai O. Viét phuong trinh tiép tuyén do.
Lai giai.
2
Tacoy = ——.
a Oy EEmE
G 'M( afl)e(c) Gia—1
oi a; —— véi a # —1.
. ) a+ 1

a—1

ﬁ) € (C) phéi song song v6i dudng phan gidc
a

Vi AOAB vuong can tai O nén tiép tuyén tai diém M (a;
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y = x hodc y = —x. Suy ra hé s6 géc ciia tiép tuyén ctia (C) tai M bang 1 hogc —1. Khi d6

2

[
1)2 a:—l—i—\/i
(aJ; ) s+1)i=2< .y
— a=—-1—-+v2.

e

* V6i a = —1 + /2 phuong trinh tiép tuyén 1a y = = + 2 — 2v/2.
* V6i a = —1 — /2 phuong trinh tiép tuyén la y = = + 2 + 2/2.

Két luan: C6 hai tiép tuyén la y =2 +2 —2v2 vy = 2 + 2 + 2¢/2. O
BAI 70. Tinh dao ham ctia ham 86 y = (22 — 2) sinx + 2z cos z.
Lai giai.

Ta c6 y = (2 — 2)sinx + 2z cosz
Suy ra ¢y = (2% — 2)".sinz + (2% — 2)(sinz)’ + (22)’ cos x + 2x(cos x)’

=2zsinz + (22 — 2)cosx + 2cosx — 2rsinx = 22 cos x. O
BAI 71. Tinh dao ham ciia ham s6 y = x sin 2z.
Lai giai.
V6i moi gia tri thyc cia z, ¥’ = sin 2z + 2x cos 2. (I

BAI 72. Tinh dao ham ham sb y = %sm2 2 — icos 4z

Loi giai.

V6i moi x thudce R,

y = % -2-sin 2z (sin 2z)’ — i 4 (—sindx) = %~2'sin2x~2~cos2x7 % 4 (—sindx) = sindz +sindx = 2sin 4.
O

BAI 73. Tinh dao ham ctia ham s6 y = (3 — 2tan® z)5.

Lo gidi.
Ta c6 y' = 3(3 — 2tan® r)2(3 — 2tan?z)’ = —12tanz(3 — 2tan’® x)(1 + tan® z). O
BAI 74. Tinh dao ham clia ham s6 y = tan? (233 - %)
L3i gidi.
Ta c6 y = tan? (235 — %)
/
Suy ra y' = 3tan? (233 — f) [tan (2x - z)} = 6tan? (233 — f) [1 + tan? <2x — f)} ([
4 4 4 4
BAI 75. Tinhh dao ham y/ cita ham s y = -
x
L3i gidi.
Tap xac dinh: 2 =R\ {0}.
., cosz-x?—2rCcosr  wCOST — 2COST
Tacoy = 1 = 3 .
x x
(]
N . p z+1
BAI 76. Tinh dao ham ctia ham s6 sau: y = tan (?)
x
L3i gidi.
x # -3
Didukien: { 2 +1 .
— 7
713 # 5 +kn(k € Z)
<a: + 1)/ 2
2 2
Ta c6 3 = x+3 _ (x+3) _ 0

1 1 1\’
cos? <x+ ) cos? (er ) (z + 3)2 cos? (er )
r+3 r+3 r+3
BAI 77. Tinh dao ham cia ham sb sau: y = sin v/1 + 22.
Lai giai.
Tap xac dinh: 2 = R.

Tacoy = (V1+a?) cosvV1+a?= V1+ a2 O

sin x

x
itz

BAI 78. Tinh dao ham ciia ham s6 saw: y = ——————.
sinz — cos

Lai giai.
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Ta c6 4 = cos z(sinx — cos x) — sin z(cos x + sin ) _ -1 _ O
(sinx — cos x)? (sinx — cos x)?
BAI 79. Tinh dao ham ctia ham s6 y = tan QL
2 +1
Lai giai.
, 1 ( T )’ 1 2?4+ 1 — 222 1 1—a? O
y = : 2 = T 2 2 = T (2 2"
1 1 1
cos? o =+ cos? o (z? +1) cos? e (22 +1)
BAI 80. Cho ham s6 y = f(z) = cos® /322 — 2rx. Tinh f’(r).
Lo giai.
(@) = —3cos® /322 — 27z - sin /322 — 27z - (/322 — 2mx)
6z — 2
= —3cos? /322 — 27z -sin /322 — 27 - ——— .
2v/ 322 — 27z
4
Vay f’(7r)=—3c0827r~sin7r~2£:0. O
T
BAI 81. Cho ham s6 y = sin 2z — cot (x - g) Tinhy’(—g).
Lo giai.
1
Ta c6 y' =2c0827 + ———0~.
sin? (33 - f)
2 ? 1 1
L d6 v (=) = _r - _Z
Khi do, y/( 3)—2cos< 3)—|—.2< 27r>_3' O
sin® | ——
BAI 82. Tinh dao ham ciia ham s6 y = sin /22 + 1.
Lo giai.
2z T
"=cosvVat+l - ———= =cosvVa?+ 1 ——. O
Y 2vVx? +1 Va? 41
BAI 83. Tinh dao ham ctia ham s6 y = cos® /1 — 3z.
Lo giai.
Ta cé
y = (cos®V1—3z)
= 2cosvV1—3x- (cosx/l - 3x>/
= —2cosv1—3x-sinv1—3z- (\/1 731)/
. 1 /
= —2cosyI—3z-sinyI—37 ——u(1—3
cos v 2 - siny/ T QM( x)
_ 3sin2y1-3x
2v/1-3z
]
BAI 84. Tinh dao ham ciia caAc ham sb sau
@ y = (422 — 3) cos z. 2 y = (4 —sin® 32)°.
L3 gidi.
@) ' = (42 — 3)' cosx + (422 — 3) (cosz)" = 8z cosz — (42% — 3) sinx.
@) 3 =5(4 —sin?3z)* - (4 —sin® 3z) = —5(4 — sin® 3z)* - 2 - sin 3z - 3cos 3z = —15(4 — sin? 3x)* - sin 6z.
([l
< . 2 in 2
BAI 85. Tinh dao ham ctia ham s6 y = M
1 —cos2x
Lo giai.
Ta cé
, (2x + sin 2z)' (1 — cos 2x) — (2z + sin 2z)(1 — cos 2z)’
y = 2
(1 — cos2x)
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(24 2cos2x)(1 — cos 2z) — 2sin 2z(2x + sin 2x)
(1 — cos2x)?

—4x sin 2x
(1 —cos2x)?’

BAI 86. Tinh dao ham ctia cac ham sb sau

@) y = (5sinz — 3) (3cosz — 1).

@ cosdx —sin® z

cosw —sinx
Loi giai.
@ v =5cosz(3cosz — 1) — 3sinz(5sinz — 3) = 15cos 2z — 5cosz + 9sin .
3g—sin®x

Cos 9 . . 9 1 . ,
Q@ y=———"=cos’z +coswsinw +sinr =1+ ~sin2z = y’ = cos2x.
cosx —sinx 2

BAI 87. Tinh dao ham ctia ham s6 y = tan z(cos  + cot? ).
Loi giai.

k
Véi moi x # % (k€Z), tacoy=sinz + cot z.

1

Do d6, y' = cosz — —;

sin®z’

BAI 88. Tinh dao ham ciia ham s6 y = v T

sSinx + cosx

Lo giai.

Véi moix#fz+k7r (heZ) y (sin:zr+cos.:17)2+(sinx7cosx)2 _ 2 ' 0
4 (sinx + cos x)? (sinx + cos x)?

sin’

BAI 89. Tinh dao ham ciia ham s6 y = ————.
1+ cos?zx
Loi giai.
Véimoiz € R, of — 2SI cos z(1+cos?x) +2cosxsinz -sin®z  2sina cos (1 + sin z + cos? z) 2 sin 2z
i moi z Y = = = .
’ (14 cos? z)? (1 + cos? z)* (1 + cos? z)*
O

BAI 90. Tinh dao ham ciia ham sb y =

COosS ™

\/1+sin2x.

Lai giai.

. ) sinx cos
—sinx - v/ 1+ sin T —COST ——e
;o 14 sin“x
Yy = )
1+sin“x
2

—sinz(1 + sin®z) — cos® rsinx
(1 +sin?2)v/1 +sin’z
—sinz(1 + sin®z) — (1 —sin® z) sinx

(1 +sin?2)v/1 +sin’ 2

—2sinzx

(1 + sin® £)y/1 + sin® .

BAI 91. Tinh dao ham ctia ham s6 sau: y = zsin®(2z + 1).
Lai giai.
Ta c6 ' = sin®(2z + 1) + 62 sin? (22 4 1) cos(2z + 1) = sin?(2z + 1) (sin(2z + 1) + 6z cos(2z + 1)). O
BAI 92. Tinh dao ham ciia cic ham sb sau: y = cos(z + 1).
Ldi giai.
P 3\ 3 2 g 3
Tac6y =— ((z+1)*) sin(z +1)* = =3(x + 1)? sin(x + 1)>. O
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. . tan 2
BAI 93. Tinh dao ham ctia cac ham s0 sau: y = Lf.
1 —tan~®2x
Loi giai.
Ta cé

,  (tan2z)'(1 — tan? 2z) — tan 2z(1 — tan® 2z)’
Y (1 — tan? 2x)2
2
cos? 2x

(1 — tan? 2z) — tan 2x(—2tan 2z
(1 — tan? 2x)2
2(1 + tan? 27)(1 — tan? 27) + 4 tan® 22(1 + tan? 2z)
(1 — tan? 2x)2
2 — 2tan® 27 + 4tan® 2z + 4tan? 2z
(1 — tan?2z)?2
2(1 + tan? 27)?2
(1 —tan?2x)2 "

)

cos? 2z

([l
BAI 94. Cho ham sb y = w. Tinh 3’ va chitng minh ¢/ — tan® (ac - ﬁ) =1
cosT + sinx 4
Lai giai.
,  (cosz+sinz)(cosz +sinz) — (sinz — cosz)(—sinz + cos x)
vo= (cosx + sinx)?
_ cos? x + 2sinz cos z + sin® x 4 sin® x — 2sinz cosz + cos®
B (cosz + sinx)?
- 2
~ (cosz + sinx)?
- 2
= 2
Ry
4
- 1
B 2 (o — Z)
cos (m 1
™
- e -),
+ tan” (x 1
T dé suy ra, ' — tan? (m - %) =1 (dpem). O
BAI 95. Cho ham s6 y = sin 2z 4 cos 2z + 12. Tinh 3’ va giai phuong trinh 3/ = 2.
Lai giai.
Ta c6 3y = 2cos2x — 2sin2x = —2\/§sin (233 — %)
- 1 2x—£=—£+k2ﬂ x=km -
Laicoy' =2 &sin(2c — - )| =—— < = T sr=k-(keZ). O
y ™ T
4 V2 20— — =7 — — + k27 r=o +km 2
4 4 2
N P sin® x N
BAI 96. Cho ham s6 y = ————. Chitng minh rang 3’ = cosz — cos 2.
1+coszx

Loi giai.
Véi moi x khac m + k27 (k € Z),
3sin® x cosz(1 + cosx) + sinx - sin® x
(14 cosx)?
sin? z[3 cos z(1 + cos x) + sin’ ]
(14 cosx)?
(1 — cos?z)[3cosz(1 + cosx) + 1 — cos? z]
(14 cosxz)?
(1+cosz)(1 —cosz)(2cos?x + 3cosx + 1)
(1+ cosx)?
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(1 —cosz)(1+cosz)?(2cosz + 1)
(14 cosx)?
= (1 —cosz)(2cosz+ 1) = cosz — (2cos’x — 1)

= CcosSx — cos 2.

. B 10

BAJI 97. Cho ham s6 y = f(x) = (;v +vV1+ x2) . Chitng minh: 100y = 3" (1 + 22) + y'.
Lo giai.

9

y = 10<x—|— 1+x2> (:r—i— 1—|—x2)l
9 z+ V1422
= 10(z+vV1+22) —0—m——
(e Vi+a) =
10
10 (z + VI+2?)

V1+ 22
10
= 1+x2:10(x—|— 1—1—302)

Dao ham hai vé, ta dudc

9 x++vV1+ 22
"1+ 22+ ’Lzmo rz+vV1+22) Y
Y y\/1+x2 ( > V1+a?

& y'(1+2%) +y'z =100y (dpcm).

BAI 98. Cho ham sb y = L_T_i Chiing minh: 2(y")? = (y — 1) - y".
x
Loi giai.
;L 7
N
Ut 14

(z+4)%  (z+4)3
98
e ()2 —
Ta co6: 2(y') eEYL
1) ,/_<m—3_) ~14 -7 -14 98
Y A = (z+47 244 (@+43  (@ror

T d6 suy ra diéu phai chitng minh. O

"

BAI 99. Cho ham s6 y = sin® z. Ching minh réng 2y + ¢/ tanz + 3" — 2 = 0.
Loi giai.

Ta c6 3y = 2sinz (sinz) = 2sinz cos z = sin 2z

va 3y’ = (sin2zx)’ = 2cos 2z = 2cos® z — 2sin z. Do d6

2y +y tanx 4+ 3" —2 = 2sin®z + 2sinz cos - BT 9 cos?ar — 2sina — 2 = 2sin?x + 2cos? x — 2 = 0.
cos

O

BAI 100. Cho ham s y = xsinz. Chitng minh riing zy — 2(y’ — sinz) + zy” = 0.

Loi giai.

Ta céy =sinx +xcosx =y’ =cosx + cosx —xsinz = 2cosx — xsinw.

Khi d6 xy — 2(y' — sinz) + 2y” = 2?sinx — 2(sinx + z cosx — sinz) + 2x cosz — x?sinz = 0. O
BAI 101. Cho ham s6 y = v/22 + 2z. Chting minh ring y -y’ +3° - v = z.

Lo giai.

Tap xéc dinh: 2 = (—o0; —2] U [0; +00).

z+1

(z+1)(z+1)
V2 1 op T )
Coxs v V12 + 2z -1
Khi d6 y” = =

x? 4 2% WV + 2u(a? + 22)

x+1 3 1
Vay y-o + 4%y = VIl + 2z - + (Vx2 +22) - =z+1-1=uzx. 0
yy-y Ty -y 22 + 2z ( ) x? 4 2x(2? + 2x)
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BAI 102. Cho ham s6 y = sin® z + (m + 1) sinz + ™ 22 42019 v6i m 1a tham s6 thuoc R. Chitng minh phuong
T

trinh ¢’ = 0 luén ¢6 nghiém véi moi m.
Loi giai.
Tap xac dinh: 2 = R.

Ta c6 y' =2sinzcosz + (m + 1) cosx +

T -
la ham so lién tuc trén R.

Trudng hop 1: m =0 ta cb

x:ngkw
cosz =0 .
y' =0 2sinzcosz + cosz =0 < 1 & |z=—Z+k2rm (keZ).
sinr:fi 76
m:%Jerw

Trudng hgp 2: m # 0 ta ¢6 y’(fg) = —m,; y’(ﬁ) =m.

Khi d6 y’(—g) . y’(g) = -—m? <0 Vm # 0 nén phuong trinh 3 = 0 Iuén c6 nghiém trén (
m # 0.
Két luan: Vay phuong trinh ¢/ = 0 ludng c6 nghiém véi moi m.

7r 77) 6 moi
——; =) v6i moi
272 ’

O

= Nguyén Qudc Duong - @ 0375113359

-



7 Chuong 5. PAO HAM

= Nguyén Qudc Duong - @ 0375113359 Trang



PHAN

HINH HOC






_CHUONG!

A VECTO TRONG KHONG GIAN.
QUAN HE VUONG GOC

il 1.  DUONG THANG VUONG GAOC VAI MAT
PHANG

@ TOM TAT LY THUYET

Dinh nghia 1. Mot dudng thing dude goi la vuong géc véi mot mat phing néu né vuong géc véi moi
dudng thing nim trén mit phing dé.
Dinh Ii 1 (St dung dé chiing minh dudng thdng vudng géc véi mat phang).
Néu duong thang d vuong géc vdi hai duong thang cdt nhau
a va b cing ndm trong mat phang (P) thi duong thdng d d
vudng goéc vdi mdt phang (P).

dla

dlb

=d Ll (P). !
aC (P),bc (P)
anb=1I (P)

Hé qua 1. Duong thing da vuong géc véi mit phang roi, sé vuong géc véi moi dudng thing nim trong
mit phing.

binh li 2 (Dinh Iy ba dudng vudng gobc).

Cho dudng thing a khong vuong géc vdi mdt phang (P) va dudng thing
b ndm trong (P). Khi do, diéu kién can va di dé b vuong géc vdi a la
b vudng géc vdi hinh chiéu a’ cia a trén (P).

(® DANG TOAN VA BAI TAP

(3 DANG 1.1. Chirtng minh dudng thdng vudng géc véi mét phdng, duéng théng vuéng géc
véi duong thang

BAI 1. Cho hinh chép S.ABCD c6 ddy ABCD la hinh vuong, tam O va SA L (ABCD), Goi H, K lan lugt
12 hinh chiéu ctia A trén SB va SD.

259
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1)

Ching minh BC 1. SBva CD L SD.

Loi giai.

Ta ¢c6 ABCD la hinh vuong néen BC' L AB  (1).
ViSA L1 (ABCD)= BC LSA (2).

Ma SA C (SAB), AB C (SAB) nen tu (1) va (2),
ta c6 BC L (SAB) = BC 1 SB.

Ta c6 ABCD la hinh vuong nén CD L AD  (3).
Vi SA L (ABCD)=CD LSA (4).

Ma SA C (SAD), AD C (SAD) nén tit (3) va (4),
ta c6 CD L (SAD)= CD L SD. O
Chitng minh BD 1 (SAC).

Loi giai.

Ta c¢6 ABCD la hinh vuong néen BD 1 AC  (5).
ViSA L1 (ABCD)= BD 1 SA (6).

Ma SA C (SAC), AC C (SAC) nén tit (5) va (6),
ta ¢c6 BD 1 (SAC). O

Chitng minh HK 1 (SAC).

Lai giai.

Ta ¢6 hai tam giac vuong SAB va SAD ¢6 SA chung, AB = AD nén ASAB = ASAD.

Ma AH, AK lan lugt 1a dudng cao ciia tam giac SAB, SAD nén AK = AH = SK = SH.

_SK SH

Xét ASBD ¢6 2= = 2~ = HEK || BD. Mat khac BD 1 (SAC) = HEK 1 (SAC).

SD _ SB

Ching minh AH 1 (SBC).

Lai giai.

Ta c6 H 1a hinh chiéu ctia A 1én SB nén AH | SB

Do BC 1 (SAB) ma AH C (SAB) néen AH 1 BC

Ma SB C (SBC), BC C (SBC) nén tit (7) va (8), ta c6 AH L (SBC).

Chiing minh AK L (SCD).

Lai giai.

Ta c¢6 K 1a hinh chiéu ctia A 1én SD nén AK 1 SD

Do CD 1 (SAD) ma AK C (SAD) nén AK 1L CD

Ma SD C (SCD), CD C (SCD) nen tit (9) va (10), ta c6 AK L (SCD).

Goi I 13 hinh chiéu ctia A len SC. Chiing minh AH, AI, AK dong phing.

Lai giai.

Vi I la hinh chiéu ctia A len SC nén AT L SC (11).

Do AH L (SBC) = AH 1L SC  (12).
Mt khac AK 1 (SCD) = AK L SC  (13).
T (11), (12), (13) suy ra AI, AH, AK dong quy.

O

BAI 2. Cho hinh chép S.ABC ¢6 tam giac ABC vuong tai B va SA L (ABC). Goi AH, AK lan luct la céc
duong cao trong cac tam giac SAB va SAC.

= Nguyén Qudc Duong - @ 0375113359
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1)

Ching minh tam gidc SBC vudng.

Lai giai.

Ta c6 AABC vuong tai B nén AB L BC  (1).
Vi SA 1L (ABC) nén BC L SA (2).

Ma SA C (SAB), AB C (SAB) nén tu (1) va
(2), suy ra BC 1 (SAB) = BC 1L SB = ASBC
vuong tai B. O

Ching minh tam gidc AHK vuong.

Loi giai.

Ta c¢6 AH la duong cao cia ASAB nén AH 1 SB
Theo ching minh trén, ta ¢6 BC L (SAB) ma
AH C (SAB) nén AH L BC (4).

Mat khac SB C (SBC), BC C (SBC) nén tit (3)
va (4), suy ra AH | (SBC) = AH | HK.

Do d6 AAHK vudng tai H. O

Ching minh SC L (AHK).

L3i gii.

Vi AK la dudng cao cta tam giac SAC nén AK 1 SC  (5).

Theo chitng minh trén, ta ¢c6 AH L (SBC) néen AH 1. SC  (6).

Mat khac AH C (AHK), AK C (AHK) nén tu (5) va (6), suy ra SC L (AHK).

Ching minh tam gidc SHK vuong.

Lai giai.

Theo chitng minh trén thi SC L (AHK) = SC L HK = SK | HK = ASHK vuodng tai K.

Goi I la giao diém ctia HK va BC. Chiing minh 1A 1 (SAC).
Loi giai.

Do I 1a giao diém ctia HK va BC nén AI C (ABC).

Mit khac do SA L (ABC) nen AI L SA (7).

Do I 1a giao diém ctia HK va BC nén Al C (AHK).

Theo ching minh trén thi SC L (AHK) nén AI L SC  (8).

Ma SA C (SAC), SC C (SAC) nén tit (7) va (8), suy ra AI L (SAC).

O

BAI 3. Cho tit dien ABCD ¢6 ABC va DBC la nhiing tam giac can tai A va D. Goi I 13 trung diém ctia BC
va AH la dudng cao ctia tam gidc ADI.

(@ Chitng minh BC 1 AD.

Loi giai.
Ta c6 AABC can tai A nén AI L BC.

Tuong tu DI 1 BC.
Suy ra BC' L (ADI), mad AD C (ADI) nén BC L AD.
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(2) Chiing minh AH | (BCD).
Loi giai.

C

Ta c6 AH 1L DI va BC L AH (do BC L (ADI)) nén AH L (BCD). O

BAI 4. Cho hinh chép S.ABC ¢6 SA L (ABC), tam giac ABC vuong can tai B. Goi G la trong tam ciia tam
giac SAC va N la diém thuoc canh SB sao cho SN = 2NB.

(1) Chiing minh BC' 1 (SAB).
Loi giai.

BC 1 AB
= BC L (SAB). O

(2) Chiing minh NG L (SAC).
Lai giai.
Goi H la trung diém ciia AC.
BH 1 AC
Ta co = BH 1 (SAC) (1).

y . SG SN 2
Mat khacﬁ—SB—gnenNG | BH (2).

BAI 5. Cho tit dien SABC c6 day ABC la tam gidc vuong tai A, biét SB L (ABC) va SB = AB. Goi H, I,
K 1an luot 1a trung diém ctia SA, BC va AB.
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(0 Chiing minh AC 1 (SAB).
Loi giai.
. {AC 1 AB
Ta co

AC 1 (SAB).
AC L g4 T ACL(S4B)

(2) Chitng minh BH L (SAC).
Loi giai.
Ta c6 BH L AC (do AC L (SAB)) (1).

Mat khac BH L SA (do tam gidc SAB can tai B)
T (1) va (2) suy ra BH L (SAC).

(3) Chitng minh K1 1 SA.

Lai giai.
KI | AC
o = KT 1 (SAB) = KT 1 SA.
AC 1 (SAB)

(@) Chiting minh AB 1 IH.
Lai giai.
Ta co {HK |55 = HK 1 AB (3).
SB 1 AB

KI || AC

KI L AB (4).
AC L AB )

Mat khéc {

Tit (3) va (4) ta suy ra AB L (HKI) = AB 1 IH.

(2).

BAI 6. Cho tit dien OABC ¢6 ba canh OA, OB, OC doi mot vuong géc véi nhau. Ké OH vuodng goc véi mit

phing (ABC) tai H.
(1) Chitng minh OA 1 BC, OB 1 CA.
Loi giai.
= OA 1 (OBC) = OA L

BC.
. {OB 104
a

= OB L (OAC) = OB 1 AC.
OB 1 OC

O

(2) Chiing minh H 1a truc tam AABC.

Loi giai.
BC 1 OA
Ta ¢6 = BC 1 (OAH) = BC 1L
BC 1 OH
AH (1).
AC 1 OB
Mat khéc = AC L (OBH) = AC L
AC 1L OH
BH (2).
T (1) va (2) suy ra H 1a tryc tam cta tam giac
ABC. O
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LS S S
OH? ~ 042 " 0B® " OC%

(3 Chitng minh (@ Chiing minh rang S2 450 = SZoun + S%o5c +

52 .
Loi giai. AOAC
Loi giai.

Ta c6 1 1

S2 ope = 1-012-302 - Z-IH-IA-BCQ

1 1
:§-IA-BO-§'IH'BCZSAABC'SAHBC~

Tuong tu

S% oun = Saapc - Sanas

52 0ac = Saapc - Sanac

Khi do6

S2oan T 5%05c +SA0ac = Saapc - Sanas +
SaaBc - SarBcSaaBc - SAHBC

= Saapc - (SamaB + Saupc + Sansc)

= SaaBc - Saapc = SAapc- O

1
GQiI:AHﬁBO.TacéOIJ_BCnén@:
1 +L_ 1 N 1 N 1 -
0OA2 ' OI? 0A2  O0OB2 0C?

(5) Chitng minh cac géc AABC déu nhon.
Loi giai.
Xét tam giac ABC' ta c6
COSE‘I\C _ AB? + AC? — BC?

2-AB - AC
_ OA?+0OB?+0A?+0C? — (0B* + 0C?)

2-AB- AC
_ 9% (. Nen BAC I géc nh
_ABAC . INen a goc nhon.

- 2 2 _ 2
cos ABC — AB* + BC* — AC

2-AB-BC
_ 0OA?+0B?+0B?+0C? — (0A? + 0C?)
- 2-AB - BC
OB? =y
=———>0. Nén ABC la g6c nhon.

AB-BC | o ope - ape
— _|_ —
cos ACB = 5 AC . CB

_ 0A?2+0C?+0B?+0C? — (OA®? + OB?)
N 2-AC-CB
> 0. Nén A/C’\B la géc nhon.

. 0c?
" AC-CB

BAI 7. Cho hinh chép S.ABC c¢6 SA vuong géc véi mit phing (ABC). Goi H, K lan lugt 1 tryc tam ciia tam
giac ABC va SBC.

