Chuong 1
VECTO

Hinh 1.1

I. Tém tit Ii thuyét
1. Dinh nghia, su xac dinh véc-to
Pinh nghia 1 (Véc-to). Veéc-to 1a mot doan thang c6 huéng.

Véc-t6 ¢6 diém diu (gbc) A, diém cudi (ngon) B dudc ki hicu 12 AB. —
Véc-t6 con dudc ki hidu 13 @, ?, X, ,...khi khong cin chi rd diém a) B
dau va diém cubi ctia no.

Mot véc-td hoan toan dude xdc dinh khi biét diém dau va diém cudi s

cua no. b

A Véi hai diém phdn biét A va B ta chi c6 mét doan thcfng (AB hodc b)

BA), nhung c6 hai véc-to khdc nhau la zﬁ va B_A) Hinh 1.2

Pinh nghia 2 (D6 dai véc-te). Do dai clia doan thang AB 1a do dai (hay mo-dun) ciia véc-to A—B>, ki hiéu la
‘E‘. Titc Ia ’E) — AB.

buong nhién )1@‘ = ‘Ei’
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Dinh nghia 3 (Véc-te-khong). Véc-to-khong 1a véc-to c6 diém dau va diém cubi tring nhau. Véc-to-khong
dugc ki hiéula 0.

Tacéﬁ:A—A:Iﬁ:...

2. Hai véc-t¢ cung phuong, cung hudng

. ~ o7 , ., 2 A , , _> N N 2 2, - 2 X N o A A 2
Pinh nghia 4 (Gia vec-to). Gid cua mot véc-to khac 0 la duong thang chita diem dau va diém cudi cua
véc-to do.

Dinh nghia 5 (Phuong, huéng vée-to). Hai véc-to dudc goi 1a ciing phuong néu gia clia ching song song
hodc trung nhau.

Trén hinh 1.3a) ta c6 cac véc-to E, C?, ﬁ cung phuong. Trén hinh 1.3b) ta c6 zﬁ va Wv cung phuong,
con f@ va ]\ﬁ’ khong cung phuong.

Hai véc-to cung phuong c6 thé cung huéng hodc ngude hudng. Chang han E va C? cung hudng, zﬁ va
ﬁ ngudc hudéng (hinh 1.3a).

-

-
-
-
-

\
\'ﬁ\

-
-
- ~ -

-
- - -
- _ C - -
-

-

Hinh 1.3a) Hinh 1.3b)
Ba diém phan biét A, B, C thang hang khi va chi khi hai véc-to @ va R cung phuong.
_>
/N Khi néi hai véc-to cung huong hay nguoc hudng thi chung da cung phuong. Véc-to 0 cung phuong,

cung hudng voi moi véc-to.
3. Hai véc-te bang nhau
Pinh nghia 6 (Véc-to bﬁng nhau). Hai véc-to goi 1a bing nhau néu chiing c6 cliing huéng va cling do dai.

D C

Ching han, néu ABCD 12 hinh binh hanh thi AB = DC va
AD = BC.

A B

2 2 £ —
A Khi cho trudc véc-to d va diém O, thi ta luon tim dugc mot diéem A duy nhat sao cho OA = d.
7 4 9 2 N _)
Neu I la trung diém cua doan thang AB thi Al = I%

II. Cac dang toan

Dang 1. Xac dinh mot véc-to, phuong hudng cia véc-to, do dai cua véc-to

e Xac dinh mot véc-td va xac dinh su cung phuong, cung hudng cia hai véc-td theo dinh nghia.

e Dua vao céc tinh chit hinh hoc ctia cc hinh da cho biét d€ tinh do dai ctia mot véc-to.
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Vi du 1. Trong hinh 1.4, hay chi ra cac véc-to cung phuong, cung hudng, ngugc hudng va cac véc-to
bang nhau.

X W
= Y
7
V 2 >
Ea ™
Hinh 1.4

Loi giai.
+ Céc véc-td cung phuong: d Va b Uvav; X, 7 Zvaw.

+ Cac véc-td cung hudng: d va b 7 7 27
+ Cac véc-to ngudc hudng: U va 7 W va 7 W va 7 Wvaz.

+ Céc véc-td bang nhau: X = 7

Vidu 2. Cho tam giac ABC. Goi M, N, P lan lugt 1a trung diém cua BC, CA, AB.

AL 1A ARy 2 2 , ~ 2 - . ey SN X : R A+ 1A
a) Liét ké tat ca cac véc-td khac véc-td 0, cung phuong v6i MN va c6 diém dau, diém cudi lay trong
céac diém da cho.

LN A ~ - , s - N 2, 2,0 N 2 R X < R A+ 1A s
b) Liét ké cac véc-to khac véc-to 0, cung hudng véi zﬁ va c6 diém dau, diém cuoi lay trong céac
diém da cho.

c) VE cic véc-td bang véc-to ﬁ ma c6 diém dau 13 A hoic B.

\.

Loi gidi.

a) Cac véc-to khac véc- td , cung phuong véi MN la
wﬁﬁﬁaﬁﬁ ; AN
— P
b) Cac véc-to khac véc-to O, cung hudéng v6i AB la
b BB, NH N\

B B M C

c) Trén tia CB_l)éy diém B’ sao cho BB’ = NP.
Khi d6 ta c6 BB’ 1a véc-to ¢6 diém dau 1 B va biang véc-to N7
Qua A dung dudng thang song song véi dudng thang NP. Trén dudng thang d6 1iy diém A’ sao cho AA’
cung hudng véi NP va AA’ = NP.
. 2 , — < PP PN N <Ly .
Khi d6 ta c6 AA” 1a véc-to c6 di€ém dau 1a A va bang véc-td N7

Vi du 3. Cho hinh vuéng ABCD canh a. Goi M 1a trung diém ctia AB, N 1a diém d6i xiing véi C qua
D. Hay tinh d¢ dai cua véc-to M MD va MN

Loi gidi.
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Ap dung dinh 1y Pythagoras trong tam gidc vuéng MAD ta c6 P N
2 5a° 5
DM2:AM2+AD2:(€) +a2=i:>DM:M
2 4 2
5
Suy ra ‘m‘ =MD = a\/_'
2 A D

Qua N ké dudng thang song song véi AD cét AB tai P.

3
Khi do6 ti giac ADNP 1a hinh vuéng va PM = PA+AM =a+ g = Ea'
Ap dung dinh Iy Pythagoras trong tam gidc vudng NPM ta c6 M
3a\* 13d° V13
MN2:NP2+PM2:a2+<7a> = —— = MN =" B c
V13
Suy ra ‘Z\W\/‘ =MN = a >
BAI TAP TU LUYEN

e ~ .z 2 [N 3 - z _> s [ A N R A 1 2 <
Bai 1. Cho ngt gidc ABCDE. C6 bao nhiéu véc-to khac véc-td 0, cé diém dau va diém cuoi la dinh cua
ngl giac. _
Loi giai. Tu hai di€ém phan biét, chﬁng han A, B, ta xac dinh dugc hai véc-td khac véc-to-khong la 1@, BA.
Ma tif ndm dinh A, B, C, D, E clia ngii giac ta c6 10 cip diém phan biét, do d6 c6 20 véc-to théa man yéu
cau bai toan.

Bai 2. Cho hinh binh hanh ABCD ¢6 tam 1a O. Tim cac véc-té tit 5 diém A, B, C, D, O
a) Bing véc-to ﬁ; O?

b) C6 do dai bing ’0?’.

Loi giai.

a) f@ = D? ; 0? = lﬁ

b) BO, DO, OD.

Bai 3. Cho ba diém A, B, C phan biét thang hang.

a) Khi nao thi hai véc-to AB va AC cling huéng?

b) Khi ndo thi hai véc-to AB va AC ngugc hudng?

Loi giai.

a) A nim ngoai doan BC.

b) A niam trong doan BC.

Bai 4. Cho b6n diém A, B,C, D phan biét.

a) Néu AB — BC thi ba diém A, B, C ¢6 dic diém gi?

b) Néu AB — DC thi bén di€m A, B,C, D c6 dic diém gi?

Lui gidi.
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a) Blatrung diém cta AC.
b) A,B,C,D thang hang hoic ABCD la hinh binh hanh.

Bai 5. Cho _t>am gidgc ABC déu canh a va G la trong tim. Goi I 1 trung diém ctia AG. Tinh do dai cda cic
véc-td Xé, BI.
Loi gidi. St dung tinh chét cla trong tAm va dinh ly Pythagoras.

3 21
Pap an |6 = Y2 va 31| - 4

Dang 2. Chiing minh hai véc-to bang nhau

Pé chiing minh hai véc-td bang nhau ta chitng minh chiing c6 cuing d6 dai va ciing hudng hoic dua
vao nhan xét néu ti gidc ABCD 1a hinh binh hanh thi ﬁ = D?‘ va ﬁ = B? .

Vi du 4. Cho ti gidc ABCD. Goi M, N, P, Q lan lugt 1a trung diém AB, BC, CD, DA. Chiing minh

MN = QP.
Loi giai.
Do M, N lan lugt Ia trung di€ém ctia AB va BC nén MN la dudng trung binh clia 0 D
1
tam gidc ABC suy ra MN || AC va MN = ZAC (1). A
Tuong tu, QP la dudng trung binh ctiia tam gidc ADC suy ra QP || AC va QP =
1
SAC ). M P
Tt (1) va (2) két hop hinh vé suy ra MN — QP.
B N C

V_l'>d1; 5. Cho tam giac ABC c6 trong tim G. Goi I la trung diém ctia BC. Dung diém B’ sao cho
—
BB’ = GA.

a) Chung minh 37 = I% .

b) Goi J 1a trung diém ciia BB'. Ching minh BJ = IG.

.

Loi gidi.

A

a) Vil la trung g}éqm cua BC nén Bl = CI va I?} cung hudéng

véi IC do d6 BI = IC. B

—

b) Tac6 BB = AG suy ra BB' = AG va BB | AG . Do d6 BJ,JG

cung hudng (1). J G

1
Vi G la trong tdm tam giac ABC nén IG = EAG’ J 1a trung
. 1
di€ém BB’ suy ra BJ = —BB'. Vi vay BJ = IG (2). B I C
Tir (1) va (2) ta ¢6 BJ = IG.
BAI TAP TU LUYEN

Bai 6. Cho hinh binh hanh ABCD. Goi M, N lan ludt la trung diém ctia DC, AB; P 1a giao diém ctia AM va
DB; Q 1a giao diém ciia CN va DB. Ching minh DP = PO = OB.
Loi gii.
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Chitng minh DP = PQ dua vio tinh chit duong trung binh trong tam
gidgc DQC va PQ = QB dua vio tinh chat dudng trung binh trong tam
gidc ABP. Suy ra DP = PQ = OB.

<. . s ez 1s N . < i A . oy
Bai 7. Cho hinh thang ABCD c6 hai day 1a AB va CD v61 AB = 2CD. Tu C vé CI = DA. Chung minh rang:

a) 51> = @
b) Al =1IB=DC.
Loi gidi.

D C
a) Ching minh BICD la hinh binh hanh.
b) Chiing minh 7 1a trung diém AB va di kién t gidc BICD la hinh binh
hanh da ching minh & céu a.
A 1 B

Bai 8. Cho hinh binh hanh ABCD. Hai diém M va N lan lugt 1a trung diém ctia BC va AD. Diém I 14 giao
di€ém cta AM va BN, K la giao di€ém ctia DM va CN. Chiing minh DK = 1B.

Loi giai.

Theo gia thiét M va N 1an lugt 1a trung diém ctia BC va AD nén AN = —A

1
va BM = EBC Ma AD = BC do ABCD la hinh binh hanh. Suy ra ANMB la
hinh binh hanh.
Ta c6 Di€m I 1a giao di€ém cia hai dudng chéo AM va BN cta hinh binh
hanh ANMB nén I 1a trung diém ctia BN.

Tuong tu, ta ciing ching minh dugc K 1a trung di€ém ctia DM. Tu d6 dé dang g
ching minh dudc DKBI 1a hinh binh hanh, suy ra lﬁ I?

Bai 9. Cho hinh binh hanh ABCD. Dung AM = BA, MN — DA, NP = DC, PO — BC. Chitng minh AQ = 0.
Lo gidi.
Chiing minh AMNP va QMNP déu 1a hinh binh hanh, suy ra A = Q N

9 b M
suy raAQ = 0. /

B C

Bai 10. Cho tam giac ABC c6 tﬂlg tlﬁn AM. Trén canh AC lay hai diém E va F sao cho AE = EF = FC;
BE cat AM tai N. Ching minh NA = MN.
Loi giai.
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FM || BE vi FM la duong trung binh cia tam giac CEB. A
Taco EA=EF.Vay EN E}du’bﬁ trung binh cua tam giac AFM. Suy ra N la
trung diém ctia AM. Viy NA = MN.

BAI TAP TONG HOP
Bai 11. Cho hinh binh hanh ABCD. Goi E, F,M va N lan luct 1a trung diém ctia canh AB, BC,CD va DA.
\ —
a) Ching t6 rang 3 vectd ﬁ ,@,MN cung phuong;
b) Chung to rang EF = NM. Suy ra td gidc EFMN la hinh binh hanh.

Loi gidi.

A N D
a) Dua vao tinh chit dudng trung binh, ta suy ra dugc EF || AC ||
£ 40, 1 o

MN = EF,AC,MN cung phuong;
b) Dua vao tinh chit dudng trung binh, ta suy ra dugc EF = MN = E M

1 ) . — Y X

EAC ket hgp véi cau a) = ﬁ = NM. Suy ra ti giac EFMN la

hinh binh hanh.

B F C

Bai 12. Cho hai binh binh hanh ABCD va ABEF. Dung EH va FG bing AD. Ching minh CDGH 13 hinh
binh hanh.
Loi gidi.

Ta ¢6 EH — FG = AD nén td giac EFGH la hinh binh hanh, suy ra GH || F G
FE | AB || DC va GH = FE = AB = DC hay tit gidc CDGH la hinh binh
hanh. D

E\/ H

B C

Bai 13. Cho tam gidc ABC c6 M la trung diém ctia doan BC, phan gidc ngoai géc A cit BC & D. Gia st giao
diém clia dudng tron ngoai tiép tam gidac ADM v6i AB, AC lan luot 12 E, F (khiac A). Goi N 1a trung diém
ctua doan EF. Ching minh hai véc-to m va ﬁ cung phuong.

Loi giai.
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Ké duong tron (O) ngoai tiép tam gidc ABC. Goi P 1a diém
chinh gitta cung BC khong chita A, PA 1. DA. Q 1a diém chinh
giita cung BC chiia A. Ta c¢6 A, D, Q thang hang va P,M,0,Q
ciing thang hang.

Dé& nhén thidy DP 1a dudng kinh dudng tron ngoai tiép tam

CHUONG 1. VECTO

giac ADM. Tam giac PEF can tai P tu do c6 DP la trung truc | D

cua EF nén DP | EF tai N.

Hai tam gidc PED va PCQ dong dang, EN va CM 1a dudng
cao nén suy ra PN _ oM = MN || DQ
uyra — = —— .
YD~ PO

Viy, Wv va ﬁ cung phuong.

Bai 14. Cho tam gidc ABC c6 O nam trong tam giac. Céac tia AO, BO, CO cat cic canh d6i dién 1an lugt tai
M, N, P. Qua O ké dudng thiang song song v6i BC cit MN, MP tai H, K. Chiing minh ring: 07}1 = I?)

Loi gidi.

OH ON ON OK
Do HK || BC nén ta ¢c6: — = — = OH = — .BM, —— =
OP OP BM BN BN CM
— =0K=—.CM. (1
Ccp CcpP (1)

ON  Saon  Scon  Saon+Scon _ Saoc

Mait khac, talai c6 — = = = = )
Sapy  Scen SaBy +Scey  Sasc
OP  Spop  ON CP  Spoc Sapc  Saoc ~ CM 2)

CP ~ Sagc BN OP  Sagc Saos __§AOB BM’
Tu (1) va (2) suy ra OK = OH. Vi vay, OH = KO.

P

A
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2.  TONG VA HIEU CUA HAI VECTO

I. Tém tat Ii thuyét
1. Dinh nghia tong va hiéu hai véc-to

~ , A . , < — 4o - 2 A N - .
Dinh nghia 1 (Phép cong). Cho hai véc-to a Vi) b . V6i diém A bat ky, dungzﬁ =, dung ﬁ = b .Khi
d6, véc-t6 AC dug goi 1a véc-to téng ciia @ va b
Taky hiéu: @ + b, tic 1a: @ + b — AB+ BC = AC.

Phép todn tim tong cia hai véc-td con goi l1a phép cong véc-ta.

Pinh nghia 2 (Véc-te dbi). Cho véc-to @, véc-to c6 ciing do dai va nguge hudng véi @ dude goi la vée-to
d6i ctia @, ky hiéula — .

—d

4

~ PR . <7 b (o o . 1 oz
Pinh nghia 3 (Ph(i)> trir). Cho hai véc-to @ va b . Phép phép tru cua d véi b duge dinh nghia la phép
c@ngcﬁa?vﬁi}—b. R
Kyhieud — b =d+(—b).
2. Quy tic hinh binh hanh
Cho hinh binh hanh ABCD, khi d6
° R = zﬁ —I—ZI_))

e AB—AD = DB

3. Cic tinh chét ctia phép cong, trir hai véc-te

Tinh chét 1. (giao hodn va két hop)
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Q) d+b=b+4, b) @+ (b+3)=(d+Db)+7.

Tinh chat 2. (véc-to dbi)

Q) —0=0 b d-b=—(b-a), ¢) —AB—BA.

Tinh chét 3. (cOng véi véc-ta 6>) q+ 6> = 6> +d=1.

Tinh chit 4. Cho 3 diém A, B, C ta c6:
a) AB+BC = AC (quy tic 3 diém), b) AB—AC = CB (quy tic trir).
Tinh chat 5.  a) (quy tic trung diém) 7 12 trung diém AB < A+1B=T0,

. — o
b) (quy tac trong tdm) G la trong tam AABC < GA + G? + (Y‘ =0.

II. Cac dang toan

VECTO

Dang 1. Xac dinh véc-to

véc-td. Chu y cdc quy tic sau day.

Dua vao quy tic cong, trit, quy tic 3 diém, hinh binh hanh, ta bién ddi va dung hinh d€ xac dinh céc

a) —zﬁ = §4> c) zﬁ —R = C? (quy tac trir).
b) AB+BC = AC (quy tic 3 diém). d) AB+AD = AC (ABCD 12 hinh binh hanh).

Vidu 1. Cho tam giac ABC.

%
b) Xdc dinh véc-to b = AB—AC.

a) Xéc dinh véc-t0 @ — AB+ BC. ¢) Xéc dinh véc-to @ = AB+AC.

Loi giai.
Ta co

a) 7:3—1—1@:@.
b) b —AB—AC = CB.

¢) @ = AB+AC = AD, v6i ABDC 12 hinh binh hanh.

Vidu 2. Cho hinh binh hanh ABCD, c¢6 tam O. Hay xac dinh cac véc-to sau day:
2) ¥ =AB+AD. ¢) 7 =CD-AC.
H
b) ¥ = AO+CD. d) 7 = OA—BD.
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L giai.
a) Theo tinh chét hinh binh hanh @ = AB+AD = AC.
b) ¥ =AO+CD = 0C+CD = OD.
¢) 7 = CD—AC = CD+CA = CE (dung hinh binh hanh CDEA).

d) 7 = OA—BD = OA+ DB = OA + OF = OH. Trong do, ta dung OF — DB va hinh binh hanh OF HA.

Vidu 3. Cho tam gidc ABC déu, G la trong tam va M 1a trung di€ém canh BC. Hiy xic dinh céc
véc-td sau day:

a) G?—i—(? c) E-H\R‘
b) AG + CB. d) AB+GB+GC.
Loi giai.

a) GB+ GC — GK (dung hinh binh hanh GBKC).
b) AG+CB = BE +CB = CF (dung BE = AG).
¢) AB+MC = AB+BM — AM.

d) AB+GB+GC = AB+GK = AB+ BF = AF.

F

Vidu 4. Cho doan thang AB c6 trung diém 1a I. Goi M 1a mot diém tiy y khong ndm trén duong
thang AB. LAy trén tia MI mot diém N sao cho IN = MI. Hiy xéic dinh cic véc-to:

a) MA+MB—MI. b) AM -+ NI.

Loi giai.
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K

BAI TAP TU LUYEN

Bai 1. Cho hinh binh hanh ABCD c6 tam O. Xdac dinh cac véc-to d6i clia cic véc-to sau day:

2) OA, DO. b) AC, DA.
Lui gidi.

2) —~OA = A0 = 0C, ~DO = OD = BO. b) —AC = CA, —DA = AD = BC.
Bai 2. Cho hinh binh hanh ABCD c6 tam 0. Xdc dinh céc véc-to sau day:

a) OA + 0B+ 0C + 0D, ¢) AC+BD+ BA + DA.

b) OA +BO +CO+ DO. d) OA+CB+0C + AD.
Lui gidi.

a) ﬁ+0?+07+0?:6>.
b) OA+BO+CO+DO =CO+OA+BO+ DO = CA.
¢) AC + BD+ BA + DA = BA+ AC + BD + DA = AC+ BA = BC.
d) OA+0C+CB+AD=0.
Bai 3. Cho tam giac ABC. Tim véc-t X trong cac truong hop:
a) ¥ +BC=AC+BA. b) CA— ¥ —CB=AB.
Loi giai.
a) ¥ —AC+BA+CB= 0.
b) ¥ =CA— CB+BA = BA + BA = BE. v6i AE = BA.
Bai 4. Cho tam gidc ABC. Goi M, N, P lan luot 1a trung diém BC,AC,AB. Xac dinh cic véc-to sau day:
a) PB+MC+NA. b) BA-+PA +CM.
Loi giai.
a) PE+MC+NA=AP+PN+NA=0.
b) Bj+Pj+CT4:§i+JWD+Iﬁ:Bj+1ﬁ:]@(dungthémdiémD saochoﬁ:ﬁ).

Bai 5. Cho tam gidc ABC, goi M la trung diém AC va N 1a diém dbi xiing ctia B qua M. Xd4c dinh céc véc-to
sau day:
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a) AB+AN. ¢) AB+MC+MN.

—  — —
b) BA +CN. d) BA+BC— MN.
Loi giai. Ta c6, td gidc BANC la hinh binh hanh.
a) AB-+ AN = AC (tinh chit hinh binh hanh BANC).

b) BA +CN = BE (dung AL = CN).

¢) AB+MC+MN — AB+AM +MN — AB+AN — AC.

H
d) BA+BC — MN = BN+ NM = BM.

Bai 6. Cho hinh luc giac déu ABCDEF, goiM,N,P,Q,R, S lan lugt 1a trung diém AB, BC,CD, DE, EF,
FA. Xéc dinh cac véc-to sau day:

a) AD+BE +CF —AE — BF —CD. b) MO+ RN + PS.
Loi gidi.
a) AD+BE +CF —AE —BF —CD=ED+FE+DF = 0.

b) MO+ RN +PS = BD+FB+DF = 0.

