CHUONG 1: CONG THUC LUQNG GIAC

I. Pinh nghia

Trén mit phing Oxy cho dudng tron lugng gidc tAm O ban kinh R=1 va diém M

trén dudng tron lugng gidc ma sd AM = Bvsi 0<P<L2w 1Ty
bit a=p+k2n,keZ MR
Ta dinh nghia: ;
sino = OK 2 Nl
coso = OH H
tga = S véi cosa # 0
cosa
coso. . .
cotgo = — véi sina # 0
sino
I1. Bang gi4 tri lugng gidc ctia mot so cung (hay géc) dic biét
Goc a ° s o T o T o T o
grae e 10o0) | Zae) | Eas) | Eeo) | E(o0r)
sina 0 1 2 NEY 1
2 2 2
cosa 1 J3 2 1 0
2 2 2
tga 0 J3 1 NE) I
3
cotga I \/g

—
w|&
)

I11. Hé thiic co ban
sin“a+cos’a =1

1+tg’a =—

vl o ¢£+kn(keZ)
cos” o 2

t+cotg’ =

—— véi azkn(keZ)
sin” o

IV. Cung lién ké&t (Cach nhé: cos doi, sin bu, tang sai 7 ; phu chéo)
a. boi nhau: a va —o
sin(—oc) =—sinao
COS(—OL) =cosa
tg(-o) =—tg(a)
cotg(—a) = —Cotg(a)




b. Bu nhau: a0 va m—a
sin(n—a):sinoc

COS(TC—OL) =—Ccosa

tg(n—oc) =—tga
cotg(n—oc) =—cotga

c.Sainhau w: o va T+ o
sin(n+0c):—sinoc

COS(TE + OL) = —CoSa

tg(n+o)=tga

cotg(n+ oc) =cotga

d. Phu nhau: o va g—a

. [T
sin| ——oa |=cosa
)
T .
COS| ——oa [=sino
o
te| Z-o | =cotgo
g 5 g
cotg| -0 | = tgor
g 5 g

T N

e.Sai nhau — va
2

sm[ OL) cosa

COS( + Otj = —SlIlOL

T
tg| —+a |=—cotga
(2 j
T
cotg(E + ocj =—tga




f.
sin(x +km) = (—1)k sinx,keZ

cos(x +km) = (—1)k cosx,keZ
tg(x + kn) =tgx,keZ
cotg(x +km)=cotgx

V. Cong thic cong
sin(a-_i-b) =sinacosb*sinbcosa

cos(airb) =cosacosbFsinasinb
_ tgattgb

+b
tg(a+ ) 1 F tgatgb

VI. Cong thic nhan d6i

sin2a =2sinacosa

2 < 2 < 2 2
cos2a=cos"a—-sin"a=1-2sin“a=2cos a—1

2
tg2a = tge;
I-tg a
2 —
cot g2 _cotgTa 1
2cotga

VII. Cong thifc nhan ba:
sin3a = 3sina—4sin’ a

cos3a=4cos’a—3cosa

VIII. Cong thic ha bic:

sin‘a = %(1 —cos2a)

cos’a= %(1 + cos Za)

, l—cos2a
tgta=——
1+ cos2a

IX. Cong thic chia doi

Détt:tg% (v6i a # 1+ k21)



) 2t
sina = 5
1+t
—t2
cosa = >
1+t
tga = 2t
_t2

X. Cong thitc bién ddi tdng thanh tich

a+b a—b
cosa+cosb=2cos cos

2
a—-b

. a+b
cosa—cosb =-2sin

sin

a—-b

) ) a+b .
sina+sinb =2cos sin

a—-b

. . a-+ .
sina—sinb =2cos sin
sin(aib)
cosacosb
sin(b + a)

sina.sinb

tgattgb =

cotgatcotgb=

XI. Cong thifc bi€n d6i tich thanh tdng

cosa.cosb = %[cos(a +b)+cos(a- b)]

sina.sinb = %[cos(a +b)—cos(a— b)}

sina.cosb = %[sin(a +b)+sin(a —b)]

. 4 4
. .. sin"a+cosa—-1 2
Bai 1: Chitng minh — 3 =—
sina+cos’a—1 3

Ta cé:
sin*a+cos*a—1= (sin2 a+ cos’ a)2 —2sin*acos’a—1=-2sin*acos’a
Va:
sina+cos®a—1= (sin2 a+ cos’ a)(sin4 a—sin®acos’a+cos’ a) -1
=sin*a+cos*a—sin*acos’a—1
= (1 —2sin” acos’ a) —sinacos’a—1

= —3sin’acos’a




sin‘a+cos‘a—1_ —2sin’acos’a 2

Do d6: — 5 = — > —
sina+cos"a—1 —-3sin“acos"a 3
.. , e 1+cosx (l—cosx)2
Bai 2: Rit gon bieu thic A=———=| 1+—7F—"—
sin X sin” x

o . 1 T
Tinh gié tri Anéu cosx :—5 va 5<X<TE

Tacod: A=—:
sin X

_ l+cosx 2(1—c0sx)

sin” x

1+cosx(sin2x+1—2005x+cos2xj

<A . —
sin x sin” x
2(1—coszx) rsintx 2
A= 3 =———=—(v6i sinx #0)
sin’ x sin*x  sinx
) 1 3
Ta c6: s1n2x:1—cos2x:1__:Z i

T L
D0:5<x<n nén sinx >0

) 3
Viy sinx = —
dy >

2
Dod6 A=——=
sinx

33

L/

v

Bai 3: Chiing minh cic biéu thifc sau day khong phu thudc x:
a.

A =2cos’ x —sin® x + sin® x cos” x + 3sin” x
2 cotgx +1
b. B= + g
tex—1 cotgx—1
a. Ta cé:

A =2cos* x —sin* x +sin® x cos” x + 3sin* x
2
S A= 2cos4x—(1—cos2 X) +(1—cos2 x)cos2 X+3(1—cos2 x)
= A:2cos4x—(1—200s2x+cos4 x)+coszx—cos4x+3—3cos2x
<> A =2 (khong phu thudc x)

b. Véi diéu kién sinx.cosx # 0,tgx # 1
2 cotgx +1
| cotg

Tacé: B=

tgex —1 cotgx—1



1

> w2 1w
& B= +th = + Tiex
tex—1 1 tex-1 I-tex
tgx

2—(1-tgx) 1-t
< B= ( S ): ex = —1 (khong phu thudc vao x)
tgx —1 tgx —1

Bai 4: Chitng minh
2
1+cosa[1_(lcosa) ]+ cos’b—sin’ ¢

—cotg’beotg’c =cotga—1

. .2 .2 .2
2sina sin” a sin“ bsin” ¢
Ta cé:
cos’b—sin’c
F——— —cotg’b.cotg’c
sin” b.sin“ ¢
2
_cotg”b

2 2
- - —cotg'bceotgc
sinc  sin’b

= cothb(l +cot g2c) -~ (1 +cot gzb) —cotg’beotg’c=—1 (1)

. 1+cosa[1_ (1—cosa)2]

. .2
2sina sin” a

_ 1+cosa ! (10083)2]

2sina 1-cos’a
_1+cosa_1 1—cosa
2sina | 1+cosa

1+cosa 2cosa
= - . =cotga (2)
2sina 1+cosa

LAy (1) + (2) ta dugc diéu phai chitng minh xong.

Bai 5: Cho AABC ty y v6i ba géc déu 1a nhon.
Tim gi4 tri nhd nhat cia P = tgA.tgB.tgC

Tacé: A+B=n-C
Nén: tg(A + B) =—tgC
tgA+tgB
1-tgA.tgB
< tgA +tgB = —tgC + tgA.tgB.tgC
Vay: P =tgA.tgB.tgC =tgA +tgB +tgC




Ap dung bit ding thic Cauchy cho ba s6 duong tgA,tgB,tgC ta dugc
tgA +tgB + tgC > 33/tgA.tgB.tgC

< P>33YP

SAP? >3

< P>3/3
tgA =tgB =tgC

Diu “=" xdy ra < T & A=B=C="
O<A,B,C<5 3

Do d6: MinP:3\/§<:>A:B:C:§

Bai 6 : Tim gi4 tri I6n nhat va nhd nhat clia
al y = 2sin® x + cos®* 2x

b/ y = ¥sinx — Jcosx

2
bat t = cos2x v6i -1 <t <1 thi

1 4 4
==(1-t)" +t
y=g-t)+

. 1-cos2x )" 4
a/Tac6: y=2 —— | +cos” 2x

=>y'= —%(1—1;)3 + 4t

Tacé:y'=0 & (1-t) =8t

S1-t=2t
<:>t:l
3
1 1
Tacoy()=1;y(-D=3;y| = | = =—

1
Dod6: Maxy =3 va Miny = —
xeR x eR 27
b/ Do diéu kién : sinx > 0 va cosx > 0 nén mién x4c dinh

D= [kzn,g + an} véikeZ

Pitt =+/cosx v6i 0<t <1 thi t* =cos’x =1-sin’x
Nén sinx = +/1 - t*
Vay y =¥1-t* —t wen D' =[0,1]
_ 43
Thiy':%—1<0 vt e[0;1)
2.8/(1-t*)
Nény gidm trén [ 0, 1 ]. Vay ‘maxy = y(O) =1, miny = y(l) =-1




Bai 7: Cho him s6 y = v/sin® x + cos® x — 2m sin x cos x

Tim gid tri m d€ y xdc dinh v6i moi x

Xét f(x) = sin* x + cos* x — 2m sin x cos X

f(x)= (sin2 X + cos® x)2 — msin 2x — 2sin” x cos® x
f(x):l—%sin22x—msin2x

bit: t =sin2x véi t e[-1,1]

y xdc dinh Vx < f(x)>0vx e R
@1—%t2—mt20 vt e [-1,1]

g(t)=t*+2mt-2<0 Vte[-1,1]

Do A'=m”+2>0 Vm nén g(t) c6 2 nghiém phan biét t;, t,
Lic d6 | ¢ t t

| g(t) + 0 - 0
Do d6 : yéucaubaitodn < t, <-1<1<t,

{1;;(—1) <0 _ {—2m—1 <0

1g(1)§0 2m-1<0
mz_—l 1 1
& 2 & —<m<—
1 2 2
m< —
2
Cach khéac :

g(t)=t"+2mt-2<0 vte[-1,1]
N max]g(t)sOc»max{g(—D,g(])}gO

te[-1,1

B
v

emax{-2m-1)-2m+1)} <0 <

=
A

1 1
&——<m<—
2 2

Bai 8 : Ching minh A = sin* —— + sin* 3, sin* om sin* in_3
16 16 16 16 2

.. Tn . (n T ) T

Tacdé: sin— =sin| ——— | = cos—

16 2 16 16

. bm T 5n 3
sin— =cos| — —— | = cos—
16 2 16




. . 2 .
Mit khdc : sin* o + cos* o = (sm2 o + cos” cx) —2sin*acos®a
=1-2sin*acos®a
1 .
=1-=sin®2a

Do d6 : A = sin* EJrsm 7—+sm 3—+sm45—n

16 16 16
( .4 T 4 nj ( 4 9T 4 37 j
=|sin* — + cos* — |+ | sin* == + cos* =
16 16 16 16
:(l—lsin2 —j (l—lsm2 3nj
2 8 2 8
=2— l(sin2 T | sin? ﬁj
2 8 8

-9 —l(sin2 T 4 cos? E] (do sin% = cosﬁj
2 8 8 8 8
_9_1_3
2 2

Bai 9 : Chitng minh : 16 sin 10°. sin 30°.sin 50°.sin 70° =1

A cos10° 1

Tacd: A = = (16sin10°c0s10°)sin30°.sin50°.sin70°
cos 10° cos 10°
< A= 1 (8 sin 20°)(1J cos 40°. cos 20°
cos 10° 2
o A= - (4 sin 20° cos 20° ) .cos 40°
cos
o A= - (2 sin40°)cos40°
cos
o A= sin80° = 810" _4
cos10° cos 10°

A B B, C C, A
Bai 10 : Cho AABC. Chw inh: tg—tg—+tg—tg—+tg—tg—=1
bai 10 : Cho ng min g2g2 g2 82 g2g2

Ta c6 - A+B =n C

2 2 2

A+B C
Viay: tg——— =cotg—
ay : tg 9 g2
tgé+th 1
N 2 2
1-t é1; E t 9
898y %y

A B C A B
@{tg5+tg2}tg5—l thth




A C B C A B
to—t +t t +to—te—=1
BBy Ty TSy

Bai 11 : Chd h:8+dtel +2e— +tg* = cotg -
ul ng min gs 816 B33 g32()

T ) o> 8= cotg—~ — tg—~ — g — 4tg L
ac0: (%) = 8=cotga, ~tgo) ~2tg  ~4teyg

. cosa sina cos’a-sin’a
Ma : cotga —tga = - =

sina cosa sinacosa
:M:2cotg2a
~—sin2a
2
Do d6:
*) &< | cot ——t 2t ——4t —:8
©) { 832 g32} 816 83

[2cotg—— 2tg — } 4tg— =

I
& 4eotg— —4tg— =
3 g8

< 8cot gg =8 (hién nhién ding)

Bai :12 : Chitng minh :

2 2 27 2(20_ 123
a/ cos” X + cos + X |+ cos X |=
3 3 2

b/ ,1 + ,1 + ,1 + _1 = cot gx — cot g16x
sin2x sin4x sin8x sinl6x

a/ Ta c6 : cos® x + cos® (% + xj + cos? (2?71 - XJ

l(1+cos2x)+l 1+ cos 2x+ﬂ +l 1+ cos @—2X
2 2 3 2 3
:§+l c0s2x+cos(2x+gj+cos(ﬂ—2xj
2 2| 3 3
:§+l cos2x+2c0s2xcosﬂ}
2 2| 3
:§+1 cos2x+20082x(—lj
2 2| 2
3
2

cosa cosb sinbcosa-sinacosb

b/ Ta c6 : cot ga — cot gb = — - - -
sina sinb sinasinb




B sin(b—a)
~ sinasinb
0 (9% —
Do d6 : cot gx — cot g2x = 51.n( X x) = — 1 (1)
sin XsIn 2x  sin 2x
in(4x -2
cot g2x —cot g4x = s1.n( X, X) =— 1 (2)
sin2xsin4dx sin4x
in(8x -4
cot g4x — cot g8x = 31.n( X - X) =— 1 (3)
sin4xsin8x  sin 8x
in(16x -8
cot g8x — cot g16x = Sl_n( X, x) = — 1 (4)
sinl6xsin8x sinl1l6x

Lay (1) + (2) + (3) + (4) ta dugc

1 N 1 1 N 1
sin2x sin4x sin8x sinl6x

cot gx — cot gl6x =

Bai 13 : Chiing minh : 8sin®18° + 8sin”18° =1

Ta ¢6: sin18° = cos72°
< sin18° = 2¢0s°36° - 1
< sinl18” =2(1 — 2sin*18%)* - 1
< sinl18° = 2(1 — 4sin*18°+4sin*18%)-1
< 8sin*18" — 8sin’18° - sin18° + 1 =0 (1)
< (sin18° - 1)(8sin’18" + 8sin’*18° - 1) =0
< 8sin’18" + 8sin’18° -~ 1 = 0 (do 0 < sin18°< 1)
Cach khac :
Chia 2 v& ctda (1) cho ( sin18° - 1 )tacod
(1)< 8sin’18° (sin18” +1)— 1=0

Bai 14 : Ching minh :

a/ sin* x + cos* x = i(S + cos4x)
b/ sin 6x + cos 6x = %(5 + 308 4x)

¢/ sin® x + cos® x = 6i4(35 + 28 cos 4x + cos 8x)

a/ Ta cé: sin* x + cos* x = (sin2 X + cos® X)Z —2sin®xcos?x
= l—gsin2 2x
4
= 1—1(1—c0s4x)
4
:§+lcos4x
4 4

b/ Ta c6 : sinbx + cos6x
+ 2 2 + 4 + 2 2 4
= (sm X + cos x)(sm X —sin” X cos” X + CcoS x)



) 1 .
= (sm4 X + cos? x) — Zsm2 2x

- (ﬁ + lcos 4xj - %(1 —cos4x) (dokétqudciua)

. . 2 .
¢/ Tacé: sin®x +cos®x = (sm4 X + cos? x) —2sin* xcos* x

= i(3 + cos 4x)2 - 3sin4 2x
16 16
1 171 ?
= — + 0C0S4X + COS X)——|— — C0S4X
9+6 4 24 1 4
16 8|2

_9 +§cos4x +i(1 + c0s 8x) —i(1—2cos4x + cos” 4x)
16 8 32 32

_9 +§COS4X+iCOSSX +icos4x—i(1+ cos 8x)
16 8 32 16 64

35 7 1
=—+—c084X +—Cos 8x
64 16 64

Bai 15 : Chitng minh : sin 3x.sin® x + cos 3x.cos® x = cos® 2x

Cach 1:
Ta ¢6 : sin 3x.sin® x + cos 3x.cos® x = cos® 2x
= (3 sin x — 4 sin® x) sin® x + (4 cos® x — 3cos x) cos® x
= 3sin* x —4sin® x + 4 cos® x — 3cos* x
= 3(sin4 x — cos* x) - 4(sin6 x — cos® x)
= ?;(sin2 X — cos? X)(sin2 X + cos? x)
—4(sin2 X — cos? x)(sin4 X + sin® x cos? x + cos* X)

= -3 cos 2x + 4 cos 2x [1 — sin® x cos® x]

= -3 cos2x + 4 cos 2x(1 - isin2 ZXJ

= cos 2x {—3 + 4(1 - isin2 2xﬂ

= cos 2x(1 — sin?® 2x)

= cos® 2x
Cach2:
Ta ¢6 : sin 3x.sin® x + cos 3x.cos® x

) 3sin x — sin 3x 3cosx + cos3x
= sin 3x + cos 3x

4 4

= %(sin 3xsinx + cos 3x cos X ) + i(cos2 3x — sin? 3x)




= %cos(3x - X) + 1cos6x
= i(?)cos 2X + cos 3.2x)

= i(3 cos 2x + 4 cos’ 2x — 3 cos 2X) ( b6 dong nay ciing dudc)

= cos® 2x

Bai 16 : Ching minh : cos12° + cos18° — 4 cos15°.cos 21° cos 24° = — \/§2+ 1

Taco: cosl2® + cos18° —4coslh® (cos 21° cos 24")
= 2c0s15°cos3° —2cos15° (cos 45° + cos 3° )

=2c0815°cos 3’ — 2c0s15° cos45° —2cos15° cos 3°
= -2c0s15° cos45°
= - (cos 60° + cos 300)

_\/§+1
2

Bai 17 : Tinh P = sin?50° + sin® 70 — cos 50° cos 70°

Taco: P =1(1—cos100°)+1(1—cos140°)—l(cos120° +cos20°)
2 2 2
P=-1 —1(cos100° + cos140°) —1(—1+ 008200]
2 2l 2

P=1- (cos120° cos 20") +l —lcos 20°
4 2

P= §+1C08200 —1008200 _5
4 2

4

Bai 18 : Ching minh : tg30° + tg40° + tgh0° + tg60° = %cos 20°

. sin(a +b)
Ap dung : tga + tgh = ———+
cosacosb

Ta 6 : (tg50° + tg40° ) + (tg30° + tg60°)
sin 90° N sin 90°
cos50° cos40° cos30° cos60°

1 1

. 0 () + 1
sin 40° cos 40 §cos30°

2 N 2
sin80° cos30°
1 1
= +
cos10° cos30°




cos 30° + cos10°
c0s10° cos 30°

cos 20° cos10°
c0s10° cos 30°

83

= ——cos20°
3

Bai 19 : Cho AABC, Chiing minh :

} } ) A B
a/ sinA +sinB +sinC =4 cos—cos —cos—

b/ socA +cosB +cosC =1+ 4sin%singsing

¢/ sin2A +sin 2B + sin 2C = 4sin Asin BsinC

d/ cos® A + cos® B + cos® C = —2cos A cos BeosC

e/ tgA + tgB + tgC = tgA.tgB.tgC

f/ cot gA.cot gB + cot gB.cot gC + cot gC.cot gA =1

/ t — 4+ t — 4+ t — = t — t —. t —
gcog2 cog2 cotg cotg—.cotg—.cotg

a/Tacd: sinA +sinB+sinC = 2sinA;BcosA;B +sin(A+B)

= 2sin

A+B( A-B A+Bj
CoS—— + cos

C A B A+B = C
= 4 c0S—C0S — COS — do ==
2 2 2 2 2 2

A+B A-B

b/ Ta c6 : cosA +cosB + cosC = 2cos 5 cos 5 —cos(A +B)

:2cosA+BcosA_B—(ZCOSQAJFB—I]
2 2
A+B A-B A+B
= 2cos cos 5 — CoS +1
= —4 cos Bsinésin(—g)+1
2 2

= 4singsinésin— +1
2 2 2
¢/ sin 2A sin 2B + sin 2C = 2sin (A + B)cos(A — B) +2sinCcosC

=2s8inCcos(A —B) + 2sinCcosC
=2sinC[cos(A —B) — cos(A + B) ]
= —4sin Csin A sin(— B)
=4sinCsinAsinB

d/ cos® A + cos® B + cos® C

=1+ %(cos 2A + cos2B) + cos® C




=1+ cos(A +B)cos(A-B)+cos’C
=1- cosC[cos(A -B)- cosC] do (cos(A +B) = —cosC)
=1- cosC[cos(A —B)+cos(A + B)]
=1-2cosC.cosA.cosB
e/ Doa+b=n-C néntacod

tg(A +B)=-tgC
- tgA + tgB _

1-tgAtgB

< tgA + tgB = —tgC + tgAtgBtgC
< tgA + tgB + tgC = tgAtgBtgC
f/ Ta c6 : cotg(A+B) = - cotgC

—tgC

1-tgAtgB _ _cot gC

tgA + tgB

cotgAcotgB -1 = —cot gC (nhan tit va mau cho cotgA.cotgB)
cot gB + cot gA

< cot gAcot gB — 1 = —cot gCcot gB — cot gA cot gC
< cot gA cot gB + cot gBcot gC + cot gA cot gC =1

g/ Tacé: tg% = cotg9

2
tgé+th C
Rt 2 "2 =cotg—
l—tgétgE 2
2 "2
t A+ t B
CcO gE (0} gg C X o s A B
= = cot g — (nhan tu va mau cho cotg— .cotg—)
A 2 2 2
coth.coth—l

A B A B C
< cotg—+cotg— =cotg—cotg—cotg— —cotg—
8y T8, g COVB G COREy T8,

A B C A B C
< cotg— +cotg—+cotg— =cotg—.cotg—.cotg—
g2 g2 gZ g2 gZ g2

Bai 20 : Cho AABC. Chiing minh :
c0S2A + cos2B + cos 2C + 4cosAcosBcosC +1 =0

Tacéd: (cos2A + cos2B) + (cos2C + 1)

=2 cos (A + B)cos(A - B) + 2cos’C

= - 2cosCcos(A - B) + 2c0s°C

=-2co0sC[cos(A — B) + cos(A + B)] = - 4cosAcosBcosC
Do @6 : cos2A + cos2B + cos2C + 1 + 4cosAcosBcosC =0




Bai 21 : Cho AABC. Chiing minh :

cos3A + cos3B + cos3C =1 - 4sin%sin§sin£

2
Tacéd: (cos3A +cos3B) + cos3C
3 3 . 5 3C
=2COS§(A+B)COS§(A—B)+1—2SIH
Ma: A+B:n—Cnén§(A+B):§n—£
2 2 2
=> cosﬁ(A +B) = cos(@—gj
2 2 2
(n’ 3Cj
= —C0S| — — —
2 2
=—sin—
Do dd: cos3A + cos3B + cos3C
:—2sin%cosw—23in2£+l
=—2$in3— coswjtsimﬁ +1
2 2 2
3(A-B
=—2sin£ cosg—cosé(AjLB) +1
2 2
=4 sin—sin%sin(ﬁ) +1
2 2
:—4sin?sin%sin§+1
Bai22: A, B, Claba géc cia mdt tam gidc. Chitng minh :
sinA +sinB-sinC B C
=tg—tg—cotg—
cosA +cosB-cosC+1 2 "2 2
94 A+B A-B 9gi C C
) sinA +sinB -sinC Sin 9 cos 9 S o CoS o
Tae0 osA+cosB—cosCr1 A+B__A-B C
COSA +CoSB —cosL+ 2cos cos 5 +2sin2§
2COS(;|:COSA;B—Sin(23} COSA_B_COSA+B
_ _ v 2
- c{ A-B . C}_COtgz' A-B __A+B
2sin —| cos +sin — cOS ——— + coS
2 2 2
. A ( B]
-28in—.sin| ——
C 2 2
=cotg§.

2cos—.cosE
2



C A B
—cotg te D gD
coLe, e ey

Bai 23 : Cho AABC. Chiing minh :

. . .. C A B
SIn — €08 — €0S — + SIN — €0S — COS — + SIN — COS — COS —
2 2 2 2 2 2

.A. B.C A B B, C A C
=sin—sin—sin—+tg—tg—+tg—tg—+ tg—tg—(*
smzsm2sm2 g2g2 g2 g2 g2g2()

Ta céo : A+B—E—9vﬁ t (—+Ej—cot 9
C Ty T Yws 2 g9
B
tg—+tg—
o Fa ¥y 1
1 tgBtgB g C
g%y By
B C A B
S|tge—+tge—tge—=1-tg—tg—
[g gz}gz g5 e

A C B, C A B
otgotg—+tg—tg— +tg—tg— =1(1
g5 gy ttg tg +tg gy (1)
Dodé: (*) & sin%cosgcos§+singcosgcosé+singcosécosE

= sinésinEsing +1 (do (1))
2 2 2

. A B C .B.C Al.B C .C B
<> sin—| cos—cos— —sin—sin— |+ cos—| sin—cos— +sin—cos— [ =1
2 2 2 2 2 2 2 2

B+C

A
+ cosS—sin 1

. A
= s1n5 Cos

. A+B+C
n—

& si -1 < sing =1 ( hién nhién ding)

Bai 24 : Chiing minh : tgé + th + tgg = 3 +.COSA +.COSB +.COSC (*)
2 2 2 sinA +sinB+sinC

Taco:

COSA+COSB+COSC+3=ZCOSA;BCOSA_B+[1—25in29}+3

2

+4—2sin29

=2 sing cos
2

= 2sin9{cosA -B —sing} +4
2 2 2

+4

} C[ A-B A+B}
= 2sin—| cos — Cos
2 2

= 4singsiné.sinE+ 4 (1)
2 2 2




sinA +sinB+sinC = 2sinA;Bc0sA_B +sinC

C
= 2c0s—cos

C[ A-B A+B}
:2c0s5 cos o)

= élcosgcosécosE (2)
2 2 2

Tu (1) va (2)tacod:

. A . B . C . A. )
sin— sin— sin— sm—sm§s1n§+1

" 2 2 _ 2
e —x+—F3m7T ¢
COS — COS — COS — COS—COS—COS —
2 2 2 2 2 2

. A B C . B A C . C
< sin—| c0S—cos — |+ sin —| cos—cosS— | + sin —| oS — cos —
2 2 2 2 2 2 2 2 2
) . B .
=sin—sin—sin— +1
2 2 2

. A B C .B.C Al . .
< sin—| cos—cos— —sin —sin— |+ cos—| sin—cos— +sin—cos— | =1
2 2 2 2 2 2 2 2

. A A . B+C
<& sIn—.coSs + cos—sin =1
2 2 2
i [A+B+C}
osinl ——— (=1
& sin= =1 ( hién nhién ddng)
. A ) .
. . Slna SlnE SlnE
Bai 25 : Cho AABC. Ching minh: B c + c At A B = 2
COS—COS— COS—COS— COS— COS —
2 2 2 2 2
Cach1:
. A . B . A A .
Sin — Sin E SIHE COSE + SIDECOS E
Ta cé: C + C A =
COS—COS— COS— COS — COS— COS — COS —
2 2 2 2 2 2
. A+B A-B
1 sinA+sinB Sih g8,

9 A B C
COS—COS—COS— COS—COS—COS—
2 2 2 2 2 2

_ A-B
cosg.cosA B COS( j
2 2 _ 2

A B C
COS—.COS—.COS—  COS—COS —
2 2 2 2




COS(A—BJ C A-B _A+B

2 sina cos 2 + cos 2
Do d6 : V€ trai = B+ A B: A B
COS—COS— COS— COS — COS — COS —
2 2 2 2 2 2
A B
208 — oS —
2 2 _g
B
COS — COS —
2 2
B+C A+C A+B
o cos 5 cos 5 cos 5
Ta c6 vé tra1 = B C + C A + A B
COS—COS— COS—COS— COS—COS—
2 2 2 2 2
B cC . B.C ; ;
COS —C0S— —sin —sin— €oS—CcosS — — sin — sin —
_ 2 2 + 2 2 2
cosgcos— COS — COS —
2 2 2 2
A B . A. B
COS — COS — —sin —sin —
n 2 2 2 2
A B
COS — COS —
2 2
B, C A C A B
=3-|tg—tg—+tg—tg—+tg—tg—
[g2 8y Ty B T8, gz}
A B B C A B
Ma : toe—tg—+tg—tg—+tg—tg—=1
¢ BBy Ty By T IE,
(da chiing minh tai bai 10)
Do d6 : VEtrai=3-1=2

Bai 26 : Cho AABC. C6 cotg%,cotgg,cotg% theo tif tu tao cAp sd cong.

