SO GD&PT QUANG BINH KY KIEM TRA CHON POI TUYEN CHINH THU'C
DU THI HSG QUOC GIA NAM 2019

PE CHINH THUC

Mon: TOAN 7 ‘
Thoi gian: 180 phut (khong ké thoi gian giao dé)
Ngay thi thar nhat: 21/08/2018.

Cau 1. (5 diém) Cho day sb thoa ma *
au 1. (5 diém) Cho day so (u,) thoa man VneN"

a) Chting minh rang: day sb c6 gii han hitu han va tim gi6i han do.

2018
b) Chimg minh rdng: » u; <4036.

P
Cau 2: (5 diém)
Cho tam gidc 4BC nhon (AB < AC)c6d H la tryc tm, ndi tiép dudng tron (O). BE,CF
1a cac duong cao cua tam giac ABC(E € AC,F € AB). Puodng thang EF cat BC tai G,
duong thang AG cit dudng tron (O) tai M.

a) Goi T 1a trung diém cua BC. Ching minh: GH L AT .

b) Lay diém P nao d6 trén tia BC (P ndm ngoai doan BC). Pudng tron (O) ct
AP tai I va cit dudng tron dudng kinh AP tai Q (I, Q déu khac A). AQ cit BC tai J.

Chung minh rang: dudng thang 1J ludn di qua mot diém c6 dinh.

Cau 3. (5 diém) Cho P(x)=x"+a, x""'+a, ,x"" +..+ax+a, 1a da thirc véi hé sb
thuc, n 12 s6 nguyén duong chin va co6 n nghiém thuc (khong nhat thiét phan biét). Gia

st y 1a sb thuc duong thdéa man véi moi s6 thuc ¢<y thi P(t)>0.

Ching minh réng: 2/ P(0) =%/ P(y) > y.

Cau 4. (5 diém) Cho 2018 sb nguyén duong a,,a,,...,d,,, va ) nguyén a >1 sao cho

2019

a chia hét cho ¢,.q,.....a,,;. Ching minh rang: @™ +a—1 khong chia hét cho

(a+a1 —1)(a-i—a2 —1)...(a+c12018 —1) ,



SO GD&PT QUANG BINH KY KIEM TRA CHON PQI TUYEN CHiNH THUC

DU THI HSG QUOC GIA NAM 2019

PE CHINH THUC

Mén: TOAN 7 ‘
Thoi gian: 180 phut (khong ké thoi gian giao dé)
Ngay thi thar nhat: 21/08/2018.

HUONG DAN CHAM

(Ddp dn, hwéng dan nay cé 6 trang)
Yéu cau chung

* Pap 4n chi trinh bay mét 10i giai cho mdi bai. Trong bai 1am ciia hoc sinh yéu
ciu phai 1ap ludn 16 gic chit ché, day di, chi tiét va ro rang.

* Trong mdi bai, néu hoc sinh giai sai & bwéc gidi trwde thi cho diém 0 doi véi
nhirng buéc gidi sau c6 lién quan. O ciu hinh, néu hoc sinh khong vé hinh hoic vé
hinh sai thi cho diém 0.

* Piém thanh phan ciia mdi bai néi chung phén chia dén 0,5 diém. Poi véi diém
thanh phan 16n hon 0,5 diém thi tuy t6 giam khao thong nhat dé chiét thanh tirng

0,5 diém.

* Hoc sinh ¢6 10i giai khac dap an (néu diang) van cho diém toi da tuy theo mirc
diém cua tirng bai.
* Piém cda toan bai la tong (khong lam tron so) cia dieém tat ca cac bai

BAI NOI DUNG PIEM
u, =1
Cho diy sé (u,) théa mé .
o day so (u,) théa man =1+ neN"
u,+ 1 5’0
Caul . 2
a) Chirng minh: day so co gioi han hitu han va tim gioi han do. | diém
. 2018
b) Chirng minh rang:  u; <4036.
k=1
2,5
la ’

