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LOINOI DAU

Cubn sach “LUGNG GIAC — MOT SO CHUYEN BE VA UNG DUNG” nay duoc bién
soan vo1 muc dich cung cép, bd sung kién thic cho hoc sinh THPT va mot s6 ban doc
quan tdm dén mang kién thirc ndy trong qua trinh hoc tap va lam viéc. O cudn sach nay,
ngoai viéc dua ra nhiing khai niém va dang bai tp co ban, chiing t61 s€ thém vao do lich
str va tmg dung ctia mén hoc nay dé cac ban hiéu rd hon “No xuit phat tir dau va tai sao
chung ta lai phai hoc n6?”.

O cac chuong chinh, chiing toi chia 1am 3 phan :

- Phan I : Néu Iy thuyét cung vi du minh hoa ngay sau do, giup ban doc hiéu va biét
cach trinh bay bai. Pong thoi dua ra cac dang toan co ban, thuong gip trong qué trinh
1am bai trén 16p ctia hoc sinh THPT. O phan nay, chung t6i s& trinh bay mot s6 bai dé ban
doc c6 thé ndm virng hon, tranh sai sot.

- Phan II : Trong qué trinh tham khao va téng hop tai liéu, chung t6i s& dua vao
phan nay cac dang toan kho nham gitp cho cc hoc sinh bdi dudng, rén luyén ki ning
giai LUQNG GIAC thanh thao hon khi gip phai nhiing dang toan nay.

- Phan III : Chung t6i s& dua ra 101 giai goi ¥ cho mét sé bai, qua d6 ban doc kiém
tra lai dap s, 10i giai hodc ciing c6 thé tham khao thém.

Trong qué trinh bién soan, mic du chung t6i d cb ging bang viéc tham khao mot luong
rat 1on cac tai liéu ¢ san va tiép thu c6 chon loc ¥ kién tir cic ban dong nghiép dé dan
hoan thién cudn sach nay, nhung kho tranh khoi nhitng thiéu sét bai tam hiéu biét va kinh
nghiém con han ché, ching t6i rat mong nhan duoc ¥ kién déng gép quy bau ciia ban doc
gin xa.
Chi tiét lién hé tai : anhkhoavol210@gmail.com

minh.9al.dt@gmail.com

CAC TAC GIA
VO ANH KHOA — HOANG BA MINH.
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LOI CAM ON

Trong qua trinh bién soan, chling t61 xin cdm on dén nhitng ban da cung cap tai liéu tham
khao va vui long nhan kiém tra lai tirng phan ctia ban thdo hoac ban danh may, tao diéu
kién hoan thanh cudn sach nay :

T6 Nguyén Nhat Minh (PH Quéc Té Tp.HCM)

- Ngo6 Minh Nhut (BH Kinh Té Tp.HCM)

- Mai Ngoc Thang (PH Kinh Té Tp.HCM)

- Tran Lam Ngoc (THPT Chuyén Tran Pai Nghia Tp.HCM)

- Nguyén Huy Hoang (THPT Chuyén Lé Hong Phong Tp.HCM)
- Nguyén Hoai Anh (THPT Chuyén Phan Boi Chau Tp.Vinh)

- Phan Btic Minh (BPH Khoa Hoc Ty Nhién Ha Noi)

va mot sb thanh vién dién dan MathScope.

TP.HO CHI MINH
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Chuong 1 : So lugc vé khai niém va lich st

CHUONG 1
SO LUOC VE KHAI NIEM VA LICH SU

I.  KHAINIEM

Trong toan hoc ndi chung va lugng giac hoc ndi riéng, cac ham lugng gidc la cac
ham toan hoc ciia goc, dugc dung khi nghién ctru tam giac va cac hién tuong c6 tinh chat
tuan hoan. Cac ham lugng giac ctia mot goc thudng duge dinh nghia boi ty 18 chidu dai
hai canh ciia tam gidc vudng chira goc d6, hodc ty 1é chiéu dai giita cac doan thang n6i
cac diém dic biét trén vong tron don vi. Sau xa hon, ¢ khia canh hién dai hon, dinh nghia
ham luong giac 1a chudi v han hodc 14 nghiém ciia phuong trinh vi phén, diéu nay cho
phép ham lugng giac c6 thé co ddi s6 1a mot sd thuc hay mét sb phirc bat ky.

1

( Dang dd thi ham sin )

II. LICHSU

Nhitng nghién ctru mot cach hé thdng va viéc 1ap bang tinh cac ham luong giac
duogc cho 1a thyc hién dau tién boi Hipparchus'" (180-125 TCN), ngudi dé 1ap bang tinh
d6 dai cac cung tron va chiéu dai cua diy cung twong Gmg. Sau d6, Ptomely® tiép tuc
phat trién cong trinh, tim ra cong thirc cong va trir cho sin(A + B) va cos(A + B),
Ptomely cling da suy dién ra dugc cong thire ha bac, cho phép ong 1ap bang tinh véi bat
ky d6 chinh x4c can thiét ndo. Tuy nhién, nhitng bang tinh trén déu da bi that truyén.

Céc phat trién tiép theo dién ra & An D9, cong trinh cua Surya Siddhanta® (thé ky
4-5) dinh nghia ham sin theo nira goc va nira day cung. Dén thé ky 10, nguoi A Réap da
ding ca 6 ham lugng giac co ban véi do chinh xac dén 8 chit sé thip phén.

Céc cong trinh dau tién nay vé cac ham luong gidc co ban déu duoc phat trién
nham phuc vu trong cc cong trinh thién vin hoc, cu thé 1a dung dé tinh toan cac dong hd
mat troi.

1
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Chuong 1 : So luge vé khai niém va lich sir

Ngay nay, chiing duoc dung dé do khoang cach t6i cac ngdi sao gan, giita cac moc
giéi han hay trong cac hé thong hoa tiéu vé tinh. Rong hon nita, chung dugc ap dung vao
nhiéu linh vyc khéac : quang hoc, phan tich thi truong tai chinh, dién tir hoc, 1y thuyét xac
sut, théng ké, sinh hoc, dugc khoa, hoa hoc, ly thuyét s6, dia chan hoc, khi tuong hoc,
hai duong hoc...

Ta lay vi du tir mot bai toan sau trich tir Lucia C. Hamson, Daylight, Twilight,
Darkness and Time :

Viéc mo hinh héa vé sé gio chiéu sang cia mat trdi 1a ham thoi gian trong nam tai
nhiéu vi d6 khac nhau. Cho biét Philadelphia nam & vi do 40° Bic, tim ham biéu thi s6
gio chiéu sang ctia mit troi tai Philadelphia.
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Chu ¥ ring mdi dudng cong twong tu véi mot ham sé sin ma bi di chuyén va kéo
cang ra. Tai d6 cao cua Philadelphia, thoi gian chiéu sang kéo dai 14,8 gior vao ngay 21
thang 6 va 9,2 gid vao ngay 21 thang 12, vay nén bién do ciia dudng cong (hé sb kéo
cang theo chiéu doc) 14

1
5(148-92) =28

Hé s6 nao ma chung ta can dé kéo cang do thi hinh sin theo chiéu ngang néu
chung ta do thoi gian t trong ngay? Boi c6 365 ngay/ ndm, chu ky ciia md hinh nén 1a 365.
Nhung ma giai doan ctia y = sin t 1a 27, nén hé sd kéo cing theo chiéu ngang 12 :
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Chuong 1 : So lugc vé khai niém va lich st

2T

“ 7365

Chung ta cling dé y rang dudng cong bt dau mot chu trinh ctia nd vao ngay 21
thang 3, ngay thir 80 ctia nim nén chung ta phai phai dich chuyén dudng cong vé bén
phai 80 don vi. Ngoai ra, chung ta phai dua n6 1én trén 12 don vi. Do dé chiing ta mo
hinh héa s gio chiéu sang cua ctia mit troi trong nim & Philadelphia vao ngay tht ¢ cia
niam bang ham sé :

[2m
L(t) =12 + 2,8sin [% (t— 80)]
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Chuong 2 : Cac bién doi lugng giac

CHUONG 2
CAC BIEN POI LUONG GIAC

I.  BANG GIA TRI LUQNG GIAC CUA CAC CUNG CO LIEN QUAN PAC

BIET
Ta goi cung co lién quan dac biét voi F .
. EXCSC .
cung «a la cac cung : - A
- boivoia : —a
. sin sin
- Buvoia:m—a«a
- o A _OC
- Hiéunrvoia :m+ «a G‘:‘DS versiy[) :
LT T : ;
- Honkém—-voia:—+ « - ;
2 2 - sec i
B
N T T
- T—« T+ a —— —+a
2 2
Cos cosa —cosa —cosa sin a —sina
sin —sina sin a —sina cosa cosa
tan —tana —tana tan a cota —cota
cot —cotax —cota cota tan —tana
Ngoai ra, c6 mot sO ham lugng giac khac :
1 1
— seca = — csca = —
cosa sina

— versina = 1—cosa

II. CONG THUC LUOQONG GIAC
1. CONG THUC CO BAN

sinx +cos?x =1

sin x 1
tan x = 1+tan’x = >
COS X cos? x
CoS X
cotx = — 1+ cot? x = — >
sin x sin? x

— exseca =seca—1

tanxcotx =1 (x * kz,k € Z)
2
(x # km, k €Z)

TOANMATH.com
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Chuong 2 : Cac bién doi lugng giac

[N

@
<
Nl

- sin A sin
uJd

N

sin A cos B

nl ul
cos A cos B E X

Tur hinh v€ thyc tién trén, ta rit ra dugc mot s6 cong thirc co ban vé ham lugng giac :

2.

CONG THUC CONG
sin(a + b) = sinacosb +sinbcosa
cos(a + b) = cosacosb ¥ sinasinb

tana +tanb

T
t 4+ b)) = — -
an(a  b) = T=——— (a,b,aib¢2+kn,kez)
cotacoth +1
cot(a = b) = (a,b,a + b # km,k € 7)
cota + coth
CONG THUC NHAN
CONG THUC NHAN 2
sin2x = 2sinx cosx
cos? x — sin® x
COS2X =) 2cos?x —1
1 — 2sin?x
2tan x U
ta?Zx—HTzac (x,2x¢5+k7r,kEZ)
CONG THUC NHAN 3
sin3x=351nx—4sin3x=4sinxsin(z—x)sin(z+x)
3 3
T T
_ 3. — o _
cos3x =4cos°x —3cosx 4cosxcos(3 x)cos(3+x)
a3 _3tanx—tan3x_t . (n )t (n_l_)
an 3x = T 3nix = tan x tan 3 x ) tan 3 X

Cong thirc tong quat doi v6i ham tan :

tana + tanb + tanc —tanatan b tanc

tan(a+ b +c¢) =
( ) 1—tanatanb —tanbtanc —tanctana

5
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Chuong 2 : Cac bién doi lugng giac

CONG THUC TINH THEO t = tan x

o 2t
sin2x =
: 1+ t?
2= 120 Y rknkez
cos x_1+t2 (x¢5+ T,k E )
tan 2 2t
an 2x =
rAl 1,—152
CONG THUC HA BAC
" 1 —cos2x 5 1+ cos2x 5 1 —cos2x
SIN“ X = —m— cCoS“ X = —— tanc x = —m8m8 —
2 2 1+ cos2x
3 —sin3x + 3sinx 3 cos3x + 3cosx
sin® x = cos® x =
4 ) 4
CONG THUC BIEN DbOI
TICH THANH TONG

1
cosacosh = > [cos(a + b) + cos(a — b)]
1
sinasinb = —3 [cos(a + b) — cos(a — b)]
1
sinacosb = 3 [sin(a + b) + sin(a — b)]

1
cosasinb = > [sin(a + b) — sin(a — b)]

TONG THANH TiCH
a+b a—>b
cosa + cosb = 2 cos > cos >
a+b a—>b
cosa — cosb = —2sin sin
2 2
a+b a—>b
sina + sinb = 2 sin > cos >
a+b a—>b
sina —sinb = 2 cos sin
2 2
sin(a + b) s
tana +tanh = —— (a,b¢—+kn,kEZ)
cosacosb 2
sin(b + a)
cota+coth=— (a,b #kn,k €Z)
sinasinb
sin(a — b) T
tana + coth = —— (a¢—+kn,b¢ln,k,lEZ)
cosasinb 2
cos(a + b) T
cota—tanh = —— (a¢kn,b¢—+ln,k,lEZ)
sina cos b 2
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Chuong 2 : Cac bién doi lugng giac

C. CONG THUC BO SUNG
sina + cosa = \/—sm(

~l>|=1

o ~— —

cosa *+ sina = 2cos( %
\/§sinaicosa=ZSin(ai )=2cos(a$ )

T
3
sinai@cosazZsin(ai_) :Zcos(a¢g)

msina + ncosa = ym? + n?sin(a + b)

w

Trong do
m +n2>0
b= b= —
cosbh = ;sinh =
\/m2 + n? \/m2 + n?

III. CAC LOAI TOAN VA PHUONG PHAP GIAI
1. CHUNG MINH MQT PANG THUC LUQNG GIAC
- Ta thuong st dung cac phuong phap : bién d6i vé phirc tap hodc nhiéu sé hang
thanh vé don gian; bién doi trong dwong; xuat phat tir dang thic ding nao dé, bién
d6i vé dang thirc can chtng minh.
- Trong khi bién ddi ta str dung cac cong thire thich hop huéng dén két qua phai dat
duoc.
- Luu y mdt s6 cong thirc trén phai chimg minh trude khi sir dung.

Bai 1: Chuing minh cac dang thirc sau :

a. cota —tana = 2 cot2a
b. sin 2a (tana + cota) = 2
Giai:
a. Taco:

cosa sina cos?’a—sin‘a 2cos2a

sina cosa sina cosa sin 2a

b. Ta co :
sina cosa

VT=Zsinacosa( >=2(sin2a+cosza)=2

+—
cosa sina

7
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Chuong 2 : Cac bién doi lugng giac

Bai 2: Chimg minh dang thic sau :

3 2 sinx + cosx
a. tan°x +tan“x +tanx +1 = ———

cos3 x

b 1+cotx tanx+1

" 1—cotx tanx-—1

6+ 2cos4dx 5 5
Cc. —=cot“x +tan“ x

1 — cos4dx
d tanx — sinx 1

' sinx  cosx (1 + cosx)
Giai:
a. Tacod:

VT =tan?x (tanx + 1) +tanx +1 = (tanx + 1)(tan’x + 1) =

(osx )

cos? x
sinx + cos x
‘ _ cos3x
b. Ta c6 di€u can chirng minh tuong duong véi
(1+ cotx)(tanx — 1) = (tanx + 1)(1 — cotx)
S tanx — 14+ tanxcotx —cotx =tanx —tanxcotx + 1 — cotx
Diéu nay hién nhién dung nén ta c6 diéu phai ching minh.
c. Ta co :
VP = (cotx +t )2 —2 5 4 6 + 2cos4x
=(cotx+tanx)* - 2=——-2=5b7—"--"7-—2=—""""—""""=
sin2 2x 1—cos4x 1 — cos 4x
2
d. Taco :
sin x ( L _ 1)
sin3 x cosx (1 —cosx)(1+cosx) cosx(1l+cosx)
8
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Chuong 2 : Cac bién doi lugng giac

Bai 3: Ching minh :

a. 5 + 3 cos 4x = 8(sin® x + cos® x)
b. sin2xtanx =1 — cos 2x
Suy ra gia tri :
A = tan? - + tan? 3 + tan? S—TC
12 12 12
Giai:
a. Ta co :

sin® x + cos® x = (sin? x + cos? x)(sin* x — sin? x cos? x + cos* x)

3 3
= (sin? x + cos?x)? — 3sin?x cos?x =1 —Zsin2 2x =1 —g(l — cos 4x)

54+ 3cos*x

8
Vay ta c¢6 diéu phai chirng minh.

b. Taco:
1 — cos2x 2 sin? x
. = =tanx
sin 2x 2sinxcosx
Nén
T 1—cos€ 1—@
tan— = = =2-3
12 sin—+ 1
6 2
3T 1—COSF
tan— = =1
anlz sin3
6
57 1—cos—
tan— = 6 =2+3
12 sin5—
6
2 2
VayA=(2-v3) +1+(2++V3) =15
Bai 4: Ching minh
ntx =2 2x + 4
, | sin x—8 2cos X 8cos X
Ap dung tinh tong sau :
S _47'[+ _437T+ _457l'+ L,/
= sin 16 sin 16 sin 16 sin 16

9
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Chuong 2 : Cac bién doi lugng giac

10

Giai
Ta co
1+ cos 4x
- (1—c052x)2 1+cos?2x —2cos2x 1+—=———2cos2x
SsIn" x = = =
2 4 4
_3+cos4x 1 )
=3 3 5 €S 2x
Suy ra
.t 31 n+1 s
sin® 7= =g —5c0sg +gcosy
L, 31 3n+1 3
Sin® T =g — 5c0s -+ zcos—
_,om 31 57r+1 5wt
Sin® T= =g — 5cos—+ zcos—
L,/ 301 77T+1 7
Sin® T =g = 5 cos—+ zcos—
Vi
37r+ ST T[+ m 7'[+ 3m 57'[+ 77'[_0
COS —= + COS—= = COS o + COS—= = C0S 7 + COS— = = COS—— + cOS = =
Nén
S_3
2
Bai5: Chox,y,zvéix+y+z=nm (n€N)
Chiing minh
cos?x + cos?y +cos?z=1+2.(—1)" cos x cosy cos z
Giai:
Taco:

1+cos2x 1+ cos2y

2 2
C0S“ x + cos = +
y 2 2

=1+ cos(x + y)cos(x —y)

cos? z = cos?(n — (x + y)) = cos?(x + y)

TOANMATH.com



Chuong 2 : Cac bién doi lugng giac

Nén

VT =1+ cos(x + y) [cos(x + y) + cos(x —y)] =1+ 2 cos(x + y) cosx cosy
=1+ 2 cos(nm — z) cosx cosy

- n=2mthicos(nmt —2z) = cosz
- n=2m+1thicos(nmt—2z) = —cosz

Vay ta c¢6 diéu phai chirng minh.

Bai 6: Ching minh
T 2T N 3 _ 1
cos7 cos 7 cos 7 =3
(PH Da Nang 1998)
Gidi: bat
A T 2T N 3
= CcoS 7 cos - cos 7
Tacod:
T 2T T 2T T 37
2sin—A =sin— — 2sin—cos— + 2 sm cos—
7 7 7 7
2T 2T
=sin— — [sm— + sm —— ] [sm— + sin (——)]
7 7
~2m 3w s 41 - my( 4m 3w
= sin— — sin— + sin— + sin— — sm— = sin— (sm— = sm—)
7 7 7 7 7 7 7 7
Do do
A 1
)
Bai 7: Ching minh
1
sin® x cos? x + sin? x cos® x = A (1 — cos*2x)
11
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Chuong 2 : Céc bién

do6i luong giac

Gidi: Ta c6 diéu can ching minh twong duong véi

1
sin? x cos? x (sin* x + cos* x) = 3 (1 — cos? 2x)(1 + cos? 2x)

& 8sin? x cos? x — 16 sin* x cos* x = sin? 2x (1 + cos? 2x)

& 2sin? 2x — sin®* 2x = sin? 2x + sin? 2x cos? 2x

& sin? 2x = sin? 2x (sin? 2x + cos? 2x)

Diéu nay hién nhién ding nén ta c6 diéu phai chirng minh.

Bai 8: Ching minh

( sina + cota )"
1+ sinatana

sin"a + cot™ a

1+sin®"atan™a’

neN

Giai: Ta co :

sina + cota

1+ sina
cota

sin"a + cot™ a

1+ sin™a

cot™a

Do d6, ta c6 diéu phai chting minh.

= (COt a

sina + cota
sina + cota

sin®a + cot™ a

= cot""a

cota + sin"a

n
) = cot"a

= cot"a

Bai 9: Ching minh

sina —2cos*a +3cos?a =

sin?

a 1 —sin?a

_|_
1+cota 1+tana

+ sinacosa + 2sin? acos?a

Giai:

Tacéhd:

VT = sin® a + cos? a + 2 cos? a (1 — cos? a)

1

VP= ———
1+ cota

12

(sin? a + cota cos?a) + sina cosa + 2 sin? a cos? a
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Chuong 2 : Cac bién doi lugng giac

sina (sin3 a+ cos3a

= — + sinacosa + 2sin? acos?a
sina + cosa

sina
=1 —sinacosa +sinacosa + 2sin®?acos?a =1+ 2sin®acos?a

Do d6, ta co diéu phai chimg minh.

Bai 10: Chirng minh

1024
(DHSP Hai Phong 2001)

sin 2° sin 18° sin 22° sin 38° sin 42° sin 58° sin 62° sin 78° sin 82° =

Giai: Dit

T = sin 2° sin 18° sin 22° sin 38° sin 42° sin 58° sin 62° sin 78° sin 82°
Taco:

sin 3a = 4 sina sin(60° + a) sin(60° — a)

Ap dung cong thtc trén, ta dugc :
4 sin 2° sin(60° + 2°) sin(60° — 2°) = sin 6°
4 sin 18° sin(60° + 18°) sin(60° — 18°) = sin 54°
4 sin 22°sin(60° + 22°) sin(60° — 22°) = sin 66°
Nhan lai, ta duoc :

64T = sin 6° sin 54° sin 66°

1 _ _ 1 —1++5
< 64T = —sin 6° sin(60° + 6°) sin(66° — 6°) = —sin 18° = —
4 4 16
Vay
_ V5-1
1024

13
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Chuong 2 : Cac bién doi lugng giac

Bai 11: Chig minh rang

1 a 1 a 1 a
tana +—tan5+ ...+ﬁtanﬁ = Z—ncotz—n— 2 cot2a
sin 2na T
cosa+cos3a+ ..+ cos(2n—1)a = — ,VaE(O;—),nEN
2sina 2

sin® na

T
sina +sin3a + ..+sin(2n—1)a = ,VaE(O;E),nEN

sina

Gidi:

e TacoO:tanx = cotx — 2 cot2x
Str dung cong thirc nay, ta duogc :

tana = cota — 2 cot2a

1t a—l ta 2 cot

> an2—2co > cota
1 a 1 a 1 a
—tan— = —cot— — —cot—

44 224 2 2

1 a 1 a 1 a
ﬁtal’lﬁ = ﬁcotz—n - o1 cot o1

Cong lai, ta c6 dugc diéu phai ching minh.
e Ta sur dung cong thirc 2 sinx cosy = sin(x + y) + sin(x — y)

Tacd:2sinaVT = sin 2a + (sin4a — sin 2a) + (sin 6a — sin4a) + ...+
[sin 2na — sin(2n — 2)a] = sin 2na

Vay ta ¢ diéu phai chtirng minh.
e Ta st dung cong thirc 2 sin x siny = cos(x —y) — cos(x + y)

Taco:2sinaVT = (1 — cos2a) + (cos 2a — cos4a) + (cos4a — cos6a) + ...+
[cos(2n — 2)a — cos 2na] = 1 — cos 2na = 2 sin® na

Viy ta c6 diéu phai chimg minh.

14
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- BAI TAP TU LUYEN

2.1.1. Chimg minh cac dang thirc sau

a. sin 3x sin3 x + cos 3x cos® x = cos3 2x

b. 4 cos3 x sin 3x + 4 sin3 x cos 3x = 3 sin 4x
C tanx + 2 cot2x = cotx

2.1.2. Chimg minh

(sin® x + tan® x + 1)(cos? x — cot®> x + 1)
(cos?x +cot?x + 1)(sin? x + tan?x — 1)

2.1.3. Chirng minh
A A
tan? x + tan? (§ — x) + tan? (§ + x) =9tan’3x+ 6
Ap dung tinh tong :
S = tan?5° + tan? 10° + --- + tan? 85°

2.1.4. Chtrng minh

sina

. ~Dasing =
2) sin(n Jasina cot(n — 1)a — cotna

b) tan(n — 1)atanna = cota [tanna — tan(n — 1)a] — 1

14 1 _ tan 2"a
©) cos2™a tan2" la

1 1 1 1
d) = -

a n-11 . a . a
4n coszﬁ 4 sin? sn—1 4 sin? >

2.1.5. Chimg minh tan? 20°,tan? 40°,tan? 80° 1a nghiém ctia phuong trinh x3 —
33x2+27x -3 =0

Twr d6 suy ra gid tri cua
A = tan? 20° + tan? 40° + tan? 80°
B = tan? 20° tan? 40° + tan? 40° tan? 80° + tan? 80° tan? 20°

C = tan? 20° tan? 40° tan? 80°

15
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2.1.6. Cho 3 goc A,B,C thoa A+ B + C = 45°

Chirng minh

tanA+tanB+tanC—tanAtanBtanC =1 —tanAtanB —tanBtanC — tanCtan A
2.1.7. Chimg minh

sin® x 4+ cos®x = —+§cos4x
8 8

2.1.8. Chirng minh

sin*a + cos*a —1

2
sinfa +cosba—1 3
(PHQG Ha Nbi 1996)

2.1.9. Chtirng minh

—cot®?bcot?c =cota—1

1+ cosa [1 (1 —cosa)?] cos?b —sin?c

2sina sin? a sin? b sin? ¢

2.1.10. Chtrng minh

1 1 1 1

+ + + = cotx — cot16x
sin2x sin4dx sin8x sin1l6x

km
Tur d6, chung minh : véi moin € N, x # T (kezZleN)

1 1 1

- + — + .+ = = cotx — cot2™x
sin 2x sin4x sin 2™x

2.1.11. Chimng minh

in® x + cos® 5 + 4x + 8
sin~ X COS™ X = — 1T ——CO0S4X + — COS oXx
64 16 64

2.1.12. Chung minh

cos 12° + cos 18° — 4 cos 15° cos 21° cos 24° = —

V3 +1
2
(PHQG Ha Ngi 2001)

16

TOANMATH.com



Chuong 2 : Cac bién doi lugng giac

2.1.13. Ching minh 4 sin 18° sin 54° = 1
(PH Phong Chay Chira Chay 2001)

2.1.14. Chtrng minh

8
tan 30° + tan 40° + tan 50° + tan 60° = —cos 20°

V3
(PHQG Ha Nai 1995)
2.1.15. Chtrng minh
a) 16sin10°sin 30°sin 50°sin 70° = 1

b) 8 +4t 7T+2t 7T+t T tn
) an8 an16 an32—co 32

2.1.16. Chtrng minh

T 21 3 41 57 61T 7t 1

d. COSECOSECOSECOSECOSECOSECOSE =?

b. tan5°tan 55°tan 65°tan 75° =1
2.1.17. Chiing minh
tan 10° tan 20° tan 30° ...tan 70°tan 80° = 1

2.1.18. Chiing minh

sin(a —b) sin(b —c) sin(c —a)
+ + =0
cosacosb cosbcosc cosccosa

2.1.19. Chtrng minh

1 —2sin’a _
2 cot (% + a) cos? (% - a)
2.1.20. Chtrng minh
1+ cosa + cos2a + cos 3a
= 2cosa

2cos?a+cosa—1

17
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2.1.21. Chung minh

cota —tana — 2tan2a — 4tan4a — ... — 2™tan 2"a = 2" 1 cot 2"t 1q

2.1.22. Chtrng minh

sin®a — cos®a — 4sin®a + 6sin*a — 4sin‘a =1

- GOI Y GIAI BAI TAP TU LUYEN
2.1.1. a,b — Str dung cong thirc ha bac.

2.1.3. Dt
t =tanx
Khi d6
VT_t2+<\/§—t>2+<\/§+t>2
B 1++/3t 1 —+/3t

Ap dung tinh tong, viét lai thanh

S = (tan? 5° + tan? 55° + tan? 65°) + (tan? 10° + tan? 50° + tan? 70°)
+ (tan? 15° + tan? 45° + tan? 75°) + (tan? 20° + tan? 40° + tan? 80°)
+ (tan? 25° + tan? 35° + tan? 85°) + tan? 30° + tan? 60°

ROi str dung cong thirc dd ching minh & trén.

2.1.4.
a) Péy
_ sina _yT
" sin(na—na+a)
sin(n — 1)a sinna
b) Péy
1
_cosa—cosnacos(n—1)a 3 [cosa — cos(2n — 1)a]
B cosnacos(n —1)a ~ cosnacos(n — 1a
c) Ta co :

VT

14+ cos2™a 2cos?2™lasin2™'a sin2"acos2™ la

= VP

d) Ta c6 diéu can ching minh tuong duong véi :

1 1 1 1

cos2™a cos2™asin 2" 1q cos2™asin 2" 1q

+ =
a . a n-1 .
4" cos? == 4nsin2-= 4" sin2

on on 2n—1

18
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2.1.5. Str dung cong thirc

3tana — tan® a
1—3tan%a

tan 3a =

Choa =20°tacod:

3tan 20° — tan® 20°
-3
1 — 3tan? 20°

Suy ra
(3tan 20° — tan® 20°)? = 3(1 — 3 tan? 20°)?
2.1.6. Ap dung cong thuc :

tana + tanb + tanc —tanatan b tan c

tan(a+ b + ¢c) =
( ) 1—tanatanb —tanbtanc —tanctana

2.1.9. Can ching minh

1+ cosa (1 — cosa)?
- 1-— — = cota
2sina sin“ a
cos? b — sin? ¢ 2] cot? .
—Co cot‘c = —
sin? b sin? ¢
2.1.10. Bé ¥
1
cotx — cot2x = — ; cot2x — cotdx = —
sin 2x sin 4x
cot4dx — cot8x = — ; cot8x —cotlbox = —
sin 8x sin 16x

2.1.12. Taco:

VT = 2 cos 15°cos 3° — 2 cos 15° (cos 45° + cos 3°) = cos 30° — cos 60°
2.1.13. Nhan 2 vé cho cos 18°.
2.1.14. Ap dung cong thirc

sin(a + b)
tana + tanbh = ——
cosacoshb
19
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Viét lai VT thanh (tan 50° + tan 40°) + (tan 30° + tan 60°)
2.1.15.

a) Déy
1
cos 10° VT = 8 sin 20° Ecos 40° cos 20°

b) Str dung cong thure
cota —tana = 2 cot2a

Ta c6 diéu phai chimg minh twong duong véi

[tntn 2tan— — 4tan~ = 8
cot— —tan—| —2tan——4tan— =
32 32 16 8
2.1.16.
a. Can chimg minh
27 s T[VT—23' s 3 5 61T
sin= VT = 2% sin 77 cos T cos = cos ¢
Suy ra
27 s 37TVT _ o2 61T 61T 5
sin 72 VT = 2% sin 7= cos T cos =
b. Ta c6 diéu can ching minh tuong duong véi
(sin 5° sin 75°)(sin 55° sin 65°) = (cos 5° cos 75°)(cos 55° cos 65°)
2.1.17.

Pé y rang C? = (tan 10° cot 10°)(tan 20° cot 20°) ... (tan 80° cot 80°) = 1
2.1.18. Ap dung cong thirc

sin(x — y)

tanx —tany =
COS X COS Y

2.1.19. Ta chi can ching minh
2cot(%+ a) cos? (g— a) = Zsin(g— a) cos (g— a)

20

TOANMATH.com



Chuong 2 : Cac bién doi lugng giac

2.1.21. Str dung cong thire sau :
cota —tana = 2 cot2a

2.  TINH GIA TRI CUA BIEU THUC
- O loai bai tap ndy, ngoai cac cong thirc bién dbi co ban, ta can cha ¥ thém céc
cong thuc sau :

. (T . s T
cosa = Sln(i—a);sma: cos(z—a);tana =cot(5—a)

- Nho cung lién két ta c6 thé dua cac cung 16n hon 90° hay cung 4m vé cung trong
khoang (0°,90°).
- Khi can rat gon biéu thirc

A = cosacos2acos4a...cos2™a
Ta dung cong thuc

sin 2a

cosa = —
2sina

- Khi can rat gon biéu thuc
B = cosa + cos2a + cos4a + --- + cos 2na
Ta viét

2

a
2sin—
sin >

ZﬂngB
B=—*=~

Va dung cong thirc bién d6i tich thanh téng dé rit gon.

- Ngoai ra, dé tinh gia tri mot biéu thirc ta ching to cac s6 hang trong biéu thirc 1a
nghiém cua mot phuong trinh, tir d6 ta dung cong thirc Viete™ dé tinh téng hodc
tich ctua lugng phai tim.

- Can nho lai cong thirc Viéte bac 3 sau:

Goi x4, X5, x3 1a 3 nghiém cta phuong trinh ax® + bx? + cx + d = 0 thi

21
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x1+x2 +X3=——

C
3 X1Xo + x2x3 + x3x1 = -
a

d

X1X2X3 = — E

Tir d6 o thé suy ra

b?> 2c
X2+ x5+ x5 = (x; +x, +x3)% — 2(x1%5 + X%3 + X3x1) = pri
1 1 1 X1Xo + XoX2 + X3X c
_+_+_:12 2X3 %1 _ _ €
X1 Xy X3 X1X3X3 d
Bai 1: Tinh
A = sin?50° + sin? 70° — cos 50° cos 70°
B - 1 N 2 sin 2550° cos(—188°)
"~ tan368° 2 cos 638° + cos 98°
Giai: Tacod:

1 1 1
A= 5(1 — cos 100°) + 5(1 — cos 140°) — E(cos 120° + cos 20°)

1 1 1
=1- E(COS 100° + cos 140°) — _<_§ + cos 200)

2
1—¢( 120° 20°) + 1 1 20° >
=1 - (cos cos — — —CoS = -
4 2 4
1 2 sin(—30°) cos 8° cos 8°
= - - = cot8° — — =
tan 8° 2 sin 8° — sin 8° sin 8°

Bai 2: Rut gon biéu thuc

1 +cosx[ (1 — cosx)?
= Tl

sin x sin? x

Tinh gié tri cua A néu

22
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Giai
Ta co
_ 1+cosx 2(1—cosx)_2(1—coszx)_ZSinzx_ 2
~ sinx  sin?x B sin3 x ~ sin3x  sinx
Mat khac
in2x =1 2x =1 1—3=>' —\/§=>A—2—4
sin? x = cos’x = 7= 7= sinx = “Snx 53

Bai 3: Tinh gia tri clia cac biéu thirc sau
A = cos?73° + cos?47° + cos 73° cos 47°
B = sin 6° sin 42° sin 66° sin 78°

T 41 5w
C = cos—cos—cos—

7 7 7
D 2T N 41 N 6m
= coS - cos 7 cos 7
= — i o
S 100 4sin70

Gidi: Taco :
A = (cos 73° + cos 47°)? — cos 73° cos 47°

1
= (2 cos 60° cos 18°)? — 5 (cos 120° + cos 36°)

~ eoc? 180 1( L, 360)_1+cos36°+1 Lo ago 3
= COoS > > Cos = 5 4 2COS —4

B = sin 6° sin 42° sin 66° sin 78° = sin 6° cos 48° cos 24° cos 12°
sin12° sin24° sin48° sin96° sin 96° B sin(90° + 6°)

"~ 2c0s6° 2sin12° 2sin24° 2sin48° 16cos6° 16 cos 6°
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. 2w . 4w 8m
T 41 5 T 41 21 Sln7 sin—- sin — =
C—COS7C057COS7——COS7COS7COS7—— i

21"
2 sm Zn
7 2 sin—= = 2 sin =

sin87n B sin (Tl’+g) B 1

L LT
8sm7 8sm7

@ |

. T 2T 41 6m
D:251n7(cos 7 + cos—=- 7 +cos7)

Zsin%

T 2T T 41 T 6m
251n7cos7+251n7cos = + 251n7cos7

Zsing

. 3T ) T . 5w . 3T ) ) 5t

51n7 + sin (—7) + 51n7 + sin (— 7) + sin w + sin (—7)
a ZSinE

7

—aink
_ sm7__l

ZSing

~ 1—-4sin70°sin10° 1+ 2(cos 80° — cos 60°) B
B sin 10° B sin 10° B

Bai 4: Rut gon biéu thiuc sau voi b > a > 0

sin x

1
a Ja+ btan? x

\/b_a\/1+b;asin2x

Giai: Ta co :
A ﬁsmx N b sin? x sin x acos?x + bsin? x
= a =
\/1+b_asin2x cos?x  +/bsin?x + acos?x cos? x
T T
B sin x _ tanx,xe(—z,z)
- - T 37
|cos x| —tanx xE( )
2' 2
24
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Bai 5: Tinh sin 18°. Tir d6 chtrng minh sin 1° 13 s6 vo ty.

Gidi: Taco :
90° = 3.18° + 2.18°
Nén cos 2.18° = sin 3.18°
Suy ra 1 — 2sin? 18° = 3sin 18° — 4sin3 18°
bat = sin 18° > 0 ; t 1a nghi¢m ctia phuong trinh
4t3 - 2t* -3t+1=0
Hay
(t—1D@t>+2t-1) =0

Visin18° # 1 nén

 _T1EvVs
4
Vit > 0 nén
-1++5
sin18°=T

Gia st sin 1° 1a s6 hitu ty, suy ra sin 3° = 3sin 1° — 4 sin® 1° ciing 1a s hitu ty.

Nhu vay lan luot ta ¢6 sin 9° = 3sin 3° — 4 sin® 3° ; sin27° = 3sin 9° — 4sin3 9° ;
sin 81° = 3sin 27° — 4 sin® 27° ciing 1a nhitng s6 hiru ty.

Do d6, sin 18° = 25in 9° cos 9° = 2 sin 9° sin 81° ciing 1a sd hitu ty.
Ma

-1++5

sin 18° =
4

Nén V5 1a s6 hitu ty. (vo 1)

Vay ta c6 diéu phai chimg minh.
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Bai 6: Cho phuong trinh ax? + bx + ¢ = 0 ¢6 2 nghiém x; = tanu, x, = tan v. Hay
tinh biéu thirc sau day theo a, b, c.

