TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin Tho — PT: 0983. 336682
CHUYEN PE 1: HAM SO VA CAC VAN PE LIEN QUAN
BAI 1. BAI TOAN TIEP TUYEN
I. KIEN THUC CO BAN
Dang 1: Tiép tuyén v6i (C): y = f(x) tai tiép diém M(x,,y,) € (C) c6 phuong trinh la:
¥ = f'(x,)(x—X,)+¥,. Thuong dé thi cho mdt trong ba yéu 6 x,,y, hodc f'(x,), ta can tim hai yéu
t6 con lai dé thay vao cong thic trén.
Chiy: a/ f'(x,) lahésd goc cua tiép tuyén tai diém c6 hoanh do 14 x, .

b/ Tiép tuyén song song véidt y=kx+b thi f'(xo)zk.

. . . 1
¢/ Tiep tuyén vuong géc véidt y =kx+b thi f'(x,).k =—1 hay f'(xo):—;.

Dang 2. Tiép tuyén véi (C): y = f(x) biét tiép tuyén di qua (xuat phét tir, ké tlr) diém M (x,,,y,,).

Budre 1. Goi d 1a duong thang qua M va co hé s6 gock = d:y=k(x—x,,)+y,, .

f@=kx-x,)+y, O
fW=k @

Thé (2) vao (1) giai tim x —thé x vao (2) tim k — thé k vao pttt d 1a xong.

Burée 2. Piéu kién tiép xtc cta d va (C) : {

Chii y: Khi thé (2) vao (1) ta duoc phuong trinh, sb nghiém phuong trinh nay bang sd tiép tuyén di
qua M.
II. BAITAP

Bai 1. Cho (C):y =%3—2x2 +3x
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Viét phuong trinh tiép tuyén voi (C) tai cac giao diém cua (C) véi truc hoanh.
3/ Viét pt tiép tuyén véi (C) tai diém c6 hoanh d6 bang 2. CMR tiép tuyén nay c6 hé sb goc nhé nhat.
Bai 2. Cho (C):y=4x>—6x"+1
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Viét phuong trinh tiép tuyén voi (C) biét tiép tuyén di qua M(-1,-9).
3/ Viét phuong trinh duong thang di qua N(2.9) va tiép xuc véi (C).
Bai 3. Cho (C):y=x" —Ex2 +l
27 2
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Viét phuong trinh tiép tuyén voi (C) xuét phat tir A(0,1/2).
3/ Tim trén tryc tung nhitng diém M sao cho tir M ké dén (C) 2 tiép tuyén vudng goc va dbi xing qua

Oy.

Bai4. Cho (C):y=x"-3x"+2
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1/ Khéo sat su bién thién va v& d6 thi ham s6

2/ Viét phuong trinh tiép tuyén voi (C) biét rang tiép tuyén song song voi duong thang y = 9x.

3/ Viét phuong trinh tiép tuyén voi (C) biét rang tiép tuyén vudng goc véi dudng thing
3x-5y—-4=0.

Bai 5. Cho (C):y=x"-3x+1

1/ Khéo sat su bién thién va v& d6 thi ham s6

2/ Tim nhitng diém trén (C) sao cho tir d6 chi ké duoc dang mot tiép tuyén véi (C).

3/ Tim nhitng diém trén duong thing x =2 sao cho tir d6 ké duge ding 3 tiép tuyén véi (C).

Bai 6. Cho (C):y=x"+3x

1/ Khéo sat su bién thién va v& d6 thi ham s6

2/ Tim nhirng diém trén truc hoanh sao cho tir 46 ké duoc dung 3 tiép tuyén véi (C), trong do co 2 tiép
tuyén vudng goc v6i nhau.

3/ Chirng minh rang trén (C) ton tai vo sd nhitng cap diém ma tai d6 tiép tuyén song song vdi nhau.

x+2

Bai7. Cho (C):y=
x—1

1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Viét phuong trinh tiép tuyén vai (C) biét rang tiép tuyén di qua giao diém ctia TCD véi truc hoanh.
3/ Chirng minh rang khong c6 tiép tuyén nio cia (C) di qua giao diém 2 dudng tiém cin.

Bai 8. Cho (C):y=—X
x+1

1/ Khao sat su bién thién va v& d6 thi ham s6
2/ Tim M e (C)biét rang tiép tuyén véi (C) tai M cit Ox, Oy 6 A, Bva S,,, =1/4.
3/ Tim nhitng diém trén truc hoanh sao cho tir d6 chi ké duoc 1 tiép tuyén véi (C).

3x+1
x+1

Bai 9. Cho (C):y=

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tinh dién tich tam giac tao boi 2 truc toa do va tiép tuyén véi (C) tai diém A(-2,5).

3/ Goi M 1a mot diém bt ki trén (C), tiép tuyén voi (C) tai M cit hai dudng tiém can & A, B. Ching
minh rang M 1a trung diém AB.

x+2

Bai 10. Cho (C):y=
x—2

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Goi I 1a gdiém hai dudng tiém can. Tim M thudc (C) sao cho tiép tuyén véi (C) tai M vudng goc véi
IM.

3/ Viét phuong trinh tiép tuyén véi (C) biét tiép tuyén di qua A(-6,5).
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x+2
x—1

Bai 11.Cho (C):y=

1/ Khéo sat sy bién thién va v& do thi ham so

2/ Cho A(0,a). Tim a dé tir A ké duoc 2 tiép tuyén véi (C) sao cho hai tiép diém tuwong Gmg nam vé 2

phia truc hoanh.
3/ Viét phuong trinh tiép tuyén voi (C) biét tiép tuyén cat hai truc toa do & A, B va AOAB can 6 O.
1
Bai 12. Cho (C): y = x—+1
x a—

1/ Khao sat sy bién thién va v& do thi ham sb
2/ Goi I 14 giao diém hai dudng tiém can. Tim M e (C) biét rang tiép tuyén vé6i (C) tai M cat hai

duong tiém can & A, B va

a/ AB ngin nhat. b/ chu vi tam gidc IAB nhé nhat.
3/ Viét phuong trinh tiép tuyén voi (C) sao cho khoang cach tir tam ddi xtémg cta (C) dén tiép tuyén
16n nhat.
2x+1
Bai 13. Cho (C):y =2
x—2

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Goi M €(C) val la giao diém hai dudng tiém can, tiép tuyén v6i (C) tai M cét hai dudng tiém can
& A, B. Chirng minh rang dién tich AIAB khong d6i (khéng phu thudc vao vi tri M trén (C)).

Bai 14. Cho ham s6 (C): y =x* +3x* +9x+3

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim k dé ton tai hai tiép tuyén véi (C) c6 cing hé sb goc k. Goi A, B 14 hai tiép diém, hdy viét
phuong trinh dudng thang AB.

3/ Chirng minh rang dudng thing AB ludn di qua mot diém cd dinh.

Bai 15. Cho (C): y=~*—1
x+1

1/ Khao sat sy bién thién va v& d6 thi ham sb

2/ Goi M €(C) val la giao diém hai dudng tiém can, tiép tuyén v6i (C) tai M cét hai dudng tiém can
& A, B. Tim toa do M sao cho dién tich dudng tron ngoai tiép tam giac IAB nho nhat.

3/ Tim nhitng cip diém trén (C) ma tai d6 tiép tuyén song song voi nhau.

Bai 16. Cho (C):y=2x"+3x>—12x—1.

1/ Khao sat sy bién thién va v& d6 thi ham sb

2/ Tim M trén (C) sao cho tiép tuyén véi (C) tai M di qua gbc toa do.

x-3

Bai 17. Cho (C):y=
2x—1

1/ Khéo sat sy bién thién va v& do thi ham so
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2/ Goi A, B 1a cac giao diém cta (C) vdi cac truc toa do. Viét phuong trinh tiép tuyén v6i (C) biét ring

tiép tuyén vudng goc voi AB.

Bai 18. Cho ham s§ y =2x” ~3(m+3)x* +18mx 8

1/ Khéo st sy bién thién va v& d6 thi ham s6 véi m=0.

2/ Tim m dé d thi ham sb tiép xtic véi truc hoanh.

Bai 19. Cho hamsé y = x> +(1-2m)x* +(2—m)x+m+2 (1)  (m 1a tham sd).

1/ Khao sat sy bién thién va vé do thi (C) ciia ham s6 (1) v6im = 2.

2/ Tim tham s6 m dé d6 thi ctia ham sb (1) c6 tiép tuyén tao véi dudng thang d:x+ y+7 =0 goéc «a,
biét coso = 1/\/% .

3/ Tim m dé do thi ham s6 (1) tai diém c6 hoanh d¢ bang 1 di qua K (2,3).

Bai 20. Cho hamsd y=3x-x> (C).

1/ Khao sat su bién thién va v& d6 thi (C) cta ham sd.

2/ Tim trén duong thang (d): y = —x céc diém ma tir 6 ké duoc ding 2 tiép tuyén phan biét véi (C).
3/ Viét pt tiép tuyén véi (C) tai diém c6 hoanh do bang 0 va CMR tiép tuyén niy c6 hé sd goc 16n nhét.
Bai 21. Cho hamsé y=-x>+3x2-2 (C).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim trén duong thang (d): y = 2 cac diém ma tir 46 ké duoc 3 tiép tuyén phan biét voi dd thi (C).

Bai 22. Cho ham sb yz%mx3+(m—l)x2 +(4=3m)x+1 c6 do thila (C).

1/ Khéo st sy bién thién va v& do thi ctia ham s6 khim = 1.

2/ Tim céc gia tri m sao cho trén do thi (Cp,) ton tai mot diém duy nhét c6 hoanh do 4m ma tiép tuyén
tai d6 vudng goc véi duong thiang (d): x+2y-3=0.

Bai 23. Cho ham s y = (| x|+1)* (| x|-1)’

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Cho diém A(a;0). Tim a dé tir A ké duoc 3 tiép tuyén phan biét v6i do thi (C).

Bai 24. Cho ham s6 y = x* —2x2.

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Trén (C) lay hai diém phan biét A va B c6 hoanh d lan luot 1a @ va b. Tim diéu kién d6i véi a va b
dé hai tiép tuyén cua (C) tai A va B song song v6i nhau.

Bai 25. Cho ham sé y = —~
x+2

©).
1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Viét phuong trinh tiép tuyén cua do thi (C), biét rang khoang cach tir tim ddi xtng ctia dd thi (C)

dén tiép tuyén 1a 16n nhét.
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x+2
2x+3

Bai 26. Cho hamsé y = (1).

1/ Khéo sat sy bién thién va v& do thi ctia ham s (1).
2/ Viét phuong trinh tiép tuyén ctia do thi ham s6 (1), biét tiép tuyén dé cit truc hoanh, truc tung lan
luot tai hai diém phan biét A, B va tam giac OAB cén tai gbc toa do O.

2x—1
x—1

Bai 27. Cho ham s6 y =

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Lap phuong trinh tiép tuyén ctia d6 thi (C) sao cho tiép tuyén nay cit cac truc Ox, Oy lan luot tai cac
diém A va B thoa man OA = 40B.

3/ Goi M 1a 1 diém bat ki trén (C). CMR tich khoang cach tir M dén 2 duong tiém can ludn bang hing

r
A

SO.

Bai 28. Cho ham sé y = 25— ¢6 d thi (C).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim trén (C) nhirng diém M sao cho tiép tuyén tai M cua (C) cit hai tiém can cua (C) tai A, B sao
cho AB ngin nhat.

Bai 29. Cho ham s y = ——.

x—1

1/ Khao sat su bién thién va v& d6 thi (C) ctia ham sb.

2/ Cho M 1a diém bét ki trén (C). Tiép tuyén cta (C) tai M cét cac dudng tiém can cua (C) taid va B.
Goi [ 1a giao diém cua cac duong tiém can. Tim toa do diém M sao cho duodng tron ngoai tiép tam
gidc IAB c6 dién tich nhé nhat.

Bai 30. Cho ham sé y = 21

¢6 dd thi (C).
x+1

1/ Khao sat su bién thién va v& d6 thi (C) cta ham sd.
2/ Goi I 1a giao diém cua hai tiém can. Tim diém M thudc (C) sao cho tiép tuyén cta (C) tai M cit 2
tiém can tai A va B v6i chu vi tam gidc IAB dat gi4 tri nho nhét.

Bai 31. Cho ham sb y = “f .
x_

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Cho diém M (x,,y,) thudc dd thi (C). Tiép tuyén cia (C) tai M cdt c4c tiém can cta (C) tai cac
diém A va B. Chirng minh M, 14 trung diém ctia doan thiang AB.

_x+2

Bai 32. Cho (C):
ai 0(C):y T

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ CMR moi tiép tuyén cta do thi (C) déu 1ap v6i hai duong tiém can mot tam gidc co dién tich khong
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doi.

x+2

x+1°

Bai 33. Cho ham s6 y =

1/ Khao sat su bién thién va v& d6 thi (C) cta ham sd.
2/ Goi I 1a giao diém cua 2 dudng tiém can, A 1a mot tiép tuyén bat ky cua dd thi (C). d 1a khoang
cach tir I &én A. Tim gia tri 16n nhét cua d.

2x—1
x—1"

Bai 34. Cho ham s6 y =

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Viét phuong trinh tiép tuyén cua (C), biét khodng cach tir diém I(1; 2) dén tiép tuyén bing /2 .

, 1
Bai 35. Cho ham s y :x_+1 (©).

x a—
1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Tim trén Oy tat ca cac diém tir d6 ké dugc duy nhat mot tiép tuyén tdi (C).
2x+1

Bai 36. Cho ham s6 y = .
x+1

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Viét phuong trinh tiép tuyén cua do thi (C), biét ring tiép tuyén cach déu hai diém A(2; 4), B(—4;
-2).

2x-1

Bai 37. Cho ham s6 y =
—X

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Goi I 1a giao diém cua hai duong tiém can, A 13 diém trén (C) c6 hoanh d6 13 a. Tiép tuyén tai A cua
(C) cat hai duong tiém can tai P va Q. Ching to rang A 1a trung diém cua PQ va tinh dién tich tam
giac IPQ.

2x-3
x—2

Bai 38. Cho ham s6 y = (©).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Viét phuong trinh tiép tuyén tai diém M thudc (C) biét tiép tuyén d6 cit tiém cin ding va tiém can

) ) ) N 4 s A A
ngang lan luot tai A, B sao cho cosin goc ABI bang ——, voi I la giao 2 ti€ém cén.

J17
Bai 39. Cho hams§ y = x" —8x* +7 (©)
1/ Khao sat va v& do thi ham s6 (C).
2/ Tim m dé duong thang y = mx—9 tiép xtc v6i do thi (C).

—x+1
2x+1

1/ Khao sat va v& do thi ham s6 (C).

Bai 40. Cho ham s6 y =

©
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2/ Lap pt tiép tuyén véi (C) biét tiép tuyén d6 qua giao diém cta tiém can ding va Ox.
Bai 41. Cho ham s6 y =—2x° +6x* -5 (©)

1/ Khao sat va v& do thi ham s6 (C).

2/ Lap phuong trinh tiép tuyén véi (C) biét tiép d6 qua diem M (—1,-13)

Bai 42. Cho ham sé y = %4 —-2(x* -1) (®

1/ Khao sat va v& do thi ham sb (C).

2/ Viét phuong trinh céc dudng thang qua M (0,2) va tiép xtc véi (C).

Bai 43. Cho ham sb y :§x3 —%xz +§ (Cun)

1/ Khao sat ham s6 (Cp,) khi m=2.

2/ Goi M 1a diém thudc (Cp,) ¢6 hoanh do bang —1. Tim m dé tiép tuyén cua (Cy,) tai diém M song song
v6i duong thang 5x-y = 0.

Bai 44. Cho ham sb: y = —x" + 2m+1)x> —m—1 (Cp)

1/ Khéo st sy bién thién va v& d6 thi cia ham s6 khi m =1.

2/ Tim m dé dd thi (Cy,) tiép xtic véi duong thang d:y=2mx—m—1.

Bai 45. Cho hamsb y = x" +3mx’ +(m+1)x+1 (Cp)

1/ Khao sat va v& do thi ham s6 (Cp,) khi m =—1.

2/ Tim m d€ tiép tuyén ctia (Cp) tai di€m x =1 di qua diém 4(1,2).

x+2
2x+3

1/ Khao sat va v& do thi ham s6 (C).

Bai 46. Cho (C): y =

2/ Viét phuong trinh tiép tuyén véi (C), biét tiép tuyén cit cac truc toa do tai A, B va dudng trung truc
ctia AB di qua gdc toa do.

Bii 47. Cho (C,,): ¥y =x> =3(m+1)x* +6mx—3m+4

1/ 1/ Khao sat va v& do thi ham s (C,,) khi m=1.

2/ Goi d 14 tiép tuyén v6i (C,,) tai diém c6 hoanh do bang 1. Tim m dé d cit (C,,) tai diém B khac A

sao cho tam giac OAB can tai O.
‘. x—1 . X A g AL Lk O , \
Bai 48. Cho (C ) Yy = Y Viét pt ti€p tuyen vai (C) bict tiep tuyen cat 2 dtc 6 A, Bva AB = 22,
x p—

Bai 49. Cho (C):y =x"—2x* —1. Tinh dién tich tam gidc tao bdi cdc truc toa do va tiép tuyén véi

(C) tai diém c6 hoanh d6 bang 2.



TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin Tho — DT: 0983. 336682

2x+1 . . .
Bi 50. Cho (C):y = al > Goi I 1a giao diém hai duong tiém can va A(-3,1). Hay viét pt tiép
x_

tuyén voi (C) biét tt vudng goc véi IA.

—x+1

Bai 51. Cho ham s6 y = . CMR v6i moi m duong thing y = x + m ludn cat d6 thi (C) tai hai

2x -1
diém phan biét 4 va B. Goi ki, ks 1an luot 14 hé sé goc cua cac tiép tuyén véi (C) tai 4 va B.

Tim m dé tdng k; + k, dat gi4 tri 16n nhit.
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BAI 2. BAI TOAN TUONG GIAO
I. KIEN THUC CO BAN
1/Cho (C):y=f(x) vad:y=ax+b.
- Phuong trinh hoanh d9 giao diémcta (C)vadla: f(x)=ax+b (¥)
- dcat (C) tai n diém phan biét < phuong trinh (*) c6 n nghiém phén biét.
- Nghiém phuong trinh 13 hoanh d6 cta giao diém, con tung d6 duoc tinh bang cach thé hoanh
d6 vao phuong trinh dudng thang.
2/ Dudng thang d qua M va ¢ hé s6 goc k co ptla: y=k(x—x, )+,
a#0
3/ Phuong trinh ax® +bx +c¢ =0 c6 2 nghiém phan biét khéc x, <A >0

ax; +bx, +c#0
g b c
4/ Pinh ly Viet: x]+x2:—;, x]xzzz, X, —x, | =—.

Xp =Xy Vp—DVy4

Xe =Xy Vo= V4

. . 1 .
5/ Dién tich tam giac ABC: S, :E |D| voi D=

6/ Hai tiép tuyén véi (C) tai A va B song song néu f'(x,)=f'(x,), con vudng gbc néu

F(x).f " (x5) =—1.

II. BAITAP

Bai 52. Cho (C):y=x’-3x+2

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Goi d 1 dudng thiang qua A(3,20) va c6 hé s6 goc m. Tim m dé d cit (C) tai 3 diém phan biét.

Bai 53.Cho (C): y = 2>
x+2

1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Timmdé A:y=—x+m cat (C) tai hai diém phan biét A, B sao cho
J13

a/ AB=214 b/ Soup ===
Bai 54.Cho (C,):y=x"-2x"+(1-m)x+m
1/ Khéo st sy bién thién va v& d6 thi ham s6 véim = 1
2/ Tim m dé d6 thi ham sb cat truc hoanh tai ba diém phan biét c6 hoanh do x,,x,,x, sao cho
x4+ X +x; <4

2x -1

Bai 55.Cho (C):y=
x—1

1/ Khéo sat sy bién thién va v& do thi ham so
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2/Timm dé A:y=x+m cat (C) tai hai diém phan biét A, B sao cho
a/ tam gidc OAB vuong tai O. b/ hai tiép tuyén véi (C) tai A, B song song v&i nhau.
Bai 56. Cho ham s6 y = x* —(3m +2)x* +3m
1/ Khéo st sy bién thién va v& d6 thi ham s véi m = 0.
2/ Tim m dé duong thang A:y=—1 cit dths tai 4 diém phan biét c6 hoanh d6 nhé hon 2.
Bai 57. Cho (C,):y=x"—mx’+m
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Timm dé (C,) cét truc hoanh tai 4 diém cach déu nhau.
Bai 58.Cho (C):y=x’-3x"+1
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Tim dé A:y=m(x-3)+1 cit (C) tai 3 diém phan biét M(3,1), N, P sao cho hai tiép tuyén véi (C)
tai N, P vudng goc voi nhau.

Bi 59.Cho (C): y = x—*i
x_

1/ Khao sat su bién thién va v& d6 thi ham s6
2/ Tim m dé duong thang y = mx+1 cét (C) tai hai diém phan biét A, B dong thoi
a/ A, B cung thugc mdt nhanh cua (C). b/ A, B nam ¢ 2 nhanh khac nhau.

Bai 60.Cho (C): y ="
x+2

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ CMR duong thiang y =—x+m ludn cit (C) tai hai diém phan biét M, N. Tim m dé MN ngén nhét.

Bai 61.Cho (C,):y=x"+2mx* +(m+3)x+4

1/ Khéo st sy bién thién va v& d6 thi ham s6 vdi m =3

2/Cho d:y=x+4 va K(1,3). Timm dé d cit (C,) tai 3 diém phan biét A(0,4), B, C dong thoi tam

gidc KBC ¢6 dién tich bing 24/10.

Bai 62.Cho ham s6 y =x*+ 3x*+2 (1)

1/ Khéo sat va vé do thi ham sé khim = 0.

2/ Tim m d¢ duong thang d : y = mx+2 cat do thi ham s6 (1) tai ba diém phan biét 4(0; 2), B, C sao
cho cac tiép tuyén ctia d6 thi ham s (1) tai B va C vudng goc v6i nhau.

Bai 63.Cho ham s§ y=x>-3x2+4 (C)

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Goi d 1a dudng thang di qua diém 4(2; 0) c6 hé sb goc k. Tim k dé (d) cat (C) tai ba diém phan biét
A, M, N sao cho hai tiép tuyén cua (C) tai M va N vuong gbéc voi nhau.

Bai 64.Cho hams§ y=3x-x (C)

10
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1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Chirng minh rang khi m thay d6i, duong thing d:y=m(x+1)+2 ludn cdt do thi (C) tai mot diém
M cb dinh va tim m dé (d) cat (C) tai 3 diém phan biét M, N, P sao cho tiép tuyén cua (C) tai N va P
vudng goc vdi nhau.

Bai 65.Cho ham s6 y = x*=3mx’ +3(m” —1)x—(m’ =1)  (1).

1/ Khao sat su bién thién va v& d6 thi ctia ham s6 (1) khi m = 0.

2/ Tim cac gia tri ctia m dé dd thi ham sb (1) cit tryc hoanh tai 3 diém phan biét c6 hoanh d6 duong.

, 1 2 N
Bai 66.Cho ham s0 y :§x3 —mx’ —x+m+S c6 do thi (C,,).
1/ Khao sat su bién thién va v& db thi cia ham s6 khi m=-1.

2/ Tim m dé (C,,)cét truc hoanh tai 3 diém phan biét c6 tong binh phuong céc hoanh do 1én hon 15.

Bai 67.Cho ham s6 y = x> —3x* —9x+m.

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sé da cho khi m = 0.

2/ Tim m dé d6 thi ham s6 da cho cat tryc hoanh tai 3 diém phan biét tao thanh hai doan thiang bang
nhau.

Bai 68.Cho ham s6 y =x’ —3mx* +9x—7 c6 dd thi (C,,).

1/ Khao sat su bién thién va v& d6 thi (C) ctia ham sé d cho khi m=0.

2/ Tim m dé (C,,)cét truc hoanh tai 3 diém phan biét c6 hoanh d¢ lap thanh cap s6 cong.

Bai 69.Cho ham s6 y = x’ —3mx” —mx c6 do thi (C,,)

1/ Khao sat su bién thién va v& d6 thi (C) cia ham s6 d cho khi m=1.

2/ Tim m dé (Cy,) cit dudng thing d:y=x+2 tai 3 diém phan biét co6 hoanh do 1ap thanh cap sb
nhan.

Bai 70.Cho ham s6 y = x* —3x% +4 ¢6 d0 thi 1 (C).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Goi d 1 dudng thing di qua diém A(—1;0) véihé sé goc k. Tim k dé d cit do thi (C) tai ba diém
phan biét A, B, C va B, C cung véi gbc toa dd O tao thanh mot tam giac c6 dién tich bang 1.

Bai 71.Cho ham s6 y = x* —3x% +2 ¢6 d0 thi 1 (C).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Viét phuong trinh dudng thang qua E (1,0) va cat (C) tai ba diém E, 4, B phan biét sao cho dién
tich tam giac OAB bang \/5 .

Bai 72.Cho ham s6 y =x> +mx+2 c6 dd thi (C,,)

1/ Khao sat su bién thién va v& dd thi ctia ham s khi m = -3.

11
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2/ Tim m dé do thi (C, ) cdt truc hoanh tai mot diém duy nhat.

Bai 73.Cho ham s6 y =2x’ —3(m+1)x* +6mx—-2 ¢6 d6 thi (C,)
1/ Khéo st sy bién thién va v& do thi ctia ham s6 khim = 1.

2/ Tim m dé do thi (C, ) cdt truc hoanh tai mot diém duy nhat.

Bai 74.Cho ham s6 y = x* —6x> +9x—6 ¢6 do thi 1a (C).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Pinh m dé duong thang d : y = mx —2m —4 cét d6 thi (C) tai ba diém phan biét.

Bai 75.Cho ham s6 y = x* —3x% +1

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim m dé duong thang d: y =(2m—1)x—4m—1 cét d0 thi (C) tai ding hai diém phén biét.
Bai 76.Cho ham s6 y = x’ —3m’x+2m ¢6 dd thi (C,,).

1/ Khéo st sy bién thién va v& d6 thi ctia ham s6 khim = 1.

2/ Tim m dé do thi (C, ) cdt truc hoanh tai ding hai diém phén biét.

Bai 77.Cho ham s6 y = x* —mx’ +m—1¢6 do thila (C,,).
1/ Khao sat su bién thién va v& d6 thi (C) cta ham s6 khi m =8.
2/ Pinh m d€ d6 thi (C,,) cét truc truc hoanh tai bén diém phéan biét tao thanh cac doan thing béing

nhau.
Bai 78.Cho ham s6 y =x*—2(m+1)x’ +2m+1 c6 do thila (C,,).

1/ Khéo sat su bién thién va v& db thi cia ham sb da cho khi m =0.

2/Pinh m dé db thi (C,) cét truc hoanh tai 4 diém phan biét c6 hoanh d¢ lap thanh cap s6 cong.

Bai 79.Cho ham s6 y =x*—2(m+1)x’ +2m+1 c6 do thila (C,,).
1/ Khéo st sy bién thién va v& d6 thi ctia ham s khim = 0.

2/ Tim m dé d6 thi (Cy,) cit truc hoanh tai 3 diém phan biét déu c6 hoanh do nhoé hon 3.

Bai 80.Cho ham s6 y = x* —2m*x* +m* +2m (1)

1/ Khao sat su bién thién va v& d6 thi ctia ham sé (/) khi m=1.

2/ Chtrng minh d6 thi ham s6 (/) ludn cét truc Ox tai it nhat hai diém phén biét, voi moi m < 0.

2x—-2
x+1

Bai 81.Cho ham s y = (©).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Tim m dé duong thing d: y =2x+m cét (C) tai hai diém phan biét A, B sao cho 4B =2+/5.

x—1
xX+m

Bai 82.Cho ham s y =

(1)

12
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1/ Khao sat su bién thién va v& d6 thi ctia ham s6 (1) khi m=1.

2/ Tim cac gia tri cta tham sd m sao cho dudng thang d:y =x+2 cat d6 thi ham sb (1) tai hai diém 4

va B sao cho AB = 2\/5.

~ 2x-1

Bai 83.Cho (C):
ai 0(C):y —

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Tim m dé dudng thang d:y =x+m cat (C) tai hai diém phan biét A, B sao cho AOAB vudng tai O.

_x+2
x=2

Bai 84.Cho (C):y

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Chirg minh rang v&i moi gid tri m thi trén (C) ludn ¢ cip diém A, B ndm vé hai nhanh cta (C) va

thoa xX,—y,+m=0
Xp— Yy +m=0"

2x+1

Bai 85.Cho ham s6 y = (1)

x—1
1/ Khéo st sy bién thién va v& do thi ctia ham s (1).
2/Pinhk dé d: y = kx +3 cat dd thi ham s6 (1) tai hai diém M, N sao cho tam giac OMN vudng goc
tai O.
2x+4

1-x

Bai 86. Cho hams6 y =
1/ Khdo st va v& do thi (C) cuia ham s trén.

2/ Goi (d) 1a duong thing qua A(1,1) va c6 hé s6 goc k. Tim k sao cho (d) cét ( C ) tai hai diém M, N

va MN =34/10.

2x+3
Bai 87.Cho (C):y=
ai 0(C):y —

1/ Khao sat su bién thién va v& d6 thi ( C).
2/ Tim m dé duong thang d : y = 2x+m cit do thi (C ) tai hai diém phan biét sao cho tiép tuyén cua (C
) tai hai diém d6 song song voi nhau.
Bai 88.Cho ham s6 y =x’+2mx> +3(m-1)x+2 (1)
1/ Khéo st sy bién thién va v& d6 thi ham sé khi m=0.
2/ Tim m d€ do thi ham s6 cat duong thang d : y =—x+2 tai 3 diém phéan biét 4(0,2),B,C sao cho
tam gidc MBC c¢6 dién tich 22, véi M (3;1).
4

Bai 89.Cho him s = ~3x" +%

1/ Khao sat su bién thién va vé& d6 thi (C) cta ham sb.

13
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2/ Cho diém M thudc (C) ¢6 hoanh d6 1 a. Viét phwong trinh tiép tuyén cta (C) tai M, v&i gié trj caa
a thi tiép tuyén cta (C) tai M cit (C) tai hai diém phan biét khac M.

Bai 90.Cho ham s y = >
x+1

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Tim a va b dé duong thang (d): y=ax+b cat (C) tai hai diém phan biét d6i xing nhau qua duong
thang (A): x—2y+3=0.

Bai 91.Cho ham s6 y = 2~

5 do thila (C,,).

1/ Khao sat sy bién thién va v& do thi caa ham sb d cho khi m=1.

2/ Tim m dé dudng thing d:2x+2y-1=0 cdt (C,, )tai hai diém cing véi goc toa df tao thanh mot

tam gidc c6 dién tich 1a S = %

Bai 92.Cho ham s6 y = 2’“2 (C)
x_

1/ Khao sat su bién thién va v& d6 thi ham s6 (C).
2/ Tim m dé dudng thang d : y = x +m cit do thi (C) tai 2 diém phan biét thuéc 2 nhanh khac nhau

ctia d0 thi sao cho khoang cach giira 2 diém d6 1a nho nhét. Tim gia tri nho nhét do.

14
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BAI 3. BAI TOAN CUC TRI BAC BA
I. KIEN THUC CO BAN
1/ Ham bac ba c6 2 cuc tr1 (CD, CT) < »y'=0 c6 2 nghiém phan biét x,,x, .
2/ Nghiém x,,x, cua pt y'=0 la hoanh d6 cua cac diém cuec tri. Con tung do dugc tinh theo 2 cach:
Cach 1: Néu x,,x, 1a nghiém dep = thé tryc tiép x,,x, vao ham sé.
Cach 2: Néu x,,X, la nghiém xau = ldy y chiacho y' roi thé X,,X, VAo phan du.
3/ Phuong trinh dudng thang di qua 2 diém cuec tri: cuaychiay’.
II. BAITAP

. 1
Bai 93. Cho hams6 y = %mx3 —(m-=1)x* +3(m—-2)x+ 3

1/ Khéo st sy bién thién va v& d6 thi ham s6 véi m=2.
2/ Tim m dé ham s6 c6 cuc tri x,,x, thoa diéu kién x, +2x, =1.
Bai 94. Cho ham s6 y = x° +2(m —1)x* + (m* —4m)x —2(m* +1)

1/ Khao sat su bién thién va v€ do thi ham so voi m =1.

X Ryno A g . v oax gea Lo 11
2/ Tim m d€ ham so ¢6 cuc tri x,,x, thoa diéu kién —+— = E(x] +X,).
XX

Bai 95. Cho ham s6 y =x* —3(m+1)x*+9x—m

1/ Khao sat su bién thién va v& d6 thi ham s6 voi m=1.

2/ Tim m dé ham sd c6 cuc tri x,,x, sao cho |x, —x, [£2.

Bai 96. Cho ham s6 y = x* —3x% —3m(m+2)x -1

1/ Khao sat su bién thién va v& d6 thi ham s6 véi m = 0.

2/ Tim m dé dd thi ham b c6 cuc tri va hoanh do cac diém cuc tri déu duong.
Bai 97. Cho ham s6 y = 2x* +9mx* +12m*x +1

1/ Khao sat su bién thién va v& d6 thi ham s6 v6i m = —1.

2/ Tim m dé ham s6 ¢6 cuc dai, cuc tiéu théa man x’, = x,,.
Bai 98. Cho ham s6 y =x* —6x> +3(m+2)x—m—6

1/ Khao sat su bién thién va v& d6 thi ham s6 véim = 1.

2/ Tim m dé ham sd c6 cuc tri va hai gia tri cyc tri cung dau.

Bai 99. Cho ham sé y=x’+(1-2m)x* +(2—m)x+m+2

1/ Khao sat su bién thién va v& d6 thi ham s6 voi m = 2.

2/ Tim m dé d6 thi ham sb ¢o cyc tri va hoanh do cuc tiéu bé hon 1.
Bai 100. Cho ham s6 y =—x° +3mx* —3m—1

1/ Khéo sat sy bién thién va v& d6 thi ham s6 véim = 1.
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2/ Pinh m dé db thi ham sb co hai cuc tri A, B dong thoi
a/ AB=25 b/ hai diém cuc tri A, B d6i xtrng qua duong thang A:x+8y—74=0.
Bai 101. Cho (C,):y=x"+3x*-3(m-1)x
1/ Khéo st sy bién thién va v& d6 thi ham s véi m=1.
2/ Tim m dé (C,) co cuc tri. Khi do, hay viét phuong trinh duong thfmg di qua hai diém cuc tri cua
(C,).
Bai 102. Cho (C,):y=x"-3x" +mx

1/ Khao sét sy bién thién va v& d6 thi ham s6 véi m = 0.
1 A 2A ST A r 3R  3Ae ’ \ N 1 5
2/ Tim m dé€ do6 thi ham s6 c6 hai di€m cyc tri do1 xing qua dudng thang A:y = Ex 5

Bai 103. Cho (C,):y=2x"-32m+1)x* +6m(m+1)x+1
1/ Khao sat su bién thién va vé d6 thi ham sb véi m = 0.

2/ Ching rang (C,) ludn c6 2 diém cuc trj A, B va khoang cach AB khong doi.
: 1
Bai 104. Cho ham s6 y:§x3—mx2—x+m+1

1/ Khao sat su bién thién va v& d6 thi ham sé v&i m = 0.

2/ Tim m dé d thi ham sb ¢6 2 diém cuec trj va khoang cach 2 diém cuec tri ng?in nhét.

Bai 105. Cho ham s6 y = x* —=3(m—1)x* —9mx —1

1/ Khao sat su bién thién va v& d6 thi ham s6 v&i m=0.

2/ Tim m sao cho d thi ham s6 c6 hai diém cyc tri ddi xtng qua truc tung.

Bai 106. Cho ham s6 y =—x° —3x> + mx +4

1/ Khao sat su bién thién va v& d6 thi ham sé véi m = 0.

2/ Véi gié tri ndo ctia m thi do thi ham s c6 hai diém cuc tri A, B va tam gidc OAB vudng tai O.
Bai 107. Cho ham sé y = —x* +3x? +3(m* —1)x—3m* -1

1/ Khao sat su bién thién va v& d6 thi ham s6 véim = 1.

2/ Tim m dé dd thi ham sb c¢6 hai diém cyec tri va hai diém cuc tri ndy cach déu gdc toa do O.
Bai 108. Cho ham sé y = x* —3ax* +b voi a,b> 0.

1/ Khao sat su bién thién va v& d6 thi ham s6 v6i a =1,b = 4.

2/ Tim a,b biét rang dd thi ham sb co hai diém cyc tri A, B va tam giac OAB vudng can tai O.
Bai 109. Cho ham sd y = x* —3x% +mx

1/ Khao sat su bién thién va v& d6 thi ham s6 v&i m=0.

2/ Pinh m dé d6 thi ham sb co cuc tri va duong thfmg di qua hai diém cuec tri tao voi hai truc toa do
mdt tam gidc can.

Bai 110. Cho ham s& y = x> +3x* +mx+m—2 c6 d thi la (C,).
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1/ Khao sat su bién thién va v& d6 thi ham s6 khi m = 3.

2/ Xac dinh m dé (C,,) c6 cac diém cuc dai va cuc tiéu ndm vé hai phia d6i voi truc hoanh.
Bai 111. Cho ham s6 y=—x"+(2m+1)x* —(m” =3m+2)x—4 c6 dd thi1a (C,).

1/ Khao sat su bién thién va v& d6 thi ham s6 khi m = 1.

2/ Xac dinh m dé (C,,) c6 cac diém cuc dai va cuc tiéu ndm vé hai phia cta truc tung.

Bai 112. Cho ham sd y = %f —mx” +(2m—1)x—3 ¢6 do thi a (Cy).

1/ Khao sat su bién thién va v& d6 thi ham s6 khi m=2.

2/ Xac dinh m dé (C,,) c6 cac diém cuc dai, cuc tiéu ndm vé ciing mot phia dbi voi truc tung.
Bai 113. Cho ham s& y = x* —3x* —mx +2 ¢6 d6 thj 1a (Cy,).

1/ Khao sat su bién thién va v& d6 thi ham s6 khi m=1.

2/ Xac dinh m dé (C,,) ¢ cac diém cuc dai va cuc tiéu cach déu duong thang A:y =x+1.
Bai 114. Cho ham s& y = x* —3mx* +4m’ c6 dd thi 1a (C,).

1/ Khao sat su bién thién va v& d6 thi ham s6 khi m = 1.

2/ Xac dinh m dé (C,,) ¢ cac diém cuc dai va cuc tiéu dbi ximg nhau qua dudng thang y =x.
Bai 115. Cho ham s6 y =x* =3(m+1)x” +9x+m—2 ¢c6 do thi la (Cu).

1/ Khao sét sy bién thién va v& d6 thi ciia ham sb khi m =1.
. A , <R . \ <R <R A . ’ y . N 2 1
2/ Binh m @é (Cm) c6 diém cuc dai va di€m cyc ti€u doi1 xing voi nhau qua duong thang A:y = Ex .

Bai 116. Cho ham s6 y = x* +(1-2m)x* +(2—m)x+m+2
1/ Khao sat su bién thién va v& d6 thi ctia ham sé di cho tmg vi m=1.

. o £ .. 1
2/ Xac dinh m d¢€ ham s6 da cho dat cuc tri tai x,, x, sao cho |x, —x2| > g

Bai 117. Cho ham sé y =4x’ + mx* —3x.

1/ Khao sat su bién thién va v& d6 thi ctia ham sé khi m=0.
2/ Tim m d€ ham s6 ¢6 hai diém cyc tri x;, x, théa x, =—4x,.
Bai 118. Cho hams6 y =(m+2)x> +3x* +mx—5

1/ Khao sat su bién thién va v& d6 thi (C) cta ham sé khim = 0.

2/ Tim céc gia tri cia m dé cac diém cuc dai, cuc tiéu ctia dd thi ham s ¢6 hoanh d6 1a cac sb duong.
Bai 119. Cho hamsd y=x>-3x*+2 (1)

1/ Khéo sat sy bién thién va v& do thi ctia ham s (1).

2/ Tim diém M thudc dudng thiang d: y =3x—2 sao téng khoang cach tir M t6i hai diém cuc tri nho

nhit.
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Bai 120. Cho ham s6 y = x* +(1—2m)x* +(2—m)x+m+2 (D).

1/ Khéo sat sy bién thién va v& d6 thi ham s6 (1) khim = 2.

2/ Tim m dé d6 thi ham sé (1) ¢6 diém cuc dai, cuc tiéu, dong thoi hoanh d6 cua diém cuc tiéu nho
hon 1.

Bai 121. Cho ham sd y=x3—3mx2+3(m2—l)x—m3+m (D)

1/ Khéo sat sy bién thién va v& d6 thi ctia ham s6 (1) khim = 1.

2/ Tim m @& ham s6 (1) c6 cuc tri dong thoi khoang cach tir diém cuc dai ctua d6 thi ham sd dén goc
toa dd O b?lng V2 1an khoang cach tur diém cuec tiéu cta dd thi ham sb dén géc toa do O.

Bai 122. Cho ham s yz—x3+3mx2+3(1—m2)x+m3—m2 (D)

1/ Khao sat su bién thién va v& d6 thi ctia ham s6 (1) khi m=1.

2/ Tim m dé db thi ham ) (1) c6 2 cyc tri va viét phuong trinh duong thfmg qua hai diém cuc tri do.

Bai 123. Cho ham sd y=x> —3x% —mx+2 ¢6 dd thi 1a (C,).

1/ Khao sat su bién thién va v& d6 thi ctia ham s khim = 1.

2/ Tim m dé (C,,) c¢6 cac diém cuc dai, cuc tiéu va duong thing di qua cac diém cuc tri song song véi
duong thang d: y =—4x+3.

Bai 124. Cho ham sd y=x> —3x%> —mx+2 ¢6 dd thi 1a (C,,).

1/ Khao sat su bién thién va v& d6 thi ctia ham s khim = 1.

2/ Tim m dé (C) c6 cac diém cuc dai, cuc tiéu va duong thfmg di qua cac diém cuc tri tao véi duong
thang d :x+4y—5=0 mot goc 45°.

Bai 125. Cho hamsd y=x>+3x*+m (1)

1/ Khao sat su bién thién va v& d6 thi ctia ham s (1) khi m=—4.

2/ Xac dinh m dé d thi cia ham sb (1) ¢6 hai diém cuc tri 4, B sao cho A0B =120°.

Bai 126. Cho hamsd y = x> =3mx? + 3(m2 —l)x—m3 (Cw)

1/ Khao sat su bién thién va v& d6 thi ctia ham s6 khi m=-2.

2/ Chtrng minh r?mg (Ci) ludn cod diém cuc dai va diém cuc tiéu 1an luot chay trén mdi duong thfmg )
dinh.

Bai 127. Cho (C,,):y=x" —2mx* +m*x—2

1/ Khao sat va v& do thi ham s6 (Cp,) khi m=1.

2/ Tim m dé ham s6 (Cy) dat cuc tiéu tai x=1.

Bai 128. Cho hamsb y =x’ =3x* =3m(m+2)x—1 (Cp).

1/ Khao sat va v& do thi ham s6 (C,) khi m=0.

2/ Tim m dé ham s6 (Cy) ¢6 hai cuc tri ciing dau.
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BAI 4. CUC TRI HAM TRUNG PHUONG
I. KIEN THUC CO BAN
1/ Ham trung phuong c6 3 cuc tri (chi co 1 cuc tri) < y'=0 c6 dung 3 nghiém (co dung 1 nghiém).
2/ Nghiém cua pt y'=0 la hoanh do6 cua cac diém cuc tri. Con tung do cua cac diém cuc tri duge tinh
bang cach thé truc tiép x_, vao ham sb.
3/ Ba diém cuc trj cta dths ludn tao thanh tam giac cn tai dinh ndm trén Oy (c6 hoanh do bang 0).
II. BAITAP
Bai 129. Cho ham sé y = x* —2mx* +2m +m*
1/ Khao sét sy bién thién va v& d6 thi ham s6 véi m=1.
2/ Tim m dé d thi ham sd c6 cac diém cuec tri tao thanh tam giac déu.
Bai 130. Cho hams6 (C,):y =x*—2m’x* -1
1/ Khao sét sy bién thién va v& d6 thi ham s6 véi m=1.
2/ Tim m dé (C,)c6 3 diém cyc trj tao thanh tam gidc c6 dién tich bang 32.
Bai 131. Cho ham sd y = x* +2mx* + m* +m
1/ Khao sét sy bién thién va v& d6 thi ham s6 véi m=1.
2/ Tim m dé d thi ham sd c6 cac diém cuec tri tao thanh tam giac c6 mdt goc b?lng 120°.
Bai 132. Cho hams6 (C,,):y =x* —2m’x* +1
1/ Khao sét sy bién thién va v& d6 thi ham s6 véi m=1.
2/ Tim m dé (C,)co3 diém cuec trj tao thanh tam giac vuong can.
Bai 133. Cho ham s y =2x* —4mx* + m—1
1/ Khao sét sy bién thién va v& d6 thi ham s6 véi m=1.
2/ Tim m dé ham sb ¢6 cuc tiéu ma khong ¢o6 cuc dai.
3/ Tim m dé dd thi ham sé ¢6 hai diém cuc tidu va khoang cach giita chung bing 2+/3.

.1
Bai 134. Cho ham s y:§x4—mx2+% (1)

1/ Khao sat su bién thién va v& d6 thi ctia ham s6 (1) khi m=3.

2/ Xac dinh m dé do thi cua ham s6 (1) c¢6 cuc tiéu ma khong c6 cuc dai.

Bai 135. Cho hamsé y=x*+2(m-2)x* +m* ~5m+5  (C,).

1/ Khéo st sy bién thién va v& d6 thi (C) ham sé khi m = 1.

2/ Tim céc gia tri cia m dé dd thi (C,,) cb cac diém cuc dai, cuc tiéu tao thanh 1 tam giac vudng can.
Bai 136. Cho ham s6 y = x* +2(m—2)x* +m* —5m+5

1/ Khéo st sy bién thién va v& d6 thi ham sb khim = 1.

19



TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin Tho — PT: 0983. 336682
2/ Tim m dé (Cp,) ¢6 cuc dai, cuc tiéu va cac diém cyc dai, diém cuc tiéu 1ap thanh mot tam giac déu.
Bai 137. Cho ham s& y =x* +2mx? +m? +m ¢6 d thi (Cy) .
1/ Khéo st sy bién thién va v& d6 thi ham sb khi m = 2.
2/ Pinh m dé (Cp) ¢6 ba diém cyc tri 1ap thanh mot tam gidc ¢ mot goc bang 120° .
Bai 138. Cho ham sé y =x* —2mx? + m—1 ¢6 dd thi (Cyy) .
1/ Khéo st sy bién thién va v& d6 thi ham sb khim = 1.
2/ Véi nhitng gia tri ndo ctia m thi d6 thi (Cp) c6 ba diém cuc tri, ddng thoi ba diém cuc tri 6 1ap
thanh mot tam giac c¢6 ban kinh dudng tron ngoai tiép bang 1.
Bai 139. Cho ham s& y =x* —2mx? +2m+m* c6 dd thi (Cp) .
1/ Khéo st sy bién thién va v& d6 thi ham sb khim = 1.
2/ Tim m dé (Cp,) ¢6 ba diém cuc tri 1ap thanh mot tam giac c6 dién tich bang 4.
Bai 140. Cho hamsé y = mx* + (m?> —9)x* +10 (Cp)
1/ Khao sat su bién thién va v& d6 thi ham s6 (Cy,) khi m =1.
2/ Tim m sao cho ham s6 (Cp) ¢ 3 cuc tri.
Bai141.  Cho (C,):y=—x"+2mx* +2m-1
1/ Khao sat va vé& d6 thi ham s6 (Cp,) khi m=—1.
2/ Tim m dé d6 thi ham s ¢6 3 diém cuc tri va khoang cach tir 2 diém cuc dai gip doi khoang cach tir
diém cuc tiéu dén géc toa do.
Bai 142. Cho ham s6 y =x* —2(m+1)x* +m (1), m 1a tham sd.
1/ Khéo sat sy bién thién va v& d6 thi ham s6 (1) khim = 1.
2/ Tim m dé d6 thi ham s6 (1) c6 ba diém cuc tri A, B, C sao cho OA = BC, O 14 gbc toa do, A 1a

cuc tri thudc truc tung, B va C 1a hai diém cuc tri con lai.
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BAI 5. BIEN LUAN NGHIEM PHUONG TRINH BANG PO THI

I. KIEN THUC CO BAN
Gia str can bién luan nghiém phuong trinh: F(x,m)=0. Ta bién d6i F(x,m)=0< f(x)=g(m) véi
(C):y= f(x) da v& db thi va d: y = g(m)1a dudong thang ndm ngang. Dua vio sb giao diém cta d va
(C) suy ra s6 nghiém phuong trinh.
Do thi chira tri tuyét doi
Dang 1. Tu (C): y = f(x) = (C"):y = f(x)]

e  Giit nguyén phan (C) ndm phia trén Ox .

e Layddi xtng qua Ox phan (C) nam dudi Ox 16i bo di phan (C) dudi Ox .
Dang 2. Tu (C):y = f(x) = (C):y=f(Ix]).

e  Giit nguyén phan (C) phia bén phai Oy va bo di phan (C) bén trai Oy .

e Ly dbixing qua Oy phan (C) vira giir lai.
Dang 3. T (C):y =u(x)v(x)=(C):y=u(x)|v(x).

e  Gilt nguyén phan (C) img vé6i u(x) 2 0.

e Layddixung qua Ox phan (C) tng v6i u(x) <0 roi bo di phan (C) tmg véi u(x) <0,
II. BAITAP
Bai 143. Cho (C):y=x*-3x*+2
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Bién luan s6 nghiém phuong trinh x* —3x? =m® —3m*.
Bai 144. Cho (C):y=x"-3x+1
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Tim m dé phuong trinh x* —=3x+6—2" =0 c6 3 nghiém phan biét.
Bai 145. Cho (C):y=x"—x’
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Bién luan theo k s6 nghiém phuong trinh 4x*(1-x*)=1—-k.
Bai 146. Cho (C):y :%x3 —2x* +3x
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Bién luan s6 nghiém phuong trinh e —6e* +9¢' =m
3/ Tim a d phuong trinh log, (x3 —6x7 + 9x) =a c6 3 nghiém phan biét.
Bai 147. Cho (C):y=x"—4x>+3
1/ Khéo sat sy bién thién va v& d6 thi ham s6
2/ Dinh m dé phuong trinh | x* —4x? +3|+2m—1=0 co6 8 nghiém phan biét.
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Bai 148. Cho (C): y=2x*-9x> +12x—4

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim m dé phuong trinh sau c6 6 nghiém phan biét: 2| x [ —=9x* +12 | x |= m.
Bai 149. Cho (C):y=2x"—4x’

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim m dé phuong trinh x| x* =2 |=m c6 ding 6 nghiém.

Bai 150. Cho (C): y=x*+3x

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim m d& phuong trinh | x* +3x* | —log, m =0 c6 4 nghiém phan biét.
Bai 151. Cho (C):y=x’-3x*+2

1/ Khéo sat sy bién thién va v& do thi ham so

2/ Tim m dé phuong trinh x* —2x—2= ﬁ c6 4 nghiém phan biét.
x f—

Bai 152. Cho (C):y= X—Jri

1/ Khao sét sy bién thién va v& d6 thi ham s6

2/ Viét phuong trinh tiép tuyén véi (C) biét tiép tuyén song song voi dudng thing A:2x+y—1=0.
3/ Bién luan theo m s nghiém phuong trinh 2x* —(m+1)x+m+1=0.

Bai 153. Cho hamsd y=x*—4x*+3

1/ Khdo st sw bién thién va v& do thi (C) cta ham s6 da cho.

2/ Bién luan theo tham s6 & sé nghiém ctia phuong trinh | x*—4x? +3 |= 3k,

Bai 154. Cho ham sb y :x_in
x_

1/ Khdo st sw bién thién va v& do thi (C) cta ham so.

2/ Bién luan theo m s6 nghiém cua phuong trinh : al : +1 =m
x a—

Bi 155. Cho ham s y = 2x* — 412 +%
1/ Khao sat su bién thién va v& d thi ctia ham sd da cho.

2/ Tim m dé phuong trinh sau c6 ding 8 nghiém thuc phan biét [2x* —4x? -

Bai 156. Cho hamsd y=x> —3x+1 (1)

1/ Khéo st sy bién thién va v& do thi (C) cia ham s6 (1).
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2/ Pinh m dé phuong trinh sau c6 4 nghiém thuc phan biét: | x [ =3|x|=m® —3m.
Bai 157. Cho hamsd y=—x> +3x% +1

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim m @& phuong trinh x> —3x% = m®> —3m? ¢6 ba nghiém phéan biét.
Bai 158. Cho ham sé y=x*—5x? +4 ¢6 dd thi (C).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim m dé phuong trinh | x* —5x% +4 |=log;, m ¢6 6 nghiém phan biét.
Bai 159. Cho hamsd y=x*-2x?+1

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Bién luan theo m s6 nghiém cta phuong trinh: xto2x? 41+ log,m=0.
Bai 160. Cho ham sb y =8x* —9x* +1.

1/ Khao sat su bién thién va v& d6 thi (C) cta ham sd.

2/ Dua vao (C) hiy bién luan s6 nghiém cta phuong trinh: 8cos* x—9cos’ x+m =0 v6i x [0;7].
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BAI 6. BAI TOAN PIEM VA KHOANG CACH

I. KIEN THUC CO BAN
1/ Goi diém trén duong: M €(C):y = f(x)= M(m, f(m)).

2/ Khoang céch tir diém dén diém: 4B =/(x, —x,)* + (v, —»,)’

7 , 7 Ax, + B

3/ Khoang cach tir diém M dén duong thing A: Ax+ By+C =0= d(M,A) = xzi yM2+C|
A" +B

Picbiét: a/ A:x=a=d(M,A)=|x, —al b/ A:y=b=d(M,A)=| y, —b]

L . 2, X, +x,=2x,
4/ A, B @61 xing qua M < M la trung diém cua AB < .
VitV =2yy
5/ A, B cachdéuM < MA=MB.
6/ A, B dbi xtmg qua dudng thang A < A 1a dudng trung truc ciia AB.
7/ A, B cach déu A < d(A4,A)=d(B,A).
II. BAITAP

Bai 161. Cho (C): y =2 +11
x_

1/ Khao sat sy bién thién va v& d6 thi ham sb.
2/ Tim nhitng diém trén (C) sao cho tong khoang cach tir d6 dén hai duong tiém can nhé nhat.

Bai 162. Cho (C):y=-""11
x=2

1/ Khao sat su bién thién va v& dd thi ham sd
2/ Tim M thudc (C) sao cho d(M, TCD) = 3d(M,TCN).

Bai 163. Cho (C): y =22+

x+1
1/ Khao sét sy bién thién va v& d6 thi ham s6
2/ Tim trén mdi nhanh cta (C) mot diém sao cho khoang cach giita chung ngin nhét.

Bai 164. Cho (C): y=—*
x+1

1/ Khao sat su bién thién va vé& d6 thi ham s6
2/ Tim cac diém trén (C) c¢6 toa dd nguyén. Viét phuong trinh tiép tuyén véi (C) tai cac diém ay.

x—2

Bai 165. Cho (C):y= "
x_

1/ Khao sét sy bién thién va v& d6 thi ham s6
2/ Tim M € (C)sao cho khoang cach tir M dén tdm ddi xing ctia (C) ngin nhét.

Bai 166. Cho (C):y=——o
x+1

1/ Khéo sat sy bién thién va v& do thi ham so

24



TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin Tho — PT: 0983. 336682
2/ Tim M € (C)sao cho k/c tir M dén duong thing A:3x+4y=0bang 1.

Bai 167. Cho (C):y :—§x3 +x° +3x—13—1

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim trén (C) hai diém phan biét M, N sao cho M, N ddi xirg qua tryc tung.
B2i 168. Cho (C,):y=x"—3mx’ +2(m-1)x+1

1/ Khéo st sy bién thién va v& d6 thi ham s véi m = 1.

2/ Tim m dé dd thi ham s6 c¢6 hai diém phan biét d6i xtng qua gdc toa do.
Bai 169. Cho (C):y=x"-2x"+1

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim A4, B € (C) sao cho duong thing AB song song vdi Ox va d(CD, AB) = 2.
Bai 170. Cho (C): y=x*-3x*+1

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim A, B € (C) sao cho 2 tt v6i (C) tai A, B song song va AB = 42.

Bai 171. Cho (C):y =12

1/ Khao sat su bién thién va v& dd thi ham sd
2/ Tim A4, B e (C) sao cho A, B dbi xtng qua dudng thing A:2x—4y+11=0.

2x—4

Bai 172. Cho (C):y=
x+1

1/ Khao sat su bién thién va vé& d6 thi ham s6
2/ Tim A4, B € (C) sao cho A, B dbi xing qua dudng thing MN v&i M(-3,0), N(-1,-1).

Bai 173. Cho (C): y =22+
x+3

1/ Khao sat su bién thién va v& dd thi ham sd
2/ Tim A4, B € (C) sao cho A, B dbi xtng qua gdc toa do.

Bai 174. Cho (C):y = 21“1

1/ Khao sat su bién thién va vé& d6 thi ham s6
2/ Goi A la tiép tuyén véi (C) tai A(0,1). Tim M thude (C) véi x,, >1 sao cho khoang cach tir M dén
A ngan nht.

Bai 175. Cho (C):y= f—”

1/ Khéo sat sy bién thién va v& do thi ham so

2/ Goi M 1a mot diém bat ki trén (C). CMR tich khoang cach tir M dén hai duong tiém can khong doi.
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x+1

Bai 176. Cho (C):y=
1-2x

1/ Khéo sat sy bién thién va v& d6 thi ham s6

2/ Tim nhitng diém trén (C) cach déu hai duong tiém can.

Bai 177. Cho (C):y=—x"+3x+2

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim 2 diém trén d6 thi ham s sao cho chung ddi xtng nhau qua tim M(—1; 3).
Bai 178. Cho (C):y=—x+3x+2

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim trén (C) hai diém d6i xtrng nhau qua duong thaing d:2x—y+2=0.

B3i 179. Cho ham sé y =22

(©.

x+1
1/ Khao sat su bién thién va v& d6 thi (C) cta ham sd.
2/ Tim diém M thudc do thi (C) dé tiép tuyén cia (C) tai M véi duong thang di qua M va giao diém hai
duong tiém can c6 tich cac hé sé goc bang 9.

2x+1

Bai 180. Cho hamsd y =
x+1

(C).

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.
2/ Tim trén (C) nhirng diém c6 tong khoang cach dén hai tiém cén ciia (C) nho nht.

3x—-4

Bai 181. Cho hamsb y=
x—2

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim cac diém thudc (C) cach déu 2 tiém can.

Bai 182. Cho himsé =2—x1.
x_

1/ Khao sat su bién thién va v& d6 thi (C) cta ham sd.
2/ Tim trén (C) hai diém B, C thudc hai nhanh sao cho tam gidc ABC vudng cin tai dinh A véi
A(2; 0).

Bi 183. Cho ham sb y =22

x—1
1/ Khao sat su bién thién va v& d6 thi (C) cta ham sd.
2/ Timdiém M € (C) sao cho khoang cach tir di€m 7(—1,2) t6i tiép tuyén cta (C) tai M 1a 16n nhat.

x+2

Bai 184. Cho ham s y = :
2x-1

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim nhitng diém trén do thi (C) cach déu hai diem A(2; 0) va B(0,2).
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x-3
x+1

Bai 185. Cho hamsd y =

1/ Khao sat su bién thién va v& d6 thi (C) cia ham sd.

2/ Tim trén hai nhanh cta dd thi (C) hai diém A va B sao cho AB ngin nhit.
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BAI 7. BAI TOAN SU BIEN THIEN
I. KIEN THUC CO BAN
1/Ham s6 y = f(x) dong biéntrén K < y'>0, VxeKk .
2/Ham s6 y = f(x) nghich bién trén K < y'<0, VxeK.
Dau "=" chi xay ra tai hiru han diém thudc K.

a<0
A<O

a>0

3/ ax* +bx+c¢>0,Vxe R < ,
A<LO0

ax2+bx+cSO,VxeR<:>{

> > : < <mi
4/m_g(x),VxeK<:>m_m]'§1xg(x), m_g(x),‘v’xeK<:>m_mK1ng(x).
II. BAITAP

. 1
Bai 186. Cho ham so y:§x3—mx2+(2m—l)x—m+2

1/ Khao sat su bién thién va vé do thi ham s6 voi m = 0.

2/ Tim m dé ham s6 nghich bién trén (-2,0).
Bai 187. Cho hamsb y = —%f +(m—=Dx*+(m+3)x—m+2

1/ Khao sat su bién thién va vé do thi ham s6 voi m = 0.

2/ Tim m dé ham s6 dong bién trén (0,3).

Bai 188. Cho hamsb y =x” —mx” +2mx +1. Tim m d¢ ham s6 ddng bién trén (3,+00).
Bai 189. Cho hamsb y =x" —2x” —mx + 2. Tim m dé ham s dong bién trén (-3,2014).
Bai 190. Cho hamsb y =—x’ +3x” +3mx —1. Tim m d¢ ham sb nghich bién trén (0,+00).

Bai 191. Cho y =x’ +3x” +mx+m. Tim m dé ham s6 nghich bién trén doan c6 d6 dai bang 1.
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BAI 8. BAI TOAN PIEM CO PINH
I. KIEN THUC CO BAN
Cho (C,):y= f(x,m). Goi (x,,y,)1a diém cb dinh cia ho (C,). Khidé : y, = f(x,,m), ¥V m (*)

Pua (*) vé mot trong 2 dang sau:

A=0

A=0
1/ Am+B:0,Vm<:>{ 2/ Am* +Bm+C =0,Ym < {B=0
- C=0

II. BAITAP

B2i192. Cho (C,):y=x"—-mx’+m—1

1/ Khéo st sy bién thién va v& d6 thi ham sb véi m = 3.

2/ Tim cac diém ¢ dinh ctia (Cp,). Viét phuong trinh tiép tuyén véi (Cp) tai cac diém do.

B2i193. Cho (C,):y=x'-mx’+m

1/ Khéo st sy bién thién va v& d6 thi ham sb véi m = 2.

2/ Chirng minh riang (C,,) ludn di qua hai diém c6 dinh A, B. Tim m dé 2 tiép tuyén vé6i (Cp,) tai A, B

vudng goc vdi nhau.
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BAI 9. GIA TRI LON NHAT, GIA TRI NHO NHAT
I. KIEN THUC CO BAN
1/ Phuong phap chung: 1ap bang bién thién roi két luan.
2/ Dgc biét:  Tim GTLN, GTNN trén [a,b]:

Buoc 1. Giai y'=0 tim x,x,,...,X, e[a,b].
Buédc 2. Tinh f(x,),..., f(x,), f(a), f ().
Két luan: N{azc]f(x)z Max {f(x, Yoo f(x,, ),f(a),f(b)};

X€|a,

Min f(x)zMin{f(x,),...,f(xn),f(a),f(b)}

xe[a,b]
II. BAITAP

Bai 194. Tim gia tri 16n nhat va gid tri nhé nhat cua cac ham so sau.

2
1/ y= X+l trén [-1,2], 2/y:ln * trén [1,63]. 3/ y=x+4-x".

VXt +1 X

4/ y=xvl-x*. 5/ y=x"+4(1-x°)’ trén [-1,1]. 6/ y=sin’ x—cos2x+sinx+2.
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CHUYEN DE 2: TiCH PHAN

Béng nguyén ham

1/Idx=x+C 9/_[ d)i =tanx+C
cos” x
n+l
wa X
2 Ix dx—n+1+C 10/_[ _df =—cotx+C
sin” x
dx
3 [==m|x|+C dc 1, |x-a
11/ =—1In +C
x -[xz—a2 2a |x+a
dx 1
4/ | —=——+C
j)c2 X 12/I 2dx - — —arctan>+C
x“+a a a
5/ |e‘dx=¢e"+C
I I dx _ 1 1n|x—a|+c
x (x—a)(x—-b) a-b |x-b
6/ ~l‘a)‘dlea +C
na '
14/ j”((x))dx=1n|u(x)|+c
u(x

7/ Icosxdx =sinx+C

8/ Isinxdx =—cosx+C

Chu y: Néu f f(x)dx = F(x)+C thi f f(ax+b)dx = lF(ax +b)+C.
a
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I. KIEN THUC CO BAN

BAI 1. TICH PHAN HU'U Ti

1/ Néu béc tir > bac mau = chia da thirc.

2/ Néu bac tir < bac miu=> st dung thém bot, déng nhét thire, dat 4n phu, ...