R N 1 1
Bai 7. Cho tam giac ABC. Goi D, E, F lan lugt nam trén canh BC,AC,AB sao cho BD = §BC, CE = §CA,

AF = %AB. Xéc dinh cac véc-to sau day:
a) AF +BD+CE b) AD + BE +CF
Loi giai.

a) Lay thém cac diém P, Q vé phia ngoai canh AB,AC sao cho C? = ﬁ QA = @ . Theo do, tam géc
APQ ddng dang tam gidc ACB nén ta c6 Fé = ﬁ Khi dé,ﬁ +§5+5§ = QA+I@+E =0.

b) AD+BE +CF = BD— BA+CE — CB+AF — AC = (BD+CE +AF) — (BA+CB+AC) = 0.
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Dang 2. X4c dinh diém théa dang thitc véc-to cho trudce

D€ xic dinh diém M thda dang thiic véc-td cho trude, ta 1am nhu sau:
o HUONG 1: .
— Bién déi ding thic véc-to da cho vé dang AM = v, trong d6 A 12 diém cb dinh va V' 1a véc-to ¢b
Sl
— LAy A 1am diém gbc, dung véc-to bing v thi diém ngon chinh 1 diém M cin tim.
o HUONG 2: R
— Bién d6i dang thifc véc-to da cho vé dang AM = 1@, trong d6 A, B 1 hai diém cb dinh.
— Khi d6 diém M can tim trung véi diém B.
oHUONG 3:
— Bién d6i dang thifc véc-to da cho v& mot dang thiic véc-to ludn ding véi moi diém M.
— Khi d6 diém M can tim 1a diém tay y.
ocHUONG 4:
— Bién ddi dang thifc véc-td da cho vé mot dang thiic véc-to ludn sai véi moi diém M.
— Khi d6 khong c6 diém M nao thda diéu kién.
ocHUONG 5: .,
— Bién ddi dang thiic véc-td da cho vé dang ‘IM ’ = ’E , trong d6 I,A, B 1a céc diém cb dinh.
— Khi d6 diém M can tim thudc dudng tron tam I, ban kinh AB.
oHUONG 6:
DUy 3 . —.
— Bién doi dang thuc véc-to da cho vé dang ’MA‘ = ‘m
bist,
— Khi d6 diém M can tim thudc dudng trung truc ciia doan AB.

, trong d6 A, B 1a cc diém cb dinh phan

, ., < R 2 ~ LN LN g
Vidu 5. Cho tam giac ABC. Tim diém M thoa man dieu kién a —|—l¥‘ —H\ﬁ =0.

Lo gidi.
- = G —
BA+BC+MB=0 < BA+MC=10 < CM=BA
= Piém M la diém thi tu cia hinh binh hanh ABCM. A M

B C

, 3 o ” - o R N —
Vidu 6. Cho tam giac ABC. Tim diém M thoa man dicu kién MA — Aﬁ + m = IQ

Loi giai.
MA —MEB+MC = BC < BA—BC = CM < CA = CM

= Diém M trung véi di€m A. A

B C

s .z o 2 o = o °om —
Vidu 7. Cho tam giac ABC. Tim diém M thoa man diéu kién MA — m — zﬁ

Li gidi.



2.. TONG VA HIEU CUA HAI VECTO 21

WA W = 4 > 5 =

= khong c6 M nao thoa diéu kién bai toan. A
B C
Vidu 8. Cho tam gidc ABC. Tim di€m M théa man didu kién |MA| = [MB — MC). ]
Li gidi.

— —
IMA| = |MB — MC| < |MA| = |CB| = MA = CB
= Piém M thudc dudng tron tAm A, ban kinh CB.

avys

BAI TAP TU LUYEN
Bai 8. Cho AABC. Dung diém M thda min diéu kién

MA+MB—MC=T0. (1)

NPT . — = T A LA 4R . . . R
Loi giai. Tacé (1) <:>MA—|—5§ =0 MA :ﬁa Viay bon diém A, C, B, M tao thanh hinh binh hanh.

NS ., . R o ~ X N — —
Bai 9. Chwm giac ABC. "[“1n_1> dlem_]l;I thoa mag> dicu kién M_A> + I\ﬁ — m =0.
Lisi gidi. MA+MB—MC =0 < MA+CB= 0 < CB = AM.
= Diém M la dinh thi tu cda hinh binh hanh ACBM.

o o N —
l%ili 10;> Cho _t)am giac ABC. Goi I la trung diém cia canh AC. Tim diém M théa man dieu kién Iﬁ + Al —
IC—CM=0.
o e = e =
Loi gidi. 1B+ Al —1C—CM = 0 < AB— (IC+CM) = 0 < AB = IM.
= M la dinh tht tu cta hinh binh hanh JABM.

Bai 11. Cho tam giéﬁ> ABQ> Goi_I_,> K lan luT(j_t> la trung diém cta cac doan thang BC,Al. Tim diém M thoa
mén didu kién BA + BI — BM +AK +1C = 0.

Lo gidi.

BA+BI—BM+AK+16="0 < BA+Mi+AK+1C =0 A

&MC+BK=0 < CM=8

= Diém M la dinh thd tu ctia hinh binh hanh CBKM. M

B I C

Bai 12. Cho hinh binh hanh ABCD tim O. Tim diém M thoa man diéu kign CO+BO = OM.
Lusi gidi. CO+BO = OM < OA + 0D = OM « OD = AM.
= Di€m M la dinh tht tu ctia hinh binh hanh AODM.
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Bai 13. Cho hinh binh hanh ABCD. Tim diém M théa man diéu kién CA— lﬁ_) +BC+AD= 0.
L gidi. CA—BM +BC+AD= 0 < CA—CM+AD= 0 < MA+AD = 0 < MD—
= Diém M trung véi diém D.

0.

Bai 14. Cho tam gidc ABC. Goi G 1a trong tim ciia tam giac ABC. Tim diém M thoa man diéu kién 1@ +
— ==
BG+CA-CM=0._ . o .
L gidi. AB+BG+CA—CM =0 < ACG—AM = 0 < AC — AM.
= Diém M trung véi diém G.
N e N N N N R > ~ <X = —
Bai 15. C@ hinh binh hanh A_B)CD tam O. Tim diém M thoa man diéu kién BA + m + D? =MA+ ﬁ .
Loi gidi. BA +MD + DO = MA + BC < MA — MD — DO = BA — BC

— =7
& DA—DO=BA—BC < 0A=CA.
= Khong c6 diém M nao thoa diéu kién trén.

e C e R N C R 9 ~ « X N — —
Bai 16. Cho hai diém A va B. Tim diém M thda man diéu kién |[MA —H\ﬁ| = |MA — ]\ﬁ|
Loi gidi.
\MA + MB| = |MA — MB| & MN = BA.

V6i N la dinh thif tu ctia hinh binh hanh AMBN. Goi O 1a trung diém clia

doan thang AB.
=2MO =20B = MO = OB. A B
= Diém M thudc dudng tron tAm O, ban kinh OB. 0

Bai 17. Cho tam gidc ABC. Tim di€m M thoa man diéu kién |MA — CA| = |AC — AB|.
Li gidi. [MA — CA| = |AC — AB| & |MC| = |BC| & MC = BC.

= Diém M thudc dudng tron tAm C, ban kinh BC.

Bai 18. Cho tam gidc ABC. Tim diém M théa man didu kién |BA — BM| = |MA +AC).

Li gidi. [BA — BM| = |[MA + AC| < MA = MC.

= Piém M thudc duong trung truc cia doan thazmg AC.

Bai 19. Cho nim diém A, B,C,D, E. Tim diém M théa man diéu kién AD + BE +CM = AE + BM +CD.
Lisi gidi. AD+BE +CM — AE +BM +CD < AD—AE +BE —BM+CM —CD =0

S ED+ME+DM =0 oMD+DM=0 < MM=10.

= Diém M 1a diém tuy y.

Dang 3. Tinh d dai ctia tong va hiéu hai véc-to

— Do dai clia véc-to bang do dai clia doan thang c6 hai dau miit 1a diém dau va diém cubi ciia véc-to
do.

— Ta thudng st dung céc cong thifc vé canh nhu hé thic lugng tam gidc vudng, dinh 1y Pytago, tinh
chét tam giac déu, hinh chit nhat, hinh vuong,. ..

Vidu9. Cho tam gidc déu ABC canh a. Tinh ’zﬁ —R‘

Lusi gidi. Ta c6 AB—AC — CB nén ‘E—ﬁ’ _ ((ﬁ‘ —CB=a.

Vi du 10. Cho hinh vuéng ABCD canh a. Tinh ‘ﬁ +D?‘ ’

Li gidi.
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V& hinh binh hanh CDBM thi DM ciat BC tai trung diém I ctia méi A B M
duong.
Ta ¢6 DB+ DC = DM nén ‘ﬁﬂ?) — DM =2DI

2
Ma DI? = a? + <g> = Zaz nén ‘D?+D%‘ :a\/g.

D C

Vi du 11. Chiing minh ring néu AABC thda min ‘E —hﬁ' ’ = ‘E —R ‘ thi AABC la tam giac
vudng.

Loi giai.
Dung hinh binh hanh ABDC. B D
Theo quy tac hinh binh hanh ta c6 1@ +R ﬁ
Theo quy tic hiéu hai véc-to ta c6 ﬁ —R = Eg
Tir gia thiét suy ra ’ﬁ’ = ‘
Hinh binh hanh ABDC c¢6 hai dudng chéo bing nhau nén né 1a hinh chit nhat, tic
la tam gidac ABC vuong. A C

Vi du 12. Cho hinh vuéng ABCD canh a. G01 M 12 trung diém ctia AB, N 13 diém dbi xing v6i C
qua D. Hay tinh d¢ dai cua véc-to sau M ? MN.

Loi giai.
Ap dung Pinh Iy Pytago trong tam gidc Vu6ng MAD ta cé D C
2 5
DM? = AM? + AD?* = (g) ta? = Z = DM = af N
Suy ra ‘?‘ =MD = a\z/_
Qua N ké dudng thang song song véi AD cat AB tai P.
Khi d6 ti giac ADNP la hinh vuong va PM = PA + AM = A B
n a 3a P M
a+—-=—.
2 2
Ap dung Pinh Iy Pytago trong tam giaic vuong NPM ta c6
3 134> V13 V13
MN? NP2+PM2—a2+<2“> 4“ :DM:"2 . ‘]\W\]’:MN:az .

d ~ A N A R A N 7 N N 2 —>
Vidu 13. Cho hinh vudéng ABCD canh a, M 1a mot diém bat ky. Tinh do dai véc-to MA — Z\ﬁ —
MC +MD.

L(n glal Ap dung quy tic tru’ ta co .
MB — MC + MD — (MA — MB) — (MC — MD) = BA — DC = BA — D¢

LayB’ 1a diém d6i xu’ng cla B qua A
Khi d6 ~DC = AB = BA— DC = BA + AB' — BF

Suy ra | 7; MB—MC+ ?| = |BB’ = BB’ =2a.
BAI TAP TONG HOP

Bai 20. Cho tam gidc déu ABC canh 5a. Tinh do dai cic véc-to zﬁ —|—Eg CA — Eg

Loi giai. Tacoﬁ-l—B?‘ R#‘E%—R“ ’R‘ AC = 5a.

Ta c6 CA—CB — BA:>‘EZ Eﬁ) ‘BA’ BA = 5a.
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S. S N~ N - -
Bai 21. Xét cic véc-to @ va b khg 0 . Khi nao th1|_>7+ b|= |7|;>|—| b|;>
Lo gidi. Tu diém O ndo d6, tavé OA — @ vaAB = b.Khi d6 @ + b — OA +AB — OB. Nhu viy:

(7+7’ —2|+|F]| = ‘5@‘ = ‘5Z‘+‘£’ < OB = OA + AB.

N o —
bicu nay xay ra khi va chi khi O,A, B thang hang theo thu tu nay. Hay hai véc-to dvab cung hudng.
.. L, , e ., 7 N N — —
Bai 22. Xét cic véc-to @ va b khac 0. Khi ndo thi ‘7-{— b ‘ = ‘7— b ‘
Loi giai.

0 ) = s 4R < 1s
Tu diém A nao do, ta ké zﬁ = 7, zﬁ = b. Ve dﬁm C sao cho ABCD la hinh B C
binh hanh. Theo quy tic hinh binh hanh ta c6: d+b = 1@ . Theo quy tac vé hiéu
vée-to tacé: @ — b — AB—AD — DB. Nhu vay: a
— — —
‘7+b‘:‘7—b‘@)ﬁ(:‘ﬁ?‘@fxczm). b ,
A

Diéu nay xay ra khi ABCD 1a hinh chit nhat. Viy AB vudng géc véi AD hay gia cia
hai véc-t6 vudng goc véi nhau.

N —
Bai 23. Ching minh rang véi dvab khong cung phuong thi

— — —
\7|—|b|<’7+b‘<]7|+!b|.

20 . < - 2 P N .« 2 A > ~ 2 - N - PN N
Loi giai. Goi A, B la diém dau va diém cudi cua d. Vé diém C sao cho R =b.Vidvab khong cung
phuong nén ba diém A, B, C khong thang hang. Ta c6:

N —
@]~ |B| =AB—BC < AC = |AB+BC| < AB+BC = [@|+|b].

Bai toan dugc chiing minh xong.

Bai 24. Ch(igm gidc ABC can tai A, du’iing_c)ao A_P>I . Biét AB = a va BC = 2b (v6i a > b > 0). Tinh d0 dai
véc-to t6ng AB + BH va do dai véc-to hiéu AB — CA.

Loi giai.

Do tam gidc ABC can tai A, dudng cao AH nén H la trung di€ém A

BC. Suy ra BH = b. Trong tam gidc vudng ABH, ta co:
AH = VAB? — BH? = Va? — b2.

Ta co E + ﬁ[ = ﬁ .
Suy ra ‘E—l—ﬁl’ =S ‘ﬁ’
V& hinh binh hanh ABDC. Khi
Al Ch = A 4 AC — 4D,
Do d6: 4B —CA| = [AD| = 24H =2V —17.

a? — b2,
C
do: H e

Bai 25. Cho tam gidc ABC vuong tai A, AB = a, BC = a+/5. Tinh do dai cdc vée-to AB+ BC, CA — CB.
Loi giai.
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Do tam gidac ABC vudng tai A nén B
AC = VBC? —AB? = /5a2 —a® = 2a.
?" AC =2a.

Tacoﬁ%—ﬁ Ré)zﬁ%—ﬁ‘:‘
Ta ¢6 CA— CB — BA:>‘CA c?) ( BA=—a.

A C

Bai 26. Cho tam gidc ABC vudng tai A, biét AB — a vi AC = 3a. Tinh do dai véc-td tng AB -+ AC va do
dai véc-to hicu AB — AC.

Li gidi.

Ta c6 BC = VAB? + ACZ, B b
Hay BC = Va2 + 942 = a/10.

Ta co E ?‘ @

Do d6 ‘AB R’ )CB‘ CB = ay/10.

V& hinh binh hanh ABDC. Theo quy tic hinh binh hanh ta c6

b+ AC = AD. Do s |4+ AC| = [AB| =AD=ayT0. 4 c

Bai 27. Cho hinh thoi ABCD c6 tam O, canh biing 4 va BAD = 60°. Tinh:

|5, | B+ DB+ 22|
Lui gidi,
Tir gia thiét suy ra ABD la tam gidc déu canh bang 4. Do d6 D c
4+/3 ¢
AO = T\/_ =24/3, AC = 41/3. Theo quy tic hinh binh hanh ta \ l
¢6 AB +AD = AC. Nhu vay (ﬁﬂw‘ AC = 4y/3.

Ta co: O?‘ E 1@ 1@ B?

Suy ra ‘O?—AB’ —BO = %BD —2.

V€ hinh binh hanh BDCH . Do DB = DC = 4 nén hinh binh hanh
BDCH 1a hinh thoi, do d6 DH = 2DK = 4\/§ (K la trung diém
cua BC).

Ta ¢6: ‘—0_1>)+13§+(%’ - ‘(T—O_fnﬁﬁ‘ - ‘lfﬂiﬂ - ‘ﬁ‘ — 43,

N e N 2 N . R . v — —
Bai 28. Cho duong thang d va hai diém A, B phan biét, khong nam trén d. Tim M € d sao cho ‘MA +BA’

nhé nhit.
Loi gidi. Goi C 1a diém d6i xing ctia B qua A. Khi d6 C 1a diém cb dinh va

MA + BA = MA +AC = MC.

— — = ) .
Do d6 ‘MA + B_/i‘ — |M¢| = Mc. Nhu vay (MA + BA’ nho nhét khi va chi khi MC nhé nhét, hay M 1 hinh
chiéu vudng géc ctia C trén dudng thang d.

Bai 29. Cho dudng thang d va hai diém A, B nam trén nia mit phang ¢ b 1a dudng thang d. Tim gia tri

nhé nhéit cda biéu thic |M LV6i M e d.

Loi giai.
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Trong trudng hop M, A, B khong thang hang, ta dung hinh binh
hanh MANB. Khi d6 MA + MB = MN. Suy ra ’Aﬁ +m’ _
MN. Goi O la giao diém ctia MN va AB. Khi do, O la trung
diém AB nén O la di€ém c6 dinh. Tir O, N lan lugt ké cdc dudng B
vudng goc voi d, cat d tai P, Q. Tac6 MN > NQ = 20P. Con A
khi M, A, B thing hang thi hién nhién ’m +M§’ > 20P. Vay

— 2 N
‘MA +1ﬁ‘ nhé nhit 1 bing 20P, dat dugc khi M tring P.

Dang 4. Chiing minh dang thic véc-to

a) St dung quy tic ba diém.

b) St dung quy tic hinh binh hanh.

Vidu 14. Cho 5 diém A, B,C, D, E. Chiing minh riing AB + CD + EA — CB + ED.

. J

Loi gidi. Dang thiic cin chiing minh tuong duong véi

(ﬁ—@%t(?ﬁ—ﬁ)ﬂﬁ:ﬁ
SAC+CE+EA=T

SAE —FET‘\> ~-0 (ludn ding)

[ Vi du 15. Cho hinh binh hanh ABCD. Chiing minh ring BA + DA +AC = 0. ]

Lisi gidi. Do ABCD 1a hinh binh hanh nén BA = CD .
Pang thic can chitng minh tucng duong V6iCD +D? = 0 (ludn ding)

Vi du 16. (ﬂ) taE> giac ABC._)G()i M,N,P lan ludt 1a trung diém cla cac canh BC,CA,AB. Ching
minh ring AM—l—BN—i—@ =0.

Loi giai.
—
AM = AC+CM
Ta co E)V:EL\>+HV A

CP—CB+BP

— AM +BN +CP = (R+E§+lﬁ) + (C_A>/I+1¥+Fv)

- —
— 0 +CM+BP+AN
L BP = MN
alCO —
AN = NC B c
— — —
 AM+BN+CP=CM+MN+NC =10 M

Vidu 17. Cho 5 diém A, B,C, D, E. Ching minh riing AC + DE — DC — CE + CB = AB.

Loi giai. Tacé
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AC+DE —DC —CE +CB = (R—D?) +(D7—CTEZ)C?
— AD+DC+Ch
_AB

N 2 —
Vi du 18. Chiing minh rang néu hai hinh binh hanh ABCD va A’B'C'D’ ¢6 cung tam thi AA’ + BB +
cC'+pD =0

Loi giai. Goi O la tAm cua hai hinh binh hanh.
Ta cod
= — — — — — —
AA' + BB +CC + DD = (()A’ _ EZ> n (03’ _ 0‘1%) n (OC’ _ 07) n <0D’ _ 0?)
—s = —
— (@ﬂ@) _ (&%+@) + <0A’+OC’> + <OB’+0D’)

-0

BAI TAP TU LUYEN
Bai 30. Ching minh ring AB = CD < AC = BD.
Loi giai. Ta c6 sy tuong duong:
A = CD < AC + CB = CB + BD < AC = BD.
Do d6 ta c6 diéu phai chiing minh.
Bai 31. Cho hinh binh hanh ABCD va M la diém tuy y. Chiing minh:

MA —MB = MD - MC.

N Pye o . < s . N Y .
Loi giai. Ta c6: MA — ]\ﬁ = BAJ\@ — W = C? Ma ABCD 1a hinh binh hanh nén BA = C? Viy ta co
dang thiic can chiing minh.

\ e N \ N 2, . M ) - R A N s —

Bai 32. Cho hinh binh hanh ABCD. Chung minh rang véi di€ém M bat ki ta luén co MA —H\R‘ = Aﬁ —H\B.
Loi gifi> Ta cé o
MA +MC = MB+ MD < (MA — MB) + (MC —MD) = 0
_)
©BA+DC=T0 (luon ding do ABCD 1a hinh binh hanh).
Bai 33. Cho tam gidc ABC, goi M, N, P 1an ludt la trung diém ciia cac canh BC,CA,AB. Chiing minh ring

véi diém O bat ki ta luon ¢6 OA + OB + OC = OM + ON + OP.

Loi iéi._T)a co L
OA + 0B + OC = OM + ON + 0P
< (0A—oM) + (0B~ ON) + (0C ~0P) =0
SMA+NE+PE=T A
SAM+BN+CP=T0
AM = AC + CM P N
Mit khdc { BN — BA +AN
CP=Ch+BP
= AM +BN +CP = (AC+CB+ BA) + (CM + BP + AN B ¢
— CM +BP + AN
Laicé{%m
" AN = NC
—~ AM+BN+CP=CM+MN+NC =0




28 CHUONG 1. VECTO

Bai 34. Cho tam gidc ABC c6 trong tim G. Goi [ 1a trung di€m cta BC. Dyng di€ém B’ sao cho B'B = 1@
Goi J 1a trung diém ctia BB'. Chiing minh riang 37 = Iﬁ
Loi giai. Ta co:

—
BB =AC ' = AGBB' 1a hinh binh hanh. A
=% N P
= BJ va GA cung hudng.
= l?} va Iﬁ cung hudng. B
1
BJ = —BB N
Mt khéc 2 o BI=1IG p
IG=-GA
2
B C
1
<. N . N N . . > S Ay G~
Bai 35. Cho hai hinh binh hanh ABCD va AB'C'D’. Ching minh rang BB+CC'+D'D= 0.
g N
B'B=AB—AB

N,e 0?4 , — —
Loi giai. Tacé: < cC' = AC — R
— —
D'D=AD—AD
— — = — = =\ =
— BB+CC +D'D = (EJFE—R) _ (AB/—l-AD’—AC’) -0

Bai 36. Cho hinh binh hanh ABCD. Goi E va F lan lugt 1a trung diém cﬁ_a> hai cg}h AB va CD. Néi AF va
CE, hai dudng nay cat dudng chéo BD 1an ludt tai M va N. Ching minh DM = MN = 1@

Loi giai. Goi / 1a giao di€ém cta AC va BD.

Dé thiy / 1a trung diém ctia MN.

