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Chuong 1

MENH DE - TAP HOP

1.  MENHPDE

I. Tém tat Ii thuyét
1. Meénh dé
Pinh nghia 1. Ménh dé logic (goi tit 1a ménh d&) 1a mot cau khang dinh hoidc diing hoic sai.
e Mot ménh dé khong thé vira diing vira sai.
e Mot cAu khing dinh diing goi 12 ménh dé diing. Mot cau khing dinh sai goi 12 ménh deé sai.
/N Nhitng diém cdn luu y.
e Cdc cdu hdi, cdu cdm thdn, cdu ménh 1énh khong phdi la ménh dé.

o Ménh dé thuong duoc ki hiéu bang cdc chit cdi in hoa.
Vi du: Q:“6 chia hét cho 3”.

o Mot cdu ma chua thé néi diing hay sai nhung chdc chdn né chi diing hodc sai, khéng thé vita diing
vita sai ciing la mét ménh dé.
Vi du: “Co su song ngoai Trdi Ddt” la ménh dé.

o Trong thuc té, cé nhiing ménh dé ma tinh diing sai ciia né luén gdn véi mot thoi gian va dia diém cu
thé" diing & thoi gian hodc dia diém nay nhung sai ¢ thoi gian hodc dia diém khdc. Nhung & bdt ki
thoi diém nao, dia diém nao ciing luén cé gid tri chdn li duing hodc sai.

Vi du: Sdng nay ban An di hoc.

2. Ménh dé chita bién

Dinh nghia 2. Nhiing ciu khang dinh ma tinh diing-sai clia chiing tlly thudc vao gid tri clia bién goi 1a
nhiing ménh dé chwra bién.

2 R 1 R
Vi du: Cho P(x) : x > x* véi x 1a s6 thuc. Khi d6 P(2) 1a ménh dé sai, P (§> la ménh dé dung.

3. Ménh dé pha dinh

Pinh nghia 3. Cho ménh dé P. Ménh dé “Khong phai P’ dudc goi 1a ménh dé phii dinh ctia P va ki hiéu
laP.

11
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e Ménh d& P va ménh dé phti dinh P 1a hai cau khang dinh trdi ngugc nhau. Néu P ding thi P sai, néu
P sai thi P ding.

e Ménh dé phii dinh ctia P c6 thé dién dat theo nhiéu cach khac nhau. Chang han, xét ménh dé P: “2 1a
s6 chdn”. Khi d6, ménh dé phii dinh ctia P c6 thé phat biéu 1a P: “2 khong phai 12 s6 chdn” hodc “2 1a
s6 187,

4. Meénh dé kéo theo va ménh dé dao

Pinh nghia 4. Cho hai ménh dé P va Q. Ménh d& “Néu P thi Q” dudc goi 12 ménh dé kéo theo.
e Kihi€ulaP= Q.
e Ménh dé kéo theo chi sai khi P diing Q sai.
e P = Q con dugc phat bi€u 1a “ P kéo theo Q”, “P suy ra Q" hay “Vi P nén Q.
/\ Chiiy
° Trong todn hoc, dinh li la mot ménh \dé\ diing, thuong c6 dang: P = Q. Khi do ta néi P la gid thiét, Q
la két ludn ciia dinh Ii, hodc P la diéu kién dii dé'co Q, hodc Q la diéu kién can dé’co P.

e Trong logic todn hoc, khi xét gid tri chén Ii ciia ménh dé P = Q nguoi ta khong quan tém dén méi
quan hé vé noi dung cva hai ménh dé P, Q. Khong phdn biét truong hop P c6 phdi la nguyén nhdn dé’
c6 Q hay khéng ma chi quan tam dén tinh ding, sai ciia chiing.

Vi du: “Néu mdt troi quay quanh trdi ddt thi Viét Nam ndm ¢ chdu Au” la mét ménh dé diing. Vi &
ddy hai ménh dé P: “Mqt troi quay xung quanh trdi ddt” va Q: “Viét Nam nam & chdu Au” déu la
ménh dé sai.

Pinh nghia 5. Cho ménh dé kéo theo P = Q. Ménh dé Q = P dudc goi 1a ménh dé dao cta ménh dé
P=0.

/\ Ménh dé ddo ciia mét ménh dé diing khong nhdt thiét la mét ménh dé ding.

5. Ménh dé tuong duong

Pinh nghia 6. Cho hai ménh dé& P va Q. Ménh dé c6 dang “P néu va chi néu Q” dugc goi 1a ménh dé tuong
duong.

e KihiculaP < Q

e Ménh dé P < Q diing khi ca hai ménh dé P = Q va Q = P cung diing hoiic ciing sai. (Hay P < Q
ding khi ca hai ménh dé P va Q cling diing hoiic ciing sai)

e P & Q con dudc phat biéu 1a “P khi va chi khi Q”, “P tuong duong véi Q”, hay “P 1a diéu kién can
va da décé Q.
/\ Hai ménh dé P, Q tuong dwong vdi nhau hoan toan khong cé nghia la ndi dung ciia chiing nhw nhau,
ma no chi noi lén rang chiing co cung gid tri chdan li (cung diing hodc cing sai).
Vi du: “Hinh vudng cé mot goc tiu khi va chi khi 100 la sé nguyén t6” la mot ménh dé diing.
6. Cac ki hiéu V va 3
e Ki hiéu V (v6i moi): “Vx € X, P(x)” hoac “Vx € X : P(x)”.
e Ki hiéu 3 (ton tai): “Ix € X, P(x)” hodc “Ix € X : P(x)”.
/\ Chiiy
e Phii dinh ciia ménh dé “Vx € X,P(x)” la ménh dé “Ix € X,P(x)”.

e Phii dinh ciia ménh dé “Ix € X, P(x)” la ménh dé “vx € X,P(x)”.
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II. Cac dang toan

Dang 1. Ménh de co noi dung dai so va so hoc

Vidu 1. Tim ménh dé phii dinh ctia cic ménh dé sau:
a) A:“V/61asb hitu ti”.
b) B:“n chia hét cho 3 va 5 thi n chia hét cho 15”.

c) C:“VxeN:x*+x+3>0".

Yy

d) D:“IreN,IyeR: 242 =2"
y X

Lui gidi.

a) A :“v/6 khong 1a s6 hitu ti”.

b) B: “n khong chia hét cho 3 hoic n khong chia hét cho 5 thi n6 khong chia hét cho 15 .
¢) C:“IeN:x2+x+3<0".

d) D:VxeN,WyeR: > +2 40"
y X

7~

Vi du 2. Xét tinh diing - sai clia cic ménh dé sau va tim ménh dé phii dinh cia n6:
a) Vxc€R:x*>+6>0.

b) IxeR:x*+x+1=0.

¢) IxeR:x>x%

Loi giai.
a) Ménh dé ding.
Phidinh1aA:IxeR:x24+6<0.

b) Ménh dé sai vi phuong trinh x> +x+ 1 = 0 vo nghiém trong R.
Phii dinh1a B: “Vx € R : x2 +x+ #0.

A 1
¢) Meénh dé ding, vi dux = 3
Phii dinh 1a Vx € R : x < x?

Vi du 3. Diéu chinh cic ménh dé sau dé dudc cdc ménh dé diing:
a) VxeR:3x—1=0.
b) Vx e R:x* —4x=0.

c) IreR:x2+1<0.

1
d VxeR:x> -

Li gidi.
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a) xeR:3x—1=0.

b) wreR:x2—4x=0.

¢c) IxeR:x>+1>0hoacVxeR:x>+1>0.

1
d) IxeR:x>-.
X

[ Vi du 4. Ching minh “Néu 7? 12 s6 chin thi n 12 s6 chin.” ]

Lui giai.

Giastinlasblé =n=2k+1,keN
= n* = 4k? +4k+1=2(2k*+2k) + 1
= n? 1a 56 1 (trai gia thiét).

Vay n 12 s chén.

Vi du 5. Chiing minh ring:
a) V&i moi s6 nguyén n thi n® — n chia hét cho 3.

b) V6i moi s6 nguyén n thi n(n — 1)(2n— 1) chia hét cho 6.

Loi gidi.

a) Taco:n’ —n=nm>—1)=n(n—1)(n+1)= (n—n(n+1).
Don—1,n, n+11a 3 sd nguyén lién tiép nén c6 1 sd chia hét cho 3.
Khi d6 (n— 1)n(n+ 1) chia hét cho 3 hay n® —n chia hét cho 3.

b) Tacén—1,nla2 sdnguyén lién tiép nén tich n(n — 1)(2n — 1) chia hét cho 2.
Xét 3 s6 nguyén lién tiép n — 1, n, n+ 1, trong 3 s6 nay c6 it nhat 1 sd chia hét cho 3.

e Néu 1 trong 2 s6 n— 1, n cho hét cho 3 thi tich n(n — 1)(2n — 1) chia hét cho 3.

e Néun+ 1 chia hét cho 3 thi 2n— 1 = 2(n+ 1) — 3 ciing chia hét cho 3. Suy ra tich n(n —1)(2n—1)
chia hét cho 3.

Vay tich n(n —1)(2n — 1) vita chia hét cho 2 vita chia hét cho 3 nén chia hét cho 6.
BAI TAP TU LUYEN

Bai 1. Hay xét tinh ding - sai ctia cdc ménh dé sau day va tim ménh dé phii dinh ctia ching:
a) A: “VxeR:x2>17.
b) B: “Ix€Z:6x>—13x+6=0".
c) C: “VxeN,JyeN:y=x+42".
d) D “vxeR,vyeR:;—%)y—c >0,
Lui giai.

a) Ménh dé sai, vi du nhu x = 0.
Phidinh1aA:“IxeR: x> <17
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3
xX=—
2

2’
X:§
Phiidinh1aB: “Vx € 7Z: 6x> — 13x+6 #0”.

b) Ménh dé sai vi 6x2 — 13x+6=0<

c) Ménh dé dung.
PhudinhlaC: “Ixe N,Vye N:y#x+2".

d) Ménh dé sai, vidux= 1,y = —2.
Phi dinh 1a D : “EIxGR,EIyER:)—C+X<O”.
y X

Bai 2. Xét tinh ding - sai cia cdc ménh dé sau. Néu ménh dé sai hay stia lai cho diing:

a) WeR:x>4=x>16.
b) VxeR:x%2>36=x>6.

2
bx+c=0
o) {“x O E=0 6 nghiem kép < A = b? — dac = 0.

a#0

d) Va,b,ceR: {a &a>c.
b>

a3 )
e) Ya,beZ: & ab:6.

Loi giai.
a) Ménh dé diing.

b) Ménh dé sai, vidux = —7.
StalailaVxeR:x>6=x%>>36hoic IrcR:x*>>36=x>6.

¢) Ménh dé ding.

aq 4y ja>b Ny
d) Ménh de{ = a > c la ding.
b>c

R >b
Ménhdéa>c:>{a 3 sai, vidunhta = 3,c = 1,b = 0.
b>c
o [aPH+bxtce=0 2 ..
Nhu vay ménh dé 40 cO nghiém kép < A = b* — 4ac =0 la sai.
a
o s A X 2 < a>b
Sua lai ménh dé dung la Va,b,c € R : b =a>c.
c

a3 _
e) Ménh dé = ab:6 la dung.
b2

N a3
Ménh dé ab:6 = la sai, vidunhua =6,b = 1.
b:2

c4 hai nghiém déu khong thuoc Z.

15
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R a:3 )
Nhu vdy ménh dé Va,b € Z : < ab:6 1a sai.
b:2

Sita lai ménh dé ding 1 Va.b € Z: 4% = abi6
b:2
Bai 3. Xét tinh ding - sai cic ménh dé sau va tim ménh dé phu dinh cta ching:
a) VaeR,Vb e R : (a+b)* = a*—2ab+b>.
b) Vae R, Vb eR:a?+2>b*+1.
¢) daeR,beR:a+b>1.
d) JacR, VbR :a?> < b.
e) VacR,IbeR:a’>=b+1.

2 2 2
b
f) Ya,b,c c Rmaa+b+c=0thi —H% =ab+ bc+ca.

Lui gidi.

a) Ménh dé sai vi (a+b)? = a® — 2ab+ b*.
Phidinh1a3a € R,3b € R : (a+b)* # a® — 2ab + b2

b) Ménh dé sai, vidua =0,b = 2.
PhidinhlaJaceR,IbeR: a®>+2<b*+1.

¢) Ménh dé diing.
PhidinhlaVae R,VbeR:a+b < 1.

d) Ménh dé sai, vidua=3,b=1.
PhiidinhlaVa € R,3b € R: a? > b.

e) Ménh dé diing, s6 b xéc dinh bdi b = a> — 1,Va € R.
Phiidinhla3da e RVbeR :a®> # b+ 1.

f) Ménh dé ding via+b+c=0< (a+b+c)> =0 a®+b*>+ > +2(ab+bc+ac) =0

2,320 2
b
2 2,12, 2
b
PhﬁdjnhléEIa,b,ceRméa%—b—kc;ﬁOth‘l—%#ab+bc+ca.

. b
Bai 4. Chiing minh rang Va,b >0 : g +->2.
a
Loi giai.
., . a b 2 2 2 A 1
Gia st E+_ <2=a"+b"<2ab= (a—b)> <0 (VOly).
a
b
VayVa,b>0: 242 >0,
b a
Bai 5. a) Néu a+ b < 2 thi mot trong hai s6 a va b nhd hon 1.
b) Néux# —1vay# —lthix+y+xy#—1.
¢) Néu tich ctia hai s6 tu nhién 12 mot s6 18 thi tong clia ching 1a mot sd chén.

d) Néux?+y>=0thix=0vay=0.
Loi giai.
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a) Gidsta>1vab>1,suyraa+b > 2 (trdi gia thiét).
Vay néu a+ b < 2 thi mot trong hai s6 a va b nhd hon 1.

x=—1 .
b) Gidst:x+y+xy=1=x+1+y+xy=0= x+1)(y+1)=0=| 1(tréigie"lthiét).

Viynéux# —1vay# —1thix+y+xy# —1.

¢) Gia st tdng a + b 12 s6 18 thi mot trong hai s6 a, b c6 1 56 12 56 18 con s6 con lai 1a s6 chin nén tich a.b
12 s6 chén (tri gia thiét).
Vay néu tich ctia hai s tu nhién 12 mot s6 1€ thi tdng cta chiing 12 mot sd chén.

d) Gia st x # 0 hodc y # 0.
o Néux#0=x>>0=x>+y>> 0 (trdi gia thiét).
e Néuy#0=y>>0=x>+y> >0 (trdi gia thiér).

Viy néu x> +y> =0thix=0vay=0.

x| <1

= x4y < |1+ xy|.
<1 b+ y| < [1+xy|

Bai 6. Chiing minh ring {

Loi giai.
Gid stt [x+y| > |1 +xy| = (|x+¥])* = (|1 +x0])* = 2 +37 + 22 > 14277 4 2xy
= (1-x*)(1-y") <0

1-x*<0 x| > 1

1-y*>0 <t
= ) == (trai gia thiet)

1-x2>0 {|x|§1

l—yzgo b’|21

. {|X|<1
Vay = |x+y| < |1+xyl.
vl <1
Bai 7. Ching minh /a++va+2 <2va+1,Ya > 0.
Loi gidi.
Gia st /a++va+2>2va+1,Ya>0
= (Va+ \/61—1—2)2 > (2va—|—1)2
=a+2y/ala+2)+a+2>4(a+1)
= /ala+2)>a+1,véia+1>0
=a*+2a>d*>+2a+1
=0>1(wol)

Vay Va>0:+/a++va+2<2va+1.

Bai 8. Chiing minh ring néu ac > 2(b +d) thi it nhit mot trong hai phuong trinh sau c6 nghiém

X +ax+b=0 (1)

X +ex+d=0 (2)

Loi giai. Gia st ca hai phuong trinh déu vo nghiém, khi dé6 ta c6
Ar=a>—4b <0

{Az =c?—4d <0

= a® +c? < 2ac (do 2(b+d) < ac)

= (a—c)? <0 (voli).

Vay it nhit 1 trong 2 phuong trinh da cho c6 nghiém.

= a’+c? <4(b+d)
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Bai 9. Chiing minh khi ta nh6t 7+ 1 con ga vao n cdi 16ng thi c6 it nhét 1 16ng chia it nhit 2 con ga.

Loi gidi. Gia st khong c6 16ng nao chiia nhiéu hon 1 con ga. Khi d6 sb ga sé khong nhiéu hon s6 16ng. Vay
¢6 nhiéu nhét 12 # con ga. Piéu nay mau thuin véi gidi thiét c6 n+ 1 con ga.

Vay khi ta nhot n+ 1 con ga vao n cdi 16ng thi c6 it nhat 1 16ng chia it nhét 2 con ga.

Bai 10. Chiing minh v6i moi sb tu nhién n:
a) n*+n—+ 1 khong chia hét cho 9.

b) n?+ 11n+ 39 khong chia hét cho 49.
Loi giai.

a) Gia sit n® +n+ 1 chia hét cho 9, khi d6 n?> +n+ 1 = 9k, véi k 1a s6 nguyén. Nhu vy phuong trinh
n>+n+1-9k=0 (1) sécénghiém nguyén.
Xét A =1—4(1—9k) =36k —3 = 3(12k — 1). Ta thdy A chia hét cho 3, 12k — 1 khong chia hét cho 3
nén A khong chia hét cho 9, do d6 A khong 1a s& chinh phuong nén phuong trinh (1) khong c6 nghiém
nguyén (mau thuin gia thiét).
Vay n? +n+ 1 khong chia hét cho 9.

b) Gia st n®> + 111+ 39 chia hét cho 49, khi d6 n? + 11n+ 39 = 49k, vé6i k 1a s6 nguyén. Nhu vy phuong
trinh n? +11n+39—49k =0 (1) s& c6 nghiém nguyén.
Xét A =112 —4(39 — 49k) = 196k — 35 = 7(28k — 5). Ta thiy A chia hét cho 7, 28k — 5 khong chia hét
cho 7 nén A khong chia hét cho 49, do d6 A khong 1a s6 chinh phuong nén phuong trinh (1) khong c6
nghiém nguyén (mau thuin gia thiét).
Viy n? + 11n + 39 khong chia hét cho 49.

Dang 2. Ménh dé ¢6 ndi dung hinh hoc

Vi du 6. Xét tinh diing-sai ctia cdc ménh dé sau:

a) P :“Hai véc-tc bang nhau thi c6 do dai bang nhau”.

b) Q: “Hai véc-to bang nhau néu chiing c6 do dai bang nhau”.

Loi giai.
a) Ménh dé P 12 ménh dé diing theo dinh nghia hai véc-tc bang nhau.

b) Ménh dé Q 1a ménh dé sai. Hai véc-to bang nhau néu ching cliing huéng va c6 d6 dai bang nhau. Nhu
vay con thiéu diéu kién vé huéng clia hai véc-to.

