BAI 4. CUC TRI SO PHUC
A.Li THUYET TRONG TAM
1. Céc bat déng thirc thwong dung
a. Cho cac s6 phirc z,,z, ta co:
+) |zl|+|zz| 2|Z1 +22| (1).

Péng thirc xdy ra khi va chi khi {Zl =0 .
z,#20,3keR,k>0,z, = kz,
+) |z1 + 22| > ||zl|—|22|| 2).

, z,=0
Dang thirc xay ra khi va chi khi | .
z,#0,3k e R, k<0,z, = kz,

b. Bét dang thirc Cauchy — Schwarz

Cho céc s thuc a,b,x, y tacod: ax+by < \/(a2 +b2)(x2 +y2)

Ding thirc xay ra khi va chi khi ay =bx .

2. Mt s két qua da biét

a. Cho hai diém 4, B cb dinh. V4i diém M bat ky ludn c6 bat dang thire tam giac:

+) MA+MB > AB, diu “=" xay ra < M nam giita hai diém 4, B.

+) |MA —MB| < AB, diu “=" xay ra < B nam giira hai diém 4, M .

b. Cho hai diém A4, B nim cing phia d6i voi duong thing d va M la diém di dong trén d . Ta co:

+) |MA —MB| < AB, dau “=" xay ra < Badiém 4,M,B thiang hang.

+) Goi A’ 1a diém d6i xtng v6i A qua d , khi d6 ta co

MA+MB=MA'+MB> A'B , dau “=" xdy ra < Badiém A4',M,B thing hang.

¢. Cho hai diém 4, B nam khéc phia d6i v6i duong thang d va M la diém di dong trén d . Ta co:

+) MA+MB > AB, diu “=" xay ra < M nam giita hai diém A4, B.

+) Goi A’ 1a diém d6i ximg v6i A qua d , khi d6 ta co

|MA - MB|=|MA'~ MB|< A'B , ddu “=" xdy ra <> Badiém A4',M,B thing hang.

d. Cho doan thang PQ va diém A khéng thuoc PO, M la diém di dong trén doan thang PQ, khi d6
max AM = max {AP, A Q} . Dé tim gi4 tri nho nhat cia AM ta xét cac trudng hop sau:

+) Néu hinh chiéu vudng goc H cia A trén dudng thing PO nam trén doan PO thi min AM = AH .

+) Néu hinh chiéu vudéng goc H cua A trén duong thang PQ khong nam trén doan PQ thi

min AM =min{4P; AQ}.




e. Cho dudng thang Ava diém A khong nam trén A. Piém M trén A c6 khoang cach dén 4 nho nhét
chinh 13 hinh chiéu vuéng goc clia A trén A.

f. Cho x,y 1a cac toa do cia cac diém thugc mién da giac AA,...A,. Khi do gia tri 16n nhit (nho nhét) ciia
biéu thitc F =ax+by (a,b 1a hai sé thuc di cho khong ddng thoi bang 0) dat dugc tai mot trong cac
dinh ctuia mién da giac.

SO PO HE THONG HOA

Bit dang thirc Cauchy — Schwarz

Vi cac so thuc a,b,x,y tacod

|ax+by| S\/(a2 +b2)(x2 +y2) .

£ , .a b
Dau “=" xdy rakhi —=—.
Xy

Gia tri Ién nhat Cic bit ding thirc
va gia tri nho 2222223 ) .
nhat ctia médun thuong dung

s6 phirc . o

Bit ding thirc tam gidc

|z, +2,|<|z,|+|z,| . Déu “=” xdy ra khi z, = kz, (k 2 0).
|z1 —zz| < |zl| +|zz| . Dau. “=” xdy rakhi z, = kz, (k<0).
|z1 +zz| > ||zl| —|zz|| . Dau. “=” xay rakhi z, = kz, (k<0).

|z, z| |z| || Dau“="xayrakhi z, =kz,(k 20).

B. CAC DANG BAI TAP

Dang 1: Phuong phap hinh hoc

1. Phwong phap giai

Vi du: Cho s6 phtrc z théa min

2(2-2)=i(z+2) . Gi trj nho nhét cua |z +3i

bing
A.3. B. \3.
C. 2\/3. D.2.