II. BAITAP

13
x =3x+2
1/-’. x+3

dx

0

2x+1
4/
Ix+x1

1 2
7/ dex

2x+1

2

10/ j~ 2x+3
X +2x+5

-1

NG
dx
13/
Jl. X +x

16/ J'1+x

19/ J'de
3x+2

x+1
- +4x* —5x+2

22/ j

25/ j b+3

—5x*+8x—4

73/ joldx

X

31/"' x*+1
X +3x7+3x+1

2/ j—dx
3 x*—6x+5

0o +x+l
) —X +4x—4

g/ j'L
0 X +x+1

11/ J'x +6x+1

0 x+1

3

14/ j—dx
4x* +3

17 Ix 2(x+1)

X +2x2+10x+1

20/ j dx

0 XX +2x+5

3 [

26/ J'ﬂd
x“ +x+1

29/ J'ﬂd
x“ +x+1

dx

32/ j

4x— X

32

3 £3x° —3x> +5x+1
I 1-3x

x+1
6/
-[4x —4x+1

9/"' —x’ +x+1 e

x+1
12/ | ——dx
J.x +x+1

1
x(x—-1)
15/ | e

18/ jx—‘de
4x+4

1 j~ x(x—1)

—— —dx
L (x+1)(x* +1)

j~ dx
1 x*(1+x%)

27/ J‘x +9

30/ J'x +2x+3 -

0 x +1

33/ Iﬂd
X +2x+2

dx
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3x—4 2x+1 x*+1
34/ d 35/ 36/ | 5————dx
-[ —x+3x* =3x+1 * -[ x -[ —2x+4
37/ jwdx 38/} A x 39/[ ol
X" +3x X —6x*+11x—6 (x —x+1)(x2+3x+1)
2 +2x+1
40/ j—x X 41/j X+3 4 42/ j—x X+ dx
L x+1 X +x’ Jo—x"+4
43/"' 2x+1 e 44/"' x+5 45/J‘ x> +3x+1 dc
X +2xT—x-2 -x xP—4x+4
BAI 2. TICH PHAN CHUA e*
I. KIEN THUC CO BAN
Dit 7 =¢* va nhé lam xudt hién e*dx trude khi dit.
II. BAITAP
T "2 " dx 5 ]T dx 3/ j~ dx
0 ex+1 ]n3€ -1 ()ex(ex+1)
In2 1 e X
e'dx e’ xe* +1
4/ | ——M— 5/ dx 6/ | —dx
-([ e +4e +4 -([ex+e_x J.x(e"+lnx)
In5 In7 X 1 2 X 2 x
7/ J~ e +1 by J~ X2e ;3 I 9/Ix +e +2Xxe dr
ln3e +2e " se+3e -4 0 1+ 2e
+1 1+ + x In5 d
10/ jx—)dx 11/j e) © 12/ f —
e +1 I+e" e +2e -3
BAI 3. TICH PHAN LUQNG GIAC
I. KIEN THUC CO BAN
2
1/I dx —>t=tan£:>dx= = va sinx=—2,cosx=1 tz.
© mSINX+ncosx+ p 1+1¢ 1+1¢ 1+¢
b b
2/ IR(sin x)cosxdx > t=sinx, IR(cosx) sin xdx — t = cosx
3/ IR(tanx) —>t=tanx, IR(cotx) —>t=cotx
cos’x sin’ x

33
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b

4/ J'sin"’ xco0s” xdx : néu m, n chin va duong thi ha bac; con m, n chin va c6 1 s6 am thi dit 7 = tan x .

a

b
5/ IR(sin2x)(sinxicosx)dx —>t=sinxFcosx

a

Chiy.Khidit r=tanx = dx =

II. BAITAP
/2

1/ I sin” x cos® xdx
0

=2 sin2x
4/ I dx

o 3+4sinx—cos2x

/2
7/ j sin 2x(1+sin® x)*dx

0

/2

10/ | ———
-([ (2 +sin x)?

2 sin(x+Z)
d.

13— g
y 3—sin2x

sin 2x

/2 .
"C1+sin2x+cos2x

16/ j : dx

SIn X +COS X
/6

/6
19/ j

0

tan* x

cos 2x

/2 .
SIn x +CoSx

22/ dx
/6 (ex sinx + l)sinx

/2 .
" sinx+7cosx+6

25/ j : dx
o 4sinx+3cosx+35
i cot x

28/ j dx

) ) T
7/6 §1n x S1n x+z

/3
2/ I sin’ x tan xdx
0

I sin 4xdx
0 sin® x + cos” x
i COS X
8/ | : ——dx
0 11-7sinx—cos” x
mid 2 sin x
11/ J tan” x + ———— |dx
0 1+ cos2x
72 cos2x
14/ J+dx
0 sinx +cosx +2
/2
17/ J'L
0 l1+sinx+cosx
20/ ”j4xsinx.+(x+1)cosxdx
0 xsinx+cosx
sin® x+1
23 Jgd
cos” x
/2 .
4
26/ j$dx

v (sinx+cos x)?

. 2t
T va sin2x =1—2,cos2x =
+t +1

/4 sin(x—Z)dx
29/ j

v Sin2x+ 2(1+sinx +cos x)

34

3/ ”J/'z(cos3 X —1)cos2 xdx

0

¥ sin 2x cos x
6/ j bl
0 1+cosx
/4
9/ Jtanx(cosx+tan2x)dx
0
/4 .2
1-2sin” x
_mesmx
12/ j dx

o (sinx+cosx)

/2
15/ J coszx(l+sin3 x)dx
0

/2
18/ J cosx(l +sin? Zx)dx
0

/2 3
R Sll'l X —sinx

21/ j

/3

cot xdx
sin’ x

/3
i dx

24/ j

sin* xcos® x
/6

/4
oy e,
(1+sinx)(1+cosx)

/2
30/ J sin x cos® 2xdx
0



TTLT DAI HOC DIEU HIEN - 43D Pudng 3/2 — TP Cin Tho — DT: 0983. 336682

/4 n/4
31/ j cos 2x(sin* x + cos* x)dx 32/ J (x +sin? Zx)cos 2xdx
0

BAI 4. TiCH PHAN CHUA CAN
I. KIEN THUC CO BAN

1/ Pat ¢ = can va nhé khir can.

2/ Khi gip tich phin chira 3 ciin sau ma x bén ngoai ciin mii chin thi khéng dwee dit ¢ = cin.

2 2 .
a —x" > x=asint,

II. BAITAP

2
1/ Ix2\/x3 + ldx
0

4/[

a’+x° — x=atant,

1
2/ Ixsx/l+3x2dx
0

2
5/ [—X—ax
‘!.1+\/x—1

1 X —1+43 -1
/2 . 1
sin2x +cosx
7 | —dx 8/ | x*\1—x%dx
'([ V1+8sinx '([
10/ ”J/~4 dx 11/ J'\/(l x2
{ cos’ x+/1+tan x o
13/ﬁ xdx 14/j x+3
0 X2 +2+240x*+1 Nx+2
16/ T ¢dx 17 [osin2x
e —1 \ /sin? x +4cos® x
1 2 V272
X dx
19/ dx 20/ _—
'([ 4-x -0[ /(l—x2)3

sm2x+smx

2/ | dx j dx

, € +3 0 JI+3cosx

VB33 5 Ve

2

25/ [ 2L 26/ [ 220X

o Vxi+1 - xv2Inx+1

33 2
28/ d 20/ [—&

JL x*x*+9

‘!.x\/1+x3

35

2 2 a
X' —a >x=——ou1!.

sin ¢
In26
3/ dx
Je* +1
6/
£1+ x* +
x’dx
9/
I
h dx
12/ | ———M
‘!.x+x\/1—ln2x
4
dx
15/ | ——
\‘ﬁx\/x2+9
In8 dx
18/
1nJ.3’\/€X+1
7 3/ 2
21/ dex
X
24/] RSN
9 J—
27/ J'2+2(x—1)\/;dx
2 X —4x+3
s0r [ 4
J.2+\/



TTLT DAI HOC DIEU HIEN - 43D Pudng 3/2 — TP Cin Tho — DT: 0983. 336682

(x+1)

31/
‘([(x +1)V4- x’

dx

34/ | —————
J.1+\/;+ x+1

b
1/ Cong thuc:

a

2Inx+1

32/ j

64

35/j dx

Vx+3x

b

Iudv =uv| —I vdu (*)

a

(\/lnx+1+1) )

15/2
dx

33/ dx
! V2x+1+32x+1

BAI 5. TICH PHAN TUNG PHAN
I. KIEN THUC CO BAN

2/ Ap dung: I = jif(x)dx =jif1(x).f2 (x)dx

= du = f; (x)dx
+ Dat {u h) = { 1 (trén dao dudi nguyén).

dv=f,(x)dx  |v= j £, (x)dx

+ Ap dung cong thiic (*¥).

¢ P(x)

b b b
3/ Cac dang thudng gip: jP(x)sinkxdx , jP(x)coskxdx , jP(x)e’“dx : j — i,

COS

j P (x) v j P(x)In* a(x)dx , f

a

In* a(x)

P(x) y

b
dx, J.e‘” sinfxdx

: 2
© sin” kx

a

b
J.e‘” cosfxdx.
a

4/ Cach dat: bat u theo qui téc: “Nhat log nhi da tam lwong tir mii.” Con lai la dv.

Chu y. Khi tich phan ting phan 2 1an thi xuat hién tich phan ban dau. Khi d6 ta chuyén vé dé suy ra tich

phan can tinh.

II. BAITAP

1/ J.(2x—ij In xdx
f X

Jx +x° +1nx

1 x> +2x+1

1
7/ j (x+1)? e dx
0

0
10/ j xIn(x® = 3x+2)dx

/2

2/ I (2x+1)cos2xdx

0
5/ len\/l —xdx
-8

3 xInx
8/ j

3/4 \/1+X2

dx
11/ J.xln2 xdx

36

/2
/ j x(2cos’ x—1)dx

0

dx

/3 .
X+sinx
6/ j

2
o COS X

sin? x

"™ * sin x cos® xdx

9/

O 0 [N

12/j(x+2) dx
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e
13/ j xIn? xdx

X +1lnxdx

16/j

19/ j x* In? xdx

/3
22/ I sin x In(tan x)dx

/4

25/ iex (x +e ) dx

NA)
28/ j In(x+ 1+ )dx
0

/2
31/ j x(1+cos 2x)dx

0

In2

34/ j ¢ In(1+e*)dx
0

37/ ﬁxln(x+\/1+x2)d
I V1+x°

40/ ]Ex(cosx +sin’ x)dx
0

¢ lnl x)

43/[ )mdx

1+xsmx

46/ j ———dx

COS X

/2

49/ j cos xIn (1-cos x)dx

/3

/3 1+1n(c0sx)

52/ —zdx
o/ sin” x

ln(x + 1)

14/]

/4

17/ J (tan4 x+ xsinxjdx

COS3 X

1
20/ j xIn(x* +1)dx
0

"2 In(sin x)

23/ j

/6

dx

CoS X

/2

26/ j (x +cos’ x)sin xdx
0

1
29/ jx2 (1+In(x +1)) dx
0

2+lnxdx

32/ j

2
35/ Iex (lnx+1]dx
f X

/4
38/ j x tan® xdx

0

/4
41/ al d
-([ cos’ x(1+tanx) *

1
44/ j e sin® (rx)dx
0

/2
47/ I sinx gin 2xdx

0

G
\/(x+1)

/2
53/ j e sinxdx

0

50/ j

37

0
15/ I x(e" +3/x+1)dx
!

1
21/ J.x3€”2 dx
0

24/ I \/; In xdx
1

1+x2

A xe
27/ j

dx
0oV 1+ X2
1
30/ j (xe ™) dx
0

/2

33/ j (x* +1)sin xdx
0

3+lnxdx

36/ I x+1)

/2
39/ j x(sin x +cos x)2 dx

0

/4

42/ I e* cos’xdx

(=1

/4 x
45/ Ie‘x 2x+e—2 dx
1+ tan” x

/2
48/ J[4xtan£+x2(l+tanzﬁndx
2 2

0

/4
51/ I x cos? xdx

0
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BAI 6. TICH PHAN CHUA DAU TRI TUYET POI
I. KIEN THUC CO BAN

b
1/ Dang I=I|f(x)|dx.

2/ Xétdau f(x) trén [a,b] dé b déu tri tuyét doi.

II. BAITAP
1/ hxz—x\dx 2/j'|x2+2x—3|dx 3/ ]E\/1+sin2xdx
0 0 0
4/ j|x2—1|dx 5/ j”2x—x2‘—1‘dx 6/ i(|x2—4x+3|—8)dx
-3 0 1
2 1 2
7/ ‘([‘x2+3x+2>dx 8/ :[%dx 9/ ﬂx—‘xz—2xudx
x(x— 1) | x— 2|
10/! — 11/jx —d 12/] dx
e 5 3
— alix 14/ [|Inx—x |d 15/ [y,
1

BAI 7. DIEN TiCH HINH PHANG
I. KIEN THUC CO BAN

b
1/ Dién tich hinh phang gi¢i han béi y= f(x),y=0,x=a,x=b la S=I|f(x)|dx.

b
2/ Dién tich hinh phang giéi han boi y= f(x),y=g(x),x=a,x=b1a S§= I| f(x)—g(x)|dx.

Chu y. a/ Néu dé khong cho can a,b thita giai f(x)=g(x) dé tim can.

b/ C6 thé dung hinh v& dé bo dau | |, ham sb nao c6 dd thi nam trén thi 16n hon.
II. BAITAP
Tinh dién tich hinh phing giéi han béi cac dwong sau.

3

1/ y=%,y=4—§x2 2 y=(e +Dx, p=(l+e )

x(x 1)

3/ y=0,
x2+1

4/ y* -2y+x=0, x+y=0

38
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5/ y:|x ,y:2—x2 6/y=€x,y=€_x, x=1

7 y=x*, y=~2-x* 8/y:‘x2—4x+3,y=x+3

BAI 8. THE TiCH VAT THE TRON XOAY
I. KIEN THUC CO BAN
1/ Thé tich vat thé tron xoay gidi han boi y = f(x), y=0,x = a,x = b khi quay quanh Ox la

b
V. =7zjf2(x)dx.
2/ Thé tich vat thé tron xoay gidi han boi y = f(x),y=g(x),x=a,x=b véi 0< g(x)< f(x), khi quay
b
quanh Ox la V_ = ﬂj[fz(x) —gz(x)] dx .
3/ Thé tich vat thé tron xoay gidéi han béi x= f(y),x=0,y=c,y=d khi quay quanh Oy la
d
V,=x[ f()dy.
4/ Thé tich vat thé tron xoay gi6i han boi x= f(y),x=g(y),y=c,y=d véi 0< g(»)< f(»), khi quay
d
quanh Oy 18 ¥, == [[ f*(») - g () |dv.

Chu y. Néu dé khong cho can thi ta giai phuong trinh hoanh (tung) do giao diém dé tim.
II. BAITAP

Bai 1. Tinh thé tich vat thé tron xoay gidi han bai cac dudng sau khi quay quanh truc Ox .

1/ y=xlnx, y=0, x=e 2/ y=xyln(l+x’), y=0, x=1

3/ y=\/1+sin4x+cos4x,y=0,x=0,x=ﬂ/4 4 y=4-x*, y=x"+2
5/y=+lsin®x+cos’x ,y=0,x=0 ,x=7/2 6/ y=2x*, y=2x+4
7/y=x2,y=\/; 8/ 4y=x", y=x

Bai 2. Tinh thé tich vat thé tron xoay gidi han bdi cac dudong sau khi quay quanh truc Oy .

1/ y=2x—x", y=0 2/y:\/;,y=2—x,y=0

2

3/y=x7,y=2,x:0 4/ y=(x-2)", y=4

39
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BAI 9. TICH PHAN PAC BIET
I. KIEN THUC CO BAN

Dbi voi cac tich phan nay chi can dat ¢ = 2 can cong lai 1di trir cho x 1a OK.

II. BAITAP

Bail. Cho f(x) I& valién tuc trén [—a,a]. Chtng minh rang I f(x)dx=0.
1 1
Tinh J = de J = [ sinx+1-x)x, K = [ InCer 146 e
5 ! !
N e < N 1A A _ 4 . = r f('x) — a
Bai2. Cho f(x) chan va lién tyc trén [-a,a|. Chimg minh rang I X—ldx = I f(x)dx.
Jomt+ 0

J~ | smx| ' dx

Tinh [ =

R

L (2 +1)(x +1)
r N b b
Bai3. Chohamso f(x) lién tuc trén [a,b] . Chung minh rang J.f(x)dx = If(a +b—x)dx.

3 |
Tlnhlj (1+tan x dx, =I 1+x
0

/2

Bai4. Chohamsd f lién tuc trén [0,1]. Ching minh rang I f(sinx)dx = I f(cos x)dx.

2 sin” x
Tinh I = J. —dx
5 sin” x+cos"x

Bai5. Chtng minh rang Ixf (sinx)dx = EJ. f(sinx)dx. Tinh [= J.md
0 29 4—cos” x

40



TTLT DAI HOC DIEU HIEN - 43D Pudng 3/2 — TP Cin Tho — DT: 0983. 336682

CHUYEN PE 3: GIAI TICH TO HQP - XAC SUAT
BAI 1. CAC BAI TOAN PEM

I. KIEN THUC CO BAN

1/ Hoan vi : C6 n vat xép vao n chd khac nhau. Mdi cach xép dugc goi 1a mot hoan vi cuia n phan tir. S6
hodn victanphantrla: P =n!.

2/ Chinh hgp : C6 n vat khac nhau, chon ra k vat khac nhau roi xép vao k chd khac nhau. Mdi cach xép
dugc goi 1a mot chinh hop chép k ciia n phén tur.

n!

S6 chinh hop chap k ctia n phan tir la : 4* = .
(n—k)!

3/ To hgp : C6 n vat khac nhau, chon ra k vat khac nhau khong dé y dén thi tr chon. Mdi cach chon
nhu vy dugc goi 1a mot to hop chép k ciia n phan tir.

!
S6 t6 hop chéap k cian hﬁntt’rlé:Ck=L.
op b P " K=k

4/ Qui tic cdng : Mot cong viée duoc hoan thanh theo mot trong k trudng hop, trong do6
+ Truong hop 1 c6 n, cach thuc hi¢n.
+ Trudng hop 2 ¢6 n, cach thyc hién.

+ Truong hop k co6 n, cach thuc hién.
Khi 46 ¢6 n, +n, +...+n, cach hoan thanh cong viéc do.
5/ Qui tic nhan : Néu mot cong viéc dugc hoan thanh qua k budc, trong do :
+ Budc 1 ¢6 n, cach thyuc hién.
+ Budc 2 ¢6 n, cach thuc hién.
+ Bude k ¢6 n, cach thyuc hién

Khi d6 c¢6 n,.n,...n, cach hoan thanh cong viéc do.
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II. BAITAP

Bai 1. Mot t6 hoc sinh gdm 7 nam va 4 nit. Gido vién mudn chon ra 3 hoc sinh xép ban ghé cua 16p
trong d6 co it nhat 1 nam sinh. Hoi ¢6 bao nhiéu cach chon?

Bai2. C6 4 bido, 5 bitring va 6 bi vang. Hoi ¢6 bao nhiéu cach chon 4 bi dé trong d6 khong c6 du 3
mau.

Bai3. (C6 6 hoc sinh s& dugc sap xép ngdi vao 6 chd da dugc ghi sé tht ty trén mot ban dai.

1/ Tim s6 cach xép 6 hoc sinh nay ngdi vao ban.
2/ Tim sb cach xép 6 hoc sinh nay sao cho 2 hoc sinh A va B khong ngdi canh nhau.

Bai4. Mot 16p hoc ¢6 30 hoc sinh nam va 15 hoc sinh nit. C6 6 hoc sinh dugc chon ra dé lap mot tép ca.
Hoi ¢6 bao nhiéu cach chon khac nhau sao cho:

1/ Néu phai c6 it nhat 1a 2 nir. 2/ Néu phai chon tiy .

Bai5. Tiu 5 bong hong vang, 3 bong hong tring va 4 bong hong do, nguoi ta chon ra mot bo gdm 7
bong.

1/ C6 bao nhiéu cach chon mot bé nhu thé sao cho cé dung mot bong hong do.
2/ C6 bao nhiéu cach chon mot bé nhu thé sao cho cé it nhat 3 bong hong vang va it nhat 3 bong d6?

Bai 6. Ngudi ta mudn thanh 1ap mot to cong tac gdm 3 nit va 4 nam, 3 nit c6 thé chon trong 10 nit, con 4
nam c6 thé chon trong 7 nam, trong d6 c6 anh Binh va chi An.

1/ C6 bao nhiéu cach thanh lap t6?
2/ C6 bao nhiéu cach thanh 1ap t6 ma anh Binh va chi An khong ¢ cting mot t6?

Bai7. Co6 5 nha toan hoc nam, 3 nha toan hoc nir va 4 nha vat li nam. Lap mot doan cong tac gém 3
nguoi can ¢6 ca nam 13n nit, ¢6 ca nha toan hoc va nha vat 1i. Hoi ¢6 bao nhiéu cach?

Bai 8. Co 5 tem thu khac nhau va ¢6 6 bi thu ciing khac nhau. Ngudi ta mudn chon ra 3 tem thu va 3 bi
thu, mdi bi thu dan mot tem thur. C6 bao nhiéu cach nhu vay?

Bai9. Mot doi thanh nién tinh nguyén c6 15 nguoi, gdm 12 nam va 3 nit. Hoi ¢6 bao nhiéu cach phan
cong doi vé gitip d& 3 tinh mién ndi sao cho mdi tinh ¢6 4 nam va 1 nix?

Bai 10. Dgi thanh nién xung kich cua truong phé thong c6 12 hoc sinh gém 5 hoc sinh 16p A, 4 hoc sinh
16p B va 3 hoc sinh 16p C. Can chon ra 4 hoc sinh di 1am nhiém vu sao cho 4 hoc sinh nay khong
thudc qua 2 16p. Hoi ¢6 bao nhiéu cach nhu vay?

Bai 11. Trong mot mén hoc thay gido c6 30 cau hoi khac nhau gdm 5 cau kho, 10 cu trung binh va 15
cau d&. Tir 30 cau d6 co thé lap dugc bao nhiéu dé kiém tra, mdi dé c6 5 ciu khac nhau sao cho
mdi dé nhat thiét phai c6 du 3 loai cau hoi va s6 cau hoi d& khong it hon 22
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Bai12. Cho A={1,2,3,4,5}. Tim s céac s tu nhién gom 5 chir s6 1y tir tip A sao cho:

1/ Cac chit sb déu khéac nhau.
2/ Céc chit sb déu khac nhau va chit s6 dau tién 1a chit sb 3.
3/ Cac chit s6 déu khac nhau va khong tdn ciing bang chir s 4.

Bai13. Vi 5chirsd 0, 1,2, 3, 4,5 ¢ thé 1ap duge bao nhiéu sé gdm 5 chit s6 phan biét va 1a
1/ 86 le. 2/ 86 chan.

Bai 14. ViS5 chirsd 1,2,3,4,5 cb thé lap dugc bao nhiéu sb gém 5 chit s6

1/ Phan biét. 2/ Phan biét va khong bat dau bang chir sé 1. 3/ Phan biét va khong bat dau bang 123.

Bai 15. T cac $60,1,2,3,4,5,6 ¢6 thé 1ap dugc bao nhiéu s6 chén ¢6 5 chit s6 khac nhau?

Bai 16. Cho 7 s6 1,2,3,4,5,6,7. Hoi c6 thé 1ap dugc bao nhiéu sé c6 4 chit s6 phan biét tir 7 s6 trén trong
d6 phai ¢6 hai chit s6 1 va 2.

Bai 17. T 56 0,1,3,5,7 ¢6 thé 1ap dugc bao nhiéu s6 ma mdi sb gém 6 4 chir sd khac nhau va khong
chia hét cho 5?

Bai 18. Cho tap hop X = {0, 1,2, 3,4, 5, 6, 7}. C6 thé 1ap dugc bao nhiéu sé n gdm 5 chit s6 khac nhau
d6i mot lay tir X trong mdi trudng hop sau

1/n1a s6 chan. 2/ mdt trong ba chit s6 dau tién phai bang 1.

Bai 19. Mot ban dai c6 2 day ghé dbi dién nhau, mdi day gdm c6 6 ghé. Nguoi ta mudn xép chd ngdi cho
6 hoc sinh truong A va 6 hoc sinh truong B vao ban noi trén. Hoi c6 bao nhiéu cach xép chd ngdi
trong moi trudong hop sau :

a) Bat ki 2 hoc sinh ndo ngdi canh nhau hoic d6i dién nhau thi khac truong nhau.
b) Bat ki 2 hoc sinh nao ngdi ddi dién nhau thi khac trudng nhau.

Bai 20. Cho X ={0, 1, 2, 3, 4, 5} c6 thé lap duoc bao nhiéu sb c6 8 chit s tir X ma chit s6 1 c6 mit
dung 3 1an con cac chit s6 khac c6 mat dung 1 lan.

Bai 21. Trong mot phong ¢6 2 ban dai, mdi ban c6 5 ghé. Nguoi ta mudn xép chd ngdi cho 10 hoc sinh
gdm 5 nam va 5 nir. Hoi c6 bao nhiéu cach xép chd ngdi néu

a) Cac hoc sinh ngdi tiy .

b) Cac hoc sinh nam ngdi 1 ban, hoc sinh nit ngdi 1 ban.

Bai22. Tu X ={1, 2, 3, 4, 5, 6} thiét 1ap cac s6 c6 6 chit s6 khac nhau. Hoi trong cac s6 lap duoc co
bao nhiéu s6 ma hai chir s6 1 va 6 khong ding canh nhau.
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Bai 23. Mot doi bong da co 18 cau thi. Can chon ra 11 cau thil phan vao 11 vi tri trén san dé thi dau
chinh thirc. Hoi 6 miy cach chon néu:

a) Ai ciing c6 thé choi & bat ¢t vi tri nao?
b) Chi co cau tha A 1am tht mon duge, cac cau thu khac choi & vi tri ndo cling dugc?
c)Co3 cau tha chi co thé lam thi mon duoc, cac cau thu khac choi & vi tri nao cling duoc?

Bai 24. C6 10 cudn sach khac nhau va 7 cdy bt may khac nhau. Can chon ra 3 cudn sach va 3 cay but
may dé tang cho 3 hoc sinh, mdi em mot cudn sach va mot cay but may. Hoi co méy cach ?

Bai 25. Tu 0, 1,3, 5,7 c thé 1ap bao nhiu s6, mdi sb gém 4 chir s6 khac nhau va khong chia hét cho 5.

Bai 26. Mot phu nit c6 11 ngudi ban than trong d6 ¢6 6 nit. C6 ta dinh moi it nhat 3 ngudi trong 11 ngudi
d6 dén du tiéc. Hoi :

a) Co may cach moi?
b) C6 may cach moi dé trong budi ti€éc gom co ta va cac khach moi, soO nam nir bang nhau.

Bai 27. Co6 12 hoc sinh uu ti cua mot truong trung hoc. Mudn chon mot doan dai biéu gém 5 nguoi (gém
mot truong doan, mot thu ky, va ba thanh vién) di du trai quc té. Hoi co bao nhiéu cach chon?

Bai 28. Mot doan tau c6 3 toa cho khach; toa I, II, III. Trén san ga c6 4 hanh khach chuin bi di tau. Biét
rang mdi toa cé it nhéat 4 chd trong. Hoi :

a) Co bao nhiéu cach sap 4 hanh khach 1én 3 toa.
b) C6 bao nhiéu cach sip 4 hanh khach 1én tau dé c6 1 toa trong d6 ¢6 3 trong 4 vi khach.

Bai 29. Mot doi xdy dung gdm 10 cong nhén, 3 ki su. Dé 1ap 1 t6 cong tac can chon 1 k¥ su 1a t6 trudng,
1 cong nhan lam t6 phé va 3 cong nhan lam t6 vién. Hoi co bao nhiéu cach lap t6 cong tac.

Bai 30. Mot bo bai c¢o 52 14; ¢6 4 loai : co, 16, chudn, bich mdi loai c6 13 14. Mudn 1y ra 8 14 bai trong d6
phai c6 dung 1 14 co, dung 3 14 rd va khong qua 2 14 bich. Hoi c6 miy cach?

Bai 31. C6 16 hoc sinh gém 3 hoc sinh gidi, 5 kha, 8 trung binh. C6 bao nhiéu céach chia s6 hoc sinh
thanh 2 t6, mdi to ¢6 8 nguoi, déu ¢ hoc sinh gioi va it nhat 2 hoc sinh kha .

Bai32. Mot t sinh vién c6 20 em. Trong d6 chi c6 8 em biét noi tiéng Anh, 7 em biét tiéng Phap va 5
em chi biét tiéng Ptrc. Can chon 1 nhom di thyuc t& gdm 3 em biét tiéng Anh, 4 em biét tiéng Phap

va 2 em biét tiecng Puc. Hoi c6 bao nhiéu cach 1ap nhom.
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BAI 2. PHUONG TRIiNH, BAT PHUONG TRINH VA HE PHUONG TRINH

I. KIEN THUC CO BAN

| |
St dung cic cong thie : P =nl=12...(n-ln, A'=—1"1-  Cc'=—1"_
(n—k)! K\(n—k)!

Cha y. a/ nl=(n-k)(n—k+1)..(n-Dn, b/ 0l=1!=1.

II. BAITAP
Bai 33. Gidi phuong trinh
1/ C; =20C?, 2/, 124} - 4

n+1

=72 3/ C'+6C>+6C} =9n* —14n,

4/ PA; +72=6(A4; +2P,), 5/ 11(54; +104,)=12C,

n+3 2

6/ 4 +C; =14C!",

7/ ClL+Cl =20, 8/ C=54,, 9/ A +C" =14n,
0/ ¢t -c =24, =0, 11/ 2214
4 crocrocr
Bai 34. Giai bat phuong trinh
4 n-2 4

/Lsﬂ, 2/A"—2+132Pn£s£, 3/1A§n—Ajs§Cj+10,

(n+2)!" P C2, (n+2)!” 4P 2 n

3

y 15 _ Ay g C3, 2100+ C"), 6/ 2C2, +34> <30

41)}1 n+l
Bai 35. Tim x,y

247 +5C =90 C’-C"'=0 , R
1/ , 2/ , 3/ CL:Cr i ClT =6:5:2

54Y —2C? =80 4CY -5C71 =0

| 5
Bai 36. Sirdung C* =—"— chimg minh dang thic.
k\(n—k)!
1/ ct=2ck 2/ Cr.Ccr =k ek, 3/ C+Crt :1(:2"12,
n k n n m n n n n 2 n
2 3 n
4/ C;+2g’; +3C'; +...+n%=M,
n
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(N S
n+2\CE,CH )t

n+l n+l

Bai 37. St dung cong thirc C* + C**' = C*! chiing minh dang thic.

1/ Cre et 2y =

n+2

2/ CF+3CH +3CK 2 4O = CF

n+3°

3/2CK +5CE +4CE + O =Ch T+ CF

n+2 n+3

4/ C*+4C" +6C 7 +4C7 v = CF,
BAI 3. NHI THUC NEWTON

I. KIEN THUC CO BAN

1/Cong thuc : (a+b) =C)a" +Cya"'b+...+ Cra" " b" +.. .+ Clb".

2/ Sb hang tong quat trong k/t Newton 13 : T, =Cfa""*p".
2/ Hai khai trién co ban :

a/ 1+x)' =C)+Clx+C2x* +..+ C'x"

b/ (1-x)"=C! -Clx+Clx* —..+(-1)"C'x"

3/ Khi gip chting minh dang thirc ma c6 chua:

a/ kC' — daoham 1 lan, k(k—1)C — dao ham 2 lan.

b L e !

s —Cf —> nhén 2 vé voi x" rdi léy tich phan. Nhé chon cap can thich hgp nhe!
k+1 m+k+1

II. BAITAP
Bai 38. Chimg minh céc dang thirc sau.

1/ C'+C+C+..+Cl =2", 2/ CP-C +C:—..+(-1)'C' =0,
3/3'CO+3"7'C +.. +3C +Cl =4, 4/ C*+6C! +6°C...+6"C' =T",

5/ C2, ~10C), +10°C2, —...+10*"C2 =81",
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6/ 2"CY=2""'CL+2"2Cl +..+ (-1)'C =1,
7/ C) +3°C; +3'C) +..+37C =27 (27 +1)

8/ Cy +C; +..+C5' =C) +C; +..+C

9/ Copy +32Copyy +3* oy +..+ 3710 Cog) =220 (27" =)

Bai 39.Ching minh rang
1/ C}+2C; +3C +...+nC! =n2"",

2.1C +3.2C +...+n(n—-1)C! =n(n-1)2""
3/2"'CL+2.2"PCH+3.2"C + . +nCl =03,
5/ CL+2°C2+3°Cl+..+n°Cl =n(n+1)2""

Bai 40.Giai phuong trinh

1/ C\  —22C2 +32°C) —42°C!

2n+l 2n+1
2/ 2G5, =3.2°C;,, +..=2n(2n+ 127" C;M =110,

Bai 41.Ching minh rang

n+l
1/ Cf+lCi+le+...+ 1 C:=2 1
2 3 n+l n+l

2/cf—lc;+lc§—...+(_l) C' = ! ,
2 3 n+1 n+l

1

syl lerg o (D" cr ="
2 n 3 n

n+l " n+l’

2 3 n+l n+1_
4/ 2CS+2—C,1,+2—C§+...+2 Cn"=3 1
2 3 n+1 n+l1

b

n+l
5/1Cf+le,+le+...+ 1 Cn"=2 1,
3 6 9 3n+3 3(n+1)
2n _
7/ lC§n+lC§’n +1C25n +...+LC22:‘1 _27 -l
2 4 6 2n 2n+1
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4/ C'=2C> +3C} ..+ (=1)'nC" =0,

Crl =2005,
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Bai 42.Tinh tong

1/ SleO_lCl +1C2—...+ﬂc,:',
27" 37" 4" n+2
2 3 n+l
ys=c+i Ao 2 e 2l
3 n+l
1o 1., 1 ! !
3/ S:5C109—§C119 +ZC129_"'+2_0C1198_HC113’

Bai 43.Tim so hang khong chtra x trong cac khai trién sau.

15
1/ (x2+lj R Y2 B

17 7
1
, 3/ x+—

28

Bai 44. Tim sb hang khong chira x trong k/t (x3 X+ x_”J biét rang C" +C'"' +C'? =179

. 1 I
Bai 45. Tim so hang chira x* trong k/t (—3+\/ X’ j bietrang C'1, —C" , =7(n+3).
x

Bai 46. Biét tong cac hé s6 cua khai trién (x2 +1)n bang 1024. Tim s6 hang chira x*.

x—1

Bai 47. Cho (22 + 2‘3} ,biét C2 =5C! va s6 hang thir tur 1 20n. Tim n va x.

+C; =2%-1.

2n+1

+..+C)

2n+1

, . R 1 ! A M
Bai 48. Tim so hang chira x* trong khai trién (—4+ x7j bictrang C,
x

n+l

Bai 49. Tim sb hang khong chira x trong (x +lj biét hiéu ctia hé sb sb hang thu 3 va h¢ sb sb hang thur
X

4 bang 35.

Bai 50. Tim s6 hang hiru ti trong cac k/t sau 1/ (\/5 +3/§)5 , 2/ (\/g +i/§)9

Bai 51. Biét ba hé s6 ciia ba sé hang dau tién trong khai trién (\/; + j 1ap thanh cip sb cong. Hay

1
24x
tim s6 hang hitu ti.

1

7
A X ., oo o117 —log, (3" +1) .
Bai 52. Tim x biét so hang thtr sau trong k/t [21 L VOTT | o7 J 1a 84.
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3 n
Bai 53. Biét hé s6 cua sb hang tht ba trong k/t (xz X +£] 1a 36. Tim s6 hang thtr bay.
X

Bai 54. Tim hé s6 cia x° trong k/t P(x)=(1+x) +(1+x)" .+ (14+2)"

Bai 55. Tim s6 hang chira x° trong k/t (x +1)2 (3-x)".

Bai 56. Tim s6 hang chtra x* trong k/t (1 +x7—x )8.

Bai 57. Cho (1+2x)" =a, +ayx+...+a,x". Tim hé sda, 16n nhit biét ring +%+...+"—; = 4096.

Bai58. Cho (1+x)" =a,+ax+..+a,x". Biétrington taisé k (1<k<n-1) théa man

G _ Y _ Gen

2 9 24

.Timn.

BAI 4. XAC SUAT

I. KIEN THUC CO BAN

1/ Xéc suat ctia bién cb A Ia P(4) :% , trong d6 m 14 s6 truong hop thuan loi cia A va n 1a s tit ca cac
truong hop ¢ thé xdy ra ctia phép thir.

2/ Qui tic cong: Néu A,B 1a hai bién c6 xung khic (khong dong thoi xay ra) thi

P(AUB)=P(A4)+P(B).

3/ Qui tac nhan: Néu A, B 14 hai bién cé dic ldp (viée xay ra bién c¢b nay khong anh huong gi dén viée

xdy ra bién c0 kia) thi P(A4.B)=P(4).P(B).
4/ Xac suat ciia bién cé doi: P(Z) =1-P(4).

II. BAITAP
Bai 59. Mot doi van nghé c¢6 20 nguoi, trong d6 ¢6 10 nam va 10 nr. Céan chon ra 5 nguoi. Tinh xac sudt
sao cho trong 5 nguoi dugc chon sao cho:

1/ C6 diing 2 nam. 2/ C6 it nhat 2 nam va it nhat 1 nir.

Bai 60.Mot doi van nghé c6 15 ngudi, gdm 10 nam va 5 nir. Can 1ap mot nhém dong ca gdm 8 ngudi.
Tinh xéc suét sao cho trong d6 phai c6 it nhét 3 nir.
Bai 61.M6t ngudi ¢6 12 cdy gidng trong d6 co 6 ciy xo0ai, 4 cdy mit va 2 cay 6i. Ngudi d6 mudn chon 6

cdy gidng dé trong. Tinh xéc suét sao cho trong 6 cdy duoc chon:
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a) Mai loai c6 dung 2 cay. b) Mdi loai c6 it nhét 1 cay.

Bai 62.Trong 1 hop c6 7 qué cau xanh, 5 qua cau do va 4 qua cau vang, cac qua cau déu khac nhau. Chon
ngau nhién 4 qua cau trong hop. Tinh x4c suit sao cho trong 4 quéa cau chon ra c6 du 3 mau.

Bai 63.Trong mot 16p hoc gém ¢6 15 hoc sinh nam va 10 hoc sinh nit. Gido vién goi ngﬁu nhién 4 hoc
sinh 1én bang giai bai tap. Tinh xac suat dé 4 hoc sinh duoc goi c6 ca nam va nir.

Bai 64. Trong 16p hoc c6 6 bong dén, mdi bong b xac sut bi chay 13 0,25. Lop hoc du anh sang néu co
it nhat 4 bong hong. Tinh xac suit dé 16p hoc khong du anh sang

Bai 65.Xa thu A ban 2 vién dan vao muc tiéu, xac suat ban trang ciia A trong mot 1an ban 1a 7/10. Xa thu
B ban 3 vién dan vao muc tiu, x4c suit ban tring cua B trong mot 1an ban 13 9/10 . Tinh xéc suét
dé muyc tiéu khong tring dan.

Bai 66. Trong mot tuan 1& vira qua ¢ thanh phd c6 7 tai nan giao thong. Tinh xéac suit dé mdi ngay cd
ding mot tai nan.

Bai 67. Mot cong ty can tuyén 2 nhan vién. Co 6 ngudi nap don trong d6 ¢6 4 nir va 2 nam. Kha ning
dugc tuyén cua mdi ngudi la nhu nhau.
a) Tinh xac suét dé ca hai nir duoc chon néu biét réng it nhat mot nit da duoc chon.
b) Gia st Hoa la mot trong 4 nir. Tinh xac suat dé Hoa duoc chon. Tinh xéac sut dé Hoa dugc chon
néu biét rﬁng it nhat mot nit da duoc chon.

Bai 68.C6 8 hoc sinh 16p A, 6 hoc sinh 16p B, 5 hoc sinh 16p C. Chon ngau nhién 8 hoc sinh. Tinh xé4c

suat dé 8 hoc sinh duoc chon thudc vao khong qua hai trong 3 16p.

50



TTLT PAI HQC DIEU HIEN - 43D Puong 3/2 — TP Cin Tho — DT: 0983. 336682

CHUYEN DPE 4: SO PHUC
I. KIEN THUC CO BAN

1/ Dang dai s6: z=a+bi voi a,be R va i’ =—1, ala phan thuc, b 1a phan 4o.
+ z 1a s thuc khi =0 va z 1as6 o khi a=0.
+ Hai s6 phirc bang nhau <> phan thuc va phan ao tuong (mg bang nhau.
+ S phtrc lién hop cua z=a+bi 1a z=a—bi.
+ Modun cia z=a+bi 1a |zj=va® +b>.
+ Céc phép toan trén s6 phirc nhu cong, trlr, nhan, chia hay lily thira thyc hién giéng
nhu s thue va nhé i=-1.
2/ Dang luwgng giac: z=a+bi <z = r(cosgo+isin(p) voi r=+a® +b?, cosQ = %, sin ¢ zé.

+ Phép nhan:  zz, =iy (cos(@y + @, ) +isin (g +9,)).

+ Phép chia: —L :i(cos(q)l —@y)+isin(g; —9,)).
Z N

+ Cong thirc Moivre: z" = [r(cosqo +z'sin(,o)]'Z =" (cosngp +isinng).

+ Can bac n cua z:r(cosgo+isin(p)1é: , :%(cos(£+k.2—ﬂj+isin(£+k.2—ﬂn, k=0,n—1.
n n n n

Chii V: SiF dung mdy tinh dé dwa sé phirc z vé dang lwong gidc: Shift 2 3 — rZo .

II. BAITAP

Bai 1. Tim s6 phirc

+Goi z=a+bi, a,beR=z,|z|,2°,...

+ Thay vao z,|z|,z%,... vao dé bairéisuyra a,b= z.

Tim s6 phtic z thoa méan cac yéu ciu sau.
V|z|+z=3+4i, 2/|z|2z=-1-8i, 3/zz+3(z—z)=4-3i, 4/z°+z=0

5/{|z—2i|:|z| 6/{|z—(2+i)|:\/ﬁ’

|z—ilHz-1 zz=25
.2 . L Z—=21 . g A o
7/ z+1-2i|5 z+3+4i| va —— la s6 thuan 4o,
Z+1i
-1 ~3i ~12| 5 —4 -
8/l =1val|Z—2 =1, 9/|F—==2va |Z2=1, 10/ z=(1+2))*(1-i).
z—1i 2+i z-8i| 3 z—-8

11/ | z—2—4i|=~/5 va s6 z c6 mddun 16n nhét (nhé nhét).
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12/ |z+1=i]=|z| va 2* +4(z-2i) 1asd thye.
13/ (2 +1)(2=3i) + (z+1)(2+31) =14 va |1 =2.

Bai 2. Tim tap hop s phirc

+Goi z=x+yi, x,yER :>;,| z|,z7%,...
+ Thay vao Z,| z|,z*%,... vao dé bai rdi suy ra phuong trinh theo x,y (dudng thing, dudng tron,

elip,...)

Tim tap hop cac sb phirc sau trong mit phiang phtrc.

1/|2i-2z=2z-1], 2/ | z—il= (1+i)z], 3 |z+ilH z+2-3i],
4| z=2P +|z+2P=26, 5/|z+z+3|=5, 6/|z—z+1—i|]=2,

_ —\2 - ‘
7/2|z—il=z—z+2i], 8/|22—(z) =4 9/(2-z)(i+z) 1asb thyc,

10/(2—2)(i + z) 1a 6 thuén ao.

Bai 3. Can bac hai ciia s6 phire

+ GoiCBHcua z 1a x+yi, x,yeR.

2 2
X'—y =a

tim x,y.
2xy=>b

+ Giai h¢ {

Chii y. S6 phirc khac 0 ludn c6 2 CBH 1a 2 s6 ddi nhau.

Tim can bac hai cua céc s phuc sau.

alz=—1+4J3i, b/ z=4+65i, o/ z=-1-2:J6i, d/z=-8+6i

Bai 4. Phuwong trinh trén tip so phic

Phuong trinh : az’ +bz+c=0.
+ Tinh A =5b?—4ac (bang may tinh).
+ TimCBH cua A 1a A,A,.

. -bt A
+ Két luan nghiém: z, = b, (chi chon 1 CBH thoi nhe!)
1/ Giai cac phuong trinh sau
al 22 —(3+4i)z—1+5i=0 b/ z* —8(1—i)z+63—-16i=0
o/ 22 +(1-i)z+4-8i=0 d/ 22 +(5i—2)z—-14-8i =0
e/ Z4+4(1+l.)22+3+4l.:0 t/ 24—Z3+%ZZ+Z+1=0
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2/ Giai hé phuong trinh: (thé 13 xong ha!)

Z1+2z, =1+2i Z1+2zy =4+1 2z+w=4-5i
a/ b/ C

2z)—zy=3-4i 423 =5-2i 22 +5w=2—i
3/ Goi z;,z, la hai nghiém phuong trinh 22 +22410=0.

, 2 2 (z,+2,)°
Tinh P=|z [ +|z, f va 0 =—27220
|z [+ 2z |

4/ Tinh tong mddun cua cac nghiém ctia phuong trinh sau : - (7- 6i)z2 -8+6i=0.
5/ Gidi phuong trinh 2+ (1- 21')22 +(1—i)z—2i = 0 biét rang phuong trinh c6 nghiém thuan ao.

6/ Giai phuong trinh 2z° —(2i +1)z2 +(9i—1)z +5i = 0 biét rang phuong trinh ¢é 1 nghiém thyec.
p g

u-+v

7/ Cho u,v 14 hai sé phtic thoa |u |=| v|=1. Ching minh rang 1a mot sb thuec.

I+uv
Bai 5. Dang lwong gidc ciia s6 phirc
1/ Viét dang lwong giac cua cac s phuc sau :

al z=(1-i/3)(1+1) 2/22(\/§—i)2 P

2+2i

(1-0)° (V3 +i)
(—l—i\@)lo

2/ Ching minh P = 1a mot sd thuyc.

3/ Tim s nguyén duong n thudc [1,10] sao cho z= (1 +i«/§)n 1a mot s6 thuc.

£ , , ~ N3+, . T
4/ Tim s0 phtc z thoa man |z |=4 va —— c6 mot argument 1a s
z

o .~ . LT A T
5/ Tim s0 phuc z théa man |z—1|:|z—z\/§| va i z c6 mot argument la rE

A < s Z . 37
6/ Tim sO phuc z théaman |z |= V2 va o c6 mot argument 1a T
+1

1
2009

. 1
7/ Cho s6 phuc z théa z+—=1. Hay tinh z 5000 °
z z

8/ Tim modun va acgument cta cac s6 phtrc sau:

oo = (N3 =20 1™ o (141
(1+0)™" (V3 -0)™.(24/3 +20)™
o/ z=(1+i3)™ +(1-i/3)"” 4= ?jﬁﬁ;} 2)200'
oz U= (B3 +1) o[ 5303 o
(_l—l'\/g)lo 1—2l\/§ :
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CHUYEN PE 5: PHUONG TRINH LUQNG GIAC
I. KIEN THUC CO BAN
1/ Cong thirc lwgng giac:

a/ Cong thirc co ban:

. 5 ) sina cosa
sin“a+cos“a=1, tana= , cota=—
cosa sina
2 2 1
l+tan"a=———, l+cot"a=——
cos” a sin” a

b/ Cong thirc nhan déi:
sin2a = 2sinacosa

cos2a=cos’ a—sin*a=2cos’a—1=1-2sin’a

2tana
tan2a = ———
l1-tan“a
¢/ Cong thirc nhan ba:
sin3a =3sina —4sin’ a
cos3a=4cos’ a—3cosa
d/ Cong thirc ha béac:
2 1 .« 2 1 . 1 .
cos a:§(1+cos2a); sin azE(l—cos2a); sma.cosa:§s1n2a

cos’ a :%(3cosa +cos3a), sin’a :%(3sina —sin3a)

e/ Cong thirc cong:
cos(atb)=cosacosbFsinasinb,

sin(a+b)=sinacosh+cosasinb

tan(a+b) _ tanattanb
B lFtanatanb

f/ Cong thirc tong thanh tich:

a+b a->b
cosa +cosb =2cos cos
2
. a+b . a-b
cosa —cosb =-2sin sin
) ) . a+b a—>b
sina +sinb = 2sin cos
a->b

) ) a+b .
sina —sinb =2 cos sin
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g/ Cong thirc tich thanh tong:
1
cosa.cosb = E[cos(a +b)+cos(a—>b)]
. ) 1
sina.sinb = —E[cos(a +b)—cos(a—b)]
. I . .
sina.cosb = E[sm(a +b) +sin(a—b)]

cosa.sinb = %[sin(a +b)—sin(a —b)]

y a .. . 2t 1-¢
g/bat r=tan— thi sina=——-, cosa= >
2 1+t 1+1¢

Mot s6 hing ding thirc lwong giac phaii thudc:

s1naicosa:x/§s1n at— s1naicosa=\/§cos aF—
4 4
. . 2 . . 2
1+sin2a =(sina +cosa)’, 1-sin2a =(sina—cosa)
sin® a+cos’ a =(sina+cosa)(1-sinacosa), sin® a—cos’a =(sina—cosa)(I+sinacosa)
4 .4 - 4 4 < 2 2 1 <2
cos” a—sin" a =cos2a sin"a+cos"a=1-2sin" acos azl—gsm 2a

) ) 3.
sin®a+cos® a=1-3sin’acos’a zl—Zsmz 2a.

2/ Cung lién két

a/ Cung d6i nhau: cos ddi b/ Cung bu nhau: sin bu ¢/ Cung khac 2
cos(—a)=cosa sin(r —a)=sina sin(a+2r)=sina
sin(—a) =—sina cos(wr —a) =—cosa cos(a+2r)=cosa
tan(—a) =—tana tan(r —a) =—tana tan(a +2r) =tana
cot(—a) =—cota cot(r —a) =—cota cot(a+2r)=cota

d/ Cung khac 7 : hon kém pi tan e/ Cung phu nhau: phu chéo

sin(rr +a)=—sina (r pa i
sin| ——a |=cosa; cos|——a |=sina
cos(wr+a)=—-cosa 2 2
tan(z +a) = tana (77,' ] (ﬂ' j
tan| ——a |=cota; cot| ——a |=tana
cot(r +a) =cota 2 2

3/ Phwong trinh hrong giac mau myc
a/ Phuong trinh co ban

) ) u=v+k2r
sinu =sinv < cosu=cosvsu=xv+k2r
u=mw—-v+k2x

tanu =tanv < u=v+knr cotu=cotveu=v+knr

b/ Phwong trinh bic nhat ddi véi sinx va cosx
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- Dang: asinx+bcosx=c.
- Diéu kién dé phuong trinh c6 nghiém: a® +b* >c?.

- Céch giai: Chia ca hai vé ctia phuong trinh cho a” +b* rdi dung cong thic cong.

b/ Phwong trinh ding cip biac 2 ddi véi sinx va cosx

- Dang: asin® x+bsinxcosx+ccos’ x=d .

- Néu cosx =0. Thé vao phuong trinh thir nghiém.

- Néu cosx #0. Chia 2 vé phuong trinh cho cos® x rdi giai phuong trinh bac 2 d6i véi tan x .
¢/ Phuong trinh dang cap béc 3 d6i véi sinx va cosx

- Dang: asin’ x+bsin’® xcosx +csinxcos” x +d cos’ x = msin x +ncos x

- Néu cosx =0. Thé vao phuong trinh thir nghiém.

- Néu cosx #0. Chia 2 vé phuong trinh cho cos® x rdi giai phuong trinh bac 3 d6i véi tan x .
d/ Phuong trinh d6i xirng hoiic gin ddi xtrng ddi véi sinx va cosx.

- Dang: a(sinxtcosx)+bsinxcosx+c=0..
- Céch giai: bat t:sinxicosx:\/zsin(xi%j, bK: |t|£x/§.

— t* =1+ 2sin xcos x =1+ sin 2x. Thay vao phuong trinh rdi gidi ra t.

4/ Phwong trinh hrong giac khong miu muyec:
Sir dung cong thire lwong gidc bién doi dwa vé cac dang mdau mue, phirong trinh tich hay ddt an
phu. Kinh nghiém la:

- Bién dbi khong dugc thi d6i bién (dat an phu).

- Bac cao thi tim cach ha bac.

- Tich thi dua vé tong.

- Tong thi dua vé tich.

- Gap ngodc trong ham thi pha ngodc.

- Dung may tinh doan nhan tir chung.
II. BAITAP

1/ (2sinx—1)(2sin3x+1)=3-4cos’ x 33/ (2cosx—1)(2sinx+cosx) =sin 2x—sinx

2/ (1-tanx)(I+sin2x)=1+tanx

34/ cotx—tanx+4sinx=

3 sin 2x
3/ tan2x+sindx=7) cot x 35/ 242 cos’ (x— 7/ 4)~3cos x—sinx =0
4/ tanx+2cot2x =sin2x 4 in’ 1
36/ w:_cotzx_ -
5/ cos*x—cos2x+2sin’x=0 Ssin2x 2 8sin 2x
6/ cos® x+cos’ 2x+cos’ 3x+cos’ 4x =2 37/ 4sin2(§—%) tan” x — cos’ g =0

7/ 4sin’® x+4sin® x +3sin2x+6cosx =0
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8/ 1+tanx=2sinx+ 38/ cos2x+cosx(2tan2x—1):2

oS X
3n sin x
9/ (2sin’x—1)tan®2x+3(2cos’ x—1)=0 39/ tan(——x]+ =2
2 I+cosx
10/ sin(3x —Z) =sin 2x.sin(x + =) p cos2x—1
* 4" LS 4 40/ tan(=+x)-3tan’ x = ———
2 cos’ x

11/ cos®2x+2(sinx+cos x)° —3sin2x—-3=0 1

, , 41/ sin(2x—27) - cos(x— ) =1 —sin 2x
12/ sin2x+2cos2x =1+sinx—4cosx 2 4

cos2x—1 RY/4 r
13/ 2sin 3 _x —sin £+3_x 42/ —=— =tan(—+x) -3 cot’(——x)
10 2 10 2 cos” x 2 2
14/ cos3x + sin3x + 4cos’2x = 5 + 4sin2x 43/ sin(£+3—x]:2sin3 (37”4_%]
15/ tanx+tan” x +tan’ x +cot x + cot> x +cot’ x =0
) ) ) ) 1
16/ 2cos2x+sin’ xcosx +sinxcos” x = 2(sin x +cos x) 44/ 8sinx = +—
cosx sinx

17/ 4sin’ xcos3x +4 cos’ xsin 3x +3+/3 cos 4x = 6 cos 6x .
45/ 1+sin2x—cosxsin’ 2x =2 cos’ (— - x]
18/ sin® xsin3x+ cos’® xcos3x = cos’ 4x 4

19/ (sinx+cosx)3—\/E(sin2x+1)+sinx+cosx—\/§=0 46/ 4cosx—2c0s2x —cosdx =1
3 47/ sin’ x(tanx +1) =3sinx(cosx—sinx)+3
20/ 1+sin®2x+cos’2x= Esin 4x

21/ sin(s—x—zj—cos(f—zjz\/Ecos(3—x]
2 4 2 4 2

1

48/ cosx+cos3x=1+ \/5 sin (2x + %j

49/ 2sin(2x+%j+4cosx+1:0

22/ sin2x+sinx————— =2cot2x
2sinx sin2x coszx.(cosx—l) '
V3 4+2sin2 v sin x +cos x =2(L+sinx).
23/ = ITENEY 5 3= 2(cotx+1)
cos” x sin2x p p
. 51/ 5cos3(x+gj+3cos5(x—ﬁj =0
24/ 2(1+sinx)(tan’ x+1) = — X"
sin x + cos x

52/ 2cos6x+2cos4x-x/§cos2x:sin2x+x/§

cos 2x +sin’ x—lsin 2x
1+ tan x 2 53 1 :\/E(cosx—sinx)

25/ cotx—-1=

= tan x +cot 2x cotx—1
26/ 4sin’ x +sin’(x —=)—3sinx=0 -
3 54/ 2cos2(2x+z):cotx—tanx—2

27/ \/Ecos(x+7r/4)(l+sin 2x) =cos x(1+ tan x)
(2—sin® 2x)(2 cos’ x —cos x)

55/ cot*x+1=

28/ ,1 1 =4sin(7—”—x) 2sin” x
S sin(x—") . : 2
S 2 56/ 5sinx —2 = 3(1-sinx)tan’x
29/ 2sinx(1+cos2x)+sin2x =1+cos2x 57 2\/§cos(?—z—x]sinx:1

30/ sin® x—+/3 cos’ x =sin xcos” x —~/3 sin’ xcos x
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31/ 2sin’2x +sin7x — 1 = sinx

32/ cotx + sinx(1+tanx.tan(x/2)):4

59/

60/

61/

62/

63/

64/
65/

66/

67/

68/
69/

70/

71/
72/
73/
74/

75/

76/
77/

78/
79/

cos2x +(1+2cosx)(sinx—cosx)=0

o , _
s1n(2x+%)+16 = 5x/§.51nxcosx+2051n2(§+%)

1+sinx +cosx + sin2x + cos2x =0

cos* x+sin® x + cos(x — ) sin(3x — ) - 320
4 4’2

4sin’ %— 3 cos2x :1+20052(x—37ﬂ)

cos?3xcos2x — cos’x =0

sin3x—3sin2x—cos2x+3sinx+3cosx—2=0

«/gcosx—\/zsinx+1:«/gsin2x+cos2x

20083x.c08 x +/3(1+sin 2x) = 2+/3 cos® (2x + %)

sin3x +cos3x—sinx+ cosx =2 cos2x
\/gsin2x+cos2x= 2cosx—1

sin2x+2cosx—sinx—1
=0
tanx+\/§

sin® x+sinxcosx+cos® x =1
sin’® x4+ cos® x =sin 2x +sin x + cos x
5(sin x +cos x) +sin 3x — cos 3x = 2\/5(2 +sin 2x)

2(tan’ x +cot® x) + 5(tan x + cot x) + 6= 0

cot’ x +

-——4(tanx —cotx) =0
cos” x

cos4x +cos2x = \/g(sin 4x +sin2x)
cos2x+5=2(2—cosx)(sin x —cos x)

3cosx+cos2x =cos3x+2sinxsin2x

1+2cos2x+tanx=0
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58/ sin’ (x+%]+sin2 ()H_%Tj _3-sinx

80/

81/

82/

83/

84/

85/

86/

87/

88/

89/

90/
91/
92/
93/
94/

95/
96/
97/

98/

99/

2

t(g_jlﬁ

2 sin x

(1+sin3 x) cosx+(1+cos3 x)sinx =1+sin2x

cos’ (x+£]+sin2 (x+£j :2sinx—l
3 6 2

ﬁsin(2x+%]+2:3cosx+sinx

sin2x +cosx — L - +2cot2x=0
2cosx sSin2x
2cos x(1—cos2x)+sin2x =1+2sinx

2c0s® x++/3 sin 2x +1=3(sin x +/3 cos x)
sinx(2—-cosx) = (I-cosx)’ (1+cosx)
2(cosx+ 3sinx)cosx=cosx— 3sinx +1

1+sin2x+cos2x \/Esin sin?2
= x X

1+cot? x

Sin 2xCos X + Sin XCOS X = COS2xX + Sin x + COS X
2sinxsin3x+ (3v/2 —1)cos2x -3 =0
sin2x +2cos” x+tanx =3

6sin x —2cos® x = 5sin 2x cos x

4cos’ x —sinx—cosx =0

\/gsin 2x+cosS5x =cos9x

sin x +sin2x + sin 3x = cos x + cos 2x + cos 3x

1 +sin xcos2x =sin x +cos 2x
. s T
(sinx+~/3 cosx)? =5 = cos(g—x)

tan x + tan 2x + tan 3x = tan x.tan 2x.tan 3x
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CHUYEN DE
PHUONG TRINH, BAT PHUONG TRINH CHUA CAN

BAI 0. BAM MAY CASIO

—-000—-
1) Tinh gia tri mét biéu thirc
Vi du 1. 2 x+1-3x+5 tai x=3, x=8.
Viduy 2. 2x° —3Yx+7 +3/5—x+2x—1 tai x=1.
Vi du 3. x3y—|—3x2y—xy—x—|—y—l tai x=2,y=1.

Vi du 4. Xy +3x3x+2y —3x+2y+4 tai x=1,y=4.
2) Phan tich da thirc thanh nhan ti

Vi du 1. x> —3x+2

Vi du 2. 3x2 —x—2

Vi du 3. X —4x? +5x -2

Vi du 4. o5 4753

Vi du 5. 260 +x% +x—1

Vidu 6. 2x? —xy—y2

Vidu 7. 2x? —5xy—3y2

Vi du 8. 262 432 3yt xty—6
Vidu 9. 2x% —y? 4 xy—5x+4y—3

Vidu10. 2x°—x?y+2x2 —2xp+1% -2y

3) Giai phwong trinh bac 4 ¢6 nghiém xiu

Vi du 1. Ao o7 —2x+4=0
Vi du 2. o3 —6x? +9x+7=0
Vi du 3. A3 -4 —11x+5=0
Vi du 4. A oox? pax—2=0

, 4 2 _
Vidu 5. x —4x"+8x—4=0

ThS Tran Ngoc TAm
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4) Liét ké tat ca cac nghiém ciia mét phwong trinh

Vidul.  2Jx+242 xt1—Jxtl=4

Vidu2.  2x-1+x-1=3Bx-2
Vidu 3. V252 43045 4422 —3x+5 = 3x
1—x x2+2x
Vi du 4. ==
X x°+1
5(x—3
Vi du 5. Jx+1-24—x = (x—3)

V2x? +18
3

Vi du 6. ,/x:31+x/x+1:\/x2—x+1+\/x+3
X

BAI 1. CAC PHUONG TRINH CO BAN
---000---

I. KIEN THUC CO BAN

B>0
Danglzﬂ:@@{

A=B

B>0
Dang 2: \/Z:BQ{A

B2

Dang 3: Ja++/B=\C _Dit diéu kién r6i binh phuong 2 vé dua vé dang 2.

[(B<0
A>0
B>0
A>B?

B>0

Dang S: JA4<B<{420
A< B’

Dang 4: Ji4>Bo

Dang 6: Ja+3B=RC. Lap phuong 2 vé rdi thé dé giai phuong trinh hé qua. Nhé thir lai
nghiém.

Dang 7: N4 ++B =\C ++D v6i A+C=B+D hoidc AC=BD.

Dit diéu kién roi dua vé JA4—-C =VD —/B sau d6 binh phuong 2 vé giai phuong trinh hé
qua. Nh¢é thu lai nghi¢m.

Chi y: 1/ Bét phwong trinh chi dugc binh phwong 2 vé khi ci hai vé déu khong am.
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2/ Phwong trinh thi binh phwong thodi mai nhung phai thi lai nghiém va khong dung

diu “= 7,
II. CACVIiDU
Vidul. +—x>+4x—3=2x-5.

Vidu2, Jx+4—J1—-x=+1-2x.

Vidu3. 10x+14+3x—5=9x+4++2x-2.

Vidud, Vx?—4x>x-3.

Vidu5. Sx+1—4x—1<3Vx.

Vidu6., Jx+11>x—4+-/2x—1.

Vidu7. Bx—1+32x—1=35x+1.
III. BAI TAP

1) Va?+3x+4=3x+1
2) x—|—\/x2—|—x—|—2:3

3) fSx+1+42x+3=14x+7

4) Jlx+3—Jx+1=42x—-5

5) 23x+1—+/x—1=242x—1
6) Jx+3+Bx+1=2Vx+2x+2
7) Vxt2dx—1—x—2dx—1=2

8) Jxt2vx—14x—2dx_1 =3

2

9) 2x+1+32x+24+32x+3=0

10) V22 4 8x+ 6 42 —1=2x+2

1) (x2 —3x)\/2x2 “3x-2>0

12) V2 —8x +15 4 x2 +2x—15 </4x% —18x+18

13) Va2 4 x—2 42 +2x—3 <y x2 +4x—5

14) \/x2—|—3x—|—2 —I—\/x2—|—6x—|—5 §\/2x2—|—9x+7
15) V3x+8 —\3x+5 =/5x—4 —/5x—7

16) V4 —3vJ10—3x =x—-2

ThS Tran Ngoc TAm 3
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2(x2—16) .
17) ——++Jx—-3>
) Vx—3 x—3

18) \/x2—|—2x—|—\/x—|—2 :x/;+\/x2—|—2x—2

19) Vx2 —dx 43— 24252 —3x+1>x—1

3—2\/x2 +3x+2
1—2\/x2 —x+1

20) >1

BAI 2. PUA VE PHUONG TRINH TiCH

---000---
I. KIEN THUC CO BAN
1) Phwong phap: St dung cac phép bién ddi, tach, ghép thich hop dé dua phuong trinh vé
A=0
dang tich: AB=0<& .
B=0
2) Thwong gap:
a/ ax2+bx+c:a(x—xl)(x—x2) voi x1,X, 1a 2 nghiém.
b utv=1l+uv s (u—1)(1-v)=0.
¢ aut+bv=ab+uv& (u—>b)a—v)=0.