Dé thiy M 1a trong tim AADC = DM = 2M1.

N la trong tam tam giac ﬁBC :LIEN =2NI

= DM = MN = NB = DM = MN = N&

Bai 37. Cho hinh binh hanh ABCD. Trén céac doan thang DC,AB theo thi tu iy cac diém M_,> N sao cho
DM = BN. Goi P la giao diém ctia AM, DB va Q la giao diém ctia CN, DB. Chiing minh rang AM = NC va
DP = QB.

Lisi gidi. Ta c6 AMCN 13 hinh binh hanh = AM — NC

ADPM = ABON = DP — OB = DP — QB

Bai 38. Cho tam gidc ABC c6 H 1a truc tAm va O 13 tim dudng tron ngoai tiép. Goi B’ 1a diém ddi xiing cla
R

B qua O. Chitng minh AH = B'C va AB' = HC.

Loi giai.

Ta c6 BCB' = 90° (g6c nodi tiép chan nita dudng tron)

:/>éH song song v6i B'C (cung vudng goc véi BC)

BAB' = 90° (g6c ndi tiép chan nita dudng tron)

= CH song song v6i AB’ (cung vudng goc véi AB).

= AHCB' 1a hinh binh hanh

~ AH = B AB — HC

e .« . , A A A g 1 N <
Bai 39. Cho tam giac ABC c6 trung tuyeén AM. Trén canh AC lay diém E sao cho AE = §AC va BE cat AM
— —
tai N. Chiing minh NA +NM = 0 .
Loi giai. Goi F 1a trung di€ém ctia EC
= E la trung diém cta AF
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= MF la dutng trung binh cia ABEC
= MF song song v0i BE.
= NE la dudng trung binh cia tam giac AMF.

. —
= N la trung diém cia AM = NA+NM = 0.

<. C A . = ¢ e
Bai 40. Cho ngti gidc déu ABCDE tam O. Chiing minh rang OA + 0? + 074— 0? + 0? =0.
Loi giai. Céc diém B, E d6i xting v6i nhau qua OA = OB+ OF c6 gia 1a dudng thiang OA.
Ci diém D, C déi xing v6i nhau qua OA = OC + OD ¢6 gid 12 dudng thing OA.
= Véc-to W = OA + 0} + 07—# O?i)()?c_é}gié la dudng thang OA.

Tuong tu cac véc-to <0A + 0?‘) va <0E + OD) c6 gid 1a dudng thang OB.
= Vig—td W = OA+0B+0C+ 0D+ OE c6 ggladming thang OB.
Do OA va 5§ c6 gia khong trung nhau = U=0

e ., X 4,0 < s A P . v — —
lﬂﬂ._gho da giac déu AjA;...A,, v6in € Nvan > 3 c6 tam O. Ching minh rang U = OA1+OAy+ ...+
OA,= 0.

Loi giai. Ta xét hai trudng hop

e Trudng hop 1: n1a sb chdn = n = 2k v6i k € N,k > 2. Khi d6 cdc cip diém A; va Ay,; véi i = 1,k d6i
xung V_(n> nhau qua O. o
OA1+OAry 1 = 0

=
OAy +0OA 2= 0 7

0.

— —
OAr+OAy, = 0

o Truong hop 2: n1a s6 18 = n = 2k+1 v6i k € N,k > 1. Khi d6 cic cip diém A; va Ay 3_; V6i
i =2,k -+ 1 dbi xiing v6i nhau qua dudng thazlng OA,.
= (Gia cua cac véc-to (OAi + 0A2k+3,,-) la duong thang OA;.
= Gid clia véc-to o/ 12 dudng th:aa\ng OA|. . .
Tuong tu, gia cua cac véc-td <0Ai + OAé), (OAzk + OA4> ... 1a duong thang OA,.
= Gid clia véc-to i/ 12 dudng thing OA,. R
= U ¢ gid 14 cac duong thing OA| va OA; = U=0.

BAI TAP TONG HOP

l

<. ) — — P . 3 X
Bai 42. Cho n véc-to H,a_%, - ,a_,l>. Dung OA| = a_>1,A1A2 = @, LA A, = @. Chung minh rang diéu
kién cin va di d€ dudng ghp khic OAA,... A, khépkinlaal + a3+ +a, = 0.
NPT — — — e
Loi giai. Dung OA| = H,AlAz = @,...,An_lAn = @. Khi d6 a_1>+a_>2+ cta

a

N

—
i a3+ n = OA,. Nhu vay du‘gng
ghp khiic OA A5 . .. A, khép kin khi va chi khi O trung v6i A, hay OA, = 0, ticlaa{ + @3+ --+a, = 0.

Bai 43. Cho hinh vuéng ABCD tam O, canh a. Hay xac dinh va tinh do dai cac véc-to:

AD +AB,0A +0C,0B +BD, AB+AC.

BN ? e pe A ~ N 2
Loi gidi. Trudc hét ta c6 AC = BD = av/2 vi OA = OB = OC = OD = %
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D C E

Ta c6: AD + AB = R:>|ﬁ+.ﬁ] |R|—a\/_

ViOla trung di€ém AC nén 0A+ 0?‘ O
Vay: [0A + 0| = | 0| =0.

Theo quy tic ba diém: 0?—#@ — 0D = |£+£| = |0?| = @

Dung hinh binh hanh BACE. Ta cé:
— —
AB+AC = AE = |AB + AC| = |AE| = AE.

Do do:

AB+AC| = AE = \/AD? 1 DE? = \/a? + 4@® = a\/5.

Bai 44. Cho hinh chit nhat ABCD tim O, AB = 2a, AD = a, M 1a trung diém CD.
a) Chung minhﬁ —E = @ — C?

b) Tinh ‘ﬁﬂﬁﬂ.

Loi giai.
a) Tac6 AB — AD = DB,
Taco@—@ ?
Tu(l)va(2)suyrazﬁ E @ @
A B
(0]
D
M C
E

b) Dung di€ém E sao cho OMED la hinh binh hanh. Khi d6
BD+ OM = BD + DE = BE.

Ta co:

9a* 254> 5
BE? = AB*+AE? = 4a +Z 4“ ;s‘EB+o_A>4‘:‘EE‘:BE:7"_

VECTO

o))
2)
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Bai 45. Cho hinh binh hanh ABCD, I 1a trung di€ém BC. Tim di€ém M thda man:

BC+MD = Bi —CA. )

Loi giai. Ta c6 su tuong ducng sau:

BC +MD = Bl — CA <> BC+CA + MD = BI
H

@B7§+m:l?l>@(3j—l?})+m:6>@ﬁ:DM.

B 1 C

M

Vay M la diém sao cho MDIA 1a hinh binh hanh.
Bai 46. Cho tam gidc ABC. Vé phia ngoai tam gidc vé cc hinh binh hanh ABIJ, BCPQ, CARS. Chiing minh

rang . R
RI+10+P§=T0.
Loi giai.
J R
A
1 S
C
P
)
Ta co:

RI+10+PS—=RA+AJ+TB+BO+PC+CS
— (RA+C8)+ (AT +1B)+ (BO+PC) = 0.

Viy ta c6 diéu phadi chitng minh.

N e . s . X N g - 2 . —>
Bai 47. Cho tam giac ABC. Goi A1, B1,C lan lugt la trung diém cac canh BC, CA, AB. Chung minh AA| +
— = =
BB, +CC; = 0.

Loi giai.
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A
Cl B
B Al C
Ta co:
A71>+B—31>+CTC_1)= (14—(71>+CT141>)+<1§1>+A131)+(C31+31C1)
= (14—Cl>+zr191>)+(ﬁ+Blcl)+(CBl+C1A1)
e
—0+0+0=0.

Bai 48. Cho AABC. Goi A’ 1a diém dbi xdng v6i B qua A, goi B’ 1a diém dbi xing véi C qua B, goi C’ 1a
diém ddi xing v6i A qua C. Ching minh ring v6i mot diém O bt ki ta c6

OA+0B+0C =04+ 0B +0C.

Li gidi.

B/

Ta co:
— s = = — =
OA+0B+0C=0A"+A'A+OB +BB+0C +CC

— = = = = —
- (OA’ L OB + OC’> L AA+BB+CC

0A’+OB’+OC’> +AB+BC+CA

%
(OA’ L OB+ oc’) +0
—
OA' + OB + 0C.

Bai 49. Cho bay diém A,B,C,D,E,F,H. Chiing minh:

AB+CD+EF + HA = CB+ED+HE.
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Loi giai. Ta co:
AB+CD+EF + HA— (CB+ED + HF)
:ﬁﬂ@—@)ﬂﬁ—ﬁ)ﬂfﬁ—ﬁ)
—AB+BD+DF +FA=AB+BF + FA=AF +FA=0.

Vay AB+CD+EF + HA = CB+ ED + HF.

Bai 50. Cho hai luc I71> , E) déu c6 cuong do 12 40 N, c6 diém dit tai O va hop v6i nhau mot goc 60°. Tinh
cuong do luc tdng hop cia hai luc nay.

Loi giai.

Theo quy tic hinh binh hanh thi ? + ? 073 Ma OF, =

F
OF, =40 (N) nén OF|RF; 1a hinh thoi ¢6 géc F; 0F2 60° va
hai dudng chéo RO, Fi F> vudng géc v6i nhau tai trung di€ém
3
H. Tacd OH =40 x g =203 (OH 1a duong cao cua tam
gidc déu canh bang 40). Vay cudng dd luc tong hop ctia hai luc O H R
dicho 1a |F{ + 5| = |OR| = 20v3 (N).
P,

Bai 51. Cho hai luc fl), ?2 1an ludt c6 cudng do 30 N va 40 N, c6 diém dit O va vudng géc v6i nhau. Tinh
cudng do luc tdng hop clia ching.

Loi giai.

Do hai lyc 1? , 5 ¢c6 cung diém dit O nén tdng hdp_l)u’c Fl + 1? la duong Fi R
chéo OR cua hinh binh hanh OF|RF,. Do hai luc Fy, F> Vuong goc v6i nhau
nén hinh binh hanh OF|RF; tr§ thanh hinh ch@ nhat. Vay F1 + Fz &%
Ta c6 OF; = 30, OF, = 40. Nhu vdy OR = Fi F>» = /4024 30? = 50. Do
d6 cuong do luc tong hop OF 1a )E) + ?2‘ = ’O?’ = 50(N).

o P
Bai 52. Cho 2018 diém trén mit phang. Ban Quynh ki hiéu ching 1a Ay, As,. .., Axis. Ban Van ki hiéu
chung la By, By,.. ., Byp1g. Chiing minh rf?mg:
— — =
A1B] +A2By+ -+ +Ax18Baois = 0

Loi giai. LAy mot diém O nao d6. Ta ¢
- — SN
A1B1 +A2By + - +A2018B2018

ZOB{ —OA1+0By — OAy + - - - 4+ OByp18 — OA2013
— — = —— —
= (031 +032+"'+0B20]8) — (OAl —|—0A2+'-~—|—0A201g) .

Vi 2018 diém By, By.. .., Bogig cling 12 2018 diém A1, A,,. .., Aygig nhung dugc ki hiéu mot cach khac, do
do

s ; ; ; R
OB+ OBy + -+ OByo13 = OA; + OA2 + - - - + OA2o1s.

— — s
Suy ra A1By +A2By + -+ - +As018B2018 = 0.
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Bai 53. Cho n-da gidc déu AjA,...A, (n1&, n > 2) ndi tiép dudng tron tim O. Chiing minh ring

— — =
OA1+0OA+---+0A,= 0.

Lui gidi. Goi d; 1a dudng thang di qua diém O va diém A;. Xét cic dinh ctia da gidc da cho ma khf)ng nim
trén d;. Ching c6 th€ phan tich thanh nhu?ng capdinh A;, A; d6i xing nhau qua dudng thang d; (chang han
cidp Az, A,_1, cip Az,A,_»,...). Khi d6 tong OA + 07 1a mot véc-td nam trén duong thang dy. Tu do suy ra
tong 07n> + O—Az> +-e 07> cing la mdt véc- tdﬁ)> gla nam trén duong thang d;. Hoan toan tu’dng tu, néu
goi dp 1a dudng thang di qua O va A; thi tdng OA| + OAZ + 0A_c>ungﬁ> mot véc tigo gid ndm trén
dudng thang d». ghal ﬂdng than&; va d2 khong trung nhau nén OA| + OA, + - - - + OA,, ¢6 hai phuong
khéac nhau, hay OA| +OAy +---+ OA, = O
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§3.  TICH CUA MOT VECTO VOI MOT SO

I. Tém tat Ii thuyét
DPinh nghia

~ £ N = " e A 11 ms PN ,
Dinh nghia 1. Cho s0 k # 0 va a # 0. Tich cta véc-tg d v6isb kla mot véc-td, ki hiéu la kﬁ, dudc xac
dinh nhu sau:

o kd cung phuong a.
o kd cung hudng d khik > 0.
e k'd ngudc hudéng o khi k < 0.

o [kd|=|k|.Id|

) - o =
Quywdc:07: 0;k0=0.
Phép 14y tich cia mot véc-to véi mot sé goi 1a phép nhan vée-te véi mot so (hoidc phép nhan mot sb véi
mot véc-to).

Tinh chét
Tinh chét 1. Cho @, b bitki v k;h € R, khi do:
« @+D)=kd +kb:
o (kthyd=kd +hb;
o k(hd) = (kh)d;
el d=7d;(-1)d=-4.
Tinh chéit 2 (Tinh chét trung diém). Cho 7 13 trung diém ctia doan AB, v6i moi M ta c6:
MA + MB = 2M1.

Tinh chét 3 (Tinh chét trong tam tam giac). Cho G la trong tim AABC, v6i moi M ta c6:

MA +MB +MC = 3MG.

Piéu kién d€ hai véc-te cung phuong

V?,? ta c6: @ cung phuong ?(? + 6>) o JkeR:d = Kb

Phén tich (biéu dién) mot véc-te theo hai véc-to khong cung phueng

— 2 2
Cho hai Véc-tg> 7, b khong cung phuong. Khi do6 VX ta ludn tim dudc duy nhat cdp sO m,n sao cho
X =md+nb.
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II. Cac dang toan

Dang 1. Céc bai toan sit dung dinh nghia va tinh chét ctia phép nhan véc-te véi mot sb.

Phuong phap gidi: Ap dung dinh nghia va céc tinh chit ctia phép nhan véc-to véi mot s6 dé giai cac
bai tap.

2z _> ~ A 2
Vidu 1. Cho W =—27d +5b . Tim véc-to dbi ctia o/ .

T S Ao o IR -
Loi giai. Véc-to dbi ctia vée-to W = —2d +5b 1a: V = —(—2d +5b)=2d —5b.

Vidu 2. Cho AABC ¢6 trong tAm G. Goi I 1a trung di€ém cua BC. Hay tinh:

a) IQ theo I%
b) BC theo IC.

c) E theo IK

Loi giai.

a) Do %? ngugc hudng va c6 do dai gip doi I% nén IQ =
—2IB.

b) Do B?' ciing hudng va c6 do dai gip doi I?' nén R‘ = 21% .

v 2 —
c) Do Iﬁ ngugc hudng va c6 do dai bang 3 véc-td IA nén B 1

-2

[ Vi du 3. Ching minh ring 7 12 trung diém ctia AB khi va chi khi IZ + 6= 6> ]

Loi giai.
(=) I 1a trung di€ém _)cﬁa AB ngl TAvaTb ngugc hudng va co clng
do dai. Do d6 A + 1B = 0. H H

- D . 4. L s
(<) I_/i —|—I$ = 0 suy ra hai véc-to I_/i va I% doi nhau. Do d6 I 1a
trung diém cta AB.

BAI TAP TU LUYEN
Bai 1. Cho hai véc-to 7, 7 Tim céc véc-to dbi cla cac véc-td sau:
Q) W=7d-5b.
b) V=(3+1)7+45b.
Q) T =(-2v2) (37 -2D).
Loi giai.
a) Véc-to dbi cia i 1a: @' = —Td +5b.

b) Véc-to ddicia ¥V 1a: 7' = —(v3+1)7 —45.



3. TICH CUA MOT VECTO VOI MOT SO 37

¢) Véc-to dbi clia ¥ 1a: ¥ = (6v/2)3F —4v2 D .

Bai 2. Cho hinh binh hanh ABCD ¢6 tim O. Goi M, N 1an luot 1a trung diém ctia AD, BC.
a) Timx;y biét AL :xO—A}I, BD :y51_>9.

b) Tim tht ci céc véc-to o thda man o/ = 20—1>\/ .

Loi giai.

— — ) —
a) - Do AB cung huéng v6i OM va c6 do dai gap do6i OM nén suy ra
x=2
- Do Iﬁ nguoc huéng véi 5§ va c6 do dai gap doi 5§ nén suy ra
y=-2

A 0 . > ~ N X N . N —
b) Tat ca cac véc-to U thda man yéu cau bai toan la: @,MN ,If A D

Bai 3. Cho AABC vuodng, AB = AC = 2. Hay dung cac véc-td sau ddy va tinh dd dai cta ching.
a) U = E +R.

b) V = 3AB+24C.

Lui giai.

a) Dung hinh chtt nhat ABCD nhu hinh vé.
Khi d6 ta c6 @ = AB +AC = AD.
Suy ra || = |AD| = 2v/2.

b) - Trén dudng thang AB liy M sao cho AM = 3AB, va m ,E cung
hudng.
N 2 A e ey
- Trén duong thang AC lay diém N sao cho AN = 2AD va AN ,R
cung hudng.
- Dung hinh chtt nhat AMNP nhu hinh vé.
Khi d6 3AB — AM, 2AC — AN.
= V =3B+ 2AC = AM + AN = AP.
= |V| = |AP| = 2V/13. A v

C

Bai 4. Cho AABC déu canh 4 cm. Goi M 1a trung diém ctia BC. Hay dung va tinh do dai véc-to u = ZW .

Loi giai.

-Lay N d_f))i xuiing v6i A qua M_> N , y

Khi d6 AN clng huéng véi AM va c6 do dai gip doi AM
— =

= AN =2AM = .

- Miit khac AABC 1a tam gidc déu canh 4 cm nén trung

tuyén AM dong thai 1a dudng cao.

=AM =2V/3,

= |U| =2|AM| = 4//3.

Bai 5. Cho dudng tron tim O va hai diy cung AB,CD vudng géc véi nhau va cat nhau tai E. Goi I,J lan
luot 12 trung diém ctia ctia AD va BC. Chitng minh ring OIEJ 13 hinh binh hanh.
Loi giai.
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Goi P,Q lan ludt 12 trung diém ctia CD,AB

b OD+0C o 0A+0B

2 2
Do 7,J lan lugt 1a trung diém cta AD, BC

%
éﬁz@;ﬁ]:w.@id(x

i OCL08  Fe D

2
:(0—C>+0?)+(5Z+0?)+ﬁ

2
_ob+00+E0
_>
=0.
LG -T2

Suy ra ti giac OIEJ 1a hinh binh hanh. (dpcm)

Dang 2. Phan tich mot véc-to theo hai véc-t¢ khong cung phuong

Diing céc quy tic vé véc-td dé phan tich mdt véc-to theo hai véc-to khong cuing phuong.
Ly thuyét can nhé

— N p o
- Cho 2 véc-to z va b khong cung phuong. Khi dd, véi moi ¥, ton tai duy nhat cap so A, k sao cho
X =hd+kb.

2 _>
- biém M thudc doan AB sao cho xAM = yBM (x,y > 0) thi AM = %1@
XTy

- Quy thc 3 diém: AB+AC = BC.

- Quy tac hinh binh hanh
Néu ABCD 12 hinh binh hanh thi AB + AD = AC.

- Hiéu cua hai véc-to: R —zﬁ = ﬁ
- Trung diém ctia doan thang
N .o g — 1 ?
I 1a trung diém cua doan thang AB < Al = ZA
%
& I7§ +IB= 0
o MA + MB = 2MI,YM bit ky

- Trong tam cua tam giac . R
G la trong tam cua tam giac ABC < G_A) + (ﬁ + (? =0
o MA + MB +MC = 3MG, VM bit ky

Vi du 4. Cho tam giac ABC c6 G la trong tdm. Phén tich véc-to Xé theo 2 véc-to zﬁ va IR‘ .

Loi giai.
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Goi M 1a trung di€ém ctia BC. A
— 1 1
Suy ra: AM = Eﬁ-l— ER

Malézgm

Do dé:ﬁz EE—FER
3 3 B | IY; % C

Vidu 5. Cho hinh binh hanh ABCD. Goi M 1a trung diém cta canh CD. Phan tich véc-to m theo 2
véc-to ﬁ va R

Loi giai.
. — 1 1
Vi M la trung diém cta CD nén AM = ER + EE B C

1— 1
- EA—C> n Eﬁ (Vi ABCD 12 hinh binh hanh)

= JAC 43 (AC—AB) = AC — 1B,

<

A D

Vi du 6. Cho tam gidc ABC. Goi H, K 1an lugt thudc 2 canh AB va AC_&?.O cho 3AH = 2AB, 3AK =
AC. Trén canh BC lay di€ém M sao cho 4BM = 3MC. Phan tich véc-to BM theo 2 véc-to IFI va R .

Losi gidi.
Ta c6 3AH = 24B = AR — SAH, A
2
3AK:AC:>R:3X§. K
ABM = 3MC => BM = 51@
Ma BC = AC —3@. . . . H
— — —

Vidu 7. Cho ti giac ABCD (AD va BC khong song song). Trén canh A_B) va CD lan lugt lay 2 diém
M, N sao cho AM = kAB v DN = kDC (0 < k < 1). Phan tich véc-to MN theo 2 véc-to AD va BC.

Loi giai. / . -

Vi moi diém O bt ky, ta c6: OM = OA +AM

— OA+kAB = OA + k(0B OA) = (1 k)OA + kOB
Tuong tu:_?_]>\7 il — k_> O?jtko—c>

Suy ra: MN = ON — OM

— (1-k)OD+kOC — [(1~k)OA + kOB

— (1-k) (0D — O4) +k (OC — OB) = (1 — k)AD + kBC.

BAI TAP TU LUYEN

— 0 x
Bai _6> Cho hinh binh binh hanh ABCD. Détﬁ = 7@ = b . Hay biéu dién cic vec-td sao day theo vec-to
a,b.

— e
a) DI v6i I 1a trung diém BC.

b) Kg v6i G la trong tim cta tam giac CDI.
Li gidi.
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K B
_>
DI =DC+Cl . 4
a) Taco: — 1 1 —s 1— b 1
DC = @:Cl = 5CB =~ AD =~
11—
Dodo DI =@ b - c
b) Taco ﬁ v6i G la trong tdm cua tam giac CDI.
Theo t1nh chét cua trong tam tam giac CDI, ta c6:
AG = R +AD 1Al
Bén canh do, R 1@ +B q+ b (qui tac hinh binh hanh)
vaAl = AB+ Bl = 7+§ b
2 5—
S A=+,
3 6
Bai 7. Cho tam gidc ABC c6 trong tAm G. H 1a diém dbi xting cta B qua G.
a) Tinh ﬁ va C_>H theo z@ va ﬁ
b) Goi M la trung diém ctia BC.
Chiing minh rang = —R — —AB
Loi giai.
. C
a) Tinh AH va CH theo AB va AC.
Ta c6: AH + AB = Zﬁ(qui tac trung diém) o
2 2—
- g(ﬁﬂﬁ) (Vi AG = SAM) M
2 1
= AH = SAC — ZAB.
1 A B

3
Tuong tu: CH — §CA Y (CA +AB)

g lm @

3

UJ

— — 1 —
b) Tacé:MN:R+CH:§ﬁ+CH:—BA+—R L AB +ac)
(do cau a).