(1) Chitng minh AH, SK, BC dong quy. (2) Chitng minh SC 1 (BHK).
Loi giai. Loi giai.
BC 1L S1 BH 1 AC
Goi I = SKNBC. Ta c6 = BC 1L Ta c6 = BH 1 (SAC) = BH 1L
BC 1L SA BH 1 SA
(SAI) = BC L AI. Ma H la tryc tam clia tam sC (1).
giac ABC nén A, H, I thing hang. O Mit khac BK 1 SC (do K la tryc tam cua tam
giac SBC)  (2).
T (1) va (2) suy ra SC L (BHK). O
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(3 Chitng minh HK 1 (SBC).
Loi giai.

HK 1 SC(do SC L (BHK))
Ta c6 = HK 1
HK 1 BC(do BC L (SAI))

(SBC).

BAI 8. Cho ttt dien ABCD ¢6 AB L CD va AC L BD. Goi H la hinh chiéu vuong goéc ciia A xudng mit
phing (BCD).

(D Chiing minh H i tryc tam ctia tam giac BCD.  (2) Ching minh AD 1 BC.

Loi giai. Loi giai.
AB 1 CD DH 1 BC
Ta c6 = CD 1 (ABH) = CD L Ta c6 = BC 1 (ADH) = BC 1
AH L CD AH 1L BC
BH (1) AD.
AC 1L BD
Mt khac —~ BD 1 (ACH)= BD 1 A
AH | BD
BH (2).
T (1) va (2) ta suy ra H 1a tryc tam clia tam
giac BC'D. ]

BAI 9. Cho hinh chép S.ABCD c6 déy 1a hinh vuong canh a. Tam gidc SAB déu va SC = av/2. Goi H, K lan
lugt 1 trung diém ctia AB va AD.

@ Ching minh SH L (ABCD).

Lai giai.
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Do ASAB déu canh a, H 1a trung diém ctia AB nén SH L
AB; SH = “73

ABHC vuong tai B ¢6 HC = VBH? + BC? = a5,

2
Xét ASHC c6
2 2
SH? + HC? = 3%+5% = 242
SC? = 24>
= SH? + HC? = SC? = ASHC vuong tai H

= SH 1 HC.
SH 1 AB

R SH 1 (ABCD
°\YaBnHC={H) ( )

AB,HC C (ABCD)

(2 Chitng minh AC 1 SK.
Loi giai.
Do SH 1L (ABCD)= SH 1L AC. (1)

o {HK L BD (HK la dudng trung binh trong AABD)
6

AC 1 BD (ABCD la hinh vuong)
= AC L HK. (2)
Tit (1), (2) = AC L (SHK) = AC L SK.

(3) Chitng minh CK L SD.
Li gii.
Xét AAHD va ADKC' c6
AH = DK
HAD = KDC = AHAD = AKDC (c.g.c)
AD=CD

— ADH = DKC.
Ma AD | CD = DH 1 CK.

CK 1HD
) = CK 1 (SHD)=CK L SD.
CK 1 SH

BAI 10. Cho hinh chép S.ABC ¢6 SA = SB = SC = a, ASB = 120°, BSC = 90°, CSA = 60°.

(1) Chting minh tam giac ABC vuong.

Lai giai.
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Ap dung dinh i co-sin trong tam gidc SAB ¢6

AB? = SA2+SB%2—92.SA-SBcosASB
= a2—|—a2—2a2-(—%>=3a2.

ASBC vuong can tai S = BC = aV/?2.

ASCA déu canh a = AC = a.
AC? + BC? = 34>

Xét ANABC ¢6 ) 9 A
AB* = 3a

= AB? = CA? + CB? = AABC vuong tai C.

4

(2) X4c dinh hinh chiéu H ctia S trén mit phang (ABC). Tinh do dai SH theo a.
Loi giai.
Goi H la hinh chiéu vuong goc cia S len (ABC). 2
Do SA=SB=SC=HA=HB=HC
= H la tam dudng tron ngoai tiép AABC.
Ma AABC vuong tai C nén H la trung diém canh huyén AB.
Xét AHSA c6

SH = \/SAZ — AH? = \/atﬁ _ 4
12

&y

BAI 11. Cho hinh chép S.ABC ¢6 SA = SB = SC = a, ASB = ASC = 60°, BSC = 90°.
(1) Chitng minh tam giac ABC vuong.

Loi giai.
Theo gia thiét cac tam gidc SAB va SAC déu canh a g
= AB = AC =a. A
ASBC vudng can tai S
= BC = aV/2.
Xét AABC ¢6
AB? + AC? = 2a® = BC?.
Vay AABC vudng can tai A. A

(2) Goi G 1a tam dudng tron ngoai tiép tam gidc ABC. Chiing minh SG L (ABC).
Lai giai.
Vi AABC vudng can tai A, G la tamggéng ti%l ngoai tiép nén g
G 1a trung diém canh BC va AG = - = QT. )
SG 1 BC (1)

Xét ASAG c6 SG? + AG? = a® = SA? A
= ASAG vudng tai G = SG L AG. (2)
Tt (1) va (2) = SG L (ABC). Z

ASBC vuong can tai S nén {
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O

BAI 12. Cho hinh chép S.ABCD c6 day la hinh vuong tam O. Goi M, N la trung diém cta BC, CD va
SA =SB =S5C=SD. Goi H 1a hinh chiéu ctia O lén canh SN.

(@ Chiing minh SO L (ABCD).
Lai giai.

Do SA = SC = ASAC can tai S = SO L AC. (1)
Do SB=SD = ASBC can tai S = SO 1L BD. (2)
Lai ¢6 AC, BD C (ABCD), AC N BD = {O}. (3)
Tu (1), (2), (3) suy ra SO L (ABCD,).

(2) Chitng minh MN 1 SA.
Loi giai.
ABCD la hinh vuong = BD L AC. (1)
SO 1L (ABCD)= BD 1 SO. (2)
Lai c6 AC, SO C (SAC), SON AC ={0}. (3)
T (1), (2), (3) suy ra BD L (SAC).
Ma MN || BD (M N la dusng trung binh trong ABCD).
Vay MN L (SAC)= MN L SA.

(3 Chiing minh OH L (SCD).
L3i gii.
ASCD can tai S = CD L SN. (1)
SO L (SBCD) = CD L SO. (2)
SN, SO C (SON), SNNSO ={S}. (3)
Tu (1), (2) va (3) suy ra CD L (SON)
= OH LCD. (4)
H 1a hinh chiéu ctia O len SN = OH L SN. (5)
Ma CD, SN ¢ (SCD), CDN SN = {N}. (6)
T (4), (5) va (6) suy ra OH L (SCD).

BAI 13. Cho hinh chép S.ABCD c6 day la hinh thoi tam O. Biét SA = SC va SB = SD.

@) Chitng minh SO L (ABCD).

Lai giai.

= Nguyén Qudc Duong - @ 0375113359 Trang



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

Do SA=5C= ASAC can tai S = SO L AC. (1)
Do SB=SD = ASBC can tai S = SO L BD. (2)
Lai ¢6 AC, BD C (ABCD), ACNBD ={0}. (3)
T (1), (2), (3) suy ra SO L (ABCD).

(2 Goi I, K lan lugt la trung diém ctia BA va BC. Chiing minh /K 1 SD.
Loi giai.

ABCD 1a hinh thoi = AC L BD. (1)

SO 1 (ABCD)= AC L 50. (2)

Lai ¢6 BD, SO C (SBD), SONBD = {0}. (3)

Tu (1), (2), (3) suy ra AC L (SBD).

Ma IK || AC (IK la dudng trung binh trong ABAC).
Vay IK L (SBD) = IK L SD.

O

BAI 14. Cho tit dien ABCD c6 DA L (ABC). Goi AI 1a dudng cao va H la tryc tam cia AABC. Ha HK
vuodng goéc véi DI tai K.

(1 Chitng minh: HK 1 BC.
Loi giai.
Ta o {DA 1 BC (do DA L (ABC))
a co:

Al 1 BC (AI la dudng cao cia AABC)

= BC L (DAI), md HK C (DAI)
= BC 1 HK.

(2) Chitng minh K 1a tryc tam ctia ADBC.

Lai giai.
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Do BC 1 (DAI) nén DI 1 BC

= DI la dudng cao cia ADBC. (1)
_ [HK 1 BC (cmt)
Ta c6:
HK 1 DI (gt)
= HK 1 (DBC) = HK 1 DB. (2)

CH 1 AB (H la tryc tam AABC)

L6\ DA L CH (do DA L (ABC), CH ¢ (ABC))
= CH 1 (DAB) = CH 1 DB. (3)
Tit (2), (3) = DB L (CHK) = CK L DB

= CK la duong cao cia ADBC. 4)

Tit (1), (4) = K = DINCK la trifc tam ADBC.

BAI 15. Cho hinh chép S.ABCD c6 déy la hinh vuong canh bing a, SAB la tam giac déu, SCD la tam giac
vuong can dinh S. Goi I, J la trung diém ctia AB va CD.

(@) Chiing minh: ST L (SCD), SJ L (SAB).
Lai giai.

ASAB déu, c6 canh AB = a, SI vita la duong
trung tuyén vita la dudng cao
V3 V3

iSIJ_ABvaSI:;AB:Ta.

ASCD vuong can tai S, c6 canh CD = a, SJ la
dudng trung tuyén tng véi canh huyén
1

:>SJJ_CDVaSJ=%C'D=§a.

I,J la trung diém ctia AB va CD
= IJ la dudng trung binh ctia hinh vuéng ABC D
1) AD+ BC

2
3 1
Ta c6: SI? + 5J? = ZGQ + ZGQ —a2=1J2
= ASIJ vuong tai S (Dinh 1y Py-ta-go déo).

SI 1 SJ
Ta ¢o:
SI 1 CD (do ST L AB, AB || CD)

= SI 1 (SCD).

SI 1 SJ
Ta, co:
SJ 1L AB (do SJ L CD, AB || CD)

= SJ L (SAB).

a.

(2) Goi SH la dudng cao ciia ASIJ. Chitng minh SH | (ABCD) va tinh do dai SH.

Lai giai.
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_ [SILCD (do SI L (SCD))
Ta, co:
I1J 1 CD

= CD 1 (SI1J), ma SH C (S1J)
= CD L SH.
SH 1L CD
SH L 1J
= SH 1 (ABCD,).
AST .{ vuéngltai S, (1:6 duong cao SH

Ta co:

RS U ST
SH?2  SI2 ' §J2 _?\7@ a®>  3a2
3 3
2 _ 9 o .
:>S’H—16a = SH 4(1.

BAI 16. Cho lang try diing ABC.A’B’'C’ c6 day ABC 1a tam gidc déu canh a va CC’ = a. Goi I, M 1an lugt
la trung diém ctia BC va BB'.

(@ Chitng minh: AT 1 BC’ va AM 1 BC'.
Loi giai.

AABC ddu, ¢6 canh Al vita la dudng trung tuyén vita la A’ c’
duong cao = Al 1 BC.

ABC.A’B'C’ 1a lang tru ding nén AI L CC'.
Do d6 AI L (BB'C'C) = AI L BC'. g
Ta ¢6 BB'C’'C 1a hinh vuong nén ¢6 BC' 1 B'C.

Mit khac, IM 1a dudng trung binh ctia ABB’C suy ra IM ||

B'C. Do d6 IM 1 BC'. B’
BC' 1 A
Ta ¢6 ) = BC' 1 (AMI) = BC' 1 AM.
BC' | MI
M
A' =::::::\ """""""" C
I
B

(2) Goi J la trung diém ctia B'C’ va diém N thuoc canh A’B’ sao cho A’B’ = 4N B’. Chitng minh ring
AM L (MN.J).

Lai giai.
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Ta c6 M, J la trung diém ctia BB’ va B'C’ nén M J 1a duong =~ 4’ c’
trung binh cia ABB'C’ suy ra MJ || BC'.
Ma AM 1 BC’' nén AM 1 MJ.
Ap dung dinh 1y Pytago cho AABM,AMNB',AAA’N ¢6 7
V5 av'b 5a
AM_L NM_T AN =22,
254> B’
Khi 6 ta c6 AM? + MN? = Tg = ANZ.
Do d6 AAMN vuong tai M hay AM L MN.
AM 1 MJ
Vay = AM L (MNJ).
AM 1 MN
M
AN :::::\ _______________ C
I

BAI 17. Cho lang try ABC.A’B'C' ¢6 day ABC' la tam giac vuong can tai A ¢6 BC = 2a va CC’ = a. Goi

I, K lan lugt 1a trung diém ctia BC va A’

(D Ching minh: B'C" L (A’AI).

Lai giai.
B/

AABC vudng can tai A c6 I la trung diém BC nén AI | BC

Ma BC || B'C’ suy ra B'C" 1 Al
Mit khac, ABC.A’B’C’ 1a hinh lang tru ding nén B'C’ 1. AA’

.. [B'C' L AI o ,
Khi dé BO L AN = B'C’ L (AA']).

(2) Chiing minh: AK 1 (A'BC).

Lai giai.
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Ta o4 B'C" 1L (AA'T) B L AK B
= .
ONAK (a4
Ma B'C' || BC nén AK L BC.
Mit khac, AABC vuodng can tai A c6 BC =2a = Al =a = AA’.
Do d6 AAA'T vuong can tai A. Suy ra AK | A'l. !
AK L A'T
— AK 1 (A'BC).
AK 1 BC \

Khi dé {

BAI 18. Cho hinh ling tru ABC.A’B'C". Goi H 1a tryc tam cia AABC va A’H 1 (ABC).
(1) Chitng minh: AA’ 1 BC va AA’ L B'C'.
Loi giai.
Ta 6 {BC’ 1 AH(AH la dudng cao)
BC 1 A'H( Do A’H 1 (ABC))
= BC 1 (AA'H)

= BC 1 AA'.
Do BC' || B'C' nén AA' 1 B'C".

C/

O

(2 Goi MM’ la giao tuyén ciia hai mat phing (AHA') va (BCC'B’) trong d6 M thuoc BC va M’ thuoc
B’C’. Chung minh ti giac BCC'B’ 1a hinh chit nhat va MM’ 1a duong cao ctia hinh chit nhat.

Lo giai.

Trong (A’AM), ta dung A'M' || AM véi A

M’ € B'C’. Khi d6 (AHA') = (AA'M'M) va

(AHA') N (BCC'B') = MM'.

Ta c6 tit giac BCC'B’ 13 hinh binh hanh.

Mzt kha AA|| BB BC 1 BB’
. {AA’ 1BC '

Do do6 tt gide BCC’B’ 1a hinh chit nhat.

Do BC L (AA’M) nén BC 1L MM', suy ra

MM’ la dudng cao ctia hinh ch nhat.
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(D DANG 1.2. Géc gitra dudng thdng vé mat phéng

— Géc gita duong thing va mat phdang la géc tao bdi duong thiang dé va hinh chiéu cia né trén mdat
phdng.
— Goi a gitta duong thang va mat phang la géc nhon, tic la 0° < o < 90°.
Budc 1 . Xdc dinh giao diém cia a va (P) la an(P) = a
A.

Buéc 2 . Tim hinh chiéu H ciia M lén mdt phdng (P),
ching minh MH L (P) tai H.

Budc 3 . Suy ra hinh chiéu cia a lén (P) la AH. a A
Ta ¢6 (a; (P)) = (AM; AH) = 3. Tinh goc H o
bing he thitc lhiong. P

p g N MH d(M; (P
Luu y. Neéeu gap bai todn qud kho, ta co thé gidi bang cong thic sinf = 07— ( A,]\(J )
d(M:; (P)) la khodng cdach ti diém M dén mat phang (P).
a b c
sinA sinB sinC’
b2 +c% —a?
2bc ’

, trong dé

Dinh i ham sé sin:

Dinh li ham so cosin: cos A =

0 ViDu

VI DU 1. Cho hinh chép S.ABC ¢6 SA L (ABC). Tim hinh chiéu ciia chan dudng vuong géc A xudng
mit phang (SBC).

Lo giai.
D AK 1 BC, (K € BC)
! {AH 1 SK, (H € SK).
Khi d6 H 1a hinh chiéu ctia A len (SBC).
~ (BCLAK
That vay {BC g4 = BCL(SAK) = BC L AH.
AH 1 SK
Ta c6
{AH L BC
Suy ra H la hinh chiéu ctia A len (SBO).

= AH 1 (SBC).

VI DU 2. Cho hinh chép S.ABCD c¢6 day ABC'D 1a hinh vuong (hosic hinh chi nhat). Goi I la trung
diém ctia AB, biét SI | (ABCD). Tim hinh chiéu ctia chan dudng vuong géc I 1én mat phang (SCD).

Lai giai.
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Goi K 1a trung diém ctia CD = IK 1 CD.

Ké TH | SK tai H. (1)
CD 1 IK

Ta ¢6 = CD 1 (SIK)= CD L IH. (2)
CD 1 SI

Tit (1), (2) = IH L (SCD).

Nhan xét. Téng quat: Tim hinh chiéu cia chan duong vuong géc dén mdat bén cia hinh chop.

Buédc 1. Xdc dinh giao tuyén ctia mdt bén va mat day la d.
Budc 2. T chan dudng vuong goc I dung IK 1 d va ITH 1 SK vdi S la dinh cia hinh chép.

Budc 3. Chitng minh IH vudng géc vdi mat bén, suy ra H la hinh chiéu vudng géc can tim.
Luu y: Khi dé, nguoi goi do dai dogn TH la khodng cach tiw I dén mdt phing (SCD).

Q BAI TAP AP DUNG

BAI 1. Cho hinh chép S.ABCD c6 déy 1a hinh vuong ABC'D tam O canh, canh a, SA L (ABCD) va SA = a.
Goi M la trung diém ctia cac canh BC'. Xac dinh va tinh géc giita

(D duong thing SC va mit phing (SAB).
Loi giai.
Ta c6 SCN(SAB) = S.
Ta c6 BC L AB BC 1 (SAB

a co BO L SA = ( ).

Suy ra SB 1a hinh chiéu cia SC trén (SAB).
Khi d6 (SC; (SAB)) = (SC; SB) = BSC.
Xét ASBC vuong tai B

—— BC a V2

2
= BSC = arctan %
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(2) dudng thing SB va mit phang (ABCD).
Lai giai.
Ta c6 SBN (ABCD) = B. Mat khac SA L (ABCD) nén AB
13 hinh chiéu ctia SB trén (ABCD).
Do d6 (SB; (ABCD)) = (SB; AB) = SBA.
Xét ASAB vudng tai A c6 AB=SA=a
= ASAB vudng can tai A = SBA = 45°.

(3) dudng thing SD va mit phing (ABCD).
Loi giai.
Ta ¢6 AD la hinh chiéu cta SD tren (ABCD).
Do d6 (SD;(ABCD)) = (SD; AD) = SDA = 45°.

(@) duong thing SC va mit phing (ABCD).
Lo giai.
Ta c6 SCN(ABCD) =C.
Vi SA 1 (ABCD) nén AC la hinh chiéu ctia SC trén (ABCD).
Do d6 (SC; (ABCD)) = (SC; AC) = SCA.
Xét ASAC vuong tai A ¢6 SA =a, AC = a\/2

—— SA a V2
Azi = —— = —,
= tan SC AC " a3 5

= Nguyén Qudc Duong - @ 0375113359



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

(5) dudng thing SO va miat phang (ABCD).
Lo gisi.
Ta c6 SON(ABCD) = O.
Vi SA L (ABCD) nén AO la hinh chiéu ctia SO trén (ABCD).
Do d6 (SO: (ABCD)) = (S0; AO) = SOA.
Xét ASAO vuong tai A 6 SA = a, AO = %AC - “Tﬂ
54
e tamSOA=SA_ 0 5

A0~ a2
2

= @ = arctan \/i

(6) duong thing SB va mit phéng (SAC).
Loi giai.
BD 1 AC
BD 1 SA
— BD 1 (SAC).
Suy ra SO la hinh chiéu ctia SB trén (SAC).
Do d6 (SB; (SAC)) = (SB; SO) = BSO.

1
Xét ASBO vuong tai O ¢6 BO = —-BD = —, SB =

2 2
VSA2 + AB?2 = vVa? + a%2 = a2
a2

S BO 2 1
in B = — = = —
= sin BSO g \@ 5

Ta c6

— BSO = 30°.

(7) duong thang CD va mit phing (SAC).
Loi giai.
Ta c6 CD L (SAC) =C.
Mt khac DO L (SAC) nén CO la hinh chiéu cia CD trén
(SAC).
Do d6 (CD; (SAC)) = (CD; CO) = OCD — 45°.
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dudng thang SC va mit phang (SAD).
Loi giai.
Ta c6 SCN(SAD) = 5.
Mat khae 1P TAP L op 1 sap)
W \op1sa T
= SD 1a hinh chiéu ciia SC tren (SAD).
Do d6 (SC;(SAD)) = (SC;SD) =CSD.
Xét ASCD vuong tai D ¢c6 CD = a, SD = vSA2 + AD? =
Va2 + a2 = a2
CD a V2

(9) duong thing SA va mat phang (SBD).
Lai giai.

Ta c6 SAN(SBD) =S.
Ké AK 1 SO tai K.
BD 1 AO
1 = BD 1 (SAO) = BD 1 AK.
BD 1 SA
Suy ra SK 1a hinh chiéu ctia SA trén (SBD).
Do d6 (SA; (SBD)) = (S4; SK) = ASO.
Xét ASAO vuong tai A c6 SA = a, AO = “T*/i
av2
AO 2 Q

étanASOzsz: a = D) .

dudng thing SA va mat phing (SDM).
Loi giai.
Ta c6 SAN(SDM) = S.
Ké AF 1 MD tai E va AF 1. SE tai F.

MD 1 AE
1 =MD 1 (SAE)= MD 1 AF.
MD 1 SA

Suy ra AF L (SDM) hay SF la hinh chiéu ctia SA tréen (SDM).

Do (SA; (SDM)) = (SA; SF) = ASE.

2
5
Ta c6 AMCD vuong tai C = MD = {\/a? + az = G\Tf.
1 1
Xeét AAMD ¢6 Spanp = 5 MD - AB = SAD - d(M; AD)

a-a 205

= AF = = Xét ASAE vuong tai A = tan ASE =

E

a

2
Vay tan(SA; (SDM)) = ?

A«
SA_QQ\/{?)_ 2
5
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@ dudng thang BD va mit phéng (SAB).
Loi giai.
Ta c6 BDN(SAB) =

Vi AD 1 (SAB) nén BA la hinh chiéu ctia BD len (SAB).
Do d6 (BD; (SAB)) = (BD; BA) = DBA = 45°.

@ dudng thang AC va mat phang (SBC).
Loi giai.

Ta c6 ACN(SBC) =C.
Ké AI 1. SB tai I.
Ta c6 BC 1 (SAB) = BC L Al

Suy ra AT 1 (SBC) hay IC la hmh chiéu ctia AC tren (SBC).

Do d6 (AC; (SBC)) = (AC;IC) = ACT.
Vi ASAB vudng can tai A nén Al = %SB = —.

Xét AAIC vuong tai I = sin ACT =

ACT = 30°.

@ duong thing SO va mat phéng (SCD).
Lai giai.
Ta c6 SON(SCD) =S.

Vi O la trung diém ctia AC nén d(O; (SCD)) =

Ké AH 1L SD tai H.
Ta c6 CD L (SAD)nén CD L AH.
Suy ra AH 1 (SCD) = d(A4;(SCD)) =

Vi ASAD vubdng can tai A nén AH = %SD = —.

Mat khac ASAO vudng tai A nén

a2

2

%d(A; (SCD)).

av/2
2

2
SO = VS + A0 = ([ + & = T2

Ta ¢6 sin(SO; (SCD)) =

d(0;(SCD)) _

SO
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dudng thang BM va mat phang (SAB).
Loi giai.
Ta c6 BM L (SAB) = (BM;(SAB)) = 90°.

@ dudng thang SB va mat phang (SCD).
Lai giai.
Ta c6 SBN(SCD) = S.
Vi AB || (SCD) nén d(B;(SCD)) = d(4;(SCD)) = AH =

av2

2
av/2

Ta ¢6 sin(SB; (SCD)) = w - ‘;% _ \2@ _ %
a

= (SB;(SCD)) = 30°.

BAI 2. Cho hinh chép S.ABCD c6 day ABCD 1a hinh chit nhat, tam O, AB = a, AD = 2a, SA L (ABCD)

va SA = aV/6. Goi M la trung diém ctia canh BC. Xac dinh va tinh géc giita

(D Géc giita dudng SC va mat phang (ABCD).
Lai giai.
SA L (ABCD) = A la hinh chiéu vuong géc cta S
len (ABCD)
= AC 13 hinh chiéu vuong géc ctia SC len ABCD.
= (SC;(ABCD)) = (SC, AC) = SCA.
Xét tam giac ABC vuong tai B, ta co
AC =VAB%?+ AD? = \/a? + (2a)? = aV/5.
Xét tam giac SAC vudng tai A, ta co

o SoA < 3A _av6 _ V30
AC av/b 5

= @ = arctan @

(2) Géc giita dudng SB va mit phing (ABCD).
Loi giai.

AB 13 hinh chiéu vuong géc ctia SB len ABCD
— (SB; (ABCD)) = (SB, AB) = SBA.
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Xét tam giac SAB vudng tai A, ta c6
tanS/B71: % = M = \/6: ﬁ:arctan\/é.
a

(3 Goc giita dusng SD va mat phang (ABCD).
AD 13 hinh chiéu vuong géc ctia SD len ABCD
= (SD;(ABCD)) = (SD,AD) = SDA.
Xét tam giac SAD vuodng tai A, ta ¢
54 Lﬁ:ﬁéﬁ:amtan?. (]

tan SA.D = E = % 9

(@) Goc giita dusng SB va mat phing (SAC).
Lai giai.

Goi H la hinh chiéu vuéng géc ctia B len AC.
BH 1 AC

Ta c6 = BH 1 (SAC)
BH 1 SA

= SH la hinh chiéu vudng goc ctia SB len (SAC)

= (SB;(SAC)) = (SB,SH) = BSH.

Ta c6 SB =+/SA2 + AB? = a\/7

AB-BC _ 2a\5

a BH = =
va AC 5
Xét tam giac SBH vudng tai H, ta c6

_ —— BH 235 —— . 235
sin BSH = SB = a5 = BSH = arcsin 35

(5) Goc gitta dusng C'D va mat phang (SAC).
Loi giai.

Goi K 13 hinh chiéu vuong géc ctia D len AC.
Tuong tu, ta c6 DK L (SAC) = CK la hinh chiéu
vudng goc ciia CD len (SAC)

= (CD; (SAC)) = (CD,CK) = DCK.

