PHUGONG PHAP U, V, T, W
PHAN TiCH NHAN TU PHUONG TRINH VO TY

(Bui Thé Viet - Chuyén gia Thii Thudat CASIO)

A. Giéi thiéu

Toi (Bui Thé Viet) tham gia dién dan ti hoi 16p 8. Khi d6, t6i vo cling thdc méac vi sao cac anh
chi giai dé thi dai hoc lai c6 thé giai quyét nhitng bai toan vé PTVT, BPT, HPT, ... mot cach nhanh gon
nhu dat an phu hop 1y, nhém nhan tit, lay PT(1) + kPT(2), ... Tit d6, toi tit may mo nghién ctiu va da co
nhiéu phuong phap, thi thuat CASIO hd trg qua trinh gidi toan. Vi du nhu 16p 9 toi dang len dién dan
thti thuat giai phuong trinh bac 4, rit gon biéu thitc, chia biéu thtec, ... nhanh chéng bing CASIO; 16p
10 dang tht thuat phan tich nhan tit, chia biéu thic chita can, S.0.S chtitng minh phuong trinh bac 4 vo
nghiém, gidi BDT bang CASIO, ...

Ciing nhd mot thoi chém mua chém gi6 trén dién dan, toi da truéng thanh hon nhiéu, va trong ky
thi THPT Qudc Gia 2015, t6i da duge tron ven 10 diém moén toan (82/900.000 ngudi duge diem 10). Gis
toi da la sinh vien nam nhat, v cling 1a gido vién trung tam luyen thi Vted.vn ctia anh Dang Thanh Nam.
Vay ma dén tan bay gio, t6i méi quay trd lai dién dan. Mudn lam mot gi d6 moi mdi, toi mudn gisi thieu
cho ban doc phuong phap U, V, T, W dé giai phuong trinh vo ty dang mot can va nhiéu can thic ...

B. Y tudng

Ban doc da bao gio thic mic lam thé nao ma cé thé phan tich duge nhan tit thanh nhu sau :

a)z® + 3242 —2°V222 —r — 1= <x+1—\/2x2—x—1) (\/sz—x—1+x2+x+1>
b)M—l—(M—l)ﬂ—z(ggH)\/ﬁ:(M—zx/x—ﬂ—l) (\/1—x+\/x+1—1>2

Déi v6i mot s6 ngudi tu duy tot, ho sé hy huc ngdi nhap, tach di kiéu dé sao c¢6 nhan tii chung roi
di nhém nhan lien hop. Tuy nhién, v6i nhitng ngusi lusi tu duy nhu t6i hoac nhu mot phan khong nhé
cac ban khac, ching ta can mot cong cu hd trg viec phan tich nhan ti nhu trén. D6 1a chiéec may tinh
CASIO hosic VINACAL ma chic hén ban doc nao ciing co.

Dé lam dugc diéu nhu trén, toi chia bai toan thanh 3 giai doan :

Buéce 1: Tim nhan ti
Budc 2: Chia biéu thic
Bu6ce 3: Tiép tuc tim nhan tit (néu con) hosic danh gia vo nghiem.

Cu thé chi tiét timg phan, toi sé trinh bay & dudi.

Tuy nhien U, V, T, W ma la gi ? U, V, T, W khong hén 1a mot phuong phép, ma day 1a mot cong
thiic dé thuc hien buéc 2 - chia biéu thitc. Day ciing chinh 13 méau chét cho viéc phan tich thanh nhan ti
bang CASIO.

C. Yéu cau
D6i véi mot s6 ban doc chua biét nhiéu vé CASIO, vui long xem qua bai viét nay hosic xem video

nay hodc tai lieu PDF chi tiét hon ¢ day. Cu thé, thit ching ta can bao gom :
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e Rit gon biéu thiic bing CASIO

e Tim céac nghiém bing CASIO

e Ky nang st dung CASIO nhu CALC, STO, ENG, ...
e Lam viéc véi s6 phiic trong Mode 2 CMPLX

D. Thuc hién

Ching ta & 1an luct di qua timg giai doan ctia Y Tudng tren :
Phan 1: Tim nhan ti :

Lam thé nao dé tim duge nhan t& ? Lam sao dé biét 22 + 3z + 2 — 22v/222 — 2 — 1 ¢6 nhan ti
(e +1-v2aZ—2—1)772

Phuong phap tim nhan tit don gian nhu sau :

Néu nhan tit ¢c6 nghiém x = x( thi phuong trinh ban dau ciing c6 nghiém x = z, Vay thi néu ching
ta biét phuong trinh ban dau c6 nghiém x = x4 thi sé tim duge nhan tit chita nghiem = = x ay.

3+ V17
Vi du: Phuong trinh 2® + 32 + 2 = 22v/222 — 2 — 1 ¢6 nghiém 2 = +T

21 +5V17 5+ V17
Khi d6 V222 —2 — 1= +2 = +2 :x+1suyranhantﬁ’la(\/sz—x—l—x—l)

Van dé can dugc giai quyét ¢ day gom :
e Lam thé ndo dé tim duge nghiém 18 nhu = =

3+V17
2

21+5V17 54+ V17
2 - 2

e Lam thé nao bién d6i nhanh chong
e Lam thé nao dé tim dugc nhan ti khi biét nghiem hitu ty ?

Nho qua trinh may mo, nghién cttu dya theo y tuéng trén, toi da xay dung duge tha thuat tim nhan ti

cho phuong trinh vo ty nhu sau :
e Mot can thic f(x) + g(x)v/h(z) =0
e Nhiéu can thic Uv/p(z) + V/q(z) + T\/p(z)q(z) + W =0

Budc 1: Viét bidu thiic. An Shift + SOLVE, tim cac nghiém (néu ¢6) va luu vao A, B, C, ...
Buéc 2: Xét cac truong hop nghiém
SRR N kithkeQ S
TH1: Phuong trinh ¢6 it nhat 2 nghiém vo ty k1, ks sao cho hoac it nhat 2 nghiém hitu ty
kiks € Q
kl) k:Z € Q

Khi d6 nhan ti sé 1a :

/A — /R
<\/h(:c) +oaz + b) voi ko — ks
b = —/ h(kl) - b/{?l




ok — Vlks)
(Vp(2) + ay/glw) +b) vei Valk) - Va(k)
b —\/p<k1) _a\/Q(kl)

TH2: Phuong trinh ¢6 1 nghiém vo ty k; hodc ¢6 1 nghiém hitu ty k.

