TICH PHAN
I. Khai niém tich phan
1. Dién tich hinh thang cong .
e Gidi thiéu cho hoc sinh vé& cach tinh dién tich ctia mot hinh thang cong

e Tu do suy ra cong thtrc : IimM: f (%)

X=X X=X,
2. Pinh nghia tich phan
e Cho ham f lién tic trén mot khoang K va a, b 1a hai sb bat ky thuoc K. Néu F
12 mot nguyén ham cta f trén K thi hiéu s6 : F(b)-F(a) duoc goi 1a tich phan
b

ciafditradénb, ky hiéula: [ £ (x)olx
b

e CoOnghiala: j f(x)dx=F(b)-F(a)

a

e Goi F(x) 1a mét nguyén ham cua f(x) va F(x) 2: F(b)-F(a) thi:

j.f(x)dx:F(x)Z:F(b)—F(a)

e Trong do :

-a:lacantrén, b la can duoi

- f(x) goi 12 ham s6 du6i d4u tich phan

- dx : goi 14 vi phan cua ddi sb

-f(x)dx : Goi 12 biéu thic dudi du tich phan
IL. Tinh chat ciia tich phan
Gia st cho hai ham sb fva glién tuc trén K , a,b,c 1a ba sb bat ky thudc K . Khi d6 ta
CO:

1.

f(x)dx=0

no

f (x)dx = —.[ f (x)dx . ( Goi Ia tich chat d6i can )
b
c b
3. [ F0)dx =] f)dx+ [ f(x)dx

4.

D T D — T D m— T D C—y D

b b
[f()=g(x)]dx= f(x)dx+[g(x)dx. ( Tich phén ci mot tong hodc hiéu hai tich

phan bang tong hodc hiéu hai tich phan ) .
b b
5. [k (x)dx=k.[ f(x)dx. ( Hang s6 k trong dau tich phéan , c6 thé dua ra ngoai dau

tich phan dugc )
Ngoai 5 tinh chat trén , ngudi ta con chimg minh duge moét so tinh chat khac nhu :

b
6 . Néu f(x) >0vx e [a;b] thi : I f (x)dx > 0Vx e[a;b]

b b
7.Neéu : vxe[a;b]: f(x)>g(x) :>J' f (x)dx ZJ.g(x)dx. ( Bat dang thuc trong tich

phan )



8. Néu : Vx e[a;b] va voi hai sOM\Ntalubnecd: M<f(x)<N.Thi:
b
M(b-a)< j f(x)dx<N(b-a). ( Tinh chat gia tri trung binh cua tich phan )

III. CAC PHUONG PHAP TiNH TiCH PHAN
A. PHUONG PHAP PHAN TiCH
1.Trong phuong phap nay , chung ta cin :
e Kynang: Can biét phan tich f(x) thanh tong , hi¢u, tich , thuong cua nhiéu
ham s6 khac , ma ta c6 thé sir dung duoc truc tiép bang nguyén ham co ban
tim nguyén ham cua chung .
e Kién thuc : Nhu da trinh bay trong phan " Nguyén ham " , can phai nam trac
cac kién thic Ve Viphan , cac cong thire vé phép toan luy thtra , phép toan can
bac n cia mot s6 va biéu dién chung dudi dang lity thira véi s6 mil hitu ty .

2. Vi du ap dung
Vi du 1: Tinh c4c tich phan sau

2x(2\/x4—1+1) L2
a/ dx b/ dx
‘!‘ Vx® +1 !;(x+1)3
y j2x&—2\/§+|n(1+&)dx 7 ] et oxel
1 2\/;(“\/;) 5 X =2x7+1

Gial

ZX(Z X4_1+1) 2xv X% —13x2 +1 X z X
a/ dx = + dx =|| 2x4/x* =1+ dx

'[ 2 { x*+1 \/x2+l] '[[ \/x2+1j

d

SO G ) O G VA 'C SN SR PR | B SRR SR S Y
{(x+1)3dx_! (x+1)° ; _'ﬂ(x+1)3 2(x+1)3 (x+1)3}d ‘ﬂxu 2(x+1)2 (x+1)3}d

3|=jd(x+1) Jl-d(x+1) Id(x+1)=|n| 2 111 1 1=In2+§
y X+L o (x+1)" g (x+1) 0 x+10 2(x+1)°|0 8
c/
32x\/;—2\/§+ln(l+\/;)dx_j1 «1 |n(1+\f) B I( e |n(1+\&) N
! 24 (1++x) I (1+&) (1+vx) 2Vx (1+\&)2&

:}(&_1)(1“}'“11_&(1(u&):[g(&)"’_x} i (i) -

=2J§—4+|n2(1+J§)—|n22

IX+X_X+1 J2-14X—X
+
M 2x% +1 B 2x2 +1

S

1 ¢ 2dx
d
(' -1) “Jfg(xz_l)z



dx

2d(x*—2x"+1 2 2 2
ez 3l I%(_l__lj o
B (=2 +1)  25(x-1 x+ Halx-1 x+
2
:iln‘(xz ) I A X 1|2 _
4 r1llvz 2| %21 x+1 |x+1|

Vidu 2. Tmh cac tich phén sau
2 2sin x(sin? x—1 3 '
J- ( )dx b/J- _ 2S|n2x :
0 1+cosx 5 28in° X+3¢0s” X
1 T

o/ I 1 Zln(2+xjdx d/ J~smx+\/12+tanx dx

Y 4-X 2—X 5 COS“X

Vi du 3. Tinh cac tich phan sau

2 2
) XIn® x 1 2x(x° +1)

i, 3
I 4+sin’ 2X 4 d/ jsinSx.cosxdx
z sin®2x 5
6

B. PHUONG PHAP DOI BIEN SO

L. Phwong phap d6i bién s6 dang 1.

Pé tinh tich phan dang nay , ta can thuc hién theo cac budc sau

1/ Quy tic :

Budc 1: Dat x=v(t)

Budc 2: Tinh vi phan hai vé va d6i can

Budc 3: Phan tich f(x)dx=f(v(t))v'(t)dt
v(b)

Budc 4: Tinh j f()dx= [ gt)dt=G(t)

v(a)

v(b)
v(a)

v(b)

Budc 5: Két luan : [=G(t)
v(a)

2/ Nhan dang : ( Xem lai phian nguyén ham )

*Chuy:
a. Cac dau hiéu dan téi viéc lya chon an phu ki€u trén thong thuong 1a :

Dau hiéu Cach chon

va?—x?

=|a|sint<—>—£stg£
2 2

:|a|cost<—>0st£7r
|a| [ 7[7[}
X=——te| ——;—
sint 2 2

| | Lotelo ﬂ]\{’;}




va x:|a|tant<—>te(—£;£j
2 2
=la|cott <>t e (0;7)
/ X=a.cos2t
)(b x) X=a+(b-a)sin’t
b. Quan trong nhat la cac em phai nhan ra dang :
- Vi du : Trong dang phan thuc hiru ty :
Tl 1 1 17 1
* L ax(a<0)- | _ax- L
Jax® +bx+c ) { b\ (A asu’+k
al| x+— | +| ——
( 2aj 2a
Vaéi [u = x+£, k :E,du = dx]
2a 2a
.. 1 dx
* ap dung dé giai bai toan tong quat I — (keZ).
«\(a%+x%)

dx . Ttr d6 suy ra cach dit : x—1=+/3sint

Ry IJ( ) -

3/ Mot s6 vi du ap dung :

Vidu 1: Tinh cac tich phéan sau

1
1 2 2
1 1
al |V1-x%dx b/ dx c/ | ———dx
-([ ! 1-2x° ‘[\/3+2x—x2
Giai
a/ bat x=sint vdi : te[—%;%}

x=0&sint=0->t=0

e Suy ra: dx=costdt va : _ m
X=lesint=1->t=—

e Do do: f(x)dx= v1-x*dx =+/1-sin*tcostdt=cos’tdt = %(1+ cos2t)dt

i 2 (14 cos2 z _
L Véy f(X)dX: M:l t+£sin2t 2:1 z_i :ﬂ- 1
0 0 2 2

2 0 22 2 4
b/Bét:x=isint te|-Z,Z
2 2'2

x=0 < sint=0 — t=0

1
e Suyra:dx=——costdt =
y J2 L 1 smt—>t—%

2T




1 1 b T
3 & F 2 z
I dx:j 1 1 dx:ij‘;icostdtzijdt:it 2
_ 2 (1 29 1 —5-2 2 2
0 0 oy 0 1-sin“t 0 0
N V2
¢/ Vi: 3+2x—x*=4—-(x-1)". Chonén:
e DPat: x—1:23intte{—£,%}<—>sint=XT_1(*)
x:lesint:E:O—H:O
e Suyra:dx=2costdtva: 2 —te|0;Z |- cost>0
. 2-1 1 Vs 6
X=2csint=——=—>t=—
2 2 6
. _ 1 1 1
e Do do: f(x)dx= dx = dx = 2costdt = dt
J3+2x— X2 \/4_()(_1)2 4(l—sin2t)
O
e Viay: jf(x)dx _[ ~t|g =2
1 0 0 6
Vi du 2: Tinh céc tich phan sau
2 1
a/ J\/12x—4x2—5dx b/J- S dx
o X +Xx+1
5 b
o [ df [ < x
2 X X+7 o a+x )

* Cha y : Pé tinh tich phan dang c6 chira (\/ x> +a,va> - x ) , ta con st dung phuong
phap d6i bién sd : u(x)=g(x.t)

1
s . 1
Vidu 1 : Tinh tich phan sau dx

’ P !xlx2+1

Giai :
2
o f)'cf1t:\/x2+1:x—t:x:t L

x:0—>t:—1;x:1—>t:1—\/§

e Khido:{ 44
dX =—
2t
| 2ot 41, g 1-2
[ DOV@y. !mdx: J;mz—tzd = J.l —=In |t| :—In(\/i—l)
1
Vi du 2: Tinh tich phan : 1 = [x*V1-x*dx

Gidi
e Dit: t=sinx , suy ra dt=cosxdx va khi x=0,t=0 ; Khi x=1 , t= z




e Do d6 : f(x)dx=x21- x?dx = sin’ to/1-sin’ tcostdt=sin’t cos’ tdt = %(1_ cosat j dt

2
1 % i
e Vay: I=If(x)dx:lj(l—cos4t)dt:l(t—lsinmj 2 iz _x
) 87 sl 4 , 82 16

I1. Poi bién s6 dang 2

1. Quy tdc : ( Ta tinh tich phan bang phuong phap d6i bién sé dang 2 theo cac budc
sau :)

e Budc 1: Khéo 160 chon mot ham sd u(x) va dit nd bang t : t=u(x) .