Ta c6 DCK = DCA.
Xét tam giac AC'D vuong tai D, ta co

tan DCA = A—D = 2—a =2= D/CT4 = arctan 2.
CD a

(6 Goc giita dudng SC va mat phang (SAD).

Lai giai.
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CD 1L AD
Ta ¢6 = CD 1 (SAD)

CD 1 S5A
= SD 13 hinh chiéu vuong goc ctia SC len (SAD)
= (SC,(SAD)) = (SC,SD) = CSD.

Ta ¢6 SD = VAD? + SA2 = a/10.

Xét tam giac C'SD vudng tai D, ta co

wmogp— S0 - @ _ V10
SD  av/10 10

T 1
= CSD = arctan \{—OT)

Géc gitta duong SA va mit phing (SBD).
Loi giai.

Goi N va T lan lugt 1 hinh chiéu vuong géc ctia A len

BD va SN.
BD 1 SA

BD 1 AN
= BD 1 (SAN) = BD L AT.

AT 1 BD
Ta ¢6 = AT 1 (SBD)

Ta c6

AT L SN
= ST 1a hinh chiéu vuong goc ctia SA len (SBD)
= (SA,(SBD)) = (SA, ST) = AST = ASN.

AB-AD 245
Ta c6 AN = = .
a c6 D 5
Xét tam gidc ASN vuong tai A, ta c¢6
2a/5

— AN 5 V30
tan ASN = = = - vz
Ay Sy S T-

= A/S]\V = arctan @

Géc giita dudng SA va mit phang (SDM).
Lo giai.
Ta c6 AM = DM = a2 va AD = 2a.
Khi d6 AD? = AM? + DM? néen AM 1 DM.
Goi J 1a hinh chiéu vuong géc ciia A len SM.
DM 1 SA
Ta c6 = DM L (SAM)
DM 1 AM
= DM | AJ.
AJ L DM
Ta c6
AJ L SM
= SJ la hinh chiéu vuong goc ctia SA len (SDM)
= (SA,(SDM)) = (SA,SJ) = ASJ = ASM.
Xét tam giac SAM vuodng tai A, ta cd
—— AM B a2 1

tan ASM = —— = 92—~ AGM = 30°.
SA  aVv6 V3

= AJ L (SDM)

Géc gitta duong BD va mat phang (SAB).
Loi giai.

. {AD 1 SA
Ta c6

AD 1 AB
= AB la hinh chiéu vuong géc ctia DB lén (SAB)

= AD | (SAB)
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= (BD,(SAB)) = (BD, BA) = DBA.
Xét tam giac ABD vuong tai A, ta co

tanD/B\A:j—g:2:>D/BT4:arctan2. O

Géc gitta duong AC' va mat phang (SBC).
Loi giai.
Goi F 1a hinh chiéu vuong géc ctia A lén SB.

BC 1 SA
Ta c6 = BC 1 (SAB) = BC L AF.

= AF 1 (SBC)

= FC 1a hinh chiéu vuong goéc ciia AC len (SBC)

= (AC, (SBC)) = (AC, FC) = ACF.
AB-SA VA2

Ta c6 AF = =
oo SB 7
Xét tam gidc ACF vuodng tai F, ta co
—— AF V21 V21
sin ACF = TO = ?O = ACF = arcsin 350

@ Géc gitta dudng SO va mat phang (SCD).
Loi giai.

Goi G 1a hinh chiéu vuong géc cia A len SD va I 1a
trung diém ctia CG.
AG L SD
AG L CD (do CD L (SAD))
= AG L (SCD).
Ma OI || AG (do OI la dudng trung binh tng véi canh
AG ctia tam giac ACG)
Suy ra OI L (SCD)
= ST 1a hinh chiéu vuong goc ctia SO len (SCD)
= (S0, (SCD)) = (50, SI) = OSI.
AD-SA _ 2ay/15

Ta c6

Ta c6 AG =
a co AG ) 3
AG  av15
] =—= .
=0 2 15
av29

Ta c6 SO =+ SA2 + AO? = .

2
Xét tam giac OST vuong tai I, ta cd
— O 2v/15 — 2v/15
sinOSI = — = = OS5I = arcsin .
SO 15v/29 15v/29

@ Géc gitta dudng SB va mit phang (SCD).

Lai giai.
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Goi P la diém thuoc mit phang (SCD) sao cho CDGP
1& hinh binh hanh.
Do AB = CD va AB || CD nén ABPG cung la hinh

binh hanh.
Suy ra BP = AG = 2“5/5 va BP || AG.
Mit khac AG L (SCD) nén BP 1 (SCD)
= SP 1a hinh chiéu vuong géc ctia B lén (SCD)
= (SB,(SCD)) = (SB, SP) = BSP.
Xét tam giac SBP vuong tai P, ta c6
2a\/ﬁ

snBgp-BL_ 5 _ _ 6

SB~ av10 5

= E\SP = arcsin —.

|

@ Géc gitta duong BD va mat phang (SBC).

Lai giai.

Goi Q 1 diém thuoc mat phang (SBC) sao cho BCQF
la hinh binh hanh.

Do AD = BC va AD || BC nén ADQF cung la hinh
binh hanh.

Suy ra DQ = AF = va DQ || AF.

Mit khac AF L (SBC) nén DQ L (SBC)

= BQ 1 hinh chiéu vuodng goc ctia BD len (SBC)
= (BD,(SBC)) = (BD, BQ) = DBQ.

Xét tam giac DBQ vuong tai @, ta c6

av/42
—  DQ 7 210

av42
7

sin DBQ = — = = —
sSmDBQ =55 =" % T 3
= D/\BQ = arcsin 32510

BAI 3. Cho hinh chép S.ABCD c6 day 1a hinh vuong ABCD tam O, canh a. Goi E, F 1an lugt la trung diém
cia AB, BC va biét raing SA = SB = SC = SD = a. Xac dinh va tinh géc gitta
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(1) Duodng thing SA va mat phing (ABCD).

Lai giai.

Do ASAC can tai S = SO 1L AC.

Do ASBD can tai S = SO 1 BD.

Suy ra SO L (ABCD) = gobc gitta SA va (ABCD)
la goc SAO.

V2a v
. s A0 o V2 v
TacocosSAO—S—A— " —TjSAO—
45°. O

(3 Dudng théng SC va mat phing (ABD).

Lai giai.

Tac6 SO L (ABCD) = goc gitta SC va (ABCD)
chinh 1a géc SCO.
oC V2 ==

Ta c6 cos SBO = — = L= =45°. O
a c6 cos SBO SO 5 = SCO 5

(2) Dudng thing SB va mit phing (ABCD).

Lai giai.

Tac6 SO L (ABCD) = goc gitta SB va (ABCD)
chinh 1a géc SBO.
OB V2

Ta c6 cos SBO = —— = Y2 o GBO =45°. [
a cO cos SBO B 5 = SBO 5

(@) Dudng thing SD va mit phéng (ABC).

Lai giai.

Tac6 SO L (ABCD) = goc gitta SD va (ABCD)
chinh 1a géc SDO.

TacécosSBOzO—D—@éS/D\OZZLSO. O

= Nguyén Qudc Duong - @ 0375113359

SD 2
tran



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

(5) Dudng thing SO va mit phang (SCD).

Lai giai.

OM LCD
Ta ¢6 { = DC L (SMO) = SM

SM 1 DC
chinh 1a hinh chiéu vuong géc ctia SO len (SDC).
Do d6 goc gitta SO va (SDC') chinh 1a goc OSM.

(6) Dudng thang SO va mit phiang (SAB).

Lai giai.

= AB 1 (SEO) = SE chinh

OF 1 AB
Ta c6

SE 1 AB
14 hinh chiéu ctia SO len (SAB).
Do d6 goc gitta SO va (SAB) chinh la goc gitta

2 SO,SE) = OSE.
Do ASAC vuong can tai S = SO = Q. ( ’ ) a
a 2 Ta c6 OF = —.
Ta c6 OM = —. 2
2 oM 1 Tacétan@*—OE* L O
5 tan OSM = —— — —. T SO V2
Ta ¢6 tan OSM <0 7 O V2

(7) Duong thing SB va mit phang (SAC). Dudng thang SC va mit phing (SBD).

Lai giai.

Lai giai.

= BO L (SAC) = SO chinh = CO L (SBD) = SO I

CO L SO
hinh chiéu vuong géc ctia SC len (SBD).
Do d6 goc giita SC va (SBD) chinh 1a goc CSO.
TacétanCSO:—zléB/\SO:%o. O

SO
-

{CO 1 BD
Ta co

14 hinh chiéu vuéng goc ctia SB len (SAC).

Do d6 goc gitta SB va (SAC) chinh 1a géc BSO.
—_— B —

Ta c6 tanBSO:g—O:1:>350245°. O
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(9) Dudng thing EC vh mit phang (SAC). Dudng thang EF va mat phang (SCD).
Loi giai. Loi giai.

Goi K 1a hinh chiéu vudng géc cia E 1én AC. Ta Ta ¢6 EF || AC = gbc gita EF va (SCD) chinh

EK 1 AC S N
c6 { = EK 1 (SAC) = EK chinh la la goc gitta AC va (SCD).

EK 1L 50 Goi H 13 hinh chiéu vuong géc ctia O léen SM.
hinh chiéu vuong géc ctia EC len (SEC). Ta o6 OH L SM. mat kb CD 1L OM
Suy ra goc gitta EC va (SAC) chinh 1a goc ACE. aco , mat khac DC 1 SO
Ta c6 BC = VBC? § BE? = Y24, DC L (SOM) = DC L OH = OH 1 (SCD).

2 Suy ra goc gitta AC va (SCD) chinh 1a géc OCH.
Xét AAEC ta c6 1 1 1 NG
Ta c6 = + = 0OH = —a.
A/\ AC? +EC2 — AE? Sm OH? 052 OM? . 6 OH
CsACE = —— 2 ="F0 10 Ta ¢6 AHOC vuong tai H = sinOCH = 5 =
V3
— 1 yo
Suy ra ACE = arccos 3\1/070. O 3
Suy ra OCH = arcsin ? O

BAI 4. Cho hinh chép S.ABC ¢6 SA 1L (ABC), SA = 2a, tam giac ABC déu canh a. Xac dinh va tinh géc
gita
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(@) Dudng thing SB va mit phang (ABC).
Loi giai.

B

Ta ¢6 AB 1a hinh chiéu vuong géc ciia SB trén
(ABC). Suy ra SBA la goc gitta SB va (ABC).

tan SBA = & = 2—a =2= SBA = arctan2.
AB a

O

(2) Dudng thang SC vA mit phang (SAB).

Lai giai.

S

Goi M la trung diém AB, ta c6

{CM 1 AB

CM L (SAB).
CM 1 SA (SAB)

= SM la hinh chiéu ctia SC trén (SAB). Do d6
MSC la goc gitta SC va (SAB).

. —— MC MC V15
sin MSC = = = .
SC VSA2 + AC? 10
= ]\75\0 = arcsin 1—105 O

BAI 5. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vuong tai A, B va day 1én BC. Goi I, J lan lugt
la trung diém ctia AB va BC, biét SI 1 (ABCD) va AB = AD = a, BC = 2a, SI = a. Xac dinh géc tao bdi
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(1) Duong thing SB va mit phang (ABOD).
Loi giai.

=" """

Ta c6 SI L (ABCD), suy ra IB la hinh chiéu cia
SB tréen (ABCD). Do d6 SBI la goc gitta dudng

(2) Dudng thing SC va mat phang (S1.J)

Lai giai.

Trong mit phing (ABCD), ké CM 1 IJ. Khi d6
ta co

) M LT
thang SB va (ABCD). ¢ J = CM L (S1J).
CM 1 S1
—— ST a » 5
tan SBI = =g =2 = SM 1a hinh chiéu ciua SC trén mit phang
BI 2
5 (S1J). -
. Do d6 goc CSM la goc gitta duong thing SC va
= SBI = arctan 2. O mit phéng (S1J). Ta c6 AC = VAB2 + BC? =

aV/s.
AC || TM nén CM = d(J, AC) — 25;;,40

a’>  a®

Sjac = Sapc—Sypa =a®— T 57 CM =
a5
-

SC =SIP+1C? = /SI> + 1B + BC? = “—éﬁ
SC - 105 = CSM = arcsin o5

sin@ =
O

BAI 6. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi. Biét SD = av/3, tit ci cac canh con lai déu bing
a.

(1) Chitng minh: (SBD) la mat phéng trung tryc ciia doan AC.

Laoi giai.
Goi H 1a hinh chiéu ctia S trén mat phang (ABCD).
Vi SA =SB = SC nén H la tam dudng tron ngoai tiép
tam gidc ABC. Suy ra H thudc BO.

AC | SH
Ta co

AC L BD
Ta lai ¢6 O 1a trung diém AC nén (SBD) la mit phing
trung tryc cia AC.

= BD 1 (SAC).
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(2) Chitng minh tam gidc SBD vuong.
Loi giai.
1
Ta c6 ASAC = ABAC (c—c—c¢) = SO =BO = §BD nén tam giac SBD vuong tai S. O

(3) X4c dinh va tinh géc giita SD va (ABCD).

Loi giai.

Ta c6 HD la hinh chiéu ctia SD trén mit phang (ABCD) nén SDH 1a goc gita SD va (ABCD). Xét
—— SB 1 —

tam giac vuong SBD, c6 tan SDB = — = — = SBD = 30°. O

SD~ /3

2a

BAI 7. Cho hinh chép S.ABC ¢6 SA =SB =5C = 7

va day ABC la tam giac déu canh a.

(@ Goi H 1a hinh chiéu ctia S trén mat phing (ABC). Tinh SH.
Loi giai.
Ta c6 SA = SB = SC nén H 1a tam dudng tron ngoai tiép
tam gidc ABC.
av/3
3

2
Tacé HA = gAF = ——. Xét tam giac SHA vuong tai H,

4 1
SH =+/SA? — AH? =/ gaz — gaz =aq.

co

(2) Xac dinh va tinh géc giita dudng thing SA va mat phang (ABC).

Lai giai.
Ta c6 AH 1a hinh chiéu clia SA trén mat phing (ABC), do d6 SAH la goc giita dudng thing SA va
(ABC).
—— SH a —
tan SAH = — = =+v3=SAH = 60° O
AH ~ a3 V3
3

BAI 8. Cho hinh chép S.ABCD c¢6 SA vuong goc véi day, ABCD la hinh thang déy l6n AD, AB = BC =
DC = a, DA = 2a. Vé AH 1 SC va M la trung diém SB. Géc giita SB va (ABCD) biang 45°. Xac dinh va
tinh goc gitta
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(0 Duong thing AM va mat (SBD).
Loi giai.
Ta c6 AB 1a hinh chiéu ctia SB trén mit phang (ABCD) nén
SBA = 45° la goc gitta SB va (ABCD,).
Khi d6 ASAB la tam giac vudng can tai A = AM 1 SB
(1)

3
Ké BE vudng goc v6i AD, ta c6 AE = g va ED = ?a'
Xét tam gidc vuong ABE, ¢c6 BE = VAB? — AE? = aT\/?:.

Xét tam giac BED, ¢6 BD = \/BE? + ED? = a\/3.
Vi AB? + BD? = AD? nén AABD vuong tai B.
AB | BD
Ta c6 = BD 1 AM (2)
AS 1 BD
T (1) va (2), suyra AM | (SBD). Hay (AM; (SBD)) = 90°.

@) Duong AH va (ABCD)
Loi giai.
Trong tam gidc SAC, k8 HK 1| AC = HK 1 (ABCD), nén AK la hinh chiéu ctia AH trén (ABCD),
Suy ra HAC la géc gitta AH va (ABCD).

) » 1 1 1 1 1 4 aVv3
Xet tam glaC SAC, ta co AH2 :SA2+ACQ :¥+@:@:>AH:T
av3
Xét tam gide vuong AHC, 6 cos HAC = A& 2 L HAC =60 0
Im g1 vuon = — = = = = .
g g ; AC = o3 2

sAl2.  MAT PHANG VUONG GOC VOI MAT
PHANG

(1) Dinh nghia
Hai mit phing dugc goi 1a vudng géc v6i nhau néu géc giita chiing bang 90°.

(2) Cac dinh li va hé qua can nhé

a) Dinh li 1. Diéu kien can va di dé hai mat phdng vuong géc vdi nhau
la mat phing nay chia mot dudng thing vuong géc vdi mat phdng
kia. a

al (P)
o~ PL@

Hé qua 1. Néu hai mat phing (P) va (Q) vudng géc véi nhau thi
bat ctt dudng thang a nao niam trong (Q), vuong goéc véi giao tuyén
ctia (P) va (Q) déu vudng géc v6i mat phang (P). a

(P) L(Q)

(P)N (@) =d _
aC(Q)
ald

al (P) d
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R P
Hé qué 2. Néu hai mat phang (P) va (Q) vuong goc v6i nhau va A )

la mot diém trong (P) thi duong thing a di qua diém A va vuong

goc v6i (Q) sé nim trong (P). a
(P) L (Q)
Ae (P A
(P) =a C (P) d
A€a (Q)
al(Q)
b) Dinh i 2. Néu hai mdt phding cdt nhau va cing vuéng géc vdi mdt {}
phang thit ba thi giao tuyén ciia ching vuong géc vdi mat phdang thi
ba.
(P)N(Q)=a ¢
(P)L(R) =ack)
(@) L (R)

(3) Géc giita hai mit phang
Dé tim géc gitta hai mat phing, dau tién tim giao tuyén ctia hai mat X(i)\

phéng. Sau d6 tim hai dudng thang lan lugt thudc hai mit phing
cling vuong goc véi giao tuyén tai mot diém. Goc gitta hai mat phing

la goc gitta hai dudng thing vita tim. //AZ
(P) L(Q) =wu (P) ¢

uldc(Q) =[P),@Q)]=dd)=a
uld c(P)

(@) Hinh chép déu va 5 tinh chat can nhé

(D Day 1a da gidc déu (hinh chép tam gidc déu c6 day la tam giac déu, hinh chép tit gidc déu c6 day
1& hinh vuong).

(2) Chan dudng cao triing véi tam dudng tron ngoai tiép da gidc day (hinh chop tam gidc déu c6 chan
dudng cao tring véi trong tam G, hinh chép tit gide déu c¢6 chan dudng cao trung véi tam O cia
hinh vuong).

(3) Céac mit ben la nhitng tam gidc can va bing nhau.
(@) Géc giita cac canh bén va mit day déu bang nhau.

(5) Géc gitta cac mat bén va mit day déu bang nhau.

03 DANG 2.1. Chitng minh méat phéng vuéng géc véi mét phéng
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BAI 1. Cho tt dign ABCD, ¢6 AB 1L (BCD). Trong ABCD vé& cac dudng cao BE va DF cit nhau tai O.
Trong (ACD) vé DK 1 AC. Goi H la truc tam AACD.

(0 Chiing minh (ACD) L (ABE). (2) Chitng minh (ACD) L (DFK). (3) Chitng minh OH 1 (ACD).

Lai giai.

@ Ta c6 CD L AB (do AB L (BCD)) va CD L BE (do BE la
duong cao ABCD).
Do d6 ta duge CD L (ABE).
Ma CD C (ACD) nén (ACD) L (ABE).

(2) Ta c6 DF 1 BC (gt) va DF 1. AB (do AB L (BCD)).
Suy ra DF L (ABC) (do AB,BC C (ABC)) va DF L AC.
Mt khéc AC L DK (gt).

T day suy ra AC L (DFK) (do DF,DK C (DFK)).
Do d6 (ACD) L (DFK) (do AC C (ACD)).

(3) Theo cau a) ta c6 CD L (ABE). Suy ra CD L AE (do AE C
(ABE)) nén AE la dudng cao tht hai cia AACD.
Do d6 suy ra CH L AD (do H la tryc tam AACD).
Ma O la tryc tam ABCD nén suy ra CO 1. BD va CO 1. AB
(do AB 1 (BCD)).
Suy ra CO L (ABD) (do AB,BD C (ABD)). Suy ra CO L
AD.
Két hop 6 trén ta lai c6 CH 1 AD.
Tt day suy ra AD L (COH) (do CO,CH C (COH)).
Suy ra AD | OH (do OH C (COH)).
Theo cau b) ta ¢6 AC L (DFK) suy ra AC L OH (do OH C
(DFK)).
Tu day suy ra OH L (ACD) (do AC,AD C (ACD)).
O

BAI 2. Cho hinh chép S.ABC c¢6 day ABC' la tam giac vuong tai C, SAC la tam giac déu v nim trong mit
phéng vuong goc véi (ABC). Goi I 1a trung diém SC.

(D Chiing minh (SBC) L (SAC). (2) Chiing minh (ABI) L (SBC).

Lai giai.

(@ Goi H la trung diém AC. Suy ra AH 1 AC (do ASAC déu).
Ma (SAC) L (ABC) theo giao tuyén la AC va SH L AC nén suy
ra SH L (ABC).

Do d6 SH L BC (do BC C (ABC)).

Mat khac BC L AC (do AABC vuong tai C). Suy ra BC' L
(SAC) (do SH, AC C (SAQ)).

Do d6 (SBC) L (SAC) (do BC C (SBQ)).

(2) Theo cau a) ta c6 (SBC) L (SAC) theo giao tuyén 1a SC.
Ma AT 1 SC (do ASAC déu va I la trung diém SO).
Suy ra AI 1 (SBC).

Do d6 (ABI) L (SBC) (do AI C (ABI)).

BAI 3. Cho hinh chép S.ABCD c6 day la hinh thoi canh a va SA = SB = SC = a.
(0 Chitng minh (SBD) L (ABCD). (2) Chiing minh ASBD vuong.

Lai giai.
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@) Goi O = AC N BD. Xét ASAC c¢6 SA = SC nén
ASAC can tai S va O la trung diém AC.
Suy ra SO 1L AC.
Mat khac AC L BD (tinh chat dudng chéo hinh
thoi).
Do d6 AC L (SBD) (do SO,BD C (SBD)).
Suy ra (SBD) L (ABCD) (do AC C (ABCD)).

(2) Xét ASAC va AABC ¢6 SA = AB = SC = BC =
a va AC la canh chung nén ASAC = AABC (c.c.c).
Suy ra SO = OB (do SO va OB la 2 dudng trung
tuyén tuong ting ciia 2 tam giic).

Ma OD = OB nén SO = OB = OD. Xét ASBD c6
SO la dudng trung tuyén va SO = OB = OD.
Tu day suy ra ASBD vuong tai S.

([l
BAI 4. Cho hinh chép S.ABC c6 day ABC 1a tam gidc déu vi SA L (ABC). Goi D la trung diém ciia BC.
a) Chitng minh (SAD) L (SBC) b) Ké CI L AB, CK L SB. Ching minh SB L
(ICK).

c) Ké BM 1 AC, MN L SC. Chting minh SC 1 d) Ching minh (CIK) L (SBC)va(BMN) L (SBC).
BN.

e) Goi G=MBNCI va H=CK N BN. Chitng minh GH 1 (SBC).
Loi giai.
a) Ta c¢6 D la trung diém ctia BC nén suy ra AD L BC (do S
AABC déu).
Mit khac SA L BC (do SA L (ABQC)).
Suy ra BC' L (SAD) (do SA,AD C (SAD)).

b) Ta ¢6 IC L AB va IC L SA (do SA L (ABC)).
Suy ra IC' L (SAB) (do SA, AB C (SAB)).
Do d6 IC L SB (do SB C (SAB)).
Mzt khac SB 1L KC' (gt).
Suy ra SB L (ICK) (do IC, KC C (ICK)).

c) Tac6 BM L AC (gt) va BM L SA (do SA L (ABC)).
Suy ra BM 1 (SAC) (do SA, AC C (SAQ))
va BM L SC (do SC C (SAQ)).
Mat khac SC L MN (gt).
Do d6 SC L (BMN) (do BM, MN C (BMN)).
Suy ra SC L BN (do BN C (BMN)).

d) Theo cau b) ta ¢6 SB L (CIK) nén suy ra (SBC) L (CIK) (do SB C (SBC)).
Va theo cau ¢) ta ciing chitng minh duge SC' L (BMN) nén suy ra (SBC) L (BMN) (do SC C (SBC)).

e) Theo cau b) ta c6 SB L (CIK). Suy ra SB 1L GH (do GH C (CIK)).
Mat khac theo cau c) ta cing ¢6 SC L (BMN).
Suy ra SC L GH (do GH C (BMN)).
Tu day suy ra GH L (SBC).

O

BAI 5. Cho hinh chép S.ABCD c6 day 1a hinh binh thoi tam O. Hai mit phing (SAC) va (SBD) ciing vuong
géc véi day (ABCD).

(1) Chitng minh SO 1 (ABCD) (2) Chitng minh (SAC) 1 (SBD)
(3 Ké OK L BC. Chitng minh BC 1 (SOK). (@) Chitng minh (SBC) L (SOK)
(5) Ké OH | SK. Chiing minh OH 1 (SBC).
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Lai giai.

@D Ta c6 (SAC) va (SBD) cung vuong géc véi
(ABCD) theo giao tuyén la SO. Suy ra SO L
(ABCD),

(2 Tac6 SO L BD (do SO L (ABCD)).
Ma BD L AC (tinh chéo dudng chéo hinh thoi).
Suy ra BD 1 (SAC) (do SO, AC C (SAQC)).
Do d6 (SBD) L (SAC) (do BD C (SBD)).

®) Ta 6 SO L BC (do SO L (ABCD)). Ma OK L
BC (gt). Nen suy ra BC' L (SOK) (do OK, SO C
(SOK)).

(@) Theo cau c) ta ¢c6 BC 1 (SOK) nén suy ra
(SBC) L (SOK) (do BC C (SBQ)).

(5) Theo cau d) tac6 (SBC) L (SOK) theo giao tuyén
la SK. Ma OH C (SOK) va OH L SK nén suy
ra OH L (SBC).

03 DANG 2.2. Chirtng minh méat phéing vudng géc véi mat phéing

BAI 1.
Cho hinh chép S.ABC D c6 day 1a hinh thoi tam O. Hai mit phéng (SAC)
va (SBD) cung vudng géc v6i ddy ABCD.

(1) Chiing minh: SO 1 (ABCD).
(2) Chitng minh: (SAC) L (SBD).
(3) K& OK L BC. Chiing minh: BC 1L (SOK).

(@) Chitng minh: (SBC) L (SOK).

(5 Ké OH L SK. Chitng minh: OH 1 (SBC).
Loi giai.

