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TAP CHE VA TU LIEU TOAN HOC

PHUGNG PHAP TOA DO HOA HINH CO PIEN

Tap chi va tw liéu todn hoc
Doi khi trong giai toan hinh hoc khong gian ¢ dién ta s& gip kha nhiéu bai toan tinh toan phirc tap,
tuy nhién trong phong thi ta lai khong c6 nhiéu thoi gian, vi thé trong chuong nay ching ta s& tim
hiéu mot phwong phap giai quyét nhanh cac bai toan tinh toan phuc tap va khé trong hinh khéng
gian c6 dién, lién quan to1 cuc tri, goc, khoang cach.

.Y TUONG.

PHUONG PHAP
Trén mang c6 mot vai tai liéu néi vé phuwong phap nay va chia thanh rat nhiéu dang, diéu d6 lam
chung ta khi 4p dung c6 phan khé nhé va may moéc, tuy nhién chiing ta chi can nam dugc dau hiéu
va phuong phap sau
e Budc 1. Chon hé tryc toa do. Trong budc nay ta s€ xac dinh 3 dudng vudng goc cé trong bai
toan va goi do 1a 3 duong co sé. Thong thudng thi ta s€ quy udc truc Ox hudng vao minh,
truc Oz nam ngang, con lai 14 truc Oy
e Buwdc 2. Xac dinh toa do cac diém lién trén hinh lién quan t6i bai todn. Vi nhitng ban chua
quen thi chiing ta x4c dinh toa do hinh chiéu ctia diém can tim 1én cac truc, tir d6 s& suy ra
duoc toa d6 diém can tinh.
e Buwdéc 3. Ap dung cong thirc.
Sau ddy chiing ta sé nhdc lai mét s6 cong thirc can nhé trong phan nay.
Dién tich va thé tich

Dién tich tam gidc ABC: S = %‘[EE]

Thé tich tir dién ABCD: V = %‘[E,AT:]E‘

Thé tich hinh hop ABCD.A'B°'C’D": V =‘[E,E}.ﬁ"
Thé tich hinh lang tru ABC,A’B’C’: \/ = %‘[ﬁ, AD | ﬁ‘

Géc giira 2 mit phiang: Mat phang (P) c6 vecto phap tuyén n va mat phing (Q) c6 vecto phap
tuyén n' thi cos((P),(Q)) :‘cos(ﬁ,ﬁ')‘

Géc giira 2 dwdng thing: Duong thang d c6 VTCP u vad’ ¢6 VTCP v thicos(d,d’) = ‘cos(ﬁﬁ)‘

Go6c giira dwong thing va mit phing: Duong thing d ¢6 VTCP u va (P) ¢6 VTPT n thi
sin(d,(P))= ‘cos(ﬁ,ﬁ)‘

Khosng cach tir M, (X,, Yo, Z,) dén mat phing:

o (Oxy) laz|; (Oyz) la|x|; (Ozx) 1a |y,

Ax, + By, +Cz,+D
e (P):Ax+By+Cz+D=0la d(MO,P)=| o +BY, +Cz,+D|
JA? +B?+C?
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Khoang céch tir mdt diém dén 1 dwong thing:

[A.i]

Cho M, (X, Yo, 2,) va duong thing d qua A va c6 VTCP u = AB thi d(MO,d):T
u

Khoéng cach giira hai dwdng thing chéo nhau: Puong thing d, qua M, va cé VTCP u,;d, qua

[o0]

[ ]
ChQ Y. Théng thuong cdc bai ma khéng cé 3 dwong vudng géc thi ta sé phdi ti dung thém dé gin
toa @6 va nhitng bai lién quan t&i hinh ldp phwong, hinh hép chit nhdt, chéi chép ¢6 3 dwong vudng
goc, lang tru ditng thi khi dp dung phirong phdp ndy sé gidi rat nhanh |

M, va cé VTCP thi d(d,,d,)=

Il. CAC BAI TOAN.

Cho hinh chép S.ABCD c6 day la hinh vudng canh a, SAD la tam giac déu va nam trong mit
phang vudng goc voi ddy. Goi M, N lan luot 1a trung diém ciia BC va CD . Tinh ban kinh R cua
khdi cau ngoai tiép khdi chép S.CMN .

Loi gidi

Chon hé truc Oxyz nhu hinh vé va xét a=1.
Khi d6 H=0, M(0;1,0), C(—%;l;oj, N(—%;%;Oj, S(O;O;?].

Phuong trinh mit cau ngoai tiép chop S.CMN ¢6 dang
(S):x*+y?+2° —2ax—2by—2cz+d =0, (a’ +b* +c* —d > 0).

Diéu ta bié* la giot nuéc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 2



TAP CHE VA TU LIEU TOAN HOC

-2b+d=-1 a=-—-—
5

a-2ord=- |y

S,C,M,N €(S)nén ta c6 hé phuong trinh:

4

3

1 = 4
a-b+d=-= 53
2 12

1

2

c=
—\/§c+d:—% d-
Taco a’+b>+c?—d = & hay v/a? +b® +c —d =@.
48 12
Vay R=a1293.

Cho hinh chép S.ABCD c¢6 day la hinh thang vuéng tai A va B, thoa mén diéu kién
AB = BC =a, AD =2a, SAvudng goc v6i mat day (ABCD), SA=a. Goi M, N lan luot 1a trung
diém ciia SB, CD. Tinh cosin cia goc giita MN va (SAC).

Loi gidi

Chon hé truc nhu hinh vé, chon don vila a.

C6 A(0;0;0), B(L0;0), C(110), D(0;2;0), S(0;0;1); M(%;O;%j; N(%;g;oj.
Vec to chi phuong cia MN la 2MN = 2(0;%;—%) =(0;3; —1).
Véc to phép tuyén cia (SAC) Ia fi= [A—C,A—S} =(1-130).
_ 3 N
Va sm(MN; SAC ): B
Y (SAC) Jo+14/2 10
3 | Chinh phuc olympic todn Tinh hoa clia todn hoc ndm & tu do cdia né - Georg Cantor

WA W

4 4 4



PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Suyracos(MN;(SAc))= (Bn/_J /55

10 10

Cho hinh chop S.ABCD c¢6 day ABCD la hinh thang can, AD = 2AB = 2BC = 2CD = 2a. Hai mat
phang (SAB) va (SAD) cung vuéng géc véi mat phang (ABCD). Goi M, N lan luot 1a trung
diém cta SB va CD. Tinh cosin géc gitta MN va (SAC), biét thé tich khéi chép S.ABCD bang

Loi gidi
Vi ABCD Ia hinh thang can c6 AD = 2AB = 2BC = 2CD = 2a

2
— AD=2a;AB=BC=CD=a = CH =‘5‘—‘ﬁ-sABCD a+22a a;f 3Jfa .
3
1 3fa a3 . sA
4 4
Gén hinh chép vao hé truc toa do nhu hinh vé
S

SA =

Nén Vg = =a

Aé

Tac6 K (0;0;0), B(Z 0; 0) C(

N[ 22.2Y8.0) g[g a8 o) (3. a8 a
2 2 2 4 4 2
e MN= (%,# ;J Chon u, —( 3;3\/§;—2) cung phuong véi MN
. |BK LSA
Nhan xét = BK L(SAC)
BK L AC

e BK= (%;0; Oj 1 vtpt cia (SAC).Chon n, =(10;0) cung phuong véi BK

g Diéu ta bié* la giot nuéc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 4



TAP CHE VA TU LIEU TOAN HOC

iy

m

n| 310 J310
20

ﬁr =———=C0Sa =
|

Goi o 1a goc goc gitra MN va (SAC). Ta co sina:‘ ‘
ul

o

Cho hinh ling try ding ABC.A'B'C’ ¢c6 AB=AC =a, BAC =120°, AA'=a. Goi M,N lan luot Ia
trung diém ctia B'C’ va CC’. Sb do goc giita mat phang (AMN ) va mit phang (ABC) bang

Loi gidi

AZ

Thiét 1ap hé toa d§ Oxyz trong khong gian nhu hinh vé, géc toadd O trung M .

D& dang tinh dugc MB’:MC’_i MA’ = 2
+ M (0;0;0),N €(Oyz) = N(O —% %J

+ Ae(Oxz)= A(%;O; a). Mp(ABC)//(AB'C);( AB'C")=(Oxy)
= (ABC) ¢6 mét vecto phap tuyén 1a k = (0;0;1)
Taco m(%;o;oj cling phuong U, (10;2)
(0 —i —J cung phuong u (0 —3; l)

= (AMN ) c6 mot vecto phap tuyén n= [ui, Uj] = (2\/5; -1 _\/§)

5 | Chinh phuc olympic todn Tinh hoa clia todn hoc ndm & tu do cdia né - Georg Cantor
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

= cos((AMN),(ABC)) = ‘cos(ﬁ, ﬁ)‘ = ?

Cho hinh chép S.ABC c6 ABC la tam giac vudng can tai B, BC =a, canh bén SAvuong gboc voi
day, SA= av/3,M 1a trung diém AC , tinh goc cotang cua (SBM )Vél (SAB)

Loi gidi

TZ

Chon hé truc toa d nhu hinh v&, tac6 B(0;0;0); A(a;0;0);C(0;a;0); S(a;O, a\/§); M (%;%;O)

ﬁ(SAB) =(0;1;0) ; H(SBM) =[§&W] =(a(1;0,\/§))/\(%(1;1; 0)]=a?2(—\/§;\/§;1)

bat goc (SBM )va (SAB) 4 o, taco

Nsag).N
lcos o= “a (SAB)HQ(SMB)“ _ \/72_1
N(sag)||N(sme)
SAB SMB _ cota (S::)r?a _ g
2 o
sina. = 1—[@) = g

Cho hinh tir dién EFGH cd EF vuong goc voi EG, EG vuong goc véi EH , EH vudng goc voi
EF :biét EF =6a, EG=8a, EH =12a, v6i a>0,acR.Goi |, J tuong tng la trung diém cia

hai canh FG, FH . Tinh khoang cach d tirdiém F dén mit phang (EIJ) theo a.