Chiing minh cot g%.cotg% =3

Ta cé : cot g%,cot gg,cotg% 12 c4p sO cong

A C B
tg= +cotg— =2cotg—
& Co g2 co g2 co g2
. A+C
sin
= =

. A . C . B
sin—sin—  sin—
2 2 2

2cosE
2




B
COS —

9 B
- 2 _2co0s 2
. . . B
sin—sin—  sin—
2 2 2
1 2 . B
& —A C- AT C (d00<B<nnencos§>0)
sin—sin— cos
2 2 2

COS—CO0S— —sIn— sin — A C
= 2 2 2 =2 < cotg—cotg— =3
) . C 2 2
sin — .sin —
2 2

Bai 27 : Cho AABC. Chiing minh :
1 1 1 1 [

+ + =
sinA sinB sinC 2

tg%+ tgng tgg+ cotg%+ cotgg+ cotgg}

A B C A B C

Taco: cotg— +cotg—+cotg— =cotg—.cotg—.cotg—

4e0ncotey &9 &9 By COVE, 08,
(Xem chitng minh bai 19g )

] 2
Mit khéc : tgo + cot go, = 2% | COS%

coso. sino  sin 2o

1 A B C A B C
Dodo: —|tg— +tg— + tg— + cotg — + cotg — + cotg —
0% 2[;;2 8 Tl g Ty T gz}

2
1 A B C 1 A B C
=Z[tg= +tg= + tg— |+ =| cotg = + cotg = + cotg —
2{g2+ g2+ g2}+2[cog2+cog2+cog2}
1 A A 1 B B 1 C C
=Ztg= +cotg— |+=|tg=+cotg— |+—|tg— + cotg—
2{g2+c0g2}+2{g2+cog2}+2{g2+cog2}
1 1 1
sinA sinB sinC
BAITAP
1. Chiing minh :
T 2 1
a/ cos— —cos— = —
5 5 2

b/ cos15 +s?n15 :\/§
cos15° —sin15°

21 4r om 1
c/ cos7 +c0S— +CcO0S— = ——

7 7 2
d/ sin® 2x sin 6x + cos® 2x.cos 6x = cos® 4x
e/ tg20°.tg40°.tg60°.tg80° = 3

T 21 5510 T 8\/§ T
f/tg—+tg—+tg—+tg—=——cos—
86 B9 "BIg T g T T3 %y

T 2n 3n 4 51 6m n 1
g/ coS—.C0S—.C0S—.COS—.COS —.CO0S — .COS — = —

15 15 15 15 15 15 15 2




h/ tgx.tg [g - x} tg [g + x} = tg3x

k/ tg20° + tg40° + +/3tg20°.tg40° = /3

e/ sin 20°.sin 40°.sin 80° = g
m/ tgh°.tgh5°.tg65°.tg75° =1
sinx = 2sin(x +y)
2. Chitng minh riing néu -
X+y¢(2k+1)§(kez)
siny

cosy—2
3. Cho AABC c¢6 3 géc déunhonva A>B>C

a/ Chitng minh : tgA + tgB + tgC = tgA.tgB.tgC

b/ bat tgA.tgB =p; tgA.tgC=q

Ching minh (p-1)(g-1)>4
4. Chitng minh cic bi€u thiic khong phu thudc x :

a/ A = sin* x(l + sin” x) + cos* x(l + cos® x) +5sin®xcos’x +1

thi tg(x+y)=

b/ B = 3(sin8 x — cos® x) + 4(cos6 X — 2sin® x) +6sin’ x
¢/ C =cos’(x—a)+sin®(x —b)—2cos(x —a)sin(x — b)sin(a - b)

5. Cho AABC, chitng minh :

a/ coth+,CLC:coth+.cLB
sinBcos A sinCcos A
b/ sin® A + sin® B +sin® C = 3cosécosEcos9+ cosS—cos@cos%
¢/ sinA +sinB+sinC = cos%.cos B-C + cosg.cosA;C
C A-B
+C0S—.COS
2 2

d/ cotgAcotgB + cotgBcotgC + cotgCcotgA =1

e/ cos® A + cos’B +cos’>C =1-2cosAcosBcosC

f/ sin3 Asin(B- C)+ sin3Bsin(C- A)+ sin3Csin(A- B) =0
6. Tim gia tri nhé nhat cua :

- +
SInX COSX

aly = v6i0<x<g

b/y=4x+%+sinx Vi 0 < X <0
X

¢/ y=2sin’x + 4sinxcosx + /5

7. Tim gi4 tri 16n nhat cua :
a/ y = sin X+/c0S X + €OS X+/sin X

b/ y = sinx + 3sin2x

¢/ y=cosx++2—cos’x



Chuong2: PHUONG TRINH LUGNG GIAC CO BAN

) ) u=v+k2n
sinu =sinv <
u=n-v+k2n

cosu =cosvV < u=1v+k2n
uz L ikn

tgu = tgv < 2 (k,k'e Z)
u=v+k'n

u# kn

cotgu=cotgv<:>{ ,
u=v+k'n

Picbiét: sinu=0< u=Kkn cosu=0ou=2L+kn
sinu:1<:>u:g+k2n(keZ) cosu=1<u=Kk2rn (keZ)
sinu:—1<:>u:—g+k27c cosu=-lou=n+k2n

Chi y : sinu# 0 < cosu # 1
cosu # 0 < sinu = £1

Bai 28 : (P¢é thi tuyén sinh Pai hoc khéi D, nim 2002)
Tim x € [0,14] nghiém ding phwong trinh

cos3x —4cos2x +3cosx —4 = 0(*)

Tacé (¥) : < (4cos3x—3cosx)—4(200szx—1)+300sx—4 =0
& 4cos’x-8cos’x =0 < 4cos®x(cosx-2)=0

< cosx = Ohay cosx = 2(loai vicosx <1)

& X=g+kn(keZ)

Ta c6 : xe[0,14]<:>0£g+kn£14
1 14

o -Fckn<14-T o 05--L<k<_ Ll os9

2 2 T2
Ma ke Z nén k e{0,1,2,3}. Do d6 : x e | %, 38 21 Tt
22722

Bai 29 : (B¢ thi tuyén sinh Pai hoc khdi D, nim 2004)
Gidi phuong trinh :
(2cosx —1)(2sinx + cos x) = sin 2x — sin x (*)

Ta c6 (*) < (2cosx —1)(2sinx + cosx) = sinx(2cosx — 1)




= (2cosx—1)[(2sinx+cosx)—sinx] =0
< (2cosx -1)(sinx +cosx) =0
& cosx=%vsinx= —COSX

T T
& cosx=cos—Vvitgx=-1=tg| ——
T tg g( 4]

= X=i§+k2nvx:—£+kn, (keZ)

Bai 30 : Gidi phuong trinh cosx + cos 2x + cos 3x + cos4x = 0(*)

Ta c6 (*) < (cosx + cos4x)+ (cos2x + cos3x) =0

S 2cos5—X.cos3—X+ 2cos§.cos§ =0
2 2 2 2

5x 3x X

< 2co0s—| cos— +cos—|=0
2 2 2

= 4cos5—Xcosxcos§:O
2 2

= COS5—2X=OVCOSX=OVCOS§=O

<:>5—X=£+kTEVX=E+kTCV§=E+kTC
2 2 2 2 2

o X=£+2—knvx=£+kWVX=n+2n, (k e Z)
5 5 2

Bai 31: Gidi phwong trinh sin” x + sin” 3x = cos” 2x + cos” 4x(*¥)

Ta c6 (*) < %(1 — 08 2X) +%(1— cos 6x) = %(1 + cos 4x) +%(1 + c0s 8%)

= —(cos 2X + €OS 6x) = cos4x + cos 8x

< —2c084xcos2x = 2cos 6x cos 2x
< 2cos2x(cos6x + cos4x) =0

< 4cos2xcosbxcosx =0
< cos2x=0veosbx=0vcosx=0

& 2X=E+an5XE+kTE\/X=E+kTC,kEZ
2 2 2

Bai 32 : Cho phuong trinh
sin x.cos4x — sin? 2x = 4 sin? (g _ EJ 1 (%)

Tim cdc nghiém cda phuong trinh thda: |x -1 < 3




Ta c6 : ()= sinx.cos4x—%(1—cos4x) = 2{1—cos(g—xﬂ—%
= sinxcos4x—l+lcos4x :—§—25inx

2 2 2
= sinxcos4x+%cos4x+1+2sinx:O

= cos4x(sinx+%)+ 2(sinx+%) =0

o (cos4x+2)[sinx+%) =0

cos4x = —2(loai) x = -2 4 k2n
<. 1 . T A
sinx =——=sin| —— 7
2 ( 6] X:€+2hﬂ?

Tacé:|x—1|<3 o -3<x-1<3 © 2<x<4
Viy : —2<—%+k2n<4

<:>£—2<2k71<4+E <:>L—l<k<g+i
6 6 T n 12

Do ke Z nénk =0. Vay X:—%

—2<7—6n+h2n<4

= —2—%<h2n<4—7—n<:>—1—l<h<z—l

n 12 n 12

=h=0 :X=7—R.T6mlai x=_—ﬂhayx=7—7E
6 6 6

Cdch khdc : sinx:—%ax:(—l)k%t+kn,ke 7

Viy : —2<(—1)k_—Tc+kn<4<:>_—2<(—1)k_—1+k<é
6 T 6 T

< k=0 va k = 1. Tuong tng vdi x:_—ghayX:r?—g

Bai 33 : Gidi phuong trinh
sin® x cos 3x + cos® x sin 3x = sin® 4x(*)

Ta ¢6 : (*)< sin® x(4 cos® x — 3cos X) + cos® x(3 sin x — 4 sin® x) = sin® 4x
< 4sin® xcos® x — 3sin® x cos x + 3sin x cos® x — 4sin® x cos® x = sin® 4x

< 3sinxcos x(cos2 X — sin? x) =gin® 4x

o gsin 2x cos 2x = sin® 4x




o %sin 4x = sin® 4x

< 3sin4x —4sin®4x =0
< sinl2x =0

< 12x = kn @X:k(keZ)

£n
12

Bai 34 : (B¢ thi tuyén sinh Pai hoc khdi B, nim 2002)
Gidi phuong trinh :
sin” 3x — cos” 4x = sin” 5x — cos” 6a (*)

Tacé: (P
%(1 — c0s 6X) — %(1 + 08 8x) = é(l —cos10x) - %(1 + cos 12x)
& c086x + cos8x = cos10x + cos12x

< 2cosTxcosx = 2cosllxcosx
< 2cosx(cosTx —cosllx) =0

< cosx=0vcos7x =cosllx

o x:g+knv7x:illx+k2n

& X=E+kTCVX=—gVX=ﬁ,kEZ
2 2 9

Bai 35 : Gidi phuong trinh
(sinx + sin 3x) + sin 2x = (cos X + c0s 3X) + c0s 2x

< 28in2xcos X + sin 2x = 208 2x cos X + €os 2xX
< sin2x(2cosx +1) = cos2x(2cos x + 1)

< (2cosx +1)(sin2x — cos2x) =0

271 .
& COSX = —— = C0S— V Sin 2X = cos 2x
2 3
& X:iz—;+k2nvtg2x=1=tg£

o X:iﬁ+k2nVX:£+kE,(k€Z)
3 8 2

Bai 36: Gidi phuong trinh
cos 10x + 2 cos” 4x + 6 cos 3x.€0s X = cos X + 8 cos x. cos’ 3x (*)

Ta c6 : (*)< cosl0x + (1 + cos 8x) = COSX + 2cosx(4 cos® 3x — 3cos 3x)

= (cos 10x + cos 8x) +1 =cosx + 2cosx.cos 9x

< 2c089xcosx +1 =cosx + 2cosx.cosIx
< cosx=1
& X = kZTc(k 1= Z)

Bai 37 : Gidi phuong trinh




4sin® x + 3cos’ x — 3sinx — sin” x cos x = 0(*)

Ta cé : (¥) < sinx(4sin2x—3)—cosx(sin2x—3cosz x) =0
=S sinx(élsin2 x—3)—cosx[sin2 x—3(1—sin2 x)} =0

=S (4sin2x—3)(sinx—cosx):O

=S [2(1—cos2x)—3](sinx—cosx) =0

1 27
COS2X = —— = CcOS—
= 2 3

sinX = cos X

2n x:iE+kn
2x =+—+k2
= x 3+ T = 3 (k € Z)
[ tgx =1 x=£+kn

Bai 38 : (Pé thi tuyén sinh Pai hoc khdi B nim 2005)
Gidi phuong trinh :
sin X + cosx + 1 + sin 2x + cos 2x = 0(¥)

Ta c6 : (*) < sinx +cosx + 2sinxcosx + 2cos’x =0
< sinx +cosx + 2cosx(sinx + cosx) =0

< (sinx +cosx)(1+2cosx)=0

[sinx = —cosx

= 1 2n
COS2X = —— = cOS—
L 2 3
[tgx = -1

=
X = i@+ k2
L 3
x=-2+kn

o ‘; (k € Z)
X = i?nJr k2n

Bai 39 : Gidi phuong trinh
(2sinx +1)(3cos4x + 2sinx — 4) + 4 cos’ x = 3(¥)

Ta c6 : (*) < (2sinx +1)(3cos4x + 2sinx —4) + 4 (1 - sin” x)
< (2sinx +1)(3cos4x +2sinx —4)+(1+2sinx)(1-2sinx)
& (2sinx+1)[30034x+2sinx—4+(1—2sinx):| =0

< 3(cos4x—-1)(2sinx+1)=0

& cosd4x =1vsinx = 1 sin(—ﬁ)
2 6

~-3=
=0

0




= 4X=k2ﬁVX=—%+k2ﬂVX=%+k2ﬂ:

o x:—HVX:—E+k2nvx:7—n+k2n,(keZ)
2 6 6

Bai 40: Gidi phuong trinh
sin® x + cos® x = 2(sin8 X + cos® x)(*)

Ta ¢ : (*) < sin®x —2sin® x + cos® x —2cos® x =0
sin® x(l — 2sin? x) — cos® x(2 cos?x — 1) =0

sin® x cos 2x — cos® x.cos2x = 0

oS 2x(sin6 x — cos® X) =0

cos2x = 0 v sin® x = cos® x

cos2x =0v tgbx =1

0 60 00 O

2x :(2k+1)gvtgx = +1
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Bai 41 : Gidi phuong trinh

COS X. cos 2X.cos 4X.cos 8x = % (*)

Ta thdy x = kn khéng 12 nghiém cida (*) vi lic dé6
cosx =*1,cos2x = cos4x =cos8x =1

(*) thanh : £1 = % v6 nghiém

Nhin 2 v€ cda (¥) cho 16sinx # 0 ta dugc

(*)< (16sinx cosx)cos 2x.cos4x.cos8x =sinx va sinx # 0
< (8sin2x cos 2x)cos4x.cos8x = sinx va sinx # 0

< (4sin4xcos4x)cos8x = sinx va sinx # 0

& 2s8in8xcos8x =sinx va sinx # 0

& sinl6x =sinx va sinx =0
—anvx=i+ﬁ,(keZ)
15 17 17

Do : x = hr khong la nghiém nén k # 156m va 2k +1# 17n(n,m € Z)

=X =

Bai 42: Gidi phuong trinh 8cos’ (x + E) = cos 3x (*)
3

Defltt:x+E<:>x:t—E
3 3




Thi cos 3x = cos (3t — 1) = cos(n — 3t) = —cos 3t

Viy (*) thanh 8cos’t = —cos 3t
< 8cos’t =—-4cos’t+3cost
<12cos’t —3cost =0

& 3COSt(4COSZt—1)=0

o 3cost[2(1+cos2t)—1] =0

<cost(2cos2t +1)=0

<cost=0vcos2t :-1:(;03@
2 3

<:>t:(2k+1)gv2t:i2—;+k2n

oSt = +knvt=ig+kn

T
2
Ma x=t—E

3

Viy (%) X=%+k2n\/X=knvx=2?%+kn,(véikeZ)

Ghi chd :
Khi gidi cdc phuong trinh lugng gidc cé chita tgu, cotgu, c6 4n & mau, hay
chita cian bac chdn... ta phdi dit diéu kién d€ phuong trinh xdc dinh. Ta sé&
dung cdc cdch sau day d€ ki€m tra diéu kién xem c6 nhdn nghiém hay
khoéng.
+ Thay cdc gid tri x tim dudc vao diéu kién tht lai xem c6 thda

Hoic + Bi€u dién cdc ngon cung diéu kién va cdc ngon cung tim dudc trén cling
mot dudng tron lugng gidc. Ta s€ loai bd ngon cung ctia nghiém khi ¢6
tring v6i ngon cung clia diéu kién.

Hoic + So vdi cdc diéu kién trong qud trinh gidi phuong trinh.

Bai 43 : Gidi phuong trinh tg”x — tgx.tg3x = 2(*)

. cosx#0 n  hrn
DPiéu kién S ceos3x 0o x = —+ —

cos3x =4cos®x—-3cosx =0 6 3

Liic d6 ta c6 (*) < tgx (tgx — tg3x) =2

sin x [sinx sin 3xj _9

cOS X\ COSX cCoSs3x

<> sin x (sin x cos 3x — cos x sin 3x) = 2 cos” x cos 3x
<> sin x sin (-2x) = 2 cos” x. cos 3x

< —-2sin® x cos X = 2 cos® x cos 3x
< —sin®x = cosxcos 3x (do cosx = 0)

@—%(1 — €08 2X) = %(cos 4x + cos 2x)

& cosdx=-1o4x=n+k2n




<:>X=E+E(kEZ)
4 2

so v@i diéu kién

3n 3_k7tj J2

Céchl:Khix:E+Ethi c0s 3X = cos| — + =+—— » 0(nhén)
4 2 4 2 2

Cédch 2 : Bi€u dién cdc ngon cung diéu kién va ngon cung nghiém ta thdy
khdng c6 ngon cung nao trung nhau. Do d6 :
n  kn /2
e Xty o
.. e N 1Nt 4 /4
Luu y cdch 2 r4t mat thdoi gian _S_KA/ N6

Cdch 3 : 6

Néu 3X:%+3—kn:2+hn
4 2 2

W

Thi 3+ 6k =2+ 4h
<1=4h-6k = 47 "6

@%th—3k (vo 1y vi k,h e Z) = I

4 32 4

Bai 44: Gidi phuodng trinh

tg®x + cot g’x + cot g%2x = %(*)

cosx # 0
Piéu kién {sinx # 0 < sin2x = 0
sin2x = 0

Do d6 :

1 1 1 11
*)= -1|+ -1|+ -1|=—
) (COSZX J (sinQX J (sin2 2x j 3

1 1 1 20

2. 2. T a2 2. q
cos“xX sin“x 4sin”xcos”x 3
4sin2x+4cos2x+1_@

4 sin? x cos® x 3

5 _20
sin®2x 3

f—

< sin® 2x =§ (nhin do sin2x #0)

<:>1(1 — cos 4x) = 3
2 4

1 27
< c084xX = —— = Ccos—
2 3

o4x = i2—3n+k2n

ox=t5 K oz
6 2




Chd ¥ : C6 thé dé dang ching minh : tgx + cot gx = —
sin 2x

Vay (*)<(tgx + cot gx)2 -2+ ( - 12 - 1) _u
sin” X 3

5 _2
sin®2x 3

Bai 45 : (B¢ thi tuyén sinh Pai hoc khdi D, nim 2003)
Gidi phuong trinh

sin® E—EJ’LZ —cos? X = o(*
' (2 1)8* 5~ 00%)

Piéu kién : cosx # 0 < sinx # 1
Iic d¢ :
.2
(*)(:}l l1-cos|x-= SmZX—l[1+cosx]:0
2 2)|cos"x 2

1-si 1 - cos®
<:>( s1nx)( : cos X)—(1+cosx)=0
1-sin“x

1-cos’x

- —(1+cosx)=0
1+sinx

o (1+cosx)[m—l} =0
1+sinx

<(1+cosx)(-cosx—sinx) =0
[cosx = —1(nhéndocosx = 0)
&

| tgx =-1

[x = n+k2n

X=-—=+kn
4

Bai 46 : Gidi phuong trinh
sin 2x (cot gx + tg2x) = 4 cos® x (¥)

sinx # 0 sinx # 0

cosx # *1
biéu kién : { {

cos2x # 0 2cos’x-1%0 cosx¢i72

in 2
Ta ¢6 : cotgx + tg2x = cosx |, smex

sinx cos2x
_ €0S2XC0sX +sin2xsin X

sin X cos 2x
COS X

sin X cos 2x

L . coS X
Lucdo:(*)<:>2s1nxcosx( ):4cos2x

sin X cos 2x




2cos? x

=4cos”x (Dosinx = 0)

cos 2x

[cosx =0 cosx:O(Nhéndocosx;tgvé;t ilJ
S| L,

L cos 2x cos 2X = % = cosg,(nhén dosinx = 0)

x =2 1 kn
| 2 (k € Z)

X=+=+kn

L 6

Bai 47 : Gidi phuong trinh:
cot g”x — tg’x

=16(1+ cos 4x)
cos 2x

2 2
. cos”“X sin“x

Ta c6 : cotg’x — tg’x = = T — 5
sIn“x cos" X

_cos*x—sin'x _ 4cos2x

sin” x cos? x sin” 2x

o sin2x # 0 .
biéu kién : < sindx # 0
cos2x # 0
4

Luc d6 (*) &

nlox 16(1 + cos 4x)

< 1=4(1+cos4x)sin® 2x
< 1=2(1+cos4x)(1-cos4x)
1= 2(1—c0s2 4x) = 2gin? 4x

< sin? 4x = %(nhén do sin4x # 0)

(:)1(1—0038)1):1
2 2

c>cosSx=O<:>x=i+E,keZ
16 8

Bai 48: Gidi phudng trinh: sin® x + cos* x = gcot g(x 4 gj cotg(ﬁ - xj(*)

6
sin x+E =0 sin x+E =0
3 3
=

sin[ﬁ—xjio cos(x+£j¢0
6 3

biéu kién




= —%sin2x +£0082x =0

S tg2x # J3

) ) 2 } 1 .
Ta cé: sin* x + cos? x = (sm2 X + cos? x) —2sin?x.cos®x =1 - =sin?2x

7T T T T
Va: cot +—|.cotg| —— = cot +— |.tg| —+ =1
: g(x 3) g(G X] g(x 3) g(s Xj

Lic d6: () & 1— Lgin?2x =
2 8

& —l(l—cos4x) __1

4 8

= cos4x:1
2

oL n kn
o4x=rt—+kK2neox=+—+—

12 2
(nhdn do tg2x = i? * \/§)

Bai 49: Gidi phuong trinh 2tgx + cot g2x = 2sin 2x + — 1 (*)

sin 2x
. cos2x = 0
biéu kién: < . < sin2x # 0 < cos2x = *1
sin2x = 0
L. 2sinX cos2x .
Lic dé: (¥*) < + = 2sin2x +

cosxX sin2x sin 2x
< 4sin® x + cos 2x = 2sin? 2x + 1

< 4 sin? x+(1—2sin2 x): 8sin? xcos? x + 1
< 2sin? x(1—4c0s2 x) =0
& 2sin® x[1-2(1+cos2x)]=0

sinx = 0(loai do sin2x # 0 = sinx # 0)

A 1 27 R
cos 2xX = h cos?(nhan do cos 2x # +1)

<:>2x:i%+k2n(keZ)

<:>x=ig+kn,keZ

. . 3(sinx + tgx)
Bai 51: Giai phuong trinh:

-2(1 =0(*
tax _sinx (1+cosx)=0(%*)




sin x

biéu kién : tgx —sinx# 0 < —sinx#0
CcoOsS X
. sinx # 0
s1nx(1—cosx) )
= #0 < Jcosx#0 <= sin2x %0
cos X
cosx#1

Lic d6 () 3(sinx + tgx).cot gx

-2(1 =0
(tgx —sinx).cot gx (1+ cosx)

3(cosx +1)
(1-cosx)
3

1-cosx
< 1+2cosx=0

—2(1+cosx)=0

—2=0(dosinx # 0 néncosx +1 = 0)

1 A
& COSX = —5 (nhdn so vdi di€u kién)

& X:i2—;+k2ﬂ3,k€Z

Bai 52 : Gidi phuong trinh
(1-cos x)2 +(1+ cos x)2

—tg’xsinx = %(1 +sinx) + tg”x (¥)

4(1-sinx)
x cosx =0
biéu kién : < | < cosx#0
sinx #1
2(1+ cos® x £ 3 ‘2
Lic d6 (") ( : ). S X _ L sing) s SR X
4(1-sinx) 1-sin®x 2 1-sin®x

o (1 + cos® x)(l +sinx)-2sin’x = (1+ sinx)(l — sin® x) +2sin®x
1 + sinx (1+cos x) (1+ sinx)cos” x + 2sin” x(1 + sin x)

<
{1+s1nx 0

1+ cos?x =cos?x+2sin®x
sinx = -1(loaidocosx#0)
1=1-cos2x

< co82x =0

= 2X=E+kTC
2

& X :£+kg (nhan do cosx # 0)

Bai 53 : Gidi phuong trinh
cos 3x.tghx = sin 7x (*)

Piéu kién cosbx # 0
L sin 5x

Lic d6 : (*) < cos 3x.

cos bx

=sin7x




< sin Hx.cos 3x = sin 7xX.cos bx
= %[sin 8x + sin 2x] = %[Sin 12x + sin 2x]

< 8in 8x = sin 12x
< 12x =8x+k2n v 12x =1 — 8x + k2~n

kn n  kn
ESX=—V X=—+—
2 20 10
So lai vdi diéu kién
X = % thi cosbx = cos%kn = cosE (loai né€u k 18)

x:i+E thi cos5x = cos E+E # 0 nhan
20 10 4 2 )

Do d6 : (*)< x = hn v x:21+g,vc’iik,h cZ

Bai 54 : Gidi phuodng trinh

.4 4
SIn” X+ COoS X _ é(tgx + cot g2X) (*)

sin 2x

Piéu kién : sin2x # 0
2

Ta ¢c6 : sin* x + cos* x = (sin2 X + cos® x) —2sin®xcos® x

= l—lsin2 2x
2

tgx + cot g2x = Sih X + c0s 2X

cosxX sin2x
_ sIn2xsinX + CoS X Cos 2X

Ccos X sin 2x
~ cos(2x — x) 1

cosxsin2x  sin2x

l—lsin2 2x 1

Do d6 : (*) & : = —
sin 2x 281n 2x

(:)1—lsin2 2x=l
2 2

< sin® 2x =1 (nhandosin2x = 0)
< cos®2x =0

<:>2x:§+kn, k €Z

<:>X=E+E,k eZ
4 2

Bai 55 : Gidi phuodng trinh
tg”x. cot g*2x.cot g3x = tg’x — cot g*2x + cot g3x (*)

Piéu kién : cosx # 0Asin2x # 0Asin3x = 0




&sin2x # 0Asin3x # 0

Lic d6 (*) < cotg3x (tgzx cot g?2x — 1) = tg’x — cot g”2x

< cot g3x K

& cot g3x [(1 — 08 2x)(1+ cos4x) — (1 + cos 2x)(1 - cos 4x)]
=(1-cos2x)(1-cos4x)—(1+ cos4x)(1+ cos2x)

< cot g3x[2cos4x — 208 2x] = —2(cos 4x + cos 2x)

l—cos2xj(1+cos4xJ_1} 1-cos2x 1+ cos4dx

1+cos2x/\1-cosdx " 1+cos2x 1-cos4dx

cos 3x

— —[—4sin3xsinx] = -4 cos 3x cos x
sin 3x

< cos3xsinx = cos3xcosx  (do sin3x # 0)

< c0s3x=0vsinx = cosx
C>3X=g+knvtgx:1

C>X=E+EVX=£+ITC(I{,1€Z)
6 3 4

So vdi diéu kién: sin2x.sin3x = 0
* Khi X=E+ﬁ thi sin(2+2—mj.sin(£+knj =0
6 3 3 3 2
) [1+2kj
& sin 3 0

Lu6n ding Vk théa 2k+ 1# 3m(m € Z)

iﬂio
2

* Khi X=£+ITE thi sin E+217r sin ﬁ+317t =
4 2 4
luén ding
X=E+E ,keZAn2k#3m-1(meZ)
Dodé: () | 6 3
x:E+1n,leZ
4

Cach khdc:
(*) < cotg3x (tg2x cot g”2x — 1) = tg”x — cot g”2x
tg”x —cot g?2x  tg®2x.tg’x -1
tg’xcotg?2x -1  tg’x — tg?2x
(1+tg2x.tgx)(1-tg2x.tgx)
(tg2x — tgx) (tg2x + tgx)
< cot g3x =cot gx.cotg3dx < cos 3x = 0vsin X = cos X

< cot gdx =

< cot g3x =

BAITAP



Tim cdc nghi€m trén (g,&cj cia phudng trinh:

\}

sin(2x+5—;j—3cos(x—ﬁj =1+2sinx

T

Tim cdc nghi€m x trén [0, 2) ciia phudng trinh

sin® 4x — cos” 6x = sin (10,57 + 10x)

Gidi cdc phudng trinh sau:

a/ sin®x + cos® x = 2(sin5 X + cos® X)
sin X + sin 2x + sin 3x

b/ =3
COS X + €08 2X + cos 3x

o/ tg2x= 1+ cosx

1-sinx
d/ tg2x — tg3x — tghx = tg2x.tg3x.tghx

1 2
e/ cosgx =c0os” X

f/2\/§sin(x+zj: _1 + 1
4 SInX COSX

2
sin 2x

i/ 2tgx + cot g2x = /3 +

h/ 3tg3x + cot g2x = 2tgx +

sin 4x
2

k/ sin® x + sin? 2x + sin? 3x = 2
1/ ﬁ+2cosx:0
1+sinx

m/ /25 — 4x” (3sin 2nx + 8sinnx) = 0

sinx.cot gbx

n/ 1

cos 9x

o/ 3tgbx —

= 2tg2x — cot g4x

sin 8x
p/ 2sin 3X(1 — 4 sin? X) =1

q/ tg*x = M
1-sinx

3

) ) 2
1/ cos® x cos 3x + sin® xsin 3x = T

s/ sin* (Ej + cos® (E] = é
3 3 8

t/ cos®x —4sin®x — 3cosxsin?x +sinx = 0

4 X

u/ sin4g+cos 5:1—2sinx



v/ sin(SX - Ej = sin 2x. sin(x + Ej
4 4

(2 — gin? x) sin 3x

w/ tg4x +1= 1
cos” X

y/ tgx + cosx — cos®x = sinx(l + tggtng

Cho phuong trinh: (2sinx —1)(2cos2x + 2sinx + m) = 3 - 4 cos” x(1)
a/ Gidi phuong trinh khi m = 1
b/ Tim m d€ (1) ¢6 ding 2 nghiém trén [0, n]
(PS: m=0vm<-1vm>3)
Cho phuong trinh:

4 cos® xsin x — 4 sin®

X.cos X = sin® 4x + m (1)
Bi€t ring x = n 12 mot nghiém cia (1). Hay gidi phuong trinh trong trudng
hgp do6.



CHUONG I11. )
PHUGONG TRINH BA C HAI VOI CAC HAM SO LUGNG GIAC

asin®u+bsinu+c=0 (a#0)
acos’u+bcosu+c=0 (a#0)
atg’u+btgu=c=0 (a=0)
acotg?u+beotgu+c=0 (a#0)

Cach gidi:
Pit : t =sinu hay t =cosu véi [t| <1

t = tgu (diéu kién u = g+ kn)

t = cotgu (diéu kién u = kn )
C4c phuong trinh trén thanh: at? + bt +¢ =0
Gidi phuong trinh tim dudc t, so vdi diéu kién d€ nhan nghiém t.
T d6 gidi phudng trinh lugng gidc ¢d ban tim dugc u.

