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Chuyén dé 1 PHUGNG TRINH PAI SO
BAT PHUONG TRINH DPAI SO

TRONG TAM KIEN THUC
CAC HANG PANG THUC CO BAN

1. (a+b)2=a2+2ab+b2 —_— a2+b2=(a+b)2—2ab
2. (a=b)? =a?2 -2ab+b> . a’+b%=(a—b)2+2ab
3. a® —b% =(a+b)(a-b)
4. (a+b)3 =a3 +3a?b+3ab? +b3 — a3 +b3 =(a+b)3 —3ab(a+b)
5. (a—b)3 =a’ -3a%b+3ab? - b3
6. a>+b3 =(a+b)(a® —ab+b?)
7. a3 —b3 =(a-b)(a?® +ab+b?)
8. (a+b+c)2 =a2 +b2 +62 +2ab+2ac+2bc

A. PHUONG TRINH PAI SO

Nhac lai:
1) Mot so phép bien doi twong dwong phwong trinh thuwong sir dung

a) Chuyén vé mot biéu thire tir vé nay sang vé kia (nhé doi dau cua biéu thic).

b) Nhén hoic chia hai vé ctia phuong trinh véi mot hiang sé (khac 0) hodc voi mot biéu thirc
(khac khong).

¢) Thay thé mot biéu thirc boi mot biéu thirc khac bang véi biéu thire do.

+ Chia hai vé cua phuong trinh cho biéu thirc chira dn dé phong mat nghiém.
+ Binh phuong hai vé cua phuong trinh dé phong du nghiém.

2) C4c buéc giai mét phudng trinh
Buéc 1: Tim diéu kién (n€u c6) ciia 4n s6 d€ hai vé& cia pt c6 nghia
Budc 2: St dung cdc phép bién ddi tuong dueng d€ bién d6i pt d&€n mot pt da bi€t cach gidi
Budce 3: Gidi pt va chon nghiém phil hgp ( néu cé)
Buéc 4: K&t luan
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3. Cic phwong phap giai phwong trinh dai s6 thwong sir dung

a) Phuong phiap 1: Bié&n d8i phuong trinh d cho vé phuong trinh [Jda biét cich gidi

b) Phuong phap 2: Bién ddi phuong trinh ¢4 cho vé dang tich s6 : A.B =0; A.B.C =0.

A=0

A=
Pinh Iy: A.B:O<:>{ . ABC=0<|B=0
B C=0

¢) Phuong phdp 3:  Dit 4n phu dua phuong trinh da cho vé dang da bi€t cich gidi.

PHUGNG TRINH PAI SO

I. Giai va bién luin phuong trinh bic nhat:

1. Dang : ax+b=0(1)

{x:?fnsé’

a,b:tham sd

2. Gidi va bién luin:

Ta cé : (1) @ax=-b (2
Bién luin:

e Néua #0thi (2) <:>x:—é
a

e Né&ua=0thi(2)tré thinh 0.x =-b
* N&u b # 0 thi phuong trinh (1) v nghiém
* N&u b = 0 thi phuong trinh (1) nghiém ding v6i moi x
Tom lai :

e a #0:phuong trinh (1) c6 nghiém duy nhit x = _b
a

e a=0vab #0: phuong trinh (1) vd nghiém
e a=0vab=0:phuodng trinh (1) nghi€m ding v6i moi x

3. Diéu kién vé nghiém s6 cia phueng trinh:

Dinh ly: Xét phuong trinh ax + b=0 (1) ta c6:
e (1) c6 nghiém duy nhat < az0
e (1) v6 nghiém o {a =0
b#0
e (1)nghiém ding véimoix < {Z :3
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I1.Gidi va bién ludn phuong trinh bac hai:

1. Dang: ax’ +bx+c=0 (1) X anso )
a,b,c:tham so

2. Gidi va bién ludn phuong trinh :

Xét hai trudng hgp
Truong hgp 1: Néua =0 thi (1) 1a phuong trinh bic nhat: bx +c =0

e b #0: phuong trinh (1) c6 nghiém duy nhat x = —%

e b=0vac #0:phuong trinh (1) vO nghi¢m
e b=0vac=0:phuong trinh (1) nghiém diing v6i moi x
Trudng hgp 2: N&u a= 0 thi (1) 12 phuong trinh bic hai ¢6

Biét s6 A =b*—4ac (hoic A =b"—ac véib =§)

Bién ludn:
& Né&u A <0 thipt (1) vd nghiém

@ Néu A =0 thipt(1)cé nghiém s6 kép X, =X, =—2i (x =x, :_ﬁ)
a
y b+ —-b VA
“ N€u A >0 thipt (1) c6 hai nghi€m phén bi€t x,, =bz—\/X (x,= b—\/Z)
a a
LUYEN TAP
2
Bai 1: Gidi phuong trinh: al 2)26 :E
(x=1) 4
Bai 2: Gidi phuong trinh: _—42(—6—x)+ x+2 =5
x—=2 x—2
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3. Piéu kién vé nghiém s ciia phueng trinh bac hai:
Pinh 1y : Xétphuong trinh: ax’+bx+c=0 (1)

a=0
N . a#0
< Pt (1) vOo nghi¢m < 1b=0 hoic
A<0
c#0
p . ., a#0
<  Pt(1)céd nghiém kép &
A=0
o . o a#0
* Pt (1) c6 hai nghiém phéin biét =
A>0
. . a#0
<  Pt(1)cé hainghiém &
A=>0
a=0
< Pt (1) nghi€ém ding v6i moi x < 3b=0
c=0

Dic biét
Néu pt(1) c6 hé s6 a,c thod a.c < 0 thi pt(1) ludn c6 hai nghiém phan biét.

LUYEN TAP

Bii 1: Cho phuong trinh 3mx® +6mx—m+1=0 (1)
Tim m dé€ phuong trinh (1) c6 hai nghi¢m phan biét.
Két qua: m<0vm>%

Bai 2: Cho phuong trinh 3x+2

=x+m (1
x+2 M

Tim m dé phuong trinh (1) ¢6 hai nghiém phan biét.

Két qua: m<1vm>9
4. Pinh Iy VIET déi véi phuong trinh bac hai:
< Pinh Iy thuan: Néu phuong trinh bic hai: ax’+bx+c=0 ( a#0)c6 hai nghiém x;, X, thi

S=x+x,=——

c
P=x.x,=—
a

< Pinhly ddo: NEucéhaisd x,y md x+y=S va x.y=P (§* >4P) thi x,y 12 nghiém clia
phuong trinh

X*—-SX+P=0
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= Y nghia ctia dinh 1y VIET:
Cho phép tinh gid tri cdc biéu thitc d6i xitng clia cic nghiém ( tic 1 biéu thic chita x, X, va khong
2 2
+ 1 1 N
M+—2—|-—2) ma khong cin
X1 X, X X

thay ddi gia tri khi ta thay ddi vai trd x;,x, cho nhau .Vidu: 4=
gidi pt tim X, X, , tim hai s6 khi bi€t tong va tich clia chiing ....
Chu y:

& N&u pt (1) ¢6 cdc hé s§ thod man a+b+c=0 thi pt (1) c6 hai nghiém 1a x, =1 va x, £
a

& N&u pt (1) ¢6 cdc hé s6 thod man a-b+c=0 thi pt (1) ¢6 hai nghiémIa x, =-1 vax, = _<
a

LUYEN TAP

3x+2

Bai 1: Cho phuong trinh 5 =mx (1)

Tim m dé phuong trinh (1) ¢6 hai nghiém phan biét x,,x, thbaman x +x,=0 .
: 3
Két qua: m=—
a 2

Bai 2: Cho phuong trinh Sx+2
x+2

=x+m (1)

Tim m dé phuong trinh (1) c6 hai nghiém phan biét x,,x, thbaman x, —x, =3 .

Két qua: m =10

Bai 3: Cho phuong trinh 2x +23 =2x+m (1)
. 2 ) e A A 1A i 1 1
Tim m dé€ phuong trinh (1) c6 hai nghiém phan biét x ,x, thoa man = >

Két qua: m=-2

5. D4u nghiém s6 ciia phueng trinh béc hai:
Dua vao dinh Iy Viét ta c¢6 thé suy ra dinh 1y sau:

Pinh Iy: Xét phuong trinh bac hai: ax’+bx+c=0 (1) (a=0)
A>0
< Pt (1) c6 hai nghi€é m duong phan bi¢t < P>0
S>0
A>0
* Pt (1) c6 hai nghi€m am phén biét = P>0
S<0
& Pt (1) ¢6 hai nghiém trdi ddu < P<O
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I1. Phuong trinh trung phuong:

1.Dang : ax* +bx*+c=0 (a=0) (1
2.Céch gidi:

& Pitinphu: x’=t (¢>0). Ta dugc phuong trinh: ar> +bt+c=0 (2)
Gidi pt (2) tim t. Thay t tim dugc vao x°= t d€ tim x.
Tuy theo s6 nghiém clia phuong trinh (2) ma ta suy ra dudc s nghiém
ctia phuong trinh (1)

LUYEN TAP

Bai 1: Cho phuong trinh x4+2(m+1)x2+2m+3:0 (1)
Tim m dé phuong trinh (1) c6 4 nghiém phan biét.

Bai 2: Cho phuong trinh x* — (3m + 2)x2 +3m=-1 (1)
Tim m dé phuong trinh (1) ¢6 bén nghiém phan biét nho hon 2 .
. 1 <m<l1
Keét qua: 3
m#0
Bai 3: Cho phuong trinh x* — (3m + 2)x2 +3m=-1 (1)

\ 2 \ r 1A  n A < A 2 2 2 2 _
Tim m d€ phuong trinh (1) c6 bon nghi€m phéan biét x ,x,,x,,x, sao cho x; +x; +x; +x, +xx,x,x, =4 .

; 1
Két qua: m=—
1 3
Bi 4: Cho phuong trinh x* —2(m+1)x* +2m+1=0 (1)
Tim m dé phuong trinh (1) c6 bdn nghiém phan biét X, X,,X,;,X, sao cho x <x, <x, <x, va
X, =X, =X, =X, =X, =X, .

Két qua: m:4vm:—g
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IIT. Phuong trinh bic ba:

1. Dang: ax’+bx*+cx+d=0 (1) (a#0)

2.Céch gidi: Ap dung khi bi€t dugc mot nghiém ctia phueng trinh (1)

@ Budc 1: NhAm mot nghiém ctia phuong trinh (1). Gid sit nghiém 14 x = X
@ Budc 2: St dung phép CHIA PA THUC hoic s6 3 HOOCNE dé phan tich v& trai thanh nhan
thr va dua pt (1) vé dang tich s0 :
(1) < (x-X0)(Ax*+Bx+C) =0

X=X,
AX*+Bx+C=0 (2)
S¢ @6 Hoocne:

a b c d
X0 | A | B C 0 (s6 0)

Trong dé:
a=A, x,A+b=B, x,B+c=C, x,C+d=0

“Budc 3: Gidi phuong trinh (2) tim cdc nghiém con lai ( néu c6)

, s

Chu y

Ta c6 thé 4p dung phuong phap phén tich da thic thanh nhan tir bing ky thuit st dung sd 36 HOOCNE, dé
gidi cac phuong trinh da thifc bac cao (v6i diéu kién nhdm duge mot nghiém clia da thic).

Vi du: Giai phuong trinh x* —8x’ +6x”> +24x+9=0

LUYEN TAP
Bai 1: Giai phuong trinh: a) 3x° —16x* +23x-6=0 b)x’ +3x° —2x-4=0

Bai 2: Cho phuong trinh x* =3x* +(m+2)x-2m=0 (1)
Tim m dé phuong trinh (1) ¢6 3 nghiém duong phén biét.

Bai 3: Cho phuong trinh x° —(2m —3))62 +(2 —m)x+ m=0 (1)

Tim m dé phuong trinh (1) ¢6 3 nghiém am phén biét.

Bai 4: Cho phuong trinh: x* —3mx’ +(3m - 1)x +6m—-6=0 (1)

Tim m dé phuong trinh (1) c6 ba nghiém phan biét x,,x,,x, thoa man h¢ thirc xl2 + x22 + X32 +x,x,x, =20 .
Két qua: m=2,m = —%

Bii 5: Cho phuong trinh: x* +3x” +mx—1=x+m+2 (1)
Tim m dé€ phuong trinh (1) c6 ba nghiém phan biét X,,X,,x, sao cho biéu thirc

T:2(x12 +x§ +x32)+3x2x2x2 —5 dat GTNN

1772773

7
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11

Két qua: minT :% khi m=

IV. PHUONG TRINH BAC BON QUY VE BAC HAI BANG PHEP PAT AN PHU

1.Dang I: ax* +bx* +c=0 (a #0)

&« Pit4nphu:t=x>

2. Dang II. (x+a)(x+b)(x+c)x+d)=k (k # 0) trongd6é a+b=c+d

< Pitéin phu : t = (x+a)(x+b)

3.Dang III: (x+a)'+(x+b)' =k (k #0)

0 a+b
< Pbatanphu:t= x+

4.Dang IV: ax* +bx’ +cx’ tbx+a=0

Chia hai v& phuong trinh cho x*

0 1
= Pitanphu:t=xt—
X

LUYEN TAP

Giai cdc phuong trinh sau:
1.x*=10x*+9=0
2.(x+D(x+2)(x+3)(x+4)=3
3. (XX +3x -4 (x*+x-6)=24
4.(x-2)'+(x=3)" =1
5.x'=3x-6x"+3x+1=0
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Ve

B. BAT PHUONG TRINH PAI SO

Nhic lai:
Céc phép bién ddi tuong duong bit phuong trinh thudng s dung:
1) Chuyén v& mot biéu thiic clia bpt tir v& nay sang v€ kia (nhd ddi ddu bi€u thitc)
2) Nhan hoiic chia hai v& ctia bpt v6i mot hiing s6 hoic mdt bi€u thiic khac 0
Ghi nh(’)’Aquan trong:
+ Am thi doi chieu .
+ Dwong thi khong doi chiéu
3) Thay thé mot biéu thic trong bpt bdi mot bi€u thic khdc bing v6i biéu thic d6.

I. BiAt phuong trinh bic nhit:
1. Dang : ax+b>0 (1) (hoic =,<,%)

2. Gidi va bién luin:

Ta cé : D ax>-b (2)
Bién luin:

e Né&u a>0 thi (2)<::>x>—é
a

e Néua<0 thi (2)<::>x<—é
a

e Néuag=0thi (2)tr§thanh: 0x>-b
* b <0 thi bpt vd nghiém
* b >0 thi bpt nghiém ding v6i moi x

I1. Dau cda nhi thdc bac nhat:
1. Dang: f(x)=ax+b (a#0)

2. Bang xét diu cia nhi thic:

ax+b Trai diu véi a 0 Cung diu véi a
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I11. DAu cta tam thifc bac hai:

1. Dang:
2. Bang xét diu cda tam thdc bac hai:

f()c)za)c2 +bx+c (a#0)

X — 0 T
Cung diu a
A <0 f(x) g
X b
: A=0 - e o
A=b"—4ac > — —
f(x) Cing diu a 0 Cung diu a
X — o0 X + o0
A>0 ; ! i 2 ]
f(x) Cungdidua 0 Triidiua 0 Cungdiua
Chu y:
e Néu tam thirc bac hai f(x) = ax® + bx + ¢ (a = 0) c6 hai nghiém x,,x, thi tam thirc ludn c6 thé
phan tich thanh

fx)=ax’+bx+c=a(x—x,)(x —x,)

e Moi tam thifc bac hai f(x) = ax’+bx+c (a=0) diéu c6 thé bi€u di€n thanh

f(X)=ClX2+bx+c:a(x+i)2_A
2a 4a

3. Piéu kién khong ddi ddu ciia tam thiic:

Dinh ly: Cho tam thifc bac hai: f(x) = ax

2 ibxte (a=#0)

a>0
A<O

{A<O
f(x)>0 VxeR <«

f(x)<0 ¥VxeR <«
a<0

A<L0
a>0
A<L0
a<0

f(x)£0 VYxeR <«

f(x)20 VxeR <« {

10



Chuyén dé LTPH Huynh Chi Hao — boxmath.vn
LUYEN TAP
Bai 1: Cho f(x)=(m+2)x*=2(m+2)x-3m+1

Tim m dé f(x)>0,vxeR.

Két qua: 2<m < —%

Bai2: Cho f(x)=3(m—1)x*-6(m—1)x+3(2m-3)
Tim m dé f(x)<0,vxeR.

Két qua: m<-1

IV. BAt phuong trinh bac hai:

1. Dang: ax? +bx+c¢>0 (hodc 2, <, <)

2. Céch gidi: Xét dau tam thifc bac hai & v€ trdi roi chon nghiém thich hop.

V. So sdnh mot sﬁ'g v6i cdc nghiém cia tam thifc bac hai f(x)=ax? +bx+c_(a#0)

Dinh ly:

[ Tam thitc ¢6 hai nghiém x,,x, thda |
e [af(a)<0]

| X, <o<X, |
r . A - A>0
Tam thitc c6 hai nghiém x,,x, thoa
Rt a.f(a)>0
X, <X, <a
- - S
——a<0
L2 ]
. , , A>0
Tam thiric c6 hai nghi€ém x,,x, thoa
=t a.f(a)>0
o <X, <X,
——a>0

11
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BAI TAP REN LUYEN

Bai 1: Cho phuong trinh: —2x -'1_1 =—x+m (1)
X+

Tim m dé€ phuong trinh (1) c6 2 nghiém phan biét x,,X, thoa méan (xl - X, )2 =4
Két qua: m=1,m=-7

xX+2

Bai 2: Cho phuong trinh: =x+m (1)
2x-2
Tim m dé€ phuong trinh (1) c6 2 nghiém phan biét x,,x, théa méan

5 2 5 2 37
X +(x1+m) +x2+(x2+m) =—

Két qua: m=2,m= —%

Bai 3: Cho phuong trinh: (x — 3)(}(2 +3x+6— m) =0 (1)
Tim m dé phuong trinh (1) ¢6 3 nghiém phén biét.

15
, m>—
Keét qua: 4
m = 24
Bai 4: Cho phuong trinh: x* —2(m +1)x° + (7Tm —2)x+4—-6m =0 (1)
Tim m dé phuong trinh (1) ¢6 3 nghiém duong phan biét.
. 2 <m<l1
Két qua: |3
m > 2

Bai 5: Cho phuong trinh: x* —2(m + 1)x*4+2m+1 (1)
Tim m dé phuong trinh (1) c6 4 nghiém phan biét.

, m >
Keét qua: 2

m =0
2
Bai 6: Cho phuong trinh: X XYM . (1)
X+ m
Tim dé phuong trinh (1) c6 hai nghiém phéan biét.
) m < —6 — 42
Két qua:
m > —6 + 442
Bai 7: Cho phuong trinh: 3x* +4(m —1)x +m® —4m +1= 0 (1)
Tim m dé phuong trinh (1) ¢6 hai nghiém phan biét X,;X, thoa man diéu kién
1 1 1
_+_:_(X1 +X2)
X, X, 2
r m =
Ket
&t qua _

12
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Bai 8: Cho phuong trinh: §x3 —mx® —x+m +§ =0 (1)

Tim m dé phuong trinh (1) ¢6 ba nghiém phéan biét x;, X», X3 thda man xl2 + x% + x32 >15
Két qua: (m<—-1vm>1)

Bai 9: Cho phuong trinh x> —2x+1-m =0 (1)
Tim m dé phuong trinh (1) ¢6 hai nghiém phén biét x;, x, thoa man |x, —x,|.(m+1) =4

x+1

Bai 10: Cho phuong trinh = kx (1)

2x—-1
Tim k dé phuong trinh (1) ¢6 hai nghiém phan biét x,, x, thoa man X +x,=1

2x-2

Bai 11: Cho phuong trinh =2x+m (1)

x+1

Tim m dé phuong trinh (1) c6 hai nghiém phan biét x;, x, thoa min (x1 - X, )2 =1

x—1

Bai 12: Cho phuong trinh =x+2 (1)

X+m
Tim m dé phuong trinh (1) c¢6 hai nghiém phan biét x;, x, thoa man |x1 —x2| =2

2x+4

Bai 13: Cho phuong trinh = m(x—1)+1 (1)

1-x

Tim m dé phuong trinh (1) c6 hai nghiém phan biét x,, x, thoa man (1 +m’ ).[(x1 +Xx, )2 - 4x1x2} =90

Bali 14: Cho phurong trinh — "+ = x 4+ m (1)
x —
Tim m dé phuong trinh (1) c6 hai nghiém phan biét x;, x, sao cho biéu thirc
A= : : — dat gi4 tri 16n nhat.

Q- (2x,-1)

13
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Chuyén dé 2 HE PHUONG TRINH DAI SO
TRONG TAM KIEN THUC

CAC HE PHUONG TRINH CO BAN

1. Hé phucng trinh bic nhit nhiéu 4n
1. Hé phuong trinh bic nhat hai 4n

a.Dang :

{alx-i-b,y:cl 0

a,x+b,y=c,

Céch gidi da bi€t: Phép th€, phép cong ...
b. Gidi va bién luidn phuong trinh : Quy trinh gidi va bién luan
Budc 1: Tinh cac dinh thic :

a, b
e D=|" |=ab,—a,b, (goi 12 dinh thic ctia hé)
a, b,
¢, b 1 A P
e D = =c,b, —c,b (goi la dinh thic cta x)
¢, b,
a, ¢ s P
e D = 0 e =a,c, —a,c, (goi la dinh thic cua y)
2 2
Budc 2: Bién luin
DX
X =

e Né&u D # 0 thi hé c6 nghiém duy nha't

e Né&uD=0 va D, #0 hodc D, #0 thi hé v6 nghiém

e N&uD =Dy=Dy=0 thi hé¢ c6 vd s6 nghiém hoic vd nghiém

. —y+1=0
Vi du: Giai bing may tinh hé: 1~ °
2x+2y—-15=0
Vi du:
y i g o 3 I’X_m}" =1 - 3 :
Tim gia tri caa tham s6 m dé hé phuong trinh ¢ nghiém (x; y) thoa min
<1H'IJ1L+}’=3
xy < 0.

3. Hé phuong trinh bic nhat ba 4n
ax+by+cz=d
Dang : a,x+by+c,z=d,

a,x+by+c,z=d,

14
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Ciach giai: Str dung phép cong dé khir mot an dwa vé hé bac nhat hai an.

20+4x-8y+z=0
Vi du: Giai bang may tinh hé: {50-10x—10y+z=0

40-12x+4y+2z=0

I1. Hé phuong trinh bic hai hai 4n:
1. Hé gdm mot phuong trinh bic nhit va mot phueng trinh bac hai hai 4n:
Ciéch giai: Giai biang phép thé
2x—-y—-8=0
2 2
(x=1) +(y+2) =5
2. Hé phuong trinh do6i xiing :
1. Hé phuong trinh déi xing loai I:

a.Dinh nghia: D6 12 hé chita hai 4n x,y ma khi ta thay d8i vai trd x,y cho nhau
thi hé phuong trinh khong thay doi.

Vi du: Giai hé phuong trinh: {

b.Cach giai:

Buéc 1: Bit x+y=S va xy=P v6i S* > 4P ta dua hé vé hé mdi chira hai 4n S,P.
Buéc 2: Gidi hé méi tim S,P . Chon S,P thod midn S*> >4P.
Budc 3: V6i S,P tim dudc thi x,y 1a nghiém ctia phuong trinh :

X*>-SX+P=0 (dinhly Viét d3o).

, s

Chi y: Do tinh d6i xitng, cho nén néu (x¢;yo) 12 nghiém ctia hé thi (yo;xo) cling 12 nghiém ctia hé.
xylx+y)=2

Vi du : Gidi hé phuong trinh: y( y)
X +y +x+y=4

2. Hé phuong trinh doi xitng loai II:

a.Dinh nghia: P6 13 hé chita hai 4n x,y ma khi ta thay d6i vai tro x,y cho nhau

thi phuong trinh ndy trd thanh phuong trinh kia clia hé.
b. Cach giai:

e Trir v€ v6i v& hai phuong trinh va bi€n ddi vé dang phuong trinh tich sd.
e K&t hdp mot phuong trinh tich s6 véi mot phuong trinh cta hé d€ suy ra nghiém ctia hé .

2 2
2=3
Vi du 1: Gidi hé phuong trinh: {* 7~ =%
y? +2=3yx’
Vi du 2:
9
3y== ;2
Giai hé phuong trinh "
1 x“+2
X = 5
v
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III. Hé phuong trinh ding cAp bac hai:

{alx2 +bxy+cy’ =d,
a.Dang :

a2x2 +b,xy + c2y2 =d,

b. Cach giai:

bit &n phy X — ¢ hoic L =1. Gié sit ta chon cdch dit = =1¢.
y X y
Khi d6 ta c6 thé ti€n hanh cich gidi nhu sau:
Buéec 1: Ki€m tra xem (x,0) ¢6 phai 12 nghiém ctia hé hay khong ?
Budc 2: VGi y#0 ta dat x - t < x = ty. Thay vao h¢ ta dugc hé mdéi chita 2 an t,y .Tu 2 phuopg
y
trinh ta khit y @€ dudc 1 phuong trinh chifa t .

Buéc 3: Gidi phuong trinh tim t r6i suy ra x,y.

X —xy—y>=-1

X Hxy+y =3

CAC HE PHUONG TRINH KHAC
Ta cé th€ st dung cac phudng phap sau

1. Sir dung phép thé

Vi du : Gidi h¢ phuong trinh: {

Vidu1:

L ) x* +2x°y+x’y' =2x+9

Giai hé phuong trinh (x,ye R).

x?+2xy =6x+6

Vidu 2:

X —p(x+y)+1=0

T e (x, yeR).
(* +D(x+y-2)+y=0

Vidu 3:

XX +xy=x+2

Giai hé phuong trinh: i ;
(2 3+ 153x =26

2. Stt dung phép cong

Vidul:
e ] xt+2x%y=3
Giati hé phuong trinh o (x, yeR).
x +y +y=3
Vidul:

xt+yt+6x7y’ =41

Giai hé phuong trinh
P 8 {xy(x2+y2)—10
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3. Dit 4n phu

Vidu 1: (A-2012)
¥ =3x7=9x+22=y"+3y* -9y

Giai hé phuong trinh , 1
X+ y —X + y= E

Vidu 2:
xy—4x-y+2=0

Giai h¢ phuong trinh | ,
X —2x=y —8y+18

Vidu 3:
x(x+y+1)-3=0

Giai hé phuong trinh .5 (x,yeR).
(x+y) ——+1=0

i
Vidu 4:
e . xy+x+1=7y

Giai h¢ phuong trinh | ~ | , (x,yeR).

'y +xy+1=13y°

ViduS:

4 2 2
+4x" +y —4y=2
Giai hé phuong trinh xq = i i ; :
Xy+2x +6y=23
Vidu 5:

5 3 4 5
X + ¥+ yiEy dEy=——
Giai hé phuong trinh 5 4 (x,y € R).
X' +y’ +xy(1+2x) = 5

4. Bién doi vé dang tich so

Vidu 1: (D-2012)

. xy+x—2=0
Giai hé phuong trinh: 5 (x, yeR).

28 -y+xt+ P -2xy—y=
Vidu 2:

x2+y2+2(xy+x+y)=0

Giai hé phuong trinh:
X +y +4x-2y+4=0

Vidu 3:
1 1
. =
Giai hé phuong trinh x y
2yp= X +1.

Vidu 4:
2 .2 + :1
Giai hé phuong trinh: Ty Ty
3x+y=y"+3
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Vidu 5:

5x°y—4xy’ +3y° —2(x+y)=0
i hE g eiah 40, @ @ et sl o
:cy(ac“+yz)+2:(x+y)2

5. Sir dung tinh chat don diéu ciia ham so6

Vidul:

3
Gidi he inh: 4% =y+6
141 hé phuong trinh {y3:x+6
Vidu2:

X =3z —0x+22=y* + 33" -9y

Giai hé phuong trinh i 1 (x,yeR).
X' +y —x+y= >
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Bai 1: Giai h¢ phuong trinh:

Bai 2: Giai hé phuong trinh:

CAC BAI TOAN REN LUYEN

X2<y—|—1>(x+y+1):3x2—4x—l—1
Xy +x+1=x"

(1)
(2)

X' +1+y(y+x) =4y
<X2—|—1>(y—|—X—2):y

Bai 3: Giai cac hé phuong trinh:

4xy + 4<X2 +v’

1) 1

X+y

2x + =3

’) x'+4x7 +y’ —dy =2
X’y +2x° + 6y =

)+ ;=T

(x+vy)

23

) x =1
Két qua:
y =
, 1 |x=-1
Keét qua: V
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Chuyén dé 3

PHUGNG TRINH VA BAT PHUONG TRINH

CHUA GIA TRI TUYET POI

TRONG TAM KIEN THUC

I. Dinh nghia va cdc tinh chit co ban :

1. Dinh nghia:

2. Tinh chét :

A nfu A >0
4= “A néu A<0

|A|z0 , |A =4

Luuy:
I1. Cac dinh 1V cd ban :

a)Pinhly1: VG6iA>0vaB > 0thi

b) Pinhly 2: V6i A> 0va B> 0thi

JAZ = |A|

A=B < A’=B’

A>B < A’> B?

II1. Cac phuong trinh va bat phuong trinh chia gid tri tuyét doi co ban & cach gidi :

Phuwong phap chung dé giai loai nay 1a KHU DAU GIA TRI TUYET POI bang dinh nghia hoic

nang liy thira.

*Dangl: |4|=|B|< 4’ =B,

B>
*Dang 2 : |A|=B<:>{A2:B2

*Dang4: |A|<B B0
ang 4: <B& R
A’ <P’

B<0

*Dang5: |4|>B<|(B20
4> > B?

, |A|:B<:>{

|4=|B|< 4=+B

B=0
A=*B

|A|<B<:>{B>O

B<0

-B<A<B

2

4=B<

|4<B<

A<-BvA>B

, |A|>Be {BZO

20
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IV. Céc cach gidi phuong trinh chita gid tri tuyét doi thuong st dung :
* Phuong phap 1: Bi&n déi vé dang co ban
Vidu: Gidi cdc phuong trinh sau :

2x+4

1 ‘xz—x—2‘=‘x2+2x‘ 2)\x2—4x+3\=x+3 3) 2

x*+1
* Phuong phdp 2:  Sit dung phuong phép chia khoing

Vidu:  Gidiphuong trinh sau : [x —1|(2x — 1) = 3 (D)
V. Céc cich gidi bat phueng trinh chita gid tri tuyét doi thudng st dung :
* Phuong phap 1: Bién doi vé dang co ban

Vidu:  Gidi bat phuong trinh sau : |x* —5x/ <6 (1)

* Phuong phdp 2: S dung phuong phap chia khodng

Vidu: Gidi bat phuong trinh sau: [x* —2x[+x* =4 >0 (1)
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CAC BAI TOAN REN LUYEN

Bai 1:
Giai cac phuong trinh sau:

Dx—2+2x -1 =[x+ 3|

Kétqui: x =3Vx=0

X2—1—|—|X—|—1|_2
Ixl(x —2)
Két qui: x =5
3)4lx+2=(4—x)(x+6)
r X:
Keét qua:
T =1-33
4) 2|x* +2x -3 =x-1
3
X = —

At ra 2
Két qua: X: o \/E
4
Bai2:
Giai cac bat phuong trinh sau:
Dx—6/<x —5x+9
Kétqua: x <1Vx>3

2) k=1l +[x—2[>x+3

Két qua:

Két qua:

22
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Chuyén dé 4

PHUGNG TRINH VA BAT PHUGNG TRINH
CHUA CAN THUC

TRONG TAM KIEN THUC

I. Cac diéu kién va tinh chat co ban :

* 4 cénghiakhi A >0
*  JA20v6iA 20

A néu A0
* A=l & |A|:{-A néu A<0
« (Jaf =4 v6i A 20

*

JAB =JAAB  khi A,B>0

JAB =~—A~N-B khi A,B<0

*

II. Cac dinh 1y ¢o ban : (quan trong)

a)Pinhly1: VS6iA > 0vaB > 0thi A=B < A’=B?
b)Pinhly2: VGiA> 0va B> 0 thi A>B < A’> B?
¢)Pinhly 3: VGi A va B batky thi A=B = A’=B’

III. Cac phuong trinh va bit phuong trinh cin thic co badn & cach gidi :

Phuong phap chung dé giai loai nay 14 KHU CAN THU'C bang phép nang liiy thira.

A>0 (hoic B > 0
*Dang1: JX:JEQ{A D (hoke )
B>0
* Dang 2 : JA=B& X
A=B
(A>0
*Dang 3 : \/X<B<:><B>0
\A<B2
'{Azo
B<0
* Dang 4: A>B
ang JA>Bo B>0
_A>B2

23
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IV. Cac cach giai phuong trinh cin thic thudng si dung :
* Phuong phap 1:  Bié¢n ddi vé dang co ban

Vidul: Gidi phuong trinhsau: v/3x* —9x+1+x-2=0
Vidu?2:

Giai phuong trinh: v2x—-1 4+ x* =3x+1=0 (XE R).
Vidu3:

Giai phuong trinh sau: 24/x + 2+ 2Jx +1 —/x +1 = 4.
* Phudng phap 2 : Dit diéu kién (n€u cé) va nang luy thira d€ khif cin thife

Vidu: Gidi phuong trinhsau: 2x +9 — 4 —x =/3x +1 (1)

* Phuong phap 3 : Diit 4n phu chuyén vé phuong trinh hoiic hé pt dai sé’
Phuwong phap:
Buéc 1: D3t 4n phu, néu diéu kién ciia 4n phu (néu co).
Buéc 2: Chuyén PT di cho vé PT chira 4n phu. Giéi PT chira 4n phu. Péi chiéu véi diéu kién 4n phu
da néu dé tim nghiém thich hop cia PT nay.
Buéc 3: Tim nghiém ciia PT ban dau theo h¢ thirc khi dit 4n phu.

Vidul:
Giai cdc phuong trinh sau :

D (x+5Q2-x)=3Vx>+3x

2) Vx+l+vd—x+(x+1)(4-x) =5

Vidu2:
Giai phuong trinh 342+ x — 64/2—x + 44/4—x> =10 -3x (xe R).
“Vidu3:

Giai phuong trinh (x+4)*-6x* +3x =13.

* Phudng phap 4 : Bié&n ddi phuong trinh vé dang tich s6 : A.B = 0 hosic A.B.C =0

Vidul: Gidi cdc phuong trinh sau :

2
X
1) —A3x-2=1-x
V3x-—-2

2) x+2V7-x =2Jx—1+vV-x>+8x-7 +1

Vidu2: Gidi cdc phuong trinh sau :
1) V10x+1+v3x—5=~/9x+4 +/2x -2

2) V3x+1-v6—x+3x*—14x-8=0
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3) X2 42x+22 ++/x =x? +2x+3
4) x> +9x+20=24/3x+10

5) 2x*—11x+21=3/4x—4

V. Céc cich gidi bat phuong trinh cin thitec thudng sit dung :
* Phuong phap 1 : Bi€n ddi vé dang co ban

Vidu 1:
Gidi c4c bat phuong trinh sau :

1) Vx*—4x+3<x+1 2) J(x+D@—-x)>x-2

Vidu2:
Giai bat phuong trinh  2(x—2)(Wx+1+1) <5x—x".
* Phu'ong phap 2 : Diit diéu kién (néu cé) va niang luy thira dé khif ciin thife

Vidu: Gidi bat phuong trinh sau :

Vx+11-2x-1>/x-4 (1)
* Phudng phap 3 : Piit 4n phu chuyén vé bat phudng trinh dai s6 (hoiic bpt cin co bin)

Vidu 1: (B-2012)

Giai bdt phuong trinh x+1++/x> —4x+1 > 34/x.

Vidu 2:
Giai bat phuong trinh xvx + L. >4 x+i—2.
Jx V' x

* Phu'ong phap 4 : Bién déi phuong trinh vé dang tich s hosic thuong

Vidu: Gidicdc bat phuong trinh sau :

Jx+5-3
Iy (x> =3x02x? =3x-2 20 oy YT

x—4

VI. H¢é phuong trinh ¢6 chira céiin thic :
Cac phuong phéap thuong st dung:
1. Sir dung phép thé
2. Str dung phép cong
4. Bién d6i vé dang tich sb
5. Sir dung tinh chéit don di¢u ciia ham s
\/3x+y +\/5x+4y =5

124/5x+4y +x—-2y =35

25
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2x+3+J4—y =4

J2y+3+4—x =4

6x° +y° =5xy-7x+3y+2=0

¥ HVx-1=y +4y-1

\/x+\/;—\/x—\/;:«/4x—y

VxT =16 =244y —3x

CAC BAI TOAN REN LUYEN

Bai 1: Giai cac phuong trinh sau

D Vx—1-+x—6=+x-9

Vi du 2: Giai h¢ phuong trinh: {

Vi du 3: Giai h¢ phuong trinh: {

Vi du 4: Giai h¢ phuong trinh:

Két qua: x =10

2) V2x2 4+ 8x + 6 + Vx> —1 =2(x +1)
Két qua: x = +1

3) V2+x ++6—x +\/(2+X)(6—X):8
Két qua: x = 2
3

4 1
4 —_— =
) X+Vx?+x x—-vVx*+x X

Kétqua: x =1Vx =—

5) 3x2+6x+7 +45x2 +10x +14 = 4—2x — X
Két qua: x = —1
Bai 2: Giai cac bat phuong trinh sau
DVx—1—vVx—6<Jx—9

Két qua: 9 < x <10

2(x* —16 _
2) ( )+\/x—3> T-x
x—3 x—3
Két qua: x > 10 —~/34
2
3) 5l —2x — x 1
1—x
) 1-J52 <x< -5
Két qua
x>1

4) J2-x +x-1>1

Kétqua: 1<x <2Vx>10

5) VX2 —8x +15+/x2 +2x —15 > /4x> —18x +18
17
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Chuyén dé 5: BAT PANG THUC
TOM TAT GIAO KHOA

I. Sé thuc duong, s thuc Am:
e Néu x la sd thuc dudng, ta ky hiéu x >0
e N&ux Ia sd thuc 4m, ta ky hiéu x <0
e Ne&u x la s8 thyc duong hodc x= 0, ta n6i x 1a s6 thuc khong am, ky hiéu x >0
e Ne&u x la s8 thuc 4m hoidc x= 0, ta néi x 1a sd thuc khong duong, ky hiéu x <0

, s

Chua y:
e Phi dinh cia ménh @€ "a >0"1a ménh dé "a <0"
e Phi dinh cia ménh @€ "a <0"1a ménh dé "a>0"
1. Khii niém bat ding thifc:
1. Dinh nghia 1: S6 thyc a goi 12 16n hon s6 thuc b, ky hiéu a > b néu a-b 12 mot sd dudng, tic
1a a-b > 0. Khi d6 ta cling ky hi€ub < a
Ta cé6: a>bsa-b>0
e N&u a>b hoic a=b, ta vi€t a > b. Ta cé:
az2b < a-b2>0

2. Dinh nghia 2:
Gia st A, B 12 hai biéu thifc bing s&
Ménh dé : "AlénhonB ", ky hiéu: A>B
" Anhd hon B ", ky hiéu :A <B
" A 16n hon hay bing B " ky hiéu A> B
" A nhd hon hay bing B " ky hiéu A<B
dudc goi 12 mot bat dang thic

Quy uéc :
e Khin6i vé mot bat ddng thiic ma khong chi ro gi hon thi ta hi€u ring d6 1a mot bat
ding thitc ding.

e Chiing minh mot bat ding thic 1a chiing minh bat ddng thic dé ding
III. Cic tinh chit co ban ciia bat ding thifc :

, . a>b
1. Tinh chat 1: { =a>c
b>c
2. Tinh chit 2: a>bsa+ce>b+c
Hé qua 1: a>bsa—-c>b-c
Hé qua 2: a+c>bsa>b-c
, . a>b
3. Tinh chat 3: =a+c>b+d
c>d
) , ac>bc néu ¢ >0
4, Tinh chat 4: a>bs ,
ac<bc néu c<0

Hé qua 3: a>bs —a<-b
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a b
—>— néu c¢c>0

Hé qua 4: a>bei€ €
22 héu c<0
C C
3 , a>b>0
5. Tinh chat 5: = ac>bd
- c>d>0
. » 1 1
6. Tinh chat 6: a>b>0<::>0<—<Z
a
7. Tinh chat 7: a>b>0neN =a">b"
8. Tinh chat 8: a>b>0neN = %a>4b
Hé qua 5: Néu a va b 12 hai s duong thi :

a>bea’ >b?
Né&u a va b 1a hai s6 khong 4m thi :
a>b<a’2b’
IV. Bat ding thic lién quan dén gia tri tuyét doi :
x néux==0

1. Dinh nghia: |x| ={ . o (xeB
—X neu x<

2. Tinh chat : |x|20, |x|2:x2, x£|x ,—x£|x|
3. V6imoi a,be R tacd:
o la+b<|d+]
¢ la=t|<ld+[o
o |a+b|=|d+|p| = ab=0
° |a—b|=|a|+|b|<:>a.b£0
V. Bit ding thic trong tam gidc :
Né&u a, b, ¢ 1a ba canh clia mot tam gidc thi :
e a>0,b>0,c>0
° |b—c<a<b+c
° |c—a|<b<c+a
° |a—b|<c<a+b
e a>b>ceA>B>C
VL. Céc bat diing thdc cd béin :
a. Bat ding thic Cauchy:
Cho hai s6 khong 4m a; b ta ¢6 : a;b > Jab

DAu "=" xdy ra khi va chi khi a=b

T(A;ng quat :

Cho n s6 khong 4m a,a;,...a, ta c6 :

DAu "=" x4y ra khi va chi khia; = a;=...= a,
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b. BiAt ding thic Bunhiacopski :
Cho bén sé thuc a,b,x,y ta c6 :

(ax+by) <(a’ +b*)(x* +y%)
Dau "=" x4y ra khi va chi khi ay = bx
Tong quit :

Cho hai bd s0 (a,,a,,...a,) va (b,b,,....b,) tacé:

(ab,+ab, +...+ab ) <(a’+a’ +..+a’ )b’ +b’ +..+b7)

DAu "=" xdy ra khi va chi khi % = % =.= % vdi quy ude ring né€u maiu bing 0 thi tif cling biing
1 2 n
Ne 22 . ) . N 1 1.1 1
¢) Bat dang thiic cd ban: Cho hai s6 dudng a,b ta ludn cé: <—(—+-)
a+b 4 a b

DAu "=" xdy ra khi va chi khi a=b

Cac phuong phdp cd ban chitng minh bat ding thic :
Ta thudng st dung ciac phuong phap sau
1. Phuong phap 1:  Phuong phap bié€n ddi tueng duong
Bién ddi tuong duong bat ding thifc cAn ching minh d€n mot bat ding thic da biét ring ding .
Vidul:
Chitng minh cdc ba't ding thic sau:
1. a*>+b*+c* 2ab+bc+ca  v6i moi so thuc a,b,c

2. a*+b*+1>ab+a+b v4i moi a,b
Vidu 2:
3 3
Cho hai s6 a,b thda diéu kién a+b >0, chiing t4 ring: @+b > (a+b)3

2 2
Vi du 3: Chitng minh ring néu x>0 thi (x +1)° (i2 2, 1)>16
X X

2. Phuong phap 2: Phuong phap téng hop

Xué't phét tif cdc bat ding thifc ding da bi€t ding suy luin toan hoc d€ suy ra diéu phai ching
minh.