Loi gidi
Vi EF vudng goc véi EG, EG vudng géc véi EH nén EG L (EFH). Goi K 1a trung diém
cuaEF suyra IK L (EFH). Chon hé truc toa d0 Oxyz nhu hinh vé ta co:
K (0;0;0),1(0;0;4a),E(3a;0;0),J (0;6a;0).

Diéu ta bié* la giot nuéc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 6
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TAP CHE VA TU LIEU TOAN HOC

Phuong trinh mat phing (EN ): — + 2+ —— =1 4x+2y+3z-12a=0.

3a 6a 4a

12a 24a  24/29a

d:(F,(ElJ))=2d(K,(E|J))=2m=@= 29

Cho lang try ding ABC.A'B'C’ c¢6 day la tam giac ABC vudng can tai A, canh BC = a\/6 . Goc
gitta mit phang (AB'C) va mat phing (BCCB) bang60°. Tinh thé tich V cua khdi ling try
ABC.A'B'C'?

Loi gidi
Goi chiéu cao cua hinh ling try 1a h.
D3t h¢ truc toa do Axyz nhu hinh v&. Khi do A(0;0;,0), B(av/3;0;0), C(0;a4/3;0), B'(av/3;0;h)

:M[a 3 a3,

— J 1a trung diém cia BC .

2

ZA

A C

Bl
________________________ y
AN e ] C
M
B
X

Vi AM L (BCCB') va m{a—;;a—f;o] nén n=(L10) la VTPT cia (BCC'B").
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Tach [Eﬁ] = (ah\/§;0;—3a2) =n, = (h;O; —J§a) |a VTPT cia (AB'C).
Theo gia thiét goc gira (AB'C) va mit phang (BCC'B’) bing 60°

R 1 |h|
—¢0s60°=|cos(n,n ||=>==—11 ___ —~h=43a
‘ () 2 J2:ln? +32°

38.3\/§

Vay thé tich cua khéi lang tru ABC.AB'C' 1aV = .

2

Cho hinh chép tu gidc déu S.ABCD c6 tit ca cac canh bang nhau. Goi E, M lan luot 13 trung
diém cac canh BC, SA, o la gdc tao boi dudng thaing EM va mit phang (SBD). Tinh tana.

Loi gidi

oy

Chon hé truc toa @6 Oxyz sao cho Ox=0C, Oy=0B, O0z=0S .Chon OA=1
Tacé C(L,0;0), A(-10;0)= (SBD) nhan AC =(2;0;0) la mdt vecto phap tuyén.
Tur SA=AB =0AV2 =2 = SO =+/SA* ~0A? =1

S(0;0;1
= ( ):M(—E;O;lj
A(-10;0) 2 2
. |C(£0;0) 11 (1 1Y, . q
Taco = E|=;=;0|= EM nhan ME =| 1,=;—= | la mét vecto chi phuong.
B(0;10) 2 2 2 2

ME.AC
:sin(EM;(SBD)):sina:‘ = 2 :ﬁ

ME.AC 2 2 3
12+(1j +(—1] 2
2 2

:>c03a:i:>tancx:\/§

V3

: Diéu ta bié* la giot nuéc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 8



TAP CHE VA TU LIEU TOAN HOC

Cho hinh lap phuong ABCD.A'B'C'D" ¢6 canh bang a. Goi K 14 trung diém ciia DD'. Khoang
cach gitta hai duong thing CK va A'D bang

Loi gigi
VA
D' C'
1
1
|
! 1
A’ l B
Ke..
LT
1 ~o
| S~
!
1 \\\
N :D \\x\ C y
N T LT —>
A B

X

Chon a =1 ta co hé truc toa d Oxyz sao cho D(0;0;0), A'(10;1), K(O; 0;%) va C(0;1,0)

Tacé DA'=(10;1); &(O;—l;%j va W(O;O;%}

Taco [D—A-;&‘]:(l;_l;_lj, [DALCK] DK =2
2 2

, 2 2 1 ... a

Do 6 d, - - :g'V%/QNQW):E

Cho hinh chép S.ABCD c¢6 day ABCD la hinh chir nhat, AB=a, BC =a3, SA=a va SA
vudng goc véi day ABCD. Tinh sina, voi a 1a goc tao boi gitta duong thing BD va mit phang

(SBC).

Loi gidi
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Dit h¢ truc toa @ Oxyz nhu hinh v&. Khi do, ta c6 A(0;0;0), B(2;0;0), D(0;av3;0), S(0;0;a).
Ta c6 BD :(—a; a\/§;0) = a(—l; \/5;0), nén dudng thing BD c¢O véc-to chi phuong la
u=(-1+30).

Tacé SB=(a;0;-a), BC = (O; a\/§;0) = [S—BB—C] = (aﬂ/§; 0; azﬁ) =a’J3(10;1).

Nhu vay, mit phing (SBC)c6 véc-to phap tuyén 1a n=(10;1).

Do d6, o 1 goc tao boi gitta duong thing BD va mat phing (SBC) thi

‘u.n‘ B ‘(—1).1+\/§.0+0.1‘ 2
RN TSN e

Cho hinh chép S.ABCD c6 day ABCD la hinh vuéng canh a. Canh bén SA vudng gboc vdi day.
Goc giita SC va mit day bang 45 . Goi E 1a trung diém BC . Tinh khoang cach giita hai dudng
thang DE va SC .

A\ _\ N

4 4 4

Loi gidi
Ta c6 thé dua ra cac cach giai nhu sau:
Do SAC latam giac vubng c6 géc SCA=45" nén SA=AC = av/2,SC=2a, SB=SD=a3.

Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 10



TAP CHE VA TU LIEU TOAN HOC

Y <

Chon hé truc toa d Oxyz sao cho tia Ox, Oy, Oz lan luot tring véi cac tia AB, AD, AS. Khi
d6 toa do diém cac diém 1a D(0;a;0), E(a;%;oj, C(a;a;0), $(0;0;av2)
ﬁ:(a;—%;o) %z(—a;—a;aﬁ), DC =(&;0;0)

DE;SC|DC| _ay38
[oesc]

Suy ra [ﬁ;ﬁ] {— azf;—azﬁ;—%J = d(DE;SC) = ‘[

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh bang 10. Canh bén SA vudng goc véi
mit phing (ABCD) va SC=10v5. Goi M, N lan luot la trung diém cia SA va CD. Tinh
khoang cach d gitra BD va MN .

Loi gidi

11 | Chinh phuc olympic todn Tinh hoa clia todn hoc ndm & +y do cdia né - Georg Cantor
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

X6t tam giac vudng SAC c6: SA=+/SC2— AC? =+/500—200 =10+/3.

Chon hé truc toa @ nhu hinh vé

Taco A(0;0,0), M (0;0;5¥3), B(10;0;0), D(0;10;0), C(10;0;0), N (5;10;0)
W:(S;lo;—Sﬁ):E:(l;Z;—ﬁ)
BD =(-10;10;0)=u, =(-1L0) =d(MN,BD)="r—=——=45

[ u;u, |=(V/3;4/3;3),ND = (-5;0;0) [l

Cho lang tru tr giac déu ABCD.AB,C,D, canh ddy bang 1 va chiéu cao bang x. Tim x dé goc tao
boi duong thang B,D va (B,D,C) dat gia tri 16n nhat.

Loi gidi
ZA
B C
1 4
|
A | D
| ,
] 4
! ’
! ’
| ’
] 4
| J, X
! s
I v
1 //,’
[
v
}i’; _______________ (_:} /
y ’,’/ \\\\
< < >
<€
A D,

Chon h¢ truc toa do Oxyz sao cho O=D,, C, thugc tia Ox, A thudc tia Oy, D thudc tia Oz
(nhu hinh v€).
Khi d6 D,(0;0;0), B,(L10), D(0;0; x), C(L0; x).
Mit phang (B,D,C) nhan vécto n= [ﬁ, @] =(x;—x; —1) 1a vécto phap tuyén
Puong thing B,D nhén vécto u= (L1 —x) la vécto chi phuong.
Goi ¢ la goc gitra B,D va (B,D,C), suy ra:
[x=x+X _ X
A+ (=X)" #1422 422 4 X \/(2x2 +1)(x* +2)
1 1

1 1

Ty i e

Déu déing thire xay ra khi x =1.
GOc ¢ 16n nhat < sing 1on nhit< x =1.

(Do x>0)

sing =

Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 12
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TAP CHE VA TU LIEU TOAN HOC

Vay géc tao boi dudng thang B,D va (B,D,C) dat gid tri 16n nhat khi x=1.

Cho hinh l4p phuong ABCD.A'B'C'D' canh bing a . Goi K 1a trung diém cia DD'. Tinh
khoang cach giira hai dudng thang CK va A'D.

Loi gidi
Chon hé truc toa dd Oxyz sao cho A'(0;0;0;); D'(a;0;0); A(0;0;a) = C(a;a;a); K(a;O;%j
Khi d6: A'D(a;0;a) &(0;—&—%), A'C(aa;a).