Xét phuong trinh ddi dau f(z) — g(z)y/h(x) = 0 hoac dbi v6i dang nhiéu can la :

o —Uv/p(2) +V/q(z) — T\/p(x)q(z) + W =0
o U\/p(z) — V/q(z) — T\/p(x)q(z) + W =0
o —Uy/p(z) — V/q(z) + T/p(z)q(z) + W =0

. SR o kithkeQ S
Néu phuong trinh nay c6 thém nghiém vo ty ks sao cho hoac 1 nghiém hitu ty ke € Q

kiks € Q
Khi d6 nhan ti sé 1a :

/AR + /AR
(VA@) +az +b) voi [
b= —/h(ki) — ak
o — VPR +my/p(kz)
(V@) +av/q(z) +b) voi Valks) +ny/alks)
= —/p(k1) — av/q(k1)

e Néu ky sinh ra tit phuong trinh ddi dau /p(z) thim =1 van = —1.

e Néu k; sinh ra tit phuong trinh doi dau /q(z) thi m = —1 van = 1.

e Néu k; sinh ra tit phuong trinh doi dau /p(z)q(z) thim =1 van = 1.

TH3: Phuong trinh déi dau khong tim duge ky thdéa man diéu kién trén. Ching ta sé xem xét né ¢ phan
nang cao.
Vi du minh hoa:
Vi du 1: Giai phuong trinh:
-4 5=z —-2)vV222 -1
Budc 1: Nhap 2% — 2245 — 2 (x — 2) V222 — 1 va tim cac nghiem, ta duge 2 nghiem 1a k; = 5 va ky = —1.

_ _\/h(lﬁ) — /h(ks) _

Budc 2: Nhan tit (\/2 2 —1+az+ b) voi & ¢ T — ko

b=—/h(ky) — aky = —

Két luan: Nhan tit 1a (\/2x2 o 2)

Vi du 2: Giai phuong trinh:

(2z+45)Ve—1-—Bz-5)Vr+3—Ve+3/or—1+42—-11=0

Bué6c 1: Nhap 2z +5) Ve —1— 3z —5)Va +3— Vo +3vVae — 1+4x— 11 v tim cac nghiém, ta duge
2 nghiém la k; = 12.166563 va ko = 1.433436



L Vplk) = Vplks) 3
Buéc 2: Nhan tu (\/I —1l+avx+3+ b) véi \/Q(lﬁ) - \/Q(kz) 52
b= —+/p(k1) —a/q(k1) = 5

K&t luan: Nhan tit 1a (2\/20 “1-3Vz 13+ 5)

Vi du 3: Giai phuong trinh:
42° —6x+3=(22"+32—4) V222 -1

Budc 1: Nhap 42° — 62 + 3 = (2 > +3z— 4) V222 — 1 va tim cac nghiém, ta dugc 3 nghiém la
ky = 3.2247448 va ko = —1.724744 va ks = 1

BuGc 2: Thanh thit thay k; + k2 ¢ Q Tat ca cac nghiém roi vao TH2

Tim nghiém phuong trinh

42° —6x+3+ (22°+ 32 —4) V222 —1=0

Ta duge 3 nghiém 1a ky = 0.7247448 va k5 = 0.775255 va kg = —1

. ky + ks €
Thanh thi thay ¢ Q
ko + ks €Q
" _\/h(kl) + /h(ks) _
Vay phuong trinh nay ¢6 3 nhan tit <\/2 22 —14ax+ b) voi ke — ks va tuong

b=— h(kl)—a]ﬁ:Q
tu cho cac cap (ka, kq) va (ks, k¢)
K&t luan: Nhan tit 1a (\/2 o R 2) v (2\/2 22— 142 — 1) v (\/2 21— a;>

Vi du 4: Giai phuong trinh:

11vV22—1—-7vV32x+1-5V22x—1V3x+1+10x+5

Buéc 1: Nhap 11vV22 —1—-7vV32+1—-5v22 — 13z + 14 102 + 5 ta dude 2 nghiem 1a k; = 5 va
ko = 0.549157...

Buéc 2: Déi dau trude can:

o —11V22—-1-7V32+1+5V22—1V32+1+102+5=0 c6 nghiem ks = 1.

e 11V22x —14+7V32+1+5vV22x—1V32x+1+102+ 5 = 0 vo nghiém.

o 11V22 —14+7V32+14+5vV22—1vV32x+1+102+5 =0 c6 nghiem k, = 2.330842...

Vay ap dung cong thic véi (ky, k3) va (ko, k4) ta duge nhan tii dang (\/p(:p) + a/q(x) + b) v6i

(o) + folRs)

a= = -2

. Vi) — Valks)
\ b= _\/m_ a’\/m =9

( _ \/p(kz) + \/p(/f4) o

a =

. Valks) + Valk)
\ b= —+/p(ks) —ar/q(kz) = 3
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K&t Tuan: Nhan tit Ia (W—2m+5) va (2\/2:10— 1—v3z+ 1+1)

Nhan xét: C6 1& budc tim nhan ti nay quyét dinh t6i huéng di ctia bai toan. Ching ta c6 thé nhd nhan
ti tim dugce nay dé nhém hop Iy trong phuong phap nhan lién hgp hoac dat an phu. Ban doc ¢6 thé tu
minh tim 16i giai cho 4 bai toan trén nho cac nhan tit tim duge.