Vidu 1: Cho tam gidc ABC c6 cdc canh a,b,c, chitng minh : @’ +b> + ¢ < 2(ab+ bc + ca)

Vidu 2: Cho x,y la cdc sd thuc duong thda man di¢u kién x+ y = % Ching minh ring:

i+L25
x 4x

: Cho x,y,z 1a cédc s& duong. Chitng minh ring: 3x +2y +4z > \/E + 3\/; +5vzx

=
=7
=]

w9

=
=7
=]

=

: Chitng minh ring v6i moi moi x,y duong ta c6: x? + y2 + 1 +l > 2(\/; + \/;)
Xy
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Vidu 5: Cho tam giac ABC c6 cédc canh a,b,c, chitng minh :
ab(a+b—-2c)+bc(b+c—2a)+ca(c+a—-2b)=>0

u6: Cho x,y,zva xyz=l.Ching minhring: x’ +)° +2° >x+y+z

=
a

Vidu 7: Cho x, y, z > 0 va x+y+z=xyz. Chéing minh ring : xyx > 343

Vi du 8: Cho ba s& duong a, b, ¢ . Chitng minh ring : atbte + a+lb7+c + atbte >9
a c

Vi du 9: Cho ba sd duong x,y,z thda man x + y +z < 1. Chitng minh ring :

x+y+z+l+l+1210
X y z

Vi du 10: Cho a,b,c >0 va abc=1. Chitng minh ring :
b+c c+a a+b

+ + >Ja++b+c+3

Ja b e

3. Phuong phdp 3: S dung dao ham xét cac tinh chit ciia ham sé

Vidu 1: Chiing minh bat ding thic:  sinx < x véi moix >0
2
Vidu 2: Ching minh bat ding thitc: cosx > 1 —% v6i moi x > 0

Vi du 3: Ching minh ba't ding thitc:  sinx +fgx > 2x v6i moi x € (0;%)

3

. —x+1
Vidud: Vi 0<x< % chitng minh 2257% 4 2% 5 22

BAI TAP REN LUYEN

Bai 1: Cho cdc s6 duong x,y,z thda min xyz=1. Chitng minh riing

3,3 3.3 1,3, .3
\/1+x +y +\/1+y +z N 1+z° +x >33

xy vz zx

Khi ding thitc xay ra?

Bai 2: Cho x,y,z 1a cdc s6 dudng thda man 1 + 1 +—=4. Chtng minh ring :
X y oz
1 1 1 <1

+ + <
2x+y+z x+2y+z x+y+2z

Bai 3: Vi a,b,c 12 ba s8 thuc duong théa min ding thic ab + be + ca = abc , chiing minh ring:
2 2 2 2 2 2
\/b +2a +\/c +2b +\/a +2c >
ab bc ca
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Chuyén dé 6 ON TAP LUQNG GIAC
PHUONG TRINH LUQNG GIAC
TOM TAT GIAO KHOA

A. CONG THUC LUONG GIAC

I. Pon vi do géc va cung:

1. Po: 180°
, 1 , /R
Gé6c 10 =_—_odc bet 5 x
180 2°¢°¢Y 0
2. Radian: (rad)
1809 = 7 rad
3. Bang ddi do sang rad va ngudc lai ciia mét sé géc (cung ) thong dung:
Po 0° 30° 45° 60° 90° 120° 135° 150° 180° 360°
Radian| O 3 3 3 3 2z 3z St T 2
6 4 3 2 3 4 6

II. Goc lugng giac & cung lugng giac:
1. DPinh nghia: y

tia ngon

y ( g. )
\4_
t

x(tia gé'c)
(Ox,0y)=a+k2x (keZ)

(diém ngon)

(21

@:a+k27r
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2. Puong tron lugng giac:

So do ciia mét s6 cung luwgng gidc diic biét: AM = o + k2%

A - 2k By *\ N
B - % + 2k / \
C — T+ 2k C o 4 o
M D —> - % +2krn K J /
AC > Kz ¥
B.D — % +hkr
Yoo
I1L. Dinh nghia ham s¢ lwgng gidc: B U

1. Pudng tron lugng giac:

N
e A:di€m goc -1/ R=1 1 X
e XxOx: truc cosin ( truc hoanh ) x' C 0 A
° y'Oy strucsin - (truc tung ) /
o (At : / -

: truc tang _1D
e uBu: truc cotang

2. Dinh nghia cdc ham so lugng gidc:
a. Pinh nghia: Trén dudng tron lugng gidc cho AM=« .
Goi P, Q 1an lugt 1a hinh chi€u vudng géc ciia M trén x Ox va y Oy
T, U 1an luot 1a giao di€m cla tia OM vé6i tAt va uBu

Ta dinh nghia:
¥ t
t
Trucsin /~ > Ti
‘ /\ ruc cotang
u' B U y
0 T + cosa = OP
t 1« a X sing = 0Q
X /_) 0 Pry tang = AT
Bl cota = BU
Truc cosin 1
v~ Truc tang
yl t'
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b. Cédc tinh chat :
V&imoi a taco :

—1<sina <1 hay |sina| <1

—1<cosa <1 hay |cosa| <1

) T
tana xac dinh Va # 5+k7z

cota xac dinh Va # krx

c. Tinh tudn hoan

sin(a + k27)

sin o

cos(a+k2r) = cosa

tan(a + k)
cot(a + k)

tanox

cota

(keZ)

IV. Gi4 tri cdc ham s6 lugng gidc cia cdc cung (gbc ) diic biét:

Ta nén st dung dudng tron luong gidc dé ghi nhé cic gia tri dic biét

A

-1 Bl V3 1 R
u' 1 /3 >
27/3
_\/g/z /4
3n/4 \ -\/_
2/2 / n/6
5n/6 -\/5/3
\ 12 / +
X' 7Tl 3 || 12 VAN E B A (Piém géc) X
- o) "
-1/2 \ > -
-1t/ -\/;/3
2
—\/E/Z -1t/
-1 -n/3 -1
-Tt/2
yl t| 'J;
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Gée | 0° | 30° | 45° | 60° | 90° | 120° | 135° |150° | 180° | 360°

A A A A e A R O
Hslg 6 | 4 | 3| 2 3 4 6

sing | 0 | L | J2 |31 [3 V2 1 0 0
2 | 2 | 2 2 | 2 | 2

cosa | 1 | 3|21 o | 1 V2| B A 1
2| 2 |2 2 | 2| 2

tana | 0 | 3| 1 |43 |kxd| -3 | -1 NER L 0
3 3

cote |kxd |3 | 1 |30 3l -1 | =3 | kxd | kxd

3 3

V. Ham s6 lugng gidc cla cdc cung (géc) cé lién quan diic biét:
Do 1a cac cung :

1.Cungddinhau :ava-a (t6ng bing 0) (Vd: % —% bert)
\ N 2 3 T 57
2. Cung bu nhau ava - (tong bang ) (Vd: g&?, )
3. Cung phu nhau : a va Z—0{ ( tdng bing Z) (Vd: & yert)
2 2 6 3
4. Cungho’nkémZ cava Lia (Vd: E&2—7T,...)
2 2 6 3
5.Cunghonkém 7 _: a vi 7+a va: Z&lZ )
1. Cung doi nhau: 2. Cung bu nhau :
cos(—a) =cosa cos(r—a) =-cosa
sin(—a) =-sina P&i cos Bil sin sin(r—a) = sina
tan(—a) =-tana tan(r—a) =-tana
cot(—ax) =-cota cot(r—a) =-cota
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3. Cung phu nhau :

V4 .
COS(E —a) =sina

i Hon kém z
sin(——a) =cosa Phu chéo N 2
2 sin bdng cos

T ™~ < -
tan(? —a) =cota cos bang tri sin

/4
COt(E -a) =tana

5. Cung hon kém 7t

cos(r+a) =-cosa
sin(r+a) =-sina Hon kém 7«
tan(r+a) = tana tang , cotang
cot(r+a) = cota

VI. Cong thdc lugng giac:
1. C4c hé thdc co ban:

cos’a+sin‘a =1

sino
tana =
cosa
cosa
cota = —
sina

2. Cong thuc cong :

. Cung hon kém %

Vs .

cos(—+a) =-sina
2

. T

sin(—+a) =cosa
2
V4

tan(z +a) =-cota

V4
COt(E +a) =-tana

1+ tan’a =

1+ cot’a =

sin” o
tano . cota =1

cos(a + ff) =cosa.cos f—sina.sin
cos(a — f) =cosa.cos f+sina.sin
sin(a + ) =sina.cos f+sin f.cosa

sin(a — f) =sina.cos f—sin B.cosa

tano+tan
tan(a+f) = _tanatanf
lI-tana.tan B
tana —tan
tan(a—f) = s

I+tana.tan f
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3. Cong thitc nhan doi: ) 1+ cos2a
cos o =———
2
~ 2 . 2
cos2a =cos o —sin” o
=2cos’a—1
. . 9 1 — cos2a
=1-2sin“ & S Q= 9
=cos* @ —sin* a

sin2a =2sin@.cosa

2tan \ ) 1.
tan 2o =—— sina cosa =—Ssin 2¢
1-tan“ & 2
4 Cong thic nhian ba:
N cos3a +3cosa
cos’ a =
cos3a =4cos’ a—3cosa 4
sin3a =3sina —4sin’ « . .
.3 3sin @ —sin 3«
sin” a = 2
5. Cong thuc ha bac:
5 1+ cos2a . 9 1 — cos2a 5 1 —cos2a
cossa=——; sinfa=——-—; tan® o =
2 2 1+ cos2a
A D . a
6.Cong thi'c tinh Sino,cosa,tgo _theo ¢ =tan—
. 2t 1—t° 2t
sina = ——; cosa = ——; tano = 5
14+t 14+t 1—t

7. Cong thitc bién ddi tich thanh tong :

cosa.cos ff = %[cos(a + )+ cos(a — ﬂ)]
sina.sin f = %[cos(a —f)—cos(a+ f3)]

sina.cos f = %[sin(a + f)+sin(a— )]
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8. Cong thitc bi€n ddi tong thanh tich :

OH_ﬂ.cosa_’B
2
a+ﬂ.sina_ﬂ

cosa +cos ff =2cos

cosa —cos ff =-2sin

sina +sin  =2sin

2

a+pf Cosa—,b’
5

B

2
sinag —sin f = 2cosa+’3.sin a-
2 2
tana +tan f = sin(a +f)
cosacos B
tan o —tan IB — M
cosacos fB
9. Cac cong thic thuong dung khéc:
cosa+sina =+/2 cos(a —%) = \/Esin(a +%) cos’ a 4 sin’ o = %
. 5+ 3cosda
cosa—sina = \/Ecos(a +%) =2 sin(a —%) cos’ o + sin’ o = OT

B. PHUONG TRINH LUQGNG GIAC
Cac buéGc giai mot phuong trinh luwgng giac
Buédc 1: Tim diéu kién (néu c6) clia 4n s6 d€ hai v€ clia pt c6 nghia
Budc 2: St dung cdc phép bién ddi tweng duwong d€ bi€n ddi pt d&n mot pt da biét cach gidi
Budc 3: Gidi pt va chon nghiém phu hgp ( néu c6)
Budc 4: K&t luan
I. Dinh 1y ¢d ban: ( Quan trong )

) . u=v+k2rzr
sinu=sinv &
u=rx-v+k2rxz
u=v+k2rzr
COSu=cosv = Su= v+ K2rx
u=-v+k2rz
V4
tanu=tanv & u=v+kro (u;v# E + k)
cotu=cogv & u=v+krw (u;v#kr)

(u; vIa cdac bi€u thitc chita 4nva ke Z)
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II. Cdc phuong trinh lwgng gidc ¢ ban:

1. Dang 1: sinx=m ;cosx=m ;tanx=m ; cotx=m (VmeR)

*Gpt: sinx =m (1)

e Né&u |m|>1 thipt(1) v nghiém
e Né&u |m| <1 thita ditm =sina va ta cé
. . X=oa+k2rx
(1) < sinx=sina <
X=(r-a)+k2rx

*Gpt: cosx=m (2)

e N&u |m|>1 thi pt(2) v6 nghiém

e Né&u |m|<1 thita ddtm =cos 8 va ta c6

x= f+k2r
x=—-[+k2x
* Gpt: tanx=m (3) ( pt ludn c6 nghi€ém Vm e R)

(2) < cosx=cosff < {

e Ditm=tany thi
3) & tanx=tany < x=y+kx

* Gpt: cotx=m (4) ( pt ludn c6 nghiém Vm e R)
e Ditm=cotd thi

(4) © cotx=cotd < x=0+kxm
Cac truong hgp diac biét:

sinx=-1 < x = —£+k27z B

2 \+
sinx=0 < x=k=x /\
sinx =1 & X = %+k27z C 0—' 7 X
cosx=-1 < X =7+k2x /

4
cosx=0 < x=5+k7r

cosx=1 & X= k2x
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Bai tap rén luyén

1) cos10x+2cos” 4x + 6 cos3x.cos x = cos x +8¢os x.cos’ 3x (x=k2r)
1) cos3x.cos3x+sin3x.sin3x=72 (x=ir%+k7z)
2) 2tanx+cotx:£+ .2 (x=£+k71)
3  sin2x 6
3) 3ANXESINY 4 o2 X (x=+2" 4 ko)
tan x —sin x 2 3
3
4y S8 2X . cindy (x=+" +kr)
2( ;zj 12
cos’| x+—
4
M:%osaﬁsinx (x:—£+k7r)
1+2sin2x 4
2. Dang 2:

asin’> x +bsinx+c=0
acos> x+bcosx+c=0
(a=0)
atan’ x+btanx+c=0

acot’ x+bcotx+c=0

Ciéch giai:

DPit4nphu : t=sinx (t=cosx; t=tanx; t=cotx)

Ta dugc phuong trinh : at* +bt+c=0 (D)

Gidi phuong trinh (1) tim t, ri suy ra x

Chi ¥ : Phai dit diéu kién thich hgp cho 4n phu (néu c6)

Bai tap rén luyén

1y 5| Smdx+eosdx ) cos2x 43 (x=+Z+k27)
1+2sin2x 3
2 4cos’ xsinx—4sin’ xcos x =sin’ 4x (x=k—ﬂ,x=£+k—ﬂ)
4 8 2
3) cos2x+3co‘[2x+sm4x:2 (x=—£+k7z,x:7—”+k7r)
cot2x—cos2x 12 12
(2sinx+3x/5)cosx—2coszx—1 .
4) - =1 (x=—+k2r)
1+sin2x 4
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3. Dang 3:

acosx+bsinx=c (1) (a;b=0)

(Phwong trinh bic nhit d6i véi cosx va sinx)

e Chia hai v€& ctia phuong trinh cho va® +b* thi pt

a b c
—_— —_— — (2
Va* +b* Va* +b* Va* +b*

1) Ccos X + sinx =

a R b ) " .
e Pit ———=cosa vd ————=-=sina v6i a [0;27)thi:
Va? +b? a’ +b°
) ) c
(2) < cosx.cosa + sinX.singg = ———
VaZ +p?

C

& cos(x-a) = m (

Pt (3) ¢6 dang 1. Gidi pt (3) tim X.

3)

Pt acosx + bsinx = ¢ c6 nghiém < a’+b*>¢?

Bai tap rén luyén

1) 3sin4x—+/3 cos12x =1+ 4sin’ 4x (x=Fpkm  T7 k7
24 6 72 6
2) 3(cosx+ 3sinx)=\/sin4x+4coszx+\/cos4x+4sin2x (x:27ﬂ+k27z;x:k27z)
3) 4(sin6x+cos6 x)+ﬂsin4x=1 (x=£+k—”;x=_£+k_”)
4 2 12 2
4) .1 + V3 = 8sinx (x:£+k7r;x=—£+k—”)
sinx COSX 6 12 2
5) 2Sin37x005§—251n(x+%j=x/§(cos2x—cosx)+l (x:%+k7r;x=Z—72[+k7z)
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d. Dang 4:

Ciéch gidi 1:

asin’® x+bsin x.cosx+ccos’ x =0 (a;c=0) (1)

(Phwong trinh ding cip béc hai ddi véi sin va cos)

) 1- 2 1 2
Ap dung cong thitc ha bac : sin’ x = % v cos’x = Lrceossx

2

. . 1 . - A 2. A
va cong thic nhdn doi : sinx.cosx = Esm 2x thay vao (1) ta s€ bi€n doi pt (1) vé dang 3

Ciéch giai 2:

( Quy vé pt theo tang hoic cotang )

Chia hai v€ cia pt (1) cho cos’ x ta dugc pt:

Pay la pt dang 2 da bi€t cdch gidi.

atan’ x+btanx+c=0

, s

Chii ¥: Tru6c khi chia phdi ki€m tra xem x :g+ km c¢6 phaila nghiém cia (1) khong?

Vi du : Gidi phuong trinh:

Noi thém:

V3sin? x+ (1—+/3)sinx.cosx —cos> x+1—+/3 = 0

Phuong trinh dang dang cap bac ba: asin’ x +bsin® x cos x +csin xcos’ x +d cos’ x = 0 hodc cic ding cap cao
hon s& thyuc hién theo cach giai 2.

d. Dang S:

Céach gidi :

a(cosx+sinx)+bsinx.cosx+c=0 (1)

e Ditr=cosx+sinx= 2COS(X—%) véi —\/EStS\/E

2
. . . t°—1
Do (cosx+smx)2 =1+2s8inXx.coOSX => SINX.COSX=

e Thay vao (1) ta dugc phuong trinh :
2

at+b"vc=0

o GiAi (2)timt.Chon t thda diéu kién rdi gidi pt: V2 cos(x —%) — ¢ tim x.
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Chay: Ta gidituong tu cho pt c6 dang: a(cosx —sinx)+bsinx.cosx+c =0

4. Cac phuong phap gidi phucong trinh lwgng gidc thudng sit dung :
a. Phuong phap 1: Bién ddi pt di cho vé mdt trong cac dang pt lugng
gidc cd ban da biét

Vidu 1: (B-2012)
Giai phuong trinh 2(cosx+ J3sinx)cosx =cosx—~3sinx+1.
Vi du 2: Gidi phuong trinh:

1) sin4x+cos4x+sin2x—%=0

2) sin3x — /3 cos3x = 2sin2x
3) tanx —~/3 = L

cos X
b. Phuong phap 2: Bién ddi pt di cho vé dang tich s&

Cd s ctia phuong phdp 1a dua vao cdc dinh 1y sau day:

A=0
A=0

AB=0 < {B 0 hoic ABC=0 < |[B=0
B C=0

Vidul : (A-2012)
Giai phuong trinh J3sin2x+cos2x=2cosx—1.
Vidu2: (D-2012)

Giai phuong trinh: sin3x+cos3x—sinx+cosx = V2 cos 2x.

Vi du 3 : Gidi cdc phuong trinh :
a. sin” x +sin® 2x +sin* 3x =2
b. 2sin® x +cos2x —cosx =0
c. Phuong phap 3: Bién ddi pt vé dang cé thé diit 4n s6 phu
Mot so dau hiéu nhan bié't :
e Phuong trinh chita cing mdt mot ham s6 lugng gidc ( cung cung khéc liiy thira)
Vi du : Gidi cdc phuong trinh :
a. cos3x+cos2x—cosx—1=0
b. 4cos’ x —cos2x—4cosx+1=0

e Phuong trinh cé chita (cosx £sinx) va sinx.cosx

3

Vi du : Gidi phuong trinh : 1+sin® x +cos® x = %sin 2X
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BAI TAP REN LUYEN
Bai 1: Giai cac phuong trinh lugng gidc sau
1 1 . (T
1) —+ =4sin|— — X]
sin x Sin[X—?ﬂT] 4
2

2) 2sinx (14 cos2x) + sin2x = 1+ 2cos x

3) sin® x —+/3 cos’ x = sinx cos® x — +/3 sin’ x cos x
Bai 2: Gidi cac phuong trinh lugng giac sau

1) (1 + sin”® x)cosx + <1 + cos’ x)sinx =1+ sin2x

2) 2sin’ 2x +sin7x — 1 = sinx

2

3) [sing + Cosg] +Bcosx =2

Bai 3: Giai cac phuong trinh lugng gidc sau
2 (Cos6 x + sin’ x) — sin x cos x

J2 —2sinx

2) cotx + sinx =1

X
1+ tanxtan;

3) cos3x + cos2x —cosx —1=0
Bai 4: Gidi cac phuong trinh luong gidc sau

1) cos® 3x cos2x — cos’ x = 0

2) 1+ sinx + cosx + s in2x+cos2x=0

3X—E]COS[X—E]—§: 0
4

3) cos’ x + sin’ x + sin
4) 2

Bai 5: Giai cac phuong trinh lugng gidc sau
1) cotx —1= _cos2x +sin® x — lsi1r12x
1+ tanx 2
2) 5sinx —2 = 3(1 —sinx)tan®x

3) (2cosx —1)(2sinx + cosx) = sin2x — sinx

Hét
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Chuyéndé7: HE THUC LUGNG TRONG TAM GIAC
TOM TAT GIAO KHOA

I. Cac ky hiéu:
e A,B,C:lacdcgécdinh A, B, C
e a,b,c:1ad6 daicdc canh d6i dién v6i cdc dinh A, B, C
e h,, hy, h:1a d6 dai cac dudng cao ha tir cic dinh A, B, C
e m, my, m:la do dai cic dudng trung tuyén ké tir A, B, C
o 1,1y, L. :1a d6 dai cdc dudng phin gidc trong ké tir A, B, C
e R :1a bdn kinh dudng tron ngoai ti€p tam gidc ABC
e 1: 12 bdn kinh dudng tron noi ti€p tam gidc ABC

1
e p= 5 (a+b+c) : 1a nira chu vi tam gidc ABC

S :1a dién tich tam gidc ABC
A

B H D M a C

II. Cac hé thifc luvgng trong tam gidc vudng :
Trong tam gidc vudng ABC . Goi b, ¢ 13 d6 dai cdc hinh chi€u cdc canh géc vudng 1én canh huyén ta c¢é cdc
hé thifc:

3. h=bc
1 1 1
3Tt a
b=asinB=a.cosC b=citgB =c.cotgC
5. ah=bc 6. ] 7.
c=a.sinC=a.cosB c=bitgC =b.cotgB
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II. Cac hé thic lugng trong tam giac thuong
1. Pinh Iy ham s& COSIN:
Trong tam gidc ABC ta ludén c6 :

a’ =b* +c¢* —2bccos 4
b* =c*+a*—2cacosB

¢ =a’* +b* —2abcosC

A

B a C

Ghi nhé: Trong mot tam gidc, binh phuong mdi canh biing tdng binh phuong hai canh kia trir di hai
1an tich hai canh 4y v&i cosin clia géc xen giita ching.
Hé qua: Trong tam gidc ABC ta ludn ¢6 :

2 2 2 2 2 2 2 2 2
cosA=D A gL e o= T
2bc 2ac 2ab
2. Pinh 1y ham s& SIN:
Trong tam gidc ABC ta c6 :
a b c 2R

sin4d sinB sinC

Hé qua: V6i moi tam gidc ABC, ta ¢6:

a=2Rsin A, b =2Rsin B, c¢=2RsinC
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Ghi nhé:
Trong mdt tam gidc, ty sd gilta mot canh cla tam gidc va sin clia géc d6i dién véi canh dé bing dudng kinh
dudng tron ngoai ti€p tam gidc.
3. Dinh Iy vé dudng trung tuyé&n:
Trong tam gidc ABC ta ¢6 :

¢ 2 4

, a’+c* b’
m, = -—
2 4

, a’+b* ¢?
m, = -—
2 4

B M a C

4. Pinh 1y vé dién tich tam gidc:

Dién tich tam gidc ABC dudc tinh theo cdc cong thic sau:

I. S=tan =Llbh, =Lcn,
2 2 2

2. S:labsinC:lacsinB:lbcsinA
2 2 2

3 _ abc
4R
4. S=pr

5. S=yp(p-a)p—b)(p—c)
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5. Pinh Iy vé dudng phan gidc:

2bc.cosé 2ac.cos§ 2ab cosg
_ 2. _ 2.7 _
l = 3, = =

a c

b+c a+c a+b

CAC DANG TOAN CO BAN

Dang 1: CHUNG MINH PANG THUC LUGNG GIAC TRONG TAM GIAC

Pé€ chitng minh ding thic lugng gidc A=B ta c6 thé thuc hién theo mdt trong cdc phudng phdp sau
Phuong phap 1: Bi€n ddi v& nay thanh vé kia

Phudng phap 2: Xuit phit tir mot mot hé thic ding da biét d€ suy ra ddng thitc cin chiing minh
Vi DU MINH HQA:

Vidu 1: Cho tam gidc ABC. Chiing minh c4c ding thic sau:

a) sinA+sinB+sinC = 4.cos%.cos§.cos%

b) sin® A +sin® B+sin® C =2 +2cosA.cosB.cosC
Vi du 2: Cho tam gidc ABC. Chiing minh c4c ding thic sau:
a) tgA +tgB+tgC =tgA.tgB.tgC (A ABC khdng vudng)

b g2 g B g B agSrigCag o1
gz'gz gz'gz gz'gz

Dang 2: CHUNG MINH BAT PANG THUC LUQNG GIAC TRONG TAM GIAC

I. Bat ding thifc trong tam gidc :

Né&u a, b, ¢ 1a ba canh clia mot tam gidc thi :
e a>0,b>0,c>0
. |b—c <a<b+c

° |c—a|<b<c+a

° |a—b|<c<a+b

e a>b>ceA>B>C

II. Céc bt ding thic cd bin :
1. B4t ding thic Cauchy:
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Cho hai s6 khong 4m a; b ta ¢6 : a;b > ab

DAu "=" xdy ra khi va chi khi a=b

T(?;ng quit:

Cho n s6 khong 4m a,a;,...a, ta c6 :

aGta,+..+a,
>1a,.aq,..q,

DAu "=" x4y ra khi va chi khia; = a;=...= a,

2 . Bit ding thitc Bunhiacopski :
Cho bén sé thuc a,b,x,y ta c6 :

(ax+by) <(a’ +b*)(x* +y%)

Dau "=" x4y ra khi va chi khi ay = bx
Téng quit :

Cho hai bd s0 (a,,a,,...a,) va (b,b,,....b,) tacé:

(ab,+ab, +...+ab ) <(a’+a’ +..+a’ )b’ +b’+..+b7)

Af ~ o .a a
DAau "=" xdy ra khi va chikhi +t=-—2%2=...=-%

a 2y 2, Y ~ X Y ~ 9. ~ Y
P 5 vdi quy udc rang n€éu mau bang 0 thi tr cling bang
1 2 n

3) B4t ding thiic cd bin:

. e 1 1
a) Cho hai s6 duong x, y ta ludn c6: <—(—+-)
x+y Xy
Dau "="xdy ra khi va chi khix =y
b) Véi moi s6 thue x, y ta ludn c6: x?+y? > 2xy

DAu "=" xdy ra khi va chikhix =y
II1. Bat diing thitc JENSEN :
1) N&u ham s6 y=f(x) c6 dao ham cip hai f'(x) <0 Vx € (a;b) (f1a ham 15i) thi
Véimoi x,x,,....x, €(a;b) ta co:

SO+ () +. 4 f(x,)
" < J(

DAu "=" xdy ra khi va chi khi x, =x, =...=x,
2) N&u ham s6 y=f(x) c6 dao ham cip hai f'(x) >0 Vx € (a;b)(f 12 ham 16m) thi

XX, o,

) (n=2)
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Véimoi x,,x,,....x, €(a;b) ta co:
S+ () +..+ f(x,)

n
DA4u "=" xdy ra khi va chikhi x, =x, =...=x

XX, o,

> £ ) (n22)

n

P& chitng minh ding thic lugng gidc A <B (>,<,>) ta ¢é thé thuc hién theo mdt trong cic phuong
phap sau:

Phuong phap 1: Bi€n d6i ba't ding thic cAn chitng minh d€n d€n mot bat ding thic hi€n nhién ding
Phuong phap 2: S dung cdc bat ding thifc cd ban da bi&t (C si, BCS,...) d€ suy ra ba't ding thifc cin ching
minh

Vi DU MINH HQA:

Vi du 1: Cho tam gidc ABC. Ching minh ring: sing.sing.sin% S%
Vi du 2: Cho tam gidc ABC. Chitng minh rﬁng
3\/_

A B
a) cos—+cos—+ cos— <—
2 2 2

3\/5

b) sinA+sinB+sinC£T

A B C
c) tg—+itg—+tg—=+3
) g ig S ig V3
Vi du 3: Cho tam gidc ABC. Chiing minh ré'lng

33

a) cosﬁ cosE cos—<—
2 2

2
b) tgd +tgB +1tgC >33
2 "33

Dang 3: NHAN DANG TAM GIAC

KIEU PE TOAN 1:

la tam gidc vudng

» . la tam gidc vudng cin
Cho tam gidc ABC thoa man . L
N ) = AABC-<1a tam gidc can
"DPiéu kién cho trugc" THI

12 tam gidc déu

la tam gidc c6 gbc dicbiét....

KIEU PE TOAN 2:
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la tam gidc vudng

la tam gidc vudng can

Cho tam giac ABC théa man )
AABC{la tam gidccan

"Piéu kién cho trudc" } CANVA BU . N
la tam gidc déu

la tam gidc c6 gbc dicbiét....

"Piéu kién cho trudc" c6 thé 1a:
e Ding thic lugng gidc vé& géc
e Ding thic lugng gidc + dd dai (canh, trung tuyé&n, phin gidc,...)
e Ding thic do dai
e Heé ding thifc
1) Nhan dang tam giac vudng
Phuong phap: S dung cic phép bién d6i tuong duong hoic hé qua dé bi€n ddi "Piéu kién cho
trudc" dén mot ding thitc ma tir d6 ta d€ dang két luan dudc tinh chat ciia tam gidc
2) Nhin dang tam giac cin
Phuong phap: S dung cdc phép bi€n ddi tuong duong hoic hé qui d€ bi€n ddi "Piéu kién cho
trudc" dén mot ding thitc ma tir d6 ta d€ dang két luan dudc tinh cht ciia tam gidc
3) Nhan dang tam giac déu
Ngoai phuong phap di néu trén ta c6 thé gidi quyét bai todn theo cich sau
Phuong phép st dung bat ding thiic: GOm 2 budc (4p dung khi "Piéu kién cho trudc" c6 dang
ding thic A=B
Bugc 1: CM bat déng thic 4> B hoic A<B (1)
Buéc 2: Lap luan d€ ding thitc & (1) xay ra ma khi ding thifc (1) x4y ra thi tam gidc ABC déu
Vi DU MINH HOA:

Vi du 1: Tam gidc ABC c6 30478 _ 04 Chitng minh riing A ABC vuong
sin B +cos 4
Vi du 2: Chitng minh riing néu A4BC thda min diéu kién cos24 +cos2B +cos2C +1=0 thi tam
gidc do6 la tam gidc vudng
Vi du 3: Chitng minh riing né€u tam gidc ABC thod man mot trong cdc diéu kién sau 1a tam gidc cin

sin A +sinB+sinC A C
:cotgg.cotga

C
1) tgA+tgB=2.cotg—
) g g2 sin A +sinB—sinC
Vi du 4: Chitng minh ring n€u tam gidc ABC thod man mot trong cdc diéu kién sau 1 tam gidc déu
A B C
COS— COS— COS—
2 2 _[f3
I+cosA 1+cosB 1+cosC
1 1 1 1 1 1
+ + +

= +
cosA cosB cosC siné sinE sing
2 2 2

1) cosA.cosB.cosC =%

3) CosAJrcosBJrcosC=sin%+sing+sing 4)

Vi du 5: Xdc dinh dang clia tam gidc ABC biét:
1) a+b= tg%(a.tgA +b.tgB)

b C a

2) + =— ;
cosB cosC sinB.sinC
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3) cosB+cosC= bre
a
4) a.cosA+b.cosB+c.cosC _l
at+b+c 2

Vi du 6: Hiy tinh cdc géc clia tam gidc ABC néu trong tam gidc do ta c6 :
sin® A +sin? B +sin’ C :%+3cosc+cosz C
Vi du 7: Tinh cdc géc clia tam gidc ABC bi€t ring
4p(p—a)<bc

CA. B .C 2J3-3
SIn—SINn—Sin—=
272 2 8

trong d6 BC=a, AB =c, p:%bﬂj
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Chuyén dé 8:

I. KIEN THUC CO BAN VE HAM SO MU

HAM SO MU - HAM SO LOGARIT

PHUONG TRINH VA BAT PHUONG TRINH
CO CHUA MU VA LOGARIT

TRONG TAM KIEN THUC

1. Cac dinh nghia:

a" = a.a..a
%/_J

(neZ",n>1,aeR)

n thira so

a1=a Va
a0=1 Va=(

—n

1
at =y (neZ",n=1,acR/{0})

an =Ya™m (a>0;mneN )
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3. Him s6 mii: Dang:y=a* (a>0,a=1)

e Tapxdcdinh: D=R

e Tapgidtri: T=R" (a*>0 VxeR)

e Tinh don diéu:

*a>1 : y=a" dongbiéntrén R

*O0<a<1:y=a" nghichbi€n trén R
e Do thi ham s6 mil :

Yy Y
y:ax y:ax
I e
a>1 O<a<l
Minh hoa:
\E‘
/ X
e Pao ham cta ham sd mii:
(ex)':e" (a")'za".lna
(e“ )' =e¢"u' (v6iula mot ham sd) (a“)' =q¢". Ina .u' (v6iula mot ham sb)

170



Chuyén dé LTDH Huynh Chi Hao — boxmath.vn

IL. KIEN THUC CG BAN VE HAM SO LOGARIT
1. Dinh nghia: Véia>0,a=1vaN>0

E~~ dn M
log, N=M <& a =N
N1

a>0
Diéu kién c6 nghia: log, N c¢6 nghia khi a#l
N>0
2. Céc tinh chat :
e log,1=0
e log,a=1
e log, aM =M
. alogaN =N
e log,(N;{.Ny)=log, N; +log, N,
N
o log,(=1)=log, N, —log, N,
N,
o log,N*=a.log, N Pic biét : log, N* = 2.log, |N|
3. Cong thifc ddi co so

e log, N=1log, b.log, N

log, N
e log,N= 98a

log, b

* Hé qua:

e log,b= 1 va log szllogaN

log;, a a k
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4. Ham s& logarit: Dang y=log,x (a>0,a= 1)

e Tapxicdinh: D=R"

e Tipgid tri T=R

e Tinh don diéu:

*a>1 :y=log,x dongbién trén R"
*0<a<1:y=log,x nghich bi€n trén R"
e D0 thi cia ham s6 16garit:

y
y=log.x y=log,x

. 1\1 §

a>1 O<a<l

Minh hoa:

e Dao ham ctia ham so 16garit:

Inx)'=— va (Infx|)'=—
1 1

x x

(Inu)'= v va  (Infu|)'= w (v6i u la mot ham s6)
u u
1 . |

(log, x)'= . v (loga x|) =

(log,u)'= y ln'a va (loga u|)' = ?n'a (v6i u 12 mot ham s)
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1.Pinh Iy 1: V6iO<a =1 thi: a¥=a" o M=N
2.Pinh 1y 2: V6i0<a <1 thi: a¥< aV < M>N (nghich bién)
3.Pinh1y 3: Vi a> 1 thi: a¥< aV < M<N (dbng bi€n)

4.Pinhly 4: Véi0O<a #1vaM>0;N>0thi: log,M=1log,N < M=N

5.Pinh 1y 5: Véi O <a <1 thi: log.M <log, N < M >N (nghich bi€n)
6. Pinh 1y 6: V6i a> 1 thi: log.M <log, N < M <N (dong bién)

I1I. CAC PHUONG PHAP GIAI PHUGNG TRINH MU THUONG SU DUNG:
Dang co ban: a* =m (1)
e m<0: phuong trinh (1) v6 nghiém
e m>0:a"=m<x=log,m
1. Phuong phdp 1: Bi&n ddi phuong trinh vé dang : aV'=a
(Phwong phap dwa vé cung co so0)
Vidu 1 : Giai cidc phuong trinh sau :
1) 9X+1 — 272X+1
2) 2x273x+2 — 4

3) 34" +1.9*+2 =6.4*" —1.9*+l
3 2

N

=
(=%
=

(8}

: Giai cdc phuong trinh sau
x+10 x+5
1) 16x1 =0,125.8%15
xt5 x+17
2) 327 =0,25.128 *3
2. Phuong phdp 2: Dit 4n phu chuyén vé phuong trinh dai sé’
Vi du : Gidi cdc phuong trinh sau :
1) 328 4.3 427=0
2) 6.9 -13.6"+64" =0
3) 5.2 =74/10* -2.5%
4) (2-3) +(2+3) =4
5) ( 5+2J€) +( 5—2J€) 10

xz—x 2+x—x2
6) 25" -2 =3
7) 3.8° +4.12° —18°-2.27" =0
8) 2.2 -9.14"+7.7* =0

173



Chuyén dé LTDH Huynh Chi Hao — boxmath.vn
9) 42 _gpxl2 g

10) 43+2005x _ 7.41+cosx —2=0
Bai tap ren luyén:

) 2+43)" +@2-+3)" =4 (x+1)
2) 8" +18* =2.27" (x=0)
3) 125% +50* =2 (x=0)
4) 25° +10° =27 (x=0)

5) (W3+/8) +(¥3-8) =6 (x =+2)
6) 27* +12* =2.8" (x=0)

3 Phuong phap 3: Bién déi phwong trinh vé dang tich sé6 A.B=0,..
Vidu : Gidi phuong trinh sau :
1) 83"+3.2"'=24+6"
2) 2¥ 427 2% 41420
3) 5747175 -35=0
4) X2.2x—l +2\x—3\+6 _ X2.2‘X_3‘+4 Lo
5) 4x2’+x Lo 2(x+1),2 +1 ’
4. Phuong phap 4: Lay logarit hai vé theo cuing m{t co so thich hgp nao do
(Phuong phép logarit hoa)
Vi du : Giai phuong trinh
1) 3.2 =8.4*7
x-1
2) 58+ =500
5. Phuong phiap 5: Nham nghiém va st dung tinh don diéu d€ chirng minh
nghiém duy nhat (thudng la sit dung cong cu dao ham)
* Ta thudng st dung céc tinh chat sau:
e Tinh chat 1: N&u ham s6 f ting ( hodic gidm ) trong khdang (a;b) thi phuong trinh f(x) = C ¢6
khong qua mdt nghiém trong khdang (a;b). ( do d6 néu tdn tai xo € (a;b) sao cho
f(xo) = C thi d6 12 nghiém duy nhat clia phuong trinh f(x) = C)
e Tinh chat 2 : Néu ham f ting trong khdang (a;b) vd haim g 12 hAm mot hAim gidm trong
khdang (a;b) thi phudng trinh f(x) = g(x) c6 nhiéu nhdt mot nghiém trong khdang (a;b) .
( do d6 néu ton tai xo € (a;b) sao cho f(xp) = g(xo) thi d6 12 nghiém duy nhit ca phucng
trinh f(x) = g(x)} ) )
Phuong phap chiéu bién thién ham so
Vi du : Gidi cdc phuong trinh sau :
1) 3*+4*=5"

2) 2X=1+ 32
1
3) (=)=2x+1
) (3)

4) 2P = x> 8x-14

5) 3.257+(3x-10).57+3-x=0
Bai tip rén luyén:
1) 225433 =6" -1 (x=2) 2) 2* =3—x (x=1)
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IV. CAC PHUGNG PHAP GIAI PHUONG TRINH LOGARIT THUONG SU DUNG:
Dang co ban: log, x =m (1)

e VmelR:log,x=m&x=a"

1. Phuong phdp 1: Bi€n doi phuong trinh vé dang : log, M =log, N (ddng co s6)

Vidu : Giai ciac phuong trinh sau :

1) log2l:10g1(x2 -x-1)
X 1

2
2) log, [x(x - 1)] =1
3) log, x+log,(x—-1)=1
Vi du : Giai cdac phuong trinh sau :
1) log (x+6)=3
2) log, (4" +4)=x—log, (2*"' - 3)

2

3) %logz(x—l)z +log, (x+4) =log,(3-x) (x==1Lx=—-1++/14)

2
1 1 8
4) Elogﬁ (x+3)+zlog4 (x—1) =log, (4x) (X =3; x= —3+2\/§)
5) %logl (x+2) ~3=log, (4-x)'+log, (x+6) (x=2 x=1-33)
4 4 4
2. Phuong phéap 2: Pit 4n phu chuyén vé phueng trinh dai sé.