Bai 56: (P¢é thi tuyén sinh Pai hoc khéi A, nim 2002)

Tim cdc nghi€ém trén (O, 2m) clia phudng trinh

cos 3x + sin 3x
1+ 2sin 2x

5(3inx+ J:3+c0s2x(*)

DAL 1 . 1
biéu kién: sin2x # ——

Ta cé: sin3x + cos3x = (3sinx—4sin3 x)+ (Alcos3 x—3cosx)

=-3(cosx —sinx) + 4(cos3

x — sin® x)

= (cosx —sin x)[—S + 4(cos2 X + cos X sin x + sin? x)}

= (cosx — sinx)(1 + 2sin 2x)

Lic dé: (*) < 5[sinx +(cosx — sinx)] =3+ (2cos2 X — 1)

(do sin 2x # —lj
2

< 2c082x-5c0sx+2=0
1
COSX = —
= 2
cosx = 2(loai)

31

o x=+" 1 k2n (nhdn do sin2x =+—# ——)
3 2 2




Do x €(0,27) nén X=£VX=@

3

Bai 57: (Bé thi tuyén sinh Pai hoc khéi A, nim 2005)
Gidi phudng trinh: cos® 3x.cos 2x — cos® x = 0(*)

Ta c6: (¥) @M.cos%(—# =

0

< cosb6x.c082x —1 =0 (%)
Cach1l: (**) < (4cos3 2x — 3cos2x)cos2x -1=0
< 4cos? 2x - 8cos?2x-1=0

cos?2x =1
e, 1 .
cos” 2x = —Z(vﬁ nghiém)

& sin2x =0

<:>2x:kn<:>x:%(keZ)

Cdch2: (**%) & %(cosSx +c0s4x)-1=0
< cos8x+cosdx—-2=0

& 2c0s24x + cosdx—3=0

cosdx =1

< cos4x = —g(loai)

cdx=k2n < x = %
Cidch 3: phuong trinh lugng gidc khdng mdu muc:
cos6x =cos2x =1

(keZ)

cos6x = cos2x = -1

Cach 4: cos8x+cosdx—-2=0<cos8x+cos4dx =2
< c0s8x=cosdx =1<cos4x =1

Bai 58: (D¢ thi tuyén sinh Pai hoc kh&i D, nim 2005)

Gidi phuong trinh: cos* x +sin? x + cos(x - g) sin (3){ - gj —g =0

Ta cé:

(*)

2
= (sin2 X + cos> x) — 92sin? xcos? x + %{sin[4x - g) + sin 2x} —g =0




o 1—%sin2 2x+%[—cos4x+ sin2x] 3 =0
= —lsin2 2)(—1(1—2sin2 2)()+lsin2x—l =0
2 2 2

o sin?2x +sin2x - 2=0
sin2x =1

sin 2x = —2(loai)

<:>2x=g+k2n,keZ

<:>x:£+kn,keZ

Bai 59: (P¢é thi tuyén sinh Pai hoc khéi B, nim 2004)
Gidi phudng trinh: 5sinx — 2 = 3(1 - sinx)tg’x  (¥)

biéu kién: cosx # 0 < sinx # +1

.2
Khi d6: (*) < 5sinx -2 = 3(1-sinx) >
COS X
s 2
<:>5sinx—2:3(1—sinx)sm—')2(
1-sin“x
.2
© Bsinx - 2= oS X
1+sinx

o 2sin®x +3sinx-2=0
sinx = 1(nhéln dosinx # +1)

= 2

sinx = -2(v6 nghiém)

@x:%+k2nvx:5—6n+k2n(keZ)

Bai 60: Gidi phuong trinh: 2sin 3x — .1 =2c0s3x + 1 (*)

sin x COS X
biéu kién: sin2x # 0
. 1 1
Lic d6: (*) < 2(sin3x —cos3x) = ——+
sinx cosx
. . 3 3 1 1
@2[3(smx+cosx)—4(s1n X + COS X):|= — +
sinx cosx

) ) ) sin X + cosS X
< 2(sinx + cosx)[3—4(s1n2 X — Sin X cos X + cos> )} — == "=

sin X cos X

) . 1
=N (s1nx+cosx)[—2+8s1nxcosx—,— =0
sin x cos x



& (sinx+cosx)[4sin2x— . 2 —2} =0
sin 2x
sinx + cosx =0 tgx =-1
o

) - . 1 (nhén so véidiéu kién)
4sin“2x-2sin2x-2=0 sin2x =1vsin2x = —

<:>X=—g+knv2x=g+k2nv2X=—%+k2nv2x=ﬁ+k2n,keZ

&S x=+4 +anX:—%+kn\/X:7—n+kn,keZ

T
4

cosx(ZSinx+3\/§)—200s2 x—1

Bai 61: Gidi phudng trinh: =1 (%
P 8 1+ sin 2x ( )

biéu kién: sin2x # -1 < x # L

Luc dé:

(*) < 2sinxcosx + 3v2 cosx — 2cos? x — 1 = 1 + sin 2x
& 2c082x-3/2cosx+2=0

& COSX = 72 hay cos x = \/§(v6 nghiém)

x:£+k2n
PN 4

x = +k'2n(loai do didu kién)
4

<:>x=£+k2n
4

Bai 62: Gidi phudng trinh:

X 3x ) .x . 3x 1
cosx.cosE.cos——smxsm—sm—:—

)

Ta cé: (*) & %cosx(cost +COSX) + %sin x(cos2x — cosx) =

N~

& COS X. €08 2X + cosZ X + Sin X cos 2X — sinxcosx = 1
< c0s2x(Ccosx +sinx) = 1-cos®x +sinxcosx
< cos2x(cosx +sinx) = sin X (sin X + cos X)
< (cosx +sinx)(cos2x — sinx) = 0(* *)
o (cosx+sinx)(1—251n2x—sinx) =0
COSX = —SinXx
o 0

2sin“x+sinx—-1=0



tgx = -1
&S| sinx = -1

sinx =

N |

x=-"4+kn
4

IS X=—g+k2n (keZ)

x:%+k2nvx:5—n+k2n

Cach khac: (**) © tgx =-1vcos2x =sinx = cos(g— xj

Bai 63: Gidi phuong trinh: 4 cos® x + 342 sin 2x = 8cos x(*)

Ta c6: (*) < 4cos® x + 642 sinxcosx — 8cosx = 0
o cosx(2coszx+3\/§sinx—4) =0

& cosx[Z(l — sin? X)+ 3\/§Sinx—4J =0

<:>cosx=0v2sin2x—3«/§sinx+2:0

cosx =0

. 2
& |sinxX = —

sinx = v/2 (v nghiém)

T ) 2 )
c>x=§+knvsmx=—=s1n—

T
4

<:>x=g+kﬂ:vx=£+k2nvx=@+k2n(keZ)

Bai 64: Gidi phuong trinh:

cos(2x+gj+cos(2x—gj+4sinx: 2+\/§(1—sinx)(*)

(*) < 2cos2x.cos%+4sinx:2+\/§(1—sinx)
<:>\/5(1—2sin2x)+(4+x/§)sinx—2—\/§:O
<:>2x/§sin2x—(4+\/§)sinx+2=0

©2sin2x—(2x/§+1)sinx+\/§:O<:>

sinx = /2 (loai)

sinx = —

<:>X=%+k2n hay X=5—g+k2n,keZ




Bai 65: Gidi phuong trinh : 3cot g%x + 24/2 sin? x = (2 + 3x/§) cos X(*)

Piéu kién: sinx # 0 < cosx # £1
Chia hai v€ (*) cho sin® x ta dudgc:

2
(*) <:>SCOS4X +2\/§=<2+3\/§) COS2X va sinx =0

sin” x sin® x
COS X .

bit t = —— ta dugc phuong trinh:
sin” x

8t - (2+3v2)t+ 22 =0

st=+2vt=

w | Do

. 2 ., cosx 2
*VOit=_taco: —5—=—
3 sin“x 3

& 3cosx = 2(1—cos2 x)
< 2c082x+3cosx—-2=0

cosx = —2(loai)

A 1
COSX = E(nhén do cosx # *1)

@x:ig+k2n(keZ)

. .. COSX
*V6i t=v2 tacé: —5—=+2
sin” x

(:)cosx:x/ﬁ(l—cos2 X)
<:>\/§cos2x+cosx—\/§=0
cosx = —/2 (loai)

< 2
COSX = 7(nhén do cos x # +1)

<:>x=i§+k2n,keZ

.9 .. 92
Bi 66: Gidi phuong trinh: 250 X +6sIn X =9=3c0s2x _ ) )
COS X

biéu kién: cosx#0
Luc d6:
(*) < 4sin?2x +6sin?x -9 -3cos2x =0




& 4(1 - cos 2x) + 3(1 - cos 2x) -9 — Bcos 2x = 0
& 4cos®2x +6c0s2x+2=0
< cos2x =-1vcos2x = —%
= 2cos2x—1:—1v20052x—1:—%
COSX = O(loai dodiéu kién)

= 1
COSX = J_rE(nhén do cosx # 0)

@X:i§+k2nVX=i2—3n+k2n(keZ)

Bai 67: Cho f(x)=sinx +%sin3x+§sin5x

Gidi phwong trinh: f'(x) =0

Ta c6: f'(x)=0
< cosx+cos3x+2cosbx =0
< (cosx + cos5x) + (cos 3x + cos 5x) = 0

< 2c083xcos2x + 2cosdxcosx =0

o (élcossx—3cosx)cos2x+(2cos2 2x—1)cosx =0

b= (40052 X—3)cos2x+2cos2 2X—1:|COSX= 0

_[2(1+cos2x)—3]cos2x+200s2 2x-1=0

<

| cosx =0

| 4cos? 2x —cos2x—1=0
=

| cosx =0

+/17
& cos2xX = 3 veosx =0
1+417 1-417

< cos2x = 3 :cosavcos2x:T:costc0sx:0

<:>x=i%+knvx:ig+knvx=g+kn(keZ)

8

Bai 68: Gidi phuong trinh: sin® x + cos® x = 1—Zcos2 2x (*)

Ta cé:




2
SlIl8 X+ 0088 X = (SlIl4 X + COS4 X) - 281114 XCOS4 X

2
2 } 1 .
[sm X + COS x) — 92sin? x cos? X:| ~ —sin*2x

S|
(1——s1n ZXJ —gsin4 2x

=1-sin®2x + %sin4 2x
Do do:
(*) = 16 (1 — sin? 2x + % sin® 2xj =17(1 - sin” 2x)
< 2sin? 2x +sin?2x-1=0

sin” 2x = —1(loai)

o 1 <:>§(1—cos4x)=

1
sin? 2x = = 2

o cosdx=0=x=(2k+1)—-,(keZ)

T
8

Bai 69: Gidi phuong trinh: sinﬁ = 5cos® x. sing(*)

Nhin xét thdy: cosg =0 x=n+k2n < cosx=-1
Thay vao (*) ta dugc:

sin (5—; + 5knj =—5.sin (g + kn}, khong théa vk

Do cosg khong la nghiém cida (*) nén:

" . 5x X 9 . X X X
( )<:>s1n?.cos§:5cos x.s1n§cos§ va cos§¢0

1, . . 5 ) . X
< —(sin3x + sin 2x) = Zcos®x.sinx va cos— # 0
2 2
& 3sinx —4sin® x + 2sinxcosx = 5cos® x.sinx va cos— # 0
X
cos—#0
2
3-4sin?x+2cosx=5cos’xvsinx =0

cos§¢0
2

5cos®x —4cos’x—2cosx+1= Ovsingz 0



cosx # —1
=
(cosx—l)(5c052x+cosx—1) = 0vsin§= 0
cosx = —1
cosx=1
b= —1+\/ﬁ
COSX = = cosa
10
~1-+21
COSX = —— = cos 3
L 10

< x = k2n hay x = +o + k2rnhay x = B + k2nx,(k € Z)

Bai 70: Gidi phuong trinh: sin 2x(cot gx + tg2x) = 4 cos” x(*)

Piéu kién: cos2x #0 va sinx# 0 < cos2x # 0 A cos2x =1

Ta c6: cotgx + tg2x = cosx , sin 2x

sinx cos2x
Ccos2xX cos X + sin 2x sin X

sin X cos 2x
3 CcosS X
sin x cos 2x
L ) CcosS X
Lic d6: (*) < 2sinx.cosx| ————— |=4cos’x
Sin X cos 2x
2
cos” X
= 2cos? x
cos 2x

< (cos2x +1) = 2cos 2x (cos 2x + 1)

< (cos2x+1) = 0 hay 1=2cos2x

& 08 2x = —1v cos 2x = —(nhan do cos2x # 0 va cos2x = 1)

1
2
T

<:>2x=n+k2nv2x=i3+k2n,keZ

@X:g+knvx:i%+kn,keZ

Bai 71: Gidi phudng trinh: 200526—X+1=30058—X *
bal /1 p g 5 5

Ta c6 : (¥) <:>[1+c0slszj+1:3(2coszt—X—lj

o 2+4cos34—x—3cosg:3(200524—)(—1)
5 5 5




bit t=cosix(diéu kién |t| < 1)
5

Ta c6 phuong trinh :

4 —3t+2=6t> -3

&40 —6t° =3t+5=0

& (t-1)(4 —2t-5)=0

I—Jﬁv 1++21
4

St=1vt=

Viy

° cos4?x21©4—xz2kn

<:>x=%(keZ)

4x  1-+21
4

® COS— =

=coso(v6i 0 <o < 2m)

<:>4?X=ia+£2n

<:>X:i5—a+€5—n,(€eZ)
4 2

Bai 72 : Gidi phuong trinh tg’ (X—gj =tgx —1(*)

< T T
bit t=x——<ox=—+t
4 4

(*) thanh ¢ te't = tg| Tot |-1= | v6i cost= 0 Atgt £ 1
4 1—tgt

o tglt—tght = 2tgt

o tgt(tg't-1g’t+2)=0

& tgt(tgt+1)(tg’t—2tgt+2) =0

< tgt =0V tgt = —1(nh4n so diéu kién)
<:>t=knvt=—§+kn,keZ

Vay (%)

<:>x=%+kn hay x =km,k €Z



sin® 2x + cos* 2x

=cos* 4x (¥)

Bai 73 : Gidi phuong trinh

t(ﬂ
84

DI

Diéu kién

sin E—x cos E—x #0 sin E—2x #0
4 4 2
=
sin E+x cos E+x #0 sin E+2x #0
4 4 2

< c0s2x #0 < sin2x # +1
Do :

I T I-tgx 1+tgx
tg| ——x |tg| —+X | = =
g(4 jg(4 ]

- 1+tgx 1—tgx

Khi cos2x # 0 thi :

(*) & sin® 2x + cos® 2x = cos® 4x

< 1-2sin? 2x cos’ 2x = cos* 4x

= 1—%sin2 4x = cos® 4x

= 1—1(1 —cos’ 4x) = cos” 4x
2

< 2cost4x —cos’4x—1=0

cos’4x =1
P

< sindx =0
< 2sin2xcos2x =0

<> sin2x = 0(do cos2x # 0)

= 2x=knkeZ < x = kg,

cos’ 4x = —%(vé nghiém)

keZ

1

o 1-sin®4x =1

Bai 74 :Gidi phuodng trinh: 48—

1

4

COoS X

sin

2

X

(1+cotg2xcot gx)=0(*)

biéu kién : sin2x #0
Ta cé :

I+cotg2xcotgx =1+ cos 2x

sin 2x

COSX

sin X

sin 2x8in X + cos 2X cos X

sin x sin 2x

COSX

=5 .2 P
28in”“ XCcosx 2s8in” X

1

cos* x

Luc d6 (*) < 48—

1

sin* x

=0

(do COSX # O)




1 1 sin x + cos* x
& 48 = + =

cos*x sin*x  sin*xcosx
< 48sin® x cos® x =sin* x + cos® x

< 3sin® 2x =1-2sin* x cos® x
& 3sin? 2x+%sin2 2x—-1=0
sin® x = —%(lc_)ai)

< 1
sin” x = E(nhén do # O)

<:>l(1—cos4x):l
2 2
< cos4x=0
o dx=21kn
2
<:>x=£+ﬁ(kez)
8 4

Bai 75 : Gidi phudng trinh

) ) 5
sin® x + cos® x = 2(sm10 X + cos'" X)+Zcos 2X(*)

Ta c6 : (*)
<:>(sin8x—23in1° x)+(cosgx—2c:os10 x)zécos2x
4
<::>sin8x(1—25in2 X)—COSSX(—l-i-ZCOSZ x)=§cos,2x
4
s g 5
< sin” X.COS2X — COS” X COS2X = ZCOS 2x
= 4cos2x(sin8 x —cos® X) =5co0s2x
& cos2x =0 hay 4(Sin8X—COSSX)=5
& cos2x =0 hay 4(sin4 X —cos’ x)(sin4 X + cos’ x) =5
<> cos2x =0 hay 4(1—%sin2 ZXJ:S
& cos2x =0 hay—2sin® 2x =1(V6 nghiém)
c>2x:§+kn,keZ
<:>x:E+H,keZ
4 2

Cdch khdc: Ta cé 4(sin8 X — cos” X) =5 v6 nghiém




Vi (sin8 X — cos® x) <1,¥Vx nén 4(sin8 X — cos® x) <4< 5,Vx

Ghi chi : Khi gdp phuong trinh lugng gidc dang R(tgx, cotgx, sin2x, cos2x, tg2x)
vdi R ham htu ty thi datt=tgx

_ 42
Lic dé tg2x:i2,sin2x:i2,cos2x:1 tz
1-¢t 1+t 1+t

Bai 76 : (D€ thi tuyé:'n sinh Pai hoc khdi A, nim 2003)
Gidi phuong trinh
cos 2x

+sin? x —lsin 2x (*)
1+tgx

cotgx—1-=

Piéu kién : sin2x # Ova tgx # -1
batt = tgx thi (¥) thanh :

1-t?
1 1+¢2 1 1-t*| 1 2t
—_1=1f oy —=.

t 1+t 2 1+t 2 1+¢t°
2
<:>1_t=1_2+1. 2t2— t2(dot¢—1)

t 1+t 2 1+t 1+t

1-t t?-2t+1 (1-t)
<:> = =

t 1+t 1+t
e1-t)(1+t)=(1-t)"t

1-t=0 t =1 (nhén do t = -1)
P 9 P 9 . .

1+t =(1-t)t |2t —t+1=0(v6 nghiém)

Vay (%) c»tgx:1<:>x:£+kn (nhan do sin2x =1 0)

Bai 77 : Gidi phuong trinh: sin 2x + 2tgx = 3 (*)

biéu kién : cosx# 0
bat t=tgx thi (*) thanh:

2t2 +2t=3
1+t

©26+(2t-3)(1+t*)=0
S2t° -3t +4t-3=0
e (t-1)(2t* -t+3)=0
t=1
A 2 N A
2t* —t+3 =0 (v6 nghiém)

Vay (*) otgx=1o X:£+kn (k e Z)




Bai 78 : Gidi phuong trinh
2
sin 2x

cot gx —tgx + 4sin 2x =

(%)

Piéu kién : sin2x # 0

bit t =tgx thi:sin2x = 12tt2 do sin2x #0nént =0
+

2
(*) thanh : 2 — g+ —ov_ 1P 1y
t 1+t £t
B _ g
1+t
o4 =1 (dot = 0)
1+t

ot?=3 o t=+/3 (nhandot = 0)

Vay (*) < tgx=tg [igj

<:>x:4_r§+kn, ke Z

Bai 79 : Gidi phudng trinh
(1-tgx)(1+sin2x) =1+ tgx(*)

biéu kién : cosx# 0
bat = tgx thi (*) thanh :

(1—t)(1+1itt2]=1+t

(1:+1)2
1-t =1+t
d )1+t2 *
t=-1 _ 1
Py _
(1 t)(12+t)=1 12 =1+ ¢2
1+t

St=-1vt=0
tgx = -1

Do d6 (*) <
tgx =0

N x:—£+knhay x=knkeZ

Bai 80 : Cho phudng trinh cos2x — (2m +1)cosx +m +1 = 0(*)

a/ Gidi phuong trinh khi m = 3

>

b/ Tim m d€ (*) c6 nghiém trén (5 31)

Ta c¢6 (*) 2cos”x —(2m + 1)cosx + m = 0



- t = cosx ([t] < 1)
2t - (2m+1)t+m =0
t=cosx ([t]<1)

=
t=lvt=m
2

YAn/2

a/ Khim = 3 , phuong trinh thanh M
2
1 3 T\
cosx = —v cosx = —(loai) Cd ettt
2 2 T 0O X
SX = i§+k2n(k €Z)

T 3n

b/ Khixe(g,?Jthicosx:te[—1,0) 2

Do t= % ¢ [-1,0]nén

(*) c6 nghiém trén (g , %tj <me |:—1, 0)

Bai 81 : Cho phudng trinh
(cosx +1)(cos2x — mcosx) = msin® x(¥)

a/ Gidi (*) khi m= -2
b/ Tim m sao cho (*) ¢c6 ding hai nghi€ém trén {O,%}

Ta c¢6 (*) < (cosx + 1)(200s2 x—-1- mcosx) = m(l—cos2 x)
<:>(cosx+1)[2cos2x—1—mcosx—m(l—cosx)} =0
<:>(cosx+1)(2cos2x—1—m) =0

a/ Khi m = -2 thi (*) thanh :
(cosx+1)(200s2 x+1) =0

< ceosx = -1
ox=n+k2n(k e Z)

n
3

W
>

b/ Khix e [O,Z—J}thicosx =t e{—%,l}

A z S % X * A 1 LIRS ~ A A
Nhén xét rang v6i mo1 t trén {—5,1} ta chi tim dugc duy nhidt mot x trén

5]

Yéu cdu bai todn <2t> ~1-m =0 cé ding hai nghiém trén [—%,1}




B N 7L @
-1

Vay (*) c6 ding hai nghiém trén [0,2—37[}

& (d) cdt (P) tai hai di€m phan biét trén [—%,1}

<:>—1<m£l

2

Bai 82 : Cho phudng trinh (1 - a)tg2x -

+1+3a=0(1)
COS X

a/ Gidi (1) khi a:%

b/ Tim a d€ (1) ¢6 nhiéu hon mot nghiém trén (O,gj

Piéu kién : cosx # O<:>x¢g+kn

(1) < (1-a)sin®x—2cosx +(1+3a)cos’x =0
(:)(l—a)(l—cos2 x)—200sx+(1+3a)c0s2x =0
&4acos’x—2cosx+1-a=0
<:>a(4coszx—1)—(2cosx—1) =0
<:>(2cosx—1)[a(2cosx+1)—1] =0

a/ Khi a =% thi (1) thanh : (ZCosx—l)(cosx—%j =0

T, .
&>C0SX = — = cosg(nhan docosx # 0)

1
2
<:>X=i§+k2‘lt(k €Z)

b/ Khi x e (o,gj thi cosx =t € (0,1)



cosx =t _1 €(0,1)
Taco: (1) < 2

2acosx =1-a(2)

Yéu cdu bai todn < (2) ¢6 nghiém trén (0,1)\ {%} =
az0
1- O<ax<xl1
a >0 1<a<1
2a 1
= sS<a<l0va>—<
1-3a 3 1
<0 a#—
2a 2
a#—
2(1-a)=2a 2
Cdch khdc : dit u =L, diéu kién ux1; pt thanh
COSX

az0

1-a
2a

0<

1-a
2a

(1-a)(u®’-1)-2u+1+3a=0<(1-a)u’*-2u+4a=0

< (u-2)[A-aju-2a]=0

DO |

<1

Bai 83 : Cho phudng trinh : cos4x +6sinxcosx = m(1)
a/ Gidi (1) khim =1

b/ Tim m d€ (1) c6 hai nghiém phan biét trén [O,g}

Tacé: (1) ©1-2sin”*2x+3sin2x =m
t = sin 2x(|t| < 1)
=
2t2—3t+m—1=0(2)
a/ Khim =1 thi (1) thanh

t-sinzx(f)<1) |t=sin2x(t<1)
=
2t> -3t =0

t=0vt=g(1oai)
@sian:ch:%

b/ Khi x e [0, ﬂ thi sin 2x = t €[0,1]

Nhén thdy ring mdi t tim dugc trén [0,1] ta chi tim dugc duy nhdt mot

X € {O,E}
4

Tacé: (2) = 2t +3t+1=m
Xét y =-2t* + 3t + 1trén|0,1]




Thi y'=-4t+3

t 0 3/4 1
y1
17
' / 8 \ 2
1

Yéu cdu bai todn < (d) y = m cit tai hai di€m phén biét trén [0,1]
<2<m< 17
8
Cdchkhdc :dit f(x) =2t -3t+m-1. Via=2>0, nén ta cé
A=17-8m>0
f (0)=m=120
A AL pas L o 17
Yéu caubaitodn < {f(1)=m-220<2<m<—

0<3_34
52

Bai 84 : Cho phudng trinh
4 cos’ x.sin X — 4 sin® x cos x = sin” 4x + m (1)
a/ Bi€tring x = m la nghiém cda (1). Hay gidi (1) trong trudng hdp dé.
b/ Cho biét x = —g 12 mot nghiém cia (1). Hay tim tat cd nghiém cda (1) thda

x*-8x2+2<0

(D) (:>4sinxcosx(cos4 X —sin? x) =gsin?4x +m
. 2 ) 2 s 2\ a2
<:>2s1n2x(cos X — Sin x)(cos X + sin x)_sm 4x +m
< 2sin 2x.c0s82x = sin?4x + m

< sin4x —sindx +m =0 (1)

a/ x = 1a nghiém ciia (1) =sin*4n-sin4n+m =0
=>m-=0

Liic d6 (1) < sin4x(1-sin4x)=0
&sindx=0vsindx =1

c>4x=knv4x=g+k2n

t= 220 =x2>
b/x4—3x2+2<0<:>{ x {t x 20

'52—31:+2<0<:> 1<t<2




©1<x2<2©1<|x|<\/§
o — 2<X<—1V1<X<\/§(*)

X = _I thi sin4x = sin(—ﬁ) =-1
8 2

X = —glénghiémcﬁa(l) =1+1+m=0
=>m=-2

Lic d6 (1) thanh : sin®4x —sin4x-2=0
t = sin4x(véilt| < 1)

=
t?-t-2=0
t = sin4x(véilt| < 1)
t=-1vt=2(loai)

& sin4dx = -1

o 4x :—g+k2n

n  kn
SX=——+—
8 2
K&t hop véi diéu kién (¥) suyrak =1
Viy (1) c6 nghiém x :_E+g:3_8ﬂ: thda x* —-3x*+2<0
Bai 85 : Tim a d€ hai phudng trinh sau tuong duong
2cos X.cos 2x = 1+ cos 2x + cos 3x (1)

4 cos® x — cos 3x = acosx +(4-a)(l+cos2x) (2)

Taco: (1) ©cos3x+cosx =1+ cos2x + cos3x
& CoSX = 1+(2c0s2x—1)

<cosx(1—2cosx)=0
1
&SCoSX = OVCOSXZE
Ta ¢6 : (2) < 4cos? x—(4cos3 x—3cosx):acosx+(4—a)2cos2 X

< 4 cos® x+(4—2a)cos2 x(a—3)cosx =0

cosx=0
A 2
4cos“x+2(2-a)cosx+a-3=0

< cosx =0 hay (cosx—%j[2cosx+3—a]=0

1 a—3
<:>cosx:0vcosx:§vcos>(:T




_3:0
2 a=3
a-3 1

= == <|la=4
2 2
a-3 a_3 a<lva>5h
5 -1v >1

Bai 86 : Cho phudng trinh : cos4x = cos’3x + asin’x  (¥)
a/ Gidi phuong tri nh khia = 1

b/ Tim a d€ (*) c6 nghiém trén [0,%)

Ta c6 : (*) < cos4x :%(1+0056x)+%(1—cos2x)
@2(2c0s22x—1):1+4cos32x—3c052x+a(1—0052x)
t = cos 2x (|t| < 1)
=
2(2t* - 1) =1+4t> -3t +a(1-t)
t = cos2x (|t| < 1)
=
—4t° + 4t + 3t -3=a(1-t)
1= cos2x (|t| < 1)
=
(t-1)(-4t>+3)=a(1-t) (**)
a/ Khi a =1 thi (*) thanh :

t = cos 2x (|t| < 1) t = cos 2x (|t| < 1)
=
(t-1)(-4t>+4)=0 ~ [t=2+1

< cos2x =11 < cos?2x =1
<:>Sin2X=0<:>2X=kTC<:>X=%,(kEZ)
b/Tacé: xe (0,1j < 2x € (O,Ej.VéyCOSZX =te ﬁ,l
12 6 2
Vay (*%) < (t-1) (—4’52 + 3) =a(l-t)
< 4t* -3=a (dot = 1)
Xét y = 4t*> - 3 (P) trén(g,lj

NG

:>y':8t>0 ‘v’te£7,1j




Do d6 (*) ¢c6 nghiém trén (O, g} = (d) .y =a cat (P) trén (g,l]

] cacsty

= 0<axl

BAITAP
Gidi cdc phudng trinh sau :
a/ sindx = tgx
b/ sin* x + sin* x(x + Ej +sin* (x —EJ = 9
4 4 8
c/ tgx+cotgx =4

sinx(3\/§—2cosx)—2sin2x—1

d/ - =1
1-sin2x
e/ 4cos* x + 3x/§sin2x = 8cosx
1 1 2
f/ + =

cosxX sin2x sin4dx

g/ sin2x+\/§sin(x—gj =1

h/ \/§(ZSinx—1) = 4(sinx—1)—cos(2x+£j—sin(2x+£}

k/ cos4—3X = cos® x

1/ tgg.cosx+ sin2x =0

m/ 1+ 3tgx = 2sin 2x
n/ cot gx = tgx + 2tg2x

p/ 2 cos? 3x +1= 3cos4—X
5 5
q/ 3cos4x — 2c0s?3x =1
r/ 2cos23?X +1=3cos2x
s/ cosx + tgg =1
t/ 3tg2x — 4tg3x = tg?3x.tg2x

3
u/ cosX.cos4x + cos 2x.cos 3xX + cos 4x = 5

v/ c0s® X + cos? 2x + cos? 3x + cosZ 4x =

N | o

w/ sin4x = tgx



6

; 13
x/ cos® x +sin® x = gcos2 2x

: (371 Xj 1. (TE 3Xj
y/ sin| ——— |=—sin| — + —
10 2 2 10 2

sin® x + cos® x = asin 2x (1)

a/ Gidi phuong trinh khi a = 1.
. . 1
b/ Tim a d€ (1) c6 nghiém (BS : |a| = 7

Cho phuong trinh

cos® x + sin® x

cos x —sin?x

= 2mtg2x (1)

a/ Gidi phuong trinh khi m =

| —

1
b/ Tim m sao cho (1) ¢6 nghiém (BS : |m| > 3

Tim m d€ phuong trinh
sin4x = mtgx c6é nghiémx = kn

(DS:—l<m<4j
2

Tim m d€ phuong trinh :
cos3x —cos2x+mececosx—-1=0

c6 ding 7 nghiém trén (—g,ZnJ (PS:1<m<3)

Tim m d€ phuong trinh :
4(sin4 X + cos* x) - 4(sin6 x + cos® x) —sin?4x =m ¢6 nghiém

(DS:—lgmle
8

Cho phuong trinh :

6sin? x — sin? x = m cos? 2x (1)

a/ Gidi phuong trinh khi m = 3
b/ Tim m d€ (1) ¢6 nghiém (PS:m > 0)

Tim m d€ phuong trinh :

(2m+1) .

) m .
sin® X + cos4x + —sin4x — sin?x =0

c6 hai nghi€ém phén biét trén (g,%)

(DS:Z\/E—4<m<%j

Tim m d€ phuong trinh :

6 6 4

sin” X + cos’ X = m(sin x + cos? x) c6 nghiém



(DS:lSmslj
2

10. Cho phudng trinh :
cos4x = cos? 8x + asin? x

Tim a d€ phuong trinh ¢6 nghiém x e [0, gj

(PS:0<a<1)



CHUONG IV ’
PHUONG TRINH BAC NHAT THEO SIN VA COSIN

( PHUONG TRIiNH CO DIEN )
asinu+bcosu =c(*).(a,be R\ |O|)

Cdch 1 : Chia 2 v& phuong trinh cho va® + b% =0
a . b .
bit cosa = ————— va sino = ——— véi a € [0, 2]
Va? + b2 Va? + b2

(¢

Vva? + b?