(1) Chiing minh: SO 1 (ABCD).
(SAC) L (ABCD)
AC = (SAC)N (ABCD)

Ta cé: BD 1 (SA BD L .
R P (ABCCD) = (SAC) = SO
BD 1 AC
(SBD) L (ABCD)
BD = (SBD) N (ABCD)
Ta c6: = AC 1 (SBD) = AC 1 SO.
AC C (ABCCD)

AC 1 BD
Trong mit phing (ABCD) c6: ACNBD = O.
Vay: SO L (ABCD,).

(2) Chitng minh: (SAC) L (SBD).
AC 1 BD
Ta c6: { AC' L SO = AC 1 (SBD).
SO,BD c (SBD); SONBD = O
Ma AC C (SAC) = (SAC) L (SBD)
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(3 Ké OK L BC. Chiing minh: BC 1 (SOK).

OK 1 BC
SO L (ABCD) = SO L BC Mit khac

OK, SO C (SOK); SONOK = O
Vay BC L (SOK).

(@) Chitng minh: (SBC) L (SOK).
Tt cau (4) ta ¢6 BC L (SOK)
Ma BC C (SBC) = (SBC) L (SOK)

(5 Ké OH | SK. Chiing minh: OH L (SBC).
Tit cau (4) ta c6 BC L (SOK) = BC L OH

OH | SK
Mit khac
{SK, BC C (SBC);SKNBC =K

Vay OH L (SBC).

BAI 2.

Cho hinh chép S.ABCD c6 day ABCD la hinh vudéng. Tam giac SAB déu
va nim trong mit phéng vuong géc véi mit phang day (ABCD). Goi H
va I 1an luot 1 trung diém diém ciia cac canh AB va BC.

(@ Chitng minh: SH 1 (ABCD).
(2) Chiing minh: (SAB) L (SAD).
(3 Chitng minh: (SAB) L (SBC).

(@) Chitng minh: (SHC) L (SDI).

Lai giai.

(@ Chitng minh: SH 1 (ABCD).
Vi tam giac SAB déu nén SH 1 AB.
(SAB) N (ABCD) = AB

C6 { (SAB) L (ABCD) = SH | (ABCD)
SH C (SAB),SH L AB

(2) Chitng minh: (SAB) L (SAD).
AD | AB
Ta c6: ¢ AD L SH(SH L (ABCD)) = AD 1 (SAB).
AB,SH C (SAB)
Ma AD C (SAD) = (SAD) L (SAB)

(3) Chiing minh: (SAB) L (SBC).
BC 1 AB
Ta c6: { BC L SH(SH L (ABCD)) = BC L (SAB).
AB,SH C (SAB)
Ma BC C (SBC) = (SBC) L (SAB)

(@) Chiing minh: (SHC) L (SDI).
C6 ABCH = ACDI(c.g.c) = BCH = CDI
Ma CDI + DIC = 90° = BCH + DIC = 90°

Vay HC L DI
DI L CH

C6 { DI L SH(SH L (ABCD)) = DI 1 (SHC)
CH,SH C (SHC)
Ma DI C (SDI) = (SHC) L (SDI)
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(3 DANG 2.3. Xdc dinh géc gitra hai mdt phéng

Phuong phdp gidi

(@) Géc giita mat bén va mdat phang ddy: St dung dinh nghia.

Dé tim géc gitta mat bén va mat day dau tien tim giao L dy

tuyén ciia hai mat phdang. Sau dé tim hai duong thang lan

luot thuoc hai mdt phdang cing vuong géc vdi giao tuyén \\I

tai mot diém. Géc gitta hai mat phding la géc gitta hai S—

duong thing via tim. /
(P)N(Q)=u %
i = Ph@) =),

diNdy=1¢€u
(2 Géc gitta hai mat bén lién tiép trong dé c6 mot mat chita dudng cao
Tum duong thdng cdt hai mdt phdang va vuong goc vdi giao tuyén hai mdat.
Vi du: Cho hinh chép S.ABC ¢6 SA L (ABC). Tom géc %
gitta (SAC) va (SBC).
— Giao tuyén: SC = (SAC) N (SBCO).
— Tit diém B dung BH L AC C (SAC).
— Dung HK 1 SC (giao tuyén).

— Chitng minh: BH 1 (SAC),SC 1L (BHK).
(SAC)N (SBC) = SC

HEK 1 SC
BK 1 SC
= ((SAC); (SBC)) = (HK,BK) = HKB. B

(3 Géc gitta hai mdt bén lién tiép khong chita dudng cao
La Géc nhon gitta hai duong thing d va d' lan lugt vuong géc vdi hai mat phang.

Vi du: Cho hinh chép S.ABCD c¢6 SA L (ABCD) wva
ABCD la hinh vuong hodc hinh ch@ nhat. Tinh géc gita
(SBC) va (SCD).

— Ching minh AH L (SBC).
— Ching minh AK L (SCD).

Suy ra ((SBC); (SCD)) = (AH,AK) = HAK hogc la goc
180° — HAK wvi géc gita hai mdt la nhon.

(4) S dung cong thitc chiéu dién tich S’ = S.cos
Chdng han hinh ¢ muc (3), néu dé yéu cau tinh géc gita hai mat phang ((SBD)); (ABD)), ta c6
thé sit dung hinh chiéu dién tich nhu sau:
Xét mat phang (SBD): hinh chiéu S zuong (ABD) la A, hinh chiéu B, D zuong (ABD) la chinh
né nén goc o gitta hai mat phang dugc xdc dinh bdi Saapp = SaspD - COS Q.

(8 Truwong hop géc khé xdc dinh
(A, (Q))
d(A,u)
Véi ¢ la goc gitta hai mat phing (P) va mat phing (Q). Va A € (P),(P)N(Q) = u

Cong thic khodng cach: sinp =

BAI 1.
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Cho hinh chép S.ABC c6 day la tam gidc déu canh
av/3. Goi M la trung diém canh BC.

2‘1?:/3 va SA L (ABC),SA =

(1) Chiing minh: (SAM) L (SBO).

(2) Xac dinh va tinh gée: ((SBC); (ABC))

(3) Xac dinh va tinh géc: ((SAC); (SBC))

Lai giai.

(1) Chiing minh: (SAM) L (SBC).
BC 1L AM
|BC1sa
Ta co: AM A SA— A = BC 1 (SAM)
AM,SA C (SAM)
Ma BC C (SBC) nén (SAM) L (SBC).

(2) Xac dinh va tinh gée: ((SBC); (ABC))
Xac dinh géc:
(SBC)N(ABC) = BC
Ta c¢6: ¢ BC L AM,AM C (ABC) (1) = (SBO);(ABC) = (AM;SM)=AMS
BC 1L SM,AM C (SBC) (2)
Giai thich (1): Tam giac ABC déu c6 AM la trung tuyén ciing dong thoi 1a duong cao nén BC' 1 AM.
Giai thich (2):ASAB = ASAC (c.g.c)
Suy ra SB = SC = ASAB can tai S va c6 SM la trung tuyén ciing 14 dudng cao nén BC L SM.
Tinh géc: AMS
Trong tam gidc SAM vuong tai A co: tan AMS = 54 54

2 P8 B= AMS = 60°.
AB-
AM BT\/E

Két luan ((SBC); (ABC)) = AMS = 60°.

(3) Xac dinh va tinh géc: ((SAC); (SBC))
Xac dinh géc:
Dung BC' L AC va dung HK 1 SC.

BH 1 AC
6 = BH 1 (SAC) = BH 1 SC.
BH 1 SA

(SC LHK
°\sc L BH
(SAC) N (SBC) = SC
Ma { SC L BK,BK C (SBC) = ((SAC); (SBC)) = (BK; HK) = BKH.
SC 1L HK,HK C (SAC)
Tinh goc: BKH

= SC 1 (BHK) = SC 1 BK.

—— BH
Trong tam giac BK H vuong tai H c6: tan BKH = K
Duong cao BH = ABQ\/g = 2(1:;/5 . ? =a
HK HC HC-SA  avV39
V39

Do d6: tan BKH = Yo~ = BEH =64°20.

BAI 2.
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Cho hinh chép S.ABC c6 ddy ABC 1a tam gidc déu canh a,SA | (ABC),SA =

av/3. Goi M la trung diém canh BC.

(@ Chitng minh: (SAM) L (SBC). Xac dinh va tinh géc giita SC va (ABC).

(2) Xac dinh va tinh géc gita (SBC) va (ABO)

(3) X4c dinh va tinh goc: ((SAC); (SBC))

Lai giai.

(@ Chitng minh: (SAM) L (SBC). Xac dinh va tinh géc giita SC va (ABC).

Ching minh: (SAM) L (SBC)

Do tam giac ABC déu nén ta c6 AM 1 BC
Mit khac BC L SA (do SA L (ABC))

Neén ta c6 BC' L (SAM)

Ma BC C (SBC) = (SAM) L (SBC)

Xac dinh géc:

SC'N(ABC) =C .
Ta c6: = (SC,(SBC)) = SCA

SA L (ABC)
Tinh géc:
— A
Tam gidc SAC vuong tai C nén ta cé: tan SCA = % =3
Vay (SC, (SBC)) = SCA = 60°
(2) X4c dinh va tinh goc giita (SBC) va (ABC)
Xac dinh géc:
(SBC)N (ABC) = BC
Ta c6: ¢ AM C (ABC),AM | BC = ((SBC);(ABC)) = (SM,AM)=SMA
SM C (SBC),SM 1 BC(BC L (SAM)
Tinh goéc:
Xét tam gidc SAM vudng tai A ta co: tan SMA = j;\{} =2

Vay ((SBC); (ABC)) = (SM, AM) = SMA = 63°43'

(3) X4c dinh va tinh goc: ((SAC); (SBC))
Xac dinh géc:
Dung BC 1 AC va dyng HK 1 SC.
BH 1 AC
6 = BH 1 (SAC)= BH 1 SC.
BH 1 SA

SC 1 HK
6 = SC 1 (BHK) = SC 1 BK.
SC | BH

(SAC) N (SBC) = SC

Ma { SC | BK,BK C (SBC) = ((SAC); (SBC)) = (BK; HK) = BKH.

SC 1L HK,HK C (SAC)
Tinh gbc: BKH

—— BH
Trong tam giac BK H vudng tai H c6: tan BKH = TR
Duong cao BH = ABZ\/g = GT\/g.
HK HC HC-SA aV3
CrASAC= g =50 = SC 1

Do d6: tan BKH = 2 = BKH = 63°43'.

O

BAI 3. Cho tit dien ABCD c6 AD 1 (BCD) va AB = 3a. Biét BC'D la tam gidc déu canh 2a. Xac dinh géc

gitta:

@ (ACD) va (BCD).
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@) (ABC) va (DBC).

3) (ACD) va (ABC).

Lai giai.

(@ Ta c6 (ACD) D AD va AD 1 (BCD) = (ACD) L (BCD)
= ((ACD), (BCD)) = 90°.

(2) Goi F la trung diém ctia BC, ta c6 (ABC) N (BCD) = BC.
(1)

Xét tam giac deu BCD ¢6 DE 1 BC. (2)
Hai tam giac vuong ADB va ABC béang nhau (c.g.c) nén
AB = AC.

Tam gidc ABC can tai A nén AFE | BC. (3)

Tit (1), (2), (3) suy ra ((ABC), (DBC)) = AED.
DE  BD-sin60°  2a-sin60° 6

AE ~ JAB*-BE? \9diZ-a? 4
Vay ((ABC), (DBC(C)) = AED = arccos ?

Ta c6 cos A/ETD =

3) Ta c6 (ACD) N (ABC) = AC. (1)
Tt B dung BH L DC C (ACD), dung HK 1 AC.
Thi H chinh 1 trung diém ctia DC (do ABCD déu) = BH | (ADC) = BH 1 AC.
Do d6 AC' L (BHK) = AC L HK, AC 1 BK. (2)
Tit (1), (2) suy ra ((ACD), (ABC)) = BKH.
Vi BH 1 (ADC) = BH | HK, xét tam gidac BHK vuong tai H co6:

tan BK H = %, voi HK = HO-AD (do hai tam gidc vuong ADC va HKC ddong dang).
HK AC
V3
——  BH-AC  BC -sin60°- AC 20-—--3a 3./
étanBKH:HC 1D~ DO =9 =
’ 7 146’27DC¥2 ?'\/9@2_a2
Vay ((ACD), (ABC)) = BKH = arctan ¥ O

BAI 4. Cho tit dien OABC ¢6 cac ciap canh OA, OB, OC d6i mot vuong goc véi nhau. Biét ring OA = av/3,

OBZG\T@,OC:LL.

(1) Chiing minh (OAC) L (OBCO).

(2) Xac dinh va tinh géc ((OAB), (ABC)).

(3) Xac dinh va tinh géc ((OAC), (ABC)).

Lai giai.
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@) Ta 6 OA L OB, OA L OC = OA 1 (OBC).
Ma OA C (OAC) = (OAC) L (OBC).

(2 Ta c6 (OAB)N (ABC) = AB. (1)
OC 1L OA,0C LOB=0C 1L (0OAB)= OC L AB.
Trong tam gidc vuong OAB ha duong cao OD | AB (2)
= AB 1 (ODC) = AB 1 CD. (3)

Tit (1), (2), (3) suy ra ((OAB), (ABC)) = CDO.

- 17 _ : 1 _

%AB~OD)
_——  0C-JOAZ+OB? a2 + 2
tan C DO = .OA-O; = - 64 =1.
a3 o

Do d6 ((OAB),(ABC)) = CDO = arctan 1 = 45°.
(3) Trong tam gidc vuong OBC ha dudng cao OE 1 BC.

Chitng minh hoan toan tuong tu cau trén ta dugc:

6a?
OABC’_OA OBQ+OCQ_@\/§. T""GQ_

tan AEO = OB 0C = OB .00 s V5.
—_— a
2
Do dé6 ((OAB),(ABC)) = AEO = arctan /5. O

BAI 5. Cho hinh chép S.ABCD c6 day 1a hinh vuong tam O canh a, SA vuong goc véi day ABCD, SA = av/3.
Goi M, N lan lugt 1 trung diém ctia BC va C'D. Xac dinh va tinh géc gitta cac cip mit phing sau:

@ (SAB) va (SBC).

(2 (SBC) va (ABCD).

(3 (SCD) va (ABCD).

@) (SBD) va (ABCD).

®) (SMN) va (ABCD).

Lai giai.
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1 Tac6 SA L (ABCD) = SA | BC,AB | BC (do ABCD
vuong).
Do d6 BC L (SAB). Ma BC C (SBC) = (SAB) L
(SBC).
Hay ((SAB); (SBC)) = 90°.

@) (SBC)N (ABCD) = BC.
Chitng minh trén ta ¢6 BC' L (SAB) = BC 1L AB, BC L
SC.

Do d6 ((SBC); (ABCD)) = SBA.
. o5 SA av3 B
Véi tan SBA = B 4 V3.

= ((SBC),(ABCD)) = SBA = arctan /3 = 60°.

Chting minh hoan toan tuong ty cau trén ta dugc:
g
((SCD), (ABCD)) = SDA = arctan /3 = 60°.

(@) (SBD)N (ABCD) = BD. (1)
Goi O la giao diém hai duong chéo ctia hinh vuong ABCD.
= BD L AO (tinh chat dudng chéo hinh vuong) (2)
va BD 1 SA (do SA 1L (ABCD)) . (3)

Tit (1), (2), (3) = ((SBD), (ABCD)) = SOA.

L — sA sa 2SA B

Vé6i tan SOA = 04 = £ = 7\/@ =
2

_av3 e

VaZ+a? -

= ((SBC),(ABCD)) = SOA = arctan v/6.

(®) (SMN)N (ABCD) = MN. (1)
Goi K la giao diém ctia AC va MN = AK | BD.
Dé thay MN || BD (do MN la dudng trung binh cta

ABCD).

= AK 1 MN. (2)
vado SA L (ABCD) = SA L MN = MN 1 (SAK)

= MN 1 SK. (3)

Tit (1), (2), (3) = ((SMN); (;14300)) = SKA.
S

i SA 4SA
51 KA = — = = =
Vi tan 5 AK ~ A0+ OK ~ AC _AC ~ 34C

2 4
4SA adv3 26

T 3VAB +AD’ 3/l +a® 3
= ((SMN),(ABCD)) = SKA = arctan %

O

BAI 6. Cho hinh lang tru ABC.A’B'C’ c6 canh day bing a. Hinh chiéu H ctia dinh A len mat déy (A'B'C”)
tring véi trung diém B’'C’. Géc gitta canh bén v miat day bing 30°.

(1) Tinh khoang céch giita hai mat day.

(2) Tinh géc hop béi BC va AC.

(3 Tinh géc giita (BAA'B’) va mat day.

Lai giai.
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A C
(1) Khoang cach gitta hai mat day la dudng cao AH cilia

hinh tru. Géc gitta canh bén AA’ va miat day (A’B'C’)
la AA’H = 30°.

Tam giac AAH ¢6 AH = A’Htan30° = GT\/g . ?7
AH =2,
2
nén BC, AC’ B'C'. AC = /\. am
@ B'C' || BC nen BC,AC" = B'C’, AC' = AC'B'. T:
gidgc AHC' vuong tai H va c6 AH = HC' = % nen
vuong can tai H.
Vay AC'H = AC'B' = 45°.
(B)Ha HK | A'B' thi AK | A'B' va HK = “f,
(ABB'A'), (A'B'C") = AKH = ~.
a
AH 5 23
Tam giac AHK c¢6 tany = K = a\2/§ = ;f
. 4
Vay (ABB'A),(AB'C") = AKH = ~ =

arctan | — .
3
O

BAI 7. Cho hinh chép OABC ¢6 OA, OB, OC doi mot vuong goc va OA = a, OB = b, OC = c. Hay tinh:
(1) Dudng cao OH ciia hinh chép.
(2) Cac géc hop béi mat day va cac mat ben ciia hinh chép.

Lai giai.

(D) Ha OH 1 (ABC) ta chitng minh duge H la tryc tam ciia tam
gidac ABC; AA’, BB', CC’ la cac dudng cao trong tam giac
ABC.

Tam giac COC’ vudng tai O c6 dudng cao OH, tam giac AOB
vuong tai O ¢6 duong cao OC’ cho:
1 R B S T S S S
OH2? 0C2 0C? 0C? O0A2 O0OB? ¢ a2 2
a’b? + b*c? + a®c?
a?b?¢?
abc
VaZbZ £ b2¢2 + a2c2

Nén OH =

@ Goi a, 8,7 lan lugt la géc hgp bsi mp(ABC) véi

mp(OAB), mp(OCA). Ta ¢6 (ABC), (OAB)) = OC'C = a.
ta OC ¢ -vVa?+b? hav cos ab
no = = o = .
oc’ ab Y VaZb? + 022 + a2c2
be
Tuong ty: cos B = .
& b Va2b? +b2c? + a2c?
va cosy = «“
7 Va2 £ 02¢2 + a2c2
O
BAI 8. Cho tam gidc déu ABC canh a nim trong mp(P). Trén cic dudng thdng vuong goc véi (P) vé tit B va
. 2 N P
C lay cac doan BD = Q\TF, CFE = av/2 ndm cung mot bén doi véi (P).

(1) Chiing minh tam gidc ADE vuong.
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(2) Tinh cosin géc giita hai mp (ADE) va (P).

Loi giai.
. CE 2
(D Goi F la trung diém ctia CE c6 FE = FC = 5 = %.
Ap dung dinh ly Pitago cho cac tam giac vuéng ABD,
ACE, DEF c6 :
3 2
AD? = AB? + BD? = % AE? = AC? + CE? = 3a2;
2
DE? = DF? 4 FE? = 3%
L 9 9 ,  3a®  3a?
Trong tam giac ADE: AE* = AD? + DE* = - + - =
3a?.

Vay tam giac ADE vuodng tai D.

(2 ViBD 1 (ABC),CE 1 (ABC) nén tam giac ABC 1a hinh
chiéu vuéng goc ctia tam giac ADE.
Goi ¢ la géc giita hai mat phang (ADE) va mp(P).
Saapc = o8¢ - SAADE

AB2\/3
= cosgp = SaABc _ 4 _ a?V/3 _ V3
Saape lpp.opg 5 3¢ 3
2 2

O
BAI 9. Cho hinh chép S.ABCD c6 day 1a hinh vuong canh a, SAB la tam giac déu va (SAB) L (ABCD).
Tinh gbc gitta
@ (SCD) va (ABCD).
(2 (SCD) va (SAD).
Loi giai.
(@ Goi E, F lan lugt trung diém ciia AB, CD.

C6 SE 1. AB (SAB tam giac déu) = SE L (ABCD)
) {CD L EF

0
CD 1 SE

Vay [(SCD), (ABCD)] = SFE.
Trong ASEF vuodng tai E:
— SE V3 @ —

V3
tan SFE = Vol éSFEfarctaHT.

= CD 1 (SEF)= CD L SF.

@ CD L EF;CD L SE = CD L (SEF) = (SCD) L (SEF).
— Dung EI L SF(I € SF) = EI 1 (SCD) = d(E, (5CD)) = EI.

R . 11 1 4 17 _aV3
— Trong ASEF vuong tai E ¢6 oI —EingnLﬁ—@Jr?—ﬁéElfW.
21
— Vi AFE || CD = AFE || (SCD) = d(A,(SCD)) =d(E, (SCD)) a4 T
" 2 2 2 2 2 o, 3a>  d® 2 2
— Tac6 SD* =SE*+ ED? =SE*+ FA*+ AD :T+Z+a = 2a°.
. I R a> a2
— Dung AH L SD(H € SD), vi ASAD can tai A nén AH = /SA? — SH? =1/a? — 5=
Ta c6 (SAD) N (SCD) = SD, A € (SAD),d(A, SD) = AH = aTﬂ d(A, (SCD)) = ‘“ﬁﬁ.
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Goi ¢ la goc giita hai mat phang (SAD) va (SCD). St dung cong thitc tinh géc & trudng hgp 3 ta duge

av/21
sinp = d(4,(5CD)) =1 = VA2 = ¢ = arcsin ——
d(A,SD) avz 7 7
2

BAI 10. Cho tit dien S.ABC c6 hai mat phing (SAB) va (SBC) vuong goc véi nhau, SA vuong géc véi mit

"

phing (ABC), biét SB = ay/2, BSC = 45°, ASB = a.

(@) Chitng minh BC vuoéng géc véi SB.

(2) X4c dinh « dé hai mat phéng (SAC) va (SBC) tao véi nhau géc 60°.

Lai giai.

(1) Chiing minh BC vuéng goc véi SB.
Vi SA 1L (ABC) = (SAB) L (ABC) (1)
Theo dé bai (SAB) L (SBC) (2)
Va (ABC)N (SBC)=BC (3)
Tt (1), (2), (3) suy ra BC L (SAB) = BC L SB (hai mit phang
cling vuong goéc véi mit phéng thit ba thi giao tuyén ciia ching vuong
gbc v6i mit phang thit ba).

(2 Dung AE 1| SB tai E, dung AF L SC tai F. Theo cau a) thi
AFE 1 (SBC)
= AF 1 SC.
Vay SC L (AEF)= SC L EF.
Hai dudng thing AF va EF lan lugt thuoc hai mit phang (SAC) va
(SBC) cung vuong goc véi giao tuyén SC. Nen [(SAC), (SBC)] =
AFE = 60°.
Ta ¢6 AAEF vuong tai E (vi AE L (SBC) = AE 1 EF)
¢6 AE = EF -tan60° = EF - /3.
Xét ASAE ¢6 AE = SE -tana, xét ASEF ¢6 EF = SE -sin45° =
SE -2

5

SuyraAE:EFo\/géSEwana:

SEQ.\/?«\/gétana:?

6
= o = arctan —.
2
(Il
BAI 11. Cho lang tru ding ABC.A'B'C’ ¢6 day ABC la tam giac can véi AB = AC = a, BAC = 120°,
BB' = a. Goi I trung diém CC’. Chitng minh tam giac AB'I vuong & A. Tinh cosin clia géc giita hai miit
phing (ABC) va (AB'I).

Lai giai.
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Goi H trung diém BC. Vi ABC can tai A nén AH 1 BC,
do BAC =120° = ACH = 30°. a
Ta ¢c6 AH = AC -sin ACH = a -sin 30° = 3

CH = AC'COS@Z a - cos30° = aT\/g.

= BC =2CH = aV/3.

Ap dung dinh 1y Pitago cho cac tam giac vuong: B'C'I, ABB’,
ACT ) )

IB? = B'C? + 10" = 3% + = = 134a ;
AB"? = AB? + BB"? = a® + a? = 2a°.

2 2
AI? = AC? +IC? :a2+“Z = 5%.
13a?
Tac6 IB? = AB? + A2 = 22 Vay tam giac B’ Al vuodng tai
A.
Ta co

1
SAB’AI = §AI . ABI

1 avh

= - — -
2 2

B a?v/10
4

:lAH~BC

2

SaaBc

N

a

=—--aV3-:
a?V/3

4
Goi a la géc gitta 2 mat phang (ABC) va (AB'I) ta c6

) () -

[\
[\

SaaBc = SaAB/T - COSQ = COSq = ( 1 1

V30
10

B’

AI
|
|
|
|

CO DANG 2.4. Thiét dién vuéng géc

Cho mat phing («) va duong thang a khong
vuong goc vdi (o). Xdc dinh mdt phang (B) chita
a va vudng géc vdi (a).

Phuong phap

— Chon mot diém A € a.

— Dung duong thing b qua A va vuong géc
().

Suy ra mat phang (a,b) la mat phing (8) can

Bai todn 1. Xdc dinh thiét dién chéa mot dwong thing va vudng géc vdi mdit phdng

tim. o

(), ...

Bai todn 2. Xdc dinh thiét dién (o) qua diém M va vuéng géc vdi duwong thing d

— Tim nhitng duong thdng thudc khoi chop vuong goc véi d, chang han a,b,... Suy ra a || (a),b ||
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— Tim giao tuyén cia () vdi cac mat cia khoi chép

{M € (a)N (P)

@ lac@ —@NE)=Mla...

BAI 1. Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh vuong, SA L (ABCD). Goi () 1a mit phing chita AB
va vuong goc véi (SCD), (a) cat hinh chép S.ABCD theo thiét dign 1a hinh gi?
Loi giai.
Dung AH L SD tai H. (1)

{C’D 1 SA (do SA L (ABCD))
Ta co

CD 1 AD (do ABCD la hinh vuong).
= OD L (SAD)= CD L AH.  (2)
T (1), (2) suy ra AH L (SCD), ma (o) L (SCD).
Suy ra AH C (@), do d6 (o) = (AHB).
Vi(a) || CD nén (o) N(SCD)=HK | CD || AB (véi K € SC).
T d6 thiét dién 13 hinh thang ABK H.
Mit khac AB L (SAD) nén AB | AH.
Vay thiét dién 13 hinh thang vuong tai A va H.