e Budc 2: Tinh vi phan hai vé va ddi can : dt=u'(x)dx

e Budc 3: Ta phﬁn tich f(x)dx = g[u(x)]u'(x)dx = g(t)dt .

u(b)
e Budc 4: Tinh jf(x)dx_ [ 9dt=G() i)
u(a) (a)
o Kétluan : I= G(t) u(b)
u(a)

2. Nhan dang :

TiICH PHAN HAM PHAN THUC HUU TY
B
A.DANG : I=I%dx (a=0)

B

. Va néu bac cua P(x) cao hon hoac
o

dx="n |ax+b|
a

béng 2 thi ta chia tir cho mﬁu dan dén

j PX) Lox - jQ(x)+

dx _[Q(x)dx+ mj—dx

2 3
Vi du 1 : Tinh tich phan : 1= | dx
1 2X+3
Gidi
3
Tacod: f(x)= X _le 3,8 21 1
2x+3 2 4 8 8 2x+3
Do do :
2 3 2
I X dx_I(lx2—§x+g—£ 1 jdx (1x3—§x2+gx—zln|2x+3|j __ B 2735
Jox+3 27 "4" "8 8 2x+3 37 8 '8 16 1~ 6 16
bt A : x* -5
Vi du 2: Tinh tich phan : 1= | dx
7 x+1
Giai
1 X+1"

3 2 3
Do dé : IX _5dx= J'(x—l—ijdx ze—x—4ln|x+1|j

J5+1
\/_f14|[ j




B. DANG : f&

5 dx
°ax” +bx+c

1. Tam thirc : f(x)=ax’+bx+c co hai nghi¢m phan biét

. B
Cong thirc can luu y : j%dx =Inju(x)| p
(04

Taco haicach
Cach 1: (Hé so bat dinh )
Céch 2: ( Nhay tang lau )

j ax+11

Vidu 3: Tinh tich phéan : I= | ————
o X“+OX+6

o Giai
Cach 1: ( Hé so bdt dinh )
4x +11 4x+11 A . B A(x+3)+B(x+2)

Taco : f(x)=— = = =
X“+5x+6 (x+2)(x+3) x+2 x+3 (X+2)(x+3)
Thay x=-2 vao hai tir s6 : 3=A va thay x=-3 vao hai tir s6 : -1= -B suy ra B=1
Do do : f(x)= ——+—1_
X+2 X+3
% 1
Vayzj':lx;ll —I(—+—jdx (3In|x+2/+In|x+3[)| _=2In3—In2
o X“+5X+6 X+2 X+3 0
Cdch 2: ( Nhdy tang lau )
. 2(2 1
Tac6 - f(x)= (2x+5)+ s 22x+5 . 1 =2 22X+5 L1t
X* +5X+6 X*+5x+6 (x+2)(x+3)  x*+5x+6 x+2 x+3
Do do :

X+2
X+3

1 1
I:jf(x)dx:I(Z. 22X+5 a1 jdx [2In|x +5x+6| +Inm/—=
0 oL X°+5X+6 Xx+2 Xx+3

1
j‘ =2In3-In2
0

2. Tam thirc : f(x)=ax’+bx+c co hai nghiém kép
u (x)dx

Cong thic can cha y J' (u(x))

Thong throng ta dat (x+b/2a)=t .

3 3
Vi dy 4 : Tinh tich phansau : 1= [~
o X*+2x+1

Giai
3

Taco: j

3

x=]—
X2 +2x+1 0 x+1
bat : t=x+1 suy ra : dx=dt ; x=t-1 va : khi x=0 thi t=1 ; khi x=3 thi t=4 .

3 4 (1 1\3 4
Dodo: | X x _j(t 21) dt= j(t 3+3—1jdt (1t2—3t+|n|t|+1J‘4=2|n2—§
(x+l) Lt 1 2 t)1 2

1
Vi du 5: Tinh tich phan sau : 1= szdx
o 4xT—4x+1




Giai

Tach: - X -
4x°—4x+1 (2x—1)
< x=0ct=-1
Dit : t=2x-1suy ra : dt=2dx — dx :ldt;
2 x=1lot=1
1 1 t+1) 1 1
Do d6 : j dx = j j 2 ULy =I(1+iz)dt:(|n|t|—1j _
4%% —4x+1 o ( Lt 2 S\t ot t)|-1

3. Tam thirc : f(x)=ax’ +bx+c VO nghiém :

U=X+—
Ta vibt : f(x)= POy PO 2a
( bjz Ja Y| alut+k®)|, _va
aj [ X+—| +| — oa
2a 2a
Khi d@6 : bat u= ktant
2
Vi du 6: Tinh tich phan : I= j%dx
5 X“+4X+5
Gidi
2 2
e Taco: I dx = j
x> +4x+5 o ( x+2
. X=0ctant=2
e Dat : x+2=tant, suy ra : dx=
cost X=2¢tant=4
2 .
. t
e Dodo: [——— j ant-2 _dt J'(Slnt—Zjdt:(—ln|cost|—2t)2(1)
(x+2 " 1+tan®t cos’t , \ cost t
2 2 1 1
tant =2 <> 1+tan t=5<—>cost:g—>cost1:T
Tu: ) > 1
tant =4 <> 1+tan’t =17 <> cos’t = — —> cost, = ——
17 V17
o Vay: (-In|cost|-2t) b :—[(In|cost2|—2t2)—(ln|cost1|—2t1)] _ _in[<%St +2(t, - t))
’ t, cost,
cost 1 1.5
e & —In 214+ 2(t, —t,) = 2(arctand-arctan2) — In|—— /5| = 2 (arctan4-arctan2) — = In—
cost, (t—t)=2( ) W17 ‘ ( ) 2 17
X2 +2x* +4x+9
Vi du 7: Tinh tich phan sau : 1= j dx
0 X +4
Giai
3 2
e Taco: 2 +2X2 XY ios -
X°+4 X°+4

2 .,3 2 2
e Dodo: jx +2;2::'X+9 _[(x+2+
0 0




) X=0—->t=0
e Dat: x=2tant suy ra : dx =—-dt; ﬂete{o;ﬁ}—mosbo
cos’t |x=2-ot== 4
2 i 7 z
e Khido: | 1 dx:ij- L izdtzljdtzit -z
o X +4 4 1+tan”t cos’t 2 2 8

T

e Thayvao (1): 1 =6+§

C.DANG: [ "X
. J ax® +bx® +cx+d

1. Da thicc : f{x)=ax’ +bx’ +cx+d (a=0) cé mdt nghiém bji ba
115

m-1
a

Cong thirc can chd ¥ I —dx = %

1
Vi du 8: Tinh tich phan : 1= j%dx
o (x+1)

Giai
Cach 1:
e Dat: x+1=t, suy ra x=t-1 va : khi x=0 thi t=1 ; khi x=1 thi t=2

1 2 2
- 2
e Dodé: [—X—dx- %dt:j(iz—isjdtz(—lii) 1
o (x+1) 1t AU t 2¢)1 8
Cach 2:
) 1)-1
Tace: X ()1 1 1

(x+1)3 (x+l)3 (x+1)2 (x+1)3

1

oDod():J X3dx=J' 12— 13dx=—1+1 121=1
o (x+1) o (x+1)° (x+1) x+1 2(x+1)" |0 8
0 4
Vidu 9 : Tinh tich phan : 1= ~dx .
S(x-1)

Gidi
e Dat:x-1=t, suy ra : x=t+1 va : khi x=-1 thi t=-2 va khi x=0 thi t=-1
0 -1 4 3 2 -1
e Dodb - J~ dx _J-(t+1) it _J-t +4t +63t +4t+1dtzj(t+4+§+i2+l3jdt
S(x- 1) 5 t A t A t ot ot

-1
. I(t+4+ to jdt—(1t2+4t+6ln|t|—i—£12) _33 6in2
2 2t°)|-2 8
2. Da thire : f(x)=ax’ +bx* +cx+d (a=0) €O hai nghiém :

C6 hai cach giai : Hé sb bat dinh va phuong phéap nhdy tang lau

3
Vidu 10 : Tinh tich phan sau : 1= j;:g
> (x—1)(x+1)

dx

Giai o
Céch 1. ( Phuong phap hé so bat dinh )




. Tach: 1 _ A, B C  A(x+1)"+B(x-1)(x+1)+C(x~1)

(x=1)(x+1)° x-1 (x+1) (x+17° (x=1)(x+1)’
. . [1=4A A-3
e Thay hai nghiém mau sé vao haitfrsé:{ =1 % . Khidé(1)
1=-2¢ T |._ 1
2
2 — —_—
(A+B)x +(2A+C)x:A B-C @ AB_ColeBoA_C- 1_3 1_1__1
(x-1)(x+1) 42 4
3 3
. Dod():J— j L
> (x—1)(x+1) | 4 x- 1 4 x+1) 2 (x+1)

1 1 1 |3 1, 3
I =] =In(x=1)(x+1)+=. =>Ing=21In2
= {4 )X+ (x+1 ”2 4

Céach 2:
e Dat: t=xt1, suy ra: x=t-1 va khi x=2 thi t=3 ; khi x=3 thi t=4 .

a1 4 (t-2)  1(¢ 1 41
o K 1=t [ zjtz(t_z)dt_E[It(t_z)dt_kdt]

3 2

all o T (il -3

. 3t2 - 4t _ > 4t 1(3t+2 .
Hodic - 31 _( __[3t 4t - j{st 4 1 +)}=3t 4t_%(§+3j

—2t2 t1-2t? —2t? 27 t? t* - 2t? t t?

e Dodo:I= j 4t SL3, 2 - In|t3—2t2|—— 3inf-2 32
4\t t? 4 t))|3 4

t* —(t* -4
Hodic : -1 3{ ( ) ZE(L_HZJZE( 1 _1_2J

t?(t-2) 4| t*(t-2) | 4\t-2 t* ) 4lt-2 t t?
e Doddb:
——I( ————zj :1 ‘ j‘ (In1+l—lni—gj l(InS—InZ—l)
t—-2 t t 4 2 2 3 3) 4 6
3
Vi du 11: Tinh tich phan sau : 1= j—dx
2 (X — 1) (x+2)
Giai
Dat:x—1=t,suy ra: x=t+1, dx—dtvé'khi x=2 thit=1; x=3 thit=2.
3 2
Do d6 J' J- t+1 J-t +2t+1
2 (X — 1) x+2  t t+3 (t+3)

