SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN

HA TINH DU THI HOQC SINH GIOI QUOC GIA THPT
— NAM HOQC 2018 — 2019
PE THI CHINH THUC Moén thi: TOAN

Ngay thi thir nhat: 20/9/2018
Thoi gian 1am bai: 180 phut

(Pé thi cé 1 trang, gom 4 bai)

Bai 1. (5,0 diém) Cho day s6 thuc (x, ) duge xac dinh béi cong thic:

=X, +L voimoi n=1,2,3...
2x

n

x =lx

n+l

Chtng minh rang:

a) n< \/;xn < n+%Hﬂ, véimoi n=1,2,3... trong d6 H, = 1+%+---+l.
n

b) [9x,,] =81 (ki hiéu [x] 1a phan nguyén ctia sb thyc x).

Bai 2. (5,0 diém) Cho sb nguyén a va da thitc P(x) hé sd nguyén, hé s6 bac cao nhat 1a 1.
Ta xdy dung ddy sd (a,) xéc dinh bé1i:

a,=a, a,, =P(a,) v6imoi ne N .
Chung minh rang, ton tai so nguyén duong m thoa man mot trong hai di€u kién sau:
1) |am | < |am+1|<|am+2|<"'

ii)a, ,a, a,,.. l1adiytudnhoan véichuki 7<2.

m+12 " m+2°"

Bai 3. (5,0 diém) Cho tam giac ABC va hai diém M, N nim trén cac canh AC, AB sao cho
MN song song v6i BC. Piém P di chuyén trén doan thang MN. Lay cac diém E, F sao cho
EP 1 AC,EC 1L BC, FP 1 AB,FB 1 BC.

a) Ching minh rang duong thang EF di qua mot diém cb dinh khi P di chuyén.

b) Puong thang qua 4 vudng goc EF cit BC tai Q. Chimg minh rang trung truc
ctia BC di qua trung diém cta PO.
Bai 4. (5,0 diém) C6 gido co tat ca 2020 vién keo gdm 20 loai keo khac nhau, mdi loai it
nhét ¢6 2 vién keo. Co chia hét keo cho céac hoc sinh ciia minh, mdi nguoi mot s6 vién
keo va khong c6 hoc sinh nao nhan dugc nhiéu hon mot vién keo & mot loai keo. Co yéu
cau hai hoc sinh khac nhau bat ki so sanh cac vién keo minh nhan duoc va viét sb loai
keo ma ca hai cung c6 1én bang. Biét rang mdi cip hoc sinh bat ki déu dugc 1én bang
dung mét 1an. Goi téng cac sé duoc viét 1én bang 1a M.

a) Xac dinh gia tri nho nhat caa M.

b) Voi gia thiét tuong tu nhung thay 20 loai keo khac nhau boi 19 loai keo khac
nhau, hiy tim gi4 tri nho nhit cia M trong trudng hop twong Gmg nay.
HET
— Thi sinh khéng dwoc sir dung tai lidu va mdy tinh cam tay;
— Can bo coi thi khong gidi thich gi thém.

Hovaténthisinh...............ooooiiiiiiiii . Sébaodanh....................



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HQC SINH GIOI

HA TINH QUOC GIA THPT NAM HQC 2018 — 2019

Mén: TOAN — Ngay thi thi nhat

HUONG DAN CHAM
Bai Pip 4n Pié¢m
Do x, =x_+ e +1, x7 =1 nén ta chimg minh quy nap x’ >n.
Vé6i n=1 thi ménh dé ding. Gia sir ménh dé dung dén n, tic 1a xX>n. 1
1
La | Suyra x), >n+1+—>n+1 ding. Tir d6 ta co nx, >n.
2,5 4x,
dlém n—1 1 1 n—1 1
Laico x) =x. +——+1=--=x/+(n-1)+ —<n+—) —
4)(?}7_1 k=1 4xk 43k
5 1.5
1 1 1
<n+—H <|Jn+ H | =>+nx <n+—-H .
4 n [ 6\/; nj n 6 n
Ta chimg minh H,, <6.
. . 1
Trudce hét ta chirmg minh bat dang thire: 4, <1+Inn.
That vay, xét ham sb
1 1 1
x)=In(x+1)-Inx———=In| 1+— |——— Vx>0
f< ) ( ) x+1 ( xj x+1
, 1 1 A 1 % . A 0,5
1Lb | f'(x)=- + -<0,Vx>0 nén ham s0 f(x) gidm trén ’
2.5 x(x+1) (x+l)
dié 1
fem khoang (0;+00) = f(x)>0,Vx>0, hay —1<ln(x+1)—lnx (*)
X+
Ap dung BDT trén ta c6 :
1+%+---+é<1+1r12—1n1+1n3—1n2+---+1n81—1r180:1+1r181<6 1
Tl do : 81<+/81x, <81+%H81 <82 = [9x,]=81.
Truwong hop 1. Vi deg P(x) =1 thi P(x)=x+c, c nguyén.
Suyra a,=a,+n.c voimoi ne N hay (a,) 1a cap sb cong.
+)Néu ¢=0, diy (a,)1a day hang, chon m=1thi chuki 7 =1, thoa man ii)
2_, +)Néu ¢ >0, chon m =| a, | +1, khi d6: 0<a, <a,, <a,, <..nén 2
5 diém