P = asin?(u + v) + b sin(u + v) cos(u + v) + c cos?(u + v)

Giai: Ta xét 2 truong hop sau
* Néu cos(u + v) = 0thi P = a.
* Néu cos(u + v) # 0 thi

P = cos?(u +v) [atan?(u + v) + btan(u + v) + c]
1

1 + tan?(u + v)

[atan?(u + v) + btan(u + v) + c]

Ma
t +t + . b
anu + tanv X1+ x —5
tan(u + v) = -1z bc:
l1—tanutanv 1-—xx, 1-= c¢c—a
a
Vay
1 b \* b?
P = b 2a<c—a> +C_a+c=c
1+(=3)
Bai 7: Tim 1 phuong trinh bac 3 c6 cac nghiém la
is 3m RY/4

X1 = COS= ,X; = COS— , X3 = COS—
7’ 7’ 7

Tir d6, tinh tong

Giai: Néu ta co

X1 +x,+x3=a
xle + xZX3 + X3xl = b
xlexB =C
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Thi x4, x4, x5 12 3 nghi€ém cua phuong trinh bac 3

x3—ax?+bx—c=0

Tacod:
ot = n+ 37T+ 5
X+ X, x3—cos7 cos 7 cos 7
. T T . T 3w . T 51 . 6w
_ 251n7cos7+ 251n7cos7+ 251n7cos7 _ sm7 _1
. 1T . T
251n7 251n7
N N _ T 3n+ 3w 5n+ 5t T
X1Xy + XpX3 + X3X1 = cos7cos 7 cos 7 cos 7 cos 7 cos7
_ 27r+ 4n+ 61'[_ 1
= cosS cos 7 cos T =73
_ T 3w 51'[_1( 81't+ 27'[) T
X1XpX3 = cos7cos - cos T =3 cos 7 cos 7 cos7
_1( 97r+ N 37‘[+ n)
=2 cos 7 COS T + cos 7 cos7
_1( n+ 3n+ 5w 1)_1(1 1)_ 1
—4cos7 cos7 cos7 =2\3 =3
Vay phuong trinh can tim 1a
1 1 1
3 2 —=0
X +2x 2x+ 3

Suyra S = 4.

Bai 8: Chting minh ring

3 27‘[+3 4-7'[+3 8n_35—3i/7
(:os7 cos7 cos7— >

(Dé nghi Olympic 30-4, 2006)

Giai:
2w 4w 8w

Pé y rang =T la nghiém ctia phuong trinh 7x = 2n + k2 (k € Z)
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Hay cos 3x = cos4x (x)

Tu (*) tacd cosx = 1 & x = k2m (loai vi khong thoa 3 nghiém trén)

Nhu vay
2 4m 8m . .
— i 12 nghiém cta phuong trinh t3 + t2 — 2t — 1 = 0 (t = 2 cosx)

Theo dinh ly Viéte, ta co

tl + tz + t3 e —1
[tltz + t2t3 + t3t1 - —2

tltztg == 1
bat
{ A=3t+3t+3t;
B =i/tit; + tatzs + taty
Khi do
{ A3 = (t; +t, +t3) + 3AB — 33/t t,t; = 3AB— 4
B3 - (tltz + t2t3 + t3t1) + 3AB - 33 (tltztg)z - 3AB - 5

Suy ra

(AB)® = (3AB —4)(3AB—-5) & (AB—3)3 = —7
Do do AB =3 —3/7

Nén A = /5 — 337

3 27T+3 47T+3 81 A_35—3i/7
COS7 COS7 COS7 i/i_ 2

Vay
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Bai 9: Tinh tong

{Tl = sin?a + sin? 2a + ... + sin® na
T, = cos?a + cos? 2a + ...+ cos?na

V6in € N,a # km, k € Z.

Gidi: Touhétaco:

{ T2 + T1 =n
T, — T, = cos2a + cos4a + ...+ cos2na
Suy ra
2sina (T, — Ty) = 2sinacos2a + 2sina cos4a + ...+ 2sina cos 2na
= sin3a — sina + sin5a — sin3a + ...+ sin(2n + 1)a — sin(2n — 1)a
= sin(2n + 1)a — sina = 2 cos(n + 1)a sinna
Do do

T2+T1=Tl

cos(n + 1)asinna
T,-T =

sina

cos(n + 1)asinna + nsina
2 =

2sina
nsina — cos(n + 1)asinna
1 =

2sina

Bai 10: Chosina +sinb = 2sin(a + b);a+ b # 2kn, k € Z

Hay tim
X=t at b
= tan—tan—
2 2
Giai: Tu gia thuyét, ta c6 :
2 si a+b a—>b A a+b a+b
Sin 5 COS 5 = 4 S1n 5 COS 5

Via+ b # 2km nén
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a+b ~a+b
> # km = sin

+0

a—>b a+b
= 2 cos >

Suyra, cos

a b+ ~a b 2( a b a b)

e —_ —_ —_ —_= —_ —_— —_ —_

€0scoS > + sin - sin > cos - cosz —sinzsin
3si a b a b
:} — —— — —
sinsin> = cos - cos

1
= X ==

Bai 11: Rt gon biéu thirc sau

A=+1+4sin?acos?a + 4sinacosa

++/cos*a—5sin*a —4sinacosa + 6sin?a

Giai: Ta co :

A=./1+4sin2acos?a + 4sinacosa (sin?a + cos? a)

+4/cos*a — 5(1 — cos? a)? — 4sinacosa (sin? a + cos?a) + 6sin? a

= \/sin* a + cos* a + 6sin2 a cos? a + 4 sin3 a cosa + 4 sina cos3 a

+/cos*a +sin*a+ 6sin2acos2a —4sin3acosa — 4sinacosa
= ,/(sina + cosa)* + +/(sin a — cos a)*
= (sina + cosa)? + (sina — cos a)?
=sin?a + cos?a + 2sinacosa + sin?a + cos?a — 2sinacosa = 2

Bai 12:

Chosina = > va * < a < 7. Tinht (” )
OSlna—SvaZ a TT. mn an 4 a).

(PH Hué 1996)

Giai: Ta co :

T
T ) tanz—tana 1—tana

tan(——a =
4 1+tan%tana 1+tana
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Mat khac :
16
cos’a=1-sina=—
: 25
Do cosa < 0 nén
4
cosa = ——
5
Suy ra
_ 3
N sina 5 3
ana = =—=——
cosa _ 4 4
5
3
1+
U 4
:tan(z—a) —1_—2— 7
4
Bai 13: Tinh gi tri ctia biéu thirc
A = tan® " + tan® o + tan® m
B 18 18 18

Giai: Ta s& ap dung vao bai toan trén bang hing dang thirc
al+b3+c3—3abc=(a+b+c)®—-3(a+b+c)ab + bc + ca)

D@ thay
s 5w 7 1
tan?3(—) =t 23<_)=t 23(_>=_
an’ 3 (35) = tan” 3(5 ) = tan? 335 ) = 3
Suyra = ;2% .77 13 nghiem ciia phuong trinh tan? 3x = —
uyra 7= ;g i 7g langhiém cia phuong trinh tan® 3x = o
3tanx — tan®x\° 1
= ==
1—3tan?x 3
& 3tan®x — 27tan*x + 33tan?x—1 =10
Nhu vay :
s RY/4 T . .
tanzﬁ;tanZE;tanZElanghlémcﬁaphu’ongtrlnh3y3—27y2+33y—1=0

Theo dinh ly Victe, ta c6 :
yi+y,+y;=9
V1Y2 +Y2ys + y3y; =11

1

V1Y2Y3 = §

SuyraA=y? +y3 +¥3 =1+ +¥3)* =301 +v2 + ¥3) Y2 + ¥oys + y3y1) +
3y1y2ys = 433
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Bai 14: Cho tan x ; tan y ; tan z 1a 3 nghiém cua phuong trinh :
s
at3+bt2+ct+d=0(a¢0);0<x,y,z<§

Chung minh rang

b3c?
tan’ x + tan’ y + tan’ z > —
Y 81a°
Giai: O bai toan nay, ta thiy tan x; tan y;tanz > 0.
Do do, theo dinh 1y Victe, ta co :
b
tanx +tany + tanz = ——
a

c
tanxtany +tanytanz + tanztanx = —
a

=31 (tanx + tany + tan z)3(tan x tan y + tan y tan z + tan z tan x)?

Ap dung bt dang thic :
m2+n?+k?*>mn+nk+km
= (Mm+n+k)?>3(mn+nk + km)

1
=>§(m+n+k)42(mn+nk+km)2

Ta duoc :

1
a1 (tanx + tany + tan z)3(tan x tan y + tan y tan z + tan z tan x)?

1
< 7
< 81.9(tanx+tany+tanz)

Can ching minh bat dang thirc :
1
——(tanx +tany + tanz)” < VT
819 ¢ Y )
That vay, véitanx +tany +tanz > 0, taco :

2
VT(tanx + tany + tan z) > (\/tanx .Jtan” x + /tany. /tan” y + +/tan z.+/tan” z)

1 1
> 5 9(tan* x + tan* y + tan* 2)? > 819 (tan? x + tan? y + tan? z)*. 3%

1
> m(tanx + tany + tan z)®
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Do do,
b3c?
tan’ x + tan’ y + tan” z > —
an’ x + tan’ y + tan’ z o1
Vay ta c6 duoc diéu phai chimg minh.
- BAI TAP TU LUYEN
2.2.1. Tinh gia tri cia cac biéu thirc sau:
a. tan9° — tan 27° — tan 63° + tan 81°
(cot44° + tan 226°) cos 406° €72 cot 180
cos316° 0 0
cos(—20°) sin 70°
sin 160° cos 340° tan 250°
2.2.2. Tim 1 phuong trinh bac 3 ¢6 cac nghiém la
_ 21 _ 41 _ 8m
X, = COS 3 ; X, = COS 3 ; X3 = COS 3
Tir d6, tinh téng
g 5 21 N 5 41 N 5 8m
= cos 3 cos 3 cos 3
2.2.3. Cho
98
3sin*x + 2cos*x = —
sin® x cos* x a1

Tinh A = 2 sin* x + 3 cos* x.

2.2.4. Tinh tan(x — 45°) , biét

_ 9 E( 3n>
CcosSx = 41,x n,z

2.2.5. Rt gon céac biéu thirc sau :

1+ cosx , X 5
= ———tan“— — cos“ x
1—cosx 2

sin? 2x — 4 sin? x

" sin22x + 4sin?2x — 4
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sin(60° + x)
4 sin (250 + %) sin (750 - %)

C=

3 T
D = sin®(m + x) + cos®(x — ) — 2 sin*(2w + x) — sin* (7 + x) + cos? (E — x)

_ tan (x — %) cos (3771 + x) — sin3 (72_1'[ — x)
- cos (x — %) tan (377-[ + x)

sinx + msin 3x + sin 5x

~ sin3x + msin 5x + sin 7x

\/f— sinx — cosx

G= :
sinx — cosx

T
H= [2+ 2+\/2+\/...+\/2+2cosx(xe(0,5)>

n du cin

sin®?(a + b) — sin®a — sin? b

~ sin?2(a + b) — cos?a — cos? b

sin® a 4 cos® a
4 cos? 2a + sin? 2a

_ sin4a — 4sin3a + 6sin2a — 4sina

sin2a (1 — cosa)
L =2cos4a + 5cos6a + 2cos2a + cos8a

2.2.6. Tinh

cosa cos2a cos3a cosna

S=1+ + + + ot
cosa cos?2a cos3a cos™a

2.2.7. Tinh T = msin 2a + n cos 2a biét

m
tana=—,n+0
n
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2.2.8. Tinh tan a tan b theo m, n biét

cos(a + b) _m

cos(a—b) n
2.2.9. Cho tan x = 4. Tinh gia tri cta cac biéu thic sau

7 cos®x — 3 cos*xsinx + 2 cos? xsin®x — 5 cos x sin* x — 13 sin® x

sin* x cos x — 11 sin3 x cos? x + 2 sin% x cos3 x — 9sin x cos* x + 5 cos® x

3 sin* x — 8sin3 x cos x 4+ 7 sin? x cos? x — 4 sin x cos® x — 2 cos* x

7 sin* x + 5sin3 x cos x — 4 sin? x cos? x + 6 sinx cos®x — 3 cos* x

2.2.10. Cho tan x 4+ cotx = m. Tinh

A=tan’x —cot?’x ;:B=tan®x —cot3x ;:C =tan® x — cot® x
2.2.11. Cho tan x — cotx = n. Tinh

M=tan?x + cot’x ; N=tan®x — cot®x ;P = tan” x — cot” x
2.2.12. Cho tan(a + b) = m va tan(a — b) = n. Tinh tan 2a.

- GOI Y GIAI BAI TAP TU LUYEN

2.2.3. bat
a = sin’ x
{b = cos? x (a; b €0,1])
Ta c6 hé phuong trinh
98
3a® +2b* = —
@ 81
i a+b=1
22.4.Déy
tan( 450 = tan x — tan 45°
i antr " 1 — tan x tan 45°
2.2.6.Déy
1. . )
coska sinacoska 3 [sin(k + 1)a — sin(k — 1)a] _sin(k + 1)a sinka
coska  sinacoska sina cos® a " sinacoska sinacoskla
2.2.7.Déy
_ 2tana 1—tan’a
sin2a =—— ;cos2a = ———
1+ tan?a 1+ tan?a

35
TOANMATH.com




Chuong 2 : Cac bién doi lugng giac

2.2.8. Tu hé thirc

m 1—tanatanb

n 1l+4+tanatanb

Ta bién ddi tan a tan b theo m, n.

2.2.9. B¢ y bac cua tir bang bac ciia mau, do tan x c6 gia tri thuc nén cos x # 0, tu do ta
lan luot chia tir va mau cho cos® x d6i vdi M va cho cos* x cho N.

2.2.10.Béy
C=AB+m
2.2.11.Déy
P = N(tan* x + cot*x) — n

3. CHUNG MINH PANG THUC LUQNG GIAC SUY TU PANG THUC
LUQNG GIAC KHAC CHO TRUOC
- Day la loai bai tip chting minh dang thirc lugng gidc co didu kién va tir diéu kién
két hop v6i cac cong thire lugng giac phu hop dé suy ra diéu can phai chimg minh.

a = sinx
Bai 1: Cho {b = cosx siny. Chimg minh rang : a®> + b2+ c? =1
C = COSXCOSy

Giai: Ta co :

a’+ b%* + c? =sin® x + cos? x (1 — cos? y) + cos? x cos? y
= sin® x + cos? x — cos?x cos?y + cos?xcos?y =1

Vay ta c¢6 diéu phai chirng minh.

Bai 2: Chting minh rang néu a, b > 0 va

sin4x+cos4x 1
a b a+b

Thi

sin?°12 x  cos

1005 + p1005 (a + b)1005

2012 x 1
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Giai: Ta co :

4 4
sin*x cos*x
(a + b) ( + > = (sin? x + cos? x)?
a

b
a 4 . 4 .2 2
(:)Ecos X +—sin*x — 2sin®xcos?x =0
a
sinx cos®x 1 ( 1 0)
a b a+b a+b
Suy ra
sin?%12 x  cos?012 x 1 1006 1 1006 a b
1005 + p1005 ;1005 (at) + 51005 (bt) = (a + b)1006 + (a + b)1006
1
- (a + b)1005

Bai 3: Cho 2sinxsiny —3cosxcosy =0
Chtng minh rang

1 1 5

+ =
2sin?x+ 3cos?x 2sin?y+3cos?y 6

Giai: Taco: 2sinxsiny —3cosxcosy =0

sin x cosy 3
=2 =3——= 2tanx = 3coty = tany =
cos X siny 2tanx
Khi do :
1 1
VT = cos® x cos?y
2sin?x + 3 cos?x  2sin?y + 3cos?y
cos? x cos?y

1+ tan®x N 1+ tan?y 1+ tan® x N 4tan’x + 9
- 2tan?x+3 2tan?y+3 2tan?x+3  6(3 + tan?x)

B 6(1+tan®x) + 4tan’x +9 B 5(3 + 2tan? x) 5
B 6(3 + 2tan? x) 6(3+2tan2x) 6

Vay ta c6 diéu phai chimg minh.
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Bai 4: Cho AABC va m, n, p thoa

m n p s
+ + =0,A<(C<~—=

cos A sing cos C 2

Chtng minh rang : mx? 4+ nx + p = 0 c¢6 nghiém x € (0; 1)

(Dé nghi Olympic 30-4, 2006)

Giai: Taco:

1 1 B
cosAcosC = > [cos(A—C) 4+ cos(A+ Q)] < 5(1 — cosB) = sin? =

2
T B =& T B
0<A<K(C<==2A+B<mn=0<=<—-——A<—=—=sin=<cosA
2 2 2 2 2
0 7 1
BétuzcosA;vzsinE;w=cosC:> <a<
0 < uw < v?

Vaf(x) =mx®’+nx+p

Ta c6 2 truong hop sau :
. m n
Néup=0thi —+—=0
u v

- Néum = 0= f(x) = 0 cb vo sb nghiém thuoc (0; 1)
- Néum # 0 thi

n o u n
——=—€(0;1) = f(x) =mx (x +—) = 0 c6 nghiém thudc (0; 1)
m v m

Néup #0thi B4+ P oo L ml gy p) o =
éu i—F—4+—=0=—|\m—+n-— =
p u v ow v2 u? u p viw p

v) uw — v?

<=>f( =——f(0)

u
O day, ta s& sir dung dinh 1y : Néu ham s6 f lién tuc trén doan [a; b] va f(a). f(b) <0
thi ton tai it nhat 1 diém ¢ € (a; b) sao cho f(c) = 0.

Nhu vay, ta thay

38

TOANMATH.com



Chuong 2 : Cac bién doi lugng giac

v
f lién tuc trén R = f lién tuc trén [0;—]
v uw — v?
—)f(0)=—f2(0) <0
f(2)F©) = ———F*©)

Do do, f(x) = 0 ¢6 nghiém thudc (0; 1).

Vay ta ¢ diéu phai chirng minh.

. o . 1 A(3sin?x+2sin?y =1
Bai 5: Chox,yla2gocnhonthoahc;{gsinzx_Zsinzy:0

I
Ching minh x + 2y = 5

Gii: Ta can chirmg minh cos(x + 2y) = 0

That vay, ta c6 cos(x + 2y) = cosx cos 2y — sin x sin 2y
Ma
3sin?x + 2sin? y = 1 = 3sin® x = cos 2y

3sin2x — 2sin2y =0 = sin2y=Esin2x = 3 sinx cosx

Suy ra
cos(x + 2y) = cosx.3sin?x —sinx.3sinx cosx = 0

Ma x,y 1a 2 gbc nhon nén ta c¢6 diéu phai chimg minh.

Bai 6: Chting minh rang néu
sinx = 2sin(x + y)
T
x+y¢§+kn,kEZ

Thi

siny
tan(x +y) = sy —2

(PH Thuong Mai Ha N6i 1998)
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Giai:
T .
Dox+y# > + kmt,k € Zvacosy — 2 # 0 nén diéu kién duoc xac dinh.

Tacé:sinx = sin[(x + y) — y] = sin(x + y) cosy — cos(x + y) siny
Do dé

sin(x + y) cosy — cos(x + y) siny = 2sin(x + y)

= (cosy — 2) sin(x + y) = cos(x + y) siny

tan(x + ) siny
= = —
Ty cosy — 2

Bai 7: Cho

sin(x — f8) b’ cos(x — B)

sin(x — a) _a cos(x—a) A
B

Chtng minh rang

aA + bB

cos(a—ﬁ)=m;aB+bA¢O
Gidi: Taco :
cos(x —a) . sin(x — )
aA +bB aB (% + g) _ cos(x — B) + sin(x — a)
B+bA b Ay sin(x — 8) cos(x — )
¢ aB(1+E'§) 1-I_sin(x—a)'cos(x—ﬁ)
B %[sin 2(x —a) +sin2(x — B)] _ sin(2x —a — B) cos(a — )
~ sin(x — a) cos(x — B) + sin(x — B) cos(x — a) sin(2x —a — )
= cos(a — B)

Vay ta c¢6 diéu phai chirmg minh.
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Bai 8: Cho

{acos3 x+3acosxsinx=m (1)
asin®x + 3acos’xsinx =n (2)

Chtng minh rang : i/(m +n)? + i/(m —n)? = 2Va?

Giai: Lay (1) + (2) suy ra :

m+n = a (cos®x + sin® x) + 3a sin x cos x (sin x + cos x)
= a(cos x + sin x)[(cos? x + sin? x — cos x sinx) + 3 cos x sin x]
= a(cos x + sin x)(cos x + sin x)? = a(cos x + sin x)?3

Vay 3/ (m + n)? = (cos x + sin x)2. Va?
Lay (1) — (2) suy ra :

m —n = a(cos® x — sin® x) — 3a cos x sin x (cos x — sin x)
= a(cos x — sin x)[(cos? x + sin? x + cos x sin x) — 3 cos x sin x]
= a(cosx — sinx)?

Vay 3\/(m —n)2 = (cos x — sin x)2. Va2
Do do, ta duoc :

VT = [(cos x + sin x)? + (cosx — sin x)?]. 3;/;= Zi/CF

Bai 9: Chung minh rang néu cosc = cosa cos b , vdi a, b, ¢ théa cac diéu kién xac
dinh can thiét thi

Giai: O bai toan nay, ta s& str dung cong thirc

1—cosx , X

—— =tan“ —

1+ cosx 2
c+a c—a cosa—cosc cosa—cosacosb 1—coshb b
tan tan = = = = tan®—
2 2 cosa+cosc cosa+cosacosb 1+ cosbhb 2
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Bai 10: Cho cosa + cosb + cosc = 0.

Chung minh rang : 12 cosa cos b cos ¢ = cos 3a + cos 3b + cos 3¢

Giai: Dat

y=cosb=x+y+z=0
Z = cosc

{x = cosa
Ta can ching minh: 12xyz = 4x3 + 4y3 + 42z% — 3(x + y + 2)
Hay 3xyz = x3 + y3 + 23

That vay, ta co :

0=(+y+232=x3+y3+z23+3[xy(x +y) + yz(y + 2) + zx(z + x)| + 6xYZ
=x3+ y3+ 23 + 3[xy(—2) + yz(—x) + zx(—y)] + 6xVZ
=x3+y3+ 23— 3xyz

Vay ta c6 diéu phai chirng minh.

Bai 11: Cho 3 s6 a, b, ¢ doi mot khac nhau va 4 géc x,y, z, t dugc lién h¢ vdi nhau boi
hé thic :

a B b B c
tan(x +y) tan(x+2z) tan(x +1t)

Chtng minh rang
a+b b+c cta
a_bsinz(y—z)+b_csin2(z—t) +C_asin2(t—y) =0

Giii: Ap dung tinh chét cua ty 16 thic, ta co :

a+b _ a—b>b
tan(x + y) + tan(x + z)  tan(x + y) — tan(x + 2)

at+b tan(x + y) + tan(x + z) B sin(2x + y + z)
a—b tan(x+y)—tan(x +z)  sin(y —2)

=

Do do,
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[cos(2x + 2z) — cos(2x + 2y)]

N =

a+b
= bsinz(y—z) =sin(2x + y + z) sin(y — z) =

Tuong ty, ta dugc :

b+c 1
- sin?(z —t) = 5 [cos(2x + 2t) — cos(2x + 22)]

c+a 1
sin?(t —y) = > [cos(2x + 2y) — cos(2x + 2t)]

Cong cac déng thure trén lai, ta co duge diéu phai ching minh.

Bai 12: Cho
cosx +cosy+cosz sinx+siny +sinz
cos(x+y+z) sink+y+z)

Chtng minh rang : cos(x + y) + cos(y + z) + cos(z + x) = a
(D& nghi Olympic 30-4, 2006)

Giai: Dé y rang :

cos(x+y)=cos[(x+y+z)—2z] =cos(x+y+2z)cosz+sin(x+y+z)sinz
Tuong tu vay, ta co :
cos(y +z) =cos(x +y+ z)cosx +sin(x +y + z) sinx
cos(z+x) =cos(x +y+2z)cosy +sin(x +y+ z)siny

Cong 3 déng thure lai, ta duoc :

VT = (cosx + cosy + cosz) cos(x + y + z) + (sinx + siny + sin z) sin(x + y + z)
=acos’(x+y+2z)+asin®(x+y+2z)=a
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Bai 13: Cho

(0
0<x,y,z<z,x¢y,yiz

cosx —cosy sin?ycosz

cosx —cosz sin?zcosy

Chung minh rang

t x—t yt Z
anz—an2 an2

Giai: Tu gia thuyét, tacod :
2 L2 — cin2 20 cin 2
COS X cOoS y sin“ z — cos x sin“ y cos z = sin”* z cos* y — sin“ y cos* z
Hay
. 2 _ . 2 — . _ . . .
cos x (cos y sin“ z — sin“ y cos z) = (sinz cosy — sin y cos z)(sin z cos y + sin y cos z)
& cosx [cosy (1 — cos?z) — 1(1 — cos? y) cos z] = sin(z — y) sin(z + y)

& cosx (cosy — cosz)(1 + cosycosz) = cos?y — cos?z

cosy + cosz

& cosx =
1+ cosycosz

x 1—cosx 14cosycosz—cosy—cosz (1—cosy)(l—cosz)

= tan’—= = = =
2 1+4cosx 1+cosycosz+cosy+cosz (1+cosy)(1+ cosz)
= tanzztanZE
2 2
/s X y z
Do0<x,y,z< E,x =Y,y FZ= tanz,tanz,tan§> 0

Khi do,

t x—t yt z
anz—anzanz

Vay ta c6 diéu phai ching minh.
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- BAI TAP TU LUYEN
2.3.1. Cho 3 gbc a, b, c thoa diéu kién
tan?atan? b + tan? btan? ¢ + tan? ctan? a + 2tan® a tan® btan? ¢ = 1
Chirng minh : sin® a + sin? b = cos? ¢
2.3.2.Chocos(a+ b) =kcos(a—b);k #—1
Chung minh rang
1—k

tanatanb = Tk

2.3.3.Choa+ b + ¢ =90°. Chirng minh :

sin?a + sin®b + sin®c =1 — 2sinasin b sinc

2.3.4. Cho cota + cotb + cotc = cota cotb cotc. Chung minh

T
a+b+c=5+kn,kez

2.3.5. Chitng minh rang néu

sin B b sin C )  BsinC
cosa = ; cOSh = — : =
S A S A cos(a + b) = sin Bsin
Thi tan? A = tan? B + tan? C

2.3.6. Cho
(tan® 20° — 33 tan* 20° + 27 tan? 20°)" — 1 : 22004 n e N
Chimg minh rang : n > 22002,
(Dé nghi Olympic 30-4, 2004)
- GOl Y GIAI BAI TAP TU LUYEN
2.3.1.Datx =sin?a ;y =sin?b ;z = sin’¢
Tas€ chingminhx +y+z=1
Bién doi tir gia thuyét sau :
X y y z z X X y z
1—x'1—y+1—y'1—z+1—Z'1—x+21—x'1—y'1—z_ 1
2.3.2. Tir gia thuyét, ta rat ra duoc
(1—k)cosacosb = (14 k)sinasinb
Chi can ching minh cosa cos b # 0 khi k # —1 thi ta ¢c6 duoc diéu phai ching minh.
2.3.3. Dé y, tir gia thuyét, ta duoc :
sina = cos(b + ¢)
{cos a = sin(b + ¢)
2.3.4. Piéu can ching minh twong duong vdi cot(a + b + ¢) = 0 hay
cotacoth cotc — cotc — cota — cotb

cotacotb — 1+ cotc (cota + coth)

0O=cotla+b+c)=
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2.3.5. Tir gia thuyét, ta bién doi nhu sau :
cosacosb —sinasinb = sinBsinC
= (1 — cos?a)(1 — cos?b) = (cosacos b — sin Bsin C)?
sin? B sin? C e 1 S y
= (1 ~ 2 A) (1 ~ S A> = sin“ Bsin“ C (sinz e 1) = sin“ Bsin® Ccot™ A

Chia 2 vé cta dang thuc cho sin? B sin? C, ta duoc :

( 1 1 ) ( 1 1 ) A
sin?B  sin2 A/ \sin?C sin2A/ €0
= (cot? B — cot? A)(cot? C — cot? A) = cot* A
= cot? B cot? C = cot? A (cot? B + cot? C)
1 1 N 1

- =

cot?A  cot?B  cot?C
Tu do, ta c6 di€u phai chirng minh.

2.3.6. Dé y & bai 2.1.5 ta d3 ching minh tan? 20° 13 nghiém ctia phuong trinh x3 —
33x2 +27x —3 = 0, nén tan® 20° — 33 tan* 20° + 27 tan? 20° = 3
Do d6, gia thuyét twong duong véi : 3™ — 1 : 22004
Luuy ménh dé : a|b & vy(a) < v,(b), p nguyén t6.
Suyra:3"—1:2%0 < p,(3" — 1) > v,(22°%%) = 2004.
Mt khéc, ta c6 bo dé :

2 _ bZ

a
vy(a™ —b™) = v, (T) + v,(n)
Nén v, (3" — 1) = v,(4) + v,(n) > 2004
Do d6, v,(n) = 2002 = n > 22002

Trong d6, v,(x) = a dugc hiéu 1a aP| x nhung aP** } x.

4. CHUNG MINH BIEU THUC LUQNG GIAC KHONG PHU THUQC VAO
BIEN SO
- Khi gip biéu thirc f(x) c6 chta sin? x ; cos? x, ta thudng str dung cic phuong
phép sau :
e Ditanphua =cos?x ;b =sin®xvéikétquasau:a+b=1;a>+b*>=1-
2ab;a® + b3 =1-3ab;a* + b* =1+ 2a*b? — 4ab ...
e Dung cac cong thiic ha bac
e Pit 4n phy theo t = tan? x
- Chiiy : Dbi voi nhitng ban doc di biét vé cac khai niém ciia dao ham cac ham s
luong giac, ta c6 thé dung kién thirc
Néu f'(x) = 0 v&i moi x € D thi f(x) 1a ham hang v6i moi x € D.
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Bai 1: Chtrng minh cac biéu thirc sau khéng phu thudc vao x

A =sin*x (3 — 2sin? x) + cos* x (3 — 2 cos? x)

B = 3(sin® x — cos®x) + 4(cos® x — 2sin® x) + 6 sin* x

C = cos?x + cos?(a + x) — 2 cos a cos x cos(a + x)

D = sin?(a + x) + sin?(a — x) + 2 sin(a + x) sin(a — x) cos 2a

E = sin® x + cos® x + 6 sin* x cos* x + 4 sin? x cos? x (sin* x + cos* x)

Gidi:

A = 3(sin* x + cos* x) — 2(sin® x + cos® x)
= 3[(sin? x + cos? x)? — 2 sin? x cos? x]
— 2(sin? x + cos? x)(sin* x — sin? x cos? x + cos* x)

= 3(1 —lsin2 Zx) — 2(1 —isin2 2x> =1
2 4
B=3[a*-(1-a)*]+4[(1—-a)® - 2a®] + 6a?;a =sin’x
= 3(4a® — 6a®>+ 4a—1) + 4(—-3a® + 3a* — 3a + 1) + 6a?
=12a%—-18a%? +12a —3 —12a® +12a* —12a + 4+ 6a*> = 1

C = cos?x + cos(a + x) [cos(a + x) — 2 cos a cos x]
= cos?x + cos(a + x) [— cosa cos x — sin a sin x]

= cos?x — cos(a + x) cos(a — x) = 2 + Ecos 2x — 2 (cos2a + cos 2x)

=sin?a
D = sin?(a — x) + sin(a + x) [sin(a + x) + 2 sin(a — x) cos 2a]
= sin?(a — x) + sin(a + x) [sin(a + x) + sin(3a — x) + sin(—a — x)]
= sin?(a — x) + sin(a + x) sin(3a — x)
1—cos(a—2x) 1 1 1
= 5 + Ecos(—Za + 2x) — Ecos 4a = 3 (1 — cos4a)

= sin? 2a

E = sin® x + cos® x + 6 sin* x cos* x + 4 sin? x cos? x (sin* x + cos* x)

Pitt = tan® x
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t 5 1
;CO0S“ X = ——
t+1 t+1

= sin®x =

t* 1 t2 t t2 1
=(t+1)4+(t+1)4+6(t+1)4+4(t+1)2 (1:+1)2+(1:+1)2
t* +4t3 +6t2+4t+1
- (t + 1)* -

= E

Bai 2: Chung minh : Néumsin(a + b) = cos(a —b),a — b # km, k € Z,m # +1
thi biéu thtrc sau khong phu thudc vao a, b
1 1

M =
1—msin2a+1—msin2b

Giai: Ta co :

B 2 —m(sin 2a + sin 2b)
" 1 —m(sin 2a + sin 2b) + m? sin 2a sin 2b

M

2 —2msin(a + b) cos(a — b)

2
1 —2msin(a + b) cos(a — b) + mT [cos2(a — b) — cos2(a + b)]

Ma msin(a + b) = cos(a — b) nén cos?(a — b) = m?sin?(a + b)
Do do,

2[1 — m?sin?(a + b)]

M =
1—2m?sin?(a + b) + mTZ[Z cos?(a — b) — 2 + 2sin?(a + b)]
2[1 — m?sin?(a + b)]
~1-2m? sin?(a + b) + m*sin?(a + b) — m? + m? sin?(a + b)
2[1 — m?sin?(a + b)]
“1-m? sin?(a + b) + m?[m?sin?(a + b) — 1]
2[1 — m?sin?(a + b)] 2
- [1 —m?sin?(a + b)](1 — m?) “1-m?

Doa—b # kn nén msin(a + b) = cos(a — b) # +1 = m?sin?(a + b) # 1.
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Bai 3: Cho
3
f(x) =sin®x + Zsin2 2x + cos®x

a. Chimgminh: f'(x) =0, Vx € R
b. Tinh gid tri cia

(PH Hong Purc 1998)

Giai: O bai ndy, ta c6 2 cach chirng minh.
Cach 1: Ta chimg minh f(x) 12 ham hang Vx € R.
That vay, ta co :
. 3 . . . .
f(x) =sin®x + 2 sin? 2x + cos® x = sin* x + cos* x — sin? x cos? x + Zsm2 2x

3
=1—351n2xcoszx+zsin22x=1

Cach 2: Taco:
f'(x) = 65sin® x cos x — 6 cos® x sin x + 3 sin 2x cos 2x

3
= 6sinx cos x (sin* x — cos*x) + Esin 4x
3 3
= 3 sin 2x (sin? x — cos? x) + Esin 4x = —3sin2x cos 2x + Zsin 4x =0

Nhu vay,

Bai 4: Tim m d¢ gia tri cia ham s6 sau khong phu thudc vao bién so

f(x) = sin® x + cos® x + m(sin* x + cos*x) + 2 sin? 2x
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Gidi: Taco:

sin® x + cos® x = sin* x + cos*x —sin? x cos?x =1 — Zsin2 2x

1

m(sin* x + cos* x) = m(1 — sin? x cos?x) = m (1 — Zsin2 Zx)

Vay
3 1 _ 5 m\

fx)=1 —Zsm2 2x +m<1 —Zsm2 Zx) +2sin?2x=1+m+ (Z_Z)sz 2x

Dé f(x) khong phu thudc vao bién sé thi m = 5, khi d6 f(x) = 6.
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- BAI TAP TU LUYEN
2.4.1. Chirng minh cac biéu thirc sau khéng phu thudc vao bién sb
A = 2(sin* x + cos* x + sin? x cos? x)? — (sin® x + cos® x)

B = cos? x + cos? (g + x) + cos? (g— x)

T T 3
C = cos*x + cos* (x + Z) + cos* (x + —) + cos* (x + —)

2 4
2 +cotx+1
tanx—1 cotx—1
. sin x cos? x 0 < <n
= - , x < —=
sinx —Vcot2x — cos2x 2sin?x —1 2

F = +/sin* x + 4 cos? x ++/cos* x + 4 sin? x

G—S'4 ! 2<3 2 2+1 4)
= [sin*x ——cos®x|3 coS 2x + — cos 4x

3 1 1
+ jsin4xcoszx +§cos2 2x — sin? x +§

2.4.2. Tim m dé gia tri cia ham s sau khong phu thudc vao bién sb
f(x) = sin(x + m) + sin(x + 2m) + sinx + a

- GOIL Y GIAI BAI TAP TU LUYEN
24.2.Déy

f(x) =2sin(x + m)cosm + sin(x + m) + a = (1 + 2cosm) sin(x + m) + a
Do d6, dé f(x) khong phu thudc vao bién sé thi

cosm=——
2

51
TOANMATH.com




Chuong 3 : H¢ thure lugng trong tam giac

CHUONG 3
HE THUC LUGNG TRONG TAM GIAC

I.  CACKY HIEU CO BAN

— A, B, C: cac goc dinh A, B, C

—a, b, ¢ : d dai canh dbi dién v¢i dinh A, B, C

— hg, hy, h, : A dai duong cao ha tir dinh A, B, C

—mg, my, m, : 6 dai dudng trung tuyén ké tir dinh A, B, C
— 14, 1, L. : A0 dai duong phan giac trong ké tir dinh A, B, C
— R : ban kinh duong tron ngoai tiép tam giac

— r : ban kinh dudng tron ndi tiép tam giac

— 1,7y, T - ban kinh dudng tron bang tiép tam giac dinh A, B, C
— p : ntra chu vi tam giac

— § : dién tich tam giac

II. CACPINHLY VA CONG THUC CO BAN
1.  DPINHLY HAM SO SIN
Trong tam gidc ABC, ta ludén c6 :

a b c

sinA sinB sinC

Tu do, ta c6 hé qua sau :
a=2RsinA ; b=2RsinB ; ¢ =2RsinC

2.  PINH LY HAM SO COS
Trong tam gidc ABC, ta ludn c6 :

A
a? =b?+c%?—2bccosA=(b—c)*+ 4bcsinzz

B
b? = c? + a? — 2cacosB = (c — a)? +4casin25
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C
c? =a2+b2—2abcosC=(a—b)2+4absin2§

Tir d6, ta c6 hé qua sau dé tinh s6 do goc cta tam giac ABC :

A b? + c? — a? . c? + a® — b? C a? + b? — c?
COoS =———————— , COS = ——— ; COS e —
2bc 2ca 2ab

Tt hé qua trén, ta c6 thém dugc két qua sau :

T A s
A>E<:>b2+c2<a2; B>E(:>c2+a2<b2; C>E(:)az+b2<c2

3.  DPINHLY HAM SO TAN
Trong tam gidc ABC, ta ludén c6 :

A—B B—-C C—A
a—>b tan 7 b—rc tan 7 c—a tan 2
a+b tan# b+c tanBzi c+a tanC-IZ_A

4. PINHLY HAM SO COT
Trong tam giac ABC, ta ludn co6 :
a’ + b? + ¢?

tA+ cotB + cotC =
co co co S

5.  PINHLY CAC HINH CHIEU
Trong tam giac ABC, ta ludn co :
acosC+ccosA=b ; acosB+bcosA=c; bcosC+ccosB=a

6. CONG THUC VE PO DAI TRUNG TUYEN
Trong tam giac ABC, d6 dai 3 duong trung tuyén duoc xac dinh bai cong thirc

2b%? + 2c?>—a®* a?
mé = 2 z7+2m§=b2+cz

2c* +2a* —b*  b? P
2 =>7+2mb=c +a

m;

2a’ + 2b? — c? c?
= 2 =>?+2m§=a2+b2

mg

Tir do, ta co cong thiic vé tong binh phuong cia 3 duong trung tuyén trong tam giac ABC :
2 2 232 2 2
m§ + mi + m¢ =Z(a + b* + c*)
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7.  CONG THUC VE PO DAI PHAN GIAC TRONG

Trong tam giac ABC, d¢ dai 3 duong phan giac trong dugc xac dinh bdi cong thure :

2ca B 2ca |p(p—>b)

2bc A 2bc [p(p—a)
l, = coOsS— =

b+c 2 b+c bc
b:c+aCOSZ_c+a ca

| = 2ab C_ Z2ab |p(p—o)
T a+b 27 4+ b ab

8. CONG THUC VE PO DAI PUONG CAO

Trong tam giac ABC, dg dai 3 duong cao dugc xac dinh bdi cong thuec :
_ 2§ _ 2§ b 25

a — a ’ b — b ’ c c

CONG THUC VE PQ DAI BAN KiNH
BAN KINH BUONG TRON NOI TIEP

= = (p-a)tane=(p— b)tane = (p — ) tan =
r—p—p aanz—p anz—p can2

b.  BAN KINH PUONG TRON NGOAI TIEP
R = abc _a b . c
o 4SS 2sinA 2sinB 2sinC
c.  BAN KINH BPUONG TRON BANG TIEP

A S
ra=ptan§=p_a
- B S
T, =Dp anz—p_b
C S
rc=ptan§=p_c
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10. CONG THUC VE DIEN TiCH TAM GIAC
Ta c6 cong thirc tinh dién tich tam giac ABC bang nhiéu cong thic khac nhau
( 1 1 1
Eaha = Ebhb = EChC

! bcsinA = ! inB ==absinC
bcsinAA =-casinB = - absin
S=11p—-—a)=np->b)=rlp-c)
Vp — ) - b)p - o)

abc

4R
\ pr

Luu y: Cong thic S = \/ p(p —a)(p — b)(p — ¢) duoc nha toan hoc va vat Iy Heron®
phat hién nén thuong duoc goi 1a “Cong thirc Heron”.