Cach 1 ( Hé s6 bat dinh )

Taco: t?+2t+1 At+B  C _(At+B)(t+3)+Ct* (A+C)t*+(3A+B)t+3B
£(t+3) € 13 t?(t+3) - t?(t+3)




1
Are=t : 2+1_1t+3 4 1
Pong nhat hé s6 hai ttirsd : {3A+B=2< A:§:>t te t
9 t2(t+3) 9t "9t+3
3B=1 4
C==
9
Do do :
2 2
jt | ( 2) ( 1 j dt = 1(|n|t|—§j+f|n|t+3| A ns-Ling
(t+3) 1 t+3 9 t) 9 1 6 9 9
thz
e Taco:
+2t+1_1(3C+6t+3) 1346t 3 | 1j(3t+et) 1[t=(t-9)
€(t+3) 3| +3 ) 3|t+3 t(t+3) 3| °+3t7 ) 9 t*(t+3)
_1(3t°+6t L1 1t-3_ 1 3t° + 6t L1 _3(1_3)
3l+3t? ) 9t+3 9 t* 3|(*+3°) 9t+3 olt ¢t
e Viay:

jt +2t+1 j 3t% + 6t
(t+3) (3t +3t°
e Dodol= %+gln5—zln2

1
9

ol

t+3 t

1 1 3

t2

t+3

Do

it

3. Da thirc : f(x)=ax’ +bx’ +cx+d (a=0) €O ba nghi¢m :

3
Vi du 12: Tinh tich phan sau : 1= | g
2X
Cdch 1: ( Hé s6 bt dinh )
e Taco:
f(x)= _ 1 =A+ B . C =A(X2—1)+BX(X+1)+Cx(x—1)
(x -1)  x(x=1)(x+1) x x-1 x+1 x(x-1)(x+1)

e Dong nhét hé s hai tir s6 bang cach thay cac nghiém : x=0;x=1 va x=-1 va0

x=0->1=-A
haitttacod: {x=-1-1=2C =
x=1->1=2B
. Véy:
3
I x(x*-1) _IE (x 1 x+1)

Cach 2: (Phu’ongphap nhay lau )
1 X —(x2 —l) ~
x(x*-1)  x(x*-1)

, X
Taco:

1
x*—1 X

A=-1
B=1 :>f(x)_—1+1( L ji(i}
2 X 2\x-1) 2\x+1
c_1
2
3
_%jdx=B(In(x—1)(x+l))—ln|x|}2=§In2—%ln3
1 2x 1
2x° -1 X




3
:EInZ—EIn3
2 2 2

o1 Clf2xdx fL o (1o,
DOdO'-!x(xz—l)dX_E-z[ﬂ !de_[zln(x l) Inxj

Vidu 13: Tinh tich phan sau : I=

Céach 1:
X +1 X +1 A B C A(X-4)+Bx(x+2)+Cx(x-2)
= =—+ + =

x(x2—4) X(x=2)(x+2) X x-2 X+2 x(x2—4)

Thay cac nghiém ctia mau sd vao hai tir s6 :
Khix=0:1=-4Asuyra: A=-1/4
Khi x=-2 : -1= 8C suy ra C=-1/8
Khi x=2:3=8B suy ra: B=3/8.

Dodé:f(x)=_%Gj_%[é}rg(ﬁJ

Vay :

Taco:

4 1
I)(()(—_ =—‘_f dx ——IX 2d = mdx (—Zln|x|——ln|x 2|+ In|x+2|J‘
3

:—In3—gln5——ln2
8 8 4

Cach 2:
Tacoh:

41 11 _1( 11 ]+1 X’ —(x* - 4) _1( 111 2x _1)
x(x*-4) (x*-4) x(x*-4) 4(x=2 x+2) 4 x(¥-4) | 4{x-2 x+2 2x-4 «x

X—2

X+2

4 4
Dod('):j—)(:rl dx:lIE 1 1 1 x ——jd {1I
aX(x*-4) T 43x- 2 x+2 2X -4 x 4

1 4
+Eln(x2—4)—ln|x|} ]

2
Vi du 14: Tinh tich phan sau : J’de
X+

. Gidi
Céch 1: ( Hé sé bat dinh )
2 B W2 A B C _A(x+1)(x+2)+B(x—l)(x+2)+C(x2—l)
(x2—1)(x+2)_(x—1)(x+1)(x+2)_x—1+x+1+x+2_ (x*-1)(x+2)

Thay lan luot cac nghiém mau s6 vao hai tir s6 :
Thay : x=1 Tacd: 1=2A ,suyra: A=1/2
Thay : x=-1,Tacé :1=-2B, suy ra : B=-1/2
Thay x=-2 ,Tacé : 4= -5C, suy ra : C=-5/4

Do do6 :

3 2 3
(X =1)(x+2)  \2x-1 2x+1 4x+2 2

Céch 2.( Nhay tang lau )

x-1

Xx+1

—Eln|x+2|”3:ilnE
4 2 2 2



Tacoh:
x? _ x?—1+1 _ 1 s 1 _ 1
(xz—l)(x+2) (xz—l)(x+2) Xx+2  (x=1)(x+1)(x+2) x+2

K(x+1) - (x-1)(x+2)

(x—=1)(x+1)(x+2)

1
+_
2

1 1 X 1 1 1 1( 1 1 j 1
= +— - = +=|1+= - -

X+2 2| (x=-1)(x+2) x+1| x+2 2 3lx-1 x+2) x+1
Tir d6 suy ra két qua .

D. DANG I¢dx
ax* +bx?+c¢

Nhiing dang ndy , gan day trong cac dé thi dai hoc it cho ( Nhung khong han 1a
khong cho ) , nhung toi van dua ra ddy mot sd dé thi da thi trong nhimg nam céc
truong ra dé thi riéng , mong cac em hoc sinh kha ,giéi tham khao dé rat kinh
nghiém cho ban than .

Sau day t6i ldy mot sd vi du minh hoa

Vi du 1. Tinh cac tich phan sau :

1
af L b ;m
0 (X*+3x+2) 11+%°
Giai
1
& |
0 (x +3x+2)
Taco:
2
1 1 1 1
x> +3x+2=(x+1)(x+2)= f(x) = = :{ - }
(e 2) (+3x+2) [(x+1)(x+2)] [(x+1) (x+2)
o 2 :1+1_2(1_1jvéy_
(x+1)°  (x+2)" (x+1)(x+2) (x+1)" (x+2)° \x+1 x+2) 7~

1 1 1
e L [ e ey | B et e o
o(ﬁ+3x+2) o (x+1)" (x+2) X+1 x+2 X+1 x+2 Xx+2|)0

Il+x

11+ x°

2

_ 2 _ 2

Taco f()_1+x 1-x+x"+x  1-X+X X

1+x* (14 x)(l—x+ x2) - (1+ x)(l—x+x2)+(1+x)(l—x+x2)

1

o ()=t p X :j( t 2 ngjdx
1\UX+1 21+X

2

Vi du 2. Tinh céc tich phan sau

NA) 2 14
X -1 X" +1
a. | —————dx b. dx
!x4—x2+1 '[X6+1

Giai




Box2_

a. I#dx . Chia t&r vd mau cho x?#0,taco :
1 X =X +1
1
]__iz J3 V3 (1—)(2de
f(x):—i(:jf(x)dx:j—l (1)
X*+-1 1 1(x2-|-2 -1
X X
Xx=1->t=2
st - 1 2.1 5 1
Dat: t=x+-=x"+5=t"-2,dt=|1-— [dx & 4
X X X X=x/§—)t=—
NG
4 A 4
V3 V3 V3
A dt 1 1 1
Vay : | f(x)dx= = dt= ( = jdt
! ! s a2 e ea

\/_ L[|n%—|n7_4*/§]: L In(7+443))

2f t+f 23 7 INE
b IX +1d Vi - xe—1:(x2):—1:(x2—1)(x4+x2+1)
X° +1 xG—lz(x3) —1=t2—1(t:x3)
Cho nén:
x*+1 x*—x?+1 1 3x°
f(X):x6+1:(x2+1)( x+1 x°) jjf() _I X+l 3 )+1dx

A 1 1
Vay : | =arctan x —iarctan (3x2)
0 3 0

=arctan 1-1 arctan3 = z_ 1 arctan3
3 4 3

Vi du 3. Tinh céc tich phén sau

1.2 2
a.J.X4+1dx —dx b.f 41 dx
o X +1 o X' +1 X' +1

Giai
1 2
a jx4+1d X Lix. Taco
o X +1 o X +1
1 1
2 :I.‘|‘72 2_ 1—72
f():xdﬂ= X1’ g(x)=X4 1 T . Cho nén
X +1 )(2_'_72 X +1 X2+7
X X
1 1 , 1
t=x+=—=dt=1-— |dX, X" +— 2,Xx=1l->t=2,x=2->t=
X X X

. Vay :

|
I\)Ioo N | ol

? 3t _2 1 1 11 t\/—
Qlf(x)dx_!(tz—zj_lt—ﬁ)(uﬁ)dt_zﬁ![t—ﬁ t+ﬁ) 2f |t+f|

—




.3
@_!.g(x)dx:.([t2+2dt (1) .

