Muc luc

(Chuong 1.  So phic|
(1.1 Taphdpbiudién s6 phuic). . . . . . . . o oo i
[1.2 Vi tri tuong doi cia duong thang va duongtron| . . . . ... .. ..........

(Chuong 2. Tiép tuyén|
2.1 Ham phanthuac ... ... ... ... . . . . ... . .
2.2 Hambacbal. ... ... ... . . e




Chuong 1
S0 phitc

1.1 Tdp hop biéu dién s6 phitc

Cho hai sb phiic z va z1. Goi M la diém biéu dién cho sé phic z, A la diém biéu dién
cho sb phiic z1. Dai luong |z —z1| la d6 dai doan thang AM.

Chiing minh. Goi M(x,y), A(x1,y1). Ta co

lz 21| = \/(x—x1)2+(y—y1)2.

Cho s phiic z1 = a + bi, tap hop cdc diém biéu dién sb phiic z thod |z —z1| =R la duong
tron tam I(a;b), ban kinh R.

Chiing minh. Goi M(x,y). Tt gia thiét ta c6

(x—a)+(y-b)?=R2

Tap hdp cac diém biéu dién cho s6 phiic z thod |z +2—i| = 3 1a duong tron tdm (-2,1)
ban kinh R =3.

Tap hop cac diém biéu dién cho s phtic z thoa |z +i| = 1 1a duong tron tam (0,-1) ban
kinh R =1.
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Cho sb phiic z thod |z +3 +i| =5. Tinh gi4 tri cia biéu thic

E=|z+7-2i2+|z+6+5i>+|z-3i|> + |z — 1 +4i|%

Y

Loi gidi. Goi M 1a diém biéu dién cho s6 phiic z, thi M thudc dudng tron tam T'(-3,-1),
ban kinh R =5.
Xét cac diém A(-7,2), B(-6,-5), C(1,-4), D(0,3). Ta ¢6

E=AM?+BM?+CM?+DM?.
Pé ¥ rang, ABCD 1a hinh vuéng c6 cac dinh thudc dudng tron, nén
E = AM?+ BM?+ CM?+DM? = 8R? = 200.
¢

Loi binh. Cho da gidc déu A1As...A, ndi tiép trong dudng tron (€) c6 tAm O, ban kinh R.
Véi M 1a diém tuy ¥ trong mét phang chita duong tron, ta cé

AIM?+ AoM? + -+ A,M? = n(R% + OM?).
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Cho sb phiic z thoa |z +4 —i| =5v2. Tinh gi4 tri cta biéu thic

E=|z+12+5i2+|z2+10-9i2 +|z—4-Ti|> + |z - 2+ Ti|°.
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Loi gidi. Goi M 1a diém biéu dién cho s6 phtc z, thi M thudc dudng tron (€) c6 tam T'(—4,1),
ban kinh R =5v/2.
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Xét cac diém A(-12,-5), B(-10,9), C(4,7), C(2,-7). Ta c6
E=AM?+BM?+CM?+DM?.
Pé y rang, ABCD la hinh vuéng ngoai tiép dudng tron (€), nén

E=AM?+BM?+CM?+DM? =3AB? =600.

Cho cdc sb phiic z, z1, z2 thod |z —z1| = R. Tdp hop biéu dién ciia sb phitc w =z + 29 ld

duong tron cé tam la diém biéu dién cho sb phiic z1 +zo va bdn kinh bang R.

Chiuing minh. Ta c6 w =z +z2, nén

Ww—29—21=2—21.
Do do

lw—2z2—-21l=1z—21].

Hay
lw—(21+22)|=R.

Vay tap hop cac diém biéu dién sb phiic w 1a dudng tron cé tam 1a diém biéu dién cho s
phiic z1 + z9 va ban kinh bang R. O

Cho sb phic z thoa |z+2—3i| = 3. Tim tap hop cac diém biéu dién cho s6 phiic w = z+3+i.

Ldi gigi. Ta viét lai gia thibt thanh
2= (~2+3i)| = 3.

Tap hop cac diém biéu dién cho sb phic w = z + 3 +i 1a dudng tron cé tam 1a diém biéu dién
cho sb phtc
(-2+30))+@B+1)=1+4i.

Tic c6 tam la diém I(1,4). Ban kinh ctia duong tron la R = 3. $

Cho sb phtc z thoa |z —i| = 4. Tim tap hop cac diém biéu dién cho s6 phiic w =z —5+2i.
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Loi gidi. Tap hop cac diém biéu dién cho s6 phitc w = z—5+2i 14 dudng tron c6 tam 1a diém
biéu dién cho sb phic
i+(-5+2i)=-5+3i.

Tic c6 tam 1a diém I(-5,3). Ban kinh ctia dudng tron 1a R = 4. &

Cho sb6 phiic z thoa |z —1—i| = 5. Xét s6 phitc w = z + 2+ 3i. Tim gia tri 16n nhat cta

moédun w.

Loi gidi. V6i z1 =1+, z9 =2+ 3i. Tap hop cac diém biéu dién cho w 14 dudng tron (€) c6
tam 1a diém biéu dién cho s6 phiic z1 + z2 = 3+ 4, ban kinh R = 5. Phudng trinh dudng tron
(€6) la

(x—38)%+(y—4)* =25,

DE ¥ rang (¥€) qua goc toa do 0. Do d6, |w| 16n nhét khi va chi khi |w| 14 dudng kinh cta (6).
Vay max|w| = 10. o

Cho cdc sb phiic z, z1, zo (z2 #0), 23 VGi |z— 21| =R. Tap hop cdc diém biéu dién cho sb

phitc w =z - z9 + 23 la duong tron cé tam la diém biéu dién cho sé phiic z1-z2 + z3, bdn
kinh b&ng |z9|R.

Chung minh. Ta co

w—2z23
w=z-29+23 =z.
22
Dan dén
w—2z23
—z1=2z-21.
22
Lay modun hai ve, ta dudc
lw—2z3—21-29]
=z -z1].

|za]
Hay
lw—(z1-22 +23)| = |22|R.

Vay tap hop cac diém biéu dién cho sb phitc w 1a dudng tron c6 tam la diém biéu dién cho
sb6 phtc z1 - z9 + z3, ban kinh bang |z9|R. O

(Cau 34, Pé minh hoa mén Toan ki thi THPT quéc gia 2017 ctia B6 GD& DT).
Cho sb phiic z thod méan |z| = 4. Biét rang tap hdp cac diém biéu dién sbé phic w =
(3 +4i)z +1i 1la mot duong tron. Tinh ban kinh r ciia dudng tron do.
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Loi giai. Ban kinh r =3 +4i|-4 =20. ¢

Cho sb phitc z thod man |z +i| = 2. Biét réing tap hop cac diém biéu dién sb phiic
w =(4+3i)z+2+i la mot duong tron. Tinh ban kinh r ctia duong tron do.

Loi gigi. Tam cta dudng tron bidu dién s6 phiic w 14 diém biéu dién cho s6 phiic
(-1)4+3i))+2+i=5-3i,

tic tam dudng tron la diém (5,-3).
Ban kinh ctia dudng tron la
r=14+3i|-2=10.

Cho sb phiic z thoa man |z + 1+ 2i| = 3. Biét rang tap hop cac diém biéu dién sb phiic
w =(5+12i)z+3—i la mot duong tron. Xac dinh tam va tinh ban kinh r caa dutng tron
do.

Lgi giai. Ta co
lz+1+2i|=3<|z—(-1-21)|=3.

Tam ctia dudng tron biéu dién s6 phiic w 1 diém biéu dién cho s6 phiic
(-1-2i)(5+12i)+3—-1=22-23i,

tic tam dudng tron 1a diém (22, -23).
Ban kinh ctia dudng tron la
r=15+12i|-3=39.