(v
Taco: d(CK,A'D)= =

w| o

=y

Cho hinh chép SABCD c6 ddy Ia hinh binh hanh, AB =3a, AD = 4a, BAD =120°. Pudng thing
SA vudng goc v6i mit phing day, SA=2a+/3. Tinh goc giita hai mit phing (SBC) va (SCD)

Loi gidi

Chon hé toa do Oxyz nhu sau: Oz = AS;Oy = AD;Ox=AE (E la hinh chiéu cua A 1én canh
BC)

Khi do: A(o;o;o);B[%;‘—%;oj, [3@‘ 52"" o] D(0;42;0);5(0;0:2v3a)

2 2
Do d6: SB(@ PN ] SC(& 5; —23 aJ SD(0;4a;-2+/3a); 3 (0;0,2v/3a)
Ta tinh duge 1 vecto phap tuyén cita (SBC)1a n=(4;0;3) va (SCD)la n'=(L3; 2)

13 | Chinh phuc olympic todn Tinh hoa cda todn hoc ndm 6 tu do clia né - Georg Cantor
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Vay cos(ﬁ;ﬁ'): ay goc giira (SBC)va (SCD)la 45°.

1

.V

J2
Cau 16

Trong khéng gian Oxyz, cho hinh hop chit nhat ABCD.A’B’C’D c¢6 A trung voi goc O,
B(a;0;0),D(0;a;0),A'(0;0;b),(a>0,b>0) . Goi M la trung diém canh CC’
a) Tinh thé tich khdi ta dién BDA’M

b) Xéc dinh ty s6 % dé mat phing (A'BD) L (MBD)

Loi gidi
Tur gid thiét ta co: C(a;a;0),C'(a;a;b) = M (a; a; gj

Nén ﬁ:(—a;a;O),W:(O;a;gj,B—A':(—a;O;b) :[ﬁ,W]:(%b;%b;—azj

, lr=— — aal a2b
Do d6V ., _g‘[BD, BM | BA ‘ ==
Mt phing (BDM) c6 vecto phép tuyén la n, = [ﬁ W] = (a?b;a?b;_azj

Mit phang (A’BD) c6 vecto phap tuyén nj = [ﬁ W] = (ab; ab; az)

N 2|82 22
Do d6 (BDM) L (A'BD) = mn =0 22 4 @D

—a4:0c>a:bc>%:1

Goi G 1a trong tam cuia tr dién ABCD. Ching minh rang dudng thang di qua G va mét dinh cua tir
dién cling di qua trong tam cua mat ddi dién véi dinh d6. Goi A’ 1a trong tdm tam gidc BCD. Chung

minh rang GA =3
GA'

Loi gidi
Ta giai bang phuong phép toa do. Trong khong gian toa do Oxyz.
Gia st A(X; Y152 ),B(%;Y,2,),C (X ¥a;Z3), D(X,; ¥a; 2, ) thi trong thm A’ cua tam gidc BCD,

3 3 3

G ><1+><2+X3+X4.y1+y2+y3+y4.21+22+23+24)

A.£x2+><3+x4.y2+y3+y4.zz+23+24j

trong tam tr di¢n G c6 toa do

4 4 4

@:(3)(1_X2—X3—X4.3y1—yz—y3—y4;321—22—23—Z4j

4 4 4
Do d6
@_ =X X+ X+ X, Y, Y, Y, Y, 3+, +2,+ 2,
12 ’ 12 ’ 12

Suyra: GA=-3GA'= G, A A’ thing hang va % =3

Tuong tu thi c6 dpcm
Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 14



TAP CHE VA TU LIEU TOAN HOC

Cho hinh 1ap phuong ABCD.A’B’C’D’c6 canh béng a. Goi L, J 1an luot 1a trung diém cua A’D’ va

B’B.
a) Chitng minh rang 1 L AC' . Tinh d6 dai doan 1J
b) Chiing minh ring D'B L mp(A'C'D),mp(ACB") . Tinh géc gitta hai duong thang 13, A'D

Loi gidi
z
A' B'
n
I /,: ,’,
\7I‘IL~-_ L7
D' \\,’\E_ C' 7779
! \\\
Lo A
' 1 L7 S~ y
1 ! ., < B
1 S <
/ A‘_ PR R S, S
Il ,/ \\
1 ‘ RN
' S
1 So
II AN
N
D C

X
a) Chon hé toa do Oxyz sao cho A(0;0;0),D(a;0;0),B(0;a;0), A'(0;0;a)

Taco C'(a;a;a),B'(0;2;0),D'(a;0;a) nén I(%;O;a);J(O;a;%)

Taco ﬁ:(O—E;a—o;g—aj:(—g;a;—gj , AC'=(a-0;a-0;a-0)=(a;a;a).
2 2 2 2

Neén E]v.A—C':—%.aJra.a—%.a:—a2 +a%=0

: (_ET _aV6

2
Vay 13 LAC". Poan 1J = [ -2 | +a2+
2 2 2

b) Bé ching minh D'B L mp(A'C'D), ta ching minh

D'BLA'C,D'BLA'D< D'B.A'C'=0,D'B.A'D=0
Taco D'B=(-a;a;-a),A'C'=(a;a;0),A'D =(a;0;-a)

Do d6 D'B.A'C'=0,D'B.A'D=0 . Tuong ty D'B L mp(ACB")
A'D= (a; 0; —a) . Goi ¢ 1a goc giira hai duong thang 1J va A’D thi:

. |uAD| —;.a+a.0—2(—a)
cos(p:‘cos(lJ,A'D)‘: IAD = JE
' az.ax/f ‘

=0

Vay ¢=90°
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Cho hinh lap phuong ABCD.AB,C,D, canh a, trén BC, liy diém M sao cho D,M, DA, AB, ddng
phang. Tinh dién tich S cia AMAB,

Loi gidi
ZA
D_ D,
A \\\E A
AT R
N
Bl

Chon hé Oxyz sao cho
B=0,B,(a;0;0),C,(a;a;0),C(0;a;0),A(0;0;a), A (a;0;a),D,(a;a;a),D(0;a;a)
Vi M € BC, nén goi M (X;X;O).
Tacé DM =(x—a;x—a;-a), DA =(-a;a;0), AB, =(a;0;-a)
Vi DM, DA, AB,ding phing nén| DV, DA A8, -0 x= 2 = [ 22,0
Nén m:(—§;—3j;a);mz(—g;—3—a;oj
2 2 2 2

— .~ a%\19
4

Vay S :%‘[MAL, MB]‘ _

Liang tru tr giac déu ABCD.AB,C,D,c6 chiéu cao bang nira canh d4y. Diém M thay doi trén canh
AB. Tim gia trj I6n nhat caa goc AMC,

Loi gidi

Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 16
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TAP CHE VA TU LIEU TOAN HOC

X

Chon hé tryc nhu hinh v& ( Axyz)

bat AM =x,0<x<2

Taco: M(x;0;a),A(0;0;0),C,(2;2;2)
Nén M—A':(—X;O;—l),M—Cl':(Z—x;Z;—l)

X2 —2x+1

Do d6 o <90°. Vay goc o= AMC, 16n nhat khi x =1 tirc M trung diém AB

bat a = AMC, thi cosa = cos(MAl MC

Cho hinh chop S.ABC c¢6 duong cao SA=h, day la tam giac ABC vuong tai C. AC=b, BC=a.
Goi M 1a trung diém ctia AC va N 1a diém sao cho SN = %@

a) Tinh do dai doan thang MN
b) Tim sy lién hé gitra a, b, h @& MN vudng goc véi SB

Loi gidi
Z

Ta chon hé truc toa do Oxyz c6 géc O trung voi1 A, tia Ox trung voi tia AC, tia Oz trung voi tia AS
sao cho diém B nam trong goc xOy.
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Khi d6 A(0;0;0),C (b;0;0), B(b;a;0),S(0;0;h), M (g;o;o), SB = (b;a;-h)
Goi N(x;y;z)thi SN =(x;y;z—h)

Tur diéu kién SN —ESB nén X—E yzg,z—h:_—h:>2=2—h:>N 9;3;2h
3 3 3 3 33

a) Ta co W:(E_E;E;Z_hjz(_ﬁ;ﬁ;%)
37 2'3"3 63

2 2
Nen MmN = |28, 4 _ L o7+ 4az 11602
% 9 9 6

-b* a* -2n’
b) MN vuéng goc véi SB khi va chi khi MN.SB =0 <:>?+—+

3

=0« 4h*>=2a°-b’

Cho tir dién S.ABC ¢c6 SC=CA=AB= a\/ﬁ, SC L (ABC) , tam giac ABC vuong tai A. Cac diém
M e SA,N € BC sao cho AM =CN =t(0<t<2a)

a) Tinh d6 dai doan MN. Tim gi4 tri t d&& MN ngan nhat
b) Khi doan MN ngén nhat, chitng minh MN 1a duong vudng goc chung cua BC va SA

Loi gidi

a) Ta chon hé truc Oxyz sao cho gdc toa do O = A. Truc Ox chtta AC, truc Oy chira AB va truc
Oz L (ABC). Khi d6 canh SC song song véi ruc Oz va ta co:

A(0;0,0),B(0;a2;0),C(av2;0,0),5 (av/2;0;a42)
Taco M( \/— \[J ( \/5—i % 0]