BAI 2. Cho hinh chép S.ABCD v6i ABCD la hinh chit nhat tam O ¢6 AB = a, AD = 2a. SA vuong goc véi
day va SA = a. Goi (P) la mat phang qua SO va vuong géc véi (SAD). Dign tich thiét dién ctia (P) va hinh
ch6ép S.ABCD béng bao nhiéu?
Loi giai.
Goi M, N lan lugt la trung diém ciia canh AD va BC.
= MN di qua O va vuodng goc v6i AD.
Ta o6 MN L AD (ching minh trén)
oo {MN 1 SA (do SA L (ABCD)).
= MN L (SAD) nén (SMN) L (SAD).
Do d6 SMN la thiét dién can tim.
Xét ASM N vuong tai M ¢6

SM-MN  a*V2

S =
ASMN 2 2

BAI 3. Cho hai mit phéng vuong goc (P) va (Q) c6 giao tuyén A. Lay A, B cing thudc A va lay C tren (P),
D trén (Q) sao cho AC | AB, BD 1 AB va AB = AC = BD = a. Tinh dién tich thiét dién ctia ti dien
ABCD khi cit bsi mat phang (a) di qua A va vuong géc véi CD.
Lo giai.

(P)L(Q)
Taco  (P)N(Q)=A = BD 1 (P).

BD € (Q), BD L A

. .2 AH 1 BC
Goi H la trung diem BC, ta c¢6 = AH 1 CD.
AH | BD

Trong mat phang (BCD), ké HI 1. CD = CD 1 (AHI).
Khi d6 mat phang () cit t1it dien ABCD theo thiét dien la tam giac AHI.
Xét tam gidc ABC vuong can tai A c6 BC = av/2.

a2

Trong tam giac vuong BC' D, ké dusng cao BK thi BK = —

R
HI | BK 1 a
) -~ HI = -BK = %

H 13 trung diém BC 2 V6
Vay thiét dién can tim 1& tam gidc AHI vudng tai H v c6 dién tich

a?v3
S = .

12

Tam giac BKC' ¢6 {

(Il
BAI 4. Cho hinh lang tru ding ABC.A’B'C’ ¢6 day A’B'C’ 1a tam giac vuong tai A’, A’B’ = aV/3, A'C' = a,
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canh bén AA’ = 2a. Mat phéng (P) qua A’ va vuong géc v6i B'C. Tinh dién tich thiét dién ctia lang tru cit

bdi mit phang (P)?

Lo giai.

Tu A’ ta dyng A’K’ | B'C". B
(A'B'C") L (BCC'B')

Do ¢ (A'B'C")N(BCC'B')=B'C" = AK' 1 (BCC'B') = AK' | BC'. N
A'K’ L B'C’ (theo cach vé)

(1)
Trong mit phang (BCC'B’) dung K'z | B'C va cit B'B tai diém N. (2)

\ (BC' L AK
T (1) va (2) ta co , ,
BC' L K'N
= Thiét dién can tim la tam gidc A’K’'N vuong tai K'.
Xét tam giac A’B’C’ vuong tai A’ ¢6

B'C'=\/A'B? + A'C"2 =2aq = AA'.

= B’BCC’ 13 hinh vuong = BC’ L B'C. (3)
Tt (2) va (3) ta 6 hai tam giac B'K'N, B'C'B dong dang.

= BC' L (A'K'N).

B¢

"K'N  BK B'K'.-C'B  ABZ%.C'B  3av2
Lo~ o TN T T e
. 1 1 A'B'-AC 3 6

BAI 5. Cho hinh lap phuong ABC'D.A’B'C'D’ ¢6 canh bing a. C4t hinh lap phuong bdi mat phing trung tric
ctia AC'. Thiét dién 13 hinh gi?

Loi giai.
Ta c6 AC la hinh chiéu ctia AC’ len (ABCD). 4 B
Ma AC L BD nén AC' 1 BD. (1) " K
Ta c6 AD L (AA'B'B) A'B 1 AD : \\H c/
= . 7
4B c (A4B'B) D2 ¢
. A'B L (AB'C'D) Vo
Lai ¢c6 A’B 1. AB’ suy ra , gy = AC' L A'B. \ S \ ,
AC' ¢ (AB'C'D) \ e Y _-AQ
o YRR T 7
Tir (1) va (2) suy ra AC' L (A’BD).  (3) LT}’ ,
Mit phing trung tryc AC’ la mit phing (o) di qua trung diém M'\/ N \\\ N
I cia AC" va (o) L AC'. (4) VoS Vo
Tit (3) va (4) suy ra mat phang (o) di qua I vi song song véi 3 \&,4/_ _____ S o B
(A'BD). \ g TsecsTT Pt
Do d6 qua I dung MQ || BD. ]/V," /,/’5‘\ \
by JMN [ A'DNP | B'D' || BD LT
/ !
M8\ QK | B'C || A'D, KH | BD. D ¢
av/2

Ma MN = NP =PQ=QK = KH=HM = —".

Suy ra thiét dién la luc giac déu.

ssl 3. KHOANG CACH

@ TOMTAT LY THUYET

0 KHOANG CACH TU MOT BIEM DEN MOT DUONG THANG
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Cho diém M va mot duong thing A. Trong mat phang (M, A), goi H 1 hinh
chiéu ctia M trén A. Khi dé do dai doan M H 1a khodng céch tit diém M dén
A.

Ki hiew d (M,A) = MH véi MH L A.

Nhan xét. MN > MH, YN € A nghia lo MNyin = MH & N = H. NG -

€) KHOANG CACH Tl MOT BIEM DEN MOT MAT PHANG

Cho mit phang (a) va mot diém M, goi H 1a hinh chiéu ctia M

A M
trén (a). Khi d6, khodng cach M H dugce goi 1a khodng céach tu
diém M dén mat phing ().
Ki hieu d (M, () = MH véi MH L (a). I
N
o

Nhan xét. MN > MH, VN € («), nghia la M Ny, = MH <
N=H.

€) KHOANG CACH GIIA BUONG THANG VA MAT PHANG SONG SONG

Cho duong thang A va mit phéng («) song song v6i nhau. Khi A M
d6, khoang cach tit mot diém bat ky trén A dén mat phing (a)

duge goi 1a khodng cach gitta dudng thing A va (). o
Ki hiew: d(A,(a)) = d(M,(a) = MH Trong d6 M € / %
A, MH 1 (). <

€) KHOANG CACH GITA HAI MAT PHANG SONG SONG

Cho mit phang () va (8) song song véi nhau, khoang cach K . M
bat ky tit mot diém trén mit phing nay dén mit phing B l
kia goi la khoang cach giita hai mit phang song song («) @

va (B).
Ki hicu: d((a). (8)) = d(M,(8)) = d (N, (a)) / '
Trong dé: M € (a), N € (8). 5 N

€©) KHOANG CACH GIIA HAI BUONG THANG CHEO NHAU

Cho hai dudng thing chéo nhau a va b. Do dai doan vuong goc M
chung MN cta a vad b dugc goi 1a khoéng cach gitta hai dudng
théng chéo nhau a va b.

o .{MNJ_ataiM
Ki hiéu: d(a,b) = M N khi . b

MN 1 btai N.
N

Nhan xét. Trong hinh hoc co dién, ta quan tam dén hai bai todn khodng cach, dé la khodng cach ti mot
diém dén mat phdng va khodng cdch gitta hai duong thing chéo nhau, ta ciing zét hai dang nay.

(® DANG TOAN VA BAI TAP

0O DANG 3.1. Khodng cdéch tir mot diém dén mot mat phéing

Bai toan 1. Tim khoang cach tit chan dudng vudng géc dén mit bén
Vi du. Cho hinh chép S.-ABC c¢6 SA | (ABC). Xdc dinh khodng cdch tit chan duong cao A dén mdt
ben (SBC).
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AK 1 BC, (K € BC)
Dung
AH | SK, (H € SK).
{BC’ 1 AK
Ta co:

BC L SA (doSA L (ABCD))

= BC 1 AH.

AH 1 BC
Do dé, ta cé = AH 1 (SBC)
AH 1 SK

= d(4, (SBC)) = AH.

= BC L (SAK).

@ Cac phuong phap dua vé bai toan 1 (khoang cach tit chan dudng vuéng géc)

(1) St dung song song ciia dudng thing va mat phing
Dudng thang d qua M, qua chan duing vuong géc A va d || (P). Khi dé d (M, (P)) = d (A, (P)).

af®) M A

(2) St dung ty s6 khoang cach

Néu H la hinh chiéu vuong goc ciia A trén (P), duong thang d qua hai diem M, A va cdt (P) tai

0.
Khi dé: d(M, (P)) = %—Aj :

(3 Tao chan dudng cao gia
Tinh d (M, (P)) khi mat phang (P) chita dudng chan dudng cao that A. Khi dé ta tao chan duong
cao gid song song vdi chan duong cao thdt.

€ vioy

VI DU 1. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong tam O, canh a. Canh bén SA L (ABCD)
va SA = a\/2. Goi M, N, P lan lugt la trung diém ctia BC, CD, SC va G la trong tam tam giac ASCD.
Xac dinh va tinh

@ d(A,(SBC))
@ d(B,(SDC))

d (A, (P)) (St dung dinh lij Talet dé chiing minh,).
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Lai giai.

S

@ Ta c6 (SBC) N (ABCD) = BC. Ma AB L BC va dung AH L SB tai H.
Ta can chitng minh AH vuong goc véi (SBC) dé c6 AH 1a khoang céch can tim.

BC L AB
Ta c6 { = BC 1 (SAB). Suy ra BC' 1. AH.

= AH 1 (SBC). Suy ra d(A,(SBC)) = AH.

1 1 1 1

Xét tam giac ASAB, c6

CD 1 AD
Ta c6 { = CD 1 (SAD).

CD 1 SA
Ma CD C (SCD) nén suy ra (SCD) L (SAD) va (SCD) N (SAD) = SD.
Suy ra: Tt A ké AK | SD tai K = AK L (SCD).
Tac6 AB || CD, CD C (SCD) = AB | (SCD).
Do d6 d (B, (SCD)) = d(A,(SCD)) = AK.

Xét ASAD:

1 a\/é

1 1 1 SA-SD av2-2 d®V2  aV/6

AK?2 ~ SA?2 ' AD? VSAZ+SD2 242+ a2 aV3

Vay d (B, (SCD)) = g

(3 Vi O 1a trung diém ctia AC nén suy ra d (C,(SBD)) = d (A, (SBD)).
BD 1 SA
C6 < BD 1L OA = BD 1 (SAO).
(SANOA) € (SAO)
Ma BD C (SBD) nén suy ra (SBD) L (SAO) va (SBD) N (SAO) = SO.
Tu Aké AE 1 SO tai E. Ta c6

a\@ a\/i
. Ty 1
(A, (SBD)) = AE = — 2440 _ 2 __ w10
VSAZ + AO2 \/ 2a° 5
22 + “—

4

(@) Do M la trung diém ctia BC nén ta c6 d (M, (SCD)) = %d (B,(SCD)) = %\/6.

3
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(5) Do G la trong tam tam giac ASCD nén

1 1 1
d(G, (SBC)) = = d (D, (SBC)) = = d (A, (SBC)) = - a6 _ avG
3 3 3 3 9
(6 Goi Q la trung diém ctia SD nén suy ra CD || PQ. Do dé CD || (ABPQ).
/AD? 2
Tam gidac SAD vuong tai A, c6 trung tuyén AQ = STD = AD 2+ 54 = a\2/§.
ViCD || PQ va N € CD nén d(N,(ABP)) = d(D,(ABP)) = d(D,(ABPQ)) = d(S,(ABPQ)) =

d (S, (ABP)).
Lai c6 AB 1 (SAD) nén suy ra (ABPQ) L (SAD) theo giao tuyén AQ.
Ké SF 1L AQ tai F, tac6 SF L (ABPQ). Suy ra
Spsap _ a*V2  aV6

1
A(S,(ABP)) = SF = 5+ 25200 = =00 = =

Vay d (N, (ABP)) = “T\/é

VI DU 2. Cho hinh chép S.ABCD c6 day la hinh vuong, tam O, canh a. Canh ben SA L (ABCD). Goc
tao bsi SC va mit phang (SAB) bang 30°. Goi I 1a trung diém ctia SC va G la trong tam clia tam giac
SCD. Xac dinh va tinh khoang cach

Lai giai.

Ta c6 BC L (SAB) = (SC, (SAB)) = BSC = 30°.

B
Xét tam gidc ASBC vuong tai B, c¢6 sin30° = S—g = SC = % = 2a. Suy ra SB = aV/3, SA = aV/2.
2
(D Ta c6 (SAC) L (SBD) va (SAC) N (SBD) = SO.
Tit A, ké AH 1 SO = AH 1 (SBD).
a2
A-A a2 — = i
Suy ra d (A, (SBD)) = AH — — 2440 2 _avio
VSA? 1 AO? \/ a? 5
2@2 + ?
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@) Do OA = OC nen d(C,(SBD)) = d (A, (SBD)) = “\gm.
(3) Vi la trung diém ciia SC nen d (I, (SBD)) = ; (C,(SBD)) = % “\gﬁ = a\l/OlT)
(@ Do O la trung diém ctia AC nén d (O, (SAB)) = %d (C,(SAB)) = =y
(B Vi G la trong tam ASCD néen d (G, (SAB)) = ;d(C’, (SAB)) = %.
(6) Vi G la trong tam clia tam gidc SCD nén suy ra — NG 1
NC 3 /0 /0
_d(G,(SBD)) NG 1 ) 1 1 a/10 V10
T e =——=—-.Dodo d BD)) = BD = =
8 eO TG (5BD)) ~ NO 3 D00 d(G.(SBD)) = 3d(C.(SBD)) = 5 =5 30

VI DU 3. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh chit nhat v6i AB = a, AD = 2a, SA = a va
SA vuong géc véi day (ABCD). Goi I, M lan lugt 1a trung diém ctia SC, CD. Tinh céc khoang cach
sau

@ d(4,(SBD)).

(@ d(I,(SBD)).

(3 d(A, (SBM)).
Loi giai.

(1) Goi E, H lan lugt 1a hinh chiéu vuong géc ciia A trén BD va SE.
BD 1 SA(viSA L (ABCD
Ta ¢6 (v ( ) L BD 1 (SAE) = AH 1L BD.
BD 1 AE

Mat khac AH | SE, SE C (SBD) nén AH 1 (SBD). Suy ra d(A, (SBD)) = AH.
1 1 1

AE? ~ AB® T 4D

Tam giac SAE vuodng tai A, duong cao AH nén

Tam giac ABD vudng tai A, dudng cao AE ¢6

T . L L S . A NY
AH? — AE?  SA2  AB?2  AD?2 ' SA?2 a2 442  a®  4a? BEER

2a

Vay d(A,(SBD)) = AH = 5.

(2 Goi O 1a giao diém ctia AC va BD. Ta c6 I, O lan lugt la trung diém ctia SC va AC nén

2 _
3

d(I,(SBD)) = %d(C, (SBD)) = %d(A, (SBD)) = %

N |

Vay d(L, (SBD)) = &

(3) Trong mit phang (ABCD), goi F la giao diém ctia BM va AD.
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. 1 1
Ta thay MD || AB va MD = §CD = §AB nén MD la dudng

trung binh ctia tam giac FAB, suy ra AF = 2AD = 4a.

Goi G, K lan lugt 1a hinh chiéu vuong goc clia A tréen BF v SG.

Ta c6 {BF L SAM SALABED)) | pi | (54G) = AK L
BF 1 AG

BF.

Mit khac AK L SG, SG C (SBF) nen AK L (SBF).

Suy ra d(A, (SBM)) = d(A, (SBF)) = AK.

F
Tam giac ABF vudng tai A, duong cao AG c¢6
1 1 1 1 1 17
= + =St =
AG?  AB2?2  AF? a?  16a? 1642
Tam giac SAG vuong tai A, duong cao AK nén
1 1 1 1 1 4
S DR DS (AR W IO}
AK?2 AG?  SA?  16a?  a? 1642 33
4av/33
Vay d(A, (SBM)) = AK = a33 .
(Il

VI DU 4. Cho hinh thoi ABCD tam O, canh a v AC = a. Tit trung diém H cia AB dung SH vuong
gbc véi mit phang (ABCD) v6i SH = a. Tinh cac khoang cach sau

@ d(H, (SCD)).
2 d(0,(SCD)).
3 d(A, (SBC)).

Lai giai.

(1) Goi K la hinh chiéu vuong géc ctia H tréen SC. Vi ABCD la hinh thoi canh a, AC = a nén tam gic
ABC déu canh a, suy ra HC L AB, HC 1L CD tai C.
Ma SA L (ABCD) = CD L SA. Do dé CD L (SHC) = CD | HK.
Mat khac HK 1 SC nén HK 1 (SCD). Vivay d(H,(SCD)) = HK.

3
Tam giac SHC vuong tai H ¢c6 HC = %, SH = a, duong cao HK. Suy ra

1 1 1 4017 a1
— = — _— = — HK == .
AK:  HCE T SHE 32 @ 327 7
av21

Vay d(H, (SCD)) = HE = ==

y 1
(2 Do O la tam hinh thoi ABCD hay O la trung diém ctia AC nén d(O, (SCD)) = §d(A, (SCD)).

Ma AB || CD = AB || (SCD), H € AB nén d(A, (SCD)) = d(H, (SCD)).
1 1 av/21

Vay d(0,(SCD)) = 5d(4, (SCD)) = 5d(H,(SCD)) = =
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(3) Goi M la trung diém ciia BC. Do tam gidc ABC déu canh a nén AM | BC va AM = GT\/g.
Goi E la trung diém ctia BM, khi d6 HE la dudng trung binh ctia tam gidc ABM nén HE 1 BC va
HE = aT?’.
Goi F 1a hinh chiéu vudng géc ctia H tren SE. Ta c6
BC 1 SH
= BC 1 (SHE) = HF 1 BC.
BC 1L HE

Laico HF L SE, SE C (SBC) nén HF 1 (SBC). Suy ra d(H, (SBC)) = HF.
Tam giac SHE vuong tai H, c6 duong cao HF' nén
1 1 1 16 1 19 aV/h7

HF? HE? + SH? = 3a? + a?  3a? 19

Mit khac H 1a trung diém ctia AB nén d(A4, (SBC)) = 2d(H, (SBC)) = 2HF = Qa;gﬁ.

VI DU 5. Cho hinh chép S.ABCD c6 SA = 2a va SA L (ABCD). Ddy ABCD la hinh thang vuong tai
A, Bva AB = BC = a, AD = 2a. Tinh cic khodng cach sau

@ d(A4, (SCD)).
@ d(B, (SCD)).
(3 d(AD, (SBCQ)).

Lai giai.

Goi M la trung diém ctia AD. Ta ¢6 AM || BC, AM = BC = a, ABC = BAM = 90° nén ABCM 1a hinh
vudng canh a.

. AD
Tam giac ACD ¢6 dudng trung tuyén CM = - =@ nén AACD vuong tai C.

D 1a o6 [CPLAC
2 Nep 1 s4

Goi H 13 hinh chiéu vuong goc cia A tréen SC, ta co

AH 1 CD
AH 1 5C

= CD L (SAC).

= AH 1 (SCD) = d(A, (SCD)) = AH.

Do ABCM 1a hinh vudng canh a nén AC = aV/2.
Tam giac SAC vuong tai A, duong cao AH thoéa méan

1 1 1 1 1 3 2av/3
A SA2 VT A T dar T2 T 42 T 3

Vay d(A, (SCD)) = AH = 2‘3/3.

= Nguyén Qudc Duong - @ 0375113359 Trang @



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

(2 Tt gisc BODM c¢6 BC | MD va BC = MD = a nén BCDM 1la hinh binh hanh. Do d6 BM || CD =
BM || (SCD) = d(B,(SCD)) =d(M, (SCD)).
1 av/3

Lai do M la trung diém ctia AD nén d(M, (SCD)) = id(A’ (SCD)) = 3

Vay d(B, (SCD)) = “T\/g

(3) Do AD || BC = AD || (SBC) = d(AD, (SBC)) = d(A, (SBC)).
Goi K 13 hinh chiéu vuong géc ctia A trén SB. Ta c6

= BC 1 (SAB) = AK 1 BC.

BC 1 AB
BC 1L SA

Mat khac AK 1 SB nén suy ra AK 1 (SBC) = d(A, (SBC)) = AK.
Tam giac SAB vuong tai A, ¢6 dudng cao AK thdéa méan

1 1 1 1 1 )

AK: AR Tsa T 2 T T ia

Vay d(AD, (SBC)) = d(A, (SBC)) = AK — 2“5\/5.

Vi DU 6. Cho hinh chép S.ABC ¢6 day ABC la tam giac déu canh a, canh ben SA vuong goéc véi day.
. . PR 6
Tinh khodng cach tit A dén mat phang (SBC) theo a biét rang SA = aT.

Lo giai.
Goi D, H lan lugt 1a hinh chiéu vudng géc ctia A tréen BC va SD. Vi
SA L (ABC) nén ta c6

= BC 1 (SAD) = BC L AH.

BC 1 AD
BC 1L SA

Lai c6 AH L SD, suy ra AH L (SBC) = d(A, (SBC)) = AH.
Tam giac ABC déu canh a, c6 AD la dudng cao va la dudng trung tuyén

nén AD = GT\/g.
Tam giac SAD vuong tai A c6 dudng cao AH thdéa man
1 1 1 4 4 2 a2
— = — —_— = — AH = - .
AH?  AD? + SA2  3a? + 6a2 a2 = 2
a2

Vay d(4, (SBO)) = AH = =

Q BAI TAP AP DUNG

BAI 1. Cho hinh chép S.ABC c¢6 day ABC la tam gidc vuong tai B, AB = 3a, BC' = 4a, mat phing (SBC)
vuong géc véi mat phing (ABC). Biét SB = 2av/3 va SBC = 30°. Tinh khoang céch tit diém B dén mait
phing (SAC) theo a.

Lai giai.

= Nguyén Qudc Duong - @ 0375113359 Trang



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

Goi SH la dudng cao ctia tam giac SBC.

Ké HK 1 AC, HI 1 SK.
(SBC) L (ABC) = BC

Ta ¢6 = SH 1 (ABC),
SH | BC

suy ra SH la dudng cao ciia khéi chép S.ABC.
1
Ta c6 SAspc = §SB - BC - sin SBC = 2+/3a2.

1 25
Mt khic Saspe = 5SH - BC = SH = % = av/3.
Xét tam gidc vuong SBH, c6 BH? = SB? — SH? = 9a?
= BH = 3a,HC = a.

Ké BE 1 AC, xét tam giac vuong ABC c6 BE = %G,HK = EBE = ga, (do HK || BE).
. R 1 1 1 3T
Xét tam giac vuong SHK c6 e =~ SIe + e = HI = RV
Lai ¢6 d (B, (SAC)) = 4-d (H, (SAC)) = 4- HI — 6—\7ﬁa.
Vay d (B, (SAC)) = 6—\7ﬁa. O

BAI 2. Cho hinh chép S.ABC ¢6 day ABC' 1a tam giac vuong tai A, BC = 2a, ABC = 60°. Goi M la trung
diém cha BC. Biét SA = SB = SC = a /5.

(@ Tinh chiéu cao ctia hinh chép.

(2) Tinh khoang cach tit M dén mit phing (SAB).

Lai giai.

(@ Goi N la hinh chiéu vuong géc ciia S trén (ABC).
Vi SA =SB =5C=a/5= NA=NB = NC (quan hé giita dudng
xién va hinh chiéu).
Suy ra N = M (N, M déu cach déu nim trén mit diy va cach déu 3
dinh A, B, C).
Hay SM la dudng cao ctia khoi chép.
Ta c6 AM = a, SM = /SA® — AM? = 2a.
Vay chiéu cao clia hinh chép 1a SM = 2a.

1
@ Ké MH L AB,MI L SH. Ta ¢ AC = av3,MH = JAC = “T\/g

SM-MH  2/57a
VSMZ+ MHZ 19

Xét tam giac vuong SMH, ta ¢6 MI =

2
Vay d (M, (SAB)) = MI = \15977“.

O

BAI 3. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vuong canh a, 25D = 3a, hinh chiéu vuong géc ciia S
len mat phang (ABCD) la trung diém ctia canh AB. Tinh theo a khoang cach tit A dén mat phing (SBD).

Lai giai.

= Nguyén Qudc Duong - @ 0375113359 Trang @



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

Goi O 1a giao diém ctia AC va BD, H la trung diém cta AB,
HI 1 DB, HK 1 SI.

Ta c¢6 SH 1a dudng cao cta hinh chép S.ABCD.

Xét hinh vuong ABCD c6

V2

2
AC:Wi,AO:“T DH =

1 a.

1
JHI = §AO—

|G

Xét tam gidc vuong SHD, ¢6 SH = +/SD? — HD? = a.

SH-HI
Xét tam giac vuong SHI, c6 HK = ———= = a

VSH? + HI? 25'
Suy ra d (A, (SBD)) = 2-d (H, (SBD)) = 2- HK = 3“
Vay d(4,(SBD)) = =

O

BAI 4. Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh chi nhat, mit bén SAD la tam gidc vuong tai S, hinh
chiéu vuong goc ctia S len mit phang (ABCD) la diém H thudc canh AD sao cho HA = 3HD. Goi M la trung
diém ctia AB, biét ring SA = 2a+/3 v duong thing SC tao v6i ddy mot goc 30°. Tinh theo a khoang céch tir
M dén mat phéng (SBC).

Lo giai.

Ké HK 1 BC,HI 1 SK. Ta c6 HDCK la hinh chit nhat.
Ma d (M, (SBC)) = %d (A4,(SBQC)) = %d (H,(SBC)) =

1
—HI.
2

Diat HD =z, AD - AH = SA? = 3z - 42 = 12d%? = = = a.
AD = 4a,SH = a\/3.

Lai ¢6 (SC,(ABCD)) = (SC,CH) = SCH = 30°.

CH
Suy ra cot 30° = SH = CH = SH - cot 30° = 3a.

Xét tam gidc vuong CHK ¢6 HK = /OH? — CK? = 2v/2a.

H-HK 2v
Xét tam giac vuong SHK c¢6 HI = 5 = 66
VSH? + HK? 11
V66

11 a.