la |<|a, |<|a,.,|<..théa min i)

m+1
+) Néu c¢<0, chon m=aq,|+1, khi d6: 0=a,6>a,, >a,,>..nén

la,|<|a,,|<|a,.,|<..,théa min i).

1




Truong hop 2. Voi degP(x)>2,
Xét da thire O(x) = P?(x)—x*, O(x)bac chin, c6 hé sd bac cao nhit 1a 1

nén ton tai sd x, nguyén duong dé O(x)> 0 <| P(x) > x | v6i moi | x |> X, -

Néu ton tai mdé |a, |>x, thi |a,|<|a,. |<|a,,]|<..,théa min i).
Nguoc lai: |a,, |[<x,vé1 mo1 m dulén. Vi vay ddy (a,) bl chan nén no tuan

hoan. Ta chimg minh chu ki 7<2.

Giasa diy a ,a,.,,a,.,,...tudn hoan theo chu ky 7 >2. Khi do

m+2°

a ,a

mo T m+1o0

a, ., doi mot phan biétva a, =a,,,.
Ta Co: am - am+l | P(am) - P(am+1) = am+l - am+2 °

Hoan toan tuong tu, suy ra:

am - am+1 | am+l - am+2 | am+2 - am+3 | | am+T—l - am+T | am+T - am+T+l = am - am+l
DO dO: | am - am+1 |:| am+1 - am+2 |:| am+2 - am+3 |: :| am+T71 - am+T :
Néutontai p<7T dé: a,,,—a,,,,=—(a, ., —a,,.,) thia, =a,

nén ddy tuan hoan theo chu ki 7=2, v ly.

Suy ra: am - am+1 = am+1 - am+2 = am+2 - am+3 == am+T71 - am+T .
Hay a,,a,.,,a,.,,....a,,.; lacap s6 cong,nén a, =a, ,=a, ,=..=a,. ,,
vo ly. Vay T <2, théa man ii).
K&t ludn: ludn ton tai s6 nguyén duong m théa man bai toan.
K
E
G A '
q
3.a
2,5
diém
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Goi AD la dudng cao tam giac ABC, MN cit CE, BF tai S, T. Puong
thang qua S vudng goc v6i AB cit EF, BF lan luot tai I va G.

Ta c6 ASPE ~ ADAC va ATPF ~ ADAB.

IE_ES _ES PS_ESTP_ CD AD_DC
IF FG PSFG PSTF AD DB DB

Tur do

Vay I thuoc AD suy ra I 1a giao diém cta AD va SG ¢6 dinh.

Ta c6 diéu phai chimg minh.

0,5

3.b
2,5
diém

Goi H 1a hinh chiéu cta P 1én BC. Ta s& chirng minh QB = HC tir d6 suy
ra trung truc BC chia déi PQ.

Cing tu ASPE ~ ADAC va ATPF ~ ADAB.

0,5

PE _PE PS PT _AC HC AD _ AC HB _ DC
PF " PS'PT PF AD HB' AB AB HC DB

Lay K thudc AC sao cho BK| AQ. Ta dé thiy AABK ~ APFE.