II. CACVIiDU
Vidul. (x+3)V10—x* =x* —x—12.
Vidu2, fx+1+3x+2=1+3x>+3x+2.
Vidu3. x+2J7—x=2Jx—1++y—x>+8x—7+1.
Vidud, x> +10x+21=3Jx+3+2Jx+7—6.

Vidu5. 2x*—6x+10-5(x—2)Jx+1=0.

III. BAI TAP

1) (x+1)J/16x+17 =8x* —15x 23

2) \/x2+3x+2\/x+2:2x—i—1fx—l—§+5
X

3) x—2\/x—1—(x—1)\/;—l—\/x2—x:0
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2
/ Sx+2

2x+2
5) 4x? +14x+11=4/6x+10

6) Jx+3+2xJx+1=2x+x>+4x+3

7) Jxt14+2(x+1)=x—1+/1—x +3v1— x>
8) 4x? +x+1=1+5c+dr— 253 — 5t
(Vx+3—x+1) xz—l—MJ:bc

10) Va2 —x—2 —2Jx—2+2=x+1
11) 3x% 4+ 3x 4+ 2 = (x+6)V3x* —2x -3
12) Va+yx -2 —x =1
13) x% 4+ x4+2=(3x—2)Jx+1

14) 144/x 435 + 6/x +1 =84 ++/x? +36x +35

15) \/F: Xx+2+242x+1
x+2x+1

9

N—

BAI 3. TONG KHONG AM (SOS)

---000---
I. KIEN THUC CO BAN
1) Phwong phap: Str dung danh gid co ban sau.
Néu 4>0 va B>0 thi A+B:0©{;ig.

2) Thwong gap:

A=0
o JZ+JE:0<:>{

B=0

A=0

b A2+B*=0e
B=0

II. CACVIiDU

Vidul, 4Jx+1=x>—5x+14.

Vidu2, x+4Jx+3+2J3-2x=11.
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Vidu3. 13Jx—149Jx+1=16x.

Vidud 2Jxr14+6V9—27 +6,[(x+1)(9— x|+ +2x7 ~10x 38 =0.
III. BAI TAP

1) x> —x+6=4J1-3x

2) x* =22\ x? —2x+16 +2xF —6x+20=0

3) xz—2(x—|—1)m:2\/2x2+5x—|—2—8x—5

4) 4x2+12+\/ﬁ:4(x\/5x—1+\/9—5x)

5) 2xx+3+x =2x2 4 x+2

6) x* —x?43x+5-2Jx+2=0

7) 4x? +3x+3=4xJx +3+242x—1

8) 4x? +2x+3=8x+1

9) 2x% —11x+23=4/x +1

10)  x*+2006x +1006009x + x — +/2x +2007 +1004 = 0

11) (x—xz)(xz +3x+2007)—2005x«/4—4x =308x2 +x— 142006

BAI 4. PAT AN PHU HOAN TOAN
---000---
I. KIEN THUC CO BAN
1) Phwong phap: Pit mot an phu hodc hai an phu r6i chuyén phuong trinh da cho theo
phuong trinh hodc hé phuong trinh méi ma cach gidi don gian hon.
2) Thwong gap:
o/ af () +bJf(x)+c=0—1t=f(x).

b/ ) £ g(0) +7(0).g(x) = h(x) = 1 =/ (x) £ /g(x) -

u="a— f(x)
/ alla— + 0%b+ -
R R L N

d/ Phuong trinh dang cap
o 4> +pYaB+NB? =0

o aA-+bB=cVAB
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° aA—l—bB:\/mA2 —|—nB2

II. CACVIiDU

Vidul, 2+ +11=31

Vidu2. 2x% +4x+1=1—x*—2x.

Vidu3., x(x—4)y—x?+4x+(x—2)" <2,
Vidud, Jx+2+V5—x+(x+2)(5-x)=4.

Vidu5. 23x+7-5x—6=4.

Vidu6. 233x—2+3/6—5x—8=0.

Vidu7. 2x%—6x+4=3yx"+8.
III. BAI TAP

1) 2x+3+Vx+1=3x+2y2x> +5x+3-16

2) Tt 7 +Tx—6+2v49x2 + Tx—42 <181 —l4x
3) Bx—2+Vx—1=4x—9+2y3x> —5x+2

4) 3\/2—|—x—6\/2—x+4\/E:10—3x

5) x—|—1+\/x2—4x+123\/;

6) (x2+1)2:5—xx/2x2+4

/ 1
7) X2 4 2x, [x——=3x+1
X

§) — 42X

9) ¥5—x+¥r-1=12

10) 2‘\‘/W—341—x2 +W:o

2P 7107 Y029 =3

12) (x+3)\/—x2——8x+48:x—24

13) (+? +2)2 Fa(r 1) 2 420+ 5 = (20— 1) 42
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14>m:4x_2+7¢x—+1

15) 652 +2x+33x> +x+4 =10

16) 23/x +5x —2 = x(x +5)+2

17) 3x% —12x—5y10+ 4x— x> +12=0

18) 2(\/x—|—3 —|—\/10—x)—\/30—|—7x—x2 —4
19) \/x—m +\/x—|— XX-1=2
Vx|

20) x=(2004+x)

x+1
x—3

=0

21) x* —2x+4(x—3)

22) V”“; A 16—

1
23) 5% +— <2+ 244

2\/; 2x
24) V3x2 4 x—1=2

25) 324 +x +12—x=6

26) x* —x =2004(y1+16032x +1)
27) xU35— 3 |x +335— x> ] —30

28) Yx+32x-3=312(x—1)
x—~/x

29) >1
- 2(x2—x+1)

30) x? —|—\/3 x—x? =2x+1

31) 2+ 3Vx2 1= —x2 41

Z—x]—Hc—3x2
2

32) VI—x —2x\1-x% —2x2 +1=0

33) 2x2 4+ 5x—1=TVx> —1

34) 3x2 —2x—2:%\/x3 +3x% +4x42
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35) V3.2 =3 Bx+ B3+ xt +x2 +1=0

36) V5x2 +14x+9 —\x2 —x—20 = 5Jx+1
BAI 5. PAT AN PHU KHONG HOAN TOAN
---000---

I. KIEN THUC CO BAN
1) Phwong phap: Dit mot an phy ¢ nhung phuong trinh méi van con an cii x . Luc nay ta xem
x 13 hing s6. Thong thuong ta dugc mdt phuong trinh bac hai theo an ¢ va c6 A 1a mot

binh phuong.

2) Thwong gap: (ax+b)V ox? +dx+e =mx? +nx+ p.
II. CACVIiDU

Vidul. x?43x+1=(x+3)Vx* +1.
Vidu2. (4x—1)Vx’ +1=2x" +2x+1.

Vidu3. (3x—5)V2x? -3 =4x* —6x—4.

III. BAI TAP

D (xr)x? - 2043 =x2 11
3—@]:1%\/@
3) 2(1—x)Vx? +2x—1=x> —2x—1
4) (3x+l)m:5x2+%x—3

\/2)(2 —1—1—1]:x 1—|—3x—|—8\/2x2 —H]

6) 22x+4+4v2—x =\9x2 +16

7) (3x+2)V2x—3 =2x* +3x—6

8) x* +2(x—1)Vx? +x+1-x+2=0

9) 4rt1—1=3x+2J1—x+v1—x2

10) 6x> —10x+5—(4x—1)y6x> —6x+5=0

2) x*+

5) 3
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BAI 6. TRUC CAN THUC

---000---
I. KIEN THUC CO BAN

1) Phwong phap: Dung may tinh doan nghiém roi sir dung luong lién hop dua phuong trinh
da cho vé dang tich.
2) Thwong gap:
a/ Nham c6 1 nghiém x =a thi pt < (x— a).g(x) =0.
b/ Nham c6 2 nghiém x =a,x =5 thi pt < [xz —(a —l—b)x—l—ab}.g(x) =0.
II. CACVIiDU

Vidul. x—2+J4—x=2x>—5x—1.

Vidu2. Bx+1-+/6—x+3x>—14x—8=0.

Vidu3. 4Jx+2+22-3x=x>+8.
III. BAI TAP

1) Jx—4+J6—x=2x>—13x+17
2) x—2+J4—x=x*—6x+11
3) Va2 412 —yx? 45 =3x—5

4) 52x+1+2x=10/x—3 +13
5) 3(2+m)22x+m

6) x2—3x—4:\/;(x2—4x—2)

7) 2x% —11x+21=334x—4

8) \/x2—3x—|—2+\/x2—4x—|—3 22\/x2—5x—|—4
9) \/x2—|-2x+92 2x2+2x+m+1

10) i+J2x+12J2x+17

Jx

11) V223 4322 4+ 6x+16 —d—x > 243

2
12)2/Lx+1+x2_4§ 2
x+4 X241

13) V2x2 +11x 415 +yx% +2x—3 > x+6
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x+4

Jx+12
15) (ﬁ—\/ﬁ)[1+\/x2+2x—3]24

14) 2x+1>x—3+

x+3

16) J4x+1—+3x—2=

17) Jx+1+1=4x> +3x
18) (Vx+1+1)(Vi+x +2x—5)=x
19) Vx—34+~5—x—2x>+7x+2=0

20) x+B—x=x—x-2

1+3Jx
4x+~2+x

2 4 x4+ 1444x2 —l—x—l—l][\/sz 4 1—+/242 —|—1]:3x2

21) 1

22)

23) 1623 4242722 —9x+1 =1
5(x—3)
V2x? 418

6x—4

\/x2—|—4
26) V3x” —6x—5 = (2" +[2—x)(26> = x—10]
27) x> —3x+1=1/8—3x7

28) fSx—1+39—x =2x? +3x—1

29) 4(x+1)2:(2x+10)(1—M)2

30) 2x2:(x+9)(2—M)2

31) Y2 13 rF T x= x2+3 +5

x°—06
32) 2yx? —7x+10 = x ++/x> —12x+20
2 2
33) fLX—I—l_i_X_: ! +2
x+4 2 x2—|—1

ThS Tran Ngoc TAm

24) Jx+1-2v4—x=

25) 2x+4—-2J2—x =




TTLT PAI HQC DIEU HIEN - 43D DPuong 3/2 — TP Cin Tho — DT: 0983. 336682

Vx—3 _ 1
V2x—1—-1 +/x+3—-+x-3

35) 2x2 4 x4+ 642 4x+3=2

34)

J
xX+—
x

2
36) Lz>2x+\/x—1+1

(«/2x+1 +1)

3—2\/x2 +3x+2
1—2\/x2 —x+1

\/; X+ l—xz]
x\/;+1—\/x2—x3

2
39) ox - <4x+5

(\/Sx—1+\/2x—1)

>1

37)

38) >1

40) «/x—l(x/x—3—x/8—x)22x—ll

41) V2x—8(Jx+3 +\/7—x)>2x—4

42) (V3x+6 +J3x—3)(J3x+1—J3x—2)§3

43) \/3x2—5x+1—\/x2—2 = [3(x2 —x—l)—\/xz —3x+4

BAI 7. SU DUNG TiNH PON PIEU CUA HAM SO
—--000---
I. KIEN THUC CO BAN
1) Phwong phap: St dung cac dinh 1y sau.
Pinh Iy 1: Néu ham s6 f(x) lién tuc va luon dong bién (hodc ludn nghich bién) trén D thi
e Phuong trinh f(x)=0 c6 khong qua 1 nghiém trén D.
e fu)=fv)ysu=v,Vu,veD.
Pinh Iy 2: Néu ham s6 f(x) ludn dong bién trén D thi f(x)> f(a) < x>a.
Néu ham sé f(x) ludn nghich bién trén D thi f(x)> f(a) < x<a.
2) Thuwong gap:
a/ ax® +bx+c=+Jdx+e

b ax’ +bx> +ex+d= mijex+ f .
ThS Tran Ngoc TAm 12
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II. CACVIiDU

Vidu 1. \/6 +3\/ 8 =14.
3—x 2—x

Vidu 2. 3x+14++x+7x+2 =4.
Vidu3., Jax—1++4x?—1=1.
Vidud, >+1=232x—1.

Vidus. 8x’—36x%+53x—25=33x—5.
III. BAI TAP

) x> 4+x—1=5
2) Vx+x—5+Jx+7+Jx+16=14

3) x4 +1)+(x=3)5-2x =0

4) x> —15x2 +78x—141=532x—9

5) 23 —6x2 +12x—7 = -3 +9x% —19x+11

6) 2x° +x* —3x+1=2(3x—1)\3x—1

5
7)) 3J3—-2x+ —2x<6
) V2x—1

8) 8x° +2x < (x+2)Vx+1

9) V23 +3x2 +6x+16 <23 44 —x

10) \(x+2)(2x —1) =33x+6 <4 — J(x+6)(2x —1) +3v/x+2
11) 6x+1=8x> —4x—1
12) (x+3)Jx+1+(x=3)VI—x+2x=0

13) x> +3x2 —33Bx+5=1-3x
14) 4x> +18x% +27x +14=3[4x +5

15) x° 4+3x% +4x+2=(3x+2)\3x+1

16) X —4x? —5x—|—6:\3/7x2 +9x—4

17) J3x+4 =3 43x% +x-2

2+\/9x2+3]+(4x+2)

ThS Tran Ngoc TAm
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19) (2x +3)y4x? +12x +11 +3x

20) —2x> +10x

1+\/9x2+2]—|—5x—|—3:0

2 —17x+8= 2x2\/3 5x—x2

21) 363 —6x2 —3x—17 = 33/9(—3x2 +21x+5)

22)x —2x? —|—3x 2=3/81x—
23)x3+3x2+5x+3:(x2+3)\/x2+1

24) 2(x—2)(Yax =4 +42x—2) > 3x—1

25) Yx? —2x 43 —x2 —6x+11>B—x—Jx_1

26) (x+2)3/x+1>27x°

D7) VA2 4 x+1—2x2 £ 2x+1=

I. KIEN THUC CO BAN

7% +12x -2

x2+x

(x2 +x+1)(2x2 +2x+1)

BAI 8. LUONG GIAC HOA

—-000-—--

1) Phuong phap: Dit an phy dé dua phuong trinh di cho vé phuong trinh lugng giac da biét

cach giai.

2) Thuwong gap:

° az—x2
o a2+x2
° xz—a2
° (x—a)(b—x)
a-t+x . a—x
° hoac
a—x a-t+x

x=asint, t €

hodc x =acost, ¢ €[0,7]

xX=atant, t &

_r —] hodc x =acott, t €(0,7)
2°2

a
X=——,,16€
s1nt

_g —]\{0} hoc x—é, te[O,w]\{g}
x:a+(b—a)sin2t

X =acos 2t

Chii y: Pit khéo 1éo sao cho lic khai cin khong c6 dau tri tuyét dbi.

II. CACVIiDU

ThS Tran Ngoc TAm
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Vidul, 4x°—3x=+1-x>.
Vidu2, 1+v1-x?

—x|142 1—x2].

Vidu3., x+-——=22.

x°—1

III. BAI TAP

1) VI+V1—x% =24+1—x?

5 2
xz—l—l_ (x —1—1)
2x 2x(1—x2)

2) Vx? +1+

3) Vx2+1= (xz +1)3
6

X — 20x3 +6x

4) X —3x—

5) x +,/ 1— —x\/2 2x?

6) 2x> +x—1+2x1—x? =1

7) 8x(2x2 —1)(8x4 _8x2 +1) ~1

8) V1+
x 2\/1—l—x o

X
4x% 1

10) 2x—|—(4x2—1)\/1—x2 — 453 12
11) %—x\/l—x2:1—2x2

9) V1—x? =

12) 1+ -

14 2xV1—x2
13) H%_szz:l

14) V1—x =2x> —1+2x\/1—x?
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15) V14++1—x?

\/(1+x)3 —\/(l—x)3]:2+ 1—x2

1—2x 14+ 2x
16) V1—2x ++/14+2x = +1/
) \/ \/1+2x 1—2x

1

17) + =X
1+V1-x  1-1—x
18) 1+ 3 =X
-9
19) + 22 =4
x“+1 X"+l

BAI 9. CAC BAI TOAN CO THAM SO
---000---

I. KIEN THUC CO BAN

1) Phwong phap: C6 lap tham s6 m vé mot vé roi dung tng dung ctia dao ham.

2) Thuwong gap:

a/ g(m)= f(x) conghiém x € D < min f(x) < g(m) < max f(x). S6 nghiém cua phuong
D D

trinh bang s6 giao diém cua hai duong.

b/ g(m)> f(x) codnghiém x € D < g(m) > ml;n f(x).

¢/ g(m)< f(x) c6nghitm x€ D < g(m) < mgx f(x).

d/ g(m)> f(x) luén ding v6i moi x € D < g(m) > max f(x).
D

e/ g(m) < f(x) luén ding v6i moi x € D < g(m) < min f(x).
D

Chii y: Bai toan tim tham s6 m dé phuong trinh c¢6 nghiém duy nhét ta thuong dua vao ciu trac

cua nghi¢m.

II. CACVIiDU

Vidu 1.
Vi du 2.
Vi du 3.

Vi du 4.

Vi du 5.

Tim m dé phuong trinh sau ¢6 nghiém: x + \/3x2 +1l=m.
Dinh m dé phuong trinh 2+ x ++/2—x —+4—x? =m ¢6 nghiém .
Tim m dé bpt sau c6 nghiém trén doan [2,3] R X2 —4x +5> x% —dx +m.

Tim m dé pt sau c6 nghiém 3vx —1+mvx+1=2¥x*-1.

Tim m dé pt sau c6 nghiém: xx+x+12 = m(\5—x++4-x).

ThS Tran Ngoc TAm 16
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Vidu 6. Timmdé ptsau co nghiém duy nhat: v1—x> +231-x? =m.
III. BAI TAP
1) Dinh m dé phuong trinh x* = 6x+m+[(x=5)(1-x) =0 c6 nghiém.
2) Dinh m dé phuong trinh sau ¢ 2 nghiém phan biét:
Jx—2+J4—x -2J-x*+6x—8+m=1

3) Pinh m dé phuong trinh sau ¢6 2 nghiém phan biét:

V2x—3 +5-2x ++/—4x> +16x-15+m =0

4) Tim m dé pt sau c6 nghiém: Jx-1+3-x —\/(x—l)(3—x) =m

5) Tim m dé phuong trinh sau c¢6 nghiém: x—m = m

6) Tim m dé phuong trinh sau c6 nghiém: m— \/m =X

7) Tim m dé pt sau c6 nghiém: Vx+4Vx—4 + x+4Jx—4 =m

8) Pinh m dé bat phuong trinh c¢6 nghiém mx —Jx=2<2m+1

9) Tim m dé bpt sau dang voi moi x €[-3,8]: (m+1)\/3+x)8—x) <x* ~5x+m
10) Tim m dé bpt sau c6 nghiém: x+4 < m/x+2

11) Tim m dé bpt sau c6 nghiém: x* +3x> =1 < m(v/x —J/x—1)’

12) Tim m dé pt sau c6 nghiém m(\/1+x2 —\/l—xz):2\/1—x4 +\/l+x2 —\/l—x2

13) Tim m dé céc pt sau ¢6 2 nghiém vx* + mx+2 =2x +1

14) CMR véi m > 0 thi phuong trinh sau ludn cé hai nghiém phan biét x*> +2x -8 =,/m (x — 2)

15) Tim m dé pt sau c6 nghiém 3vx —1+mv/x+1=2¥x*-1.

16) Tim m dé cac pt sau c6 dung 2 nghiém /2x ++/2x +246—x +2/6—x =m.
17) Tim tham s6 m dé phuong trinh: 3x? +2x+3=m(x+1)yx* +1 c6 nghiém?

\/x2—2x—l—2 +1]+x(2—x)§0 c6 nghiém

18) Tim tham s6 m dé phuong trinh: m

x€[0;1+\/§}.

19) Tim m dé phuong trinh: \4/ X4 2x+4—Jx+1=m c6 ding mdt nghiém.
20)Tim m dé phuong trinh: mv So1=x242 ¢ nghiém thuc.

21) Xac dinh m dé phuong trinh x+9—x =V-x2+9x+m c6 nghi¢m.
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22) Tim m dé phuong trinh: (\/E +x— 1)lm«/} + \/1_1 +16%, /x(x—l)} —1 c6 hai nghiém
P

thuc phén biét.

23) Tim m d€ bét phuong trinh: /(44 x)(6 —x) <x?>—2x+m ding Vxe [—4;6].

\ X2 —dx+5+ 2] >0 nghiém diung

24) Tim m d¢ bét phuong trinh: x(4—x)+m

Vx€[2;2+\/§}.

s 1
25) Tim m dé bat phuong trinh: /(14 2x)(3 —x) >2x% —5x—3+m ding Vx € —5;3].

26) Tim m dé bat phuong trinh: X2 —3x+2>m—yx*—3x+4 ding Vx € [3; —|—oo] .

27) Tim m dé bét phuong trinh: Vx +~/3—x + mV3x—x* =3 <0 dang Vx €[0;3].

28) Tim m dé béit phuong trinh: v/x +4x+8 —yx? —2x+2 > dm—m> ding Vx € R.

29) Tim m dé bat phuong trinh: Vx ++1—x + 2m\/x(1 —x)— 2‘\‘/x(1 —x)= m> c6 nghiém duy
nhét.

30) Tim cac gia tri ctia tham sb m dé phuong trinh: V4 — XX =mx—m+2 co nghiém.

HET.
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CHUYEN PE
HE PHUONG TRINH

BAI 1. HE POI XUNG LOAI 1
---000---
I. KIEN THUC CO BAN
1/ DAu hiéu: Ddichd x,y cho nhau thi ting phuong trinh cta hé khong d6i.
2/ Cach giai: bat S=x+y, P=xy, dua hé da cho vé hé theo S, P. Giai hé nay tim
S,P.Khido x,y langhiémcuapt: X2 —-SX+P=0 v6iDK: A=S5>-4P>0. Co

d6i khi phai dat u =u(x,y),v=v(x,y) va S=u+v,P=uv.

Luuy: 1/ x>+y? :(x+y)2 —2xy; X040 :()c+y)3 —3xy(x+y).
2/ Néu (x, o) 1a nghiém ciia hé thi (,,x,) ciing 1 nghiém cua hé.

II. CACViDU

Vidu 1.
xX+y+xy=5

i x +y +x+y=4
Vi du 2.
x+y+1 +y(y+1):2

ot
g

Vidu3. {x +° =19
o

+y+x"+y =8
Vi du 4. Ry x4y
xy(x+1)(y+1)=12

(x2+y2)(1+ 21 2j=49

Xy

(x+y)(1+ij:5

Xy

Vidu5.

III. BAI TAP

B x2y+xy2=30
x> +y3 =35

ThS Tran Ngoc TAm 1
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2 {x(x+2)(2x+y) =9

x2+4x+y=6

{x+y+2xy:2

3) 3 3 _

X4y =
x+y=3

4

) (x2+y2)(x3+y3)=280

5) x2+y2+xy=7
x4+y4+x2y2:21

6 [GDO-D=I8
x2+y2=65

7 xt+x2y? + % =481
x2+xy+y2=37
A rytrex?y? =41

8)
xy(x2+y2):10
{x—y—xyzS

% 2, .2 _
xX“+y —xy=7
2 2

10) X“=xy+y° =2(x+y)=-31
x+xy+y=11

1) x2+y2—x+y:2
xy+x—y=-1

12) x2+x—y+y2:
x(x=y+D)+y(y-1)=2

13) x2+xy+y2—x+y=6
xy—x+y=-3
xX+y+—+—=4

X
14) Y

ThS Trin Ngoc TAm
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(i+1j(x+y)=15

y X

(;—z+z—j](x2+y2)=85

15)

(x+»)(1+xy)=18xy

16
) (x2 +y2)(1+x2y2)=208x2y2
17) x2+y2—x—y:12
x(x—l)y(y—l)=36

3 2
44
18) <\ y
(xy)2+xy=6
x+y—\/5=3
Nx+1+4y+1=4

20) \/x2+y2 +\/E=8\/5
\/;+\/;:4

19)

(x+y)(1+i) =5
Xy
21)

(x> +y2)(1+ )=9

x2y2

(x+y)(1+i) =4
Xy
22)

(x3+y3)(1+%)=4
Xy

2,2 _
23) X“+y"+x-y=38
xy(x+1)(y-1)=12

x y_ B3
24y 5y x 6
xX+y=35
xX+y+xy=5
25) {2 )
X“y+xy” =

ThS Trin Ngoc TAm
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3 3.3 3
X +xy +y =17
26) oy
xX+xy+y=5

27)

28)

30)

31)

|

|
70

|

|

BAI 2. HE POI XUNG LOAI 2
---000---
I. KIEN THUC CO BAN
1/ Dau hi¢u: Ddi chd x,y cho nhau thi phuong trinh tré thanh phuong trinh kia cta hé.

2/ Cach giai: Trir vé véi vé, dua vé pt chira thira s6 chung 1a x—y .
Luuy: 1/ x? —y2 =(x—y)(x+y); x> —y3 =(x—y)(x2 +xy+y2).

2/ Néu (xo, o) 1a nghiém cua hé thi (,,x,) cling 1 nghiém cua hé.
II. CAC Vi DU

, x2=3x+2y
Vidu 1. .
y2 =3y+2x

2 2
x“=2y" =2x+
Vi du 2. d y.
)/2—2x2 =2y+x

ThS Tran Ngoc TAm 4
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2
+2
3x=x

Vi du 3. Y

Vi du 4.

III. BAITAP

1)
2)
3)

4)

x3+7x=y3+7y

2

5) 5
X“+y" =x+y+2

6)

7)

\/x2+3 +2\/;—\/;=3
\/y2+3 +2\/;—\/;=3

8)

9

ThS Trin Ngoc TAm
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12)

14)

15)

16)

|
|
N {3); 242
|
|
|

BAI 3. HE PANG CAP
---000---
I. KIEN THUC CO BAN
1/ Déu hiéu: bac cac s6 hang trong phuong trinh bang nhau hodc d6 1éch bac 2 phuong
trinh trong hé bang nhau.
2/ Cach giai: Xét x=0. Xét x =0, dat y=rkx.
II. CAC Vi DU

2 2
x°=3xy+y =-1
Vidu 1. yry .
3x? —xy+3y2 =13

ThS Tran Ngoc TAm 6
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2y(x2—y2)=3x
Vi du 2. .
x(x2+y2):10y
x3—8x=y3+2y
Vidu 3. .
’ x2—3=3(y2+1)
3 2
x=3x"y-2y=0
Vi du 4. oy .
x+3y—2y3=0

III. BAITAP

)
2)
3)
4)
5)

6)

(x—y)(x2 —y2)=3

K (x+y)(x2+y2):15

2x3+3y:y3+4x

¥ 5(1+3y2)=4(3x2+2)

) x? —3xy+y2 =-1
x2+2xy—2y2 =1

ThS Trin Ngoc TAm



TTLT PAI HOC DIEU HIEN — 43D Puong 3/2 — TP Can Tho — PT: 0983. 336682

18) {2x2—x(y—l)+y2 =3y

x2+xy—3y2 =x—-2y

3x? -2xy=16
19)
x? —3xy— 2y =8
x> =2xp+3y* =9
20) y y
2x2 —13xy +15y* =0
X —8x= y +2y
21)

x2-3= 3y+1)

BAI 4. PHAN TiCH THANH NHAN TU
---000---
I. KIEN THUC CO BAN

1/ Phwong phap: Pua mot phuong trinh vé phuong trinh tich.

2/ Déu hiéu:
- Heé c6 1 phuong trinh 12 phwong trinh béc hai, bac ba cta 1 an.
- Heé co6 1 phwong trinh ding cép.
- Hé c6 1 phwong trinh 13 hing dang thic.
- HeE c6 1 phuong trinh chira cin nhan lién hgp duge.

II. CAC Vi DU

2 2
Xy+x+y=x"-2
Vidul. {y 4 d

x@—y\/ﬁzﬂx—y).

X —4y3 =6x2y—9xy2

\/x+y +\/x—y =2

y2 =(5x+4)(4—x)

12 —5x2 —4xy+16x—-8y+16=0

x2—3y+2+2\/x2y+2y =0
i +dx—y+1+32x—1=1

Vi du 2. {

Vi du 3.

Vi du 4.
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(x—y)(x2+xy+y2+3):3(x2+y2)+2

4x+2+J16-3y =x* +8

Vidus5.

III. BAITAP

2= (x+8)(x*+2
b (x+8)(x*+2)
¥2 = (8+4x)y—5x> +16x+16=0
4x2+y4:4—4)cy2
2
) x2—2(xy2+8)+y4=0
5x2y—4xy2+3y3—2(x+y):0
3)
xy(x2+y2)+2:(x+y)2
x2+2x+(xy—1)2:2x2y
4)
x3y3+3xy2—7y3:1
\/x—5+\/2y—4:x—y+1
5)
8Jy(x—2)+4—8y=(y—x)2
o 3y2+1+2(x+1)y=4y(\/x2+2y+1)
y(y—-x)=3-3x
X =3y=y*-y-2
7)
(x+y)Vx? —4x+5=(2-x) (x+y)2+1
x3—3x2y+4y3:4(x—2y)2
8)
\/x+y+\/x—2y=3

0 {x2+4y2 =5
(x+y—1) y—1 :(y—2)w/x+y
2

X +y2+ 2%y =1
10) X+y

Jx+y=x*-y
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x+3= 2J3y X )Hd)

11)
N3y - ,/ —xy 2y-2

y4—2xy2+7y2 =—x?+7x+8

V332413 15— 2x =/x +1
13) Jx+JW+Jx—)/:1+Vx2—y2
\/;+\/;:1

2. .2
X“+y° =5
14) { Y

Vy—lx+y-D=(y-2)/x+y

x3+2y2:x%y+2@/

2Jx?—2y—1+Yy —14=x-2

12)

15)

2 —xp+2y-3x-3=0

J2x=3 = (32 +2015)(5— ) +[y
{(1_);) [x—y +x=2+(x—y—1)\/;

2y% =3x+6y+1=2x -2y —\J4x -5y -3

16)

17)

O—y%M+y+x+3y=6+(x+y—®J;

\/x—2y—\/x+1 :;
x—y-=7

18)

BAI 5. SU DUNG PHEP THE
---000---
I. KIEN THUC CO BAN
Riit x theo y hodic y theo x tir mot phuong trinh rdi thé vao phuong trinh con lai.

Doi khi ta thé ca mdt biéu thirc chira x,y hoidc thé hang sé tir phuong trinh ndy vao
phuong trinh kia.

II. CAC Vi DU

x+y—-1=0

Vidu 1. .
L 3x3+x2(7y—3)+x(2y2—7y)z2y2

ThS Tran Ngoc TAm 10
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x4+2x3y+x2y2 =2x+9

Vidu 2.
x2+2xy=6x+6

(2x2 +y)(x+y)+x(2x+l):7—2y
x(4x+1)=7-3y .

Vi du 3.

III. BAITAP

{xy+x—2=0

1)
2x3—x2y+x2+y2—2xy—y=0

xy=x+T7y+1
2) 2.2 _ 2
x“y =10y° -1
3) X =2xp+5y=7
3x2—2x+y=3
2 x3+7y=(x+y)2+x2y+7x+4
3x2+y2+8y+4=8x
X (y+1)=6y-2
S)
x4y2+2x2y2+y(x2+1):12y2—1
+1=0
6) y - Xy
x? +y +2x+2y+1=0
X2 —2xy+x+ 0
7) y y=
xt—4x? y+3x +y =0
8) x? +xy+2x+2y=16
x+y 4+xy =32
—1)y+4y? =20
) )y+4y
x2 + 2y+1 =2
S +2x0? =5
10) 4
2x? +xy+y =4x+y

) y2\/4x—1 +\/§:5y2 —-V12x-3
2y23-2x =6

ThS Trin Ngoc TAm
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12) xt—4x? +y2 -6y+9=0
Xy+x2+2y-22=0
2 _ 2
x[(x—y) +1} =y@8y° =3xy+2)

3x% +4y° +2=3p(x+4)

13)

x2+xy:x+2

' (2y2 +5)x+13x2 =26

15) xz(y+1)(x+y+1):3x2—4x+1

xy+y+1:x2

13y° =3x% =1
16) 1
y2+4y+1:5x+4xy
xy+3=y\/x2+3
Y +dx+2(x—1)Vx? —2x+4 =2x7 +5

17)

BAI 6. PAT AN PHU
---000---
I. KIEN THUC CO BAN
1/ Phuwong phap: Dat 2 an phu a,b roi dua hé di cho vé hé mai theo 2 4n a,b dé giai
hon.
2/ Déu hiéu:
e He¢ ddi xtng loai 1.
e HEco ) hang 1dp lai trong 2 phuong trinh.
e Héco téng hiéu x+ y,x—y.
Chii y: Thong thuong phai qua 1 vai bién d6i nhu tach, nhém hodc chia 2 vé véi biéu
thire khac 0 méi thiy an phu.
II. CAC Vi DU

X +)cyz+x2y+y3 =4
Vidu 1. ) ) .
(x+y)(x +Xp+y )=6

ThS Tran Ngoc TAm 12
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x2+1+y(x+y):4y
Vi du 2. .

(x2 +1)(x+y—2):y

3(x2+y2)+;2:2(10—xy)
Vi du 3. x=y)

2x+ =5

X=y

x4—2x:y4—2y
Vl’dl_l4. 3

(xz —yz) =3

III. BAITAP

D x2+xy—3x+y=0
x4+3x2y—5x2+y2 =0

2 2

y @ sa(y-)?=0s
xy(x=1)(y-2)=-6
x2+y+x3y+xy2+xy=—é

3) 5 4
x4+y2+xy(l+2x):—z

" x2+y2+xy+1:4y
y(x+y)2:2x2+7y+2

x +xy—3x+ 0
5) Y- y=

x+3xy 5x° y—O

7 xy+x +xy+x=1
4x y +4x° —8xy—17x=-8

=—125
8)

3y+55 — 64
6)
xy y +3y+3)—12+51x

45x> y+75x 6y

ThS Trin Ngoc TAm
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9

10)

11)

12)

13)

14)

15)

16)

17)

18)

19)

xa+@+l{l+q:4

Yy

x3y3 +x2y2 +xy+1 :4y3

X (2+3y) =1

x(y3 —2)=3

X (y+1)=6y-2

x4y2 +2x2y2 +y(x2 +1):12y2 -1
y(1+2x3y) =3x5

1+ 4x6y2 =5x%

/x+l+ x+y-3=3
y

2xy+y2+1:8y

4
(x+y—3)3 =4y° (xzy2 +xy+75j
x+4y—3=2x"

X+4y-1=6
V2 H2x 4y +2xy —1+2y-1=29

x2+xy—3x+y=0
x4+3x2y—5x2+y2 =0

{y2+x+xy—6y+1=0
3 2 2 _
xy” =8y " +x"y+x=0

(x2+x)y2—4y2+y+120

xy+x2y2+1—(4—x3)y3 =0

xz—y2—6=0

t 3.9

(x+y-1)* -

(x-»)

ThS Trin Ngoc TAm
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x2+1+y2+xy:4y
20)
xX+y-2= 2y
x°+1
21 x2+xy+yz=19(x—y)2
xz—xy+y2=7(x—y)
2. 2 5
S(x +y )+4xy+—2—13
(x+»)
22)
2x+ ! =1
X+y
y3:x3(9_x3)
23)
x2y+y2=6x
—+—=3-xy
Xy
24
R P 3x2y? 42
St 57"
x“y Xy
25) x+y+\/x2—y2:12
y\/xz—y2:12
x+y2—y\/x+3y2=0
26) 2., .2
2y2—3y—x+1+,f%)1+1=0

. 4x2y+y2+2=7xy
) 2 2 3_ .2
2x°+2y°4+3y” =6xy
2 2
X-y) +x+y=
2%) (x-) y=y
x? —4x2y+3x2 =—y2
29) x4—4x2+y2—6y+9=0
Xy+x2+2y-22=0
2, 2 3
4xy+4(x +y )+—2=7
(x+y)
30)
2x+ ! =3
X+y
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31 «/x+y+3x—6y2:1
2(x—y*)+y=1
(x+y+3)«/x—y +2y+4=0

) (x—y)(x2+4):y2+1

33) x2+y2:xy+x+y
Py =3

VX2 42x+6=y+1

34)
x2+xy+y2 =7

xz—y2 =8x—-6y+1

) (xz—yz)zzlo(x—y)z—l

xz—y2—6=0

36) 4

(x+y—1)2— -3=0

(x=»)°
(2x—7)(x—y)+3=0

37
) (3x2—4xy+4y2—7)(x—y)2:1

3%) x2+xy+y2=(x—y)4

X2 —xy+yt=x—y

(x+6y+3)\Jxy+3y =y@8y+3x+9)

39)
\/—xz +8x—24y+417 =(y+3)Jy—1+3y+17

2 +y7

8% _16
x+y
40)

xy+x+1="Ty
41)

x2y2+xy+1:13y2
XV +HX+2 +Vxt+x—4/x =0

42)
xy+x2+2:x(w/xy+2 +3)

ThS Trin Ngoc TAm
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13) x4—4x2+2y2—6x/§y=—9
2ty +x2 4242y =22

NX+y-=2 +2(x——1):3

44) X+y
(x+y)\/x—y+2 :6\/x+y—2

2x2—5xy—y2:1

45)
2 2
y(\/xy—2y +\/4y —xy)=1

BAI 7. SU DUNG TiNH PON PIEU CUA HAM SO
---000---
I. KIEN THUC CO BAN
1/ Phuong phap: Xét mot phuong trinh cua hé dé dua vé dang f(u)=f(v) véi f1a
ham don diéu.
2/ DAu hiéu:
e Hé d6i xtmg loai 2.

e Hé c6 1 phuong trinh ¢d 14p dwece x, y ra 2 vé.

II. CAC Vi DU
—2-3-y=1y"—x*+4x-6y+5
Vidu 1. v Boy=yox S
V2x+3+Jdy+1=6
2y3+y+2x\/1—x=3x/1—x
Vi du 2. .
\/2y2+1+y=4+\/x+4
(x+1)Vx=1-4y(2)%+1)=0
Vi du 3. .
2y2—3xy+x+8=0
(45> +1)x+(y=3)5-2y =0
Vi du 4. .
4x? + y* +23-4x =7
+1+Yx—1-y*+2=
Vi du 5. * * Y o
x2+2x(y—1)+y2—6y+120

ThS Tran Ngoc TAm 17
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III. BAITAP

N2x2+7 -2y +1=0
3—x)V2-x-2yy2y-1=0

(
(w1 (a7 41) =1
(

D

2)

x2+y ) —4 x y)+xy

x+yx?—2x+5 :3y+\/y2+4

xz—y2—3x+3y+1:0

(x+m)(y+W):l
xN6x+2x% +1=4xy+6x+1
x3+2y2 :x2y+2xy
2Jx?—2y—1+Yy —14=x-2
x3+3x—l+m=y
y3+3y—l+m:x

5 {\/2“3 +JA—y =4

J2y+3+4d-x=4

3)

4)

22)

23)

xz—y2+1:2<\/;—\/x+l—x)
Nx+14+yy-3+x-y=2

x3(4y2+1)+2(x2+1)\/;:6
xzy(2+2\/4y2 +1):x+\/x2+1

4 {xz —12xy+20y2 =0

6)

7)

In(l1+x)-In(l+y)=x-y

6x2+y2—5xy—7x+3y+2:0
8)

x;yzln(x+2)—ln(y+2)

ThS Trin Ngoc TAm
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2x% (4x+1)+2y% (2 +1) =y +32
%) 2, 2 1
X“+y —x+y=—
2
3 3 2
X +y =3x"-6x-3y+4
10) y y

x2+y2—6x+y—10:\/y+5—\/4x+y

3 3 2
X =y +3y"=3x-2=0
11)

22 +\1-x2 —3\/2y—y2 +2=0

) {(2x+2)\/2x—1 =3 +3y

V2 —xy+5=5x—6y

N2x—x? =241 )% +2x-1

=32 42+ (7 +201-1% =0

13)

2)° 41232 +25y+18 = (2x +9)/x + 4
VBx+1+3x2 —14x-8=1/6 -4y —?
(x+1)x/x+2 +3/x+2 :y3 +3y2+5y+3
S +2x% +x-7yF =14y +19 =33/9(y +1)?
(23-3x)V7—x =(20-3y)\/6—y
J2x+y+2 - Bx+2y+8=-3x" +14x+8
17) (53-5x)v10—-x+(5y—48){/9—-y =0
J2x—y+6+x2—2x—66=[y—2x+11

(4x+2)A+Vx? +x+ 1) +3y(2++/912 +3) =0
4x3 =3y +5+31-3y =0
x\/x2+y +y=\/x4+x3 +x

19) 9

x+\/;+\/x—1+\/y(x—1) :5

4\/1+2x2y—1=3x+2\/1—2x2y 152
2x3y—x2 =x* +x? —2x3y\/4y2 +1

14)

15)

16)

18)

20)

ThS Trin Ngoc TAm
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2x° —4x? +3x-1=2x>2-y)\3-2y

Jx+2 =314-x3-2y +1

) 3x2 —2x—=5+2x\Vx? +1=2(y+ 1y y? +2y+2
x2+2y2 =2x—-4y+3

xy+2:y\/x2+2

y2+2(x+1)\/x2+2x+3 =2x> —4x

21)

23)

BAI 8. TRUC CAN THUC
---000---
I. KIEN THUC CO BAN

St dung luong lién hop dé dua mot phuong trinh trong hé vé dang tich.

II. CAC Vi DU
Jx+y \f_
[

x2 +y +2x-y-2=0

Vidu 1.

Jx+y +42x+3y =5
J2y+3+x+4y+2=5

Vi du 2. {

\/2x+y—1—\/x+2y—2 =y—-x—1
x2+y2—2xy+4x—3y=0

\/xy+(x—y)<\/5—2)+\/;:y+\/;
ST (-4

III. BAITAP

\/ +2( x y +\/7 2y

x(2x+2y—5)+y(y—3)+3=0

(x—l)\/x+1—\/x2+x—y+«/y—2+4x—3y=0
2

Y

3/.3 2 2
x+xy+1

Vi du 3. {

Vi du 4.

D)

2)

ThS Trin Ngoc TAm
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3)

:

5)
6)
7)

8)

9)
10)

11)

12)
13)
14)

15)

’\/xz -xX—y= 4

\/(x+l)y+(x—y+l)\/; +4/x+1 :y+\/;
\/3x—2—\/;:2x2—y—2

\/xz +2(y—1)(x—y)+\/E:2y
x2x+2y-5)+y(y-3)+3=0

\/4x2 +(4x—9)(x—y)+\/5=3y
4(x+2)(y +2x) =3(x +3)
X(x+y)+Jx+y :2y2 -2y
X2y=5x>+Tx+7y-4=63xy—x+1
x2+y2+2\/2x2 —3xy+2y2 =x+y+2xy
\/x+y +\/x—y =3x—-4y+4

(x+1)\/y2 +y+2 +(y—1)\/x2+x+1 =x+y
(x2 +x)Jx—y+3 :2x2+x+y+1

(x—y—l)\/;+2:2x—y+(1—x)\/x—y

x+y+3 :2(x/1—x+ fﬂj
2x+y

-y
2x? + %) =3/2x—-1=11
2
Y

Jr+ap+l
(x—l)ﬁ—\/m+m+4x—3y
x2+y2+\/8x2—12xy+8y2 =x+y+2xy
(y+DNAx+5 +2(x+5)Jy +3 =3y% +14x+13
x—3m=3\/ﬁ—y

2 +16(y—x) +y =2y

Y32 —2y 4352 +6 =3x+ T2 +7 42

32 —4x? =3y +3x+1=0

V262 + 97) +2(5x - 3y) — 4y —3) +Vx + 1 =3y
\/y2—4(x+y)+17— x—y+3=2

%/x3+x2+y2+xy =
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16){<x—y+2>ﬁ=ﬁ
(4—Jx+x+1=3y-2+21-x
17 {x2+y2+2xy—2x+y—9=0
2x+8+\2x+1=4y* -3y +. 2y -1
18){(x+y)\/m:x+3y+2
(x—y)Wx—y+2=(x+y+DJx+y-2

\/x2+2+\/y2+3+x+y=5

19)

\/x2+2+\/y2+3—x—y:2

2 2,4 _
20) x\/y +6+y\/x +3="Txy

x\/x2+3+y\/y2+6:x2+y2+2

BAI 9. CONG, TRU HOAC NHAN CAC PHUONG TRINH
---000---
I. KIEN THUC CO BAN
Thuc hién céc phép cdng, trir hodc nhan theo 2 vé cua 2 phuong trinh trong hé dé duoc
hé mai don gian hon.

II. CAC Vi DU

. x3—y3=35
Vidu 1.
2x? +3y2 =4x-9y

x=2y3—6y—2

Vidu 2.
y:—x3+3x+4

x(xy+6)=y3
y(xy—24)=x

III. BAITAP

(x—y)(x2 +y2) =x*-1

(x+y)(x4 +y4):x4+1

Vi du 3. {

1)

2 xz(y2+l):2

x2y2+xy+1=3x2
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3 {y(xy—2)=3x2

y2+x2y+2x=0

3
=2
" X +xy
V2 +3xy=-3
5) \/xz+x+y+1+x+\/y2+x+y+1+y:18
\/xz+x+y+1—x+\/y2+x+y+1—y:2
6 202 42 —x+Jy—1-34=x+2xy
207 42— x+y—1-34=2y—xyp
5 x(xy+6)=y3
y(xy—24)=x3
l+L:2(x2+y2)
8) x 2y
I 1 _2_ .2
x 2y 4
(x+y)(30—4Jx)+2=0
9)
(x+2)(30+4Jy)-2=0

BAI 11. HE CO THAM SO
---000---
I. KIEN THUC CO BAN
1/ Tim diéu kién dé hé c6 nghiém duy nhit
e Dua vao ciu triic cia nghiém.
e Dua vio tinh chat hinh hoc.
2/ Tim diéu kién dé h¢ ¢6 k nghiém
e Tim diéu kién chinh x4c.
e Str dung phuong phap ham sé.
Chuy:
a/ g(m)= f(x) c6 nghitm x€ D &< mgn f(x)<gim)< mle)lx f(x). S6 nghiém cta phuong

trinh bang s6 giao diém cua hai duong.
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b/ g(m)> f(x) co nghiém x € D < g(m) > ml;n f(x).
¢/ g(m)< f(x) c6nghitm x€ D < g(m) < mgx f(x).
d/ g(m)> f(x) luén dtng v6i moi x € D < g(m) > mle)lx f(x).
e/ g(m)< f(x) luén ding véi moi x € D < g(m) < ml;n f(x).

II. CAC Vi DU

xX+y+xy=m+l

2 2

Vidu 1. Tim m dé hé phuong trinh sau c¢6 nghiém duy nhét:
X°y+xy-=m

mx+(m+1)y=2

x2+y2:4

\/;+\/;:1
xx/;+y\/;=1—3m

Vi du 2. Tim m dé hé phuong trinh sau c6 nghiém: {

Vi du 3. Tim m dé hé phuong trinh sau c6 nghiém: {

: N , N (|3 =y =2y my
Vi du 4. Tim m dé hé phuong trinh sau c6 nghiém duy nhat:

3y2 =x> = 2x% + mx

Nx+14+y—-2=m
+Vx—=2=m

Vi du 5. Tim m dé hé phuong trinh sau c6 nghiém: {

) =1
Vidu 6. Tim m dé hé phuong trinh sau c6 nghiém:
Crxy+yi=m
. , 21 , A ¥+ 2xy+ 7 =11
Vidu 7. Tim m dé hé phuong trinh sau c6 nghiém:
X2+ 2xy+3 y =m

2% - y+2x +xy=m

2

Vi du 8. Tim m dé hé phuong trinh sau ¢6 nghiém:
X“+x—-y=1-2m

III. BAITAP

2 +y?=9(1)

. Xac dinh mdé hé phuong
(2m+l)x+my+m—1 :O(2)

1)  Cho h¢ phuong trinh: {

trinh trén 6 2 nghiém (x;;;),(x,;), ) sao cho bicu thirc 4 =(x; —x, )2 +(y1 - )2
dat gia tri 16n nhat?
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x+ay—a=0 , o )
2)  Cho h¢ phuong trinh: § . Tim tat ca cac gia tri cia a dé h¢
xX“+y"—=x=0
phuong trinh da cho c6 hai nghi¢m phan biét.

x+y<2

c6 nghiém?
x+y+,/2x(y—l)+a =2

S N o S(xty) -4y =4
4)  V&inhiing gid tri nao cua m thi hé phuong trinh: co
x+y—-xy=1l-m

3)  Tim a déhé: {

nghiém?
xX+xy+y=2m+l

2

ludén co
xy(x+y)=m"+m

5)  Chung to rang v&i moi gia trj ciia tham s6 m, hé {

nghiém. Xac dinh m dé hé phuong trinh d6 c6 nghiém duy nhét?

X2 —8x+7<0 o .
c6 nghiém? Xac dinh m dé

+m<0

6) Timtham sé m dé hé { 5

X2 —(2m+1)x+m
hé bat phuong trinh d6 c6 mot nghiém duy nhét?
5x° +2xy—y2 >3
7)  Tim tham s6 m dé hé 5 s m €0 nghiém?
2x°+2xy+y° < 1
m p—

8)  Tim tit ca cac gia tri cua tham sd a dé hé phuong trinh sau c6 nghiém

x? —2xy—3y2 =8
2x% +4xy+5y? =a* —4a’ +4a% —12+/105

\/x+2+\/y+3=m
x+y=2m-5

9)  Tim m dé hé phuong trinh: { c6 nghi¢m?

2x—y-m=0

x+\/7—1

|
{x —5x+4<0
8

10) Tim m dé hé phuong trinh: c¢6 nghiém duy nhat?

11) Tim m dé hé phuong trinh: c6 nghiém?

3x2 —mxJx +16=0

xy x+2 y+2)=5m—6
12) Tim m dé hé phuong trinh: c6 nghiém?

x2 +y +2x+2y=2m

: x +2mxy+(m+1)y =m _
13) Tim m dé h¢ phuong trinh: c6 4 nghi¢m phan
x2 +(m+1)xy+2y2 =2m-1

biét?

) 3x2+y2 -2(x+y+xy)=15
14) Tim m dé hé phuong trinh: ( ) ( ) c6 nghiém?

x3+y3=m
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15)

16)

17)

18)

19)

20)

21)

22)

23)

24)

25)

26)

27)

Tim

Tim

Tim

Tim

Tim

Tim

Tim

Tim

Tim

Tim

Tim

Tim

Tim

-y =m
x+y—\/5=m
Nx+l+y+l=m

m dé hé phuong trinh: { c6 nghi¢m?

m dé hé phuong trinh: c6 nghi¢m?

x+y=2m+1

m dé hé phuong trinh: c6 nghi¢m?

m dé hé phuong trinh: c6 nghi¢m?

m dé hé phuong trinh: c6 nghi¢m?

p(x+1)(y+1)=m

m dé hé phuong trinh: c6 nghiém duy nhat?

x> =y +7x" —mx

m dé hé phuong trinh: c6 nghiém duy nhat?

m dé hé phuong trinh: c6 nghi¢m?

|
|
|
{x+y+xz+y2:g
|
|
|

X2+ xy—2 y2 =m
2
X1 A Lyt =12 A
m dé hé phuong trinh: c6 nghi¢m?
x? - xXy=26+m
m dé hé phuong trinh sau c6 nghiém?

4x3—6x2+(8y2+14y+15)x=12y3+8y2+15y
Ux? + —\/;zm
m dé hé phuong trinh sau c6 nghiém?
(3—x)x/2—x—2uy 2y-1=0
3y —1-m10-2x =2Y 1% -1
m dé hé phuong trinh sau c6 nghiém?
x3+6x=3x2+y3+3y+4
m\/x2+9=\/;—\/;+\/y—3—\/x—3

m dé hé phuong trinh sau c6 nghiém?
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28)

29)

30)

31)

32)

g2l _ 720341 | 50190 <2012

xz—(m+2)x+2m+320

Tim m dé hé phuong trinh sau c¢6 nghiém?

x3—y3+3y2—3x—2=0

x2+\/1—x2 —3\/2y—y2+m:O
Tim m dé hé phuong trinh sau c6 nghiém?
2{xy—-y+x+y=5
{\/E+ l-y=m
Tim m dé hé phuong trinh sau c¢6 3 nghiém phan biét?
xzy—x2+y:2
m(x2+y)—x2y:4

Tim m dé hé phuong trinh sau c6 nghiém?

(x—y)(x2+xy+y2+4)+3(x2—2y2):9y+8

JU+2(2x =)= )% = 2m+y5+2y -2

Tim m dé hé phuong trinh sau c6 nghiém?

s e
P 3y-3m(dE -]
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CHUYEN DE 8: MU VA LOGARIT

BAI 1. MU
I. KIEN THUC CO BAN
(10 =1 a" = ln a; =g a".a’=a™™"
a
a” n m " a) a"
=q"" a’) =(a") =a™" ab) =ada"b" —
- (@) ~(a") (a9 5] -5
II. BAITAP
Bai 1. Pwa vé dang co ban
. ) {azl . ) {0<a<1:u<v
a'=a & : a' >a &
u=v a>l:u>v
1/ 2x+'_4x—‘.8%:16" 2/ 0,125.4* :(%)
2x+1 7x
3/ gl =0,25.(ﬁ) 4/ 242552 = 9 53
3x2—5x+2 2 X +x—4 5 \sinx 2 2-\Bcosx
5/ (x—3) :(x —6x+9) 6/ (2+x—x ) :(2+x—x )

7/ 4xz—3x+2 +4xz+6x+5 :42x2+3x+7 11
g/ 0¥ gl _ g o)

11/ 35 +x2.3% +12x > 3x% +4x3"° +9

Bai 2. Phwong phap logarit hoa

x—1

1/ 5.8 * =500

2x-3

3/3°24 x =18

5/ x'¢* =1000x*
7/ xlogz(x+4) _ 32

8/ 25 405 0¥ 440,

10/ 25756 L o 9 96-5x 1]

2/ 2745 =1
4/ 5x +5x+] +5x+2 — 3x +3x+3 +3x+]

6/ 3.8 =36

Bai 3. Phwong phap dit an phu hoan toan

1/ 4%°0% 4 sin’x _3 =0

3/ (\/5—1)"+(J§+1)x—2ﬁ=0

5/ 22x2+] _9.2x2+x +22x+2 — 0

7/ 23){—6.2){—%4'2:1
2 (x-1) 2%

2/ (7+433) -3(2-V3) +2=0
4/ (3+5) +16(3-+5) =27
6/ 24" 16" =9

8/ 125% +50" = 2%
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9/ 9+ ~10.3 2 +1=0 10/ 3.8"+4.12" —18"—-2.27" =0
2 l+]
1) 1) : :
11/ (—] +3.(—] =12 12/ 97" =103 "2 +1=0
3 3
1 x=2
13/ 487 —6.21%* 42102 = () 14/ (Z) =249

15/ (243) +(7+443)(2-3) =4(2+43) 16/ 37 =3 +1-63" +30
17/ N15.2° +1 >

Bai 4. Phwong phap diit 4n phu khong hoan toan

2 —1\+2“' 18/ 8.3V 4 gi¥ls § g

1737 -(2749).3"+9.2" =0 2/ 9% +(x" ~3)3" —2x* +2=0
3/ 9x+(x—12).3x+11—x=0 4/ 3.25x_2+(3x_10).5x—2 S
5/9"+2(x-2).3" +2x-5=0 6/ 3.9 +(3x-7).3" +2-x=0

7/ 9" +2(x-2)3" +2x-5>0

Bai 5. Phwong phap dit an phu dwa vé hé

1/ 22 =2 +6 =6 2/ 8 +1=232"" -1

3/ 37 +43"+5=5 4/ 27" +2=33"" -2
Bai 6. Phuong phap ham s6

1/ x+2.30" =3 2/ 27 =27 = (x—1)’
3/ 277 2" =84 2x —x7 4/ 3 4 x—4=0

5/ 27 =32 +1 6/ 9*:5*+4X+2(@)x
7/ 3.x°* +(log, x—l)2 =x g/ plom(x+3) _ o

9/ 3*2x=3"+2x+1

BAI 2. LOGARIT
I. KIEN THUC CO BAN

. . |0<a=l
1/ log,u c6 nghia khi va chi khi {
u>0

2/ log,u=v<u=a'
3/ Céc cong thurc co ban:

log, 1=0 log, a=1 log, a" =u

78



TTLT PAI HQC DIEU HIEN - 43D Puong 3/2 — TP Cin Tho — DT: 0983. 336682

alogau

=u log, (uv) =log, u+log, v log, (ﬁ] =log, u—log, v
%
log, u® =a.log, u log, u=Inu log,, u =logu
2n 1
log, u™ =2n.log, |u| log ,u= ;loga u

4/ Cong thirc ddi co sb

1
log, u =log, b.log, u log, u = o8, X
log, b
% A 1
Dic biét: log, b=
log, a

log,c¢ log,a
5/ Cong thirc dic biét: PRI

II. BAITAP

Bai 7. Pwa vé phwong trinh co bén

O<a<liu<v
log,u=log,veu=v ; log,u > logav<:{

a>l:u>v
1 1
1/ 2log,(3x—1)+1=log, (2x+1) 2/ log, (x—1)+10g2x+]4 :§+log2 Vx+2
3/ log, (x—l)2 +logﬁ(2x—1) =2 4/ log,2+2log, 4=log ;-8

5/ log ~vx+1-log,,(3—x)—log x-1)'=0
N /2 8

6/ log4(x+1)2+2=10gﬁ\/4—x+10g8(4+x)3
7/ log, x+log, x +log,, x =11 8/ %logﬁ(x+3)+%log4 (x—l)8 =log, (4x)

9 log (3 —Jx? —2x+1) .

10/ log, (4.16" +12") = 2x+1.

N | —

11/ 2(log, x)’ =log, x.log, (V2x+1-1) 12/ %logz (5-x)+2log,B—x=1
13/ 16log . x~3log, x* =0

14/ log, Vx +log,,, (x* —2x+1)-log, (x* —4x+4) —log,, (x—1) =0

15/ log, (—4x” +13x~5)~log,; (3x+1) =0

16/ 2+1log,(x+1) >1-log, ,(4—x).

17/ log, x> =5x+6 +log, Vx—2 >llog (x-3)
3 1 7 =l

3 3
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Bai 8. Phuwong phap dit 4n phu hoan toan

X X 1
1/ log,,, (2x* +x—1)+log,,, (2x—=1)" =4 2/ log, (4" +152 +27)+2log2(4.2x_3]=

3/ log, (4" +4).log, (4" +1)=log, \/g 4/ log, (3" ~1).log, (3" =3)=6

5/ 2(log, x+1)log, x+log, i =0

Bai 9. Phuong phap dit 4n phu khong hoan toan

1/ log? (x2 +1)+(x2 —5)log(x2 +1) ~5x* =0 2/ log® x—logx.log, (4x)+2log, x =0
3/ log; x+(x—5)log, x—2x+6=0 4/ log; x+(x—4)log, x—x+3=0

Bai 10. Phuwong phap dit an phu dwa vé hé

1/ log, (x—\/x2 —1)+3log2(x+\/x2 —1):2

2/ \3+log, (x* ~4x+5) +2,[5-log, (x* ~4x+5) =6

3/ log: x +4/log, x+1=1

Bai 11. Phwong phap ham s

1/ logz(xz—4)+x:10g2(8(x+2)) 2/ log%(x2—2x—3):2log2(x2—2x_4)
3x—x’-1

3/ x2+310g2x :xlogz5 4/ 10g3 (m_i_z)_'_(%] )

5/ 10g2 (x+310g5x) :10g6X 6/ 2log3(x+l) _

BAI 3. HE PHUONG TRINH MU VA LOGARIT
Bai 12. Phwong phap bién d6i roi thé

=5y" -4y

4 1347 =
4x +2x+] 2/

x+3y= 2—log43

4-x

X
y+ log3

5/

6/
log2 2x+y —log, (2x—y):1 - _ g

o S el

1
10g1/4 Y- x —log, — ) =1
3log, 9x) log,y’ =3

7/

x=3|y|[+2=0
3/
27 — 3797 =0
{4)52 {log2 x*+y° —1+10g2 (xy)
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x—4|y|+3=0

10/
Jlog, x —log, y=0

12/

X' —4x+y+2=0
11/
2log, (x—2)—log 5 (¥)=0

log, x+2lo 3
gz g, )V= 14/

x +2010
¥ +2010

log 6x+4y :2
log 6y+4x :2

17/

log2 x+log,(x+y)=2+log,3y

/3y(X+y)+x =37

T x+log, y=3
(2y° -y +12)3" =81y
Bai 13. Phuong phap dit 4n phu

32x+2 +22y+2 :17
1/
23"1+32" =8

3/ 22|x|+] _32\){\ — y2 _2
2y* =3y =2%-2
Y y

23x+l 2y -2 3 2y+3x
5/
3P +1+xpy =vx+1

X,y

7/ 4Y * =32
log, (x—y)=1-log,(x+y)

log,,, (3x+y)+log,,,, (x2 +2xy+ yz) =3

477 4247

9/

=20

47 1o =4
11/ 82%
log, x+27% =4

18/
log, y—log, x =1

9x?
0/

2009 =
T7R
3log3 (x+2y+6)=2log, (x+y+2)+1  F ¥2

log (x3 +2x° —3x—5y):3
log, (y3 +2y° —3y—5x):3

log, \/x+y :310g8(\/x+y +2)

\/xz+yz+1—\/xz—y2 =3

5
=
(x+y) >

3logs(x+y)=x-y

log, (3y-1)=
:3y2

xlog3y + 2ylog3x — 27

—4y* =5
logs (3x+2y)—log, (3x-2y)=1

2/ 42x -2 22x +y +4y _1
22y+2 22x +y :16
910g2 xy) )10823

4/

(x+1)"+ y+1) =1

6/

3x+2y+] 34y+x+]

33y+x — 0

{2x2+7xy+6y =0
{ log2x+10g2 j:yZ

log, (xy—x+y)=2log, x

Lo/ 2log, y =log;, x—1
log, y = (log, x—1)log, 3

(7+443)
(7+4\/§)y

—2(2+3) =
—2(2+J§)x=

12/
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log, x+3,/5—-1o =5
13/ 23 g

3y/log, x—1-log, y=-1
Bai 14. Phwong phap ham s

(1+47)5" 0 =143

1/ 1
x> =3y fy——:1—2y
X

3P _5.6"+427 =0
3/

X’ +y=y"+x
5/ y=Yy
2x+y _2x—] :x_y

2" 4+2x=3+
7/{ e

¥’ +3y+ln(2y+1):x

X _ Ly _
13/ {e e ln(1+x) 1n(1+y)
y—x=1

NN R Ny N

14/ 42xz—2 _22x2+y—] +4y — 4
2292 4 3925 1)

e =x—-y+l1

" {e"‘y +e =2(x+1)
|
|

log, Vx+3 =1+log, y

log,\y+3=1+log, x

In(I+x)-In(1+y)=x-y

12/
x> =12xy+20y° =0
¢ =2007 ——2.
¥ -1
14/
¢’ =2007 ——>
x> -1
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CHUYEN PE 9: PHUONG PHAP TQA PQ TRONG MAT PHANG
BAI 1. TQA PO TRONG MAT PHANG
I. KIEN THUC CO BAN
1/ Mat phiang Oxy 1a mp gom 2 truc Ox,Oy vudng goc tai O, O 1a gdc toa o, Ox 14 truc hoanh, Oy

la tryuc tung. Hai véc to don vi f,}' cua Ox,0Oy.
2/ Néu a =ayi+a, thitoadd ciavéc to a 1a a=(ay,a,).

