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“Non song Viét Nam co tré nén twoi dep hay khong, din toc Viét Nam co budc toi dai vinh
quang dé sanh vai voi cac cwong quoc nam chdu dwoc hay khong, chinh la nho mét phan lon ¢
cong hoc tdp cua cac em”

(Trich thw Chii tich Ho Chi Minh).

“Giang ho con lai minh toi,
Qué ngwoi dang khoi, qué nguwoi cay men...”

(Anh vé qué cii — Nguyén Binh).
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CHUYEN DE N
HE PHUONG TRINH - HE BAT PHUONG TRINH - HE HON TAP

LY THUYET GIAI HIf PHUONG TRINH CHUA CAN THUC (PHAN 4)

TRUNG POAN VU VAN DUNG - QUAN POAN TANG THIET GIAP

Trong khudn khd Toan hoc so cdp néi chung va Dai sé phd thong néi riéng, hé phuong trinh — hé bat phuong
trinh — hé hon tap 1a dang todn co ban nhung thu vi, ¢6 pham vi trai rong, phong phu, lién hé chat ché véi nhiéu b
phan khac cua toan hoc so cép cling nhu toan hoc hién dai.

Tai Viét Nam, hé phuong trinh, ndi dung hé phuong trinh — hé bét phuong trinh — hé hon tap 1a mgt bo phan
hiru co, quan trong, dugc phé bién giang day chinh thirc trong chuong trinh sach giao khoa Toan cac lop 9, 10, 11,
12 song song voi cac khdi lwong kién thirc lién quan. Day ciing 1a klen thic pho blen Xudt hién trong cac ky th1
kiém tra kién thtrc thuong nién, ky thi chon hoc sinh gioi toan cac cAp trén toan qudc, ky thi tuyén sinh 16p 10 hé
THPT va trong ky thi tuyén sinh dai hoc — cao dang hang niam, mot ky thi day cam go, kich tinh va bat ngd, no lai
12 mot cau rat duoc quan tAm cua cac ban hoc sinh, phu huynh, cac thiy ¢, giéi chuyén mon va déng dao ban doc
yéu Toan.

Yéu cau cua dang toan kha da dang, da chiéu, muc tiéu tim cac an thoa min mot tinh chét nao do nén dé thao
tac dang toan nay, cac ban hoc sinh cén lién két, ph6i hop, tong hop céc kién thirc dugc hoc vé phuong trinh, hé
phuong trinh va bt phuong trinh, nhu vy né doi hoi ning luc tu duy cua thi sinh rat cao. Tuy nhién "Tram hay
khong hay bang tay quen”, cic phuong phap co ban da dugc dugce cac thé hé di trude duc két va tan tuy cho thé hé
tuong lai, cac ban hoan toan du kha nang ké thra, phat huy va sang tao khong ngung, chuén bi dt hanh trang ndm
bat khoa hoc k¥ thuat, dua dit nudc ngay cang viing bén, phon vinh, va hién nhién nhiing bai toan trong cac ky thi
nhét dinh khong thé 14 rao can, ma la co héi thir strc, co hoi khang dinh kién thirc, minh chirng sang ngoi cho tinh
than hoc tap, tinh than ai quéc !

Cac phuong phap giai va bién luan hé phuong trinh — hé bat phuong trinh — hé hdn tap duoc luyén tip mot
cach déu dan, bai ban va hé théng s& rat hitu ich, khong chi trong bd mon Todn ma con phuc vu déc luc cho cac
mon khoa hoc tu nhién khéc nhu héa hoc, vat 1y, sinh hoc,...Tiép theo Ly thuyét giai hé phuong trinh chira can cac
phﬁn 1, 2, 3, tai li€u chu yéu gidi thi¢u dén quy ban doc Ly thuyét giai hé phuong trinh chtra can phﬁn 206 cép do
cao hon, trinh bay chi tiét cac thi du dién hinh vé hé giai duoc nhd sir dung tong hop cac phép thé, phép cong dai
s, dai lyong lién hop va phép dat a 4n phu. Day 1a n6i dung c6 murc d6 kho tuong dbi, do1 hoi cac ban doc gia can co
kién thirc vitng chédc vé cac phép giai phuong trinh chira can, k¥ ning bién ddi dai s6 va tu duy chiéu sau bat dang
thuc.

Céc thao tac tinh toan va k¥ ning trinh bay co ban ddi v6i phuong trinh, hé phuong trinh xin khong nhic lai.

I. KIEN THUC CHUAN BI

1. K¥ thuat nhan, chia don thtrc, da thuc, héng déng thure.

2. Nam vitng cac phuong phap phén tich da thirc thanh nhan ti.

3. Niam viing cac phuong phap giai, bién ludn phwong trinh bac nhat, bac hai, bac cao.

4. Su dung thanh thao cac ky hi€u toan hoc, logic (ky hiéu ho1, tuyén, kéo theo, twrong duong).

5. K§ nang giai hé phuong trinh co ban va hé phuong trinh d6i xtng, hé phuong trinh dong bac, hé phuong
trinh chira can thong thuong.

6. K thuatdata 4n phu, su dung dai luong lién hop, blen d6i tuong duong.

7. Kién thirc nén tang vé uéc luong — danh gia, ham sd - d6 thi, bat dang thirc — cuc tri.
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I. MQT SO BAI TOAN DPIEN HINH VA KINH NGHIEM THAO TAC

\/;(\/;+ x+3):3,

(x;yeR).
Jx + y=x+1.

Bai toan 1. Giai hé phuong trinh
Loi gidi.
bicu kién x > 0; y > 0. Phuong trinh thir nhat cua h¢ tuvong duong voi

3
== = xt3-Vx=Vr+fy=Jx+3.
\/; Jx 3 +4/x \/;
Khi d6 phuong trinh thir hai tr¢ thanh

Vx+3 :x+1<:>{

Két luan hé co nghiém duy nhat x = y=1.
Nhdn xét. . . .
Day la bai toan mo dau cho phwong phap sw dung dai lwong lién hop — truc can thiec, mot phwong phap an giau
kha manh trong phwong trinh, hé phuong trinh. Cac ban luu y cac hé thirc twong dwong
A —B’ A -B’
" A+B=
A- A+ B
- VAVB=-2"8  (4>0B20,42B)VA-VB=—25_
A5 NIE];
Mdu chét bai todn la khai phd quan hé Jx +\/; =~/x+3, dua trén diéu nay két hop cdc phwong trinh vé ty cdc
ban cé thé twong tu thém nhiéu bai todn khdc

X +x-2=0

x+1>0 x>0 x>0
x+3=x+2x+1

(A-B#0)<= A-B=

(A+B=0).

(AZO;BZO;A2+B2 >0).

o (Vx +4x+3) =3,

o Giai hé phuong trinh (x;yeR).
«/;+\/;=3x+1.
o (Vx+x+3)=3,

o Giai hé phuong trinh (x;yeR).
\/;+\/;=2x+1.
o (Vx+x+3) =3,

o Giai hé phuong trinh (x;yeR).
Wx+2y =x> —x+5.
o (Vx+x+3) =3,

o Giai hé phuong trinh (x;yeR).
Wx +2y =x> +5x+8.
Jy (Vx#a+3)=3,

o Giai hé phuong trinh (x;yeR).
Jx+ y=x+4

Nx+1—yy+14+3x-3y=0,

x;yeR).
X +xy+3x+y=6. ( )

Bai toan 2. Giai h¢ phuong trinh {
Loi gidi.
bi¢ukién x>-1;y>—1.

Truong hop Vx+1=4/y+1=0< x=y=-1khong théa man hé.
Ngoai trudng hop dé, phuong trinh thir nhat ctia hé twong dwong véi
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-y

X 1
3(x-=y)=0 - 3
x+1+ y+1jL (x y) Q(x y)(\/)c+1+,/y+1Jr J

=0.

. 1
Ta thay +3 > 0nén thu dugc x—y =0 < x = y. Phuong trinh th{ hai tr¢ thanh
Nx+1+4y+1
x=1
X +x’ +4x-6=0 (x-1)(x* +2x+6) =0 < ,  _ex=l.
(x+1) =-5

Tir day két luan hé c6 nghiém x=y=1.
Nhan xét.
Voi bai toan nay, quan hé rang bugc x = y sé cho ta nhiéu huwong di moi vé hé ke thia

Vx+1—y+1+3x-3y=0,
X H+xy+y +x+y=06.
Vr+1-y+1+3x=3y=0,
{x —y=2=2/15x+y+1.
{\/XT \/)T+3x 3y=0,

v' Giai hé phuong trinh { (x;yeR).

v" Giai hé phuong trinh (x;yeR).

v" Giai hé phuong trinh (x;yeR).

xXy+5x+6=22x+y+4.
Nx+1—4y+1+3x-3y=0,

4x> +5x+3y=+JXx+y+6.

Ngodi ra cdc ban c6 thé tong qudt héa phieong trinh thit nhdt ciia hé bang cdach dam bao cho biéu thire hé qua xdc
dinh dwong nhuw sau

v Giai hé phuong trinh (x;y € R).

\/x+m—\/y+m+nx—ny=0, (n>0).

\/x3+1—\/y3+1+x—y=0,

2y—1=4/y* +4x-4.
Loi gidi.

Picukién x> -1,y >—1;y* +4x—4> 0. Xét truong hop x = y =—1khong thoa man hé.
Ngoai kha ning d6, phwong trinh thir nhit cta hé twong duong véi

3 3 2 2
\/x3+1— V+l+x-y=0c x Y +x-y=0(x—y X gy +1(=0.
V Vb +14y +1 (=) N 144y +1

Bai to4n 3. Gidi hé phuong trinh (x;yeR).

2 2 2
RO rang x2+xy+y2:(x+lyj +§y220,Vx;yeR:> X EOTY  1s0.
2 4 \/x3+1+\/y3+1
1
2x—-1>20 xX=>—
Do d6 ta thu dugc 2x—1=vx’+4x—-4 & 5 5 & 2 @xe{l;é}.
4x° —4x+1=x"+4x—-4 3 —8x+5=0 3

Két luan bai toan c6 hai nghiém x=y=1x=y= %

Nhdn xét.
Bai todn sé 3 ciing tiwong tir bai todn 2, phwong trinh thir nhdt dwoc tong quat héa nhir sau

\/x3+m—\/y3+m +nx—ny =0, (n>0).
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NX+2y +4x:4y+\/3—,

xt—xy-3x+y+2=0.

Bai to4n 4. Giai hé phuong trinh { (x;yeR).

Loi gidi.
Diéu kién x+2y>0;y>0. Truong hop hai bién cing bang 0 khong thoéa man hé di cho.
Ngoai truong hop d6 phuong trinh thir nhét ciia hé tuong duong voi

NX+2y =3y +4x—-4y =0
ey \/—y Y " x+2y+\/—
1
- +41=0 =y (Vi
c>(x y)(\/x+2y+\/§ J =222 1,/x+2y+\/§
Khi d6 phuong trinh thir hai trd thanh

x=xP=2x42=0x" 2 +1+x*-2x+1=0

xy:O

+4>0).

2

o (& -1) +(x-1) =o@{x_:1@x=1

Két luan hé phuong trinh da cho c¢6 nghiém duy nhat x= y=1.

Nhin xét. )
Mau chot bai toan la nhan ra x+2y—3y =x— y diem nhan lién hop

xX—-y
Jx+2y—4J3y =
gy \/_y x+2y+\/§
Chiing ta cé thé tong qudt héa phwong trinh thir nhdt ciia hé theo tirng cap d¢
Jx+ny+px=py+(n+l)y (p>0)
Jmx+ny +px=py+./(n+m)y (p>0)

Tir @6 dé xudt dwgc mudn van bai todn ké thira

xX+2y+4x= 4y+\/_,
X =10y —12=4[x+ y+3.
3x+2y+4x= 4y+\/_,
2y* +x-3=23x—y+3.

o
e
{ T3y + 6= 6y+ Ty,
o
=

> Giai hé phuong trinh (x;yeR).

> Giai hé phuong trinh (x;yeR).

> Giai hé phuong trinh (x;yeR).

4x+1-xy= ZW
3x+5y+T7x= 7y+2\/_,
2xy-3y+2= y\/T
2x+5y +10x =10y +./7y,

m+m 2.
\/; \/_ ( )(x +y +1)

Bai to4n 5. Giai hé phuong trinh (x;yeR).
2x—y =\/3)c2 —xy+x—y-—1.

> Giai hé phuong trinh (x;yeR).

> Giai hé phuong trinh (x;y€R).

Loi gidi.
biéu kién x>0;y>0.
Trir di kha nang hai bién ciing bang 0, phuong trinh thir nhat cta hé di cho tuong duong véi
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()0 T 0 (o) e

1 1
Sx—y) X+ +l+———|=0x=y Vi X+’ +1+——=>0
( )( m@] NS

Khi d6 phuong trinh thr hai tr¢ thanh

x>0 x>0 x>0
x=\/2x2—1<:>{ ) <:>{ <:>{ e x=1.

x2=2x*-1

Két luan hé da cho c6 nghiém duy nhat x=y=1.
Nhin xét. )
Bai todn ke thira gitr nguyén phwong trinh thir nhat cia hé

. == (a6 7 ),
o Giai h¢ phuong trinh (x;ye]R).
5x° =2y +1=(4x—1)Vx* +1
—Jx=(x- +y7 +1),
o Gidi h¢ phuong trinh \/; * (x y)(x g ) (x;yeR).
2xy-2x—-y+2=x3y-2.

\/_ \/_ (x +y +1)
o Giai hé phuong trinh (x;yeR).
10 xy+1=3(x +2).

Tong qudt hoa phwong trinh thir nhdt ciia hé theo ccfp do 1

(\/_ \/—) )(mx +ny +p) (k,l>0).

3y —3Vx = 4 15y +6

v" Giai hé phuong trinh \/; ( )( 4 ) (x;ye]R).
(2x—1)4/10—4xy =5-2x.
50y =5Vx =6(x—y)(x* +2y* +1),

v Giai hé phuong trinh \/; g (x y)(x g ) (x;yeR).
V2x=1—\/y+1=x+y—-4.

Tong qudt héa phwong trinh thir nhat ciia hé theo cap dé 2 véi D la tap xdc dinh cia hé
k(Jy=Vx)=1(x=y)-f (57)  (kd>0:/(x:9)>0,%x.ye D)

3\/;—3\/; =5(x—y)(x +2y? +x+1),

M—\/ﬁ =x+y—4.

5\/7 5\/_ )(x +y +y)

v" Giai hé phuong trinh 1 i (x;yeR).

vl-x* X :E.
7\/;—7\/;=5(x—y)(x4+y4+x+2y),

v' Giai hé phuong trinh { (x;yeR).

v" Giai hé phuong trinh (x;yeR).
Xy =3x+10+4/2x* =5y +4 = y+3.
9 9\/_ +y"+x+3y+1

v Giai hé phuong trinh \/_ )(x yixedy ) (x;yeR).
Jx+2- -y =y —6x+9.
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JX+y+x=42y+1+y+1,

Bai toan 6. Giai hé phuong trinh (x; Ve R) .
Jy+3+45-2x =2y +2+/7-3x.
Loi gidi.
A 1 7
biéu kién x+y20;y2—5;xsg.
Trudng hop x+ y =2y +1=0khong thoa min hé. Phuong trinh thi nhit cua hé trong duong voi
\/x+y—\/2y+l+x—y—1=0<:> - +(x—y—l)=0
\/x+y+\/2y+1
X=941
@(x—y—l)( +1J:O<:> 1
+1=0 (1
\/x+y+\/2y+1 \/x+y+\/2y+1 (1)

1
\/x+y+\/2y+1
Khi 4y phuong trinh thir hai tré thanh Jx+2 +5-2x =2x +/7-3x.

RO rang +1>0nén ta thu dugc x=y+1.

co oA oA 7o 7 N A ~ y .
Vi diéu kién mdi 0 < x < 3’ phuong trinh an x da cho twong duong véi

x+2+5-2x+2,J(x+2)(5-2x) = 2x+7 - 3x+2,/2x(7 - 3x)
& T—x+24-2x> +x+10 =7 —x +2+/14x — 6x°

& 2x" +x+10=14x—6x" < 4x° —13x+10:0<:>xe{§;2}

Dbi chiéu diéu kién di dén hé c6 hai nghiém ké trén x =y = %; x=y=2.

Nhdn xét. )
Mot so hé phuong trinh ké thira

N =42y +1 1

=  Giai hé phuong trinh ey SEREA (x;yeR).
\/y+1—\/x—1:\/y+9—\/x+3.
NX+HY+Hx=2y+1+y+],

= Giai hé phuong trinh (x;yeR).

(Vy+2-1)(Vi-x+1)=2x.
m+x:m+y+l,

\/x2+y+1—\/x2—3 =\/2x2 —)c—2—\/2)c2 +1.

Mdu chét cua thao tdc lién hop la nhdn ra nhan tir chung x + y—(2y + 1) = x—y—1, thuc ra diéu nay cdic ban khai

=  Giai hé phuong trinh { (x;yeR).

théc phwong trinh thit nhdt due6i sw tro givip ciia mdy tinh bé tii Casio Fx570 Plus nhi sau
> Xét phuong trinh \/x+y +x=2y+1+y+1.
» Ganx=100=/100+y +100 =2y +1+y+1.
> Dung t6 hgp phim Shift Solve (Shift Calc) ta thu dugc y =99.
» Nhuvay x—y—-1=0.
So di ching ta chon x =100 la mot $6 16m, khi d6 mikc do “xdp xi” nhé nén dé dang thiét ldp dwoc quan hé giita x
va y. Cac ban luu y co thé lva chon véi x =1000,x =10000 .
Mot s6 hé phwong trinh twong ti nhw sau

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN VU VAN DUNG; QUAN DPOAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4) 9

Jx+3y+x=4y+1+y+1,

< Giai hé phuong trinh S 4 4 (x;yeR).
Jy—2+T—-x=6x-7-x".
N2x+y+x—y=42y+1+1,

% Giai h¢ phuong trinh x;yeR).
{(y+1)2+5x+6—2x/3x+4. ( )
N3x+2y +x=+2x+3y + 7,

% Giai hé phuong trinh e ey (x;yeR).
3Wx+1+43{y—1=3x+y+1.

NX+Y +HVx+3 :y—3’

Bai to4n 7. Giai hé phuong trinh x (x;yeR).
X+ Y +Jx =x+3.
Lo gidi,
bieu kién x> 0;x+y>0.
2Jx+3=0 x=-3 >
Jﬁ+\/§=x+3©{x20 e

Xét truong hop y #3 = /x+ y #/x+3 . Phuong trinh tht nhat ctia hé d3 cho twong duong véi

y-3 :y—3<:> /x+y—«/x+3=X:> X+y=x++x+3.
JX+y—vx+3 X

Phuong trinh thtr hai tr¢ thanh
x+Vx+3+Vr=x+3 o Vx13+J/x =3 2x+3+2Jx% +3x =9

x<3
@\/x2+3x=3—x<:>{ =S x=1

Xét truong hop y=3:>{

X’ +3x=x"—6x+9

Két luan hé ban dau c6 nghiém duy nhat x=y=1.
Nhdn xét. i
Mot so bai toan ké thira
o 1/erer\/)c+3:y_3,
o Giai hé phuong trinh x (x;yeR).
JX+y-—x=2.
NX+Y +Hx+3 :y_—3’

RS
X+ y —x+3+x" +12dx+1=36.

X+ Y +Vx+3 :y—3’

o Giai hé phuong trinh x (x;yeR).

JX+y—+x+3 +x° =2,

o Giai hé phuong trinh (x;yeR).

\/2x+y—1—\/x+2y—2 =

(x;yeR).
X'+ =2xy+4x-3y=0.

Bai toan 8. Giai h¢ phuong trinh {
Loi gidi.
s o [2x+y21
biéu kién
x+2y22
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Truong hop \/ 2x+y-1= \/ x+2y—2 = 0khong thoa méin hé. Phuong trinh thir nhét ctia hé tvong dwong véi
x—y+l1
\/2x+y—1 +\/x+2y—2
1
\/2x+y—1 +\/x+2y—2
Phuong trinh thir hai ctia hé tré thanh
(x—y) +4x-3y=01+4x-3(x+1)=0=x=2=(x;)=(23).
Két luan hé phuong trinh c6 nghiém duy nhat.

y+1+2y+3 =x+2x+1,
Y3x+y+dx’ —1=x—y.

x2—1;4x221 xz—lvle

A 1A 2
biéu kién &

3x+y20;y2—% 3x+y20;y2—%

1
. y+1+\/2y+3=—5 y+1+w/2y+3=—l
Xét truong hop x:—5:> 3 : = 1 2:>ye®.
‘/y—5+\/4x2— - M4

2

1
+x—y+1=0<:>(x—y+1)(\/2x+y_l+\/x+2y_2 +1J=O.

Ta thiy

+1>0nén x—y+1=0& y=x+1.

Bai to4an 9. Giai hé phuong trinh { (x;yeR).

Loi gidi.

N
\S]

Phuong trinh thir nhat ctia hé twong duong véi

2(y+1-x)
—y—1+2y+3-2x+1=0& y+1-x+ =
woyola2y ) e J2y+3+2x+1
2
S (y+1-x)| 1+ =0 x=y+1
b x)( \/2y+3+\/2x+1J ot

Khi d6 phuong trinh thir hai tré thanh v/4x—1++/4x> -1 =1.

1
5 X2—
Vi dicu kién 4 <:>x2%ta duge Vax—1++/4x>-12 ,/4%—1 =1.
4x° >1
1

,y:—z-

N | —

Két luan hé c6 nghiém duy nhat x =

X+ Y+ +8 :y—8’
X

Bai toan 10. Giai hé phuong trinh 2

X+ Y +x +24x% +8x =12.

(x;ye]R).

Loi gidi.
bicukién x>0;y>1.

2Vx+8=0;x>0

Xéty—Stathuduqché{ S xed.

Jx+8+J/x +2Ux? +8x =12

Xét y#8 thi /x+ y #+/x+8, phuong trinh tht nhét cta hé trong dwong voi
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4) 11

y-8 =y_8<:>«/x+y—\/x+8=2x.

\/X+y—\/x+8 2x
Phuong trinh th hai cta hé trd thanh 2x+~/x+8 ++/x +2v/x* +8x =12.
Dt Vx +/x+8 =1, >0= > =2x+8+2+v/x? +8x . Din dén

+1-20=0 [tel-54 x<4
{ @{ { }<:>t=4:>t2=16<:>x/x2+8x=4—x©{ < x=1.

t>0 t>0 x> +8x=x"-8x+16

Tur dy suy ra hé c6 nghiém (x;y)=(1;24).
Nhdn xét. ’ .

Thong qua 10 bai todn mo dau co [ dong dao ban doc da hinh dung duwgc phan nao phwong phap sir dung truc
can thicc — dai lwong lién hop giai hé phiwong trinh chira can thirc hon hop. Kién thirc duoce su dung hét sitc co ban,
nam trong chwong trinh Dai so hoc ky I lop 9 THCS hién hanh

Yoo f—m 3

JasB=—tZt_ |
i A
_ Hai dang thirc [1] va [2] la twong dwong nhau tuy nhién chdc cdc ban déu bié:t diéu kién tién quyét cia [2] la
mau so khac 0, dong nghia trudc khi thwc hién lien hop chung ta can xét truong hop dac biét
Ja—~lb=0< a=b, nhim dim bio nguyén tdc va tranh bé sét nghiém von cé ciia bai toan. Ngodi ra, thwc hién
lién hop theo phwong an [2] vo tinh tao ra dai luwong Ja —~Ib dwéi méu thire, xui xéo hon khi ddu ciia nd rét kho
xdc dinh. Quan niém rang danh gia dai luong xdc dinh dwong (am) ro rang dé dang hon nhitng thir vo dinh, vi the
cdc ban can tranh lién hop theo phwong dn [2], trie truong hop bat ddc di. Mot so bai toan ké thira

NX+ YV +HNX+8 =

< Giai hé phuong trinh 2x  (wyeR).

2x+y=x"+x+13.
L X+ Y +HVXx+8 = ,
% Giai hé phuong trinh 2x = (x;yeR).
4x+y=x"+x+28.

Jx+y+lx+8=2"

< Giai hé phuong trinh 2x (x;yeR).

NX+Y —Nx+8 +x ++/x =4,

y(\/x +8+ \/;) =
Bai toan 11. Giai hé phuong trinh o%

+ =5x.
4 Vx+38

(x;yeR).

Loi gidi.
bicu kién x>0.

e y=vr+8-x.

Phuong trinh thtr nhat cta hé tvong duong véi y =

mw

9x
Phuong trinh thtr hai ctia hé tr thanh x+8 —+/x + =5Jx o> Jx+8+
8 Vx+8 Vx+8

Diéu kién x >0 . Phuong trinh da cho twong dwong vai

—6vJx =0.
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4) 12

X+8+9x—6Vx’ +8x =0 5x+4=3/x" +8x

Sx+4>0 > 3 x_2
T a5y a0r+16=9(x +80) 7], *y 2 o=l
PEEEREIAE TR e —32x+16=0  |(x=1)" =0

Két hop diéu kién ta thu dugc nghiém x =1, dan dén hé c6 nghiém x=1;y=2.
Nhdn xét. )
Mot so bai toan ké thira
y(\/x+8 +\/;) =8,
o Gidi h¢ phuong trinh 10x sl

+ 10k

Jx+8 3

y(\/x+8 +\/;) =38,
o Gidi h¢ phuong trinh 3y

+ :3\/;.
d Vx+8

x—4y+3\/;=«/2x+ ,
Jy=1+vx+1+y* +y=10.

(x;ye]R).

(x;ye]R).

Bai toan 12. Giai hé phuong trinh { (x;y € R) .

Loi gidi.
bieukién y>1;x>-12x+y >0
Phuong trinh thir nhat ctia hé twong duong véi

x—4y+3\/;—,/2x+y20<:>x—4y+ 8y—2x 0

3\/;+,/2x+y:

2 x=2y
—4y)|1- =0
el y)( 3\/;+\/2x+yJ <:}[3\/;+ 2x+y =2

Xét truong hop 34y ++/2x+y =2 v6 nghiém vi 3\/y +2x+ y >3, vy >1.
Xét truong hop x = 2y thi phuong trinh thir hai tr¢ thanh

Jy=1+4y+1+y*+y=10
SJy-1-1+4y+1-3+y"+y-6=0
y-2 N 4y -8

Ut W+3+(y‘2)(y+3)=o
R e e

\/y—1+1+\/4y+1+3+

1

4
,/y—l+l+,/4y+1+3

D@ thay +y+3>0,Vy21=y-2=0c y=2=(x)=(82).

x+3\/; .

4y+.2x+y

I S

{/3x—4y—8 _\/y—l +2

Bai toan 13. Giai hé phuong trinh sau trén tap sb thuc

Loi gidi.
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4) 13

Diéu kién 3x—4y -8 0; y > 1. Phuong trinh thir nhat cta hé twong duong véi

-4
x—4y=m—3\/;<:>x—4y: \/2x)—ckyj;3\/;

1 x=4y
—4y)| 1- )
=l y)( ,/2x+y+3\/§] Ql;/2x+y+3\/;:l
1 11
Vi \2x+y +3,/y >3>1,Vy > 1nén véi x =4y = - 4=
23y-1 Jy-1 2

bat g/l_l:a;a>0 thu duoc %az—cf+%=0<:>a=1:>;:1©y:2:>(x;y)=(8;2).
3 —

=

Két luan hé dé bai c6 nghiém duy nhat.
Nhdn xét. , .
Cac bai toan 12 va 13 co cung mot phwong trinh thir nhat, phwong trinh thir hai chi mang tinh ke thia. Tuy

nhién d@é dat muc dich loai trir mét truong hop cac ban can lwa chon x va y sao cho 3\/;+ \2x+y =2v0 nghiém,

ré rang phwong dn gan nhat la liwa chon y sao cho 3\/;+\/2x+y >3,Vy >1. Diéu nay khién ching ta lwa chon
phirong trinh thir hai tién than kiéu bién y thay vi bién x
> Lam ngugc phuong trinh thit hai tir y* =3y +4 =2,/y—

. 4y+3( B
YV hy—x+4= 2\/7
> Lam ngugc phuong trinh thir hai tir 2% =7y +8=2,/y—1.
x—4y+3\/;:\/2x7+,
2y* —x+8=3y+2/y-1.
(y=2)(r=5)+4y-4+1_1

¥ —4y+1 3

x+3\/; _q
4y+.2x+y 7
(y—2)(y—5)+«/y—4+1 :l

y?—x+1 3

Giai hé phuong trinh { (x;yeR).

Giai hé phuong trinh { (x;yeR).

» Lam nguoc phuong trinh thi hai tur

Giai hé phuong trinh (x;yeR).

Vx+2+4/x-2 :\/y+2+\/y—2,

x;yeR).
Vx=2-y+2=2xy—4-2x+2. ( )

Bai toan 14. Giai hé phuong trinh {
Loi gidi. ,
biéu kién x = 2;y > 2. Phuong trinh thur nhat cua hé tuong duong véi

VX+2—\y+2+Jx-2-/y-2=0

xX—-y N X—y
\/x+2+\/y+2 Jx— 2+\/y 2

1 1
@(x—y){\/x+2+\/y+2 +\/x—2 +\/y—2]:0
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4) 14

1 1
1 Jx+2 +\/y+2 +\/x—2 +\/y—2

Phuong trinh thit hai tr6 thanh vx—2 —x+2 = 23/x* —4 —2x +2.

Didukién x>2.Dit Vx—2-Vx+2 == =2x+2yx* —4.

Tacd x—2<x+2,Vxe R=t=~/x-2-x+2<0,Vx>2. Ta thu dugc

<0 <0 t<0 ey
=242 |(t=1)(t+2)=0" Jrel20 " T T T

> _ : - 2—-x20 x<2 B
S2x+2Vx -4 =4x -4 =2- x> 5 5 = S x=2
X' —4=x"-4x+4 x=2

>0=>x=y.

Vay hé phuong trinh di cho c6 nghiém duy nhit x=y=2.

Nhan xét.

Phuong trinh thir nhdt ngoai phiong dn sit dung dai lirong — truc can thire, cdc ban c6 thé sir dung tinh chat don
diéu cia ham sé thudc lién chwong trinh Pai sé - Gidi tich I6p 11 — 12 THPT, tuy nhién phdi thong qua mét phép
dat nhe tao tién @é nhir sau

Vx—-2= >0= 242
bit @ = =V’ +4+a=+b"+4+b.
Jy=2=bb>20=>x=b"+2

e Xétham sb f(t):\/t2+4+t;t20:>f’(t):

L 4150,V1>0.
N +4

e Ham s6 lién tuc, dong bién nén ta duge f(a)=f(b) S x-2=y-2<x=y.
Tuy nhién, cdc ban da thdy phép lién hop dua ta dén loi gidi “co ban”, “nhe nhang” hon rdt nhiéu, thdm chi cdc
em hoc sinh lop 9, 10 déu lam dwoc. Mot so hé phuwong trinh ke thira nhw sau

Vx+2++/x-2 :\/y+2 +\/y—2,

> Giai hé phuong trinh (x;yeR).
\/y+\/2x—l+\/x—«/2y— =2.
Jx+2+4x=2=y+2+.y-2,

> Giai hé phuong trinh ’ . vy vy (x;yeR).
\/xz—y+3—\/y2—x—6:3.

Cdc ban c6 thé tong qudt héa phwong trinh thir nhdt @é dan dén nhitng phwong trinh chot méi
Vx+m+x+n=\y+m+Jy+n

N +max+n=\y +m+y+n

\/2p+l+m+\/x2q+l+n_\/y2p+l+m+\/y2q+l+n

Nhu vay ta c6 mot s6 hé phuong trinh méi nhu sau

VX +2 +x—4 =y +2 +4/y—4,

% Giai hé phuong trinh (x;yeR).
J5x—37 +4[1843y—x> =43
V424 x—4 =y +2+[y—4

< Giai hé phuong trinh Ty yoRETNITS (x;yeR).

J5x—3? +J1843y—x* =242,

VX 2 4+4x=2 :\/y7+2+,/y—2,

< Giai hé phuong trinh (x;yeR).

\/(7—x)(y+1)—\/y(4—x) =3.
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LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4) 15

Nx+5+4y-2=7,
Jy+5+x-2=7.

Bai toan 15. Giai hé phuong trinh { (x;yeR).
Loi gidi. )
biéu kién x >2;y>2. Tru tung vé hai phuong trinh ta co
Jx+5 +\/y—2 :\/y+5 +/x-2 <:>\/x+5—\/y+5 :\/x—2—\/y—2

X—y X—Jy
\/x+5+\/y+5 - 2+y-2
xX=y xX=y
1 1
o > Q{\/x+5+\/y+5=\/x—2+\/y—2 (1)

Jx+5 +\/y+5 S Jx-2 +\/y—2
Ta of {\/x+5 >/x—
aco
NY+S>\y—

Véi x = ytadugc
Jx+5+Jx=-2=7<2Ux* +3x=10 +2x+3 =49
x<23
@\/x2+3x—10=23—x©{ <Sx=11

x> +3x—-10=x*—46x+529

:\/x+5+\/y+5>\/x 2+\/y 2, dan dén (1) vo nghiém.

Két luan hé co nghi¢m duy nhét x = y=11.

Nhdn xét.
Vé ban chat hé phwong trinh trén thugc motip he phuong trinh doi xung logi 2 khi duoc long ghép cdn thike, tuy

nhién néu khong sir dung phép lién hop — truc can thue thi rdt khé dan dén hai bién bang nhau. Diém nhan ciia
phép lién hop la chitng minh mét kha ndng vé nghiém, tong qudt héa ta c6

> Dang thic tién dé \/x+m+\/y+n=\/y+m+\/x+n (m;én)
» Phép lién hop va hé qua

Nx+m—\y+m=Nx+n—y+n
xX—y _ xX—y
Vx+myy+m Nx+n+y+n

f—

x=y
<::>|:\/x+m +\/y+m :\/x+n+\/y+n (1)

Jx+m +\/y+m >Jx+n +\/y+n

(m#n).

» Taco (1) vo nghiém do
\/x+m+\/y+m <~Jx+n +\/y+n

Ngodi ra con mét phwong dn lién hop khdc, goi la lién hop két hop hé tam thoi hay kiéu lién hop tong hiéu, ciing
duwoc nhieu ban doc lwa chon nhu sau
e Lién hop

Jx+5 +\/y—2 :\/y+5 +x—2 o x+5-x-2 =\/y+5—\/y—2

7 7
= 5 -2= 5 —2
c>\/)c+5+\/x—2 \/y+5+\/y—2:>\/xJr i \/y+ +\/y

, Vx+5—Jx-2=y+5-Jy-2
. Kétho‘p{ \/y \/y

Jx+5+x-2 :\/y+5 +\/y—2

:>2\/x+5=2\/y+5<:>x:y.
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16

Nhur vy, ré rang cdc ban cé thé xdy dung mot hiedng méi cho phwong trinh thit nhat cia hé c6 sir dung lién hop
voi hinh thirc nhuw sau

{Jx+m+Jy+n:Jy+m+Jx+m (m#n).
f(x»)=0
Mot s6 hé twong tu
+5+\/ =4,
o Giai hé phuong trinh " (x;yeR).
y+5+v =4.
Gidi he phuong tsiah 120 * V7223 (x;y €R)
o Giai hé phuong trin x;y €R).
y+6+v =4.
Mot 56 hé ké thira
Vx+5+y+4=Jy+5+/x+4,
= Giai hé phuong trinh v v (x;yeR).
J y+1+J y+2 Jyx+3.
Jx+7+Jy+4 Jy+7+Jx+4
=  Giai hé phuong trinh (x;yeR).
=4+x-y.
x+2+ 1=y+2++x-1,
= Giai hé phuong trinh \/y \/y (x;yeR).
VX +16 —\[y? +7 =3y 8.

=2y +5 X Y —2x+5
Bai todn 16. Giai hé phuong trinh { x++2y—5 y++2x-5’ (x;yeR).
VX—-2-\y+2=2\xy—4-2x+2.

Loi gidi.
Diéu kién x > %; y> %; xy = 4 . Phuong trinh tht nhat ctia hé da cho tuong dwong voi

—\2y-5=y—~2x-5 <:>x—y+\/2x—5—\/2y—5 =0

xX—y 1
Sx-y+ =0 (x—y)| 1+ =0
T sy s (x y)( \/2x—5+\/2y—5]

Do 1+ ! >0,Vx2> %, Vy > %nén ta thu duoc x = y, phuong trinh tht hai tr¢ thanh

V2x=5+\2y-5
NP, PRI NIZES | =G
Didukién x>2.Dit Vx -2 -Vx+2=t= 1> =2x+2vx’ 4.

Tacd x—2<x+2,VxeR=t=+x-2—-+x+2<0,Vx>2. Ta thu dugc
t<0 t<0 t<0 5
& & St="2&t =4
t=—"+2  |(t-1)(t+2)=0  |re{-21}

2-x20 x<2
S+ WX —d =4 x'—4=2— x@{ <:>{ =Sx=2

xP—4=x"-4x+4 x=2
Vay hé phuong trinh da cho c6 nghiém duy nhat x=y=2.
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17

Nhan xét.

Bai todn s6 16 nay cé hinh thire phén thire, day la mét tam binh phong cho ban chat thuc cua bai toan, dac biét hon
nita binh phong nay dwoc tao ra dua trén phép lién hop, va moi quan h¢ giita hai bién ciing dwoc tao ra boi phép

lién hop. Tac gid xin dwgc néi dai y vé cdch xdy dung bai toan nhu sau

A. Lua chon mot phuong trinh (*) hai an x va y ¢6 mdi quan hé rang budc x = y, chang han

x—y+\/3x—5—\/3y—5

=0.

B. Sur dung k¥ thuat lién hop mot bién hodc hai bién dé gidu di ban chét trén

x— y+\/3x 5-— \/3y 5=0&=x—\3y-5=y—

C. Str dung bién d6i dai sb gia‘iu di ban chét trén hon nita

(x2 _3J/+5)(y+\/E):(y2 —3x+5)(x+\/3y——5)c i

x’ —3y+5 ¥ =3x+5

x+,/3y yv+ NEY

—3y+5  y°-3x+5
x+\/3y—5 y+\/3x—5.

D. Lua chon phuong trinh v ty mot an sao cho DKXPD khong vi pham DKXP cua phuong trinh (*)
V6—x +2x+6 +/6x -5 =x> —2x-5.
E. Do x =y nén ta lam nguoc phuong trinh mot an vé phuong trinh thir hai bang cach hoan d6i x va y tuy ¥

\/6—y +\/2x+6+\/6y—5 :y2—2x—5<:\/6—x +~2x+6 +4/6x-5=x>—2x-5.

F. Thiét lap hé phuong trinh day du

Giai hé phuong trinh

(x2 —3)/—%—5)(y+x/m):(y2 —3x+5)(x+\/3y——5),

(x;yeR).

6—p +2x+6+4/6y—5=1>—2x-5.
J6-y J6y-5=y

Cdc ban doc gia luu y
e Trong budc A céc ban cé the tong quat hoa hé thue rang budc

x—y+\/3x—5 —\/3y—5 =0—>k(x—y)+\/mx—5

e Trong budc B ta thu dugc tong quat hoa

~Jmy-5=0, (k,m>0).

kx® —my +1 3 ky* —mx+1

k(x—y)+\/mx—l—\/my—l =0«

kx+\/my—l - ky+\/mx—l '

R rang dua trén tu tuong trén cac ban c6 thé tu xdy dung cho minh rat nhiéu hé phuong trinh tuong tu

% Giai h¢ phuong trinh

4 2y—l(\/;—1):x+y+2.

¢ Giai h¢ phuong trinh
41+x =2\1-y -2x—y=1+,/1-xp.

xP—6y+2 . Y —6x+2

(xz —4y+5)(y+\/m>:(y2—4x+5)(x+\/4y_—5),

(x2—6y+1)(y+\/E):(y2 —6x+1)(x+@),

(x;yeR).

(x;ye]R).

% Giai h¢ phuong trinh { x+/6y -2  y+v6x-2"  (x;y€R).

2xy—Tx—-2y+8=2VJx—-1.

Ciing van véi motip lién hop twong tw, nhung cdc ban khéng nhat thiét tao ra sw bang nhau giita hai bién, déi khi
hé qua lién hop co thé la mot hé thirc phuee tap giita hai bien nhung la yéu to thudn loi doi voi phwong trinh thir hai

ciia hé phwong trinh. Moi cdc ban theo doi thi du tiép theo

2 2
X +x 5+y x=5

=0,

Bai todn 14. Gidi hé phuong trinh { x+~v/5—x  y++/x+5 (x;y€R).

X+ y+5v25-x7 =19,
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Loi gidi.
-5<x<5
X+ 5—x¢0;y+\/m;t0
Phuong trinh thir nhat cua h¢ tuong duong voi
x—\/g+y—\/m:0<:>x+y:\/g+ x+5.

Phuong trinh thi hai cta hé trd thanh vS—x ++/x+5+5v25-x% =19.
Didukién -5<x<5.Dat 5—x+/5+x == =10+2v25-x" .
Tacod t=0;> =10+24/25—x> 210= 1 >/10 va £ 20;¢> =10+2425— x> <10+ 2+/25 = 1< 2/5
Két hop lai suy ra te[\/ﬁ;zx/g].Phu:ong trinh d4 cho tuong duong voi

t=4
=195 +2t =88 N=t=4c1 =16 25-x" =3 xe{-44}.

Diéu kién {

2_
t+5.t o

T
So sénh véi diéu kién —5 < x < Sta thu duoc nghiém S ={-4;4}, hé c6 nghiém (x;)=(-4;8),(4;0).
Nhan xét. i )
Phuong trinh thir nhat cua hé co phan thiec lam da so ban doc kho chiu, nhung chinh sy kho chiu nay tao ra sy ban
khoan trong viéc tim phwong huong khai thdac cua chung ta, va y twong lién hop — truc can thiec la hoan toan tw
nhién khi tdp trung phat hién sy dong diéu
x> +x-5 3y -x-5 _ @ —b N c’ —d?
x+\5-x y+dx+5 a+b  c+d
Phwong trinh thir hai sir dung phwong phap mot an phy thuan tiy quy vé phirong trinh bdc hai (triec thuéc phwong
phap dat an phu) co 1é cac ban khi tiep can phwong trinh vo ty déu da quen thuoc, tdac gia xin khong binh lugn nita.
Sau day la cac buoc xdy dung bai toan cua tdc gia
e Luya chon phuong trinh tién dé cho phuong trinh thir hai v/5—x ++x+5 +5v25-x* =19.
e Thay thé mot cum biéu thirc X mot 4n béi hai an, X ton tai kha nang an gidu thong qua lién hop
X=5—-x+Jx+5~x+y.
e Thiét lap phuong trinh thir nhat ctia hé tir X
2 2
+x-5 -x-5
g T Y X <:x—\/5—x+y—\/x+5=0<:\/5—x+\/x+5=x+y.

+
X+v5-x y+x+5

e Lip ghép hai phuong trinh thu duoc hé phuong trinh hoan chinh, st dung hinh thiic x, y € R dé tranh tinh
trang “dot pha” s6 phc ric rbi

=ag-b+c—d.

