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§1 Dé bai

§1.1 Phudng trinh ham trén tap sb thuc

Bai toan 1 (Viet Nam TST 2022). Cho s6 thyc a va xét ham s6 p(x) = z%e** v6i moi z € R.
Tim tat cd ham s6 f: R — R théa méan

flea) + fy)) =y + o(f(2))
v6i moi s6 thue z,y.
Bai toan 2 (District Olympiad 2022). Tim tat cd ham s6 f : R — R théa man
FUly—2)—xf) + fx) =y (1 - f(z))
v6i moi s6 thuye z, .
Bai toan 3 (Iran MO Second Round 2022). Tim tat cd ham s6 f : R — R thoéa méan
f@fly) + f(z) +y) =2y + f(2) + [(y)
v6i moi s thue z, .
Bai toan 4 (Kosovo MO 2022). Tim tat ¢4 ham s6 f : R — R thoa man
f(fl@z—y) —yf(x)) =2f(y)

v6i moi s6 thue z,y.
Bai toan 5 (Kosovo TST 2022). Tim tat cd ham s6 f : R — R théa man

f(a?) +2f(zy) = 2f(x +y) +yf(z)
v6i moi s6 thuc z,y.
Bai toan 6 (IMO 2022 Malaysian Training Camp). Tim tat cd ham s6 f : R — R thoa méan

flaf(z)+2y) = f(2)* +a+2f(y)
v6i moi s6 thye z,y.
Bai toan 7 (IMO 2022 Malaysian Training Camp). Tim tat cd ham s6 f : R — R thoa man

f@@+ fle+y) =y+aflz+1)

v6i moi s6 thuye z,y.
Bai toan 8 (MEMO 2022). Tim tat cd ham s6 f : R — R théa man

fle+ flz+y) =2+ f(f(z) +y))
v6i moi s6 thue z, .
Bai toan 9 (DAMO). Tim tat cd ham s6 f : R — R thoa méan

fQuy+ f(z)) = xf(y) + f(yf(x) + )

v6i moi so6 thue z, .
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Bai toan 10 (Nordic 2022). Tim tat cd ham s6 f : R — R théa man dong thoi

i) f(f@)f(1—2) = f(z) VoeR;
) (@) =1 f(z) VoeR
Bai toan 11 (Romania EGMO TST 2022). Tim tat cd ham s6 f : R — R thoa méan
Ff @) +y) = f@® —y) + 4y f(x)
v6i moi s thue z, .
Bai toan 12 (HMMT 2022). Tim tat c4 ham s6 f : R\{0} — R théa man
F@) = f)f(2) = x(z +y+2) (f2) + f(y) + £(2))
v6i moi s6 thuyc z,y, z théa man zyz = 1.
Bai toan 13 (China TST 2022). Tim tat ¢4 ham s6 f : R — R thoa méan

{(F@fly) + 1), fyfe) =D} ={zf (f(y) + Lyf (f(z)) =1}

a=c,b=d

v6i moi x,y € R, trong d6 {a,b} = {c,d} <= [a:d,b:c .

§1.2 Phuong trinh ham trén tap s6 thuc duong

Bai toan 14 (VMO 2022). Tim tat cd ham s6 f : RT — R théa man
flx
f (%er =1+ f(y)

v6i moi sé thyce duong z, .
Bai toan 15 (Balkan MO 2022). Tim tat ¢4 ham s6 f : R™ — R" thoa man
f(uf(@) +2) = 2*f(y) + ()

v6i moi s6 thyce duong z,y.
Bai toan 16 (PAMO 2022). Tim tat cd ham s6 f,g: R* — R* thoéa méan

) (fl@) +y =1y +a-1) = (@+y) Ya,y>0

i) (=f(x)+y) (9y) +2) = (e +y+ Dy -2z -1) Vry>0.
Bai toan 17 ( Tran MO Third Round 2022). Tim tat cd4 ham s6 f : RT — RT thoa méan

fla+ fy) + f(f(2) =2+ fly + f(2))

v6i moi s6 thye duong z,v, 2.

Bai toan 18 (Czech-Polish-Slovak Match 2022). Tim tat cd ham s6 f : Rt — RT thda man

y+1\ 1 .
f(f(I)Jrf(y))_f(y)Jr o

v6i moi s6 thyce duong z,v.
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Bai toan 19 (Switzerland TST 2022). Tim tat cd ham s6 f : R™ — R théa man
v+ flyf(e) +1) = af (e +y) +yf(yf(v))
v6i moi s6 thiye duong z,v.
Bai toan 20 (Taiwan TST 2022, Round 2). Tim tat cd ham s6 f : R™ — R théa man
Fle+y*fy) = f(L+yf(x)f(2)
v6i moi s6 thye duong z,v.
Bai toan 21 (USAMO 2022). Tim tat cd ham s6 f : Rt — RT thoa man
f@)=f(f (f(@) +y)+ f(af) [z +y)

v6i moi s6 thye duong z, .

§1.3 Phuaong trinh ham trén tap rdi rac

Bai toan 22 (British MO 2022). Tim tat cd ham s f : Z* — Z* thdéa man
2bf (f (a®) +a)) = fla+1)f(2ab)
v6i moi s6 nguyén duong a, b.
Bai toan 23 (District Olympiad 2022). Tim tat cd ham s6 f : Z* — Z* théa man
2 +322f(y) PP +32f(2)  (z+y)’
e+ )yt S faty)
v6i moi s6 nguyén duong z, y.
Bai toan 24 (Francophone MO 2022). Tim tat cd ham s6 f : Z — Z thoéa man
Fm -+ m) + F(m) f(n) = n2(f(m) + 1) + m2(f() + 1) + mn(2 — mn)
v6i moi s6 nguyén m, n.
Bai toan 25 (Japan MO Final 2022). Tim tat cd ham s6 f : ZT — Z* thoa man
FE0 () + mn = f(m) £(n)
v6i moi 86 nguyén duong m, n, trong d6 f*(n) = f(f(... f(n)...)).
N

k
Bai toan 26 (Taiwan TST 2022, Round 1). Tim tat cd ham s6 f : Z — Z théa man

(2522 )) 4 pw = sy + | L2520

v6i moi s6 nguyén x,y, trong d6 ky hiéu |z] chi s6 nguyén 16n nhat khong vugt qua .
Bai toan 27 (USA TSTST 2022). Tim tat cd ham s6 f : ZT — Z théa man

| — )

n
v6i moi s6 nguyén duong m, n.

Bai toan 28 (MEMO 2022). Tim tat cd ham s6 f : Z* — ZT sao cho f(1) < f(2) < f(3) <
f(4) <...va
fn)+n+1, f(f(n)) = f(n)

déu 14 s6 chinh phuong v6i moi s6 nguyén duong n.

4



Doan Quang Dang Mathpiad

§1.4 B4t phudng trinh ham

Bai toan 29 (IMO 2022). Tim tat cd ham s6 f : Rt — R sao cho v6i méi s6 thuc duong =,
ton tai duy nhat s6 thue duong y thoa man

zf(y) +yflx) <2
Bai toan 30 (AUS 2022). Tim tat cd ham s6 f : [1; +00) — [0; +00) théa man
F@f@)+y) = [ (2°) + f (¥ f (@) +2° + 2y)
v6i moi s6 thyce z,y > 1.
Bai toan 31 (Abel Competition Final 2021-2022). Tim tat c4 ham s6 f : RT™ — RT théa méan
1(z)=1- VIOTED g
T T
v6i moi s6 thiye duong .
Bai toan 32 (Indonesia TST 2022). Tim tat cd ham s6 f : R — R théa man
F(@?) = F(y°) < (f(@) +y)(z = f(y))
v6i moi s6 thue z, .
Bai toan 33 (Philippine MO 2022). Tim tat cd ham s6 f : R — R thda méan
fla=b)f(c=d)+ fla=d)f(b—c) < (a—c)f(b—d)

v6i moi s6 thuc a, b, c va d.
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§2 L&i giai

§2.1 Phuong trinh ham trén tap s6 thuc

( Bai toan 1 (Viet Nam TST 2022) h
Cho s6 thuc a va xét ham s6 ¢(r) = 22 v6i moi x € R. Tim tat cd ham s6 f: R — R
thoa man

Fo(@) + fy) =y + ¢(f(2))
v6i moi s thye z,y.
J

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z,y) chi ménh dé f (o(z) + f(y)) =y + ¢(f(z)) Vzr,y €R.
Dat ¢(f(0)) = c¢. T P(0,y) thu dugc

fFW) =y+c VyekR
Do d6 f 1a mot song anh. Thay y béi f(y) vao ding thic trén ta suy ra
fly+c)=fly)+¢c VreR.
Vi f la song 4nh nén ton tai duy nhat d € R sao cho f(d) = 0. Tt P(d,y + ¢) thu dugc

fleld)+fly+e)) =y+c VyeR
Chi y rang f(f(y)) = y + c nén tit dang thic trén, két hop véi f 1a don anh ta thu dugc

o(d) + fly+c)=pld) + fly) +c= fy)

hay

¢(d) +c=0.
Chii § rang p(r) > 0 Va € R va ding thiic xay ra khi va chi khi 2 = 0 nén tit ding thiic trén
ta suy ra

f(0)=d=0.
Khidé f(f(y)) =y VYye€ R vatua P(z,0) suy ra

flo(z)) =o(f(z)) VzeR.

Chu ¥ rang ¢(z) nhan moi gia tri trén tap [0;+o0) nén ta suy ra f(z) > 0 Vz > 0. Tu
P(z, {(y)) ta suy ra

T

flo(@)+y)=fly)+ f(p(x) Vr,yeR
hay
fla+y)=flz)+ fly) Vz=0,yeR
V6i hai s6 thyc z,y, ta chon z du 16n sao cho z > max{—y, 0}, khi d6
fa+y)+ ) =flat+y+z2)=[fa)+ fly+2) = fl@)+ fy) + [(2)

hay

flaty)=flz)+fly) VeeR
Két hop véi f(z) >0 Vx>0 ta dé dang thu duge f(z) = kx  Va € R. Thay lai vao phuong
trinh ban dau ta tim dugc k = 1. Vay tat cd ham s can tim 13

flz)=2 VzeR.
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( Bai toan 2 (District Olympiad 2022) h
Tim tat cd ham s6 f : R — R théa man
F(fly—=)—zfy) + flz) =y (1 - flz))
v6i moi s thuc z,y.
J

Loi gidgi. D& dang kiém ta duge ham f(z) = 1 khong théa man yéu cau bai toan, do dé ton tai
s6 thyc ¢ sao cho f(c) # 1. Tt P(c,y) ta suy ra

f(fly—c)—cfly) =y(1—f(c) = flc) Vy€eR,

chi y rang 1 — f(c) # 0 nén dé dang suy ra f la toan anh.
Tu P(0,y) suy ra

f(f(@)+ f0)=z(1—=f(0)) VryeR
Néu f(0) = 1 thi ta suy ra f(f(z)) = —1 Va € R. két hop v6i f 1a toan anh thi dugc
f(z) = —1, thit lai ta thay ham s6 nay khong thda man yéu cau bai todn. Xét truong hop
f(0) # 1, v6i hai s6 thyc a, b sao cho f(a) = f(b), tit P(0,a), P(0,b) ta suy ra a = b, hay f 1a
don anh.
Tu P(z,—1) tasuy ra f (f(—z —1) —2xf(—=1)) =1 Vz € R. Do f la toan a4nh nén ton tai s6
thuc k sao cho f(k) =1 hay

f(f(me=1) —zf(-1)=1=f(k) = f(-z—1)—zf(-1)=k VzeR
T day thay x béi —x — 1 thi duge
F @)= (—o = D)f(=1) = k

hay f(r) = ax +b Vz € R. Thay lai vao phuong trinh ban dau tim duge f(x) = z, thit lai
thay ham s6 nay théa man. O
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( Bai toan 3 (Iran MO Second Round 2022) h
Tim tat cd ham s6 f : R — R théa man
f@fly) + f(z) +y) =y + flx) + f(y)
v6i moi s thuc z,y.
J

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.

Ky hieu P(z,y) chi ménh de f(zf(y) + f(z) +y) =2y + f(z) + f(y) Vz,y e R

Tu P(0,—f(0)) thu duge f(—f(0)) = 0. Do d6 ton tai so6 thuc ¢ sao cho f(c) = 0. T P(c,c)
suy ra ¢ = 0 hay ¢ = 0. Nhu vay f(z) =0 <=z = 0.

Tu P(x,0) tasuy ra f(f(z)) = f(z) VreR. Véimoiy#0,tu P (%,y) ta suy ra

10 (5ia) =74 (o) o0

— fy) = = = ()=

Tu P(—1,—1) ta duge f(—1) = —1. Khi d6 tuxt P(—1,y) suy ra

fy—fly)—1)=fly)—y—1 VyekR

Néu ton tai s6 thuc a # 0 sao cho f(a) = —a thi tit dang thic trén ta suy ra f(2a—1) = —2a—1.
Diéu nay dan dén —2a —1 = 2a — 1 hosic —2a — 1 = —2a + 1, giai c hai truong hgp ta déu thu
duge dieu vo ly. Nhu vay f(z) #x Vr #0. Khi d6 tu f(z)? =z? tasuyra f(z) =2 VzreR
(cht ¥ rang f(0) = 0). Thit lai thay ham s6 nay thoéa man. O
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( Bai toén 4 (Kosovo MO 2022) h
Tim tat cd ham s6 f : R — R théa man
f(fle—y)—yf(z)) =zf(y)
véi moi s6 thice x, y.
J

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z,y) chi ménh dé f(f(z —y) —yf(z)) =xf(y) Va,y € R.
Tu P(0,0) thu duge f(f(0)) =0. T P(x,0) suy ra

f(f(2)) =zf(0) VzeR.

Thay x bdi £(0) vio déng thitc trén ta suy ra f(0)2 = £(0) hay f(0) = 0 hodc f(0) = 1.
Truong hop 1. f(0) = 0.

Khi d6 f(f(z)) =0 Vz € R. Néu ton tai s6 k # 0 sao cho f(k) = 0. Khi do tu P(k,y) ta suy
ra

kfy) =f(f(k=y)) =0 = fly)=0 VyeR
Thii lai ta thdy ham s6 nay thoa man. Néu f(z) = 0 <= 2 = 0 thi ta f(f(z)) = 0 ta suy ra
f(x)=0 VzeR, voly

Truong hop 2. f(0) = 1.

Khi d6 f(f(z)) =2 Vz € R. Tu day ta dé dang chiing minh f 14 song anh. Do d6, ton tai s6
thuc a # 0 sao cho f(a) = 0. Tu P(a,y) ta suy ra

a—y=f(fla=y) =afly) = fh)="—" WyeR

Thay lai vao phuong trinh ban dau ta dé dang tim duge f(z) =2 +1 Vo € R hoac f(z) =
1 —2 Ve R. Thi lai ta thay chi c6 ham s6 f(z) =1 — 2 Vz € R théa man. Vay tat ca
ham s6 can tim 1a

flz)=0 VzxeR, f(x)=1—2a VzeR.
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( Bai todn 5 (Kosovo TST 2022) h
Tim tat cd ham s6 f : R — R théa man
f(a?) +2f(xy) = 2f(x +y) +yf(z)
v6i moi s6 thuc x, y.
J

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z,y) chi ménh dé f (22) + 2f(zvy) = xf(xz +y) +yf(z) Vz,y e R.

T P(0,0) thu duge f(0) = 0. Khi d6 tit P(z,0) ta suy ra f(2?) = zf(z) Vz € R. Tu day
thay x b6i —z ta dé dang ching minh duge f 14 ham 1é.

Tit P(z, —y) ta suy ra
fa?) =2f(xy) =2 f(x —y) —yflx) Yo,y €eR.
Két hop v6i P(x,y) thi dugc
ef(z+y) +af(z—y) =2f (%) = 20f(2)

hay
f@+y)+ fle—y)=2f(x) Vz#0,yeR.
Cht ¥ ring véi y = 0 thi dang thitc van ding do f 1a ham 1é. Do d6

flz+y)+ f(zr —y)=2f(z) VxeR.
Cho y = 0 thi duge f(2z) = 2f(z) Vz € R. Do d6
flea+y)+ fle—y) = f(22) Va,yeR.
Tir day dé dang suy ra f(z +y) = f(z) + f(y) Vaz,y € R. Ta tinh f((x + 1)) biing hai cich

flla+1)%) = f@@® + 20+ 1) = 2f(z) + 2f(2) + f(1)
flla+1)) = (@+ 1) f(z+1) = (@ + 1)(f(2) + f(1) = 2 f(z) + 2 f(1) + f(a) + f(1)

Tit hai dang thiic trén ta suy ra f(z) = zf(1) Vz € R. Thit lai ta thiy ham s6 nay théa man
yéu cau bai toan. O

10
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( Bai toan 6 (IMO 2022 Malaysian Training Camp) h

Tim tat cd ham s6 f : R — R théa man

faf(x)+2y) = fx)’ + 2+ 2f(y)

véi moi s6 thice x, y.

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.

Ky hi¢u P(x,y) chi khang dinh f(zf(z) +2y) = f(2)*+ 2+ 2f(y) Vz,y € R.
T P(0,0) ta suy ra f(0) = f(0)>+2f(0) = f(0) € {—1;0}.

Truong hop 1. f(0) = 0.

Ta xét cac phép thé
P(0,2) = f(2z) =2f(x) VzeR;
P(z,0) = f(zf(x)) = f(x)*+2 VrecR.
Tu P(2z,2yf(y)) ta suy ra

fAxf(z) +4yf(y) = 4f(2)* + 22+ 2f 2y f(y)) = 4f(x)* + 2z + 4f(yf(y)) Va,y €R.
Suy ra
flaf(x) +yf(y) = fla)? + g + fyf(y)) Y,y €R.

Thay doi vai tro ,y trong dang thitc trén va déi chiéu v6i chinh né thi duge

F@) + 5 + FfW) = f@)* + 5 + f(ef(2)) Va,yeR
— f@P+ 5+ W) +y= @)+ 5+ (@) +a = =y VryeR
didu nay khong thé xay ra. Do d6 khong ton tai ham s6 thda man trong truong hop nay.
Truong hop 2. f(0) = —1.
Ta dat g(z) = f(z) +1 Vo € R. Khi d6 g(0) = 0 va P(z,y) viét lai thanh
g(zg(r) —  +2y) = g(2)* - 2g9(x) + = +29(y) Va,y € R.

Tu P(0,y) ta suy ra g(2y) = 29(y) Vy € R.
Tu P (z, %) ta thu dugc
g(zg(z)) = g(x)* + z — g(x) Vx €R.
Tu P(2z,z) suy ra
gldzg(x)) = 49(x)? — 2g9(x) + 22 Yz e R
g(z)

T-i-x Vz € R.

= g(zg()) = g(x)” — 3
D6i chiéu céac két qua thu duge, suy ra

gx)=2r = f(r)=2-1 VxeR
Thit lai ta thiy ham s6 nay thoéa man yéu cau bai toan. Vay tat cd ham s can tim 13

flx)=2—-1 VreR.

11
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( Bai toan 7 (IMO 2022 Malaysian Training Camp) h
Tim tat cd ham s6 f : R — R théa man
F*+fla+y) =y+af(z+1)
v6i moi s thye z,y.
y

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky hiéu P(z,y) chi khing dinh f (2?2 + f(z +y)) =y +2f(x+1) Vz,y €R.

Dat a = f(0). Tu P(0,z) ta thu duge f(f(x)) =z Va € R, suy ra f la song anh.
Tu P(x, f(y) — x) ta suy ra

f(x2+y) =fly)+af(z+1)—2z Va,yeR.

Ky hiéu ménh dé tren 1a Q(x,y). Khi d6 tit Q(x,0) ta duge f (2?) =z f(x+1)—z+a VreR.
Thay lai vao Q(z,y) thi duge

f(@+y) =)+ fly)—a Vo,yeR

Dat g(z) = f(x) — a, khi d6 g(0) = 0 va g(z +y) = g(z) + g(y) Vr >0,y €R.
Nhan xét 1. g(z) + g(y) =gz +y) VxeR.

Chiing minh. Tu day y = —=z thi duge g(x) = —g(—z) Vz > 0 hay ¢ la ham 1é. Khi d6 véi
r <0,y € R taco

9@ +y) = —g(—z —y) = —g(—2) + —g(—y) = g9(z) + g(y).
Nhu vay g(z + y) = g(z) + g(y) Vz,y € R. Chiing minh hoan tat. O
Nhan xét 2. g(g(z)) =z VzeR.

Chaing minh. Ta thay f(z) = g(z) + a vho dang thitc f(f(z)) = z thi duge
9(9(z) +a)+a=2 = g(g(z)) =2 —g(a) —a VzeR.

T day thay x = 0 va chu y g(0) = 0 ta suy ra g(a) + a = 0 hay g(g(x)) =z Vx € R. Chiing
minh hoan tat. O

Nhan xét 3. g (2?) = xg(z) Vz€R.
Chiing minh. Thay f(x) = g(x) + a vao P(z,0) ta thu dugc
g(@®+g(x)+a)+a=zg(x+1)+ar VzeR

= g (%) +9(9(x)) + g(a) + a = zg(z) + 2(9(1) +a) VxR

Tathay z € Q, z # 0 vao dang thiic trén va chi ¥ g (2%) = zg(x) Vo € Qtasuyrag(1)+a = 1.
Diéu nay dan dén g (2?) = zg(x) Vx € R. Chting minh hoan tat. O

12
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Tit cac khang dinh trén, ta di tinh g ((z + 1)?) bang hai cach. Ta c6
g((z+1)?) = (x + Dg(x + 1) = zg(z) + xg(1) + g(z) + g(1)

g((z+1)?) =g (@*+22+1) =g (2°) + g(2z) + g(1) = zg(z) + 29(z) + g(1).

So sanh hai dang thiic trén ta suy ra g(z) = g(1)r Vo € R hay f(x) = cx +a, Vo € R. Thay
lai vao phuong trinh ban dau ta tim duge f(z) =z va f(z) = 2 — 2. Thit lai ta thiy cdc ham
sO nay théa man.

Vay tat cd ham s6 can tim 1a

flz)=2 VzeR, f(z)=2—2 VrekR
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( Bai toan 8 (MEMO 2022) h

Tim tat cd ham s6 f : R — R théa man

flx+ flr+y) =z+ f(f(z)+y))

véi moi s6 thice x, y.

Loi gidi 1. Gia st ton tai ham s6 thda man yéu cau bai toan.
Ky hieu P(z,y) chi ménh dé f(x + f(z +vy)) =z + f(f(x) +y) Vr,y €R.
Tu P(x,—f(x)) ta suy ra
fle+ fle—f(2) =2+ f(0) VeeR
hay f toan anh trén R. Khi d6 ton tai s6 thuc a sao cho f(a) = 0. T P(a,0) ta duge
a+ f(0)=fla+ fla)) =0 = —f(0) = a.
Tu P(0,y) thu duge
f(Fw) = fly+f(0)) VyeR. (1)
Tu P(—f(0),y + f(0)) ta dugc
F(f(y) = f(0) = =fO0) + fly + f(0)) = =f(0) + f(f(y)) VyeR.

Do f toan anh trén R nén tit ddng thtc trén suy ra

fly) = fly = f(0) + f(0) VyeR.
Thay y bdi y + £(0) vao déng thiic trén, thu dugc

fly+ f(0) = fly) + f(0) VyeR.

Két hop véi (1)) ta suy ra f(y) = y+ f(0) Vy € R. Thit lai ta thay ham s6 nay thoa man. Vay
tat cd ham s6 can tim la

f(x)=x+c Vo eR (clahingsd).

Lai giai 2. Tuong tu ta cing c¢6 f toan anh tréen R. T P(y,x — y) suy ra
fly+f@)=y+f(fly) +z—y) Vz,yeR
Thay vao P(x,y) ta suy ra
fe+fl@+y)=z+y+f(fly) +z—y) VryeR (2)
V6i moi yg € R xét phuong trinh
z+ f(z+y) = f(yo) + = yo.

Phuong trinh trén luén cé nghiém zy do f toan anh trén R. Thay x = z¢ va y = yo vao thi
dugc xg + yo = 0 hay xg = —yp. Thay lai vao phuong trinh trén ta suy ra

—yo+ f(0) = f(y0) — 290 = f(y0) = yo + f(0).
Nhu vay f(y) =y + f(0) Vy € R. Thi lai ta thaiy ham sd nay thoa.

14
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. co.

Loi gidi 3. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hieéu P(z,y) chi ménh dé f(z + f(z+y)) =z + f(f(z) +y) Vr,yeR.
Tw P(z,y — x) thu duge

fle+ fly) =z+ f(f(x) —z+y) Vr,yeR.
Ky hieu ménh dé tren 1a Q(z,y). T Q(z, z) suy ra

[+ f(x) ==+ f(f(2))

= fle+ f(2) = (@ + f(z) = f(f(z)) - f(z) VeeR (3)

Ta c6 nhan xét rang néu a, b 1a hai s6 thyc théoa man f(a) —a = f(b) — b thi tut P(a,y) va
P(b,y) ta suy ra
ffy)+a)—a=f(fly) +b)—b VyeR.

Nhu vay, tu thu dugc

FU@) +a+ f(2) =2 — fx) = [(f(y) + [(2) = [(2)

= [(fy) + fla) +2) —z=f(fly) + f(z)) Y,y eR. (4)
Chu y rang tu P(z, — f(z)) ta dugc
fla+ flx = f(2)) =2+ f(0) VzeR
hay f toan anh tren R. Khi d6 tir (4)) suy ra
fly+fl@)+2)—a=fly+ f(z)) VzyeR
Thay y béi —f(z) vio dang thiic trén thi dugc
fx)=z+ f(0) VzeR.

Tht lai ta thay ham s6 nay théa méan.
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(" Bai todn 9 (DAMO) A
Tim tat cd ham s6 f : R — R théa man
fQry+ f(x) =2f(y) + f(yf(z) + 2)
véi moi s6 thice x, y.
J

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.

V6i x,y € R, ky hieu P(x,y) chi ménh dé f(2zy + f(x)) = 2f(y) + f(yf(x) + x).

Néu f(z) = c¢ thi thay vao P(z,y) ta suy ra f(z) = 0. Xét truong hop f khong la ham hang.
Nhan xét 1. f(0) = 0.

Chitng minh. Tt P(z,0) ta dude f(f(x)) = xf(0) + f(z) Vz € R. Néu f(0) # 0 thi tu day

suy ra f don anh trén R. Khi d6 tit P(0,0) thu duge f(f(0)) = f(0) hay f(0) =0, vo ly. Nhu
vay f(0) =0. O

Nhan xét 2. f(z) =0<=z =0.

Chiing minh. Gi& st ton tai a # 0 sao cho f(a) = 0. Khi d6 tit P (a, 3) ta dugc

1 1 1
i f— 2 — = = bl = .
of (3) =1 (205) =10 =0 = 1(3) =0
Tu P (%,y) tasuy ra f(y) =0 Vy € R, mau thuin do ta xét f khac hang. ]

Nhan xét 3. Vi moi x € R thi f(x) = x hodac f(z) = 2z.

Chitng minh. V6i z # 0, gid st f(x) # 2z. Khi d6 tu

(o) = (i) o = ()

Két hgp v6i Nhan xét 2 ta suy ra f(x) = z. O
Gia st ton tai b # 0 sao cho f(b) = 2b. Tu P(b,y) suy ra
f(2by +2b) =bf(y) + f(2by +b) Vy € R.

Thay y = —% vao dang thiic trén, suy ra

2= f(b) = bf (-%) — f(—%) =2,

vo Iy do f(—1) = —1 hodc f (—%) = —1. Nhu vay f(z) # 2z Vz #0. Suy ra f(z) = z. Thu
lai ta thay ham s6 nay théa man. Vay tat cd ham s6 can tim 13
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( Bai toan 10 (Nordic 2022)
Tim tat cd ham s6 f : R — R théa man dong thoi

D f(f@)f—x)=flz) VeeR
i) f(f(x)) =1-f(z) VzeR

~

. co.

Loi gidi 1. Gia st ton tai ham s6 théa man yéu cau bai toan. T gia thiét ii) ta suy ra

F(F(f@)=1=f(f(x)) = f(z) VzeR.

Thay x béi f(x) vao gid thiét i), suy ra v6i moi z € R thi

Ff@) = f ) f A= f) = f ) fU@)) = f @) fz).

Tiép tuc thay = béi f(z) vao dang thiic ta dugc
FUSf@) = Sf) f(f(z) YzeR

Két hop véi f (f (f(2))) = f(z) ta suy ra

suy ra ¢ = 1 — ¢ hay ¢ = + fracl2.
Ta thay z bdi 1 — z vao phuong trinh i) va ddi chiéu véi chinh n6 thi duge

flz)=f1—-2) VxeR.
Tu phuong trinh ii), tdc dong f vao hai vé thi duge

FU (@) = fQA = f(x) = f(f(x)) VYeeR

]

Nhu vay f (f(z)) la diém bat dong ciia ham s6 f hay f (f(x)) = 2 Vo € R. Tit day, thay vao

2

phuong trinh ii) ta suy ra § =1 — f(z) hay f(z) =3 Vz €R.
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( Bai toan 11 (Romania EGMO TST 2022) A
Tim tat cd ham s6 f : R — R théa man
F(f(@) +y) = f(2* —y) + 4y f (@)
véi moi s6 thice x, y.
J
Loi giai. Ta thay y bdi % vao phuong trinh ban dau thi dugc

(2 — f(x))f(x) =0 VxeR.

Do d6 f(z) = 0 hodc f(z) = 2? v6i moi x € R. Cha ¥ rang ta cling ¢6 f(0) = 0 va tu P(0,y)
thu duge f(y) = f(—y) hay f 1a ham chén.

Dé& dang kiém tra dugc ham s6 f(z) = 22 Vo € Rva f(z) = 0 Va € R thda man yéu cau
bai toan. Ta sé chiing minh khong ton tai ham thit ba théa man. Gia st ton tai a # 0 sao cho
f(a) =0 va b # 0 sao cho f(b) = b Do f 1a ham chén nén ta gia stt b > 0 (vi néu khong thi
ta xét f(—b) = b*). T P(a,—b) ta suy ra

f(=b) = f(a® +b) = b* = f(b) = f(a® +D).
Néu f(a*+b) =0 thi b= 0, vo ly. Néu f(a®+b) = (a*+b)? thi ta cling thu dugc diéu vo ly do

O0<b<a®+b = b’ < (a®+0b)>

Nhu vay tat cd ham s can tim la f(z) = 2% va f(x) = 0. O
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( Bai toan 12 (HMMT 2022) h
Tim tat cd ham s6 f : R\{0} — R thoéa man
f@)? = fW)f(z) =a(z+y+2) (fl2) + fy) + f(2))
v6i moi s thuc z,y, z théa man zyz = 1. )

Loi gidi. Gia st ton tai ham s6 théa man. Ky hiéu P(z,y, 2) chi phuong trinh ban dau.
Nhan xét 1. f(x {Ox— } YV # 0.

Chitng minh. Tu P(1,1,1) suy ra f(1) = 0. V6i moi x # 0, ta c6

p(mé) N f(:c)stc(x—i—ile) (f(;z:)+f(é>)
p(mé) e f@)f (i) _ (x+§+1> <f(a:)+f(é)).

Diéu nay dan dén f(2)* = —zf(z)f (1) hay f(z) = 0 hogc f (1) = —@ v6i moi x # 0. Thay
vao phuong trinh thi nhat thi duge

fl@)Y? =x <x+i+1) (f(a:) - @)

hay f(z) = 0 hodc f(z) = 2® — I v6i moi z # 0. O
Nhan xét 2. Néu ton tai so thuc t # 1 sao cho f(t) =0 thi f(x) =0 Va #0.

Chitng minh. V6i moi x # 0, ta co

P(m,t,%) — f(x)2:x<x+$+t) (f(x)+f($))
p(m,%) Ry (1) t(ﬁ 1t+t) (f(:v)+f(%>).

Diéu nay dan dén tf(z)’ = —zf(z )f (&) hay f(z) =0hodc f (£) = —Lf().
Xét cac s6 thuc  # 0 théa méan f (&) = —Ef(x), thay vao déng thic thi nhat thi duge

flx) == (a:—l—%—i—t) (f(g:) —#)

fz)=0
:>{f(x) x(x+%+t)(1_i):mz_%_(tQ_%)
o (#

Chu § réng v6i ¢ # 1 thi 2 — — ) #2*—1nen f(z) =0. Tomlai f(z) =0 Vo #0. O

(\F

Néu f(z) #0 VYV #1thitasuyra f(z) =22 —1 Va0, thi lai ta thdy ham s6 nay thoa.

Vay tat cd ham s6 can tim 1a
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(" Bai toan 13 (China TST 2022) h
Tim tat cd ham s6 f : R — R théa man
{f@fy)+1),f(yf(x) =1} =A{«f(f(y) + Lyf(f(z)) -1}
N . ) a=cb=
v6i moi z,y € R, trong d6 {a, b} = {¢,d} — d—db—oc
\ ’ y

Loi gidi. Gia sit ton tai ham s6 thda man yéu cau bai toan. Ky higu P(z,y) chi khang dinh
{f@fy)+1),f(yf(@) -1} =A{«f (f(y) + Lyf(f(z)) -1} Vz,yeR

Tu P(0,0) ta suy ra {f(1), f(—=1)} = {1,—1}. Ta xét truosng hop f(1) =1 va f(—1) = —1,
truong hop con lai lam tuong tu.

Nhan xét 1. Ham f la toan dnh.
Chitng minh. Tu P(z,1) ta suy ra
{fla+1), f(f(z) =D} ={z+1,f(f(x)) -1} VzeR
T day ta dé dang suy ra f 1a toan anh. Chitng minh hoan tat. m
Nhan xét 2. f(0) =
Chitng minh. Do f la toan anh nén ton tai s6 thuc a sao cho f(a) = 0. Khi do, tit P(a,a) ta
suy ra
{f(af(a)+1),f(af(a) = 1)} ={af (f(a)) + L af (f(a)) — 1}
= {af (f(a)) + L,af (f(a)) =1} = {1, —1}.

Giai hai truong hop ta déu thu duce

a=0
af (f(a)) =0 = af(0)=0 = FO0) =0

Nhu vay f(0) = 0 trong moi truong hgp. Chiing minh hoan tat. O

Dé dang kiém tra dugc ham s6 f(z) = 2 Va € R thda man yu cau bai toan. Ta xét trudng
hgp ton tai s6 thuc xg # 0 sao cho f(xg) # xo.

Tu P(xg — 1,1) ta suy ra

{f (o), f (f(wo— 1) = 1)} = {0, f (f(20 — 1)) — 1}.
Do f(zo) # o neén tir day suy ra
flwo) = f(flwo—1)) =1, wo=[f(flzo—1)—1). (1)
Tu P(1, 20 + 1) thu dugc
{f (f(wo+1)+1), flzo)} ={f(f(mo+1)+1, xo}.

Tuong tu, ta cling suy ra

flwo) = f(flwo+1)+1, xo=f(f(wo+1)+1). (2)
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Nhan xét 3. f(z) =0<= z =0.
Chitng minh. Gid st ton tai a # 0 sao cho f(a) = 0. T P(a,y) suy ra véi moi s6 thuyc y thi
{faf(y)+1), f(yfla) =D} ={af (f(y) + Lyf(f(a)) =1}

= {f(af(y) +1), -1} ={af (f(y)) + 1,1},

Diéu nay dan dén f (af(y) +1) =af (f(y)) +1 Vy € R. Cha ¥y rang do f 1a toan anh nén tu
day ta ciing c6
flay+1)=af(y)+1 VYyeR.

Tuong tu, tt P(y, a) ta suy ra
flay—1)=af(y)—1 VyeR.
Két hop hai dang thitc nay thi duge f(y+1) — f(y—1) =2 Vy€R.

Diéu nay dan dén

f(flwo+ ) +1)=f(f(zo—1)+3) = f(f(zo—1) —1+14)
=f(flwo—1)—1+2)+2=f(f(zo—1) —1) +4.

Két hop véi va ta suy ra xg = xg + 4, vo ly. Nhu vay f(z) =0 <= x = 0. [
Nhan xét 4. Ham f la don dnh.
Ching minh. Gia sl ton tai cac s6 thuc u # v # 0 sao cho f(u) = f(v). Ta c6

Plu,y) = {f(uf(y) +1),f(uf(w) =1} ={uf (f(y) + Lyf(f(u) -1} VyeR
P,y) = {f(wf(y)+1),f(uf) =D} ={vf(fy)+Lyf (flv)) -1} VyeR.

Cha y rang f(u) = f(v) nén f (yf(u) — 1) = f (yf(v) = 1) va yf (f(u)) =1 =yf (f(v)) - L.
Gia stt ton tai y # 0 sao cho f (yf(u) — 1) # yf (f(uv)) — 1. Khi d6

Flyflw) =1 =uf (fw)+1 fyflv)=1) =uf(f(v))+1

hay (u—wv)f(f(y)) =0, vo ly. Nhuvay f(yf(u) —1) =yf(f(u)) =1 VyeR.
Tuong tu ta cing thu duge f(yf(u)+1) = yf (f(u)) +1 Vy € R. Do f 1a toan anh va
f(u) # 0 nén

fly+1) = fly—1)=2 VyeR,

mau thuan véi phuong trinh va . Vay f la don anh. O
Tu va suy ra

vo=f(flxo+1)+1)=f(f(ro—1)—1) = fzo+1)+1=f(ro—1)—1 (3)
Dong thoi ta ciing c6

f(@o) = f(flwo—=1) =1 = f(f(xo+1)+1. (4)
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Dat m = f(zo+ 1)+ 1= f(zg— 1) — 1. Néu f(m) # m thi 1ap luan tuong ty nhu truong hop
() # o ta cing 6 duge f(m+1)+1 = f(m—1) 1 hay f (f(zo— 1)+1= f (f(zo+ 1)~ L
diéu nay mau thuan véi ding thiic . Nhu vay f(m) = m hay

fm)=F(fmo+ D +1)=m=2 = [f(z)==,

vo 1. Nhu vay, khong ton tai ham s6 théa man trong trudng hop nay.

Vay tat cd ham sé théa man yéu cau bai toan 1

flz)=2 VexeR, f(zr)=—-x VreR
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§2.2 Phuong trinh ham trén tap céc sb6 thuc duong

(" Bai toan 14 (VMO 2022) h
Tim tat cd ham s6 f : RT — RT thoéa man
f(z
f <%+y =1+ f(y)
v6i moi s6 thue duong z,v. )

Loi gidi 1. Truée hét ta ching minh bo dé sau:
Bb6 dé. Cho cdic ham s6 f,g,h: Rt — RT thdéa man

f(g(z) +y) = h(z) + f(y)

vdi moi 56 thuc duong x,y. Khi dé ham ¥ x) la ham héing.

Chaing minh. Ky hieu P(z,y) chi khang dinh f(g(z) +vy) = h(z) + f(y),Vz,y > 0. Tu
P (z,y — g(x)) ta suy ra

fly—g(@)=fy)—h(z),Vz >0,y > g(x).

Véi x,y > 0 va p,q € ZT sao cho pg (z) — qg (y) > 0, tit cac dang thiic trén ta dé dang chiing
minh dugce

f(z+pg(x) —q9(y)) = f(2) +ph(x) —qh(y)
véi moi z > 0. Néu ph (z) — qh (y) < 0, khi d6 ta thay (p,q) bdi (kp, kq) v6i k nguyén duong
du 16n thi

f(2) +ph(z) —qh (y) <O,

vo 1y. Nhu vay

pg (x) >qg(y) = ph(z) = qh(y) Va,y >0,

hay
h
9@ g M) Sy
gy) ~p ()
Gia st 42 > M8 yhi 46 ta ¢6 thé chon p,q € Z* sao cho

9(y) h(y)’

h
o) a_ )
9ly) = p hy)
diéu nay mau thuin vé6i chitng minh trén. Vay

hz) _ g(x) hlz) (y)

L > = 2> 2L Vg oy > 0.
h(y) ~ 9(y) 9@ = 9y
Thay doi vai trdo z,y trong danh gia trén ta thu duge g(xg = Z(—i”; =c Vz,y>0. [

Tré lai bai toan. Gia st ton tai ham sé thoa man.
Ap dung bd dé tren ta suy ra ton tai s6 thuc duong ¢ sao cho

flz)

=c¢c = f(r)=cx VYr>D0.
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Thay lai vao phuong trinh ban dau ta suy ra

c(c+y)=f<@+y) =l+4+cy = c=1.

Nhu vay f(z) =2 Vz > 01a tat cd ham s6 can tim

Loi giai 2. Gia sit ( ) khong 13 ham hing. Khi d6 ton tai a, b > 0 phan biét cho cho ( )
e o )
a
f<7+y) =f(7+y) =fy)+1 vy>0.

Dat k=1 19 nhuvay f(o) = fla + K) Vo> 12,
Mt khac, tir gia thiét, ta co

f@+n%?):ﬂm+n>n

S 1@

a

hay f(z) > n véi moi x > nf%. Véi 2 > 0 ¢6 dinh, chon n = | f(z)] +2 > f(x) va s6 nguyen

duong m sao Choa:+mK>n () , nhu vay f(z +mK) >n> f(zx) = f(zr +mK), vo ly.

Do d6 f(x) =cx Vx> 0. Thay lal vao ta ciing tim duge ¢ = 1.
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( Bai toan 15 (Balkan MO 2022) A
Tim tat cd ham s6 f : Rt — R* théa méan
f(wf(@) +2) =2*fy) + f(z)
v6i moi s6 thyce duong z,v. )

Loi gigi 1. Truée hét ta chiing minh bo dé sau:
Bo6 dé. Cho ham s6 g : Rt — Rt va cdc s6 thue duong a;,b;, ¢;, d; vdi i = 1,2 théa man
g(w +6L1> + b1 = g(.T + Cl) + d1
va
g(x +az) + by = gz + c2) + do
vdi moi x > 0. Khi dé ton tai s6 thuc A > 0 sao cho d; — b; = Ma; — ¢;) vdii € {1;2}.
Chiing minh. Néu a; = ¢; thi by = dy, ay = ¢y thi by = dy. Ta xét truong hop a; # ¢; v6i
i = 1,2. Khong giam tinh tdng quat, gid st a; > ¢; véii =1, 2.
Ta chiing minh d; > b; véi 1 =1, 2.
Gia stt d; < by, tu gid thiét, bang quy nap ta chitng minh dugc
g(a:—l—N(al—cl)):g(x)—i—N(bl—dl) \V/IE>O,N€N*.
C6 dinh = > 0 va cho N — +o0 thi N(b; — d;) — —oo diéu nay mau thuan véi g : RT — RT.
Ta chiing minh bing phan chitng, khong giam tinh téng quat ta gia st

dy — by >d2—bg>0'

ap — Cq a9 — Co
Néu dy = by thi g(z + az) = g(x + o) Va > 0. Khi d6, bang quy nap ta chi ra duge
g(x) = g(fI? + N(CLQ — ag)) = g(.T + N(GQ — CQ) — M(a1 — C1)> + M(d1 — bl) > M(dl — bl)

véi M, N 1a cac s6 nguyén duong sao cho x + N(ay — ¢p) — M(a; — ¢1) > 0.

Chi y rang v6i M > 0 thi ta c¢6 thé chon N dii 16n sao cho z + N(ay — o) — M(a; — ¢;) > 0.
Khi d6, ¢6 dinh z di 16n va cho M — +oo thi g(z) — +o0o, diéu nay mau thuan.

Nhu vay dy > bs.

Lic dé6, ta c6 4=t > @1=a - (). Khi d6 ton tai cac sd nguyén duong m,n sao cho
’ do—bo as—co y )

dl—bl m a1—61>0‘

dy — by n o ay—Co
Diéu nay dan dén v6i x > 0 du lén thi
g(x) = gz +mlaz —c2)) —m(ds — bs) = g(x+m(as —c2) —n(a; —c1)) +n(dy — by) —m(dy — by).
Do u=m(ay — ¢3) —n(a; — ¢1) > 0,v = n(dy — by) — m(ds — be) > 0 nén ta suy ra
g(x)=g(x+u)+v Va>D0.

Khi d6, bang quy nap ta chi ra duge g(z) = g(x + nu) + nv > nv véi moi sd nguyen duong n.
T day, ¢6 dinh > 0 va cho n — +oo ta thiay ngay dieu vo 1y. Nhu vay, ton tai A > 0 sao cho
d; — bi = Ma; — ¢;) v6i i € {1;2}. Chiing minh hoan tat. O
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Tré lai bai toan. Gia sit ton tai ham sé théa man yéu cau bai toan.

Ky hieu P(z,y) chi khing dinh f (yf(z)* +2) = 2*f(y) + f(z) Va,y > 0.

Tu P(1,y) suy ra f (yf(1)3 +1) = f(y) + f(1) Vy > 0. Néu f(1) < 1 thi tur day, ta thay y
boi % thi duge f(1) =0, vo ly. Vay f(1) > 1

Tu P (z, yf(2)® + z) va P(z,y) ta suy ra véi moi s6 thuc z,y, z thi

FfEP @)+ 2f () + ) = 22 f(y) + 2 f(2) + f(x). (1)
Tit (1), ta thay doi vai tro , z thi duge
Ff@P’f(2)’ +af(2)’ +2) = 22 f(y) + 2 f(2) + f(2). (2)

Tit hai dang thic (1), (2) ta suy ra v6i moi x,y,z > 0 thi
fuf@? f2) +2f(2) +2) +2°f(2) + f(2) = f (uf(2) F(2) + 2f ()" + 2) + 2 f (@) + £(2)
tur day thay y bdi W thi dugce

Fly+afE’+z2] +2%f )+ fl@)=fly+af@)’+a | +22f(2)+ f(2).
N —— ~—_————— N v N

-~ -~

a b c d

Ap dung bd dé tren ta suy ra ton tai s6 thuc a > 0 sao cho
(Zf(@) + f(2)) = (2%f(2) + f(2)) = a (2f(2)’ + 2 — 2f(x)’ —x) Vz,2>0. (3)
Néu a = 0 tir (3), thay z = 1 ta duge f(1) —23f(1) =0 Vz > 0, vo I§. Nhu vay a # 0, khi d6
ddt a = L va thay z =1 vao (3) ta suy ra v6i moi = > 0 thi
af(1) = af(a® =2 f(1)° + 1= f(2)* —«

= f(2)’ =af()2’ + 2 (f(1)° = 1) + 1 —af(1).

Gia st 1 —af( ) < 0, khi do cho z — 0% thi f(2)® > 1—af(1) <0, voly. Vay 1 —af(1) >0
va, hm f(z) = ¥/1 —af(1) = k. Hién nhién f lien tuc R*, tit P(z,y) ta c6 dinh 2 > 0 v& cho

Y — O+ thi duoc flx) = x3k + f(x) hay k = 0. Nhu vay af(1) =
Thay vao ta ducc f(x)3 =23 + (f(1)3 — 1) r Vx> 0.Dbat f(1) =b>1. Tu P(1,1) suy ra
f(1+b%) =2b. Chu y rang ta ciing c6

FA+b%)° =10 4 418 + 3b7,

khi do
b+ 400 + 3% = 8V <= b*(1° + 4b° —5) =0 = b =1,

Diéu nay dan dén f(x)* = 2? hay f(z) =2 V& > 0. Thit lai thdy ham s6 nay thoa man.
Vay tat cd ham s6 can tim la f(z) =2 Vo > 0. O

Loi gidi 2. Ta nhéc lai bo dé :

Bo6 dé. Gid sit cic ham sb f,g,h: Rt — Rt thda man
flae+g) = f@)+hly) Ve,y>0.

Khi dé {75 la ham hdng
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Nhan xét 1. Ham f tang nghiém ngdt.

Chatng minh. V6i hai s6 thuc y >z > 0, tu P (a: y_xg,) ta suy ra

" f(=)

fy) =a°f (i(x)"’i) + f(z) > f(x),

chting minh hoan tat. O

Nhan xét 2. f(1) =

Chiing minh. Gia sit f(1) < 1, khi d6 tir P( — f(1)3> a suy ra f(1) = 0, vo Iy, Nhu vay

f(1) > 1. Gia st f(1) > 1, tw P(1,1) suy ra f (1 + f(1 )3 ) =2f(1). KhldotuP(1+f() 1)
ta dudce

FOFW*+1) = FO(FQ)° +1)" +2£(1).
Mit khac, tit P(1,9) ciing ¢6 f (9f(1)* + 1) = £(9) + f(1). Nhu vay
FO) = OO +1)" + 70) = FO) ((F0)° +1)° + 1) > F1) ((1+1)*+) = 97(1).

Tu P(1,y) ta suy ra f(y) + f(1) = f (yf(1)3 +1) > fly+1) = f(9) <9f(1), mau thuan.
Do dé6 ta phéi c6 f(1) = 1. O

Nhan xét 3. f(y+n)=f(y)+n Vy>0,neN.

Ching minh. Tt P(1,y) tasuy ra f(y+1) = f(y)+1 Vy > 0. Tu day bang quy nap ta ching
minh duge f(y+n) = f(y) +n Vy > 0 véi moi n nguyén duong. O

Nhan xét 4. f (y + f(x)g) = f(y) +2* Vz,y > 0.
Ching minh. Tu P(x,y + 1) ta thu dugc

Fyf@) +a+ f(@)) =2°fy) + fo) +a° = f (yf(2)° +2) +2° Yo,y >0.
V6i hai s6 thiyc y > x > 0 ta thay y béi % thi dugce

fly+ f@)°) = fly) +2°

Véi x,y > 0 bat k¥, ta chon s6 nguyén duong n du 16n sao cho y +n > x, khi d6

f(3/+n+f(:c)3) =fly+n)+2°= f(y+f(a:)3) = f(y) + 2.
O

Ap dung b6 dé ta suy ra f(z)’ = ka® = f(z) = ax Vx> 0. Thay lai vio ta d& dang tim
duge f(x) =z Vz >0, thi lai thAdy ham s6 nay thdéa man yéu cau bai toan. O
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Loi gidgi 8. T P <x, ﬁ;) ta suy ra

t

flx+t)=2°f (W

Dat f(1) =c. Néuc < 1 thi tit P (1, =5) tasuy ra f(1) =c=0, vo ly.

Gia sit ¢ > 1, ta chiing minh
fA+El+..+) =(n+1)ec VneN

bang phuong phap quy nap. Véi n = 0 ménh dé hién nhieén dang. Gia st ménh dé dung dén n,
tathay 2 =1 vat =c + 8 + ... + 30T vao ding thiic (*) thi duge

5. .6 3(n+1)
f(1+03+...~|—c3("+1)):f<c +E+ .+

3 )—I—c:f(1+03+...—|—03”)+c:(n+2)c,

chting minh hoan tat. Véi n > 1, thay x = 14+ ¢ + ... + A3 va t = ¥ vao (*) thi dugce

3n
(n+e=f(A+c+..+") = (1+03+...+C3("_1))f( : >+nc

(en)”
hay
c3n3> c C3n73
= <c=f(1) = <1 VneN-.
f( n3 (1+S+ ...+ ) Q) n?
Tt day ta cho n — +oo thi sé t6i diéu mau thudn do lim 632;3 = 4o00. Vay ¢ = f(1) = 1.

n—-+00
Tu P(1,y) suy ra f(y+1) = f(y) +1 Vy > 0 két hop véi f(1) = 1 ta dé dang chiing minh
duge f(n) = n v6i moi s6 nguyen duong n. Xét s6 hitu ty ¢ = 2 v6i m,n € N*, ged(m, n) =1,
tu P (n, %) ta suy ra

mn2+n:f(qn3+n):n3f<%>—l—n:>f(%> :g:>f(q):q.

Nhu vay f(q) = ¢ Vq € QF. Két hgp v6i ham f tdng nghiém ngit ta dé dang chitng minh
duge f(z) =2 Va > 0. Thit lai thay ham s6 nay théa man yéu cau bai toan. Vay tat cd ham
$6 can tim la f(z) =2 Vz > 0.

[]
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( Bai toan 16 (PAMO 2022) A
Tim tat cd ham s6 f,g: Rt — R* thoa man
D (f@)+y—1)(gy) +z-1)=(@+y)* Ya,y>0;
L i) (=f@)+y)(gy) +2)=(@+y+(y—az-1) Va,y>0. )

Loi gidi. Gid st ton tai cac ham s6 f, ¢ thda man yéu cau bai toin. Thay y bdi  + 1 vao
phuong trinh ii) ta suy ra

(—f(x)+2+1)(9(x+1)+2) =0,

chi ¥ rang g(x + 1) + 2 > 0 nén tux day suy ra f(z) =z +1 Vz > 0. Thay vao i) ta suy ra
g(y) =y+1 ¥y > 0. Thi lai ta thay cip ham s6 nay théa man yéu cau bai toan. O
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(" Bai toan 17 ( Iran MO Third Round 2022) h
Tim tat cd ham s6 f : Rt — R* thoa man
fla+fy)+ [(f(z) =2+ fly+ f(z))
v6i moi s6 thue duong z, v, 2. )

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hiéu P(z,y, z) chi ménh de f(z + f(y) + f(f(2))) =z + fly + f(z)) Vz,y,z>0.
Dé dang chiing minh duge f don anh tréen R*. Tu P(z, f(y), 2) ta suy ra

fa+f(fw)+ f(f(2) =2+ f(f(y) + f(x)) Va,y,2>0.
Thay doi vai tro z,y trong déng thic trén va doéi chiéu véi chinh né, suy ra
fla+f(fy)+ [(f(2) =+ f(fx) + f(f(z) Va,y,z>0.
Do f don anh nén tir day suy ra
e+ f(f) =y + f(f(x)) Vz,y>0

hay f(f(z)) = x+c¢ Vo > 0 véic > 01a hing s6 (néu ¢ < 0 thi ta c6 thé chon z sao cho
z+c¢<0,voly). Khidé tw P(1,1,z) ta suy ra

flx+c+f)+1)=x+ f(1+ f(1)) Vz>0.

Dodd f(x) =x4+u Ve>mvéim=c+ f(1)+1vau=f(1+ f(1)) —c— f(1) — 1. Ta chon
x d 16n sao cho x > m va x + u > m, khi d6 P(x,y, z) tré thanh

c+ fly)+f(fe)+tu=z2+y+zr+2u = fly)=y+u—c. Vy>D0.

Thay lai vao phuong trinh ban dau ta tim duge f(z) = Vz > 0. Thit lai thady ham s6 nay
théa man. Vay tat cd ham s6 can tim 1a

f(x)=2 Vz>0.
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( Bai toan 18 (Czech-Polish-Slovak Match 2022) h
Tim tat cd ham s6 f : Rt — R* thoa man
y+1 1
f (f T)+ ) = +r+1
(@) f(y) f()
v6i moi s6 thue duong z, . )

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z,y) chi ménh dé

y+r1y_ 1
f(f(x)+f(y)> f<y)—|—x+1 Vo, y > 0.
Dé thay ham f don anh trén RT. Tit P(z, 1) suy ra
2 1
f(f(l’)"FTl)) :m—i-.% Va > 0.

Do d6 f(x) — 400 khi x — 400. V6i moi y > 0, tit P(z,y) ta suy ra ham f nhan moi gia tri
1

trén (m +1; —|—oo> . Tu day cho y — 400 ta suy ra ham f nhan moi gié tri trén (1;+00.)
Y

. 1 1 N
Véi moi 6 € (0;1), ta viet 6 = 3 v6i A > B > 1. Khi d6 ton tai y;,y2 > 0 sao cho

f(y1) = A va f(ya) = B. V6i x > 0 bat ky, dit 21 = x va 25 = x + 4. Ta ¢6

1 1
o T T g T
Suy ra
n+1\ . Yo+ 1
f(f(x1)+ f(lh)) _f<f( 2) F f<y2))
hay
y1+1 o . Yo+ 1
(00557 ) = (e + 05 )
ptl yptl

Do d6 f(x+0) = f(z) + &5 v6i g5 = phu thuoc vao . Tit day bang quy nap

fly)  f(y2)

ta ciing thu duge f(x + nd) = f(x) + nes v6i moi s6 nguyéen duong n.
Nhan xét 1. Ham f tuyén tinh trén Q7.

Chatng minh. Truéc hét, véi moi s6 nguyen k > 1 ta c6

1=

f2) =t (1 +k%> = f()+ker = e :

. .z m . .o
Vé6i x € QF, ta viet x = — v6im,n € ZT, khi do6
n

)= 1 (14 20 ) = 0+ e
= ) + (&~ D)~ FD).
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Nhan xét 2. Ham f khong gidm trén RY.

Chitng minh. Gia st ton tai y > = > 0 sao cho f(x) > f(y). Khi d6 ta chon s6 nguyén duong

k du 16n sao cho § = % < 1. T do suy ra

fly) — f(z)

A < 0.

fly) = flz +kd) = f(a) +key — &5 =

C6 dinh t > 0, lic do
ft+nd) = f(t) +ne; VneZ.

Tt day cho n — +o0 ta suy ra ngay diéu vo ly. Vay ham f khong gidm. O
Tit cic khang dinh trén ta suy ra ham f tuyén tinh trén R* hay f(z) = ax +b Vo > 0
v6i a, b 1a cac hang s6. Thay lai vao phuong trinh ban dau thi tim dudc @ = 1 vd b = 0 hay

f(z) =2 Vz > 0. Thit lai ta thay ham s6 nay théa man. Vay tat cd ham s can tim 1a

f(z) =2 Vz>0.
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( Bai toan 19 (Switzerland TST 2022) )
Tim tat cd ham s6 f : Rt — R* théa méan
v+ flyf(z) +1) =af(z +y) +yflyf(z))
v6i moi s6 thue duong z,v. )

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky hiéu P(x,y) chi khang dinh = + f(yf(z) + 1) = 2 f(x +y) +yf(yf(x)) Va,y > 0.
Tu P (x, ﬁ) ta thu duoce
T T
r+ fle+1 :a:f(x+—>—|—x:>fx+1 :f(:c—l——> YV > 0. 1

(z+1) @) (z+1) @) (1)
Ta chiing minh f 1a don anh. Gié st ton tai cac s6 thuc v > v > 0 sao cho f(u) = f(v). Khi
do6 tu P(u,y) va P(v,y) ta suy ra

u(f(u+y)—1) =o(flv+y)—1) Vy>0.

T day, thay y béi y — v va dat C' = v — v > 0 thi duge

v

u(f(CH+y) =) =v(fly) —1) = fly+C) 1= —(fly) - 1) Vy>v. (2)
Tu , bang quy nap ta chitng minh duge
v n

fy+nC) = (2) (f@) = 1) Wy>vneN. 3)

Cé dinh y > v, ti , cho n — +o0o thi duge
. . VN .
Jim (f(o+nC)—1) = lim_ (a) (fgo) =) =0= lim f(yo+nC)=1.

Nhu vay, v6i moi yo > v ta déu c6 lirf flyo +nC) = 1.
n——+00

V6i yo > v ¢b dinh, xét day s6 a, = yo +nC VYn >1. T P <a:, %) ta suy ra

X a = X @n an. a X n +.
+ flan +1) f( +f(x>>+f($)f< n) Vr>0,neZ (4)

C6 dinh £ = ¢ > 0. Cho n — +o0, khi d6
c+ flan+1) = c+1
vi fan+1) = f ((yo + 1) +nC). Mt khéc

cf (c+ fZ)) + fcz’;).f(an) — 400

Qp

a
flan) — +oo, cf(c—l— = ) > 0.
TERAR 70
Do d6 tir () ta thu duge didu vo 1y, Nhu vay f 1a don anh, khi d6 ti (1)) suy ra

x 1
x—i-l:x—i-m = f(x):; Vo > 0.

Tht lai ta thady ham s6 nay théa man yéu cau bai toan.
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( Bai toan 20 (Taiwan TST 2022, Round 2) )
Tim tat cd ham s6 f : Rt — R* théa méan
fle+y*fy) = FA+yf(2)f(z)
v6i moi s6 thyce duong z,v. )

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z,y) chi ménh de f (v +4*f(y)) = f(1 +yf(2))f(z) Va,y >0
Dat S={k>0]f(k+y) = fk+y*f(y) Vy>O0}.

Tu P(1,1) tasuy ra f(1) =1. Ta P(1,y) suy ra f(1+y) = f(1+9*f(y) Vy>0hayleS.

Néu f la don anh thi tir day ta suy ra ngay f(z) =1 Vz > 0, thit lai thiy ham s6 nay thoa

man. Xét truong hgp f khong la don anh.
Véi a,b > 0 sao cho f(a) = f(b). Tu P(a,x) va P(b, z) thu dugc

fla+2%f(z)) = f(b+2°f(z)) Va>0.

Do do6, v6i k € S ta suy ra k +y*f(y) € S v6i moi y > 0. Néi rieng 1 + ¢y f(y) € S Vy > 0.
Nhan xét 1. Néu k € S thi

FA+yfk+a)f(k+a) =1 +af(k+y)f(k+y)
vdi moi x,y > 0. Ky hiéu ménh dé nay la Q(k,x,y).
Chitng minh. Ta c¢6 k+ 2*f(x) € S Vx> 0. Khi do

flk+y+a*f(z)) = f(k+y*f(y) +2°f(2)) Ya,y>0.
Thay déi vai tro ,y thi dugc

flk+y+a®f(2) = f(k+z+y*f(y)) Yo,y>0.
Két hop véi P(z + k,y) va P(y + k, z) ta suy ra diéu phai ching minh. O
Nhan xét 2. Néuk >1€ S th
fA+yfk+a)flk+o)=fA+y+kE=Df(1+2)f(+2)
vdi mot x,y > 0.
Ching minh. T Q(I,z,k — [ + y) ta suy ra
fA+y+k=0Df(l+2) f(l+z)=fA+af(k+y) f(k+y) Vo,y>0.

Két hop véi Q(k, z,y) ta suy ra diéu phai ching minh. O

Nhan xét 3. Véimoik > 1€ S ta déu c6 f(k+z) < f(l+x) Vo > 0. Néu ding thic zdy
ra vdi x, k, 1 nao dé thi dang thic cing ding vdi moi x, k, 1.
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Chiing minh. Gia st ton tai x, k,[ sao cho f(k+ x) > f(I + z). Khi d6 ton tai y > 0 sao cho

yf(k+x)=w+k=0f(+z).

Két hop v6i Nhan xét 2 ta suy ra f(I +x) = f(k +x), vo ly.
Gid st f(l 4+ z) = f(k + ) v6i z, k, | nao d6. Khi d6 tit Nhan xét 2 thu dugc

fyfk+2)+1) = fyf(k+z)+14+ (k=Df(k+2z)) Yy>D0.

Do d6 f(y) = fly+T) Yy>1v6iT = (k—1)f(k+z)>0.Gia st ton tai x1,ky,l; (chay
ki > 1) sao cho f(ky +x1) # f(l1 + x1). Khi d6 ton tai y > 0 di 16n va n € Z* sao cho

yf(]{jl —+ 1‘1) — (y + ]{?1 — ll)f(ll + $1) =nT.
Két hop v6i Nhan xét 2 ta suy ra f(I; +x1) = f(k; + x1), mau thuan. O

Trd lai bai toan. Do f khong 14 don anh nén ton tai ¢; # ¢ sao cho f(c1) = f(co). Tt Pley, 1)
va P(cy, 1) thu duge f(ep +1) = f(ce +1). Khi d6

f+cif(e)) = fl+a) = fl+e)=f(1+cf(c).
Tuong ty, ta ciing thu duge f(2+ 2 f(c1)) = f(2+ c3f(c2)). Do cif(cy) # c2f(ca) va
L+ cif(cr), 1+ c3f(c) €S
nén theo Nhan xét 3 ta suy ra
fle+l)=flz+k) Yr>0k>1€S.
Stt dung déng thiic tren véi o = 1,k = 1+ y%f(y) € S, =1 € S, thu dugc

FC+v*f(y) =f(2) Vy>0.

(2)
f(x) =1 Vx> 0. Thi lai thady ham s6 nay théa man. Vay tat cd ham s6 can tim la

Khi d6 tu P <2,fi> tasuy ra f(y+1) =1 Vy > 0. Két hop v6i P(x,1) ta thu dugc

f(x)zi Ve >0, f(x)=1 Va>0.
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( Bai toan 21 (USAMO 2022) A
Tim tat cd ham s6 f : Rt — R* théa méan
flx) = f(f(f(@)+y)+ fzfy) flz+y)
v6i moi s6 thue duong z,v. )

-----

fr(z) = f((f(a:) )) gom n lan tac dong f vao x.
Ky hieu P(z,y) chi khang dinh f(z) = f (f (f(2)) +y) + f (zf(y)) f(z +y) Va,y € R".
Nhan xét 1. f(f(z)) >z Va>0.

Chiing minh. Gia st ton tai z > 0 sao cho f (f(x)) < x, khi d6 tit P (x,x — f (f(2))) ta suy ra
faf(@—f(f(x)f @2z —f(f(z)) =0,

vo ly. Vay f(x) >z Vx> 0. O

Nhan xét 2. f%*(z) = f(f(x)) Va >0 vdi moi s6 nguyén duong k.

Chitng minh. Gi& st ton tai k € ZT sao cho f*(x) > f(f(z)) Vr € R. D& thay, tit Nhan

xét 1 ta co

) > 272 () > f(f() =,
tit day thay x béi f(z) thi duge f2*+1(x) > f(x ) V> 0.

Tt P (x, f*(x) — f (f(x))) ta suy ra
fla) = 2N @) + f (2f (@) = f(F @) f(z+ (@) = f (f=) V>0
Két hop véi [T (z) > f(z) Vz >0 ta suy ra
faf (@) = f(f@))) f(z+ (@) = f(f2)) <0,

diéu nay mau thuan. Nhu vay f2(z) < f(f(z)) Vx> 0 v6i moi s6 nguyen duong k. Két hop
voi f2*(x) > f(f(z)) tit Nhan xét 1 ta suy ra diéu can chting minh. O

Nhan xét 3. Ham [ don dnh trén RT.

Chitng minh. Gia st ton tai hai s6 thyc duong a > b sao cho f(a) = f(b). Tt P (f (f(x)),y)
két hop véi f4(x) = f(f(x)) ta suy ra

FPa)=f(f (@) +y)+ £ (@) f@) f(f (f@)+y) Yo,y e R (1)
Lan luot thay y = a,y = b vao phuong trinh va ddi chiéu hai phuong trinh, ta suy ra
FU @) +a)=f(f(f@)+b) VzeR. (2)

Tit phuong trinh (2) két hop véi P(z,a), P(z,b) ta suy ra
flx+a)=flzr+b) = f(z)=f(r+a—>b) Vr>b.
Vé6i 2 > b, thay y = a — b > 0 vao (1)) va chi ¥ réing f (f(z)) > = > b, ta thu duge
)= fFP2) + f(f(f(@2) fla=0b) f2(x) = f(f(f(2)) fla=D))=0,
vo ly. Vay f 1a don anh, chiing minh hoan tat. O
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Do f 1a don anh nén tit Nhan xét 2 ta suy ra f (f(z)) =z Vz > 0.
Khi d6 P(z,y) viét lai thanh

Q) : f(2) = (L+ f (2f () fla+y) Yy > 0.
T Q(1,x — 1) ta suy ra
0=+ -D) f@) = f@) =T s

V6i moi x > 1, tut Q) (a:,f (%)) suy ra

Fles= (s (e (1(3)))) 1 (40 (2))

hay f () = f(1)z. V6i t < 1, ta thay = bdi 2 > 1 thi duge f(t) = L2 vt < 1.

f(1)
v+ /()

(1+f(1))

Vay f(x) = ¢ Va > 0v6i c= f(1) la hang s6 duong. Thit lai ta thay ham s6 nay thoa méan
yéu cau bai toan. O
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§2.3 Phuong trinh ham trén tap rdi rac

(" Bai toan 22 (British MO 2022) h
Tim tat cd ham s6 f : ZT — ZT théa méan
2bf (f (a®) +a)) = fla+1)f(2ab)
v6i moi s6 nguyén duong a, b. )

Loi gidi. Gia st ton tai ham sd théa man yéu cau bai toan.
Ky hiéu P(a,b) chi khing dinh 2bf (f (a®) +a)) = f(a +1)f(2ab) Va,b € Z*.
Tu P(1,b) ta suy ra

WI(F(1) +1) = f(2)£(2b) = f(2b) = 2bc Vb € Z*

v6i ¢ = % 14 hang so.

V6i s6 nguyen duong k, tit P(2k,1) ta thu duge
2f (f (4k%) +2k) = f(2k + 1) f(4k) = f(2k + 1) = 2kc + 1.

V6i a 18, b chén, tit P(a,b) ta suy ra (a — 1)c+ 1 = ac hay ¢ = 1. Do d6 f(z) = x v6i moi s6
nguyén r > 2.
Chua y rang ta c6 f(f(1)+1) = f(2) suy ra f(1) +1 =2 hay f(1) = 1. T do, ta két luan dugc
f(x) =x V¥V € Z". Thi lai ta thay ham s6 nay théa man yéu cau bai toan.
Vay tat cd ham sb can tim la

flx) =2 VwelZ'.
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( Bai toan 23 (District Olympiad 2022) h
Tim tat cd ham s6 f : ZT — Z* théa man
P43 () | P 3 ()  (e+y)’
x+ f(y) y+fl@)  flz+y)
v6i moi sd nguyen duong z, v. )

Loi gidi. Gia st ton tai ham s6 thda man yéu cau bai toan. Ky higu P(z,y) chi khing dinh

4322 f(y) P32 f(x)  (z+y)’

= v 7"
z+ f(y) y+ f(x) flz+y) Y€
Dét a = f(l) eZt. Tu P(l, 1) suy ra
2(1+3a)_ 8 4(a+1)_
[va J@) 0 1+ 1@ = Lrsefdatd

Khid6 14 3a|3(4a+4)—4Ba+1) = 1430 |8 = 1+3a=4 = a=f(1)=1.

Tw P(z,1) suy ra
3 2 3
x° + 3w 1+3f(x):(:£—1—1) Ve € 7+
r+1 1+ f(z)  flz+1)

Ta chting minh f(n) =n Vn € Z* bang phuong phap quy nap

e V6in =1tacod f(1) =1 hién nhién ding theo chiing minh trén;
e Gia sit khing dinh ding dén n = k, v6in = k + 1, tit P(k,1) ta suy ra

(k+1)° K +3k2 143k K +382 1+3f(k)  (k+1)°

= = = = f(k+1)=Fk+1
Frl T kel Ttk hrl Titsm ey o D=k
Nhu vay f(n) =n Vn € Z*. Thi lai ta thiy ham s6 nay théa man. O
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( Bai toan 24 (Francophone MO 2022) h
Tim tat cd ham s6 f : Z — Z théa man
fim+n)+ f(m)f(n) =n*(f(m) + 1) +m?(f(n) + 1) + mn(2 — mn)
v6i moi sd nguyén m, n. )

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(m,n) chi ménh dé
flm+mn) + f(m)f(n) = n*(f(m) + 1) + m*(f(n) + 1) + mn(2 — mn) ¥m,n € Z.
Dat a = f(0),b = f(1), khi d6 tit P(1,n) ta suy ra
f(n+1)=(1=0b)f(n)+n*+2n+1 VneZ

hay
fn+1)—(n+1)?=(1-b)(f(n)—n?) VneZ.

Néu b = 0 thi tit ding thiic trén ta suy ra
fn+1)2—m+1)?*=f(n)—n* VneZ

hay f(n) =n?+a Vn € Z. Thay lai vao P(m,n) ban dau ta tim dugc k = 0 hodc k = —1.
Néu b=1thi f(n) =n? Vn € Z, thit lai ta thiy ham s6 nay théa man.

Néu b =2 thi f(n) = n? + (—=1)"a. Thay lai vho P(m,n) ta tim dugc a = 0 hodic a = —1.
Ta xét cac truong hop con lai, nghia 1a |1 — b > 2. Dé thay

f(n) —n*=a(l —=b)" VncZ

Cho n — —oo ta suy ra lim (f(n) —n?) = 0. Do d6, ton tai ng sao cho f(n) =n? Vn < ng.
n——oo

2

Khi d6 ta suy ra ngay a = 0 hay f(n) =n* Vn € Z. Thit lai ta thidy ham s6 nay thoa méan.

Vay tat cd ham sb can tim la

f(ny=n* YnezZ fin)=n>-1 VYneZ, fn)=n*+(-1)"" VneZ
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( Bai toan 25 (Japan MO Final 2022) h
Tim tat cd ham s6 f : ZT — Z* théa man
F10(m) +mn = f(m)f(n)
v6i moi s6 nguyén duong m, n, trong d6 f*(n) = f(f(... f(n)...)).
k
. J

Loi gidi. Gia st ton tai ham s6 thdéa man yéu cau bai toan.
Ky higu P(m,n) chi khing dinh f/™(m)+mn = f(m)f(n) Vm,n € Z*.
Nhan xét 1. f la don dnh.

Ching minh. Gia st a,b 1a hai s6 nguyen duong sao cho f(a) = f(b), khi d6, tit P(m,a) va
P(m,b) ta suy ra
ma =mb=-a=>0.

Do dé, f la don anh. O]
Nhan xét 2. f(n) >1 VneZ".

Chiing minh. Gia stt phan chitng, khi d6 ton tai ng € Z* sao cho f(ng) = 1. C6 dinh m, tu
P(m,ng) suy ra
f(m)+mng = f(m).1 = mny=0,

diéu nay khong thé xay ra. Nhu vay f(n) #1 Vn € Z*. O
Nhan xét 3. Néu a,b la hai s6 nguyén duong sao cho f*(n) = f°(n) Vn € Z* thia="b.
Chiing minh. Gid st a > b, dit ¢ = a — b > 0. Khi d6 cht y rang f 1a don anh nén ti

f*n) = f’(n) = f(n)=n VYnecZ".

Do d6 ton tai my sao cho f(n;) = 1, diéu nay mau thuan véi Nhan xét 2. Do d6, ta phai c6
a = b. Chitng minh hoan tat. O

Tré lai bai toén, tit P(m,n) va P(n,m) ta suy ra

™ (m) = ffmn) vn ezt
Ta thay m béi f(n) vao phuong trinh trén thi duge

I (n) = f10F (n) Wn e ZF. (1)
Ap dung Nhan xét 3, suy ra

fP’n)=f(n)+1 VneZt.
Khi do, v6i m,n nguyén duong, ta ¢
") = fmn)+1=f"1n)+2=..=f(n)+m. (2)

Thay m béi f(n) — 1 vao phuong trinh (2) thi duge

() =2f(n) -1 VYneZ' (3)
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Khi do, tu va ta suy ra
f(n)?> =2f(n)+1=n*= f(n)=n+1 VYneZ".
Thit lai ta thay ham s6 nay théa man yéu cau bai toan. Vay tat ca ham s6 can tim la

fln)=n+1 VYVneZ.
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( Bai toén 26 (Taiwan TST 2022, Round 1) h
Tim tat cd ham s6 f : Z — Z théa man
f(@) + fy f@) + fy
(P2 ) 4 = e + | 10
v6i moi 6 nguyén x,y, trong dé ky hi¢u |z] chi s6 nguyén 16n nhat khong vuot qua .

N J

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(u,v) chi viec thay bo (z,y) bdi bo (u,v) vao phuong trinh ban dau.
Ky hi¢u Im(f) = {f(z) | x € Z}. Tt P(z,y) va P(y,z) ta suy ra
fU@) + f2) = fF(fw) + fly) Yo,y e
Do d6, ton tai hang s6 N € Z sao cho f(f(x)) + f(z) =N Vz € Z hay
fl@)+x=N Vzelm(f).
Khi d6, phuong trinh ban dau viét lai thanh

f(r;bJ)—V;bJ:N—a—b Va,b € Tm(f). (*)

Tu phuong trinh trén, ta thay rang véi a,b € Im(f) thi
b b
N—a—b+ V; J —N-— [a; w € Im(f).

Mat khac,tit f(z) = N —x Vz € Im(f) ta suy ra v6i z € Im(f) thi N — 2z € Im(f). Diéu nay
dan dén v6i a,b € Im(f) thi

(o) - [ e

Ta chiing minh Im(f) ¢6 duy nhat mot phan tit. Gid st phan chiing, khi d6 ton tai u > v sao
cho m,n € Im(f). Dat u=v+k v6i k € Z*. Néu k > 2 thi theo nhan xét trén ta suy ra

[“;ﬂ - g] € Im(f).

Tién hanh tuong ti, ta suy ra v + k, € Im(f) v6i moi n € Z*, trong d6 day (k,) xac dinh bdi

Ky,
kl = k, kn+1 = ?-‘ Vn 2 1.

Dé thay (k,) 1a day gidm va bi chian dudi nén hoi tu, do vay, ton tai sé6 nguyén m du 16n sao

. km
cho k,, = k,,y1 = ... Cha ¥y rang véi k,, = [7—‘ ta suy ra k,, = 1. Nhu vay v,v + 1 € Im(f).

Thay a = v + 1 va b = u vao phuong trinh thu duge

N—2u:f(u)—u:f(L%u+lJ>— {%WJ =N —2u—1,

v0 1. Nhu vay Im(f) chi chita mot phan tit hay f 1a ham héng. Thit lai ta thay ham héng thoa
méan yéu cau bai toan.

]
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( Bai todn 27 (USA TSTST 2022) h
Tim tat cd ham s6 f : ZT — Z théa man
f(mn
T )
n
v6i moi s6 nguyén duong m, n. )

Loi gidi. Gia stt ton tai ham s6 thoa man yeu cau bai toan. Ky hi¢u P(u,v) chi viéc thay bo
(m.n) bdi bo (u,v) vao phuong trinh ban dau.

|
Xét day s6 (a,,) xac dinh bdi a,, = Ln') Vn € Z*. V6i moi s6 nguyén duong n, tu P (n!,n + 1)
n!
ta suy ra
f((n+1)1) | f((n+1)1) f((n+1)1)
e =f(n!) = ———— 2 1< f(n) < T———— 2
{ n+1 Jn) n+1 fnl) < n+1
1 C i e ~ .
hay a, < a,+1 < a, + - Khi d6 v6i moi n nguyén duong ta co
n!
1 1 1 1
i1 < Op+—<ap 1+ ——+—=<..<uy+1+=++—=<a +e
n! (n—1)!  nl 2! n!

Nhu vay (a,) la day tang va bi chan trén béi a; + e, do d6 (a,,) c6 gidi han hitu han a.
Néu ton tai k nguyén duong sao cho a, = « thi ti

a=ag, <y <aoa = ag=oa Y >k.

V6i m nguyén duong bat ky, ta chon £ > k sao cho m | £!, khi d6 ton tai n nguyén duong sao
cho mn = ! va tt P(m,n) ta suy ra

14 14
f(m) = % = {%mJ = |lam].

Nhu vay f(m) = |am| Vm e Z".

Ta xét truong hop khong ton tai k sao cho a, = a, khi d6 ar, < a Vk € Z*. V6i m nguyén
duong bat ky, ta chon ¢ nguyén duong di 16n sao cho m | £! va ay = a — x v6i & dit bé. Diéu
nay dan dén ton tai n nguyén duong sao cho mn = £! va tit P(m,n) suy ra

f(m) = % = |lam —mz] .

m
Néu am la s6 nguyén thi ta chon ¢ nguyén duong du 16n sao cho mz < 1, khi d6
flm)=lam —mz| =am—1=[am] — 1.

Néu am khong 1a s6 nguyéen thi ta chon ¢ nguyen duong du 16n sao cho mz < {am}, khi d6
{am} —maz € (0;1) va

f(m) =|lam] + {am} —mz| = |am] = [am] — 1.
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Tit cac khang dinh trén suy ra f(m) = [am] —1 Vm € Z*.

Ta chiing minh hai ho ham s6 trén thoéa man yéu cau bai toan. Trudc hét ta ching minh véi
moiz € R van € Z thi
[zn]
{ = |x].

n

. 1
Ditz=A+evéi A€ Z vaee (0;1). Néue < — thi |an| = An hay
n

E

n

L s . 1 '
Néu ton tai s6 nguyén ¢ € [1;n — 1] sao cho ! >€> Lt |zn] = An + i hay
n

n
2o
n n
Chiing minh hoan tat. Nhu vay, véi ham s6 f(m) = [am] ta ¢6

L Ly = pm) v e

n n

Xét ham s6 f(m) = [am] — 1. Néu amn khong la s6 nguyen thi [amn] — 1 = |[am] va

{MJ _ {MJ = lam| = f(m).

n n

Néu amn, am la sé nguyen thi (cha § n | ammn)

{MJ:WW}AJ:VW—W:{aan_lzmmw_lzﬂm).

n n n n

Néu amn la s6 nguyén va am khong 1a s6 nguyén thi (cht § nt amn)

{MJ _ [‘”"”‘ 1J = |2 = am) = fam] 1= f(m).

n n

Vay tat cd ham s6 can tim 1a

f(m)=lam|, f(m)=[am]—1 (alahings6 thuyc).
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( Bai toan 28 (MEMO 2022) A
Tim tat cd ham s6 f: ZT — Z" sao cho f(1) < f(2) < f(3) < f(4) <...va
fm)+n+1, f(f(n))— f(n)
déu 1a s6 chinh phuong v6i moi sé nguyén duong n. )

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Dat b, = /f(n) +n+1 VYneZ*. Vi
fn)+n+1>fn—1)4+n—-1+1 Yn>1
nén day (b,) tang thyc sy, chi ¥ rdng b; > 2 nén ta suy ra
by >b,1+1>...>b+n—-1>n+1 VneZ".

Hay néi cach khac f(n) >n*+n Vn e Z'.
Véi s6 nguyen duong n bat k¥, theo gia thiét, ton tai s6 nguyén duong 7, k sao cho

f(f) + f(n) +1=7% f(f(n)) = f(n) =k,
Dé thay j > k va
2f(n) +1 = (f(f(n)) + f(n) +1) = (f(f(n)) = f(n)) = 7* = k* = (5 = k)(j + k).
Vij>knénj>k+1vaj+k>2k+1, khido
2fn)+1>2k+1 = f(n)>k

hay
f(f(n)) = f(n) > f(n)*
Tt cac két qua trén ta suy ra
f(f(n)) = f(n)*+ f(n) VneZ .
Khi do

by = VF(F(n)) + f(n) + 1= ~/f(n)?+2f(n) + 1= f(n)+1 VneZ"

Véi s6 nguyen duong ng bat k¥, ta chon n di 16n sao cho f(n) > ng (hién nhién chon duge do
f(n) = +o0 khi n — +00). Ta ¢6

fn) +1="bsmny > bry—1+12> f(n) +1 = bymy—1 = f(n).

Tién hanh tuong tu ta thu duge b; =i +1 Vi < f(n) hay b,, = no + 1.

Nhu vay b, =n+1 Vn € Z*. Thay vao ta suy ra f(n) =n?+n Vn € Z*. Thit lai thay ham
s6 nay thoa man. Vay tat ca ham s6 can tim 13

f(n)=n*+n VneZ".
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§2.4 Bt phudng trinh ham

Bai toan 29 (IMO 2022)

Tim tat cd ham s6 f : R™ — RT sao cho véi mdi s6 thite duong z, ton tai duy nhat sé6 thuc
duong y thoa man
zf(y) +yflz) <2

Loi gidi. Gia st ton tai ham s6 thdéa man yéu cau bai toan.

V6i z > 0, ky hieu g(z) 1a s6 thyc duong duy nhat thdéa man menh de

P(z):zf (g(x) + g(x) f(z) < 2.

Tu P(z) va P(g(z)) ta dé dang suy ra g(g(x)) =z Va > 0.
Nhan xét 1. Vi moi x > 0 thi yf(x) + zf(y) > 2 Vy # g(x).

Chiing minh. Gia st ton tai y # g(x) sao cho yf(x) + zf(y) < 2, khi d6 ton tai hai s6 thuec
duong phan biét 1a y va g(r) cing théa man P(x), mau thuan véi tinh duy nhat cta g(z). O

Nhan xét 2. g(x) =z Vz > 0.

Chitng minh. Gia sit ton tai z > 0 dé g(z) # x, khi d6 theo Nhan xét 1 ta suy ra
1
2ef(z) =af(z) +af(x) >2 = f(z) > -

Tuong ti ta ciing c6, chu ¥ rang g(z) # g(g(x))

20(a)f o) = 9] (9(o) + 90 o) > 2 = £ o) >
Tt hai danh gia trén ta suy ra
LR v gl) _
2> uaf(9(x) +g(x)f(z) > e +g(2).— =2 ONE 2,
vo 1. Nhu vay g(z) = = véi moi = > 0. O

Ta viét P(z) lai thanh zf(z) <1 Vx> 0. Vit > 0 c¢6 dinh, xét x # ¢, tt Nhan xét 1 suy ra

2—tf(x) >2—t.%:2x—t i 41

T -z 2

xf(t) +tf(x) >2 = f(t) >
) 1 ‘
Tu day cho z — ¢ ta suy ra f(t) > 1. Két hop véi P(t) ta suy ra f(z) = = Vz > 0. Thi lai
x

ta thay ham s6 nay théa man yéu cau bai toan.
]
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(" Bai toan 30 (AUS 2022) h
Tim tat cd ham s6 f : [1; +00) — [0; +00) thoéa man
fF@f() +y) > f(2°) + f (P f(2) +2* + zy)
v6i moi so thuc z,y > 1. )

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky higu P(z,y) chi khang dinh f (2f(z) +y) > f(2%) + f (y*f(2) +2* + 2y) Vo,y > 1.

Dé& dang kiém tra duge ham s6 f(z) = 0 thoéa man yéu cau bai toan. Xét trudng hop f khong
dong nhat 0.

Nhan xét 1. f(z) >0 Vz > 1.
Chitng minh. Gia st ton tai s6 thuc a > 1 sao cho f(a) = 0. Tt P(a,a) ta suy ra
0= f(a) 2f(a3)+f(2a2) zf(a?’) >0 = f(ag) =0.
Tt day bing quy nap ta ciing chiing minh duge f (a®*) = 0 v6i moi s6 nguyén duong n.

Véi > 1 ¢6 dinh ta chon s6 nguyén duong n di 1én sao cho a® > 2f(x) + 1 (hién nhién chon
duge do a > 1). Khi d6 tut P (z,a® — 2f(x)) ta suy ra

0= 1(a") 2 £ (&%) + £ (@ = 20(@) (@) + 2 + 0 (" — 2/(0))) = F (27) 2 0
hay f (2%) =0. Do d6 f(x) =0 Vz > 1, mau thuan. Nhu vay f(z) >0 Vo > 1. O
Nhan xét 2. f(z) <2’+2x—1 Vr>1.
Chatng minh. Gia st ton tai b > 1 sao cho f(b) > b + b — 1. Xét phuong trinh an y
2f () +y =y°f(b) +0* + by <= > f(b) + (b — 1)y + b> — 2f(b) = 0.
Xét ham s6 g(t) = t2f(b) + (b — 1)t + b* — 2f(b), ¢6 g(1) = > + b —1 — f(b) < 0 nén phuong
trinh trén c6 nghiem yo > 1. Khi d6 tit P(b,yo) ta suy ra f (b*) < 0, diéu nay mau thudn véi

chiing minh trén. O]

T Nhan xét 2 ta suy ra ton tai o > 1 dit16n sao cho x§ > 2f(z)+1, dat y; = 23 —2f(xg) > 1,
khi d6 tur P(zg,y;) thu duge

0> f (45 f(x0) +xf +2oy1) >0 = f (¥7f(0) +xf + 2om1) =0,

diéu nay mau thuan véi Nhan xét 1 do y7 f(xg) + 23 + zoy > 2. Nhu vay khong ton tai ham
s6 thoéa man trong truong hop nay. Vay tat cd ham s6 can tim 1a f(x) =0 Vo > 1. O
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( Bai toén 31 (Abel Competition Final 2021-2022) h

Tim tat cd ham s6 f : Rt — R* théa méan

f(—) > 1—M > 2’ f(x)

T

v6i moi s6 thue duong .
\\ 4

Loi gidi. Gia st ton tai ham s6 thda man yéu cau bai toan. Ky hiéu P(z) chi khang dinh
1 f@)f(3)
f(—) 21——(29521‘(96) Vo > 0,
T

Tu P(z) va P (1) ta suy ra

/ (1> > 22 f(z) = *f (i> >a? Ly (1) .y <1> Vo > 0.
x x x x x
Déng thitc xay ra hay f (%) = 22 f(x), thay vao P(z) ta suy ra

f@)f (3)

1—f(a:):1—T:x2f(x):>f(:c): Vo > 0.

2 +1

Tht lai ta thidy ham s6 nay théa mén yéu cau bai toan. O
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( Bai todn 32 (Indonesia TST 2022) h
Tim tat cd ham s6 f : R — R théa man
f(@?) = f(y?) < (F@) +y)(x— f(y)
v6i moi s6 thuc x, y.
J

Loi gidi. Gia sit ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(z,y) chi khing dinh £ (12) — £ (5?) < (f(z) +9)(x — (4)) Va,y € R,

Tu P(0,0) ta suy ra
F0?<0 = f(0)=0.

Tu P(z,0) suy ra
f (xQ) <zf(x) VreR.

Mat khac, tit P(0,z) ta cing co
—f(2*) < —xf(z) Vz,yeR.

Do dé
f (1'2) =zf(x), Yr € R.

Tu day, thay = bdi —x ta dé dang chiing minh duge f 1a ham 1é. Thay lai vao P(x,y) ta duge
fl@)fly) <zy Vx,y€eR.
Ky hiéu ménh dé tren 1a Q(z,y). Tu Q(z, —y) suy ra
—f(@)f(y) < —zy = [f(2)f(y) 22y Vr,y eR.

Két hop hai bat phuong trinh nay ta suy ra

f@)fly) =zy Vz,yeR.

Thay y = 1 thu duge f(x)f(1) =2 Vz € R. Néu f(1) = 0 thi z = 0 v6i moi z, vo ly. Nhu
vay f(1) #0 hay f(z) =cx Vz € R véic# 0 la hing s6. T d6 dé dang tim duge ¢ = 1 hodc
¢ = —1. Thit lai ta thay cac ham s6 nay thoéa man. Vay tat ca ham s6 can tim 1a

flz)=2 VxeR, f(z)=—-x VreR
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(" Bai todn 33 (Philippine MO 2022) h
Tim tat cd ham s6 f : R — R théa man
Fla—b)fle—d)+ fla—d)fb—c) < (a—)f(b—d)
v6i moi s thuc a, b, ¢ va d. )

Loi gidi. Gia st ton tai ham s6 théa man yéu cau bai toan.
Ky hieu P(a,b,c,d) chi ménh dé

fla=bflc=d)+ fla—d)f(b—c)<(a—c)f(b—d) Va,b,c,d€R.

Tit P(0,0,0,0) cho ta 2f(0)> < 0 hay f(0) = 0. D& dang kiem tra dugc ham f(z) = 0 thoa
man yéu cau bai toan. Xét truong hop ton tai a # 0 thoa f(k) # 0.

T P(a,a,0,d) ta thu duge
fla=d)f(a) <af(a—d) Va,deR. (*)
Thay d bdi a — k vao dang thic (*) thi dugc
f(k)f(a) < af(k) VaeR.
Truong hop 1. f(k) > 0.
Khi d6 f(a) <a VaeR. Véi h <0, ta thay d b6i a — h vao (*) thi duge
f(h)f(a) <af(h) VaeR.

Cha ¥ rang f(h) < h < 0 nén ta suy ra f(a) > a Va € R. Nhuvay f(a) =a Va € R. Thi
lai ta thay ham s6 nay théa man.

Truong hop 2. f(k) < 0.
Khi dé6 f(a) > a Va e R. Véi h >0, ta thay d b6i a — h vao (*) thi dugc
f(h)f(a) <af(h) VaeR.

Chu y rang f(h) > h > 0 nén ta suy ra f(a) <a Va € R. Nhuvay f(a) =a Va € R. Thi
lai ta thay ham s6 nay théa man.

Vay tat cad ham s6 théa man yéu cau bai toan 1a
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