Vi du : Gidi cdc phudng trinh sau :

1) 6 + 42:3
log,2x log, x

2) log? x +4/log2 x+1-5=0

3) log,log, x+log, log, x =2

4) logx3+10g3x=10gﬁ3+10g3\/;+%

5) log, (125x).log3; x =1
6) log, 2.log, 2=log, 2

16 64
7) log,, §+ logix =1

8) (X _2)log39(x—2) _ 9(X _2)3

3 Phuong phép 3: Bién ddi phwong trinh vé dang tich s6 A.B=0,..
Vi du : Gidi phuong trinh sau : log2 X+ 2. 10g7 x=2+ log2 x.log7 X
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4. Phuong phip 4: Nhadm nghiém va s dung tinh don diéu d€ chitng minh nghiém duy nhat.
(thuong 1a sit dung cong cu dao ham)

* Ta thudng st dung céc tinh ch't sau:
e Tinh chat 1: N&u ham s6 f ting ( hodic gidm ) trong khdang (a;b) thi phuodng trinh f(x) = C ¢6
khong qua mdt nghiém trong khdang (a;b). ( do d6 néu tdn tai xo € (a;b) sao cho
f(xo) = C thi d6 12 nghiém duy nhat cia phuong trinh f(x) = C)
e Tinh chat 2 : Néu ham f ting trong khdang (a;b) vd haim g 12 hAm mot him gidm trong
khdang (a;b) thi phuong trinh f(x) = g(x) ¢6 nhiéu nhat mot nghiém trong khdang (a;b) .
( do d6 né€u tdn tai x € (a;b) sao cho f(xg) = g(Xo) thi d6 12 nghiém duy nhA't ciia phuong
trinh f(x) = g(x)) ]
Phwong phap chiéu bién thién ham so
Vi du : Gidi cdc phuong trinh sau :
1) log,(x* —x—6)+x =log,(x+2)+4
2) log, (x+3"%" ) = log, x
3) log, (1 + \/;) =log, x

V. CAC PHUONG PHAP GIAI BAT PHUONG TRINH MU THUONG SU DUNG:
1. Phuong phép 1: Bién déi phuong trinh vé dang cd ban :a™ <a® (<,>,>)

Vi du : Gidi cdc bat phudng trinh sau :
D 27%>1

1 —4x-11 R
2) (_j > 2)( +6x+8
2

Vi du : Gidi c4c bat phuong trinh sau :
1) 3'\ x2-2x 2 (é)x—x—l

1

2 x2-2x

2) > 2!

2. Phuong phéap 2: Pit 4n phu chuyé&n vé bat phuong trinh dai sd.

Vi du : Gidi c4c bat phuong trinh sau :
1) 9" <2.3%+3
2) 57 >5" 44
Vi du : Gidi cdc phudng trinh sau :
1) 2% -3.2"*)+32<0
2) 2*+2°7 <9
3) 37 +45.6° 9.2 <0

12 11ta
4) (=) +3.(=) >12
)(3) (3)

8+2M" —4% 42" > 5 (0<x<2)

6) V1527 +1>[2* —1\+2x+1 (x<2)
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VI. CAC PHUGNG PHAP GIAI BAT PHUONG TRINH LOGARIT THUONG SU DUNG:

1. Phuong phép 1: Bi€n déi phuong trinh vé dang co ban : log, M <log, N (<,>,>)

Vi du : Gidi c4dc bat phuong trinh sau :
1) logz(x2 +x-2)>log,(x+3)
2) log,s(4x+1D< logo,s(x2 +6Xx+8)
3) log,(x* —=6x+5)+2log,(2-x)>0
3

4) log, x+2log, (X—1)+10g26£0

2 4

5) log, log, X—’Li >0
2

Vidu : Gidi cdc bat phuong trinh sau :
1) logx(sz -8x+3)>2

2) log, log, |x—3| <1
3

3) log ,(3-x)>1
3x—x
4) log, (log,(3"-9)) <1
5) log, (log3 (9" —72)) <1
6) log, (4" +144)—4log 2 <1+log (2> +1)
7) log, (4" +4) 2 log, (2" -3.2")

4 2

2. Phuong phap 2: Pit 4n phu chuyén vé bat phuong trinh dai s6’

Vi du : Gii bat phuong trinh sau :
1) log; x +log, x—2<0

2) Xlog2 x+4 <32

3) 6% 4 %" <12
4) ,flog, x +log, x> =2>0

2
Vi du : Gidi cdc phudng trinh sau :
1) log, (3" +2)+2.log, ,2-3>0

2) log,, 64+log ,16>3

2
3)M>2 (l<x<l)
log, x +3 8 2
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VII. HE PHUONG TRINH:

Vidu : Giai cic hé phuong trinh

x-y _ l x=2y
. {\/X—1+\/2—Y=1 6 {(ﬁ) =)

2 3 _
3log,(9x")—log,y’ =3 log,(x—y)+log,(x—y)=4

1 J4—
log, (y—x)—log,—=1 (/_X+1_1)3y:3 4-x
2) 3 y 7) X
x*+y* =25 y+log,x=1

27 =5y% -4y
3) 4x+2x+1 8)
212 7

P {2x.4y=64 { —4ly+3=0

9
iy =3 " {Joggx - logzy =0

3727 =1152
log s(x+y)=2

5) log,(x* +y*)=5
2log, x+log, y=4
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BAI TAP REN LUYEN
DANG 1: Cé4c bai to4dn gidi phuong trinh va bat phuong trinh
Bai 1: Giai cdc phuong trinh
1 12

2) 9\1x2—2x—x _7.3\1x2—2x—x—1 < 2

v x0-2x341 1-x
1 1
2 2

3x x-1
4) (lj —(lj —-128>0
4 8

5) 10g5(1—2x)<1+10g£(x+1)

6) 1/2—|10g2 x| >log, x

7) log, log,(3* —9) <1

8) 12 < !
log,(x" +3x) log,(3x-1)
log, (x+3)* —log, (x +3)°

9) —2 3 >0
x+1

Bai 3 : Tim tip xdc dinh clia cdc ham s& sau:

179

1) 23x —6.2X —W+2—x=l (XZI)
2) log, (x+1) +2=log ; V4—x +log,(4+x%) (x=2;x=2—2\/g)
3) log, x =log,(v/x +2) (x=49)
4) log, x =log,(x+2) (x=5)
5) 5.2 3253 170 (x=1)
1 5
6) logm|2x—3|=2log84+log2% ()C:E)
log~ x3—log2 x-3
7) x £2 £ :l (x=1,x=2,x=4)
X
1 -31
8) 2x 2% 2, BT _5_ (x:%,x:2)
9) log; x+(x—1)log, x =6—2x (x=i,x=2)
10) 1+2log, 2.1og,(10-x) = 2 (x=2,x=8)
log, x
Bai 2: Gidi cdc bt phuong trinh
1) 3> —8.3"V* _9 9+ 5 ¢ (x>5)

(—%Sxéva22)

(x<-1vO0<x<lvx>1)

1

—<x<2
(4 )
(x>1log;10)

2
—<x<l
(3 )

(-2<x<-1)
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—2x—x e [|-lo -1
1,y:J10glm 5. y =l | [ loges(x D

5 x+2 Jx?-2x-8

DANG 2: St dung cong cu dai s6 gidi cac bai todn c¢6 chita tham s&

Bai 1: VGi gid tri nao ctia m thi phuong trinh sau ¢6 nghiém: 4 —4m.(2* -1)=0 (m<O0vm=1)
Bai 2: Cho phuong trinh: 4" —m.2"" +2m =0
Tim m dé phuong trinh c6 hai nghiém phéan biét x, # x, sao cho x, +x, =3 (m=4)

Bai 3: Tim m d€ phuong trinh sau c6 hai nghiém trdi ddu: (m+3).16" + 2m—-1)4" +m+1=0

3
—l<m<——
( 4)
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BAI TAP REN LUYEN (GIAI MAU)

Bai 1: Giai phuong trinh: log, (x —1)+log, (x +1)—log, (7T—x)=1 (1)
2 2 2

Bai giai:
x—1>0 x>1

Pidukién: {x+1>0x>-11<x<7
7T—x>0 x <7

Khi do:
(1)< log, (x—1)+1log, (x+1)—log, (T—x)=1
2 2 V2
1
& lo > —1)=log, |=(7 —x)
g;<x ) g% 2( x)

<:>X2—1:%(7—X)2

& 2x —1=49 — 14x + x°
& x+14x—50=0

X =3

x =—17

So v6i diéu kién ta co nghiém cia pt(1) 1a x = 3

Bai 2: Giai phuong trinh: glog1 (x+2) -3= log, (4 — x)’ +log, (x + 6) (1)

4 4 4

Bai gidi:
2=0 = —2
. X+ x —-6<x<4
bicukién: 4—x>0 < ix<4 <
X = —2

x+6>0 x> —6
Khi do:
(1) < 3log, [x +2| -3 = 3log, (4 —x) + 3log, (x +6)
4 /

4 4

< log, [x +2| —1=log, (4 —x) +log, (x +6)

4 4 4

& log, (4]x +2|) = log, [(4 — x)(x +6)]

4

S4lx+2/=(4—x)(x+6)
4(x+2)=(4—x)(x+6)
Tlax+2) = —(4—x)(x +6
So voi diéu kién ta co nghiém ciapt(1)1a x =2V x =1—+/33
181

x=2Vx=-8

x=14+/33

> 4+6x—16=0
=
x> —=2x—32=0
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Bai 3: Giai phuong trinh: log, (x + 2) + log, (x — 5)* + log; 8=0 (1)

2

Bai gidi:
N x+2>0 X > —2
bicu kién: X_5¢0<:) s
Khi do:
(1) < log, (x +2) + log, |x — 5| = log, 8
& log, [(x +2)[x — 5] = log, 8
& (x+2)x—5=8
X>5H x>bh X >5
158 ||x¥_sx_18=0 |[Xx=3Vx=6 [x=06
< < Sl[-2<x<5 &
—2<x<5 —2<x<5 XZSi;ﬁ
(x+2)5-x)=8 ||x*-3x—2=0 ||x=3EVT
2
Xx=0
Vay nghiém cta phuong trinh (1) Ia 34 JI7
X =—
2

Bai 4: Gidi phuong trinh: log, [x — 2|+ log, |x + 5| +log, 8 =0 (1)

2

Bai gidi:

X—|—5¢0<:> X = —5

. x—2=0 X = 2
biéu kién:

Khi do:
(1) < log, [(x — 2)(x + 5)| = log, 8
& |(x—2)(x+5) =38
x=—-3Vx=6

T 3T
2

(x—2)(x+5)=38 x*+3x—-18=0

Tlx—2)x 5 =-8"

x> —3x+2=0

So véi diéu kién ta c6 nghi€m cua pt(1) 1a 3+ V17
X=—
2
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Bai 5: Giai phuong trinh: log, (x — 1) + b = 1 + log, \x + 2
log, ., 4 2

(1)

Bai gidi:

(x —1>0 x>1
‘ 2XA1>0 |y 1
biéu kién: 9 1 1@« 2 x>1
x+1= x =0
\X+2>O x> _9

Khi do:
(1) < %log2 (x—1)+ %log2 (2x+1) = % + %log2 (x +2)
& log, [(x —1)(2x + 1)] = log, [2(x + 2)]
S Ex-1)2x+1)=2(x+2)

x=-1

&2’ —3x—5=0& 5
X ==
2

So v6i diéu kién ta c6 nghiém cta pt(1) 1a x = g

Bai 6: Giai phuong trinh: 4" —x=¢ =230 (1)

Bai gisi:
Piéu kién: x > 0

Khi do: 4102 — x50 = 9 glals o gitlax _ ylab _ 9 galitn)
biat t = log, x = x = 2", phuong trinh (2) tr¢ thanh:
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41+t _ (2t>1"g26 — 2.32(1+t) PEN 44t _ (2105;;26)t — 189t

t t
o 44" 6 =189 < 4 [g] - 18[[%] ]

2
12 t
& 18 §] +[§]—4:0
2 2

[ﬁt_é
= Qt ) S t=-2

[§ _ 1 (loai)

2 2

Véi t = —2 ta dugc nghiém cua phuong trinh (1) 1a: x = i

Bai 7: Giai phuong trinh: (2 —log, x).loggx 3— _ 4 =1 (1)
1—log, x
Bai gidi:
x>0
x>0
Pidukién: {9x =1 & xzé
log, x = 1 x =3
Khi dé:
(1)@2—10g3x_ 4 :1<:>2—10ggx_ 4 —1(2)
log, (9x) 1—1log,x 2+log,x 1—log,x
bat t = log, x (t = —2;t = 1), phuong trinh (2) trd thanh:
_ t=—1
270 4 L _3i—4—0e
24+t 1-t t=4

e Voit =—1 taduogcpt: logzgx:—lﬁx:é
e Véit=4 tadugcpt: log,x=4c x=281

So vai diéu kién ta duoc nghiém cia pt(1) 1a x = %; x =81

Bai 8: Giai phuong trinh: log, (3" - 1).log, (3" -3) =6 (1)

Bai giai:

Pidukitn: 3 -1>0= 3 >1< x>0
Khi dé: (1) < log, (3" -1).[1+1log, (3" -1)] =6

184



Chuyén dé LTDH Huynh Chi Hao — boxmath.vn

t=2

bit: t =log, (3" —1), pttro thanh: t(t+1)=6 <t +t-6=0< R
1 28 28
e Véit=-3:log,(3"-1)=-"33F -1=—3 =— < x=log,—
B (3 1) 27 27 B0

e Voit=2: log3(3"—1):2<:>3"—1:9<:>3" =10 & x = log, 10
Céc nghiém tim dugc thoa diéu kién.

Vay pt(1) c6 hai nghiém 1a x = log, %; x = log, 10

Bai 9: Giai phuong trinh: \/log ~7x.log, x =1 (1)

Bai gidi:
x>0

x#1

Khi dé: (1) < /llogx(7x).log7lec> 1 1+ 1 Jdog, x =1
2 2 log, x

t>0

1 1 t>0
bat t =log, x, pttré thanh:  [—|1+—|t=1& & sSt=1
i & %P \/2( t) %(1+1),t2:1 t?+t-2=0
t

e Véit=1:log x =1 x="7 (thoa diéu kién)

biéu kién: {

Vay pt(1) co nghiém la x =7

Bai 10: Giai phwong trinh: log,, , (2x* +x —1) +log,,, (2x -1)" =4 (1)

x+1

Bai gidi:
x<-1lvx>-—
2%  +x-1>0 .
2x—-1>0 X>5 1
. X > —
bicukién: {2x —1#1 S ax#1 &
x+1>0 x>-1 x#1
x+1=#1 x#0
Khi do:

(1) & log, , [(2x -1)(x +1)] + 2log,,, (2x —1) =4
1

< 1+1o x+1)+2——m—— =
B O e D)
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biat t =log,, , (x +1), pt trd thanh: t+%:3<:>t2—3t+220<:>

t=1
t=2

o Véit=1:log, ,(x+1)=1cx+1=2x—-1< x =2 (théa didu kién)

(loai)

x=0
e Véit=2:log, ,(x+1)=2ox+1=(2x-1) ©4x’ -5x=0< 5
X =—
4
A A in1s 5
Vay pt(1) c6 tdp nghiém 1a S = {2;2}
2
Bai 11: Giai bt phuong trinh: log, X2 >0 (1)
2
Bai giai:
2 0<x<l1
Didu kién: ﬂm@{
X x> 2
Khi do:
2_
(1)<:>loglﬂzlogll
2 X 2
2
X" —3x +2 <1
X
2
X _4X+2£O
X
x <0
&
2-2<x<2+2
‘ 2-2<x<1
So voi diéu kién ta dugc nghi¢m cua bpt(1) 1a
2<x<2+42
e crs 1 K \ X2+X
Bai 12: Giai bat phuong trinh: logm(logﬁ. 4j<0 (1)
’ X+
Bai giai:
x* +x 0 x* + X 0
2 2 -4 <x<-2
Pidu kign: | < T4 o Xt XX 1eX 20
x° 4+ X x4+ x x+4 X+ 4 X >2
log, >0
x +4 x+4

Khi do:
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(1) < log,, (IOgG

x? +x
x+4

2
X"+X

1 j <log,,1 < log; >1

X+

2 2
X +X X +X

> log. 6 &
4 8o X + 4

x* - bx — 24 {_4<X<_3
oS>0
x+4 x> 8

> 6

< log,

. -4 <x<-3
So vai dieu kién ta dugc nghiém cua bpt(1) 1a .8
X

Bai 13: Giai bt phuong trinh: 2log, (4x — 3) + log, (2x+3)<2 (1)

3

Bai giai:
3
4x-3>0 X>—

2x+3>0<:> 3
X > ——

Diéu kién: { & x> %
Khi do:
(1) < log, (4x — 3)* <2 + log, (2x + 3)
< log, (4x — 3)" < log, [9(2x + 3)]
< (4x-3) <9(2x +3)
< 16x° —42x —18 <0

<:>—§SXS3
8

So v6i diéu kién ta dugc nghiém cua bpt(1) 1a % <x<3

2x-x°
Bai 14: Giai bt phuong trinh: 9% — 2@) <3 (1)

Bai giai:

2x—x?2
Taco: 95> —2@) <397 23" _3<

Pit t =372 (t>0),bpttré thanh: t> —2t -3 <0< -1<t< 3

Do t>0néntachinhdn 0 <t <3

V6i0<t<3: 0<32<3eox-2%x<lax*-2x-1<0a1-V2<x<1++2
Vay bpt(1) 6 tap nghi¢m 1a S = [1-v2;1+ 2 |
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Bai 15: Giai bat phuong trinh: log; (4" +144) — 4log, 2 < 1 +log, (2% +1) (1)

Bai gidi:
Ta co:
(1) < log, (4* +144) — log, 16 < log, [ 5(2*” +1) |
& log, (4" +144) < log, [ 80(2* +1) |
© 4" +144 < 80(277 +1)
© 47 -20.2"+64<0

S4<2°<16e=2<x<4
Vay bpt(1) co tap nghiém la S = (2;4)

BAI TAP TU LUYEN

Bai 1: Giai bt phuong trinh:

log, (log2 2x 3) 0
x+1

Bai 2: Giai phuong trinh:

3+ L _ log (QX —Ej
log, x X

Bai 3: Giai phuong trinh:
2log, (2x +2) +1log, (9x-1) =1
2

Bai 4: Giai bat phuong trinh:
32x+l _ 22x+1 _ 56X S O

Bai 5: Giai bt phuong trinh:
22)(2—4}(—2 _ 16.22X_X2_1 _ 2 < O
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Chuyén dé 9: PAI SO TO HOP

LKHAI NIEM VE GIAI THUA:
1.Dinh nghia: VédineNvan>1

Tich clia n s6 ty nhién lién ti€p tir 1 d€n n
dudc goi la n - giai thtra. Ky hi€u : n!

Ta co :

n!=12.n (1)

* Quy udc : Ol=1 vall=1
2. Mot sé cong thic:

% —(n - *i!= % n! —(n— _
n!'=(n-1).n o (k+1)(k+2)..n (n = k) (1! (n—-k+1D(n—-k+2)..n

IL. CAC QUY TAC CO BAN VE PHEP DEM:

1. QUY TAC CONG:

Vi du 1. Mot truomg THPT duoc ¢t mot hoc sinh di du trai hé toan quoc.
Nha trudng quyét dinh chon mét hoc sinh tién tién trong 16p 11A hoac 16p
12B. Ho6i nha truong c¢6 bao nhiéu cich chon, néu biét rang 16p 11A c6 31
hoc sinh tién tién va 16p 12B c6 22 hoc sinh tién tién ?

Gidali

Nha trudng cé hai phuong an chon. Phuong dn thit nhét 1a chon mét hoc sinh
tién tién cua l6p 11A, phuong an nay cé 31 cach chon. Phuong dn thi hai la
chon moét hoc sinh tién ti€n cta I6p 12B, phuong dn hai nay ¢6 22 cédch chon.
Vay nha truong c6 ca thay

31 + 22 =53 cach chon. O
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DINH NGHIA (SGK NC)

Gia sit mot cong viée c6 thé duge thuc hién theo phuong 4n A
hodc phuong an B. C6 n cach thuc hién phuong 4n A va m cach
thuc hién phuong 4n B. Khi d6 cong viéc ¢é thé duge thuc hién

boi n + m céch.
TONG QUAT

Gid st mot cong viéc c6 thé dugc thuc hién theo mot trong
k phuong dn A, A,, ..., A, . C6 n; cach thuc hién phuong dn A,

n, cdch thuc hién phuong 4n A,,.. va n, cich thuc hién
phuong dn A, . Khi d6 cong viéc co thé dugc thuc hién boi

ny + ny +---+ n, céch.

DINH NGHIA (SGK CB) _
Mot cong viée duge hoian thanh boi mot trong hai hanh
dong. Néu hanh dong nay co m cach thuc hién, hanh dong
kia c6 n cach thuc hién khong tring vdi bit ki cich nao cua
hanh dong thit nhat thi cong viéc d6 ¢6 m + n céch thuc hién.

2. QUY TAC NHAN:

Vi du: An mudn ri Binh dén chdi nha Cudng. Tir nha An dén nha Binh c¢6 4 con dudng. Tir nha Binh
dén

nha Cudng cé 6 con dudng di. Hdi An c6 bao nhiéu cdch di dén nha Cudng

Nha Cuong

Giai

V6i méi cach di tir nha An dén nha Binh s& ¢6 6 cich di ti€p tir nha Binh dén nha
Cuong. Vi c6 4 cach di tir nha An dén Binh nén c6 ca thay 4 . 6 = 24 cich di ur
nha An qua nha Binh dén nha Cudng. O
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PINH NGHIA (SGK NC)

Gia sir mot cong viéc nao dé bao gobm hai cong doan A va B.
Cong doan A ¢6 thé 1am theo n cdch. Véi mdi cich thuc hién
cong doan A thi cong doan B c6 thé lam theo m céch. Khi dé

cong viéc c6 thé thuc hién theo nm cich.

TONG QUAT

Gia st mot cong viec nao d6 bao gém k cong
doan A, A,, ..., A, . Cong doan A, c¢6 thé thuc hién theo n,

cdch, cong doan A, c6 thé thuc hién theo n, céch, ..., cong
doan A, co6 thé thuc hién theo n;, cédch. Khi d6 cong viéc ¢
thé thuc hién theo mn, ...n, cach.
PINH NGHIA (SGK CB)

Mot cong viée duge hoian thanh boi hai hanh dong lién tiép.
Néu ¢6 m cach thuc hién hanh dong thi nhit va ing vai
moi cich dé cé n cdach thuc hién hanh dong tha hai thi ¢é
m.n cach hoan thanh cong viéc.

III. HOAN VI:
Vi du: T cdc chif s6 1;2;3 ¢6 thé 1ap dudce bao nhiéu sd tu nhién c6 3 chif s6 khdc nhau.
1.Dinh nghia :

Cho tap hgp A gdbm n phan ti¥ (n >1).
M&i cach sip thi tu n phan ti ctia tap hop A
dudc goi 1a mot hodn vi ca n phan tf d6

( Hoan vi

o e Nhom c6 thit ty

@tu’/_ e Dd mitn phan tir
L ciia A

DINH NGHIA (SGK NC)
Cho tap hop A ¢6 n (n = 1) phén tlr. Khi sdp x&€p n phén tir nay
theo mot thit tu, ta duoc mot hodan vi cdc phén tir cua tap A (goi
tat 1a mot hodn vi cta A).

PINH NGHIA (SGK CB)
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Mobi két qua cha sy sap x&p thir tv n phin tir cha tap hop A
duoc goi 1a mot hodn vi ctia n phén tir dé.
2.Dinh 1y :
Ky hién s& hodn vi clia n phin tif 12 P, , ta c6 cong thic:

P =n! 2)

IV.CHINH HOP:

Vi du: Tir cdc chif s6 1;2;3 c6 thé 1ap dugc bao nhiéu s§ tu nhién c6 2 chif s6 khac nhau.
1.Dinh nghia:

Cho tap hdp A gébm n phin ti¥ . Mdi bd gdm k (1< k < n) phan tid sap thif tu cia tap hop A
dudc goi 12 mot chinh hgp chdp k ciia n phin ti cia A.

/ Chinh hgp \

e Nhém cé thi tu
n phan e GOmk phan t¥
dugc 14y tir n

phan ti ciia A

N _

PINH NGHIA (SGK NC)
Cho tap hop A gobm n phan tir va s6 nguyén k véi 1 < k < n. Khi
lay ra k phdn tir cha A va sap x&p ching theo mot thit ty, ta dugc
mot chinh hop chép k clia n phan tir ctia A (goi tat 1a moét chinh
hop chap & cta A).
PINH NGHIA (SGK CB)
Cho tap hop A gbm n phén tir (n 2 1),
Két qua cta viéc 1dy & phdn tir khic nhau tir » phdn tir cla tap
hop A va sip xép chiing theo mot thit tr nao d6 duge goi 1a
mot chinh hop chdp k ciia n phdn tir da cho.

2,

2.Pinh ly:
Ky hiéu s& chinh hgp chap k ca n phin ti1a AY |, ta c6 cong thic:
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AK n!

" (-k)! ©)

V. TO HOP:
Vi du: Cho tap hgp A={1,2,3}.Vi€t tat ci cdc tip con clia A gdbm 2 phan t&
1.Dinh nghia:

Cho tip hop A gdm n phan tif .Mdi tap con ctia gdbm k phan ti¥ (1<k<n) ctia A
dudc goi 12 mot td hgp chip k clia n phin ti¥ da cho.

/ Té hop \

e Nho6m khong c6

- th ty
n phan & e Gdmk phan t¥

dugc 14y tir n
phan tf clia A

o _/

PINH NGHIA (SGK NC)
Cho tap A c6 # phan tr va s6 nguyén & véi 1 < k < n. Méi tép con
clia A c6 k phén tir duoc goi 1a mot to hop chap & cia n phin wr
clia A (goi tat 12 mot t6 hop chap k ctiia A).

PINH NGHIA (SGK CB)

Gia str tdp A c6 n phén tir (n = 1). Mbi tdp con gédm k phédn tu
cta A duoc goi 12 mot t6 hop chdp k ciia n phdn ti di cho.

2.DPinhly :
Ky hiéu sd t6 hgp chap k ctia n phan tir 1a C¥ | ta c6 cong thic:
!
Ck = _n (4)
Kl(n—k)!
CHU Y

* Ta quy u6c C° =1 (coi & 1a t8 hop chap O ctia tap hop c6 n phin

tir). V&i quy ude nay cong thirc (4) cing ding véi & = 0. Vay cong
thitc (4) diing véi moi s6 nguyén k thoaman 0 < &k < a.

56



Chuyén dé LTDH Huynh Chi Hao — boxmath.vn
Hai tinh chat co ban ciia so C*

a) Tinh chat 1

Cho s nguyén duong n va sé nguyén k voi 0 < k < n, Khi dé
Ch=cCrt,

b) Tinh chét 2 (hing déng thitc Pa-xcan)

Cho cdc s6 nguyén nvak voi 1 < k < n. Khi dé

ko _ ok k-1
C,.,.=C,+C, .

LUU Y QUAN TRONG:
Céc bai todn vé giai tich t& hgp thudng 12 nhitng bai téan vé nhitng hanh dong nhu :
14p cdc sO tir cac s6 dd cho ,sdp x€p mot s6 ngudi hay db vat vao nhitng vi tri nhat dinh ,
14p cdc nhém ngudi hay d6 vat thda man mot s6 diéu kién da cho v.v...
1. N&u nhitng hinh dong nay gdm nhiéu giai doan thi can tim s6 cdch chon cho mbi
giai doan r6i 4p dung quy tic nhan.
2. Nhitng bai toin ma k&t qui thay d6i néu ta thay ddi vi tri clia cdc phin ti¥
thi day 1a nhitng bai todn lién quan d&€n hodn vi va chinh hgdp.
3. Pdi v6i nhitng bai toin ma két qui dugc giit nguyén khi ta thay ddi vi trf clia cdc phin t¥
thi day 13 nhitng bai todn vé td hop.

57



Chuyén dé LTDH Huynh Chi Hao — boxmath.vn

BAI TAP REN LUYEN
I. CAC BAI TOAN VE PHEP PEM:
Bai 1:Tr 7 chirsd 0, 1,2, 3,4, 5, 6 c6 thé thanh 1ap dugc bao nhiéu s§ chin , mdi sd gdm 5

chit s6 khdc nhau tirng doi. KQ: 1260
Bai 2: Mot t§ gdm 8 nam va 6 nit . Can 1dy mot nhém 5 ngudi trong d6 ¢6 2 nit . Hdi c6 bao
nhiéu cach chon. KQ: 840

Bai 3: Cho hai dudng thing song song (d;) , (dy) . Trén (d;) 14y 17 diém phan biét , trén (d,)
14y 20 diém phan biét . Tinh s6 tam gidc c6 cdc dinh 12 3 diém trong s& 37 di€m da
chon trén (d;) va (dy) . KQ:5950

ai 4: Tir mot tap thé gdm 12 hoc sinh wu td , ngudi ta cAn cit mot doan di du trai he qudc t&

trong d6 ¢6 mot trudng doan , 1 phé doan va 3 doan vién . Hoi c¢6 bao nhiéu cach ctr ?
KQ: 15840
: V6i 6 chit s6 phan biét 1, 2, 3, 4, 5, 6 ¢6 thé 1ap dugc bao nhiéu s6 c6 cic chit sd phan
biét trong d6 mdi s& diéu phdi c6 mit s6 6. KQ: 1630
: C6 bao nhiéu s6 ty nhién gdm 5 chif sd khdc nhau tirng d6i sao cho tit cd cdc chit s&
déu khic khong va cé mit dong thdi cdc chit s6 2, 4, 5. KQ: 1800
: Mot hop dung 4 vién bi dd , 5 vién bi trdng va 6 vién bi vang . Ngudi ta chon ra 4 vién bi tit hdp d6 .
Héi c¢6 bao nhiéu cdch chon dé€ trong s6 bi 1dy ra khong di cd 3 mau. KQ:645
: Cho 8 chit s6 0,1,2,3,4,5,6,7 .Tur 8 chit s6 sd trén c6 thé 1ap dugc bao nhiéu s6 , mdi s&
gdm 4 chif s6 d6i mot khac nhau va mdi s déu khong chia hét cho 10. KQ: 1260

=
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Bai 9: Hoi tir 10 chit 56 0,1,2,3,4,5,6,7,8,9 c6 thé 1ap dudc bao nhiéu s6 gdm 6 chif s6 khic
nhau sao cho trong cdc chit s6 d6 cé mits6 0 va s6 1. KQ:42000
Bai 10: C6 bao nhiéu s chin gdm 6 chit s& khic nhau titng d6i mot trong d6 c6 chif s6 dau tién 1a s6 18?2
KQ: 42000
Bai 11: C6 bao nhiéu s& gdm 6 chif s6 khic nhau tirng d6i mdt trong d6 c6 ding 3 chif s6 18 va 3 chit s6 chin
( chit s& dau tién phdi khic khong ). KQ:64800

Bai 12: C6 5 nha todn hoc nam , 3 nha todn hoc nif va 4 nha vat 1y nam . LAp mot dodn cong tdc 3 ngudi cin

c6 ci nam va nif , can c6 c4 nha todn hoc va nha vatly . H3i c6 bao nhiéu cach.
KQ:90

Bai 13: Cho tdp hgp 4= {1;2;3;4;5;6;7;8;9}. T tap A c6 thé 1p dudc bao nhiéu s6 ¢6 sdu chit s6 khdc nhau
sao cho cdc s6 nay chia h&t cho 5 va c6 diing 3 chit s6 18?

Bai 14: Cho tap hgp 4 = {0;1;2;3;4;5;6;7;8;9}. Tu tap A c6 thé 1ap dugc bao nhiéu s6 ¢ sdu chit s& khdc nhau
sao cho ludn c6 mit hai chit s6 0 va 3?

Bai 15: Cho tap hdp 4 = {1;2;3;4;5;6;7;8;9}. Tu tdp A c6 thé 1ap dudc bao nhiéu s6 ¢ sdu chit s6 khdc nhau
sao cho chif s6 thit ba chia hét cho 3 va chif s& cudi chin?

Bai 16: Cho tip hgp 4= {1;2;3;4;5;6;7;8;9}. T tap A c6 thé 1p dudc bao nhiéu s6 c6 sdu chit s6 khdc nhau
sao cho cdc s6 nay chia hé&t cho 2 va c6 ding 3 chit s6 1&?

Bai 17: Mot trudng trung hoc c6 8 thy day todn, 5 thiy day vat 1y, va ba thiy day héa hoc. Chon tir d6 ra
mot ddi c6 4 thdy du dai hoi. Héi ¢6 bao nhiéu cdch chon dé c¢6 di ba bd mon?

Bai 18: C6 bao nhiéu s6 ty nhién gdm 5 chit s&, chif s6 0 c6 mit ding 2 1an, chit s& 1 ¢6 mit ding mot I1an,
hai chif s6 con lai phan biét

CONG THUC NHI THUC NIU-TON
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Cong thirc nhi tharc Niu-ton
Ta da biét cdc hing déng thiic
(a + b)* = a* + 2ab + b°,
(@+b)’ =a’ +3a%b +3ab* + b,

0.
a

Céc hé s6 trong khai trién (a + b)? theo thi tu tir trdi qua phai la 1=C
2=Ch:1=C2ticla (a+h)? = Cha® + Clab + C2b°.

Ciché s6 trong khai trién (a + b)® theo thi tw tr trdi qua phai 1a 1=CY;
3=Cy; 3=C3;val=C;uicla (a+b)’ =Cla’ +Cla’b+Clab® + Cip°.

Téng quét, ngudi ta chimg minh duoc rang :

(@+b)" =Cl" +CLa" b+ ..+ Cka"*b* + L+ C"

) |
= > Cka"*b* (quyuéca’=b"=1).
k=0

Cong thitc nay dugc goi la cong thitc nhi thitc Niu-ton (goi tit 12 nhi thirc
Niu-ton).
Vi du:

Tim he s6 ctia x'*'y% trong khai trién (2x — 3y)*%.
Tinh hé s6 clia x°y® trong khai trién (x + y)"°.
Tinh hé s6 ciia x’ trong khai trién (1 + x)''.

Tinh hé s6 ciia x° trong khai trién (2 — x)'°.

Khai trién (3x + 1)'° cho t6i x°.

Tim hé s6 clia x’ trong khai trién cta (3 — 2x)"°.

Tinh hé s6 clia 12y!° trong khai trién cia (x* + x)"°.

"
Biét riing hé s6 clia X"~ trong khai trién [x = %) bing 31. Tim n.

BAI TAP REN LUYEN
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Bai 1:

C6 bao nhiéu s6 tu nhién gdm 5 chir s6 phan biét sao cho trong méi sé déu c6 mat cic

chitsé 1, 2, 3?

Bai 2:

Cho tap £ =1{0,1,2,3,4,5,6}. Tir céc chir s6 cua tap £ ldp duge bao nhiéu sb
tu nhién chin gf)m 4 chit s6 doi mot khac nhau?

Bai 3:

C6 bao nhiéu sé tu nhién gém 5 chir sé, cdc chit s6 doi mot khdc nhau sao cho chir
s6 dau va chit s6 cudi ciia mdi s d6 déu 1a sb chin?

Bai 4:
Cho tap 4=1{0,1,2,3,4,5,6,7}. Hoi tir tdp 4 1ap dwoc bao nhiéu sé tr nhién
chin gdm 4 chir s§ khéc nhau sao cho mdi s6 d6 d&u 16m hon 2011.

Bai 5:

Tim s6 nguyén duong » théa man

Cl3 Seta L3009 | 4Pl = 35792,

Bai 6:
Khai trién va rat gon biéu thie 1—x+2(1-x)* +...+n(1—x)" thu dugc da

thire P(x)=a, +a,x+...+a,x". Tinh h¢ s0 a, biét rang n 1a s6 nguyén duong thoa méin

Bai 7:
- - - - - 2 1 i -
X4c dinh s6 hang khong phu thudc x khi khai trién biéu thic [— —(x+ x‘.")} , Vo1 n
%

12 s6 nguyén duong thoa man C; +2n= A’

el

Bai 8:
Tim hé s6 cua x° trong khai trién biéu thirc [1—2x(1-3x)]", véin la sb nguyén duong
-Cr?=A2 -1T.

2 ~ n
théa man »nC,
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Chuvén d3 10: ' XAC SUAT
KIEN THUC CO BAN
1. Biénco

a) Phép thir ngau nhién va khong gian mau
Phép thir ngau nhién (goi tit 1a phép thir) la mot thi nghiém
hay mot hanh dong ma :
— Két qua ctia n6é khong dodn trude dugc ;

~ C6 thé x4c dinh dugc tap hgp it ca cdc két qua c6 thé xay ra
cia phép thir dé6.

Phép thir thuong duge ki hiéu bai chit 7.

Tap hop t4t ca cic két qua c6 thé xay ra ciia phép thir duroc goi 1a
khong gian mau cta phép thir va duge ki hiéu bdi chir Q (doc
12 6-mé-ga).

b) Bién ¢6

Bién c6 A lién quan dén phép thir T 12 bién c6 ma viéc xdy ra
hay khong xay ra clia A tuy thudc vao két qua cia T.

Moi két qua ciia phép thit T 1am cho A 3 xay ra, dugc gm 1a mot
két qua thuan lgi cho A.

Tap hop céc két qua thuén lgi cho A duoc ki hiéu 1a €, . Khi do

ngudi ta ndi bién cd A duge mo ta bdi tap Q, .
— Bién ¢6 chdc chdn 12 bién ¢ luén xay ra khi thuc hién phép thit T. Bién c6
chéc chin dugc mo ta boi tap Q va dugc ki hieula Q.

— Bién c¢ khong thé 1a bién c6 khong bao gid xéy ra khi phep thir T dugc
thuc hién. R6 rang khong c6 mot két qua thuan 1gi ndo cho bién c6 khong thé.
Bién c6 khong thé dugc mo ta bdi tap @ va duoc ki hiéu 1a &.