Nhiéu ban c6 suy nghi "tré trau", bai ndo ciing di binh phuong khit can thitc nén nghi ring tim nhan
t vita kho vita lau. Lau hay khong 13 con do do phiic tap clia bai toan va chitng minh phan con lai vo
nghiém, con binh phuong khtt can thiic chua chic da giai quyét duge bai toan. Ban doc c¢6 thé xem vi du
dudéi day:

Vi du 5: Giai phuong trinh:

20 — 422 +x—3= (x2—3x+1) 2 + 3

Cach 1: Binh phuong khtt can thic:

Ta co:
203 — 42 +x—3= (2> -3z +1)Va2+3

= (228 — 4224+ 2 —3)° = (22 — 3z + 1) (22 + 3)
& 325 — 102 + 62 + 423 — 922 + 122+ 6 =0
S (x+1)Bx? -4 —2)(2® -322+32r-3) =0
Tuy nhién, giai quyét 2® — 322 + 32 — 3 = 0 thé nao duge ?
Bat mi: 2° — 322 + 32 — 3 = (x — 1)> — 2 va nghiém ciia n6 khong théa man PTVT.
Day 13 mot bai co ban dé toi lay vi du. Vay diéu gl xay ra néu toi cho mot phuong trinh sau khi binh
phuong n6 c6 thém nghiém citec xau hoac hé s6 cia n6 cie to ? Phuong phap sau sé t6i wu hon:
Cach 2: Phan tich nhan tit :

Ta co:

PT<:>< x2+3—2:c—|—1> (\/x2+3+x2—3:> =0

Vava?+3+22—z>V3+22—2>0

Cach 1am nay rat ngan va "do dieu". Vay thi lam thé nao tim dugc nhan t1t con lai khi biét mot vai nhan
tit ctia bai toan ? Toi sé gidi thieu cho ban doc cong thiic U, V, T, W dé chia biéu thic:

Phan 2: Chia biéu thic:

Dang 1: Mot can thic:

o f(z) + g(z)/h(z)
Xét phép chia hét sau: =U+V+vh(z
e I E N e R

Cong thac U, V:
Dt A — 1) +g(x)) hz) o p_ f@)—g@)Vh(z) .o

p(x) + q(x)\/ M) p() + —q(x)/h(x)
U A —02— B
v A-B
2/h(x)

Ap dung:



Budc 1: Viét bidu thitc, CALC cho X = 1000. An Shift + STO + A (gén vao A)
Buéc 2: Sita biéu thitc, ddi dau trude can, CALC cho X = 1000. An Shift + STO + B (gan vao B)
Budéc 3: Sit dung cong thitc U, V dé tim U va V theo z.
Vi du minh hoa:
Vi du 1: Rt gon biéu thiic:

4ad —2xt =822 +2x+2— (623 -T2 —1)V22% — 1

V23 —-14+2—-3z

Budce 1: CALC cho X = 1000 va luu vao A ta duge A = 8.9397997... - 10"
Buéc 2: Déi dau, CALC cho X = 1000 va luu vao B ta dugec B = —8.9397995... - 10'°

A+ B
U="T2 _2001=2s+1
Budéc 3: Ta co: A ,
V=———""=1999000 = 22° — z
24223 — 1

Dap sb: 2z + 1 (2x2 — x) V23 —1
Dang 2: Nhiéu cin thiic:
Xét phép chia hét sau :

Ary/p(@) + Biy/q(x) + Ciy/p(x)q(z) + Dy
Asn/p(x) + Ban/q(x) + C2n/p(2)q(2) + D2
= 10+/p(x) + V/q(x) + Tv/p(x)q(z) + W

Coéng thic U, V, T, W:
Dat:
o 4= Avp@) + Biyv/q(z) + Cry/pla)g(z) + Dy
Az\/p(x) + Bay/q(x) + C2n/p(2)q(2) + D2
o B —ve@) + Bivg(e) = Ciy/pla)g(e) + Dy
—A2\/p(x) + B2y/q(x) = Con/p(2)q(x) + Dy
o o= Ve - Biva@) - Ciype)g(@) + Dy
Az\/p(2) = Ban/q(w) = Con/p(2)q(2) + D2

p - ~AVp() = Biv/g(@) + Ciy/p(@)q(e) + Dy
—As\/p(x) — Ban/q(x) + Con/p(x)q(x) + Do

Khi dé:
.U:A—B+C—D
4v/p(z)
.V:A+B—C—D
4+/q(x)
T:A—B—C+D
4/p(z)q(x)
.W:A+BzC+D



Vi du minh hoa:
Vi du 2: Rit gon biéu thiic :

40° - 22 — 822+ 220 +2— (62° -T2 - 1)V223 -1
V223 —1+2—3x

Bai toan nay khong CALC cho X = 1000 dugc vi khong théa man DKXD. Tuy nhién, ching ta c6 thé
CALC cho X = 0.0001 hodc vao MODE 2 CMPLX (complex) va CALC cho X = 1000.
Buéc 1: Vao MODE 2 CMPLX
Buéc 2: Nhap biéu thiic, CALC cho X = 1000 va ta luu vao A ta dude A = 31604.945 — 1031.605i
Buéc 3: Stta biéu thiic, doi dau /= + 1 luu vio B ta dude B = —31608.945 + 968.392i.
Buéc 4: Stta biéu thic, doi dau /1 — x luu vao C ta dude C = 31604.945 + 1031.6063.
Buéc 5: Stta biéu thiic, ddi dau o + 1 va /1 — z va luu vao D ta dude D = —31608.945 — 968.392i.
Buéce 6: St dung cong thie U, V, T, W :

_A-B+C-D
W +1
_A+B-C-D
41—z
_A-B-C+D _
41— a2
_A+B+C+D
4

o U =999 =21

o/ -1

o T -1

o W —2

Pap sb: (x—l)\/x+1—\/1—x—\/1—x2—2
Vay la bay gio, néu chi cho phuong trinh, ban doc ¢6 thé phan tich nhan tit duge chit ?
Vi du 3: Giai phuong trinh:

r+79—2x4+47)Vr—2-2(x+19) Ve +2+31vVa?2—-4=0

A = 13.16656315

Buéc 1: Tim nghiém: B = 2.4334368
17
X=—
4
Buéce 2: Tim nhan ti <\/I —24uver+2+ v)
A—2—+B-2
A+B:E u:—\/ v _ 3
0f = VA+2—-+VB+2 52
AB:% v:—\/A—Z—ux/AJrZ:é
3 5
wwnmnnﬂa<¢x—2—§¢x+2+§)¢>@¢x—2—3¢x+2+@

