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1 Gi6i thigu

Trong chuong trinh toan trung hoc phd thong, cac sach gido khoa va sach tham khao
thuong chi trinh bay tinh chat ctia cac da thitc bac < 3 va cac ham s6 hitu ti don
gian. Em nhan thay rang rat it tai lieu dé cap dén da thitc bac cao. Mot cau héi nay
sinh 1 cac da thiic (bac tity ¥) hay tong quat hon, cdc ham s hitu ti, c6 nhing tinh
chat dac trung gi?

Cac do thi ham s bac nhit f(x) = ar +b (a # 0) ¢6 tinh chat doan thang néi hai
diém bat k¥ trén do thi chita trong do thi. V6i do thi ham s6 bac hai f(z) = az?+br+c
(a > 0) c6 tinh chat doan thang ndi hai diém bat k¥ trén dd thi luon nam (thuc sy)

trén cung ctia do thi néi hai diém nay. Nhimg quan sat nay dan dén cau héi sau:

Cau héi 1. Nhitng ham so f nao co tinh chat doan thang noéi hai diém bat ki trén

do thi ham s6 y = f(x) luon nam (thyc su) trén cung cia do thi noi hai diém nay.

Khi vé d6 thi cac ham s6 da thic y = f(z) ¢6 bac hai, ba, ching ta thay do thi
khong “dao dong” va chi ¢6 hai nhanh huéng ra vo han (khi x tién ra vo han) va cac
nhanh nay huéng dén duong thang song song truc tung. Cac ham sb hitu ti c6 tit s6
la da thitc bac < 2 va mau s6 1a da thic bac 1 déu khong dao dong va luon c6 mot

s6 chdn nhanh huéng ra vo han. Cau hoi tiép theo la:

Cau héi 2. Phdi chdng phan do thi & vo han ciia cdac ham so hitu ti khong dao dong

va luon c6 mot s6 chin nhanh hudng ra vo han?

Ching ta thuong gidi va bién luan vé nghiém va s6 nghiém clia phuong trinh
f(x) =t v6i t 1a tham s6 thyc. Néu f 1a da thiic bac hai, thi phuong trinh f(z) = ¢
c6 nhiéu nhat 2 nghiém; hon nita dé dang xac dinh cdc nghiém ctia phuong trinh
nay (néu c6). Mat khac, chiing ta biét ring néi chung khong thé tim nghiém ctia cic

phuong trinh da thiic bac 16n hon nam. Van dé dit ra la:



Cau héi 3. Cho ham sé6 hitu ti f. Vi nhitng gid tri nao cta tham so t thi phuong
trinh f(z) =t c6 nghiém, khong cé nghiém? So6 nghiém cia phuong trinh phu thudc
thé nao theo t? Liéu rang ching ¢ “on dinh” nhu déi vdi cic da thic bac nhat hodc

hai?

Bai toan tim nghiém (hodc/va nghiém nguyén) ctia cac bat phuong trinh da thic
ciing thudng gap. No6i chung rat kho dé gidi bai todn nay khi bac da thiic 16n (chang

han da thic ¢6 bac > 5). Mot cau hoi néy sinh:

Cau héi 4. Cho ham s6 hitu ti f. V&i nhiing gid tri nao ciia tham so t thi bat phuong
trinh f(z) <t (hodc |f(z)] < t) cé nghiém, khong cé nghiém? S6 nghiém ciia phuong
trinh khi t tién ra vo han? Ching cé “on dinh” nhu déi vdi cic da thite bac nhat hodc
hai?

Muc dich:
Trong dé tai nay em tim hiéu mot s6 tinh chat ctia ham s6 hitu ti mot bién. Cu thé
em muon tim cac cau tra 10i cho nhitng cau héi néu tren.
Két qua dat dudc:
Thiét lap nhitng tinh chat sau clia cic ham s6 hitu ti mot bién:
e Tinh 16i, 16i chat.
e Mo t& hinh hoc (tai vo han) ctia do thi ham s6 y = f(x).

e Tiem can do dai va sb6 diém nguyen ciia tap dudi mic ciia ham s6 hitu ti.



Noi dung cua bai bao cao:

Phan 2 trinh bay kién thitc chuan bi dudc sit dung trong cac chitng minh. Cac két
qua nghién cttu dat duge trinh bay trong cidc phan ??, ?? va ??7. Phan 77 1a két luan.

Cubi cung la céc tai lieu tham khao.

Lo1 cam on

Em t6 long biét on chan thanh nhat dén Thay Dang Van Doat va Co Dang Nhi Thao
da nhiét tinh, tan tuy huéng dan va déng gép nhitng v kién vo ciing quy bau cho em.

trong sudt thoi gian thyc hien dé tad.

2 Kién thitc chuan bi

P(z)
Q(z)

khong c6 nghiém chung, Q(x) # 0.

Trong béo céo, gia st f := 1& ham htu ti, trong d6 P(z) va Q(x) la da céc thiic

Trong bao cdo, em sé st dung nhiing két qua da biét sau (xem [2, 3]):

1. Da thiic bac n > 1 c¢6 khong qua n nghiem (ké ca boi). Tt d6 suy ra néu f la

hing s6 trén doan [a,b] thi f 1a ham héng.

2. Dao ham cta f xac dinh bdéi:

L P - POQ )
o) == QWP ’

va do d6 ciing 13 ham s6 hitu ti.