2. Xadc sudt cua bién co
Trong cudc s6ng hang ngay, khi néi vé bién c8 ta thudng néi bién ¢ nay cb
nhiéu kha nang xay ra, bién c6 kia c6 it kha nang xay ra, bién c6 nay'c6 nhiéu
kha nang xay ra hon bién c6 kia. Todn hoc di dinh lugng hod cdc kha nang
nay bang cich gin cho méi bién ¢6 mot s6 khong 4m, nho hon hay bing 1 goi

1a xdc sudt cua bién cé dé. Xac sudt ctia bién c6 A duoc ki hiéu 1a P(A). N6
do ludng kha nang khiach quan su xuét hién ctia bi€n c6 A.

a) Pinh nghia c6 dién cha xéc suat
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DINH NGHIA
Gia sir phép thir T c6 khong gian miu Q la mot tap hitu han va
cac két qua cia T 1a déng kha niang. Néu A 1a mot bién ¢d lién
quan véi phép thir T va Q4 1a tap hop cdc ket qua thuan lgi cho

A thi xac sudt ciia A 1a mot s6, ki hiéu 1a P(A), duge xac dinh
bdi cong thirc

Q
P(A) = [I_ITAIL
Nhu vay, viée tinh x4c suat ctia bién c6 A trong trudng hop ndy dugc quy vé
viec dém sd két qua cb thé clia phép thir T va s6 két qua thuan 1gi cho A.
CHU Y
Tir dinh nghia trén ta suy ra
e 0<PA)LL,;

e P(Q) =1, P(@)=0.
PHUONG PHAP GIAI TOAN

> Pé xac dinh khéng gian mau ctia mot phép thir T ta liét ké tat ca cac két qua
cothé xayracua T

» Dé tinh s6 phan tir cia mot _'bién ¢ A ta dung cac quy tic dém co ban, cong
thirc hoan vi, chinh hgp va té hgp

> Dé tinh xac suat P(A) ctiia mot bién ¢cd A ta thuc hién cac budc

Bude | - Dém so phén tir ctia khong gian mau ;

Buée 2 : Dém s ph?m tu cua tap A

. , A
Buoc 3 : Tinh P(A) theo ¢ong thirc : P(A) = u

|

62



Chuyén dé LTDH Huynh Chi Hao — boxmath.vn

CAC QUY TAC TINH XAC SUAT
1. Quy tdc cong xac suit
a) Bién c6 hop

Cho hai bién c6 A va B. Bién c6 "A hoidc B xay ra", ki hiéu Ia
A U B, dugc goi 1a hop caa hai bién c6 A va B.

Néu QA va Qp ldn Iugt 12 tap hop cac két qua thuln 1gi cho A va B thi tap
hop céc két qua thuan lgi cho A UB 12 Q, U Q.
Mot cdch téng quat :

Cho k bién c6 A, Ay, ..., A,. Bién ¢6 "Cé it nhdt mot trong cac

bi€n c6 A, Ay, .., A, xdy ra", ki hiéula 4 U A, U...U A,

duge goi 12 hop cia & bién ¢6 do. '
b) Bién c6 xung khéic

'Cho hai bién c6 A va B. Hai bi€n c6 A va B dugc goi 12 xung
l khic néu bién c6 nay xay ra thi bién cd kia khong xay ra.

Hai bién c6 A va B 12 hai bién c6 xung khac néu va chi néu Q4 N Q, = .
¢) Quy tdc cong xac sudt :
Dé tinh xdc sudt cia bién c6 hgp, ta cAn dén quy tic cong x4c sudt sau day :

Néu hai bién ¢6 A va B xung khic thi x4c suit dé A hoic B xay
rala

P(A U B)=P(A) + P(B). (1)

Quy tic cong xdc sudt cho nhidu bién c6 dugc phat bidu nhu sau :

Cho k bién ¢6 A, A,,..., A, d6i mot xung khac. Khi d6

P(A U A, U..UA) =P(A)+P(4) +..+P4,). )
d) Bién c6 déi |

Cho A 1a m6t bién c6. Khi d6 bién c6 "Khong xay ra A", ki hiéu
la A, duoc goi 1a bién cé doi cia A.

Néu Q, la tap hop céc két qua thuan Igi cho A thi tap hop céc két qua thuan
lgicho A 12 Q\Q,. Tanéi A va A 12 hai bién c6 d6i nhau,
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DINH Li

Cho bién c6 A. Xéc sudt cta bién c6 dsi A 13
P(A)=1-P(A). 3)

2. Quy tic nhan xac suat
a) Bién cé giao

Cho hai bi€n c6 A va B. Bién c6 "Ca A va B cing xay ra", ki hi¢u
la AB, dugc goi 1a giao cua hai bién cé A va B.

Néu Q, va Qp lan luot la tép hop cdc két qua thuén loi cho A va B thi tap
hop céc két qua thuan lgi cho AB 1a Q, M Q.
Mot céch téng quat :

Cho k bién c6 A, A,, ... A,. Bién c6 "Tdt cd k bién co
A, Az; ...y A, déu xady ra", ki hiéu 1a A1A2 . A, duge goi la
giao cuia k bién c6 d6.

b) Bién co6 doc lap

Hai bién c¢6 A va B dugc goi la doc 1ap v6i nhau néu viéc xay ra

hay khong xay ra cua bién c6 nay khong 1am anh hu’o‘ng té1 xdc
sudt xay ra cua bién cd kia.

Nhdn xét. Néu hai bién c6 A, B doc 1ap véi nhau thi A va B : A VA B . Ava
B ciing doc lap véi nhau.
Mot cach tong quét :
Cho k bi€n c6 A, Ay, ..., A; ; k bi€n c6 nay duogc goi 1a doc lap
véi nhau néu viéc xay ra hay khong xdy ra ctia méi bién c6
khong 1am anh hudng tGi xac sudt xay ra ciia cac bi€n ¢6 con lai.
¢) Quy tdc nhan x4c suat

Dé tinh x4c sudt cia bién c6 giao, ta cdn dén quy tic nhan x4c susit sau day.

Néu hai bién c6 A va B doc 1ap véi nhau thi
P(AB) = P(A)P(B). (4)
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BAI TAP REN LUYEN

Bai 1: (B-2012)
Trong mét 16p hoc gdm cé 15 hoc sinh nam va 10 hoc sinh nit. Gido vién goi ngau
nhién 4 hoc sinh 1én bang giai bai tap. Tinh xac suat dé 4 hoc sinh dugce 201 cO cd nam va nir.
Bai 2:
Cho mét hép dung 12 vién bi, trong do co6 7 vién bi mau dd, 5 vién bi mau
xanh. Lay ngdu nhién mdt 1an 3 vién bi. Tinh xac suit trong hai truong hop sau:
1/ Lay duge 3 vién bi mau xanh,
2/ LAy dugc it nhit 2 vién bi mau xanh.
Bai 3:
Titr mét hop chira 6 qua cau tréng va 4 qua ciu den, ]éy ra ngau nhién
cung mdt lac ra 4 qua. Tinh xac suét sao cho :
a) Bon qua ldy ra cing mau.
b) C it nhat 1 qua tring.
Bai 4: Tung 2 con xuc xdc dong chit.
1) Tim x4c xuat ctia bién cb c6 téng sd chim 1a 8.
2) Tim xéc xuét cta bién cb c6 tong sb cham 1a sb 1é hodc chia hét cho 3.

. 5 2
Két qua: 1) — 2) =
q )36 )3

Bai 5: Mot to boc sinh ¢6 6 nam va 5 ni¥.
1) Tim xac sudt lay ra 4 hoc sinh di lao dong sao cho trong d6 ¢6 1 ni.
2) Tim xac suat lay ra 4 hoc sinh di lao dong sao cho trong dé c6 khong qua 3 nir.

, 10 65
Két qua: 1) 12 2 &
qua: 1) 33 ) %6

Bai 6: M6t don vi van tai ¢o 10 xe 6 to, trong d6 co 6 xe tdt. Pidu mot cach ngau nhién 3 xe di cong tac. Tim
xac suat deé trong 3 xe d6 co it nhat mot xe tot.

, 29
Két qua: —
350

Bai 7: Mot to gém 9 hoc sinh nam va 3 hoc sinh nit. Can chon mot nhom 4 nguoi dé truc nhat.
1) Hoi ¢6 bao nhi€u cach chon khac nhau.
2) Tinh xéc suat dé khi chon ngau nhién mdt nhoém 4 nguoi ta duge nhém co6 dung 1 nir.

Két qua: 1) 495 2) %

Bai 8: Mot td gém 9 hoc sinh nam va 3 hoc sinh nit. Can chia t6 thanh 3 nhém, mdi nhom 4 nguoi di lam 3
cong viéc khac nhau. Hé1 c¢6 bao nhiéu cach chia khac nhau ? Tinh xac suat dé khi chia ngau nhién ta duogc
moi nhom c6 dung 1 ntr.

. 16
Két qua: —
a 55

Bai 9: Mot hop bong dén co 12 bong, trong d6 c6 7 bong tot. LAy ngau nhién 3 bong. Tinh xéac suit dé 1y
duoc:
1) 3 bong tbt.
2) it nhét 2 bong tét.
3) {t nhét 1 bong tét.
X , 7 7 21
Két qua: 1) 4 2) T 3) >
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Bai 10: Trong mot chiéc hop kin c6 chtra 10 qua cau trang va 8 qua cau do. Gia thiét rang kich thudc va
trong lugng cua tat ca cac qua cac qua cdu noi trén 1a y hét nhau. Lay ht hoa ra 5 qua cau. Tim x4c suit cua
bién cb: trong 5 qua cau duoc 1ay ra c6 dung 3 qua cau do.

Két qua: 5/17

Bai 11: Mot hop co 12 vién bi, trong d6 ¢6 4 vién mau d6 va 8 vién mau xanh. LAy ngau nhién 3 vién bi. Tim
x4c suat dé:

1) Ca 3 vién bi déu mau xanh.

2) Ca ba vién bi déu mau do.

3) C6 dling mat vién bi mau xanh.

4) C6 it nhat mot vién bi mau xanh.

Két qua: 1) 56/220  2) 4/220 3) 48/220 4) 216/220.

Bai 12: Hai xa thi ciing ban mot phat vao bia. Xéc suat tring dich ctia nguoi thir nhat 13 0,9, ctia ngudi thir
hai 12 0,7. Tinh cac x4c suit sau day:

1) Ca hai phat déu trang.

2) it nhat mot phat tring.

3) Chi mdt phat tring.

Két qua: 1) 0,63 2) 0,97 3) 0,34.
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Chuyén dé 11:

ON TAP HINH HQOC GIAI TICH

TRONG MAT PHANG

PHUONG PHAP TOA PO TRONG MAT PHANG
TOA PO PIEM - TOA PO VEC TO

A. KIEN THUC CO BAN

N , , A
I. Hé truc toa do PE-CAC trong mit phing : Y
, . J
e xOx:truc hoanh -
. y'Oy : truc tung 5 1 1 X
e O :gbctoadd 0
o ij:véctsdonvi ( P:‘j‘:l vailj)
y'

Quy uéc : Mit phing ma trén dé c6 chon hé truc toa d6 PE-Cdc vudng géc Oxy dude goi 1a mit phing

Oxy va ky hiéu la : mp(Oxy)
IL. Toa d6 ctia mot di€ém va clia mot véc to:

1. Pinh nghia 1: Cho M e mp(Oxy) . Khi d6 véc t6 OM dudc bi€u dién mot cach duy nhat theo

A2 i,7 bdi hé thitc c6 dang: OM =xi+yj véixyeR.
J ! Cip so (x;y) trong hé thifc trén dudc goi 1a toa dd clia diém M.
_ ! x Ky hiéu: M(x;y) (x: hoanh dd ciia di€ém M; y: tung d6 cta diém M)
P
' din . _ _
7 M(x;y) < OM=xi+yj
e Y nghia hinh hoc: y
ol...._M
y |
xv : X - _
o x p x=0P va y=0Q
yV

2. Pinh nghia 2: Cho a € mp(Oxy) . Khi d6 véc t6 a duge biéu dién mot

i,j bdihé thiic c6 dang : a=aji+a,j véia;a,eR.

céch duy nhat theo

Cip 0 (a;a0) trong hé thic trén dude goi 1a toa do cla véc td a . 7 /dv
Ky hi¢u: a=(a;;a,) 2
X' 4 X
0
_ din _ - - s
a=(aja,) < a=aqi+ta,j '
¥
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e Y nghia hinh hoc:

IIL. Cédc cong thitc va dinh 1y vé toa do6 di€m va toa dd véc to :

Dinhly 1: N&u A(x,;y,) va B(xg;yp) thi
‘/B(-XB;yB)

AB = (xp = XY =Ya) A(x 5y ,)

Pinh 1y 2: N&u a=(a;a,) va b=(b;b,) thi _

- - al=bl /
* a=b & b

* ka=(kaska,) — (keR)

IV. Su cung phuong cia hai véc to:
Nhic lai
e Hai véc to cling phuong 12 hai véc td nim trén cing mot dudng thing hoic nim trén hai dudng thing
song song .
e Dinh Iy vé su cing phuong ciia hai véc to:

Pinhly 3: Cho hai véctd a va b véi b#0

a cung phuong b < FkeRsaochoa=kb

N€&u a0 thi s§ k trong trudng hgp ndy dude xdc dinh nhu sau:
k> 0khi a cung hudng b

i k <0 khi a ngugc huéng b a b
ind | | N ¢ | | | | |
-1 s |
‘b‘ i=-<b ,
5
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Dinhly 4: A,B,C thing hang < AB ciing phuong AC

(Piéu kién 3 di€m thing hang )
Pinh Iy 5: Cho hai véc t6 a = (a,;a,) va b=(b;;b,) tacé :

a cung phuong b < a;.b,—a,.b, =0 (Piéu kién cting phuong ctia 2 véc to

a=(a;a,) . a=(12)
5 =(5h,) =29

V. Tich vd6 huéng cia hai véc to:

Nhic lai: Y
3 B a.b=|al[B].cos(a,b) ;
/ -2 -2 4
0 ’ _H - ¥ =i x
a\ alb < ab=0 0 a
DPinh Iy 6: Cho hai véc td Zzz(al;az) va l;:(bl;bz) taco: ¥
a.b =ab, +a,b, (Cong thic tinh tich vo hudng theo toa do)
Pinh Iy 7: Cho hai véc t6 a = (a;a,) taco:
la| = +a,’ (Céng thic tinh do dai véc td)
A(x 59 4) B(xz;y5)
Dinh Iy 8: N&u A(x,;y,) va B(xg;y,) thi | ’
AB=1\(xp—x,)" +(y5—y4) (Cong thitc tinh khodng céch 2 diém)
Pinh 1y 9: Cho hai véc t6 a = (a,;a,) va b=(b;b,) tacé :
alb < ab +ab,=0 (Piéu kién vudng géc clia 2 véc to)

Pinh 1y 10: Cho hai véc td a = (a;;a,) va b= (by;b,) taco
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a.b _ a,b, +a,b,
‘ZIHB‘ \/alz +¢122 -\/b12 +l922

cos(a,b) = (Cong thic tinh géc ctia 2 véc to)

VI. Di€m chia doan thiing theo ty sé k:
Pinh nghia: Piém M dugc goi 1a chia doan AB theo ty s6 k (k # 1) néunhu: MA=k.MB

A M B
‘ v b

Pinh Iy 11 : N&u A(x,:y,) . B(xp:yg) vd MA=k.MB (k #1) thi

Xy =—4—F£
M-k
_Ya—kyg
Ym 1—k
+
Xy = XA 2XB
DPic biét: M Ia trung di€m cia AB <
_YatVp
Mo

VII. Mot s6 diéu kién xdc dinh di€ém trong tam gidc :

_ —_— —_— 3

1.Gla trong tdim tam gidc ABC < GA+GB+GC=0 <

—_—

BH 1 AC

| : A4 LBC b
3. A lachindudngcaoke th A < < __ c

BA' cung phuong BC 8w

A
A
Bmc
A
s oA N N . . IA=IB
4. I'la tam dudng tron ngoai ti€p tam gidc ABC <
IA=IC
AB —; B c
A
&C
B D

. AH 1 BC AH.BC =0
2. H1a tryc tdim tam gidc ABC < & .
AC=0

5. D la chan dudng phan gidc trong clia géc A clia AABC < DB = —E.DC
—_— A R —

6. D' 1a chan dudng phén gidc ngodi cla géc A cia AABC < DB= R.D'C

o e N = AB —
7. J1a tam dudng tron ndi ti€p AABC < JA= —EJD A

VIIIL Kié&n thifc cd bian thutng sit dung khic: A
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Cong thic tinh dién tich tam gidc theo toa do ba dinh :

Pinh Iy 12: Cho tam gidc ABC . Pit AB =(a;;a,) vd AC = (b;b,) tacé :
1 A

SaaBc = > '|a1b2 —a2b1| /
B C
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PUONG THANG TRONG MAT PHANG TOA PO

A.KIEN THUC CG BAN

I. Cac dinh nghia vé VICP va VTPT (PVT) cia duong th:zing:

# 0

ol Ql

N

- dn
ala VTCP clia dudng thing (A) < {

c6 gid song song hodc trung vdi (A)

- ) . . a ln#0
1a VTPT cua dudng thang (A) < 1 .
n c6 gid vudng géc véi (A)

a _
— n

a (A) 1

_

*Cha y: (4)

o N&u dudng thing (A) c6 VICP a=(a,;a,) thicé VIPT 1A n=(-a,;q,)
e N&u dudng thing (A) c6 VTPT n=(A;B) thi ¢c6 VICP 1a a=(-B;A)
i a

(A)

I1. Phuong trinh dudng thing :

1. Phwong trinh tham s& va phueng trinh chinh tic ctia dudng thing :
a. Pinh Iy : Trong mit phing (Oxy). Pudng thing (A) qua M(xo;yo) va nhin a = (q,;a,) lam

VTCP sé ¢6 :
y . . X=x,+taq
a Phuong trinh tham s6 1a : (A): (rteR)
/ M (x; y) y=y,+ta,
1 X
0]

M (x5 50) X=x, y—y
Phuong trinh chinh tic 12 : (A): 0 0

a a,

2. Phuong trinh téng quit ctia dudng thing :
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a. Phuong trinh duwdng thing di qua mot diém My(xg:yo) va c¢6 VIPT n=(A;B) la:

Yo\
VM (x;)
1 X

M (x4 %) (A):A(x—x,)+B(y-y,)=0| (A*+B*#0)

b. Phuong trinh tdng quit ciia dudng thing :
Dinh Iy :Trong mit phing (Oxy). Phuong trinh dudng thing (A) c6 dang :

y%40(%;);0) Ax+By+C=0 v6i A>+B>#0
u x
/ i=(-B;A)
i =(B;-A)
Cha y:

Tu phuong trinh (A ):Ax + By + C =0 ta ludn suy ra dudc :
1. VTPT clia (A) 1a n=(A;B)
2. VTCP clia (A) 12 a =(-B;A) hay a = (B;—A)
3. M (x,;y,)€(A) &< Ax, + By, +C=0
Ménh dé (3) dugc hi€u 1a :
Piéu kién cAn va di d€ mot di€m nidm trén dudng thing 1a toa do diém dé
nghiém ding phuong trinh ctia dudng thiang .

3. Cic dang khéc ciia phueng trinh duong thing :

a. Phuong trinh dudng thing di qua hai di€m A (x4:y.) va B(xg:yp) :

(AB): X~ *a _ Y7V (AB):x=1x, (AB):y=y,
Xp — X, Vg = Ya

y y

A5y 4) Y B(xy;5)
M(x;y),” B(xz5y,) V4 |- A(x 594) oA 55
- x - x| X N Y4 _J|’B
X

0/‘A/(xA;yA) |~

Vs B(xz;55)

b. Phwong trinh dwong thing theo doan chiin:
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Pinh ly: Trong mp(Oxy) phuong trinh duong thang ( A) cat truc hoang tai dieém A(a;0) va truc tung tai
diém B(0;b) véi a, b= 0 c6 dang: X +% =
a

c. Phuong trinh dudng thing di qua mét diém Mo(x:ye) va c6 hé s& goc k:

Pinh nghia: Trong mp(Oxy) cho dudng thing A.Goi a =(0x,A) thi k =tga dudc goi 1a hé s goc
y

cia dudng thing A
1 /a{( X
Dinh Iy 1: Phuong trinh dudng thing A qua M,(x,;y,) c6 hé s6 géc k 1a :

M (x;y)
Yo _-----/ y-Yyo = Kk(x-X() 1)
nl ! X

Chii ¥ 1: Phuong trinh (1) khdng c6 chita phuong trinh clia dudng thing di qua My va vudng géc
Ox nén khi st dung ta can d€ y xét thém dudng thing di qua My va vudng géc Ox 1a

X = X,
Chii ¥ 2: N&u dudng thing A ¢ phuong trinh y = ax+b thi hé sd géc clia dudng thing 13 k =a
DPinh 1y 2: Goi ki, ky 1an lugt 1a hé s géc clia hai dudng thing A, A, ta c6 :

o ANA, o K=k

e A LA & kik=-1

c. Phuong trinh dt di qua mét di€m va song song hoiic vudng géc véi mot dt cho trude:

i. Phuong trinh dudng thing (A)) /[(A): Ax+By+C=0 c6 dang: Ax+By+m =0

ii. Phuong trinh dudng thﬁng (A)) L(A): Ax+By+C=0 c6 dang: Bx-Ay+m,=0
Chd y: m;;m, dugc xdc dinh bdi mot di€m c6 toa do da bi€t nim trén A;A,

Y A tAx+By+m, =0 y

A, : Bx—Ay+m, =0

A:Ax+By+C, =0

(1 X

X
Ml/‘/ © ’ M/ _|0 X, ¥
1

L= N
A: Ax+By+C =0
~—~

IIL. Vi tri twong d6i ctia hai dudng thing :
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y y

A,
A, A,

A A, A, cit A, A = A,

y A

(Ay): Ax+B,y+C, =0
Vi trf tuong doi clia (A,) va (A,) phu thudc vao sd nghi€ém ctia hé phudng trinh :
ha (D
Chi y: Nghiém duy nhit (x;y) cda hé (1) chinh Ia toa do giao diém M clia (A)) va (A,)

Trong mp(Oxy) cho hai dudng thing :

Dinh 1y 1:
i. Heé (1) vd nghiém < (ADIA,)
ii. Hé (1) c6 nghiém duy nhit < (A,) cit (A,)

iii. Hé (1) ¢6 vo s6 nghiém < (A)=(A,)

Pinhly 2:  N&u A,:B,;C, khic 0 thi

(A citay) o DLB
A2 B2

ii. (A1 (Ay) A_B LG
A, B, G
A, B

iii. (A)=(Ay) o M_B_G

IV. Géc giita hai dudng thing
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1.Dinh nghia: Hai duong thing a, b cit nhau tao thanh 4 goc. S6 do nho nhat trong cac s6 do
cua bon goc d6 duoc goi la goc gitra hai divong thang a va b (hay goc hop boi hai
duong thang a va b). Géc giita hai duong thang a va b dude ki hiéu 1a (a,b)

Khi a va b song song hoic tring nhau, ta néi rang goc cua chung bang 0°
2. Cong thirc tinh goc giira hai dwong thing theo VTCP va VTPT

a) Néu hai duong thang c6 VTCP lan luot 1a u va v thi

cos(a,b)= ‘cosﬁq‘ ‘Q ‘
)

b) Néu hai duong thang c6 VTPT lan luot 1a n va n' thi

|
cos(a,b):‘cos(n,n')‘:m
nl.|n"
(A):Ax+By+C; =0

Goi ¢ (O0 £¢S9OO) la goc gilta (A) va (A,) taco:

DPinh Iy : Trong mp(Oxy) cho hai dudng thing :

y
A/A, +B,B
cosg = |21 22 122| : A/
\/A, + B; .\/A2 +B;
1 X
0]
Hé qua A
(ADL(A,) < AA+BB,=0 :

V. Khoang cich tit mét di€ém dén mot dudng thing :
Dinh Iy 1: Trong mp(Oxy) cho hai dudng thing (A): Ax+By+C =0 va diém M,(xy;y,)
Khodng cdch tir My d&€n dudng thing (A) dugc tinh bdi cong thiic:

M

0

<

|Axy + By, +C]| H
JA? +B? u x

d(My;A)=

(A)
(A):Ax+By+C; =0 \
(Ay):Ax+B,y+C, =0
Phuong trinh phin gidc cia géc tao bdi (A) va (A,) la:

Pinh 1y 2: Trong mp(Oxy) cho hai dudng thing :

Ax+B)y+C; __|_A2)C+B2y—i-C2

JazeB: A2+ B

Dinh 1y 3: Cho dudng thing (A,): Ax + By + C = 0 va hai diém M(xp;ym), N(xx;yn) khong nim
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trén (A). Khi do: u N
e Haidiém M, N niim ciing phia d6i v6i (A) khi va chi khi ° A
(4x,, + By,, +C)(Ax, + By,, +C) >0
e Hai diém M, N nim khéc phia d6i véi (A) khi va chi khi

(4x,, + By,, + C)(A4Ax, + By, +(C)<0 /
°N

BAI TAP REN LUYEN

Bai 1: (A-2012)

Trong mit phang v&i hé toa d6 Oxy, cho hinh vuéng ABCD. Goi M la trung diém

ciim canh BC, N 13 diém trén canh CD sao cho CN =2ND, Gié sit M(l;; ;) va dudmg thing AN ¢6
phwong trinh 2x—y—-3=0. Tim toa d¢ diém A.
Bai 2: (D-2012)

Trong mat phing véi hé toa do Oxy, cho hinh chir nhit ABCD. Cac duong thing AC va AD

lan lugt ¢6 phuong trinh 14 x+3y =0 va x—y+4=0; duong thing BD di qua diém M(—%, IJ. Tim toa dj cic

dinh cua hinh chir nhiat ABCD.
Bai 3:

Trong mat phing véi hé toa do Pécac vuong géc Oxy , xét tam gidgc ABC vuéng tai A,
phuong trinh dudng thang BC la ﬁx—y—-\l’g =0, cicdinh 4 va B thudc truc hoanh va
ban kinh dudng tron ndi ti€ép bang 2. Tim toa do trong tim G cua tam gidc ABC.
Bai 4:

Trong miit phang véi hé toa do Pécac vuéng géc Oxy cho hinh chit nhat ABCD ¢6 tam
I[%;U] , phuong trinh dudng thang AB 1a x—2y+2 =0 va AB =2AD . Tim toa do cdc dinh

A,B,C.D biét ring dinh A ¢6 hoanh do am.
Bai 5:

Trong mat phing véi hé toa do Pécac vuong géc  Oxy cho tam gidc ABC c6
AB=AC, BAC=90". Biét M(1;—1) Ia trung diém canh BC va G[%: 0} la trong

tam tam giac ABC . Tim toa do cac dinh A4, B, C.
Bai 6:

Trong mat phing véi hé toa dd Oxy cho hai diém A(0; 2) va B(—V"fs_‘; —1). Tim toa do truc

tam va toa do tam dudng tron ngoai tiép cua tam giac OAB.
Bai 7:

Trong mat phang véi hé toa do Oxy cho hai diém A(1; 1), B(4; —3). Tim diém C thuoc dudng
thang X —2y — 1 =0 sao cho khoéng céch tir C dén dudng thang AB bang 6.
Bai 8:

Trong miit phing vdi hé toa do Oxy cho tam gidc ABC ¢6 cdc dinh A(=1; 0); B(4; 0);C(0;m)
vgim # 0. Tim toa do trong tam G cua tam gidc ABC theo m. Xdc dinh m dé tam gidic GAB

vuong tai G.
Bai 9:
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Trong mat phang vai hé toa dd Oxy cho hai duong thang
d:x-y=0 va d,: 2x+y-1=0.

Tim toa d6 cac dinh hinh vuéng ABCD biét ring dinh A thudc d,, dinh C thugc d,

va cac dinh B, D thudc truc hoanh.
Bai 10: _ _

Trong mat phang voi hé toa 46 Oxy, cho cac duong thang:

d:x+y+3=0, d,:x-y-4=0, dy:x-2y=0.
Tim toa d§ diém M nam trén dudng thing d, sao cho khodng cach tir M dén duong thing
d, bing hai lan khoang cach tr M dén dudng thing d,.
Bai 11:
Trong mit phang véi hé toa do Oxy, cho diém A (2;2) va cic duong thing:
dpix+y-2=0, dux+y-8=0.
Tim toa do céac diém B va C lan luot thude d; va d» sao cho tam giac ABC vudng cén tai A.
Bai 12: ) ’

_ Trong mét 'phﬁng vai hé toa do Oxy, hay xéq dinh toa dc’jrdinh C cta tam gidac ABC biét
rang hinh chiéu vudng goc cua C trén duong thang AB la diém H(-1;-1), duong phan gidc
trong ctua géc A cd phuong trinh x—v+2=0 va duong cao ké tir B ¢6 phuong trinh
4x+3y-1=0.

Bai 13:
Trong mit phfmg vO1 hé toa dd Oxy, cho hinh chir nhit ABCD co diém 71(6:2) 1a giao diém cua hai duong

chéo AC va BD. Piém M (1:5) thujc dudong thing AB va trung diém E cia canh CD thudc duong
thing A:x+ y—5=0. Viét phuong trinh duong thang AB.
Bai 14:
Trong mit phing vai hé toa d6 Oxy, cho tam gidc ABC can tai 4 c6 dinh A(—1:4) va céc dinh B, C thudc
duomg thing A: x -y —4=0. Xéc dinh toa d6 cic diém B va C, biét dién tich tam giac ABC bang 18.
Bai 15:
Trong mat phing véi hé toa do Oxy, cho tam gidc ABC ¢6 M(2;0) la trung diém cua canh AB. Pudmg trung
tuyén va duong cao qua dinh A4 1in lugt ¢6 phuong trinh 14 Tx-2y-3=0 va 6x—y—4=0. Viét phuong
trinh dudng thing AC.
Bai 16:
Trong mat phing toa d6 Oxy, cho tam gidc ABC cén tai A c6 dinh A(6; 6); dudng thang di qua trung
diém cua cac canh 4B va AC ¢6 phuong trinh x + v — 4 = 0. Tim toa d6 cic dinh B va C, biét diém E(1; -3)
nim trén dudng cao di qua dinh C cua tam gidc di cho.
Bai 17:
Trong mit phang toa dé Oxy, cho tam giac ABC vudng tai A, ¢6 dinh C(— 4; 1), phan giac trong goc A co
phuong trinh x +y — 5 = 0. Viét phuong trinh duong thing BC, biét dién tich tam gidc ABC bing 24 va
dinh A ¢6 hoanh d¢ duong.
Bai 18:
Trong mat phé'i.ng toa d§ Oxy, cho tam giac ABC cd dinh A(3; =7), truc tdm 13 H(3; —1), tAim duong tron
ngoai tiép la /(—2; 0). Xac dinh toa d¢ dinh C, biét C ¢6 hoanh do duong.
Bai 19:
Trong mit phing toa d Oxy, cho diém A4(0; 2) va A la duong Ihang di qua O. Goi H 1a hinh chiéu
vudng goc cua A trén A. Viét phuong trinh duong thang A, biét khoang cach tir H dén truc hoanh
bing AH.
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PUONG TRON TRONG MAT PHANG TQA PO

A.KIEN THUC CG BAN

1. Phuong trinh dudng tron:

1. Phuong trinh chinh tic:
Pinhly : Trong mp(Oxy). Phuong trinh ciia dudng tron (C) tdim I(a;b), bin kinh R 1a :

y
b=+ C):(x—a)+(y-b)*=R*> (1
M(x;y) (€):(x=ay +(y=b) (M
1] ! X
0] a
Phuong trinh (1) dugc goi 1a phuong trinh chinh tic clia dudng tron

Picbiét: Khil =Othi (C): x> +y* = R?

2. Phudng trinh téng quét:

Pinh 1y : Trong mp(Oxy). Phuong tinh : | x> +y* —2ax—2by+c=0 | véi a*>+b*—c>0
1a phuong trinh cda dudng tron (C) ¢6 tim I(a;b), ban kinh R =+ a® +b* —c

I1. Phuong trinh ti€p tuyén cua dudng tron:

s

Dinh 1y : Trong mp(Oxy). Phuong trinh ti€p tuyén véi dudng tron
(C):x* +y* —2ax —2by +c =0 tai di€ém M(x,;y,) € (C) 1a :

(A):xgx+ygy—a(x+xy)—b(y+yy,)+c=0

VI. Cac van dé cé lién quan:
1. Vi tri tuong ddi ctia dudng thing va dudng tron:

C
) (€) (C)
I
£ A
o — 0 —— =T o ?l/
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Dinh 1y:

AMDNEC)=8 <  dIA)>R
(A) tiép xiic (C) < d(I;A) =R
(A) cit (C) < d(I;A) <R

Luu y: Cho dudng tron (C): x” +y° —2ax—2by+c =0 va duong thang (A): Ax+ By+C =0. Toa d¢ giao
diém (néu co) cua (C) va (A) 12 nghiém cua hé phuong trinh:
X'+ —2ax—2by+c=0
{Ax +By+C=0
2. Vi tri tuong ddi cia hai dudng tron :

(C)) va (C,) khong cit nhau < LI, >R, +R,

(C,) va (C,) cdt nhau < [Ri=Ry|<LI, <R, +R,
(C)) va (C,) ti€p xdc ngodi nhau < LI, =R, +R,

(C)) va (C,) tiép xiic trong nhau < L1, = |R; —R,|

Luwu y: Cho duong tron (C): x* +y> —2ax—2by+c¢ =0
va duong tron (C'):x” +y° =2a'x=2b"'y+c'=0.
Toa dd giao diém (néu c6) cta (C) va (C’) 1a nghiém cua hé phuong trinh:
x*+y —2ax—2by+c=0
{xz +y'—2a'x-2b'y+c¢'=0
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BAI TAP REN LUYEN
Bai 1: (B-2012)
Trong mat phing véi hé toa dd Oxy, cho cic dudong tron (C):x’+y’ =4,
(C,):x*+y*—12x+18=0 va dudng thing d: x—y—4=0. Viét phuong trinh dudng tron ¢6 tim thude
(C,), tiép xiic v6i d va cit (C,) tai hai diém phan biét 4 va B sao cho AB vudng goc véi d.
Bai 2: (D-2012)
Trong mit phing v&i hé toa d§ Oxy, cho dudng thing d:2x—-y+3=0. Viét phuong trinh
duong tron co tam thudc d, cht truc Ox tai A va B, ct true Oy tai C va D saocho AB=CD=2.
Bai 3:
Trong mit phang véi hé toa do Pécac vuong géc Oxy cho dudng tron
(©): (x-1)? +(y-2)> =4 vadudngthiang d: x—y—1=0.
Viét phurong trinh duong tron (C') d6i ximg véi dudng tron (C) qua dudng thing d.
Tim toa do cdc giao diém cua (C) va (C").
Bai 4:
Trong mit phing vdi hé toa d¢ Oxy cho hai diém A(2;0) va B(6;4). Viét phuong trinh
duong tron (C) tiép xtic vai true hoanh tai diém A va khoang cach tir tim cua (C) dén
diém B bing 5.
Bai 5:
Trong mit phing véi hé toa dé Oxy, cho dudng tron (C): x*+y* —2x—6y+6 =0 va diém
M(=3;1). Goi T, va T, la cac tiép diém cua cdc tiép tuyén ké tir M dén (C). Viét phuong
trinh dudng thang T,T, .
Bai 6:
Trong mit phing vai hé toa do Oxy, cho dudng tron (C): X2 +y?—2x—-2y+1=0 va
duong thang d: x —y+3=0. Tim toa d6 diém M nam trén d sao cho dudng tron tam M, c6
ban kinh gip déi ban kinh duong tron (C), tiép xtc ngoai véi dudng tron (C).
Bai 7:
Trong mit phing véi hé toa do Oxy, cho tam giac ABC co A(0; 2), B(=2: -2) va C(4: -2). Goi H la
chan dudmg cao ké tir B; M va N lan luot 1a trung diém cua cic canh AB va BC. Viét phuong trinh
duomg tron di qua cac diém H, M, N.
Bai 8:
Trong mat phing véi hé toa do Oxy, cho dudng tron (C):(x — 1)2 +(y+ 2)2 =9 va duong thing
d:3x—4y+m=0.
Tim m dé trén d ¢6 duy nhat mot diém P ma tir d6 c6 thé ké dugc hai tiep tuyén PA,PB t6i (C)
(A, B la céc tiép diém) sao cho tam giac PAB déu.
Bai 9:
Trong mit phing véi hé toa do Oxp, cho dudng tron (C):x” +y” +4x+4y+6=0 va duong thing
Arx+my—2m+3=0,v6i mla tham s6 thue. Goi / 1a tim cua dudng tron (C). Tim m dé A cit (C)
tai hai diém phén biét 4 va B sao cho di¢n tich tam giac /4B 16n nhat.
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Bai 10:
Trong mat phing véi hé toa do Oxy, cho dudmg tron (C): (x—2) + 1’ =% va hai duong thang A, : x—y =0,
A, :x—=Ty=0. Xac dinh toa d0 tim K va tinh ban kinh cia duong tron (C)): biét dudng tron (C)) liép xhc
véi cac dudomg thing A, A, vatdm K thude duomg tron (C).

Bai 11:
Trong mat ph::mg vo1 hé toa d§ Oxy, cho dudng tron (C): (x —1)2 +y‘1' =1. Goi / latam cua (C). Xac dinh
toa do diém M thugc (C) sao cho IMO = 30°.

Bai 12:

Trong mit phang toa do Oxy, cho hai dudng thing d: V3x+y =0 va db: V3x—y=0. Goi (7) 1

dudng tron tiép xic voi d) tai 4, cit ds tai hai diém B va C sao cho tam gidc ABC vudng tai B. Viét

. N 3 .
phuong trinh cua (7), biét tam giac ABC ¢o dién tich bang > va diém A c6 hoanh d¢ duong.

Bai 13:

‘ ‘ 2 32
Trong mit phang toa do Oxy, cho diém A(2; \f?:) va elip (E): Y + 5 = 1. Go1 Fy va F> la cac
tiéu diém cua (E) (F; ¢6 hoanh d§ am); M la giao diém c6 tung dd duong cua duong thing AF v6i
(£); N la diém doi xung cua F> qua M. Viét phuong trinh dudmg tron ngoai tiép tam giac ANF5.
Bai14: ,
Trong miit ph:fmg toa dé Oxy, cho tam giac ABC co dinh A(3; =7), tryc tam 1a H(3; —1), thm dudng tron
ngoai tiép la £(—2; 0). Xac dinh tpa do dinh C, biét C ¢6 hoanh do duong.
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“ PUONG ELIP TRONG MAT PHANG TOA Dd‘

AKIEN THUC CO BAN
L.Dinh nghia:
Elip (E) 12 tip hop cdc di€m M c6 téng khodng cdch dén hai diém cd dinh F; F, bing hiing s&
* Hai di€m c6 dinh F; F, dudc goi 1a cdc tiéu diém

) *FF,=2c (¢>0) dugc goi la tiéu cy
M

1\

(E) = {M/MF, + MF, =2a} (a>0: hiing s6 va a>c)

I1I. Phuong trinh chinh tic cta Elip va cdc véu to:
1. Phuong trinh chinh tic:

E): 24 1 v6i b2=a2-c? (a>b) (1)

2. Céc y€u té cua Elip:
* Elip xdc dinh b&i phuong trinh (1) ¢ cic dic diém:
- TAm d&i xitng O, truc ddi xttng Ox; Oy
- Tiéu diém F(-c;0); Fa(c;0)
-Tiéucy FiF, =2¢
- Truc 16n nim trén Ox; do dai truc 16n 2a (= AAy)
- Truc nhé nim trén Oy; do dai truc 16n 2b (=B;B;)
- Binh trén truc 16n : A;(-a;0); Ax(a;0)
- Binh trén truc nho :B;(0;-b); B»(0;b)
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- Ban kinh qua tiéu diém:

r = MK —a+ix=atex
Vi M(x;y) e (E) thi a

C
I :MF2 :a—EX:a—eX

- TAm sai e= (O<e<])

oo

- Pudng chuidn: x =+

o |
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” PUONG HYPEBOL TRONG MAT PHANG TOA D(f)“

AKIEN THUC CO BAN
I. Dinh nghia:

/\ (H)={M/|MF, -MF,|=2a}  (a>0:hings6vaa<c) (1)
2¢

g F,

I1. Phuong trinh chinh tic cia Hypebol va cdc yé&u to:
1. Phuong trinh chinh tic:

2 2
(H):X—z—y—zzl véi b2=c2—a? (1)
a b
__b
y_ ax y y:—x
\ Bz

2. Cac y&u t& cua Hypebol:
* Hypebol xdc dinh béi phuong trinh (1) ¢é cic dic diém:
- TAm d&i xitng O, truc ddi xttng Ox; Oy
- Tiéu diém F;(-c;0); Fa(c;0)
-Tiéucy FiF, =2¢
- Truc thuc ndm trén Ox; dd dai truc thuc 2a (= AjAy)
- Truc 40 nim trén Oy; d6 dai truc o 2b  (=B;By)
- binh: A (-a;0); Ax(a;0)

- Phuong trinh ti€ém cdn: y =+—x

o | o

- Ban kinh qua tiéu diém:
Véi M(x;y) € (H) thi:
) n=MK =a+ex
Véi x>0 =
r, =MEF, =-a+ex
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1 =MF, =—-(a+ex)

Véix<0 =
r, = MF, = —(-a+ex)

- TAm sai e= (e>1)

o

- Pudng chuin :

>
Il
=+

o |
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PUONG PARABOL TRONG MAT PHANG TOA PO

AKIEN THUC CO BAN

I. Dinh nghia :
(P)={M/MF =d(M, A}

* F1a diém cd dinh goi 1a tiéu diém
* (A)1a dudng thing cd dinh goi 13 dudng chuin
* HF = p > 0 goi la tham s tiéu
H [
I1. Phuong trinh chinh tic cia parabol: A

1) Dang 1: Prct: y2 = 2pXx 2) Dang 2: Ptct: y2 = -2pXx
y y

M

-p/2 5 X F(-p/2;0) H [ P2 x

F(p/2;0)

/M (A):x=p/2

(A): x=-p/2
3) Dang 3: Ptct: x> = 2py 4) Dang 4: Prct : x> = -2py
y
y

p/2 (A):y=pl2
\ -
M F(0;p/2) T x
%’ | F(0;-p/2)
4 X M

(o)
P2 Niy=-p/2
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BAI TAP REN LUYEN

Bai 1: (A-2012)

Trong mit phing véi hé toa dé Oxy, cho dudmg tron (C): x* +y” = 8. Viét phuong ’

trinh chinh tic cua elip (E), bict rang (E) ¢6 d¢ dai tryc I6n bang 8 va (E) cat (C) tai bon diém tao thanh

bon dinh cua m@t hinh vudng.
Bai 2: (B-2012)

Trong mit phing vdi hé toa dd Oxy, cho hinh thoi ABCD ¢6 AC =2BD va dudng tron
tiép xtic v&i céc canh ciia hinh thoi ¢ phwong trinh x* + y* =4 . Viét phuong trinh chinh tic cua elip (F) di
qua cic dinh 4, B, C, D cua hinh thoi. Biét A thudc Ox.
Bai 3: ‘ . _ )

Trong mat phiang voi hé toa d§ Oxy, hdy viét phuong trinh chinh tic cua elip (E) biét

. . 5 ‘2
rang (E) co tim sai bang T va hinh chir nhdt co s¢ cia (E) ¢6 chu vi bang 20.