Thi (*) < sinucoso + cosusino =

C

Ja? + b?
Cach2:

Néu u = + k2n 12 nghiém cda (*) thi :
asinn+bcost=c< -b=c

< sin(u+a) =

N6u u # 7+ k2r dit t = tg% thi (*) thanh :

L2t bl—tz

1+t? 1+t?
< (b+c)t?—2at+c-b=0(1)(véib +c = 0)
Phuong trinh c¢6 nghiém < A' = a® —(c+b)(c—b)=0
2

=C

sal>-bPoaZ+bi>e

Gidi phuong trinh (1) im dudgc t. Ti¥ t = tg% ta tim dudc u.

Bii 87 : Tim x € (%,%) thda phuong trinh : cos7x —~/3sin7x = —/2 (*)

Chia hai v€ cda (*) cho 2 ta dudc :

(*) <:>lcos7x—£sin7x = —Q
2 2 2

LT T . J2
= —s1ngcos7x+cos—s1n7x:—

) T . T
= s1n(7x—gj = sin —

4
o Tx-"=",k2r hay Tx-“="" i n2r, (kheZ)
6 4 6 4
x=@+—k27T hayx=&+—h2n,k,hez

84 7 84 7
Do x € (ﬁ,@j nén ta phdi c6 :
5 7




2r 5 k2mn 6m, o 2¢ L hin 6r 47
5 84 7 7 5 84 7 7
z<i+g<§hayz<£+g<§ (k,hEZ)

5 84 7 7 5 84 7 7

Suyra k=2, h=1,2

. 50 4n 53 11 2rn 35
Viyx=—+—=—nvX=—-+—=—1
84 7 84 84 7 84
11t 4n 59
VX=—+4+-—=—n
84 7 84

Bai 88 : Gidi phuong trinh
3sin 3x — /3 cos 9x = 1 + 4 sin? 3x (*)

Tacé: (¥) e (35in3x—4sin3 3X)—\/§COS9X =1
& sin9x—\/§cos9x =1

= —sin9x——300s9x =
2 2

ola N+

) T 1 .
& sin| 9x—— | == =sin
( 3) 2

= 9x-F -, ko hay 9x- 2= ko keZ
3 6 3 6

<:>x=l+@ hay X=7—n+@ ,keZ
18 9 54 9

Bai 89 : Gidi phudng trinh

tgx—sin2x—cos2x+2[2cosx— j:O(*)

CosX

Piéu kién : cosx =0
sin X

Lic d6 : (¥) & —sin2x — cos2x + 4 cos X —
CoS X CoS X

& sinxX — sin2xcosx — cosxcos2x + 4cos’x -2 =0

= sinx(1—2cos2 x)— cosxcos2x +2cos2x =0

& —sInxXcos2x —cosxcos2x + 2cos2x =0
< cos2x =0 hay —sinx—cosx+2=0

cos2x =0 (nhén do cos2x =2cos®?x—-1=0 thi cosx #0 )
IS

sin X + cos x = 2 (Vﬁ nghiém vi 12+12<22)
<:>2x:(2k+1)g,keZ

@x:5+ﬁ,kez
4 2



1
+

Bai 90 : Gidi phuong trinh 8sinx = -
cosxX sinx

()

Piéu kién : sin2x # 0
Lic d6 (*)< 8sin® xcosx = J3sinx + cos x
<:>4(1—cos2x)cosx:x/§sinx+cosx

IS —4cos2xcosx:\/§sinx—300sx

o —2(cos3x+cosx)=\/§sinx—3cosx

3 . 1
< cos3x = ——s1nx+§cosx
T
& cos 3x = cos(x+§j

c>3x=x+g+k2nv3x:—x—£+k2n

<:>X=E+knvx=—£+ﬁ, keZ
6 12 2

Nhan so vdidiéu kién sin2x # 0
Cach khac :
(*) < 8sin® xcos X = J3sinx + cosx
( hi€n nhién cosx = 0 hay sinx = 0 khéng 12 nghiém cia pt nay )
<> 8(1-cos? x) cos x = /3 sin x + cos x
& 8cosx — 8cos® x = /3 sinx + cos x
& 6cosx —8cos® x = /3 sinx — cos x

3 1 3 .
< 4c08°Xx—-3C08SX=—C0SX——sInXx
2 2
T
& cos 3x = cos[x+—]

<:>3x:x+g+k2nv3x:—x—g+k2n

<:>x:E+knvx:—£+E keZ
6 12

2 >

Bai 91 : Gidi phuong trinh
9sin x + 6cosx — 3sin 2x + cos 2x = 8(*)

Tacéd: () 95inx+6cosx—651nxcosx+(1—2sin2 X) =8

< 6cosx —6sinxcosx —2sin?x+9sinx-7=0

0

= GCosx(l—sinx)—2(sinx—1)(sinx—%)




< 1-sinx=0 hay6cosx+2(sinx—%j =0

sinx =1
& . R A 2 o2 _ 2
6cosx+281nx:7(vo nghiém do 6° + 2° <7 )

<:>x=g+k2n,keZ

Bai 92 : Gidi phuong trinh: sin2x +2cos2x = 1+ sinx — 4 cos x(¥)

Taco : (¥) < 25inxcosx+2(2cos2x—1) =1+sinx—4cosx

& 2sinxcosx —sinx+4cos’x+4cosx—3=0

= 2sinx(cosx—1j+4(cosx—1](cosx+§] =0
2 2 2

@cosx—%:O hay 2sinx+4cosx+6:0(vf) nghiém do 2% + 42 <62)

T
oS x=+t=+k2n

Bai 93 : Gidi phudng trinh

2sin 2x — cos 2x =7sinx+2cosx—4(*)

Ta co : (¥) < 4sinxcosx—(1—2sin2 X)=7sinx+2cosx—4

< 2cosx(2sinx - 1)+2sin” x - Tsinx +3=0

=S 2c0sx(23inx—1)+2(sinx—%)(sinx—3)

< 2cosx(2sinx—-1)+(2sinx-1)(sinx-3)=0

& 2sinx—1 = 0 hay 2cosx +sinx—-3=0 (va nghiém vi 12 + 22 < 32)

<:>x=%+k2ﬂ:vx=5—n+k2n, keZ

Bai 94 : Gidi phuong trinh

sin 2x — cos 2x = 3sinx+cosx—2(*)

Ta c6 (*) < 2sinxcosx—(1—2sin2 x) =3sinXx + cosx — 2
=S cosx(2sinx—1)+2sin2x—3sinx+1:O
< cosx(2sinx-1)+(sinx—-1)(2sinx-1)=0

< 2sinx—1=0 hay cosx+sinx-1=0

@sinx:% hay ﬁcosx(x—gjzl




<:>X=g+k2nvx=5—g+k2n hay X—%=i£+k2ﬂ:, keZ

c>x:%+k2nVX:5—g+k2nhayx:g+k2nVX:k2n, keZ

Bai 95 : Gidi phuong trinh

(sin 2x + \/§ cos ZX)2 -5 =cos (2){ - gj(*)

Pit t = sin2x + /3 cos2x, Pidukién —Ja? +b? =2 < t <2=+/a? + b’
Thi t :2(%Sin2x+§cos2xj :2COS(2X—gJ

Viay (*) thanh:
t2—5=%<:>2t2—t—10=0<:>t:% (loai) vt=-2

Do d6 (*) < cos(Zx —%) =-1

<:>2X—E=n+k2n<:>X=7—n+kn
6 12

Bai 96 : Gidi phuong trinh 2cos’ x +cos2x +sinx = 0(*)

Ta c6 (*) < 2cos’ x+2cos’x—1+sinx =0
= 2COSZX(COSX+1)—1+SinX =0

= 2(1—sin2 x)(1+c0sx)—(1—sinx) =0

< 1-sinx=0 hay 2(1+sinx)(I+cosx)—1=0

< 1-sinx=0 hay 1+2sinxcosx+2(sinx +cosx) =0
& 1-sinx= 0 hay (sinx +cosx)’ +2(sinX + cosx) = 0

<> sinx =1 haysinx+cosx =0 hay sinx+cosx+2 = O(Vé nghiém do: 1> + 1% < 22)

& sinx =1 haytex = -1 @x:g+k2n hay X:—§+k2n, keZ

Bai 97 : Gidi phuong trinh 1+cotg2x :ﬂ(*)
sin” 2x
biéu kién : sin2x # 0 < cos2x # +1
Ta c6 (%)
1—-cos2x 1

< 1+ cotg2x = ——=
1—cos“2x 1+cos2x

<:>cotg2X:;—l
1+ cos2x

COS2X  —Co0s2x

sin2x 1+cos2x



cos2x = 0(nhén do #+1)
= 1 -1

sin2x 1+cos2x
< co82x=0vI1+cos2x =—sin2x

< cos2x=0vsin2x+cos2x =—1
<> COoS2X = Ovsin(2x+§j = —L: sin(—ﬁj

J2 4
<:>2X=E+knv2x+£=—£+k2nv2x+£=5—n+k2n,keZ
2 4 4 4 4

<:>x=§+%vx== —§+knv2x=n+k2n(loai), keZ

<:>X:E+H,keZ
4 2

Bai 98 : Gidi phuong trinh 4(sin4 X +cos’ X)-l- 3sindx =2(*)

Taco : (%)

= 4[(sin2 X + cos’ x)z —2sin® x cos? x} + \/gsin4x =2
@4[1—%sin22x}+ 3sin4x =2
<:>cos4x+\/§sin4x:—l

< lcos4x+—3sin4x = _l
2 2 2

( nj 27
< cos| 4x—— |=cos—
3 3

o ax-To+2T on
33
& 4x = n+ k2nhay 4x:—§+k2n,k =/

o x=l1kE hay x=—£+k£,k ez
4 2 12 2

Cach khdc :

(*)<:>2(1—sin22x)+ 3sindx =0

< 2c0s” 2x + 2\/§sin 2xcos2x =0

<:>c052x:0vcos2x+\/§sin2x:0

<:>c032x:0vcotg2x:—x/§
c>2x:g+knv2x=—g+kn,keZ

<:>X=£+HVX=—£+H,1(EZ
4 2 12 2




Bai 99 : Gidi phudng trinh 1+sin’ 2x +cos’ 2x = lsin 4x(*)

Tacé (*)= 1+(sin2x+cos2x)(1—sin2xc052x):%sin4x
1 . ) 1.
<:>1—§s1n4x+(sm2x+cos2x) 1—Esm4x =0

= 1—%sin4x =0 hay 1 +sin2x+cos2x =0

in4x = 2(loai
<:{sm x =2(loai)

sin2x + cos2x =—1
o ﬁsin(2X+§) — 1
& sin(Zx + Ej = sin(—E)
4 4
2x+2=-Z i kon
st r (ke

2x+ E =2 ion
4 4

©X=—£+kTCVX=£+k7I,kEZ
4 2

Bai 100 : Gidi phuong trinh

tgx —3cotgx = 4(sinx+ 3 cosx)(*)

Piéu kién

sinx #0 .
{ <sin2x #0

cosx =0
sin X COS X

-3
COSX sin X

Lic d6 : (*) < :4(sinx+ 3cosx)
<:>sin2x—3cos2x:4sinxcosx(sinx+ 3cosx)
<:>(sinx+ 3cosx)(sinx— 3cosx—25in2x)=0

sinX = —V/3 cosx
<11 . 3 .
—sin X ———COS X = sin 2x
2 2

_tgx = 3= tg(—gj

sin[x — Ej =sin2x
i 3

<:>x=—§+knv X—§=2x+k2nvx—g=n—2x+k2n, keZ




c>X=—§+knvx=—§—k2nvx=4—n+@,kez

@x:—g+knvx:%+%(nhén do sin2x # 0)

Bai 101 : Gidi phudng trinh sin’ X +cos’ X = sinx —cos x (*)

Tacé: (¥) < sin’x—sinx+cos’x+cosx=0
c>sinx(sinzx—1)+cos3x+cosx=O
< —sinxcos’ x +cos’ x +cosx =0

& cosx=0 hay —sinxcosx+cos’x+1=0

cosx =0
=

—sin2x + cos2x = —3(v06 nghiém do 1+1<9)

@X:(2k+1)g,kez

Bai 102 : Gidi phuong trinh cos* x +sin* [x +Ej = i(*)

NG

2
1 > 1 T

Tacé : (¥) < —(1+cos2x) +—|1—cos| 2x +— =
neds () =y ) 4{ ( 2H

< (1+ cost)2 +(1+ sin2x)2 =1

< cos2x +sin2x = -1

( ch 1 3n
< Ccos| 2X—— |=——==cos—
4 2 4

e x-F o4 o
4 4

@x:£+knvx:—ﬂ+kn,kez
2 4

Bai 103 : Gidi phuong trinh 4sin’ x.cos3x + 4 cos’ x.sin 3x + 3+/3 cos 4x = 3(*)

Ta c6 : (*)
<:>4sin3x(4cos3x—3cosx)+4cos3x(3sinx—4sin3x)+3\/§cos4x:3
& —12sin’ x cosx +12sin x cos® x +3+/3 cos4x =3
<:>4sinxcosx(—sin2X+c0s2X)+ 3cosdx =1

& 25sin2x.cos2x + /3 cosdx =1

. T
S1in —
< sindx +

cosdx =1
T
COS—



. T . T T
<> sin 4x.cos§+ sin—cos4x = cos—
. T . T
< sin| 4x+— | =sin—
3 6

c>4x+§:g+k2nv4x+£=5—n+k2n,keZ

©X=—£+Hvx=£+ﬁ,kez
24 2

Bai 104 : Cho phuong trinh :  2sin’ x —sinx cosx —cos” x = m (*)

a/ Tim m sao cho phuong trinh c6 nghi€ém
b/ Gidi phuong trinh khi m = -1

Ta cé : (%) <:>(I—COSZX)—%Sin2X—l(1+0082x):m

& sin2x+3cos2x =—2m+1

al (*) c6 nghiém <a’+b>>¢’
&1+9>(1-2m)’

< 4m*-4m-9<0

1-10 1+/10
<m<
2 2
b/ Khi m = -1 ta dugc phuong trinh
sin2x +3cos2x =3 (1)

<~

e N&u x = (2k + l)g thi sin2x =0 va cos2x =—1 nén phuong trinh (1) khong
thda.

. Né’uxi(ZkJrl)g thi cosx = 0,datt = tgx

_ 2
(1) thanh lzt +3(1 t):3

t* 1+t
©2t+3(1—t2):3(t2+1)
S6tP-2t=0
St=0vt=3

Vay (1) < tgx=0 hay tgx =3 =tgp<>x=kn hay x=¢+kn, keZ

5+4sin(2—xj 6t
Bai 105 : Cho phudng trinh - = g? (*)
sin X I+tg’a

a/ Gidi phuong trinh khi o = —g

b/ Tim o d€ phuong trinh (*) c6 nghiém




., . (3m (=
Tacé : sin| ——x |=—sin| ——Xx |=—cosXx
(2 j (2 j

6teol 6sin o ) L.
g% _ .cos>a =3sin2a vGi cosa =0

1+tg’a  cosa
Viy : (*)<
H ( ) sinx

< 3sin2osinx+4cosx =5

5—-4cosx ) A e N
—— =3sin2a (dleu kién sinx #0 va coso # 0)

a/ Khi a= —% ta dugc phuong trinh
—3sinx+4cosx = 5(1) ( Hién nhién sin x = 0 khong 13 nghiém cia (1))

3. 4
< ——sinX+—cosx =1
5 5

bat COS(p——é va sin(p—i
' 5 5

v6i 0<p<2m

Ta c6 pt (1) thanh :
sin((p+x):1

<:>(p+x=g+k2n

©x=—(p+g+k2n

b/ (**) ¢6 nghiém c:>(3$in20c)2 +16>25va cosa =0
& sin®200>1 va cosa = 0

& sin® 2o =1

< cos2a =0

c>oc:£+ﬁ,kez
4 2

BAITAP
Gidi cdc phudng trinh sau :
al Zﬁ(sinx + cosx)cosx =3+ cos2x
b/ (2cosx—1)(sinx+cosx)=1
¢/ 2cos2x = \/g(cosx —sinx)

d/ 3sinx:3—x/§cosx
e/ ZCOS3X+\/§SinX+COSX=O

f/ cosx+x/§sinx =38in2X + cosX +sin X
3

g/ cosx++/3sinx = _
cosX++/3sinx+1

h/ sinx +cosx = cos2x

k/ 4sin® x —1 = 3sinx —+/3 cos3x
6

3cosx+4sinx+1

i/ 3cosx+4sinx +



j/ cos7xcos5x — J3sin2x = 1—sin 7x sin 5x
m/ 4(cos4 X +sin* x) ++/3sind4x =2

p/ cos® x —+/3sin2x = 1+sin’ x
q/ 4sin2x—3c052x=3(4sinx—1)

r/ tgx —sin2x —cos2x =—4cosx +

(Z—ﬁ)cosx—Zsinz(X—n]

2 4

s/ =1
2cosx—1

Cho phuong trinh cosx + msinx =2 (1)

a/ Gidi phuong trinh m =+/3

b/ Tim cdc gid tri m d€ (1) ¢6 nghiém (DS : |m|=+/3)
Cho phuong trinh :

msinx—2 mcosx—2 (1)

COSX

m—2cosx m—2sinx

a/ Gidi phuong trinh (1) khi m = 1

b/ Khi m# 0 va m #+/2 thi (1) c6 bao nhiéu nghiém trén [207,307]?
(PS : 10 nghi€ém)

Cho phuong trinh

2sinx+cosx+1 _a (1)

sinx—2cosx+3
a/ Gidi (1)khi a :%

b/ Tim a @€ (1) c6 nghiém



CHUONGYV. )
PHUONG TRINH POI XUNG THEO SINX, COSX

a(sinx +cosx) +bsinxcosx =c (1)

Cach gidi
bit t =sinx +cosx v6i diéu kién |t < J2

Thi t = x/gsin(xvtgj = ﬁcos(x—gj
Tacé: t? =1+ 2sinxcosx nén (1) thanh
a‘c+h(t2 —1) =c
2
< bt* +2at-b—-2c=0
Gii (2) tim dudc t, rdi so vdi diéu kién [t| < /2
gidi phuong trinh V2 sin (x + E] =t ta tim dudc x
Bai 106 : Gidi phuong trinh sinx + sin®x + cos® x = 0(*)
(*) < sinx(1+sinx)+ cosx(l — sin? ) =0
< (1+sinx)=0 hay sinx+cosx(1-sinx) =0
sinx = -1 (1)

o
sinx + cosx —sinxcosx = 0(2)

0(1)<:>x:—g+k2n(keZ)
oXét(2): dat t:sinx+cosx:\/§cos(x—§]
diéu kién [t| < V2 thi t2 =1+ 2sinxcos x

2_
t 1:O

Viy (2) thanh t -

ot2-2t-1=0
t=1-+/2

P
t:1+x/§(loai)

Do dé (2) @@cos(x—gjzl—\@
J2

@cos(x—gJ:?—lzcoscp v6l 0 < @ <2

<:>X—EZi(p+h2n,hEZ,V(’)’iCOS([):?Q—l

& X:gi(p+h2n,heZ,V6icosq):72—1



Bai 107 : Gidi phuong trinh —1 + sin® x + cos® x = gsin 2x(*)

(*) © -1+ (sinx + cosx)(1—sinxcosx) = gsinZX

bit t =sinx + cosx = \/Qsin(x+£)

Véi diéu kién [t| < V2
Thi t% =1+ 2sinxcos x

. . t2 -1 5
Vay () thanh : —1+ ¢ 1- == |= (t —1)

<:>—2+t(3—t2):3(t2—1)
S t2+38t2-8t-1=0
S (t-1)(t*+4t+1)=0
©t=1vt=—2+\/§vt=—2—\/§(loai)
i=sinE
J2 4
<:>x+£:£:k2nvx+E:3—n+k2n,keZ
4 4 4 4

véit=1thi sin(x+%j -

<:>X=k2nvx=g+k2n,keZ

J3-2
véi t=+/3-2 thisin(x+£j=—:sin(p
4 J2
<:>X+E=(p+m2fcvx+E=n—(p+m27c,meZ,V(’)’i\/§_2=sin(p
4 4 J2
c>x=(p—£+m2nvx=%—(p+m2n,meZ,V(’Ii \/§_2=sin(p
4 4 J2

Bai 108 :Gidi phuong trinh \/E(sinx + cos X) = tgx + cot gx (¥)

x ... |sinx#0 .
biéu kién & sin2x =0
cosx =0

e . SiInX CcOSX
Lic d6 (*) & \/§(s1nx +COSX) = +

cosxX sinx

sin? x + cos? x B 1

o \/E(sinercosx) =

sin X cos X sin X cos X

bit t =sinx+cosx = \/ESiIl(X-i-gj

Thi t? =1+ 2sinxcosx vdilt|<v2 va t? =1
2

(*) thanh /2t =

t2




o 2td —2t-2=0
(Hién nhién t = +1 khéng 13 nghi€ém)
= (t—«/§)(«/§t2 +2t+\/§) =
t =2
A '
t? + 2t +1 = 0(vd nghiém)

Vay () = ﬁsin(ergj =2

@sin(x ]:1

o XA+ =§+k2n keZ

+k2n,k € Z

i
4
T
&S xX=—
4

Bai 109 : Gidi phuong trinh 3(cot gx — cosx) —

5(tgx —sinx) = 2(*)

Véi diéu kién sin2x # 0, nhian 2 v& phuong trinh cho sinxcosx # 0 thi :

(") < 3 cos? x(l—sinx)—5sin2 x(1-cosx)=2sinxcosx

& 3cos? x(l—sinx)—5sin2 x(l—cosx) = 5sin X cos X — 3sin x cos X

o 3cosx[cosx(1—sinx)+sinx]—5sinx[sinx(1—cosx)+cosx} =0

< 3cosx(cosx —sinxcosx +sinx) - 5sin x (sin x — sin X cos X + cos X) =

sinx + cosx —sinxcosx = 0(1)
3cosx—-5sinx =0 (2)
(Ghichi: AB+AC=AD < A=

0 hay B+C=D)

Gidi (1) Pat t =sinx + cosx = ﬁsin(x+gj

Thi t2 =1+ 2sinxcosx véi diéu kién :

2_
(1) thanh : t—t 1

t=1+\/§(loai do |t|£\/§)

=0 t?-2t-1=

[t <v2 va t =+l

0

t=1- \/E(nhén so v6i diéu kién)

1-2

Vay sin x+£j= =sina (0<
4 2
x+£=oc+k2n X
S &
x+g:n—a+k2n,keZ X =

o < 2m)

=0 -~ +k2n
4

%—a+k2n keZ

0




(2)<:>tgx=§=tg[3<:>x=[3+hn,heZ (v6i 0 < B < m)

Bai 110 : Gidi phudng trinh
3(1+sinx
3tg’x —tgx +u =8cos’ (%—%j (*)

cos® x

Piéu kién : cosx #0 <> sinx # *1
Lic d6 : (*) <:>tgx(3tg2X—1)+3(1+sinx)(1+tgzx)=4{1+cos(§—xﬂ
=4(1+sinx)
& tgx(3tg’x — 1)+ (1+sinx [3(1+tg x) - ] 0
<:>(3tg2x—1)(tgx+l+smx):0
& (3tg’x —1)(sinx +cos x +sinx cosx) = 0

3tg’x =1 (1)

sinXx +cosx +sinxcosx =0 (2)

(He=tg x—%@tgx +—3<:>x 6+k7t

¢ Giai (2) dat t=sinXx +cosx = \/Esin[x+§j
Vi diu kién |t <2 va t=+1

Thi t* =1+2sinxcosx
t* -1

(2) thanh : t+ =0t +2t—-1=0

= ~1-+2 (loai dodiéu kien |f|<2)
t=—1+~2 (nhﬁn so vdi diéu kién)

Vay sm(x+n) V21 =sin@
4) 2

+ X oprk2nkeZ X=0-=+k2nkeZ
T 37
X+Z:n—(p+k2n,keZ x=7—(p+k2n keZ

Bai 111 : Gidi phuong trinh 2sin’ x —sinx = 2cos’ x — cosx + cos2x (*)

(*) < 2(sin3 X — Cos’ x)—(sinx—cosx)+ sin®x —cos’x =0




< sinx —cosx=0 hay 2(1+sinxcosx)—1+(sinx+cosx) =0

sinx —cosx = 0(1)
=
sinX +cosx +sin2x+1= 0(2)

o(l) = tgx=1

<:>X=%+k1'[,kEZ

oxét(2) dit t=sIinX-+cCoSXx = \/Ecosx(x—%j

Vi didu kién : |t <2
t* =1+sin2x
Vay (2) thanh t+ (¢ —1)+1=0

ot(t+1)=0=t=0vi=-1
Khi t = 0 thi cos(x—%j=0

ex-T=(2k+1)Z kez
4 2

@X:%+kn,keZ

Khi t=-1 thi cos(x—§j=——= cos—
3n

@X—E:i—+k2n,keZ
4 4

< x =n+k2n hay X:—g+k2n,keZ

Bai 112 : Gidi phuong trinh
sinx +sin” x +sin® x +sin* x = cosx + cos® x + cos’ x + cos” x(*)

Ta co : (*)

= (sinx — cosx) + (sin2 X —cos’ x) + (sin3 X — cos’ x) + (sin4 X —cos’ x) =0

< (sinx —cosx) = 0 hay 1+ (sinx +cosx)+ (1+sinx.cosx)+(sinx +cosx)=0
sinx—cosx=0(1)
2(sinx+cosx)+sinxcosx+2=O(2)

Tacé: (1) &tgx=1

<:>X:§+kn,keZ

Xét (2) : dat t=sinx+cosx = 2005(){—%]

Vi didu kién |f <2




Thi t* =1+2sinxcosx
2

+2=0

(2) thanh 2t+
St +4t+3=0
@t:—lvtz—?)(loai)

khit=-1thi cos(x—gjz——zcos—

2 4

x-E=3" onkeZ
4 4

X—E=—3—Tc+k27t,kEZ
4 4

[x=n+K2n,keZ

X=—g+k2n,keZ

Bai 113 : Gidi phuong trinh tg2x(1 —sin’ x) +cos’ x —1=0(*)

Piéu kién : cosx #0 <> sinx # *1
sin’ x
cos’ x
2 -3 3 : 2
<:>(1—cos x)(l—sm x)—(l—cos x)(l—sm x):O

< (1-cosx)(1-sinx)=0

Lic @6 (*) (1—sin3 x)+cos3x—1=0

hay (1+cosx)(1+sinx+sin2 x)—(l+cosx+cos2 x)(1+sinx):O
COSX = l(nhén do diéu kién)
& | sinx = l(loaido diéu kién)

< 2 - 2 2 . 2
sin” X +sin” X cosX —cos” X —sinxcos” x =0
[cosx =1

.2 2 . .

sin” x —cos” X +sin x cosx (sinx —cosx) =0
[cosx =1
| sinx —cosx=0 hay sinx +cosx +sinxcosx =0
[cosx=1vitgx=1
| sinx +cosx +sinxcosx =0
x=k2n,keZ

o x:%+kn,keZ

sinXx +cosx +sinxcosx =0

xét pt sinx +cosx +sinxcosx =0




dat

. s A A N
t=sinX+cosx = ZCosx(x—Z) (dleu kién |t|£x/§ va t;til)

=t =1+2sinXcosx
2

Ta dudc phuong trinh t + =0t"+2t—-1=0

- [t =-1 —\/E(loai)

t= —1+\/§(nhén so véi dk)

Vay cos(x—ﬁj —E =CosQ

@X—%zi(p+k2fc,keZ<:>ngi(p+k2n,keZ

Bai 114 : Cho phuong trinh m(sinx+cosx +1)=1+sin2x(*)

Tim m d€ phuong trinh ¢6 nghiém thudc doan [0,

]

bit t=sinx+cosx=\/§sin(x—§j, diéu kién |t|£\/§

Thi t* =1+sin2x
Viy (*) thanh : m(t+1)=t’
T 3%

NEu 0<x<Zth F<x+l<2t
2 4 4

Do d6 ﬂﬁsin x—i—E <1
2 4

ol<t<2
ta c6 m(t+1)=t2
t2

t+1
L e [12]
2
Thi y'= (ttjlz)z >0 vte[142]
Vay y tdng trén [1,\/5]

< m=

(do t =-1 kh6ng 13 nghiém cida phuong trinh)

Xét y=

Vay (*) c6 nghiém trén {1,%} = y(l) <m< y(\/z)




Bai 115 : Cho phuong trinh cos’ x +sin’ x = msinx cosx(*)

a/ Gidi phuong trinh khi m = J2
b/ Tim m dé€ (¥) c6 nghiém

Ta c6 : (*) < (cosx +sinx)(1—-sinxcosx)=msinxcosx
bit t:sinx+cosx=\/§cosx(x—§j
Vi diéu kién (| <+2)

Thi t* =1+2sinxcosx

-1 -1
Vay (*) thanh t| 1- =m
ly () [ = ] { = j

@t(S—t2)=m(t2—1)

a/ Khi m=+2 ta c6 phuong trinh

(=) )

o +V20-3t-2=0

<:>(t—\/§)(t2+2x/5t+1):0

& t=+2 hay t=—v2 +1 hay t =—/2 —1(loai)

Viy e COSX(X—Ej:1<Z>X—E:k2n,k€ZC>X:E+kZTC,kEZ
4 4 4

o COS(X—Ej—ﬂ—COSOL
4 J2

C>X—§:iot+k21t,k€ZC>X:E

toa+k2n,keZ

b/ Xét phuong trinh t(3—t2) = k(t2 —1)(**
é

Do t=+1 khéng la nghiém cia (**) nén

3t—t’
% % —
) 3t—t° .
Xét y= T (C) trén [—ﬁ,ﬁ]\{il}
4
Taco y'= t - > <0Vt=+I
t* -1

suy ra y gidm trén(-1,1) va

lim y=+o, lim y=—o

x——1" x— 1"

Do d6 trén(-1,1 )C[—\/E,\/E]\{il} ta cé
3
" v6i Vm € R

(d)y=mcidt(C) y=

t2

Viy (*) c6 nghi€m Vm € R




Bai 116 : Cho phuong trinh

. 1 1 1
m(smx+cosx)+l+—(tgx+cotgx+ —+ j=0(*)
2 sinxX COSX
a/ Gidi phuong trinh khi m :%

b/ Tim m d€ (*) c6 nghiém trén (0,%}

Vi diéu kién sin2x =0ta c6
. 1(sinx cosx 1 1
*) <:>m(s1nx+cosx)+l+— +—t—t =0
2\ cosx sinx sinxX CcosXx
@msin2x(sinx+cosx)+sin2x+(1+c0sx+sinx):0

= msin2x(sinx+cosx)+sin2x+1+cosx+sinx=O
. . . 2 .
= ms1n2x(smx+cosx)+(s1nx+cosx) +sinx+cosx=0
sin X + cos X =O(1)
=
msin2x+sinx+cosx+1:()(2)

Xét (2) dat t=sinXx+cosx Z\/ECOS(X—EJ

Thi t* =1+sin2x

Do sin2x # 0 nén |t|£\/5 va t==1
t=0

Vay (%) thanh: {m(t2—1)+t+1:0

t=0 (nhﬁn so diéu kién)

{m(t—l)+l=0 (dot=-1)

a/ Khi m:% thi ta dudc :

t=0
t =—1(loai do diéu kién)