3. Tiép tuyén véi do thi (C) clia ham s6 y = f(x) tai diém M (zo, f(x0)) 1a dudng

thang c6 phuong trinh:

y — f(xo) = f'(wo)(x — x0).



Suy ra ¥(1, f'(x0)) 1a vector chi phuong clia dudng thang tiép tuyén véi do thi
(C) tai diem M (xq, f(z0)).

Trong phan con lai clia phan nay, gia stt ham s6 f x4c dinh trén doan [a, b], tic 1a

Q(z) # 0 v6i moi x € [a, b].

Dinh 1y 1 (Dinh ly Weierstrass). f dat cdc gid tri lon nhat va nhé nhat trén doan
la, b].

Vi du 1. Xét da thic f(z) := 2* — 6 2% + 9z trén doan [0,5]. Khi d6 f dat gia tri
nho nhat 134 0 tai = 0 hoac x = 3 v f dat gia tri 16n nhat 1a 20 tai x = 5. Do thi

ham s6 cho trong Hinh 1.

Hinh 1: Ham s6 f(x) := 2% — 622 + 9z trén doan [0,5] ¢6 gid tri nho nhét
f(0) = f(3) = 0 va gia tri 16n nhat f(5) = 20.

Dinh 1y 2 (Dinh Iy gia tri trung gian). Néu f(a)f(b) < 0 thi c¢6 diém c € (a,b) sao
cho f(c)=0.

Vé mit hinh hoc, néu f(a) va f(b) trai dau thi do thi ham s6 y = f(z) cit truc

hoanh tai it nhat mot diém c6 hoanh do ¢ thuoce doan [a, b].

Vi du 2. Xét da thic f(z) := 2* — 723 + 142%> — 8z + 1 trén doan [—1,3]. Ta c6
f(=1)f(3) = 31 x (=5) = —155 < 0. Suy ra phuong trinh f(x) = 0 c¢6 it nhat mot
nghiém thuoc doan [—1, 3]. D6 thi ham s6 cho trong Hinh 2.

Hinh 2: D6 thi ham s6 f(z) := 2* — 72® + 142 — 8 + 1 cét truc hoanh tai 4 diém

trong d6 c6 3 diém c6 hoanh do thuoc doan [—1, 3].

Dinh 1y 3 (Dinh Iy Fermat). Néu ¢ € (a,b) la diém cuc tieu (hodc cuc dai) cia f
trén doan [a,b] thi f'(c) = 0.



Vé mat hinh hoc, tiép tuyén do thi ham s6 y = f(z) tai diém (c, f(c)) song song

vl truc hoanh.

Vi du 3. Xét da thic f(z) := 23 —62%+9x tréen doan [—1,5]. Taco x =1 € (—1,5)

1a diém cuc dai va x =3 € (—=1,5) 1a diém cuc tiéu. Tinh toan c6
fl(x) =32 =120+ 9 = 3(x — 1)(z — 3).
Suy ra f'(1) = f’(3) = 0. D6 thi ham s6 cho trong Hinh 3.
Hinh 3: Ham s6 f(z) := 2® — 622 + 92 ¢6 cuc dai tai z = 1 va cuc tiéu tai z = 3.

Dinh 1y 4 (Dinh 1y Lagrange). Vdi moi s6 thuc phan biét a va b vdi a < b, ton tai

€ (a,b) sao cho
f(b) — f(a)
/ pu—
f (C) b_ a ‘
Vé mat hinh hoc, tiép tuyén do thi ham s6 y = f(z) tai diém (c, f(c)) song song

v6i day cung ndi hai diém (a, f(a)) va (b, £(b)).

Vi du 4. Xét da thic f(z) := 2% — z trén doan [—2,2]. Ta ¢6 f'(x) = 32? — 1 va
f(=2) = —6, f(2) =6. Suy ra z; = 2*[ VA To %g 14 hai gia tri théa man phuong

trinh
f(2) - f(=2)

%

fl(z) =
D6 thi ham s6 cho trong Hinh 4.

Hinh 4: Tiép tuyén v6i do thi ham s6 f(z) := 2® — x tai hai diém ( ‘:{, T‘[) va
(—2}( 2\f) song song véi day cung noi hai diém (—2,—6) va (2,6).

3 Tinh 16i, 16i chit ctia ham sé y = f(z)

Phan nay nghién cttu tinh 16i va 16i chit ctia ham f.



Dinh nghia 1. (ii) Ham f goi la loi trén khodng (a, 3) néu

F(L=tr+ty) < (1 —1)f(z) +1f(y)

voi moi z,y € («, 8) v moi t € [0, 1].

(ii) Ham f goi 1a [oi chat trén khodng (o, ) néu

J(L=t)z +ty) < (1 —1)f(x) +1f(y)

v6i moi x,y € (a, B),x #y, vamoi t € (0,1).
(iii) Ham f goi 1a lom (tuong ting, [6m chat) trén khoang (v, 8) néu ham — f 1 16

(tuong ting, 101 chat) trén khoang (a, 3).

Vé mit hinh hoc, trén khoang (o, ), ham 16i néu doan thang néi hai diém bat ky
tren do thi luon nim trén cung ciia do thi noéi hai diém nay va ham 1a 16i chat néu
doan thing ndi hai diém bat ky trén do thi luén ndm thyc sy trén cung cta do thi

noi hai diém nay.
Vidub5. (i) Moi da thitc bac mot 1a 161 nhung khong 16i chit.
(i) Ham s6 222 1a 16i.
(iii) Ham s6 2® khong 16i.
D6 thi cdc ham s6 trén cho trong Hinh 5.