Vay MH = %EJF éﬁ.

Bai 8. Cho tam gidc ABC c6 trong tim G. Cho cic diém D,E,F lan ludt 1a trung dlem cuia cac canh

BC,CA,AB vallagiao diém ciaAD va EF. Dit U = ﬁ V= ﬁ Hay phén tich céc vec-to Al, ﬁ ﬁ IY'
theo hai vec-to 7, V.
Loi giai.

Vit glac AEDF lahinh binh hanh nén ﬁ ﬁ —i—ﬁ U+ C

1
va AI = —AZ%. V\
2 D
1 1 E

Tacé: Al = ~ (7+7?) —7+—7 %

2 2 G -
AG=2AD= 2w+ 7) =27 437, A F 5
DE = FA_ _AF 1.7+0.7

DC—FE—AE-—AP =7 - 7.



3. TICH CUA MOT VECTO VOI MOT SO 41

\ e ., - A A ~ A ’ —> .
Bai 9. Cho tam giac ABC. Biém M trén canh BC sao cho MB = 2MC. Hay phan tich vec-tc AM theo hai
vec-td 7 :E,V :R.

Loi giai.
Tacé:ﬁzﬁ#—m:z@%—%ﬁ C
:E+§(ﬁ—ﬁ):§@+§ﬁ M
Vay: AM = %7+§7. v,
0
A B

Bai 10. Cho tam gidc ABC c¢6 M, D lan lugt la trung diém cta AB, BC va N 1a diém trén canh AC sao cho
ﬁ\/ = %1@ Goi K 1a trung diém ctia MN. Hay phan tich céc véc-to zﬁ( , ﬁ theo hai véc-to zﬁ va ﬁ

Loi gidi.

+) Phan tich AK hai véc-t6 AB, AC.

Ta co: R:ZKZ_)V@FV: lﬁvém: 1@

2
1 — — 1/1 1 1 1
Suy raR: 3 <AM—}-AN> =5 (EE—F?@) = ZE—FER

+) Phan tich I@ theo hai véc-to E,R A
KD =AD - AK N
M
= % (ﬁwﬁ) _ AR
1 1 1
- L apae) - (Lab 20
1 1

Bai 11. Cho tam gidc ABC. Goi M trung diém ctia AB va N thudc canh A£>sao ch_(;: AN =2NC.
a) Goi K 1a trung di€m ctia BC. Hay phan tich véc-to zﬁ_}heo hai véc-to AM va AN.
b) Goi H la trung diém ctia MN. Hay phan tich véc-td AH theo hai véc-to zﬁ va R .

e *?% e N .2 <A 7 _> B 3 _>
Loi giai. a) Tu gia thiét ta co: zﬁ =2AM va R = EAN .

— 1 /= 1/, — 3— — 33—
Suy ra AK = - (AB +R) =5 <2AM+ 5sz> =AM + JAN.
— 33—
Vayﬁ:AM+ZAN.
— 1= = 2
b) Tacé:AM:EABVéANzngé.

Suy ra
AH = 1 (4% +AN)
(3 9)
= JAb 4 A

Vay AH — %EJF %R.
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— 3 —
Bai 12. Cho tam glac ABC Goi cac diém M,N, P théa man M ? = 3m,NA =3CN,PA +1@ = 0. Hay
phan tich cac véc-to PM PN theo hai véc-to 1@ va 1@ .

Loi gidi. Tir gia thiét ta co: }ﬁ ?

MB =3MC < MB _3(_3@1%) Zc_é.
Suy ra: A
PM = PB— MB
RN ;
:gﬁ_ﬁ.

NA =30 =3 (AN~ 4C) & AN = 24C

- — 3 1

Bai 13. Cho tam gidc ABC. Piém I thudc tia ddi ctia tia CB kéo dai sao cho IB = 3IC, diém J thudc tia dbi
cua tia CA sao cho JA = 2JC diém K thudc tia d6i ctia tia AB sao cho KB = 3KA.

a) Phan tich cac véc-to Al, J? theo hai Vec -to E va R

b) Phan tich véc-to IQ theo hai véc-to AI va J?

Loi giai.
a) Ta 6 K
Al = Bi - BA
:537?—54}
:g(f&—ﬁ) +AB
— S AB AL !
JK =AK —AJ

:—%E—zﬁ.
Vay Al — —%/ﬁJr%@ vaJk = —%@—2@.

b) Tt cau a) ta co:

Al_——ﬁ+—ﬁ AB— fl—éﬁ
JK = ——ﬁ 2R AC — %X}—%J
— BC— R AB = l—oﬁﬁ—‘?

Vaytaco]% —OX} 4]?
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Dang 3. Chiing minh déing thirc véc-to ¢ chia tich ctiia véc-to voi mot sb

Phuong phdp gidi:
e Huong 1. Bién d6i mot vé thanh vé con lai. Khi dé:

- Néu xuit phat tir vé phc tap ta can thuc hién viéc don gian biéu thiic.

- Néu xuét phat tir vé don gian ta can thuc hién viéc phan tich véc-to.

e Hudng 2. Bién ddi dang thiic can chitng minh vé mot dang thic da biét 1a luon diing.

e Hudng 3. Bién ddi mot dang thiic véc-td da biét ludn diing thanh ding thiic can chitng minh.
Khi thuc hién cdc phép bién doi can luu y:
. Quy tdic ba dié: Véi ba diém A, B,C bt ki ta lubn c6: AB = AC+CB.
- Quy téc hink bink hanh: Véi hinh binh hanh ABCD ta luén c6: AC = AR+ AD.
- Quy tdc triz: V6i ba didm A, B, 0 bit ki ta ludn c6: OF — OA = AB.
- Tinh chdt trung diém ciia doan thing: V6i diém M tuy y va I 1a trung diém ctia AB ta c6:

A+1B=T1.

1

- Tinh chdt trong tam tam gidc: V6i di€m M tuy y va G 1a trong tAm cla tam gidc ABC ta c6:

GA+GB+GC=0.

MA + MB + MC = 3MC.

- Cdc tinh chdt ciia phép cong, tric véc-to va phép nhdn mot sé véi mot véc-to.

Vi du 8. Cho hinh binh hanh ABCD. Chiing minh ring:
AB+24C +AD = 3AC.

Lo gidi. Vi ABCD 13 hinh binh hanh nén ta ¢6: AB + AD = 2AC.
Suy ra

,@+2A?+ﬁ=(ﬁ+ﬁ)+2ﬁ
— AC+24C = 3AC.

, 0 o8 n 3 . 3 Y=
Vidu 9. Cho tam giac ABC vdi trong tam G. Chung minh rang: BA +CA = —31@.

Loi giai. Vi G la trong tdm cuia tam gidc ABC nén ta co:

AB+AC+AA = 3AG < BA+CA = —34C.
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Vi du 10. Cho td giac AB_CI>). Goi M va N lan lugt 1a trung di€ém cac doan thang AB va CD. Chiing
minh rang: R+ Iﬁ =2MN.

Loi giai.
Cdch 1. Ta co:

M
AC = AM +MN +NC, 5
BD = BM + MN + ND.

Cong hai dang thiic trén theo vé ta dugc:

R+ﬁ:2]\7\/+<m+m)+<[@+ﬁ> 5 H "

— 2MN.

(ViAM+BM = 0 va NC+ND = 0).
Cdch 2. Ta co:

Cong hai dang thiic trén theo vé ta dudc:

OMN = (AM + BM) + (NC + ND) +AC + BD

— AC + BD.

(ViAM+BM = 0 vaNC+ND = 0).

Vi du 11. Cho tam gidc ABC. Goi M 1a diém trén canh BC sao cho MB = 2MC. Chiing minh ring:
— ? 2?
AM = -AB+ §A .

K
Loi giai.
Ta co: A
AM — AB+BM
i 2
2
=E+§(ﬁ—ﬁ) K v c

Vi du 12. Cho tit gidc ABCD. Goi M, N lan ludt thudc cac doan thang AB,CD sao cho MB = 2MA

va NC = 2ND. Chiing minh rang:
2 1

Li gidi.
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Ap dung quy tic ba diém, ta c6: A M
B
MN = MA + AD + DN,
— —
MN = MB + BC +CN.
— — — =
— 3MN = (2MA + MB) +24D + BC + (2DN +CN).
D N C
Vi M, N lan ludt thudc cic doan thang AB,CD sao cho MB = 2MA va NC = 2ND nén ta co:
2MA+ME =0,

2)DN+CN = 0.

Vay 3MN = 2AD + BC < MN = §E+%ﬁ.

Vi du 13. Cho tam gidc ABC. Lan ludt iy céc diém M, N, P trén cic doan thang AB, BC va CA sao

1 1 1 N
cho AM = §AB,BN = §BC, CP = §CA. Chiing minh rang:

AN+BP+CM=0.

Loi gii.

Ta co: A
ﬁv:%ﬁ@ﬁ—ﬁzélf (1.1) M
C?:%C_X@ﬁ—%:%a (1.2) p
AV — SAB o OV — CA = 128 (1.3)

3 3 N -

Tu (1),(2),(3) ta suy ra:

AN + BB+ CM — (ﬁ+ﬁ+a4>) - % (EHQJFC-K)
& AN +BP+CM = g (ﬁ+l¥+€7§) = 2.5}:3.

Vi du 14. Cho hinh binh hanh ABCD c6 tdim O. Goi M 1a mot diém bét ki. Chiing minh rang:

a) OA+0B+0C+0D=0.

b) MA +MB + MC + MD = 4MO.

Loi giai.
a) Vi O la trung di€ém cta AC va BD nén ta c6:

OA+0C=T10

OB+0D=0

Dodé(—)Z%-O?%—O?—FO?:B).
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b) Theo quy tic ba diém ta cé:

MA = MO+ OA
MB = MO+ OB
MC = MO+ 0C
MD = MO+ 0D

Suyram—i-?—i-?—i—m 4M +(0—1>4+5§+(%+0?>

Theoya)taco a+0?+0?‘+0?— 0.
VayMA—i—?—l—?—F? 7

Vi du 15. Cho tam gidc déu ABC tim O. M 1a mot diém bét ki trong tam giac. Goi D, E, F 1an luct
R P A . nh ine: MD - ME + ME 3 7o
1a hinh chiéu cua M trén BC,CA,AB. Chung minh rang: MD + ME +MF = EM .

Li gidi.
Qua diém M dung: A

e duding thang song song véi BC, cat cic cip duong thang AB,AC
tai V,Z. U

e dudng thang song song véi AB, cit cac cip dudng thang AC, BC F T
tai 7, X. E

e dudng thang song song véi BC, cat cic cip duong thang AB,AC
taiV,Z.

™
NS
-

Ta dé dang chitng minh dugc MTAU,MV BX ,MY CZ la cé4c hinh binh
hanh va céc diém D, E, F tuong ng la trung diém cua XY, ZT,UV.
Tu do suy ra:

MD + ME + MF = (7+MY) %(7+7)+%(M_>U+W)
(7+MU) ;(W+W()+%(W+ATZ>)

1
2
1
T

:g( MA + MB +MC)
2

— 2MO.

BAI TAP TU LUYEN
Bai 14. Cho hinh binh hanh ABCD c6 tim O. Ching minh ring:

BA -+ BC+ BD = 40D.

N, o *?2 e Ve %
Loi giai. Ta co: BA +ﬁ+ﬁ) = 2@ = 40?.
Bai 15. Goi G va G’ 1an ludt 1a trong tim ctia tam gidc ABC va A’B'C’. Chiing minh rang:

— =
AA'+ BB +CC' = 3GG’



3. TICH CUA MOT VECTO VOI MOT SO 47

Loi giai. Theo quy tic cong ta co:

— =

AA" = AG + GG + GA'

s — —

BB =BG+ GG +GB

o — =

CC' = CG+ GG +6C

— = = — — - —
Suy ra AA’ + BB +CC' = 3GG' + (A_G>+ﬁ+C_(5) + (GA’ +GB + GC’) .
Vi G va G’ 1an ludt 12 trong tAm ctia tam gidc ABC va A’B'C’ nén ta cé:
%
AG+BG+CG =0

— — —
GA'+GB +GC =0

— = == —
Vay AA’ + BB’ + CC' = 3GG'.
S Py . P N cR 5 P . Y —
Bai 16. Cho tu giac ABCD. Goi M, N lan luct 1a trung di€ém cua AC,BD. Ching minh rang: MA +m +

e+ 7D — 2N
MC+MD =2MN.
Loi gidi. Vi M,N lan luot 1a trung diém ctia AC va BD nén ta c6:

MA+MC=T0
MB + MD = 2MN

- —
Suy ra MA + MB+MC +MD = (MA + MC) + (MB+MD) = 2MN.
Bai 17. Cho tit gidc ABCD. Goi M, N, I lan ludt la trung diém ctia AC, BD va MN. Chiing minh rang:

a) AIB+IC+ID=10.

— — = .
b) OA+ OB+ OC+ 0D = 401 (véi O 1a diém bt k).

Loi gii.
a) Vi M, N lan lugt 1a trung diém ctia AC va BD nén ta c6: A D
IA+1C =200
IB+1ID = 2IN
Suy ra
— B ¢
IA+1B+1C+1D = (IA+1C) + (1B+ID)
— (17/1+17>v.
Mt glécl 1a trung diém cﬁi> MN _n)én IM+IN=10
Vay IA+IB+IC+1D =20 = 0.

b) Véi diém O bét ki ta c6:

OA +0C = 20M
OF + 0D = 20N
OM + ON = 201
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Do do:

OA + 0B+ 0C + 0D =

S

OA + OC

+ (0B+0D)

N———

SRSt
li
ST

I
X [\O I (O I

Bai 18. Cho tam gidc ABC noi tiép dudng tron tim O va H 1a truc tim. Goi D la diém dbi xiing clia A qua
O. Chiing minh ring:

a)HA + HB+ HC = 2HO.

b)OA + 0B+ OC = OH.

Loi giai.

a) Ta cé:

BH 1 AC (vi H la tryc tdm cuia tam giac ABC).

DC 1 AC (vi AD la dudng kinh).

Do d6 BH || DC (vi cung vudng goc véi AC).

Chitng minh tuong tu ta c6: CH || BD (vi cung vudng goc véi AB).
Suy ra BHCD 1a hinh binh hanh. Theo quy tic hinh binh hanh, ta
co: Iﬁ + Iﬁ = Iﬁ

BC va HD 1a hai dudng chéo clia hinh binh hanh nén cat nhau tai
trung diém M.

Trong tam gidc AHD, O la trung diém cta AD nén ta co:

HA + HD = 2HO.

— —
Vay HA + HB + HC = HA+ HD = 2HO.
b) Theo quy tic ba diém ta cé:

OA = OH + HA
OB = OH + HB

OC = OH + HC
Suyraa+0?+07:307}+(fﬁ+fﬁ+7).

2 —
M3t khic theo két qua § a) ta c6: HA +H] +HC = 2H0.
Vay OA + 0B + OC = 30H +2HO — OH.

N e N N A LA .z - 2, . v _>
Bai 19. Cho gidng tron (1) noi tiep tam giac ABC c¢6 AB = ¢,AC = b,BC = a. Chling minh rang: alA +
bIB+cIC=0.

Li gii.
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Qua C dung dudng thang song song vdi IA, cat dudng thang BI tai
E.

Qua C dung duding thang song song véi IB, cat dudng thang Al tai
F.

IECF 13 hinh binh hanh nén IC = IE + IF (1)

Goi D la giao di€ém cta Al va BC. Vi ID || CE va AD la dudng
phén giac nén ta co:

BI BD AB

=SSk = ——1%
IE DC AC _>
Tuong tu ta ching mmh dugc 17 = ——IA(3)

Tir (1), (2), (3) suy ra ‘

I?: —%ﬁ—%ﬁ@aﬁ—l—blﬁ—i—cﬁ:ﬁ.

Bai tdp tuong tw: Cho dudng tron (1) noi tiép tam gidc ABC. Chiing minh ring:

sinA.IX + sinB.I% + sinC.I% = 6>

49

Bai 20. Cho tam gidc ABC va mot diém M bat ki nam trong tam giac ABC. Dat Syipc = Sa, Smca = Sp,

Syap = S¢. Ching minh rﬁng:

S,MA + SMB+S.MC = 0.

Loi giai.

Goi A’ 1a giao diém clia dudng thang MA véi BC.
—  AC A'B

Ta c6: MA! = B—? —?

A'C Syac SMAC _ S

M /
A'B  Syap  Smap  Sc
AC_ S
BC  S,+S.
A'B S,
BC  S:.+Sp
H S
= MA' = b ?4_ ?()
Se Sb—i—S
MA, S / S / S ’ S ’ S
Miit khdc _ OMA'B _ SMA'C _ SMA'BTOMAC _ _ Sa
. MAS Smap  Smac  Smap+Smac  Sp+Sc
= MA' = > MA.
Sb‘l’Sc

Thay vao () ta dugc:

_>
_S,MA = S,MB+ S, MC < S,MA + S,MB + S.MC = 0.  Nhdn xét:
) — —
e Cho M trung véi trong tdm G cia tam giac ABC, ta dugc két qua: GA + @ + C?‘ =0.

e Cho M tring véi tAim dudng tron noi tiép I clia tam gidc ABC, ta dugc két qua:

a.174> +b.1%—|—c.l?‘ = ﬁ

e Néu tam gidc ABC déu thi v6i diém M bat ki trong tam gidc, ta c6:

. MA +y.MB + 2. MC =

trong d6 x,y, z 1an luct 1 khodng cach tit M dén céc canh BC,CA va AB.

0,
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e Khi M nim ngoai tam gidc ABC, ta c6 cdc két qua nhu sau:

L — . _)
- Néu M thudc gée BAC va gbc dbi dinh cia n6 thi: —S,. MA + Sy MB +S.MC = 0.
A A . TS 2 A+ 32 o 2 N —_ e
- Neu M thudc goc ABC va goc doi dinh cua no thi: S,.MA — Sb.m + Sc.m =0.
A “ L = , A+ a9 ” " < — ? ? —
- Neéu M thudc goc ACB va goc doi dinh cua n6 thi: S;.MA + S,.MB—S..MC = 0.

Dang 4. Chirng minh tinh thzzlng hang, dong quy

Phuong phdp gidi:
a) St dung nhan xét: ba diém phén biét A, B, C thang hang < 3k € R sao cho zﬁ — kﬁ.

b) St dung két qua: Cho tam gidc ABC. Khi d6 M, B, C thang hang < Ja € R sao cho AM =
aAB +(1- a)@.

¢) St dung cic dinh 1i v& tinh thang hang, ddng quy nhu Menelaus, Ceva.

Ly thuyét can nhé

- — N £
b # 0) cung phuong la ton tai so k sao cho

R N » —
Pinh 11’_1>. Piéu kién cdn va di dé hai véc-to d va b (
d=kb.
Dinh Ii 2. Ba diéi phdn biét A, B, C théng hang khi va chi khi t6n tai s6 k sao cho AB = kAC.

D_il;h li 3. Cho tam gidc ABC. Khi dé diém M thudc duong thing BC khi va chi khi ton tai sé o sao cho
AM = a@Jr (1— a)ﬁ.

Pinh li 4 (Digl; li Menelaus dang véc-to). Cho tam gidc ABC va ba diém M, N, P thod man ]\ﬁ = aﬁ,
NC = BNA, PA — yPB. Khi d6 M, N, P thing hang khi va chi khi By = 1.

Pinh li 5 (Digl)) li Ceva dang véc-td). Cho tam gidc ABC va ba diém M, N, P thod mdn MB = aﬁ,
R = ﬁﬁz, PA = }/ﬁ. Khi do cdc duong thdang AM, BN, CP déi mét song song hodc dong quy khi va chi
khi afy= —1.

, » b ., A 2, - 2 —>
Vidu 16. TI‘%I cac canh cua tam giac ABC lay cac diem M, N, P sao cho MA + 3]\@ = 6]@ —]W‘ =
PC+2PA=T0. Chiing minh ba diém M, N, P thang hang.

Loi giai.

AC—6AB _
iy

», .92 < A z _>
Cach 1. Theo gia thiet ta cé ZW‘ = 6@, suyraAN =

A

3 8 3 8 o
—2AP + AM. Do (——) +2 =1 nén ba diém M, N, P

5 5 5 5 p
thang hang.

2 1
Céch 2. Theo gia thiét ta c6 MA — —3MB, NB = 61@, pC = y
1

—2PA. Do (=3)- r (—2) = 1 nén theo dinh 1i Menelaus ta
c6 ba diém M, N, P thang hang. N i &

Vi du 17. Cho tam gidc ABC ¢6 O, H, G 1an ludt 1a tim dudng tron ngoai tiép, truc tAm va trong tim
clia tam gidc d6. Chiing minh rang ba di€ém O, H, G thang hang.
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Loi gidi.

51
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Ta chi xét trudng hgp ba diém O, H, G phan biét.

Lay diém D dbi xiing véi A qua O, khi d6 D thudc dudng tron
(0O) ngoai tiép tam giac ABC. Suy ra DB, DC lan lugt vudng
goc v6i AB, AC. Tu tinh chéit cta truc tim H ta c6 CH, BH lan
lugt vudng goéc véi AB, AC. Do d6 HBDC la hinh binh hanh.
Khi d6 HD cit BC tai trung diém M ctia mdi dudng. Ta ¢

OH — OA — HA — OA +20M

— OA+0B+0C =30C.

Vay ba diém O, H, G thang hang.

BAI TAP TU LUYEN

ss . NP - ¢ -1 e . o
Bai 21. Cho tam gidc ABC va cac diém P, Q thod man PA = Zﬁ, 30A + 2Q? = 0. Chung minh rang
dudng thang PQ di qua trong tdm tam gidc ABC.

Loi giai.
) 1 5
Tu gia thiet ta co 1@ = EE Véﬁ = 51@ Goi G la trong tam tam gidc A
1 1 1 5 . 1 5
nén ba diém P, 0, G théng hang. Ta c6 diéu phai ching minh.
G
B C

P

Bai 22. Cho tif gidc ABCD c¢6 M, N, P, Q 1an luot 1a trung diém cta AB, BC, CD, DA. Goi O 1a giao diém
ctia hai dudng thing MP, NQ; G la trong tim tam gidc BCD. Chiing minh ring ba diém A, O, G thing
hang.

Loi giai.