Budce 3: Chia biéu thic:

T+ 79— 2z +47)Vr —2—2(x +19) Vo +2+ 3122 — 4

UV —24+VVr +2+TV22 —4+W
2Vr—2—-—3V/x+2+5 \/

Ta dugc:



_A-B+C-D

U -9

* 4y/x — 2
A+B-C—-D

V = =-3

* 4/ + 2
A—B—

o ' = C_'_D:Z
4y/x2 — 4
A+B+C+D

o W = + Z + =2r+5

Vay:

r+79— 2x+47) Ve —2—2(x +19) Vo + 2+ 31vVa? —
L S N SNy V.
20T —2-3Vz 1245 ! ! ! !

Budc 4: Tiép tuc tim nghiem phuong trinh —9vz —2 —3vVz +2+2Va2 —44+22+5=0

Budc 5: Tim nhan ti (\/:1: s S 7)
Budc 6: Chia biéu thiic :

VT —2—3VT ¥ 24+ 2V —d 42 +5 = (\/x—2—4\/x+2+7> (—\/x—2—\/x+2—1>

Két luan: (2\/x—2—3\/x+2+5) (\/x—2—4\/x+2+7) (—\/x—Q—\/x—i—Q—l)
Vi du 4: Giai phuong trinh:

=20+ 105 —6—-2(z+1)Vad — 14 (2 =8z + 10) Vo —1=0

A=4-6
B=4++6
Buéc 2: Goi nhan ti: (\/302 +zrz+1+uve—1 +v) ta dudc:

Buéc 1: Tim nghiém:

VAL A+ T -VB2+B+1 ;
u = — = —

VA—1—-+V/B -1
—VAZ+ A4+1—-uvA—-1=0

Nhan ti la: (W Frtl—3Vr— 1)
Buéc 3: Chia biéu thiic:

23 =222+ 100 —6—2(x+ 1) Va3 — 1+ (22 — 8z +10) Vr — 1

=UvVa2+ 2+ 1+VVr — 1+4TVa? — 1+W
Vit4r+1-3vVe—1

Ta co:




Két luan:

23 =202+ 100 —6—-2(x+ 1) Va3 =1+ (22 =8z +10) Vo —1=0
<:>(\/SL’2—|—$—|— —3Vz —1) (a:\/x2+x+1+(x—2)\/x—1—1—\/:63—1—1-3:6—3):0
Tiép tuc, ta thay: 2vVa2 + o+ 1+ (r —2)vor — 1 ++vV23 — 1+ 32 —3 > 0 nén vo Iy

Bai toan dudc gidi quyét.

Vi du 5: Giai phuong trinh:
152 + 192+ 8+ (92 +10) V1 —2 - 4Bz +4) VI +2— 5o +14) V1 —22 =0

Huéng dan:
N
Buégc 1: Tim nghiém ta duge 2 nghiém la: DT

A = —-0.90383671
e Dd&i dau trude can ctia /1 — z ta dudc:
152 4+ 192 +8 — (92 +10) V1 —2 — 4Bz +4)V1+ao+ Gr +14) V1 —22 =0

B = 0.663836717
C' = —0.65218961

Phuong trinh nay c¢6 2 nghiém la:

e D4i dau trude can cia /1 + z ta duge:
15224+ 19248+ (92 4+ 10)V1—24+4Bz+4) Vit o+ bz +14)V1i—22 =0
Phuong trinh nay vo nghiém.
e D6i dau trude can cta /1 — x va /1 + z ta dugce:

1522 +192 +8 — (92 +10)V1— 2+ 4Bz +4)Vi+z— bz +14)V1—22=0

X2 - 0
Phuong trinh nay c¢6 2 nghiém la: 24
3% "o
6
Thanh thit thiy A + B = —%F €eQ

Budc 2: Tim nhan tit (\/1 —rz+uVvl+ax+ v) chita nghiém A bang cach:

_\/1—A+\/1—B_
VI+A-VI+B
v=-VI-A-u/I+ A=—

Vay nhan ti 1a: (ﬂ i NS 2)

24 |
Buéce 3: Tim nhan ti (\/1 —rz+uvl+ao+ v) chtta nghiem X, = % bang cach:

1
,/1——+ ,/1+—+ =0 _ ) u=-3
Y 25 " 2:><2\/1—x—\/1+x+1)

1
VI-0—uy1+0+v=0 V=35




Hoac:

24 24
l——=4+u/1+—=4+v=0 u=—1
25 25 o 6 = (5V1—2—5V/T+2+6)
L 2 po 8
V a5 "4 Ty YT 5
Buéc 4:

Cach 1: Chia biéu thiic:

1522 + 192+ 8 — (92 +10) V1 —x + 4 (3x + 4) V1 + x — (5x + 14) /1 — 22
(Vi-z+2V1+2-2)(2V1—2—V1+z+1)
=Uy1—a+VJ/14+2+TV1—224+W

Lan lugt CALC cho X = 0.001 va luu:

e

152” + 192+ 8+ (92 +10) V1 -0 —4@e+ HVitao - Ge+HVi—a® o0 o0
(Vi—z+2V1+2-2)(2y1—2—V1+z+1) -
12’ + 192 +8 - (9 +10) VI o —4@e+hVitat Gt hVi—a® o, o o0
(Vi-z+2/i5a-2) (-2/I-c—Vitat1) -
15:52—|—19:1:+8—|—(9:c—i-10)\/1—$+4(3$+4)\/1+x+(5x+14>Vl_IQ—>C— 4.0034996
(Vi-z—-2y1+z-2)(2V1—2+V1+z+1) - “
15x2+19x+8—(9x+10)\/1—x+4(3w+4)\/1+$—(5f+14)vl‘$2_>D— 4.003499
\ (~VI—z—-2V/T+z-2)(-2/T-z+vItz+1) -
Tu do6 ta duge:
( _A-B+C-D _ |
C4WI-X
_A+YB-C-D _
4TI+ X
_A-B-C+D_
o4/l xz
A+B+C+D
w=24 Z T 4003= 43
\