Hinh 5: Do thi cac ham 16i nhung khong 16i chat y = z, 16i chat y = 222, va khong

16i y = 23

Tinh chat 1. Cho f la ham s6 hitu ti zdc dinh trén khodng (o, B). Céc diéu sau la

tuong duong:

(i) f la 1oi trén khodng (c, ).



(i1) f(x2) — f(x1) > f'(x1) (29 — 21) vdi moi 1,79 € (v, ).

(iii) f"(x) >0 vdi moi x € (o, B).

Chiing minh. Céc tinh chat duge chiing minh trong sach [1]. O
Vi du 6. (i) Gia stt f(z) == 2° + 175 Ta co
"(z) = 22 -2 L,
f//( ) 248 z? 9 (1+ 2)*2
xr) = —_— — x .
(14 22)”

Ta c6 f”(x) > 0 v6i moi x € R. Nén f 1a ham s6 1oi trén R.

(i) Gia st f =2+ 1/z. Ta co
f/(x) = 1 _1727
f'(x) = 2273

Ta c6 f"(x) > 0néuz > 0va f’(z) < 0néuz < 0. Suy ra f 16i tren khoang (0, +00)

va f 1om trén khodng (—o0,0).

Tinh chat 2. Gid st f la ham s6 hitu ti (khdc hing) wdc dinh trén khodng (o, ).
Khi dé c6 nhieu nhat mot diém thuoc khodng (o, B) ma tai dé dao ham cia f bing

khong.

Chaing minh. Gia st ton tai hai diém a,b € (o, B) véi b # a sao cho f'(a) = f/(b) = 0.

Tinh chat 1 suy ra véi moi z € (a, 3) ¢6

~
~—~
&
|
=
&
\Y
b}
=
]
|
=)
SN—
I
\.O

fl@)=f) = [f(b)(x—b) = 0.

Do d6 a,b 1a cac diém cyc ticu clia f trén khodng (o, ). Tinh chat 16i suy ra f la

hing s6 trén doan [a, b] v do d6 1a hing s6 trén R. Mau thuan. O



Vi du 7.
Két qua chinh trong phan nay la:

Dinh 1y 5. Gid si f la ham so hitu ti xzac dinh trén khodng (a, 8) va khong la ham
tuyén tinh. Khi dé trén khodng (v, 8) ham f la 10i néu va chi néu f 1oi cht.
Chatng minh. Chi can chitng minh f 16i thi f 10i chat.

Béng phan chiing, gid st ton tai x1, 22 € (o, 8), T1 # X9, VA ty € (0,1) sao cho

J((1 = to)xy + towe) = (1 —to) f(z1) + Lo f(w2).

g9(t) := (L= t)xy + twg) — (1 —=1) f21) — £ (22).
Ta ¢6 g 1a ham s6 hitu ti xac dinh trén doan [0, 1] v& khac ham hing (do f khong la
ham tuyén tinh). Ta c6

9(0) = g(1) = g(to) = 0.

Theo Dinh 1y Lagrange, ton tai cic s6 thuc t; va ty v6i 0 < t; < ty < ty < 1 sao cho
g'(t1) = ¢'(t2) = 0.
Mat khac ¢6
g(t) = (1 —t)zr +tw) (22 — 1) + f(21) — f(22),
g't) = f((1—t)ar + two) (s — 1)

Do f(z) 1a 16i trén khodng («, 3), nén theo Tinh chat 1, ham s6 f” khong am trén
khoang («, 8). Suy ra ¢” khong am tren khoang (0,1). Ap dung Tinh chét 1, c6 g la
ham 16i trén khoang (0,1). Theo Tinh chat 2, g c6 duy nhat mot diém tai d6 dao
ham bang khong. Mau thuan. Vay f 16i chat trén khoang (a, 3). O



Nhan xét rang, néu f 1a da thic bac 1 thi f bi chin dudi trén moi khodng hitu han

(cr, B) va théa man

f(z) = min{f(a), f(B)} véimoi x € (a,f).

Dinh 1y 6. Gid st f la ham s6 hitu ti (khong la da thic bac 1) xdc dinh va loi trén
khodng («, B). Khi dé f bi chan dudi trén khodng (o, ), tic la ton tai so thuc m sao

cho
flx) > m wdimoi xz€(a,p).

Ching minh. Do f(z) 1a 16i trén khoang (a, 8), nén theo Tinh chat 1, ham s6 f”(z)
khong am trén khoang («, ). Suy ra ham s6 f’(z) don di¢u tang trén khoang (a, 3).
Trude hét gia st ton tai a € (o, §) sao cho f'(a) = 0. Tinh chat 1 suy ra véi moi

x € (a, B) co
f(@) = fla) > f'(a)(x—a) = 0.

Neén f(z) > f(a) v6i moi z € («a, 5). Vay f(x) bi chan duéi trén khoang (o, 3).

Ké tiép gia st f'(z) # 0 v6i moi = € («, 3). C6 hai truong hgp xay ra.

Truong hop 1: f'(x) > 0 v6i moi z € (o, f).