Pt : t=v2tanu — dt =2 — du<—>t=0—>u:O,t=§—>u:arctan£=u1
cos2u 2 4
Do do(l)@j V2du —j— = Ql
cos’u(2+2tan’u) 5 2 2 O 2

b.i dx . Tacod: F(x)=— 1 1[1”24”_’(2}3()(2”_’(2 j ~(f()-g(x)

x*+1 ‘41 2 X" +1 20 x*+1 x*+1

ba tmh & trén ( phan a)

Vi du 4. Tinh céc tich phan sau

s
a. Jz. dx b. j. dx
1 (XP = 5x+l)(x —3x+1) 3 X' —4x* +3
2
15
2 x4 _3 !
“ ! IO d I_£1+x8—2x4dx
Giai
2
a'Jl- x? —5x+1 (x —3x+1)dX'Ta c0-
1
x* -1 1_)(12 ( xzj

f(x)=
X X—3

bat : t:x+£—>dt:(1—i2de,x:1—>t:2,x:2—>t:g
X

G ey e R [y ey

X
Vay (1) tro thanh
E 1.5
== L _—|5—|3=—|—
[ s 2-3(ns-103 -4
5
t o dx . 1 1 1( 1 1
b. | ——=—.Tacod: f(x)= - _Z _
£x4—4x2+3 () X —4x*+3 (X’ -1)(x*-3) 2(x2—3 xz—lj
2

5
2
Dodé:jf(x)dx:f(xl _xl jdx: -J (1) Veéi:
3
2

1

[ 11 j |x f| n
x—/3 x+43 fo |X+xf|3 23 65(7 4f)

(1)




5

5
1 1 2
=[x dx:lj(i—ijdximx—lz 1(| ——Inl) Ink
o X =1 g (x=1)(x+1) 23\ x-1 x+1 2 [x+1)3 2\ 7 5) 2 7
: 2
=0
f XA+l
C. ———adx.
-1[ X' —x%+1

Hoc sinh xem lai cach gidi vi du 2-a . Chi khac la dat: t= x—l, sé ra két qua .
X

3 X7 3 X4
di=[——r3 4dx:j—2x3dx (1)
> 1+ X% —2X 2(x4—1

dt =3x%dx,x=2 >t=15x=3—>1t=80

o C = 4 4 t+1
Dat t=x"-1= f(x)dle X 3X3dle( —Z )d =1(l+i2)dt
3(x4—1) 3t 3Lt t
80
Vay: | = jlil ijdt— ( |t|——j pih B
13lt t 15 3 3 720

E. TRUONG HOP : | %dx (Véi Q(x) ¢6 bic cao hon 4)

O day t6i chi luu ¥ : Di véi ham phan thire hitu ty c6 bac tir thip hon bac mau t6i
hai bac hodc tinh ¥ nhén ra tinh chét dic biét ctia ham s6 dudi dau tich phan ma co
cach giai ngin gon hon . Phuong phap chung 1a nhu vy , nhung chung ta khéo 1éo
hon thi cach giai s€ hay hon .

Sau day t61 minh hoa béng mdt s6 vi du

Vidu 1. Tinh céc tich phan sau .

1
2 2 2
by b. [—X 1 _ox
lx x* +1 o (x-1)"(x+3)
Giai
2
a. Iﬁ . Néu theo cach phan tich bang dong nhat hé so6 hai tir s6 thi ta co :
1 x(x*+
£ (0 1 A Bx: +Cx%+Dx+E A(x +1)+X(Bx +Cx? +Dx+E)
X) = =
X(x* +1) x x*+1 x(x +1)
A+B=0 A=1
(A+B)x*+Cx*+Dx*+Ex+A |C=0,D=0 B=-1 1 X
o f(x)= y = = = f(X)==———
X(x*+1) E=0 C=0,D=0, X x'+1
A=1 E=0

Nhung néu ta tinh ¥ thi cach 1am sau s& hay hon .
Vixva x* cach nhau 3 bac , mat khac xe[1;2] = x#0. Cho nén ta nhan tir va mau véi
3

x*#0.Khido f(x)=— . Mat khac d(x*)=4x’dx < dt=4x’dx (t=x"), chonén:




Fodxo L SXdx 1 dt E(E_L
C3xt(x“+1) 3t(t+1) 3\t t+l

.....

] = f (t). Bai toan tré nén don gian hon rat

2

N |

b X 4
2 (x-1)"(x+3)
Nhan xét :
* Néu theo cach hudng dan chung ta lam nhu sau :
x*+1 A B C D
- f(x) = -

(1P (x+3) (x-1)  (x-1f x-1 x+3

- Sau d6 quy déng mau sb , ddng nhat hé s6 hai tir sb , ta co : A:%,Bzg,C:—D:%
1
. I 3 5 5
Dovay: I = + + - dx
Y !{2(x—1)3 8(x—1)" 32(x-1) 32(x+3)]
1
B - 3 +£In|x—1|—iln|x+3| E=ilni
8(x-1)° 8(x-1) 32 32 , 32 28
Vi du 2. Tinh céc tich phan sau :
3 .4 2,2 2
a Ixe_ld b'IX6+1d c I dx
) X ) x®+1 L X(1+xY)
1
1 3 1.4 2 1 X—ng
d J'(1+XX2)3 dx -IX(1++3:2):_1d f J‘( w ) dx
1
0 0 3
Giai
a.
“xt -1 Xt +x2+1 X2 +2 : : 2 1 1
= - dx = dx+ - dx
!xa—l J; (x* =1)(x* +x* +1) [( 3)2_1} -[xz— ! |:X3 2_1} -1 x*+1
Tinh J : J= artanx “Z: artan3-artan2 .
dt =3x°dx,x=2>t=8,x=3—>t=27
TinhK.Patt=x*= X2 1 dt 11( 1 1
g(X)dXZS—dX:——:—— -
=1 3(t*-1) 32\t-1 t+1
2 z 27 —1|27
Dodé:K=jg(x)dx:1j[i-i]dt=3(|n|t—1|-|n|t+1|) T e 4
> 6glt-1 t+1 6 8 6 |t+1//8 6 98
h : 1 ? 1
Tinh E= dx = dx
!x*"—l -z[(x—l)(x2+x+1)
x*—(x* -1 2 2 _
Tacod : h(x)= ! _ e I R

(x=1)(x* +x+1) - (x=1)(x* +x+1) X -1 (x=1)(x* +x+1)




X (x=)(x+) ¥ x4+l X _1( x+1 1 j
x3-1 (x—l)(x2+x+1)_x3—1 arx+l x3-1 2\ x%+x+1 x2+x+1

° 3% (2x+1) 3
- \’ix - _[ - _[ L 5 dx
35 X l x* +x+1 12 (3
X+ | +| —
( 2) 2
3 3
=ZIn(x*-1) —iln(x2+x+l) B T = (2)
2 2 2 3 9 2 6
V3 1
dx=— dt
V3 2 cos’t

Tinh F : Bat : x+£=—tant:>
2 2 5 10

X=2->tant=—=—>t=a;x=3->tant=—=->t=>b
V3

V3
V31

Do d6 F= j 2 cos’t :i

b-a (tant:i—n—a—artan > ‘b =artan 10)
\/_(1+tan t) V3 V3’ V3

Thay vao (2) ta c6 két qua .
x+1 x? +1 f 1 [ 1
b. Ix +1 I X +1)( —-X +1)dx_~!(x _1) _x2 dx_i[(x2+x+l)(x2—x+l)
1 __AXB  Cx+D
(¥ +x+1)(x*—x+1) X +x+1 x*—x+1
:(A+C)x3+(B—A+C+D)x2+(A—B+C+D)x+(B+D)

Xt —x?+1

dx

Taco:

>
Il

|
N| -

A+C =0 A=-C
B-A+C+D=0 [1-2C=0
= =
A-B+C+D=0 |-B+D=0
B+D=1 B+D=1

O
I

Pong nhat hé s6 hai tir s6 ta ¢o hé :

O
I

oy}
I

NP N~ N

. 1(% 1-x 2 x+1 1
Vay: I == | ————d —— dx|==(J+K)(1
i 2“x2+x+l X+!x2—x+l X) 2( +K)(@)
Tinh J=

2

J‘ —X+1 ___'|'2X+1 3 = 1i—X2x+l dx+gj ! dx:—%ln|x2+x+1|i+E (2)

x2+x+1 X +x+1 2 2 2
: : (x}) @

! ~dx , hoc sinh ty tinh bﬁng cach dat : x+l:£tant
1)\? \/g 2 2
X+= | +| —
3) 3

Tinh E =

N w
P C— N

Tinh K



K:j x+1 1

1%2x-1+3 1% 2x-1 31 1
> J. X I— x+—.[
1 XT—X+1 24 X 2%

TR
NG

X-x+1l 21
~dx, hoc sinh tu tinh béng cach dat : x—%:7tant

SIS

Eodx 13 3¢ 1A(d(x) d(x*)) 1 [ x
C'Jl‘x(1+x4)gjx4(1+x4)dxg-1[[ Xt 1+xt _gln(1+x4j

1

|

0

2_1, 32

1 3 17

x? =t —1:dt = 2xdx
X=0-ot=1x=1>t=2

2xdx (1). Bat: t=1+x° :>{

2 2
- 2
Do d6 1 = %dt:j(iz_lsjdt:(_hi) 13
)t 2t t 4%))1 16
X* 43741, ¢ (1+X2)2 X h
e. j—sdx:j ~+ = |dx = I dx+I -dx=J+K(1)
0 (1+x2) 0 (1+x2) (1+x2) 1+x° 1+x)
Tinh J : Bang cach dit x=tant=J =%
Tinh K= j t ! s [dx=E+F(2)
0 (l+x) (l+x2)
dx:colsztdt
Tinh E : Bing céch dat ¥~ @< -
x:0—>t=0;x=1—>tzz
R 11 Y, 1% 1 Y 14 1%
Vay : E:—'[( 2] :—J'( j :—.[ '[ cos’tdt
2\ 1+x 29\ 1+tan’t ) cos’t 25 cost 20

cos’t

L
4 4\4 2) 16

O~ [N

T
(1+c052t)dt:1(t+lsin2t]z 1(”+£j 742
4 2 0

Tinh F. Tuong ty nhu tinh E ;
1
dx =

dt
cos’t

Bang cach dit x=tant < P
x:O—>t:O;x:1—>t:Z

3
INEY

14 1 Y 14 1 Y 1 14 1 1 1
Vay: F== dx == dt==|—— == | cos*tdt
2 2J-(1+x2j 2-([(1+tan2tj cos’t 2~([ 1 cos’ ZJ;

cos’t

dx:%ln‘xz—x+ﬂ i+F (2)



1 1 L4
_1 _[ (1+cos2t)’ lj(“ 20032t+1+C054tjdt 4 =
8 8 2
0 0 0
1 1 . 1. MW 1(.x 37 +8
—I(3+4cosZt+cos4t)dt:— 3t+25|n2t+—3|n4t] 4=—|3—+2|=
165 16 4 0 16\ 4 64

x=%—>t:8;x:1—>t:0

8 7 f 8
Khi d6 |——jt3 (t+1 dt—j t3+t3 dt = 3 230 02307 308 g6 22, 3] 468
7! 77 4 774)7 7