¥’ +x-5 y —-x-5 _

=0,
Giai hé phuong trinh { x+v/5—x  y++/x+5 (x;yeR)
x+y+5v25-x* =19.
(y+1)(Vx+7+v6-x)=2x+1,
Bai toan 15. Giai hé phuong trinh (x;y € R) .

y+2J6—x+ (6—x)(7—x)=12.
Loi gidi. ,
biéu kién -7 < x < 6. Phuong trinh thir nhat ctia h¢ twong duong véi
y+1= 2ol =Jx+7=V6—x=>y=~+x+7-1/6—-x—1.
Jx+7+6-x
Phuong trinh thir hai ctiia hé tré thanh
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Va+7-\6-x-1+246-x +J(6-x)(7-x) =12
SN6—x+Vx+T7+J(6-x)(7-x) =11
Ditukién —7<x<6.Dat V6—-x =a;vx+7 =b (a20;5>0). Ta thu dugc hé phuong trinh
a’+b* =13 a’+b* =13 @’ +b” +2ab+2a+2b=35 _|(a+b) +2(a+b)-35=0
= = =
2a+2b+2ab=22 a+b+ab=11

a+b+ab=11 a+b+ab=11

0

a+b=>5
{ {a+b:5 {a(S—a)=6 [a:Z {6—x=4 {x=2
Sqlatb=-T < = =
a

=
ab==6 ab=6 3 6—x=9 x=-3

a+b+ab=11
So sénh diéu kién thu dugc tap nghiém S ={-3;2}, hé c6 nghiém (x;3)=(-3;-2),(2;0).

2 1-x* =y+/5-2x -1,
Bai toan 16. Giai hé phuong trinh . { 5 (x;yeR).
y—
+ = :
V42 Jl—x+\5-2x x-4

Loi gidi.
bicu kién 0 < x <1. Phuong trinh thir hai cua h¢ tuong duong voi

x—4 x—4
+ =y-2&NVx—-2+l-x—-5-2x=y-2.
Vx+2 Nl-x++5-2x g g

Dan dén y+m —l=x+/1-x-1 , phuong trinh thtr nhat cta hé tré thanh
2= = w1

Pidukién 0<x<1.Pat Vx +v1-x =t =1 =1+2,[x(1-x) = 2x(1-x) =" -1.

(20,7 =1+2[x(1-x) 212121

t>0:1° :1+2m£1+x+1—x:2:téﬁ

-1

Ta co :>1£t£x/§.

Phuong trinh da cho tr¢ thanh 1+ =tc>t2—3t+2=0©(t—1)(t—2)=0©t6{1;2}.

Loai gia tri t:2>\/§.Véri t:1:>2,/x(1—x):O<:>x(1—x)=0<:>xe{0;1}.

Tir day dan dén bai toan c6 hai nghiém (x;y)= (0;1 —\/g),(l;l —\/g) .

x(x—l)(\/;+\/m)+\/;(x+y—2)(\/;+1):0,

Ky +5vV2x—x° =7.

Bai toan 17. Giai h¢ phuong trinh (x; S R) .

Loi gidi,
biéu kién x €[0;2],y>0.
R& rang céc cap s6 (0;),(2;0) déu khong théa man hé da cho. Phuong trinh thtt nhat twong duong voi

(x2—x)(\/;+\/m)+(x+y—2)(x+\/;)=0<:> ;_Fi/;-p\/%:y;ix =0

e x AT 7T x 0 x4y =2 x4+
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Thay vao phuong trinh thir hai cua h¢ ta dugc V2 —x + Jx +5V2x—x* =7. Didu kién 0<x<2.

2_
Détx/2—x+x/;:t(tZO):>t2=2+2\/(2—x)x:>\/2x—x2:%.
5 t=2
Phu’ongtrinhdﬁchotrdthénht+5(t2—2):7<:>5t2+2t—2420<:> o
s

So sanh diéu kién thu dugc =2 < 2—x+/x =2 2x - =l x=1.
Két luan tap nghiém cia h¢ phuong trinh x=y=1.

2x—11_ x+11-x

Bai toan 18. Giai hé phuong trinh { X~V xt2 +fy+2’ (x;yeR).

Jx+y+2+2422+9x—x* =17.

Loi gidi.

Dicukién xe[0;11];y>-2x# y.

Nhan xét /x ++/11—x > x+11-x =11 >0,Vx €[0;11], phuong trinh thit nhit ciia hé twong duong
2x-11 xX—y

Jx+l1-x :\/x+2+\/y+2
oAx-ll-x=vx+2-[y+2
@\/;+\/y+2=\/11—x+\/x+2

Phuong trinh thir hai ctia hé tré thanh 11—x ++/x+2 +2+22+9x—x* =17.
Didu kién —2<x<11.Pgt V11-x =a;¥x+2 =b (a>0;b>0)thu dugc hé phuong trinh

a+b=5
a’+b* =13 a+b*+a+b+2ab=30 (a+b)2+(a+b):30
= Rt <<la+b=-6
a+b+2ab=17 a+b+2ab=17 a+b+2ab=17
a+b+2ab=17

a+b=>5 b=5-a
& & :>ae{2;3}:>xe{7;2}
ab==6 a(S—a)=6

Két hop diéu kién —2 < x <11thu dugc nghiém S ={2;7}.

(x+1)(y+JxTz) Y —x+2

Bai toan 19. Giai hé phuong trinh x+~x+2 x=2  (wmyeR).
y=27x"-4-x+2.
Li gidi.

Diéu kién x > 2. Phuong trinh thir nhat ctia hé twong dwong véi

X —-x-2 Y -x+2
= S X—ANVX+2=yp—AANXx-"2SNVXx-"2-x+2=py—x.
X+Vx+2  y+Nx-2 g Y

Khi d6 phuong trinh thr hai tr¢ thanh
x+Vx =2 -Ax+2=20xt -4 —x+2 2x+Jx -2 -Jx+2=2Ux*—4+2.

Pidukién x>2 . Pt Vx—2 -x+2=t=1 =2x+24x’ —4.
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Taco x—2<x+2,VxeR=t=+x-2—-x+2<0,Vx>2.Ta thu dugc

t<0 t<0 t<0 g
=42 |(-1)(1+2)=0" Jrefay T T TS

2-x20 x<2
S+ —d=dVx" -4=2-x1 , . =N < x=2
X —4=x"—-4x+4 x=2

Vay phuong trinh d3 cho c6 nghiém duy nhit x=2;y=0.

1 =Xt Y=3
Bai toan 20. Giai hé phuong trinh { V4-x+33-x  Vx-1+{2-y"  (xyeR).

Vad—x+2—y+2=a/4x—x* -3.

Loi gidi.
Diéu kién 1< x <3; y <2 . Phuong trinh th& nhit ctia hé di cho tuong dwong voi

\/4—x—\/3—x=\/x—l—\/2—y<:>\/3—x+\/x—1:\/4—x+\/2—y.
Phuong trinh th hai cta hé tré thanh V3 —x +Vx—1-4J4x—x’-3=-2  (xeR).

Pidukién 1<x<3.DPat V3—x+vx—l=t=2 =2+2ydx—x* -3 = 2dx—x* -3 =1 -2.
12082 =2+ 2\dx—x*-3>2=1>/2

Ta co :>te[x/§;2]
=242 (3—x)(x—1)S2+3—x+x—l=4:>t£2

RO rang phuong trinh da cho tré thanh

t—2(t2—2)=—2©212—t—6:0@(t—Z)(2t+3)=Oc>te{—%;2}.

Chon gi4 tri duong ¢ =2 = 2v/4x—x> -3 =12—2:2<::>4)c—)62—3:1<:>()c—2)2 =0 x=2.
Két luan bai toan c6 nghiém duy nhat x=2;y = 242 -1.

(Vax=2 + ) ({3 =y +a1) = 4-x—,

Bai toan 21. Giai hé phuong trinh (x;yeR).
3=y —Ax=1=4x-9+2+3x> —5x+2.
Loi gidi,
Diéu kién x>1;y <3.Rdrang (x;)=(1;3)khong thda man hé, do d6 3—y +vx—1>0.
: . 4-x—
Phuong trinh thir nhat cta hé twong duong voi +/3x -2 +/x = \/3 al \/y ;

SBx—2+x-1+x—B-y=0Bx—2+/x= -y -x-1.
Khi d6 phuong trinh thir hai ciia hé tré thanh v3x—2 ++vx—1=4x-9+2/3x> —=5x+2.
Pt t=v3x—2+Vx—1= 2 =4x-3+2V3x> =5x+2.Tacé t =~3x =2 +/x—1>1,Vx>1.

Phuong trinh da cho tré thanh

= = 2
= St=34x-34+23x" -5x+2=9
t="-6  |re{-2;3}

Sx=2

6-2x=>0 x<3
S =5x+2=6-2x =

p—
3¢’ —5x+2=4(x" —6x+9)  |x*-~19x+34=0
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Két luan bai toan di cho c6 nghiém duy nhat x=2.
Nhdn xét.
Thiee ra thi I6p hé phwong trinh kiéu thay thé ndy ciing khéng qud khé, cu thé tac gia di xdy dung cdc bai todn 16,
18, 19, 20, 21 dwa trén cdc bai toan géc nhw sau
e Bai toan 16.

Phuong trinh gbc %xlx— 2 =Jx +1-x-1.
Phép thay thé y++/5—2x —1=x+/1-x—1.

x—4 x—4
Phép lién he + —y2efx—24-x-5-2x=y-2.
. Op\/§+2 J—x++5-2x H ¥

e Bai toan 18.
Phuong trinh gbc V2—x+dx+5(2x-x* =7.
Phép thay thé x—\/;+\/;—\/2—x=0©x+\/;=\/2—x+\/;.
Phép lién hop (x* —x)(y/y +72=x )+ (x+y-2)(x++x) = 0=
e Bai toan 19.
Phuong trinh géc Vx -2 —vx+2=1=1> =2x+2vx’ - 4.
Phép thay thé x—\/x+2:y—\/x—2<:>\/x—2—\/x+2:y—x.
(x+1)(y+vx—2) yz—x+2C X’—x-2  y-x+2

Phép lién h = = .
) P x+x+2 2= X+\x+2  y+/x-2

-X x+y—2 _0

2
X
+ =
x+\/; \/;+ 2—x

e Bai toan 20.
Phuong trinh gbc V3 —x +Vx—1—4/dx—x* -3 =-2.
Phép thay thé \/4—x—\/3—x=\/x—1—\/2—y<:>\/3—x+\/x—1:\/4—x+\/2—y.

1 x+y-3
= ENd—x—B—x=Vx-1-2-y.
V4—x+3-x \/x—1+\/2—y \/

Phép lién hop

e Bai toan 21.
Phuong trinh gdc v3x -2 ++/x—1=4x-9+2+/3x* —=5x+2.
Phép thay thé \3x—2 +Vx—1+/x—\3=y =0 Bxr—2+/x =3y -Jx-1.

Phép lién hop (v3x—2 +x )(\3=y +vx—1)=4-x-y =Br-2+x = 1) 4

3=y +x-1
Nhue viy cdc ban c6 thé thdy rdang tir mot phiwong trinh vé ty thong thuong cé cdc cum biéu thire ton tai kha ndng
lién hop, ban than né da tiem an sw cdu thanh hé phwong trinh, thdm chi la nhitng hé phirong trinh rdt khé tity theo
mike do khé ciia phieong trinh goc, mire d¢ phirc tap ciia phép thé ma ta lwa chon. Sw mudén hinh muén vé cia
phuong trinh vé ty kéo theo sy da dang, phong phii cua lop hé phwong trinh nay dwong nhw da lam cho tac gia
“chin budce”, ¢ Ié tac gia xin dirng lai sw phdt trién twong tw & ddy, tdc gia mong muén cde ban ddc gid, cdc thay
¢6 va cdc em hoc sinh sé c¢é nhiéu phat hién thu vi, nang cao hon nira.

Bai toan 22. Trich luge cau I1.2, Bé thi chon hoc sinh gioi 16p 12 THPT; Mon Toan; S¢ Gido duc va PBao tao Tinh
Hai Duong; Nam hoc 2013 —2014; D¢ thi chinh thtrc.

1
3x (1+«/9 2+1)=—,
g g Jr+1-+/x

X (95 +1)+4(x* +1)V/x =10.

Giai hé phuong trinh (x;yeR).
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L gidi.
Diéukién x>0.

Xét x = 0khong théa man hé da cho.

Khi x >0, phuong trinh thtr nhit ciia hé twong duong véi

3xy(1+m)=vx+1+&@3y(1+m):_—w+l+ﬁ
X
x “ Nyl

217 +1
+
Nt +1

Thu duge (*) < f(3y)= f(%} &3y = % Phuong trinh thir hai cta hé tro thanh

>0,Vt e R, ham lién tuc va déng bién trén R.

Xéthamsé f(¢t)=t+tNE +1;t>0= f'(¢)=1

X +x° +4(x2 +1)\/;=10.

Xét ham sd g(x)zx3 +x° +4()c2 +1)\/;;x20ta co g’(x):3)c2 +2x+8x\/;+2()c2 +1).L>O,Vx> 0.

Jx
or > " . 1
Ham s0 lién tuc va dong bién véi x dwongnéntacd f(x)=f(2)e x=2;y= 3

Két luan hé phuong trinh c6 nghiém duy nhat.

Nhdn xét.

Bai todn nay so voi cdc bai todn trudce dé da co sw an gidu déi chut khi dang thire ham so ngoai phép chia co lap
an con cé phép sur dung dai lwong lién hop — truc can thicc — hé tam thoi. Trén thuc té dé xir Iy hé phuong trinh
trong dé thi tuyen sinh dai hoc mon Todn, cdc ban can ¢é tam Iy an ‘toan, can ¢6 ky ndang bién doi thanh thao theo
cdc hudng bién doi twrong dwong dé xudt hién nhan tir, triét phd mau thirc — can thire, dai heong lién hop, dat an
phu lam quang ding s chang chit, danh gid — ham sé dé phd bo cdc chot chudng ngai vit, két hop véi kién thire co
ban nhie xét trieong hop, chia khodng, diéu kién xdc dinh,...dé di dén dép so cudi cing.

Y 20’

—+y —
VI+x* +x
2

%+2 x'+14+y*=3.

X+

Bai todn 23. Giai hé phuong trinh trén tdp hop sb thuc

Loi gidi.
biéu kién can thirc va mau thirc xac dinh.

Phuong trinh thir nhat cta hé twong duong véi ery(\/x2 +1 —1)+y2 0 iyl +1-x=0. (%)
Y

2
Cong timg vé (*) voi phuong trinh thir hai ta c6 (£+ yj — 2(£+y) -3=0=> (£+ y] e{-1;3}.
Y

Y y
(£+yJ:—1:>—l+\/x2+1—x:0:>x:0
Thay tro lai vao (*) ta co 4
(£+yj:3:>3+\/x2+l—x=0:>xe@
Y

Két luan hé ¢ nghiém x=0;y=-1.
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(x+\/x2+l)(y+\/y2+l):1,
X' +3-x=2y"-4\2-y +5.
Loi gidi 1.

Pidu kién x <3;y<2.R3 rang (x+\/x2 Jrl)(me/y2 +1):1:>x+\/x2 120,417 +120.
Phuong trinh thtr nhat ctia hé c6 thé bién ddi theo hai hudng

x+\/x2+1:\/2_;1<:>x+\/x2+1:\/y2+l—y<:>\ly2+1—y=x+\/x2+1 (l)
y ity

2
NV Hlty=——— Y +1+y=vx'+1-x (2
x+\/x +1 2)

Cong timg vé (1) va (2) tacd 2y =-2x<>x=—y.
Phuong trinh thir hai ciia hé tré thanh

W ABox =2 —AJx+2 453 —x+4Ix+2=x"+5

2—x 4(x—2)
SV3-x-1+d4/x+2-8=x"-4& + =(x-2)(x+2
ol B S e e, (A d)

}=O<:>x:2:>y:—2

Bai toan 24. Giai hé phuong trinh (x;y € R) .

1 y 4
V3-x+1 x+2+2
Tir day dan dén hé c6 nghiém duy nhét (x0)=(2-2).

<:>(x—2)(x+2+

Loi giai 2.
biéu kién x <3;y <2. Phuong trinh thr nhat cta hé tuvong duong

x+Ax+1= \/7 ©x+\/x +1—\/y +l-y o x+x"+ ——y+\/ +1
y+l+y
NE AL+t jo|+¢

Xéthamsd f(¢)=t+NE +1;1eR taco f'(¢)= N \/
" +1 r+1

Suy ra ham s lién tuc va dong bién trén tap s6 thue. Thu duoe hé thire f(x)= f(-y) < x+y=0.

>0;VieR= f'(1)>0,VieR.

Phuong trinh thir hai ciia hé tré thanh

W ABox =2 -4Jx+2+5V3—x+4lx+2=x"+5

2—x 4(x—2)
SV3-—x—1+4/x+2-8=x"-4 + =(x-2)(x+2
S R AV e I s Sl Ll e

]=O<:>x:2:>y:—2

1 B 4
V3-x+1 Ax+2+2
Tir day dan dén hé c6 nghiém duy nhét (x;y)=(2;-2).
Nhin xét.

Doz véi bai todn s6 24, ¢6 16 nhiéu ban doc da quen véi loi giai s6 2, day la loi gidi sir dung tinh chat don diéu ham
6 ciing céng cu dao ham, déu la kién thirc co ban chu chét thuée pham vi lién chuong trinh Dai s6 - Gidi tich I6p

11, 12 bgc THPT. Mac du vdy, loi giai ndy van can nhing bzep do6i khéo léo bao gom
» Bién doi vé dang tuong déng thong qua lién hop mét lan

x+x+1= <:>x+\/x +1—\/y +l-y o x+x"+ ——y+1/
Y +1+y

> Danh gia dao ham xac dinh dwong théng qua bt dang thirc co ban

<:>(x—2)(x+2+
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A+A4=24>20;4>0
NA* + A=A+ A= ’
i | |+ {—A+A:O;A<O

Bén canh dé 1oi gidi thir nhdt chi sir dung thuan tiy phép lién hop — truc cdn thire, mot kién thirc hét sikc co ban cia
chuwong trinh Dai so lop 9 THCS, nhung phai hai lan thao tdc

x+\/x2+1:\/2_;1<:>x+\/x2+1:\/y2+1—y<:>\/y2+l—y=x+\/x2+1 (l)
y +lity

2
NV Hlty=——— P +l+y=vx"+1-x (2
x+\/x +1 @)

Buie tiép theo la tién hanh triv timg vé (1) va (2) dua dén 2y = —2x < x =—y, két thiic qud trinh khai thdc phirong
trinh thir nhat ciia hé. Mét sé ban doc khéc c6 thé manh nha ¥ twong cong tung vé ()yva (2) dan dén

x=y  (3)

xX=-y (4)

R6 rang (4) thoa man phwong trinh thir nhdt ciia hé, con (3) thi khéng, do vdy ching ta khéng nén lira chon phwong
an cong tung Vé trong loi gidi cdc ban nhé.

Tren thuc té, cdc hé phiong trinh nay dwoc ké thira tir mét hé thirc khd quen thudc trong chwong trinh Pai sé I6p 9

cap THCS, véi dang tong qudt
(x+\/x2+a)(y+«/y2+a)=a<:>x+y:0.

Trwong hop riéng ciia bai todn nay cé 1¢ nhiéu ban da gdp, chang han nhu
> Bai 1(14); Thi Giai toan qua thu; S6 14; Thang 4 ndm 2004; Tap chi Toan tudi tho 2 THCS; Nha Xuét ban
Giao duc Viét Nam.
Tac gia: B3 Van Thu — Sinh vién K26G; DHSP Ha N6i 2; Xuan Hoa; Huyén Mé Linh; Tinh Vinh Phic.

Cho x va y théa mén (x+ J2003+ )(y+«/2003 - ) —2003.

Tinh gia tri cta biéu thic T = x> + ™%,

> Bai 3; Dé thi tuyén sinh IQp 10 THPT; M6n Toan (Danh cho tat ca cac thi sinh du thi); Truong THPT
Chuyén Ha Tinh; Thanh pho Ha Tinh; Tinh Ha Tinh; Nam hoc 2007 — 2008.

Cho hai sb x va y théa man ding thirc (\/x2 +4 —x)(Jy2 14 —y) —4.Tinh x+ .

2\/y2+1=2\/x2+1:>x2:y2<:>|:

N , . A1 A M 2 A \ 7oA ’ R , re A, K
Ngoai ra cdc ban co thé thay rang (—m) =m’,Vm € Rnén ta con cé hé thirc tong quat hon véi mot vé nhir sau

(5 va) {2y bPra)-

Duea trén co sé nay, ¢ rat nhzéu bai todn hay, thii vi d tirmg xudt hién trong cdc Dé thi tuyén sinh lép 10 THPT dai
tra (cau phan logi); Pé thi tuyén sinh 16p 10 THPT Chuyén (Todn chung va Todn chuyén); Pé thi chon hoc sinh
cde cap thude THCS va THPT va Dé thi thir sirc trude ky thi tuyén sinh Dai hoc — Cao dang; Ky thi THPT Quéc gia
hién hanh.

Moi cac ban theo doi tiep cdc bai todan sau day

Bai toan 25. Trich lugc cau 3; Dé thi thu Dai’ hoc — Cao déng; Moén Toan; Lan thit nhat; Mua thi 2014; Truong
THPT Chuyén Ha Noi — Amserdam; Thanh pho Ha Noi.

(x+\/x2+4)(y+\/y2+l)=2,
12y =10y +2 =23/x° +1.

Giai hé phuong trinh (x;yeR).
Lo’t gidi.

bicukién x;yeR.

Phuong trinh thur nhét cua hé trong duong véi
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2(\/y2+1—y)
x+\/x2+4:;<:>x+\/x2+4:ﬁ
YA+l +1 yo+l-y

<:>x+\/x2+4=2\/y2+1—2y<:>x+\/x2+4=—2y+ (—2y)2+4
N T e

VP +4 NP +4 P +4
Suy ra ham s lién tuc va dong bién trén tép s6 thuc. Ta thu duge f(x)= f(-2y) < x=-2y.
Phuong trinh thir hai ctia hé tré thanh

3 +5x+2 =28 +1 © X’ +3x7 +3x+142x+2=x" + 1+ 2% +1

Xéthamsd f(¢)=t+Nr* +4;teRthi f(¢) >0,VieR= f'(t)>0,VteR.

& (x+1) +2(x+1)=x" +1+23x +1
Xéthamsé g(t)=1 +2t¢€R tacd g'(t)=3t"+2>0,Vt e R, suy ra ham s6 lién tuc va dong bien.
Khi d6 phuong trinh an x tr¢ thanh
g(x+1)=g(3/ﬁ)<:>x+l=m
<:>x3+3x2+3x+1=x3+1<:>x(x+1):0<:>xe{—1;0}
Tur dy suy ra hé phuong trinh ¢6 hai nghiém (x;y)=(-1;2),(0;0).

Nhdn xét.
Loi gidi bai todn 25 sir dung tinh chat don diéu ham sé doi véi phwong trinh thit nhdt diea trén phép lién hop

(x+\/x2+4)(y+\/y2+1)=2<:>x+\/x2+4 :#
Y4y’ +1
2(\/y2+1—y)

S x+VxX +4 = 1y <:>x+\/x2+4 =2\/y2+1—2y

Sau dé tiép tuc bién doi rong dong ham sé )c+\/x2 +4 =\/4y2 +4 -2y x+Vx' +4 =—2y+w/(—2y)2 +4.

Tuy nhién ngoai cdch lam nay cdc ban c6 thé ldp ludn x = =2y chi bang phép lién hop nhw sau

Nén tang x + \/)c2 +4. = 2\/)/2 +1—-2y. Thuc hién tuong tw véi biéu thirc chira x ta c6

2(\/x2+4—x)
y+,/y2+1: 2_ = > <:>2y+2\/y2+1=\/x2+4—x.

2
X +4+x X +4-x

X+ +44+2y -2y +1=0
29+ 2y +1+x-x"+4=0

Luu y thém céng doan ldp ludn dau dao ham, chii y rang N A* + A = |A| + A= {

Két hop lai thu duoc =>x+2y+2y+x=0=2x+4y=0x=-2y.

A+A=24>20;4=20

—A+A4=0;4<0
Vi vdy ham sé dang tiwong tw luén luén don diéu (dong bién).
x+1++/x° +2x+2)( +40) +1) =1,
Bai toAn 26. Giai hé phuong trinh ( YINY (x;yeR)

x’ —3x* =8y’ —12y°.
Loi gidi 1.
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Diéu kién cac bién thuc. Dit x+1=a; y = b ta bién ddi phuong trinh thir nhat

1
a+\/a2+1)(b+\/b2+1):1<:>a+\/a2+1:—:\/b2+1—b 1
( b+~/b* +1 9

a+a* +1)(b+/p* +1 =1<:>b+\/b2+1=;=\/a2+1—a 2
( )( ) Nat+1+a ( )

Trir chéo vé (1) va (2) tacd 2a=-2b < a=-b,dandén x+1=—y.
Phuong trinh thir hai cia hé tré thanh

—(p+1)’ =3(p+1)" =8y" —12y* & —p* —3y* -3y -1-3y2 6y -3 =8y’ ~12)”
2

<:>9y3—6y2+9y+4=0<:>(3y+1)(3y2—3y+4):O<:>y=—%;x=—§

Két luan hé c6 nghiém duy nhat ké trén.
Loi gidi 2.
biéu kién cac bién thuec.

Phuong trinh thit nhit ctia hé bién ddi x+1+4/(x+1)" +1=—y+yJ(-»)" +1.
VI +1+t . N/ R
’ ‘ ’ N N O RN O
Suy ra ham s0 lién tuc va dong bién trén tap s6 thuc. Ta thu dugc
f(x+1):f(—y)<:>x+1=—y.

Xéthamsé f(t)=t+Vt’+L;teR tacod f'(¢)

20;VteR:>f'(x)>O,‘v’te]R.

Phuong trinh thir hai ctia hé tré thanh
—(y+1) =3(y+1)" =8y —12y% & —p* =3y* =3y -1-3y> 6y -3 =8)" —12”
2

<:>9y3—6y2+9y+4:O<:>(3y+1)(3y2—3y+4)=0<:>y:—%;x=—§

Két luan hé ¢ nghié¢m duy nhat ké trén.

(m—x)(m+y):3,

(x;yeR).
3x =49y 15—y +J15—y 21—y +21-y /9.

Bai toan 27. Giai hé phuong trinh

Loi gidi 1.
Diéu kién can thirc xac dinh. Phuong trinh thir nhat cta hé bién doi vé

\/x2+1—x=ﬁ=%(\/y2 +9—y)c>3\/x2+1—3x=\/y2 +9 3 (1)
Y y
23(\/x2+1+x)<:>3\/x2+1+3x=\/y2+9+y (2)

«/y2+9+y=;
v x? + Ty
Tru tung ve (1) va (2) ta duge 6x =2y < y=3x.
Khi d6 phuong trinh thir hai cua h¢ tr¢ thanh
Y=9—y 15—y +/15-y21-y +21-p[9-y .
Dit \/9—y =a;\[15—y =b;{21-y =c,(a;b;¢20) tathu duge y=9-a’=15-b=21-¢".
Phuong trinh khi d6 twuong duong y = ab+bc +ca . Do d6 ta co

9—a’=ab+bc+ca ab+bc+ca+a* =9
15-b*=ab+bc+ca<=ab+ac+bc+b* =15

21-c* =ab+bc+ca ab+ac+bc+c’ =21
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b(a+c)+a(a+c)=9 (a+c)(a+b)=9 (1)
= a(b+c)+b(c+b)=15<:> (b+c)(b+a)=15 (2)
a(b+c)+c(b+c)=21 (c+a)(c+b)=21 (3)

Nhén tirng vé ba phuong trinh (1), (2), (3) thu duoc

[(a+b)(b+c)(c+a)] =9.1521=> (a+b)(b+c)(c+a)=935 (Do a2 0;b20;¢ 2 0).

Két hop 1an luot véi (1), (2) va (3) & trén ta cd

Két luan hé da cho c6 nghiém duy nhat.
Loi gidi 2. ’
biéu kién can thirc xac dinh. Phuong trinh thir nhat cua hé twong duong voi

V1249 4y =3Vx? +143x=4/(3x)" +9 +3x.
/2
Xéthamsd f(t)=t+v’+9;teRthi f'(¢)= SRS o+t
NE+9 NP +9
Do d6 ham s6 lién tuc va dong bién trén tap hop sb thuc.
Thu dugc f ( y) =f (3x) < y =3x. Khi d6 phuong trinh thir hai cua hé tré thanh
Y=9=yaf15-y +15-y21-y+ 21—y /9~y .
Dit /9y =a;\[15—y =b;{21-y =c,(a;b;¢20) tathu duge y=9-a’=15-b>=21-¢".
Phuong trinh khi d6 twuong duong y = ab+bc +ca . Do d6 ta co

>0;VteR.

9-a’ =ab+bc+ca ab+bc+ca+a’ =9
15—-b> =ab+bc+ca < {ab+ac+bc+b* =15
21-c* =ab+bc+ca ab+ac+bc+c* =21
b(a+c)+a(a+c):9 (a+c)(a+b)=9 (1)
< qa(b+c)+b(c+b)=15(b+c)(b+a)=15 (2)
a(b+c)+c(b+c)=21 (c+a)(c+b)=21 (3)
Nhan ttrng v€ ba phuong trinh (1), (2), (3) thu dugc

[(a+b)(b+c)(cta)] =9.1521= (a+b)(b+c)(c+a)=9v35 (Do a2 0;b>0;¢20).

Két hop lan luot véi (1), (2) va (3) & trén ta c6

Két luan hé da cho c6 nghiém duy nhat.

335
at+b=—""-"T" 3 ,—35 e
7 a+b=—— a+b=""
v 7 7 41435 1259
DFe=N35 — = . e
W35 [2(a+brc)=TN3 o2 T3S 70 140
AT 35 70

3435
a+b:_7 a+b_3\/§ a+b_3\/§
T T 41435 1259
b+c=+35 = \/_:> \/_:>c: =0 :>x:—140.
335 2(a+b+c)=H a+b+c:H
C+a:T 35 7
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Bai toan 28. Triph luoc Pé thi chon hoc sinh gioi 16p 12 THPT; Mon Toan, Dé thi chinh thirc; S& Gido duc va Pao
tao Tinh Lam Pong; Nam hoc 2013 —2014.

8X° +2y =+/y+5x+2,
Giai hé phuong trinh x;yeR).
(3x+\/1+9x2)(y+«/1+y2)=1. ( )

Loi gidi. o
bicu kién y+5x+2>0. Phuong trinh thir hai ctia hé bién doi

3x+149x% = \/71 1+y —y & 3x+4/(3x) +1_—y+,/ +1
1+y° +y

Xéthamsé f(¢)=t+N +1;t€R taco

¥ mﬂ fﬂ I

Suy ra ham s lién tuc va dong bién trén tap s6 thuc Ta thu duogc f (3x (

>O;VteR:>f’(x)>O,‘v’te]R.

Phuong trinh thtr nhat cta hé trg thanh 8x° —6x =+2x+2 . Dt x=cost;t € [ %} Ta dugc
2(4cos3t—3cost) =~2cost+2 < 2c0s3t = |2(1+cost)

& Jeos? L = cos3t cosé=cos3t<:>te{MT7z;MTﬁ},keZ

Do ¢t e [0;%} =t=0= x=1;y=-3. Bai todn c6 nghi¢m duy nhét ké trén.

Nhan xét.
Néu khai thac phwong trinh thir hai theo phwong phdp lién hop — truc can thirc — hé tam thoi cdc ban nén sir dung

phép dat 3x = a; y = b va bién doi

1
a+\/a2+1)(b+\/b2+1):1<:>a+\/a2+1:—:\/b2+1—b 1
( b+~b* +1 9

a+Na* +1)(b+b* +1 =1<:>b+\/b2+1=;=\/a2+1—a /)
( )( ) Nat+1+a ( )

Trir chéo vé (1) véi (2) cho ta 2a =—2b < a =—b < y =-3x. Sau d6 giai phuong trinh thir nhit twong tu.

(\/x2+2x+2 +x+1)(\/y4+l+y2):1,

Bai to4n 29. Gii hé phuong trinh 213,715 (x;yeR).
#‘FX'FIIO
=)

Loi gid.
Diéu kién x> —2y* -2 #0.Pit x+1=a; y* = bta bién d6i phuong trinh thir nhit

2 2 _ 2 _ 1 — 2 _
(a+\/a +1)(b+\/b +1)—1<:>a+\/a +1_b+\/ﬁ_\/b +1-b (1)

1
a+\/a2+1)(b+x/b2+l):l<:>b+\/b2+l=—:\/a2+1—a 2
( Nat+1+a ( )
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Trir chéo vé (1) va(2Q)tacd 2a=-2b<a=-b< x+1+y* =0.

x*=3x+2

Phuong trinh thr hai cta hé tr¢ thanh | ———=-x-1 (2).
X" +2x

Diéu kién x>2v0<x<1vx<-2.Tathu dugc

{xz—3x+2=(x2+2x)(x2+2x+1) {x2+x+2)(x2+3x—1):0 {_3_\/3}
(2)e & Sxeq———».
x<-1 -1 2
Két luan hé phuong trinh d3 cho c6 hai nghiém.
Nhdn xét.
Néu sir dung tinh chat don diéu ciia ham sé céc ban bién déi tieng burde nhw sau

> Phuong trinh thir nhat ctia hé twong dwong vai

VX +2x+2 pxalo— L
4 2
NAAER Y

& J(x+1) +14x+l=4/y" +1-)7

(:M/(x+l)2 +1+x+1:,/(—y2)2 +1-y* (1)
t NE+l+t

y f|+1+¢
> Xéthamso f ()=t +1+tteR thi f/(t)=1+ = 2|
Q (1) JE £l P+l VA +1

> Nhu vay ham sé dang xét dong bién, va (1)<:>f(x+1):f(—yz)<:>x+1+y2 =0.

IA

X

>0,VteR.

Bai todn 30. Trich luoc cau 3, De thi thir st trude ky thi Dai hoe; Mon Toan; Khéi D; Lan thir nhét; Mua thi 2014;
Truong THPT Déan lap Luong Thé Vinh; Thanh pho Ha Noi.

(\/m-x)(\/m+y):2,
? -2yl

Giai hé phuong trinh (x;yeR).
Loi gidi. ’
bicéu kién x > 1. Phuong trinh thtr nhat cua h¢ bién doi theo hai huéng

\/x2+1—x:—zf4+ :%(,/y2+4—y)c>2\/x2+ —2x= /y2+4—y
VY y
=2(\/x2+l+x)c>2\/x2+1+2x=\/y2+4+y

Yy +d+y= 2z
Cong ting vé hai phuong trinh ta c6 4x=2y < y =2x.

x'+1-x
Phuong trinh thir hai cia hé tré thanh

xz—%.2x=\/x—l & 2xr —3x=240x—-1

<:>2(x2 —4x+4)+x—1—2\/x—1+1=0
x=2

N

2
& 2(x-2) +(Vx-1-1] :0@{ (e x=2
Két luan hé ¢ nghiém duy nhét x =2; y=4.
Nhgn xét. ) , . .
RO rang chi can xoay quanh cac phwong trinh chot chan thong qua lién hop, chung ta co thé xay dung rat nhiéu hé
phuong trinh ké thira
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\/x2+1—x)(\/y2+4+y)=2,

> Giai hé phuong trinh ( (x;yeR).
V97 —dx—y+24+4/9x> +3y+2 =2.
\/x2+1—x)(\/y2+4+y)=2,

> Giai hé phuong trinh ( (x;yeR).
\/x2+y—x+1+\/x2—x+1=2.
(x+\/x2+4)(y+\/y2+l)=2,

> Giai hé phuong trinh B o (x;y€R).
|2y|+ ==

X 3

(\/xz+2x+2+x+1)(\/y4+1+y2)=1,

» Giai h¢ phuong trinh \/ﬂ—4y2—7_2 (x;yeR).

- =2.
+1++/x"+2 +2)( +4 2+1):1,

> Giai hé phuong trinh (x e AR (x;yeR).
X+ y+7=4/3x-2.
\/x2+1—x)(\/y2+9+y)=3,

> Giai hé phuong trinh ( (x;yeR).
w/xz—y+x—8=\/§(x—4).
JIx+y—1++4x> -1=1,

» Giai h¢ phuong trinh x;yeR).
(3x+\/1+9x2)(y+1/1+y2)zl. ( )

(\/y+2—\/y+1)(\/x+7 +\/x—2):3,

JI8y +23 +4/17-2x = x* —8x* +17x* —8x +22.

Bai toan 31. Giai hé phuong trinh

(x;yeR).

Loi gidi.

Pidukién 2< x < %;y > 1. Dit [y +1 =u;+/x—2 = v thi phuong trinh tht nhét tr& thanh
(\/u2+1—u)(\/v2+9+v)=3©\/v2+9+v:;
Nu' +1-u
= v2+9+v=3(\/u2+1+u)<:> V49 +v=3yu’ +1+3u

Ngoai ra

\/u2+1—u)(\/v2+9+v)=3<:> u2+1—u:;
( NV +9+v

= u2+1—u=%(\/v2+9—v)<:> VE4+9 —v=3Ju’+1-3u
V9 +v=3Vu? +1+3u

Ké’thqp{ SWv=6bucsv=3u=VvV =% < x-2=9y+9< x=9y+11.

VP49 —v=3Vu? +1-3u

Phuong trinh thir hai khi do6 tr thanh ~/2x+1++/17—2x = x* —8x* +17x* —8x+22.
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Diéu kién < Tacs
2 2
(a—b)2 >0 a’—2ab+b* >0 a’ +2ab+b* <2a” +2b*

<:>(a-|—b)2 S2(a2+b2):>a+bS|a+b|S1/2(a2+b2)

Ap dung bt dang thtc nay thi
2
(V2x+1+17=2x) <(1P+17)(2x+1+17-2x) =36 = V2x +1+/17-2x <6.

Mat khac
x'—8x" +17x* —8x+22=x"—8x’ +16x° +x* —8x+16+6
=(x* —4x) +(x—4) +626,VxeR

Do d6 phuong trinh da cho c6 nghiém khi cac ddu ding thirc ddng thoi xay ra, tirc 1a

{2x+1=17—2x {4x=16

5 & &S x=4.
x—4=x"-4x=0 x=
Két luan hé c6 nghiém duy nhit.
Nhdn xét. ) ) .
Cdc ban co thé sw dung tinh chat don diéu khai thac phwong trinh thu nhat cua hé nhw sau

e Dit \/y+1=u;+/x—2 =vthi phuong trinh thir nhat trd thanh

(\/u2+1—u)(\/v2+9+v)=3<:>\/v2+9 +v:;
Nu? +1-u

<AV +9 +v=3(\/u2+l+u)<:> V49 +v=3u+v%u’+9

. NE+9+1 |+t
e Xéthamso f(t)=t+Vt'+9;teRthi f'(¢)= >
) ) NE+9 N +9
e Ham sb lién tuc va d@)ng bién trén tap $6 thuc nén

f(V)=f(w)ov=3uc3xrl=[y-2 = 9x+9=y-2 y=9x+11.

>0;VteR.

(\/y4 +2y° +y* +1-y? —y)(\/4x+1+2\/;):1,

P
Nx=1+~3—x=x"=-3x’ +¥.
X

Bai toan 32. Giai hé phuong trinh

Loi gidi.

Diéu kién 1< x <3 . Phuong trinh tht nhit twong duong véi [ (y2 + y)2 +1 —(y2 + y)}(\/4x+l + 2\/;) ~1

Piat y* +y=u;2x = v ta thu dugc

(\/u2+1—u)(\/v2+1+v):1©\/v2+1+v:;c>\/v2+1+v=\/u2+1+u

Nul +1—u

(\/u2+1—u)(\/v2+1+v)=1<:> u2+1—u:;<:>\/u2+l—u:\/v2+l—v

NVl +y

Trir chéo vé ta duge 2u=2v < u=v< 1’ +y=2Jx.
Phuong trinh thtr hai ctia hé tré thanh Vx—1++3-x=x"-3x"+6 (x € R) .
Ap dung bét dang thirc Bunyakovsky ta c6

(x;yeR).
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(\/H+JE)2 <(P+1)(x-143-x)=4=Jx—1+3-x <2,

Bén canh d6 x° —3x*+6=x"—3x" +4+2=(x—2)2 (x+1)22,Vxe[1;3].

-1=3-
Do d6 phuong trinh dd cho ¢6 nghiém khi cac diu déng thirc dong thoi xay ra, nghia la _o_q * Sx=2.
Thir lai thy thoa man dé bai, két ludn nghiém (x y) {2 Lk 12+ 82 J,[2 1oV ]
4yt =127 19y +16 -2y +3y) (Va3 +x=1) =8,
Bai toan 33. Giai hé phuong trinh (\/ 4 e oy ( ) (x;y € R) .

3x* —11x+12=2y" -3y.
Loi gidi. )
bicu kién x >1. Phuong trinh thir nhat ciia hé tuong duong voi

N(zy2 “3y) +16-(2)? —3y)}(\/x+3 +x=1)=8
Pit 2% —3y = u:Alx—1 = v dua vé (\/u2 +16 —u)(\/vz +4 +v):8 . Ta bién déi

\/v2+4+v=%=%(\/u2 +16 +u)<::>2\/v2 +4+2v=~u’+16 +u
Vu® +16 —u

\/uz+16—u:\/2_L:2(\/v2+4—v)<:>2 V44 —2v=u’ +16 —u
vi+4+vy

Trir timg vé hai hé quata cod 4v=2u S u=2v<2y* —3y=2Jx—-1.
Phuong trinh thir hai tré thanh
3 —11x+12=2Jx-1 & x—1-2x—1 +1+3(X2 —4x+4)=0

Jx-1=1

o x—1—1)2+3(x—2)2=0<:>{ & x=2

x—2=0
Khidé 2y° -3y=2<ye {—0,5;2} = (x;y) = (2;—%},(2;2). Két luan hé co6 hai nghiém.
Nhdn xét.
DPéi véi bai todn sé 33 cdc ban van dat hai an phu 2y* =3y =u;Nx—1=v, nhung sau do sir dung tinh chdt don
diéu ham s6 nhw sau
e Bién d6i
(\/u +16 — u) (\/v +4 +v)
(Vi +16 —u) (P + 4 +v) =8 =

Q[@‘zwﬁ*‘]”@ﬁ“ H*‘

NiE +1+t |t|+t
J+1 \/12+1

e Suy ra ham s6 lién tuc va dong bién trén tap sb thuc. Thu dugc

f(KJZf(Z]sz—Qu—b@%/ —3y=2Jx-1.

o Xéthamsd f(t)=t+VE+1;teR tacd f'(t)= >0;VieR= f'(1)>0,VteR.

2 4 2 4
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Qua cdc bai todn trén, cac ban cé thé thdy van cing mét thién hwéng lién hop (ix +\x*+a )(iy +4/y +a ) =

tuy nhién cym bai toan 28 — 33 da duoc ndng cap hon so véi cum badi todn 24 — 27, trong do an x va dan y déu da
dwoc dn gidu sau cdc vo boc can thire, da thire bac cao, do la don bay ddy bai todn lén mirc dg rat kho.
Sau ddy la mét sé bai todn tiwong tw

o Str dung mdi lién hé y* —2y = 2+/2x -1 va lam nguoc tir hai phuong trinh
(\/x4—4x3+4x2+16+2x—x2)(\/2x+3+\/2x—l)=8

xt=2x* +2x=2/2x-1

H¢ phuong trinh tao thanh
(\/y4 4y + 452416 +2y—y2)(\/2x+3 +2x-1)=8,

(x;ye]R).
xt—-2x"+2x=y"-2y.

o Sirdung méi lién hé 20y* —5y = 3v/13x+12 va lam ngugc tir hai phuong trinh
(\/x4 _4x +4x* +16 +2x—x2)(\/2x+3 ++2x-1)=8
X' =7 +9x+41=6/13x+12

(\/y4 —4) +4y° +16 +2y—y2)(x/2x+3 +2x-1)=8,

Hé phuong trinh tao thanh (x;yeR).

x*=7x" +9x+41=2(20y° -5y).

o Str dung mdi lién hé y* +1=7+/7x—1va lam nguoc tir hai phuong trinh

X +xt+6x+7VTx— =8+7\/g
(m—\/7x—l)(\/x4+2x2 +50 +x2+l):7

(\/ﬂ—\/7x—l)(«/y4+2y2 +50 +y° +1):7,

X +x°+6x+y° =7+746.
Mot 56 hé phwong trinh khdc twong tir

(m+x)(\/ﬁ+y)=l,

Ux+2 +~/22-3x = * +8.

e )
¥ =3y =(3+y)y-) +x+4,
(x+1+M)(y+m):l,
y+3+32x—y+3=x'+3x%
(ﬁ—x)(ﬁﬂz)zl

26+x° :5x+y+(x+1)\/m.
(MHH)(WWZ):L

(y2+1)2 +43/x2(x2 —1)+7y2 =3x-6.
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Hé phuong trinh tao thanh (x;yeR).