1
Vay d (M, (SBC)) = JHI =
O

BAI 5. Cho hinh lang tru ABC.A’B'C’ ¢6 day la tam gidc déu canh a. Hinh chiéu vuong goéc ctia A’ trén mit
phing (ABC) la trung diém canh AB, goc giita dudng thang A’C' va mit phing ddy bing 60°. Tinh theo a
khoéng cach tit diém B dén mit phing (ACC’A’).

Loi giai.
Goi H la trung diém ctia AB, A’H | (ABC), A/CH = 60°. 4 c!
— I\

Nen A’H = CH - tan A/CH = 3;. I\
Goi I 13 hinh chiéu vuoéng géc ctia H tréen AC; K 1a hinh chiéu vuong géc l‘\ \\\
clia H tréen A'I. ' AN )
Nén khoang cach tit H dén (ACC'A') lad= HK. ! N B

== V3a 1 1 1 52 g \
HI = AH -sinlAH = 1 va HK2 —H12+HA/2 —@ /“K \\\

A 3v/13a " \

Nénd=HK = % A ,,,,//?,I,, ,::3{, C
Vi H la trung diém cia AB nén khodng cach tit B dén (ACC'A’) la v
= 2d = 213 H

13

B
(]

BAI 6. Cho hinh lang tru ding ABC.A'B'C’ ¢6 AA’ = a, ddy ABC la tam giac vuong tai A va BC' = 2a,
AB = aV/3.

(@ Tinh khoang céch tit AA’ dén (BCC'B’).

(2) Tinh khoang cach tit A dén (A'BC).
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(3 Chitng minh AB 1 (ACC’A’). Tinh khodng cach tit A’ dén (ABC").
Loi giai.
(0 Tinh khoang cach tit AA’ dén (BCC'B').

Goi I, I’ 1an lugt 13 hinh chiéu vudng goc ciia A, A’ trén BC va B'C’.
Vi ABC.A'B'C’ 1a hinh lang tru ding, (ABC) L (BCC'B’) theo giao
tuyén BC va AI 1. BC, nén AI 1 (BCC'B’).

ABC 1a tam gidc vuong tai A va BC = 2a, AB = a\/3

AB-AC  aV3
nén AC = a, Al = BC \{
Do d6 khoéng céch tit A dén (BCC'B’) la h = Al = aT\/g.
Ta c6 AA’ | (BCC'B’) nén khodng cach tit AA’ dén (BCC'B’) la
hi=h= aT\/g.

Vay khoang cach can tim 1a hy =

av/3
-

(2) Tinh khoang cach tit A dén (A'BC).
Ta c6 BC L (AA'T'T) nén (A’BC) L (AA'T'I) theo giao tuyén A'I.
Goi R 1a hinh chiéu vuéng géc ctia A trén A’I, nén R ciing 1a hinh chiéu vuong goc ciia A trén (A’ BCO).

.. _ . 1 1 1 4
Trong tam gidc vuong A’ AT ta co6 AR~ A7 + A2~ 22 + 32 = 3.2
) V21
Vay khodng cach tir A dén (A'BC) Ta AR = *= e

(3 Chiing minh AB L (ACC'A’). Tinh khoang cach tit A’ dén (ABC").
Tac6 AB L AC va AB 1 AA’ nén AB L (AA'C'C).
Do d6 (ABC") 1L (ACC’A’) theo giao tuyén AC’.
Goi K 1a hinh chiéu vuong géc ctia A’ trén giao tuyén AC’
nén K la hinh chiéu vuong goc cia A’ tren (ABC') .
Suy ra khoang cach tit A’ dén (ABC’) la A'K.
/ Yal
Tam gidac AA’C’ vuong tai A’ c6 do dai duong cao ho = A’K = AAA.C% ¢ = \/361-

V2a
5

Vay khodng cach can tim 13 hy =

O

BAI 7. Cho hinh chép S.ABCD ¢6 day 1a hinh thoi canh a. Canh SA vuong goc véi ddy, BAD = 120°, M 1a
trung diém ctia canh BC va SM A = 45°. Tinh khoang céch tit diém D dén mit phang (SBC).
Li giai.

Ta c6 ABCD la hinh thoi canh a va BA/E = 120° nén A/B\C = 3
60° va tam giac ABC déu.
3 —
Do d6 AM = % . Tam giac SAM vuong tai A c6 SMA = 45°
av/3

nén tam gidc SAM vudng can tai A va SA =AM = 5

Goi H 13 hinh chiéu vudng géc ciia A trén SM. Khi dé AM 1 BC
va SA L BC nén BC L (SAM) suy ra BC L AH.

P D
Do d6 AH | (SBC) nén khodng céch tit A dén (SBC) la h =
AH.
B M C
AM~/2 6 . 6
Ta c6 AH = 2f - % va AD || BC nen khoang cach tit D dén (SBC) 1a i/ = h = AH = %
Vay khodng cach can tim 1a b/ = CLT\/E. O

BAI 8. Cho hinh chép S.ABC c¢6 day la tam giac vuong tai A, ABC = 30°, SBC la tam giac déu canh a va
mit bén SBC vuong géc véi day. Tinh theo a khodng cach tit diém C dén mit phang (SAB).
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L3i giai.

Goi H la trung diém ctia BC, tam giac SBC déu, nen SH 1 BC. S
Ma (SBC) L (ABC) theo giao tuyén BC, nen SH L (ABC) va

SH 1 AB.

Goi I 1a trung diém AB, IH || AC va AC | AB nén IH | AB.

C6 AB L IH va AB | SH nen AB L (SHI)va (SHI) L (SAB)

theo giao tuyén SI .

Goi J 1 hinh chiéu vudng géc clia H trén SI, nén J 1& hinh chiéu

vuong goc cia H trén (SAB).

, av'3 . a 1 B ¢
Tac6 BC =a; SH = — AC = BCsin 30° = o IH = §AC =
a
4 !
A
. N ) 1 1 1 4 16 52
Tam giac SHI vuong tai H nén 02— SI? + 2~ 342 + Py
. V39
Khoang céch tit H dén (SAB) 1a HJ = o6 &
Vi H la trung diém BC nén khodng cach tit C dén (SAB) lad=2HJ.
Vay khoang cach tit C' dén (SAB) la d = 1—339(1. O

BAI 9. Cho hinh chép S.ABCD c6 day 1a hinh vuong canh a, mit ben (SAB) 1a tam gidc déu va nam trong
mat phing vuong géc véi mit phing day. Tinh theo a khodng céch tir diém A dén mit phing (SCD).
Lai giai.
Goi H la trung diém AB, vi AABC déu nén SH 1 AB.
(SAB) L (ABCD)
Ta c6 { (SAB)N(ABCD)=AB = SH | (ABCD).
SH | AB
Goi K la trung diém CD. Dyng duong cao HI trong tam giac SHK.
CD1HK
Ta ¢6 =CD 1 (SHK)=CD L HI.
{C’D 1 SH
HI L CD
HI 1 SK
Ma AH || (SCD) nén d(A, (SCD)) =d(H,(SCD)) = HI.

Mat khac { = HI 1 (SCD).

Xét tam giac SHK vuong tai H ¢6 duong cao HI ta c6

1 1 1 1 17 a2l
O~ So: T HK? + =

av21
T

BAI 10. Cho tit dien ABCD c¢6 AD vuong goc v6i mit phing (ABC), biét AC = AD = 4 cm, AB = 3 cm,

BC =5 cm. Tinh khoang cich tit diém A dén mit phing (BCD).

Lai giai.

Dung dudng cao AH trong tam giac ABC va dudng cao Al trong tam giac

O

Vay d(A,(SCD)) =

DAH.
CB 1 AH
Ta c6
CB 1 DA
Neén d (4, (BCD)) = Al
Ta c6 BC? = 25 = AB? 4+ AC? nén tam giac ABC vuong tai A.
g 1 1 n 1 1 n 1 25
T = = - —_—= —,
WA T AR T AC? 9 16 144
Xét tam giac DAH vuong tai A c6 dudng cao Al ta cé
1 1 1 1 2 1
1 _ 125 1T Gay3T
AI?  AD?  AH? 16
6av/34

SRR 17
Vay d (4, (BCD)) = = ——.

Al L DH

Al L (BOD).
AT LCB (BCD)

= CB L (DAH). Mat khac {
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O

BAI 11. Cho hinh lang try ding ABC.A’B’'C’ ¢6 day ABC la tam gidc vuong tai B, AB = BC = a, canh bén
AA" = a/2. Goi M 1a trung diém cta BC.
@) Tinh d (AM, B'C).
(2) Tinh khoang céch tit A dén mit phéng (A’'BC).
Lai gidi.
@) Tinh d (AM, B'C).
Goi N la diém déi xiing ctia B qua A. A B
Ta suy ra NC || AM = AM || (B'NC). N~
Nen d (AM, B'C) = d(AM, (B'NC)). NN
. d(A,(B'NC)) AN 1 N
Tacod —— L =—— =, NI R
d(B,(B'NC)) _ BN _ 2 RN
d(B, (B'N RS
Suy ra d(A, (B'NC)) = M AT
Dung dudng cao BK trong tam giac BNC va Al - AN

dudng cao BI trong tam gidc B'BK. N L AN =

= BI 1 (BNC).

Nen d(B, (B'NC)) = BI.

1 1 1 1 5
Xét tam giac BNC vudng tai B c6 duong cao BK ta c6

1
BK2 BN BC? 42 a2 dat

Xét tam giac B’BK vuong tai B ¢6 duong cao BI ta co

1 1 1 5 1 7 2a\/7
B’ " BK® " BB? 1 2? da2 7
A(B,(BNC)) _BI _av

2 27
(2) Tinh khoang cach tit A dén mat phing (A’BC). Dung duong cao AH trong tam giac A’AB.
Ta o6 {BC 1 AB
a co

Vay d(A, (B'NC)) =

= BC | (A’AB) = BC | AH.

BC 1L A'A

AH | A'B
Mait khéc = AH | (A’BC) nén d(A, (A'BC)) = AH.

AH 1 BC
Xét tam gidc A’AB vuong tai A c6 duong cao AH ta c6

1 1 1 1 1 3 a6
AH? T A7 TABE T2 T T 242 3
av/6

Vay d (4, (4'BO)) = =5

O

BAI 12. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong tam O canh a. Hai mit bén (SAB) va (SAD)
cling vuong goéc véi mit phang day va SA = a.

(1) Chting minh BD L SO.

(2) Chiing minh (SAD) L (SCD).

(3) Xac dinh va tinh goc gitta SB va mit phang (SAC).

(@) Tinh khoang cach tit B dén mit phing (SCD).

(5) Xac dinh va tinh goc gitta hai mat phing (SBC) va (SCD).
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Lai giai.

(1 Chitng minh BD 1 SO.
(SAB) L (ABCD)
Ta c¢6 § (SAD) L (ABCD) = SA 1 (ABCD).
(SAB)N (SAD) = SA
BD 1 AC

BD 1 SA
Ma SO C (SAC) = BD L SO.

Mt khac { = BD 1 (SAC).

CD 1 AD

D 1 (SAD). Ma CD D) né D) L
CDJ_SA:>O (SAD). Ma CD C (SCD) nén (SCD)

(2) Chiing minh: (SAD) L (SCD). Ta c6 {
(SAD).

(3) X4c dinh va tinh goc gitta SB va mit phang (SAC).
Ta ¢6 BO L (SAC) tai O nén O 1a hinh chiéu ctia B lén (SAC).
Suy ra SO 1a hinh chiéu ctia SB len (SAC) nén (SB, (SCD)) = (SB, SO).
Ap dung dinh 1y Pytago trong tam gidgc SAB vuong tai A ta c6

SB? = SA%? + AB? = 24%> = SB = aV?2.

BD 2
Mat khic BO = =~ = a2,

a\/§

, . ~ . . . —=o= OB 2 oA
Xét tam giac SBO vuong tai O ta c6 sin BSO = — = = - = BSO = 30°.
SB a2

—_

[\)

Vay (SB, (SAC)) = 30°.

(4) Tinh khoang céch tit B dén mit phang (SCD).
Dung dudng cao AH trong tam giac SAD.
CD 1 (SAD)
Ta c6 = CD 1 AH.
AH C (SAD)
AH 1 SD
AH 1. CD
Ma AB || (SCD) nén d(B, (SCD)) =d(A4,(SCD)) = AH.

Mt khéc { = AH 1 (SCD).

1 1 2 av2

1
Xét tam gidc SAD vuong tai A ¢6 dudng cao AH ta ¢ 1 = SAz + 102~ a2 = AH = —
a2
-

Vay d(B, (5CD)) =

(5) X4c dinh va tinh géc gitta hai mat phang (SBC) va (SCD).
Dung duong cao BK trong tam giac SBC.

SC | BK
Ta ¢6 { = SC L (BKD) = SC L KD.
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(SBC)N (SCD) = SC

Mt khac { BK L SC — ((SBC), (SCD)) = (BK, DK).
DK 1 SC
Ta ¢6 {BC 4B pe (SAB) = BC L SB.
BC 1 SA
Xét tam giac SBC vuodng tai B ¢6 duong cao BK ta co
2
B}(Q *51192+Bi12 :%+%:2%;53K2:2%'

2a?
Tinh toan tuong tu ta dugc DK? = —.

Trong tam giac BK D ta c6

2a2_|_2a2 0,2
—— BK?+DK?-BD*> "3 T 3 ~ 1 == o
cos BKD = 5 Bk . DK = , 2 :fiﬁBKD:IQO.
3

Vi BKD = 120° > 90° nén ((SBC), (SCD)) = (BK, DK) = 180° — 120° = 60°.

(3 DANG 3.2. Khodng cdch gitra 2 dudng thdng chéo nhau.

(1) Dinh nghia

Cho hai duong thdang chéo nhau a va b. Do dai dogn vuong géc chung MN M @
ctia a va b duge goi la khodng cdch gitta hai duong thing a, b.

) [MN La
Khi dé d(a,b) = MN vdi {

b
MN 1 b. N

(2) Phwong phdp xdc dinh khodng cdch giia hai dudng thang chéo nhau. St dung song song
va dua vé bai todn tim khodng cdch tw chan dudng cao dén mdt bén.

VI DU 1. Cho hinh chép S.ABCD, ¢c6 SA L (ABCD) va day ABCD la hinh chit nhat. Xac
dinh v& tinh khodng cach giita canh bén SB va canh thudc mit phang day AC.

Ldi gidi.

Budc 1. Xac dinh giao diém cta canh bén va mat day.
Ta c¢6: SBN(ABCD) = B.
Budc 2. Tu giao diém dung d song song vdi canh ddy.
Qua B, dung d || AC va dung AK L d(K € d). Khi dé

d(SB, AC) = d(AC, (SK B)) = d(A, (SK B)).
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Budc 3. Twm khodng cdch ti chan dén mdat bén.
Dung AH 1L SK (K € SK).

KB 1 AK
Ta c6 = KB 1 (SAK) = KB 1 AH.
KB 1 SA

AH 1 KB
AH 1 SB

Budc 4. Si dung kién thitc hinh hoc phing dé tinh do dai dogn AH .

Khi d6 ta c6 { = AH 1 (SKB) = d(A, (SKB)) = AH.

/N Cin nhd bai todn vé tam dién vuong, né thuong duge dp dung.
Cho tit dien OABC vdi OA,OB,OC doi mot vuong goc vdi nhau. Khi dé duong cao OH cia ti dién
1

1 1
OABC dugc tinh theo cong thic

1
om? ~ o4 Tom Tocr
Chitng minh.

Dung OD 1 BC (D € BC) va OH L AD (H € AD).

(BC LOD
6 {BC AT = BC 1 (AOD) = (ABC) L (AOD).
(ABC) L (AOD)
Khi dé { (ABC)N (AOD) = AD = OH L (ABC).
OH L AD,OH C (AOD)
Suy ra S + r_ 1 + ! + (dpem).
OH? 0OA? O0OD? O0A? O0OB? 0cC?
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VI DU 2. Cho hinh chép S.ABCD c6 déy la hinh vuong canh a,SA = h va SA L (ABCD).

(1) Dung va tinh do dai doan vuong géc chung ctia SB va CD.
Nhan xét. Néu hai duong thing chéo nhau va vuong géc nhau sé st dung dinh nghia dé tim khodng
cdch, tic la tim doan vuong géc chung. Con néu khong vuong géc nhau ta sé st dung ding phuong
phdp ké song song nhu lj thuyét.

(2 Duyng va tinh do dai doan vuong géc chung ctia AD va SB.
(3) Dung va tinh do dai doan vuong géc chung ctia SC va BD.
(@) Tinh do dai doan vuong goc chung ciia SC va AB.
(5) Tinh do dai doan vudng géc chung ctia SC va AD.

VI DU 3. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuong canh bing a, SA vudng géc véi mit
phéng day (ABCD), goc giita dutng thang SC va mit phing (ABCD) bing 45°. Tinh khoang céch giita
hai dudng thing SB, AC.

Lai giai.

— Xac dinh goc gita SC va (ABCD).
Ta c6 SC N (ABCD) = C, SA L (ABCD) tai A.
Suy ra AC la hinh chiéu ctia SC lén mit phang (ABCD)
= (SC, (ABCD)) = (SC, AC) = SCA = 45°.
Ta c6 ASAC vuong tai A va SCA = 45° nen ASAC vuong can tai A

= AC =SA=AB-V2=aV2.
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— Xac dinh khoéang cach gitta CB, AC.
Ta c6 SBN (ABCD) = B. Tit giao diém B, dung d || AC.
T A dyng AK | d(K € d,KB C (ABCD)).

Khi do {AC KB e | (SKB) = d(AC, SB) = d(AC, (SBK)) = d(A, (SBK)).

KB C (SKB)

— Xac dinh khoang céch tit A dén (SBK).
Tut A dung AH L SK.
{AH 1 SK
Ta c6

AH | KB(do SA 1 (ABCD))

1 1 1
= 61 SA = av/2.
A2 SA2+AK2 vii S a2
av2

Vi AKBO la hinh chit nhat nén AK = BO = —
av'10
5.

= AH 1 (SKB) = d(4, (SBK)) = AH.

Ta lai ¢c6

Vay d(AC, SB) = AH =

VI DU 4. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuong, tam gidgc SAB vuong tai S v nim
trong mat phéng vuong géc v6i mit day. Biét SA = a va canh bén SB tao v6i mit day (ABCD) mot
g6c bang 30°. Tinh khodng céch giita hai duong thing AB va SC theo a.

Lai giai.
— Xét tam gidc SAB.
Goi H la chan dusng cao ké tir S. Ta ¢6

B = TGA = 2a.
sin
~ tanB = av3.
SH — SA?. SB? B a? - 3a2 _a\/g
TV SA24+5SB2 7 \a2+3e2 2

—— Xac dinh khoang céch gitta hai duong thing AB va SC.

Dung HI || AD (I € CD) = HI 1 CD (1).

Dyng HJ L SI(J € SI) (2).

Ta ¢6 AB || CD = AB || (SCD) = d(AB, SC) = d(H, (SCD)) (3).
SH | AB

Theo dé bai { AB = (SAB) N (ABCD) = SH L (ABCD) = SH 1 CD (4).
(SAB) L (ABCD)

Tit (1), (4): CD L (SHI) = CD L HJ (5).

Tw (2), (3), (5) tasuy ra HJ L (SCD). Vay

[ SH? - HI? 2av/57
H D)=HJ = = = .
d(H, (5CD)) J SH2+HI? 19
O
T IS 2 2 z N N ~ av ]-7 N P ~
VI DU 5. Cho hinh chép S.ABCD c6 day ABCD la hinh vudng cang a, SD = 5 Hinh chiéu vuong

goc H ctia S trén (ABCD) la trung diém ciia doan AB. Goi K la trung diém ctia doan AD. Tinh khoang
cach giita hai dudng thang HK va SD theo a.

Lai giai.
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—— Xéc dinh khoang céch gifta hai dudng thing HK va SD.
Theo dé SH L (ABCD) va ASAB can tai S.
Do HK | BD = HK || (SBD) = d(HK,SD) = d(HK, (SBD)) = d(H, (SBD)).
Goi O, I lan lugt 1 trung diém AC, BO = HI 1 BD .
Dung HJ 1 SI(J € SI) (1).
Ma BD | SH nén BD | (SHI)= BD 1L HJ (2).
Tit (1), (2) ta c6 HJ L (SBD) = d(H, (SBD)) = HJ.

— Tim céc s6 do lién quan.

AC = aV/2.
a? a5
HD =[a2 + L = V2
a —|—4 9
1 2 2
SH =+/SD? —HD? = 74“ —5%:@\/5.

—— Tinh khoang cach giita hai dudng thing HK va SD.

SH?. HI?
d(HK,SD)=d(H,(SBD))=HJ = SHE L HIZ

Q BAI TAP AP DUNG

BAI 1. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat, SA L (ABCD) va AB = a, AD = aV/3, goc
giita mit phing (SBD) va (ABCD) bing 60°. Tinh theo a khoang cach giita hai dutng thing AC va SD.
Lo giai.

Lay diém E thuoc AB sao cho DE || AC thi AE = AB = a.

Khi d6 AC | (SDE) nén d(AC,SD) = d(AC,(SDE)) =
d(A, (SDE)).

Ké SH | BD tai H thita c6 (SAH) L BD = AH | BD.

Khi d6 ((SBD),(ABCD)) = (AH,SH) = SHA = 60°.

1 1 1 1 1 4 aVv3

Lai ¢6 = ==ty =os=AH=—"

arco AH? AB2+AD2 a2+3a2 é’)a? 2’
a

nén SA = AH -tan SHA = AH - tan 60° = >
Trong t@ dién vuong A.SDE ké dudng cao AK | (SDE), khi d6

Lot ot 14 1 1 16
AK? =~ AS? ' AE?2 ' AD? " 942 a2  3a2  9a2
nén d(AC, SD) = d(A, (SDE)) = AK = %‘l.

BAI 2. Cho hinh chép S.ABC ¢6 day ABC' la tam gi4c déu canh biing a, mit bén SAB la tam gidc vuong can
dinh S va nim trong mit phing vuoéng géc v6i mit phing day. Tinh theo a khodng cach giita hai dudng thing
SB va AC.
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Lai giai.

Ké SH | AB tai H. Khidé taco SH L (ABC) va SH = ATB - %
Dyng hinh binh hanh ACBD thi AC || BD = AC || (SBD) nén
d(AC,SB) =d(AC,(SBD)) =d(A,(SBD)) = 2d(H, (SBD)).
Trong t& dién vuong H.SBD c¢6 HS = g, HD = HC = aT\/§7

HB = % ké dudng cao HK L (SBD) ta c6

1L 1,1 1 4 4 4 2B

HK? HS?2 HD?2 HB?2 a2 3a2 a2 3a2

V21 V21

nen d(H, (SBD)):HK:QT,suy ra d(AC, SB) = & —.

BAI 3. Cho hinh chép S.ABC c6 SA L (ABC), AB = a, AC = 2a, BAC = 120°. Mat phing (SBC) tao véi
day (ABC) mot géc bang 60°. Tinh khoang céch gitta hai duong théng SB va AC theo a.

Loi giai.

Ké SH L BC tai H thita c6 (SAH) L BC = AH 1 BC.
Khi d6 ((SBC), (ABC)) = (AH, SH) = SHA = 60°.

Ta c6

BC? = AB?> 4+ AC? —2- AB - AC - cos120° = 7a®> = BC = a\/7.
25apc _ AB-AC-sin120°  a*V3  av21

BC BC N
Tit d6 ta c6 SA = AH tan 60° = 3av7.

Dyng hinh binh hanh ACDB, ké AT L BD va AK 1 SI.
Ta ¢6 (SAI) L BD = AK | BD = AK 1 (SBD) va
d(AC, SB) = d(AC, (SBD)) = d(A, (SBD)) = AK.

Khi d6 AH =

Ta c6 AI = ABCOSB/\AI = acos 30° = aT\/?;'
1 1 1 7 4 19
Kh. H —mM8M = ——— _— _— = —
1 e =g T AR T 0 T3 T 9ar
V1
nen d(AC, SB) = AK = 3“19 9. O

BAI 4. Cho hinh chép S.ABC ¢6 ASAB déu canh a, AABC can tai C. Hinh chiéu ctia dinh S trén miit phing

(ABC) 1a trung diém ctia canh AB; géc hop bdi canh SC vA mat phéng ddy bang 30°. Tinh khodng cach giita

hai duong thing SA va BC theo a.

Loi giai.

Goi H la trung diém AB, khi d6 ta c6 SH | (ABC) va SH = ——
— 3

Ta c6 (SC, (ABC)) = SCH = 30° nén HC = SH cot 30° = ?“

Dyng hinh binh hinh ACBD thi BC || AD = BC || (SAD) nén

d(BC,SA) =d(BC,(SAD)) = d(B, (SAD)) = 2d(H, (SAD)).

Trong ti dien vuong H.SBD c6 HS = GT‘/g HD = HC = 3?“

HA= % ké dudng cao HK L (SAD) ta c6

11 N 1 N 1 _4+4+4_52
HK? HS?2 HD?2 HA?2 3a2 9a2 a2 9a2
3av/13 3av/13
nen d(H, (SAD)) = HK = a2767 suy ra d(BC, SA) = a13 .

BAI 5. Cho hinh chép S.ABC ¢6 dday ABC la tam giac vuong tai B, AB = 2a, BAC = 60°, canh bén SA
vuong goc véi day va SA = av/3. Goi M 1a trung diém canh AB. Tinh khoang cach gitta hai dudng thing SB
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va C'M theo a.

Loi giai.

Goi N la trung diém SA, khi d6 MN || SB = SB | (CMN) =
d(SB,CM) =d(SB,(CMN)) =d(B,(CMN)) =d(A, (CMN)).
Trong (ABC), ké AK 1 CM, K e CM,ké AH | NK, H e NK.

CM 1 AK
= CM 1L (SAK)=CM L NK,CM 1 AH.
CM 1L SA
AR L NK AH 1 (CMN) = d(A,(CMN)) = AH
= = ) = :
AH L CM
Trong AABC, BC = ABtan A = 2a+/3.
Trong AMBC, CM = v/MB? + BC? = a/13 = sin M = % = o
21/39
13
Trong AAKM, AK = AM sin M = 26?235.
1 1 1 29 2a/87
Trong AAKN, 0 = Je Y ane ~ 1o M 9
Vay d(SB,CM) = Q‘Zﬁ. O

BAI 6. Cho lang tru ding ABC.A'B'C’ ¢6 ddy ABC la tam giac vuong tai A, BC = 2a, AB = a vA miit bén
BB'C'C 1a hinh vuong. Tinh khoang céch giita hai duong thing AA’ va BC’ theo a.
Loi giai.