1502 + 192+ 8 — (92 +10) VI —2+4Be+4)VI+ 2 — (5o +14) V1 — a?
(Vi—z+2y/1+2-2)(2V1—2—V1+z+1)
=—V1—-2z—-V1—-22-4—-3x

Cach 2: Chia biéu thiic:

1522 + 192 +8 — (92 + 10) V1 — 24+ 4 Bz +4) V1 + 2 — (5 + 14) V1 — 22
(Vi—z+2V/1+2—-2) (5v/1—2—5V1+2+6)

=Uyl—z+VV/Ii+ao+TV1—224+W

Lan lugt CALC cho X = 0.001 va luu:
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1522 + 192 + 8+ (92 + 10) VI — 2 —4 3z + 4) VI + 2 — (5w + 14) V1 — 2?2
(Vi—z+2y1+2-2)(5v/1—2—5/1+2+6)

1522 + 192 +8 — (92 4+ 10) V1 —2 — 4 (3x + 4) V1 + 2 + (5o + 14) V1 — 22
(—vVI—z+2V1+2-2)(-5v/T—2—5/1+2+6)

152% + 192+ 8+ (92 + 10) VI — 2 + 4 Bz + 4) V1 + 2 + (5 + 14) V1 — 22
(VI—-z—2V1+2-2) (5T —2+5V1+2+6)

1522+ 192 +8 — (92 +10) V1 — 2 +4 3z +4) VI + 2 — (5r + 14) V1 — 22
\ (—vVI—2z—-2y/1+2-2)(-5vV/1—2+5/1+2+6)

Tu do ta duge:

— A = —2.000999...

— B = —1.001500...

— C'= —1.000500..

— D = —0.001000...

( y_A-B+C-D 1
o411 X 2
y_AtB-C-D 1
41X 2
_A-B-C+D
o o41-x2
A+ B
woATBEOED iy
\ 4
Vay:
150241924+ 8 — (92 +10) VI — 24+ 432+ 4)VI+ z — (5 + 14) V1 — 22
(Vi—z+2y1+2-2)(-5vV1—2+5V/1+z+6)
1 1
:—5\/1—.%'—5\/14—37—1—37
Két luan:

1522+ 1924+ 8 — (92 +10) V1 — 2+ 43z +4) V1 +x — (bx + 14) V1 — a?
=—(Vi-z+2V1+2-2)(2V1—-2—VI+az+1) (VI—z+V1—2>+4+3z)
:—%@ﬂ—x+2¢1+x—@(aﬁiz—5¢TIE+®(¢1—x+¢1+x+1+@

Nhan xét: Vay v6i nhitng bai toan c6 nghiém bdi thi sao ?

Toi c6 mot bo dé cuc ky ngin gon dé kiém tra phuong trinh c6 nghiem boi kép hay boi ba, boi bén, ...

Ban doc quan tam c6 thé xem chi tiét ¢ phan nang cao.

Vi du 6: Giai phuong trinh:
T2 4+22 -4V —1-3Ve+4—6zvVr— IV +4=0

Huéng dan:
Buéc 1: Tim nghiém ta dugc nghiém la: x = 5.

Budéce 2: Déi dau trude can ta dugce:

o T2° +22+4vx —1—3vr +4+62vr — 1vx + 4 = 0 vo nghiem.

o 702 +22 —4vx — 14 3Vw + 4+ 62vx — 1Vx + 4 = 0 vo nghiem.

o 72 +22+4vVx — 143V +4—62vx — 1vVa +4 =0 vo nghiem.
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Buéc 3: Xac dinh nghiém boi

Ta co:

- Te?+22 — 4V —1 -3V +4 —6zvx — 1WVr +4

li =0
r—5 SL’—5

lim T2 +22 -4/ —1 =3V +4—6xvVr — 1V +4 B 97
25 (z —5)° 96

Vay bai toan nay c6 nghiém boi kép x = 5

Buéce 4: Tim nhan tit chita nghiém boi kép: (\/SL’ —1l+aVr+4+ b)

Ta co6:

—_

(Vo=

(Vo +

).
s

a =

DO | Ot

:—g:»b: = (2vo—T1-3Vo+4+5)

W

d
_dx
a
dzx

Chia biéu thic:

T2 +22 —4yxr — 1 — 3y 4 —6xvr — 14/ 4
e e S S UV T VY L TV W AW
r—1— T

Ta CALC cho X = 1000 va tinh:

( A-B+C-D 3984  dx — 16
( U= =1796.8 = =
A =-36910.33046 4z —1 5 5
y_A+B-C-D oo 9009 949
B = -84875.50149 I B=-———=——
C = 79676.78400 p_A-B-C+D_ 4, 6
dvr —1vxr+4 )
[ D =26904.33799 A+B+C+D 19006 197 +6
W = T = —38012=——— = ——

Két luan:

T2 +22 — 4y —1 -3V +4—6zvor —1/r +4=0
@%(2#&0— —3Vr+4+5)(4(z—-HVe—-1-9@+1)Vr+4-6Vz -1V +4—192—6) =0

Dé thay 4 (z —4) Ve —1—4(z+1)Vz+4<0

Vay bai toan dudc giai quyét.