Vidu 7. Cho tam gidc ABC. Xét tinh ding-sai clia cdc ménh dé sau:
a) Néu AB? +AC? = BC? thi tam gidc ABC vuong tai B.
b) NéuAB > AC thi C > B.

¢) Tam gidc ABC déu khi va chi khi n6 thda man ddng thoi hai diéu kién AB = AC va A = 60°.

Loi giai.
a) Ménh dé sai. Ménh dé diing 1a: “Néu AB? + AC? = BC? thi tam gidc ABC vuong tai A”.

b) Ménh dé diing theo mdi lién hé gitta goc va canh ddi dién trong tam giac.
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¢) Ménh dé diing theo d4u hiéu nhan biét tam giac déu.

Vidu 8. Cho tif gidc 16i ABCD. Xét tinh diing-sai ctia cic ménh dé sau:
a) Tu giac ABCD la hinh ch@t nhat khi va chi khi n6 thoa man AC = BD.

b) Tit gidc ABCD la hinh chit nhit néu n6 c6 ba géc vuong.

Lui gidi.

a) Ménh dé sai. Ménh dé c6 cau triic P < Q trong d6 ménh dé P = Q: “Ti gidc ABCD 14 hinh chit nhat
thi AC = BD” 12 ménh dé ding con ménh dé Q = P 1a ménh dé sai.

b) Ménh dé ding, theo diu hiéu nhan biét hinh chi nhat.
BAI TAP TU LUYEN

Bai 11. Xét tinh ding-sai cia cdc ménh dé sau:

a) Hai véc-to dvab cung hudng véi véc-to ¢ thi 7, b cung hudng.

% %

b) Trong ba véc-to khac véc-td 0 va cung phuong thi cé it nhat hai véc-td cung hudng.
Loi giai.

a) Ménh dé ding theo cach hiéu vé huéng ctia véc-to.

5 — —
b) Ménh dé ding. That viy: Xét ba véc-to @, b , ¢ khdc véc-td 0 va cung phuong. Khi d6 c¢6 2 trudng
hop:

R . - . .
Truong hgp 1. Hai véc-to a, b cung hudng
Trudng hop nay phi hop két luan.

Truong hgp 2. Hai véc- td 7 b ngudc hudng
Khi d6 néu véc-to ¢ ngugc hudng véi véc-to d thi ¢ va b cung hudng.

Bai 12. Xét tinh diing-sai ctia cdc ménh dé sau:
a) Hai tam giac bang nhau khi va chi khi chiing c6 dién tich bang nhau.

b) Mot tam gidc la tam giac déu khi va chi khi né c6 mot géc bang 60° va hai dudng trung tuyén bang
nhau.

Loi giai.
a) Ménh dé sai vi hai tam gidc bang nhau thi c6 dién tich bang nhau nhung ngudc lai, hai tam gidc c6
dién tich bang nhau thi c6 thé khong bang nhau. Vi du mot tam giac vudng c6 canh géc vudng 1a 2 va

8, tam giac vudng thu hai c6 canh goc vudng la 4 va 4 c6 cung dién tich nhung hai tam gidc khong
bang nhau.

b) Ménh dé diing. That vay, xét tam gidc ABC tuy y.
+) Néu tam gidc ABC déu thi ca ba goc bing 60° va cdp trung tuyén nao ciing bang nhau.
+) Ngudc lai, gia st ¢6 hai trung tuyén BM va CN bang nhau. Khi dé hmh | thang BCMN c6 hai dudng
chéo biang nhau nén né 1a hinh thang can. Do d6 tam gidc ABC c6 B=Cva gbc mot gée bang 60°
nén tam gidc ABC déu.

Bai 13. Xét tinh ding-sai clia cdc ménh dé sau:
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a) Mot tii gidc 1a hinh binh hanh khi va chi khi n6 c6 mdt ciip canh ddi song song va b?lng nhau.
b) Mot tif gidc 1a hinh binh hanh khi va chi né c6 hai dudng chéo bang nhau.

Loi giai.
a) Ménh dé diing, theo diu hiéu nhan biét hinh binh hanh.

b) Ménh dé sai. Chang han hinh thang cin c6 hai dudng chéo bing nhau nhung khong nhét thiét phai 1a
hinh binh hanh.

Bai 14. Cho tif gidc ABCD. Xét hai ménh dé:
P: “Tu giac ABCD la hinh vudng”.
Q: “Tit gidc ABCD 1a hinh thoi c6 hai dudng chéo bang nhau”.

Phit biéu ménh d& P < Q bing hai cach va cho biét ménh dé d6 ding hay sai.

Loi gidi. Phat biéu ménh dé:

Céch 1. “Ti giac ABCD 1a hinh vudng khi va chi khi n6 1a hinh thoi c6 hai dudng chéo bang nhau”.

Cach 2. “Ti gidc ABCD 1a hinh vudng 1a diéu kién can va dd dé nd 1a hinh thoi c¢6 hai dudng chéo biang
nhau”.

Meénh dé nay diing theo tinh chat va diu hiéu nhan biét hinh vudng.

Bai 15. Xét cac tap hop:

X: tap hgp cac tu giac.

A: Tap hdp cac hinh vudng.

B: Tap hop cac hinh chit nhat.

D: Tap hdp céc hinh thoi.

E: Tap hop céc t gidc c6 truc dbi xing.

Phat biéu thanh 13i ndi dung cdc ménh dé sau va xét tinh diing sai clia chiing.

a) xeX,xeB=x€cA.
b) VxeX,xcA=xeD.
c) VxeX,xe E=x€B.
d) VxeX,xeD=x€cE.
e) xcE: x¢B.

Loi giai.

a) Phat biéu: “Moi hinh chit nhat déu 13 hinh vudng”.
Ménh dé nay sai vi hai canh ctia hinh chit nhat khong phai Iic nao ciing biang nhau.

b) Phat biéu: “Moi hinh vudng déu 1a hinh thoi”.
Ménh dé nay diing vi moi hinh vudng déu la tii gidc c6 bdn canh bing nhau.

c¢) Phat biéu: “Moi td gidc c6 truc d6i xing déu 12 hinh chit nhat”.
Ménh dé nay sai, vi du hinh thang can c6 truc d6i xting nhung hinh thang cin c6 cic géc c6 sb do
khong nhét thiét phai bang 90°.

d) Phat biéu: “Moi hinh thoi déu c6 truc d6i xing”.
Ménh dé nay diing vi mdi hinh thoi déu c6 it nhdt hai truc dbi xting 1a hai dudng chéo.
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e) Phat bi€u: “Ton tai mot ti gidc ¢ truc dbi xiing ma khong phai 1 hinh chit nhat”.
Ménh dé nay diing, chang han hinh thang cén c6 géc & ddy bang 60°.

Dang 3. Thanh 1ap ménh dé - Ménh dé phu dinh

a) Phat bi€u thanh 16i khi cho cho mdt ménh dé dang ki hiéu.
b) Dung ki hiéu V, 3 phét biéu mot ménh deé.
¢) Xét tinh Pung — Sai ctia cdc ménh dé.

d) Pht dinh mot ménh deé.

Vidu 9. Phit biéu thanh 18i cdc ménh dé sau day:

a) “VxeR,x%>#£0".

b) “eR, x> < %”.

1
) “Vx€R,~ >x".
X

d) “IxeR,/x>x".

Lui gidi.
a) Moi sb thuc déu c6 binh phuong khac khong.
N < 1
b) Ton tai mot so thuc ma binh phuong cia né nho hon —.

¢) Moi s6 thuc déu c6 nghich d4o 16n hon hoic bang chinh né.

d) Ton tai mot s thuc sao cho cin bac hai cia né 16n hon né.

Vi du 10. Dung cic ki hiéu V, 3 phat biéu cdc ménh dé sau:
a) Ton tai mot s6 tu nhién chia hét cho 9.

b) Moi s6 khong am déu 16n hon khong.

¢) Ton tai mot s6 thuc khong 1a s6 duong ciing khong 1a sb am.

Loi giai.
a) “ne N,n:9”.
b) “Vx>0,x>0".
c) “dxeR,x=0".

Vi du 11. Xét tinh Piing — Sai ctia cic ménh dé sau:

a) “VxeR, x>0

b) “Vne N,n? >n”.

Li gidi.
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a) 3x =0 € R,0% = 0 = Ménh @@ sai.

b) In=1¢€N,1? =1 = Ménh dé sai.

Vi du 12. Phi dinh cic ménh dé sau day:
a) Tht ca bai tip trong sach nay déu dé.
b) C6 it nhit mot hinh thang ndi tiép dudc trong dudng tron.

¢c) “eR,x+3=5".

d) “ixeR,x>5".

Loi giai.
a) Ton tai mot bai tip trong sach khong dé.
b) Moi hinh thang déu khong noi tiép dugc trong dudng tron.
c) “VxeR,x+3#5".
d) “dxeR,x<5".
BAI TAP TU LUYEN

Bai 16. Phat biéu thanh 15i cic ménh dé sau day:

1
a) “IreR, - =x".
X

1
b) “IneN,- e N".
n

c) “VxeR,x?>—4x+8>0".

d) “IxeZ,x>+5x <07,
Loi giai.

a) Ton tai mot s6 thuc ma nghich ddo ctia né bang véi né.

b) Ton tai s6 tu nhién sao cho nghich ddo ctia né thudc tap sb tu nhién.

¢) Vé6i moi sb thuc ta déu c6 binh phuong ctia né hiéu bdn 1an n6 va cong thém 8 16n hon 0.

d) Ton tai mot sb nguyén ma tong binh phuong ciia né v6i nim 1an né bé hon hoic bang 0.
Bai 17. Dung cic ki hiéu V, 3 phat bi€u cdc ménh dé sau:

a) C6 mot s6 tu nhién khac khdng ma cin béc hai cia né thudc tap sb tu nhién khac khong.

b) Moi s6 nguyén déu 1a sd tu nhién.

¢) C6 mot sd tu nhién khong 1a s6 nguyén.

d) Moi sé tu nhién déu 1a sé thuc.

e) Ton tai mot s6 thuc khong c6 nghich dio.

Li gidi.
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a) “IneN* /ne N,
b) “Vne Z,ne N”.
c) “GneNn¢Z”.
d) “vneN,neR”.

N
e) “dx € R, khong ton tai —”.
X

Bai 18. Phu dinh cdc ménh dé sau:
a) Moi hoc sinh trong 16p em déu biét dung may tinh.
b) C6 mdt hoc sinh trong 16p em chua dugc leo nui.
¢) Moi hoc sinh trong 16p em khong biét dd bong.
d) C6 moét hoc sinh trong 16p em thich bong chuyén.
Loi giai.
a) C6 mot hoc sinh trong 16p em khong biét ding mdy tinh.
b) Moi hoc sinh trong 16p em déu dudc leo nui.
¢) C6 mdt hoc sinh trong 16p em biét dd bong.
d) Moi hoc sinh trong 16p em khong thich béng chuyén.
Bai 19. Xét xem cac ménh dé sau diing hay sai va néu cic ménh dé phu dinh cta chiing.
a) “VxeR,x2—Tx+15>0".
b) “weR,x3+2x2+8x+16=0".
c) “VxeR,VyeR,2x+3y=75".
d) “XeR,IyeR,x?>+y>—2x—dy=—1",

Lui giai.

a) Taco:
7 49 49 ( 7)2 11 11
2 2
-7 15=x"—-2.—. — 4+ 15— —= - — —>—>0 R.
X X+ X 2x+4—|— 1 x2+4_4> Vx €
Vay ménh dé dung.

Meénh dé ph dinh: “Ix € R,x% — 7x+ 15 < 0”.

b) Ix=—-2€R,(-2)>+2.(-2)*+8.(—2) + 16 = 0 = Ménh dé duing.
Ménh d& phi dinh: “Vx € R, x> 4+ 2x2 4 8x+ 16 # 0”.

¢c) x=0€R,Iy=0€R,2.0+3.0 =0 # 0= Ménh d¢ sai.
Ménh dé phi dinh: “3x € R, 3y € R, 2x+ 3y # 0”.

d) Ix=1eR,Iy=0€R,1>2+0%> 2.1 —4.0 = —1 = Ménh dé diing.
Ménh dé phii dinh: “Vx € R,Vy € R,x* +y?> —2x —dy = —17.

Bai 20. Tim hai gia tri thuc ctia x dé tit mdi ciu sau ta dudc mot ménh dé ding va mot ménh dé sai.

a) x2 < x.

23
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b) x=35

c) x> 0.
1
d) x> —.
X
Lai giai.

1 R
a) VGix= 5 thi ménh dé dung.
V6i x = 1 thi ménh dé sai.

b) Véi x = 5 thi ménh dé ding.
Véi x = 0 thi ménh dé sai.

¢) V6ix = 1 thi ménh dé diing.
V6i x = 0 thi ménh dé sai.

d) Véi x = 2 thi ménh dé diing.

1 R
V6ix = > thi ménh dé sai.

BAI TAP TONG HOP

Bai 21. Chiing minh rang: Néu nhdt 25 con thd vao 6 cdi chudng thi sé c6 it nhat mot chudng chia nhiéu
hon 4 con tho.

Loi gidi. Ta dinh nghia ménh dé Q.

Q : It nhit 1 chudng chita nhidu hon 4 con thd.

Suy ra ménh dé Q : Tit ca cic chudng chia it hon hoic bing 4 con thd.

Gia sit ménh dé Q diing, tic 1a tit ca cic chudng chifa it hon hodc bang 4 con tho. Khi d6 sb thd sé c6 tdi da
12 4.6 = 24 con, mau thuén véi gi thiét s6 thd 1a 25 con.

Suy ra ménh dé Q sai, do d6 ménh dé Q ding.

Vay néu nhdt 25 con thd vao 6 cdi chudng thi sé c6 it nhat 1 chudng chifa nhiéu hon 4 con tho.

Bai 22. Cho cdc ménh dé chia bién P(n) : “n 1a s6 chdn” va Q(n) : “Tn+41a s6 chan”.
a) Phat bi€u va ching minh ménh dé “vn € N,P(n) = Q(n)”.
b) Phat biéu va chiing minh ménh dé dao ctia ménh dé & cau 1.

Lisi gidi.

a) V6i moi sb tu nhién 1, néu n 12 s6 chin thi 3n +4 ciing 13 s6 chin.
Chting minh:
V6i moi sb tu nhién n chn, ta c6: 3n va 4 12 cic s6 chin. Suy ra 3n+ 4 12 mot sb chén.
Viy ménh dé ding.

b) V6i moi sb tu nhién 1, néu 3n 44 14 s chin thi n ciing 12 s6 chin.
Chting minh:
V6i moi s6 tu nhién n ma 3n+ 4 1a sb chén thi ta suy ra 3n 13 s6 chin (do 4 14 s6 chin). Khi d6 n 1a
mdt s6 chan.
Vay ménh dé do diing.
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§2. TAP HOP

I. Tém tit Ii thuyét

1. Tap hop va phan tir
e Tip hop (goi tat 1a tap) 1a mot khdi niém co ban clia todn hoc, khong dinh nghia.
e Ta thudng diing céc chii cdi in hoa dé ki hiéu cho tap hop.

e Cho tip hop A va phan i x. Néu x c6 mit trong tip A ta néi x 1a mot phan tit clia tap A hay x thuoc A,
ki hiéu x € A hoiic A > x. Néu x khong c6 miit trong tip A ta n6i x khong thudc A, ki hiéu x ¢ A hoac
AZx.

2. Cach xac dinh tap hgp
e Liét ké cac phan ti ciia tap hop.

e Chi ra céc tinh chit dic trung cho cc phan tif ctia tap hop.

3. Tap hop rong
Dinh nghia 1. Tap hop rdng, ki hiéu 12 @, 1a tip hop khong chita phan ti nao.

4. Tap con. Hai tap hop bang nhau
e Tip hop A goi 1a tap con clia tp hop B, ki hiéu A C B néu moi phan ti ctia tap hop A déu thudc B.

V6i ki hiéu do,tac6 A C B< (Vx,x € A= x € B)

e Tap rong 1a tip hop khong chifa phan ti nao, ki hidu 1a .
Qui udc : @ C A v6i moi tap hop A.

e Hai tip hop A va B goi la bang nhau, ki hiéu A = B néu mdi phan tif ctia A 12 mot phan ti cia B va
ngudgc lai.

V6i dinh nghia d6,tac0A=B < (ACBvaBCA)
5. Tinh chit
Tinh chit 1.
a) O CA, véimoiA.
b) A C A, véi moi A

c) NuAcCBvaBCCthiAcCC

II. Cac dang toan

Dang 1. Xac dinh tip hop - phan ti ctia tap hop

e Liét ké cac phan ti clia tip hop (gidi phuong trinh néu can).

e Néu dac trung cua tap hop.
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Vi du 1. Xdc dinh tap hop A gdm 10 sb nguyén t6 diu tién biang phuong phap liét ké

Loi giai.
A=1{2;3;5;7;11;13;17;19;23;29}

Vi du 2.
a) Tap hop A cic s6 thuc 16n hon 1 vanhdhon31aA = {x € R |1 < x < 3}.

b) Tap hop S gdm cic nghiém ctia phuong trinh x® +9=01aS={xc R |x*+9=0}.

Vi du 3. Liét ké cdc phan tif clia cic tap hop sau:
a) A={neN|n<5}.
b) B 1a tap hop cac s6 tu nhién 16n hon 0 va nhd hon 5.

c) C={xeR|(x—1)(x+2)=0}.

Li giai.
a) A=1{0;1;2;3;4}.

b) B={1;2;3;4}.

¢) Taco (x— 1)(x+2) =0 e [x_
x=-2.

Max € RnénC={-2;1}.

Vi du 4. Liét ké cdc phan ti clia cic tap hop sau:
a) A={xeZ| (262 —3x+1)(x+5) =0}.
b) B={xeQ|(x*—2)(x*—3x+2)=0}.

Loi giai.

a) Taco:
x=1
(22 —3x+1)(x+5) =0 < x:%
x=-5.
Vix€ZnénA={1;-5}.
b) Taco:
x=v2
(?=2)(x*-3x+2)=0< =-V2
=2.

Vix € Qnén B={1;2}.
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Vi du 5. Viét cdc tap hop sau bang phuong phép liét ké:
a) A={xeQ|(x¥*—2x+1)(x*-5)} =0.
b) B={xeN|5<n? <40}
©) C={xeZ|x*<9}.

d) D={xeR|[2x+ 1| =5}.

.

Loi gidi.
a) A={1.
b) B={3;4;5;6}.

c) C={-2;-1;0;1;2}.

d) Tacé 2x+1|=5s |
x=-3.