1.

(x;ye]R).

(x;yeR).

(x;y eR).

(x;yeR).
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Bai toan 34. Trich lugc cau 2.2, Pé thi chon hoc sinh gioi 16p 12 THPT; Mon Toan; H¢ khong chuyén,; Pé thi
chinh thirc; Qué huong Thai Binh; Nam hoc 2011 —2012.

X A2+l =xy+ y+],

x;yeR).
(x+y—1) y+1=10. ( )

Giai hé phuong trinh {

Eipidi
x> +2y+1>0
y+120
Phuong trinh thir nhat d4 cho tuong duong véi
2

2
X=Xy +2y+1=(y+1) =0 x* (x—y)+ o =0

Diéu kién {

\/x2+2y+1+y+1
xX=y
@(x—y)(x2+ 2 L J_()@ x>+ Xty =0 (1
X2y +1+y+1 \/eryH
RS rang x+y—1>0=> x> + Xy > 0= (1) v6 nghiém.
\/x2+2y+1+y+1
V6i x = y thi phuong trinh thtr hai tré thanh
2x>1 2x>1
(2x_1)\/XT:10©{4x3—3x—39:0<:>{(x—3)(4x2+12x+13):0<:>x:3'
Két luan bai toan c6 nghiém duy nhat x=y=3.
Nhan xét.

Mdu chot cia bai todn la phdn tich theo nhdn tie chung x—y, cdc ban cé thé “cau ciru” suw tro givip ciia mdy tinh
b6 tiii Casio Fx — 570 ES Plus hodc twong dwong véi két qua dwoc cho boi

x=100= y =100

x=50=y=50 - — B

x=1000= y =1000
Tam vui mieng va phdn khéi vi nhdn tir “nhd, gon, dep”, cdc ban mon men theo nhén tir ndy, lai tiép tuc quan st
thdy x* —x*y = x* (x — y) nén ta manh dan sir dung phép lién hop véi cdc “thanh phan” con lai

2 2

X=Xy 2y +1-(y+1) =0 x* (x—y)+ r =0

\/x2+2y+1+y+1

x=y
@(x—y)(x2+\/27x+y J-O@ 24 x+y _0 (1)
X +2y+1+y+1 /7x2+2y+1+y+1
> Xét truong hop x = y, chiing ta xur Iy phuong trinh thir hai (2x—1)~vx+1=10.

Day la mot phuong trinh v ty ngan gon, stt dung may tinh bo tai thu duoc nghiém x =3, day la mot tién dé
danh cho phép lién hop kha quan ctia minh. Tuy nhién, néu dé y k¥ ching ta c6 thé thay néu nang liy thura
hai vé phuong trinh nay chi thu duoc phuong trinh t6i da béc ba, rd rang 1a “Giét ga dau can dao mo trau”
Nguu dao sat ké, cic ban ctr lam nhe nhang dé tranh d4nh gia hé qua

2x>1 2x>1
(2x—1)\/x+1=10<:>{ * {

f—
4x' —3x-39=0  |(x-3)(4x" +12x+13)=0
Nhu vay trudng hop thir nhit d3 xong!

< x=3.
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> Mot chudng ngai vit simg strg trudc mét khi budc phai xir Iy (1), cac ban cling nén chudn bj tinh hudng
xau nhét khi (1) c6 nghiém, tirc 13 ton tai mdi quan hé giita x va y tir day. Danh gia biéu thirc hé qua T bén
trai (1) thi c6 nhiéu cach 1dm, nhiéu cach con hy hiru va van dung téng hoa kién thirc nira. RS rang ta nén
tap tanh danh gia tu d& dén kho, tire 1a tam thoi dwa dAm x* >0,Vx e R, cac ban hdy tap trung vao phan
thirc trudc tién
X+y

\/xz 1oyl pal
May min thay, phan thtrc nay duong boi néu dé mat dén phuong trinh thi hai thi
(x+y l)x/m:lO:>x+y—1>O<:>x+y>l.
Moi su chuan bi hoan tit dan dén (1) vo nghiém.
Van dé dat ra tlep theo la viéc ké thira, twong t héa, tong qudt héa, mo réng bai todan dé tao ra su phong phu, da

dang, da chiéu ciing nhuw quen véi thao tac danh gid nay khi gdp nhitng tinh huéng tiép theo. Tinh riéng trueong hop
ke thura, cac ban chi can xay dung phuwong trinh thit hai co diéu kién x+y>a2>0, 0 la so toi thieu dam bao T

duong.
XA +2y+ 1 =xy + y+1,
=  Giai hé phuong trinh 7 Y (x;yeR).
x+y-l=x"—x+1.
XA +2y+ 1=y + y+1,
= Giai hé phuong trinh 4 ey (x;yeR).
2Jx+y-3=x"=5x—y+6.

3 2 _ 2
X A x +2y+l=x"y+y+1, (x;yeR).

Jx+y-2=4x"+x—-y+2.

\/x+y+3xx+y \/_+6y, (x'yeR)

X' +2xy+y* =5x+3y-2.

= Giai h¢ phuong trinh {

Bai toan 35. Giai hé phuong trinh {
Loi gidi.

bicukién x+y=>0;y>0.

Nhan xét cip s6 x = y = 0 khong thoa man hé ban dau. Phuong trinh thir nhat ctia hé twong duwong voéi

Sty =2y +3x(x+2)-6)* =0 ——2 _ 13(x=y)(x+2y)=0
xyﬁx(xy)y Q\/EJF\/Z (x=y)(x+2y)

x—y=0

ﬁ+3(x+2y)=0 (1)

ROrang x+y20;y20=>x+2y>2 0> ——
«/x+y+w/

D, 2—\/_] [2—%-\/—.2—#\/5}.

ver i (x2)
oLx=y= =>(xy)= 3 3
’ 2x*—4x+1=0 4 2 2 2 2

Két luan hé ban dau c6 hai nghiém ké trén.

<~

x+2y >0, (1) vo nghiém.

NX+Y +x(x+y):\/§+2y2,
X' +4y-3-3=y—3x-2.
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Bai toan 36. Giai hé phwong trinh trén tap sd thuc

Loi gidi.
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A 2 .
bicu kién y>0;x > 3 Phuong trinh thir nhat cua h¢ tuong duong

JX+y =2y +x*+xy-2y" =0
Y \/—y y—z)y

\/m_'_\/_ x+2y) 0
< (x—y) S S

RN

+x+2y>0,Vx2> %, Vy > 0 nén ta dugc x = y . Phuong trinh thir hai tré thanh

=0

1
RS 12
0 rang —T+y+\/§

X +4x-3-3=x—-3x-2 < Jx*+4x— (2 N3x— )+x 2
(x—2)(x+6) B 3(2—x)

Rt = +x-2
Vi +4x—3+3 N3x-2+2
3 x+6 B 1S x 3 +4x-3 3
2 - = (1)
Jx? +4x-3+3 3x-2+2 Jd +4x—3+3  Bx-2+2
_ 2x+12 2 x+3-+/x"+4x-3 3 2
Dé thay x+3—+/x’ +4x-3 = >0,Vx2—= + >0,Vx>—.
X434+ +4x-3 37 S 4ax—3+3  PBx-2+2 3

Phuong trinh (1) v6 nghiém nén hé c6 nghiém duy nhit x=y=2.

V(=1 +r =y y,
(Vr+2+42y—x+6)(2y-1-3)=4.

Bai toan 37. Giai hé phuong trinh (x;yeR).

Loi gidi.

Diéu kién x>0;y> % Phuong trinh thtr nhat cta hé twong duong véi

Ty i x 3 =0 x+xy—y—y’
Py (e =y =y C’Ww N

l+y

1/x+y X— 1 +y \/;4-

I+y

N g

Ta thay

1 1

Rérang tacd v2x—1-3>0=x>5.Xéthamsd f(x)=vx+2+Jx+6= f'(x)=
Ham s6 lién tuc va dong bién véi x>0 .

Xéthamsé g(x)=+2x-1-3>0= g'(x)= >0, ham s6 dong bién.

2x—1
Tich hai ham s6 dong bién va x4c dinh duong nén f(x).g(x) dong bién.
Honnita f(7).g(7)=4= x=7;y=7.Két luan hé c6 nghiém duy nhat.

2Jx+2 2\/x+6

>0,Vy>0= x = y. Phuong trinh tha hai:(\/x+2+\/x+6)(\/2x—l —3):4.
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Bai todn 38. Trich lugc D¢ thi thir stre trude ky thi THPT Quédc gia; Mon Toan; D& thi chinh thirc; Lan thir 2; Mia
thi 2016; Truong THPT Chuyén Thai Binh; Thanh pho Thai Binh; Tinh Thai Binh.

JX —xy+ 37+l =y 4y,

\/5x2+4y—\/)c2 —3x-18 :5\/;.

Giai hé phuong trinh (x;yeR).

Loi gid.
Diéu kién x> 0;x* —3x—18>0;y >0

RO rang truong hop x = y = 0 khong thda man hé nén véi x > 0;y > 0ta cd /x° —xy+ ) +y>0;\/;+\/;>0.
Phuong trinh tht nhat cia hé trong dwong voi

— 2 _ -y =0 x*=xy
e \/; X —xy+y 4y \/;Jr\/_

X 1
< (x—y + =
( ) X —xp+3 +y \/;Jr\/;

| Y
Ta ¢6 i + >0,Vx,y>0,dindén x=y.

X =xy+yP +y \/;-i-\/;

Phuong trinh thi hai ciia hé tré thanh v/5x” + 4x =vx? —3x—18 +5v/x .

Vi diéu kién x > 6 ta thu duoc
537 +4x = 2 +22x 18 +10vx[(x— 6)(x +3)
< 4x? —18x+18—10xA/[x—6:/x+3 =0
& 26 —9x+9—5x —6xx+3 =0
& 2(x* —6x) - 5vx* ~6xlx+3+3(x+3)=0
at \/m:u;\/m:vta duoc

2u’ —5uv+3v? =0c>(u—v)(2u—3v):0©{

u2=v2
4y* = R?
X2 —6x=x+3 x> =7x-3=0 7+\/5 7—\/5 3
= = =xc : ;——39
4x* —24x =9x+27 4x* -33x-27=0 2 2 4

7+;/a;9}:>(x;y):[7+;/a;7+;/a}(9;9)'

Poi chiéu dieu kién x> 6= x e {

Nhdn xét.
Bai todn sé 38 la mét bdi todn tong hoa trong dé
e Phuong trinh thir nhét khai thac theo phép lién hop voi nhan tir x— y, dya trén sy tro gitp cia may tinh bo
tui Casio Fx570 ES Plus hodac tuong duong.
e Phuong trinh thtr hé dwa vé hé qua mot an x, thudc 10p phuong trinh dong bac bac hai gian tiép.
RS

1
ar .
\/xz—xy+y2+y \/;+\/—

Mau thire ciia biéu thirc hé qua T khong phai luon luén dwong véi moi x va y thugc diéu kién xdc dinh nén trudc khi
st dung lién hop theo kiéu “cdu thanh mdu thirc”, cdc ban hdy xét kj edng triwong hop mau thire bang 0, tire ld

X —xy+y" +y=0 {xzyzo
=3
Vx+y =0 x=y=0
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Tuy nhién cdc ban hét sirc luu y biéu thirc hé qua T =
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Mot diéu odi oam la truong hop x =y =0nghiém ding phwong trinh thir nhdt, nhung van con may man khi né
khong thoa man phwong trinh thir hai, n6i chung la khong thoa man toan bg hé ban dau. Do dé trude khi bién doi
chung ta phai co loi dan dé hop logic, dong thoi loai bo kha nang nay ngay lap tirc
R& rang trudng hop x = y = 0 khong thoa man hé nén véi x>0,y > 0ta cod /x> —xp+1° +y > 0:+/x +./y > 0.
Trong mét s6 bdi todn, nguwdi ra dé cé thé “co y” bo tri hé van ldy kha nang X lam nghiém hy hitu
X: Cp s6 (x;»)1am cho mAu thirc bang 0.

Khi d6, véi X, ngueoi ra dé muon triét ha hodc lam khé nhitng ban mdi tdp tanh ddnh gid, dong thoi né ciing ndng
cao mike phire tap, gam tw duy chiéu sdu, du ciing la yéu cau doi véi mot bai todan hé phwong trinh khi ddt tai vi tri
phan logi thi sinh. Nhw vdy cac ban hay manh dan thu nghiém, xoay so, phat hién va thuc hanh nhiéu hon nita doi
voi hé phwong trinh phan chia hai cong doan theo mirc do: Co ban — Ndang cao.

Mot 56 bai todn ké thira cdc bai 37 va 38

Jrry(e=1) v =pely,
(x2—7y+l)m+x=0.
Jrrp(e=t)+r =y 4y,
(x2—6x+2)m+x=0.

(x* —8x+2)/8x=3 +x=0.

[ 2 2 _
briai b phuong trinh {V° 77 ) Rz,
NX—-2+4—-y =xy—6x+11.

o Giai hé phuong trinh (x;yeR).

o Gidi h¢ phuong trinh

(x;ye]R).

o Giai hé phuong trinh (x;yeR).

(x;ye]R).

VB -+ +x =y +4y,
o Giai hé phuong trinh - (x;y€R).
x—T+y-3=42(x=3) +2y-2.
VB =4y +x =y 4y,
o Giai h¢ phuong trinh x;yeR).
\/1+x+«/1—y=2—%. ( )
VB —xy+ 37 +x = y 4y,
o Gidi hé phuong trinh { | 3y x (x;yeR).
I-xp J1-x*
T -
Bai todn 39. Giai hé phuong trinh trén tip so thue y . 6
s :
V¥ +3 ¥ +3

Loi gidi.

biéukién x+y>0;y>0.

RO rang truong hop x = y =0khong thbamanhénén y>0= /x+y +.2y>0.
Phuong trinh thtr nhat trong dwong

(x—y)\/mw(\/m—@)=0®(x—y)\/m+y-ﬁ=0
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x y X+ Y+ 0= x=y,vi Jyx+y+——>0,Vy>0.
( 1/x+y+w/ ] \/x+y+«/
Phuong trinh thtt hai tr§ thanh ——— +1= (xeR).
Vx*+3 X' +3
Diéu kién x € R. Phuong trinh an x & trén twrong duong voi
2 2
SJS P N U, S P, AP S, S Y

]
HN
+
(98]

Vx* +3 PR3 X +3 [P

X +

Piit ———— =1 ta thu duoc 2t2+t—1:O<:>(2t—1)(t+1)=0<:>te{—l;l}
x*+3 2
X 1 x=>0 x>0
X4 =— , S < x=1.
x2+3 2 4x° =% +3 e{-L1}
X > x<0
<> =-lo—x=Vx"+3e¢ , , ©xed.
Vxt+3 X =x"+3

Két luan hé phuwong trinh da cho c6 nghiém duy nhat x=y=1.

Nhin xét.

Bai toan so 39 duwoi su tro giup cua may tinh bo tui Casio hodc twong dwong cac ban tim ra nhan tw x =y, tw do
manh nha di ghép nhom m—@vi ddc tinh x+y—-2y=x—y. Loi giai trén la mot phuwong an lién hop,
ngodi ra cdc ban cé thé tuan tw nhir thé nay

x+y +Xx y =7 = x y 0 <:> x= y +
() =By o S N [J_yJ— &0
Mot 56 ban doc con ¢ thé khai théc theo hudng phirong trinh dong bdc bdc ba ciing rdt khd quan

\ = y4/2
e Nhan xét WXTY =Y y:>x20.
y=0
e Bién ddi
xw/x+y:y1/2y<:>x2(x+y):2y3 S +xy-2y"=0

xX=y xX=y
— 24 2xp+2y*)=0

+1) +4
. . x—=2+ 8 + (y ) =
Bai toan 40. Giai hé phuong trinh trén tap so thuc y+3 x+3

\/;-l- 2x—-2y— \/_ 0

Loi gidi.

Diéu kién x>0;y>0;x— 2+L>0
y+3
Xét x = y =0khong la nghiém ctia h¢ nén x > 0; y > 0. Phuong trinh thir hai cua hé twong duong

\/;—\/;+2(x—y)\/;:0©ﬁ+2(x—y)\/;=0

1
& +2 O0=>x=y (Vi ———=+2y>0,Vx,y>0).
(xy[\/;h/— \/_] xy(l\/;+\/; y>0,Vx,y>0)
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T g8 (x+1) +4 o 8
Phuong trinh thir nhat tr¢ thanh |, [x—2+ + =3.Dbieukién x#-3;x-2+
x+3 x+3 x+3

Phuong trinh trén twong duong

2 +3)(x=2)+8 x? 2 2
9. 8 X +2x+5:3<:>\/(x )(x—2) LK H2HS Ix +x+2 X Hx+2
x+3 x+3 x+3 x+3 x+3 x+3

X +x+2
x+3

>0.

bat =t,t >0 tathu duoc

t=0 t=0 t=0 -
fii=2" (t—l)(t+2)=0<:> te{—2;l}<:> -

2
<:>\/@:1©x2+x+2=x+3c>x2=1<:>xe{—1;1}
X+

Déi chiéu diéu kién ta c6 nghiém x=y=1.

Nhan xét.

Bai toan 41 co phwong trinh thu hai kha don gian, voi sy tro giup cua may tinh Casio Fx570 ES Plus hodc twong
dwong, cdc ban dé dang tim dwoc nhan tir x— y khi gan

x=100= y =100
x=1000= y =1000
x=50=y=50

Ngodi cdch tach biéu thirc trong tir 107 gidi chiing ta ¢ thé sir dung

Vx+(2x=2y Dy =0 Vx =y +(2x -2y -1)/y +/y =0
@\/E—\/}+(2x—2y)\/§=o@ﬁ%\y/;u(x—y)\/}:o@...

Cdc ban c6 thé lam khé hé phurong trinh nay lén mire do phikc tap hon bang cach gam thém dai heong
k(x—y) >0,Vx,y 2> va(x;y).(x—y);f(x;y) >0,Vx,y>0.

Vx+(2x=2y-1)y+x =y =0,

= Giai hé phuong trinh X (2x=2y )\/; (x;yeR).
1+4x* +(4y-3)Jx—1=5y.
2Jx + 3x-3y-2)y+4x=4y,

= Giai hé phuong trinh ( )\f (x;yeR).

X4+ Y+6+2x,y+3 =4(y+\/x+3).

Vx+(3x=3y—1)[y +x* +xy-2)* =0,
»  Giai hé phuong trinh ( g )\/; ey (x;y eR).
(Bx+y=1)vx’+1=2x"+2y+1.
2x +(5x=5y-2)y + ¥+ x>y =2)",
»  Giai hé phuong trinh ( Y )\/; = (x;yeR).
(3x+y—1)Vx?+1=2x"+2y+1.
+y+1+4x—y =42y +1,
Bai to4an 41. Giai hé phuong trinh Ve VEmy=42y (x;yeR).
123/xy° +7x =x* +8y +15.

Loi gidi.
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2y +120;x0° +7x >0
Phuong trinh thir nhat ctia hé twong duong véi

N x+y+120;x—y =0 x>0
biéu kién &
x2y

X—Yy
1-y2y+1 -y=0 -y=0
\/x+y+ \/ y+ +\/x y Q\/x+y+1+\/2y+1+ xX—y
vVX—JY xX=y
S 3Jx - +x—y =0 /x- 1=
* \/x+y+1+\/2y+l \/x+y+l+\/2y+l+
. xX—y
T 1>0=x-y=0 =y.
aco \/x+y+1+\/2y+1+ >0=>\x-y=0x=y

Phuong trinh tht hai ciia hé twong duong 123/x° + 7x = x* +8x+15.
Ap dung bét dang thirc Cauchy cho 3 s6 thuc khong 4m ta c6

4{/x(x2+7)={/8.8x(x2+7) £8+8x;—x2+7 :x2+83x+15 =123 +7x <x* +8x+15.

Do d6 phuong trinh 4n x ¢6 nghiém khi 8x=x*+7=8< x=1.

Két luan hé co nghiém duy nhét x = y=1.

Nhan xét.

Bai todn sé 41 thoat tién cdc ban nhédn thdy c6 3 can thire, nhung néu sir dung suw tro' givip ciia mdy tinh Casio

Fx570 ES Plus chiing ta van khai thdc dwgc nhdn tr x—y hodc tham chi %/x—y, may mdan hon nita khi mét cdn
thiee da chwea dai lwong nay, theo lé tu nhién cac ban tam thoi thuc hién lién hop truc tié}? voi hai can thirc con lai

X—=y
Jx+y+1=2y+1+4/x—y Q\/x+y+1+\/2y+1+ x—y

Buide tiép theo cic ban khong nén lywa chon nhdn tir x — y ma liwa chon \Jx—y

NEED a +fx—y= 09\/_{ = +1J=o.

\/x+y+1+\/2y+1 \/x+y+1+\/2y+1
Vi sao ching ta lai lra chon phirong én nay, vi tranh tinh trang dat /x—y dudi mau thire, lic d6 bdt budc xét

trieong hop phuy x=y, dé dan dén coi nhe vai tro, xét qua loa, khéng cdn thin, trong khi déy lai la trieong hop
chinh, vé hinh chung dd hodn déi vai tro chinh — phy cia hai trieong hop, thét sw la khéng nén.

x+y+xy=y° +2\/;,

(x;ye]R).
x’y—5y° +8x+2=\/5y—6+\/8x+y—2.

Bai toan 42. Giai hé phuong trinh {
Loi gidi.

Diéu kién y> g; 8x+ y>2;3x+ y>0. Phuong trinh thir nhit twong duong véi

5t

x=y
. ==
@(*ﬂ[mﬂw}-o g O

+y>0,Vy>0nén (1) vo nghiém, thu dugc x=y.

Ta thay

3
\3x+y +2\/;
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Phuong trinh thir hai tré thanh
X =5x7 +8x+2=/5x—6+/9x -2

S x—Vx—6+x+2-VIx—2+x>=5x*+6x=0

x2—5x+6 x> —5x+6
+
x+\/5x—6 x+2+\/9x—2

1 1
(2 =5x+6 ( +
( ) x+\/5x—6 x+2+\/9x—2
1

+
x+5x—6 x+2+/9x-2

er(x2 —5x+6)=0

+xj:0 (2)

+x>O,Vx2§nén (2)ex’-5x+6=0=xe{2;3} = (xy)=(2:2).(3:3).

Lai ¢c6

xz—y2+1=2(\/;—\/E—x),

Bai toan 43. Giai hé phuong trinh
Vx+1l+4y-3+x-y=2.

(x;yeR).

Loi gidi.
bicu kién y > 3;x >—1. Phuong trinh thr nhat cua hé tuong duong voi

(x+1)2—y2+2(\/E—\/;):Oc>(x—y+1)(x+y+l)+ 2(x—y+1) =0

S (x—y+1)| x+ fle—z =0
g g \/x+1+\/;

Ta thay x+ y+1+ >0= x—y+1=0. Phuong trinh th hai tr& thanh

2
atl+dx—2=3 2x—1+2Vx* —x—2=9 < 24/x* —x—2 =10-2x

x<5

xX—x-2=x*-10x+25

Vay hé phuong trinh c¢6 nghiém duy nhat x=3;y =4.

\/mm/;:(\/zﬂ)\/;,

5x> —48y+47=./10y -9 +/8x +6y 5.

= xz—x—2=5—x<:>{ Sx=3=y=4

Bai toAn 44. Giai hé phuong trinh (x;yeR).

Loi gidi.

Diéu kién x>0;y > % . Phuong trinh thtr nhét cua hé twong duong voi

B ) T sl

e 27V 9

ety 2y Nx+fy
1 1
< (x- + =0
)\ o T
1 1
+ > 0 nén thu dugc x = y . Phuong trinh thir hai ctia hé tré thanh

oy 2y xeyy yE

5x% —48x+47 =10x—-9 ++/14x -5

& x—J10x—9 +x+2—+/14x -5 +5(x2 —10x+9):0

Ta thiy
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x2=10x+9 x2=10x+9

= +
x+410x-9 x+2++14x-5

<:>(x2—10x+9)( ! + ! +5]=0

x+410x-9 x+2++14x-5

+5(x2—10x+9)=0

1

1
+
x++10x—-9 x+2++/14x-5

Két luan hé co hai nghiém x=y=1Lx=y=9.

w/x+3y+x+1=(\/;+1)2,

Bai to4n 45. Giai hé phuong trinh (x;yeR).

6y2—17x+12—y=x/3x—2.
X

RO rang +5>0,Vx2%nén x2—10x+9:0c>xe{1;9}.

Loi gidi.

A /2 : .
bicu kién x > g; y 2 0. Phuong trinh thir nhat cua h¢ tuong duong voi

Jx+3y-2 Y D _y=0 - — 1]=0.
x+3y y+x-y=0& x+3y+2\/;+x y <:>(x y)( x+3y+2\/;+J

4 +1> 0nén thu dugc x = y . Phuong trinh thir hai tr¢ thanh
X3y + 2\/;

6x>—17x+12=~/3x-2 < x—/3x-2 +6(x2 —3x+2)=0

Ta thay

x*=3x+2

1
& —F— ——+6|=0
x++3x-2 x++3x-2 j

+6>O,Vx2§nénthudu:(jc X =3x+2=0cxe{l;2} . Kétlugn x=y=Lx=y=2.

+6(x2 —3x+2)=0<:>(x2 —3x+2)(

. 1

Ta thay ————
-+ 3% -2
Nhin xét. \ i )
Bai toan so 44 vé hinh thirc cdac ban co thé hoi “mong lung”, tuy nhién ddy la sy danh lac huong boi néu thuc hién

khai trién ching ta sé thu dwoc \Jx+y —~J2y + \/;—\/; =0. Sur dung may tinh bo tui Casio hodc twong duwong ta
¢6 nhdn tir x =y, hon nita cdc hiéu x+y—2y;x—ydeu dan dén x = y nén ta nhém

gV 2 :0<:>(x—y)( ! + ! ij.
NTSEN TR NTSEN TR

Bai todn 45 cdc ban hay manh dan khai trién hang dang thirc binh thuwong thi thdy bai todn that don gian!

\X+8y +2x/;:,/x+3y +3\/;,
NY-l+4x+4=2y-5.

Bai toan 46. Giai hé phuong trinh { (x;yeR).

Loi gidi.
bicu kién y >1;x > 0. Phuong trinh thir nhat cua h¢ tuong duong voi

S48y =3y +2Vx —fx 43y 0> ——n 4 my)
«/x+8y+3\/; 2\/;+1/x+3y
1 3

Q(x_y)(\/x+8y +3\/;+2\/;+\/x+3yJ:0
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Ta co >0;Vy >1,Vx > 0nén thu dugc x—y=0<=x=y.

1 8
+
\/x+8y +3\/; 3\/;+\/x+8y
Phuong trinh thir hai twrong duong véi

Vx—=1-2++vx+4-3=2x-10

x—95 x—5

= +
Nx—=142 Jx+4+3

x=35
=2(x-5) = 1 1

+ =2 (1
Nx—=1+2 Jx+4+3 ()

= % <2nén (1) vé nghiém. Tt day ta c6 nghi€ém x=y=5.

1 1

1 1

+ <—+=
Nx=1+2 ~x+4+3 2 3
,/x+8y+2\/_:,/x+3y +3\/;,

\/3x+1+\/4x+y+4 =x+y+3.

RO rang

(x;yeR).

Bai toan 47. Giai phuong trinh {

Loi gidi.
bicu kién x> 0;y > 0. Xét truong hop x = y =0 khong théa man hé da cho.
Vé6i x> 0;y >0, phuwong trinh thir nhét ciia hé twong dwong véi
x—y 3(x—y)
Jx+8y -3y +2dx - x+3y =0 + =0
\/x+8y+3\/; 2\/;+\/x+3y

1 3

C}(x_y)(\/x+8y +3\/;+2\/;+\/x+3yJ:0

> 0;Vy >0, Vx >0nén thu dugc x—y=0x=y.

1

8
\JX+8y +3\/;+3\/;+,/x+8y

Phuong trinh tht hai ciia h¢ tr& thanh V3x+1++/5x+4 =2x+3  (xeR).

Ta co

Diéu kién x > —% . Phuong trinh da cho tuong duong voi

2x+3—-3x+1-/5x+4 =0 x+1-Bx+1+x+2—-/5x+4=0

xz—x xz—x
= + =0
x+14+3x+1 x+2++/5x+4

1 1
+
x+1+\/3x+1 x+2+\/5x+4

@x(x—l)( j:o (1)

- >O,Vx2—%nén (1) = x(x-1)=0< xe{0;1}.

1
+
x+1++/3x+1 x+2++/5x+4

Két luan hé phuong trinh di cho c6 nghiém duy nhét (x; y) = (l; 1) "

Jx+5y +3\/;=\/a+w/x+8 :

8x2—10y+5=\/6x+y—2+\/6x+5y—1.

Ta thiy

(x;ye]R).

Bai toan 48. Giai hé phuong trinh {

Loi giai.

biéukién x>0;y>0;6x+y>2;6x+5y>1.

Xét truong hop x = y = 0 khdong thoa man h¢ da cho.

Véi x> 0;y >0, phuong trinh thir nhat ctia hé twong dwong véi
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8(x-y)

0 =
T Jit5y+4J6y  3Wx+x+8y
& (x-y) L ¢ _0
4 NX+5y +4/6y 3\/;+,/x+8y

1 8 x 2
+ >0,Vx>0,y>0néndandén x—y=0<=x=y.
\/x+5y+«/6y 3«/;+\/x+8y

Phuong trinh thér hai cua hé khi d6 twong dwong voi 8x> —10x+5=~/7x—2 ++/11x—1.

1/x+5y—\/5+3\/_— x+8y =

=0

Ta co

A 2 .
bicu kién x > = Phuong trinh trén tuong duong véi

2x —~Tx=2+4+2x+1-+11x—=1+8x*-14x+4=0
4 —Tx+2 4x* =Tx+2

= +
2x+N7x=-2 2x+1++/11x-1
<:>(4x2—7x+2)( 4 + ! +2J
2x+4/7x=2 2x+1++/11x—-1
+2>0,Vx2%nénthuduqc4x2—7x+2=0©xe{

7+Jﬁ,7+\/ﬁ].[7—ﬁ,7—\/ﬁ]}

8 8 8 8

+2(4x2—7x+2)=0

1 1

Vi +
2x+4/7x-2 2x+1++/11x—-1

7+\/ﬁ_7—\/ﬁ}
8 %8 W

Dbi chiéu diéu kién ta co tdp hop nghiém S = {(

Nhdn xét.
DPoéi voi cdc bai todn 46, 47 va 48, sit dung mdy tinh bo tii Casio Fx — 570 ES Plus hodc cong cu twong diong ta
khai thac dwoc phwong trinh thir nhat, cu thé thu dwoc méi quan hé x = y. Dya trén yéu t6 nay, ta dit x=y =k,
quan sdt ky hinh thirc phirong trinh, cde ban ¢6 cdc hwéng ghép biéu thirc nhir sau

o Cac bai toan 46 va 47

Jx+8y =k +8k =3k

imy—k o 2\/;=2\/Z {1/x+8y—3\/z—3\/;

3y =3k AN N AN

Jr+3y =k +3k =2k

Di dén ghép lién hop /x+8y -3,y +24/x — x+3y=o@\/x+’;;i3\/;+2\/§ixjxyz3y:o.
o Baitoan 48
\/x+5y=\/k+5k:\/@
i 3Wx =3k j{\/ﬁ_\/@_@
J6y =6k 3Wx =[x +8y =3k
Jx+8y =k +8k =3k
Di dén ghép lién hop [x+5y —/6y +3/x —/x+8y = X~y 8(x—y) ~0.

0 =
= \/x+5y +\/a+3\/;+\/x+8y

RG rang véi y tuwong nay, két hop véi phwong trinh lam ngieoe “kho khé” mét chiit, cdc ban cé thé tao ra dwoc rdt
nhiéu h¢é phuwong trinh thu vi, dai logi nhu
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47

3
v' Lam nguoc tir (1+lj (1+x*)=16; Pap s6 x=y=1.
X

\/2x+y +\/6x—y :\/§+ Sx,

Giai hé phuong trinh y 3
(x+—] (»*+1)=16y.
X

(x;ye]R).

v Lam nguge tir I/x+1=x" —15x" +75x—131.

JTx+y+22x =22y +\[7y+x,
W:xzy—15x2+75y—131.

v' Lam nguoc va dnh gia tir min| 6|x—1|+[3x—2|+2x]|=2; Papsd x=y=1.
JI7x+6y +\3x+4y =23y +/x +6y,
6lx—1|+[3y—2|+2x+31-y =2.

1 1
v Lam nguoc tir x=,/1——+,/x——.
x X

\/3x+6y +\/4x—y :\/2x+7y +\/§,

Giai hé phuong trinh 1 1 (x;y € R) .
2x—y=[1-—+,|y——.
y X

10 .
v Lam nguogc tir 2x° +33/x’ ~9=—;Dapso x=y=2.
P

Giai hé phuong trinh { (x;y€R)

Giai hé phuong trinh { (x;yeR).

\/3x+2y +\/5x+3y =\/x+4y +2\/x+y,

Giai hé phuong trinh 4 6 x;yeR).
X xy+3xt -9 =—+—. ( )
Xy

J3x+2y +22x+3y =3 /x+4y,

Bai todn 49. Giai hé phuong trinh \/x o) \/y(xz ) Y4y +5x+y+4  (ByeR).

243
Lo gidi.

Diéu kién céc can thire xac dinh. Truong hop x = y = 0 khong théa man hé da cho.
Ngoai truong hop do, phuong trinh thir nhat cua hé twong duong véi
J3X+2y —2x+3y +3{2x+3y -3 Jx+4y =0
- Ml N 3x-3y _0
\/3x+2y+\/2x+3y \/2x+3y+\/x+4y
1 3
S (x—y + =0
( )(\/3x+2y+\/2x+3y \/2x+3y+\/x+4y)
1 N 1
\/3x+2y+\/2x+3y \/2x+3y+\/x+4y

Laic6 >0=>x—-y=0x=y.

X +x*+6x+4

Khi d6 phwong trinh thit hai cta hé tro thanh \/x(x3 +2)+ \/x(xz +2) = A

Ap dung bét dang thirc lién hé trung binh cong — trung binh nhan ta ¢
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\/3x(x3+2)+\/3x(x2+2) < 3x+;3+2+3x+;2+2 :x3+x2;6x+4

:>\/x(x3+2)+\/x(x2+2) < X Ax bt 4

23

Do d6 phwong trinh 4n x c6 nghiém khi cac dau dang thiic xay ra < {

x> +2=3x
X Sx=l=x=y=1.
x +2=3x

Két luan hé d3 cho co nghi¢m duy nhat.

\/3x+2y +\/2x+3y :2\/x+4y,

\/y2+x+1—\/x2—y+1:\/§.

(x;y €R).

Bai toan 50. Giai hé phuong trinh {

Loi gidi.
Diéu kién cac cin thire xac dinh. Xét trudng hop x = y = 0 khong théa mén hé di cho.
Ngoai trudng hop dé, phuong trinh thir nhat cta hé twong duong véi
\/3x+2y —\/x+4y +\/2x+3y —\/x+4y =0
- 2x-2y N xX—y _0
\/3x+2y +\/x+4y \/2x+3y +\/x+4y
Q(X—y)( < ! Jzo

\/3x+2y +\/x+4y +\/2x+3y +\/x+4y
2 1

+
\/3x+2y+\/x+4y \/2x+3y+\/x+4y
Ta dugc x = y va phuong trinh thtr hai tr¢ thanh

\/x2+x+l—\/x2—x+l :\/5<:>\/x2+x+l:\/x2—x+l+\/§

<:>x2+x+1=x2—x+3+24/2(x2—x+1) @x—1:1/2(x2—x+1)
x2>1

x2>1
b= <9, Sxed
X 1

> 0vé6i x va y khong dong thoi bang 0.

RO rang

x*=2x+1=2x"-2x+2 =
Két luan hé phuong trinh da cho vo nghiém.
Nhan xét.
DPoi voi phuong trinh thi hai cia bai toan s6 50, thuc ra tdc gida lam nguege tir truong hop riéng m = 2 ciia bai
toan goc

A. Tim m dé phuong trinh sau c6 nghiém: \/x2 +x+1 —\/x2 —x+l=m.
C6 1é mét s6 ban doc da teng trai qua hodc dwoc doc, dwoc hoc o ddau do bai toan bién luan phwong trinh dién hinh
nguyén la bai toan trong Dé thi tuyén sinh Pai hoc; Mon Toan; Truong Dai hoc Luat Ha Noi; Mua thi 1995.

B. Xac dinh tham s6 a dé phuong trinh sau c6 nghiém 4x> +2x+1—v4x? —2x+1=2a.

Hai bai todn bién ludn tham sé a nay, c6 su dung mot phiwong phap dac trung danh cho cac bai toan dac thi, mang
tén phwong phap hinh hoc. Cu thé, voi bai toan A

e Trong mat phéng v6i hé toa d§ Oxy ta léy cac diém c6 toa do

A _l;ﬁ ,B l)ﬁ ,M(x;O).
22 22
o Khidd AB=1,MA=~x*+x+1;MB=x>—x+1.
e Hinh v€ minh hoa
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3 2 ] o 1 2 E] 4 R
R

e Theo bat dang thirc tam giac trong tam giac AMB ta co
|MA—MB|SAB:> \/xz+x+1—\/x2—x+1‘£1:>|m|él.

e Vi AB song song v6i truc hoanh va M nim trén xOx’ nén déu dang thic khong xay ra.

o Kétluan -l<m<1.
Tuy nhién do la mot phwong trinh chira tham $6, Véi cdc truong hop cu the chiing ta déu nhan ra sau khi chuyén vé
va binh phirong hai ve, dai lwong bdac hai bi tri¢t tiéu, phirong trinh cudi ciing thu dwoe t6i da bdc hai, ddy cé 1é
phirong dn t0i wu khi gidi 16p phwong trinh can khéng chita tham s, dong thoi la dang ddic thii cia phirong phdp
bién doi twong dwong gidai phirong trinh chira cdan

\/x2+x+1—\/x2—x+1 =\/§<:>\/x2+x+1=\/x2—x+l+x/§
<:>x2+x+1:x2—x+3+21/2(x2—x+1) Sx-1= 2(x2—x+1)

x>1 x=1
= = Sxed

X =2x+1=2x"-2x+2 |(x’=-1
Mot s6 hé phuwong trinh ké thira

3x+2y ++/2x+3y =2.x+4y,

= Giai hé phuong trinh \/x Y \/x 4 \/x g (x;ye]R).
¥ x4l —y+1=+2013.
3x+2y +4/2x+3 2. /x+4y,

=  Giai h¢ phuong trinh \/x a \/x Y \/x g (x;yeR).
\/y +x+1- \/x —y+1—\/§
3x+2y+4/2x+3 2\ /x+4y,

= Giai h¢ phuong trinh \/x a \/x ’ \/x g (x;yeR).
Oxyy +1+13y\/1 x’ =16.
3x+2 2x+3y =2 4

= Giai hé phuong trinh \/ o y+\/ T3y =2x+dy, (x;yeR).

=x"+3x+y+5.

3x+2y+242x+3y =3 4

=  Giai hé phuong trinh \/ *+ 2y 2y2x+3y =3x+4y, (x;yeR).
x+1+4x* —13x+5=0.

2y +24/2 4

=  Giai hé phuong trinh Ry =31 - 4 (x;yeR).
Pox+3+1=x +3x* +2x.

»  Giai h¢ phuong trinh \/3x+2y+2\/2x+3y 3\/x+4y, (x;ye]R).
X +3x7 =333x+5=1-3x.
3x+2y +242x+3 3Jx+4vy,

» Giai h¢ phuong trinh \/x 4 \/x a \/x g (x;yeR).
1+3x VX +x+2=3x"+3x+2.
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\JOX+y +37x =4 Sx+2y,

Bai toan 51. Giai hé phuong trinh x;yeR).
Y g 3x+y+7 —odxr2-1. ( Y )

Loi gidi.

biéu kién cac can thirc xac dinh.

Xét truong hop x = y = 0 khong thoa man h¢ da cho.

Ngoai truong hop d6, phuong trinh thir nhat caa hé twong duong véi

J6x+y —\5x+2y +3(\/7_—«/5x+2y):0

x—y 3(x—y)
& + =0
\/6x+y+\/5x+2y m+\/5x+2y

1 3
- + =0
<:>(x y)(\/6x+y+\/5x+2y \/ﬂ+\/5x+2y]

1 3

\/6x+y +\/5x+2y +\/ﬂ+,/5x+2y

Xét x = y thi phuong trinh thir hai tré thanh

RS rang > 0 khi x va y khong dong thoi bang 0.

7
x=——
24x7+7 7:2 1o -1 24x7+7 7: \/4x+7 4
o T ol ametl e iz (1)

x—4=x+2 (2)
2—x=m (3)

Taco (1)< ¥ —6x+9=x+3+2/x+2 & (x-3) = (Vx+2 +1)2 ©[

x=4 x>4
o Giai (2)@»{ {

=
X —8x+16=x+2 x> =9x+14=0

x<2 {xSZ 5-J17
S g

o) Giéi(3)<:> 5 5 & x
x —4dx+4=x+2 x =5x+2=0 2

Déi chiéu diéu kién x> 0= (x;9)= (7;7),[5_;/ﬁ ; S_E/EJ .
Nhan xét.
Cdc bai todn 49, 50 va 51 la phat trién mé réng ciia cdc bai todn truée do, véi s tro gitip ciia mdy tinh bé tii
Casio Fx — 570 ES Plus hodc twong dwong ta thu duoc quan hé x =y, tdac gia xin quay lai phan tich ky thuat lien
hop — truc can thirc nhu sau

o Baitoan 49

J3x+2y =[5k
Xx=y=k=4+2x+3y =\/§:\/3x+2y :\/2x+3y :\/x+4y.
«/x+4y:\/§

Mic du ba can thire ¢6 gid tri bang nhau khi x = y nhung tuyét di khong ghép \/3x +2y ~ \/2x +3y.

Céc ban phai tach dbi lwong “nhiéu hon”, san sé déu cho hai can thire nay. .
RO rang ching ta khong nén dai gi st dung lién hgp tao mau hi¢u, muc dich la phai lién hop tao mau tong
J3x+2y +22x+3y =3 x+4y =0 = 3x+2y —Jx +4y +2/2x+3y —2/x +4y =0.
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o Baitoan 50
Tathly x=y =k = \3x+2y =2x +3y =[x +4y =5k , din dén ghép lién hop
\/3x+2y +\/2x+3y—2\/x+4y :O<:>\/3x+2y—\/x+4y +\/2x+3y—\/x+4y =0.
o Baitoan 51
Ta thiy x =y =k = [6x+y =[5x+2y =~/7x =~/7k , dan dén ghép cap

\/6x+y—\/5x+2y +3\/§—3«/5x+2y =0<:>\/6x+y—\/5x+2y +3(x/ﬂ—q/5x+2y)=0

NX+Y =33y +22x—-y =0,
s 2 (x;y eR).
3x"+10y—-4=4| 5—— |\/5x—4.

y

Bai toan 52. Giai hé phuong trinh

Loi gidi.
Diéu kién xZ%;ZxZ y > 0. Phuong trinh thir nhat ctia hé twong duwong véi
«/x+y—\/§+2 2x—y—2\/§=0<:>\/x+y—\/§+2(«/2x—y—\/§)=0
X2y 4(x 2y) —0@(x—2y) ! + 4 =
1/)cher\/— A 2x— y+\/_ w/x+y+\/§ 1/2)c—y+\/§
4

0 >—2 >y 2>0do dé 2

\/x+y+\/_ \/2x y+\/_> voi x X2y 0ddo x=2y.