Dé thiy MN va PQ lan ludt 1a dudng trung binh ting
vGi canh AC cia tam giac ABC va DAC. Suy ra MN va
PQ cling song song va bing mot nita AC hay ti gidc
MNPQ 1a hinh binh hanh. Do d6 O la trung diém cuia
MP vaNQ. Taco

OA+ OB+ 0C+ 0D =20M+20b =0
—30G = OB+ 0C + 0D = —OA.

Viy ba di€ém A, O, G thang hang.

C

Bai 23. Cho hinh binh hanh ABCD tam O. Ly cic diém I va J sao cho 3IA 4201 — 20D = O va JA —
2.]% + ZJ% — 0. Ching minh ring O, I, J thing hang.
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Loi gidi. Theo gia thiét ta c6
- = —
301 = 304 +20C — 20D = OA + 208

0J = OA —20B +20C = —0A —208.

— — . 2
Tu doé ta c6 OJ = —30J hay ba diém O, I, J thang hang.
Bai 24. Cho ti gidc ABCD ndi tiép dudng tron (0). X, Y, Z, T 1an lugt 1a truc tAm cla cac tam gidc BCD,
CDA, DAB, ABC. Chiing minh rang AX, BY, CZ, DT dong quy.
Loi giai.

. < . R > . Pl 2 — <
Goi M la trung diém cua CD. Theo Vi du 17, ta c6 BX = 20M va A

B — B
AY =20M. Suy ra AY = E}_(} hay tif gidc ABXY la hinh binh hanh. Do
d6 AX va BY cit nhau tai trung diém 7 ctia mdi dudng.
Chiing minh tuong tu, ta dudc AX, BY, CZ, DT ddng quy tai trung diém
I cia mdi dudng.
0]
Y X
D M C

Bai 25. Cho géc xOy va hai diém A, B thay d6i 1an ludt trén tia Ox, Oy va hai s6 duong a, b sao cho
aOA 4+ bOB = 1. Chitng minh ring trung diém I ctia doan thang AB ludn thudc vao mot dudng thang cd
dinh.

Lui gidi.

. . N 1 1
Chon hai diém X, Y 1an lugt nam trén tia Ox, Oy sao cho OX = % va Y = B y
a
Khi d6 ta co
B
__>
. OA OB O0A— OB—
[=—+—= X Y Y
0 2 +_>2 20_}_(> OX+ 20Y 0
= aOAOX +bOBOY .
(0]
A X X

Do aOA+bOB =1 nén I, X, Y thang hang. Ta c6 diéu phai chiing minh.

Dang 5. Xéc dinh M thoa man déang thiic véc-to

P_hl)IOng phap: Bién d6i dang thic véc-to v& mdt trong cdc dang sau:
OM =V (O cb dinh va v da biét) = M xac dinh duy nhét.
Nhiing diém can chii y:

o Ap dung cdc qui tic dé bién doi nhu: qui tic 3 diém, qui tdc hinh binh hanh, qui tdc hiéu.

e Bién doi dang thiic véc-to sao cho cé duy nhdt mot vec to cé chita diém cudi la diém can tim
qua cdc véc-to da xdc dinh.

~ 7\ A . . o A2 % A . N7 A N . - N 4. - o A2 A . N A
e Vé hinh dé xdc dinh diém hodc moé ta diém can tim & vi tri ndao so vdi cdc diém co dinh ma dé
bai da cho.

Vi du 18. Cho hai diém A, B. Tim I thoa man A + 218 = 0

Li gidi.
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Taco IA %g
+BA+2
@317§+B -0

0, A

. 1
Vay I ndm trén doan AB ciach B mdt doan §BA.

Vi du 19. Cho tam giac ABC. Tim J thoa man JA + 2.7B = CB.

Loi glal

Ta cé: J ZJ% C
& J +B§+ Zﬁ

& 3ﬁ B
& 3J§ = 5§ BA

e Bi= L) i
s e

& l?} —BM ( V6i M 1a trung diém ctia canh AC).

<

. 2
Vay J nam trén doan BM ( v6i M 1a trung diém AC) cach B mot doan §BM

Vi du 20. Cho tam giac ABC. Tim K thoa man: KA —3KB + KC=70.

L(nglal
Taco K —3K%I@— 0 C
K

+BA 3 +E§+ﬁ_0

@BAK%
<:>K+B+B N

& BK = BA 4 BC

< BK = 2BN (V6i N 1a trung di€m ctia AC).

Vay: K nam trén dudng thang BN (véi N 1a trung diém
AC ngudc huéng cia N va cach B mdt doan 2BN.

A

[ Vi du 21. Cho hinh binh hanh ABCD. Xéc dinh diém I thod man 37A + 1B — IC = DA. ]

Loi glal
Ta c6: 3.1A —|—I$ I% D_A> D C
o 3@ +CB—DA

& 3@) D7§ @ L
&3I4 = DA + BC(Vi ABCD 1a hinh binh hanh) B
o 3IA 2&?

Al = gﬁ.

. 2
Viéy: I nam trén canh AD cach A mot doan EAD.

Vi du 22. Cho trudc hai Chem A, B va hai s6 thuc o+ B # 0. Chiing minh rang ton tai duy nhat diém
I thoa man (xIA+ﬁ B=0.
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L(nglal Ta c6: Oc174>—|—[31§— 0
@alA—i—B(IA-i—E) 0
o (0 +B)IA+BAB) = 0 (Via+B #£0).
@IX:LE.
a+p

Vay ton tai duy nhat diém 7 thod man diéu kién dé bai.
BAI TAP TU LUYEN
N ., ~ , . . 9 ~ N N — —
Bai 26. Cho tam giac ABC. Hay xac dinh diém M thoa man diéu kién: MA — ]\ﬁ +R =0.

Loi glal ? ?‘
Ta co: MA MB+MC = O C
@m (Aﬁ—l—@)-l-m—ﬁ M <
& -AB+MC=10
S x
< CM = BA. ) BN

Vay M xac dinh duy nhat thoa (CM = BA).

N . 4 2 ~ N . . R 9 — -
Bai 27. Cho hai di€ém A, B phan biét. Xac dinh diém M thod MA + 31@ =0.
Loi giai.
o
Ta co: MA M = A
3( MA + A ?

<:>4MA+3,@ ﬁ M
@AM:ZE.

. 3
Véy: M nam trén doan AB cach B mot doan ZAB.

Bai 28. Cho tam gidc ABC. Xéc dinh diém K thod man didu kién KA + KB+ KC = CB.
Loi glal

Ta co: KA—%KA%—Eﬁ KA+R):C§ C
= 3KA+AB+AC=C

& 3KA=CB—AB—AC K

< 3KA=CB+BA+CA

o 3KA =2CA

2 \ 2
& R = gz@ Vay K nam trén doan AC va cach A mot doan la §AC

e . .2 - . « 2 Py ~ _>
Bai 29. Cho hai diém B, C. Xac dinh diém / thoa man 2]% + 3[% =0.
Loi giai.

Ta co: 2[%—1—31?‘ 8 C
=20 +3(IB+BC)=0
5.8+ 3BC = 7

o5l 2

. 3
Vay: I nam trén doan BC va cich B mdt doan Ia §BC

Bai 30. Cho tam gidc ABC. Xdc dinh diém J thod man 2JA +JC — JB = CA.
Lisi gidi.
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Taco_>2JA+J? Jb—CA
& 2JA+JA+AC — (JA +AB) =
& 2A+AC~ @_CA
& 2JA+BC =CA
el S
@ZQ:CA—B
<:)2JA:C?+C J
— s .
S A= _ZCM (V6i M 1a trung diém AB).

2 _> 1 —> N
Vay: J xac dinh duy nhat thoa (AJ = _ZCM ) v6i M la trung diém AB

Bai 31. Cho hai diém A, C. X4c dinh diém K thod min 2KA + KC = 24C.

Loi giai.

Ta co 2@ -l-ﬁ 2@ - - C
& KA+ KA~ KC = 24C K A

& KA+CA=24C

= ng 24 —CA

o KA =34

@Zﬁz—&@.

Viy: K nam trén duong AC va cach A mot doan 1a 3BC ngudc hudng véi C

Bai 32. Cho hinh binh hanh ABCD. Tim K thod min: 3.KA + KB+ KC = 0.
Loi giai.

Tac_gla { KB4 KC=0 3KC+3CA+KC+CB+KC=T0 D c
& 5KC+CA + ~0

& 5K —i— 2CN = 0 (V6i N 1a trung diém ctia AB).

o CK = —CN

2 2
Vay: K nam trén doan CN va cach C mot doan 1a §BC v6i N la trung diém
AB.

Bai 33. Cho hinh binh hanh ABCD. Xéc dinh diém F thoa mén 3FA + 2FB+ FC — CD + CB.

Loi giai.

Ta co: 31@%—2@4—1‘% CD+C? D C
= 3FA+2FA+2AB+£§+R CD+Ch

& 6FA +24B+AC = CA (Vi ABCD 1a hinh binh hanh)

& 6FA = CA—2AB — AC F
& 6FA=CA 4 2BA 1 CA B
o 6FA — 2CA+2BA

& 6AF = 24C +2AB

= 3ﬁ 2AM (le M 1a trung di€ém BC)
S AF = — —AM

2 2—
Viy diém F can tim thod man dang thiic vec to ﬁ = —gAM .

Bai 34. Cho trudc ba diém A, B, C va ba s6 thuc o + B + 7y # 0. Chiing minh rang ton tai duy nhét diém 1
thoamanalA—kﬁI%%—yI%— 0.
Loi giai.
Ta co: aﬁ—l—ﬁl%%—yl%— 0
@alA+B(lA+ﬁ)+ IA+A_C> = 0
& (a+B+y)JA+BA +yR 0 (Via+B+y+0).
- Bty 3

< JA = )
a+B+y
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Vay: Ton tai duy nhét di€ém 7 thod man diéu kién dé bai.

III. Bai tap tong hop

\ e 2, e . g A A A - N AM CN
Bai 35. Cho ti giac ABCD. Hai diém M, N lan lugt thay doi trén cac canh AB va CD sao cho 2B = D’
Tim tap hop cac di€m 7 1a trung diém ctia doan MN.

Loi giai.
AM CN R e
Gia st — = — = k. Goi X, Y lan lugt la trung diém cua
AB CD
AC, BD. Ta cé

20X = (m+ﬂ+ﬁ)+(ﬁv+ﬁ+5?)
— MA+NC.

o £
Tuong tu 21Y = MB —f—N?. Tu gia thiet ta c6

(1—k)MA +kMB =0
(1-k)NC+AND =0,

T .
suy ra (1 —k)IX +kIY = 0. Chu y rang 0 < k < 1 nén tap
cac diém I 1a doan thang XY .

Bai 36. Cho tam giac ABC c6 trong tim G va diém M. Goi A/, B’, C’ 1an lugt 1a di€ém ddi xting v6i M qua
trung diém ctia BC, CA, AB. Chiing minh rang bén dudng thang AA’, BB/, CC' va MG ddng quy.
Loi giai.
X 1A <1s . N T A A~
Dét_ha;ly ]\ﬁA’C 14 hinh binh hanh nén A’B+A'C —A’M = 0 . Tuong A
> = .2, . 42 . " p
tw B'C+B'A—B'M = 0. Tru hai vé clia hai dang thiic trén ta c6

- aVE Sy Sy Sy Sy Sy A
0 =AB—BA+AC—BC—-AM+BM
— — M G
=A'B+PBA. !
Tir d6 ta c6 ABA’B’ 1a hinh binh hanh, do d6 AA’ va BB’ cat nhau tai B c
trung diém / cia mdi dudng. Chitng minh tuong tu, ta c6 AA’, BB/, \\

CC' dong quy tai trung diém / cia mbi dudng. )

— — -
—  MA+MA’ MA+M§—|—ME?
Taco MI = = 3

Bai 37. Cho doan thang AB c6 trung diém 1a 1. Diém M 1a tuy y khong nam trén dudng thang AB. Trén M1
kéo dai iy mot diém N sao cho IN = M1.

3 \
_ Eﬁ. Vay MG di qua I, ta dugc didu phi chiing minh,

a) Chitng minh: BN — BA — MB.

.2 — = Sy T
b) Tim cac diém D, C sao cho: NA+ NI =ND va MN — BN = CN.
Loi giai.
_>
a) Xe@?\/—BA—Aﬁ
:iN_@ —
= Al IN-H -1
=ALINIM B
= Al +BI+IN +IM = 0 (Diéu phéi ching minh).
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b) Tim D A N
Ta co: Jﬁ + m = N? """""""""
o ND =2NK (v6i K 1a trung diém cua Al).
Vay: D nam trén dudng NK va cach N mot doan 2NK clng hudng )
v6i K.
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Tim C—) — —
Ta c6:MN — BN =CN -
o MN+NE=CN
s MB=N
& NC=—NA. .
Vay: C xdc dinh duy nhét thoa ]@‘ =—NA.
Bai 38. Cho hinh binh hanh ABCD.
a) Ching minh ring: 1@ +1@+XB = ZR.
b) Xéc dinh diém M thoa man didu kién: 3MA = AB+ AC +AD.
Loi gii.
a) Xét: ﬁ—hﬁ—hﬁ. :@—f—ﬁ +1@.
— AC +AC (Vi ABCD 12 hinh binh hanh)
= 2AC (Diéu phai chiing minh).
— —
b) Tacé: 3MA = AB + AC +AD b c
& 3MA = 2@ (Theo chitng minh cau a)
2
, 2
Vay: M xac dinh duy nhat m = ?R .
M /
Bai 39. Cho hinh binh hanh ABCD. Goi M, N 14n lugt 12 trung diém cta AD, BC.
. |
a) Ching minh rang: MN = i(lﬁ —|—D%)
b) Xac dinh diém K tho4 man didu kién: KA + KB+ KC = 0.
Loi giai.
a) Ta c6: JWV’_:> AB va MN = BC (Vi ABCD 1a hinh binh hanh).
Vi vay: 2MN = E—FB%
|
Nén: MN = E(z@—FD?)
1 \
o MN = 5 (AB+ DC).(Didu phéi ching minh).
— — D ¢
b) Tac_cs:>1r<Ai>zﬁ§JFR_:> U
& KA} KA+ AB+ KA +AC="0 K
&3KA+AB+AC= 0.
& 34K = AB+A B
< 34K = 2AD (Vi ABCD 12 hinh binh hanh)
o AK = %XB

e —
Vay: K xdc dinh duy nhit AK = 2AD.

Bai 40. Cho tit giac ABCD. Goi A’,B’,C’,D’ 1an luot 1a trong tim cla cic tam gidac BCD,CDA,ABD va
ABC.
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) I e T T
a) Chitng minh rang: AA’ +BB' +CC'+ DD’ = 0.
b) Goi M, N lan lugt 1a trung diém ctia AC, BD va I 1a trung diém ctia MN. Chiing minh rang:

- = = =
IA+IB +IC'+ID' = 0.

Loi gidi. a) Theo tinh chét trong tAm clia tam gidc, ta co:

:1(ﬁ+ﬁ+ﬁ))
BB — %(BAH@H?))
cc' = - (CA+ B+ D)
DD — %(DAHﬁHY)
Suy ra
— = — —
AA’'+ BB +CC'+DD' =
:%(ﬁ+ﬁ+ﬁ+37&+l¥+ﬁ+€7ﬂ€?+€?+lﬁ+ﬁ+ﬁ)
:%(ﬁJrB_X+R+@>+XB+EZ+%+C§+W)+£+EB+D_C>)
- —
=30=0
b) Theo két qua da biét ta co:
IA+IB+I1C+ID=10

T A = A
(IA +AA>+ IB' + BB +<IC +CC>+<ID +DD>: 0

pe A A A o f f e

S IA 1B +1C +1D — (AA +BB +CC —I—DD> ~0
—) —_ —
«:IA’HB +IC'+ID'= 0.

. — —
(Vi theo két qua y a) ta c6: AA’ -|-BB’ —|—CC’ +DD' = It ).

Bai 41. Cho dIIdng tron (1 ) ndi tiép tam glac ABC, tiép xuc v6i cac canh BC,CA,AB lan luot tai M, N, P.

Chu’ng minh rang: aIM + bIN +cl 0
Loi giai.
Goi p la ntra chu vi tam giac ABC, ta co:
AP=AN=p—a
BM=BP=p—b
CN=CM=p—c
Mat khac ta co:

& (p—c) (1B~ IM) (p—b)(IC-1M) =0
I%-I—p bl?‘

MC.MB+MBMC =0
+
(p—

(2p b—c) IM =

<:>aIM: (p—c) I%—F(p
%—l—(p—c)]?\)(Z)

Tuong tu, ta ching minh dugc
{CI? (p—>b IK +(p )I%(i%)
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Cong tling vé cc dang thic (1), (2),(3) thu dugc

alM + bIN + cIP = (2p—b—c)lj+(2p—a—c)1%+(2p—a—b)1?
=al7§+b1§+cl%

_>
=0.

Bai 42. Cho tam gidc nhon ABC c6 H la truc tim. Chiing minh rang:

— —
tanA.HA —I—tanB.I-ﬁ—l—tanC}ﬁ =0.

Loi gidi. Qua diém C dung: dudng thang song song véi AH, cat BH tai B'; dudng thang song song v6i BH,
cat AH tai A’. Khi d6 A’HB'C 1a hinh binh hanh.

Goi D 1a giao diém ctia AH va BC. Ap dung dinh ly Ta - 1ét ta c6: A

HB' DC %5 tanB

HB ~ DB AIC) " tanC’ B
tanB

:>HB’:—

—
HE (Do HB' va H HB ngudc hudng). H

tanC A

— —

Tuong tu ta c6: = HA' = M2 HA.
tanC

Vi AHB' C 1a hinh binh hanh nén ta c6:

e A—> tan B
AC = HA' + HB = — 2" " HB. 5 b c
anC tang
:>tanA.HA+tanB.H +tanC.HC= 0. M

Bai 43. Cho hinh binh hanh ABCD. Liy M, N sao cho CM = —c? CN = —c? Goi 1,J 14 hai diém théa
man Cf = a@ BJ = BBI Xdc dinh o, B d€ J 1a trong tim tam giac AMN.

Loi giai.
Ta co:
B M C
- 5 = o — —
JA+TM+JN=BA—BJj+JB+BM+JI +IN
N
— B — =
:BA—zB_}+§+§7—B_J>+CN—CI
1
A
. BC —
:BA+7+(—3/3+1)?1+CN—CI L
. BC o S G
= BA+ = +(-3+1) ) (BC+CT) +CN—CI

BA + (——3/3) (AC - 4B) +CN - 3pcCl
_BA+ (--35)(@ ﬁ)+ ~CD —30pCD
BA+ (——3[3)(@ ﬁ)+<——3a/3)BA
:(_€+3ﬁ+3aﬁ>lﬁ+<§—3[3>ﬁ.

2 _>
P& J 12 trong tim AAMN thi JA +TM +JN = 0

. (—1—67+3ﬁ+3a/3>ﬁ+ <§—3ﬁ)ﬁ:ﬁ.

S
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Mat khac, do ﬁ,ﬁ khong cung phuong nén suy ra:

17
—g+3ﬁ+306ﬁ =0
3

Z_38=0
5 3B

8 1
Vay véi o0 = §,/3 =3 thi J la trong tdim AAMN.

| = \O| oo

CHUONG 1. VECTO

s . N NP 2 ~ Py .
Bai 44. Cho AABC, goi M, N lan lugt la cac di€m thoa man: ﬁ)/l = 237 —zﬁ, CN = kR — ﬁ voi k € R.

a) Tim k d€ M, N di qua trung diém / ctia AC.

b)

o IM
Tinh —.
IN

Loi giai.

a) Do I la trung diém cia AC nén ta c6

_>
= BA+BC

. Khi do:

_)
m:a_m:@_ﬁm:

%R _2BC,

(—%—k)ﬁﬁ%

Mait khac MN di qua I nén suy ra 3¢ sao cho:

—
MI =t

<:>%R—23?:t(—%—k>ﬁ+t37§

=1(-5¥)
—=t|—=—k
=42 2

—2=t
t=-2
= 1.
k=—-
4
M
Véit=-2=—=2
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54. HE TRUC TOA PO

I. Tom tat li thuyet
Truc va d6 dai dai sb trén truc

Truc toa do (cong goi la truc) 1a mdt duong thflng trén d6 da xac dinh mot diém O cb dinh va véc-ts don vi
i (véc-to c6 do dai bang 1).

Piém O goi 1 géc toa do.

Hudng cua véc-to don vi 1a hudng cua truc.

Truc toa do nhu vy ky hiéu Ia (0; 7).

Cho diém tlly y M niam trén truc (O; —l>) Khi d6, c6 duy nhit mot sb k xéc dinh sao cho oM =k- 7.

S6 k dugc goi 1a foa do cita diém M dbi véi truc (0; 7).

Cho véc-td @ nim trén truc (O; —l>) Khi d6 c6 duy nhéit sb ¢ xac dinh sao cho d=t- —l> S6 ¢ dudc goi
14 toa do clia véc-td @ dbi véi truc (0; i).

Nhu vay toa do ctia diém M 1a toa do clia véc-to OM.

Néu hai diém A, B nam trén truc Ox. Khi d6 c6 duy nhit mot s ¢ sao cho AB=1(-7.Ta 20i 0 ¢ d6 1a
d6 dai clia vée-to AB dbi vi truc da cho, ky hiéu 1a AB. Nhu vay AB — AB- 7 .
/N Néu 1@ cung huong voi _1> thi AB = AB.

Néu zﬁ nguoc huong voi _l> thi AB = —AB.

Néu hai diém A, B trén truc (O _l>) 6 toa dé lan luot la a,b thi AB=b —a.
Pinh li 1. Trén truc s6

Vi ba diém bt ky trén truc, ta c6 AB+ BC = AC.

Hai véc-to E va C% bang nhau khi va chi khi AB = CD.

HEe truc toa do

Hé truc toa do (O; ?, ?) gdm hai truc (O;_i>) va (O; ?) vudng goc véi nhau, trong do

Piém O goi 1 gdc toa do.

Truc (O 7) goi 12 fruc hoanh, k¥ hiéu 12 Ox.

Truc (O; 7 ) goi la truc tung, ky hiéu Ia Oy.

Cac véc-to _z> va j lacac véc-to don vi trén truc Ox va Oy.

Hé truc toa do (0; 7, J ) con dude ky hiéu 1a Oxy.
A Mt phdng trén dé da chon mét hé truc toa do Oxy dwoc goi la mdt phdng toa dé Oxy hay mdt phdng
Oxy.