Vay C = {2;-3}.

Vi du 6. Liét ké cac phan tif ciia mdi tp hop sau:
a) Tap hop A cic sd chinh phuong khong vudt qua 50.
b) Taphdp B={n e N |n(n+1) <30}.

Li gidi.

A=1{0;1;4,9;16;25;36,49}
B={1;2;3;4;5}

Vi du 7. Viét cic tap hop sau bang cach chi ra tinh chit dic trung cho cac phan ti ctia tp hop doé.
a) A=1{0;4;8;12;16;...;52}.
b) B={3;6;9;12;15;...;51}.
c) C={2;5;8;11;14;...;62}.

Losi gidi.
a) A:{x€N|O§x§16Véxf4}.

b) B:{XEN|3§x§51véx§3}.

c) C:{xEN|2§x§62Vé(x—2)f3}.
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Vi du 8. Viét cic tap hop sau biang cach chi ra tinh chit dic trung cho cic phan ti ctia tp hop do.
a) A=1{2;3;5;7;11;13;17}.
b) B={-2;4;—-8;16;—32;64}.

Loi giai.
a) A= {xeN|x<17vaxlasdnguyéntd}.

b) B={x=(-2)"|neN,1 <n<6}.

Vidu 9. Tim mot tinh chit dic trung x4c dinh céc phan tif ciia mdi tap hop sau

A={1;2;3;4;5,6,7;8;9}
B={0;7;14;21;28}

Loi gidi.
A={xeN"|x<9}
B={xeN|x:7vax<28}

BAI TAP TU LUYEN
Bai 1. A 1a tp hop cic s6 nguyén td nhd hon 20. Liét ké cc phan ti ctia tap hop A.
Loi giai. A = {2;3;5;7;11;13;17;19}.

Bai 2. Cho tap hop A = {0;2;4:6;8;10} Hay xac dinh tip hop A bing cach chi ra mot tinh chit dic trung
cho céc phan tit ctia né.
Loi giai. A 13 tap hop céc s6 tu nhién chin nhd hon hoic bang 10.

Bai 3. Cho A = {x € N | x1a udc clia 8}. Liét ké cac phan td clia tap hgp A.
Loi giai. A = {1,2;4;8}.

Bai4. Cho A = {x € Z | x 1a u6c ctia 15}. Liét ké céc phan t ctia tap hop A.
Loi giai. A ={-15;-5;,-3;—1;1,3;5;15}.

Bai 5. Cho A = {x € N | x la uSc chung ctia 30 va 20}.
Loi giai. A = {1,2;5;10}.

Bai 6. Cho A = {x € N | x la boi chung ctia 15 va 20,x < 60}.
Loi giai. A = {0;30;60}.

Bai 7. Viét cac tap hop sau bang cach chi ra tinh chét dic trung cho cédc phan ti clia tip hop do.
a) A=1{1;2;3;4;5;6}.
b) B=1{0;2:4;5;6;8}.

Lui gidi.
a) A={xeN|1<x<6}.

b) B:{XEN|x32véx§8}.
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Bai 8. Tim mot tinh chit diic trung x4c dinh cic phan tif ctia mdi tip hop sau
a) A=1{0;2;7;14;23;34;47}
b) B={-1+3;—1—+/3}
Lui gidi.
A={n*-2|neN,1<n<7}
B={xeR|x*+2x—2=0}

Bai 9. Liét ké cic phan tif ctia mbi tip hop sau
a) A={xe€Z||x| <8}
21
b) B={xe€Z|2<|x| <Z}
Loi giai.

7,—6;—5;—4;-3;-2;—1;0;1;2;3;4;5;6;7}
5;—4;-3;3;4;5}

Bai 10. Cho tip hgp X = {n € N | —5 < 5n+2 < 303}. Tim s phan t( ctia tap hgp X.
Loi gidi. —5 <5n+2 <303 < —1 < n < 60. Vay sd phan ti ciia tap hop X 12 62.

Bai 11. Liét ké cdc phan tit cta tdp hop A = {x € Z|(x* — 4x) (x* — 6x* +5) = 0}.

x=0
Loi gidi. Ta c6 (2 — 4x) (¥ — 62 +5) = 0 = Cod=0 o
x—6x2+5=0 x=4

x=+V5

Tu d6 ta c6 A = {0; —1; 1;4} chiia 4 phan td.

Dang 2. Tap hop rong

Vidu 1. Trong cdc tap hdp sau, tAp hgp nao la tip hop rong?
A={xeR|x*—x+1=0}.

B={xeR|2¥%+1=0}.

C={xeZ]|lx| <1}

.

Loi giai. Cac tap hop rong 1a A, B.

Vi du 2. Tim tit ca céc gid tri thuc ctia m d€ cic tap hop sau 1a tip hop rong.
a) A={xeR|x<mvax>2m+1}.

b) B={xcR|x*>—2x+m=0}

Li gidi.

a) DEAlataprongthim >2m+1<m< —1.
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b) D& B 1a tap rong thi phuong trinh x> — 2x +m = 0 phéi vo nghiém, tic1AA' =1 —m <0< m > 1.
BAI TAP TU LUYEN

Bai 1. Trong cic tap hop sau, tdp hdp nao 1a tip hop rong?
A={reN[x-v2=0}.
1
B= Z\|x*—— = 0}.
{x €Z|x 2

C={xeQ|x*<0}.
Loi giai. Tap hop A, B.

Bai2. ChotiphopA={xeN|x=m}. TimmdéA=0.
Loi giai. DEA=2 thim ¢ N.
Bai 3. Tim tit c4 cic gid tri nguyén clia m d€ céc tap hop sau 1a tip hop rdng.
a) A={xeR|x<m+3vax>4m—+3}.
b) B={xcR|x*—2x+m+9 =0}
Loi giai.
a) D& A la tap réng thi m +3 > 4m+3 < m < 0. VAy m thudc tap hop cc s6 nguyén khong duong.
b) D€ B 1a tap rong thi phu’dng trinh x? — 2x+m = 0 phai vd nghiém, tic 1aA' = -8 —m < 0 = m > —8.
Vay m thudc tap hgp cac so nguyén 16n hon —8.
BAI TAP TONG HQP
Bai 1. Viét tap hop sau dudi dang liét ké cac phan ti.
a) A={x€Z|(x*—3x+2)(2x*+3x+1)=0}.
b) B={xeN||x| < 3}.
Loi giai.
a) A={1;2;—1}.
b) B{0;1;2}.

Bai 2. Tim tit c4 cic gia tri ctia m dé€ tap hop A = {x € N | x < m} 1a tap hop réng.
Loi giai. DEA = @ thi m <0,

Bai3. ChoA = {x€N|1<x—m<3}. Tim tt c4 cdc gid tri cham d€ A = {1}.
Lui gidi. DEA={1}thil —m=2om=—1.

Bai4. Cho A = {x € N| —4 < x < 3}. Liét ké tat ca cdc phan ti cla A.

Loi giai. Tacé A ={0;1;2}.

Bai 5. Tim tit c4 cdc gia tri clam d€ A = {x e N| 1 < x—m < 3} 1a tp hop rong.
Loi giai. Tac6A= (m+1;m+3)NN.Dod6, A= &m+3<0em< 3.

a*+b*+c? . . .
Bai 6. Cho tdp hop A = {y eR |y =————— v6ia,b,clacac so thuc dudng}. Tim s0 nho nhat cua
ab+bc+ca
tap hop A.
a*+b*+¢?

Loi gidi. Tacé a®>+b*>+c*> > ab+bc+cas > 1. Pang thiic xay ra khi a = b = ¢. Vay s6
ab+bc+ca

nho nhatla 1.
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Dang 3. Tap con. Tap bi"mg nhau

e Tap hop A 1a tip con clia tip hdp B néu moi phan ti ciia A déu c6 trong B.
ACB< (VxeA=x€B).

2 C A, v6i moi tap hop A.

e A CA, vG6i moi tap hgp A.

C6 tap A gdm c6 n phan tit (n € N). Khi do, tp A c6 2" tap con.

ACB
BCA

s=ne{

Vidu 1. Tim tit ca cdc tap con ctia tip A = {a, 1,2}.

Lui gidi. Tap A c6 23 = 8 tap con.
e 0 phan ti: @.
e 1 phan ti: {a}, {1}, {2}.
e 2 phan ti: {a,1}, {a,2}, {1,2}.

e 3 phan ti: {a,1,2}.

[ Vidu 2. Tim tit ca cdc tap con c6 2 phan ti ctia tip A = {1,2,3,4,5,6}.

Loi giai. {1,2}.{1,3}, {1,4}, {1,5}, {1,6}, {2,3}, {2,4}, {2,5}, {2,6}, {3,4}, {3,5), {3,6), {4,5),
{4,6}, {5,6}.

Vi du 3. Xdc dinh tap hop X biét {1,2} ¢ X C {1,2,5}.

Loi giai. Taco
e Vi{1,2} C X nén tap hop X c6 chiia cdc phan ti 1,2.
e ViX C {1,2,5} nén céc phan ti ctia tdp hgp X c6 thé 1a 1,2,5.

Khi dé tap hop X c6 thé 1a {1,2},{1,2,5}.

Vidu 4. Xdc dinh tap hop X biét {a,1} C X C {a,b,1,2}.

Loi giai. Tacé
e Vi{a,1} C X nén tap hop X c6 chita 2 phan ti laa, 1.
e ViX C {a,b,1,2} nén cdc phan ti cla tap hop X c6 thé la a,b, 1,2.

Suy ra, tdp hop X c6 2 phan tit, 3 phan t hodc 4 phan ti.
Khi do, tp hop X c6 théla {a,1},{a,1,2},{a,b,1},{a,b,2},{a,b,1,2}.

Vidu 5. Cho ba tap hgp A = {2;5}, B= {x;5} va C = {x;y;5}. Tim céc gia tri cia x,y sao cho
A=B=C.
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Lo gii. A=B o x=2.

Khix=2,tacd C={2;y;5}. Khi do, taco {2;y;5} C {2;5} va {2;y;5} D {2;5}. Tu day, suy ray =2 hoac
y=>5.

Vay (x;y) = (2;2) hodc (x;y) = (2;5) théa yéu cau bai todn.

Vi du 6. Cho hai tip hgp A = {x € Z | x chia hét cho 3 va 2} va B= {x € Z | x chia hét cho 6}. Chiing
minh ring A = B.

Loi gidi. Trudc hét, ta can ching minh A C B. That vdy, véix € A bat ki, ta ludn cé x chia hét cho 2 va x
chia hét cho 3. Vi 2,3 1a hai s6 nguyén t6 cling nhau nén x chia hét cho 6. Suy ra, x € B.

Mt khéc, vi 6 = 2.3 nén vdi phan tif x € B bat ki, ta ludn c6 x chia hét cho 2 va 3. Suy ra, x € A. Do do,
B CA.

Vidu 7. Cho biét x 1a mot phan ti ciia tip hop A, xéc dinh tinh diing sai clia cic ménh dé sau:

a) x € A. b) {x} € A. c) x CA. d) {x} CA.

Loi giai.
a) x € A: dung.
b) {x} € A: sai vé quan hé giita hai tap hop.
¢) x C A: sai vé quan hé gitta phan ti va tap hop.

d) {x} C A: dung.

Vi du 8. Xic dinh tat ca céc tip hop con ctia mdi tap hop

a) A= {xy}. b) B={1;2;3}

Li giai.
a) Cdc tap hdp con cta tap hop A = {x;y} 1a: &; {x}; {y}; {x;y}.
b) Cac tap hgp con cta tap hop B = {1;2;3} 1a: @; {1}; {2}; {3}; {1;2}; {1:3}; {2;3} va {1;2;3}.

Vidu 9. Cho tap hgp A = {1;2;3;4;5;6}. Tim tit ca cdc tap con c¢6 3 phan ti cia tap hdp A sao cho
tong cac phan tif nay 1a mot s6 18.

Loi giai. D€ tdng cta ba sd nguyén 1a mot s6 18 thi trong ba s6 chi c6 mot s6 18 hoidc ca ba sb déu 18. N6i
cach khdc tap con nay ctia A phai c6 mot s6 18 hoic ba sb 18.

Chi c6 mot tap con gom ba s6 18 ctia A 1 {1;3;5}. Céc tap con gdom ba s6 clia A trong d6 c6 mot s6 1€ 1a:
{1;2;4};{1,2;6}; {1;4;6};{3;2;4}; {3:2:6}; {3:4;6}; {5;2;4}; {5;2;6}; {5;4;6}.

Vi du 10. Trong hai tp hgp A va B dudi day, tap hgp nao la tap con cuia tap hgp con lai? Hai tap hgp
A va B c6 bang nhau khong?

a) A la tap hop cac hinh chit nhét
B 1a tap hop céac hinh binh hanh.

b) A= {n € N|nlamétudc chung cia 12 va 18}
B = {n € N|nlamdt udc cia 6}

Li gidi.
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a) Tt c4 cac hinh chif nhat déu 1a hinh binh hanh nén A C B.

b) A={1;2;3;6}. B={1;2;3;6}
RO rang ta thAy A C Bva B C Anén A = B.

Vidu11. ChoA={neN|nlauéccta2l;B={x cR|(x*—1)(x—2)(x—4) =0}. Tim tit c4 cic
tap hop X saocho A C X C B.

Loi giai. Liét ké cic phan i ctia tip hop A va B ta dudc :

A={1,2}; B={-1;1;2;4}.

Mubn tim tip X thoda diéu kién A C X C B dau tién ta ldy X = A, sau d6 ghép thém cic phan ti thudc
B ma khong thudc A. V6i cach thuc hién nhu trén, ta c6 cac tip hop X théa man yéu cau bai toan la:
X = A = {1;2}, roi ghép thém vao mot phan td ta dugc: {—1;1;2};{4;1;2}

Ghép thém vao A hai trong bdn phan ti con lai cla B ta dugc : X = B = {—1;1;2;4}

Vidu12. ChoA = {8k+3|k€Z}; B={2k+1 |k € Z}. Chiing minh ring A C B.

Loi giai. Ta can chiing minh moi phan ti ctia A déu thudc B.
Giastx € A,x =8k+3.

Khi d6 ta c6 thé viétx = 8k -2+ 1 = 2(4k+ 1) + 1.

Dit [ = 4k + 1, x dudc viét thanh x = 2/ + 1. Vay x € B.

BAI TAP TU LUYEN

Bai 1. Tim tit c4 cdc tap con ctia mdi tip hop sau:

a) A={1;2}. b) B={a;b;c}.
Loi giai.

a) Cac tap hgp con cta tap hop A = {1;2} la: @; {1}; {2}; {1;2}.

b) Cac tap hgp con cta tap hop B = {a;b;c} la: @; {a}; {b}; {c}; {a;b}; {a;c}; {b;c}; va{a;b;c}.
Bai 2. Cho céc tap hogp

A=1{2;3;5}; B ={-4;0;2;3;5;6;8}; C={xeR|x*-7x+10=0}

Hay xac dinh xem tap nao la tdp con cuda tap con lai.

=2
Loi gidi. Tac6 x> —7x+10=0 < [x s =C={2;5}.VayCCA CB.
x

Bai 3. Cho hai tap hgp
A={xeR|(x—1)(x—2)(x—4)=0}; B = {n € N|nlamotudccuad}.

Hai tap hop A va B, tip hop nao la tip con ciia tip con lai? Hai tip hop A va B c6 bang nhau khong?
Loi gidi. Taco A = {1;2;4}; B={1;2;4}. TathAy AC B; BC A, nén A =B

Bai 4. Cho céc tap hgp:

A= {xeR|x+x—6=0 hodc 3x* — 10x+8 =0}
B:{xER]xz—x—2:0 va 2x2—7x—|—6:0}.

a) Viét tap hop A, B bang cach liét ké cac phan tii ctia né.
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b) Tim tit ca céc tip X sao cho B C X va X C A.
Loi giai. Ta giai cac phuong trinh:

) X
X4+x—6=0&
x=-3

2
32— 10x+8=0< 4
3

’ x=—1
x—x—-2=0&
x=2

2
22— Tx+6=0< 3.
2

4
a) A= {2;—3;5};3 = {2}.
. R 4 4
b) X la nhiing tap hop sau: {2};{2;-3}; 2;§ : 2;—3;§ )
Bai 5. Tim tap hgp

a) c6 dung mdt tip con. b) c6 ding hai tap con.
Loi giai.
a) Tap hgp c6 ding mot tap con la &.
b) Tap A = {a}. A c6 ding hai tdp con la A va @.
Bai 6. Cho hai tp hgp
A={x€Z|xlabdicia3 vad}, B={x € Z|xlaboicua 12}

Chitng minh ring A = B.
Loi giai. Gia st x € B, khi d6 x chia hét cho 12, suy ra x chia hét cho 3 va x chia hét cho 4, suyrax € A, do
do B C A.

Gia st x € A, khi d6 x chia hét cho 3 va x chia hét cho 4, ma 3 va 4 nguyén td cling nhau nén suy ra x
chia hét cho 3.4, hay x chia hét cho 12, suy rax € B, do d6 A C B.

Viy A = B.

Bai 7. Goi A 1a tp hop cic tam giac déu, B 1a tip hop cic tam gidc c6 goc 60°, C 1a tap hop cdc tam gidc
can, D 1a tp hdp cdc tam gidc vudng c6 goc 30°. Hiy néu mdi quan hé gilta cac tap hop trén.

Loi giai. Vi tam gidc déu 1a tam gidc c6 ba goc bang 60° nén A C B. Tam gidc déu ciing 1 tam gidc can
nén A C C. Tam gidc vudng c6 géc 30° thi géc con lai 1a 60° nén D C B.

Bai8. ChoA={3k+2|keZ};B={6k+2|kecZ}
a) Chiing minh ring 2 € A,7 ¢ B. S6 18 ¢6 thudc tap A khong?
b) Chiing minh ring B C A.

Lui gidi.
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a) Tac62=2+3.0=2¢cA. Tathly x € B thi x c6 dang x = 6k +2 chia hét cho 2 nén —7 ¢ B.
2 16
Giasuso 18 € A = 18:3k+2:>k:?(vély)vik€Z. Viy 18 ¢ A.

b) Xétx € B. Tacox =2+ 6k véi k € Z. Suy ra x =2+ 3(2k). Do 2k € Z nén x € A. Vay B C A.

Bai 9. Tim tit c4 cdc tap con cta tap hop B = {a,b,2,5}.
Loi gidi. Vi tap hop B c6 4 phin tif nén tip B c6 2% = 16 tap con.

e 0 phan ti: @.

e 1 phin tit: {a}, {b}, {2}, {5}.

e 2 phan ti: {a,b}, {a,2}, {a,5}, {b,2}, {b,5}, {2;5}.
o 3 phin ti: {a,b,2}, {a,b,5}, {a,5,2}, {5,b,2}.

e 4phanti: {a,b,2,5}

Bai 10. Tim tit ca cdc tip con c6 3 phan ti ctia tap hop D = {2,3,4,6,7}.
Lo gidi. {2,3,4}, {2,3,6}, {2,3,71,{2,4,6}, {2,4,7}, {2,6,7}, {3,4,6}, {3,4,71,{3,6,7}, {4,6,7}.