III. CAC LOAI TOAN VA PHUONG PHAP GIAI
1.  CHUNG MINH PANG THUC LUQNG GIAC TRONG TAM GIAC
- Dé chung minh loai toan nay, ching ta c6 nhiéu phuong phap giai khac nhau,
ching han nhu : bién doi vé nay thanh vé kia, xuat phat tir mot hé thirc dung da
biét dé suy ra dang thirc cAn ching minh, chimg minh twong duong. ..
- Trong lac chirng minh, ta cht ¥ mét sd ki thuat sau :
e Sir dung bién ddi lwong giac : sir dung cac cong thirc bién dbi tich thanh
tong hodc nguoc lai, cong thirc ha béc, cong thic cung 6 lién quan dic
biét nhu :

A+ B C

sin(A +B) =sinC ; cos(A+B) =—cosC ;sin( >=cosz ;
A+ B C

cos( > )=sin§ ; tan(A+ B) = —tanC ; cot(A+ B) = —cotC ;

. (A+B)_ tC t<A+B>—t C
an > —co2 ;€O > = an2

e Str dung dinh Iy ham s6 sin, ham s6 cos : Ta thudong dung dinh 1y nay dé
bién d6i hé thirc phai chimg minh thanh mot hé thirc chi c6 ham sb lugng
giac va dung cac cong thirc bién ddi luong giac dé ching minh.

e Su dung cong thirc tinh dién tich : dung dé tim mbi quan hé gitta cac canh,
goc, ban kinh dudng tron ngoai tiép, ndi tiép, bang tiép.
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Trude hét, ta nén nhé mot sd dang thirc co ban trén trong tam gidc nham gitip cho chiing
ta str dung thanh thao cac k¥ thuét chimg minh trong dang toan nay, dong thoi 1am tang
“d0 nhay” khi gap nhitng bai toan phuc tap khac.

Bai 1: Chung minh céc dang thirc co ban trong tam giac ABC :

A B C
a. sinA+sinB + sinC = 4 cos—cos—cos—
2 2 2

B C

b. cosA+cosB+cosC=1+ 4sinzsinzsinz

c. sin2A + sin2B + sin 2C = 4sin Asin Bsin C

d. cos2A + cos2B+ cos2C=—1—4cosAcosBcosC

e. sin? A+ sin®B+sin?C =2+ 2cosAcosBcosC

f. cos?A+ cos?B+ cos?C=1—2cosAcosBcosC

oA B € AL B C

g sin’= +sin’— +sin® > = sin—sin > sin;

h. cos?m + cos?o + cos? = 2 + 2 sinosin o sin =
. COS 5 cos 5 cos 5= smzsmzsm2

i. tanA +tanB +tanC = tanAtan BtanC (PH Téng Hop Tp.HCM 1995)

ji. t At B+t Bt C+t ¢ A—l
j- anzan2 a112a112 anztanz—
Giai:
a. Tacod:
. A+ B A—B - C C C A—B ~C
VT = 2sin cos +251n—cos—=2cosz<cos > +smz>
—> C( A—B+ A+B)_4 A B C
= cos2 cos > cos > = Coszcoszcos2
b. Ta co :
VT = 2 A+ B A—B+1 5 s 2C—1+2 _ C( A—B _ C)
= 2 cos > cos > sin 5 = sm2 cos > sm2
_1+2_C( A-B A+B>_1+4_A_B_C
= sm2 cos > cos = 51n251n251n2
C. Taco:

VT = 2sin(A + B) cos(A — B) + 2sinCcos C = 2sinC [cos(A — B) + cos (]
= 2sinC[cos(A — B) — cos(A + B)] = 4sinAsinBsinC
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d. Taco:
VT = 2cos(A+B)cos(A—B)—1+2cos?C=—2cosC[cos(A—B)—cosC] —1
= —2cosC[cos(A—B) +cos(A+B)]—1=—-1—4cosAcosBcosC

e. Tacé:
1—cos2A 1—cos2B 1
VT = 5 + 5 +1—COSZC=2—E(COSZA+COSZB)—COSZC
=2 —cos(A + B) cos(A — B) — cos?C = 2 + cos C[cos(A — B) — cos C]
=2+ cosC[cos(A—B) + cos(A+B)] =2+ 2cosAcosBcosC
f. Taco:
1+ cos2A 1+ cos2B 5 1
VT = > + > + cos C=1‘|‘E(c052A+c052B)+coszC
=1+ cos(A + B) cos(A —B) + cos?C =1 — cos C[cos(A — B) — cos C]
=1—cosC[cos(A—B)+cos(A+B)]=1—2cosAcosBcosC
g. Taco :
1—cosA 1-—cosB C A—B C
VT = 5 + 5 +sin25=1—cosA-2I_Bcos 5 +sin2§
1 C( A-B _ C)—l _ c< A—B A+B>
= sin { cos— sin | = sm2 cos— cos—
A B C
=1—251n551n551n5
h. Taco :
T_1+cosA_|_1+cosB 2C—1+ A+B A_B+1 .
= 5 5 + cos?5 = cos — —cos— sin®
C, A-B A+B)_2+2_A_B_C
=2+51n2<cos 5 CcoS = SIIIZSIHZSIII2

1. Taco:A+B+C=nm=A+B=n-C

= tan(A + B) = tan(m — C) = —tanC
tan A + tan B

=
1—tanAtan B

= —tanC

= tanA+tanB+tanC =tanAtan Btan C

J- Taco:
A B
A+B T C . (A+B) . (n C) tan7 + tanz tC 1
—t+—-—=———-=tan(=-+=|=tan|(=—= )= = cot- =
2 2 2 2 22 2 2 1—tanétanE - tanE
2 2 2
t t +t Bt C+t Ct A 1
= — — — — — — =
an—tan— +tantan- + tan s tan o
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Bai 2: Ching minh trong tam giac ABC, ta lu6én c6
sin? A + sin? B + sin? C = 2(sin Asin B cos C + sin Bsin C cos A + sin C sin A cos B)

(PH Giao Thong Van Tai 1995)

Giadi: Ta c6 2 cach ching minh bai toan nay
Cach1: Tacod:
sinAsin B cosC + sinBsinCcosA = sin B (sin A cos C + sin C cos A)
= sinBsin(A + C) = sin? B
Tuong ty :
sin B sin C cos A + sin Csin A cos B = sin? C
sin C sin A cos B + sin A sin B cos C = sin? A
Cong 3 dang thir trén, ta c¢6 diéu phai ching minh.
Céch 2: Theo dinh 1y ham s6 cos, ta co :
a® = b?> + c? — 2bc cos A )
b2 = 2 + a2 — 2cacosB = @ + b% + ¢? = 2(ab cos C + bc cos A + ca cos B)
c? =a? + b? — 2ab cosC
Theo dinh Iy ham so0 sin, ta co :

a = 2RsinA
b = 2R sinB
¢ =2RsinC

Suy ra :
4R?(sin? A + sin? B + sin? C)
= 8R?(sin A sin B cos C + sin B sin C cos A + sin C sin A cos B)

= sin? A + sin? B + sin? C = 2(sin Asin B cos C + sin B sin C cos A + sin C sin A cos B)
Vay ta ¢ diéu phai chirmg minh.

Bai 3: Trong tam giac ABC, ching minh dang thic

tannA + tannB 4+ tannC = tannAtannBtannC ,n € N

(DH Y Hai Phong 1998)

Giai: Taco: nA+nB + nC = nt = nA +nB =nmt —nC
= tan(nA + nB) = tan(nm — nC) = —tannC
tan nA + tan nB
= —tannC

1—tannAtannB
= tan nA + tan nB + tan nC = tan nA tan nB tan nC
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Bai 4: Chiig minh rang trong tam giac ABC ta luén co

a. + + = —|tan—+ tan—+ tan — + cot—cot—cot—

1 1 1 1( A B C A B c)
sinA  sinB  sinC 2 2 2 2 22 2

(PH Ngoai Thuong Ha Noi 1998)

bt A+t B+t C_3+cosA+cosB+cosC
CAny ANy TS = TGN A + sinB + sin C

(PH Ngoai Thuong Tp.HCM 2001)

sin(A—B) a®—b?

sin C c?

(DH Ngoai Ngit Ha Noi 1998)

i . B )

SN = SINn = SINn=

2 2 2 _
‘g <t ¢ AT A B °
COSZCOSZ COSZCOSZ COSZCOSZ

(PHQG Ha N¢i 1998)

a? + b? + c?
e. cotA+ cotB+cotC =——7—
4S8
(PH Duogc Ha Noi 1998)
Giai:
a. Trong tam giac ABC, ta ludén co6 :
tA-I- tB tc— tA tB tC
co > co 2co Z_CO 2co 2co >
Mat khac, ta lai co :
tA+ tA—2 tB+ tB—2 tC+ tC_Z
A Ty Tsina 7 2T 2 T sinB T 2T 2 Tsinc

Cong 3 déng thtrc trén va thém hé thire sén ¢, ta co duogc diéu phai chirng minh.
b. Ta co:

A B C B C A _C A B
VT:SIHZCOSZCOSZ SIHZCOSZCOSZ SIHZCOSZCOSZ

A osBeost
COSZCOSZCOSZ
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Mat khac :

A B C 1 A; B+C B—Cy, 1 A/ A B—C
SIHECOSECOS§=§SIHE(COS > + cos > >=ESIHE<SIHE+COS > )
1/ ,A B+C B-Cy 1fl—cosA 1

=§(sm E+cos oS — )=E[T+E(COSB+COSC)]
=%(1—cosA+cosB+cosC)
Tuong tu, ta co :
B C A 1
sinEcosEcoszzz(l—cosB+cosC+cosA)
C A B
sinzcosEcoszzz(l—cosC+cosA+cosB)
Suy ra
A B C B C A C A B 1
SIHECOSECOSE-FSlnECOSECOSE+SIHECOSECOSE:Z(3+COSA+COSB+COSC)
Ta xét :
A B C 1 A/ A B—Cy, 1, A A B+C B-C
coszcoszcosz=Ecos§(sm§+cos 5 ):E(SinECOSE-I_Sln 7 05— )

1r1 1 1
= E[ESinA-l_E(SinB + sinC)] =4—L(SinA+ sin B + sin C)

Viy ta di c6 dugc diéu phai chirmg minh.

c. Taco:
a c’2+a*—-b*> b b*+c?-a?
VT=sinAcosB—sinBcosA:ﬁ- 2ac “2R" 2be
sin C £
2R
(@ +a®-b) - (b +c*—a?) a®—b?
B 2c2 I
d. Taco:
sin= cosB_i_C cosEcosE—sinEsinE B C
82 c= BZC= 2 2B CZ 2=1—tan5tan§
C0S7C0S7  COS7COSH COS7COS7
Tuong tu, ta co :
. B
sin C A
=1—tanztanz
C0S75 COS 7
. C
sinz A B
=1—tanztan5
CoS7CoS7
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Cong 3 déng thire trén lai, ta c6 :

VTStAtBtBtCtCtA
= (an2 an2+ an2 an2+ an2 anz)
Ma
t t +t Bt C+t Ct =1
anzan2 anzan2 anzanz—
Nén VT = 2.
e. Theo dinh 1y cos, ta co :

a? = b% + ¢? — 2bccosA = b? + ¢? — 2bcsinAcotA = b? + ¢? — 4S cotA
Tuong tu, ta co :
b? = c? + a? — 4S cotB
c? =a%+ b? —4ScotC
Cong 3 dang thirc trén ta duoc :
a? + b? +c? =2(a? + b? + ¢?) — 45(cot A + cotB + cot C)

a® + b? + c?
= cotA + cotB+ cotC = T
Vay ta c6 duoc diéu phai chimg minh.
Bai 5: Chung minh ring trong tam giac ABC ta ludn ¢
sinA + sinB + sinC _ tA tB
& sinA +sinB—sinC cot5 0%
(Hoc Vién Quan Hé Quéc Té 1998)
b si A B C L B C A i C A B
. sm2c052c052 smzcoszcos2 smzcoszcos2
—'A'B'C+t At B+t Bt C+t Ct A
—sm251n251n2 anzan2 anzan2 anzan2
(Hoc Vién Quan Hé Qudc Té 2000)
sinA +sinB —sinC . At B tC
« cosA+cosB—cosC+1 anz anzco 2
(Hoc Vién Ngan Hang 2000)
Giai:
a. Ta co :
A B C
sinA+sinB+sinC = 4coszcoszcos§
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Mat khac :

A+ B A—B C C
sin A 4+ sinB — sin C = 2 sin > cos > —Zsinfcosz

eos (o A B A+B peosCo A (B
= COSZ(COS 5 — COS 5 )—— COSZSIHZSII’I(—Z)

oo A B
= COSZSIHZSIH2

A B C
4cosicosicos§ A B
VT = = cot—cot—
toosComAL B 027
cosz sinzsinz

b. Taco :

A B B C C ) A "
— — — — —tan— =
o tan tan2+tan2tan2+tan2 a >
Do do, diéu can chiing minh twong duong voi :

A B C+.B C A+_C A B 'A'B'C+1
—C0S—CO0S— —COS—=CO0S— —C0S—C0S— = sin—sin—sin—
Sin= €0os > oS> + sin - cos - cos - + sin cos - 5 =sinzsinzsing
_A( B C 'B'C)+ A(_B C+_C B) .
S sin— —Ccos— — sin—=sin— — | sin=cos= —cos—| =
sin { cos > cos> — sinosinz | + cos 5 > 5 +sinzcoso
A B+C+ A B+C "
& sin— - =
sin > cos — cos - sin—,
A+B+C)
\ ’?2 Y
bicu nay hién nhién ding, ta c6 diéu phai ching minh.

= sin(

C. O cau a, ta dd ching minh :
inA+sinB—sinC=4 CoinZsin
sin sin B —sin C = 4 cos—sin—sin—
> sinzsinz

Ta xét :

A+ B A—B
cosA+cosB—cosC+ 1 = 2cos > cos > +ZSin25
—Z'C( A—B+ A+B>_4 A B C
= sm2 cos > cos > = coszcoszsm2

Do do,

4 cosgsinésinE A B C
2 2 2 = tan—tan—cot—

VT =
2 2 2

recA B_C
COSZCOSZSIHZ
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Bai 6: Cho tam giac ABC. Chimg minh rang :
a. a®sin(B—C) + b3sin(C—A) + c3sin(A—B) =0

asinA + bsinB + c¢sinC
" acosA+bcosB+ccosC

= cotA + cotB + cotC

( b) A B (b ) B C ( ) C A_0
c. (a— tanztan2+ —-C tanztan2+ c—a tanztanz—

Gidi:

a. Tacod:

1
sin® Asin(B — C) = sin? Asin(B + C) sin(B—C) = — 7 (1 — cos 2A)(cos 2B — cos 2C)

1
=1 (cos 2C — cos 2B + cos 2A cos 2B — cos 2C cos 2A)

Tuong tu, ta co :

1
sin® Bsin(C — A) = 2 (cos2A — cos 2C + cos 2B cos 2C — cos 2A cos 2B)

1
sin® Csin(A — B) = y (cos 2B — cos 2A + cos 2C cos 2A — cos 2C cos 2B)

Cong 3 dang thire trén, ta duoc

sin® Asin(B — C) + sin® Bsin(C — A) + sin®Csin(A—B) =0
Vay theo dinh 1y ham s sin, ta c6 diéu phai chimg minh.
b. Taco:

sin 2A + sin 2B + sin 2C = 4 sin Asin Bsin C
Do d6, theo dinh 1y ham s6 sin, ta co :

VT = 2R (sin? A + sin? B + sin? C) B 2(sin? A + sin? B + sin? C)
" 2R(sinAcosA + sinBcosB +sinCcosC)  sin2A + sin 2B + sin 2C
B sin? A + sin? B + sin? C _ sinA N sin B N sin C
B 2sinAsin BsinC " 2sinBsinC  2sinCsinA  2sinAsinB
B sin(B+C) sin(C+A) sin(A+B)
" 2sinBsinC  2sinCsinA  2sinAsinB
1 1 1
= E(cotB + cotC) + Z(cotC + cotA) + E(cotA + cotB)
= cotA + cotB + cotC
C. Taco:

_a—b b—c c—a
VT = B

C A
tan 5 tan 5 tan 5
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Mat khac, ta co :

B C C A
a=p—b+p—c=r<cotz+cot—) ;b=r(cot5+cot—)

2 2
b= ( tB t ) (a —b) tC— tc< tB t )
e J— — R — —_ = J— _—— — R J—
a ri|co 5 CO 5 a CO 5 T CO 5 CO 5 CO 5
[uvong tu :
(b —c)cot== t ( tC tB)
c)Co 5 T CO 5 CO 5 CO 5
( ) tB tB< tA tC)
C a)co 5 =TcCo 5 CO 5 CO 5

Cong 3 dang thirc trén, ta co dugc diéu phai chirng minh.

Bai 7: V6in € Z. Ta c6 mot sd dang thirc tong quét trong tam gidc ABC
a. sin(2n + 1)A + sin(2n + 1)B + sin(2n + 1)C
A B C
= (—1)"4cos(2n + 1) Ecos(Zn +1) > cos(2n + 1)5
b. sin 2nA + sin 2nB + sin 2nC = (—1)™*14 sin nA sin nB sin nC
c. sin?nA + sin? nB + sin? nC = 2 + (—=1)"*12 cos nA cos nB cos nC
d. cos(2n + 1)A + cos(2n + 1)B + cos(2n + 1)C
A B C
=1+ (—1)"4sin(2n + 1)Esin(2n +1) Esin(Zn +1) 3
e. cos2nA + cos 2nB + cos 2nC = —1 + (—1)"4 cos nA cos nB cos nC

f. cos?nA + cos?nB + cos?nC =1 + (—1)"2 cos nA cos nB cos nC

Gidi:
a. Taco:
~(2n+1)A+(@2n+1)B 2n+1)A-(2n+1)B
VT = 2sin cos
2 2
C C
+ 2sin(2n + 1) > cos(2n + 1)5
_ A+B A-B C C
= 2sin(2n+1) 5 cos(2n + I)T + 2sin(2n + 1)5 cos(2n + 1)5
Ta xét :
A+B m C @ +1)A+B @ +1)(n C)
_ == - = —_ — =
2 2 2 " 2 " 272
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_ A+B _ m C _ s C
= sin(2n + 1)T =sin(2n+ 1) (E_§> = sin (nn+5— 2n+1) E)

= (—1)"cos(2n + 1);

Tuong ty vay, ta co :

n A+B

(n+1)7 = @2n+ (-

C +B C
= sin(2n + 1)5 = sin (nrr + 5 2n+1) T) =(—1D"cos(2n+1) 5
Suy ra

VT = 2.(=1)" cos(2n + 1); [cos(Zn +1) (A; B) + cos(2n + 1) ( ‘; B) ]

A
=(=1)"4cos(2n+ 1) Ecos(Zn +1) Ecos(Zn + 1) 5

b. Taco :
VT = 2sinn(A + B) cosn(A — B) + 2 sinnC cosnC
Ta thay :
A+B=n—-C=n(A+B) =nm—nC
= sinn(A + B) = sin(nm — nC) = (—1)"*1sinnC
Va

nC =nm —n(A+ B) = cosnC = cos(nn —n(A+ B)) = (—1)"cosn(A + B)
Suy ra
VT = 2(—=1)™!sinnC cosn(A — B) + 2(—=1)" cosn(A + B) sinnC
= 2(—1)"sinnC [cosn(A + B) — cosn(A — B)]
= (—=1)"*14 sin nA sin nB sin nC

C. Tacod:

1—cos2nA 1 —cos2nB
VT = 5 + 5 + 1 — cos?nC

1
=2- 5 (cos 2nA + cos 2nB) — cos? nC
=2 —cosn(A + B) cosn(A — B) — cos?nC
=2—(—=1)"cosnC[cosn(A — B) + cosn(A + B)]

=2+ (=1)""12 cos nA cos nB cosnC
d. Ta co :

A+B A—B C
VT = 2cos(2n + 1) cos(2n + 1)T+ 1—2sin?(2n + 1)5

(2n+1)¥= (2n +1) (g—g)
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A+ B m C T C
= cos(2n + 1)T =cos(2n+ 1) (E__) = oS (nn+5— 2n+1) E)

2
C C

=—-1.(-D"*tsin2n + 1) 5= (=1D)"sin(2n + 1) >

Va
m A+B
(n+1)7 = 20+ (-
m A+B +B
= sin(2n + 1) —=sin(2n + 1) (— - T) = sin (nrc + 5 2n+1) T)
A+ B

=(-1)"cos(2n+1) ——

Suy ra
—B A+ B
VI=1+4+2(-1)"sin2n+1)= [cos(Zn + 1) ———cos(2n+1)——

=1+ (—1)"4sin(2n + 1) Esin(Zn +1) Esin(Zn + 1) 5
e. Taco:
VT = 2cosn(A + B) cosn(A —B) + 2cos?nC — 1

= 2 cos(nm — nC) cosn(A —B) + 2cos?nC — 1

=—1+4+2(—1)"cosnC[cosn(A —B) + cosn(A + B)]

= —1+4+ (=1)"4 cos nA cosnB cosnC
f. Taco :

1+ cos2nA 1+ cos2nB 1

VT = 5 + 3 +cos?nC=1+ E(COS 2nA + cos 2nB) + cos?nC

=1+ cosn(A + B) cosn(A — B) + cos?nC

= 1 + cos(nm — nC) cosn(A — B) + cos? nC

=1+ (—1)"cosnCcosn(A—B) + (—=1)"cosnCcosn(A + B)
=1+ (—1)"cos nC[cosn(A — B) + cosn(A + B)]

=1+ (—1)"2 cosnA cosnB cosnC

Bai 8: Goi I 1a tam dudng tron ndi tiép tam gidc ABC. Pitx = BIC,y = AIC,z =
AIB. Chting minh rang

sinA+sinB +sinC = 4sinxsinysinz
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Giai:
A
B C

Taco:

= 180° B+C—90°+A —90°+B —9O°+C

x= 2 27~ 277 2
Suy ra
4 si i inz = 4si (90°+A) ' (90°+B) ' (9O°+C>—4 A B ¢

sin x sin y sinz = 4 sin > sin > sin 5) = coszcoszcos2

=sinA+sinB + sinC

Bai 9: Cho tam giac ABC ¢6 3 goc A, B, C theo thir tu tao thanh cip sé nhan cong boi
q = 2. Ching minh

1 1 1
. + + = b. A B C=—-—
% Sin?A ' sinB ' sin?C COSHCOSBCOS 8
5 1 1 1
c. cos?A+ cos?B+ cos?C=- d —=—4+=
4 a b c
Giai:
Tir gia thuyét, ta suy ra
( T
A=—
7
21
{B="=
7
4
\C = 7

a. Taco:
1 1 1

+ + = cot? A + cot? 2A + cot? 4A + 3
sin? A  sin?B  sin?C
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= (cot?A—1) + (cot?2A—1) + (cot?4A—-1) + 6
_ cosZA+ cos4A N cos 8A +6
"~ sin?A  sin?2A  sin?4A

2cos2AcosA 2cos4Acos2A 2 cos 8A cos 4A

- + + +6
2sin2 AcosA  2sin? 2Acos2A  2sin? 4A cos 4A
= 2cot2AcotA + 2cot4Acot2A + 2cot8Acot4A + 6

= 2(cotBcotA + cotCcotB + cotAcotC) + 6
(vi cot 8A = cot(mr + A) = cotA)
Mat khac, trong tam gidc ABC ta ludn co6 :
cotAcotB + cotBcotC + cotCcotA=1

Nén VT = 8.
Do d6, ta c6 diéu phai chimg minh.
b. Taco:

A B c A A AA sin 2A sin4A sin 8A sin 8A 1
COSALOSBCOSL = COSALOS AACOSHA = 5 inA 25in2A 2sin4A  8sinA 8
(vi sin8A = sin(m + A) = —sinA)

Vay ta c¢6 diéu phai chirng minh.

C. Trong tam gidc ABC, ta ludén co6 :

1 5
cos? A+ cos?B+cos?C=1—2cosAcosBcosC = 1—2(—§> =2

Vay ta c¢6 diéu phai chirng minh.

d. Theo dinh 1y ham sb sin, diéu can ching minh twong duong véi
1 1 1
sin7 sinT sin47n
Taco:
1 1 sin27n+ sin47n 25in37ncos% 2COS% 1
T T n_4n  _ Zn_ 3w T =
21 T s - -
inZs  gin— in 2= sin — in~—sin—  2sinscoss Ssin=
sin—=-  sin— sin —-sin sin —-sin = 7 7 7

Vay ta c¢6 diéu phai chirng minh.
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Bai 10:
a.  Cho tam giac ABC, BC = a, CA = b, AB = c¢. Chiing minh rang

A C
2b=a+c (:)cotzcotz= 3

(PH Can Tho 1998)

b. Chtng minh rang : trong tam gidc ABC néu cot A, cot B, cot C theo thir tu tao
thanh cap s cong thi a?, b?, ¢? ciing tao thanh cap sb cong.

(PH Thuong Mai Ha N6i 2000)
c. Cho tam gic ABC c6 a? + b? — c? = 4R?. Ching minh rang

tanAtanB+ 1
tanAtanB—1

= tan? C

(Tap chi “Toan hoc va Tubi tré”)

Gidi:
a. Ta c6 gia thuyét tuong dwong véi
A C_3 A C
coszcosz— sm251n2
2( A C A C) A C+ A C
= —cos— —sin—=sin=| = —CoS— —sin—
coszcos2 sm251n2 Coszcos2 smzsm2
A+C A-C
< 2cos = coS >
) A+C B A-C B
S - = -
cos cos2 cos > cos2
A B B 2 si A+C A-C
= —_ —_=
51n2cos2 sin > cos >

< 2sinB =sinA +sinC

Theo dinh 1y ham s6 sin, ta c6 diéu phai chimg minh.

b. cotA, cotB, cot C 1ap thanh cép sd cong < cot A + cotC = 2 cot B
sin(A+C) 2cosB

= =
sin AsinC sin B

& sin? B = 2sinAsinC cos B

& sin? B = cos B [cos(A — C) + cos B]

& sin? B = — cos(A + C) cos(A — C) + cos?B
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1
& sin?B=1—sin’?B —E(cos 2A + cos 20C)

1
<=>ZsinzB=1—5(1—Zsin2A+1—Zsin2C)

& 25sin? B = sin? A + sin? C
Theo dinh Iy ham s6 sin, ta ¢ diéu phai chimg minh.
C. Theo dinh Iy ham s6 sin, ta suy ra
a2 b2 c2
’ , sin2A  sin?B  sin2C
Ap dung tinh chat ty 1€ thtrc, ta ¢ :
a? + b? — c?
sin? A + sin? B — sin? C
4R?
-2 2 — - = 4R?
sin“ A + sin“ B — sin“ C
= sin? A+ sin? B =1 +sin? C

= 4R?

= 4R?

1
& _E(COS 2A + cos 2B) = sin? C

& cosCcos(A — B) = sin? C

O dang thirc ndy ta thdy duoc cos C, cos(A — B) # 0 nén
cos(A—B) sinC cosAcosB + sinAsinB
sin(A+B) cosC = sin A cosB + sin B cos A

Gia str cos Acos B = 0 thi cos(A + B) + cos(A — B) = 0 hay cos(A — B) = cos C. Khi

d6 A =90°B=C=45°

Mat khac, do cos C # 0 nén sin Asin B # cos A cos B.

Dén day, ta c6 duge mau thuin. Do do :

1+ tanAtanB 1+tanAtanB tanC(tan A + tan B)

tanA + tan B = 1—tanAtanB  1—tanAtanB

(visinAsinB # cosAcosB = tanAtanB # 1)
1+tanAtan B

=
1—tanAtanB

=tan C

tanC =

=tan Ctan(A + B) = tan?C

Bai 11: Cho tam giac ABC ¢6 I 1a tim duong tron noi tiép. Chirng minh cac dang thirc
sau :

r
a. 1+E=cosA+cosB+cosC

b. m2 + m + m? = 3R?(2 + 2 cos Acos B cos C)
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1 1 1 1 1 1 A B C
C. (E+E)ZC+(E+E)1“+(E+E)II’=2<COSE+COS§+COS§)

psiné
_ 2
d. a= B_C
COS COS

e. IA.IB.IC = 4Rr?

Giai:
a. Ta can ching minh :
T A B  C
E =4 smzsmzsmz
That vay, ta co :
ab sin C

S==absinC=pr =r=——7""—
g oS P b +e

Ma theo dinh Iy ham s6 sin, ta duoc :
ab sin C 2R sin A2R sinBsin C

r:a+b+c: 2R(sin A + sin B + sin C)

Suy ra
r 4. sin Asin Bsin C

R - sinA + sinB + sinC

Mat khac, ta lai co :

in AsinBsin C = 2si AZ'B BZ'C ¢
sinAsinBsinC = smzcos2 smzcos2 sm2C052

A B C
sinA + sin B + sin C = 4 cos—cos—cos—
2 2 2
Do do,
r_4 A B C
R smzsmzsm2
1+r 1+ 4si in 2 gin & A+ B+ C
ﬁ —_ = —_— —_— —
7 sm251n251n2 cos cos cos
b. Ta co :
2b% + 2c? —a? 2a*+ 2c*—-b* 2a*+2b*—c* 3
= 2 + 2 + 2 =Z(a2+b2+cz)

= 3R?(sin? A + sin® B + sin? C) = 3R?(2 + 2 cos A cos B cos C)
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C. Taco:
a+b b+c c+a
T = l

- - l
ab ¢ bc ¢ ca P
_a+b 2ab C b+c 2bc A c+a 2ca B

) -+ ) -+ ) —=VP
ab a+bCOSZ bc b+cCOSZ ca c+aCOSZ

d. Theo dinh Iy ham s6 sin, ta c6 :
. A A . A
a 2R sin A 4R sin A 8R sin7 cosz sin=
p a+b+c 2R(sinA+sinB+ sinC) 8Rcos%cos%cos% cos > cos 5

Vay ta c6 diéu phai chimg minh.
e.

IB = =
sin  sinz
Tuong tu, ta co :
IC ! IA !
G T A
sin sinz
r3
= VT = C
sinz sin 5 sin
Mat khac, ta lai ¢c6 :
r A B C
AR - sm2 sm2 sm2
Nén
r3 )
VT = Z = 4Rr
4R
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Bai 12: Cho tam giac ABC. Chting minh rang ta ludn c6 :
p? 41?2 =2R(hg + hy + he — 27)

(Dé nghi Olympic 30-4, 2007)

Giai:
Trude hét ta s& chung minh : 2R(h, + hy, + h, — 2r) = ab + bc + ca — 4Rr

That vay ta co :

28 28 28 4RS(ab + bc + ca)
2R(ha+hb+hc):2R(—+—+—)= =a+b+c
a b c abc

= 2R(hy + hy + h. —2r) =ab + bc +ca—4Rr = p?> +r?> + 4Rr = ab + bc + ca

Laico:

A

2tan= a —

sinAz—zA:—: p—2
1+tan27 1+

= a® —2pa®+ (p?> +r? + 4Rr)a — 4pRr = 0
Tuong ty thi ta cling ¢6 :
b3 — 2pb* + (p?> + r? + 4Rr)b — 4pRr = 0
c3—2pc?+ (p*+r*>+ 4Rr)c — 4pRr =0
Vay a, b, ¢ 1a nghiém cua phuong trinh sau :
t3 —2pt> + (p®> +r?> + 4Rr)t — 4pRr = 0
Theo dinh 1y Vieéte thi :

ab + bc + ca = p* + 1%+ 4Rr
Vay ta c¢6 diéu phai chirg minh.
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Bai 13: Ching minh rang trong tam giac ABC ta luon c6 :

a. Tu+1mp,+17.=4R +71

b. Tu+1,+1r =4RcosC+r,

C. T TpT, = P>

d.  r%(ur, + 1.+ 1.1,) = S?

e. (b+c)*—2@@*+212)(b+c)>+a*(a?+4h2) =0
Gidi:
a. Taco:

1 1 1 1\ _[p—a+p—-b p-p+tc
p—a p-b p-c )‘S[@—axp—b) p(p—0)
1 N 1 :Scp(p—0)+(p—a)('p—b)
p-a)p->b) plp-oc) p(p —a)(p —b)(p—c)
—Sl2p?—pla+b+c)+ab] = 22 — 4R
swepP TP S
b. Taco:

ra+rb+rc—r=5(

= sc|

1
w-a)(-b) p(p—c) s

ra+rb+r—rC=Sc[ [p(a+ b +c)— ab]

cril
ZE[E(a+b+c)(a+b—c)—ab]
2R2
e [(sinA + sin B + sin C)(sin A + sin B — sin C) — 2 sin A sin B]
4R
8R3<4 A B C4 C A B > sin A B)
=— |4 cos7coscos o4 cos; sm2 sm2 sin A sin
8R3 (4 C A B—-2 A B) 8R° (4 C 2)
=— cos? 2sm sin sin A sin 1R2 cos? 5
= 4R cosC
c. Ta co6 :
§3 S2pr
VT = = = rp?
-0 -bp-o sz P
p
d. Ta co :
VT = §%r? + : + :
p-a)@-b) (@-bp-c) @E-cp-a
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p—a+p—b+p—c S’?p

=SZ 2 — — 2 2=SZ
"o-op-bp-o sz P
p
e. Ta co:
VT = (b + c)* —2a%(b + ¢)? + a* — 412(b + ¢)? + 4a*h?
_[(b )2 2]2 4(b )2 4b2€2 ZA 1652
= +c) —a - +c '(b+c)2COS 2+
4b%*c? 1+ cosA
= % 2_4 2, . 1652
b+c—a)*(b+c+a) (b +¢) b1 02 > 6S
b? + c? — a?
=(b+c—a)2(b+c+a)2—8b202(1+ T >+16S2

=Mb+c—a)*b+c+a)?—4bc[(b+c)*—a?] + 1652
=(b+c—a)*b+c+a)> —4bc(b+c—a)(b+c+a)+ 165>
=(b+c—a)b+c+a)b—c—a)(b—c+a)+ 1652
Mait khac, theo cong thirc Heron, ta ¢6 :
a+b+c b+c—aa+c—b a+b-c

S2=pp—a)p-b)p—c) = B S e s —

Suyral6S?=(a+b+c)(b+c—a)la+c—b)la+b—c)
Vay VT = 0.