5 4 )0

*Chuy: Con c6 cach khac

. ( 3) t?(t°—t)3
Vi XE{%;l}ax;tO. Pit x:%:dx:-tizdt; f(x)olx:L(—ijoltz—u

1
=—t(t°- )3dt—dt (1--} dt(2) . Pat: u=1-2 &= =1-u;du ==dt
t? S & t

Vi du 3. Tinh cac tich phén sau

U x 2 x3%dx
j p+2 b I 5
! °(x2+a2)5
1 2a
C. J‘e“exdx d. J.x\/2ax—x2dx
0 0
Giai
= B P
a. [ ~dx (DHTNguyén-08) : Taco: Fx)dx=—C I
t Xp+2 g y = o2 2 .
' (x 2 J +1
2 %
LACS dt = x2dx e
-Pit:t=x2 =x* = 1 ©'=I2dt
o2 1t +1
X=1->t=1x=eP" —>t:\/5
dt = d“2 X
-Pat: t=tanu= cosu . <:>I—I J'du—
cos? u 1+tan u

z

t=lou=",t=e? >u=uy, “
4




-Tiur: tanu=+e=u=u =artane < | :%—artan\@

dx=a dt2 X=0—->t=0,x=a—>t=
cos
b Tﬂ Pit : x = atant = xdx a’tan®t dt
i IV Rt e f(x)= —= ~a———=acost.tan’ tdt
°(x*+a )2 (x¢+a?)e 3( 1 ]2 cos’t
a 2
cos’t
. a sin®t 4 4 1 cost sint
Vay : x)dx = | acost.tan® tdt = | acost. dt = =
Y -([ ) I I cos’t I -([ cost
du:—sintdt;t:——>u_T t=0->u=1
- Pat : cost=u= ( )
f(t)dt = (~du) = —uizjdu

Vay : | (1__de ( gjﬁ V2 2 3, W2, 3/2-4

t——2="_2=
u

i‘?ﬁ N

) dt=e’dx;x=0->t=Lx=1>t=e
=
f (x)dx =e*e® dx =e'dt

S

C. Jl'e”exdx:j'exeexdx. Pat: t=
0 0
Vay : I:j‘f(x)dx:jetdtzet
0 1

d. 2fx\/Zax—xzdx:Tx,/a2 —(x—a)zdx
0

0

e
=e’—e
1

s _ dx = a.costdt,x=0 — t=-Z;x=2a — t==
bit: x—a=asint= 2

f (x)dx = (a+a.sint)+/a’cos’t.a.costdt

Vay :
2 2 2 2 2
| =a® I (1+sint)cos’tdt =a J.cosztdt+ J' cos’tsintdt |=a® .[1+C2052t dt — J' cos’td (cost)
. T I .
i i _
_at L t+isin2tj 2 _Loos| 2 |2a l(£+£ —a*Z
22 73 |z 2l2 2)] 72
2 2
Vi du 4. Tinh céc tich phan sau
3 1 7
dx X dx
a'js_ 2 b'j 4)\2
X =X o@+X)

dx

X4

c j x32—2x2 ix d. J2~\/1+x3

1




Giai

a [ ] L dx (1)

X=Xt X (x=1)(X* +x+1)

Xet: f()=— - A8, D E
(x +x+1) X x xX*+x+1 x-1

)
A(x2+x+1)(x 1)+ Bx(x=1)(X* + X +1)+(Cx+ D) x* (x=1)+ E(X* + X+ 1)x*
X* (x— 1)(x +x+1)
_(B+C+E)x*+(A+D-C+E)x’+(E-D)x*-Bx—A
xz(x—l)(x2+x+1) '
Dong nhat hé s6 hai tir s6 ta co h¢ :

p-1

3

B+C+E=0 C=-E 1
A+D-C+E=0 |E+E+E=1 ) . L1
E-D=0 —JIB=0 ©iB=0 = f(X)=—+ 23 3,3
X X" +x+1 x-1

B=0 E=D _l

A=-1 A=-1 3

A=-1

1.1 1
X

3 —— X+ = 3
Vay : :J. —iz+ 3 38,3 dx:j —iz—l( 2x—1 J+1 L
X X +x+1 x-1 x* 3\x*+x+1) 3(x-1)

3 ¢ -1)° 3
:(E—lln|x2+X+1|+1In|x—1|j —j ax > = i, (2X ) L —arctan —=— 2x+1
X 6 3 2 9 1V (3 x6x+x+l\/§ J3 12
X+=| +
CORE
_1, (arctan 7 _ arctan— J
6 V3 3 3
1 1 4
bj dezzl X -3xdx  (1).
o l+x 30(1+x4)

dt =3x%dx,x=0>t=1x=1—>t=2
Pat: t=1+x*= _
’ f(x)dx:%(qut :l(l—%)dt

tZ




dt =2xdx;x=0>t=Lx=1->t=2

bit: t=1+x* ©x*-2=t-3
' e 7 £ (9dx = (t fjdt_l(l_izjdt
2t 2\t t

2
Vay : | :Il(}—%jdt:l(mhhﬁj Z:E(InZ—Ej
12\t 2 t)1 2 2
2 3 2 | 3
1

- xdx  (1).

1

2tdt:3x2dX'x:l—>t:\/E,x:2—>t:3

biat: t=V1+xX* ot’ =1+’ & 1 1+x
f(x)dx:g

2
3xldx == 2tdt=2 t

t 2 _dt
3 (t2 —1) 3 (t2 —1)

3 2 3 2 3
:zj( L D dt:z{jl(i__n:q ( 11 ] "
3( t+1 2 t— 1 t+1 3| s4\t+1 t-1 Gﬁ t+1 t 1) t-1 t+1
1 nlt=1 1 -2t | Jt=1 )3 _8v2-3 1
= —In ZIn(2 2
6{ |t+ld\/_ 6£(t ?-1) |t+1|] 24 '3 (I )
Vi du 5. Tinh cac tich phéan sau :
4 1 d
e T
FxVx?+9 o VX*+1
NG 1
x° —2x° 3
C. dx d. 1-x?) dx
!x/x2+1 ! ( )

Giai
xdx

4 dx 4
a. = 1).
ﬁx\/x2+9 %xzx/x2+9 ()

t? = x> +9 o tdt = xdx, x* =t* -9 8 ;
bat: t=Vx*+9=> e XX .Do do: I:J' ?t :J dt
21t -9) ot

—J7 >t=4,x=4->1=5 (t-3)(t+3)
A(t?-9)+Bt(t+3)+C(t-3)t
Taco: f)e— ~ A B C _ (£°-9)+Bt(t+3)+C(t-3)
t(t-3)(t+3) t t-3 t+3 t(t*-9)
Pdng nhat hé s6 hai tir sb bang cach thay 1an luot cic nghiém vao hai tir s6 ta co :

Vi x=0: -9A=1 — A= _é

- Véi x=-3 : 9C=1 —>C=é

1 5

- Véi x=3 : 9B=1 —>B:%
viy:1 -3 I

11 1] L oy
5 4[—¥+§+m)dt}9[ln(t 9) Int}4 -

* Chu y : Néu theo phuong phap chung thi dt : x =3sint — dx = 3costdt .




:\/7—>\/7:3sint<—>sint=g

Khi : . Nhu vay ta khong stir dung dugc phuong phap
. . 4
x:4—>4:3smt<—>smt:§>1
néy duogc .
x —x) dx 1 x? X
b. = dx — dx=J-K (1
'([ NN 2[ x* +1 l‘\/x2+1 ()
* Pé tlnh J:
dx = L =0 x=1>t=—
cos’t 4
bit: x=tant= 1 . Tinh tich phan nay khong don
tan®t.—dt tan?t
f (x)dx = cost TN By
J1+tan’t cost

gian , vi vay ta phai c¢0 cach khac .

X x2+1-1 to1
-Tu: g(x)= =/X* X2 +1 dx
\/x2+1 Jx2+1 '(|)‘\/x2+1
- Hai tich phén nay déu tinh du’oc
Jx® +1d j dx =~/2 - U X2 +1dx — j }
+ Tinh @ E = [X? +1dx =x3/x? +1 X = +
I 0 + 0 oVX +1
:\/E—E+In‘x+\/x2+1‘0:>2E:\/§+In(l+\/§)<:>E—%+lln( )
1 1
* Tinh K= X dx= =J2-1; ! dx = In‘x+\/x+‘ 1+f
I 7=
V2 1 V2
Do vay : I—T+—In(1+\/—) In(1+\/—):—+§In(1+x/—)
*x°—2x° X X3
C. dx = dx—2 dx=J-K(1
1[ VX2 +1 z[\/x2+1 J;\/x2+1 )
X2 =t —Lxdx=tdt:x=0—>t=1x=+/3 >t=2
- Tinh J: Dat t= +1= 4 2 ~1) tdt
TRV = (t* - 2t> + 1)l
VX% +1 t
2
Suyra: J=J(t4—2t2 +1)dt = Et5—3t3+tj 2_38
) 5 3 115
X2 =t?—Lxdx=tdt;x=0 >t=1x=+3 >t=2
= Tinh K. Déit t = \/ X2 +1 f— szdx (t2 —l)tdt
f (x)dx = = =(t* -1)at
VX2 +1 t

2
1

4
3

Suyra: K= 'Z[(tz—l)dt:(%t‘"*—tj

Vig:1=28,4_48_16
15 3 15 5



1

5 dx = costdt. x=0 —» t=0:x=1— t—z
d. I (1—x2) dx. Dit : x=sint >
0

2
f (x)dx = ,/ 1-x* 3dx = +/cos’tcostdt=cos ‘tdt

3 B 2
Do dé Izj-[l cosZt] dt_lj(l 5 cos 2t 4 1+ cos4t
0 2 40

7
j I (— ——C0S2t+= cos4tj dt
0

T
Et—lsm2t+ism4t E=3—ﬂ
4 4 32 0 8



, _TICH PHAN CHUA CAC HAM SO LUQNG GIAC
I. KIEN THUC
1. Thudc cac nguyén ham :
B

a

B

dx = —In|cos (ax+b) ;

s
a/ Isin (ax+b)dx = —icos(ax+b)

sin(ax+h)
(ax+b)
P os(ax+b) X = Ini{sin(ax+ P
; d/ ( )d = In|sin (ax+b)

;
cl/ _[cos(ax+b) dx = isin (ax+b)
a

a

) i
2. D061 voi : I f (x)dx

a/ Néu f(x)= R(sm x;cos”x) thitachay:

-Néum 1¢, n chén : dit cosx=t ( Goi tat 1a 1¢ sin )
-Néun 1é, m chin : dit sinx=t ( Goi tat 1a 1é cos )
- Néu m,n déu 1¢ thi : dit cosx=t hodc sinx =t déu duoc (got tat 1& sin hodc 1é cos )
- Néu m,n dé chén : dat tanx=t ( goi tit 1 chin sinx , cosx )
b/ Phai thudc cc cong thic lwong giac va cac cong thirc bién d6i luong gidc , cac
hang dang thuc luong gidc , cong thirc ha bac , nhan d6i , nhan ba , tinh theo tang goc
chia doi ..
3. Noi chung dé tinh dugc mot tich phan chira cac ham sO luong giac , hoc sinh doi
hoi phai co mot 50 yéu tb sau :
- Bién dbi luong giac thuan thuc
- C6 k¥ ning khéo 1éo nhan dang duoc cach bién doi dua vé dang da biét trong
nguyén ham .