Khi d6 ham s6 f(z) don di¢u tang trén khodng («, 3). Néu lim,_,o+ f(z) = —oco thi
tiép tuyén v6i do thi ham s6 y = f(z) tai diem M (zg, f(x0)) (c6 hé s6 géc 1a f/(z0))

sé tién dén duong thing song song truc tung nén

lim f'(z9) = +o0.

ro—at
Diéu nay mau thuén do f/(x) don dieu tang trén khoang (a, 3). Vay ton tai giéi han
hitu han lim,_,,+ f(x) va giéi han nay bang f(a). Két hgp tinh chat don di¢u téng

cta f(z) c6 f(z) > f(a) véi moi x € (a, B). Tt d6 ¢6 diéu can chiing minh.



Truong hop 2: f/(z) < 0 v6i moi z € («, ).

Khi d6 ham s6 f(x) don diéu giam trén khoang («, 8). Néu lim, ,5- f(z) = —oo thi
tiép tuyén voi do thi ham s6 y = f(x) tai diém M (2o, f(z0)) (co6 he s6 goc 1a f/(x0))

sé tién dén duong thang song song truc tung nén

lim f'(zg) = —o0.
o=~

Dicéu nay mau thuan do f/(z) don di¢u tang trén khoang (o, 8). Vay ton tai gi6i han
hitu han lim, ,5- f(z) va gi6i han nay bang f(3). Két hop tinh chat don dicu gidm
cia f(z) c6 f(x) > f(B) v6i moi x € (o, 3). Tt d6 ¢6 dieu can ching minh. O
Nhan xét 1. Dinh Iy trén chitng t6 ham s6 hitu ti f xac dinh va 16i trén khoang
(o, B) thi phan do6 thi ctia ham s6 y = f(x) khi z thay ddi trong khodng (a, ) nam

phia trén duong thang y = m.

4 Huéng tiém can ctia dé thi ham s6 y = f(z)

Gia st P(z) va Q(z) 1a cac da thitc khong c6 nghiém chung. Trong phan nay ching

ta tim hiéu hudéng tiém can ctia do thi (C) clia ham s6 hitu ti y = f(z) = ggg khi z
tién ra vo cting va khi z tién dén « véi Q(«a) = 0.

Tiép tuyén v6i do thi (C) clia ham s6 y = f(z) tai diem M (o, f(x0)) cho béi
phuong trinh:

y — f(zo) = f'(z0)(x — 20)-

Suy ra @(1, f'(z0)) 1a vector chf phuong ctia dudng thang tiép tuyén véi do thi (C)
tai diém M (xo, f(z0)). C6 dinh diém A v6i toa do (a,b). Do dai vector v cho bdi cong
thic

0] = V1 4+ [f"(x0)]?.
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va do dai vector AM = (o — a, f(xg) — b) cho béi cong thic

[AM| = /(20 — a) + (f(wo) — D)2.

Dé xac dinh hudng tiém can ctia do thi (C), ta can tra 16i hai cau hoi sau:

(i) Tinh céc giéi han

—
I v . , AM
T S yyy 1)
(ii) Tinh céc giéi han
—
. U AM
lim — va im .
zo—at |’U| ro—at |AM|

4.1 Huéng tiém can ctia do thi ham s khi = tién ra vé cuing

Ta ¢6 thé viét

R(z)
@) = 9(e) + Gt
trong do6 g, R 1a cac da thtc, deg R < deg (). Suy ra
R
Jim 1) =gl = |28 = o,
: : : _ o [B@)Q) — R(x)Q'(z) |
Jim 1@ =gl = i |FERE DO

(Céc ding thitc ding do bac ciia da thiic ¢ tit nhé hon thuc sy bac ciia da thiic &
mau). Ta ¢6 d6 thi ham s6 y = f(x) tiém can véi do thi ham s6 y = g(z). Néu
deg g = 0 ta n6i do thi ham s6 y = f(x) c6 tiem can ngang y = ag; néu degg = 1 ta
n6i do thi ham s6 y = f(z) 6 tiém can xién y = a;x + ao.
Gia su
9(x) == apr™ + ap_12" + -+ ag.
C6 3 truong hop xay ra: ¢ la da thitc hang (n = 0), da thiic bac mot (n = 1) va da

thuc c6 bac n > 1.

11



Dinh ly 7. Cdc diéu sau ding:

(i) Néun =0 thi g(x) = ag la ham hing va
—
0l AM
xo—r+oo ’AM'

(ii) Neun =1 thi g(x) = a1 + ag la da thic bac 1 va

—
P (1,a,) o AN (L)
im — = —— v im — = ft—=.
ro—Fo0 ’U| 1+ a% ro—to0 |AM| 1+ a%

xolig:loof<x0> - :Collg:loog(xo> = %
. / _ . / _
e T (70) = fip g 0) = 0
Suy ra
s
. U . . AM
widoo gy = (WO @ e e = =00
(i) Ta co
. . +oo  néua; >0,
mlig[loof(ﬂfo) = xoli}iloog(ifo) = ;
Foo neéeua; <0,
: / _ : / _
xoliriloof(l’o) - xglifgoog(xo) - A
Suy ra
s
im — = —= v im — = £+t——=.
xo—+oo |?J| 14+ a% zo—+oo |AM’ /1 + CL%

Dinh ly 8. Gid st da thic g(x) ¢6 bacn > 1. Khi do

12



(i) Néun > 116 va a, > 0 thi

5 —_—
moligtloo% = (0,1) wa xoligcloo% = £(0,1).
(ii) Néun > 116 va a, <0 thi
lim i: = (0,-1) wa lim @— = F(0,1).
zo=-+00 |1 mo£00 | A M|
(iii) Néun > 1 chin va a, > 0 th
5 —_—
wol‘giloo% = £(0.1) wa  lm_ %—' = (0,1).
(iv) Néun >1 chin va a, <0 thi
lim i: = F(0,1) wa lim g = (0,-1).
w000 [0 mo—E00 | AN |

Chiing minh. (i) Ta ¢6 do dai vector v cho bdi cong thic

|0 = V1 +[f"(z0)]>.