Bai 14: Ching minh rang trong tam giac ABC, ta lu6n c6

C 1 2r 1
. tan—tan-=1—-— =
a an2 an2 h 27‘a_|_1
h
a

b. (p —a)?sinA+ (p —b)?sinB+ (p — c)?sinC

=71(2R — r)(sinA + sin B + sin C)

Giai
a Ta co
27‘_1 28 a 2a _4 4R sin A
hy, p 2§ a+b+c 2R(sin A + sin B + sin C)
. A A +C
8R sin=cos= cos
_ 2 2 _ 2
=1— P
o7 cos Ao B oo C B C
C0S 5 COS 7 COS C0S 7 COS
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cosEcosE—sinEsinE B C
=1- Z ZB Z 2=tan5tan§
C0S~ COS>
Talai c6 :
A A
21, 2§ a a 2a 4R sin A sin > cos
h, p—a2S p—a b+c—a 2R(sinB+sinC—sinA) cos%sin%sin%
cos—B +C cosEcosg — sinEsing B C
— 2 _ 2 2 22 b v
B__C "B C —cot2c0t2 1
sinz sin 5 sinz sin
Suy ra
1 1 . Bt C
= =tan—-tan—
215 B .C_ 22
h_a+1 cot= cot 1+1
b. Taco:

VP = r(2R sinA + 2R sin B + 2R sin C) — r?(sin A + sin B + sin C)
=r(a+b+c)—r?(sinA + sin B + sin C)
= 2pr —r?(sinA + sinB + sin C) = 25 — r?(sin A + sin B + sin C)
Do d6, diéu can chimg minh tuong duong véi
(p —a)?sinA+ (p —b)?sinB + (p — c¢)?sinC = 25 — r?(sin A + sin B + sin C)
S [(p—a)>+7r?]sinA+[(p —b)2 +7?]sinB+ [(p —c)? +7?]sinC = 2§
Mit khéc, ta thdy :

A ZSin%COS%
[(p —a)* + r?]sinA = (p — a)? sinA(l + tan? E) =——~=(p- a)?
C0527
A S p—a b+c—a
=2tanz(p—a). A=25. =25.—b
ptan7 P +c+a
smB+51nC—smA_ COS5 sin> sins

B C

S.— : — = = 2Stan—tan—

sinB + sinC + sin A 4cosécos—cos— 22

2 2 2
Tuong tu vay, ta co :

C A
[(p — b)? + r?]sinB = 2§ tanztanz

A B
[(p —c)?> +r?]sinC=2S tanztanE
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Ma talai cé :
B C C

tanEtanE + tanztanz + tanztanE =1

Vay cong 3 dang thuc trén, ta c6 duoc diéu phai chimg minh.

- BAI TAP TU LUYEN
3.1.1. Cho tam giac ABC. Chimng minh rang

1
a. S = 2 (a? sin 2B + b? sin 2A)

c. (a+b)cosC+(b+c)cosA+ (c+a)cosB=2p

d. ab(a + b) cosC+ bc(b + ¢)cosA + ca(c +a) cosB = a® + b3 + ¢3

5 3 3 _A_B_C ~3A 3B 3C
e. cos® A+ cos® B + cos C=1+351n231n251n2 sin > sin > sin >

3.1.2. Cho tam giac ABC, BC = a,CA =b,AB =c va
At 5 1
5tan > an 5=
Chung minh rang 3¢ = 2(a + b).
(PH Can Tho 2000)

3.1.3. Cho tam giac ABC c¢ :
c my
E = E #1
Chtng minh rang : 2 cotA = cotB + cotC.
(PH Tong Hop 1995)
3.1.4. Cho tam giac ABC ¢6 I, = [,,. Chtitng minh rang a = b.
(Pinh 1y Steiner'® — Lehmus'”)
3.1.5. Cho tam gidc ABC thoa hé thuc :
A B C

sin — = sin—sin—
2 2 2

Chung minh rang :
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. Bt cC 1

a. tanztanz =
b. t At B+t Ct Al
. tanztang +tanstans =

(PH Dugc Ha Noi 1998)
3.1.6. Cho tam giac ABC c6 a* = b* + c*. Chimg minh rang tam giac ABC nhon va
tan Btan C = 2 sin? A.
3.1.7. Trong tam gidc ABC, chimg minh rang :

a. 1, :r+4RsinZE

A Ty
b. sin—=
2 \/(ra+rb)(ra+rc)
A 2R+7r—1,
C. COSA = R
d cos A N cosB N cosC B cotA + cotB + cotC
" bcosC+ccosB acosC+ccosA bcosA+acosB 2R

e. (b—c)(p—a)cosA+(c—a)(p —b)cosB+ (a—b)(p —c)cosC=0

- GOQI Y GIAI BAI TAP TU LUYEN
3.1.1.
a. Theo dinh Iy ham s6 sin, ta ¢6 :

1
2 (a? sin 2B + b? sin 2A) = R?(sin? A sin 2B + sin? Bsin 2A)
= 2R?sin AsinB (sin AcosB + sin BcosA) = 2R? sin AsinBsinC
1
=—absinC=S§
2

b. Can chimg minh

A B C
tanz+tanz B 1 —tanz

A B C
1 —tanztanz 1 +tanZ

c.  Ap dung dinh Iy cac hinh chiéu
Ap dung dinh 1y ham sé cos
e. St dung cong thirc

B C

cosA+cosB+cosC=1+ 4sinzsinEsin§
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3.1.2. Bé y, tir gia thuyét ta co :

einB B A B A B
Sll'IZSII'lz—COSZCOS2 Slnlen2

A-B A+B) A+B
> cos— = cos—

3(2_A+B A+B) pnATB A-B
= =
Sin 5 COS 5 Sin 5 COS 5

= 2 (cos

< 3sinC = 2(sin A + sin B)
3.13.Déy:

c2 mi 2(a?+c?) — b2
_ _ 2 _ 12 4 2
ﬁ_m_g_Z(a2+b2)—cz(:)2a =bite

3.1.4. Ta sir dung cong thirc vé& d6 dai phan giac trong :

2ca |p(p—Db) 2ab |p(p—c)
lb = lC = =
c+a ca a+b ab

sala+b+o)[(a+b+c)a?+2bc)+2abc](b—c)=0<b=c

A B+C_ B _C B _C
51n2—51n > —COSZCOS2 SIHZSIHZ

b. St dung dang thic

t t +t Bt C+t Ct =1
anzan2 anzan2 anzanz—

3.1.6. Tir gia thuyét, ta c6 a = max{a, b, c}. Do d6

{bz < a? — {b“ < a’b?

= a* = b* + ¢* < a?(b? + ¢?
c? < a? c* < a?c? ( )

=a’<b*+c*=cosA>0
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can B tan C 4a”bc sinBsin C 22sinB sin C ) sin? A
anBtanC = = 2a . = 2sin
a* — (b? — ¢?)? b c !
3.1.7.
a. Tacod:
=pt ( )t A—tA—4R'A At A—4R'2A
T,—T=p an2 p—a anz—a anz— 51n2c052 anz— sin 2
b. Déy:
A A
ptani tan7 A
VP = = =sin§
A B A C . A+B . A+C
p\/(tan2+tan2)(tan2+tan2) sin ——sin—;
A B C
€0s“~ C0S% COS >
c Déy
r—ra 4Rsin2%
= =1——:
VP=1+ R >R cos A
d. Ap dung dinh 1y cac hinh chiéu.
€. Taco:
r
(b—c)(p—a)cosA = 2R(sinB —sin () cos A
tan=
2
A
B+C B-C cos3 ~B—-—C B+C
= 2Rr.2 cos sin . .COSA = 4Rr sin sin cos A
2 2 siné 2 2
2

= 2Rr(cos A cos C — cos A cos B)
Tuong tu vay, ta co :
(c—a)(p — b) cosB = 2Rr(cos AcosB — cos C cos B)

(a—b)(p—c)cosC = 2Rr(cosBcosC — cosAcosC)
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2.  CHUNG MINH BAT PANG THUC LUQNG GIAC TRONG TAM GIAC
- Ngoai viéc nhd cac dang thic co ban va ap dung cac ky thuat bién doi dé ching
minh dang thirc lugng giac vao dang toan nay, thi ta cling nén nim dugc mot sé ki
thuat chimg minh bat dang thirc, chang han nhu :
e Dung cac quan hé gitra canh va goc :

Trong tam gidc ABC, taco :

0 <sinA <sinB < sinC

= =
a<b<c A<B<C {cosA>cosB>cosC

T tinh chét trén, ta c6 duoc két qua sau :
(a —b)(sinA —sinB) >0 < asinA+ bsinB>asinB+ bsinA
(a—Db)(cosA—cosB) <0< acosA+bcosB<acosB+ bcosA

e Dung cac bit dang thirc ¢6 dién

1. Bit dang thirc Cauchy(g) :

Cho n s6 khong am : aq, ay, ...,a,, (n € Z,n > 2) thi:

a,+a,+ .. +a, =naa,..a,

Diu" ="xayrakhivachikhia; = a, = .. =a,
11. Bit dang thirc Bunyakovsky" :

Cho hai day s6 thyc : a;, ay, ..., a, (n € Z,n > 2) va by, by, ..., b, (n € Z,n > 2) thi :

mm+%m+"Auwﬂsﬁﬁ+@+m+ﬁx%+@+m+%)

Dau " = " xay ra khi va chi khi :
a, a an
b, b, by,

iii. Bt ddng thirc Chebyshev'” :
Cho hai day sé thuc ting: a; < a, < .. < a,vab; < b, < ... < by, thi:

a,+a,+ ... +a, by +b,+ .. +bn<a1b1+a2b2+ .. +a,b,

n n n
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Cho day s6 thuc ting : a; < a, < ... < a,, va diy sb thuc giam b; > b, > ... > b, thi :

a,+a,+ ... +a, by +b,+ .. +bn>a1b1+a2b2+ .. +a,b,

n n n

a, =4a, = .. =a,

Ddu " =" xay rakhi vachikhi {,' _)*_ " _
- - “en - n

1v. Bét ding thirc Bernoulli"" :

Véia = —1 thi voimoi € N :

14+a)*=1+na

a=20
Déau " = " xay ra khi va chi khi [n =0
n=1

V. Bét déing thirc Jensen'? :

Cho ham s6 f(x) c6 dao ham cap 2 trong khoang D = (a, b)

Néu voimoi x €D, f''(x) > 0 va xq, Xy, ..., X, €D thi:

flx)+ )+ o+ flx) - f<x1 +x,+ .. + xn>

n n

Néu voimoi x €D, f'"(x) < 0va xy,Xy, ..., X, €D thi:

flx)+ )+ .o+ flx) - f<x1 +x,+ .. + xn>

n n

Dau " = " xay rakhi vachikhix, = x, = ... = x,
e Dung dao ham dé 4p dung tinh chat dong bién, nghich bién cia ham sé.

Tuong tu nhu ¢ dang chimg minh dang thirc lugng giac trong tam giac, ¢ dang nay trudc
hét ta cling can nam ré mot sd bat dang thirc lugng gic co ban trong tam giac.
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Bai 1: Cho tam giac ABC, chtrng minh ring :

3v/3 3
a. sinA+sinB+sinC§T b. cosA+cosB+cosCS§
3v/3 1
C. sinAsinBsinCST d. cosAcosBcosCS§
_A+_ B+.C<3 i A+ B+ C<&E
e. sm2 sm2 smz_2 ) cos2 c052 cosz_ 5

A_B_C_1 . A B C<3ﬁ
g. 51n251n251n2_8 . COSZCOSZCOSZ_ 3

Giai:
a. Tacod:
A+ B A—B
sinA + sin B = 2 sin 5 cos >
n A—-B m A+ B A—B
DOOSTSﬂVé_ESTSE = sin >0vao0 < cos > <1

Vay ta chiing minh duoc

A+ B
sinA + sin B < 2 sin

Tuong tu, ta co :

T
. o _[(C+3
sin C + sin— < 2sin
Suy ra
T
_ _ _ o . A+B  [(C+3 ~(A+B C
sinA + sinB + sinC + sin— < 2 |sin + sin S4sm( + -
3 2 4 4
T T
=>sinA+sinB+sinC+sin§S4sin§
Do do,
T  3V3
sinA+sinB+sinCS3sin§=T
b. Ta co :
A+ B A—B
cosA + cosB = 2 cos > cos >
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A+B .C>0 10 < A—B<1
;= singy20valscos——=

Ma cos

Suy ra

A+ B
cosA + cosB < 2 cos

Tuong tu, ta c6 :

T
C+cos™ < 2c0s| 3
cos cosg_ cos >
Do do,
T
T A+ B C+§
cosA+cosB+cosC+cos§SZ cos + cos >
<4 <A+B+C+n)
SECOS T T TR
Suy ra
T T
cosA+cosB+cosC+cos§S4cos§
Hay
T 3
cosA+cosB+cosCSSCos§=§
C. Theo bat dang thirc Cauchy, ta c6 :
3
_ ] ] sin A + sin B + sin C\° 33 3v/3
smAsmBsmCS( 3 ) < c = 3

d. Ta thay :
- Néu tam giac ABC c6 mot goc tui thi bat dang thirc hién nhién dung.
- Néu tam giac ABC nhon thi theo bat dang thirc Cauchy, ta co :

cosA +cosB+cosC\® 1
cosAcosBcosCS( ) ==
3 8
e. Ap dung bat dang thiic co ban da chimg minh & ciu a, ta dugc :
_ A+ _ B+ . C+ . n<2 _ A+B+ _ <C+n>]<4_ (A+B+C+n)
sm2 sm2 sm2 sm6_ sin 2 sin 23| sin 3 st 72
Suy ra
A B C o T
sm2 sm2 sm2 sm6_ sm6
84

TOANMATH.com



Chuong 3 : H¢ thure lugng trong tam giac

Vay ta duogc :
_A+_B+_C<3_n_3
’ . sm2 sm2 sz_ 51n6—2
f. Ap dung bat dang thirc co ban da ching minh ¢ cau b, ta dugc :
A+ B+ C+ n<2 A+B+ (C_I_n)]
cos cos + cos7 cos6_ cos— cos| 7+ 73
< 4si <A+B+C+T[)_4 T
< 4sin 3 stoz)= cos6
Suy ra
AL B C_, T 3V3
. cos >+ cos7 + cosz < cos6— >
g. Theo bat dang thirc Cauchy, ta c6 :
A B C 51n'§+sm +sm
sinEsinEsinE <
h. Theo bat dang thirc Cauchy, ta c6 :
A B C cos'§+cosz+cos \/§ 343
— — -< —_ :_
coszcoszcosz_ 3 2)
Bai 2: Cho tam giac ABC, chtrng minh ring :
9 3
a. sin2A+sin2B+sin2CSZ b. COSZA+COSZB+COSZCZZ
_2A+_2B+.2C>3 4 2< 2A+ 2B+ ,C 9
c. sin sin > sin 527 . cos > cos > cos ><7
9
e. sinAsinB+sinBsinC+sinCsinASZ
3
f. cosAcosB+cosBcosC+cochosASZ
_A.B+.B_C+_C_A<3
g. smzsm2 sm251n2 smzsmz_4
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Giai:
a. Taco:

. . _ 1—cos2A 1—cos2B
sin? A + sin? B + sin? C = 5 + 5 + 1 —cos?C

1
=2 —E(cos 2A + cos 2B) — cos? C

=2 —cos(A + B) cos(A — B) —cos?C = 2 + cos C[cos(A — B) — cosC]
- Néu gbc C tu thi cos C [cos(A — B) — cos C] < 0. Suy ra

9
sin® A + sin? B + sin? C < 2 <Z
- Néu goc C khong tu thi

cosC+ (1 —cos() 2 9

sin? A+ sin? B+sin?C< 2cosC(1 —cosC) <2+ > =7
b. Taco:
1+ cos2A 1+ cos?2B
cos? A + cos?B + cos?C = + + cos?C

2 2
=1+ cos(A + B) cos(A —B) + cos?C =1 — cos C[cos(A — B) — cos C]
- Néu gbc C tu thi — cos C [cos(A — B) — cos C] > 0. Suy ra

3
cos?A 4+ cos?B + cos?C > 1 >Z

- Néu goc C khong tu thi

cosC+1—cosC\* 3
cosZA+coszB+c052C21—cosC(1—cosC)21—( ) =

2
C. Tacod:
-2A+ _ 2B+ _ 2C_1—cosA+1—cosB 1 —cosC
sin > sin > sin 5 = > > >
_3 1( A4 B+ C)>3 13_
=3 2cos cos cos 25755 =
d. Ta co :
2A+ 2B+ 2C_1+cosA+1+cosB+1+cosC
cos > cos > cos 5 = > > >
—3+1( A+ cosB+ C)<9
=5+3 cos cos cos =3
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Mat khac :
2A+ 2B+ 2C—3+1( A + cos B + cos C)
cos > cos > cos > =513 cos cos cos
3+1(1+4'A' B'C) 2+2'A' B'C>2
=5t3 smzsmzsm2 = sm231n231n2
Do si A B C 0
osm2,51n,2,751n2>
e. Theo bat dang thirc Bunyakovsky, ta ¢c6 :
9
sinAsinB+SinBsinC+sinCsinASsin2A+sin2B+sin2CSZ

f. Taco:
(cos A + cos B + cos C)?
= cos? A + cos? B + cos? C + 2(cos Acos B + cos Bcos C + cos Ccos A)

3
= Z+ 2(cosAcosB + cosBcosC + cosCcosA)

Suy ra
3 9
Z+2(cosAcosB+cosBcosC+cochosA)S(cosA+cosB+cosC)2SZ
Do do,
3
cosAcosB+cosBcosC+cochosASZ
g. Ta co :
(_ A+ _ B+ . C)2
sm2 sm2 sm2
_.2A+_2B+_2C+2<_A_B+_B_C+_C_A)
= sin > sin > sin > smzsm2 sm251n2 sm251n2
>3+2(.A_B+_B_C+_C_A>
= smzsm2 smzsm2 smzsm2
Suy ra
3+2(_A_B+_B_C+_C_A><9
2 smzsm2 smzsm2 sm251n2 =3
Do do,
_A_B+_B_C+_C_A<3
smzsm2 smzsm2 sm251n2_4
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Bai 3: Cho tam giac ABC, chtrng minh ring :
1+1+1>2x/§ b 1+1+1>6(ABCh)
% SinA ' sinB ' sinC - " cosA  cosB  cosC rhen
1 1 1 - d 1 1 1 > 23
¢ —gt—pt 26 R S A
siny  siny  sins COS7 COS%  COS%
! + ! + ! =>4 f ! + ! + ! > 12
© Sin?A ' sin?B ' sinC -~ " cos?2A  cos?B  cos?C
! ! ! > 12 h ! ! ! >4
> sin2é+sin2§+sinzg_ | COSZA-I_COSZE-I_ 2L
2 2 2 2 )
Giai:
a. Theo bat dang thirc Cauchy, ta c6 :
1 N 1 N 1 - 3 - 9 - 9 > 23
sinA  sinB  sinC ™~ 3/sinAsinBsinC _SinA+sinB+sinC~ 3v3
2
b. Theo bat dang thirc Cauchy, ta c6 :
1 1 1 3 9 9
+ + > > =25=06
cosA cosB  cosC™ %/cosAcosBcosC €osA+ cosB+cosC 3
2
C. Theo bat dang thirc Cauchy, ta c6 :
1 1 1 - 3 - 9 o6
+ = = =
: . A . B . C
sin > sin 3 sin% 3\/Sin% sin g sin% sin + sin 5 + sin 5
d. Theo bat dang thirc Cauchy, ta co :
1 1 1 3 9
+ - > > >2V3
A B C—, A B C A B C
cosi cosi cosi \/cosicosicosz cosi + cosf + cosi
e. Theo bat dang thirc Cauchy, ta c6 :
1 1 1 3 9 9
+ - > > > =4
sin? A sin?B  sin?C ~ 3/sin2 Asin2Bsin2C _ sin?A +sin2B +sin2C ~ 9
4

f. Theo bt dang thirc Cauchy, ta c6 :
1 1 1 3

+ + > =12
cos?A  cos?B  cos?C ~ /cos2Acos?Bcos2C

>

Bl w
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g. Theo bat dang thirc Cauchy, ta c6 :

1 N 1 N 1 - 3 - 9.4 12
. B . C* =73~
sin? > sin? > sin? % i/sinz %sinz gsinz % 3
h. Theo bat dang thirc Cauchy, ta c6 :
1 1 1 3 3.4
+ + c2 2= 4
coszi coszi coszi ?’\/COSZACOSZ Ecoszg
2 2 2
Chay : Tir cdu e, f, g, h ta rut ra duoc két qua sau
e. cot? A+ cot?B+cot’C>1 f tan?A+tan’B+tan’C>9
t2A+ t2B+ t2C>9 h. t ZA+t 2B+t 2C>1
g cot®—+cot’—+cot’ s> . tan® - +tan” - + tan” - >
Bai 4: Cho tam giac ABC, chtrng minh ring :
a. tanA + tan B + tan C > 3v3 (ABC nhon)
b. cotA + cotB + cotC = V3 (ABC nhon)
A B C A B C
C. tanE+tan§+tan§2\/§ d. Cot5+cot§+cot§2 3v3
Gidi:
a. Ta c6 2 cach ching minh :

Céach 1: St dung dang thirc tan A + tan B + tan C = tan A tan Btan C.
Theo bat dang thirc Cauchy, ta c6 :

(tanA+tanB +tanC)® > 27tanAtan Btan C = 27(tan A + tan B + tan C)
Suy ra

tanA + tan B + tanC > 3V3

Céch 2: Taco
sin(A + B)
cosAcosB

tanAtanB =
Mat khac :
A+ B
2

0 < 2cosAcosB = cos(A+ B) + cos(A—B) <1+ cos(A+ B) =2cos?
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Nén
. A+B A+ B
2 sin 5 C0S— A+B
tanA +tanB > ATB = 2tan
cos 5
Tuong ty, ta dugc :
tanC+ t T[>2t <C+T[)
an an3_ an2 5
Do do,
T A+ B C = T
tanA+tanB+tanC+tan—2Z[tan +tan<—+—)]24tan—
3 2 2 6 3
Suy ra
T
tanA+tanB+tanC23tan§:3\/?:
b. Taco:

(cotA + cotB + cot C)?
= cot? A + cot? B + cot? C + 2(cot A cot B + cot B cot C + cot C cot A)
>14+2=3
Do do,
cotA + cotB + cotC =3
c. Taco:

(t A+t B+t C)2
am2 an2 an2

=t ZA+t 2B+t 2C+2<t At B+t Bt C+t Ct A)
= fan 2 an 2 an 2 anz anz al’l2 an2 an2 an2
>3

Do do,

A B C
— — - >
tan2+tan2+tan2_\/§

d. Ta str dung dang thirc

tA+ tB+ tC— tA tB tC
co2 co2 coz—co 2c02c02

Theo bét dang thirc Cauchy, ta co :

( tA+ tB+ tc)3>27 tA tB tC—27< tA+ tB+ tc)
co2 co2 COZ_COZCOZCOZ_ co2 co2 co2

Suy ra

A B C
— — >
cot2+cot2+cot2_3\/§
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Bai 5: Chirng minh rang trong tam giac ABC, ta lu6n c6 :

a. 2(acosA+bcosB+ccosC)<a+b+c
b. 2(asinA+ bsinB+c¢sinC) = (a+ b)sinC+ (b +c¢)sinA+ (¢ +a)sinB
. 8m,m,m, < 27R3
(PH Ngoai Thuong 1996)
. R = 2r
e.  p?<G6R?+3r?

(Dé nghi Olympic 30-4, 2007)

Gidi:

a. Ap dung dinh 1y cac hinh chiéu, ta co :

c =acosB+ bcosA
Ma
(a—b)(cosA—cosB)<0<= acosA+ bcosB<acosB+ bcosA
Suy ra a cos A + b cos B < c¢. Tuong tu, ta c6 :
bcosB+ccosC<a
ccosC+acosA<b
Cong 3 bat ding thire trén, ta suy ra dugc diéu phai ching minh.
Déau " = " xay ra khi va chi khi tam giac ABC déu.
b. Taco:
(a—b)(sinA—sinB) >0 < asinA+ bsinB>asinB+ bsinA
Tuong tu, ta co :
bsinB+ csinC = bsinC+ csinB
csinC+asinA = csinA+ asinC
Cong 3 bat dang thuc trén, ta suy ra dugc diéu phai ching minh.
Dau " = " xay ra khi va chi khi tam gidc ABC déu.
C. Theo bat dang thirc Cauchy, ta c6

mg+m, +ma3 1
- 3 C) =ﬁ(ma+mb+mc)3

Mit khéc, theo bat dang thirc Bunyakovsky va dinh 1y ham s sin :

ma+mb+mCS(

9
(mg +my, + my)? < 3(mz + mj, + m2) = Z(a2 +b% + ¢?)

= 9R?(sin? A + sin? B + sin? C)
Ma ta c6 bat dang thirc co ban :
. . . 9
sin? A + sin? B + sin? C < 7
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Do do,
81
(mg +my + my)? < TRZ
Suy ra
1 <9R)3 27
MaMpMe =57\77) ~78
Twr do ta c6 dugc diéu phai ching minh.
Dau " = " xay ra khi va chi khi tam giac ABC déu.
d. Ta co:
s abc abc  8R3sinAsinBsin C
= p’r‘ = — 7T = =
4R 4pR 4R_%b+c
4R? sin Asin Bsin C - sin A sin B sin C A B C
e = = . — in — —_ —_
" T 2R(sinA + sinB + sin C) 4eosB oo B C 4R sin 7 sinz sin 5
COS= COS 5 COS
2 2 2
1 R
<4R.—=—
8 2

Tir d6, ta c6 duoc diéu phai chirng minh.
Déau " = " xay ra khi va chi khi tam giac ABC déu.
e. Taco:

S=pr=+pp—-a)p-b@m-c)

>piri=plp—-a)lp—b)(p—c)=plp>—(a+b+c)p?+ (ab + bc + ca)p — abc]
=p?[p = (a+b+c)p+ (ab + bc + ca) — 4Rr]

>r2=p?—(a+b+c)p+ (ab + ba + ca) — 4Rr
=>p?=(ab+bc+ca)—r(4R +71)
Do do,

4p?=(a+b+c)?=20a%?+b?*+c?)+4r(4R + 1) (%)

Mat khac :
9
a? + b? + ¢? = 4R?(sin? A + sin®? B + sin? C) < 4R2'Z = 9R? (*%)

Tir (*) va (**) thi ta duoc :

4p? < 18R? + 16Rr + 4r? = 2p? < 12R? + 61> — (R — 2r)(BR — 2r) < 12R? + 67
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(ViR=>2r=(R-2r)BR—-2r)=>0)
Vay ta co :
p? < 6R? + 3r?

Dau " = " xay ra khi va chi khi tam giac ABC déu.

Bai 6: Chirg minh rang trong tam giac ABC ta co :

A B B C o C A5
d. smzsmz SanSln2 51n251n2_8

T
4R
(Dé nghi Olympic 30-4, 2006)
b. 12 + ¥ + 12 > mZ + mé + m?
(Dé nghi Olympic 30-4, 2006)
c. a’> < b%?+c?+R?
(Dé nghi Olympic 30-4, 2008)

al+b3+c3 cos?A+cos®B+cos3C
3 + 6

d r(+mn+7) <

(Dé nghi Olympic 30-4, 2010)

Giai
a Ta co
A
tanE (sinB + sinC) = cos B + cosC
B | .
tang (sinC+sinA) = cosC + cos A
C
tani (sinA + sinB) = cos A + cosB
Va

. A. B . C
r 4Rsin 5 Sinsiny
= R =cosA+cosB+cosC—1

Theo bt dang thirc Cauchy, ta c6 :

~ |

A B A B
tanEsinB +tanzsinA > 2 tanzsinBtanEsinA
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Hay
'A'Bl(tA B+tB A)
smzsm2 2 anzsm anzsm
Tuong ty, ta dugc :

B C 1t B Cat C B
sm251n2 4<an251n + anzsm )
'CA1<tCA+tAC>
sm251 > =1 anzsm anzsm

Cong 3 bat dang thtrc trén, ta c6 :
A B+ N C+ - C A<cosA+cosB+cosC
smzsm2 smzsm2 smzsmz_ >

_cosA+cosB+cosC+1+ T

B 4 4 4R

Ta lai c6 bat dang thirc co ban :

N| W

coSA + cosB+ cosC <

Do d6, ta c6 duoc diéu phai ching minh.
Dau " = " xay ra khi va chi khi tam giac ABC déu.
b. Taco :
S? S? 52
2 2 + 2
p-a? -0 (-0
(p — b)(p—C) (p—a)p—o) (p—b)(p—a)
p—a p—>b p—c

ra +rb +rc

3
m2 + m} + m? =Z(a2+b2+c2)

Ta dat :
x=p—a x+y=c
y=p—b— x+z=b>b
_ yt+z=a
zZ=p-—c
x+y+z=p
Ta dua diéu can ching minh twong duong véi

(x+y+z)<yz+%+%)2%[(x+y)2+(y+z)2+(z+x)2]

That vay, ta co :
Z X Z X
x2<z+—)+y2(—+—)+zz<—+z>22(x2+y2+22)
z y zZ X y x

Suy ra
(x+y+z)< +?+ y)>2(x2+y2+zz)+xy+yz+zx
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Theo bat dang thirc Cauchy, ta c6 :

1 1
E(x2+y2+zz) zz(xy+yz+zx)

Do do,
Z XZ X 3
(x+y+2) (y_+_+_y) >=(x2+y*+z*+xy+yz+zx)
x y Z 2
3
=7+ + G+ 2% + (2 +x)°]
Dau " = " xay ra khi va chi khi tam gidc ABC déu.
C. Bit dang thtc tuong duong voi

4sin? A < 4sin?B + 4sin?C+ 1
& 4(1 —cos?A) <2(1 —cos2B) +2(1 —cos2C) + 1
& 4c0s?A—2(cos2B+cos20)+1=>0
& 4cos?A+4cosAcos(B—C)+1=>0
& [2cosA + cos(B—C)]? +sin?(B—C) >0
Diéu nay hién nhién ding.
Dau " = " xay ra khi va chi khi sin(B — C) = 2 cos A 4 cos(B — C) = 0 hay tam giac
ABC can tai A va c6 goc A la 120°.

d. Taco:
|{ (t A +t B)
4c =r,(tan 5 an 5
r N r
| ¢=7 A B
k tani tani
tang tan%
=ci=rr|2+ t—p | 24T
tani tanf
Tuong tu thé thi ta c6
a? > 4rr, vab? > 4rn,
a’ + b? + c?

=r(r,+r+r1) < 2

Mat khac:
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4 4
1
—E(ab cos C + bc cos A + ca cos B)

a’?+b%?+c? 1
——=—[(@®+b*—=c?)+ (b?>+c? —a?®) + (c? + a® — b?)]

Theo bat dang thirc Cauchy, ta c6 :

1 1
E(ab cos C+ bccosA + cacosB) < E[Z(a3 + b3+ ¢3) + cos® A + cos® B + cos® C]

a’>+b3+c® cosPA+cos®B +cos3C

a’ + b? + c?
= < +
4 3 6
a>+b3+c® cos®A+cos®B+cos3C
=r(+n+r1r) < 3 + e

Dau " = " xay ra khi va chi khi tam giac ABC déu.

Bai 7: Cho tam giac ABC, chtrng minh ring :

9 1
a. cos3 A+ cos®B+ cos3C < 3 + 1 (cos 3A + cos 3B + cos 3C)
(PH An Ninh Ha Noi 1997)

C
b. sinAsinB < COSZE

(PHQG Ha N¢i 1997)

VsinA + VsinB + VsinC -

3 A 3 B s C_
\/c057+ \]C057+ \/cosi

(PH Bach Khoa Ha N¢i 2000)

d A.B B.C C.A 4
. cos? écos2 B ’ C0S2—cos?— ’ cos? gcos2 — -
4 4 4 4 4 4

(Dé nghi Olympic 30-4, 2008)

A B C_ 1
e. SlIlZSIIl2 81112_3\/§
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Gidi:
a. Diéu can ching minh twong dwong vdi :
cos3A+3cosA cos3B+3cosB cos3C+ 3cosC
4 + 4 T 4

9 1
< §+Z(COS 3A + cos 3B + cos 3C)

Khi d6 ta dua bai toan vé dang bat dang thirc co ban :

3
cosA + cosB + cosC SE
Dau " = " xay ra khi va chi khi tam giac ABC déu.
b. Taco:
1 1 A+B C
VT = > [cos(A — B) — cos(A + B)] < 5 [1 — cos(A + B)] = sin? 5= cos? 5

Dau " = " xay ra khi va chi khi A = B.
Cha y: Tir bai toan nay, ta rat ra duoc két qua sau bang cach ching minh twong tu :

1 A B C
sinAsinB + sinBsinC + sinCsin A < E(COSZE + cos? > + cos? 5)

Dau " = " xay ra khi va chi khi tam gidc ABC déu.

c. Ta chimg minh bat dang thirc sau : Véia, b € Rvaa+ b > 0,
a®+ b3 (a + b)3
>
2 2

That vay, bat dang thuc twong duong véi :
4(a® + b3) = a® + b3 + 3ab? + 3a?b
< (a+b)(a? + b? —2ab) =0
S (a+b)(a—-b)2=>0
Diéu nay hién nhién dung.
Ap dung bat dang thirc trén, ta c6 :
(VsinA+ 3\/sinB>3<sinA+sinB A+B A-B C

= gj < —
5 5 sin > Ccos 5 = cos 5

Suy ra

VsinA + VsinB 3 C
2 - 2

Tuong ty, ta dugc :

VsinB + /sinC 3 A
2 - 2
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VsinC + VsinA 3 B
> < cosz

Cong 3 bat dang thire trén, ta ¢ dugc diéu phai chimg minh.
Dau " = " xay ra khi va chi khi tam giac ABC déu.
d. Ta ching minh

A A
< Ztanz

248
cos* 7
That vay, xét ham s6

T
f(x) =tanx + sinx — 2x,x € (OJE)

+cosx—2 >

1 1
cos?x Vcosx
. . Vs
Do d6, f (x) dong bién trén (O; E)

= f'(x) = >0

Voix>0= f(x) > f(0) > tanx +sinx —2x >0

Suy ra
t A+ in A>0
an2 sm2
Hay
A
< 2tan—
cos? = 2
4
Chtrng minh tuong tu, ta c6 :
B B
< 2tan—
cos?— Z
4
C C
< 2tan—=
cos?— 2
4
Nhu vay, ta duogc :
VT<4(t At B-I—t Bt C+t Ct A>—4
| anzan2 anzan2 anzanz—
e. Bat dang thtrc tuvong duong véi
. ,A B C< 1
sin 2sm 2smz_27
Taco:
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.ZA_ZB_C_l( A-B _c)z_c<1<1 C)Z C
sin® =~ sin” 2 sing = 7{ cos—; sinZ ] sinz < 2 sinz | sin
_1(1 _ C)(l _ C)Z - C
=3 sin - sin | 2.sin -

Theo bat dang thirc Cauchy, ta c6 :
3
C C C 1—sin%+1—sin%+23in7 8
(1—sin—)(1—sin—)2.sin—£ =—=
2 2 2 3 27
Do do,
. ,A B C< 1
sin” > sin® o sino < o2
. C
Dau " = " xay ra khi va chi khi tam giac ABC can tai C c6 goc C thoa sinzzg.

Cha y: O bai toan nay, ta c6 két qua tong quat sau :

A Bn| C n
SIn—Sin— (SIn—

<
272 27 2(m+1D)Vn+1

Bai 8: Trong tam giac ABC, chimg minh rang :

V14 2cos?A V1+2cos?2B V1 + 2cos?C

) > 3V2
4 sin B + sin C + sin A > 32
1+cos% 1+cos§ 1+cos% 73
b. > 3v3
A + B + C
1 1 1 A B C
C + + —(tanz+tanz+tanz>23\/§

A . B . C
siny  siny  sins
(PH Bach Khoa Ha N6i 1999)

d. (1 —cosA)(1 —cosB)(1—cosC) = cosAcosBcosC

(DPHQG Ha Nbi 2000)
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Giai:
a. Theo bat dang thirc Bunyakovsky, ta c6 :
1 1 1,1 1 z
1+2coszA=—+—+2coszA2—<—+—+\/§COSA)
2" 2 32 V2
A

2 8
= 1+ 2cos? A 25(1 + cos A)? =§cos45

Tuong tu, ta c6 :

8 B
14 2cos?B = -cos* =
COS 3COS 5

8 C
14 2cos?C> gcos“E

Theo bat dang thirc Cauchy, ta c6 :

3[v1+2cos?2A V1 + 2cos?2B V1 + 2cos?C
VT > 3

sinB sinC ~  sinA
16V2 oA 2B 62 C
3\/gcos > C0S“ 7 C0S” vz A B C
=3 =3 |—=cot—cot=cot—
8sinécosésin—cos—sin—cos— 3V3 2 2 2
2 2 2 2 2 2
Mat khac :
tA+ tB+ tC— tA tB tC>3\/§
CO2 CO2 COZ_COZCOZCOZ_
Do do,

3
VT >3 /2\/§=3\/§

Dau " = " xay ra khi va chi khi tam giac ABC déu.

b. Ta chirng minh
2

cosx>1—7,Vx>0

That vay, xét ham s6
2

f(x) = cosx +x7— 1
f'(x) =—sinx +x
bat g(x) = f'(x),
g'(x)=—cosx+1>0
Do d6, g(x) dong bién. Suy ra
g(x)>g(0) =0
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Ta co f(x) dong bién. Suy ra

o @) > £(0) =0
Vay bat dang thtc trén ding.