Toa do cua véc-te doi voi hé truc toa do

Déi v6i hé truc toa do (O; 7, 7) nduW =x7i +y? thi ciip s6 (x;y) dude goi 1a foa do ctia véc-to o/, ky
hiéu @ = (x;y) hay 7 (x;y).
S6 x goi 1a hoanh dé, y goi 1a tung dé ctia véc-to .
. - £
Pinh li 2. Cho hai véc-to d = (x;y), b = (x;y') va s thuc k. khi do
— =x
(i)d =1 < {x g
o V7 —
(i) d+ b =@x+xy+y)vad—b =@x—x;y—y)
(iii) k'd = (kx;ky)
x = kx

y=ky

—
(iv) d cing phiong véi b (b 6>

# )(i)EIkEIRsaocho{



64 CHUONG 1. VECTO

A 2 oA
Toa do cua diem

o —> 2 b
Trong mat phang Oxy, E)) do cha véc-to OM dudc goi la foa dj clha diém M. Nhu vay, (x;y) la toa do cia
di€ém M khi va chi khi OM = (x;y), ky hiéu M(x;y) hay M = (x;y).
S6 x dudc goi 1a hoanh do, sb y dudc goi 1a tung do cla diém M.
/N Néu goi H,K lan luot la hinh chiéu ciia M trén Ox va Oy thi

M(x;y) = OM=x1 +y] = OH+OK.

_> - —_
Nhu vdy 07>]:x i hayx= OH va 072)]7 hay y = OK.
Dinh li 3. Vdi hai diém A(xx;y4) va B(xp;yp) ta cé

AB = (XB—X43yB —ya)

Toa db trung diém ctia doan thing va toa d trong tam ctia tam gidc

XA +XB
2 2 2 2 xI =
Pinh li 4. Cho hai diém A(xa;ya) va B(xp;yg). Khi do trung diém I ciia doan thang AB cd toa do A %yB
Pinh li 5. Cho ba diém A(xa;ya),B(xp;yg) va C(xc;yc). Khi do trong tdm G ciia tam gidc ABC c6 toa dé

XA +XB +XxC
XG= "3
_ Ya+yB+)yc
VG = 3

II. Cac dang toan

Dang 1. Tim toa do ctia mot diém va do dai dai sb ctia mét véc-te trén truc (0; ¢ ). Tim toa dd

ctia cac vée-t6  + vV, il — V .k

Cin ct vao dinh nghia toa do cua di€m, do dai dai s6 ctia véc-to va cac cdng thiic toa do cla véc-to

U+V, U -V k.
< R 2 A — 2 N 3R A
e Diém M cétoadd a < OM = a.@ véi O 1a diém goc.

Véc-t6 AB c6 d6 dai dai sb lam = AB < AB=m@.

Néu A va B c6 toa dd lan ludt 1a a va b thi AB=b —a.

Toa do trung diém I ctia doan AB : x; = A ;XB.
Néu o/ = (ur;uz), V= (vi;vp) thi U+V = (g +visup +w); U -V = (U —visup —v2);
kil = (kuyskup),k € R.

Vidu 1. Trén truc toa do (0; @), cho ba diém A, B, C véi: OA = 4,5¢, OB = —7,2¢, OC =
-3,67.

a. Xdc dinh toa do cac di€m A, B, C.

b. Tim toa do cic trung diém M, N, P theo thi tu ctia cac doan thang AB, BC, CA.

c. Tinh d6 dai cac doan thang AB, BC, CA.

Li gidi.
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B C 07, A
—7.2 —-3.6 4.5

a. A(4,5), B(~7,2), C(—3,6).

b. Vi M lIa trung diém AB = xy — A1 B _

c. AB=11,7,BC=3,6,CA=8,1.

= —1,35= M(—1,35). Tuong ty ta dugc N(—5,4), P(0,45).

Vidu 2. Trén truc toa do (0, ¢), cho ba diém A(1), B(—2), C(7). Tim toa d6 diém M sao cho
AM +3BM = 2CM.

Loi giai.

Goi M(x),tac6AM =x—1,BM =x+2,CM =x—17.
Theo gia thiét ta suy rax — 1 +3(x+2) = 3(x—7) < x = —26.

Vi du 3. Trén truc toa do (0, @), cho céc diém A(2), B(—3), C(—6). Tim toa do ctia D(x) sao cho
DA +4DB < 3DC.

Loi gidi.

c B 07 4
—6 -3 2

Tac6: DA=2—x,4DB = —12 —4x, 3DC = —18 — 3x.
Theo gi thiét tasuyra2 —x— 12 —4x < —18 —3x = x > 4.

b=

2 —
Vi du 4. Trong mat phang Oxy, cho i~ (—4;2), (5;8). Tinh toa do cua cac véc-to a4+ b,

@ - b,33,58 428, (54 —2b).

Li gidi. 7+7:(1;10l>7—7:(—9;—6),37:(—12;6).
Tacé:5d = (-20;10),2b = (10;16)
Nén5d +2b = (—10;26) va—(5d —2 b ) = (30;6).

2 —
Vi du 5. Trong mit phing Oxy, cho cic véc-to @ = (4;—2), b = (—1;—1),7¢ = (2;5). Hay phan
tich véc-to b theo hai véc-to @ va ¢ .

1

, — —1=4m+2n m=-q

Loi gidi. Giast b =md +n¢ < & 8

—1=-2m+5n 1

=7

— 1 1

, g — 1 3 —
Vi du 6. Trong mat phang Oxy, cho = (x;2), b = (—5;—) ,? = (x;7). Tim véc-to 7 =4aq—
o
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) s x=4x—-3.(-5)
Lisi gidi. Taco: € —4a—3D o | ex=-5
T=42-3.=
3
4 A 2 - n 9 —P —
Vi du 7. Trong mit phing Oxy, cho @ (1;—2); b (—3;0); ¢ (4;1). Timtoadd ctia 1 =2d —3 b +

C.

Loi glal Taco 27 (2;—4);=3b =(9;0).
Ma 7 =27 35 +7¢ =(15-3) =7 (15,-3).

BAI TAP TU LUYEN
Bai 1. Trong mit phing Oxy, cho @ = (2;1) ,7 = (3;4),7¢ = (7;2).
a. Tim toa do clia véc-to ¥ =2d — 3? +7.
b. Tim toa do clia véc-td v sao cho vV + @ = 7 —
c. Tim cdc sb k,h d€ ¢ = K@ +1b.
Loi giai.

0 W=2d-3b+7 = (42)— (9:12) + (7;2) = (2:-8).

B — 7=2k+7h k== L 2., 3>
c. ¢=kd+hb & 2 k+4h = _ 3 .Suyrac—? —gb.

Bai 2. Trong mit phang Oxy, cho = (—1;3), ? = (0;5), 7 = (5;—2). Tinh toa do cua cac véc-to .
W dinh béi:

a) W =2d+3b —47.

b) 47 +27V =25 —3¢.
Loi gii.

a) Tac: 2@ = (—2:6),35 = (015),4C = (20;—8),2@ +3 b = (—2;21).
W =0T +3D —47 = (—22:29).

b) Tacé: 4@ +27 =25 —3C =V =27 + % .
\ 3, (15 s
ma —27d = (2,—6), 5? = (7,—3), —2d + b =(2;-1).
1

%
Bal 3. Trong mit phing Oxy, cho @ = (x;2), b = (=5;1), ¢ = (x;7). Tim toa do ctia véc-t6 ¢ =27 +
3 b
”. , — =2x+3.(-5
Loi giai. Taco:?:27+3b(:>{ ¥=2+3.(=5)

7=2243.1

x =15.
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2 — —
Bai 4. Trong mit phing Oxy, cho @ = (2;1), b = (3;4), ¢ = (7;2). Timtoadd € =m.d +n. b .
2

7 =2m+3n m:?
=

_>
Loi giai. Tacé: ¢ =m. d +n.b
2=m+4n

n—_é
=5

Bi 5. Trong mi phing Oxy, cho @ = (~2;1), B = (3;4) va @ = (0;8). Tim toa do ¥ théa ¥ + @ —
b—7.

Loigiti aco T+ d=b-CoX=-0+b -7 % =—(-211+34)—(0:8)c % =
—(=2;1)+ (3;4) — (0:8) & X = (5;-5).

—> —
Bai 6. Cho @ = (0;1), b = (—1;2), @ = (—3;—2). Timtoadd cia i/ =3d +2b —47¢.
_>
Loi giai. Tacé: 37 = (0;3),2b = (—2;4), =47 = (12;8) nén w = (10;15).
2 — 2 —
Bai 7. Trong mit phing Oxy, cho @ = (2;1), b = (3;4), 7 = (7;2). Timmvandé ¢ =md +nb.

N . -
Loi giai. Taco:md +nb = (2m+3n;m~+4n).

22

= m=—_—

Ma: @ :m7+n?¢> 2m+ 3n 7@ 53
m+4n=2 n—_>.

5

Bai 8. Trén truc Ox cho cic di€ém A(2), B(—2). Tim diém M (x) thda man diéu kién MA.MB < AB".
Loi giai. Tacé: MA=2—x, MB= —2—x, AB = —4.
MAMB<AB & (2—x)2+x) > 1622 -8 <0e —2¢/5 <x < 24/5.

Bai 9. Trén truc toa do (0; ¢), cho ba diém A(—4), B(9), C(-3).
a. Tim diém M (x) théa man diéu kién AB = 2CM.
b. Tim diém P(x) thoa man diéu kién PA +2PB +3PC < 0.
c. Tim diém Q(x) théa man diéu kién QA.QB < @2.
Lusi gidi.
a. AB=13,2CM = 2x+6. Theo gia thiét ta suy ra 13 =2x+6 < x = %

b. PA=—4—x,2PB=18—2x,3PC = —9 — 3x.

) 5
Theo gia thiettasuyra —4 —x+ 18 —2x—9—-3x <0< x> 2
c. OA=—-4—x,0B=9—x,0C=—-3—x.
) 45
Theo gia thiét ta suy ra (—4 —x)(9 —x) < (-3 —x)? & x> L

Bai 10. Trén truc toa do x'Ox cho ba diém A, B, C c6 toa do lan lugt 12 9, —6, 2. Tim cic diém ddi xing
v6i di€ém A va B qua C.

Loi giai. Goi A/, B’ 1an luct 1a diém dbi xing v6i diém A va B qua C.

XA + XAl

Vi C 1a trung diém cta doan AA’ nén xc =
Tuong tu ta suy ra xg =4+ 6 = 10.

= x4 =2xc—x4 =4—-9=-5.
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Dang 2. Xdc dinh toa do ctia mét véc-te va mot diém trén mit phang toa dé Oxy

2 P N N X . A . A — e
Trong mat phang Oxy, véi diém M tuy y, luon ton tai duy nhat hai so thuc x,y saocho OM =x i + y?.
ATg A . 2B 2 ——T 1 snon o —
B0 hai s0 thuc (x;y) dude goi la toa do cia véc-td OM, ky hiéu OM = (x;y) hay OM(x;y).

JAN

o Toa dj cuia véc-to don vi 7 la (1,0), titc la 7= (1;0).
o Toa dj cuia véc-to don vi 7 la (0;1), nic la 7 = (0;1).
e Toa dé cua véc-to-khong la (0;0), tiic la 0= (0;0).
Néu biét toa do ctia hai diém A, B thi ta tinh toa do ctia véc-to 1@ theo cong thiic

AB = (XB —X45YB —YA)-

Vi du 8. Trong mit phang Oxy, cho hinh binh hanh ABCD c6 A(3;2), B(2;—1),C(—2;—2). Tim toa
d6 diém D.

Lo gidi. Goi D(x;y). Ta c6 AD = (x— 3:y—2), BC = (—4;—1).
3=—4 -1
V\IEZB?‘HEAEH * = *
y—2=-1 y=1.
Vay toa do diém D 1a (—1;1).

Vi du 9. Trong mit phang Oxy, cho tam gidc ABC. Goi M(4;—1),N(3;0) va P(4;2) 1an lugt Ia trung
di€m cdc canh BC,CA va AB. Tim toa do cac dinh clia tam gidc ABC.

Li gidi.

v,
3
A
2
P
1
B
0 N
-1 12 3 4/ 5%
1
M
-2
3
c
A

Ta c6 NA = (xA—3;yA),1\ﬁ3: (0;3).
Vi NAPM 12 hinh binh hanh nén NA = MP
@{xA—3:O @{xA::s
ya=3 ya=3.
Vay toa do di€ém A 1a (3;3).
Tuong tu, tit MC = ﬁv,zﬁ — NP tatinh duge B(5;1),C(3;—3).



4.. HE TRUC TOA PO 69

Vi du 10. Trong mit phang Oxy, cho hinh binh hanh ABCD c6 AD = 3 va chiéu cao ting v6i canh
AD bing 2 géc BAD = 30°. Chon hé truc toa do (A; i ,?) sao cho z va ﬁ cung hudéng. Tim toa

dd cua cac véc- tdﬁ Eé @ Vaz@

Loi gidi.

B C
A H D
Ké BH | AD. Ta cé BH = 2AB 4AH 2\/§.
Do d6 ta c6 A(0;0) 0 2 2), % D(3
Suyrazﬁ: 2;2 =(3;0) 2 -2) R
BAI TAP TU LUYEN

Bai 11. Trong mit phang Oxy, cho tam gidc ABC c6 A(—1;4), B(2;6), C(1;1). Tim toa do di€ém D sao cho
ti gidc ABCD la hinh binh hanh.
Loi giai. Goi D(x;y). Ta 6 AD = (x+1;y—4), BC = (—1;=5).
1=-1 =2
Vi ﬁ = Eé nén X =7
y—4=-5 y=-—1.
Vay toa do di€ém D 1a (—2;—1).
Bai 12. Trong mit phing Oxy, cho bdn diém A(1;—1), B(2;2), C(1;—5), D(3;1). Chiing minh ring hai
dudng thang AB va CD song song vdi nhau.
Li gidi. Ta c6 AB = (1;3),CD = (2:6).
Suy ra C% ZA? Do d6 hai dudng thang AB va CD song song hoéc trung nhau.
Ta co R (0;,—4) Vaﬁ (1;3) khong cung phuong vi — 7& —

Viy AB || CD.

— 0
Bai 13. Cho tam gidc déu ABC canh a. Chon he truc toa do (O; i ,?), trong d6 O la trung diém cua canh

BC, —l> cung huéng vé6i O? J cung huéng vé6i OA

a) Tim toa do cac dinh cua tam giac ABC;

b) Tim toa do trung diém E ctlia canh AC;

¢) Tim toa do tim dudng tron ngoai tiép tam gidc ABC.
Loi giai.
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a) Taco B (—g;O), C (0;6—1>.

2

Vi AABC 1a tam gidc déu nén AO = @.

3
Suyra A (0; %) .
we (%3

4" 4
¢) Goi I 1a tam dudng tron ngoai tiép AABC.
1 a\/§

Taco Ol = -OA = —.
aco 3 G

Dang 3. Tinh toa d6 trung diém - trong tam

Phuong phap giai, kinh nghiém giai.

XA +Xxp
XM =
M la trung di€ém AB < 2
_YAt+YB
XA +xg+xc
XG=—"—7
G la trong tdm tam giac ABC < _yatystyc
—

Vi du 11. Trong mit phang Oxy, cho hai diém A(1;4), B(—2;6). Tim toa do trung di€ém cta doan
thang AB.

Loi giai. Goi M (xpz;yy) 1a trung diém AB, khi do:

XA +Xp 1-2 1
XM = M= —F7— - __
2 2 & ™ 2
_YAt)B 446 _s
—1
Vay M —;5).
v M (5

Vi du 12. Trong mat pheamg Oxy, cho hai di€ém A(—1;2), B(1;4), C(—1;—2). Tim toa d0 trong tm
cua tam giac ABC.

Loi giai. Goi G (x¢;y¢) 1a trong tm tam gidc ABC, khi do:

XA +XxB +xc —14+1-1 —1
Xg=—F—"— Xg=———F5—— XG = —
G 3 - G 3 - G=3
G:yA+}’B+)’C _2+4-2 _4

—12 )’G——3 )’G—3-

Vi G(_—;—).

Vi du 13. Trong mit phang Oxy, cho ba diém A(3;1), B(2;2), G(2;—1). Tim toa do diém C biét G
la trong tam tam giac ABC.

Loi giai. Goi C (x¢;yc)-
Ta co:
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Xa+xg+xc 342+xc
W=t JPT s fre=d
<~ ~
_Yatystyc 24y lye=-6.
3 -3
Vay C(1;-6).

Vi du 14. Trong mit phang Oxy, cho hai di€ém A(—2;0), B(0; —4). Goi M la trung diém ctia AB, tim
toa do trong tdm tam gidac OBM.

Loi giai. Goi G (xg;yg) 1a trong tdm tam gidc OBM, M (xp;yy) 1 trung diém AB.

Ta co:
( XA +XB
M = 7 xy=-—1
)’A+)’B<:> =2
k)’M:T M '
(o= Yotxgtxm  (  —1 -1
‘o 3 N =73
_Yotystym —4-2 B
3
—1
e

Vi du 15. Trong mit phang Oxy, cho tam gidc ABC biét A(1;5), B(—4;—3),C(2;—1). Goi G la trong
tAm clia tam gidc ABC, tim toa do diém G’ 1a diém dbi xiing cta G qua B.

Loi giai. Goi G (xg;yg), G (xg:y5)- Ta co:
xXG

XA +Xxp+xc 1—4+2 —1
xG= —— = Xo = —
¢T3 o RN
_Yatystyc 5-3-1 1
=7 3 Y6 =3 yG—3
Vi G’ 1a 4nh ddi xiing clia G qua B nén B 1a trung diém ctia GG'. Ta c6:
—1 -23
Xg = 2Xg —XG Xg =2.(—4) - 3 6= T3
ey < ~19
Yc YB — YG yG,:z.(_3)_§ yG,:—3 .
23 —-19
iy o(2:22).
Y3
BAI TAP TU LUYEN

Bai 14. Trong mit phang Oxy, cho hai diém A(0;2), B(—3; —2). Tim toa do trung diém ctia AB.

Loi giai. Goi M (xp,ypm) 12 trung di€m AB, khi do:

XA+ Xxp 0 3 _3
& = 2
_yatys 2-2 _
yM——2 )’M:T ym = 0.

-3
Vay M (—;()) .
ay )
Bai 15. Trong mit phang Oxy, cho ba diém A(—1;2), B(5;—2), C(—2;1). Tim toa do trong tim clia tam

giac ABC.
Loi giai. Goi G (xg;yg) 1a trong tdm tam gidac ABC, khi do:

XA +XxB +xc —14+5-— 2
Xg=—""——/]/7™7"9"™ X =—- Xn = —
¢ 3 P 3 L)
_yatys+yc 2—-2+1 1
YG = 3 )’G:T )’G:§
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21
Viy G <—;—> .
Bai 16. Trong mit phang Oxy, cho hai diém A(—1;1), D (

a) Tim toa do diém B biét D 1a trung diém doan AB.
b) Tim toa do diém M dbi xiing véi A qua B.
Lui gidi.

a) Goi B(xp;yp).
Ta co:

xD:xA+xB = —1+xp
2 N 2 xp=-—1
DIYA+YB §:1+y3 yg = 4.
2 2 2
Vay B(—1:4).

b) Goi M (xp1;yu) 1a diém dbi xiing v6i A qua B, khi d6 B 1a trung diém clia MA.

Ta co:
XM =2Xp — X4 xy =2.(—1)—(-1) xy=—1
= =
YM =2y — YA ym=24-1 M=
Vay M (—1;7).

7.

)

CHUONG 1.

VECTO

Bai 17. Trong mit phiang Oxy, cho tam gidc ABC biét A(—3;2), B(4;3) va diém C nidm trén truc Ox. Tim
toa do trong tim G clia tam gidc ABC va diém C, biét G nam trén truc Oy.

Loi giai. Goi G (0;y5), C (x¢;0)

XA +XB+XC —3+4+XC .
xG:f O:f XC——l
Ta cé6:
4o _yA‘|')’B+)’C<:> 2+3+0 < yG:Z
)’G——3 yG=—3 3

Viy G <O§> C(—1;0).

Bai 18. Trong mit phang Oxy, tim toa do trong tdm clia tam gidc ABC, biét trung diém clia cdc canh AB,

BC, AC lan lugt 1a M(2;1), N(2;4), P(—3;0).

Loi giai. Goi A (xa;y4), B(x;ys), C (xc;yc) la toa do ba dinh cia tam gidc ABC.

G(xg;yc) la trong tim tam giac ABC.

Ta co:
XA +xp . (yatys _
3 M ) Ym
XB+xc —xy va YB+Yc —-—
2 2
XA +xc —xp Ya+yc —yp
\ 2 \ 2

XA +Xp+XCc =Xy +XN+Xp
YA+YB+Yc=Ym+YN+Yp.

XA +XB+XC Xp +xN+xp
T T =TT
Khi do:
1ao _yatys+yc < _ Ym+YN+YP <
A Yo="T3

15
Va G(—;—).
YU 33

_242+4(-3)

N 3

14440 5
3 3
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Dang 4. Chiing minh ba diém thing hang, diém thudc duong thang

St dung cac diéu kién can va di sau:
— = \ ) —
e Haivécto d va b # 0 cung phuong khi va chi khi ton tai so k sao cho d=kb.
e Ba diém phén biét A, B, C thiang hang khi va chi khi hai véc-to E VQR cung phuong.

e Diém M thudc dudng thang AB khi va chi khi ba diém M, A, B thang hang.

Vi du 16. Trong mit phiang Oxy, cho ba diém A(—1;1), B(1;3), C(2;4).
a) Chiing minh ba diém A, B, C thang hang.

b) Puong thang AB cit truc Ox tai diém M. Tim toa d6 diém M.

. J

Loi giai.
2
a) Ta c6: AB = (2;2) VaAC = (3;3) - AB= 51@
Suy ra hai véc-to E va R cling phuong. Do d6, ba diém A, B, C thang hang.

b) \g})uéng thang AB cit truc Ox tai diém M nén ba diém M, A, B thang hang. Suy ra hai véc-to AB va
AM cung phuong. N
Goi M (x;0) thudc truc Ox. Ta c6: AB = (2;2) vaAM = (x+ 1;—1).

— 1 1
ﬁ va AM cung phuong < ALY Sx=-2

2 2
Vay M(—2;0).

, v 2 ~ — N g
Vidu 17. Trong ma_t)phang Oxy, cho ba véc-to @ = (1;2), b = (—3;1) va ¢ = (6;5). Tim m dé
véc-t6 U =md + b cung phuong véi .

Loi giai. R

Tacé: U =md + b = (m—3;2m+1).

m—3  2m+1
6 5

Suy ra: u cung phuong véi 7 e &S m= 3.

Vay m = -3.

Vi du 18. Trong mit phiang Oxy, cho ba diém A(5;5), B(6; —2), C(—2;4).
a) Chiing minh ba diém A, B, C 1a ba dinh clia mot tam gidc.

b) Tim toa do di€m D sao cho ABCD la hinh binh hanh.

Loi giai.
a) Taco: AB = (1,=7) va AC = (=7;—1).
1 =7 ., 1B v AC khone ci
Vi — # - nén hai véc-to AB va AC khong cung phuong.
Suy ra ba diém A, B, C khong thang hang. Do d6 A, B, C la ba dinh ctia mot tam gidc.
b) Goi D(x;y). Ta c6: AD = (x— 5y — 5) va BC = (—8;6).
x—5=-8 {x =-3

ABCD 12 hinh binh hanh < AD = BC <
y—5=6. y=11.