Huéng din giai

Buée 1: Chuyén doi ngon ngit bai toan sé phitc  Gia sir z = x + yi(x,yeR) = z=x—yi.Khidé




sang ngon ngit hinh hoc. 2(2 —;) = i(z +E)2 = 2(2yi) =4x’i = y=x".

Goi M (x;y);A(0;-3) lan luot la diém bicu dién
cho s6 phirc z;-3i thi |z + 3i| =MA.

Bude 2: St dung mot s két qua da biét dé giai

bai toan hinh hoc.

Ya

M
YI |
A

Parabol y = x” c6 dinh tai diém 0(0;0), truc ddi

-1

xung la dudng thang x =0 . Hon nira, diém 4

thudc truc dbi xung cua parabol, nén ta c6:

MA>0A=3.Suyra, minMA=3 khi M=0.
Buée 3: Két luan cho bai toan s phirc. Vay min|z+3i/=3, khi z=0. Chgn A.

2. Bai tip miu

Bai tap 1: Cho s6 phirc z théa man |z—3-4i|=1. Modun 16n nhat cia Nhan xét:

Séphﬁ'c Zbéng O[—}"SOM=|Z|SOI+I"
A.7. B. 6.
C.5s. D. 4. Y4 M

Huéng dingii | i
Chon B

Goi M (x;y),1(3;4) 14 cac diém bicu dién 1an lugt cho céc sé phirc

z;3+4i. Tur gia thiét |z -3 - 4i|=1= MI =1.

V=

Tap hop cac diém M biéu dién s phic z thoa méan gia thiét 1a duong

tron tim 1(3;4) ,ban kinh »=1.
Mit khac |z|=OM . Ma OM dat gia tri 16n nhéat bang OI +r, khi

M 14 giao diém cua duong thing OM véi duong tron tam 7(3;4), ban




kinh »=1. Hay M(g,z—:J

Do d6, max|z|=0I +r=5+1=6, khi z:§+%i.

Bai tap 2: Trong cic sb phirc z thoa man |z—2-4i|=|z-2i, sé phitc  Nhén xét: Trong tat ca cac doan

- c6 modun nhé nhat 14 thang ké tor diem O dén duong

thang d, doan vudng goc OM

A.z=2-2i. B.z=1+i. ] )
C.z=2+2i. D.z=1-i. ngan nhat.
Hudéng dan giai ™
Chgn C N4
bat Z=x+yi(x,ye]R). Khi do |Z—2—4i| =|Z—2i| &S x+y-4=0 o
(d). 1 :
Vay tap hop diém M biéu dién s6 phirc z 1a duong thing d . o —— i~
Do do6 |z| = OM nhé nhét khi M 14 hinh chiéu cta O trén d .
Suy ra M (2;2) hayz=2+2i.
Bai tap 3: Cho s6 phitc z thoa min |z +3|+|z—3|=10. Gia tri nho
nhét caa |z| la
A.3. B. 4.
C.5. D. 6.
Hwéng din giai
Chon B
Cach 1:
Goi F;(-3;0),F,(3;0) , co trung diém 1a 0(0;0). Piém M biéu dién
sO phirc z . Vé6i moi s6 thuc a,b ta co bat
. MF?+MF}? FF} >
Theo cong thitc trung tuyén thi |z|" = OM? = = 2 _1%2 : +b
0 cOng Tte e Ty g 2 4 dang thic: a® +b* > M

(MF? + MF?)

Tacoé MF’ + MF,” > =50.

Ding thirc xay ra khi

MF, = MF, M(-4;0) [50 36
= :>m1n|z|: ——— =4,
MF, + MF,=10""| M (4,0) 2 4

Khi z=4i hoac z=-4i .




Cach 2:.

Goi F(-3;0),F,(3;0), M (x;3);(x,yeR) lan luot 1a cac diém biéu
dién céc s6 phuc —3;3;z .

Tacd FEF,=2c=6= c=3.Theo gia thiét ta c6 MF, + MF, =10, tap
hop diém M 1a duong elip c6 truc 16n 2a =10 = a =5 ; truc bé

2b=2a’ —c* =2425-9 =8.

Mit khac OM =|z| nhé nhat bing 4 khi z=4i hofic z=—4i.

Vay gié tri nh6 nhét ciia |z| bang 4.