diem




Tur cach cho day sétaco: u, >0, VneN

. 3 7 . 1
Taco u, =§,u3 :§>u1, u, =E<u2
Xéthamsd f(x)=1+ Ll ,taco f (x) lién tyc va nghich bién trén 1.0
X+ ’
(0;4+00) = 1< f(x)<2,Vx>0.
Tacou, =1+ = f(u,),vneN = (u,) bi chin.
u, <u; = fu)>f(u) =>u, >u, = f(uy) < f(u) =>u, <u; = ...
suy ra day (u,,,,) tdng va day (u,,) giam. 0,5
Theo tiéu chuan Weierstrass suy ra (u,,,,),(1,,) 14 cac ddy hoi tu.
Gia st limu,, =a ; limu,,, =b (a,be[L;2))
Do ham f lién tuc nén:
0,5
Tu u,,,, =f(u,,)=limu,  =limf(u, )=>b=f(a)
T w,,,, = f(u,,,)=limu,, , =lim f(u,,,,) = a=f(b).
b=1+ L
Giai hé phuong trinh Ita o _p- 2.
1
a=1+—— 0,5
1+b
Vay limu, =+/2.
2,5
1b 2
diém
T gia thiét, ta thay u, >1,Vn>1.
? 4P 0,5
Ma ol —2=|1+— | —p= 2T ’
u, +1 (un + 1)
Dodd: u’, >2<u <2. 0,5

Talaico u,=1suyrau’ <2 néunlé; u’ >2 néun chan.

0,5




2—u’
n_ Dy,

& . 9 4 2 _
Véimoin létaco u,,, —2= 5 .
(un + 1)

:>uf+u2 <4.

n+l

0,5

2018

Do do Zu,f :(ul2 +u§)+(u32 +uf)+...+(u§m7 +u§0]8)< 1009.4

k=1

2018
= > u; <4036.

k=1

0,5

Cau?2

Cho tam giac ABC nhon (AB<AC) c6 H la trwc tam, ndi tiép
dwong tron (0). BE,CF la cdac dwong cao cua tam giic ABC
(E e AC,F € AB). Pwong thing EF cit BC tai G, dwong thing AG
cit (0) tai M.

a) Goi T la trung diém ciia BC. Chirng minh GH 1 AT .

b) Ldy diém P nao dé trén tia BC( P nam ngoai doan BC).
DPuong tron (0) cit AP tai I va cit dwong tron dwong kinh AP
tai O (1, Q déu khdc A). AQ cit BC tai J. Chirng minh ring:

dwong thang 1J luén di qua mét diém cé dinh.

530
diém

2a

2,5
diéem




Ta co tir gidc BCEF noi tiép nén GE.GF = GB.GC = GM .GA 0,5
Mit khic GB.GC = GM.GA 0,5
Tt d6 suy ra GE.GF =GM .GA
Do d6 tir gisc AMFE noi tiép
Hon nifa ta co tir gisc AEHF noi tiep duong tron duong kinh AH nén M 0,5
nam trén dudng tron duong kinh AH hay MH 1 M4
Goi R 1a giao diém ciia MH v6i (O) ta c6 AMR =90° nén AR la dudng
0,5
kinh cta (O) suy ra tor giac HBRC 1a hinh binh hanh
Do d6 HR cat BC tai trung diém ctia BC hay M, H,T thang hang. 0,5
Vay H la truc tdm cua tam gidc AGT nén GH 1L AT.
2b 2,5
diém
Goi K 13 giao diém cua IJ véi (O). Ta chimg minh K ¢6 dinh. That vay: 0,5
Goi D 1a giao diém ciia AH v6i BC, Goi L 1a giao diém cua KD véi (O)
( L khac K)
vi ADP=90" suy ra D thudc dudng tron duong kinh AP 0,5
, — —— —_— — —_ 0’5
Ta cd ODJ = QAP = QAI = OKI = OKJ
suy ra tir giac DKQJ noi tiép
, —— —_— —_— —_ 0’5
Do d6 JDL = KOJ = KOA = KLA
suy ra AL//BC nén L ¢6 dinh
Mit khac D ¢b dinh nén K c6 dinh. 0,5
Cho P(x)=x"+a,_x""+a, ,x"7* +...+ax+a, la da thirc véi h¢ sé thuc,
Cau 3 | 1 la s6 nguyén dwong chan va c6 n nghi¢m thwc (khong nhdt thiét 5,0
phadn bi¢y). Gia sw y la so thuc dwong théa man v6i moi sé thwe | gidm

t <y thi P(t)>0. Chirng minh rang: {/P(0)—%/P(y) > y.




Goi x,,x,,...x, 1a n nghiém ciia P(x). Néu ton tai i € {1,2,..,n} sao cho

X; <ythi P(x,)>0 (mau thudn vi x, 1a nghiém cua P(x)) 1,0

Vaytaco 0<y<x(i=1n)

Theo dinh ly Bezout,ta c6: P(x)=(x—x)(x—x,)..(x—x,) .