Bai 11. Xdc dinh tap hop X biét {a} C X C {a,3,4}.
Loi giai. Tap hop X c6 thé 1a {a},{a,3},{a,4},{a,3,4}.

Bai 12. Xac dinh tap hop X biét {a,9} C X C {a,b,7,8,9} va tap hgp X c6 3 phan ti.
Loi giai. Tap hop X c6 thé 1a {a,9,b},{a,7,9,},{a,8,9}.

Bai 13. Cho hai tap hop A = {x € Z | x chia hét cho 2 vd 5} vd B = {x € Z | x c6 chif s6 tan ciing bing 0}.
Chiing minh ring A = B.

Loi giai. Trudc hét, ta can ching minh A C B. That vdy, véi x € A bat ki, ta ludn c6 x chia hét cho 2 va x
chia hét cho 5. Vi 2,5 1a hai s6 nguyén t6 ciing nhau nén x chia hét cho 10. Suy ra, x € B.

Miit khéc, véi phan ti x € B bat ki, vi x c¢6 chit sd tAn ciing 12 0 nén x chia hét cho 2 va 5. Suy ra, x € A. Do
do, B C A.

Bai 14. Tim gid tri cdc tham sb m va n sao cho {x € R | x> —mx? +nx—1=0} = {1;2}.
Loi gidi. PitA = {x € R |x* —mx?> +nx—1=0} va B= {1;2}.

VileAnén —m+n=0.

Vi2 € Anén —4m+2n=—7.

7
Tu day, ta c6 hé phuong trinh m =n = o
7 7 7
NgUchai,Véim:n:E,tacéA:{xeR|x3—§x2+§x—1:0}:{1;2}:B.

Bai 15. Cho A 1a tip hop tat ca cic tif gidc 16i, B 1a tap hop tit ca cac hinh thang, C 1a tip hop tt ca céac
hinh binh hanh, D 12 tip hop tit ca cac hinh chif nhat. Xdc dinh mbi quan hé gitta cic tap hop da cho.
Loi giai. D CC C BCA.

BAI TAP TONG HOP
Bai 1. Cho céc tap hgp
A=A{1;2}; B={xcR|x*-3x+2=0}; C={xeN|x<3}.

Hiy x4c dinh mdi quan hé gitta cc tip hop trén.
Loi giai. Taco B={1;2};C={0;1;2} ViyAC C; BC C; A =B.
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Bai 2. Cho A 1a tap hop céc sb nguyén chia cho 3 du 2, B 1a tip hop cic sé nguyén chia cho 6 du 2 hoic du
5. Chitng minh ring A = B.

Loi giai. Ta chiing minh moi phan ti ciia A déu 1a phan ti ctia B va ngudc lai.

Trude hét ta thiy ring mot sd chia hét cho 3 thi chia cho 6 du 0 hoic du 3 nén mdt sd chia cho 3 du 2 thi
chia cho 6 du 2 hodc du 5. Tiic 1a néu x € A, x = 3k + 2 thi x c6 thé viét thanh x = 6/ +2 hoic x = 6] + 5 hay
x € B. Ngudc lai, x € B xét hai trudng hop:

e Néux=06k+2=3(2k)+2.Ditl =2k=x=3l+2=x€cA
e Néux=06k+5=32k+1)+2.Ditl =2k+1=>x=31+2=xc€A

Viy A C B va B C A nén A = B (diéu phai chiing minh).
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§3.  CAC PHEP TOAN TAP HOP

I. Tém tat Ii thuyét

1. Giao cua hai tip hgp

Pinh nghia 1. Tip hop C gdm cic phan ti vira thudc tap hop A, vira thudc tap hop B dude goi la giao cia
AvaB.KihiéuC=ANB.

Vay ANB = {x|x € Avax € B}.

xX€eA

A xeAﬂB@{xeB.

2. Hop cua hai tip hgp

Pinh nghia 2. Tip hop C gém céc phan ti thudc tp hop A hoic thude tip hop B dudc goi 1a hop clia A va
B.Kihiéu C = AUB.

AUB = {x|x € A hodc x € B}.

X€eEA

A xX€EAUB < CB.

3. Hiéu va phan bu ctia hai tap hop

A\B = {x|x € Avax ¢ B}.

e Phép liy phan bu: Cho A C E. Phan bu clia A trong E 1a $zA = E\A.
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II. Cac dang toan

Dang 1. Tim giao va hgp cua cac tap hop

Dua vao dinh nghia giao va hdp cia hai tip hop dé tim két qua.

Vidu 1. Cho hai tdp hop A = {1;2;3;5;7} va B = {n € N|n1a u6c sb ctia 12}. Tim ANB va AUB.

Loi giai. Tacé: B=1{1;2;3;4;6;12}. Vay: ANB = {1;2;3} vaAUB = {1,2;3;4;5;6,7;12}.

Vidu2. Chotdphgp B={x € Z| —4 <x <4} vaC = {x € Z|x < a}. Tim s6 nguyén a dé tap hop
BNC=g.

Loi giai. Tacé B={-3;-2;—1;0;1;2;3;4},C={...,a—1,a}.
PEBNC =@ thia < —4.

[ Vi du 3. Ching minh ring néu A C Bthi ANB = A. ]

Loi giai.
e xEANB=x€cA,suyraANB C A.

cA
e XCEA=> o =x€ANB,suyraA CANB.
x€B (doACB)

VayANB =A.

Vidu 4. Cho A la tap hgp hoc sinh 16p 12 cta truong Budén Ma Thudt va B 1a tap hgp hoc sinh cua
truong Buén Ma Thuot du kién sé lua chon thi khdi A vao céc trudng dai hoc. Hay md ta cac hoc sinh
thudc tap hgp sau

a) ANB. b) AUB.

Loi giai.
a) AN B latap hop cac hoc sinh 16p 12 thi khéi A ctia trudng Budn Ma Thuot.

b) AUB la tap hop céc hoc sinh hoic 16p 12 hoic chon thi khdi A ctia trudng Buén Ma Thuot.

Vidu 5. Cho hai tip hop A, B biét : A = {a;b},B = {a;b;c;d}. Tim tap hop X sao cho AUX = B.

Loi giai. X = {c¢;d}; {b;c;d}; {a;c;d}; {a;b;c;d}.

Vi du 6. Xic dinh tip hop AN B biét

A ={xeN|xlabjicua3}, B={xec N|xlaboictua7}.

Loi giai. Tacé ANB = {x € N|x1a boi ctia 3 va boi cia 7} = {x € N|x 1a boi ctia 21}.
BAI TAP TU LUYEN

Bai 1. Cho hai tap hop A va B. Tim AN B, A UB biét
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a) A = {x|x 1a uSc nguyén duong cia 12} va B = {x|x la u6c nguyén duong cta 18}.
b) A = {x|x la uSc nguyén duong cia 27} va B = {x|x la u6c nguyén duong cta 15}.
Li giai.

ANB=1{1;2;6}

a) A=1{1;2;4;6;12}, B=11;2;3:6;9;18} =
) { } { } {AUB:{1;2;3;4;6;9;12;18}

ANB={1;3}

b) A={1;3;9;27}, B=141;3;5;15}=
) { ! { } {AUB:{1;3;5;9;15;27}

Bai 2. Cho A la tip hop céc s6 tu nhién chin khong 16n hon 10, B={n € Njn <6} vaC= {n € N|4 <n < 10}.
Hay tim AN (BUC).

Loi giai. Tacé A = {0;2;4,6;8;10}; B={0;1;2;3;4;5;6} vaC = {4;5;6,7,8;9;10}

BUC =10;1;2;3;4;5;6;7,8;9;10} nén AN (BUC) = {0;2;4;6;8;10}

Bai 3. Cho hai tap hop A = {1;2;3;4;5} va B = {0;2;4}. Xac dinhANB, AUB.
Loi giai. Tac6ANB={2;4} vaAUB ={0;1;2;3;4;5}.

Bai 4. ChocdctdphopA = {x € R|(2x—x?)(2x* —=3x—2) =0} vaB={n € N|3 <n? <30}. TimAB.
, 1
Loi giai. Taco: A = {0;2;—5} ,B={2;3;4;,5} nén ANB = {2}.

Bai 5. Cho a 1a s6 nguyén. Tim a d€ giao ctia hai tip hop

3a—4
Az{XGZ!Xﬁd},Bz{xEZ‘x> a2 }
bang rong.

N, 0% ~ 3 _4
Loigiai. TaccoANB=90 < a < a

Sa >4

Bai 6. Cho hai tap hogp bat ki A, B. Chiing minh ring AUB=ANB < A =B.
Loi giai.

e NNUA=BthiANB=A,AUB=AnénAUB=ANB.

e Nguoc lai, gid st AUB = ANB. LAy mot phan ti bitkix€Atasuyraxc AUB. ViIAUB=ANB
nénx € ANB. Tu dosuy rax € Bnén A C B. Tuong tu ta cling cO B C A. Vay A = B.

Bai7. ChocactaiphgpA={xeNx<8}vaB={xe€Z|-3<x<5}. TimANB; AUB.

Loi giai. Taco A ={0;1;2;3;4;5;6;7}; B={-3;—-2,—1;0;1;2;3;4;5}.

VayANB=1{0;1;2;3;4;5} vaAUB = {—3;-2;—1,0;1,2;3;4;5,6;7}.

Bai 8. Tim diéu kién can va di d€ hgp cta hai tdip hopA={n€ Z|n<a} vaB={me Z|m > 2a+ 1}
bang Z.

Loi giai. Taco)0AUB=Z < 2a+1<a<sa< —1.

Bai 9. Chotap A = {0;1;2} vatap B={0;1;2;3;4}. Tim tap C sao cho AUC = B.

Loi giai. DPau tién ta tim tp C c¢6 sd phan tif it nhit thda yéu cau bai toan d6 1a tap Co = B\A = {3,4}. Ké
tiép ta ghép céc phan tii clia tip A vao. VAy cdc tap can tim la

Ci1={3;4,0},C, ={3:;4,1},C3 = {3;4,2},
Cy={3:4:0:1},Cs = {3:4:0:2},Co = {3:4:1:2}, G = {3:4:0: 1,2}

Téng cong c6 8 tap thda yéu cau bai todn.
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Bai 10. Cho cic taphop A = {x € Z||x— 1| <4}, B={x € Z||x— 1| > 2}. Tim ANB.
Loigiai. Tacd [x— 1| <4 4 <x—1<4& -3<x<5A={-2,-1;0;1;2;3;4}.
Laico[x—1|>2<x<—-1Vx>3,B={...;-3;-2;4,5,6;...} nén ANB = {—2;4}.
Bai11. ChocictaphopA={x€ Z|2m—1<x<2m+3},B={x€Z||x| <2}. Timm d&ANB = .
Loigiai. Taco B={x€Z| -2 <x<2}={-1;0;1} vaA ={2m,...,2m+2}.
2m+2< -2 {m§—2

2m>2 m>1
Bai 12. Cho tap hop A = {x € N|x < 4} va tap hop B = {n € N*|n 1a sd nguyén t6 n < 5}. Xdc dinh tap
hopANBvaAUB.
Loi giai. A ={0;1;2;3} vaB={2;3;5}. KhidoANB={2;3} vaAUB = {0;1,2;3;5}.
Bai 13. Cho tap S = {1;2;3;4;5;6}. Tim céc tip con A, B cia tdp S sao cho AUB = {1;2;3;4} vaANB =
{1;2}.
Loi giai.

e Acéhaiphanti A = {1;2} = B = {1;2;3;4}.

ANB=0 &

e Acébaphanti A= {1;2;3} = B={1;2;4}.
e Acébaphanti A= {1;2;4} = B={1;2;3}.
e Ac6bbdnphanti A= {1;2;3;4} = B={1;2}.

Viy ta c6 4 ciip tip A, B thda man yéu cau bai todn.
Bai 14. Chotaphgp A = {x € R|x* —dx+m+2 =0} vatap hop B={1;2}. Timm d€ ANB = 2.
Lui giai.

e THI: A = @ tuong duong pt: x*> —4x+m-+2 = 0 vd nghiém, tic 1A A’ < 0 & m > 2.

e TH2: A # @ tuong duong pt: x*> —4x+m+2 = 0 c¢6 2 nghiém khac 1,2 < m # 1;m # 2;m < 2.

e Vay két hop lai ta cé m # 1;m # 2.

Dang 2. Hiéu va phan bu ctia hai tip hep

Dua vao dinh nghia hiéu va phan bu cda hai tip hop dé tim két qua.

/N Chii y
e NéuA C B thi B\A = CpA.

o Néu A = @ thi A\B = @ vdi moi tdp hop B.

[ Vidu7. ChoA={1,2,3,4,5} va B={1,3,5,7}. Tim cdc tap hop A\B, B\A. ]

Lui giai. Cac phan ti 2,4 thudc tip hgp A nhung khdng thudc tap hop B nén A\B = {2,4}.
Chi c6 phan t 7 thudc tp hgp B nhung khong thudc tap hop A nén B\A = {7}

[ Vidu 8. Cho A 1a tap hdp céc tu nhién 18. Tim phan bu ctia A trong tap N cdc sb tu nhién.

Loi giai. Cac s6 tu nhién chén thudc tap hop N nhung khong thudc tip hdp A nén phan bu ctia A trong N 12
tap hop cdc sd tu nhién chin. Do d6 CnyA = {2k/k € N}.

[ Vidu9. Ching minh ring A\B = @ thi A C B.

Loi giai. Liy x € A. Néu x ¢ B thi x € A\B (mau thuin). Do d6 x € B. Vay A C B.
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Vidu 10. Cho cic tap hgp A = {4,5} va B= {n € N|n < a} v6i a la so ty nhién. Tim a sao cho
A\B=A.

Loi giai. Tacé B={0,1,---,a}. D€ A\B = A thi cic phan tif cia A khong thudc B. Suy ra a < 3. Vay
ae{0,1,2,3).

Vi du 11. Cho hai tap hgp A, B. Biét A\B = {1,2},B\A = {3} va B = {3,4,5}. Tim tap hop A.

Loi giai. Tac6 A\B={1,2} nén 1,2 € A.
MaB\A={3} nén3 ¢ Avad,5cA.
SuyraA={1,2,4,5}.

BAI TAP TU LUYEN

Bai 15. Cho A 1a tap hdp cac hoc sinh ciia mot 16p va B 1a tip hop cac hoc sinh gidi Toan cua 16p. Hay mo
ta tap hop C4B.
Loi giai. CyB la tap hgp céc hoc sinh khong gioi Todn cia 16p.

Bai 16. Cho A la tp hgp cac u6c nguyén duong ctia 12 va B la tip hop cac udc nguyén duong cua 18. Tim
céac tip hop A\B va B\A.
Loi giai. Tac6 A ={1,2,3,4,6,12} vaB={1,2,3,6,9,18} nén A\B = {4,12},B\A = {9, 18}.

Bai 17. Chiing minh ring A\B = B\A thi A = B.
Loi giai. Loy x€e A\B=B\AthixcA,x¢ Bvaxe B,x¢ A. SuyraA\B=B\A = 2.
SuyraA CBvaBCA. VayA =B.

Bai 18. Cho hai tip hop A, B. Biét A\B = {a,b,c},B\A = {d,e} va B= {d, e, f}. Tim tap hop A.
Loi giai. A = {a,b,c,f}.

Bai 19. Cho cictiphgp A ={n € N|2<n <7} vaB= {n € N|n < a} v6i ala sb ty nhién. Tim a sao cho:
a) A\B = A.
b) A\B = 2.
Lui gidi. A= {3,4,5,6,7},B=1{0,1,2,---,a}.
a) Ta c6 A\B = A khi moi phan tii cia A déu khong thudc B. Suy raa < 2. Vay a € {0,1,2}.
b) TacoA\B= @ khiA CB.Suyraa>7.

Bai 20. Cho hai tap hgp A = {2k + 1|k € N} va B = {3k|k € N}. Tim tap hgp B\A.
Lui gidi. B\A = {6k|k € N}.

Dang 3. Sit dung biéu dd Ven va cong thiic tinh s6 phan tix cia tap hop A UB d€ giai toan

e Phuong phép biéu do Ven:

— St dung cac hinh tron giao nhau d&€ mé ta cic dai luong va mbi quan hé gitta chiing.

— Biéu dd Ven cho ta cach nhin triyc quan va mdi quan hé giita cac dai lugng tif d6 tim ra
céc yéu t6 chua biét.

e Cong thic s6 phan td JAUB| = |A| + |B| — |[ANB.

Vi du 12. Trong nam vuia qua, trudng THPT A c¢6 25 ban thi hoc sinh gidi 2 moén Van va Toan. Trong
do6 c6 14 ban thi Toan va 16 ban thi Van. Hoi trudng c6 bao nhi€u ban thi ca 2 moén Van va Toan.




42 CHUONG 1. MENH PE - TAP HOP

Lisi gidi.
Cach 1: St dung so d6 Ven nhu hinh vé

- Ta thiy S& ban thi toan ma khong thi viin 1 25 — 16 = 9 (ban).
- S6 ban thi cd 2 mon ( phan giao nhau) 1a 14 — 9 = 5 (ban).

Cach 2: Goi A, B lan lugt 1a tp hgp céc ban thi hoc sinh gidi Toan va Vin. Ta ¢6 |A| = 14, |B| = 16,

|AUB| = 25. Theo cong thic ta c6 |ANB| = |A| + |B| — |[AUB| = 144 16 — 25 = 5 (ban).

Vidu 13. L6p 10A c6 15 ban thich mén Vin, 20 ban thich mon Toan. Trong s6 cic ban thich vin
hoic toan c¢6 8 ban thich ¢ 2 mén. Trong I6p van con 10 ban khong thich mén nao trong 2 mon Vin
va Toan. Hai 16p 10A c6 bao nhiéu ban.

Loi gidi. Ta st dung so do Ven d€ giai bai todn.

10

- Hinh tron to thé hién s6 hoc sinh ca 16p.

Nhu vay, ta co:

- S6 ban chi thich Vin 1a 15 — 8 = 7(ban).

- S6 ban chi thich Toan 12 20 — 8 = 12(ban).

- S6 hoc sinh ¢4 16p 1a t8ng cac phan khong giao nhau: 7 +8 + 12+ 10 = 37.