II. MOT SO Vi DU MINH HQA

Vi du 1. Tinh cac tich phéan sau :

sin 2x+smx

a. (PH, CP Khoi A — 2005) | = j W
+ oCOS X

b.. PH, CP Khéi B — 2005 . I=J'S"{]2)C($dx KQ: 2In2-1
+
0

Giai

(1)

j-sin2x+sinx JZ- 2cosx+1 smxd
= X
0 0

J1+3cos x 1+3cosx

2
COSX=

bat: t=+v1+3cosx =

-1 'S inxdx:%tdt

x=0—>t=2;x:£—>t:1

t2 -1
1| 2 3 +l 2 2ot241 . 2[1 2 34
Khi d6 : |=j—[——tdt]=2j dt:—{—t3+t} ==
> t 9|3 1 27
3 3 7 2
b, I:I |n2xcosx =J-25|n X C0S° x ZJ- COS“X sinxdx (1)
y l+cosx 5 l+cosx cosx+1




dt=-sinxdx, x=0 —» t:2;x:% —>t=1
Pbat: t=1+cosx =

f(x)dx=(t_tl) dt=(t—2+%jdt

T

2 1 2
Do do : |=2jf(x)dx:—zj(t—zﬁjdt=2(1t2—2t+|n|t|) =2In2-1
) ) t 2 1
Vi du 2. Tinh cac tich phéan sau
e 2 sin2x 2
a. DPH- CP Khoi A -2006. 1= dx KQ: =
27/COS X + 4sin X 3
) 3
b. CP Bén Tre - 2005. 1= [ % g KQ: 2-3In2
5 Sinx+1
Giai
2 .
a. Iz.[ Sin2x dx . Dit : t =+/cos?x +4sin® x = t2 = cos?x + 4sin? x
2\/COS X + 4sin
2tdt = (—2sin x cos x +8sin x cos x ) dx = 3sin 2xdx — sin 2xdx = gtdt
Do dé6 : 3
x=0—>t=1;x:%—>t=2
% 2 2 2
Vay : |:jf(x)o|x:E w—t:gjdtzgt _2
) 30t 37 31 3
3
b. 1= [ S5 g
5 Sinx+1

Ta cO : cos3x=4c0s’X —3CoS X = (4 cos? X — 3) COSX= (4-4sin2x - 3) COSX= (1-4sin 2x) COSX

. 1—4sin?x
Chonén: f(x)dx= COS_3X dx:( : )cosxdx (1)
1+sinx 1+sinx

dt=cosxdx,x=0 — t=1;x:% St=2

bat: t=1+sinx= [1_4(,[_1)2}
f(x)dx=fdt=(8—4t—adt

2 2
Vay: I1=] f(x)dx:j(8—4t—§jdt:(8t—2t2 ~3Int]) i:2—3In2
0 1

Vi du 3. Tinh céc tich phan sau

sin xdx

a. CPSP Séc Triang Khéi A — 2005 . | =

O N[N

] X
sin’ X + 2.¢0s X.c0s> >




»
. SINX — COSX
b.CPY Té-2006. |=[———=0dx KQ: Iny2
~ V1+8n2x
2
Giai
3 , 3 3 z
a =_[ sin xdx I sin xdx ,[ sinx —In|1+cosx| 2 —In2
25in? X+ 2COS X.CoS% > 2 sin” X +cos X.(1+ cosx) 01+cosx 0
2 7 g 7
SiNX — COSX SiNX — COSX SiNX — COSX
b | = j—dx:j dx:f : dx (1)
7 V1+sin2x = (simx+cosx)” % Sinx+cosx|
4 4 4
Vi: smx+cosx—\/_sm(x+ j Tex<Z T« x+££3£<:>sin(x+£j>0
4) 4 2 2 4 4 4
Do d6 : [sinx+cosx|=sinx+cosx
Mat khéc : d(sinx+cosx) = (cosx-sinx)dx
x V2
A 2 d(sinx+cosx 9
Chonén: | =I—(_—) —In|sinx+cosx| 2 _ [Inl In\f]z—an
) sinx+cosx r
‘ 4
Vi du 4. Tinh céc tich phan sau
- 2 C0S2Xx 1
a. CD Su Pham Hai Dwong — 2006 . I :J. -dx KQ: =
o (Sinx—cosx +3) 32
A 4 cos2x 1
b. CP KTKT Péng Du — 2006 . I—f—————dx KQ: =In3
1+2sin2x 4
Giai

2
:J cos2X ~dx . VI : cos2x =cos’x—sin® x = (cosx+sinx ) (cosx-sinx )
o (sinx—cosx +3)
Chonén: f(x)dx= cos2x —dx = (cosx-sinx) —(cosx+sinx ) dx
(sinx-cosx+3) (sinx-cosx+3)

dt:(cosx+sinx)dx;x:0—>t:2,x:%—>t:4

1 .1
2 1.1 1 31)4 1
Vay : I =| f(x)dx= (——3_jdt:(__+__j _
! !tz t® t 4t2

2 32
dt = 4cos 2xdx — cos2xdx= % dt

bat : t =sinx-cosx+3=

f (x)dx = tt_f

COS2X

——dx.Pbat: t=1+2sin2x=
1+2sin2x

O
Il
[eR e YN E]

x:0—>t:1;x=%—>t:3




4 cos2x 13dt 1
j—dx
1+2sin2x 41

Vi du 5. T|nh cac tich phan sau :

a. CD Suw Pham Quang Ngai — 2006 . | = dx KQ: 2

1+ cosx

O N[N
N
Q.
>
X

} %4n3 3
b. CD Bén Tre — 2006 . | js'” SR
0

1+ cos3x
Giai
2 A 2 1— cos’x 2 r
a. I:J. Asin’x dx:4J'gsinxdx=4j(1—cosx)sinxdx=4.1(1— cosx)2 2=2
o 1+ COSX 5 1+ COSX 0 2 0
Jﬁ-sm3x sin® 3x dx
v 1+00S3X
Taco : sin3x—sin® 3x:sin3x(1—sin23x):sin3x.cosz3x.
dt=-3sin3xdx — sin3xdx:-ldt
bat: t=1+cos3x = )
x:0—>t:2;x:%—>t:1
% 1 2 2
Vay : jf(x)dx— J. dt— J.( 2+Ejdt:1(it2—2t+ln|t|j T
) 3) 31 t) 32 1 6 3
Vi du 6. Tinh cac tich phan sau
\/sm X —sin X 2 sin(Z — x)
al=7 cot gx dx b.1="T 4 dx
n sin X K . TT
T —Ttsin(— + X)
3 2 A
T r
> 2
c. | = jsin“xdx d | = jcost(sm X+ cos* x)dx
0 0
Giai
1
T Tsinx3|| 1—
a1 =2 Ysin® x —sin x 2 ( smzxj
=7 cotgxdx = | _ cot xdx
- sin x - sinx
3 3

—3/cot? x cot xdx

2 1

:js[l— — jcotxdx:

b sin® x
3

[IERm NI




COSX-SiNnXx
CcCOsSX+SsinNnx

- 7T
sin(~ — x
(4 ) s

N3

b. 1= dx =

|n(Z+x) _

N‘n'—»l\)\?}

ME

d(cosxsinx) = In|cosx+sinx|

n
2

B jﬁ COSX+SiNnX -
2

T

sin* x dx _j(%j dx = dx

1
2 4

o —N |3

(@]
1
o'—.l\)\:]

(1 2C0S2X Mj

3n
16

o —N |3

§—30052x+lcos4x dx = §x—lsin2x+isin4x
8 2 8 8 4 32

o N3

2
d. I = J‘COSZX(sin4x+cos4 X)dx | Vi : sin4x+cos4x=1—%sin22x

Cho nén:
a1 2 1
I_I[l——sm 2xjc052xdx jcostdx —Ism 2XC0S 2Xdx = =sin 2x
2 2

0

7Z'
2 —=sin®2x
0

T
2=0
0

Vi du 7. Tinh céc tich phén sau

a. l=

O'—.l\)\?—]

sin? x./cot gx

4
sin® xdx b. I :j dx
6

N

\/tg X + cotg?x — 2dx d. */I :j(i”/cosx—i’/sin X)dx
0

O
m\n'—.w\n

Giai
sin® xdx = T(l—coszx)zsinxdxz-f[l—Zcoszx+cos4x]d(cosx)
0 0

o
O'—.l\)\?—]

&l

( a5
=| —COSX+—C0S”X ——CO0S”X
3 5

o N A




sin? x,/cot gx

b.|=]1 L dx.
5

2tdt = — _1 dx — _12 dx = —2tdt

2
bat: t=+cotx =>t*=cotx & sin-x sin-Xx

T T
X=2 st=+3:x=25t=1
6 4

1 V3
Vay : | =—j2t—dt=2jdt=2t \/§=2(\/§—1)
3 t 1 1
b b b
3 3
c. j\/tg X + cotg?x — 2dx = j\/ tanx- cotx) dx = [|tanx-cotx|dx
T T
6 E 6
V\I * tanX-cotx= SINX COSX Sln X— COS X 2 C?SZX — _2cot 2x
COSX  sinx Sinxcosx sin2x

\/_ 73 tanx-cotx<O;XG[£,£
Cho nén: x‘e(z;Z o2xe| Z2Z | = cot2xe| - X232
6 3 3 3 3'3

tanx-cotx>0;x e [ﬁ;ﬁ}
4 3

A _% i 3 i _% COS2X %c032x 1
Vay : | —i—(tanx cotx)dx+J;(tanx cotx ) dx _;[— - x+;[ o =5
5 n 5 n
z z
. 4 1 3
(In|sm2x|)£ E(In|sm2x|)£:In2
6 4
i
2
| = [ (Rcosx —¥sinx)dx (1)
0
Pit: x=2—t »>dx=-dt,x=0>t="2;x=2 —>t=0
2 2 2

Do do:

.:j[#cos(g_tj_#sm( JJ (- -i(m_ﬁ) j(ﬁ@)d )

/4

Lay (1) +(2) vé véi vé : 21 =0=1=0

Vidu 8 . Tinh céc tich phan sau

T

a. j.tan“xdx(Y-HN-ZOOO) b.f COS2X___ 4y (NT-2000) ¢
2 5 (sinx+cosx+2)