Tac

_, QB_BQ AK AB_QC PE AB_AB AC HB_HB
~QC AK ABQC ACPFQC AC AB HC HC

Lai c6 H, Q déu nam giita BC nén dé suy ra QB = HC (dpcm)

4.a
2.5
diém

Goi a,,4a,,...,d,, 1a 56 vién keo ciia loai keo thw 1,2,...,20 véi a, > 2.
Vi loai keo thir i (1<i<20), ta dém s bod (A,B) ma hai hoc sinh 4,B
déu co loai keo ndy. S6 by can dém la C”.

Khi d6, theo gia thiét, tong s6 bo chinh 1a A hay

20 20
M =>C? trongdo ,a =2020.
P i=l

Ap dung bt dang thirc Bunhiacdpky ta co:
20 4 (a. _1) 20 42 2 4

u-$200-30 2

i=l1

20 2
(Za"j 04 20200 2020
o It ~—,— =101000

2.20 o 2 2.20

Dau “=" xdy rakhi a, =101, Vi=1,2,...,20.
Vay gia tri nho nhat (GTNN) ctia M 13 101000.

0,5




4.b
2,5
diém

(a —1
Nhu 1y ludn & cau a, ta co: M = Z—

i=1

——Za ——Za nén biéu

19
thite M dat GTNN < Y .a’ dat GTNN.

i=l1

19
Ta s€ ching minh: Zaf dat GTNN khi ‘ai —a/‘ <1 véimoi 1<i,;<19. (1)
i=1 ‘

That vay: Xétbo4sda, b, ¢, dma a>b+2;c=a—1;d=b+1 thi ta cé:
cd=ab+a—-b—-1>ab va (a+b)2=(c+a’)2 suyra @’ +b*>c” +d’.

Mo rong tinh chét nay cho nhiéu sé ta suy ra (1) dugc chimg minh.

0,5

Do d6 M dat GTNN khi c6 ¢ sd giatrila k va 19—« $6 ¢o gia tri la k+1
voi 0<¢<19 va GTNN la

= %[ﬂ& +(19-1)(k+1)* =2020].

Taco th+(19—1#)(k+1)=2020 < ¢ =19k —2001.

2001£k_% Tu day ta c6 £ =106,1=13.

Do 0<7r<19 nén

Thay vao ta dwgc GTNN cua M 1a %[13. 106> +6.107> — 2020] =106371.




SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN

HA TINH DU THI HOQC SINH GIOI QUOC GIA THPT
O NAM HOQC 2018 — 2019
PE THI CHINH THUC Moén thi: TOAN

Ngay thi thir hai: 21/9/2018
Thoi gian 1am bai: 180 phut

(Pé thi cé 1 trang, gom 4 bai)

Bai 1. (5 diém) Ky hiéu tap hop M ={-10;—9;-8; .....;9;10} . Xét da thirc

P(x)=x3+ax2+bx+c

trong d6 cac hé s6 a,b,c déu thudc tap hop M. Biét réng ‘P(2+\/§)‘ < 2(?18 , chung

minh da thirc P(x) c6 ba nghi¢m thyc phan biét.

Bai 2. (5 diém) Cho mot khung sat ¢6 hinh dang 1a mét ti di¢n déu mdi canh co dd
dai 1 mét. Mot con bo ban dau ¢ tai mot dinh cta t& dién, bat dau di chuyén lién tuc trén
cac canh cia ttr dién theo quy tic: tai mdi dinh né dén, né s& chon mot trong ba canh tai
dinh d6 va di chuyén theo canh d6 dén dinh tiép theo. Vi mdi s6 nguyén duong #, tim s6
cach di cta con bo dé né trd lai dung dinh ban dau sau khi da di duoc dung n mét.

Bai 3. (5 diém) Cho tam giac ABC nhon, khong can, duong cao AH, ndi tiép trong dudng
tron taim O. Pudng tron noi tiép tam gidc 4BC c6 tam 1a diém I tiép xtic voi cac canh BC,
CA, AB lan luot tai cac diém D, E, F. Goi M 1a diém chinh giira cung nho BC cia duong
tron (O). Pudng thing MD cit lai duong tron (O) tai diém N, dudng thang AN cét dudng
thang BC tai diém P.

a) Ching minh rang tam giac ANI vudng va tir giac AIHP ndi tiép.

b) Puong thang MH cit lai duong tron (O) tai diém S, dudong thang NS cit duong
thang BC tai diém Q. Chirng minh rang tiép tuyén cua dudng tron (O) tai diém N di qua
trung diém cta doan thang PQ.