¢

Tinh chét 1.5

Cho cdc sb phiic z, z1, z2 (z9 £0), 23 VGi |z —z1| =R. Tim tdp hop biéu dién ciia sé phic

4 N N N ‘A < e . 2 .z £ .21 . , N
w = — +z3 la duong tron cé tam la diém biéu dien cho so phiic — +z3, ban kinh duong
29 z2

tron bang —.
2]

Chiing minh. Ching minh tudng tu, tap hop bidu didn ctia sb phiic w = — + z3 1a dudng
29

< ;A N o R . X A 4 , . < < Y R
tron c¢6 tam la diém biéu dien cho so6 phtc S z3, ban kinh duong tron bang l ]
z29 22
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+1—i 12 dudng tron c6 tam la diém

N « 2 e A o 2 .« 2 X A -, ¥4
Loi giai. Tap hdp diém biéu dién cho so phic w = VT
l
biéu dién cho s6 phiic

Ban kinh ca duong tron bang

%
Vi du 1.12

Cho sb6 phiic z thoa diéu kién |z —4 —3i| = 3. Tim tap hop diém biéu dién cho sb phiic
P
+2+1.

W5 19

Tinh chét 1.6

Cho hai sb phic z, z1 thod |z —z1| = R. Gid tri l6n nhdt cia |z| la |z1]| + R va gid tri nhé
nhat cia |z| la |1z1] - R|.

Chiing minh. Goi I 1a diém biéu dién cho s phtc z; va M 1a diém biéu dién cho s6 phiic z.

e Véiba diém O, I, M, ta c6 OI +IM > OM hay |z1|+R > |z|. Do d6, Gia tri 16n nhéat caa
|z 1a |z1| + R.

e Mit khac |01 —IM| < OM hay ||z1| - R| < |z|. Do d6, gia tri nhé nhéat cta |z| 1a ||z1] - R|.

]

Cho s6 phiic z thoa |z + 5+ 12i| = 3. Tim gia tri 16n nhat va gia tri nhé nhéat cta |z|.

Loi giai. S6 phtic —5—12i ¢6 moédun 1a v52 +122 =13,
Gi4 tri 16n nhét cta |z| 14 3+ 13 = 16.
Gi4 tri nho nhat caa |z| 1a 13-3 =10. o



©
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Tinh chéat 1.7

Cho hai so phiic z, z1 thod |z —z1| = R. Gid tri l6n nhat cua |z + 23| la |z1 + 22|+ R va gia
tri nhé nhdt cia |z +zo| la ||z1 + 29| — R

Vi du 1.14

Cho sb phtic z thoa |z +3+1i| = 3. Tim gia tri 16n nhat va gia tri nhé nhat caa |z +6+5il.

Loi gidi. Ta viét lai gia thiét nhu sau:
lz+3+i|=83<|z—-(-3—-1])=3.
Gi4 tri 16n nhét cta |z +6 +5i| 1a
3+[(-3-1)+6+5i|=3+|3+4i|=3+5=8.
Gi4 tri nho nhat caa |z + 6 +5i| 1a

[(-3-1)+6+5i|—3=13+4i|-3=5-3=2.

<

Vi du 1.15: (Thi thi 1an IV truong Pai hoc Vinh, 2016-2017).

4

12 s6 thuc. Tim gia tri

Cho s6 phiic z thoa méan khong phai 1a s6 thuc va sé w = 5750

Iy
nhé nhat cta biéu thitc M = |z +1—1|.

Tinh chét 1.8

.4 . 2 AR P £, - . R+|z
Cho cdc so phiic z, z1 (z1 #0), z2 thod |z-z1 +z2| = R. Gid tri l6n nhat cua |z| la | ||2|;
21
.« . . 2 A > \ R -
Gia tri nho nhat cua |z| la %
21
Chiung minh. Ta co
z29 R
lz-z1+2z9|=R o |z+ —|=—.
z1| |zl
Dua theo Tinh chét ta c6 dudc cac két qua ctia Tinh chat O

Bai tap 1. Tim gi4 tri 16n nhat va gia tri nhé nhét cta |z| trong c4c truong hop sau:
1) |2(8—41)+i|=2.
2) 12z +(5+12i)| = 3. Pap sb. 5 < |z| <8.

3) 12(4+3i)+3+4i| =10. DPap s6. 1<z <3.
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23
<zl < —.

4) |2(3+4i)+5+12i| = 10. DPap s0. =

ol w

Cho cdc sb phiic z, z1 (z1 #0), z9 thod |z-z1 +zs| = R. Gid tri l6n nhédt cia |z +z3| la
R ., . - % B R 2 Fa 22
—— +|241; Gid tri nhé nhat cia i |z4l|, 6 day, z4 =23 — —.

|z1] 21 21

Chiuing minh. Ta co

z29 R
|z-z21+2z9|=R o |z+ —=|=—.
z1| 24l
Hay
Z29 R
2+z3—|2g——||=—.
21 |z1]

o 22
bat w=2z+z3, z4=23——, ta dudc
21

lw—z4] = —.

|21
Dua theo Tinh chét ta c6 dudc cac két qua ctia Tinh chat

[

Vi du 1.16

Cho s6 phiic z thoa |(8 + 151)z + 3 +4i| = 1. Tim gi4 tri 16n nh4t va gia tri nhé nhat cta
|z + 3i].

. % . 53
Pap s0. 3 < |z +3i| < 17

Vi du 1.17

Cho sb phtic z thoa |(3 —4i)z + 12— 5i| = 2. Tim gia tri 16n nhat va gia tri nhé nhat caa

|z + 3i].
oz 12 .
bap so.?<|z+31|<—.

Vi du 1.18

.
=
| e

Cho sb phtic z thoa [(3 +4i)z + 5+ 12i| = 3. Tim gia tri 16n nhat va gia tri nhoé nhéat caa

|z + 4. s ot
Pap sb. 5 < |z +4i| < =

Vi du 1.19

Cho sb phiic z thoa |(3 —4i)z + 1+ 2i| = 3. Tim gi4 tri 16n nhat va gia tri nhé nhat cta
lz—1+1]|.
Pap s6. = <|z—-1+i| <

(S8 )
U] oo
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Cho cdc so phiic z, z1, z9, 23 thod |z —z1| = |z — z3|. Tim gid tri nhé nhat cua médun so

phiic w=z+2zs.

Chiing minh. Ta c6 z =w - z3. Thay vao gia thiét da cho, ta dudc
lw - (21 +23)| = lw — (22 + 23)|. (1.1

Goi A 1a diém biéu dién cho s phic z1 +z3; B 1a diém biéu dién cho s6 phtc zo +23; M 1a
diém biéu dién cho sb phitc w. Tu (I.1), ta c6 AM = BM. Nhu vay M thudc duong trung truc
(A) cua doan AB.

Ta c6 |w| nhd nhat khi va chi khi OM nhé nhat hay OM 1a khoang cach tit goc toa do O
dén duong thang (A). O

Vi du 1.20

(Thi thtt trusng THPT Luong Thé Vinh, Ha Nai, 1an III, 2016 — 2017)
Cho s6 phiic z thoa man

lz—1-2i|=|z—-2+i].
Pat w =z +2 - 3i. Tim gié tri nhé nhét caa |w|.

o« 11
Pap so.

2

Vi du 1.21

Cho s6 phiic z thoa man
lz—3+4i|=|z+2+3i.

Pat w =z +1+4i. Tim gia tri nhé nhat caa |w|.

Tinh chéat 1.11

Cho duong thang A cé phuong trinh ax+by+c =0 va hai diém C(x1,y1), D(xa,y2).
Dat
flx,y)=ax+by+ec.