Phuong trinh thr hai ciia hé tré thanh 3x* +5x—4 = 4(5 —ijx/Sx—4 <30 +x(5x—-4)=4(5x—4)V5x 4.
X

Ta co

bat v/5x—4 =1 (1>0)ta thu duoc
35 +x” — 48 =0 3% (x—1) +3xt (x—1) +41 (x—1) =0 = (x—1) (35" +3x+47) =0 (1)
> __
Vi xZ?;t202>3x2+3xt+412 >0.Do do (1)<:>x=t<:>x:\/5x—4 =t *= 5 <:>xe{1;4}
x> —=5x+4=0

Két ludn hé c6 hai cdp nghiém (x;y)= (1 ;j (4:2).

Nhdn xét.

Véi bai todn sé 52 nay, sir dung cong cu mdy tinh bo tui Casio Fx — 570 ES Plus 6 I€ cac ban déu thdy rang moi
quan hé hai bién bang nhau dd khéng con nita, viy moi quan hé giita x va y chinh xdc nhw thé ndo, cdc ban hay sir
dung mét loat phép gan véi két qud thu dwoc nhw sau

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
X 100 1000 50 200
% 50 500 25 100
Moi lién hé x=2y x=2y x=2y x=2y
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Duea trén co so nay ta co

\/x+y =2k +k =3k
x=2y=2k= 2@22@ :«/x+y:\/§=w/2x—y
22x—y =222k —k =243k

Do do chung ta co dinh hvong ghép lién hop

NX+Y =23y +2 2x—y=0<:>,/x+y—\/§+21/2x—y—2\/3—:0

Qm_@+2(m_\/§):0 \/xj—cyi{/— \/ZLic(nyzr):/)_

\/x+y+\/x+6y=5\/;,
: R).
18y2+6x—5=3[6—3i}/6x—5. (xiy<R)

L

Bai toan 53. Giai hé phuong trinh

Loi gidi.

Diéu kién x > %; y >0 . Phuong trinh thtr nhét cia hé twong dwong voi

3
) 6y —3y=0 .
R R e v rewrl

(x-3y) [\/ﬁy”\/— \/x+6)1/+3\/_]

>0,x > : ;¥ >0neén tadugc x=3y.
\/x+y+2\/_ \/x+6y+3\/_ "6
Phuong trinh tht hai tré thanh 2x° +6x -5 :3(6—§j\/6x—5 < 2x° +x(6x—5)=3(6x—-5)v6x-5.

X
bat v6x—-5=t¢ (tZO)quyVé
25" +xt =36 =0 2x (x =) +3xt (x— 1) +36 (x—1) = 0 = (x =) (207 +3xt 4367 ) =0 (%)

RO rang

5
x2—

Ta c6 x2§;t20:>2x2+3xt+3t2>O.Khid(’) (*)ox=tox=VJox-51 6 < xe{l;5).
x*=6x+5=0

Két luan hé da cho c6 nghiém (x0)= (1;%),(5;%) .

Nhdn xét.
Dua trén co s¢ ghép cdp lién hop dwoc bé tri trude, két hop lam nguge phwong trinh mét an , cdc ban cé thé xdy
dung mot loat cac bai toan twong tw nhw sau

Y o fx =3 fBrry.

=  Giai hé phuong trinh 2 (x;yeR).
(3 +6y+7)V3x+1+(y* +10x+5)yx" + y+2 = 64,
JUx+2y +34/13x =4,/10x +3y,

* Giai hé phuong trinh 2x+y2—2 1= L (x;ye]R).
(y—l) +1
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53

J9x+y +410x =5./8x+2y,
27y =27y +5=~11x—1+/23y+3.

\J4x+3y +63/7x =7 2x+5y,

Giai hé phuong trinh _ x;yeR).
Y g 6x+y—-3 +1:m. ( y )
2xy—13y+5

\/2x+y+5\/5x—2y=6\/x+2y,
i R).
x +18xy 60y +41_, — (x;yeR)
4x* +y—14

J3x+2y —72x+3y +67x 2y =0,
y2—7x+14:(5x+6—%}/ﬂ. (xiyeR).
JTx+3y +fx+y = J6x+6y +2y,
Giai h¢ phuong trinh § 2x° +18x? +33x+17 _(6y+3)".
J3x+3y+5
\/5x+y+\/2x+y \/4x+3y+\/x+3y,
(27x-8)Jx+3y—3=2(8x+3y—7)/5x—1.
\/2x+y+\/3x+2y \/x+4y+\/2x+5y,
123y +2Jx—1=2x+3y+9.
\/2x+y+\/3x+2y 2\/;+m,
9y? +3y+x+3=4dxx+3+23y -1
\/x+2y+\/2x+7y \/—y+\/m,

43y+3—-x—-1=2x-3y+7.

|
|
b
{Wwwsmy J3it2y +2x 43y
{ ,
|
2
|
b

Giai hé phuong trinh { (x;yeR).

Giai hé phuong trinh

Giai h¢ phuong trinh

(x;ye]R).

Gidi hé phuong trinh

Giai hé phuong trinh (x;y € ]R) .

Giai hé phuong trinh

(x;ye]R).

Giai hé phuong trinh (x;yeR).

Giai hé phuong trinh [r=2x+1 2x+1 (x;yeR).

\/x+y+\/3x+2y \/_y+1/2x+7 ,
8x> +5y+2x+7 =6x,5y+8.

\/6x+y +\/x+5y=\/5x+2y +\/6_,

x+y =8x>—y-3.
(

Giai hé phuong trinh (x;yeR).

Giai hé phuong trinh (x;yeR).

\/5x+3y +\/7x+y \/3x+5y,
1082x+2 +2y+3 = y+23.

\/7x+4y+\/8x+y \/x+22y,
4x+9 (x;yeR).
28 '

Giai hé phuong trinh (x;yeR).

Gidi hé phuong trinh

(x;yeR).
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Bai todn 54. Trich lugc cAu 8; D8 thi thir stre trude ky thi THPT Qudc gia; Mon Toan; Lan thir nhat; Mua thi 2015;
Truong THPT Dong Loc; Huyén Can Loc; Tinh Ha Tinh.

Yxd +517 +14x+9 =2x* +2y —1+x+2,
\/3x+y—\/x—y +3(x+y)=0.

Giai hé phuong trinh { (x;yeR)
Loi gidi.

biéu kién can thuc xac dinh. Xét truong hop x = y =0 khong théa man hé da cho.
Ngoai truong hop do, phuong trinh thir hai cia hé tuong duong véi

2x+2y 2
+3(x+y)=0(x+ +3(=0.
\/3x+y+\/x—y (x y) (x y)[\/3x+y+\/x—y J
Ta théy +3 > 0vdi moi x, y thudc tap xac dinh nén thu dugc x+ y =0.
\/3x+y+\/x—y

Phuong trinh thir nhét ctia hé tré thanh 3/x° +5x% +14x+9 = 24/x* —2x—1 +x+2.
Diéu kién x> —2x—1>0 (*). Bién d6i vé

I +52% +14x+9 —(x+2) = 242> —2x -1

= x’ +5x° +14x+9 —(x+2) 20 U’ +5x> —14x+9 > x+2

S5 +14x+9> X +6x* +12x+8 <= x> —2x—1<0
Két hop diéu kién (*) ta dugc x> —2x—1:o@xe{1+ﬁ;1—ﬁ} :>(x;y)=(l+\/§;—1—\/§),(1—\/§;\/5—1).

Vay h¢ da cho co6 hai nghi¢m.

2\/x+3y +3\/x+8y +x:y+l3\/;,

Bai to4an 55. Giai hé phuong trinh > (x;yeR).
2x2y+3xy+8x+2=x(x+y+3) ¥ +=+6.
X

Loi gidi.
2 2
biéu kién x+3y20;x+8y20;y20;x¢0;y2+—+620. Xét truong hgp x = y =0 khong thoa man hé da cho.
X

Ngoai trudng hop do, phuong trinh thir nhat cta hé twong dwong véi
2x+3y -4y +3Jyx+8y -9y +x—-y=0
2(x-y) 3(x-y)

< \/x+3y +2\/;+\/x+8y +3\/;
<:>(x—y) 2 + 3 +1(=0
\/x+3y+2\/; ,/x+8y+3\/;

+1>0vo1 moi x va y thudc tap xac dinh nén ta dugc x=y.

+x-y=0

2 3

+
NX+3y +2\/; \X+8y +3\/;
Phuong trinh thit hai trg thanh 2x° +3x” +8x+2 = x(2x+3) , /xz +%+6.

X

Vi

Diéu kién x(x3 +6x+2)20;x¢ 0.

Phuong trinh trén twong duong véi

2x2+2+3x+8=(2x+3),/x2 26 @)C2+%+6—2X‘/x2 +z+6+x2—3,/x2 1264301220
X X X X X
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5 ‘/x2+z+6=x+1 (1)
Dit ,[x’+=+6-x=¢ tathuduge ¢ -3t+2=0(1-1)(t-2) =0 te{l;2} & *
X
,/x2+2+6=x+2 (2)
X
Xét hai truong hop xay ra

> (1)@{)62_1 {xk—l @xe{5+\/ﬂ;5_m}.

3 2 - 2
X +6x+2=x(x’ +2x+1) |26 —5x-2=0 4 4

x>-2 x=>-2 1
> (2)eq , & o xeq-=sl;.
X +6x+2=x(x +4x+4) 4x* —2x-2=0 2

5+\/H;5+\/Hj,(l;l).

4 4

Doi chiéu diéu kién, hé phuong trinh da cho ¢6 hai nghiém (x;y) = (

\/x+2y+2\/2x+y +x—y=3\/37,

2_
=y +ax= | F =2+

2y" —x+2

Bai todn 56. Giai hé phuong trinh trén tip sb thuc

Loi gidi.
¥ —y+1

Y —x+2

«/x+2y—\/§+2(«/2x+y—\/§)+x—y:0

X—y 2(x

_y)
= | A e
1 2
_ 1{=0
@(x y)(\/x+2y+\/§+\/2x+y+\/§+]

1 2
Vi + +1>0,Vx;y>0néntaco x—y=0<x=y.
\/x+2y+«/3y \/2x+y+«/3y Y 1 g
2_
Phuong trinh thtt hai tro thanh 1—x ++/x = xz—x+1 (1)
2x"=x+2
Ta ¢6 (\/1—x+\/;)2:1+21/(1—x)x21:>x/1—x+\/;21.

2
Mit khic (x—1)220<:>x2—2x+1202>0<x2—x+l£2x2—x+2®‘/;Z—X—i_gél.
X =X+

(l—x)x:O
x—1=0

Két luan hé c6 nghiém duy nhit x=y=1.

Didu kién x>0,0< y<I; > (. Phuong trinh thir nhat cta hé twong duong véi

+x-y=0

Dodc')(l)cc')nghiémkhi{ Sx=1=y=I.

\/x+3y +\/3x+y +x:y+4\/;,

JJx+2y-2 :x3y+(x—l)(y—4).
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56

Loi gidi.
bicu kién y > 0. Xét truong hop x = y = 0 khong thoa man h¢ da cho.
Ngoai truong hop do, phuong trinh thir nhat caa hé twong duong véi

JxX+3y —2\/;+\/3x+ -2y +x-y=0
Xy 3(x—y)

VTSN AN TN
1 3 B
c>(x_y)[\/x+3y +2\/;+\/3x+y +2\/;+1J_0

1 3 X A
Nhan xét + +1> 0khi x va y khong dong thoi bang 0.
\/x+3y+2\/; \/3x+y+2\/;

Vi truong hop x = y thi phuong trinh thtr hai ctiia h¢ tré thanh
J3x=2=x" +(x—1)(x—4)c> x-2=x"+x*-5x+4
x=2=x"—dx+3+x*—x+1 (1)

+x-y=0

Nhan xét
X' —dx+3=(x" = 2x+1) (¢ 4 2x43) = (x=1)’ | (x+1) +2|20,vVx R

1Y 3
¥ —x+l=|x——=| +=>0,VxeR
2 4
Do d6 tir(1)suyra x* —4x+3+x" —x+1>0=3/3x-2 >O:>x>§.

Khi d6x* —3x+2=(x-1)’ (x+2)20,‘v’x>§:>x3 >3x-2=3Bx-2<x.

Mat khac x4—4x+3+x2—2x+1:x4—4x+3+(x—1)2 >0,VxeR=x'—4x+3+x" —x+1>x.

Do d6 (1) c6 nghiém khi cac ddu déng thic xay ra dong thoi, tic1a x=1=>x=y=1.

Jx+2 x+y+x:y+(\/§+l)\/;

(x;yeR).
4/4)6—3 +3x+2y-2=x*+1.
y

Bai toan 58. Giai hé phuong trinh

Loi gidi.

Diéu kién x > %; y > 0. Phuong trinh thir nhat cta hé twong duong véi

&—ﬁﬂ(ﬁ—@)ﬂ—wo
x=y 2(x-y)

x+\/_ Jx+y+2y
1 2 B
@(x—y)[\/;+\/;+\/m+\/g+lJ—0

1
Ta co + +1>0=>x-y=0x=y.
\/;-f‘\/; \/x+y+1/2y

Phuong trinh thir hai ciia hé tré thanh 4x—3 +3/3x—2 = x* +1.
Ap dung bt dang thirc lién hé trung binh cong — trung binh nhan ta c6

+x—y=0
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{‘/4x—3+%/3x—2S4x_3-;1+1+1+3x_23+1+1=2xSx2+l.
Dau dang thirc xdy rakhi 4x-3=3x-2=1l<x=1=>x=y=1.
Bai toan 59. Giai hé phuong trinh
\/x+y+\/3x—y+x3=2 2y +5°,
(x;ye]R).
(x+2)(2y—1)—3\/x+6:4— (y+6)(2x—1)+3 y+2.

Loi gidi.
Diéu kién 3x > y;xZ%; yZ%. Phuong trinh da cho tuong duong véi
X+ Yy =2y +3x—y =2y +x =3’ =0

X-y 3(x—y) 2 2
- =0
<:>\/x+y+\/5+\/3x_y+ 2y+(x y)(x +xy+y)

=0

B 1 3 2 2

e
1 3 1

NX+Y +\/§+\/3x—y +\/5

1
2 2>0,Vx>2=,Vy2—.
+x"+xy+y >0,Vx 5 y 5
Do do6 thu dugc x = y va phuong trinh thir hai ctia hé tré thanh
Jx+2)(2x—1)=3Jx+6 =4— [(x+6)(2x—1) +3Vx +2.
Bién d6i phuong trinh vé dang (\/x+6+\/x+2)(\/2x—l—3):4<:>f(x):4 (1)

Nhan xét

Xét cac truong hop sau

> Néu%£x<5 thi f(x)<0<4,suyra(1)vo nghiém.

> Néu x>5 thi f’(x)z( ] : j(\/2x—1—3)+ XHOANYH2 g wa>s.

+
2Wx+6  24x+2 V2x-1
Trong trudng hop nay ham sb dong bién, ngodira (1) < f(x)=f(7)=4<x=7.
Phuong trinh da cho ¢6 duy nhat nghiém x=7suyra x=y="7.
Nhdn xét. ) ) )
Cac bai toan tir 54 dén 59 la [6p bai toan ke thira cac bai toan trudc do, la sy két hop gitta can thirc va da thirc.
Cdc ban co the dé dang xdy dung cac hé phwong trinh khac nhu sau, chi y rang dg kho hé phwong trinh ciing phu
thugc rat nhiéu vao phwong trinh vé ty dwoc lam nguoc

Jx+2 x+y+x=y+(\/5+1)\/;
6(x—1),/y+1+(y2+2)(x/x—1—3)=x2y+2x.
Lam ngugc phuong trinh thir hai tir bai toan 6(x—l)\/x+1+(x2+2)( x—1—3)=x3+2x.

(T4/419; Pé ra ky nay; Thang 5 ndm 2012; Tap chi Toan hoc va Tudi tré; Nha Xuat ban Gido duc).

Jx+2 x+y+x=y+(\/§+1)\/;
Yr+y+2y +24f6 -y + 26— x =26 +24/6.

Lam ngugc phuong trinh thir hai tir bai toan IV.2; Dé thi tuyén sinh Pai hoc — Cao ding; Mon Toan; Dé
chinh thirc; Khoi A; Mua thi 2008.

v' Giai hé phuong trinh (x;yeR).

v' Giai hé phuong trinh (x;yeR).
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Tim cdc gid tri ciia tham s6 m dé phirong trinh sau c6 ding hai nghiém thwc phén biét
P2x +42x + 26— x + 246 —x =m.

\/x+3y +\/3x+y +x:y+4\/;,

3
x +3xy -1 :3(\/2x—y —\/y—l) .
Lam ngugc phuong trinh thir hai tir bai toan
» ’ 3
Tim a dé bat phwong trinh sau c6 nghiém: x* +3x” —1< a(\/;— \/x—l) .

(Dé thi tuyén sinh Pai hoc — Cao déng; Moén Toéan; Khéi A; Bé thi chinh thirc; Trudong Pai hoc Bach khoa
Ha No6i; Mua thi 2000).

\/x+3y +\/3x+y +x=y+4\/;,
4x+1+22y +3 = (x=1)(xp -2).
Lam nguoc phuong trinh thir hai tir bai toan 4+/x +1+2+/2x+3 = (x—l)(x2 —2).

\/x+2y+2\/2x+y+x—y=3\/3—,
: R).
(y5+x—1)5+(3x—2y)5:2—x. (xiy k)
Y
Phuong trinh thtr hai dugc lam ngugc tir bai toan (x5 +x—1)5 +x°=2.

(T6/443; Dé ra ky nay; Thang 5 ndm 2014; Tap chi Toan hoc va Tudi tré; Nha Xuat ban Giao duc).

Jx+ x—1+\/;(x—y)=\/yT2,

x2+{/y2(y2+2x—1) =3.

v' Giai hé phuong trinh (x;yeR).

v' Giai hé phuong trinh { (x;yeR).

v Giai hé phuong trinh

Bai toan 60. Giai hé phuong trinh (x;yeR).

Loi gidi.
bicu kién x >1;y > 2 . Phuong trinh thir nhat cua h¢ tuong duong voi

—0 (xmp I+
(x—y—l)\/;+m—\/yT2—0 (x—y 1)\/_ 2 0

+\/x—1+\/y—2

>0,Vx>1;y>2néntadugc y=x+1.

@(x—y+1)(\/} 1 ]:0

1
Vi Vx +
Vx—1+4y-2
Phuong trinh thir hai ctia hé tré thanh

(=143 (y-2) =3<:>y2—2y+13/y2(y—2)=2<:>y—§+3/y—%—2=0.

bit 3/y—g = ¢ dan dén
Yy

t3+t—2=o@(t—1)(x2+t+2)=0@t:1@y—3:1
y

<:>y2—y—2=0®ye{—l;2}:>y:2;x:l
Doi chiéu diéu kién két luan hé c6 nghiém duy nhat (x;»)=(1;2).
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Jxalyx2 432 41427 +1= [y +1,
Bai toan 61. Giai hé phuong trinh ; veR).
ai toan iai hé p g trin JiTes 9x _5\/;:\/; (x;yeR)

\2x—y+8
Huwéng din.

Diéu kién x > 0;y > 0. Phuong trinh thtr nhét ctia hé twong dwong voi
x—y N (x=y)(x+y)
Vx+1+4y+1 \/x2+y2+1+\/2y2+1

1 (x+y)
S (x—y + =0
( )L/x+1+\/y+l V2 + 77 +14+4/297 +1

1 i (x+)
Vx+l+4/y+1 \/x2+y2+1+\/2y2+1
Phuong trinh thir hai cua hé khi d6 tré thanh

2)e x+8+\/9ig—6«/;:0<:>x+8+9x—6\/x2+8x=0<:>5x+4=3\/x2+8x
X+

RO rang >0,Vx>0,y>0nén x=y.

Sx+4>0 >3 xz_2
1250 +40x+16=9(x +8x) T ], *y 5 el
FEETREIE T e —32x+16=0  |(x—-1)" =0

Két luan hé phuong trinh c6 nghiém duy nhat x=y =1.

’4+3 13y +1=44y" +1 243,
Bai toan 62. Giai hé phuong trinh Va3 443" =4y + Ly (x;y€R).
2\/2x2—y2+3—\/8+2x—y2=x.

Loi gidi.
Diéu kién cac cin thire xac dinh. Phuong trinh thr nhat cta hé twong duong véi
VP +3 =41 43+ 4312 +1-J4)* +1=0

xz_yz xz—y

2

=0
X +3 4417 +3 +\/x2+3y2+1+\/4y2+1
x2:y2
=4 1 1
VP +344/y7 +3 +\/x2+3y2+1+\/4y2+1 =0 W
1 'l

RO rang > 0nén (1) vé nghiém.

X +3 4417 +3 +\/x2+3y2+1+\/4y2+1

V6i x* = y* phuong trinh thit hai trdr thanh 24/x° +3 —v/8+2x —x* = x & 2Jx* +3 —x=4/9—(x—1)" .

Tap xac dinh D. Ta c6

9—(x-1)" <3, Vxe D=>2/x*+3-x<3 & 2/x* +3 <x+3
x=-3 x=-3
S 5 = , <©x=1
4 +12< 2 +6x+9  |3(x—1)" =0
Do d6 phuong trinh ¢6 nghiém (x;y)=(1;-1),(L1).
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Nhdn xét.
Cdc bai todn 61 va 62 déu cé phwong trinh hé qua vo nghiém, trong dé bai todn sé 61 ¢é biéu thike hé qua T dwong
véi diéu kién xdc dinh ban dau, bai toan 62 dac biét sir dung nguyén ven hé thirc x* = y* chir khéng chia trieong
hop. Lieu ¥ thém, phwong trinh thit hai ciia bai todn s6 62 tdc gia da lam ngwoc tir bai todn
Giai phuong trinh 2v/x” +3 —v8+2x—x> =x [1].
> Bai 2(47); Thi Giai toan qua thu; S6 47; Thang 1 nim 2007; Tap chi Toan tudi tho 2 THCS; Nha Xuit ban
Giao duc Viét Nam.

» Tac gia: Cao Xuan Nam — Gido vién Truong THPT Chuyén Ha Giang; Thi xa Ha Giang; Tinh Ha Giang.
Ngoai phiong dn sir dung danh gia — bat dang thire doi véi [1] nhue trén, ban doc cé thé sir dung phirong phdp sir
dung dai lwong lién hop — truc can thiec voi ky thudt lién hop nghiém kép hitu ty.

x+2y 3\/_y+\/x —y +3y =0,

Bai toan 63. Giai hé phuong trinh _
2xt+xy+2x—1 _3_Jx.

(x;yeR).

y +1
Loi gidi. o
bicu kién x > 0;y > 0. Truong hop hai bién bang 0 khong thoa man h¢.
Ngoai truong hop nay, pthO’ng trinh thtr nhét cta hé tuong dwong voi

x+2y 2\/_y+\/x —y 13y \/— 0
2(x—y) (x—»)(x+)

TN AN e
x+y
(x—y L/x+2y+\/— \/x -y +3y+\/>}

xX+y
\/x+2y+\/ \/x -y +3y +4/3y
Phuong trinh thir hai tré thanh
2xt 4 xP 4+ 2x - l_3 NEPS 2x* +x* +2x-1

Ta thay >0,Vx >0,y >0nén thu dugc x=y.

ox+fx—142x-2=0

x+1 x+1
=1 x-1 1 1
= + +2(x-1)=0(x-1 + +21|=0
ol x+l (x=1) ( )(xz—x” Vx+1 J
2
RO rang x2—x+1:(x—lj +E>O,Vxe]R:> - ! + ! +2>0,Vx>0nén ta thu dugc x=1.
2 g4 —x+1 Jx+1

Két luan hé c6 nghiém duy nhit x=y=1.
Nhan xét.

: 2x* +x° +2x -1
Phwong trinh thir hai cua bai toan 63 tac gia da lam ngwoc tw phwong trinh x gl T i Jx.
x +

Bai todn nay c6 guéon goc — Xudt xir

= Bai 3(69); Thi Gidi toan qua thu; SO 69; Thang 11 nam 2008; Tap chi Toan tudi tho 2 THCS; Nha Xuat ban

Giao duc Viét Nam.

» Téc gia: Kieu Binh Minh — Gido vién Truong THPT Thanh Ba; Huyén Thanh Ba; Tinh Pht Tho.
Ngoai cach giai trén; cac ban doc gia co thé sw dung phwong phap danh gia — bat dang thirc nhung can xét ky
luong cac truong hop nhu sau
2x* +x% +2x— 1 2x° +3- 1_2 3 \/> loai.

X +1 X +1

e Xét0<x<Il=>
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. Xétx>1:>2x +x+2x-1 2x*+3- 1_2 3 \/»1031

x +1 x +1
e Xét x =1thi phuong trinh nghi¢m dung.
Piém nhan khdc cia phicong trinh thir hai @6 1a yéu té x >0 vu héi ciing y > 0 ciia phwong trinh thir nhat, lam co
s& dé danh gid biéu thirc hé qud T & phia sau. Téc gid hy vong cdc ban ddc gid, cdc ban thi sinh c6 thé dao sdu, tim
10i, mé réng va phat hién hwéng di mdi trong viée gidi, xdy dung bai todn twong tw. Vé phwong trinh thir nhat cia
hé, c6 1é khong qud khé dé nhdn ra nhan tir x — y dwa trén céng cu may tinh bé tii Casio Fx — 570ES Plus hodc cdc
cong cu twong duong.

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
% 100 1000 50 200
¥ 100 1000 50 200
MGéi lién hé x=y xX=y xX=y =

Pé ghép biéu thire chudn bi lién hop, chiing ta nhdn xét cdc can
2Jx+2y =2k +2k =23k

2 iy -2 { x+2y =23y
\/x -y 43y = \/k2 K> +3k =3k Xy = \/_

Quan sat phirong trinh chot ¢é 33k nén thwe hién ghép

x—y) (x=»)(x+y)
x+2y 2By +/x* =12 +3y -3y = 0@\/x+2y—:}\/> e yy+3y+y\/_ 0.

X2V +4+0x+2 =430 +4 +(y+2,

Bai toan 64. Giai hé phuong trinh 3 | (x;yeR).
x/2x—1+«/3y3—2:%ﬂbc—y—ﬂ.
Loi gidi.
Diéu kién xzé; yZi/% . Phuong trinh thtr nhét cta hé trong dwong voi
Jx+2—y+2 4+ +257 +4=\32 +4 =0
xoy . (=y)(xty)
\/x+2+\/y+2 X +2)7 +4 443y +4
1 (x+)
S (x—y A =0=>x=y
( )!\/X+1+\/y+1 \/x2+y2+1+\/2y2+1
3 —
Phuong trinh thit hai ciia h¢ tro thanh ~2x—1++/3x° - :%-ﬂx—ﬂ.

Ap dung bt dang thirc lién hé trung binh cong — trung binh nhan ta c6
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3 3 3
Jox T4 —p g 2x bl e =24l 3 +2x-1 3x +2x-1
Do d6 phuong trinh an x c6 nghiém khi cac dau déng thirc xdy ra, tc 1a 2x—1=3x"-2=1<x=1.

+|x—l|.

8x* —26y+7 =4y —1+xTx~y,
i a \/y x\/x g (x;yeR).

Bai toan 65. Giai hé phuong trinh
\/x2 +3y° +\/x2 +7xy+8y° =6y.

Loi gidi.

Diéu kién y> %; Ix>2y=>y2 %; e % . Phuong trinh thur hai ctia hé tuong duong

X439 =2y X" +7xy+8y° —4y=0

x’ =y N x” +7xy —8y°
\/x +3y° +2y \/x +7xy+8y° +4y

=0

x y X+y x+8y
VX +3)° +2y \/x +7xy+8)° +4y
xX+y x+8y

1 1
RO rang >O,Vy2—,Vx22—8néntaduqc xX=y.

+
X437 42y JxP+Txy+8y° +4y

Khi d6 phuong trinh thir nhat cta hé tro thanh
8x2 —26x+7 =~/4x—1+x/6x
& x—Jdx—1+x° +x—x\/a+7x2 —28x+7=0

<:>x—x/4x—1+x(x+1—x/a)+7(x2—4x+l)=0
x> —4x+1 by x’ —4x+1 ( P
x+\/4x—1 x+1+\/a
1 X
o (X —4x+1 +F +7 (=0
( )(x+\/4x—1 x+1+\/a j

RO rang L + al +7>O,Vx2%nénthudu’(_)c x2—4x+l=0<:>x=2+\/§;x:2—\/§.

x++4x—-1 x+l+\/a

Déi chidu diéu kién ta c6 nghiém x=y=2+3;x=y=2-3.

Nhan xét. ,

Véi bai todn sé 65, cdc ban con c6 thé khai thac phiong trinh thir hai theo hudng di dong bdc nhdt
bat x = ky, phuong trinh tht hai tré thanh

—4x+1)=0

y=0
VR +3 4k +Tk+8=6 (2)

Vin dé dat ra la giai phicong trinh (2), diéu nay la bdt budc, sau khi nham dwoc nghiém ta sir dung dai leong lién
hop — truc can thuc

\/kzyz+3y2 +\/162y2 +7ky2+8y2 =6y<:>{

2 2 .
JP+3 24 IC 4Tk +8—4=0 1, KT8 _,
VK 4342 kK +7k+8+4

<:>(k 1{ k+1 k+8 j 0
NE +3+2 \/ +7k+8+4

Biéu thirc hé qua T néu chi ¥ diéu kién xdc dinh mot chit cac ban sé thcfy khong kho khan
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x=ky,y>— x>%:>k>0 k+l + k+8 >0,Vk>0.

VK +3+2 NK +7k+8+4
Ngodi ra, véi co s k>0, doi véi cde ban hoc sinh da hoc chwong trinh Dai so - Giai tich l6p 11, 12 THPT ching
ta co y tuwong s dung cong cu dao ham — khao sat ham so
= Xét f(k)=vK +3+VK> +Tk+8;k>0.
= Daoham f'(k)= k + i >0,Vk>0.
VK2 +3 N +7k+8
*» Ham s6 lién tuc va dong bién véi k duong.

= fh)=6=f(k)=F(1)=k=1.

\/x2 +3xy +\/10xy—y2 = 5\/x_,

7x* +3? —10x+5=Tx =2 +/11y-1.

Bai toan 66. Giai hé phuong trinh { (x;yeR).

Loi gidi.

Diéu kién x > %; Y= 11—1 . Phuong trinh thtr nhit ciia hé twong duong véi

X7 +3xy —2\/5+«/10xy—y2 —3\/520
x(x—y) y(x-y)

X +3xy +2\/_ \J10xy —y +3\/_
) - + L =
\/)c2 +3xy +2\/x7 \/ley—y2 +3\/E

Nhéan xét >0, Vx_2,y>%nenthuduo’c xX=y.

\/x +3xy+2\/— \/le)/ h% +3\/_

Phuong trinh thir hai cua hé khi d6 tr¢ thanh
8x* —10x+5=+7x—2 ++/11x—1
& 2x—~Tx=2+2x+1-1lx—1+8x* —14x+4 =0
4 —Tx+2  4x°—Tx+2

= +
2x+~NT7x=2 2x+1++11x-1

f=—g

+2(4x2—7x+2)=0

1 1
(4 =Tx+2 + +21=0
( )(2x+\/7x—2 2x+1++11x-1 J

Vi L, 1 +2>0,%x> Znén thu duge 4x> —7x+2=0 < re 7+\/ﬁ57_\/ﬁ '
2x+7x-2  2x+1+4/11x -1 7 i °

So sanh vé6i diéu kién ta c¢6 hai nghiém x =y = 7+g/ﬁ;x:y: 7_§/ﬁ'

Nhdn xet.

Cé 1é dén day cdc ban ddc gia deu da cé thé tw xdy dung cho minh nhitng hé phwong trinh twong tw nhw I6p bai
toan 61 — 66, tac gia ciing xin khai quat cac bwoc nhw sau
A. Luya chon mot mdi quan hé ty 18 thuan (I) giita x va y, chang han x ~ ky
B. Lua chon mot phuong trinh vo ty (IT) ton tai kha nang lién hop khai phé ra x ~ ky va biéu thirc hé qua T.
C. Phuong trinh (II) dam bao yéu cau 7 > 0v T < 0vdi diéu kién xac dinh ban dau, cao hon nita 1a diéu kién co
nghiém duoc xir 1y triét dé theo tong thé hé phuong trinh.
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D. Phuong trinh (II) dam béo gidi dugc nghiém chinh xéac véi diéu kién x4c dinh ban dau, cao hon nita 13 diéu
kién c6 nghiém duoc xur 1y triét de theo tong thé h¢ phuong trinh.
Xin gioi thiéu mot so hé phwong trinh dé cac ban tham khao va luyén tap nhw sau

Vil +32 41427 +1=Jy+1,
5x% =2y —10y+4=4x—1+.f6y.
Phurong trinh thir hai dwoc lam nguoc tir 3x° —10x+4 = Jax—1++/6x .
\/x2+3+\/x2+3y2+1=\/4y2+l+\/y2+3,
(x+2)/4)7 +5+(2x+2))? +2 = 3.

Phwong trinh thir hai dwoc lam nguoc tie (x+2)\/m+(2x+2) b -2 =3.

+2y-3 +4/x =" +3 0,
e Gidi hé phuong trinh{ g 3yl -y 3y =

9x* —11xy+7y+2=+11x—1+4/23y +3.

e Gidi hé phuong trinh { (x; Ve R) .

e Gidi hé phuong trinh (x; Ve ]R) .

(x;yeR).

Phuwong trinh thir hai dwoc lam nguwoc tir 9x° =11x> + Tx+2 = Jx—1++23x+3 .

. Giéihéphuongtrinh{sz+2y2+4+\/XT:V3y2+4+\/m’
X'+ —Sx:(y—3)\/3x—2 +(x—2)\/4y—3.
Phuwong trinh thir hai dwoc lam nguoc tir 2x* —5x = (x—3)\/3x—2 +(x—2)\/4x—3 .
2y —5x =y’ ~1)\5x =6 +(x* - 4) /4y -3,
\/x2 +3y° +\/x2 +7xy+8y> =6y.
Phurong trinh thir nhdt dwoc lam nguwoce tie 2x° —5x = (x2 —1)\/5x—6 +(x2 —4)\/4x—3 .

X2 +3xy +4/10xy — y* =5/xy,
Gidi hé phuong trinh {J y +10x-y" =5y

(x;ye]R).

e Gidi hé phuong trinh

(x;ye]R).

(x;yeR).

(27x-8)y/2y =3 =2(9y~7)/5x 1.
Phucong trinh thit hai dwc lam ngwoe tir (27x—8)x2x—=3 =2(9x—7)+/5x 1.
V& + 37 2 -y =2y,
\/;er\/g:?’.
\/x2 +3y? +\/5x2 +4y* =5y =0,

P+ y—2x+2 3x +y —t 2(3x+1

Phuong trinh thir hai dugc lam nguge tir x° ++/x —+v2x+2 =3x+1+,/2(3x+1).
\/x2 +6)° Jr\/3x2 +4y° = 2\/7)/,
JI=x +\2x—y* =l11x—4x* -5,

Phuong trinh tht hai dugce lam nguoc tir v1—x ++/2x—x* >~/11x—4x> =5 .
(Cau 2.1; Dé thi chon hoc sinh gidi 16p 12 THPT; Moén Toan; Dé thi chinh thirc; S¢ Gido duc va Pao tao
Tinh Ninh Binh; Nam hoc 2015 —2016).

\/xz +6y° +\/3x2 +4y° :2\/7)/,
V2x—1+33x-2=2y.

e (Giai hé phuong trinh { (x; NS ]R) .

e (Giai hé phuong trinh x yE R) 3

e Gidi hé phuong trinh (x; Ve R) .

(x;ye]R).

e Giai hé phuong trinh {
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Phuong trinh thtr hai dugc lam nguoc tu V2x—1+3Bx-2=2x.
\/x2+3xy+\/2x2+7xy=5y,
e Gidi hé phuong trinh y-3 1 (x;ye]R).
Px1-1 Jy+3-Jx3
x=3 _ 1
V2x-1-1 Jx+3-x-3
Jet3y 43+ =2y 42y,
] (x;yeR)  (x;yeR).

X3 2
x_m:g(uﬁ |

Phuong trinh thir hai dugc lam nguoc tir Yx—+/x—3 = ?[1 +%) .
X

X2 4397 44207 + 37 +1 =2y 44257 +1,

Phuong trinh thir hai dugc lam nguogc tur

e Gidi hé phuong trinh

e Giai hé phuong trinh (x;yeR).
VX =242=y+,2y-2.
Phuong trinh thtr hai duoc 1am nguogc tir 4/y* —2+2=p+./2y-2.
VX =xy+ 3" +x = y+4/y,
e (Giai hé phuong trinh Yoy v 4 \/; (x;ye]R).
J3y+3—5-2x =y —3x> ~10y +26.

Phuong trinh thir hai duge 1am nguoe tir v/3x +3 —~/5—2x = x* —3x* —10x+26 .

et ex =y,

8 +3y+(4x’ + y-2)/x+4 =4,
Phuong trinh thtr hai dugc 1am nguoc tir 8x* +3x + (4x2 +x— 2)\/m =4.
R

6x° +15x° +4y+1=(3x* +8y+Ta+1)yx* —4y +1.
Phuong trinh thir hai dugce 1am nguoc tir 6x° +15x> +x+1= (3x2 +9x+ l)m
Jx —6xy+y? +4x =y 46y,

2
(2 12y—1+x+1) =9x? +21x+6y—15.

e Giai hé phuong trinh (x;yeR).

e (Giai hé phuong trinh (x;y € ]R).

e Giai hé phuong trinh (x;yeR).

2
Phuong trinh tht hai dugc lam nguoc tir (2\/2x “+x+ 1) =9x> +22x—15.

\3x> —6xp+)° +\/;:y+\/2_,

e Giai hé phuong trinh ; 4x* ~11x+1  (xyeR).
Jay —3xrl42y=22 X
y y 4(y_1)2

2
Phuong trinh thir hai duge 1am ngugce tir /x* —3x+1+x = A mllxsd .

(x-2)
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3x—y

3x=3y+1- ,
Bai toan 67. Giai hé phwong trinh trén tap sd thuc Xty

\/2(x+y)+\/4x2 —3x =2x7 +3;x‘

Loi gidi.
Diéu kién x+y>0;3x—y > 0;x(4x—3)20. R rang trudng hop x = y =0 khong théa man hé.
Phuong trinh thir hai ctiia hé twuong duong

(3x—3y—1)\/x+y +\/3x—y =0 3(x—y)\/x+y +\/3x—y —\/x+y =0

@3(x—y)m+ 2x=) =0<:>(x—y)(3 X+y+

\/ 3x—y+ \/ X+y
D2 thdy 3/x+y + > 0 khi x va y khong dong thoi bang 0.
\/ 3x—y+ \/x +y
Ap dung bét dang thirc lién hé trung binh cong — trung binh nhén cho phuong trinh thir hai ta c6
< 2+x+y A 4x* —3x+1

\/2(x+y)+\/4x2—3x_ > 5 =2x" +

x+y=2

¢ =0
\/3x—y +\/x+y

3-2x+y :2x2+3—x

Phuong trinh thir hai c6 nghiém khi dau dang thirc xay ra khi {4x* —3x=1<x=y=1.

X=y
Két luan hé c6 nghiém duy nhit.
Nhdn xét.
Bdi todn s6 67 mo dau cho 16p hé phwong trinh mdi, ky thwe ciing khé néi ranh mach vé 16p hé nay, tdc gid xin
dwoc tam goi la hé phwong trinh “BAN LIEN HOP” hodc “LIEN HOP KHONG HOAN TOAN”, tir “BAN” trong
nghia Han — Viét dwoc hiéu la “mot nika, mot bén, ¢ gitta hodc ling chimg”, nhuw cdc ban da tirng nghe: ban cau,
ban két, da ban, ban nguyét, ...
Giai thich cho tén goi trén la dang thirc biéu thirc hé qua T cua hé duwoc tao ra dua trén biéu thirc ¢6 san va phép
lién hop mét lan, la sw mé rong cia l6p bai todn 34 — 45 da dwoc dé cdp trude day.

(ax+by+ c)[f(x;y) + %} =0trong dé f(x;y)khong ton tai dudi dang phdn thic.

3 x+y+3+(4x—4y—3) 2y+3=0,

Bai toAn 68. Giai hé phuong trinh trén tap sb thuc ) 1 xy+1
Y+.3y =3y+—=
x

y
Loi gidi.

Didu kign 3y? —3y+L > 0,2+
X

>20;2y+320;x+y+3=>0.

R& rang truong hop \/ x+y+3+ \/ 2y +3 =0 khong thoa man hé. Phuong trinh tht nhét ctia hé trong dwong voi
3J2x+y+3-32y+3+4(x—y)42y+3=0

3(x~)
+4(x— 2y+3=0
\/2x+y+3+\/2y+3 (e=r)2y
< (x-y) ) +4{2y+3 [=0=>x=y
\/2x+y+3+\/2y+3
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Khi d6 phuong trinh thir hai tré thanh

x+\/3x —3x+l:\/x+ @\/3)6 —3x+l:\/x+l—x
< 3x7 —3x+——x+——2x‘/x+ +x? <:>2x,/x+ +2x*+16 =4x
/ 1
Sxfx+—+x'+8=2x x+ +x+—:
X X b

bat ‘/x+l:t,t>0taduo’c tz+t=2:>t=2:>x+l=2<:>x=l:>x=y=1.
X X

Vay phuong trinh da cho c6 nghiém duy nhat x=y=1.

(2x—y)\/x+y+3 =x\/2y+3,

L (x;yeR)
3x7 4+ —1+4/4x =3 —[x+y—2 =0.

Bai toan 69. Giai hé phuong trinh {

Loi gidi.

Diéu kién 2y +3>0;x> %;x +y >2. Phuong trinh tht nhét ctia hé trong dwong voi

(x—y)«/x+y+3 +x(\/x+y+3—\/2y+3)=0
<:>(x—y),/x+y+3+ x(x—y)

\/x+y+3 +\/2y+3 -
’
S(x=p)|Jx+y+3+ =0
( )( \/x+y+3+\/2y+3J
Ro rang /x+y+3+ al >0,Vx 22, dan dén x = y . Phuong trinh thir hai ctia hé tré thanh
\/x+y+3+\/2y+3 4
4x* —1+~/4x -3 -2x-2=0
2x-1

<:>(2x—1)(2x+1)+\/4x_3+\/2x_2 =

1 ]:o (1)

Jax-3+2x-2
3 . 1 1
>0,Vx>=nén () x=—=x=y=—.
4 2 2

c>(2x—1)(2x+1+

Lai thiy 2x+1+

VAx—3+2x=2
Ty ) ; 1
Vay h¢ phuong trinh d€ bai c6 nghiém duy nhat x =y = oF
Nhdn xét.
s . ~ » ropa = A C e &
Co lé cdc ban da quen voi dang thirc hé qua phia sau lién hop (ax +by + c) —+—+...+k |=0vdi cdc yéu to

> %>0 C>Ok>OAB const .