Bai tap 4: Xét s6 phuc z thoa mén 4|z+i|+3|z—i| =10. Tong gia tri

16n nhat va gia tri nho nhat cua |z| la

A B. 2%
49 49
c. 2 p. 10,
7 7
Huéng din giai
Chon D

Goi A(0;-1),B(0;1), doan thang AB c6 trung diém 0(0;0). biém
M biéu dién sb phirc z .

MA* + MB? ~ AB?

Theo cong thic trung tuyén |Z|2 =0M* =

2 4
o 3 10—4a
Theo gia thiet 4MA+3MB =10. bat MA=a = MB = .
Khi d6
10-74| 4 16
|MA—MB|=TSAB=2:>—6S10—7a£6<:>7Sa£7.
2 2
= 5a—8) +36
Ta ¢ MA2+MBZ:a2+(1O 4“) _(a=8) +36
3 9
Do —%SSa—SS%:OS(Sa—S)ZSﬁnén

Véi moi diém M nam trén elip,
doan OM ngan nhat 1a doan noi
O véi giao di€ém cua truc bé voi

elip.

¥

M
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MA® + MB* > 4 |2[>1

=
MA* + MB’ s%4—690 o <31

Diéng thic|z|=1khi z =i%+%i. Diéng thuc |z| =% khi z =%i :

A A .7 1z A <\ [y . 5 A 5 \ 16
Vay tong gia tri 16n nhat va gia tri nho nhat cua |Z| la ER

Bai tip 5: Cho z 12 56 phitc thay doi thoa man |z —2|+|z+2|=4+/2.
Trong mat phfmg toa do goi M,N la diém biéu dién sd phtc zva z.
Gi4 tri 16n nhit cua dién tich tam giac OMN 1a

A. 1. B. 2.
C. 2. D. 24/2.
Hudéng din giai
Chon D
bat z=x+yi(x,yeR) —z=x-yi.

Goi F,(-2;0),F,(2;0), M (x;),N(x;—) lan luot 1a cac diém bicu

dién cac s phuc -2;2;z;z .

Do M, N la diém biéu dién s6 phitc zva z nén suy ra M, N doi ximg

nhau qua Ox .
Khi d6 S, =] -
Tacd FEF, =2c=4= c=2.Theo gia thiét ta co MF, + MF, =42,

tap hop diém M thoa diéu kién trén 1a elip co truc 1on

2a=42 = a=2V2 ;trucbé 2b=2va’ > =28 -4 =4=bh=2 .

2 2
Nén elip ¢6 phuong trinh (£ ):%+y7 =1.
2 2 2 2
Dodo 1=+ 222 %yf%zswzwgm.

L

, X
Dang thtc xay ra khi {
y

Fi

2y2

-
N




Bai tip 6: Cho s6 phuc z thoéa min |z+z'| = ‘E+2 +i‘ . Gia tri nho nhat

cia P=|(i-1)z+4-2i la

A. 1. B. —.
2
C.3. D.%.

Hudéng din giai
Chgn C
Goi z=x+yi(x,yeR); M(x;y)la diém biéu dién sé phirc z.

Ta c6 |z+i|=‘§+2+i‘ <:>|x+(y+1)i|=|x+2—(y—1)i|

<:>x2+(y+1)2=(x+2)2+(y—1)2 S x-y+1=0 (7).

Taco P=|(i-1)z+4-2i] =|i-1) =V2|z-3-]

Sy dm2
(i-1)

—V2(x=3) +(y—1) =2Md,véi 4=(31).

B-1+1
1?+1°

= P, =N2M4,, =~2d (4,A) =2 3.

Ding thirc xay ra khi M 14 hinh chiéu vudéng goéc cia 4 trén dudng

thang A hay M 3,2 :>z=§+§i.
2°2 2 2

Bai tap 7: Cho hai s6 phtic z,, z, thoa man |z1 +zz| =6 va |z1 —zz| =2.

Goi M,m lan luot 1a gia tri 16n nhat va gia tri nho nhat cta biéu thirc

P= |Z1| +|zz|. Khi ¢6 modun ctia s6 phic M +mi 1a M
/
A. 76 B. 76. A
C. 24/10. D. 2411, o) N

Hudéng din giai
Chon A
Ta goi A,B lan luot 1a cac diém biéu dién cta cac sb phtc z,z,.
Tir gia thiét |z, + 2, = 6 =|04+ OB| =6 < [01| =3 voi I 1a trung
diém ctia doan thang AB .

|7~ 2,|=2=|04-0B|=2 < 4B=2.