Ta co
1) Cva D 6 cung phia ctia A khi va chi khi
(ax1+byi+c¢)-(axg+bys+c¢)>0.
2) Cuva D 6 khac phia cua A khi va chi khi

(ax1+byi+c¢)-(axea+bys+c¢)<O.
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Cho cdc so phiic z, z1, 29, 23, 24 thod |z —z1| = |z — 2z3|. Tim gid tri nhé nhat cua

W=|z—2z3|+|z—z4].

Chitng minh. Goi A, B, C, D, M lan ludt 1a diém biéu dién cho cac s6 phiic z1, 29, 23, 24, 2.
Tu gia thiét, ta c6 AM = BM, tic M thudc dudng trung truc (A) cua doan AB. Ta can tim
gia tri nhé nhat cta tong CM + DM. C6 hai kha néng sau:

(A)

e Hai diém C va D  khéc phia cua dudng thang (A). Khi dé M 1a giao diém cuaa (A) va
duong thing CD. Gia tri nhé nhat can tim chinh 1a CD hay ciing 12 médun caa sb
phfrc 23— Z24.

e Hai diém C va D & cung phia ctia duong thang (A). Goi E 1a diém dbi xiing cta C qua
(A). Gia tri nhé nhat can tim chinh 14 ED hay ciing 14 modun cta sb phiic z5 —z4, 6 day
E 1a diém biéu dién cho sb phtc z5. Lic d6, M 14 giao diém cta dudng ED va A.

Cho s6 phiic z thoa

|lz—1-61|=|z—-5—4i].

Tim gia tri nhé nhat caa |z +3—i|+|z — 1+ Til.

Loi giai. Goi A(1,6), B(5,4), C(-3,1), D(1,-7), M(x,y). Tl gia thiét, ta c6 AM = BM, nhu vay
M thudc dudng trung truc A ciia doan AB. Ta can tim gia tri nhé nhat caa téng CM + D M.
Phuong trinh A qua trung diém 7'(3,5) ctia doan AB va nhan AB = (4,-2) lam vecto phap
tuyén la
4(x-3)-2(y—-5)=02x—-y—-1=0.



w
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flx,y)=2x—y—1.

f=3,1)-f1,-7=[2-(-3)-1-1]-[2-1+7-1]=-64 <0,

nén hai diém C va D 6 khéc phia cta (A). Do d6, M 1a giao diém ctia dudng thang CD va
(A). Toa @0 M(-1,-3). Ltac d6, CM + DM = CD = 4+/5.

<

Loi binh. Ta c6 thé 1i luan nhu sau d€ biét giao diém ctia dudng thang CD véi (A) & trong
hay 6 ngoai doan CD nhu sau:

Phuong trinh dudng thing CD 14 2x+y+5=0.

Goi I 12 giao diém caa A va CD, thi I(-1,-3). Ta ¢6 IC = (-2,4), ID = (2,-4). Do dé,
10 = —ﬁ, nén I la trong doan CD va M trung véi 1.

Gia tri nhé nhat cia CM +DM 1a CD =4+/5.

g0

Vi du 1.23

Cho s6 phiic z thoa
lz+1-3i|=|z+4—1i].
Tim gié tri nhé nhat cia E = |z + 1—2i| + |z + 5 +il.
p 5
Pap so0. minE =5 tai M(—Z, Z)

Vi du 1.24

Cho s6 phiic z thoa
|z+5+6i| =|z+7+4i.

Tim gi4 tri nhé nhat ctia E = |z + 1+ 2i| + |z + 3+ 4i[.
DPap s6. minE = 4 tai M(-3,-2).

Vi du 1.25

Cho s6 phiic z thoa
|z—2-3i|=|z—-4-5i|.

Tim gia tri nhé nhat ctia E = |z + 1+ 2i| + |z + 3 — 4il.
) .- (311
Pap s0. minE =410 tai M(E,E).
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Tinh chéit 1.13

Cho duong tron (€) va hai diém A, B c¢b dinh thudc (€). Piém M trén (€) sao cho
MA+MB

1) nhé nhét khi va chi khi M trung véi A hay M triung vdi B.

2) 16n nhdt khi M la mét trong hai giao diém ctia duong trung truc doan AB véi
duong tron (6).

Chiing minh.

1) Ta c6 MA+MB > AB. Dau dang thiic xay ra khi va chi khi M trung vé6i A hay M trung
v6i B. Khi d6, gia tri nhé nhat cia MA + MB 1a AB.

]

Vi du 1.26
A P N 2 5 \/5 N o N .« . 2, A N .,
Cho so phtc z va w thoa |w +i| = e va 5w =(2+1i)(z—4). Tim gia tri 16n nhat va gia
tri nhé nhat caa biéu thitc

|z —1-2i|+|z—-5-2i].

Y

Ldi gidi.
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Vi du 1.27

Cho s6 phiic z thoa |z — 1 -2i| =5. Tim gia tri 16n nhat va gia tri nhé nhat cta
w=1|z+2+2i|+|z—-4-6i|.

Pap s6. 10 <w < 10v2.

Vi du 1.28

| r

Cho s6 phiic z thoa |z + 1+ 3i| =5. Tim gia tri 16n nhat va gia tri nhé nhat cta
w=|z+4-i|+|z—-2+Ti|.

Pap s6. 10 <w < 10V/2.

Vi du 1.29

| V
\

Cho s6 phiic z thoa |z + 1+ 3i| =5. Tim gia tri 16n nhat va gia tri nhé nhat cta
w=|z-5-51|+]|z—-2-1]|.

Pap s6. 5 <w < 25.

Vi du 1.30
Cho s6 phiic z thoa |z —2+i| = 13. Tim gia tri 16n nhat va gia tri nhé nhat cta
w=|z+10+6i|+ |z — 14 —4i].

Dép sb. minw = 26, tai z = —10 — 6i v maxw = 26v/2, tai z = -3 — 11i.

| r

Vi du 1.31
Cho sb phiic z thoa |z — 1 -2i| =5. Tim gia tri nhé nhat cta
w=|z+3+1i|+|z—4-61|.

Pap s6. minw =7v2, tai z = -3 1.

Vi du 1.32

Cho s6 phiic z thoa |z + 1+ 3i| =5. Tim gia tri gia tri nhé nhéat cta
w=|z+3+4i|+|z-2—1].

Pap s6. minw =5v2, tai z =2 +1i.
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Vi du 1.33

Cho s6 phiic z thoa |z + 1 - 2i| =5. Tim gia tri gia tri nhé nhéat cta

w=|z-2-6i|+|z -3 -5i|.

Pap s6. minw = /2, tai z =2 +6i.

\.

Bai tap 2. Tim gi4 tri 16n nhat va gia tri nhé nhat cta w, biét rang:
1) zthoa |z—2+4i|=5vaw=|z+6+10i|+ |z — 10— 2i].
Pap s6. minw = 20, tai z = -2 - 7i vi maxw = 10V/5, tai z = —1.
2) zthoa |z—2+4i|=20 va w = |z +4 + 12i| + |z — 8 — 4i|.
Péap s6. minw = 40, tai z = —10 — 20i va maxw = 20v/5, tai z = —4 + 8i.
3) zthoa |z—2-3i|=20vaw = |z+7+9i| + |z — 11— 15i].
Péap s6. minw =40, tai z = —10 - 13i v& maxw = 50, tai z = —14 + 15i.
4) zthoa |z-2-3i|=10vaw=|z+7-15i| +|z—11+9i|.
Dép sb. minw =30, tai z = —4 + 11i v& maxw = 10v/13, tai z = -6 — 3i.