Gia thiét n > 216 va a, > 0 suy ra da thic ¢'(z) ¢6 bac chdn véi he s6 cao nhat

na, > 0. Tw do6 co

1 1
lim = lim = 0,
xo—F00 1+ [f/(ajo)]? zo—+oo 4 /1 + [g/(x[))]Q
! /
lim f' (o) —  lim 9'(zo) -1
xo—F00 1+ [fl($0)]2 zo—+oo /1 + [g/(xo)]Q
Vay
U
1 — = (0,1
ro oo |71 (0.1)
Ta ¢6 AM = (xo — a, f(xg) — b). Néen
—
[AM| = /(o — @) + (f(20) — b)*.
Két hop véi gid thiét n 16, n > 1 va a, > 0 ta c6 dang thiic thit hai.
(i), (iii), va (iv): Ching minh tuong tu nhu (i). O

13



4.2 Huéng tiém can ctia do thi ham s6 khi 2 tién dén o

Gia st a 1a nghiem boi m > 1 ctia da thiic Q(z). Ta ¢6 thé viét Q(z) = (z — a)™S(z)
v6i S(z) la da thic khac khong khi x = a. Suy ra

CP) Pl)  h)
) =00 = G ams@ — @—a

trong do6 h(z) := S(( )) Ta c6

W(z)(—a)™ —h@)(@ —a)"'m _ h(z)(z—a) = h(z)(z—a)m
(x — a)?m (x — a)mtl '

f'(x) =

Khi = « tit s6 clia biéu thitc trén bing —h(a)m = %m # 0. Nen f'(x) sé tién
ra vo ciing khi z tién dén a. Diéu nay ching t6 tiép tuyén ctia do thi (C) ham s
y = f(x) tai diem M (zq, f(x0)) sé tién dén dudng thang song song truc tung khi x

tien dén «.

Dinh 1y 9. Ta c6 cdic khang dinh sau:

(i) Néulimg,, o f(z) = 400 thi

—
li v (0,1) i li :—AM (0,1)
im — = (0, va im = (0,1).
To—aT |’U| To—aT ‘AM’
i) Néulim,, .- f(z) = —o0 thi
0
—
7] AM
lim — = (0,—-1) wa lim = (0,—1)
To—a |U| To—ra~ ‘AM’
(iii) Néu limg, o+ f(z) = +o00 thi
—
li v (0,—1) z li AM (0,1)
im — = (0,— va im = (0,1).
ro—at ’U| zo—rort WW_’
(iv) Néulim,, o+ f(z) = —oco thi
—
li v (0,1) ) li :—AM (0,—1)
im — = (0, va im = (0,-1).
ro—at ’U| zo—at ‘AM’
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Ching minh. (i) Gia st lim,, .- f(z) = +oo. Khi d6 v6i moi z di gan « va z < a,

ham s6 f(x) don diéu tang thuyc sy va bdi vay f'(z) > 0. Suy ra

lim f'(x) = +oc.

To—Q
Vay
. L
im L = m @) gy
To—a ‘U‘ To—Q 1 + [f’(xg)P

— — )

Ta c6 AM = (zo — a, f(xo) —b). Nen |AM| = \/(zo — a)? + (f (o) — b)2. Két hop
v6i gia thiét ta c6 déng thic can ching minh.

(i) Gia su limg, - f(2) = —oo. Khi d6 v6i moi z dl gan o va 2 < a, ham 6 f(z)

don diéu gidm thuyc su va bdi vay f'(z) < 0. Suy ra

lim f'(x) = —oc.
To—o
Vay
m & = o @) g gy
To—a— ’U| To—a~ 1+ [f’(;]jo)P

Ta c6 AM = (xo— a, f(zo) —b). Nen |AM| = /(2o — a)2 + (f(wo) — b)2. Két hop véi
gia thiét ta c6 dang thic can ching minh.

(iii) va (iv) chiing minh tuong tu. O
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5 Hinh hoc ctia d6 thi ham sé y = f(x) ngoai cac

duong tiém can

6 Hinh hoc citia do thi ham sé y = f(z) gitta hai
dudng tiém can

Gia st f(z) := ggg khéc ham hing, trong d6 P(x) va Q(x) la cac da thic khong ¢6

nghiém chung. Ta c6

- P@)Q) - P@)Q ()
o) = QWP

véi moi z thuoc mién xéc dinh D := {x € R" | Q(z) # 0} cua f. Dat

S(f) = {reD| fx)=0}
= {z D] P(2)Q(z) — P(z)Q'(z) = 0}
Ta c¢6 X(f) hodc bang trong hodc 1a tap hitu han do P'(x)Q(x) — P(2)Q'(x) la da

thitc khong dong nhat bang khong.

