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NHUNG CAP PHUONG TRINH HAM
A. BE BAI
Bai 1.
(D Tim tit cd cicham s6 f : R — R, lién tuc trén R va théa man
flx+y) = f) +fy),Yxy e R
(2 Tim cacham sb f : R — RR, don diéu trén R va thdéa man
fx+y) =)+ f(y),Yxy € R
(3 Tim tt cd cic ham s6 f : (0;+00) — (0; +00) thda man:
fx+y) = f(x) + fy), Vx,y € (0;+00).
(@) Tim tat cd cic ham f : R — R bi chin trén doan [g; b] va thda man diéu kién:
flx+y) = f) +fy), ¥xy e R.
(8 Tim tat ca cdc ham sb lién tuc f : [0;1] — R thoa man:
flxty) = f(x) + fy), Yxy,x+y € [0;1].
Bai 2.
(D Tim cdcham s6 f : R — R lién tuc trén R va théa man diéu kién:

F(ER) - IOy em

2
(2) Tim tat ca cdc ham sb lién tuc f : [0;1] — R thoa man:

(@ Tim tat cd cdc ham sb lién tuc f : [2;b] — R thoa man:

[
(x—I—y) fx) +fy) ,Vx,y € [a;b].

(@ Tim tat cdham sd f: (0; +o0) — (0; +o0) thoa man

P - L0, s
2 2
(8 Tim tat cd cicham sb f : (A; +o0) — (0; +-00) thda man

f(x;—y) _ f(x);f(y), Vx,y € (A; +o0)
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Bai 3.
(D Tim tit cd cdc ham s6 f : R — R thoa man:
flxf(y) +x) =xy + f(x), Vx,y € R.
(2) Tim tat cd cic ham s6 f : (0; +00) — (0; +00) théa man
fxf(y) +x) = xy + f(x), Vx,y € (0; +00).
Bai 4.
(D Tim tat cd cicham sb f : R — R théa man:
ff(y) + f(x) =2f(x) +xy, Yx,y € R.
(Brazil National Olympiad 2006)
(2 Tim tat ca cdc ham s6 f : (0; +00) — (0; +00) thda man
f(xf(y) + f(x)) = 2f(x) +xy, Vx,y € (0; +00).
(Truong Pong Toan Hoc Mién Nam 2019-2020)
Bai 5.
(D) Tim tat cd cicham sb f : R — R théa man:
f*+f(y) =xf(x) +y, Y5,y €R.
(Dé nghi thi Olympic 30/04/2011)

(2) Tim tat cd cic ham s6 f : (0; +00) — (0; +o0) théa man
f (4 fy)) = xf(x) +y, Yx,y € (0;+).
(3 Tim cac ham s6 f : N* — IN* thoéa man:

f <x2 +f(y)> =xf(x)+y, Vx,y € N*.
(Romania National Olympiad 2008, Grade 9)
Bai 6.
(D) Tim tat cd cicham sb f : Z — Z thda man:
fx+yf(x) = f(x) +xfy), Yy € Z.
(2) Tim tat cd cicham s6 f : R — R théa man
flatyf(x) = fx) +xf(y), Vx,y € R

Bai 7.
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(D Tim tit cd cicham s6 f : R — R thoa man:

f (2 +FW) = [ +y, Yy € R
(IMO 1992)
(2) Cho sb6 nguyén n > 2. Tim tit cd cicham s6 f : R — R thoéa man:
fO"+fy) = ()" +y, Yy € R
(3 Tim tat ca cic ham s6 f : N* — IN* thoa man:
f <m2 —I—f(n)) = f(m)®+n, Ym,n € N*.
(@) Tim tat cd cic ham sb f : (0; +00) — (0; +00) théa man
f(P+FW) = ) +y, Yxy € (0;+0).
Bai 8.
(D Tim tat cd cicham sb f : R — R théa man diéu kién
ff() +fW) = F(x)+y Yy eR
(Balkan MO 2000, Argentina TST 2005)
(2 Tim tat cd cic ham s6 f : (0; +00) — (0; +00) thda man:
Ff(x)+f(y) = f2(x) +y, Vx,y € (0;+00).
Bai 9.
(D Tim tat cd cic ham f : R — R théa man phuong trinh ham
fa+y)+ f)f(y) = f(x) + fy) + f(xy), Yoy € R.
(Belarus 1997)
(2) Tim tat cd cic ham sb f : (0; +00) — (0; +00) thoéa man
fa+y) + ) f(y) = fxy) + fF(x) + f(y), Y2,y € (0;+00).
Bai 10.
(D Tim cdc don anh f : Z — Z théa man:
[f(x) = fW)I < x—yl, Yo,y € Z.

(Romania National Olympiad 2013)

(2) Tim tat cd cicham sb f : [a,b] — [a, b] thda man

f(x) = fW)I = [x—yl, Yx,y € [a,b].
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(3 Tim tat cd cdc ham s6 f xac dinh trén [0; 1], nhan gia tri trong R va théa man:

=y < 1F(0) — f)] < [ —yl, Yy € [0:1].
(Romania District Olympiad 2011; Azerbaijan IMO TST 2015)
Bai 11.
(D Ching minh rang khong ton tai ham s6 f: N — IN thda man
f(f(n)) =n+1987, Vn € IN.
(IMO 1987)
(2) Tim tat cd cdc ham s tang nghiém ngat f : N* — IN* thoa man
f(f(n)) =n+1994, Vn € N*.
(Bai toan T8/202, Toan hoc va tudi tré thang 04/1994)
(3 Tim tat ca cac s6 nguyén duong b sao cho ton tai ham s6 f : N — IN thda man
f(f(n))=n+b, Vn € N.
Bai 12.
(D Tim tat cd cic ham sb f : N* — IN* thoa man
f(mn)+ f(m+mn) = f(m)f(n)+1, Vm,n € N*.
(Indonesia Mathematics Olympiad 2008)
(2) Tim tat cd cic ham s f : Z — Z théa man
f(m+n)+ f(mn) = f(m)f(n)+1, Ym,n € Z.
(3 Tim tatcaham sd f : Z — Z thoa man

fm+n)+f(m)f(n)=f(mn+1),VmnecZ.

B. LOI GIAI
1.

(D) Gia st ton tai ham s6 f : R — R, lién tuc trén R va théa man

flety) =fx) +fy), Yoy e R (1)
Trong (1) 14y y = x ta dugc
f(2x) =2f(x),Vx € R. )

Trong (2) lay x = 0 ta duge f(0) = 0. Tix (1) va (2) va bang phuong phap quy nap ta
ching minh duogc
f(nx) =nf(x),Vx € R,Vn € N. 3)
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Trong (1) ldy y = —x va stt dung f(0) = 0 ta dugc

f(—x) = —f(x),Vx € R. 4)
Boivay khin = —1,-2,..., st dung (3) va (4) ta cé
flnx) = f(=n(=x)) = —nf(-x) = nf(x),Vx € R. ()
Tir (3) va (5) suy ra
f(nx) =nf(x),Vx € R,Vn € Z. (6)

Véimoin =1,2,...,sttdung (3) ta co

flx)=f (n%x) =nf (%x) = f (%x) = %f(x),Vx €R. )
Véimoim,n € Zvan > 0,st dung (7) va (6) ta c6

f(5x)=f (m%x) = mf (%x) = mf(x) = " f(x), xR

n
Boi vay
f(rx) =rf(x),Vx € R,Vr € Q. 8)
Trong (8) 14y x = 1 ta dugc
f(r)=rf(1),Vr e Q. )
V6i méi x € R ton tai day s6 hiru ti {r,},° sao cho ngIJIrloo rn = x. Vi f lién tuc nén

f(x) :f( lim rn) = lim f(r,) = lim r,f(1) = f(1) lim r, = f(1)x.

n—r-4o00 n—-4o00 n—r—+4o00 n—r+00

Vay
f(x) = ax,Vx € R (v6i C 1a hang sb tuy y). (10)
Thi lai thdy thda man. Ta két luan: tht cA cic ham s6 can tim déu c¢6 dang nhu & (10).
Nhén xét 1.
@ Hamsb f : R — R va thda man (1) dugc goi la ham cong tinh.

@ Trong bai toan ??, néu ta thay gia thiét ham sd f lién tuc trén R béi ham s6 f lién
tuc tai diém xg thi két qua trén van ding. That vay, néu ham sb f lién tuc tai diém
xo thi lim f(t) = f(xp). Béi vay

t—Xxg

lim f(u) = ufxlil)’c{)lﬁxof((u —x+x9) + (x — x0))
- tlgfclof(fﬁ- (x —x0)) = tlig}of(t) + f(x — xo)
= f(x0) + f(x —x0) = f(x0 +x —x0) = f(x),

hay f lién tuc tai x € R. Nhu vay, néu ham s6 f xac dinh trén R, lién tuc tai diém
xp € R va thoéa man phuong trinh ham Cauchy thi f lién tuc trén R.

(2) Gia st ton tai ham s6 f : R — R, don diéu trén R va thoa man

flx+y)=f(x)+ f(y),Vx,y € R. 1)
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™ Truong hop 1: f la ham tang. Tuong tu nhu bai toan ?? & trang ?? ta ching minh
duoc

f(x) =kx,Vx € Q. ()
Véi x € Rty ¥, ton tai hai day s6 hitu ti {u,} 27, {v,},2 sao cho

U, <x<v,,Vn=12,...; lim wu,= lim v, = x.
n——+oo n——+oo

Vi f 1a ham tang nén két hgp vai (2) ta co
flun) < f(x) < f(on) = kuy < f(x) <kv,(Vn=1,2,...).
Cho 1 — o0 trong bat dang thic trén ta dugc
kx < f(x) <kx = f(x) = kx.

Vay f(x) = kx,Vx € R (k 1a hang s6 bat ki). Thit lai thay théa man.
& Truong hop 2: f la ham giam. Tuong tu nhu bai toan ?? & trang ?? ta ching minh

duogc
f(x) =kx,Vx € Q. ()
Véi x € R tity v, ton tai hai day s6 hiru ti {u,},>, {vn},= sao cho
U, <x<v,,vn=1,2,...; lim u,= lim v, = x.
n——+oo n— 400

Vi f 1a ham giadm nén két hop vdi (2) ta cé:
fluy) > f(x) > f(on) = kup > f(x) > kv, (Vn=1,2,...).
Cho n — +o0 trong bat dang thic trén ta dugc
kx > f(x) > kx = f(x) = kx.
Vay f(x) = kx,Vx € R (k 1a hdng s6 bat ki). Thit lai thay théa man.
Két luan: ham s6 thda man yéu cau dé bai la f(x) = kx, Vx € R (k 1a hang s bat ki).
(3 Gia st ton tai ham s6 f : (0; +00) — (0; +00) théa man:
flx+y) = f(x) + f(y), Vx,y € (0;+00). (1)
Tix (1) cho x = y ta duogc:
F(2x) = F(x 4+ %) = F(x) + f(x) = 2f(x), ¥x € (0;+0)
Bang quy nap ta dé dang chitng minh dugc:
f(nx) =nf(x), Vx € (0;+00), n € N*. ()

Patc= f(1) > 0. Véimoin =1,2,...,tacd:

=11 = ) g (1) = £ () = e e N @)

n
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Giasure Q,r > 0,khi do dm,n € IN* sao cho: r = ;.Taco:

f(r):f<ﬂ>:f(m.l)doz(Z)mf<%)d0:(3)@:Cr' )

n n

Tix gia thiét suy ra: f(x +y) > f(x), Vx,y € (0; +o0), do d6 f 1a ham tang trén (0; +c0).
V&i moi s6 thue x > 0, khi d6 ton tai hai day s6 hiru ti dwong (a;), (B,) sao cho:

oy <x< By, Vn=12,... va lim a, =x= lim B,.
n——+4oo n——4o0

Do (4) va do f tang nghiém ngat trén (0; +oc0) nén:

flan) < f(x) < f(Bn), Vn=1,2,...
=cuy < f(x) < cBu, Vn=1,2,... (5)

Tix (5) cho n — 400 va stt dung nguyén li kep ta duogc:
cx < f(x) <cx, Vx > 0.
Vay f(x) = cx, Vx > 0. Thit lai thiy thda man cac yéu cau dé bai.
(@) Gia st ton tai ham f : R — R bi chan trén doan [a; b] va théa man diéu kién:

flx+y)=f(x)+ f(y), Vx,y € R. (1)

Do f bi chan trén doan [4; ] nén IM € R sao cho
f(x) <M, Vx € [a;]].

Ta sé chitng minh ham s6 f ciing bi chan trén doan [0;b — a.
That vay, véimoi x € [0;b —a] thix +a € [a;b]. Taco

fx+a)=f(x)+ fa) = f(x) = f(x+a)— f(a) = -2M < f(x) < 2M.
Vay |f(x)| < 2M, Vx € [0;b — a], hay f cting bi chan trén doan [0;b — a].

batb —a =d > 0, khi d6 f bi chan trén [0;d]. Patc = @, g(x) = f(x) — cx. Khi do
voimoix € R,y € R thi

gix+y)=flx+y)—clx+y)=f(x) —cx+ f(y) —cy = g(x) + g(y).