Chéc ban doc da c6 thé st dung cong thic U, V, T, W dé phan tich nhan t& mot s6 bai toan kho roi. Ban
doc c6 thé cting toi thue hanh nhitng bai toan sau :

Vi du 7: Giai bat phuong trinh:

(2*—2-6)Ve—1+(x—-2)Vo+1>32>—9z+2

Huéng dan: BPT & (Vo —1-1) (Ve +1-2) 2z +1+avz+1-3Vr —1-2V2?—1) >0
Vi du 8: Gii bat phuong trinh: (Dé thi thit 1an 1 — THPT Chuyén DH Vinh - 2016)
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x2+4\/x+2§x+2<1+\/x2+3>

Huéng din: BPT < <\/x+2+\/x2+3—3) <\/x+2—\/x2+3—1) >0
Vi du 9: Giai phuong trinh:

Ve+2+V3—r—2®—2>+4r+1=0

Huéng dan:

PT & (Vo +2++/3—1-3)
X [(—2? +3z+10) Ve + 2+ (2* + 62+ 8)V3—z+ Bz +6) Vo +2v/3 -z + 62+ 14] =0

Vi du 10: Giai phuong trinh:

203 + 322 + 1 =22°Va? + 3z + V322 + 1
. = 1
Huéng dan: PT < 9 (\/3552 +1-— 1) (2\/552 + 3z — 27 — 3) (2\/552 +3x—3V3x2+1+ 290) =0

Vi du 11: Giai phuong trinh:

5/3x — 13
4

Vi—2—+Vr+1l=

Hudéng dan:

PT & 4(Va—2 -z 1)’ =3z 13
i (Vr—2-2Vz+1+3) (13vz —2-22Vz + 1+ 16yz —2v/x + 1 — 16z — 19) =0

Vi du 12: Giai phuong trinh:

Va2 4+ 9z —1+aV1l -3z =22 +3
Huéng dan:
PT = 22+ 92 — 1 = (211 = 37 — 22 — 3)”
& (VII=3z-1) (VII =32 -3) (2> + 7+2y/11 —3z) =0

Vi du 13: Giai phuong trinh:

VT2 4+ 202 — 86 + 2V —22 —4x + 31 = 32 + 2

Huéng dan:

PT = (x\/—x2—4x+31—3x—2)2:7x2+20x—86
S (V-2 —4r+31-4) (V-2 -4 +31-1) (V-2 =42+ 31+ 27+ 7) =0

Vi du 14: Giai phuong trinh:

r+4ve +3+2vV3—2x =11
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. = 1
Huéng dan: PT < 15 (AWVr+3+v3-22—-9) (4Wz+3 -3 -22+27) =0
Vi du 15: Giai phuong trinh:

Wr+2—8/2—zx+8/4—224+150—-34=0

Huéng dan: PT & (Vo +2-4y2-2) (Ve +2-4y/2—2—-2) =0
Vi du 16: Giai bat phuong trinh:

(2*—z-6)Ve—1+(x—2)Vo+1<32>—9z+2

Huéng dan: BPT & (Vr—1-1) (Va+1-2)(3Vo—T1—ave+1+2Va—1Vo+1—-22—1) >0
Ching ta da di qua gan cudi doan duong phan tich nhan ti. Tuy nhién, van con mot s6 thit can phai lam
ro:

E. Nang Cao

C6 thé ban doc da thay, viec tim nghiem gitp ching ta tim duge nhan tii. Cac trudng hop c6 2
nghiém vo ty, 1 nghiém vo ty, 2 nghiém hu ty thi da cé cong thitc. Vay con truong hdp 1 nghiém hitu ty
thi tinh sao ? Liéu n6 c¢6 thé phan tich thanh nhan t& duge ?

Toi tam chia truong hop 1 nghiém hitu ty duy nhat k; € Q thanh cic truong hgp nhé hon nhu sau:

a) Sau khi déi dau, tim duge nghiém hitu ty ks € Q Trudsng hgp co ban nay da c6 cong thitc & trén roi.

Ban doc ¢6 thé xem lai.

b) Sau khi d6i dau, khong tim dugce nghiem hitu ty b, € Q nhung tim dudc 2 nghiém vo ty ks, ks sao cho
ks + ks € Q
ksks € Q

Vi du 1: Giai phuong trinh 32> =72 -8 — 3z —4) Va2 —2—-1=0

Khi d6, nhan tit ciia bai toan sé 1a doi dau ctia nhan t chita hai nghiem ks, k4

Ta co:

Phuong trinh 322 — 72 — 8 — (32 —4) V2 — z — 1 = 0 ¢6 nghiem duy nhat z = —%

Phuong trinh 32° =72 —8+ (32 — 4) Va2 — 2 — 1 = 0 ¢6 2 nghiem k; = 2.55396793 va ky = —5.22063459
T do6 ta tim duge nhan tit ctia bai toan nay la (2@ -+ 6)

Két luan: PT & <m—x— 1) (2@—1’4—6) =0

¢) Phuong trinh c¢6 nghiém boi x = ky

Dé kiém tra nghiéem bai, ching ta ding b6 dé duéi day:

Néu lim% =0 thi f(x) c6 nghiém x = k boi n + 1

Vi du 2: Giai phuong trinh 22* +22% 422> — 22— 1 = (2x3+2x2 — 1) V222 —1

Ta co:

Phuong trinh 22* +22° + 22> — 22 — 1 — (22° + 22% — 1) V2122 —1 =0 ¢6 nghiem duy nhét z = 1.

Phuong trinh 2% +22° + 22 =22 — 1+ (22° + 227 — 1) V222 — 1 = 0 ¢6 2 nghiém z; = 0.7178... va
r9 = —2.3098...
Hai nghiém nay c6 tong, tich khong phai hitu ty nén khong lam an duge gi.

Kiém tra nghiém boi :
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22t 422034227 =22 —1— (223 +22% —1)V222 — 1

Ta c6: lim 3 =0
:Z‘_
Lo 22t 42234227 — 20— 1— (223 + 227 — 1) V222 — 1
Ta c6: lim ( 1)2 = -5
x_

Két luan: Phuong trinh da cho ¢6 boi kép 2 = 1

Vay tim nhan t chita boi kép nhu thé nao?