> B, Ddasb 1a tong cac can thic.
Dui rang déi liic mét s6 ban bé sét nghiém khi ”quén ” khéng xét tinh huong hy hﬂ"u B =0; D =0nhung phép danh
gid biéu thirc hé qua T ciia ching ta van dién ra rat thudn loi. Diéu gi sé xdy ra neu nhw A va B déu dwoc thay thé
boi cdc da thike, thadm chi can thire, 6 rang khi dé T ciia minh sé phirc tap hon rat nhiéu.
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Cdc bdi todn tir 67 dén 69 nhw dd néi, la ba thi du mé man cho 16p hé phwong trinh nhu thé. Véi su tro gitp ciia
may tinh bé tui Casio Fx — 570ES Plus hodc cong cu tuwong dwong, cac ban djc gia dé dang co dwoc bang sau voi
phwong trinh thir nhat cua ca ba bai toan

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
X 100 1000 50 200
y 100 1000 50 200
Méi lién hé x=y xX=y xX=y xX=y

Khai thac phirong trinh thir nhdt bai todn sé 67 ¢6 cdc bude
e A.Nhan chéo quy ddng (3x—3y—1)/x+y +4/3x—y =0.

2x =2y

B. Chu ¥ quan sat nhan tir x— yva déy \/3x—y—\/x+y=\/3 \/ )
X—YH+x+y

C. Ghép biéu thirc lién hop

3(x—y)\/x+y+\/3x—y—\/x+y=O<:>3(x—y)\/m+ 2(x—y) =0.

\/3x—y+\/x+y -

2
\/3x—y+\/x+y'
e E. D& phong truong hop \/3x—y +\/x+y =0 thong qua truong hop x=y =0.

D. Danh gi4 biéu thirc hé qua T =3/x+ y +

e Sip xép lai thir ty thyc hién E—>A4—>B—>C—>D.

Khai thac phwong trinh thir nhat bai toan so 68 co cac buoc
e A.Chuyquansatnhanti x—yvadéy x+y+3—(2y+3)=x-y.
e B. Ghép biéu thirc lién hop

3Jxty+3-32y+3+4(x—p)\2y+3 =0 3(r-y) +4(x—y)2y+3=0.

\/x+y+3+\/2y+3
e C.Danh gia biéu thirc hé qua T = 3 +42y+3 .
\/x+y+3+\/2y+3
e D. DPé phong truong hop \/x+y+3 +\/2y+3 = 0thong qua xét (x;y):(—%;—%j khong thoa man hé.

e Sap xép lai thir ty thyc hién D —> A4 — B —C.
Khai thac phuwong trinh thir nhat bai toan so 69 co cdc buoc
e A.Chuyén vé d6i dau (2x—y)\/x+y+3 —x\/2y+3 =0.

e B.Chiyquansatnhantr x—yvadéy x+y+3—(2y+3)=x-y.

e C. Ghép biéu thirc lién hop

(x—y)\/x+y+3 +x(\/x+y+3—\/2y+3):0<:>(x_y)\/m+ x(X—J’)

\/x+y+3+\/2y+3 -
v6i chu y DKXD.

X

e D.Dénh gia biéu thirc hé qua T =[x+ y+3 +
\/x+y+3+\/2y+3
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69

e E.Dé phong truong hop \/x+y+3 +\/2y+3 = 0thong qua xét (x;y) = (—i;—%j khong thoa man hé.

2
e Sip xép lai thir ty thuc hién E—>A4—>B—>C—D.
Tam thoi chiing ta c6 mot so bai toan ké thira nhu sau
3x—

cre A . x+y’
% Giai h¢ phuong trinh x ;V € ]R

er

Phuong trinh thtr hai dugc lam nguoc tr x+ 3Bxr=— + 3,2x+ L :
X x

3x=3y+1-

3Jx+y+3+(4x—-4y-3)2y+3 =0,
% Giai hé phuong trinh{ g ( =32y (x;yeR).

(3x—1){3y—2=4y"—9xy+7x.

Phuong trinh thtr hai duge lam nguoc tir (3x—1)v/3x—2 =4x" —9x + 7x.
(2x—y)1/x+y+3 =X\J2y +3,

% Giai h¢ phuong trinh 2

y=(1+x/§+\/})(1—,/1—\/}) .

2
Phuong trinh thtr hai dugc lam nguoc tir x = (1 +42 +\/;)(1 —\1- \/;) .

(x;ye]R).

Sx=y+x+y-3=2+(x+y)(2x—y)+3x—-4,
Bai toan 71. Giai hé phuong trinh g y ( y)( y) (x;yeR).
Jy+V2-x* =2.
Loi gidi.
y=0;2—-x>>0

Diéu kién
x+y—-3>20;3x>4

Truomg hop 3x-4 = \/ x+ y—3 = 0khong théa mén hé nén phuong trinh thir nhat cua hé twong duong véi
(x+y)(2x—y)—5x+y+2+J3x_4_\/x+y_3 =0

=0

) 2x—-y-1
J3x— 4+\/x+y 3

1
2x—y-1)| x+y—-2+ =0
N )(x g \/3x—4+\/x+y—3J

> (0= y=2x—-1. Phuong trinh tht hai cua h¢ tr¢ thanh

<:>(x+y—2)(2x y—

1
V3x—4 +\/x+y—3
Khi d6 phuong trinh tht hai cta hé tr& thanh v2x—1+v2-x> =2 (1).
Ap dung bt dang thic lién hé trung binh cong — trung binh nhan ta c6

x—14+v2—% = [1(2x=1) +.1(2 - S1+2x—1_i_1+2—x2 :3+2x—x2
v (2x-1)

Vix+y-2+

2 2 2
2 4—(x—-1) f
3+2)2c X _ (’; ) ngzj\/zx—l‘F 2-x<2
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. 2x—-1=1
Do do6 phuong trinh (1) ¢6 nghi€m khi cac dau dang thuc xay ra, tic la {2 s Sx=1.
—Xx =
D6i chiéu diéu kién, két luan hé vo nghiém.
Nhdn xét. ) ]
Doi voi bai toan nay, phat hién phwong trinh thir nhat dong vai tro chot, cac ban can thuc hién “ban lién hop” thu
nghiém.

o Bién ddi twong duong 2x* +xy— y* —5x+y+2+\/3x—4—\/x+y—3 =0.
o Khéng qué khé nhanra 3x—4—(x+y—3)=2x— y—1khi lién hop truc tiép hai can.

o Dudodn 2x* +xy—y’ —5x+y+2=0& (2x—y—l).g(x;y) =0.
o St dung cong cu may tinh bo tai Casio Fx — 570ES Plus hodc trong duong chi véi hai 1an thir thu duoc
T6 hop phim — Shift Calc Shift Calc
X 100 1000
y 199 1999
MGéi lién hé 2x—y—1=0 2x—y—1=0
o Ghép biéu thirc lién hop

(x+y)(2x—y)—5x+y+2+J3x_4_\/x+y_3 -0

2x—-y-1
+y-2)(2x-y-1)+ =0
<:>(x g )( i ) \/3x—4+\/x+y—3
1
S(2x—-y-1)| x+y-2+ =0
(2x=y )(x g \/3x—4+\/x+y—3J
1

o Panh gia biéu thac hé qua T =x+y—2+ dwa trén mot phan PKXP lax+ y>3.

\/3x—4+\/x+y—3
Nhue vdy, cde ban c6 thé thay khi gidi hé phwong trinh chita nhan tir chung thong qua phép lién hop — truc can thike,
chiing ta khong nhdt thiét phai sir dung cong cu mdy tinh bo tii Casio Fx — 570ES Plus véi todan bé hé, mét khi da
c6 nhdn tir gon gang khi lién hop truc tiép hai can, chi can thwc hién mét thao tic nhé véi da thire ngodi can da
dan dén két qua tuyét voi.

Ngodi ra, da thirc bé tri phia ngodi, mét da thirc da dwoc nhiéu dau sach tham khao ldy lam phiong trinh chot
trong cdc thi du phén tich nhan tir, ciing dwoc tdc gia trén day, sir dung trich hege trong cau 2; Dé thi tuyén sinh
lop 10 THPT; Mon Toan (Danh cho cac thi sinh dy thi chuyén Todn, chuyén Tin hoc), Truong DPHKH Tuw nhién;
Pai hoc Quéc gia Ha Noi; Niam hoc 2003 — 2004.

2x" +xy—y’ —Sx+y+2=0,

2

Giai hé phuong trinh
X¥+y +x+y—4=0.

(x—y)(,/2y+3 +1)+«/x+y+4 +1=0,

Bai toan 72. Giai hé phuong trinh n (x;yeR).
2x3+5x2+4x+1=x(x+y+4) x4
\ X

Huéng din.
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Diéu kién y> —%;x >0vx<—L;x+y+4>0.Phuong trinh th& nhit cta hé twong duong véi

X— y+1+1/x+y+4+x y y+3=0

<:>x—y+1+\/x+y+4—\/2y+3 +(x—y+1)42y+3=0

x—y+1
—y+1+ +(x—y+1)y2y+3=0
A \/x+y+4+\/2y+3 (x g ) g
1
+1 +42y+3|=0
(x 1 )( \/x+y+4+\/2y+3 Y J
Vil+\/x+y+4l+\/2y+3+«/2y+3 > 0voi PKXD nén ta dugc y=x+1.

Phuong trinh thir hai ctia hé tré thanh

2x° +5x° +4x+1=x (2x+5),|x 1 <:>2x +1+5x+4 (2x+5),/x +l
X

& x +——2x‘/x + +x —5,/x + +5x+4 O@(,/x +l—xJ —5[‘/x +l—xJ+4 0
1

Pit ,[x* +— —x =u ta dugc u’ =5u+4=0<uell;4
X

1 Lok
v u=le,[x*+—=x+1=x>-1, doi chitu PKXD dugc x=-1.

x
>4
) 1 Y x2—4 —4-32 —4+32
V u=4& Ix+—=x+4141 I S xe ; )
X —=8x+16 8x +16x—-1=0 4 4
x

—4+3\2

D6i chiéu diéu kién xac dinh ta c6 nghiém x =y = Z
Nhdn xét.

Chdc han nhiéu ban déc gia, nhiéu ban thi sinh khi hoc todn, lam todn, ddc biét khi luyén tap vé chuyén dé
phuong trinh, bdt phwong trinh, hé phwong trinh, thadm chi tu lam nguyén ven mot de thi thir sikc, dé thi chinh thirc
chudn bi cho cac ky thi hoc sinh gioi cac cap, chuyén cap, sat hach hay ky thi tuyén sinh Pai hoc — Cao dang déu
cé tam 1y muon lam dwoe nhiéu de thi, nhiéu bai tdp nham tang cwong tri e, kj nang. Mbi khi dimg truée dé bai,
dé thi ¢6 nhiéu cdu, hinh thic tong hop, phong phii, da dang chiing ta sé co tam Iy phdn chan, himg khéi, xong phd
béi ban tinh t6 mo, ham muon chinh phuc cia con ngwoi. Tuy nhién néu khong duwoc luyén tdp thanh thuc, khong
bai ban, khong khai quat, mo rong mot bai toan nho, cac ban bat budc ddi mat véi cam giac moi la, bo ngo va bo
cudc khi gdp nhitng bai todn “tir trén troi nhung gan ngay truée mdt”. Lau dan cam gide nay tién héa tré thanh so
sét, e ngai, né tranh moi khi nhin thdy né, néi chung la “lyc bt tong tam”. Lam viéc gi ciing vdy, khong nén dot
chay giai doan, phai c6 cong tac chudn b, ké hoach “hiém ddc”, tuan tu, tiém can timg bude di téi giai doan chin
muoi, dé sau do

béanh mot tran, sach khong kinh ngac
béanh hai trdn, tan tac chim muodng.
Con gi6 to trat sach 14 kho,

T4 kién hong sut toang dé vd.

(Binh Ngo DPai cdo — Nguyén Trai; 1428).
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Thiét nghi, luyén tdp hé phwong trinh cdc ban can luyén tdp theo I6p tuan tw, mét 16p gom nhiéu bai, xong 1op nay
dén 16p khac, dao sdu suy nghi, lién hé, néu cé co hdi sé phdt trién I6p cii khi ¢6 thoi co-

Bdi todn s6 72 & trén ciing vdy, hinh thire cong kénh khi dwoc gin cde da thike vao can lam né phire tap hon so
Vvoi cac bai todn trudc, chung ta hday cung nhau kham pha nhé

» Su dung cong cu may tinh bo tui Casio Fx — 570ES Plus hodc cong cu twong duong dinh hudng nhan ti

Té hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
X 100 1000 50 200
y 101 1001 51 201
MGdi lién hé y=x+1 y=x+1 y=x+1 Ve

=  Pé y hiéu hai biéu thirc trong can x+ y+4— (2y + 3) = x— y+1nén dy kién ghép lién hop hai cin

\/x+y+4—\/2y+3 =

x—y+l
\/x+y+4+\/2y+3 '

= Thir nghiém bién ddi theo nhéan tir x— y+1

x—y+l+x+y+4 +(x—y) 2y+3=0

<:>\/x+y+4—\/2y+3 +x—y+1+(x—y)\/2y+3 +\/2y+3 =0

x—y+1
+x—y+l+(x—y+1)/2y+3=0
\/x+y+4+\/2y+3 ( )
bén day thi mirc d¢ khai thac thanh cong da dat 96,69%, hehe.
= DPanh gia biéu thirc hé qua T =1+ ! +:2y+3 .
\/x+y+4+\/2y+3

Phirong trinh thir hai cua hé sau khi dua vé mét dn thudc vé phLm’ng phap dat a an phu (kj thudt dat mot an phu hodc
an phu khong hoan toan), diéu nay can c¢é qud trinh luyén tdp tong thé va lwa chon ding hwéng, tac gia xin dwoe
mién binh ludn.

X—y+2x2x+y =(x+y),/x+2y,

Bai toan 73. Giai hé phuong trinh X 1 _ (x;y € R).
\/? 2-2x*+y*
Loi gidi. ]
bicu kién can thic xac dinh. Truong hop x = y = 0 bi loai nén phuong trinh thir nhat ctia hé tuong duong voi
x—y+(x+y)(\/2x+y—\/x+2y)+(x—y) 2x+y =0

(x—y)+ (x+y)(x—y)

+(x—y) 2x+y =0

\/2x+y+\/x+2y
X+y
S(x—y)| 1+ +42x+y [=0
(x y)[ \/2x+y+\/x+2y g y]
, 2x+y20 x+y
T =>x+y20=1+ +2x+y>0=>x=y.
hee {x+2y20 Yy \/2x+y+\/x+2y Yy Y

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM TRUNG POAN VU VAN DUNG; QUAN DPOAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4)
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Phuong trinh thir hai ctia hé tré thanh

X 1 X 1 1 3
+ =2 + S——==
J2—xr 2-x J2—x2 2-x" 2 2
X x’ 3 2x x’
= + == =3

= +
\/2—x2 2(2—x2) 2<:>\/2—x2 2-x’

bat ==t tathuduoe 21 +7" =3 (1-1)(t+3)=0=1e{-31}.
2—-x
> x>0 x>0
o t=lx=V2—x & 5 , o9, Sx=1.
x =2—-x =1
> x<0 x<0 3
0 t=3&x=-32-x & 5 , & X S x=—F.
x*=9.2-9x 5x7=9 Js

Két hop diéu kién ta thu duogc nghi¢ém x=1x = —% dan dén nghiém x=y=1.

Nhdn xét.

v' Sitr dung may tinh bo tai Casio Fx — 570ES Plus hodc cong cu twong duong dbi v6i phuwong trinh thir nhat

cua h¢, cac ban doc gia dé dang c6 duogc bang

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Cale
X 100 1000 50 200
% 100 1000 50 200
Moi lién hé xX=y xX=y xX=y xX=y

v Dé y hi¢u biéu thitc trong can 2x+y—(x+2y)=x—y.

v’ Bién déi tuong duong phuong trinh thir nhat x— y+2xy2x+y —(x+y){x+2y =0.

v' Thir nghiém bién d6i hudng 1 chay theo 2x phia ngodi cin

x—y+2x\/2x+y—2x\/x+2y :(x+y)\/x+2y—2x\/x+2y

@x—y+2x(\/2x+y—\/x+2y)=(y—x)\/m

2x(x—y)
— iy +(x— +2y =0
e \/2x+y+\/x+2y (x y) -
2x
-y)| 1+ +4x+2y |=0
C:)(x y)( \/2x+y+\/x+2y : y]

v' Mic du ty 1é thanh cong da dat 96,69% tuy nhién viéc danh giad hé qua T bét thanh

T=1+ 2x FAx+2y.

\/2x+y +\/x+2y
Diéu kién x4c dinh ctia minh qua “1éng”, chung ta khong thé xoay s¢ dugc gi dé T but pha ngoai viée
2x N2x+y+3x+2y
T=1+ +x+2y =1+ .
\/2x+y+\/x+2y \/2x+y+\/x+2y
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v’ Thir nghiém bién d6i hudng 2 chay theo x + y phia ngoai cin

x—y+(x+y)(\/2x+y—\/x+2y)+2x«/2x+y—(x+y)\/2x+y =0

@(x—y)+\/2(j::;/)+(f/;i)2y+(x—y) 2x+y =0
@(x—y)(l+\/2x+;i):/x+2y+\/2x+yJ:O

Pén day ty 18 thanh cong da dat 96,69%.

v Panh gia bidu thitc hé qua T =1+ gisionl 1+ J2x+ y theo hudng két hop DKXD
\/2x+y+\/x+2y
2xt J g >0=1 AR J2x+7 50
=>x+y20=1+ +2x+y>0=>x=y.
x+2y2>0 \/2x+y+\/x+2y

x—y+x\/2x+y—y\/x+2y =0,

; R).
x3+(y—\/2x—y)\/x2+y—1+1=2y. (xye )
Loi gidi.

Dicu kién 2x+y>0;x+2y>0;x" +y—1>0;2x—p >0.
Trudng hop hai bién bang 0 khong thoa man hé nén phuong trinh thir nhit cta hé twong duong véi
x—y+x\/2x+y—x\/x+2y +(x—y) x+2y=0

<:>x—y+x(\/2x+y—\/x+2y)+(x—y)w/x+2y =0

Bai toan 74. Giai hé phuong trinh {

xX(x-»)
y +(x— +2y =0
Ny \/2x+y+\/x+2y (x y) i
-y)| 1+ +x+2y |=0
<:>(x y)( \/2x+y+\/x+2y g y]
Nhan xét {2x+y20:>x+y20:>1+ a ey o1 XN
B °Y 2 V2x+y +x+2y J2x+y +4fx+2y

Do d6 ta dugc x = y, phuong trinh thi hai ctia hé tro thanh x° +(x—\/;)\/x2 +x-1+1=2x

—1+\/§
2

Véi diéu kién x> ta bién doi
<:>x3—2x+1+(x—\/;) tx—1 :0<:>(x—1)(x2+x—1)+\/;(\/;—1) X+x-1=0

c:>()c—l)(x2 +x—1)+M.\/xz+x— =0<::>(x—1)\/x2 +x—l{\/x2+x—l+ \/;

\/;+1 \/;+1
(x-1)Vx’+x-1=0
R& rang x* +x—1+ Jx mbat @xe{l;_lz\/g}.

>0,Vx > , ddn dén
\/;+1 2 x>—1+\/§

~1++/5

Két luan hé ban dau co6 hai nghiém x=y=1Lx=y= 5

Nhdn xét.

|

CREATED BY GIANG SON; GACMA1431988@GMAIL.COM

TRUNG POAN VU VAN DUNG; QUAN POAN TANG THIET GIAP



LY THUYET GIAI HE PHUONG TRINH CHUA CAN THU'C (PHAN 4) 75

Néu cdc ban déc gia tinh y sé thdy bdi todn sé 74 chinh la ké thira, phdt trién s “thdt bai” trong phwong dén thir
nghiém huong 1 cua bai toan so 73. Trudc tién chung ta sur dung may tinh Casio tim dwoc moi quan hé hai bién
bang nhau, bién doi lién hop dat 96,69%, xdac dinh biéu thucc hé qua T, cong tac danh gia diéu kién xac dinh

{2)5 +y=0

=>x+y=>0.
x+2y20

NX+2y > 0voi >07?
\/2x+y+\/x+2y+ x+2y>0voi x+y

Cdu héi ddt ra la 3,31% con lai nam & yéu t6 ndo, dé chinh la phép quy dong dwoc bé tri dep dé ma it ai ngo tdi

Tuy nhién nhw thé van chwa di béi chang 16 1+

X 2x+2y + 2% Y
= y: .
T=1+ +x+2y =1+ >0
\/2x+y+\/x+2y \/2x+y+\/x+2y

Homn nita, phwong trinh thir hai dwoc lam nguwoc tir x° +(x —\/;)\/xz +x-1+1=2x [*].
—14+/5

Piéu kién cua [*] la x> . Khi xdy dung @é bai, cdc ban phdi triét phd ngay diéu kién nay béi Ié ching sé
tiép vién lam don bay hitu hiéu phd tan cdi sw “bé tri khéo léo” du kién ciia T. Mot cach don gidn la thay cdc biéu
thite trong can boi hai bién x va y dvwa trén quan hé x =y, viéc manh nha diéu kién sé tro nén vo huwong, di vao ngo
cut hogc vo cung kho, chcfng han

x3+(x—«/2x—y)\/x2 +y-1+1=2y<x’ +(x—\/;)\/x2+x—1 +1=2x
x3+(x—«/3x—2y)«/y2+x—1+l:2x<:x3+(x—\/;)\/x2 +x-1+1=2x

Khi bién doi lién hop doi véi bai todn s 74, tae gia chot nhdn ra cé nhiéu hwéng bién doi diea vé x—y, trong dé
minh phdi xoay sé theo hai huwéng chay theo biéu thire gan véi can dé dat muc dich, ciing lam tién dé cho viée danh
gia hé qua T phia sau. Nhung, liéu chung ta co nhat thiét phai lam thé hay khong, co nhat thiét can ket hop diéu
2x+y =0

5050 = x+y >0, va ¢é nhat thiét phdi kim nén phwong trinh thir hai ciia hé hay khong. Cau
x+2y>

kién tong thé {

tra 101 la khéng, va thdm chi phiong trinh thir nhat con lam ché diwa néu phwong trinh thir hai c6 yéu cau danh gid
phia sau day, moi cdc ban theo doi bai todan twong tw sau

x—y+x\/2x+y—y\/x+2y =0,

J10x” =10y +6 + x +1=4/6x+ y —2.

Bai toan 75. Giai hé phuong trinh { (x;yeR).

Loi gidi.
2x+y20;x+2y>0
59 =5x+3>0;6x+y—-2>0

Phuong trinh tht nhat suy ra x(1+\/2x+y)=y(1+w/x+2y):> xy=>0.

p xy20 2x.y 20 x20
Két hop = =

2x+y =20 2x+y =20 y=0

Trudng hop hai bién bang 0 khong thoa man hé nén phuong trinh thir nhat dua vé

X—y+x2x+y —xJx+2y +(x—y)\Jx+2y =0

Diéu kién {

<:>x—y+x(\/2x+y—\/x+2y)+(x—y) x+2y=0

x(x—y)
\/2x+y +\/x+2y

Sx—y+ +(x—y) x+2y=0
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@(x—y){ o wmj:o.

1
+\/2x+y +\/x+2y

+4/x+2y>0,Vx,y>0nén tadugc x=y.

RO rang 1+

\/2x+y +\/x+ 2y
Phuong trinh thit hai ctia hé tré thanh 2+/5x° —5x+3 +2=~/7x—-2 .

e ae X ol 2 4 AR A
Vi diéu kién x27ta bién doi ve

2_
[\/2(5)62—5x+3)—x+1}+2x—M:0<:> 2(4x 7x+2) o 4x* —Tx+2 0

\/2(5x2—5x+3)+x—1 2x++7x-2

c>(4x2—7x+2) 2 + ! =0

J2(52 —5x43) 4x-1 2x447x-2
& (4x° —7x+2)(5x—1+\/7x——2+\/2(5x2 —5x+3)+2J7x——2)=0
R rang 5x—1+M+M+2M>0,wz%nén 4x2—7x+2:0©xe{7_£/ﬁ;7+g/ﬁ}.
7-Al17 7+:17

X=y= !

2 2

Két luan hé di cho c6 hai nghiém x =y =

Nhan xét.
R6 rang bai todn s6 74 va 75 ciia ching ta chung mét phwong trinh cigét, va cd hai déu c6 thé sir dung tong hoa
diéu kién xac dinh, tuy nhién loi giai bai toan 75 da khai pha mot diéu kién “khoe” hon, do la cac nghiém déu
khong am, chit khong con don thuan la x+y>0.

= Phuong trinh thir nhat suy ra x(1+«/2x+y) :y(1+«/x+2y):> xy20.

xy=>0 2x.y =20 x>0
= =

2x+y =0 2x+y =20 y=>0

Pay chinh la diém nhdn ma tic gia mong muén cdc ban lheu y. Trong chwong trinh Pai sé hoc ky II 16p 9 THCS

= Kéthop {

hién hanh, néu cdc ban dé dwoc hoc qua, co lé ai ciing biét @én hé thirc Viete déi véi phuong trinh bdc hai nhu sau
X +x,=——
ax’* +bx+c¢=0 b2 a
=
az0;A>20 c
XX, =—
Mot bai todn quen thudc ma cdc ban thuong dwoe luyén tdp véi I6p bai todn phwong trinh bdc hai chita tham so,
dé chinh la yéu cau tim tham sé m dé phwong trinh ¢6 hai nghiém cing dwong, hodc déu khéng dm, hodc déu am

VOi cdc cong thirc dwoc sw dung nhw sau

b
X +x,=—20
. |20 b2 a RS
< >O<:> hoac 0<:>
X

c < c
_ 2 _
x.x,=—20 x.x,=—20
a a

b
X +x,=——=<0
a
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Chiéu xudi = ciia cdc hé thire trén day dwoc xdy dung dira trén tong va tich cia cdc sé hitu 1y cing dau, khéc ddu.
Tuy nhién chiéu ngwoc khong phai dé dang nhén thdy, nguyén do c6 mét chiit phan chirng nhw sau
i x =0 I x,20
X +x,20 x,20vx, >0 xx, 20 x,20 x, >0
= = = =
xx,20 x,20 x, 20 x,20
x,20

Chii y diéu nay, néu bdt gdp hé phirong trinh c6 diéu kién long A cdc ban hay dan do suy ra diéu kién chdit B dé sir
dung khi can thiet

x.x, 20

xx,20

mx+ny >0 mx+ny >0 mx 2 x>0 ,
= = trong do m,n=0.

=
xy=>0 mx.ny >0 ny >0 y=>0

, 3x=3y+(2x—-2y+1)x+2y+1=3y+1,

Bai toan 76. Giai hé phuong trinh trén tap so thuc i ( 4 )\/ d \/ ¢
4y +5x+2y+1=22x—y+2.

Loi gidi.

bicu kién cac can th1"rc xac dinh.

Phuong trinh thir nhat cua h¢ tuong duong voi

3(x—y)+\/x+2y+1—\/3y+l+2(x—y) x+2y+1=0

X—y
3(x—y)+ +2(x— +2y+1=0
<3(x=y) \/x+2y+1+\/3y+l (=y)yar+2y
1
-y)| 3+ +2x+2y+1|=0 =
Q(x y)( \/x+2y+1+\/3y+1 i J Ty

Khi d6 phuong trinh thir hai trg thanh 4x” +7x+1=2vx+2 < 4(x* +4x+4)-9(x+2)+3=2x+2.
bat Vx+2=¢ (¢>0) thu duoc
4t -9 +3=2t o (48 =9) =2t -3 & (20 -3)[ £ (2t +3)-1]=0

I
t_E x/x+2:§ le
o (20-3)(2-1)(t+1) =0 | 1=-1= fc 47
1 |Vxr2z== |x=-1
tZE 2 4

C e g ) 1
So sanh vaéi dieu kién ta thu dugc nghi€ém x =y = 7

y(x=y)+(By+x=1)x+2y-1=(4p-1){3y-1,

Bai todn 77. Giai hé phuong trinh trén tip sb thuc s 2
1/(x+6)(y—1):3 3 .
\/y+6 —3x-1

N

Loi gidi.

Diéu kién x+2y—120;y2%;y¢x—7.

Phuong trinh tht nhat cia hé trong dwong voi
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y(x—y)+(4y—1)(\/x+2y—l—\/3y—1)+(x—y) x+2y—-1=0
(4r-D(=-y)
Jx+2y—1+43y-1

@(x—y)(y+\/ 4yl +\/x+27y—1J:0.

x+2y—1+4/3y-1

<:>y(x—y)+ +(x—y) x+2y-1=0

4y—-1
Jr+2y—1+4/3y-1

Phuong trinh thir hai ciia hé tré thanh 3/(x+6)(x—1) = Fp - T
x+6—3/x—
)

bat Ix+6 :a;i/x—l =b=>a’ —b’ =7. Phuong trinh da cho tré thanh ab = 5"
a—

2 o f 1 2 Af
Dé thay y+ +4x+2y-1 >0,Vx2§,x+2y—120, dandén x=y.

Ta thu duogc hé phuong trinh

a-b =7 C}{(ab)3 +3ab(a—b)=7 @{(a_b)?’:l

ab:a—b ab(a—b):z ab(a—b)=2
a—b:l a:b+1
= = =>be{-21}=>xe{-7;2}
ab=2  |b(b+1)=2

Vay hé da cho c6 nghiém duy nhit x=y=2.

X[ X+ Y +(y—x)\/§:y 3y—x,
X Xy +x -3 =1+x-2.
Loi gidi.

Piéu kién x >2;y > 0. Phuong trinh thir nhét ctia hé di cho twong duong véi
x(\/x+y —\/5)+y(\/5—\/3y—x) =0

x(x-y) y(x-y) _,

Tl e
@(x—y)( al + Y J:O
X+ Y +42y 2y +3y—x
X v R
+ >0,Vx >2;Vy>0nén thu dugc x=y.
NX+HY+A2Y 2y +43y—x

Phuong trinh thir hai ctiia hé tré thanh

3_
ol s 2 =0 P -1+ x o )
VX' +x-3+/x-2

1
<:>(x3—1)[1+ 0> =lox=1=x=y=1
\/x3+x—3 +\/x—2]

Dbi chiéu diéu kién, két luan hé c6 nghiém duy nhat x=y =1.

Bai todn 78. Giai hé phwong trinh trén tap s6 thuc {

RO rang
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V3-x+y+1+43(2x+1)=x"+)7,

4(x—y+1)+1/3x+4y+5+(2x—2y+1) Ty+2=0.

Bai toan 79. Giai hé phuong trinh { (x;yeR).

Loi gidi.

biéu kién cac can thirc xac dinh.

Phuong trinh tht hai cua hé twong duong véi
4(x—p+1)+B3x+4y+5-\Ty+2+2(x=y+1)y/7y+2=0

3(x—y+l)
4(x—y+1)+ +2(x—y+1)J7y+2 =0
< (x 4 )\/3x+4y+5+\/7y+2 (x 4 ) g
3
S(x—y+1)[ 4+ +2{7y+2 |=0& y=x+1
(x=y )[ J3x+4y+5+7y+2 g ] A

Khi d6 phuong trinh thtr nhét tré thanh
Box+fy+l=x+1" —6x-2B-x+Jx+2=x+x>+2x+1-6x-2
SVB-x+x+2 =+ —dx-133=x +3/x+2 =3x" +3x* —12x-3
& 33— x—(5-x)+3x+2 —(x+4)=3x +3x ~12x-12

9(3—x)—(x’ —10x+25)+9(x+2)—(x2 +8x+16)
3J3-x+5-x 3Jx+2+x+4

42 42
- X +x+2 N X +x+2 :3(x2—4)(x+1)
3J3—-x+5-x 3Jx+2+x+4

@(x+1)(x—2)[ : :

+
3W3—x+5-x 3Jx+2+x+4
1

+
3W3-x+5-x 3Jx+2+x+4
Keét luan h¢ phuong trinh ban dau c6 hai nghiém.

=3x7 (x+1)—12(x+1)

+3(x+2)}:0 (1)

+3(x+2)>0,Vx e[-2;3] nén (1) c6 cac nghiém x=2;x=-1.

D@ thay

\/x+y+2 +\/3x+2y—1 =Jx+3+2,

Bai toan 80. Giai hé phuong trinh (x;yeR).
(x+y)(x—1)+313/x(3x2—x+1)=3x2.
Loi gidi.
Picukién x>0;x+y+2>0;3x+2y—-1>0.
Phuong trinh thir nhat cua hé twong duong véi
Jr+y+2 -2+ PBx+2y-1-/x+3=0
x+y-2 N 2(x+y—2) =
\/x+y+2+2 \/3x+2y—1+\/x+3

1 2
+y-2 + =0
Q(x 4 )(Jx+y+2+2 \/3x+2y—1+\/x+3J

1 2

+
JX+y+2+42 \/3x+2y—1+\/x+3

Phuong trinh thit hai ctia hé tré thanh 2x +33/x(3x” —x+1) =3x" +2.

Vi

> 0v61 DPKXD nén ta duge x+y—-2=0.

Ap dung bt dang thic lién hé trung binh cong — trung binh nhan ta c6
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80

2 2
Jx (32 —3x+1) < 1+x+3’; Sx+l_3x 32”2 = 2x+33/x(3x° —x+1) <327 +2.

Do d6 phuong trinh hé qua c6 nghiém khi dau dang thirc xay ra, tic 1a
x=3x"-3x+l=lox=1=x=y=1.
Két luan hé co nghiém duy nhét x = y=1.

(x—y+1)(«/2y+3 +1)+1/x+y+5 +1=0,

Bai toan 81. Giai hé phuong trinh
N-x+3x+Jy+2=3.

(x; NS R) .
Loi gidi.
Diéukién 0<x<Ly> —%;x +y+4>0. Phuong trinh tht nhat ctia hé twong duong véi

X=y+2+yx+y+5 +(x—y+1) 2y+3=0

S Xy +2+ X +y+5 -2y +3+(x—y+2)42y+3 =0

xX—y+2
\/x+y+5+\/2y+3

@(x—y+2)(1+ 1 +WJ:0

\/x+y+5+\/2y+3

+4/2y+3 > 0voi DPKXD nén ta dugc y=x+2.

Sx-y+2+ +(x—y+2) 2y+3=0

1
\/x+y+5+\/2y+3
Khi d6 phuong trinh thit hai cta hé tro thanh ¥1—x +¥x +J/x+4=3 (1)
Ap dung bét dang thirc Ja+b=a+b taco

v+ 4= I—x +Vx 2 —x+x 2 —x+x =1.
Dodé #M—x+¥x+/x+4>1+J4=3,¥x>0.

Phuong trinh (1) c6 nghiém khi ddu dang thirc xay ra hay {

RO rang 1+

(l—x)xzo

&Sx=0y=2.
x=0

So sanh véi diéu kién, két luan hé c6 nghiém duy nhat x=0;y =2.

2x—y+1+(4x =2y +5)3x+y+1=3x+2y,

Bai todn 82. Giai hé phuong trinh trén tdp hop sb thuc 2 y+2

3J-9x +y+9x—3 19x+6
Loi gidi. g
biéu kién cac can thirc, mau thirc xac dinh.

Trudng hop 3x+y+1=/x+2y = 0khong thoa min hé.
Ngoai truong hop d6, phuong trinh thir nhét tré thanh
2x—y+1+3(\/3x+y+1 —\/x+2y)+2(2x—y+1) 3x+y+1=0

o 2y 12D +2(2x—y+1)Brry+1=0

xX— x— x =

4 \/3x+y+l+\/x+2y d g

< (2x-y+1)[ 1+ 3 +23x+y+1|=0
\/3x+y+l+\/x+2y
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3

\/3x+y+l+\/x+2y
Phuong trinh thir hai ctia hé tré thénh

RO rang 1+ +24/3x+ y+1>0v6i BPKXD nén ta dugc 2x—y+1=0.

2043 38kt 12= (634 9)V9F +11x—2
W ox 1152 19x+6

< —9yx? +11x—2—6x\/—9x +1Ix=2+4+9x* —=9V-9x* +11x—-2 +27x+14=0

2
@( —9x2+11x—2—3x) —9( —9x2+11x—2—3x)+14=O

Dt V-9x’ +11x-2 -3x=udua vé v’ —u+14=0ue{2;7}.

Xét hai kha ndng xdy ra
> 3x+2>0
o u=2N-Ix +Fllx-2=3x+2& R Sxed.
18" +x+6=0
= 3x+4>0
o u=TN-Ix +lIx-2=3x+4 ) Sxed.
18x“ +13x+18=0

Két luan hé phuong trinh da cho v6 nghiém.

x\/x+3y +y\/2x—y =2x\/;+y\/;,

x’ +8xy+9y+10=(x+y+5)\/x3 +7y° +4x+4.

(x;ye]R).

Bai toan 83. Giai hé phuong trinh {

Loi gidi.
2x-y =0
Diéukién {x>0;y>0
X +7y +4x+4>0
Xét truong hop x = y =0 thoa man hé di cho. Xét x > 0; y > 0, phuong trinh tht nhat cia hé trong dwong voi

A )

x(x-y) y(x-y)

MOV e SR Y
@(x—y)( - T — ]=
\/x+3y+2\/; \/2x—y+\/;

Vi al + Y >0,Vx;y>0néntadugc x=y.

NX+3y +2\/; ,/2x—y+\/;

Phuong trinh th hai tré thanh x* +8x% +9x +10 = (2x+5)vx’ + 7x> +4x+4 |

Diéu kién x* + 7x* + 4x+4 > 0. Phuong trinh nay twong duong véi
CAT +4x+4-2xV + T +4x+4 + 32— 5 + T2 +4x+4 +5x+6 =0

2
@(\/;ﬁ e +4x+4—x) —5(\/x3 7 +4x+4—x)+6=0

Pit +/x* +7x% +dx +4 — x =1 ta thu duoc

N+ 70 +dx+d=x+2 (1)

' =5t+6=0=(1-2)(t-3)=0=1e{2;3} &
N +7x +4x+4=x+3  (2)
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Xét hai truong hop xay ra
xz-2 x=-2 x=-2
o ey, , = = < x=0.
X +7 +4x+4=x"+4x+4 | X’ (x+6)=0  |xe{-6;0}
>-3 2-3
o (2)@{)6 {x < xe{0/11-3}.

X +Tx* +4x+4=x>+6x+9 X +6x*=2x=0
So sanh didu kién két luan bai toan c6 hai nghiém x=y=0;x=y=~/11-3.

(y+1)\/x+3y+y\/3x—2y :(3y+2)\/;,

18xy=3x+y+l+(6x—l)«/9x2—y+1.

Bai toAn 84. Giai hé phuong trinh { (x;yeR).

Loi gidi.

9% —y+1>0;7>0

x+3y2>0;3x-2y=>0

Xét truong hop x = y =01a mot nghiém cua h¢ da cho.

Xét x> 0;y >0, phwong trinh thir nhét ciia hé trong duong véi

(y+1)(Vx+3y =2y )+ y(Bx-2y f):
o U)=y) o 3y(x-y)

\/x+3y+2\/_ J3x— 2y+\/_
E y+l1
<:>(x y)(,/x+3y+2\/_ \3x— 2y+\/_J

>0,Vy>0=>x=y,duadén 18x" =4x+1+(6x—1)v9x" —x+1.

Diéu kién {

y+1

\/x+3y +2J_ J3x— 2y +\/_

Diéu kién x € R. Phuong trinh 4n x trén trong duong véi

18x° —4x—1=(6x—1)3/0x’ —x+1
& 9x? —x+1-6x39x? —x+1+9x% +4/9x? —x+1-3x-2=0
@(M—3x)z+(\/m-3x)—

bat \/m —3x =t ta thu dugc

r+1-2=0c(1-1)(1+2)=0re{-21l} =

Vox® —x+1=3x+1 (1)

9x’ —x+1=3x-2 (2)

Xét hai kha nang xay ra

3x+120 o>t

* ey , =S 3<x=0.
Ox" —x+1=9x" +6x+1

7x=0

3x-220 o

<> (2)<:> ) , 3 ©oxed.
O9x" —x+1=9x —12x—|—4 B

11x=3

Vay hé phuong trinh da cho c6 nghiém duy nhat x=y=0.
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1+2x + y +1=4(2x+y) ++/6x+3y,

(9x+4y)(\/19x+8y—\/14—x—2y)2 _544x+2y.

Bai toan 85. Giai hé phuong trinh (x; ye ]R) .

Loi gid.
2x+y=>0
Diéu kién {14-x-2y>0
19x+8y >0

Phuong trinh thir nhat ctia hé twong duong véi
J6x+3y —\2x + y+1+(dx+2y) =1=0

- 4x+2y—1
\/6x+3y +\/2x+y+1

+(4x+2y+1)(4x+2y—-1)=0

1
J6x+3y +42x+ y+1

c>(4x+2y—l){ +2(2x+y)+1}:0

1
\/6x+3y +\/2x+y+1

(x+2)(V3r+4 —\Bx+13) =6 17(x+2)=2(V3x+4 +\Bx+13)

Ta thay +2(2x+y)+1>0=4x+2y=1. Ta thu dugc

> 15x+20=>0 4
S 409x" +51x+52 =15x+ 20 < 5 S xei——;4
3x*—8x-16=0 3

Tir ddy suy ra hé c6 nghiém duy nhét (x;y) = (4;-%) .

(x2 +y)«/x—y+6 =2x* —x+3y-2,

Bai toan 86. Giai hé phuong trinh
x(10-y)-12+1=

(x;yeR).

y—Xx
\/y—4 +7J6—x
Loi gidi.

x—y+62>0
Didukién < y>4;x<6

x(lO—y)—lZZO
Phuong trinh tht nhat cia hé twong dwong voi

(x2+y),/x—y+6=2(x2+y)—(x—y+2)<:>(x2+y)(,/x—y+6—2)+x—y+2:0

by 42 X’ +y
S (X +y .i+x—y+2=0<:> X—y+2) ———=——+1|=0
( )«/x—y+6+2 ( ) NX—y+6+2

2

Ta théy L+1>0V6i diéu kién xé4c dinh nén ta duoc y=x+2.
JX—y+6+2
2
Phuong trinh thtr hai trg thanh +/—x* +8x—12 +1= .
NVx—=2++6-x

2
Pit Vx—-2+vV6—x =t;t>0=+/-x>+8x—12 ! 5 4 , dan dén
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=4 2
: +1:?<:>t3—2t—4:0<:>(t—2)(t2+2t+2):O:>t:2

S A-x" +8x—12 :0©(x—2)(6—x)=0©xe{2;6}

Két luan hé phuong trinh c6 hai nghiém (x:0)=(2;4).(6;8)

\3x+y +(x2 -y’ —1)1/x+3y +x=y,

Bai toan 87. Giai hé phuong trinh (x; ye R) .
Y82y +11y7 +7x+4 = x+ y+1+(xy+2016)/y* —x 3.

Loi gidi.
3x+y=>0
Diéu kién {x+3y >0,
¥ =x=3>0
Phuong trinh thir nhat cua hé twong duong véi

\/3x+y —\/x+3y +(x2 —yz),/x+3y +x—-y=0
2x=2y +(x—y)(x+y)\/x+3y+x—y:O

i \/3x+y +\/x+3y

<:>(x—y 2 +(x+y)\/x+3y+1 =0

) \/3x+y+\/x+3y
R& rang {i):;;ig:>4x+4y20<:>x+y20:>\/3x+yi\/x+3y+(x+y)m+l>0.
Ta thu dugc x = y, dua phuong trinh thi hai vé
Y8 1162 +7x+4 = 20+ 14+(x* +2016)x* —x -3
Dicukién x* —x-3>0 ().
Nhan xét

(x2+2016)\/x2—x—3 >0=>38x° +11x> +Tx+4>2x+1
S8+ +T7x+428x +12x* +6x+1 = x> —x—-3<0

1+«/E.1—\/B}
2 '

Két hop diéu kién (*) thi xz—x—3:0<:>xe{ >

1+\/E'1+\/EJ [l—x/ﬁ_l—\/ﬁ)

Két luan hé c6 hai nghiém ( x; y) - [ . ; . :

x’ =y +2x+1+y,/x+y+(x—2y+1)w/2y—1 =0,

Bai toan 88. Giai hé phuong trinh nghiém thuc < -1 " 6
y—x=———.
( y— 1)2 +3

Loi gidi.
A 1
bicukién x+y>0;y> 5 RO rang truong hop x+ y =2y —1=0khong théa man hé.