Gia st

(i) * = a va x = (B la cac dudong tiem can ding cia do thi (C) ctia ham s6

f(z) == 52 (tic la Q(a) = Q(B) = 0); va

(ii) Q(z) # 0 v6i moi x thudc khoang («, 3).

Phan nay tim hiéu tich chat hinh hoc ctia dd thi ham s6 y = f(z) gita hai dudng
tiém can z = a va x = 3.

Truong hop:

+ la, 1b: 3(f) N (a, 8) = 0.

+ 2a, 2b, 3a, 3b: X(f) N («a, B) # 0.
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Nhan xét 2. Ching minh cdac truong hop 1la, 2a, 3a; cic truong hop con lai ching

minh tuong ti.

6.0.1 Trudng hop 1la:
Dinh ly 10. Gid si X(f) N (e, 8) =0 va

lim f(z) = —o0, lim f(z) = 4o0. (1)

z—at T3~
Khi dé vdi moi t € R, duong thang y = t cdt do thi (C) cia ham s6 y = f(z) tai

diing mot diém cé hoanh do thudc khodng (v, 53).

Chitng minh. Lay t € R tuy ¥.

+ Tt gia thiét (1), c6 cac sb6 thyc a,b véi o < a < b < 8 sao cho

fla) <t < f(b).

Suy ra
(f(a) =)(f(b) — 1) <O.

Ap dung dinh 1y gia tri trung gian d6i véi ham sé f(z) — t trén doan [a,b], ton tai
s6 thic ¢ € (a,b) sao cho f(c) —t = 0. Suy ra dudng thang y = t cit do thi (C) cta
ham s6 y = f(z) tai diém c6 hoanh do z = c.

+ Gia stt dudng thang y = t cit do thi (C) ctia ham s6 y = f() tai diém c6 hoanh
do d € (o, B) v6i d # c. Khong mét téng quat co thé gia sit ¢ < d. Ap dung dinh 1y
Lagrange cho ham s6 f(x) trén doan [c, d], ton tai sd thuc e € (¢, d) sao cho

fd)—fle) -t

d—c d—c 0-

f'le) =

Suy ra e € X(f) N (a, B). Mau thudn véi gia thiét X(f) N (o, B) = 0.
Vay véi moi t € R, dudng thang y = t cit do thi (C) ctia ham s6 y = f(z) tai ding
mot diém c6 hoanh do thuoc khoang (o, 3). O
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6.0.2 Truong hgp 1b:

Dinh 1y 11. Gid st 2(f) N («, 8) =0 va
lim f(z) = +oo, lim f(z) = —o0. (2)
z—at B~

Khi dé vdi moi t € R, duong thing y = t cat do thi (C) cia ham s6 y = f(x) tai

diing mot diém c6 hoanh do thudc khodng (a, B3).

Chiing minh. Ching minh tuong tu Truong hgpla. O

6.0.3 Truong hgp 2a:

Dinh ly 12. Gid st 2(f) N (a, B8) # 0 va
lim f(z) = —o0, lim f(z) = +o0. (3)
x—at x—B~

Goi x,,x* € 3(f) N (e, B) sao cho
flz.) = min{f(z) |z € X(f) N (a, B)},
f(@®) = max{f(z) [ = € X(f) N (a,B)}.
Khi do

(i) Néut < f(x,) hodc t > f(x*) thi dudng thangy =t cat do thi (C) cia ham so

y = f(x) tai ding mot diém cé hoanh do thuoc khodng (a, 3).

(ii) Néu f(z,) < t < f(z*) thy duong thang y = t cdit do thi (C) cia ham so
y = f(x) tai it nhat mot diém c6 hoanh do thuoc khodng (o, 3).

Chiing minh. (i) e Lay t < f(x,) tuy ¥.

+ Do lim,_,o+ f(z) = —00, ¢6 $6 thuc a € (o, z,) sao cho f(a) < t. Suy ra

(f(a) = t)(f(zs) —t) <O.
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Ap dung dinh 1y gia tri trung gian d6i véi ham s6 f(z) — ¢ trén doan [a, z,], ton tai
s6 thuc b € (a,x,) sao cho f(b) —t = 0. Suy ra dudng thang y = ¢ cit do thi (C) cta
ham s6 y = f(z) tai diém c6 hoanh do = = b.

+ Gia st dudng thang y = t cat dd thi (C) ctia ham s6 y = f(z) tai diém c6
hoanh do ¢ € (a,B) v6i b # c. Khong mat tong quit c6 thé gid st b < c. Do
lim,_3- f(x) = 400, ¢6 s6 thuc d € (c,f) sao cho t < f(d). Ap dung dinh ly
Weierstrass cho ham s6 f(z) trén doan [b, d], ton tai s6 thuc e € [b, d] sao cho f(e) a
gid tri nho nhat cia f(z) trén doan [b,d]. Chu y e # d do f(e) < f(b) =t < f(d).

Néu e # b thi e € (b,d). Theo dinh ly Fermat, f’(e) = 0. Suy ra e € 3(f) N (a, B).
Mau thuan vi

fle) < f(b) =t < f(z.).

Néu e = b thi ¢ € (b,d) ciing la diém cyc tieu cia f(z) trén doan [b, d] nén f'(c) = 0
(theo dinh 1y Fermat). Suy ra ¢ € £(f) N (e, 8). Mau thuan vi f(c) =t < f(x,).