2 2 2
= MN =\/2(a2—2at+t2)+%+% =/3t* —4at +2a’ :\/S(t—@j +zi zﬁ

3 3 3
Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 18

Y / J 4
L\ \ N

4 4 4



TAP CHE VA TU LIEU TOAN HOC

a\/g . 2a

Vay MN ngin nhit bang 3 khi t = 3

J_ \/_] N[zaﬁ_ﬂ_ J —_(a 2_aJ§__aJ§j
, 5

b) Khi MN ngén nhét thi: M 0= MN= ; ;
3 3 3 3 3

, [MNSA=0 . ,
Tacoq__ . . - diéu phai chirng minh!
MN.BC =0

Cho hinh chdp tir giac déu S.ABCD canh d4y a, mat bén tao véi day goc o . Tim tana dé SA
vudng goc SC

Loi gidi

Chon hé truc Oxyz c6 O la tdim day ABCD, tia Ox chtra A, tia Oy chtra B, tia Oz chura S. Ta c¢o:

EMNESHE S e

Nén SA = aJ_ 0—2tana | SB= aJ_ —2na
2 2 2

SC = [—i 0; —%tana},ﬁ (O —i —Etan J

Tacd SALSC
2 2

. 2
<:>SA.SC=O<:>—%+%tan%¢=0<:>%(%tanza—lj=0<:>tan20c=2:>tana=\/§
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Cho hinh hop chit nhat ABCD.A’B’C’D’. Goi M, N,P lan luot 1 cac diém chia doan thing AB,
D’D va B’C’ theo cung ti s k=0,1 . Ching minh rang mp(MNP) ludn ludn song song Véi

mp(AB'D")

Loi gidi
bat A'B'=a,A'D'=b,AA'=c . Ta dung phuong phap toa d(f)béng cach chon hé truc toa do voi
gdc la: A'(0;0;0) sao cho B'(a;0;0),D'(0;b;0), A(0;0;c)
Ta co C'(a;b;0),B(a;0;c),D(0;b;c),C(a;b;c). Cac diém M,N,P chia cic doan thing AB, D’D,

B’C’ theo clng ti s k nén M —ﬁ;o;c N O;b;_—kc P a;_—kb;Oj
1-k 1-k 1-k

Do d6 MN = ﬁ;b;—ic NP = a;_—lb;£
1-k c—k a-k 1-k

. _ 2 _ 2 _ _ 2 _
Taco [MN,NP}: K +k21bc;k +k Zlca; k +k21ab
(1—k) (1—k) (1—k)

Nén mp(MNP) c6 vecto phap tuyén 1a n = (bc;ca;ab)

Mit phang (AB'D") c6 phuong trinh XY 21 ¢6vecto phap tuyén 1a ﬁ:(lllj
a b c abec
Vi %:%:%b:abc va M,N,Pe(AB'D’) do k = nén: mp(MNP)| mp(AB'D")
a b ¢

Cho hinh chop tir gidc déu S.ABCD c6 canh d4y bang a va chiéu cao bang h. Goi I 1a trung diém
canh bén SC. Tinh khoang cach tir S dén mat phang (AIB)

VY 4 J 4
A\ N\

4 4 4

Loi gidgi
Ta chon h¢ truc toa d0 Oxyz sao cho géc toa do la tam O cua day, truc Ox chtra OA, truc Oy chura

OB, tryc Oz chira SO. Khi dé A(#;O;OJ, B(O;#;OJ,C[—#;O; OJ, $(0;0;h)

Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 20



TAP CHE VA TU LIEU TOAN HOC

Ta c6 giao diém M ciia SO va Al 14 trong tdm tam giac SAC nén M (O; 0; gj Mit phang di qua A,

B, MI ciing chinh 12 mit phang (ABM ) nén c6 phuong trinh la: % =1
2

X
vz
2 2

2ah
2 2
\/+a+ 9 Jan’+9a

Do d6 khoang céch tir S t6i mit phang (ABM ) [a: d =

[ Cau2s |
Cho hinh chop S.ABCD c6 day la hinh chr nhat AB=a, AD =a+2,5A=a, SA vubng goc
(ABCD). Goi M, N la trung diém AD, SC, goi I 1a giao diém BM va AC. Ching minh

(SAC) L(SBM) vatinh thé tich khoi ANIB.

Loi gidi

Thi D(0;av2;0),M ( a‘z/_ OJ,N(Z, 5 ’2J
viA_IM_AM 1 1 (Ea—o] ( a2
3 3

=—=——=—=1A
IC IB BC 2

Il
>
O
!

= oj BS(-a;0;a)

2 2
Mit phing (SMB) ¢6 vecto phép tuyén n, =[BM , BA] :(a f;az; a f}

Mgt phang (SCA) c6 vecto phap tuyén n, =| AS, AC | =(-a’v/2;a%;0)

Vi n..n, =0 nén 2 mit phing (SAC),(SMB) vudng géc
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

a*\2

’ a_Z;O],A_B:(a;O;O),VANIB éH:AI AN AB‘

a .
326

Taco [N, M] = (— (dvtt)

Cho tir dién déu (T) c6 céc dinh ¢6 toa dd (X;;Y;;z) voi 1<i<4 , ndi tiép trong mot mit cau don

4 4 4 4 4 4
vi. Chuing minh: Z Z Z,2 g va inyi =Zyizi =zzixi =0
i=1 i=1 i=1 i=1 i=1 i=1
Loi giai
Ta kiém tra duoc rang két luan dung cho truong hop tir dién A B,C D, c6 4 dinh 14
A\)(O70’1)1BO &’0,_1 ’CO _Q’ﬁ,_l ’DO _£ _£ i
3 3 3 3 3 3 3 3

Bay gid ta chimg minh khang dinh ding cho mét tir dién ABCD c¢6 cac dinh (Xi; Yi: Z; ) bat ky. Pau
tién, ta quay (T) quanh tryc z cho dén khi mét dinh ctia né nam trong mét phang (Oyz) . Tiép theo,
ta quay né quanh truc Ox cho dén khi dinh nay tring véi diém A, (0; 0;1). Sau do, lai quanh quanh
truc Oz cho dén khi (T) tring véi t dién A B,C,D,da néi & trén c6 diéu phai chimg minh!

| caus |

Cho hinh chép S.ABC c¢6 day ABC la tam giac vuong tai B, AB=a;BC =2a. SA vuodng goc voi

AB, SC vudng goc véi BC va goc giita duong thing SC va mit phang day bang 60°. Tinh thé
tich kh6i cau ngoai tiép hinh chép S.ABC.

Loi gidi
ZA

S

X
Gaén hé truc toa d0 Oxyz nhu hinh v&. Khi d6

B(0;0;0), A(a;0;0), C(0;2a;0), S(x;y;z),voi x,y,2>0.(ABC)=(Oxy):z=
Tacé SA=(a-x-y;-z), AB=(-a;0;0).
SALAB <« SAAB=0«<-a(a-x)=0sx=a
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TAP CHE VA TU LIEU TOAN HOC

Taco SC =(-x;2a-y;-z), BC =(0;2a;0)
SC L BC <> SC.BC=0<2a(2a-y)=0< y=2a.
Suy ra S(a;2a;z).
Puong thing SC ¢6 véc-to chi phuong 1a CS =(a;0;2).
Mit phing (ABC) c6 véc-to phap tuyén 1a k =(0;0;1).
Theo d bai, goc gitta SC va mp(ABC) [a 60° nén

sm60%®§%©223a2:z\/§a:>8(a;2a;\/§a)
. +7

Goi | 1atrung diém SB.Suyra | 13 tAm mit cdu ngoai tiép hinh chop S.ABC.

Taco R :%SB :%\/az +4a?+3a> =+/2a.
8\/§na3

3

Vay thé tich khdi caula V = %nRs =

Cho hinh ling try ABC.A'B'C’' ¢c6 A’.ABC Ia tir dién déu canh a. Goi M, N lan luot I3 trung
diém ciia AA’ va BB'. Tinh tan clia goc giita hai mit phang (ABC) va (CMN).

Loi gidi

ZA

Goi O 14 trung diém ctia AB . Chuén héa va chon hé truc toa do sao cho O(0;0;0),

Ae;o;oj, B(—%;O;Oj, c(o;%;o} H(O;% o] A'H _a[ A’(O V3 £j

3
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

3 &

Tac6 AB=AB = ( L —] D& thiy (ABC) ¢6 vtpt n, =(0;0;1).

Tacod M la trung diém AA' = M 1;ﬁ;£ N 1a trung diém BB’ = N —3 £ £
412 6 412" 6

MN =(-10;0), CM = liﬁﬁ = (CMN) c6 vtpt n, = \/_ 5\/_ \/5 0;24/2:5
4 12 6 "6 12 2( )

cosa=_>_ s tang = 12 —1=2\/E
J33 \ cos? o 5

Cho hinh chép S.ABCD c6 day ABCD Ila hinh thoi thm |, canh a, géc BAD =60°,

ax/_

SA=SB=SD="—""_Goia la goc giita duong thang SD va mat phang (SBC). Tinh sina

Loi gidi

Tam giac ABD déu do AB = AD va BAD =60°.
Do SA=SB=SD nén S nam trén truc cia AABD
Goi O la tam cua tam giac déu ABD, khi d6 SO L (ABD).

Taco SO =+/SAZ— AO? = a*é1_5.