Ap dung vio bai toan, ta duoc :

A A2 1+cos% 2
— 1__:>— — —
cosz>1773 2 A B
Tuong tu, ta co :
1+cosg 2 B
—>___
2 A 8
C
1+cos§ 2 C
>___
2 A 8
Do do,
1 1 1 A+B+C
VT>2<—+—+—)——
o A B C 8
Ta c6 bat dang thirc co ban :
(A+B+C)(1+1 ! 1+1+1>9
J— j— — > J— J— J— J—
A B+C)_9=>A B C-n
Vay
18 m
VT >——=>3V3
T 8
C. Ta c6 dang thirc co ban sau :
1 tA . A
—cot— =tan—
sinf 2 4
Do do,
1 B B
—cot5=tanz
sini
1 C C
—cotz=tan1
sinz
Suy ra

A B C
VT = cotE+ cotz + cotz > 33

Dau " = " xay ra khi va chi khi tam gidc ABC déu.
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d. Ta c6 2 truong hop :
- Néu tam giac ABC vudng hodc tu thi bat dang thirc hién nhién dung.
- Néu tam giac ABC nhon :

Dicu can chirng minh tuong duong véi :

1—tanZé 1—tanZE 1—tan
2 2 2
l—— N\ 1" 8 ¢
28 2B 2
1+ tan > 1+ tan > 1+ tan 5
1—tanzé 1 — tan? 2B 1 — tan?
> 2 2 2
o 2 A 2B’ 2 C
1+ tan 5 1+ tan 5 1 + tan 5
Hay
A B C A B C
8 tan” —tan® —t 2—2(1—t 2—)( — 2—)( - 2—)
anzanzan2 anzltanzltan2
D 0<ABC<TE t At Bt ¢ 0
_l_l_ _:> _) —) —>
0 52253 an2 an2 an2
Ap dung cong thirc
Ztan%
tan A = A
1—tan2§

Ta dua bai toan tro thanh :

A B C 1 1 1
tan> 2 tan~ 2 tanz ~tan A tanB tan C

A B C
< tanA+tanB+tanC > coticoticotz
Mat khac :
can A 4t B_sin(A+B)_ 2sinC - 2sinC _, tC
an an " cosAcosB  cos(A+B)+cos(A—B) T 1—cosC COZ

Tuong tu, ta co :

C
tanB+tanC > Zcotz

B
tanA +tanC > 2cot§

Suy ra
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A B C
2(tanA+tanB +tanC) > 2 (cotz + cotE + cotz)

< tan -|— an -|— an coO -|— coO -|- coO = CO cO cO

Dau " = " xay ra khi va chi khi tam giac ABC déu.

Bai 9: Cho tam giac ABC nhon, chimg minh ring :

sinA + sin B + sin C V2

a. >
cosA + cosB + cosC 2

(PH Kinh Té Qubc Dan 1997)

3n
b. tan"A+tan"B+tan"C23+7,nEN

3'4A+9t 8A+8'6B+4t 6B+24'8C+2t 4C>767
C. sin” — an- — Sin- — an- — Sin- — an - — _—
2 2 2 2 864

T
d. i/4sinA+sinB+sinC + i/ztanA+tanB+tanC > 213

(D& nghi Olympic 30-4, 2008)

Giai
a Ta co
ZSinA_ZI_BcosA;B+SinC 2cosgcos;+sinC
VT = =
2cosA_2|_BcosA2 B+cosC ZSin%COSA—+COSC

Ta s€ ching minh

C )
2cosicos 5 + sinC

2cos%+sinC
>

251n%cos#+cosc - 25in%+ cosC

That vay, diéu trén tuong duong véi
(2 Coos2 B C)(Z' . c)
COS2 COS 5 Sin Sll’l2 COS

C A—B C
> (2 sinicos > + cos C) (2 cosz + sin C)

B C C A—B
+ 2sinCsin— > ZCOSECOSC + ZsinCsinzcos >

C
=2 coszcos Ccos
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A—B C C
<=>(cos > —1)(cochosE—sinCsin§)20

A—B 3C
= (cos — 1) cos7 >0
Gia su C = max{A, B, C}.
=>CE[7T7T=>3CE7T3”=> 3C<0
) I A i

Do d6, bat dang thuc trén hién nhién ding.
Ta xét ham s :
X )
2 cos 5 + sinx

TT-
f(x): X ,XE[ ;E
251n§+cosx .

. 3x
smT—l

T 1T

s <0,Vx € |3 —]
2 sin> + cos x) )

T o

Suy ra f (x) nghich bién. Do d9,

£ Zf(g) — 1+§

f'x) =

Tur do, taco:
sinA+sinB+sinC> V2
) cosA+cosB+cosC 2
Dau " = " xday ra khi va chi khi tam giac ABC vudng can tai C.

b. Theo bat dang thirc Cauchy va bat ddng thirc co ban, ta co :

1
tan™ A + tan™ B + tan™ C > Bi/(tanAtan BtanC)" > 33 /(3\/§)n >3 (1 + E)

Theo bat dang thirc Bernoulli, ta c6 :

n

n

3(1+%) 23(1+g)

3n
tan™ A + tan™ B + tan™ C 23+7

Do do,

Déau " = " xay ra khi va chi khi n = 0.
c. Theo bat dang thirc Cauchy, ta c6 :

A n* 3 A
3sin45+3<5) > —sin? —

8 si 6B+8<1)6+8<1)
Sin 2 2 2
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8

24 sin8E+ 24 (1) + 24 (1) + 24 1) > Esinzg
2 2 2 2 2 2
a2 +9(-2) +9() +9(-s) >Stant
2 V3 3 V3/ T3 2
viane2 +4() +4(=) > Sean
2 V3 3/ 3 2
2 tan4E +2 (1)4 étan2 ¢
2 Jv3/ 73 2
Mt khac, theo bat déng thtrc co ban, ta co :
3. ,A B ., C 9
E(sm E+ sin E+ sin E) = 3
4 , A , B , C 4
§(tan E+tan E+tan E) = 3
Cong 8 bat dang thuc trén, ta c6 dugc di€u phai ching minh.
Dau " = " xay ra khi va chi khi tam gidc ABC déu.

d. Theo bat dang thirc Cauchy, ta co :

VT = Zg(sin A+sinB+sinC) + Zé(tan A+tanB+tan C) > 2\/2%(sin A+sinB+sin C)+%(tan A+tanB+tanC)

Ta can ching minh :

2\/2§(sinA+sin B+sin C)+%(tanA+tan B+tan C) > 21+%
2 . . 1
= §(smA+ sin B + sin C) +§(tanA+tanB +tanC) >

(2'A+1t A A>+(2' B+1t B B>+(2' C+1t C C)>O
= — — — — — — — —
gsm’ 3 an 3sm 3 an 3sm 3 an

Xét ham so

() = Zsinx + ot e (0,2)
fx—351nx 3anx X, X '3

2 1 1 1 1 1
f’(x)=§cosx+— —1=§(cosx+cosx+ )—1>§.3—1=

o ’ 3 cos?x cos? x -
Ta thay rang dau " = " trong bat dang thirc
cosx +cosx +——— =3
? cos? x
khong thé xay ra.
Do d6, f(x) dong bién. Nén f(x) > £(0)
Suy ra

i +1t >0
3smx 3anx x
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Lan lugt thay x = {A, B, C}. Ta c6 diéu phai chimg minh.

Bai 10: Cho tam giac ABC va céc s thyc x,y,z > 0
Hay chtmg minh rang

cosA cosB cosC X y z
+ + <

< + +
X y z 2yz  2zx  2xy

Giai:
Bét dang thirc can chimg minh twong duong véi
2yzcosA+ 2xzcosB + 2xycosC < x2 + y? + z?2
< 2yzcosA + 2xzcosB + 2xy cosC

< x%(cos?B + sin? B) + y?(cos? A + sin? A) + z?
& 2yzcosA + 2xz cosB — 2xy(cos A cos B — sin Asin B)

< x2(cos?B + sin? B) + y?(cos? A + sin? A) + z?
& (x2sin? B — 2xy sin Asin B + y? sin? A)

+(x%cos?B + y? cos? A+ z? + 2xy cos Acos B — 2xz cos B — 2yz cosA) = 0

& (xsinB —ysinA)? + (xcosB+ ycosA—2)2>0
Diéu nay hién nhién dang. Do d6, ta c6 dugc diéu phai chimg minh.
Dau " = " xay ra khi va chi khi

x sin B
{ xsinB—ysinA=0 - xcosB+ sin A zzﬁ{xsinc=zsinA
xcosB+ycosA—z=0 x sin B xsinB = ysinA
Y= sin A

S x:y:z=a:b:c

Bai 12: Cho tam giac ABC nhon, hiy ching minh rang

+b+ <”(a+b+c)
aa ‘=3 BT C

a b c
b. —+—+—2>2V3
mg my me

(a+b )(b+c )(C+a b)>27b
¢ cosA cosB ¢ cosB cosC @ cosC cosA = c/ape

cosBcosC cosCcosA cosAcosB

"o (5 (D) D

3
<=
4

(Dé nghi Olympic 30-4, 2006)
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Giai:
a. Giasta<b<c=A<B<(C<90°.
Ta xét ham sd
sin x T
) =—=xe(0:3)
X —tan x
A x —
f'@&) x2cosx

Lai xét ham so

g(x) =tanx — x,x € (O;g)

g (x)=tan?x >0
Do d6, g(x) dong bién. Suy ra
gx)>g0)e=stanx>x <= f'(x) <0
Ta c6 f(x) nghich bién. Suy ra

a b c
_2_>_
o A B~ C
Theo bat dang thirc Chebyshev cho 2 day
A<B<C
a b c
A B™C
a b ¢ a b c
A+B+CK+§+E>K.A+§.B+E.C_a+b+c
3 3 = 3 3

Vay ta ¢ duoc diéu phai chimg minh.
Dau " = " xay ra khi va chi khi tam giac ABC déu.
b. Taco:

1
m2 = " (2b? + 2¢? — a?) = R?(2sin? B + 2sin? C — sin? A)
= R?[1 — (cos 2B + cos 2C) + cos? A]

= R?[1 + 2cosAcos(B — C) + cos? A]
Suy ra

A
m2 < R%(1 + 2cosA + cos?A) = R?>(1 + cos A)? = 4R? cos4E

= m2 < 2R COSZE

Theo dinh Iy ham s6 sin, ta c6 :
a - a sin A » A
Ma 2R COSZ% COSZ% -

Tuong ty, ta dugc :
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(b B
—ZZtanE

c C
—>2tan—
me 2

Cong 3 bat dang thirc trén, ta co :

VT>2<t A+t B+t C)
= an- +tano +tang

Mt khac, theo bat déng thirc co ban, ta co :

A B C
tan—+tan—+ tan—- > V3

‘ an2+ an2+ anz_\/_
Do do, ta c6 di€u phai chirmg minh.
Dau " = " xay ra khi va chi khi tam giac ABC déu.
c. Theo dinh 1y ham s sin, diéu can chimg minh twong duong voi

2RsinA 2RsinB 2RsinB  2RsinC 2R sinC
( — 2R sin ) ( + — 2R sin ) (
cos A cos B cos B cos C cos C

2R sin A
—— — 2R sin B) > 27.2RsinA.2RsinB.2R sinC
cos A

- ( sin C . C)( sin A _ A) ( sin B ) B)
—— —sin _— —— —sin
cosAcosB cos BcosC St cosCcosA
> 27sinAsinBsinC

1—cosAcosB 1 —-cosBcosC 1—-cosCcosA

. . > 27
) cosAcosB cos BcosC cosCcosA
Ta can ching minh
A B
1—cosAcosB _ 2 (tanz 5T tan’ 7)
cosAcosB _ zé _ 2E
(1 tan 2) (1 tan 2)
That vay,
A B A B A B
2 A 2 b 28 2 b 28 2b
2 (tan 5 + tan 2) B 2 (tan 5 + tan 2) cos 5 cos 5
A By cosAcosB
_ 28 _ 2D
(1 tan 2) (1 tan 2)
A B B A
.20 22 sa2 2 222
_ 2(sm 2cos 5 + sin 2cos 2)
cosAcosB
B (1 —cosA)(1+ cosB)+ (1 —cosB)(1+ cosA) _1—cosAcosB
B 2cosAcosB ~ cosAcosB

Theo bat dang thirc Cauchy, ta c6 :
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A B
1 —cosAcosB 2 (tan2 5+ tan? 7) 2 tan? % 2 tan? g
cos A cosB - A B\ — A’ B=tanAtanB
_ 2. _ 2 = _ 2. _ 2
(1 tan 2) (1 tan 2) 1 —tan > 1 —tan >

Tuong tu, ta co :
1 —cosBcosC

> tan Btan C
cosBcosC

1 —cosCcosA

>tanCtan A
cosCcosA

Nhu vay

1—cosAcosB 1 —cosBcosC 1—cosCcosA
> tan? Atan? Btan? C

cosAcosB " cosBcosC ~ cosCcosA
Ma theo bat dang thurc co ban, ta c6 :
tanAtan Btan C > 3v3 = tan? Atan? Btan? C > 27
Viy ta c6 diéu phai chirmg minh.

Dau " = " xay ra khi va chi khi tam gidc ABC déu.
d. Theo bat dang thirc Cauchy, ta c6 :
cosBcosC cosBcosC A

A A
2 B=C =4 .sin— < 2vcos B cos C sin— < cos B cos C + sin? —
cos( - ) cosB + cosC 2 2 2

2
Tuong tu, ta co :

cosCcosA .
< cosCcosA + sin“—

2 -
cos (“52) ’
cosAcosB _
< cos AcosB + sin? —

g
cos (25) ’
Cong 3 bat dang thirc trén, ta dugc :

B

A C
2VT < sin25+ sin2§+ sin2§+ cos A cosB + cos Bcos C + cos C cos A

1 1
SEB — (cosA + cosB + cosC)] +§(cosA+ cos B + cos C)?

Ap dung bat dang thiic co ban, ta c6 :

(cosA + cos B + cos C)? < =(cosA + cos B + cos C)

N W

Do do,

1 1 3
2VT < E(cosA+ cosB + cosC) +E[3 — (cosA + cosB + cos Q)] = 2
Vay ta c6 diéu phai ching minh.

Dau " = " xdy ra khi va chi khi tam giac ABC déu.
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Bai 13: Chimg minh rang néu cac goc cua tam giac nhon ABC thoa diéu kién 2A +
3B = m thi cac canh ctua n6 thdéa man

+b<5
a 4c
(Dé nghi Olympic 30-4, 2008)
Giai: Taco:
2A + 3B A m_3B C 7T+B
= f—t =_—_——,—,— = — —
T 2 2 22
Suy ra
A (n BB)_ 3B B(4 ,B 3)
sin —sm2 > —cosz—cos2 cos2
nC = s <n+B)_ B
| sin C = sin > 13 —cos2
Theo dinh 1y ham s6 sin, ta c6 :
a b o
sinA  sinB  sinC
a b c
= = =
B ,B . B B B
cos§(4cos 7—3) ZSIHECOSE cos>
a b
= = =c
B B
2D _ a2
4 cos 2, 3 251n2
Theo tinh chat ty 1€ thic, ta c6 :
a+b
€= B B
2D _ a2
4 cos 5 3+251n2
Suy ra
B B
a+b=c<—4sin2§+25in§+1>
Mat khac

A B =« B 1
§=>O<E<—=>O<sin—<—

2A + 3B B_m
= _ —- = — —
T=57% 6 272

B ,
batt = sin 5 ta xét ham so

’ ,2

110

TOANMATH.com



Chuong 3 : H¢ thure lugng trong tam giac

flft)=0=t=-
1 1
t 0 - -
4 2
() + 0 —
5
10 T T,
1 1

Dua vio bang bién thién, ta rat ra két qua

B B 5
a+b=c(—4sin25+25in—+1)S—c

2 4
Tuy nhién, ddu " = " khéng xay ra vi C > 90°. Do d9, ta ¢ diéu phai chtirng minh.
Bai 14: Cho tam giac ABC khong vudng. Chimg minh rang tam giac ABC tu khi va chi
khi
1 N 1 N 1 1 N 1 N 1
cosA cosB cosC . A . B . C
sins  sins  sins
(Dé nghi Olympic 30-4, 2009)
Giai:
Chiéu thugn: Gia sir tam giac ABC c6 goc At va A > B > €. Khi d6
T 0<tanC<1 . C . 1 1
I<C<<=—= . C .~ 0<sin=<sinC<cosC= >
4 0 < sin= < sinC 2 . C” cosC
2 sin5
A-B A-B
Vi cosA < 0,cosB > 0 vacos > >0<0<T<§> nén
. C A-B
1 1 2 sin 5 cos —— 1 1
= <0< +

cosA cosB cosAcosB

Do d6, chiéu thuan dtng.

Chiéu nghjch: Gia sir tam giac ABC nhon. Ta suy ra cos A, cos B, cos C > 0.
Theo bt dang thirc Cauchy, ta c6 :
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1 1 2 4 2 2
+ > > = C  A-B = C
cosA cosB  +/cosAcosB cosA+ cosB sinicos 5 sini
Tuong tu, ta cd ;
1 1 - 2
cosB  cosC sin%
1 1 2
=B
cosC cosA sin2
2
Do do,
1 1 1 - 1 N 1 N 1
cosA cosB cosC . A . B . C
‘ ‘ sinz  siny  sins
bicu nay vo li. Vay chi€u nghich ding.
Viy ta c6 diéu phai chirng minh.
Bai 15: Cho tam giac ABC chimg minh rang
c 1 < V3
—_——_— R
b vz e ¢
(D& nghi Olympic 30-4, 2010)

Giai:

Khong mat tinh tong quat nén ta s& giasitc = 1;b =+/3

Ta c6: hy, = csin B = sin B.

Bai todn s€ dua vé chung minh:

sinB<—a

Ap dung ham s sin thi

a b

B b sin A B V3sin A

- = — =>a=
sinA sinB

Ap dung ham sé cos thi

sin B

sin B

a2 =b%+c2—2bccosA=4—2V3cosA
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Taco:
s
sinA + V3 cosA = Zsin(A+§) <2=sinA<2-V3cosA

V3 sinA V3

= 2sinA<a’?=2sinA<a =>sinBS7a

. sin B
Vay ta c6 di€u phai chirng minh.

Bai 16: Cho tam giac ABC ¢6 chu vi bang 1. Chtng minh ring :
1
a2+b2+c2+4abc<z

(Dé nghi Olympic 30-4, 2007)

Giai: Ta co

S=Vpp-a@-bP-c) =\/l<l—a)(1—b)<l—c)

2\2 2 2

=165>=(1-2a)(1=2b)(1—2c)=1-2(a+ b +c) +4(ab + bc + ca) — 8abc

= —1+ 4(ab + bc + ca) — 8abc
Mat khac

2(ab+bc+ca)=(a+b+c)?—(a? +b%*+c?)
= 4(ab + bc + ca) = 2 — 2(a* + b* + ¢?)
Suy ra
165% = -1 —2(a® + b% + c?) — 8abc > 0

Vay

1
a2+b2+c2+4abc<§
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Bai 17: Cho tam giac ABC c6 chu vi bang 3. Chiing minh rang

13
3(sin? A + sin? B + sin? C) + 8R sinAsin Bsin C > 1RZ

(PH Su Pham Vinh 2001)

Gidi: Theo dinh 1y ham s sin, ta c6 diéu can ching minh twong duong véi
3a* + 3b% + 3c? + 4abc = 13
Giasta<b<c.Taco:a+b+c=3nén

a+b>c 3—c>c 3
= S 1L —
{3c2a+b+c=3 {C21 _C<2

Mat khac
3a? + 3b% + 3¢? + 4abc = 3[(a + b)? — 2ab] + 3c? + 4abc
=33 —¢)? +3c% + 4abc — 6ab = 3(3 —¢)? + 3c%? — 2ab(3 — 2¢)

Vi
+b\2  3-c\’
(ab<(a ) =< C) 3—c\°
{ 2 2 ) —2ab2—2( - )
3
\ c<3 3—2c>0
Nén
3a® + 3b% + 3¢? + 4abc = 3(3 — ¢)* + 3c¢* — 2 (T) (3 — 2¢)
Hay
3 27
30L2+3b2+3cz+4ab02c3—5c2+7
Xét ham s6
(c)=¢c® 2y e[l-3>
fC =cC ZC 2 , € :2
f'(c) =3c*-3c
flfla)=0e=c=1
3
c 1 =z
2
f'(c) 0 +
27
13
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Tt bang bién thién, ta c6 duogc
3a? + 3b? + 3¢? + 4abc > 13
Dau " = " xay ra khi va chi khi tam giac ABC déu.

Bai 18: Cho tam giac ABC trong d6 a < b < c. Chiing minh rang
(a+b+c)?<9bc
Hon nita, néu a < b < c. Chimg minh rang

al(b? —c?) +b3(c?*—a®) +c2(@®* -b?) <0

Giai:
Doa<b<cnéna+b+c<2b+c.Suyra
(a+b+c)?<(2b+c)?

Mat khac do b < ¢ nén
{2b—c£2b—b=b

— )2 <
2b—c£2€—c=c=>(2b €)" < be

Vay

(a+b+c)*<9bc
Dau " = " xay ra khi va chi khi tam giac ABC déu.
Talai c6 :

a(b? — c?) + b3(c? — a®) + c3(a® — b?)

= a3(b? — c?) + b?c?(b —c) — a?(b® — ¢?3)
= (b -c)[a®( +c) + b%c? — a?(b? + c? + bc)]
= (b —-c)(@®b + a3c + b?c? — a?b? — a’c? — a’bc)
= (b —c)[a’b(a — b) + a’c(a — b) + c?(b? — a?)]
= (b—-c)(a—b)[a*b + a’c — c*(a + b)]
= (b—c)(a—b)lac(a —c) + b(a? — c?)]
=(b—c)(a—>b)(la—-c)lac+ b(a+ c)]

Via<b<cnén(b—c)la—b)(a—c)<O0

Vay ta co diéu phai chirng minh.

Bai 19: Cho tam giac ABC c6 chu vi bang 2. Chiing minh rang

52
ESa2+b2+cz+2abc<2
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Giai:

Gid st a < b < c. Ta suy ra dugc
2c<a+b+c=2=c<1

Do do :

a? +b? +c?+ 2abc = (a+ b+ c)? —2(ab + bc + ca) + 2abc
=2+2(a+b+c—ab— bc—ca+ abc)
=2+2(1—-c)(a—1)1-b) <2

Mt khac, theo bat déng thirc Cauchy, ta c6 :
1-a)+(1-b)+0-c¢)
3

>Y1 -1 -b)(A-0)

Suy ra

1-a)@-b)1A-c) S%

Hay

1
1—a—b—c+ab+bc+ca—abcsﬁ

1
Méa+b+c:2=>ab+bc+ca=2—z(a2+b2+cz)
Nén

1—2+2—1(az+b2+cz)—abc<i
2 - 27

Do do6

52
a’ + b% + c?+ 2abc Zﬁ

Déu " = " xay ra khi va chi khi tam giac ABC déu.

Bai 20: Cho tam gidc ABC khong vudng thoa 5 sin? A + cos? B + cos? C = 2. Chiing
minh rang

SinA < —

Giai: Ta co :
5sin® A+ cos?B + cos?C =2
1+ cos2B 1+ cos2C

+
2 2
1
= —5COSZA+6+E(COSZB+COSZC) =2
& —5c0s?A+4+cos(B+C)cos(B—C) =0

< 5(1 — cos?A) +
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& —5c0s?A+4 = cosAcos(B—C)
Ta xét 2 truong hop :
- Néu goc A nhon thi cos A > 0. Do cos(B — C) < 1, ta suy ra

—5c0s?A+4 =cosAcos(B—C) < cosA

Suy ra 5cos?A + cosA—4 > 0. Do do6

CosA >

SRS

Vi g6c A nhon nén ta cling c6 sin A > 0, suy ra

16 3
sinA =+/1—cos2A < ’1—E:g

-  Tuong tu, néu goc A ti thi =5 cos? A+ 4 = cosAcos(B—C) > cosA

4
=>5C052A+cosA—4SO(:>cosAS§

(j()S2 A > e S']’]Z A < = S'n A <
25 ! 5 ! 5

3
Vay ta ludn c6 sinA < <

Bai 21: Cho tam gidc ABC c¢6 cac canh va ntra chu vi thoa man 4p(p — a) < bc.
Chtng minh rang

A B c<2\/§—3
51n251n251n2_ 3

Gidi: Taco:
a+b+c
4p(p — a) Sbc<=>2(a+b+c)(T—a)Sbc

S b+c+a)b+c—a) <bc
& (b+c¢)>—a? < bc

& b? +c?—a?+2bc < be

< 2bccosA < —bc

1 —
< cosA < —E<=> 120° < A < 180°
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Mat khac
A B C 1 A B—-C B+C 1 A A
(cos ) =gsinz(1-sin3)

SinESiHESin§=ESinE > — COoS > SESinE 1—sin§

1.A(1 _A)_l(_A _ZA)_l (_A 1>2+1
2Sll’l2 Sll’l2 —2 Slrl2 Slrl2 —2 Sln2 > 4

1 1, A 1\2 1 1/3 1\° 2v3-3
(sin———) <-_= S
27 2) =872 8

8 2

2 2

Do do,

A B C 2/3-3
sin—sin—sin— < ———
2 2 2 8

Dau " = " xay ra khi va chi khi {

Bai 22: Cho tam giac ABC vuéng tai C. Chtrng minh rang

cos® A N cos®B
A B

1
> —
T

Giai:
- Néu45° < A <90°thisinA > cosA = sin® A > cos® A
- Néu0 < A < 45° thisin® A < cos® A

Vay ta luon co

i
(A ——) (sin® A — cos®A) > 0
4
T T
<=>Asin6A—AcosGA—Zsin6A+Zcos6A >0
i) T
& Asin® A + (E_A) cos® A > Z(sin6A+ cos®A)

T 3 T
<=)Asin6A+Bc056AZZ(1—Zsin2 ZA) > —

16
cos®A cos®B s
= + >
A B 16AB

Mat khac

(A + B>2 B 2

2 16
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Nén
cos®A cos®B 1
+ >—
A B T
Déau " = " xay ra khi va chi khi tam giac ABC vudng can tai C.

Bai 23: Cho tam giac ABC nhon. Chimg minh ring
e
. . . 2
(sin A)S"A (sin B)*inB (sin C)inC > (5)
(Dé nghi Olympic 30-4, 2006)

Giai: Ta xét ham sb
f(x)=xInx ,x>0

=>f’(x)=lnx+1:>f”(x):§>0

Theo bat dang thirc Jensen, ta c6 :
f(sinA) + f(sinB) + f(sin C) > (sinA + sin B + sin C)

3 3
Do do,
sinA.InsinA +sinB.lnsinB + sinC.InsinC
3
- (sinA + sin B + sin C) (sinA + sin B + sin C)
.In
o 3 3

Ma theo bat dang thirc co ban, ta 6 :

3v3

sinA + sin B + sinC ZT

Mat khac do tam gidc ABC nhon, suy ra
sinA + sinB + sinC > sin? A + sin? B+ sin? C = 2 + 2cosAcosBcosC > 2

Va ham s6 g(x) = Inx,x > 0 dong bién nén ta co

sinA + sinB + sinC) 3\/§1 2

3 2 3

(sinA 4+ sinB +sinC) In (
Do do,

3v3

. . . 2
(sin A)S"A(sin B)S"B(sin C)s"C > (5)
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Bai 24: Cho tam giac ABC nhon. Chimg minh rang

A\2V? B\ 2V2 C\2V?
(tan E) + (tan E) + (tan E) > 31-V2

Giai: Ta xét ham soO

f(x) = (tanx)?V2 x € (O,g)

f'(x) = 2v/2(1 + tan? x)(tan x)2V21
f"(x) = 4V2 tan x (1 + tan? x)(tan x)2V2-1
+2v2(2v2 ~ 1)(1 + tan? x)* (tan x)2V272 > 0
Do dé, theo bat dang thure Jensen, ta c6 :

A B C A+B+C
rG)+ )+ G) 23 (%)
A\2V2 B\ 2V2 0\ 22 A+ B+ (C\2V?

(tan 5) + (tan 5) + (tan 5) > (tan T) _ 312

Déau " = " xay ra khi va chi khi tam giac ABC déu.

Hay

Bai 25: Cho tam giac ABC nhon, chimg minh rang

sinA+sinB+sinC+tanA+tanB+tanC > 27

Gii: Ta xét ham s6
i
f(x) =tanx +sinx — 2x,x € (O'E)
cos3x —2cos?x+1 (cosx—1)(cos?x —cosx — 1)

5 4+ cosx —2 = > = >
COS% x COS* Xx COS* X

(1 — cosx)(cos x + sin? x) .

f'(x) =

cos?x
Vay ham s6 f(x) dong bién. Suy ra
fx)>f(0)=0
= tanx + sinx > 2x
Ap dung bat dang thirc trén, ta o :
sinA+tanA > 2A
sinB 4+ tanB > 2B
sinC+ tanC > 2C
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Do do,
sinA+sinB+sinC+tanA+tanB+tanC > 2(A+ B+ C) = 2n
Bai 26: Cho tam giac ABC nhon. Chimg minh rang

1 1 1
\/§tanAtanBtanC+2( + + )SZl
cosA cosB cosC

Giii: Theo dang thirc co ban, ta c6 :
tanAtanBtanC =tanA +tanB + tan C
Bit dang thiic trén tuong duong véi

1 1 1
\/§(tanA+tanB+tanC)+2< + + )SZl
coSsA cosB cosC

Ta xét ham sd
(x) = V3tanx + - e(o ﬂ)
fx) = X+ osx "2
V3 Zsinx_\/g—Zsinx

f1) = cos?x cos’x  cos’x

V3 n

f'x) =0 sinx=—ox ==

2 3
T T
t 0 — —
4 2

f'(®) + 0 —
7

f® " T

Ttr bang bién thién, ta c6 :

V3tanx +
Ap dung bat dang thirc trén, ta suy ra

<7
cosXx

( 2
\/§tanA+—S 7
cos A

{v/3tanB +

<7

cos B

<7

k\/§ tan C +
cos

Cong 3 bat dang thirc trén, ta c6 dicu phai chimg minh.
Dau " = " xay ra khi va chi khi tam gidc ABC déu.
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Bai 27: Cho tam giac ABC khong tii va mdi goc khong nho hon 45°. Chimg minh rang

cotA+ cotB+ cotC+ 3cotAcotBcotC < 4(2 — \/f)

Gidi: Giast A< B < C.Tasuyra

<A<

INE
wl

Taco:
cotA + cotB + cotC + 3 cotAcotBcotC
= cotA + cotB + cotC + 3 cotA[1 — cotA (cotB + cotC)]
= 4cotA+ (1 — 3 cot?> A)(cotB + cotC)

Vi
A<n 1—-3cot?A<1 3<1>2<0
<—=>1-3co <1-3[—) <
3 V3
B+ C A
cotB + cotC = 2 cot =2tanz>0
Suy ra

A
4 cotA+ (1 —3cot?A)(cotB + cotC) < 4cotA+ (1 —3cot?A)2 tanE

2 2
1—tan2% 1—tan2% A 4—3(1—tan2%)
=4, +]1-3 2.tan§= A
2 tan > 2 tani 2 tan 5
Ta xét ham sd
4 —3(1 —x?%)>2 1
= ,X E|V2 — 1,—]
f(x) - x [\/_ NG
) (3x? —1)?
f'x) = T

Suy ra ham sé f(x) nghich bién. Do do,
fe) <f(V2—-1)=4(2-2)
Vay ta c¢6 diéu phai chtirng minh.
Dau " = " xay ra khi va chi khi tam giac ABC can & A va c6 goc A = 45°.

Bai 28: Cho tam giac ABC. Chting minh rang

3v3
(2R +a)(2R + b)(2R + ¢) < 8R3e 2
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Giii: Ta c6 diéu phai chimg minh twong duong voi

(1+ a)(1+ b)(1+ C)< 3
, 2R 2R 2R/ S ¢
Theo dinh 1y ham so6 sin, ta dugc

V3

3
(1+sinA)(1 +sinB)(1 +sinC) < e 2
Ta xét ham s6 :
fx)=In(1+x)—x,x€(0,1)

1
! =—=1<0
f(x) 1+x

Suy ra ham sé f(x) nghich bién. Do do,
fx) <f(0)=0
Vay In(1 + x) < x.
Ap dung bat dang thirc trén, ta co :
In(1 +sinA) +In(1 +sinB) + In(1 4+ sinC) < sinA + sinB + sin C
Hay
(1 +sinA)(1 + sinB)(1 + sinC) < e(sinA+sinB+sinC)
Mit khéc, theo bt déng thirc co ban, ta c6 :
3V3

sinA + sin B + sinC ST

Vay ta ¢6 diéu phai chirg minh.

Bai 29: Cho tam giac ABC. Chting minh rang

(sin A)S™B 4+ (sin B)S"C + (sin C)S'"A > 1,19

Giai: Ta xét ham sd
f(x) =x*,x€(0;1)
f'(x) =x*(1+Inx)

1
f(x)=0<:>x=g

o |®Ik

f'0) -

fG) \eie/'
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Tir bang bién thién, ta c6 :

1
xX) =
f(x) e
Theo bat dang thirc Bernoulli, v6i, v € (0,1) , taco :

B u - u B u . u
TI-A-wlrr T 1-0-v) (A -w) utv—uw u+v

v

u

Do do,
sin B sin C

+
sinB+sinC sinA + sinC

(sin B)$"C + (sin C)SInA >

Giasu:sinA > sinB > sinC

Suy ra
{ : inB : inA 1
(sinA)S™® > (sinA)S"4 > —
e
{ sin B N sin C S sin C
kz(sin B+sinC) sinA+sinC~ 2(sinB + sinC)
Khi do

1 N sin B 4+ sin C _ 1 +1>119
fe  2(sinB+sinC) e 2~

(sin A)S™B + (sin B)S™"€ + (sin C)SinA >

Vay ta c¢6 diéu phai chirng minh.

Bai 30: Cho tam giac ABC. Chtrng minh ring

2n |3
VsinA + YsinB + VsinC < 3 \/;

Gii: Theo bat dang thirc Cauchy, ta co :

sinA+—+ .. +—2>=n 7 sin A

2 2

(n—-1) sb

Do do,

n > VTSsmA+smB+smC+3(n—1)7

Theo bat dang thirc co ban, ta co :

3v3

sinA + sin B + sin C ST
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Suy ra
"B 33
"I\ 72 =72
Hay
n \/§ n-1 3\/§
—) VI<—
2 2
Vay
2n |3
VT <3 \ﬁ
4
Dau " = " xay ra khi va chi khi tam gidc ABC déu.

Chu y: Ching minh tuong ty bai toan trén, ta c6 cac bat dang thic sau :
nl A N nl B N nl  C - 3
sin - sin - sinz < 7

n n n 1’7.3
Vsin A sin B 4+ Vsin Bsin C + \/sinCsinASS\E
n_A_B+n_B_C+n_C_A<3

sm251n2 sm251n2 szsmz_’{/Z

Bai 31: Cho tam giac ABC. Chting minh rang

1 N 1 N 1 >3<2>"
sin® A sin®B  sin®C —  \{/3

Giii: Theo bat dang thirc Cauchy, ta c6 :

it () s+ (D) 2 (D)

(n—-1) s

n(n-1)

2\""t 1
SN
V3 sin A
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Do do,

VT + 3( 1)(2)n> (2) (1 b1 1)
" V3 _n\/§ sinA sinB  sinC

Theo bat dang thirc co ban, ta c6 :

1 1 1
>2
sinA+sinB + sinC V3
Suy ra
2 n 2 n—-1 2 n
VT +3(n—1) (—) > 24/3n (—) =3n (—)
V3 V3 V3
Vay
2 n
VT >3 (—)
V3

Dau " = " xay ra khi va chi khi tam gidc ABC déu.

Cha y: Chirng minh tuong tur bai toan trén, ta co cac bat dang thirc sau :

1 1 1 S 3.7
sin“é+sinn—+sin”g_ '
2 2 2
Sin"—+sin”E+sin”E>— n=2
2 2 2 2n’ T

Bai 32: Cho tam giac ABC. Chting minh rang véin € N, ta 6 :

1 1
n+ n+—x|{n+t > (n+2)3
sin sinz sin
Gidi: Taco :
Y R S S 1 1 1
=n"+n é+E+E+néE+EE+Eé
sin  sin  sin sinsinz  sinssin  sinzsins
1
TR _B_C
sin sin = sin>
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Theo bat dang thirc co ban, ta c6 :
A B C<
sin—sin=sin— <
in > si inz

1
o 8
Do do, theo bat dang thirc Cauchy

( 1 1 1 ; 1
AT Bt CZS\/. B =0
siny  siny  sinz sinz sinzsinz
\ 2
1 1 1 3 1
A BT _B.ct . c. A=3|\T A _B.¢c)=1?
(sinzsins  sinssiny  singsin sinz sin5sinz
Suy ra
VI>n3+6n?+12n+8=((n+2)3
Dau " = " xay ra khi va chi khi tam gidc ABC déu.