AB?

Ta co 04’ +OB* =201" +— = 20.
P=|z|+|z,| =04+ 0B = P* <(I’ +1’)( 04> + OB* ) = 40.
Vay max P=210 =M .

Mt khéc, P =|z|+|z,| =|04| +|0B| >[04+ OB| =

Vay minP=6=m .

Suy ra |M +mi| =/40+36 =76 .

Bai tip 8: Cho s phitc z théa méin |z —2+i|—|z+1-3i|=5. Gid tri

nho nhat cua biéu thirc P = |z +1- 4i| bang

A. 1. B.

(RN

C. D. 2.

Huwéng din giai

1

5

Chon B
Goi M (x;y)la diém biéu dién sb phuc z ; goi A(2;-1),B(-1;3) 1a
diém biéu dién sb phirc 2—i;—1+3i. Tacd AB=5 .

Tur gia thiét |z —2+i[—|z +1-3i| =5

:\/x 2 y+l \/(x+1)2+(y—3)2:5

=>MA-MB=5=>MA-MB=A4AB = MA=MB+ AB .

Suy ra M, 4, B thing hang (B nam giita M va A). Do d6 quy tich

diém M latia Bt nguoc hudng véi tia BA .

—|z+1-di] = (x+1) +(y—4), v6i C(~1:4) = P=MC.

Tac6 AB =(-3;4)phuong trinh dudng thing AB:4x+3y-5=0 .

l4(- 1)+34 5| 3 ;
CH=d(C,AB)=———F——==, CB= 1+1 +(3-4) =1.
Do d6 min P=CH zgkhi H 1a giao diém cua duong thing AB va

duong thang di qua diém C va vudng goc voi AB.




Dang 2: Phuwong phap dai s6

1. Phuwong phap giai

Céc bat dang thire thuong dung:
1. Cho cic s6 phirc z,, z, ta cé:
a. |Zl|+|ZZ|Z|Zl +zz| (1N

Piang thirc xay ra khi va chi khi [zl =0
z,#20,3keR,k>0,z, = kz,
b. |Z1 +Zz| > ||Zl|—|22|| (2)

z,=0

Ding thirc xay ra khi va chi khi
z,#0,3JkeR,k<0,z, = kz,

2. Bit ding thirc Cauchy - Schwarz

Cho cac sb thuc a,b,x,y tacd ax+by < \/(a2 +b2)(x2 +y2)

Ding thirc xay ra khi va chi khi ay =bx .

2. Bai tap
Bai tap 1: Cho s6 phitc z=a+(a-3)i,(aeR). Gid tri ciia a dé Nhén xét: Loi giai c6 su
khoang cach tir diém biéu dién s6 phtic z dén gdc toa do 1a nho nhét dung danh gia
béng x> >0,VxeR

A.a= i B.a= l

2 2
C.a=1. D.a=2.
Huwéng din giai
Chon A
2
2
|z| =\ad’ +(a—3)2 =2 a—3 +2 _i .
2 22

Ding thirc xay ra khi a :%. Hay z :%—%i.

Bai tap 2: Trong céc s phirc z thoa man diéu kién|z —2— 41| =|z - 2i

sé phitc z ¢6 médun nho nhat 14
A, z=1+2i. B. z=-1-i.
C. z=2+2i. D. z=-1+i.

Hwéng din giai




Chgn C
Goi z=a+bi(a,beR).

|z-2-4i|=|z-2i| & |(a-2)+(b-4)i|=|a+(b-2)i| & -a-b+4=0.