Gié st bai toan c6 nhan tu <\/m +ax + b) thi dao ham theo z cia V222 — 1+ ax + b tai x = 1
phai bang 0

Tic a = _di (\/ﬁ)

Xz

= —2 T d6 ta ¢6 thé tim duge b= 1

=1

Vay nhan tit clia bai todn nay la (\/2 2 —1-2x+ 1)

Tiép theo 1a phan tich thanh nhan tit né, ta duge dap 4n nhu sau:

PT & (V2 =1-22+1) ((0*+22+1) V222 — 1+27) =0

Bai toan dudgc gidi quyét.

d) Phuong trinh dang mot can thic var + b

Diéu dic biét clia phuong trinh dang nay 1a luén c6 nhan ti <\/a:c +b— \/ak1 + b)

Vi du 3: Giai phuong trinh 2° +22+9— (2* =22+ 9) V22 +1=0

Ta c6: Phuong trinh 2% + 22 + 9 — (xZ -2z + 9) V2z +1 =0 c6 nghiem duy nhat z = 0
Ta c6: Phuong trinh 2> + 22 + 9+ (2 — 22+ 9) V22 + 1 = 0 v nghiém

Kiém tra nghiém boi: Khong théa man.
Tuy nhién nhd nghiém z = 0 nén c6 thé xac dinh luon phuong trinh nay c6 nhan ti (\/ 20+ 1 — 1)
Két luan: PT < <\/2x+1— 1) (q;? —21’—1—7—2\/21’4—1) —0

e) Phuong trinh dang nhiéu cin thic AvVazx + b+ Bvaz + ¢ + C+/(ax + b)(ax +¢)+ D =0

Tuong ty nhu trén, phuong trinh nay luén c¢6 nhan tit dang (\/ax +b—+Var+c+ p) hoac (\/ax +b++Var+c
Vi du 4: Giai phuong trinh Vo + 14+ a2vz —2—224+4=0

Phuong trinh nay c6 nghiém duy nhat x = 3 vi vay nén né luon c6 nhan ti (\/SL’ +1—vVr—2- 1) hoac

(Ve +14+Vz—2-3)

Két luan:

PT@% (VerT-va—2-1) (Ve T+ @+3)vVa—2+(@+2) Vot e —2+2°—1) =0

PT@—% <\/x+1+\/x—2—3> (3\/:U+1+3(:c+1)\/x—2+(x+2)\/:c+1\/:c—2—x2+7) —0

Vi du 5: Giai phuong trinh 32vz — 1 — (2 + D)Vz +2 -V — 1Vr +2+2=10
Phuong trinh nay c6 nghiém duy nhat x = 2

Két luan:

PT<:>(\/ZL‘—1—\/ZL‘+2+1> (Nﬁ+@—1)ﬁ+2x):0
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PT@—% <\/x+1+\/x—2—3> (3\/:U+1+3(:c+1)\/x—2+(x+2)\/:c+1\/:c—2—x2+7) —0

Vi du 6: Giai phuong trinh 22 — 42 — 6 + 52V — 14+ 5V +2 — Bz — 1)V — 1V +2=0

Phuong trinh nay ¢6 nghiém x = 2 hoac x = }—g nhung van ¢6 nhan t nhu trén.

Két luan:

PT(:><\/90—1—3\/$+2+5) <x\/x—1+\/x+2> — 0

PT@(\/x—1—¢x+2+1) (Qx\/x—1+2\/x+2—(x+1)\/m\/m-x2—2> —0

f) Phuong trinh dang mot can thitc v/(ax)? + bz + ¢

Phuong trinh nay hau nhu ¢6 nhan it dang <\/(a:c)2 +br+c—ar+ p) hodc <\/(a:c)2 +br +c+ax + q)

g) Phuong trinh dang nhiéu can thitc chita v/(az)2 + bz + ¢ va \/(mx)? + nx + p

Phuong trinh nay hau nhu ¢6 nhan tit dang (m\/(aac)2 +bx + ¢ — ay/(mz)? + nx +p+ u) hoac

(m\/(ax)2 +bx + ¢+ ay/(mz)2 +nx +p+ v)

h) Céc dang con lai: Phuong trinh c6 bac trong can 16n hon bac hang tit khong chita cin. Vi bac ciia né
bé nén khit can thitc hoac nhan lién hgp la phuong phap duge wu tién.

Ngoai ra, chiing ta c6 thé diing dao ham hoic danh gia dé ching minh.

Sau khi di qua vé cac truong hop nghiem thi mot van dé dau dau nita ma ching ta c6 thé mic phai do la
chiing minh phan con lai (sau khi phan tich nhan ti) vo nghiém. Ban doc c6 thé tham khao cach st dung
S.0.S ciia toi dé giai quyét no.

Vi du 1: Giai phuong trinh

3—a®4+ (2*—22—-1)vV2—2a2=0

Loi giai cua toi vo cung ngan gon nhu sau:

Ta co:

1
PT<:>§(\/2—SL’2+$—2) (P +2? -z -4+ (@ +2-1)V2—122)=0
Ta luon co:
B4 —xr—4+ @2+ —-1)V2—a2=

1 1\? 3 \2 4 5\? 13
_Z 92— 12 92 = _( 92— 2__) 2 kg
3((3x+5+3\/ x)<\/ T 3) +2 v/ T 5 +3<:p 4) +36><0

Loi giai chi tiét danh cho ban doc.
Lam thé nao dé toi c6 duge 15i giai nhu trén ?

Ta kiém cach chiing minh

f@y=a®+2? -z —4+ (2 +2-1)V2—-122<0
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Day 13 mot bai toan sieu chit nén diém roi clia chiing ta phai ldy gan ding nhat cé thé ...
Bué6c 1: Tim diém roi f/ (z) =0 < 2 = 1.3692...
Buéc 2: Tim nhan tit chita diém roi:

1 1\?2
r=13692... = V2 — 22 =0.3537... = V2 — 22 ~ 5= <\/2 22— 5)

B4 —z—4+ (2 +2—1)V2— 22
N2

(-
Vao Mode 2, nhap biéu thiic va CALC cho = = 1000 ta dugc:

Budc 3: Chia biéu thic: ¢ (x) =

g (x) = —1001.66799 — 1000.332331
= 3¢ (x) = —3005.0039 — 3000.99691
=3¢ (x) ~ —3x —5 —3v2 — a?