Viy sinx + cosx =0
S tgx=-1

c>x:—§+kn,keZ

b/ Ta c6 : O<x<£<:>—£<x—£<£
2 4 4 4
Luc do

g<cos(x—%)£1:1<t£\/§

Do t=0¢ (1,42 ]




Nén ta xét phuong trinh : m(t—1)+1=0(**)

(**)<:>mt:m—1

<:>t=1—i (do m = 0 thi (**) v6 nghi€ém)
m

Do d6 : yéu ciu bai todn < 1<1——<2

m
_i>0 m<0
m
Rt & 1
< =—/2 -1
1—J§si m 1-2 V2
m
<:>m£—x/§—1

Bai 117 : Cho f(x)= cos’ 2x +2(sinx + cosx)3 —3sin2x+m

a/ Gidi phuong trinh f(x) = 0 khi m = -3

b/ Tinh theo m gid tri I6n nh4t va gid tri nhd nha't clia f(x)
Tim m cho [f(x)]2 <36 VxeR

bit t=sinx+cosx = \/Ecos(x—%j (diéu kién |t| < \/5)
Thi t* =1+sin2x

Va cos?2x =1-sin*2x = 1-(£ 1) =—t* +2¢

Viy f(x) thanh g(t)=—t' + 26" +2¢ =3(¢ ~1)+m

a/ Khim =-3 thi g(t) =0

& -0 (C-2t+1)=0

&St=0vt=1
vdy khim =-3 thif(x) =0

@cos[x—Ej—Oha cos(x—EJ —L
4 Y 4)

& x—2=(2k+1)= hay x -~ =+=+k2m, ke Z
4 2 4 4

@x:%+kn hay x:g+k2nvx:k2n,keZ

b/ Ta c6 g'(t)=—4t" +6t" 2t =—2t(2t —3t+1)

g'(t)=0 |
Vay St=0vt=1lvt=—
} 2

te[V22

Ta co : g(O):3+m:g(1), g(%j:f—g+m

g(V2)=4v2-3+m, g(V2)=m-3-42




v M) s (=3

Minf (x) = tE%\fljﬁ{lﬁ}gg(t) =m-3-42

xe R
Do d6 : [f(x)] <36, VxeR & -6<f(x)<6, VxR
{Maxf(x) <6
R

N{{inf(x)z -6

m-3-4J2 >-6
©42-3<m<3
Cich khde : Ta c6 g(t)=—t*( -2t+1)+3+m=—[t(t=1)] +3+m
Pit u=t>—t

Khi te[—ﬁ,ﬁ} thi ue[—%,Z—H/E} -D

Viy g(t)=h(u)=-u’+3+m
Maxf(x)= Max g(t)= Maxh(u)=m+3

m+3<6
&

R le[—\/z,\/Z—] ueD
N{{mf(x) = te[l_\%flﬁ]g(t) =u1€\/£1nh(u)=m —3-42

Chi y 1 : Phuong trinh gid d6i xing
a(sinx—cosx)+b(sinxcosx):O

ddt t = sinx — cosx
thi t= \/Esin(x —%j = —\/Ecos(x+§j

véi diéu kién |t| S\/E thi t* =1-2sinx cosx

Bai 118 : Gidi phuong trinh 2sinx + cot gx = 2sin 2x + 1(*)

Piéu kién : sinx # 0 < cosx = +1

C Az . COS X )
Lic d6 (*) < 2sinx + =4sinxcosx +1

Sin X

2 xcosx + sin x

< 2sin® x + cos x = 4 sin

<:>2sin2X—sinx—cosx(4sin2x—1):0

< sinx(2sinx —1)-cosx(2sinx -1)(2sinx+1)=0

< 2sinx-1=0 hay sinx —cosx(2sinx+1) =0
2sinx—-1=0 (1)

o
sinx —cosx—-sin2x =0 (2)




e Tac6 (1) & sinx =%(nhén do sinx # 0)
<:>X:E+k2ﬁVX:5—n+k2ﬁ,kEZ

6 6
o Xét (2) bat t:sinx—cosx:x/gsin(x—gj

Véi didu kién |t <2 va t 2+ 1
Thi t? =1 -sin2x
Viy (2) thanh : t—(1—t2)=0

ot?+t-1=0
@tz_l_;\/gvt=_1;\/g(loai)

Do d6 : \/Esin(x—gj = _1;\/g(nhén do [t| < V2 va t = il)

X—gch+k2n, keZ

X—£=n—(p+k2n, keZ

x:(p+£+k2n, keZ

x=54—n—(p+k275, keZ

Bai 119 : Gidi phudng trinh
cos2x +5 = 2(2 — cosx)(sinx — cos x) (¥)

Tacé: (¥) < (cos2 X — sin? x)+ 5=2(2-cosx)(sinx — cosx)
= (sinx—cosx)[2(2—cosx)+(sinx+cosx)]—5 =0

< (sinx - cosx)[sinx —cosx+4]-5=0

bit t =sinx —cosx = ﬁsin(x—gj

Véi diéu kién [t| < V2

(*) thanh : t(t+4)-5=0

o t2+4t-5=0

< t=1vt=-5(loai)

Vay (*) = Sin(x — gj =

@l




c>x—£=£+k2nvx—£:3—n+k2n, keZ
4 4 4 4

@x:g+k2EVX:n+k2n, keZ

3

Bai 120 : Gidi phuong trinh cos® x + sin® x = cos 2x (*)

Ta ¢6 (*) < (cosx +sinx)(1-sinxcosx) = cos? x — sin? x
< cosx +sinx=0 hay 1-sinxcosx =cosx —sinx
sinx+cosx=0 (1)
= .
sinx —cosx—sinxcosx+1=0 (2)

Ta c6 : (1)<:>tgx:—1
<:>x:—£+kn, keZ
4
Xét (2) dat tZSinX—COSXZ\/ESin(X—g]

Véi diéu kién [t| < V2

Thi t? =1 - 2sinxcosx

2
(2) thanh 1:—1_t +1=0=t2+2t+1=0
St=-1
. i 1 . T

iy (2)< sin|xX—— |=———==sIn| ——

14y @) sinfx =)=~ -sin[ 5]
T T

x——=——+k2n, keZ x=k2n, keZ
o Tlx=3" xon kez

X—%=Zﬂ+k2n,keZ X =g TKRam ke

Bai 121 : Cho phuong trinh cos’x —sinx=m (1)

a/ Gidi phuong trinh (1) khi m = 1 biing cdch dit 4n phu t = cosx —sinx
b/ Tim m sao cho (1) ¢c6 ding hai nghiém x e {—g,%}
Ta ¢6 (1) < (cosx —sinx)(1+sinxcosx)=m

Pbit t =cosx-sinx = 2cos(x+gj

Vi didu kién [t| < 2

Thi t% =1 - 2sinxcos x

A X 1-t°
Vay (1) thanh: t| 1+ 5 =m

St(3-t*)=2m (2)




a/ Khim =1 thi (2) thanh t>—3t+2=0
S (t-1)(t+t-2)=0
< t=1vt=-2(loai)

Viy cos x+ = =Q<:>x+£:iﬁ+k2n, keZ
4 2 4 4

<:>X:k2nvx:—g+k2n,keZ

T

b/ N&u Xe[—E —} thi 0<x+=<

n
4’4 2

nén OScos(x+£)£1
@Oét:@cos(x+£j£\/§ X

nhin xét ring véi mbi t tim dudc trén [O,\/E]

~ A N TC Tc
ta tim duy nhat mét x e | ——,—
44

xét f(t) =t + 3t trén [0,42 ]
= f'(t)=-3t" +3

t =1 0 1 \/é
f(t) - 0 + + 0 = =
f(t) 2

vay (1) c6 ding hai nghi€ém x € [—

N a
N
L 1

& (d) y = 2m ct (C) y = ~t* + 3t trén | 0,42 | tai 2 di€m phan biét

S V2 <2m < 2

J2

o —<mcx<l1
2

Bai 122 : Cho phuong trinh
2.c0s2x + sin® x cos x + sinxcos? x = m(sinx + cos x)(*)

a/ Gidi phuong trinh khi m = 2

b/ Tim m d¢& phuong trinh (*) ¢6 it nhdt mot nghiém trén [O,g}

Ta c6 :
(*) < 2(cos2 X — sin® x) +sinx cosx (sinx + cosx) = m(sinx + cos x)




< cosx+sinx =0 (1) hay 2(cosx—sinx)+sinxcosx =m (2)
Pit t =cosx —sinx = ﬁcos(XJrgj (diéu kién [t < J2)

Thi t2 =1 - 2sinxcosx
Tacé : (1) & sinx = —cosx

<:>tgx:—1<:>x:—£+kn,keZ

) . 1-t°
Ta c6 : (2) thanh 2t +

=m

<:>—t2+4t+1:2m(**)
a/ Khi m = 2 thi (**) thanh t? -4t+3=0
ot=1vt=3 (loai)

vady cos x+ = =Q<:>x+£=i£+k2n, keZ
4 2 4 4

c>x:k2nvx:—g+kn,keZ
Do do :
(*)<:>X=—£+knvx=k2nvx=—g+k2n,keZ
b/ Tacéd x e O,E <:>x+£e E,%
2 4 |4 4
V2

vay _y2 < cos(x+£j <—
2 4 2

=-1<t<1

Do nghi€ém x = —g+kne{0,g} ,VkeZ

Nén yéu cdu bai todn < (**)c6 nghiém trén [-1,1]
Xéty=-t?+4t+1thiy' =-2t+4>0 Vte[-11]
= y tang trén [-1,1]

Do d6 : yéu cdu bai todn

o -4=y(-1)<2m<y(l)=4

& -2<m<2

* Chd y 2 : Phuong trinh lugng gidc dang

a(tgx + cot gx) + b(thX + cot g2x) =0

ta dit t = tgx + cot gx thi t* = tg’x + cot g°x + 2

khi t = tgx + cot gx = thi

- t| > 2 (do |sin 2x| < 1)

sin 2x

Bai 123 : Gidi phuong trinh
3tg’x + 4tgx + 4 cot gx + 3cot g’x + 2 = 0(*)




bat t =tgx +cotgx =

sin 2x
Véi diéu kién |t| > 2
Thi t* = tg’x + cot g’x + 2
(*) thanh : 3(t* - 2)+4t+2=0
< 3t2+4t-4=0

t = z(lor;li do diéu kién)
= 3

t=-2

Taco:t=-2< =-2< sin2x=-1

2sin X

<:>2x:—g+k2n, keZ

<:>X=—g+kn,keZ

Bai 124 : Gidi phuong trinh
tgx + tg’x + tg’x + cotgx + cotg®x + cotg’x = 6(*)

Ta c6 (*) < (tgx + cot gx) + (tg2X + cot g2x) + (tg3x + cot g3x) =6
< (tgx + cot gx) + (tgx + cot gx)2 — 2+ (tgx + cot gx)(tgzx + cot g?x — 1) =6

< (tgx + cot gx) + (tgx + cot gx)2 + (tgx + cot gx) [(tgx + cot gx)2 - 3} =8

Pit t = tgx + cot gx = (diéu kién [t| > 2)

sin 2x
Vay (*) thanh : t+t* +t(t* - 3) =8
St +t?-2t-8=0

t=2
<:>(t—2)(t2+3t+4):0<:> ) A .
t* + 3t +4 = 0(vd6 nghiém)
S t=2
Viy — =2<sin2x=1
sin 2x

©2x=g+k2n,keZ

<:>X:£+kﬂ:,k€Z

Bai 125 : Gidi phudng trinh

—— + 2tg”x + 5tgx + 5cot gx + 4 = 0(*)
Sin- X

Cdch1:(¥) < 2(1 + cot gZX) +2tg’x + 5(tgx + cotgx)+4 =0




= 2(tg2x+cot g2x)+5(tgx+cotgx)+6 =0
& 2[(tgx+cotgx)2 —2}+5(tgx+cotgx)+6:0

bit t = tgx + cot gx = , V61 [t| > 2

sin 2x
Ta dugc phuong trinh : 2t + 5t + 2 =0

@t:—th:—%(loai)

2
sin 2x

=-2<sin2x=-1

Vay(*) e
<:>2X=—g+k2ﬂ?, keZ

®X=—£+kn,keZ

Cdch 2 : Pitu =tgx (v6i diéu kién u = 0)

Vay (*) thanh : 2+%+2u2+5u+§+4=0
u u

< 2+2u* +5u® +5u+6u” =0
& (u+1)(20° +3u® +3u+2) =0
<:>(u+1)2(2u2+u+2)=0

u =-1(nhén)
=

2u” +u+2=0(vd nghiém)
Viy (*) otgx =-1

<:>x:—2+kn,keZ

Bai 126 : Cho phuong trinh

I cotg’x + m(tgx + cotgx)+2=0 (1)

a/ Gidi phuong trinh khi m = g

b/ Tim m d€ phuong trinh ¢ nghiém

Tacé : (1) < tg’x + cotg’x + m(tgx + cotgx)+3=0

DPit t = tgx + cot gx = (diéu kién [t| > 2)

sin 2x
= t? = tg’x + cot g”x + 2
Vdy (1) thanh: t? +mt +1=0 (2)

a/ Khi m = g ta dugc phuong trinh 2t* + 5t +2 =0




St=-2vt= —%(loai)

Do d6 =2 sin2x=-1

sin 2x

c>2x=—g+k2n, keZ

<:>x=—£+kn,keZ

b/ Cdch 1 :
Tacé:(2) © mt=-1-t>

S m= —% —t(do t =0 khéng 1a nghiém cida (2))

Xét y:—%—t v6i [t| > 2
o1 1-t?
Thly :t—z—].:t—z

Tacé:y' =0t=+1

b | OF

i 4

g

—o0
Do d6 (1) ¢6 nghiém < (d) cat (C) trén (—oo,-2]U[2,+x)

@mﬁ—évmz—
2 2

= |m| 2 §
2
Cdch 2 : Yéu cdu bai todn
< f(t) =t + mt+1=0c6 nghiém t thda |t|>2
Nhin xét ring do P = 1 nén né€u f(t) ¢6 hai nghiém t,t,(véit, <t,)va
, 6] <1 ([ty|=1
c6 nghi€m thi ta c6 v
t| =1 |Jt,| <1

Do @6 :
Yéu cdu baitodn < t, <-2<t, <2v-2<t, <2<,

1f (-2)<0 [1f(2)<0 2m+5<0 (-2m+5>0
= v 0" v

1f(2) >0 1f (-2) > 2m +5>0 2m +5<0

@mzéva—é
2 2



BAITAP
Gidi cdc phuong trinh :
a/ 1+ cos®x —sin® x = sinx
b/ cos® x + cos®x + 2sinx-2=0
c/ cos2x +5=2(2—-cosx)(sinx — cosx)

d/ cotgx —tgx =sinxX + cosx
e/ sin® x — cos® x = sinx — cos x
f/ 1+ tgx = sinx + cosx

g/ sin2x+x/§sin(x—%J =1

k/ sin2x —12(sinx —cosx)+12=0
T sinX + COSX _
sin2x +1

1-cos2x 1-cos’x

1+cos2x 1-sin’x
n/ 5(sinx + cosx) + sin 3x — cos 3x = 2\/5(2 + sin 2x)

o/ 1+sinx+cosx+sin2x +2cos2x =0
p/ sin”® x cos X — cos 2x + sin X = cos® Xsin X + cos X
r/ cos2x +5 = 2(2 — cosx)(sinx — cos x)

s/ cos®x +sin’x +cosx =0

t/ 4sin®x —1 = 3sinx — +/3 cos 3x

Cho phuong trinh sin2x(sinx + cosx)=m(1)

a/ Chitng minh néu |m| > V2 thi (1) v6 nghiém

b/ Gidi phuong trinh khi |m| = /2

Cho phudng trinh sin2x +4(cosx —sinx) =m

a/ Gidi phuong trinh khi m = 4

b/ Tim m d€ phuong trinh ¢ nghiém

Cho phudng trinh : sinxcosx — m(sinx + cos x) +1=0
a/ Gidi phuong trinh khi m =+/2

b/ Tim m d€ phuong trinh c¢6 nghiém (DS :|m| > 1)

Cho phuong trinh

5 T 3tgzx = m(tgx + cotgx) =1
sin” x

Tim m d€ phuong trinh c¢6 nghiém (DS :|m| > 4)



CHUONG VI.
PHUONG TRINH PANG CAP

asin®u + bsinucosu + ccos®’u =d
Cdch giadi :

e Tim nghiém u = g+ kn(lac d6 cosu =0 va sinu = +1)

e Chia hai v& phuong trinh cho cos®u # 0 ta dugc phuong trinh :
atg®u + btgu + ¢ = d(l + tgzu)
bit t = tgu ta c6 phudng trinh :
(a-d)t*+bt+c-d=0

Gidi phuong trinh tim dugc t = tgu

Bai 127 : Gidi phuong trinh
cos?x —+/3sin2x =1 + sin® x (¥)

Vi cosx = 0 khong 1a nghi€ém nén

Chia hai v€ cia (*) cho cos® # 0 ta dugc
(*) & 1-2/3tgx = (1 + tgzx) + tg®x
bit t=tgx ta c6 phuong trinh :

2t? + 23t = 0

et=0vt=—/3

Vay (*) & tgx = Ohay tgx --J3 o x:knhayx:—g+kn,ke 7

Bai 128 : Gidi phudng trinh
cos’x —4sin’ x — 3cosxsin® x + sinx = 0(*%)

e Khi x =g+kn thi cosx =0va sinx =+1

thi (*) v6 nghi€ém
e Do cosx =0 khdng 12 nghiém nén chia hai v€ clia (*) cho cos’x
tacé (*) o 1-4tg’x — 3tg’x + tgx(l + tg2x) =0

< 3tg’x + 3tg”x —tgx—1=0
< (tgx +1) (3tg2x - 1) =0

<:>tgx:—lv’ch:i?3

<:>X=—£+k’}tVX=iE+kTC,kEZ

Bai 129 : Gidi phuodng trinh
3cos’ x — 4sin” x cos? x + sin* x = 0(*)




Do cosx = 0 khong 12 nghiém nén chia hai v& cda (*) cho cos*x # 0
Tacé: (*) < 3-4tg’x +tg'x =0
S tg’x=1vtg’x =3

S tgx=+1= tg(i%}vtgx = tg(ig)

<:>x=i%+knvx=ig+kn,kez

Bai 130 : Gidi phuong trinh sin 2x + 2tgx = 3(*)

Chia hai v€ cia (*) cho cos®x # 0 ta dugc
2sinxcosx  2tgx 3
) < 2 + %r T2
cos” X cos°X Cos” X
& 2tgx + 2tgx(1 + tgzx) = 3(1 + tgzx)

t =tgx
2t -3t +4t-3=0

t = tgx
Tt-1)(20 -t +3)=0
Stgx=1

<:>x:§+kn,keZ

Bai 131 : Gidi phudng trinh
sin x sin 2x + sin 3x = 6cos® x(*)

(*) < 2sin® x cosx + 3sinx — 4sin’ x = 6cos’ x
eKhi cosx =0 ( sinx =+1) thi (*) v6 nghiém

e Chia hai v€ phuong trinh (¥) cho cos® x # Ota dudc
() 2sin2x+35inx 1 sin® x

2 . 2 -4 3 =6
COS X COSX C(COS X COS X

< 2tg?x + 3tgx (1 + tgzx) —4tg’x = 6

o tg’x — 2tg®x - 3tgx +6=0
< (tgx - 2)(tgzx = 3) =0
<:>tgx=2=tgocvtgx=i\/§

<:>x=oc+knvx:ig+kn,keZ(v6i tga = 2)




Bai 132 : (B¢ thi tuyén sinh Pai hoc khdi A, nim 2003)
Gidi phuong trinh
cos 2x

1+tgx

cotgx —1= +sin2x—%sin2x(*)

DPiéu kién sin2x # 0 va tgx = -1

. 2 s 2
. cos2x cos’x —sin®x COSX(COS X —sin X)
Taco : = : = -
1+tgx 14 50X COS X + Sin X
COS X

=cosx(cosx —sinx) (do tgx =-1 nén, sinx +cosx # 0)

Do d6 : (*) < cosx

. . 1 .
: —1=(cos2x—smxcosx)+s1n2x——sm2x
sin X 2
cos X —sin x .
— = T -1-sin2x
sin x

. . . 2
< (cosx —sin x) = sin x (cos X — sin x)
< cosx —sinx=0 hay 1 =sinx(cosx —sinx) (*¥)
tgx = 1(nhén so véi tgx = -1)

= 1  sinx

- —tg’x (do cosx # 0)
| cos’ X cosx

x:E+kn,keZ
4

| 2tg”x —tgx +1=0(v0 nghiém)
c>x:2+kn, k € Z (nhan do sin2x = 0)
Luu ¥ : c6 thé 1am cdch khdc

(*" el —ésin2x+%(1— cos 2x) =0

< 3 = sin 2x + cos 2x

< 3=+/25sin (Zx + gj : v0 nghiém

Bai 133 : Gidi phwong trinh sin 3x + cos 3x + 2cosx = 0(*%)

(*) & (3sinx — 4sin? x) + (4cos3 X — 3c0sx) +2cosx =0

< 3sinx —4sin®x +4cos’x —cosx =0

Vi cosx = 0 khong 1a nghiém nén chia hai v€ phudng trinh cho
cos® x # Ota dudc

(*) < 3tgx (1 + tg°x) — 4tg’x + 4 — (1 + tg’x) = 0




o —tg’x —tg®x + 3tgx+3=0
t =tgx
= 2
t°+t*-3t-3=0
t =tgx
=S
(t+1)(t*-3)=0
<:>tgx=—1vtgx=i\/§

<:>X=—£+anX=iE+kTC,kEZ

Bai 134 : Gidi phuong trinh 6sinx —2cos® x = 5sin 4x.cosx

()

2 cos 2x

Pidu kién : cos2x # 0 < cos’x —sin’ x # 0 < tgx = £1

. 3 10sin 2x cos 2x cos X
6sinx —2co0s8” X =

Tacé : (*) < 2cos 2x
cos2x # 0

6sinx — 2cos® x = 5sin 2x cos x
tgx # +1
6sinx — 2cos’ x = 10sin x cos® x (* *)
tgx # £1
Do cosx = 0 khong 1a nghiém cida (**), chia hai v€ phuong trinh (**) cho
cos® x ta dugc
6tgx
(¥*) < < cos® x
tgx # +1
t=tgx v6it ==+l
< 2
6t(1+t*)-2=10t

{t=tgx v6i t = +1 {t=tgx v6i t = +1
= =

~ 2 =10tgx

3t°-2t-1=0 t-1)@Bt>+3t+1)=0
{t:tgx Vit =+l A
f1 : v0 nghiém

Bai 135 : Gidi phuong trinh sinx — 4 sin® x + cos x = 0(*)

e Vi cosx = 0 khong 1a nghiém nén chia hai vé€ phudng trinh cho cos’x thi
(*) < tgx(l + tgzx) —4tg’x +1+tg’x =0



t =tgx
Bt +t2+t+1=0

t = tgx
-1 (3 +2t+1)=0
S tgx =1

<:>x:£+kn,keZ

Bai 136 : Gidi phuong trinh tgxsin®x — 2sin”® x = 3(cos 2x + sin x cos x)(*¥)

Chia hai v€ cda phuong trinh (*) cho cos’x

(*) o oto? 3(coszx—sin2x+sinxcosx)
S tg'x — 2tgTx =

cos® x
o tg’x - 2tg’x =3 (1 —tg’x + tgx)

o tg’x +tg’x - 3tgx-3=0
t =tgx
= 3 2
t°+t°-3t-3=0
t =tgx
&
(t+1)(t*-3)=0
<:>tgx=—1vtgx=i\/§

<:>X=—E+k7tVX=iE+kTE,kEZ
4 3

Bai 137 : Cho phuong trinh

(4 - 6m)sin® x + 3(2m - 1)sinx + 2(m - 2)sin® x cos x — (4m — 3)cos x = 0(*)

a/ Gidi phudng trinh khi m = 2

b/ Tim m d€ phuong trinh (*) c6 duy nhat mdt nghiém trén [O,g}

Khi x = g + kn thi cosx =0 va sinx = +1 nén
(*) thinh : +(4 - 6m)+3(2m-1)=0

< 1=0 v6 nghiém
chia hai vé (*) cho cos® x # 0thi

(*) < (4 -6m)tg’x + 3(2m — 1) tgx (1 + tg°x) + 2(m — 2) tg”x — (4m - 3)(1+ tg’x) = 0

t =tgx
T - (2m +1)t? + 3(2m — 1)t — 4m + 3 = 0(¥ %)



t =tgx
“1(t-1)(t* —2mt + 4m —3) = 0

t =tgx

Khi m = 2 thi (*) thanh
a/ Khim thi (*) than {(t—l)(t2—4t+5)=0

c>tgx:1<:>x:§+kn,kez

b/ Tacé: x e {O,g}thi tgx =t €[0,1]

Xét phuong trinh : t* — 2mt + 4m - 3 = 0(2)
o t?-3=2m(t-2)

2_
<:>tt 23=2m (do t =2 khong 1a nghiém)
y t* -3 .
Datyzf(t):t 2(C)va(d)y:2m
2_
Tacé:y'=f(t)=ﬂ
(t-2)
t 0 1 2 3
: + + 0 - - 0 +
2
§/
2

Do (**) ludn c¢6 nghiém t = 1 €[0,1]trén yéu cau bai todn
(d)y =2m khong c6 diém chung v6i(C)
(d)cdt(C)taildiémduy nhdtt =1

<:>2m<gv2m22

c>m<%vm21

Cach khdc :

YCBT < f(t) =t* - 2mt + 4m — 3 = 0(2) v6 nghiém trén [0,1).
A>0

af (0)>0

Ta c6 (2) c6 nghiém € [0,1]< (0).f(1)<0 hay;af (1)>0

0<=<I1
2



m? —4m+3>0
o (4m-3)(2m-2)<0hayl M™3>0 3
om-250 4

0<mxl

Do dé (2) v6 nghiém trén [0,1)©m<% haym>1 hay f(1)=0

<:>m<§vm21



BAITAP

1. Gidi cdc phuong trinh sau :
a/ cos®x +sinx — 3sin® xcosx =0
b/ sin® x(tgx + 1) = 3sinx(cosx - sinx) + 3
¢/ 2cos® X +cos2x +sinx =0
d/ tg?x =—1_C?Szx
1-sin°x
e/ sin® x — 5sin® xcosx — 3sinxcos®x + 3cos’x = 0
f/ cos®x + sinx — 3sin® xcosx =0
g/ 1+tgx = 24/2sinx
h/ sin® x + cos® x = sinx — cos x
k/ 3tg®x + 4tgx + 4cot gx + 3cot g’x + 2 =0

3(1+sinXx) T X

/ 3tg°x—tgx+ ————~ _8cos’ (= —-=) =0
i tg = iger cos’ X (4 2)
o/ s1nx+cosx:1

sin 2x

2. Cho phuong trinh : sin® x + 2(m - 1)sinxcosx — (m + 1)cos’x = m

a/ Tim m d€ phuong trinh c¢6 nghiém
b/ Gidi phuong trinh khi m = -2 (PS:me[-2,1])



CHUONG VII
PHUONG TRINH LUONG GIAC CHUA CAN VA PHUGNG
TRINH LUGNG GIAC CHUA GIA TRI TUYET POI

A) PHUONG TRINH LUQGNG GIAC CHUA CAN

Cach gidi : Ap dung cdc cong thic
A>0 B>0
A =B
VA \/_Q{AzBQ{A:B

B>0
\/K=B<:>
A =B?

Ghi chi : Do theo phuong trinh chinh 1y dd bé phan ba't phuong trinh lugng
gidc nén ta xit 1y diéu kién B > 0 bing phuong phdp thit lai va chiing t6i bé
cdc bai todn qud phuc tap.