Ngoai kha niang d6, phuong trinh thir nhat ctia hé twong duong véi
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xz+2x+1—y2+y(\/x+y—\/2y—l)+(x—y+l) 2y-1=0

x—y+l1
<:>(x+y+1)(x—y+1)+\/xy_|_(y+):/2y)_1+(x—y+1) 2y—-1=0
Y
—y+1)| x+y+1+ +42y-1 =0 =x+1
< (x—y )[x y N T 2y J Sy=x

Phuong trinh thir hai cia hé tré thanh
X 6 X 6 X SO 2x° X

+1= & -1= -2& -1= & + —-1=0.
Jx? 43 ¥+3  Jx*+3 x’+3 e *+3 X +3 2 +3
bit =t ta thu duogc 2t2+t—1:0<:>(21—1)(t+1):0©te{—1;l}
x*+3 2
. X 1 x>0 x>0
< =—& 3 5 Rt < x=1.
2+3 2 4x* =x* 43 xe{-L1}

X/
L X4

X =x*+3

X
Vx*+3

Két luan phuong trinh dd cho c6 nghiém duy nhat x=1;y=2.

x<0
=—l<:>—x=\/x2+3©{ Sxed.

X=p+2+(x=y+3)Jx+y :\/2(3/—1),

Bai toan 89. Giai h¢ phuong trinh nghi¢ém thuc
JM—x+3y-1+31-x* =3+y-x.

Loi gidi.

bicu kién can thuc xac dinh. Truong hop x+ y =2x —2 = 0khong thoa man h¢.

Ngoai kha ning d6, phuong trinh thir nhit cta hé twong duong véi

x—y+2+\/x+y—\/2y—2 +(x—y+2) x+y=0

xX—y+2
\/x+y +\/2y—2

Sx-y+2+ +(x—y+2) x+y=0

+,/x+y]=0<:>y=x+2

Q(x_y+2)(l+\/x+y+\/2y—2

Phuong trinh thir hai tro thanh /1—x +3/1+x +31-x* =5.
Diéu kién x e R. Pat 31— x = a;3J/1+x =b ta thu duoc hé phuong trinh
Si+bd=2 bY —3ab(a+b)=2 5-3ab)’ —3ab(5-3ab)=2
{a+ o J(a+b) =3ab(a+b)=2 _ [(5-3ab)' -3ab(5-3ab)=2 (%)
a+b+3ab=5 a+b=5-3ab a+b=5-3ab
it 3ab=331-x> =t =1 <3 thi

=3
3 3 2 2 13+\/§
(*) = (5-1) —t(5-1) =21 ~16 +80r—123 =0 < (1-3)(* ~13t+41) =0 | 1 = >3
13-5
= >3
I 2

V6i t=3<3Y1-x* =3 x* =0 < x =0. Két luan hé phuong trinh ¢6 nghiém duy nhit x=y=0.
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2x\/;+2(6y—x—3)\/;+x—y=3(2y—1)«/x+3y,
x4 2y —1+2x+y+242y —x =7.

Bai toan 90. Giai hé phuong trinh { (x;yeR).

Loi gidi.
biéu kién cac can thirc xac dinh.
Phuong trinh thr nhat ctia hé twong duong voi

2x(vx =y )+3(2y-1)(Vx+3y -2y ) +x-y =0

= o g )

+1>0,Vx20;Vy2%:x=y.

3(2y 1
\/;+\/— \/x+3y+2\/—

Phuong trinh thir hai ctia hé tré thanh Jx +2x —1+3x+242x  —x =7.
biéu kién x> % . bat \/; +V2x—=1=t,t>0=¢t* =3x—-1+242x* —x . Phuong trinh trén tr¢ thanh

{t+12+1=7 {t2+t—6:0 {te{—3;2}
<~ f—g

RO rang

St=2=1 =43 x—1+22x° —x =4

t>0 t>0 t>0
5-3x>0 L2
S22 —x=5-3x = 3 = x=1
8x? —4x =9x? —30x+25
x°—=26x+25=0

Két luan hé phuong trinh d3 cho c¢6 nghiém duy nhat x =y =1.

(2x—y+1)y2x—y+1+(y—x+3)Vx+1=(x+4)y+1,
(2x—y+1)(x+4)=5yx* +5y+28.
Lo gl

Diéu kién cac can thirc xac dinh. Phuwong trinh thtr nhat cia hé tuong duong véi

(2x—y+1)2x—y+1-(2x—y+ D)Vt 1+ (x+4)Vx+1—(x+4)fy+1=0
<:>(2x—y+l)(\/2x—y+1—\/x+l)+(x+4)(m_\/ﬁ):

& (2x-y+1). = +(x+4)——2—— -0

Bai toan 91. Giai hé phuong trinh { (x;yeR).

\/2x—y+1+\/x+l Nx+1+4y+1
2x—y+1 x+4
& (x—
( y)(\/zx y+l+\/x+1 \/x+l+\/y+1J

2x—y+1 x+4
\/2x y+l+x+1 \/x+1+\/y+1

Trong khi d6 tir (2x—y+1)(x+4)=5yx"+5y+28 = (2x— y+1),(x+4)cing dau, mau thuan.

Voi x=p=(x+1)(x+4)=5Vx’ +5x+28 <& x> +5x +4 =5Vx" +5x +28..

Ta c6 =0=(2x—y+1),(x+4)trai dau.

bat Vx® +5x+28 =1,(1>0) = x* + 5x =¢> - 28 .. Thu dugc
t=-3

t2—28+4=5t<:>12—5t—24=0©(z‘+3)(l—8)=OC>L_8
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e Loaitruong hop ¢t =-3.
e Viit=8cx"+5x=36(x—-4)(x+9)=0< xe{-49}.
D6i chiéu, két luan hé phuong trinh d& bai 6 nghiém x=y =9,

13vx—=1+9,y+2 =16x,

; R).
(x2+x)«/x—y+3:2x2+x+y+l. (xyeR)
Lo gidi

Diéu kién x>1;y > —2;x— y+3 > 0. Phuong trinh thtr hai cia hé twong duong véi

()cz+x)«/x—y+3—2(x2 er)Jr)c—y—1:0<::>(x2 +x)(«/x—y+3—2)+x—y—1=0

5 x—y—-1=0
——1
(x +x)(x i )+x—y—1:0<:> Xt +x

X — —=-1
x—y+3+2 (—x—y+3+2

Bai toan 92. Giai hé phuong trinh

f—g

_ FAx
NX—y+3+2
13Vx-14+9Vx+2 =16xc>13(x—1—\/x—1+%)+3(x+1—3 x+l+%):0

Rérang x>1= >0, dan dén thu dugc x = y+1. Phuong trinh thir nht tro thanh

1
1) 3 2 \/x—lzz 5 )
@13(\/x—1——j +3[x/x+1——j =0 Sx=—=y=—
2 2 3 4 4
x+1=—
2
5 1
Két luan hé c6 nghiém duy nhét X_Z yzz.

xw/3x+y+ y 2x 1/ +3y = 2 x+y \/7
(,/2xy ) ( )2+x=y
Loi gidi.
Diéu kién y>0;2xy>1=> x> 0. Phuong trinh thir nhit cta hé twong duong voi
x({Br+y —2\/—)+y(1/x+3 2[) 3x+y =0
3x(x y)

\/3x+y+2\/_ \/x+3y+2\/_

G y(\/3x+j/+2\/— \/x+3y+2\/—+\/3XTJ

3x
RO 13 3 0,V 0.
O ey +2y mu(” AR

Thé thi ta dwgc x = y, phuong trinh thi hai ctia hé tro thanh

(\/ﬁ—l)2 +(y—1)2 +x-y=0 (2x2—2)2

V2xP-1+1
Két luan hé co nghié¢m duy nhét x = y=1.

Bai toan 93. Giai hé phuong trinh (x;yeR).

3x+y:O

+(x—l)2:0<:>{x e x=1.
X
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(x+y)Vx2 +y =3 y(r+1),

Bai toin 94. Giai hé phuong trinh sau trén tap s thuc
9y? +~/5x-3 = \/3y—x—2 +1.

Loi gidi.

53 S 313

Diéu kién x_5 = 5 :xZ—;yZE.
3y—x-22>0 3y>2x+2
Phuong trinh tht nhat cia hé trong dwong voi

(x—y)«/x2+y+2y(\/x2+y—\/y2+y)=0
@(x—y)\/x2+y+ 2y(x2—y2) =0

\/x2+y+\/y2+y

@(x—y)(\/x2+y+ 2y(x+y) }—0

JE +y+y +y

2 x+
RO rang /x* +y + y y) >0,Vx>0,Vy>0neén ta thu dugc x = y . Phuong trinh thir hai cua hé khi dé
\/x +y+\/y +y

9x? —1++/5x=3-+/2x-2=0

3x-—1
< (3x-1)(3x+1)+ =
(3x=1)(3x+1) J5x -3 ++/2x-2
1
< (3x-1)] 3x+1+ =
( )( \/5x—3+\/2x—2]
Laico 3x+1+ ! >0,Vx>1 nén 3x—1=0<:>x:l:>x=y=l.
J5x -3 ++2x-2 3 3

Két luan hé co nghiém duy nhét x = y= %

x| == +l+y 2y 1+ 2=~
Bai toan 95. Giai hé phuong trinh 2y +1 2y+1 (x;yeR).

- ) +y +xt+1=2y.

Loi gidi.
Diéu kién can thirc xac dinh. Tir phuwong trinh thir hai cia hétacé y>0=x>0.

Phuong trinh thir nhat ctia hé twong duong véi

X Ly+1+y=2y M@x\/x+y+l+y\/2y+l =2y3y—x+1
2y+1 2y+1

c>x(\/x+y+l—\/2y+1)+2y(\/2y+1—\/3y—x+1)+(x—y) 2y+1=0
oemy) 2y
\/x+y+1+\/2y+1 \/2y+1+\/3y—x+1

< (x—-y) ( al 2y +J2y+1jz0

\/x+y+1+\/2y+1 \/2y+1+\/3y x+1

—y) 2y+1=0
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~ X 2y
R J2y+1>0,Yx>0;y>0.
o Tne \/x+y+l+\/2y+l \/2y+1+\/3y x+1+ yrizhyeeRye

Thé thi ta dugc x = y, phuong trinh thir hai ctia hé trd thanh

(\/;—1)2+x4+x2+1=2x<:>(\/;—1)2+x4+(x—1)2=0©{\/;:x:1<:>xe@.

Két luan hé d3 cho vo nghi¢m.

Y —4x? +5y—1=J4y -3 +2x-2,

VAJ2x+3y 2x\/_ 2x+y Jx+4y.

Bai toan 96. Giai hé phuong trinh { (x; Ve ]R) .

Loi gidi.

(O8]

Diéu kién y>=,x>1. Phuong trinh tht hai ctia hé twong dwong véi

y\/2x+3y—y\/x+4y+2x\/x+4y—2x\/§:0
<:>y(\/2x+3y—\/x+4y)+2x(\/x+4y—\/5):

y(x y) 2x(x y)

\/2x+3y+\/x+4y \/x+4y+\/_
_y) Y + 2x =
\/2x+3y+\/x+4y \/x+4y+\/§

2x

\/2x+3y+\/x+4y \/x+4y+\/_

Phuong trinh thir hai ctia hé tré thanh
X —4x* +5x—1=4x -3 +2x-2

& x—Vdx-3+x-1-2x-2+x —4x> +3x=0

)c2—4x+3+ x*—4x+3

Xx+/4x—3  x—1++2x-2

I

3
RO rang >0Vy>— Vx2>1néntadugc x—y=0<x=y.

+x(x* —4x+3)=0

<:>(x2—4x+3)( ! + ! +xj:0
x+v4x-3 x—-1+~+2x-2
D@ thay ! + ! +x>0,Vx>1nén thu duoc

X+4x—3 x—1+~2x-2
X —4x+3=0xe{l;3} = (xy)=(11),(3;3).
Két luan hé phuong trinh dé bai c6 hai nghiém ké trén.

W_J x+3y +2\/_

Bai toan 97. Giai hé phuong trinh nghi¢m thuc 1++/x ’

(2x2 -y + 2)2 +(x2 +2)\/; =2x.

Loi gidi.
bicukién x>0;y>0.
Ttr phuong trinh thi hai suy ra x duong. Phuong trinh th nhit cua hé twong duong
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(1 NET3y = e 30) + 245 e i3y~ 24+ 3 (Vi) -

N

Xy

Q,/x+3y+2\/’
\/x+3

+x+3y.

XYy
— =0 (x—
Vx .y

RO ran >0,Vx >0,y >0nén din dén x = y . Phuong trinh tht hai cta hé tré thanh
s ,/x+3y+2\/_ \/_+\/_ 4 4 s
2 w— X242 o
(x2+2)2+(x2+2)\/;:2x<:> X +2 + X +2:2<:>( ) 4+ X +2:2.
Jx Jx x Jx
2
bat al +2=t,t>0tathudu’qc

Pat=21>0=>t=1x>-Jx+2=0

<:>x2—x+l+x—\/;+l+i—0<:> x—l 2+ \/;—l 2——§:>xe®
4 4 2 2 2

2
Két luan hé phuong trinh da cho vo nghiém.

\/x +xy—y +\/x +x— xy+—=( +\/_]
y(m+l)3+x\/4yi—x=2y‘

Bai todn 98. Giai phuong trinh trén tap sb thuc

Loi gidi.
bicu kién can thirc xac dinh.
x(x+y)2y*20 x(x+y)2y*20 (x>0
Két hop cac diéu kién {2x+y >0 Six+x+y20 =3x+y2>0
y=0 y=0 y=0
Xét x = y = 0 thoéa méin hé. Xét truong hop x; y > 0, phuong trinh thir nhit ciia hé twong duong véi
\/x2+xy—y2—y+\/x2+x—xy—\/7:0
X +xy—2y° A _
\/x +xy—y° +y 1/x +x- xy+\/7

(x—y)(x+2y) (x—y)(x+1)

+ =0
<:>\/x2+xy—y2+y \/x2+x—xy+\/;
x+2y x+1
- 0
Q(x y){\/x +xy—y*+y \/x +x— xy+\/_]

x+2y x+1
\/x2+xy—y2+y \/x2+x—xy+\/;
, 3 3
Thé thi x = y va phuong trinh thr hai tr& thanh x(x/2x+x+l) +x 3x=x@(J§+1) +\B3r+1=2.

t=1
Pt v3x +1=1ta duge t3+t=2<:>(t—1)(t2+t+2)=0<:>[ =i=1=x=0=x=y=0.

RO rang >0,Vx,y>0.

£ +t+2=0
Két luan hé c6 nghiém duy nhit x=y=0.
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2JX*+5x—-2y =4/4y> +9x+6y + x+2,
Bai toan 99. Giai hé phuong trinh \/ d \/y d (x;yeR).
\/x+2+\/x+2y=\/4y2—x2+14x—20.

Loi gidi.
X +5x-2y>0
Diéu kién {4)> +9x+6y>0
4y —x* +14x-20>0
Phuong trinh thir nhat ctia hé twong duong véi
2x% +5x—2y —[4y% +9x+6y —x =2 =0

<:>\/x2+5x—2y—\/4y2+9x+6y +\/x2+5x—2y—x—2=0

x*—4y° —4x-8y N x=2y—-4

=0
\/x +5x— 2y+\/4y +9x+6y \/x +5x-2y+x+2

(x+2y)(x—2y—4) A x—2y-4 0
\/x2+5x—2y+\/4y2+9x+6y \/x2+5x—2y+x+2

& (x-2y-4) X+2y 1 =0
\/x +5x — 2y+\/4y +9x+6y \/x +5x -2y +x+2
Ta co {x+2y20 xX+2y ! >0.
x+220 \/x +5x— 2y+\/4y +9x+6y \/x +5x—2y+x+2

Véi x—2y—4=0tathu dugc

Jx+2+2x—4 =J6x—-4 @3x—2+2,/2(x2—4) = 6x—4
8(x2—4)=9x2—12x+4

o22(x-4)=3x+2& ) ©x=6

xX2——
3

Két luan h¢ c6 nghiém duy nhét (x;y)=(6;16).

2\/x2+3x—y—\/4x+y2 =x+1,

Bai toan 100. Giai hé phuong trinh (x;yeR).
42x+1+x-2y+2=0.
Loi gidi.
1 A42x+1+3x+2=x+y
biéu kién x > 5 Xét phuong trinh thir hai cua hé 1 =>x+y>0.
xX2——

Phuong trinh dau tién trong duong

\/)c2+3)c+y—\/4x+y2 +\/x2 +3x+y—-x-1=0

- (x—y—l)(x+y) N x—y-—1 ~0

\/x2+3x+y +\/4x+y2 \/x2+3x+y+x+l

x+y 1

<:>(x—y =0

\/x +3x+y+\/4x+y \/x2+3x+y+x+l
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Ta co x2—l;x+y>0:> Xty + ! >0=>x=y+1.
2 \/x2+3x+y+\/4x+y2 \/x2+3x+y+x+1
x=4
Phuong trinh thir hai tré thanh 44/2x+1=x-4 < R &S x=40= y=39.
16.2x+16=x"-8x+16

Két luan hé ¢ nghiém duy nhét.

J2x+y) —8x+3+[2x+2y-3 =3,

Bai toan 101. Giai hé phuong trinh (x;yeR).
J2x+y =2 +/5x—4+,2—y +6x’ —x—8=0.
Loi gidi.
Diéu kién 2x+y22;0£y£2;x2%;(2x+y)2—8x+320.
Phuong trinh tht nhat cia hé trong dwong voi
J2x+y) =8x+3 -2y +y2x+2y-3 -y =0
- (2x+y) 4(2x+y)+3 2x+y-3
\/(2x+y —8x+3+2\/— N2x+2y - 3*\/_
- (2x+y—l)(2x+y—3) N 2x+y-3 _0
Jxsy)—8xe3 42y 2rr2y-l+yy
2x+y=3
= 2x+y—1 1 (1)
J2x+y) —8x+3+2y I TE T TN
Vi2rty>25 2xty-l ! >0, din dén (1) v6 nghiém.

\/(2x+y) —8x+3+2\/7 \/2x+2y 1+\/_

Véi 2x + y =3 thi phuong trinh tha hai tré thanh
14355 =4 +,2—-(3-2x) + 627 —x—8=0=0 = 5x—4 +Y2x -1+ 62" ~x~7=0

o 5r A1 T 1468 —x-5=0e 20 272 (1) (6x+5)=0

I5x—4+1 2x—1+1

5 2
< (x—1 + +6x+5(|=0 (1
( )(\/Sx—4+1 2x—1+1 j (1)
Nhan dinh > + 2 +6x+5>0Vx>inén(1)c>x—1—0c>x—1
T sx—4+41 ax-1+1 5 '

Két luan hé phuong trinh d3 cho c¢6 nghiém duy nhat x =y =1.

Bai todn 102. Giai hé phuong trinh {2 s A R).
2y—x+3=x+11.

Loi gid.

Diéu kién x> -3;x* +5x—y+22>0;)* +8x>0.

Phuong trinh tht nhat cia hé trong dwong voi
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«/x2+5x—y—(x+2)+\/x2+5x—y—\/y2+8x:0

2 2
- x—y-=2 L Xy —3x—y+2 _0
\/x2+5x—y+(x+2) \/x2+5x—y+\/y2+8x
- x—-y—2 N (x—y—2)(x+y—1) ~0

\/x2+5x—y +(x+2) \/x2 +5x—y+\/y2 +8x

@(xy2)[ 1 x+y-1 _0

\/x2+5x—y+(x+2 \/x +5x— y+\/y +8x
Taco 2y=+x+3+x+1128,Vx>2-3=y>4=x+y-1>0.Do do
1 x+y-1
\/x2+5x—y+(x+2 \/x Fox— y+\/y +8x
Phuong trinh thir hai tré thanh

>0=>x=y+2.

x>15 x>15 1 2
\/x+3=x—-15© ) = B 2)(:3 +\/ﬁ;y: 7+\/ﬁ
x+3=x"-30x+225 x =31x+222=0 2 2
Két luan hé ban déu c6 duy nhit nghiém x = 31+2\/%; y =%.

2x° +(%/x—y+2 +\/1—x)(y+2x«/3x—2y+1)=2xy,
Bai toan 103. Giai hé phuong trinh 42 (x;y € R).
\/er\/_ =——=++/3x,
INY
Loi gidi.
Didu kién 0<x<1;y>0;3x—2y+1>0. Phuong trinh thtr hai ctia hé twong duwong voi

I y—2x 4x—y
b =

y—2x _(2x—y)(2x+y)<:>(2x_ {2x+y

1 = *
e T e J_st_JO )

>0,Vxe[0;1],y>0 nén (*) < y=2x.

f—

2x+y

1
\/7 \X+Y +3x

Khi @6 phuong trinh thir nhat tré' thanh

(%/E+\/E)(2x+2x\/m)=2x2 @{

Ta co

x=0

(32—x+ 1—x)(1+\/g)=x (1)

(1) =2-x+ 1—x=%<:>{/2—x+\/l—x =l-Vi—x o 2-x+2/1-x =1
++1-x

Didukién x<1.Dat 2-x=a;\1-x=b (b20)=>da’-b" =1.
Phuong trinh da cho tré thanh a +2b =1. Ta thu dugc hé phuong trinh

p_lz@ 1

{a+2b=l > bz_Ta {azl
= = =
@ =b'=1 3 (l_a)2:1 (a—1)(4a” +3a+5)=0 4’ +3a+5=0 (++)

a —

4
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e Phuong trinh (**) vo nghiém vi A=-11<0.
e a=l2-x=lex=1.
Vay hé phuong trinh da cho ¢6 nghiém (x;y)=(1;2).

(2x4+3y+1)fx—py+1 =14+4/2x> + 11y +2)7°,
JX+4y 142> +x+6 =x+y+3.

Bai toan 104. Giai hé phuong trinh (x;yeR).
Loi gidi.

x—y+1=20
Didukién < x+4y-1>0

2x” +11xp+2y°> >0

x—y+120 x—y+1=0

Tur diéu kién ta co { = 2x+3y >0, hon nita { < (%) :(—%;%J khong thoéa man hé.

x+4y—-120 x+4y—-1=0
Nhu vay 2x+3y > 0nén phuong trinh thir nhit cta hé twong duong véi

(2x+3y+1)(Yx—y+1 —1)+2x+3y—\/2x2 +11xp+2)* =0
<:>(2)c+3y+1)(x—y)+ (x—y)(2x+3y)

Jx=y+1+1 2x43y+42x° +11xy+2)°

2x+3y+1 2x+3y
< (x—y) < = = =0
\/x—y+1+1 2x+3y+\/2x +1lxy+2y

2x+3y+1 N 2x+3y
Jr—y+1+1 2x+3y+\/2x2+11xy+2y2
Khi d6 phuong trinh thir hai cua h¢ tr¢ thanh

V3x 14423 +x4+6 =2x+3 & V222 +x+6 —(x+2) =x+1-5x -1

=0

D@ thay

>0, Vx, ythoa man 2x+3y >0nén ta dugc x=y.

x* —3x+2 x* =3x+2 X' =3x+2=0
Py =
\/2x2+x+6+(x+2) x+1++/5x -1 \/2x2+x+6—\/5x—1+1=0
e{1;2) xe{l;2}
= X —4x+7 S (x-2)+3

=—1 (2
V2X° + X+ 6 ++/5x— V2xP +x+6++/5x—1 2)

RO rang (2) vo nghiém nén h¢ da cho co hai nghlem x=y=Lx=y=2.

Nhdn xét.

Bao qudt tir bai todn sé 67 dén bai todn so 104, hau nhw cdc hé phu’(mg trmh ciia chiing ta, dit mang ddng dap lién
hop — truc can thicc voi nhan tr don gian ax+by+c =0, tuy nhién déu can dén suw tro gitip cia mdy tinh bé tiii
Casio Fx — 570 ES Plus véi nhitng bude di cdn than, chinh xdc, bude dau xudt hién nhimg danh gia doi hoi vin
dung cao va cdc phwong trinh hé qua phirc tap, an chira nhiéu yéu t6 quyét dinh. S& c6 nhiéu bai todn hay, khé va
thit vi hon, doi héi danh gid khéo 1éo, tinh té hon nita, tac gid xin dwoc dé cdp & phan cudi tdi liéu nay.

Sau ddy la mét sé bai tdp twong tir danh cho I6p bdi todn tir 67 dén 104.
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3x—y

3x=3y+1- ,
Giai hé phuong trinh x+ty (x;yeR).

1/)c(erZ)+\/_:1/(x+1)3.
Phuong trinh thir hai lam nguoc tir ‘/x(x+2)+\/;= (x+1)3 .
3 x+y+3+(4x—4y—3) 2y+3=0,

Giai hé phuong trinh y(4xy+9x+6) | (x;y €R).
Yr(4y* +3x+2) 411
x(4x2 +9x + 6)

Phuong trinh thir hai [am nguogc tur =1.
Jr(4x* +3x+2)+1-1

(2x—y)\/m:xm,
x2—7x—y+10=(y+2)m.
Phuong trinh thtr hai 1am nguoc tir x> —8x +10 =(x+2)\/m.
Sx—y+ix+y-3 =2+(x+y)(2x—y)+\/m,

¥ Ex+2 2 (x;yeR).
——+Xx = +1.

y—x+4 1 wes

: / +x+2 2
Phuong trinh thir hai lam nguoc tur XIS = +1.
x+3 xz

(x—y)(,/2y+3 +1)+,/x+y+4+1=0,

Giai hé phuong trinh L+l ) (x;yeR).
2 |———+x 4= :
y+3 x* +1

2
Phuong trinh thtr hai lam ngugce tir 2, /LX—H 4= 2
x+4 VXt +1

x—y+x\/2x+y—y\/x+2y =0,
(x;yeR).
x2+4y+7:(y+4)«/2x2—y2+7.

Phuong trinh th(r hai lam ngugc tir x* +4x+7 =(x+4)Vx* +7.

(Cau 5; Pé thi tuyén sinh vao 16p 10 THPT; M6n Toan; Dé chinh thire; S& Gido duc va Dao tao Thanh phé
Ha No6i; Nam hoc 2010 —2011).

x—y+x\/2x+y—y\/x+2y =0,

Giai hé phuong trinh \/ 1 L1 (x;yeR).
X ——t, [+ y+—=—(2y" + X +2y+1).
PR 2( 4 y+1)
b 4 : A < 2 1 2 1 1 3 2
Phuong trinh thtr hai dugc lam nguoc tu , |x _Z+ X +X+Z :5(2x +x +2x+1).

(Cau 5; Pé thi tuyén sinh vao 16p 10 THPT; Mo6n Toan; Pé chinh thire; S& Gido duc va Pao tao Thanh phé
Ha No6i; Nam hoc 2009 — 2010).

Giai hé phuong trinh { (x;yeR).

Gidi hé phuong trinh

7

Giai hé phuong trinh {
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X—y+2x2x+y :(x+y)\/x+2y,
x’ —3x+4:(4+3y—ij\/2x—y—l. (
X

Phuong trinh thtr hai 1am ngugc tir x> —3x+4 = (4 +3x— ij x—1.
X

Giai hé phuong trinh X;y € R) .

3x=3y+(2x—2y+1)y/x+2y+1 =3y +1,

Nyz —4x+5 - +6y+13‘=,/26+x—y.

Phuong trinh thir hai dugc lam nguogc tir bai toan

Giai hé phuong trinh (x;yeR).

Jx? —axr 5437 +6x+13‘.

(Cau 3.2; Dé thi tuyén sinh vao 16p 10 THPT; Mén Toan (Danh cho cac thi sinh du thi chuyén Toan, chuyén
Tin hoc); B¢ chinh thirc; Truong THPT Chuyén Nguyen Trai; Tinh Hai Duong; Nam hoc 2010 — 2011).
x—y+x\/2x+y —y\/x+2y =0,

V27 +4x7 14y 31627 +12)7 +6x -3 =4yt +2y° —2x-1.
Phuong trinh thir hai dugc lam ngugc tur bai toan

V2 4 +4x =160 1207 +6x -3 2 4x* +2x7 —2x- 1.
(Cau 5; bé thi tuyén sinh vao 16p 10 THPT; Mén Toan (Danh cho cac thi sinh dy thi chuyén Toan, chuyén
Tin hoc); B¢ chinh thurc; Truong THPT Chuyén Thai Binh; Tinh Thai Binh; Nam hoc 2010 —2011).

Tim gid tri [6n nhat cia biéu thirc P =

(x;yeR).

Giai h¢ phuong trinh {

o y(x—y)+(3y+x—l),/x+2y—l=(4y—1),/3y—1,
Giai hé phuong trinh (x; yE ]R) .
Iy +16, 22 =yl% ./ yi X =5
Phuong trinh thtr hai 1am nguoc tr J/x° +16 = x+1++/x* + x—5.
x—y+2xw/2x+y=(x+y)1/x+2y,
Giai h¢ phuong trinh V4892 +17x+4 (x;yeR).
xy+ =11+x-y.
\/10-)62
3 2
Phuong trinh thr hai 1im nguge tir x° + 2 8¢ tl7xFd
V10— 22
x—y+x\/2x+y—y\/x+2y:0,
Giai h¢ phuong trinh < x* 4+ 7xy +17x + y+4 . (x;yeR).
+x=11.
10—y
3 2
Phuong trinh thir hai dugc lam nguoc tir bai toan i 7\/xlO+ 1323 +x=11,
—Xx
o . x\/x+y+(y—x)w/2y:y 3y—x,
Gidi hé phuong trinh (x; Ve R) .
J14+6y—x° =y+2+\/x3+3xy+3x—3.
Phuong trinh th@ hai 1am nguoc tir Y14+ 6x—x° = x+2+4x +3x> +3x—3 .
X oy+Rxr—4=2(y-2),
Giai hé phuong trinh \/ 4 (v-2) (x;yeR).
4(x—y+1)+3x+4y+5+(2x-2y+1)/Ty+2 =0.

Phuong trinh thi nhat lam nguoc tir \/x2 —x-1+23x -4 = 2(x—1).
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\/x+y+2 +\/3x+2y—1 =Jx+3+2,
J6v —x=5 + 1=y =3v— B+ r 3.
Phuong trinh thtr hai lam ngugc tur m +x—1=3x—4x+5.
(x—y+1)(m+l)+\/m+1:0,

e Giai hé phuong trinh (x;yeR)
: 1 31
V2-X"+,2-—5+y-2=x"+—5——.
x X -

Phuong trinh thir hai lam nguoc tir v/2 —x* +, /Z—L Dt +%—x—l.
x X

X

e (Giai hé phuong trinh { (x;y € R) .

2x—y+l+(4x—2y+5)\/3x+y+l :3\/x+2y,
V4-x° +2§/x4 —4x° +(y+1)2 =(y—)c—2)2 +1—|x|.

Phuong trinh thir hai lam nguoc tu \/4 —x* + 2%/)64 —4x’ +4x° = (x - 1)2 +1- |x| .

(Cau 4; Pé thi thtr stc trude ky thi THPT Qudc gia; Mén Toan; Lan tht hai; Mua thi 2015; Khéi THPT
Chuyén; Truong Pai hoc Vinh; Tinh Nghé An).

x\/x+3y +y\/2x—y = 2x\/;+y\/;,

¥ -2x"y+4y—1=22x+y-2.

e Gidi hé phuong trinh (x; Ve R) .

e Gidi hé phuong trinh { (x; Ve R) .

Phuong trinh thtr hai 1am nguoc tir x° —2x° +4x —1<2+/3x-2..
(y+1)\/x+3y+y\/3x—2y:(3y+2)\/;,
4‘y—1/2x+y—2‘+‘(y—2)\/;‘+2:x.
Phuong trinh thir hai lam nguoc tur 4‘x—\/3x—2‘+‘(x—2)\/;‘+2ﬁx.

(x2 +y)\/x—y+6 =2x° —x+3y-2,

e (Giai hé phuong trinh (x;y € ]R) .

e (Giai hé phuong trinh x;yeR).
22" +8x+7+332)° =1 =(2— [y )(x—4/x+2+7). ( )
Phuong trinh tht hai lam nguoc tir 2x* —1+33/2x> -1 :(2—\/;)(x—4\/;+7).
Ix+y+(x* =y =1)yx+3y+x=1y,
e Giai hé phuong trinh Y ( Y ) Y g (x;y eR).
V257 46y -8 +4/2)” +4x—6-3/y+4—3Jx+3-1=0.

Phuong trinh thir hai lam nguoc tir V2x% +6x—8 +v2x% +4x—6—3Wx+4-3Jx+3-1>0.
X' =y +2x+1+ px+y +(x—2y+1) 2y =0,
Jo+1)(2x-1) =3y +5=4-J(x+6)(2y-3) +3/x+2.

Phuong trinh thr hai 1am nguoc tir (/(x+2)(2x—1) =3Jx+6 =4—(x+6)(2x—1) +3v/x+2 .

(Cau 1vV.2; Dé thi thir st trude ky thi Dai hog; Mon Toan; Lan thir nhét; Mua thi 2010; Khdi THPT Chuyén
Vit ly; Truong PHKH Ty nhién; Pai hoc Quoc gia Ha Noi).

x—y+2+(x—y+3)\/x+ =1/2(y—1),
X =x*+y-3 :\/5+x—y+2 +~/—x+8.
Phuong trinh thi hai lam nguoc tir vVx° —x* +x—1 </5+/-x+8.

e Giai hé phuong trinh { (x;yeR).

(x;yeR).

e Giai hé phuong trinh {
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(Cau 1; Pé thi chon Poi tuyén du thi Ky thi hoc sinh gioi Quéc gia 16p 12 THPT; M6n Toan; Pé thi chinh
thirc; S& Giao duc va Pao tao Tinh Ha Tinh; Nam hoc 2008 — 2009).

(x+y)\/x2 +y :3y1/y(y+1),

e (Giai hé phuong trinh 4x3+10y2+x—2_\/10 I (x;yeR).
5y-2 Y '

3 2
Phuong trinh thir hai lam nguoc tu dx +;Ox 2+x 2 >10x—4 ++/14x-3.
x_

2x\/;+2(6y—x—3)\/;+x—y:3(2y—1)«/x+3y,
1+ x 4342y —4y* +8x -5 =2y.

Phuong trinh tht hai lam ngugc tor vx—1++vx+3 + 2\/)63 —4x” +8x—5 =2x.
(Céu ; D¢ thi thir stre trude ky thi THPT Qudc gia; Mon Toan; Lan thi ba; Mua thi 2015; Truong THPT
Chuyén Hung Vuong; Thanh pho Viét Tri; Tinh Pha Tho).

(2x—y+1)1/2x—y+1 +(y—x+3)\/x+1 = (x+4)«/y+l,
Giai h¢ phuong trinh x;yeR).
(2x—y+1)(x+4) =3,/5x(x +4). ( )
Phuong trinh thr hai 1am nguoc tr x> +5x +4 = 3, ISx(x2 +4) .

2x +x= (y+1)2+3 +1,

e Giai hé phuong trinh { (x;y€R).

e (Giai hé phuong trinh (x; NS R) .

(x2 +x) x24y+3=2x" fx+y+l.
Phuong trinh tht nhét lam nguoc tir 23/x +x=~/x> +3 +1.
xw/3x+y+(y—2x)w/x+3y =2(x+y)\/;,
x(x—l)2 =(\/y+4+1)(y+4).

Phuong trinh th(r hai lam nguge tir x(x— 1 Jx+4 +1 (x+4).

x| TV ol y=2y /1+ y—X
e Gidi hé phuong trinh 2y+1 2y+1° (x;ye]R).
v+ y+1 1/4y— :\/ 8y+1 4x—3 .
Phuong trinh thir hai lam nguge tir x+(x+1)v4x—3 = /(8x+1)(4x-3).
x\/4x—3+(x+2)\/8x+1=12y—2,
V4J2x+3y 2x\r 2x—y 1/)c+4y.

Phuong trinh thir hai 1am nguoc tir xv/4x -3 +(x+2)v8x+1=12x-2.

m \JY x+3y +2\/_

e Giai hé phuong trinh L+x (x;yeR).

\/5;_6 +\/’9€;_22 +2()? ~5x+5)=0.

e Gidi hé phuong trinh (x; Ve R) .

e Gidi hé phuong trinh { (x;y € R) .

x+2

\/x6 \/9x2

Phuong trinh thtr hai 1am ngugc tir 2(x2 -5x+ 5) =0.
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Y e xy+_:( +(j em
ye

Jy+ X +2(y2—x—1)=0.

V3x+1

Phuong trinh thir hai lam nguoc tu Jx +

e Gidi hé phuong trinh

x+1
———+2(x*-x-1)=0.
V3x+1 ( )
2\/x2+3x—y—\/4x+y2 =x+1,
e Gidi hé phuong trinh X 2, 2(y+)) (x;yeR).
+ +y° = .
TN x

Phuong trinh thi hai lim nguoc tir ——— + — 2, (x

V2x-1 Jex+3
J(2x+y) —8x+3+2x+2y-3 =3y,
6x=y+x\/3x——2+(x+1)\/(2x+y+2)x—1.

Phuong trinh tht hai lam ngugc tir 8x -3 = xv/3x =2 +(x+1)v/5x—1.

e  Giéi h¢ phuong trinh {Nm 2_m+x (x;y<R).
x+y—2=3Jax+1.

3% +5x+y—1—\/m+x2—4x+2=0,

A (x;yeR).
eyl

Phuong trinh thtr hai 1am nguoc tr v3x* + 7x =1 —+/5x =1+ x> —4x+2<0.

2x+3y+1)x—y+1=1+42x" +11xy+ 217,
e Giai hé phuong trinh ( a ) g \/ O (
A4x+4y-1=x*"-2)" +4x+ y+4.

-1y’ >2.

e Giai hé phuong trinh (x;yeR).

e Giai hé phuong trinh

myeR)

Phuong trinh thtr hai 1am nguoc tr 44/5x—1 = x* —=2x” +5x + 4.

(x—y)(w/2y+3 +l)+«/x+y+4 +1=0,

e Giai hé phuong trinh ¥ 45y +3 (x;yeR)
2
4 Vx—x* =0.
X =y
x3+5x(x+l)+3

2
x —x-1

XX+ y +(y—x)\/gzy 3y—x;
%x3+x=1+(1—y2)«/1—2y2.
Phuong trinh thtt hai 1am nguoc tir %x3 +x=1+(1—x2)\/1—2x2 :

x\/x+3y +y\/2x—y :Zx\/;erx/;,
6x> +3y+1="5x23[6y +2x°.

Phuong trinh thi hai lam nguoc tir 6x° +3x +1=5x"/6x" +2x° .

+4x=x*=0.

Phuong trinh thir hai lam nguoc tu

e Giai hé phuong trinh (x;yeR).

e Gidi hé phuong trinh { (x; ye R) .
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Bai toan 105. Trich lugc cau 8; Dé thi thir stre trude ky thi THPT Quéc gia; Mon Toan; P& thi chinh thirc; Lan thu
4; Mua thi 2015; Truong THPT Chuyén Vinh Phtc; Thanh pho Vinh Yén; Tinh Vinh Phuc.

xy—y2+2y—x—1=\/y—l—\/;

36—y +32x+3y~7 =2x+7

Giai hé phuong trinh {

Loi gidi.
Diéu kién x> 0;y €[1;6];2x+3y = 7. Phuong trinh thir nhat cta hé tuong dwong véi

(x—y+1)(x+2y—l)+\/_— y=1=0
x—y+1

\/;+\/y—1:
1
—y+1)| x+2y-1+————|=0 (1
< (x-y )(x y \/;‘F\/ﬁ] (1)
Ta thay x+2y—120+2.1—1:1>0,VxZO,Vye[l;6]:>x+2y—1+\/;+;\/ﬁ
Do d6 (1)< x—y+1=0<> x=y—1, phuong trinh tht hai tr¢ thanh
3\/6—y+3\/5y—9=2x+5<:>8—y—3\/6—y+3(y—1—~/5y—9)=0

Y =7y+10 ¥ =7y +10

T s—ye3fomy  yoley5y-9

<:>(x—y+1)(x+2y—1)+ 0

>0,Vx>0,Vye[L;6].

=0

1 1
27y+10 + =0 (2
<:>(y g )(8—y+3,/6—y y—1+\/5y—9J 2)
1 1

Lai c6 0,Vy €[1;6]né
ai co 8—y+3\/6—y+y—l+\/§—_9> y &[1;6]nén

(2)e (y-2)(y-5)=0= ye{2:5}=(xy)=(12).(45).
Nhan xét.

= Hé phuong trinh trén thudc dang thirc ban lién hop nhung van don gidn vi thue hién lién hop truc tiép hai
can thire, dit rang cé két hop phan tich nhan tir da thirc hai dn f(x;y) =xy—y* +2y—x-1, tuy nhién diéu

nay cting co ban voi sy tro  giup cua may tinh bo tui Casio khai pha nhan tr x—y+1.

1
NS
X+2y-120+2.1-1=1>0,Vx>0,Vy e[L;6].

Diéu nay canh bdo chung ta phai luén bam chat diéu kién xdc dinh.

= Phuong trinh hé qua an y gidi dwoe nho kj thudt lién hop biéu thirc véi hai nghiém hitu ty don (truc thude
phwrong phdp dai leong lién hop — truc can thire — hé tam thoi), tac gid xin dwoc mién binh ludn.

= Ngodi ra, ddy ciing la sy tring lap cia cdu 8; Dé thi thir sitc trude ky thi THPT Quoc gia; Mén Todn; Pé
thi chinh thirc; Mua thi 2016; Truong THPT Ly Thdi Té; Thanh phé Bdc Ninh, Tinh Bdc Ninh.

= RG rang cdc ban chi can bam chat diéu kién x>0,y >1ciia hai can thitc nam trong phwong trinh thir nhat,
thdm chi ca diéu kién cia phwong trinh thir hai, chi y thay déi linh hoat bé phdn da thirc ciia biéu thirc hé
qua T la sé thu dwoc vo van hé phwong trinh moi nhu sau

]
—  valamnguoc v2x% +2x +(x—1)/x = x + 1 ta duogc
\/;+«/y—l s ( )

= Piém mdu chot danh gia biéu thirc lién hop T =x+2y—1+ as la

> Xuit phat diém 7 =x+y—1+
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=y 42y —1+x = Jy-1=0,
N2x7 +2x +(y—2)\/;:x+l‘

Giai hé phuong trinh { (x;yeR).

> Xuit phatdiém 7 =x+ > -1+ va 1am nguoc 2++/x+6 =/2x+5 +~/x+3 ta duoc

1
\/;+,/y—1
x2+xy2+y2+y+\/;:xy+y3+l+ y—=1=0,
2+\/y+5 =2x+5 +\/y+2.

Valamnguoc Vx+3—-+/1—-x =x+1tadugc
x+\/

2xy+y+\/_—1/y— =x’+y’ +x,
Vx+3—-+1-x=y.

> Céc ban c6 thé tham khao rat nhiéu xuat phét diém khac nhu sau

(x;ye]R).

Giai hé phuong trinh {
> Xuét phatdiém T =y —x+

Giai hé phuong trinh { (x;yeR).