Buée 4: Tim du

10 49
=3t 9 +2v2 — 22
. . . 10 49 s A .
Buéc 5: Chitng minh h (z) = 39 + 2v2 — 22 < 0 Céach lam gan tuong ty nhu trén ...

e Buéc 5.1: Diédm roi z = 1.3344...

e Budc 5.2: Méi lien he gitta z viu v2 — 22 13 V2 — 22 = 0.4683 ~ %

e Buéc 5.3: Khit cin bang BDT cauchy hodc S.0.S:

10 49 3 N2 4, 100 22 4 > 13
R e e (e B e ] ET I~ B
3:c 9+:c :1:+2 x 3 3:1:+3:1: 9 3:c

D6 chinh 1a Iy do vi sao toi ¢6 161 giai S.O.S dep nhu vay ...

Day la cach lam téng quat cho nhing bai toan siéu chat, con néu bai toan “16ng 1é0” hon mot t1 thi cé thé

khong can phai lay gan dung ...

Vi du nhu ta lay diém roi = 1 thi nhan t& nghiém kép ctia no la: <\/2 — 24— 2)

Khi doé:

P42 - -4+ (2Pt —1)V2—2?
=(V2—2242-2) (2?+22 — V2 —122) + 32 —2—-3V2 —2?
=(V2—2242-2) (2 -1-3vV2—2%) +2(2z — 3) V2 — 22
Tiéc 13 n6 khong phai ltc nao cling am vi bai toan nay quéa chiit.
Con v6i nhitng bai long hon nhu thi ching ta lam nhu sau :
Vi du 2: Giai phuong trinh
37 +6r —1+Bx+1) Va2 +1=0
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Ta co:

PT(:)—(\/x2+ —2:10—1) <2x2+x+3+(x+4) x2+1)

Do d6, ta can chiing minh f (v) = 22> + 2 +3+ (z +4) Va2 +1>0
Ta tim diém roi bang cach lay dao ham, ta dude zo = —0.2675918...

_ (\/m+x+a)2
2

2 £ -
dé mat can.

Ta can lay: f ()
Thé diém roi vao, ta dudge a ~ —0.76759187 = a = —1

(\/x2+1+x— 1)2

5 =224+ 20 +2+5Va2+1>0

Tém lai ta duge f(x) —
Vi du 3: Giai phuong trinh

et +2” + 102 — 19+ (2° = Te +13) Va2 +2—-1=0

Ta co:

PT & (m_l) (m+z) (x2_2x+7+<x_z>m)

Do do, ta can chitng minh f () =2® — 20+ 7+ (x —2) Va2 + 2 —1> 0
Ta tim diém roi bang cach lay dao ham, ta dugce zo = 1.0845346...

(\/x2+:p—1+x+a)2
2

Ta can lay: f () dé mat can.

Thé diém roi vao, ta dude a ~ —2.207366... = a = —2
(V2 tz—1+2-2)° 11—z
N 2 T2
Tuy nhién, chiing ta van chua giai quyét duge né. Lay diém roi chit hon véi a = —g ta dugc:

Tom lai ta duge f(x)

1 5\ 35 a2 1
f(x)—é(\/x2+x—1+x—§) =§+%>O

Vi du 4: Giai phuong trinh
37
x2—6x+§+(x—4)\/x 1=0
Ngoai cach lam nhu trén, ching ta ciing c6 thé viét no6 dudi dang tong cac binh phuong bang cach dat
t = vz + 1 viét phuong trinh theo ¢ va dua vé phuong trinh bac 4. Cach phan tich phuong trinh bac 4
thanh cac tong binh phuong S.0.S toi ciing da gi6i thiu qua roi.

Két luan:

2 2
37 v/ 1 16 3 8 47
1’2—61’4-?"—(1’—4)\/1’ 12(37—|— $2+ —E) —|—2—0(\/5L’+1—§) +7—5>O

Van con rat nhiéu van dé dé néi vé phuong phap nay. Nhung c6 18 toi khong thé trinh bay hét duge trong
topic nay. Vi du nhu :
Vi du 5: Giai phuong trinh

(:E—1)\/:102—2x+5:x<x2+3x+3+4\/a€2+1>+1
Céach 1:
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(\/x2—2m+5—2\/x2+1)

PT & 5T
X [2(x+1)2\/:p2+1+(:p+1)2\/x2—2x+5+2\/x2+1\/x2—2x+5+7:p2—4:p+5} =0
Céach 2:
PT & —1 (Vo> —2c+5—-2Va2 +1 -z —1)
X (UVa? =20 4+5+VVa2 + 14+ TVa2 +1Va2 =20 +5+ W) =0
Véi

U=a23—2?+2x—2

V=a3-222+32-6
T=—2?4+2—-2

\W:—x4+2x3—5x2—2x—2

Hy vong trong bai post nay, ban doc c¢6 thé st dung chiéc méy tinh bé tdi ctia minh dé gidi quyét
nhitng bai toan lien quan dén phan tich thanh nhan ti. Chuyen dé duge viét trong 11 gio (tit 18h dén 5h)
nén khong khéi nhitng sai s6t. Moi gép ¥, thac mac vui long lien hé t6i SDT: 096.573.48.93 hodc Facebook:
Bui Thé Viet.

Duéi day 1a mot s6 bai tap tu luyén dé ban doc tham khao.

https://drive.google.com/file/d /0B27JsovgpmpLNXQ2S2E4ailHNzA /view
https://drive.google.com/file/d /0B27JsovgpmpLQVZ4Z3dNbXVHcG8 /view

Tham khéo, chia sé xin ghi r6 nguén Bui Thé Viét (nthoangcute). Xin cam on.
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