Bai 4:
2 2

Trong mat phing toa d6 Oxy, cho diém A(2; v/3) v elip (E): x— + y? = 1. Goi F, va F, 1a céc

tiéu diém cua (£) (Fi c6 hoanh d6 dm); M la giao diém c6 tung do duong cua dudng thing AF; voi
(E); N 1a diém doi ximg cua F> qua M. Viét phuong trinh duong tron ngoai tiép tam giac ANF,.

Bai 5:

2 2
Trong mit phiing véi hé toa dd Oxy cho diém C(2;0) va elip (E): XT”T =1. Tim
toa d6 cac diém A,B thudc (E), biét rang hai diém A, B ddi xtimg véi nhau qua truc
hoanh va tam gidc ABC 1a tam giac déu.
Bai 6:
Trong mat phéng vai hé truc Oxy, cho elip(E) % + }? =1 ¢6 hai tiéu diém E, F, lan luot
nim bén trdi va bén phai truc tung. Tim toa d¢ diém M thude (F) sao cho MFE* + 7MF;’ dat gi tri nhé nhat.
Bai 7:
Trong mit phang véi hé truc Oxy, cho parabol (P): y* =4x. Lap phuong trinh duong
thang d di qua tiéu diém cua (P), cit (P) tai 4 va B sao cho AB = 4.
Bai 8:
s s x2 2
Trong mit phéng toa d¢ Oxy, cho dudmg thing d:2x+y+3=0 vaelip (E):— +y— =1. Viét
1

phuong trinh dudng thﬁng A vudng géc véi d va cét (E) tai hai didém 4, B sao cho dién tich tam
gidc OAB bang 1.

Bai 9:
Trong mit phing toa d§ Oxy, cho parabol (P):y* =4x c6 tidu diém F. Goi M 12 dim thoa min
didu kién FM -3FO 0; d 1a dudng thing bat ki di qua M, d cét (P) tai hai diém phan biét 4 va B.
Chimg minh ring tam gidc OAB 13 tam gic vudng,
Bai 10:
Trong mat phing véi hé toa d6 Oxy, cho cic duomg thang d:2x+3y=0 va

A:13x +18=0. Viét phuong trinh chinh tic cta hyperbol ¢é mét tiém cén 1a d va mot duong chuan 1 A.
£ S
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Chuyén dé 12: HINH HQC KHONG GIAN

ON TAP 1. KIEN THUC CO BAN HINH HQC LOP 9 - 10

1. H¢ thirc lwong trong tam gidc vuong: Cho AABCvudng ¢ A tacd :
a) Dinh 1y Pitago : BC* = AB* + AC?

b) BA*=BH.BC, CA’=CH.CB A
c) AB.AC=BC. AH ¢ b
d 11 N 1
) um T a ac NqH\M C
¢) BC=2AM B N
f)y sinB :é, cosB :E, tan B :é,cotB =<
a a c b
b=a sinB = L b b
g) b=a.sinB=a.cosC, ¢c=a.sinC=a.cosB, a= sinB  cosC’
b=c.tanB =c.cot C
2.Heé thwre lwong trong tam gidc thuwong:
* Pinh Iy ham s6 Cosin: a’=b’+ ¢ - 2bc.cosA
* Dinh 1y ham s Sin: @ _ b _ ¢ _yp
sind sinB sinC
3. Cac cong thuec tinh dién tich:
a/ Cong thirc tinh dién tich tam giac:
1 ab.c a+b+c

S=sah,~gabsinC =2 pr—[p(p=a)p=b)p=0) viip-

1
Ddc biét : AABC vudng 6 A : |S = EAB.AC

b/ Dién tich hinh vuéng : S = canh x canh
¢/ Dién tich hinh chit nhat: S =dai x rong

d/ Dién tich hinh thoi : S = %(chéo dai x chéo ng#n)

1 ‘
d/ Dién tich hinh thang : S = 3 (day 16n + day nhd) x chiéu cao
e/ Dién tich hinh binh hanh : S = day x chiéu cao

f/ Dién tich hinh tron : S = 7.R’

89



Chuyén dé LTDH

Huynh Chi Hao — boxmath.vn

4. Cac hé thwe guan trong trong tam gidc déu:

A

h=C l—3
= Canh.—5

3
R=Canh. {

r=(.;_mh,?

N3

S=(Canh)z.T

ON TAP 2 KIEN THUC CO BAN HINH HQC LOP 11

A.QUAN HE SONG SONG

§1.PUONG THANG VA MAT PHANG SONG SONG

I. Dinh nghia:

Puong thang va mat
phang goi 1a song song
v6i nhau néu chung
khong ¢ diém nao chung.

all(P)y<anP)=J

(P) /

I1.Cac dinh ly:

DLl:Nég duong thang d
khong nam trén mp(P) va

song song voOl duong d < (P) a

thang a nam trén mp(P) d//a = d//(P) o

thi duong thang d song a c (P)

song vo1 mp(P)

PL2: Néu duong thang a Q@

song song voi mp(P) thi al[(P) —a
moi mp(Q) chira a ma cat ac(Q) =d//a d

mp(P) thi cat theo giao (P)"(Q)=d

tuyén song song vdi a. ) /
PL3: Neu hai mit phang

cat nhau cung song song (P)n(Q)=d

vol1 mot duong thang thi

giao tuyén cua chung (P)//a =d//a a
song song voi  duong (Q)//a

thang do.
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I. Dinh nghia:

§2.HAI MAT PHANG SONG SONG

Hai mat phang duoc goi
1a song song véi nhau néu
chung khéng c6 diém nao
chung.

P/ (Q=P)NQ =D

I1.Cac dinh ly:

PL1: Néu mp(P) chta
hai dudng thing a, b cit
nhau va cung song song
véi mit phang (Q) thi
(P) va (Q) song song v&i
nhau.

a,bc (P)
anb=1

al//(Q),b//(Q)

= P)//(Q)

PL2: Néu mot duong
thang nam mot trong hai
mit phang song song thi
song song véi mit phang
kia.

{(P)//(Q) 2/ HO)

ac(

PL3: Néu hai mit phang
(P) va (Q) song song thi
moi mit phiang (R) d3 cit
(P) thi phai cit (Q) va
cac giao tuyén cua ching
song song.

(P)/1(Q)
(R)N(P)=a =>a//b

R)N(Q)=b

B.QUAN HE VUONG GOC

§1.PUONG THANG VUONG GOC VOI MAT PHANG

I.Dinh nghia:

Mot dudng thing duoc| a L mp(P)<>a Lb,vbc(P)

goi la vudng goc voi mot | He qua: ’
mat phang néu ndé vudng

gbc véi moi dudong théng {a L mp(P) —alb

nam trén mit phang do. b < mp(P)

I1. Cac dinh ly:

DPL1: Néu duong thang d

vubng goc v6i hai duong | (q 14 .dLb d
thang cat nhau a va b

cling ndm trong mp(P) thi | 12 b = mp(P)=d L mp(P)

duong thang d vuoéng goc | |a,b cdt nhau S —®
vo1 mp(P).
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DL2: (Ba dudong wvudng
gdc) Cho duong thing a
khong wvuong gbéc voi
mp(P) va duong thang b
nim trong (P). Khi do,
diéu kién can va du dé b
vuéng gbéc véi a la b
vudng goéc voi hinh chiéu
a’ cua a trén (P).

a X mp(P),b c mp(P)

bla< bla'

/ a' b
P

I.Dinh nghia:

§2.HAI MAT PHANG VUONG GOC

\ Hai mit phang dwogc goi 13 vudng gdc véi nhau néu goc giira chiing bang 90°.

II. Cac dinh ly:

PLI:Néu mot mit
phang chira mot duong
thang vudng goc voi mot
mit phang khac thi hai
mit phang d6 vudng goc
v6i1 nhau.

a 1 mp(P)

= mp(Q) L mp(P)
acpQ

PL2:Néu hai mit phang
(P) va (Q) vudng goc voi
nhau thi bat cir dudng
thing a nao nam trong
(P), vudng gbc voi giao
tuyén cta (P) va (Q) déu
Vuong gbéc vol  mat

phing Q).

(P) L(Q)
P)N(Q)=d =a 1L (Q)
ac(P),ald

PL3: Néu hai mit phang
(P) va (Q) vudng gboc voi
nhau va A 1a mot diém
trong (P) thi dudng
thang a di qua diém A va
vudbng goc voi (Q) s&
nam trong (P)

(P) L (Q)
Ae(P)
Aca

al(Q

=ac(P)

bL4: Néu hai mit phang
cat nhau va ciing vudng
goc véi miat phang tha
ba thi giao tuyén cua
chiung wvuong goéc voi
mit phang tht ba.

P)N(Q) =a
(P) L(R)

(QLR)

=al(R)
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§3. KHOANG CACH

1. Khodng cich tir 1 diém t6i 1 dudng o
thiang , dén 1 mat phang:
Khoang cach tor diem M dén duong

thang a (hodc dén mit Qhéng (P)) la
khoang cach giira hai diém M va H, )/
trong d6 H 14 hinh chiéu cta diém M H a4

trén dudng thang a ( hoic trén mp(P))

d(O; a) = OH; d(O; (P)) = OH

2. Khoing céich giira dwdng thing va

miit phing song song: a0

Khoang cich gitra duong thang a va

mp(P) song song voi a 1a khoang cach

tir mot diém nao d6 cua a dén mp(P).
d(a;(P)) = OH

3. Khoéng cach giita hai miit phing
song song:

1a khoang cach tir mot diém bat ky trén
mit phang ndy dén mat phéng kia.

d((P);(Q)) = OH

4 Khoang cach giira hai dwong thﬁng

chéo nhau:
la d6 dai doan vuong goc chung cua hai
duong thang do.

d(a;b) = AB

a) Khoang cach giira hai dudng thang
chéo nhau bang khoang cach gitta mot
trong hai dudng thang d6 va mit phang
song song voi nd, chira dudng thiang
con lai.

b) Khoang céch giira hai duong thang
chéo nhau bing khoang cach giita hai
mit phang song song lan luot chira hai
duong thang do.
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1._Géc giita hai dwong thang a va b

1a goéc giita hai dudng thing a’ va b’
cung di qua mot diém va l1an luot cing
phuong voia vab.

2. Géc_giita_dwong thing a khong
vudng géc véi mdt phing (P)

1a goc giita a va hinh chiéu a’ cia nd
trén mp(P).

Dic biét: Néu a vudng goc véi mit
phang (P) thi ta néi rang goc gitta duong
thang a va mp(P) 1a 90°.

3. Géc giira hai mdt phang

1a goc gitra hai dudng thiang lan luot
vudng goc voi hai mit phang do.

Hoic 1a goc gitra 2 dudng thiang nam
trong 2 mit phang cung vudng goc voi
giao tuyén tai 1 diém

4. Dién tich hinh chiéu: Goi S 1a dién
tich cua da giac (H) trong mp(P) va S’ la
dién tich hinh chiéu (H’) cua (H) trén
mp(P’) thi

S"=Scos@
trong d6 ¢la goc giita hai mat phang

(P),(P?).

C. CAC HINH DA DIEN

§1

. Hinh chop

1. Hinh chép:

Cho da giac A A;...A, va mét diém S
ndm ngoai mit phing chira da giac do.
Nbi S véi cac dinh A, A,,...A, dé duoc
n tam giac: SA A, SAA;,...,SALA,.

Hinh gdm n tam giac d6 va da giac
A1A;...A, goi la hinh chép va duoc ky
hiéu la S.A A, A,
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2. Hinh chép déu:

e MGt hinh chop dugc goi 1a hinh
chop déu néu day cua no 1a da
giac déu va cac canh bén bang
nhau.

e Mot hinh chop dugc goi 1a hinh
chop déu néu day cua no 1a da
giac déu va c6 chan duong cao
trung \;(’yi tam cua da giac day.

Hinh chép tam giac déu

Hinh chop tir gidc déu
+ Trong mot hinh chép déu thi
- Céc canh bén tao véi ddy cac gbc bang nhau.
- Cac mit bén tao voi day cac goc bang nhau.

§2. Hinh lang tru

1. Hinh lang tru:

Hinh hop bdi cac hinh binh hanh
AAALA', AYAABAY,. L ALATAYTAY,
va hai da gidc A A,...A,, A"1A'...A', goi
1a hinh lang tru hodc lang try, va ky hi¢u
la AjA,.. AL ATAS. AL

+ Trong mot hinh lang tru thi

- Cac canh bén bé'tng nhau;

- Cac mat bén la cac hinh binh hanh;

- Hai day 1a hai da giac bang nhau.

2. Hinh hép: 14 hinh lang tru c6 day la
hinh binh hanh.

+ Trong mét hinh hop thi

- Cac mat bén la cac hinh binh hanh;

- Céc dudng chéo cua hinh hop céit nhau
tai trung diém moi dudng.
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3. Hinh lang tru ding: 1a hinh lang try qr c
cO canh bén vudng goc vo1 mat day.
+ Trong hinh lang tru dtrng thi

- P dai canh bén 1a chiéu cao; B/
- Cac mat bén la cac hinh chir nhat.

4. Hinh ling tru déu: 12 hinh lang tru qr o
dirng c6 day 13 da gidc déu.

+ Trong hinh ling tru déu thi

- P dai canh bén la chiéu cao;

- Cac mat bén la cac hinh chir nhat béng
nhau.

5. Hinh hop dirng: 14 hinh lang tru dirng % D'
c6 day la hinh binh hanh. '
N o
B C
6. Hinh hop chit nhét: 1a hinh hop dirng 4 D'
c6 day 1a hinh chii nhdt.
........................ D
B C
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7. Hinh 1ap phuong: 1a hinh hop chir Al D
nhat co tat ca cac canh bang nhau
..... |,
-"‘-\.:'
B C
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THE TICH CUA KHOI DA DIEN

Thé tich ciia mot khdi da dién hiéu theo nghia thong thudng la s6 do d6 16n phan khong gian ma co chiém
ché. Tir xa xua con nguoi di tim cach do thé tich ciia cac khdi vat chét trong tu nhién. Dbi v6i nhiing vat thé
long, nhu khéi nude trong mot bé chira, ngudi ta c6 thé dung nhiing cai thing ¢6 kich thuéce nho hon dé
dong. Di v6i nhitng vat ran co kich thudc nho ngudi ta c6 thé tha ching vao mot cai thung d6 day nudce roi
do lugng nude trao ra ...Tuy nhién trong thuc té c6 thé c6 nhiéu vat thé khong thé do duoc bang nhitng cach
trén. Ching han dé do thé tich cua kim tu thap Ai Cép ta khong thé nhiing n6 vao nudc hay chia nho no ra
dugc. Vi vay nguoi ta tim cach thiét 1ap cac cong thire tinh thé tich ciia mot s6 khéi da dién don gian khi biét
kich thudc ctia chung, roi tir d6 tim cach tinh thé tich cua cic khdi da dién phirc tap hon.

A. TOM TAT GIAO KHOA
I. Thé tich cia khoi chop
1) Céng thirc tinh thé tich khdi chép:

LS‘

h=SH=d(S,mpa)

e Dinh Iy: Thé tich cta khdi chop cé dién tich ddy B va chiéu cao h 1a:

V= l.B.h
3

e Mot sb vin dé c6 lién quan dén thé tich khdi chép

Dinhli 1: Thé tich khdi chop s& khong thay d6i néu dinh cta no di chuyén trén mot
dudng thang song song vdi mat phang chira day.

d 5 s’
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Pinh 1y 2: Cho khoi chop tam giac S.ABC . Trén ba duong thang SA,SB, SC lan lugt lay
badiém A',B',C"' khac v6i S. Goi V va V'lan luogt 1a thé tich cua cac khdi chop S.ABC
va S.A'B'C'. Ta luon co:

V. V. SA SB SC

V'V ~ SA''SB''SC'

S.A'B'C'

2) Cac bai toan luyén tap don gian:
Bai1:
Cho hinh chép tam gidc S.ABC c6 diy ABC la tam gidc vuong tai dinh B, canh bén SA
vuong goc vai ddy. Biét SA = AB = BC = a. Tinh thé tich cua khéi chép S.ABC.
Bai 2:
Cho hinh chép S.ABCD ¢é diy ABCD 1a hinh vudng canh a, canh bén SA vuong goc vdi
ddy, canh bén SB bing a+3 . Tinh thé tich ciia kh6i chép S.ABCD.
Bai 3:
Cho hinh chop S.ABCD c6 day ABCD la hinh vudng canh a, canh bén S4
vudng goe véi mit phang day, goc gitra mat phing (SBD) va mat phing day bang 60°, Tinh thé
tich khéi chép S.ABCD theo a.
Bai 4:
Cho hinh chop S.ABC ¢6 mat bén SBC 1a tam giac déu canh a, canh bén SA4
vuéng goc véi mit phiing day. Biét BAC =120°, tinh thé tich cuia khéi chép S.4BC theo a.
Bai S:
Cho hinh chdép S.ABCD co6 day ABCD 1a hinh thang vudng tai 4 va D vdi
AD=CD=a, AB =3a.Canh bén 54 vuéng goc véi mat day va canh bén SC tao vdi mat

ddy mot goc 45 . Tinh thé tich khéi chép S.ABCD theo a.
3) Cac bai toan luyén tap nang cao:
Bai 1: (D-2012)

Cho hinh hp ding ABCD.A'B'C'DY cé day la hinh vuong, tam gidc A"AC vuong cin, A'C =a.

Tinh thé tich ctia khdi tir dién ABB'C" va khoang cach tir 4 dén mit phing (BCD") theo a.
Bai 2: (B-2012)

Cho hinh chop tam gidc déu S ABC v6i SA =2a, AB = a. Goi H 14 hinh chiéu vudng géc

ciia A trén canh SC. Chimg minh SC vuéng gdéc véi mit phing (4BH). Tinh thé tich cia khdi chép S.ABH
theo «.
Bai 3: (A-2012)
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Cho hinh chép S.4BC c¢6 ddy la tam gidc déu canh a. Hinh chiéu vuéng géc cua §

trén mat phang (4BC) la diém H thude canh AB sao cho HA=2HB. Géc giita dudng thang SC va mit
phing (4BC) bang 60°. Tinh thé tich ciia khdi chép S.4BC va tinh khoang cach giira hai duong thing 54
va BC theo a.

Bai 4:

Cho hinh chép 5.4BC co day ABC la tam giac vudng cén tai B, AB =a, 54 vudng

gbc v6i mit phing (ABC), gbc giira hai mét phing (SBC) va (4BC) bang 30°. Goi M la trung diém
ctia canh SC. Tinh thé tich ciia khéi chop S.4BM theo a.

Bai 5:

Cho hinh chép S.ABCD c6 diy ABCD la hinh vudng canh a, mit phang (S4B) vudng goc
véi mat phang ddy, SA=SB, géc gilta dudng thiang SC va mit phing day bing 45°. Tinh
theo a thé tich cia khdi chép S.ABCD.
Bai 6:
Cho hinh chép tir gidc déu S.ABCD ¢6 AB=a, SA=a~2. Goi M, N va P l1an lugt 14 trung diém
cua cdc canh S4, SB va CD. Chirng minh rfmg duong thing MN vudng gbe voi duong théng SP.
Tinh theo a thé tich cua khoi tir diégn AMNP.
Bai 7: o
Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang, BAD = ABC =90°, AB=BC=a,
AD=2a, SA vudng goc voi day va SA =2a. Goi M, N lin lugt 1a trung diém cua SA, SD
Chirng minh ring BCNM 14 hinh chir nhét va tinh thé tich cuia khdi chép S.BCNM theo a
Bai 8:
Cho hinh chop S.ABC c6 day ABC la tam giac vuong tai B, 84 = 3a, BC =4a

mat phang (SBC) vuéng goc vdi mat phing (4BC). Biét SB = 2a3 va SBC =30". Tinh thé tich
khéi chép S.ABC va khoang céch tir diém B dén mat phing (SAC) theo a

Bai 9:

Cho hinh chép S.ABCD c¢6 day ABCD la hinh vudng canh a, canh bén S4 = a; hinh

chiéu vuéng géc ciia dinh S trén mit phing (4BCD) 14 diém H thudc doan AC, AH = G . Go1 CM la duong

cao ciia tam gide S4C. Chimg minh M la trung diém ctia S4 va tinh thé tich khéi tr dién SMBC theo a
Bai 10:

Cho hinh chép S.ABCD c6 ddy 14 hinh thang, ABC = BAD =90°, BA = BC = a, AD = 2a. Canh

bén SA wvudng goc vadi day va SA = a+/2. Goi H 1a hinh chiéu vudng géc ciia A trén SB. Chimg
minh tam gidc SCD vudng va tinh (theo a) khoang cach tir H dén mit phing (SCD)
Bai 11: _

Cho hinh chop tam giac S.ABC co day ABC la tam giac déu canh a, SA = 2a va SA vuong

goc vo1 mit phang (ABC). Goi M va N lan lugt 14 hinh chiéu vuéng goc cia A trén céc
duong thing SB va SC. Tinh thé tich cta khéi chop A.BCNM.
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I1. Thé tich cua khoi lang tru
1) Céng thirc tinh thé tich khdi ling tru:

h=HH'=d(c;a")

e Dinh Iy: Thé tich khéi ling try ¢ dién tich day B va chidu cao h la:

V =Bh

1) Cac bai toan luyén tap don giin:

Bail

Cho hinh ling try tam gidc déu ABC.A'B'C' ¢6 AB = a, gbe giira hai mit phing

(A'BC) va (ABC) bang 60°. Goi G 14 trong tim tam gidc A'BC. Tinh thé tich khoi lang tru di cho

Cho hinh lang tru dimg ABC.A'B'C’c6 déy ABC la tam gidc vudng tai B

va BA=BC =a. Goc giita duong thing A'B vdi mit phing (ABC) bang 60°. Tinh thé

tich khoi ling truy ABC.4'B'C’ theo a.

Bai3

Cho lang try ABC.A’B’C’ ¢6 canh bén bang a, ddy ABC 1a tam giac déu, hinh chiéu ciia A trén (A’B°C’)
tring véi trong tAm G ctia A A’B’C’. Mit phang (BB’C’C) tao véi (A’B’C’) goc 60°. Tinh thé tich ling tru
ABC.A’B’C’ theo a.

Bai 4

Cho khéi lang tru déu ABC.A’B’C’,c6 AA’ >AB va A’B = 2a. Khoang cach tir A dén mat phiang (A’BC)

bang @. Tinh thé tich khdi ling tru ABC.A’B’C” theo a.
2) Cac bai toan luyén tap nang cao:
Bail
Cho lang tru dimg ABC.A'B'C' ¢6 day ABC la tam giac vuéng, AB = BC = a, canh bén
AA'=a~2. Goi M la trung diém cua canh BC. Tinh theo a thé tich cua khéi lang tru
ABC.A'B'C' va khoang céch giira hai duong thing AM, B'C.
Bai 2
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Cho lang tru ABCD.A,B\C\D, c6 day ABCD la hinh ch@t nhat, 4B = a,

AD = /3. Hinh chiéu vudng géc cua diém A, trén mat phang (4BCD) tring véi giao diém

cia AC va BD. Goc giita hai mit phing (4DDyA4,) va (ABCD) bing 60°. Tinh thé tich khéi

lang tru di cho va khoang céch tir diém B, dén mat phang (4,BD) theo a.

Bai 3
Cho hinh lang try ABC.4,8,C, ¢c6 M 1a trung diém canh AB, BC = 2a, ZACB =90" va
ZABC = 60", canh bén CC, tao v6i mit phang (ABC) mét goc 45°, hinh chiéu vudng géc clia C, Ién
mit phang (ABC) la trung diém ciia CM. Tinh thé tich khéi lang tru di cho va goc tao boi hai mat phang
(ABC) va (ACC\4,).

Bai4
Cho hinh lang tru ABCA'B'C' ¢ diay ABC la tam giac vubng tai A,
AB =24,BC = 40,A'C = 234 (a >0). Goi M la trung diém cia canh BC . Biét A'B vudng goc véi mat
phing (AB' M) . Chimg minh tam gidc A' BC vudng va tinh thé tich khdi lang tru ABC.A'B'C'" theo a.

Bai 5

Cho hinh lang tru dimg ABC.A B,C, c6 AB=a, AC =2a\J2 (a>0), BAC =135 va duimg
thing AB, tao v4i mit phing (BCC,B,) goc 30". Tinh khoang céch tir dinh A dén mp (BCC,B,) va thé
tich khéi lang tru da cho.
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MAT CAU

Trong doi séng hing ngay chung ta thuong thay hinh anh cta mit cau thong qua hinh anh bé mit ctia qua
bong ban, ctia vién bi, cua m6 hinh qua dia cau, cia qua bong chuyén...

A. TOM TAT GIAO KHOA
I. Mat cau va cac khai niém lién qua dén mat cau
1. Mt ciu
e Tap hop nhiing diém M trong khong gian cach diém O ¢ dinh mot khoang khong doi bang R (R>0)
duoc goi 1a mat cAu tam O ban kinh R. Ky hiéu: S(O; R))
S(O;R))={M|OM =R}

e Néu hai diém C, D nam trén mit ciu S(O; R)) thi doan thfmg CD duoc goi la day cung cuia mat ciu
do.

e Day cung AB di qua tim O dugc goi la duong kinh cia mat cau. Khi d6 d6 dai duong kinh bang 2R.

e Mot mit cau dugc xac dinh néu biét tdm va bdn kinh ctia n6 hoic biét mot dwong kinh ciia mit cau
do.

2. Diém nam trong va nam ngoai mat cau.

Cho mit cau tdm O ban kinh R va A 1a mot diém bat ky trong khong gian.
e Néu OA =R thi tandi diém A ndm trén mat cau S(O;R))

e Néu OA <R thitanéi diém A nam trong mit cau S(O;R))
e Néu OA >R thi tanéi diém A nidm ngoai mit cau S(O;R))
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Khdi ciu: Tap hop cac diém thudc mat ciu S(O;R)) cung vai cac diém nam trong mit cau d6

duoc goi la khdi cAu hodc hinh ciu tdm O ban kinh R.

3. Cong thirc tinh dién tich mit cau va thé tich khdi ciu

e Mait cu c6 ban kinh R ¢6 dién tich 1a:
2
S =4nR

VzinR3
3

e Khdi cAu ban kinh R ¢6 ban kinh 1a:

4. Mit cAu ngoai tiép hinh da dién . .
Pinh nghia: Mat cau di qua mgi dinh cta hinh da di¢n goi la mat cau ngoai tiep hinh da dién
va hinh da dién goi 1a ndi tiép mat cau do.

Mot so kién thwre co ban co lién quan

AMB = 90" AB
. Ml=—
{I la trung diem AB = 2

M: diém nhin doan AB du6i mot gbc vudng
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M

MeA < MA=MB

A

A: dudng thang trung truc ciia doan thang AB.

4

~

-
// 4 / M e a <> MA = MB
\

B

o : mit phang trung truc cua doan thing AB

MeA< MA=MB=MC

A tryc cua tam giac ABC.

Puong thing vuéng géc véi mit phing chira
da giac tai tAim duwong tron ngoai tiép da giac
dwoec goi la truc cia da gidc.
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Xic dinh tAm mit cAu ngoai tiép hinh Xic dinh tAm mit cAu ngoai tiép hinh chép tir
chop tam giac déu ? giac déu ?
hY

I1. Cac bai toan luyén tap
Bail
Cho hinh chép S.ABCD véi day ABCD la hinh vuéng
canh a, SA vuéng gée véi mat phang ABCD, SA = 2a. Xac dinh
tam va tinh dién tich mat cau ngoai tiép hinh chép S.ABCD.
Bai 2
Cho hinh chép S.ABCD cé6 day ABCD la hinh chit
nhat, canh BC = 2a, SA = a, SA L mp(ABCD), SB hgp v6i mat
day mot goe 45", Tinh thé tich ciia khai ciu ngoai tiép hinh chép
S.ABCD.
Bai 3
Cho tit dien S.ABC ¢6 SA vuong goc véi mit phang
(ABC), SA = a; AB= AC= b, BAC = 60 . Xdc dinh tam va ban
kinh mit ciu ngoai tiép tit dien S.ABC.
Bai 4
Cho hinh lang tru tam giac déu ABC.A'B’C" ¢6 tat
ca cac canh déu bing a. Tinh thé tich efa hinh ling tru va dién
tich clia mat can ngoai tiép hinh lang tru theo a.
Bai 5
Cho hinh lang try tam gidc déu ABC.A'B'C' ¢6 AB = a. goc gitra hai mat phing
(A'BC) va (ABC) bang 60°. Goi G la trong tim tam gidc A'BC. Tinh thé tich
khéi lang try da cho va tinh ban kinh mat ciu ngoai tiép tir dién GABC theo a.
Bai 6
Cho hinh chép S.ABCD ¢6 ddy ABCD la hinh vudng canh a, SAB 1A tam gi4c
déu nim trong mat phing vudng géc vdi ddy. X4c dinh tdm va tinh bdn kinh
mit ciu ngoai Li€p hinh chép d6 .
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Chuyén dé 13: HINH HOC GIAI TICH TRONG

KHONG GIAN
A.KIEN THUC CO BAN

PHUONG PHAP TOA PO TRONG KHONG GIAN
TOA PO PIEM - TOA PO VEC TO

1. Hé truc toa do PE-CAC trong khong gian }
. X:OX : truc hoanh X!
e yOy:truc tung ~
e 70z: trL}c cao 3 k y
° (A)Hazg(“)ctoa do ~lo }
o i,jk:véctodonvi i
(hay T;];f( : véc td don vi ) ¥ z'

Quy uéc : Khong gian ma trong dé c6 chon hé truc toa dd PE-Cac vudng géc Oxyz dugc goi la
khong gian Oxyz va ky hi¢u 1a : kg(Oxyz)

I1. Toa d6 ctia mot di€m va clia mot véce to:

1. Pinh nghia 1: Cho M e kg(Oxyz) . Khi d6 véc t6 OM dugc biéu dién mot cdch duy nhi't theo

i, j,k bdi hé thic c6 dang : OM = xi+y j+ yk véix,y,zeR.

z

M Bo s6 (x;y;z) trong hé thifc trén dudc goi 1a toa do clia di€m M.
Y Ky hiéu: M(x;y;z)

o ( x: hoanh dd clia di€ém M; y: tung d6 cla diém M, z: cao d6 cda diém M )

din - - - -
M(x;y;2) < OM =xi+yj+zk

e Y nghia hinh hoc:

RZ M,
M, z M - S —
o, v | x=0P ;y=0Q ;z=0R
K
% MQ
p M
X 1
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% Trén hinh c6 mét hé truc toa d6 Oxyz cing v@i cac hinh vuong cb6 canh bang don vi.

r

F

a) Xac dinh toa d6 cla cac diéem A, B, C, D, E.
b) Dung diém P néu P = (3 ; 6 ; -3).

2. Pinh nghia 2: Cho ae kg(Oxyz) . Khi d6 véc to a dudc biéu di€n mot cdch duy nhi't theo

IL. Cdc cong thitc va dinh 1y vé toa do di€m va toa dd véc to :

din

a=(aja,a;) & a=aji+a,j+ak

Pinh 1y 1:

Dinh 1y 2:

NE&u A(x,;y4324) va B(xg;yg;zg) thi

AB=(xp—X,5Yp — Y52 —24)

a; =b

* a=b < a, =b,

a; = b
Zz+l;=(al+b1;a2+b2;a3+b3)
* a—b=(a,—b;;a,—by;a3—by)

* ka=(ka:kaykay) — (keR)
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Ky hi¢w: a=(q;;a,;0a;)



Chuyén dé LTDH Huynh Chi Hao — boxmath.vn
I11. Su cung phuong cua hai véc to:

Nhiic lai
e Hai véc to cling phuong 12 hai véc to nim trén cing mot dudng thing hodc nim trén hai dudng thing
song song .

e Pinhly vé su cung phuong cia hai véc to:

—

Pinhly 3 : Cho hai véctd a v b v6ib#0

a cung phuong b < 3JlkeRsaochoa=kb

N&u a# 0 thi s6 k trong trudng hgp ndy duge xdc dinh nhu sau:
k>0 khi a cung hudng b
k <0khi a ngugc huéng b

k| =@
7

Pinhly 4: | A,B,C thing hang < AB cung phuong AC

Pinh Iy 5: Cho hai véc t6 a = (a;;a,;a;) va b=(b;by;b;) ta c6

a cing phuong b~ < a,=kb, < aj:ay:a3;=b:b,:bs

IV. Tich vo huéng cua hai véc to:
Nhic lai:

ab= ‘a‘.‘l;‘.cos(;z,l;)

Dinh 1y 6: Cho hai véc td Zzz(al;az;az) va Bz(bl;bz;b3) ta co :
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Pinh Iy 7: Cho hai véc t6 a = (a;a55a3) tacod:

“l_ [ 2 2 2
‘a‘— a” +a,” +as

DPinh Iy 8: Néu A(x,;y,4:24) va B(xg;yp;z5) thi

AB:\/(XB —x,) +(yg = ya) + (2 —24)

DPinh 1y 9: Cho hai véc to Zz:(al;az;%) va Bz(bl;bz;b3) taco:

Dinh 1y 10: Cho hai véc td Zzz(al;az;a3) va l;:(bl;bz;b3) ta co :

ab, +a,b, + a;b,

cos(;z,l;) = El l;ﬂ =
‘aHb‘ \/012 +a,” +ay .\/bl2 +b) +by°

V. Di€m chia doan thing theo ty s& k:
Pinh nghia : Piém M dudc goi 1a chia doan AB theo ty sd k (k # 1) néu nhu :
MA =k.MB

A M B

Pinh 1y 11 : N&u A(x,;y4:24) » B(Xg:yp:25) va MA=k.MB (k = 1) thi

Xy =——>
Mk
_Ya—kyp
Ym 11—k
ZA_k.ZB
Z =
M-k
+
XM:xAsz
< TeAg . N 2 _Yat)Vs
Dacbiét: MIla trungdi€émcua AB < (yy, = 5
4 t2
2y = A2 B
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Pinh 1y 12: Cho tam gidc ABC biét A(x45Y4524) » BXp:yp:25), C(Xesyesze)

_ X4+ Xg e

- +yp+
G la trong tam tam gidc ABC < 3y, = W
ZG :#

Vi du 1: Trong Kg(Oxyz) cho ba di€m A(3;1;0), B(-1;2;-1), C(2;-1;3)
Tim di€m D sao cho tif gidc ABCD 12 hinh binh hanh

Vidu 2: Trong Kg(Oxyz) cho ba diém A(2;-1;6), B(-3;-1;-4), C(5;-1;0)

a. Chirng minh ring tam gidc ABC vudng .

b. Tim toa dd trong tim G ctia tam gidc ABC

c. Tinh d6 dai dudng trung tuyén ké tr A
VI. Tich ¢6 huéng cia hai véc to:
1. Pinh nghia: Tich c6 huéng cla hai véc tg a= (a;a55a5) va b= (b3 b,;b5) 1a mot véc td dugce

ky hiéu : [Zz; B] c6 toa do 1 :

1 23
e
[Z"ﬂ:[az bl aflb azj Céch nhé: a =3¢ ¢3)
2. Tinh chét: N
° [ZI;B]LZIVQ |:Zl;[7j|_LZJ
A
1 r— —
. SAABC—E.‘[AB,AC] A .
D C D'
° SABCD:H:ZE;E]‘ C'
o A Al .‘
B
e V =‘E,EAA‘ c
ABCD.ABCD [ ] b y
B
L4 VABCD =l.‘[ﬁ;ﬁ}.ﬁ‘ C
6 A
B

e a cung phuong b < [Zz; l;} =0

e a,b,c déng phing < [ZZ,E].E =0
e A BC,D déng ph'fmg = HS, TC,E déng phrfmg = [E,E]ﬁ) =0
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BAI TAP UNG DUNG:
Bai 1: Cho bon diém A(-1;-2;4), B(-4;-2;0), C(3;-2;1), D(1;1;1)
a. Chirng minh riing bon diém A,B,C,D khong dong phing
b. Tinh dién tich tam gidc ABC
c. Tinh thé tich ti dién ABCD
Bai 2: Tinh thé tich ti dién ABCD biét A(-1;-2;0), B(2:-6;3), C(3:-3;-1), D(-1;-5;3)
Bai 3:
Trong khéng gian toa dé Oxyz, cho bon diemA0;1;1),B(-1:0:2),
C-1;1;0vaD(2;1;-2).
a) Chitng minh rdng bén diém dé khong déng phdng.
b) Tinh d¢ dai duong cao cia tam gidc ABC ké tiv dinh A va bdn kinh
dueng tron néi tiép tam gidc do. ]
¢) Tinh géc CBD va géc giita hai duong thang AB va CD.
d) Tinh thé tich tt dién ABCD va do dai duong cao cuia tit dién ke tx dinh D.
Bai 4:
a) Tim toa do6 diém M thudc Ox sao cho M céch déu hai diém A(1 ; 2 ; 3)
vaB(-3;-3;2).

b) Cho ba diém A(2;0; 4), B4 ; \.@ : 5) va C(sin5t ; cos3t ; sin 3¢). Tim ¢
dé AB vuong géc vé6i OC (O 1a gc toa do).
Bai 5:
Cho b6n diém A(1;0;0),80:1;0),C0;0;1)vaD(-2;1;-2).
a) Chiing minh rang A, B, C, D 14 bén dinh clia m6t hinh ti dién.

b) Tinh géc tao boi cic canh d6i cla t dién doé. Tinh thé tich tt dién
ABCD va d¢ dai dudng cao cua tf dién ké tir dinh A.
Bai 6:
Cho hinh chép S.ABC ¢6 dudng cao SA = h, ddy la tam gidc ABC vudng
tai C, AC = b, BC = a. Goi M la trung diém cha AC va N la diém sao cho
BN
3
a) Tinh do dai MN.
b) Tim sy lién h¢ giita a, b, h dé MN vuong géc véi SB.
Bai 7: Cho tir dién ABCD v6i A(2;—-1;6),B(-3;—-1;—4),C(5;—-1;0), D(1;2;1) . Chtitng minh tam giac ABC vuong.
Tinh ban kinh dudng tron ngoai tiép tam giac ABC va thé tich tir dién ABCD.