T=2x+y"' —1+————=;T=3x+
g J’+,/_ v x+‘/—
1
T'=x +—;T:x SR
RN ETUV R LV I

X +(y-6) =y +13x+27,

\/9x2 +(2x—3)(x—y) +4\/E=7y.

Bai toan 106. Giai hé phuong trinh (x; Ve ]R) .

Loi gidi.
Diu kién 9x” +(2x—3)(x—y)=0;xy 2 0. Tl phuong trinh thit hai ta thdy >0.
Hon nira cdp s6 x = y = 0khong thda man h¢ ban dau, xét y >0 = x> 0. Bién doi phuong trinh thir nhat
X +(y-6) =y+13x+27 & (x-1) +(y-2) =11x+9y—4=11x+9y -4>0.
Phuong trinh thr hai tuong duwong véi
J9x? +(2x-3)(x—y) ~3y+4Jxy—4y =0
9x2Jr(2x—3)(x—y)—9y2 4y(x—y)
+
\/9x2+(2x—3)(x—y)+3y \/E"‘y
) I1x+9y-3 N 4
\/9x +2x 3)(x y)+3y \/EJFJ/
11x+9y-3 . 4
\/9x2+(2x—3)(x—y)+3y \/EJFJ/
1344151 _13-4151
5 .

2
13++/151

2

=0

@(x =0

Vi y20;11x+9y-4>20= 0.

Dodéx=y=2x"-26x=9=0=x=

Déi chiéu diéu kién thi hé c6 nghiém duy nhit x = y =

Nhan xét.

Thoat tién khi nhin vao hé phuong trinh ching ta tﬁdy c6 mot sy nhe nhang ¢ phwong trinh thir nhat, lée 1én tia hy
vong su dung ky thudt phan tich nhdn tw hai an, bang phwong trinh bdc hai an x (twong wng y) hoac mon men theo
nhan tir mo dwoc do sw dung cong cu may tinh bo tui Casio Fx — 570 ES Plus.
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Tuy nhién thuc té phii phang, phdn tich nhén tir phwong trinh thiv nhdt that bai, tam thoi dieng khai thac ¢ day.
Chuyén hwdng sang phwong trinh thiv hai, la mgt phwong trinh hai an chira can thirc kha phirc tap, néu sic dung
may tinh bé tii Casio thém mét lan nita, rdt may mdn ching ta cé két qua

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
X 100 1000 50 200
y 100 1000 50 200
Méi lién hé x=y xX=y xX=y xX=y

Piéu nay dan dén khang dinh 96,69 % nhdn tir trong phwong trinh thir hai la x—y. Vin dé dat ra tiép theo la ghép
biéu thire lién hop véi cdc can nhw thé nao, ching ta thir nghiém nhw sau

J9x* +(2x-3)(x—y) =9k* =3K|
x=y=k= 4\/524\/k_2:4|k|

y=k

Bé y thém bén ngodi cdc can chi chita y nén phieong dn dwoc wu tién la ghép
\/9x2+(2x—3)(x—y)—3y+4\/§—4y=0
9x2+(2)c—3)(x—y)—9y2 4y(x—y)
= +
\/9x2+(2x—3)(x—y)+3y \/EWLJ’
11x+9y-3 4
= (x— +
( ) \/9x + 2x 3)(x y)+3y \/Eer

Truoc khi ghép, cdc ban con phai xét truong hop \/9x + 2x—3)(x—y +3y= \/E+ y=0 [1] h

=0

=0

Tuy nhién tam thoi gac lai truong hop do, chung ta hdy tap trung vao mot chudng ngai vat nday sinh lam cho qud
trinh cua minh bi chung lai, do la biéu thirc hé qua
l1x+9y-3 N 4

\/9x + 2x 3)(x y)+3y \/EJF)"

Trong biéu thire T ¢é hai van dé nho nhé la xir Zy tir 56 va mau sé

\/9x + 2x—3)(x—y)+3y>0,\/a+y>0 [2]
11x+9y—-3>0 '

Néu [2] dwoc gidi quyet thi ciing mo dwong cho [1] duoc giai quyet
Khéng qud khé dé thdy cdc mau sé c6 khd ndang dwoc gidi quyét boi vi

7y=\/9x + 2x—3)(x—y +4\/EZO:>y20.

Pén ddy nhiéu ban voi két hop diéu kién xy>0= x>0, thuc ra diéu nay la chia ding vi y =0thi x tiy ¥ bao
nhiéu ma chang dwoc, ddy la mot yéu t6 tuy nhé nhung rdt logic, phuc vu ddic luc cho 10i gidi dwge hoan thién. Pé

tranh dwoc truong hop hy hitu nay chiing ta can xét cdp sé (x; 0) c6 théa man hé phwong trinh ban dau hay khéong
e T phuong trinh tht hai ta thdy y>0.
e Hon nita cip s6 x = y = 0khong thoa min hé ban dau, xét y>0=x>0.
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DPén ddy thi mau sé dwoc giai quyét hoan toan. Tiép tuc xi 1y vdn dé bi ket 11x+9y—3>0?, cdc ban chii y rang do
mau s6 dwong nén chiing ta chi méi chéc chan dwoc 69,96% 11x+9y —3 > 0 ma théi, van nam trong qud trinh ban
bién. Vu hoi vé phwong trinh thir nhdt géc lai & trén, cdc ban hdy thir khai trién va biéu thi M =11x+9y -3 theo
cdc bién xem tinh hinh bién chuyén gi khéng

X +(y—6) =y +13x+27 & x> —2x+ ' —4y+6=11x+9y-3

& (x-1) +(y-2) +1=11x+9y-3=11x+9y-3>0
Cdc ban c¢6 thé nhdn thdy diéu kién x>0y >0gan nhw di dwoc phwong trinh thir hai ciia hé bao ham. Nhir viy
yéu to tao thanh 11x+9y—3>0deé nang Ién vai phwong trinh thir nhat. Viéc tao ldp phiong trinh thir nhat ciia hé
dé bai kha don gian, bai toan 106 tdc gia bai todn xudt phat tir cac tong binh phirong co ban. Thuc ra cdc ban chi
can lwa chon phwong trinh an x hodac dn y co diéu kién toi thiéu

9y-3>0 [11x-3>0
{x >0 Y { =0

Qud trinh déanh gic 11x+9y —3 > 0.s€ tré nén khé khan hon khi phai két hop dong thoi

{mx +nyza

7 px+qy =P ,

Cdc ban co thé tham khao cac hé phwong trinh ke thiea nhw sau

o Xudtphattir 11x+9y-3=3x+y+1.
1x+9y-3=Bx+y+1,
\/9x2+(2x—3)(x—y)+4\/5=7y.
o Xudtphattr 11x+9y-3=x+ >+ Bx+y+1.
11x+9y—3=x2+y2+m,
\/9x2+(2x—3)(x—y)+4\/5=7y.

o Xudtphattir 11x+9y-3=(x+y+1) +(x—2)".

:(m+p)x+(n+q)y2a+ﬁ:>11x+9y—320.

Giai h¢ phuong trinh

(x;yeR).

Giai hé phuong trinh (x;yeR).

2x% +2xy—17x+y* —11y+8 =0,

\/9x2+(2x—3)(x—y)+4\/5=7y.

2

Giai hé phuong trinh { (x;yeR).

o Xuadtphattr [1x+9y—3=x"+"+2(x+y-1)
2x% +2xy—13x+2y> +7y-2=0,
92 +(2x=3) (x—y) +4xy = Ty.
o Xudt phat tir \[10x+9y—4 ++/x =1.
J10x+9y -4 ++/x =1,

9 +(2x-3) (x—y) + 40y = 7y.
o Xuatphat tir \/3x+2y—2+/8x+7y—2=2.
J3x+2y-2+8x+7y-2=2,
J9x? +(2x-3) (x—y) +4xy =7y,
\/9y2+(2y+3)(y—x)+4\/5:7x,

(2y -1)V1+x+(2p+1)V1-x =2y.
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(x;yeR).

Gidi hé phuong trinh {

Giai hé phuong trinh (x;yeR).

Giai h¢ phuong trinh (x;y € R) .

o Giai hé phuong trinh trén tap so thuec.
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\/1 Ix* —(2x=y)(x+y) +2\/E =5x,
(¥ +6x+13)4x" + 7 1 =(5y+16)x” +8x+11.

Bai toan 107. Giai hé phuong trinh (x;yeR).
Léi gid

bicu kién cac can thirc xac dinh.

Nhén xét SJC:\/llx2 —(2x-y)(x+y) +2\/E >0=>x>0.

Jy* =0

Xét truong hop x =0 thi hé tré thanh =>yed.
Y +13)yy’ -1=11

Vay cdp s6 (0;y)khong théa man hé, dan dén x>0= y>0.
Khi @6 phuong trinh thir nhat cta hé twong dwong voi
\/llxz—(2x—y)(x+y)—3x+2\/5—2x=0
11 (25 ) (x+2) =02 2(w-x")
\/llxz—(2x—y)(x+y)+3x \/EJFX
- y(y—x) +2)c(y—)c):O
\/llxz —(2x+y)(x+y) +3x \/EJFX

=0

@(y—x) L + 2x =0
\/llxz—(2x—y)(x+y)+3x \/Ejo
D2 tha Y 2x >0,Vx>0,y>0, tathu dugc x=y.

y +
\/llxz—(2x—y)(x+y)+3x \/EJFX
Phuong trinh thir hai tré thanh (x2 +6x+13)\/5x2 —1=5x>+16x> +8x+11. Diéu kién x° 2%;)( >0= )CZ%.

Bién d6i dua vé
3 2 3 2
5x2_1:5x +16x" +8x+11 I—sz—l—(x+2)=5x +16x +8x+11_(x+2)

X’ +6x+13 X’ +6x+13
4x—4x=5 _4C48P-17x-15 4 -4x-S _(x+3)(427 —4a-5)
V5% —1+x+2 X’ +6x+13 V53X —1+x+2 X’ +6x+13
4x* —4x-5=0 4x* —4x-5=0 (1)
<::{(\/5)6271+x+2)(x+3)—x2+6x+13<:>L)Hrg,)\/m—)”r7 (2)

},déichiéu xzi:x=y=1+‘/€.

J5 2

1—\/g_l+\/g
2 72

e Gidi (1)<:>xe{
o Giai(2)

(2) & (x* +6x+9)(5x° —1) =x+7 < 5x* +30x" +43x ~20x-58 =0
x=1

—1)(5x° +35x* + 78x+58) =0
= (e 1)(5x7+ 356+ T80+ 55) ©{5x3+35x2+78x+5820 (3)

RO rang 5x° +35x7 +78x+58>0,Vx2%nén ta duoc x=y=1.

Két luan hé phuong trinh ban du c6 hai nghiém.
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Nhdn xét.
Bai todn s6 107 nay twong tir bai todn s6 106, tac gia xin diém qua mot s6 diém nhan trong qud trinh khai thdc
phwong trinh thir nhat cua hé nhw sau

A. Quan sat mot lugt, vo vong doi voi phuong trinh thtr hai, hy vong do6i véi phuong trinh thtr nhat.

B. Bién doi gon phuong trinh thir nhat /9x* — xy + y* + 2\/5 =5x.
C. Sir dung may tinh Casio Fx — 570ES Plus hoic twong duong cho phuong trinh thir nhit ta dwoc bang

T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
X 100 1000 50 200
v 100 1000 50 200
Moi lién hé xX=y Xl X=y X=y

\/9)62 —xy+y’ = \/9k2 =3|k|
D. Xac dinh mdi quan hé x = y va thir nghiém gia tri theok: x=y=k = 2\/5 = 2\/k_2 = 2|k|

S5x =5k
E. Ghép biéu thirc lién hop
\/llxz—(2x—y)(x+y)—3x+2\/5—2x=0
118 (25— y)(x+3) 9% 2(w-x")
\/llxz—(Zx—y)(x+y)+3x \/E-HC
- y(y—x) +2x(y—x):0
\/llxz—(2x+y)(x+y)+3x \/E+x
y 2x
S (y—x + =0
( )\/llxz—(Zx—y)(x+y)+3x \/E—i-x
b% 2x

F. Dénh gia biéu thirc hé qua 7T =

+ .
\/1 1x’ —(2x—y)(x+y) +3x \/E+x
G. Vu hdi phuong trinh thtr nhét 5x =1 1x* —(2x—y)(x+y) + 2 2 0= x 2 0.
H. Chu y kha nidng x =0;y € R din dén xét va loai truong hop cidp s6(0; ), dong thoi két hop xp > 0dan dén

kha ning x>0,y >0, loai trir trurong hop mau thirc bang 0 déng thoi dénh gia hoan thién T.
Sdp xép theo thit ty H—>G — F — E — D — C — B — A ta sé thu dwoc 10i gidi trén.
Vé phwong trinh hé qud dn x tai phwong trinh thir hai, ddy la mét phwong trinh bdc cao lan can thire khd phike tap,
ky thudt sir dung la lién hop nghiém vo ty long ghép phén thirc (Phwong phdp sir dung dai lwong lién hop — truc cdn
thirc — hé tam thoi), tat nhién cdc ban c6 thé sir dung ky thudt dat an phu khéng hoan toan (Phwong phdp ddt an
phu) déu cho két qua tiong tu.
Y twomg lién hop ciia bai todn ciing dwoc sit dung twong tw trong cdu 9; Pé thi thir sirc trude Ky thi THPT Quéc
gia; Mén Todn; Lan thir nhat; Mia thi 2016; Truong THPT Kim Thanh; Huyén Kim Thanh; Tinh Hai Dwong véi
hinh thiec kha phiec tap nhw sau
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\/llxz —(2x—y)(x+y)+2\/E=5x,

Giai hé phuong trinh (x;yeR).

5(x*—x—6)\5y =19 = (y+2)(y+5+4y-4)(Jy-3+2).

\/3x2 —Xxy—y —x+y +6\/E=7y,

202 +18 —=10x—5 +2y> —12x +17 = 0.

Bai toan 108. Giai hé phuong trinh (x;y € ]R) .

Loi gidi.
Diéu kién x> %;y > 0. Nhén xét cdp so (x;0)khong thoa man hé nén y > 0;x > % ;
Phuong trinh thtr nhat ctia hé da cho twong duong
\/3x2—xy—y2—x+y—y+6\/5—6y=0
2 _ 2 1,2
3x"—=xy-2y" —x+y Le XY
\/3x2—xy—y2—x+y+y \/E+y
(x—y)(3x+2y—l) 6y(x—y)
+
B =y —xtyty oty

= =0

3x+2y-1 N 6y _0

S (x—y
( )\/3x2—xy—y2—X+y+y Xy +y

3x+2y-1 1 6y
\/3x2—xy—y2—x+y+y xXy+y
V6i x = y thi phuong trinh thur hai tré thanh

N2x2 +18 =10x=5+2x> —12x+17=0

A2 418 —x—3+x+2—+/10x—5 +2(x2 —6x+9)=0

D@ thay 3x—1+2y>0,vy>o;le:>

>O,‘v’y>0;x2%.

2 +18—(x+3)" (x+2)" —(10x-5)
= +
J2x? +18 +x+43  x+2++/10x-5

+2(x=3)" =0

oY (3 +2(x=3)" =0

V2xP +18+x+3 x+2++10x-5
<:>(x—3)2( 1 : 2]:0 (1)

+ +
J2x? +18+x+3 x+2+10x-5

1 1

"
V2x? +18 +x+3 Xx+2++/10x—5
Két luan hé phuong trinh d3 cho c¢6 nghiém duy nhat x= y =3.

Nhdn xét.

e Ddy la mét bai todn tiép néi cac bai todn 106, 107, 108, motip sir dung dai lwong lién hop — truc cdin thirc,
long ghép danh gid biéu thirc hé quad, duy tri duéi sw tro gitip ciia mdy tinh Casio Fx — 570ES Plus hodc
cong cu twong duong.

e Vi bai todn sé 108 cdc ban khong nhat thiét phdi khai thdc yéu té y > 0 tir phwong trinh thir nhdt, nguyén

RG rang +2>0,Vx2%,dodc’) (1) (x-3) =0 x=3suyra x=y=3.

\ 1 , ; N .
do diéu nay da co cac PKXP x> E; xy > 0dam nhiém. Tuy nhién tinh huong y =0;x € Rvan cw xay ra binh

thwong, cho nén dé logi bo di trieong hop mau thire lién hop bang 0 chiing ta van xét va logi cdp sé (x; 0).
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3x+2y-1 N 6y
\/3x2—xy—y2—x+y+y xXy+y

Vé phan biéu thirc hé qua T = nhiéu ban doc ciing thdy day la mét biéu

thirc khong qud khé, boi ban nao ciing biét so sdanh %>%:>3x+2y—1:3x—1+2y>0,Vy>0;x2%, tr

dé két hop tong thé Yy > 0;x > % dan dén danh gia T dwge hoan chinh.

Bai toan s6 108 cdac ban cé thé tao lap dé bai véi hinh thirc khdc nhw cac bai toan trude
\/x2+(x—y) (2x+y- +6\/_ 7y,
2y  +18 =\10x-5+2y* =12x+17 = 0.

Ve viéc xdy dwng bai todn, dLm’ng nhi c6 mét sé ban cam thdy phwong trinh thir nhat ciia [108.1] va cdc dé
bai 106, 108 c6 vé nhw “doa ma” nhitng nguoi yéu duoz boi vi cai dac tinh cong kénh cua no, nhung thuc
ra dé déu la nhing goi ¥ dan dén 1oi gidi bai todn, néu thu gon lai cdc ban déu thdy né ngdan hon nhung lam

Giai hé phuong trinh (x;y € ]R). [108.1]

cho qud trinh dodn biét nhdn tir x — y khé khén hon
\/9)62Jr(zx—3)(x—y)+4\/E:7y<::>\/llx2—2xy—3x+y2 +4\/E:7y,

Duy chi ¢6 bai todn 107 dd cé tinh giau di ban chdt nhdn tir x — y nhwng khai trién ra thi lai gon gang qud

YU = (2= p) (x4 ) #2400 =53 & 9x" -y + 37 + 24y = 5x.

Vi vdy tac gia mong muon cdc ban hay manh dan bién doi, khai trién, tién téi, phat hién, thir nghiém va tw xdy dung
dwoc cho minh nhitng deé bai mai, thu vi va mikc do kho cao hon, doi hoi ky nang va ham lwong kién thuc tong hoa

nhiéu hon, nham phuc vu cho nhitng bai todn khé trong twong lai va tie duy bé tro cho cdc mén lién quan.

V3x+1+~/5x+4 =3x—y+3,

2\/x2+(3x—y)(x—y)+3\/5=5y.

Bai toan 109. Giai hé phuong trinh { (x;y € R) .

Loi gidi.

Dicu kién x* +(3x—y)(x-y)> O;xz—é;xyZO.

Tt phuong trinh thir hai cia hé taco Sy :2\/x2 +(3x—y)(x-) +3\/E 20=>y=20.

Px+1++/5x+4 =3x+3

244x* =0
Truong hop y >0 = x > 0. Phuong trinh thir hai ctia hé twrong duong véi

: 2[ X =y +3(3x—y)(x-y)] 3(w-»’
2| 4300 (- ) mr [+3(Vor-y) =0 [szj(3xy)(xyy)+j}+ (ny>y+yy) ’

4(5x y) . 3y _0

\/x 3x y X— y)+y \/Eer

Néuy = 0hé tro thanh { < x=0,suyra x =y =012 mdt cip nghi€ém cua hé.

4(x—y)(5x—y) +3y(x—y)

= \/xz +(3x—y)(x—y)+y \/5+y

0<:>xy

Ta co

x>0=3x—y=3x+1+V5x+4-3>1+2-3=0=5x—y=3x—y+2x>0

4(5x_y) + 3y >0,Vx>0,y>0

- \/xz +(3x—y)(x—y)+y \/EJFJ/

Vay ta thu dwoc x = y va phuong trinh thi nhét ctia hé tr thanh
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Px+1+5x+4 =2x+3 & 2x+3-Bx+1-+/5x+4=0

Sx+1-3x+1+x+2-/5x+4=0

xz—x xz—x

= + =0
x+1+3x+1 x+2++/5x+4
1 1
< x(x—1 + =0 1
O rere L e eUNO
. 1 1
Ta tha + >0,Vx20nén (1) x(x-1)=0<= x40;1} .
yx+1+\/3x+1 X+2++/5x+4 () ( ) { }

Két luan phuong trinh da cho c6 hai nghiém x=y=0;x=y=1.

Jax? +(x=p)(x-3) +1LJxy =13y,

o (x;y eR).
3x° +3x% —4x+3=3y +1+./5y+4.

Bai toan 110. Giai h¢ phuong trinh {

Loi gidi.

Diéu kién 4x’ +(x—y)(x—3)2 0;xy20;y2—%.

Ttr phuong trinh thr nhit ta c6 13y:\/4x2+(x—y)(x—3)+11 xy>0=y>0.
4x2+x(x—3):0<:> x(5x—3)=0
30 43¢ —dx=0  |¥(3r +3x-4)=0
Vay hé nhan x = y =0 1a mot nghiém. Xét kha nang y > 0= x> 0, phuong trinh thir nhét cta bai toan trg thanh
Jax? +(x=p)(x=3) —2p+11xy ~ 11y =0
4(x* -y’ — -3) 1l{xy—y’
(x y)+(x y)(x )+ (xy y)
\/4x2+(x—y)(x—3)+2y \/E"‘y
(x—y)(5x+4y-3) 1y(x-y)
= +
\/4x2+(x—y)(x—3)+2y \/E+y

@(x—y){ Sx+4y-3 N 11y _0

\/4x2 +(x—y)(x—3)+2y \/E+y -

Néu y = 0thi hé phuong trinh tré thanh { < x=0.

Tur phuong trinh thir hai ctia hé ta c6
3x° +3x% —4x =By +1+:/5y+4-3>V1+/4-3=0,vy>0

x(3x* +3x-4)>0 -
:>{ ( ) :>x>3+T\/§>%:5x—3>0:>5x+4y—3>0

x>0
N Sx+4y-3 = 11y
\/4x2+(x—y)(x—3)+2y \/Eer
Do d6 ta dugc x = y va phuong trinh th{r hai ctia h¢ tr¢ thanh
3x° +3x7 —dx+3=3x+1++/5x +4
&3 437 —6x+x+1-Bx+1+x+2-/5x+4=0

& 3(x° —x)(x+2)+x+1-Bx+1+x+2-/5x+4 =0

>O,Vx>%,y>0
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109

2 2
<:>3(x2—x)(x+2)+ X + X =0

x+1+/3x+1 x+2++/5x+4

@(xz—x){3(x+2)+ 1 !

+ =0 (1
x+1++/3x+1 x+2+\/5x+4} ()

>O,Vx2—%nénduavéx(x—l)=0<:>xe{O;l}.

1 1

+
x+1+3x+1 x+2+/5x+4
Két luan hé phuong trinh c¢6 hai nghiém x=y=0;x=y=1.

Ta thiy 3(x+2)+

(y2 —4y—)c)()c+1)+x2 =200t = 0,

\/xz +(x—y)(y—3)+7\/E=8y.

(x;ye]R).

Bai toan 111. Giai h¢ phuong trinh {

Loi gidi.
Diéu kién x +(x—y)(y—3)2 0;xy>0.

Tur phuong trinh thit nhit cia hé ta co 8y = /x> + (x—»)(y=3) + 74 20=> y 2 0.
, —x(x+1)+x* +2x+5=0 {x:—S
Néu y = 0thi h¢ tré thanh o
x> =3x=0 x(x=3)=0
Xét truong hop y > 0= x>0, phuong trinh thtr hai tré thanh
2 2 _ _ 2
\/xz+(x—y)(y—3)—y+7\/5—7y:0©x y+(x y)(y 3)+7.xy A
\/x2+(x—y)y+y \/Eer
c}(x—y)(x+2y—3)+7y(x—y):()<:>(x_y) x+2y-3 N Ty ~0 1)
JE+H(x=y)y+y oty Je+(x=p)y+y w+y

Ttr phuong trinh thr nhit ta c6

2
()CJFLU/_)’Z)()CH)=962+2x+5<:>x+4y—y2 | +2c+5

x+1
2 2
Sx+4y—y° =4+ﬂ©x+2y—3:ﬂ+y2—2y+l
x+1 x+1

orray-3=FT Ly -
y +(y 1) =>x+2y-320,Vx>0
x+2

x+2y-3 Ty

+
1/x2+(x—y)y+y xXy+y
Phuong trinh thtr nhat khi d6 tré thanh
()c2 —5)6)(x+1)+x2 +2x4+5=0&x —3x" -3x+5=0

@(x—l)(xz—2x—5)=0<:>xe{1;1+\/€;1—\/g}

Déi chibu diéu kién ta thu dugc nghiém ciahé 1a x=y=Lx=y=1+6.

Do d6 >0,Vy>0,x>0,dindén (1) x=y.

\/6)62 —4xy—y° +8y—8x+2\/E:3y, (

x;yeR).
X +x7y—5x"=3xy+2x+4=0.

Bai toan 112. Giai hé phuong trinh {

Loi gidi.

Sxed= (x;O)khéng la nghiém.
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Diéu kién 6x* —4xy—1*+8y—8x>0;xy>0.
Tir phuong trinh thir nhat ctia hé 3y=\/6x2 —4xy—y’ +8y—8x+2\/5202>y20.

4
V6x* —8x =0 XG{O;—}
= 3

X =5x"+2x+4=0

Néu y =0thi hé trd thanh { = x € @ = (x;0) khong 1a nghiém.
¥ =5x"+2x+4=0
Xét truong hop y >0 = x > 0, phuong trinh thir nhat trd thanh
\/xz+(x—y)(5x+y—8)—y+2(\/E—y):0
X -y (xoy)(Sxty-8) 2(w=y)
\/x2+(x—y)(5x+y—8)+y \/Eﬁty
(x—y)(6x+2y—8) +2y(x—y)

4 \/x2+(x—y)(5x+y—8)+y \/Eer

2(3x+y—4) N 2y ~0 (1)

x’ +(x—y)(5x+y—8)+y \/EWLJ/

=0

<:>(x—y) \/
(x—l)2 (x+y).

Phuong trinh thtt hai tuong duong (3x+y—4)(x+1)=(x—1)’ (x+y) & 3x+y-4=

x+1
RO rang
(x—l)z(x—i-y)
—IZO,Vx>O,y>0:>3x+y—420,Vx>0,y>0
x+
2(3x+y—4
(x Y ) + 2y >0,Vx>0,y>0
\/x 5x+y 8)+y xXy+y
Vay (l)c>x: y va phuong trinh th{r hai khi d6 tré thanh
2%’ —8x° +2x+4=0x —4x" +x+2=0
<:>(x—1)(x2—3x—2)=0c>xe 1;3—’_\/ﬁ;3+\/ﬁ
2 2
So sanh véi diéu kién bién duong ta thu duoc hai cip nghiém x = y:3+;/ﬁ;x:y:1.
4x* —3xy—3x+3y +3 =4y.
Bai todn 113. Giai hé phuong trinh V42 -3 =33y + 3y =4y (x:yeR).
\/x+2y—2+\/3x—y—1+x2y+2xy=5x.
Loi gidi.
Diéu kién 4x% —3xy—3x+3y>0;xy > 0;x+2y—2>0;3x—y—1>0.

x+2y22 2y2>0 y>0
Phuong trinh tht nhat cia hé trong dwong

\/4)62 —3xy—3x+3y—y+3(\/5—y)—0c>

s o | x2y20 x>0 x>0 R , o
Tu diéu kién = = vi céc cdp (0;),(x;0)khong théa man hé.

4x* —3xy—y> =3x+3y 3(xy J’)

=0
\/4x —3xy— 3x+3y+y \/T’er
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4x+y-3 3y

(x—y)(4x+y—3) +3y(x—y)

= :Oc>(x—y) + =0.
\/4x2—3xy—3x+3y+y XYty \/4x2—3xy—3x+3y+y Xy Yy
+2y-220 —
Laicé{x Y —4x4y-320= dxty-3 Y 0y >0.
3x—y-120 \/4x2—3xy—3x+3y+y VXY +y

Do d6 ta dugc hai bién bang nhau va phuong trinh tht hai tré thanh
V3x—2+42x 1+ +2x* ~5x =0

SAV3x-2-14+2x—1-1+x" +2x> -5x+2=0
& V3x-2-1+42x—1-1+(x-1)(x +3x-2) =0
3(x—1) 2(x—1)
b= +
N3x=2+1 ~2x—-1+1
@(x—l)( &

+
3x—2+41 2x—-1+1
+x2+(3x—2)>O,Vx2§néntadu:qc x=l=>x=y=1.

+(x-1)(x*+3x-2)=0

+x2+3x—2]:O

D@ thay

Br—2+41 2x-1+1
Két luan hé phuong trinh da cho c¢6 duy nhat nghiém.
Nhan xét.
Bai todn s6 113 nay cdc ban déu thdy khong nhat thiét phdi khai thdc triét dé diéu kién y > 0 tir phwong trinh thit
nhdt nhw cdc bai todn trude boi vi di c6 phiong trinh thir hai phu hop diedi dang tong — tich Viete
{x.2 =0 {x >0
=
x+2y22 2y20
Tuy nhién trieong hop mau thirc bang 0 trong phép lién hop van xay ra nén buéc long ching ta phdi xét va loai cdc
truong hop hy hitu (O;y) ,(x; O).

Doi véi viée xik Iy biéu thirc hé qua T, cdc ban luu y doi khi chiing ta can két hop tuyén tinh cdc diéu kién nhé trong
DKXP tong hoa cua hé

+2y-220 =
{x Y S Ax+y-3>0= Y ) >0,Vx,y>0.
3x-y-120 \/4x2—3xy—3x+3y+y XY+ Y

Ngodi ra con mét sé don cir nhie
x+2y-320 2x+4y—-6=20
o A = =5x+5y-720.
3x+y-1=20 3x+y-1=20

x+2y-3>20 x+2y-320
e B =
3x+y—-1>20 O9x+3y-32>0

Khi d6 cdc ban can bé tri phirong trinh thir hai c6 cdc diéu kién A; B dong thoi thay thé vao biéu thirc hé qua T va
lam nguoc sé thu dwoc nhitng bai toan co danh gia T theo y muon riéng minh

=10x+5y-62>0.

=T R =Y 50 v, >0
\/4x2—3xy—3x+3y+y \/EJF)’
=TT 10x+5y-6 — 3 0¥y 0

B \/4x2 —3xy—-3x+3y+y \/Eer

Bai todn 114. Trich lugc bai toan T4/418; D& ra ky ndy; S6 418; Thang 4 ndm 2012; Tap chi Toan hoc va Tudi tré;
Nha Xuat ban Giao duc Viét Nam.
Téc gia: Pham Kim Chung — Gido vién Truong THPT Déang Thiic Hra; Huyén Thanh Chuong; Tinh Nghé An.
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o) 2) e =+,

x+1[ y+x1 x)] 4.

Giai hé phuong trinh (x;yeR).

Lo giii.

Piéu kign xy+(x - y)(\ow-2)20;x2 0,y 0.

Vx (v =2)+x =0 {x&—o
<~

(x+1)(x—x2):4 (x+1)(x_x2):4:>x€®.

Xét truong hgp y = 0thi hé tré thanh

Vay hé khong nhan cdp nghi¢m (x; 0) = y>0= x>0. Phuong trinh thi nhét cta hé twong duong

- @xy—y”(x—y)(fv 2)+ x-y

\/xy( y)(m) ¢ \/; ’ \/xy+(X—y)(\/y—) x+\/_

= (- y(y+\/— ) X-y _ x—y) y+\/5_2
\/xy+(x—y)(\/y—) x+\f \/xy-i-(x—y)(\/y—) x+\/_

Tur phuong trinh thir hai ctia hé ta c6

2
1)z+x +2x+5_2

4 4
+xy =x"—x+——=x"-2x+l+x+1+—-2=(x—
Y x+1 x+1 ( x+1

x—1)’ +4(x+1)_2:(x_1)2+ﬂ+2>2Vx>0
x+1 x+1 7

=(x—1)2+(

X z X + -2
Pidu nay din dén y+.xy —2>0= X+ >0,Vx,y>0.
\/xy+(x—y)(«/y ) x+\/_
V6i x = y thi phuong trinh thur hai tré thanh
x>0

x>0 x>0 1817
= = 1++4/17 1-+/17 | = xeq]; .
xesl; 5 ; 2 2

X =2x*-3x+4=0 (x—l)(xz—x—4)=0

1+\/ﬁ

Két luan hé phuong trinh dé bai c6 hai nghiém x =y = 5 ;i x=y=1.

Nhdn xét.
o Ve phan dinh huéng nhan tir x— y bang cong cu mdy tinh Casio Fx — 570ES Plus (hodc twong dwong) quen

thuoc va xét truong hop hy hitu (x;O) v (0; y) phd bo mdu thire dat gid tri 0 tdc gid xin khéng binh ludn nita,
o Mdu chdt thit hai ciia bdi todn la chimg minh bdt ding thirc y+.xy >2 (tikc ldy++Jxy —2>0), dua trén
khai thac diéu kién tong thé hé phLm’ng trinh. Phep chitng minh trong loi gzaz st dung bién doz dai s6 thuan
tiy 16p 8 THCS véi bam sdt diém roi x =1, ¢6 thé néi day la mét bién doi dep, co ban va rdt dang hoc tdp.

Ngodi ra cdic ban c6 thé sit dung mot kiéu bién doi khdac nhung tu nhién hon nhiéu, dé la phan tich da thirc
nhdn tir

3 Y
e )
. x+1 x+1 X +,l )
o Nhiéu b,an hoc sinh va doc gia da hoc lién qhwg’ng trinh Dai Sé — Gidi tich I6p 11 — 12 THPT co thé nghi
ngay den cong cu dao ham — khao sat ham so deé xw ly khong may kho khan

y+x—2=x"—x+
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4 _x3—x+4

. y+x—2:x2—x+x+l— a1 :f(x);x>0.
3 2_ —1)(2x* +5x+5

* Pao ham f,(x):2x +3x2 5:(x )( i 2x )Vél f'(x)=0ex-1=0=x=1.
(x+1) (x+1)

= Khao sat bién thién ta co f(0)=4; f(1)=2= f(x)=min f(x)=f(1)=2.
x>0
o Mot 6 ban dé y diéu kién bién dwong va san cé dwong 16i tw duy chiéu sdu bat dang thirc c6 thé sir dung bd:t
dang thirc lién hé trung binh cong — trung binh nhan AM — GM (thuwong goi Cauchy tai Viét Nam) ciing rat
kha quan nhw sau

y+ xy=x2—x+i:x2—2x+1+x+1+i—2
x+1 x+1

= (x=1)’ +(x+1+ij—220+2 (x41)—2 2-22-2=2
x+1 x+1

Bai toan 115. Giai h¢ phuong trinh

(x+y—5),/2x+y +(x+2y—7),/4x—y =(2x+3y—12),/x+2y,
3J2+y 62— x + 44— y* =10-3x.

Loi gidi.

biéu kién cac can thirc xac dinh.

Trudng hop céc bién dong thoi bang 0 khong théa mén hé.
Ngoai truong hop do, phuong trinh thir nhat ctia hé tuong duong voi

(x+y—5)(\/2x+y—\/x+2y)+(x+2y—7)(\/4x—y—\/x+2y):0

(x;yeR).

)— ) —— =0
\/2x+y+\/x+2y \/4x—y+\/x+2y
@(x—y) x+y-=5 N x+2y-7 _0
\/2x+y +\/x+2y \/4x—y +\/x+2y
x+y<4 x+y-5<0
=
x+2y<6 x+2y-7<0
x+y-5 x+2y-17
+
\/2x+y +\/x+2y \/4x—y+\/x+2y
Phuong trinh tht hai tr¢ thanh 3v2+x — 632 —x + 44— x> =10—3x . Pidu kién 2<x<2.
Pat V2+x—2v2—x =1 = 1> =10—3x— 44 —x" . Phuong trinh da cho tro thanh
3=t <1(t-3)=0=1e{0;3}.

<:>(x+y—5 +(x+2y—7

Nhén xét tir diéu kién -2 < yS2;xS2:>{

Dan dén

<0=>x=y.

> t:0<:>\/2+x=2\/2—x®2+x=8—4x©x=g.

> =30 V2+x=2V2-x+32+x=8-4x+9+12y/2-x & 5x-15=12v2-x (1).
Phuong trinh (1) vo nghiém vi 5x—15<0,Vx < 2. Két luan bai toan c6 nghiém duy nhat x =y =§.

Nhan xét.
v Phu:ang tr{nh thir hai cua hé duoc tac gia lam ngwoc tir cau 11.2; Dé thi tuyéh sinh Pai hoc; Mon Todn;
Khoi B; Dé thi chinh thirc; Dot 2; Mua thi 2011; Bo Gido duc va Dao tao Viét Nam.
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v Bai todn sé 115 chinh la bai toan co biéu thue hé qua T can danh gid trén co sé két hop tuyén tinh cdc diéu
kién nho trong DKXD tong hoa cua hé

x+2y<6 x+2y-7<0
Céng bang ma néi day la mot phép danh gid khé, dao sdu va phai dau tie thoi gian, kinh nghiém.

x+y<4 x+y-5<0
2<y<2Zix<2= =

3x—2y+v4—x" =2+3(2x—y)/4-)°
TR o 11 G B bt 4 L +3(2x-7) ’ (x;y€R).
(x—3),/3x+y+(y—4)1/8x+y=(2x+3y—18)\/;.
Loi gidi.
biéu kién cac can thirc xac dinh.
Trudng hop cac bién dong thoi bang 0 khong thoa man hé.
Ngoai truong hop d6, phuong trinh thir nhat cua hé twong duong véi
(x=3)\3x+y+(y—4){8x+y :[2 x—3)+3(y—4)]\/;
& (x-3)({Brx+y 2[) («/8x+y—3\/;):
3(x-) 8(x-v)
-3 -4
<:>(x ) \/3x+y+2\/_ ) \8x+y +3\/_
y—4
< (
{ \/3x+y+2\/_ J8x+y+3f}
R& rang tir didu kién e[_z;z]:{x_3<0:>3 SO B S fe BEPY P
iéu ki . . xX=y.
s C o lyve[-22] y-4<0 Brry+2fy  Bxry+3fy g

Lac d6 phuong trinh th hai tré thanh x++4—x? =2+3xvJ4—x* . Piéu kién 2<x<2.

2_
Pit x+vV4—-x> =t =1 =4+ 2xV4—x> = x\/4-x _! 5 -

2_
f=2431 4<:>3t2—2t—8:0<:>(t—2)(3t+4):0<:>te{—g;Z}.
x<—i \/_
. t=—§<:> 4- xzz—x—§<:> -3 <:>x=—2+314.
9(4—x2)=9x2+24x+16
> x<2 x<2
m (=2 V4—x =2—-x& 5 5 5 <:>xe{0;2}.
4—x"=x"-4x+4 x =2x=0

R& rang x = y = x; y phai cung khong am. Két luan nghiém x=y=2.

(2y-7) 1+3+ 1+13=4y,
Bai toan 117. Giai hé phuong trinh (x;yeR).

X' —6x+26=06,1+2y
Loi gidi.
biéu kién xy>0;y #0;1+2y>0. Tt phuong trinh thir hai ta c6

2
(x—3)2+17:6\/1+2y:>6\/1+2y217:>1+2y2(%j :>y>%>;:>2y 7>0.
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Phuong trinh thir hai dua vé

(2y=T)Jx+3y +4x =(4y-13)\Jy & (2y =7)x+3y -2(2y=7)Jy +Vx =[y =0

2y-T)(x-»), x-y _
(2y- 7(,/x+3 2()+J_J_ 0 \/xy+—3y+2\/iv \/;+3—

- 2(2y-7) =y
AT T
2(2y-7)

RO rang

7
>0,Vy >—,x>0nén ta dugc x = y. Phuong trinh th{ hai tré thanh
\/x+ 3y + 2\/— \/;+ \/_ 2

X —6x+26=6J142x < x* —6x+26—6/1+2x =0
S 2x+1-632x+149+x* —8x+16=0

2 A2x+1=3
& (Vax+1-3) +(x—4)2:0<:>{ To Sx=d=x=y=4
XxX—4=
Két luan hé phuong trinh da cho ¢6 mot nghiém duy nhét.
Nhdn xét. | , ,
Bai todn so 117 dwoc tdac gia manh nha tir phwong trinh si dung phdn tich tong binh phwong (phwong phap bien
doi twong duwong — nang lily thira)

x’—6x+26=631+2x (xeR).

V6i Iy do vé trai diea dwoc vé hang ding thire, thay bién x ¢ vé phdi boi y ré rang bién y sé bi co lai mién gid tri

2
(x=3)" +17=61+2y = 6,1 +2y 217:>1+2y2(%7j =>yzTe> ; =2y-7>0.

Liic nay ching ta sé sir dung mot phieong trinh hai an ton tai kha nang lién hop, liva chon x = y nhir & trén, cu thé
(Vr+3y-2{y)+vx =y =0 ().

Tai (*), viéc lva chon can phia sau la \/_ dé (*) chi chira t6i da ba can thire khdc nhau, ddy la yéu t6 thudn loi dé
lam gon phirong trinh ciing nhu gidu di ban chdt ciia phép lien hop, chéng phd nhém tach dwoe tire khde. Cac ban

hdy dé y néu nang cap (*) nhu sau ciing khong thay doi ban chat, ngoai viéc tao ra biéu thirc hé qua T cong kénh
V6i yéu cau danh gid chiéu sdu
f(xy) (w/x+3 2\/_)+k(\/— \/_) [f(x;y)>0;k>0].
Voi y twong nay toi lya chon f(x;y) =2y—Tva k =1va tién hanh khai trién, thu dwoc bai todn tién d@é nhw sau
(2y=7)Jx+3y +4x =(4y-13)y,
{x2—6x+26—6 1+2y. )

Véi Y muon gidu di ban chat lién hop hon nita, t6i da nghi dén cach chia xudng, ¢ ddy chia hai vé cho \/; dua trén

5 7 T A ’ . ~ A . A~ ’ e
co'so y> 5 voi tinh than cir chia da, de bai nhw the nao ta tinh tiep

/x x
2y-=17 —+3+ —+13=4y,
(y ) \/7 g (x;yeR).

X’ —6x+26=6 1+2y

Pén day tac gia chot nhdn ra dé quy dong tién hanh lién hop, bdt bugc can xdc dinh ddu cia y, va dang ndo ciing
danh gia mién gia tri cua y, mot cong doi viéc. Neu dé nguyén va lién hop ciing on thoa nhung cong kénh hon
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(2y—7)\/§+\/§+13=4y©(2y—7)( %+3—2]+\/§—1=0
(2y 7(—1} *o 2y
T ey Fore fﬂ

2(x=2)Vx +(y* =5)Jx+8y = (3p* +2x=19)./y,
Bai toan 118. Giai hé phuong trinh (x )x (y )x X (y ) )\/; (x;ye]R).
yZ:x+3+2(x—1)\/x—3.
Loi gidi.
Diéu kién x > 3;y > 0. Phuong trinh thtr nhét cta hé twong duwong voi
2(x=2)Vx+ (3" =5)Jx+8y =[ (3y* - 15)+2(x-2) ][y
<:>2(x—2)(\/;—\/;)+(y2—5)(«/x+8y—3\/;):
X—)y 2 X—y
S 2(x-2).——=+(y -95). =0
(> )\/;+\/; (y )w/x+8y+3\/;
o ) 2(x— 2) -5
X—
Y x+\/_ 1/x+8y+3\/_
Nhan xét
x23:,>y2:x+3+2(x—1)\/x—326>5
= y 2(x 2) y - >0=
X =
V55 Jxty «/x+8y+3\/_ g
Khi d6 phuong trinh thir hai twong dwong v6i x* =x+3+2(x—1)vJx-3.
Diéu kién x > 3. Phuong trinh trén twong duong
[+ 20412 (x+)Vx=3+x=3]|-4r—4+4/x=3+3=0
o (xr1-Va=3) ~d(x+1-x=3)+3=0
Dit x+1-+x-3=¢ thuduge  —4t+3=0<(1-1)(t-3)=0<te{1;3}.
>3
o t:1<::>)c=\/)c—3<:>{x2 S xed.
x “%gt3=0
>2 22
o t=3<:>x—2:\/x—3<:>{x2 @{xz Sxed.
x —4x+4=x-3 x =5x+7=0
Phuong trinh 4n x vO nghiém nén két luan hé ban dau vo nghiém.
2x—y)4/3 4x-2y-51 17,/8 ,
Bai toan 119. Giai hé phuong trinh (2x=y)y3x+y=(4x=2y- \/;+ x+ (x;yeR).
x> —5x+24=0642x—y+6.