Bai 4. (5 diém) Cho k 1a s6 tu nhién 16n hon 1. Xét ddy s6 (a, ) x4c dinh béi:

N B e x
a,=0;a,=1vaa,  =ka +a,, vé6imoineN*.

Xéc dinh tat ca cac gia tri cia k sao cho ton tai cac sO ty nhién m, n (voi m # n) va
cac s nguyén duong p, g théa man dicu kién:
a,+ka,=a,+ka,.

HET

— Thi sinh khéng dwoc sir dung tai lidu va mdy tinh cam tay;

— Can bo coi thi khong gidi thich gi thém.

Hovaténthisinh...............oooiiiiiii i, Sdbaodanh...........c..oooi....



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HQC SINH GIOI

HA TINH QUOC GIA THPT NAM HQC 2018 — 2019

Mén: TOAN — Ngay thi thi hai
HUONG DAN CHAM

Bai

Noi dung

Piem

Bai 1
5 diém

Ta co P(2+\/5):(2+x/§)3+a<2+x/§)2+b(2+x/5)+c
= (20+14V2) +a(6+442) +b(242)+c

= (20+6a+2b+c)+(14+4a+b)\2

= m+n2

vol m=20+6a+2b+c;n=14+4a+b.
Do a,b,c e M nén |m|£110 va |n|£64.

Trude hét ta ching minh 2 ++/2 1a nghiém cua P(x). Gia st ngugc lai
ring 2++2 khong phai la nghi¢m cia P(x). Khi d6 P(2++/2)#0
< m+ny2 #0 < m, n khong ddng thoi bang 0.

Suyra m—ny2 %0 va \m—nﬁ\s|m|+|n|ﬁ3110+64%=206.

m* =20 1 9

> > , m
m-n2| 206~ 2018
thudn voi gia thiét ban dau. Vi vay 2 + V2 1a nghi¢m cua P(x).

au

Tu diy ta c6 ‘P(2+\/§)‘:‘m+n\/§‘:

Do 2++/2 1anghiém cia P(x) nén m+nd2=0 < m=n=0.Tacb
P(2—x/§)=m—nx/§:0 nén 2—+/2 ciing 1a nghiém ciia P(x).

Mait khac 2 + J2 va 2-+/2 lahai nghiém ctia tam thire x° —4x +2 nén ta
phéi c6 P(x)= (x2 —4x+ 2)(x+§j hay P(x) con c6 nghiém —% €Q.

Vay P(x) c6 ba nghiém thuc phéan biét.

A , ,
Gia st khung sat co dang la

mdt hinh t& dién déu ABCD
mdi canh c6 d6 dai 1 mét va
ban dau con bo & tai dinh A4.

Goi a,, b,, ¢,, d, 1a sO cach

di dé dtng sau khi di duoc n
mét con bo s& tuong tng dén

C A, B, C D.




Véimoin > 1,
1) Do tinh d61 xtimg cua cac dinh B, C va D nén

b,=c¢c,=4d, (1)
ii) Mudn di dén 4 phai tir B, C hoac D di thém 1 mét nita nén:
an = bn—l + cn—l + dn—l’ (2)

ii1) Tuong tu cling c6: b, = a,, +¢,, +d,, (3)

Te(1)va(2)tacd: a, = 3b,_, = a,,, =3b, . Kéthop véi (3) ta duoc:
an+1 = 3bn = 3(an71 + cn—l + dn—l)
= 3(an—1 + 2bn—l) = 3an—1 + 2an
hay la
a,, =2a, +3a, , v6imoin>1.

n

Diy sb nay c6 phuong trinh dic trung > =2¢+3, c6 cac nghiém ¢ =3
va t=-1 nén sO hang tong quat cuia day c6 dang:
a,=A3"+B.(-1)" v6imoin € N*.
Két hop voi a, =0, a, =3 ta tinh dugc két qua:
L _ 33D

n

vOoi moi n € N*,

a) (3 diém)

M

Ta xét truong hop 4B < AC, trudng hop con lai tuong tu.

Ta c6 ND la phan giac trong tam giac NBC nén NB = %
NC DC
. B FB
Lai c6 DB =FB va DC = EC nén suy ra N_:—.
NC EC

Két hop véi ZNBF = Z/NCE ta duoc ANBF ~ ANCE.