Vi du 14. Moi hoc sinh ctia 16p 10A déu choi béng d4 hoic bong chuyén. Biét ring c6 25 ban choi
béng d4, 20 ban choi béng chuyén va 10 ban choi ca 2 mon thé thao. Hdi 16p 10A c6 bao nhiéu hoc
sinh.

Loi gidi. Ngoai so dd Ven ta c6 thé dung cong thifc sd phan ti. Goi A 1a tp hdp cac hoc sinh choi bong da,

B 1a tap cac hoc sinh choi bong chuyén. Do d6 A N B 1a tap cac hoc sinh choi ca hai mon. Ta cé

A| =25, |B| = 20,|ANB| = 10.

S6 hoc sinh ¢4 16p 1a sb phan t clia tip A U B. Theo cong thiic ta c6 |[AUB| = 25420 — 10 = 35 (hoc

sinh).

BAI TAP TU LUYEN (Cho méi dang)
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Bai 21. Mot 16p c6 40 hoc sinh, mbi hoc sinh déu ding ky choi it nhit 1 trong 2 moén thé thao 1a béng da
hoic cau 16ng. C6 30 hoc sinh c6 ding ky mon bong dé, 25 hoc sinh c6 ding ky mon cau 16ng. Héi c6 bao
nhiéu em dang ky ca 2 mon.
Loi giai. S6 hoc sinh diing ky ca hai mon 1a 30 425 — 40 = 15 (hoc sinh).
Bai 22. O xii s& clia than Thoai ngoai cac vi than thi con c6 cdc sinh vat gdm 27 con ngudi, 311 con yéu
quai mot mat, 205 con yéu qudi téc rin va yéu quai vita mot mat vira toc ran. Tim sd yéu quai vita mot mat
viia téc ran biét c6 tdng s6 sinh vat 1a 500 con.
Loi giai.

e S sinh vat khong phai con ngudi 1a 500 — 27 = 473 (con).

e Goi A,B lan lugt 1a tap hop yéu quii mot mat va yéu quai téc ran. Khi d6 |A| = 311, |B| = 205,
|AUB| = 473.
e Viy sb yéu qudi vita mot mét vita toc ran 1a |JANB| = 311 +205 — 473 = 43 (con).
Bai 23. Trong 45 hoc sinh 16p 10A c6 20 ban xép hoc luc gidi, 15 ban dat hanh kiém t6t, trong d6 c6 7 ban
vita dat hanh kiém t6t vita c6 hoc luc gidi. Hoi
a) L6p 10A c6 bao nhiéu ban dugc khen thudng, biét mudn dudc khen thudng thi hodc hoc sinh gidi
hoic ¢6 hanh kiém tét.
b) Lép 104 c6 bao nhiéu ban chua duge xét hoc luc gidi va hanh kiém tot.
Bai 24. Mot I6p ¢6 25 hoc sinh kha cac mon tu nhién, 24 hoc sinh kha cac mon xa hoi, 10 hoc sinh kha ca
2 va 3 hoc sinh khong kha mon nao. Hoi:
a) L&p c6 bao nhiéu hoc sinh chi kha ty nhién.
b) Ldp c6 bao nhiéu hoc sinh chi kha xa hoi.
¢) Ldp c6 bao nhiéu hodc kha tu nhién hodc kha xa hoi.
d) Ldp co6 bao nhi€éu em hoc sinh.

Bai 25. L6p 104 c6 35 ban hoc sinh 1am kiém tra toan. Dé bai gdm 3 bai toan. Sau khi kiém tra, co gido
tong hop két qua nhu sau: c6 20 em giai dugc bai todn thi nhit; 14 em gidi dudc bai toan 2; 10 em gii dudc
bai toan 3; 5 em giai dugc bai toan 2 va bai toan 3; 2 em giai dudc bai toan 1 va bai toan 2; 6 em giai dugc
bai to4n 1 va bai toan 3, chi ¢6 1 hoc sinh dat dugc diém 10 vi gidi dugc ca 3 bai. Hoi 16p d6 c6 bao nhiéu
hoc sinh khong giai dugc bai nao.
Loi gidi. Pap sb: 3 ban.

BAI TAP TU LUYEN
Bai 26. Cho tap hop F = {n € N| —2 < n < 3} va tip hgp Z cic sb6 nguyén. Xdc dinh tap hop F NZ.
Loi giai. FNZ={0;1;2}
Bai 27. Cho X = {1;2;3;4;5;6} biét tip A C X, AN{2;4;6} = {2} va AU {2;4;6} = {2;3;4;5;6}. Tim

tap A.
Loi gidi. Tathdy 2 € Ava {3;5} CAvacicsb 1 ¢ A;4 ¢ A;6¢ A. Vay tap A = {2;3;5}.

Bai 28. Cho hai tdp hgp A = {—3;—-2;0;1;2;5;9}, B={-2;0;3;8;15}. Hay xac dinh cac tdp hgp A UB,
ANB,A\B, B\A.
Loi giai. Ta c6:

AUB=1{-3;,-2;0;1;2;3;5;8;9;15} ,ANB = {—2;0}

A\B={-3;1;2;5;9}, B\A = {3:8;15}.
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Bai 29. Ki hiéu H la tip hgp céac hoc sinh cia 16p 10A; T la tap hgp cac hoc sinh nam va G la tap hgp cac
hoc sinh ntt cua I6p 10A. Hay xac dinh cac tap hogp sau:

a) TUG; b) TNG; c) H\T, d) G\T; e) CyG.

Loi giai.
a) TUG latap hgp cac hoc sinh trong 16p 10A, TUG = H.
b) TNG=0.

)

)

¢) H\T =G.

d) G\T =G.
)

[ CHG:H\G:T.

Lai c6

Loi giai. Tacod |x+2| <3< —5<x<1nénA ={—4;-3;-2;-1;0}.
2
en €El&
Vivay AUB = {—6;—4;-3;-2;-1;0;1;2}

2
Bai 30. Cho cic tap hop A = {x € Z||x+2)| <3},B:{xEZ\%€Z}.T1mAUB.
X
X 4 X2
=x—-2 é cZ.
x+2 x +)H—2n x+2 x+2

Tudésuyrax+2 € {—4;—-2;—1;1;2;4} nén B = {—6;—4;—-3;—1;0;2}.

Bai 31. Cho A 1a tap hop cdc s6 tu nhién chidn va khong 16n hon 10, B={n € Njn <6} vaC={n e N4 <
n < 10}. Hay tim

a) AN(BUC); b) (A\B)U(A\C)U(B\C).

Loi giai. A = {0;2;4;6;8;10}, B={0;1;2;3;4;5;6},C = {4;5;6;7;8;9;10}.
a) BUC ={0;1;2;3;4,5;6,7;8;9;10} = AN (BUC) = {0;2;4,6;8;10}.
b) Tacé: A\B = {8;10},A\C ={0;2}, B\C = {0;1;2;3}. Vay:

(A\B)U(A\C)U (B\C) = {0;1;2;3;8;10}.

Bai 32. Cho A,B,C la ba tap hgp roi nhau doi mot. X 1a tip hop sao cho cac tip X NA, X NB, XNC cb
ding 1 phan td. Hdi tAp X c6 it nhét 1a bao nhiéu phan t?

Loi giai. Giast XNA={a},XNB={b},XNC ={c}.Khidb a,b,c € X. Do A, B, C rdi nhau d6i mot
nén a, b, ¢ phai khac nhau d6i mot. Vay tip X c6 it nhit 1a 3 phan td.

Bai 33. Cho A ={1;2;3},B={1;2;3;4;5,6}.

a) Xac dinh tap hgp B\A.

b) Tim tét c4 cic tdp hgp X sao cho A C X va X C B.

Loi gidi.

a) Tacé B\A = {4;5;6}.

b) ViA C X nén 1,2,3 thudc X, do d6, d€ X C B thi céc tp hgp X thoda man dau bai la:

X ={1;2,3}, X ={1;2;3;4} , X ={1;2;3;5} , X = {1;2;3;6},
X ={1;2;3;4;5} ,X ={1;2;3;4;6} , X = {1;2;3;5;6},X = {1;2;3;4;5,6} .
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Bai 34. Cho tap hop A théa min dong thdi cac diéu kién sau day:

AU{1;2;3} ={1;2;3;4}, (1)
AN{1;2;3} = {1;2}. )

Hay xac dinh tap hop A.
Loi giai. T (1) suyraA C {1;2;3;4}. Tu (2) suyra {1;2} CAva3 ¢A.
Diéu kién (1) cho ta 4 € A. Vay ta c6: A = {1;2;4}.

Bai 35. Hay xdc dinh tap hop X biét ring:

{1,3;5;7} C X, {3;5;9} C X, X C{1;3;5,7;9}.

Loi giai. Tu gia thiét {1;3;5;7} C X, {3:5;9} C X, ta c6:
{1,3;5;7} U{3;5;9} C X = {1,3;5;7;9} C X. (1)

Miit khéc, theo gia thiét ta c6: X C {1;3;5;7;9}. (2)
Tu (1) va (2) suy ra: X ={1,3;5;7;9}.

Bai 36. Cho tap hop X = {a;b;c;d;e;g}.
a) Hay xac dinh tap hgp ¥ saocho ¥ C X va X\Y = {b;c;e}.
b) Hay xac dinh hai tap hgp A va B sao cho:
AUB=X, B\A ={d;e} vaA\B = {a;b;c}.
Li gii.
a) X\Y ={b;c;e} nén b, c, e khong thudc tdp Y. Hon nttado ¥ C X nén Y = {a;d; g}.

b) Tu A\B = {a; b; c} tasuy ra A chia a,b,c va B khong chia a, b, c. Tit B\A = {d; e} ta suy ra B chita
d, e va A khong chia d, e. Lai c6 AUB = X nén phan ti g thudc A hoic thudc B. Ngoai ra g ¢ A\B va
g¢B\AnéngcAvageB. Dodé:A={a; b;c; g} ,B={d; e; g}.

<. A 2x—1 .
Bai 37. Cho hai tap hgp A = {xEZ[ x+3 EZ},B:{4;6;8;10}.T1mAﬂBvaAUB.
X
5. , 2x—1 7 . C2x—1
Giai. Ta co al =2 . Do d6 v6i x € Z vax # —3 thi ol € Z khi va chi khi x + 3 1a u6c cua 7,
x+3 x+3 x+3
tuc la
x+3=1 x=-2
x+3=-1 o x=—4
x+3=7 x=4
x+3=-7 x=—10.

Vay A = {—2;—4;4; 10}, suy ra: AUB = {—2; -4, -10;4,6,8,10} ,ANB = {4}.
Bai 38. Cho tap hop S = {1;2;3;4;5;6}.

a) Tim céc tap hgp con A, B cia S sao cho:
AUB={1;2;3;4} , ANB={1;2}.
b) Tim céc tap C sao cho: CU(ANB) =AUB.

Lui gidi.
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a) T ANB = {1;2} tac6 A va B phai c6 chung ding hai phan ti 1 va 2. Tt AUB = {1;2;3;4} suy ra hai
phan tif 3 va 4 phai thudc mot va chi mot trong hai tap A va B. Do d6 c6 bon két qua sau day:

{A:{1;2;3} {A:{1;2;4} {A:{1;2;3;4} {A:{1;2}
B={1;2;4}, B ={1;2;3}, B={1;2}, B={1;2;3;4}.

b) ViCU(ANB) =AUBmaAUB={1;2;3;4},ANB={1;2} nén 3,4 € C. Do d6 cac tap C thdéa man
yéu cau bai toan 1a:
{3: 4}, {1:3: 4}, {2:3: 4}, {1, 2: 3; 4}.

Bai 39. Xét X va Y 1a hai tp hop con ctia tap hop {1;2;3;4:5;6;7;8;9} va théa man ba diéu kién:

(1) XNnY ={4,6;9}.
(2) XU{3:;4;5} ={1;3;4,5,6;8;9}.
(3) YU{4;8} ={2;3;4,5,6,7,8;9}.

a) Hay chi raring tif diéu kién (1) va (2) tasuyral € X val ¢Y,8cXva8¢Y,7¢X.
b) Xic dinh cic tap hgp X va Y ma thda man céc diéu kién (1), (2) va (3).

Loi giai.

a) Vil e XU{3;4;5} nén 1 €X vavil géXr‘LY nénl¢Y. Tuongtutaco8 X va8 ¢ Y. Tu(3)suyra
7€Y,doddé7 ¢ X vinéu7 € X thi mau thuan véi (1).

b) Taco:

e lcXvalégy;

2¢ X (do(2)va2eY (do(3));
3€Y (do(3)) va3¢ X (do(l));
4eXvadeY (do(l));

5€Y (do(3)vas5¢X (do(l));
6€Xva6eyY (do (1))

7€Y (do3)va7¢X (do(1));
e 8cXva8¢Y (dociua)),

e 6eXva6eyY (do(1)).

Tur céc diéu kién trén, ta di t6i:
X ={1;4,6;8;9}, Y = {2:3;4;5;6;7,9}.
Bai 40. Cho cic tip hop A = {x e R|x* +x—m =0}, B= {x € R|x* —mx+1 =0} (m la tham sb thyc).

Tim tht ca cdc gid tri cdam dEANB # @
Loi gidi. ViANB # @ nén ton tai a € AN B. Khi d6

m=—1

a+a-m=0
a=1

= (1+ma—(14+m :0:>[
a*—ma+1=0 ( ) ( )
e Néum = —1 thi lai thiy B = @ nén khong thda.
e Néu a = 1 thay vao tip A tim dugc m = 2. Thii lai khi m =2 thiy ANB = {1}.

Vay m = 2.
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Bai 41. Cho 3 tap hgp:

A={x|x=3n—-2,ne N*}
B = {x|]x =1003 — 2m, m € N*}
C={xlx=6p+1,peZ,0<p<166}.

Chiing minh raing ANB = C.
Giai. Can chiing minhANBC CvaC C ANB.

e Gid st x € ANB, can chi ra x € C. Thuc viy, néux € ANB thi x € A vd x € B, tidc 12 ton tai cic sb
nguyén duong m,n sao cho:
x=3n—2=1003 —2m.
1005 —3n

—1 )
Khi d6: m = — &S m=502—n-— nT Vi m,n la nhiing soO nguyén duong nén suy ra

1
n  peZ Tudén=2p+1va

m=502—2p+1)—p=>501-3p.

Vi m, n 12 nhitng s6 nguyén duong nén

>0
2p+1>1 P>
{501—3,?21 ;‘{ p§53ﬂ =0 < p < 166.

Nhungx =3n—2=3(2p+1)—2=6p+1,suyra

xeC=ANBCC. (1)

e Chiing minh C C ANB. Gia st x € C, can chiing minh x € AN B. Thuc vay, néu x € C thi ton tai p € Z,
0 < p < 166, sao cho x = 6p + 1. Ta sé chi ra ring x c6 thé dudc viét duéi dang x = 3n —2, n € N*,
Ta co

x=6p+1=(6p+3)—2=312p+1)—2=3n-2,

véin=2p+1 & N* suy rax € A. Ta con phai ching minh x € B.
x=06p+1=1003— (1002 — 6p) = 1003 — 2(501 —3p) = 1003 — 2m,
v6i m = 501 — 3p. Ta c6:
0<p<166=0<3p<498=501—-3p>3=m=501—-3pecN".
Nhuvay x € B. Tux €A vax € Bsuyra

x€ANB<«<=CCANB. 2)

Tur (1) va (2) suy ra ANB = C, diéu phai chiing minh.
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4.  CAC TAP HOP SO

I. Tém tat Ii thuyét

1. Céac tap hop sb da hoc

Dinh nghia 1. Tap hop cic s6 tu nhién N = {0,1,2,3,...} vaN* = {1,2,3...}.

Dinh nghia 2. Tap hop céc sd nguyén Z = {...,-3,-2,—1,0,1,2,3,...}.

Pinh nghia 3. Tap hop céc s6 hitu ti ki hiéu Q, 12 s6 viét dugc dudi dang phan sb g véia,beZ,b+#0.
Pinh nghia 4. Tiap hop céc s6 thuc ki hiéu R, gdm cic sb thap phan hitu han, v han tuin hoan va vo han

khong tuan hoan. Cdc s6 thap phan vo han khong tuan hoan goi 12 s vo ti.

2. Cac tap con thuong dung cua R

Trong toan hoc ta thudng gip cac tap hop con sau day ciia tap hop cac sb thuc R

a. Khoang
////////////// / \///////.
(a;0) ={x e Rla < x < b} \ %
a b
////////////// (
(a;+00) ={x € Rla < x} 6\1
N
(_oo;b) :{xeR’x<b} é ,,,,,,,
b. Poan [a;b] = {x € Rla <x < b}
,,,,,,,,,,,,,, I T
,,,,,,,,,,,,,, L J,,;,A,/
a b
c. Nua khoang
,,,,,,,,,,,,,, [ Vo
[a;b) = {x e Rla<x< b} L /
a b
,,,,,,,,,,,,,, ({ 1999999
(a;b) ={x € Rla < x < b} \ ]
a b
,,,,,,,,,,,,,, [
[a;+o) = {x € Rla < x} ;
]
(—eo1b) = {x € Rx < b} i) ,,,,,,,

A Ki hiéu +oo doc la duong vO cuc (hodc duong vé cung), ki hiéu —oo doc la am vo cuc (hodc dm vo
cung).
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II. Cac dang toan

Dang 1. Xac dinh giao - hgp cuaa hai tap hgp

a) Xac dinh giao cua hai tdp hgp ta lam nhu sau
e Biéu dién cic tap hop 1én truc sd.
e Dung dinh nghia giao d€ xac dinh c4c phan ti clia tip hop.
b) Cho hai tip con ctia tap sb thuc A va B. Tim A U B ta lam nhu sau
e Biéu dién tip A trén truc sd, gach chéo phan khong thudc A.
e Lam tuong tu dbi véi tap B.
e Phin khong gach chéo trén hinh 1a AU B.

e et . IR . x€A
¢) Do véi hai tap A va B khac dé tim AUB tanhérangx € AUB & cB
x
Vi du 1. Xdc dinh tap hgp (0;3) U (—3;2) va bi€u dién trén tryc s6
Loi giai.
e Biéu dién tap hop A trén truc sd
[ A}
////////////////////////////////////// \ }///////v
0 3
e Biéu dién tap B trén truc sd
///////// { N
A J '
-3 2
o Két hop hai truc s trén ta dugc tap AUB = (—3;3).
.......... [ N
///////// ,\ }///////
-3 3

Vidu 2. Cho m > 5. Xéc dinh tap hop [—2;m) U [0;4).

Loi giai. Vim>5nénm >4=[0;4) C [-2;m) = [-2;m)U[0;4) = [-2;m).

Vidu3. ChohaitaphgpA={xeR| -1 <x<3},B={xeR|-2<x<2}. TimANB.

Loi giai.

