Chi dé 6
MOT SO KY THUAT SU DUNG BAT PANG THUC BUNHIACOPXKI

A. Kién thirc cin nhé
1. Giéi thi¢u bat diang thirc Bunhiacopxki o
Bat dang thirc Bunhiacopxki c6 tén goi chinh xac la bat dang thirc Cauchy — Bunhiacopxki —

Schwarz, day 1a mdt bat déng thirc do ba nha toan hoc doc 1ap phat hién va dé xuét, n6 c6 nhiéu ung dung
trong céc linh vuc toan hoc. O nude ta, &é cho phu hop véi chuong trinh sach gido khoa, trong tai liéu nay
chung ta ciing s& goi nd la bat dang thirc Bunhiacopxki, goi theo tén nha Toan hoc ngudi Nga
Bunhiacopxki.

Pay 1a mot bt dang thire ¢6 dién ndi tiéng va quen thudc dbi v6i phan 16n hoc sinh nudc ta. No
tmg dung rat nhiéu trong cic bai toan vé bat ding thirc va cyc tri. Trong pham vi chuong trinh Toan
THCS, chiing ta ciing chi quan tim dén cac truong hop riéng clia bat dang thirc Bunhiacopxki.

2. Cac dang biéu dién ciia bit ding thirc Bunhiacopxki

a. Dang tong quat

+ Cho hai day sé tuy y a;; a,; a,;...;a vab; bbb . Khidétaco:

Dang1: (a’ +a’+...+a’)(b’+b2 +...+b*)>(ab +ab +..+ b)2
angl: |a +a,+...+a ||b ,t...+b J2(ab +ab, +..+a

n n

Dang 2: \/(af +a;+..+ ai)(bf +bl+ ... +bi) > ‘aulb1 +ab, ..+ anbn‘

b, b

n

- D4u déng thirc xay ra & dang 1 va dang 2 la: = =..=

—2
2

Dang 3: \/(af +al +... +ai)(bf +b2 + ...+bi) >ab +ab, +..+a b

£ 2 , ) , . a, a, a
- Dau dang thuc xay ra ¢ dang 3 la: —=—==.=—"12>0
bl b2
n
Dang 4: Cho hai diy s6 tiy ¥ a5 a,; g a Va X5 X, X VO X5 X5 x>0
2
. a? a’ a’ (a1+a2+...+an)
Khi d6 ta c6 L+ 24>
X, X, X X, +X +..+X
n 1 2 n
4 2 , , A . al az a
- Dau dang thirc xay ra ¢ dang 4 la: —=—==...=—22>0
X1 X2 Xn

Trong cac dang trén thi bat dang thic dang 1, dang 2, dang 3 goi la cic bat dang thuc
Bunhiacopxki dang co ban va bat dang thirc dang 4 con duge goi 1 bat ding thirc Bunhiacopxki dang
phén thue.

b. Mt s6 dang dic biét

n=2 n=3

(a2 +b2)(x2 +y2) > (ax+by)2 (a2 +b? +C2)(X2 +y° +Z2) > (ay+by-|—cz)2




\/(a2 +b2)(X2 + y2) > |ax +by|

\/<a2 +b? +(32)<X2 +y° +zg) > |ay+by+cz|

\/<a2 +b2)(x2 +y2) > ax + by

\/(3,2 +b? +(:2)(x2 +y° +z2) > ay + by + cz

a? b2 <a+b)2 al b el (a+b+c)2
—t—2>— —t—t—>
X y X+y X y z X+y+z
(X,y>0) (X,y>0)
. . b 2 x b
Dang thire xay ra khiiz— Pang thirc xay ra khiiz—zE
X y X y z

B. Mot s6 ky thuit sir dung bat dang thirc BunhiacopxKki
1. Ky thuat chon diém roi

Ciing tuong ty nhu bt dang thirc Cauchy, khi sir dung bat ding thirc Bunhiacopxki dé ching
minh bat ding thirc ta can phai bao toan dugc dau dang thirc xdy ra, diéu nay co nghia la ta can phai xac
dinh duoc diém roi ciia bai toan khi ap dung bat dang thirc Bunhiacopxki. Dé rd hon ta tim hiéu mot s6 vi

du sau

Vi du 1.1: Cho a la s6 thirc dwong théa mén min a > 2. Tim gia tri nho nhit ciia biéu thirc:

A=a2+i2
a
+ Sai l1Am thuwong gip:
Sailéml:A=a2+i222a.l=2.
a a
1 1Y 1 1Y .1
SailémZ:A:—<1+1) al+—|>Zla+—| >=4=2
2 a’ 2 a 2

Do d6 gié tri nho nhét cia A 1a 2.
+ Nguyén nhan sai lam: D¢ c6 gia tri nho nhat 1a 2 thi dau dang thirc xay ra tai

a=— < a =1 trai v6i gia thiét a > 2
a

e 5 2 . 5 .
+ Phén tich tim 16 gidi: Xét bit ding thic (a2 + b’ ) (x2 + y2) > (ax + by) véi ddu ding thire xdy ra
. a b . .y, £ ‘
tai — = —. Gia stir v4i cac s6 «; f taco
Xy
1 1

A=a?et=b |t .<042+,[32)2L aa+£
a’ o+ B a’ a’+ p a

Ta can chon hai sb «; [ sao cho gia tri nho nhét cua A dat duoc tai a = 2. T d6 ta c6 so do diém roi:

a=2 o =4
=
a_ 1 B=1

+ Loi giai dung: Ap dung bat dang thirc Bunhiacopxki ta c¢6




o . 17 . : .
Vay gia tri nho nhat cua A 1a Z DPang thtrc xay ra khi va chi khi a = 2.

Vi du 1.2: Cho a, b, 14 cac sb thuc duong théa min a + b = 4. Tim gi4 tri nhé nhit cua biéu thuc:

A:\/a2+i2+\/b2+i2
a b

+ Sai 1Am thwong gip:

A:\/a2+i2+\/b2+i2\/§+\/_=2\/§
a b

Do d6 gia tri nho nhat cia A 1a 2\/5 )
+ Nguyén nhan sai 1am: Dé c6 gia tri nho nhat 1a 2\/5 thi du dang thirc xay ra tai

a:b:l:l@a:bzl
a

Khidé a+b =2 trai véi gia thiét a + b = 4

+ Phén tich tim 10i gidi: Xét bat dang thirc \/(a2 +b’? ) (X2 + y2) > ax + by voi dau dang thirc xay ra

.a b C e e X 2Rs A, 1R , < \ Ay 1R , oo
tai — = — > 0. Khi d6 vdi y tuong chuyén d6i mot bieu thirc trong can thanh mdt bi€u thirc ngoai can.
X Yy
Gia sir v6i cac s6 a; B taco

1 1 B

2 5 1 2 2 1

a +¥:—m.\/[a +¥](CZ +ﬁ)2—m[aa+gj
s 1 _ 1 2 i 2 2 1 ﬁ

,/b +§—m.\/(b +b2j.(cx +ﬂ)2—m(ab+bj

:Azﬁ{a(a+b)+ﬂ(i+%ﬂ

Do A 14 biéu thirc dbi xng voi a, b, ¢ nén ta dy doan gia tri nho nhét ciia A dat duoc tai

a=Db=2.Tudétacédsodd diém roi:
a=b=2=

+ Loi giai dung: Ap dung bat dang thirc Bunhiacopxki ta c¢6
a2+l2:i. a2+i2 .(43+12)2L
a \/ﬁ a 17
b2+%=i. b2+i2 .(42+12)2L b+ 1
T b 17\ b




1

Khi do ta duge A > %{4(a+b)+(i+gﬂ

11
béytathay —+— >
a b a+b

1 4 1 |a+b 4 15(a+b)
A2T7P<a+b)+a+b}:\/ﬁ 1 +a+b+ 7

[2+15] =417

, do d6 ap dung bat dang thirc Cauchy va gia thiét ta dugc

> L
V17
Dau dang thirc xiy ra <>

Vay gi4 tri nho nhit ciia A 1a v/17. Piang thirc xdy rakhi a = b = 2.

Vi du 1.3: Cho a, b, ¢ 1a cac s6 thyc duong thoa a + b + ¢ > 6. Tim gia tri nho nhét ctia biéu thirc:

1 1 1
A =\/a2 +§ +\/b2+—2 +\/c2+—2
¢ a
+ Sai lam thuong gip:

A=\/a2+i+\/b2+l +\/c:2+i 2\/2.i+\/2.h+\/2.E > 3322 = 342
b? c? a’ b c a

Do d6 gia tri nho nhat cua A 1a 32
+ Nguyén nhan sai 1im: Dé c6 gia tri nho nhat 1a 3\/5 thi ddu dang thirc xay ra tai

a:b:c:l:l:1<:>a:b:(::1
a b c

Khi d6 a +b + ¢ = 3 khong théa min gia thiét a +b+¢c > 6

+ Phén tich tim 16 gidi: Xét bit ding thic \/(a2 + b’ ) (x2 + y2) > ax + by véi déu déng thac xdy ra

.a b C e e X 2Rs A, 1R , < \ Y , .
tai — = — > 0. Khi d6 vdi y tuong chuyén d6i mot bieu thirc trong can thanh mdt bi€u thirc ngoai can.
X ¥y

Gia str vdi cac s6 a; f taco

:>A2—#ﬂia(a+b+c)+ﬁ[i+%+%ﬂ

Do A 14 biéu thirc dbi xing voi a, b, ¢ nén ta dy doan gia tri nho nhét ciia A dat duoc tai
a=b=c=2.Tudbtacosodo diém roi:




a 1
a pb

a=b=c=2= E=L:g=ab bc—ca——:{a:4
a Pc yéj p=1
c 1
a pa

+ Loi giai dang: Ap dung bat dang thirc Bunhiacopxki ta c¢6

17
(:2+i2:—1 [02+%].(4Q+12)2—1 (4C+_j
a 17 a 17 a
Khidétadu’gcAZL{4(a+b+c)+(l+l+lﬂ
17 a b c
111 9 . £z ok
DPé ytathly — + — +— > ————— do d6 ap dung bét dang thirc Cauchy va gia thiét ta dugc
a c a+b+c
1 9 1 [a+b+c 9 15(a+b+c)
—4(a+b+c)+ = + +
17 a+b+c \/ﬁ 4 a+b+c 4
115 . 3] 317
T—6 2 —2

|
O |0 |—~,ro| -

0
o
Il
o
Il
o
Il
[\)

Dau dang thirc xiy ra <>

NN

,khia=b=c=2

Vay gié tri nho nhit ciia A 13

317
2

Vi du 1.4: Cho cic s6 thuc duong a, b,c thoa a + b + ¢ > 6. Tim gi4 tri nho nhit caa biéu thuc:

A=\/a2+ ! +\/b2+ 1 +\/c2+ 1
b+c c+a a+b

Phin tich: Chuyén d6i mot biéu thirc trong cin thanh mot biéu thirc ngoai can. Gia sir véi cac sé a; B ta

co:



2 ]- ]- 2 ]- i 2 2 ]_
= >
a +b+c \/a2+,82 \/la +( '—b+c)}(a +,3) '—a2+ﬂ2 [aa+ éb+cj
b* + 1 > 1 (ab+ P j
c+a \/a2+/32 cta
», 1 p

1
c + 2> ac + ———
a+b \/a2+[5’2£ \/a+b]

1 1 1 1
A>—o— b
= e {a(ajt +C)+'B[\/a+b+\/b+c+\/c+aﬂ

Do A la biéu thtrc ddi xung vai a, b, ¢ nén ta du doan gia tri nho nhét ctia A dat tai

o a=b=c=2
Do d6 ta c6 so do dieém roi

a 1
a pb

a=b=c=2= E:i:g:ab:bc:ca:£:>{0[:4
a pc p 1 p=1
c 1
a pa

Loi giai

o
—_
[
=~
@)
+
—
N—

1/c + >
at+b g2 412 Va+b

Cong theo vé cac bat dang thirc trén ta duoc

Azﬁ[q“b“){\/aib+\/b1+c+\/cl+aﬂ

Ap dung bt dang thirc Cauchy va Bunhiacopxki ta dugc

1 9
A>—l|4(a+b+c)+
\/17( ( ) \/a+b+\/a+b+\/c+aj

9

1
ZF[4<a+b+C)+m
31 1 ) !
> {§<a+b+c)+§(a+b+c)+2\/8(a+b+c)+2\/8(a+b+c)]

W17

9 9

31 1
{§'6+3#§<a+b+c)'2\/g(a+b+c).2\/g(a+b+c)] 2

\

S‘l—‘ ]| =
~ i~



Vay gié tri nho nhat cua A 1a . Bang thirc xay ra khi vachikhia =b=c =2

Vi du 1.5: Cho céc sé thuc duong a, b,c théa a + b + ¢ + +/2abc > 10. Tim gi4 tri nho nhat cta bicu

\/ 8 9b* c%a’ \/ 8 9¢* a’b? \/ 8 9a’ b’
A=, |—+—+ =+ —+ 4=+ —+
al 2 4 b? 2 4 2 4

thire

Phan tich: Do biéu thirc A 1a biéu thuc d6i xung vai a, b, ¢ nén ta du doan gia tri nho nhat ciia A dat tai

a=b=c=2.Dodotacosodddiém roi

a_ 1
a pb
a=4
a=b=c=2= E:i:g:ab:bczcazéj
a pc  p 1 L=1
c_ 1
a pa
Loi giai

Ap dung bét dang thirc Bunhiacopxki ta dugc

2 2.2
\/2+18+4.\/§+&+Ca £é+9b+ca
a2 4 a
2 21.2
x/2+18+4.\/§+9i+ab §£+9b+ca
b*> 2 4 b
2 2.2
x/2+18+4.\/§+91+bC s£+9b+ca
c? 2 4 a
DodétaduqcA2L{[£+é+éj+9(a+b+c)+(ab+bc+ca)
\/ﬂ a b c
Hay @.A2[é+é+éj+9(a+b+c)+(ab+bc+ca)
a b c

Ap dung bat dang thire Cauchy ta duoc

@.Az[§+aj+(%m]{éﬂ}(ga+bc)+(zb+ac)+(2c+ab)+6(a+b+c)

C

4 4 4
22~ 8+ b2 o+ 9v2abe + +24/2abe + +24/2abe + 6(a+b+c) Suy ra
a C

212+6(a+b+c+\/2abc)272

ta duoc A > 2 = 6\/8
24

Vay gié tri nho nhit ciia A 13 6\/8 . Dang thirc xdy ra khi vachikhi a =b =c = 2,

Vidu 1.6: Cho a, b, c 1a cac s6 thuc duong théa man a + b + ¢ = 2. Tim gia tri nho nhét cta biéu thirc:



A:\/4a2+i2+\/4b2+é+\/462+i2
a C

Phan tich: Trong vi du nay ta xét biéu thirc dai dién A = 4a’ + — - Mot cach tu nhién ta tim cach khur
a

cdn ctia biéu thirc. Néu 4p dung bat ding thirc Bunhiacopxki mot cach binh thuong:
/ 1 1 1
4a’ + — 2| 2a+—
a \/5 a

Dang thuc xay ra khi a = T , khi d6 néu ap dung tuong tu thi khong thoa man gia thiét cua toan.
2

Du doan dang thirc xay ratai a=b =c = g Khi d6 ta can chon mot bd s6 a; f dé c6 danh gia

B

[

'BT a.2a +

1 1
A= 42+ |(?+8)>2— [|20g+2| =2
/a2+ﬂ2\/(a+ 2}(0[ +’6)> /a2+ﬁ2 [aa+a /a2+ﬂ2

e : . a . 2 x
Dau dang thirc xay ra tai o = fa voi a = 3 Tir d6 dé dang chon dugc o =8; f =9
a

Q

Loi giai
Ap dung bit dang thirc Bunhiacopxki:

\/(82+92) 4a* + ]216a+2:> 4a2+l> 1 (16a+9]

1
a2

(82+92) 4b2+i 216b+2:> 4b2+i> 1 16b+2
b? b b? b

(82+92) 4(:2+i2 216c+g:> 402+l22 1 16<:+g
c c ¢ 145 c

Tir d6 ta duoc

1 1 1 1 1 81 N145
Az@{16(a+b+c)+9(g+g+zﬂz@{16(a+b+c)+a+b+c}: 5 Vay gia

5 . . 2
. Pang thirc xay rakhivachikhia=b =c =§.

tri nho nhit cia A bang

. 3 e ; 2
Vidu 1.7: Cho a, b, ¢ 1a céc s6 thuc duong théa man a + b + ¢ = —. Tim gia tri nhd nhat cta biéu thuc:

A:\/a2+i2+é+\/b2+é+%+\/c2+i2+i2
a c ¢ a




. / 1 1 . L
Phén tich: Xét biéu thaee A =, [a” + — + E . Néu ap dung bat dang thirc Bunhiacopxki mét cach truc
a

1 1 1 1 1 . . .
—t—2—F=|a+—+—|. Khi d6 dau dang thirc khong xdy ra tai
a~ b \/5 a b

1 . . )
a=b=c= E Tt do6 ta chon cac s0 p, q, r dé co6 danh gia nhu sau:

tiép thi ta dugc ,|a’ +

A=;\/(a2+%+i2j(p2+q2+r2)
pt+qt 41’ a~ b

> ap+—+—| = —/—/m——m—=—
p’+q’+1° a JpP + g’ + 17
11
L 42 L, . a a b .. 2 . AL A A s
Vadang thirc xdy ratai — = < = = voi a=b=c=§.Tu’do ta chon duoc mot bd so thoa
p q T

ménlép:l,q:rzz
2
Ap dung bit dang thirc Bunhiacopxki:
\/2%+22+22 a2+i2+é]2
a
\/i+22+22 b2+—+iJ
22 2

c
\/i+22+22 c2+l+iJ2£+g+2:> C2+l+iZL(E+E+EJ
22 2 2 2 2 c a

Tir d6 ta duoc
a+b+c 11 1 2 |3 36 3v33
+4|—+—+—||Z2—F—=|—+ =
b 4 a+

2
A2
ol

Vay gia trj nho nhit cua A bang

3\/5 khiazbzczé.

Vidu 1.8: Cho a, b, c 1a cac s6 thuc duong thoa man a’ +4b* + 9¢* = 2015. Tim gia tri lon nhét caa
biéu thirc: P=a+b+c

Phan tich va loi giai
Ap dung bat dang thirc Bunhiacopxki ta c¢6

2
P? = (a +b+ 0)2 = [am.i +bn.l+ cp.l]
m n p

2 2

< (L fLs %](az’mQ +b™n? + c2p2)
m°> n° p

Dé st dung duoc gia thiét ta a® + 4b”> + 9¢” = 1 cin chon mdt bo sé m; n; p sao cho hé sau thoa

man




m?a’ + n’b? + p2(:2 =x+ 4cy2 + 97 m=1

am _bn _cp = in=2
o1 _
m n P

Khi d6 ta co6 101 giai nhu sau
Ap dung bat dang thirc Bunhiacopxki ta c¢6
1o, 1Y
2

P’ = (a+b+c) = [a.+2b.—+3c.—j

2 P
1 1 1 14
S|l —=+—+— <a2 +4b? +902) ==
2 3 36

Jia
6

14 .
Do d6 ta dugec P < e hay gia tri nho nhat cua P 1a

Dau dang thirc xay ra khi va chi khi
a’ +4b> +9¢” =1 1
& a=—; ;
a=4b =9c 7 28 63

Vidu 1.9: Cho a, b, ¢ 1a cac s6 thuc duong thoa mina + 2b + 3¢ = 14. Tim gia tri nho nhat cua biéu

thire: P=a’>+b*+¢

Phan tich va loi giai

Ap dung bt dang thirc Bunhiacopxki ta dugc
2
(m2 +n’ +k2)(a2 +b% + CQ) > (ma +nb +kc)

Dé ap dung gia thiét a + 2b + 3¢ = 6 ta can chon mot bd s6 m; n; k théa man hé sau

ma+nb+kc=a+2b+ 3c m=1
a b ¢ =>n=2
m n k k=3

Khi d6 ta c6 161 gidi nhu sau
Ap dung bat dang thirc Binhiacopxki ta dugc
2
(a +2b + 3(:) 142

P:i.(12+22+32)(a2+b2+c2)z - -14
14 ) 14 14

Do d6 gia tri nho nhat cta P 1a 14 . Pang thirc x4y ra khi va chi khi

a+2b+3c=14

a b ¢ =a=1b=2c=3

1 2 3
Vi du 1.10: Cho a, b, ¢ 1a cac s6 thuc duong sao thoa man 4a + 9b + 16¢ = 49. Chirng minh rang:
1+§+% > 49
a b c

Phén tich va loi gidi

Cach 1: Ap dung bét ddng thirc Bunhiacopxki ta dugc




(mQa +n’b + 1{2(:)[l + ) + 64

2 C]Z(m+5n+8k)2

Nhu vay ta can chon mot bd s6 m; n; k sao cho hé sau thoa man

m?a +n’b + k’c = 4a + 9b + 16¢ = 49
b _ ke

5) 8
Thir mot s6 trudng hop ta chon duoec m = 2; n = 5; k = 8, khi d6 ta c6 10i giai nhur sau

ma =

Ap dung bt dang thirc Bunhiacopxki ta dugc

(4a +9b+16c)(l+%+%) >(2+3.5 +4.8)2 = 49°
a C

Hay 49 l+§+% 2492<:>1+§+%249
a b ¢ a b ¢

Bét dang thirc duge chimg minh. Dang thirc x4y ra khi va chi khi
1_5_38 13
2a  3b  4c :>a:§;b:—;c:2
4a +9b +16¢ = 49 5

Cach 2: Quan sat bat dang thirc ta nhan thay co thé st dung bat dang thirc Binhacopxki dang phan thirc.
Tuy nhién chu y dén gia thiét 4a + 9b + 16¢ = 49, ta can nhan thém hé s6 dé khi 4p dung dudi miu xuat
hién 4a + 9b + 16c. Do d6 ta c6 thé chimg minh bai toan trén nhur sau

Ap dung bét dang thirc Bunhacopcki dang phan thic ta dugc

2
2+15+ 32 2
1,25 644 225 1024 | ) 19,
a b C 4a 9b 16a 4a+9b+16¢c 49

Ding thic xay ra khi va chi khi

1 5 8

2 3b 4c a=

l;b:§;c:2
4a + 9b + 16¢ = 49 2 5

Vi du 1.11: Cho a, b 1a cic s6 thuc dwong théa min a + b = 2. Tim gi tri nho nhit cua biéu thirc:

1 4

P= +—
a’+b? ab

+ Sai 1Am thwong gip: Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta duoc
2 2
4 q (1 /s ) (1 8 )
+—= + > =

P= — = > -
a’+b’> ab a’+b> 2ab  a’+b*+2ab (a+b)2

~(1+8)
8

# —— . Tuc 1a d4u

+ Nguyén nhan sai 1am: Du doan diu ding thirc xdy ra tai a = b khi do 5 5
a“+b 2ab

dang thirc ctia bat dang thirc trén khong xay ra




+ Phan tich: Dé ap dung bat dfmg thirc Bunhiacopxki dang phan thuc, ta chon mot s6 k sao cho

2

2 1+k
S G
a’+b?> 2ab  a’+b>+2ab

2 r g 2 <A ‘A
= (1 + k) va dam bao dau dang thirc xay ra, tirc 1a théoa man diéu kién

1
=——vo0ia=Db,doddtachonduoc k=1.
a’+b> 2ab
Loi giai
Ap dung bt ding thirc Bunhiacopxki dang phén thirc ta duoc
2
1+1
P:1+i:1+1+72()+7:4+L
a’+b> ab a’+b®> 2ab 2ab a’+b’+2ab 2ab 2ab
2
+b 1
Mat khéc ta lai c6 ab<|2 ==
2 4
Do d6 ta dugec P > 18, hay gia tri nho nhat ctia biéu thirc P 1a 18. Dang thic xay ra khi va chi khi
1
a=b=—.
2

Vi du 1.12: Cho a, b, ¢ 14 cac s thuc duong théa man a + b + ¢ = 1. Ching minh ring:
1 9

+ > 30
a’+b’>+c¢> ab+ab+bc

Phan tich va loi giai
, , \ . 1 . L, a2 ,
Truéc hét ta du doan dang thirc x4y ra tai a=b =c = g Khi st dung bat dang thtc

x - . 2
Bunhiacopxki dang phan thirc ta chil y cong cac mau dé co thé viét dugc thanh (a +b+ C) .