3/ Cho a=(aj,a,) va b=(b,b,) thi:
. M . - 7 4 :bl
a/ Hai véc to bang nhau. a=b&

b/ Céng trir 2 véc to: atb=(aj,a,)x(b,by)=(a £b,a, £ b))

¢/ Nhén 1 s6 véi I véc to: ka= k(al,az) = (kal,kaz)

d/ Tich vé huong: ab = ab, +a,b,

e/ M6 dun cua véc to: |&| =.a +a;

f/ Géc giita 2 véc to: cos(a,E ) _ @b abtab,  paoviet a1beab=o.
|Zz'|.‘b‘ \/af +a; \/bf +b;

g/ Hai véc to ciing phwong:  allb < Y

b2
4/ Néu OM =x),i+y,, j thitoa dd ciia diém M 1a M (xy, vy ).
5/Cho A(x4,y,), B(xz,y5) va C(xc,y¢) thi:

a/ Toa do veéc to: EZ(XB—XA,J’B—J’A)

b/ Khodng cach gita 2 diém A,B: 4B =|(xz—x,) +(v5—14)’

xA + xB
Xy = -
c/ Toa do trung diem: M la trung diém cia AB <
_YatVp
2
+Xxp+
XG _ xA X3B xC
d/ Toa do trong tam : G la trong tam cua tam gidc ABC &
_Yatyptyc
G

e/ 3 diém thang hang: A,B,C thang hang < AB//AC

Xp =Xy Vp— V4

Xe =Xy Vo=V

1 .
t/ Dién tich tam gidc: dt(ABC ) = ) |D| vo1 D=
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II. BAITAP
Bai 1. Trong mit phang véi hé toa do Oxy, cho A(1,2),B(-2,6),C(4,4). Tim D sao cho ABCD la
hinh binh hanh. Tim giao diém ciia 2 dudng chéo.
Bai 2. Trong mit phing v6i hé toa do Oxy, cho 2 diém 4(-2,-2),B(5,-4).
1/ Tim trong tAm, truc tim va tdm dudng tron ngoai tiép tam giac O4AB . CMR 3 diém nay thang hang.
2/ Tim C sao cho tam gidc ABC c6 trong tam la G(2,0).
Bai 3. Chung minh rang 4(-1,1), B(1,3) va diém C(-2,0) thing hang.
Bai 4. Cho cac diém 4(-1,2),B(3,4) va C(0,2). Tim céc diém M thoa MA—2MB=0.
Bai 5. Cho cdc diém A(-1,-1),B(3,5) va C(-4,1). Goi D,E lan luot la chan duong phan gidc
trong va duong phan giac ngoai cia goc 4. Tinh AE, AF .
Bai 6. Tinh goc gitra cac véc to sau:
1/ a=(3,2),b=(5-2)
2/ c=(1,-2),d =(2,-4).
BAI 2. PUONG THANG

I. KIEN THUC CO BAN
1/ Véc to dic trung ciia duwdng thiang:

- Vécto n=(a,b) dugc goi la vtpt ciadtd < n Ld.

- Vécto a= (aj,a,) dugc goila vipt cua dtd < a//d hodc a nim trén d.

Nhan xét: aln.
2/ Phwong trinh dwong thang:

- Phuong trinh téng quat: ax+by+c=0.Khido: n=(a,b) va a=(~b,a) hoic a=(b,~a).

- Ptdqua M (xq,¥y) vacovipt n=(a,b) thico pttq: a(x—xo)+b(y—y,)=0.

X =Xx,+1aq,

- Ptdqua M(xy,yy) vicovtep a=(ay,a,) thicéptts:{ .
( ) Y=y, t1a,

— X — Y=Y
a a,

- Ptdqua M (xq,¥y) vaco viep a=(ay,a,) thico ptet: al
- Dtdqua M(x,y,) vaco hésd gock copt: y=k(x—x;)+¥,.

- Ptdqua?2diém 4,B co pt: XX VT Va
X=Xy YV~ V4

- Ptdqua?2 diém A(a,0),B(0,b) co pt doan chén: £+%:1.
a

3/ Vi tri ciia hai duwong thing:
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Cho haidt: d;:aqyx+by+c¢; =0 va d, :a,x+b,y+c, =0. Khi do:

z aq bl N . LR Y , 4 , o 1A al-X+b]y+01:0
- d; cat d, & — #— . Tim giao di€m bang cach bam may giai hé .
a, bz arXx +b2y + CH = 0
L odd, e e
a b o
a b o
4/ Goc giira hai dt:

- Goécgitta2 dt: d;:ax+by+c, =0 va dy :a,x+byy+c, =0 dugc tinh bang:

g na, | |aya, +byb, |

[ng, | ng, | \/alz +b]2\/a§ +b3

cos(d),d,)=

- Néu d,:y=kx+b va dy:y=k,x+b, thi gbc tinh boi cong thirc:

kl _kz
14 k,k,

tan(d,,d,)=

5/ Khoang cach tir diém dén dwong thing:

axy +byy +c
Cho M (x, o) va d:ax+by+c=0 thi d(M,d) ety rel
Va? +b?
6/ Vi tri ciia 2 diém doi véi 1 dudng:
Cho 2 diém M,N va d:ax+by+c=0 thi
- M,N cung phia v6i d < (axy, +byy, +¢)(axy +byy +¢)>0.
- M, N khac phia v6i d < (axy, + by, +c¢)(axy +byy +¢)<0.
7/ Phwong trinh dwong phén giic tao béi hai dwong thang:
Cho2dt: dy:ax+by+c =0 va d,:a,x+b,y+c, =0.Khi d6 phuong trinh dudng phin giac tao boi

dl Vél dz lél a1x+b]y+cl ::l:a2x+b2y+02

\/a12 +b]2 \/a22 +b22

II. BAITAP

Bai 7. Trong mit phing v6i hé toa d6 Oxy, cho A(2,1) va d:2x+3y+4=0. Lap phuong trinh
duong thang qua A hop voi d mot goc g .

Bai 8. Trong mit phang Oxy cho M(—l,O) va hai duong thang d, :x+2y+5=0,d,: x—2y+3=0.

Viét phuong trinh dudng thang d; qua M cit d;, d> 1an luot tai 4 va B sao cho MA = MB. Tinh dién
tich tam giac tao boi 3 dudng thing d;, s, ds.
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Bai 9. Trong mat phang véi hé toa dd Oxy, viét phuong trinh duong thang (A) di qua diem M (3;1)
va cit tia Ox, Oy lan luot tai B,C sao cho tam gidc ABC vudng can tai 4 voi A(2; —2).

Bai 10.Trong mit phing v6i hé toa dd Oxy, 14p phuong trinh duong thang (d) qua M (2;1) va tao
V61 cac truc toa do mdt tam gidc co6 dién tich S =4.

Bai 11. Trong mit phing véi hé toa o Oxy, cho diém A(2; 1) va dudng thing (d): 2x+3y+4=0.
Lép phuong trinh duong thang (A) diqua 4 va tao vé6i (d ) mot goc 45°.

Bai 12.Trong mit phang v4i hé toa dd Oxy, cho diém I(1;1) va duong thang (d):2x—y-2=0.
Lép phuong trinh duong thang (A) céch di€ém / mot khoang bang J10 va tao véi dudng thing (d)
mot goc 45°.

Bai 13.Trong mit phang v&i hé toa d Oxy, cho 2 dudng thing d:3x+y+5=0,d,: 3x+y+1=0
va diém 7/ (1; —2). Viét phuong trinh duong thang Adi qua I cat d,d, lan luot tai 4 va B sao cho
AB=22.

Bai 14.Trong mit phing v6i hé toa dd Oxy, cho 2 duong thing d:x+y+1=0,d,: 2x—y-1=0.
Léap phuong trinh duong thing (d) di qua M (1;—1) cdt d, va d, tuong ing tai 4vaB sao cho
2MA+MB =0.

Bai 15. Trong mit phang voi hé toa dd Oxy, cho diém M (1;0). Lap phwong trinh duong thang (d)
di qua M va cit hai duong thang d:x+y+1=0, d,:x-2y+2=0 lan luot tai A4, B sao cho
MB =3MA.

Bai 16.Trong mit phang vé6i hé toa dd Oxy, cho 2 duong thang d,: x—7y+17=0, d,: x+y-5=0.
Viét phuong trinh dudng thing (d) di qua diém M (0,1) tao véi d,, d, mt tam gidc can tai giao
diém coa d,, d, .

Bai 17.Trong mit phang v6i hé toa d6 Oxy, cho 2 dudng thiang d,: 2x—y+5=0,
d,: 3x+6y—7=0. Lap phuong trinh dudong thang di qua diém P(2;—1) sao cho dudng thang d6 cat
duong thang d, va d, tao ra mot tam giac can c6 dinh la giao diém cta hai dudng thing d,d,.

Bai 18.Trong mit phang véi hé toa d§ Oxy, cho diém M (1;1). Lap phuong trinh duong thang (d)di
qua M va cat hai dudng thang d:3x-y-5=0, d,:x+y-4=0 lan luot tai 4, B sao cho
2MA-3MB =0.

Bai 19.Trong mat phing voi hé toa do Oxy, cho diém M (3;1). Viét phuong trinh dudng thang (d)

di qua diém M va cittia Ox, Oy lan luot tai 4, B sao cho (OA4+30B) nho nht.
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Bai 20. Trong mit phing v6i hé toa dd Oxy, viét phuong trinh duong thing (A) di qua diém M (4; 1)
va cit tia Ox, Oy lan luot tai 4, B sao cho tong OA4+ OB nho nhét.

Bai 21. Trong mit phing voi hé toa o Oxy, viét phuong trinh dudng thang (d) di qua diem M (1;2)

va cit tia Ox, Oy lan luot tai A4, B khac O sao cho + nho nhét.

04> OB’
Bai 22. Trong miat phang voi hé toa do Oxy, cho hai dudng thing (d,):3x+ y+2=0 va

(d2 ) :x=3y+4=0.Goi 4 1a giao diém cua d,d,. Viét phuong trinh dudng thang di qua M , cét hai

duong thang d,, d, tai hai diém lan luot 1a B, C (B va C khac 4) sao cho

+
B*>  AC*?

dat gia tri nho
nhét.

Bai 23. Trong mat phang véi hé toa d§ Oxy, cho AABC biét A(2;-3), B(3;-2) c6 dién tich bing %
va trong tdim G thudc duong thing A:3x—y—8=0. Tim toa d6 dinh C.

Bai 24. Trong mit phang v6i hé toa d0 Oxy, cho duong thing d:x+2y-3=0, va diém
A(-1;2), B(2;1). Tim toa do diém C thudc d sao cho dién tich tam gidc ABC bang 2.

Bai 25. Trong mit phang véi hé toa dd Oxy, cho A4BC biét A(1;0), B(0;2), dién tich tam giac bing
2 vatrung diém / cia AC nam trén dudng thing d: y = x. Tim toa do diém C .

Bai 26. Trong mit phang voi hé toa dd Oxy, cho AABC c6 trung diém canh AB 1a M (—1;2), tam
duong tron ngoai tiép tam giac 1a 1 (2;—1). Puong cao cua tam giac ké tr 4 c6 phuong trinh
2x+y+1=0. Tim toa do dinh C.

Bai 27. Trong mit phing voi hé toa do Oxy, cho AABC v6i AB=+/5, dinh C(~1;~1)dudng thing
AB c6 phuong trinh x+2y—-3=0, trong tim ctia A4ABC thudc duong thing d:x+y—-2=0. Xac
dinh toa d§ A4, B cua tam gidc AABC.

Bai 28. Trong mit phing v6i hé toa do Oxy, cho G(2;1)va hai dudng thang d,:x+2y-7=0,
d,:5x+y—-8=0. Tim toa d diém B e d,, C ed, sao cho tam gidc 4ABC nhan G 1a trong tam, biét
A 1a giao diém cua d, vad,.

Bai 29. Trong mit phang v&i hé toa dd Oxy, cho A4BC cd A(2;1) . Puong cao BH c6 phuong trinh
13 x—3y—7=0. Pudng trung tuyén CM c6 phuong trinh x+ y+1=0. Xac dinh toa do cac dinh
B, C. Tinh dién tich tam giac ABC.

Bai 30. Trong mit phing voi hé toa do Oxy, cho A4BC c¢6 A(4;-2), phuong trinh duong cao ké tir

C va duong trung tryc ciia BC lan luot 1a: x— y+2=0, 3x+4y—-2=0. Tim toa d6 cac dinh B va C.
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Bai 31. Trong mat phfmg vo1 hé toa do Oxy, cho AABC can tai A(—l;4) va cac dinh B, C thudc
duong thang A:x—y—4=0. Xac dinh toa do cac diém B, C, biét dién tich A4BC bang 18.

Bai 32. Trong mit phang v&i hé toa dd Oxy, cho AABC ¢6 A(-3;6), tryc tam H (2;1), trong tam
4 7 e N \
G g,g . Xac dinh toa d6 cac dinh B va C.

Bai 33. Trong mit phang voi hé toa dd Oxy, cho AABC c6 dinh A(3; —4) , phuong trinh dudng trung
tryc canh BC, dudng trung tuyén xuit phat tr C lan luot 1a d:x+y-1=0 va d,:3x-y-9=0.
Tim toa d6 cac dinh B, C cua AABC.

Bai 34. Trong mit phiang voi hé toa dd Oxy, cho A4BC can tai A(6;6), duong thang d di qua trung
diém cta cac canh AB va AC c6 phuong trinh 14 x+y—4=0. Tim toa d0 cac dinh B, C, biét
E (1; —3) nam trén duong cao di qua dinh C cta tam giac da cho.

Bai 35. Trong mit phang v6i hé toa dd Oxy, cho AABC c¢6 dinh A(2;4) , duong thang A di qua trung
diém cta canh AB va ACco phuong trinh 13 4x—6y+9=0, trung diém cta canh BC nim trén
duong thang d c6 phuong trinh 14 2x—2y—1=0. Tim toa d cac dinh B, C biét rang tam giac 4BC

c6 dién tich bang % va dinh C c6 hoanh dg 16m hon 1.

Bai 36. Trong mit phang v&i hé toa dd Oxy, cho A4BC c6 dinh B(3;5), phuong trinh duong cao ha
tir dinh 4 va duong trung tuyén ha tir dinh C 1an luot 1a d, :2x-5y+3=0, d,:x+y—-5=0. Tim

toa do cac dinh 4 va C cua AABC.

Bai 37. Trong mat phfmg vo1 h¢ toa do Oxy, tim toa dJ céc dinh ciia mot tam giac vudng can, biét mot
dinh Ia C(3;-1) va phuong trinh canh huyén la d:3x—y+2=0.

Bai 38. Trong mit phiang voi hé toa d0 Oxy, cho A4BC c¢6 dinh B(l;—2), duong cao
AH :x—y+3=0. Tim toa do cac dinh 4, C ciia AABC biét C thudc duong thing d:2x+y—1=0
va dién tich A4BC bang 1.

Bai 39. Trong mat phfmg vo1 hé toa d0 Oxy, cho AABC vudng tai B(2;1), diém B nam trén truc
hoanh, diém C nim trén truc tung sao cho B, C c6 toa d§ khong am. Tim toa d0 B, C sao cho dién
tich AABC 16n nhét.

Bai 40. Trong mit phang véi hé toa dd Oxy, cho AABC c6 trong tAm G(—2;O) va phuong trinh cac
canh AB, AC theothttula 4x+y+14=0, 2x+5y—-2=0. Tim toa dj cac dinh 4, B, C.

Bai 41. Trong mat phfmg vol hé toa dd Oxy, cho AABC c6 tryc tam H(—1;6), cac diém

M (2;2), N(1;1) 1an luot 14 trung diém cua cac canh AC, BC . Tim toa do cac dinh 4, B, C.
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Bai 42. Trong mit phang v&i hé toa dd Oxy, cho AABC c6 phan giac trong AD va dudng cao CH
lan luot c6 phuong trinh x+y—-2=0 va x—2y+5=0. Piém M(3;0) thuoc doan AC thoa man
AB=2AM . Tim toa d cac dinh A4, B, C.

Bai 43. Trong mit phang vai hé toa dd Oxy, cho AABC céantai 4, dudong thaing BC c6 phuong trinh
x+2y-2=0.Pudng cao ké tir B c6 phuong trinh x—y+4=0, diém M(—l;O)thuéc duong cao ké
tr C. Xac dinh toa dg céac dinh ctua tam giac ABC.

Bai 44. Trong mit phang v6i hé toa d0 Oxy, cho A4ABC c¢6 dinh 4 thudc duong thing
d:x—4y—-2=0, canh BC song song voi d, phuong trinh duong cao BH :x+y+3=0 va trung
diém canh AC la M (1;1). Tim toa d6 cac dinh 4, B, C.

Bai 45. Trong mit phang véi hé toa dd Oxy, cho AABC c6 duong cao BH :3x+4y+10=0, dudng
phan gidc trong goc 4 1 AD:x—y+1=0, diém M (0;2) thuc 4B dong thoi cach C mot khoang
bang V2 . Tim toa do cac dinh ctua tam giac ABC'.

Bai 46. Trong mit phang voi hé toa dd Oxy, cho A4BC c6 diém M (—1;1) 1a trung diém cua canh
BC, hai canh 4B, AC lan luot ndm trén hai dudng thang d, :x+y—-2=0 va d,:2x+6y+3=0.
Tim toa d0 cac dinh 4, B, C.

Bai 47. Trong mit phang voi hé toa dd Oxy, cho AABC can cb day BC, dinh A c6 toa do 1a cac s6
duong, hai diém B va C nam trén truc Ox, phuong trinh canh AB: y:3\/7 (x—l). Biét chu vi
AABC bang 18, tim toa do cac dinh 4, B, C.

Bai 48. Trong mit phang vé6i hé toa o Oxy, cho AABC c6 A(5;2). Phuong trinh dudng trung truc
canh BC, duong trung tuyén CC' lan luot 14 x+y—6=0va 2x—y+3=0. Tim toa do cac dinh
B, C cua AABC.

Bai 49. Trong mat phfmg voi1 hé toa do Oxy, biét toa do truc tAm, tim duong tron ngoai tiép AABC
\ L 5
lan lwot 1a H(2;2), 1(1;2) va trung diém M(%’Ej cua canh BC . Hay tim toa do cac dinh 4, B, C

biét x, > x,.

Bai 50. Trong mat phfmg vo1 hé toa do Oxy, cho AABC cantai C, c6 dién tich be‘ing 10. Phuong trinh
canh AB:x-2y=0, diém 1(4;2) la trung diém cia AB, diém M(4;%) thudoc canh BC. Tim toa
do cac dinh 4, B, Cbiét tung d6 dinh B 16n hon hoic bang 3.

Bai 51. Trong mat phfmg vo1 hé toa d0 Oxy, cho AABC vuong tai A, cac dinh A4, B thudc duong
thang d:y =2, phuong trinh canh BC:\/gx—y+2 =0. Tim toa do cac dinh A4, B, Cbiét ban kinh

duong tron ndi tiép AABC bang V3.
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Bai 52. Trong mat phfmg vo1 h¢ toa do Oxy, tim toa do cac dinh cuartam gidc vudng can ABC, c6
8

phuong trinh hai canh 4B:x-2y+1=0, AC:2x+y—-3=0 va canh BC chtra dinh I(g;lj.

Bai 53. Trong mat phfmg voi1 hé toa do Oxy, cho AABC vudng tai 4, biét cac dinh 4, B, C lan lugt

nam trén cac duong théng d:x+y-5=0,d,:x+1=0,d,:y+2=0. Tim toa do cac dinh 4, B, C biét

BC=52.

Bai 54.Trong mit phang véi hé toa dd Oxy, cho AABC vudng tai C, biét phuong trinh dudng thing
. . 14 5) . ... . s 65 . .

AB:x+y—-2=0, trong tam ctaAABC 1a G ?,g va dién tich AABC bang > Viét phuong trinh

duong tron ngoai tiép AABC .
Bai 55. Trong mit phang v&i hé toa do Oxy, cho AABC c6 phuong trinh canh AB:x+y—-3=0,

1 . .
phuong trinh canh AC:3x+y—7 =0 va trong tam G(2;§] . Viét phuong trinh duong tron di qua truc

tam H va 2 dinh B, C cua A4BC.

Bai 56. Trong mit phang voi hé toa dd Oxy, cho diém A(0;2) va duong thing d :x-2y+2=0. Tim
trén d hai diém B, C sao cho AABC vudng tai B va AB=2BC.

Bai 57. Trong mit phang voi hé toa dd Oxy, cho A4ABC vudng cin, ngoai tiép duong tron
(C):x*+y* =2. Tim toa d¢ 3 dinh ctia A4BC, biét 4 € Ox.

Bai 58. Trong mit phang voi hé toa dd Oxy, cho AABC c6 trung diém cua canh BC 1a diém
M (3;-1), duong thang chira dudng cao ké tir dinh B di qua E(-1;-3) va duong thing chita canh
AC di qua diém F (1;3) . Tim toa d6 cac dinh cuia AABC , biét rang diém d6i xing ctia dinh 4 qua
tam dudng tron ngoai ti€p A4BC la diém D(4;-2).

Bai 59. Trong mit phing v6i hé toa dd Oxy, cho AABC vudng tai A, biét B va C ddi xtmg nhau
qua goc toa do. Puong phan gidc trong cla goc ABC 1a d:x+2y—-5=0. Tim toa d6 cac dinh cua

AABC biét duong thing AC di qua diém K (6;2).
. Co g R o 4. 7). . s
Bai 60. Trong mat phang voi hé toa do Oxy, cho AABC c¢6 dinh 4 g,g va phuong trinh hai duong

phan giac trong BB':x—2y—1=0 va CC':x+3y—1=0. Chirng minh ring A4BC vudng.
Bai 61. Trong mit phing voi hé toa @0 Oxy, cho AABC c6 dinh A(1;3) va hai duong trung tuyén

ctia n6 c6 phuong trinh 14 x—2y+1=0 va y—1=0. Hiy viét phuong trinh cac canh cia AABC .
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Bai 62. Trong mit phang véi hé toa dd Oxy, cho AABC c6 dinh B(—12;1), duong phan giac trong
cua goc A co phuong trinh d:x+2y—-5=0. G(%,%j 14 trong tdm ctia A4BC . Viét phuong trinh
duong thang BC .

Bai 63. Trong mit phang voi hé toa do Oxy, cho A4ABC can, canh didy BC c6 phuong trinh
d,:x+y+1=0. Phuong trinh duong cao ké tr B 1a d,:x-2y-2=0. Diém M(2;1) thudc duong
cao vé& tr C. Viét phuong trinh cic canh bén ctia AABC. BS: AB:x+2y+2=0, AC:6x+3y+1=0.
Bai 64. Trong mit phiang v6i hé toa d6 Oxy, cho tam gidc c¢6 phuong trinh hai canh 1a
AB:5x-2y+6=0 va AC:4x+7y—-21=0. Viét phuong trinh canh BC, biét rang truc tAm cta nd
tring voi gbe toa do.

Bai 65. Trong mit phang v6i hé toa do Oxy, cho tam gidc ABC c6 phuong trinh hai canh 1a
AB:x—y-2=0 va AC:x+2y—-5=0. Viét phuong trinh canh BC, biét rang truc tim cua né trung
v6i gbc toa do. Viét phwong trinh canh BC, biét trong tdm cua tam gidc la G(3;2) . bS:
x—=4y+7=0.

Bai 66. Trong miat phang véi hé toa dd Oxy, cho tam giac ABC c6 dinh A(2;7) va duong thang
4 . = ey ¥4 M .y A . N , A 13
ABcat Oy tai E sao cho AE =2EB . Biét rang tam gidc EAC cantai E va co trong tam G 2;? .

Viét phuong trinh canh BC.

Bai 67. Trong mit phang véi hé toa dd Oxy, cho tam gidc ABC c6 dinh A (1;2) , phuong trinh duong
trung tuyén BM :2x+ y+1=0 va phin giac trong CD:x+y—1=0. Viét phuong trinh duong thing
BC.

Bai 68. Trong mit phang véi hé toa 4o Oxy, cho tam gidc ABC c6 phuong trinh duong phan giac
trong goc 4 1a d,:x+y+2=0, phuong trinh duong cao vé tor B 1a d,:2x—y+1=0, canh 4B di
qua M(l;—l). Tim phuong trinh canh AC. BS: x+2y+7=0.

Bai 69. Trong mit phang voi hé toa dd Oxy, cho tam gidc ABC can tai 4 c6 phuong trinh canh
AB, BClan lugt 1 x+2y—1va 3x—y+5=0. Viét phuong trinh canh AC biét AC di qua diém
M (1;-3).

Bai 70. Trong mit phang voi hé toa dd Oxy, cho tam gidc ABC co truc tim H (—1;4), tam duong
tron ngoai tiép /(-3;0) va trung diém ctia canh BC la M (0;-3). Viét phuong trinh dudng thang
AB biét diém B c6 hoanh d6 duong.

Bai 71. Trong mit phang v&i hé toa dd Oxy, cho tam gidc ABC co A(3;3), B(2;-1), C(11;2). Viét
phuong trinh duong thang diqua A va chia tam gidc 4BC thanh hai phan c6 ti s6 dién tich bang 2.
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Bai 72. Trong miat phang v6i hé toa do Oxy, cho hai duong thing d,:2x+5y+3=0 va

d, :5x=2y-7=0 cit nhau tai 4 va diém P(—7;8) . Viét phuong trinh duong thang d, diqua P tao
.. . e A s aen iy 29
V61 d,, d, thanh tam gidc can tai 4 c6 dién tich bang 5

Bai 73. Trong mit phang véi hé toa dd Oxy, cho tam gidc ABC vudng tai A . Pinh B(l;l), duong
thaing AC:4x+3y—32=0. Trén BC lay diém M sao cho BC.BM =75. Tim dinh C biét ban kinh

V5
g2'

ctia dudng tron ngoai tiép tam gidc AMC ban

Bai 74. Trong mit phang voi hé toa dd Oxy, cho tam gidc ABC vudng tai 4, phuong trinh duong
thang BC: J3x— y—\/g =0, cac dinh 4, B nam trén truc hoanh va ban kinh dudng tron ngoai tiép
tam gidc ABC bang 2. Tim toa do trong tAm G cta tam giac ABC.

Bai 75. Trong mit phang vdi hé toa dd Oxy, cho A4BC biét: B(2;—1), duong cao qua A c6 phuong
trinh d, :3x-4y+27=0, duong phan giac trong géc C c6 phuong trinh d, :x+2y—-5=0. Tim toa
do diém 4.

Bai 76. Trong mit phang véi hé toa 46 Oxy, cho AABC cb dudng cao AH , trung tuyén CM va phan

. 1
giac trong BD . Biét H(—4;1), M(%;U] va BD c6 phuong trinh x+y—-5=0. Tim toa d¢ dinh A4

cua tam gidc ABC'.

Bai 77. Trong mit phang v&i hé toa dd Oxy, cho AABC c6 dinh C(4;3), biét phuong trinh dudng
phan giac trong 4D 1& x+2y—5=0, duong trung tuyén AM :4x+13y—10=0. Tim toa do dinh B .
Bai 78. Trong mit phang v6i hé toa dd Oxy, cho A4BC c6 dinh A(l;—2), phuong trinh dudng cao
CH :x—y+1=0, phan giac trong BN :2x+y+5=0. Tim toa d§ cac dinh B, C va tinh dién tich
AABC.

Bai 79. Trong mit phang véi hé toa dd Oxy, cho A4BC c6 dinh A(l;—3) , phuong trinh duong phan
giac trong BD:x+y—2=0 va phuong trinh duong trung tuyén CE:x+8y—7=0. Tim toa do cac
dinh B, C.

Bai 80. Trong mit phang véi hé toa do Oxy, cho AABC c6 dinh B(-1;-3), trong tim G(4;-2),
trung truc cia AB 1a d:3x+2y—4=0. Viét phuong trinh dudng tron ngoai tiép A4BC .

Bai 81. Trong mit phang v&i hé toa do Oxy, cho A4BC biét phuong trinh cac dudng thing chira
canh AB, BC lan luot 1a 4x+3y=4=0va x—y—1=0. Phan gidc trong cia 4 nim trén duong thang

x+2y—-6=0. Tim toa dj cac dinh ctua tam giac ABC.
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Bai 82. Trong mit phang voi hé toa dd Oxy, cho A4BC c6 dinh B(2;-1), duong cao xuét phat tir

A va dudng phan giac trong goc C lan luot 1a d 3x—-4y+27=0,d,:x+2y-5=0. Viét phuong
trinh cac canh cua AABC.

Bai 83. Trong mit phang v&i hé toa dd Oxy, cho hinh thang vudng ABCD tai A va D, c6 day 16n 1a
CDdudng thing AD c6 phuong trinh 1d d,:3x—y=0, dudng thing BDcod phuong trinh
d,:x—2y=0, goc tao bd1i 2 duong thaing BC va ABbang 45°. Viét phuong trinh duong thing BC
biét dién tich hinh thang bang 24, va diém B c6 hoanh d6 duong.

Bai 84. Trong mit phang v&i hé toa dd Oxy, cho hinh thang can ABCD (AB//CD, AB < CD). Biét

A(O;2), D(-2;-2) va giao diém [ cta AC va BD nam trén duong thang c6 phuong trinh
d:x+y—4=0.Tim toa dd cic dinh con lai ciia hinh thang khi 40D = 45°.

Bai 85. Trong mit phing voi hé toa d6 Oxy, cho duong tron (C):(x—1)"+(y—2) =2 va 2 diém
A(0;—4), B(4;0), Tim toa do 2 diém C, D sao cho dudng tron (C) noi tiép trong hinh thang ABCD
codayla 4B va CD.

Bai 86. Trong mat phing voéi hé toa dd Oxy, cho hinh thang ABCD c6 dién tich bang 4. Biét
A(l;O), B(0;2) va giao diém 7 ctia 2 duong chéo nam trén dudng thang y = x. Tim toa do cic dinh

CvabD.

, 1 ,
Bai 87. Trong mat phang véi hé toa d6 Oxy, cho hinh chir nhat ABCD c6 tam [ (5;0] . Puong thiang
chtra canh AB:x—-2y+2=0, AB=2AD . Tim toa do cac dinh 4, B, C, D biét 4 c6 hanh d6 am.
Bai 88. Trong mit phing v&i hé toa 40 Oxy, cho hinh chit nhat 4BCD. Biét AB=2BC, dudng

: , 4 : , : ,
thang 4B di qua diém M (—5;1], duong thang BC di qua diem N (0;3), duong thang AD di qua

. 1 . X 2 A
diém P(4;—§], duong thang CD di qua di€ém Q(6;2). Viét phuong trinh cac canh cua hinh vudng
ABCD.

Bai 89. Trong mat phfmg vo1 h¢ toa dd Oxy, cho hinh chit nhat ABCD c6 cac canh AB, BC, CD, DA
1an luot di qua céc diem M (4;5), N(6;5), P(5:2), O(2;1) va dién tich bing 16. Viét phuong trinh

cac canh cua hinh chir nhat 4ABCD .
Bai 90. Trong mit phang v6i hé toa dd Oxy, cho hinh chit nhat ABCD cé phuong trinh cac canh 1a

AB:x—-2y—-1=0, duong chéo BD:x—-T7y+14=0 va duong chéo AC di qua M(2;1). Tim toa do

cac dinh cta hinh chir nhat.
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Bai 91. Trong mat phfmg vo1 hé toa do Oxy, cho hinh chit nhat ABCD c6 di¢n tich b?mg 12, tam [
D 9 <A ) A A . ‘R u

thuoc duong thang d:x—y—-3=0 c6 hoanh d§ x, :E’ trung di€ém cua mdt canh 1a giao diém cua

d va Ox . Tim toa do cac dinh cta hinh chit nhat, biét v,>0.

Bai 92. Trong mit phing v6i hé toa do Oxy, cho hinh chit nhat ABCD c6 diém 7(6;2) 1a giao diém
ctia 2 duong chéo AC va BD . Piém M (1;5) thudc duong thang AB va trung diém E cta canh CD
thudc dudng thang A:x+ y—5=0. Viét phuong trinh dudng thing AB .

Bai 93. Trong mat phfmg v61 hé toa do Oxy, cho hinh chir nhat ABCD c¢6 cac duong théng AB, AD

1an luot di qua cac diém M (2;3), N(-1;2). Hay l4p phuong trinh dudng thing BC va CD, biét rang
. . C 53 . S
hinh chir nhat ABCD c6 tam [ 5,5 va duong chéo AC bang J26 .

Bai 94. Trong mit phang v6i hé toa dd Oxy, cho hinh thoi 4BCD c6 canh bang 5 don vi, biét toa do
dinh A(I;S) ,2dinh B, D nam trén duong thfmg d:x-2y+4=0.Timtoado cac dinh B, C, D.

Bai 95. Trong mat phang voi hé toa d6 Oxy, cho duong thing A:x+y—1=0, cac diém
A(0;-1), B(2;1). Tt gidc ABCD 14 hinh thoi ¢6 tim nam trén duong thang A. Timtoa do C, D.

Bai 96. Trong mit phang v&i hé toa dd Oxy, cho hinh thoi 4BCD ¢6 A(l;O), duong chéo BD co
phuong trinh d:x—y+1=0. Tim toa do cac dinh B, C, D biét BD=42.

Bai 97. Trong mit phang voi hé toa dd Oxy, cho hinh thoi ABCD biét phuong trinh ctia mot dudng
chéo 1a d:3x—y+7=0, diém B(O; —3) . Tim toa do cac dinh con lai cta hinh thoi biét dién tich hinh
thoi bang 20.

Bai 98.Trong mat phfmg vo1 h¢ toa do Oxy, cho hinh thoi ABCD c6 tam [ (3;3) va AC=2BD.

2 4 J .2 1 J L
biéem M (2;§] thudc duong thang 4B, diem N (3;;] thudc duong thang CD. Viét phuong trinh
duong chéo BD biét dinh B ¢6 hoanh d6 nho hon 3.
Bai 99.Trong mit phing v6i hé toa dd Oxy, cho hinh thoi ABCD cé duong chéo BD nam trén duong
thing A:x—y-2=0. Diém M (4;—4) nim trén duong thing chtra canh BC, diém N(-5;1) nim

trén duong thing chira canh AB. Biét BD =82 . Tim toa do c4c dinh cua hinh thoi 4BCD, biét
diém D c6 hoanh d6 am.

Bai 100. Trong mit phing voi hé toa d0 Oxy, cho hinh thoi ABCD c6 phuong trinh 2 canh
AB, AD lan luot 1a x+2y-2=0,2x+y+1=0. Diém M (1;2) thudc dudng thing BD. Tim toa do

cac dinh cua hinh thoi.
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Bai 101. Trong mit phing v6i hé toa do Oxy, cho hinh thoi ABCD ngoai tiép dudng tron
(C):(x=2)" +(y+1)" =8 vadiém 4 thudc duong thing d:x—2y+3=0. Tim toa do cic dinh cua

hinh thoi ABCD biét ring BD =2AC va hoanh d6 ciia diém 4 khong nhé hon 2.
. . .  a 55 .
Bai 102. Trong mat phang voi hé toa do Oxy, cho hinh vuong ABCD c6 tam [ (5,5], hai

diém A, B lan luot ndm trén duong thang d:x+y-3=0,d,:x+y—-4=0. Tim toa d§ cac dinh cua
hinh vuong.

Bai 103. Trong mit phang véi hé toa dd Oxy, cho hinh vuéng ABCD ngoai tiép dudng tron
(C):(x—2)"+(¥-3)" =10. Xac dinh toa do cic dinh 4, C cia hinh vuéng, biét canh ABdi qua

diém M (-3;-2)va 4 c6 hoanh dd x, > 0.
. f o2 . R . R ‘o 3.1 .
Bai 104. Trong mat phang véi hé toa do Oxy, cho hinh vuong ABCD c6 tam [ 5,5 . Céc

duong AB, CD lan luot di qua cac diém M (—4;-1), N(—2;—4). Tim toa do cac dinh ciia hinh vudng
d6 biét B c6 hoanh do am.

Bai 105. Trong mit phang v&i hé toa dd Oxy, cho hinh vuéng ABCD trong 46 A thudc duong
thang d:x+y-1=0va C, D nam trén dudng thang d,:2x—y+3=0.Timtoa do cac dinh cta hinh
vudng biét hinh vudng c6 dién tich bang 5.

Bai 106. Trong mit phing voi hé toa o Oxy, cho diém E(1;—1) 1a tm cia mét hinh vudng,
mdt trong cac canh cua nd c6 phuong trinh d :x—2y+12=0. Viét phuong trinh cac canh con lai cua
hinh vuong.

Bai 107. Trong mit phiang v&i hé toa d6 Oxy, cho hinh vuéng ABCD biét cic diém
M (2;1); N(4;-2); P(2;0); O(1;2) lan luot thudc canh 4B, BC, CD, AD . Hay lap cac phuong trinh
cac canh cua hinh vudng.

Bai 108. Trong mit phing véi hé toa d Oxy, cho dudng tron (C):x* +3° —8x+6y+21=0 va
dudng thang d :x+y—1=0. X4c dinh toa do cac dinh hinh vuéng ABCD ngoai tiép (C) biét 4ed .
Bai 109. Trong mit phing véi hé toa d§ Oxy, cho hinh vuéng ABCD biét diem A(-2;6), dinh

B thudc duong thang d:x—2y+6=0. Goi M, N lan luot 1a 2 diém trén 2 canh BC, CD sao cho
, . A 31 cAL Y 4 .40 R 2 14
BM =CN . Xac dinh toa d6 dinh C, biét rang AM cat BN tai di€m [ g,? .

Bai 110. Trong mit phing v&i hé toa d Oxy, cho hinh vuéng ABCD trén doan AC liy diém
M sao cho AC=44M va N la trung diém canh CD. Chiing minh rang BMN la tam gidc vudng

can.
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Bai 111. Trong mit phiang voi hé toa d Oxy, cho hinh vudng c6 dinh A(—4;5) va mdt duong
chéo c6 phuong trinh A:7x— y+8=0. Viét phuong trinh cc canh cta hinh vudng.

Bai 112. Trong mit phing v6i hé toa dd Oxy, cho hinh vudng ABCD c6 dinh A(4;5), duong
chéo BD c6 phuong trinh y—3=0. X4c dinh toa dJ cac dinh con lai ciia hinh vudng.

Bai 113. Trong mit phang véi hé toa dd Oxy, cho hinh vuéng ABCD ¢6 M 1a trung diém cua
BC,phuong trinh duong thang DM :x—y—2=0, dinh C(3;-3), dinh 4 ndm trén duong thing
d:3x+y—2=0. X4ac dinh toa d cac dinh con lai cua hinh vudng.

Bai 114. Trong mit phing v6i hé toa d Oxy, cho diém A(1;1) va duong thing
A:2x+3y+4=0. Timdiém B € A sao cho dudng thing AB va A hop voi nhau mot goc 45°.

Bai 115. Trong mit phing voi hé toa do Oxy, cho duong thing (d):x-3y-6=0 va diém
. ) . . 1
N (3;4). Tim toa do diém M e(d) sao cho tam gidc OMN (O 1a goc toa dd) c6 dién tich bang ?5

Bai 116. Trong mit phing v6i hé toa do Oxy, cho diém A(0;2) va duong thing
(d):x-2y+2=0.Timtrén (d) haidiém B, C sao cho tam gidc ABC vudéng &6 B va AB=2B.

Bai 117. Trong mat phing véi hé toa do Oxy, cho hai duong thing (d,):x+y-3=0,
(dy):x+y-9=0 va A(1;4). Timdiém B ed,, C ed, sao cho tam gidc ABC vudng van tai 4.

Bai 118. Trong mit phang v6i hé toa dd Oxy, cho dudng thing (A) :x—2y—2=0 va hai diém
A(1;0), B(2;1).Tim diém M & (A)sao cho 2MA” + MB* c6 gid tri nho nhat.

Bai 119. Trong mit phing v6i hé toa do Oxy, cho dudng thang (d):2x—y+3=0 va 2 diém
A(1;0), B(2;1). Tim M trén (d) sao cho MA+ MB nhé nhat.

Bai 120. Trong miat phang voi hé toa d6 Oxy, cho dinh C(2;—5) , va duong thang
A:3x—4y+4=0. Tim trén A hai diém 4 va B ddi xing nhau qua 1(2;%] sao cho dién tich
AABC bang 15.

Bai 121. Trong mat phang véi hé toa do Oxy, cho 4 diém A(1;0), B(-2;4), C(-14), D(3;5).
Tim toa do diém M thudc dudng thing A:3x—y—5=0 sao cho 2 tam gidc MAB, MCD c6 dién tich

bang nhau.

Bai 122. Trong mit phang véi hé toa dd Oxy, cho tam gidc ABC cantai A c6 phuong trinh 2
canh 4B, AC lan lugt 1a x+2y—2=0, 2x+y+1=0, diém M (1;2) thuoc BC. Tim toa d6 diém D

sao cho DB.DC ¢6 gia tri nho nhat.
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Bai 123. Trong mit phang Oxy cho tam gidc ABC véi A(-1; 2), B(2;0), C(-3;1) Tim diém M trén
duong thang BC sao cho dién tich tam gidc ABM bang 1/3 dién tich tam giac ABC.

BAI 3. DPUONG TRON
I. KIEN THUC CO BAN

1/ Phwong trinh duwdng tron

a/ Dang thu gon: (C):(x—a)2 +(y—b)2 =R* — Tam (a,b) va bankinh R.

b/ Dang khai trién: (C):x*+y* —2ax—2by +c=0-> Tam I(a,b) vabankinh R=+a®+b* —c.

2/ Phwong tich ciia mdt diém ddi véi mot dwong tron

Cho (C):x*+y* —2ax—2by+c =0 vadiém M (x);,y,,). Khi do:

+ Dinh nghia phuong tich: PM/(C): IM?*-R?.

+ Cach tinh phuong tich: PM/(C) = x[%/, + y;zw —2axy; —2by, +c.

+ Y nghia phwong tich: Py >0 thi M ndm ngoai (C), Py =0 thi M ndm trén (C), con
Pyy(cy <0 thi M ndm trong (C).

3/ Truc ding phwong ciia 2 duong tron khac tim

+ Dinh nghia: 13 duong thang chira tat ca cac diém c6 cing phuong tich v6i 2 duong tron do.

+ Cdch tim: Cho 2 phuong trinh cta 2 dudng tron d6 bang nhau. Tuc 1a:

(C)):x* +y* —2ax—2by+¢; =0 va (Cy): x* + y> —2a,x~2b,y +¢, =0 thi truc dang phuong la:
X +y2 —2a1x=2by+¢ = x? +y2 —2a,x-2b,y+c,.

+ Hay gdp: 2 dudng tron cat nhau tai 4, B thi truc dang phuong 1a duong thang AB .

4/ Vi tri cia dwong thang va duong tron

Cho duong tron (C) ¢ tam 7, ban kinh R va duong thang d .

a/ d(I,d)>R< d va(C) khong cé diém chung.

b/ d(I,d)=R< d va(C) co1diém chung M . Lucndy d goila tiép tuyén voi (C) va M goila

tiép diém.

+ Cdch tim tiép diém: Viét phuong trinh duong thing A qua tdm / va vudng goc voi d , suy ra tiép

diem M =d NA.

o/ d(l,d)<R< d va(C)co2diémchung 4,B. Luc ndy goi H 1a trung diém ciia 4B thi

2
AB
IH L AB va RZ:(T] +d*(1,A).

5/ Vi tri cua hai dwong tron
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Cho 2 dudng tron (C,): x> +y* = 2ax =2y +¢; =0 va (Cy): x> + y* —2a,x—2byy+c¢, =0 lan lugt
co tam 1,1, va bankinh R, R, . Khi do:
+ 1,1, >R +R,: (C)) va (C,) khong c6 diém chung.
+ I, =R +R,: () va (C,) tiép xtc ngoai.
+ |Ry = Ry|< [}, < Ry + Ry: (C}) va (C,)cét nhau tai 2 diém phén biét.
+ |Ry = Ry|=111,: (C) va (C,) tiép xuc trong.
+ |R = Ry| < I}I,: (C}) va (C,) dyng nhau.
6/ Tiép tuyén ciia duwdng tron
al Diéu kién tiép xuc:  d tiép xtc v6i (C)<d(1,d)=R.

d(l,d) =R

b/ Tiép tuyén chung véi 2 dwong tron:  d 1a tiép tuyén chung voi (Cl) va (CZ) = .
d(I,d) =R,

II. BAITAP

Bai 124. Trong mit phing v&i hé toa dd Oxy, lap phuong trinh dudng tron tiép xuc véi duong
thang 3x—4y-31=0 tai A(1,-7) va c6 ban kinh bing 5.

Bai 125. Trong mit phing véi hé toa d Oxy, cho A4BC ¢6 A(2;3), trong tim G(2;0). Hai
dinh B va C lan lugt nam trén hai duong thang d,:x+y+5=0, d,:x+2y—-7=0. Viét phuong
trinh duong tron c6 tdm C va tiép xuc v6i duong thang BG .

Bai 126. Trong mdt phang véi hé toa do Oxy, goi 4, B 1a céc giao diém ciia dudng thang
(d):2x—y—5=0 va duong tron (C'):x* +3” —20x+50=0. Hay viét phuong trinh duong tron di

qua 3 diém 4, B, C(L1).
Bai 127. Trong miat phang v&i hé toa dd Oxy, cho tam gidc ABC c6 dién tich bang %

A(2;-3), B(3;-2), trong tdm cua A4BC nam trén duong thing (d):3x—y—8=0. Viét phuong
trinh duong tron di qua 3 diém 4, B, C.

Bai 128. Trong mit phang véi hé toa d6 Oxy, cho 3 dudng thang d,:2x+y-3=0,
d,:3x+4y+5=0, d,:4x+3y+2=0. Viét phuong trinh dudng tron di qua d, va tiép xic véi
d, vad,.

Bai 129. Trong mit phiang véi hé toa d0 Oxy, cho 2 duong thing A:x+3y+8=0,
A':3x-4y+10=0 va diem A(-2;1). Viét phuong trinh dudng tron c6 tdm thudc dudng thang A, di

qua A4 va ti€p xtic voi A'.
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Bai 130. Trong mit phang voi hé toa dd Oxy, cho 2 dudng thing A:4x-3y+3=0,
A':3x—4y-31=0. Viét phuong trinh dudng tron (C ) tiép xac voi duong thang A tai diém co tung
do bang 9 va tiép xtic v6i A'. Tim toa d¢ tiép diém cua (C)va A'.

Bai 131. Trong mit phang v6i hé toa dd Oxy, viét phuong trinh dudng tron di qua A(2;—1) va

tiép xuc voi cac truc toa do.

Bai 132. Trong mit phing véi hé toa dd Oxy, cho duong thang (d):2x—y—4=0. Viét
phuong trinh duong tron tiép xtc vai cac truc toa do va cd tim nam & trén dudng thing (d ) .

Bai 133. Trong mit phang voi hé toa dd Oxy, cho dudng thing (A) :3x—4y+8=0 va hai diém
A(-1L1), B(3;3). Lap phuong trinh duong tron di qua 4, B va tiép xtic véi (A).

Bai 134. Trong mit phang v6i hé toa do Oxy, cho 2 duong thing d:x+2y-3=0,

. 241 2
A:x+3y—-5=0. Lap phuong trinh dudng tron c6 ban kinh bang , 0 tdm thudc d va tiép xuc

Vol A.

Bai 135. Trong mat phang voi hé toa do Oxy, cho duong tron (C):x* +)° +43x—4=0. Tia
Oy cit (C) tai 4. Lap phuong trinh duong tron (C') ban kinh R =2 va tiép xfic ngoai véi (C) tai
A.

Bai 136. Trong mit phang véi hé toa dd Oxy, cho duong tron (C):x” +y° —4y—5=0. Hay

, , q 2 4
viét phuong trinh duong tron (C') doi ximg véi duong tron (C) qua diem M (g,gj .

Bai 137. Trong mit phing véi hé toa dd Oxy, cho dudng tron (C):x* +y° —2x+4y+2=0.
Hay viét phuong trinh dudng tron (C') tdm M (5;1) biét (C') cat (C) tai hai diém 4, B sao cho
AB=A/3.

Bai 138. Trong mit phing v6i hé toa dd Oxy, cho dudng tron (C):(x—1)"+(y—-2) =4 va
diém K (3;4). Lap phuong trinh duong tron (7) tim K, cit duong tron (C) tai hai diém 4, B sao
cho dién tich tam gidc /4B 16n nhét, v6i I 13 tAm cia dudng tron (C ) .

Bai 139. Trong mit phang v&i hé toa dd Oxy, viét phuong trinh dudng tron ndi tiép tam giac

ABC v6i cac dinh 4(-2;3), BG;O], C(2;0).

Bai 140. Trong mit phang v&i hé toa d Oxy, cho hai duong thang d, :4x-3y—12=0 va
d,:4x+3y—-12=0. Tim toa d0 tdm / va ban kinh R cua duong tron ndi tiép tam gidc c6 3 canh nam

trén d,, d, vatruc Oy.
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Bai 141. Trong mit phang v&i hé toa dd Oxy, cho dudng thang d:x—3—-1=0 va 2 dudng tron
c6 phuong trinh (C,):(x=3)" +(y+4)" =0, (C,):(x+5) +(y—4) =32. Viét phuong trinh duong
tron (C) tdm I thude d va tiép xuc ngoai véi (C,), (C,).

Bai142.  Trong mjt phing véi hé toa do Oxy, cho dudng tron (C):(x—1)"+(y+2) =9 va
duong thing d:x+y+m=0. Tim m détrén d c6 duy nhat mot diém 4 ma tir d6 ké duogc hai tiép
tuyén AB, AC téi duong tron (C) (B,C 1a tiép diém) sao cho tam gidc ABC vudng.

Bai143.  Trong mat phing véi hé toa do Oxy, cho dudng tron (C):(x—1)"+(y+2) =9 va
duong thang d :3x—4y+m=0. Tim m dé trén d c6 duy nhat mot diém P ma tir d6 ké duoc hai tiép
tuyén PB, PC t6i dudng tron (C) (B,C la tiép diém) sao cho tam gidc PAB 1a tam gidc déu.

Bai 144. Trong mt phang véi hé toa d Oxy, cho 2 dudng tron (C):x” +y* —18x—6y+65=0,
(C):x*+)*=9. Tudiém M thudc duong tron (C) ké hai tiép tuyén véi dudng tron (C'), goi 4, B
1a cac tiép diém M , biét d6 dai AB =4.8.

Bai145.  Trong mit phing vi hé toa do Oxy, cho dudng tron (C):(x—1) +(y+2)' =4. M 1
diém di dong trén duong thang d : y = x +1. Chirng minh rang tir M ké duoc hai tiép tuyén MT, MT,
t6i (C)(T,,T, 1a céc tiép di€m) va tim toa do diém M , bict rang duong thing 7,7, di qua diém
A(L;-1).

Bai 146. Trong mit phing v6i hé toa d6 Oxy, cho duong tron (C):x”+)*—6x+5=0. Tim
diém M thudc truc tung sao cho qua M ké dugc hai tiép tuyén cua (C ) ma goc giita 2 tiép tuyén do
bang 60°.

Bai 147. Trong mit phang vé6i hé toa do Oxy, cho duong tron (C):x*+)* —4y—-2y=0 va
duong thang A:x+2y—12=0. Tim diém M trén A sao cho tir M vé& duoc voi (C) hai tiép tuyén
1ap v&i nhau mot goc 60°.

Bai 148. Trong mit phing v&i hé toa do Oxy, cho duong tron (C):x’+y*+2x—4y-8=0 va
dudng thing A:2x—3y—1=0. Chimg minh rang A ludn cat (C)tai 2 diém phan biét 4, B. Tim toa
do diém M trén (C ) sao cho di¢n tich tam giac ABM 16n nhét.

Bai 149. Trong mit phang v6i hé toa o Oxy, cho dudng tron (C):x*+)”*—2x—4y-5=0 va

A(0;-1)e(C). Tim toa do cac diém B, C thudc (C) sao tam giac ABC déu.
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Bai 150. Trong mat phing voi hé toa do Oxy, cho duong tron (C):(x-3)" +(y—4)" =35 va
A(5;5). Tim toa do cac diém B, C thudc (C) sao tam gidc ABC vudng cén tai 4.

Bai 151. Trong mit phing v6i hé toa do Oxy, cho dudng tron (C):x*+)° =4 va cac diém
8 . Y . . s oven g1y 20
A 1;—5 , B(3;0). Tim toa 6 diem M thudc (C) sao tam giac MAB c6 dién tich bang ?

Bai 152. Trong mit phang v6i hé toa o Oxy, cho dudng tron (C):x*+)” +2x—6y+9=0 va
dudng thang d :3x—4y+5=0. Tim céc diém M (C), N ed sao cho do dai MN nho nhat.

Bai 153. Trong mit phing v&éi hé toa d0 Oxy, cho tam giac ABC  véi
A(3;-7), B(9%-5), C(-59) va M (-2;-7). Viét phuong trinh duong thing di qua M va tiép xtc véi
duong tron ngoai tiép AABC .

Bai 154. Trong mit phang véi hé toa d0 Oxy, cho dudng tron (C):x”+y* +2x=0. Viét
phuong trinh tiép tuyén cua (C), biét goc gitta tiép tuyén ndy va truc tung bang 30°.

Bai 155. Trong mit phing véi hé toa do Oxy, cho duong tron (C):x”+)* —6x—-2y+5=0 va
dudng thing o :3x+y—-3=0. Lap phuong trinh tiép tuyén véi dudng tron (C), biét tiép tuyén d6
khong di qua O va hop voi dudng thang d mot goc 45°.

Bai 156. Trong mat phing voi hé toa dd Oxy, cho duong tron (C):(x—1)"+(y—-1)" =10 va
duong thang d :2x—2y—2=0. Lap phuong trinh céc tiép tuyén voi duong tron (C ), biét tiép tuyén

d6 hop v6i dudng thing d mot goc 45°.
Bai 157. Trong mit phing v&i hé toa dd Oxy, viét phuong trinh tiép tuyén chung cta 2 dudng

tron (C)):x* +y* =2x-2y-2=0, (C,): x>+ —8x-2y+16=0.

Bai 158. Trong mit phing v&i hé toa dd Oxy, viét phuong trinh tiép tuyén chung cta 2 duong
tron (C)):(x=2) +(y=3)" =2, (C,):(x—1) +(y-2) =8. PS: x+y-7=0.

Bai 159. Trong mit phing véi hé toa do Oxy, cho 2 dudng tron (C,):x*+)°—2y—-3=0,
(C,):x*+y* —8x—8y+28=0. Viét phuong trinh tiép tuyén chung cua (C,) va (C,).

Bai 160. Trong mit phing véi hé toa do Oxy, cho 2 dudng tron (C,):x*+)° —4y—-5=0,
(C,):x*+y* —6x+8y+16 =0. Viét phuong trinh tiép tuyén chung ctia (C,) va (C,).

Bai 161. Trong mit phing Oxy, cho duong tron (C):x*+)* +4\/3x—4=0. Tia Oy cét (C)
tai A.Lép phuong trinh duong tron (7T') ¢6 ban kinh R =2 sao cho (T) tiép xtic ngoai véi (C) tai

A.
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Bai 162. Trong mit phing Oxy, cho duong tron (C):x’+)*=1 va phuong trinh:
xX*+y"=2(m+1)x+4my-5=0 (C,). Ching minh ring phuong trinh (C,) la phuong trinh cua
dudng tron véi moi m . Tim m dé (C,)) tiép xuc véi (C).

, 1
Bai 163. Trong miat phing Oxy, cho duong tron (C,):(x—1)2+y2:§ va

(C,):(x=2) +(y—2)" =4. Viét phuong trinh duong thing d tiép xtc voi (C,) va cit (C,) tai hai
diém M, N sao cho MN:2\/§.

Bai164.  Trong mat phing voi hé toa do Oxy, cho duong tron (C):(x—1)" +(y+1)" =25 va
diém M (7;3). Lap phuong trinh dudng thang d diqua M cit (C) tai hai diém 4, B phén biét sao

cho MA=3MB.
Bai 165. Trong mat phang v&i hé toa dd Oxy, lap phuong trinh dudng thing d di qua diém

A(1;2) va cét dudng tron (C):(x—2)" +(y—1)" =25 theo mot day cung c6 do dai 8.

Bai 166. Trong mit phiang véi hé toa do Oxy, cho duong tron (C):x”+y° +2x—8y—-8=0.
Viét phuwong trinh duong thing A song song v&i duong thang d :3x+ y—2=0 va cit duong tron (C )
theo mot ddy cung c6 do dai bang 6.

Bai 167. Trong mat phing voi hé toa do Oxy, cho duong tron (C):(x+4)" +(y—3) =25 va
dudng thang A:3x—4y+10=0. Lap phuong trinh dudng thing d biét d L A va d cat (C) tai 4, B
sao cho AB=6.

Bai 168. Trong mit phing v6i hé toa dd Oxy, cho dudng tron (C):x’+y*=2x-2y-3=0 va
diém M (0;2). Viét phuong trinh dudng thing d di qua M va cdt (C) tai hai diém 4, B sao cho 4B
c6 do dai ngan nhat.

Bai 169. Trong mit phing v6i hé toa dd Oxy, cho dudng tron (C ) tam O, ban kinh R=5 va
diém M (2;6). Viét phuong trinh dudng thing d qua M, cit (C) tai hai diém 4, B sao cho tam
gidc OAB co dién tich 16n nhat.

Bai 170. Trong mit phing v&i hé toa do Oxy, cho duong tron (C):x’+y’—6x+2y—6=0 va
diém A(3;3). Viét phuong trinh dudng thing d qua 4, cit (C) tai hai diém sao cho khoang cach

gitta hai diém d6 bing d6 dai canh hinh vudng ndi tiép duong tron (C).
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Bai 171. Trong mit phang véi hé toa do Oxy, cho 2 duong tron (C ):x*+)* =13 va
(C,):(x—6) +y* =25. Goi 4 1a giao diém cua (C,) va (C,) v6i y, >0.Viét phuong trinh dudong
thing d diqua 4 vacét (C,), (C,) theo hai ddy cung c6 do dai bang nhau.

Bai 172. Trong mit phang voi hé toa dd Oxy, cho duong thing A:mx+4y =0 va dudng tron
(C):x*+y* —2x-2my+m’—24=0 c6 tim [ . Tim m dé dudng thang A cat duong tron (C) tai hai
diém phan biét 4, B sao cho dién tich tam giac I4AB bang 12.

Bai 173. Trong mit phang véi hé toa do Oxy, cho 2 dudng tron (C):x” + y* =1 va duong thing
d:x+y+m=0.Tim m dé (C) cit d tai A, B sao cho dién tich tam gidc ABO 16n nhit.

Bai 174. Trong mit phing véi hé toa do Oxy, cho duong thing d:v2x+my+1-4/2=0 va
dudng tron (C):x’+)*—2x+4y—4=0 c6 tim /. Tim m dé d cat dudng tron (C) tai hai diém
phan biét 4, B. Véi gia tri nao cua m thi cho dién tich tam gidc /4B 16n nhét va tinh gia tri do.

Bai 175. Trong mit phang v6i hé toa o Oxy, cho dudng tron (C):x*+)” +4x—6y+9=0 va
diém M (1;-8). Viét phuong trinh duong thang d di qua M va cit (C) tai 2 diém phéan biét 4, B
sao cho dién tich tam gidc ABI 16n nhat, voi I 13 tAm cua dudng tron (C ) .

Bai 176. Trong mit phang v6i hé toa o Oxy, cho dudng tron (C):x*+)” +4x+4y+6=0 va
dudng thing A:x+my—2m+3=0 v6i m 1a s6 thuc. Goi I 1a tAm ctia duong tron (C). Tim m dé

A cit (C) tai 2 diém phan biét 4, B sao cho dién tich tam gidc 4B 16n nhat.
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BAI 4. ELIP
I. KIEN THUC CO BAN
\ , ’ x? y
1/ Phuong trinh chinh tac: (E):= —2=1 :
a
. t
2/ Phwong trinh tham so: ra.cosh
y=b.sint

3/ Tiéu diém, tam sai va dwong chudn:

2

Tiéu diém F, (-c,0), F,(c,0) v6i b* =a* —¢*, tim sai e=— va duong chudn x=+< =+
a e C
=FM=a+e.
4/  Ban kinh qua tiéu: {rl : Tt
rn=FKM=a-ex)
) ) ¥ yz
5/ Tiép tuyén cua Elip (E):—2+? =1 tai M (x,,y,)€(E) c6 phuong trinh la
a
Xo-X yo -y
" =1 (phan doi toa dj).
\ , ) . ¥ yz
6/ Diéu kién tiep xuic: duong thing A: Ax+ By+C =0 tiép xic véi (E):—2+? =1 khi va chi khi
a
A*a® + B*b* =C.
II. BAITAP
) x2 y2
Bai 177. Trong mat phang v6i hé toa dd Oxy, cho elip (E): 5176 =1. 4,B la cac diém trén
(E) sao cho AF,+ BF, =8, v6i F,, F, la céc tiéu diém. Tinh AF, + BF,.
Bai 178. Trong mit phang voéi hé toa do Oxy, viét phuong trinh elip véi cac tidu diém

F (-11), F,(5;1) vatamsai e=0,6.

2
Bai 179. Trong mat phing v6i hé toa do Oxy, cho elip (E): yT =1 va C(0;2). Tim toa do

x_
4

cac diém A4, B trén (E), biét 2 diém 4, B d6i ximg nhau qua truc hoanh va tam gidc ABC 1a tam gidc

déu.
) 2 y2
Bai 180. Trong mat phang v6i hé toa do Oxy, cho elip (E): oot 2 =1. Tim cac diém
M e (E) sao cho FMF, =120°, véi F, F, 1 céc tiéu diém cia (C).
Bai 181. Trong miit phing vé6i hé toa d6 Oxy, cho elip ¢6 hai tidu diém F (ﬁ;o), F, (—\@;0)

va di qua diém A(\/g,gj Lap phuong trinh chinh tac ciia (£) va v6i moi diém M trén (E), hay
tinh biéu thic P = FM* + F,M* -30M*> — FM.F,M .
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Bai 182. Trong mit phing v6i hé toa d6 Oxy, cho elip (E):4x’+16y° =64. Goi F, 1a tiéu

diém bén phai cua (E) va M la diém bat ky trén (E). Ching t6 rang ti sb khoang cach tir M téi tiéu

2 N . 2 X T ~ X
diém F, va t61 duong thang A:—= c6 gia tri khong doi.

NG

Bai 183. Trong mit phing v6i hé toa do Oxy, cho elip (E):5x*+16y° =80 va hai diém

A(5;-1), B(-1;1). Mot diém M didong trén (E). Tim gid trj 16n nhét cia dién tich tam gidc MAB .

2 2
Bai 184. Trong mit phing véi hé toa do Oxy, cho elip (E): +y721 va hai diém

X
9
A(3;-2), B(-3;2). Tim trén (E) diém C co6 hoanh d6 va tung d6 duong sao cho AABC c6 dién
tich 16n nhat.

2 2

Bai185.  Trong mit phing véi h¢ toa do Oxy, cho elip (E):;—5+% 1 va diém M (1;1). Viét

phuong trinh duong thang di qua M va cit elip tai 2 diém A4, B sao cho M la trung diém AB .

2 2
Bai 186. Trong mit phang voi hé toa dd Oxy, cho elip (E): % y? =1. Tim diém M € (E) sao
cho M c¢6 toa do nguyén.

2 2
Bai 187. Trong mit phang voi hé toa dd Oxy, cho elip (E): % y? =1. Tim diém M € (E) sao

cho tong hai toa do cia M c6 gia tri 16n nhat (nho nhat).

y_—l va A(3;0). Tim toa do

Bai 188. Trong mit phing véi hé toa do Oxy, cho elip (E): 3

\o|><

cac diem B, C trén (E), biét 2 diém B, C doi xtng nhau qua truc hoanh va tam gidc ABC 1a tam
giac déu.

2
Bai 189. Trong mit phing véi hé toa d6 Oxy, cho elip (E): +y721 va duong thang

X
9
d:mx—-ny=0, d,:nx+my=0 véi m*+n>#0. Goi M, N 1a giao diém cta d, véi (E); P,Q I
giao diém cua d, v6i (E). Tim diéu kién d6i v6i m, n dé cho dién tich tr gidc MPNQ dat gid tri nho
nhat.

Bai 190. Cho (E): ;—5 f—6—lva diém M(-2,1). Viét phuong trinh duong thang d qua M va cit
(E ) tai 2 diém phan biét A, B sao cho M 1a trung diém cta AB.

‘s x* ) . xr y? X . X £ ,
Bai 191. Cho (E)): e T_l va (E,): e 7=1. Viét phuong trinh ti€p tuyén chung cua

(E1):(E).
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2 2
Bai 192. Cho (E):x?+yT=1 va duong tron (C):x*+y* —4y+3=0. Viét phuong trinh tip
tuyén chung cua (E) va (C).
2

Bai 193. Trong mit phang Oxy cho elip (E);%Jr y? =1 va diém M( 3; 2). Goi MA, MB 1a hai

tiép tuyén véi (E) ké tir M. Viét phuong trinh duong thing AB.

106



TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin The — DT: 0983. 336682

CHUYEN DPE 10. PHUONG PHAP TQA PQ TRONG KHONG GIAN
BAI 1. TOA PQ TRONG KHONG GIAN
I. KIEN THUC CO BAN
1/ Khong gian Oxyz gém 3 truc Ox,Oy,Oz 361 mdt vuong goc tai O, O la géc toa d0, Ox 1a tryuc hoanh, Oy

la tryc tung va Oz 1a truc cao. Ba véc to don vi ;,;’,l; cua Ox,0y,0z.
2/Néu a=aji+a, j+ask thitoadd ciavécto a la a=(a,a,,a3).

3/Cho a=(ay,ay,a3) va b=(b,by,by) thi:

a =b,
a/ Hai véc to bang nhau: a=bho a, =b,
ay = by
b/ Céng trir 2 véc to: ath=(ay,ay,a3)%(by,by,by) = (a) £by,ay £by, a3 £ by)

¢/ Nhén 1 s6 véi I véc to: ka = k(al,az,a3) = (kal,kaz,ka3)

d/ Tich vé huomg: @b = ab, + a,b, + azb,
. s sl 2. 2. 2
e/ Mo dun cua véc to: |a|= ai +a; +a3
L\ db b, + ab, + a,b
f/ Goc giita 2 véc to: cos(a,b): abﬁ = 4o+ G0y + 305 .
|Ei|.‘b‘ Jai +a + a2 bt + b2 +b?