Tinh chéat 1.14

Cho hai sé phiic z, z1 thod
lz—z1|+|z+2z1] = k.

T S koo, \/kz
Gia tri lon nhat cua |z| la 3 va gid tri nho nhat cua |z| la T 121]2.

Chiuing minh. Ta co

k

kE=lz—zi|ltlz+z1l = |z—z1+2z+2z1| =2|z| @ |z| < %

Mat khac
k< \/2(|z—21|2+ |z +2112).
St dung tinh chat
lz—z1+ |z +2112 =2 (2% +|21/%),
ta suy ra
k2 <412 +1211%).

Do 4o,

k2
IZI>\/Z—|21|2.
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Tim gia tri 16n nhat va gia tri nhé nhéat cta |z|, biét rang

|z + 5]+ |z — 5] =26.

Loi gidi. Ngoai két qua da chiing minh & trén, ta c6 thé giai vi du bang phuong phap hinh
hoc nhu sau.

Goi F1(-5,0), Fa(5,0), M(x,y) 1a tap hop cac diém biéu dién cho z. Tu gia thiét, ta c6
MF1+MFs=26. Do d6, tap hop cac diém M 14 mot elip (E).

bat 2a =26, hay a =13. Do 2¢c = F1F3 =10, nén ¢ =5.

Mat khac, a? = b2+ ¢2, nén b? = a? - ¢? = 144.

2 2
A < , LX y

Vay phuong trinh E)la —+—=1.
ay p ng trinh cua (E) la 60 " 144

D6 dai ntta truc 16n cua (E) 1la 13 va do dai ntta truc nhé cua (E) la 12.

Do d6, |z| 16n nhéat 1a 13, tai z = 13 hoéic z = —13 va |z| nhoé nhéat 1a 12, tai z = 12; hoéc
z=-12i. &

Tim gi4 tri 16n nhat va gia tri nhoé nhéit cta |z|, biét ring

z+2\/§+2i‘+‘z—2\/§—2i - 10.

Loi giGi. Mot 1an nita, ta cing giai bang phuong phap hinh hoc.

Goi F1(-2v3,-2), F5(2V/3,2), M(x,y) 1a tap hop cac diém biéu dién cho z. Tu gia thiét, ta
c6 MF1+MFo =10. Do d6, tap hop cac diém M la mot elip (E).

Ta ¢6 2a =10, hay a =5. Do 2¢ = F1F9 =8, nén c = 4.
Mat khac, b2 =a?-¢2 =09.

D6 dai ntia truc l6n caa (E) 1a 5 va d6 dai ntta truc nhé cua (E) 1a 3.
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Do d6, |z| 16n nhat 1a 5, bing la nita 6 dai doan A’ A/, (ddu bang x4y ra khi va chi khi M
trung A hoac Aj}) va |z| nhé nhéat 1a 3, bang 1a nita d6 dai doan BB, (dau bang xay ra khi
va chi khi M trung B} hoéc By).
e Chu y rang, phuong trinh duong théng F1F5 1a x — yv/3 = 0. Toa d6 cac diém Al va A
la nghiém caa hé phuong trinh

x—yv3=0,
x? +y2 =25.
Giai hé trén, ta c6 dugc A} —ﬂ,—é va A %f .
2 2 2 2
. ) £, 1s ) 5v3 5., 5V3 5.
Do do, |z| 16n nhat 1a 5 tai z = —T\/_—Ez hoac z = T\/_+§I,.

* Duong thang BB}, qua O va vudng géc véi duong thang A} A/, , nén c6 phudng trinh
v3x+y=0. Toa d6 cac diém B va B}, 1a nghiém caa hé phuong trinh

V3x+y=0,
x?+y2=9.
3 3V3 3 3V3
Giai hé trén, ta ¢6 dudc B" |=,——— | va B, [-=,—|.
1ai hé trén, ta co dudc 1(2, 2 )Va 2( 2 g )
, R 4. s . 3 3v3., . 3 3V3.
Do do, |z| nho nhat 1a 3 tai z = —§+T\/_L hoac z = 5—7\/_1.

¢
L&i binh. Phuong trinh elip c6 trong bai trén khong c6 dang chinh téc. Elip ¢6 dudc bing
2 .2

cach quay elip c6 phuong trinh ;—5 + % =1 mot géc 30°, véi tam quay 1a diém 0(0,0).
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y“
/
3, ,
Ay
2<)
Al )
21
&
Bai tap 3. Tim phuong trinh biéu dién cac s6 phiic z thoa
2 .’)Cz y2
1) |z+3]+|z—3|=10. Dépsﬁ.—5+1—:1.
T
2) |z+4|+|z—4|=10. Dépsﬁ.—5+3:1.
. 4 x? y2
3) |z+5|+|z-5|=26. bap s0. — +—=1.
169 144
L a2 2
4) |z+12|+|z—- 12| =26. Pap s0. — +=—=1.
169 25

Bai tap 4. Tim gia tri 16n nhat va gia tri nhé nhat caa |z|, biét rang

1) |z+9|+1z-9] = 30.

Pap sb. max|z| = 15, tai z = —15; min|z| =12, tai z = —12i.

2) |z+4i|+|z—4i| = 10.

Pap s0. max|z| =5, tai z=-5; min|z|=3, tai z=-3i.

3) lz—4+3i|+|z+4-3i|=26.

.z ] 52 39. . . 36 48 .
Pap s0. max|z| =13, tai z = = + ?L; min|z| =12, tai z = = gl.

4) |z-9+12i|+|z2+9-12i| = 34.

, 2 ] 1 68, ) . 32 24 .
Dapso.max|z|:17,talz:—g+gz; m1n|z|:8,talz:—g—€z.
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5) |z-9+12i|+|z+9-12i| =50.
DPap sb. max|z| =25, tai z = -15+20i; min|z| =20, tai z =-16—12i.

6) z—2+i|+|z+2-i|=6.

6v5 35, . 2v5 4\/_

bap s6. max|z| = 3,taiz=———+—i; min|z|=2,taiz=——+
5 5 5 5

N
|
.

Tinh chat 1.15

Cho hai sé phiic z, z1 thod

mlz—zi|+nlz+zil=Fk

Tim gid tri l6n nhdt cia va gid tri nhé nhét |z|.

Vi du 1.36

Cho sb phtic z thoa

lz+1|+4]z-1|=

Tim gi4 tri 16n nhat va gia tri nhé nhéat caa |z|.
22 28
<w<—.

Pap s6. —
P 8072 5

Loi giai. Goi A(-1,0), B(1,0), M(x,y) 1a diém biéu dién cho z. P& y 0(0,0) 1a trung diém cta
doan AB va AB = 2. T gia thiét ta ¢6 AM +4BM = 25. Ta can tim gia tri 16n nhat va gia tri
nhé nhét cia doan OM.

Pata=AM,b=BM (a,b>0) thod a +4b =25 hay a = 25 —4b.

Ta ¢c6 IMA - MB| < AB hay

Ia—bl<2©|25—4b—b|<2©%<b<%.
Mat khac,
oM = AM?+BM? AB® (25-4b)*+b” 1= 176 1005 + 523
2 4 2
Xét ham sb f(b) = %bz —10056 + % vii % <b< 257 ta dudc gia tri 16n nhat cta f(b) 1a %

va gia tri nhé nhéat cta f(b) 1a =5 Khi d6, gia tri 16n nhat cta |z| 1a 25—8 va gia tri nhé nhat

caa |z| la % O
25

Loi binh. Viéc tim max|z| c6 thé 1am don gidn nhu sau: Ta c6

15z]=(z+1)+4(z— 1)+ 3|
<l|lz+1|+4|z-1]|+]3|
<25+3.

go

s e 2. . 28
Do d6, gia tri 16n nhat caa |z| la =
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Tim gia tri I6n nhat va gia tri nhé nhat cta |z| biét z thoa

|z —15+36i|+ 3|z — 10+ 24:| = 21.