Gén hé toa do sao cho O(0;0;0), B(O;?;O], S(O; 0; gj
Suyra D 1;—£;0 ,C 1;ﬁ;0 .
2 6 3
Viy BC =(1,0,0), BS [ E gj
: : Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 24



TAP CHE VA TU LIEU TOAN HOC

0 — ==X

Vecto phép tuyén cua (SBC): n= [ﬁ, EJ [ 5 '3

Jg \/1_5J 1(3;—«/5;—J1_5).

J1_5J§J

2”6 6 ) 6

Chon vecto phap tuyén nj—( \/72\/7) SD = (2 6 6
in(SD,(SBC)) = ‘_3\/_ 6\/_‘
= sin
' T

Cho hinh 1ap phuong ABCD.A'B'C'D’ canh a. Goi M, N lan lugt 1a trung diém ciia AC va B'C’

Khoéng cach gitra hai duong thang MN va B'D’ bang bao nhiéu ?
Loi gidi
D

>
3

N
AY >_
1
1
3
1
1
1
1
1
1
1
.

1
1
1
¥
‘I
\

B
Dua hinh 1ap phuong vao hé truc toa d6 Oxyz sao cho
B'(0;0;0),C'(a;0;0),A'(0;a;0),D'(a;a;0),B(0;0;a), A(0;a;a),C(a;0;a).

Taco
a a — —a —a — N ,
. M(E;E;aj, ( OOJ:MN:(0;—;—aj:7(0;1;2):ul(O;l;Z)IaVTCPCua MN .
e B'D'(a;a,0)=a(L10)=u,laVTCP cia BD'.
[uiv JBN]
=d(MN;B'D") == .
EoE

Cho hinh chop S.ABCD c6 day ABCD 1a hinh vudng canh a, mat bén SAB la tam giac déu va
nam trong mit phang vudng goc véi mat phing (ABCD) . Goi G 1a trong tam cua tam gidc SAB
; va

a M, N lan luot 1a trung diém ctia SC, SD. Tinh cdsin cua goc giita hai mit phing (GMN)

(ABCD).
Loi gidi

Tinh hoa ctia todn hoc ndm & tu do clia né - Georg Cantor
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Gan hé truc toa d6 Oxyz nhu hinh v&, xem a 1a 1 don vi.

Ta co: s{o;o;ﬁ} G(O;o;ﬁj; C(E;l;oj; D(—E;l;ojzﬂ\/l [1 l;ﬁ} N(—Eil;—s}
2 6 2 2 4°2" 4 4°2° 4

Va GM = (1 L J_] NM = (2 ooj:[G—M,W}(o;ﬁ;—l)

4'2'12
Khi d6: gy = (0:+/3;-6) Va i pep) =k = (0;0;1) .

Ta co: cos((GMN) (ABCD)) ‘L (GMN)‘ N agco) “ _ \/|£|1: 2\1/2—9.
GMN ABCD) )

Cho hinh ling try déu ABC.A'B'C' c6 canh day bang a. M,N 1i hai diém théa man
MB+2MB'=0; NB'=3NC'. Biét ring hai mjt phing (MCA) va (NAB) vudng goc v6i nhau.
Tinh thé tich hinh ling tru.

b =

X
Diéu ta bié*t la giot nudc, diéu ta chua biét la dai duong - Newton Tap chi va tu liéu todn hoc | 26
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TAP CHE VA TU LIEU TOAN HOC

Go O 1a trung diém ciia BC va BB'=m
Chon h¢ truc toa do Oxyz nhu hinh vé don vi a

Ta co: A(?;O;O];B[O;—%;OJ;C(O;% Oj M(O —% Z?mj N (0;1m)

Vay @:(@;—%;o];m:(ﬁ;%;—%j:»?AM\TA [% 3. g} 1a VTPT cua (MCA)

2
Va BA= (i % OJ =(§;—1;—m] = BAANA= (7”” J3m. —ij 1a VTPT cta (NAB)
. o m?> m’ 9 36
Theo bai ra: (MCA) L (NAB) < 1y Niye) = O@—?+7—§:O<:> m==-
. sf V3 36 _ 92
Vay BB'= = Vagcasc :TaZ-TaZF

Cho hinh chép S.ABC c6 SA=SB=SC =3, tam giac ABC vuéng can tai B va AC =22. Goi
M,N lan luot 14 trung diém ctia AC va BC. Trén hai canh SA, SB lay cac diém P, Q tuong
{mg sao cho SP =1, SQ =2. Tinh thé tich V cua tr dién MNPQ.

Loi gidi

Taco AB=BC =2; SM =+/7.
Chon hé truc Oxyz nhu hinh vé.
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

N

18

VT a7

9 9

SUy 12 Ve = %\[w; NG | | %

Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh vuéng canh a va SA vudng goc véi day. Tinh do
dai canh SA d& goc tao boi (SBC) va (SCD) bang 60°.

Loi gigi
S AZ
q

Chon hé toa d6 nhu hinh v&, M 14 trung diém ctia SC, dit SA=2m (m>0)

Khi do B(%;O;Oj, D(—%;O;Oj, c(o;%;oj, M (0;0;m)

. X 'y z - a
Taco (SBC): —+—+—=1=n, =|LL——
(590): 5+ v (11
Z 2
Phuong trinh mt phang (SDC): X +L+£=1:>FISDC: T
' _a am mv2
2 2
Yéu cdu bai toan tuong duong véi ((SBC),(SDC))=60° < ‘cos(ﬁm M )| = %
2
_a
(mx/?j 1 a Y
> = —=| =2&2m=a.
( a j mv2
1+1+] —=
my2

Cho hinh chop SABC c6 day la tam giac vuong tai A, AB=2a, AC = 2ax/§. Tam giac SAB déu va
nam trong mit phang vudng véi day. Goi M 1a diém trén doan BC:BM = % BC . Cosin goc tao boi

(SAC) & (SAM ) bang bao nhiéu ?

Loi gidi
Gan hé truc toa do nhu hinh v&; khong mat tinh tong quat, gia st a =1.
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TAP CHE VA TU LIEU TOAN HOC

g0 3(0045) A(£00) 8(400) {250} 12

(-0 16 | = [sh v -1 2,28

N I
l\)
O
~—

2 2
Chon VTPT cita (SAM ) 1a n, (v/3;-3,-1).

Taco SC(-12v3;—3)=[ SA,SC | =(6:0;-243). chon VTPT ciia (SAC) la n, (v3;0;-1).

Vay c6sin goc itra hai la cos |3+0+]4
a 1ua nalr mp la = = .

Cho hinh chép S.ABC c6 day ABC la tam giac déu canh a, canh SA vudng goc v6i mat day va
SA=2a. Goi M 1a trung diém ctia SC. Tinh c6sin ctia goc ¢ giita dudng thang BM va mit phang
(ABC).

Loi gidi
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Goi H la trung diém cua AC khi 6 MH//SA= MH L (ABC)

Chon h¢ truc toa do nhu hinh v&.Khi d6 H (0;0;0),M (0;0;a), B(% 0, o}
:Wz(_ f;o;aJ,W:(O;O;a)
BM.HM| 27 J21

Gia sir goc gitta BM va mit phang (ABC) la ¢ thitaco :sing= = COS(p = —

‘W \W‘ T 7

Cho hinh vudng ABCD canh a. Trén hai tia Bx, Dy vudng géc v6i mit phang (ABCD) va ciing
chiéu lan luot 1dy hai diém M, N sao cho BM :%; DN =2a. Tinh goc ¢ giira hai mat phang

(AMN) va (CMN).

Loi gidi

Gaén hé truc toa d6 nhu hinh v&:

ZT

<Y

Taco: B(0;0;0), A(0;a;0), C(a;0;0), M(O;O;%), N(a;a;2a).

Taco m:(o;—a;%j, AN =(0;0;2a)
2
= [m, M] = {—Zaz;%;azJ 1 vecto phép tuyén cia mp (AMN ).
C—M:(—a; 0; %) CN =(0; a; 2a)

2

= [CT/IFN] = [%;2a2;—a2j 1 vecto phap tuyén cta mp (CMN ).
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TAP CHE VA TU LIEU TOAN HOC

Do décosg = - =0=¢=90°.

Cho hinh chop S.ABC c¢6 day ABC la tam giac vudng can tai B, AC =2a, tam giac SAB va tam
giac SCB 1an luot vudng tai A, C.Khoang cach tir S dén mit phéng (ABC) bang 2a. Cosin cia

goc gitta hai mit phang (SAB) va (SCB) bang bao nhiéu ?

Loi gidi
S

B
Chon hé truc toa do sao cho B(0;0;0), A(ax/E;O;O), C(O;a«/f;o), S(xy:2).

Taco (ABC):z=0, AS =(x-av2;y;z), CS =(x y-av2;2)

Do AS.AB=0=(x-av2)av2=0=x=ay2, d(S,(ABC))=2a =2=2a (z>0)
CSCB=0 :>(y—a\/§)a«/§:0:>y=a\/§:>S(a«/§;a«/§;2a)

Tacé Ez(o;aﬁ;Za), E:(aﬁ;O;Za), Ez(aﬁ;aﬁ;Za).

1

1
NN

(SBC) c6 1 vtpt ﬁ=(—ﬁ;0;1), (SAB) c6 1 vtpt m:(o;ﬁ;—l) = C0SQ =

Cho hinh chép S.ABCD ¢6 ddy ABCD 1a hinh vudng c6 d6 dai duong chéo bing av/2 va SA
vudng goéc voi mdt phang (ABCD). Goi « la géc gitra hai mit phang (SBD) va (ABCD). Néu

tana =+/2 thi goc giira hai m3t phing (SAC) va (SBC) bing bao nhiéu ?

Loi gidi
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Goi | =ACNBD.

Hinh vuéng ABCD c6 d6 dai duong chéo bang a2 suy ra hinh vuéng d6 c¢6 canh bang a.
(SBD)(ABCD)=BD

Tac6 {SI L BD = ((SBD);(ABCD))=(SI;Al)=SIA.
Al L BD

Taco tanaztanSIAz%c SA=a.

Chon hé truc toa dd Oxyz nhu hinh v& Ta c6 A(0;0;0), B(&;0;0), C(a;a;0), S(0;0;a).
Khi d6 SA=(0;0;-a); SC = (a;a;- a) B=(a;0;-a).

Mit phing (SAC) c6 vecto phép tuyén i, =(-110).

(1;0;1).

Mit phang (SBC) c6 vecto phap tuyén fi
mo| 1

AR V22

Suy ra cos((SAC);(SBC))

((SAC);(SBC)):GO".

Cho hinh 13p phuong ABCD.A'B'C'D’ ¢4 tdm O. Goi | 1a tdm cua hinh vuéng A'B'C'D’ va M la
diém thudc duong thang Ol sao cho MO = 2MI (tham khao hinh v&). Khi d6 sin cua goc tao boi
hai mit phang (MC'D’) va (MAB) béng bao nhiéu ?

Loi gidi
Khong giam tinh tong quat, ta gia sir canh hinh 1ap phuong bang 6.
Gén hé truc toa @9 nhu hinh vé€, sao cho géc toa do trung voi diém B'.
Khi d6, C'(6;0;0), D'(6;6;0), M (3;3;1), A(0;6;6), B(0;0;6).

MC’(3,-3,-1), MD" =(3,3;-1)
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TAP CHE VA TU LIEU TOAN HOC

A D
~ i ‘\\‘ O
oot
,i————\—\\i:“ ‘‘‘‘‘‘‘‘‘‘‘ [ ———>
BTN C X
A’ D
y
Suy ra vecto phap tuyén ciia (MC'D’) Ia n, = [ MD’ ] (6;0;18) = 6(1;0;3).
( -3;3; 5) ( -3;,-3;5)

Suy ra vecto phap tuyén ciia (MAB) 1a n, = [ MA, M ] =(30;0;18) = 6(5;0;3).
Goi « la goc giita hai mat phang (MC'D’) va (MAB), ta c6

[wn| 14 ooda
cosa = =—— =>sina =+/1-cos’
nn,| V340

Cho hinh 13p phuong ABCD.A'B'C'D’ c6 d6 dai canh bang 1. Goi M, N, P, Q lan luot I3 trung
diém cta cac canh AB, BC, C'D’ va DD'. Tinh thé tich khdi ttr dién MNPQ.

Loi gidi

\ Z C

O

. O
® - --1----
7\

~ N
~
N
~
NN y
~
~
<y
________________ -

<A

Oy=D'C’
Oz=D'D

Khi d6 A(L0;1), B(LL1), C(0;L1), D(0;0;1), A'(L0;0), B'(LL0), C'(0;10)

) o] ot o)
() {22 2
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

‘[W,W].W‘:H+%—%‘:% = Vi = - [N, MP | 1G] =

| cau i |

Cho hinh lap phuong ABCD.A'B'C'D’ canh bang a. Goi K 14 trung diém DD’. Tinh khoang cach
giita hai duong thaing CK va A'D .

Loi gidgi
Goi M 14 trung diém BB'. Taco: CK // AM = CK // (A'MD).
Khi d6 d (CK, A'D)=d(CK,(A'MD))=d(C,(A'MD)).

Gén hé truc toa do nhu hinh v&:

/ 1 ~
;o
B[ ,/ c'
) | pK
II :
/ 1
/ 1
Mé--____ |
VAT _ D Y
P e B e
B C
X

Taco: A(0;0,0),B(a;0;0),D(0;a;0), A'(0;0;a),B'(a;0;a),C(a;a;0), M(a;O;%j.

. . 2
AM =(a;0;—gj, AD=(0;a;-a), [A’M,A'D]:(a—;az;azj.
2 2

Vay mit phing (A'MD) nhan n=(12;2) lam vecto phap tuyén.
Phuong trinh (A'MD) 1a x+2y+2z-2a=0.

Do do: d (C,(ADM )):M:%.

Cho hinh 1ap phuong ABCD.A'B'C'D’ canh bang a. Liy diém M thudc doan AD’, diém N

thudc doan BD sao cho AM =DN =x, (O< X<¥J. Tim x theo a dé doan MN ngén nhét.

Loi gidi
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TAP CHE VA TU LIEU TOAN HOC

X
Chon hé truc toa do Oxyz sao cho O= A", AD'=0x, A'B'=0y, A'/A=0z.

A'(0;0;0), D'(a;0;0), B'(0;a;0), A(0;0;a), D(a;0;a), B(0;a;a), C'(a;a;0), C(a;a;a).
X .~ av2-X 2—-X, X,
M(ﬁ"”—fz J “[ NN J
:>MN2:(ﬁx—a)2+§+§:3x2—2\/§ax+a2=3[x2—2§ax+2%2]+%2.
J2a)  a? aJ_

= MN? = [X_TJ +? Vay MN ngén nhit < x=——

Cho hinh ling tru dimg ABC.A'B'C’ c6 AB = AC =a, goc BAC =120°, AA'=a. Goi M, N lin
luot 1a trung diém ciia B'C' va CC’. S6 do goc gitta mit phang(AMN) va mit phang (ABC)
bang bao nhiéu ?

Loi gidi
ZA

M

N
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Goi H latrung diém BC, BC = av/3, AH _%

Chon hé truc toa do H(O;O;O), A(Z ooj B[ a\z/_ J C(O _i oJ

M (O;O;a), N (0 —% EJ Goi ¢ la goc gitra mat phang(AMN) va mat phang (ABC)

(AMN) c6 mot vipt ﬁ:[m,m]:(ﬁ.—_l_ﬁJ

2 4 4
i) 2
(ABC) c6 mot vipt HM =(0;0;1), tir do COS¢:|ﬁ.|HM :ﬁ:;.

Trong khéng gian Oxyz, cho cac diém A, B, C (khong trung O) lan luot thay doi trén céc truc
Ox, Oy, Oz va ludn théa man diéu kién: ti s giita dién tich ctia tam giac ABC va thé tich khoi tir

dién OABC bang ; Biét rang mat phang (ABC) ludn tiép xtic véi mot mit cau ¢ dinh, ban kinh

ctia mit cau d6 bang bao nhiéu ?

Loi gidi

ZA

Taco S asc _ S asc
Vossc ;SABC.d (0,(ABC))

Ma 22ee _ 3 nan d(0,(ABC))=2.

OABC

Viy mit phang (ABC) ludn tiép xtc mit cdu tim O, ban kinh R=2.
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TAP CHE VA TU LIEU TOAN HOC

Cho hinh 1ap phuong a=1 c6 canh bang a=1. Mot duong thang d di qua dinh D’ vatdm | cua
mit bén BCC'B'. Hai diém M, N thay ddi lan luot thudc cac mit phang (BCC'B’) va (ABCD)
sao cho trung diém K cia MN thudc duong thang d (tham khao hinh v&). Gia tri bé nhét cta do
dai doan thang MN 13 ?

>

-BI

* M
p

4

7

1
1
1
1
1
1

L Rt )

Cho a=1.
Chon hé truc Oxyz nhu hinh vé.

A(0;0;0), D'(1;0;1), B(0;1;,0), C'(L,11)
1

| 1 trung diém BC' = 1| St s o= -2t =—1(1;—2;1).
2772 277 2) 2

x=1+t
Duodng thing D'l di qua D'(10;1), c6 mot VTCP 1a ﬁ=(1; -2;1)la: y=-2t(teR)
z=1+t
Mt phang (ABCD): z=0
Mit phang (BCC'B'):y =1
Tac6 M e(BCCB')=M (m;L;n), KeD'l = K(1+t;-2t;1+t)
K 1a trung diém MN = N (2t—m+2;,—4t-1;2t—n+2).
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

N e(ABCD) < z, :0c>2t—n+2=0c>t:n7_2:> N (n-m;3-2n;0).

W:(n—Zm;2—2n;—n) — MN? :(n—2m)2 +(2—2n)2+n2 :(n—Zm)2 +5n%—-8n+4

2
:(n—2m)2+5(n—ﬂj A4 a2
5) 55 5

Dau bang xay ra khi b:g va a:é.

Hai qua bong hinh cau co kich thude khac nhau duoc dat ¢ hai goc cua mdt can nha hinh hop chir
nhat sao cho mdi qua bong déu tiép xtic voi hai bic tudng va nén cua nha do. Biét rang trén bé mat
clia qua bong déu ton tai mot diém c6 khoang cach dén hai birc tuong va nén nha ma né tiép xuc
bang 1; 2; 4. Tong do dai duong kinh cua hai qua bong d6 bang bao nhiéu?

Loi gidi

Chon hé truc Oxyz nhu hinh v&. Mdi qua béng xem la mit cau tim | (a;b;c).

Vi mdi qua bong déu tiép xtic v6i hai birc tuong va nén cta nha nén ching tiép xtic v6i ba mit
phing toa d6 <> d(1,(xOy))=d(1,(yOz))=d(1,(z0x))=R < a=b=c>0 = I(a;a;a).