Picbiet: a Lb<abh=0.

g/ Hai véc to ciing phwong:  al /b < G B B
b by b

4/Néu W:xM2+yM;+ZM% thi tQadé Cuadlém M la M('xM’yM’ZM)'
5/Cho A(x4,v4.24), B(xp.yp.25) vd C(x¢,yc,zc) thi:

a/ Toa do véc to: E:(xB—xA,yB—yA,zB—ZA)

b/ Khodng cdch giita 2 diém A,B: AB:\/(xB —xA)2 +(p —yA)2 +(zp —ZA)2

Xy +X
Xy = A2 B
¢/ Toa dj trung diém: M 1a trung diém cia 4B < Vs :—yA;yB
VA A
zy = A2 B
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+Xxp+
szxA Xp T Xc
3
d/ Toa dé trong tam : G 14 trong tAm clia tam gidc ABC < yG=W
ZA+ZB+ZC
Zg=—"t—2—=
3
X, +xp+x.+x,
X, =
4
e/ Toa do trong tam G cua tw diégn ABCD : yG:yA+yB:yC+yD
z,tz,+z.+2z,
Zg = 1

f/ 3 diém thang hang: A,B,C thing hing < AB//AC

- Lo a, a,|l|a, alla a, .
g/ Tich co huong: c:[a,b}:[bz b3’b3 bl bz].Chuy:cJ_a va ¢cLlb
h/ Dién tich tam giac: dt(ABC) = %‘[E,R’]

i/ Thé tich hinh hép tao béi 3 vecto AB, AC, AD - V= ‘[@,A—C].E‘.
jl Thé tich ti dién ABCD : V pen = é‘[@,ﬂ:}@‘

II. BAITAP

Bai 1. Cho céc diém 4(1,2,3),B(2,-2,3),C(0,-4,6). Tim D sao cho ABCD la hinh binh hanh. Tim
giao diém ciia 2 duong chéo.

Bai 2. Ching minh ring cac diém A4(3,-1,2),B(1,2,-1),C(-1,1,-3) va D(3,-5,3) tao thanh mot hinh
thang.

Bai 3. Cho tir dién ABCD véi A(3,-1,6),B(-1,7,-2),C(1,-3,2) va D(5,1,6). Hay tim toa do trong tim
cua tur dién.

Bai 4. Tim M trén Oy biétrang M céch déu hai diém A4(1,2,-1) va B(-2,0,5).

Bai 5. Tinh d¢ dai duong cao OH cia tam giac OAB vé6i A(0,1,-2),B(2,1,3).

Bai 6. Tinh goc tao bdi cac cap canh dbi dién cua tr dién ABCD véi A(1,0,0),B(0,1,0),C(0,0,1) va

D(-2,1,-1).
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BAI 2. MAT PHANG TRONG KHONG GIAN
I. KIEN THUC CO BAN

1/ Véc to dic trung ciia mit phing

Véc to n= (a,b,c) dugce goi la vtpt cua mp(a) < nl (a).
Hai véc to a va b duge goi 1a cp vicp cua mp(a) < chung khong cting phuong va song song hoc
nam trén mp (a).
Nhan xét: n= [Zz,l;]
2/ Phuong trinh mit phing
- Phuong trinh tong quat cua mp (o ): ax+by+cz+d =0—> vipt n= (a,b,c).

mp(a) di qua M (x,,y,,z,) va co vipt n= (a,b,c) cb phuong trinh:

a(x—x0)+b(y—y0)+(z—zo)=0

mp(a) diqua 3 diém 4(a,0,0),B(0,5,0),C(0,0,c) c6 phuong trinh doan chén:

z

=1.

Q| =

+ 24
b ¢

Chu y: cac mit phang toa do: (Oxy):z=0, (Oxz):y=0, (Oyz):x=0 (thiéu gi cho d6 bang 0).

3/ Vi tri ciia 2 miit phing

Cho hai mit phang: (a):a1x+b1y+clz+d1 =0 va (ﬂ):a2x+b2y+czz+d2 =0. Khi do:

- (a)Cét(ﬁ)@alzbl:cl;taz:bz:Cz.
b ¢ d

- (Bl A 2 _a %
(a) (ﬂ) a, b Czidz

- (@) =(p e =Pt

a b, ¢ d

4/ Géc giira 2 mit phang

Cho hai mét phing: (a):ax+by+cz+d =0 va (B):ayx +byy+crz+d, =0. Cong thirc tinh goc giira 2

— — aa,+bb, +cc
mp do la: cos(a,ﬂ):cos n.n, )= | 14, TO0, TC 2| .
a>"ph 2 12, 2 [ 2,52, 2
\/a1 +b +¢ \/a2 +b) +¢;

5/ Khoang cach tir diém dén mit phiang

Khoang cach tir diém M (x,,,,2,) dén mp(a): ax+by +cz+d =0 dugc tinh boi cong thirc:
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B |ax0 +by, +cz,+d

\/az+bz+c2

d(M,(a))

6/ Khoang cich giira 2 mat phang song song

La khoang cach tir 1 diém bét ky trén mp nay ¢én mp kia.

Il. BAITAP

Bai 7. Trong khong gian v6i hé toa d6 Oxyz, viét phwong trinh mit phing trung truc (P) cua cac doan thing
AB vé6i A4(2,1,3),B(~1,0,1). Tim giao diém cta (P) véi céc truc toa do.

Bai 8. Trong khong gian v6i hé toa d6 Oxyz, viét phuong trinh mit phang (Q) di qua cac diém
M (1,0,2),N(-2,3,1) va song song véi truc Oz.

Bai 9. Trong khong gian véi hé toa do Oxyz, cho hai diém A4(2;4;1), B(-;1;3) va mat phang
(P):x-3y+2z-5=0. Viét phuong trinh mit phang (Q) di qua hai diém A, B va vudng géc véi mit phang
P).

Bai 10. Trong khong gian voi hé toa d6 Oxyz, viét phwong trinh mat phang (P) di qua hai diém
A(2;1;3), B(1;—2;1) va song song v6i dudng thang d : {x=-1+t,y=2t,z=-3-2t.

Bai 11. Trong khong gian v&i hé toa do Oxyz, cho 2 duong thang (d,) va (d,)cod phuong trinh:

x—1 +1 z-=-2 x—4 -1 z-
:y = ’(d2): :y =

2 31 6 9 > Lap phuong trinh mat phing (P) chta (d,) va (d,)

(d);

Bai 12. Trong khong gian véi hé toa do Oxyz, cho mat cau (S) c6 phuong trinh:
x*+y*+27 =2x+6y—4z—2=0. Viét phuong trinh mit phang (P) song song véi gia cia véc to v = (1;6;2),
vudng goc véi mit phang(a):x+4y+z—-11=0 va tiép xtic véi (S).

Bai 13. Trong khong gian v&i hé toa dd Oxyz, cho diém M(I; —1; 1) va hai duong thing

1 1 z-4 s :
d): % = % = % va (d,) :%= yT . s Chung minh rang diém M, d,, d, cuing nam trén mot mat
phang. Viét phuong trinh mit phang do.

< A : LA A . 2 x=3 y-3 z . _
Bai 14. Trong khong gian voi hé toa d0 Oxyz, cho duong thang d: TR va mat cau (S):

x*+y*+2z°—2x—-2y—4z+2=0. Lap phuong trinh mit phang (P) song song v&i d va truc Ox, dong thoi
tiép xtc voi mat cau (S).

Bai 15. Trong khong gian v6i hé toa &6 Oxyz, cho mat cau (S): x>+ y* +z> +2x—4y—4=0 va mit phang
(P): x+z—3=0. Viét phuong trinh mit phang (Q) di qua diém M (3;1;—1) vudng gbc voi mit phang (P) va

tiép xtic voi mat cau (S).
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Bai 16. Trong khong gian v6i hé truc Oxyz, cho mit cau (S): x*+)°+z> —2x+4y+2z-3=0. Viét
phuong trinh mat phang (P) chira truc Ox va cat mat cau (S) theo mot duong tron ¢6 ban kinh r =3 .

) : . S -1 .
Bai 17. Trong khong gian vdi h¢ toa d§ Oxyz, cho hai duong thang A, :§= y_l = % , A i —— = % =—va

mat cau (S): x>+ y* +2z2 —2x+2y+4z-3=0. Viét phuong trinh tiép dién ciia mit cau (S), biét tiép dién do6
song song v&i hai duong thang A; va A,.

Bai 18. Trong khong gian voi hé toa d0 Oxyz, cho miat cau (S) c6 phuong trinh
x*+y*+2z> —2x+4y—6z—11=0 va mit phang () c6 phuong trinh 2x + 2y — z + 17 = 0. Viét phuong trinh
mat phing (B) song song Vi (o) va cit (S) theo giao tuyén 1a dudng tron ¢6 chu vi bang p =67

Bai 19. Trong khong gian véi hé toa d6 Oxyz, viét phuong trinh mat phang (P) qua O, vudéng goc v6i mit

phéng (Q): x+ y+z=0 va cch diém M(1; 2; —1) mét khoang bing /2 .
‘e A . 1A A N 2 x—1 Y- 3 A « a2
Bai 20. Trong khong gian vdi hé truc toa d6 Oxyz, cho duong thang A : I =7 "2 va diém M(0; —2;

0). Viét phuong trinh mat phang (P) di qua diém M, song song v&i dudng thang A, ddng thoi khoang cach d
giita duong thang A va mit phang (P) bang 4.

Bai 21. Trong khong gian voi hé toa d0 Oxyz, cho duong théng (d): {x =t,y=—1+2t,z=1 va diém
A(-1;2;3) . Viét phuong trinh mat phang (P) chira duong thang (d) sao cho khoang cach tir diém A dén mait
phang (P) bang 3.

Bai 22. Trong khong gian v&i hé toa d6 Oxyz, cho cac diém M (-1;1;0), N(0;0;-2),1(1;1;1). Viét phuong
trinh mat phang (P) qua A va B, dong thoi khoang cach tir I dén (P) bang J3.

Bai 23. Trong khong gian véi hé toa do Oxyz, cho t dién ABCD véi A(1;-1;2), B(1;3;0), C(-3;4;1),
D(1;2;1) . Viét phuong trinh mit phang (P) di qua A, B sao cho khoang cach tir C dén (P) bang khoang cach
tir D dén (P).

Bai 24. Trong khong gian voi hé truc toa do Oxyz, cho cac diem A(1;2;3), B(0;-1;2), C(L;L;1). Viét
phuong trinh mat phang (P) di qua A va gbc toa dd O sao cho khoang cach tir B dén (P) bang khoang
cach tir C dén (P).

Bai 25. Trong khong gian v6i hé truc toa d§ Oxyz, cho ba diém A(;1;-1), B(1;1;2), C(-1;2;-2) va mat
phang (P): x—2y+2z+1=0. Viét phuong trinh mit phang («) di qua A, vudng goc voi mit phang (P), cat
duong thang BC tai I sao cho 1B =2IC.

Bai 26. Trong khong gian v6i hé toa do Oxyz, cho hai duong thing d,,d, lan lugt co6 phuong trinh
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x=2 y-2 z-3 d_x—l_y—2_z—
) 1 372 -1

d,,d,.

d, ! . Viét phuong trinh mit phang cach déu hai duong thang

Bai 27. Trong khong gian v6i hé toa do Oxyz, cho hai duong thing d,,d, lan lugt c6 phuong trinh

x=2 y-1_ z+1

. 5 . Viét phuong trinh m3t phang (P) song song véi d, va

d, :{x=1+t,y=2—t,z=1, d,:

d, , sao cho khoang cach tir 4, dén (P) gép hai lan khoang cach tir d, dén (P).

Bai 28. Trong khong gian v6i hé toa do Oxyz, viét phuong trinh mit phang (P) di qua hai diém A4(0;-1;2),
B(1;0;3) va tiép xtic v6i miat cau (S): (x—1)>+(y—2)* +(z+1)* =2.

Bai 29. Trong khong gian véi hé toa do Oxyz, cho diém A(2;—1;1). Viét phwong trinh mit phang (P) di qua
diém A va cach géc toa d6 O mot khoang 16n nhit.

Bai 30. Trong khong gian v6i hé toa do Oxyz, cho diém A(10; 2; —1) va dudng thang d ¢6 phwong trinh:

x—1
2

= T Lap phuong trinh mit phang (P) di qua A, song song véi d va khoang céach tir d t6i (P) 1a

y z—1
1

16n nhét.

Bai 31. Trong khong gian véi hé toa d6 Oxyz, cho duong thang (d) c6 phuong trinh tham sb
{x =241, y=—2t; z=2+2¢. Goi A 1a duong thang qua diém A(4;0;~1) song song véi (d) va 1(-2;0;2) 1a
hinh chiéu vuéng goc cua A trén (d). Viét phuong trinh ctia mat phang chira A va c¢6 khoang cach dén (d) 1a

16n nhét.

Bai 32. Trong khong gian véi hé toa d6 Oxyz, cho dudng thing d : x; = % = Z;2 va diém A4(2;5;3). Viét

phuong trinh mit phang (P) chira d sao cho khoang céach tir A dén (P) 1a 16n nhét.
Bai 33. Trong khong gian toa do Oxyz, cho hai diém M (0;—1;2) va N(-1;1;3). Viét phuong trinh mat
phang (P) di qua M, N sao cho khoang cach tir diém K (0;0;2) dén mit phang (P) 13 16n nhat.

x-1 y =z

Bai 34. Trong khong gian véi hé toa dd Oxyz, cho mit phang (o) chira dudng thang (A): =
va tao voi mit phang (P) : 2x—2y—z+1=0 mot goc 60°. Tim toa d giao diém M cua mat phang (o) v6i
truc Oz.

Bai 35. Trong khong gian v6i hé toa 46 Oxyz, viét phuong trinh mit phang (P) di qua giao tuyén d cia hai
mit phang (a):2x—y—1=0, (8):2x—z=0 va tao voi mit phang (Q):x—2y+2z—1=0 mdt goc ¢ ma

12
CosQ = T
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Bai 36. Trong khong gian voi hé toa d6 Oxyz, cho hai diém A(-1;2;-3),B(2;—1;—6) va mit phang

(P):x+2y+z—-3=0. Viét phuong trinh m3t phang (Q) chira AB va tao véi mit phang (P) mot goc o thoa

~ 3
man cosa =?.

Bai 37. Trong khoéng gian v&i hé toa d6 Oxyz, cho hai mit phing (P):5x—2y+5z—-1=0 va
(0):x—4y—8z+12=0. Lap phuong trinh mit phang (R) di qua diém M tring v&i gbc toa do O, vudng goc

v6i mat phang (P) va tao voi miat phiang (Q) mot goc o =45°.

x—=1 y+l z-1

Bai 38. Trong khong gian v&i hé toa ¢ Oxyz, cho hai dudng thang c6 phuong trinh: A, : . 3

va A, ;% = 12 =Z . Viét phuong trinh mit phing (P) chira A, va tao v6i A, mot géc o = 30°.

Bai 39. Trong khong gian voi hé toa do Oxyz, viét phwong trinh mit phang (P) di qua diém M (1;2;3) va tao
véi cac truc Ox, Oy cac goc tuong tmg 1a 45°, 30°.
Bai 40. Trong khong gian v&i hé toa d6 Oxyz, cho miat phang (Q): x+2y—z+5=0 va duong thing

d:x+1:y+1:z—3
2 1

. Viét phuong trinh mit phang (P) chtra dudng thang d va tao v6i miat phang (Q) mot
goc nho nhit.

Bai 41. Trong khong gian voi hé toa d0 Oxyz, cho hai diém M (-1;,-1;3),N(1;0;4) va mat phéng (Q):
x+2y—z+5=0. Viét phuong trinh mit phang (P) di qua M, N va tao v6i (Q) mot goc nho nhét.

Bai 42. Trong khong gian voi hé toa d6 Oxyz, cho dudng thang d Ax=1-t,y=-2+1,2=2t. Viét phuong

trinh mat phang (P) chtra dudng thang d va tao véi truc Oy mot goc 16n nhat.

. . . . -1 2 .

Bai 43. Trong khong gian véi hé toa do Oxyz, cho hai duong thang d, :XT =% =i1 va
x+2 y-1 =z Y \ < 2 , L e < 2 \ \

d,: TS Viet phuong trinh mat phang (P) chira d, sao cho goéc gitta mat phang (P) va duong

thang d, 1a 16n nhat.

+1 y-2 z+

Bai 44. Trong khong gian v&i hé toa do Oxyz, cho dudng thing d : xl . 11 va diém A(2;-1,0).

Viét phuong trinh mit phang (P) qua A, song song véi d va tao véi mat phang (Oxy) mot goc nho nhat.

Bai 45. Trong khong gian v6i hé toa do Oxyz, cho mit phang (Q): 2x—y+z+2=0 va diém A(L;1;-1).

Viét phuong trinh mit phiang (P) di qua diém A, vudng goc véi mat phang (Q) va tao véi truc Oy mot goc 1on

nhat.

Bai 46. Trong khong gian véi hé truc toa d6 Oxyz, cho diém A(4; 5; 6). Viét phuong trinh mit phang (P)
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qua A, cit cac truc toa dd 1an luot tai [, J, K ma A 1a tryc tm cta tam giac UK.

Bai 47. Trong khong gian voi hé toa dd Oxyz, cho A(2; 0; 0) M(1; 1; 1). Mit phang (P) thay d6i qua AM
cit cac truc Ox, Oy lan luot tai B(0; b; 0), C(0; 0; ¢) (b > 0, ¢ > 0). Chttng minh rang: b+c = b—;. Tir d6, tim

b, ¢ @é dién tich tam giac ABC nho nhat.

Bai 48. Trong khong gian toa do Oxyz, cho diém A(2;2;4) va mit phang (P):x+y+z+4=0. Viét
phuong trinh mit phang (Q) song song véi (P) va (Q) cat hai tia Ox, Oy tai 2 diém B, C sao cho tam giac
ABC c6 dién tich bang 6.

Bai 49. Trong khong gian toa dd Oxyz, cho cac diém A(3;0;0), B(1;2;1) . Viét phuong trinh mat phang (P)

qua A, B va cit truc Oz tai M sao cho tam giac ABC c6 di¢n tich béng %

Bai 50. Trong khong gian véi hé toa d6 Oxyz, viét phuong trinh mit phang (P) di qua diém M (9;1;1), cat
cac tia Ox, Oy, Oz tai A, B, C sao cho thé tich t&r dién OABC c6 gia tri nho nhit.
Bai 51. Trong khong gian véi hé toa dd Oxyz viét phuong trinh mat phang (P) di qua diém M (1;2;3), cit

1
+ +
04> OB* 0OC?

cac tia Ox, Oy, Oz tai A, B, C sao cho biéu thirc c6 gia tri nho nhat.

Bai 52. Trong khong gian v&i hé toa dd Oxyz, viét phuong trinh mit phang (P) di qua diém M (2;5;3), cit
cac tia Ox, Oy, Oz tai A, B, C sao cho biéu thitc 04+ OB+ OC c¢6 gia tri nho nhat.
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BAI 3. PUONG THANG TRONG KHONG GIAN
I. KIEN THUC CO BAN
1/ Véc to chi phrong ciia dwong thing trong khong gian
- Vécto a =(a,,a,,a;) 1a vtcp clia duong thing d<a/ld hoic acd.
2/ Phuong trinh dwong thing trong khong gian

x=x,+tat

- Dt d diqua M(x,,,,2,) vaco vtcp Zz=(a1,a2,a3)thi pttsla: d: {y=y,+ayt.

zZ=2z,+as

Xo V=V _

- Dtd diqua M(x,,,,z,) va co vtep a =(a,,a,,a, ) thi ptet 1a: d: 20—
4 a4

- Dtd diqua diém 4,B c6 phuong trinh: X X4 — Y7Vu _ 2724
Ye=Vu V= V4 ZpTZ,

3/ Vi tri ciia 2 dwong thing
Cho 2 duong thang d di qua M co vtep a va A di qua N co vtcp b.Khido :

- Zz,l; MN #0 < d va A chéo nhau.

- |a,b|MN=0vaa,b khong cing phuong < d va A cit nhau.

- a,b |MN =0, a, b cung phuong va hé {d, A} vo nghiém< d va A song song.

- 5,5_m =0, a, b cung phuong va h¢ {d, A} c6 nghitm< d va A trung nhau.

4/ Vi tri twong ddi ciia dwdng thang va mit phing

X0

Cho duong thing dg- X" Y= h 7% va mit phang (a):Ax+By+Cz+D=0.Khid(')

a, a, a,

- d cit (a) < nu=0.Dicbidt: n.//u thi d L(a).

. d//(a)@{;MJ;;(i)

nu=0
Me(a).

- dc(a)@{

5/ Géc giira 2 dwong thiang
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Cho 2 dudng thing d c6 vicp a va dudng thing (A) co vtep 1a b . Khi d6 goc tao boi d va A duoc tinh

‘a.z?‘
B’

bai cong thuc : cos(d,A) =

|a
6/ Géc giira dwong thing va mit phing

Cho duong thing d c6 vicp a va mat phing (&) co vipt n= (4,B,C). Khi d6 goc tao bdi d va () duoc

u.n‘

tinh boi cong thire : sin(d, o) = HH
uf\n

7/ Khoang cach tir diém dén dwong thang
Cho duong thing d di qua M c6 vtep a va diém A . Khi d6 khoang cach tir 4 dén d duoc tinh béi cong
[o]

4

8/ Khoang cach giira 2 dwong thang chéo nhau

thire : d(A,d)=

Cho 2 duong thing chéo nhau d di qua M c6 vicp a, A di qua N c6 vtep b . Khi d6 khoang cach giita d
o)
[e2]

va A dugc tinh boi cong thic : d(d,A)=

II. BAITAP

Bai 53. Trong khong gian voi hé toa dd Oxyz, cho duong thing d: X;-l = yl—l =2

va mit phang

(P) x—y—z—-1=0. Viét phuong trinh duong théng A di qua A(1;1;-2), song song vGi mat phéng (P) va
vudng goc v6i dudng thang d .

Bai 54. Trong khong gian v&i hé toa dd Oxyz, cho duong thang (d) ¢6 phuong trinh: { x=—¢;y=—1+2¢;
z=2+¢ va mit phang (P): 2x— y—2z—3=0.Viét phuong trinh tham s6 cua duong thang A nam trén (P),
cit va vudng goc véi (d).

Bai 55. Trong khong gian v6i hé toa d6 Oxyz, cho dudng thang d: xTH :%: Z;2 , mit phang (P) : x +y —

2z +5=0vadiém A (1; -1; 2). Viét phuong trinh dudong thang A cit d va (P) lan luot tai M va N sao cho A
1a trung diém cua doan thang MN.

Bai 56. Trong khong gian véi hé toa do Oxyz, cho didm A(1; 2; 3) va dudng thing 4 :XTH -r_: ‘23 Viét

phuong trinh dudng thang A di qua diém A, vudng goc voi dudng thang d va cét truc Ox.
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Bai 57. Trong khong gian véi hé toa 6 Oxyz, cho didm M(2; 1; 0) va dudng thing A: XT_l =yT+1 =i1.

Lap phuong trinh ciia dudng thang d di qua diém M, cét va vudng goc vi A.

Bai 58. Trong khong gian véi hé truc toa do Oxyz, cho mit phang (P): x + 2y — 2z + 1 = 0 va hai diém
A(1;7; 1), B(4;2;0). Lap phuong trinh duong thang (D) 13 hinh chiéu vudng goéc cua dudng thang AB trén
P).

Bai 59. Trong khong gian v6i hé toa do Oxyz, goi 4, B, C lan lugt giao diém ctia mit phang
(P) : 6x+2y+3z—6=0 v&i Ox, Oy, Oz. Lap phuong trinh duong thang d di qua tim dudng tron ngoai tiép
tam giac ABC ddng thoi vudng goc v6i mét phang (P).

Bai 60. Trong khong gian v&i hé toa do Oxyz, cho 3 diém A(1;2;—1), B(2;1;1);C(0;1;2) va dudng thang

x=1_ y+1 z+2
2 -1 2

d:

. Lap phuong trinh duong thang A di qua truc tim ciia tam giac ABC, nam trong mit

phing (ABC) va vuong goc voi duong thang d.
Bai 61. Trong khong gian véi hé toa do Oxyz, cho diém M(2; 1; 0) va duong théng d c6 phuong trinh

-1 +1 X _ . i 2 g )
d :XT:yT =i1. Viét phuong trinh cia duong thang A di qua dieém M, cat va vudng goc voi duong

thang d va tim toa d6 diém M’ d6i xing voi M qua d.

Bai 62. Trong khong gian Oxyz, cho duong thang d :%:y_—l = z+1

3 ; va hai diém A(1;1;-2), B(-1;0;2).

Viét phuong trinh duong thang A qua A, vudng goc véi d sao cho khoang cach tir B t6i A 1a nho nhét.

Bai 63. Trong khong gian vdi hé toa d§ Oxyz, cho duong théng A: X;-l = % -z +11 va hai diém A(1;2;-1),

B(3;-1;-5). Viét phuong trinh duong thang d di qua diém A va cit duong thang A sao cho khoang cach tir B
dén duong thang d 13 16n nhat.
Bai 64. Trong khong gian v6i hé toa dd Oxyz, cho hai diém A(1; 5; 0), B(3; 3; 6) va dudng thing

+1 -1 4 : . . 2 - : PR
A: XT = y_l = % Viét phuong trinh duong thang d di qua diém B va cat duong thang A tai diem C sao cho

dién tich tam giac ABC c6 gié tri nho nhat.

+1 y-2 z-

Bai 65. Trong khong gian v6i hé toa do Oxyz, cho duong thang d : x3 5 2 va mit phang (P): x

+ 3y + 2z + 2 = 0. Lap phuong trinh dudng thing A song song voi mat phang (P), di qua M(2; 2; 4) va cat

duong thang (d).

Bai 66. Trong khong gian voi hé toa d6 Oxyz, cho mit phiang (a):3x—2y+z-29=0va hai diém

A(4;4;6) ,B(2;9;3). Goi E, Fla hinh chiéu caa 4 va B trén (o). Tinh d6 dai doan EF . Tim phuong trinh
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duong thang A ndm trong mit phang () dong thoi A di qua giao diém ciia 4B vé6i () va Avudng goc
vOil AB.

Bai 67. Trong khong gian v&i hé toa dd Oxyz, cho 2 mit phang (P), (Q) va duong thang (d) 1an luot c6

phuong trinh: (P):x-2y+z=0,(Q):x-3y+3z+1=0, (d):T= = Lap phuong trinh duodng

x=1_y_ z-1
1

thang A nam trong (P) song song v&i mat phang (Q) va cit dudng thang (d).

Bai 68. Trong khong gian voi hé toa d6 Oxyz, cho 3 diém A(1;2;—1), B(2;1;1),C(0;1;2) va duong thing

x—1_ y+1 z+2

5 " . Lap phuong trinh dudng thang A di qua tryc tdm cua tam gidc ABC, nam trong

d):

mat phiang (ABC) va vudng goc v6i dudng thang (d).
Bai 69. Trong khong gian voi hé toa d0 Oxyz, cho mit phiang (P): x+2y—z+5=0, duong thing

x+3 o y+l oz

5 " 3 va diém A(-2;3;4). Viét phuong trinh dudng thang A nam trén (P), di qua giao diém

d

cta d va (P), dong thoi vudng goc véi d. Tim diém M trén A sao cho khoang cach AM ngén nhit.
y=2 z .

Bai 70. Trong khong gian véi hé toa dd Oxyz, cho diém A(3;—1;1), dudong thang A:%:T =2 mat

phing (P):x— y+z-5=0. Viét phuong trinh ctia duong thang d di qua diém A , nam trong ( P) va hop véi
dudng thang A mot goc 45°.

x=3 y+2 z+lI

" " va mat phang (P):

Bai 71. Trong khong gian toa d6 Oxyz, cho dudng thing d:

x+y+z+2=0.Goi M la giao diém ciia d va (P). Viét phuong trinh dudong thang A nam trong mit phang
(P), vudng goc v6i d dong thoi khoang cach tir M téi A bang /42 .

Bai 72. Trong khong gian v6i hé toa d6 Oxyz, cho mat phang («): x+ y—z—1=0, hai dudng thang (A):

=—=ZT+1. Viét phuong trinh duong thang (d) ndm trong mit phang (a ) va cat

(A"); (d) va (A) chéo nhau ma khoang cach gitra chiing bang ?

Bai 73. Trong khong gian voi hé toa d6 Oxyz, viét phuong trinh duong vudng goc chung cua hai duong

x=7 y-3 z-9

thang: A, : . 5 .

va A2:{x=3+7t,y=l—2t,z=1—3t.

Bai 74. Trong khong gian véi hé toa d6 Oxyz, cho hai duong thang A, A,va mat phang (o) c6 phuong

-1 y+1 z+2

1 1 > ,(@):x—y+z+2=0. Viét phuong trinh

trinh 1a A, :{x=2+t,y=5+3t,z=t, Az:x
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duong thang d di qua giao diém ciia A, véi (¢ ) dong thoi cit A, va vudng goc véi truc Oy.

Bai 75. Trong khong gian v&i hé toa do Oxyz, cho duong thang d, :{x =1+t,y=1+2t,z=1+2¢t, dudng
thang d, 13 giao tuyén cia hai mat phang (P): 2x—y—1=0 va (Q): 2x+y+2z-5=0. Goi I 1a giao diém
cia d,,d,. Viét phuong trinh duong thang d, qua diém A(2; 3; 1), ddng thoi cat hai duong thang d,,d, 1an
luot tai B va C sao cho tam giac BIC cén dinh L.

Bai 76. Trong khong gian v6i hé toa d6 Oxyz, cho mit phang (P): 4x—3y+11z=0 va hai dudng thang d;:

il = y;3 = Z;rl , XI4 = % Z;3 . Chimg minh rang d; va d, chéo nhau. Viét phuong trinh dudng

thang A nam trén (P), ddng thoi A cit ca d, va ds.
Bai 77. Trong khong gian v6i hé toa d6 Oxyz, cho hai mit phang va hai dudng thang c6 phwong trinh (P):

x+5 y-3 z+1 (d): x=3 y+l1 z-2
4 3T 23

3x+12y-3z-5=0 va (Q): 3x—4y+9z+7=0, (d): . Viét

phuong trinh dudng thang (A) song song v6i hai mat phang (P), (Q) va cit (d,), (dy).
Bai 78. Trong khong gian v6i hé toa d6 Oxyz, cho mat phang (P): 2x—y+2z—3=0 va hai duong thing

A , . x-4 y-1 =z . x+3 y+5 z-7
d;), (dy) lan luogt c6 phuong trinh ——==—=-"— va = =
dy), (d) C p g > > 1 > 3 )

. Viét phuong trinh duong
thang (A ) song song véi mit phang (P), cat (d,) va (d,) tai A va B sao cho AB =3,
Bai 79. Trong khong gian véi hé toa dd Oxyz, cho mit phang (P): 2x—y+z+1=0 va hai duong thang

x=1 y+2 z-3 J x+l y-1 z—

5 " 7 b 3 2. Viét phuong trinh duong thing A song song vé6i (P),

d,:

vudng goc voi d, va cit d, tai diém E c6 hoanh d¢ bang 3.
Bai 80. Trong khong gian Oxyz, cho hai duong thang (d,),(d,) va mat phiang (P) c6 phuong

trinh:(dl):xT—i_l:yT”: :x_2=y_1:Z_

> 1 11; (P):x+y-2z+5=0. Lap phuong trinh duong

z
T ’ (dz)
thang (d) song song voi mat phang (P) va cat(d,),(d,) 1an luot tai A, B sao cho d6 dai doan AB nhé nht.

x+8 y—-6 z-10
2 1 -1

Bai 81. Trong khong gian v&i hé toa d6 Oxyz, cho hai duong thing (d,): va

(dy):{x=t,y=2-t,z=-4+2t. Viét phuong trinh dudng thing (d) song song véi truc Ox va cét (d;) tai A,
cit (d,) tai B. Tinh AB.
Bai 82. Trong khong gian véi h¢ toa d Oxyz, cho hai duong théng d, :{x =-23+8t,y=—10+4t,z=t¢ va

x-3 y+2 =z

d, 5 ERREE Viét phuong trinh dudng thang (d) song song véi truc Oz va cit ca hai duong thing
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(dn), (d>).

Bai 83. Trong khong gian vdi hé truc toa do Oxyz, cho bon diém A(4;5;6); B(0;0;1); C(0;2;0); D(3;0;0).
Chimg minh cac dudng thang AB va CD chéo nhau. Viét phuong trinh dudng thang (D) vuéng goc véi mat
phang Oxy va cit cac dudng thang AB, CD.

Bai 84. Trong khong gian voi  hé toa d0 Oxyz, cho  hai dudng thang c6 phuong trinh:

d: {x=—1-2t,y=t,z=1+1 va d,: %:%:%. Xét vi tri twong d6i cua d; va da. Vit phuong trinh

duong thang d qua M tring véi gde toa dd O, cét d; va vudng goc véi da.

Bai 85. Trong khong gian v6i hé toa dd Oxyz, cho 2 (di): {x =1,y =4+1,z=6+2 va

(dy) : {x =1 y=3t'-6,z=t'-1.  Goi K 1 hinh chiéu vuong goc cta diém I(1; —1; 1) trén (d2). Tim
phuong trinh tham sé cua dudng thang di qua K vudng goc véi (d)) va cat (d,).

Bai 86. Trong khong gian v&i hé toa dd Oxyz, cho diém M(0;1;1) va 2 duong thing (d)), (d2) véi:

(dl):xT_lJT”:% : (dy) 1a giao tuyén cta 2 mat phang (P): x+1=0 va (Q): x+y—z+2=0. Viét

phuong trinh dudng thang (d) qua M vudng goc (d;) va cit (dy).
Bai 87. Trong khong gian v&i hé toa d0 Oxyz, cho mit phang (P):2x—y+2z=0 va 2 duong thing

xl—l = y3—1 = Z;I , (d"): x_—21 = yT—Z = % Viét phuong trinh dudng thang (A) nam trong mit phang

(d):
(P), vudng goc v4i dudng thang (d) va cat duong thang ().

Bai 88. Trong khong gian vi hé toa dd Oxyz, cho mat phang (P): 2x — y+z—1=0 va hai duong thang (d)):
x—1 _ y+2 _ z-3 (d): x+1 _ y-1 _ z=2

5 " 3 5 3 . Viét phuong trinh duong thang (A) song song v4i mét phing

(P), vudng goc v6i dudng thang (d;) va cit duong thang (d,) tai diém E c6 hoanh d6 bang 3.

Bai 89. Trong khong gian véi hé toa d Oxyz, cho hai diém A(0; 0;-3), B(2; 0;—1) va mat phéng (P) co
phuong trinh: 3x—8y+7z+1=0. Viét phuong trinh chinh tic dudong thang d nam trén mit phang (P) va d
x=2 'y z-1

vudng goc v6i AB tai giao diém cua duong thang AB véi (P). BS: d: =

. . . . 1 -1 -1
Bai 90. Trong khong gian vdi hé toa d§ Oxyz, cho hai duong thang d;: x; =2 = Zl ; da:
x—=1 y-2 z+1
1 1

va mit phang (P): x—y—2z+3=0. Viét phuong trinh dudng thang A nim trén mat

phang (P) va cét hai duong thang d, , ds .
Bai 91. Trong khong gian véi hé toa do Oxyz, viét phuong trinh duong thang (d) vudng goc véi mit phing

120



TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin The — DT: 0983. 336682

(P): x+y+z-1=0 ddng thoi cit ca hai dudng thing (dl):XT_lJ—il:% va

(dy):{x==1+t,y=-l,z=—t.
Bai 92. Trong khong gian véi h¢ toa d6 Oxyz, cho (P): 2x—y+z+1=0, (Q): x—y+2z+3=0, (R):

x+2y—3z+1=0 va duong thang A,: x_—22 :yTH =§. Goi A, 1a giao tuyén cua (P) va (Q). Viét phuong

trinh dudng thang (d) vudng goc v6i (R) va cat ca hai duong thang A, A,.
Bai 93. Trong khong gian voi hé toa d0 Oxyz, cho ba dudng thingcdé phuong trinh

dli{x=t,y=4—t,zz—1+2t, d2;f:y__2:i, d3:x+1:y—1=z+1
1 3 5 2

A, biét A cit ba duong théng d, d,, d, lan luot tai cac diém A, B, C sao cho 4B = BC.

. Viét phuong trinh duong thang

Bai 94. Trong khong gian v&i hé toa d6 Oxyz , cho duong thang (d): {x =2+4t,y=3+2t,z=-3+t vamat
phang (P): —x+y+2z+5=0. Viét phuong trinh dudng thang (A) nam trong (P), song song véi (d) va cach
(d) mot khodng 1a V14 .

Bai 95. Trong khong gian v&i hé toa dd Oxyz, cho mit phang (P): x+ y—z+1=0 va duong thing d:

XI2 = y—ll = 2_31 . Goi I 1a giao diém cua d va (P). Viét phuong trinh cta dudng thang A nim trong (P),

vuong goc voi d sao cho khoang cach tur [ dén A béng 3\/5.

Bai 96. Trong khong gian voi hé toa do Oxyz, cho mat phéng (P): 2x+y—-2z+9=0 va dudng théng

d:x+1 _ y-1 _ z-3
1 7 -1

(P) mot khoang bang 2.

. Viét phuong trinh dudng thang A vudng goc véi (P) va cit d tai mot diém M cach

Bai 97. Trong khong gian v6i hé toa do Oxyz, cho mit phing (P):x+3y—-z—-1=0 va cac diém
A(1;0;0); B(0;—2;3). Viét phuong trinh duong thang d nam trong (P) di qua A va cach B mot khoang 16n
nhit (nho nhat).

Bai 98. Trong khong gian véi hé toa 40 Oxyz, cho mit phang (P):x—2y+2z—5=0 va cac diém
A(=3;0;1); B(1;—1;3). Viét phuong trinh dudng thang d di qua A, song song véi (P) va cach B mot khoang
nho nhat.

. : : 1 -2 .2
Bai 99. Trong khong gian vdi hé toa d0 Oxyz, cho duong thang A % = % =z - hai diém A4(0;-1;2),

B(2;1:1). Viét phuwong trinh duong thang d di qua A va cit duong thang A sao cho khoang cach tir B dén d 1a

16n nhét (nho nhat).
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: : : -1 -2 o
Trong khong gian véi h¢ toa d0 Oxyz, cho duong thang d:xT=y—=%, hai diém

‘:4‘(1;1;0),8(2;1;1). Viét phuong trinh duong thang A di qua A va vudng goc véi d, sao cho khoang cach tir B
dén A 1a 16n nhat.

Bai 101.Trong khong gian v6i hé toa do Owxyz, viét phuong trinh duong thang d di qua A(0;—1;2), cit

duong thang A, :XTJrl:%: Z_l sao cho khoang cach giita d va dudng thang A, :xT_b-:%:% la lon
nhat.

. . .2 . -2 .
Bai 102. Trong khong gian véi hé toa do Oxyz, cho diem A(3; —1; 1), duong thang A: %= yT =§ va mat

phang (P): x— y+z—5=0. Viét phuong trinh tham s6 cua duong thang d di qua A, nam trong (P) va hop
v6i dudng thang A mot goc 45°.

Bai 103.Trong khong gian véi hé toa dd Oxyz, viét phuong trinh duong thang A nim trong mit phing
(P):x+y—z+1=0, cit cic duong thing d,:{x=1+t,y=1,2=2+2t; d,:{x=3-t,y=1+1,z=1-2¢ va
tao v6i d, mot goc 30°.

Bai 104. Trong khong gian véi hé toa d§ Oxyz, cho hinh chop A.OBC, trong d6 A(1; 2; 4), B thudc truc Ox
va c¢6 hoanh do dwong, C thudc Oy va co tung do duong. Mit phiang (ABC) vudng géc voi mit phing
(OBC), tan OBC =2. Viét phuong trinh tham s6 cta duong thang BC.

Bai 105.Trong khong gian voi hé toa d6 Oxyz, cho hai diém A(2;—1;1),B(0;1;-2) va duong thing

d:%:y—3:z+l

. . Viét phuong trinh dudng thang A di qua giao diém ctua duong thing d véi mat phang

(OAB), nam trong mit phang (OAB) va hop v6i dudng thang d mot goc o sao cho cosa = %

Bai 106. Trong khong gian v&i hé toa do Oxyz, viét phuong trinh duong thang A di qua diém A(0;1;-2),

x+3:y_—2:% va tao v6i mat phang (P): 2x+y—z+5=0 mdt goc

vudng goc véi duong thang d :

a=30°.
Bai 107. Trong khong gian v6i hé toa do Oxyz, viét phuong trinh duong thang d di qua A(1;—1;2), song song

_ , 3 . _ . +1 -1 A 14 X
v6i mat phang (P):2x—y—z+3=0, dong thoi tao voi duong thang A XT =y_2 % mot goc 16n nhat

(nho nhét).
Bai 108.Trong khong gian véi hé toa d0 Oxyz, viét phuong trinh duong thiang d di qua A(-1;0;—1), cit

122



TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin The — DT: 0983. 336682

dudng thang A, :x2—1 = yI2 = Z+12 sao cho goc gilta d va dudng thang A, : x—13 = y;2 = 2+3 la 16n

nhit (nho nhat).
Bai 109. Trong khong gian voi hé toa d§ Oxyz, cho AABC vdi toa d§ dinh C(3; 2; 3) va phuong trinh duong

x-2 y-3 z-3 J x=1 y-4 z-3
1 277 ) 1

phuong trinh dudng thang chira canh BC ctia A4BC va tinh dién tich cia A4BC.

cao AH, phuong trinh duong phan giac trong BD la: 4, : Lap

Bai 110. Trong khong gian voi hé toa 6 Oxyz, cho AABC v6i A(l;—1;1) va hai duong trung tuyén lan lugt

y—=1 z-2

c6 phuong trinh la 4, :§= , dy{x=1-1,y=0,z=1+¢. Viét phuong trinh duong phan giac

trong cua goc 4.

BAI 4. MAT CAU
I.  KIEN THUC CO BAN

1/ Phuong trinh mit cau
a/ Dang thu gon: (): (x—a)2 +(y—b)2 +(z—c)2 =R?> - Tam I(a,b,c) vabankinh R.

b/ Dang khai trién: (C):x” +y* —2ax—2by—2cz+d = 0—> Tam I(a,b,c) va ban kinh

R :\/a2 +bh2+cl—d.

2/ Vi tri ciia diém va mit cau

Cho mijt cau (S) c6 tdm 7, ban kinh R va diém M . Khi do:

a/ IM >R <M nam ngoai (S).

b/ IM =R <M nimtrén (S).

¢/ IM <R <M nim trong (S).

3/ Vi tri cia mit phing va mit cau

Cho mit cau () c6 tm 7, ban kinh R va mp (e ). Khi dé:

al d (I,(a)) >R<  mp(a) va () khong c6 diém chung.

b/ d(I,(a))=R< mp(a)va (S) co 1 diém chung M . Lic ndy mp(a) goila tiép dién v6i (S) va M
goi 1a tiép diém.

+ Céch tim tiép diém: Viét phuong trinh dudng thing A qua tim / va vudng goc véi mp(a), suy ra tiép

diem M =AN(a).
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¢/ d(I,d)<R< mp(a) va (S) citnhau theo mot dudng tron nhé (C) c6 tam 1 hinh chiéu cua 7 1én

mp () vaban kinh 7= \[R* ~d* (1,(at)).
4/ Vi tri ciia dwong thing va mit ciu
Cho mit cdu (S) c6 tam 7,bankinh R va dudng thang d . Khi do:
a/ d(I1,d)>R<d va (S) khong c6 diém chung.
b/ d(1,d)=R<d va(S)céd1diémchung M . Licnay d 1a tiép tuyén véi (S) va M goi la tiép diém.
+ Céch tim tiép diém: Viét phuong trinh mp (P) di qua I va vudng goc véi d , khi dé M =mp(P)d .
o/ d(1,d)<R < d cat (S) tai 2 diém phan biét 4, B.Khidé: R* = [%T +d*(1,d).
5/ Vi tri ciia 2 mit ciu
Cho 2 mat cau (Sl):x2 +y? —2aix-2by—2ciz+d; =0 va (Sz):x2 +y? ~2a,x—2b,y—2cyz+d, =0 lan
lugt co6 tdm 7,7, va ban kinh R}, R, . Khi do:
+ 111, >R +Ry: (S)) va (S,) khong cé diém chung.
+ I, =R +Ry: (S)) va (S,) tiép xtc ngoai.
+ |Ry = Ry| < 111, < R+ Ry: (S}) va () cdt nhau theo giao tuyén 1a mot dudng tron.
+|R —Ry|=I1,: (S)) va (S, ) tiép xuc trong.
+ |Ry = Ry|> 11,: (S;) va (S,) dung nhau.
II. BAITAP
Bai 111.Trong khong gian véi hé toa do Oxyz, cho diém I(1;—2;3). Viét phuong trinh mit cau tam I va tiép

xuc voi truc Oy.

Bai 112.Trong khong gian véi hé toa d6 Oxyz, cho hai duong thang: (d)) : {x=2t; y=t;z=4 va (dy) :
{x=3-t; y =t; z=0. Chimg minh (d;) va (d;) chéo nhau. Viét phuong trinh mat cau (S) c6 dudng kinh 1a

doan vudng goéc chung ctia (d;) va (dy). BS: (S): (x=2)" +(y=1)> +(z-2)* =4.

x—4 y-1 z+45
3 -1 -2

Bai 113. Trong khong gian v&i hé toa dd Oxyz, cho hai duong thang: d,: va
dy:{x=2+t,y=-3+3t,z=t. Viét phuong trinh mit cdu c6 ban kinh nhé nhat tiép xtc véi ca hai duong
thang d, va d,.

Bai 114.Trong khong gian vé6i hé toa d6 Oxyz, cho dudng thang (A,) c6 phuong trinh {x=2t,y=t;z=4;
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(A,) 1a giao tuyén ciia 2 mit phang (a):x+y—-3=0 va (B):4x+4y+3z—12=0. Ching t6 hai duong
thang A,, A, chéo nhau va viét phuong trinh mit ciu nhan doan vudng goc chung cua A,,A, lam duong
kinh.

Bai 115.Trong khong gian voi hé toa do Oxyz, cho hinh hop chir nhat ABCD.A’B’C’D’ c6 A=0, B(3;0;0),
D(0;2:0), A’(0;0;1). Viét phuong trinh mit cau tam C tiép xuc v6i AB’.

Bai 116. Trong khong gian véi hé truc toa dd Oxyz, cho 4 diém A(1;-1;2),B(1;3;2),C(4;3;2),D(4;—1;
2) va mit phang (P) ¢6 phuong trinh: x+ y+z—2 =0. Goi A’ 14 hinh chiéu ctia 4 1én mit phang Oxy. Goi (S)
13 mit cau di qua 4 diém 4/, B, C, D. Xéc dinh toa do tim va ban kinh cua duong tron (C) 1a giao cia (P) va
(9.

Bai 117.Trong khong gian v6i hé toa d6 Oxyz, cho diém A(1; —2; 3) va dudng thang d c6 phuong trinh

x+l 2= 2 _ZF 3 . Tinh khoang cach tir diém A dén duong thang d. Viét phuong trinh mit cau tim A, tiép

2 !
xuc void.

‘e A . s 1A A N 2 x+5 y- 7 A . .2
Bai 118.Trong khong gian véi hé toa d0 Oxyz, cho duong thang d : S S5 7T va diem M (4;1;6) .

Duong théng d cit mit cu (S), c6 tam M, tai hai diém A, B sao cho 4B =6. Viét phuong trinh cia mat ciu
(S).

Bai 119.Trong khong gian v6i hé toa do Oxyz, cho mit phang (a):2x—y+2z-3=0 va mit cau
(S):x*+y*+2" —2x+4y—8z—4=0. Xét vi tri twong d6i ciia mit cau (S) va mat phang («). Viét phuong
trinh mat cau (S) d6i xtmg v6i mat cau (S) qua mat phang (a) .

Bai 120. Trong khong gian véi hé toa d6 Oxyz, 1ap phuong trinh mat cau (S) biét ring mat phang Oxy va mit
phang (P): z =2 lan lugt cat (S) theo hai dudng tron c6 ban kinh bang 2 va 8.

Bai 121. Trong khong gian v6i hé toa do Oxyz, cho mat phang (P): 2x—y—2z—2=0 va duong thang d:

x y+l z-2

-1 2
(S) theo mot duong tron (C) ¢6 ban kinh bang 3.

. Viét phuong trinh mat cau (S) ¢6 tam I thudc d, I cach (P) mot khoang bang 2 va (P) ct

Bai 122. Trong khong gian voi hé toa do Oxyz, cho 2 diém A(0; 0; 4), B(2; 0; 0) va mit phang (P):

2X+y—z+5=0. Lap phuong trinh mit cau (S) di qua O, A, B va c¢6 khoang cach tir tim I ctia mit cau dén
mit phang (P) bang =l

Bai 123.Trong khong gian voi hé toa do Oxyz, cho cac diém A(1;3;4), B(1;2;-3),C(6;—1;1) va mit phing
():x+2y+2z-1=0. Lap phuong trinh mit cau (S) c6 tim nam trén mat phang () va di qua ba diém

A,B,C . Tinh dién tich hinh chiéu ctia tam gidc 4ABC trén mit phang (a).
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Bai 124.Trong khong gian voi hé toa d6 Oxyz, cho dudng thing d: xT—l:yTJrl:% va mat phang (P):

2x+y—2z+2=0. Lap phuong trinh mit cau (S) c6 tim nam trén duong thang d c6 ban kinh nho nhat tiép
xuc v6i (P) va di qua diém A(1;—1; 1).

Bai 125. Trong khong gian Oxyz, cho duong thing d: XT_l =2 Jlr 2 :% va mit phang (P): 2x+y—2z+2=0.

Lap phuong trinh mit cau (S) c6 tim nam trén d, tiép xtic voi mit phang (P) va di qua diém A(2; —1; 0).

Bai 126.Trong khong gian véi hé toa d6 Oxyz, cho diém I(1;2;-2), dudng thang A: 2x—2=y+3=z va
mat phang (P): 2x+2y+z+5=0. Viét phuong trinh mit cau (S) c¢6 tdm I sao cho mit phang (P) cat khéi
cau theo thiét dién 13 hinh tron ¢6 chu vi bang 87 . Tir d6 lap phuong trinh mit phang (Q) chira A va tiép xtic
vai (S).

Bai 127.Trong khong gian vdi hé toa do Oxyz, cho duong théng d: {x =t; y=—1;z=—t va2 mat phéng (P):
X+2y+2z43=0 va (Q): x+2y+2z+7=0. Viét phuong trinh mit cau (S) c6 tim I thudc dudng thang (d)
va tiép xtic voi hai mit phang (P) va (Q).

Bai 128.Trong khong gian voi hé toa do Oxyz, cho mit phang (P): x—2y—2z+10=0, hai duong thing

x=-2 y z-1
Ar): === , (A2):
(A1) IR (A2)

al I 2_ % =z Z 3 Viét phuong trinh mat ciu (S) c6 tam thude (A1), tiép xiic

v6i (Az) va mit phang (P).

Bai 129.Trong khong gian vdi hé toa do Oxyz, cho 3 diém A(3;1;1), B(0;1;4), C(—1;-3;1). Lap phuong trinh

ctia mit cau (S) di qua A, B, C va c¢6 tAm nam trén mat phang (P): x + y—2z +4 =0.

Bai 130. Trong khong gian vdi hé toa do Oxyz, cho hinh lang tru dung ABC.A’B’C’ ¢6 tam giac ABC vuong

tai 4, dinh 4 tring v&i gdc toa do O, B(1; 2; 0) va tam giac ABC c6 dién tich bang 5. Goi M 1a trung diém cua

CC’. Biét rang diém A4'(0; 0; 2) va diém C c6 tung d6 dwong. Viét phuong trinh mat ciu ngoai tiép t dién

AB'C'M.

Bai 131.Trong khong gian vdi hé toa do Oxyz, cho tor dién ABCD véi A(2; 1; 0), B(1; 1; 3), C(2;—1; 3),

D(1;—1; 0). Tim toa do tam va ban kinh cua mat ciu ngoai tiép tir dién ABCD.

Bai 132.Trong khong gian voi hé truc toa d Oxyz, cho mat phéng P): x+2y+2z-6=0,g01 A, B,C lan

luot 1a giao diém cua (P) voi cac truc toa do Ox, Oy, Oz. Viét phuong trinh mat cau (S) ngoai tiép tar dién

OABC, tim toa d0 tAm va ban kinh ctia dudng tron (C) 14 giao tuyén caa (P) va (S).

Bai 133. Trong khong gian v&i hé toa dd Oxyz, cho mit phang (P): 2x — 2y — z— 4 =0 va mit cau (S): x° + y°

+ 27— 2x — 4y — 6z — 11 = 0. Chitrng minh ring mit phing (P) cit mat ciu (S) theo mot dudng tron. Xac dinh

toa do tam va tinh ban kinh cua duong tron do.

Bai 134.Trong khong gian vdi hé toa d Oxyz, cho A(2; 0; 0), B(0; 2; 0), C(0; 0; 2). Tinh ban kinh mat ciu
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noi tiép tir dién OABC.

Bai 135. Trong khong gian véi hé toa do Oxyz, cho hai diém S(0;0;1), A(1;1;0). Hai diém M(m; 0; 0), N(O; ;
0) thay ddi sao cho m+n=1va m> 0, n > 0. Tinh khoang cach tir A dén mit phang (SMN). Tir d6 suy ra
mat phéng (SMN) tiép x0c v&i mot mat cau ¢d dinh.

Bai 136.Trong khong gian v6i hé toa d0 Oxyz, cho hai duong thing co6 phuong trinh
d:{x=t,y=0,2=2-1, d,:{x=0,y =1,z =2—¢. Vit phuong trinh mit cau (S) ban kinh R=+/6, c6 tim

nam trén dudng phan giac ctia goc nhé tao béi d,, d, va tiép xic véi d,, d, .
BAI 4. CAC BAI TOAN TiM PIEM THOA PIEU KIEN CHO TRUGC

Bai 137. Trong khong gian v6i hé toa do Oxyz, cho hai diém A(1;2:3) va B(3;4;1). Tim toa d6 diém M thudc
mit phang (P): x—y+z—1=0 dé AMAB la tam gidc déu.
Bai 138. Trong khong gian vdi hé¢ toa d§ Oxyz , cho hai diém A(3;5;4), B(3;1;4). Tim toa do diém C thudc
mit phang (P):x — y—z—1=0 sao cho tam giac ABC cén tai C va c6 dién tich bang 2J17.
Bai 139. Trong khong gian voi hé toa do Oxyz, cho ba diém A(0; 15 2), B(2;-2; 1), C(=2; 0; 1). Viét phuong
trinh m3t phang (4BC) va tim diém M thudc mit phang (P): 2x+2y+z—-3=0 sao cho M4 =MB = MC .
Bai 140.Trong khong gian voi hé toa d6 Oxyz, cho hai diém A(0;-2;1), B(2;0;3) va miat phang
(P):2x—y—z+4=0. Tim diém M thudc (P) sao cho MA=MB va (ABM) L (P).
Bai 141.Trong khong gian voi hé toa do Oxyz, cho A(2;0;0), C(0;4;0), S(0; 0; 4).Tim toa do diém B trong
mp(Oxy) sao cho tir gidc OABC 14 hinh chit nhat. Viét phuong trinh mat cau di qua bén diém O, B, C, S.
Bai 142.Trong khong gian Oxyz cho hai diém A(-1;3;-2), B(-3;7;—18) va mit phang (P): 2x— y+z+1=0.
Tim toa 6 diém M e (P) sao cho MA + MB nho nhat. BS: M (2;2;-3).
Bai 143. Trong khong gian v&i hé toa d6 Oxyz, cho hai diém A(1;5;0), B(3;3:6) va dudng thang A ¢
phuong trinh tham sb {x =—1+42t; y=1—t; z=2t. M{t diém M thay ddi trén duong théng A, xac dinh vi tri
cua diém M dé chu vi tam giac MAB dat gia trj nho nhat.
Bai 144.Trong khong gian v6i hé truc toa dd Oxyz, cho mat phang (P):x—3y+3z—-11=0 va hai diém
AB3;—4;5), B(3;3;-3). Tim diém M e (P) sao cho |MA— MBI 16n nhit.
Bai 145.Trong khong gian voi hé toa do Oxyz, cho mat phéng (P): x—2y+2z+8=0 va cac diém
A(-1;2:3), B(3;0;—1). Tim diém M e (P) sao cho MA* + MB* nho nhit.
Bai 146. Trong khong gian véi hé truc toa do Oxyz, cho mit phiang (P):x+y+z—-4=0 va cic diém
A(1;2;1), B(0;1;2). Tim diém M e (P) sao cho MA® +2MB* nho nhét.
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Bai 147.Trong khong gian vdi hé truc toa do Oxyz, cho tam giac ABC voi A(1; 2; 5), B(1; 4; 3), C(5;2; 1) va
mit phang (P): x—y—z-3=0. Goi M 1a mot diém thay doi trén mat phang (P). Tim gia tri nho nhat cia
bieu thirc F = MA® + MB’ + MC*. Khi d6 tim toa d ctia M.

Bai 148. Trong khong gian voi hé truc toa dd Oxyz, cho mit phang (P):x+ y+z—4=0 va cac diém
A(1;2;1), B(0;1;2), C(0;0;3). Tim diém M e (P) sao cho MA* +3MB* +2MC? nhé nhat.

Bai 149.Trong khong gian véi hé truc toa do Oxyz, cho mit phing (P):x—y+z—1=0 va cac diém
A(1;2;-1), B(1;0;,-1), C(2;1;-2) . Tim diém M e (P) sao cho MA® + MB*> — MC? nhé nhéat.

Bai 150.Trong khong gian voi hé truc toa do Oxyz, cho mit phang (P):x—y+2z=0 va cic diém
A(1;2;-1), B(3;1;-2), C(1;=2;1). Tim diém M e (P) sao cho MA* — MB*> — MC? nho nhat.

Bai 151. Trong khong gian véi h¢ toa d6 Oxyz, cho 3 diém AGB; 1;1),B(7;3;9), C(2; 2; 2) va mat phéng (P)
c6 phuong trinh: x+y+z-3=0. Tim trén (P) diém M sao cho |m +2MB + 3M—C| nho nhit.

Bai 152.Trong khong gian v&i hé truc toa do Oxyz, cho mit phang (P):x+y+z—-4=0 va cac diém
A(1;2;1), B(0;1;2), C(0;0;3). Tim diém M e (P) sao cho |MA +3MB + 4MC| nho nhat.

Bai 153.Trong khong gian véi hé truc toa d0 Oxyz, cho mit phang (P):x+y+z—1=0 va ba diém
A(2;1;3),B(0;,-6;2),C(1;—1;4) . Tim toa do diém M trén mat phéng (P) sao cho |m +MB +M—C| dat gia tri
bé nht.

Bai 154. Trong khong gian voi hé truc toa dd Oxyz, cho mat phang (P): 3x —3y+2z+37=0 va cac diém
A(4;1;5),B(3;0;1),C(-1;2;0) . Tim toa do diém M thudc (P) sao cho biéu thuc sau dat gia tri nho nhét: S =

MAMB +MB.MC + MC.MA.

Bai 155. Trong khong gian véi hé truc toa do Oxyz, cho cac diém A(0;1;2), B(—1;1;0) va mat phéng (P):
x—y+z=0.Timtoadd diém M thudc (P) sao cho AMAB vudng can tai B.

Bai 156. Trong khong gian voi hé toa do Oxyz, cho cac diém B(-1; J3; 0), C(l;\/g; 0), M(0; 0; @) v6ia>
0. Trén truc Oz 1y diém N sao cho mit phang (NBC) vudng goc véi mit phang (MBC). Tim a dé thé tich
ctia kh6i chop BCMN nho nhit.

Bai 157. Trong khong gian voi hé toa dd Oxyz, cho dudng thing d Ax=-2t,y=t,z=-1-2¢ va mit phéng
(P): x+y—z+1=0.Goid'1a hinh chiéu cia d trén mat phang (P). Tim toa d6 diém H thudc d’ sao cho H
cach diém K (1;1;4) mot khoang bang 5.

Bai 158.Trong khong gian véi hé toa 46 Oxyz, cho hai diém A(1; 4; 2),B(-1; 2; 4) va dudng thing

_x—ll = yJ1r2 =§. Tim toa d6 diém M trén A sao cho: MA> + MB® = 28.
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Bai 159.Trong khoéng gian toa d0 Oxyz, cho céac diém A(0;1;0), B(2;2;2),C(-2;3;1) va dudng théng

x-1 y+2 z-3
2 -1

d:

.Tim diém M trén d dé thé tich tir dién MABC bang 3.

. . .z , -1 _
Bai 160. Trong khong gian véi hé toa d0 Oxyz, cho diem M(2; 1; 2) va duong thang d :XT=Z= z-3 .

Tim trén d hai diém A, B sao cho tam gidc ABM déu.
Bai 161.Trong khong gian v6i hé toa d0 Oxyz, cho diém A(0; 1; 3) va duong thing d:

{x =1—t,y=2+2t,z=3. Tim trén d hai diém B, C sao cho tam giac ABC déu.

Bai 162. Trong khong gian voi hé toa Oxyz, tim trén Ox diém A cach déu dudng thang (d) == =

cx-1 y  z+2
12 2
va mit phang (P) : 2x—y—2z=0.

Bai 163.Trong khong gian véi hé toa d6 Oxyz, cho mit phang (P): x—2y+2z—1=0 va hai duong thang A,

x+1 y z49 x-1 y-3 z+1
N = —= ;AZ. = =

1 1 6 > 2 1 =2

. Xéac dinh toa d6 diém M thudc duong théng A1 sao cho
khoang cach tir M dén duong thang A, va khoang cach tir M dén mit phang (P) bang nhau.

Bai 164. Trong khong gian voi hé toa d0 Oxyz, cho hai duong théng A

x=1 y z+2
2

A2:x+1 :y—l :z—3
1 7 -1
AOAB.

. Puong vuong goc chung ciia A, va A, cit A, tai A, cit A, tai B. Tinh dién tich

Bai 165. Trong khong gian v&i hé toa do Oxyz, cho ba diém A(1; 5;4), B(0; 1; 1), C(1; 2; 1). Tim toa do
diém D thudc dudng thang AB sao cho d6 dai doan thang CD nho nhat.

2
Tim cac diém M thudc d,, N thuoc d, sao cho duong thang MN song song v&i mit phang (P):

Bai 166. Trong khong gian voi hé toa dd Oxyz, cho hai duong thing d,: le =%= Zl_l va d, :%=%= z

X—y+z+2012=0 va do dai doan MN bing /2 .

. _ , 2 -1
Bai 167.Trong khong gian voi hé toa d0 Oxyz, cho duong thang d:%:erl _Z

A(1;0;0), B(0;1;1),C(0;0;2) . Tim diém M thudc d sao cho goc giita hai mit phang (MAB) va (CAB) bang

va cac diém

30°. DS: M (0;-2;1).
Bai 168.Trong khong gian v6i hé toa d0 Oxyz, cho hai dudong thing c6 phuong trinh:

- -1 . 2 .z
x—3 :y_:%. Xac dinh diém A trén A; va diém B trén A, sao

(AI):{x=l+t,y=—l—t,z=2 va (A,)): . 3

cho doan AB c¢6 dd dai nho nhat.
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Bai 169. Trong khong gian v&i hé toa 46 Oxyz, cho hai diém A(1; —1; 2), B(3; — 4; —2) va duong thing
d:{x=2+4t,y=-6t,z=—1-8.Tim diém I trén dudng thang d sao cho IA + IB dat gi4 tri nho nhat.

Bai 170.Trong khong gian véi hé toa dd Oxyz, cho hai diém A(1; 5; 0), B(3; 3; 6) va duong thiang A:
= —_1 = % Tim toa d6 diém M trén A sao cho AMAB c¢6 dién tich nho nhat.

Bai 171. Trong khong gian vdi hé toa do Oxyz, cho ba diém A(5;8;—-11), B(3;5;—4), C(2;1;—-6) va duong

1 y-2 z-1

. . Xac dinh toa d6 diém M thudc duong théng d sao cho |m—m—M—C| dat

) X —
thang d :

g 2
gia tri nho nhét.
Bai 172. Trong khong gian vdi h¢ truc toa do Oxyz, cho (P):x+2y—z+5=0 diém A(-2; 3; 4) va duong

thang (d): XT” = y+1=2z-3. Goi A la duong thang nam trén (P) di qua giao diém cua (d) va (P) dong thoi

vudng goc v6i d. Tim trén A diém M sao cho khoang cach AM ngan nhat.
Bai 173.Trong khong gian Oxyz, cho hai diém A(1; —1; 2), B(~2; —2; 1) va mit phang (P) c6 phuong trinh
x+3y—z+2=0. Viét phuong trinh mit phang (Q) l1a mit phang trung tryc ctia doan AB. Goi A 1a giao

tuyén cta (P) va (Q). Tim diém M thudc A sao cho do dai doan thang OM 1a nho nhét. .