SB.
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PUONG THANG VA MAT PHANG TRONG KHONG GIAN
MAT PHANG TRONG KHONG GIAN

I. Cac dinh nghia:
1. Véc to chi phuong (VTCP) ciia dudng thing:

) , w a+0
ala VTCP cla duong thang (A) < <
a c6 gid song song hodc trung véi (A)
a
—_—
 a (4)

Chu y:
e Mot dudng thing c6 vd s6 VTCP, cdc véc td nay cling phuong vdi nhau.

e Mot dudng thing (A) hoan toan dugc x4c dinh khi bi€t mot diém thudc né va mot VICP clia né.
2. Ciip VTCP ciia miit phing:

a _
~— }7

s

Cho mit phing  xdc dinh bdi hai dudng thdng cit nhau a va b . Goi a 1a VTCP ciia dudng
thing a va b 1a VTVP cla dudng thing b. Khi d6 :
Cip (a,b) dudc goila cip VTCP clia mit phing o

Chay:

e Mot mit phdng o hoan toan dugc x4c dinh khi bi€t mot di€m thudc né va mot cip VICP clia né.
3. Véc td phap tuyén ( VIPT) ctia mit phing : 7

P

+

=R
On

C

B, , an 0
n la VTPT cla mit phang o <
gid vuong géc véi mpa

e Mot mit phing c6 vo s6 VIPT, cdc véc td ndy cling phudng véi nhau.
Mot mit phing hoan toan dugc x4c dinh khi bi€t mot di€m thudc né va mot cip VTPT ciia né.
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4. Cach tim toa d6 mot VIPT ciia miit phing khi bi€t cip VICP ciia né:

a=(a;a;a
(@130,305) thi mpa c6 mot VIPT 1a :

Pinh 1y: Gia st mit phing a c6 cip VICP la :{

b:(bl;bz;b3)
,;:[a;z]z{“z j
by b|'|b; bbb,

17 =[a,b]

N
A

Vidu: Tim mdt VTPT clia mit phdng o bi€t o di qua ba di€m A(-2;0;1), B(0;10;3), C(2;0;-1)
II. Phuong trinh ctiia méit phing :
Dinh Iy 1: Trong Kg(Oxyz) . Phuong trinh mit phing « di qua di€m M (xy;¥0;2,) va c6 mot
VTPT n=(A;B;C) la:
Tﬁ =(4;B;0C)

M (xy;z L' A(x—xy)+B(y—yy)+C(z—25)=0
A v}]\;o(xo;yo;/ ’ ’ ’

i =(A4;B;C)
z
Dinh 1y 2: Trong Kg(Oxyz) . Phuong trinh dang : @
M,
Ax+By+Cz+D =0 v6i A>+B>+C*> %0 Y
12 phuong trinh tong quat cia mot mit phang . X
Chay:
e N&u (a): Ax+By+Cz+D =0 thi (&) c6 mdt VIPT 1a n=(4;B;C) (Oyz)
z

o My(xg;y9:29)e(@):Ax+By+Cz+D=0 < Ax,+By,+Czp+D=0

Cac truong hop dac biét:
1. Phuong trinh cdc mit phiing toa dé:

Y
e (Oxy)z=0 U 7 [0
e (Oyz):x=0 (Oxz)
e (Oxz)y=0 X
2. Phuong trinh miit phiing theo doan chin:

A(a;0;0) (Oxy)
e Phuong trinh mét phﬁng cit cdc truc Ox, Oy, Oz tai < B(0;5;0) (a,b,c#0)

C(0;0;0)
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=
(="
=

[

O
%/B
: Trong Kg(Oxyz) cho ba diém AQ3;1;0), B(-1;2;-1), C(2;-1;3) A

Vi€t phuong trinh mit phing (ABC)

: Trong Kg(Oxyz) cho A(1;2;3) ,B (2; -3; 1) . Viét phuong trinh mit phang (P) di qua A va vuong goc
v6i duong thang AB.

. Trong Kg(Oxyz) cho hai mat phang (P) :x+2y+3z+4=0va (R) :3x+2y—z—1=0. Viét phuong

=
=7
=]

[\°)

=
=7
=]

w9

trinh mit phang (R) di qua A(l; 1;1) ddng thoi vudng goc véi ca (P)Vé (Q)
Vidu

N

- Viét phuong trinh mat phéng di qua diém M(@9;1;1), ct céc tia Ox, Oy, Oz 1an luot tai A, B, C sao
cho thé tich t&r dién OABC c6 gia tri nho nhét.

I1L. Vi tri tuong ddi ctia hai mit phing :

1. Mot sé quy uéc va ky hiéu:

612 :tbz
. N " (alﬁazv-wan) P 2 1A e ~ L ~
Hai b0 n so : dudc goi la ty 1€ v6i nhau néu c6 s6 ¢ # 0 sao cho
(b,b,,....b,)
a, =tb,
L en 5 a a a
Ky hiéu: a:a,:...:a,=b :b,y:...:b,  hoic b—lzb—zz...zb—”
1 2 n

2. Vi tri tuong ddi ciia hai mit phang:
Pinh I¥: Trong Kg(Oxyz) cho hai mit phing «, B xdc dinh bdi phuong trinh :
(@): Ax+By+Cz+D, =0 ¢c6 VTPT n, =(A;;B,;C))
(B): Ayx+Byy+Coz+D, =0 ¢6 VTPT n, =(A,:B,;C,)

Tnl
- S W
A
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Chuyén dé LTPH
A LB aci ;aéihodci #—L)
C C, A

() clt (B) < A :B:C,#A,:B,:C, (hay: ~L=—"Lhog
A2 B2 B2 2

A_B _C D

a)ll &S —=
(o) I (B) A, B, G D,
A_B _G _D

@ =) & Jb=gh-t=T!

Dac biét:
alp < AA+BB,+CC,=0

PUONG THANG TRONG KHONG GIAN

I. Phuong trinh ciia dudng thing:

1.Phuong trinh tham sé ctia dwdng thing:
Dinh Iy: Trong Kg(Oxyz) . Phuong trinh tham s6 clia dudng thing (A) di qua di€m M (xo;Y0:20)

va nhan a = (a;;a,;a;) 1am VTCP 14 :

£ a4~ X =Xy +1a
(A) (A):qy=y,+1a, (teR)
R ey
o
x

2. Phuong trinh chinh tic ciia dudng thing:
Dinh Iy: Trong Kg(Oxyz) . Phuong trinh chinh tic cda dudng thing (A) di qua diém M (x,;y052)

va nhan a=(a;;ay;a;) 1am VICP 1a :

X—X - Z—Z
(A) O:y yO: 0
a a, as

Vidul:
Trong khong gian véi hé toa dd Oxyz, cho cac diém A(2;2;1), B(0;2;5)
Viét phuong trinh tham sé cua dudng thing di qua 4 va B.

Vidu2:
Trong khong gian véi hé toa d§ Oxyz, cho tam giac ABC co A(l; 1; 0), B(0; 2; 1) va trong tdm
G(0; 2; —1). Viét phuong trinh dudng thing A di qua diém C va vuéng géc véi mit phiang (4BC).

Vidu 3:
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x=1+2t
Cho di€m M(-2;1;1) va dudng thing (d):{y =-1-t. Lap phuong trinh mit phing (P) qua diém
z=3+t

M va vudng géc v6i dudng thiang (d).

Vi du 4: Cho di€m M(1:2;3) vi dudng thing (d): ? - il - % Lap phudng trinh mit phing (P) chita di€m

M va dudng thing (d)
IL. Vi tri twong doi ctia dudng thing va miit phing :
1.Vi tri twong déi clia dudng thing va mit phﬁng :

NY}

M (A)
N
7]

I_\
A<\M ; Sh M)

S)

DPinh ly: Trong Kg(Oxyz) cho :

dudng thing (A): i %0 c6 VICP a= (a;;ay5a3) va quaMy(xy; ;%)

a9 a a3
va mit phing (a): Ax+By+Cz+D=0 ¢6 VIPT n=(A;B;C)
Khi d6 :
(A) cdt(a) < Aa;+Ba,+Cay#0
Aa; +Ba, +Ca; =0
A/ () o
Axy+By, +Czyp+D #0
A) < (a)
Axy+Byy+Czy+D =0
a _
Tn
. 1 h h
Dic biét: A L (o) & ajiay:a3=A:B:C
o
, 2 » ~ . R 2 N e 9. A S pt(A) ~
Chi y: Muon tim giao di€ém M cua (A) va (&) ta giai hé phuong trinh : @) tim x,y,z
pt(a

Suy ra: M(x,y,z)
Vidu 1: Cho hai di€m A(0;0;-3) , B(2;0;-1) va mit phing (P): 3x - 8y + 7z-1 =0
Tim toa d6 giao diém I cda dudng thing AB va mit phing (P).
Vi du 2: Cho di€ém M(1;1;1) va mit phing (P) c6 phuong trinh: x +2y —3z+14 =0. Tim toa d6 hinh

chi€u vudng géc clia M trén mit phing (P).
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Vi du 3: Cho dudng thhing (d): X_ll = y;2 = Z_42

dé dudng thing (d) nim trong mit phing (P).

va mit phing (P):x-3y—4m’z+m=0. Timm

2. Vi tri twong déi ctia hai dudng thing :

Pinh 1§: Trong Kg(Oxyz) cho hai dudng thing :

(A)): 0 y_byo =272 6 VTCP u=(a;b;c) va qua M (xy;¥0320)
a c

(Ay): =20 = y;,yo =272 6 VTCP u =(a;b';c) va qua My(xy: ve:2y)
a C

— —
—

(A)) va (A,) dbng phing < u,u}MOM(')zo

[iu} MMy =0

o (&) cit(d,) o

a:b:c#a:b:c
o (A)/(A,) & a:b:c:a':b':c';t(x;)—xo)i(y;)_yo)i(zé)—zo)
e (A) = (Ay) = a:b:c:a':b':c':(xi)—xo):(yi)—yo)i(Z;)—Zo)

(A) va (A,)) chéonhau & [u,u}.MoMg);to

Chd y: Mudn tim giao di€m M clia (A,) va (A,) ta gidi hé phuong trinh {Ziil)) tim x,y,z
2
Suy ra: M(x,y,z)
II1. Géc trong khong gian:
1. Géc giita hai miit phing:
Pinh I¥: Trong Kg(Oxyz) cho hai mit phing «, 8 xdc dinh bdi phuong trinh :
():Aixx+Byy+Ciz+D; =0
(B):Ayx+B,y+Cyz+D, =0

Goi ¢ 1a géc giita hai mit phang () & () ta c6 cong thic:

n, =(4,;8,;C))

n, =(4,;B,;C,)

B

|4,4, + BB, + C,C,|
\/A12+BIZ+C12.\/A22+B§+C§ 0 <p<90°

cosQ =

Vi du: Cho hai mit phang (P):x+y+ V2=0& Q):—x+z+ J3=0.Xdc dinh géc giita hai mit phing
(P) va (Q).
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2. Géc giita dudng thing va mit phing:

7

Dinh ly: Trong Kg(Oxyz) cho dudng thing (A): T7h Y7V _27%
a

va mit phing (a): Ax+By+Cz+D=0
Goi ¢ 1a géc giita hai mit phing (A) & (o) ta c6 cong thiic:

|Aa +Bb+ Cc|

\/AzJrBerCz.\/az+bz+c2 A<

sing =

3.Géc giita hai dudng thing :

Dinh 1y: Trong Kg(Oxyz) cho hai dudng thing :
X —X Y=Y =23y
A)): 0 — =
(&) b c
X—Xg Y=Y _Z7%
(Ay): — =20 _2
2 a b c

a, =(a;b;c)

Goi ¢ 1a géc gilta hai mit phang (A,) & (A,)ta c6 cong thifc:

‘aa' +bb +cc"

\/a2 +b* +cz.\/a'2 +b%+c?

cosQ =

IV. Khoang cich: 0°<p<90°

1. Khoang cich tit mét di€ém dén mét mit phang:

Dinh Iy: Trong Kg(Oxyz) cho mit phdng (@): Ax+By+Cz+D =0 va diém M,(xy;;20)
Khodng céch tir diém My d&€n mit phing (a) dudc tinh bdi cong thifc:

M (x45¥0520)

Ax, + By, +Cz,+ D
N d(Mo;A)=|x0 o +Co + D)

H (2. 502, 2
A( 1% A“+B +C

Vidu: Cho hinh tt dién ABCD biét toa do cdc dinh A(2,3,1) ; B(4,1,-2) ; C(6,3,7) ; D(-5,-4,8)
Tinh dd dai dudng cao hinh ti dién xui't phat tir D.
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2. Khodng cich tit mét di€m dén mot dudng thing:

Vd

Dinh Iy: Trong Kg(Oxyz) cho dudng thing (A) di qua diém M,(x,;y,;2,) va c6 VTCP
u=(a;b;c). Khi dé khodng cdch tir di€m M, d&€n (A) dudc tinh bdi cong thifc:

M, B
A W d(MI,A)_W
u

Mo (xy;v052,) H

Vi du: Cho dudng thing : (d): % == T3 va diém A(1;2;1)

Tinh khodng céch tir diém A d&€n dudng thing (d).
3. Khodng cich giita hai dudng thiing chéo nhau:

Dinh Iy: Trong Kg(Oxyz) cho hai dudng thing chéo nhau :
(A)) c6 VICP U= (a;b;c) va qua M (xq;¥0520)
(A,) c6 VICP u =(a’;b';¢) va qua M}y (xy; v 2y)
Khi @6 khodng cach gitra (A,) va (A,) dudgc tinh bdi cong thic

[’ | .MM,
d(A,A,) = —
]
Vidu: Cho hai dudng thing :
s s . x=9+6t
X+5 y+5 z-1
d): = = va(d,):qy=-2t
(d)) 3 5 ) (dy)):qy
z=2—-t

Tinh khodng c4ch giita hai dudng thing (d;) va (d).
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BAI TAP REN LUYEN

Bai 1: (A-2012)

. x+1 =2
Trong khéng gian véi hé toa dé Oxyz, cho duong thing d: % :%: ) :
t

-

(P):x+y—-2z+5=0 va diém A(1;-1;2). Viét phuong trinh duong thang A cit d va (P) lan luot

, mit phing

tai M va N sao cho 4 1a trung diém ctia doan thing MN.
Bai 2: (B-2012)
Trong khong gian vdi hé toa do Oxyz, cho A(0;0;3), M (1;2;0). Viét phuong trinh mat
phing (P) qua A4 va cit cac truc Ox, Oy lan luot tai B, C sao cho tam giac ABC ¢6 trong tam thugc duong

thing AM.
Bai 3: (D-2012)
i : il o . : : =l w»+l = o0 e
Trong khong gian vai hé toa d§ Oxyz, cho duong thang d :T=“—1=T va hai diém

A(l, =1, 2), B(2, —1, 0). Xéc dinh toa do diém M sao cho tam gidc AMB vuodng tai M.

Bai 4:
; ; s . .4 — g ¥+l y -3
Trong khong gian véi hé toa d§ Oxyz, cho diém A(1; 2; 3) va duong thang d: T: 0 = N

Viét phuong trinh dudng thang A di qua diém A, vudng goc voi dudng thang d va cat truc Ox.
Bai 5:

Trong khong gian toa d Oxyz, cho hai mat phing (P): x+y+z—-3=0va(Q):x - yt+z—1=0 Viét
phuong trinh mat phang (R) vuéng goc vai (P) va () sao cho khoang cach tir O dén (R) bang 2.
Bai 6:

x=34d
Trong khong gian toa d6 Oxyz, cho hai duong thang A;: y=t valAy x;2 =yT_l =§. Xac
z=1

dinh toa do diém M thudc A, sao cho khoang cach tir M dén A, bang 1.
Bai 7:

va mat phing

Trong khong gian voi hé toa d6 Oxyz, cho duong thing A: l sz

(P):x+2y—3z+4=0. Viét phwong trinh dudng thing d nim trong (P) sao cho d cit va vudng goc véi

x+2 yp-2 =z

duong thing A.
Bai 8:
Trong khéng gian véi hé toa dd Oxyz, cho céc diém A(2:1;0), B(1;2;2), C(1;1;0) va mat phang
(P): x+y+z—-20=0. Xdc dinh toa d6 diém D thudc duong thing AB sao cho dudng thing CD song song
v6i mat phang (P).
Bai 9:
x=2 y+1 =z ..
==—=— va mit
-2 -1
phing (P): x + y +z — 3 = 0. Goi / la giao diém ctia A va (P). Tim toa d6 diém M thudc (P)

Trong khéng gian véi hé toa d6 Oxyz, cho dudng thing A:

sao cho M7 vuong goc véi A va Ml = 414
Bai 10:
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Trong khéng gian véi hé toa dd Oxyz, cho dudng thing A: - -; & F ; b +25 va hai

diém A(— 2; 1; 1), B(— 3; — 1; 2). Tim toa d diém M thudc duong thing A sao cho tam

gidc MAB c6 dién tich bing 3/5.

Bai 11:

Trong khéng gian toa do Oxyz, cho cac diém A(1; 0; O) B(0; b; 0), C(0; 0; c), trong do b, ¢ duong

va mit phang (P): y —z + 1 = 0. Xac dinh b va c, biét mat phing (4BC) vuéng géc voi mit phing

(P) va khoang cach tir diém O dén mat phiing (4BC) bang % ;
Bai 12:
. . -1 _ 2
Trong khong gian toa d§ Oxyz, cho duong thang A: §= yT = % Xac dinh toa d¢ diém M trén

truc hodnh sao cho khoang cach tir M dén A bﬁng OM.
Bai 13:
Trong khong gian voi hé toa d§0 Oxyz, cho tir dién ABCD c¢o6 cac dinh A(1;2;1), B(-2;1;3), C(2:-1;1) va
D(0;3;1). Viét phuong trinh mat phing (P) di qua A, B sao cho khoang cach tir C dén (£) bing khoang
cach tir D dén (P).
Bai 14:
Trong khong gian vGi hé toa dd0 Oxyz, cho mit phang (P):x—2y+2z—5=0 va hai diém A(-3;0;1),
B(1;-1;3). Trong cac duong thing di qua 4 va song song vdi (P), hdy viét phuong trinh duong thing ma
khoang cach tir B dén dudng thang d6 1a nho nhat.
Bai 15:
Trong khong gian vé1 hé toa d6 Oxyz, cho hai diém A(2; 0; 1), B(0; -2; 3) va mat phéng
(P):2x —y—z+4=0. Timtoadd diém M thude (P) sao cho MA = MB = 3.
Bai 16:
-1 y z+2 .
Trong khong gian toa d6 Oxyz, cho dudng thang A: T = T = va mat phang (P): x -2y +z=0.
Goi C la giao diém ctia A véi (P), M 1a diém thudc A. Tinh khoéng céch tir M dén (P), biét MC = /6 .
Bai 17:
Trong khong gian véi hé toa dd0 Oxyz, cho mat phéang (P):x-2y+2z-1=0 va hai duong thang
xTH:%z 229 - Bys x2—1 = yl_3 = z-;l . X4c dinh toa d6 diém M thudc duong thémg A, sao cho
khoang cach tir M dén duong thang A, va khoang cach tir M dén mat phang (P) bang nhau.

1"
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MAT CAU TRONG KHONG GIAN

I. Phuong trinh miit cu:

1. Phuong trinh chinh tic:
Pinhly : Trong Kg(Oxyz). Phuong trinh clia mit ciu (S) tAm I(a;b;c), ban kinh R 1 :

Chuyén dé LTDH

z
) (8):(x-a)* +(y-by* +(z-c)* =R* (1)
M(x; 12) Phu’dng’ trinh (1) du'(§c goi la phuong trinh

chinh tic cua mit cau
0 Y
Picbiét: Khil =0 thi (C):x2 +y2 +72 = R?

2. Phuong trinh téng quat:
Dinh 1y : Trong Kg(Oxyz). Phuong trinh :

x2 +y2 +z2 —2ax—-2by—-2cz+d =0

Vi a? +b2+ct—d>01a phuong trinh ctia mit ciu (S) c6

tam I(a:bsc), ban kinh R =va2 +b% +c2 —d .
Vidu: Cho 4 diém A(-1;-2;0), B(2;-6;3), C(3;-3;-1), D(-1;-5;3)
Viét phuong trinh mit ciu di qua bon di€m A, B, C, D. Xdc dinh tim va bdn kinh clia mit cau
II. Giao ctia mit ciu v mit phing:
Dinh 1y: Trong Kg(Oxyz) cho mit phing () va mit cau (S) c6 phuong trinh :
(a):Ax+By+Cz+ D=0

(8): (x—a)” +(y—b)* +(z—c)* = R?

Goi d(I; ¢ ) 12 khodng cdch tir tim mit cau (S) d€n mit phing «

Ta co :

1. (@) cit mit cau (S) < dLa)<R
2. (o) ti€p xiic mit ciu (S) < dIa) =R
3. (a) khong cit mitcau (S) < d(I;a)>R

Q)
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Chua y:
Khi o cat mat cau (S) thi s cat theo mot duong tron (C). Puong tron (C) nay co:

Ax+By+Cz+D =0

(x—a)2+(y—b)2+(z—c)2 =R2

e Tam Ia hinh chiéu vuong goc cua tam mat cau trén mat phang o

e Bankinh r=+R% —d%(I,a)

Vi du: Cho mitcau (S): x> +y” +z* —4x+2y+2z—-3=0. Viét phuong trinh ti€p dién clia mit cau tai
diém M(0;1;-2).

e Phuong trinh la: {

BAI TAP REN LUYEN
Bai 1: (A-2012) 1 ,
X+ y z-

Trong khong gian véi hé toa dd Oxyz, cho dudng thing d: =T =5= ; va

diém 7(0;0;3). Viét phurong trinh mat cau (§) ¢6 tam / va cit d tai hai diém A, B sao cho tam giac I4B
vuong tai /.
Bai 2: (B-2012)

Trong khong gian vé&i hé toa dé Oxyz, cho dudimg thing d YT_l :%: iz va hai diém

A(2;1,0), B(—2;3;2). Viét phuong trinh mat cau di qua A, B va co tam thudc duong thé.ng d.
Bai 3: (D-2012)

Trong khéng gian vdi hé toa do Oxyz, cho mit phing (P):2x+y—2z+10=0 va diém
1(2, 1, 3). Viét phwong trinh mat cau tim 7/ va cit (P) theo mgt duong tron cé ban kinh bang 4.
Bai 4:

A : . : 2 x-1_y-3_=z . _

Trong khoéng gian vai hé toa dd Oxyz, cho duong thing A: e va mit phiang
(P):2x—y+2z=0. Viét phuong trinh mit cau cé tim thudc duong thing A, ban kinh bing 1 va
tiep xuc vo1 méit phang (P).
Bai 5:

Trong khong gian véi hé toa do Oxyz cho ba diem A(2; 0; 1), B(1; 0; 0), C(1; 1; 1) va mat
phiang (P): x +y+2z—2=0. Viét phuong trinh mat cdu di qua ba diém A, B, C vi ¢6 tim

thuoc mat phéng (P).
Bai 6:
i . orrn i 4 2 =1 g+l z-1 o X ’
Trong khong gian véi hé toa d§ Oxyz, cho dudng thing d : 3 = : = 7 Viét phuong trinh
mit cdu co tam I(1; 2; — 3) va cét duomg thing d tai hai diém A, B sao cho AB =~/26.
Bai 7:

Trong khong -gian voi hé toa d§ Oxyz, cho hai diém A(l; —2: 3), B(—1L 0; 1) va mat ph?mg
(Prx+y+z+4=0.

Viét phuong trinh mat cu (S) cé ban kinh bang AT;B ¢6 tim thude duong thing AB va (S)
tiép xic vai (P).

Bai 8:
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Trong khéng gian toa dd Oxyz, cho diém A(0; 0; —2) va duong thang A: i = y=2 = g . Tinh

3
khoang cach tir 4 dén A. Viét phuong trinh mit cau tim 4, cat A tai hai diém B va C sao cho BC = 8.
Bai 9:

Trong khong gian véi hé toa d6 Oxyz, cho mat phang (P):2x-2y-z-4=0 va mjt cau

(S):x* +y? +2=2x—-4y-6z—11=0. Chimg minh ring mit phang (P) cit mit ciu (S) theo mot
dudng tron. Xdc dinh toa d¢ tAm va tinh ban kinh cua dudng tron do.
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Chuyén dé 14:
A. Gioi han

1. Cac gi¢i han co ban:

1) imC=C

X—>X()

GIOI HAN - LIEN TUC - PAO HAM

(C 12 hiing s6)

2) lim f(x)=f(x,) (f(Xo) phdi xdc dinh)
X—)XO

3) imC=C,

X—00 X—0 X

Mot vai gi6éi han dic biét

liml:O ,

1

llm—k:0 ,
X—)OOX

lim—=0
X—0 x

a) lim x* = 4o vé6i k nguyén dwong

X—>+0

b) lim x* =—o0 véik 1a s 16

X—>—%

a) lim x* =40 véi k 13 56 chin.

X—>—%0

2. Cac quy tic tinh gigi han:

1) lim [f(x)+g(x)] = lim f(x)+ lim g(x)

2) lim [f(x).g(x)] = lim f(x). lim g(x)

lim f(x)
3) lim {f(x)} =
x| g(x) ] lim g(x)
X—)XO

Quy tiic 1: Néu lim f(x) =+ va

X—)XO

lim g(x) =L #0 thi lim[f(x).g(x)]=? dugc cho trong bang sau:

lim f(x) = $o0 Dau ctia L lim [f(x).g(x)]
+00 + —+00
+00 - —00
—0 + —00
—0o0 — +00

(Quy tic nay van diing cho céac truong hgp sau: X — X3 X —> Xg;X —> +00; X —> —00)

Quy tic 2: Néu lim f(x)=L#0 va

lim g(x) =0 va g(x) >0 hodc g(x) <0 véimoi x e I\{x,},

trong d6 I 1a mdt khoang nao do chura xg thi lim % =? duoc cho trong bang sau:
X—Xq g(x

Daucua L Dau cua g(x) lim f(x)

X—>Xg g(X)
+ + +00
+ — —00
_ + —o0
— — —+00
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(Quy tic ndy van ding cho cac truong hop sau: x — Xg3X = X3 X —> +00;X —> —00)
3. Cac vi du:
Vi du 1: Tinh cac giéi han sau

a) lim (—x* +3x* —4x+2) b) lim (x*+3x +4)
. 4 2 . X4 2 3
¢) lim (—X +2x +3) d) Im|—-x"+—
X—>—00 X—>+00 2 2
Vi du 2: Tinh céc gidi han sau
a) lim X+ b) lim 2=
x>0 X =2 x40 2x +1
2) lim 2X*! b) lim 2%
x52 X =2 H(_ij’ 2x+1
2
Vi du 3: Tinh céac gidi han sau
2 _ _ 2 2 _ _1
2) lim 22 —3X=1 by Tim | 23X oy
x>+ x° —2x X—>+00 Xx—-2
2 2
a) lim X 72X =3 b) lim X Z2x =3
x—2 X — x—2" X —

B. Lién tuc
Cac dinh nghia:
e Dinh nghia 1: Gia str ham s6 f(x) xé4c dinh trén khodng (a;b) va x, (a;b).

Ham s6 f dugc goi 1a lién tuc tai diém xo néu lim f(x) = f(x,)
X—)XO

e Dinh nghia 2: Gia sir ham s6 f(x) x4c dinh trén khodng (a;b).
Ham s6 f duoc goi 1a lién tuc trén khoang (a;b) néu no lién tuc tai moi diém thudc khoang (a;b)
e Dinh nghia 3: Gia sir ham s6 f(x) x4c dinh trén doan [a;b].
}Lr? f(x)=1f(a)
Xlim f(x)=1(b)

Ham s f duge goi 1a lién tuc trén doan [a;b] néu né lién tuc trén khodng (a;b) va {
—b~
Dinh ly: i
1) Tong, hi¢u, tich, thuong cia hai ham so lién tuc tai mgt di€m la nhiing ham so lién tuc tai diém do.
2) Ham da thirc va ham phan thirc hiru ty (thuong cua hai da thirc) lién tuc trén tap xac dinh cua ching
(trc 1a 1ién tuc tai moi diém thudc tap xac dinh cia ching).
3) Cac ham lwong giac y =sinx,y =cosX,y =tanx,y = cotx lién tuc trén tap xac dinh cia chung.
C.Dao ham
1) Pinh nghia dao ham ctia ham sé tai mot diém:
Cho ham s6 y=f(x) xdc dinh trén khodng (a;b) va X, €(a;b).
Pao ham cla ham s6 y=f(x) tai di€m xo, ky hiéu 12 f'(xo) hay y'(Xo) 12 gi6i han hitu han (néu c6)
L (0 —f(x,)
cua lim —————=

XX —
0 X X0
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F(x,) = lim 1~ 1(Xo)

X0 X —X,

2. Y nghia hinh hoc ciia dao ham:
e Cho ham s6 y=f(x) c6 dao ham tai xq 12 f\(xo) . (C) 12 @b thi cia hAim s&
M, (x,;f(x,)) € (C) va A la ti€p tuyé&n clia (C) tai M

Y (0): y=fx)

o

a) Y nghia hinh hoc ciia dao ham:
e Dao ham clia ham s6 y=f(x) tai di€m X, 1a hé s& géc k clia ti€p tuyé&n clia dd thi ham s6 d6 tai
di€m M, (x,;f(x,))

k=1f'(x,) (k=tano v6i a=(ox;A))

b) Phudng trinh ti€p tuyé&n:
e N&u ham s6 y=f(x) c6 dao ham tai x, thi phuong trinh ti€p tuy&n ctia dd thi ham so d6 tai di€m

Mo(x0;f(x0)) la:
y=1'(x)(x—x,)+1(x,)
) Yo = f(Xo)
hay: y -y, =k(x—x,) trong do : k= fi(x,)

3. Céc quy tic tinh dao ham:
Pao ham cua tong hiéu tich thuong cdc ham sé

!
a. Pao ham cda téng (hi¢u): (uxv) =u' V'

b. Pao ham cua tich:

[ !

(wv) =u’v+uv' Dicbiét (Cu) =Cu’ V6i Cla hiing s6.

c. Pao ham cia thuong:

(Ej :u.v—zu.v Pic biét (lj :—_21 va (gj :_C.:/
\Y \ v v v v

d. Pao ham cia ham s6 hgp:
Cho hai ham s8 y = f(u) va u = g(x) khi d6 y = f[g(x)] dugc goi 1a ham h¢p ciia hai

< A ~ . , J— /
ham sd trén, khi d6: Y; = y’u’ux

3. Pao ham cuia cdc ham sé cd ban:
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(C) —0 (Clahingsd) V6i u 1a mot ham so
(x)'=1  (Cx)'=C
(x“) =nx"" (neN,n>2) (u =
Joten | (2
X X u
V) = (x>0 Ju
W) =1 (>0 Wa) =%
(sin X)’ =COS X (smu) =u'cosu
(cos x)’ =—sinx (cosu) =—u'sinu
(tanx T 12 =1+tan’x (tanu) =(1+tan’u).u’
cos” X cos’ u
' 1 ' u' ,
(cotx) = :—(1+c0t2 x) (cotu) == :—(1+cot2u).u
(aX+bj _ad-cb ax’> +bx+c)| aax’+2abx+bb —a.c
cx +d (cx +d)’ a,x+b, - (a,x+b,)
Pao ham cta ham s6 mii:
(e")'ze" (a")':a".lna

(¢)'=e"u'  (v6iulamot ham sb)

Pao ham cua ham so logarit:

(lnx)':
(lnu)'=

(log, x)'=

SN

1

xlna

1

(log,u)'=

ulna

va

va

va

va

1

Ina .u

(a”)':a”.

(v6i u 12 mot ham sd)

=1
(1nf) =~
(1n|u|)' _u (v6i u 12 mot ham sd)
u
L1
(o) =
(log, [u)'= 1 (v6i u la mot ham so)
u.ma

REN LUYEN KY NANG

Vidu1: Tim dao him clia cdc ham sd sau

Vidu 2 : Tim dao him cia cic ham so sau:

1, ) x5, 3

1 =——xX +4x"-5x-11 2 =— =X ——=

)y 3 )y 7 >

2x—1 3x?—2x-1

3) y= 4) y="- =2
)y 3x+2 )y 2x +1
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1) y=2sinx+sin2x 2) y=3cos2x+2cosx

3) y:2sinx—gsin3x 4) y:%Jrsinzx

Vidu 3: Tim dao ham cda cdc ham s& sau:

1) y=+/x>+2x+5 2) y=x+1-v4-x°

2
3) y=(3—x)\/xz+1 4y y= X
x2—1
Vidu 4: Tim dao ham clia cdc ham sd sau:
) y=xv4—-x 2) y= x+3
x2+1

3) y=Ax-2++4-x 4)y:x+\j2—x2

Vi du 5: Tinh f'(x) va giai phuong trinh f'(x) =0 khi biét

1) f(x)=2x"+3x>-36x-10 2) f(x)=x"-2x"+3
2 2
3) f(x):x +2x+2 4) f(x):X 28X+7
x+1 ) X +1
Vidu 6: Tinh f'(x) va lap bang xét dau cua f'(x) khi biét
1) f(x):%x3—2x2+5 2) f(x)=—x"+8x*+6
2_
3) f(x) =22 4y f(x) =224
1-x x—1

Vi du 7: Viét phuong trinh tiép tuyén ctia d6 thi (C) ctia ham sd
1) y=x*—3x+2 tai diém trén (C) c6 hoanh d¢ bang 2.
2) y=x*-2x tai diém trén (C) co tung do bang 8.

Jy= iX +f tai giao diém cua (C) vdi tryc tung.

Vi du 8 : Viét phuong trinh tiép tuyén ciia d6 thi (C) cta ham s
1) y=x*—3x+2 biét tiép tuyén co6 hé sb goc bang 9.
2) y=x*—2x? biét tiép tuyén song song voi dudng thing y = 24x .

3)y= éxt3
C. VI PHAN

Néu ham s f c6 dao ham f thi tich f'(x).Ax goi 13 vi phan ctia ham sé y = f(x), ky hiéu 1a
df(x)=f'(x).Ax (1).Didc biét véi ham sé y=x tacd dx =(x)"Ax = Ax nén (1) c6 thé viét thanh:
df (x) = f'(x).dx

K, Lok A A / 7. \ M 1
biet tiép tuyén vuong gdc véi duong thang y = 5 X.
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Chuyén dé 15: UNG DUNG DAO HAM ’
Bai 1: TINH DON DIEU CUA HAM SO

Trong bai nay chung ta s€ img dung dao ham dé xét tinh don di€u (tuc la tinh dong bién va nghich bién) ctia
ham s6. Pong thoi s& xét cac tmg dung cia tinh don diéu trong viéc chirng minh bét déng thirc, giai phuong
trinh, bat phuong trinh va hé phuong trinh.
A. TOM TAT GIAO KHOA
Gia su K 1a mot khoang, mdt doan hodc mdt nira khoang va f'1a ham s6 xac dinh trén K.
I) PINH NGHIA
e Ham sb f duoc goi 1a dong bién (ting) trén K néu
VX, X, € K,x, <x, :>f(x1)<f(x2)
e Ham s f duoc goi 1a nghich bién (gidm) trén K néu
VX, x, eK,x, <x, = f(x,)>f(x,)
Minh hoa:

y=f(x)=x*-2x2+2

K=(-1;0) K=(1/2;1)

e Néu ham sb dong bién trén K thi d6 thi di Ién tir trai sang phai
e Néu ham sb nghich bién trén K thi dd thi di xudng tir trai sang phai
e Ham s6 dong bién hay nghich bién trén K duoc goi chung 14 ham sé don diéu trén K.
II) CAC PINH LY
1) Pinh Iy 1: Cho ham s6 y = f(x) c6 dao ham trén K.
a) Néu ham s6 f(x) déng bién trén K thi f'(x)>0 véi moi x e K
b) Néu ham s f(x) nghich bién trén K thi £'(x) <0 véimoi x eK

e [f(x)dongbiéntrénK] = [f'(x)>0 v6imoi x €K ]
e [ f(x) nghich bién trén K] = [f'(x)>0 véimoi x €K ]

2) Pinh 1y 2: Cho ham sé y =f(x) c¢6 dao ham trén K.
a) Néu f'(x)>0 véimoi x e K thi ham s6 f(x) dong bién trén K
b) Néu f'(x)<0 véi moi x e K thi ham s6 f(x) nghich bién trén K
) Néu f'(x)=0 véimoi x €K thi ham sé f(x) khong déi trén K

e [f'(x)>0 véimoi xeK] = [f(x)ddng bién trén K]

e [f'(x)<0 véimoi xeK] = [f(x)nghich bién trén K]
e [f'(x)=0véimoi xeK] = [f(x)khong dditrén K]
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Cht y quan trong:
Khoang K trong dinh 1y trén ¢6 thé duoc thay boi mot doan hodc mét nita khoang. Khi d6 phai bd sung gia thiét
"Ham s0 lién tuc trén doan hoic nira khoang d6". Cu thé

e Néu ham sb lién tuc trén doan [a;b] va c6 dao ham f'(x) > 0 trén khoang (a;b) thi ham sb f dong bién

trén dogn [a;b]
e Néu ham sb lién tuc trén doan [a;b] va c6 dao ham f'(x) <0 trén khoang (a;b) thi ham s6 f nghich

bién trén dogn [a;b]

3) Pinh 1y 3: (Pinh 1y mé réng) Cho ham sé y = f(x) c¢6 dao ham trén K.
a) Néu f'(x) >0 véimoi x e Kva f'(x) =0 chi tai mot s6 diém hitu han thudc K
thi ham s6 f(x) dong bién trén K.
b) Néu f'(x)<0 véimoi xeKva f'(x)=0 chi tai mot s diém hitu han thuge K

thi ham s6 f(x) nghich bién trén K.