Ldi gigi. Dat

+(—15+36i)+(—10+24i) 25

t=z =z——+30:.
2 2
Hay
25 .
z=t+——301.
2
Khi do
. 25 . . 5 }
2—15+361:t+?—301—15+3612t—§+61
va

) 25 ) ) 5 }
2—10+24L:t+?—30L—10+24L:t+§—61.

Gia thiét da cho thanh

5 . 5 .
t——=—+61|+3|t+—=—-61|=21.
2 2

. 5 5 N o A2 o A2 o X 2 s N o A2 >
Goi A (5, —6), B (—5,6), M(x,y) la diém biéu dien cho ¢. Pé y 0(0,0) la trung diém cua doan

AB va AB =13. Tt gia thiét ta ¢c6 AM +3BM =21. Ta can tim gia tri 16n nhat va gia tri nhé
nhét cta doan OM.

Pit a =AM, b=BM (a,b > 0) thod a +3b =21 hay a =21 - 3b.

Ta c6 IMA—-MB| < AB hay

17
|a—b|<13@|21—3b—b|<13@2<b<?
Mat khac,
AM?+BM? AB?2 (21-3b)2+b%2 132 713
OM? = - _ ¢ ) ~- = =5b2-63b+—.
2 4 2 4 4

s 4 713 .. 17 s 4, . 289
Xét ham s6 f(b) =5b%—63b + e vii 2<b < > ta dudc gia tri 16n nhat caa f(b) la 4 Va

P R . Coas e 1a A, 17 S e 10
gia tri nho nhat caa f(b) la 0. Khi do, gia tri 16n nhat caa |¢| 1a 5 tai b =2 va gia tri nho
nhat caa |¢| 14 0 tai %

Bai tap 5. Tim gi4 tri 16n nhat va gia tri nhé nhét ctia |z| trong c4c truong hop sau:

1) 4|z +1i|+3|z—1i| =10.

., oz 11 ) 11 . . 2 7 .
DPap 6. max|z|=—,taiz=—; min|z|=1,taiz=-—+ —1i.
7 7 25 25
2) 2|z+1|+5|z—1|=25.
. . . 22 . 22
Pap s0. max|z| =4, tai z =4; m1n|z|:7,ta1z:—7.
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3) 2|z +2i|+5|z-2i| =12.

S 18 . 18 . ) 2 . )
DPap s6. max|z|=—, taiz=—1i; min|z|=—, taiz=—i.
7 7 3 3
4) |z—4+3i|+4|z+4-3i| =20.
21 5 4

bap s6. max|z| =17, talz=——+—i; minlz|==,taiz=—=+1.
5 5 3 3
5) |z-5+12i|+2|z+5-12i| = 30.
. 43 . 215 172 . . 45 108 .
Pap 0. max|z|=—,taiz=———+—i; minl|z|=9,taiz=—-—+—1.
3 39 13 13 13
6) 3lz+4+3i|+2|z—4-3i| =26.
. 2 31 . 124 93 . ) . 4 3.
Pap 0. max|z|=—,taiz=————-—1i; min|z|=1,taiz=—-+—1i.
5 25 25 5 5

Bai tap 6. Tim gia tri 16n nhét va gia tri nhé nhat cla |z| trong cac trudng hop sau:

1) 3|z—4-3i|+4|z-8-6i| =20.

JE 75 . 60 45 . } . :
Pap s0. max|z| = > taiz = ) + 71; min|z| =5, tai z =4+ 3i.

2) 4|z+4-3i|+|z+8-6i| = 20.

.z . : ) . 8 6.
DPap s0. max|z| =10, tai z = -8 + 61; m1n|z|:2,talz:—g+gz.

3) 5lz+4-3i|+3|z+8-6i| =17.

. % . 4 18. . 19 | . 19 57.
Pap s6. max|z|=6,tai z=——+ —i; minlz|=—,talz=——+ —1.
5 5 4 5 20
4) 4|z-9+12i| +|z— 6+ 8i| = 20.
P . 72 . . . .
Pap so0. max|z| =18, tai z = = gl; min|z| =10, tai z =6 - 8i.

Cho sb phiic z ¢6 |z| = 1. Tim gia tri 16n nhat va gia tri nhé nhat cta biéu thiic

w=3|z+3|+4]z-3|.

Lgi giai. Dat z =cosg +ising, ¢ €[0,27]. Khi do,
w:3|c05(p+isin(p+3|+4|cos<p+isin(p—3|.
Lay modun cac s6 phiic 6 vé phai ctia biéu thic trén, ta dude
w=3-/T056cosgp+4-1/10% 605,
Pat t =cosp, -1 <# <1, w tré thanh

f(t):\/§(3-\/5+3t+4-\/5—3t).
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Pao ham ctia ham s6 f(¢) 1a

v (8 9
f(t)_\/é( \/5—3t+2\/5+3t)'

Nghiém cuia phuong trinh f/(¢)=01a ¢ = —%. Ta co,

f(=1)=22, f(1)=20, f (—115) =10V5.
e Gia tri nhé nhat cta w 1a 20, dat dudc tai ¢ = 1. Khi d6 cosg = 1. D4n dén z =1.

12 4, » N . 7
e (Gi4 tri 16n nhat ctia w 1a 10v/5, dat dudc tai t = ——.

15
4v11 7 4v11,

. - 7 N . A - PN N N
Khi d6 cos¢p = —1g Vasing=-——. So phtic can tim la z = T ¢

Cho s6 phiic z ¢6 |z| = 1. Tim gia tri 16n nhat va gia tri nhé nhat cta biéu thiic

w=5|z—3—-4i|+12|z+ 3 +41|.

Lgi giai. Vi |z| =1, nén dat z =cos@ +ising, ¢ €[0,27]. Khi do,
w=>5|cosp+ising—3-4i|+12|cosp +ising+3+4i].

Liy mo dun cac sb phic trén, ta dude

w= 5\/(COS(p —-3)2+(sing —4)2 + 12\/(cos<p +3)2 +(sing +4)2.

Hay

w=51/26—6cosp—8sinp + 121/26 +6cos @ + 8sin .

Dat t =6cosp +8sing, chu y —10 < ¢ < 10, ta thu dudc
f()=5v26—-t+12v26+¢t, —-10<1t<10.

Ta co
5 6

"t)= - .
F) 2\/26—t+\/26+t

. 238 ... . . N s 3R 1 en
Giai phuong trinh f/(¢) =0, ta dudgc ¢ = 13 Gia tri nay khong thoa dieu kién —10 < ¢ < 10.
Mt khéc, £(~10) =78, £(10) = 92.
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e Gia tri 16n nhat caa f(¢), cing 1a gia tri 16n nhat cta w 1a 92, dat dudc tai ¢ = 10. D&
tim s6 phiic z, ta giai hé

6cosg +8sing =10, cosy =
cos?p+sin?p =1 sing =

0
SN

< 3 4
So phiuc z la z= -+ —i.
5 5

e Gia tri nhé nhat cta f(¢), ciing 1a gia tri nhé nhat ctia w 14 78, dat dudc tai ¢ = —10. D&
tim s6 phiic z, ta giai hé

6cosg +8singp =10, COS(P:—%,
< 4
cosz(p+sin2(p:1 sin(p:—g

) 3 4
So phuczlaz=---=i.
Ophiczlaz=--——i

&

Bai tap 7. Cho sb phtic z c6 |z| = 1. Tim gi4 tri 16n nhit va gia tri nhé nhét ctia cac biéu
thuc sau:

1) w=4|z+1|+3|z-1].