Vi n chin nén:

P(0)=(~1)" x.X,...%, = X,X,...x, >0 b

P(y)=(y—x)(y—x).(y-x,)=(x-y)(x,—y).(x,— )20

Ta can ching minh:

Gy 2 v+ 4 —3) () —) b0

Ap dung BPT Minkowski thtr II ta cé:

Yxx,..x, = Q/(y+x1 ) (y+x-y)..(y+x,-y)

S RPN P Py wy ey SRSV pepupe oy o B Bl

Suy ra diéu phai chimg minh.

Dau bang xay rakhi x, =x,=..=x, 0,5
Cau 4 | Cho 2018 sé nguyén dwong a,,a,,...,a,, s va so nguyén a > 1 sao cho a

chia hét cho a,.a,.....a,,5. Chitng minh rang a®" +a -1 khéng chia io

hét cho (a+a,—1)(a+a,—1)..(a+ay,~1) diem

Ta chirmg minh bai toan trong truong hop thay s6 2018 boi sé n nguyén

duong bat ki.

Gia st (a+a,—1)(a+a,-1)..(a+a,-1)|a"" +a—1, khi d6 ton tai k nguyén

duong d¢ a™' +a-1=k[(a+a 1) (a+a,~1)..(a+a,-1)] (1) 1,0

Ta chung minh k =1. That vay
Xét theo mod(a—1), tacd a""' +a—1=1(mod(a—1)) va

k[(a +a,—1)(a+a,-1)..(a+a, —1)] =kaa,..qa, (mod(a —l))




Do d6 kaa,..a, =1(mod(a-1)) (2). Dé thdy & =a

Néu k>a+1 thi vP(1)>(a+1)a" >a" +a—1 (miu thuan). Suy ra

ke{l;Z;....;a—l}

A N . 1,0
Theo gia thiet (a,a,..a,;a—1)=1 nén chi c6 duy nhat k {1;2;..;a—1} thda
man (2) va d& thiy # =

a,a,...a,

Néu k > 1 thi (k;a)=k>1,ma VT (1)=-1(moda) nén mau thuan. 1.0
Dodok=1
Khi dé a=aa,..a, va a"" +a—-1=(a+a,-1)(a+a,-1)..(a+a,-1)
Tt d6 suy ra 1,0
(a+a,-1)(a+a,-1)..(a+a,—1)=-1(moda)= [(a1 ~1)(a,-1)...(a, —1)+1]§a
Mit khéc [(a,~1)(a, -1)...(a, -1)+1]<a.
Dau dang thirc xay rakhin=1va a=aq, 1.0

Khi d6 o’ +a-1=2a-1<a=1 (v6 ly). Bai toan dugc chirng minh.

Xét truong hop n = 2018, ta ¢ diéu phai chirmg minh cho bai toan.




SO GD&PT QUANG BINH KY KIEM TRA CHON POI TUYEN CHINH THU'C
‘ DU THI HSG QUOC GIA NAM 2019
PE CHINH THUC

Moén: TOAN 7 ‘
Tho1i gian: 180 phut (khong ké thoi gian giao dé)
Ngay thi tha hai: 22/08/2018.

Cau 5: (6 diém)
Tim tit ca cac ham s6 f: R > R théa man hé thic f(x—y)+ ()= f(x)— )+ () f ()
v&i moi sb thue X,Y.
Cau 6: (7 diém)
Cho tam ABC c¢6 M la trung diém BC. Goi D,E,F lan luot 1a tiép diém cua duodng tron
(1) ndi tiép tam giac ABC véi cac canh BC,CA va AB.Pudng thang EF cit cac duong
thang BI,CI va AM lanluottai X,Yva N.
a) Gia st B,C ¢ dinh va 4 thay d6i trong mit phang sao cho BAC =« khong
d6i(0° < <180°) . Chirng minh: d¢ dai doan thang XY khong doi.
b) Gia str tam gidc ABC khong can. Chung minh: ba diém N,7,D thang hang va
NX _4C
NY AB
Cau 7. (7 diém)
Cho sb nguyén duong n>2. Dién cac s6 1,2,3,...,n° vao tit ca cac 6 vudng ciia mot
bang vudng kich thudc nxn, mdi sé mot 6 vudng. Ching minh rang: ton tai hai 6 vudéng

ké nhau (c6 chung mét canh) ma hiéu hai s6 trong d6 khong nho hon n.