Vay D(—3;11).
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.

Vi du 19. Trong mit phiang Oxy, cho hai diém A(—2;1) va B(—4;5).
a) Tim trén truc Ox di€ém C sao cho ABCO 1a hinh thang c6 canh ddy 1a AO.

b) Tim toa do giao di€m I cia hai dudng chéo cua hinh thang ABCO.

Loi gidi.

a)

b)

Goi C(x;0) thudc truc Ox. Vi ABCO la hinh thang c6 canh ddy la AO nén AO || BC. Suy ra hai véc-to A0

va IQ cung phlIdng
Taco: A 2;—1) V&EZ (x+4;-5).
4 =5
mvélfcung phuong < % = &S x=6.
Vay C(6;0).
Goi I(x;y) 1a giao diém hai dudng chéo OB va AC cua hinh thang ABCO.

(@)}

7
7z

N\

A 1\\
\\\k ¢
-5 4 3 2 -1 o ) 3 4 5 6 17
Tacé:ﬁ]z(x;y),O?:(—QS) Al = (x+2;y— R (8;
Ta cé: O, I, B thang hang < Ol va OB cung phIIdng 14 = % & 5x—|—4y 0(1).
. — 2 —1
Lai c6: A, I, C thang hang < Al va AC cung phuong x—g = y—l S x+8y=06(2).
2
Sxtdy=0 |¥=73
Tit (1) va (2) ta ¢6 hé phuong trinh: e & 3
x+8y==6. :§
25 6
Vay 1
i ( 3 6)
BAI TAP TU LUYEN

Bai 19. Trong mit phang 0xy,_c>ho hai di€m phan biét A(xs;ya) va B(xp;yg). Ta néi diém M chia doan
thang AB theo ti s6 k # 1 néu MA = kMB. Chiing minh ring:

xA—ka
X =
M= 1%
ya —kys
M=

1—k ~
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Loi giai.

xA—ka
— xa —xp = k(xp—x ™M= T
Tacé:MA:kAﬁ@ AT (s M)<:> 1=k
ya—ym =k(ys —ym)- _ ya—kyp
M= —F""7"-
1—k
XA +XB
XM = .
Khi k = —1 thi 2 Mni trung diém cua doan thang AB.
yatys
M= 3

Bai 20. Trong mit phiang Oxy, cho tam gidc ABC véi A(0;2), B(1;1) va C(—1;—2). Cac diém A’, B, C' 1an
. 1
lugt chia cac doan thang BC, CA, AB theo cac ti sO R -2, —1.
a) Tim toa do cac di€fm A’, B/, C'.
b) Chiing minh ba diém A’, B/, C’ thang hang.
Loi giai.
a) Taco:
— 1
A'B= §A/C = A'(3;4).

—> — 1 2
B'C=-2BA=B <——;—>
3'3
— 13
CA=-CB=C (—;—)
~5\22
— 10 10 — 5 5 — 44—
b) Taco: A'B' = (—?;—?> vaA'C = <_§;_§> = A'B = §A’C’.

< AR . .2 2 N
Suy ra hai véc-to A’B’ va A’C’ cung phuong. Do do, ba di€m A’, B/, C’ thang hang.

Bai 21. Trong mit phiang Oxy, cho hai di€ém A(5;0), B(3;—2). Puong thiang AB cit truc Oy tai diém M.
Trong ba diém A, B, M, diém nao nam giita hai diém con lai?
Loi giai. N
Vi Puong thang AB cit truc Oy tai diém M nén ba diém M, A, B thiang hang. Suy ra hai véc-to E va AM
cung phuong.

. R . ey
Goi M (0;m) thudc truc Oy. Ta co: AB = (=2;-2) vaAM = (—5;m).

H P

E va AM cung phuong & — = M oem=—s.

-2 =2
— 2—
Suy ra M(—2;0). Khi do, ta c6: E = (—2;—-2) vaAM = (—5;-5), suy razﬁ = gAM.

Vay diém B nam giita hai diém A va M.

N e o 2 -2 1
Bai 22. Trong mit phang Oxy, cho ba diém A(6;4), B(3;—-2), C (52)

a) Tim trén truc hoanh diém M sao cho MA 4+ MB dat gia tri nho nhit.
b) Tim trén truc hoanh di€ém N sao cho NA + NC dat gid tri nhd nhit.

Loi giai.
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a)

b)
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Ta c6 hai diém A va B niam vé hai phia d6i v6i truc hoanh.
Véi moi M € Ox, ta cé6 MA+ MB > AB va dau bang xdy ra khi va

chi khi ba diém A, M, B thang hang.

N

Viy MA + MB c6 gia tri nho nhit 1a bang AB, dat dugc khi M 1a
giao diém cilia clia dudng thang AB va truc hoanh.

(98]

Vi M 1a giao diém ciia ctia dudng thang AB va truc hoanh nén ba

diém M, A, B thing hang. Suy ra hai VéC_—t)O AM Vﬁlzﬁ cung phuong.
Goi M(x;0) thudc truc Ox. Ta c6: AM = (x — 6;—4) va AB =

_—

(—3;-6).

—_—

-6 —4
Evémcfmg phu’dng(:)x—3 =— &x=4

—6
Vay M (4;0).

Ta c6 hai diém A va C nam vé mdt phia d6i v6i truc hoanh.
Goi C' 1a diém dbi xting v6i C qua truc hoanh. Khi dé, ta c6

Ny

1

V6i moi N € Ox, ta c6 NA+ NC = NA +NC' > AC' va dau bing

w

xay ra khi va chi khi ba diém A, N, C’ thang hang.

Vay NA + NC c6 gid tri nhd nhit 12 bang AC’, dat dudc khi N 1 giao
diém ctlia ctia duong thang AC’ va truc hoanh.

Vi N 1a giao diém cta ctia duong thang AC’ va truc hoanh nén

P 2 N . 2 —_> N H N
ba di€ém N, A, C' thang hang. Suy ra hai véc-t6 AN va AC’' cung
phuong.

T S

—
Goi N(x;0) thudc truc Ox. Ta c6: AN = (x — 6;—4) va AC' =

a
L — 2(x—6) —4 7
AN va AC’' cung phuong < —2(x=6) = Ex=3

; 11 —6
VeflyN<§;0>.

Bai 23. Trong mit phang Oxy, cho ba diém A(6;4), B(2;3),C(—2;1).

a)

b)

Tim trén truc tung diém M sao cho |[MA — MB| dat gi4 tri 16n nhat.

Tim trén truc tung diém N sao cho [NA — NC| dat gi4 tri 16n nhat.

Li gidi.
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a) Ta c6 hai diém A va B nam vé mot phia dbi véi truc tung. y A
V6i moi M € Oy, ta cé [MA — MB| < AB va diu bing xay rakhi vad 4
chi khi ba diém A, M, B thing hang. _—
Vay [MA — MB| c6 gia tri 16n nhét 1a bing AB, dat dugc khi M 1a 3 - B
giao diém clia clia dudng thang AB va truc tung. s I M
Vi M la giao diém ctia cia dudng thang AB va truc tung nén ba diém
M, A, B thang hang. Suy ra hai véc-td AM va AB cing phuong. 1
0 ) 3 4 5 6 X
—
Goi M(0;y) thudc truc Oy. Ta c6: AM = (—6;y —4) VaAB = (— —1).
— —6 —4 5
AMVQ@ cung phuong < = y—l Sy= X
5
ey (0:3).
ay 5
b) Ta c6 hai diém A va C nam vé& hai phia dbi véi truc hoanh. y A
Goi C' 1a diém dbi xiing v6i C qua truc tung. Khi do6, ta c6 4
Vi moi N € Oy, ta ¢6 [NA — NC| = [NA — NC'| < AC' va dhu pd
bing xay ra khi va chi khi ba diém A, N, C’ thang hang. c = 7
Vay |[NA — NC| c6 gid tri 16n nhét 1a bing AC’, dat dugc khi N 1
N C R 5 5 N 2 TREEN C/
la giao diém cua cua duong thang AC" va truc tung. O
2 —1\/N 2 03 4 5 6 X

ViN la glao dlem clia clia duong thang AC’ va truc tung nén ba diém N, A, C’ thang hang. Suy ra hai
véc-to AN va AC’ cung phuong.

— —
Goi N(0;y) thudc truc Oy. Ta ¢6: AN = (—6;y —4) va AC' = (—4;—3).

— —6 —4 1
AN va AC' cung phuong & — = S Sx=—=.
| —4 -3 2
Va N<0;——).
ay )

III. Bai tap tong hop

Bai 24. Trong Eét phang Oxy, tim toa do ctia cic véc-td sau:

a)d =-51i;

by b =77

0T =—371487;

Od =057 —il7].
L(nglal a) — 57 = (—5;0);

D) B =77 = (0:7):

)T =-37+87 =(-38);

d) 7 — 0,57 —VIT ] = (0,5, —V/11).
Bai 25. Trong mit phang Oxy, cho ba diém A(—3;—1), B(1;1) va C(7;4).
a) Tim toa do ciia AB, BC. Chitng minh A, B, C thing hang.
b) Chiing minh A, B, O khong thang hang. Tim toa do trong tim G ctia tam giac ABO.
¢) Tim toa dd di€ém D trén truc hoanh dé A, B, D thang hang.
Loi giai.
a)Taco;@ (45 2),58:
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Suy razﬁ = %B%

Do dé hai véc-to 1@,3?' cung phuong.

Viy A, B,C thang hang.

b) Ta c6 AO = (3;1). Suy ra AB va AO la hai véc-to khong cung phuong.
Do d6 A, B, O khong thang hang.

Toa do trong tim G cua tam giac ABO

_xatxptxo —3+140 -2

XG

3 3
ya+yp+yo —-14+14+0
2
VﬁyG(—g;O).

¢) Vi D € Ox nén D(x;0) vaAD = (x+3;1)
Do A, B, D thang hang nén E,ﬁ cung phuong

x+3 1 e ]
4 2T
Vay D(—1;0).

Bai 26. Trong mit phang Oxy, cho ba diém A(—2;3), B(2;4) va C(1;-2).
a) Ching minh A, B, C 1a ba dinh cta tam giac.
b) Tinh toa do véc-to AM v6i M 1a trung diém cua BC.
¢) Tinh toa do trong tdm G cua tam giac ABC.
Loi giai.
a) Ta 6 AB = (4;1) VaAC = (3;-5).
Vi g # LS nén E VQR khong cung phuong.
Suy ra A, B, C khong thang hang.
Viy A, B,C la ba dinh ciia mot tam giac.
b) Goi M(x;y) la trung diém ctia BC. Ta c6

7
x@yﬁﬁ?::(i;—z).

¢) Goi G(x;y) la trong tdm tam giac ABC. Ta ¢6

24241 1
-3 3
34422 5

r= 1% —3
wa(L)

Bai 27. Trong mit phang Oxy, cho tam gidc ABC c¢6 A(—2;2), B(1;4), C(5;1).
a) Tim toa do6 trung diém I ctia AC.
b) Tim toa do diém D sao cho t gidc ABCD Ia hinh binh hanh.
Loi giai.
a) Goi I(x;y) 1a trung diém cta AC. Ta c6
=245 3

X =
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3 3)
VayI| =;= ).
Y (2 2
b) Vi ti gidc ABCD 1a hinh binh hanh nén 7 1a trung diém ctia BD.

xp+1 3
=5 1=3 =2
Suy ra 2_|_4 % & D+ & D
YD = yp+4=73 xp=—1.
2 2
Vay D(2;—1).

Bai 28. Trong mit phiang Oxy, cho tam gidc ABC c6 A(2;—1), B(—3;5), C(4;—17).

a) Tim toa do trong tam G cua tam giac ABC.

b) Tim toa do di€ém D sao cho tiic gidc BGCD 1a hinh binh hanh.
Loi giai.

a) Goi G(x;y) la trong tdm tam giac ABC. Ta c6

2-3+4
x="F— =1
—14+5-7
y=—7 =1
Vay G(1;-1).

H
b) Ta c6 CD = (xp — 4;yp +7),GB = (—4:6).
Vi BGCD 14 hinh binh hanh nén CD = GB
4= _4 —
o XD o XD 0
yp+7=06 yp=—1.

Vay toa do di€ém D 1a (0;—1).
Bai 29. Trong mit phang Oxy, cho A(1;6),B(2;2) va C(—2;3).

a) Chiing minh ba di€ém A, B, C tao thanh mot tam giéc.

b) Tim toa do diém D sao cho ABCD 1a mdt hinh binh hanh.

¢) Tim toa do diém E (x; —2) sao cho A, B, E thing hang.
Lui gidi.

3’4
D\\\; A
Vs
Vo
c = \

2\

| B

0 .
—3—2—11 ] 2 37X

2

E

(O8]

a) Ta 6 AB = (1;—4) vaAC = (—3;-3).

1 —4
Vi =3 # — nén@ Végg khong cung phuong.
Suy ra A, B, C khong thang hang.
Vay A, B,C la ba dinh cia mot tam giac.

. . o

b) Goi D(x;y). Tacé Ch = (x+2;y—3),BA = (—1;4).
Vi ABCD la hinh binh hanh nén CI3 = B

79
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x+2=-1 x=-3
= =
y—3=4 y=17.

Vay toa do di€ém D 1a (—3;7).
¢) Tac6 AE = (x— 1;—8),AB = (1;:—4).

. -1 -8
Vi A, B, E thang hang nén * =
Suy ra x = 3.
Vay E(3;-2).

Bai 30. Trong mit phang Oxy, cho hai di€ém B(—3;2) va C(6;5). Tim toa do di€ém A thudc truc tung sao
cho AB + AC bé nhit.

Li gidi.

\9)

p——

]
>'<‘

Vi A thudc truc tung nén A(0;y).

Tac6 BA = (3;y— 2),BC = (9;3).

Vixg = —3 < 0vaxc=6>0nén B vaC nim v& hai phia déi véi truc tung.
Do d6 AB + AC bé nhét khi va chi khi A, B, C thang hang.

_)
Suy ra hai véc-td BA,I@ cung phuong.

3 y-2
Ticla - =—— < y=3.
clag 3 y

Vay A(0;3).

Bai 31. Trong mit phiang Oxy, cho hai di€ém M(—3; —4) va N(3; —2). Tim toa do di€ém P thudc truc Ox sao
cho PM -+ PN bé nht.

Li gidi.
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N

Vi P € Ox nén P(x;0).
Viyy = —4 <0vayy=—2 < 0nén M,N nim cung phia ddi v6i Ox.
Goi N’ 1a diém dbi xiing v6i N qua Ox.
Suy ra N'(3;2) va MN' = (6;6),]\?’ = (x+3;4).
Ta c6 PM + PN = PM + PN'. Do d6 PM + PN bé nhét khi va chi khi PM + PN’ bé nhit.
PM + PN’ bé nhit
& P,M,N' thang hang
—=,
< Hai véc-to Aﬁ’,MN " ciing phuong
x+3 4
c "% Sx=1.
Vay P(1;0).

Bai 32. Trong mit phang Oxy, cho ba diém A(1;—2), B(0;4), C(3;2). Tim diém D sao cho D € Ox va
ABCD la hinh thang day la AB.
Loi giai. Goi D(xp;0) la diém cam tim.

xB_xA:k(xC_XD)@{0—1:3k—k.xD k=3 (nh3

P& ABCD 13 hinh thang thi AB = kDC (k > 0) < =
yB—ya=k(yc—yp) |4—(-2)=2k xXp=—.

10
Viy D <?;0> .

Bai 33. Trong mit phang Oxy, cho tam gidc ABC. Goi G, I, H 1an lugct 1a trong tim, tim dudng tron ngoai
tiép, truc tim clia tam giac ABC. Tim toa do trong tim G biét 1(0;2), H(3;5).
Loi giai.
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Kéo dai Al cit dudng tron tai D.
Ta c6: ACD = 90° = CD | AC ma BH | AC = BH song song CD.
Tuong ty ta cting c6 BD song song HC.
= HCDR la hinh binh hanh.
—— —
Tacé: GA+GBE+GC= 0.

Cheén diém H vao ta suy ra 3(7] HA -+ HE LHC=T0

Theo quy tac hinh binh hanh ta c6 H I—?‘ ﬁ

Ta suy ra du’d_c>3(ﬁ+HA +Iﬁ = 6>

& 3GH 2HI A

3(xH XG) 2()61—)61-1)

s
3(yu —yG) = 2(x1 — xu) ye =1.
Vay G(5;7).

Bai 34. Trong mit phang Oxy, cho ba diém A(5;3), B(2;—3), C(—2;1).

a) Ching minh ring A, B, C 1a ba dinh clia mot tam gidc.

o — B
b) Tim trén truc hoanh diém M sao cho ’MA + Aﬁ +W ) dat gia tri nhé nhat.

4 % ., . 2 A
¢) Tim trén tryc tung diém N sao cho ‘NA — 41@ + 9]\? ‘ dat gia tri nho nhat.

Li gidi.

a) Ta co: AB = (—=3;-6) vaAC = (—=7;-2).
-3 , -6
Vi — # - nén hai véc-to 1@ Vézﬁ khong cung phuong.

CHUONG 1. VECTO
C
D
1
G
B

Suy ra ba diém A, B, C khong thang hang. Do d6 A, B, C 1a ba dinh ctia mot tam gidc.

51
b) Goi G la trong tam tam giac ABC, ta c6: G <3 3)

Ta co: ‘MA—H\@—H\%‘—P ‘—3MG
Do do,

Suy ra M <§;0>.

¢) Goi I 13 diém théa man JA — 4TB+91C = 0.
Goi I(x;y), ta co:
TA—dib+oic— T
x—=5-4(x—2)+9(x+2)
{y—3—4(y—|—3)+9(y—1):
6x+21=0
{6y—24:0.

0
0

? + 7’ nhd nhit < MG nhd nhat < M 1a hinh chiéu cta G trén truc hoanh.
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1@-4J@+9R)

- 17}+17§—4(JV}+1§)+9(1\7}+1_5)(
— 617?+(17i—417§+9ﬁ)‘

— |6N1| = 6N1.

Do do, ’NA - 4]@ + 9]\% ‘ nho nhat < NI nhd nhat < N la hinh chiéu cua 7 trén truc tung.

Suy ra N(0;4).
Bai 35. Trong mit phang Oxy, cho hai diém A(—3;3), B(—1;4). Pudng thiang di qua hai diém A va B cit
truc hoanh tai M va cit truc tung tai N. Tinh dién tich tam gidc OMN va do dai dudng cao clia tam giac
OMN ké tu O.
Loi giai.

i~

w

_—

—_—

2 z 4 . 2 2 ~ . , H N
Vi buong thang AB cit truc Ox tai diém M nén ba diém M, A, B thang hang. Suy ra hai véc-td AM va 1@
cung phuong.

Goi M(x;0) thudc truc Ox. Ta co: AM = (x+3;-3) vaAB = (2;1).
3 -3
AM Vaﬁ cung phuong < e &Sx=-9.

2 1
Vay M(—9;0).
Vi Buong thang AB cit truc Oy tai diém N nén ba diém N, A, B thang hang. Suy ra hai véc-to AN va 1@
cung phuong.
Goi N(0;y) thudc truc Oy. Ta c6: AN = (3;y—3) vaAB =

3 3 9
ANvazﬁ cung phuong < 5= )’T Sy= 5
9
VéyN(O;E).
Vi tam giac OMN vudng tai O nén tam giac OMN co dién tich la:
1 1 9 81
=—-OM.ON = -9.- = —.
Sromn 20 ON 29 7=
Goi H la chan duong cao ké tut O cua tam giac vudong OMN. Khi do, ta co:
1 n 1 4 4 5
OH?> OM? ON? 81 91 81
81 9
Do do, ta c6: OH? = = OH = \/_

5 5
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Bai 36. Cho bon diém phan biét A, B, C, D. Goi I va J 1an ludt 12 trung diém ctia cac doan thang AB va CD;
P va Q lan luot 1a trung diém ctia cac doan theamg AC va BD; M va N lan luot 1a trung diém ctda cac doan
thang AD va BC. Chiing minh ring ba doan thang 1J, PQ va MN c6 cung trung diém.

Lui giai.
B
I C
N7
H— 0 | ,
/P N

AN

T
L

Xét mit phang toa do Oxy. Gia st A(ay;az), B(b1;b), Cc1;c2) va D(dy;d,). Ta c6:

. <a1+b1 a2—|—b2) J<C1+d1.C2+d2
’ 2 72

ay+by+c;+d
4

) . Suy ra trung diém ctia doan thang 1J c¢6 toa do 1a (
(1

(1).

P<al+01 az+62>’ Q(bl—gdl;bz—gdz

<a1+b1+cl—|—d1 a2—|—b2+62+d2> (2)
9 4 M

). Suy ra trung diém ctia doan thang PQ c6 toa do la

. M<a1 —|—d1;a2+d2>, N(bl —l-C];bz-l—Cz
2 2 2 2
(al—}-bl—i—cl—f—dl'az—i—bz—}-Cz—i—dz) (3)

). Suy ra trung diém cta doan thang MN c6 toa do la

4 ’ 4

Tu (1), (2) va (3) suy ra ba doan thing 1J, PQ va MN c6 cung trung diém.
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5. DK KIEM TRA CHUONG I

I. Pésbla

Cau 1. (1 diém) Cho hinh binh hanh ABCD tam O. Goi M, N, P,Q lan lugt la trung diém c4c canh AB, BC,CD, DA
(hinh vé).

D P C

A M B
a) Tir hinh vé, hiy chi ra tit ca cic véc-to dbi clia véc-to zﬁ
<, 1S ~ > A 2 2 . > 2 -~
b) Tu hinh vé, chi ra tat ca cac véc-td bang véc-to OA.

Li gidi.

) — .,

a) CAc véc-t0 dbi ciia véc-t6 AB 1A BANO.CD. . .-+ o+ oo 0,5 diém.
N — 2

b) Céc véc-t0 bing véc-t6 OA 10 CO,PONM. ..o\ oo oo 0,5 diém.

Cau 2. (1 diém) Cho hinh chit nhat ABCD c6 AB = 8 cm, BC = 6 cm.
S o —
a) Chung minh rang, v6i moi diém M, ta ludn co R -HEﬁ)d =AM -l—l% .
b) Tinh do dai véc-to @ = AC+AD — BC.

Loi giai. Hinh vé

A B

a) \ﬁﬁ—kﬁd:m—kﬁ@/@—m:%—ﬁ%@m:m(dlingvéi moi M) nén ta co dfmg

thiic can ching minh. ...... ... ... . . . 0,5 diém.
b) VIAD = BC1én @ = AC+AD —BC=AC. «. o\ oo 0,25 diém.
Do d6 | 7] = ’R‘ — VABZFBCE = 10CIM. oo 0,25 diém.

Cau 3. (2 diém) Cho tam gidc ABC. Tim quy tich cic diém M théa man diéu kién

3‘@’:‘2@—1@—%‘.
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Lisi gidi. Goi 713 trung diém BC, ta ¢6 MB+MC = 2MI. ... ..\ 0,5 diém.