Bai 138 : Gidi phwong trinh v/5cos x — cos 2x + 2sinx = 0(*)

(*) = J5cosx — cos2x = —2sinx

sinx <0
&

5cosxX — cos2x = 4sin’ x

sinx <0

g 2 2
5COSX—(2COS x—l):4(1—cos x)
sinx <0

= 2
2cos“"x+bcosx—-3=0

sinx <0
COSX = %v cosx = —3(loai)

sinx <0

x=ig+ k2m, k € Z

<:>X=—§+k2n,keZ

Bai 139 : Gidi phuong trinh
sin® x + cos® x + sin® x cot gx + cos® xtgx = +/2sin 2x

biéu kién :




cosx # 0

. sin2x # 0 .
sinx#0 << . < sin2x >0
. sin2x >0
sin2x >0
Luc do :

(*) < sin’ x + cos’ x + sin” x cos X + cos” x sin X = v2sin 2x
< sin® x(sinx + cosx) + cos” x(cos x + sin x) = V2sin 2x
< (sinx + cos x)(sin2 X + cos” x) =/2sin 2x

{sinx +cosx >0
o

(sinx + cos x)2 = 2sin 2x

V2sin|x+Z|>0 sin(x+£j20
& 4 = 4
1+ sin2x = 2sin 2x sin 2x = 1(nhén do sin2x > 0)
sin|x+2|>0 sin|x+2|>0
4 4
& &
x=§+kn,keZ X=g+m2nvx=@+m2n(loai),meZ

T
<:>X=Z+m2n,meZ

Bai 140 : Gidi phuong trinh \/1+ 8sin 2x.cos® 2x = 2sin (3X + gj(*)

sin(3x+g] >0
Taco: (*) &
1+ 8sin 2x cos? 2x = 4 sin? (3){ + %j

sin(3X+E) >0
4
1+ 4sin2x(1+cos4x) = 2[1—cos(6x +g)}
sin(3X+Ej >0
4
1+ 4sin2x + 2(sin 6x — sin 2x) = 2(1 + sin 6x)

sin(3x+£j20 sin(3x+£)20
& &

sin 2x =

X:£+anX:@+kn,k€Z
12 12

N | = o~

So lai vdi diéu kién sin

VR

3X+£j20
4




eKhi X=£+kﬂ: thi
12
sin[Sx + E] = sin (E + 3knj = coskn
4 2
1,(néu k chén)(nhén)
- -1,(néu k 18)(loai)
eKhix = @+ kr thi
12

sin (3X + Ej = sin (ﬁ + 3knj = sin (—E + kn]
4 2 2

{—1,né’u k chan (loai)

1, néu k 1é (nhén)

Do dé (*)<:>x:£+m2nvx=@+(2m+l)n,meZ
12 12

BAi 141 : Gidi phuong trinh 1= S 2X + V1 +sin2x 4 cos x (*)
Sin X

Lic d6 : (*) < J1 -sin2x ++/1 +sin2x = 2sin 2x
( hi€n nhién sinx = 0 khéng 1a nghiém , vi sinx =0 thi VT =2, VP =0)
- {2 + 21— sin? 2x = 4sin®2x

sin2x >0

J1-sin?2x =2sin?2x -1
o

sin2x >0
1-sin®2x =4sin*2x —4sin®2x +1
< {sin®2x > 1

2

sin2x >0
sin? 2x(4 sin? 2x — 3) =0

sin 2x > i
2

B

sin2x:?3vsin2x:—

2
V2

sin 2x > —

e

& sin2x = —
2

<:>2x=g+k2nv2x=2—3n+k2n,kez




<:>X=£+knvx=2+kn,keZ
6 3

Chii y : C6 thé€ dua vé phuong trinh chifa gid tri tuyét ddi

y sinx =0
)< |cos x — sin x| + |cos x + sin x| = 2sin 2x

~

< |cos x — sin x| + |cos X + sin x| = 2sin 2x

Bai 142 : Gidi phuong trinh sin x + v/3 cos x + \/sin x ++/3cosx =2 (*)

. T
sin —
bit t =sinx++3cosx =sinx +

COS X
I
COS —

1 ) ( n) ) [ nj
sin| x+—|=2sin| X + —
cosE 3 3
3
(*)thanh t++/t =2
ot=2-t

2-t>0 t<2
= =
t=4-4t+t? t2 —5t+4=0

t<2
= sSt=1
{tzlvt:4

Do d6 (*)

S t=

& sin| x + = =l<:>X+E=£+k27'C hay X+£:5—n+k2n,keZ
3) 2 3 6 3

@X:—%+k2nvx:2+k2n,keZ

Bai 143 : Gidi phuong trinh
3\tgx +1(sinx +2cosx) = 5(sinx + 3cos x) (*)

Chia hai v€ cda (*) cho cosx # 0 ta dugc
(*) & 3ytgx +1(tgx + 2) = 5(tgx + 3)
bit u=tgx+1v6iu=>0

Thi u® -1 = tgx

(*) thanh 3u(u® +1) =5(u” +2)

<3 -5u>+3u-10=0

& (u-2)(3u” +u+5)=0

< u=2v3u’+u+5=0(vd nghiém)

Do d6 (*) & (tgx+1=2



Stgx+1=4

o tgx=3 :tga(vé’i —g< o <gj©X:a+k7z,keZ

Bai 144 : Gidi phuong trinh (V1 cosx ++/cos x ) cos 2x = %sin 4x (%)

(*) < (\/1 —COSX + \/cosx)cos 2x = sin 2x cos 2x

cosx=>0

hay +1-cosx ++/cos x = sin 2x
cos2x=0
cosx>0 cosx>0

hay {sin2x>0

2x=£+kn,k el
2 1+2\/(1 — cos x)cosx =sin? 2x

cosx>0 cosx>0
hay {sin2x>0
1+2\/(1—COSX)COSX=Sin22X(VTZlZVP)
cosx>0
sin 2x>0
X:i£+hn hay x:i%"mn,hez Y sin® 2x =1

(1-cosx)cosx=0

x=24kZ kez
4 2

cosx=>0

<:>X=i£+h7c,heZ

cosx=1(=sinx=0= sin2x=0)

h sin2x=1 sin2x=1
a
cosx=0(= sin2x=0)

o X=i§+hﬂt,h e

Bai 145 : Gidi phuong trinh sin’® x(1+ cot gx) + cos® x (1 + tgx) = 2sin x cos x (¥)

e . 3 [sinXxX+cosx 3 (cosX+sinx :
(*) © sin® x| ————— |+ cos’ x| ———— | = 2J/sinx cos X

sin X cos X
< (sinx + cos x)(sin2 X + cos” x) = 24/sin x cos x
sinx +cosx >0
{1 + sin 2x = 28in 2x

. T
. sin|x+— >0
sinx+cosx >0 4
o <

sin2x =1 T
x:Z+kn,keZ




sin(x+£j >0
4

X+E=E+kﬂ,kEZ
4 2

sin(x+£j2 0
4

x+2 =21 hon hayx+£:%+h2n,hez
4 2 4 2

=

=

<:>x=£+h2n,heZ

Bai 146 : Gidi phuong trinh Vcos2x ++/1 + sin 2x = 2v/sinx + cos x (¥)

PN © A N . T
biéu kién cos2x > 0va sin (X + Zj >0

Lic d6 : (*) < Jeos?x —sin?x + \/(cosx + sin x)2 = 24/cos X + sin X

& cos’ x —sin® x + (cos x + sin X)2 + 2+/cos ZX\/(COS X + sin x)2

=4 (sinx + cosx)
<> cosx(CosX +sinX) + (sin X + cos x)+/cos 2x = 2(sin X + cosx)

[sinx +cosx =0

o
| COSX ++/cos2x = 2
[tgx = -1

=
| Veos2x =2 - cos x (* *)
[tgx = -1

o

| cos2x =4 —4cosx+cos’ X
o tgx=-1vcos’x+4cosx—5=0
& tgx =-1vcosx =1vcosx = —5(loai)

<:>X:—2+knvx=k2n,keZ

Thirlai: e x = _E +knthi cos2x = cos(—gj = 0(nhén)
Va sin(x + gj = sinkn = 0(nhén)

e x =k2n thi cos2x =1(nhén)

va cos(x + g) = cosg > 0(nhén)

Do d6 (*) <:>x:—2+knvx=k2n,keZ

Chi y : Tai (¥*) c6 thé dung phuong trinh lugng gidc khéng muc




COSX ++/cos2x =2
(* *) ks
sinx+cosx >0
cosx =1
< {cos2x =2cos?x-1=1

sinx+cosx >0
cosx=1

=2 o x=2kn,keZ
sinx+cosx >0

Cédch khéc

. . 2 N
(") < Jeos? x — sin? x +\/(c0sx+smx) = 2+/cos X + sin x
N N . 2 N
< J(cos x +sin x).(cosx —sinx) + \/(cos X +sinx) =2Jcosx +sinx

cosx+sinx>0

\Jcos X —sin X +\/(cosx+sin x) =2
cosx+sinx>0

2cosx +2+/cos2x =4

cosx+sinx>0

COSX ++cos2x =2

cosx=1

< cosx+ sinx= 0 hay {
< tgx= -1 hay {
< tgx= -1 hay {

o x=-"4+knkeZ hay
4 cos2x=1

<:>x:—£+kn hay x = 2kn,k € Z

(nhdn xét: khi cosx =1 thi sinx =0 va sinx + cosx=1>0)

BAITAP
1. Gidi phuong trinh :

a/ JV1+sinx +cosx=0

4x 9
COS— — COS” X
b/ —3 =0
\/1 —tg’x

¢/ sinx ++/3cosx = \/2+cos2x+\/§sin2x
d/ sin®x - 2sinx + 2 = 2sinx — 1

e/ 24/3sin x =&—\/§

2sinx -1

sin? 2x + cos? 2x — 1 B

t/ =0

Jsin cos x
g/ 8cos4xcos®2x +/1-cos3x +1=0
h/ v/sinx +sinx +sin?x + cosx = 1



k/ /5 —3sin?x —4cosx =1 —2cosx

1/ cos 2x = cos® x4/1 + tgx

2. Cho phuong trinh :
J1+sinx ++/1-sinx = mcosx(l)

a/ Gidi phuong trinh khi m = 2
b/ Gidi va bién ludn theo m phuong trinh (1)
3. Cho f(x) = 3c0s%2x + sin*2x + cos4x — m
a/ Gidi phuong trinh f(x) =0 khi m =0
b/ Cho g(x)=2cos” 2xv3cos®2x + 1. Tim td't cd cdc gid tri m d€ phuong
trinh f(x) = g(x) ¢c6 nghi€ém.
(PS:1<m<0)
4. Tim m d€ phuong trinh sau c6 nghiém
J1+2cosx ++v1+2sinx =m

(BS: 1+¥3 <m<2 1+J§)

B) PHUONG TRIiNH LUQGNG GIAC CHUA CAC TRI TUYRT POI

Cdch gidi: 1/ M3 gid tri tuyét d6i bing dinh nghia
2/ Ap dung
e|/A|=|B|< A =1B

B>0 {BZO {Azo {A<O

Al=B
Al Q{A:iBC} A’-B " |A=B |A=-B

Bai 147 : Gidi phuong trinh |cos 3x| =1 - V3sin3x (*)

(*)<:> 1—\/§sin3x20

cos? 8x = 1 — 2./3 sin 8x + 3sin? 3x
sin3x£i
1-sin23x =1 - 23 sin 3x + 3sin? 3x
sinSxSi
4 sin? 8x — 24/3 sin 3x = 0

sin 3x < i

sin3X:Ovsin3X:ﬁ

& sin3dx =0

c>x=%,keZ




Bai 148 : Gidi phuong trinh 3sinx + 2|cos x| - 2 = 0(*)

(*) < 2|cosx| =2 -3sinx
{2—38inx >0

4cos’x =4 -12sinx + 9sin? x
) 2
sin x < —
3
4(1—sin2 X) =4 -12sinx + 9sin® x
; 2
sSin X < —
3
13sin® x - 12sinx =0

sinxsg
3

. ) 12
sinx=0vsinx =—
13

S sinx =0
Sx=knkelZ

Bai 149 : Gidi phuong trinh sinxcosx + [sin x + cos x| = 1(*)

Pit t =[sinx + cosx| = J2

. I
S| x +—

+t=1

Vi didu kién: 0 <t <2
Thi t2 =1+ 2sinxcosx
t2 -1

Do dé (*) thanh :

St?P+2t-3=0
< t=1vt=-3(loai)
Viy (*) & 1> =1+ 2sinxcosx

< sin2x=0

@X:%,keZ

Bai 150 : Gidi phuong trinh  [sin X — cos x| + 2sin 2x = 1(*)

bit t =|sinx — cos x| (diéu kien0<t < x/§)
Thi t*> =1-sin2x
(*)thanh: t+2(1-t*) =1
S 27 -t-1=0
St=1vt= —l(loai dodiéu kién)
2

khit=1thi 12 =1-sin2x



< sin2x =0

<:>X=E,kEZ
2

Bai 151 : Gidi phuong trinh sin® x — cos” x = [sin x| + |cos x| (¥)

(") < (sin2 X + cos? x)(sim2 X — cos> x) = [sin x| + |cos x|
< — €08 2x = [sin X| +|cos X|
{— cos2x > 0

cos” 2x =1+ 2sin x||cos x|

<:>x=§+kn,keZ

Bai 152 : Gidi phuong trinh /3 sin2x — 2cos? x = 24/2 + 2 cos 2x (*)

Tacé : (*) < 2.3 sinxcosx — 2cos? X = 2\/2 + 2(2cos2 x—l)

3 . 1
& cosx| ——sinXx — —cosx | =|cos x|
2 2

. T
& COSX. sm(x - Ej = |cos x|

cosx >0 cosx <0
< cosx=0vy . T AR T
sin|x—-—|=1 sin|x——|=-1
6 6
cosx >0 cosx <0

< cosx =0
* v X—E:E+k2n,keZv X—E:—E+k2n,keZ
6 2 6 2

cosx >0 cosx <0
<:>X=E+kn,keZv o v o
2 X:§+k2n,keZ X=—§+k2ﬂt,k€Z

@X:g+kn,keZ




Bai 153 : Tim cdc nghiém trén (O,2n) cia phudng trinh :
sin 3x —sin X
J1-cos2x

= sin 2x + cos 2x (¥)

2cos 2xsin X T
T J . * _— — 2 2 —_—
acé ( ) = \/§|sin x| N cos( X 4)

Piéu kién : sinx# 0 < x # kn
eKhix € (0,n)thisinx > Onén :

(*) © V2 cos2x = ﬁcos(Zx—gj
<:>2X=i(2x—£J+k2n,keZ

<:>4x=£+k2n,keZ

n k=

S X=—+—
16 2

,keZ

Do x €(0,7) nénx = - hay ng_n
16 16
Khi x € (7,2n)thi sinx < 0 nén :

(*) & —cos 2x = cos (Zx—gj
< cos(m—2x) = cos (Zx—gj
<:>2X—g:i(n—2x)+k2n,keZ

c>4x=54—n+k2n,keZ

& X = on + ﬁ,k el
16 2
Do x € (m,21) nén x:%v _29m,
16 16
Bai 154 Cho phudng trinh :  sin® x + cos’® x = a|sin 2x|(¥)

Tim a sao cho phudng trinh cé nghiém.

Ta c6 :
sin® x + cos® x = (sin2 X + cos? x)(sin4 x — sin® x cos? x + cos* x)
.2 2 _\2 .2 2
= (sm X + CoS x) —3sin” xcos” X
3 .
=1-"sin’?2x
4

batt = |sin 2x| diéu kién 0<t <1



thi (*) thanh : 1—%8 =at (*%)
1 3 . « ‘A
QE_Zt:a (do t =0 thi (**) vO6 nghi€ém)

Xét y:%—%t trén D =(0,1]

1 3
thiy'=——-2<0
Y =TTy
t 0 1
y =
y koo
\l
4

Do d6 : (*) c6 nghi€ém < a 2%0

Bai 155 Cho phuong trinh  cos 2x = mcos” x4/1+tgx (%)

Tim m d€ phuong trinh c¢6 nghiém trén [0, g}

bat t =tgx thi
Vdy : (*) thanh: 1-t* =m+/1+t (**) (chia 2 v€ cho cos® #0)

Khi 0gxggthite[0,\/§]

A 1-t*  (1-t)(1+t)
vV %% — = =(1-t)J1+t
Iy ) < m \/1+t \/1+t ( ) ’

Xéty =(1-t)VT+t trén [0,V3]

Ta c6
‘:’Y'Zz_j%w vt <[0,V3]

t g s
y, -

y i
e (1-V3W1++3




Do d6 : (*) c6 nghi€m trén [O,g} & (1—x/§)xll+\/§ <m<1le

BAI TAP

1. Gidi cdc phudng trinh
a/ |sinx - cox| = 1-4sin2x

b/ 4sinx + 3|cos x| = 3

¢/ [tgx| = cot gx +

CosX

2
v 1 \/1 11 _[z_ﬁ(1+3cosxj

sinxV1-cosx 1+cosx sin? x

e/ |cot gx| = tgx +

sin X
f/ 2cosx—|sinx| =1

g/ \/1+COSX +\/1—cosx

=4sinXx
COS X
b/ \/1—'cos2x :\/E(cosx—lj
sin X 2

sin® x + cos® x
2

m/ vJcos2x + /1 + sin 2x =\/

n/ |cosx|+sin3x =0

r/ |cot gx| = tgx + —
Sin X

s/ |cosx + 2sin 2x — cos 3x| =1 + 2sin x — cos 2x
tg’x B
|tgx - 1|

o/ ltgx +1|+

|tgx - 1|
p/ |sinx — cos x| +[sin x + cos x| = 2
2. |sinx + cosx|+asin2x =1

Tim tham s& a dudng sao cho phudng trinh ¢6 nghiém
3. Cho phuong trinh: |sinx — cos x|+ 4sin2x = m

a/ Gidi phudng trinh khi m = 0
b/ Tim m d€ phuong trinh ¢6 nghiém  (PS V2-4<m< %)



CHUONG VIII

PHUGNG TRINH LUONG GIAC KHONG MAU MUC

Trudng hgp 1: TONG HAI SO KHONG AM
Ap dung |N&u {AZOABZOthiAzB:O
A+B=0

Bai 156 Gidi phuong trinh:
4cos® x + 3tg®x — 4/3 cos x + 2/3tgx + 4 = 0 (%)

Ta co:

(*) < (2cosx—\/§)2 +(\/§th+ 1)2 -0

J3

COSX = —

N 2

J3
x=+%+k2n,keZ

- tgx——i

J3
Sx=—-—+Kk2n, keZ

Bai 157 Gidi phudng trinh:

8cos4x.cos” 2x + V1 —cos3x +1=0 (*)

Ta c6: (*) < 4cos4x(1+cos4x)+1++1-cos3x =0
=N (élcos2 4x+4cos4x+1)+\/1—cos3x =0

<:>(2cos4x+1)2 +41-cos3x =0

cos4x=—l cos4x:—1
2 &

cos3x =1 3x =Kk2n,k e Z
cos4dx = —1

X = %, k € Z (c6 3 dau ngon cung)




cos4dx = —1
- 2

x=—?7E +m27t hay x = m2n hay x=2—;+m2n,meZ

@X:iz—;+m2n,meZ

(tanhidn k=41 valoaik=0)

Bai 158 Gidi phuong trinh:
sin® 8x

3sin4x

sin?x + (cos 3x sin® x + sin 3x cos® X) = sinxsin? 3x (*)

Ta ¢6: cos 3x.sin® 3x + sin 3x.cos® x
= (4 cos® x — 3cos x) sin® x + (3 sin x — 4 sin® x) cos® x

= -3 cos xsin® x + 3sin x cos® x = 3sin x cos x(cos2 X — sin? x)

= § sin 2x.cos 2x = § sin 4x
2 4

V<€1y:("<)<:>sin2x+%sin2 3x = sinxsin® 3x va sin4x # 0
1 1 1
o Esin23x—sinx —Zsin4 3x+Zsin23x=OVé sin4x # 0
1 1
= Esin2 3x —sinx +Zsin2 3x(1—sin2 3x):0 va sin4x # 0
2
1 .9 . 1 . 9 R .
= Esm 3x —sin X +Esm 6x=0va sin4x =0

sindx # 0
1., )
= Esm 3X =sIn X

sin3x=0vcos3x=0

sin4x # 0 Slm 4x =0

< <sindx =0 Vi—=s8InXx
sinx =0VN) | in 3x = 41
sin4x =0

: 1
& <sinx = —
2

3sinx —4sin® x = +1



sin4dx # 0

< . 1
sinx = —
2
sin4x = 0
S
X=%+k2nv%+k2n,keZ

@x:%+k2nVX:%+k2n,keZ

Trudong hgp 2 Phuong phap déi lap
. [A<M<B
Néu thi A=B=M
A=B
Bai 159 Gidi phuong trinh: sin* x — cos* x = |sin x| + |cos x| (*)

Ta c6: (*) < sin®x — cos” x = |sin x| + |cos X|
< —c0s 2x = [sin x| + |cos x|
cos2x <0
o
cos® 2x =1 + 2|sin x||cos x|
cos2x <0 cos2x <0
“|-sin® 2x = 2|sin2x| * |sin2x = 0 (cos 2x=+1)

& cos2x =-1
<:>X=E+k7't,kEZ

Cdach khdc
Ta cé sin* x — cos? x < sin* x < |sin X| < |sin X| + |cos x|

cosx=0 T
Dods (*) <3 ., ) s cosx=0ox=—+kn,keZ
sin X=|S1nX| 2

Bai 160: Gidi phuong trinh: (cos2x — cos 4x)2 =6+ 2sin 3x (*)

Ta cé: (*) < 4sin® 3x.sin” x = 6 + 2sin 3x
e Do:sin®3x <1 va sin’x <1
nén 4sin”® 3xsin’x < 4
o Do sin3x > -1 nén 6+ 2sin3x >4
Viy 4sin® 3xsin” x < 4 < 6 + 2sin 3x
D4u = clia phuong trinh (*) ding khi va chi khi




sin® 3x=1

s sin®x =1
sin“x=1 <

sin 3x = -1 sin 3x = —1

T
=+t—+k2n,k e Z
X 2+ 2mk <:>x=g+k2n,keZ

sin3x = -1

3y i3
Bai161  Gidi phuong trinh: ——= =S X _ 96052x (%)
\/SlnX-f-\/COSX

Piéu kién: sinx >0 A cosx >0
Ta c6: (*)

= (cosx — sinx)(l + sinxcosx) = 2(cos2 X — sin® X)(x/sinx ++/cos x)

cosx—sinx=0 @)

1+sinxcosx:2(cosx+sinx)(\/sinx+x/cosx) (2)

Ta c6: -(1)<:>tgx=1®x=§+kn,keZ
o« Xét (2)
Ta c6: khi sinx >0 thi /sinx > sinx > sin® x
Tuong tu Jeos x > cos x > cos® x
Viy sinx +cosx >1 va +/sinx ++/cosx >1

Suy ra v& phdi ctia (2) thi > 2

Ma v€ trdi cda (2): 1+ %sin2x < g
Do d6 (2) v6 nghi€ém

Vay: (¥) < X:g+kn,keZ

Bai162:  Gidi phuong trinh: v/3 —cosx —+/cosx +1 = 2(¥)

Ta c6: (¥) < J3-cosx =2++Jeosx+1
< 3-cosx =5+ cosx +4/cosx + 1
& —2(cosx +1) = 4/cosx +1

Ta c6: —2(cosx +1)<0Vx

ma 4+/cosx+1>0Vx

Do dé dau = ctia (*) xdy ra < cosx = -1
sx=n+k2r ,keZ




Bai 163: Gidi phuong trinh:

cos3x + V2 —cos? 3x = 2(1 + sin® 2x)(*)

Do bat ddng thitc Bunhiacdpski:
|AX + BY| < VA? + B2JX? + Y?

nén: ‘1c0s 3x + 12 — cos? 3X‘ < \/5.\/cos2 3x + (2 — cos”’ 3x) =2
Dau = xdy ra < cos3x =+/2 — cos” 3x

{cos 3x>0
o

cos® 3x = 2 — cos? 3x

cos3x >0
< cos3x=1

cos3x = +1
Mitkhdc:  2(1+sin®2x)> 2
didu =xdyra < sin2x =0

Viy: cos3x + V2 —cos’3x <2< 2(1+sin2 2X)
dau = clia (*) chi xdy ra khi:
cos3x=1Asin2x=0

cos3x =1

< kr o aa
?,k € Z (c6 4daungon cung )

S x=2mn,me 7Z

Bai 164: Gidi phuong trinh: tg”x + cotg®x = 2sin” (X + Ej (*)

biéu kién: sin2x # 0
. Do ba't ddng thitc Cauchy: tgx + cotg’x > 2
dau = xdy ra khi tgx = cotgx

. Mait khdc: sin(x + gj <1
~ . 5 T
nén 2sin (x+—j <2
4
o . .. T
dau = xay ra khi sin (X + Z] =1

Do d6: tg’x + cotg®x > 2 > 2sin’® (x + gj

tgx = cotgx

D4u = cda (*¥) xdyra << . T
sin|x+—|=1




tg’x =1

A T
X=Z+k2n,keZ

@X:g+k2n,keZ

Truong hop 3:
. . [A<MvaB<M A=M
Ap dung: Néu ve thi
A+B=M+N B=N
sinu=1

sinu+sinv = 2 &4
sinv=1

. . sinu=1
sinu-sinv = 2 << |
sinv=-1
. . sinu=-1
sinu+sinv = -2 <1 |
sinv=-1

Tuong tu cho cdc trudng hgp sau
sinutxcosv =12 ; cosutcosv =+2

Bai 165: Gidi phuong trinh: cos2x + COS%TX -2=0(%)

Ta c6: (*)<:>cos2x+cos%:2

Do cos2x <1 va COS%TX <1

nén diu = cla (*) chi xdy ra
cos2x =1 x=kn,keZ

= o < x = 8mpr, Y/
cw§§:1 X=§EaheZ * = omnme
4 3
Do : kn:8—hn<:>k:%
3 3

dé k nguyén ta chonh =3m(m € Z) (thi k =8m)

Cach khac
cos2x =1 x=kn,keZ

3x = 3kn & x=8ma,meZ
coszzl costl

Bai 166: Gidi phuong trinh:
coS 2X + €08 4X + c0s 6x = c0s X. C0s 2X. 08 3x + 2(*)




cos 2x + cos 4x + cos 6x =2cos3xcosx +2cos?3x -1
= 2cos3x(cosx +cos3x) -1

=4 cos 3x.cos 2x.cos X — 1
Viy: cos3X.c0s2X.CoSX = i(cos 2x + 6cos4x + cos6x +1)

Do d6:

(*) < cos 2x + cos 4x + cos 6x = —(c0s2x + €0 4X + cos6X) + %

NG

S §(cost + cos 4x + cos 6x) = "

< cos 2x + cos4x + cos6x = 3
cos2x =1 2x =k2n,k e Z (1)
< qcosdx =1 <cosdx =1 (2)
cosbx =1 cosbx =1 (3)
o2x=k2nkeZ <o x=kn,keZ
( Thé (1) vao (2) va (3) ta thd'y hi€n nhién thda)

Bai 167: Giai phuong trinh:
c0s2x — /3 sin 2x — /3 sinx — cosx+ 4 = O(*)

Ta co:

(*) o 2= [—%COSQX +§Sin2xj + [?sinx+%cosxj

Jronlxe§

sin[Zx—£J=1 2X_2=£+k2n,keZ
6 6 2

o 2= sin(Zx—

ol a

sin X-}-E =1 X+E=E+h2ﬂi,h€Z
6 6 2

x:E+kn,keZ

= c>x=£+hn,heZ
X=g+h2n,heZ

Cach khdc

Sin(2x—£j=1 sin(2x—£j:1
6 6
=

(") <
sin(x+£j:1 x+£=£+h2n,heZ
6 6 2




sin[Zx —Ej =1
6

X:§+h2n,heZ

= <:>X:E+h7c,heZ

Bai 168: Gidi phuong trinh: 4 cosx —2cos 2x — cos 4x = 1(*)

Ta c¢6:(*) 4cosx—2(2cos2x—1)—(1—281n22x)=1
& 4cosx — 4 cos” X + 8sin” xcos® x = 0

< cosx= 0 hay 1-cosx +2sin” xcosx =0

< cosx=0hay 1+cosx(2sin2 x—l) =0

< cosx=0 hay 1-cosxcos2x =0(*%)

& cosx=0 hay 1—%(cos3x+cosx) =0

< cosx=0vcos3x+cosx=2

{cosSx:l
< cosx=0v
cosx=1

cosx=1
s cosx=0< .
4cos°x—-3cosx=1

< cosx=0vecosx=1
<:>x=g+knvx=k2n,keZ

Céch khdc
(**) < cosx=0 hay cosxcos2x =1

{cosx:l {cosx:—l
< cosx=0v

cos2x=1v cos2x=-1

P x=k2n,keZ [x=n+ k2 k € Z(loai)
Sx=—+kmkeZv

2 cos2x =1 cos2x=-1
@X:g+knvx:k2n,keZ

Bai 169: Gidi phuong trinh:
1
tg2x + tg3x + =0(*
& & sin X cos 2x cos 3x ( )

Piéu kién: sin2xcos2xcos3x # 0
Lic do:

" sin2x sin3x 1
(*) e + +

cos2x cos3x sin X.cos 2x.cos 3xX
& sin2xsinxcos3xX +sin 3xsinx.cos2x+1=0

= sinx(sin2xcos 3x + sin 3x cos 2x) +1=0




& sinx.sinbx = -1
o —%(cos 6x — cos4x) = -1

& c0s6x —cosdx =2
t = cos2x t = cos 2x
cos6x =1 3 5
= S 4t -3t=1 << 4t° -3t =1
cosdx =-1
2t2 —1=-1 t=0
Do dé6: (*) vé nghiém.
Cdch khdc

. . sinx=1 sinx=-1
& sinx.sinbx =-1<+< | .
sinbx=-1 sinbx=1
Y Y
x=—+k2n,keZ x=—-—+k2n,keZ
SN 2 hay 2
sinbx=-1 sinbx=1
oS Xxed
Bai170:  Gidi phuong trinh: cos® 3x.cos 2x — cos® x = 0(*)

Ta c¢6: (¥) < %(1 + cos 6x ) cos 2x —1(1 +c0s2x) =0
& cosbxceos22x =1
= é(cos 8x +cos4x) =1

< cos8x +cosdx =2

cos8x =1
=
cosdx =1
2cos?4x-1=1
b=
cosdx =1
cos?4x =1
=
cosdx =1

& cosdx =1
S 4x=k2n,k e Z

@x:ﬁ,keZ
2

Cach khdc
< cosbxcos2x =1

{cos 2x =1 {cos 2x = -1
& h

cosbx =1 cos6x = -1




{2x:k2n,keZ {2x:n+k2n,keZ
ay

cos6x =1 cos6x = -1
X=ﬁ,kEZ
2

Cdach khac
{cos 8x =1 {cos 8x =1
=N

cosdx =1 4x =k2n, ke Z

@x:ﬁ,keZ
2

Truong hop 4: DUNG KHAO SAT HAM SO
y =a" 1a him gidm khi 0<a <I.
Do do ta cé

|sinx|m < |sinx|"c> n>m,Vvx ¢%+ kz, keZ

|cosx|™ < |cosX|" < n>m,Vx ¢g+ kz, keZ
snx ™ <|sinx|" < n>m,Vx
[sinx ™ <sinx]

|cosX|™ <|cosX|" < n=m,Vx

2

Bai171:  Gidi phuong trinh: 1—%=cosx(*)

2
Ta c6: (¥) & 1:%+cosx

XZ
Xét y :?+cosx trén R
Tacé:y' =x—sinx
va y'=1-cosx>0VxeR
Do d6 y’(x) 1a haAm déng bién trén R
Vdy Vxe(0,0):x>0nény'(x)>y'(0)=0
Vx e (—»,0):x<0nén y'(x)<y'(0)=0

Do do:
X =00 0 + o0
y — 0 +

Y \1/

Viy : y:%+cosx21VxeR

D4u = cda (*) chi xdy rataix =0
Do dé (*) e x=0




Bai 172: Gidi phuong trinh
sin® x+sin® x=sin® x+sin® x (¥)

Ta c6
sin® x >sin® x va ddu=xdy ra khi va chi khi sin’x = 1hay sinx =0
sin® x>sin'® x va ddu=x4ay ra khi va chi khi sin’x = 1 hay sinx =0

o sin’x =1 v sinx =0

&S X = i%+k27r v X =k2rx, keZ

Cach khdc

(*) < sin® x = 0 hay 1+sin? x=sin* x +sin® x

< sinx =0 hay sin? x=1

BAITAP
Giai cdc phuong trinh sau
1. lg(sin2 x)—1+sin3 x=0

2. sin4x—cos4x:1+4\/§sin(x—gj

3. sin® x + —sin® 3x = sin x. sin® 8x
7™ = |cos x|

208 X + v/2 5in 10x = 3v/2 + 2 cos 28x. sin x
(cos 4x — cos 2x)2 =5+ sin 3x

sin X + COS X = x/§(2—sin3x)

sin 3x (cos 2x — 2sin 3x) + cos 3x (1 + sin 2x — 2cos 3x) = 0

© ©® e Ok

tgx + tg2x = —sin 3x cos 2x
10.  2log, (cot gx) = log, (cos x)

11. 29" = cosx véix e {0,%}

12.  cos®x+sin*x=1
13.  cos2x-cos6x+4(sin2x+1)=0
14. sinx+cosx = \/5(2—003 3x)

15. sin®x+cos®x=2-sin* x
16. cos®’x—-4cosx—-2xsinx+x2+3=0
17, obsinx | |sin x| =sin? X + cos x

18. 3cotg’x+4cos’x—2V/3cotgx—4cosx+2=0




CHUONG IX
HE PHUONG TRINH LUGNG GIAC

I. GIAI HE BANG PHEP THE

2cosx—-1=0 (1)

Bai 173: Gidi hé phudng trinh: J3
sin2x =— (2)
2
, 1
Ta c6: (1) < cosx = =
& x=ig+k2n(k € Z)
Véi  x = g + k21 thay vio (2), ta dudc
sin 2x = sin (ﬁ + k4nJ = ﬁ
3 2
Véi x= —g + k2n thay vao (2), ta dugc
sin 2x = sin(—% + k4n] = —g # @ (loai)