2
o 1 2 (“ﬁ) 2 a
Dé y 1 néu danh gid ————— + > . :(1+\/§),khidédéng
a”+b”+c 2(ab+bc+ca) (a+b+c)

1 V2
2 2 2 i
a”~+b +c 2(ab+bc+ca)
Nhu vy dé co6 thé ap dung dugc bat dang thirc Bunhiacopxki dang phan thirc ta lam nhu sau

1 K2 (1+k)2 2
+ > > :(1+k)

thirc khong xay ra vi

>

a’ +b* +c’ 2(ab+bc+ca) (a+b+c)

5 . 1 k x
Ta can chon k d¢ dang thirc sau dung — 5 = , dé dang chon duoc gia tri
a~+b +c Z(ab+bc+ca)

k=2. Dén day ta co 10 gidi nhu sau
Ap dung bat dang thirc Bunhiacopxki ta dugc

1 9 1 4 7
+ = + +
a?+b’+c® ab+bc+ca a’l+b’+c? 2(ab+bc+ca) ab +bc + ca
2
1+2
> ( ) + ! =9+ ’

(a+b+c)2 ab+bc+ca ab +bc +ca




L ) . 7 . x 2
Bat dang thurc s€ dugc ching minh néu ta chi ra dugc —— > 21. Tuy nhién, dé thay

ab+bc +ca
(a++b+c)2 1
#Zab+bc+ca<:>ab+bc+ca£§
, 7
Do d6 ta duoc —2>21
ab + bc + ca

Vay bét ddng thirc dwgc chirng minh.

Vi du 1.13: Cho a, b, ¢ 1a c4c s6 thyc dwong bat ki. Chirng minh rang:

a’ N b? N c? <
2 2 2 =
5a2+(b+c) 5b2+(c+a) 502+(a+b)

(SR

Phan tich va loi giai

Dy doan dang thirc xdy ra tai a = b = ¢, Trudc hét ta dé ¥ dén miu sb co thé phan tich duoc

2 L . .
ha® + (b + C) = (a2 +b* + CQ) + 2 (2&2 + bc). Quan sat bat dang thic ta thay co thé ap dung

dugc bat ding thirc Bunhiacopxki. Khi vy ta cAn chon cac sé m;n dé duoc bat dang thic

2 2 2 2
(m + n) a (m + n) a m?Za’ n’a?
= <

5a2+(b+c)2 B a2+b2+02+2<232+bc) Ca’+b 4+ 2(2&2+bc)

Dong thoi dang thirc > H; == - dungvéia=b =c.
a’+b*+c 2<2a2+bc)

Dé dang chon dugc m = 1; n = 2

Khi d6 ta c6 thé giai duoc bai toan nhu sau:

Theo bt dang thirc Bunhiacopxki dang phan thic ta c¢6

2
a’ 1 (1 + 2) a’ 1 a’ 2a
9 la’+

5a2+(b+c)2 _5.(a2+b2+c2)+2(2a2+bc)

Chirng minh tuong tu ta dugc

Voo v
5b2+(c+a)2_9 a’+b*+c¢®  2b’+ac

2

c

IN

1 c? N 2¢?
502+(a+b>2 9(a’+b”+c* 2¢*+ab
Do do ta co
a’ b? c?
2 2 T 2 > F 2 2
Ha +(b+c) 5b +(c+a) 5e +(a+b)
2 2 2
Sl 1+ 22a + fb + 22C
9 2a°+bc 2b"+ca 2c¢  +ab

+
b?+c¢*  2a’+bc

|




2 2 2
Ta can ching minh duoc 1 (1 + 22 2b 2 ] < %

2 + 2 + 2
2a°+bec 2b"+ca 2c¢” +ab

Bét ding thire d6 twong duong véi

2a” 2b° 2¢”
5 +—; +— <2
2a”+bc 2b"4+ca 2c +ab
b b
Hay 5 S QCa + 2& >1
o 2a” +bc  2b"+ca 2c +ab
Theo bat dang thirc Bunhiacopxki dang phéan thirc thi
2
be ca ab (ab + bc + Ca)

>

+ + > =1
222 +bc 2b%*+ca 2c2+ab  a’b’+bi+ckal+ 2abc<a +b+ c)

Nhu vy danh gia cudi ciing 1a mot danh gia dung.

Do d6 bat dang thirc ban dau dugc chimg minh. Dau dang thirc xdy ratai a = b = c.

Vi du 1.14: Cho a, b, ¢ 1a cic s6 thuc duong théa mén a’ + b> + ¢ < abc . Ching minh ring;

a b C < 1

2 3 + 5
a+bc b +ca ¢ +ab 2

Phén tich va loi gidi
Tuong ty nhu vi du trén ta chon dugc m = n =1, khi d6 ap dung bat dfmg Bunhiacopxki dang
phan thure ta dugc

a a’ a’ 1( a® a’ 1(1 a’
2 = 3 - 3 2 2 2S_ _d+ 2 2 2 =l -F 2 2 2
a‘+bc a’+abc a’+a"+b*+c 4\ a a“+b” +c 4la a*+b +c

Hoan toan tuong tu ta dugc
b 11 1 1
24 +— <Z(—+—+—+1j

a’+bc b’+ca c+ab a b c
S 1 1 1
Ta can ching minh —+—+—-<1
a b ¢

That vay, ap dung mdt danh gia quen thude va két hop vai gia thiét, ta duoc

1>af+b2+c2 >ab+bc+ca _l+l+l

o abc abc a b c
Vay bat dang thire dugc chirng minh. Pang thire xay ra khi vachikhia =b=c =3

Vi du 1.15: Cho céc sd thuc a, b thoa mén 2a — b = 2. Ching minh ring:

\/a2+(b+1)2 +\/a2+(b—3)2 > 25

Phin tich: Gia str dang thirc xdy ra tai a = m; b = n; 2a — b = 2. Tir 46 ta manh dan dwa vao céc s p, q

dé co6 danh gia nhu sau

a’ +(b+1)2 =ﬁ\/(p2 Jqu)[a,2 +(b+1)2} > ﬁ[pa#—q(b#—l)}

Va danh gia trén xy ra ddu bang tai a = m; b = n; 2a —b = 2, ta dugc P9 dotaco thé

m n+1
chonp=m, g=n+1.




. / 2 .
Hoan toan twong ty véi biéu thirc 4/x” + (y - 3) tacothé chon p=m, q=n-3

’ o Loi giai
Ap dung bat dang thiic Bunhlacopxkl

\al+ b+1 \/m2+1n [ma+(n+1)(b+1)]
- '+ (b-3) 2 m[m“(n‘g)( -3)]

\/a2 +(b+1)2 +\/a2 +(b—3)2
> ! 2|:ma+(n+1)<b+l)}+ ! [ma+(n—3)(b—3)]

m2+(n+1) 1r112+(n—3)2

n+1

\/m + n+1 \/m + ] +|:\/m2+(n+1)2 +\/m2+(n3)2}

Ta can chon m, n sao cho

Jmmﬂ o Mmim Jm}

2m—-n =0
m +2n + 2 m+2n -6 2
2 ng
2 _ :O
\/m + n+1 \/m +(n 3) Nnd 9
2m-n =0 n——g
12
Khi d6 ta duoc \/a2+(b+1)2 +\/a2+<b—3)2 > \/ga—6\/gb+38\/g :2\/3
25 25 25
Vay bat déng thirc duoc chung minh. Déng thire xéy ra khi va chi khia = %; b= —%

Vi du 1.16: Cho céc sd thuc a, b tuy y. Chirng minh rang:

Y1) + (=1 +(a-1) + (1) +(av2) +(b+2) 2 Vo +242

Phén tich: Gia st dang thirc xay ra tai a = b = m. Tir d6 ta manh dan dua vao céc sb p, q dé c6 danh

gia nhu sau

\/(a+1)2+(b—1 H\/p +q a+1 (b—l)Q}
> — [ (a+1)+q(b 1)}

p +q




Ta can chon p, q sao cho dang thirc xay ra khi x =y = a nén P __4d tir d6 ta c6 thé chon

m+1 m-1

p=m+1l;g=m-1.

i 2 2 , R
Tuong tu véi bidu thire \/<a ~1) +(b+1) tacothéchon p=m—1; q =m+1 va véi biéu

thirc \/(a + 2)2 + (b + 2)2 tacothéchon p=q=1.
Ap dung bat dang thirc Bunhiacopxki: Lotem
J(a f1) (1) > J( 1)21 =" [(m+1)(a+1)+ (m-1)(b-1)]
m+1) +(m-—
\/(a1)2+(b+1)2>\/ E [(m-1)(a=1)+(m+1)(b+1)]
1

m—l) +(m+1)

\/(a+2)2 +<b+2)2 > ﬁ[l'(a+2)+1'(b+2ﬂ

Tur @6 ta duoc

Tacﬁnchonmsaocho2—m+i=()c>m:——
' 1l2(mQ+1) \/5 \/g

Vi gia tri vira tim cila m ¢ trén ta duoc

Ja+1) + (=1 +(a-1) + (1) +y(ar2) +(b+2) 2o 4202

L . . 1
Véy bat dang thic dugce chirng minh. Pang thirc xay ra khi va chi khia = b = ——

J3

2. Ky thuit sir dung bét dang thirc Bunhiacopxki dang co ban
Bit ding thirc Bunhiacopxki dang co ban 1a nhiing bat dang thic danh gia tr dai luong

2, < . A
(alb1 +ab, +...+ab ) vé dai luong (a2 +a’ +...+a2)(b2 +b’ +...+b2) hoac ngugc lai. Bé
n n 1 2 n 1 2 n

ro hon ta xét mot so vi du sau

Vidu 2.1: Cho a, b, ¢ 1a c4c s6 thuc dwong théa mén a + b + ¢ = 1. Chtng minh rang:

1 1 1
—+—+-29
a b c

Ap dung bat dang thirc Bunhiacopxki ta dugc

AT oS R N N SRS S




e : : 1
Bat dang thirc dugce chirng minh. Pang thirc xay ra khi vachikhi a =b =c¢ = 5 .

Vi du 2.2: Cho a, b, ¢ 1a cac s6 thuc duong bét ky. Chirmg minh rang;

\/a+b +\/b+c +\/c+a S\/g
a+b+c a+b+c a+b+c

Phan tich: Quan sat bat dang thirc ta nhan thay co thé dua dwa dai luong dudi cac ddu cin & vé trai vao
trong cling mot cin thirc, cht y chiéu bat dang thirc ta lién twong dén bat dang thirc Bunhiacopxki dang co
ban.

Loi giai

Ap dung bt dang thirc Bunhiacopxki ta dugc
\/ a+b \/ b+c \/ c+a
+ +
a+b+c a+b+c a+b+c

S\/(12+12+12)( a+b N b+c N c+a J:\/g

a+b+c a+b+c a+b+c

Dodétaduqc\/ a+h +\/ brc +\/ cta S\/E

a+b+c a+b+c a+b+c

Bat dang thirc duge chirg minh. Pang thirc xdy ra khi vachikhi a =b = ¢

Vidu 2.3: Cho a, b, ¢ 1a 6 dai ba canh cta tam giac. Chirng minh ré’mg:

Ja+b—c+¢b+c—a+¢c+a—bng+JE+JE

Phén tich: Péy1a a+b—c+b+c—a =2b. Do dé ta nghi dén viéc dua hai dai luong dudi dau cin
vao trong cung mot dau cin. Chu y dén chiéu cua bat dang thic ta lién tuong dén bat dang thirc
Bunhiacopxki dang co ban

Loi giai

e e ” 2
Ap dung bat dang thirc Bunhiacopxki co ban dang (X + y) <2 (X2 + y2 ) , ta duogc

(\/a+b—c +\/b+c—a)2 32(a+b—c+b+c—a):4b

Do d6 ta duoc \/a+b—c+\/b+c—a < 24/b, tuong tu ta cd

\/b+c—a +\/c+a—b SZ\/E; \/c+a—b+\/a+b—c 32\/;

Cong theo vé cac bat dang thirc trén ta dugc

\/a+b—c+\/b+c—a+\/c+a—bS\/g+\/g+\/g

Vay bét ddng thirc dwgc ching minh. Dau déng thirc xdy rataia = b = c.

Vi du 2.4: Cho a, b, ¢ 1a cac s6 thyc duong tiy y . Chirng minh rang:

a’ b? c?
a+b+c<2 + +
b+¢c c¢c+a a+b

Phén tich: Dé ¥ néu ta viét lai bat ding thirc can chimg minh thanh




a’ b ¢’ a+b+c
+ + >
b+c c+a a+b 2
Bét ding thirc trén goi ¥ cho ta sir dung bat déng thirc Bunhiacopxki dang phan thirc. Tuy nhién &
day ta thir ap dung bét dang thirc Bunhiacopxki dang co ban xem sao.

2 2 2
X . croa . A, 1oia a b C . %
Ta can danh gid dai lugng a + b + ¢ sao cho xuat hién + + , do d6 ta viét

b+c c¢c+a a+b
2 Jbtc+ b Je+a +
vb+c Je+a ere +b

Bunhiacopxki dang co ban.

a + b+ c thanh Va +b, dén day ta ap dung bat dang thirc

Loi giai

2 Ab+c+ b c+a+ ANa+b
Vb +c \/C+a Ja+Db

Ap dung bt dang thirc Bunhiacopxki ta dugc

a b
b+c+ Ace +a+
Vb+c Jec+a a+b

b

\/b+c] \/c+a] \/a+b

Taco a+b+c=

a+ b

j [ bre) (m)x(mﬂ

2
Do d6 ta co (a+b+c)£ a’ + + ¢ [(a+b+cﬂ
b+¢c c¢c+a a+b
2 2 2
Suy ra ta dugc a+b+c<2 24 b +-C
b+c c¢c+a a+b

Bét dang thirc dugc ching minh. Dang thirc xiy ra khi va chikhi a =b = ¢

Vi du 2.5: Cho a, b 14 cac sb thyc duong théa man a* + b” = 1. Chimg minh ring:

a\/1+a +b\/1+b S\/2+\/§

Phén tich: Chu ¥ dén gia thiét co dai lugng a® + b va trong bit déng thirc can ching minh cho dai

luong a\/ 1+a+ b\/ 1+b. Cht y dén chiéu cta bat dang thirc ta c6 danh gia theo bat dang thirc

Bunhiacopxki la avl+a +bvl+b S\/(a2 +b2)(1+a+1+b). Dén day ta chi can danh gia
a+b< ,[2(3,2 +b2) la xong.

Ap dung bét dang thirc Bunhiacopxki ta dugc

aJL+a+bJLH3SJ@?+W)@+a+1+b):Va+b+2

< o) 2 -2

Bét dang thirc dugc ching minh. Dang thirc xay ra khi va chi khi

Loi giai




a’+b’ =1

a
\/a+1 _\/b+1
1 1

a b

Vi du 2.6: Cho a, b, ¢ 1a cac s6 thuc duwong tity y. Ching minh rang:

Al tbiact > a+3b 4+ b+ 3¢ 4+ c+3a !
B 4 4 4

Phin tich: Quan sat bit dang thirc ta nhan thay néu danh gia tir vé trai sang vé phai cuia bat ding thirc thi

rat kho khan, do do ta tim cach danh gia tir vé phai sang vé trai, tirc 1a ta cAn chimg minh dugc bét ding

a+3b

4
thic kiéu [ J < 7. Dy doan ddu dang thirc xay ra khi va chi khi a = b = ¢ nén ta viét duoc

4 2
+ 3b b b b . A AL a2 ) . .
[a 1 j = (% + Z + Z + ZJ , chu y dén chi€u cta bat dang thirc can ching minh ta c6 danh gia

theo bt dang thirc Bunhiacopxki 1a

2
a, bbbyttt 1,1 ( 2+b2+b2+b2)
4 4 4 4 16 16 16 16

, , 2, )
Phép chimg minh s& hoan tit néu ta danh gia duoc (a2 + 3b2) vé a* + 3b*, tuy nhién danh gia

nay hoan toan cé thé thuc hién duge nho bat déng thirc Bunhiacopxki.
Loi giai
Ap dung bat dang thirc Binhiacopxki ta ¢6

4 2 2
atsb) _jfa b b byt t 1.1 (a2+b2+b2+b2)
4 4 4 4 4 16 16 16 16

S%(aﬂ+b2+b2+b2)2 S%(1+1+1+1)(a4+b4+b4+b4)

4 4 4
Do d6 ta duoc (a—li’)b} < a_+3b

4

4 , 4 ,
. b+ 3c b*+3c¢' [c+3a ¢+ 3a’
Hoan toan tuong tu ta duoc 1 < ; <

4 | 4 4

Cong theo vé céac bat dang thirc trén ta duoc

4 4 4
a+3b N b+ 3¢ N c+3a <altbtact
4 4 4

Vay bét dang thirc dugc ching minh. Dang thirc x4y ra khi va chikhi a =b =c




Vi du 2.7: Cho cac s thuc a;b;c € (O; 1). Chtng minh rang:

m+\/(1—a)(1—b)(1—c)<l

Phin tich: Quan sat bat dang thirc ta thay trong can thirc thir nhat c6 chira nhéan tir a va trong can thirc thir
hai lai ¢6 chira nhan tir 1 —a, dé y 1a a+1—a =1 nén ta s& sir dung bat dang thirc Bunhiacopxki dé

triét tiéu di bién a

(Vabe +J{1=a)(1=b) (1<) < [a+(1—a)g[bc+(1—b)(1—c)]

Khi nay ta dugc \/% + \/(1 — a)(l — b)(l — C) < \/bc + (1 - b)(l - c) . Khong can quan tim dén

dau dang thirc xay ra nén ta c6 \/bc + (1 - b) (1 - C) < \/E + (1 — b) (1 — c) . Dén ta day ta lap lai

danh gia nhu trén thi bai toan dugc hoan tat.
Loi giai
Ap dung bét dang thirc Binhiacopxki ta co

(Vabe + {1=a)(L=b)(1=¢)} <be+(1-b)(1-c)

Do d6 ta dugc @+\/(1—a)(l—b)(1—c) < \/bc+(1—b>(1—c)

Dé dang ching minh duge /x +y < \/; + \/; (X, y > 0) . Ap dung vao bai toan ta dugc

\/bc+(1—b)(1—c) <be +J(1-b)(1-c)

Lai theo bat dang thirc Bunhiacopxki ta c6

(\/—c+‘/1 b)( —c) b+1 b[ (1—0)}:1

Hay Vb + J(1-b)(1-c) <1
Vay ta c6 \/%Jr\/(l—a)(l—b)(l—c)d

Bét dang thire dugc ching minh.

Vi du 2.8: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chimg minh rang:

3(a+b+c)2 S(a2 +2)(b2 +2)(c2 +2).

Phén tich: Bat dang thic trén co cac bién doc 1ap nhau, do d6 néu danh gia lam giam di s6 bién thi bai
. . 2 . .
toan s€ don gian hon. Ta cha y dén sy xuat hién cia dai luong (a +b+ C) & vétraiva a® +2 & vé

phai ciia bat dang thirc can ching minh. Su xuat hién nay 1am cho ta suy nghi dén sir dung bat dang thirc




5 2 .
Bunhiacopxki d€ danh gia dai lugng (a +b+ C) lam sao cho xuat hién dai lugng a’+2. Nhu vay ta

s€ c6 danh gia sau

2 (b+c)2< ) brc)
(a+b+c) = a.1+\/5 \/5 _(a +2) 1+(W}

Ta quy bai todn vé chimg minh 3|1+ < (b2 + 2) (C2 + 2). Bét dang thirc nay chi co

hai bién va c6 thé ching minh duoc bang phép bién doi twong duong.
Loi giai

’ 7 ” 2
Ap dung bat dang thirc Bunhiacopxki dang (a2 +b’ ) (X2 + y2) > (ax + by) ta dugc

2 (b+C)2< ) b+C2
(a+b+c) = a.1+\/§ \/5 _(a +2) 1+[ \/5]

(b + c)2

Bai toan dua vé chimg minh 3|1+ < (b2 + 2) (c2 + 2)
2
.z s (b - C) 2
Bién doi twong duong bat dang thurc trén ta dugc - + (bc - 1) >0

Bét ding thirc cudi cung nay hién nhién dung nén bat dang thirc di cho duoc ching minh.

Bat dang thirc xay ra khi va chi khi

b=c

a= <a=b=c=1
b+c

bc=1

Nhén xét: Bdt dang thire nay con dwoe chimg minh bang cdach sir dung bat dang thire Bunhiacopxki két
hop voi nguyén ly Dirichlet nhuw sau:

Theo nguyén 1y Dirichlet thi trong ba s6 a, b, ¢ luén ton tai hai so cing khéng Ién hon 1 hodc
khong nho hon 1.

Khéng mdt tinh tong quat ta gid sir hai s6 d6 la b va ¢, khi d6 ta dwoc

(¢ -1)(¢ 1) 2 0.

Ap dung bat ding thire Bunhiacopxki ta dirgc

(a+b+c)2 = (a.1+1.b+1.c)2 < <a2 +2)(1+b2 +02)
Bai todn quy vé chirng minh 3 (1 +b°+ 02) < <b2 + 2) (02 + 2)
Bién doi twong dwong bat dang thire trén ta thu dwoc (b2 - 1) (02 - 1) > 0.

Bat ddang thirc cudi ciing diing theo gid sir trén. Vay bai todn dwoc chimg minh.



Vi du 2.9: Cho a, b, ¢ 1a cac s6 thuc duwong tity y. Ching minh rang:

(ab+bc+ca—l)2 < (a2 +1)(b2 Jrl)(c2 +1)

. . 2 .
Phén tich: Tuong tu nhu trén, ta chi y dén sy xuat hién dai luong (ab +bc+ca— 1) G vé trai va
’ ‘ ” \ \ 2
a’ +1 & vé phai ctia bat dang thirc cdn ching minh. Ta can danh gia dai luong (ab + bc + ca — 1) lam
sao cho xuit hién dai luong a’ +1. Dé thyc hién duoc danh gia d6 ta dé y dén phép bién doi
2 2
(ab + bc +ca —1) = [a.(b+c)+1.(bc —1)} .
Loi giai
Ap dung bt dang thirc Bunhiacopxki ta dugc
2 2 2 2
(ab+bc+ca—1) = [a.(b+c)+(bc—1)} < (a2 +1)[(b+c) +(bc—1) }
\ 2 2
Bai toan quy vé chiing minh (b + C) + (bc - 1) < (b2 + 1) (C2 + 1)

” 2 2
bay 1a mot dang thirc dung vi (b + c) + (bc — 1) = (b2 + 1) ((32 + 1)
Vay bt dang thiic duge chig minh. Dang thire xay ra khi va chi khi

a(bc—l):b+c<:>a+b+c=abc

Vi du 2.10: Cho a, b, ¢, d 1a cac s6 thyc thoa min (a2 + 1)(b2 + 1)(02 + 1)(d2 + 1) =16.