. . . . - 1
Bai 174.Trong khong gian voi hé toa d0 Oxyz, cho hai duong thang (d;): al " 3 =%= ZJ; , (do):
x=2 y+2 =z A \ 2 . .2 < \ 2 Y v L
T, T Mot duong thang (A) di qua diem A(1; 2; 3), cat duong thang (d;) tai diém B va cat

duong thang (d) tai diém C. Chimg minh rang diém B 1a trung diém ctia doan thang AC.

Bai 175.Trong khong gian v6i hé toa d6 Oxyz, cho hai diém E(2;1;5), F(4;3;9). Goi A 14 giao tuyén ctia hai
mit phang (P):2x+y—z+ 1 = 0 va (Q): x—y+2z—7 = 0. Tim diém / thudc A sao cho: |IE—IF| 1én
nhat.

Bai 176. Trong khong gian voi hé toa do Oxyz, cho dudng thing d:%:%:% va hai didm 4(0,0;3),

B(0;3;3). Tim diém M e d sao cho:

a) MA+MB nho nhat. b) MA® +2MB* nho nhit.  c) [MA—3MB| nho nhit.

Bai 177. Trong khong gian vé&i hé toa do Oxyz, cho mit cau (S): x*+ > +z* +4x—6y+m=0 va duong
thang (d) 14 giao tuyén ciia 2 mit phang (P): 2x—2y—z+1=0, (Q): x+2y—2z—4=0va . Tim m dé (S) cat
(d) tai 2 ¢iém M, N sao cho do dai MN = 8.

Bai 178. Trong khong gian voi hé toa do Oxyz, cho mit phang (P): x+y—z+3=0 va mit cau (S):
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x*+y*+27 —6x—8y—2z+23=0. Tim trén (S) diém M sao cho khoang cach tir M dén mit phang (P) 1a 16n
nhat. Khi d6 hay viét phuong trinh mat cau (T) c6 tim M va cit (P) theo mot dudng tron c¢6 ban kinh bang 4.
Bai 179.Trong khong gian v6i hé toa d0 Oxyz, cho mat cau (S) va mat phang (P) c6 phuong trinh 1a
(S):x*+y?+2* —4x+2y—6z+5=0,(P):2x+2y—z+16=0.Diém M di dong trén (S) va diém N di dong
trén (P). Tinh d dai ngin nhét ciia doan thang MN. Xéc dinh vi tri cia M, N twong tmg.

Bai 180. Trong khong gian toa do Oxyz , cho diém A(0;1;1), B(1;0;-3), C(~1;-2;-3) va mitcu (S) c6 phuong trinh:
x*+y* +27 —2x+22z-2=0. Timtoa d diém D trén mit cau (S) sao cho tir dién ABCD c6 thé tich 16n nht.

Bai 181. Trong khong gian v&i hé toa d6 Oxyz, cho mit phang (a): 3x+2y—z+4=0 va hai diém A(4;0:0) ,
B(0:4;0) .Goi I 1a trung diém cua doan thang AB. Xac dinh toa d6 diém K sao cho KI vudng goc v4i mit
phing (o), dong thoi K cach déu gdc toa do O va (a).

Bai 182.Trong khong gian v6i hé toa do Oxyz, cho 4 diém A(2:4:-1), B(1:4:-1), C(2:4;3), D(2:2;—1). Tim
toa do diém M dé MA*> + MB* + MC* + MD* dat gia tri nho nhat.

Bai 183.Trong khong gian v&i hé toa dd Oxyz, cho mit phang (P): x+ y+z+3=0 va diém A(0; 1; 2). Tim
toa do diém A’ dbi ximg v6i A qua mat phang (P).

Bai 184.Trong khong gian véi hé toa d0 Oxyz, cho céc diém A(1;0;0), B(0;1;0), C(0;3;2) va mat phéng
(a): x+2y+2=0. Tim toa d¢ ciia diém M biétring M céch déu cac diém A, B, C va mat phang (a).

Bai 185. Trong khong gian v6i hé toa dd Oxyz, cho hinh chép tam giac déu S.ABC, biét
A(3;0;0), B(0;3;0), C(0;0;3). Tim toa d6 dinh S biét thé tich khéi chép S.ABC bang 36.

Bai 186. Trong khong gian vdi hé truc toa do Oxyz, cho ba diém A(1;0;0), B(0;2;0), C(0;0;3). Tim toa do truc
tam cua tam giac ABC.

Bai 187.Trong khong gian vdi hé toa do Oxyz, cho cac diém A(-1;3;5), B(—4;3;2), C(0;2;1). Tim toa do
tam duong tron ngoai tiép tam gidc 4BC.

Bai 188. Trong khong gian voi hé toa do Oxyz, cho cac diém A(=1;0;1),B(1; 2;-1), C(—1; 2; 3). Tim toa do
tAm va ban kinh dudng tron ngoai tiép tam giac ABC. BS: 1(0;2;1).

Bai 189. Trong khong gian v6i hé truc toa do Oxyz, cho ba diém A(2;3;1), B(~1;2:0),C(1;1;—2). Tim toa dd
tryc tam H va tdm dudng tron ngoai tiép tam giac ABC.

Bai 190. Trong khong gian voi hé toa d0 Oxyz, cho ba diém A(-1;0;1),B(1;2;-1),C(-1;2;3) va Ila tam
duong tron ngoai tiép tam giac ABC. Lap phuong trinh mit cau (S) ¢6 tdm / va tiép xac v6i mit phang (Oxz).
Bai 191. Trong khong gian voi hé toa d6 Oxyz, cho tam giac ABC c¢6 A(3;1;0), B ndm trén mat phiang (Oxy)
va C nam trén truc Oz. Tim toa d6 cac diém B, C sao cho diém H (2;1;1) la truc tdm cua tam gidc ABC.

Bai 192. Trong khong gian Oxyz, cho diém A(3; 2; 3) va hai duong thang c6 phuong trinh
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x=2 y-3 z-3
] 1 -2

x—1 y-4 z-3

dl
1 =2

. Chtng minh duong thang d;, d> va diém A cing nam

va d,:

trong mot mit phang. Xac dinh toa do cac dinh B va C ciia tam giac ABC biét d; chira dudong cao BH va d,
chira duong trung tuyén CM cua tam giac ABC.
Bai 193. Trong khong gian voi hé toa do Oxyz, cho cho tam giac ABC c6 A(3,;2,;3), duong cao CH, duong

x-2 y-3 z-3 x-1 y-4 z-3
= = ,d2: = = .

1 -2 1 -2 1

phéan giac trong BM cua géc B lan lugt co phuong trinh 13 d, :

Tinh d¢ dai cac canh cia tam giac cua tam giac ABC.

Bai 194. Trong khong gian v6i hé toa do Oxyz, cho hinh thang cdn ABCD véi 4(3;-1;-2), B(1;51),
C(2;3;3), trong d6 AB la d4y 16n, CD la day nhé. Tim toa do diém D.

Bai 195.Trong khong gian v6i hé toa do Oxyz, cho hinh thoi ABCD véi A(-1;2;1), B(2;3;2). Tim toa do
cac dinh C, D va viét phuong trinh mat phang chtra hinh thoi d6 biét ring tim I cta hinh thoi thudc dudng

thang d:—erl1 =ll=z_

Bai 196. Trong khong gian voi hé toa do0 Oxyz, cho hinh chop S.ABCD c6 day ABCD la hinh vuodng,

va diém D c¢6 hoanh d6 am.

A(1;0;0), C(=1;2;0), D(=1;0;0), S(0;0;+/3) . Goi M, N 1an luot 1a trung diém cua doan SB va CD. Ching
minh rang hai dudng thang AM va BN vudng goc véi nhau va xac dinh toa do tim cta duong tron ngoai tiép
tam giac ONB.

Bai 197. Trong khong gian v&i hé toa d§ Oxyz, cho hinh vuong MNPQ c6 M(5;3;—1), P(2;3;—4). Tim toa
d6 dinh O biét ring dinh N nam trong mat phang (R): x+ y—z—6=0.

Bai 198. Trong khong gian v6i hé toa dd Oxyz, cho hinh vuéng ABCD, biét B(3;0;8), D(-5;—4;0) va dinh
A thudc mit phang (Oxy). Tim toa d6 diém C.

Bai 199. Trong khong gian v6i hé toa dd Oxyz, cho hinh vuong ABCD, biét A(1;2;0),C(2;3;—4). va dinh B

nam trén mat phang (Q): x+2y+z—3=0. Tim toa d6 ciia dinh D, biét toa d6 ciia B 1a nhiing s6 nguyén.
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CHUYEN DPE 8. HINH HQC CO PIEN
BAI 1. HINH HQC KHOI
I. KIEN THUC CO BAN
1/ Su twong giao
a.  Tim giao tuyén ciia hai mit phing
- Tim diém chung cta 2 mat phang.
- Puong thang qua hai diém chung d6 1a giao tuyén cia hai mit phang.
Chii y: Ta ¢ 2 cach dé tim giao tuyén
+ Cach 1: tim 2 diém chung.
+ Céch 2: tim 1 diém chung + phuong giao tuyén.
Ta thudng sir dung phdi hop 2 cach khi xac dinh thiét dién cua hinh chép .
b.  Tim giao diém cia duwong thing va mit phiang
Pé tim giao diém cua duong thang a va mit phang (P), ta tim trong (P) mot duong thang ¢ cit a tai diém A
nao do6 thi A 1a giao diém cta a va (P) .
Chii ¥: Néu ¢ chua c6 sin thi ta chon mot mit phang (Q) qua a va lay ¢ 1a giao tuyén cua (P) va (Q).
c.  Thiét dién
Xac dinh 1an luot cic giao tuyén cua (P) voi cac mét ciia hinh chop theo cac bude sau:
- Tudiém chung c6 san, xac dinh giao tuyén dAu tién cua (P) voi mot mat cua hinh chop.
- Cho giao tuyén nay cit cac canh ctia mit d6 ciia hinh chop ta s& duoc cac diém chung méi cua (P) véi
cac mat khac. Tur @6 xac dinh duoc cac giao tuyén mdi voi cac mat nay .
- Tiép tuc nhu thé cho t6i khi cac giao tuyén khép kin ta duogc thiét dién.
2/ Quan hé song song
a.  Chirng minh hai duong thing song song
C6 thé diung mot trong cac cach sau :
- Chimg minh hai duong thang d6 dong phang , roi 4p dung phuwong phap chirng minh song song trong
hinh hoc phang (nhu tinh chat dudng trung binh, dinh 1y dao cta dinh 1y Ta-1ét ...).

- Chung minh hai duong thang d6 cling song song song v6i dudng thang tha 3 .

Ap dung dinh 1y vé giao tuyén .
b.  Tinh géc giira hai dwong thing a,b chéo nhau.
- Lay diém O nao d6 . Qua O dung a' // a va b' // b. Géc nhon hodc goc vudng tao boi a',b' goi 1a goc
gitaavab.
- Tinh goc : Str dung ti s6 lwong gidc cua goc trong tam gidc vudng hodc dung dinh 1y ham sé cosin
trong tam giac thuong .

¢.  Chirng minh dwong thiang d song song véi mit phing (P)
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- Tachimg minh d khong nam trong (P) va song song v&i dudng thang a chta trong (P) .
Chii y : Néu a khong c6 sin trong hinh thi ta chon mot mit phang (Q) chira d va lay a 1a giao tuyén cua (P)
va (Q).
d. Chirng minh hai mit phing song song

Ching minh mit phang nay chtra hai dudng thang cét nhau lan lugt song song véi mat phang kia.

e L1

3/ Quan hé vudng goc

:>a//(P).

a.  Tinh khoang cach tir mt diém dén mot mit phing
Thuc hién cac budc sau :
- Chon trong (P) mot dudng thang d, réi dung mat phang (Q) qua A vudng goc voi d (nén chon d sao
cho (Q) dé dung).
- Xac dinh duong thang: ¢ = (P) M (Q) .
- Dung AH vuong goc véi ¢ tai H.
Khi d6: Puong thang AH 1a dudng thiang qua A vudng goc v6i (P) va do dai ciia doan AH 1a khoang cach tir
A dén (P).
Chuy:
+ Trudce khi chon d va dung (Q) nén xét xem d va (Q) d c6 san trén hinh v& chua.
+ Néu da ¢6 sin duong thang m vudng goc véi (P), khi do chi can dyng Ax /m thi Ax L (P).
+ Néu AB // (P) thi d(A,(P)) = a(B, (P)).
+ Néu AB cit (P) tai I thi d(A,(P) : d(B, (P)) =1IA : IB.
b.  Ung dung ciia truc dwong tron

Puong thang vudng goc v6i mit phang chira dudng tron tai tim cua duong tron d6 duoc goi 13 truc

duong tron.

- Tacé thé dung tinh chat cia truc dudng tron dé chimg minh dudng thang vudng géc voi mit phang
va tinh khoang cach tir mot diém dén mot mat phang.

- Néu O 1a tam dudng tron ngoai tiép tam giac ABC va M 1a mot diém cach déu 3 diém A, B, C thi
duong thing MO 1a tryc cua dudng tron ngoai tiép tam giac ABC; khi d6 MO vudng goc véi
mp(ABC) va MO = d(M,(ABC)).

- Néu MA=MB=MCva NA=NB=NC trong d6 AB,C 1 ba diém khong thang hang thi duong
thang MN 14 truc duong tron qua ba diém A,B,C. Khi d6 MN vudng géc véi mit phang (ABC) tai
tam O cua duong tron qua ba diém A, B, C .

c.  Géc giira dwong thing va mit phing
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Céch xac dinh goc gitta a va (P) .

- Tim giao diém M cua a véi (P).

- Chondiém 4 ca vadng AH L(P), (H &(P)).Knido AMH =(a,(P)).

d. Géc nhi dién giira hai mit phing
Khi giai cac bai toan lién quan dén s6 do nhi dién hay goc gitta hai mat phang thi ta thudng xac dinh goc
phang cta nhi dién. Néu gbéc nay chua c6 sén trén hinh ta c6 thé dung no theo phuong phap dudi day .
- Tim canh c cta nhi di¢n (giao tuyén cua hai mat phéng (P) va (Q) chtra hai mat ctia nhi di¢n )
- Dung mot doan théng AB ¢6 hai ddu mat & trén hai mat cta nhi dién va vudng goc voi mot mat cua
nhi dién .
- Chiéu vudng goc A (‘hay B ) trén ¢ thanh H. Khi d6, goc AHB 1a goc phang cta nhi dién .
Chay :
- Néu da c6 mot duong théng d cit hai mit caa nhj dién tai A, B va vudng goéc voi canh ¢ cta nhi dién
thi ta c6 thé dung goc phing ciia nhi dién d6 nhu sau: Chiéu vudéng goc A (hay B hay mot diém trén
AB) trén ¢ thanh H . Khi d6 géc AHB 1a goc phang ctia nhi dién .
- Néu hai dt a, b 1an luot vudng goc véi hai mat phang (P), (Q) thi Z((P), (Q)) = Z(a, b).
- Néu hai mit cta nhj dién 1an luot chira hai tam giac can MAB va NAB c¢6 chung day AB thi ZMIN
- (Ila trung diém AB ) 1a goc phang cua nhi dién d6 .
e.  Mit phing vudng géc
Chirng minh hai mit phing vudng géc.
Cdch 1: CM mit phang nay chira mot duong thang vudng goc voi mit phang kia .
Cdch 2: ching minh goc giita hai mat phing c¢6 s do bang 90 .
Chirng minh dwong thing vudng géc véi mit phiang .
Cdch I: Ching minh a vuéng goc voi hai duong thing cit nhau chira trong (P) .
Cdch 2: Ching minh a song song v6i dudng thang b vuéng goc vai (P) .
Cdch 3: CM a la tryc dudng tron ngoai tiép AABC véi A, B, C thudc (P).
Cdch 4: St dung dinh 1y : " Néu a chtra trong mot mat phang (Q) vudng goc véi (P) va a vudng goc véi giao
tuyén cua (P) va (Q) thi a vudng goc voi (P) " .
Cdch 5: Str dung dinh Iy : " Néu a 13 giao tuyén cta hai mit phang cng vudng goc véi (P) thi a vudng goc vai

(P) n X
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4/  Cong thirc lugng
a/  Hinh lang tru

- Dién tich xung quanh: § =2pl, S =2ph v61 p:chu vi tiét dién théng; [ :canh bén;

xqlangtru xqlangtrudung
h :chiéu cao.

- Thé tich: v =B.h voOi B:diéntichday; A: chiéu cao.

langtru

Dic biét: v, =a’ v6i a,b,c: kich thudc cac canh.

hopchunhat

=abc, v

lapphuong

b/ Hinh chép

1 . ) . ,
- Hinh chop: S cochopden = % pd, Vorop = gB.h voi p :chuviday; d : trung doan; B : dién tich day.

- Hinh chop cut: S = l(p +p’).d, V

1 : , . s
ehopeunden = > ehopeut =§(B+B +vB.B ).h voi p: chu vi day
nho; B': dién tich day nho.
¢/ Hinh tru
S, =2Rl,  V=nR’h v6i R:ban kinh day; /: duong sinh; 4 : chiéu cao.

d/ Hinh non

- Hinhnoén: § =7RI, V= %ﬂth v6i R : ban kinh ddy; /: dudng sinh; 4 : dudng cao.

- Hinhnéncut: S, =x(R+r)l, V= %ﬂ(R2 +77+Rr)h v6i R r: ban kinh ddy 16n, nho.

e/  Hinh ciu
S, =4rR’, V= %ﬂR3 voi R :ban kinh mat cau.

II. BAITAP
Bai 1. Cho tir dién ABCD c6 AD vudng goc véi mit phang (ABC) va tam giac ABC vudng tai A, AD = a,
AC =D, AB =c. Tinh dién tich S ciia tam gidc BCD theo a, b, c. CMR: 2§ > /abc(a+b+c).
Bai 2. Cho hinh chép tam giac déu S.ABC c6 d6 dai canh day 1a a. Goi M, N la trung diém SB, SC. Tinh
theo a dién tich AAMN, biét (AMN) L (SBC).
Bai 3. Cho hinh 1dp phuong ABCD.A’B’C’D’. CMR: AC’ vudng géc mp(A’BD).
Bai 4. Cho hinh chop SABC, cac canh déu co6 do dai béng 1, O la tam cua tam giac ABC, I 1a trung diém cua
SO. Mit phang (BIC) cit SA tai M. Tim ti 1¢ thé tich cia tr dién SBCM va tir dién SABC.
Bai 5. Cho hinh ling try ABCD.A;B,C; c6 day la tam gidc déu canh a. AA| = 2a va vudng goc voi mit
phang (ABC). Goi D 14 trung diém ctia BB, , M di dong trén canh AA,. Tim gia trj 16n nhat cua dién tich tam
giac MC,D.
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Bai 6. Cho tr di¢gn ABCD c6 canh AD vuong goc (ABC), AC = AD = 4cm, AB = 3cm, BC = 5cm. Tinh
khoang cach tir dinh A d¢én (BCD).

Bai 7. Cho tam gidc ABC vudng tai A c6 d.cao AD va AB =2, AC = 4. Trén dt v.goc voi (ABC) tai A ldy
diém S sao cho SA = 6. Goi E, F 1a trung diém ctia SB, SC va H 1a h.chiéu cia A trén EF. Ching minh H la
trung diém cua SD. Tinh cosin cta goc gitra 2 mp (ABC) va (ACE). Tinh thé tich hinh chép A.BCFE.

Bai 8. Cho hinh chop O.ABC c¢6 cac canh OA = OB = OC = 3cm va v.goc véi nhau ting doi mot. Goi H 1a
h.chiéu cua diém O 1én (ABC) va cac diém A’, B’, C’ 1an luot 14 h.chiéu cua H 1én (OBC), (OCA), (OAB).
Tinh thé tich t&r dién HA’B’C’. Goi S 1a diém d.ximg ctia H qua O. CM: S.ABC 1a tir dién déu.

Bai 9. Cho hinh chop O.ABC c6 OA =a, OB =b, OC = ¢ vuéng gbéc voi nhau tirng déi mét. Goi M, N, P
lan Iuot 1a trung diém BC, CA, AB. Tinh goc ¢ giita (OMN) va (OAB). Tim diéu kién a, b, ¢ dé hinh chiéu
cua O trén (ABC) la trong tam tam giac ANP.

Bai 10. Cho hinh chép S.ABC c6 tam giac ABC vudng can tai A, SA vudng goc v6i day. Biét AB =
2, gbc gitra hai mat phang (ABC) va (SBC) bang 60°.Tinh d6 dai SA; kh.cach tir A dén (SBC) va goc phang
nhi dién [A, SB, C].

Bai 11. Cho hai mphang (P) va (Q) v.goc vdi nhau, giao tuyén 1a dt (d). Trén (d) liy 2 diém A va B
v6i AB = a. Trong (P) liy diém C, trong (Q) lay diém D sao cho AC, BD cung v.goc véi (d) va AC = BD =
AB. Tinh b.kinh mit cau ngoai tiép tir dién ABCD va khoang cach tir A d¢én (BCD) theo a.

Bai 12. Cho hinh chop S.ABC c¢ day la tam giac vudng tai B, AB = a, BC = 2a. Canh SA vudng goc
v6i day va SA = 2a. Goi M la trung diém cta SC. Tinh dién tich tam gisic MAB theo a. Tinh khoang cach
gitta MB va AC theo a.

Bai 13. Cho hinh chép S.ABC c6 day 1a tam giac déu canh a. SA vudng goc v6i day va SA = a\/g.
Tinh khoang cach tir dinh A d¢én (SBC) va khoang cach giira hai duong thang AB va SC.

Bai 14. Cho hinh chép S.ABCD c6 day hinh vuong canh a, SA = a va vudng goc voi day. Goi E la
trung diém CD. Tinh dién tich tam giac SBE, khoang cach tir dinh C dén (SBE). Mp(SBE) chia hinh chép
thanh hai phan, tinh ti s thé tich hai phan d6.

Bai 15. Cho hinh chop S.ABCD c6 day hinh vudng canh a. Canh bén SA vudng goc voi day va SA =
CZ\/§ . Tinh khoang cach tir dinh C dén (SBD). Tinh khoang cach giita hai duong thang SD va AC.

Bai 16. Cho hinh chop S.ABCD c6 day la hinh chit nhat, AB = a, AD = b. Canh bén SA vuong goc
v6i day va SA =2a. Goi M, N 1 trung diém canh SA, SD. Tinh: khoang cach tir A dén (BCN), kh.cach giita
SB va CN va gbc giira hai mat phang (SCD) va (SBC).

Bai 17. Cho hinh chop S.ABCD c6 day la hinh thoi tdm O. SO vudng goc véi day va SO = 2a/3 ,
AC = 4a, BD = 2a. Mat phéng (P) qua A vudng goc vaoi SC cit cac canh SB, SC, SD tai B, C', D' . Chung
minh tam giac B'C'D' déu. Tinh theo a ban kinh mit cau ndi tiép S.ABCD.
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Bai 18. Cho hinh chép S.ABCD c¢6 déy 1a hen véi AB = a, AD = 2a. BPudong cao SA = 2a. Trén canh
CD lay diém M, dit MD = m (0 < m < a). Tim vi tri diém M d¢ dién tich tam giac SBM 16n nhét, nho nhét.
Bai 19. Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a. Goi I, K, M, N lan luot 13 trung diém cia

A’D’, BB’, CD, BC. Chimg minh I, K, M, N dong phang. Tinh kh.cach giita IK va AD va dién tich tir giac
IKNM.

Bai 20. Cho hinh 18p phuong ABCD.A’B’C’D’ canh a. Chung minh A’C vudng goc véi (AB’D’).
Tinh goc gitta (DA’C) va (ABB’A’). Trén canh AD’,DB lay lan luot cic diém M, N sao cho AM=DN=k
(0<k <a~/2). Chimg minh MN song song (A’D’BC). Tim k d& MN nh¢ nh4t. Chtng t6 khi d6 MN I doan
vuong goéc chung cia AD’ va DB.

Bai 21. Cho hinh lang try dng ABCD.A’B’C’D’ ¢6 day hinh thoi canh a, ZBAD = 60°. Goi M, N
la trung diém canh AA’, CC’. Chung minh B’, M, D, N cung thudoc mdt mat phéng. Tinh AA’ theo a dé
B’MDN Ia hinh vuong.

Bai 22. Cho hinh lang try dung tam giac ABC.A’B’C’ ¢6 day la tam giac vuong tai A. Cho AB = a,
AC =b, AA’ = ¢. Mit phang (P) qua B va vudng goc v6i B’C. Tim diéu kién cia a, b, ¢ d@é (P) cit canh CC’
tai I (I khac v6i C va C”). Cho (P) cit CC’ tai I: Xac dinh va tinh dién tich cua thiét dién.

Bai 23. Cho lang tru dimg ABC.A'B'C' ¢6 ddy AABC can v6i AB = AC = a va goc BAC = 120°, canh
bén BB' = a. Goi I 1a trung diém CC'. Chirng minh rang tam giac AB'I vudng & A. Tinh cosin cta goc giita

hai mat phiang (ABC) va (AB'I).

BAI 2. TOA PQ HOA BAI TOAN HINH KHOI
I. KIEN THUC CO BAN
Bude 1: Chon hé truc toa do Oxyz thich hgp (quan trong nhét 1a géc toa d9J).
- V& mit day trén mit phang va xac dinh diém vudng goc & day. Xac dinh cac truc Ox, Oy.
- Oz 1a truc vudng goc voi mit phang day. Khi xac dinh truc Oz can luu ¥ dén cac hinh c6 tinh chat
sau:
a/ Hinh chop céc cac canh bén bang nhau hodc cac canh bén tao voi day cac goc bang nhau, thi chan
duong cao ké tir dinh 13 tim duong tron ngoai tiép da giac day.
b/ Hinh chép cac cac mat bén tao v6i ddy cac goc bang nhau, thi chan dudng cao ké tir dinh 13 tim
duong tron noi tiép da giac ddy.
Hinh chép da gidc déu, hinh nén va hinh tru thudc cdc dang a va b & trén.
¢/ Hinh chdp ¢6 hai mat bén vudng goc véi day thi “canh bén giao tuyén” cta hai mit d6 sé& 1a duong
cao cua hinh chop.

Tam dién vuong, lang tru dung thuoc dang c.

138



TTLT PAI HQC DIEU HIEN — 43D Puong 3/2 — TP Cin The — DT: 0983. 336682
d/ Hinh chop c6 mot méat bén vudng goc vadi day thi “dudng cao cua mat bén ” do sé la duong cao cua
hinh chop.
- Thu thy céc truc theo “Quy tic ban tay phai” (tam dién thuén).
Budre 2: Xac dinh toa d6 cac diém c6 lién quan.
- Luuy tinh chét “phuong trinh khuyét” cua cac truc va cac mat toa do.
- Toa d) cuadiém M (a,b,c) dugce xac dinh qua diém M '(a,b,0) 1a hinh chiéu ciia M 1én mit phang
Oxy, cao d0 c 1a d6 dai doan MM’ (chu y dén tinh dai sé).
Budre 3: Sir dung céc cong thirc lwong va vi tri tuong dbi trong hinh hoc khong gian Oxyz dé giai bai toan da
toa do hoa.
Chu y: i/ Néu mot tam giac c6 dién tich S thi hinh chiéu ctia n6 c6 dién tich S' bang tich ciia S véi cosin clia
goc @ giita mat phang cua tam gidc va mat phiang chiéu:  S” = S.cosg
i/ Cho khéi chép S.ABC. Trén ba duong thang SA, SB, SC lay ba diem A’, B*, C’ khac véi S, Ta luén cé:
Vo upe SA SB SC
iii/ Truc cua da giac ddy la duong thang di qua tim dudng tron ngoai tiép da gidc va vudng goc véi mp chira
da giac d6. TAm mat cau ngoai tiép ciia mot hinh chop 13 giao diém cua truc da gidc day voi mp trung truc
cua mot canh bén.
II. BAITAP
Bai 24. Cho hinh chop S.ABCD c6 day ABCD Ia hinh chitr nhat, AB = a, AD = 2a, hai mat phéng
(SAB) va (SAD) cung vudng goc v6i mat phang day, SB tao voi day goc 60°. Tinh thé tich hinh chdp va ban
kinh mat cau ngoai tiép hinh chop.
Bai 25. Cho hinh chép S.ABC c6 day la tam giac vuong tai A, AB = a, AC = 2a, SA =SB =SC =
3a/2. Tinh thé tich hinh chdp va ban kinh mit cdu ngoai tiép hinh chop.
Bai 26. Cho hinh chop S.ABCD, c¢6 day ABCD la hinh vuong canh a, mat bén SAB la mgt tam giac
déu va nam trong mat phang vudng goc voi dy. Tinh thé tich ctia hinh chdp va khoang cach giita hai duong
thang SC va BD theo a.
Bai 27. Cho hinh chép S.ABC c¢6 day la tam giac déu canh a. Hinh chiéu vudng goc cua S trén mat
phing (ABC) 1a diém H thudc canh AB sao cho HA = 2HB. Géc giira dudng thang SC va mit phang (ABC)
bang 60°. Tinh thé tich cua khdi chép S.ABC va tinh khoang cach giita hai duong thang SA va BC theo a.
Bai 28. Cho hinh chép S.ABC c6 ddy ABC 1a tam giac vudng cén tai B, AB = BC = 2a; hai mit phang
(SAB) va (SAC) cuing vudng goc voi mit phang (ABC). Goi M 1a trung diém ciia AB; mit phing qua SM va
song song v6i BC cit AC tai N. Biét goc giira hai mat phang (SBC) va (ABC) bang 60°. Tinh thé tich khdi
chop S.BCNM va khoang cach giira hai duong thang AB va SN theo a.
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Bai 29. Cho hinh chép S.ABC c6 ddy ABC 1a tam giac vudng cén tai B, AB = BC = 2a; hai mit phang
(SAB) va (SAC) cuing vudng goc voi mit phang (ABC). Goi M 1a trung diém ciia AB; mit phing qua SM va
song song v4i BC, cat AC tai N. Biét goc giita hai mit phang (SBC) va (ABC) bang 60°. Tinh thé tich khdi
chop S.BCNM va khoang cach giira hai duong thang AB va SN theo a.

Bai 30. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang vudng tai A va D, AB = AD =2a, CD
= a; géc gitta hai mit phing (SBC) va (ABCD) biing 60°. Goi I 1a trung di€m ctia canh AD. Biét hai mit
phing (SBI) va (SCI) ciing vudng géc véi mit phing (ABCD), tinh thé tich h.chép S.ABCD theo a.

Bai 31. Cho ling tru ABC.A’B’C’ ¢6 d6 dai canh bén biing 2a, ddy ABC la tam gidc vudng tai A,
AB =a, AC = a+/3 va hinh chi€u vudng géc ctia dinh A’ trén mit phing (ABC) la trung di€m clia canh
BC. Tinh theo a thé tich kh&i chép A’.ABC va tinh cosin clia géc giita hai dudng thing AA’, B’C’.

Bai 32. Cho hinh chép S.ABCD c¢6 ddy 1a hinh vudng canh a, mit bén SAD la tam gidc déu va
nim trong mit phing vudng géc véi ddy. Goi M, N, P 1an lugt 13 trung di€m cla cdc canh SB, BC, CD.
Chitng minh AM vudng géc véi BP va tinh thé tich clia kh6i tit dién CMNP.

Bai 33. Cho hinh tru ¢6 cdc ddy 12 hai hinh tron (O) va (O’), bdn kinh ddy biing chiéu cao va bing
a. Trén dudng tron ddy tam O 18y di€m A, trén dudng tron tim O’ 14y di€ém B sao cho AB = 2a. Tinh thé
tich khdi t dién OO’ AB.

Bai 34. Cho hinh chép tam giac déu S.ABC v&i SA = 2a, AB = a. Goi H 1a hinh chiéu vudng gbc cua
A trén canh SC. Ching minh SC vudng gbc v6i mit phang (ABH). Tinh thé tich cua khdi chép S.ABH theo
a.

Bai 35. Cho lang try ABCD.A;B,C D, c6 day ABCD la hinh chit nhat AB = a, AD = ay/3. Hinh chiéu
vudng goc cua diém A, trén mit phang (ABCD) trung voi giao diém AC va BD. Goc giira hai mit phéing
(ADD;A;) va (ABCD) bang 60°. Tinh thé tich khdi lang tru dd cho va khoang cach tir diém B; dén mait
phing (A;BD) theo a.

Bai 36. Cho hinh ling try tam gidc déu ABC.A’B’C’ c6 AB = a, géc giita hai mit phing (A’BC)
va (ABC) bing 60°. Goi G 1a trong tdm tam gidc A’BC. Tinh thé tich khdi ling tru di cho va tinh ban
kinh mit cau ngoai ti€p tif dién GABC theo a.

Bai 37. Cho hinh ling tru tam gidc ABC.A’B’C’ ¢c6 BB’ = a, géc giita dudng thing BB’ va mit
phing (ABC) biing 60°; tam gisc ABC vudng tai C vd BAC = 60°. Hinh chi€u vudng géc ciia diém B’ 1én

mit phing (ABC) triing véi trong tim ctia tam gidc ABC. Tinh th€ tich khdi tr dién A’ ABC theo a.
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Bai 38. Cho hinh chép S.ABCD c¢6 diy ABCD la hinh vuéng canh 2a, SA = a, SB = a+/3 va mit
phing (SAB) vudng géc v6i mit phang ddy. Goi M, N 1an Iugt Ia trung di€m ctia cdc canh AB, BC. Tinh
theo a thé tich ctia kh&i hinh chép S.BMDN va tinh cosin cia géc giita hai dudng thiing SM, DN.

Bai 39. Cho hinh chép ti gidc déu S.ABCD c6 ddy 1a hinh vudng canh a. Goi E 1a di€m d6i xitng
ctia D qua trung di€m SA, M Ia trung di€ém ctia AE, N 1 trung diém cta BC. Chitng minh MN vudng géc
v6i BD va tinh (theo a) khodng cédch giita hai dudng thing MN va AC.

Bai 40. Cho hinh chép SABCD c6 day la hinh chit nhat véi, AB =a, AD = a\/E’ SA=a vaSA
vudng goc v6i mit day (ABCD). Goi M va N lan luot 13 trung diém caa AD va SC; I 1a giao diém ciia BM va
AC. Chimg minh ring mit phang (SAC) vudng géc véi mit phang (SMB). Tinh thé tich cua khéi tir dién
ANIB.

Bai 41. Cho hinh chép tit gidc déu S.ABCD c¢6 canh ddy bing a, géc giita canh bén va mit ddy
bing ¢ (0° < ¢ < 90%. Tinh tan cla géc giita hai mit phing (SAB) va (ABCD) theo ¢. Tinh thé tich
kh.ch6p S.ABCD theo a va ¢.

Bai 42. Cho hinh lang try dimg ABCD.A’B’C’D’ c6 day ABCD la mét hinh thoi canh a, goc BAD=
60°. Goi M 1a trung diém canh AA’ va N 1a trung diém canh CC’. Chimg minh rang bon diém B>, M, D, N
cung thugc mat phang. Hay tinh d6 dai canh AA’ theo a d¢é tir giac B°MDN 14 hinh vuong.

Bai 43. Cho hinh chép S.ABC c6 day la tam giac vudng tai B, AB = a, AC = 2a, hai mp (SAB) va
(SAC) vudng goc voi day, SB tao v6i day goc 60°. Tinh thé tich hinh chdp va ban kinh mat ciu ngoai tiép
hinh chop.

Bai 44. Cho hinh chép S.ABCD c6 day ABCD Ia hinh chit nhat AB = a, AD = 2a. Cac canh bén ctua

hinh chép bang nhau. Goi I 14 giao diém ctua AC va BD, mit bén (SAB) tao véi ddy goc 60°. Tinh thé tich
hinh chép, khoang cach tir I dén mit bén (SAB) va khoang cach giita hai dudng thang SD va AC.

Bai 45. Cho hinh chop tam giac déu S.ABC c¢6 d6 dai canh day 1a a. Goi M, N Ia trung diém SB, SC.
Tinh theo a dién tich AAMN, biét (AMN) L (SBO).

Bai 46. Cho hinh chép S.ABC c6 day ABC la tam gidc can, AB = AC = a, goc A = 120°. C4c canh
bén cuia hinh chép tao véi day goc 60°. Tinh thé tich cta hinh chép va ban kinh mat cau ngoai tiép hinh chop
theo a.

Bai 47. Cho hinh chop S.ABCD, c¢6 day ABCD la hinh vuong canh a, mat bén SAB la mgt tam giac

déu va nam trong mit phang vudng goc véi day. Tinh thé tich cua hinh chép, cosin goc phang tao boi
mp(SCD) va mp day, tinh khoang cach giita hai duong thang SC va BD va thé tich mat ciu ngoai tiép hinh
chop da cho theo a.
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Bai 48. Cho hinh lang tru ABC.A’B’C’ v6i A’.ABC 1a mét tor dién déu canh a. Tinh thé tich hinh
chop, va khoang cach giita hai dudng thang A’C va AB theo a.

Bai 49. Cho hinh chép tam gidc déu S.ABC canh day bang a, khoang cach giita hai canh khong cing
di qua mot dinh cta hinh chép bang b. Tinh thé tich cta hinh chép theo a va b.

Bai 50. Cho hinh chop S.ABC c6 day la tam giac vudng tai B, AB = a, BC = 2a. Canh SA vudng goc
v6i day va SA = 2a. Goi M 1a trung diém cta SC. Tinh dién tich AMAB theo a. Tinh khoang céach giira MB
va AC theo a.

Bai 51. Cho hinh chép tam gidc déu S.ABC c6 d6 dai canh day 14 a, dcao SH =h. Mp (o) di qua AB
va vgoc v6i SC. Tim diéu kién ciia h theo a dé (o) cat canh SC tai K. Tinh dién tich AABK. Tinh h theo a dé
(o) chia hinh chép thanh hai phan c6 thé tich bang nhau. Ching t6 ring khi d6 tim mat cau noi tiép va ngoai
tiép tring nhau.

Bai 52. Cho hinh chép S.ABCD c6 day hinh vudng canh a, SA = a va vudng goc voi day. Goi E la
trung diém CD. Tinh dién tich A SBE, khoang cach tir dinh C dén (SBE). Mp(SBE) chia hinh chép thanh hai
phan, tinh ti s6 thé tich hai phan d6.

Bai 53. Cho hinh chop S.ABCD c¢ day la hinh chir nhat, AB = a, AD = b. Canh bén SA vudng goc
v6i day va SA =2a. Goi M, N 1 trung diém canh SA, SD. Tinh: khoang cach tir A d&én (BCN), kh.cach giira
SB va CN va gbc giira hai mat phang (SCD) va (SBC).

Bai 54. Cho hinh chép S.ABCD c¢6 day 14 hinh thoi tim O. SO vuéng goc v6i day va SO = 2a+/3, AC
= 4a, BD = 2a. Mat phéng (o) qua A vuong goc véi SC cit cac canh SB, SC, SD tai B', C', D' . Chung minh
AB'C'D' déu. Tinh theo a ban kinh mit cau ndi tiép S.ABCD.

Bai 55. Cho hinh 1ap phuong ABCD.A’B’C’D’ canh a. Chirng minh A’C vuong goéc voi (AB’D’).
Tinh goc gitta (DA’C) va (ABB’A’). Trén canh AD’,DB lay lan luot cic diém M, N sao cho AM=DN=k
(0< k <a~/2). Chimg minh MN song song (A’D’BC). Tim k ¢& MN nho nhit. Chiing t6 khi 6 MN 1a doan
vuong goéc chung cia AD’ va DB.

Bai 56. Cho hinh lang try ding ABCD.A’B’C’D’ c6 day hinh thoi canh a, Z/ BAD = 60°. Goi M, N la
trung diém canh AA’, CC’. Ching minh B’, M, D, N cung thugoc mot mat phéng. Tinh AA’ theo a dé
B’MDN Ia hinh vudng.

Bai 57. Cho lang try ding ABC.A'B'C' c6 ddy AABC can v6i AB = AC = a va goc BAC = 120°, canh
bén BB' = a. Goi I 14 trung diém CC'. Chitng minh rang tam giac AB'I vudng & A. Tinh cosin cua goc giita
hai mat phiang (ABC) va (AB'I).

Bai 58. Cho khéi nén dinh S c6 dudng cao SO =h va ban kinh day R. Piém M di dong trén doan SO,
mp (P) di M va song song véi day, cat khdi non theo thiét dién (T). Tinh d6 dai doan OM theo h dé thé tich
khdinén dinh O, ddy (T) 16n nhat.
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Bai 59. Cho hinh céu (S) duong kinh AB = 2R. Qua A va B dung lan lugt 2 tia tiép tuyén Au, Bv véi
(S),M,Nla2 diém di dong lan luot trén Au, Bv va MN txtic (S). Cm: AM. BN = 2R va tir dién ABMN c6
thé tich khong dbi.

Bai 60. Cho hinh try c6 ban kinh day R va duong cao 13 R+/3 . Trén hai dudng tron ddy ldy lan luot
diém A va B sao cho goc hop bai AB va truc ctia hinh try 1a 30°. Tinh khoang cach giita AB va truc ciia hinh
tru.

Bai 61. Cho hinh nén c¢6 thiét dién qua truc 1 tam gidc vudéng can véi canh goc vudng bang a. Mot
thiét dién khac qua dinh hinh nén va tao v&i day goc 60°. Tinh dién tich cua thiét dién nay theo a.

Bai 62. Cho tir dién ABCD c¢6 AB = CD =2a, BC=CD=DA=DB = 1. Goi M, N la trung diém AB, CD.
Cm: MN 1a doan vudéng goc chung ctia AB va CD va tinh thé tich tir dién ABCD theo a, biét 0 <a< 2/2.
Bai 63. Cho hinh choép S.ABC, day ABC la tam giac vuodng tai C, S4 vuong goc mp(4BC). Goi H va K
14 hinh chiéu vudng goc cta A4 1én SB va SC, va HK va BC cit nhau tai D. Chirng minh rang tam gidc AHK
vudng va dt AD tiép xtc v6i mat ciu dudng kinh AB.

Bai 64. Cho hinh lang try ding ABCDA’B’C’D’ ¢6 day la mot hinh thoi canh a, goc BAD bang 60°.
Goi M 14 trung diém ciia AA’, N 1a trung diém ctua CC’. Tinh chiéu cao cua hinh ling tru theo a ¢¢ B’MDN
la hinh vudéng.

Bai 65. Thiét dién qua truc cua mat khdi non 1a mot tam giac vudng can co6 canh huyén béng a. Tinh
dién tich xung quanh ctia hinh nén. Tinh thé tich ctia khdi nén.

Bai 66. Cho hinh nén dinh S dudng cao SO, A va B 1a hai diém thudc dudng tron day sao cho
d(O,AB) =a va ZSAO =30°, 2 SAB = 60°. Tinh d6 dai duong sinh va dt xung quanh cia hinh nén theo a.
Tinh thé tich cua khdi nén.

Bai 67. Cho hinh chép S.ABC c6 day AABC vudng tai B va S4 L (4BC). Goi O la trung diém cua
SC. Chirng minh: OA = OB = OC = SO. Suy ra bon diém A, B, C, S cling nam trén mat cau tim O ban kinh

R:%. Cho SA =BC =a va AB=a+2 . Tinh ban kinh miit ciu .

Bai 68. Cho hinh chdp S.ABCD c6 day ABCD 1a hinh vudng canh a, S4 L (4BCD) va SA=a~/3. Goi
O la tam hinh vuéong ABCD va K 1a hinh chiéu cta B trén SC.Ching minh ba diém O, A, K cung nhin doan
SB dudi mot goc vudng. Suy ra nam diém S, D, A, K, B cung nam trén mit cu duong kinh SB. Xac dinh
tam va ban kinh mat cau noi trén.

Bai 69. Cho hinh chép S.ABC c¢6 day ABC 1a tam giac can, AB=AC = a, SA = SB =SC =2a. Tinh thé
tich cia hinh chép S.ABC va tinh ban kinh mit cu ngoai tiép hinh chop S.ABC.
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Bai 70. Cho hinh chop S.ABC c6 day ABC la tam giac vudng tai A, AB =a, AC= a3, SAB la mot
tam gidc déu va nam trong mit phang vudng goc v6i day. Tinh thé tich hinh chép S.ABC va ban kinh mit
cau ngoai tiép hinh chép S.ABC.

Bai 71. Cho hinh chép S.ABCD c6 ddy ABCD Ia hinh thoi canh A, ZBAD = 120°, c4c mit bén cua
hinh chop tao voi day goc 60°. Goi G 1a trong tAm tam giac SAC. Tinh thé tich cta hinh chép S.ABCD va
ban kinh mat cau tim G tiép xtic v6i cac mat bén. Hinh chép S.ABCD c6 ngoai tiép mat cau khong, tinh ban
kinh mat cau noi tiép hinh chép S.ABCD (néu c6).

Bai 72. Cho hinh chép S.ABC c6 ddy ABC la tam gidc vudng tai B, BA = 3a, BC = 4a; mit phing
(SBC) vudng goc véi mat phing (ABC). Biét SB = 2a+/3 va SBC =30’ .Tinh thé tich khéi chop S.ABC va
khoang cach tir diém B dén mit phang (SAC) theo a.

Bai 73. Cho hinh hop dung ABCD.A'B'C'D' c6 day la hinh vuong, tam giac A'AC vudng can, A'C = a.
Tinh thé tich cua khdi tir dién ABB'C' va khoang cach tir diém A dén mit phang (BCD') theo a.
Bai 74. Cho hinh chop S.ABCD c¢6 day la hinh thoi canh a, canh bén SA vudng goc véi day,

BAD =120° , M 1a trung diém cua canh BC va SMA = 45" Tinh theo a thé tich cua khi chop S.ABCD va
khoang cach tir diém D dén mat phing (SBC).

Bai 75. Cho hinh chép S.ABC c6 day la tam giac vudng tai A, ABC =30° , SBC 14 tam giac déu canh
a va mat bén SBC vudng goc véi day. Tinh theo a thé tich ciia khdi chép S.ABC va khoang cach tir diém C
dén mat phing (SAB).

Bai 76. Cho hinh chép S.ABCD c¢6 déy 1a hinh vudng canh a, mit bén SAB la tam giac déu va nam
trong miat phang vudng goc vi mit phang day. Tinh theo a thé tich ciia khdi chop S.ABCD va khoang cach
tir diém A dén mit phang (SCD).

Bai 77. Cho hinh chép S.ABCD c6 ddy ABCD 1a hinh vuéng canh a, SA = a, hinh chiéu vudng goc
cua S 1én mp(ABCD) la H thudc AC, AH = 1/4AC. Goi CM la duong cao cua tam giac SAC. Chiing minh M
1a trung diém SA va tinh thé tich kh6i chép SMBC.

Bai 78. Cho hinh lang tru ding ABC.A'B'C' c¢6 day ABC la tam giac vuong tai B, AB = a, AA' = 2a,
A'C = 3a. Goi M la trung diém cua doan thang A'C', I 1a giao diém cia AM va A'C. Tinh theo a thé tich khdi
tir dién IABC va khoang cach tir diém A dén mat phang (IBC).
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Chuyén Dé: GIA TRI LON NHAT & GIA TRI NHO NHAT
CUA HAM SO (BIEU THUC MQT BIEN)

I. KIEN THU'C CO BAN
1. PINH NGHIA: Gia sit ham s6 y = f(x) xac dinh trén tap hop D.
e S6M dugc goi 1a GTLN ciia ham s6 y = f(x) trén tap D néu cac diéu sau dugc théa man
1) f(X)SM vxeD
ii) 3x, eD:f(x,)=M

Ky hi¢u: M =Maxf (x) (X0 con duoc goi 1a diém roi)
e SO m duge goi 1a GTNN cua ham sd y=f (x) trén tap D néu cac diéu sau duoc théa man

1) f(x)Zm vxeD
ii) 3x, € D:f(x,)=m

Ky hi¢u: m = milgl f (X) (X0 con dugc goi 1a diém roi)

*  Quy wdc: Ta quy udce rang khi néi GTLN hay GTNN cta ham s6 f ma khong noi "trén tap D" thi ta
hiéu d6 1a GTLN hay GTNN trén TAP XAC DINH cta né.
e Dbi voi GTLN va GTNN ddi voi ham nhiéu bién f(x;y) hay f(x;y;z) ciing c6 dinh nghia twong tu.
2. CAC PHUONG PHAP THUONG DUNG PE TiM GTLN & GTNN CUA HAM SO MOT BIEN
2.1. Phuong phap 1 : Str dung bat dﬁng thirc (hay phwong phap dung dinh nghia).

2.2. Phwong phap 2 : Sir dung diéu kién c6 nghiém ciia phwong trinh (hay phwong phap mién gia tri).

2.3. Phuong phap 3 : Sir dung dao ham (hay phwong phap giai tich).
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II. CAC Vi DU MAU
1. Phwong phap 1 : Sir dung bat dang thirc (hay phwong phap dung dinh nghia).
Mot so kien thirc thuwdong dung:

a) f(x)=ax’ +bx+c=a(x+£)2 _A
2a  4a

b) Bat ding thirc Co-si:

e V6i hai s a, b khong am (a,b>0) taludn co: a;b2@©a+b22@

Dau "="xayrakhi a=b

at+b+c

e Véibasd a,b, c khong am (a,b,c> 0) ta ludn co: > 3/abc < a+b+c>33abe

Dau "="xayrakhi a=b=c
¢) Mot so bat diang thirc co ban thwong dung
a’+b’

1) a*+b>>2ab < ab<

2
%) (a+b) >4ab < ab< 40

2
3) (a+b) <2a’+bY) <> alep > O

Vi dy 1: Tim GTLN ciia ham s6 f(x)=-2x"+8x +1.

Bai giai

¥ Tap xac dinh: D=R

¥ Taco
o f(x)=-2x>+8x+1=9-2(x-2) <9,¥xeD
e Diu“="xayrakhi x=2¢€D

¥ Vay ma})xf(x):9.El

Vi dy 2: Tim GTNN cita ham s6 f(x)=v2x" —4x +12 .

Bai giai
¥ Tap xac dinh: D =R
¥ Taco

o f(x)=v2x*—4x+12 =/2(x 1)’ +10 210 ,vx €D

c__%

e Diu xdayrakhi x=1€D

¥ Vay mei[)nf(x):\/ﬁ.ﬂ

Vi dy 3: Tim GTNN cuia cdc ham s6 f(x) = X+L1 voi x € (1;+0).
X—

Bai giai
vy D= (l;—i—oo)
¥ Theo bat dang thirc Co-si ta co:
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° f(x):x+izx—l+i+122 (x—l).i+1:2x/§+1,Vxe(l;+oo)

x—1 x—1 x—1

c__%

e Diu xdyrakhi x—1=

(z)(x—l>2:2<:>x:1+\/5€D
x—1

¥ Vay min f(x)=2y2+1.0
2. Phwong phap 2 : Sir dung diéu kién cé nghiém cia phwong trinh
(hay phwong phap mién gia tri).
Co s& 1y thuyét cita phuong phéap: Cho ham sé x4c dinh béi biéu thirc dang y =f (x)
e Tdp xdc dinh cia ham sé duoc dinh nghia 13 :
D={xeR|f(x) co nghia}
e Tdp gid tri cia ham sb dugc dinh nghia 13 :
T = { y € R|Phuong trinh f(x) =y ¢6 nghiém x €D }
Do d6 'néu ta tim dugc tap gia tri T ctia ham s6 thi ta c6 thé tim dwoc GTLN va GTNN cua
ham so0 do6.
Mét s6 kién thirc thwong dung:
a) Phuong trinh ax” +bx+c=0 (a#0) c6 nghiém < A>0

b) Phuong trinh acosx +bsinx =c¢ (a,b#0) c6 nghiém< a’ +b* > ¢’

X2 +x+2

2

Vidu1: Tim GTLN va GTNN ciia ham s y = .
X" —Xx+2

M

Bai giai

¥ Tap xac dinh: D=R

¥ Xem (1) 1a phuong trinh theo an x ta co:

2
:XZ+—X+2<:>yX2—yx+2y:x2+x+2
X" —x+2
&(y=1)x" —(y+1)x+2y-2=0 (2) (Dang ax’+bx+c=0)
+ Truong hop 1: V61 y =1 thi (2) c6 nghiém x =0
+ Truong hop 2: V6i y =1 thi (2) c6 nghiém < A >0

& =Ty +18y—7>0 &

9-42 9+42
707
¥ Vay r&%nyz#;maxyz%.ﬂ

xeD

9-42 _ 9442
7

<y<
>V> 7

Suy ra tAp gia tri cia ham s6 1a T =

Vidu2: Tim GTLN vi GTNN ctia ham sé y = 51X (1)

2+CoSX

Bai giai
¥ Téap xac dinh: D=R i
¥ Xem (1) 1a phuong trinh theo an x ta co:
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(1) = 2y+ycosx =1+sinx < ycosx —sinx =1-2y (2) (dang acosx+bsinx=c)
(2) conghiém & a* +b°>c* &y +(-1) >(1-2y) & 3y’ —4y<0 = ogygg

4

Suy ra tap gia tri cia ham s6 1a T =|0; 5}

. _ 4
¥ Vay rilell)ny—O, nxlga})xy—g.ﬂ
3. Phwong phap 3 : Sir dung dao ham (hay phwong phap giai tich).
Kién thirc ¢ lién quan
e PDiéu kién ton tai GTLN va GTNN:
Pinh Iy: Ham s0 lién tuc trén mot doan [a;b] thi dat dwge GTLN va GTNN trén doan do.
e Phuwong phap chung: Mudn tim GTLN va GTNN ctia ham s6 y =f (x) trén mién D, ta 1ap
BANG BIEN THIEN cta ham sé trén D rdi dya vao BBT suy ra két qua.
e Phuong phap riéng:

Trong nhiéu trudng hop, ¢6 thé tim GTLN va GTNN ciia ham s trén mt doan ma khong cin
1ap béng bién thién ciia n6. Gia st ham s ' lién tuc trén doan [a;b] va c6 dao ham trén khoang

(a;b) , c6 thé trir mot s6 hiru han diém . Néu f'(x) =0 chi tai mot s hiru han diém thudc
(a;b)thi ta c6 quy tdc tim GTLN va GTNN cta ham f trén doan [a;5] nhu sau:
Quy tiic

1) Tim cac diém X5 X,y,..., X, thudc (a;b) ma tai d6 ham sb f ¢6 dao ham béng 0 hodc khong co

dao ham.

2) Tinh f(x), f(x,),.... f(x,), f(a), f (D).
3) So sanh cac gia tri tim dugc.
e S0 16n nhét trong cac gid tri d6 1a GTLN cta f trén doan [a;b] .

e S6 nho nhét trong cac gia tri d6 1a GTNN cua £ trén doan [a;b] .

XET HAM TRUC TIEP

Vi dy 1: Tim gié tri 16n nhit va gié trj nho nhit cia ham s6 y = 2x* +3x” —12x+2 trén doan [~ 1;2].

Bai gidi
v D=[-12]
¥ Tachd: y'=6x"+6x—12
=-2¢D
y'=0& * 7
x=1eD

Do y(-1)=15; y(2)=6; y(1)=—5 = miny =—5; maxy=15

¥ Viy miny =-75; mz}ny:15.El

xeD
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Vi du 2: Tim gi4 tri 16n nhét va gia tri nho nhat ciia ham s y = ¢* (xz —Xx— 1) trén doan [0;2] .

Bai giai

v D:[O;Z]
¥ Taco: y':e“<x2+x—2)
V=0 x=-2¢D
x=1eD

Do y(O):—l; y(Z):ez; y(l):—e = miny=—¢; Igggxy:ez
2

¥ Viy miny=—e; maxy=e¢’.0
xeD xeD

Vi du 3: Tim gia tri 16n nhat va gia tri nho nhét cia ham s§ y=x—v4—x* .

Bai giai
v D=[-2;2]
4—x*+x
e
y'zO(:)x:—\/EGD
Do y<—2):—2; y(2):2; y(—\/g):—%/g = rllei[)ny:—%/z; rxlgglxy:2

¥ Taco: y'=

¥ Vay miDny:—Z\/E; m[a)lxy:2.El

Vidu 4: (THPT QG 2015)

. . s & & o - i 5 - 4
Tim gid tri 16n nhat va gid tri nhé nhat cia ham s6 f(z) = z + — trén doan [1; 3].
x

Pap an
: i | g . : _ 4
Ta ¢ f(x) xdc dinh va lién tuc trén doan [1;3]; f'(z) =1 — —=. 0,25
2
Vdizc[l;3], flz) =00 z=2 0.25
) 13
Ta ¢6 f(1) =5, f(2) =4, f(3) = T 0,25
Gi4 tri 16n nhit va gid tri nhd nhat cda f(z) trén doan [1;3] ldn lugt 1a 5 va 4. 025
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POI BIEN (PAT AN PHU)

Vi du 4: Tim gié tri 16n nhét va gia tri nho nhat ctia ham s6 y = 2sin’ x —cosx +1.

Bai giai
¥ Tap xac dinh: D=R
v Dit 1=cosx voi 1€[—11], ham s6 tr6 thanh: y=—2¢* —1+3
1
Tacod: y'=—dr—1 ; y':O@t:—Ze[—l;l]
1

Do y(—1)=2; y(1)=0; y[_Z]:% = miny=0; rggX)’Z%

A ' 25
¥ Vay min y = 0; max y _K'D
III. BAI TAP TU LUYEN

1

Bai 1. Tim GTLN va GTNN ciia cdc ham sé y=——+ voi x e[ 2:4]
x+1 4(x-1)
Z X Xz
Bai 2. Tim GTLN vi GTNN clia cdc him s y=—"~~ 7 vi xe [O;JEJ
X+

2

+i Vo1 xe[l;Z]

Bai 3. Tim GTNN ciia cac ham s6 y=—
2x°+3 l1+x

Bai 4. Tim GTNN cua cac ham s6 y=(x—1 —Vx>+2x-6 v6i xe [2;+oo)

Bai 5. Tim GTNN cuia cac ham s y = x> +3x+2y/1-2x véi x e {O;%}

Bai 6. Tim GTLN ciia cac ham sb y = 7 2“1 —62‘_21) vdixe(o;ﬂ
x*—x+3 X+

3
Bai 7. Tim GTLN ciia him s6 y =27 i x e [0;1}
2(1- 8x3) 4

Bai 8. Tim GTNN ciia ham s6 y = x* — voi x € [—1;+oo)

x+3

Bai 9. Tim GTLN va GTNN cta cac ham sb y= —x*+4x +% Vol x € [3—\/3;2}
X
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Chuyén dé

TIM GTLN VA GTNN CUA HAM SO NHIEU BIEN
- ~ BANG CACH KET HQP S
BAT PANG THUC PAI SO VA TiNH PON PIEU CUA HAM SO

) Huynh Chi Hao
THPT Chuyén Nguyén Quang Diéu - Pong Thap

|.MO PAU

Bai todn tim gia tri I6n nhat (GTLN), gia tri nho nhat (GTNN) ciia cac biéu thirc 3 bién thuong duoc
chon lam bai khé nhat trong ky thi tuyén sinh dai hoc nhirng nam gan déy. Phuong phap thuong sir dung
laket hgp bat dang thirc dai so vatinh don diéu caa ham so dé tim GTLN va GTNN.

Il. PHUONG PHAP CHUNG

Budc 1: Bién doi biéu thirc nhiéu bién vé biéu thirc c6 thé dat an phy dé duavé mot bién. ,
K§¥ thuat bien doi thuong dung la bien doi dong nhat hoac wéc lweng. (giam bien).

Budc 2: Sir dung céc bat dang thirc dai s6 (bat dang thirc ¢o dién, bt ding thirc phu) dé tim diéu kién cua
an phu. (thwong la dieu kién PUNG).

Budc 3: Tim GTLN, GTNN bing cach sir dung dao ham dé khao sét tinh don diéu cisa ham mét bién.
(khao sat ham ciaa an phu).

Luu v: Véi cac biéu thirc ddi xitng 3 bién a, b, ¢ (tuc 1a c&c biéu thirc khdng thay d6i véi moi hoén vi cia
babién a,b,c) tacd thé dat mot trong cac biéu thire sau 1a 4n phu
a+b+c;, ab+bc+ca, abc, a*+b*+c*
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MOT SO BAT PANG THUC PHU THUONG DUNG

TT Piéu kién cia bién Bat dang thiec phu biéu kign xay ra
dang thirc
(biem roi)
1 a2+b2 a=b
a,bl j ab £
abs_a2+b2 a=-b
2
2 .2 a=b
a,bl j abEwg
€2 5
3 a,bl j (a+b)2£2(a2+b2) a=b
a*+b*3 l(a+b)2
2
4 a,b,cl i a’+b>+c* 3 ab+bc+ca a=b=c
5 a,b,cl j 3(a2+b2+cz)3 (a+b+c)2 a=b=c
3(azb2 +bc? +c2a2) 3 (ab+bc +ca)2
6 a,b,cl i (a+b+c)23 3(ab+bc+ca) a=b=c
(ab+bc+ca)2 3 3abc(a+b+c)
(a+b+e) e
ab+ba+caft~—LE£a* +b* +¢
7 1 1 c 2 . d hi CM a=b hoac ab =1
2 + Sir Qun |
a,b3 0 vaab£l va? 1ep C1vab (s dung phai CM)
8 a,b3 0 vaab31 1 1 2 ) a=b hoic ab=1
- > (st dung phai CM)
1+a 1+b 1+ab
9 a,bl § vaO£ab£fl 1 1 2 _ a=b
+ £ (sr dung phai CM)
Ji+a> N1+p* Al+ab
10 a,bl j vaab3 1 1 1 2 _ a=b hoic ab=1
+ > (sr dung phai CM)
l+a 14+b " 14-Jab
11 a,b3 0 1 1 1 ) N a=b=1
o+ -3 (s dung phai CM)
(1+a) (1+p) 1t+ab
12 a,b? 0 3,34 1 3 . a=b
a+b3 Z(a+b) (sir dung phdi CM)
a+b’3 ab(a+b)
13 a,b>0 1 1 8 ) a=b
—+5= 5 (s dung phai CM)
a b (a-i—b)
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I11. CAC Vi DU MINH HQA
1. Babien doi xirng
Dang 1: Bién déi dong nhat

Vidu 1. Cho a,b,c khong am thoaman a* +b” +¢* =3.

Tim gia tri én nhit va gia tri nhé nhat caabiéu thuc P = ab +bc +ca + e
a C

Huwéng dén gidi

+ P labiéu thic ddi xieng theo 3 bién a,b,c .

+ Biénddi P theo biéuthac a+b+c.

+ Dt anphu t =a+b+c¢ vadanh giachinh xéc giatri caabién 7.

Loi gigi o Q q
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.

Tu ding thirc (a+b+c)2 =@’ +b> +c* +2(ab +bc +ca), két hop véi gia thiét > +b> +¢> =3

Tasuy ra
2
P:(a+b+c) - 3+ 5
2 atb+c
2 2
Pt r=a+b+cth p=i-343-0,5 . 5_ 1
t 2t 2

B2- Tim diéu kien PUNG cho bién ¢.

2

Taco: ab+bc+ca=t ma 0 £ ab+bc+cafa*+b*+c* =3 nén

-3

0F £3 03£2£9 U 3£1£3 (1)
DAu “=" ¢ vé tréi ciia (1) xay rakhi a =~/3; b=¢ =0 va céc hodn vi.
Dau “=" ¢ vé tréi cua (1) xay rakhi a=b=c=1

B3- Tim GTNN vaGTNN caaham mot bién, tir 46 suy raGTNN vaGTLN caa P .

-5 5 ¢ 55 4 N
+ ="+ _ = {ré € u
; ; trén doan e\/§,3

Xé hamsd f(¢) =
3- ~ . A ~

Taco: f'(n=1->=""2 =00 =351 &/3:30
t t e u

Bang bién thién

AENING 3
f(@) +
f @) 14
/ ?
5v3
3
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Tur bang bién thién suy ra: #Ef(tﬁ%, " g\/§;38 p iEPE? (2)
Diu“=" ¢ VT caa(2) xay rakhi a =~/3; b=c =0 vacéc hodn vi.

Dau“=" ¢ VPcia(2) xay rakhi a=b=c=1
B4- Két luan:
sf

Giatri nho nhit ciabiéu thaec P 1a —— dat khi a = \@; b =c =0 vacac hoan vi.

Giatri lon nhat cuabiéu thirc P |a ? datkhi a=b=c=1r

Bai tap twong tw

Cho a,b,clacéc sb thuc thbaman x> +y* +22 =1.

Tim gia tri én nhit va gia tri nhé nhat caabiéu thuc P = xy +yz+zx + R
x+y+z

Huwéng dén gidi

+Dbat t=ab+bc+ca Voi ¢

—_—)
D) D

Y 4
+ Xéthamso f(r)=t+—— Vai ¢l
r+2
+ Két qua

Giatri nho nhat caabiéu thic P 14 2 datkhi a =+1;b=¢ =0 vacéc hoan vi

3

Giatri lén nhat caabiéu thic P |a§ datkhi a=b=c :iT r

Vi du 2. Cho céc sd thuc khéng 8m x,y,z théaman 3(x* +y> +2°)+xy +yz+zx =12.
2 2 2

- £ e A A4 . 2 A 5 - X J + +
Timgia tri lén nhat va gia tri nhé nhat caabiéu thiac P =u+xy +yz+zx.

xty+z

Huwéng dén gidi
+ P labiéu thirc doi xirng theo 3 bién x,y,z
+ Bién doi biéu thac P theo x* +y* +27.
+ Pat anphu ¢ = x> +y* + 7> vadénh gia chinh xéc giatrj caa bién 7.
Loi gidi, o o ) i
B1- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
Tir gia thiét 3(x* +y* +27)+xy+yz+zx =12 b xy+yz+zx =12- 3(x* +y* +2%)
Do do: (x+y+z)2 = x4y’ + 7 +2(xy+yztan) =20 4y 420 428124 37 +y + )
=24- 5(x* +y*+7°)
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2432 4,2 24242
Nén P:u.*_xy_*_yz_*_zx: X y Z +12'3(.x2+y2+Z2)
x+ty+z J24- 5(x> +y> +2)
Pt 1=4/24- 5(x +y* +7°) thi
1 >
S (24- 1) o
p=5_  iyp.324 1 :12‘& 4240 12
t 5 5e I g 5

B2 Timdiéu kien PUNG cho bién 7.
Tur gia thiét 3(x* +y* +2%)+xy+yz+zx =12 b 3(x* +y* +2°)£12b x*+y* +72 £4
P 24- 5(x2+y2+z2)3 4
b \24- 5(x* +y +7°) 2 2 (1)
Dau“=" & (1) xay rakhi x =2;y=z=0 vacéc hoanvi. Suy ra r3 2
Do x? +y* +z° 3 xy+yz+zx néntu gia thuyét talai suy raduoc
12E3(x* +y* +22)+x>+y* +27 b x*+y* +273 3
P 24-5(x*+y*+7)£9
b \24- 5(x+y +)) £3 )
Dau“=" ¢ (2) xayrakhi x=y=z=1.Suyra ¢£3
Suyra 2£t£3.Vay 11 £:3j
B3: Tim GTNN vaGTNN ciia ham mot bién, tir d6 suy raGTNN vaGTLN cia P .

Xéthamsd f(r)=— t-t+ﬁ-£V|t|323H tacd
5& tg S
) Coad
fi =23 - 1_2_:13:1?;;—224+ (Sir dung TABLE cia MTCT dénh gid)
8 g ¢ 4 2
é 0 1€ 3.
=L 1)+ - 2 g 1)+ 24ﬂ>0 i g3y
58 € @ 58 & 7
Bang bién thién
t 2 3
J'(®) +
f @) 4

Tubang biénthiénsuyra: 2£ f(£4, " 11 ;34 P 2EP£4 (3)
Diu“=" & VT cua(3) xay rakhi dat khi x =2;y =z =0 vacéc hoan vi.
Dau“=" ¢ VP cia(3) xay rakhi datkhi x=y=z=1.

B4 Két luan
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Giatri nho nhat caabiéu thuc P 1a 2 dat khi x =2;y =z =0 vacéc hoan vi.
Giatri lon nhat caabiéu thac P 1& 4 datkhi x=y=z=1 r

Vi du 3. Cho a,b,clacéc sb thuc duong thoaman a+b+c =3.
ab+bc+ca

Tim gid tri nhé nhat caabicuthaoc P=a’ +b* +¢* +——F———.
a +b" +c" +3

Huwéng dén gidi ,

+ P labiéu thirc doi xieng theo 3 bien a,b,c .

+ Bién doi biéu thac P theo a® +b” +¢°.

+ Pat anphu ¢ = a® + b +¢* vadanh gia chinh xéc giatrj caa bién 7.

Loi gidi o o q ]

B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.

9- (a*+b*+c%)
2

Taco: (a+b+c)2 =a*+b* +¢? +2(ab+bc+ca) P ab+bc+ca=

9-(a*+b*+c?)
2(a* +b* +c* +3)
9-t 2 +5t+9

‘ J2+6 2046
B2. Timdiéu kiecn PUNG cho bién r.

Taco: (x+y+z)" £3(x*+y*+2)P x*+y*+7°33 (1)
Dau“=" ¢ (1) xay rakhi x=y=z=1.Suyra 13 3

Dodb: P=da*+b* +c* +

Pit r=a’ +b* +c* thi P=t+

=f®

1x,v,2>0

Do i "¢ P x*+y’+z7 <(x+y+2)°=9
Tx+y+z=3

Suyra 3£¢<9.Vay 1 g3;9)

B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .

. 200 +5t+9 . o,
Xéthamsd f(r)=—— voi 1l €3;9),tacd
A 2t+6 63 )
: 4(t2+6t+3) 0 g 9)
(O)=—"——7">0,"1t] &
I (2t +6)* e
Bang bién thién
t 3 9
f'(@® +
f @) 9

I

SN
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Tur bang bién thiénsuy ra.  f(1) 3 % "l 33;9) b P3 % (2)
Dau“=" ¢ (2) xayrakhi a=b=c=1.
B4- Két luan

Giatri nho nhét cia bidu thc P |a% datkhi a=b=c=1.r

Vidu 4. Cho céc sb thuc x,y,z1 gO;ZEI thbaman x+y+z=3.
. < . < 2 x2 +y2+z2

Timgiatrilén nhat va gia tri nhé nhat chabiéuthac P =———- (xy +yz+2zx).

Xy +yz+zx

Huwgng dan gigi ,

+ P labiéu thikc doi xing theo 3 bién x,y,z.

+ Bién ddi biéu thirc P theo xy + yx + zx .

+ Dat 4nphu 7= xy + yx +zx vadéanh gid chinh xéc giatri cuabién 7.

Loi gidi i q q ]
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.

Taco: ()c+y+z)2 =x"+y' +7 +2(xy+yz+zx) P x> +y +7° =9- 2(xy+yz+2zx)
9- 2(xy +yz+2zx)

xy+xy+xz
9-2¢

Tacod: P=

- (xy +xy +x2)

bat r=xy+yz+zx thi P= -t=f(1)

B2- Tim diéu kien PUNG cho bién ¢.
Tur gia thiét x,y,z1 g0;2fP (x- 2)(y- 2)(z- 2)£0
P xyz- 2(xy+yz+zx)+4(x+y+2)- 8£0
b 24-5x*+y*+z°)3 4
xyz+4(x+y+z)-8,12-38

2 2
Dau“=" ¢ (1) xay rakhi x =2;y =1,z =0 vacéc hodnvi. Suy ra: 13 2

P xy+yz+zx3 =2 D
1 2

Do xy+xz+zx£§(x+y+z) =3. 2

Dau“=" ¢ (2) xay rakhi x=y=z=1.Suyra ¢£3

Suyra 2£t£3.Vay 11 £:3j
B3: Tim GTLN vaGTNN caa ham mot bién, tir 36 suy raGTLN vaGTNN caa P .

Xétham s f(1) =21 voi 11 §:3f, taco:
t

f@=- %- 1<0," 11 ;3§
t

Bang bién thién
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GTLN & GTNN czia biéu thizc nhiéu bién

t 2 3
f'(@® -
f @) 1
2
-2

Tur bang bién thién suy ra: -2£f(t)£%, "l g2y P -2£P£%

Dau“=" ciaVT & (2) xayrakhi x=y=z=1.

Diu“=" cuaVP ¢ (2) xay rakhi x =2;y =1;z =0vacéc hoan vi.
B4 Két luan

Giatri nho nhat caabiéuthuc P 1a -2 dat khi x=y=z=1.

(2)

Giatri lén nhat caa biéu thiec P IaE dat khi x=2;y=1,z=0 vacéchoanvi r

Vidub. Cho x,y,z la céc b thyc thoamén x* +y? +7% =1.
8
(x+y+2)’ - xy- yz+2

Tim gia tri nhé nhat cua biéu thirc P = (xy + yz +22x)° -

Huwéng dén gidi

+ Khai trién vathu gon (x +y+2)> - xy- yz+2 s duoc biéu thirc ¢ lién quan dén xy + yz +2zx

+ Pat an phu ¢ = xy + yz +2zx vadénh gia chinh xéc giatri caabién 7.

Loi gigi o 7 ”
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
. 8
Taco: P =(xy+yz+2zx) -
xy+yz+2zx+3
Dit 1= xy+yz+2zx thi P=¢" - f3 = f(1)
t

B2- Tim diéu kien PUNG cho bién .

. 1
Tach: (x+y+2)° =1+2(xy+yz+zx)3 0P xy+yz+2zx3 - 5+XZ3 5

, _ 2
DAu “=" & (1) xay rakhi y=0,x=-z=i§.8uyr6t 13 -1
B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .

Xéthamsb f(1)=1" - f3 trén nita khoang gl;+¥)
t

1 x*+7° _
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2t(t+3)2+8 2041217 +18r+8 2(”1)2(”4) .

, 8
Tact: f'(r)=2t+ = = =
R PP S PP (1+3) (1+3)

f'=00 r=-1
Bang bién thién

t - 1 +¥
S 0 +
f® / +¥
-3

Tu bang biénthiensuy ra (2 -3, " 11 § L+¥) b P3 -3 )

. ) 2
Dau“=" ¢ (2) xay rakhi yZO,x:-z:ig.
B4 Két luan
-z . 5 A 5 = R ’ Y - \/5
Giatri nho nhat caabiéu thicc P 1a -3 dat khi yZO,x:-z:iT. r
, N , ~ 1-1
Vi du 6. Cho a,b,c lacéc sb thuc dwong thoaman a* +5b° +¢° :%.
3
. . N +
Timgiatrilén nhat caabiéuthac P = 3 abzc jabcz :
1+4(a” +b” +¢)
Huwéng dén gidi
N u
+ Pt 1 =3/abc voi ¢l a%l
& 4l
a
Y +47 . - 1u
+ Xét ham so f(t):% Vi ¢l a%;—(,
2(1- 87) § a4l
.13 . 1
+ Két qua: Giatri lon nhat caa biéu thirc P Ia2_8 dat khi a:b:C:Z r

Loi gigi o ) i
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
3Rlabc +4abc 33/ abc +4abc

1+4(a*> +b* +¢?) - 2(1- 8xyz)

+ 3
it 1= 3xyz thi p=o 4 = £(0)

Tacod: P=

2(1- 8)
B2- Timdiéu kien PUNG cho bién 7.
Tir gia thidt o® + b +¢* = 1 lj“bc b 1- 16abc = 4(a® +b* +¢*)? 123 a*b*c?
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Suyra 1-16£3 12:0 167 +12- 1£0 0 o - §+19 £00 t£1. (1)

, . 1 ae 1u
Dau“=" ¢ (1) xayrakhi a=b=c== .Vay t] o ¥;
(1) xay 1 y 8 43

B3: Tim GTLN caaham mot bién, tir d6 suy raGTLN caa P.
3t+4r . s, 1U

PO Vol ¢ u,taco

2(1- 87) § 4l

S+127 + 2t+1 -2t +1 & 1u
f,(t):48t 12¢+3 _3(21 )8t - 2t )>0,,

Xé hamsb f(r) =

St o- ¥ —
2(1- 83) 2(1- 8£%) g 4l
Bang bién thién
t
Ly 1
4
) +
f@) 13
28
-l /
4
L . 13 .e&. 1u 13
Tt bang bién thién suy ra: HE—,tl --¥;—y P PE— 2
ang bié y f@) >3 8 4u >3 (2

, . 1
Dau“=" ¢ (2) xay rakhi a=b=c=Z.
B4- Két luan

Giatri lon nhat caabiéu thic P |a;—z datkhi a=b=c=—r

NG

Vi du 7. Cho céc s thuc khdng am  x,y,z théaman x* +y* +7 =27.

. . L, x s Y , 1 4
Tim gia tri l6n nhat va gia tri nhé nhat caabiéu thuc P =5(x+y+z)2 - E\/(x +y+z) - 3(x+y+2)

Huwéng dén gidi
+Dbat r=x+y+z Voi il 93\/5,98

D

4 3

+XEhamsd f(r)=—1*- 12 - 3¢ véi 11 336;98

NIH
w

+ Két qua:
T R S . 45 .
Giatri nho nhat caa biéu thirc P 1a - > datkhi x=y=7z=3.

10
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Giatri I6n nhat caa biéu thac P |a%- 1243 - 94/3 dat khi x =33,y =z=0 vacéc hodn vi.
Loi gidi, o o q i
B1- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.

Dit t=x+y+z thi PI%IZ- g £ -3t=f()
B2 Timdiéu kien PUNG cho bién 7.

Do (x+y+z)2£3(x2+y2+z2)=81 b t£9.Dau“="xayrakhi x=y=z=3

Vi x,y,z30 P ()c+y+z)2 =xT+y + 42y +az+yz)d X +y 4+ =27

b 12 3/3. Ddu“=" xay rakhi x =33,y =z=0 vacéc hodn vi.

Vay (1 83;98 |

B3: Tim GTNN vaGTNN cua ham mét bién, tir d6 suy raGTNN vaGTLN cia P .

ltz- E\F- 31 v6i 11 643:9U taco
2 3 e u

Fry=t-2t- 3=(ﬁ- 3)(\/;+1)£0
Bang bién thién
to 33 9
) -
N ERN

Xé hamsd f(t)=

ksl
2
Tt bang bién thién suy ra: % 124/3 - 9\/§=f(3\6)£f(t)£f(9)=- %, "l 336;93
b 2_27-12%-9\E£P£-4—; @

4

Déu“=" & VT cia(2) xay rakhi x =3+/3; y =z =0 vacéc hoan vi.

4

DAu“=" & VPcaa(2) xay rakhi x=y=z=3

B4- Két luan

Giatri nho nhat caabiéu thirc P 1a - % datkhi x=y=7z=3.

Giatri I6n nhat cia biéu thac P 14 % 1243 - 9\3 dat khi x =3+/3,y = z=0 vacc hodn vi.

11
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Dang 2: Bién déi wéc lwong (danh gid)

Vi du 8 (Pé thi THPTQG 2015). Cho céc s6 thyc a,b,cl @l,3fvathoamandicukién a+b+c=6.

N X 3 b2 +b*c* +c’a’ +12abc+72 1
Tim gia tri lén nhat cuabicu thic P =2 bi+be *ca abe - —abc.
ab+bc+ca 2

Hudng dan gigi ,
- P labiéu thirc doi xieng theo 3 bien a,b,c .
- Nh6 lai ring P c6 thé biéu dién theo c&c biéu thic dbi xiing co ban: a+b+c hoic abc hoic
ab+bc+ca .
- Phantich dit kién a,b,cT @l,3fvathéaman diéu kién a+b+c =6, két hop véi biéu thic P dinhracéac
hudong gi. ‘ ” o 7
- batan phu hqp ly, tim diéu kién an phu dé biéu diéqn bieu thi;c P (hoic uéc lugng biéu thirc P) thanh
biéu thirc mot bien sau d6 sir dung cdng cu dao ham @é giai quyét.
Loi gidi, o o 7 ]
B1- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
a’b* +b*c* +c*a* +2.(ab+ bc+ca).abc+72 1
P= - —abc
ab+bc+ca 2
_(ab+bc+ca) +72 ) abc

ab+bc+ca 2 )
So sanh abce Voi ab+ be +ca @€ udc lugng biéu thic P

Do a,b,cl gl,3¢ nén (a- )(b- )(c-1)2 0 P abc® ab+bc+ca- (a+b+c)=ab+ba+ca-5(2)
Tu (1) va(2) suy ra
(ab+bc+ca)2+72_ ab+ba+ca-5 1 +72_ t-5

(1)

PE V&I t=ab+bc+ca
. ) ab+bc+,ca 2 t
B2- Timdiéu kiéen PUNG cho bién t.
iy Do (a+b+c)* 3 3(ab+bc+ca) b 3t£36b t£12 (1)

Dau“=" ¢ (1) xay rakhi a=b=c=2
i) Vi a,b,cl gl.3gnén 3- a)(3- b)(3- ©)% 0

P 3(ab+bc+ca)d abc+9(a+b+c)- 27 =abc +27 2
Do a,b,cl gl,3¢ nén (a- D(b- D(c- 130

P abc3 ab+bc+ca- (atb+c)+1=ab+ba+ca- 5 3
Tu (2 va@) suyra 3(ab+bc+ca)3 ab+bc+ca+22 b 3r3 t+22 b 311 4

Dau“=" ¢ (4) xay rakhi a=1,b=2,c=3.
Dodé: 11£¢£12.Vay i1 g 112§
B3- Tim GTLN caaham mot bién, tir 46 suy raGTLN cua P .
£+72 t-5_ £ +5t+144
2 T 2

Xé hamsd f(¢) = véi 11 g1 12

- 144

Taco: f'(1) = ~ ,f'0=00 =12

12




TTLT PH Digu Hién Tp Can The GTLN & GTNN cria biéu thizc nhiéu bién

Bang bién thién

t 11 12
J'(@) - 0
f® | 160
11 \
29
2
Tur bang bién thién suy ra: f(t)Ef(ll):% P PE% 5

Dau“=" ¢ (5) xay rakhi a=1,b=2,c =3
B4- Két luan

Giatri 16n nhat caabiéu thirc P bang % r

Vidu 9. Cho a,b,c khdong &m théamén a+b+c=1.
Tim gid tri nhé nhit cuabiéu thic P =3(a*b* +b*c* +c2a®) +3(ab+be +ca) + 24 a* +b* +¢* .

Huwéng dén gidi

~

.~ € 1u
+Dit r=ab+bc+ca véi tl g~
e Ju
PITRN X 2 S e.lu
+ Xé&hamso f(t) =t +3t+2/1- 2t Véi ¢l éo;gq
e Ju

+ Két qua: Giatri nhé nhit caabiéu thaec P 1a 2 dat khi a=1,6=c =0 vacéc hoanvi r
Loi gigi o q q
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
Do a’ +b° +¢° =(a+b+c)2 - 2(ab+bc+ca) =1- 2(ab+bc+ca)
va 3(a’b* +b’c* +cfat) 3 (ab +bc +ca)2
Suyra  P=3(a’b* +b’c’ +c*a’)+3(ab+bc+ca)+2\a* + b +¢?
3 (ab+bc+ca)* +3(ab +bc +ca) + 2\/1 - 2(ab+bc +ca) (wéc lwgng)

Dat t=ab+bc+ca thi P3 1 +3t+2+1- 2t = £(1)
B2- Timdiéu kién PUNG cho bién ¢.

1
Do 0£ab+bc+ca£%(a+b+c)2=%.Suyl’a0£t£§ (@)}
Déu“=" & VT cua (1) xay rakhi a=1; b=c =0 vacéc hodn vi.
. _ ~ € 1U
Déu“=" & VP caa (1) xay rakhi a=b=c=§.Véy T éo;;g
e Ju

13
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B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .

PR .~ € 1u )
Xé&hamsd f(1) =1 +3t+241- 2t Vvoi 11 é();éq,taco
e 2u

2

V1- 2t

Sir dung dao ham cap hai dé xét dau £ '(¢)

D
P =2- —2 £0. 4] éo;lg
J(1- 287 é 3

Bang bién thién caa f'(r)

f'(t)=2t+3- (Str dung TABLE ciaMTCT danh gid)

Taco:

Owlk—‘

IR -

f'(t) ’ \

Tur bang biénthién 7'(r) tasuyra f'(r)3 f'

11
23
3 V3

5 e
0=l 03500 Bt
&5 3 g3

o

Tur d&y taco bang bién thién caa f(¢) nhu sau

(SR

J@) +
f@

10+643
/ 9
2
. A Lea . -~ € 1u
Tu bang bienthiénsuy ra: f(r)3 f(0)=2," ¢l éO;EQ P P32 (2
e °u
Dau“=" ¢ (2) xay rakhi a=1; b=c =0 vacéc hoan vi.

B4- Két luan |
Giatri nho nhat ciabiéuthirc P 1a 2 dat khi a=1;b=c=0 vacachoanvi r

Vi dy 10. Cho céc sb thuc x,y,z1 (0:1) thoamdn xyz =(1- x)(A- »)(A- 2).

Tim gia tri nhé nhat caabiéu thic P = x* +y> +2°.

14
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Huwéng dén gidi
+PDat r=x+y+z Véi ¢l (0;3)

o 4 .
+X@hamsd f()=- '+ 2042 i 11 (0:3)

4 -7 . 9 A o = R , ~ 3 -
+ Két qua:Giatri nho nhat caa biéu thic P la 2 datkhi x=y=z=—r

1
2
Loi gigi o q ﬂ
B1- Bién doi biéuthac P veé biéu thlrl’AC co thé dat an phu.
Taco: xyz=(1- x)(1- y)(1- 2)U xy+yz+zx =2xyz- 1+(x+y+2)
Suyra P=x>+y +7° =(x+y+z)* - 2(xy +yz+2x)
=(x+y+z2)’- 2@xyz- 1+(x+y+2)f

=2- 2x+y+)+(x+y+2)’ - 4xyz

.3
+y+
3 2-2(x+y+z)+(x+y+z)2-4aec Y Zg @
€ 3 5
Dau“=" ¢ (1) xay rakhi x =y =z=%
Dat r=x+y+z thi P3 - %ﬁﬂz- 2t+2 = f(1)
B2- Timdiéu kién PUNG cho bién ¢.
Do x,y.z1 (0:1) b 0<r<3.Vay 1T (0;3)
B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .
Xéthamsd f(1) =- 217;3“2- 20+2 voi 11 (0;3), taco
4 e_3
fw=- 5022, f(0=00 g‘z
g =3
Bang bién thién
t
0 3 3
2
f'@ - 0 +
f@ | 2 1
4
Tirbang biénthignsuy ra £(1)2 famo=>, "1 (03)p P32 (2)
25 4 4

15
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Déu“=" ¢ (2) xay rakhi x =y =z :%

B4- Két luan

Giatri nho nhat caa biéu thac P |a% datkhi x=y =z :% r
Vi du 11. Cho céc sb thuc dwong x,y,z théamén x+y+z£1.
Tim gia tri nhé nhat caabiéu thac P =3./3(x> +y> +2°) + > .
(x+5y)(y +52)(z+5x)

Huwéng dén gidi

+banhgia P2 3(x+y+)+—
(x+y+2z)

+Dat r=x+y+z voi 11 (01§

+ Xét ham sb f(t)=3t+8% véi 11 (0:1H
t

+ Két qua: Giatri nhé nhit caabiéu thac P 1a 29 datkhi x=y=z :% r
Loi gidi, o o ) i
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
Do 3(x2 +y’ +z2)3 (x+y+z)2 P \3(x*+y +77)3 x+y+z
)
+5y+y+57+2+5x0
Theo Cauchy (x+5y)(y+5z)(z+5x)£? PENIOTHEEING = 8(xyv)
)
5 5

3
(x+5y)(y +52)(z+5x) 8(x+y+2)’

Suyra P3 3(x+y+z)+;3 Déu"=" xay rakfi v=y=z=
8(x+y+z) 3

Dit t=x+y+z thi P3 3t+;=f(t)
;
B2- Tim diéu kien PUNG cho bién .

~ " . . 1
Do x,y,z>0 thoamén x+y+z£1 nén 0<t£1.Dau“=" xay rakhi x=y=z=

Vay 1T (0:1
B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .
Xé ham sb f(t):3t+8—53 véi 11 (O;IH, tacod
t

4- < ~
() :%m," i (01
t

16
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t |0 1
'@ -
f@) | +¥
29
8

Tir bang bién thién suy ra: f(r) 3 f(1)=2—89," [ (0:1g P P2 % 1)

Diu*=" & (1) xay rakhi x =y =z :%
B4 Két luan

Giatri nho nhat caa biéu thac P I<'312—89 dat khi x=y=z=% r
Vi du 12. Cho céc sb thyc duong x,y,z thoamdn x+y+z£3.
2 2 2
Z 9

Tim gid tri nhé nhat caabiéu thic P =+ +* + :
y z x (x+y)y+z)(z+x)+ayz

Huwéng dén gidi
27
(x+y+z)’

+bat r=x+y+z Voi il (0;38

+banhgia P3 x+y+z+

+ Xét ham sb f(t):3t+8% véi 11 (0;38
t

+ Két qua: Giatri nhé nhit ciabiéu thaec P 1a 4 datkhi x=y=z=1 r

Loi gidi q ﬂ
B1- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
2 2 2 2 2 2
Do x—+y+y—+z+z—+x3 2x+2y+2z P SR AR x+ty+z
y Z X y Z X

.3 .3
Theo Cauchy thi (x+y)(y+z)(z+x)+xyzg?(x’Ly’LZ)g L FXHy+z0

g & 3 g
9 9

3
(x +y)(y +2)(z+x) +xyz a@(x+y+z)o3+aec+y+zo3

3 3 & 3 g
9
6@(x+y+z)f?3+aec+y+zf?3
€ 3 5 & 3 4

Suyra P3 x+y+z+

17
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9
8 7
+

B2- Timdiéu kiéen DPUNG cho hién ¢.

bat t=x+y+z thi P3¢+

=+ = o)
:

Do x,y,z>0 théamén x+y+z£3 nén 0<r£3.Diu“=" xayrakhi x=y=z=1

Vvay 1T (0:3§.

B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .

¢ o 27 o
Xéthamsd f(1) =1+ véi 11 (0;3, tacd
t

t*- 81

"(t) = £0," 1 (0:3p
== (1 (0:3
t 0 3
f'(@) -
f@) | +¥
4

Tur bang biénthiénsuy ra ()3 f(3)=4," 1 (0;35 b P34 (D

Dau“=" ¢ (1) xay rakhi x=y=z=1
B4 Két luan

Giatri nho nhat caabiéuthuc P 1a 4 datkhi x=y=z=1 r

Vi du 13. Cho céc sb thuc dwong x,y,z thoaman xyz=1.

111 32

Tim gia tri nhé nhat cuabiéu thec P=—+—+—+
X y z xty+tz

Huwéng dén gidi

N2
(xy +yz+zx)’
+Pat 1 =xy+yz+zx Véi ¢l g3;+¥)

92

+ Xét ham sb f(t)=t+t—2 voi 1T g8, +¥)

+Pbénhgid P3 xy+yz+zx+

+ Két qua: Giatri nho nhit caabidu thac P 12 3++/2 datkhi x=y=z=1 r

Loi giagi ‘ ‘ ”
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
+xz+
Taco: l+l+l=—xy X
Xy z xyz

=xytxz+yz

18
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Do (xy+xz+yz)2 3 3xyz(x+y+2)=3(x+y+2)

(dop +xz+yz) 5 W2 o, 92
3

xty+z

P x+y+z£ 5
(xy+xz+yz)
Dau“=" xay rakhi x=y=z=1

92

2
Xy +xz+yz)

N2

bat r=xy+xz+yz thi P3 t+——f(t)

Suyra P3 xy+xz+yz+

B2- Timdiéu kien PUNG cho bién ¢.

Do xy+xz+yz° 3{(xyz) =3 P 12 3.Ddu"=" xay rakhi x=y=z=1

Vay 1T g:+¥)
B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .
Xé ham sb f(t)=t+¥ véi 11 g3;+¥),tacé:
t
Fo=1- 18\f ‘ -138\/5>0, i)
t
Bang bién thién
t 3 +¥
Q) +
f@)
/ +¥
3+42

Tirbang biénthignsuy ra: £(1)3 f(3)=3+32," 1 @:+¥) b P33+2 (D)
Déu“=" & (1) xay rakhi x=y=z=1
B4- Két luan

Giatri nho nhit caabidu thac P 14 3++2 datkhi x=y=z=1 r

Vi du 14. Cho céc sb thuc dwong x,y,z thoaman xyz=1.
72

Jxty+x+l .

Tim gia tri nhé nhat cua biéu thec P = (x +y)(y +z)(z+x)+

Huwéng dén gidi
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72
+Pénhgid P? (x+y+z)3(x+y+z)+—-1
Jx+ty+z+l
+PDit t=xy+yz+zx V6i ¢l g3;+¥)

+Xéthamsb f(1) =3t + -1 v6i 1T g8+¥)

72
i+l
+ Két qua: Giatri nhé nhit caabiéu thuc P 1a 44 datkhi x=y=z=1 r
Loi gigi o 7 ﬂ
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.

Taco: (x+y)(y+z)(z+x)=(x+y+z)(xy+yz+zx)- 1

Do (xy+yz+zx)23 3xyz(x+y+z) P xy+yz+zx3 3(x+y+z)

Suyra P3 (x+y+z)1/3(x+y+z)+ﬁ- 1

Dau“=" xay rakhi x=y=z=1

bat r=xy+xz+yz thi P3 t\/§+\/7i' 1=f()
t+1

B2- Tim diéu kien PUNG cho bién .

Do xy+xz+yz° 3{(xyz) =3 P 12 3. Ddu"=" xay rakhi x=y=z=1

Vay 1T g:+¥)
B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .
, 72 o
Xé&hamso f(r) =3t + -1 véi rl &8;+¥ ), tacd:
— §:+¥)
3
3y31(t+1) - 72 o
f'@= ——>0," 11 g3;+¥)
2,(r+1)
Bang bién thién
RE +¥
f'@ +

[
/ +¥
Tu bang biénthiensuy rac ()3 £(3)=44," T g:+¥) b P3 44 (1)
Dau“=" ¢ (1) xay rakhi x=y=z=1

B4- Két luan
Giatri nho nhat ciabiéu thirc P 1a 44 datkhi x=y=z=1 r

44
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Vi du 15. Cho x,y,z lacéc sb thyc dwong vathoaman diéu kién xyz =1.
1

1 1
+ + _
\/1+)c2 \/1+y2 \/1+Z2

Tim gia tri lén nhit caabiéu thic P =

Loi gidi ‘ o
B1l- Ué4c luong biéu thic P vé ham mot bién so.

Sir dung Cauchy-Schwarz: (ax +by)” £ (a* +b*)(x* +y*) V6i a,b,x,y1 j

vabit diang thirc phu: L 1 g 2 V6i ab £1

Ji+a® N1+p l+ab
Khéng miét tinh tong quét giasir x3 y3 z b x3 1 vayz£1l

Tacs: P= 1 N 1 N 1 c 1 N 2 1
\/1+X2 \/1+y2 \/1+Z2 \/1+x2 \/1+yz 1+x° «/1+yz
12+12 2
1+x 1+x x+1 I+x
Dau“=" & (1) xay rakhi x—y=z=1.

( Tor Dtt‘—thlpﬁ\/—t+2\/ = f(1)

B2- Timdiéu kle_:n DUNG cho blen ‘.
Dox31 b 0<— £ Suyra 0<rE£—.Vay /i o0; 13
1+x 2 2 ¢

B3: Tim GTLN caaham mot bién, tir d6 suy raGTLN caa P.

c

Xét hamsd f(r) :\/§t+2\/1- ¢t trén nira khoang 2%%3

u
2-2t-1 N 1u
Taco: f'(t)y=———3 0," ¢| a%;—'
V1-t & 24
Bang bién thién
t
: 3
f'(0 +
f(@) 32
/ 2
2
Tir bang bién thién suy ra: f(t)Effe:a—?-i, a ?’l(" p P£¥
u

+24/1- !
x+1
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Dau“=" ¢ (1) xayrakhi x=y=z=1.
B4- Két luan
W2

Giatri I6n nhat caa biéu thac P IaT datkhi x=y=z=1.r

2. Ba bién khong déi xirng

Vi du 16. Cho x,y,z lacéc sd thyc khéng &m vathoaman diéu kién x* +y* +z° =2.

2 + +
al +yz_1yz.

Tim gia tri lén nhit caabiéu thic P =
X +yz+x+l x+y+z+l 9

Hurgng dan gidi , , ‘ o ,

+ Biéu thac khong co tinh doi xing theo 3 bien. Tuy nhién dieu kién va mau so cia so hang thir 2
trong biéu thirc P lai cé tinh doi xirng, gia thiét goi 1én y tuong vé cac hang dang thic. ’

+ Can danh giaudéc lugng hai s hang thir nhat va thir ba trong biéu thirc P dé€ duoc biéu thirc doi xirng
ba bién. Cu thé danh gia céc biéu thirc x” + yz+x +1 va yz vai luu 'y dén viéc sir dung diéu kién

x2+y2+Z2:2-

Loi gigi o 7 q
B1.- Bién doi biéu thirc P veé biéu thirc cd thé dat an phu.
+ Tach: x*+yz+x+l=x(x+y+z+1)+(1- xy- xz+y7)
Va (x- y- 2 =x>+y +77 - 2xy- 2xz+2yz2=2(1- xy- yz+yz)3 0
nén x> +yz+x+13 x(x+y+z+1) .
: X

X Hyz+x+l x+y+z+1

T d6 suy raduoc:

+ Mat khéc:
(x+y+2)" =07 +y" + 27 +2x(y+2) +2y2 =2+ 2yz+ 2x(y +2) £2+2yz+ & +(y+2)" Y= 4(1 +y2)

l+yz, (x+y+2)
36

x* + y+z _1+yz£ x+y+z _(x+y+z)2_ t _t_
X +yz+x+l x+y+z+l 9 x+y+z+1 36 r+1 36

VoIl t=x+y+z

Suy ra

2

Do d6: P =

B2- Timdiéukien DPUNG cho bién 7.
Vi (x+y+2)? =x>+y +22+2xy+2yz+27x3 2
(x+y+2)° =x° +y" + 27 +2xy +2yz + 20 £2+(x7 +y°) +(y* +2°) +(* +x°) =6
Suyra 2£2£6b N2 E£1EN6. (D)
Dau“=" ¢ VP cua (1) xay rakhi x:y:zzg
D&u“=" & VT cia (1) xay rakhi x =y =0,z =+/2 va cac hodn vi
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~ 2 A . l:l
Vay i &/2;\68

B3. Tim GTLN caaham mot bién, tir d6 suy raGTLN caa P .

Xé hamsd (1) =

t* g \
- Véi 1 eﬁ 6y

t+1 36 € \/_U
(-2 +4t+9)

(t+1)* 18 18(¢ +1)*

Bang bién thién

, =00 r=2

t

52

J6

J@)

f@

+
Ol | S|

.

2o

J2+1 18

31

30

N

5

Tur bang biénthiénsuy ra: £ (r) £ £(2) :g b PE=-

Déu [13 :11
B4- Két luan

o (*)xayrakhi x=y=1,z=0

-z 1z A , - X , M 5
Giatri [6n nhat caa biéu thirc P bang 9 r

5
9

*)

Vi du 17. Cho x,y,z lacéc sb thuc dwong vathoaman diéu kién x> +y* +z2 =1.

Tim gia tri nhé nhat caabiéu thac P =

1

1

+2\/§

V¥ +xy +\/y2+xy l+z

Hardng dén gidi , ,
+ Biéu thirc thir 1 va 2 c6 tinh doi xirng theo hai bien x,y
+ Sir dung bit dang thirc dai s6 vadiéu kién danh gia hai biéu thic ther 1 va 2 nhim dua vé ham theo

bién z

Léi gidi

B1- Udc lugng biéu thic P vé ham mét bién s5.
Theo bat dang thir Cauchy ta co:

1

1, 2

3

2 2 2

+ = 3 «y
J+xy Y +ay Y@+ xp)o0 ) \/x2+xy+y2+xy Xy Y +y

Déu 143 :11

2 J2

& (1) xay rakhi x =y. Két hop véi diéu kién x* +y* + 2 =1, taduoc:
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by 2 N2 0 +\/E=f(z)
'XZ +y2 Z+1 1_ ZZ Z+1

B2- Tim diéu kien PUNG cho bién z.
Do x,y,z lacéc sb thuc duong vathoaméan didukién x> +y*+z> =1 nén 0<z<1

Vay <1 (0:1)
B3 Tim GTNN caaham mot bién, tir d6 suy raGTNN caa P .
Xé hamsd f(z) = —2 +@ trén khoang (0;1)
J1- 22 @+l
; 2 12 2z(1+2%)- V12(1- 22WI1- 2
Tach: f'(z)= z i V120 2701+ 22)-V120- 2W1- 2

- 201-2 1+° q+D)d- 2nl- 2
f'(z)=0U0 2z(1+2%)- Jﬁ(l- 2W1-722=00 47 -82+9z-3=0

U 2z- D27 -4z+3)=00 z=%

Bang bién thién
Z
0 ] 1
2
J'(2) - 0
T \ /
8xf
Tu bang bién thiensuy ra.  £(z) 3 i 21 (0:1) b P3 # )
Dau“=" ¢ (2) xayrakhi x=y :§,z :% :
B4- Két luan

Giatri nho nhat caabiéu thirc P Iai dat khi x = y—73 :%. r

Vi du 18. Cho x,y,z lacéc sb thuc khdng &m vathoaman didu kién xy +yz+zx =1.
2

2x + 2y 42 1.

4Lyl 2+l

Tim gia tri lén nhit caabiéu thic P =

Hurdng dén gidi , ,

+ Biéu thic thir 1 va 2 c6 tinh doi xirng theo hai bién x,y

+ Sir dung bit dang thirc dai s6 vadiéu kién danh gia hai biéu thic ther 1 va 2 nhim dua vé ham theo
bién 7
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Léi gidi

B1. U6c lugng biéu thirc P vé ham mdt bién sd.
X LY - X + y __Xytaztxy+yz
Pl Y AL ()t 0+ G
_ xy+1 _ xy+1
Ja+yP (r+27@+x? 2+ +1)(E +1)
xy+1 1

B2.

B3-

JOy+12 +(x- yP A2 +1 2 +1
2x 2y c 2

p + .Dau“=" ¢ (1) xay rakhi x=y.
xZ +1 yZ +1 [Z2+1 ( )
2
Suyra PE£ 2 + 5 1—1+ 2 2

N+ z2+1_ N 7 +1
Pit 1 =+/22 +1 thi PEI+2- %Zf(t)
ot

Tim diéu kien PUNG cho bién .
Do x,y,z lacac so thuc khéng am vathoaman diéu kién xy +yz+zx=1nén z3 0

Suyra 13 1.Vay 1l gl+¥)
Tim GTLN ciaham mét bién, tir d6 suy raGTLN cua P .

fe s . 2 2, . .
Xéthamso f(¢) =1+—- — trén nrakhoang gl;+¥)
t ot

L 2 4 -2t+4
Taco: f(l):'—2+—3: 3
ot t
f'=0U r=2
Bang bién thién
t 1 2 +¥
f'(0 + 0 -
f(@) 3
/ 2 \
< lea £ a 3, 0+ 3
Tur bang bien thién suy ra f(t)EE’ tl 31;+¥) p PEE D

Déu“="¢ (1) xayrakhi x=y=2-+/3,7=4/3.

B4- Két luan

Giatri I6n nhat cia biéu thac P |a% datkhi x=y=2-3,2=3.r

Bai tap twong tw
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Cho x,y,z lacéc sb thuc dwong vathéaman didu kién xy + yz+zx =1.
~ S 4 ge | Kp . 2 , 3
Tim gia tri 16n nhat caabidu thac P=—~+- 2 4+ %

X2+1 y2+1 ,—Z2+1.

K &t qua: Giatri lon nhit caabidu thac P 1210 datkhi x=y=+10-3;z=3r

Vi du 19. Cho x,y,z lacéc sb thuc dwong vathoaman x 3 z.

Timgia tri lén nhit ciabiéuthic P=———+ 2+ |[-*
Jareyt e Vatx

Lot gidi 7 ‘ o
B1- Ué4c luong biéu thic P vé ham mot bién so.
Tacd: P= ! + ! + !
4] 6 X
1+@+ 1+229 1+=
Xg & o ¢
Y 7 _x . X ] 1 1
bat a==,b=—, c=—thiabc=1vac31.Khidbé: P= + +
Y ¢ Ji+a® 1+p l+c
Viabc=1,c31nénabfl.Suyra L, 1 g 2 (chirng minh két qua nay)
Ji+a? 1+p? Al+ab
+ . .
Taduoc: P£ 2 + L _ 2 + ! :2\5 lzf(c).DﬁU":" xay rakhi a=b
Ji+ab  1+e \/1+1 Ji+e  l+c¢
C

B2- Tim diéu kien DPUNG cho bién .
Dox3z b ¢=23 1.Suyracl gl;+¥)
Z

B3 Tim GTLN caaham mot bién, tir d6 suy raGTLN caa P.

e +1
Vl+c
2- e - -
Tacs: f'(c)=  f(©=002-Vc=00 c=4
e 21+cWeAll+e o ‘ ‘

Bang bién thién

Xé hamsb f(c)=

trén nita khoang gl +¥ )

c 1 4 +¥
f©) ¥ 0 :
f© 75

N
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Turbang biénthignsuyra f(o)£ f(4)=+5," T gL+¥) b PENS (D

. . 1
Dau “=" ¢ (1) xay rakhi a=b=5,c:4 hay x =2y =4z .

B4 Két luan
Giatri I6n nhat ciabiéu thac P 125 datkhi x=2y=4z. r

Vi du 20. Cho x,y,z labasb thic thuoc doan [1;4] va x3 y,x3 z

o ; 2 X z
Tim gia tri nhé nhat caabiéu thac P = + Yy :
2x+3y z+y z+X

Lo gidi 7 ‘ o
B1- Ué4c luong biéu thic P vé ham mot bién so.

\%
o

Biéndéi: P=— L +- 1 4+ 1 pg x,y,z1 gh4gvax3 y,x3zp
3y z X
2+°1 1+5 1+°
X y z

N|>< \<|><
< | =

‘<|N N|><

i
i
l
|
i
f
1

Sir dung bét ding thirc phu: LI 32 véi a>0,b>0 vaab3 1
1+a 1+b 1++/ab

Swra P= 13 P S 13+ 2 Dpiyeer
2+l 1+E 1+§ 2+l 1+ X y <z

X y z X y

X s 1
bat r= |~ thi P3 —=
. ﬂ .
B2- Timdiéu kien PUNG cho bién .

Do x,y,zl ghdfvax? y,x* zp 1£\/££2 b 1£:£2 . Vay 1T ;2§
y
B3- Tim GTLN ciiaham mot bién, tir 46 suy raGTLN cia P .
t? 2 . ]
1t véi 11 gl;2y, taco:
22+3 1+ gi24
-267(41- 3)+3t(2t- 1)+94
Q7 +3y (1+1)

Xé hamss f(t) =

fio= <0," (1 g2}

t
J@) -
f@

[T

34
33

R . < X . X
xay rakhi === hoac —=

y
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34

3 @

Tu bang biénthiénsuy ra. £(z) 3 f(z):%, i1 gl2g P P3

Dau“=" & (1) xayrakhi x=4;y=1;z=2.
B4- Két luan

Giatri lon nhat cuabiéu thirc P |a% datkhi x=4;y=1;z=2.r

V. CAC BAI TOAN CO HUONG DAN GIAI

Bai 1. Cho x,,z lacéc sb thuc khong am vathoaman didu kién x+y+z=1/3 .

Tim giatri 16n nhit caabiéu thae P =- 2(xy +yz+zx)3 +27x°y* 7" - 3()c2 +y° +z2) +6(xy +yz+zx) :

Huwéng dén gidi
+banhgid P £ - (xy +yz+zx)3 +3(xy +yz+zx)
Giai thich: xy +yz+zx 3 33/xy.yz.zx =33x°y’z" b 27x°y’7° £ (xy+yz+zx)2
XY+ 3 xy+tyz+a b - 3()c2 +y° +z2)£- 3(xy+yz+zx)
+Diat 1 =xy+yz+zx V6i 11 0;1H

()c+y+z)2

Gidi thich: 0£r=xy+yz+zx £ =1

+ Lap bang bién thién cia (1) =- +3t vei 11 §0;1§

5,

+ Két qua: Giatri 16n nhat caabiéuthac P 122 datkhi x=y=z= 3

N s X N L. . 2ih o Lia 2
Bai 2. Cho x,y,z lacac so thuc duong vathoa méan dicéu kién (x +y) +2y°3 2,

+Z2-

] (x+y)

Tim gi&tri nho nhét caa biéu thirc P :5(x2 +y +z2)- (x +y+2z) - 5

Huwong dén gidi
+Panhgida P3 x> +y* +27- x> +y* +7°
2 2
Gidi thich: (x+y /2] £4(x 437 +22)b - (x+y+y2z) 3 a2 4y +2)

(X+y)2 2 2 2 2 (X+y)2 2 2 2 2
T+z Ex +y +z7 b - +77 3 -\xT+y 2

2

+Dat r=x2 4y +27 voi ] gl

2
e x+y
Gidi thich: t=x+y* +7° 3 %ﬂ“ 1
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+ Lap bang bién thién ciaham b (1) =1- N7 véi 11 gl;+¥)

+ Két qua: Giatri nho nhat caabiéu thiac P 14 0 dat khi x =y =%,z =g r
Bai 3. Cho x,y,z lacéc sd thuc duong vathoa man diéu kién x+y+z£%.
, ) X z xS 5 ZS
Tim giatri nho nhat caabiéu thic P :T+%+T+_+y_+— :
Yz Zx xy y z X
Huwéng dén gidi
e 0
+Pénh gid P3 3¢3 4%3+ﬂuﬂ4j
@
Gidi thich: Sir dung bat dang thirc Cauchy.
N 1u
+bat r =3/ xyz voi ¢l g(‘);aq
u
+y+
Gidi thich: t<t=3/xyz £ 27y ZE%
« L A ~ 4 1 . ~ l:l
+ Lap bang bién thién ciaham sb f(r) =¢* +— Voi tl g%;%q
t u
195 1
+ Két qua: Giatri nho nhat caabiéu thirc P Iaﬁ datkhi x=y = Z_E r

Bai 4. Cho x,y,z lacéc sd thuc duong. Tim giatri nho nhit caabiéu thic

P:4(x+y+z) &1+1+10

gxyz@

Huwéng dén gidi
27
xty+z
Gidi thich: Sir dung bét dang thirc Cauchy dang cong mau.
+bat r=x+y+z Voi il (0;+¥)

+Danhgia P3 4(x+y+z) +

« L - A ~ 4 27 . ~
+ Lap bang bién thién citaham b f(¢) = 41> + = Véi t] (0; +¥)
t

+ Két qua: Giatri nho nhat caabiéu thac P 12 27. r

Bai 5. Cho x,y,z lacéc sd thuc khéng &m va théa man didu kién 5(x2 +y’ +z2) = 6(xy +yz+zx).

Tim giatri 16n nhit cuabiéu thae P = 2(x +y +z) - (y2 +z2) .
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Huwéng dén gidi
+Dénhgia P£2/y+z- %(y+z)2
Gidi thich: - 5x2+§(y+z)2£5x2+5(y2+Z2)=6(xy+)’Z+zx)£6x(y+z)+6.%(y+z)2
P 5x*- 6x(y+z)+(y+z) £0 (Vétra latam thuc bac hai theo biénx)
P yTjLZEXE)WZD x+y+z£2(y+z)
(e )e- 2y
+Dat 1=y +z v6i 1T g;+¥ )
+ Lap bang bién thién caaham sb £ (r) =2t - %t“ Véi t1 g();+¥)

4 .7 . , A o = R , ~ 3 -
+ Két qua: Giatri lon nhat caabiéu thirc P 1a 5 datkhi x=Ly=z=—r

N | =

Bai 6. Cho x,y,z lacéc sd thuc khéng &m vathéaman didu kién x> +y> +z> =3

16 +yz+zx+1
Tim giatri nho nhat ciabiéu thac P = TELADARERES
\/x2y2+y2z2+z2x2 x+y+z
Huwéng dén gidi
s 2 +y+2)°-1
+Biénddi P = 3 f Y+

\/2(9- (rfytagh))ed 2EyEO)

32 +()c+y+z)2-1
JA(x+y+7)+4  20x+y+z)

+bat r=x+y+z Voi il g\/§;38

banhgia P3

16 -1
+

e+l 2t

+ K¢ét qua: Giatri nho nhat caabiéu thuc P 1a 28 datkhi x=y=z=1r

+ Lap bang bién thién ciaham sb f(r) = véi 1 éé.\/§;38
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Bai 7. Cho x,y,z lacéc s thucthoaman didukién x+y+z=0 va x> +y* +z> =1 . Tim giatri 16n nhit
cua biéu thirc

P:x5+y5+zs.

Huwéng dén gidi

., _é u
+ Bién doi P=§(2x3- x) Vvoi x| & —‘—60
4 e 34

2+2 _ 2 ) 2
Gii thich: xz-%:yzgy . _12x b oo lplox g NG

, , _é
+ Lap bang bién thién ciaham sb £(x) :%(2)8 - x) voi «T & @
e
+ Két qua: Giatri 16n nhat caabiéu thuc P 1a ﬂ dat khi x :g J6

y-z=- 2
Y 6

31




TTLT PH Digu Hién Tp Can The GTLN & GTNN cria biéu thizc nhiéu bién

“THU SUC VOI GTLN & GTNN”

(Thoi gian lam 1 bai l1a 60 phut)

Bai 1 (1 diém). Cho céc sb thyc duong a, b, ¢. Tim giatri 16n nhat caa biéu thic:
1 2

p= i .
JaZ+b2+c2+1 (a+D(b+D(c+1)

Bai 2 (1 diém). Cho céc sb thyc duong a,b,c théaman : 9(a“+b4+c4)- 25(a2+b2+cz)+48:o
a’ b’ c?
= + + .
b+2c c+2a a+2b

Tim giatri nho nhat caabiéu thac: P

Bai 3 (1 diém). Cho a,b,clacac sb thuc khong dong thoi bing 0 thoa man:
(a+b+c)’ =2(a’ +b* +c?)
ad+b®+c?
(a+b+c)(ab+bc+ca)

Tim giatri 16n nhét, giatri nho nhat caa biéu thic: P =

Bai 4 (1 diém). Cho a,b,clacéc sb thyc dwong . Tim giatri I6n nhat caabiéu thic:
_ 4 ) 9
Ja®+b2+c? +4 (a+b)\/(a+20)(b+20)

Bai 5 (1 diém). Cho basb thuc dwong a,b,c. Tim giatri nhé nhit cua biéu thuc:

24 3
13a+ 124ab+ 168/bc  Ja+rb+c

Bai 6 (1 diém). Cho basd thuc a, b, cthoa O£ a<b £ c. Tim giatri nho nhit caa biéu thic:

2a° + b +¢? a+b+c
= + +2J/a+b+c.
(a®+b*)(a*+c?) (a+b)c

P=

Bai 7 (1 diém). Cho céc sb thuc khong &m a, b, cthéamén c=min{a,b,c} .

Tim giatri nhé nhit ciabiéu thic: P = — 1 —+— ! ~++a+b+c.
a“+c b'+c
Bai 8 (1 diém). Cho céc s thuc duong a, b, ¢ thbamana +b +c¢ =1.
7 + 121
a? +b%+c?> 14@b+bc +ca)

Tim giatri nho nhat caa biéu thirc: P =
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DAP AN

Bai 1. Cho céc sb thuc duong a, b, c.
1 2

Ja+b2+c2+1 (@+Db+D(c+Y’

Tim giatri 16n nhat caa biéu thee P =

Pap an

Ap dung BPT Cosi taco

a’+b?+c* +13 %(a+b)2 +%(c+1)2 3 %(a+b+c+1)2,

.3
(@a+Db+1(c+1) £ BTPrC+30
e 3
2 54

SuyraP£ - :
y at+b+c+l (a+b+c+3)?

batt=a+b+c+1 t>1. Khidotaco PE%- >4

Xét ham f(t)=3- ~ trén (L +¥). Taco
t (t+2
. . d=1 .
f'(t)=-32+54—'34zou og=(t+2)>U g - f'®)>0U0 1<t<4.
t (t+2) g =4
Suy raBBT
t |1 +¥
f'(t) +

N R old
1

o ST

Duavao BBT suy ra PE%. DAu ding thirc xay rakhi vachikhi t =40 a=b=c=1.

Vay giatri 16n nhit cua P 1a % , dat dugc khi a=b=c=1.

0,5
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Bai 2. Cho céc s thuc dwong a,b,c théaman : 9(a“+b4+c4)- 25(a2+b2+cz)+48=0 *)
B a2 + b2 + C2
b+2c c+2a a+2b

Tim giatri nho nhat caabiéu thac: P

Pap an

Tacd: (*) U 25(a”+b>+c?)+48=9(a’ +b* +c*) két hop véi ding thic 0.25

a'+b'+c*s3 :—13(a2+b2+cz),tfrdc’)wyra

25(a2+b2+cz)+483 3(a2+b2+c2)2 U 3£a%+b?+c? E%

a>  (b+2c)a’ | 2a 0.25
+ 3
b+2c 9 3
b2 +(c+2a)b2 , 2 +(a+2b)c2 5 202.
c+2a 9 3 'a+2b 9 3
Khi d6 Pz%(az-|—b2-|—cz)—é[az(b-|—20)+b2(c+2a)+cz(a+2b)]

Ap dung bat dang thic AM-GM taco:

a’+a’+c’ cP+c’+b’ b+bP+C] 0.25
3 3
Suyra: a*(b+2c)+b*(c+2a)+c*(a+2b)<a’+a’b+a’c+b’+bc+ba

+c*+cb+cfa=(a+b+c)(a’ +b* +c) S(az-%bz-%cz)\/:a(az-%b2 +c?)

:a3+b3+c3

Ma a’c+c’b+b%af

Tu do Pz%(az-l—bz-l—cz)—é(a2 +b? +cz)\/3(a2+b2+cz)

it t=,/3(a2+b* +c?) b 3£L£4. 0.25

1 2
honén P> ——t3+=t2= f (t),te[34
Cho nén P> > -|—9 (t),te[34]
a2 1 2 2 4t t(4-t)
Xét h o f(t)=——t*+=t>,vte[34]=f'(t)=——+—= >0
éhamsb f(t) AR vte[34]= f'(t) 59 g 2

"tT [34] b f(t) lién tuc vaddng bién trén doan [3;4]
2
b minf(t)=f(3)=2x-- izlb minP=minf (t)=10 a=b=c=1
t1[3,4] 9 Z t1[3:4]
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Bai 3. Cho a,b,clacéc sb thuc khdng dong thoi bang 0 thoa man:
(a+b+c)’ =2(a® +b* +c?)
a®+b’+c?
(a+b+c)(ab+bc+ca)

Tim giatri 16n nhét, giatri nho nhat caa biéu thic: P =

Pap an

Vi ab+bc+cazig(a+b+c)2 - (a2 +b2+cz)@%g/'® ab+bc+ca=1(a+b+c)2
2 0] 4

Vay minP=1 chéng hana=0,b=c!? O.maxPz%l, b=2a,c=4c,a 0.

3 3 3 - N
DodéP:4(a+b+C):i€ae da & L@ 4 & L@ 4 033 0.25
(a+b+c)3 16§a+b+cz Ea+b+cy 8a+b+CgH
""""""""""""""""""""""""""""""""""""" ix+ty+z=4 . jy+z=4-x
bat x= 42 , Y= 4b , Z= ac thl:’XyZ U}y
a+b+c a+b+c a+b+c TXy+yz+2Xx=4  jyz=x?- 4x+4 0.95
Vi (y+2)" % 4yz nén O£ x£ -
Taco Pzi(x3+y3+z3)=i(x3+(y+ 2)°- 3yz(y+ Z))=i(3x3- 12x2+12x+16)
16 16 16 0.25
Xé hamsh f(x)=3x%- 1252 +12x+16 Vi x g E
176
Trén doan 80 Htatlmduoc min f (x) =16 ,max f (x)==——
0.25
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Bai 4. Cho a,b,clacéc sb thuc duong .
4 9

Ja+br+c+4 (a+b),[a+2c)(b+2c)

Timgiatril6n nhat caabiéu thic T =

Pap an

Ap dung bat dang thirc Cosi ta co

a? +b?+c? +43 %(a+b)2+%(c+2)2 3 %(a+b+c+2)2

(a+b)f{a+2c)(b+20) £%(a+b)(a+b+4c):%(3a+3b)(a+b+4c)

a+tb+c+2 2(a+b+c)2 '

it a+b+c=t,t>0 .Khid6 T£_° - 2
t+2 2t

o | U1

Theo bang bién thién tathdy T £ f (t) ES . Dau bang xay rakhi a=b=c=2

Vay giatri l6n nhat caa T bﬁngg khi a=b=c=2

0.25

0.25
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Bai 5. Cho ba s thuc dwong a,b,c.
3

Tim giatri nho nhat caa biéu thac P = - .
13a+12Jab+164Jbc  ~Ja+b+c

Pap an

Ap dung bat dang thirc Cosi ta co

+4b _Db+4c
13a+12y/a +16v/bc =13a+67/adb + 8/DAC £13a+6. —+8— —=16@+b+0 0.25

b 13a+12:/ab +16y/bc £16(a+b+c). Ddu“ =" xayra0 a=4b =16c.
3

3
Suyra P3 - :
Y 2(a+b+c) +a+b+c 0.5

3
batt=a+b+c, t>0 .Khidotacd: P3 —- —
2t At

, 3 3 3
Xét hamso f(t) =— - — trén khoang (0; +¥), taco f' _—
amsd (1) = 2t At "9 (6%, ()= 2t\/_ 2t°

3

f ou —-—=OU t=1; limf(t)=+¥ ; limf(t)=0
() 2t\/_ 2t x® 0% X® +¥
BBT. 0.25
t 0 1 +-ao
r (;j — 0 +
+oc 0
£(2) \_3/
] 3 _jat+tb+c=1 _ 16 4 1 |
Vaytaco P3 - —, dang thirc xay raU Ua=—;b=—;c=—.
2 1a=4b=16c 21 21 21
0.25

_ad6 4 10

. 3
Vay giatri nho nhat ciaPla - — khi vachi khi (a,b,c)
2 RN
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Bai 6. Cho basd thuc a, b, cthéa O£ a<b £ ¢c. Timgiatri nho nhit caa biéu thic:

2a° + b +c? a+b+c
= + +2Ja+b+c.
(a®+b*)(a*+c?) (a+b)c

Pap an
Taco:
2 2 2
= 22a jb ;LC . $2¥D*C, favbrc = 21 + 21 + L lioJatbec
(a®+b)(a”+c°) (a+b)c a“+b° a“+c® a+b c

2
Vi 0£a<bfc nén: a2+b2£ab+b2£§%+b2 , dAu bing xay rakhi a=0.
9

2
Tuong tu: a?+c? £ g +c2 |, du bing xay rakhi a=0.
2

Nemps + 1 1 A aipre . diubing xay rakhi a=0
& § aa, 8 atb c
—+b= —+C=
&2 5 &2

0,25

Ap dung céc bat dang thuc: véi x>0,y >0 taco:
1,1, 8
2

y:  (x+y)?

diu bang xay rakhi x=y. (phdi chizng minh)

I
1 A M 5 .
—+ dau bang xay rakhi x=y.
X

4 +2Ja+b+c

1,
y Xty
8

S+
(a+b+c) a+b+c

Taco: p3

0,25

bit t =+a+b+c voi t>0.

Xét ham sb f)=G+z+2 Vo t>0.Tach: f()=-"5- +2=5—%

f't)=0 U 2t°-8t2-32=0 U 2(t- 2)(t*+2t?+4t+8)=0 U t=2

8 4 32 8 2t°- 8t*- 32

0,25

Bang bién thién: t 1o > +y
rol - o o

0 \ 11 / b
2

lt=va+b+c=2
Suyra P3 %,déubéngxéyrakhi: :'a:O, b=c U
ta+tb=c

Vay giatri nho nhat caa P la 1—21

0,25
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Bai 7. Cho céc sb thuc khong am a, b, cthéamén c=min{a,b,c} . Timgiatri nhé nhat caa biéu thirc

! ! ++a+b+c.

= +
a’+c® b*+c’

Pap an

2 2

, c
v Taco: a2+02§a2+ac§a2+ac+zz

Cz
b+—
=

a+-
2

Tuongtutacd b’ +c’<

0.25

v Do d6 taco theo bt ding thirc Co-si thi

1 1 1 1 8
2 2 + 2 2 Z 2 + 2 Z 2
a’+c¢* b’+c [ c] [ c] (a+b+c)

a+_ b+
2 2

Vay néntaco

"~ (a+b+c)

0.25

v bitt=+a+b+c wit>0
Xé& ham sb f(t):t§4+t trén (0; + o0) . Taco:

32 t°-32

ft)y=1-=>= Oet=2.
(t) e e

Bang bién thién

t 0 2 400

0.25

v Duavao BBT suy ra mln) f(t)= f(2):g. Do d6 Pzg. DAu dang thuc xay ra
khivachikhit=2<a=b=2vac=0

Vay giatri nho nhat caa P 1a g , dat dwockhi a=b=2vac=0

0.25
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Bai 8. Cho céc s thuc dwong a, b, ¢ théaman a +b +c¢ = 1. Tim giatri nhé nhit caa biéu thic

7 121

A= +
a’ +b% +c?> 14(@b +bc +ca)

Pap an

Tacd 1= (@ +b +c)? =a® +b? +c? + 2(ab + bc +ca)
1—(@° +b%+c?)

5 .
7 121

a2 +b? £c? 71— @% +b% +c?))

=ab +hc +ca =

Dod6 A =

Pat t =a® +b? 4 c2.
Viabc>0vaa+b+c=1nn0<a<1l0<bh<l0<c<l

Suyrat =a® +b*+c®<a+b+c=1

Mat khédc 1 = (@ +b +c)’> =a® +b? +¢? + 2(@@b + bc +ca) < 3@* +b* +c?)

Suyrat =a? +b? 4c? z%.vayt €

3

Xéthamséf(t):z—i— 121 ,tei;l,f'(t):—l—i— 121 :0(:)t:l
t 71-1t) 3 2 71 —1t)> 18
BBT
t
1 7 1
3 18
f'i) - 0 +
f(t)
7

324

€ 5;1} .Vay A > 33—4 véi moi a,b,c thoadiéu kién dé bai. Hon nira,

,
2 w2, .2
viiamtpole Lyl e =0 aa 32
2 3 6 latb4c=1 7

Vay minA = %

0.25
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Chuyén dé ) ) )
BAT PANG THUC &

CHUNG MINH BAT PANG THUC
Huynh Chi Hao
THPT Chuyén Nguyen Quang Diéu
|.BAT PANG THUC

1. Khéi ni¢m bat dang thicc
1.1 Sb thwe dwong, sb thwe am
Néu a 1asd thuc dwong, taky hiéu a >0
Néu a lasd thuc am, taky hiéu a <0
Néu a lasb thuc duong hoic a =0, tandi a 1asd thuc khéng am, ky hiéu a3 0
Néu a lasd thucd&mhoic a=0,tandi a lasd thuc khéng duong, ky hiéu a £0
Ch y:
Vé6i hai sb thuc a,b chi c6 mot trong bakha nang sau xay ra:
a>b hoac a<b hoac a=b
Pha dinh cia ménh dé "a> 0" laménh dé "a £ 0"
Pha dinh caaménh dé "a< 0" laménhdé " a3 0"

Tinh chat quan treng

) "xl j:x*30 (dang thirc xay rakhi x =0)
i) x*30, k1 ¥ x1 j (dangthucxay rakhi x=0)
i) xlzk +x22k +...+x§" 30, k1 ¥, xiT i (dang thuc xay rakhi x,=x,=..=x, =0)

1.2 Pinh nghia 1
Sb thue agoi 1aléon hon sb thuc b, ky hisu a>bnéu a- b 1amot sd duong, tacla a- b>0.
Khi dé taciing ky hicub< a
Taco: a>b U a-b>0
Néu a>b hoic a=b, taviét a3 b. Taco:
a3b U a-b30

1.3 Pinh nghia 2
Gia sir A, B lahai biéu thac (bing s hoic chira bién)
Ménhdé: "AlénhonB", ky higu A>B
" Anho honB ", ky hiéu A< B
" A 16n hon hay bang B " ky hiéu A3 B
" A nho hon hay bang B " ky hiéu A £ B
duoc goi 1a mot bit dang thic

Quy woéc:
Khi n6i vé mot bt dang thirc ma khéng chi rd gi hon thi ta hiéu rang d6 1a mot bat
dang thuc dang.
Chitng minh mét bt ding thirc 1a chirtng minh bit ding thirc d6 ding
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1.4 Céc tinh chét co ban cia bat ding thirc
. z ia>b
1.4.1 Tinhchat 1. [ P a>c
1b>c
1.4.2 Tinhchit2. a>bU a+c>b+c
Heé qua 1. a>bU a-c>b-c
Hé qua 2. a+tc>bU a>b-c

, 1a>b
143 Tinhchét3. {°

Te>

-~ lac>bc néu c¢>0

1.4.4 Tinhchit4. a>b0 |

jac<bc néu c<0

Héequa3. a>bU0 -a<-b
Ia

Hé qua 4. a>b0 IC

19«2 n6u c<0

Te ¢
. z ia>b>0
1.4.5 Tinh chat 5. [ P ac>bd
1¢>d>0
1

1.4.6 Tinh chét 6.

1.4.7 Tinh chét 7.
1.4.8 Tinh chét 8.

a>bU a?>b?