Suy ra Z/NFB = /NEC = /NFA = /NEA = cic diém 4, N, E, F nim
trén mot duong tron. Do dudng tron nay cd duong kinh 1a A7, suy ra tam
giac ANI vudng tai N.




Theo tinh chat quen thudc ta c6 MB = MC = MI, suy ra céc diém B, I, C
nim trén dudng tron tim M, ta ky hiéu 1a (M). Ta c6 PN.PA = PB.PC
suy ra P c6 cung phuong tich ddi véi hai duong tron duong kinh A7 va
dudng tron (M).

Lai c6 hai duong tron nay c6 M nam trén A7 va c¢6 diém chung / suy ra
chung tiép xtc ngoai v6i nhau tai 7. Tir d6 PI 1a tryc dang phuong cua
hai duong tron, suy ra PI 1 AL Két hop véi PH 1 HA ta suy ra tir giac
AIHP ni tiép duong tron dudng kinh AP.

b) (2 diém)

M

Goi T la giao diém khac 4 cia AH va duong tron duong kinh A7. Suy ra
IT | AH nén IDHT la hinh chir nhat. Khi d6 theo dinh ly Simson thi N,
T, D thang hang (do / nam trén duong tron ngoai tiép tam giac APH) suy
ra duong thing MN di qua trung diém X cua doan [H.

Goi Y 14 trung diém cia PQ. Ta chirg minh NY 1a tiép tuyén cta dudng
tron (O).

Xét hai tam giac MIH va NPQ c6: ZIMH = ZPNQ (t gidc ANSM noi
tiép) va ZMIH = /NPQ (tt gidc AIHP ndi tiép) nén AMIH ~ ANPQ. Do
MX va NY 1a trung tuyén tuong Gmg cla cic tam giac trén nén suy ra
AMXH ~ ANYQ = ZHMX = ZQNY hay ZSMN = ZSNY suy ra NY la
tiép tuyén ctia duong tron (0).

Véik=2,tacdddy a,=0;a,=1vaa,, =2a,+a, , v6imoi ne N*.
Suy ra a,=2a,=5. Khi d6 a,+2a,=4=a,+2a, nén cdp
(m,n)=(0,2) va (p,q)=(2,1) théa man diéu kién bai toan.

Ta sé& chimg minh v&i moi s6 ty nhién & >3 déu khong théa min bai
toan bang phan chung.
Thét vAy voi k >3 thi (a,) 14 ddy ting dong thoi a,,, —a, , =ka,a,
voimoi ne N *. Do do, voi moi n € N thi

a, =a,=0(modk) va a, ,=a =1(modk) (*).




Gia sir ton tai cac cap so m, n e Nvap,q e N*théa man m # n va
a,+ka,=a,+ka,. Khong mat tinh tong quat gia sit m < n, suy ra

a, <a,a,>a, ,tacocac truong hgp sau day:

Truong hop 1: p < m < n. Khi do
a,+ka,<a,+ka, K <ka,+a

<a <a, +ka

m+l —

=a

m—1

mau thudn, nén trudng hop nay khong thda man.

Truong hop 2: p =m < n.
+H)Néup=m=n-1thi
a,+ka,=a,+ka, =(k+1)a

v6 1y vi vé trai khong chia hét cho k.
+)Néup =m <n-1thi

a,+ka,<a, ,+ka, ,<a, ,+tka =a,<a +ka,,

=a,—-a, = k(an_l —aq),

n—1

mau thuan véi gia su.

Truong hop 3: m< p<n.Khidb a,<a, , a, <a, vaa, >0 nén
a,+ka,<ka,+a, =a,, <a, <a, +ka,,

mau thuan véi gia su.

Truong hop 4: m<n<p. Khidotacotu a, +ka,=a, +ka, > ka,

:>ka >ka —-a, >(k l)a =a >%a

Mat khac a,= kapfl ta,,= kapf1 va a,>a, nén
k-1 k-1
a,>a, = : a,= k.k =(k-1)a,, 2a,
Do ddy (a,) tang nén phai c6 ¢ = p — 1 va cac danh gia trén déng thoi

xay ra dang thirc = a,=a, =0= ¢g=0, voly.
Vay chi c6 gié tri k= 2 théa man bai toan.

HET
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