% . 7T 24, : . :
Pap s6. maxw =10,tai z=—-—i, minw =6, taiz=—i.
25 25
2) w=5lz—i|+12|z+1|.
o , 120 119, , . .
Pap s0. maxw =26, tai z=-——+—i, minw =10, tai z=—i.
169 169

3) w=>5|z-il-12]z+1].

Pap s0. maxw =10, tai z=-i, minw=-24,taiz=1.

4) w=3|z+5-12i|+4|z -5+ 12i|. Pap s6. 90 <w < 92.
Pap s6 92, tai S 12, i 90, tai > 12,
. = = ——  — = 1 = — — —1.
ap sO0. maxw , tal z 13 13L, minw , talz 13 131

5) w=2|z+5+12i|+3|z—5—12i|.
) . 12 . 5 12
Dép S0. maxw = 66, tai z = —1—3 - 1—3l, minw =64, tal z = 1—3 + 1—3l.

Tinh chéat 1.16

Cho (€) la duong tron ngoai tiép hinh vuéng ABCD va M la diém trén (€). Tim gid
tri 16n nhdt va gid tri nhé nhat clia tong

S=AM+BM+CM+DM.
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Cho sb phtic z thoa man diéu kién |z —5—i| = 5. Tim gia tri 16n nhat va gia tri nhé

nhat cta tong
S=|z-1+2i|+|z-2-5i|+|z—8+3i|+|z—9—4i].

Tinh chéat 1.17

VGi hai s6 phiic z1, z2 tuy ¥, ta cé

2 2 2 2,
1) |z1+291* + |21 — 22* = 2(|z11% + |221);

2) (lz1]+|z2))? <21 + 229|% + |21 — 29|2. Ddu ddng thiic xdy ra khi va chi khi |z1] = |zal.

Chiing minh. Pat z1 = a+bi, zo = c +di. Goi M(a,b), N(c,d) lan lugt 1a cac diém biéu dién
cho z1 va z9. Ta ¢6 |z1|=0OM, |z9| =ON.
Ta c6
zitzo=a+c+(b+d)i.
Goi C(a+c,b+d) 1a diém biéu dién cho sb phic z; +z2. Khi d6, |z1 + 22| = OC.
Mat khac
z1—z9=a—-c+(b-d)i.
D&y riing NM = (a —c,b—d), nén |21 — 29| = MN. Ta ¢6 OC = OM +ON, nén td gidc OMCN la
hinh binh hanh. Do do
OC?+ MN*? = 2(0M* + ON?), (1.2)

hay

2 2 2 2
|21+ 22| + |21 — 22| = 2(|21]° + |22])°.

Mat khac, ta co
(OM +ON)? <2(0M? + ON?). (1.8)

DAu bang xay ra khi va chi khi OM =ON.
Tu (1.2) va (1.3), suy ra
(OM +ON)? <OC?+MN?,

hay

2 2 2
(Iz1l +122)* <21 + 22 + 121 — 22]°.

Loi binh. Ta c6 thé chiing minh dang thic

2 2 2 2
|21+ 221" + 121 — 221" =2 (l211° + |22])".
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nhu sau:
lz1+ 2912+ 21— 2912 =(@+ )2 +(b+d)? +(@a—c)? + (b —d)?
=2a?+b%+c%+d?

=2(1211% + |22/%)

Tim tap hop cac diém biéu dién cho sb6 phiic z thoa

|z —8—4il?+|z+3 +4i|? = 150.

Loi gidi. Dat z; =3 +4i. Gia thiét da cho dudc viét lai thanh
Iz — 2112 + |z + 21/? = 150.

Tuong duong
2(lz112 +121%) = 150 © 2 (25 +|2/%) = 150 & |2|* = 50.

Vay tap hop can tim 14 dudng tron c6 tam 1a gbc toa do, ban kinh R = 5v/2. O
Vi du 1.42
|21 — 2]

Cho cac sb phiic z, z1, zo va s6 thuc % thoa & > . Tim tap hop cac diém biéu
dién cho sb phic z thoa

|z—z1|2+ Iz—z2|2 =k.

Loi gigi. Cach 1. Goi M, A, B 1an ludt 1a cac diém biéu dién cho cac s6 phiic z, z1, zo. T
gia thiét dan dén
AM? +BM? =F.

Goi I 1a trung diém doan AB. Ap dung cong thic dudng trung tuyén trong tam gidc MAB,

ta co ) ) ) )
2o AMP+BM® AB® k. AB®
2 4 2 4

2 k —_ 2
Tit day, tap hop cdc diém M la dubng tron tam 7, bén kinh R = |7 - 21 422'

Vay tap hop cac diém biéu dién sb phic z 1a duong tron cé tdm 1a diém biéu dién cho s

+ L k —29/?
21 ZZ,ban kinh R = §_¥

phtc
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Cach 2. bat
_(z-z1)+(z2-29) _,_Z1tz

2 2 7
hay
21t+22
z=1 .
2
Ta co
21+z22 21— 29
2—21= 9 —<c1=1- 9 ’
21t+22 21— 22
z2—z22= —z9=t+ 5

Tt gia thiét, ta c6
=k.

z1— 222 21— 222
[+ =57
2
Dan dén,

2(|t|2+‘%‘)2:k.
Suy ra
k 1z —22|2.

It]? =
2 4

2 - R - R X A - N N N N ~ ~ k - 2
Tap hgp cac diém biéu dien so phiic ¢ la dudng tron tam 0(0,0), ban kinh R = 3" %

N 21tz N ~ . .o .o X 2 . N N N A < 3R
Maz=¢+ 2 2, nén tap hop cac diém biéu dien so phitc z la duong tron c6 tam la diém
e 1x A 1. 21+ZY L o kB lz1—29/?
biéu dién cho so phic 17=2 , ban kinh R = 5 % o

Bai tap 8. Tim tap hop céc diém biéu dién sb phiic z, biét rang

1) |z—412+|z + 4|2 = 40; Pap sb. x2+y% = 4.

2) 1z—2i2+|z+212=12; Pap s6. (x+1)2+(y-1)2-4=0.

3) |z-6/%2+|z+8i|>=68; Pap s6. (x-3)2+(y+4)2-9=0.

4) |z-21%+ |z + 22 = 26; Pap sb. x2+y%2=09.
) 3\2 1)2

5) |z—i2+|z+3/2=13. Dap so. (x+§ +(y—§) -4=0.

Vi du 1.43: (Thi thi lan III, THPT Luong Thé Vinh, Ha Néi, 2016 - 2017)

Cho hai s0 phtc z1, z2 thoa man
lz1—221=1, |z1+22/=3.

Tim gi4 tri 16n nhat cta |z;| + |za].
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Vi du 1.44: (Thi thi 1an IV, Pai hoc Vinh, 2016 - 2017)

Cho hai s6 phtc z1, z9 thod man

|21l =l22] = |21 — 22| = 1.

Tinh |21+ 2z29].

Vi du 1.45: (Thi thit 1an II, Pai hoc Vinh, 2017 - 2018)

Cho z1, z9 1a hai trong so cac so phtc thoa man |[z—1+2i| =5 va |z1 — 22| = 8. Tim moédun
cua so phic w =z1 +29 -2 +4i.

1.2 Vi tri tuong doi ciia dwong thing va diong tron

Vi du 1.46: (Thi thi 1an II, THPT chuyén Luwong Thé Vinh, Pong Nai, 2017 -

2018)

C6 bao nhiéu s6 phtic z thod méan dong thoi hai diéu kién sau: |z —10+2i| = |2 +2 - 14i|
va |z -1-10i| =5?