= 2= (4=b)+bi = || = \(4=b) +b =\[2(b-2) +8 2242 .
Suy ra min|z| =282 & b=2=a=2=2z=2+2i.

z—1

Bai tip 3: Cho s phic z thoa min =1, biét

dat gia

z—2i

Z+§—5i
2

tri nho nhat. Gia tri cia |z|ba°1ng
A. 2. B. g
5 i

C. —. D
2 2
Huéng dén giai
Chon C.

Goi z=a+bi(z¢2i)(a,beR).

z—1

z—2i

=l |z-1=|z-2i| < 2a-4b+3=0=2a+3=4b

= J(26) +(b=5) =[5(b—1) +20225

=

Z+§—5i
2

Suy ra min

z+§—5i
2

b=

—

1
_2£©{a—532_%+i

J5
Vay |z|=—.
ay || ==
Bai tap 4: Cho hai s6 phic z,,z, théa man z, —z, =3+4i va
|z, +z,|=5. Gié tri 16n nhat ciia biéu thic |z |+|z,| 1

A. 5. B. 5\3.

C. 12V5. D. 5V2.
Huéng dén giai
Chon D.

Tacd 2(|a[ +]z,[ ) =|z + =[] +]a -z =5 +3" +4* =50.

Nhan xét: Loi giai st dung
bat dang thic Cauchy —

Schwarz.




St dung bét ding thirc Cauchy — Schwarz, ta co
2]+ |22 < 2(|5 [ +[2.[) =50 =52
Goi z, =x+yi,z, =a+bia,b,x,yeR

z,—z,=3+4i

q |z1 + zz| =5
Pang thurc xay ra khi va chi khi 5 )
|Zl| +|22| =25

EAREA
x=2 la=+
= 2 va 2 . Hay zlzz+li;zzzl—zi.
1 7 2 2 2 2
y== |b=—1
2 2

Thay z,,z, vao gia thiét thoa man.

Viy, gia tri 16n nhét ctia biéu thirc |zl| + |22| bang 572

Bai tap 5: Cho s6 phitc z théa mén |z|=1. Gi4 trj 16n nhét cua biéu
thic P = |1+ z| +3|1—z| bing

A. 2410, B. 65.
C. 3J15. D. 25.

Huéng din giai
Chon A.

Tacd P< \/(12 +3)(t+ o +1-) = \/20(|1|2 +|2) =210

Ding thirc xay ra khi
|Z|=1 X+ =1 x=—§
|1_Z| <Y, Sx & =>z=——%—1i
|1+z|=T x4y +1+?_0 y:ig

Vay max P =210 .

Bai tip 6: Cho s6 phitc z théa méan |z —1+2i|=2. Gid tri 16n nhat ciia

|z+3—i| bang

A. 6.
C. 8. D. 9.

Nhén xét: Loi giai su dung
bat ding thic Cauchy —

Schwarz.

Nhan xét: Loi giai st dung
bat dang thirc

|zl|+|zz|2|zl+zz|.




Huéng din giai
Chon B.
Ta c6 |z+3—i| =|(z—1+2i)+(4-3i)| <|z -1+ 21 +[4-3]| =7 .

, C|z-1+2i=k(4-3i),k>0
Dbang thirc xay ra khi =z
|z—1+2i|=2 55

13 16,

Vay gia tri 10n nhat cta |z +3 —i| bang 7.

Bai tdp 7: Cho s6 phitc z théa méan diéu kién |z—3+4i|=4. Goi M va

m 1a gié tri 16n nhat va nhé nhat cia modun s6 phtrc z . Gia tri cua

M .m bing

A. 9. B. 10.
C.11. D. 12.
Huéng din giai
Chon A.

Ta c6 |z|=|(z—3+4i)+(3—4i)|<|z—3+4]+]3-4i|=4+5=9=M .

4
, [z-3+4i=k(3-4i),(k>0) |K=3
Dang thirc xay ra khi
|z—3+4i|=4 _27_36,
5 5

Mat khéc
2| =|(z=3+4i)+(3-4i)| 2| z— 3+ 4| -3 4i| = |4 - 5| =1=m.
4
, [z-3+4i=k(3-4i).(k<0) |F=7%
Dang thirc xay ra khi =
|z—3+4i|=4 3

z=2-2;
5 5
Bai tap 8: Cho s phic z théa min ‘zz +4‘ = |z(z + 2i)| . Gia tri nho

nhét ciia |z+i| bing

A. 2. B. 2.
C. 1. D. L
2
Huéng din giai
Chon C.

Ta co ‘22 +4‘ =|Z(z+2i)| = |(Z+2i)(z—2i)| :|Z(Z+2i)|

Nhén xét: Loi giai su dung
bat dang thirc

|Zl|+|z2|2|z1 +Z2| va

||Zl|—|zz||S|zl—zz|.

Cha y: V6i moi sO phuc
Z152, .