Goi M(x;y;z) 1a diém nam trén qua bong c6 khoang cach dén hai birc tuong va nén nha ma nd
tiép xticbang 1; 2; 4 = M (1,2;4).

M nam trén qua bong khi IM =d (I ,(XOy)) =a

o(a-1)"+(a-2)+(a-4) =a’ < 2a*-14a+21=0 (*¥).

Vi (*) c6 biét thirc A’=7 >0 nén no c6 hai nghiém phéan biét a,, a, va a, +a, =7.

Khi d6 tong dudng kinh clia hai qua bong 1a 2(a, +a,)=14.

Hinh chop S.ABCD c6 day ABCD la hinh vudng canh a, canh bén SA vudng géc véi mit phang
day, SA=a+2.Goi M, N 14n luot 1a hinh chiéu vudng goc cia diém A trén céc canh SB, SD.
Goc giita mit phang (AMN ) va duong thing SB bang bao nhiéu ?

Loi gidi
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TAP CHE VA TU LIEU TOAN HOC

Ta c6 BCL(SAB)=BCLAM =AM L(SBC)=AM LSC. Tuong ty ta cing co
AN L SC = (AMN) L SC. Goi ¢ la gbc giira dudng thing SB va (AMN).
Chuén héa va chon hé truc toa 9 sao cho A(0;0;0), B(0;3,0), D(%0;0), $(0;0;+2),
C(1%0), SC=(£L—2), SB=(0;1—v2). Do (AMN) L SC nén (AMN) c6 vtpt SC
3 _\a

sinpg=—==—=¢=60°.

2J3 2
Cho ling tru tam gidc déu ABC.A'B'C’ c¢6 tit ca cac canh bang a.M 1a mot dién théa min

CM = —%M C sin cua goc giita hai mdt phang (A'MB) va (ABC) béang bao nhiéu?

Loi gidi
Xét hinh ling try tam giac déu ABC.A'B'C’ ¢6 tit ca cac canh bang a. Gan hé tryc nhu hinh v& quy
wdc a=1 (donvi). Goi D 1a giao diém ctia A'M va AC.

Vi tam gidc A'B'C’ la tam giac can canh bang a nén ta suy ra do dai cac duong trung tuyén 1a

a A s . 2 . ~
——. Suy ra toa d6 cac diém nhu hinh vé.

3
2

c ik v e v , AD —= —
Theo gia thiét ta co6 CM :_EAA vay = AADA' ~ ACDM :>C—D:2:> DA=-2DC
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

A'(0;0;0) ¢

<V

Vay toa d6 cua diém D la: D(O;%;lj

Ta c6 mit phang ABC c6 phuong trinh z=1= F](ABC) = (O; O;l)
Mit khac mat phang (A'MB) 1a mit phang di qua ba diém A’,D va B.

o a5-(02:1) va mE [ V3.1 a5 ag ][ 1.y3.~3
Ta co: AD_(O,g,lJ va A'B _(— = 1} (ABM)_[AD’AB}_(E’T’TJ
Vay cOsin goc tao béi hai mét phang (A'MB) va (ABC) la:

-3
3 V3 30
3

[1,3,1 o 10
36 4 3

cos((A'BM ),(ABC)): 05 Fjuon ) Fsec | -=
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TAP CHE VA TU LIEU TOAN HOC

Cho ling tru tam giac déu ABC.A'B'C’ c¢6 canh bén bing canh day. Puong thing MN
. . . NB .
(M e AC; N e BC') 1a duong vudng géc chung caa A'C va BC'. Ty s6 ey bang

Loi gidi
Két qua bai toan s& khong thay d6i néu ta xét lang tru déu ABC.A'B'C’ ¢6 canh bén bang canh day
bang 2.

A C
/', o \
y
M<}” B
P X h N
y

Chon hé tryc toa d6 Oxyz nhu hinh v& (O 1a trung diém cia BC). Ta co: A’(O;—\/§;2),
B(L0;0), C(-10;0), C'(-L0;2), CA' =(3-+3;2), BC'=(-2,0;2).

nén taco M (~1+m;—3m;2m), N (1-2n;0;2n)

CM = mCA’
Do<__ .
{BN —nBC’

:W:(—m—2n+2;\/§m;2n—2m).

Puong thang MN 13 duong vudng goc chung caa A'C va BC' nén:

2
MNCA' =0 [-4m+2n=-1 |™55 BN 3 NB 3
MN.BC' =0 -m+4n=2 _3 BC 5 " NC' 2
5
Cho t& dién ABCDc6 AD wvudng goc véi mat phang (ABC),AD=3a,AB=2a,

,AC =4a,BAC =60°. Goi H,K lan luot 1a hinh chiéu vudng goc cia B trén AC va CD. Puong
thang HK cét duong thang AD tai E. Chang minh ring BE vudng goc véi CD va tinh thé tich
khéi ti dien BCDE theo a.

Loi gidi
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Chon hé truc toa d6 Oxyz nhu hinh v& véi Atriing gbc toa do O .
A(0;0,0),B(2a;0;0),C (2a;2a4/3;0), D(0;0;3a), AH = AB.cos60" = a

aa\/_ j

Suy ratoa do cua H
2 2

ﬁ(Za; 2a/3; —3a) suy ra 6(2;2\@; —3)|a mot vecto chi phuong cia DC nén phuong trinh

X =2t
duong thing DC 1a:{y =23t .Vi K thugc DC nén K(2t;2\/§t;3a—3t)
z=3a-3t

Taco W(Zt—Za;Z«@t;Sa—Bt),W.ﬁ:0<:>t_— Vay : :
25 25 25 25

13a K(zea_zeaﬁ_saaj

Vi E thudc truc Aznén E(0;0;z).EH a a\/_ “HK 27a127a\/_ 36a
2’ 50" 50 25

Vi E, H, K thiang hang nén EH,HK cung phuong, do d6 suy ra Z——% Vay E(O 0; —4—;j

Taco EB = (Za 0; 43aj va D—C(Za;Za\@; —3a) nén EB.DC = 2a.2a+0.2a\/§+4?a(—3a):0

Vay BE vubng gbc vai CD

Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai A, BC =ava ABC =30°. Hai mit phiang
(SAB) va (SAC)cling tao véi ddy mot géc 60°. Biét rang hinh chiéu vudng goc ciia S trén mat
phing (ABC )thudc canh BC . Tinh thé tich khéi chép S.ABC theo a.

Loi gidi
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TAP CHE VA TU LIEU TOAN HOC

A
Chon hé truc toa do Oxyz nhu hinh v& véi Atriing géc toa do O .

A(0;0;0), (a;/_ 0; Oj C(O E,OJ,S(X; y;Z)véi x>0;y>0;z>0,H (x;y;0)v6i H la hinh chiéu

vudng géc cua S 1én (ABC)

n, =(0;0;1) la vecto phéap tuyén cua (ABC)va n, =[E.AS] (O _a_23 iy] la vecto phép
tuyén cua (SAB).n, = [TCFS] :(% x;O;—%z |a vecto phép tuyén cua (SAC)
njnj 1 y ) )
cos((SAB),(ABC)) = == & = = ——==—=—= < 7" =3y*(1)
Ny (N, 2 2’ +y?
cos((SAC),(ABC))= Eﬁi slo X Lro3e(2)
nin| 2 NZP+x

Tu (1),(2) tacoé x=y. Nén H(x;x;0), vi Hthuoc BC nén ﬁ[_a_?’ a, OJ —H(x;x—%;oj

2 2
a
cling phuong, suy ra X —X_—E@ X_a—\/§ thay vao (1), ta dugc z—i
a3 2(1++3) T 2(1+4B)
2 2
Ve o = SSH S, =58 a3 _(3-V3)a
S.ABC 3 "~ AABC 32(1+\/§) 8 32

Cho hinh chép tam giac déu S.ABC . c6 do dai canh AB =a.Goi M,N lan luot 1 trung diém cua
cac canh SB,SC. Tinh theo a dién tich cua tam giac AMN , biét raing mat phang (AMN )vudng
goc véi mat phang (SBC).

Lo gidi
Goi O la trung diém BC, G la trong tdm tam gidc ABC , ta c6
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

a3 a3
6

OA—— OB+OC—E ,0G =——

bat SG =z>0. Chon hé truc toa d6 Oxyz sao cho tia Ox chira A, tia Oy chira B va tia Oz nam
trén duong thang qua O va song song vai SG (xem hinh v&), khi d6:

(a{ 0; o] B(O E;o),c[o;—%m),s(?;&z}M(%:%:ZJ,N[ﬁi—%iz]-

a/15 a2/10

Tinh duoc Z:T.Suy ra Syn = 16

Cho hinh chop S.ABCD c6 day ABCD la hinh chix nhat véi AB =a, AD = av/2,5A=avasA vuong
goc véi mat phang(ABCD). Goi M, N lan luot la trung diém cia AD vaSC, | la giao diém cua
BM va AC . Ching minh rang mat phang (SAC)vudng goc véi mat phang(SMB). Tinh thé tich
khéi tir dign ANIB .