Do d6 nghiém ciahé 1a: x:%+ k2m, ke Z

sinx+siny =1

Bai 174: Gidi hé phuong trinh: T
X+y=—
3
Cach1:
2sinX+y.cosX_y=1
Hé da cho < 2 2
T
X+y=—
Y73
2.sin%.cosx_y =1 cosx_y =1
= =

iyl cryE
Y73 3




XY _kon  (x—y=4dkn |x=Z+k2n

= < LS ° (keZ)
X+y=—" XTy=3 y=——kn
3 6
Cdch 2:
Hé da cho
y="_x Ty
= 3 - ’ 3
sinx+sin(£—x]=1 ﬁcosx+lsinx=1
3 2
3 =37
o =
sin(—+xj=l E+X=E+k2n
X E+k2n
= 6 keZ
y_E—kZR
6

sinx +siny =v2 (1)

Bai 175: Gidi hé phudng trinh:
COSX + COSy = \/E (2)

Cdch 1:
9sin > Y cos XY =2 (1)
Hé di cho 2 2
2cosXJ2rycosX;y :\/5(2)

L4y (1) chia cho (2) ta dugc:
tg(X;yJ ~1 (docos X;y — 0 khong 13 nghiém ciia (1) va (2))

& X+ y=g+k2n<:> y:g—x+k2n

thay vao (1) ta dugc: sinx + sin(g— X + k2n) =2

= sinx+cosx:x/§



@ﬁcos[x_gjzﬁ
o X—Ez h2x,heZ
4

X=E+h2n,heZ
Do d6: hé di cho <4{ 2

y:%+(k—h)2n,k,heZ
A=B A+C=B+D
{C:DQ{A—CzB—D
Hé da cho
{(sinx—cosx +(siny —cosy)=0
&

)
(sinx +cosx)+ (siny —cosy) = 212

Cach 2: Ta c6

2s1n( Ej 2s1n(y——j
4
=
\/_s1n(x+%j+\/_sm(y+:]=2\/§
T . T
sn| x——|+sin|y—-=|=
( nj ( n] ( 4 ( 4)
Sin| X——|+sinf y—— =0
4 4 ( 0
== & 49N X+— =1
b . i 4
sin| X+—|+sin| y+— (=2
[ 4J ( 4j gn( +Z1=1
y 2]
x+ X =" 4 kon
4
= y+£=—+h2n
T . T
sin| X—— |+sinf y—— =0
e ranld
x =X+ k2n
o 4
y:£+h2n, hkeZ

tgx —tgy —tgxtgy =1 (1)

Bai 176: Gidi hé phuong trinh:
{cos 2y +/3cos2x=-1 (2)




Ta c6: tgx —tgy = 1 + tgxtgy

1+tgxtgy =0
tg(x-y)=1 ~
& vitgx —tgy =0

1+ tgxtgy # 0 )
1+tg"x=0 (VN)

@X—y:£+kn (ke Z), véi X,y¢g+kn
<:>x:y+£+kn, vdi x,y¢E+kn
R T
Thay vao (2) ta dudc: c052y+x/§cos(2y+§+k2nj:—1
& cosZy—«/Z_%sinZy =-1
@ﬁsinZy—ECOSZyzlcsin 2y—E _1
2 2 2 6) 2
T

N 2y—g:%+ h2r hay 2y—g:%"+ h2r (heZ)

<:>y=%+hn, heZ hay y=g+hn, heZ (loai)

Do dé:
X:5—n+(k+h)n

Hé dacho | ° (hkeZ)
y:%+ hr

cos’x —cosx +siny =0 (1)

Bai 177: Gidi hé phuong trinh )
sin®x —siny + cosx =0 (2)

L4y (1) + (2) ta dudc: sin®x + cos’x =0
< sin®x = —cos® x

o tglx=-1
< tgx=-1

C>X:—§+kn(keZ)

Thay vao (1) ta dugc:

siny = cosx — cos® X = cosx(l — cos® x)

. 9 1 . )
= COS X.SIn x:§s1n2xs1nx

1 . ( ch ) ( T j
=_—sin| —= |sin| —— + kn
2 2 4
=—lsin(—2+knj
2 4



Y7 (n€u k chan)

2
4
—%(né’u k 18)

bit sinon:TZ (v3i O0<a <2m)

X=—£+2mn,meZ x=—§+(2m+1)n,meZ

Viy nghiém hé |:y:oc+h21t,h€Z Vv {y:—a+2hn,heZ

y=n—-o+h2n, heZ y=n+a+h2r heZ

II. GIAI HE BANG PHUONG PHAP CONG

. sinx.cosy:—1 (1)
Bai 178: Giai hé phudng trinh: 2

tgx.cotgy =1 (2)

Piéu kién: cosx.siny # 0

%[sin(x +y)+sin(x - y)] = —%

sinx.cosy _;_
cosx.siny
sin(x+y)+sin(x-y)=-1

S
sinxcosy —sinycosx =0

sin(x +y +s1n(x y)=-1
N
sin(x -y

(x-y)=
sin(x+y)=-1
(x-y)=

0

sin 0

X-y

X+y=—g+k2n, keZ

0

x—y=hn, heZ

x=-—+(2k+h)=, k,heZ
4 2

y=—£+@k—mg,hhez

(nhan do sinycosx # 0)




3 Sin X cos . .
Cdch 2: (2)©+y:1 & sinxcosy = cosxsiny
cosxsiny

sinxcosy = 1 (3)
Th& (1) vao (2)ta dudc: 1
cosxsiny = -5 (4)
{sin(x+ y)=-1 (3)+(4)
&
sin(x-y)=0 (3)-(4)
T
X+y=——+k2n,keZ
= 2
X—y=hrnheZ
x=—£+(2k+ h)E
4 2
= (h,keZ)
y:—E+Qk—mg

III. GIAI HE BANG AN PHU

Bai 179: Gidi hé phuong trinh:

tgx+tgy:2—f (1)
Ccotgx + cotgy:i:;/é (2)
bit X =tgx, Y = tgy
X+Y =¥ X+Y =&
Hé da cho thanh: &
1.1_ 23 |Y+X 23
X Y 3 YX 3
23
Xiyo2B X+ ¥=77
= 3 <
XY = -1 x: 28y 1,
X =43 X _ﬁ
& J3V 3
Y=-7 |ly=43

Do do:



tgx = /3 J3
Hé da cho: < 3V 3
BT ley=8
X:£+kn,keZ X:—E—i-kn,keZ
& 3 v 6
Y=—%+hn,heZ y=g+hn,heZ

. . 1
+ ==
Bai 180: Cho hé phuong trinh: SIX TSIy 2

€oS 2X + cos2y = m

1
a/ Gidi hé phuong trinh khi m = Y

b/ Tim m d€ hé c¢6 nghiém.

sinx+siny=1
Hé da cho < 2
(1-2sin’x)+(1-2sin*y)=m
. . 1
smx+smy:§
=
. 9 . 9 2-m
sin“xX +sin“y = ——
2
. . 1
smx+s1ny:§
=
(sinx+siny)2—2sinxsiny=1—%
. . 1
sinx +siny = —
= 1 2
——2sinxsiny:1—2
4 2
. . 1
s1nx+s1ny=§
=
. . 3 m
sinxsiny = ——+ —
8 4
bit X =sinx,Y =siny V6i|X,Y|£1
thi X, Y l1a nghiém cia hé phudng trinh
golesm 3o
2 4 8

a/ Khim = —%thi(*)thénh :




sinx =1

Viy hé da cho & 1 . 1vVv
siny = —— .
9 |siny=1

sinx = ——
2

x:g+k2n,keZ X:—(—l)hg+hn,heZ
V

=
Y=—(—l)“%+hn,heZ y=g+k2n,kez
b/Tacé:(*)sz_t2+lt+§
4 2 8
. s 1 3 N
Xéty =t +§t+§(C) trenD =[-1,1]

1
thi: =2t + =
iy 5

Hé da cho c6 nghiém < (*)c6 2 nghiém trén[-1,1]

2 ¢4t (C) tai 2 diém hodc tiép xdc trén[-1,1]

e (d)y=
8 4 16
o-Lam<?
2 4

Cach khac
ycht < f(t) =8t —4t—3+2m=0 c6 2 nghiém t, , t, thda

o 1<t <t, <1



A'=28-16m>0
af () =1+2m>0 7
< af (—1)=9+2m20<:>—§5 mSZ
12214
. sin® X + mtgy = m
Bai 181: Cho hé phuong trinh: ) )
tg’y+ msinx =m
a/ Gidi hé khim = -4
b/ V@i gid tri ndo cia m thi hé ¢6 nghiém.

bit X =sinx vdi |X|31
Y = tgy

X?+mY=m (1

Y’ +mX =m (2

Ldy (1) - (2) ta duge: X> - Y?+m(Y -X)=0

< (X-Y)(X+Y-m)=0

©X=YvY=m-X

X=Y Y =m-X

X2+mX =m hay{X2+m(m—X):m

Hé thanh: {

Hé thanh {

X=Y Y=m-X
=N

X2+mX-m=0 (*)V X2-mX+m?-m=0 (**)
a/Khi m = -4 ta dugc hé

X2 4X+4=0 |X®+4X +20 = 0(vo nghiém)
X =2(loaido|X| <1)
=
Y=2

Viy hé da cho v6 nghi€ém khi m = 4.
b/ Tacé (*) & X?*+mX -m=0 véi [X]|<1

& X2 =m(1-X)

{X:Y {Y:—4—X

2
N 1XX = m(domkhong la nghiém caa *)
2 2
Xét Z = X trén [—1,1):>Z'=M;
1-X (1—X)

Z'=0X=0vX=2




7| - = b s e e

;
B

X =Y (X]<1)
X2+mX-m=0
Xét (*%): X2-mX+m>-m=0

Ta c6 A=m2—4(m2—m)=—3m2+4m

Do d6 hé { c6 nghiém < m >0

AZO@OSmS%

K€t luan: «+Khi m > 0 thi (I) c6 nghiém nén hé da cho c6 nghiém
« Khi m<O0 thi (I) v6 nghiém ma (**) cing v6 nghiém

(doA < 0) nén hé da cho v6 nghiém

Do d6: Hé c6 nghiém < m >0
Cach khac
Hé c6 nghiém < fX)=X* +mX-m=0 (*)hay

gX)=X?> -mX +m? —m =0 (**) ¢6 nghiém trén [-1,1]

A=’ +4m>0
af()>0
& f(-Df@)<O0hay af(—1)>0

12 =<1
2

A,=-3m +4m>0
ag(-1) =m*+1>0

hay g(-1)g() <0 hay ag(1)=(m-1)>0
S m

-1<—=—<1
2 2
Aj=m" +4m>0
<1-2m<0 hay {1-2m>0 hay m = 1 hay OSmSé
-2<m<?2 3

Sm20



IV. HE KHONG MAU MUC

tgx + cotgx = 2sin (y + g] @)
Bai 182: Gidi hé phudng trinh:
tgy + cotgy = 2sin(x - g} (2)
Cach 1:
) sina. cosa sin®a + cos®a 2
Ta c6: tga + cotga= + — = - =—
coso  sina SIn oL CoS o sin 2o
1 ) T
=sin|y+—| (1
sin 2x (y 4) &

Viy h€ di cho <

sin2x =1
(e sin[ +E]—1V sin( +Ej——1
YTy YTy

X:E+kn,keZ
4

Ta co:

y:£+h2n,heZ

1 )
Singy = sin (x - —j (2)
T
ZJ 1)

1 = sin 2y. s1n(x - —j (2)

1 = sin 2x sin [
sin 2x = -1

X=—E+kTC,k€Z
4
v 3
y:—Zn+h2n,heZ

X=E+kn,keZ

Thay

vao (2) ta dudc

y:g+h2n,heZ

sin 2y.sin(x —gj = sing.sinkn =0=1 (loai)

X=_—n+k1t,k€Z

Thay

vao (2) ta dudgc

y:—%+h2n,heZ

x5 el 5w
sin2y.sin| x—— |=sin| —— |sin| —— + kn
4 2 2

1
—sm ——+k1t {
1

( néuklé)
(néu k chan)




Do d6 hé c6 nghi€ém

X:—E+(2m+1)n
4 (m,heZ)e

3n
=——+h2
y 4 T

Cach 2:
Do bat ddng thitc Cauchy
|tgx + cotgx| > 2

ddu = xdy ra < tgx = cotgx < tgx=L
tgx

7T
2s8in| y + —
1(y 4]‘

D4u = tai (1) chi xdy ra khi

S tgx =411
Do dé:

|tgx-+cotgx| > 2 >

tgx =1 tgx = -1

< sin(y+gj=1v sin(y+§j=—1
X:£+kn,keZ x:—E+kn,keZ

sl 4 (D v ; (I
y:£+h2n,heZ y:—Zn+h2n,heZ

thay (I) vio (2): tgy + cotgy=2sin (x gj
ta thdy 2 = 2sinkn = 0 khong thda
thay (IT) vio (2) ta thdy 2 = 2sin (—g +k nj
chi thda khi k 18
x:—E+(2m+1)n
Viy: hé da cho < 4 mhez

3n
=-—+2h
y 1 T

Bai 183: Cho hé phuong trinh:
X—-y=m (1
2(cos2x +cos2y)-1-4cos’m =0 (2)

Tim m d€ hé phuong trinh ¢6 nghiém.

X-y=m
Hé da cho < 9
{4cos(x+y)cos(x—y) =1+4cos’m




[2cosm —cos(x+y) +1-cos® (x+y)=0

n
-
=]
—_~
i
+
<
SN
Il
]

X—-y=m
o3x+y=kn,keZ
cos(kn) = 2cosm

Do d@6 hé c¢6 nghiém < m = 3+h2ﬂ:vm +2§+h2n heZ

BAI TAP

1. Gidi cdc hé phuong trinh sau:
/{sinx+siny:2 f/{tgx+tgy+tgxtgy=1
a

sin”x +sin’y = 2 3sin 2y — 2 = cos 4x

. . 1

smxsmy:—g sinx—sinZy:—3
b/ . g/ 12

COSXCOSy = 2 COSX + COS 2y = —

JZcosx =1+ cosy cos(x+y)=2cos(x—y)
c/ h/

2sinx =siny COSX.COSY = 1

smxcosy—— k/{sinx:7cosy

3tgx—tgy 5siny = cosx — 6

sm X = COSXCOSY tgx +tgy =1

cos X =sinxsiny tg§+tg§:2

cosxcosy =m+1

2. Cho hé phuong trinh: § ) )
sinxsiny =4m” + 2m

a/ Gidi hé khi m = ——



b/ Tim m d€ hé c6 nghiém (BS -~ % <m< —ihay m=0)

3. Tim a d€ hé sau day c6 nghiém duy nhat:
v +tg’x=1
y+1=ax’+a+[sinx| (PS a=2)
4. Tim m d€ cdc hé sau ddy c6 nghiém.
a/{cosx:mcos3y b/{sinxcosy:m

sinycosx = m

2

sinx = mcos’y

<m<
2 2

(PS 1<|m|<2) [BS 15 1“/5]



CHUONG X:
HE THUC LUGNG TRONG TAM GIAC
I. PINH LY HAM SIN VA COSIN
Cho AABC c6 a, b, ¢ 1dn lugt 1a ba canh ddi dién ciia A, B,C, R 1a
bdn kinh dudng tron ngoai ti€p AABC, S 1a dién tich AABC thi

a b c
sin A - sin B - sin C B
a’ =b” + ¢ —2bccos A = b* + c¢® — 4S.cotgA
b® = a® +¢®> —2accos B = a® + ¢* — 4S.cotgB
c® =a® +b® —2abcosC = a® + b* — 4S.cotgC

AN

B < - 4

2R

Bai 184 Cho AABC. Ching minh:
A=2B<a’=b*+bc

Ta ¢6: a® = b? + be < 4R?*sin? A = 4R?sin? B + 4R? sin B.sin C
< sin® A —sin? B =sinBsin C

@%(l—cos2A)—%(1—cos2B):sinBsinC
< cos 2B —cos2A =2sinBsinC
< —2sin(B+ A)sin(B-A)=2sinBsinC
< sin(B+ A)sin(A -B) =sinBsinC
< sin(A-B)=sinB (do sin(A+B)=sinC > 0)
< A-B=BvA-B=n-B(loai)
< A=2B
Cdch khdc:
sin” A —sin” B =sinBsinC
< (sinA -sinB)(sin A +sinB) =sin BsinC

A+B . A-B . A+B A-B
< 2c08 sin 5 .2s8In 5 cos

< sin(B+ A)sin(A -B) =sinBsinC

< sin(A-B)=sinB (do sin(A+B)=sinC > O)
< A-B=BvA-B-=n-B(loai)

< A=2B

=sinBsinC




sin(A - B) _a’-b?

2

Bai 185: Cho AABC. Chitng minh:

sinC C

o a’-b* 4R?sin’? A -4R’sin’B
Ta co T = 3
c 4R* sin” C

1 1
sin?A—sin’B 5(1—0082A)—§(1—0082B)

sin® C sin® C
_cos2B-cos2A —2sin(A +B)sin(B-A)
- 2sin® C - 2sin® C
_sin(A +B).sin(A-B) sin(A-B)

- sin® C ~ sinC

(do sin(A+B)=sinC > O)

Bai 186: Cho AABC biét ring tg% . tgg = %

Chitng minh a+b = 2¢

Ta c6 : tgé~th = 1 = 3sinésinE = cos—cosE
2 2 3 2

(do cosé > 0, cosE > OJ
2 2

& 28in—sin— = c0S— C0S — — SIn — Sin —
2 2 2 2 2

A+B A—B} A+B
— oS = cos—

<~ —|:COS

A-B A+B
= 2cos

< COS

(%)

Mitkhdc: a+b=2R(sinA +sinB)

:4RsinA+BcosA_B
2 2
=8RsinA+BcosA+B (do (*))
2 2
=4Rsin(A+B)
=4RsinC = 2¢
Cach khdc:
a+b=2c
< 2R(sin A +sinB)=4RsinC
. A+B A-B . C C
< 2s8in cos =4 sin —cos —
2 2 2

A-B . C A+B . A+B C
& CoSs =2s8in— = 2 cos do sin =C0S —
2 2 2 2 2



. A . B A B A
<> €0S — €0S — + sin —sin — = 2 cos — cos — — 2sin —sin —
2 2 2 2 2 2 2 2

. A . B A B
& 38in —Ssin — = CO0S— COS —
2 2 2

A B 1
otgl tg2 oL
E5 %573

Bai 187: Cho AABC, chitng minh né€u cotgA, cotgB, cotgC tao mdt cdp s6

A N 2 2 2 ~ N ~ X A
cong thi a”,b”,c ciing 1a cdp s6 cong.

Ta c6: cot gA, cot gB, cot gCla cdp s6 cong < cot gA + cot gC = 2 cot gB (¥)

Cach 1:
sin(A +C) _ 2cosB

Ta c6:(*) : A < sin”?B = 2sin Asin Ccos B
sinAsinC sin B
< sin’B = —[cos(A +C) —cos(A - C)] [— cos(A + C):'
< sin” B = cos® (A + C) — cos(A - C)cos(A + C)
< sin? B=cos?B - %[cos 2A + cos 2C]
} ; 1 } ;
< sin’B = (1 — sin? B) - E[(l — 2sin? A) + (1 — 2sin? C)}
< 2sin? B = sin? A + sin®C
2b*  a’ c’
=N = +
4R?* 4R? 4R?
< 2b% =a? + ¢?
< a’,b%c® 1a cdp socong e
Cdch 2:

Ta c6:a® = b% +¢® —2abcos A
oa’=b*+c¢® - 4(% bc sin Aj.cotgA

< a’>=b”*+c¢®>—4ScotgA

2 2 2
Do d6 cotgA:m
4S5
2 2 12 2 2 2
Tuong tu cotgB = &2+t C “P° cotoc B D —C
4S 4S
2 2 42 2 2 2 2 2 1.2
Do dé: (%) <:>b te-a’ a +b" —c _g. 8 "¢ b
4S5 4S 4S

< 2b% =a? + ¢?

Bai 188: Cho AABC c¢6 sin®?B +sin?C = 2sin® A
Chitng minh BAC < 60°.




Ta c6: sin?B +sin®?C = 2sin? A
b? c? 2a”

T 4R’ TIRT T 4R’
< b? +¢? =2a%(¥)
Do dinh Iy ham cosin nén ta cé
a’ =b® +¢” —2bccos A
b?+c?—a? 2(b*+c”)-b* -

A= = do (*
& cos ohe Abo (do ( ))
2 2
_ b+ > Zbe _ 1 (do Cauchy)
4bc 4bec 2

Viy : BAC < 60°.
Cach khdc:

dinh Iy ham cosin cho
aZ=Db%+c?>—2bccos A = b® +c? =a® +2bccos A

Do do
(*) < & +2bccosA =2a°
2 2 2
c>cosA=a——b C zé(do Cauchy)

2bc  4bc

Bai 189: Cho AABC. Chirng minh :
R(a® +b* +¢*)

abc

cotgA+cotgB+cotgC =

b® +c® —a’
4S
2+C2_b2,coth:a2+b2_02
4S
a’+b*+c¢* a’+b*+c
4S B abc

4%
4R

Ta c6: cotgA =

Tuong tu: cotgB = a

2

Do d6 cot gA + cot gB + cot gC =

a+b%+c?

=R
abc

Bai 190: Cho AABC ¢6 3 géc A, B, C tao thanh mdt cdp s6 nhan c6 cong
boiq=2.Gid st A<B<C.

Ching minh: 1 = 1 + 1

a c

Do A, B, Cla cApséd nhincé q=2nén B =2A, C =2B =4A

MaA+B+C=nnénA=2B=2" c=2"
A B

Cdach1:



1 1

Ta c6: —+—= - + :
b ¢ 2RsinB 2RsinC
1 1 1
= — +
2R| . 2= . 4nm
sin— sin —
7 7
. 4n . 2
sin — + sin —
_ 17 7
2R . 2m . 4=
sin — sin —
7 7
. 3x T
1 2s1n—.cos? An 3
= — do sin — = sin —
2R . 2n . 3m 7 7
sin — .sin —
7 7
n
:l. cos,7 i 1
R 9sin ™ n  2Rsin A
sin —.cos —
7
_1
a
Cdach 2:
1 1 1 1 1 1
— =7 + - <:> . = . + .
a b ¢ sinA sinB sinC
o 1 1 1 _ sin4A +sin 2A

= +
sinA sin2A
1  2sin3A.cosA 2cosA

sin4A  sin 2A sin 4A
2cos A

sinA sin2Asin4A  sin2A  2sinAcosA

do : sin 3A = sin% = sin% =sin4A e

Bai 191:

Tinh cdc géc cia AABCnéu

sin A _sinB sinC

1 3 2

Do dinh 1y ham sin:

nén :

b c 9R

sin A B sin B B sinC -
sinA sinB sinC(*)

1 3 2
a__b _c
2R 2RJ3 4R
C {b:a\/g
5@

c=2a

f—

—~ad=—7=

NG




Ta c6:c® =4a® = (ax/g)z +a’
o’ =b®+a’

Vay AABC vuong taiC

Thay sin C = 1vao(*)tadugc
sinA sinB 1

1 B3 2

sinA =

1
2
sinB = ﬁ
2

A =30°

=

B =60’
Ghi chi:
Trong tam gidc ABC ta c6
a=be A=B<< SnA=sinB < cosA =cosB

IL. PINH LY VE PUGNG TRUNG TUYEN
Cho AABC c6 trung tuyén AM thi:

BC*

AB? + AC? = 2AM? +

hav - | 2 _ s a
ay :|c”+b _2ma+3

Bai 192: Cho AABC c6 AM trung tuyén, AMB= o, AC=b, AB=c, S la
dién tich AABC. Vdi 0 < a < 90°

2 2

a/ Chung minh: cotgo =

4S5

b/ Gia st o =45°, chitng minh: cotgC — cotgB = 2
a/ AAHM vudng = cotgo = HM _ MB-BH
AH AH 5
= cotgo = —— — E(1)
2AH AH
¢ b
a
B ' C




b? — 2 (a2 +c? - ZaccosB) -c?

Mit khac: =
4S 2AH.a
bitBC=a
b? — ¢? a ccosB a BH
= -_2__ -_2__ 2)
4S 2AH AH 2AH AH
2 _ o2

Tw (1) va (2) ta dudc : cotga =
(1) va (2) . g 1S

Cdch khdc:
Goi Si1, S, 1an lugt 1a dién tich tam gidc ABH va ACH
Ap dung dinh ly ham cos trong tam gidc ABH va ACH ta cé:

2 2 2

cotg o = AM* + BM*® —¢ 3)

48,

2 2 12
—cothL=AM +CM” -b @)
48,
L4y (3) - (4) ta c6 :
2 2

. S
(v1S1=S; =§)
HC HB HC-HB
AH AH  AH
(MH + MC) - (MB - MH)
AH
= 2cotga = 2cotg 45° = 2

cotga =

b/Ta c6: cotgC — cotgB =

2MH
AH

Cédch khdc:

Ap dung dinh ly ham cos trong tam gidc ABM va ACM ta cé:

2 2 2
cotgp . BM +¢ ZAME
48,
2 2 2
cotgC . CM +b —AM"
4S,
L4y (6) — (5) ta c6 :
b* - ¢ . S . .
cotg C —cot gB = 25 =2cot ga =2 (vi S;=S, =5 va cdua)
Bai 193 Cho AABC ¢6 trung tuyé€n phdt xudt td B va C1a m,,m_ thda

(¢

=M 1. Ching minh: 2cotgA = cotgB + cotgC

b m




2 2
Ta co: %:m—g
1 a2+cz—b—2
- c? B 2 2
L b2+a2—£
2 2
4 4
< b’c? +a’c? —%:azbz + b*c?
< a’c? —a’b? :%(c“—b“)
< a’ (cz—bz):%(cz—b2)(c2+b2)

< 2a? =c¢? +b? (1)(do% # 1)

Thay b” +c¢® =a® +2bccosA vio (1), ta cé (1) thanh
a® = 2bccos A
a®> 4R? sin* A
2bc 2(2RsinB)(2RsinC)
cosA  sinA  sin(B+C)
sinA sinBsinC sinBsinC
sinBcosC+ sinCcosB

< 2cotgA = - - = cotgC+ cotgB
sin Bsin C

& cosA =

=2

Bai 194: Chitng minh né€u AABC c6 trung tuyén AA’ vudng géc vdi trung
tuyé€n BB’ thi cotgC = 2 (cotgA + cotgB)

AGAB vuéng tai G ¢c6 GC’ trung tuyén nén AB = 2GC’
2
Vay AB = §CC’

< 9¢® = 4m’

2
< 9¢? = 2(b2 +a® —%j

& 5e? =a’ + b’
< 5ce? = ¢ + 2abcos C(do dinh 1y ham cos)
< 2¢® =abceosC
< 2(2Rsin C)2 = (2Rsin A)(2RsinB)cosC
< 2sin? C = sin A sin Bcos C
2sinC  cosC
sinAsinB sinC




2sin (A + B)
sin AsinB
- 2(sin A cosB +sinBcosA)

sin AsinB
< 2(cotg B + cotgA) = cotgC

IIL. DIEN TICH TAM GIAC
Goi  S: dién tich AABC
R: bdn kinh dudng tron ngoai ti€p AABC
r: bdn kinh dudng tron ndi ti€p AABC
p: ntta chu vi cia AABC

= cotgC

= cotgC

thi

S-lah, -1bn, = Lch,
2 2 >

S = labsinC = lacsinB = lbcsinA
2 2 2

g _ abe
4R
S =pr

S=p(p-a)(p-b)(p-c)

Bai 195: Cho AABC chitng minh: sin2A +sin2B + sin 2C = 12{—52;
Ta co:
sin2A+ (sin2B +sin2C)

= sin2A + 2sin(B + C).cos(B - C)

= 2sinAcosA + 2sinAcos(B - C)

= 2sinA[cosA + cos(B - C)]

= 2sinA[-cos(B + C) + cos(B - C)]

= 2sinA.[2sinB.sinC]

a b ¢ 1labc 14RS 2S

‘9R'2R'2R 2 R® 2 R® R?

Bai 196 Cho AABC. Chitng minh :
S = Dién tich (AABC) = i(a2 sin 2B + b” sin 2A )

Tacé : S = dt(AABC) :%absinC

=%absin(A+B)




= % ab[sin A cos B +sinB cos A]

A= N = DN
1

ab K% sin B) cosB + (E sin Aj cos A} (do d1 ham sin)
a

a® sin B cos B+ b? sin A cos A]

(a2 sin 2B + b? sin 2A)

Bai 197: Cho AABC c¢6 trong tim G va GAB = o,GBC = B,(ﬁ =.

. 3(512 +b* + 02)
Ching minh: cotga + cotgP +cotgy =

Goi M 1a trung di€ém BC, vé MH 1 AB
AAMH 1= cosa = A—H

AM
BH 2BH
MB a
Ta c6: AB = HA + HB

ABHM 1= cosB =

a
& c=AMcosa+—cosB

@cosazi(c—icosBj (1)
AM 2

Mit khdc do dp dung dinh Iy ham sin vao AAMB ta ¢6 :

MB _ AM | Gho--1 MBsinB-—2_sinB (2)
sina sinB AM M
L4y (1) chia cho (2) ta dugc :

2 cosB
€=5 08 2c —acosB
cotga = = b

EsinB a.——

2 2R
_ R (4c - 2a cos B) _ R(402 — 2ac cos B)
- ab - abc
_3c?+b*-a® 3¢’ +b?-a’
B abc B 4S

R

Ching minh tudng tu :




3a® +¢? — b?

cotgp = 1S
cotgy = 3b* +a® - c®

4S
Do dé:

cotga + cotgp + cotgy
_ 3c® +b® —a’ . 3a® + c¢? — b? . 3b* +a”® — c¢?
4S 4S 4S
3(a’ +Db” +c*)
B 48

Cdch khdc: Tacé m?> + m] + m? = %(a2 +b? +02) (*)

2 2 a’
C M T 4 +4m? - a?
cotga = = (a)
4S  pm 8S
2 2 12 2 2 .2
Tuong ty cotgp = da’ + zglb b (b),cotgy = 4b” + ggl © (e)

Cong (a), (b), (¢) va k€t hdp (¥) ta c6:

3(a2 +b%+ c2)
cotg o + cotg 3 + cotgy = 1S

IV. BAN KINH PUONG TRON
Goi R bdn kinh dudng tron ngoai ti€p AABC
va r bdan kinh dudng tron noi ti€p AABC thi
R - 'a _ abc
2sinA  4S
S
p

r=—

A B C
r (P a)g2 (P )gZ (P C)gz

Bai 198: Goi I 1a tAim dudng tron noi tié€p AABC.
Ching minh:

a/r= 4RsinésinEsin—
2 2 2

b/ IA.IB.IC = 4Rr?