SO GD&PT QUANG BINH KY KIEM TRA CHQON PQI TUYEN CHINH THU'C
o ) DU THI HSG QUOC GIA NAM 2019
PE CHINH THUC

Mon: TOAN

Thoi gian: 180 phat (khdng ké thoi gian giao dé)
Ngay thi thir hai: 22/08/2018.

HUONG DAN CHAM

(Ddp an, huéng dan nay cé 5 trang)
yéu cau chung

* Pap an chi trinh bay mt 10i giai cho mdi bai. Trong bai lam ciia hoc sinh yéu ciu phai
1ap luén 16 gic chit ché, diy du, chi tiét va ro rang.

* Trong mdi bai, néu hoc sinh giai sai & budc gidi trudc thi cho diém 0 dbi véi nhirng buéc
gidi sau co lién quan. O céu 2 néu hoc sinh khong vé hinh hoic vé hinh sai thi cho diém 0.

* Piém thanh phan ciia mdi bai no6i chung phan chia dén 0,5 diém. Poi véi diém thanh
phan 16m hon 0,5 diém thi tuy to giam khao thong nhat dé chlet thanh tung 0,5 diém.

* Hoc sinh c6 1o1i gidi khac dap an (néu ding) van cho diém tdi da tuy theo mirc diém cia
tirng bai.

* Piém ciia toan bai 1 tong (khong 1am tron sd) ciia diém tat ca cac bai

Cau Noi dung Pi¢m

1 | Tim tit cd cdc ham s6 f: R > R théa man hé thirc: 6.0 diém

Sx=2)+ )= f(0) = f(0) + [(x).f(y) v6i mgi 56 thuc x, .

Trong (1) thay x=y=0 ta thy 2 £(0)=f>(0). Suyra f(0)=2 hoic f(0)=0 0,5

Truong hop 1: f(0)=2

Thay x=0 vao (1) ta dugc f(—y)+2=2—-1(y)+21(y) 0.5
hay f(=y)=1(»)
Trong (1) thay y boi —y va két hop véi f(—=y) = f(») tacod

0,5
J e+ y) +fixy) = f(x) - f(y) + f(x) f(y) (2)
Tu(l)va(2)suyra f(x—y)=f(x+y) voimoi x,yeR. 0,5
Tirdo suyra f(x) 1a ham hang
ma f(0)=2 nén f(x)=2
Truong hop 2: f(0)=0

0,5

Thay x=0 vao (1) ta thu dugc f(—y)=—f(y) ,voimoi yeR (3)

Trong (1) thay y boi —y va két hop (3) ta thu duogc 0,5
f(x+y)—fxy) =f(x) + f(y) - fx) f(y) (4)




Cong (1) va (3) theo vé, tacd f(x—y)+f(x+y)=2f(x) voimoi x,yeR 0,5
)

Trong (5) thay x=y va két hop f(0)=0 ta dugc f(2x)=2f(x)

Vay (5) tro thanh f(x — y) + f(x+ y) =1f(2x) 0,5
bat u=x—-y,v=x+ytacod f(u)+f(v)=f(u+v) véimoi u,veR 0,5
Hay f(x+y)=1(x)+1(y) vo6imoi x,yeR (6)

Vay f'la ham cOng tinh trén R

Tu (4) va(6)suyra f(xy)=1f(x)f(y) véimoi x,yeR (7) 0,5
Vay f la ham nhan tinh trén R

Tir d6 ta dugc ham s6 f:R — R théa man £(0) =0 va diéu kién (6), (7) 1a 0,5
f(x)=0va f(x)=x

Thir lai ta thdy ca baham s6 f(x)=0, f(x)=2 f(x)=x déu théa min 0,5
Cho tam ABC c¢6 M la trung diém BC. Goi D,E,F lan lwot la tiép diém | 7.0 diém

ciia dwong tron (I) néi tiép tam giic ABC véi cic canh BC,CA va AB.
Duwong thing EF cit cdc dwong thing BI,CI va AM lin lwot tgi X,Y va
N .
a) Gidsit B,C codinhva A thay déi trong mit phing sao cho
BAC = o khong d6i (0° < o <180°) . Chitng minh 9 ddi doan
thing XY khéng déi.

b) Gid sir tam gigic ABC khéng cin. Chirng minh ba diém N,I,D
NX AC

thing hang va — = —

AB




2a

2,5 diém
Xét tor giac [IEXC
0,5
. VL o A
taco XEC =FEA=90 ) 1
xic=8,C gp0_4 (3
2 2 2
Tu (1) va (2) suyra )?E\Cz)?Y\C 0.5
Suy ra tir gidac IEXC ndi tiép ma /E 1 BC suyra CXT = 90"
hay BXC=90° (3)
Tuong tu ta ¢ BYC =90° @) 0,5
Tir (3) va (4) suy ra Tir giac BCXY ndi tiép (5)
Mit khac JEC = IXC =90" 0,5
Suy ra tir giac ICXE ndi tiép.
— — — BAC «a

Ta c6 B, C ¢ dinh két hop véi (5) va (6) suy ra XY khong doi.