Loi gidai. Goi M(x;y) biéu dién cho z, ta c6 hé

3x—4y+12=0,
(x—1)%+(y-10)% = 25.

P& v duong thang 3x — 4y + 12 = 0 tiép xuc véi dudng tron (x — 1)+ (y — 10)2 = 25, nén chi ¢6
mot s6 phic. $

Vi du 1.47

Cho hai sb phic z1, zo dong thoi thod méan hai diéu kién:
lz—11=v34, |z+1+mi|l=|z+m+2i|,

trong do, m € R va sao cho |z; —z9| 16n nhat. Khi do, gia tri caa |z1 + 22| la bao nhiéu?

1.3 ‘Bai tap
Bai tap 9. Tim tap hop cac diém biéu dién cho sb phiic z, biét rang:

1) |lz+i+1] =z -3il; DPap s6. 2x—4y-7=0.
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2) |z—2+i|=|z+1-3il; Pap sb. 6x+4y+5=0.
zZ+1 P

3) |———|=1. Pap s6. 2x — 12y +25 = 0.

) 751 ap 80. 4x = 1oy

Bai tap 10. Tim tap hop cac diém biéu dién cho s phiic z, biét rang:

1) z-z+(1+i)-Z+(1-i)z+1=0; Pap sb. (x+1)2+(y+1)2-1=0.
2) z-Z2+(2+1)-2+(2-i)z =4; Pap s6. (x+2)2+(y+1)2-9=0.
3) z-Z+(3+i)-Z+(3—i)z=6. Pap sb. (x+3)2+(y+1)2-16=0.

Bai tap 11. Tim tap hop cac diém biéu dién cho s6 phiic z, biét rang:

1) 12z +il=|—z+i+3[; Pap sb. (x+1)2+(y+1)2-5=0.
o 1)2 2\2 29

2) |z +3—2i = 122 — 2i + 1; Dép sb. (x——) ; y__) B,
3 3 9
3z+2+3i L 8)2 7\ 58

—| =1 bap so. [x+=| +|y+=| ——=0.
2z+i-1 5 5/ 25

Bai tap 12. Cho s6 phiic z thod man diéu kién cho trudc. Tim tap hop cac diém biéu dién
cho s6 phtic w, biét réng

1) |z+41-2il=1, w+z=-2-5i; Pap sb. (x+ 12+ (y+772%=1.

2) z2+2+5i=3, w-z=1+2i; Pap s6. (x+1)2+(y+3)2=09.

3) z+3-2il=4, w=iz+2; Pap sb. x2+(y +3)? = 16.
) 3\2

4) z2+1-31|=2, 2w-z=-2+3i. Pap so. (x+§) +(y-3)2 =16.

Bai tap 13. Cho s6 phiic z. Tim tap hgp cac diém biéu dién cac s6 phiic w, biét rang
1) w=iz+2i—-1, |z-2i|<2;
Pap s6. Hinh tron (x +3)% + (y - 2)% < 4.
2) w=1z+3-2i, |z+2i+4|<3;
Pap sb. Hinh tron (x— 1)2+(y +6)% < 9.
3) w=iz+3-1, [2z+i>>4;
) 7\2
Dap so. (x—i) +(y+1)2-1>0.

4) w=2z+3-1i, |2z+i*-2z-z-1<0.

) 7\2 16
Dépsf) (x—3)2+(y+§) <?

Bai tap 14. Tim tap hop cac diém biéu dién cac s6 phiic z, biét rang
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1) |z +3i| = |z + 22 + 2il; Dap sb. Parabol y = % (8x2-5).
2) 15z +i+1| =2z -3z +2i; Pap s6. Parabol y = é (1242 +5x - 1).
3) lz+i-2| =12z +Z +1]. DPap sb. Parabol y = 4x2 + 5x — 2.
4) |z —i| =2z - 3z +2i|. Pap s6. Hai duong thang y = —g Vy= —%.

Bai tap 15. Tim s6 phiic z ¢c6 modul nhé nhat trong cac trudng hop sau:

1) |z+3i+4|=|z—5i+10]. Péap s6. z = -3 +4i.
2) |z—3i+4|=|z+5i+10; Pap sb. z = -3 -4i.
3) lz+2+il=[z+5+2i|; Pap s6. z = -2+ 2i.
4) |z+2i-3|=|z-i-8; Pap s6. z =5 +1i.
5) |z+3i+2|=|z—1+8|. Pap sb. z=—-3+2i.

Bai tap 16. Tim sb phiic z ¢6 modul nhé nhét, 16n nhat biét rang

1) |z2-38i+4|=5; Pap s6.2=0, z=-8+6i.
2) |z—-3i—4|=10; Pap s6. z=—-3-4i, z=9+12i.
3) |z—5+12i| = 39; Dap 6. z=-10+24i, z=20+48i.
4) |z-i+1]1=2-V2; Papsb.z=1-i, z=-3+3i.
5) |z—2-2i|=4-V?2; Pap s6. z=-2-2i, z=6+6i.
6) |z—2+2i|=v2; Papsb.z=1-i, z=3-3i.
7) |z +4+4i] = V2. Pap s6. z=-3-3i, z=-5-5i

Bai tap 17. Cho sb phiic z thod man |z +i| = 3. Biét tap hop biéu dién ctia sb6 phiic w =
(3 +41i)z —2i la mot duong tron. Tinh ban kinh duong tron do.
Pap sb. 15.

Bai tap 18. Cho s6 phiic z thod man |z —1+i| = 7. Biét tap hop biéu dién ctia sb phiic
w = (3 +41)z la mo6t duong tron. Xac dinh tam va ban kinh duong tron do6.
Pap sb6. Tam 1(7;1), R = 35.

Bai tap 19. Xét s6 phiic z thoa man
lz+2—i|+|z—-4-Ti|=6V2.

Goi m, M 1an ludt 1a gia tri nhé nhat va gia tri 16n nhat ctia |z — 1+i|. Tinh m + M.

. . 5V2+2V73
bap so. — s



Chuong 2
Tiép tuyén

2.1 Ham phan thiic

+b

v6i ad —be # 0 va ¢ # 0. Bién luan sb tiép tuyén di qua diém

S % ax
Cho ham so0 y =
cx +

M(m,n) d6i véi do thi ().

Ldi gidgi. Goi A la duong thang qua M(m,n) véi hé s6 géc k. Phuong trinh A c¢6 dang

y=k(x—m)+n.

Xét hé phuong trinh
PR, (2.1a)
cx+d
ad-bc
—— =L. 2.1b
(ax+b)? ( )

Thay % tit phuong trinh (2.1b) vao phuong trinh (2.1a)), ta thu dude phuong trinh

cla—cn)x?+2c(b—d)x+adm—bem —d?n +bd _o

2.2
(cx +d)? (2.2)

Véi diéu kién cx +d # 0, (2.2) tuong duong véi
cla—cn)x®+2c(b—d)x +adm—bem —d?n +bd =0. (2.3)

Biét thic cua (2.3) 1a
A=—-4c(ad —be)b+am—dn —cmn).