BH

a/ Tacé: AIBH 1= coth =_—
2 IH

= BH = rcotgg

Tuong tv HC =r cotg%

Ma: BH+ CH=BC

nén
B C
r| cotge—+cotg— |=a
( 52 gz)
) (B+Cj
r sin
= 2 =a
. B . C
sin —sin —
2 2
o 1“cosé =(2Rsin A) sinEsing
2 2 2
A . A A . B.C
<:>rcosE:4Rsm—cos—sm—smE
<:>r:4Rsin%singsin9. (do cosé>0)
b/ Ta ¢6 : AJ_AKI:>siné:E =TA = r
2 IA )
sin —
2
r r
Tu’o’ng tu IB_ﬁ’ IC——C
sin — sin —
2 2
) r’
Do dé6 : IAIB.IC = — A —C
sin ——sin —sin —
2 2 2
r .
=T:4Rr2 (do ké&t qua cau a)
4R

Bai 199: Cho AABC c6 dudng tron ndi ti€p ti€p xiic cdc canh AABC tai A’,
B’,C’. AA'B'C'c6 cdccanhla a’, b’, ¢’ va dién tich S’. Chitng minh:
a/i+b— = 2sin9 siné+ sinE
a b 2 2 2
b/§=251nésinEsin—
S 2 2




B A C
Ao a1 1
a/Tacé: C'A'B :EC IB :E(n—A):E(B+C)
Ap dung dinh 1y hinh sin vao AA'B'C’

a

—— = 2r (r: bdn kinh dudng tron ndi ti€p AABC)
sin A

B+C 1)

= a'=2rsinA'=2rsin

AABC ¢6: a=BC=BA+A'C

= a=rcot E+rcot 9
9 9

. B+C
Sin
—a=r—g5- ¢ @
S1n —S1n —
2 2
Lay @D ta dudc 2 _ 2sinEsin9
a 2 2

1

Tuong tu b’ = ZSiné.sing
b 2

2
Vay a—+—:25in9(siné+singj.
a b 2 2 2
. e L pigar 1
b/ Ta cé: ACB=§.B IA =§(n—C)=—(A+B)
Vay sinC':smA—kB:cos9



1 A 1 . A
) Sv dt(AA'B'C') §a bSlIlC
Ta co: — = = 1
S dt(AABC) Labsine

S' (a')(b')sinC'
= — = — -
S a/\b)sinC

=4sinEsin295inE-

cos —
2

. C C

2sin — cos —

2 2

. B . C .
=2sin—-sin — - sin —
2 2 2

Bai 200: Cho AABC c6 trong tAm G va tdm dudng tron ndi ti€p 1. Bi€t GI
vudng goc vdi dudng phan gidc trong cda BCA. Ching minh:
a+b+c 2ab
3 a+b

vé GH L AC,GK L BC,ID 1 AC

IG cit ACtai L va cit BC tai N

Ta ¢6: Dt(ACLN) = 2Dt(ALIC)
=ID.LC=rLC (1)

Mit khdc:

Dt(ACLN) = Dt(AGLC) + Dt(AGCN)

- 2(GHLC+GKCN) (@)

Do ACLN cin nén LC =CN

Tw (1) va (2) ta dudc:

rLC = %LC(GH +GK)

< 2r=GH+GK
Goi h_,h, 1a hai dudng cao AABC phdt xudt tr A, B

. GK MG 1 _ GH 1
Ta co: - == =3 i
h MA 3 h, 3

a

1

Do dé6: 2r:§(h +h,) (3)

Ma: S = Dt(AABC) = pr = %a.h - %b.hb

a

a



Do dé: h, ==~ va h,

Tu (3) ta c6: 2r = %pr(lJrl]

a b
1 (a+bj
&1==p
3 ab
a+b+c a+b
< 3= .
2 ab
2ab a+b+c
<:> J—

at+b 3



BAI TAP

Cho AABC c6 ba canh1a a, b, c. R va r 1an lugt 1a bdn kinh dirong tron
ngoai ti€p va ndi ti€p AABC. Ching minh:

al (a— b)cotg% +(b- c)cotg%+ (c- a)cotgg =0
b/ 1+% =cos A + cos B + cosC

. A B f e f e
c/ Néu coth,coth,cotg% la cdp s6 cdng thi a, b, c cling 1a cdp s6

cdng.
d/ Dién tich AABC = Rr(sinA +sinB +sinC)

e/ Néu : a* =b* +¢* thi AABC ¢6 3 géc nhon va 2sin” A = tgB.tgC
Néu dién tich (AABC) = (c + a -b)(c + b -a) thi tgC = %
Cho AABC c6 ba géc nhon. Goi A’, B’, C’ 1a chdn cdc dudng cao vé t
A, B, C. Goi S, R, r 1an lugt 1a dién tich, bdn kinh dudng tron ngoai
ti€p, ndi ti€p AABC. Goi S’, R’, 1’ 1an lugt 1a dién tich, bdn kinh
dudng tron ngoai ti€p, noi ti€p cia AA'B'C'. Chitng minh:
a/ S’ =2ScosA.cosB.cosC

R

b/ R'=—
2
¢/ r’ = 2RcosA.cosB.cosC
AABC c¢6 ba canh a, b, ¢ tao mdt cdp s6 cdng. Véia<b <c
Ching minh :

a/ ac = 6Rr
b/ cosA_C =2sing

3r C A
/ Co id=—|te—-—tge—
c/ Cong sai 2(g2 gzj

Cho AABC cé6 ba géc A, B, C theo thif tr tao 1 c4p s6 nhdn c6 cong
bdi q = 2. Chitng minh:

1 1 1
a/ —=—+-—

a b c

b/ cos® A + cos®B + cos®?C :g



CHUONG XI:
NHAN DANG TAM GIAC

I. TINH CAC GOC CUA TAM GIAC

Bai 201: Tinh cdc géc cia AABC néu :
sin(B+C)+sin(C+A)+cos(A+B)=

Do | o

()

Do A+B+C=n

Nén: (*)< sinA +sinB-cosC :g

<:>2sinA+BcosA_B—[2c0529—1j=§
2 2 2

2
<:>2c0s9c0s _ —200s29:1
2 2 2
e dcos? S dcosSeos2B 120
2 2 2
2
<:>(2cos%—cos _ j+1—cos2A_B:0
2
& ZCosg—cosA_B +sin2A_B:0
2 2 2
C A-B
2 cos— = cos
PN 2
sin—— =0
2cos—=cos0=1 C =
< <92 3
H:O A:B
2
A=B=Z
=N 0 6
c=°"
3

Bai 202: Tinh cdc géc cia AABC biét:
cos2A + \/§(cos2B + cos 2C) +g =0 (*)

Ta c6: (¥*) < 2cos® A —1+2\/§[COS(B +C)cos(B—C)]+g =0




& 4cos’ A —4+/3cosA.cos(B-C)+3=0

=N [ZCOSA—\/§COS(B—C):|2 +3-3cos’(B-C)=0
[2 cos A — /3 cos (B C)}2 +3sin*(B-C) =
{sm (B-C)= B-C=0

= = J3

cosA:—cos(B C) cosA:7

0

Bai 203: Chitng minh AABC c6 C =120°néu :

sinA +sinB +sinC - ZSin% . sing = Zsin% (*)

Ta cé

) o 2sinA +BcosA B + 2sin9cos9 = 2sinésinE+ 2sin9
2 2 2 2 2 2 2

A+B

<:>2cosgcos +2sin9cos9:2cos +25inésin—
2 2 2 2 2

C( A-B . Cj A B
& cos—| cos +sin— | = cos — - cos —
2 2 2

C A-B A+B A B
& cos—| cos + cos = COS—COS—
2 2 2 2 2

C A B A B
<> 2€08S—C€0S—COS— = COSECOSE

A B
_’_<
2°2

<:>cosgzl (do cosé>0 va cosE>O vi 0<
2 2 2 2

N

< C=120°

Bai 204: Tinh cdc géc ciia AABC bi€t s6 do 3 géc tao cdp s6 cong va

3+\/§
2

sinA +sinB +sinC =

Khéng 1am ma't tinh chdt tdng qudt cda bai todn gid st A < B < C

Ta c6: A,B,Ctao 1 cip s6 cong nén A + C = 2B
Ma A+B+C:nnénB:§

3+\/§
2

Luc do: sinA +sinB +sinC =




) LT
< sinA +sin— +sinC =

3+\/§
2

& sinA +sinC =

2
A+C A-C

. 3
& 2sin cos =—
2 2 2
B A-C 3
& 2cos—cos =—
2 2 2
3 A-C 3
< 2.| — |cos =—
2 2 2
~A 3 i
& cos =—— =coS—
2
Do C > A nén AABC c¢é6:
C-A_n _n
2 6 2
C+A=2Fola-T
3 6
B=1 B="
3 3
Bai 205: Tinh cdc géc cia AABCnéu
b* +c* < a® (1)
sinA +sinB+sinC=1++2 (2)
2, 2 2
Ap dung dinh Iy ham cosin: cosA = 2 ¢ =2
2bc
Do (1): b®> +c® <a® nén cosA <0
Do dé: TcAcnalc 2 T
2 4 2 2
Viy coségcos£=£ (*)
2 4 2
Mit khdc:sin A +sinB +sinC :sinA+ZSinB;CcosB;C
B-C

=sin A + 2cos%cos

<1+ Z[g} -1 (do(*) va cos

Ma sinA +sinB +sinC =1+ /2 do (2)

S<1)




A=T
D4u “="tai (2) xdyra < Cosé=ﬂ 2
2 2 B_C-
B-C T
cos =1
2

Bai 206: (D¢ thi tuyén sinh Pai hoc khéi A, nim 2004)
Cho AABC khéng tu thda diéu kién
cos2A + 242 cos B+ 242 cosC = 3 (*)
Tinh ba géc cia AABC

* Cachl1l: bDat M = cos2A + 242 cosB + 22 cosC — 3

Ta cé6:M = 2cos2A+4\/§cosB+Cc SB;C—4

B-C_,

(0]

& M= 2cos2A+4\/§sin%cos

Do sin%>0 va cos -Csl

Nén M <2cos?A + 4\/§sin%—4
Mit khdc:  AABCkhéng ti nén 0 < A sg
=0<cosA<1

= cos® A <cosA

Do dé: MSZcosA+4x/§sin%—4
oM< (1—2sin2%j+4\/§sin%—4
oM< —4sin2%+4x/§sin%—2
A 2
oM< —2(\/§sin5—lj <0
Do gid thi€t (*) ta c6 M=0

cos® A = cos A
B-C A =90°
=1 &
2 B=C=45"

Viy: <cos

1

sin— = —

J2
* Cdch 2: (*) < cos2A + 242 cosB+2V2cosC-3=0




<:>coszA+2\/§cosB;CcosB;C—2=0

= (cos2 A —cos A) +cosA + 242 sin%cos

B-C_,_,

B—C_2:0

<),

2
o cosA(cosA—1)—(x/§sin%—cosB£Cj —siﬁ% =0 (%)

< cosA(cosA-1)+ (1 — 2sin® %j + Qﬁsin%cos

2
< cosA(cosA-1) —(ﬁsin%—cosB;Cj —(l—cos2 B

Do AABC khong td nén cosA >0 va cosA-1<0

Viy vé€ trdi cda (¥) luén < 0

cosA =0
D4u “=” xdy ra < ﬁsin%:cosB_C
sin——= =0
A =90°
&
B=C=45"

Bai 207: Chirng minh AABC c¢6 it nha't 1 géc 60° khi va chi khi
sinA +sinB +sinC
=3 (")
cosA +cosB+cosC

Ta co:

(*)<:>(sinA—«/gcosA)+(sinB—\/§cosB)+(sinC—\/gcosC):O
<:>sin(A—EJ+sin(B—EJ+sin(C—Ej:O
3 3 3
& 2sin A+B—chosA_B+sin(C—£j:0
2 3
._(n Cj o A-B .(C nj (C nj
& 28in| | ——— | —— cos +2s8in| ———|cos| ———|=0
2 2 3 2 2 6 2 6

. (C nj A-B (C nj
& 28in| — —— || —cos +cos|———||=0
2 6 2 2 6

[ j A - (C nj (n A+Bj
& sin| ———1|=0v cos =c ———|=c ——
2 2 6 3 2
C = A-B n A+B -A+B =n A+B
&S —=—v—=—— Vv =——
2 6 2 3 2 2 3 2




Bai 208: Cho AABC va V = cos’A + cos’B + cos’C — 1. Chitng minh:
a/ NEuV = 0thi AABC c6 mot géc vudng
b/ N€u V < 0 thi AABC c6 ba géc nhon
¢/ Né€u V > 0 thi AABC c6 mdt géc tu

Tacé: V = %(1 +cos 2A) +%(1 +cos2B) + cos®- 1

V= %(cos 2A + cos 2B) + cos® C

< V =cos(A +B).cos(A-B)+cos’C
< V =—cosC.cos(A —B) + cos’ C
V= —cosC[cos(A —-B)+cos(A + B)]
< V =-2cosCcosAcosB
Do do:
al/ V=0<cosA=0vcosB=0vcosC=0
< AABC 1 tai A hay AABC L tai B hayAABC 1 tai C
b/ V <0< cosA.cosB.cosC >0
< AABC c6 ba géc nhon
( vi trong 1 tam gidc khong th€ ¢c6 nhiéu hon 1 géc ti nén
khéng c6 trudng hgp ¢6 2 cos cung 4m )
c/ V >0< cosA.cosB.cosC< 0
< c0sA<0OvecosB<OveosC<0
< AABC c¢6 1 géc tu.
II. TAM GIA C VUONG

a+c

b

Bai 209: Cho AABC cé cotgg =

Ching minh AABC vuéng

Ta c6: coth _are
b
cos — . . ) )
9 2RsinA +2RsinC  sinA +sinC
. B 2Rsin B sin B
sin —
B . A+C A-C
COSE 2 sin 2 .COS 2
B B B
sin — 2sin —.cos —
2 2 2

& cos? B_ cosE.cos (do sinE > 0)
2 2 2




A-C

= cosE = COS (do cosE > 0)
2 2

B A-C B C-A
p— \/—:

2 2 2 2
s A=B+CvC=A+B
sA=Zvc==L
2 2

< AABCvudng tai A hay AABC vuong tai C

Bai 210: Ching minh AABC vuéng tai A néu
b c a
cosB cosC sinBsinC

b c a

=+ =
cosB cosC sinBsinC
o 2R sin B N 2RsinC  2RsinA

Ta co:

cosB cosC sin BsinC
sinBcosC+sinCcosB  sinA
cosB.cosC sin BsinC

- sin(B+C)  sinA

cosB.cosC sinBsinC
< cosBcosC =sinBsinC (do sinA > 0)
< cosB.cosC-sinB.sinC =0

< cos(B+C)=0

oB+C==1
2

< AABC vubdng tai A

Bai 211: Cho AABC cé6:

cC .A . B . C 1
COS— - COS— - CO0S— — Sin— - sin— - sin— = — (%)
2 2 2 2 2
Ching minh AABC vuéng
Ta cé:
A B cC 1 . A.B.C
(*) < cos—cos —cos — = — + sin —sin —sin —
2 2 2 2 2 2 2
1 A+B A-B C 1 1 A+B A-B|. C
< —| cos + cos COS— = — — —| COS——— — COS sin —
2 2 2 2 2 2 2 2 2

. C A-B C . C A-B|. C
< | sin— + cos cos— =1-|sin— —cos sin —
2 2 2 2 2 2

A-B C . 5 C C . 5 C A-B . C
cos—=1-sin“"—+cos— =1-sin“ — + cos sin —
2 2 2 2

. C C
< sin —cos — + cos
2 2




. C C C , C
= smEcosEJr cos COSE = cos” — + cos

[. C CM C A—B}
& | sin— — cos — || cos — — cos =0
2 2 2 2
A-B
2

C C A-B C B-A
Stg—=1v—=——v—

2 2 2 2 2

ol T A_BiCVB=A+C
2 4

. C C C
= smE = COS — V COS — = COS

sc=2va=ZyB=Z
2 2 2

Bai 212: Ching minh AABC vudng néu:
3(cos B +2sinC) + 4(sinB + 2¢cosC) = 15

Do bat ddng thitc Bunhiacdpki ta cé:
3cos B +4sinB <9+ 16+ycos? B +sin® B = 15

va 6sinC + 8¢osC < /36 + 64+/sin% C + cos2 C = 10
nén: 3(cosB +2sin(C) + 4(sinB+2co0sC) <15
cosB _ sin B tgB = é
Dau “=” x4y ra =S _3 4 o 3
sinC cosC 4
= cotgC=—
6 3
< tgB = cotgC

& B+C=Z

< AABCvuéng tai A.

Bai 213: Cho AABC c6: sin2A +sin2B =4sin A.sinB
Ching minh AABC vuéng.

Ta c6: sin2A +sin2B =4sin A.sin B
< 2sin(A + B) cos(A - B) = —2[cos(A + B) — cos(A - B)]

< cos(A + B) =[1-sin(A + B)]cos(A - B)

< —cosC =[1-sinC]cos(A - B)

< —cosC(1 +sinC) = (1 —sin®? C).cos(A — B)

< —cos C(1 +sin C) = cos? C.cos(A — B)
< cosC=0hay —(1+sinC) =cosC.cos(A-B) (%)
< cosC=0
(Do sinC>0nén —-(1+sinC) < -1
Ma cosC.cos(A —B)>-1.Vay (*) v6 nghiém.)




Do d6 AABC vubng tai C
III. TAM GIAC CAN

Bai 214:Chitng minh néu AABC c¢6 tgA + tgB = 2c0tg%

thi la tam gidc cén.

Ta c6: tgA +tgB = ZCotgg

9 0 C
sin(A+B) ““g

cosA.cosB . C
2

C

sinC =~ 2 cosy
cosA.cosB sinE

2sin9cos9 2cos9
2 2 2

cosAcosB sina

=N sinzg =cosA.cosB (do cos% > 0]

& %(1 —cosC) = %I:COS(A +B)+cos(A - B)]

< 1-cosC =—cosC + cos(A - B)
< cos(A-B)=1

< A=B
< AABC céan tai C.

Bai 215: Ching minh AABC c4n néu:

A B . B
SInN—.CO0S — =SINn—.C0S —
2 2 2

2

. . A ;B . B 3
Ta cé: SIn—.C0S" — = SIn—.CO0S°" —
2 2 2 2

sin — sin —
2 1 2

1

=

2 2 2

(do cosé >0 va cosE >0)
2 2

s A B 2 B
cos— [cos”— | cos— |cos® —

2




A A B B
tg—|1+tg” = |=tg—|1+tg” =
ng( gzj g( gz}

2
A B A B
ostgd = —tg? —+tg—-tg—=0
8y BTy T8y
A B A B A, B
Sltg=-tg—||1+tg> =+tg” = +tg—tg—|=0 (*
(gz g2j{ g e gy gz} (*)

A B A B A B
Ste=tg— (vi 1+tg?=+tg? = +tg—tg—>0

g5 gz( g ttg g tes )
< A=B

< AABC cintai C

Bai 216: Ching minh AABC cén néu:
cos’A +cos’B 1 )

= —(cotg®A + cotg®B) (*

sin® A +sin® B 2( & & )()

Ta co:
2 2
(*)©c982A+c?s2B:l( 12 N .12 _zj
sin“A+sin“B  2\sin“A sin“B
cos®A +cos’B 1[ 1 1 j
= 1= ———+——
sin“A  sin“B

sin®? A +sin’B 2

=

2 1( 1 1 j
== +
sin A +sin’B  2\sin’ A sin®’B
< 4sin? Asin®? B = (sin2 A + sin® B)2
0= (sin2 A —sin?® B)
& sinA =sinB
Viay AABC cén tai C

Bai 217: Ching minh AABC cén néu:
a+b= tg%(atgA + btgB) (*)

Tacé:a+b= tg%(atgA + btgB)
< (a+b) cotgg = atgA + btgB

& a [tgA — cotg %} +b {th — cotg %J =0

<:>a[tgA—tgA;B}rb{th—tgA;BJ:O

asin b sin
= + =0

A+B
cos A.cos cos B. cos




_B:Ohay a___b =0
cosA cosB

2RsinA 2RsinB

cosA  cosB
< A =B hay tgA =tgB < AABC can tai C

IV. NHAN DANG TAM GIAC

& sin

< A = Bhay

Bai 218: Cho AABC théa:acosB—-bcosA =asinA —bsinB (¥)
Ching minh AABC vudéng hay cdn

Do dinh 1y ham sin: a = 2Rsin A;b = 2RsinB
Nén (*) < 2RsinAcosB-2RsinBcosA = 2R(sin2 A —sin® B)

< sinAcosB-sinBcosA =sin? A —sin’B

< sin(A-B)= %(1— cos2A) —é(l— cos 2B)

%[cos 2B — cos2A |
=—[sin(A +B)sin(B-A)]
[1-sin(A+B)]=0

=0vsin(A+B)=1
<:>A=BvA+B=g

vdy AABC vuéng hay cin tai C
Cdach khdc
sin A cos B-sinBcos A =sin? A —sin® B

< sin(A - B) =(sin A +sin B) (sin A —sin B)

< sin(A-B)=(2s nA+BcosA_B)(200sA+BsinA_B)
2 2 2 2

< sin(A - B) =sin (A + B)sin (A - B)

< sin(A-B)=0vsin(A+B)=

<:>A:BvA+B=g

Bai 219 AABC la tam gidc gi né€u
(a2 + b2)sin(A -B) = (a2 - bz)sin(A +B) (%)

Ta c6: (*)

& (4R?sin” A + 4R”sin” B)sin (A - B) = 4R’ (sin® A — sin” B)sin (A + B)
< sin? A[sin(A —-B)-sin(A + B)] + sin® B[sin (A-B)+sin(A + B)] =0
< 2sin® Acos Asin(-B) + 2sin’ Bsin A cos B = 0




< —sinAcosA +sinBcosB=0 (do sinA >0 va sinB>0)
< sin2A = sin 2B

< 2A =2BVv2A =1-2B
<:>A:BvA+B:g

Vay AABC can tai C hay AABC vudng tai C.

Bai 220: AABCIla tam gidc gi né€u:
a’sin 2B + b?sin 2A = 4abcos AsinB (1)
sin 2A +sin 2B = 4sin Asin B (2)

Ta co:
(1) < 4R*sin® Asin 2B + 4R?sin” Bsin 2A = 16R*sin A sin® Bcos A
< sin® Asin 2B + sin® Bsin 2A = 4sin Asin? Bcos A
< 2sin® AsinBcosB + 2sin A cos Asin® B = 4sin Asin® Bcos A
< sinAcosB +sinBcosA =2sinBcosA(dosinA > 0,sinB > 0)
< sinAcosB-sinBcosA =0
< sin(A-B)=0
< A=B
Thay vao (2) ta dugc
sin2A = 2sin®* A
< 2sinAcosA = 2sin® A
< cosA =sinA (dosin A > 0)

< tgA=1
oA=L
4

Do @6 AABC vuéng cdn tai C
V. TAM GIAC BEU

Bai 221: Ching minh AABC déu néu:
be3 = R[2(b +c)- a] (*)

Ta c6:(*) < (2RsinB)(2RsinC)+/3 = R[2(2RsinB + 2RsinC) - 2Rsin A |
< 23 sinBsinC = 2(sinB +sin C) —sin (B + C)
< 23 sinBsinC = 2(sinB +sin C) — sin Bcos C — sin C cos B

o 2sinB[1—%cosC—§sinC}+2sinC{1—%cosB—§sinB} =0

o sinB{l—cos(C—gﬂ+sinC{1—cos[B—gﬂ =0 (D




\%

Do sinB >0 va 1—cos(C—§j 0

\%

sinC >0 va 1—cos(B—gj 0

Nén vé trdi cda (1) ludén >0

cos (C - Ej
3

cos (B - E)
3

@cszg < AABC déu.

1

Do d¢, (1) &
1

sinBsinC = % 1

Bai 222: Chitng minh AABC déu néu s s s
IR b° -c¢

a-b-c

(2)

Tacé:(2) @ a®—-a’b-a’c=2a’-b’-c?
< a’(b+c)=b>+c’
<:>a2(b+c)=(b+c)(b2—bc+c2)
< a’=b%-bc+c?

< b% +c? —2bccosA =b? +¢? —be (do dl ham cosin)
< 2bccos A = be

<:>cosA=é<:>A:E

Tac6: (1) < 4sinBsinC =3
o 2[cos(B—C)—cos(B+C)] =3
= 2|:cos(B—C)+cosA] =3

<:>2cos(B—C)+2(%J:3 (do (1)taco A:g]

< cos(B-C)=1<B=C
Vay tr (1), (2) ta c6 AABC déu

Bai 223: Chitng minh AABC déu néu:
sinA +sinB + sinC = sin 2A + sin 2B + sin 2C

Ta c6: sin 2A + sin 2B = 2sin (A + B)cos(A - B)
= 2sinCcos (A —B) <2sinC (1)
Dau “=" xdy ra khi: cos(A-B)=1
Tuong ty: sin 2A +sin 2C < 2sin B

(2)




Ddu “=" xdy ra khi:cos(A-C) =1

Tuong tuy: sin 2B + sin 2C < 2sin A (3)
Ddu “=" xdy ra khi: cos(B-C)=1

T (1) (2) (3) ta c6: 2(sin2A +sin2B +sin2C) < 2(sinC+sinB+sin A)

cos(A-B)=1
Diu “="xdyra < <cos(A-C)=1 < A=B=C
cos(B-C)=1

< AABC déu

Bai 224: Cho AABC cé:
1 1 1 1

) + - 9 + . 9 =
sin“2A  sin“2B  sin“C  2cosAcosBcosC
Chitng minh AABC déu

&

Ta c6: (*) < sin® 2B.sin® 2C + sin® 2A sin” 2C + sin” 2A sin® 2B

_ sin 2A.s1in 2B.sin 2C _ (sin 9A sin 2B sin ZC)
2cosAcosBcosC

= 4 sin A sin Bsin C(sin 2A sin 2B sin 2C)

Ma: 4sin AsinBsinC = 2[cos(A—B)—cos(A+B)]sin(A+B)
= Z[COS(A -B)+ cosC] sin C
=2sinCcosC + 2cos (A - B)sin (A +B)

= sin 2C + sin 2A + sin 2B
Do d6,véi diéu kién AABC khong vudng ta cé
(*) < sin® 2Bsin® 2C + sin® 2A sin® 2C + sin® 2A sin” 2B
= sin 2A. sin 2B.sin 2C (sin 2A + sin 2B + sin 2C)
= sin® 2A sin 2B sin 2C + sin? 2B sin 2A sin 2C + sin? 2C sin 2A sin 2B

o %(sin 2B sin 2A —sin 2B sin ZC)2 + %(sin 2A sin 2B - sin 2A sin ZC)2
+=(sin 2Csin 2A - sin 2Csin 2B)2 =0

DO | =

sin 2B sin 2A = sin 2Bsin 2C

= {sin 2A sin 2B = sin 2A sin 2C

sin 2A sin 2C = sin 2Csin 2B
{sin 2A =sin 2B

&

A=B=C ABC dé
sin 2B = sin 2C < < cu

Bai 225: Chitng minh AABC déu néu:
acosA +bcosB+ccosC _ 2p
asinB+bsinC+csinA  9R

()




Ta cd: acosA +bcosB+ccosC
=2RsinAcosA + 2RsinBcosB + 2Rsin CcosC

= R(sin2A +sin2B +sin 2C)
= R[2sin(A +B)cos(A-B)+ 2sinCcosC]
= 2R sinC[cos(A —B)—cos(A + B)] =4RsinCsin Asin B
Cach1: asinB+bsinC +csinA
=2R(sinAsinB +sinBsinC + sinCsin A)
> 2R¥sin® A sin® Bsin® C (dobdt Cauchy)

ac9sA+bc9sB+ch)sC Sgﬁ/sinAsinBsinC (1)
asinB+bsinC+c¢sinA 3
2p a+b+c 2

Ma v€ phdi: —— =————="(sin A +sin B +sin C)
9R 9R 9

> %i/sinAsinBsinC 2)

Do d6 vé trdi :

Tw (1) va (2) ta co

(* )< sinA =sinB =sinC < AABC déu
Ciich 2: Ta ¢6: (%) < .4Rs1nA§1nBs1n.C _a+b+c
asinB + bsinC +c¢sin A 9R

arf[ 2 [P )
2R J\ 2R J\ 2R a+b+ec
= -
b c ca 9R
al — |+b| = |+——=
(o) oow ) om
< 9abc = (a+b+c)(ab+bc+ca)

Do b4t ding thitc Cauchy ta cé
a+b+c>%abe

ab + bc + ca > ¥a?b?c?

Do d6: (a+b+c)(ab+bc+ca) > 9abe

Diau=xdyra < a=b=c < AABC déu.

Bai 226: Ching minh AABC déu néu
cot gA + cot gB + cot gC = tg% + tgg + tg%(*)

in(A+B i
Ta c6: cot gA + cotgB = s1.n( - ): - Sm_C
sinAsinB sinAsinB
> SnC____ (4o bdt Cauchy)
(sinA +sinB

2




Zsingcosg Zsing

_ 2 2 _ 2
. s A+B s A-B C L,A-B
sin .COS COS — COS
2 2 2 2
C
> 2tg— 1
g5 (1)

Tuong tu: cot gA + cot gC > Ztgg (2)

cot gB + cot gC > Ztg% (3)
Tw (1) (2) (3) ta co
A B C
2(cot gA + cot gB + cot gC) > 2 tg5+tg—+tg—

2 2
Do dé ddu “="tai (*) xdy ra
A-B A-C B-C
cos = COS = COS =1
= 2 2 2
sinA =sinB=sinC
o A=B=C
< AABC déu.
BAITAP

1.  Tinh cdc géc cia AABC biét:
a/ cosA:sinB+sinC—g bS: B=C=

b/ sinBA +sin6B +sin6C =0 (PS: A:Bzng)

¢/ sinb5A +sinb5B +sin5C = 0
2. Tinh géc C cia AABC biét:
a/ (1+cotgA)(1+cotgB) =2
) A,Bnhon
{sin2 A +sin’B = YsinC
cos’ A +cos?’B+cos’C<1
sin5A +sin5B +sin5C =0
Chiéng minh A c6 it nhat mét gée 36 °.
4. Biét sin® A + sin® B + sin® C = m. Chitng minh
a/ m = 2 thi AABC vudng
b/ m > 2 thi AABC nhon
¢/ m < 2 thi AABC tu.
5. Chdng minh AABC vudng néu:
b+c
a
b c a
cosB  cosC  sinBsinC

3. Cho AABC c¢6: {

a/ cosB+cosC =

b/




¢/ sinA +sinB+sinC=1-cosA +cosB +cosC
2
iy (b—c) _ 2[1—COS(B—C)]
b? 1-cos2B
Ching minh AABC c4n néu:
o/ 1+ cosB _ 2a+c¢
SlnB «laz_cz

sinA +sinB+sinC

b/

A B
- - - =cotg—.cotg—
sinA +sinB -sinC 2 2

¢/ tgA + 2tgB = tgA.tg’B

d/ a(cotg% — tgAj = b(th - cotg%)

C B
/ (p-b)cotg—= =ptg—
e/ (p—b)co g5 =Ptgs,
f/ a+b:tg%(atgA+bth)
AABC 1a A gi néu:

a/ atgB + btgA :(a+b)tgA+B

b/ ¢ =ccos2B + bsin 2B
¢/ sin3A +sin3B+sin3C =0
d/ 4S=(a+b-c)(a+c—b)

Chitng minh AABC déu néu
a/ 2(acosA+bcosB+ccosC)=a+b+c

b/ 3S = 2R? (sin3 A +sin® B + sin® C)
¢/ sinA +sinB+sinC=4sinAsinBsinC

9 4 N N X
d/ m, +m, +m_ = o véi m_,m,,m_  la 3 dudng trung tuyén