2b 4,5 diém
Dung dudng thang d di qua A song song véi BC cit EF tai K . 0,5
Gia st ID cit d tai H va cat EF tai N' ta chitng minh N' tring N.
That vay: 1,0
Vi cac diém F, H,E cung nhin AI dudi mot goc vudng nén tir giac HFIE noi
tiép
suy ra IHF = FEI = EFI = IHE
Do d6 HI 14 phén gi4c goc FHE
Hon ntra HI 1 HK nén (KN'FE)=—-1= (AK,AN"AF ,AE)=-1 0,5
Tacd d//BC ,M la trung diém BC nén (AK,AM,AB,AC)=—-1 hay
(AK,AN,AF,AE)=-1
Tir do suy ra N trung véi N'.
Goi J 1a giao diém cua Al voi BC
0,5
T ti giac BCXY ndi tiép, suyra NXY =YXB=YCB=ICJ
U B I I a— 10
Mat khac NIX = BID =90 _E:E+E:IAC+ICA =JIC
NX JB
Suyra ANIX ~AJIC = ——=— (%)
NI JI
NY JB 0,5
Tuong tu ta cling c6 —— = — (*%)
NI JI
NX JC AC 0,5
Tu (*) va (**) suy ra = =
NY JB AB
3 Cho s6 nguyén dwong n>2. Dién cdic s6 1,2,3,...,n° vdo tdt cd cdc 6
vudng ciia moét bang vuéng kich thuéc nxn, méi s6 mot 6 vuéng. Chirng i
N A . . oA A A r A \ . A . 7 d”\
minh rang: ton tai hai 6 vuong ké nhau (co chung mot canh) ma hiéu hai fem
s6 trong dé khéng nhé hon n.
Goi k 14 80 nguyén nho nhat sao cho ton tai mot hang hoac mot ¢dt chi chira L0

cac sb thudc tap {1,2,...,k}




16 | 14 |5

l 3 6] 9

Chéng han trong hinh v€ trén, néu xét theo hang thi phén ttr 1on nhat mdi hang
13 11,16,15,12, s6 bé nhit trong d6 1a 11. Néu xét theo cot, cac sb 16n nhit 1a
11,16,14,15, s6 bé nhét trong d6 1a 11. So sanh hang va cot d6, thiy hang 1 1a

hang chira cac s6 1,11,4,10, déu 1a cac sd thudce tap {1,2,...,11}

Gia st s6 k thude hang r va ¢t c, cac 0 con lai cua hang r déu thudc tap
{L2,....k—1}.
Nhan xét: Mbi cot trir c¢ot ¢ déu chira it nhat mot sé >k +1 va khong phai tat ca

cac 6 cung cot déu > k+1. Suy ra cot thi i tiy y phai chira mot cap (a,,b,) ké

nhauma a, <k-1b, > k+1.

1,5

(1) Néu ton tai mot 6 cua cdt ¢ chira s >k +1 thi cot ¢ chira cap (a,b) ké

nhauma a<k,b>k+1

(2) Néu moi 6 cua cot ¢ déu <k thi ¢ chua cap (a,b) ké nhau ma

a<k-1,b=k,.

1,0

Nhu véy, trong moi trudng hop, ton tai cap (@;,b,) ké nhau trong cot thir i ma
max{a,,a,,...,a,} =A< B=min{b,b,,...,D }.

Néu (1) xayrathi A=k, B=k+1.
Néu (2) xay rathi A=k - 1, B=k.

1,0

Tur do Zbl. 2B+B+1+B+2+---+B+n—1=(B+n7_1)n va

i=1

3, SA+A—1+---+(A—n+1)=(A—nT_1)n.

i=1

1,5

Suyra ) (b,—a)=n’ nén ton tai Jibj—a,2n.
i=1

Diéu phai chirng minh.

1,0
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