Vay duong thang y = t cat do thi (C) ctia ham s6 y = f(x) tai diing mot diém c6
hoanh do thudc khodng («, 3).

o Lay t > f(x*) tuy §.

+ Do lim, - f(x) = +o0, ¢6 s6 thuc a € (z*, §) sao cho f(a) > t. Suy ra

(f(a) =t)(f(z") —1) <0.
Ap dung dinh 1y gia tri trung gian d6i véi ham s6 f(z) — ¢ trén doan [z*, a], ton tai
s6 thuc b € (2%, a) sao cho f(b) —t = 0. Suy ra dudng thang y = ¢ cat do thi (C) cta
ham s6 y = f(z) tai diém c6 hoanh do z = b.

+ Gid stt dudng thang y = t cit do thi (C) clia ham s6 y = f(x) tai diém c6
hoanh do ¢ € (a,fB) v6i b # c. Khong mat tong quat c6 thé gid st b > c. Do
lim, o+ f(z) = —oco, ¢6 s6 thuc d € (a,¢) sao cho t > f(d). Ap dung dinh ly
Weierstrass cho ham s6 f(z) trén doan [d, b], ton tai s6 thuc e € [d,b] sao cho f(e) la

gia tri 16n nhat cta f(x) trén doan [d,b]. Chu § e # d do f(e) > f(b) =t > f(d).
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Néu e # b thi e € (d,b). Theo dinh 1y Fermat, f'(¢) = 0. Suy ra e € 2(f) N («, B).

Mau thuan vi
fle) = f(b) =t > f(a").

Néu e = b thi ¢ € (d,b) ciing 1a cyc tiéu ctia f(x) trén doan [d,b] nén f'(c) = 0
(theo dinh 1y Fermat). Suy ra ¢ € 3(f) N (a, §). Mau thuan vi f(c) =t > f(z*).

Vay duong thang y = t cat do thi (C) ctia ham s6 y = f(x) tai diing mot diém c6
hoanh do thudc khodng («, 3).

(i) Gia st f(x.) <t < f(2*). Khi do

(f(z:) =t)(f(2") —t) <0.

Ap dung dinh 1y gia tri trung gian déi véi ham f(z)—t trén doan [z,, z*] (hodc [z*, z,]
néu z* < z,) ta c6 it nhat mot diém 6 thude doan nay sao cho f() —t = 0. Suy ra
duong thang y = t cat do thi (C) ctia ham s6 y = f(z) tai diém c6 hoanh do z = 0
thuoc khoang («, ). O
6.0.4 Truong hgp 2b:
Dinh ly 13. Gid si X(f) N (o, 8) # 0 va
lim f(z) = +oo, lim f(z) = —o0. (4)
r—aT T—B—

Goi ., x* € X(f) N (a, B) sao cho

flx.) = min{f(z) [z € X(f) N (e, B)},
f@®) = max{f(z) [ = € X(f) N (a,B)}.

Khi do

(i) Néut < f(x.) hodct > f(z*) th duong thang y =t cit do thi (C) ciia ham s6

y = f(x) tai ding mot diém cé hoanh do thuoc khodng (a, 3).
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(ii) Néu f(z.) < t < f(z*) thi duong thang y = t cdit do thi (C) cia ham so
y = f(x) tai it nhat mot diém cé hoanh do thuoc khoding (o, B).

Chiing minh. Chitng minh tuong tu Truong hop 2a. m

6.0.5 Truong hgp 3a:
Dinh ly 14. Gid s 3(f) N (a, B) # 0 va

lim f(z) = 400, lim f(z) = +o0. (5)

z—at z—B~

Goi ., x* € 3(f) N (a, B) sao cho

flz.) = min{f(z) [z € X(f) N (o, B)},
f(@®) = max{f(z) [ 2 € X(f)N(a,B)}.

Khi do

(i) Néut < f(x.) thi duong thing y =t khong cdt do thi (C) ciia ham sé y = f(x)
tai diém c6 hoanh do thudc khodng (o, 3).

(ii) Néut > f(x*) thy duong thang y =t cat do thi (C) ciia ham s6 y = f(x) tai

diing hai diém phan biét cé hoanh do thuoc khodng (o, B).

(i) Néu f(z,) < t < f(a*) thi duong thang y = t cat do thi (C) cia ham so
y = f(x) tai it nhat mot diém cé hoanh do thuoc khoding (o, 3).

Chiing minh. (i) Lay t < f(z.) tuy ¥.

Gia st dudng thing y = t cit do thi (C) ctia ham s6 y = f(z) tai diém c6 hoanh
do a € (a, ). Gia thiét (3) suy ra ton tai cac s6 thuc b, ¢ € (a, 8) v6i b < a < ¢ sao
cho

fla) =t <min{f(b), f(c)}.
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Theo dinh ly Weierstrass ham s6 f(z) dat gid tri nhé nhat trén doan [b, c] tai diém
d € [b,c]. Do f(d) < f(a) =t < min{f(b), f(c)} ta c6 d # bva d # c. Tic la
d € (b,c). Theo dinh 1y Fermat, f'(d) = 0. Suy ra d € X(f) N (o, 8). Diéu nay mau
thudn véi f(d) <t < f(z.).

(ii) Lay ¢t > f(z*) tuy ¥.

+ Do lim, o+ f(x) = 400, ¢6 s6 thuc a € (o, x*) sao cho f(a) > t. Suy ra

(f(a) =t)(f(z") — 1) <O.