6
€95 X dx (NNI-2001)
X

4

BN |y
Q,
>



: - :
d. | I X 4 (GTVT-2000) . 2% g f, [A2IMX 28in°X o (KB-03)
+ COS°X o 4—C0s°X o 1+sin2x
Giai
z 2
3 in 1-cos’x
a. _[an xdx. Taco : f(x):tan4x:s'n4xz( 7 ) = 14 -2 12 +1
a cos*x cos’x cos’x  cos’x
4
z z z 4
. ? o1 1 ? dx 3
Do d6 f (x)dx -2 +1|dx = |(1+tan® x —[2tan x+ x
;[ (x)elx ;[(cos“x cos’x j i( )coszx [ ]7:
7 7 7 2
T
1 . T 2
=| tanx+—tan” x 2 2+— 2N3—— || 2N3-2+— |=—+—
e R T
4

* Chuy : Ta con co cach phan tich khac :
f (x) = tan* x = tan® x(tan2 x+1—1) = tan® x(l+tan2 x)—tan2 X = tan’ x(1+tan2 x)—(tan2 x+1)+1

A % 2 % dx % dx %
Vay : | ;[[tan X(1+ tan® x) - ( tan x+1)+1}d J:tan XCOSZX_;[COSZX+;[dX
4 4 4 n
r
| = (ltan X— tanx+x]3 ( 3W3-3+ j (——1+£j=§+1
3 L3 3 4 3 12
4
i
b j C0S2X iy
5 (sinx+cosx+2)
cos’x —sin® x i '
Taco: f(x)=— C0S2X __ ( _ 2 _ (cosx -smx)(cosx+§|nx)
(sinx+cosx+9)”  (sinx+cosx+9) (sinx+cosx+9)

3 A -
Do do: 1 :I f(x)dx=f (cosxcsinx) = |(cosx-sinx)dx (1)
0 (sinx+cosx+2)
cosx+sinx=t-2.x=0 — t:3;x:% St=42+2,

bat : t=sinx+ +2
2 Sinx+cosx+2 = ‘2 1 1
= _Z_Zt_3 dt

dt = (cosx-sinx)dx = f (x)dx = 3 t

Vay :

\/§+2
1 1 1 1
l= [ |=-2=|dt=]| —=+=
!(tz t3j [t tzj

sint + cost .
) (iint+ cost+2)) (sint —cost)(~dt) =

39

V2+2 | 1 1 ) _( 1 1)_2 1442

3 | 202 (2ova) 3 (2ev2)

(sint+cost)
(sint+cost+9)

(cost—sint)dt = f (x)



2 cos®x
C. dx =
-,[sin“x
n
, cos®x (1—5”12)()3 1-3sin® x+3sin*x—sin®x 1 1
Taco: f(X):sin“x: sinfx sin* x :sin“x_gsinszrg_SinZX
N 2 dx 2 dx 2 2(1—c0s2x
Vay : 1+cot? x -3 +3|dx— || ————= |dx
2 l( )sinzx ;[sinzx ;[ ;[ 2
2 2 2 2
i
- —lcot3x+3cotx+3x—1x+lstxj 2 57T+23
3 2" 4 z 8 12
4

%s'n gl—cos 3 1 1 p 1 1 4 d
d.‘([ i de:—E—dezg(cosf‘x_cos“x]dle dx — !(1+tan X) .

2 2 1 2 2
= | (1+tan® x dx — 1+tan X dx = |(1+2tan® x + tan* x)d (tan x)— | (1+tan? x)d (tanx
-([( ) cos%Xx -([ )coszx -([( ) ( ) -([( ) ( )
T T
:(tanx+gtan3x+£tan5x—tanx-ltan3xjZ=(£tan3x+£tan5 X]Z=£
3 5 3 3 5 15
0 0
2 g 2 g 7 o %d 7-cos2x) z
e.j sm2x2 dx:J. sin 2x dx = j 25|n2x j :—In|7—0032x| 2:In§
p4-cos’x g, 1+C082X . 7— cost o 7—C0S2X 0o 4
2
4 4 d (1+sin 2x) . z
Il 2sin” Xd =I OSZX =—I _lln|1+sm2x| 4:£In2
o 1+sin2x o 1+sin2x 1+sin2x 2 0 2
Vi du 9. Tinh cac tich phéan sau :
7 7
a. IsinQ’xcos4 xdx b. jﬂdx
o 1+2c0s3x
z i 5%
6 6 3
:I sin’ x I cos?x dx :>K=j cost. dx
} sinx++/3 cosx > sinX++/3c0sX ;= COSX-v/3sinx
2
Giai

2
a. [sin®xcos* xdx = (1— coszx)cos“x.s inxdx = I(cosex— cos“x)d (cosx)

0

O —— o | N
O —— | N
B}

= 1cos7x—lcossx ==
7 5 0 35




5 2 (1+2cos 3x) z
b. [——— sin 3 =—1.[ “3sin3x_ ——j _—l(ln|1+20053x|) 2 =213
O1+Zcos3x 641 +200$3x 1+2cos3x 6 6
G qin2 ¢ ¢
c.Tacd: 1+J= j—s'n X}COS X %j 1 dx=%j—l dx
SINX++/3C0SX 0;sinx+3cosx OSIH(XJF:J

- Mat khac : 1 -3J = dx

.ersmzx 30052 X js,(smx \/—cosx)(sm x+\/—cosx)
0

sinx++/3 cosx sinx++/3cosx

= r
Dod6: 1-3)= T(sinx-\@cosx)dx :(—cosx-\/§sinx) 6=1-3 (2)
0

0
1
o . |1+3=2m3 '=E' 3‘\/_T
Tu (1) va(2)tacohé: 4 2= A (3)
1-3) =13 J:1i|n3+%

Pé tinh K ta dat t:x—?>%—>dt:dx<:>x:3%;t:0.x:5%—>t:£

g
Vay: K = cos(2t+37) I cos2t 1 J3-1
0

dt=1-J==In3-Y2==
cos(t+3 j f3|n(t+32j sint++/3cost 8 2

O m— O |

Vi du 10. Tinh céc tich phan sau .

dx

a. -
2 +Sinx+cosx

_—__dx (CP-99)

=

N C—w [N O

(DH-LN-2000)

1+sin2x

o'—.»\

2
C. _[(sinm X +c0s'°x —sin* x cos* x)dx (SP11-2000)d. L dx (MDBC-2000)
0 sinxsin(x+”)
6
Giai
i i i z
Sy O B P S S S
o 1+sin2x 0(s|nx+cosx) 5 ZCOSZ(X—ZJ 4 0




dx
2 +Sinx+cosx

o
O [ N

1

Dit: t=tan> < dt = y
2 2c052E

1
Vay: 1=] L 2
02+

1+t 14+t

dt =~/2

bit: t+1=2tanu=

2t . 1-12 (1+t2)

cos’u
2dt

dt=j
0

2dt

dx:i 1+tan25 dx; < dx:—z;x:0—>t:0,x:£—>t:1
2 1+t 2

2dt ¢ 2dt
= = 2
t? +2t+3 '([(t+1)2+2 (2)

du; t_0—>tanu_g t=1—>tanu= \/—

f(t)dt =

Vay : | :'[x/idu=x/§u e

U

C.

O o [N

(sin10 X +C0s°x —sin* x cos” x)dx

2 V2 du:\/Edu

(t+1)" +2 B 2(1+tan2 u) cos?u

=2(u, -u,) = ﬁ[arxtan%—arctanﬁ}

Ta co : sin® x +cos®x —sin* xcos* x(sin2 x+coszx) - (cos“x—sin4 x)(cosﬁx—sin6 x)

- (coszx—sin2 x)(coszx—sin2 x)(cos“x+sin4 X +c0s’xsin? x)

= cosZZX(l—isin2 2xj = c0522x—isin2 4x =
4 16

1+ cos4x 1 COS8X 15 1 1
= —+—C0S4X+—C0s8X
32 2 32

32
2 g g
Vﬁy | =I(E+1COS4X+iCOSSX)dX=E£+isin4x 2 +Lsin8x 2 :15_71'
\32 2 32 322 8 0 32.8 0 64
3
d. j L dx .
. . T
”smxsm(x+)
6 6
Taco: (x ) x =~ = sin =sm cosx smxco( j:i(*)
6 6 6) 2
1 . T
L - sm( 6)cosx-smxco(x+6j
Do dd: f(x)= =2 2 _9
sinxsin(x+”) sinxsin(x+) sinxsin(x+ﬂj
6 6 6

T
COS| X+~
_ CosX 6

=— =
. T
ol

Il
c,‘;;!—.@\@;

f(x)dx =2

N |~

N N

COSX COS(X+ Zj
dx = 2(In|sinx|—|n

I sin (x+”j
6

:2In§
2

. T
sin| X+
( 6j

|

oy w|y



* Chay : Tacon co cach khac
_ 1 1 2
f(x)= = -

. . /4 =2
smxsm(x+6j SinX[\/2§SinX+;cosx] sin x(\/§+cotx)

2d (\@+cot x)
(\/—+cotx)

2 1
J3 +cot x sin® x

Vay: I = :—2In‘\/§+cotx‘

:2In§
2

O N —— | N
m\ﬁ'—.w\ﬁ

oy w|y

Vi du 11. Tinh céc tich phan sau

2 sinxcos®x 2
a. '[—zdx (HVBCVT-99) b. jcos xcos® 2xdx ( HYNHTPHCM-98)
o 1+C0sX 0
4 sindx 4 dx
C. [—————dx (DPHNT-01) d. [—— (PHTM-95)
5 COS X +sin” X 5 COs*X
Giai

cos?x
1+ c0s°X

% (sin2x)dx (1)

V4
a j-smxcos X
. 1+cos’x

dt = —2sin xcos xdx = —sin 2xdx
Pat: t=1+cos’x =

— A O NN

coszx:t—l;x=0—>t:2;x=%—>t:1

. 1:(t-1) 2(1 j 1 2 In2-1
Vay: 1 == —dt)==||==-1|dt==(Inft|-t)| =
3
b. J'coszxcos2 2xdx .
0
Taco: f(x):coszx00522x_1+(:;JSZX 1+C;S4X 411(1+ COS2X+C0S4X+C0S4X.COS2X )