Chimg minh rang: -3 <ab+ac+ad+bc+bd+cd—-abed <5

Phin tich: Trudc hét ta viét lai bat dang thirc can chig minh thanh
(ab+ac+a,d+bc+bd+cd—abcd—1)2 <16
Quan sat gia thiét ta viét bat dang thic can ching minh duoc thanh
(ab +ac+ad + bc+bd +cd —abcd—l)2 < (a2 +1)(b2 + 1)((:2 +1)(d2 +1)

Dén day ta lién tuong dén bat dang thirc Bunhiacopxki voi cach p dung nhu cac vi du trén.
Loi giai
Ta viét bat dang thirc can ching minh lai nhu sau

-4 <ab+ac+ad+bc+bd+cd—-abecd-1<4
Hay (ab+ac+ad+bc+bd+cd—abcd—1)2S16
Ap dung bat dang thirc Bunhiacopxki ta c¢6
(ab+ac+ad+bc+bd+cd—abcd—1)2
=[a(b+c+d=bed)+ 1 (be+bd+ed+-1)]
< (a* +1)[(b+c+d—bcd)2 +(bc+bd+cd—1)1

Bai toan dua vé chirng minh




(b+c+d=bed) +(be+bd+ed-1) < (b* +1)(c* +1) (a2 +1)
Pay 1a mot bat dang thirc dang vi

(b+c+d—bed) +(be+bd+ed-1) = (b*+1)(c +1)(a* +1)

. 1 1 1 .
Vidu 2.11: Cho céc s6 thuc a, b, ¢ > 1 thoa man — + E + — = 2. Chung minh rang:
a c

\/a—1+\/b—1+\/c—1 S\/a+b+c

Phan tich: Sy xuit hién dai luong \/ a—1+ \/ b-1+ \/ c—1 cung v6i chiéu cia bat ding thirc can
ching minh 1a co s¢ d€ ta nghi dén st dung bat dang thirc Bunhiacopxki. Tuy nhién ta can danh gia lam

S B 1 ) oy . /
sao dé xuat hién —. béytaco va—1 = \/;. 1—— va véi sy xuat hién cta dai luong Va + b + ¢ thi
a a

nhén dinh trén cang co6 co sé.
Loi giai
Ap dung bat dang thirc Bunhiacopxki ta ¢6

(\/a—1+\/b—1+\/c— {J—F x/_\/i Vo [= ]
a-1,

(a+b+c)[a bl Cblj

1 1 1
=(a+b+c)(3 ——————
a b ¢
Dontaduqc \/a—1+\/})—1+\/c—1£\/a+b+c
Bat dang thuc dugc chirng minh. Dang thure xay ra khi va chi khi
1 1 1
—+—+—=1 3
a C Sa=b=c=—
a—l b-1 c¢-1 2
a’ b c?
Vi du 2.12: Cho a, b, ¢ 14 cac s thuc duong tiy y. Ching minh rang:

a N b N C S 9
(b+c) (c+a) (a+b) 4(a+b+c)

Phin tich: Cac dai lugng trong bét dang thirc c6 dang phan thirc nén diéu dau tién ta nghi dén 1a sir dung
bat dang thirc Bunhiacopxki dang phan thirc, tuy nhién do bac & mau 16n hon trén tir nén viéc danh gia s&
kho khin hon. Do d6 ta tinh dén str dung bat déng thirc Bunhiacopxki dang co ban, nhung dé d& danh gia
hon ta viét bat dang thirc lai thanh

(a+b+c) I b +—C 2%

(b + 0)2 (C + a)2 (a + b)2
Dén day 4p dung bét déng thirc Bunhiacopxki ta dugc




\%

2
(a+b+c) a -+ b >+ ¢ - _( 2 b 4+ J
(b+c) (c+a) (a+b) btc c+a a+b

Phép chirng minh s& hoan tat néu ta chi ra dugc

a b C ’ 9 a b C 3
+ + > & + + —
b+¢c c¢c+a a+b 4 b+c¢c c+a a+b 2

Panh gia cudi ciing chinh 13 bat dang thirc Neibiz.
’ o Loi giai
Ap dung bat dang thirc Binhiacopxki ta c

(b+c) (c+a) (asb)

O B e 2

(a+b+c)

;_/M
+
7\

sV
;o%
N

a b
+
b+c c+a a+bj

>
Dé dang ching minh dugc a + b + ¢ 2 §
b+c c¢c+a a+b 2
Do d6 ta co (a+b+c) a >+ b -+ ¢ 5 22
(b+c) (c+a) (a+b) 4
a b C S 9

e (bre] (cra) (arb) Ha+bre)

Viy bat dang thirc duoc ching minh. Pang thire xay ra khi va chikhi a =b = ¢

Vi du 2.13: Cho a, b, ¢ la cac s thuc duong tity y. Chimg minh riang:
a b c 9
2 + 2 + 2 2
b(c+a) c(a+b) a(b+c) 2(&b+bc+ca)

Phén tich: Tuong ty nhu vi du trén ta viét lai duoc bat dfing thirc can chtiing minh thanh

b C 9

(ab+bc+ca) b2(0+a)+c2(a+b)+a2(b+c) 25
Tathéyab+bc+ca:a(b+c)+b(c+a)+c(a+b) Vé‘la(b+C).;=£
2 a2(b+c) a

Dén day ta co thé ap dung bat dang thirc Bunhiacopxki nhu 10 giai sau day
Loi giai

Bét dang thirc can chig minh dugc viét lai thanh

(ab+bc+ca) 2 + b + ¢ 22
2

bQ(c+a) 02(a+b) aQ(b+c)




Ap dung bét dang thirc Bunhiacopxki ta dugc

[b(c+a)+c(a+b +a b+c c
2 b2 c+a a+b b+c
1 ab( ) bc(a b b+c \/7 \/7 \/7
“9 b2( ) CQ(a b+C a

Mit khac theo bat dang thirc Cauchy ta c6

|9-'>
%

Do d6 ta dugc (ab + bec + Ca) + + ¢ > g

b2(0+a) c (a+b) aQ(b+c)
Vay bit déng thirc dugc chimg minh. Dang thic xdy rakhi vachikhia=b =c

Vi du 2.14: Cho a, b, ¢ 1a cic s thuc duong théa min \/; + \/g + \/E = 1. Chung minh rang:

\/ ab \/ be \/ ca 1
- + <=
a+b+2c b+c+2a c+a+2b 2

Phan tich: Cha y dén gia thiét va chiéu bat dang thuc ta co danh gia theo bat dang thirc Bunhiacopxki 1a
2
4(a+b+2c) :(1+1+2)(a+b+2c) 2(\/;+\/E+2\£) )

) o Loi giai
Cach 1: Ap dung bat dang thirc Bunhiacopxki ta dugc

4(a+b+26)=(1+1+2)(a+b+20)Z(\/;+\/E+2\/Z)2

Két hop voi bt dfmg thire Cauchy ta dugc

/ 2y/ab [ Jab_ ab ]
a+b+2€ \/4 a+b+2c) \/g+\/g+2\/_ 2(Va+ve b+

Ap dung tuong ty ta c6

Jbe e

\/b+c+2a 2(\/;+\/_ \/;+\/_]
/ ca l[ \/_a \/— J
c+a+2b 2 \/7 \/7 \/g_,_\/g

Cong theo vé cac bat dang thirc trén ta dugc

\/ ab +\/ be +\/ ca S%(\/;+\/g+\/2=

a+b+2c b+c+2a c+a+2b

| =

) 1
2
A A < , ) . < ’ R S > . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi vachikhi a =b =c¢ = 5 .

Cach 2: bat x = \/;; y = \/g; Z = \/E.Tfrgiéthiéttasuyra x+y+z=1.
Khi d6 bét dang thirc duogc viét lai thanh
1
Xy N VZ N Zx <1
\/:><;2+yQ+222 \/y2+Z2+2X2 \/ZQ+X2+2y2 2
Ap dung bét dang thirc Bunhiacopxki ta dugc




4(X2 +y? +222) =(1+1+2)(X2 +y +222) > (X+y+2z)2

Do do taco

Xy _ 2xy < 2xy <l( Xy , Xy j
\/x2+y?+222 \/4(X2+y2+222) X+y+2z 2
Ap dung tuong tu ta duge
V7 <1 yz_ . _yz | ZX <1 zx | _ZX
\/y2+22+2x2_2 X+y x+z) \/ZQ+X2+2y2_2 X+y y+z

Cong theo vé cac bat dang thirc trén ta dugc

Xy VZ N ZX gX+y+Z:l

+
\/X2+y2+2z2 \/y?+22+2x2 \/z2+><:2+2y2 2 2

Viy bat ding thirc duoc chimg minh. Dang thirc x4y ra khi vachikhia =b =c = ~.

Vi du 2.15: Cho a, b, ¢ 1a cac sé thuc duong bat ki. Ching minh rang:
a’ N b N c’ < 1
(207 +17)(22° +¢*) (207 +c*)(2b* +2%) (207 +a’)(27 +b?) a+b+c

Phén tich: Dé y dén danh gia theo bat dang thirc Bunhiacoxki 1a

(2&2 +b2)(2a,2 +(32) = (a2 +a’ +b2)(a2 +c +a2) > (a2 +ab+a,c)2 =a’ (a+b+c)2
Loi giai
Theo bét dang thirc Bunhiacopxki ta dugc
(Qa2 +b2)(2a2 +c2) = (a2 +a’ +b2)(a2 +c’ +a2) > (a2 +ab+ac)2 =a’ (a+b+c)2

3
a a .
Do d6 < - » chimg minh tuong ty ta duoc

(2a2 +b2)(2a2 +c2> - (a+b+c>

b? b . c? < c

(2b2 +c2)(2b2 + a,z) . (a Lb4 c)2 7 (2(32 + aQ)(2(32 + bQ) - (a b +c)2
Cong theo vé cac bat dang thirc trén ta duoc
a’ b* c’ 1

(20 1) (2 + ) (207 ) (20 +a?) (20 +a) (207 +17) mr b

Viy bt ding thirc trén dugc chimg minh. Dau dang thirc xdy rakhi a = b = c.

Vi du 2.16: Cho a, b, ¢ 1a cac s6 thuc dwong tity y. Chirng minh rang:

2°b bie ca, abc(a +b+ c)
+ 2>
1+ab® 1+bc® 1+ca’ 1+abc
Loi giai

Ap dung bat dang thirc Bunhiacopxki ta dugc




a’b b’c c’a 1+ab® 1+bc® 1+ca’ S ey
s+ >+ 5 + + > (a +b+ c)
1+ab® 1+bc® 1+4+ca ab bc ca
a’b b’c c’a c+ab’c a+abc® b+ca’b S b 2
& S+ S+ ; - - > (a - +c)
1+ab® 1+bc® 1+ca abc abc abc
3 3 3
= a’b + b + ca abc +1 (a+b+c)2(a+b+c)2
1+ab®> 1+bc® 1+ca? abc
2°b . bic . ca N abc (a +b+ c)
1+ab’ 1+bc®> 1+4ca’ 1+ abc

Vay bt dang thiic ban dau duogc chimg minh. Dau dang thic xay khi va chikhi a =b = ¢

Vidu 2.17: Cho a, b, ¢ la cac s6 thuc thoa min a® + b® + ¢ = 2. Chirng minh rang:

a3+b3+cg—abc|32\/§

Phan tich va loi giai
r 2 Y r 2

Bat dang thirc can ching minh dugc viét lai thanh (3,3 +b* +c’ - abc) <8.

Quan sat gia thiét va chiéu bat déng thirc cAn ching minh ta lién tuéng dén bat dang thirc
Bunhiacopxki. Bat ding thic khong xdy ra ddu dang thic tai a=b=c ma lai xay ra tai
a=b=0;c= +\2 . Do dé ta c6 danh gi4 bat dang thirc trén theo hudng giam bién. Vi vai tro cua a, b,
¢ nhu nhau nén ta gia st ¢ 1a s6 16n nhét, khi d6 ta c6 dénh gia

a’+b’<a’+b’+c* =1
Ap dung bat dang thirc Bunhiacopxki ta dugc
. ; . 2 . . 2
(a“ +b* +c’ - abc) = [a“ +b’ + c(c2 —ab)}
2 2
< [(a+b) +cﬂ[(a2 —ab+b2)+<c2 —ab) }
= (a2 +b*+c’ + 2ab)(2c4 +2a’b® +4 —4c” — 4ab)
a’+b> _a’+b’ +c

Dén day ta dit t = ab, do do taco |t| = |ab| < < =1
2 2

Khi d6 ta duoc
a’ +b’ +¢’ —abcr < 4(t+1)[t2 —2t+2+(:2((:2 —2)} < 4<t+1)(t2 —2t+2)
Phép chimg minh s& hoan tat néu ta chi ra dugc 4 (t + 1) <t2 -2t + 2) <8
Hay (t+1)<t2—2t+2)£2<:>tQ(t—l)SO
Bat dang thirc cudi cung 1a mot bat dang thirc ding.
Vay bat dang thirc duoc ching minh. Dau dang thirc xdy ratai a = b = 0; ¢ = ++/2 va cac hoan vi cua

no.

Vi du 2.18: Cho a, b, ¢ 1a c4c s6 thuc dwong théa man abc > 1. Ching minh rang:




L L 1 <1

+ ;
al+bP+c? b*+ct+ar t+at+b?

Phén tich: Dé ¥ dén danh gia (a4 +b* 4 (32)<1 +b+ cz) > (a? +b% + ¢ )2
Loi giai
Ap dung bt dang thirc Bunhiacopxki ta dugc
(a4 +b* + C2)(1+b + (:2) > (a2 +b? +(32)2
1 1+b+c’ - 1+b+c

Podotaco al b1 (a4+b3+c2)<1+b+c2) B (a2+b2+c2)2

Ap dung tuong tu ta dugc bat dang thic
1 1 1 _3+at+btc+a’+b +c

+ + <

4 3 2 4 3 2 4 3 2 2

a +b’+c¢ b*+c¢’+a ¢c +a’+b (a2+b2+c2)
3+a+b+c+a’+b>+c?

Ta can chtng minh > <1
(a2 +b* + 02)

Hay (a2+b2+c?)223+a+b+c+aﬁ+b2+c2
That vay, ap dung bét dang thirc Cauchy ta co
(a,2 +b? +(:2)2 = (a2 +b’ +CQ)(a2 +b’ +(32) > 33/abc (a2 +b’ +(:2) = 3(&2 + b’ +(32)

2
\ 2 2 2 (a+b+c) 2 2 2 3 212 2
Ma a +b"+c>2——>a+b+c; a"+b +c¢ >23Vabc >3
Do d6 3(a2+b2+c2)2a2+b2+c2+a+b+c+3

Vay bt dang thirc duge chig minh. Dang thirc xay ra khi vachikhi a=b =c =1.

Vi du 2.19: Cho a, b, ¢ la cac s thuc duong théa man a + b + ¢ = 3. Chirng minh rang;

a b N C <1

a’+b’+c b+cf+a c+a’+b

Phin tich: Dé y dén danh gia theo bat dang thirc Bunhiacopxki sau
3, 12 1 2
(a +b +c) —+1+c Z(a+b+c)
a
Loi giai
Ap dung bét dang thirc Bunhiacopxki ta dugc
3, 1.2 1 2
(a +b +c) —+1+c 2(a+b+c)
a
Do d6 ta duogc

1 1
al —+1+c al —+1+c
a _ a < a _ac+a+1

a3+b2+c_(a3+b2+c)(1+1+cJ (a+b+c)2 i
a




Chung minh tuong tu ta dugc
b <ab+b+1' C <cb+c+1

o b’ +c’+a 9 " rat+b 9
Do d6 ta c6 bat dang thuc
a b N C <ab+hHwa+a+b+c+3

+ <
a’+b’+c b*+c*+a c+a’+b 9

\ b+bc+ca+6
Ta can ching minh a crea <1 hay ab+bc+ca <3

That vay, theo mot danh gia quen thudc ta cod
2
(a +b+ c)

3
Vay bt dang thirc duge chig minh. Dang thirc xay ra khi vachikhi a=b =c =1.

ab+bc+ca < =3

Vi du 2.20: Cho a, b, ¢ 14 cac sé thuc dwong. Tim gia tri nho nhét cua biéu thirc:
3a 4b 5c
P= + +
b+c c+a a+b

Phén tich: Quan sat biéu thirc ta thdy c6 thé viét biéu thirc vé dang

P+12:(a+b+c) 3 + 1 + >
b+c c+a a+b

Yéu ciu cua bai toan ciing voi cach phat biéu cta biéu thirc lam ta lién tudong dén bat ding thirc
Bunhiapcopxki
Loi giai
Bién d6i biéu thirc P ta dugc

P+12=(a+b+c) 5 + 4 + >
b+c c+a a+b

Ap dung bét ding thirc Bunhiacopxki ta dugc
%Rb+c)+ﬁwﬁﬂ+(a+bﬂ( 3 + 1 + > Jz%(J§+2+Jgf

b+c c+a a+b
2
NénPZ%(\/g+2+\/g) ~12

. 1 2 .
Vay gia tri nho nhat cua P 1a 2 (\/g +2+ \/g ) — 12 . Bang thirc xay ra khi va chi khi

b+c c+a a+b

V32 s

Vidu 2.21: Cho a, b, c 1a cac sb thuc duong. Tim gia tri nho nhét cua biéu thic:

_3(c—b) 4(a—c)+5(b—a)

2b+a b+ 2c c+2a

Loi giai

Bién do1 biéu thuc ta co




T+12 = +5
2b+a b+ 2c c+2a
_ 3(a+b+c)+4(a+b+c)+5(a+b+c)
a+2b b+ 2c c+2a
z(a+b+c> 3 + 1 >

a+2b b+2c c+2a
Ap dung bét dang thirc Bunhiacopxki ta dugc

%[(a+2b)+(b+2e)+(c+2aﬂ( 3, 4 5 Jz—(\@+2+\/5)2

1
a+2b b+2c c+2a 3

2
Do d6 ta duoc TZ%(\/5+2+\/3) -12

. . 1 2
Vay gia tri nho nhat cta biéu thire T la 3 (\/g +2+ \/g) -12.

b+c c+a a+b

V32 s

Ding thirc xay ra khi va chi khi

Vidu 2.22: Cho a, b, c 1a 6 dai ba canh mét tam gidc va x,y, z la cac s6 thuc. Chimg minh réng:
2 2 2
b
ax N y N cz
b+c—a c+a—-b a+b-c

2 Xy +y7Z+zX

ax> x2 (a+b+c)x2

Phén tich: Péyla —— +— =+ 71 _
b+c—a 2 2(b+c—a)

, do d6 ta thém vao hai vé cung mot dai lugng

X"+ + ;e . .
3; va ap dung bat dang thirc Bunhiacopxki.
Loi giai
2 2 2
b
pat T = — = Y ©  Khidotaco

+ +
b+c—a c¢c+a-b a+b-c

2 2 2 2 2 2 2 2 2
T+X +y Tz — ax +X_ + L_Fy_ + L+Z_
2 b+c—-a 2 c+a—-b 2 a+b-c 2

1 " yQ 72
=—la+b+ + +
2(& C){b+c—a c+a—-b a+b-c

Ap dung bat dang thirc Bunhiacopxki ta duoc

l(a+b+c)[ X + y + 4 jZE(X-FerZ)Q
2 b+c—-a 2

c+a—-b a+b-c

2 2 2
+y + 1 2
Do d6 ta dugc T+u2—(x+y+z)
2 2
ax’ by’ cz’

Suy ra 2 Xy + y7Z + ZX

- -
b+c—a c¢c+a-b a+b-c

(e , , a
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi va chi khi {




Vi du 2.23: Cho a, b, ¢ 1a cac s6 thuc duong tily y. Chirng minh rang;

\/Qa +\/2b +\/2c s
a+b b+c c+a

Phén tich va loi gidi
Quan sat bat dang thuc can ching minh thi suy nghi dau tién l1a khir can bac hai bang bat dang thure

Bunhiacopxki
\/ %2 \/ b \/ % %22 2b 2
+ + <.[3 + +
a+b b+c c+a a+b b+c c+a

Phép chirng minh s& hoan tat néu ta chi ra dugc
2a 2b 2c <3

+ + <
a+b b+4+c c+a
Tuy nhién danh gié trén lai la mot danh gia nguoc chiéu.

Pé y ta thdy bat dang thirc trén 1a mot bat dang thirc hoan vi, c6 mot kinh nghiém khi chimg minh
bét ding thire d6 1a néu ta bién d6i tir bat dang thirc hoan vi vé thanh bt ding thirc d6i xtmg thi bai toan
s& trd' nén don gian hon. Véi kinh nghiém d6 ta thir bién d6i bat ding thic vé dang ddi ximg xem sao.

Quan sat dai lugng vé trai ta c6 thé doi xiing hoéa nhu sau

\/ga +\/ 2% +\/ 2 2a(a+c) 2b(a+Db) 2¢(b+c)

a+b b+c cta (a+b)(a+c)+ (b+c)(b+a)+ (c+a)(b+c)

Dén day ta co thé khir cin bat déng thirc trén bang bét déng thirc Bunhiacopxki nhu sau

2a<a+c) s 2b(a+b) .\ 2c(b+c)
(a+b>(a+c) (b+c>(b+a) (C+a)(b+c>
< (2a+2b +2¢) a2 . 2

(a+b)<a+c) (b+c)(b+a) (c+a)(b+c)

Phép chimg minh s& hoan tit néu ta chi ra dugc

(2a +2b + 2(:) 22 + 2b + 2 <3

(a+b)(a+c) (b+c)(b+a) (c+a)(b+c)

Bién ddi twong duong bat dang thirc trén ta dugc

8(a+b+c)(ab+bc+ca) 39(a+b>(b+c)(c+a)

Tiép tuc bién d6i twong dwong ta duoc
(a +b)(b+c)(c +a) > 8abc

Day 1a mot bt dang thirc ding.

Vay bai toan duoc chimg minh xong. Dang thic xay ra khi vachikhia=b =c.

Vi du 2.24: Cho a, b, ¢ 1a cac s6 thuc dwong tity y. Chig minh rang:

\/ a \/ b \/ 2c 3
- + <=
a+b+2c b+c+2a c+a+2b 2

Phén tich va loi gidi

Ta d6i xtmg hoa bat dang thic trén thanh




a(a+2b+c) b(a+b+20) c(b+c+2a)
(a+b+2c)(a+2brc) \(brc+2a)(arbrac) |(cra+2b)(b+c+2a)

<3
2

Goi vé trai cua bat dang thuc 1a A, ap dung bét dang thirc Bunhiacopxki ta dugc
4(&2 +b* +c” +3ab + 3bc + 3ca)<a + b+c)

2
A= (a+b+20)(b+c+2a)(c+a+2b)

Phép chirng minh s& hoan tat néu ta chi ra dugc
16(&2 +b*+¢’ +3ab+3bc+3ca)(a+b+c) < 9(a +b+2c)(b+c+2a)(c+a +2b)
Bién di twong duong ta duogc
2(&3 +b? +c3) > ab(a+b)+bc(b+c)+ca(c+a)
Theo bt déng thirc Cauchy ta duge a’ +b* + ¢® > 3abc. Do d6 ta can ching minh dugc
a’ +b’ +c’ +3abc > ab(a+b)+bc(b+c)+ca(c+a)
Bién dbi twong duong bat dang thirc trén ta duoc
abc > (a+b—c)(b+c—a)(c+a—b)

Day la mot danh gia dung quen thudc.

Viy bat dang thirc duoc chimg minh. Pang thirc xay ra khi vachikhi a =b =c.

3. Ky thuit sir dung bét dang thirc Bunhiacopxki dang phan thirc
Bit dang thirc Bunhiacopxki dang phan thuc 1 bat dang thirc c6 tng dung rong rii trong chimg

minh cac bai toan bat dang thirc. N6 giai quyét dugec mot 16p cac bat dang thic chira cac dai lugng co

dang phan thirc.
Vi du 3.1: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chirng minh rang:
a’ b ¢’ S at b+c
b+c c+a a+b 2

Phan tich: Quan sat cac dai lugng bén vé trai va chiéu bat ding thirc, mot cach tw nhién ta nghi dén bat
dang thirc Bunhiacopxki dang phén thirc
Loi giai
Ap dung bét ding thirc Bunhiacopxki dang phan thirc ta duoc
a2 b2 c? (a+b+c)2 (a+b+c)2 a+b+c

b+c+c+a+a+bZ(a+b)+(c+a)+(a+b):2(a+b+c) 2

Bét ding thirc duge chimg minh. Pang thirc xay ra khi vachikhi a =b =c¢

Vi du 3.2: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chirng minh rang:
2 2 2
b
5 a +— +— ¢ >1
a”+2bc b +2ca ¢ +2ab




Phén tich: Quan sat cac dai lugng bén vé trai va chiéu bat déng thirc, mot cach ty nhién ta nghi dén bat
dang thirc Bunhiacopxki dang phén thirc
Loi giai
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
2 2 2 ?
a b c S (a +b+ c)

2 T T = =1
a’+2bc b*+2ca c¢*+2ab a2+b2+02+2(ab+bc+ac)

Bét ding thirc duge chimg minh. Pang thirc xdy ra khi vachikhi a =b =c¢

. ‘ , 11 . (e .
Nhdn xét: Néu ta thay cdac bién a, b, ¢ twong ung boi —, z ,— thi ta thu dwoc bat dang thirc
a

c
b
c - ca - ca _>1
bc+2a” ca+2b" ca+2b
< s bc 20 a £, a2 .
Dé y ta lai thay e 1- 5 khi d6 ta dwoc bat dang thirc
bc +2a bc +2a
2 2 2
b
¢ >+ >+ ¢ =<1
bc+2a” ca+2b" ca+2b
Vi du 3.3: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chirng minh rang:
a b oy

+ >
2b+c 2c+a 2a+b

Phén tich: Quan sat vé trai ciia bat dang thirc can ching minh ta ciing c6 thé nghi dén viéc van dung bat
dang thirc Bunhiacopxki dang phan thirc. Nhung néu dé nhu thé ma ap dung thi khong dugc. Trude hét ta
can tao ra cac biéu thire c6 dang binh phuong & tir 6 3 phén thirc & vé trai bang cach nhan thém vao tir va

mau cac lugng thich hop.