Pé ¥ rang (2.3) c6 nghiém la 4 khi va chi khi
¢

(ad —be)d +cm)

c

=0ed+em=0.
Ta c6 cac kha nang sau:

31
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1) Qua M vé dudc hai tiép tuyén dén (¥). Piéu nay xay ra khi va chi khi (2.3) c¢6 hai
oA N ., d
nghiém phan biét khac ——. Hay
c

cla—cn)#0, (2.4a)
d+cm #0, (2.4b)
—clad —be)b+am—dn—cmn)> 0. (2.4¢)

. c6 nghia la M khong thudc tiém can ngang cua (€).
e T (2.4b) suy ra M khong thudc tiém can ding caa (€).
e Tu (2.4¢), ta lai xét hai kha nang xay ra.
- Néu ad —be >0, titic ham sb6 dong bién trén méi khoang xac dinh, khi dé

b+am—-dn-cmn<0eam+b<n(cm+d),

tuong duong

cm+d >0, cm+d<0,
am+b hodc am+b

<n >n.
cm+d cm+d

Piéu nay c6 nghia 14, néu M nam 6 bén phai cia tiém can ding, thi M phai
nam phia duéi nhanh dd thi ctia (6) 6 bén phai cta tiém cin ding hodc néu
M nam § bén trai cia tiém can ding, thi M phai nam phia trén nhanh d6 thi
cua (€) 6 bén trai cua tiém can dung.

2) Qua M vé dudc mot tiép tuyén dén (¥). Piéu nay xay ra khi va chi khi (2.3) c¢6 ding

mot nghiém phan khac ——.
c

4 -1 2% P o Ao ae X 41-
Cho ham so0 y = x+—1 Bién luan so tiép tuyen di qua diém M(a,b) doi véi do thi (¥).
X

Loi giai. Goi A la dudng thang qua M(a,b) v6i hé sb géc k. Phuong trinh A ¢6 dang

y=k(x—a)+b.
Xét hé phuong trinh
1 hw-a)+, (2.5a)
x+1
2

Thay % tit phuong trinh (2.5b) vao phuong trinh (2.53), ta thu dudc phuong trinh

Bb-Dx2+2b+1x+1-2a+b=0. (2.6)
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S6 tiép tuyén di qua M ciing 14 s6 nghiém khac —1 ctia phuong trinh (2.6).
Pé ¥ rang dinh thic cua (2.6) 1a

A=81-a+b+ab)
va x = —1 la nghiém cta (2.6) khi va chi khi a = —1. Cac kha nang xay ra nhu sau:
* (2.6) co hai nghiém phéan biét khac —1 khi va chi khi

b-1#0, b#1,

a#—l, < a#_ly

A>0 ba+1)>a-1.

Piéu nay tuong duong véi

b#1, b#1,

a>-1, hoac a<-1,

p> 1 p< o1
a+1 a+1

Hé thi nhat c¢6 nghia 13 M khong ndm trén tiém cin ngang cta (€) (b # 1), va néu M

nam phia bén phai ciia dudng tiém can ding (¢ > —1), thi M phai nam phia trén cta

(%)@>a_l)
a+1

Hé thi hai ¢6 nghia 14 M khong ndm trén tiém can ngang cta (¥) (b # 1), va néu M

nam phia bén trai cia dudng tiém can ding (e < —1), thi M phai nam phia dudi caa

(%)@<“_1)
a+l

Tut nhitng diéu trén, ta cé két qua 1a, qua M ké dudc hai tiép tuyén dén (%) khi va chi
khi M thudc mién khéng bi gach va khong thudc hai duong tiém céan caa (€).

e Truong hop 2. Phuong trinh (2.6) ¢6 dung mét nghiém khac —1.

- (2.6) 1a phuong trinh bac hai va c¢6 nghiém kép khac -1

b-—1#0, b#1, b#1,
< < a-1
A=0 ba+1l)=a-1 b=
a+1

Hé sau cung c6 nghia M khong thudc tiém can ngang va M thuoc (¥).
Ta chi can M thudc (¢) la duong nhién M khong thudc tiém cin ngang.
- (2.6) c6 hai nghiém phéan biét, trong d6, ¢c6 mét nghiém la —1.
b#1,
ba+1)>a-1,
a=-1.

Piéu nay c¢6 nghia M thudc duong tiém can ding ctia (¢) nhung khong trung véi
giao diém cta hai tiém can.
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* Qua M khong ké dudc tiep tuy

R .

ax+b
cx+d

777

7777777
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2
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trung vdi giao di

&
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* Hé phuong trinh

.

. A T S N
Do do, toa do giao diém cta do thi (¢) va A la (5; 1

N —

e Dé thay, toa d6 giao diém ctia dudng tiém can ding va A 1a (1,1).
A 3 o P 3 2 , X 2 2 N 3 5
Nhufvay,a:Ehoacazl. Do do, S = 5,1 .TongcacphantUCuaS1a§+1:§. %

Vi du 2.4

S 2 —X
Cho ham so y =
x+1

¢6 do thi (¥).

1) Tim toa d6 cac diém trén dudng thing A :y=2x+9 ma tir d6 ké dudec mot tiép
tuyén dén (¥).

2) C6 bao nhiéu diém thudc dudng tron c6 phuong trinh
x-12%+(y-12=25

ma tir d6 ké dude mot tiép tuyén dén (€)?

Loi gidgi. 1) (€) c6 tiém can ding x = —1 va tiém cin ngang y = —1. Giao diém hai tiém
can 1a I(-1,-1) khong thudc A. Cac diém can tim chinh 1a giao diém cta A va (¥) va

cac tiém can.

Dé'p Sé' {(_49 1)9(_2a 5)) (_1a 7)7 (_57 _1)} .

2) Pap sb.

{(-4,1),(-2,5),(1,-4),(5,-2),(1 - v21,-1),(1 + v21,-1),(-1,1 - v21),(-1,1+ vV2D)}.
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2.2 Ham bdc ba

Ta c6 két qua sau: Cho ham s6 y = x® —3x%2 +2 ¢6 d6 thi 1a (¥) va A:y =3—3x 1a tiép tuyén
caa (¢) tai diém udn (diém c6 hoanh d6 1a nghiém ctia phudng trinh y” = 0. Tap hdp cac
diém trong mat phang sao cho tit d6 c6 thé ké dugc

e mot tiép tuyén véi (%) 1a mién bi gach va diém ubn cta (¥);

e hai tiép tuyén véi (¢) 1a nhiing diém nam trén (¥) hodc nhiing diém nam trén A
nhung khéng ké diém ubn ctaa (¥);

e ba tiép tuyén véi (¥) 1a nhitng diém thudc mién khong bi gach.
Cho ham s6 y = x® — 3x2 + 2 ¢6 do thi 1a (¥).
1) Qua diém P(-2,-18) c6 thé ké dudc bao nhiéu tiép tuyén dén (€)?

2) Tim nhiing diém trén dudng thang (¢): y = 4x+2 ma tir d6 ké dudc hai tiép tuyén
dén ().

Loi gidi. Ta c6 y' = 3x%2—6x, y" = 6x— 6. Nghiém ctia phuong trinh y” =0 14 x = 1. Khi d6,
y =0. Piém udn caa (¥) 1a A(1,0).
Tiép tuyén A tai A(1,0) c6 phuong trinh 1a

y=y'()x-1)+0<y=3-3x.

1) D€y diém P thuoc (€) va khong 1a diém udn ctia (€), nén qua A c6 hai tiép tuyén dén
().
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2) Puong thang (¢) khong di qua diém diém udn cta (¥), nén tap hop nhiing diém can
tim 12 giao diém cta (¢) va (¥) hoic giao diém cta (¢) va A.
Phuong trinh x® —3x2 + 2 =4x+2 ¢6 ba nghiém 14 x = —1vx = 0 v x = 4 va phuong trinh

. A s 1
4x+2=3-3x ¢o nghlemlax:?

Vay c6 bén diém trén duong thing (¢/) ma tit mbi diém d6 ké dudc hai tiép tuyén dén
(6).

Pong Nai, nam hoc 2018 — 2019,
Sap chit bang I4TEX bdi Tran Van Toan,
Giéo vién truong THPT chuyén Luong Thé Vinh,
Bién Hoa, Pong Nai.
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