Chu y: Ching minh twong ty bai toan trén, ta c6 bat dfmg thirc sau :

/1+ ! \/1+ ! \ 1+ >(1+ 32
el e

Bai 33: Cho tam giac ABC. Chtrng minh ring

An B C

sin— [sin—sin— <

2 22 (n+1)\/2(n+1
Giai: Taco:

A B C 1 _A; B-C A 1 A
LA B .(COS )

sin” —sin—sin—= = =sin™ — —sin—
2 2 2 2 2 2 2
Mat khac, theo bat dang thic Cauchy, ta ¢o :

l_nA<1 .A)_l_nA1+ A _A<1(n)"+1
5 sin” > sin ) = o—sin" 2 n.; sin—— .. —sinz | < o
0 n sb
nn
~2(n + D)t
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Do do,
_An| B . C< n
sin— [sin—=sin= <
2 22 m+DY2(n+ 1)
Déau " = " xay ra khi va chi khi tam giac ABC can ¢ A va c6 goc A théa min :
A n
sin— =
2 n+1

Bai 34: Cho tam giac ABC. Chiing minh rang

nle 1 n-zB 1 n-zC 1 n|17
sin E+ B+ sin E+ C+ sin §+ AZS —

i1 2 i 2 in2
Sin“ = Sin“ = sin? =
2 2 2

Gii: Theo bat dang thirc Cauchy, ta ¢ :

_ 2A 1 ] 2A 1
sin“ — + =smn“—+—+ ... +

. - B
2 in > 16 sin? % 16 sin? =

Suy ra

17n sin? A
VT > V17 2
1616 sin32 %

Theo bat déng thirc Cauchy, ta dugc :

17n sin? é 17n sin? E 17n sin? E
2 2 . 2
C A
1616 sin32 B 1616 sin32 = 1616 sin32 =
2 2 2
A B C
s1n sin? = sin? = sin? =
>3 z2__ zZ__ -

B C A
16 «in32 2 16 «in32 & 16 «in32 8
161 sin > 1616 sin 5 1616 sin 5

35171\/ ;
A B C
48 32 i 32 ;32
16%° sin 2sm 2sm 5
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Do do,

1

VT > 3V17. 51"\/ % B -

48 in302 300 30
o 16%° sin 2sm 2sm 5
Mait khac, theo bat dang thirc co ban, ta ¢o :

A B_C_1
sm251n251n2_8

Vay
. _2A+ 1 o _ZB+ 1 o -2C_|_ 1 >3nl7
o 2 sinZE o 2 sinzg o 2 sinzﬁ_ 4
2 2 2
Dau " = " xay ra khi va chi khi tam giac ABC déu.

Bai 35: Cho tam giac ABC. Chiing minh rang

.C
sin” 5 3
B, _C'_C A" _A_ B>

Sin 2 Sin 2 Sin 2 Sin 2 Sin 2 Sin 2

A B
i i
sin™ = sin™ 5

Giai: Theo bat dang thirc Cauchy, ta c6

. B . C
smi + smi
271

sin“%

- + o
2

. B . C
sm7+sm§

Do do, ta duoc

A B C
(sin2 3 + sin? — + sin? —)

VT 4= 2(' A sinS i C)+3(n 2) >
Sin Sin Sin = 5 5

, 2",' \ 2 2 2/  2m\2
Ap dung bat dang thic co ban

Zn—l

_ A+ _ B+ _ C<3
sm2 sm2 51n2_2
_2A+_2B+_2C>3
sin > sin > sin =

Ta suy ra
3/ 3n 3
VT+2_n(E_2)22n+1_2_n

Hay

129
TOANMATH.com




Chuong 3 : H¢ thure lugng trong tam giac

sin™ % sin™ g sin™ % 3

- - > —

.E_i_.g.g_i_.é.é_l_.g_zn
siny +sin5  sins +sins  sing +sinz

Dau " = " xay ra khi va chi khi tam giac ABC déu.

Cha y: Tt bai toan trén, ta c6 két qua sau :

V&1 tam giac ABC khong tu
A B C
..ni nD n>
sin” 5 N sin” 5 N sin™ 5 ﬁ
sinB+sinC sinC+sinA sinA+sinB 27
V61 tam giac ABC nhon
n+1
tan™ A tan™ B tan™ C 32

+ + >
tanB+tanC tanC+tanA tanA + tanB 2

Bai 36: Cho tam giac ABC nhon. Chimg minh rang véin > m + 1,m > 0 thi

tan®A tan™"B tan”™C n+2
>2M3 2

. A : B )
smm7 smmj smmi

Gii: Theo bat dang thirc Cauchy, ta c6
tan™ A A A
+ 2m+1(\/§)n sinE + ..+ 2m+1(\/§)n sinE

A
m so

sin™ 5
> (m+ 1)m+1\/tann A. [2m+1(\/§)n]m

Do do,

A B C
VT + m2m+1(\/§)n (sin > + sin 3 + sin 5)

nm
> (m + 1)2™(V3)™ (™ Vtan™ A + ""Vtan" B + ""Vtan" C)

Ta xét ham sd
f(x) =tan*x,x € (O,E),a >1
2

f'(x) = atan®1x + atan* 1 x
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f"(x) =ala+1)tan®x (tan?x + 1) + a(a — 1) tan® 2 x (tan’?x + 1) > 0
Theo bat dang thirc Jensen, ta ¢ :

A+B+C
F) +FB) + F© = 3f ()

3

Hay

A+B+C a
tan A + tan® B + tan® C > 3 tan" ———— = 3.(V3)

Ap dung bat dang thirc trén, ta duoc

_n_
mH\/tan" A+ mH\/tann B+ m+\/1 tan™ C = 3. (\/§)m+1

Theo bat dang thirc co ban, ta c6
A B

oA B O3
Sin ) Sin 2 Sin 5 =75
Do do,
nm _n_ n 3
VT > (m + 1)2™(V3)™*.3. (V3)™* — m2m*+1(V/3) 3
n+2

= 3(m + 1)2m(V3)" —3m2m(V3)" =3.2m(v3) =2m3 2
Déau " = " xay ra khi va chi khi tam giac ABC déu.

Cha y: Tir bai toan trén, ta co cac bit dang thirc tong quat sau :

tan” A tan™B tan" C
+ + > 2m,/32+n-m
sin A  sin™B sin™C

tan™ A N tan™ B N tan™ C - ZmSﬂ
2
cos™B cos™C cos™A
tan® A tan™B tan" C
+ + > 2m,/32+n-m
cos™=z cos™z  cos™

Bai 37: Cho tam giac ABC nhon. Chimg minh rang véin > 2,x,y,z > 0 thi

n
9.32xyz

x.tan" A+ y.tan" B+ z.tan" C >
xy +yz+zx
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Giii: Theo bat dang thirc Bunyakovsky, ta c6 :
1

1 1 n n n
(x.tan™ A + y.tan™ B + z.tan™ C) (; + ; + ;) > (tani A + tanZ B + tan2 C)

2

Ap dung bt dang thic :
a
tan® A + tan® B + tan® C > 3. (V/3)
Do do,
n n
9.32  9.32xyz
1,1 1 xy+yz+zx

X'y z

x.tan" A+ y.tan" B+ z.tan" C >

Dau " = " xay ra khi va chi khi
n n n
x.tanz2 A = y.tanz B = z.tanz C { X=y=z

n n n =—B=C= o
tanz A = tan2 B = tan2 C A=B=C=60

Bai 38: Cho tam giac ABC. Chirg minh rang

A B . C

n Sin 2 N n Sin 2 n Sin 2 n|2
B _C C A A
COSEC057 COSECOSE COSECOSE

Giai: Dicu can chirng minh tuong duong voi

nl t At B+n1 t Bt C+n1 t Ct A<3n2
anzan2 anzan2 anzanz_ 3

Theo bat dang thirc Cauchy, ta c6 :

A B 2 2 n A By /2\"!
1—tan—tan—+—-+--4+—-—2>n (1—tan—tan—><—)

2 2 3 3 2 2/\3
(n—-1) sbé
Do do,
1
3 (t At B+t Bt C+t Ct A>+32( 1) > ()PﬁVT
anzan2 anzan2 anzan2 .3n _n3 .
Mat khac, theo dang thirc co ban, ta ¢o :
B C C
tanztanz+ tanztanz+ tanztanz =1
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VT<3n2
N 3

' xay ra khi va chi khi tam giac ABC déu.

Suy ra

Déu" ="

Cha y: Tt bai toan trén, ta co bat dang thic tong quat sau

A—B
2

n| COS

n | COS

B—-C

2

n | COS

C—A
2

A B
COSZCOSZ

sin"%

B os&
COSZ COSZ

sinng

+

COS5 COS =
2 2

sin”%

+

CosS

B C
n_ n_
cos™ 5 cos™ 5

LA—B

2

+

CosS

C A
n_— n_
cos™ 5 cos"

.B—C

2

+

.

n

2

cos™ Ecos”

2

cos™ % cos”%

cos™ g cos™ %

+
cos™ E cos=
2 2

A

BAI TAP TU LUYEN

3.2.1. Chirng minh ring trong tam giac ABC ta ludn c6 :

Aa+Bb Bb+Cc Cc+Aa> )
A TATB T B4C T Cya SatOFC
b. az(l —\/§cotA) +b2(1 —\/§cotB) +c2(1 —\/§cotC) >0

o

A

B

3

cos3 3 + cos® =+ cos3—

B

2
C

3

lolpl, < abc cos—cos—cos—

C

2
3

< —
8

2
4

A

B
3

C

cos§+ COS— + coS—

3

)

(DHQG Ha Noi 1998)

A-B

B-C

C—A

. COS

2

+ cos

1
< cos—

+ cos

3(A_§

2
s

)

2

+ cos—
3

5

B——
3

)

+ oo ]
COS3

(

C s
3

)

(PHQG Ha Nbi 1995)
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A B C S
f (1 +tan—) (1 +tan—) (1 +tan—) >2+V3+—
2 2 2 p2

1 1 1 > 4gb 1 1
g. ,2A+.2 +'2C_ac<a +—+C—)
sm7 sin“ = Sm?

2
h. R[2(b +¢) —a] = V3

|
o A A e Rl R R

cosB —C cosu cosu
. 2y —2 4 Z->6
sin> sinz sin
X2
k. 1 +7 >cosA+xcosB+xcosC,Vx e R

l. yzsin? A + zx sin? B + xy sin? C Sz(x+y+z)2

(PH Ngoai Thuong 1997)

(PH K§ Thuat Quan Su 1997)

17
m. 2 cosAsinBsinC +\/§(COSB + cosC + sinA) ST

=

2

A B
.\/COSA+\/COSB+\/COSCS\/Sin§+\/sin—+\/sin—

C
2

(PH Bach Khoa Tp.HCM 1995)

o

2

o

2 1 1
> +
1+sinAsinB ~ 1+sin?A 1+ sin?B
sinA + sin B + sinC 2r

> —
A B C™R
c057+ cosi+ cosi

q.

A B C
. Vtan A + VtanB 4+ Vtan C > COtE-I- cot—+ cotz ,AABC nhon

(PH Ngoai Thuong 1996)

3
. 2(sinA + sinB + sinC) > cos(A — B) + cos(B — C) + cos(C — A) — 3

15
S. \/T + cos(A—B) + cos(B—C) + cos(C—A) = sinA + sinB + sinC

134
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t. sin—+ sin—+ sin

A B C
2 2 2

5 1
< 7 + 3 (cos A + cos B + cos C), AABC nhon

(Dé nghi Olympic 30-4, 2010)
3.2.2. Cho tam giac ABC nhon, chirng minh rang véin € N

n(3v3 —1) + 6000

“%Ytan A + ***VYtan™ B 4+ “Vtan" C > 5000

3.2.3. Ching minh rang

1 3(A B C

Sapc == = — + +
ABC tanA tanB tanC

)Sa2+b2+c2
4 T

3.2.4. Cho tam gidc ABC c6 dién tich 1a 1. Goi R va r 1a ban kinh dudng tron ngoai tiép
va noi tiép tam giac ABC, chimg minh rang
2 3
—+= > 4327
R r
3.2.5. Cho tam giac ABC c6 a, b, ¢ théa a? + b? < c?. Ching minh ring
2 < T < 1
5 h. 2
3.2.6. Cho tam gidc ABC c6 2 goc A, B thoa

t A+t B—l
an2 anz—

Chimg minh rang

tan—-<1

B w
IA

(PH Béach Khoa Ha N6i 1998)
3.2.7. Cho tam giac ABC c6 cac goc théa man : cos 2A + cos 2B + cos 2C = -1
Chung minh rang

sinA +sinB+sinC<1++V2

135
TOANMATH.com




Chuong 3 : H¢ thure lugng trong tam giac

3.2.8. Cho tam gidc ABC c6 0 < A < B < C < 90°. Ching minh rang

2cos3C—4cos2C+1
>2

cosC

3.2.9. Cho tam giac ABC c6 d¢ dai 3 dudng phén giac trong déu nhé hon 1. Chimg minh
rang

1
Sapc < —=
ABC \/g
3.2.10. Cho tam giac ABC nhon thi

1 2
a. g(tanA+tanB+tanC) +§(sinA+sinB+sinC) >

b3(t A+t B+t C)+ tA tB tC>6\/§
. an2 an2 anz CO ZCOZCOZ_

1 1 1
C. cotA+cotB+cotC+3V3£2( - + — + — )
sinA sinB sinC

- GOI Y GIAI BAI TAP TU LUYEN

3.2.1.

a. Diéu can ching minh twong duong voi
[Aa+Bb 1( +b)]+[Bb+CC 1(b+ )]+[Cc+Aa 1( AN I
A+B 2 B+C 2 ' ° c+a 2 Y=

(:)2(A—B)(a—b)+2(B—C)(b—c)+2(C—A)(c—a)20
A+B B+C C+A

b. Theo dinh 1y ham s6 sin, ta co :

sin% A + sin? B + sin? C = v3(sin A cos A + sin B cos B + sin C cos C)

& sin? A + sin®? B + sin? C > 7(sm 2A + sin 2B + sin 2C)

& sin2 A + sin? B + sin? C > 23 sin Asin Bsin C
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Theo bat dang thirc Cauchy, ta c6 :

sin? A + sin? B + sin? C > 33/(sin A sin B sin C)2
Ma theo bat ddng thirc co ban thi

V3

i/sinAsin BsinC < 7

Suy ra

33/ (sin A sin Bsin C)? > 2v3 sin Asin Bsin C
c. Ap dung cong thirc d6 dai trung tuyén va bit dang thirc Cauchy

] 2bc A< 5 A
a_b+CCOSZ_ ccos2

d. Can chimg minh :

1 3 A B C
VT = 7 (cos A + cosB + cosC) +7L<COS_+ cos—+ COS-)

3 3 3
€. Tacod:
A—B+ B—C_2 C—A A+C—ZB<2 (n SB)
cos > cos > = cos 2 cos 2 < 2cos 2 2
Péy
O<|1(B n)|<n 3B<n
14 371 7 14 4 2
Do do,
n 3B - 1 T
COS(Z—T)_COSE(B—E)
f. Ta dat :
=t A =t B =t ¢
x—anz,y— anz,z— an2

> VlI=1+x+y+z+xy+yz+zx=2+x+y+z+xyz
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Pé y rang
S S S

Trp-a)) Tpp-b) " plpr-c)

S
NénVT=2+x+y+z+?

Khi @6 chi can chimg minh x + y + z > /3

g. Ap dung dinh 1y ham sd cos, ta chimg minh

A 1 4bc
a’? = (b —¢)? + 4bc sin®? — = a® > 4bcsin®’ — = > —
2 s 2 é a?
sin
2
h. Ap dung dinh 1y ham s sin, diéu can chting minh tuong dwong véi

1
sinB+sinC—EsinA2 V3sinBsinC

_ 1 V3 _ 1 V3
< sinB 1—EcosC—7smC + sin C 1—ECOSB—7SII’1B >0

@sinB[l—cos(C—g)]+sinC[1—cos(B—§)] >0

1. Can chimg minh
1 1 A
la (E-I_Z) = ZCOSE
j. Theo bat dang thitc Cauchy, ta c6 :
3 cosB_CcosC_AcosA_ B
2 2 2
VT = 3 A _B_C
sin 5 sin > sin 5
béy

B—-C C—A A—B
COS —%—CO0S—%— C0S — _(sinB+sinC)(sinC+sinA)(sinA+sinB)

. A . B .C sin Asin Bsin C
sin sin 5 sin>
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Theo bat dang thirc Cauchy, ta c6 :

sinA + sin C = 2VsinBsin C
sinC + sinA = 2VsinCsin A
sinA + sinB > 2VsinAsin B
Suy ra
(sin B + sin C)(sin C + sin A)(sin A + sin B) S8
o sinAsinBsinC a
k. Ta coi di€u can chirng minh 1a bai toan xét dau ctia tam thue bac hai
ax?+bx+c>0,YVx €ER @{ASO
a>0
1. Tuong tu nhu ciu k.
m. Ta c6 dang thirc co ban

sin® B + sin? C — sin? A = 2 cos Asin Bsin C
Bién dbi diéu phai ching minh thanh
2 2

in A \/§2 B V3 C V3 >0
(sm —7> +<cos —7> +<cos —7> =

n. Péy
C
Veos A +VcosB < 4/2(cosA + cosB) < 2 /sinz
0. Péy
, s C C
VtanA +VtanB > 2VtanAtan B > 2 C0t2§=2 cotz
p. Ta di tur

(1 —sinC)(sinA+sinB) >0
g. Ta str dung phép bién d6i twong duong va dé ¥ rang
1 1 N 1 1
1+sinAsinB  1+4+sin?A  1+sinAsinB 1+ sin?B
_ (sinA —sin B)? 1 —sinAsin B
" 1+sinAsinB (1 + sin? A)(1 + sin? B)
r. Theo dinh 1y ham s6 sin, ta co :

sinA + sin B + sinC =%
Bat dang thtic twong duong voi
A B C)

p% = 2§ (cosz+ cos— + cos 5
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X A B C\>
Spr=z4p—-—a)(p—b)(p—-c) (cos—+ cos—+ cos—)

2 2 2
Taco:
(p—a+p—-b+p—-c)P p3
— — — < -
p-ad@-bp-o=< 57 7
( A+ B+ c)z 27
o cos— +cosz+coso | <
S. Ta c6 bat dang thirc da cho tuong duong véi

15
(sinA +sinB +sin €)% < =7 cos(A — B) + cos(B — C) + cos(C — A)
& cos? A + cos? B + cos? C + (cos A cos B — sin A sin B) + (cos B cos C — sin Bsin C)
3
+ (cos Ccos A — sinCsin A) +Z >0

3
& cos? A + cos?B + cos? C + cos(A + B) + cos(B + C) + cos(C + A) +Z >0

3
<:>coszA+c052B+c052C—(cosA+cosB+cosC)+ZZ0

2 2 2

(cosn=3) +(eosn=3) +(eosc=3) 20
@ —_—— —_—— —_——
CoSs 2 CosS 2 COoS > =

t. Tacod:
. A . B
A B sinz B B sinz A A
tan—sin B+ tan—sin A = 2 sin—cos—+ 2 sin —cos—
2 é 2 b 2
cos cos
2 2
aan Al B
| > smzsm2
bey

cosA + cosB + cosC
1 A B C
=3 [tanE (sinB +sinC) + tanz (sinC+sinA) + tanE (sinA + sinB)

A B B C C A
> 2 (sinisin§+ sin—sin—+ sin—sin—)

272 272
Hay
A, 2B, Zc_(_ AL B c)2
CosS 5 CosS 5 CosS 2— Sln2 Sln2 Sln2
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Mat khac
A+ B+ C 3 [< N B+ C) i >0
sm2 sm2 sm2 > sin— sm2 sin
A B C
=>4(sm2+sm2+sm ) +9>12<sm + sin— +51n2)
4( ZA+ 2B+ 2C)+9>12(' A+ i B+ ' C)
:> — — — —_— J— J—
cos > cos > cos > > sm2 sm2 sm2
A B C
:>2(3+cosA+cosB+cosC)+9212<sin5+sinz+sin5>
i A+ i B+ ¢ 5+ A+ B+ C
ﬁ — — —
sm2 sm2 sm2 2 (cos cos cos C)
3.2.2. Ching minh tuong ty Bai 9 cau b, dé y rang
3.(3v3)™% = 3[1 + (3v3 - 1)]6°°°>3[ 6000(3W—1)]

3.23.Tacod:
(A —B)(cotA — cotB) < 0= Acot A+ Bcot B < BcotA + AcotB
Péy
2(AcotA+ BcotB+ CcotC) < (B+C)cotA+ (C+ A)cotB+ (A+ B)cotC
= 3(AcotA+ BcotB+ CcotC) < (A+ B+ C)(cotA + cotB + cotC)

a’ + b? + c?

= 3(AcotA+BcotB+ CcotC) <m S

3.24.Dé¢y

Theo bat dang thirc Cauchy, ta c6 :
a+b+c\’ 2p
e = (P51 = (3)

Suy ra
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27 27 4|27
VTZF+3p=E+p+p+pZ4 /FP3=4W

r c c c 1

3.2.5.Taco:

= —_—= <
he 2p a+b+c 2¢ 2
Mit khac theo bat ding thirc Bunyakovsky, ta c6 :
4(a + b)? <8(a? + b?) < 8c? < 9c?

Do do6
ro c >2
h. a+b+c” 5
3.2.6.Déy
A B
C 1—tan7tan7 A B
anz tané+tanE anz anz
2 2
Va
1tA+tB>2tAtB1'EA'EB>3
= —_ —_ —_ —_—— _ —_ —_ —_
an2 anz_ anzan2 anzanz_4
3.2.7.Déy

cos2A + cos2B+ cos2C > —1 < cosAcosBcosC<0

Do doé, chon géc A sao cho
1 B+C

AzZ-—=>0<———<
=5 5 =

AN

Khi do
B+C B—-C

T
VT <1+ 2sin > cos > Sl+25inz=1+\/§

3.2.8. Tir gia thuyét ta c6 C > 60°. Do d6, bat dang thic twong dwong véi

1
8cos3C—8cos?C—8cosC+5>0,cosC € (O;E]
Khi d6 ta chi can khao sat ham sd

1
f(x)=8x3>—8x>—8x+5,x€ (0;5]

3.2.9.Déy:
he<l,<1
Gidsta<b <c.Tasuyra
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1 1 1
[a b c
A<B<C
Mat khac
A
2bccos§ A 1,1 1 1
=2 —<—<—+—)s—
@ b+c AV a
Do
A<B<¢(C A<n A>\/§ <2
= -= - = —
<B< =3 cosz_ > a_\/§
3.2.10.
a. Ta xét ham sd
()—1t +2' e(on)
, fx —Sanx 3smx X, X '3
b. Ta xét ham so
1 T
| f(x)=3x+;,x6(0,5)
C. Ta xét ham so

(x) = cot 2 e(on)
f(x) =cotx sinx'x >

3. NHAN DANG TAM GIAC VA TiNH CAC GOC TRONG TAM GIAC

- Day la loai toan co ban duoc tong két cac loai toan va tir nhitng phuong phap trén.
Khi mot tam giac thoa 1 hay 2 dang thic hodc bat dang thirc giita cac canh va ham
s6 lugng giac cta cac goc, ta phai tim tinh chat cia tam gidc d6, chang han nhu
tim sb do ctia goc, chimg to gia tri ham lugng gidc cua goc, hodc chimg minh 1a
tam giac can, vudng, déu. ..

- Mot sd ky thudt can chu ¥ : néu gia thuyét cho tir 2 hé thirc hodc bat dang thuc trd
1én, ta phai bién doi hé thirc d& trudc, ngoai ra ta phai dé y sir dung bat dang thtc ¢
dang trén.
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Bai 1: Tinh cic goc cua tam giac ABC, biét rang
3
a. sin(B—A)sinC+ sinA+ cosB = 5
(PH Mo Ha Noi 2000)
3
b. cosA =sinB + sinC —3

(PH Su Pham K§ Thuat Tp.HCM 2001)

5
c. cos2A +V3(cos 2B + cos 2C) +§ =0

(PH Su Pham Ha N1 2001)

Giai:

a. Gia thuyét twong duong véi

3
sin(B— A)sin(B+ A) + sinA + cosB = 2

1 3
@E(COSZA—COSZB)+sinA+cosB =3

1 3
@5(1—251n2A+1—2coszB)+sinA+cosB=§

1 1
= (sinzA—sinA+Z)+(COSZB—COSB+Z) =0

2

(sin 1)1( 5-2) —0
@ — — — — =
Sin 2 COoS 2

sinA = A = 30°

2 ~ ano
1<=>{B=600=>c_90
2

0

cosB =

b. Gia thuyét twong duong véi
B+C B-C 1

1+ cosA = 2sin > cos > E
) 2A ) A B—-—C 1
Lt —_= —_ =
cos > coszcos > >
- 2A A B—C+1_
cos > coszcos > 2
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( LA A B-C1 ,B-C 11 ,B-C
= - — - - - — = =
cos 5 cos 5 cos 5 ) cos 5 ) cos 5
( A 1 B—C)2+1_2B—C 0
=3 —-——= - =
COS2 2COS 5 4sm 5
A 1 B-C
cosz—zcos 5= {A=120°
- B-C ~ B =c=30°
Sin =

c. Gia thuyét twong duong véi
5
2cos?A— 1+ 2v3 cos(B + C) cos(B — C) +E: 0

3
<:>COSZA—\/§COS(B—C)COSA+Z= 0

Ta thdy day 1a phuong trinh bac 2 ¢6 nghiém cos A. Khi d6

B—C B—-C
—3>0 < sin?

<0

A = 3 cos?

Suyra B = C.
Nhu vay

3 V3
cosZA—\/§COSA+Z=O(:)cosA:7

Dodoé:A=30°B=C=75°

Bai 2: Tinh cc goc cua tam giac ABC biét

sinA sinB sinC

1 V3 2

a.

(PH An Ninh 1998)

b. cos2A + 2v2 cos B + 2v/2 cos C = 3 (AABC khong tu)

(Tuyén sinh Khéi A 2004)

Giai:
a. Theo dinh 1y ham s6 sin, ta co :
sinA sinB sinC a b C _
= = @—:—:—@{b_a\/g
1 V3 2 1 /3 2 c=2a

Theo dinh Iy ham sb cos, ta duoc :
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b2+ c¢2—a? 3a?+4a>—-da*> 3 A = 300
= = —_— =
2bc 2aV3.2a 2

. 4a? + a® — 3a? B = 60°
= = - =
€0s 2a.2a 2

COsA =

Do do, C = 90°.

b. Gia thuyét twong duong véi

B+ C B—C
2cos?A— 1+ 4V2 cos 5 cos =3

2
A B—C
(:)cosZA+2\/§sinEcos 5 =2

Mat khac :

Do tam gidc ABC khong ti nén cosA € [0;1) = cos?A < cosA

Nén
A B—-C A B—-C
2=c052A+2\/§sinEcos gcosA+2\/§sinEcos 5
A A B—-C
<=>2S1—251n2§+2\/§sin§cos
A A B—C 1
& sin? = — V2 sin— =<
sin > \/—smzcos 5 +2_0
A V2 B-C 2+1 B-C_
@ — — — —
sin— — —-cos - 5 sin® ——<

{_ A V2 B-C .
SINn— — —CO0S = o
2 ) 2 A =90
i " B-c {522 450
k sin 5 =0
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Bai 3: S6 do 3 goc cua tam gidc ABC lap thanh cp sb cong va thoa min dang thirc

3++3

sinA + sinB +sinC = >

a. Tinh cac goc A, B, C.
b. Biét nira chu vi tam giac bang 50. Tinh cac canh cua tam giéc.
(PH Su Pham K§ Thuat Tp.HCM 1993)

Giai:
a. Giasot A>B > C.Dodo, taco:
A+C=2B
- . _ o A+ C=120°
Mgt khac : A + B + C = 180° = { s
Khi d6 :
~A+C A-C _ _ A—-C _
sinA + sin B + sin C = 2sin > cos > + sin B = 2sin 60° cos + sin 60°
3 A—C+V§
= cos > >
Nhu vay
eosA=C, V3 _3+V3 A-C_V3 _ oo
cos > > > cos > >
Vay A = 90°,B = 60°,C = 30°.
b. Tam giac ABC vudng tai A nén ta co :
BCV3
AC = BCsin60° = 5
BC
k AB=BCsin30°=7
Mat khac
1
p=E(AB+BC+CA)=50
147

TOANMATH.com



Chuong 3 : H¢ thure lugng trong tam giac

Suy ra
(BC= 200
3+4/3
B mc+ B3 _ 100 o ap = 2%
2 2 3+4/3
AC:100x/§
U 3443

Bai 4: Xac dinh cac goc cuia tam giac ABC thoa cac diéu kién sau

{cosA+cosB+cosC=\/§
cos? A+ cos?B+cos?C>1

(PH Tong Hop Ha Noi 1992)

Gii: Theo dang thirc co ban, ta cé :
1—2cosAcosBcosC = cos?A+cos?B+cos?C>1=>cosAcosBcosC<0
Do d6, tam gidc ABC ton tai 1 goc ti hodc vudng.

Chon A > 90°. Ta xét : cos A + cos B + cosC = /2

A B+ C B—-C
& 1—2sin?—=+ 2 cos cos =2
2 2 2
A A B—C A A
(:)1—\/§=251n2§—25in5cos 5 ZZSinZE—ZsinE
LA A<1—x/7
@ — — —
sin®5 —sino < —
Ta xét ham sb
V2
f(x)=x?>—x,x € 7;1)

Flx)=2t—1>0

Do d6, ham s6 f(x) dong bién. Suy ra
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Nhu vay, ta duogc :

Bai 5: Cho cac goc cua tam giac ABC thoa man h¢ thuc

. . 2n+1 .
sin? A + sin?B = ° 4/sin2 C

Biét rang goc A, B nhon. Hay tinh gia tri goc C.

Giai: Ta xét 3 truong hop sau :
- C>90° thi cos C < 0. Ma theo dinh Iy ham s6 cos, ta c6

a’® + b? — c? § ) )
cosC=———<0=a%*+b*<c
2ab

Mit khéc, theo dinh 1y ham s sin, ta suy ra :
sin? A + sin? B < sin? C < ~""y/sin? C
Piéu nay mau thuin voi gia thuyét.
- €<90°thisin?C< 1= ""VsinZC< 1
Ma

1—cos2A 1—cos2B
sin® A + sin’ B = 5 + 5 =1—cos(A+ B) cos(A —B)

=1+ cosCcos(A — B)

Vi goc C nhon nén cos C > 0 va cos(A — B) > 0. Do do,

1 /sin? C = sin? A 4+ sin? B=1 + cosCcos(A —B) > 1

Diéu nay mau thuan.
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- C=90°, dé thay gia tri nay thoa dang thirc da cho.

Bai 6: Cho tam giac ABC c6 cic goc thoa man diéu kién

peosB o CoL bte A
COSZCOSZ_Z a SlIl2

Hay tinh goc A.

(PH Mo-bia Chat Ha No6i 1997)

Gii: Theo cong thirc bién doi va dinh 1y ham sé sin, gia thuyét tvong duong vai

B+C+ B—-C 1+sinB+sinC A
cos > cos > =3 S A .sm2
. B+C B—-C
A B—C 1 2sin 5 cos 5 A
< sin—+ cos ==+ sin—
- - 25inécos— -
2 2
_A+ B—-C 1+ B—-C
= — =—
sm2 cos > > cos >

' —1 A =60°
@ _-_@ —_—
sm2 2

Bai 7: Cho tam gidc ABC c6 cac goc thoa man h¢ thuce
cos C (sin A + sin B) = sinC cos(A — B)

Hay tinh : cos A + cos B

Giai: Gia thuyét tuong duong véi

oy ATB A-B__ . C C -
CosS L. ZSIn 5 COS 5 = 4 SIn > COS > COS
A—B

C
= sinicos(A —B)

C A—B C A—B
= (1 — 2 sin? 5) cos = sin—(Z cos? — 1>

< cos Ccos

2 2 2
A-B C__ . C A—B(_ c, A—B)
= - = - -
COS SlIl2 Sll’l2 COS Slrl2 COS 5
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Mat khac, do
C A—-B
sinz + cos > #0
Nén
C A-B

Zsinzcos =1 cosA+cosB=1

Bai 8: Chirg minh rang tam giac ABC cén khi ¢ cac goc thoa man hé thirc

(PH Khoa Hoc Ty Nhién Ha N6i 1994)

cos? A + cos?B 1( A 4+ cot? B)
=—(co co
sin? A +sin?B 2

(PH Dan Lap Phuong Pong 1997)

A B B A
C. 51n2cos 5= sm2 cos 5
(PH Thuong Mai 1999)
Giai
a. Gia thuyét twong duong véi
LA a?
S = 4be
1 (1 " a’ . b?>+c?—a®> a?
- — =1 - =
2 TS T e 2bc 2bc

sb-0)=0sb=c
Vay tam giac ABC can tai A.

b.  Gia thuyét tuong duong véi
2(cos? A + cos? B) = cos? A + sin? A cot? B + sin? B cot? A + cos? B
& cos? A — sin? A cos? B = sin? Bcot? A — cos? B
& sin? A (cot? A — cot? B) = sin? B (cot? A — cot? B)
& (cot? A — cot? B)(sin? A — sin?B) = 0
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cot? A = cot? B cotA = + cotB
= = -
[sinz A = sin’B [ sinA = sinB
Vay tam giac ABC can tai C.
C. Gia thuyét twong duong véi

< A=B

sin 1 sing 1

A 0528 osB cos2 B
COS2 Cos 2 COS2 Cos

A 2A B 2B ’
@tan5(1+tan E):tanz(1+tan E)
<:>tan3é—tan3E+tané—tanE=0

2 2 2 2

A B 2A 2B A B
@(tani—tang) tan E+tan E+tan5tanz+1 =0

>0

A
@tangztani(:)A:B

Vay tam giac ABC can tai C.

Bai 9: Ching minh rang tam gidc ABC cin khi c6 cac gbc thoa man hé thirc

{sin B= (\/E — CoS C) sin A
a.
sinC = (\/f — CoS B) sin A

(PH Thuy Loi Ha N§i1 2000)
1+ cosB _ 2a+c

sinB  \2gZ — 2
(PH Giao Thong Van Tai 2001)
2(1 4+ cosC)
c. ———=tanA+tanB
sin C

(PH Kién Triic Tp.HCM 2001)

Giai:

a.  Ta lay hé thuc trén trir cho hé thirc dudi thi :

sin B — sin C = sin A (cos B — cos C)
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B+ C B—-C
& 2cos sin = —2sinAsin
2 2
~B-C B+ C _ ~B+C
< sin cos > + sin A sin
>0
B—-C
< sin =0=B=C

Vay tam giac ABC can tai A.
b. Gia thuyét twong duong véi
(1+cosB)? (2a+c)?
sinfB 4a? —¢?
1+4+cosB 2a+c
1—cosB 2a-—c

1+ cosB 2a+c
= —4 1 =
1—cosB 2a—c¢
1 2a

<:)1_COSB:2a_C(:>c:2acosB

c? + a® — b?
Sc=2al—— <= a=b>b
2ac

Vay tam giac ABC can tai C.
C. Gia thuyét twong duong véi

C
4C052§ B sin(A + B)

. C_C  cosAcosB
ZSIHECOSE
C
2cos§ sinC
= =
. C  cosAcosB
sin

& 2cosAcosB = ZSinzz

< cos(A+ B) + cos(A—B) =1—cosC
S cos(A—-B)=1<A=B
Vay tam giac ABC can tai C.
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C C
a. a (cotz — tan A) =b (tan B — cotz)

sin?A sin?B  sinA + sinB

+ =
cosA  cosB tang
2
2
c
c. a®sin2B + b?sin 2A =
tani

d. r =4RcosC—1,

Bai 10: Chting minh rang tam gidc ABC can khi c6 cac goc thoa man hé thic

Giai:

a. Gia thuyét twong duong véi

A+ B A+ B
a(tan —tanA)zb(tanB—tan > )
sin(A;—B—A) sin(B—#)

S a. = b.
A+ B A+B
cos cos A cos B cos
2 2
sinB_A sinB_A
S oa. 2 _ . -
cos A cosB
_ B—A(ZRsinA 2RsinB)
< sin — =
2 cos A cosB
~B—A
o[ =0s =8
tan A = tan B

Vay tam giac ABC can tai C.

b.  Gia thuyét twong duong véi
A+B
2

) + sin B (tanB — tan

sinAtan A + sinBtan B = (sin A + sin B) tan
A+B

<& sinA (tan A — tan
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sin (A — %) sin (B — #)
< sinA. A+B+smB. A+B=0

cos Acos > cos B cos >

. A—B . B—A

sin— sin— 0
< sinA. + sinB. =

cosA cosB
& sin— (tanA —tanB) =0
~A-B
&[SI 5 O A=B
tanA = tan B
Vay tam giac ABC can tai C.
C. Theo dinh Iy ham s6 sin, ta ¢6 :
VT = 4R?sin? A.2sin B cos B + 4R?sin? B.2 sin A cos A = 8R? sin Asin Bsin(A + B)
C C
= (2R sinA)(2R sin B)2 sin C = 4ab. sinzcosz
Do do,
4ab.si c_ ¢
ab.sin—cos—=——=
. . tani

& 4ab sin? 5= c?

& 2ab(1 — cosC) = a? + b? — 2ab cosC
& 2ab=a*+b*=a=b

Vay tam giac ABC can tai C.

d. Ta co :

A
r=(p—a)tan—=

> A A
A =r+r = (2p—a)tanz= (b+c)tan§
T, = ptang
Theo dinh Iy ham s6 sin, ta duoc
. A A
sin A B-C sin;
r + 1, = 2R(sin B + sin C). = 4R.cos—cos =
A 2 2 A
cos cos
2 2
B+ C B—-C
= 4R cos > cos 7= 2R(cos B + cos C)

Do do,
2R(cosB+ cosC) =4RcosC < cosB=cosC= B =_C
Vay tam giac ABC can tai A.
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Bai 11: Chtmg minh rang tam gidc ABC can khi n6 thoa man hé thic
1
a. S = Z(a2 + b?)