! b ¢ a’ b c’
béyla + + = + + .
2b+c 2c+a 2a+b a(2b+c) b(2c+a) c(2a+b)
o Loi giai
Ap dung bat dang thirc Bunhiacopxki dang phén thure ta dugc
2
a b c a’ b c’ (a +b+ C)

2b+c+2c+a+2a+b - a(2b+c)+b(2c+a)+c(2a+b) - 3(ab+bc+ca)

r r 2
Phép ching minh sé€ hoan tat néu ta chi ra dugc (a +b+ c) >3 (ab + bc + Ca)
Tuy nhién danh gié trén ta mot danh gia dung.

Vay bt dang thirc dugce chimg minh. Dang thire xay ra khi khi vachikhi a =b =c

Vi du 3.4: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chimg minh rang:

a’ b? c? a’+b’+¢’
+ + >
a+2b b+2c c+2a 3
Loi giai

Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc




2
a’ b el (3,2 +b* + (32)
>

+ + >
a+2b b+2c c+2a (a+b+c)2

1 2
Ta lai co a2+b2+C22§(a+b+c)
3 3 3 2 2 2
b +b” +
Do d6 ta duoc 2 + + ¢ Za ¢
a+2b b+2¢c c+2a 3

Viy bt ding thirc duoc chimg minh. Dang thtrc x4y ra khi vachikhi a =b = ¢

Vi du 3.5: Cho a, b, ¢ 1a cac s6 thuc dwong. Chimg minh rang:
4 4 4 abcla+b+c
a b c o ( )

+ + >
1+a’ 1+4+b’c 1+c’a 1+ abc

Phén tich: O bai toan nay tir so ciia cic phan thirc da & dang lity thira bac chan nén ta co thé nghi dén
viéc van dung bat dang thirc Bunhiacopxki dang phan thirc
at N b et . (a2+b2+c2)
1+a2b’ 1+b2c l+c’a 3+a’b+bc+ca
Phép ching minh s€ hoan tat n€u ta chi ra duoc
(a2+b2+c2) abc(a+b+c)
>
, 3+a’b+b’c+c’a  l+abe ,
Nhung thuc su bat ngo khi cach ap dung nhu thé nay lai khong giup ta giai quyét duge bai toan vi

danh gia trén 1a mot danh gia khong ding. Nén budc ta phai tim hudng giai quyét khac
Dé y ta thay c(1+a2b) +a(1+b20) +b(1+02a) = <1+ abc)(a +b+ c). Khi d6 ta ap dung
bét ddng thirc Bunhiacopxki dang phan thirc nhu sau
Loi giai
Ap dung bét dang thirc Bunhiacopxki dang phén thirc ta duoc
a' b c’ a'c b*a c’b
5 + 5 + ;= 5 + 5 + 5
L+a’b 1+b'c l+ca cfl+a’) a(l+b’c) b(1+ca)
2 2
(azx/g+b2\/g+c2\/g) (a2\/g+b2\/g+02\/g)
> =
c(1+a2b)+a(1+bzc)+b<l+cza) (1+abc)(a+b+c)
Khi d6 ta can ching minh duoc
2 2 2
b
aQ\/;+b2\/;+c2\/EZ\/abc(a+b+c)<:> a_ T
vab Wca +bc

Theo bét dang thirc Cauchy va Bunhiacopxki dang phan thirc ta dugc

>a+b+c

2
2 2 2 2 2 2 at+b+c
2 4 b T . I b > ( ) =a+b+c
\/g \/; \/a a+b b+c c+a a+b+b+c+c+a
2 2 2 2 2 2

Vay bai toan duoc chimg minh xong. Dang thirc x4y ra khi va chikhi a =b = ¢

’ Vi du 3.6: Cho a, b, ¢ 1a cac s6 thuc dwong. Ching minh rang:



(b + c)2 N (c + a)2 .\ (a + b)2

b2+02+a(b+c) 02+a2+b<c+a) a2+b2+c(a+b) =3

Phén tich: Bt ding thirc c¢6 tir 1a cac lity thira bac hai, tuy nhién ta khong thé ap dung bat dang thuc
Bunhiacopxki nhu cac vi du trén vi ta s& thu dugc bat dang thirc nguoc chiéu. Dé y ta thdy c6 thé dp dung
bét ddng thirc Bunhiacopxki dang phan thirc kiéu
2
(b + C) b 2
<—+4+—
b® +c? +a(b+c) Xy

Ta can xac dinh dugc x va y sao cho tong cta chung 1a b* +¢” + a (b + C) va dam bao dau ding
thic xay ra. Xét dén vai tro ddi xung ciia b va c trong biéu thic ta co thé xac dinh duoc
x = b’ +ab; y = ¢’ +ac, khi d6 ta duoc

2
(b + C) b’ ¢’ b c
< +

< = +
b2+62+a(b+c) b’+ab ¢ +ca a+b c+a

Dén day ta co thé giai dugc bai toan trén.

Loi giai
Ap dung bét dang thirc Bunhiacopxki dang phén thirc ta duoc
2 2
(b + c) (b + c) b2 c? b c
— = < + = +
b° +c¢ +a(b+c> b(a+b)+c(c+a) b(a—i—b) c(c+a) a+b c+a
Ap dung tuong ty ta dugc

(c+a) .. c . a (a+D) c.a b

< ; <
02+a2+b(c+a) b+c a+b a2+b2+c(a+b) c+a b+c
Cong cac bat dang thirc trén vé theo vé ta duoc:

(b+c)2 (c+a)2 (a+b)2
+ +
b2+62+a<b+c) 02+a2+b(c+a) a2+b2+c(a+b)

Bét ding thire duge chimg minh. Pang thirc xdy ra khi vachikhi a =b =c¢

<3

Vi du 3.7: Cho a, b, ¢ 1a cac s6 thuc duong thoa man a + b + ¢ = 3. Chirmg minh ring:
1 1 1

2 2 2 + 2 2 2 + 2 2 2

4a”+b"+c¢” a " +4b"+c¢” a +b” +4c

1
<=
2

Phin tich: Sy xuat hién biéu thirc va chiéu ctia bat dang thirc can chimg minh lam ta lién

4a® +b* + ¢
tuong dén bat dang thirc Bunhiacopxki dang phan thirc véi cach danh gia twong tu nhu vi du trén. Nhu
2
‘ , 1 . (A +B+ C) .
vay ta can viet — 5 vé dang ——, ta can xac dinh dugc cac dai lugng
4a° +b” +c¢ X+y+z

A+B+C;x+y+z voi x+y+z=4a"+b"+c°. Pé y dén gia thiét a+b+c=3 khi do

2 9 , 5
(a+b+c) =9, do do ta oo thé dinh dugc A+B+C theo phép bién doi




1 1 (a+b+c)2
42> +b*+ ¢ 9 222 +(a2+b2)+(c2+a2)
Bunhiacopxki dang phan thac la
(a+b+c)2 <l(a2 N b? N 2 J
2a2+(a2+b2)+(c2+a2) S 922 a’+b’ +a’

Dén day ta c6 thé trinh bay 10i giai cho bai toan nhu sau

. Pén day ta c6 danh gia theo bat ding thuc

Loi gidi
Ap dung bat dang thirc Bunhiacopxki dang phén thurc ta co
2
1 1 (a+b+c) 1 a’ b’ ¢’
2 2. 2 o <3 >t > T 2
4a°+b +c 9 2a2+(a2+b2)+<c2+a2) 9{(2a° a’+b° ¢ +a

Ap dung tuong tu ta duoc

1 l b? N a’
a’+4b>+c®> 9| 2b? a+b2 b2+c

1 1{ ¢
— <=+
a?+b>+4c> 927 a’+¢?

Cong cac bat ding thirc trén vé theo vé ta dugc

1 1 1 1

2 > 2 T 3 > 2T 3 2 ;S

o 4a”+b"+c” a’+4b’+c a’+b +4c” 2
Bat dang thirc dugc chirng minh xong. Pang thirc xdy rakhi vachikhi a=b=c=1

Vi du 3.8: Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang:

b+c c+a a+b 1 1 1

+ +
a’+bc b*+ca c+ab a b ¢

Phan tich: Dé ¥ dén bién d6i va danh gia theo bt ding thirc Bunhiacopxki sau

b+c _ (b+C>2 _ (b+c)2 . b N o2
a’ +bc (a2+bc)(b+c) c(a2+b2)+b(02+a2)_c(a2+b2) b(02+32)
Loi giai
Ap dung bét dang thirc Binhiacopxki dang phan thirc ta co
b+c (b+c>2 ~ (b+c)2 - b2 c?

a’+bc (a2 +bc)(b+c) - c(a2 -|—b2)+b(c2 +a2) - c(a2 +b2) " b(c2 +aQ)

Ap dung tuong ty ta duogc ,
c+a c? a’ a+b a’ b?
: < +

< + <
b* + ca a(b2+(:2) c<a2+b2)’02+ab b(02+a2) a(b2+02)
Cong theo vé cac bat dang thirc trén ta duoc
b+c c+a N a+b

1

1
a’+bc b’+ca ¢’ +ab b ¢
Vay bai toan dugc chirng minh xong. Pang thirc xay ra khi va chikhi a =b =c.

1
<=+
a

. . 111 . e
Nhdn xét: Néu ta thay cdac bién a, b, ¢ twong ung boi —, g ,— thi ta thu dwoc bat dang thirc
a c




aQ(b+c)+b2(c+a)+02(a+b)
be+a® ca+b’ ca+b’
a’ (b+c) bc(b+c)

2 be+a

<a+b+ec

Pé y ta lgi thdy =b+c— , khi d6 ta dwoc bat dang thirc

bec+a
bc(b+c) ca(c+a) ab(a+b)
+ -

5 5 5 >a+b+c
be+a ca+b ca+b

Vi du 3.9: Cho a, b, ¢ 1a céc sé thuc duong. Chirng minh rang;
a’ b ¢’

(2a+b)(2a+c) (2b+c)(2b+a)  (2c+a)(2c+b)

<1
3

Phan tich: Dé y ta co phép bién doi (2a + b)(2a +c) = 2a(a + b+ c)+2a’ + be khi dé ta co danh

gia theo bat dang thirc Bunhiacopxki sau

1 1 4 N 1
2a(a+b+c)+(2a2 +bc) " 9|2a(a+b+c) 2a’+be
Loi gidi
Ap dung bat dang thirc Bunhiacopxki dang phén thirc ta duoc
o | at(2+1)
<2a+b)<2a+c) - §.2a<a+b+c)+(2a2 +bc)

1 4a” a’ 1 2a a’
<= +— == +—
9 2a(a+b+c) 2a° + be 9la+b+c 2a°+bc

Hoan toan tuong tu ta duoc

b’ L2 b
(2b+c)(2b+a)_9 a+b+c 2b’+ca
c? < l 2c N c?
(2c+a)(2c+b)_9 a+b+c 2¢°+ab
Cong céac bat dang thire trén vé theo vé ta duoc
a’ b c?
(2a +b)(2a +c) ’ (2b+ c)(2b+ a) ’ (2(: +a)<2c+ b)

Viy bai toan duoc ching minh xong. Dang thic xay ra khi va chikhia =b =c.

1
<=
3

Vi du 3.10: Cho a, b, ¢ 1a cac s6 thuc duong théa mén a’ + b> + ¢ = 1. Chimg minh rang:

be ca ab
2 + 2 + 2
a“+1 b"+1 c +1

<3
4

Phén tich: D& ¥ ta co phép bién ddi a® +1=2a” +b” + ¢ va theo bat ding thirc Cauchy ta duoc

2
b+c o
( ) . Khi d6 ta c6 danh gia theo bat dang thirc Bunhiacopxki sau

be § (b+c)2 <l( b2 . o2 ]

a?+1 4(2a2+b2+02) S 4lat+ b P +al

ab <




Ap dung tuong ty ta c6 10i giai nhu sau
Loi giai
Ap dung bét dang thirc Cauchy va bat dang thirc Bunhiacopki dang phan thirc ta duge

be (b + 0)2 1{ b ¢’
< <= +
a’+1 4(2a2+b2+c2) 4l a’+b* c+a’
Hoan toan tuong tu ta dugc
ca 1 c? a’ ab 1 a’ b’
< — + ; < — +
b’+1 4(b*+c* a’+b* ) 2+1 4l +a’ b +c?

Cong theo vé cac bat dang thirc tén ta duoc
bc ca ab 3

2 T3 T N

a“+1 b '+1 ¢ +1 4

IA

Viy bat dang thirc duoc ching minh. Pang thirc xay rakhi vachikhi a =b =c =

-

Vi du 3.11: Cho a, b, ¢ 1a cac s thuc duong tiy y. Ching minh rang:
3a+b 3b+c 3c+a
+ +
Val+2b2 +¢8 b 42 +a’ e +2al + b

<6

Phan tich: Quan sat bat dang thic ta nghi dén danh gia cac mau bang bat dang thirc Cauchy. Tuy nhién &
day ta phan tich xem c6 st dung dugc bat dang thirc Bunhiacopxki dé danh gia bat dang thuc hay khong?
Bét dang thirc co chtra can va néu ta 1am mét duoc dau can thi t6t qua. Chii y dén chiéu bat dang thirc ta

c6 danh gia sau

( 3a+b N 3b+c N 3c+a JQ

\/az +2b* + ¢ \/b2 +2¢* +a’ \/C2 +2a’ + b?

(Sa + b)2 (3b + (:)2 (3(: + a)2
+ +

<3
a?+2b’+c® b*+2ct+a’ +2a+Db’

Nhu véy ta can ching minh duoc
2 2 2
(3a+b) . <3b+c> .\ (3(:+a)

2 2 2 2 2 2 2 2 2312
a‘+2b° +c b* +2¢” +a ¢ +2a"+b

Céc phan thirc & vé trai bat dang thic trén c6 céc tir 1a cac binh phuong nén ta c6 thé dp dung bat

dang thirc Bnhiacopxki dang phan thirc nhu cac vi du trén,

Loi giai
Ap dung bat dang thirc Bunhiacopxki ta dugc
2
( 3a+Db 3b+c 3c+a J
+ +
Va?+2b7 + ¢ b2 42c% +a2  Nc? +2a% + b

(33u+b)2 . (3b+c)2 s (3(:+a)2

<3
a?+2b’+c® b*+2ct+a’ +2a+Db’

Mit khac ciing theo bat dang thirc Bunhiacopxki dang phan thirc ta duoc




2
3a+b 3 2 3
( ) < Ja +b— = s)L+1
’ a’+2b°+¢° a’+b*+c b® at+bi+c
Ap dung tuong tu ta dugc
(3a+b)2 (3b+c)2 (3C+a)2
- +

a’+2b’+c¢® b*+2c*+a®> P +2a'+b’

2 2 2
S 2 93}2 2+ 2 9}:; 2+ 2 9(; 2+3:12
a‘+b +c b*+c" +a c+a“+b
2
Do dé L Jatb , 3b+c  dc+a } <3.12 =36
\/auQ+2b2+c2 \/b2+202+a2 \/CQ+2a2+b2
Hay 3a+b 3b+c 3c+a <6

- +
\/3L2+2b2+(:2 \/b2+2(:2+a2 \/C2+2a2+b2
Vay bat dang thic dugce chirng minh. Dau dang thic xay ratai a =b = c.

Vi du 3.12: Cho a, b, ¢ 1a d6 dai ba canh cta tam giac. Chting minh rang:

a b C 51

+ + >
3a—-b+c 3b-c+a 3c—-a+b

Phan tich: Quan sat bat diang thirc can chimg minh thi suy nghi dau tién 1a 4p dung bat ding thurc
Bunhiacopxki dang phan thtc

2
a b c (a+b+c)
+ + >
3a—-b+c 3b-c+a 3c—-a+b 3(a2+b2+c2)

(a+b+c)2
3(a2 +b? +02)

\ 2
Ta can chung minh duoc >l (a +b+ c) >3 (a2 +b + CQ), tuy nhién
day lai 1a mot danh gia sai. Do d6 ta khong thé ap dung truc tiép duoc.

Ta can phai bién doi bat dang thirc trude rdi méi nghi dén ap dung. Cha y dén gia thiét cho a, b, ¢
1a d6 dai ba canh cua mot tam gidc. Nhu vay c6 thé bat dang thirc s& lién quan dén cac dai lwong

a+b-c; b+c—a;c+a—Db, ta thr bién d6i cac dai luong xem c6 thé tao ra cac dai lwong

a+b-c; b+c—a;c+a—Db khong
Péyla 4a=(3a—b+c)+(a+b—c) khi d¢ ta dugc

4a (Sa—b+c)+<a+b—c) +a+b—c

3a—b+c 3a—b+c 3a—b+c
Dén day ta co thé ap dung duoc bat dang thirc Bunhiacopxki dang phan thic.
Loi giai
Bét dang thirc can chig minh twong duong véi
4a 4b 4c
+ + >
3a—-b+c 3b-c+a 3c—-a+b

Ta co6 bién d6i sau




4a @a—b+cy%a+b—c)_l+a+b_c

3a—b+c 3a—-b+c 3a—b+c
Ap dung twong ty ta dugc
4b b+c—a 4c c+a-b
—— =1+ ; =1+ ——
3b—-c+a 3b—-c+a  3c—a+b 3c—a+b

Khi d6 bat dang thirc can chirng minh tr¢ thanh
a+b-c b+c—a c+a-b
+ + >1
o Ja—b+c 3b-c+a 3c—-a+b
Ap dung bat dang thirc Bunhiacopxki dang phan thuc ta dugc
a+b-c N b+c—a N c+a—-b
3a—-b+c¢c 3b-c+a 3c—-a+b ,
(a+b—c+b+c—a+c+a—b)
(a+b—cﬂ3a—b+c)+0y+c—aﬂ3b—c+a)+(c+a—bﬂ3c—a+b)
2
(a+b+q

o a2+b2+02+2ab+2bq+2&x_n
Vay bat dang thirc dugc ching minh. Pang thirc xay ra khi va chikhi a = b =c.

Nhén xét: Ta c6 thé sir dung phép déi bién dé chirng minh bat dang thirc

a+b-c b+c—a c+a—>

+ + >1
3a—b+c 3b—-c+a 3c—a+b
Dat r=a+b-cy=c+a-b;z=a+b-c
Khidotadwoc 2a=y+z2;20=2+x;2c=2+y
Khi dé6 bat dang thirc can chitng minh tré thanh
v by + 2 >
22+x 2x+y 2y+z
Ap dung bt dang thite Bunhiacopxki dang phdn thire ta dwoc
2
T+Y+2z

2241 2x+y 2y+z_x2+f+¢2+2@@+yz+mﬂ

Vay bdt dang thire dwoc chitng minh. Bang thire xdy ra khi va chi khi a =b = c.

Vi du 3.13: Cho a, b, ¢ 1a cac sé thuc duong tiy y. Ching minh rang:

a b C a+b+c
+ + 2

b>+bc+c? c+ca+a’ a’+ab+b®> ab+bc+ca

Loi gidi

Ap dung bét dang thirc Bunhiacopxki dang cong miu ta dugc




a N b N C
b’+bc+c® c+ca+a’ a’+ab+b’

B a’ b? ¢’
B 2 2 2 2 2 2
ab” +abc + ac bc” +bca+a’b a‘c+abc+bc
2
(a+b+c)

~a’b+ab’ +a’c+ac? + b’ + be? + 3abe
Ta can chiing minh
2
(a +b+ C) a+b+c

a’b+ab® +a’c +ac? + b’ +bc’ + 3abe  ab+ be + ca
Hay (a +b+ C)(ab+ bc+ca) =a’b+ab’ +a’c+ac® +b’c+bc’ + 3abe

Ding thirc trén ding voi moi a, b, c. Vay bt ding thirc trén dugc chimg minh

Ding thirc xdy rakhi vachikhia=b =c.

Vi du 3.14: Cho a, b, ¢ 1a c4c s6 thuc dwong tity y. Chirng minh rang:

a b C a+b+c
+ >

+ P
a’+ab+b’ Db*+bc+c® F+ca+a’ al+bi+c?

Loi giai

Ap dung bat dang thirc Bunhiacopxki dang cong mau ta dugc

a b C
2 2+ 2 2+ 2 2

a“+ab+b b* +bc+c c+ca+a ‘

a’ b® c?
= 3 2 2+ 3 2 2+ 3 2 2
a’+ab+ab” b’+bc+bc” c¢’+ca+ac

2
(a+b+c)

\2

a®+b’ +c® +a’b+ab’ +a’c+ac’ + b’c+ bc?
Ta can chiing minh
2
(a+b+c) a+b+c
>
a’+b’ +c’ +a’b+ab’ +a’c+ac’ +b’c+bc®  a’+b’+c
Hay (a+b+c)(a2+b2+C2)2a3+b3+c3+a2b+ab2+a2c+a02+b2(:+b02

Bét ding thirc trén dung v6i moi a, b, ¢. Vay bat dang thuc trén duoc chimg minh

Ding thirc xay ra khi vachikhi a =b =c.

Vi du 3.15: Cho a, b 14 cac s thuc duong tity ¥ . Ching minh rang:
1 1 . 1 S 32 <a2 + b2)
a? b2 a? + b2 - (a 4 b)4

Bai lam
2
1 4 (a” + 1) 4a%h?
Ta co —+ + =

— +
a> b’ a’+b’  a¥’ (a2 + b2) a’b’ (a2 + b2)
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta dwoc




(a2 + ) Wy (a0 2b)  (a+b)
a’b’ (a2 + bQ) ' a’b’? (a2 + bz) © 2ah? (a2 + b2) 2% (a2 + bz)
(a+b) . 32(a” + b?)
2a°b’ (a2 + bz) - (a n b)4
That vay, bat dang thirc trén tuong duong véi

(a + b)8 > 64a’b’ (a2 +b’ )2 hay (a + b)4 > 8ab (a2 + bQ)

Ta can chiing minh

2 . 4 A, 32 , Ao s , e . X
Trién khai va thu gon ta dugc (a — b) > (. Bat dang thirc cuoi cung dung vdi moi so thuc a, b.

Vay bat dang thirc dugce chimg minh. Dang thic xay rakhi a = b.

Vi du 3.16: Cho a, b, ¢ 1a cac sd thuc duong bat ki. Ching minh rang:
a b C

+ + 21
\/a2 + 8bc \/b2 + 8ca \/c2 + 8ab

Phén tich: Quan sat bat dang thuc ta thiy co dau hiéu st dung bat dang thirc Bunhiacopxki dang phan
thirc. Tuy nhién dé ap dung duoc ta cin viét cac tir s6 vé dang binh phuwong. Khi d6 ta duoc
2
a b c (a +b+ c)
- - >
\/&2 + 8bc \/b2 + 8ca \/02 + 8ab a\/aQ + 8bc + b\/b2 + 8ca + C\/C2 + 8ab

Phép chirng minh s& hoan tat néu ta chi ra duoc

<a+b+c)2 -
avla? + 8bc + byb? + 8ca + cVc? + 8ab

Bat dang thuc trén ¢c6 mau so chira cac can bac hai nén ta nghi dén danh gia dua cac dai lugng trong

cac dau cin vé cung trong mot dau can. Dé dén dai luong trén tir s6 ta c6 danh gia theo bat dang thirc

Bunhiacopxki nhu sau

a\/az +8bc + b\/b2 +8ca + C\/C2 +8ab
= Jav/a® + 8abc +byb? + 8abe +cvc + 8abe

< \/(a +b+c)(a3 +b*+ ¢ +24abc)

r \ 3
Dén day ta chi can ching minh dugc (a +b+ C) > a’ + b’ + ¢’ +24abc 1a bai toan duoc giai
quyét xong.
Loi giai
Ap dung bt ding thirc Bunhiacopxki dang phan thirc ta duoc
2
a+b+c
a b ¢ S ( )

+ + >
JaZ+8be Vb?+8ca Wci+8ab  aval+8be +byvb? + 8ca +cyc? + 8ab
Mit khéc ciing theo bat dang thirc Bunhiacopxki ta dugc




a\/a2 + 8bc +b\/b2 + 8ca —i—(:\/(:2 +8ab = \/;\/a3 + 8abc +\/g\/b3 + 8abc +\/E\/C3 + 8abc

< \/(a+b+c)(a3 +b* +¢? +24abc)

Do d6

a . b .\ ¢ N (a+b+c)2
Ja?+8bc  b?+8ca e +8ab \/(a+b+c)(a3+b3+c3+24abc)

_J (a+bc)

a® +b® + ¢ + 24abce

. 3 e
Ta can chirmg minh (a +b+ c) > a’ + b’ + ¢’ +24abc, bit ding thuc nay twong dwong véi

(a+Db)(b+c)(c+a) = 8abe. Day la bit ding thirc ding.