Suyra‘2M—Aﬁ—W):(2@—2}\7}):2@‘ ........................................ 0,5 diém.
2 2

Do dé3‘m‘ - ‘2@?—1@—%‘ SAM=ZAL..Lo 0,5 diém.
7 2 ,

Vay, quy tich cic diém M la dudng tron tdm A, ban kinh r = §AI .............................. 0,5 diém.

0 . N < L e -2 . —
Cau 4. (2 diém) Cho tam giac AﬁC. Goi I va J lan luot 1a cac diém sao cho Iﬁ + 51% =0 va ﬁ — 3J% =0.
Hay phéan tich cac véc-to Al va AJ theo hai véc-to ﬁ,ﬁ .
Loi giai. Hinh vé.

A
B I C J
Tacél%+5[?:6><:>(lj4>+ﬁ)+5(l7\>+ﬁ):ﬁ©ﬁ:éﬁ+gﬁ .................... 1 diém.

ﬁ—3ﬁ:ﬁ@(ﬁ+ﬁ)—3(ﬁ+ﬁ):ﬁ@A_}:—%EJr%R .................... | diém.

o o 0 —
Cau 5. (4 diém) Trong hé toa do Oxy, cho diém M(—3;4), P(1;1) va diém N sao cho ON = 27— ?
a) Chiing minh rang M, N, P khong thang hang. Xac dinh diém Q sao cho MPNQ la hinh binh hanh.
b) Xéc dinh diém I trén truc Oy sao cho ‘17)\7 +I$ + 4IT>4 ‘ dat gid tri nho nhat.

Loi giai.

— 0

Q) TUON =27 — 7 SUY TAN(Z— 1) o r oo 0,25 diém.
LT b .S, -5 N T

Tac6 MN = (5;—5),MP = (4;-3) va 2 #+ —; nén M,N,P khong thang hang. .......... 0,5 diém.

Gid st Q(x;y). Ta 6 MP = (4;—3) VAON = (2= X5 —1 —Y)+ +vveeeeeeeieiii, 0,5 diém.
N . . ) — 4=2—x x=-2 i

MPNQ 12 hinh binh hanh khi MP = ON < e 0,5 diém

—3=-1-y |y=

VAY O(—252). 0,25 diém.

b) Goi K(a;b) 1a diém sao cho I?)V+Ia§+4KM = 0 0,5 diém

Tac6 KN =(2—a;—1—b),KP=(1—a;1 —b),KM = (—3—a;4—b). +.vovvvereern... 0,5 diém
— — 4= 38 .

Do d6 KN + KP+4KM = 0 < g .SuyraK<—§;§> ........................ 0,5 diém.

b—2o
3
Vi I € Oy nén ‘17>V+175+4174’ - ‘61?‘ — 6.IK dat gid tri nh6 nhat khi va chi khi 7 12 hinh chiéu

8 0
vudng goc cua K 1én Oy. Suy ra [ <0; §) ............................................ 0,5 diém.
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II. Pésd1b

Cau 1. (1 diém) Cho hinh binh hanh ABCD tam O. Goi M, N, P,Q lan lugt la trung diém c4c canh AB, BC,CD, DA
(hinh vé).

D P C

A M B
a) Tur hinh vé&, hay chi ra tit ca cc véc-to dbi clia véc-to BC.

b) Tu hinh veé, chi ra tit ca cac véc-to bﬁng véc-to 0?

Lui giai.

2 — ”
a) Cac véc-td doi cua véc-tad ﬁ la C%,DA,W ........................................... 0,5 diém.

N — Y
b) Céc Véc-t0 bAng Véc-t6 OB 12 DO, OM,PN. ..o\ oo 0.5 diém.

Cau 2. (1 dim) Cho hinh thoi ABCD c¢6 AB = 6 cm, BAD = 60°.
N ° —
a) Chung minh rang, v6i moi di€ém M, ta ludn c6 R + W =AM —H@ }
b) Tinh do dai véc-t6 7 = AC +AD — BC.
Loi giai. Hinh vé

D C
A B
— — '
a) WR—FW:AM—HQ@R—AM:B?—W@R:A% (dung v6i moi M) nén ta c6 dang
thidic can ching minh. ...... ... ... . . . 0,5 diém.
b) VIAD = BC1én @ = AC+AD —BC=AC. «. o\ oo 0,25 diém.
Do d6 | 7| = ‘R‘ —2A0 = 633 ClMe oo oo 0,25 diém.

Cau 3. (2 diém) Cho tam gidc ABC. Tim quy tich cac diém M thoa man diéu kién

|MB| = |MA +MB - 2mC|.

Loi giai. Goi / 1a trung diém AB. Ta c6 m —H\@ 2]\7} ................................... 0,5 diém.
Suy ra ‘MA 4 MB— 21%) — (2M1 27( 2G| 0,5 diém.
Do d6 | ‘?‘ - ‘MAHW _C>‘<:>BM 2C. o 0,5 diém.

Vay, quy tich cac di€ém M 1a dudng tron thm B, bankinh r =2IC. ........................... 0,5 diém.
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au 4. (2 di€ém) Cho tam gidac ABC. Goi K va H lan luot 1a cac diém sao cho I@ + 5[@ = O va I-ﬁ —

? = 6> Hay phan tich cac véc-to R va ﬁ theo hai véc-to zﬁ R
Loi giai. Hinh vé.

A
B K C H
Tacoﬁ+5]@‘:6> (KA+@)+5<IZ4>+R):6>®R:%@+%R. ............... 1 diém.
Tacé HE—3HC = 0 < (HA+@)—3(E\>+R):6>@F1:—%@+§R .............. | diém.

2 . g N o A H _->
Cau 5. (4 diém) Trong hé toa do Oxy, cho hai diem N(2;—1),P(1;1) vadiém M sao cho OM = —3 i +47.
a) Chiing minh ring M, N, P khong thang hang. X4c dinh diém Q sao cho MNQP 1a hinh binh hanh.

. -2 —> _> ., . 2 A
b) Xac dinh diém [ trén truc Ox sao cho ‘IN + I? +4IM ‘ dat gid tri nho nhat.

Loi giai.

— -

Q) TUOM = —3 7 44 SUy taM(—354)s o v oo 0,25 diém.
T b .S, =5 . T

Tac6 MN = (5;—5),MP = (4;-3) va 1 # —; én M,N,P khong thang hang. .......... 0,5 diém.

Gia sit Q(x;y). Ta c6 MP = (4 ~3)va QN = (x 2y 1) e 0,5 diém.
=x— 2 x=6 e

MNQP lahinhbinh hanh khi MP=NQ & { |~ ' 0 0,5 diém.

—3=y+ 1 y=—4

VAY O(6; =4 ). oot 0,25 diém
. — o

b) Goi K (a:) Ia diém sao cho KN+163+ 4KM = 0ot 0,5 diém.

Tac6 KN = (2 —a; (1—a; l b),KM = (-3—a;4—b). ................ 0,5 diém.
Kb 2 3.8

Do doKN+K +4KM— O = .SuyraK _5;5 ........................ 0,5 diém.

Vil € Ox nén ’IN+I7>>+4IM‘ ‘61?‘ = 6.IK dat gia tri nho nhit khi va chi khi / 1a hinh chiéu

vuong goéc cua K 1én Ox. Suy ra / (—— 0) .......................................... 0,5 diém.
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III. DPésd2a

Cau 1. (2 diém) Cho hinh binh hanh MNPQ ¢6 I 1a giao di€ém clia hai dudng chéo. Xét céac véc-td c6 diém
dau, diém cudi 1a mot trong cac diém M, N, P, Q, I.

y =
a) Tim véc-to bang MI.

|

b) Tim tét cic cic véc-to dbi ctia Q.

— =
c) Chﬁngminh:m+m+ﬁ+QI: 0.

Loi giai.

N — N P
8) VEC-tObANE MITA TP .. oo oo 0,5
b) Tht c& cdc véc-t6 dbi cta OF T TONT o+ oo oo 0,5 i
¢) Vi tit gidc ABCD 1a hinh binh hanh nén MI = IB,NI =10 ........ 05 & :
A S S S N N T S S 03

Cau 2. (2 diém) Cho tam giac ABC ¢6 M, N, P lan luct 1 trung diém ctia AB, AC va BC. Goi G la trong
tam cua tam giac ABC.

a) Timux,y biét MN — xBC va AC :yﬁ.
b) Phan tich AG theo A va AC.
Loi giai.
a) Do MN la dudng trung binh cua tan giac ABC nén BC = 2MN. B
— 1 %
Suy ra: MN = EB .

2
Do G la trong tam cta tam giac ABC nén AG = §AP.

Suy ra: ﬁ = %ﬁ

2
VY Y
dyy=3
. — 1
b) Do P 1 trung diém cta BC nén AP — ~AB + ER .......................................... 0,5
2
M2 AG = gﬁ
1— 1
Dodé:ﬁzgﬁ—kgﬁ ................................................................ 0.5

Cau 3. (2 di€ém) Trong mit phiang Oxy, cho 3 diém A(1;2), B(5;2) C(2;3).
a) Ching minh 3 diém A, B, C tao thanh 3 dinh clia mot tam gidc.
b) Tim di€ém D sao cho ti gidc ABDC 1a hinh binh hanh.

Lui gidi.



90 CHUONG 1. VECTO

2) TacoAB = (450), AC = (131) . eveeeee e 0,5 c

Suy ra: ﬁ;&kﬁ vk € R.

Do dé, hai véc-to 1@ va R khong cung phuong.
Suy ra, 3 diém A, B, C khong thang hang. A B
Viy, 3 diém A, B, C tao thanh 3 dinh ctia mot tam gidc............ 0,5

—
b) Goi D(x;y). Taco CD = (x—2;y—3).
Tu gidc ABDC la hinh binh hanh @ﬁ C% .............................................. 0,5
x—2=4 x=6
=
y=—3=0 y=3
VAY D = (033) oottt et e et 0,5

Cau 4. (2 diém) Cho tam gidc ABC. Tim diém M sao cho 2MA +2M 2% +M ? 6>

Loi giai.

Goi [l la trung diém clia AB. B
Ta co 2_)MA+2A@+W:
=2 (MA +MB) +MC =

%
o 4MI+M 7 0 10 1
& MC=—4aM]
Viy, diém M nam giita 2 difm C valsaochoMC =4MI..................... 1,0

A C

Cau 5. (2 diém) Trong mit phang Oxy, cho 2 diém A(1;2) va B(3;1). Tim di€ém M thudc Ox sao cho

|MA| +|MB| nho nhi

Loi giai.

Goi A’ 1a diém dbi xing vé6i diém A qua truc Ox. Suy ra A’(1;-2) va  y} 4
_ Al

éﬁMéAgj Khi d6: A'M = (x— 132), AB = (2:3) .o+ ovveee 0,5 | B

Ta c6 ‘MA‘ + ‘?’ =MA+MB=MA'"+MB > A'B.

1 ul
Do do, nho nhit khi va chi chi 3 diém A/, M, B thang hang O M X
0,5
— = x—1=2k
SIkeR* AM=KA'B< { 0,5
2:3k A/
2
k: §
= 7
X==
3
7
VayM: (g,O) .............................................................................. 0,5



5. PE KIEM TRA CHUONG I 91

IV. Désb2b

Cau 1. (2 diém) Cho hinh binh hanh ABCD c6 O la giao di€m clia hai dudng chéo. Xét céac véc-td c6 diém
dau, diém cudi 1a mot trong cac diém A, B, C, D, O.

a) Tim véc-to bing CO.
A, o O {
b) Tim tat cac cac véc-to doi cua OA.
¢) Ching minh: AB + 24C + AD = 3AC.

Lui gidi.

B C
N —
a) VEc-tObAng COTAOA ...\ oo 0,5
" 2 —
b) Tét ci cdc véc-t6 dbi cia OA 1A A0, 0C .. .-\ ' v 0,5 S
¢) Vi tif gidc ABCD Ia hinh binh hanh nén AB+AD = AC............ 05 ¢ e
Do d6:

AB+2AC+AD = AC+2AC =3AC . ...\ 0,5

Cau 2. (2 diém) Cho tam giac ABC c¢6 M, N, P lan ludt 1 trung diém ctia AB, AC va BC. Goi G la trong
tam cua tam giac ABC.

a) Timux, y biétf@ :xm VE\J.C% :ym.
b) Phan tich BG theo AB va BC.
Loi giai.

a) Do MP la dudng tr_u>ng binh cua tan giac ABC nén AC = 2MP. B
Suy ra: AC = —2PM.
VY X =
Do G la trong tam cua tam giac ABC nén CG = 2MG.
Suy ra: C% = —21\%.

VY ¥ = = e
. 1 1
b) Do N la trung diém cua AC nén BN = EB—>A + EB?'
1 1
éﬁ:—iﬁ—i—iﬁ .................................................................. 0.5
2
1 1
Dodé:]ﬁz—gzﬁngB? .............................................................. 0,5

Cau 3. (2 di€ém) Trong mit phiang Oxy, cho 3 diém A(1;3), B(3;4) C(0;3).
a) Ching minh 3 diém A, B, C tao thanh 3 dinh clia mot tam gidc.
b) Tim di€ém D sao cho ti gidc ABCD 1a hinh binh hanh.

Lui gidi.
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2) TacOAB = (251), AC = (—130) ++r e e e 0,5 D

Suy ra: AB  kAC,Vk € R.
Do dé, hai véc-to 1@ va R khong cung phuong.

Suy ra, 3 diém A, B, C khong thang hang. cC A
Viy, 3 diém A, B, C tao thanh 3 dinh clamot tam gidc....................... 0,5

—>
b) Goi D(x;y). Tacoé CD = (x;y —3).
T gidc ABDC 12 hinh binh hanh <> AB = CD ... ... ..o\ 0,5

o x=2 o x=2
y—3= y=4
VAY D = (234 oottt 0,5

A R ., e — —
Cau 4. (2 diém) Cho tam giac ABC. Tim di€ém M sao cho MA —|—m + ZR =0.
Loi giai.

Goi I 121_t>rung diém clia AB. B
Tac6 MA+ MB+2MC =0
SOMI42MC = O oo 1,0
& MC = —Mi I
Vay, diém M 1a trung diém cha doanthang MI .............................. 1,0 >
A C

Cau 5. (2 diém) Trong mit phang Oxy, cho 2 diém A(1;2) va B(3;1). Tim diém M thudc Oy sao cho
’AH‘ + ‘Aﬁ‘ nhé nhit.
Loi giai.

Goi A’ 1a diém dbi xing v6i diém A qua truc Oy. Suy ra A'(—1;2) va y
AM =A'M.
— —_— /
Goi M(0;y). Khi d6: A'M = (1;y—2), AB = (4;—1) ... ... 0,5 A=A
.= ? p p M
Ta co [MA| + |MB| = MA+MB = MA"+ MB > A'B.
— . . . 2 2 B
Do d6, MA( n (m) nhé nhét khi va chi chi 3 diém A’, M, B thing
!
hang .. ... 0,5 19) X
— — 4k =
SJkeR* AM=kAB& { . 0,5
y—2=—k
1
k: Z
& 7
YTy
. 7
Vay M = (O;4_1> .............................................................................. 0,5



5. PE KIEM TRA CHUONG I 93

V. Désob3a

Cau 1. (2 diém) Cho hinh binh hanh ABCD. Chi xét cac véc-td c6 diém dau va diém cudi 1a cac dinh cta
hinh binh hanh ABCD.

a) Hay chi ra cac véc-td cung phuong véi véc-td E

b) Chiing minh ring ﬁ + R’ = R + lﬁ

Loi giai.
D C
A B
a) ﬁ cung phuong véi C—D>, D%, I;ﬂl> .......................................................... 1,0
b) AD+BC = AC+CD+BD+DC=AC+BD .. ... o oo 1.0

N .2 .. . < .2 e ¢ — —
Cau 2. (1 dlem)go tam giac ABC. Goi M, N la cac diém thod man MA —H\ﬁ =0, ]@—i— 3]@ =0.
Phan tich véc-td M N theo hai véc-to zﬁ, R

Loi giai.
C
N
A M B
1 1 1 1
m:AﬁJrEfvziﬁJrZ%:ZABJFZR ................................................ 1,0
_>

Cau 3. Chobavéc-to @ = (1;2), b = (—3;3), @ = (5;-2)

_>
a) Tim toa do véc-to X =2d-3b+27.

_>
b) Phan tich véc-to d theo hai véc-td b va .
Loi giai.
%
a) Taco:2d = (2:4),3b =(—9;9),27 = (10;—4). Vay ¥ = (21:=9) .. ...ooiiiiniieai ., 1,0
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_>
b) Giast @ =mb +n<c.

3 —3m+5n=1 4
Ta co hé .Giaihétadugcm=—-,n=1
’ 3m—2n= 3’
%
Viy @ = §b+7 ...................................................................... 1,0

Cau 4. (3 di€ém) Trong hé truc toa do Oxy, cho ba diém A(1;3), B(2;—3), C(—2;1).
a) Ching minh ba di€ém A, B, C tao thanh ba dinh clia mot tam gidc.
b) Tim tao do diém D sao cho C 1a trong tAm cta tam giac ABD

¢) Tim toa do diém / trén truc Ox sao cho ba diém A, I, B thang hang.

Loi giai.
y
X
a) Ta co: z@ =(1; R —3;-2), do d6 z@ va ﬁ khong cung phuong. Vi vdy, ba diém A, B, C
khong thing hang hay ba dlem dé tao thanh 3 dinh claméttam gidc................cooeina... 1,0
b) Goi D(a,b) la diém sao cho C la trong tim tam giac ABD.
at+1+2
Tacs:{ 2 “=" Vay D(=93 1.0
a co: 1_b+3—3<:> b3 AY D(—9:33) o ,
-—

¢) Gia sit dudng thang qua A va B c6 phuong trinh dang y = ax+ b.
3=a-1+b {a =-6

Ta c6 hé phuong trinh & . Do d6, phuong trinh dudng thang di qua A va B
—3=a-2+Db b=9
lay=—6x+09.
0 5 3
. . . . . Y= xX=z
Giao diém cua duong thang AB véi truc Ox la nghiém cua hé y & 2. Vay, I < ,O)

1,0

Cau 5. (2 diém) Cho tif gidc ABCD.
a) Xéc dinh diém I théa man didu kién IA + 1B +31C = 0 ;
b) Tim tap hop di€m M sao cho ‘m +1ﬁ+3ﬁ‘ =5 ’1@’
Lusi gidi.
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4 > , < 4y . g , — N .o « &
a) Goi P la trung diém cua AB. Luc nay, v6i moi diém [ ta c6: 1A +I% = 21?. Tu gia thiét suy ra
3 4 3 .~ . o R N A . N X
ﬁé = _EI%’ do do6 diém I nam gitia hai diém P, C va dudc lay nhu sau: chia doan PC thanh 5 phan

. . 2
bang nhau roi lay 7 sao cho IC = gPC ..................................................... 1,0

2 — o . A " ~ . LR Y
b) Tu gia thiet ta c6 )MI ‘ = )z@) (v6i I 1a diém dugdc xac dinh 6 cau a). Vay, tap hop cac diém M nam
trén dudng trung truc x'y’ cia doan thang ID. ... ... .. ... oo ii i 1,0
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VI. Désd3b

Cau 1. (2 diém) Cho hinh binh hanh ABCD.Chi xét cic véc-td c6 diém dau va diém cubi la cac dinh cta
hinh binh hanh ABCD.

a) Hay chi ra cac véc-td cung phuong véi véc-td ﬁ)

b) Chiing minh ring 1@ -I-IY' = R-i—lﬁ

Loi giai.
D C
A B
a) ﬁ cung phuong véi @, lf‘, lﬁ .......................................................... 1,0
b) AB+DC = AC+CB+DB+BC=AC+DB ...\ oo 1.0

A [N .z . N s g 2 ~ % % A
Cau 2. (1 diém) Cho tam giac ABC. Goi P, Q la cac diém thoa man Q? — SQZ =0, ﬁ + 31@ = 0.Phan
tich véc-to @ theo hai véc-to AB, R .

Loi giai.

c
P
A
B
o
@:ﬁ+@:ﬁ+ﬁ—%ﬁ:—%ﬁ—%ﬁ ............................................ 1,0
Céu 3. (2 diém) Cho ba véc-to @ = (—1:2), b = (3;—3), T = (5:~2).

_>
a) Tim toa do véc-to XY =2d+3b-27.

. [ . -
b) Phan tich véc-to “d theo hai véc-td b va .
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Loi gidi.

_>
a) Tac6:2d = (—2:4),3b =(9;-9),27¢ = (10;—4). Vay, ¥ = (=3:—1) ... ... 1,0
— 3m+5n=—1 8 1
b) Gidsit @ =mb +nc.Tacéhe " Gidihétadudem=——, n—-~.
—3m—2n=2 9 3
8— 1
Vay @ = —-7+3‘> ................................................................... 1,0

Cau 4. (3 di€ém) Trong hé truc toa do Oxy, cho ba difém A(—1;3), B(—2;-3), C(2;1).
a) Ching minh ba di€ém A, B, C tao thanh ba dinh clia mot tam gidc.
b) Tim tao dd diém D sao cho C la trong tdm clia tam gidc ABD

¢) Tim toa do diém [ trén truc Ox sao cho ba diém A, I, B thang hang.

Loi giai.
Ya
X
a) Ta co: zﬁ = (-1 R (3;-2),do do zﬁ va R khong cung phuong. Vi viy, ba diém A, B, C
khong thang hémg hay ba dlem do6 tao thanh 3 dinh ctamottam gidc............coovvveennn... 1,0
—-1-2
2=1 . .
b) Goi D(a,b) la diém sao cho C la trong tdm tam giac ABD. Ta c6 b43_3© {b Vay
1= o
3
D953 ) et 1,0

¢) Gia st dudng thiang qua A va B c6 phuong trinh dang y = ax+ b.

1a ) 3=—al+b a=6 ) . R s s
Ta co hé & . Do do, phuong trinh duong thang di qua A va Blay = 6x+9.
—3=—a-2+b b=9
3
2 2 = X = ——
Giao diém cua dudng thang AB véi truc Ox la nghiém cia hé Y & 2.
y=6x+9 _
y=0
Va < > 0) 1,0
ay, 1 730 f ,

Cau 5. (2 diém) Cho tif gidc ABCD.
a) Xac dinh diém 7 thda man diéu kién IA + I% + 21% = 0
b) Tim tap hop diém M sao cho ‘MA + ?—kZ?’ = ’?’

Lui gidi.
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2 o » N P . .2 , _> ~ «9 « A
a) Goi P la trung diém cua AB. Luc nay, v6i moi diém [ ta c6: 1A +I% = 21?. Tu gia thiét suy ra
P = —I% , do d6 diém 7 1a trung diém doan thang PC ..............coiuiiiiiiiiaanen... 1,0

4 — ? 0 N 2
b) Tu gia thiet ta co ‘MI ‘ = )M ) Vay, tap hgp cac diém M nam trén dudng trung truc cua doan thang
DD 1,0