Hon ntta g(d) = f(d) —cd = 0. Vay g(x +d) = g(x), Vx € R, hay ¢ 1a ham tuan hoan,
hon nita ¢ cing bi chan trén [0;d], két hop vdi tinh tuan hoan cda g trén R, suy ra g bi
chan trén R. Gia st 3xg € R : g(xg) # 0. Khi d6 véi s6 ty nhién 7 thi g(nxo) = ng(xo),
suy ra

|g(nxo)| =n|g(x0)|, Vn € N. (2)

Do g(x0) # 0 nén tur (2) ta co n1—1>1}rloo |g(nxg)| = ngl’_'liloo |g(x0)|n = 400, do d6 |g(nxp)| 16N

tiy y (chi can chon 7 dti 16n), trdi véi diéu kién bi chan cia ham ¢. Vay ¢(x) =0, Vx € R,
do d6 f(x) = cx, Vx € R (c 1a hang s6). Thr lai thay thda man.
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(® Gia st ton tai ham sd lién tuc f : [0;1] — R théa man:
flety) = flx) +fy), Vxyx+y €01 (1)

Tir (1) chox =y =0, ta dugc f(0) = 0. Pat f(1) = c. Gidsun € IN*, khido 0 <
str dung (1) nhiéu lan, ta dugc:

<1

S|

7

) =f %+%+---+% :nf<1);»f(1):5,w:1,2,... 2)

J/

-~

tong c6 1 s6 hang

1
Vc’ﬁmE]N,nEIN*v?amgntacé:OSE,%Sl.Dodo
my 1 1 1 B 1 do (2) c = m
f<;>_f ﬁ+ﬁ+ +E/ _mf(n) -y T Y ®)
tong c6 m sb hang
Nhu vay, véi moi s6 hiru ti r € [0;1], stt dung (3), ta dugc: f(r) = cr. (4)

Gia st x € [0;1], khi d6 ton tai day s6 hitu ti (r,) C [0;1] sao cho 1—1>I-|I-1 rp =x.Vifla
n o0
ham s6 lién tuc trén [0; 1] nén:

f(x) :f( lim T’n) = lim f(rn)doz(4) lim c¢r, =c¢ lim 7, = cx.

n—r—4o00 n—-4o00 n—-4o0 n—r+o00

Céc ham sb théa man yéu cau dé bai la: f(x) = cx, Vx € [0;1] (c 1a hang sb). Thit lai thay
thoa man.

(D Gi st ton tai ham s6 f : R — R lién tuc trén R va thda man diéu kién:

() IO g e o
Trong (1) lay y = 0 ta dugc
f (g) - W Vx € R (véia = £(0)). )

Tix (2) ta c6

fey)ta_ fO410) o

Sfx+y)+a=f(x)+f(y), Vx,y € R. 3)

Xétham s6 ¢ : R — R nhu sau g(x) = f(x) —a,Vx € R. Vi f lién tuc trén R nén g lién
tuc trén IR. Thay vao (3) ta dugc

gx+y)+2a=g(x)+a+gly)+a Vx,y €R
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Sg(x+y) =g(x) +gy), Yxy eR. (4)
Tix (4) va st dung két qua bai toan ?? § trang ??, ta dugc:
g(x) =bx= f(x) =bx+a.
Th lai thay ham s6
f(x) = bx +a,Yx € R (a,b la cdc hang sb)
thda man cac yéu cau dé bai, vay do la dap sb can tim.

(2 Gia st ton tai ham sd lién tuc f : [0;1] — R thda man:

f(xT’Ly> :f—(x);f(y),Vx,yE[O;l]. (1)
Trong (1) ldy y = 0 ta dugc:
f (;) = W Vx € [0;1] (véia = £(0)). @)
Tir (2) va (1) ta c6:
fx +2y) +a _ f(x) ;Lf(y), v,y € [0:1]
ef(xt+y)+a=f(x)+f(y), Vxy € [01]. (3)

Xét ham s6 ¢ : R — R nhu sau: g(x) = f(x) —a,Vx € R. Vi f lién tuc trén [0;1] nén g
lién tuc trén [0; 1]. Thay vao (3) ta duoc:

g(x+y)+2a=g(x)+a+g(y) +a, Vx,y € [0;1]
=g(x+y) =gx) +gy), ¥xy < [0:1]. (4)
Do {(x;y)|x,y,x +y € [0;1]} C {(x;y)|x,y € [0;1]} nén tix (4), st dung két qua bai toan

?? & trang ??, ta dugc:
g(x) =bx = f(x) =bx+a.

Thi lai thdy ham s6
f(x) = bx+a,Vx € [0;1] (a,b 1a cdc hang sd)
thoa man cac yéu cau dé bai, vay d6 1a dap sb can tim.

(3) Gia st ton tai ham s6 lién tuc f : [a;b] — R théa man:

f (xzﬂ) — M, Vx,y € [a;b]. (1)

Xét ham s6 ¢ : [0;1] — [a; b] nhu sau:

¢(t) = (1—t)a+tb, Vt € [0;1].
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Khi dé: ¢ = fo¢:[0;1] — R 1a ham s6 lién tuc trén doan [0; 1]. Vi moi x, y thudc doan
[0;1], ta co:

gx)+gly) (A—x)a+xb+(1—y)a+yb

2 2

_ _x+y x+y, X+y
—<1 5 )a+ > b—g(—2 ) )

Tir (2), st dung bai toan ?? & trang ??, ta dugc:
g(x) =mx+mn, Vx € [0;1] (m,n lahangsd).
Theo bai toan ?? (6 trang ??), ta c6 ¢ la song anh va:

t—a

-1 _t—a .
o (1) = b—a'w € [a; D).

Vay g = fop = go ¢~ 1. Vi moi x € [a;b], ta co:

fx) =g (¢7'(x) =g<;§:2) = mi— 4n=Ax+B,

ma
Z Z b - a N Z

Thu lai thay ham so f(x) = Ax + B, Vx € [a;b] (v6i A, B la nhitng hang s0) thda man

cac yéu cau dé bai.

1a nhitng hang s6.

@ Gia st ton tai ham s6 f: (0; +00) — (0; +o0) thda man

f(x;ry):f(X)szf(y), v,y > 0. 1)
Véimoix >0,y >0,z >0, theo (1) tacod
2y) + f(2
xty+z _f(x)+f(y+z)_f<x)+f( y)zf( 2
f< 2 )_ 2 N 2
_2f(x) + f(2y) + f(22) o)
1 .

Tix (2), ta dao vi tri ctia x va y thi vé trai khong d6i, trong khi d6 vé phai thay ddi, nén ta
thu duge 2f(x) + f(2y) = 2f(y) + f(2x), hay

f(2x) =2f(x) = f(2y) = 2f(y), Vx,y >0

Suy ra, ton tai hang sb ¢ sao cho f(2x) — 2f(x) = ¢ v6i moi x > 0. Tir d6, phuong trinh
ham (1) da cho c6 thé dugc viét lai thanh

flx+y)=f(x)+f(y) +¢c, Yx,y>0

hay
flety)+e =)+ +[f(y) +cl, Yxy>0.
Dat g(x) = f(x) + c thi ta c6 ¢ cong tinh. Tir d6, bang quy nap, ta chitng minh dugc

g(nx) =ng(x), vx>0
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v6i moi n nguyén duong. Do g(nx) = f(nx) +c > cnén
g(x)>%, Vx>0, n=12,... 3)

Tix (3) cho n — +oo, ta duge g(x) > 0 véi moi x > 0. Pén day, tuong tu nhu bai toan ??
(& trang ??), ta thu dugc két qua g(x) = kx véi moi x > 0 (k 1a hang s6 khong am). Suy
ra

f(x) =kx—c, Vx> 0. 4)

Do f(x) > 0v&i moi x nén tir (4) suy ra ¢ < 0va k, c khong ciing bang 0. Sau khi thtt lai,
ta hét luan: ham s6 thda man cac yéu cau dé bai la

f(x) =kx—c, Vx>0,
v6i k 1a hang s6 khong am, ¢ 1a hang s6 khong duong, k va ¢ khong cting bang 0.
(® Gia st ton tai ham s6 f : (A; +00) — (0; +o0) thdéa man

f(x;y) _ f(x);-rf(}/), Vx,y € (A; +00).

bat g(x) = f(x+ A).Khido6 g : (0; +00) — (0; +00) va

g(x—zky) :f(xTer‘FA) :f((erA)qu(y—FA))
flx+A)+fly+4)

_ 8(x) +¢(y) .
=S Vx,y € (0;+00).

Vay ap dung bai toan ?? ta dugc
flx+A)=ax+c, Vx € (0;400) (v6ia>0,c>0,a+c>0)
Tir day thay x boi x — A ta dugc
f(x) =ax+c—aA, Vx € (A;+c0).

batb=c—aA,khidéaA+b>0,a+b+aA > 0.

(D Gid st ton tai ham s6 f : R — R thoéa man:

flxf(y) +x) =xy+ f(x), Vx,y € R. (1)

Trong (1) thay x = 1 ta duoc: f(f(y) +1) =y + f(1), Yy € R. ()
Trong (2) thay y bdi —1 — (1) ta duogc f(f(—1— f(1)) +1) = —1. bat

1+ f(-1— f(1)) = a, £(0) =b.
Taco f(xf(a) +x) = f(0) = b. Hay
b=f(xf(a)+x)=ax+ f(x) = f(x) = —ax +D.
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Thay biéu thitc cta f(x) vao (1) ta dugc

—a(xf(y)+x)+b=xy—ax+b, Vx,y € R
& —alx(—ay+b)+x]+b=xy—ax+b, Vx,y € R
ea’xy —abx —ax+b=xy—ax+b, Vx,y € R.

Bf?mg cach déng nhat cac hé s6 ta duoc

a=1

{azzl <:>{az:1 N b=0
ab+a=a ab=0 a=—1
{720

Vay f(x) = x,Vx € R va f(x) = —x,Vx € R. Tht lai thdy thoéa man.

Luuy. Do f(xf(y) +x) = f(x(f(y) + 1)) nén dé c6 f(0) ta can chon y dé f(y) = —1.
Trong (1) da c6 xy + f(x), vay sé chon x sao cho xy + f(x) = —1, chang han chon
x =1tadugcy = —1— f(1). Tirdé f(f(=1— f(1)) +1) = —1, 86 y can tim & trén la
f(=1— f(1)) + 1 va ta c6 16i gidi da trinh bay. Néu chon x 1a s khac, vi du chon x = 2,

van véi y tudng trén ta c6 10i giai khac:

& Thay x =2,y = _1_Tf(2)tacéf(2f (—1—71‘(2)) +2> = 1.

& Dbat2f <_1_Tf(2)> + 2 = a. Thay y = a vao gia thiét ta co:

f(0) = f(xf(a) +x) = ax + f(x) & f(x) = f(0) —ax = b —ax.

(2) Gia st ton tai ham s0 f : (0; +00) — (0; +-00) théa man

f(xf(y) +x) = xy + f(x), Y,y € (0; +00).
Tir (1) choy = 1 ta dugce

f(fly)+1)=y+ f(1), Vy € (0;+00).

1)

()

Tix (2) suy ra, véi mdi t > f(1), sé ton tai x > 0 dé f(x) = t (mot tinh chat khong du tot

bang toan anh, nhung du gitip ching ta hoan thanh 15i giai bai todn nay).

Tir (2) thay y bdi f(y) + 1 ta dugc
fFUGW+1D)+1) = fy) +14 f(1), Yy € (0;+00).
Do (2) nén (3) trd thanh
f+fO)+1)=fy)+1+f(1), Yy € (0; +00).
batc =1+ f(1) ta dugc

f(x+c)=f(x)+c, Vx € (0;+)
=f(x +nc) = f(x) +nc, Vx € (0;+00), n € N.

Ti (1) thay y bdi y + ¢ va st dung (4) ta duoc

f(f(y) +¢) +x) = x(y +¢) + f(x), Vx,y € (0;+o0);n € N

(%)

3)

(4)
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=f ((xf(y) +x) +cx) = xy+ f(x) +cx, Vx,y € (0;+00);n € N. (5)
T (5) va (1) suy ra
f(xf(y)+x)+cx)=f(xf(y) +x)+cx, Vx,y € (0;+0c0);n € N. (6)

Gia stt x > 0 va z > 0. Do nhan xét (x) nén ta chon s6 ty nhién n dt 16n dé ton taiy > 0
sao cho
xf(y) +x=z+nc

2 X A N 2 , 2 Z + nc
(chi can chon so tu nhién n du lén dé

> f(1) 1a da). Véiy > 0 vira dugc chon &
trén thi st dung (6) ta duoc

f((z+nc)+cx) = f(z+nc)+cx, Vx,z € (0;+0);n € N
=f(z+cx)+nc= f(z) +nc+cx, Vx,z € (0;+o0);n € N
=f(z+cx) = f(z) +cx, Vx,z € (0; +00).

Tur day thay x boi % ta duogc

f(z+x) = f(z) +x, Vx,z € (0;4+00). (7)
Tix (7) d6i vai tro ctia x va z ta duoc

f(x+2z)=f(x)+z Vx,z € (0;,+). (8)
Tir (7) va (8) ta thu dugc

f(z)+x=f(x)+z Vx,z € (0;+00)
=f(x) —x=f(z) —z, Vx,z € (0; +00). 9)

Tir (9) choz =1vadatk = f(1) — 1 ta dugc

f(x) —x =k Vx € (0;+00)
&f(x) =x+k Vx e (0;+0c0)

Thay trd lai vao (1) ta dugc k = 0. Nhu vay

f(x) =x, Vx € (0; +00).

(D Gid st ton tai ham s6 f : R — R thoéa man:
fxf(y) + f(x)) = 2f(x) +xy, Yx,y € R. €
Ki hiéu P(u,v) chi viéc thay x boi u, thay y bdi v vao (1).
P(1,x-2f(1))=f(f(x—2f(1))+ f(1)) =x, Vx €R.
Suy ra f la toan anh. Néu f(a) = f(b) = c thi

{ P(1,a) = f(c+f(1) =2f()+a _ _,
P(1,b) = f (c+ f(1)) = 2f(1) + b '
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Vay f la don anh, suy ra f 1a song anh. Ton tai u dé f(u) = 0. Dat £(0) = a.
P(u,0) = f(au) =0= f(u) = au = u.
Néuu =0thia = f(0) = f(u) =0 = f(0) = 0. Do d6
P(x,0) = f(f(x)) =2f(x), Vx e R

Dan dén f(y) = 2y, Vy € T, v6i T la tap gid tri cia ham f, ma f 1a song anh nén ta c6
f(x) = 2x, Vx € R. Thit lai thiy khong théa man. Vay u # 0, suy raa = 1.

Pluu) = f0)=u*=1=u>=uec {-1,1}.

Néuu =1thi P(0,—1) = 0=2,voli. Vithé u = —1,dan téi f(—1) =0va f(0) =1.Ta
6 P(0,-1) = f(1) =2.

P(—1,x)= f(—f(x)) =—x, Vx € R.
Px,=f(1)) = f(f(x) =x) = 2[f(x) = x], Vx € R, &)

V&i moi x € R, do f 1a song anh nén ton tai z sao cho f(z) = f(x) — x.
Tu (2)suyra f (f(z)) = 2f(z). Tu do

P(z,—1) = f(f(z)) =2f(z) —z=z=0=f(z) =1= f(x) =x+ 1
Tht lai thidy ham s6 f(x) = x + 1, Vx € R théa man cac yéu cau dé bai.

(2 Gia st ton tai ham s6 f : (0; +o0) — (0; +00) théa man

f(xf(y) + f(x) = 2f(x) +xy, Vx,y € (0; +00). @
bat f(1) = a. T (1) cho x = 1 ta dugc
f(f(y) +a) =2a+y, Vy € (0;+00). 2)

Vi mébi t > 2a, theo (2) suy ra ton tai x > 0sao cho f(x) = t. Tix (1) thay x bdi 1 va thay
y boi f(x) + a r6i sit dung (2) ta dugc

f(Ba+x)=3a+ f(x), Vx € (0; +0) (3)
=f (Bna+x) =3na+ f(x), Vx € (0;+00), n € IN. 4)

Véi x > 0,y > 0 ta chon s6 nguyén duong 1 du 16n sao cho

. 2ax + f(x) —y
3a

Khi dg ¥ 3 = (%)

> 2a. Vay theo trén, ton tai v > 0 sao cho
X

(o) = y+3na—f(x).

X

Nhu vay f(x) + xf(v) = y + 3na. (5)
Tir (1) cho y = v va st dung (5) ta dugc

f (y+3na) =2f(x) + xv.
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Tir (1) cho y = v+ 3a va st dung (3) ta duoc

f(x(Ga+ F(0) + £(x)) = 2f(x) + x (v.+ 30)
= F((xf(0) + f(x)) +3ax) =2 (x) + x0 + 3ax.
Tir day lai st dung (5) ta dugc
f(y +3na+3ax) = 2f(x) + xv + 3ax.

Nhu vay
f (y+3na+3ax) = f (y + 3na) + 3ax, Vx,y € (0; ). (6)

Tir (6) va (4) ta c6

f(y+3ax)+3na = f(y) +3na+ 3ax, Vx,y € (0; +c0)
=f (y+3ax) = f(y) + 3ax, Vx,y € (0; +o0)
=f(y+x)=f(y) +x Vx,y € (0;+00). (7)

Tir (7) d6i vai tro ctia x va y ta dugce
flx+y) = f(x) +y, Ve y € (0;+00). 8)
T (7) va (8) ta thu dugc

fy)+x=f(x)+y, Vx,y € (0;+00)
=f(x) —x=f(y) —y, Vx,y € (0; +00). )
Tir (9) choy = 1vadatk = f(1) — 1 ta dugc

f(x) —x =k, Vx € (0;+00)
ef(x) =x+k Vx € (0;,+00)

Thay tré lai vao (1) ta dugc k = 1. Nhu vay
f(x) =x+k, Vx e (0;400).

Luu y. Sau khi thu dugc (4), ta c6 thé cai tién mot chit cho ngan gon va dé hiéu hon nhu
sau: Trong phuong trinh (1), thay y bdi y 4 3a ta dugc

f(x(f(y) +3a) + f(x)) = 2f(x) + x(y + 3a), Yx,y >0

=f (xf(y)+ f(x) +3ax) = 2f(x) + xy + 3ax, Vx,y >0 (10)
Tir (10) va (1) suy ra
f(xf(y) + f(x) +3ax) = f(xf(y) + f(x)) + 3ax, Vx,y > 0. (11)

Gia stt x > 0 va z > 0, lic nay chon n € IN du 16n dé ton tai y > 0 sao cho

xf(y) + f(x) =z +3na

;A P A . z 4 3na — f(x
(chi can chon so tu nhién n dua 16n sao cho . fx)

> 2a la duoc). Thay y vira co
vao phuong trinh (11), ta thu duogc

f(z+3na+3ax) = f(z+ 3na) + 3ax,Vx,z >0
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= f(z +3ax) +3na = f(z) 4+ 3na + 3ax,Vx,z > 0
= f(z+3ax) = f(z) +3ax,Vx,z > 0
=f(z+x) = f(z) +x,Vx,z > 0.

Phuong trinh cudi cung nay chinh la phuong trinh (7).

(D Gia st ton tai ham s6 f : R — R thoéa man:
f2+ f(y)) = xf(x) +y, Y5,y € R. (M)
bat f(0) = a. Trong (1) cho y = 0 ta dugc
f(x*>+a) = xf(x),Vx € R. )
Trong (2) cho x = 0 ta dugc f(a) = 0. Trong (1) cho x = 0 ta dugc

f(f(y)) =y Vy e R

Suy ranéu f(x1) = f(x2) thix; = f(f(x1)) = f(f(x2)) = x. Vay f la mot don anh trén
R. Trong (2) cho x = a ta dugc

f(a*+a) =af(a) = af(f(0)) = a.0 =0 = f(a).

Do d6 tir f(a) = f(a®>+a) va fladon anhsuyraa = a> +a < a = 0. Vay f(0) = 0.
Trong (1) cho y = 0 ta dugc f(x?) = xf(x),Vx € R. Do dé6

f(a?) = xf(x) = f(x)-f(f(x)) = f(f(x)?),¥x €R.

Vi f la don 4nh nén
_ _ flx) =x
2 =[P & () -2 @+ =0 e [ £ =% ®
Ta dé dang kiém tra dugc f(x) = x va f(x) = —x thda man (1). Ta sé chiing minh rang

ngoai ra khong con nghiém nao khac. Gia st f(x) la mot nghiém khac vdi hai nghiém
trén, nghia 1a ton tai a # 0 sao cho f(a) # a va ton tai b # 0 sao cho f(b) # —b. Tix (3)
suyra f(a) = —ava f(b) = b. Bdi vay tu

f(a*>+ f(b)) = af(a) +b = f(a®> +b) =b—a>.
Tac6 f(a? +b) = a® + bhodc f(a? +b) = —a®? — b. Néu f(a® +b) = a®> + b thi
>+ b=b—a*<a=0 (trdi véi a # 0).
Néu f(a®>+b) = —a? —bthi —a®> —b=b—a? < b =0 (trdi vdi b # 0). Vay chi c6 kha
nang
et e Sl P
diéu nay ciing mau thudn véia # 0 va b # 0. Dén day ta két luan: C6 hai ham sb thda

man dé bai la
f(x)=x,VxeR va f(x)=—x, Vx e R.
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Cach khac (ngan gon hon). Tir (3) suy ra f(1) = 1 hodc f(1) = —1. Néu f(1) = 1 thi
thay x = 1 vao (1) ta duoc

fA+fW) =1+y= PO+ f(y) =1+y)
S(1+fW)*=0+y)’=>2f+v =2y+y" = f(y) =y, Yy € R.

Vay f(x) = x. Thi lai thiy thdéa man (1). Con néu f(1) = —1 thi thay x = 1 vao (1) ta
duogc

fA+fy)=-1+y= A+ f(y)=(y—1)
S1+fW))P=Wy-1*=2f(y)+y¥* =v" -2y = f(y) = —y,Vy €R.

Vay f(x) = —x,Vx € R. Thtt lai thiy thda man (1). Dén day ta két luan: C6 hai ham s
thoa man dé bai la

f(x)=x,¥xeR va f(x)=—x, Vx e R.

Chu y 1. Tir (3) chua thé két luan vé biéu thic ctia ham s6. Ban doc luu y rang (3) chi
khéng dinh r?ang vai x € R thi gid tri cia ham sb tai diém x 1a x hodc —x, chéng han
ham f(x) = |x|,Vx € R thda man (3).
(2) Gia st ton tai ham s6 f : (0; +o0) — (0; +o0) thoa man
f (4 ) = xf(x) +y, Vxy € (0;+o). M
Tir (1) cho x = 1 ta dugc
fA+fy) =f1)+y, Yy e (0;+0)

Tix day suy ra f 1a don anh va véi méi ¢t > f(1), ton tai x > 0 sao cho f(x) = t. Gia s
a>0,u>0.Tu (1) choy = atadugc

f (xz + b) = xf(x)+a, Vx € (0;+c0) (vib = f(a)).
Tir (1) cho y = u ta dugc
f (12 +fW) = uf(w) +y, ¥y € (0;+00)
=f(f(y) +c)=y+d, ¥y e (0;+0c0) (vdic=u’,d=uf(u)).
Nhu vay (1) trd thanh
f(RPHfW) =f(F+b) —a+[f(fy) +0) —d], Vxy€ (0;+00).
Tu day, thay x bdi /x ta duge

fx+fy)=f+b)—a+[f(f(y)+c)—d], Vx,y € (0;+o)
=f(x+z)=f(x+b)—a+[f(z+c)—4d], Vx>0,z> f(1). 2)

Ti (2),data+d = D, M = f(1) ta dugc
flx+y)=f(x+b)+ f(y+c)—D, ¥x >0,y > M. (3)
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Tit (3) ta suy ra

fllx+b)+y+c)—b—c)=f(x+b)+ f(y+c)—D, Vx,y € (M; +o0)
=f(x+y—b—c)=f(x)+f(y)—D, Vx,y > M+b+c. 4)

Gidsax >M+b+cvay > M~+b—+c khido

f(x+y—b—c):f(x;y—kx;y—b—c)(i—)f(x;ry) +f(x;ry>—D,

két hgp vdi (4) ta duge

P50 +1 (55Y) = s+ 5w,

NhUVéyf(xT—H/ :M, Vx,y > M+b+c. (5)

Tir (5) st dung st dung bai toan 2 & trang 1 ta c6

f(x)=kx+4{, Vx € (M+c+d;+00) (6)
véi k, £ 1a nhiing héng s6, k > 0. Bay gio ta sé€ tim k va /. Do f la don anh nén f khong
thé 1a ham hang, dan t&i k > 0. Gia st x va y da 16n, khi d6 tur (6) va (1) ta c6

k<x2+ky+€)+£:x(kx+€)+y, )

Do (7) dting v6i moi x va y du 16n nén ta dugc phép xem né nhu hai da thic hai bién
bang nhau, tir d6 dong nhat hé sb ctia y ta duge k = 1, dong nhat hé sb cta x ta dugce
¢ =0.Vay f(x) = x voi x da lon. Véi x dt 16n va y > 0, ta ¢ dinh x va st dung (1) ta
duoc

ot fly) =2ty = fy) =y.

Vay f(x) = x, Vx > 0. Thit lai thiy ham s nay thda man théa man cac yéu cau dé bai.

(3 Gia st ton tai ham s6 f : N* — IN* thoa man:
f (4 F(y)) = xf(x) +v, Vx,y € N* M

T (1) lay x = 1,y = 1, taduge f (1+ f(1)) = f(1) +1. Datc = 1+ £(1), khi d6
f(c) = c. Tix (1) 14y x = 1, ta dugc

fA+fy)=fA)+y Yy e N" 2
Tt (2) thay y béi f(y) + 1 ta duoc

fA+f) +y)=f(1)+fy) +1, Vy € N
=f(y+c)=f(y)+c Vy € N".

Gid st f(y +ke) = f(y) + ke, Yy € N* (k € N*). Khi d6

fly+(k+1)c)=f(y+ctke)=fly+c)+ke=f(y)+c+ke
= f(y) + (k+1)c, Vy € N*.
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Theo nguyén ly quy nap suy ra
f(x+ke) = f(x)+ ke, Vx € N, Vk € IN™. 3)
Tir (3) lay x = ¢, ta dugc

f((k+1)c) = f(c) + ke, Vk € N*
=f((k+1)c) = (k+1)c, Vk € N*.

Suy ra f (kc) = ke, Yk € IN*. Tix (1) cho y = ¢, ta dugc
(¥ 4e) =xf(x) +c vreN
=f(x?) +c = xf(x) +¢, Vx € N* (do st dung (3)).
Nhu vay f(x?) = xf(x), Vx € IN*. Tir day thay x bdi c + 1, ta dugc
f(@+2c+1) = (c+1)f(c+1) = f(E+1) +2c= (c+[f(1) +c]. @
Theo (3) thi f(c2 + 1) = f(1 +c.c) = f(1) + c2. Thay vao (4), ta dugc

f) +c*+2c=(c+D[f(1) +]
Sf) 4+ +2c=cf(1)+ 2+ f(1)+c=c=cf(1).

Mac € N*nénsuyra f(1) = 1vac = 2. Do do6 theo (3) thi
flx+2)=f(x)+2, Vx € N*. (5)
Tir f(1) = 1, f(2) = 2 va (5), bang quy nap, ta chitng minh dugc
f(x) = x, Vx € N*, (6)

Thir lai thdy rang ham s xac dinh béi (6) thda man cac yéu cau dé bai.

(D Gid st ton tai ham s6 f : Z — Z thoa man:

fx+yf(x) = f(x) +xf(y), Vx,y € Z (1)

Ki hiéu P(u,v) chi viéc thay x bdi u va thay y béi v vao (1). Dé thay f(x) = 0 la nghiém
ham ctia bai toan. Tiép theo gia st f(x) # 0, ta sé ching minh f(x) = x. Ta c6

P(x,0) = xf(0) =0, Vx € Z.

Suy ra f(0) = 0. Néu f(1) # 1thi P (1,1_1W) = f(1) = 0, mau thuan. Do d6
f(1) =1.
PLy) = fA+y) =1+ f(y), Yy € Z 2

Do f(0) =0, f(1) = 1 nén tir (2), bang phuong phap quy nap, ta chitng minh dugc:

f(x) =x,Vx € Z.
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(2) Gia st ton tai ham s6 f : R — R thoéa man

fletyf(x)) = flx) +xf(y), Y,y e R ey
Dé thay f(x) = 0 thda man yéu cau dé bai. Tiép theo xét f(x) # 0. Tir (1) choy = 0
vax = 1 duogc f(0) = 0. Néu f(x) = 0thi xf(y) = 0, Vy € R, suy ra x = 0. Vay
f(x) =0« x=0.Tu (1) chox =1 dugc

fA+yf(1)=f1)+f(y), Wy eR. 2)
Néu f(1) # 1 thithay y = _;(1) vao (2) duge
f) mau thuan
£ (112505 ) = 0+ (7= ) © F0) =0 (i thun)
Vay f(1) =1, do d6 (2) trd thanh
fly+1)=f(y)+1, Yy eR )
Tir (3) ta chung minh dugc
f(n) =n, Vn € Z. (4)
VoineZ, x € R, tacd
Fnx) = f(n+ (x—1)m) = f (n+ (x = 1)f () "2 f(m) +nf(x—1)
it nf(x =12 b [f(x) = 1] = nf(x). 5)

Néu a = —b thi
do (5)

fla) = f(=1b) =" =1f(b) = —f(b) = f(a) + f(b) = 0= f(0) = f(a+b).

Néu a # bth1a+b7é0vaf< erb>7é0.\f1thé
B a+b a—>b a+b B a+b a+b a—>b
fW=r\"= +2.f<ﬂzib>f( 2 ) _f< 2 )+ 2/ 2.f (45)
B a+b b—a a+b a+b a+b b—a
TO=r"= +2.f(a2ib>f( 2 ) _f( )+ 2/ 2.f (%5)
Cong lai ta duge f(a) + f(b) = 2f <a42—b) d0=(5)f(a+b).T(’)mlai:
fx+y) =fx)+ f(y), Vx,y €R. (6)
Do (6) nén (1) trg thanh f(x) + f (vf(x)) = f(x) + xf(y), Vx,y € R, hay
ff(x)) =xf(y), Vx,y € R. (7)

Tix (7) ldy y = 1 duoc f (f(x)) = x, Vx € R, suy ra f la song anh. Do d6, véi moi z € R,
ton tai duy nhat x € R sao cho f(x) = z. St dung (7) cho ta
flyz) = f(yf(x)) = xf(y) = f (f(¥) f(y) = f(2)f(y), Vy,z € R. ®)

Tir (6) va (8), stt dung bai toan ?? ¢ trang ?? ta dugc f(x) = x, Vx € R. Thit lai dting. Vay
c6 hai ham sb théa man cac yéu cau dé bai la

f(x) =xVxeR; f(x)=0,Vx € R.
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(1D Bai todn nay chi la mot truong hop riéng cuia bai toan ngay phia sau.

(2) Gia st ton tai ham s6 f : R — R thoéa man:

F@ 4+ f(y) = [F(x)]" +y, Yy € R 1)
Cach 1. Dat £(0) = a. Trong (1) cho x = 0 duoge: f(f(y)) =y +4a", Vy € R. ()
St dung (1) va (2), ta dugc:
FUE+FEW)) =2+ f(f) +a " x4y 4207, vry e R (3)
£+ @) = £ (FEOT + £1)
—F N +y P x+a") +y, vry € R (4)

a")", Vx € R. So sanh hé s6 ctia "~ ! & hai vé, ta

Tir (3) va (4), suy ra: x" + 24" +
0. Do d6 (2) trg thanh:

dugc:Cla" =0 a"=0sa

fUW) =y, vy e R )
Tir (5) suy ra f la song anh, do d6 f(x) =0 < x = 0.
Tix (1) cho y = 0 ta dugc: f (x") = [f(x)]", Vx € R. (6)

Véimoix >0vay € R, taco:

ety = £ (V)" + £ Fw) = I )"+ £@) = £ + ),

Nhu vay: f(x+y) = f(x)+ f(y), Vx e R, y > 0. (7)
Trong (7) lay y = —x ta dugc:

0=/(0)=fx+(=x) = f(x) + f(=x) = f(=x) = = f(x), Vx e R (8)

Voimoiy € R, x < 0, st dung (7) va (8), ta duoc:

flaty) = f) = flx+y) + f(=x) = f((x +y) + (=x)) = f(y)-
Tir day két hop véi (7), ta duge: f(x +y) = f(x) + f(y), Vx,y € R. 9)
Truong hop n chan. Tix (6) thay x = 1, ta dugc:
fO =" = [fO]" " =1= f(1) =1 (don —11¢).
Do 1 chan nén tir (6) suy ra v6i x > 0 thi f(x) > 0. Gidstt x < y, khidé f(y —x) > Ota
co:

do (7

(7)
f) = fly—x+x) =" fly—x)+ f(x) > f(x).
Vay ham f dong bién trén R. St dung bai toan ?? (§ trang ??) suy ra f(x) = kx,Vx € R.
Do f(1) = 1nén f(x) = x,Vx € R. Thit lai thiy ding.
Truong hop n 1é. Tix (6) thay x = 1, ta duoc:

fFO) =[O = [fMW)"" =1= f(1) = £1 (do n — 1 chan).
Ta chiing minh f don diéu. Trude hét, tir (9) va bang quy nap, ta c6:

f(nx) =nf(x),¥x € R,Vn € N.
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bat f(1) = k € {1, —1}. Ta tinh f((x + 1)") bang hai cach.

HW+W3=WwHW:UWHwV=iqvmww
fllx+1)m) = £( 3 1) = " Chx T e+ G )
i=0
= f@") +Cf (") -+ G () + G f(x) + k.
So sanh hai két qua trén, ta dugc:

FE) +Cf (" )+ Crf(x" ) -+ O () + Cr f(x) +k
=" + Calf ()" k- G f ()R 4 k"

Do (6) nén ta co:

Cof (X" )+ Chf(x"2) + -+ Ci 2 f(X*) + Cp H f(x) +k
—CALF ()" Mkt o+ CaT ()R

Do f la ham cong tinh nén ta c6 thé viét lai nhu sau:

FCI" P4 C2x" 2 o 1 O 202 - O f (%) + K
=Culf ()" k4 + T ()R + K (10)

Xét ham so:
g(x) = Cla"m M C2x" 2 O = (1) — 2 —nx — 1.

Ta co:

gx)=n(x+D)" 1 —nx" 1t —n,¢"(x) =n(n—-1)(x+1)"2 —n(n—1)x""2
Vin—21énén (x+1)"2>x"2 Dodé:n(n—1)(x +1)""2 > n(n—1)x""2. Vay

¢"(x) >0,Vx € R.
Suy ra ¢'(x) tdng thuc sy, vi vdy phuong trinh ¢/(x) = 0 néu c6 nghiém thi nghiém d6
1a duy nhat. Ma ¢’(0) = 0 nén ¢’ (x) chi triét tiéu tai mot diém duy nhat x = 0.
X |—oo 0 +o00

g'(x) - 0 +

s w0

Vay g(x) > 0,Vx € Rva g(x) =0« x =0. Vi moi t > 01udn c6 xq sao cho t = g(xp).
C6 hai truong hop:
Truong hop 1: k = 1. Viét lai dang thic (10):

(S & A
=Culf ()" + Clf ()" 4+ G ()]
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Hay viét gon hon: f(g(x)) = g(f(x)). Lay t > 0 tuy ¥, theo cac tinh chat ctia ham
¢ ta thay ton tai x9 # 0 sao cho t = g(xp) va do f(xp) # 0 nén g(f(xp)) > 0. Vay:
f(t) = f(g(x0)) = g(f(x0)) > 0.Hay v6i x > 0 thi f(x) > 0. Vi x < y thi

y—x>0= f(y—x)>0.
Khi do¢ ta co:
fy) =fly—x+x)=fly—x)+f(x) > f(x).
Suy ra f la ham don diéu tang. Nhu vay, f cong tinh va don diéu trén R nén:
f(x) =kx=xVx € R.
Truong hop 2: k = —1. Viét lai dang thic (10):
FCIx" 4 C2x" 2 o 1 C 207
== Gl @+ Gl )2 = = G2 f ()]
= — (CU=fI" T + CA=f ("2 4+ G2 = f ().

Hay f(g(x)) = —g(—f(x)). Tir sy bién thién ctia ¢(x) ta c6: vdi mdi t > 0 ludn c6 xg # 0
(dung hai gia trj x() sao cho t = g(xg). V&i xg # 0 thi f(xo) # 0va g(x) > 0,Vx # 0. Do
do: g(—f(x0)) > 0= —g(—f(x0)) < 0. Vay:

f(t) = f(g(x0)) = —g(—f(x0)) <O.

Hay vdi x > 0 thi f(x) < 0. Bay gid ta chiing minh f(x) 1a ham s6 giam. That vay, gia st
x<y=y—x>0= f(y—x) <0, taco:

fy) =fly—x+x) =fly—x)+f(x) < f(x).
Vay f cong tinh va giam trén R nén f(x) = kx = —x,Vx € R. Thu lai, ta dugc nghiém
f(x) =x,Vx € Rva f(x) = —x,Vx € R.
Két luan:
e Néu 7 chan thi c6 duy nhat mot ham s6 théa man yéu cau dé bai la:

f(x) =x,Vx € R.

e Néu 7 1¢ thi c6 hai ham s6 thoa man yéu cau de bai la:
f(x)=x,Vx € R; f(x) = —x,Vx € R.
Cach 2. D4t f(0) = a. Tir gia thiét, ta dé thay
f(fy)) =y+a", Vy eR.
Str dung két qua nay, ta c6
FUAR)+y) = FF "+ fy) = 2"+ fy) +a", ¥,y € R.

Trong dang thic trén, ta thay y bdi f(y) thi thu dugc

Xty +2a" = f (1) + ) =y + ) =y A+ (x+at)
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hay
x" 424" = (x+a")".

Bang cach so sanh hé s6 cta x"~! & hai vé, ta dé dang suy ra a = 0. Lic nay, ta c6
f (f(y)) = y nén bang cach thay y béi f(y) vao gia thiét, ta dugc

f(x"+y) = f"(x)+ f(y), Vx,y € R.

Thay v = 0 vao dang thiic trén, ta ciing cd
Yy g g

f(x") = f'(x), ¥x e R. (1)

Do d6, dang thic & trén c6 thé dugc viét lai dudi dang

f(x"+y)=f(x")+ f(y), Vx,y € R.

& Néu n 1é thi x" c¢6 thé nhan moi gia tri trén R nén ta suy ra f cong tinh. Két hgp voi
(i), ta dua bai toan vé truong hgp ciia bai toan ?? (& trang ??).

& Néu 1 chan thi do x" c6 thé nhan moi gia tri khong 4m nén ta suy ra
flx+y) = fx)+f(y)

v6i moi x > 0 vay € R. Bang cach thay y = —x, ta dé thay f 1a ham 1. Tir d6, véi
moix <0,y € R, taco

—flx+y) = f((=x) +(=y) = f(=x) + f(=y) = —=f(x) = f(v),

hay
flx+y)=f(x)+ f(y).

Vay f 1a ham cong tinh. Két hop vdi (i), ta dua duoc bai toan vé trudong hgp cia bai
todn ?? (& trang ??).

Luuy.

& Truong hgp n = 2 ctia bai todn nay chinh la dé thi IMO nam 1992. Truong hop nay
va trudng hop 1 chan néi riéng 1a cac truong hgp dé cta bai toan.

& Vo&i n 1é thi khong nhu vay, ta sé gap nhiéu kho khan dé tinh £(0), mot mau chot
quan trong dé chiing minh f cong tinh. Cach tinh f(0) thuong gap la st dung tinh
song anh cua f dé tinh mot gia tri nao d6 theo nhiéu cach. Cach dé6 tuong ddi phic
tap va khong dé dé thuc hién.

(3 Gi st ton tai ham s6 f : N* — IN* thoa man:
f (mz +f(n)> = f(m)* +n, Vm,n € N*. (1)
Trong (1), thay m = 1 ta duogc:

fFA+f(n)=f1)P+n=a+n6ia=f(1)).

Suyra: f (1+a*+n)=f(1+f(1+f(n)=a>+1+f(n).
Hay: f (n+0b) = f (n) +b, (v6ib=a?+1 > 2).
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Bang quy nap, ta chiing minh duoc: f (n + kb) = f (n) + kb, Vn, k € IN*. (2)
Khi do¢, ta co:

f(m)* +n+ (2m+b)b f(m +f(n ) (2m+Db)b
f<m +f(n 2m—|—b)b>

= f ((m+b7+ £ (m)

= f(m+b)* +n=[f (m)+ b +n

= f(m)*+2f (m) b+ b +n.

Suy ra: (2m +b) b = 2bf (m) +b* Vm € N*. Do d6: f (m) = m, Vm € N*. Thi lai thay
thoa man. Vay ham s thoa man yéu cau dé bai la:

f(n)=mn,VneIN"

Luu y. Vi sao lai phai cong thém (2m + b) b. Dé dang nhdm ra mot nghiém ham la:
f(n) =n.Tadéyrang: f (m2+ f (n)) = f(m)* + n. Néu thay m boi m + b ta dugc:

f((m+67+f(n)) = f(m+b)* +n
Ma f (m+b) = f (m) + b. Nén suy ra:

f((m+6)*+ £ (m)) = f(m)* +2f (m) b+ b+ n.

Do ta da doan dugc nghiém ham 1a f (m) = m nén:
f((m+b)2—|—f(n)> :f(m)2+2mb+b2+n :f<m2> +n+ (2m+b)b.

(® Gia st ton tai ham sb f : (0; +o0) — (0; +00) théa man

(R +FW)) = Fx) +y, ¥,y € (0;400). M
bata = f(1). Tu (1) cho x = 1 ta duogc
fA+fy)=y+a’, Yy >0. (2)

Tir (1) choy = 1 ta duogc

f <x2 + a) = f2(x) +1, Vx > 0. 3)
T (2) suy ra f la don anh. Clng tur (2) suy ra ham f nhan moi gia tri trén khoang

(2% +00); nghia 1a v6i mdi t > 42, ton tai x > 0 sao cho f(x) = t. K&t hop cac két qua
(1), (2), (3) ta duge

f(RHFW) = F(PHa) +f A+ fy) —a® =1, Yy (0+00). @)

Do x? + a ¢6 thé nhan moi gid tri trén (a; +00) va f(y) + 1 c6 thé nhan moi gia tri trén
(4% +1;+00) (chiylaa®+1 > a) nén tir (4) suy ra véimoi x > a?+ 1,y > a> + 1 ta c6

F(E+a)+(f) + D —a—1) = f (P +a) + f 1+ f) —a ~ 1.
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Hay f(x +y—a—1) = f(x) + f(y) —a® =1, Vx,y € (a® + 1; +00). (5)
Gidsux >0vay > 0, khido

f(X+y—a—1)Zf(x;y+x;y—a—1) @f<x;y)+f(x;“y) —a2-1,

tir day két hop vdi (5) ta duge

f(xzﬂ> _ f(x)—i-f(}/), Vx,y € <a2+1;+oo>. (6)

2

Tir (6), st dung cha y 2 & trang 1 ta c6
f(x)=cx+d, Vx € <a2 +1;+oo>

vdi ¢, d la nhiing héng sbthbamanc > 0,c(a®>+1)+d > 0,c(a>+1)+c+d > 0. Do
f 1a don 4nh nén f khong thé la ham hang, dan tdi ¢ > 0. Bay gio ta sé im ¢ va d. Trong
(1), xét x > a®>+1vay > a®>+1thi

P4 fly) > x* > a*+1,

do dé luc nay (1) trd thanh
c <x2+cy+d> +d=(cx+d)?*+d, Y,y € (a®+1;400).

Dong nhat hé sb ctia y? & hai vé ta duge ¢ = 1. Tiép theo dong nhat hé s6 ctia x & hai vé
ta dugc d = 0. Do do
f(x) =x, Vx >a®+1.

Tiép theo, ta cb dinh y > 0 va cho x > a? + 1 vao (1) ta dugc

A fly) =4y fly) =y

Nhu vay f(y) =y, Vy > 0. Thit lai thidy ham s6 f(x) = x, Vx > 0 théa man cac yéu cau
de bai.

(D Gi st ton tai ham s6 f : R — R thoéa man diéu kién

ff()+f(y) = f2(x) +y, Yoy €R. (1)
Loi giai 1. Tir (1) thay x = 0 duoc: f (f(y)) = f2(0) +vy, Vx,y € R, )
Tix (2) choy = —f2(0) vadata = f(—f2(0)) ta dugc f(a) = 0.
Ti (1) chox =aduoc f (f(y)) =y, Vy € R. 3)
Tir (1) thay x bdi f(x) va st dung (3) ta dugc
ff()+f(y) =x*+y, ¥x,y € R. 4)
Tir (1) va (4) suy ra: f2(x) = x%, Vx € R. (5)

Tir (5) suy ra f(1) = 1 hodc f(1) = —1.
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@ Xét f(1) = 1. Tir (1) cho x = 1 duoc

fA+fy) =1+y Yy eR
= (1+f(y) = (1+y)°, W eR
=1+ fy)P=1+2y+1% ¥eER
=1+2f(y)+y*=1+2y+y% Wy eR
=fy) =y Yy eR
Thi lai thdy ham s6 f(x) = x, Vx € R thda man cac yéu cau deé bai.
@ Xét f(1) = —1. Tir (1) cho x = 1 dugc

fA=fy) =1+y Yy eR
=2 (-1+f() = 1+y? W eR
=[-1+fy)) =1+2y+> ¥y eR
=1-2f(y)+y* =1+2y+y* ¥y R
=fy) =~y Yy e R.
Thi lai thdy ham s6 f(x) = —x, Vx € R thda man cac yéu cau dé bai.
Vay c6 hai ham s6 can tim 1a f(x) = x, f(x) = —x.

Loi giai 2. Ta thay x = 0 vao phuong trinh (1) da cho dugc

FUW) =072 +y Yy e R

Thay y = 0 vao phuong trinh (1) da cho ta dugc:
fxf(x) + £(0)) = f(x)%, ¥x € R. (1i)

Nhu vay nhin vao cac dang thic trén ta sé di tinh gia tri ctia £(0). Tir

f(fy) = f(0)*+y, Yy R,

suy ra f 1a toan anh, do d6 ton tai a sao cho f(a) = 0. Tir phuong trinh (1) ban dau ta
cho x = a duogc

f(fy)) =y, Vy eR. (21)

Tir (2i), két hop véi f (f(y)) = f(0)* +y,Vy € R, suy ra f(0) = 0. D€ st dung (2i),
trong phuong trinh (1) ta thay x béi f(x) ta duoc:

FUE@FFE)) +f@) = fF(f(x)* +1,Yx,y €R
=f(xf(x)+ f(y)) = x> +y,Vx,y € R. (3i)

Tir (2i) ta suy ra f la don anh. Trong dang thiic (3i) ta thay x bdi —x ta dugc:

F=xf (=) +f) = (=) +y=2+y = f(xf(x) + f(y)) Vx,y €R
=xf(x) + f(y) = —xf (=x) + f(y), Vx,y € R
=xf(x) = —xf(—x),Vx €R
:>f(X) = —f(—x),Vx # 0.
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Két hop v6i f(0) = 0 ta dugce f (—x) = —f(x),Vx € R. (4)
Tir (3i) va phuong trinh (1) ta dugc:

ff(x)+f(y) =2 +y=f(x)> +y,Yx,y e R
=f(x)? = x%Vx € R. (5i)
Tir (1) va (5i), ta cé:

fOf@) =f2=x2=f(f () = f () =xf(x), VxR (6]
Tir (2i), (6i) va phuong trinh (1) ta dugc:
ff(x)+f(y)) = f(x) +y,Vxy R
( ( )+f )—x +y,Vx,y € R
of (£ (¥) 7)) = £ (£ (< +y)) vry <R
o1 () 410 =1 (34) ey e

=f)+fy)=fx+y) ¥x =20y e R. (74)
Tix (4i) va (7i) ta sé chi ra ham s6 f cong tinh. That vay, vdi x < 0,y € R ta co:

faty)=—f(=x—y) == (=) +f (=] = = [-f(x) = f(¥)]

= f(x) + f(y)-
Két hop vdi (7i) ta dugc: f(x) + f(y) = f (x+y),Vx,y € R. (8)
Dua vao (6i) va (8i) ta sé tinh dugc f(x) theo cach xét gia tri cua f ((x + 1)2>. That vay,

ta co:

fFD?) = (1) f(x+1) = (x+1) [f(x) + £(1)]

fx+1)7) = F (P 2x+1) = £ (32) +2f(x) + £(1)

= xf(x) +2f(x) + f(1).
So sanh hai dang thiic nay ta duge f(x) = f(1)x = ax,Vx € R. Thay lai phuong trinh
ban dau ta dugc a = +1. Vay bai toan c6 hai nghiém la
f(x) =x,Vx eR; f(x) =—x,Vx € R.

Luu y. Sau khi chitng minh duoc (5i), ta ¢6 thé xtt Ii cadch khac nhu sau: Dé thiy hai ham

)

f(x)=x,VxeR; f(x) = —x,Vx € R
thdéa man cac yéu cau dé bai. Ta sé chiing minh ngoai hai ham s6 nay ra khong con ham
s6 nao khac. Gia st ton tai ham sd f khac hai ham s6 trén va cing thda yéu cau de bai.
Do (5) va f(0) = Onén ton taia # 0, b # 0sao cho f(a) = —a va f(b) = b. Tix (1) cho
x =avay=b,taduoc f (af(a)+ f(b)) = f(a)?> +b,do dé6

2 2
2 ) ﬂ+b:—ﬂ —|—b a=20
7 a+b)_”+b:>{a2+b=a2—b “ =0

Diéu nay mau thuan véia # 0 va b # 0. Do d6 ngoai hai ham s6
fx)=x,Vx e R; f(x) = —x,Vx € R

khong con ham so nao khac théa man yéu cau de bai.
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(2 Gia st ton tai ham sd f : (0 : +00) — (0; +00) thoa man:
ff(x)+ f(y) = f2(x) +y, Vx,y € (0 +00).
bat f(1) = a > 0. Trong (*) lan lugt cho x = 1, y = 1, ta thu dugc:
f(fy) +a) =a*+y, ¥y € (0;+00).
f(xf(x)+a) = f2(x) +1, Vx € (0; +c0).
St dung (1), ta duoc:

f)+a+at = f(F(F) +a) +a) = f (y+a+a?), ¥y >0,
Gidsu f (y+n(a+a?)) = f(y) + n(a+a*), Vy > 0 (n € N*). Khi do:

f<y+(n+1 a+ a? > y+n(a+a?) +( a+a)>

(
© <y+na+a ) + (a +a?)

f

f

fy) +n(a+a®) + (a+a?)
f(y)+ (m+1)(a+a*), Vy > 0.

Theo nguyén li quy nap suy ra:
f (y+ n(a+ az)) = f(y) +n(a+a?), Yy >0, Vn € N*.

Mat khac, st dung (1) va (2), ta suy ra:

xf(x)+a+a2:f<f(xf(x)+a)+a> :f<f2(x)+1+a>,Vx > 0.

Do do:

F(F (PO +14a) +50) 2 f(xf () +ata+ ()

do (3

2 f(xf )+ f (y+a+a?))

do*

= fz( )—1—y+a—i—a2,Vy>O.

(1)
()

3)

(4)

(5)

(6)

Tir (1) suy ra ham sd f(x) nhan moi gia tri 1on hon a2, do d6 ham f2(x) + 1 + a nhan moi

gia tri 16n hon a* + a + 1. Trong (6) thay f2(x) + 1 + a bdi x, ta nhan dugc:

f(f(x)+f(y))=X+y+a2—1,Vy>0,x>a4+a+1.

)

Véi x > 0,y > 0, chon n € IN* sao cho: x + n(a + a?) > a* + a + 1. Khi d6, sit dung (4)

ta dugc:

f U@+ F) = F(F) + f ) +nla+ad) ) —n(a+a?)

(i)f(f (x+n(a+a?)+f(y)) - nla+a?)

(—Z)x+n(a+a2)+y+a2—1—n(a—i—a2)
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—x+y+a®—1
Nhu vay ta da chirng minh duge két qua manh hon (7), d6 la:

fUE+f©) =x+y+a* =1, Vxy € (0;+e). (8)
Trong (8) thay x bdi f(x) + a, thay y bdi f(y) + a va st dung (1), ta dugc:

f (x +y+2a2) = f(x)+ f(y) +a*+2a—1, Yx,y € (0; +00). )
St dung (9), ta co:
f <x+2a2> +f (y—2a2> doz(g)f<x—|—y+2a2> +1—a*—2a
do (9)

=" f(x)+ f(y), Yx >0, y > 24>
Do d6 f (x+2a%) — f(x) = f(y) — f (y—24%), Vx > 0,y > 24> Tir day lay y = 4a,

suy ra f (x +2a%) — f(x) = b, Vx > 0, v6i b 1a hing so. (10)
Tir (9) va (10), ta thu duogc:

fx+y) = f(x)+ f(y) +a*+2a—1—b, Vx,y € (0;400). (11)
Dat g(x) = f(x) +¢, Vx > 0, trong d6 ¢ = a®> +2a — 1 — b.
Thay vao (11), ta dugc: g(x +y) = g(x) + g(y), Vx,y € (0; +00). (12)

Tir (12), bang quy nap ta suy ra
g(nx) =ng(x), Vx >0, n=1,2,...

Do dé g(x ):g(ZX) :f(na;)+c >%, Vx>0, n=12,...
Vay g(x )>% Vx>0, n=1,2,...Chon — +oo ta dugc

g(x) >0, Vx € (0;+00). (13)

Tir (13), (12), sit dung bai toan ?? (& trang ??), ta dugc g(x) = ax, Vx > 0 (a la hang s6

duong). Do d6 f(x) = ax —c, Vx > 0. Do f(x) > 0 vdi moi x > 0 va 11%1+ax = 0 nén
X—r

¢ < 0. Thay vao (x), ta dugc:
f(x(ax —c)+ay—c) = (ax — )2+y,ny>0
ea(x(ax —c) +ay —c) —c = a®x* — 2acx + > +y, Vx,y > 0
@a(axz—cx—kay—c) ¢ = a*x* —2acx +c* +y, Vx,y >0
ea’x® —acx +a*y —ac — ¢ = a*x* — 2acx +c*+y, Vx,y > 0
sacx + (> = 1)y — (c+ac+c*) =0,Yx,y >0

ac =0 c—0

= a2-1=0 (:){ -

2 El:1.
c+ac+c-=0

Vay c6 duy nhat mot ham s6 thda man yéu cau dé bai la f(x) = x, Vx > 0.
Luuy. Tir (8), ta c6 thé hoan thanh 16i giai bang con dudng khac nhu sau: Gia st ¢6 hai
s6 duong y1 va y, sao cho f(y1) = f(y2), khi d6

P +y1=f(fn)+a)=f(f(y2) +a) = +y2 =1 =,
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9.

suy ra f la don anh. Gia st x > 0vay > 0, khi d6

f(f(x+y>+f(x+y))@x;y+x;y+ —l=xty+a—1

) + ),

~

ma f la don anh nén

f(x+y>+f(x+y) £+ f(y) = f<X+y) f(X);f(y).

Vay ap dung bai toan ?? & trang ?? (phuong trinh ham Jensen), ta duoc

f(x)=ax+0b, Vx>0 (a>0,b>0,a+b>0). (14)
Thay (14) va (1) ta duoc f(x) = x, Vx > 0.

(D Gia st ton tai ham f : R — R théa man phuong trinh ham

fa+y)+ f)fy) = fF(x) + fy) + f(xy), Yoy € R. 1)

Néu f 1a ham hang thi tir (1) ta duge f(x) = 0, f(x) = 2. Tiép theo gia st f khong phai
la ham héng. Thay y = 0 vao (1) dugc

f(2)f(0) = 2£(0), Vx € R. (2)

Do dang xét f khong phai la ham hang nén ton tai xp € R : f(xg) # 2. Trong (2) lay
x = xo ta dugc £(0) = 0. Ta sé tinh f(x + 2) bang hai cach. Trong (1) cho y = 1 ta dugc

fa+ D)+ f()f(1) = fx) + f(1) + f(x), VxR
Sfx+1) =2-fD)]f(x) + (1), Vx e R. 3)

Tir (3) cho x = 1taduogc f(2) =[2—f(1)] f(1) + f(1) = [3— f(1)] f(1). Trong (3) thay
x bdi x + 1 va st dung (3) ta dugc

fle+2) =2-fW][2-f)f(x)+ )]+ f(1)
=2~ fFf() + f(2), VxR 4)
Trong (1) cho y = 2 duoc

fx+2)+ f(x)f(2) = f(x) + f(2) + f(2x), Vx € R
Sf(x+2)=[1-f2)]f(x)+ f(2x) + f(2), Vx e R. (5)
Tir (4) va (5) suy ra
2 FPF(x) + £(2) = [1 - £2)] f(x) + £(2x) + f(2), Vx € R
<f(2x) =B-f(1)] f(x), Vx eR. (6)

Vay f(2x) = af(x), Vx € R, véia = [3 — f(1)] 1a hang s6 khac 0 (vinéu a = 0 thi f la
ham hang). Tir day ta dugc

f(4x) = a®f(x), Vx € R. )

MUC LUC



32 | Nguyén Tai Chung - GV THPT Chuyén Hing Vuong Gia Lai

Trong (1) thay x bdi 2x, thay y bdi 2y va st dung cac két qua trén ta dugc

af(x +y) +af(x)f(y) = af(x) +af(y) +a*f(xy), Vx,y € R. (8)
Nhan hai vé ctia (1) v6i a*> dan dén
af(x+y) +a*f(x)f(y) = af(x) +a*f(y) +a*f(xy), Vx,y € R. )
Tix (8) va (9) suy ra
fx+y)+af(x)+af(y) =af(x+y)+ f(x) +f(y), Vx,y €R
@=1)flx+y)=@-1)[f(x)+ ), VxyeR. 1)

Néu a = 1 thi f(1) = 2, thay vao (3) dugc f(x +1) = 2, Vx € R, hay f(x) = 2, khong
roi vao truong hop ta dang xét, vay a # 1. Do do tu (10) suy ra

fx+y)=fx)+ f(y), Vxy R (11)
Két hop (11) véi (1) ta dugc

flxy) = f(x)f(y), Vx,y € R. (12)

Tir (11) va (12), st dung bai toan ?? & trang ?? ta dugc f(x) = x, Vx € R. Thu lai dung.
Vay c6 ba ham s6 thoa man céc yéu cau dé bai la

f(x)=x, f(x)=0, f(x) =2
(2) Gia st ton tai ham s0 f : (0; +00) — (0; +-00) théa man
flx+y) + f(0)f(y) = flxy) + f(x) + f(y), Y2,y € (0; +00). 1)
Trong (1) lay x = y = 2 ta dugc
FA&) + [F)F = f(4) +2f(2) = f(2) =2 (do f(x) > 0,Yx > 0).
Trong (1) cho x = y = 1 ta duoc
£@)+ FOP = 71 +27() = FOR =370 +2 =0 | H 75
& Truong hop f(1) = 2. Trong (1) ldy y = 1 ta duoc

flx+1)+2f(x) = f(x) + f(x) +2= f(x+1) =2
Vay f(x+1) = 2,¥x > 0. Hay f(x) = 2,¥x > 1. Con v4i 0 < x < 1 ta chon
1 X
y=7 > 1, thay vao (1) ta dugc

frvy) +owr (3) =@+ f@+£(3)
=2+4+2f(x) =2+ f(x)+2= f(x) =2.

Vay f(x) =2,Vx > 0. Thu lai dung.
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& Truong hop f(1) = 1. Thay y = 1 vao (1) ta dugc

flx+D)+f(x)=f(x)+f(x) +1= f(x+1) = f(x)+1,Vx € (0,4+0c0). (2)
Tir (2) bang phép quy nap don gian ta duge f(n) = n,Vn € N* va
flx+n)=f(x)+n,Vx € (0;,+00),¥n € N. 3)

fo(l)léyx:nvéy:%taduqc

f <n+%) +f(n)f <1> — F() + f(n) + f (%),vn € N,

Tir day sit dung (2) va (3) ta duqcn
n+f(%) uf (%) :1+n+f(%> :f(%) = Lne N,
Vi moi 6 hitu ti duong % véim,n € N* Thay x = m, y = % vao (1) ta dugc
fme ) wsomr () =5 (5) + fom+£ ()
() emr () - ome(2) () -

Vay ta da ching minh dugce f(x) = x,Vx € Q,x > 0. Tiép theo ta chiing minh f
dong bién trén (0; +o00). V&i moi x > 1 ta chon

y=L>O$yx—y:x:>x—|—y:xy:>f(x—l—y)=f(xy).

x—1
Khi d6 (1) trd thanh
ff (55) =+ (55) = £ (355 e -1 = £
:f(x)—l>0¢f(x)>1véf(%):f(j;()le,Vx>1. 4)

Tix (4) suy ra véi moi x > 0, ta co

1+ f G) =f (1 i %) -/ (<xﬁ>l— 1) - fécc(ﬁ)lz 1 f(}cga; :

1 1
- =—=,Vx>0.
1(3) =79
Do dé: néu x > 1thi f(x) >1vanéu0 < x <1thi0 < f(x) < 1.
o Xét0<x <y<1.Taco

fly—x+x)+fy—x)f(x)=f((y—2)x)+ f(y—x)+ f(x)
Sfy)=f(y—x)x)+fy—x)+f(x) = fy—x) f(x)
Sfy)=f(x)+f((y—x)x)+ f(y—x)[1 = f(x)].

Déyrang 0 < x < 1,do dé f(x) < 1. Vay f(y) > f(x). Do d6 ham f dong bién
trén khoang (0;1).

Vay
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o Xét1 < x < y.Khidé

1 1 1 1 1 1
0<y7<;<1:>f(§)<f(;):>m<ﬁ:>f(y)>f(x).

fx
Vay ham f dong bién trén khoang (1; +c0).

Do d6 f dong bién trén khoang (0; +c0). Cubi ciing, vdi méi x > 0 ta chon hai day

hitu ti {u,},2, {vn}23 sao cho:

O<u,<x<wv,,Vn=12,...; lim u,= lim v, = x.

n—+oo n—r+00

Khi d6 do f dong bién trén khoang (0; +c0) nén

flun) < f(x) < f(vn) = up < f(x) <v,,Vn=1,2,...

Cho n — +oo ta duge f(x) = x. Thit lai thiy théa man.
Tém lai: C6 hai ham sb thoa man dé bai la
f(x) =2,Vx € (0;4+00) va f(x) = x,Vx € (0;+00).
10.
(1) Gid st ton tai don anh f : Z — Z thda man:
f() = fW)] < |x—yl, Yx,y € Z.

Trong (1) thay x boi y + 1, ta dugc

fy+1) —fWl<1 vyeZ
Ma [f(y +1) = f(y)| € N" nén

fy+D) - fwl =1 eZ
bat f(0) = a. Tu (2) ta ¢

1) =a+1
F1) = O =1 () —a =15 [P 704

e Truong hop 1: f(1) = a + 1. Ta sé ching minh bang quy nap rang
f(n) =a+n,Vn e Z.
Taco f(0) =a+0, f(1) =a+ 1. Gid st vdik € IN thi
flk)=a+k f(k+1)=a+ (k+1).
Khi dé st dung (2) ta duoc

flk+2) = fk+1)| =1« |f(k+2) —a—(k+1)] =1
fk+2)—a—k-1=1 Flk+2) =a+ (k+2)

T+ —a—k—1=-1 T | f(k+2) =a+k

1)

()

3)

(4)
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Do fladonanhva f(k) =a+knéntu (4) suy ra f(k+2) = a+ (k+ 2). Theo nguyén li

quy nap suy ra
f(n) =a+n, VneN. )

St dung (2) ta dugc

fe-sol=1= [ ) TaZt s AT Zet]

Ma f(1) =a+1va fladonanhnén f(—1) =a—1.Gid st v6i k € N thi
flky=a+k f(k—1)=a+ (k—1).
Khi d6 st dung (2) ta duoc |f(k—1) — f(k—2)| = 1, hay

a+k—1—f(k—2)=1 j[f(k—z):aJr(k—Z)
a+k—1—f(k—2)=-1 f(k—2)=a+k

Do fladonéanhva f(k) =a+knén f(k—2) = a+ (k—2). Theo nguyén li quy nap suy
ra
f(n)=a+n,Vn=0,-1,-2,-3,... (6)

Tix (5) va (6) suy ra (3) dung.
e Truong hop 2: f(1) = a — 1. Tuong tu truong hop 1, ching minh dugc

f(n)=a—n,VneZ. (7)

Tht lai thiy hai ham s xac dinh béi (3) va (7) thoa man cac yéu cau dé bai va dé ciing
1a tit ca cac ham sb can tim.

(2) Gia st ton tai ham sb f : [a,b] — [a,b] thoa man

fx) = fW)l = |x—yl, Yoy € [a,b]. (1)
Thay x = b va y = a vao bat phuong trinh trén, ta c6
f(b) = fla)| =2 b—a. 2)

Do f : [a,b] — [a,b] nén f(a) va f(b) nam trong doan [a; b], tir d6 suy ra trén truc s6
(truc Oy) thi khoang céch gitta hai diém f(a) va f(b) (khoang cach gitra hai diém f(a)
va f(b)1a |f(b) — f(a)|) luén nhé hon hodc bang do dai ctia doan [a; b] (d0 dai ctia doan
[a;b] 1a b — a). Nhu vay, ti (2) thay rang

[f(b) = f(a)| =b—a.

Tirc 1a chi c6 2 kha nang sau c6 thé xay ra:
& Khanang 1: f(b) = bva f(a) = a. Trong (1), cho y = a ta dugc
|f(x) —a| > |x—al|, Vx € [a;]]
=f(x)—a>x—a, Vx € [a;b]
=f(x) > x, Vx € [a;]]. 3)
Trong (1), cho y = b ta dugc
|f(x) —=b| > |x—10|, Vx € [a;]]
=b— f(x) >b—x, Vx € [a;]
=f(x) <x, Vx € [a;]]. (4)
Tir (3) va (4) tacd f(x) = x,Vx € [a,b].
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™ Kha nang 2: f(b) = ava f(a) = b. Pat g(x) = a+b— f(x),Vx € [a,b]. Khi d6
g(a)=a,g(b) =b.Rorang g : [a,b] — [a,b] va

1g(x) —g(W)| > [x —y[,Vx,y € [a,]]

nén theo truong hop trén, ta c6 ngay ¢(x) = x,Va,b € [a,b].
T doé f(x) =a+b—x,Vx € [a,b].

Vay bai toan c6 2 nghiém ham, dé1a f(x) = x,Vx € [a,b] va f(x) =a+b—x,Vx € [a,b].

(3) Gia str ton tai ham s6 f xac dinh trén [0; 1], nhan gia tri trong R va théa man:

x =yl < |f(x) = f(y)] < [x—yl|, ¥x,y € [0;1]. (1)

Loi giai 1. Ki hiéu P(u, v) chi viéc thay x bdi u, thay y bdi v vao (1). T (1) choy — x va
st dung nguyén li kep ta duogc

lim [ f(x) = f(y)| = 0= lim [f(x) = f(y)] = 0= lim f(y) = f(x).

Yy—x y—x Yy—x

Nhu vay f 1a ham s6 lién tuc trén [0;1]. Gia stt 4, b 1a hai s6 thudc doan [0;1] sao cho
f(a) = f(b). Khi d6 P(a,b) = (a—b)> < 0= a = b, suy ra f la don anh. Két hop véi
f lién tuc suy ra f don diéu thuc su. Nhan xét rang néu f(x) thoa (1) thi f(x) +c va
—f(x) + ¢ cing thoa (1), do d6 ¢6 thé gid st £(0) = 0 va f 1a ham don diéu tang.

P(1,0)=1<|f(1)|<1=|f(1)]=1= f(1) =1 (do ftangva0 < 1).
Do ham sb f dong biénnén v6i0 < x < 1,tacé f(0) < f(x) < f(1).Suyra
f(x) €[0;1], Vx € [0;1].
Ta co

P(x,0) = |f(x)] < |x| = f(x) < x, Vx € [0;1]. (2)
P(x,1)=1—f(x) <1—x= f(x) >x, Vx € [0;1]. (3)

Tir (2) va (3) suy ra f(x) = x, Vx € [0;1]. Nhu vay
f(x)=x+c Vx € [0;1] ; f(x) = —x+b, Vx € [0;1] (b,c lahingsd).

Th lai thay thoa man.
Luuy.

& Nhan xét "'néu f(x) thda man (1) thi f(x) +c va —f(x) + ¢ cting thda (1), do d6 c6
thé gia st f(0) = 0 va f 1a ham don diéu tang" da lam cho bai toan trd nén ngan
gon va dé dang hon rat nhiéu. Day 1a mot ky thuat ma ban doc phai hét st luu y
dé tan dung vao nhitng tinh hudng c6 thé. Ky thuat nay con xuét hién & bai toan ??
O trang ??, bai toan ?? & trang ??.

& Tir két qua 1oi gidi 1 thay rang ta khong thé tinh dugc £(0), do d6 c6 thé van dung
mot ky thudt da dugce trinh bay & bai toan ?? & trang ??, bai todn ?? & trang ??, bai
todn ?? § trang ?? d€ dua ra 1oi gidi 2 nhu sau:
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Loi giai 2. Xét ham s6 ¢ : [0;1] — R nhu sau:

g(x) = f(x) — £(0), Vx € [0;1].
Khi d6 g(0) = 0. Thay vao (1), ta dugc:

x—y]> < |g(x) — g(y)| < [x —yl, Vx,y € [0;1]
T (4) cho y = 0, ta duoc:

x* < |g(x)] < x, Vx € [0;1].
No6i riéng, ta ¢6 [g(1)| = 1va —x < g(x) < x, Vx € [0;1].
Thay y = 1 vao (4), ta dugc:

(1—x)2<|g(1) —g(x)| <1—x, Vx €[0;1].
& Truong hop 1: g(1) = 1. Khi d6 (6) trd thanh:

(1-x)2<1-g(x)<1-xVxe[01]
ex? —2x < —g(x) < —x, Vx € [0;1]

ex < g(x) <2x —x2, Vx € [0;1].
T (7) va (5) suy ra:

x < g(x) <x, Vx € [0;1]
<g(x) =x, Vx € 0;1].

Nhu vay f(x) = x +a, Vx € [0;1] (a 1a hang sb tuy y). Thi lai thiy thda man.
& Truong hop 2: g(1)

1. Khi d6 (6) trd thanh:

(1—-x)2<14+g(x) <1—x Vxe[0;1]

ex? —2x < g(x) < —x, Vx € [0;1].
Tix (8) va (5) suy ra:

—x < g(x) < —x,Vx € [0;1]
Sg(x) = —x, Vx € [0;1].

Nhu vay f(x) = —x +a, Vx € [0;1] (a 1a hing s6 tuy y). Thit lai thay théa méan
Nhu vay

f(x)=x4c Vx € [0;1] ; f(x)
11.

(D Gia st ton tai ham s6 f: N — IN thoéa man

f(f(n)) = n+1987,¥n € N.
Theo gia thiét ta co

f(f(n)) =n+1987, Vn € N
MUC LUC
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=f(n+1987) = f(f (f(n))) = f(n) +1987, Vn € N.
Vay f(n+1987) = f(n) + 1987, Vn € IN. Tir day, bang qui nap, chitng minh dugc

f(n+1987k) = f(n) + 1987k, Vn, k € N. (1)
Nhu vay, f hoan toan xac dinh néu biét f(k) véik € S ={0,1,...,1986}. V6ia € S, dat
f(a) =1987k +b (véib € Svak € N). 2)

Khi d6, tir dang thic & gia thiét, ta suy ra
a-+1987 = f(f(a)) = f(b+1987k) = f(b) + 1987k.
Suyraa = f(b) +1987(k —1). Nhung doa € Snénk € {0,1}. Do do6 tur (2) ta co
f(a) < 1987 + 1986, Va € S. 3)
Do (3) nén ta xét hai tdp hgp sau:

A={neS:0< f(n) <1986},
B={neS5:1987 < f(n) <1986+ 1987} .

Khid6 ANB =2, S= AUB.Nhuthé |S| = |A| + |B|, & day | X| chi s6 phan t cia tap
hop X. Do |S| = 1987 1a s6 1é nén |A| va |B| c6 tinh chan, 1& khac nhau. Xét thu hep ctia
ftrén A, ticla xét f(n) véin € A.Néun € A thi

0< f(n) <1986 = f(n) €8, 4)

mat khac, do 0 < n < 1986 nén

do (3)
1987 < n+1987 = f (f(n)) < 1986+ 1987 = f(n) € B.
do (4)

Vay f ‘ % A — B.Dé chung minh f 1a don dnh nén di nhién f ) la don anh. Ta sé ching

minh f‘A 1a toan anh. Lay x € B tiy y, khi d6

0<x <1986
1987 < f(x) < 1986 + 1987

= 0 < f(x) — 1987 < 1986,
suy ra f(x) — 1987 € S. Ly sb nguyén m > 1987, stt dung (1) ta dugc
F(m) = f (m — 1987) + 1987. 5)
Lai dé y rang f(x) > 1987 nén theo (5) thi
f(f(x) = f(f(x) —1987) +1987. (6)

Nhung f (f(x)) = x + 1987 nén (6) trd thanh x = f (f(x) — 1987). (7)
Daty = f(x) —1987. Do x € B nén két hop véi (7) ta duge

0<x=f(f(x)—1987) < 1986.
Nhu thé y € A. Nhu vay, vdi moi x € B, ton tai y € A sao cho f(y) = x, tucla f B

1a toan anh. Tir cac két qua trén ta duoc f B 1a mot song anh tir A 1én B, diéu nay mau

thudn vdi viéc | A| va |B| c6 tinh chén, 1é khac nhau. Vay ta c6 diéu phai chirng minh.
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(2 Gia st ton tai ham s6 ting nghiém ngat f : N* — IN* théa man
f(f(n)) = n 41994, ¥n € N*. (1)
Do f : N* — IN* la ham s6 tang nghiém ngat nén
fn+1)> f(n) = fn+1)> f(n)+1, V¥n =1,2,... )
St dung (1) va (2) ta duge
n+1995 = f(f(n+1)) = f(f(n) +1) = f(f(n)) +1
=n+1995,Vn =1,2,...
Do dé f(n+1) = f(n) +1, ¥n € N*. Nhu vay
f(2)=f(1)+1
fB)=f(2)+1
f(n)=f(n—1)+1.

Cong theo vé ta dugc

fin)=f()+(n—-1)=f(n)=n+f(1)—-1,Vn=1,2,... 3)
Tix (3) lay n = £(1), ta duoc
FF(1) =2f(1) — 1 < 1995 = 2f(1) — 1 < f(1) = 998. (4)

Tix (3) va (4) ta thu duge f(n) = n+997, Vn = 1,2,... Thit lai thiy théa man. Vay c6
duy nhat ham s6 thoéa man yéu cau dé bai la

f(n)=n+997,Vn=1,2,...
(@ Gia st ton tai ham s6 f : N — IN thda man
f(f(n))=n+b, Vn e N. (1)
Gia st n1 va 1 1a cac s6 ty nhién sao cho f(n1) = f(n,), khi d6
b+n = f(f(m)) =f(f(n2)) =np+b=n=ny,
suy ra f la don anh. Véi m 1a s6 tu nhién, dat f(m) = n, khi d6
FUFm)) = f(n) = m+b = f(n) = Flm+b) = F (f(n) = n+b.

Nghia 1a f(m +b) = f(m) +b, ¥Ym € N. Vi mbi s tu nhién m cb dinh, bang quy nap
theo s tu nhién k, ta ching minh rang

f(m+kb) = f(m) + kb. ()
Dé thay (2) dung khi k = 0 va ding khi k = 1. Gia st (2) duing t6i k (k € IN*), khi d6
f(m+(k+1)b) = f(m+kb+b) = f(m+kb)+b
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= f(m)+kb+b=f(m)+ (k+1)b,

nghia la (2) cling ding vdi k + 1. Vay (2) ding vdi moi s6 ty nhién k. Vi mbi sé6 m € N
luén viét duge duy nhat dudi dang

m=r+kb (0<r<b-1, keN).

2 . s e
Taco f(m) = f (r + kb) e f(r) + kb. DBieu nay chung to tat ca cac gid tri cia ham so déu

duogc tinh theo cac gia tri f(r) (c6 dung b gid tri nhu vay ung véir =0,1,2,...,b —1).

™ Xét tap hdp G = {0,1,2,. —1}. Tap G c6 dung b phan tir. Ta quan tim dén
gia tri cia ham sb tai moéi r E G Véi r € G, khi d6 lay f(r) chia cho b, ta dugc
f(r) =s+kbvéik € N,s € G vasduy nhat. Ta c6

Flr) = s+kb= £ (F(r) = F(s + kb) 2 f(s) + kb

=r+b=f(s)+kb. 3)
Ta c6 nhan xét rang v6i k > 2 thi

r & f(s) + (k—1)b > f(s) + b (vo li).

Vay c6 hai kha nang;:
e Khanang 1: k =0,khido f(r) =s, f(s) =r+
e Khanang2:k =1,khidé f(r) =s+1b, f(s)
),

RO rang trong ca hai truong hop thi f(r) # f(s), suy rar # s (do f 1a don anh). Tix
day cho phép ta khang dinh 1a tap G dugc chia thanh céc cap (r,s) véi

fr) = [ fr)=s+b
{f(S) +p DA {f(s>=r.

Diéu nay chi c6 thé xay ra khi s6 phan tit cta G la chén, hay néi cach khac b phai 1a
s6 chan.

= O

& Phan con lai cta 16i giai la tim cach xay dung tit c4 cadc ham s6 f théa man diéu
kién bai toan trong truong hop b chan (b = 2k, h € IN*). Theo cach chiing minh
trén, chi can xac dinh cac gia tri chia ham s tai 0, 1, 2,..., b — 1. Ta chia tap G thanh
h cap sb tuy y

(all bl) ’ (02, bZ) R (ah/ bh)
va xac dinh cac gid tri ciia ham f trén G nhu sau:
f(ai) = b, f(bl) =a;+b (i=12,...,h).
Con véin € N bat ki, gidsun =a+0bk(abe G), ta dinh nghia

f(n) = f(a) + bk (gibng nhu (2)) @)

Ta chitng minh rang ham s6 f thda man diéu kién bai toan. Gia st n € N, khi d6
ton tai duy nhét r, k sao cho

n=r+kb (r€G, keN).
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@)

e Néur =a; thi f(n) = f (a; +kb) = f(a;) + kb = b; + kb va vi vay

FOFn)) = £ (b +kb) Z Fby) + kb = a; + b + kb

@) f(b) + kb= a; + b+ kbva

FUF0n) = f(ai+ (k+1)b) Z far) + (k+1)b = by + (k+1)b
= (bj+kb) +b

=n-+Db.

e Néur = b; thi f(n) = f (b; + kb)

Nhu vay tat ca cac ham sd f dugc xay dung nhu trén théa man yéu cau bai toan.
Két luan: Diéu kién can va da dé ton tai ham s6 f : IN — IN thda man
f(f(n))=n+b, Yn € N.

1a b 1a s6 nguyén duong chan.
Luu y. Tir 10 gidi trén ta dé thay rang, khi b = 2/ 1a s6 nguyén duong chan thi s6 ham
s0 théa man yéu cau de bai dung bang so cap

(a1,b1), (a2, b2),...,(an, by),
v

tirc 1a bang ———
12.
(D Gia st ton tai ham s6 f : N* — IN* thoa man
f(mn)+ f(m+n) = f(m)f(n)+1, Vm,n € IN*. (1)
Ki hiéu P(u,v) chi viéc thay m bdi u va thay n bdi v vao (1). Thuc hién P(1,n), ta duoc

fn)+ fn+1)=f(1)f(n)+1, Vn € N*

=f(n+1) = [f(1) =1 f(n) +1,Vn € N". (*)
Néu f(1) = 1 thi tir (*) suy ra f(n) = 1, Vn € IN*. Thi lai thdy théa man. Tiép theo gia
su f(1) 22 Patx = f(1), y = f(2), 2= f(3), t = f(4).
P(1,1) = x+y=x>+1 )
P(1,2) = y+z=xy+1 3)
P(1,3) = z+t=xz+1 (4)
P(2,2) = 2t = > + 1. (5)
2 _
Thay (4) vao (5) ta dugc 2z +y?> +1 =2xz+2 & z = 2%}( — 1) Tur day két hop voi (2)

va (3) ta dugc

(2—x+1)7—1

2
— 1
SRR Tr—

=x(x>—x+1)+1
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(P —x+1)7° -1
2(x—1)
=2x% —4x? 4 2x + (® —x+1)2 =1 =2(x* —2x% + 222 — x)

=6x° — 8x* +dx + (¥ —x+1)2 -1 =2

=6x° — 8x2 +4x + x* + x% — 2x% — 20 + 222 = 2x*
=xt—4xd 4522 —2x =0
=x(x—1)3(x—2)=0=x=2(dox = f(1) > 2).

@xz—xnt :x3—x2+x

Thay f(1) = 2 vao (*) ta dugc:

f(n+1)=f(n)+1,Vn e N*
S f(n) = F(1) + (n—1) = n+1, ¥ € N".

Tht lai thay thda man.
Két luan : Cac ham s thda man yéu cau dé bai la

f(n)=1,VneN*"va f(n)=n+1, ¥n € N*.
(2) Gia st ton tai ham s6 f : Z — Z théa man
f(m+n)+ f(mn) = f(m)f(n) +1, Vm,n € Z. (1)

Trong (1) cho m = n = 0 ta dugc 2f(0) = f2(0) + 1 < f(0) = 1. Trong (1) chom = 1,

n—=—ltadugcl+ f(=1) = F)f(=1) +1 & %1_)1)::10
e Truong hop f(1) = 1. Trong (1) cho n = 1 ta dugc
fm+1)+ f(m) = f(m)+1, Vm € Z.

Hay f(m+1) =1, Vm € Z,nghiala f(m) =1, Vm € Z. Thi lai dung.
e Truong hop f(—1) = 0. Trong (1) cho n = —1 ta dugc

fm=1)+ f(—m) =1, Ym € Z. ()
Trong (1) chon = 1vadata = f(1) ta dugc
fm+1)+ f(m) =af(m)+1, Ym € Z. 3)

o Truong hgp a # 2. Céthé gid stta # 1 vinéua = 1,dan t6i f(1) = 1, trudng hop nay
da xét & trén. Khi d6

@f(n)—zi =(a—1) {f(n—l)—ﬁ}, VneZ

~f(n) - = = (e 1) [f(_n - %ﬂ] Vnez

Vn € Z. 4)
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1— bn+1

batb=a-1=0b¢c2Z\{0,1}, f(n) = R Vn € Z. Thay vao (2) dugc

1—p™ 1—pmtl
1-b " 1-b
S1-b"4+1-b"l=1-b, VmeZ
SV +b " =140, Vm € Z. (5)

=1, VmeZ

T1‘J((5)Chom:2tadug)(cb2—|—%:1+b<:>(b—1)2(b—|—1):0<:>b:—1(d0b7£1).

1 (- 0 khinlé

T do f(n) = 5 Vi € Z hay f(n) :{ 1 khin chan.

Th lai thay thoa man.
o Truong hop a = 2 hay f(1) = 2. Trong (1) cho n = 1 ta duogc

fm+1)=f(m)+1, Vm € Z. (6)

T f(1) = 2 va (6), st dung quy nap ta duoc f(n) =n+1,Vn € Z.
Th lai thay thoa man.
Cac ham s6 thda man yéu cau dé bai la:

n+1
f(n)=1, f(n) = %, f(n)=n+1.

(3 Gia st ton tai ham s6 f : Z — Z thod man
f(m+n)+f(m)f(n)=f(mn+1),VmnecZ. (1)
Dé thiy, néu f 1a ham hang thi f(n) = 0, Vn € Z. Gia st f khong phai la ham hang. Tir

(1) cho n = 0 ta dugc
f(m) (1+ f(0)) = f(1), Vm € Z.
Tir day suy ranéu 1+ £(0) # 0 thi f 1a ham hang, ta gdp mau thuan.

Vay f(0) = —1,valicnay f(1) = 0. (2)
Thay n = —1 va (1) ta duoc
flm=1)+ f(m)f(=1) = f(=m +1), Vm € Z. 3)

Tir (3) chom = 2 ta duge f(—1) (f(2) — 1) = 0. Chi c6 hai truong hgp sau c6 thé xay ra:
f(=1) =0, f(=1) #0.

(a) Truong hop 1: f(—1) = 0. Luc nay tu (3) ta c6

f(m—
<f(=n)

hay f 1a ham chan trén Z. Tir (1) cho n = 2 ta dugc

fm+2)+f(m)f2)=f2m+1),Vme Z. 4)

1)=f(-m+1), Vme Z
=f(n),VneZ

Tir (1) cho n = —2 va st dung tinh chan cia ham f ta dugc

fm=2)+f(m)f2)=f2m—-1),Vm e Z. )
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Tir (5) thay m bdi m + 1 ta dugc
fm=1)+f(m+1)f(2)

Két hop (4) va (6) ta dugc
f(m+2)+ f(m)f(2) = f(m

=f(2m+1),Vme Z.

— 1)+ f(m+1)f(2),Vm € Z.

(6)

(7)

Tix (7) ta thu dugc phuong trinh sai phan tuyén tinh cap 3, v6i phuong trinh dac

trung

Al—ﬂ@A?hﬂﬂA—1:0¢>Mf&)PL+O—fQ»A+J]:Q

Tacs A= (1-£(2)) —4 = (f(2) +1) (f(2) - 3).

© Truong hgp A > Ohay f(2) ¢ Z\ {—1,0;1;2;3}. Khi d6 phuong trinh

A4 (1-f2)A+1=0
c6 hai nghiém thuc phan biét «, . Theo Viet, ta co

a+p=f(2) -1 afp=1.

Ta co
ﬂm%=A+&W+Cﬂ1
Tir (8), st dung f(—1) =0va (2) (tucla f
A+B+C=-1 A+B+C= -1

A+aB+pC =0

B c 1
At o t+g=0 ——1 (——1

p
{A+B+C——1

(x—1)B+ (B—1)C =

a—1B+ —1)C =

Je-1

(A B,C lahang sd) .
) =—1, f(1) = 0) ta dugc

1

(1i)
1 (2i)

(¢ —1)B4+a(p—1)C = —ap. (3i)

Tir (2i),tacé (x —1)B=1—

—1)C, thay vao (3i) ta duoc

ﬁﬂ—w—4X1+M5_nc:_
B—BB-1)C+a(p—1)C=—

S[(B-—a)(p-1]C=p+1
o B+1
A
Tir day két hop véi (2i) ta dugc
_ . Bt1
M—UB—l—w—DC—l—ﬁ_a—
, a+1 2.
DodoB:—(a_l)(ﬁ_a).Deyrang
L1
a+1 B B+1
a—1 1 - BT

ap
—a—1
p—a’

(8)
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it g+1 Y
trdoB=C= (ﬁ_l)(ﬁ_a).Thayvao (1i) ta dugc
o 2B +2
AT
Tom lai: B 242
A~ + 4 +
R (R V17 s K B VIR ©)
Tir (4) va (5) ta thu duoc
fm+2)—f(m—-2)=f2m+1)— f2m—1), Vm € Z. (10)

Tir (8), (9), (10), ta thu duge

A2 +ﬁm+2 _ (lxm—Z +ﬁm—2) _ y2mtl _|_ﬁ2m+1 _ (lx2m—1 +[52m—1)

(o= o (7)o 2) (o).

Ma af = 1 nén

)b 3)
= =3) ) )

1
Sat o = (@ + ")
=a" +p" =a+B.

Do do

T day lay m = 2, ta dugc

W+ =atpe (at+p)?—20B=a+p

x+p=-1

x+p=2.
Néu a + B = 2 thi f(2) = 3, mau thuan vdi f(2) ¢ Z\ {-1;0;1;2;3}.
Néu a + B = —1thi f(2) = 0, cing mau thuan véi f(2) ¢ Z\ {-1;0;1;2;3}.
Vay truong hop f(2) € Z\ {—1;0;1;2;3} khong thé xay ra.

™ Truong hop f(2) = 0. Luc nay (7) trd thanh

fm+2)=f(m—1), Vme Z
&f(m) = f(m+3), Vm € Z.

S@+p)?—(a+p)—2=0x

Nhu vay ta da c6 cac két qua:

f(=1)=0,£(0) = =1, f(1) = 0,f(2) = 0;
f(—n) = f(n), Vn € Z.
f(m) = f(m+3), Vm € Z.

Tir day, bang quy nap ta dé dang chitng minh dugc
f(Bm)=-1, fBm+1)=0, fBm+2)=0, Vme Z.
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4

Truong hop f(2) = —1. S dung (4) va (5) ta c6
fm+2)—f(m)=f2m+1), Vme Z (11)
f(m—=2)—f(m)=f2m—-1), Vm e Z (12)

Trong (12) thay m bdi m + 2 ta dugc
fm) = f(m+2) = f(2m +3), ¥m € Z. (13)
Tir (13) va (11) ta co
f2em+1)=—f(2m+3), Vm € Z. (14)

Déyrang f(—1) = 0nén tir (14) suy ra f(2m +1) =0, Vm € Z.
Do d6 (11) tré thanh f(m) = f(m+2), Vm € Z.

Déy rang f(0) = —1nén f(2m) = —1, Vm € Z.

Vay truong hop nay, ta thu dugc két qua

fem+1)=0, f(2m)= -1, Ym € Z.
Truong hop: f(2) = 3. Chu y rang ta dang c6 f(0) = —1, f(1) = 0. Tir (7) ta c6

fm+2)4+3f(m)=f(m—1)4+3f(m+1), Vme Z
Sf(m+2)=3f(m+1)—=3f(m)+ f(m—1), Vm € Z. (15)
Tir (15) cho m = 1 ta dugc

£3) =3£(2) ~3f(1) + £(0) =9~ 1 =3~ 1.

Vay ta c6 (15) va f(0) = —1, f(1) =0, f(2) = 3, f(3) = 32 — 1 nén quy nap ta
dugc
f(n) =n*—-1, ¥n € N.

Két hop véi tinh chdn ctia ham f ta dugc

f(n)=n*—-1, Yn e Z.

Truong hop f(2) = 1. S dung (4) va (5) ta ¢
fm+2)+ f(m)=f(2m+1), Vme Z (16)
fm—=2)+ f(m)=f(2m—1), Vm e Z (17)

Trong (17) thay m bdi m + 2 ta dugc
f(m)+ f(m+2) = f(2m+3), Vm € Z. (18)
Tir (18) va (16) ta c6
f2em+1) = f(2m+3), Vm € Z. (19)

Déyrang f(—1) = 0nén tir (19) suyra f2m +1) =0, Vm € Z.
Do d6 (16) trd thanh f(m) = —f(m+2), Vm € Z.

Déy rang f(0) = —1nén f(2m) = (—1)"*1, Vm € Z.

Vay truong hop nay, ta thu dugc két qua

fem+1)=0, f(2m) = (-1)""1, vm € Z.
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™ Truong hop: f(2) = 2. Khi dé

~|S

AN+l =0A=-4+

N =

Vay f(n) = a+bcos% + csin %,V(’ﬁ a,b,cla hang s6. Chd y rang ta dang c6
£(0) = —1, f(1) = 0, f(2) = 2 nén
A+B=-1 A
2A+B++3C=0«{B=-2
2A—B+V3C =4 C=0.

Vay f(n) =1-2 cos %, Wi € N. Két hop véi tinh chan ctia ham s6 f ta dugc

3
f(n) =1 —2cos%, Vn € Z.

(b) Truong hgp 2: f(—1) # 0.Khi dé f(2) = 1. Tt (1) chom = n = —1 ta dugc

f(=2)+f(-1)*=f(2) =1. (20)
T (1) chom =2, n = —2 ta duge
14 f(=2) = f(=3). (21)

Trong (1) m bdi m + 1, thay n béi m — 1 ta duoc
f@m) + f(m—1)f(m+1) = f(m?).
Trong (1) n bdi m ta dugc
f@m) + f(m)? = f(m* +1).
Do do
fOn? +1) = f(m?) = f(m)? — f(m—1)f(m +1). (22)
Trong (22) thay m boi —m ta duogc
fm? +1) = f(m?) = f(=m)* = f(=m = 1)f(=m +1).
Tir day két hop véi (22) ta dugc
fl=m)? = f(=m = 1) f(=m+1) = f(m)* — f(m—1)f(m +1). (23)
Thay m = 2 vao (23) r6i két hgp véi (21) va (2) ta dugce
f=22+ 1= f(-2)If(-1) =1~ f(1)f(3)

Sf(=2? = f(-1)f(-2) + f(-1) =1=0
<f(=2) -1lf(=2) - f(-=1) +1] =0.

Chi c6 hai truong hop sau c6 thé xay ra:
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& Truong hop f(—2) = 1. Thay vao (20) ta dugc f(—1) = 0, mau thuan vdi
truong hop ta dang xét.
™ Truong hop f(—2) # 1.Khidé f(—2) = f(—1) — 1.
Thay vao (20) ta dugc f(—1) = 1 hoac f(—1) = —2.
e Néu f(—1) = —2thi f(—2) = —3. Thay n = —2 vao (1) ta dugc

f(m—=2) =3f(m) = f(=2m+1). (24)
Thay n = —1 vao (1) ta dugc
flm=1) =2f(m) = f(-=m+1). (25)
Thay m bdi 2m vao (25) ta duge
f2m—=1) =2f(2m) = f(=2m+1) (26)
= f(2m —1) —2f(2m) = f(m —2) — 3f (m). @7)

Theo (1) ta ¢
flm+1) + f(2)f(m =1) = f(2m = 1).
Do d6 két hop vdi (27) ta duge
2f(2m) = f(m+1)+3f(m) + f(m—1) — f(m —2). (28)

Quy nap ta dugc
f(m)=m-—1, Vm € Z.

e Néu f(—1) # —2thi f(—1) = 1. Khi d6 f(—2) = 0. Lai quy nap ta dugc
FBm) =1, fBm+1) =0, f3m+2) =1, ¥m e Z.

Sau khi thit lai, ta dugc cdc ham s6 thda man yéu cau dé bai la:

(m)

fim)=m-—1, Vm € Z;

f(m) =m*—1, Ym € Z;

f(Bm)=-1, fBm+1)=0, fBm+2)=0, Vme Z,;
f2m+1)=0, f(2m)=—-1, Vm e Z;
f2m+1)=0, f(2m) = (-1)""1, Vm € Z;
f(m)zl—ZcosTn, Vm e Z;

(

f(Bm)=-1, fBm+1)=0, fBm+2)=1, Ym € Z.
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