Tinh don di¢u ciia ham s bac ba
4) Pinh Iy 4: Cho ham sé bac ba y =f(x)=ax’ +bx’+cx+d (a=0),tacé f'(x)=3ax’+2bx +c.

a) Ham s y=f(x)=ax3+bx2+cx+d (a;éO) dong bién trén R < f'(x)=3ax2+2bx+020 VxeR
b) Him s y =f(x)=ax’ +bx’ +cx+d (a#0) nghjch bién trén R < f'(x)=3ax’+2bx+c<0 VxeR

B. THUC HANH GIAI TOAN

I. CAC DANG TOAN CO BAN
1.Dang 1: Xét chiéu bién thién ciia ham so.
Vi du 1: Tim céc khoang don diéu ctia cac ham sb sau
a)y:f(x)=x3—x2—x+3 b) y=f(x)=—x3—3x2+9x+11
4

c)y:f(x):%—2x2+6 d) y:f(x):—x4+4x2—3

3x+1
e)y=Ff(x)= ;‘:1 £) y=f(x

Vi du 2: Xét chiéu bién thién cua cac ham so sau

a)y:x+\12—x2 b) y=x+4-x
2
x+3 X
c)y= d)y=
2

x2 +1 X
2.Dang 2: Pinh tham so dé ham so don di¢u trén m¢t mién K cho truwée.
Vidu 1: Tim céc gia tri cia tham s6 m dé ham s6

) x> +2x+2
x+1

a) yz%x3+mx2+(m+6)x—(2m+1) ddng bién trén R

b) y:—%x3+(m—1)x2+(m+3)x—4 nghich bién trén R

Vi du 2: Tim céc gia tri ctia tham sb m sao cho ham s f(x) =x’ —(m+l)x2 +(2m—1)x+m2 -2

a) Pong bién trén R
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b) Pong bién trén nira khoang [% ; +ooj

Vi du 3: Tim céc gi4 tri cia tham s6 a sao cho ham s6 f(x) = —§x3 +%ax2 +(2a2 +3a+ l)x —3a
a) Nghich bién trén R
b) Nghich bién trén mdi nita khodng (—o0;—1] va [3;+w)
Vi du 4: Tim céc gid tri cua tham s6 m sao cho ham s6 f(x)=—x"+3x" +3mx -1
nghich bién trén khoang (0; +oo) (Khoi A-2013)

II. CAC DANG TOAN NANG CAO o
1.Dang 1: Sir dung tinh don di€u ching minh bat dang thirc.
a) Vi du 1: Chiing minh céc bat dang thuc sau:

o o T
1) sinXx <X vO&imoi X € O;E

2
1) cosx >1—X— voimol x € O;E
2 2
b) Vi du 2: Chimg minh cic bat dang thirc sau:

. . e T
1) 2sinx +tan x > 3x vO1 moi xe(O;Ej

e L. i
11) sinx +tan x > 2x v&i moi xe(O;Ej

2.Dang 2: Sir dung tinh don di¢u giai phwong trinh, h¢ phwong trinh, bat phwong trinh.
B0 sung cac tinh chat cia tinh don di¢u
e Tinh chit 1: Gia ham s6 y =f(x) dong bién (nghich bién) trén khodng (a;b) va u;ve(a;b)ta co:
f(u):f(v)<:>uzv
e Tinh chit 2: Gia ham sb y = f(x) ddng bién trén khoang (a;b) va u;ve(a;b) taco:
f(u)<f(v)<:>u<v
e Tinh chét 3: Gia ham s6 y =f(x) nghich bién trén khoang (a;b) va u;ve(a;b) ta co:
f(u)<f(v)©u>v
e Tinh chit4: Néu ham s y = f(x) dong bién trén (a;b) vay= g(x) 1am ham héang hoic 1a mot ham
sO nghich bién trén (a;b) thi phuong trinh f (x) = g(x) ¢6 nhiéu nhat mot nghiém thudc khoang (a;b)
Duwa vao tinh chit trén ta suy ra:
Néu c6 X, € (a;b) sao cho f(xo) = g(xo) thi phuong trinh f(x) = g(x) 6 nghiém duy nht trén (a;b)
a) Vidu 1: Giai phuong trinh Vx+9 +v2x+4 =5

2

b) Vi du 2: Giai phuong trinh x—cosx—%+7:0

¢) Vi du 3: Giai phuong trinh Vx> +15 =3x —2++x> +8
d) Vi du 4: Giai bat phuong trinh vx +2 —v/3—x <+/5-2x

cotx—coty=x—y
S5x+8y=2mn

e) Vi du 5: Giai hé phuong trinh { voi x,y e(0;7m)
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f) Vi du 6: Giai hé phuong trinh: {\/\/%; i’_-'_y"ii/%_ 1=x=0
C. BAI TAP VE NHA
Bai 1: Tim cac khoang don diéu cta cac ham sb sau
a)y:f(x)z—x3+3x2+9x+5 b)y=f(x)=—x4+2x2+3
2x—1 x*-2x-3
c)y="f(x)= dy=f(x)=—"—
)y =f(x) X_ )y ="f(x) —

Bai 2: Lap bang bién thién ciia cac ham sb sau
a)y=x+vV4-x’
b)y=vx-1+49-x
c)y=+x+1++8—x+ (X+1)(8—X)

; 1
Bai 3: Cho ham s0 y =§(a—1)x3 +ax’ +(3a—2)x+2
Tim a dé ham s6 dong bién trén R
Bai 4: Tuy theo m hdy xét sy bién thién cua ham sé y = x* (m - x) -m
Bai 5: Giai cac phuong trinh sau:
a) V4x —1++/4x* -1 =1

b) sinx +cosx +v2x—1=0
c) 4x” +12x —8—cos3x+9cosx =0

Bai 6: Giai bit phuong trinh x> + X +6/x +2 <18

2x+1=y +y* +y
Bai 7: Giai hé phuong trinh <2y+1=27’+7" +z
2z+1=x"+x" +x

Bai 8: Cho tam giac ABC c6 ba goc nhon. Chimg minh rang:
sinA+sinB+sinC+tan A+tanB+tanC > 27
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Bai 2: CUC TRI CUA HAM SO

A.TOM TAT GIAO KHOA
KHAI NIEM CUC TRI CUA HAM SO
I) PINH NGHIA: Gia sirham s6 y = f(x) xdc dinh trén t3p hop D va x, €D.

e x, duoc goi la mét PIEM CUC PAI cia ham sé f néu ton tai mét khoang (a;b] chira diém X, a0
cho
{{a;b} cD
f(x)<f(x,) Yxe(a;b)\{x,}
Khi d6 f(x,) dugc goi la GIA TRI CUC PAI cua ham sb f.
e x, duoc goi la mot PIEM CUC TIEU cua ham s6 f néu ton tai mot khoang (a;b) chira diém X, Sao
cho
[(a:b)c D
Minh hoa:

y=H{(x)=x3+6x2+9x+5 i

- =

-
[
&
e
o
!
o
o

e Néu X, la mot diém cuyec tri cia ham s6 f thi ngudi ta noi ring f dat cwre tri tai X,-

e Néu X, la mot diém cuc trj ctia ham s6 f thi diém M(xn;f{xﬂ }) duoc goi la diém cue tri ciia do thi
ham s f.

e Gia tri cuc dai (cue tiéu) cua ham s6 f ndi chung khéng phai 14 gia tri 16n nhét (nho nhit) ciia ham s6 f
trén tap hgp D.

e Ham s0 f co thé dat cuc dai hodic cyc tiéu tai nhiéu diém trén tap hop D.
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I1) CAC PINH LY:

1) Pinh Iy 1: (diéu kién can dé ham sb c6 cwc tri)
Gia sir ham s6 f dat cuc tri tai diém x,.Khi d6 néu f c6 dao ham tai x, thif'(x,)=0

Y nghia hinh hoc: Néu ham sé f dat cuc tri tai x, va néu do thi ciia ham sé c6 tiép tuyén tai diém
M {xﬂ; f (xn ]] thi tiép tuyén tai do citng phwong (song song hoic tring) véi truc hoanh.

2) Dinh Iy 2: (diéu kién di thir I dé ham s6 ¢é cue tri)
Gia sir ham s6 y = f(x) lién tuc trén khoang (a;b) chita diém x, va ¢6 dao ham trén céc khoang (a;x,) va
(x,:b). Khi d6
a) Néu f'(x)<0 voimoi x e(a;x,) va f'(x)>0 véi moi x €(x,;b)
thi ham so f(x)dat cuwc tiéu tai diém T
b) Neéu f'(x)>0 véimoi x € (a;x,) va f'(x) <0 véi moi x €(x,;b)

thi ham s6 f(x)dat ciwee dai tai diém X

;i a Xg b X a Xg b
fi(x) — - fi(x) + -

f(x) \ ~ / f(x) / b \

3) Pinh Iv 3: (diéu kién di thir IT dé ham s6 ¢é cuec tri)
Gia sir ham s6 f ¢6 dao ham trén khoang (a:b) chiradiém x, f'(x,) =0 va f c6 dao ham cap hai khac khong

tai diém x,. Khi do
a) Néu f"(x,)<0 thi ham so f(x)dat cwe dai tai diém x,. .

b) Néu f"(x,) >0 thi ham s6 f(x) dat cwe fiéu tai diem x,.

B. THU'C HANH GIAI TOAN
I. CAC DANG TOAN CO BAN
1.Dang 1: Tim cuc tri cua ham 5(‘}'
Vidu 1: Tim cuc tri cua cac ham so sau
a)y=f(x)=x’-x"-x+3 b) y=f(x)=—x"-3x"+9x +11
4

c}y=f{x]=%—2x3+6 d) y=f(x)=-x*+4x>-3
_x2+2x+2
x+1

Ix+1
==

Vi du 2: Tim cuc tri cua cic ham s6 sau
a)y=x+'\.|'2—x2 b) y =xv4-x
Xx+3 xz
2 Vy="15
X< +1 x“ -1

f) y=1(x)

c)y=
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2.Dang 2: Dinh tham s6 dé ham so dat cuc trl tai diém xo cho trwdec.
Vi du : Tim céc gia trj ctia tham s6 m dé ham so

a) y=f(x)=—x"—(2m-1)x*+(m—5)x +1 dat cyc tri tai x =1

b) y=§+(m‘°‘—m+2)x3+(3m2+l)x+m dat cuc tiéu tai x =2

CAC BAI TOAN THI PAI HQC

Bai 1: (B-2014)

Cho haim s6 y = 2* —3mx +1 (1), véi m 1a tham s& thuc.

Cho diém A(2;3). Tim m d€ b thi ham s6 (1) c¢é hai diém cuc tri B va C sao cho

tam gidic ABC cin tai A.
Bai 2: (B-2013)

Cho ham s6 y = 2% — 3(m + 1)2? + 6ma (1), véi m 12 tham s§ thue.

Tim m dé db thi haim s& (1) cé hai diém cyc tri A va B sao cho duding thing AB vudng géc véi
duding thing y = = + 2.
Bai 3: (A-2012)

Cho ham s6 y =x* —=2(m+1)x* +m” (1), véi m la tham sé thyre.

Tim m dé d6 thi ctia ham s6 (1) ¢6 ba diém cuc tri tao thanh ba dinh ciia mdt tam giac vudng.
Bai 4: (B-2012)

Cho ham s6 y = x* —3mx® +3m* (1), m 1a tham sd thue.

Tim m dé do thi ham sd (1) c6 hai diém cuc tri A4 va B sao cho tam giac OAB ca dién tich bz"mg 48.
Bai 5: (D-2012)

Cho hamsé y = %f —mx’ —2(3m’ —1)x+§ (1), v6i m 1a tham s6 thure.

Tim m dé ham so (1) cé hai diém cue tri x, va x, sao cho xx, +2(x, +x,)=1.
Bai 6:

Chohimsd y=x"—2m-Dx*+(2-m)x+2 (1), v6i m la tham sé thyc.

Tim cdac gia tri cua m dé ham s (1) co cuc dai, cuc tiéu va cac diém cuc tri cua dd thi ham sé (1)
co hoanh dé duong.
Bai 7:

Cho ham sé: y=—x* +3x* +3(m’ -D)x —3m* —1 (1), m la tham sé.

T:'Ern m dé ham s (1) co cuc dai, cuc tiéu va cdc diém cuc tri cia dd thi ham s0 (1) cach déu
goc toa do O.
Bai 8:

Cho ham s6 : y=—x +3mx’ +31-m)x+m’ —m* (1) (m la tham sd).

Viét phuong trinh duding thing di qua hai diém cuc tri ctia d6 thi ham s& (1).
Bai 9:

Chohams6: y=mx*+(m>—9N?+10 (1) (m 12 tham s6).

Tim m dé ham s6 (1) ¢6 ba diém cuc tri.
Bai 10:
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Cho ham s6 y=x* =2(m+1)x*>+m (1), m 1a tham sb.

Tim m d¢ d6 thi ham s6 (1) c6 ba diém cuc tri 4, B, C sao cho O4 = BC; trong d6 O 1a gbc

toa dg, 4 la diém cyc tri thude truc tung, B va C la hai diém cuc tri con lai.
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Bai 3: GIA TRI LON NHAT '
VA GIA TRI NHO NHAT CUA HAM SO

A. TOM TAT GIAO KHOA
I) PINH NGHIA: Gid sir ham s6 y =f(x) x4c dinh trén tap hop D.

e S0 M duoc goi 1a GTLN ctia ham s6 y =f(x) trén tap D néu céc diéu sau duge thoa méan
1) f(x)SM vxeD
i) 3x, eD:f(xO)zM
Ky hi¢u: M = Maxf(x)

xeD
e S6mduoc goi 1a GTNN ciia ham s6 y = f(x) trén tap D néu céc diéu sau duge théa man
1) f(x)Zm vxeD
ii) 3x, e D:f(x,)=m
Ky hi¢u: m:minf(x)

xeD
Minh hoa:

y=f(x)=x3-3x+4
T D=[-5/2;3/2]

1 m=33/8

5+

e Quy wée: Ta quy ude rang khi noi GTLN hay GTNN cua ham s6 f ma khong néi "trén tap D" thi ta hiéu
d6 1a GTLN hay GTNN trén TAP XAC DINH cta no.
e Dbi voi GTLN va GTNN déi v6i ham nhiéu bién ciing c¢6 dinh nghia trong tu.
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II) CAC PHUONG PHAP THUONG DUNG PE TiM GTLN & GTNN CUA HAM SO MOT BIEN:

1) Phwong phap 1 : Str dung bat dfmg thire
o (hay phwong phap dung dinh nghia).
Mot so kién thirc thuwdng dung:

a) f(x)=ax’ +bx+c:a(x+£)2 _A
2a 4a

b) Bit ding thirc Co-si:

e Véihaisé a, b khong 4m (a,b>0) ta ludn co: a;b >\Jab < a+b>2ab

Dau "="xayrakhi a=b

a+b+c > 3J/abc <> a+b+c >33/abc

e Véibasoa,b,ckhongam (a,b,c20) taludn co:

_ Dau"="xayrakhi a=b=c
¢) Mot so bat dang thirc co ban thuwdng dung
2 2
a +b

1) a* +b*>2ab <> ab <

2
2) (a+b)* > 4ab @abs@

2
3) (a+b): <2d’+b) > a’+ bt > 9TD
2) Phuong phip 2 : Sir dung diéu kién cé nghiém cia phuwong trinh
(hay phwong phap mién gia tri).
Co s6 1y thuyét ciia phwong phap: Cho ham sé x4c dinh béi biéu thirc dang y = f(x)

e Tdp xdc dinh ctia ham sé duoc dinh nghia 1a :
D ={x e R|f(x) c6 nghia}
e Tdp gid tri ciia ham s6 duoc dinh nghia 13 :
T = {y € R|Phuong trinh f(x) =y ¢6 nghiém x €D }

Do d6 néu ta tim duoc tap gia tri T cua ham s6 thi ta c6 thé tim dwoc GTLN va GTNN cua

ham s6 do.
Mot so kien thirc thwong dung:
a) Phuong trinh ax” +bx+c=0 (a #0) c6 nghiém < A >0
b) Phuong trinh acosx +bsinx =¢ (a,b#0) c6 nghiém<>a’+b’ >¢’
3) Phuong phap 3 : St dung dao ham (hay phwong phap giai tich).
e Diéu kién ton tai GTLN va GTNN:

Pinh Iv: Ham s lién tyc trén mot doan [a;b] thi dat dwoc GTLN va GTNN trén doan do.

(Weierstrass 2)

e Phuwong phip chung: Muén tim GTLN va GTNN cta ham s0 y =f(x) trén mién D, ta 1lap BANG

BIEN THIEN cta ham s trén D r6i dua vao BBT suy ra két qua.
e Phuwong phap riéng:

Trong nhiéu truong hop, c6 thé tim GTLN va GTNN cila ham s6 trén mot doan ma khong can 1ap
bang bién thién ctia nd. Gia st ham sé f lién tuc trén doan [a;b] va co dao ham trén khoang (a;b) ,

c6 thé trir mot s6 hitu han diém . Néu f'(x)=0 chi tai mét s hitu han diém thudc (a;b)thi ta 6 quy

tic tim GTLN va GTNN cua ham f trén doan [a;b] nhu sau:
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Quy tac
1) Tim cac diém X, Xy,...,x, thudc (a;b) ma tai d6 ham s f cb6 dao ham br:ing 0 hoac khong c6

dao ham.

2) Tinh f(x), [ ()., f(x,,), f(@), ().
3) So sanh céc gia tri tim dugc.
e S0 16n nhét trong cac gia tri ¢6 1a GTLN cia f trén doan [a;b]

e S6 nho nhét trong céac gia tri d6 14 GTNN caa f trén doan [a;b]
® Chu y: Phai kiém tra tinh lién tuc cua ham sb y=f (x) trén doan [a;b] , trdnh dp dung mot cach hinh
thure.

B. THUC HANH GIAI TOAN

1) Phwong phap 1 : Sir dung bét ding thirc
Vidu 1: Tim GTLN ctia ham 6 f(x)=-2x" +8x +1
Vi du 2: Tim GTNN ctia ham s6 f(x)=+2x" —4x +12
Vi du 3: Tim GTNN cua cac ham sb sau

2 7
a) f(x)=x+—— voi xe(l;+o b) f(x)=|x-3|+——
) () =xr— (1;+0) ) f0 =3+
2) Phuong phap 2 : Sir dung diéu kién c6 nghiém ciia phwong trinh
2
Vidu 1 : Tim GTLN va GTNN cita ham s y = > "> *2
X" —Xx+2
Vi du 2: Tim GTLN va GTNN ciia ham sé y = 50X
2+cosx

3) Phuong phap 3 : Sir dung dao ham )
Vidu 1: Tim GTLN va GTNN cua cac ham so0 sau:

1) y=16x"-2x+12 trén doan [o;ﬂ 2) y:xz—%x trén doan [1;%}

3

3) y=x’—3x’-9x+35 trén doan [-4,4]  4) y :X?erc2 +3x—4 trén doan [—4,0]

5)y= x—2 trén doan [0;2] 6) y= xX+3 trén doan [-1;2]
X+2 x+2

2 2

7y _ 233 e doan [0;2] 8) y _ ISt e doan [-1;1]
x+1 ) x+2

Vidu 2: Tim GTLN va GTNN cua ham s6
1) y=2sinx —%sin3 x trén doan [0; 7] 2) y=cos*x—6cos’ x+5
3) y=x° +4(1 —x’ )3 trén doan [-1;1] 4) y=sin* x+cos* x+2

Vi du 3: Tim GTLN va GTNN cua cac ham sb sau:
1) y=+/4x—x’ 2) y=+-x’+2x+8 3) y=+/2+x +1/4-x
4) y=x+4-x 5) y=(x+1)V1-¥ 6) y=~l1+x* —y1-x

7 y= %xz —x—V4x—x (TN THPT 2014)

8) y=—x? +4x+21 —+/-x* +3x+10 (Khéi D-2010)
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UNG DUNG GTLN VA GTNN CUA HAM SO
TRONG PT VA BPT

A. TOM TAT GIAO KHOA
CO SO LY THUYET CUA UNG DUNG VA Vi DU

. . s N ) M =Max f (x)
Giasu f (x) la ham s6 lién tuc trén mién D va dat GTLN, GTNN trén mién ay. Ky hi¢u: xeD
m = min f (x)

Khi do ta c6 cac ket luan sau:

1) Phuong trinh f(x)=ac6é nghiém xeD < m<a<M

Vi du 1: Tim a dé phuong trinh sau ¢6 nghiém v2+x +v/4—x =a
Vi du 2: Tim m dé phuong trinh sau ¢6 nghiém x —m++4—-x> =0
Vi dy 3: Tim m d¢ phuong trinh sau ¢é nghiém (x—3)(x—1)++V4x—x’ —2m+1=0

Vi dy 4: Tim m d¢ phuong trinh sau ¢é nghiém x €[-3;0]

(x2 +2x)2 —(m+1)(x2 +2x)+m+1:0

2) Bat phuong trinh f(x)>a cé nghiém xeD < a<M

Bat phuong trinh f(x)<a c6 nghiém xeD <a>m

Vi du : Tim a dé bat phuong trinh sau c6 nghiém vx +1-/4-x >a

3) Bat phuong trinh f(x)>a nghiém ding véimei xeD <> a<m

Bit phuong trinh f(x)<a nghi¢m ding véi mei xeD < a>M

Vi dy : Tim m dé bat phuong trinh sau nghiém dung véi moi x e[-2;2]

Xx-m++4-x><0
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B. THUC HANH GIAI TOAN

Bai1:

Bai 2:

Bai 3:

Bai 4:

Bai 5:

Bai 6:

Bai 7:

Cho phuong trinh V2—x ++2+x —,/(2-x)(2+x) =m (1)

Tim m dé phuong trinh (1) c6 nghiém

Cho phuong trinh 2(v2=x +/6+x )= [(2+x)(6-x) =3m+1=0 (1)

Tim m dé phuong trinh (1) c6 nghiém

Cho phuong trinh (x> ~1) +2xv2-x* ~3m+2=0 (1)

Tim m dé phuong trinh (1) c6 nghiém

Cho phuong trinh x+\/2—x2 +X\/2—X2 -5Sm-1=0 (1)
Tim m dé phuong trinh (1) c6 nghi¢ém

Cho phuong trinh m(\/1+xz _Ji-x? +2)=2\/1—x4 w1 x2 —1=x?

Tim m dé phuong trinh (1) c6 nghiém
Cho phuong trinh 2(sin4 X +cos’ x) +cos4x+2sin2x+m=0 (1)

Tim m dé phuong trinh (1) c6 nghiém x € [0;%}

Cho bét phuong trinh /(x +4)(6-x) <x*—2x+m (1)

Tim m dé bat phuong trinh (1) nghiém nghiém dang véi moi —4<x <6

142

(1)



Chuyén dé LTDH Hm‘iph Chi Hdg — boxmath.vn

Bai 4: CUNG LOI - CUNG LOM VA PIEM UON

TOM TAT GIAO KHOA
1. Khai nhiém vé cung 16i, cung 16m va diém uén
Xét d6 thi ACB clia ham s6 y = f(x) biéu dién trén Hinh 1

Gia sir db thi cb tiép tuyé&n tai moi diém.

yak

M

B, e s i

1
1
1
1
]

1
]
i
1
1
c

B |--————————

H"

Hinh 1
e Tai moi diém cua cung AC , tiép tuyén ludn ludn & phia trén cia AC. Tanoi AC la mot cung 16i.
e Tai moi diém cua cung CB, tiép tuyén luon luén & phia duwéi cia CB. Tanéi CB 1a mot cung 16m.
e Diém C phan cach gitra cung 161 va cung 16m dugc goi 1a diém udn cua do thi. Tai di€ém uon ti€p tuyen
di xuyén qua do thi.
2. Dau hi¢u nhan biét 10i, 1o0m va diém uon
Dinh 1y 1: Cho ham s6 y =f(x) ¢6 dao ham cap hai trén khoang (a;b).
e Néu f"(x)<0 véimoi x €(a;b) thi dd thi cia ham s 18i trén khoang do.
e Néu f"(x)>0 v6imoi x € (a;b) thi d6 thi ctia ham s6 16m trén khoang do.
Dinh 1y 2: Cho ham s6 y =f(x) ¢6 dao ham cap hai trén khoang (a;b) va x, €(a;b)

e Néu f"(x) dbi dau khi x di qua xo thi diém M, (x,;f(x,)) 1a diém udn cua d6 thi ham s6 da cho.

3. Ap dung ‘ o ,
Vi du: Tim khoang 161 16m va di€ém uon cua do thi cac ham so sau
a) y=-x"—3x>+2 b) y=x*-2x>-3
Hét
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Bai 5: PUONG TIEM CAN CUA PO THI HAM SO

TOM TAT GIAO KHOA
1. Pwong ti€ém can dirng va dwong ti€ém can ngang
Dinh nghia 1

Duong thang y = y, dugc goi 1a dudng tiém can ngang (goi tat
la tiém can ngang) cta d6 thi ham s6 y = f(x) néu

lim f(x)=y, hoic lim f(x)=y,.

X —» 400 i —» —oD

2]

Yo Y=k

2% - i i :
\fj’/ x 0 F.t'

Puong thing y = Yo la tiém cdan ngang cria Duong thang v = yp la tiém cdn ngang

do thi (khi x — +). ctia dé thi (khi x — —a0),

Pinh nghia 2

Pudng thing x = x, dugc goi la dudmg tiém can dimg (goi tit
la tiém can ding) cta d6 thi ham s6 y = f(x) néu it nhat mot
trong cdc diéu kién sau duoc thoa man :

lim f(x)=+40; lim f(x)=+4w ;

x> xg x> x
lim f(x)=-e0; lim f(x)=—0
X x =

(Xem hinh 1.8).

y4 vi

ay) b)
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i
JI ' L
L -
0 X0 X 0| o x
I
y = fix) f'l': o
c) d)
a) va c). Duomg thdng x = x, la tiém cdn b) va d). Puemg thdng x = x; la tiém
ditng ciia do thi (khix — x5 ). cdn dimg ciia do thi (khi x — Xy ).
2. Puwong tiém can xién
Dinh nghia 3

Puong thing y = ax + b, a # 0, dugc goi 1a duomg tiém can
xién (goi tit 1a tiém can xién) ctia d6 thi him s6 y = f(x) néu

lim [f(x) - (ax + b)] =0,

= a0
hoac lim [f(x) - (ax + b)] = 0.
X =) =00
a v
: {ix\_}
y :ﬂl] (rﬂ “,!6'
---..__...-M"”_::)::I(d] N (®)

om0 S M \_:ﬁ]

..-'"f

Dicomg thdng y = ax + b la tiém cdn Dudmg thdng y = ax + b la tiém cdn
xién cua dé thi (khi x — +=). xién cua dé thi (khi x = —x).
a) h)
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CHU Y
Dé xéc dinh cic hé s6 a, b trong phuong trinh clia dudng tiém cin
xién ta c6 thé 4p dung cdc cong thic sau :

a= lim M : b= lm [f(x)- ax]
r—=+m X X = 400

hoic a = lim ﬁl—} : b= lim [f(x)- ax]
r—=m X X = —c0

(Néu @ = 0 thi ta c6 tiém cin ngang).

3. Ap dung . )
Vi du : Tim cic duong ti€ém can cua do thi cac ham so6 sau
2x—1 1-2x
a) y= b) y=
)y x—1 ) X+2
x*-2x-3 x* +2x+2
Q) y="—" d) y="""25
x—2 x+1
Hét
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Bai 6: KHAO SAT & VE PO THI HAM SO

So' do chung khao sat sy bién thién va vé do thi ham da thurc
Dua vao chwong trinh SGK + dap 4n ciia BGD dé bién soan

Chuong trinh Co ban + Nang cao

1. Ham s6 y =ax’ +bx’ +cx+d (a#0)

1) Tap xac dinh: D=R
2) Su bien thién:
e a) Chiéu bién thién:

+ y':r)
y'=0&x=7?
+ Xét dau y":
X —o0 ? +00
yl

- Két luan vé cac khoang don diéu ciia ham sd.
e b) Cuyc tri: két luan vé cuc tri caa ham sé.
e ¢) Gidi han:
limy=?va limy=?

(Chi néu két qua khong can giai thich chi tiét)
e d) Bang bién thién:

X |-® ? + 00
y' ‘?
y 9
(Bang bién thién phai day da moi chi tiét)
3) P thi:
Giao diém cua d6 thi véi cac truc toa do:
+ Giao diém véi Oy: x=0=>y="?

+ Giao diém véi Ox (néu ¢d): y=0<=x="?
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2.Hamsé y=ax*+bx’ +c (a=0)

1) Tap xac dinh: D=R
2) Su bien thién:
e a) Chiéu bién thién:

+ y':r)
y'=0x=7?
+ Xét dau y'
X | —oo ? +00
yl

- Két luan vé cac khoang don diéu ciia ham sd.
e b) Cuyc tri: két luan vé cuc tri caa ham sé.
e ¢) Gidi han:
limy=?va limy="?

(Chi néu két qua khong can giai thich chi tiét)
e d) Bang bién thién:

X |-® ? + 00

<

<

(Bang bién thién phai day da moi chi tiét)
3) Do thi:
Giao diém cua d6 thi véi cac truc toa do:
+ Giao diém v6i Oy: x=0=y="?
+ Giao diém véi Ox (néu ¢é): y=0<=x="2
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So' do chung khao sat sy bién thién va vé do thi ham phan thirc hiru ty
Dua vao chwong trinh SGK + dap 4n ciia BGD dé bién soan

Chuong trinh Co ban + Nang cao

3. Ham sb y= ax+b (c¢0, ad—bc¢0)
cx+d
A g e d
1) Tap xac dinh: D:R\{——}
Cc
2) Sw bién thién:
e a) Chiéu bién thién:
. ad-bc o . L d
+y'=—— ; kétludn y'<0 hodc y'>0v6imoi x #——
(cx+d) c

- Két luan vé céac khoang don di€u ciia ham so
e b) Cuc tri: ham s6 khong c6 cuc tri
e ¢) Gidi han va tiém can:

. N d . o .
+ lim y=? va lim y=? = x=-— lati¢ém cén diang

SCN :

. a . . a a o
+ limy=— va limy=— = y=— latiém can ngang

X—>—00 C X—>+00 C C

(Chi néu két qua khong can giai thich chi tiét)

e d) Bang bién thién:

X d
-0 - +00
C
y ? ?
y ? ?
(Bang bién thién phai day du moi chi tiét)
3) D6 thi:

Giao diém cta dd thi vé6i céc truc toa do:
+ Giao diem v6i Oy: x=0=>y="?
+ Giao diém v6i Ox: y=0<x="?
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BAI TAP REN LUYEN
Bai 1: Khao sat su bién thién va vé d6 thi cac ham s sau
1) y=x’+3x>-4 2) y=—x"+3x" -4
3) y=—x'+3x" —4x+2 4) y=x"-3x"+4x-2
5) y=x’-3x"+3x-2 6) y=—x"+3x"-3x+2
2
7) y:§x3—2x+2 8) y=—x’+3x+1
9) y=3x"—x 10) y=x"-3x*+3x-9
Bai 2: Khao sat sy bién thién va v& d6 thi cac ham sb sau
1) y=x*-2x>-3 2) y=—x'+2x"+3
3) y=—x*'-2x*+3 4) y=x*"+2x*-3
1 1 x* 3
5) y=—x'—=x"+3 6) y=——x*-=
V=, V7= 2
2
7) yz(xz—l) 8) y=8x>—x*
Bai 3: Khao sét sy bién thién va v& d6 thi cac ham sé sau
2x—1 1-x 4x+1
1) y= 2)y= 3) y=
)y x—1 )y X+2 ) 2x-3
1-2x —x—2 3-2x
)y — )y . )y 1

Bai 4: Cho ham s y =x* —(2m+1)x’ +(m” - 3m+2)x +4
1) Tim m dé @b thi ham s d3 cho c6 diém cuc dai va diém cuc tiéu.
2) Tim m dé do6 thi ham s6 da cho c6 di€m cuc dai va diém cuc tiéu ¢ vé hai phia cta truc tung.

Bai 5: Cho ham s yz%x3+mxz +(m+6)x—(2m+1)

Tim m dé do thi ham sé di cho dong bién trén R
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Bai 7: CAC BAITOAN CO BAN
CO LIEN QUAN PEN KHAO SAT HAM SO
L.BAITOAN 1 : PO THI CUA HAM SO

CO MANG DAU GIA TRI TUYET POI

TOM TAT GIAO KHOA
Phuong phap chung:

Pé vé dd thi cia ham s6 c6 mang diu gid tri tuyét di ta c6 thé thyc hién nhu sau:
Buéc 1: Xét ddu cic bi€u thic chita bi€n bén trong diu gid tri tuyét ddi .
Buéc 2: St dung dinh nghia gi4 tri tuyét ddi d€ khir dd'u gia tri tuyét doi
Phan tich ham s& di cho thanh cdc phan khong c6 chita dau gid tri tuyét ddi
( Dang ham s& cho bdi nhiéu cong thiic)
Budc 3: V& dd thi tirng phan rdi ghép lai( V& chung trén mot hé truc toa do).

* Cac kién thitc co ban thuong sit dung:
1. Pinh nghia gii tri tuyét doi :

3. Mot s6 tinh chat vé dé thi:

a) D6 thi clia hai ham s6 y=f(x) va y=-f(x) d6i xtfng nhau qua truc hoanh
b) P6 thi him s chdn nhin truc tung 1am truc ddi xidng
¢) Pd thi ham s& 18 nhan gdc toa d6 1am tim d6i xing

* Hai dang cd ban

Bai todn tong quéit:

AR - X o g La e A (C):y=|f(x)|

Tu @6 thi (C) :y=f(x), hay suy ra d6 thi cic ham so sau: 1

Vi du:

(C):y =[x =3x+2

Tir dd thi (C) : y=x"—3x+2, hiy suy ra d6 thi cic ham sd sau:
(C,):y =|x’|-3x+2
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Dang 1: T dd thi (C):y=f(x)=>(C):y=|f(x)
Cich gidi

) f(x) néu fx)>0 (1)
Bl.Tac6: (C):y=|f(x)= {_ £ néa £0<0 ()

B2. Tir @6 thi (C) di vé ta c6 thé suy ra dd thi (C,) nhu sau:
e Giif nguyén phan d thi (C) nim phia trén truc Ox (do (1))
e LAy ddi xitng qua Ox phan d6 thi (C) nim phia dudi truc Ox (do (2))
e B4 phan d6 thi (C) nim phia dudi truc Ox ta s& dudc (C)

Minh hoa

(C]):yz‘x3—3x+2

wwwwwww
% 7 & 5 o4 3 1 IR

y=x3-3x+2

Dang 2: Tirdd thi (C):y=f(x) > (C,):y=1(x|) (dayla ham s& chin)

Cich giai

BL.Tacé: (C,):y=F(x|)= gg) nén x=20 ((12))
B2. Tir d6 thi (C) di vé ta c6 thé suy ra dd thi (C,) nhu sau:
e Giif nguyén phan d thi (C) nim phia bén phai truc Oy (do (1))
e LAy ddi xitng qua Oy phin db thi (C) nim phia bén phai truc Oy
(do do tinh chat hAm chin)
e B4 phan d6 thi (C) nim phia bén trdi truc Oy (néu c6) ta sé& dugc (C)

Minh hoa:

(Cy) iy =|a =3x]+2

J
ST
4 ",
/
’ \\
]
!
X ] X
/
. v |
SN i
: i

— - , — g T
/ y=x"-3x+2 |

BAI TAP REN LUYEN
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Bail: Chohamsd: y=—x"+3x (1)
1. Khdo sat su bi€n thién va vé d6 thi (C) ctia ham s6 (1)
2. Tir @ thi (C) di vé&, hay suy ra d6 thi cdc him sd sau:

a) y= ‘— x’ +3x‘ b) y= —|x|3 +3|x|

. I
Bii 2: Cho ham s§ : y = x—+1 (1)
x_

1. Khdo sat su bi€n thién va vé d6 thi (C) ctia ham s6 (1)
2. Tir @ thi (C) di vé&, hay suy ra d6 thi cdc him sd sau:

EZR 1 x+] _x+l
@)y = x—1 b) y_|x|—1 = x—1 9 y_|x—1|
2BAITOAN2 ; SU TUOGNG GIAO CUA HAI PO THI
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Bai todn tong quat:

o o (Cry=1(x)
Trong mp(Oxy) . Hay xét sy tuong giao cua do thi hai ham so :
(Cy)y=2(x)
Y () Y () Y ()
M, |V M
N SO S
! i X X
ul X N : [
/0'—\ X1 |0 X / o
(&)
(&Y, ’
(Cy) va (C,) khong c6 di€m chung (C)) va (C,) cidt nhau (Cy) va (C») ti€p xiic nhau

Phuong phap chung:
* Thiét 14p phuong trinh hoanh d6 giao di€m ctia dd thi hai haim s6 da cho:
f=gx) (1) , o
* Tuy theo s& nghiém ctia phuong trinh (1) ma ta két luan vé s6 diém chung
ctia hai dd thi (C;) va (Cy) .

Luuy:
S& nghiém cia phuong trinh (1) chinh 14 s6 giao di€m ciia hai dd thi (C;) va (Cy).
Ghi nhé: S6 nghiém cia pt (1) = s& giao di€m cia hai @6 thi (Cy) va (Cy).
Chay1l:

* (1) vé nghiém < (C)) va (Cy) khong c6 diém di€ém chung

* (1) c6 n nghiém & (Cy) va (Cy) ¢6 n di€m chung
Chay?2:

* Nghiém xo ctia phuong trinh (1) chinh 13 hoanh dd di€m chung ciia (C)) va (C,).

Khi d6 tung dd di€m chung 13 Yo = f(xo) hodc yo = g(Xo).
O
10 g
Ap dung:

Dang 1: Tim toa d§ giao diém ciia hai d6 thi
Bai 1: Tim toa d6 giao diém clia dudng cong (C): y = x* +x—2 va dudng thing y =x +2
Bai 2: Tim toa d6 giao di€m ctlia hai dudng cong (C): y=x"—4 va (C"): y=-x>—2x

Bai 3: Tim toa d6 giao diém clia dudng cong (C): y = %x3 —x* va dudng thing (d):y =3x +§

Bai 4: Tim toa d6 giao di€m clia dudng cong (C): y = 2x 1 va dudng thing (d):y=-3x-1
X+

Bai 5: Tim toa d6 giao di€m clia dudng cong (C): y =+/x va dudng thing (d):y=x—2
Dang 2: Tim tham s6 dé hai d thi cit nhau tai 2( 3, 4) diém phan biét
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N o 2x+l A 2R 2 s 2 L, A 1
Bail:Chohamso y= . Tim tat ca cac gia tri cua tham s6 m dé duong thang y = mx +2 cat do thi

X+2
ham sb da cho tai hai diém phan biét.

1X . Tim tat ca cac gia tri ctia tham sb m dé duong thang y = mx +2 cét db thi
X f—
ham s6 da cho tai hai diém phan biét.
Bai3: Chohams6 y=(x—-D(x*+mx+m) (1)
Xdc dinh m sao cho do thi ham s& (1) cit truc hoanh tai 3 di€m phan biét.
Bai4: ChohamsS y=x’+3x>+mx+m—-2 (1)

Bai2: Chohamsb y =

Xdc dinh m sao cho do thi ham s& (1) cit truc hoanh tai 3 di€m phan biét.
Bai 5: Chohams6 y =x* —mx*> +m—1 (1)

Xdc dinh m sao cho d@6 thi ham s& (1) cit truc hoanh tai 4 di€m phan biét.

Danh riéng cho chwong trinh nang cao
Piéu kién ti€p xtic cia d6 thi hai ham sd :

Cpry=£(x)

(Cy)ry=g(x)

Pinh 1y : Cho hai db thi {

f(x)=g(x)

. " c6 nghiem
f(x)=gx)

(C)) ti€p xic véi (C;) < hé :{

y

()
s o4
» X
/ °l @ 8

Bai 1: Chirmg minh riang hai duong cong (C):y =x’ +%x —2 va (C"):y=x*+x-2 tiép xtic nhau.tai mot

diém nao do.
Bai 2: Tim k dé duong thang (d):y = kx tiép xuc véi duong cong (C):y =x° +3x> +1
Bai 3: Tim k d¢ dudng thang (d):y =k(x—2)—7 tiép xtic véi duong cong (C):y =x’ —3x* +2

Bai 4: Tim k dé duong thang (d):y = k(x+1)+3 tiép xtc v6i duong cong (C):y = 2x +11
X+
2 — —_—
Bai 5: Tim k dé duong thang (d):y = k(x+5) tiép xuc voi dudong cong (C):y = X—Xll
X +

3.BAI TOAN 3: TIEP TUYEN VGI PUGNG CONG
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a.Dang 1:
Vi€t phuong trinh ti€p tuyén véi do thi (C):y = f(x)_tai di€m My (x(;yo) € (C)

Y (0): y=fx)

Phuong phap:

Phuong trinh ti€p tuyé&n véi (C) tai M(xo;yo) ¢6 dang:

y-yo=k(x-Xp) hay |y =1'(x,)(x—x,)+1(x,)

Trong d6 : X, : hoanh dd ti€p diém
yo: tung d6 ti€p di€m va yo = f(xo)
k : hé s6 géc clia ti€p tuyé&n va dudc tinh bdi cong thitc : k = f(x)

,

Ap dung:
Bai 1: Vi€t phuong trinh ti€p tuyén ctia d6 thi ham s6 y = —x’ +3x* —1 tai diém trén d6 thi c6 hoanh d6 x =1.

(CD -2014)
Bai 2: Vi€t phuong trinh ti€p tuyén ctia d6 thi ham s6 y = x* —3x +3 tai diém trén do thi c6 hoanh d6 x =2.

e A N N A 9 A . N A 2X+3 . R A A . , \ A
Bai 3: Viét phuong trinh ti€p tuyén cua do thi ham sé y = tai diém trén d6 thi c6 hoanh d6 x =-3.

x+1

e g N N A 9 A . < A X . R A A . , A
Bai 4: Viét phuong trinh ti€p tuy€n cua do thi ham sd y = tai diém trén do6 thi c6 tung d6 y=-2.

x+1
Bai 5: Cho ham s6 y = —-2x° +3x> —1 (1). Viét phuong trinh tiép tuyén véi d6 thi (C) cua ham sé (1) tai diém
trén (C) ¢6 hoanh x,, biét ring y"(x,)=0
Bai 6: Cho ham s6 y = x* —8x* +12 (C). Viét phuong trinh tiép tuyén cua (C), khi biét tung do tiép diém la
y=12.

Bai 7: Cho ham s y = —2x+3 (C). Viét phuong trinh tiép tuyén cua (C) tai cac giao diém cua (C) va dudng
thang y = x—3 (TN THPT 2014)
b. Dang 2:
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Viét phuong trinh ti€p tuyé&n v6i dd thi (C): y=f(x) bi&t ti€p tuyé&n c6 hé sé géc k cho trude

Y (O): yf(x)

Phuong phap: Ta c6 thé ti€n hanh theo cdc budc sau

Budce 1: Goi M(x,;y,) € (C) la ti€p diém clia ti€p tuyén véi (C)
Budc 2: Tim x( biing cdch gidi phuong trinh : f'(xo) =k, tr do suyra y, = f(x,)=?
Bué6c 3: Thay cic y&u td tim dude vao pt:y - yo =K ( X - X¢ ) ta s& dudc pttt cAn tim.