=ANB=[-1,2).
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Vi du 4. Xic dinh céc tap hop sau day va biéu dién chiing trén truc sd.
a) (0;3)N(2:4).

b) RN(—1;1).

Loi giai.

= (0;3)N(2;4) = (2;3).
b)

-1 1

FHAH A A1

=RN(-1;1)=(-151).

Vidu 5. Cho cdc tap hop A = {x € R||x+2| < 2}, B= {x € R|[x+4| > 3}, C = [-5;3). Tim cac
tap hop

a) ANB.
b) BNC.
c) ANBNC.
d) AUB.
e) ANBUC.

f) (AUB)N(BUC).

Loi giai. |x+2|<2& -2<x+2<2& —4<x<0.DodéA=(—4,0).

x+4<-3 x < -7 ;
x+4|>3 < .Do d6 B = (—o0; —7]U[—1;+00).
x+4>3 x> -1
Biéu dién tap A trén truc so:
( \ s
/////////////////////// \ ///////////////////////////'
—4 0
Biéu dién tap B trén truc sd
Yrsrssrsrssisrisisrisisriiis [ -
I i >
-7 —1
Biéu dién tap C trén truc sb
,,,,,,,,,,,,,,,,,, I Neooirarir
,,,,,,,,,,,,,,,,,, L },,,,,,,,,,,,'
-5 3

a) ANB=[—1,0).
b) BNC = (—o0; 7] U[—5;+00).
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¢) ANBNC = [—1;0).
d) AUB = (—o0;—7]U(—4;+o0).
e) ANBUC =[-5;3).
f) (AUB)N(BUC).
(AUB) = (—o0; = 7] U (—4;4-o0).

(BUC) = (—o0; =T U[—5;+0).
Do d6 (AUB)N(BUC) = (—o0; =7]| U (—4;+o0).

1
Vi du 6. ChocéctéthpA:{xeR])il20},Bz{x€R\9 2<0},C= {xER|‘— <1},
x_
Tim cac tap hop

a) ANBNC.
b) (AUB)NC.
¢) (AUC)NB.

d) AN(BUC).

Lui gidi.

x+1
x—1

<
. >0< _1 .D0o d6 A = (—o0; —1]U(1;+c0).

x <
. 9—x2§0<:>[ ;3 . Do d6 B = (—o0; —3] U[3; +0).

X =
x+1 2x+4
>—1 >0
1 1 - - - —00;—3 U —2, IeS)
Xt '§1<:>—1§x+ <le x+? & x“;3 @{x ( U=+ ).D
x+3 x+3 +1_ 2 o x € (—3;—o0)
x+3 x+3

d6 C = [—2;4o0).

Biéu dién tap A trén truc so:

.
J
N
N
N
N
J
J
NN
— AN
Y

~
Y

a) ANBNC = [3;+o0).

b) (AUB) = (—o0; —1]U(1;+4o0).
(AUB)NC = [—2;—1]U(1;4-o0).
¢) (AUC) =R.
(AUC)NB =B = (—o0; —3]U[3;+00).
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d) (BUC) = (—o0; —=3|U[—2;+0)
AN(BUC) = (—o0; —=3]U(1;4o0).

BAI TAP TU LUYEN

Bai 1. Xéc dinh tap hgp [0;5) U (—4;2) va bi€u dién trén truc sb.
Loi giai. Lan lugt biéu dién hai tap hop [0;5) va (—4;2) tit d6 thu dugc tap hop [0;5) U (—4;2) = (—4;5).
dudc biéu dién trén truc s sau

i 3
///////// \ }///////,
—4 5

Bai 2. Cho hai tip hgp A = [m+ 1;10) v6i m < 0 va tdp hop B = (5;8). Hay xac dinh tip hgp AUB.
Loigiai. Vim<0=m+1<1<5=AUB=[m+1;10)U(5;8) = [m+ 1;10).

Bai 3. ChohaitaphgpA ={x e R|l <x<4},B={xeR|-3 <x}. TimANB.

1 4
) %%%%ﬁ%% A
Loi giai.
-3
////////( B
— ANB=(1;4].
Bai 4. Cho A = [-2;4],B = (2;+),C = (—e0;3). Xac dinh céc tap hgp sau diy va bi€u dién ching trén
truc s0.
a) ANB,BNC.
b) RNA,RNB.
Loi gii.
2 4
1177777740 Ligprrsiis, 4
7T 777777777
2
L1)11) 1)) L)1) L)L) 1)L B
T AT 77777777
3
NLrrir s
TITTT777777

a) ANB=(2;4],BNC = (2;3).
b) RNA = [~2;4],RNB = (2;+oo).
Bai 5. Chocactaphgp A = {x e R||2x— 1| < 1}, B={x € R||3x—6| > 3}, C = [1;2]. Tim céc tap hgp
a) ANBNC.
b) AUBUC.
¢) (ANB)UC.

d) AU(BNC).
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Loi gidi.

a) ANBNC=9g.

b) AUBUC = (—o0;2] U (3;4-o0).

¢) (ANB)UC =[0;2].

d) AU(BNC) = [0;1].

1—3x
x+2

> 2}, C =[0;3]. Tim cac tap hop

Bai 6. Chocéctéphcijz{xEM%>O},B:{x€R|‘
a) ANBNC.
b) AUBUC.
) (ANB)UC.
d) AU(BNC).
e) BN(AUC).
f) (AUB)NC.
Loi giai.
a) ANBNC =o.

b) AUBUC = (—e0;—2)U (—2;—%) U[0;+o0).

¢) (ANB)UC = (—e0; —2) U [5;400) U[0;3].
d) AU(BNC) = (—o0; —2) U (2;+00).
e) BN(AUC) = (—o0; —2) U [5;4o0).

f) (AUB)NC = (2;3].

Dang 2. Xac dinh hiéu va phan bu ciia hai tip hop

e Biéu dién cic tap hop 1én truc so.

e Dung dinh nghia cdc phép toan hiéu, phan bu dé xac dinh cac phan ti cia tap hop.

Vidu7. ChohaitadphgpA={xeR| -1 <x<3},B={xecR|-2<x<2}. TimA\B,B\A.

Loi giai.

= A\B=[2;3],B\A = (-2;—1).
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[ Vidu 8. Cho hai tap hgp A = {x € R|1 < x <4}, B={x € R| -3 < x}. Tim CpA. ]
1 4
) ﬁ%%%%%%%%‘%ﬁ% A
Loi giai.
-3
////////( B

= CpA = (—3;1]U (4;+o0).

Vidu 9. Xic dinh céc tp hop sau day va biéu dién chiing trén truc sd.
a) (0;3)\(2:4).
b) R\ (—1;1).

Loi giai.

= (0:3)\ (2:4) = (0:2].

b)

-1 1

A1

=R\ (—1;1). = (—oo; —1]U[1;+00).

Vi du 10. Xéc dinh céc tip hop sau day va bi€u dién chiing trén truc sb.
a) R\ ((0;1)U(2;3)).
b) R\ ((3;5)N(4;6)).

Li gidi.

a)
o 1 2 3

e e

=R\ ((0;1)U(2;3)) = (—o0;0] U [1;2] U [3;400).

b) Tacd ((3;5)N(4;6)) = (4:5).

4 5

A A1

=R\ ((3;5)N(4;6)) = (—o0; 4| U[5; +0).
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[ Vi du 11. Cho hai nita khodang A = (—1;0],B=[0;1). Tim A \ B va CgA.

Lui giai.

%%%%%%ﬁ%%%%%%%%%%fl
0 1

= A\ B = (—1;0) va CrA = (—o0;—1] U (0; +o0).

BAI TAP TU LUYEN

Bai7. Chohaitdphop A ={x e R|x <2}, B={x e R|—-2<x}. TimA\B,B\ A.
2
Liprrrsririzriiiizs A

e 77777777777

Loi giai.

-2
1777777040 B

THTTHT7
= A\ B=(—o0;—2],B\ A = (2;+c).
Bai 8. ChohaitaphgpA={xeR|-2<x<0va2<x<4},B={x e R|—-3 <x}. Tim CpA.

-2 0 2 4
<. oo 755575575( H%WH%W A
Loi giai.
-3
////////( B

= CpA = (—3;-2]U[0;2] U (4; +o0).
Bai 9. Cho a,b,c,d la nhiing s6 thyc va a < b < ¢ < d. Tim (a;d) \ (b;c) va (b;d) \ (a;c).

a b c d
177777774 | | N2/7/770777777)
o oa. TTTTTTTTTY 1 | JTTTTTTITTT 777
Loi giai.
a b c d

P A1

= (a;d) \ (b;c) = (a;b]U[c;d).

a b c d
a b c d

= (b;d) \ (a;¢) = [c;d).

Bai 10. Cho A = [—2;4],B = (2;+),C = (—o0;3). Xéc dinh cdc tap hgp sau ddy va bi€u dién ching trén
truc s0.

a) A\B,B\A.
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b) R\A,R\B,R\C.

Li gidi.

-2 4
il L1077/ A
77777777 1777777777
2
7%%%%%%%%9%‘% B
3
N17y7/77707777) C
7777777777

a) A\B=[-2;2],B\A = (4;+4).
b) R\A = (e0;=2) U (4;4e0) , R\ B = (—o0;2] ,R\ C = [3;+00).

Bai 11. Cho hai nita khoang A = (0;2],B = [1;4). Tim Cr (AUB) va Cr (ANB).
Loi giai.

= Cr (AUB) = (—0;0] U [4; +00) va Cr (ANB) = (—o0; 1) U (2;+o0).

Dang 3. Tim m théa diéu kién cho truée

Vidu 12. Cho A = (—e0;m], B = [6;+o0). Tim m d€
a) ANB # 2.

b) (ANB) C [1;8].

.

Loi giai.

a) Biéu dién tap hop A = (—oo;m] trén truc so:

,,,,,,,,,,,,,,,,,,,,,,,, [ S
[ -

ANB# &< m>6.

b) V6im >6:ANB=[6;m].
(ANB) C [1;8] & m < 8.
Viy 6 < m < 8 thda yéu cau bai toan.
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Vi du 13. Tim m biét
a) (—1;3)N(m;+o0) = 2.
b) (5;m)U(3;9) = (3;9).
) (4:12)\ (—oo;m) = @.

Li gidi.

a) Biéu dién tap hop (—1;3) trén truc sb:

A
\4

(—1;3)N(m;+o0) = & < m > 3.

b) Biéu dién tap hop (5;m) trén truc sb:

.................... / \‘
//////////////////////// \ /////////////’
5 m

Biéu dién tap hop (3:9) trén truc sb:

( ) >
/////////////////// \ ////////

(5:m)U(3;9)=(3;9) & 5<m<09.

¢) Biéu dién tap hop (4;12) trén truc sb:

//////////////////////// a Novrvrrrrrrrre
N ) >
) 12
Biéu dién tap hgp (—eo;m) trén truc sO
N -~
/. ....... Cal
m

Vidu 14. Cho 2 tap khic rong: A = (m — 1;5] va B = (—3;2m+3); m # R. Tim m dé
a) ANB # 2.
b) A CB.
¢c) B CA.

d) (ANB) C (=2;4).

Loi gidi. Pau tién ta can xét diéu kién dé€ 2 tip A, B khic @ la:
m—1<5 m<6
& & =3 <m<6 (%),
2m+3 > -3 m> —3
Véi diéu kién (*) ta co:

a) ANB# D & 2m+3>m—1&m> —4.
Ddi chiéu véi diéu kién (x), cac gia tri m thda yéu cau bai todn 1a —3 < m < 6.
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S m > 1.

m—1>-3 m> -2
b)ACB(:){ {

54
2m+3>5
Dbi chiéu véi diéu kién (*), cdc gid tri m thda yéu cau bai todn 1a 1 < m < 6.

m>1

m—1<-3 m< =2
¢c) BCA& & Sm< =2
2m+3<5 m<1
Dbi chiéu véi diéu kién (%), cdc gid tri m thda yéu cau bai toan 1a —3 <m < —2.
d) (ANB) C (—2;4) mo1z-2 "= I <m< L (théa yéu chu didu kién (+))
-2;4) & & < —1 <m < = (thda yéu cau dieu kién (x)).
dIm+3< 4 mg% = 5 (fhoa yeu cdu dien kg

1 o
Vidu 15. Chotip A = [m— 1;%} , B=(—00;—=3)U[3;+00). Tim m dé

a) ACB.

b) (ANB)=o.

e 20 2, [N A ~ * X A R A A N m + 1
Loi giai. Trudc tién ta can tim diéu kién dé ton taitap A la: m — 1 < 5 < m<3(x)

Biéu dién tap hop A trén truc so:

m—1 m+1
2
Biéu dién tap hop B trén truc so:
N I s
-3 3
1
A C (—o0;—3) o3 [m<—7
2) ACB& . e |2
A C [3;+00) m—1>3 m>4

Doi chiéu diéu kién (x), ta cd m < —7 thda yéu cau bai toan.

b) ANB=90 &
) mTH<3 m<5

Dbi chiéu diéu kién (x), ta c6 —2 < m < 3 thda yéu cau bai toan.

m—12-3 m> =2
{ - &S -2<m<8.

Vidu 16. Cho A = (—o;m), B = [2m— 1;2m+2). Tim m dé
a) ANB=0g.
b) B C A.
c) A C CRrB.

d) CRANB +# @.

Loi giai. Biéu dién tap hop A trén truc s6:

) i iiiasds >
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Biéu dién tap hop B trén truc so:

I ) .
////////////////// 1_ ////////
2m—1 2m—+2

a) ANB=gm<2m—1<m>1.
b) BCA&S2m+2<mem< —2.

¢) CrB = (—o0;2m— 1)U (2m+2;+-o0).
ACCgRBEem<2m—1<m>1.

d) CrA = [m;+eo).
CRANB# & m<2m+2<m> 2.

Vidu17. Cho A = (m;m+1), B = (4;6). Tim m d€ AUB la 1 khoang. Hay xac dinh khoang do.

Loi gidi. Biéu dién tap hop A trén truc sb:

( Vet
////////////////// \ }///////
m m—+1
Biéu dién tap hop B trén truc so:
,,,,,,,,,,,,,,,,,, [ Veiis
€ Jrosssies
4 6
R ) 4<m+1
AUB a1 khoang < &3<m<6.
m<6

THI: Néu3 <m <4thiAUB = (m;m+1)U(4;6) = (m;6).
TH2: Néud <m <5thiAUB = (4;6).
TH3: NéuS<m < 6thi AUB= (4;m+1).

[ Vidu 18. Cho A = [m;m+ 3], B = [n;n+2]. Tim diéu kién m, n dANB = @.

Loi gidi. Biéu dién tap hop A trén truc sb:

////////////////// 1- JI/I’II/’
m m+3

Biéu dién tap hop B trén truc so:
i Lo

,,,,,,,,,,,,,,,,,, ! o
n n+2

Pau tién ta tim diéu kién cltam van d€ ANB = .
m+3<n m<n—3

<~ .
n+2<m m>2+n
Tutréntasuyra: ANB=0<n—-3<m<2+n.

ANB=90 &

BAI TAP TU LUYEN
Bai 12. Tim m dé
a) (Ly;m|N(3;400) # .
b) (—o0;—2)U[2m+ 1;+o0) = R.
¢) (m—2;3) C [-1;5].

Li gidi.
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a) 1<m<2.

3
b ——.
) m< >

c) 1<m<5.
Bai 13. Cho A = (—o0;m), B = [5m—2;5m+5]. Tim m dé
a) ANB=4a.
b) B C A.
c) AC (R\B).
d) (R\A)NB £ 2.
Loi giai.

a) m>

| =

5

c) m>

N —

5
d) m>-—=.
) mz—7

m+3

Bai 14. Cho A = [m—S;T},B: (—o0; —4) U[4;40). Tim m d€

a) ACB.

b) ANB=0.
Loi giai.
m< —11
T<m<9

b) -1 <m<5.
BAI TAP TONG HOP
Bai 15. ChocactaphgpA={x e R|x <3};B={x€R|-3<x<7}hC={xeN*|x<3}vaD={x€Z| -4 <x:

Biéu dién cic tap A, B, C, D trén truc sd va xic dinh tap hop (ANB)\(CND).
Loi giai. Biéu dién cac tap trén truc s6 nhu sau

e Tap A = {x € Rjx <3} = (—o0; 3]

I
3
e TapB={xeR|-3<x<7}=[-3;7]
......... I T
///////// /L J///////
7
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e TApANB =[—3;3]

,,,,,,,,,, [ Voot tvveiissirrerissssrerresssreersssssrenns
,,,,,,,,, 1_ J,,,,,,
-3 3

e Tap C = {x e N*|x <3} ={1,2,3}

o TipD={xeZ|-4<x<4}={-4,-3,-2,-1,0,1,2.3,4}.

Tidétacotaip (ANB)\(CND)=[-3;3]\{1,2,3} ={xeR| -3 <x<3,x#1,2,3}.
Bai 16. Cho a > 0. Hiy xdc dinh tap hop ((o;a] N (g;2a>> \{al.

Loi giai. Ta lan lugt biéu dién tung tap (0;a], (g;2a> trén truc s6 va nhé rang a > 0 thu dudc
(0;a]N (g;2a> \{a} = (g;a] \{a} = (g;a> .
Bai 17. Cho a > 0. Hay xdc dinh tip hop (E;SaD U(0;a) N (3a;6a).
Loi gidi. Lan luot biéu dién céc tap hop ( g; Sa] , (0;a), (3a;6a) trén truc sb va nhé ring a > 0 thu dugc

([%l;Sa] U (O;a)> N (3a;6a) = (0;5a] N (3a;6a) = (3a;54).
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§5.  DE KIEM TRA CHUONG I

I. Désbla
Bai 1. (3 diém)
a) Xét tinh diing sai va 1ap ménh dé phi dinh cia ménh dé P Ix € R: x*> = —3”,
b) Cho tam gidc ABC, xét hai ménh d& P: AB> + AC> = BC?, Q: A = 90°. Hay lap ménh dé P = Q va
xét tinh ding sai cia ménh dé do.
Loi giai.
a) Ménh dé P la sai. Phi dinh ctia P1a P : Vx € R : x> # —3.
b) Cho tam gidc ABC, ménh d& P = Q phat biéu nhu sau: Trong tam gidc ABC, néu AB*> 4+ AC? = BC*

thi goc A =90°.
Ménh d& P = Q la diing.

Bai 2. (2 diém) Cho hai tap hdp A = (2;5), B = [—1;3). Xéc dinh cdc tap hop sau: ANB, AUB, A\ B va
B\ A.

Loi gidi. ANB = (2;3),AUB =[~1;5),A\ B =[3;5), B\A = [ 1;2].

Bai 3. Cho céc tip hgp CrA = [—3;2) va CgB = (—2;3). Tim tap hgp Cr (AN B).