22| =[] =]




<:>|z+2i|.|z—2i|=|Z|.|Z+2i|
|Z+2i|=0 z=-2i z==-2i
< |z|=|z—2i|<:> |z|=|z—2i|<:> z=a+i,aeR
|z+i|=|-2i+i|=1
Do d6 injz+1{=1.
0 |z+i|=|(a+i)+i|=\/a2+422:>mm|z |

Bai tap 9: Tim s phtc z théa man (z—l)(2+2i) a 50 thyc va |z| dat

gi4 tri nho nhat.

. zZ= i—gl. B. Z=—i+gi.
5 5 5 5
C.z=———i D. Z—i+gl
5 5 5

Huwéng din giai
Chon D.
Goi z=a+bi;a,beR.

Taco (z-1)(z+2i) =[(a—1)a—b(2-b)|+(2a+b-2)i

Do do6 (z— 1) z+21 lasd thue < 2a+b-2=0=b=2-2a

Khi d@6 |Z|—\/a + 2 2a ‘, a—— i>—

4
a=—
Péng thirc xdy rakhi { >
2
h=2
5
a—i
min|z|=£<:> S.Véy z=i+gi.
5 2 55
p=2
5

Bai tdp 10: Cho s phiic z thoa man didu kién |z—1|=+/2 . Tim gia tri
16n nhat cta biéu thic T =|z+i+|z-2-1] .

A. maxT=8\/§. B. max7 =4.

C. maxT:4x/E. D. maxT =8.
Huéng din giai
Chon B.




bat z=x+yi(x,yeR), taco

|z—1|=\/§c>|x—1+yi|=\/§<:>.[(x—1)2+y2 =2

c:>(x—1)2+y2 =2 xP+y° =2x+1 (*).
Laico

T=|Z+i|+|z—2—i| =|x+(y+l)i|+|x—2+(y—l)i|

:\/x2+y2+2y+l+\/x2+y2—4x—2y+5

Két hop véi (*) ta duoc

T=\2x+2y+2+J6-2x=2y = 2(x+ )+ 2 +/6-2(x+)

Dit T=x+y,khido T = f(t)=v2t+2+6-2¢ véi te[-13] .
Cach 1: St dung phuong phap ham sb

1 1
J2u+2 Je-2t’

Ma f(1)=4,f(-1)=232,1(3)=2v2 . Viy max f(r)= (1) =4.

Tacd f'(¢) f'(t)=0=1t=1.

Ciach 2: Str dung phuong phap dai s6
Ap dung bét dang thirc Cauchy — Schwarz ta c6

T=2t+2+6-2 < [(1+1).8 =4.

Ping thirc xay ra khi r=1 .

Bai tap 11: Cho sb phiic z thoa man |z| =1.Goi M va mlan luot 1a
gid tri 16n nhét va gi4 tri nho nhét cua |z +1+ \zz e 1\ . Khi d6 gié tri

ciia M +m bing

A. 5. B. 6.
C. é D. 2
4 4
Huéng dén giai
Chon B.

Dit z=a+bi(a,beR) va r=|z+1|. Khido

2_

£ =(z+1)(§+1)=|z|2+1+z+2=2+2a:>a=Z

Ta c6




‘ZZ +Z+1‘:‘a2_b2+2abi+a+bi+1‘:

a>+(1-b*)+a+b(2a+1)i

:\/(za2 ra) +b* (2a+1)’ =\/a2(2a+1)2 +(1-a)(2a+1)
=P2a+1|=|7 -1
= lz+|+|22 + 2+ =4[ —1] (véi 0<£<2, do @’ <1),

Xéthamsb f(¢)=t+|¢* 1 véi 1€[0:2] .

Truong hop 1: t€[0;1]= f(t)=1+1-¢ =—t2+t+lﬁf(%j=%
5
max f(t)=—
vaco f(0)=f(1)=1nén ; [ (1) 4
minf(t)zl

[0:1]
Truong hop 2:
te[;2]= f()=t+ 1= +1-1, f'(1) =2t +1> 0,V €[1;2]

[1:2]
min /' (¢t)=f(1)=1

[1:2]

max f ()= f(2)=5
Do d6 ham s6 luon dong bién trén [1; 2] = .

M= s )=

Vay ) =>M+m=6.
m=m121]1f(t)=1

[0:






