SO GD — BT TINH BA RIA — VUONG TAU KY THI OLYMPIC TRUYEN THONG 30 THANG 4

TRUONG THPT CHUYEN LE QUY PON LAN THU XXVIII - NAM 2024
‘ MON THI : TOAN - KHOI : 11
| PE CHINH THUC | Thoi gian 1am bai : 180 phut

Dé thi gdm c6 01 trang

Lueu y : Thi sinh lam méi cdu trén mét to gidy riéng va ghi ré sé thir ti cu & trang 1 ciia moi to gidy thi.
Thi sinh KHONG duwoc sir dung tai liéu va mdy tinh cam tay.

Céu 1 (4,0 diém). Cho hai da thirc P(x)=x"-2x-1va Q(x)=x"+x"-4x’ —x* 1.
a) Chung minh da thirc P(x) c6 ding hai nghiém thyc phéan biét.
b) Goi hai nghiém thuc phan biét cua P(x) 1a u va v. Chimng minh uv 12 mot nghiém cia O(x).

: , 1+ 1+x2 -
Cau 2 (3,0 diem). Cho diy s6 (x,) xac dinh boi x, =1;x,,, = 5 " v6imoi n nguyén duong. Chimg
T+1+x +x,

minh diy sb (xn) c0 gidi han hitu han va tinh giéi han do.

Céu 3 (4,0 diém). Cho s6 nguyén duong m (m>2). Goi p 1a uéc nguyén t6 ciia 2* +1. Gid st p=£k.2" +1
v6i k 1 s6 nguyén duong 1é va n 1a sé nguyén duong.

a) Chimg minh n>m+1.

b) Ching minh k%" —1 chia hét cho p.

Céu 4 (5,0 diém). Cho tam gidc ABC nhon (AB < AC) ndi tiép dudng tron (O) vacé H la tryc tim. Goi M
1a trung diém canh BC. Pudng tron ngoai tiép tam giac HBC cit doan thing AM tai K; tiép tuyén ctia (0) tai
A cat duong thaing BC & diém S.
a) Chimg minh MK.MA = MB* va SA = SK. ,
b) Duong thiang SK cat hai canh AB, AC lan luot tai P,Q. Goi T la tam dudng tron ngoai ti€p tam gidc
APQ. Chimg minh dudng tron ngoai tiép tam gidc TPQ tiép xlic véi dudng tron (O).

Céu 5 (4,0 diém). Ban chip hanh Poan truong THPT X gdm c6 n thanh vién. Trong nim hoc, Poan truong t6
chitc m chuong trinh, mdi chwong trinh c6 dung & thanh vién trong ban chip hanh tham gia. Mdi thanh vién
trong ban chap hanh tham gia it nhit mot chwong trinh.
a) Cho m=8;k =3. Biét rang v&i hai chuong trinh bat ky ludn c6 diing mot thanh vién trong ban chap
hanh tham gia cé hai chuong trinh d6. Chiing minh n =17.
b) Cho n=25;k =10. Biét ring v6i hai chuong trinh bat ky ludn c6 khong qua 3 thanh vién trong ban
chap hanh cung tham gia. Chtrng minh m < 6.
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PAP AN CHINH THUC
MON : TOAN - KHOI : 11
Ciu 1 (4,0 diém). Cho hai da thuc P(x) =x*'—2x-1va Q(x) =x®+xt—4x’ —x* -1
a) Chiung minh da thitc P(x) c6 ding hai nghiém thyc phan biét.

b) Goi hai nghiém thyc phan biét cua P(x) 1a u va v. Chimg minh uv 13 mét nghiém cua Q(x).

Cau Noi dung Pi¢m
P'(x)=4x3—2;P'(x)=0©x=i/; 1,0
la
Ma lim P(x)=+oo; lim P(x)=+00 va P(£J<O:P(x) c6 dung hai nghiém thuc. 1,0
D& thiy u#0;v#0 va u* =2u+1;v* =2v+1. 0,5
Pit a =uv, tacod a’ = LY R :l+2u+v+4:>a(a3—4)=1+2(u+v) *)
u % a a 0,5
Laico 2(u—v):u4 —y* :(u—v)(if +v’ +uv(u+v))
1b :>2:(l+2)+(l+ZJ+uv(u+v):4+u—+v+a(u+v):4+(u+v)[a+lj 0,5
u v a a
—2a
Su+v=—
a +1
Thay vao (*) thu duoc o' —4a =1- 42105 =a’+a*-4a’-a’-1=0. 0.5
a” +1 ’

Vay a =uv la mot nghiém cia da thuc Q(x).

" . C 1+41+x° —
Cau 2 (3,0 diém). Cho day s (x,) biétring x, =1x,,, = \/i u

2
I+41+x; +x,

n

v6i moi n nguyén duong. Chung minh

day s6 (x,) c6 gi6i han va tinh giéi han d6.

Cach 1.
Cau Néi dung Pidm
3 ) * An tai 0,5
Tur gid thiet ta thay x, >0 Vne N = tontai ¢, € (O;%} sao cho x, =tang, . )
I+ ~tang, 1 - cos Zr —sin &z
+ —
Taco tang, , = cos @, _I+cosg, s%ngon _ 05
1+ +tan g l+cos¢p, +sing, Cos&—ksin&
Cos @, 2
0,5
—tang@, , =cot ﬁ+£ =tan Z_P . ’
2 4 4 2
. 0,5
2 | Mma ®, € 0;1 T P 0;1 :>(p”+1:£_(pn VneN. s
2 4 2 2 4 2




r 1 7T . T 7T IR, .
Khi do : ——=—l@p,——|VneN ¢ ——=|¢p,—— || ——| VneN.
(Dn+1 6 2[¢n 6) ¢n 6 (gol 6)[ 2}
1 0,5
r xf 1Y\ .
Ha =—+4+—|-——=| VmeN.
O 6 12( 2]
: . r o 1\ T 3
limx =limtan| —+—| —— =tan—=—. 0.5
6 12\ 2 6 3 ’
Cach 2.
Ciu Noi dung Piém
Dé thay x, >0Vne N’
1,0
1
A
JI+x + .
Taco x,,, = 5T ! =J1+x’ —x, VneN".
1+\/1+xj+xn \/1+xj+xn
1 2
(1+x3)—(xn+j
:>xn+l—%‘:‘«/l+xj—xn—%‘= \/13 = 2 ) .xn—%‘
JI+X2 +x, +——= 3 Jl+x +x +—
: ‘ & | B 10
Ma \5(«/1+xf+xn+i}> 3(1+L]=x/§+l‘v’neN*.
V3 3
1 2 1
Nén |x, , ——=|<—F—=|x, ——=|VneN
B B
n—1
1 2 1 .
Dod6 |x, ——|<| ——=| .|x,——F=| VneN.
"3 [1+\/§j l «/5‘ 1.0
9
n—1
Do lim(ij =0=lim xn—L =0=limx, =L=£.
1+4/3 3 NER

Céu 3 (4,0 diém). Cho sb nguyén duong m (m>2). Goi p 1a u6c nguyén to cia 2° +1. Gid st p=k.2" +1 v6i
k 1a s6 nguyén dwong 1é va n 1a s6 nguyén duong.

a) Chung minh n>m+1.

b) Ching minh k>~ —1 chia hét cho p.

Cau Noi dung Pi¢m
D& thdy p 1é nén theo dinh Iy Fermat = p |27 —1=2"* —1. 0,5
Tir gia thiét p|27 +1]2%" 1= p| gcd(zz'"” —1;2k —1) 0,5
3a m+l n ,

Ta c6 gcd(zz”’* —1;2% —1) _ o) ) Néu n<m = ged(2";k2")=2" |2". 0.5

Khido p|2* —1]2%" -1 didunay vo Iy do p|2*" +1. Do d6 phai c6 n>m+1. 0,5

Taco m>2=8|2""|2"| p—1= p=1(mod8) 0,5
2 pt 2=

| = :(_1)2 =1=22? El(modp). 0,5
p 9




1
Pit d =ord 2=d | £ == 2d|p-1.
2

3P| Tuy nhien do 2% = ~1(mod p) va 2" =1(mod p)=d |2"" va d[2" = d =2"" 05
Dén day ta thdy n=v,(p-1)=v,(2d)=m+2.
= p|2"" —112" —1=2%" =1(mod p).
0,5

Dodo 1=(-1)" =(k2') = (2} & =k (mod p).

Ciu 4 (5,0 diém). Cho tam gidc ABC nhon (AB < AC) ndi tiép dudng tron (O) vacod H 1a truc tim. Goi M 1a
trung diém canh BC. Puong tron ngoai tiép tam giac HBC cat doan thang AM tai K; tiép tuyén cia (O) tai 4
cat duong thing BC & diém S.

a) Chung minh MK.MA=MB* va SA=SK.

b) DPuong théng SK cat hai canh AB, AC lan luot tai P, 0. Goi T la tdm dudng tron ngoai tiép tam giac

APQ. Chimg minh duong tron ngoai tiép tam gidc TPQ tiép xtc véi dudng tron (O).

Ciu Noi dung Piém
V& dudng cao BE cua tam gidc ABC. D@ thdy ME 1a tiép tuyén cua (AHE) tai E.
Goi K' la giao diém thir hai cua MA va (AHE). Ta c6 MK'.MA=ME". 05
= MK'.MA=MB> =MC".
Hai tam gidc MBK',MAB dong dang = MK'B = MBA. 1.0

Hai tam giac MCK',MAC ddng dang = MK 'C = MCA.
4a | Khid6 BK'C=MBA+MCA=BHC = K'e(BHC)= K'=K. Viy MK.MA = MB".




Hai tam giac MBK',MAB dong dang = kB =@. Tuong tu Kc = MK = KB = KC. 0.5
AB MB AC MC AB AC ’

Goi N la diém di xtmg cia K qua BC = N (0) (do (HBC);(0) ddi xtmg nhau qua BC
. , NB KB KC NC
). Laico = = =

AB AB AC AC
Do d6 S4=SN = SK.
Puong thang CK, BK cit lai (O) tai Y,Z khac C,B. Do ba diém P,K,Q thang hang nén

= (AN,BC)=-1= SN la tiép tuyén cta (O). 0,5

hai dudng thang YP,ZQ cit nhau tai X thugc dudng tron (O). 05

D& thdy SK* = S4° = SB.SC = SK tiép xic (BKC)= SKB = KCB = PXB = KPBX ndi 0

tiep. Twong tw KQCX ndi tiep. ’
4b | Luc nay PXO = PBK +QCK =/ﬁ+ﬁ—(@+@):1800 ~2BAC.

(Do KBC + KCB =180° — BKC =180° — BHC = BAC). 1,0

Ma PTQ =2BAC = PTQ+PXQ =180° = X (TPQ).

Ta c6 XPQ = XBK = XYZ = PQ|| YZ. Tix ddy suy ra hai duong tron (XPQ),(0) tiép xuc 05

nhau tai X. Vay (TPQ) va (O) tiép xtc nhau.

Ciu 5 (4,0 diém). Ban chip hanh Poan truong THPT X gdm c6 n thanh vién. Trong nim hoc, Poan trudng to
chitc m chuong trinh, mdi chwong trinh ¢6 dung k thanh vién trong ban chap hanh tham gia. Mdi thanh vién trong
ban chp hanh tham gia it nhat mot chuong trinh.
a) Cho m=8;k =3. Biét ring véi hai chuong trinh bat ky ludn c6 dung mot thanh vién trong ban chap
hanh tham gia cé hai chuong trinh d6. Chung minh n =17.
b) Cho n=25;k=10. Biét ring voi hai chuong trinh bat ky luén c6 khéng qua 3 thanh vién trong ban
chap hanh ctng tham gia. Chimg minh m < 6.

Cau Noi dung DPiém
Ta danh so thur tu cac chuong trinh 1a 1,2,3,...,8. Gia sit chuong trinh 1 c¢6 ba thanh vién
tham gia la 4, B, C. Khi d6 mdi chuong trinh 2,3,....8 c6 ding mét trong ba thanh vién 0,5

A, B,C tham du. Theo nguyén ly Dirichlet thi c6 mot trong ba thanh vién A4, B,C tham gia it
nhét ba trong bay chwong trinh2,3,...,8.

Khéng giam tong quat gia sit A 13 thanh vién tham gia ba chuong trinh 2,3,4. Khi d6 gia str
5a | c4c thanh vién tham du chuong trinh 1,2,3,4 lan lugt1a (4,B,C),(4,D,E),(4,F,G),

(4,H,I). Ta ching minh 4 c6 tham dy tat ca chuwong trinh 5,6,7,8. That vay : gia st 4 1,0
khong tham dy chuong trinh 5. Khi d6 trong céc cdp (B,C),(D,E),(F,G),(H,I) mdi cap

c6 dung mot thanh vién tham dy chuong trinh 5. Diéu nay v6 1y do chuong trinh nay chi ¢6
ding 3 thanh vién tham du.

Nhu vay 4 c6 tham dy du tam chuong trinh va ngoai 4 thi mdi chuong trinh con c6 thém 0,5
hai thanh vién khac =>n=1+2.8=17.

Goi S 1a 86 bo ({x; y} ;t) trong do {x; y} 1a hai chuong trinh (khong c6 thtr tu) va ¢ 1a thanh
vién tham gia ca hai chuwong trinh. S& cach chon cip {x; y} 12 C2. Do hai chuong trinh ¢6
chung khong qua ba thanh vién nén v6i mdi cdp {x;y} c6 khong qua 3 cach chon thanh vién | 0,5

t:>Ss3Cj:M.




Sb

Tadém S béng cach khac. Vi mdi thanh vién ¢ € {1;2;...;25} , taky hiéu x, 1a ) chuong

trinh ma thanh vién nay tham gia. Do mdi chuong trinh ¢6 10 thanh vién nén

X, +X, +.t X, =10m. 05
V6i mdi thanh vién ¢, s6 cach chon cip {x;y} 1a C. =8 =C; +C. +..+C,
g XX Fat X X X ot X N (X, 4%+t X5 )] XX Xy
. 22 2 2.2;( 2 ) 2 0,5
m 1 m- —m

:SZ%—%=2M2—5M Dods 2m>—sm< L= m<7.

Gia st m=7 = cac dang thiic & trén phai xay ra. Khi d6 x, = x, =...= x,, va do )
5
9

X+ X, ++ X =10m =70 = x, =;—(5) (v6 ly). Vay ta phai c6 m <6.
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