A
b. h, = \/ECOSE

A
C. My = \/ECOSE

d. sin*C + 2sin* A + 2 sin* B = 2 sin? C (sin? A + sin? B)

Gidi:

Déau " = " xay ra khi va chi khi a = b. Do d0, tam giac ABC can tai C.
b. Ta ludn ¢o :

h, <1,
Mit khéc, theo bat dang thirc Cauchy, ta co :
2bc
< Vbc A 2b A
b+c =>\/l;cos—2 ¢ coSs—
2 b+c 2
cosE >0

Suy ra
A
Vbc cosE >, = h,

Dau" =" xay ra khi va chi khi b = c. Do d6, tam giac ABC can tai A.
C. Taco:
1 1 1
m2 = Z(sz +2c?—a?) = Z[b2 +c?+ (b%*+c?—a?)] = Z(b2 + ¢2 + 2bc cos A)
Mit khac, theo bat dang thirc Cauchy, ta c6 :
1 1 1 A
m = Z(b2 + c? + 2bc cosA) > Z(Zbc + 2bc cosA) = Ebc(l + cosA) = bc COSZE
Suy ra
A A
my = \/Ecosz (ViCOSE = 0)

Dau " = " xay ra khi va chi khi b = c¢. Do d6, tam giac ABC can tai A.
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d. Theo dinh 1y ham sé sin, gia thuyét tuong duong voi :
16R*(c* + 2a* + 2b*) = 16R*.2c?(a® + b?)
& ct=2@a%+b?)c?+2a* +2b* =0
Ta thiy day 1a phuong trinh béc hai theo x = c?, ta xét :
A = (a® + b?)? — (2a* + 2b*) = —(a* — 2a?b*> + b*) = —(a®> - b?)?* <0
Do do6, phuong trinh ¢6 nghiém khi va chi khi
AN =0 a’?—b*=0

{x=a2+b2(:){c2=a2+b2

Vay tam giac ABC vuong can tai C.

Bai 12: Chung té rang tam gidc ABC vudng khi thoa méan hé thirc
a. sin2A 4+ sin2B = 4sinAsinB

(PH Kinh Té Tp.HCM 1990)

b+c
b. cosB+ cosC =

(PH Kién Tric Ha Noi 1997)

b c a

¢ cosB + cosC _ sinBsinC
(PH Pa Nang 1997)

f oA B C A B._C_1
. COSZCOSZCOSZ SIIIZSIHZSIHZ—2

(PH Ngoai Thuong 2001)

Giai:

a. Gia thuyét twong duong véi

2 sin(A + B) cos(A — B) = 2[cos(A — B) — cos(A + B)]
< sinCcos(A — B) = cos(A—B) + cosC

& (1 —sinC)cos(A—B) +cosC=0

& cos?Ccos(A—B) + (1 +sinC)cosC=0

< cosC|cosCcos(A—B)+1+sinC[=0
>0

< C=90°
Vay tam giac ABC vudng tai C.
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b.  Theo dinh 1y ham sé sin, gia thuyét tuong duong voi
sinB + sinC
cosB+cosC=———
sin A
. B+C B—-C
B+C B—C 2sin 5 C0S—
& 2cos > cos > =

26 A A
SlﬂzCOSi
A —

_A B—-C COS§COS 2
<:>SlnECOS 5 =

. A A
Zsmzcosz
LA
(:)ZstE: 1< A=90°

Vay tam giac ABC vuong tai A.

c. Theo dinh Iy cac hinh chiéu, ta c6 :

bcosC+ ccosB a
cosBcosC _ cosBcosC

Nén tir gia thuyét, ta duoc :
a a
< cosBcosC =sinBsinC

cosBcosC  sinBsinC
& cos(B+C) =0 A=90°
Vay tam giac ABC vuong tai A.
d. Gia thuyét twong duong véi

C A-By C A-B ¢  C
(SIHE + cos )COS— — (COS — Sin —) Sll’lz =1

2 2 2 2
(_ C C) A—B - C C+1 _2C 0
= - — - —sin— — — - =
sm2 cos2 cos > 2cos2 sin >
( C C) A—B ~C C+ 2C 0
- — cos — — - ~ =
sm2 cos2 > 51n2cos2 cos >
( C C) A—B ( C C) C 0
— —CcosS — R — ~ =
sm2 > cos > sm2 cos2 cos2
( C C)( A—B C)_O
sm2 cos2 cos > cos2 =
C C
SmE_COSE tan—=1 C =90°
“| a-B ¢ A—B_+c‘=’[g:38§
cos > —cos2 )
Vay tam giac ABC vudng.
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Bai 13: Chimg minh rang tam giac ABC vudéng néu n6 théa méan hé thirc
a. 3(cosB+2sinC) + 4(sinB + 2cosC) = 15
(PH Can Tho 1996)
b. sin(A + B) cos(A — B) = 2sinAsinB
(PH Su Pham Vinh 2001)

2bc
b2 _ C2

c. tan2C =

Gidi:

a. Tir gia thuyét, ta viét lai thanh
3cosB+4sinB+2(3sinC+ 4cosC) =15

Theo bat dang thirc Bunyakovsky, ta c6 :

{ 3cosB+4sinB<5
2(3sinC+4cosC) <10

Dau " = " xay ra khi va chi khi
cosB sinB

3 4 — tanB = cotC = B + C = 90°
smC_cosC
3 4

Vay tam giac ABC vuong tai A.

b. Gia thuyét twong duong véi

sin(A + B) cos(A — B) = cos(A — B) — cos(A + B)
< sinCcos(A — B) = cos(A — B) + cosC

Ta dat
C
t = tani >0
Ta duoc
2t 1—t?
1+t2.cos(A—B) = cos(A—B) + T

& 2t.cos(A—B) = (1 +t?)cos(A—B) +1 —t?

& (t—1)%cos(A—B)+1—-t2=0

S A-0)[@—=-t)cos(A—B)+1+t]=0
t=1

< |t[1—cos(A—B)]+[1+cos(A—B)]=0

>0 >0
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C
<=>t=tan§=1<=>C=90°

Vay tam giac ABC vuong tai C.
c.  Theo dinh Iy ham s6 sin, ta c6
8R?sin BsinC 2sinBsin C
"~ 4R2(sin?B —sin?C)  sin? B — sin? C
Do d6, gia thuyét trong duong voi
2sinCcosC 2sinBsinC

VP

cos2C  sin?B —sin2C
& cos C (sin? B — sin? C) = sin B (cos? C — sin? C)
& sinBcos C(sinB — cosC) + sin? C(sinB —sinC) = 0
& (sinB — cos C)(sinBcosC + sin?C) = 0
sinB = cosC (1)
sinBcosC + sin? C = 0 (2)
Ta xét :
(1) & sinB =5sin(90° — C) & B + C = 90°
Vay tam giac ABC vuong tai A.

(2):

- Néu tam giac ABC vuéng tai A thi sin B = cos C = cos? C + sin? C = 0. Piéu nay

vo ly.
- Néu tam giac ABC vudng tai B thi A, C phai nhon va
[ 1++5
|cosC = >
inB=1 — 2C =
sin = cosC+1—-cos*C=0« 1 -8
cosC = >

Diéu nay vé 1y.
- Néu tam giac ABC vuéng tai C thi cos C = 0 = sin? C = 0. Diéu nay vé ly.

Vay tam giac ABC vudng tai A.
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Bai 14: Cho tam giac ABC thoa man hé thuc :

) At B 1
an2 anz—2

Chung minh rang diéu kién can va du dé tam giac ABC vuong 1a
A B C 1
Sin > Sin > Slrl2 = 10
(Dé nghi Olympic 30-4, 2006)

Giai: Taco:

A B
S=plp—a)tan- =p(p—b)tan = Vo —a)(p —b)(p — ¢)

. At B S? p—c a+b-—c
— - -_ = = —
an2 anz p?’(p —a)(p — b) p a+b+c

Do d6, tir gia thuyét ta co :

1 a+b-c th=3 2¢ (1)
_———— = = =
2 a+b+c ¢ c=p ¢
Mat khac :
S abe be.o==5%=pp - )P —b)p - ) (2)
= = - n. . = = —_ — —_
pr AR PaC4R pp—a)lp p—¢

Thay (1) vao (2), ta dugc :

abL=pz—(a+b)p+ab=:~(1—L)ab=202
4R 4R

Chiéu thudn: Gia st

A B C 1 r 1
—_— —_ —_—— — = —
SanSIHZSIHZ 10 4R 10

Do do,

20
ab = ?cz = 20a? + 20b%> — 41ab =0
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Xéta = b,tacod:

Vay tam giac ABC vuong tai A.

Chiéu nghjch: Gia sir tam gidc ABC vudng tai A, ta c6 :

a=2R
a2:b2+C2 (1) a=2R a=2R
1 =13Bc—b)?=b%>+c?>=1{b=4r
S=Ebc=pr b =4r c=3r
Tu (1) ta duoc
. IR Asi B  C 2 A B C 1
= ey —_ —_ _—_—=— —_ —_ —_——= —
T smzsmzsm2 c smzsmzsm2 10

Viy ta ¢ diéu phai chirng minh.

Bai 15: Ching minh rang tam giac ABC vudng néu né théa man hé thic

a’(b+c—a)+b?*(a+c—b)+c*(a+b—rc)

a. V2sin(B + 45°) = abe

A—-B
2

B
c. (sin A + sin B) = v2c. sinzcos
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Giai:
a. Taco :
_a2b+azc—a3+b2a+bzc—b3+cza+c2b—c3
B 2abc
B a(b? + c? —a?) + b(a? + c? — b?) + c(a?® + b? — c?)

2abc
_b2+c2—az+az+c2—b2_I_az+b2—c2
N 2bc 2ac 2ab
Do do, hé thtic tuong duong voi
V2 sin(B + 45°) = cosA + cos B + cos C
< sinB + cosB = cosA + cosB + cosC
< sinB = cosA + cosC

= coSA+ cosB + cosC

2_B B_2_B A—C
= SlIlZCOS2 = 51n2cos 5
B A—-C

= —_=

COoS 2 COoS 2

B A-C

27 2 C+B=A A = 9(°
B _c-a Avp=—c=lcZ oo

2 2

Vay tam giac ABC vudng tai A hoac C.
b. Ta ap dung cong thirc :

S
r=—
1 —
p ﬁ—:izp a
S Ta D
Ty =
p—a
3a
<:>p=3(p—a)<:>p=7<:>b+c=2a(1)
Mat khac, ta lai c6 :
abc
=E=p‘r=> 452 =E
r_2 abc.p 5
R 5

Theo cong thirc Heron, ta suy ra
plp—a)(p—b)(p—c) 1

abc.p 10

3a a+c—bys/a+b—c
<=)10<——a)< )( )=abc
2 2 2
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< Sala—(b—c)]la+ (b—c)] = 4abc
& a?—(b—c)? =%bc

& 5a2 — 5%+ c?)+6bc=0
Tu (1) tasuyra: b? + ¢ + 2bc = 4a? & b? + ¢ = 4a? — 2bc. Do do,
5a> — 5(b%? + c?)+ 6bc =0

2 _ 2 _ _ _E 2
< 5a% — 5(4a* — 2bc) + 6bc = 0 < bc = e (2)

Tu (1), (2); theo dinh 1y Viéte, ta ¢6 b, ¢ 1a nghiém cua phuong trinh

3a
15 XY=
2 _ 22 2 4
X 2ax+16a 0= _ 5a
N x_ 4
Giasturang b > ¢, suyra
) S5a
=— 2 2
4 2 9&_2561 2 2 _ 12
C_ﬁ:a +16_ 16 Sa“+ct=b
4
Vay tam giac ABC vuong tai B.
c. O bai toan nay, ta s& stir dung cong thirc
=r( ey tA)
| c=r|co > co >
Do do, gia thuyét tuong duong véi
) C A-B \/f( tB+ tA)' B A—B()
—_ = —_ _— _— *
rcoszcos > r|{co > co > smzcos
sin 5
<=>2cos—=\/§.—A.sin§
sinz sin>
C cosE
& 2cos=— =2 2
2 sin=
2
A

& sin—=—& A =90°
Slrl2 5

Vay tam giac ABC vudng tai A.
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Bai 16: Chting minh néu tam gidc ABC khong ti va thoa man hé thic

R " A
mg 2

thi vudng can tai A.

(Dé nghi Olympic 30-4, 2007)

Giai: Ta co
2 4 .2 2 1,
b* +c =2ma+za > 2mga

Suy ra :

1 a a a?
= = =
2m, ~ b%?+c? 2m,  b?+c?

Theo dinh Iy ham s6 sin, ta ¢6 :

2R sin A - b? + c? — 2bccos A
2m, b? + c?

Theo bat dang thirc Cauchy, ta lai c6 :

b% + ¢? — 2bc cos A 2bc cos A
iz pEyer =T CsA
Do do,
. A A
2R sin A 2R sinzcosz A
= —>1—-cosAS > 2sin? —
2m, mg 2

V‘AE(O-ﬂ) insin va cost > 0. Tad
12 ; nensmz va COS2 . a augc

2
R -
mg 2
Dau " = " xay ra khi va chi khi tam gidc ABC vudng cin tai A.
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Bai 17: Ching minh rang tam gidc ABC déu néu thoa man hé thuc

a. 35S = 2R?(sin® A + sin® B + sin3 C)
a
b.b+c=—+ haV3

c. 2(acosA+bcosB+ccosC)=a+b+c

AsinA+BsinB+BsinB+CsinC+CsinC+AsinA
A+ B B+ C C+A

=sinA +sinB + sinC

Gidi:

a. Theo cong thirc tinh dién tich va dinh Iy ham s6 sin, gia thuyét tuong duong véi

3abc a3 b\? c\3
=26 () @)
& ad + b3+ ¢3 =3abc
Mt khac, theo bat d'fmg thure Cauchy, ta co :
a3 + b3 + ¢® > 3abc
Dau" = "xayrakhivachikhia=b = c.
Viy tam giac ABC déu.

b. Trong tam giac ABC ta ludn co6 :
h, = csinB = bsinC
Nén tir gia thuyét ta co :
a
b+c= §+\/§(csinB+bsinC)

Theo dinh Iy ham s6 sin thi tur déng thire trén, ta c6 :

2sin B + 2sin C = sin A + V3(sin C sin B + sin B sin C)
Ta viét lai ddng thirc thanh

2sinB+ 2sinC = (\/§+ 1)(sinCsinB + sin Bsin C)
& 2sinB[1 — cos(60° — C)] + 2sinC[1 — cos(60° —B)] =0
Mat khac, ta lai c6

sinB;sinC >0
{cos(60° —B); cos(60°—-C) <1

Do d6

2sinB[1 — cos(60° — C)] + 2sinC[1 — cos(60° —B)] = 0

Dau " = " x4y ra khi va chi khi
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cos(60°—B) =1 P
{cos(60°—c)=1‘:’B‘C_60

Vay tam giac ABC déu.

c.  Theo dinh Iy cac hinh chiéu, gia thuyét tuong duong véi
2(acosA+ bcosB+ ccosC)
= (bcosC+ccosB) + (ccosA+ acosC) + (acosB+ bcosA) =

Heé thuc trén duoc viét lai thanh
(a—b)(cosA—cosB) + (b —c)(cosB—cosC) + (c —a)(cosC—cosA) =0
Ma trong tam gidc ABC ta ludn c6 :

(a—b)(cosA—cosB) <0
(b —c)(cosB—cosC) <0
(c —a)(cosC—cosA) <0

= (a—b)(cosA—cosB) + (b —c)(cosB—cosC)+ (c —a)(cosC—cosA) <0

a=b=c

Diu " = " xay ra khi va chi khi {A—B—C

Viy tam giac ABC déu.

d. Theo dinh 1y ham sb sin, gia thuyét twong duong véi
Aa+Bb Bb+Cc Cc+Aa
~A+B * B+ C + C+A

H¢ thuc trén dugc viét lai thanh

1[(A—B)(a—b) B-0bB-c) (C-A(c—a)
2|+ B)ath) B+OG+o CrActa)]|

Ma trong tam gidc ABC ta luén c6 :

(A—B)(a—bh)=0
B-0COB-c)=0
(C=A)(c—a)=0
(A—B)(a—b) B-00bB-c) (C—A)(c—a)>
A+iB)a+h) (BrOG+o C+AC+a) -

Déu " = " xay ra khi va chi khi {& =0 = €.

=a+b+c

Vay tam giac ABC déu.
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Bai 18: Ching minh rang tam gidc ABC déu néu thoa man hé thuc

a {sinA+sinB2251nC
" lcosA+ cosB>2cosC

sin3A+sin3B+sin3C=0
b. C

cos A cos B = sin? >

(PH Kién Tric Ha Noi 1997)

1
BcosC=-
cos B cos 2

a3 — b3 — 3
2 _
a_

a—b-—c

(DH Ngoai Ngit Ha N¢i 1997)

{sinB+sinC = 2sinA
tanB+tanC = 2tan A

(PH Su Pham Vinh 1999)

Giai:
a. Ta ki hiéu
sinA + sinB = 2sinC (1)
{COSA + cosB = 2cosC (2)
Tir (1) ta nhan xét C khong 13 goc 16n nhét vi néu C 16n nhat thi canh dbi dién ¢ ciing 16n
nhat va theo dinh Iy ham s sin, ta s& co
{sin C>sinA
. N sinC > sin B
bicu nay mau thuan véi gia thuyét.
Vay C phai 12 goc nhon. Ta dugc : cos A > 0 nén 2 vé cua 2 bét dang thie (1) va (2) déu
duong. Do do

= 2sinC >sinA + sin B

(sinA + sinB)? > 4sin? C

{(cosA + cosB)? > 4 cos?C
= (sin A + sin B)? + (cos A + cos B)? > 4(sin? C + cos? C)
< 24+ 2cos(A—B) >4
< cos(A—-B)>1
Vicos(A—B) < 1néncos(A—B) =1.
Vay A = B.
Tr (1) tacosinA>sinCeSa=>ces=A>C
Mit khac, do ham s6 f(x) = cos x nghich bién trong khoang (0, 1) nén tir (2) ta co
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cosA=>cosC=A<C
Nhu vay, A = C.
Toém lai, ta ching minh dugc tam giac ABC déu.
b. Ta co:

C
cos A cos B = sin? >

= % [cos(A + B) + cos(A — B)] = %(1 —cos()

< —cosC+cos(A—B) =1-—cosC
< cos(A-B)=1<A=8B

Khi do,

sin3A +sin3B +sin3C =0

< 2sin 3A + sin(540° — 6A) = 0
< 2sin3A+sin6A =0

< sin3A(1 + cos3A) =0

sin3A =0 o0
[c053A=—1(:‘)A_60
Vay tam giac ABC déu.
C. Ta co :
a® — b3 -3
A=———=a*—-a’b+c)=a®—-b3-¢3
a—b—c

Sbdi+cd=a*b+0)
& b?+c*—bc =a?

b?+c?—a*> 1
& — =—

2bc 2
1
(:)cosA=E<:>A=6O°
Mat khac,
1

cosBcosC=Z<:>—cosA+cos(B—C) =7

S cos(B—-C)=1<B=C

Vay tam giac ABC déu.
d. Ta co :
inB + sinC = 2sin A A os2C o sint st
= = —_— — I —
sin sin sin cos 5 cos 5 sm2 cos >
B—-C A
< cos =2 sinz
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Mat khac,
sin(B + C)
tanB+tanC=2tanA & ——— = 2tan A
cosBcosC
sin A sin A

_ =2
cosBcosC cos A
< cosA = 2cosBcosC

< cosA = —cosA+ cos(B—C)

A B—-C
<=)2<1—Zsin25)=2cos2 —
Do ta da co
B—-C 5 i A
cos > = sm2
Nén
2(1 2 si 2A)-8 i ZA 1 'ZA—l(:>A—6O°
sm2 = sm2 smz_4 —
Do do,
B—-C
cos > =1 B=C
Vay tam giac ABC déu.

Bai 19: Ching minh ring tam giac ABC déu néu thoa mén hé thirc
a. sinA+sinB+sinC =4sinAsinBsinC
(Hoc vién Buu Chinh Vién Thong 1997)

1+cosC_ 2a+b

b. sin C V4a? — b2

a’(b+c—a)=b3+c3>-a3

(PH Y Thai Binh 2000)
T
. AB,CE€ (O,E)
p? = ab sin® A + bc sin® B + ca sin? C
Giai:
a. Theo dang thirc co ban, ta co :
A B C
sinA +sinB + sinC = 4coszcoszcos§

Gia thuyét twong duong véi
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ALB
COSZCOSZCOSZ—SIH Sin b SIn
A B C_ A A B B C C
& C0S=C0S—COS— = —c0s—sin—cos—sin—=cos—
COSZCOSZCOSZ SlIlZCOSZSIHZCOSZSIHZCOS2
A B C 1
& sin—sin—sin—- = -
SIHZSIDZSIDZ 3

Theo bat dﬁng thirc co ban, ta lai co
A B C 1
smEsmEsmE < 3
Dau " = " xday ra khi va chi khi A = B = C.
Vay tam giac ABC déu.
b. Tx a?(b + ¢ —a) = b3 + ¢3 — a3, ta suy ra duoc
a? =b%+c?—bc
Theo dinh 1y ham s6 cos thi

1
b2+c2—2bccosA:b2+c2—bc<:)cosA:§<:)A:60°

Mat khac
1+ cosC _ 2a+b

sin C V4a?2 — b2
(1 + cos C)Z (2a+b)?> 2a+b
o |———) = =

sin C 4a2 —b%2  2a-—b
2C \? 2 C
2cos” > 2a+ b Cos"5  2a+b
PN 2 _ PN 2 _

. C _C|] " 2a-b . ,C 2a—-b
ZSIHECOSE sin 5
1+cosC 2a+b b

= & — =cosC

= =
1—cosC 2a-—0»b 2a
b2+a2—c2_ b
2ab " 2a
Sa=c

=

Vay tam giac ABC déu.
C. Gia thuyét twong duong véi
(a+b+c)?=2ab(1 —cos2A) + 2bc(1 — cos 2B) + 2ca(1 — cos 2C)
& a? + 2(bcos2A + ccos2C)a + b? + ¢ + 2bc cos 2B = 0 (1)
Ta xét :
A = (b cos2A + c cos 2C)? — b? — ¢? — 2bc cos 2B

= —b?sin? 2A — ¢? sin? 2C + 2bc[cos 2A cos 2C — cos(2A) + 2C]
= —b?sin? 2A — ¢? sin? 2C + 2bc sin 2A sin 2C
= —(bsin2A — csin20)? <0
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Do do,
a = —bcos2A —ccos2C
M = { b sin 2A = c sin 2C
_ {az = b? cos? 2A + c? cos? 2C + 2bc cos 2A cos 2C
0 = b?sin? 2A + ¢? sin? 2C — 2bc sin 2A sin 2C

= a? = b? + ¢? + 2bc cos(2A + 2C)
& cos2B = —cosA = cos(mr — A)

2B=m— A+ k2m (2)

2B=A—m+ k2m (3) (k € )
Ta thay :
(2) ©B-C=k2n
DokeZva|lB-Cl|<me |k2n|<me k=0.Suyra:B=C
B)=2B-A=QQk—1)n
Dok€eZva0<AB<mnénk=1.Suyra:2B=A+m.
Viy B ti1, diéu ndy mau thudn gia thuyét.
Do do6, tir hé thirc b sin 2A = ¢ sin 2C, ta duoc :
—sin Bsin 4B = sin Bsin 2B

= 2B=——
cos >

1
@cosBzE(:)B=60°

Vay tam giac ABC déu.

Bai 20: Ching minh ring tam giac ABC déu néu thoa mén hé thirc

acosA+bcosB+ccosC  2p
asinB+bsinC+csinA  9R

(PH Y Dugc Tp.HCM 2001)
b AL 2B+ 2C 2_1 A—B B—-C C—A
.cos2 cos2 cos2 —4cos > cos > cos >
C<B<A<90°
. . . . . . . A-B B-C C-A
sin 2A + sin 2B + sin 2C = sin A + sin B + sin C + 4 sin > sin > sin >
Giai:
a. Theo dinh Iy ham s6 sin, ta c6 :

acosA+bcosB+ccosC=R(2cosAsinA+ 2cosBsinB + 2cosCsinC)
= R(sin 2A + sin 2B + sin 2C)
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Theo dang thirc co ban, ta c6 :
sin2A + sin 2B + sin 2C = 4 sin Asin Bsin C
Do do,
acosA+ bcosB+ ccosC=4RsinAsinBsinC
Mit khéc, theo bat dang thirc Cauchy thi :
asinB+ bsinC+ csinA = R(2sinAsinB + 2sinBsinC + 2sin Csin A)

> 3R3/8sin2 Asin? Bsin? C

Suy ra
acosA+ bcosB+ ccosC 4R sin AsinBsin C 2, — : :
. . : <— = —VsinAsinBsin C
asinB+bsinC+ csinA — gRV/sin2 Asin2Bsin2C 3
Trong khi do :

2 a+b+c 2R(sinA+ sinB+ sinC 2
_p_ = ( )>—3{/sinAsinBsinC

, 9R  O9R 9R ~3
Dau " = " x4y ra khi va chi khi sin A = sin B = sin C.
Vay tam giac ABC déu.
b. Theo dang thirc co ban, ta c6 :
C A B C

VI =2+ 2sin-sin-sin-—2=2 sin—sinisinz

Do d6, gia thuyét trong duong voi
8'A'B'C— A-B B-C C-A
sinz sino sin> = cos——c0s——cos—;

oA B C A B C
= —sin —sin = cos — cos— cos—
SanSIHZSIHZCOSZCOSZCOSZ
gy AtB A-B_B+C B-C_C+A C—A
= o SIin 2 COS 5 Sin > COS 5 Sin 5 COS 5

< 8sinAsinBsin C = (sin A + sin B)(sin B + sin C)(sin C + sin A)
< 8abc=(a+b)(b+c)(c+a)
Mit khéc, theo bat dang thirc Cauchy, ta c6 :

a+b=2Vab
b+c>2Vbec = (@+b)(b+c)(c+a)=8abc
c+a=2Vca
Dau" = "xay rakhivachikhia=b = c.
Vay tam giac ABC déu.
c. Taco:
Lsi A-B B-C C—A_2 _ C—A< C+A-2B C—A)
sin——sin——sin——= 2sin cos > cos—
s C—A C+A-2B 5 si C—A C-A
= 2sin——cos > sin——cos—

173
TOANMATH.com




Chuong 3 : H¢ thure lugng trong tam giac

= sin(C — B) + sin(B — A) + sin(A — C)
Do d6, gia thuyét trong duong voi
sin 2A + sin 2B + sin 2C
= sin(A 4+ B) + sin(B + C) + sin(C + A) + sin(C — B) + sin(B — A) + sin(A — C)
< sinAcosA + sinBcosB + sinCcosC =sinBcosA + sinCcosB + sinAcosC
< sinA (cosA — cosC) + sinB (cosB — cosA) + sinC (cosC—cosB) =0
< —sinA[(cosB — cosA) + (cosC — cosB)] + sin B (cos B — cos A)
+ sinC (cosC—cosB) =0
& (cosB —cosA) (sinB—sinA) + (cosC— cosB) (sinC —sinA) =0

. =0 <0 =0 <0
Dau " = " xday ra khi va chi khi A = B = C.
Vay tam giac ABC déu.

Bai 21: Ching minh tam giac ABC khi thoa mén ding thirc sau

A B C B A C C A B_9
d. SlIlZCOSZCOS2 SanCOSZCOSZ SanCOSZCOSZ_8

b. a+b+c=2\/m§+m,2)+m§

(Dé nghi Olympic 30-4, 2006)

~3A 3B A—-B
C. sin— + sin— = 2 cos >
(Olympic 30-4, 2007)
q 1 1 1 _ 1 1 1
AT BT CT A\ AT BT T
sin®z - sin®z  sin> sini  sing  sins
(Dé nghi Olympic 30-4, 2008)
Gidi:
a. Taco:
A B C_1_A( B+C+ B—C>_1_2A+1 B+ C B—-C
smzcoszcosz—zsm2 cos > cos > —Zsm2 2cos > . COS >

1 1
=Z(1 — cosA) +Z(cosB + cos C)

Tuong tu vay, ta co :
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ins A ¢ (1 B) + ! (cos A+ o))
Sin 5 COoS 5 COoS 5 = ) COoS ) COoS COS
C A B 1

1
sinzcosEcosz = Z(l —cosC) + Z(COSA + cos B)

Do do,
A B C B A C - C A B 1
51n5cos§cos§+smEcos§cos§+smzcoszcosz=1(3+cosA+cosB+cosC)
<1(3+3)_9
~ 4 2) 8
Dau " = " xday ra khi va chi khi A = B = C.
Vay tam giac ABC déu.
b. Taco:
( 2(b? + c?) — a? (3
mg = 2D “a= Jomi +md) - m
2(c? + a®) — b? 3
{mi = ( 4) (:)<Eb:\/2(m§+m§)—mlz,
2(a® + b?) — c? 3
|mé = 2 chz\/Z(m§+m§)—m§
Suy ra

3
E(a+b+c)=\/2(m§+m§)—m§+\/2(m§+m§)—m,2,+\/2(m§+m,2,)—m§

Khi d6, theo bat ding thirc Bunyakovsky, ta dugc :

\/Z(mlz, + m2) —m2 +\/2(m§ +mZ) —mg +\/2(m§ + mj) — m2

< \/§.\/3(m§l + mZ + m2)

Hay

a+b+c$2\/m§+m§+m§

Dau " = " xay ra khi va chi khi my = m,, = m,.
Vay tam giac ABC déu.
c. Ta co:

- 3A 3B - 3(A+B) 3(A—B)
sin— + sin— = 2 sin cos
2 2 4 4

Ta du doan :

3A 3B A—B
sin7+ sin7 < 2cos

175
TOANMATH.com




Chuong 3 : H¢ thure lugng trong tam giac

Vay thi ta can chimg minh

3(A—B A—B
OSCOS¥SCOS (*)
Taco:
A—B 3(A+B 3(A—B 3(A—B
cos >0 > 2sin ( )cos ( )20=>cos¥20(**)
4 4 4
- 3(A+B)
dosin————=>0
4

Laico:

|A—B| 3|A-B|
0< <
2 4

A — B 3|A — B A—B 3(A—B
> COs——— = cos( ) > cos% (%)

<m

= CO0S

T (*), (x%) va (x*x), ta cO :

NELS L .
sin 2 sin 5 = cos—
Dau " = " xay ra khi tam giac ABC déu.
d. Theo bt dang thirc Bunyakovsky, ta c6 :
2
1 1 1 - 1 1 1 1
' 2A+ ' 2B-I_sinzg_§ siné+sinE+sin—
Sin 2 Sin 2 2 ) ) 2
Mit khac, theo bat dang thirc Cauchy, ta o :
1 N 1 N 1 - 3
. A . B . C—, A B C
sinz siny sins T L
2 2 2 J51n251n251n2
Theo bét dang thirc co ban, ta dugc :
A B C - 1
sin —sin —sin 5= 3
Do do,
1 1 1 -
Rt gt 26
siny  sin5  sing
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Suy ra
1 1 1 1 1 1
AT BT e\ T AT T BT
Sin 7 Sin E Sin E smz 51n7 smi
Dau " = " xday ra khi va chi khi A = B = C.
Vay tam giac ABC déu.

Bai 22: Chung to rang tam giac ABC déu néu

9R
a. ma+mb+m0=7

a b C

b —_— i — O —

mg my me

1 2A+1 2B+1 2C_27
C. aCOS 5 bCOS 5 CCOS 2_8p

1 1 1 18R
d —+—+—=
T, T, T. ab+bc+ca

Giai:
a. Theo bat ddng thirc Bunyakovsky, ta c6 :

(mg, + my, + m,)? < 3(m2 + mé + m2)
Mat khac, ta co :

(mZ_Z(b2+c2)—a2
@ 4
2.4 .2V _ p2 3
<m12)=2(c +Z) b ﬁmé+m§+m§=z(a2+b2+cz)
2 _ 2(a® + b?) — c?
\[Tte 4

Do do,
(mg +my + my)? < %(a2 + b% + c?)
Theo dinh 1y ham s6 sin va bat dang thtic co ban, ta c6 :
a? + b? + ¢? = 4R?(sin? A + sin? B + sin? C) < 4R2.% = 9R?
Khi do

81
(mg + my, + m,)? < TRZ
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Hay
9R
mg+my +m, < -
Déu " = " xdy ra khi va chi khi{ A=B=C
m, =my, = m,
Vay tam giac ABC déu.
b. Taco:
a b a’> m? 2b%+ 2c?—a?
m_a_m_b@ﬁ_m_§_2a2+2c2—b2
& a?(2a? + 2¢? — b?) = b2(2b?% + 2¢? — a?)
& 2a* + 2a%c? — a?b? = 2b* + 2b%c? — b%a?
& (a®?—b%)(a? +b*+2c?) =0
Sa=b>b
Tuong ty vay, ta co :
b c
—=—b=c
m, m,
Vay tam giac ABC déu.
C. Theo dinh Iy ham s6 cos, ta co
b? + c? — a?
CosA = T
= 2coszé—1 _b2+cz—a2 =coszé—b2+cz+2bc_a2
2 2bc 2 4bc
, A (b+c)2—a*? b+c—a)b+c+a) plp-—a)
= C0S“— = = =
2 4bc 4bc bc
Tuong tu, ta duogc :
,B _pl—>b)
coOs*— = ———
2 ca
cos2 s PP —©)
2 ab
Do do,
1 LA 1 B 1 . C plp-a) plp—>b) plp-c) p?
ECOSZE+ECOSZE+ZCOSZE - abc + abc + abc - abc

Mit khac, theo bat dang thirc Cauchy, ta c6 :
(a+b+c) 27

3 3 Z?abc
Hay
1 A 1 B 1 C p? 27
Zcos2= 4+ Zcos?i—+ —cogi—=—_>Z°
aCOSZ bCOSZ CCOSZ abc — 8p
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Dau " = " x4y ra khi va chi khia = b = c.

Vay tam giac ABC déu.
d. Taco:
1+1+1_p—a p—b p—c p a+b+c
norm 1, S S s S 2S
{ 18R B 18abc 9 1
kab+bc+ca_45(ab+bc+ca)_ZS'l_l_l_l_l
a b c
Do d6, gia thuyét trong duong voi
1 1 1
(a+b+c)<—+—+—)=9
o a b c
Mait khac, theo bat dang thirc Cauchy, ta lai c6 :
a+b+C233VCle 1 1 1
1 1 1 3 :>(a+b+c)<—+—+—)29
—+-+-=3 a b c
a b c Vabc
Dau" = "xayrakhivachikhia=>b =c.
Vay tam giac ABC déu.

Bai 23: Xac dinh dic diém cua tam giac ABC néu nd thoa man hé thic
a. sin6A + sin6B +sin6C =0

sinA + sinB + sinC
" cosA+ cosB+cosC

{ S=1
¢ V3(a+b+c)% =36

(DH Luat Ha Noi 1995)

sin 6A + sin 6B = 2sin3(A + B) cos 3(A — B)
{ sin6C = —2sin3(A + B) cos 3(A + B)
= sin 6A + sin 6B + sin 6C = —2sin 3(A + B) [cos 3(A — B) — cos 3(A + B)]
= —2sin3C(—2sin 3Asin 3B) = 4 sin 3A sin 3B sin 3C
Do d6, gia thuyét twong duong véi

sin3A=0
4sin3Asin3Bsin3C =0 < |sin3B=0
sin3C =0

Vay tam giac ABC c6 it nhat mot goc bang 60° hoac120°.
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b.  Gia thuyét twong duong véi
(sinA — \/§cosA) + (sinB — \/§cosB) + (sinC — V3 cos C)=0

<=>sin(A—g)+sin(B—g)+sin(C—g) =0

A+B =& A—B A+ B r[ A+ B T[
@Zsin( ——)cos —Zsin< ) ( )
2 3 2
) si (A+B n)[ A-B <A+B n)] 0
<:> — — —_—
sin > 3 cos > cos > 3
(A+B @™ (A m (B ®w _ 0
(:)Sm( 2 _3)Sm(2_6)sm<2_6)_

_ (A n) . (B n) _ (C n)
= — —_——— —_——— _——) =
sin > 7% sin > 7% sin 57 %

B (A n)_o

sin > =
Sl sin(———):

sin(———)z
Ta xét :

i (———) =0=A=60°
Sin >

Vay tam giac ABC c6 it nhat mot goc bang 60°.