Loi gidi.
bicukién y>0;3x+y>0;8x+y>0.
Tt phuong trinh thtr hai ta c6
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2 2
62x—y+6= x—é 7—1>7—1V eR=2x- y+6>l 7 >52=2x—-y>46.
2 4 4 6\ 4

Hon nita khi d6 2x > y+46>46 > 0= x > 0. Phuong trinh thir nhat ctia hé twong dwong
(2x—y)\/3x+y—2(2x—y)\/;:17(\/8x+y—3\/;)
@(2)6 y («/3x+ 2\/_) («/8x+y—3\/;)

32x-y)(x-y)  178(x-») x:3)(}2x ) 136

Prry2y  Bxrredfy Brty+2ly \/8X+y+3x/_

Ta c6 nhan xét

{\/3x+y<\/8X+yavx>0:>0<m+2\/;<M+3\/;,VyZO,VX>O-
2y <3y, vy >0

Két hop 2x— y > 46 > 0ta duoc
1 1 3(2x-y) 3.46 136

SBxry+2y - J8x+y +3\/;:> SBrx+ry+2y 1 Jx+y+3y >\/8x+y+3\/;‘

Do d6 (1) v6 nghiém dan dén hai bién bang nhau va phwong trinh thi hai tré thanh
X =5x+24=6Jx+6 < x> —5x+24—63/x+6=0
S x+6-6Jx+6+9+x*—6x+9=0

<:>(\/x+6—3)2+(x—3)2=O<:>{Vx+6:3<:>x:3:>x=y:3

x—3=0

Dbi chiéu diéu kién di dén hé c6 nghiém duy nhat.

5x% +4x+10y+/x+2 =27 +3xy +.[y +12,

(x;yeR).
2y-1=410x-6 +/12x-3.

Bai toan 120. Giai hé phuong trinh {

Loi gidi.

Diéu kién x > %; y = 0. Phuong trinh thir nhit cta hé twong duong véi
5x% —3xy =2y +4x+10y—12+x+2 - [y =0

& (527 +2xy - 6x) = 5xy =2y + 6y +(10x +4y —12) +3/x+2 = [y =0
x—y+2

x+2+J
1
—p+2)| 5x+2y-6+——|=0
S (x—y+ ){ X+2y—6+ x+2+\/—j

Tur phuong trinh thir hai 2y —1=+/10x—6 +/12x— 3>‘/12——3 ,/ =2y >/ +1>3.

Do do 5x+2y—-6>3+3-6= 0Vx>— V2y>3=>5x+2y—-6+—n———
o 5 4 - Vx+2 +\/_

<:>(x—y+2)(5x+2y—6)

Ta dugc y =x+2, phuong trinh thir hai tr¢ thanh
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2(y=2)+3=410x-6++/12x -3 < 2x+3=+/10x—6 +~/12x -3

2_ 2_
o x 11086 4x42-JI2x3=0e X 78X*F7 X —8x+7

x+1+/10x—6 x+2+-/12x-3

<:>(x2—8x+7)( ! n ! j:o
x+1+4/10x—6 x+2++/12x-3

Lai co ! + ! >O,Vx2%:>x2—8x+7=0<:>xe{1;7}.

x+1++/10x-6 x+2++/12x-3
Két luan hé cé nghiém (x;»)=(1;3),(7:9).
Nhdn xét. . i
Cdc buoc phan tich bai toan so 120 cdc ban co thé tham khao nhw sau , ,
e Su dung may tinh bo tai Casio Fx — 570 ES Plus hoac twong duong doi véi phuong trinh thtr nhat cta he ta

c6 bang
T6 hop phim — Shift Calc Shift Calc Shift Calc Shift Calc
X 100 1000 50 200
% 102 1002 52 202
Moi lién hé y=x+2 y=x+2 y=x+2 y=x+2

e Bién doi phuong trinh thtr nhat 5x% —3xy—2)> +4x+10y—12+/x+2 [y =0.

e Phan tich nhan tir da thitc men theo y =x+2: 5x2—3xy—2y2+4x+10y—12E(x—y+2)(5x+2y—6).
e Ghép biéu thirc lién hop

X—y+2

T2y

o Danh gia biéu thic hé qua T voi T=5x+2y -6+

(x—y+2)(5x+2y—6) x y+2)(5x+2y—6+

1 —_
Vx+2+J;J_
1
Vx+2+J;'

e D6i mit chuéng ngai vat f(x;y)=>5x+2y—6va thiy DKXD xZ%;yZOlé chua du.

e Thu nghiém khai thac phuong trinh thur hai theo cac huong long va chat

Huéng 1. 2y —1=~/10x—6 +~/12x -3 >O:>y>%:>5x+2y—625%+2%—6:—2 (69,96%).

2y—-1=~/10x—6+~/12x -3 > /12——3 / / +1>3

=5x+2y-— 6>55+3 6=0 9669%)

Hudng 2.

e Quyét dinh cudi cung 1 danh gia T theo hudng 2 va thu duoc hai bién bang nhau.

e Thay thé vao phuong trinh thir hai va lya chon phuong phap giai phuong trinh vo ty.

e Sir dung may tinh bo tai Casio Fx — 570 ES Plus hodc cong cu twong duong ta thiy c6 hai nghiém hiru ty
dep x =1;x = 7nén tién hanh lién hop biéu thirc, két luan nghiém.
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2Bty +(1-x)Vx = (x+1)\fy,

Jy+d—y+l=+2x-1.

(x;yeR).

Bai toan 121. Giai hé phuong trinh {

Loi gidi.
g 1
biéu kién xZE;yZO.

Tur phuong trinh thir hai cﬁahétac()w/y+4 +4y+1 >\/Z+\/I=3>0Vy20,do do

Jy+4+Jy+

Phuong trinh thtr nhat cta hé twong dwong véi
X3x+y —2x.y +(1—x)\/;+(x—l)\/;:O<:>x(\/3x+y —2\/;)+(1—x)(\/;—\/;):0

o x(x-y) +(1—36)()c—y):O@(X_y)( 3x 1-x ]
Breyiali " b Tt ol

3x 1

>0,Vxe|—;1|,y>0nén taduoc x=y.
\/3x+y +2[ \/;Jr\/» { )

Phuong trinh tht hai cua hé tr¢ thanh Vx+4—x+1=+2x-1 (1)

Nhan xét v/x+4 > +/x+1vdi moi X nén

(1) 2x+5-2Vx* +5x+4 =2x—-1 < \x’ +5x+4 =3

—5+3\/—_—5—3J§}
—

<:>x2+5x—5=0<:>xe{ 5

5435 5435

Pbi chiéu diéu kién ta dugc nghiém x = S iy

——1:>2x 1<1<:>x<1:>xe{; 1).

D@ thiy

\/4x2 +(4x-9)(x-y) +\/E=3y,

4(x+2)(y+2) =3(x+3). (x;yeR).

Bai toan 122. Giai hé phuong trinh {
Loi gid.

Diéu kién 4x” +(4x—-9)(x— )2 0;xp 2 0;(x+2)(y+2)20.

Tir phuong trinh thir nhét ta 0 3y = \J4x> +(4x=9)(x—y) +/w 2 0= y>0.
J4x? +x(4x-9) —0@{x(8x9)—0
42(x+2) =3x49  |42(x+2)=3x+9

Vay (x;0)khong 1a nghiém ctia h¢ dan dén y >0 = x> 0. Phuong trinh thir nhét twong duong

4(x* = y* )+ (4x-9)(x— _ 2
\/4x2+(4x_9)(x—y)_2J’+\/E—y=0<:> (x y) (4x-9)(x y)+xy L
\/4x2+(4x—9)(x—y)+2y \/EJFJ/

o (=y)(8x+4y-9) +y(x—y):0®(x_) 8x+4y-9 N
\/4x2+(4x—9)(x—y)+2y \/E"'y \/4x2+(4x—9)(x—y)+2y \/E‘*‘y
Ttr phuong trinh thi hai ctia hé, 4p dung bat dang thirc lién hé trung binh cong — trung binh nhan ta c6

Néuy—Ohétr&thénh{ Sxed.

=0
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120

1 1
—— |23 [JXx+2.——==3.2=6
Vx+2j Nx+2

8x+4y-9 y

\/4x + 4x 9)(x y)+2y ﬁ+y

Ta thu dugc hai bién bang nhau va phuong trinh thi hai tre thanh

x>0
4./3x(x+2) :3(x+3)<:>{39x2+42x_81:0<:>x:1:>x=y=1.

D6i chiéu, két luan hé phuong trinh d4 cho c6 nghiém duy nhat,

3(x+3)
4y +2x =——==3| Jx+2+
Y Vx+2 (

= 2yy+2x23=>8x+4y-920=>

>0,Vy>0

x+y—3\/x+3 :3\/y—5,
(x;yeR).
NS +16(y—x)+y:2\/5.
Loi gidi.

Dicukién x>0;y>5;x" +16(y—x)20.

Xét phuong trinh diu tién, dat \y -5 =1,1>0= 1> =3t -3/x+3+5=0.

Coi phuong trinh nay 13 phwong trinh bac hai 4n ¢ tham s6 x, diéu kién c6 nghiém la
A=9-4(-3Vx+3+5)2 0 4(x+3)-12¢x+3-1<0
= 0<x+3 s@:nxm

Phuong trinh thir hai twrong duong véi

1/xz+16(y—x)—\/x——\/—+y=0

x—16

Jx +16 y x \/_
Il ) x-16 Y _0
1/xz+16(y—x)+\/5 y"‘\/E
x=16
<0,Vx<l6,Vy>25=>x=y.
NS +16 y x \/_ y+\/_

Vi vay phuong trinh thir hai tré thanh

2x:3(\/x+3 +\/x—5)©2x2 —9x+9=9x*—2x-15

& x' -9 +9x7 +324 =0 (x-6) (¥ +3x+9) =0 x=6

Bai toan 123. Giai hé phuong trinh

y
ErYoa

RO rang

Két luan bai toan c6 nghiém duy nhit x=y=6.
Nhdn xét.

Khi d6i mit véi biéu thic hé qua 7' =

9616
ﬂ/x +16 y x \/_ y+\/_

<0,Vy=5 (1).
y+@

. 5 -1
o Suy ra uu tién hang dau x—16 <0< x<l16.

\/x2+16(y—x)+\/§

o bai lugng am hién hién —

, chiing ta dé y cac dic tinh sau
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co o x-16 1N 1 AA \ . . e
o Giasu > 0 tirc 1a hiic dau vao nhau khi so sanh voi (1).

\/x2 +16(y—x)+\/5
Can xit Iy bang dwoc diéu kién x tir phwong trinh thir nhdt, cach don gian nhdt chinh la phicong trinh bdc hai véi dn
la can thue
= Xét phuong trinh dAu tién, dt o[y —5 =£,620=> 1> —3t-3Jx+3+5=0.
= Coi phuong trinh nay 1 phuong trinh bac hai an ¢ tham s6 x, diéu kién c6 nghiém 1a

A=9-4(-3Vx+3+5)20 4(x+3)-12Jx+3-1<0

e 0<Jr+3 S@:ﬂ&%

1/4x2 +5(y—x) 22(\/3x2 +y2 —y),
2y+x—6:\/2——,/2(x+y—2).
Loi gidi.

Didu kién y > 0;x+y—2>0. Xét trudng hop x = y =0 khong thé thoa man hé.
Xét y >0 thi phuong trinh thi nhat cta hé twong duwong véi

\/4x2+5(y—x)—\/3x2 +37 +2y—/3x* +y* =0
xz—y2+5(y—x) N 3y* —3x7

= \/4x2 +5(y—x)+\/3x2 +y° 2y+43x7+)°

xX+y-35 3(x+y)

Bai toan 124. Giai hé phuong trinh (x;y eR).

=0

S (x—y n =0
( )\/4x2+5(y—x)+\/3x2+y2 2y+4/3x7 + )7
RO rang
2
x+y—2+,/2(x+y—2)+y—\/a=4<:>x+y—2+,/2(x+y—2)+(\/;—%j :%
:>x+y—2+1/2(x+y—2)S%:OSx+y—2S%@2Sx+yS%<S
, x+y-5 3(x+y) . . . Y A
Kéo theo - <0. V61 x =y thi phuong trinh thu hai tré thanh
\/4x2+5(y—x)+\/3x2+y2 2y +4/3x7 + )7
-2 2
3x—6=2x-24/x-1 < 3(x-2 +2—1"% 0o (x-2 (3+—J=0.
* R (x=2) V2x +24x -1 (x-2) V2x +24x—1
x 2 1
Déthay 3+ —————F———>0,Vx21=>x-2=0x=2=(x;y)=(2;2).
¢ thay NN x x x (x:0)=(22)
Nhdn xét.

Sir dung mdy tinh bé tii Casio Fx — 570 ES Plus hodc twong dwong doi véi phirong trinh thir nhdt cia hé ta c6 nhan
tw x =y . Khi do ta thuc hién kiém nghiém

\/4x2+5(y—x):\/4k2 :2|k|
V3% )7 =4k =2JK]

e Ghép cum lién hop [\/4x2 +5(y—x) ~ \/3x2 +y° ~ 2k};[«/3x2 +y' ~2y~ 2k]

e Gidstx=y=k=
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Vin dé tiép theo la xit Iy biéu thirc hé qud

B x+y-5 _ 3(x+y)

\/4x2 +5(y—x) +\/3x2 +y° 2y+\/3x2 +y°
C6 thé néi thoat tién quan sdt, ching ta thdy biéu thire T rdt “khé nhan”, tuy nhién véi don bdy mau thire dwong va
3(x+y)

2y+ \/ 3x*+y°
phuong trinh thir hai theo dai luong x+y . Pé don dwong cho diéu do, can cé ldp cac dai lwong chira x+ y vé mot

ché, tam thoi la nhw sau
x+y—2+1/2(x+y—2)+y—\/§:4.

Bén day, cdc ban cé thé coi ddy la phiwong trinh bdc hai dn \/; , tham s6 x+ y, tuy nhién lam thé la hoi phikc tap,

hai tw thirc co chung dai lwong x+ y, hon nita x+y >2nén — <0, phuwong huong ta sé khai thac

c6 thé don gian thao tdc nay thong qua phan tich binh phwong

yzm@;ﬂg

:>x+y—2+,/2(x+y—2)£%
11-2410 15-24/10

=0<xty-28—— ==& 284y =<5

£ 9 11-2410
—

O trén, ching ta da dat an phu 2(x+y—2) =1,t>0 dan dén gidi EHSESOSIS

\/4xy+(3\/5—7)(x—y)+2\/5=4y,

Bai toan 125. Giai hé phuong trinh
(2x+1)(12y+ 9y =x* = x=1) =27 (x +1).

(x;ye]R).

Loi gidi.
Bidu kign xy > 0;4xy +(3xy = 7)(x—) 2 0.

Tix phuong trinh thi nhit ta c6 \[4xy+ (3 = 7)(x ~ ) + 2oy = 4y = y >0,
Xét truong hop (x;y)=(x;0) khong thoa man hé. Xét y >0 = x> 0, phuong trinh thir nhét tvong duong
\/4xy+ 33Xy - ) )—2y+2Jxy -2y =0
L o=y +(3\/— ) =) 2v(x-y)
\/4xy+ 3\/_ ) (x—y)+2y \/E+2y

x y (4)’+3\/_ ) 2y(x—y):
\/4xy+ 3\/_ )x y)+2y \/E+2y

4y +3\xy -7 2,

\/4xy+ 3\/7 ) x—y +2y \/E+2y

Tur phuong trinh thir hai ta c6
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27(x+1
12y+9\/5—x2—x—l=M®12y+9\/E=x2+x+l+%.
X
Xét ham sd f(x)=x2+x+l+M;x>Otacé
2x+1
f'(x):2x+1—L2;f'(x):O<:>(2x+1)3=27<:>2x+1:3©x:1.
(2x+1)

Khao sét sy bién thién ta co f(0)=28; f(1)=21= Max f (x)= f (1) =21= 12y +9Jxy 221 = 4y +3xy 2 7.
Kéo theo a2 +3\/E_7 + 2y > 0. Khi x = y thi phuong trinh thtr hai trd thanh

\/4xy+(3\/5—7)(x—y)+2y Jxv+2y

{2x3—39x2+9x+28:0 {(x—l)(2x2—37x—28):0 {37+3«/17_7}
& Sxe I;T .

x>0 x>0

37+34177 37+3J177 ]

Két luan hé da cho c6 nghiém (x;) = (1;1),( 7 7
Nhg?n xét. ) o ) i
Kiéu bai toan nay cdac ban da dvwoc tiep can trong bai toan 106 tro di, van dé biéu thirc hé qua T, da so cac ban déu
2 2 , \
nhan ra duoc \/_—yz >0,Vy >0 voi lap lugn y >0chuan bi trudc do. Dé tranh tinh trang huc dau vao nhau,
Xy +2y
dong b héa danh gid ching ta can c6 4y +3\/5—7 >0, va diéu nay khong qud khé khi phwong trinh thir hai ciia
hé da goi y chiing ta biéu dién, cé ldp an
27(x+1
12y +9xy —x* —x—1 =%@ 12y +9/xy = x> + x+1+
X+
27x+27
2x+1

27x+27

2x+1
Pé dat duwoc 4y+3+Jxy —7>0, ré rang can cé toi thiéu x* +x+1+ >21, dé chirng minh diéu nay ciing

¢6 rat nhiéu phwong dn
» Su dung cong cu dao ham — khao sat ham so cua lién chuong trinh Dai so, Giai tich 16p 11, 12

Xét ham sd f(x)=x2+x+l+%;x>0ta cod
x
f’()c):2x+1—ﬁ;f’()€)=O<:>(2x+l)3 =27 2x+1=3<x=1.
X+

Khao sat su bién thién ta cd
= : = = = > >
£(0) 28,f,(1) 21= Max f (x) = £ (1) 21‘:» 12y +9/xp > 2% & 4y +3Jxy > 7 :
Trong vu nay, mét s6 ban vQi vang “di duong vong” bang cach xét ham so sau khi da quy dong
2x° +3x* +30x+28
x)= x>0,
f( ) 2x+1

» St dung bién giéi tuong duong thuan tay dua vé cac dai luong khong am (Pai s6 16p 8 THCS)
Can c¢ to1 thiéu

x2+x+l+M221<:>x2+x+M220

2x+1 2x+1
& 26 +3x ~12x+720 = (x—1) (2x+7)>0 ()
R& rang (*) ludén ding. i
» Su dung bat dang thurc lién hé trung binh cdng — trung binh nhén dya trén diém roi x =1
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. x 27(x+1 27(x+1
Bidu dién 12y+9@—x2—x—1=L)@12y+9JE=x2+x+1+L)=M
) o x+1 2x+1
Ap dung bat dang thuc AM — GM
M:x2+x+l+26x+13+x+14:x2+x+14+x+14
2x+1 2x+1
29 1 27 2 7 1 27
=X X —+—. =(x-1) +3x+=—+—=.
2 2 2x+1 22x 1
(= 1) 2 (2x +1) 4 ] +1222\/3.(2x+1).1. )
2 2 2x+1 2 2 2x+1
2x(y—x)—4=x(3x—2y2),
Bai toan 126. Giai hé phuong trinh (x;yeR).
\/7x2—3xy+\/y2(2x+1)—4:4y.
Lai gidi.
Diéu kién 7x° —3xy>0; " (2x+1)-4>0.
Tur phuong trinh thit nhit ta c6 \7x* ~3xy +./y* (2x+1) -4 =4y = 2 0.
Xét y =0khong théa man phuong trinh nén y > 0.
Ta c6 2xy—5x" +2xy° —4=0=2x(y* +y) =5 +4= x>0,y >0.
Mit khac 2xy* —4 = 5x* —2xynén phuong trinh thir hai twong duwong véi
\/7x2—3xy +\/5xz—2xy+y2 =4y
SATX* =3xy =2y ++/5x" =2xp+ 3> -2y =0
7x —3xy— 4y 5x° —2y-3y° _0
\/7x —3xy+2y «/5x —2xy+y° +2y
Tx+4y Sx+3y
< (x—y) F =0
{«/7x23xy+2y \/5x2—2xy+y2+2y
s, N X+ 3y >0,Vx,y>0nén x=y.

& x = x ==

x>0

Phuong trinh thtr nhat trg thanh {
x>0

Két luan hé c6 nghiém duy nhat.

x—1+\x—-y+4= (x+1),/x y+1

Bai toan 127. Giai hé phuong trinh X;y € ]R
X +2x) +4x—4= 3|y|,[ X+ y—

Loi giai.

Piéu kign x—y+12 0. Tlr phuong trinh thir hai ta cé x(x* +2y” +4) = 4+3|y|3/(x3 +y—1)2 = x>0.
Khi d6 phuong trinh thir nhat cta hé trong duong voi

x—y+4—2=(x+1)(m—l)
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a7 :(x+1)(x—y)<:> o 1 x+1
\/x—y+4+2 \/x—y+l+2 = (1)
\/x—y+4+2 \/x—y+l+2
1 1 x+1

ROrang x>0=x+1>0= < < .
\/x—y+4+2 \/x—y+l+2 \/x—y+l+2

V6i x = y thi phwong trinh tht hai tré thanh 3x* +4x—4 = 3x,3/(x3 +x— 1)2

3, 3,0 1)
o 4(x +x-1) -2 =3x}(x* +x-1)’ @4.Lfl—1=33(Lfl] .
X X

3

3 p—
Pt 3(L“j:ttaduqc 4 -1=37 & (1-1)(47 +1+1)=0o =1 X +x=1=x Sa=1=x=y=1.
X

Két luan hé phuong trinh d3 cho c6 nghiém duy nhat.

XXt +dy+d=x"y+y+2,
X +x+y +\/;:w/(y+l)3.
Loi gidi.

Diéu kién x > 0; y > —1;x* +x+ y > 0. Phuong trinh thir nhat ctia hé twong duong

x3—x2y+\/x2+4y+4—(y+2):0

Bai toan 128. Giai hé phuong trinh (x;yeR).

<:>x3(x—y)+ x -y =0
N4y +4+y+2
<:>()C_y) xX+y —0

x*+
J +4y+d+y+2

Xét x =0 thi h¢ khong thoa man.
Xét truong hop

x+y _x2\/x2+4y+4+2x2+x2y+x+y

X +4y+4+y+2 X +4y+4+y+2
xlexz+4y+4+x2+x+y+x2(y+1)>0

X +4y+4+y+2
Vi truong hop hai bién bing nhau, phuong trinh thir nhét tré thanh v + 2x +/x :1/(x+1)3 .
Ap dung bét dang thirc Bunyakvosky ta c6

2 : 2 ? 2 3 2 3

(\/x +2x+\/;) 2(\/x +2x.1+1.\/;) <(x+1) (I+x)=(x+1) =+x +2x+4/x < (x+1)" .

Phuong trinh 4n x d3 cho c6 nghiém khi

\/x2+2x_ 1 <:>{x3+2x2:lc>{(x+l)(xz+x—1)=0<:>x:\/g—l_ :\/g—l

L x>0 >0 2 7T 2

x>0=x* +

1 Jx

Két luan phuong trinh da cho ¢ nghiém duy nhét.
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25=x-y+2x=3/(x+1)(2-y)+,
Bai toan 129. Giai hé phuong trinh )Z yr2x=3r e )(2=y)y (x;yeR).
(x—y) +x+y=2.
Loi gidi.
Diéukién (x+1)(2-y)20;5-x—y>0.
9

Tur phuong trinh tht hai ta c6 x,ysg, dan dén —Istg;yﬁg.

Phuong trinh tht nhat twong dwong voi
JE+)(2=y) =Vx+12-y < 3(Jx+] —,/Z—y)2 =( 5—x—y—2)2
!\/3x+3 —J6-3y =5-x—y-2 (1)
f—

VBx+3-6-3y =5-x—y+2 (2)

Ta co

(1)<:>(x+y—l) & = ! =0 x+y-1=0

\/3x+3+\/6—3y \/S—x—y+2
#ty=1=0 [x+y1—0
= 3 | o
- 3(J5—x—y+2)=Bx+3+.6-3y (3

¢ : 9 Jio2
Keéthop (2) va (3) ta duge 6=2v3x+3-/6-3y <23x+3 < 3.o+3=——,loal

VG6i x+ y—1=0thi phuong trinh thi hai tré thanh (2x—1)° =3 & 2x-1 e{—ﬁ;ﬁ} :>xe{

1-43 ) 3+l
2 '§2 B
Tt day ta thu dugc hai nghiém.

2X+Jxy + 24X +xy— v —4(x—y) =4y,
Bai toan 128. Giai hé phuong trinh Y \/ 7 ( y) Y (x;ye]R).
X +2x—y—3+x2y -2 =5+3yx* —4x+11.
Loi gidi.
Diéu kién 2x—y—320;x2y—220;xy20;x2+xy—y2—4(x—y)20.
. y>2 >0
Tur phuong trinh thir nhat cua h¢ ta co rreL 4
xy=>0 x>0
Khi d6 phuong trinh thir nhat cia hé trong duong
3x+2\/g—5y+\/x2+xy—y2—4(x—y)+x—3y:O
(Vx +¥)(3x+13y-16) .

\/xz +xy—y° —4(x—y)—x+3y B

@(&-5){(3@55%

RO rang

\/E+2\/x2+xy—y2—4(x—y) =4y—2x=2(2y—x):>2y—x20
(Vx +4y)(3x+13y-16)

3y—x=y+2y—x>0=(3Vx+5]y )+
= 3y—x=y+2y—x>0=(3x \/;) NN ——
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Vay ta dugc x =y, phuong trinh thir hai tré thanh
dx—5+x—3+Vx =2 =3 —4x+11
34 =2 -5=3x>—dx+11-2x

Ta c6 nhan xét

Vx=3+4x-2-5>0,vx>3=3/x? —4x+11-2x>0 < 3R/x? —4x+11 > 2x

& 8x’—27x" +108x-297<0 < (x—3)(8x" —3x+99)<0 = x<3 = x =3
Tir d6 ta thu dugce nghiém duy nhit x= y=3.
Nhdn xét. : .
Trung doan Vil Van Diing (lay theo tén mot vo quan vuong triéu Tdy Son) la trung doan mo man danh cho phwong
phap dai lwong lién hop — truc can thirc — hé tam thoi doi voi hé phwong trinh chira can thicc. Phwong phap lién
hop la mot phwong phdp rdt hay, rat dac trung doi voi cac bai toan chira can thirc. Ngoai 128 bai toan trén, cdc
ban c6 thé tw minh twong t héa, mé rong, dao sdu, tong quat héa dé thu dwoc nhzeu bai toan kho va thii vi hon
nita. Tée gid chiic cdc ban hoc sinh, cdc thdy c¢é gido va cde ban tré yéu todn sé tiép thu tot, vin dung cao va ké

thira phdt huy vuot bdc tdi liéu phan 4 nay. Tai liéu phan 5 mang tén trung doan Ly Pao Thanh, tdp trung phiong
phap dai luong lién hop — truc can thiec voi nhan twe phiec tap hon.
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Bai tap twong tu. )
Gidi cac hé phuong trinh sau trén tap hop so thuc

Cxy=2y"+3y—1=y-1-+x,
3(Jo-y+2x+3y-7)=2x+7.

(Cau 8; D¢ thi thir strc trude ky thi THPT Quéc gia; Mon Toén; D& chinh thirc; Lan thir nhat; Mua thi 2015;
Truong THPT Bong Pau; Huyén Yén Lac; Tinh Vinh Phuc).

e Giai hé phuong trinh (x;yeR).

32y —x—1(Vx+3—-4)+Vx—1(/y+1+4)==2(y+35),

e Giai h¢ phuong trinh \/y ) (x ) ) (y ) by ) (x;y€R).
(x—y+3)\/x+3:,/y+1.
1+ 2x+ y +1=4(2x+y)" +4/6x+3y,

e Giai hé phuong trinh 5 (x;ye]R).
(9x+4y)(\/19x+8y—\/14—x—2y) =5+4x+2).

2x2—yz+xy—5x+y+2:\/y—2x+1—\/3—3x,
xz—y—lz\/4x+y+5—\/x+2y—2.

(Cau 8; Pé thi thu strc trude ky thi THPT Qudc gia; Mon Toan; Pé chinh thirc; Lan thir ba; Mua thi 2015;
Truong THPT Poan Thuong; Huyén Gia Loc; Tinh Hai Duong).

9x? +9xy+5x—4y+9[y =7,
NX—y+2 +1=9(x—y)2 =7x-T7y.
(Bai T4/426; Dé ra ky nay; S6 426; Thang 12 nam 2012; Tap chi Toan hoc va Tudi tré; Nha Xuét ban Gido

dyc Viét Nam, dong thoi Ia cau 9; D8 thi thir stre trude ky thi THPT Qudc gia; Mon Toan; Bé chinh thirc;
Lan thir nhat; Mua thi 2015; Truong THPT Quynh Luu 1; Huyén Quynh Luu; Tinh Nghé An).

XX+ y+y=~xt+x +x,
9
-1 -1)=—.

x4y +yx=1+y(x-1) >

(Cau 8; Dé thi thir strc trude ky thi THPT Qudc gia; Mén Toan; Dé chinh thirc; Lan thir nhat; Mua thi 2015;
Truong THPT Tri¢u Son 5; Huyén Tri¢u Son; Tinh Thanh Hoa).

VX =2xy+5y° +y(3\/4x2 +5y° —1):x(9x+1),
(x+3){3y—5+3(x’ +1)=444x =3 —13x(y-5)+2x.

S5 —2x(2y-3)+1 +\/3x2 ~2()? —5x)+11=x+ y+3,

(x;yeR).

e (Giai hé phuong trinh {

e Gidi hé phuong trinh { (x; Ve R) .

e Giai hé phuong trinh (x;yeR).

e Giai hé phuong trinh (x; Ve R) 4

e Giai hé phuong trinh (x;y€R).

x(x—2y)+y(y—2)+x+2:0.
2x* +8x+xp—y—10=4/y+12 —v/2-2x,

4(x+5) +6y+11=332y+5.

(Cau 9; 8 thi thir stic trude ky thi THPT Qudc gia; Mon Toan; Dé chinh thirc; Lan thir hai; Mua thi 2015;
Truong THPT Dan lap Luong The Vinh; Thu d6 Ha No6i).

«/ﬁ—\/yT=(y—x)(x2+y2+xy+2),
x2+y2—xy=4.
x+{y =y,
y+\/m=x+ y+1.

e Giai hé phuong trinh { (x;yeR).

e Gidi hé phuong trinh { (x; Ve ]R)

e Giai hé phuong trinh { (x;yeR).
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4y —x+2xy+y =3y—x+3,
¥ —5x+2 447 +3 = p/3,
(x—y+2)\/ry-|-l—i—x(4+x):y2 -4,
Yx+y-3+Y15x+1=34y-2.
JX—y+14+43x+2y+6 =3x+1,
xx—2+\x+3y+1=(y+5)fy+1.

\/xy+y +\/xy+2+x+2y =

N1=2x +\x+y :\/3—2)/ +\/2y—1.

142 1-2x

x+y +w/x+ \/_«/2)/ +1

e Giai hé phuong trinh (x;yeR).
V15— 48 =x+2p+2.

(y—x +\/;=y+x +42x+1,

e Giai hé phuong trinh 1 (x;yeR).
12x* =5y 3(3}—5).

xy).

Giai h¢ phuong trinh {

e (Giai hé phuong trinh { (x;y € R).

(x;y eR).

e Gidi hé phuong trinh {

e Giai hé phuong trinh (x;y € ]R).

X=3—pJx—y— x y— 3«/ +1,
e Gidi hé phuong trinh (x;ye]R).
2y? +10y—3x+12=2\/x—2y—3—\/4x—5y—12.
2y =3y+1+4y—1=x"+/x +x,
e (Giai hé phuong trinh Y " a ” (x;ye]R).
V2x+9 -2y —3x+4 +3x’ ~14x -8 =0.

(Cau 9; Dé thi thu stre trude ky thi THPT Quéc gia; Mon Toan; Mua thi 2016; S& Gido duc va Pao tao Tinh

Binh Phudc).
NX+Y +x(x+y)=\/3+2y2,

X +4y -3 +1=~/3x-2+y.

(Cau 7, Dé thi thir strc tr}r(')rc ky thi THPT Quéc gia; Mon Toéan; Mua thi 2015; Truong THPT Lé Quy Pon;
Quan Hai An; Thanh pho Hai Phong).

Jxty(x=1)+vx =y +ly,

X +6x7+20=171y+40(y+1)/5y 1.
(Cau 8; ’Dé thi thir strc trude ky tbi THPT Quéc gia; Mon Toan; Lan tht 3; Mua thi 2016; Trudong THPT
Yén The; Huyén Yén Thé; Tinh Bac Giang).

V2x+1+ X +2xy+4y—1=3y" +2y 1,
xyx* +xy+1=2x"+3y" —xp—x-9.

(Cau 8; D@ thi thur sire trude ky thi THPT Qudc gia; Mon Toén; Lan thir nhat; Mua thi 2016; Truong THPT
Hung Vuong; Thi xa BPong Xoai; Tinh Binh Phudc).

\/;—«/x+y+1 :x3+3y(x2+xy+y—1)+1,

Y2 +4Jy—5x =5.

(Cau 9; Dé thi thtr stc trude ky thi THPT Quéc gia; Mon Todn; Lan tht nhat; Mua thi 2016; Truong THPT
Binh Long; Thi xa Binh Long; Tinh Binh Phudéc).

e (Giai hé phuong trinh { (x; S R).

e Giai hé phuong trinh (x; S ]R) .
(x;y € R).

e Gidi hé phuong trinh {

e (Giai hé phuong trinh { (x;y € R) .
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Giai h¢ phuong trinh

Gidi hé phuong trinh

Gidi hé phuong trinh

Giai h¢ phuong trinh {
Gidi hé phuong trinh
Giai h¢ phuong trinh

Giai h¢ phuong trinh

Giai h¢ phuong trinh

Gidi hé phuong trinh
Giai hé phuong trinh
Giai hé phuong trinh
Giai hé phuong trinh

Giai h¢ phuong trinh

:
i
e
o
"

i 2x2(x—2y)
\/x2—2xy+1+1
2x2+1:y(2x+1)

\/m+\/_—%=\/m+\/;—%,
x+y+2y/(x+1)(y+1) =6.
2xy=@y+y+2—ydf;:ﬂ( y+1+g,

2(x* +4y+4)Jy+1=(y" +2x+1)y.

V47 433 -7y +4(x* 450 -6)7) =327 — 29— 7,

2x+2y° —2x+2y=1.

\/m+2(x—l)

x+y
(x+ ) Jx=y+2=6Jx+y-2.
Ve )y ey )y Vet =y,
J2x+y -9 —42x—y+2
(x=y+2)l+x =y,
3y=2+21—x =1+ x(4-I-x).
J2(x2 407 )+2(50-3y) -4 (xy=3) -y =x+2,
P = 4(x+y)+17 =3xy-3(x+y)+18 =1.
Jx+y+Jx+2y+2 7,
2x+l+\/3y+l—7
—pt+dy— 3)

X'+ —2x— 4y+4 0.

(3 \/1 Xx—y+xy=~/l-x— \/1 Y,

2x’ —y° + R —2y —-2x-2y+4=0.
Jo-2) +4x =y,

Xy +x— x) 4.

X— y—1+\/—\/yT \/_)

X -y =1

+2x =1,

(x;yeR).

(x;ye]R).

(x;yeR).

(x;yeR).

:3’
(x;ye]R).

(x;yeR).

2y—-9.

(x;ye]R).

(x;yeR).

(x;yeR).

(x;ye]R).

(x;yeR).

Xy
(x;ye]R).
x+1

(x;yeR).
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III. MQT SO TAI LIEU THAM KHAO

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Bii tdp néing cao va mot sé chuyén dé todn 8.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2004.
Bii tdp néing cao va mot sé chuyén dé todn 9.

Bui Van Tuyén; NXB Gido duc Viét Nam; 2005.

. Ndng cao va phdt trién todn 8, tip 1 — tip 2.

Vi Hiru Binh; NXB Gido duc Viét Nam; 2004.
Ning cao va phdt trién todn 9, tip 1 — tdp 2.
Vi Hitu Binh; NXB Giao duc Viét Nam; 2005.
Todn néng cao Pai sé 10.
Nguyén Huy Poan; NXB Gi4o duc Viét Nam; 1999.
Bai tdp ning cao va mot sé chuyén dé Pai so 10.
Nguyén Huy Doan; Dang Hung Thiéng; NXB Gido duc Viét Nam; 2006.
Tai liéu chuyén todn: Pai so 10 — Bai tip Pai so 10.
Poan Quynh — Doan Minh Cudng — Tran Nam Diing
— DPang Hung Théng; NXB Giao duc Viét Nam; 2010.
M@t s6 chuyén dé Pai sé boi dwéng hoc sinh giéi THPT.
Nguyén Vin Mau — Nguyén Van Tién va
mot sd tac gia; NXB Giao duc Viét Nam; 2009.
Tuyén tip cdc bdi todn hay va khé Pai s6 9.
Nguyén Dirc Tan — Dang Pirc Trong — Nguyén Cao Huynh
— Vi Minh Nghia — Bui Ruy Tan — Luong Anh Van; NXB Giao duc Viét Nam; 2002.
Mt sé phwong phdp chon loc gidi cdc bai todn so cap, tdp 1 — tip 3.
Phan Prc Chinh — Pham Vin Diéu — B3 Vin Ha — Pham Van Hap
— Pham Van Hung — Pham Dang Long — Nguyén Vin Mau
— P Thanh Son — Lé Pinh Thinh; NXB Pai hoc Quéc gia Ha Noi; 1997.
B gidng chuyén sau Toin THPT: Gidi todn Dai sé 10.
Lé Hong Ptrc — Nhoém Cu Mon; NXB Ha Noi; 2011.
Phwong phdp gidi phwong trinh va bt phwong trinh.
Nguyén Vin Mau; NXB Gi4o duc Viét Nam; 1994.
Todn boi dwong hoc sinh phé théng trung hoc — quyén 1; Pai so.
Han Lién Hai — Phan Huy Khai — Pao Ngoc Nam — Nguyén Dao Phuong
— Lé Tét Ton — Pang Quan Vién; NXB Ha Noi; 1991.
Phwong trinh va hé phwong trinh khong miu muec.
Nguyén Dirc Tan — Phan Ngoc Thao; NXB Gido duc Viét Nam; 1996,
Chuyén dé boi duwing Todn cip ba; Dai sé.
Nguyén Sinh Nguyén; NXB Da Nang; 1997.
Gidi todn Pai sé so cip (Ding cho hoc sinh 12 chuyén, luyén thi dai hoc).
Tran Thanh Minh — Vi Thién Cin — V5 Anh Diing; NXB Gido duc Viét Nam; 1995.
Nhiing dang todn dién hinh trong cdc ky thi tuyén sinh Pai hoc va Cao ding; Tap 3.
Bui Quang Trudng; NXB Ha No6i; 2002.
On luyén thi mén Todn THPT theo chii dé; Tdp mét: Dai so va lwong gidc.
Cung Thé Anh; NXB Gio duc Viét Nam; 2011.
Phwong phap gidi toan trong tam.
Phan Huy Khai; NXB Pai hoc Su pham; 2011.
Cac bai giang luyén thi mon Toan; Tap 2.
Duc Chinh — Vi Duong Thuy — Dao Tam — Lé Thdng Nhat; NXB Gi4o duc Viét Nam; 1993.
500 Bai todn chon loc Pai sé - Hinh hoc 10.
Lé Hoanh Pho; NXB Pai hoc Qudc gia Ha Noi; 2012.
Tam thirc bac hai va wrng dung.
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Lé SiPong — Lé Minh Tam; NXB Giao duc Viét Nam; 2003.
23. Chuyén dé Bit ding thivc va teng dung trong dai sé.
Nguyén Dirc Tan; NXB Gido duc Viét nam; 2003.
24. 23 Chuyén dé gidi 1001 bai todn so cép ; Quyén 1.
Nguyén Vin Vinh — Nguyén Duc Pong
va mot s6 dong nghiép (NKTH); NXB Gido duc Viét Nam; 2002.
25. Phwong phdp gidi todn bt ding thirc va cuc tri.
Nguyén Vin Diing — V5 Qudc B4 Can — Tran Qubc Anh; NXB DHQG Ha Noi; 2011.
26. Cic bai gidng vé bt ding thicc Cauchy.
Nguyén Vil Luong — Pham Van Hung — Nguyen Ngoc Thang; NXB DPHQG Ha Noi; 2008.
27. Ciam nang luyén thi Pai hoc Ung dung ham sé Gidi todn Dai so va Gidi tich.
Huynh Nguyén Luan Luu — Nguyén Thi Duy An; NXB DPHQG Ha Ngi ;2014.
28. Tw duy logic tim toi loi giai H¢ phwong trinh.
Mai Xuan Vinh — Pham Kim Chung — Pham Chi Tuén
—Dao Van Chung Duong Van Son ; NXB PHQG Ha Noi; 2015.
29. Boi dwéng hoc sinh gidi todn Trung hoc co sé, Dai so.
Nguyén Thi Thanh Thily — Pham Minh Phuong
— Tran Van Téan; NXB Gido duc Viét Nam; 2014.
30. 9 Chuyén dé Pai sé Trung hoc co sé.
Vi Hiru Binh; NXB Giao duc Viét Nam; 2014.
31. H¢ phwong trinh va phwong trinh chira can thirc.
Nguyén Vii Luong — Pham Van Hung — Nguyén Ngoc Thing; NXB DPHQG Ha Noi; 2006.
32. Dé thi tuyén sinh vao 16p 10 hé THPT Chuyén truc thuéc dai hoc va THPT Chuyén cdc tinh thanh.
33. Pé thi tuyén sinh vao I6p 10 hé THPT hé dgi tra cdc dia L phwong trén toan quéc.
34. Pé thi hoc sinh gioi mon todn khéi 8 dén khoi 12 cdc cip.
35. Pé thi tuyén sinh Pai hoc — Cao ding mén Todn (chinh thirc — dy bj) qua cdc thoi ky.
36. Dé thi Olympic 30 thing 4 Todn hoc khoi 10, khoéi 11 cdc tinh mten Trung va Nam bg (1995 — 2013).
37. Cac tgp chi todn hoc: Tap chi Toan hoc va tuoi tré; Tap chi Toan tudi tho 2 THCS; Tap chi Kvant...
38. Cdc dién dan todn hoc: Boxmath.vn; Math.net.vn; Mathscope.org; Onluyentoan.vn; Diendantoanhoc.net;
Math.net.vn; K2pi.net; Mathlink.ro;...
39. Mgt sé trang mang hoc tdp théng qua facebook; twiters;...
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THAN THE TAT NGUC TRUNG
TINH THAN TAI NGUC NGOAI
DUC THANH DAI SU NGHIEP
TINH THAN CANH YEU PAI
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