Vay bat ding thirc dugce chimng minh. D4u dang thic xdy rakhi a =b =c.

Vi du 3.17: Cho a, b, ¢ 1a d6 dai ba canh ctia tam giac. Chirng minh rang:

a b c 3
+ + > —
\/a2+3bc \/b2+30a \/c2+3ab 2
Loi giai
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
2
a b c (a +b+ c)

+ + >
Ja?+3bc  Wb*+3ca e +3ab  ava®+3be +byvb? +3ca + ey + 3ab
Mit khéc ciing theo bat dang thirc Bunhiacopxki ta duoc

a\/a2 + 3bc +b\/b2 + 3ca +c\/c2 + 3ab
= \/;\/a?’ + 3abc + \/ng3 + 3abc + \/g\/c?’ + 3abc

< \/(a+b+c)(a3 +b*+¢* +9abc)

Do véy ta dugc

a b c (a+b+c)2

\/&2 + 3bc ’ \/b2 + 3ca ’ \/c2 + 3ab ) \/(a +b+ c)(a3 +b* +c + 9abc)
Phép chimg minh s& hoan tit néu ta chi ra dugc
(a +b+ c)2
\/<a +b+ c)(a3 +b* +c + 9abc)
Thuc hién bién doi twong duong bat dang thic ta duoc

12[ab(a+b)+bc(b+c)+ca(c+a)] > 5(a3 +b* +03)+57abc

(a+b+c)3

a’ +b® +¢* + 9abc

2§<:> Zg
2 4

Theo bt déng thirc Cauchy ta lai c6 a’ + b® + ¢ > 3abc
Do d6 6(a3 +b* +¢’ +9abc) > 5(a3 +b’ +c3)+57abc

Nhu vay ta can ching minh



Q[ab(a+b)+bc(b+c)+ca(c+a)] >a’+ b’ +c¢’ +9abc

2
Hay (Sa—b—c)(b—c) +(b+c—a)(a—b)(a—c)20
Do a, b, ¢ ¢6 tinh d6i xtmg, nén khong mat tinh tong quat ta chon a 16n nhét, khi d6 bat dang thirc
cudi cung 12 mot bat dang thirc ding.

Viy bat dang thirc duoc chimg minh. Dau dang thic xdy ratai a =b =c.

Vi du 3.18: Cho a, b, ¢ 13 cac s thuc dwong théa man a® + b> + ¢* = 3. Chung minh rang:

c
——=2a+b+c

a b
ﬁ+$+\/;_

Loi giai

Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

a b ¢ a’ b’ c’ (a+b+c)2

—t—=t—= + + >

\/g \/g \/; a\/g b\/g C\/; ab+b\/g+(:\/g
(a+b+c)2

>a+b+c

a b+b\/g+cx/g_
Hay a+b+c2a\/g+b\/;+0\/;

Ciing theo bat dang thirc Bunhiacopxki ta dugc

(a b+b\/g+0\/;)2 :(\/;,\/54_\/%_\/@4.\/;\/&)2 S(a+b+c)(ab+bc+ca)
Hay a,\/g+b\/g+<:\/;£\/(a+b+c)(ab+bc+ca)

Ta can ching minh \/(a+b+c)(ab+bc+ca> <a+b+c

Ta can chung minh

Hay ta can ching minh
2 2
ab+bc+caa+b+c e (ab+bc+ca) < (a+b+c)
2 ‘
Mataco (a +b+ C) >3 (ab + bc + C&) , nhu vay phép chung minh s€ hoan ta néu ta chi ra
dugc ab+bc+ca <3
Panh gia cudi ciing 1a mot danh gia ding vi ab +bc+ca <a’>+b’ +c* =3

Viy bat dang thirc duoc ching minh. Dau dang thic xdy rataia =b =c = 1.

Vi du 3.19: Cho a, b, ¢ 1a cac sd thuc duong bat ki. Ching minh rang:

(%+%+§J<a+b+c)23\/3(a2+b2+02)

Phin tich: Theo bat dang thirc Buniacopxki dang phan thirc ta dugc

t—=—t—+—2

2
b ¢ a2 b2 ¢ (a+b+c)
c a ab bc ca ab+bc+ca

a
b




(a+b+c)3

b
Khi d6 ta c6 (i+—+EJ(a+b+c)2
b ¢ a

(a+b+c)3

ra duoc
ab + bc + ca

> 3\/3<a2 +b? +c2).

Viéc chirg minh bit ding thirc trén hoan toan dé& dang.

Loi giai
Ap dung bét dang thirc Bunhiacopxki dang phén thirc ta duoc

ab + bc + ca

va phép ching minh s& hoan tat néu ta chi

2
2 2 2 a+b+c

i E+£:a_+b_+c_zu

b ¢ a ab bc ca ab+bc+ca
3

a+b+c

Do do i+E+E (a+b+c)2u
b ¢ a ab+bc+ca

Ta can chung minh

(a+b+c)3
ab + bc + ca

That vy, theo bat ding thirc Cauchy ta co

> 3\/3(a2 + b’ +c2)<:> (a+b+c)3 > 3(8ub-1-bc+cau)\/3(a2 + b’ +C2)

(a+b+c)2 =(a2+b2+c2)+(ab+bc+ca)+(ab+bc+ca)

> 3#(&2 +b” + 02)(ab + bc + ca)2

Lily thira bac ba hai vé ta duoc (a +b+ C)G > 27 (a2 +b® +¢? ) (ab +bc + Ca)2

Lay cin bac hai hai vé bét dang thirc trén ta duoc

(a,+b+c)3 > ?;(a,b+bc+ca)\/3(&1,2 +b’ +c2)

Nhu vay bat déng thirc trén dugc ching minh. Dau dang thirc xdy rakhi a = b = c.

Vi du 3.20: Cho a, b, ¢ 1a céc s6 thuc dwong bt ki. Chirng minh rang;

a?l bt &

—+—+—+a+b+c22\/3(a2+b2+c:2)

b C a

Loi giai
Ap dung bét dang thirc Cauchy ta duoc

b C a

2 2 2 2
a b C a C
—+—+—+a+b+c22\/£€+—+—

b 2}(a+b+c)

2 2 2
a b C

C a

C a

Ta can ching minh [F+—+—j(a+b+c) > 3(32 +b’ +C2)

That vay, theo bat ding thirc Bunhiacopxki dang phén thirc ta duoc




2 2 2 4 4 4 24 b% +¢? ’
a~ b ¢ a b ¢ o a ¢
P S e S T S
b ¢ a a’b b’c ca ab+bc+ca

2
(ag+b2+02) (a+b+c)
a’b +b’c +c’a

(a2+b2+c2)(a+b+c)23(a2b+b20+02a)

Tic 13 ta cdn ching minh
3 2 3 2 3 2 2 2 2
(a +ab )+(b +bc)+(c +ca )22(ab+bc+ca)
Danh gi4 trén day ding theo bt déng thirc Cauchy. Do d6 bat dang thirc ban déu dugc chimg minh.
Dau dang thirc xay ra khi va chikhi a =b = c.

Ta can chi ra dugc >3 (a2 +b + 02) hay

Vi du 3.21: Cho a, b, ¢ 1a cac sb duong thoéa man a’ + b® + ¢* = 1. Chirng minh rang:
a’ b c’ \/g
+ + > —
b+c c+a a+b 2

Loi giai
Ap dung bét dang thirc Bunhiacopxki dang phén thirc ta duoc
22 b2 2 (aQ +b’+¢? )2
- - >
b+c c+a a+b a2<b+c)+b2(c+a)+c2(a+b)
1
a(bQ + C2)+ b(c2 +a2) + c(aQ + b2)

=

Mit khéc theo bat dang thirc Cauchy ta lai c¢6

(b7 )= a1 = Lo (i )0 )
1(263 42D’ +2€2]3 2
3

2 3 J3

Ap dung tuong ty ta duoc a(b2 +(:2)+b(c2 +a2)+0<a2 +b2) < 2

Do d6 ta duoc

3
Tu do6 suy ra + + > —
b+¢c c¢c+a a+b 2

L (e . 1
Vay bat dang thic dugc chirng minh. Dau dang thirc xdy rakhi a =b =c¢ = g

Vi du 3.22: Cho a, b, ¢ 14 cac s thuc duong thoa man a’+bi+ct=1. Chting minh rang:
1 1 1 9
+ + <
Val+1 Vbi+l N+l 2(a+b+c)

Phén tich: D¢ ¥ ta thay




(a+b+c)( L + ! + ! ]
\/a2+1 \/b2+1 \/b2+1
b C

_ a N N N b+c N c+a N a+b
\/a2+1 \/b2+1 \/c2+1 \/a2+1 \/b2+1 \/c2+1

Ta quy bai toan vé chirg minh
b c_ - 3. b+c
2

a N N . c+a a+b <3
\/a2+1 \/b2+1 x/c2+1 -

: + +
\/3,2+1 \/b2+1 \/c2+1
Loi giai

Ta viét lai bat dang thirc can chimg minh tro thanh

(a+b+c)( L + L + L }s 9
Va?+1 b2+l Nbi+1) 2
Theo bat dang thirc Bunhiacopxki ta dugc
a b c 3a’ 3b° 3¢’
+ + < 2 2 2 + 2 2 2 + 2 2 2
\/a2+1 \/b2+1 \/c2+1 22" +b"+c¢” a" +2b°+c a +b +2c

3a’ 3( a’ a’
< Z[ + > 15 ap dung tuong tu ta duoc
C

2a% +b? + ¢? a’+b> a’+

Mat khac ta lai co

\/ %’ 3 3 3

222 +b*+c? al+2bi+c? al+bP+2c 2

Do d6 a_ b ¢ 3
Jaz+1 Vbi+1 N4l 2

Ap twong ty nhu trén ta duoc

b+c N c+a N a+b

\/a2+1 \/b2+1 \/c2+1
2

3(b 2 2

<+C) SS[ b + ¢ J

\/3(b+c)2 3(cta)  3(a+b)
+a2+2b2+c2-|_2;L2+b2+2(:2

2a +b’ +¢?

Dé dang ching minh dugc
2a* +b’ + ¢’ a’+b’° a’+c’
2 2 2
3(b+c) 3(c+a) 3(a+b)
Tuong tu ta duoc 5 5 -+ 5 -+ 5 5 < 3
2+ b +c¢” a " +2b"+c¢” a"+b +2c
b+c c+a a+b
Hay + + <3 (@
Ja?+1 b +1 N +1
Cong theo vé cac bat dang thirc (1) va (2) ta dugc
(a+b+c)( L + L + L ]gg
Ja?+1 b+l Vbi+1) 2

-

Viy bt ding thirc ban dau dugc chimg minh. Diu déng thirc xdy ratai a = b = ¢ =

’ Vi du 3.23: Cho a, b, ¢ 1a cac s thuc duong tiy y. Ching minh rang:



2
1 1 1 1 (a+b+c+\/3abc)

a+b+b+c+c+a+€/abc - (a+b)(b+c)(c+a)

’ o Loi giai
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
1 1 1 c’ a’ b
+ + =— +— +—
a+b b+c c+a c(a+b) a(b+c) b(c+a)
2
(a +b+ c)

- CQ(a+b)+a2<b+c)+b2(c+a)
Tiép tuc ap dung bat déng thirc Bunhiacopxki dang phén thirc ta duoc
(a +b+ 0)2 .\ 1
02(a+b)+a2(b+c)+b2(C+a) 92¢/abc
~ (a +b+ 0)2 s (%)2
c2(a+b)+a2<b+c)+b2(c+a) 2abc

2 2
(a+b+c+\3/abc) (a+b+c+\3/abc)

- 02(a+b)+a2(b+c)+b2(c+a)+2abc_ (a+b)(b+c)(c+a)
1 1 1 1 (a+b+c+\/3abc)
Do d6 ta duoc +

+ + - >
a+b b+4+c c+a Yabe (a+b)(b+c)(c+a)
Viy bt ding thirc duoc chimg minh. Diu déng thirc xdy ratai a = b = c.

Vi du 3.24: Cho a, b, ¢ 1a cac s thuc duong thoéa mana + b + ¢ = 1. Chirng minh rang;

l1+a 1+b 1+c a b c
+ + L2l —4+—+—
b+c c¢c+a a+b b ¢ a

o o Loi gii

Bién doi tuong duong bat dang thirc ta dugc
1+a+1+b+1+C£2 2+E+E = 22 + 2b + 2c +3<2 3+E+E
b+c c¢c+a a+b b ¢ a b+c c¢c+a a+b b ¢ a

a a b b C C >§<:> ac N be N ab Zg

= 2
b b+c ¢ a+c a a+b 2 b(b+c) a(a+b) C(c+a)
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc

ac be ab
- +

b<b+c) a(a+b) 20(0+a) 2 2
_ (ac) .\ (bc) .\ (ab) N (ab+bc+ca)
abc(b+c) abc(a+b) abc(c+a) 2abc(a+b+c)

2

(ab + bec + ca)2
2abc (a +b+ C)

5 3
Ta can chiig minh > 5




2
Hay (ab+bc+ca) > 3abc(a+b+c)
Danh gia cubi ciing diing theo bat dang thirc Cauchy. Vay bat dang thirc dugce chimg minh.

L 1
Bat dang thirc xay rakhivachikhia=b =c = 3

Vi du 3.25: Cho a, b, ¢ la cac s thuc duong théa man a + b + ¢ = 3. Chirng minh rang:

a b C
. +—; +— > abc
2a°+bc 2b°+ca 2c¢ +ab
Loi giai

Bét dang thire can chig minh twong duong véi
1 1 1
2 2.2 + 2 2.2 + 2 21.2
) ~ 2a’bc+b’c” 2ab’c+c’a’  2abc” +a’b
Ap dung bat dang thirec Bunhiacopxki va cht y mét bat dang thue quen thudc

>1

9 2
9 (a +b+ c)
(ab+bc+ca) <|l—>1 =9
3
Tacd
1 1 1
+ +
2a’bc + b’c?  2ab’c+c’a’  2abc® +a’b?
> 9 = 9 >1

a’b® + b’c® + b’c® + 2abc<a +b+ c) (ab +be+ ca)z

Viy bat dang thirc duoc chimg minh. Pang thirc xay ra khi vachikhi a =b =c.

Vi du 3.26: Cho a, b, ¢ 1a cac sd thuc duong thoéa man a’ + b* + ¢* = 3. Ching minh rang:

a b c
—+—+—+a+b+c2>6
b ¢ a

Loi giai

Ap dung bat dang thirc Bunhiacopxki ta ¢6

2
b ¢ a2 b2 ¢ (a+b+c>
t—t—=—F— >
c

a
E a_g E ca ab+bc+ca

2
a b ¢ (a+b+c)
Dodétadugc —+—+—+a+b+c>———+a+b+c

c a ab + bc + ca
(a+b+c)2

-~ 7 t+ta+b+c=>6
ab + bc + ca

Ta can ching minh
That vay, tir gia thiét ta c6

22 12,2 2
ab+bc+ca=<a+b+c) 2(& +b +c)=(a+b—;c) 3

Pitt =a+b+c= 0<t<3.Khidbtadugc bat ding thirc sau




2t*
t? -3

Bét dang thic cudi ciing diing véi moi t > 0. Véy bat dang thirc trén dugc chimg minh

+t26<:>2t2+t<t2—3)26(t2—3)<:>(t—B)Q(t+2)20

Ding thirc xdy rakhi vachikhia=b =c.

Vi du 3.27: Cho a, b, ¢ 1a cac s6 duong thoéa man ab + bc + ca = 3. Chirmg minh rang;
2 2 2
b
I —
Jb' 48 Nt 48 a'+s

1

Phin tich: Dy doan d4u dang thic xdy ratai a = b = ¢ = 1, do d6 ta chii y dén danh gia theo bat dang

2
thirc Cauchy 1a Vb® + 8 = \/(b +2) (b2 —92b+ 4) < bTM. Khi d6 hoan toan twong ty ta duoc

bét dang thirc
a’ b c? 2a’ 2b* 2¢
- - > — +— +—
\/b3+8 \/c3+8 \/a3+8 b°-b+6 c¢c —-c+6 a —a+6
2 2 2

. b 1
Ta can chi ra duoc 5 + +— ¢ > —.
b°-b+6 ¢ —-c+6 a"—a+6 2

Dén day ta co thé 4p dung bit dang thirc Bunhiacopxki cho danh gi trén.
Loi giai
Ap dung biy dang thirc Cauchy ta c6

¢w+8=;ﬂb+2ﬂw-ab+4)s9119i§

2

2 2
( a~—a+6 . ¢ —c+6
Tuong tu ta ¢ ad+2£—2 ;c“+2£—2

Khi d6 ta duoc bat dang thuc sau
a’ b’ ¢’ 2a 2b° 2¢”
+ + > — +— +—
\/b3+8 \/c3+8 \/a3+8 b"-b+6 ¢ —-c+6 a —a+6
2 2 2
b 1
2 T T - 2
. b"=b+6 c -c+6 a —-a+6 2
That vay, ap dung bat dang thurc Bunhiacopxki dang phan thuc ta dugc

Ta can chung minh

a2 .\ b2 . c? S (a+b+c)2
b’—b+6 c—c+6 a’—-a+6 a2+b2+c2—(a+b+c)+18

2
(a+b+c) N

1
a2+b2+c2—(a+b+c)+18 2

Ta can chi ra dugc

Hay 2(a+b+c)22a2+b2+c2—(a+b+c)+l8
Hay (a+b+c)2+(a+b+c)—1220
Hay (a+b+c+4)(a+b+c-3)20

Bét dang thirc cudi ciing diing vi tir ab + be + ca = 3 ta co

(a+b+c)2 23(ab+bc+ca)=9:>a+b+cz3




Viy bat dang thirc duoc ching minh. Pang thire xay ra khi va chikhi a =b = ¢

Vi du 3.28: Cho a, b, ¢ 14 cic sé duong théa man a’ + b* + ¢ = 3. Ching minh ring;
2 2 2
b
a + + ¢ >1
l+ab+bc 1+bc+ca 1+ca+ab

Loi giai
Ap dung bét dang thirc Bunhiacopxki a duoc

a’ b? c? s (a +b+ 0)2

- + >
l+ab+bc 1l+bc+ca 1+ca+ab 3+2(ab+bc+ca)

3 ‘ 2
Pé ¥ ta thdy a’ + b’ +¢* = 3 nén ta c6 3+2(ab+bc+ca):<a+b+c)

(a +b+ 0)2
Suy ra =1
3+2(ab+bc+ca)
a’ b? c?

+ + >1
o I+ab+bc 1+bc+ca 1l+ca+ab
Vay bat dang thirc dugc chirng minh xong. Pang thirc xay ra khi vachikhi a =b =c=1.

Do d6 ta duoc

Vi du 3.29: Cho a, b, ¢ 1a c4c s6 thuc dwong théa man ab + bc + ca = 3. Ching minh rang:

1 1 1 23

2 t— 3 -
4a+3 4b"°+3 4c°+3 T

o Phén tich va loi giai
Quan sat bat dang thuce trén thi suy nghi dau tién la ap dung bat dang thirc Bunhiacopxki dang phan
thure
1 1 1 9
2 + 2 + 2 2
4’ +3 4D +3 4t 43 4(a’+ b’ c?)+9

Phép toan s& hoan tit néu ta chi ra duogc

) 2§<:>a2+b2+(:2£3
4(a2+b2+c2)+9

Tuy nhién danh gia trén khong ding. Do vay ta phai tim hudng giai khac cho bai toan trén.
bé y bat dang thuc can chirng minh duoc viét lai 1a

2 2 2
a a C
<2

3
2 + 2 + 2 -
) o 4a”+3 4b +3 4 +3 T .
Dén day ta cling nghi dén bat dang tirc Bunhiacopxki dang phan thirc nhung ap dung theo chiéu
2
(a + b) az b2 5 Lz Loz 2 2 2
~—— < —+—.Déytiéptalaithdy 4a” +3 =a” +ab+ac+3a” + bc
X+y X Yy
Do d6 dé bao toan dau dang thirc ta c6 danh gia

2 2
492 (3+4) a . 9% . 16a’
42’ +3 a’+ab+ca+3a’+bc a’+ab+ca 3a’+bc
493 %a 16a’

Suy ra 5 < +—
4a*+3 a+b+c 3a°+bc

Hoan toan tuong tu ta dugc




49b° 9b 16b” 49¢” 9c 16¢”
< + ; < +
4b*+3 a+b+c 3b°+ca 4c°+3 a+b+c 3¢’ +ab
Cong theo vé cac bat dang thirc trén ta dugc
49a’ 49a’ 49¢” 16a’ 16b” 16¢*
+ + <9+ + +
42> +3 4b°+3 4c* +3 3a®+bc 3b°+ca 3¢’ +ab
Phép chirng minh s& hoan tat néu ta chi ra dugc
2 2 2
16a N 16b N 16¢ <19
o 3a>+bc 3b°+ca 3¢’ +ab
Bat dang thuc trén tuong duong véi
bc ca ab 3
+ + > —
, o 3a’+bc 3b°+ca 3c+ab 4
bén day ta ap dung bat dang thirc Bunhiacopxki dang phan thuc thi duoc

2
be L ab S (ab + bc + ca)
3a2+bc 3b’+ca 3c®+ab  a’b?>+ bt +cia’+ 3abc(a +b+ c)

1 2
Theo mot danh gia quen thudc ta c6 abce (a +b+ C) < 5 (ab +be + Ca) do d6 ta dugc

a’b® +b’c® +c’a’ + Babc(a, +b+ c) < (ab +bc + (:a)2

Qo | W~

(ab +bc + cau)2

a’b’ + b’c* + cfa’ + 3abc(a +b+ c)

3 (s
Suy ra > Z . Do @6 ta dugc bat dang thure

bc ca ab 3
2 t e t o2 =
o 3a”+bc 3b +ca 3c +ab 4

Véy bat dang thirc dugc chirng minh xong. Pang thirc xay rakhi vachikhia =b=c =1

Vi du 3.30: Cho a, b, ¢ la cac s thuc duong tiry y. Chimg minh rang:

a b a >3\/§

+ +
\/ab+b2 \/bc+c2 \/ca+a2 2

Phan tich va loi giai
Quan sat bat ding thirc ta thdy co thé sir dung bat dang thirc Bunhiacopxki dang phan thirc, tuy
nhién truéc hét ta danh gia mau sé dé lam mat cac dau cin, dé ¥ dén bao toan ddu dang thic ta duoc

Ap dung bat dang thirc Cauchy ta c6

2b+(a+b)_a+3b
2 2

2b.(a+b) <

Ap dung tuong ty ta duoc

a b a 2a\/5 2b\/§ 2C\/§
2 + +

+ + 2 .
Jab+b? bctc? ea+ra? a+3b b+3c c+3a

92a+/2 . 22 . 2032 _ 32
a+3b b+3c c+3a 2
a b C

+ +
a+3b b+3c c+3a
That vay, ap dung bat dang thuc Bunhiacopxki dang phan thurc thi dugc

Ta can chung minh

3
Ha >
Y 4




a b ¢ (a+b+c)2

+ + = .
a+3b b+3c c+3a a’+b*>+c’+3ab+3bc+3ca
Tuwong tu nhu vi du trén ta chiimg minh dugc

2
(a+b+c) 4
a’+b’+c?+3ab+3bc+3ca 3
Do do ta duoc 2 + b + ¢ 2§

a+3b b+3c c+3a 4
Vay bét ddng thirc dwgc ching minh. Dang thirc xay ra khi va chikhi a =b = c.