Loi giai. Tap hop CrA = [—3;2) = A = (—o0; —3) U [2; +o0).

Tap hop CrB = (—2;3) = B = (—o0; —2] U [3; +o0).

Tap hgp ANB = (—o0; —3) U [3;400) = Cr (ANB) = [-3;3).

Bai 4. (2 diém) MGi hoc sinh 16p 10A déu choi béng ban hoic ciu 1dng. Biét rang c6 25 ban choi bong
ban, 23 ban chdi cau 16ng va 10 ban chdi ca hai mon. Héi 16p 10A c6 bao nhiéu hoc sinh?

Loi giai. Goi X va Y 1a tp hop cac ban choi béng ban va cau 16ng ctia 16p 10A. Ta ¢6 s6 phan ti ctia X NY
bing 10. S6 phan tii ctia X UY 13 25 +23 — 10 = 38. Vay 16p 10A c6 38 hoc sinh.

Bai 5. (1 diém) Do cao ctia mot cai cay 1a h = 50,54m 40, Im. Hay viét sd quy tron cta sb 50, 54.

Loi giai. S6 quy tron ctia 50,54 14 51.

1. Pésbd1b
Bai 1. (3 diém)
a) Xét tinh diing sai va 1ap ménh d& phii dinh ctia ménh dé P: "Ix € R : x% = 3",
b) Cho tam gidc ABC, xét hai ménh dé P: AB = BC, Q : A = C. Hay lap ménh d& P = Q va xét tinh diing
sai cua ménh de do.
Loi giai.
a) Ménh dé P 1a ding. Phii dinh cia P1a P: "Vx € R: x> # 3",
b) Cho tam gidc ABC, ménh dé P = Q phat biéu nhu sau: Trong tam gidc ABC, néu AB = BC thi géc A
bang géc C. Ménh dé P = Q la diing.

Bai 2. (2 di€m) Cho hai tdp hop A = (1;6), B = [0;4). Xéc dinh céc tip hgp sau: ANB, AUB, A\ B va
B\ A.
Loi gidi. ANB = (1;4), AUB = [0:6), A\ B = [4:6), B\ A = [0; 1].

Bai 3. Cho céc tap hdp CrA = [—4;2) va CgB = (—3;3). Tim tap hdp Cr (AN B).
Loi giai. Tap hop CrA = [—4;2) = A = (—o0; —4) U [2; +o0).

Tap hop CrB = (—3;3) = B = (—o0; —3] U [3; +o0).

Tap hgp ANB = (—o0; —4) U [3;40) = Cr (ANB) = [—4;3).
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Bai 4. (2 di€ém) M&i hoc sinh 16p 10B déu giodi Todn hoic giéi Tiéng Anh. Biét ring c6 28 ban gidi Todn ,
22 ban gidi Tiéng Anh va 10 ban gi6i ca hai mén. Hoi 16p 10B ¢6 bao nhiéu hoc sinh?

Loi giai. Goi X va Y 1a tp hop céc ban giéi Toan va gidi Tiéng Anh ctia 16p 10B. Ta c6 sd phan ti cla
X NY bang 10. S6 phan tif ciia X UY 1a 28 +22 — 10 = 40. Vay 16p 10B c6 40 hoc sinh.

Bai 5. (1 diém) Chiéu dai ctia mot cay cau 1a [ = 150,45m + 0, Im. Haiy viét sd quy tron ctia s6 150, 45.
Loi giai. S6 quy tron ctia 150,45 14 150.

M. Pésb2a

Bai 1. (3,0 diém)

a) Ménh dé sau day ding hay sai? gidi thich.
"Moi s6 thuc chia hét cho 6 déu chia hét cho 3".

b) Dung ki hiéu 3 d€ viét ménh dé: "C6 mot s6 thuc ma binh phuong ctia né bang —1."
¢) Lap ménh dé phu dinh ctia ménh d& "Vx € R: VX2 +1 > x."
Loi giai.

a) SO 6 chia hét cho 3 nén
S6 chia hét cho 6 ciing chia hét cho 3. VAiy ménh dé da cho 12 mot ménh dé diing.

b) Ménh dé dugc viétla: "Sx e R:x? = —1."
¢) Ménh dé phi dinh 1a: "Ix e R: Va2 + 1 < x."
Bai 2. (2,0 diém)
a) Liét ké& cac phan ti ctia tap hop B = {x ER:4x* —Tx+3= O} .
b) Liét ké céc tap con cua tap hgp C = {1,2,3}

Loi giai.

: }
B=q-,1¢.
?) {4’
b) Céc tap con cua tap hgp C la:

a:{1}:{2}: {3} {1,2}:{1,3}:{2,3}:{1,2,3}.

Bai 3. (2,0 diém)

Cho hai tdp hgp A = {2,3,4,7,9} va B={2,4,5,6,7,9}. Tim: AUB;ANB;B\A;A\B.
Loi gidi. *AUB = {2,3,4,5,6,7,9}.

«ANB=1{2,4,7,9}.

*B\A={5,6}.

xA\ B={3}.

Bai 4. (2,0 diém)
Cho cac tap hgp A = (—3;9);B = [-2017;5];C = (8;2018]. Tim:

a) AUB;ANB.

b) A\B; (AUB)\C.
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Loi gidi.

.'.',',',',',',',','.','.',',',',',',',','.','.',',',',{ }‘,',',',',',',',',',',',',',',',',',',
-3 9
,,,,,,,,, [ Votcaiisiiirssismssserssserssseriss
.......... L J
—2017 5

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ({ Yorrrrss,
¢ [
8 2018

a) AUB=[-2017;9);
ANB=(3;5].

b) A\B=(5;9);
(AUB)\C = [-2017;8].

Bai 5. (1,0 diém)

Hay viét s6 quy tron clia s6 gan ding a = 2,7182 biét @ = 2,7182+0,001.
Loi gidi. Do do chinh x4c dén hang phan nghin nén s6 quy tron la: 2,72.
IV. Déso2b

Bai 1. (3,0 diém)

a) Ménh dé sau day ding hay sai? giai thich.
" Binh phuong ctia mot s6 thuc déu 16n hon chinh né."

b) Dung ki hiéu V d€ viét ménh dé: " Moi sb thuc binh phuong déu 16n hon 0. "
¢) Lap ménh dé phii dinh cia ménh dé "Ix € R : 2x*> —3x+1=0."
Loi giai.

a) S60,1>2=0,01 <0,1
Nén ménh dé da cho 1 sai.

b) "VxeR:x?>0."
¢) Ménh dé phii dinh 1a: "Vx € R: 2x%> —3x+1 #£0."
Bai 2. (2,0 diém)
a) Liét ké cdc phan ti clia tap hop A = {x eEN:x?—x—6= O}.
b) Liét ké céc tap con cua tap hgp P = {3,5,7}
Loi giai.
a) A={3}.

b) Céc tap con cua tap hgp P la:

2:{3}1:{5}:{7}:{3,5}:{3,7}:{5,7}:{3,5,7}.
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Bai 3. (2,0 diém)

Cho hai tdp hgp A = {2,3,5,7,8,9} va B={5,6,7,8,9}. Tim: AUB;ANB;B\A;A\B.
Lui gidi. *AUB = {2,3,5,6,7,8,9}.

«ANB={5,7,8,9}.

xB\A={6}.

xA\B=1{2,3}.

Bai 4. (2,0 diém)
Cho céc tap hgp A = [-3;10];B = [-2017;7);C = (—10;2017]. Tim:

a) BUC;BNC.
b) A\C;(AUB)\C.

Loi giai.

,,,,,,,,,, [ Nosss0000000000000000000000
,,,,,,,,,,,,,,,,,,, { 19999
/////////////////// J/////////y

a) BUC =[—2017;2017];
BNC=(—10:7).

b) A\C = o;
(AUB)\ C = [—2017;—10].

Bai 5. (1,0 diém)
Hay viét s6 quy tron ctia s6 gan ding a = 3,141592 biét @ = 3,141592 4 0,0001.
Loi giai. Do do chinh xdc dén hang phan chuc nghin nén s6 quy tron 1a: 3, 142.
V. Désb3a
Bai 1. (2,5 diém) Cho ménh dé A : "Vk € N, k(k+ 1)(k +2) chia hét cho 6".

a) Viét ménh dé phi dinh ctia ménh dé A.

b) Chiing minh ring ménh dé A 1a mot ménh dé ding.
Loi giai.

a) Ménh dé phi dinh cia ménh dé A 1a:
A : Fk € N k(k+ 1)(k +2) khong chia hét cho 6..

b) Ta c6 k(k+ 1) chia hét cho 2. .
Trong 3 s6 ty nhién lién tiép ludn ton tai mot sd chia hét cho 3 nén k(k + 1)(k+2) chia hét cho 3.
Ma (2,3) = 1 nén k(k+ 1)(k+2) chia hét cho 6.

Bai 2. (3,5 diém) Cho hai tip hdp X = {x € Z‘ |2x+1] < 3} va
Y={xeR|(x+1)(x—2) (x* —8x+15) =0}

a) Viét cc tap X,Y bang cach liét ké cac phan td.
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b) TImXNY,XUY va X \Y.
Loi giai.

a) Taco|2x+1] <3 —3<2x+1<3
& 2<x<Il=X={-2;,-1;0;1}.

x+1=0
Talaicé (x+1) (x—2) (x> —8x+15) =0« [x—2=0
¥ —8x+15=0

-1

I
wnow o

=Y ={-1;2;3;5}.

X

X
=

X

X

b) XNY = {1}
XUY ={-2,-1,0,1,2,3,5}
X\Y ={-2,0,1}

Bai 3. (2,0 diém) Cho hai tap hop A = [m;m+2];B = [—1;2].
a) Khi m = 0. Tim tap hop CpA N B.
b) Tim tht ca céc gia tri thuc clia tham sé m d€ A C B.

Loi giai.

a) V6im=0thi A =[0;2] = CrA = (—o0;0) U (2;+00).
Khi d6 CRANB =[—1;0).
m>—1

b) BE A C B thi ~
m+2<2

m>—1
= S —-1<m<0
m<0

Bai4. (1,0 diém) Trong ki thi hoc sinh gidi cip trudng, 16p 10C1 cé 45 hoc sinh trong d6 c6 17 ban dat
hoc sinh gidi Vin, 25 ban dat hoc sinh gidi Toan va 13 ban hoc sinh khong dat hoc sinh gidi. Tim s6 hoc
sinh gioi ca Van va Toan cua 16p 10C1.

Loi giai. S6 ban dat hoc sinh gidi: 45 — 13 = 32(hoc sinh).

S6 hoc sinh gidi ca Vin va Todn 1a: 254 17 — 32 = 10(hoc sinh).

Bai 5. (1,0 diém) Bic ndéng dan do manh vudn hinh chit nhat c6 chiéu dai 44-0,2m va chiéu rong 3+0, 3m.
Hoi dién tich cia manh vudn c6 thé 16n nhit 14 bao nhiéu (quy tron dén hang phan chuc)?

Loi giai. Chiéu dai va chiéu rong 16n nhit 1an luct 12 4,2m va 3,3m.

Dién tich 16n nhit cia manh vuon la: § = 4,2.3,3 = 13,86 ~ 13,9m>.

VL. Désb3b

Bai 1. (2,5 diém) Cho ménh dé A : "Vk € R, k> +3k+5>0".
a) Viét ménh dé phi dinh ctia ménh dé A.
b) Chiing minh ring ménh dé A 1a mot ménh dé ding.

Lui gidi.
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a) Ménh dé pht dinh ctia ménh dé A 1a:
A:3keR,k*+3k+5<0..

3\? 11
b) Tacék2+3k+5:<k-|-§> +

3 2
W<k+§> > 0nén k*>+3k+5>0,Vk e R.
Bai 2. (3,5 diém) Cho hai tap hop X = {x € Z|[2x— 1| <2} va
Y = {xeR[x(x—1)(x*—6x+8) =0}
a) Viét cac tap X,Y bang cach liét ké cdc phan ti.
b) TImXNY,XUY vaX\Y.
Loi giai.
a) Taco 2x—1| <2 —2<2w—1<2
1 3
— < < — X: 1 .
& 5 Sxs 2:> {0;1}

x=0
Talai co x(x— 1)(x*> —6x+8)=0=0« [x—1=0
X —6x+8=0
x=0
x=1
& =Y ={0;1;2;4}.
x=2
x=4

b) XNY ={0,1}
XUY ={0,1,2,4}
X\Y =0

Bai 3. (2,0 diém) Cho hai tdp hop A = (m —2;m+1];B = [ 1;4).
a) Khi m = 2. Tim tap hop CRANB.
b) Tim tit c4 cac gia tri thuc ctia tham sb m d€ A C B.
Loi giai.
a) V6im=2thi A =(0;3] = CrA = (—o0;0] U (3;+400).
Khi d6 CRANB = [—1;0] U (3;4).
m—2>—1

b) DE A C B thi
) m+1<4

{m >1
< S1<m<3
m<3

Bai 4. (1,0 di€m) Trong ki thi hoc sinh gidi cp trudng, 16p 11C1 ¢6 40 hoc sinh trong d6 c6 15 ban dat
hoc sinh gidi Tiéng Anh, 20 ban dat hoc sinh gidi Ly va 10 ban hoc sinh khong dat hoc sinh gidi. Tim s
hoc sinh giéi ca Tiéng Anh va Ly ctia 16p 11C1.

Loi gidi. S6 ban dat hoc sinh gidi: 40 — 10 = 30(hoc sinh).

S6 hoc sinh gidi ca Tiéng Anh va Ly 1a: 20 + 15 — 30 = 5(hoc sinh).

Bai5. (1,0 diém) Bic nong dan do manh vudn hinh chit nhat c6 chiéu dai 540,3m va chiéu rong 3+0, Im.
Héi dién tich cia manh vudn c6 thé nhd nhat 1a bao nhiéu (quy tron dén hang phan chuc)?

Loi giai. Chiéu dai va chiéu rong nhé nhét lan lugt 12 4,7m va 2,9m.

Dién tich nhd nhit ciia manh vuon 1a: S =4,7.2,9 = 13,63 = 13,6m?>.
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VII. DPéséda

Bai 1. Cho céc ciu sau:

1. M4 ctara!

N

. Chu tich H6 Chi Minh sinh niim 1890.
3. 2x—1<0.
4. 2018 chia 3 du 1.

. V3 1asb voti.

9

6. IxeR:x%*<0.

a) Trong cdc cau cho & trén ciu nao 1a ménh dé? Véi cau 12 ménh dé hay x4c dinh xem ménh dé d6 ding
hay sai.

b) Trong céc ciu cho & trén, véi cau 1a ménh dé hiy néu ménh dé phii dinh ctia no.
Loi giai.

a) Cac cau 1a ménh dé 1a: cau 2, ciu 4, cAu 5, cau 6. Cic cau khong phai 1a ménh dé 1a: cau 1, cau 3.0,5
diém
Cau 2 12 ménh dé va 1a ménh dé ding.
Cau 4 1a ménh dé va 1a ménh dé sai.
Cau 5 12 ménh d& va 1a ménh dé ding
Cau6laménh d& valaménh d@ sai............ccoooiiiiiiiiiiiae e, 0,5 diém

b) P»: "Chu tich H6 Chi Minh sinh nim 1890." = P» : "Chu tich Ho6 Chi Minh khong phai sinh nam

1890".

Py :"2018 chia 3 du 1". = Py : "2018 chia3khong phdidu 1"........................... 0,5 diém
Ps:"V3lasbvoti". = Ps: "3 1asb hitu ti."

Po: "I eR:x2<0". = P "W ER X2 > 0" o 0,5 diém

Bai 2. Cho dinh Ii c6 dang ménh dé kéo theo nhu sau: "Néu mot hinh thang ¢ hai dudng chéo bang nhau
thi n6 la hinh thang can".

a) Phat biéu ménh dé dao ctia ménh dé da cho.
b) St dung thuit ngit "diéu kién di" d€ phat biéu lai dinh li da cho.
Loi giai.

a) Ménh dé dio ctia ménh dé da cho 1a: "Néu mot hinh thang 12 hinh thang cén thi n6 c¢6 hai dudng chéo
bANE NNAU". ... . 0,5 diém.

b) Pinh 1i dudc phat biéu lai 1a: "DE mot hinh thang 13 hinh thang cin, diéu kién dd 13 hai duong chéo
Clane bANg Nhau". . ... ..t 0,5 diém

Bai 3. Cho hai tap hop A = {—2;1;3;4}, B={0;1;2;3}. Hay xac dinh:
a) ANB,AUB.
b) A\B, C4(ANB).

Lui gidi.
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2) TacO AN B = {133 . 0,5 diém
AUB = {=2:0;152;354 . oo 0,5 diém
D) TacOA\B = {214} .« 0,5 di¢m
Ca(ANB) = {20121 4 ) 0,5 diém

<. Con . 36
Bai 4. Cho hai tdp hgp A = (—oo;m) va B = {x €ERlx> —}
m

a) Khim=1,timANB.
b) Timm < 0dé ANB # .

Loi giai.

2) Khinm=1cOA(—00;1), B=(36;4-00) ...\ 'uue e 0,5 diém
S AN B = D e 0,5 diém
36 2 oA
b) AMB#AO < —<mem <36(dom<0) .. ..o 0,5 diem
m
& (m—6)(m+6) <0 —6<m<6.
Két hop véi didukién m < 0ta dudc —6 < m < 0. ...oovneee e 0,5 diém

Bai 5. Trong sb 45 can bd clia nhém phién dich dudgc triéu tip dé phuc vu hoi nghi qudc té c6 25 can bd
phién dich tiéng Anh, 15 can bd phién dich tiéng Phap, trong d6 c¢6 10 cdn bd vira phién dich dugc tiéng
Anh, vita phién dich dugc tiéng Phap. Hoi

a) Nhom c6 bao nhiéu can bo dudc cp thé do, biét rang mudn dudc cip thé do can bo dé phai phién
dich dugc tiéng Anh hoic phién dich dudc tiéng Phap.

b) Nhém c6 bao nhiéu can bo khong phién dich dudc tiéng Anh va khong phién dich dudc tiéng Phap.
Loi giai.
a) SO canbd dudc cApthé dO1A25+15—10=30. ... .ivririiiii e 1,0 diém

b) Sb can bd khong phién dich dudc tiéng Anh va khong phién dich dugc tiéng Phap chinh 13 sb can
khong khong dugc cip thé dd vabang: 45 —30=15. ... ... ccooviiiiiiaiaaen.. 1,0 diém

Bai 6. Tinh do dai canh hinh vudng c6 d6 dai dudng chéo bing 3, biét v/2 ~ 1,414213562 (liy két qua 3
chit s6 thap phan).