_1 1+ COS2X+COSAX+ i(cosz+cost) _1 + 3 COS2X+ 1 cosdx+ 1 COS6X
4 2 4 8 4 8

2 1 1.3 1 1 z
Vay : I( += cost+ cosdx+= cosz]dx ( x+—sin2x+—sin4x+—sin6xj2:Z
0 4 8 4 16 16 48 8

sin4x

c. | ———
cos®x +sin® x

dx

O~ [N

Vi:d (sin X + COS x) =(6sin5 X COS X — 6c0s®x sin x)dx = 6sin xcosx(sin4 x—cos“x)

od (sin6 x+cos6x) = 3sin 2x(sin2 x—coszx)(sin2 X+ coszx)dx = —3sin 2x cos 2xdx
- —Esin Axdx = sin 4xdx = —gd (sin6 X + cos"x)
2 3

sin4x

Vay: | ————d
24 cos"’x+sm6x

z 6 6 T
I sm XTEos X):—§In|(sin6x+cos‘3x)|Z:%Inz

Ot [y

sin® x + cos X)




% dx % 1 dx 1 z .
d. '([ ='([COSZX COSZX = (1+tan2 X)d(tanX)z(tanx+§tan3 Xj 4 =§

O [N

Vi du 12. Tinh c4c tich phan sau .

o

Ot [N Oy

sin* xdx ( HVQHQT-96) b. |sin®xcos® xdx (NNI-96)

ot—— N

o

cos’xcos4xdx (NNI-98) d. T\/1+ cos2xdx (PHTL-97)
0

Giai
a. J'sinll xdx
0
Taco:

.11 . 10 .o 20\ o 2 3 4 5 6 .
sin' x =sin x.smx-(l-cos x) smx-(l-5cos X +10¢0s® X —10¢0s* X +5¢0s® X — oS x)smx

V4

Chonén: 1 :'[(1-5coszx +10cos® x —10cos” x + 5¢cos® x—cosex)sinxdx
0
1 . 5 . . . 5 . 5 T -118
=| =cos’x —=cos®X + 2¢0s® X —=cos*X + = cos°x —cosx || =——
7 6 2 3 0 21

K2
4

b. J'sin2 x cos* xdx
0

Ha bac :

1— cost](1+ COS2X jz 1

sin? xcos“x:[ :—(1—cost)(1+2c032x+c0522x)
2 2 8

= %(1+ 205 2X + CO0S%2X — C0S2X-2C0S% 2X — cos32x)

+ +
- %(1+ COS2X-COS22X — cos32x) - %(u cos2x- TFCOSX _ eox (l cos4x D

+
= % (1+ c0s2x-C0S4X+C0S4X.C0S2X ) = % (1 + COS2X-COS4X+ Mj

3% (2+3c0s 2x + cos6x-C0s4X )

1

Viy | =
R L7

T
(2+3c0s 2+ C0oS6xX-Cos4x ) dx = (ix+isin 2x+isin BX—Lsin 4x) 4 =
32 64 32.6 324

O n [N

V4

T T T P V4
d. .[\/1+ cos2xdx = J'\/Z cos? xdx = ﬁj|cosx| dx =+/2 J'cosxdx —J'cosxdx
0 0 0 V4

0

2
L4 T
=+/2| sinx|2 —sinx|z |=+/2(1+1)=2V2
0 2




IIL. MOT SO CHU Y QUAN TRONG
1. Trong phwong phap doi bién so dang 2.
b b

* Sw dung cong thuc : _[ f (x)dx :I f (b—x)dx
0 0

Chung minh :

x=0->t=Db

e Dat: b-x=t, suy ra x=b-t va dx=-dt , :{
X=b—>t=0

e Dodod: jf(x)dx:j f(b—t)(—dt):J.f(b—t)dtzj'f(b—x)dx. Vi tich phan khong

phu thudc vao bién so

Vidu : Tinh céc tich phan sau

2 4sin xdx % 5cos x — 4smx
al [——— b/ |

o (sinx+cosx) 5 5|nx+cosx)
c/ ilo (1+tanx)dx d/_Z[ sin” x

) 9 2 sin® x +cos® X

h , 2 sin* x cos x
el J'x’“(l—x) dx f/ J.ﬁdx

4 5 sin® x +cos’x

Giai

2
,[ 4sin xdx (1). Pt :
0 smx+cosx

dt:—dx,x:0—>t=£;x=£—>t:0
2 2

T T
2 2 f (x)dx = 2 dt)=—— 2t gt ydt

{sin(Z—tj+cos(z—th (cost+sint)’

Nhung tich phén khong phu thudc vao bién sb , cho nén :

0 7
4c0osx
I=[f@Odt=] ———dx (2)
ﬁ o ( smx+cosx
2
. L.z . % 4(sinx+cosx) 2
Lay (1) +(2) vé voivétaco: 21 = j d == j
0 |nx+cosx o ( smx+cosx
2 z
S N Y
0 2COSZ(X—ZJ 0




2e
J' cosx—dsinx g, Twong tu nhu vi du a/ ta c6 két qua sau :
0

(s |nx+cosx)

: . :
|:J-5003x—43|nx __J~5SInt 4costdt J-5 inx— 4cosxdx (2)
5 (sinx+cosx) z (cost+smt) 5 (5|nx+cosx)
2
3 3 1 4 1
Vay: 21 = j dx:j :—tan(x——j 2=1=1=
o (Sinx+cosx) 2 2052 (x—) 2 4o 2
4

c/

O [N

log, (1+tanx)dx. Dat :

dx=-dt,x= O—>t_£ =% 5t=0
b T 4 4
tzz—x—>x:——t<:>

f (x)dx = log, (1+tanx)dx =log, (1+tan (%—tD(—dt)

1-tant
Hay: f(t)=log,|1 —dt) =1 —dt)=1log, 2—log, t
y: f(t) ng( +1+tam)( )= log, (—dt)=1log, 2—log,

1+tant

71' 7[

0
Vay : f(t)dt=|dt—|log,tdt = 21 =t ——<:>|—
dy j (®) J j g, 3 . -
4
Z sin®x
| = [—————dx (1)
 5in® x +cos®x
‘ sin6(2—tj T cos'x
-[ P 7 Icos X +sin® xOI x=11(2)
”sinﬁ(—t}tcosG(—t 0
2 2 2
Cong (1) va (2) ta cb : 2|—fmdx—fdx—x%—1:|—ﬁ
e ' L cos’x+sin®x ¢ 0 2 4

1
e/ [x"(1-x)"dx. Pt : t=1-x suy ra x=1-t . Khi x=0,t=1;x=1,t=0; dt=-dx
0

Do do6 : 1

»—\'—.O

= [(1-t)"t"(~dt) = jt (1-t)" dt—J.x(l X)" dx
MOT SO BAI TAP TU LUYEN

COSX+2sinx
4c0s X+ 3sin X

4sin® x 5
1+ cosx

ot— |y

=
O [ N

dx (XD-98)



7 3 F i
3. [X0 X 4. [ 4x (HVNHTPHCM-2000)
o 1+cos°x o COS°X
1 . .
5. [x(1-x°) dx (PHKT-97 6. [ _dx ( AN-97
'r[ ( ) ( ) ;[2+coszx ( )
. 2 -
7. [ SIXTZ00X dx ( CDSPHN-2000) 8. | In(1+smxjdx ( CDSPKT-2000 )
5 3Sin X+ CosX 5 \1l+cosx
. 7 i
9. [ _dx (DHYDTPHCM-2000)  10. [5""7 dx
v 9+4c0s” X 5 SIN” X +C0S°X
p -
* Dang : | = .[ as!nx+bcosx+c
° a'sinx+b'cosx+c'
Cach giai :
A et asi B(a'cosx-b'sinx
Ta phan tich : | asinx+heosx+C . . (_ ), _C
° a'sinx+b'cosx+c' a'sinx+b'cosx+c'  a'sinx+b'‘cosx+c'
- Sau d6 : Quy déng miu sd
- BPong nhat hai tir s6 , dé tim A,B,C .
-Tinh I :
A B(a'cosx-b'sin a
I =j A+ ( SX B! X) +— ¢ dx:(Ax+BIn|a'sinx+b'cosx+c'|) ﬂ+CJ
a'sinx+b'cosx+c'  a'sinx+b'cosx+c' a
Vi DU AP DUNG
Vi du . Tinh céc tich phén sau :
: ‘ : |
a. J- s.lnx cosx+1 dx (Bo dd) b. J- cosx+23|r?x dx ( XD-98)
5 SINX+2C08X+3 5 4C0s X +3sin x
F .
C. I S.InX+7COSX+6 dx d. | =? 4cosx —3sinx+1
o 48INX+3C0S X +5 0 4sinx+3cosx+5
Giai
2 ginx- . inx- B (cOSX-2si
a. J- s.lnx cosx+1 dx. Tacod: f(x)= s_lnx cosx+1 AL _(cosx smx)+ _ C (1)
o SINX+2C0sX+3 SiNX+2cosx+3 SiNX+2cosx+3  sinx+2cosx+3
Quy dong mau sb va dong nhat hé sé hai tir s6 :
A=
A—2B)sinxt (2A+B)cosct3AIC |1 S0 ;
—2B)sinx COSX s
<:>f(x):( ) : ( ) ={2A+B=-1l< B:—E.Thayvao(l)
Sinx+2cosx+3 5
3A+C=1 4
C=—
5

a'sinx+b'cosx+c'




2 sinx+2cosx+3) 42 d
I=J‘(—1jdx—E ( ) i_[_ ! dx=—£——|n|smx+2003x+3|z—iJ
A 5¢ sinx+2cosx+3 59 sinx+2cosx+3 10 0 5
1= 3 4, (2)
10 5 5 5
- Tinh tich phan J :
dt=  _0st=0x=Zt-1
cos’ = )
< X 2 2dt
Dat: t=tan— J=——— .3
' 2~ B 1 Y I(t+1)2+2 (3)
f(x)dx = > == 0
2t 1-t 1+t t°+2t+3
s +2——+3
1+t 1+t
Tinh (3) : Dat :
dt =234 t—0—>tanu—\/§:ul;t:1—>tanu:\5:u2
cos’u 2
t+1=+2tanu= 1 J2du 2
ft)dt =—— Y= = X2 qy
2 cos’u 2
cos’u
u 2
NN r 3 4 42 tany, = Y2
Vay.J—I—du: (u,—-u)=I=l=-—-=In————(u,—u,) 2
g2 2 10 5 5 5 2
tanu, =2
4 i i B(3cos x —4sin x
b. J- COSXHRSINX_ () = cosx+25|r?x AL ( ' )+ C )
5 4C0S X +3sin X 4cos x+3sin x 4cosx+3sinx  4cosx+3sinX

Gidng nhu phan a. Ta c6 Azg; B= —% ;C=0

4 (3cos x—4sin x z
I E_E ) dx:(gx—iln|4cosx+35inx|J 4:£+1InM
o5 5 4cosx+3sinx 5 5 0 10 5 7