Vi du 3.31: Cho a, b, ¢ 1a céac 6 du’o*ng thoa mén a’ + b> + ¢ = 3. Chirng minh ring;

>a+b+c

AR

’ o Loi giai
Ap dung bat dang thirc Bunhiacopxki ta c6

a b ¢ a’ b’ ¢’ (a+b+c)2
—t—=+—F—== - + >
\/g \/g \/; a\/g b\/g C\/; ab+b\/g+(:\/;
<a+b+c)2 g .
2a+b+cC
a\/_+b\/g+cx/_
Hay a\/7+b\/g+cx/;éa+b+c

That vay, ap dung bat dang thirc Cauchy ta cd

o < bt (b+1) b\/g< (c+1) \/;Sc(b+1)

Ta can chung minh

2

Cong theo vé cac bat dang thirc trén ta duoc

1

a b+b\/€+c aég(a+b+c+ab+bc+ca)

Ma lai ¢6 a’+b’+c> =3=a+b+c<3
Suy ra (a+b+c)(a+b+c)ZS(ab+bc+ca)2(a+b+c)(ab+bc+ca)
Hay a+b+c>ab+bc+ca
Do dé taco

a b+b\/g+c aS%(a+b+c+a+b+c)<:>a\/g+b\/z+cx/gSa+b+c

L . 1
Vay bat dang thic dugc chirng minh. Pang thire xay ra khi vachikhi a =b =c = g .

Vi du 3.32: Cho a, b, ¢ 1a cac s6 duong thoa man \/g + \/g + \/E = 1. Ching minh rang:

2 2
a+bc+b+ca c+ab>\/’
a\/b+c b\/c+a C\/a+b

Phén tich: Dé ¥ 1a




a’ + bc N b’ + ca N ¢ +ab
a\/b+c b\/c+a C\/a+b

_ a’ N b® N c’ N be N ca N ab
a\/b+c b\/c+a C\/a+b a\/b+c b\/c+a C\/a+b
Loi giai

Ta viét lai bat dang thirc can chimg minh nhu sau
a’ +bc N b* + ca N ¢’ +ab
avb+c bvc+a cVa+b

2 2
a b

c? be ca ab

+ + + + +
avb+c b\/c+a C\/a+b a\/b+c b\/c+a cva+b

Str dung bat dang thirc Bunhiacopxki ta dugc

a2 b2 c? (a+b+c)
+
a\/b+c b\/c+a C\/a+b \/7\/ab+ac+\/7\/bc+ab+\/7\/ca+bc
(a+b+c)
>
\/2(a+b+c)(ab+bc+ca)

Ma theo mot danh gia quen thudc thi 3 (ab + bc + Ca) (a +b+ c nen

(a+b+c) a+b+c / a+b+c
\/2(a+b+c)(ab+bc+ca +b+c f a+b+c
2 2 2 / +b+
Do d6 ta duogc 2 + b ¢ > (a C)
a\/b+c b\/c+a C\/a+b 2

Mit khac ciing theo bat dang thirc Bunhiacopxki ta dugc

be ca. ab (ab + bc + ca)2
+ + >
a\/b+c b\/c+a C\/a+b abc(\/b+c+\/c+a+\/a+b)

S 3abc<a+b+c) _ 3(a+b+c)

_abc,/6(a+b+c) 2

2 2 2
+b b® + +ab
Do d6 ta dugce 2 C+ ca+c 2 > 6(a+b+c>

a\/b+c b\/c+a C\/a+b

Laicba+b+c>— (\/g+\/g+\/—) :—nen1/6 a+b+c f

a’+bc  b*’+ca c*+ab
. . 2
a\/b+c b\/c+a C\/a+b

Hay
A A < , , . o , 5 . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xdy rakhi a = b =c¢ = 5

4. Ky thuit thém bét



C6 nhiing bat dang thic (hay biéu thirc can tim GTLN, GTNN) néu dé nguyén dang nhu dé bai
cho d6i khi khé hodc tham chi khong thé giai quyét bang cach ap dung bat dang thirc Bunhiacopxki. Khi
d6 ta chiu khé bién doi mot sé biéu thirc bang cach thém bét cac s hay biéu thirc phit hop ta co thé van
dung bat dang thirc Bunhiacopxki mot cach dé dang hon. Ta cting xem xét cac vi du sau dé minh hoa cho

diéu do.

Vi du 4.1: Cho a, b, ¢ 1a cac s6 duong thoa mén ab + bc + ca = 3. Chimg minh ring;

1 1 1
5 +— +— <1
a‘+2 b°+2 c*+2

Phan tich: Céc dai lugng vé trai cua bat dang thirc cAn ching minh c6 dang phén thirc nén suy nghi dau
tién 1a stir dung bat dang thirc Bunhiacopxki dang phan thirc. Néu ap dung bat dang thirc Bunhiacopxki

dang phan thirc mot cach truc tiép ta thu dugc bat dang thirc

1 1 1 11 1 1
+ + | —=+—+—+6

a®+2 b’+2 &+2 9la® b &
PO o . A e 1 1 A AR s s
Dé hoan thanh phép chimg minh ta can danh gia duoc — + — +— < 3. Tuy nhién dé y 1a dai
a c

1 1 1 . . N
luong — + E +— troi nhat nén khong thé danh gia veé dai luong trgi hon
a c
Do d6 ta khong thé ap dung truc tiép bat dang thirc Bunhiacopxki dé ching minh duoc, vi vy ta

tinh dén phuong an ddi chiéu bat dang thirc trudc. Chu ¥ 1a

1 1 a’

o 2 a2’+1q_a2+2

Nhu vay ta ¢6 phép bién doi twong duong bat dang thirc nhu sau

1 1 1 2 2 2

5 + +— <le - + +— > -2

a”+2 b +2 ¢ +2 a~+2 b +2 ¢ +2

1 1 1 ? b’ ?
Sl flo———4l-——>3- 26—+ > 4 >
) a”+2 b"+2 ¢ +2 a’+2 b'+2 ¢ +2 o
bén day ta co thé ap dung dugc bat dang thirc Bunhiacopxki dang phan thic d€ danh gia bat dang
thire

2 2 2
b
f + + 2C >1
a“+2 b°+2 c°+2
Loi giai

Bét ding thirc trén trong duong véi

3-2 1 + 1 + 1 >1
a’+2 b'+2 I +2
2 2 2
f + 2b + 2(: >1
a+2 b"+2 ¢ +2

Ap dung bt dang thirc bunhiacopxki dang cong mau két hop vai gia thiét ta duoc

Hay

a2 b2 c? . (a+b+c)2 ~ (a+b+c)2

+ > = =1
a?+2 b*+2 +2 a’+bi+ct+6 a2+b2+c2+2(ab+bc+ca)




Do d6 bat dang thirc duge chimg minh. Pang thirc xay ra khi vachikhia=b =c =1.

Vi du 4.2: Cho a, b, ¢ 1a cac s6 thuc dwong. Tim gia tri 16n nhét cia biéu thirc:

ab bc ca
5 +— +— <1
¢ +2ab a“+2bc b”+2ca
Phin tich: Bit ding thic can chirg minh twrong duong véi
2 2 2
C a b
+ >1

¢’ +2ab a®+2bc ’ b’ +2ca
Dén day ta co thé ap dung bat dang thirc Bunhiacopxki dang phan thice duoc.
Loi giai
That vay, bt dang thirc trén twong dwong véi

3o ., b @ 1,y
¢ +2ab a”+2bc b” +2ca
2 2 2
Hay 5 ¢ + 2a + 2b >1
c+2ab a”+2bc b” +2ca

Ap dung bt ding thirc Bunhiacopxki dang cong miu ta dugc

2
c? . a2 . b2 . (a+b+c)
¢ +2ab  a’+2bc b2+20a_a2+b2+02+2(ab+bc+ca)

Do d6 bat dang thirc duoc chimg minh. Dang thirc xay ra khi va chi khi a = b = c.

=1

. 1 1 .
Vidu 4.3: Cho a, b, ¢ 1a céac s6 thuc duong thoa man — + E +— =a+ b+ c¢. Chung minh rang:
a c
1 1 1
_l’_

2+ 2 2<1
2+a 2+b 2+c¢

Loi giai
Bat ding thirc can chimg minh tuong duong véi

a’ b? ¢’

s+ >+ ;21
) o 2+a” 2+b° 2+c
Ap dung bat dang thirec Bunhiacopxki dang phan thuc ta dugc
2
a2 b2 c? (a +b+ c)

+ >
2+a’> 2+4Db* 24c¢® 6+a’+b’+c?

Ta can chting minh
(a +b+ 0)2
6+a’+b’+c’
Tir gia thiét cta bai toan ta dugce abe (a +b+ c) = ab + bc + ca va tir danh gia quen thudc

21<:>(a+b+c)226+a2+b2+c2 < ab+bc+ca>3.

(ab + bc + ca)2 > 3abc (a +b+ c) ,suy ra ta dugc

(ab+bc+ca,)2 23(ab+bc+ca)<:>a,b+bc+acz3.

Vay bat dang thirc dugce chimg minh. Dau dang thic xdy rakhi a =b =c = 1.

‘ Vi du 4.4: Cho a, b, ¢ 1a cac s6 thuc dwong thoa mén a’+b*+ct =1. Chtng minh rang:



1 1 1 9
+ + <=
l1-ab 1-bc 1-ca 2
Loi giai
bat P = 1 + 1 + 1 .
l1-ab 1-bec 1-ca
Xeét
P-3 1 1 1 1 1 1 ab bc ca
= -—+ -—+ ——= + +
2 2—-2ab 2 2-2bc 2 2-2ca 2 2-2ab 2-2bc 2-2ca
ab be ca
= + +
2(a2+b2+c2)—2ab 2(a2+b2+02)—2bc 2(a2+b2+c2)—2ca
ab be ca

S 2 2 2 + 2 2 2 + 2 2 2
a~+b +2c” 2a°+b +c¢c a +2b +c
Ap dung bat dang thirc Cauchy va Bunhiacopxki dang phan thirc ta dugc

ab N bc N ca
a’+b>+2c" 2a°+b*+c* a’+2b’ +c?
1 (a + b)2 (b + C)2 (C + a)2
s — +
41 a>+b*+2¢> 2a*+b*+c® a’+2b>+¢f
1{ a’ b? b? c’ ¢’ a’ 3
<= + + + + + ==
4la’+c® b*+c a’+b* a*+c¢® bP+cd at+b? 4
Do d6 ta duoc P-3_3_p?
2 4 2

L L e . 1
Véy bat dang thirc dugc chirng minh. Dau dang thic xay ratai a =b =c¢ = \/; .

Vi du 4.5: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chirng minh rang:

2 2 2
2a + 2b + QC <1
2a°+bc 2b"+ca 2¢  +ab
Loi giai
Bat ding thirc can chimg minh tuong duong véi
2 2 2
22a + 3b + 22C <2
2a”+bc 2b"+ca 2¢” +ab
2a? 2b? 2¢?
Hay TP PR S P |
2a° + bc 2b” + ca 2c” +ab
Hay bc N ca N ab 51

2a>+bec 2b*+ca 2c+ab

Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc




2 2 2
be Lo ab (bc) N (Ca) N (ab)
2a>+bc 2b’+ca 2c¢°+ab  be (2&2 + bc) ca (2b2 + ca) ab (2(:2 + a,b)

(ab +bc+ ca)2

> =1
a’b® + b’c? + ca’ + 2abc (a +b+ c)

Vay bt dang thirc dugce chimg minh. Dau dang thirc xdy ratai a =b = c.

Vi du 4.6: Cho a, b, c 1a cac s6 thyc duong thoa man ab + bc + ca = 3. Chimg minh rang:

<1

a+2b N b+ 2¢ N c+2a
2a+4b+3c> 2b+4c+3a®> 2c+4a+ 3b

Loi giai
Bién dbi twong duong bt ding thirc ta duoc
2(a+2b) 2(b+2c) 2(c+2a)
2 + 2 + 2
2a+4b+3¢c® 2b+4c+3a° 2c+4a+3b
2(a+2b) 2(b+2c) 2(c+2a)
T L a2 . a2zt 1= o A a12
2a +4b + 3¢ 2b +4c + 3a 2c+4a +3b
c? a’ b’ 1
> T ;T 2 z
2a+4b+3c® 2b+4c+3a® 2c+4a+3b 3
Ap dung bt dang thirc Bunhiacopxki dang phén thirc ta duoc
c’ a’ b®

+ +
22 +4b+3c¢> 2b+4c+3a’ 2c+4a+3b°
c? a’ b?

) ¢(2a+4b+3¢7) " a(2b +4c + 3a°) " b(2c+4a +3b’)
(437 2|

; 3(a3 +b’ +c3)+6(ab+bc+ca)
e

1
3(a3 +b? +c3)+6(ab+bc+ca) 3

<2

Hay >1

Hay

Ta can chung minh

Hay \/af’b3 + \/b3C3 + \/03a3 >ab + bc+ca
That vay, Ap dung bat dang thirc Cauchy ta dugc

Vab? + Vb +4/ctal
(VR ) (3 ) (S |-+ + e
> 2(ab+bc+ca)—(\/£+x/a+\/a)

Zab+bc+ca+3—\/3(ab+bc+ca) =ab + bc +ca

Vay bét dang thirc dugc ching minh. Dau ding thic xdyrataia =b =c = 1.

Vi du 4.7: Cho a, b, ¢ 1a cac s6 thyc duong tiy y. Chimg minh rang:



al+b*+c’ S ab N bc N ca
ab+bc+ca a’+ab+bc b’+bc+ca c+ca+ab

Loi giai
2 2 2
. N . a~+b +c
Theo mot danh gia quen thudc tacé a’ +b° +c¢” >ab+bc+ca = —n——— >
ab+bc+ca
ab bc ca

Do d6 ta can chimg minh 1 > 5 +— +—
a“+ab+bc b +bc+ca ¢ +ca+ab

Bét dang thirc trén twong dwong voi

ab be ca
32> 5 + +— +2
a“+ab+bc b +bc+ca ¢ +ca+ab
PR S R A
a” +ab+bc b + bc + ca ¢ +ca+ab

a’ + bc b® + ca ¢ +ab
+ + >2

) o a’+ab+bc b’+bc+ca ¢’ +ca+ab
Ap dung bat dang thirec Bunhiacopxki dang phan thurc ta dugc
a2 b2 c? a+b+ c)

+

+
a’+ab+bc b +bc+ca c*+ca+ab

\

a+b+c)

2
ab+bc+ca)

bc ca ab

\%

+ + (
2 2 2 2
a~+ab+bc b +bc+ca ¢ +ca+ab (ab+bc+ca)
Cong theo vé hai bat dang thirc trén ta dugc
2 2 2
a” + bc b” + ca c +ab
+ >2

+
a’+ab+bc b’+bc+ca ¢ +ca+ab
Vay bai toan dugc chirmg minh xong. Pang thirc xay ra khi va chikhi a =b =c.

Nhén xét: Qua cdc vi du trén ta nhdn thdy chi véi viéc thém bot vao bat dang thire mét dai heong phi
hop ta cé thé doi dwoc chiéu bdt dang thirc va dp dung dwoc bdt dang thire Bunhiacopxki dé chirng minh
bai todn. Ky thudt ndy goi la ky thudt thém — bot trong bat dang thire Bunhiacopxki. Vay thi kyj thudt thém

bot con dwoc s dung trong cdc truong hop nao nita, ta tiép tuc tim hiéu cdc vi du sau day

Vi du 4.8: Cho a, b, ¢ 1a cac s6 thyc dwong théoa man a’ + b” + ¢* = 3. Chimg minh rang:
1 1 1
- -
2—a 2-b 2-c

>3

Phin tich: Néu 4p dung bat ding thirc Bunhiacopxki mét cach truc tiép ta dwoc
1 1 1 9
+ + >
2-a 2-b 2-c 6-(a+b+c)

Trong khi d6 ta co 0<a+b+cé\/3(a2+b2+c2):3nén ) <3

6—(a+b+c)

Nhu vay danh gia nhu trén khong chirng minh dugce bai toan.
Bit ding thirc can chimg minh khong can phai dbi chiéu nhu cac vi du trén nhung khi 4p dung bt
dang thire Bunhiacopxki dang phan thirc thi khong dem lai hiéu qua. Dé c6 mot danh gia tot hon ta can

thay d6i cach phat biéu cac dai lugng ciia bat dang thirc xem sao? Chii y mét ti ta s& c6 bién doi kha thi vi




P € 53 Vi bt ding
2—-a 2-b 2-c

1 1 L
sau o= . Luc nay bat dang thuc tré thanh
2-a 2 2(2-a)

thirc nay hy vong ta s€ chung minh dugc.
Loi giai

Ta viét lai bt ding thirc can chimg minh nhu sau

1 1 1 1 1 1 3 a b C
—— |+ -— |+ -—— |z + + >3
2—a 2 2—a 2 2—a 2 2 2—-a 2-b 2-c

Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc

a b c (a+b+c)2 (a+b+c)2
+ + > =
2—a 2-b 2-c a(2—a)+b(2—b)+c(2—c) 2(a+b+c)—3
An chimg minh d (a+b+c)2 >3h b+c) 26(a+b 9
Ta can ching minh dugce 2(a+b+c)—3_ ay(a+ +C) 2> (a+ +C)—

Hay (a+b+c)2—6(a+b+c)+920<:>(a+b+c—3)220
Vay bt dang thiic duge chig minh. Dang thirc xay ra khi vachikhi a=b =c =1.
Nhén xét: Nhw viy bang viéc thém — b6t mot dai lwong ta da bién doi bat dang thire d cho vé dang khdc
va khi 6 c6 thé dung bdt dang thire Bunhiacopxki mét cach thudn loi hon. Vay thi lam thé ndo dé ta c6
thé chon dwoc dai lwong phu hop?
1 1-m (1 - a)

—-m=————= ¢0 tir O la
2—a 2—a

Xét y twong sau day: Ta sé tim mét s6 m dwong sao cho

. 1
1-m (1 - a) la mot dai lwong dwong va danh gia may cang chat cang tot. Do do ta chon duwoc m = 2’

Lo sy

khi do thi 5—a 9 2(2—a)

b c
+ +
2—a 2-b 2-c

Bunhiacopxki dang phadn thuece theo cdch khdc sau

Pé chimg minh bdt dang thirc >3 ta cé thé dp dung bat dang thirc

Ap dung bat ding thirc Bunhiacopxki dang phan thire ta dwoc

4 4
a b c a b c

2-a 2-b 2-c a'(2-a) B'(2-b) &(2-0)
(a2+b2+c2)2

- 2((13 +b° +03)—<a4 +b +c4)

4

Ta can chitng minh dwoc
3>2 a3+b3+c3)— a' +b' +c'
<:>(a4+b4+c4)+<a2+b2+c2)22(a3+b3+c3)
Ap dung bdt ding thirc Cauchy ta dwoc o' +a”® > 2a*; b* +b° > 2b%; ¢' + ¢ > 2¢°.

Céng theo vé cdc bdt dang thire trén ta dwoc bt dang thirc cudi ciing.



Vay bai toan dwoc chitng minh xong.

Vi du 4.9: Cho a, b, ¢ 1 d6 dai ba canh cia tam gidc. Chimg minh rang:

a b C

+ + >1
3a—-b+c 3b-c+a 3c—-a+b

Phan tich: Dé ap dung dugc bat dang thic Bunhiacopxki ta can tim s6 m dwong sao cho

a a(1—3m)+mb—mc ) .
———m = co tlr so 1a a(1—3m)+mb—mc la mét s6 duong va
3a—-b+c 3a—-b+c

danh gia trén cang chit cang tot. Pé y gia thiét a, b, ¢ 1a ba canh ctia mot tam giac nén ta nghi dén chon m
s A N A e e 1 et e eas
sao cho tur so trén c6 dang a + b — ¢. T nhitng nhan dinh do6 ta chon dugc m = Z . Khi do ta c6 101 giai

nhu sau
Loi giai
Bat dang thirc can chimg minh tuong duong véi
a 1 4b 1 4c
3a—-b+c 4 3b-c+a 4 3c—-a+b

Hay bt ddng thtic can chimg minh tr¢ thanh

11
174

a+b-c b+c—a c+a—-b
+ + >1
3a—-b+c 3b-c+a 3c—-a+b
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
a+b-c N b+c—a N c+a-b
3a—-b+c 3b-c+a 3c—-a+b ,
(a+b—c+b+c—a+c+a—b)
>
(a+b—c)(Sa—b+c)+(b+c—a)(3b—c+a>+(c+a—b)(SC—a+b)
(a+b+c)2

- a?+b? +c® +2ab +2bc + 2ca -

Vay bit ding thirc dugce chimg minh. Dang thic xay ra khi vachikhi a =b =c.

Vi du 4.10: Cho a, b, ¢ 1a d6 dai ba canh cta tam giac. Ching minh rang:

ba +3b 5b + 3¢ 5c + 3a
+ + >4
3a+b+2¢c 3b+c+2a 3c+a+2b

Phin tich: Quan sat bat ding thirc trén thi suy nghi dau tién 13 4p dung bat dang thirc Bunhiacopxki dang

phan thue
5a + 3b N 5b + 3¢ N 5c + 3a
3a+b+2c 3b+c+2a 3c+a+2b

. (5a+3b+5b+3c+5c+3a)2
N (5a+3b)(3a+b+2c)+(5b+3c)(3b+c+2a)+(5c+3a)(3c+a+2b)

Phép chimg minh s& hoan tit néu ta chi ra dugc




(5a+3b+5b+3c+5c+3a)2

(5a+3b)<3a+b+2c)+(5b+30)(3b+c+2a)+(5c+3a)(3(:+a+2b) =4

64<a+b+c)2
18(a2 + b’ +c2)+30(ab+bc+ca)

Tuy nhién danh gia trén 1a sai. Do d6 ta khong thé 4ap dung dugc truc tiép bat dang thuc
Bunhiacopxki ma can bién déi bat dang thirc vé mét dang khac. Véi ¥ tudng do6 ta can tim s6 m duong
sao cho

>4 < ab+bc+ca>a’+b*+¢

Hay

5a + 3b . a(5—3m)+(3—m)b—2mc _ k<a+b—c)

3a+b+2c , 3a+b+2c ~ 3a+b+2c
Va danh gia trén cang chat cang tot. Tur nhirng nhan dinh d6 ta chon duwgc m = 1. Khi do ta c6 1oi
gidi nhu sau
o i Loi giai
Bat dang thuc can ching minh tuwong duong véi
ba + 3b 5b + 3¢ 5c + 3a
-1+ -1+ —-
3a+b+2c 3b+c+2a 3c+a-+2b
2(a+b—c) 2(b+c—a) 2(c+a—b)
o 3a+b+2c 3b+c+2a 3c+a+2b
Ap dung bat dang thirec Bunhiacopxki dang phan thuc ta dugc
2la+b-c) 2|b+c—-a) 2(c+a-b
(a+b-c) 2(bre—a) 2(cra-b)
3a+b+2c 3b+c+2a 3c+a+2b )
2(a+b—c+b+c—a+c+a—b)

1>1

>1

Hay

- (a+b—c)(Sa+b+2c)+(b+c—a)(3b+c+2a)+<c+a—b)<3c+a+2b)

Ta can chung minh dugc

2
2(a+b—c+b+c—a+c+a—b)

(a+b—c)(3a+b+2(:)+(b+c—a)(3b+C+2a)+(c+a—b)(3c+a+2b) =1

2(a+b+c)2
2(3&2 +b? +cz)+4(ab+bc+ca)

Panh gid cudi ciing 1a mot danh gia ding. Vay bat dang thic duoc chimg minh.

>1

Hay

Vi du 4.11: Cho a, b, ¢ 1a d6 dai ba canh cta tam giac. Ching minh rang:

3a+b 3b+c 3c+a
+ + >
2a+c 2b+a 2c+b

: . 2 .2.3a+Db a+b-c

Phan tich: B¢ y dén phép bién doi —1l=—-".
2a+c¢ 2a+c
Loi giai

Bét dang thire can chig minh twong duong véi
a+b—-c b+c—-a c+a-b
+ + >1
2a+c 2b+a 2c+b
Ap dung bat dang thirc Bunhiacpxki dang phén thirc ta duoc




a+b—c+b+c—a+c+a—b
2a+c 2b +a 2c+b

2
(a+b—c+b+c—a+c+a—b)

: (a+b—c)(2a+c)+(b+c—a)(2b+a)+(c+a—b)(2c+a)

Ta can chung minh dugc

(a+b—c+b+c—a+c+a—b)2

(a+b - c)(2asc)s(brc a)(ra)s(cra b)2cra)

(a+b+c)2
(a2+b2 +02)+2(ab+bc+ca)

Panh gia cudi ciing 1a mot danh gia ding.