Ta c6 AA" || BB’ = d(AA’, BC") = d(AA’,(BB'C'C)) = d(A, (BB'C'()). Al C
Trong (ABC) ké AH | BC, H € BC.
AH 1L BC
{ , = AH 1 (BB'C'C) = d(A,(BB'C'C)) = AH.
AH | BB i
Trong AABC ¢6 AC = BC? — AB? = a/3, AH-BC = AB-AC = AH =
av/3
o
Vay khoang cach giita hai duong théng AA’, BC' 1a aT\/g. o
([l

BAI 7. Cho hinh chép S.ABCD c6 day ABCD la hinh thang vuong tai A va B, biét ring BC = 2AB =
2AD = 2a. Goi E la diém dbi xtng véi A qua D, M la trung diém BC. Biét ring canh bén SB vuong goc véi
mat phing day, goc giita hai mit phing (SCE) va (ABCD) bang 45°. Tinh khoang cach gitta hai dutng thing
AM,SD theo a.
Lo giai.
Tit gise AMCD ¢6 MC = AD = a, MC || AD =
AMCD 13 hinh binh hanh = AM || DC = d(AM, SD) =
d(AM, (SDC)) = d(M, (SDC)) = %d(B, (SDCY).
Ti gia thiét ta suy ra AB = BM = MC = CE =
ED DA = MD suy ra ABMD, CMDEF la hinh vudng
:>BDC ADM+MDC—45°+45° =90° hay BD 1 DC.
Trong (SBD) ké BH L SD, H € SD.

DC 1 BD
{DC 1 SB
{BH 18D

BH 1 DC

= DC L (SBD) = DC | BH.

= BH 1 (SDC) = d(B, (SDC)) = BH.
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Trong ASBD c6 SB = 2a, BD = av/2 nén

1 1 1 3 2av/3 av'3
= =— =BH= d(AM,SD) = —.
BH?  SB:  BD® i g~ dAM.SD) ==
Vay khoang cach gitta hai duong thang AM, SD la %3.

(I
BAI 8. Cho liang tru ding ABC.A’B'C’ ¢6 day ABC la tam gidc can tai C, canh AB = 6a vi goc ABC = 30°.
Géc giita mit phing (C’AB) va mit phing (ABC) bing 60°. Tinh khoang céch giita hai duong thing B'C va
AB.

Loi giai.
Trong (ABC) ké DC || AB, D, B khac phia so v6i dudng A K B’
théng AC. Khi d6 d(AB,B'C) = d(AB,(A’'B'CD)) = | ;i
d(A, (A’B'CD)). | /i
Goi M la trung diém AB = CM 1 AB = MC L DC, ta ! L
ciing ¢6 d(A, (A'B'CD)) =d(M,(A’B'CD)). ! f !
Trong (ABB'A') ké MK 1L A'B', K € A'B'. vy
Trong (CMK)ké MH | CK, H € CK. . N

KM 1 DC | N

= DC 1 (KMC) = DC | MH. TN
MC 1 DC PO A
MH 1 CK ; ! B
= MH 1 (A'B'CD) = d(M,(A'B'CD)) = Vol

MH 1 DC |

MH. VB N
\
Trong AABC tac6 CM = MBtan B = ay/3, BC = ey \l
2a/3. D C
Goc gitta hai mat phang (C’AB) va mat phéng (ABC) 1a géc C'MC.
Trong AC'MC ¢6 CC' = CM - tan M = 3a.
) 1 1 1 4 3a
Trong AMC’Kgco MC = aV3, KM = CC’ = 3a, MEE = MR +MC’2 = 92 = MH = > =
d(AB, B'C) = 7"
, 3

Vay khodng cach giita hai dudng thing AA’, BC" 1a d(AB, B'C) = ?“ O

BAI 9. Cho ti dien déu ABCD c6 canh biing a. Tinh khoang cach giita hai dudng thing AB va CD.
BAI 10. Cho hinh chép ti giac S.ABCD ¢6 day 1a hinh thoi ABC'D tam O, dudng chéo AC = 2a, SO = a\/2
va SO vuong goc véi day. Goi M 1a trung diém ctia SC. Tim khodng cach gitta hai duong thing SA va BM.
BAI 11. Cho hinh lang tru ding ABC.A’B'C’ ¢6 day la tam gidc ABC vuong, BA = BC = a, canh bén
AA" = av/2. Goi M la trung diém BC. Tinh khoang cach gitta hai dusng thing AM va B'C.
BAI 12. Cho hinh ling tru ding ABC.A'B'C" ¢6 day ABC' 1a tam gidc can tai C, canh AB = 2a vi ABC = 30°.
Mit phang (C’AB) tao véi day (ABC) mot géc bing 60°. Tinh khodng cach gitta hai dudng thing AC’ va CB'.
BAI 13. Cho lang tru ding ABC.A’B'C’ ¢6 day ABC la tam giac déu canh a. Géc gitta CA’ va mit phing
(AA'B'B) bing 30°. Goi I 1 trung diém ctia AB. Tinh khoang cach gitta A’'T va AC theo a.
Lai giai.
* Goi M la trung diém ctia BC, ta c6 IM || AC. Ta c6 d(A'T; AC) =
d(AC; (A'IM)) =d(A, (A'IM)).

AH 1L IM
T Aké AH | IM, taco { AA' L IM

AHNAA = A

Cl

= IM L (AA'H).
Trong mit phang (AA'T) ké AK | A'H
AH 1L A'H
AK LIM = AK 1 (A'IM).
IMNAH=H
Vay d(A'T; AC) = d(AC; (A'IM)) = d(A, (A'IM)) = AK
ClI 1L AB
x { AA' 1L CI = CI 1 (ABA)
ABNAA = A
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= gobc gitta CA’ v mat phang (AA’B'B) bing CAT = 30° Trong tam gidc vuong CA'T vuong tai I, c¢6

CI:ag VéC/'zﬁ=30°:>A’I=3?a.
1 V3 a

Ap dung dinh ly Py-ta-go vao tam giac vuong A’ Al vuong tai A ta c6 AA' = av/2.
Ap dung he thic lugng vao tam gidgc vuong AA’H vuong tai A ta co

1 1 1 a6
= AK = —.
AR~ AA2 T amE N
. , . ‘s PN e a1 a\/g
Vay khoang cach gitta A’'I va AC ¢6 do dai bang AK = — O
V35

BAI 14. Cho lang tru ding ABC.A’B'C' ¢6 day ABC la tam giac vuong can tai A, I 1a trung diém cta BC,
BC = a+/6, mat phing (A’ BC) tao v6i mat phing (ABC) mot goc bing 60°. Tinh khoang céch gitta hai dudng
thing AB, A'I.

Lo giai.
IN 1L AC
Talké IN L AC. Tac { IN L AA' = IN L (AA'C'C).
ACNAA = A
AH 1 AN
Tit Aké AH 1 A’N trong mit phang (AA'C), tacé { AH L NI = AH 1 A'NI.
ANNIN=N

Do tam giac ABC vuong tai A nén IN || AB = d(AB,A'I) =d(AB,(A'NI)) =d(A,(A'NI)) = AH.

AA' | BC
Do { AI 1 BC = BC 1 (AIA") = goc giita hai mit phing (ABC)  A'% o
AATNAT = A W
va (A'BC) bing ATA = 60°.
Ta c6 AA' = AI - tan60° = % AN = A€ _ av3 B’
V2 2 2 N

Ap dung he thic luong vao tam gidc vuong AA’N vuong tai A c6 Vo

1 1 1

AmE - aae T ane AR =

S
o

BAI 15. Cho lang tru tam giac déu ABC.A'B'C" ¢c6 AA’ = ay/2, dudng thing B'C tao véi mit phing (ABB’A)
mot géc 45°. Tinh khodng cach gitta hai duong thdng AB’ va BC.

Lai giai.
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Tt A ké Az || BC, tit B ké By || AC. Az N By = M. Al ¢’
Tu Bké BH 1. AM,BK 1 B'H.
AM 1 BH

Do{ AM L BB' = AM 1 (BB'H).
BB'NBH =B '

BK 1 HB'
Lai c6 { BK L AM = BK L (AHB').
AMNB'H=H
Do AM | BC nén d(BC,B'A) = d(BC,(AB'M)) = C
d(B,(AB'M)) = BK.
CL 1 AB
T C ké CK 1L AB, tacéngay ¢ CL 1L AA’ = CL 1 (ABA') suy ra géc gitta CB’ va mat phang (ABB’)
AA"NAB=A
la CB'L = 45°.
V3

Goi do dai ctia canh AB =z, ta ¢c6 CL = x7 =B'K,HB = g

Ap dung dinh 1y Py-ta-go vao tam gidc vuong BB'H vuong tai B ta tim duge z = 2a.

2 Vv
Ta ¢6 BH —= “2\/3; BB' = av/2, &p dung h¢ thitc lugng vao tam gidc vuong B'BH ta tinh duge BK = & 530.
O

BAI 16. Cho ling try ABC.A'B'C’ c6 déy la tam giac ABC vuong taiA véi AB = a, BC' = 2a. Hinh chiéu
vuong goc ciia A trén mit phang (ABC) trung véi trung diém ctia AC' Géc giita hai mat phing (BCC'B’) va
mat phang (ABC) bang 60°. Tinh khoang cach giita hai duong thing AA’ va BC.

Loi giai.
HK | BC

Tt H k¢ HK 1 BC, { BC L A'H = BC L
HKNHA =H

(AHK)

Tu A ké AL | HK, do AL song song v6i BC ta

ciing ¢6 AL | (A’HK) = A’L 1a hinh chiéu ctia AA’

len (A’HK).

: BCN(AHK) = K
Ké KM 1 AL , =
KM 1 AL

d(BC,AA"Y = KM

Tu A' ké A'Z | HK, ta c6 BC L (AHK) =

BC L A'Z ma BC || B'C' néen A’Z 1 B'C’. Do
(AHK)N (ABC) = HK

(AHK) L BC va { | o =
(AHK)N (BB'C'C) = ZK

gbc gitta hai mit phing (BB'C'C) va (ABC) bing

goc gitta hai duong (KZ, HK) = 60°.

Lai c6 AL || BC va H la trung diém ctia AC nén HK = HL.
Trong tam giac vuong ABC, ké AT | BC, dé dang tinh dugc HK =
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Xét hinh thang AAHKZ c6 H K C
A’Z:@,HK:“—\@;E\:EZQOO
2 4 K

3 —
Suy ra A’H = Xa nhd goc ZKH = 120° (do goc giita

hai dudng thing KZ va HK la 60°). I
Ta Hké HP L AL = KM = 2HP.

A’ Z A B
Ap dung he thic luong vao tam gidgc A’HL c6
1 1 1 3a 3a
= HP=—=KM=—.
HPZ  HIZ  HAZ s 1
Vay khoéng cach giita hai dudng thing AA’ va BC' la i%a. |

BAI 17. Cho lang tru tam giac ABC.A’B'C" ¢6 AB = a, BC = 2a, ACB = 30°, hinh chiéu vudng géc ctia A’
trén mat phang (ABC) tring véi trong tam G clia tam gidc ABC va goc giita AA’ tao v6i mat phang (ABC)
bing 60°. Tinh khoang céch gitta hai duong thing B'C’ va A’C theo a.

L3 giai.

— Xac dinh (dung hinh) khodng cich gitta hai duong thing B'C" va A'C.
Vi B'C" || BC nen d[B'C"; A'C] = d[B'C"; (A'BC)] = d[B'; (A'BO)).
Mit khac ABB’A’ 1a hinh binh hanh nén A’B cit AB’ tai trung diém ctia AB’, do dé d[B’; (A’BC)| =
d[4; (A’'BC)).
Vi G 1a trong tam AABC nén d[4; (A'BC)| = 3d[G; (A’BC)).
Goi E 1a chan duong vudng géc ké tit G xubng BC.
Khi d6 GE L BC va A’'G L BC nén BC L (A'GE), suy ra (A’BC) vuodng goc véi (A'GE) theo giao
tuyén 1a A'E.
Goi H 1a chan duong vuong goc ké tit G xudng A’E.
Khi d6 GH = d[G; (A’BC)], suy ra d[B’'C'; A’C] = 3GH.
—— Tinh khodng cdch gita hai duong thing B'C" va A'C.
AB  BC ) A_BC-sinC_2a~sin30°_
sinC  smA S ESRAT TR T a -
Do dé6 tam gidc ABC vuong tai A. D& dang tinh duge AC = aV/3.
L 1 1 AB-AC a-av3 aV3
Khi o GE = 2[4 BC| = £ - =0 = T = T,
Vi AG 1a hinh chiéu vuong goc ciia AA’ trén mit phing (ABC) nén goc A’ AG 1a goc gitta AA’ v6i mat
phéng (ABC), hay ATAG = 60°.

1.

Trong tam giac ABC, ta c6
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TacéA/G:AGotaHGOO:§~BTC~tan60°:2a;/§.
av3 2aV3
E-GA’ & 2 1
Vay d[B'C"; A'C] = 3GH = 3 - GE-G —3. 6 3 _ 2av51
/GE? + GA? o3 2 20v3 2 17
() + (%)

(]
BAI 18. Cho lang tru tam gidc ABC.A’B'C’ ¢6 BB' = a, gbc giita dudng thing BB’ va (ABC) bing 60°, tam
gidgc ABC vuong tai C, goc BAC bing 60°. Hinh chiéu vuong géc ciia B’ trén mat phéng (ABC) la trong tam
ctia tam gidec ABC. Tinh khodng céch giita AC va BB’ theo a.
Lo giai.

— Xdc dinh (dung hinh) khodng cich gitta hai duong thing AC va BB'.
Vi BB’ || AA' nen d[BB’; AC] =d[BB’; (AA'C'C)] = d[B; (AA'C'C)).
Vi G 1a trong tam AABC nén d[B; (B'AC)| = 3d[G; (B'AC)].
Goi K 13 chan dudng vuong goc ké tit G xudng AC.
Khi d6 GK L AC va B'G L AC nén AC L (B'GK), suy ra (B’AC) vuong géc véi (B'GK) theo giao
tuyén 1la G'K.
Goi H 1a chan dudng vuong goc ké tit G xudng G'K.
Khi d6 GH = d[G; (B'AC)], suy ra d[BB; AC] = 3GH.
—— Tinh khodng cdich gita hai duong thing AC va BB'.
Vi BG la hinh chiéu vuong géc ctia BB’ trén mat phang (ABC) nén géc B'BG 1a goc gitta BB’ v6i mat
phing (ABC), hay B'BG = 60°.
av/3
5
Goi M la trung diém AC, ta c6 BM = gBG = gBB’ - cos 60° = za.
BC? + CM? = BM?

Ta c6 B'G = BB’ - sin60° =

B(C? 3a\2 27
Mat kha = B(C2 _ (7) — BO = /2"
U aem = a0 - = Tevar i 52
tan BAC
Ta c6 GK = éBC’ = a2639 (do G la trong tam AABC va GK || BC).
av3 av39
B’ -GK P D)
Vay d[BB; AC| = 3GH = 3. 9B GK 4 2 9% _ 30y
GB"? + GK? a3 2 /39 2 28
() (%)

O
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BAI 19. Cho hinh chép S.ABC c¢6 day ABC' la tam giac vuong tai A, mit béen SAB la tam gidc déu vi nim
trong mit phang vuong goc véi mat phing (ABC). Goi M 1 diém thudc canh SC sao cho MC = 2M S, biét
AB = a, BC = a+/3. Tinh khoang céch giita hai dudng thing AC va BM theo a.

Lai giai.

Qua M, ké dudng thang song song véi AC, cat SA tai N.

Suy ra d[AC; BM| = d[AC; (BMN)| = d[A4; (BMN)].
(SAB) L (ABC)

Ta c6 { AB = (SAB) N (ABC) suy ra AC L (SAB), vi MN || AC néen MN 1 (SAB).
AC 1 AB

Do vay (BMN) L (SAB), suy ra d[A; (BM N)] = d[A; BN].

Theo dinh 1y ham sb cosin trong tam gidac SBN, ta c6

2 1
BN:\/SB2+SN2—QSB-SN~COS6OOZ\/ 2+<§) _ 2% % §:a\3ﬁ
5 25 5 2 aV3
2 * 5P AABC = — o1
Vay d[AC; BM] = d[4; BN] = SE?VBN: i ?; 72 :a\?. -

BAI 20. Cho lang tru ABCD.A’B'C'D’ ¢6 ABCD la hinh binh hanh, A’.ABD la hinh chép déu va AB =
AA' = a. Tinh khoang cach giita hai duong thing AB’ va A'C".
Loi giai.

Goi H la trong tam tam giac ABD, O va O’ lan lugt 1a giao diém cta AC véi BD va A’C’ vé6i B'D’. Vi
A'C" || AC nen d[A'C’"; AB'] = d[A'C"; (AB'C)| = d[0'; (AB'C)).

Goi H' 1a chan dudng vuong goc ké tit O’ xudng (ABCD).

Vi ABCD 13 hinh binh hanh v AABD déu nén AC 1 BD, kéo theo AC L B'D’.

1
2
Vi A/ABD la hinh chép déu nen AH | AC, két hop véi (1) suy ra AC L O'H'. 3

AA,_\
o — —

®
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Tu (2) va (3) ta suy ra AC L (O'B’H’), do d6 (AB'C) L (O'B'H’).
Goi K 1a chan dudong vuong goc ké tit O’ xuéng B'H'. Suy ra O'K = d[0’; (AB'C)| = d[A'C"; AB'].
Ta c6

2 2
O'H = AH = \/AA? — AH? = AA’2—<2AO> Y PR AR
3 32 3
BD a
1 _ 7 _ ¢
B'O'=BO ==~ =7.

Tam gidc B'’O’H vuong tai O’ ¢6

a a\/é
O'K — O'B"-O'H - 2 3 av/22
\/O/B/2 + O'H"”? (g)z . a\@ D) 11
2 3

ssld.  ON TAP CUOI CHUONG Il

BAI 1. Cho hinh chép S.ABC c6 déy la tam gidc déu canh a, SA L (ABC), SA = a\/3. Goi M la trung diém
canh BC, N la trung diém canh AB.

(D Chitng minh (SAM) L (SBC).
(2) X4c dinh va tinh goc giita duong thing SC va (ABC).
(3 X4c dinh va tinh géc gitta hai mat phing (SAC) va (SBC).

(@) Tinh khoang cach tit N dén (SBC).

Lai giai.

(@) Ta c6 AM L BC (tinh chat tam giac déu), SM L BC (tinh chat tam giac can)
= (SAM) L BC C (SBC) = (SAM) L (SBC).
(2 Ta c6 SC N (ABC) = {C} va SA 1L (ABC) = {A}. Do d6 géc tao bdi SC va (ABC) 1a SCA.

SA  aV3 — o
TC*T*\/géSCA—GO.
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(3 Goi P 1a trung diém AC. Khi d6 BP L AC (tinh chit tam giac déu), BP 1 SA (vi SA L (ABC))

= BP 1 SC (1).
Trong mit phang SAC, ha PE 1. SA (2) tai E. T (1) v (2) suy ra SC L (BPE)
= (BPE) L (SAC) va ¢6 giao tuyén la PE, (BPE) L (SBC) va c6 giao tuyén la BE

= ((SAC),(SBC)) = (PE, BE).

—— BP
Ta c6 ABPE vuong tai P (vi BP L (SBC) tai P). = tan BEP = 5"
a3 PE PC
BP = 5 APEC ~ ASAC = A= S0
SC = 2a, PO—f SA—a\f:PE_g—g SA_T\[.

= tan BEP = 2 = BEP = arctan2 = ((SAC), (SBC)) = arctan 2.

d(NV,(SBC)) NB 1 1
(@) Ta c6 (A, (SBC)) ~ AB ~ 2 = d(N,(SBC)) = 2d(A7 (SBQ)).
Theo cau a) ta ¢c6 = (SAM) L (SBC) theo giao tuyén SM,

do d6 ha SH L SM tai H ta dugc SH L (SBC) = d(A, (SBC)) = AH.
1

) o 1

Xét tam giac vuong SAM, ta c6 AHQZSAQJFAMQ:@JF?:@
V15 V15

:>AH:a5 :d(N,(SBC)):alo .

O

BAI 2. Cho hinh chép S.ABC c6 day la tam gidc déu canh bing a, trong tam la G, SG vuong goc véi mit
phéng (ABC) va SG = a. Goi M 1a trung diém ciia BC va ké dudng thang GH vuong géc véi SM tai H.

(@ Chitng minh BC 1 (SAG).
(2) Tinh géc tao bsi dudng thing SM va mat phing (ABC).
(3) Tinh géc tao bdi hai dusng thing SM va AC.

(@) Ké dudng thing qua H song song véi BC cit SB, SC lan lugt tai E, F. Tinh géc tao bdi hai mat phing
(GEF) va (ABC).

Lai giai.

B

@) Ta c6 SG L (ACB), BC C (ACB) = SG L BC.
Mit khdc AG L BC (tinh chit tam gidc déu).

= BC L (SAG).
@) Ta 6 SM N (ABC) = {M} va SG L (ABC) tai G. = (SM, (ABC) = SMG.
Ta ¢6 tan SMG = g—ﬁ, GM = éAM = GT\/:;) = tan SMG = 2V/3

= SMG = arctan2y/3 = (SM, (ABC)) = arctan 2v/3.
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(3 Goi N la trung diém ctia AB = MN || AC = (SM, AC) = (SM, MN).

1 . 2
Ta c6 MN = SAC = g (tinh chit duong trung binh), SM = /SGZ + GM? = \/ a2 + % - ?éch
) y ) . —— MN?+SM?2-SN? MN /39
Xét tam giac SMN, ¢c6 SM = SN va cosSMN = SAIN - S =50~ 96

= (SM, AC) = arccos \g—?

@ Ta c6 (SGM) L BC C (ABC) = (SGM) L (ABC). Do EF || BC = (SGM) L (GEF).
(SGM)N (ABC) = GM va (SGM) N (GEF) = GH, AGHM vuong tai H nén EGM < 90°
= ((GEF),(ABC)) = HGM.

. . 1 1 1 13
Xét tam giac SGM, G~ Sz + R 2
av'13 —— GH 2v39
= GH - = = —
13 GM 13

]

BAI 3. Cho hinh chép S.ABCD c6 day 1a hinh vuong tam O, canh a. Biét SAB va SAD la céc tam gidc vuong
tai A, SA = a.

(D) Chiing minh SA 1 dudng cao ctia hinh chép.
(2) Chitng minh cdc mit bén con lai ctia hinh chép 1 cac tam gidc vuong.
(3 Tinh géc gitta hai mit phang (SBC) va (SCD).

Lai giai.

C

(@) Tit gi4 thiét, ta c6 SA L AB, SA L AD, ABNAD = A = SA 1 (ABCD).

(2 Tac6 BC L AB va BC 1. SA (vi SA L (ABCD) > BC)
= BC 1 SB hay ASBC vuong tai B.
Ching minh tuong ty ta c6 ASDC vuong tai D.

(3) Goi H, K lan lugt 14 hinh chiéu ctia A léen SB va SD, nghia la AH | SB va AK 1 SD.
Theo chitng minh cau b) ta suy ra dugc BC L AH = AH 1 (SBC).
Ching minh tuong tu ta cing ¢6 AK L (SCD) = ((SBC),(SCD)) = AH, AK.
Theo gia thiét ASAB va ASAD vuong can tai A, nén H, K lan lugt 1a trung diém ctia SB va SD

= AH = AK—iv HK || BD, HK—fBD HK—a;[

= NAHK déu = AHK = 60°.
Vay ((SBC), (SCD)) = 60°.

O

BAI 4. Cho hinh chép S.ABCD c6 day ABCD 1a hinh vuong canh a. Hai mit (SAB) va (SAD) cing vuong
géc véi day. Biét SA = a.

= Nguyén Qudc Duong - @ 0375113359 Trang



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

(1) Chiing minh ring SA L (SBCD) va (SAB) 1 (SBCO).
(2) Xac dinh goc tao bdi SD va mat phing (ABCD).

(3) Xac dinh goc tao bdi SB vh mit phiang (SCD).

Lai giai.

(1) Theo gia thiét, (SAB) L (ABCD), (SAD) L (ABCD), (SAB) N (SAD) = SA = SA L (ABCD).
Ta ¢6 BC L AB va BC 1 SA (vi SA L (ABCD) > BC)
= BC L (SAB), BC C (SBC) = (SAB) L (SBC).

(2 Ta c6 SDN (ABCD) = D va SA 1L ABCD = A = (SD,(ABCD)) = SDA = 45° (vi ASAD vuong
can).

(3 Goi O la tam day va M la trung diém SD. Khi d6 OM la duong trung binh ctia ASBD

1 2
= OM || SB, OM = ;5B , OM = C‘T = (SB, (SCD)) = (OM, (SCD)).
Goi N va P lan luot 1a trung diém SC va CD
= ON | SA, OP | AD, OM = OP = g = CD L (NOP) = (SCD) L (NOP).

Goi K 1a hinh chiu cfia O len NP = OK L (SCD) = (SB, (SCD)) = OMK.

N 2
Do ANOP vuodng can canh géc vudng bang % nén OK = %
—— OK 1 ——
=sinOMK =— =-=0MK =30° = (SB,(SCD)) = 30°.

OM 2
O

BAI 5. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong tam O, canh a. Mat bén (SAB) la tam gigc déu
va vuong goéc véi mat day. Goi H, J lan lugt la trung diém ctia AB, AD.

(@ Chitng minh réing SH 1 (ABCD) va (SBC) L (SAB).
(2) Xac dinh géc tao bdi hai mit phang (SCD) va (ABCD).

(3) Tinh theo a khodng cach tit diém O dén mit phing (SBC) va khoang cach giita hai duong thing CJ va
SD.

Lai giai.

= Nguyén Qudc Duong - @ 0375113359 Trang



7= Chuong 3. VECTO TRONG KHONG GIAN. QUAN HE VUONG GOC

D Vi ASAB déu, nén SH | AB. Ta lai ¢6 (SAB) L (ABCD) theo giao tuyén AB = SH | (ABCD)
Ta c6 BC 1L AB, BC L SH (vi SH 1L (ABCD)) = BC 1 (SAB) = (SBC) L (SAB).

HI 1 CD

HI) L CD.
sricp ~ WHDLC

(2) Goi I 1a trung diém CD, ta c6 {

Mt khdc | SHDN(SCD) =ST ((SCD), (ABCD)) = STH
W\ SHI) N ABCD = HI ’ o
— o —
tan STH = % = ? = ((SCD),(ABCD)) = arctan ?