Néu avab lahai s khéng amthi :

a3 bU a?3 b?
2. Bét dang thiclién quan dén giatri tuyét doi

ix néux?3 0 R
2.1 Pinh nghia. x| = (xI R)
i-x néu x<0

2.2 Tinh chét. |x|3 0, |x| =x*, x£|x
Véi moi a,bl Rtacod:
ja+b| £ |a|+[p]
ja- b £]a] +[p]
la+b|=|a|+|p|U a.b3 0
|a- b|=|a|+|b|U ab£0

Patc>b+d

b
—>— néu ¢>0

a>hb>0U 0<=—<—
a b

a>b>0nT N b a">b"

a>b>0nl N'p %a>%b (Khai cinbdcn)
Hé qua 5. Néuavab lahai sb duong thi :

(Bdc cau)

(Cong hai Ve Vi cung mot 50)
(Trar hai vé véi cling mot s6)
(Chuyén vé)

(Céng hai vé hai bdt cuing chiéu)

(Nhan hai vé véi ciing mét s3)

(Déi ddu hai vé)

(Chia hai vé véi ciing mgt so)

(Nhan hai vé hai bdt cuing chiéu)

(Nghich dao hai vé)

(Nang lazy thera bac n)

(Binh phuong hai vé)

(Binh phuong hai vé)
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3. Bt ddng thirc trong tam giac

Néu a, b, ¢ 1a ba canh cua mot tam giéc thi
a>0,b>0,¢c>0
|b- c|<a<b+c

|c- a|<b<c+a
|a- b|<c<a+b
a>b>cU A>B>C

4. Bét diang thirc vecto

V&1 moi vecto a,b taco:
1 1 1 1
a+b|Elal+]p
1 1 1
a.b E‘aHb‘
5. Céc bat ding thirc co ban

5.1. Bét ding thirc Cauchy (C6-si) hay AM - GM
Vi hai sd a, bkhong &m (a,b3 0) taluén co:

.2
a*bs /b hay a+b® 2Jab hay abeZ b0
€2
Dau "=" xay rakhi a=b
Véi baso a, b, ckhong am (a,b,c? 0) taluén co:
atb+c arizz+b+ct_')3

3 Jabc hay a+b+c?3 3Yabc hay abc£g :
@

D4u"="xay rakhi a=b=c

Téng quéat
Cho ns6 khong &m a,,a,,...,a, taco:

a ta, +...ta
1T 3 3
" ~3 da.a,..a, hay a +a +..+a 3 nia.aq,..aqa

Dau "=" xay rakhi vachikhi ¢, =a, =...=a

n
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5.2. Bét diang thicc Cauchy-Schwarz

. Pdi véi hai cip sb thuc
. . i(a, ,
Cho hal cap so thuc .'(a b) ,tach:
7(x,y)

(ax+by)” £(a’ +b")(x* +7)

Dau "=" xay rakhi vachikhi ax = by

. Pdi véi hai bd ba sb thuc
i(a.a,,a)

Cho hai bb ba sb thuc | :

(a,b, +a,b, +a.b, ) £ (al2 +a§ +a32)(bl2 +b22 +b32)

£ s N L L a i LS X Xy S
Dau "=" xay rakhi vachi khi % = % = b—3 Véi quy udc rang néu mau bang O thi tu

ciing bing O.
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Téng quéat

i(a,a,,..,a ) i
v ,taco:
s ,bn)

Cho hai bo n s thuc
‘|‘ 19 05500e
+ab ) £(a’+a’+..+a’ )b’ +b’ +..+b’)

(a,b, +a,b, +...

“ véi quy wde rang néu mau bang O thi ti

| S

DAu "=" xay rakhi vachi khi %
1

S

n

ciing bing O.

Bét ding thirc Cauchy-Schwarz dang phan thikc

Cho hai bo n sb thuc (a,,4,.,...a,) Va (b,,b,,...,b,) V&i b,b,,...b >0 taco:
a a a’ (a +a, +..+a )
_1+_2+'”+_n 1 2 n
b, b, b b+b+..+b
Déu"=" xay rakhi vachikhi &L=% = =%
bl 2 bn
Dang thwong sir dung:
2
: . s L |d b (a+b)
- Vé6i x,y>0 vaa,bl j taco: |—+—323
X y x+ty
2 2 2
. . - . lac b ¢ atb+c
Véi x,y,z>0 va a,b,cl j tacd: |—+—+—3 ( )
X y Z xty+z
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5.3 Mgt sb bat ding thirc co ban thwong sir dung khéc

TT | Diéu kién cia bién Bat dang thiec phu biéu kién xay ra
dang thac
(Diém roi)
1 a’ +b* a=b
a,bl j ab £
2 .2 a=b
a,bl j abE?%bg
%]
3 a,bl j (a+b)2£2(a2+b2) a=b
4 a,b,cl j @ +b*+c> 3 ab+be +ca a=b
5 a,b,cl j 3(a2+b2+cz)3 (a+b+c)2 a=b=c
6 ab.cl j (a+b+c)233(ab+bc+ca) a=b=c
7 | abl § vaab31 1 1 2 a=b hoic
2+ 2Z ab=1
l+a 14+b  1+4ab
8 a,b>0 a 10 a=b
(a+b)g_+z+3 4
a %]
1,1, 4
a b a+b
9 a,b,c>0 a 1 106 a=b=c
a Cg
r, ., 9
a b ¢ atb+tc
10 a,b>0 el 16 a=b
(a+b) ¢y ®
a 2
1 1 8
—t52 :
a (a+b)
11 T s
a,,a,,b,,b,1 j \/a12+a22 +\/b12+b22 3 \/(a1+bl)2+(a2+b2)2
(Bdt Minkowski)

Chu y: Céc bat dang thic tir 7 ¢én 11 khi st dung phai chirng minh,
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6. Giatrilén nhat vagiatri nhé nhat ciaa biéu thirc
Pinh nghia: Gid sir hamsb y =f (x) (biéu thirc mot bién) xac dinh trén tap hop D.
S6 M dugc goi lAGTLN ciahamsb y =f (x) tréntap D néu cac diéu sau duoc thoa man

Ky higu: M = Maxf (x) (Xo cONn duoc goi ladiém roi)

S6 mdugc goi lAGTNN ciaham s y =f (x) tréntap D néu cac diéu sau duoc thoa man

1) f(x)3m "xI D

Ky higu: m= nlnan( ) (Xo cONn duoc goi ladiém roi)

Déi voi GTLN vaGTNN déi véi biéu thuc nhiéu bién £(x;y) hay f(x;y;z) ciing co dinh nghia
tuong ty.

Il. CAC PHUONG PHAP CO BAN CHUNG MINH BAT PANG THUC
Tathuong sir dung cac phueong phép sau

1. Phwong phap 1: Phwong phap bién doi twong dwong
Bién ddi trong duong bét ding thirc cin chirng minh dén mot bt ding thirc da biét rang ding .

Cu thé khi thurc hanh
Dé chitng minh bat dang thac A, 3 B, bang phuong phép bién déi tuong dwong tathudng thyuc hign theo

so d6 nhu sau:

A®*B U A*BU.0A?3B

Trong d6 bit dang thac A 3 B, 1abat dang thic dlng da biét.

Vay bat dang thic A ® B, duoc chiang minh.

Chay , o o

i) Chi sir dung cac tinh chat cho ta cac phép bicn doi twong duong gitra cac bat dang thuc. ,
if) Khi thay mot bi¢u thirc trong bat dang thie boi mot bicu thirc khéc bang vaéi né ta ciing dugc mot bat
dang thirc tuong duong.
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Vi du 1. Ching minh céc bat ding thirc trong bang sau

TT Piéu kién cia bién Bat dang thiec phu biéu kign xay ra
dang thirc
(biem roi)
1 a2+b2 a=b
a,bl i ab £
2 .2 a=b
X +
abl i ap g B0
€2 5
4 ab.cl j a’+b*+c’3 ab+bc+ca a=b
5 a,b,cl j 3(a2+b2+cz)3 (a+b+c)2 a=b=c
6 a,b,cl i (a+b+c)23 3(ab+bc+ca) a=b=c
7 a,bl j vaab3 1 1 N 1 - 2 a=b hoac ab =1
l+a> 1456 1+ab

Huwong ddn gidi

a) Céc bit dang thirc tir 1 dén 3 bién ddi vé bat ding thirc tuong duong (a - b)2 30

b) Céc bat ding thirc tir 4 &én 6 bién dbi vé bat dang thuc twong duong (a - b)2 +(b - c)2 + (c - a)2 30

c) B4t ding thie 7 bién ddi vé bat ding thie twong duong (a - b)2 (ab- 1) 30

Vi du 2. Chirng minh céc bt ding thic sau

1) 4x°- x*3 %(4x- 1),

X 1

" £3—2(x+3) ,

2)

Minh hea hinh hec

"xl (0;1) . Biang thuc xay rakhi ndo ?

" x1 g0:4f . Dang thirc xay rakhi ndo ?
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2. Phwong phap 2: Phwong phap tong hgp (hay phwong phap bién doi hé qua)

Xuét phat tir céc bat diang thire ding ¢ biét dung suy luan todn hoc dé suy radiéu phai chirng minh.

Cu thé khi thgc hanh

D¢ chirng minh bét ding thirc A3 B bing phuong phép bién doi tuong duong tathuong thuc hign theo so
do nhu sau:

X3YP ..P A3 B

Trong do bat dang thac X 3 ¥ 1abét ding thirc dling da biét.
Vay bat dang thirc A3 B duogc chirng minh.

Cha y 1: Trong thuc té gidi todn tathuong phai phoi hop nhiéu ménh dé ding (c6 thé ladang thic, bét
dang thirc) dé suy radicu phai chirng minh theo so d6 sau:

SO PO 1: Tao ramdt ddy cac bt ding thic trung gian

A3 A3 A3 .3A3B

SO PO 2: Tao ra céc bat dang thire bo phan

X3YU

X3Y| s
yDAB

Chay2:

i) Bay la phuong phap thuong duoc sir dung.

ii) Khi sir dung can phol hop céc tinh chit cua bit dang thc.

iii) Co thé sir dung nhiéu bét ding thic ding dé suy ra bit dang thirc cin chirng minh. Déi véi céc bt
dang thirc ddng mata sir dung néu khdng cé trong chuong trinh SGK thi nén chirng minh lai.
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Vi du 2. Chirng minh céc bét ding thic trong bang sau

TT | Piéu kién ciabién Bat dang thiec phu biéu ki¢n xay ra
dangthlrc
(Diém roi)
8 ,b>0 =b
‘ (a+b)m+ 19 4 “
€ b
l+13 4
a b a+b
9 ,b,c>0 =b=
e (a+b+c) —+— +1939hayl+1+1 2 . ¢
ga a b ¢ a+b+c
> I =
10 a,b>0 (a+b)zaei+i238hayi+iz 8 2 a=b
& b g @B (a40)
11 :
aahb, 1 i Ja +a +\/b12+b223\/(a1+b1)2+(a2+b2)2
(Bdt Minkowski)

Hurgng dan gidi , ‘ , S
a) Céc bat dang thuc ter 8 den 10 duoc chiarng minh bang Cauchy, ket hop voi tinh chat bat dang thirc.
b) Bat dang thirc 11 chirng minh bang bat dang thirc vecto, két hop véi toado.

10
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111. CAC BAl TAP NANG CAO

Bai 1. Cho basb thuc a,b,c thuoc doan §- 1,2 vathoaman dicukién a+b+c =0
Chirng minh rang: a® +b*> +c* £6.

Loi gidi.
Doal g L2 () P -1£4£2 P (atl)a-2)£0 P a*-a-2£0 (D) (1)
Lap luantuong tu, tacd: b* - b-2£0 (2 D)

cc-c-2£0 (3 (D)
cong (1), (2), (3) vé theo vé tacod: a* +b* +c* - (a+b+c)- 6£0 D)
Via+b+c=0 (D), néntu (4) suyra: o> +b* +c* £6 (dpem).

Bai 2. Cho céc b thuc khdng amx, y,z théaman didu kién x> +y> +z> =3, dat r=x+y+z
Chang minh ring: 3 £1£3.

Loi gidi.
Taco: ()c+y+z)2 =X +y +77 +2(xy +yz+zx) (b)
vt o (24?2 2
ny+yx+zx=(x y*+3) 2(x Y Z)=t23 (Vi x*+y’+z2=3) (D)
-3

Do O£xy+yz+zx£x°+y +z7=3 (D) b O£ £3 (P)

P3£F£9 )
p \/§£t£3 (dpcm)

Bai 3. Cho céc s6 thyc a,b,cT §l,3fvathoamandiéukién a+b+c =6, dit t=ab+bc+ca
Chirng minh rang: 11£ 7 £12 . Khi ndo dang thuc xay ra?

Loi gidi.
i) Do (a+b+c)’ =a*>+b* +c* +2(ab+bc +ca)

:%ga- by +(b- ¢) +(c- a)28+3(ab+bc+Ca)3 3(ab + be + ca)

P 3t£36P t£12

4

Dau“=" ¢ (1) xay rakhi a=b=c=2
i) Vi a,b,cT g.3g nén 3- a)(3- b)(3- ¢)% 0
P 3(ab+bc+ca)d abc+9(a+b+c)- 27 =abc +27
Do a,b,cl 31,3[:}] nén (a- 1)(b- I)(c- )3 0
P abc3 ab+bc+ca- (a+b+c)+1=ab+ba+ca- 5
Tu (2 va@) suyra 3(ab+bc+ca)® ab+bc+ca+22 b 3t3t+22 b 1311
Dau“=" ¢ (4) xay rakhi a=1,b=2,c=3.
Dodé: 11£:£12. (dpcm)

(D

(2)

3)
(4)

11
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Bai 4. Cho cé&c b duong a,b,c >0 théaman a* +b> +¢> =3 . Chirng minh rang
1 1 1 3
= + + 3 =,
l+ab 1+bc 1+ca 2

Khi ndo dang thirc xay ra?

Hurgng dan gidi q
Du doan diem roi: bang thirc xay rakhi a=b=c=1.
binh hwéng: Bénh gia biéu thirc bang cac bat dang thirc phu

Loi gidi o
+ Ap dung cac bat dang thirc phu sau:

1 9

1 1
—+—+-3 (X,y,Z>0)
X y z xtytz
X H+y +77 3 xy+yztax
Taco:
=1 + ! + L s 2 3 292 2:é. (dpcm)
l+ab 1+bc l+ca 3+ab+bc+ca 3+a°+b*+c* 2

+Pangthicxayral a=b=c=1

Bai 5. Cho cé&c sb duong a,b,c >0 théaman a+b+c =3. Ching minh rang
2 3 2 3 213
P:\/abc +\/bca +\/cab £3

b+c cta at+b 2

Khi ndo dang thirc xay ra?

Hardng dén gidi q
Dw doan diém rei: bang thic xay rakhi a=b=c=1. )
Pinh hwéng: Sir dung céc bat dang thac co ban dé danh gia mau.

Loi gidi o
+ Ap dung cac bat dang thirc phu sau:

xy+yz+zx £x*+y + 77 (1)

xy+yz+Zx£%(x+y+Z)2 @)

+ Dénh gid cAc mau s caa cée sb hang cua P bing Cauchy, ta co:

p= \/c1l72c3 + \/bcza3 + \/cazb3 c \/abzc3 + \/bcza3 + \/cazb3
b+c cta a+b 2\/bc 2/ ca 2\/@

= % (\/ab.c2 + \/bc.a2 + \/ca.b2 )

(s dung Cauchy danh gia mau)

12
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=~ (Ve loe +ab lac +ab Alve)
£l(ab+bc+ca)
2
£é(a+b+c)2 =% (dpcm)
+PangthacxayraU a=b=c=1.

Bai 6. Cho céc sb duong a,b,c théamén a+b+c = 3.Ching minh ring

1 1 1
¥+F+?3 a?+b’+c? (1)

Hardng dén gidi q
Du doan diem roi: bang thac xay rakhi a=b=c=1.
Pinh hwéng: Sir dung céc bat dang thic phu va Cauchy dé danh gia
Loi gidi o
+ Ap dung cac bat dang thirc phu sau:
XPH+y +77 8 xy+yz+ax (i)

()c+y+z)2 3 3(xy+yz+zx) (i)

+ Tu déngthl'rc (a+b+c) =a*+b* +c* +2(ab+bc+ca)b a* +b*> +c* =9- 2(ab+bc +ca)

+ Khi d6: (1) U 2(ab+bc+ca)+a—12+b—12+c—1239 ©)
+ Panh gia vé tréi caa (2) taduogc
1 1 1 1 1 1
2(ab+bc+ca)+— +=+—3 2(ab+tbc+ca)+—+—+—
a- b° c ab bc ca

:(ab+bc+ca)+(ab+bc+ca)+i
abc

3 3§/(ab+bc+ca)2><i

3 3%/3(abzc+ a’bc+ abcz) Xi

= §/3abc(a+b+c) "i =333.33=9. (dpcm)

+DaubingxayraU a=b=c=1

13
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Bai 7. Cho c&c b duong a,b,c théaman abc = 1. Chirng minh rang

3 3 3 3 3 3
Jir@ +0 Nixv+e Jivcsa o
i ab bc ca
Khi nao dang thirc xay ra?

Huwéng ddn giai

Du doan diém roi: Dang thac xay ra khi a=b=c=1.

Pinh hwéng: Déanh gid bang bt ding thirc Cauchy basb (do trong biéu thizc trén cd bdc ba), véi cha y
diémroi vadiéu kién abc =1 o trén.

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Léi gidi.

Ni+ad® +b°

ab
Theo bét ding thirc Cauchy ta co:

/ 3 3
1+a'+0*3 R/La’ b’ =3ab P \1+a'+b* 3 \J3ab b 1+“b+b 3 \/fi (1)
a ab

+ Panh gia dai dién biéu thic

+ Ching minh twong tw ta ciing duoc:

\/1+b3 +c°
JE
Ji+é +d’

)

| \/5 (©)
+Cong (1), (2), (3) vé theo vé ta co:
J1+d +b° +\/1+b3+c3 +\/1+c3+a \/—ae 1 1 6
ab bc ca e\/7 \/7 \/ag
3 3435 \/ L (theobdtCauchy)  (4)
r e T

=343, =33 (dpcm)

\/(abc)2

+PangthacxayraU a=b=c=1.

Bai 8. Chirng minh rang véi moi x1 j , taco: 26 £50 ae2933”‘+4”‘+5X
€55 8421 8

Khi ndo dang thirc xay ra?

Huwéng ddn giai

Duw doan diém roi: Dang thiac xay rakhi x =0.

Pinh hwéng: Van dung bt ding thirc Cauchy xoay vong cho 2 sb thich hop.
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

14
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Léi gidi.
+ Panh gia dai dign

X X X X
Theo bét ding thirc Cauchy ta co: ?%9 +§?52 32 /??29 ?759 323" (1)
) ) ) )

+ Ching minh twong tw ta ciing duoc:

X X
A20  &OO ;5 4 @
85 @ 83 @

X X
A0 &00,, o 3)
84 @ 83 @

+Cong (1), (2), (3) vé theo vé ta co:
A X X "’“l‘,l
2?‘33_22 +aa_52 +8@2 us 2(3”‘+4”‘+5”‘)
%5 s 645 &3 2

X X X X
p 83_22 +aa_52 32 83_22 .83_52 3 2.3 (dpcm)
85 @ 84 @ V85 @ 84 @

+Pang thacxay ra U (1),(2),(3) lacéc dangthuc U x =0

Bai 9. Cho céc sb duong a,b,c théaman l+%+l =4 . Chang minh rang
a C

1 1 1
+ +
i 2at+b+c at2b+c a+b+2c
Khi nao dang thirc xay ra?

£1.

Huwéng dén gidi

Duw doan diém roi: Dang thac xay rakhi a=b=c =

AW

Pinh hwéng: Van dung bt ding thirc Cauchy dang cong miu 1 +l 3 j (x,y > 0) dé danh gia dai
Xy xTy

dién. Q , o ‘

Leeuy: lubn nhé kiem tradau “=" cho céc bat dang thirc thanh phan.

Léi gidi.
+ Panh gia dai dign

. 1 11 1 . ) .
Sir dung bat dang thirc co ban: £E—(—+-) (x,y > 0) (khi stz dung can chizng minh)
x+y 4 x vy
. 1 1eel 1 6.1l lad 160 1ad 1 10
Tacd: ———— £ —+-——f ot T oot
2a+b+c 4&a btcy 4&2a 4&b cgy 8%a 2b 2cy
1 la 1 10

— £t —+— 1
2a+b+c 8&a 2b 2cg @)

+ Chirng minh twong tw taciing duoc:
15
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1 led 1 10
B ¢
a+2b+c 8&b 2c 2ag

I la 1 106 o
a+b+2c sgc 2a 2bg

+ Cong (1), (2), (3) vé theo vé taco:

1 1 1 led 1 16_1
+ + —c—t+—+—==—4=1 (dpcm)
2a+b+c a+2b+c a+b+2c 4%a b cgy 4

+ Piang thuc xay ra U a:b:c:%

2 2
Bai 10. Cho céc sb duong a,b,c thoamén —b+b—+% =3. Chirng minh ring
C a

a® b* c°
y & a
Khi ndo dang thirc xay ra?

Hardng dén gidi q
Du doan diem roi: bang thirc xay rakhi a=b=c=1.

Pinh hwéng: Van dung bt ding thirc Cauchy xoay vong cho 3 sé thich hop, chi y dén diéu kién.

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.
Loi gidi.
+ Panh gia dai dién

a® b 3a’h® _3a’b

Theo bat ddng thirc Cauchy taco: — +—+13 (1)
b bc c
+ Ching minh twong tw ta ciing duoc:
6 6 2
b_3+c_3+13 3b°c )
C a a
6 6 2
c_3+a_3+13 3c’a 3)
) ) a b b
+ Cong (1), (2), (3) vé theo vé tacd:
6 6 6(‘j 2 O
2?;+b_+c_3_ 33 3§l_b b_+C__
a g g C a b g
6 6 6
p a—+b—+c—3 3 (dpcm)
¥

+PangthacxayraU a=b=c=1.

16
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Bai 11. Cho céc b duong a,b,c3 0 théaman a® +b> +¢* =3 . Chirng minh rang

3 3 3
a b c 3 3

P= + + =
Jb*+3 2 +3 aP+3 2

Khi ndo dang thirc xay ra?

Hurgng dan gidi q
Du doan diem roi: bang thic xay rakhi a=b=c=1.
Pinh hwéng: Sir dung céc bat dang thac Cauchy ghép cap thich hop.

Loi gidi
+ Ap dung bét ding thirc Cauchy cho 3 6 , ghép mét sb hang caa P véi hai sb hang thich hop ta co:
3 3 2 6 2
a + a + b +3 3133 a :3i (1)
b +3 2p+3 16 Vo4 4
3 3 2 6 2
b + b + c+3 3133 b_ :& (2)
W+ ez 16 Ned 4
3 3 2 6 2
a + a + b™+3 3133 a_ :3i (3)
b +3 ez 16 V64 4

+Cong (1), (2), (3) vé theo Vé ta co:
a’+b’+c*+9 3’ +b +c?)

P+
16 4
p P3 E(az+bz+c2)-2:£-i:é (dpcm)
16 16 16 16 2

+PangthacxayraU a=b=c=1.

Bai 12. Cho céc b duong a,b,c thoaman ab + be + ¢ +a = 4abce . Chirng minh riang
Lolilss
i a b ¢
Khi nao dang thirc xay ra?

Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi a=b=c=1.

Pinh hwéng: Van dung bt ding thirc Cauchy xoay vong cho 3 sé thich hop, chi y dén diéu kién.
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Léi gidi.
+ Panh gi dai dién
Theo bét dang thirc Cauchy ta co: i} +% +13 ib (1) (bdc ba nén chon 3 s0)
a a
1 1 3
—+—+]13 = 2
» bc @)

17
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%+1+13 3 (3)
c c
i3+1+13 3w
a a
+Cong (1), (2), (3), (4) vé theo vé taco:
Z&L-{-i.{-i? 633 _+i l+lg_3w_12 P i+i+i3 3 (dpcm)
8a3 ga ag abc a b

+D§1ngthu:cxayraU a=b=c=1.

Bai 13. Cho céc b duong a,b,c thbaman a+b +c £1. Chirng minh rang

R R Y
a C

Khi ndo dang thirc xay ra?

Huwéng dén gidi

Duw doan diém roi: Dang thac xay rakhi a=b=c = 1
Pinh huéng: C6 dang cia bt diang thirc Minkowski, &p dung céc bét diang thir phy, chi y diéu
EI;LT y lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Loi gidi. o
+ Sir dung bat dang thirc co ban:

Ja2 @ + b b2+ [+ \/(al +b,+¢,) +(a,+b,+¢,)"  (khi st dung cdn chiig minh)

Taco:
\/a2+i+\/b2+i+\/c2+i3 (a+b+c) —+1+19
a’ b’ c’ ga

+ Bién déi va danh gia tirng b phan

(a+b+c) g—+1+19 81(a+b+c) 8—+1+19-80(a+b+c)2
a a

318(a+b+c)§l 1,10 80(a+b+c)’  (theo Cauchy)

Cﬂ
318.9-80=82 (dpcm)

, N 1
+ bang thic xay ra U a=b=c=§.

Bai 14. Cho céc b duong x,y,z thoamén x> +y? +z* =3 . Chiang minh ring

3%(+2\/E+Z0 39y+2\/7z+x0 3%+2\/;x+y £12.

X+l ¢ v+l z+1

5
Khi ndo dang thirc xay ra?

18
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Huwéng ddn giai
Duw doan diém roi: Dang thuc xay rakhi x=y=z=1.
Pinh hwéng:

s .;,&inX))zO
banh gid dai dién biéu thirc éT bang céch st dung bét diang thirc Cauchy-Schwarz.
X
%]

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.
Loi gidi
.2
v s ek a3 +24/xy +270
+ Panh gia dai dién biéu thac M—
ST
Theo bét ding thircc Cauchy-Schwarz ta co:

(x+2 vz +z)2 =(x.1+\/g.\/5+1.z)2 E()c2 +2x+1)(1+2y+z2)

+ +
a%c 2\/7y z S E142y+7

+1 @)
. P
+ Chitng minh twong tw ta ciing du:qc:
+ o
B+2ra+x - £1+27+%° )
y+l ;,
ae"+2\/Z—X+y £1+2x+y 3
z+1 ;ﬂ

+Cong (1), (2), (3) vé theo vé ta co:
&iv+2\/;+zo aey+2\/;+x0 a%+2\/z7x

x+1 p y+1 p z+1

y s £342(x+y+)+xi+y +7

ﬂ
£6+2,(3(x* +y*+2°) =12 (dpem)

+Pangthicxayral x=y=z=1.

Bai 15. Cho céc sb duong x, y,z thoaman 4(x +y+ z) =3xyz . Chirng minh rang

1 1 1 3
+ + £=.
2+x+yz 2+y+zx 2+z+xy 8

Khi ndo dang thirc xay ra?

19
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Huwéng ddn giai
Duw doan diém roi: Dang thuc xay rakhi x=y=z=2.
binh hwéng: Banh gia dai dién bieu thic Eya— bang cac bat dang thirc Cauchy, thay doi hinh thirc
x+yz
g ~ 1 1 1
cuadidukién 4(x+y+z)=3xyz 0 —+—+— -3
xy yz zx 4
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Léi gidi
+ Pénh gia dai dién biéu thic
2+x+yz
Ap dung bét dang thuc Cauchy ta co:

3xyz=4(x+y+2)3 4.33xyz P xyz3 8
Tiép tuc danh gid 2 + x + yz ta co:

2+x+yz3 2\/E+yz3 2\/2 2x.yz =2\/2«/2xyz.\/; 3 4\/5(‘/);
b 1 11 1188110183110188 10
2+x+yz 4(& 42§2 fg 882 i Vi g 884 V2 g

1 £1863+i0

- - g = - 1
2+x+yz 884 VZg @
+ Ching minh twong tw ta ciing duoc:
L gl®L 10
2+y+zx 884 X g
1 c 168 1 9 3)
2+z+xy 884 Xy g
+Cong (1), (2), (3) vé theo vé ta co:
1 1 1 1&9 1 1 10 1389 30 3
+ + £ —t—t— +=

2+x+yz 2+y+zx 2+z+xy 884 Xy VX XZg 884 4g 8
+Pangthacxayral x=y=z=2.

. Y ~ . : 1,17
Bai 16. Cho céc s thyc duong x,y thoaméan x+y =1. Ching minhrang xy +—3 e

Xy
Khi ndo dang thirc xay ra?

Huwéng dén gidi
Du doan diém roi: Dang thuc xay rakhi x =y :%.

Pinh hwéng: Dénh gia bang bat dang thirc Cauchy véi chiy diém roi & trénvadidu kién x+y =1 .
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.
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Loi gigi.
+ Theo bat dang thirc Cauchy ta co:

1 1 15 1 15 17
xy+—=xy+ + 32 |xy. + - =—(dpcm)
xy 16xy 16xy 16xy 16M 4

4

, - 1
+ bang thac xay ra U x=y=5.

Bai 17. Cho céc sb thuc duong X,y thoamén diéu kién 5x+ 4y = 23xy . Chang minh rang
o xroye 3y 128
X 2y 2

Khi ndo dang thirc xay ra?

Huwéng dén gidi

Duw doan diém roi: Dang thic xay rakhi x :%,y :%.

Pinh huéng: Bién doi vadanh giating bo phan bang cach sir dung bét dang thic Cauchy.
Leeu y: lubn nhé kiem tradau “=" cho céc bat dang thirc thanh phan.

Loi gidi
. 4 5
Taco: 5SX+4y=23xy < —+—=23
Xy
4 5
+_

Khi do: P:4x+9y+§+l:4x+1+9y+1+1 =
X 2y X y 2(x vy
1 1 23
=4x+—+9y+—+—
X y 2
Ap dung bdt Co-si tasuy radugc

P 22\/4x.l -l-2\/9y.l +2:4+6+£:% (dpcm)
X

y 2 2
4x—l
X 1
: 1 DY
bang thac xayra U {9y =— & .
y
y==
3
20203
y

Bai 18. Cho céc sb duong x,y,z thoaman x* +y> +z° +2xy =3(x +y +z). Ching minh rang

x+y+z+ 23 + 23 329
Nx+tz yy+2

Khi ndo dang thuc xay ra?
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Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi x =1,y =2;z=3.

Pinh hwéng: Bién doi vadanh giatirng bo phan bang céach sir dung bat dang thic Cauchy.
Lieu y: lubn nhé kiém tradiu “=" cho céc bat dang thire thanh phan.

Loi gidi
+ Tir gia thiét taco 3(x+y+z)=(x+y)2+z2 3 %(x+y+z)2 P O<x+y+z£6

+ Bién doi va danh gia tirng by phan
Ap dung bat dang thirc Cauchy ta co:
g O

23 + 23 :6E(.‘x+z)+ 8 + 8 g+&zy+2)+ 8 + ++
NXx+z Ay +2 g VX +z \/)C'*'Zbé Ny +2 y+2 5

xty+tz+

& 1 1 0
+7 + =2
v g
312+12+ -2322+ 14\/5 329

14
Lo dled ™ e

pangthicxayraU x=1;y=2;z=3.

Bai 19. Cho céc s thuc duong X, y, z thoamén didu kién x+ y+ z=1. Chang minh ring
I3:1-l—x_l_1-l—y_|_1-l—226.
l1-y 1-z 1-x

Khi ndo dang thirc xay ra?

Huwéng dén gidi

Duw doan diém roi: Dang thac xay rakhi x=y=z =% .
Pinh hwéng: Danh gia bing céch sir dung bét dang thirc Cauchy.
Leeu y: lubn nhé kiem tradau “=" cho céc bat dang thirc thanh phan.

Loi gidi
1+x 1+y 14z

’ ’ >0
-y 1—-7"1—x

Vix,y,z>0 vax+y+z=1nén 0< x,y,z<1 . Do do:

Ap dung bat ding thirc Co-si cho ba sb trén ta dugc

s (1+x)(1+y)(1+2) .
J =i @

Taco: 1+ x=1+(1—y—z)=(1-y)+(l1—z). Do dd, & dung bit dang thirc Co-si cho hai sb thyc dwong

(l—y) va (l—z) , taduoc:
14+x>2,/(1—y)(1-2)
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Tuong tu: 1+y>2,(1-z)(1-x)
1+z>2 O—xXl—y)
Suy ra (14 x)(1+y)(142) = 8(1—x)(1-y)(1-2) )
Ter()va(2) = P>6 (dpcm)
1

Ping thuc xay ra U x=y=z=7.

Bai 20. Cho céc sb thuc x, y,z £ 0. Chang minh rang
2° 27 2°
+ +
q 2425+ 2742741 2 +20 +1
Khi nao dang thirc xay ra?

£1. (1)

Huwéng dén gidi

Dw doan diém roi: Dang thuc xay rakhi x=y=2z=0.

Pinh hwéng: it 4n phu (ddi bién) vadanh gia dai dién.

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Loi gidi. 9
+ Dol bien (dat an phu)
Pt a=2",b=2",c=2°. Khi d6 a,b,cl (0,1, bat dang thuc (1) tr thanh

a b c
+ +

£1 )
ab+c+1 bcta+l ca+b+l1
+ Panh gia dai dién biéu thac —~—
ab+c+1
Tacd: ab+1=(1- a)(1- b)+a+b3 a+bbp — L g ¢ 3)

ab+c+1l a+b+c
+ Ching minh twong tw ta ciing duoc:
b c b
bc+a+l a+b+c
c c
) catrbtl atb+tc
+ Cong (3), (4), (5) vé theo vé tacd:
a b c
+ +
i ab+c+1 bc+a+l ca+b+1
+PbangthicxayralU a=b=c=1hay x=y=2z=0.

(4)

(5)

£1 (dpcm)

Bai 21. Cho céc sb thuc duong X, y, z thoaman diéu kién xyz=1. Ching minh ring
1 1 1
= 3 3 + 3 3 3 + 3 3 3
X (Y+2Z)+1 ¥ (Z24+x)+1 Z(X+y’)+1
Khi ndo dang thirc xay ra?

<1.
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Huwéng ddn giai

Duw doan diém roi: Dang thuc xay rakhi x=y=z=1.

Pinh hwéng: Doi bién (dat an phy) va danh gia dai dién.

Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Loi gidi
. . 1 1 1 ,
Vixyz=1nén x=—,y=—,z=— .Do d0:
vz X Xy
1 1 1
P= " +— 7
Sy +2)+1 7 +x0)+1 S +y)+1
(»2) o) xy)
B 1 N 1 N 1
| 1 1 1 1
—t+—+1 —+=+1 S+—+1
Z y X z y X
1 1 ) . . 1 1 1
bat a=—; b=—; c=—tacd a,b,c >0 vaabc=1thi P=

1

- 3 3 + 3 3 + 3 3
X y’ Z a+b+1 b +c+1 ¢ +a +1
Via,b>0 nén (a—b)(a’—b*)>0.Suyraa'+b' > a’b+ab’
Do do6: a3+b3+12a2b+ab2-l—lzazb-l—abz-l—abc:ab(a-l—b-i-c)

Tuong ty: b3+c2+12bc(a+b+c)
c3+a3+12ca(a+b+c)
1 1 1 1
Suyra: P< + + = =1 (dpcm)

ab(a-l—b-l—c) bc(a-l—b-i—c) ca(a-l—b-i—c) abc
pangthucxayral x=y=x=1.

Bai 22. Cho céc s thuc duong X, y, z thoamén didu kién xy+ yz+ zx= xyz. Chang minh rang
1 1

poXi Y2 +% I
y’ X \xy yz

> 3.

Khi ndo dang thirc xay ra?

Huwéng ddn giai

Dw doan diém roi: Dang thac xay rakhi x=y=z=3.

Pinh hwéng: Doi bién (dat an phuy) , bién ddi va danh giatirng bo phan.
Lieu y: lubn nhé kiém tradiu “=" cho céc bit dang thirc thanh phan.

Loi gidi
1 1 1
Tach: Xy+yz+X=Xyz& — +y+E:1
1 1 1 , X ,
bat a=—, b=—,c=—tacd a,b,c>0vaa+b+c=1.Dodd 0<a,b,c<1
X y Z
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Khi do: P:b—2+cz+a2+6(ab+bc+ca)
a b c
bZ 2 2
:;-;-Cb -l—ac -|—2(a-|—b+c) —( b)z—(b—c)z—(c—a)2

2

:[%Z—Zb-l— ] [%—2c+b]+[%z—2a+c]—(a—b)z—(b—c)z—(c—a)2+3

_ (“‘ab)z +<b;c)z +(C‘C")z fa—bf —(b—c] —(c—a) +3
_ (l—a)(a—b)2 _l_(l—b)(b—c)2 _l_(l—c)(c—a)2 L3>3 (dpem)
a b c -

pangthucxayral x=y=z=3.

Bai 23. Cho a,b,c 1ad6 dai bacanh cia mot tam giéc ¢6 chu vi bing 1
Tim giatri 16n nhat caa biéuthuc T = 4 4,4 111
atb b+c c+a a b c

Huwéng dén gidi
Dw doan diem roi: Bang thic xay rakhi a=b=c=—.

Pinh hwéng: Str dung phurong phép tiép tuyén dé danh gia

Loi gidi

+Vi a,b,c 12do dai bacanh ciia mot tam gidc c6 chu vi bing 1P a,b,c ?%9
2

+Biénddi: T = 4 4 .4 1 1 1 5a- 1+5b 1, 5c- 3

1-a 1-b 1-c a b ¢ a-a bbzc-c

2
+Tacd 22 1. (18a- 3)= (a-1)(28-1) o o o7 B, 10

a- a a- a &
Trdosuyra: £18a 3,"al 8%19
a- a 8 29
+ Taciing ¢6 2 bt ding thirc twong tu:
5b- 1£18b 3" b 1042 £18c 3, ¢l & L0
TP 8§25  c-c? &2

+ Cong céc bit dang thirc ndy lai véi nhau taco :

=521, 91,51 8(a+b+c)-9=0.
Ca-a b b*> c-c?

DAu dang thic xay rakhi a:b:c:%D T, =9 dat duoc U a:b:c::—l3

+ Vay Cho a,b,c lado da bacanh cia mdt tam gidc co chu vi biang 1 , thi giatri 16n nhit caa biéu thic
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4 . 4.4 -E-E-Eb“ng9vadatdu:ockh|vach1kh|a b=c= 1
“a+b b+c c+a a b c

Chay: Dé oo dugc bit dang thie 2272 - £18a 3,"al ?é% ;9 ta da sir dung phwong phép tiép tuyén
@

Bai 24. Cho ba sb thuc duong a,b,c théaman a? +b* +¢® =3. Timgiatri nho nhat caa biéu thic

S= 8(a+b+C)+5§%+ 1,19

Cg

Huwéng ddn glal
Duw doan diém roi: Dang thuc xay rakhi a=b=c=1.
Pinh hwéng: Str dung phurong phép tiép tuyén dé danh gia.

Léi gidi

2
+ Nhan xét : 8a+5 3a” +23
a

5,3a°+23 .
2

/(1) véi moi 0<a<+/3 dau bing khi a=1. That vay

8a+—3
a

diu bang khi a=1

2
+ Tuong tu 8b+§ b +23

0 3a®-16a°+23a- 10£00 (a- 1)*(3a- 10)£0 ludn diing véi moi 0<a<+/3

(2) déu bing khi b=1

5, 3c?+23

Bo+ 2 = ,(3) dubingkhi c=1

+ Cong (1), (2), (3) vé theo vé taco:

3(a*+b*+c?)+69
S= 8(a+b+c)+585’l+1+EO (2 ) =39
&a Cg 2

DAu biang xay rakhi a=b=c=1
Vay giatri nho nhit caa S =239 dat duoc khi vachi khi a=b=c=1

S, 3a®+23

Chay: Pétimrabét ding thirc 8a+= - ta s dung phwong phép tiép tuyén.

Bai 25. Cho céc s thuc duong a,b,c théaman: 9(a“+b4+c4)- 25(a2+b2+cz)+48:o
a’ b? c
+ + .
b+2c c+2a a+2b

Tim giatri nho nhat caabiéu thic: P =
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Hurgng dan gidi q
Du doan diem roi: bang thirc xay ra Ighi a=b=c=1.
Pinh hwéng: Sir dung phuong phap tiép tuyen dé danh gia

Léi gidi
+Taco 14x+23 25x°- 9x* (*), " x>0,"="U x=1 that vay
(*)0 ox’- 25x* +14x+23 00 (x- 1)°(9x* +18x+2)* Oludn ding .Vay
114a+23 25a°- 9a*
+ {14p+23 2507 - 9b° b 14(a+b+c)+62 25(a’ +b” +¢?)- 9(a’ +b* +c*) = 48
114c+23 25¢7 - o’

o b a+b+c3 3,ddubing U a=b=c=1
+ Ap dung bat dang thirc Cauchy-Schawr z ta duoc
_a b L Z(a+b+c) :a-l-b-l—ch
b+2c c+2a a+2b 3(a+b+c) 3

+ DAau bing xay ra0 a=b=c=1.Vay giatri nho nhat caa P bing 1U a=b=c=1
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BAl TAPREN LUYEN

Bai 1. Cho ba s thyc x,y,z thudc doan g0;2§ vathéaman diéukién x+y+z=3

Chirng minh rang: x> +y*+z22 £5.

Léi gidi.
Do x,y,z1 §0.24 P (x- 2)(y- 2)(z- 2)£0 (1)
P gry- 2(x+y)+4f(z- £0
P xyz- Qxy+2yz+2zx)+4(x+y+2)- 8£0 (2)
Mit kKhac, Vi (x +y+2)° =x” +y° +7° +2xy +2yz+2z2x

P 2xy+2yz+2zx=(x+y+z)2- (x2+y2+zz)
Nén (2) b xyz- g(x+y+z)2- (x2+y2+zz)g+4(x+y+z)- 8£0

P x*+y’+z £5- xyz£5 (do x,y,z3 0) (dpcm) (3
Ping thuc xay rakhi trong basd x,y,z ¢6 mot sb bang 0, mot sb bang 1, mot sb bang 2
Néi cach khac:
bang thic xay rakhi x =2,y =1,z =0 vacéc hoén vi.

Bai 2. Cho basb thyc x,y,z thuoc doan g0; 1§

Chiang minhrang: x> +y> +z> £1+x%y +y*z+2%x.

Loi gidi.
Do x,y,21 QI P (1- x*)(1- y)(1- 2)? 0 Q)
b 1- x2-y*- 2 +x3y? +y 2 + 2% - x3y*723 0
D xZ +y2 +Z2 £1+x2y2 +y2Z2 +Z2X2- nyZZZ (2)
Mat khéc, Vi x,y,z1 §0.1§ nén x°y* £ x°y, y*2* £y°z, Zx* £2°x (3)

T (2) va(3) suy ra:
D xZ +y2 +Z2 £1+x2y2 +y2Z2 +Z2X2- XZyZZZ £1+X2y+y2Z+Z2X (dpcm)
Pang thuc xay rakhi x =1,y =z =0 vacéc hoéan vi.

Bai 3. Cho c&c b thuc x,y,z thoamandiéukién x* +y* +z° =1, dat 1= xy +yz +zx.

Chirng minh riang: - %EtEl.

Loi gidi.
)Do xy+yz+zx £ExX°+y +z2=1 b t£1 (1)
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¢ (1) xay ra, Chéng hankhi x=y=z :g

D4u

) Vi (x+y+2)° =x>+y* + 22 +2(xy+yz+zx) =1+2(xy +yz+2x)3 0

P 1+2:30 b ¢3 % 2
Dau “=" & (2) xay ra, chang han khi x—-i,y—g =0

Do dé: -%EtEl.(dpcm)

Bai 4. Cho céc b thuc khdng amx, y,z théaman didu kién 3(x> +y*> +z22) +xy +yz +zx =12,
dit r=x*+y>+z*. Changminhrang: 3£:£4.

Loi gidi.
) DO3(x*+y* +z)+xy+yz+zx =12 b 3(x*+y* +2°)=12- (xy+yz+zx)£12
P 3x*+y*+7°)EI2
, i P 3rE12b t£4 D
Dau “=" ¢ (1) xay ra, chang hankhi x =2,y =7z=0
) VIi3(xX*+y +27)+xy+yz+zx =12 b xy+yz+zx =12- 3(x” +y*> +7%) 2

Talaico: xy+yz+zx £x*+y" +7° ©)
T (2 va),suyra 12- 3(x> +y* +22) £ x> +y* + 7

P 12-3t£tbP ¢33 4
Diu“=" ¢ (4) xay rakhi x=y=z=1.

Dodé: 3£t£4 . (dpcm)

Bai 5. Cho céc sb thuc x, y,z1 €0; 24 thoaman didukién x+y+z=3, dat r =xy+yz+zx.
Chang minhrang: 2£7£3.

Loi gidi.
i) Do xy+yz+zx£;(x+y+z)2=3 P tE3 D

Dau“=" ¢ (1) xayra khi x=y=z=1.
i) Vix,yzl g0;28P (x-2)(y- 2)(z- 2)£0
P xyz- 2(xy+yz+zx)+4(x+y+2)- 8£0
xyz+4(x+y+z)-8,12-38
DAu “=" ¢ (2) xay ra, chang han khi x=2,y:21,z:0
Do dé: 2£¢£3. (dpcm)

P xy+yz+zx3 =2pPt32 (2
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Bai 6. Cho céc s thuc duong x,y,z thoamandiéukién x+y+z=3,dat r=x> +y* +2*.
Chang minhrang: 3£7<9.

Loi gidi.
Do (x+y+2) £3(x*+y +2°) b 3t39b ¢33 D

4
A h_n

Dau“=" ¢ (1) xayra khi x=y=z=1.
i) Vix,y,z>20b x*+y* +22 <(x+y+z)°> b <9
Dodé: 3£:<9. (dpcm)

Bai 7. Cho c&c b thuc x,y,z thoaméandiéukién x> +y* +z> =1, dat 1= xy +yz +2zx .
Chang minhrang: 73 - 1.

Lo gid.
Do (x+y+2)’ =x?+y* +22 +2(xy +yz+2x) =1+ 2(xy +yz+zx)3 0
1
P xy+yz+zx3 - 5

1 XZ +Z2 2

1 y
P xy+yz+2zx3 - —+xz3 - —- =-1+—=3-1 (1
xy+yz+2zx 5 Xz 5 5 5 D
DAu “=" ¢ (1) xay ra, chang han khi x =z =g,y =0
Do dé: 3 -1. (dpcm)
.. .z i1£a,b,cE ) ) .
Bai 8. Cho cé&c o thuc a,b,c thoa { ab,c£3 . Chirng minhrang : @’ +b* +5¢° £ 42
Tatb+2c=6
DAu ding thirc xay rakhi nao ?
Loi gidi.
Tir gia thiét tacs: 1£a£3b (a-1)(a- 3)£0b a®£4a- 3p a°£13a- 12
Tuongtw: 1£b£3b (b-1)(b- 3)£0P bZ£4b- 3P b £130- 12
1£c£2b (c-1)(c- 2)£0P c®£3a- 2b c£7c- 6

Tirdé a> +b> +5c>£13a- 12+130- 12+5(7c- 6) £13(a+b+2c) + 9c- 54

£13.6+9.2- 54 =42 (dpcm) . D4u bang xay rakhi a=b=1c=2.
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CAC BAI TOAN “THU SUC VOI BAT PANG THUC”

(Theoi gian lam 1 bai 1a 60 phut)

Bai 1. (1 diém)
Cho céc sb thuc x,y,z thoaman 8 +8” +8° =3. Chirng minh rang
4" 4” 4* 3
+ + 3 =,
3-4° 3-4 3-4 2

Bai 2. (1 diém) ‘ ‘
Cho céc s6 thuc a,b,c thoaman dieu kién a+b+c¢ =0. Chirng minh rang
1 + 1 + 1 el

a b b c c a

82+82+1 82+82+1 82+82+]

Bai 3. (1 diém) , 7
Cho céac 6 thuc duong x,y,z thoamén 13x +5y +12z=9. Tim gi&tri nho nhat ctabiéu thuc

A= Yo 3yz + 6zx

_2x+y 2y+z 2z+x

Bai 4. (1 diém) , 7
Cho céac 6 thuc khdng @m x,y,z thoaman xy +yz+zx =3. Timgiatri nho nhat caa biéu thic
A=Y +y’ 2 + 2070 +(x- P +(y- D> +(z- 1.
Bai 5. (1 diém) , 7
Cho céc s6 thuc duong a,b,c . Tim giatri nho nhat caabiéu thirc
a+b b+c cta
+ + .
atb+c b+c+4a c+ta+16b

Bai 6. (1 diém)
Cho céc s6 thyc a,b,c thudc doan g0;1j. Tim giatri lon nhat ciia biéu thirc
a+2 b+2 +2
= + +
b+l *+1 a*+1

Bai 7. (1 diém) , 7
Cho céc 6 thyc duong x,y,z thbamén x+y+z£ 3. Timgiatri nho nhat caa biéu thirc
2 2 2 1 1 1
P="—"+—"—+—+ + +

3 3 3 2 2 2 2 2 2"
Xy o x-xyty y -yt -zxtx

Bai 8. (1 diém)
Cho céc sb thyc khong 8m x,y,z thoaman x* +y® +z* £3y . Timgiatri nho nhat cia biéu thirc
1 4 8
= + + .
(x+1  (y+2)* (z+3)°

Bai 9. (1 diém) , 7
Cho céc s thuc duong x,y,z théaman 4(x +y +z) = 3xyz. Timgiatri I6n nhat cua biéu thac
. S S
2+x+yz 2+y+zx 2+z+xy

Bai 10. (1 diém)

31



TTLT Digu Hién Bién sogn: Huynh Chi Hao

Cho céc s thuc duong x,y,z thoamén x +y+z=1. Timgiatri nho nhat caa biéu thic

3 3 3
X
2 4=

P: 2 2 2
X" +yz y t+tzx z7+xy

Bai 11. (1 diém)

Cho céc sd thyc duong x,y,z thoaman x* +y? +z% +2xy = 3(x +y +z) . Tim giatri nho nhat caa biéu
thirc

pexsyrzs 20, 20

x+tz LJy+2
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TTLT Diéu Hién

Bién sogn: Huynh Chi Hao

DAP AN

Bai 1.
Cho céc sb thuc x,y,z thoaman 8° +8” +8° =3. Chirng minh rang
¥ & &3
+ + 3 =,
3-4° 3-4" 3-4 2

Hardng dén gidi q

Du doan diem roi: bang thirc xay rakhi x=y=z=0.
Pinh hwéng:

+Pat anphu @ =2*,b=2,¢ =27, chuyén vé bai todn sau:
Cho ifa’b’c>0 .CMR: a + b’ + ¢
ta’+b +c’ =3 3-a° 3-b 3-¢

+ Pénh gia dai dién biéu thuc, lvu y dén gia thiét &° +b° +¢* =3

3 3
2

Pap an

1.Pat a=2"p=2"c=2"=abc>0vaa +b’ +c’ =3
Bit ding thitc cdn chimg minh trd thanh

]

7
a” b- e
+ +

a 3
b)) B-F) 2
Theo bit ding thitc Cosi ta co:

53
23— a?)f =2a2.(3—a213—a2)s(2”2 cham +3_“H] -8

3
3 3
a a
sd3-dl<2> >—.
(-2) Pk
b b’ e c
Tuong tu ta cé B e s
S b -0?)” 2 -2) " 2

3 3 3
a b C |

Dau dang thitfc xdy rakhi a=b=c=1hay x=y=2z=0.

: 43
Do dé a[3_62)+b[3_b2)+ [.(3_{:2)25(.5;3 + B +c3)—§ (dpem).

Chiu y: Hoc sinh c6 thé khao sat ham s6 (1) = 1(3 — {2) trén (0; %}E} dé chira 1(3 - !2) S

0,25

0,25

0,25

0,25
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TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 2
Cho céc sb thuc a,b,c¢ théaman diéu kién a+b+c¢ = 0. Chang minh rang
1 + 1 + 1 el

a b b c c a

82+82+1 82+82+1 82+82+1

Hurgng dan gidi q
Du doan dieém roi: bang thirc xay rakhi a=b=c=0.
Pinh hwéng:

a b c
+ Dat 4nphu x =22,y =22,7=22 chuyén vé bai toan sau:
1x,v,2>0 1 1 1
cho "7V MR 4~ g1
Txyz=1 x+y +1 y+z7+1 7z +x +1

+ Pénh gia dai dién biéu thuc.

7 7

bap an
23 L 2
Bt x=22. =22, 2=22 9y r5l
a b ¢
Khido,tacé xyz=22 2 2=1. BDT tr& thanh
1 1 1 0.25
+ + <L
X+ +l P4+l 2 +x’+1]
Taco 2+ +4l = P4y a2
= (x+y)(x’+ ¥’ =xy)+xyz
= (x+y)xy+xyz 0,25
= xy(x+y+z)>0.
Suy ra - l — < 1 =z
x+y +1 xy(x+y+z) x+y+:z
Tuong o, tacé — <
y+zr+l x+y+z
) 0,25
L
Cong 3 BDT trén vé theo v& ta dugc  — 13 +— ll +— 13 <l.
x+y+l y+z+1l zo+x +1 0.25
Déu dang thitc khi va chikhi x=y=z=1 ©a=b=¢=0.




TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 3
Cho céc sb thuc duong x,y,z théamén 13x +5y +12z=9 . Tim giatri nho nhat caabiéu thirc

A= Yo 3yz + 6zx .
2x+y 2y+z 2z+x

Huwéng dén gidi

Duw doan diém roi: Dang thac xay rakhi x=y=z =%.
Pinh hwéng: 7 ,

+ banh gia dai dién biéu thac, lvu y gia thiét 13x+5y +12z=9

Pap an
Ap dung bat dang thirc Cési ta co
W B gy TRV (r42y).
2x+y x+x+y 3 {,’ xxy 3 3 3 9 .
- I zx 1 '
Twomg tir ta o s -S£—(y+22); S <—{(z+2x).
2y+z 9 izrtx 9
Suyra A< l{r+2t]+3{ +2 ]+6( + 2x) I{I"x+'§;+l" y=1
AL —(: N+—={y+22)+—(z+2x)=—(13x+ 5y +12z) =1.
9 9 . 9 9 ’
: G R 3
Dau*“="xayrakhivachikhi x=y=z =E, 0,5

e L . . 3
Suyragidtri lénnhitcua 4 la 1, datkhi x=y=:z= T
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TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 4
Cho céc sb thie khéng am x, v,z théaman xy + yz +zx =3 . Tim giatri nho nhat caa biéu thic

A:x2y3 +y2Z3 +Z2x3 +(x_ 1)2 +(y_ 1)2 +(Z' 1)2

Hardng dén gidi 7

Du doan diem roi: bang thirc xay rakhi x=y=z=1.
Pinh hwéng:

+ Dénh gia dai dién biéu thac x*y* +x +1,..

+ Luu y dén bat dang thirc (x+y+z)2 3 3(xy+yz+zx).

Pap an

Ap dyng bat dang thirc Casi ta cd
3

v x4l =3xv, '+ y+123y 22 +z4+123ax.
Khi do
2 3 - 2.3 - 2.3 S e
A=(x"y +x+D)+(y " +y+D)+x +z+D)+x +y +z" =-Hx+y+2)
7 i i)
ZMxy+yz+zx)+x +y +z -3x+y+2)
=(x+y+z) -Hx+y+z)+3

=(x+v+zlx+y+z-3)+3.
Tirgia thiét xy+yz+zx=3 va x, v. 220 taco
(x+ v+ ) = Hxy+yz+zx)=9.

Suyra x+y+z=23,

Dodo 423,
Dau dang thirc xayrakhi x=y=z=1.
Vay gid tri nho nhat cia 4 1a 3, dat duoc khi x = y=z=1,

0.5

0,5
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TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 5
Cho céc sb thuc duong a,b,c . Tim giatri nho nhét caa biéu thic
atb b+c cta
+ + _
atb+c b+ct+td4a cta+l6b

Huwéng ddn giai
Du doan diém roi: Kho du doan.
binh hwéng:
+batanphu x=a+b+c,y=b+c+4a,z=c+a+16b chuyénvé bai toan sau:

R .2 x0 o]
Cho x,y,z>0 . Tim GTNN cua biéu thirc: P= _8 +427 +—g 16£ - i
X X

+ Pénh gia bang bét ding thirc Cauchy.

béap an
bat x=a+b+c,y=b+c+4a,z=c+a+16b. Khido x, y, z>0 va
a:y—_rj :z—_tjcz2]_r—5y—z.
3 15 15
yox z-x z—r+21x—5'v—z 21_r—5y—z+y—x 05
Suyra P= 3 15 , 15 15 i 15 3
x ¥ z
—6x+5y+z+20x—5y 16x—z __4 12+L £+ﬂ£ 16 x
15x 15y 15z 5 3% 153 Ay 15 ¢
:l l+4i +L £+]6£]_i zi_’_i_izﬁ_
Jlx ) 15w z) > 3 I 5 15
- . e R y=2x
Dau déng thirc xay ra khi va chi khi {~ =
z7 =16x" z=4x
0,5
b+c+4a=2(a+b+c) 5
Sa=—c,b==c
ct+a+l6b=4(a+b+c) 7
e U TR . 16 . 5 3
Vay gia tri nho nhat cua P la ot datdm;rckhaz;c,bz;c.

37



TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 6
Cho céc s6 thyc a,b,c thudc doan g0;1j. Tim gidtri lon nhat ciiabiéu thirc

a+2 bP+2 F+2
= + +

P+l +1 d*+1

Huwdng dan gidi

Duw doan diém roi: Kho dy doan.

Pinh hwéng:

+ Pénh giadai dién, theo hudng khir mau.

Pap an

~

2
b +1

b* ! i

L+t D@4 —=a <" 312~—g’h".
( y—¢ )2 5

a3+2<a2+2
b +1  b*+1

<

Vi a, be[0; 1] nén ta co

=(a’+2)|1-
( )( b +1

JZ(GE+2)—{QZ +2). b

DAiu déng thirc xay ra khi va chi khi a, be {0, 1}.

Hoan toan twong tu, ta cling c6

5 i

c™+1 a +
Suy ra Piﬁ—é(a2b2+bzcz+cza2)56-

Déu déng thirc xay ra khi va chi khi a, b, ce {0, 1} va a’b? +b*c? +c%a” =0 hay trong ba s6 a, b,
¢ ¢6 nhiéu nhat mdt s6 bang 1, cic s6 con lai bang 0.

Suy ra gia tri Ion nhat cua P 1a 6, dat dugc khi trong ba s a, b, ¢ c6 nhiéu nhat mot s6 bang 1, cic
sO con lai bang 0.

0,5

0,5
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TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 7
Cho céc sb thyc duong x,y,z théam@n x +y+z £ 3. Timgiatri nho nhat cua biéu thirc

2 2 2 1 1 1
P:_3+_3+_3+ 2 2 T2 >t 2"
Xy zr x-xyty y -yz+z7 Z-zxtx

Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi x=y=z=1 .
Pinh hwéng:

+ Panh giadai dien.

+ Luu y dén bat dang thirc 1,1, 4
a b a+b
Pép an
Taco %+L3+lzi;%+i3+lzi; 1~+ 1~+l:_}i.
Xy xy ¥y z yz Z X zx
z & 2 © - S
NN = i ——g = 0.5
X ¥ Oz Xy yz zx
Suy ra P+32i+3+i+ z : Fib— : —+— l =
Xy yz zXx X =xy+y Yy =yz+z" Z"—ZzXx+X

Mt khac, ap dung BDT l+l:3

a b a+b

Prlelay(fy 8 Jfu, 1 Jgfs. 1 ]

2 3 3
X yE Oz OLXy X —=xp+y yz yo—yz+z ZX Z —ZX+X

, vo1 a,b>0 taco

2 2 2 4 4 +
e
Xy ¥ X Xx+y Yy +z I +Xx

=4 1 + ,1 - [+4 1 + ,1 = +4(L+ .,,1 ] 0.5
2xy x +y 2yz y +z 2zx zT4x° i

> 16 e 161+ 162216, : - =
(x+y) (y+z2) (z+x) V(J\'+J¢'}2(}’+z}'(:+x}‘

2 16. o ~216. 3'9, =
{2_r+2y+22]' 4.3

=

12,

Do d6 P>9. Dau dang thirc xay rakhi x=y=z=1.
Vay gia tri nho nhit cua P 14 9, dat duge khi x = yp=z=L
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TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 8
Cho céc sb thic khéng am x, v,z théaman x* +y* +z £3y . Timgiatri nho nhit cua biéu thuc
1 4 8
= + + .
(x+1)’ (y+2)* (z+3)

Huwong dén gidi
Duw doan diém roi: Kho dyu doan.
Pinh hwéng: .
s 1A A < , 1 1 8
+Luuy dén bat dang thuc — +—-3 5
a b (a +b)

Pap an

Tacd 2r+4y+2z=(x + D+ (¥ + )+ (2 +1) =2+ v +z2+6=3v+6.

Suvra 2x+ v+ 2z = 6. Dau diing thirc xdy ra khi x=%=z=l.

=

Chii ¥ rang, véi hai s6 dwong a, b dp dung bt dang thirc Csi ta c6

{1+_§+2+:+3}3 {2I+\+Zz+”}]_ (6+]U’]‘_

Déu dang thirc xay rakhi x=1,y=2,z=1.
Viy gid tri nho nhét ciia P bang 1, datkhi x=1,y=2z=1.

Loghes B (*)
a b (a+b)
(dau dang thie xay rakhivachikhig=6.
Ap dung (*) taduge P= _I o+ !I L - 2 Ey g B :
R 64 64.4 , 644

0,5

03
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TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 9
Cho céc sb thyc duong x,y,z théaman 4(x +y +z) = 3xyz. Tim giatri 16n nhat cua biéu thirc
p= 1 + 1 + 1 .
2+x+yz 2+y+zx 2+z+xy

Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi x=y=z=2 .
Pinh hwéng: .

+ Panh giadai dien.

Pap an

Ap dung BT Cési ta ¢6 3xyz =4(x+ y+z) 24.33/xyz, nén xyz 8.
Tiép tuc 4p dung BDT Cbsi ta dugc

24x+yz2 242x + yz 2 2\/2@.}2 = 2\/2@.}-‘3 = 2\/21!2.1}*3 \/}_z > 4\64\/}_3

1 IS A 1 R 1 O A il € -
Suy ra < : S——| =F+—= |8 =+—+—|==| =+—|
2+x+yz 424z 4202 fyz) 812 4 yz) 8l4 xz

o 1 113 1 1 1{3 1
Tuong tytaclingc6 ——— <—| —+ —< | —+—

2+y+mx 8 4 ;’2+z+x}’ 814 xy
Do d6 Psl E+L+i+i - E+E =§.
84 xy yz zx) 8\4 4) 8
Déu dang thirc xay ra khi va chi khi x=y=2z=2.
Vay gia tri lon nhét cua P la % dat dugc khi x=y=z=2.

0,5

0,5

41




TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 10
Cho céc sb thuc duong x,y,z théamén x +y+z=1. Timgiatri nho nhit cua biéu thuc

3 3 3
X
+—2 =

P: 2 2 2 '
X" +yz y t+tzx z7+xy

Huwéng dén gidi
Duw doan diem roi: Bang thic xay rakhi x =y =z =§ :

Pinh hwéng: .

3
+ banh giadai dién -X.
x“+yz
Pép an
Va1 x,y,z>0ta co:
x> XyZ | 1 N4
5 — X = oy = — > — - —
X +yz X“ +yz X 4 > x 1 2
Yz yZ X
y+z
A
3 53
Tuong oo 2y - _xrz. Z > XFY
y< + 72X 4 z° + Xy 4
- 1
~ N = o 1s 1 . 1
Vay P dat gia tri nho nhat bang —2—kh1 X=y=2 :5-
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TTLT Digu Hién Bién sogn: Huynh Chi Hao

Bai 11
Cho céc sb thyc duong x,y,z théaman x* +y* +z% +2xy = 3(x + y +z) . Tim gi&tri nho nhit caa biéu
thirc
20 20
+

Nx+z \Jy+2 .

P=x+y+z+

Huwéng dén gidi

Duw doan diém roi: Dang thuc xay rakhi x=1,y=2,z=3 .
binh huéng: .

+ Bién dbi biéu thirc va danh gla bang Cauchy cho 3 biéu thirc.
+ Luu y dén diémroi vagia thiét.

Pap an

Tu ma thiét ta ¢o x+y+1)= (1+1'}1+: >

Suyra x+y+z56.

Khi do, ap dung BDT Cosi ta co

i
( 8 8 8 8 I
=| (X +2)+—+ +H (r+2)+ = . SRR o
3 VItZ Axt2 Vy+21 |y+2 Vx+z  yy+2)

8 842 03
212+12+— -2221+— = 26.
Y(x+2)(y+2) JEX+y+2+2

Ddu ding thire xdy ra khi vi chi khi x=1, y=2,z=3.
Viy gid tri nho nhdt cua P 1a 26, dat duge khi x=1, y=2, z=13.
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