>1

Hay

Vay bét ddng thirc dwgc ching minh. Dang thirc x4y ra khi va chikhi a =b = c.

Vi du 4.12: Cho a, b, ¢ 1a d6 dai ba canh cta tam giac. Ching minh rang:

a b C ab+bc+ca _5
+ + <=
b+c c+a a+b a’l+b’+c® 2
A , 2 3k , X 2. a b+c—a
Phan tich: D¢ y dén phép bién doi 1 — = .
b+c b+c
Loi giai

Bét ding thirc can chimg minh twong duong véi

b+c—a c¢c+a-b a+b-c_1 ab+bc+ca
+ + > _—_

b+c c+a a+b 2 a’+b’+c?

2
b+c—a+c+a—b+a+b—c> <a+b+c)
b+c c+a a+b _2(a2+b2+02>

Hay

Ap dung bt ddng thirc Bunhiachopxki dang phan thic ta dugc

b+c—a c¢c+a-b a+b-c
+ +
b+c c+a a+b
2
(a+b—c+b+c—a+c+a—b)

2(b+cﬂb+i—a%%c+aﬂc+a—by%§+bﬂa+b—®
_ (a+b+c>
2(a” b7 +.)

Vay bt dang thirc duge chimg minh. Dang thic xay ra khi vachikhi a =b =c.

Vi du 4.13: Cho a, b, c 1a d0 dai ba canh cta tam giac. Chirng minh rfmg:
alb+c) blc+a) cla+b
(brc) bless) clasi)

a’+2bc  b>+2ca ¢ +2ab

<2

a<b+c) _ a2+2bc—a(b+c)

Phin tich: Dé ¥ dén phép bién ddi 1 — 5 =
a” +2bc b+c

. Talai co




a2+2bc—a(b+c):bc+(a—b)(a—c)Zbc—‘(a—b)(a—c) >0

Lai thiy a’ +2bc—a(b+c)+b220a—b(c+a)+c2 +2ab—c(a+b) =a’+b’ +c
o ‘ Loi giai
Bat dang thurc can ching minh twong duong véi
a2+2bc—a(b+c) b2+2ca—b(c+a) c2+2ab—c(a+b)
5 + 5 + 5 >1
a” +2bc b” +2ca c” +2ab

Ap dung bét ding thirc Bunhiacopxki dang phan thirc ta duoc
a’ +2bc—a(b+c) b? +2ca—b(c+a) ¢’ +2ab—c(a+b)
- +
a’ + 2bc b® + 2ca ¢’ +2ab ,
[aQ +2b(:—a(b+c)—i-b2 +20a—b(c+a)+c2 +2ab—c<a+b)}
M

>
Vi

M= (a2 + 2bc) [aQ +2bc—a (b + c)} + (b2 + 2(:21)[b2 +2ca — b(c + a)]

+ (02 + 2ab) [02 +2ab—c (a + b)]
Ta can chung minh dugc
(a2 +b° + 02)2 +a’b+ab’ + b’c+bc® +c’a + ca’
>a'+b'+c'+ 4(a2b2 +b’c + 02a2)
Hay ab (a + b) + bc (b + c) +ca (c + a) > 2a’b” +2b%c* +2c’a’

Danh gia cudi cung ding theo bat dang thirc Cauchy.
Viy bat dang thirc duoc ching minh. Pang thire xay ra khi vachikhi a =b =c.

Vi du 4.14: Cho a, b, ¢ la cac sé duong thda man a’ + b + ¢ = 3. Ching minh ring;

1 1 1 1(1 1 1]15
+ + + + <—

7+a> T+b> 7+¢ 14\b+c c+a a+b) 56

A s z £ 11 a’ .4, P S .
Phan tich: D¢ y ta thay S = oo 5 khi do ta quy bai toan vé chimg minh

T+a° 7 7 7T+a
2 2 2
L + L + L D) P b +— 22
b+c c+a a+b 7T+a® T7T+b T7T+c 1
Loi giai

1 1 1 a° 1 1 1 b 1 11 ¢

7+a> 7 7 7+a T+b> 7 7 7+b 7+ 7 7 7+
Ta viét lai bt déng thirc can chimg minh nhu sau:
1 1 1 2 2 2
+ + D) pE— b 42 Zg
b+c c+a a+b T+a®> T+b T7+c*) 4
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc

Ta co




1+1 1> 9 9

brc cta a+tb (b+c)+(c+a)+(a+b) - 2(a+b+c)
a2 b2 c? (a+b+c)2 (a+b+c)2
7+a2+7+b2+7+c22(7+a2)+<7+b2)+(7+c2): 24
Phép chimg minh s& hoan tit néu ta chi ra dugc

9 (a+b+c)2

' >
a+b+c 6 2
Ap dung bat déng thirc Cauchy ta c6
9 (a+b+cf
+
a+b+c 6
9 9 (a+b+c) o9 1 9
= + + 23— —.— ==
2(a+b+c) 2(a+b+c) 6 226 2

Do vay danh gia gia cudi cung dung. Vay bat dang thirc duoc chimg minh.
Nhén xét: O ddy ta dwoc sit dung kj ning thém bét bang cdch dwa vao tham sé m dé Iy ludn va dwa vao

cdc diéu kién rang buéc hop li dé tim ra m.

Vi du 4.15: Cho a, b, ¢ 1a cac s6 duong thoa man abc = 1. Ching minh rang:

21 +21 +21 <3
a“—a+1l b°=-b+1 c*—-c+1

2
1 (2a-1)
a’—a+l 3(&2 —a+1)
Loi giai
Bat dang thurc can ching minh can chirng minh véi

(2a-1) ) (2b-1) ) (2c-1)

, o a’—a+1 b’-b+1 c-c+1
Ap dung bat dang thitc Bunhiacopxki dang phan thuc ta c6

(2;1—1)2 (213—1)2 (2o—1)2 . (2 +2b+2c—3)2
+ +

a’—a+1 b’—=b+1 c—-c+1 a2+b2+02—(a+b+c)+3

. . 2. 4
Phén tich: Cha y dén phép bién d6i — —

>3

(2a+2b+2¢-3)°

>3

Ta can ching minh duoc 5 PR 2
a~+b +c —(a+b+c)+3

Hay (a+b+c)z+6(ab+bc+ca)29(a+b+c)
Ap dung bat dang thirc Cauchy ta c6
ab+bc+ca > \/3abc(a+b+c) = \/3(a+b+c)

Ta quy bai toan vé chimg minh

2
(a+b+c) +6,/3(a+b+c) 29(a+b+c)
+b+ . ,
Pit t = 1/% > 1, khi d6 bt déng thirc trén dugc viét lai thanh




2 B
(367) +186 2276 & 9¢(t* +2-3¢) 2 0
Theo bét dang thirc Cauchy talaicé t* +2 = t* + 141> 3t va t > 1 nén bat ding thirc cudi cung
luén dang.

Vay bét dang thirc dugc ching minh. Dang thic xdy rakhi vachikhia=b=c=1

Vi du 4.16: Cho a, b, ¢ 1a cac s6 duong thoéa mdn a + b + ¢ = 3. Chirng minh rang;
a’ b c’ a’+b’+c’

+ + <
2a+1 2b+1 2c+1 a2 4b2 4’46

Phan tich: Ap dung ¥ tudong nhu cic vi du trén 1a can tim mot s6 duong m sao cho danh gia
a’  2ma+m-a’

m — = c6 tr s6 2ma + m — a” duong va danh gia cang chat cang tét. Bé ¥ dén
2a+1 2a +1

du dang thirc x4y ra ta chon dugec m = % , tuy nhién néu chon nhu vy thi ta khong dam bao duogc tir sd
luén duong. Do d6 néu chon dugc m ma 1am triét tiéu duoc a’ thi méi dam bao duoc tir duong. bé y dén
a+b+c =3 khidotachon m = % . Ap dung tuwong tu ta c6 16i giai nhu sau

Loi giai
Bét dang thire can ching minh trong duong véi

a a’ b b? c c? >a+b+c a’+b’+c

2 2a+1 2 2b+1 2 2c+1 2 JaZ +b + ¢ + 6

a b c 2(a2+b2+c2) 23

+ + + >
2a+1 2b+1 2c+1 2 4 1242 +6

Hay

Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

a b c o (a+b+c)2

+ + >
2a+1 2b+1 2c+1 2(a2+b2+c2)+3

Khi dé ta can ching minh duoc

9 N 2(a2+b2+(:2) S
2(a2+b2+02)+3 Jal 4D+ 46
Pit t =a’ + b’ + ¢’ > 3, khi d6 bét dang thirc dugc viét lai thanh
9 2t 9 2t
+ 23 —-1+ -220
2t+3 Vt+6 2t+ 3 Vt+6
2(3 -t _
( )+2t 2 t+620<:>(t—3) t+2 1

2t+3 Vt+6 \/t+6(t+\/t+6)_2t+3

<:>(t+2)(2t+3)—\/t+6(t+\/t+6)20<:>t(2t+6— t+6)2()

Do t > 3 nén bt ding thirc cudi cung ludn ding.

Vay bt dang thirc duge ching minh. Dang thirc xay ra khi vachikhi a=b =c =1.




Vi du 4.17: Cho a, b, ¢ 1a cac s6 duong théa man a + b + ¢ = 1. Chimg minh rang;
2 2 2
a b c . 1

+ + <
3a+1 3b+1 3c+1 18(ab+bc+ca)

Phian tich: Ap dung y tuong nhu cac vi du trén 13 can tim mot s§ duong m sao cho danh gia

a’  3ma+m-a’

m — =
3a+1 2a+1
néu ap dung bat dang thirc Bunhiacopxki ta thiy cé su xuat hién ciia cic hang tir bac 3 va néu quy dong
thi ta thu dugc mot bat déng thirc bac 5 thi kho danh gia.
2 2

a a ) . A Az
< — = —, day 1a mot danh gia kha chat. Khi d6 xét bién doi sau
da+1 3a 3

¢6 tir s6 3ma + m — a’duong va danh gia cang chat cang tot. Khi do

Dé y dén danh gia

2
a a a

5_3a+1:3(3a+1)

thirc c6 bat dang thirc sau

, hoan toan twong tu ta c6 thé ap dung bat déng thirc Bunhiacopxki dang phan

a N b N C N 1 >a+b+c
3(3a+1) 3(3b+1) 3(3c+1) 18(ab+bc+ca)_ 3
Loi giai

Bét ding thirc can chimg minh twong duong véi

a b c 1 a+b+c
+ + + 2
3(3a+1) 3(3b+1) 3(3c+1) 18(ab+bc+ca) 3
Hay 2 b S 4 ! >1
3a+1 3b+1 3c+1 6(ab+bc+ca)

Ap dung bt ding thirc Bunhiacopxki dang phén thirc ta duoc
2

a b ¢ o (a +b+ c) ~ 1

+ - >
Ja+1l 3b+1 3c+1 3(&2 +b? +02)+a+b+c 3(a2 +b’ +c2)+1

Khi d6 ta quy bai toan vé chimg minh

1 1
+
3(a2 +b* + c2)+ 1 6(ab +be + ca)

Dén day ta ap dung bt ding thirc Binhiacopxki dang phén thirc thi duoc
1 1 4

3(&2+b2+02)+1+6(ab+bc+ca) - 3<a2+b2+02)+6(ab+bc+ca)+1 -

21

L . . 1
Vay bat dang thire dugc chirng minh. Pang thire xay ra khi vachikhi a =b =c = g

Vi du 4.18: Cho a, b, ¢ la cac s6 duong thoéa man a + b + ¢ = 1. Ching minh rang:
a’ b c’ 1
+ + <
9a+1 9b+1 9c+1 12\/3(ab+bc+ca)




2
a a

9a+1 9(9a+1)

2 ’ ’ .. a
Phén tich: D¢ y dén phép bién doi § -

Loi giai
Bét dang thie can ching minh trong duong véi
a a’ b b c ¢’ a+b+c 1
—— +—- +—— > -
9 9a+1 9 9b+1 9 9c+1 9 12\/3(ab+bc+ca)
a b ¢ 3

Hay >1

+ + +
9a+1 9b+1 9c+1 4\/3(ab+bc+ca)
Ap dung bét dang thirc Bunhiacopxki dang phén thirc ta duoc

2
a b ¢ o (a +b+ c) 1

+ + >
9a+1 9b+1 9c+1 9(a2+b2+02)+a+b+c 9(a2+b2+02)+1

Lai theo bat dang thirc Cauchy ta co
3 S 3
4\/3(ab +bc + ca) - 2[1+ 3(ab + bc + Caﬂ

Ta quy bai toan vé chirng minh

1
N 3
9(&2 +b + 02) +1 2[1+ 3(ab + bc+ca)]
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc

1 3
9(&2 + b’ +02)+1+2[1+3(ab+bc+ca)]
3 1 9
- 9(&2 +b’ +(:2)+1 +6[1+3(ab+bc+ca)}

2
(1+3) _ 16 1

9(a2+b2+C2)+1+6[1+3(ab+bc+caﬂ 9(a+b+c)2+7

21

>

Vay bt dang thirc duge chig minh. Dang thirc xay ra khi vachikhi a=b =c = % .
5. K¥ thuat doi bién trong bat dang thirc Bunhiacopxki
C6 mot s bat dang thirc, néu ta dé nguyén dang phat biéu ctia no6 thi rat khé dé phat hién ra cach
chimg minh. Tuy nhién bang mot s6 phép d6i bién nho nho ta co thé dua chung vé dang quan thudc ma
bat dang thirc Bunhiacopxki co thé ap dung duoc. Trong muc niy chung ta cing tim hiéu k¥ thuat doi
bién trong bat dang thirc Bunhiacopxki.
Vi bat dang thirc ba bién a, b, ¢ ta ¢ thé st dung mot sé phép bién doi nhu

o) (L L2 (L L L) [f )
2) (a; b; c) - (yZ; 7X; Xy); (\/; Jzx; \/g)

3) (a; b; c)—)(y+z; Z+ X; x+y); (y+z—x; Z+X-Y; x+y—z);...

V6i mot s6 bat dang thirc co gia thiét 1a abe = 1 ta co thé doi bién



4>(abc){x7y’ MJ?WFJ

Vi du 5.1: Cho a, b, ¢ 1a cac s6 thuc duong thoa man ab + bc + ac = 3. Chimg minh rang:
1 1 1 S at b+c

+ + >
2abc +ab®>  2abc+bc®  2abce + ca’ 3

Phin tich: Bit dang thic can chimg minh dugc viét lai thanh

ac ab be . abc(a +b+ c)

+ + >
7 ~ 2ac+ab 2ab+bc  2bc+ca 3 ’
bé ¥ ta thay bat dang thirc c6 sy 1ap lai cta cac dai lwong ab; bc; ca va cha y ta nhan thay

abc (a +b+ c) = ab.bc + be.ca + ca.ab . Do vy mot cach ty nhién ta nghi dén phép déi bién la

x = ab;y = bc;z = ca.

o ‘ Léi giai
Bat dang thurc can ching minh tuwong duong véi
ac ab be abc (a +b+ c)
- - >
2ac+ab  2ab+bc 2bc+ca 3
bat x = ab;y = be;z = ca, khi d6 ta duge x + y + z = 3 ,bat dang thirc can chirng minh tr¢ thanh
y .z X ny+yz+zx
2y +z 2z+x 2x+y 3
Ap dung bt dang thirc Bunhiacopxki dang phén thirc ta duoc
y z X v 7’ x
+ - = + +
2y+z 2z+x 2x+y y(2y+z) z(2z+x) x(2x+y)
2
(X +y+ X)
>

2(X2+y2+z2)+xy+yz+zx

(X"‘Y“‘X)Q S Xy +yz+2x
3

Ta can ching minh >
2(:><;2 +y? +22)+Xy+yz+zx

That vay, bat dang thuc trén tuong duong voéi

9(X+y+x)223(xy+yz+zx [ X +y2+22)+xy+yz+zx}

<:>(X+y+x)4 23(xy+yz+zx)[2(x2+y +7z )+xy+yz+zx}



2 \
Pit A=x"+y +7°; B=xy+yz+zx suyra A+2B=(X+y+z) =9, khi d6 ta can

2
chimg minh (A +2B) > 3B(2A +B) <> A” + B’ > 2AB.
Bét dang thuc cudi cung luén ding. Vay bét dang thirc ban dau duge chimg minh. Dau dang thirc

xayrakhia=b=c=1.

Vi du 5.2: Cho a, b, ¢ 1a cac s6 thuc dwong tiy y. Ching minh rang:

a 3

C
+ +
\/aQ+b2 \/b2-|-c2 \/c2+a2 2

Phan tich: Bét déng thire duogce viét lai thanh

\/ a’ \/ b? \/ ¢’ 3
+ + <=
a’+b? b2+t V2 +a? o

Quan sat bat ding thirc trén ta nghi dén phép d6i bién x = a’; y = b’; z = ¢*, khi d6 bét dang

X y \/ Z 3
+ + <=
X+y y+z z+X \/5

Day 1a bt dang thirc dugc chirng minh trong muc 2 véi phép ddi xtng hoa.
Loi giai

thte tro thanh

Pit x = a’; y = b*; z = ¢*, khi d6 bt dang thirc cin ching minh tré thanh

e D +\/ 23
X+y y+z Z+ X \/5

Ap dung bat dang thirc Bunhiacopxki ta dugc

_ X(X+Z) N y<y+X> N Z(Z+y>
Co)lxrr) (Gra)(ex) \{zex)(zry)
S S e e A s e i s e
4(x+y+z)(xy+yz+zx)

(e y) (v +2)(2+ %)

. 4(X+y+z)<xy+yz+zx) 9
Ta can chung minh <=
(X+y)<y+z)(z+x) 2
Hay 8<X+y+z)(xy+yz+zx)é9<X+y)(y+z)<z+x)
Hay 8xyz < (X+y)(y+z)(z+x)

Bat ding thirc cudi cung 1a mot bat dang thirc ding.

Vay bét ddng thirc dwgc chirng minh. Dau déng thirc xdy rataia = b = c.

Vidu 5.3: Cho a, b, ¢ 1a cac s6 thuc duong thoa man ab + bc + ca = abc. Ching minh ring:




a b ¢ 1 1 1
§+—2+—223(—2+§+—2j

¢ a a ¢
A , ’ <9 < A A ) A A s o s A \ 1 1 1 A A -
Phan tich: Quan sat gia thi€t ta thay co the viét lai gia thi€t thanh — + E + — = 1. Dbén day ta dat
a ¢
1 1 i A £ a2 . , . \
X=—;y= E; 7 = — va khi nay ta vié€t lai dugc bat dang thirc can chirng minh thanh
a ¢

2 2 2
X—+y—+z—23(x2+y2+z2)
z X |y

Quan sat bat ding thirc ta nhan thiy déu hiéu sir dung bat dang thirc Bunhiacopxki dang phan thirc.

Loi giai

s 1 1 1
Tur gia thiét ab + bc + ca =abc suyra —+—+—=1

a b ¢
s 1 1 Lo
batx=—;y=—;z=—,trgiathictsuyrax+y+z=1

a b c
2 2 2

L 5 ) L. X v/
Bat dang thurc can ching minh tré thanh — + Y +—2>3 (X2 +y* + Z2)
z X Yy

Theo Bunhiacopxki dang phan thtc ta dugc

2 2 22
X? 2 ZQ X4 4 Z4 (X +'y +Z)

z X Yy Xz yYX 72y Xz+yx+zy

2
(x2 +y? +z2)
>

X’z + VX + 77y

Ta can ching minh 3 (X2 +y 4+ ZQ)

Hay x> +y'+7t > 3(X22 +yX+ ZQy)
Vi X + y +z = 1, nén bat dang thtc trén trd thanh
(X +y+ Z)(X2 +y° +Z2) > 3(X2Z +y°x +22y)
Hay x* + y3 +2° +x7° + ny + zy2 >2(x%z + yQX + zQy)
Ap dung bat dang thirc Cauchy ta duoc
X’ +x7" 2 2X°% vP 4+ yx© 2 2y°x; 28 + 2y’ > 277y
Cong theo vé ba bit dang thirc trén ta duoc
X4y 42t xt A yxt 4oy > 2<X22 +y’x + ZQy)
Phép chimg minh hoan tt. Pang thirc xay ra khi va chikhi a =b =c¢ = 3.

Nhén xét: Bdt dang thirc trén con dwoc chimg minh theo cdch sau

Bién déi twong dieong bat ddng thirc ta dwgc



(2=2) |, (v=a) <Z‘y)2z(x_y)h(y_z)u(z_xf

l—l]+(z—x)2(%—1]20

> 1. Do dé bdt dang thirc cudi cing diing.

N |~

Y

<L | =

1
Viz+y+z=1nén —;
x

Phép chimg minh hoan tat.
Vi du 5.4: Cho a, b, ¢ 1a cac s6 thyc dwong tiy y. Ching minh rang:

Jab . Jbe . Jea
c+3Jab  a+3vybe b+3vea

Phin tich: Quan sat bat dang thirc nghi dén d6i bién x = \/; Yy = \/E ;7= \/g . Khi d6 bat ding thirc

| eo

A X Z zZX 3

duoc viét lai thanh 5 Y +— Y +— <—.
z-+3xy a +3yz y +3zx 4

Ta c6 thé chimg minh bit ding thirc trén bang k¥ thuat thém — bét.

Loi giai

it x = va; v = Vb; z = v/ . Khi d6 bét ding thitc cin chimg minh tré thanh

7X S§
4

Xy vz :
y© +3zx

_+_
7z +3xy a’+3yz

Bét ding thirc can chimg minh twong duong véi

2Xy N 2yz N 2ZX £§
z°+3xy X +3yz y +3zx 4
1 1 1

& —— 2Xy +—— 2yz +—= QZX 21—§
3 z4+3xy 3 x +3yz 3 y +3z 4

2 2 2

PO S S S

z-+3xy x +3yz y +3zx 4

Ap dung bat dang thirc Bunhiacopxki dang phan thirc va mét danh gia quen thudc ta duoc




2
72 . x? N v . <X+y+z)
7z’ +3xy X +3yz y2+3ZX_X2+y2+z2+3(xy+yz+zx

<X+y+Z)2

\

~w ~—

(x+ +z)2+(“y”)2
Y 3

Do d6 bat dang thirc duoc chimg minh. Dang thirc xay ra khi va chi khi a = b = c.

Vi du 5.5: Cho a, b, ¢ 1a céc sd thuc duong thoéa man ab + bc + ca = abc. Chirg minh rang:

\/a+bc+\/b+ca+\/c+ab Zx/abc +\/;+\/E+\/E

‘ 1 1 1 _ .
Phan tich: Trudc hét ta viét lai gia thiét thanh — + E + — =1, khi d6 ta nghi dén phép doi bién
a ¢
1 1 1 4 2 , K . <
X=—; y= E; z = —. Bat dang thuc dugc viét lai thanh
a

c
\/X+yz+\/y+zx+\/z+xyZl+\/g+\/;+\/;

Dé y dén gia thiét x + y+z =1, ap dung bét ddng thirc Bunhiacpxki ta duoc

m=\/x(x+y+z)+yz =\/(X+y)(x+z) > X +4yz

Ap dung tuong ty ta 6 16 giai nhu sau

Loi giai
N 1 1 1
Tur gia thiét ab + bc + ca = abc suyra —+ —+—=1.
a b ¢
5 1 1 ...,
batx=—; y=—; z=—,khidotadugc x+y+z=1.
a b ¢

Bét dang thirc can ching minh tro thanh

\/X+yz+\/y+zx+\/z+xyZl+\/g+\/;+\/;

Ap dung bat dang thirc Bunhiacpxki ta dugc

m:\/x(x+y+z)+yz :\/<X+y)(x+z) > X +4yz

Ching minh tuong tu ta dugc

Jy+ox 2y Jz+xy <2+ xy
Cong theo vé cac bat dang thirc trén ta dugc
\/x+yz+\/y+zx+\/z+xy2x+y+z+\/g+\/;+\/;
:1+\/§+\/;+JZ

Viy bat dang thirc duoc chimg minh.