(3 Do HO || (SBC) = d(0, (SBC)) = d(H, (SBC)).

Ta ¢6 (SAB) L (SBC) theo giao tuyén SB, ha dudng cao AK len canh SB tai K
1

a3 _ # — d(0, (SBC)) = “Tﬁ

= d(H,(SBC)) = HK = 5 - 2%

Tac6 HD L CJ = CJ L (SHD).
Goi E=CJNHD, ha EF vuong goc v6i SD tai F = d(CJ,SD) = EF.

1 1 1 5
Xét tam giac vuong C?;, ta;éEDEQ = JDF2E—|— D2 = DE = —\ga
AFDENAHDS:ﬁ:H—S:FE:?S.HS
DE = SH2+HD2:\@a¢EF:a2§O,

O
BAI 6. Cho hinh chép S.ABC' c6 déy la tam gigc vuong can tai A. Biét AB = a, SB = a\/3 va SB L (ABC).
(1) Chitng minh cdc mit bén ciia hinh chép la cac tam giac vuong.
(2) Goi I 1a trung diém ctia BC. Chiing minh (SAI) 1L (SBC).
(3) Xac dinh va tinh khoang cach tit diém B dén (SAI).
(@ X4c dinh va tinh géc giita SA va (SBC).

Lai giai.
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(1) Do SB 1 (ABC) nén suy ra SB L BA va SB | BC, tit d6 dan dén cic tam giac SAB va SBC la cac
tam giac vuodng tai B.

AC 1 AB (AABC vuong tai A

AC 1 SB (SB L (ABC))

Vay céc mit bén ciia hinh chép déu 1a cic tam gidc vuong.

Ta lai c6 } = AC 1 (SAB) = AC L SA = ASAC vuong tai A.

(2) Tam gidc ABC can tai A va I 1a trung diém BC nén suy ra AI | BC.

ATLsB (SB L (ABC)) } = AI L (SBO) = (SAI) L (SBO).

Ta co
(3) Ta c6 (SAI) L (SBC) va (SAI) N (SBC) = SI. Khi dé, ké BH 1 SI tai H, suy ra BH 1 (SAI) tai H

nén d(B, (SAI)) = BH.

AABC vubdng can tai A nén BC = ABV2 = av/2.

. BC 2
I 1a trung diem BC nén BI = - = a\T[.
ASBI vuodng tai I va c¢6 duong cao BH nén
1 1 1 1 1 5 6a? V30a
=—4——=-—t-— =" = BH?= " = BH = .
BH® BS2  BIE 3 22 6 5 5
V30a

Vay d(B, (SAI)) =

5

(@) Ta c6 AI L (SBC) tai I nén ST 1a hinh chiéu vuong goéc ctia SA len (SBC). Vay géc gitta SA va (SBO)
I g6c ASI.
Xét tam gidc SAI vuong tai A, ta c6

ar— BC _av2 SI = +/SB2 + BA? = 2.

2 2

— Al avV2 1 V2 —
i - Y=, - Y= — 90°49.
Suy ra sin AST A 5 24 1 = AST = 20°42

O

BAI 7. Cho hinh chép S.ABCD c6 ddy ABCD la hinh chit nhat va SD L (ABCD). Biét ring AD = a,
AB = aV?2, SC = a\/6.

(1) Chting minh cac mat bén clia hinh chép la cac tam gidc vuong.
(2) Chitng minh (SBC) L (SCD).

(3) Xac dinh va tinh géc gitta hai mat phing (SBC) va (ABCD).
(@) Xac dinh va tinh khoang cach tit diém D dén (SBC).

Lai giai.
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1 Do SD L (ABCD) nén SD 1 DA va SD 1 DC, suy ra cic tam giac SAD va SCD la cic tam giac
vuong tai D.
Ta ¢6 BC 1 CD (ABCD la hinh chit nhat
BC 1L SD (SD L (ABCD))
Ching minh tuong ty ta c6 tam gidc SAB vuong tai A.
Vay cac mat bén cta hinh chép 1a cac tam giac vuong.

} = BC 1 (5CD)= BC 1L SC = ASBC vuodng tai C.

(2 Do BC L (SCD) va BC C (SBC) nén suy ra (SBC) L (SCD).
(SBC)N (ABCD) = BC
(3 Tacé CD C (ABCD); CD 1 BC } = géc gitta (SBC) va (ABCD) la géc giita hai dudng thing C'D
SC C (SBC); SC L BC
va SC, d6 chinh 1a goc SCD.
CD a2 B V3

Xét tam giac vuong SCD ta c6 CD = AB = ay/2 va cos SCD = ol a—\/é =3 = SCD = 54°44'.
(@) Ta c6 (SBC) L (SCD) va (SBC) L (SCD) = SC. Khi dé, ké DH 1 SC tai H, suy ra DH L (SBC)

tai H nén d(D, (SBC)) = DH.

Xét tam giac SC'D vuong tai D c6 dudng cao DH, ta c6

DS-DC 2a-av2 2vV3a
—J/sc?_cp? — 5 — — - ,
SD SC2-CD 2a¢ va DH e i 3

Vay d(D, (§BC)) =

2+/3a
3

O

BAI 8. Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang vuong tai A va B. Biét SA vuong goc véi mit
phing day va AD = 2AB = 2BC = 2a, SA = a\/3.

(1) Xac dinh va tinh géc giita dudng thang SC va mit phang (ABCD).

(2) Xac dinh va tinh géc gifta hai mat phing (SBC) va (ABCD).

(3 Chitng minh (SAC) L (SCD).

(@) Goi M 1la trung diém SA. Tinh khodng cach gitta hai duong thing M B va SD.

Lai giai.

(@ Ta c6 AC la hinh chiéu vuong géc ctia SC len (ABCD) nén goc giita SC va (ABCD) la géc gitta SC va
AC, chinh la géc SCA.
Tam giac ABC vudng can tai B nén AC = ABV2 = aV/2.
Do SA 1 (ABCD) nén SA L AC, suy ra tam giac SAC vuong tai A. Ta c6

tangOA= SA a8 _ V6 oma iy
AC a2 2

Vay goc gitta SC va (ABCD) béng 50°46/.
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. BC 1 AB (gia thiét)
@Taco po| 54 (54 L (ABCD))

(SBC)N (ABCD) = BC

Ta lai c6 AB C (ABCD); AB L BC 3 = géc gitta (SBC) va (ABCD) la géc gitta hai dudng thing
SB C (SBC); SB 1L BC

AB va SB, do6 1a goc SBA.

Tam giac SAB vuong tai A nén tan SBA = % = L\/Q’; =V3= SBA = 60°.

a
Vay goéc gitta hai mat phiang (SBC) va (ABCD) bing 60°.

} = BC 1 (SAB) = BC 1 SB.

Al || BC
Al =BC=a
. AD
Tam gidc ACD c6 I 1a trung diem AD va CI = 5 nén tam giac AC'D vuong tai C, suy ra AC L. CD.
CD 1 AC
Ta cé
CD L SA (SA L (ABCD))

(3) Goi I 1a trung diém ctia AD, ta c6 { = ABCT la hinh binh hanh = IC' = AB = a.

= CD 1 (SAC) = (SAC) L (SCD).

(@) Goi N 1a trung diém ctia SD. Ta c6 M N la duong trung binh clia tam gidc SAD nén MN || AD va
AD
MN = - = Suy ra MN || BC va MN = BC nén M NCB la hinh binh hanh. Suy ra MB || NC.
Do d6, MB || (SCD). Vay ta c6 d(MB,SD) =d(MB, (SCD)) =d(M, (SCD)).

. M D M 1
Do AM cat (SCD) tai S nén w _MS_

d(A,(SCD))  AS 2
Do (SAC) L (SCD) va (SAC)N(SCD) = SC nén ké AH 1 SC tai H ta sé ¢c6 AH L (SCD) tai H,
suy ra d(4, (SCD)) = AH.

Tam giac SAC vudng tai A va c6 duong cao AH nén

11 11 1 5 ,  6a? /30
A T A TAC 32 T3 g A T AR
o 1s 1 30a
Tt d6 suy ra d(M, (SCD)) = §d(A’ (SCD)) = 0
Vay d(MB, SD) = ‘/f’?a.

O

BAI 9. Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat tam O, AB = a, BC' = 2a vd SA = SB =
3 N .
SC =S5D = g. Goi I, J lan lugt 1a trung diem cta AB va CD.

(D Chiing minh (SOJ) L (SCD).
(2) Tinh theo a khoang céch tit O dén mit phing (SCD).
(3) Tinh s6 do goc gitta hai mat phing (SAB) va mit phing (SCD).

Lai giai.
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(1) Do SA = SB = SC = SD nén hinh chiéu vuong géc ciia S lén mit phing (ABCD) chinh la tam dudng
tron ngoai tiép cia ABCD. Ma ABCD la hinh chit nhat nén tam dudng tron ngoai tiép 14 O, suy ra
SO 1 (ABCD).

SO 1 CD (do SO L (ABCD))

Tacd g7 1 0D (ASCD can tai S va J 1a trung diém CD)

} = CD 1 (S0J) = (S0J) L (SCD,).
(S0J) L (SCD)
@ KéOH 1L SJ tai H,tacé (SOJ)N(SCD)=SJ = OH 1 (SCD) tai H. Suy ra d(O, (SCD)) =
OH C (S0OJ); OH L SJ
OH. BC
e OJ la duong trung binh cta tam giac BCD nén OJ = - =
\/ﬁ
.OD:@: AB? + BC :\/5(1;
2 2 2
e SO =+SD?2—-0D? = q;

e Tam giac SOH vuong tai O va c6 duong cao OH, suy ra

1 1 1 2 a2
o’ 0% o 2 7° 5

/2

Vay d(0,(SCD)) = —

. Se(SAB)N(SCD)
(3 Ta c6 AB|| CD
qua S va song song véi AB va CD.

Ta lai co jﬂ égD } = SJ L d. Ching minh tuong tu ta c6 ST L d.

Vay goc gitta hai mat phiang (SAB) va (SCD) la géc gitta hai duong thing SI va S.J.

Tam giac SI.J c6 O la trung diém I.J va SO L I.J nén tam giac SI.J can tai S.

1\//1@ khac ta lai c6 tam gidc SOJ vudng can tai O nén suy ra tam gidc SIJ vuong can tai S suy ra
I5J =90°.

Vay géc giita hai mit phang (SAB) va (SCD) bing 90°.

} = giao tuyén ctia hai mit phan (SAB) va (SCD) la duong thing d di

O

BAI 10. Cho hinh chép S.ABCD c6 day ABCD la hinh vuong canh a. Tam giac SAB la tam giac déu canh a
va (SAB) vuong goc v6i (ABCD). Goi H la trung diém AB.

(1) Chitng minh réing SH 1 (ABCD).

(2) Tinh s6 do goc gitta duong thang SD va mat phang (ABCD).

(3 Tinh khoang cach tir diém A dén mit phiang (SCD).

(@) Tinh khoang céch giita duong thing SC va DM vé6i M la trung diém ctia BC.

Lai giai.
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(1) Ta c6 tam gidc SAB déu va H la trung diém AB nén SH | AB.
(SAB) L (ABCD)
T dé tacdé (SAB)N(ABCD) = AB = SH 1 (ABCD).
SH C (SAB); SH 1 AB

(2) HD 1a hinh chiéu vudng géc ctia SD lén mat phang (ABCD). Do dé, goc gitta SD va (ABCD) chinh la

goc SDH.
. R N R V3a
e SH la dudng cao trong tam giac déu canh bang a nén SH = —
o HD = /AH? + HD? = \[a
e H V1 —
etan SDH = s 15 = SDH = 37°46'.

HD 5 .
Vay goc gitta SD vad (ABCD) bang 37°46'.

(3) Do AH || CD va AH ¢ (SCD) nén AH || (SCD). Suy ra d(4, (SCD)) = d(H, (SCD)).

. N .2 , ., HK 1L CD
Goi K la trung diem cta CD, ta c6 SH L CD }:>CDJ_(SHK):>(SCD)J_(SHK).

(SCD) L (SHK)

Ké HI L SK tail,tac6 (SCD)N(SHK)=SK } = HK 1 (SCD) tai I nén d(H, (SCD)) = HI.
HI C (SHK); HK 1L SK

e HK = AD = q;

1 1 | 7 V1a
‘- HS: THK: 327 7
NG31
Vay d(A, (SOD)) = *==.

(@) Hinh vuong ABCD c6 M la trung diém BC va H la trung diém AB, suy ra CH | DM.

Ta c6 g% i gg } = DH 1 (SHC). Goi J la giao diém ctia DM va CH, ké JE 1 SC tai E, khi dé
JE chinh la dudng vuodng goc chung ctia DM va SC nen d(SC,DM) = JE.
SH SC SH-JC
ASH ANJE —_— = EFE=—-:;
o ASHC « AJEC = 22 = 52 = J o
\fa

e DM =CH =+BH? + BC? =

e SC? =SH? + HC? = 24? éSC \[a;
CM-CD /5a

*JO=—Fpw T~ 5
SH-JC /30a
E = - .
*J SC 20
V30
Vay d(SC, DM) = 20“.

O

BAI 11. Cho hinh chép S.ABCD c¢6 ddy ABCD la mot hinh vuong tam O va SH vudng géc mit phing
(ABCD) tai trung diém H ctia doan AO. Cho SA = AB = a.

(D Chiing minh mat phing (SAC) vudong géc véi mit phang (SBD).
(2) Tinh khoéng cach tit S dén mat phéng (ABCD).

(3) Chitng minh SOA I géc clia hai mit phang (SBD) va (ABCD). Tinh géc nay.

Lai giai.
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BD 1 AC C (SAC)
@ Ta c6 { BD L SH C (SAC) = BD L (SAC).

H=SHNAC
Mat khac BD C (SBD) suy ra (SBD) L (SAC).

(2 Vi SH L (ABCD) nén khoang cach tit S dén mat phang (ABCD) la dABCD = SH.

A 2
Ta c6 AH = 4¢ = %. Xét tam giac vuong SHA tai H ¢6

4
/ 2
SH =+/SA2 — AH? = \[a? — (a:{ﬁ) :ga.

BD = (SBD) N (ABCD)

SO 1 BD
(3) Tac6 { AC L BD = ((SBD), (ABCD)) = SOA.
SO C (SBD)
AC C (ABCD)
Xét tam gidc SAO c¢6 SH vira 1 dudng trung tuyén vita la dudng cao, suy ra ASAO can tai S.

a2
Do d6 SO = SA = a, cosSOA = 2 _ _4 _ V2 oA~ e
SO a 4

O

BAI 12. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh thang vuong tai A vd D. Biét ring AD = DC = a,
AB =2a, SA 1 (ABCD), SA = aV/2, I la trung diém ctia AB.

(@ Chiing minh BC 1 (SAC) va CI 1L SB.
(2) Xac dinh va tinh géc giita dudng thang SC va miat phang (SAD).
(3) Xac dinh va tinh géc giita hai mit phing (SBC) va (ABCD).

(@) X4c dinh va tinh khoang céch tit diém D dén mat phing (SBC).

Lai giai.
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AT || CD
_
D Tacs {AI:CD:a

Ma TAD = 90° nén AICD la hinh chit nhat.
Lai ¢c6 AI = AD = a. Do d6 AICD la hinh vuong. = AC 1 ID.

= AICD la hinh binh hanh.

IB| CD
Ta co {IB [ oD = IBCD la hinh binh hanh = BC || DI nén BC' 1 AC.

Ta cé boLAC BC 1 (SAC
a ¢co BC’LSAi ( ).

CI L AB
5 { = CI 1 (SAB) = CI 1 SB.

CD 1 SA
Ta ¢6 SD la hinh chiéu vuong goc cia SC len (SAD)
= (SC,(SAD)) = (SC,SD) = CSD.

ASAD vuong tai A = SD = +/AD? + SA?2 = a+/3.

ASCD vuong tai D = tan CSD = C—D = L = OSD = 30°.

SD 3

CD L AD
@ { = CD L (SAD).

Vay (SD, (SAD)) = 30°.

(3) Ta c6 AC 1. BC = SC 1L BC (dinh li 3 dudng vuong goc)
= ((SBC),(ABCD)) = (AC,SC) = SCA.
ADCT 13 hinh vuong canh ¢ = AC = a2 = SA = ASAC vuong can tai A = SCA = 45°.
Vay ((SBC), (ABCD)) = 45°.

(@) Goi H la giao diém ctia AD va BC.
.. d(D,(SBC)) DH
Kh — = —— D,(SB
ido (A, (SBO)) AH:>d( , (SBC))
AK 1 BC

Ké AK L tai K, ta c6
é SC tai K, aCO{AKLSC

ASAC vuong tai A c6 duong cao AK = AK =

Vay d(D, (SBC)) = %a.

DH
=
= AK 1 (SBC) = d(A, (SBC)) = AK.

SA-AC
=0
VSA2 + AC?

(A, (SBC)) = %d(A, (SBC)).

O

BAI 13. Cho hinh chép S.ABC c¢6 ddy ABC la tam giac vuong tai B, SA vuong goc véi day, SA = av/3,
AB = a, BC = 2a. Goi H, K lan lugt 13 hinh chiéu vuéng goc ctia B léen AC va SC.
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(D Chiing minh (SBC) L (SAB) va SC | (BHK).
(2) X4c dinh va tinh géc giita hai mit phing (SBC) va (ABC).
(3) X4c dinh va tinh khoang cach tit diém A dén mat phang (SBH).

Lai giai.

BC 1L SA
{BH 1 AC

@® {BC 4B pey (SAB) = (SBC) L (SAB).

BH 1 (SAC).
BHJ_SA:> ( )

SC 1 BH
= SC 1 (BHK).
SC L BK

(2 Ta c6 AB L BC = SB 1 BC (dinh li 3 dudng vuong goc).
Do d6 ((SBC),(ABC)) = (SB, AB) = ABS.
. A i
ASAB vuong tai A = tan ABS = j—B =3 = ABS = 60°.

Vay ((SBC), (ABC)) = 60°.

(3 Ve AM L SH tai M, ta c6

AM L BH AM 1 (SBH d(A,(SBH)) = AM
‘7 L o =AM L(SBI) = (4, (SBH)) = AM.
AB?
AABC vuong tai B c6 dudng cao BH = AH = Yol aT\/g.
A-AH
ASAH vuong tai A c6 dusng cao AM = AM = S = a\/g.
VSA? + AH? 4

Vay d(A, (SBH)) = ?.

O

BAI 14. Cho hinh chép S.ABCD c6 day 1a hinh vuong canh a. Tam gidc SAB la tam gidc déu n¥m trong mit
phing vuong géc v6i mat phing day. Goi H, K lan lugt 1a trung diém ctia AB va AD.

(1) Chiing minh (SAB) L (SAD). Tinh géc tao béi SD va mit phiang (ABCD).

(2) Xac dinh va tinh géc gifta hai mat phing (SAC) va (ABCD).

(3) Xac dinh va tinh khoang cach tit diém G dén mat phéng (SAC), v6i G la trong tam ciia ASAB.
(@) X4c dinh va tinh khodng cach giita hai dudng thing CK va SD.

Lai giai.
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AD 1 AB
@D { (SAB) L (ABCD) = AD 1 (SAB) = (SAD) L (SAB).
(SAB)N (ABCD) = AB
SH L AD . .
= SH 1 (ABCD) = HD la hinh chiéu vuong géc ciia SD lén (ABCD)
SH L AB
= (SD,(ABCD)) = (SD, HD) = SDH.
ASAB déu = SH = %
AAHD vuong tai A= HD = /AH? f AD? = “T\/g
R a5 SH V15
ASHD vuong tai H = tan SDH = oD~ 5
Vay (SD, (ABCD)) = «, véi tana = @

(2 Dung HM 1 AC tai M = SM L AC (dinh li 3 dudng vuong géc)
= ((SAC), (ABCD)) = (SM, SH) = SMH.

AH HM AH -BC  av?2
ASHM vuong tai H = tan SMH = T V6.

Vay ((S/F),(A\BCD)) = 3, v6i tan B = V/6.

@) Ké GI L SM tai I.

ACLMH AC L (SHM AC L GI = GI 1L (SAC d(G, (SAC)) = GI
Ac LsH = ( )= = (SAC) = d(G,(SAC)) =GI.
a3

2
Ta cé =_-SH=—.
a co SG 35 3

ASHM vuong tai H= SM =+/SH? + HM? = G\Z/lﬂ.
SG-MH /21 o
281G - asHM = 61 = SV (g g0y = 2L
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(@) Goi L la giao diém ctia CK va HD. Do ABCD la hinh vuong nén CK 1| HD tai L.
CK 1L HD
{CK 1 SH
Ké LN 1L SD tai N, ta c6

LN 1L CK
= d(CK,SD) = LN.
LN 1 5D

= CK 1 (SHD).

ADKL o ADAH — LD = AP KD _ aV5

HD 5
SH-LD /30
ADNL «~ ADHS = LN = — .
5= SD 20
Vay d(CK, SD) — %0

O

BAI 15. Cho hinh chép S.ABC c¢6 day AABC la tam gidc vuong can tai A, AB = 2a. Goi H la trung diém
cta BC, SH L (ABC), SH = a\/3.

(D) Xac dinh va tinh géc gitta hai mit phing (SAC) va (ABC).
(2) Xac dinh va tinh khoang cach tit diém B dén mit phing (SAC).

Lai giai.

D Ké HK 1 AC tai K = SK 1 AC (dinh li 3 dudng vuong goc) vi KA = KC.
Do d6 ((SAC), (ABC)) = (HK, SK) = SKH.
HK la dudng trung binh trong AABC = HK = %AB =a.

_— SH —
ASHK vuong tai H = tan SKH = K= V3= SKH = 60°.

Vay ((SAC), (ABC)) = 60°.

@) BH N (SAC) = C = (‘m = %g = 2= d(B, (SAC)) = 2d(H, (SAC)).
{AC L HE

= AC L (SHK).
AC L SH
Ké HM 1 SK tai M, ta co
HM 1 AC
= HM 1 (SAC) = d(H,(SAC)) = HM.
HM 1 SK
SH-HK aVv3

JSH? + HK? 2

ASHK vuodng tai H c6 duong cao HM = HM =
Vay d(B, (SAC)) = 2HM = aV/3.
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BAI 16. Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 ddy ABCD 13 hinh vuong canh av/2, AA’ = 2a.
(1) Chiing minh (A’BD) L (AA'C'C).
(2) Tinh géc gitta dusng thang A’C v6i cac mat phang (ABCD) va (AA’B'B).
(3 Tinh khoéang cach giita hai duong thing BD va CD'.
Lai giai.
A’ D’

B’ 7

B C

BD 1 AC
@ { = BD L (AA'C'A) = (A'BD) L (AA'C'C).

BD 1L AA
(2) AC 1a hinh chiéu vuong géc ciia A’C lén (ABCD)

= (A'C,(ABCD)) = (A'C, AC) = ACA'.

AC 1a duong chéo hinh vuéng canh av2 = AC = 2a.

AAA'C vudng tai A = tan ACA = Ij;é = 1= ACA = 45°.
Mat khac, A’B 1a hinh chiéu vuong goc ctia A’C' len (AA’B’'B)
= (A'C,(AA'B'B)) = (A/C,A'B) = CA'B.

NAA'B vuong tai A = A’'B = VA'A% + AB? = a\/6.

ACBA’ vuong tai B = tan CA'B = ¢B !

= — = CA'B =30°.
B3 =C 30

Vay goc gitta dudng thang A’C vé6i cac mat phang (ABCD) va (AA’B’B) lan lugt 1a 45° va 30°.
(3) Xét mat phang (A’BD) chita BD va song song v6i CD'.

Khi d6 d(BD,CD’") =d(CD’,(A’BD)) =d(C,(A’BD)).

Goi O la tam hinh vuong ABCD.

d(A,(A'BD)) A0
Taco) ——— 2 =__ =1 A’'BD)) =d(A, (A'BD)).
Ké AK 1 A'O, ta c6

AK L BD AK | (A'BD d(A,(A’'BD)) = AK

AO - AA 2a/5
ANAA'O vuong tai A c6 duong cao AK = AK = = a\[.
VAO? + A’A? 5

205
E

Vay d(BD,CD’) =

O

BAI 17. Cho hinh chép S.ABCD c6 day la hinh vuong canh a, ASAB la tam giac déu nim trong mit phing
vuong géc v6i mit phang day. Goi E, F lan lugt 1a trung diém ctia AB va BC.

(D) Chiing minh ASAD la tam gidc vuong.

(2) Chitng minh hai mat phang (SDF) va (SEC) vudng géc véi nhau.

(3) Goi I 1a diém nim trén canh AD sao cho ID = 3IA. Tinh géc giita hai mit phang (SAB) va (SFI).
(@) Tinh khoang cach gitta hai dudng thing SA va EF.
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Loi giai.
A 1 D
K

ES P
B F c

(SAB) L (ABCD)

@D { SE C (SAB) = SE 1 (ABCD).
SE 1 AB = (SAB)N (ABCD)
AD | AB .
= AD 1 (SAB) = AD 1 SA = ASAD vuong tai A.
AD 1 SE

(2) ABCD la hinh vuong = EF | DF.
DF 1 EC
Ta c6 = DF 1 (SEC) = (SDF) L (SEC).

(3) Goi P la trung diém ctia IF, ké EK L IF tai K. Ta c6
EP 1 AB
— EP 1 (SAB).
EP 1 SE
IF 1 FK
— IF | (SEK).
IF 1 SE
Ké FH | SK tai H, ta c6
ERLIE o | (SFI) = (SAB).(SFI)) = (EP, EH)
= = = = a.
EH L SK ’ ’ “
 (EP L (SAB)
Ta
[A| FB| ED
= ASAB la hinh chiéu ctia ASIF len (SAB) = Sasap = cosa - SasIF
a2\/§ a2\/ﬁ 2\/5

1
— 2. SK-JF = . —
1 COS (v 5 S COoS (v 3 = cos 3
@ EF | AC = d(SA,EF) =d(EF,(SAC)) = d(E, (SAC)).
Ké ET 1 AC tai T, goi O la tam hinh vuong ABCD.

= IA 1 (SAB) va BF L (SAB)

Khi d6 ta c6 ET = %BO — “\Tﬁ.
ACLET o1 (SET)
AC 1 SE '

. , ET-SE av/2l
KeEJJ_STtauJ:>EFJ_(SAC):>d(E,(SAC))—EF—\/m— o
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