Ap dung dinh 1y gia tri trung gian d6i véi ham s6 f(z) — ¢ trén doan [a, z*], tOn tai
s6 thue b € (a, 2*) sao cho f(b) —t = 0. Suy ra dudng thang y = t cat do thi (C) cta
ham s6 y = f(z) tai diém c6 hoanh do = = b.

+ Do lim, s+ f(x) = +o0, ¢6 s6 thuc ¢ € (z*, 8) sao cho f(c) > t. Suy ra

(f(e) =t)(f(z") —t) <.

Ap dung dinh ly gia tri trung gian déi véi ham s f(x) — ¢ trén doan [z*, ], ton tai
s6 thuc d € (x*,¢) sao cho f(d) —t = 0. Suy ra duong thang y =t cit do thi (C) cta
ham s6 y = f(z) tai diém c6 hoanh do = = d.

Cubi ciing, ta chiing minh dudng thang y = t cat do thi (C) ctia ham s6 y = f(x)
chi tai hai diém c¢6 hoanh do z = b vi = = d.

Bing phan chiing, gia sit dudng thang y = t cat do thi (C)) ctia ham s6 y = f(x)
tai diém e € (a, 3) v6i e # b va e # d. Bang cach danh lai thtt tu cac hoanh do giao,
c6 thé gid st b < d < e.

Theo dinh Iy Weiertrass, ham sé f(x) dat gia tri 16n nhat trén doan [b, €] tai diém
c6 hoanh do 0 € [b, ¢].

Néu f(0) =t thi d € (b,e) ciing la diém cuc dai ctia f(z) trén doan [b, e]. Theo
dinh ly Fermat thi f’(d) = 0. Do d6 d € X(f) N (a, 8). Mau thuan véi gia thiét
fld)=t> f(z").
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Néu f(6) > ¢ thi theo dinh ly Fermat c¢6 f'(#) = 0. Suy ra 0 € X(f) N (a, 8). Mau
thuan véi gia thiét f(0) >t > f(x*).

Vay néu t > f(x*) thi duong théng y = t cit do thi (C) ctia ham s6 y = f(x) tai
dtng hai diém phan biét c6 hoanh do thudc khoang («, 3).

(iii) Gia st f(z.) <t < f(z*). Khi do

(f(x) =) (f(z") —t) < 0.

Ap dung dinh Iy gia tri trung gian déi véi ham f(z)—t trén doan [z,, z*] (hoac [z*, x.]
néu z* < z,) ta c6 it nhat mot diém 6 thudc doan nay sao cho f() —t = 0. Suy ra
duong thang y = t cat do thi (C) clia ham s6 y = f(z) tai diém c6 hoanh do z = 0
thudc khoang (a, f). O

6.0.6 Truong hgp 3b:

Dinh 1y 15. Gid st S(f) N (a, 8) # 0 va
lim f(z) = —o0, lim f(z) = —o0. (6)

z—at B~

Goi z.,x* € X(f) N (o, B) sao cho

flx.) = min{f(z) |z € B(f) N (e, B)},
f@®) = max{f(z) [ = € X(f) N (a,B)}.

Khi do

(i) Néut > f(x*) thi duong thing y =t khong cat do thi (C) cia ham s6 y = f(z)
tai diém cé hoanh do thuoc khodng (e, B).

(ii) Néut < f(x,) thi duong thang y =t cat do thi (C) ciia ham s6 y = f(x) tai

ding hai diém phan biét c6 hoanh do thudc khodng (v, ).
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(i) Néu f(z,) < t < f(a*) thi duong thang y = t cat do thi (C) cia ham so
y = f(x) tai it nhat mot diém cé hoanh do thuoc khoding (o, B).

Chiing minh. Ching minh tuong tu Truong hgp3a. m

Dinh 1y 16. Ton tai so thuc Ry > 0 sao cho vdi moi R > Ry, duong tron {z?+y* =
R%} cdt do thi (C) ciia ham s6 y = f(x) cdt tai ding 2 diém phan biet c6 hoanh do
thuoc khodng («, [3).

Chiing minh. Dat

Ta ¢6 f la ham s6 hitu ti, khong am va
lim f(z) = lim f(z) = +oo.
z—at T— B~

Lay diém a € (a, 8) tity ¥. Ton tai cac s6 thuc b,csao cho a <b<a <c < f va

Theo dinh 1y Weierstrass, ham sb f (7) trén doan [b, c] dat gia tri nho nhat tai diém
d € [b,c]. Ta co
f(d) < f(a) < min{f(b), f(c)}.
Suy ra d # b va d # ¢. Theo dinh ly Fermat, f'(d) = 0. Vay
2(f)n(a,B) #0.
Ly z* € (f) N («, B) sao cho
fa") = max{f(z) | z € (f) N (a, B)}.

Ap dung két qui da ching minh truong hop 3a déi véi ham s6 f ta ¢6 véi moi
t > f(z*) >0, do thi ham s6 y = f(z) cit duong thing {y = t} tai dung hai diém
phan biét ¢6 hoanh do thuoc khoang («, 5). Dat
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Khi d6 v6i moi s6 thuc R > Ry ta luon ¢6 do thi (C) cat duong tron {22 + y* = R?}
tai diing hai diém phan biét c6 hoanh do thuoc khoang (a, 3). O
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