C. Theo cong thirc Heron va bat dang thirc Cauchy, ta c6 :
p—a+p—b+p—c\’
1=52=p(p - - HE - <p - )
Do do,
4

p

—_>1

27 ~
Suy ra

p? >33
Hay
V3(a+b+c)? =36

Dau" = "xay rakhivachikhia=b = c.
Vay tam giac ABC déu.
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Bai 24: Nhan dang tam giac néu biét rang

B

tan o tan - 1a nghiém cta phuong trinh x? + a;x + b; = 0
B \ \

tan 7 tanZ 1a nghiém cta phuong trinh x2 + a,x + b, =0

C A
tan 5 tan 1a nghiém cta phuong trinh x2 + asx + b; = 0

Va (1—a;+b)(A—a,+b,)(1—as+by) =5616 — 32403

Giai: Tir gia thuyét, ta co :

(X% +ax +b —( t A)( t B)

x“+ax +by = (x—tan_)(x—tan

{x%+a,x+b —( t B)( t C)

x“+ax+b, =|x—tan  |{x—tan,

Z+asx+b —( t C)( t A)

(X" +asx + by =(x—tan ){x —tan

Lay x = —1,taco:

A\? B\ C\?
(1—a1+b1)(1—a2+b2)(1—a3+b3)=<1+tanz> <1+tanz> (1+tanZ)

—1+(t A+t B+t C)
= an4 an4 an4

+(t At B+t Bt C+t Ct A>+t At Bt o
an4an4 an4e1n4 an4an4 an4an4an4

Mat khac :

B C s
B+C T A tan—+ + tan ¢ tan - — tan +
tan( )=tan( )=> 4 4 _ 4 4

4 4 4

B C T A
1-— tanztanz 1+ tanZtan1

B C A A B C
= (tan— + tan—) (1 + tan—) = (1 - tan—) (1 - tan—tan—)
4 4 4 4 4 4

B C C A
= tan— + tanZ + tanZ + tanZtanZ+ tanztan1+ tanZtanZ

A B C
=1+ tan—tan—tan—
4 4 4
A B (7
= 1-a;+b)A—a,+b,)(A—az+b;) = 4(1 + tanztanztanz)
A B C T A B C A B C
(0;—) = tan—;tan—;tan— € (0; 1) = tan—tan—tan— € (0; 1)
4 4 4 4 4 4 4
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Theo bat dang thirc Cauchy, ta c6 :

1+x3=1+tanétanEtanE
4 4 4

t A+t B+t C+t At B+t Bt C+t Ct A

= tan, +tany +tan g + tantan o + tantan g + tan o tan

> 33\/tanétanEtanE + 33\/<tanétanEtan E)Z = 3x + 3x?
4 4 4 4 4 4
& x3-3x2—-3x+1=0
e x+D(x-2+V3)(x—2-+3)=0
=0<x<2-V3
Do do,
1—a;+b)A—a,+b,)(A—as+b3) =41 +x3)?2<4 [1 +(2- \/5)3]2

= 5616 — 3240V3
Dau " = " xay ra khi va chi khi tam giac ABC déu.

Bai 25: Tim tit ca cac dic diém cia tam giac ABC dong thoi thoa diéu kién

. { S=a?—-(b-rc)
" (sin% A + sin? B + sin? C = cotA + cotB + cotC

b. 1+b+c—bc)cosA+(1+c+a—ca)cosB+(1+a+b—ab)cosC=3

(gsinA

35 B +4sinA =1+ 4sinB
{3sinA

kgsinC +4sinC=1+4sinA

3(sinA + sin B + sin C)

d. tanA+tanB +tanC =
cosA + cosB + cosC

Gisi:
a.  Theo dinh Iy ham sd cot, ta co :
a? + b? + c?

cotA + cotB + cotC =
45

Theo dinh 1y ham s6 sin, ta dugc :
4R* . .
cotA + cotB + cotC = Tl (sin? A + sin? B + sin? C)

Do sin? A 4 sin® B + sin® C = cotA + cotB + cotC nén S = R?.
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Theo dinh 1y ham s6 sin, ta lai c6 :
R?=S=a?—- (b —c)? = 4R?[sin? A — (sin B — sin C)?]

1
(:)Z=(sinA+sinB—sinC)(sinA—sinB+sinC)
_(y ATB _A-B _C Cy A+C A-C B B
—( sin > cos 7~ sm2c052)< sin > cos 7~ smzcosz)
_, C( A—B A+B)2 B( A—-C A+C)
= cos2 cos 3 cos 5 cos2 cos 5 coS >
— tecosCeos Bain Ay By AL C
= coszcoszsmzsmzsmzsm2
Do do,
4 sin B sin C sin? —1
, sin B sin C sin 7=2
Mait khac, theo dinh Iy ham so sin, ta lai c6 :
 AsinBsi C_a_bc_S.4R_l
sinAsinBsinC = gg = o3 =
Nén
DY\
1 sin7 1 A A 1
o 16 2sinA 4 nz <@, =y
Ta biét rang
A
! A ] 8 in BsinC 17>1
—_— — gj S — e —— = —
2sinBsinC 0 o GA 17 0T TG
+ tan 5

Piéu nay khong thé xay ra.

Vay khong ton tai tam giac ABC thoa man hai hé thic da cho.

b. T gia thuyét, ta viét lai thanh

cosA+ cosB+ cosC+ (acosB+ bcosA) + (bcosC+ ccosB) + (acosC+ ccosA)
— (bccosA+ cacosB+abcosC) =0

Theo dinh 1y cac hinh chiéu va dinh 1y ham sb cos, ta co :

(acosB+bcosA) + (bcosC+ccosB)+ (acosC+ccosA) =c+a+b
bccosA + cacosB + abcosC = %(a2 + b?% + c?)
Do do, gia thuyét tuong duong voi
cosA + cos B + cosC =%(a2 +b%2+c?®)—(a+b+c)+3
Mat khac, theo bat dang thirc Bunyakovsky, ta ¢6 :

3(a®?+b%2+c?)=>(a+ b+ c)?
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Nén
1 1
Em?+ﬁ+cﬁ—apuruo+3zgm+b+cY—(a+b+®+3

1 3_3
=— b+c—3)2+=->=
6(a+ +c )+2_2

Theo bat dang thirc co ban, ta c6 :
3

cosA+cosB+cosCS§

Do d6, ddu " = " xay rakhi vachikhia = b = ¢ = 1.
Vay tam giac ABC déu, c6 d6 dai cac canh béng 1.
C. Hé di cho dugc viét lai thanh
{35"“\—5"“3 + 4(sinA —sinB) =1 (1)
3sinA=sinC _ 4(sin A —sinC) = 1 (2)
Xét (1), tadatu = sin A — sin B. Khi do :
3+4u=1
Ta xét ham s6
fw) =3*+4u,u e R
f'(w) =3*In3+4>0
Do d6, ham sb ddng bién.
Ta thay u = 0 la nghiém ctia phuong trinh va VP 1a ham hang nén u = 0 1 nghiém duy
nhit ctia phuong trinh.
Suyra:sinA=sinB< A=B8B
Xét (2), tadat v = sinA — sin C. Khi do :
3V—-4v=1
Ta xét ham sb
f(wv)=3"—-4v,veER
f'(v) =3"In3 -4
f"(w)=3"In?3>0
Suy ra v = 0 va v = 2 1 hai nghiém duy nhét cta phuong trinh.
Véiv =0thisinA=sinC< A=C.
Véiv =2thisinA=sinC+ 2> 2 (voly).
Vay tam giac ABC déu.

d. Theo céc dang thirc co ban, ta c6 :
sinA+sinB+sinC>0
A B C
cosA+cosB+cosC=1+ 4sinEsinEsin§ >1

tanA+tanB+ tanC = tan Atan Btan C
Két hop voi gia thuyét, ta suy ra
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tanAtanBtanC > 0
Tuong duong tam giac ABC nhon.
Giasu:
tanA>tanB>tanC> 0

T
<B< =
0<C—B—A<2:{0<cosAScosBScosC

Theo bat dang thirc Chebyshev, ta c6 :
tanA+tanB + tanC cosA + cosB + cosC - tanAcosA + tanBcosB + tan C cosC
) 3, 7 ' 3 o 3
Ta viét lai bat dang thac trén thanh

3(sin A + sin B + sin C)
coSA + cosB + cosC

tanA+tanB + tanC >

Déau " = " xay ra khi va chi khi A = B = C.
Vay tam giac ABC déu.

Bai 26: Tim dic diém cia tam giac ABC néu n6 théa man diéu kién
a. 27(a? + ¢? — b?)(a? + b? — c?) = 256bcR*

b. 1yl + 1yl + 1.1, = p?

A2012 +B2012 +C2012 77~ 2012
6

C. 3 =

4sinAsinBsinC_ a+b+c
ab+bc+ca 18R3

Giai:
a. Theo dinh 1y ham s cos, ta ¢6 :
{az + ¢? — b%? = 2accosB
, a’ + b? —c? = 2ab cosC
Do do, gia thuyét tuong duong voi
64R?
27

27.2ac cos B.2ab cos C = 256bcR? < a? cosBcosC =

Theo dinh 1y ham sb sin, ta viét hé thic trén thanh
16
cosBcosCsin? A = —
o 27

Theo bat dang thuc Cauchy, ta c6 :
1

cos BcosCsin? A = 3 (1 — cos? A)[cos(B — C) — cos A]

1 1
<—=(1—-cos?A)(1 —cosA) = Z(Z + 2cosA)(1 —cosA)(1 —cosA)

N
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1(2+2cosA+1—cosA+1—cosA>3_16

4 3 27
Ja A n n 9 . \ 9 . B_C)=1

Do d6, ddu " = khi va chi kh cos(

o do, dau xay ra khi va chi 1{2+2cosA=1—cosA

[ B=C

P 1

COSA=——
3

Vay tam gidc ABC can tai A va théa man cosA = — 3

b. Taco:

((__s :jp(p—bxp—c)

{m_p—a p-a
2
| =y Vberp—a)
Theo bat dang thirc Cauchy, ta c6 :
2vbc b+c p—b+p—c ap
lg =— —b)(p—c) < . = —
fata b+cp\/(p )(p C)_b+cp 2 2
Tuong tu, ta duogc :
bp
l, <—
Tplp 5
cp
T'ClCS7

Do do,

T ly + 1l + 1.l < p?
Dau " = " x4y ra khi va chi khia = b = c.
Viy tam giac ABC déu.
c. Ta xét ham sb

f(x) = x%°12 x € (0; )

f'(x) = 20122011
f"(x) =2012.2011.x2°1° > 0

Theo bat dang thirc Jensen, ta c6 :

fA) +fB) + f(C) 2f(A+ B+ c> ~ (n)2012

’ 3 3 3
Dau " = " x4y ra khi va chi khi A = B = C.
Vay tam giac ABC déu.
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d. Theo dinh Iy ham s6 sin va dang thirc co ban, ta c6 :

A B C
a+b+c sinA+sinB+sinC 4COS§COS§COS§
18R 9R? B 9R?
Do do, gia thuyét tuong duong véi

72R? sinésinEsinE =ab + bc + ca
2 2 2

Mt khéc, ta lai c6 két qua sau :

(1 apanB B C
r = SanSIIlZSlIl

2
S abc R abc
= = — [ —
CTPTT R TN T gy

Nén hé thire trén duoc viét lai thanh
18Rr = ab + bc + ca

abc
< 18.— =ab + bc + ca
4p

< 9abc = (ab + bc +ca)(a+ b + ¢)
Theo bat dang thirc Cauchy, ta c6 :

{ab + bc + ca = 33/ a?b?c?
a+b+c>3Vabc

= (ab + bc + ca)(a + b + ¢) = 9abc

Diu" = "xayrakhivachikhia=b = c.

Viy tam giac ABC déu.

Bai 27: Tim dic diém cua tam giac ABC néu né théa min dang thirc

&

{cos2 A+ cos?B+cos?C< 1
sin5A + sin5B +sin5C =0

=3

{az sin 2B + b? sin 2A = 4ab cos Asin B
sin 2A + sin2B = 4sin Asin B

sin® A + sin? B = sint C
¢ ABe(o E)-te(o-Z)
) ’2 ) )

Do do,
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cosé=0 _A=EVA=3—7T

2 5 5

sin5A +sin5B +sin5C =0 < cosgzo(: B=%VB=3§
cosE=O C=EVC=3—7T

: 2 L 5 5

Mat khac, theo déng thirc co ban ta co :
1 —2cosAcosBcosC = cos?A+cos?B+cos?C< 1< cosAcosBcosC >0
Suy ra, ta chon

_A_T[
5
="
5
c==
" 5

Vay tam giac ABC c6 it nhat mot goc 36°.
b.  Theo dinh 1y ham s sin, ta c6 :
a? sin 2B + b? sin 2A = 4ab cosAsin B
& sin? A.2sinBcosB + sin? B.2sin A cos A = 4 sin A cos A sin B cos B
< sinAcosB —sinBcosA=0
S sin(A—-B)=0< A=8B
Khi d6, thay A = B vao h¢ thuc sin 2A + sin 2B = 4 sin Asin B. Ta dugc :
2sin 2A = 4sin? A
& cosA =sinA & A =45°
Vay tam giac ABC vuong can tai C.
c. Ttr dang thire co ban :
sin? A + sin? B + sin? C = 2 + 2 cos A cos B cos C
Tasuyra: sin® C+ sin®C =2 + 2 cosAcosBcosC
Ma0 <sinC<1=sinC+sin?C<2
= 2+ 2cosAcosBcosC <2
= cosAcosBcosC<0
= cosC<0
Mit khac cling tir : 0 < sinC < 1 = sint C > sin?C
= sin? A + sin? B > sin? C
= a?+b?>c%?=a?+b?—2abcosC
= cosC=0
Do @6, cosC =0 < C =90°.
Vay tam giac ABC vuong tai C.
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Bai 28: Tim tit ca cac tam giac ABC c6 d6 dai 3 canh 1a cac s6 nguyén duong, khong
c6 udc chung va thoa min dang thirc

A B C /6p\°
22 4 Acot2= 2_=< )
cot > + 4 cot > + 9 cot > =

(Dé nghi Olympic 30-4, 2006)

Gidi:
Ta c6 cong thuc :

A B C
r= (p—a)tan5= (p—b)tanzz (p —c)tanE

2 2
Ma theo cong thirc Heron, ta lai ¢6 :

A B C
=73 cotzcot—cot— =pp-a)(p-b)(p—-c)

S22 p¥r?
p-—a)-bp-c)=—= = pr?
p p
Do do,
= tA tB tC
| r_CO 2co 2co >
Theo dang thirc co ban, ta c6 :
tA tB tC tA+ tB+ tc()
—_ —_ —_= _— _— — |k
cozcozco2 co2 Co2 Co2

Két hop véi gia thuyét, ta duoc

2
49 (cot2 é + 4 cot? E + 9 cot? E) = 36 (Coté + CotE + cotE)
2 2 2 2 2 2

Theo bat dang thirc Bunyakovsky, ta c6 :

A B C)2<49< t2A+4 t2B+9 t2C>
36(cot2+cot2+cot2 = co > co > co >
Dau " = " xay ra khi va chi khi
A B C
cotj _ 2 coti _ 3 cotz
) 6 3 2
Két hop vai (*), taco :
(coth =7  (sinA=—.
coz— sin =7c
< tB—7=>< _ B_56
co > =1 sin =<z
C_7 _ 63
kCOtZ 5 ksmC=£

189
TOANMATH.com




Chuong 3 : H¢ thure lugng trong tam giac

Chu y: Pén déy, co ban bai toan di hoan thanh, nhung ta c¢6 thé c6 duge mot két qua dep
hon nita bang viéc ap dung dinh 1y ham sé sin, khi d6 :
25a  65b  65c
7 56 63
Tachon:a =13,b = 40,c = 45.
Vay tam giac ABC c6 3 canh théa man h¢ thuec :
a:b:c =13:40:45

Bai 29: Xac dinh hinh dang cua tam gidc ABC c6 3 goc A, B, C théa man

4('A B+'B C+'C A)tAtBtC
sin—cos— + sino cos >+ sinz cos— | = tan Atan Btan

(D& nghi Olympic 30-4, 2008)

Giai:

D

(0]

N>

B C
;E;EE(O;

A
tanAtanBtanC = 4 (Sin—cosz + sin—cos— + sin—cos—

Do do, tam gidc ABC nhon. Theo bat déng thirc co ban, ta co :

2

B

B
2

C
2

tanAtanBtanC > 3\/5

Ta c6 theé gid su :
/[

(

0<ASBSC<E$

A

B

B

A

C

B

C
2

C

A
2

>0

2

A

C

B

<0
2) S

B
sinE — sin 5) (COS — — COS—

B

= sin—cos— + sin—Cco0Ss— < sin—coSs— 4+ sin—cos —

2

2

2

2

2

2

A C_
SIHZCOSZ—

1
2

B
— T SIn
2

[ (A—C)] - 1 B
cos > < 2c052

Suyra:

4('A B sins cos + sin A><4 B o 2sinB
Slr12COS2 SlnzCOS2 SlI'12COS2 S COS2 Sin

Ta xét ham so

B x )i On
f(x)—4cosz+ smx,xe( 'E)

f'x)=2 (cosx — sin ;)
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X 0

N

f1(x) +

f(x) " T

Tt bang bién thién, ta duoc

f(x) <3V3
Do do,
4(_ A B+ B C+ - C A A B ) . \/-
— — — - - —| < — i <
51n2cos2 smzcos2 smzcosz)_ cosz+ sinB < 3v3
Dau " = " xay ra khi va chi khi
A
s

wlldon

Vay tam giac ABC déu.

- BAI TAP TU LUYEN
3.3.1. Tinh cac goc cua tam giac ABC néu né thoa min

B C
a. sin? A+ sin®B +sin?C = COSZE + COSZE + cos? )

(PH Cong Poan 2001)
b. (1 + cotA)(1+ cotB) =2
(PH Vinh 2000)

A B C
c. sSinA+sinB+sinC — 25inzsinz= Zsinz

(PH An Ninh 2000)

{ b? + ¢? < a?
d.
sinA+sinB+sinC=1++V2

(PH Ngoai Thuong Tp.HCM 1998)
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i
= min{A, B > —
. C = min{A, ,C}_4

cosA + cos B = cos(A — B)
3.3.2. Hiy xac dinh cac goc ciia tam gidc ABC, biét rang

5A, 5B, 5C  3v3
cos 5 COsS 5 COS 5 = 5

(Dé nghi Olympic 30-4, 2006)

3.3.3. Tinh cac goc cta tam giac nhon ABC biét

4 3
§(COS3A+ cos®B + cos®C) + 2cosAcosBcosC = 2

(Dé nghi Olympic 30-4, 2007)

3.3.4. Tinh s6 do cac gbc cua tam giac ABC c6 dién tich S va cac canh a, b, ¢ thoa man hé
thuc :

(V2 -1)(a® + b?) + c? =4S
(D& nghi Olympic 30-4, 2008)
3.3.5. Tinh dién tich tam gidc ABC, biét rang
bsinC (b cosC+ ccosB) = 20

3.3.6. Cho tam giac ABC c6 céac goc thdéa man

A-B

C
cos Ecos(A — B) + cos C cos

Tinh sin A + sin B.

3.3.7. Chirng minh tam gidc ABC cén khi cac goc thoa man h¢ thie

sin A
a. = 2sinC
cos B
sin’B  tanB
b.

sin2C  tanC

sin A + sin B 1
C. = —(tan A + tan B)
cosA+cosB 2
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d. tanA + 2tanB = tan Atan?B

2sin Asin B tC
& T sinc %2

f. asin(B—C)+bsin(C—A)=0
g. a=acos 2B+ 2bsin 2BsinC
h. (a? + b?) sin(A — B) = (a? — b?)sinC

i {az sin 2B + b?sin 2A = 4ab cos A cos B
' sin 2A + sin 2B = 4 sin Asin B

3.3.8. Chiing minh tam gidc ABC vuong khi n6 théa man h¢ thue

B a+c

. cot= =
EICO2 b

b. sinA+sinB+sinC =1+ cosA + cosB + cosC

c. SinA+sinB+sinC=1—-—cosA+ cosB+ cosC

1
d.S=Z(a+b—c)(a+b+c)

c+b
- + cotA =
sin A a

f. sin? A+ sin?B =1+ cos?C

. C—B c¢c—-b»
. tan =
& 2 c+b
b — c\2 A}sinngC
h.( )=—
b 1 —cos 2B

B C
i. h, = 2V2p. sinE sin 2
3.3.9. Ching minh rang tam giac ABC déu néu n6 théa man hé thirc

B C

a. sinA+sinB+sinC = cosE+ cosz+ cosz
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A B C
b. cosA+ cosB+ cosC = sinE+ sin5+ sinz

A B C
C. \/sinA+\/sinB+\/sinC=\/cosz+\/cosz+\/cosz

A B C
d. \/cosA+\/COSB+\/cosC=\/sin5+\/sinz+\/sin§

AcosB C A B C
e. cosAcosBcos —smzsmzsm2

1 1 1 1 1 1

+ + = + +
cosA cosB cosC

L At Bt ¢
Slnz Slnz Slnz

g. 2v/3sinBsinC + sinA — 2(sinB +sinC) = 0
h. cosA+ cosB+ cosC+ cos2A + cos2B+cos2C =0
i. 3(tan? A + tan? B + tan? C) = tan? Atan? Btan? C

A B C
J- tanZtanZtanZ = (7 — 4\/5)(2 — \/§)

k. a(1—2cosA)+b(1—2cosB)+c(1—2cosC)=0

a = 2bcosC
m. 4, b3+c3—-ad
Q- = —
b+c—a
a b c?
_ =1
n b a ab
' 1
cosAcosB =-—
4

3.3.10. Cho tam giac ABC nhon thoa diéu kién
1+ cosAcosB+ cosBcosC + cosCcosA — (cosA + cosB + cosC)

= 2cosAcosBcosC
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Chung minh rang tam gidc ABC 1a tam giac déu.

3.3.11. Nhan dang dac diém cua tam giac ABC néu biét
a. cos?A+cos?B+cos?’C=1

b. ¢ = ccos2B + bsin 2B

c.a’?+b*>+c*>8

a b c
d. + + = cosA + cosB + cosC
b+c c+a a+b

C
e. a®sin 2B + b?sin 2A = ¢? cotz

f. sin(A + B) cos(A — B) = 2sinAsinB

sin B _ 2cosA+ cosC
sinA  2cosB+ cosC

(Dé nghi Olympic 30-4, 2006)

2012 2012 2012
h. *Vtan A + **3/tanB + *VtanC = /Cot + /cot— /cot—

sin 2A + sin 2B + sin 2C 32V3

coszécoszgcoszg 9

A B C
12 cosicosicosi

cosA + cosB + cosC

j. tanAtanBtanC =

k. 124 1%+ 12 =p?

- GOI Y GIAI BAI TAP TU LUYEN
3.3.1.
a. Theo dang thirc co ban, gia thuyét twong duong voi
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AcosBcosC in = sin s sin <
cosAcosB cosC = sin=sinzsino

(Tam giac ABC déu)

b. Bién doi twong dwong, chi y xét truong hop cot AcotB —1 = 0 va cot A cot B —
1+0

(Tam giac ABC c6 goc C = 45°)

C. Theo dang thirc co ban, ta c6

A B C
sinA + sinB + sin C = 4 cos—cos—cos—

2 2 2
(Tam giac ABC c6 goc C = 120°)
d. Theo bat dang thirc Bunyakovsky, ta c6 :
b+c<+2(b?+c?) <aV2
Theo dinh Iy ham s6 sin, ta lai ¢6 :
sinB + sinC < V2sinA
Suy ra
sinA+sinB +sinC < (1 +\/§)sinAS 1++2
(Tam giac ABC vudng can ¢ A)
e. Tir gia thuyét ta suy ra tam giac ABC khong tu. Do d6
sin2A  sin2A
. . = <
{smA = sinC 2sinA ™ 2sinC
sinB > sinC sin2B  sin2B
COSB=-—"—=<—
_ 2sinB  ZsinC
(Tam giac ABC vudng can & A hoac ¢ B hoac déu)

cos A

3.3.2.
Né ABCe[n 51 hi 5A+ 5B+ 5C<2< ju thua
eu A, B, 5,S]tlcos2 cos2 cos2 > (mau thuan)
Do do,

AB,CE€ (o,g) U <3n,n>

Gia st A < B < C, chi ¢6 thé xay ra kha ning

A,BE(O,%);CE(%TJ)
5A 5B
_ Zi7e(03)=(-37)
5C—4m T T 5C—14nm 5C
e (g )ies () =cos

Theo bat dang thirc Jensen, ta c6 :
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5A, 5B, 5C_, <5A+SB+5C—7I>_3\/§
CoS 5 CoS 5 CosS 5 = CosS 5 = 5
Dau " = " x4y ra khi va chi khi
T
A=B=—
{5A=5B=5C—4TL’(:) 15
A+B+C=m _13m
15

3.3.3. Ap dung ding thirc co ban :
cos2A + cos2B + cos2C =—1—4cosAcosBcosC

Khi @6 gia thuyét tuong duong véi

AN

4 1
3 (cos® A + cos®B + cos3C) — E(COS 2A + cos 2B + cos 2C) =
Ta s& xét ham sd
4 1 T
=—cos3x——cos2x; x€(0;—
f(x) 3cos x 5 ( 2)
f'(x) = —4cos? x sinx + sin 2x = (1 — cos 2x) sin 2x

v o
f(x)—O(:)x—g

A , LA A . A T . , T 5
Lap bang bién thién ham f(x) trén (O, E) thitacod f(x) > f (g) =1z
5
= 5= f)+/(B)+f(0) >~

3.3.4. Theo bat ding thitc Cauchy, véi k > 0ta co :
(a + kb)? > 4kab > 4kab sin(C + 45°)
(Dau " = " xay ra khi va chi khi a = kb va C = 45°)
& (a + kb)? = 2kabV2 sin C + 2kabV2 cos C
Do (a + kb)? < 2(a? + k*b?)
= 2(a? + k2b?) = 4kV2S + kV2(a? + b% — ¢?)
& (2 — kvV2)a? + (2k? — kV2)b? + kV2c? > 4kV2S
Khi d6, chonk = 1,taco :

(V2 —1)(a® + b?) + c? = 4S
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Dau " = " xay ra khi va chi khi tam gidc ABC can tai C va goc C = 45°.

3.3.10. Dé da cho dugc viét lai

(1 —=cosA)(1 —cosB)(1 —cosC) =cosAcosBcosC

Ta s€ ching minh :

1—cosA\ /1 —cosB\ /1 ——cosC
S wlerre e B8
cosC

cos A cosB
Ta dat :

[ A ( A 1—x2

— — COosA =
X tanz 1+x2
B 1—y?

{v=tan— (x,y,z2>0) = <{cosB =
Y anz( Y ) 1+ y?
C _ 2
kZ:tanE cosC=1 z
\ 1+ 22

Do do, diéu can chimg minh tuong duong véi

(Zx)(Zy)(22)>1
1—x2/\1—-y2/\1—-22) " xyz

A B C
< tanAtanBtanC > cotE cotz cotz

B+ C

< tanA +tan B + tan C > tan + tan
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Poc thém : Tom luge tiéu sir cac nha khoa hoc ¢6 anh hudng dén lugng giac

Doc Thém
TOM LUGC TIEU SU CAC NHA KHOA HOC

CO ANH HUONG PEN LUONG GIAC

(VHIPPARCHUS (190-120 TCN)
Hipparchus 1a mot nha thién van hoc, dia Iy hoc, nha toan hoc Hy Lap. Ong duoc xem la

ngudi sang 1ap ra mén luong gidc hoc boi nhitng tinh toan ham sb luong gidc dau tién
duoc goi la bang lugng giac. Qua do, ong tinh toan cac gia tri dac bié€t cua lugng gidc
bang cac mo hinh hinh hoc. Nho d6, 6ng c6 thé giai duoc cac bai toan luong giac phang,
cling nhu luong giac cau.

Hipparchus da phat minh va st dung cic dung cu thién vin c6 vong chia do. Ong da xac
dinh duoc khoang cach dén Mat Troi va Mat Trang, 1a nguoi dau tién dua ra mot mo hinh
vé luong mé ta chinh xdc sy chuyén dong cua Mit Troi va Mit Trang. V6i 1y thuyét vé
nhat nguyét va luong gic cia minh, éng trd thanh nguoi ddu tién xay dung va phat trién
phuong phap tién doan nhat thyc. Mot thanh tuu khac cua ong cling dugc biét dén do 1a
viée thiét 1ap danh muc toa do khoang 850 ngoi sao co6 chi rd d§ choi theo thang 4o quy
udce.

@PTOMELY (khodng 85-165 TCN)
Ptomely 1a nha bac hoc ¢6 Hy Lap c6 sirc anh huong 16n dén cac van dé vé thién vin hoc,
dia 1y hoc, quang hoc va lugng gidc hoc.
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La mot ngudi ¢ nhu cau nghién ctru thién van hoc va dia Iy hoc nén ong di gép phan mo
rong thém cac ing dung cua hinh hoc va lugng gidc hoc. Ong duoc cho 13 nguoi dau tién
tim ra cong thirc cong va trir cho sin(A + B) va cos(A + B), tur d6 suy ra dugc cong thure
ha bac, cho phép 6ng lap bang tinh voi bat ky do chinh x4c can thiét nao. Tuy nhién,
nhirng bang tinh trén déu di bi that truyén. Ngoai ra, 6ng con nghién ciru phép chiéu
trong khong gian ma 6ng cho 1a ¢6 ich cho viéc nghién ciru bau troi.

@SURYA SIDDHANTA (khoang thé ky 4-5)
Surya Siddhanta 13 mot nha thién van hoc ngudi An Do, nhung nhing cong trinh nghién
ctru cuia dng da gop phan phat trién cac van dé vé ham luong giac, d6 13 viéc dinh nghia

ham sin theo ntra goc va nira day cung, dugc cho 1a mé rong cac két qua luong giac cua
Ptomely.

Xoay quanh cac cong trinh nghién ctru cia 6ng, ngoai nhirng phép tinh lugng gidc phuc
vu cho thién van hoc, 6ng duoc biét dén boi nhitng ude tinh gan dung vé dudng kinh cua
cac hanh tinh. Chang han nhu dudng kinh cta sao Thiy 13 3.008 dam, sao Tho 1 73.882
dam, sao Héa la 3.772 dam...

“FRANNCOIS VIETE (1540-1603)
Francois Viete 1a mot ludt gia, mot nghi si va la nha toan hoc vi dai nguoi Phap, ong to
ctia mon dai s6 hoc. Ong viét nhiéu cong trinh vé luong giac, dai s6 va hinh hoc, va 1a
nguoi dé ra cach giai thong nhat cac phuong trinh bac 2, bac 3 va bac 4 bang viéc kham
pha ra moi lién hé gitta cac nghiém ciia mot da thirc voi cac hé sé cua da thic do, ngay

nay dugc goi la dinh 1y Viéte.
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Ciing chinh dinh 1y Viéte cua 6ng da gop phan phat trién nhiing ky thuat tinh toan quan
trong trong cac bai toan vé bién doi lugng giac, cling nhu xac dinh dugc chinh xéac gid tri
ctia cdc ham lugng giac tmg véi mdi goc qua viée giai phuong trinh. Ngoai ra, ong 1a
ngudi dau tién phat trién hé théng nhitng phuong phap giai cac tam giac phang va tam
gidc cAu bang cach dung ca sau ham luong gidc. Pic biét chi y 1a 6ng di tim ra dugc cac
biéu thirc cho cos nx theo cos x mot cach tong quat va cé goi ¥ cach giai luong giac cho
truong hop bat kha quy cta cac phuong trinh bac 3.

Trong cong trinh ndi tiéng ctia Viéte, ong da phat trién nhiéu ky hiéu dai sé va trinh bay
mot qua trinh c6 hé thong dé tim xap xi lién tiép nghiém ciia phuong trinh.

Heron 14 nha toan hoc va vat Iy ngudi Hy Lap, vao thoi dé ong dugc biét dén nhu mot tac
gia bach khoa trong hai linh vuc nay bai nhimg cong trinh ctia 6ng qua phong phti vé& ndi
dung ciing nhu nhiéu vé s6 luong. Moi luan vin ctia 6ng thuong hudng téi tinh hiru dung
thuc tién hon 13 tinh hoan chinh vé Iy thuyét.Cong trinh ctia Heron c6 thé chia thanh hai
loai : Co hoc va Hinh hoc.

N6i vé co hoc thi 6ng c6 cac cong trinh ndi bat nhu mé ta va xay dung thiét bi ma cac
phan mg bén trong twong tu nhu dong co tén lira va dong co hoi nudc, cong trinh vé may
ban hang ty dong...

Con vé hinh hoc, ddy 1a cong trinh quan trong nhat ctia 6ng, tiéu biéu 1a tuyén tap
“Metrica” gdm 3 bd. Trong tac phadm nay, Heron di rat ra dugc cong thire ndi tiéng dé
tinh dién tich tam giac theo ba canh va ntra chu vi, nay dugc goi 1a cong thirc Heron.
Ngoai ra, ong con dua ra cach tinh xap xi vé can bac hai ciia mot sd nguyén khong chinh
phuong, cach tinh thé tich cAc hinh nén, hinh try, hinh hop, hinh lang try, hinh chép, hinh
nén cut, hinh cau. ..
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)JAKOB STEINER (1796-1863)
Jakob Steiner 13 nha toan hoc nguoi Thuy Sy, dugc biét dén voi cac cong trinh noi tiéng
vé hinh hoc, va hau hét ong chi nghién ctru vé mén hoc nay. Do d6, da anh huong khong

nho dén cac van dé vé lugng giac, cu thé 1a hé thirc lugng trong tam giac, von di dugc xay
dung trén nén tang cua hinh hoc va thién van hoc.

T mot dé xuét ciia nha toan hoc nguoi Puc — DDaniel Christian Ludolph Lehmus (1780-
1863), dng da ching minh duge dinh 1y rang diéu kién can va du dé tam giac can la hai

dudng phan giac trong bang nhau, ngay nay dinh 1y ndy mang tén Steiner — Lahmus. Cac
nghién ctru quan trong nhat ctia ong 1a hinh hoc xa anh va nguyén ly dbi ngau.

®AUGUSTIN LOUIS CAUCHY (1789-1857)
Augustin Louis Cauchy 13 nha toan hoc ngudi Phap, dugc xem 13 nguoi di dau trong linh

vuc giai tich toan hoc. Nhiing cong trinh ctia 6ng hau hét dit nén mong co sd cho toan
hoc hi¢n dai nhu ly thuyét ham, vat ly va giai tich toan hoc. Bdc biét cac dinh nghia cua
chung ta hién nay vé gi6i han, tinh lién tuc, kha vi chu yéu 1a do 6ng dé nghi, ong da dat
ra tiéu chuan Cauchy ndi tiéng dé nghién ctru vé sy hoi tu ctia ddy trong cac khong gian
riéng biét.

Ngoai ra, 6ng con phat trién 1y thuyét chudi, 1y thuyét dinh thirc, phép tinh tich phan, 1y
thuyét ham bién phirc va c6 hang loat cong trinh cho céc linh virc hinh hoc, dai sé va Iy
thuyét s6... Mot hé qua nho trong cc cong trinh nghién ctru cua ong 13 bat dang thuc
Cauchy, c6 anh hudng to 16n dén toan hoc, trong d6 co bat dang thirc lugng giac.
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@VIKTOR YAKOVLEVICH BUNYAKOVSKY (1804-1889)
Viktor Yakovlevich Bunyakovsky 14 nha toan hoc ngudi Nga, dugc biét dén voi khoang

150 cong trinh vé toan hoc va co hoc. Va ong con dugc biét nhiéu hon vé bat drfmg thire
Bunyakovsky, ngay nay ching ta van thuong goi 13 bat dang thic Bunyakovsky-Cauchy-
Schwarz.

Ong con nghién ctru trong céc linh vire 1y thuyét s, 1y thuyét xac suit va tng dung, hinh
hoc-dic biét 1a 1y thuyét cac duong song song, co hoc tmg dung va thuy tinh hoc... va
quan tAm dén c4 tinh toan trong thuc tién, bang ching 1a mot loat cong trinh vé thong ké
va x4c suit da gop phan dang ké vao viéc phat trién 1y thuyét thong ké cua nuéc Nga.

(1YPAFNUTY LVOVICH CHEBYSHEV (1821-1894)
Pafnuty Lvovich Chebyshev 1a mot nha todn hoc ngudi Nga, dugc coi la cha dé cua nén
toan hoc Nga. Ong duoc biét téi bai cac cong trinh vé 1y thuyét xac suat, Iy thuyét théng
ké va 1y thuyét sb, dic biét trong viéc nghién ciru sy phan b cac s6 nguyén to trong diy
s6 tu nhién.
Ong con nghién ciru vé giai tich todn hoc, chang han nhu phuong trinh vi phan. Ong da
thiét 1ap mot nganh hoan toan mdi ndi tiéng 1a “Ly thuyét xap xi tét nhat cac ham s bang

da thic”. Ngoai ra, trong nén toan hoc so cap, ong cling déng gop khong nho, d6 chinh 1a
bat dang thitc Chebyshev noi tiéng.
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Poc thém : Tom luge tiéu sir cac nha khoa hoc ¢6 anh hudng dén lugng giac

"JAKOB BERNOULLI (1654-1705)
Jakob Bernoulli 13 nha toan hoc nguoi Thuy Si. Cong trinh cta dng chua yéu 1a hinh hoc
giai tich, 1y thuyét xac suat va phép tinh bién phan. Ong dugc biét dén khi da cung véi hai
nha bac hoc Isaac Newton (1643-1689) ngudi Anh va Gottfried Wilhelm Leibniz (1646-
1716) nguoi e, phat trién phép tinh vi phan va tich phan.
Ong 12 nguoi nghién ciru sém vé xac suat toan hoc. C6 nhiéu loai trong toan hoc mang

tén 6ng : sy phan phodi Bernoulli, dinh 1y Bernoulli trong x4c suat va thong ké, phuong
trinh Bernoulli trong phuong trinh vi phan, bat dang thirc Bernoulli...

(12JOHAN LUDWIG WILLIAM VALDERMAR JENSEN (1859-1925)
Johan Ludwig William Valdermar Jensen la nha toan hoc va k¥ su ngudi BPan Mach. Tuy

cong viée chinh cua ong 13 mot ki su xudt sic cho mot cong ty & Copenhagen va hau hét
cac nghién ctru toan hoc ctia dng chi dugc thuc hién trong thoi gian ranh rdi nhung 6ng
da dat dén mure d rat cao vé toan hoc. Ong nghién cuu vé chudi dai vo tan, ham gamma,
ham 16i. Qua d6, 6ng da dong gop vao nén toan hoc so cdp : bat dang thic Jensen.
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