, . 1
bang thure xay ra khi va chi khi X=y=Z:§haya=b:C:3.




Vi du 5.6: Cho céc s6 duong a, b, ¢ thoéa man hé thirc ab + be + ca = abce. Chirng minh rang:

2 2 2 2 2
\/b +2a +\/c +2b +\/a +2acz\/§

ab cb ac
Loi giai
. 1 1 1 1 1 1
Tu gia thiet tadugc —+ —+—=1.Patx =—;y = —;z=—,khidotaco x+y+z=1.
a b ¢ a b c

Bét ding thtr can chimg minh dwgc viét lai thanh
\/X2 +2y° +\/y2 +27° +\/z2 +2x° > \/g

Theo bét dang thirc Bunhiacopxki ta co

(X + 2y)2 = (1.){ + \/5.\/§y)2 < 3(){2 + 2y2)

2
2
Do d6 ta dugc VX +2y° > (X +3 y) _ X\';EY
3

Tuong tu ta c6 Y +27° > y\—/i—}z; NZ' +2x° > Zj_/gx
3 3

Cong ba bit dang thirc trén vé theo vé ta duoc

\/X2+2Y2+\/y2+2z2+\/22+2x2 2X+2y vy +2z7 Z+2X—3(X+Y+Z):\/§

Vay bét ddng thirc dwgc chirng minh.

, . 1
bang thure xay ra khi va chi khi X=y=Z=§ haya=b=c=3.

Vi du 5.7: Cho a, b, ¢ 1a cac s6 duong. Ching minh rang:

be ca ab 1[1 1 1)
+ e e

aQ(b+c)+b2(c+a) 02(a+b) 2la b ¢

L . 1 1 1 ., . .
Phén tich: Quan sat bat dang thic ta thay vé phai co6 dai lugng — + E + —, d€ y dén phép bién doi
a c

1 . . e
= . Tt d6 rat ty nhién ta nghi dén phép doi bien.
b ¢ j

Loi giai

1 1 1 (e 5 .
bitx=—;y= E; z = —, khi d6 bat dang thirc can chung minh dugc vict lai thanh
a c
2 2 2
+y+
XX Y [ T JXty+z
v+z z+X X4y 2

Ap dung bét ding thirc Bunhiacopxki dang phan thirc ta duoc




2
x? N v’ N 7’ >(X+y+z) _X+y+z
y+z z+X X+y 2<x+y+z) 2

Vay bit dang thirc dugce chimg minh. Dang thic xdy ra khi vachikhi a=b =c.

. 1 1 1 :
Vi du 5.8: Cho céac s6 thyc a, b, ¢ > 1 théa man —+ b + — = 2. Chung minh rang:
a c

Jat+btce>Ja-T+vb-1++c—1

. .11 . .
Phan tich: Chinh sy xuat hién giai thié¢t —+ —+ — = 2 lam cho ta suy nghi dén viéc st dung phép doi

a b c
. 1 1 1
bienx=—;y=—;2=—.
a c ¢
Loi gidi
< 1 r .., .
bat x = —; =—;Z:—,khldox;y;ze(();1)Vax+y+z=2
a c c

Bét ding thirc can chimg minh tré thanh
11 1 \/1 “x  fl-y \/1 —y
e + +
X y z X y z
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
2
1- 1- 1- 1 1 1 1 1 1
(\/ X+\/ y+\/ Z] S(—+—+—](3—X—y—z)=—+—+—
X y z X y z X y z

L . . 3
Vay bat dang thirc dugc chirng minh. Pang thire xay ra khi vachikhi a =b =c = 5 .

Vi du 5.9: Cho a, b, ¢ 1a cac s6 thyc duong thoa man a + b + ¢ +2 = abc. Chung minh rang:

2(\/£+\/E+x/a)3a+b+c+6

Phan tich: Dé y ta viét lai bt dang thirc can ching minh thanh
\/;+\/g+\/gﬁ\/2(a+b+c+2)
Trudc hét ta bién doi gia thiét thanh

(a1+1)(b:1)(c+1a) :(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)

fe—
a+l b+1 c+1
. J ~ 3A r Asq = A 1 ]- ]- A 71N 4N ’ A1 s A r
Khi d6 ta nghi dén phép doi bién x = Yy = ;7= . bé y la tir cach doi bién do ta
a+l b+1 c+1
1- + 1- + 1- + o .
dugc a = *_yrez b= y_2 X; c= 2_XTY B4 dang thirc dugc viét lai thanh
X X y y z zZ
y+z Z+X X+y 1 1 1 L an , 2, ez ,
+ + < 2] —+—+ —|. Dén day ta co thé ap dung bat dang thurc
X y z X y z
Bunhiacopxki dé chig minh bai toan
Loi giai

Ta co 2(@+&+\/£):(J§+\/E+\/Z)z—(a+b+c)




Khi d6 bét dang thirc can ching minh tré thanh

(\/g+\/g+x/;)2—(a+b+c)£a+b+c+6

C%J;+JE+JQQSQ@+b+C+3)
@\/g+\/g+\/gé\/2(a+b+c+3)

Gia thiét duoc viét lai thanh

(a+1ﬂb+1ﬂ@+a):(a+1ﬂb+J)+(b+1ﬂc+&)+(c+1ﬂa+1)

1 1 1
= + +
a+l b+1 c+1
DPiat x 1 1 VA suyrax+vy+z=1
= ; = ; = , Su = .
’ a+1 Y b+1 c+1 Y Y
1- + 1- + 1- +
Khidotaduge a = —~ =32, p =Y _2¥%. 72 _X7¥Y

X X y y Z v/

Bét dang thic can ching minh tro thanh

\/y+z+\/z+x+\/x+yg 2(1+1+1]
X y z X y z

Ap dung bat dang thirc Bunhiacopxki ta dugc

\/y+z+\/z+x+\/x+yS\/[l+l+lj(2x+2y+gz):\/Q(l+l+lJ
X y z X y z X y z

Viy bat dang thirc duoc ching minh. Pang thie xay ra khi va chikhi a =b =c =2

Vi du 5.10: Cho a, b, ¢ la cac sé thuc duong théa man a + b + ¢ = abc. Chimg minh rang:

b c a 3
+ + > —
avb?+1 byl +1 cvai+1 2
A , < .0 < A 1 1 1 . r A [N ~ 3A r As 1 s A
Phan tich: Tt gia thiét ta dwuoc — + — + — =1, khi do rat tu nhién ta nghi dén phép doi bien

ab bc ca

7z = —,suyra xy + yz + zx = 1. Khi d6 bat dang thirc can chirng minh dugc viet lai
c

Llo1
a?y b?

thanh

X ¥y .z
\/y2+1 \/Z2+1 \/X2+1

Dé ¥ dén phép bién d6i \/X2 +1 = \/X2 +Xy +yz+zx = \/(X + y)(x + Z) . Hoan toan tuong tu ta c6

>3
2

thé ching minh duoc bai toan.
Loi giai

iR 1 1 1
Tur gia thiét a+ b +c =abc suyyra —+—+—=1.
ab bc ca

1 1 . A .
bDatx=—:y :E; z = —, Khi d6 gia thiét cta bai toan trd thanh xy + yz + zx = 1.
¢

Q| =




Bét ding thirc can chimg minh tr thanh x + Y + z > §
\/y2+1 \/z2+1 \/X2+1 2
D@ thay \/X2+1=\/X2+Xy+yZ+ZX=\/(X+y)<X+Z)

Tuong tu ta duge \/y2 +1= \/(y+z)(y+x); \/z2 +1= \/(Z+X)(z+y>

Ap dung bét dang thirc Cauchy ta duoc

X Z
+ Y +

X y z__ _

\/y2+1+\/22+1+\/x2+1 \/(y+x)(y+z) \/(Z-I-X)(Z-I-y) \/(X+y)(x+z)
S 2x N 2y N 27,

CX42y+7 X+y+22 2X+y+z

2x N 2y N 27
X+2y+z xX+y+2z 2x+y+z

\ 3
Ta can chung minh > 5

That vay, ap dung bét dang thirc Bunhiacopxki dang phén thirc ta duoc

2x 2y 27,
+ +
X+2y+z X+y+2z 2x+y+z

2

S 2(X+y+z) :§

22
(X+y+z)2+(“§”)

. 2(><-|-y-i-z)2

(X+y+z)2+xy+yz+zx

Nhu vay bat dang thirc ban dau duoc ching minh.

Dau dang thirc xdy rataia = b = ¢ = \/g

. 1 1 1 .
Vidu 5.11: Cho a, b, c 1a cac s0 thuc duong théa man — + E + — = 1. Chlirng minh rang:
a c

b+c c¢c+a a+b
+ - >

> 2
a’ b c’
A v , .y e , .- , o~ 2K , F O 1 1 1
Phan tich: Quan sat gia thiét cua bai toan ta nghi dén phép d6i bién x = —; y = E; Z=—.
a ¢
o . X2(y+z) yQ(Z+X) z2(x+y)
Khi d6 bat dang thirc dugc viét lai thanh + + >2

VZ zZX Xy
2 . 2 A
bé y dén danh gia 4xy < (X + y) . Ta quy bai toan vé chirng minh

42 2 2
X" 4y N 4z S 9
y+z z+X X+Yy

Bét dang thuc trén d& dang chimg minh dugc bang bat dang thirc Bunhiacopxki dang phan thic.

Loi giai

1 1 .
bat x = ;y:g; z =—.Tugiathi¢tsuyra x+y+z =1.
c

Q| =




Bét ding thire duge viét lai thanh

X2<y+z) y2(z+x) z2<x+y>

+ + >2
VZ zZx Xy
Ap dung bat dang thirc Cauchy ta duoc
2 2 2
<(x+y) <(y+z) <(z+x)
Xxy<——;yz<——; zx < ———
y 1 y 1 1

Khi d6 ta duoc bat dang thirc sau

XQ(y+z)+y2(z+X)+z2<x+y)> 4x* 4y 477

> + +
VZ ZX Xy y+z z+X X+Yy
Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta c¢6
2
Ax2 +4y2 N A7 >4(x+y+Z) =2(X+y+Z)=2

y+z z+X X4y 2(X+y+z)

Bét dang thirc dugc ching minh. Dang thirc xay ra khi vachikhi a =b =c = 3.
Nhén xét: Ngoai cdch chitng minh nhuw trén ta cé thé ap dung bat dang thire Bunhiacopxki chitng minh
theo cdch sau
. ; 1 1 1 1 1 1
Bat dang thirc duoc viet lai thanh =+ = |+ y2 e k= D)
y oz Z X Ty

Theo mot danh gia quen thugc ta co

[V}

2

7’ l+l =7 (y+z)[l+1]2 Az
y =z Yy+z Yy =z y+z

2 2

o e T e B
Z T 2+ 2 T Z+T

2 2

S e B ) e =
xr vy r+y xr vy r+y

Céng theo vé cdc bdt dang thirc trén ta dwoc

a:Q(y+z)+y2(z+:1:)+22(:c+y)> 472 .\ 49 . 472
Yz 2T Ty  y+z z+x THy

Mat khdc, theo bdt dang thirc Bunhiacopxki ta diroc

42° 49 42
+ +
y+z z+x x4y

y2

—2[(x+y)+(y+z)+(z+x)}[<yafz)+(z+x)+($z+y)

,_yx+Z\/y+z+ Terg: Z+x+ rer T+y =2(:1:+y+z)2=2

Bat ddang thirc diege chirng minh.

>2



Vi du 5.12: Cho a, b, ¢ 14 cac s6 thuc duong théa man abc = 1. Chirng minh rang:

Ja Jb Je
+ + >1
2+b\/g 2+C\/g 2+a\/;

Phin tich: T gia thiét abc =1 cua bai toan, rat ty nhién ta nghi dén phép doi bién dang

X Z Y S S S . £, 32 Y , .
a=—;b= Z; ¢ = —, chu y dén cac cac can bac hai c6 trong bat dang thirc can chirng minh, ta chon

y z X
cach dbi bién 13 Va=":Vb=Y. Jc=2. Khi d6 bit ding thiac dugc viét lai thanh
y z X
2 2 2
XZ yX zy

5 —t— T+ — 2 1. Bit dang thirc can chimg minh c6 ddu hiéu sir dung bat
227y +y'x 2X"z4+7y 2yxX+Xz
dang thirc Bunhiacpxki dang phéan thic. Do d6 ta thir 4p dung xem c6 thé chimg minh dugc bai toan
khong?
Loi giai

A ., X 2 X Z
Viabc=1nénténtalcacsothucdu’orngde\/7:—;\/EZX; \/g:—.
y v/ X

Khi d6 bét dang thirc can ching minh tré thanh

2 2 2
X7 X z
2 2 + 2y 2 + 2 y 2 2 1
227y +y'x  2Xz+7y 2yxX+X7z
Ap dung bt dang thirc Bunhiacopxki ta dugc
2 2 2 2_2 2.2 2_2
X7 yX zy X7 y'x z'y

+ + =
227y +y'x  2X°z+7y 2y°x+ Xz 2xyZ  + Xy 2X'yz 47yl 2xyz+ X7
2 2
(Xy+yz+zx) (Xy+yz+zx) .
Z = =
X2y2 + yZZ? +722x% + 2xy7 (X +y+ z) (Xy —_— ZX)z

Vay bét dang thirc dugc ching minh. Dang thic xdy rakhi vachikhia=b=c=1.

Vi du 5.13: Cho a, b, ¢ la cac s thuc duong théa man abc = 1. Chirng minh rang:

1 1 1
5 + +— >1
a“+a+1l b°+b+1 c +c+1

Phan tich: Néu ta st dung bat ding thirc Bunhiacopxki truc tiép kiéu
1 1 1 9
2 + 2 + 2 2 2 2 2
a~+a+1l b"+b+1 ¢ +c+1 a +b +c +a+b+c+3

Khi d6 dé phép chirng minh duoc hoan tit ta phai chi ra duoc

9

S >l a’+bP+ct+a+b+c<6
a“+b"+c"+a+b+c+3

Véi gia thiét abc = 1 thi danh gia cudi cung 1a mot danh gia sai.
Dé y dén gia thiét abc = 1 ta nghi dén phép dat an phu, van dé dit ra 13 ta chon cach dat 4n phu

nao? Trudc hét ta thdy bat dang thirc ¢6 tinh d6i xtimg do d6 dé khong lam mat tinh ddi xing cta no ta s&




khong dat an phu kiéu —; < : = . Pau tién ta st dung phép d6i bién

N <

hodc Y ;
X

N

< | N

Z
X

<M

a = ; ¢ = — khi bat dang thirc can chiing minh tré thanh

1 1
X y zZ
X2 2 Z2
+ Y + >1

xX*+x+1 y4y+1 2 +z+1

Ap dung bét dang thirc Cauchy ta duoc

2

<> y2 72 <X+y+z)
2 + 2 + 2 2 2 2 2

x +x+1 y +y+1 z +z+1 x +y +z2 +x+y+z+3

\ . 2
Ta can chung minh dugc (X+y+z) > +y 42 +X+y+z+3

Tuy nhién danh gia nay lai sai. Do d6 cach doi bién nay khong kha thi

2 2 2
. oz X A z zX X ,
Nhu viy ta tinh dén cach d6i bien a = —; b = y—; c=—vaa= y—Q;b =—;C :—Z’. Trong hai
VZ ZX Xy X y z

cach d6i bién trén, suy nhi mot chit ta s€ loai cach dat thir nhat vi bt déng thtre chi chira bién & mau nén
khi d6i bién va quy déng mdi phén thirc ta s& thu dwgc mot phéan thirc thirc ma trén tir ¢6 chira cac dai

2_2 2.2 2_2 \ L X . , r . 4 4 4 A n A ) s 7
lwong y“z"; z°x"; X"y~ con dudi mau lai chia cac dai lugng x°; vy ; 2z trdn hon, nén muon danh gia

X A A 1 A . . : Ze1 ek Z ZX X
cac mau theo chiéu tang 1én 1a rat kho. Do d6 ta chi con cach d6i bién a = y—2 b= —ic= —Z , hy vong
X y Z
s€ chirng minh duoc bai toan.
Khi nay bat ddng thirc can chimg minh dwoc viét lai thanh
X4 y4 Z4
+ + >1

x'+xyz+v72 yl 4y 42Xt 2+ 2xy + X7y
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

X4 y4 Z4
+ +

x'+xX’yz+y7 y Hyiex+2x0 7 +2xy + XY
2
(x2 +y 4+ z2)

x'+yt 42! +xyz(x+y+z)+x2y2 +y°’2" + 2°x°

>

Phép chirng minh s& hoan tat néu ta chi ra dugc
(x2 +y° +Z2)2 >x'+y' +2 +Xyz(x+y+z)+x2y2 +y 2 +72°%°
Bién d6i tong duong va thu gon ta duoc
X2y2 + y222 +72°x° > XyZ (X +y+ z)

Panh gia cudi ciing 1a mot danh gia dung. Vay bat dang thire duoc chimg minh. Pang thirc xay ra
khivachikhia=b=c=1.



Nhén xét: Néu chap nhan bién bat dang thirc trén tir dang doi xitng vé dang hodn vi thi véi cach doi bién

z T i e . , . s
a= E; b =—; ¢ =—, bat dang thirc can chirng minh tro thanh

T Y z
2 2 2
a b c
2 2+ 2 2+ 2 221
a +ab+b b +bc+ec ¢ +ca+a

Khi d6 bat dang thire twong dirong voi

2 2
a a

a+ab+b* A+ + +ab+be+ca
a2<a2+b2+02+ab+bc+ca—a2—ab—b2)

(a2 +ab+bQ)(a2 +b0*+ ¢ +ab+bc+ca)
a2c(a+b+c)

- <a2+ab+62>(a2+b2+62+ab+bc+ca>

Ap dung twong tw ta quy bai todn vé chimg minh

a’c bie e ab+be+ca
+ >

a>+ab+b® bV +be+c® F+ca+ad’ a+b+c
Ap dung dung bdt ding thire Bunhiacopxki dang phdn thire ta dwoc
a’c b’a c’b
2 2 + 2 2 + 2 2
a”+ab+b" b +bc+c c +ca+a
2
(ab+bc+ca) _ab+bc+ca

_c(a2+bc+b2)+a(b2+bc+a2)+b(02+ca+a2) a+b+c

Vay bdt dang thire dwoc chitng minh.

Vi du 5.14: Cho cac s6 thuc a; b; ¢ # 1 théa man abc = 1. Chirng minh rang;
a’ b c’

TN e

Phén tich: Cha ¥ dén gia thiét abc = 1 va tinh ddi xtmg cta bat dang thirc ta nghi dén phép doi bién.

Ngodi ra ta ciing thdy cac phan thirc chtra bién trén tir nén ta co thé chon cach doi bién

XQ y2 Z2

a=—;b="—;c=—

VZ Zx Xy
Loi giai

2 2 2
X Z . s oar 1AL a2 A , . 2 1
bita=—;b= b ;¢ = — voi x; y; z > 0. Khi d6 bat dang thirc can chirng minh tr¢ thanh
VZ ZX Xy

4 4 4
X y v/

(vef (a7 )

Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc

>1




2
2 2 2
<* y4 74 N (X +y +z)

<X2 —yz)2 ’ (y2 —zx)2 (22 - Xy)2 <X2 —yz)2 + <y2 - ZX)2 + (22 - Xy)2
Phép chirng minh s& hoan tat néu ta chi ra dugc
(x2 +y° +7° )2

(x2 —~ yz)2 + (y2 —~ zx)2 + (22 —Xy)

>1

2

Hay tuong duong voi
(X2 +y 4 22)2 - |:<X2 - yz)2 + (y2 —ZX)2 + (z2 - Xy)2i| >0
= (Xy+yz+zx)2 >0

Panh gia cudi ciing ludn 1a mot danh gia ding. Vay bat dang thic duoc ching minh.

Vi du 5.15: Cho a, b, ¢ 14 cac s6 thuc duong théa man abc = 1. Chirng minh rang:
1 N 1 N 1 S 1
(a+1)(a+2) <b+1)(b+2) (c+1)(c+2)_2

Phan tich: Chu ¥ dén gia thiét abc = 1 va tinh dbi xtmg cta bat ding thirc ta c6 thé doi bién

Yz ., 7ZX Xy
a——g,b——Z,C——Q.
X y v/
Loi giai
Z 7ZX X . a1 AL 2l , N , . , N
bat azy—2;b=—2;c=—zvél x; y; z > 0, khi d6 bat dang thirc can chirng minh tré thanh
X y v/

X4 4 Z4
Y + >

1
(X2 + yz)(ZX2 + yz) ' (y2 + ZX) (2y2 + ZX) <22 + Xy)<2z2 + Xy) 2

Ap dung bét dang thirc Bunhiacopxki dang phén thirc ta duoc

4 4 4
X y v/

(¢ +v)(2 +y2) (7 4m) (2 o) (7 + ) (22 + )

2

(x2 +y° +z2)

y (X2 + yz)(2x2 + yz) + (y2 + ZX)(Qy2 + ZX) + <Z2 + Xy)(2z2 + Xy>

Phép chirng minh s& hoan néu ta chi ra dugc

(x2 +y° +7° )2
(X2 + yz)(QX2 + yz) + (y2 + ZX)(Qy2 + ZX) + (22 + Xy)(2z2 + Xy)
Hay ta can ching minh
2(X2 +y +7° )2 > (X2 + yz)(2x2 + yz) + (y2 + ZX)(2y2 + zx) + (Z2 + Xy)(2z2 + Xy)

Khai trién va thu gon ta dugc x°y” + y’z° + 2°x° > Xyz (X +y+ z)

> 1
2

Panh gia cudi ciing 1a mot danh gia ding. Bt dang thirc dugc chirng minh.




Dau dang thirc xdy rakhi vachikhia=b =c =1.

Vi du 5.16: Cho a, b, ¢, d 13 cc sb thuc dwong théoa min abed = 1. Chimg minh ring:

1 1 1 1
-+ -+ -+ 21
(a+1) (b+1) (c+1) (d+1)
Loi giai
X y X t . N P L a , .
Cach 1: bat a = —; b=—;c:¥;d:—vm x; y; z; t > 0. Khi d6 bat dang thirc can chirng minh
zZ zZ X

duoc viét lai thanh
2 2 2

X y Z t? 51

(coy) (vez) (zo1) (tex)

Ap dung bt ding thirc Bunhiacopxki dang phén thirc va bat dang thirc Cauchy ta dugc

X2 y2 Z2 t2
+ + +

(x+y) (y+2) (s+t) (t+x)
. |:x(t+x +y(x+y) +z(y+z)+t(z+t)]2
(cry) (xr ) +(y42) (x4 y) +(z+8) (y+a) +(t+x) (2+t)
() ey (e y)+a(y+a)+t(ztt)]
[(Hyf (2 +1) H(xnf +(y+z)2}
BESEEE (mf(m)f
[(Hy) (z+t)}[(x+t)%(y+zﬂ

Vay bét dang thirc dugc ching minh. Dang thic xdy rakhi vachikhia=b=c=d =1.

t t . \
Cach 2: Dit a :y—f; b=2". C:—X; d :X—Z voi x; y; z; t > 0. Khi d6 bat dang thirc can chiing

2 2

X y C t
minh dugc viét lai thanh
< y4 7 . . -
(X2 + yz)2 (y2 + Zt)2 <22 + tx)2 (t2 + Xy)2 )

Ap dung lién tyc bat dang thirc Bunhiacopxki ta dugc

o (e

(X2 + yz)2 (z2 + tX)2 ) (X2 + yz)2 + <Z2 + tx)2
S (X2 + 7’ )2 3 x° + 7

(><2+y?)(x2+22)+(22+><2)(z2+’52)_X2+yQ+Z2+t2
Hoan toan tuong tu ta dug

oan toan tuong tu ta dugc y4 ) y 2 y2 »

2 2 X +y +z2° +
(y +zt)2 (t +Xy)2 ’ ’ Pt

Cong theo vé cac bét dang thirc trén ta duoc




o y4 - ¢4
+ + + >1

(X2 + yz)2 (y2 + zt)2 <Z2 + tx)2 (t2 + Xy)2

Vay bat dang thirc duge chimg minh.