Bai 1: Vi€t phuong trinh ti€p tuyé&n ciia dd thi ham s§ y = —x* +3x biét tiép tuyén c6 hé sé goc k =9

2x +1

Bai 2: Vi€t phuong trinh ti€p tuy&n ctia dd thi hAm s y = biét tiép tuyén c6 hé sé goc bang —5

Bai3: Chohamsd y=x*-3x-2,c6 dd thila (C). Tim toa d6 diém M thudc (C) sao cho tiép tuyén cua

(C) tai M c6 hé sb goc bang 9. (Khéi D-2014)
Chi ¥ : P&i v6i dang 2 ngudi ta ¢ thé cho hé s6 géc k dudi dang gidn ti€p nhu : ti€p tuyé&n song song, tiép
tuy&n vudng géc v6i mot dudng thing cho trude .

y Yo (O y=fx)
(C): y=f(x) k=a A
T~ y=ax+b \\
A ! 0 ¥
el k=-1/a
2
A,:y=ax+b

Khi d6 ta can phai sit dung cdc kié€n thiic sau:
DPinh 1y 1: N&u dudng thing (A) c6 phuong trinh dang : y= ax+b thi hé s& géc clia (A) 1a:

ky=a

z

DPinh 1y 2: Trong mp(Oxy) cho hai dudng thing (A)) va (A,) . Khi do:

,

Ap dung:
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+lx2 —2)6—i
2

Bai 4: Cho dudng cong (C): y = %x3

Viét phuong trinh ti€p tuyé&n vé6i (C) biét ti€p tuyén song song vdi dudng thing (d): y = 4x+2.
2x+3
2x—1

Bai 5: Cho dudng cong (C): y =

Vi€t phuong trinh ti€p tuyén véi (C) biét ti€p tuyé&n vudng goc vdi dudng thing (A):y = %x +%

—Xx -2
2-Xx
Viét phuong trinh ti€p tuyé&n vé6i (C) biét ti€p tuyén vudng goc véi dudng thing (A):y =4x+2011

Bai 6: Cho dudng cong (C): y =

c¢. Dang 3:
Vi€t phuong trinh ti€p tuyén véi (C): y=f(x) bi€t ti€p tuy&n di qua diém A(xa;ya)

Y (€):y=f(x)

Alx 33 4)

[ X

%

Ary-y,=k(x—x,)oy=k(x—x,)+y,

Phuong phap : Ta c6 thé ti€n hanh theo cdc budc sau

BuGe 1: Viét phuong trinh tiép tuyén (d) véi (C) tai diém Mo(xo;y0) € (C)
(d):y=f")x=—x)+ f(x) (%)
Budc 2: Binh x, d€ (d) di qua diém A(xa;ya). Ta c6:

(d) di qua diem A(xasya) < v, = 1 '(3)(x, = %)+ () (D)
Buée 3: Giai pt (1) tim xo. Thay X, tim dudc vao (¥) ta sé dugc pttt can tim.

Ap dung:
Bii 7: Cho dudng cong (C): y =x’ +3x* +4
Viét phuong trinh ti€p tuyé&n véi (C) biét ti€p tuyén di qua diém A(0;-1)
2x-5
x=2
Vi€t phuong trinh ti€p tuyén véi (C) biét ti€p tuyén di qua di€m A(-2;0).

Bai 8: Cho dudng cong (C): y =

Phuong phap danh cho chwong trinh nang cao
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Phuong phap: Ta c6 thé ti€n hanh theo cdc budc sau

Buéc 1: Vi€t phuong trinh dudng thing (A) qua A va cé hé s6
goc 1a k bGi cong thiic:
Y=ya=k(x—x,) & y=k(x—x4)+y, (*)
Buéc 2: Pinh k d€ (A) ti€p xiic véi (C). Ta c6:

. f(x)=k(x-x,)+y
A ti€p xtic (C) < hé { A7 06 nghiem (1)
f(x)=k

Buéc 3: Gidi hé (1) tim k. Thay k tim dudc vao (¥) ta sé dugc pttt can tim.

Ap dung:
Bai 9: Cho dudng cong (C): y =x" +3x*> +4
Viét phuong trinh ti€p tuyé&n véi (C) biét ti€p tuyén di qua diém A(0;-1)
2x-5
x=2
Vi€t phuong trinh ti€p tuyén véi (C) biét ti€p tuyén di qua di€m A(-2;0).

Bai 10: Cho dudng cong (C): y=

4.BAITOAN4: BIEN LUAN SO NGHIEM CUA PHUONG TRINH BANG PO THI
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Co sé cua phuong phap:

Xét phuong trinh f(x) = g(x) (1)
Nghiém x, ctia phuong trinh (1) chinh 12 hoanh dd giao di€m cia (C)):y=f(x) va (Cy):y=g(x)

g ()
><>< ©)
! | X
Xo
Bai todan : Bing do thi hdy bién luan theo m s& nghiém clia phuong trinh dang : f(x) =m (¥)

Phuong phap:

Buéc 1: Xem (¥) 12 phuong trinh hoanh d9 giao di€m ctia hai dd thi:

e (C):y=f(x) :(C)la dd thicd dinh
e (A):y=m : (A) 12 dudng thing di dong ciing phudng Ox
va cit Oy tai M(0;m)
Budc 2: V€ (C) va (A) 1én cing mdt hé truc toa do
Buéc 3: Bién luan theo m s6 giao diém clia (A) va (C)
Tur d6 suy ra s6 nghiém ciia phuong trinh (*)

(€):y=fx) |7
Minh hoa: m,

\ g\ x
/P

(0;m) \

,

Ap dung:
Bail: 1) Kh3o sit sy bi€n thién va vé& dd thi (C) clahaim s6 y =—x’ +3x> -4
2) Dua vao dd thi (C), bién luan theo m s nghiém clia phuong trinh: —x’ +3x° —4=m
3) Tim m d€ phuong trinh sau ¢6 3 nghiém phan biét: x* —=3x*+2-m =0
Bai2: 1) Khao sat sy bién thién va v& d6 thi (C) ctia ham s6 y = 2x° —6x +1
2) Dya vao db thi (C), bién luan theo m s6 nghiém cta phuong trinh: 2x* —6x+1—-m =0
Bai3: 1) Khao sat sy bién thién va v& db thi (C) ciia ham s6 y = x* +3x>
2) Dya vao db thi (C), bién ludn theo m s6 nghiém cua phuong trinh: x* +3x*+m =0
Bai4: 1) Khao sat sy bién thién va v& dd thi ham sé y = —x* +2x°
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2) Tim m dé phuong trinh sau c6 4 nghiém phan biét: x* —2x*+m=0

Bai5: 1) Khao sat sy bién thién va v& d6 thi ham s6 y = x* —=3x% +2
2) Tim m dé phuong trinh sau ¢6 3 nghiém phan biét, trong d6 c6 hai nghiém 16n hon 1
x’=3x*+2=3m
Bai 6: 1) Khao sat sy bién thién va v& db thi ham sé y =3x* —x°
2) Tim m dé phuong trinh sau c¢6 3 nghiém phan biét: 3x> —x’ +3m =0
Bai7: 1) Khao sat sy bién thién va v& db thi ham s6 y = 8x”> —x*
2

2) Bién luén theo m s6 nghiém cta phuong trinh ‘x“ —-8x"|=m
r 3\ r 2
Bai8: 1) Khio sit s bién thién va vé& d6 thi ham s y = (x’ —1)
2) Bién ludn theo m s6 nghiém cta phuong trinh x* —x* +m =x*—1

Hét

5. BAI TOAN 5: HO PUONG CONG
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BAI TOAN TONG QUAT:

Cho ho dudng cong (C,)):y = f(x,m) (mlathamso)

Bién luan theo m s& dudng cong cta ho (C,,) di qua diém M (x,;y,) cho trudc.
PHUONG PHAP GIATI:

Ta co :
Ho dudng cong (C,) diqua diém M (x,;v,) < yo=[f(x5.m) (1)

Xem (1) 12 phuong trinh theo 4n m.

Tuy theo s6 nghiém ctia phuong trinh (1) ta suy ra s6 dudng cong ctia ho (Cm) di qua M,
Cu thé:
e N&u phuong trinh (1) ¢6 n nghiém phan biét thi c6 n dudng cong ctia ho (Cm) di qua My
Né&u phuong trinh (1) vd nghiém thi moi dudng cong clia ho (Cm) déu khong di qua M,
Né&u phuong trinh (1) nghiém diing vdi moi m thi moi dudng cong ctia ho (Cm) déu di qua M,
Trong trudng hgp nay ta néi ring Myla di€m cd dinh cla ho dudng cong (C,,)

TiM PIEM CO PINH CUA HQ PUONG CONG
BAI TOAN TONG QUAT:
Cho ho dudng cong (C,):y = f(x,m) (mla tham sd )
Tim di€m c6 dinh ctia ho dudng cong (Cyy)
PHUONG PHAP GIAI

Budc 1: Goi M (x,;y,) 1a diém c& dinh (n€u ¢6) ma ho (Cy,) di qua. Khi d6 phuong trinh:
Yo = f(x9,m) nghiém ding ¥V m (1)
Buéc 2: Bién d6i phuong trinh (1) v& mot trong cdc dang sau:

Dang 1: Am+B =0 Vm
Dang 2: Am* + Bm+C=0 Vm
) A=0
Ap dung dinh 1y: Am+B=0Vm<:>{B 0 )
A=0
Am* +Bm+C=0 Vm<{B=0 (3)
C=0

Budc 3: Giai hé (2) hodc (3) ta s€ tim dugc (x4;,)

Vi du:

6.BAITOAN6: TIM CAC PIEM PAC BIET TREN PO THI CUA HAM SO
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x+2

1 c6 dd thila (C).

Bai1: Chohamsb y=
Tim toa do diém M thudc (C)sao cho khoang cach tir M dén duong thing y =—x bang J2
(Khoi A-2014)

2
s s . x“+3x+6
Bai2: Chohams6 y=——
x+2
Tim trén db thi hAm s6 tit cd nhitng diém c6 cic toa d6 1a nguyén .
S . ~ 2x+1
Bai 3: Chohamsd y=
x+1

Tim trén db thi hAm s6 nhitng di€m c6 tdng khodng cich dén hai tiém cin nhé nhat

Bai 4: Cho ham sb y = 2x(1-x?)
Goi A, B 1a cac giao diém cua (C) véi truc hoanh ( khac géc toa do O). Tim céc diém I thuoc ©)
sao cho tam giac IAB vuong tai I.

LUYEN GIAI PE THI PAI HQC
Bai 1:

skl e s 3 s . S 2 —-2x+1
1. Khao sat sy bién thién va v& do thi (/) cia hamso y = s

x+1
2. Tim m dé duong thang d : y =—x+m cat (H) tai hai diém A, B thoa midn AB = 24/2.
Bai 2:
1. Khao sét su bién thién va v& dd thi (C) cua hamsé y=x*—3x* —2.
2. Tim s thue duong a dé dudng thing y =a cit (C) tai hai diém A, B sao cho tam gidc OAB vudng tai
goc toa dd O.
Bai 3:
Cho ham 86 y =x* —3x> +3mx +m + 2.
1. Khao sat su bién thién va vé do thi cua ham sé da cho khi m =0.
2. Tim m dé do thi ham so ¢6 hai diém cuc tri sao cho duong thang di qua hai diém cuc tri tao vai hai truc
toa do mét tam giac co dién tich bang 1.
Bai 4:

e

1. Khao sdt su bi%:i thgién va vé d6 thi (H) cta ham s6 di cho.

2. Goi I la giao diém hai tiém cin cua (H). Viét phuong trinh liép tuyén cua (H) sao cho khoang
cdch tir 7 dén tiép tuyén d6 12 16m nhét.
Bai 5:

1. Khio sat su bién thién va v& db thi ham sb y=x>+3x?-4.

o - £ £ o . g m
2. Bién lugn theo tham s6 m s nghiém cua phuong trinh (x+2)° = | 1‘ .
x—

Bai 6:
R 1 ¢
Cho ham s6 y = ? x* —(Bm+1Dx> +2(m+1), m 1a tham sé.
}
1. Khéo sét sy bi€n thién va v& d6 thi him sb dé cho khi m = 0.
2. Tim m @€ d6 thi ham s6 d4 cho c6 3 diém cyec tri 14p thanh mdt tam gfdc c6 trong t4m 14 géc toa db.
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Chuyén dé LTPH
Bai 7:
., N n s o2l oy . £ —x+1
1. Khao sat su bién thién va v& do thi (H) ham s6 y = —_
X S
2. Tim trén (H) cac diém A B sao cho dé dai AB = 4 va dudng thiang AB vudng géc véi duong thang y = x.

Bai 8:
Cho ham s6 y = %x’ —(2m+1)x* +(m +2)x+; c6 db thij (C,,), m 1a tham sb.

1. Khao sat sy bién thién va v& dd thi ciia ham s6 da cho khi m=2.
2. Goi A 1a giao diém ctia (C,) Vi truc tung. Tim m sao cho tiép tuyén cia (C,) tai A tao véi hai truc

) Sl
toa dd mot tam gidc cd di¢n tich bing g

Bai 9:
Gl bl shgr="—"0.
x+1

1. Khao sat su bién thién va v& dé thi (C) ciia ham sé di cho.
2. Viét phuong trinh tiép tuyén ciia (C) biét khoang cach tir tim déi ximg ctia (C) dén tiép tuyén bing 242.

Bai 10:
Cho ham s6 y = 2x* — 4x? e

1. Khao sat su bién thién va vé d thi cua ham sd da cho.
2. Tim m de phuong trinh sau c¢6 dung 8 nghiém thyc phan biét

| 2x* —4x” +§|=m2‘—m+—.
2 2
Bai 11:

Cho ham sb y =

Mm—Xx 3 P - \ A
co dothila (H,), voi m la tham so thye.
x+2
1. Khao sat su bién thién va v& d6 thi ciia ham s6 da cho khi m =1.
2. Tim m dé duong thing d:2x+2y—1=0 cat (H,) tai hai diém cing vdi goc toa dé tao thanh mét

tam giac co diéntich la S = B
Bai 12:

Cho ham sé y = x" + 2(m — I)X* +(m" —4m + Dx=2(m* + 1) (1).

1. Khao st sir bién thién va v& d6 thi (C) ciia ham s6 khi m = 0.
2. Tim cédc gia tri cua m dé ham s0 ¢6 cuc dai, cuc ti€u va duong thang di qua cac diém cuc dai, cuc ticu cua

dd thi ham sé (1) vudng géc véi durong thing y = %x +3.

Bai 13:
Chohamsd y=x?—2(m’+1)X* + 1 (¥).

1. Khéo st sy bién thién va v& do thi ham s6 (*) khi m = 0.
2. Chirng minh rang v&i moi gid tri cua m ham so6 (*) ¢6 3 diém cuc tri . Vi gia tri nao cua m , khoang cach tir

diém cuc dai dén dudng thfmg di qua hai diém cuc tiéu cua db thi ham s (*) nho nhAt.

Bai 14:
2x—1

Cho hamsé y= :
x—=1

1. Khao sét su bién thién va v& d6 thi (C) ciia ham sd.
2. Goi [ 1a giao diém hai duong tiém can cua (C). Vi gid tri nao cua m, duong thang y = —x + m cat (C) tai

hai diém phén bi¢t A, B va tam gidc IAB dcu.
Bai 15:
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2x + 1

x=1
1. Khéo sat su bién thién va v& dd thi (C) ctia ham sb.

2. Viét phuong trinh tiép tuyén cta dd thi (C) biét tiép tuyén tao voi hai dudng tiém cén cua (C)

Cho hamsb y=

mot tam giac vudng cén.
Bai 16:
Chohimsé y= x’—3x+2

1. Khao st su bién thién va v& d thi (C) ciia ham sb.
3 N .2 e T
2. Cho hai diém A(0 ; 4) va B( = ). Hay tim toa do cua diém M thudce do thi (C), sao cho tam

gidc ABM can tai M.
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Chuyén dé 166 NGUYEN HAM -TICH PHAN VA UNG DUNG

TOM TAT GIAO KHOA
I. PINH NGHIA NGUYEN HAM :
* Pinh nghia : Him s6 F(x) goi 12 nguyén ham cia f(x) trén (a , b) néu : F'(x) = f(x) , Vxe(a;b)
F'(a”) =f(a)
F'(b™) =1f(b)

Néu thay khodng (a , b) bing doan [a , b] thi ta phdi c6 thém :{
* Pinh 1y :
Cho F(x) 1a nguyén ham cua f(x) trén (a , b)
G(x) 1a nguyén ham cia f(x) trén (a,b) < G(x) =F(x) + C
(C :hiing sd)
. Nhin xét : N€u ham s6 f(x) ¢6 1 nguyén ham 13 F(x) thi né c6 vo s6 nguyén ham, tit cd cdc nguyén ham
déu c6 dang F(x) + C va con goi 12 ho cdc nguyén him clia ham s6 f(x), ky hiéu : If(x)dx

Vay : F(x) 1a 1 nguyén ham cua f(x) thi : If(X)dX =F(x)+C

IL SU TON TAI NGUYEN HAM :
Moi ham s& lién tuc trén [a,b] déu c6 nguyén ham trén doan do.

I1I. CAC TiINH CHAT :
- ([ f00dx) = £(x)
. Jafe)dx =a[f(x)dx (a = 0)
- J[ECO+g(0)]dx = [ f()dx + [ g(x)dx
. [fOde=F©+C = [flutolu'(xdx =F[u(x)]+C (1)

bat u =u(x) thi du =v’(x)dx
Vay (1) < j f(t)dt = F(t) + C = jf(u)du = F(u)+C

* Truong hgp dac biét : u = ax +b
j f(t)dx = F(t) + C = j f(ax + b)dx = ~F(ax + b)+ C
a
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IV. Bang tinh nguyén ham co ban:
Bang 1 Bang 2
Ham so f(x) Ho nguyén haim F(x)+C Ham so f(x) Ho nguyén ham F(x)+C
a (hiing s0) ax +C
) xot o (ax +b)* 1 (ax+b)*™ iC
X a+l1 a a+l1
1_ ln|x|+C I lln|ax+b|+C
X ax+b a
X X AaX+b ax+b
a4 a +C l. A +C
Ina A Ina
X X ax+b
e e +C e 1 ot | o
a
sinx -cosx + C sin(ax+b) B (ax+b)+C
a
COSX sinx + C cos(ax+b) lsin (ax+b)+C
a
1 tanx + C 1
. anx — Dan(ax+b)+C
cos” x cos“(ax+b) a
1 -cotx + C 1 1
— ——cot(ax+b)+C
sin? x sinz(ax +b) a cot(ax+b)
' 1
u () Infucof+C i Ll e
u(x) x“—a 2a |x+a
tanx —ln|cos x| +C
cotx In |sin x| +C
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Phuong phép 1: Sir dung dinh nghia va tinh chat két hgp véi bing tinh cic nguyén ham co ban
e Phén tich tich phidn da cho thanh nhitng tich phdn don gidn c¢6 cong thiic trong bing nguyén
ham cd ban
e Céch phan tich : Dung bi€n ddi dai s6 nhu mii, liiy thira, cdc hing ding thidc ... va bién d6i
lugng gidc bang céc cong thic lugng gidc co ban.
Vidu: Tinh
1

2x -9 2x?—5x -3

DI =|——-dx D) =|——dx ) I=|———dx
) j)(2—4 )1, J’x2—3x+2 ) IX3+X2—2X
dx

41, =

) L J.e" +2
Vidu : Tim ho nguyén him clia cic ham s& sau:

1 2x -5
1. f(x)=cos’ x +—— 2. fxX)=———
f(x) N (x) O —Ax 13
Phuong phap 2: Phuwong phép déi bién so
DPinh li co ban:
Néu [f@du = F(u)+C VA u = u(x) 1a ham 6 ¢6 dao ham
lién tuc thi )
| FuCu'(x)dx = Fu(x)) + C.
Cach thyc hién: Tinh jf[u(x)]u'(x)dx béang pp d6i bién sb
Bwéc 1: Pat u=u(x)=du=u'(x)dx
Buéc 2: Tinh [ f[u(x)]u'(x)dx = [ f(u)du = F(u)+C = F[u(x)]+C
Vi du: Tinh I:Ixcos(3—x2)dx
KV thuit: St dung cach viét vi phan héa trong tich phan
Vi du: Tinh
1+1 A
Lfcos’ xsinxdx 2. [ 0L gy O ERALLI 4) [cosx.e™™dx
Cos x X
In+/x e dx d dx

5 dx 6 dx 7 8 9

)I X )jcoszx )J.XII]X )Isinx )J.COS4X
Phuong phip 3: Phwong phép tinh nguyén ham tirng phan
Pinh li co ban:

Néu hai ham s6 u = u(x) vd v = v(x) c¢6 dao ham lién tuc

trén K thi

ju(x)v'(x)dx = u(x)v(x) - ju'(x}v(x)dx.

Vi du: Tinh
1) I, = [ (x+1)sin xdx 2) 1, = [(x—2)e”dx 3) I, = [xInxdx
41, :jlnxdx 5) Izj(x2 +1)Inxdx 6) I, =jex cosxdx
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I. TINH TiCH PHAN BANG CACH SU DUNG PN VA CAC TiNH CHAT TiCH PHAN

1. Pinh nghia: Cho ham s§ y=f(x) lién tuc trén [a;b]. Gid st F(x) 1a mot nguyén ham ctia ham s f(x)
thi:

b
j f(x)dx = [F(x)]l; =F(b)—F(a) | (Cong thitc NewTon - Leipniz)

2. Céac tinh chit cda tich phan:

e Tinh chat 1: N&u ham s6 y=f(x) x4c dinh tai a thi : If(x)dx =0

b a
e Tinh chit 2: j F(x)dx =— j F(x)dx
a b
b

e Tinh ché't 3: N&u f(x) = ¢ khong d6i trén [a;b] thi: J-cdx =c(b-a)

b

e Tinh chat 4: N&u f(x) lién tuc trén [a;b] va f(x)>0 thi j f(x)dx =0
e Tinh chat 5: N&éu hai ham s6 f(x) va g(x) lién tuc trén [a;b] va f(x)> g(x) Vx €[a;b] thi

b b

_[f(x)dx > _[g(x)dx
e Tinh chat 6: N&u f(x) lién tuc trén [a;b]va m < f(x) <M (m,M Ia hai hiing s5) thi

b
m(b—a) < j F(x)dx < M(b-a)

e Tinh chat 7: Néu hai ham s6 f(x) va g(x) lién tuc trén [a;b] thi

b

b b
[[£ )+ g(0]dx = [ fx)dx = [ glx)dx
e Tinh chat 8: N€u ham s§ f(x) lién tuc trén [a;5] va k12 mot hiing s§ thi
b b
[.fGodx = k[ f(x)dx
e Tinh chat 9: N&u ham s6 f(x) lién tuc trén [a;b] va c1a mot hiing s6 thi
b c b
[ Fodx = [ fordx+ [ fx)dx

e Tinh chat 10: Tich phan ciia ham s6 trén [a;b] cho trude khong phu thudc vao bi€n s6 , nghia

b b b
Ia j F(x)dx = j f(t)dt = j fwdu=..
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Bai 1: Tinh cdc tich phan sau:

1 1 1 1
X X 4X+11
1) | ——dx 2) | ——==dx 3) | xv1—xdx
)J;(zx+1)3 )£\/2x+1 )I !X F5X46
2x-5 ; x® g 4sm X
5) j—dx 6) [——dx 7) [ (sin® x+cos®x)dx  8) j
X" —4x+4 X +2x+1 0 1+cosx
41+ sin2x 2 4 ¢ 1 -
9)j42d 10) jcos 2xdx 11) 12)jx—dx 12) j(cos x —sin® x)dx
y COs™X 0 o€ +1 0
H E. 2 0
13) 2% 14y jSm3x_ 15 [~ o 16 | o
0ol+2sin2x 02cos3x+1 05—2sinx 5 ox"+2x-3
Bai 2:
3 4 5
1 [ —tlax 2) [|x* —3x+2fdx 3) [ (x+2]—[x—2]ux
-3 _ -3
2 1 2
4) J“/x2+—2—2dx —4‘dx 6) ”xz—x‘dx
1 X 0
2
Bai 3:

1) Tim cic hiing s6 A,B d€ ham s6 f(x)= Asinnx + B thda min ddng thdi cdc diéu kién

f)=2 va jf(x)dx:4

2) Tim c4c gi4 tri cda hiing s6 a d€ c¢6 ding thitc:  [[a® +(4—4a)x +4x’ [dx =12

(=}
O ey

1. TINH TiCH PHAN BANG PHUONG PHAP POI BIEN SO :

b
1) DANG 1:Tinh I = If[u(x)].u'(x)dx bing cdch dit t = u(x)

Cong thitc d6i bién s6 dang 1: j Flu@o]u (x)dx = j f(t)dt
u(a)
Cach thuc hién:

Buéc 1: Bit ¢t =u(x) = dt =u (x)dx
x=b |t=u(b)
=
x=a |t=u(a)
Buéc 3: Chuyén tich phan da cho sang tich phan theo bié&n t ta dudc

I= j Flue)]u (x)dx = j f (t)dt (ti€p tuc tinh tich phadn méi)
u(a)

Bugc 2: Bbican :

Bai 1: (B-2012)
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1 3
X
Tinh tich phan I = | —————dx.
! X +3x7+2

Bai 2: Tinh cdc tich phan sau:

3 3 3
1) J.cos3 x sin” xdx 2) IcosS xdx 3) J-sin 2x(1+sin® x)’dx
0 0 0
e e 2 1
5 [ RERELE N 6) | X 7) [ (1-x")dx
1 X 1 X 0
% sin 2x %sin 2x+sinx % ;
8) dx 9) [—————dx 10) [(e™" + cosx)cosxdx
i\/cos2x+4sin2x g NJ1+3cosx i
i1-2sin’
12) j1 2sin” x dx

o 1+sin2x

b
2) DANG 2: Tinh I = j f(x)dx bing cdch ditx = o(t)

Cong thdc ddi bién sé dang 2:

1 =] fyx = | flo@) @t

COS4 X

S
~
=R
L_
bol

11)j’\/1+3lnxlnxd)C
1 X

Cach thuc hién:
BuGe 1: it x=¢(t) = dx = ¢ (¢)dt
3 o x=b t=p
Budc 2: Boican : =
X=a r=a

Buéc 3: Chuyén tich phan di cho sang tich phan theo bién t ta dugc
b B )
I=[f)dx=]flp®)p'(t)dt (ti€p tuc tinh tich phan mbi)

Tinh cédc tich phan sau:

1 1 1
1 [V1-x*dx 2) j%dx 3) j;dx
0 01"'X 0 4-x*
Q
1 2 2 2
4)]2;(1)( 5) [ —dx 6) [x*4-x"dx
o X —x+1 o V1—x2 1

IL. TINH TICH PHAN BANG PHUONG PHAP VI PHAN:
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Tinh cédc tich phan sau:

1@ !
)j—dx

Bxvxt+1
2

4) szxlx3 +1dx
0

S
NG 3 3
X x+1
2) dx 3) dx
'([\3/]-1—)52 '([33x+1
243 d 1 d
5) | —— 6) [——
0

s xx® +4

IIL. TINH TiCH PHAN BANG PHUONG PHAP TiCH PHAN TUNG PHAN:

Cong thitc tich phin titng phan:

]fu(x).v' (x)dx = [u(x)v(x)] - fv(x).u'(x)dx

b b b
Hay: [udv =[uv] - [vdu
Cach thuc hién:
= du =u'(x)d
Budc 1: bit u=ux) u=u(x)dx
dv=v'(x)dx |v=v(x)

b b
BuGc 2: Thay vao cong thic tich phan tirng titng phin : [udv = [uv]’ - [vdu

Budc 3: Tinh [uv]’

b
va [vdu

a

Bai 1: (D-2012)

Bai 2: (A-2012)

Bai 3:

Tinh cédc tich phin sau:

y

O eV | 7

—
=
>

>

w

9]
~
bel

\O
~

Ot b [3 =

(x+1)sin2xdx

x(2cos” x —1)dx

T

4
Tinh tich phan: 7 = jx(l +sin 2x)dx.
0

l+ln(:c+l)

Tinh tich phan / = I dx.
e
g 3 lnx
2)[(2x—1)cos’ xdx  3)[In(x* ~x)dx 4)]’
0 2
: :
6) J-xcos2 xdx 7) J-xln2 xdx 8) Ixsinxcosz xdx
0 0
1 e 1
10) j (x+1)*e™dx 11) j (xInx)*dx 12) [(x—2)e*dx
1 0
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/4

L ) ¢Inx 2 N
13) [xIn(1+ x")dx 14) [—=dx 15) [(x+cos’ x)sinxdx
0 1 X 0
< 21+In{x+1
17) [x*In” xdx 18) I:J‘#dx
1

1 X
IV .UNG DUNG TiCH PHAN TiNH DIEN TICH HINH PHANG:
Cong thiic:

Y (Cy):x=g(y)

y x=b
a7 _
(C):y=/(x) ) (C)iy = () b—T=—2\"t w
C):y= 2l
()= (C,):y =g )
1+ = a P elid y=a
A,:x=b X = \ X
o \\
(C):x=f(»)
b b
S = [[f(x) - g(x)}x S=[f(-egly
‘ Ye, Ye, ’ Xe, Xc,
Tinh dién tich clia cdc hinh phing sau:
_ —3x-1
x—1 y:X2 y:XZ—ZX
1) (H):qy=0 2) (Ho): o 3) (H3) : i
<=0 X ==y y=—X +4x
(©):y=+x (C):y=e'
4) (Hy): {(d):y=2-x 5) (Hs): (d):y =2
(Ox) (A):x=1

V. UNG DUNG TiCH PHAN TiNH THF TiCH VAT THE TRON XOAY.
Cong thiic:
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(C):ix=71(»)

: (C):x=g()

Aiy=a
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y y
_ b—— =
x=a LNy = f() N
£ x=? e (O):x= ()
x Wi,
0-I a O—I *
b 2 s 2
V=zx[[f(x)] dx V=xl[f(»] dv

Bai 1: Cho mién D gidi han bdi hai dudng: y=x"+x-5 ;x+y-3=0

Tinh thé tich khdi tron xoay dudc tao nén do D quay quanh truc Ox
Bai 2: Cho mién D gidi han bdi cdc dudng : y=v/x;y=2-x;y=0

Tinh thé tich khdi tron xoay dudc tao nén do D quay quanh truc Oy
Bai 3: Cho mién D gidi han b&i hai dudng: y=4—-x*;y=x>+2.

Tinh thé tich khdi tron xoay dudc tao nén do D quay quanh truc Ox
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Chuyén dé 17: SO PHUC

A. SO PHUC. CONG, TRU, NHAN, CHIA SO PHUC.

L. TOM TAT LY THUYET.

1. SO phitc 1a mét bi€u thitc dang a + bi, trong d6 a, b 1a cdc sé thyc va sé i théa man i> =—1.
Ki hiéu

e i: don vi do, e a: phdn thuc, e b: phédn do.

e z=a+0i=a dugc goila sd thuc (aecRcC)
e z=0+bi=bi dugc goila sd o (hay sd thuan 4o)
e 0=0+0i vira la sé thyc vira 1a sé 4o

2. Biéu dién hinh hoc cia s6 phic: A= M

e M(a;b) bi€u dién cho s phifc z <z =a + bi

0o 2 x

3. Hai s& phitc bing nhau. Cho hai s6 phitc z=a+bi va z'=a'+b'i v6i a,b,a',b'eR

' {a:a'
z=7'&

b=>b'
4. Cong va trir s6 phitc. Cho hai s6 phitc z=a+bi va z'=a'+b'i véi a,b,a",b'eR

z+z'=(a+a')+(b+b")i

z—z'=(a—a')+(b-b")i

5. Nhin hai s& phitc. Cho hai s6 phiic z=a+bi va z'=a'+b'i v6i a,b,a'b'eR
zz'=(aa'-bb')+(ab'+a'b)i

6. Mddun cta sé phifc z = a + bi YA M

o |[z]=va’+b’ :‘W‘

O
o

7. S8 phic lién hgp clia s& phifc z=a + bila |z =a —bi

- i

8. Chia hai s6 phiic.
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Cho hai s6 phific z=a+bi va z'=a'+b'i v6i a,b,a",b'eR

” ; z' z'z z'z ac+bd ad-bc.
oThuong cua z’ chiachoz (z#0):|—=—==—F=——+ 1
z  zz |z| a+b> a +b

B. PHUONG TRINH BAC NHAT, BAC HAI TREN TAP SO PHUC
1. Cin bic hai ctia s phifc
0z=0 ¢6 mot can bac haila 0
o z=a 12 56 thuc duong ¢6 2 ciin bac 213 +/a
o z=a Ia s0'thuc dm ¢6 2 cin bic haila £, [Ja|
2. Phuong trinh bac nhéat ax + b =0 (a, ’b, cla sé ghLZ’C cho trude, a = 0).
Gidi twong tu phwong trinh bic nhat véi hé so thue
3. Phuong trinh béc hai ax’ +bx + ¢ =0 (a, b, ¢ la s6 thuc cho trude, a #0).
Tinh A =b*> —4ac

—b+
o A > 0: Phuong trinh c6 hai nghiém phan biét thuc xm:b;—\/Z
a
S . . —bif|A|
o A <0: Phuong trinh ¢6 hai nghi¢m phan biét phire x,,, = v
a
o A = 0: Phudng trinh cé 1 nghiém kép la x=—2£
a
IL. REN LUYEN KY NANG GIAI TOAN
Bai 1: Tim phan thuc, phan 4o cua cua cac s phtrc sau
1) z=(2+4i)(3-51)+7(4-3i) 2) z=3+2i+(1+i)
3) z=1+4i+(1-i) 4) z=(1-2i)(2+i)
5) z=(4-3i) +(2+i)
Bai 2: Tim phan thuc, phan 4o cla cua cac sb phirc sau
1) z= 2+i 2) Z:L
3+42i (1+i)(2-1)
1-5i 2 1+3i 2
3)z= +(2—-i 4) z= —(1-2i
) 1+i (2-1) ) 1-i ( )
5)222—31‘ 6) z = 2-1—312
4457 (1+i)
Bai 3: Tim modun cia cac sd phiic sau
2
1) z=4-3i+(1-i) 2) z=(1-+2i) +3i
2 3—-i
3) z=1-3i+(1-2i 4) z=———
) (1-20) S T TEy
5) z=(4-3i) +(1+2i)
Bai 4:
1) 2x+yi—3+2i=x—yi+2+4i 2) (1-i) —2x(1-i)+y=0
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3) (x+yi) =5-12i
Bai 5: Giai cac phuong trinh sau trén tap s6 phirc
1) 2iz+3=5z+4i

3) 3-2i)z+4+5i=7-3i

Bai 6: Giai cac phuong trinh sau trén tip sé phuc
1)3z2°+2z+2=0
3) 227 -5z+4=0

Bai 7: Gii phuong trinh sau trén tip s6 phifc
Nz'-522-6=0
3)z'-872-9=0

4) (1+i)(x+yi)+(1—i)2 =2-3i

2) (3-2i)z+1—-i=2+i

2 12-3i=5-72j

4)

4-3i

2) 22 —4z+7=0
4) 22 +z+7=0

2)z' +72 -8=0
7' +62+25=0

Bai 8: Tim tip hop cdc di€ém M trén mit phing phitc bi€u dién cho s6 phiic z thda mén:

1) |z+i|=|z-2-3i|; 2) |z+3|<1
3) |z+3-4i=2 4) |z-1-i|<1
5) |z—2+3i|=5
N e (53 (20
Bai 9: Cho so phtic z = . Hay tinh ‘z‘

(1-2i)’
Bai 10: Tim s0 phttc z thoa man (z+i—2)(3i-4)=5i+6

PE THI TRONG CAC NAM QUA

Bai 1. Giai phuong trinh 2x* —5x +4 =0 trén tap sb phc.
TN THPT - 2006 Pdp s6: x; =£+£i; X, =£—£i
4 4 4 4
Bai2. Giai phuong trinh x* —4x+7 =0 trén tap sb phuc.
TN THPT - 2007 (ldn 1) Ddp s6: x; =2+~3i; x, =23
Bai3. Giai phuong trinh x* —6x +25=0 trén tap sb phic.
TN THPT — 2007 (ldn 2) Bdp s6: x,=3+4i; x,=3—4i
Bai4. Tim gié tri cua biéu thirc:
P =(1++3i)% +(1-3i)
TN THPT — 2008 (ldn 1) Bidp s6: P =—4
Bai5. Giai phuong trinh x* —2x+2=0 trén tip sb phuc.
TN THPT — 2008 (ldn 2) Bdp s6: x, =1+i; x,=1-i
Bai 6. Giai phuong trinh 82> —4z+1=0 trén tap s6 phuc.
TN THPT — 2009 (CB) Ddp s6: x, _L. 1, X, _L 1
4 4 4 4
Bai7. Giai phuong trinh 2z% + 6z+5=0 trén tap so phic.
TN THPT - 2010 (GDTX) Bip s6: x, =—§+§i; X, =—%—éi
Bai8. Cho hai sb phirc: z, =1+2i, z, =2 -3i. Xac dinh phan thuc va phan 4o cta s6 phirc z, -2z, .
TN THPT — 2010 (CB) BPdp s6: Phan thuc — 3 ; Phan do 8
Bai 9. Cho hai sb phitc: z, =2+5i, z, =3 —4i. Xac dinh phan thuc va phan ao ciia s6 phuc z,.z, .

TN THPT - 2010 (NC) Bdp s6: Phan thuc 26 ; Phan do 7
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Bai 10. Goi z,, 2, 14 hai nghiém phtc cuia phuong trinh z* +2z+10=0. Tinh gia trj cta biéu thic A = | z, o+ z, .

PH Khoi A — 2009 (CB) Pdp s6: A =20
Bai 11. Tim s6 phic z thoa min |z—(2+1)| =+/10 va zZ=25.
PH Khéi B — 2009 (CB) Pipsé:z=3+4ivz=>5

Bai 12. Trong mit phang toa d6 Oxy, tim tap hop diém biéu dién cac sé phirc z thoa méan diéu kién |z — (3 —4i) | =2.
PH Khoi D—2009  Ddp sé: dwong tron tam I(3 ; — 4 ), ban kinh R = 2.

Bai 13. Cho s6 phtc z théa man: (1+1)?(2—i)z =8+1i+ (1 +2i)z. Xac dinh phan thuc va phan a0 cua z.

CP Khoi A,B,D — 2009 (CB) Pdp s6: Phan thic — 2 ; Phdn do 5.

Bai 14. Tim phin 4o cta sb phitc z, biét: Z = (/2 +1)>(1=/2i).
DH Khéi A — 2010 (CB) Ddp s6: -2

. Co e (=B
Bai 15. Cho s0 phtic z théa man: z = (1& . Tim mo6dun clia z +iz.
—1

DH Khéi A — 2010 (NC) Ddp s6: 82

Bai 16. Trong mit phang toa do Oxy, tim tdp hop diém biéu dién cac sb phirc z thoa man didu kién |z—i| =|(1+1i)z]|.
PH Khoi B— 2010 (CB) Bdp s6: duong tron x° +(y+1)° =2

Bai 17. Tim s6 phic z thoa min diéu kién |z| = V2 va 72 1a sb thudn ao.
DHKh6iD~2010 Ddpsé:z;=1+i;z,=1~i;z,= —1~i;zy=-1+1.

Bai 18. Cho s phuc z théa man: (2—3i)z+(4+1)z = —(1+3i)*. Xéac dinh phan thuc va phin 4o cua z.
CP Khoi A,B,D — 2010 (CB) Pdp s6: Phan thwc — 2 ; Phan do 5.

Bai 19. Cho s6 phtc z thoa man: (1 + 2i)2 z+z=4i—20. Tinh mddun cua z.
CP Khéi A - 2011 Pipsé: |z| =5

. 5 ; 1
Bai 20. Cho s phuc z thoa min: z> — 2(1 + l') z+2i =0. Tim phan thuc va phan ao cua —.

z
. A 1 . 1
CP Khéi A— 2011 Bdp s6: Phan thuc 5 Phan do -3
Bai 21. Tim s6 phic z, biét: z—(2+3i)z=1-9i
PH Khoi D- 2011 (CB) Pdpsé: z=2—i
. = 5+i3
Bai 22. Tim sé phic z, biét: z _5+i3 ~1=0
z
PH Khéi B — 2011 (NC) Pép s6: —1-iN3;2—i3
3
. N L 1+iy/3
Bai 23. Tim phan thuc va phan 4o cua so phtc z = ( " \/_J
+1
PH Khoi B— 2011 (NC) Pdp s6: a=2;b=2
Bai 24. Tim tht ca cic s6 phirc z, biét 2* =|z|" +z
PH Khéi A — 2011 (CB) Pdp s6: z=0,‘z:—§iéi
Bai 25. Tinh médun cua sé phirc sd z, biét (22 —1)(1 + i) +(Z+ 1)(1 —i) =2-2i
DH Khdi A - 2011 (NC) Ddp s56: 7] :g
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Bai 26: (A-2012)

5(z +1i)

1 =2—j. Tinh médun cua sé phitc w=1+z+z>.
zZ+

Cho s6 phirc z thoa man

Bai 27: (B-2012)
Goi z, va z, 12 hai nghiém phitc ctia phuong trinh z’ —2\Biz—4=0. Viét dang lugng
gidccla z, va z,.
Bai 28: (D-2012)
z o\ o s 2(1+21) P " Y :
Cho s6 phitc z thoa man (2+1)z + —v =7+ 8i. Tim mdé-dun cua s6 phic w=z+1+1.
+i
Bai 29: (D-2012)
Giai phuong trinh z° +3(1+1i)z+5i =0 trén tdp hop cdc s6 phirc.

Hét
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