Loi gidi

Chon hé truc toa @6 Oxyz sao cho O= A, Oxchira B, tia Oy chira D vatia Oz chira S . Khi do:

A(0;0,0),B(a;0;0),C(a;a+/2;0), D(0;a4/2;0),5(0;0;a), M( a\[, J,N[E;ﬂ;g}

2 2 2

AS(0;0;a), A (aa\/_O)SM( a2, js—(a;o;—a)

Vecto phap tuyén ctia (SAC) [ ] (—a2 2; az;O)
2

Vecto phép tuyén cua (SMB) [ }:( \/_ OJ
Vi | AS;AC | SM;SB |=a‘ ~a* =0 nén (SAC) L (SMB)
Taco 1 =B _ 5 ic - 2IA. Tir day tim duoc 1 & a2, 0

1A AM 3" 3

3 3
thé tich khdi tar dien ANIB 12V, —l‘[AN Al AB‘ 1ay2_a'y2
6 6 36
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TAP CHE VA TU LIEU TOAN HOC

Cho hinh chdp tt giac déu S.ABCD c6 day ABCD la hinh vuéng canh a. Goi E 1a diém ddi xung
cua D qua trung diém cua SA, M la trung diém cia AE, N Ia trung diém caaBC . Chung minh
MN vudng géc véi BD va tinh (theo a) khoang cach gitra hai duong thing MN va AC .

Loi gidi

Goi O la giao diém cua AC va BD, Chon hé truc toa do Oxyz sao cho tia Ox chira A, tia Oy
chtra B vatia Oz chaa S (xem hinh vé). Bat SO =z, khi do

(a*z/_ oo) BL a*z/_ o},c( a“z/_ 0; o} D(O —% OJ $(0;0;2),

(e e
4"’ ) ) ’

2 ' 4 2
C6 MN = (36‘[ JBD [o-i OJ
"2 4

Tathdy MN.BD =0= MN L BD

4 2 4 2 ' 2

Go6c giira hai duong thang MN va AC la d(MN,AC):¥.
Cho hinh chép S.ABCD c6 day ABCD la binh hanh, AD =4a, cac canh bén cua hinh chdp bang
nhau va bang 6a . Tim cdsin ciia goc giita hai mat phang (SBC)va (SCD)khi thé tich ciia khoi

chép S.ABCD lén nhat.

Loi gidi
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

Goi O 1a giao diém caa AC va BD,M,N lan luot 13 trung diém cia AB va AD, tir gia thiét suy
SO 1L AC

ra O 1 BD} = SO L (ABCD)vaOA=0B =0C = 0D =+/6a” -~ SO’ nén ABCD Ia hinh chix nhat

OA=+/X*+4a®

SO = +/SA2 —0A? =+/2a% - X2

Thé tich khéi chép S.ABCDIa V ,uep =%AB.AD.SO=%ax 2a% — x* véi XE(o;aﬁ)hoac ap

bat ON—X>O.Khid('){

dung bat dang thirc Caushy ta suy ra V; e, 160 nhat khi va chi khi x=a. Suyra SO=a
Chon hé truc toa @& Oxyz nhu hinh vé&. Khi d6

B(Za;—%;O],C(—Za;—%;Oj,D[—Za;%;oj,s(o;o;a).

Goi ¢ la goc gitra hai mat phang (SBC)va (SCD)thi cos<p:§

Cho hinh lang try deng ABC.AB,C,c6 AB=a, AC =2a, AA =2a/5va BAC =120". Goi M la
trung diém cua canh CC,. Chung minh MB L MA va tinh khoang céch tir diém A dén mit phang

(ABM)

Loi gidi
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TAP CHE VA TU LIEU TOAN HOC

Ké AO L BC.Taco
BC =+/a® +4a” - 2a.2a.c0s120 = a7
AB.AC.sin120° a+/21
BC 7

AO.BC = AB.AC.sin120° = AO =

21a® 2J7a

49 7

OB =+ AB* - AQ? =

5J7a

OC=BC—OB=T

Chon hé truc toa @ Oxyz nhu hinh vé&. Khi do:

(s

Taco m:[a\éﬁ;Saf;anJ,W:(o;_aﬁ;a\/g)
MA.MB =5a?-5a%> =0= MA L MB = MA L MB
\ < 2 s, 2&\/7
Phwong trinh mat phang (ABM) la: 125x—15| y —J21z=0
a\/5

Khoang cach tir A dén (ABM)la: d(A;(AlMB)):T
Cho hinh ling try ABC.A'B'Ccd d6 dai canh bén bing 2a day ABC la tam giac vudng tai
A, AB =a, AC = a+/3va hinh chiéu vudng goc cua dinh A trén mat phing (ABC) Ia trung diém
cua canh BC. Tinh theo a thé tich khdi chép A'.ABC .va cosin cua goc giira hai duong thang AA’
va B'C".

Loi gidi
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PHUONG PHAP TOA DO HOA HINH ¢S DIEN

C.: 1

Goi O la trung diém cia BC, H la trung diém cua AB, K 1a trung diém AC thi OHAK Ia hinh
chir nhat. Ta co

BC =+ AB? + AC? :2a,OA=%:a,

OA'=+AA2—0A? =+/4a? —a? = a/3.

2
OH = JOA?_ AH? = [a’ —a— af
OK =+JOA? — AK? = |2’ —3i

Chon hé truc toa do Oxyz sao cho tia Ox chira H | tia Oy chufa K va tia Oz chtra A'(xem hinh vg).

Khido A'(0;0;24/3), [a—z‘? % oj (i _a o} C[—a—3 2. o}

2 2 2 2

3 3
Thé tich khéi chép A'.ABC 12V, .. = é‘[A ANEB]AC|= _‘_31_31

a3
2 2| 2

E:(—a 3;a;0). Goi ¢ lagoc gitta AA' va B'C'. Khi do:

CosS@p = ‘cos(AA BC)‘ ‘x EE‘_%

Cho hinh lang try ding ABC.A'B'C'c6 BC =2AB, AB L BC. Goi M, N lan luot Ia trung diém cua
A'B' vaBC . Khoang cach giira hai duong thang AM va B'C béngz—\/;. Goc giita hai mat phang
(AB'C) va (BCC'B')bang60°. Tinh thé tich khéi chép MABC va ban kinh mat cau ngoai tiép
khéi chép B'ANC theo a

Loi gidi
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TAP CHE VA TU LIEU TOAN HOC

A

Chon hé truc toa @ Oxyz nhu hinh v& véi goc toa dd O trung diém B
bat AB=x(x>0) thi BC =2x
/)

Taco B(0;0;0),C(2x;0;0), A(0;x;0)N(x;0;0)
2
m:(o;—g;y R:(Zxo -y)= [ ] ( 2xyxj

Tacé AC =(2x;-x;0)

A'(0;x;y)(y>0),B'(0;0;¥),C'(2x;0;y), M (

[avieC

A—C‘ - ‘—Xzy‘ 2a Xy

‘[mﬁ] \/X Y’ +4x7y? +x* "4X +17y° \f

AB'=(0;-x;y) va AC =(2x-x;0) nén AC.AB"=(xy;2xy;2x*)nén (AB'C)co vecto phap tuyén

d(AM,B'C)=

la n=(y;2y;2x)(vi ncung phuong voi [A—Cﬁ]) va (BCC'B') c6 vecto phap tuyén la

1=(01,0).
. DAY ‘F‘]‘ 1 2y B _\/1_1
cos((AB'C),(BCC A))_‘ﬁ‘.mea—mcﬁyu@z _16y2<:>X—Ty(2)

Thé (2)vao (1), giai phuong trinh ta duoc két qua y = ﬂvél X=2a

J11
A a1 4a  16-41a°
V&Y Ve = Spoc-AA'= 5(52&4&)' A1 33

Tinh ban kinh mat cau ngoai tiép khbi chép B'ANC theo a
Phuong trinh mit cau (S) ngoai tiép khdi chop B' ANC c6 dang:

(S):x*+y®+2°+2ax+2by+2cz+d =0 véi tam T (—a,;—b; —) \/ai +b?+c?*—d

Vi B', A, N,C thudc mit cau (S) nén toa do ching thoa man phuong trinh mat cau, ta c6 hé:

49 | Chinh phuc olympic todn Tinh hoa cda todn hoc ndm & Ty do cda né - Georg Cantor :

y /
4 4 L
A\ \ \



PHUONG PHAP TOA DO HOA HINH ¢S DIEN

1 =-3a
1_iaz % ac+d=0 §1=—3a
4a’ +4ab+d =0 & 13a =>R=3a EL
4a° +4aa+d =0 N 1
16a’ +8a,a+d =0 d =8a’

Cho hinh hop daing ABCD.A'B'C'D'c0 day la hinh vuéng, tam giac A'AC vuéng can, A'C =a.
Tinh thé tich cua khdi ti dign ABB'C' va khoang cach tir diém A dén mat phang (BCD')theo a.

Loi gidi
z
A' B'
D | C
Al B S - T
’ _____________________
D C
X
Tir gia thiét ta tinh dugc AC = AA'= —va AB——
JE 2

Chon hé truc toa @ Oxyz nhu hinh v& véi goc toa do O tring diém A

o
ol e ol
0

— a ) — a a)-— (aa a
e AB=|0;—:0|,AB'=|0;—;:— |, AC'=| —;:—:— |.
( 2 J [ 2 JE) 2'2'\2
. [ABAB|- & .00 =[AB.AB'| AC'= & _y 1‘[ABAB AC‘ ‘/_a
= 2\/5’ ) —4\/5 ABBC' ~ g
— a — a a S — a? a’
e CB=|-—=;00,CD'=|0;——;— |=|CB.CD"'|=]|0; —
( 2 j [ 2 ﬁj [ ] ( 22 4j
n= (O; x/E;l) la VTPT ciia mat phang (BCD')nén
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TAP CHE VA TU LIEU TOAN HOC

(BCD):J§y+z—E%Z:Ozsd(A(BCDj):
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