Loi giai. Goi x 1a do dai canh ctia hinh vudng, ap dung dinh 1y Pi-ta-go tacé x> +x> =3........ 0,5 diém
Sx= 3 A2, 121320344, VAY X R 2,120 oo oo 0,5 diém

V2

VIII. DPé sé 4b

Bai 1. Cho céc cau sau:
1. Péng cua vao!
2. Chii tich Hb Chi Minh ra di tim dudng ctu nude vao nim 1911.
3. 2x—12>0.
4. 2018 chia hét cho 3.

. /3 12 s6 hitu ti.

N

6. VxeR:x2>0.
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a) Trong cdc cau cho & trén ciu nao 1a ménh dé? Véi cau 12 ménh dé hay xac dinh xem ménh dé d6 ding
hay sai.

b) Trong céc ciu cho & trén, véi cau 1a ménh dé hiy néu ménh dé phii dinh ctia né.
Loi giai.

a) Céc cau la ménh dé 1a: cau 2, ciu 4, ciu 5, cau 6. Céc cau khong phai 1a ménh dé 1a: cau 1, cau 3.0,5
diém
Cau 2 12 ménh dé va 1a ménh dé ding.
Cau 4 1a ménh dé va 1a ménh dé sai.
Cau 5 12 ménh dé va 1a ménh dé sai
Cau6laménhdévalaménh d& duing. ............ .ot 0,5 diém

b) P>: "Chi tich Hb Chi Minh ra di tim dudng ctiu nuéc vao nim 1911." = P : "Chui tich Hb Chi Minh
khong ra di tim duong ciu nudc vao nam 1911".

Py : 2018 chia hét cho 3". = P, : 2018 khong chia hétcho3". ... ..o 0,5 diém
Ps:”v/31asb hiu ti". = Ps : /3 1a sb vo ti."
Po:"Vx€R:x2>0". = P "Ix € R 1 x2 <0 oo 0,5 diém

Bai 2. Cho dinh li c6 dang ménh dé kéo theo nhu sau: "Néu hai tam giac bang nhau thi ching c6 dién tich
bing nhau".

a) Phat biéu ménh dé dao ctia ménh dé da cho.
b) St dung thuat ngit "diéu kién can" dé phat biéu lai dinh 1i da cho.
Loi giai.

a) Ménh dé ddo ctia ménh dé da cho 1a: "Néu hai tam gidc bang nhau thi chiing c¢6 dién tich bang nhau".
0,5 diém.

b) Pinh li dugc phat biéu lai 1a: "Hai tam gidc c6 dién tich bang nhau 1a diéu kién can d€ hai tam gidc
A6 DANG NNAU". ... ..ot 0,5 diém

Bai 3. Cho hai tap hop A = {1;2;3;4}, B={—2;0;1,2;5}. Hay xac dinh:
a) ANB,AUB.
b) A\B, C4(ANB).

Lui giai.

2) TaCO AN B = {132 o 0,5 diém
AUB ={=2;0; 15231415 . o 0,5 diém
D) Taco A\B = {314 ). o o i 0,5 diém
Co(ANB) = {2505 0,5 diém

18
Bai 4. Cho hai tdp hgp A = (—o0;2a) va B = {x € Rjx > —}
a

a) Khia=1,timANB.
b) Tima<0déANB # .

Lui gidi.
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a) Khia=1cOA(—00;2), B=(18;400) . .utnuintttt et 0,5 diém
S AN B = o 0,5 diem
18 2 oA
b) AMB#AO < —<2aa"<9(doa<0)....ouviii e 0,5 diem
a
& (a—-3)(a+3)<0& -3<a<3.
Két hop véi didukiéna < 0ta dudc —3 <a < 0. ....oovueeiu e 0,5 diém

Bai 5. Trong s6 50 can bd clia nhém phién dich dugc triéu tap dé phuc vu hoi nghi qudc té c6 35 can bod
phién dich tiéng Anh, 20 cdn bo phién dich tiéng Phép, trong d6 c6 15 can bd vira phién dich dudc tiéng
Anh, vita phién dich dudgc tiéng Phap. Hoi

a) Nhom c6 ba/o nhiéu can bo dudc cip thé d(”): biét rang mudn dudc cip thé dé can bd d6 phai phién
dich dudc tieng Anh hoac phién dich dugc tieng Phap.
b) Nhém c6 bao nhiéu can bo khong phién dich dudc tiéng Anh va khong phién dich dugc tiéng Phdp.
Loi giai.
a) SO canbo dugc cAp thé d01a35+20—15=40. ......coiriiiieeiiieiiieaeinn.s. 1,0 diém

b) S6 can bo khong phién dich dugc tiéng Anh va khong phién dich dugc tiéng Phap chinh 13 s6 can
khong khong dudc cip thé dd vabang: 50 —40 =10. ............ccooiieiiiinaenn... 1,0 diém

Bai 6. Tinh do dai canh hinh vudng cé do dai dudng chéo bing 5, biét v/2 ~ 1,414213562 (lay két qua 3
chit s6 thap phan).
Loi giai. Goi x 1a do dai canh ctia hinh vuéng, ap dung dinh Iy Pi-ta-go tacé x> +x> =5........ 0,5 diém

5 .
X = = 223,535533906. VAY X A2 3,536. e e e 0,5 diém
V2
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Chuong 2

HAM SO BAC NHAT VA BAC HAI

1.  PAI CUONG VE HAM SO

I. Tém tat Ii thuyét
1. Ham s6 va tap xac dinh ctia ham s6

Dinh nghia 1. Néu vdi m01 gia tri cua x thude tap 2 c¢6 mot Va chi mot gid tri tuong dng cla y thudc tap sb
thuc R thi ta c6 mot ham s6. Ta goi x la bién so va y la ham s6 ctia x.
Tap hop 2 dudc goi 1a tap xac dinh ctia ham sb.

2. Cach cho ham sb
a) Ham sb cho bang bang
b) Ham sb cho bang biéu d6

¢) Ham sb cho bing cong thifc

/N Khi cho ham s6 bdng céng thitc ma khong chi ré tdp xdc dinh ciia né thi ta quy wdc:
Tép xdc dinh cia ham 56 y = f(x) la tdp hop tdt cd cdc sé thuc x sao cho biéu thiic f(x) co nghia.

3. Do thi cia ham so

Dinh nghia 2. P6 thi ctia ham s6 y = f(x) xdc dinh trén tip 2 1a tap hop tt ca cdc diém M (x; f(x)) trén
mit phang toa do v6i moi x thudc 2.

Ta thudng gip trudng hop dd thi ctia ham s6 y = f(x) 1a mot dudng (dudng thang, duong cong,...). Khi
do, tandi y = f(x) la phuwong trinh ctia dudng do.

4. Su bién thién ciia ham s6
Pinh nghia 3. Ham s6 y = f(x) goi la dong bién (tang) trén khoang (a;b) néu
Vxi1,xp € (a;b) : x1 <xp = f(x1) < f(x2).
Ham s6 y = f(x) goi la nghich bién (giam) trén khoang (a;b) néu
Vxi,xp € (a;b) : x1 <xp = f(x1) > f(x2).

/\ Xét chiéu bién thién ciia mét ham s la tim cdc khodng dong bién va cdc khodng nghich bién ciia ham
56 do.
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5. Tinh chan 1é cia ham so

Pinh nghia 4. Cho hamsby = f (x) véi tap xdc dinh .

Ham s6 y = f(x) goi la ham s6 chan néu Vx € 2 thi —x € 2 va f(—x) = f(x).
Ham s6 y = f(x) goi 1a ham s0 1€ néu Vx € Z thi —x € Z va f(—x) = —f(x).

A Do thi ham s6 chdn nhdn truc tung lam truc déi xing. Do thi ham s 1é nhdn goc toa do lam tam doi
xung.

II. Cac dang toan

Dang 1. Tim tip xdc dinh ctia ham s6

Dé tim tap xdc dinh ctia ham s6 y = f(x), ta 1am nhu sau:

+ Tim diéu kién d€ f(x) c6 nghia.

+ Tap hop céc gid tri x thod man f(x) c6 nghia tim dugc chinh 1a tip xdc dinh ctia ham sd.
Mot sb trudng hop thudng gip:

\/f(x) cé nghia < f(x) > 0.
1 co nghia < f(x) # 0.

fx)
1

V()

c6 nghia < f(x) > 0.

Vi du 1. Tim tap xac dinh ctia ham s6 y = —x> +3x +2017.

Loi gidi. Diéu kién —x> 4 3x+2017 c6 nghia < x € R.
Vay tap x4c dinh ctia ham sb 1a R.

2
x—3"

Vi du 2. Tim tap xac dinh ciia ham s6 y = x —

Loi giai. Piéu kién x —

2
3 c6 nghia < x # 3.

Vay tap xéc dinh cia ham s6 1a R\ {3}.

Vi du 3. Tim tap xdc dinh cia ham s6 y = x + /x + 1.

Loi gidi. Piéu kién x++v/x+1cénghia = x+1>0& x> —1.
Vay tap xéc dinh cia ham s6 1a [—1;4o0).

BAI TAP TU LUYEN

Bai 1. Tim tip xdc dinh ctia ham s6 y = x* +x% — 2.
Loi giai. Tap xdc dinh cia ham s6 1a R.

x+2
42 +5x—9°
Loi giai. Tap xdc dinh ctia ham sd 1a R\ {_421; 1}.

Bai 2. Tim tip x4c dinh cia ham s6 y =

34x

Bai 3. Tim tip xéc dinh ciahams6y = ——————.
im tap xdc dinh cua ham so y Zroxts

Loi gidi. Tap xdc dinh ctia ham s6 1a R.
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Vx+4

Bai 4. Tim tip x4c dinh cia ham s6 y =

x—2
Loi gidi. Tap xdc dinh cia ham s6 1a [—4;2) U (2; +o0).
< NP r L & 2x+3
Bai 5. Tim tap xac dinh cua ham s0 y = 2 —);;—()H— 3)"
e o2 7 2 . 2 N A 1N 1
Loi giai. Tap xdc dinh ctia ham s6 la R\ {—3; E}
x—2

Bai 6. Tim tip xéc dinh clia ham s y =

x—3
Loi gidi. Tap xdc dinh ctia ham s6 1a [2;3) U (3; +o0).
< A a2 1
Bai 7. Tim tap xac dinh cia ham s0 y = —— + al

) x—1 x+2
Loi giai. Tap xdc dinh ctia ham s6 1a R\ {—2;1}.
2 X
Bai 8. Tim tip xac dinh ctia ham s6 y = v/4x+2 + ——.
.p . y \/TH
Y 2 A - . 2 N A 1 1
Loi giai. Tap xac dinh cua ham so la {—E; 1).

\ e A ~ . 2 N A 2
Bai 9. Tim tap xac dinh cua ham s0 y = Xt .
/ lx— 1]+ |x -2
Loi giai. Tap xdc dinh cta ham s6 1a R.
N e ~ . o N A 2
Bai 10. Tim tdp xac dinh cia ham s0 y = =3
x —

Loi giai. Tap xdc dinh ctia ham s 1a R\ {—3;3}.

- .z . N A . A oA
Dang 2. Tinh gia tri caa ham so tai mét dieém

- D€ tinh gia tri ctia ham sb f(x) tai x = xo ta thay thé x b&i xy vao cong thic f(x) d€ tinh f(xo).
- Bbi véi cac ham s6 dudc cho bdi hai hay nhiéu cong thiic véi cac mién xdc dinh da cho, chang han:

fi(x) véix € 2
fr(x) véix € D

y=f(X)={

Khi tinh gia tri ham s6 f(x) tai x = xo, tiy theo xo thudéc Z; hay %> ma ta sit dung cong thiic

f(x) = fi(x) hay f(x) = fo(x) d€ tinh f(xo).

/N Véi ham s6 f(x) duoc cho bdi cong thiic phiic tap, dé’tinh mot cdach nhanh va chinh xdc gid tri f(xo) ta
sit dung mdy tinh cam tay dé’tinh. Quy trinh bam mdy:

e Nhdp cong thiic f(x);
e Bdmr;
o Nhdp gid tri xo;

e Bdm —.

CAC VIDU

[ Vi du 4. Cho ham s y = f(x) = 2x> — 3x — 1. Tinh gia tri ctia ham sb d6 tai x = —2.

Loi gidi. Tacé f(—2) =2(—2)>—-3(-2)—1=13.
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3x—2 véix>1

Vidu 5. Cho ham sb f(x) =
' @ {1—2x2 véix < 1.

Tinh f(1), f(2),£(0), f(=3).

\. v

Li gidi. Taco f(1)=1,f(2) =4, £(0) =1, f(=3) = —17.

~ a

P—2x—1 vix<0

Vidu6. Chohamsd f(x) =< x4+1 _
S Voix>0.
) x*+x+1
Tinh gia tri cia ham so d6 tai x = 1;x = 0; 0 = —2.
N . 2
Loi giai. Taco f(1) = g;f(O) =—-1f(=2)=
BAI TAP TU LUYEN

Bai 11. Cho ham sb f(x) = —x?> —4x+5. Tinh f(—2).
Loi giai. Pap sb: f(—2) =09.

. —1
Bai 12. Cho hai ham s6 f(x) = x> — 2x va g(x) = 1 —x. Tinh gid tri f((z))'
8
S «? 0 ~ A f(_l)
Loi giai. Bap s0: ——— = —3.
P %0
Bai 13. Cho ham sb f(y) =4 — ,/y. Tinh f(4y%).
Loi gidi. Pap s6: f(4y?) =4 —2y, vdiy > 0.
. V5—x vix<3
Bai 14. Cho ham so f(x) = )
vVx+5 véix>3.
Loi giai. Dap so: f(—4) =3,7(1)=2,f(4) =
—2x+3 voix< —1
Bai 15. Cho ham sb f(x) = { 3 voi —1<x <1
Vx2—1 véix> 1.
Tinh f(=2), f (= )f( ),f( )f( )
Loi giai. Pap sb: f(—2) =17, f(— —3f()_37f(1):07f(2):\/§'
2 x—l) voix <2
Bai 16. Cho ham sof =
\V x2 V2 véix>2.
Tinh f(1), f(V2), F(V3), f(V2 + 1)

Lui giai. Dap sb: f( ) 0,f(V2) =2v2-2,f(v3) =2v3 -2, f(/2+1) = /3.
2x+1 voi —4<x<-—1

Bai 17. Cho ham sb f(x) {x +2 v6i —1<x<2

Vol x > 2.

[\)

Tinh £(0), f(v2), f(—1),f(v/2),£(3).
Loi gidi. Pap s6: £(0) =2, f(v2)=0,f(-1)=1,f(3) = —1.
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Bai 19. Cho ham s f(x) = —x? +2x+ 3. Tinh f(a), f(x +2) (véi a 1a mot sb thuc).
Loi gidi. Pap s6: f(a) = —a®> +2a+3, f(x+2) = —x* —2x+3.

Bai 20. Cho ham sb f(x) = x? — 2. Tim gi tri ctia s6 thuc a sao cho f(a—1) = 2.
Loi gidi. Taco: f(a—1)=a*>—2a—1=2=a=—1,a=3.

Bai 21. Cho ham s f(x) = 2x +m, v6i m 1a tham sd. Tinh m d€ f(1) = 4.

Loi giai. Tacé: f(1)=2+m=4=m=2.

Dang 3. Dung dinh nghia xét tinh don diéu ctia ham s6

Cho ham s6 y = f(x) xac dinh trén K.
e Ham s6 y = f(x) dong bién trén K khi va chi khi

VX1,)C2 eEK:x1 <xp2=> f(xl) < f(xz)
Jx1) = fx2)

X1 —X2

<=>VX1,X2EKZX17£)62=> > 0.

e Ham s6 y = f(x) nghich bién trén K khi va chi khi

Vxl,X2 ek x;1<x= f(xl) > f(XQ)
fx1) = f(x2)

X1 — X2

SVxp,x €K x1 #xp = < 0.

Vi du 7. Ding dinh nghia chiing minh ham s y = 2x + 3 dong bién trén R.

Loi giai.
- Goi x1, x7 1a hai gid tri phan biét tuy y thudc R, ta c6
JO)=flr)  @n+3)—2n+3)  2(x1—x)

= = =2>0.
X1 —X2 X1 —X2 X1 —X2

- Vay ham s6 y = 2x + 3 ludn dong bién trén R.

Vi du 8. Dung dinh nghia xét tinh ddng bién va nghich bién ctia ham s6 y = x> + 10x + 9 trén
(—5;+00).

Li gii.
- Goi x1, x, la hai gia tri phan biét tuy y thudc (—5;+o0), ta c
fO)—fn)  OF 4100 4+9) = (5 +100+9)  (x1 —x)(x1 +x,+10)

— — =x1 +x2+10.
X1 —X2 X1 —X2 X1 —XxX2

flx) = )

X1 —Xx2

-Dox; > —5,x0 > —5nénx;+x; >—10& x; +x2+10 > 0, tu do suy ra > 0.

- Vay ham s6 dong bién trén khoang (—5;+o).

trén (—1; 4-oo).

, N . ~ z , LN 2 N A 4
Vidu 9. Dung dinh nghia xét tinh don di€u ciia ham s0 y = ]
X

Loi giai. - Goi x1, x; 1a hai gid tri phan biét tiy y thudc (—1;+o0), ta cd

4 4 4(x2 —x1)
fE)—fn) _x+1 xpt+l _ (a+Di+1) —4

X1 — X2 X1 — X X1 — X2 (X1—|-1)(X2—|—1).
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-Dox; > —1,xp>—1nén (x; +1)(x2+1) > 0, tir d6 suy ra fln) = fx) <0.
X1 —X2
- Vay ham s6 da cho nghich bién trén (—1; +o0).
[ Vi du 10. Dung dinh nghia xét su bién thién ctia haim s6 y = \/x — 1 trén tip x4c dinh. ]
Loi gii.
- Tap xdc dinh: 2 = [1;+0).
- Goi x1, x7 1a hai gid tri phan biét tuy y thudc [1;4o0), ta c6
f)=fln)  vai—1-vmn-1_ 1 >0
X1 — X2 X1 —X2 Vi —14+vxn—-1" "
- Vay ham sb da cho luon dong bién trén tap xic dinh.
- Bang bién thién
X 1 +o0
~+o0
y /
0

Vidu 11. Tim tAt c4 céc gid tri clia tham sd m dé ham sb y =

m2 nghich bién trén ting khoing

xac dinh.

Lui giai.
- Tap xédc dinh: 7 = (—o0;2) U (2;4-00).
- Goi x1, x7 la hai gid tri phan biét tuy y thudc (—o0;2), ta cé

m m

f)—fl) x -2 x-2 —m

X1 —X2 X1 — X2 (x1—2)(x2—2)'

-Dox; < 2,x < 2nén (x; —2)(xa —2) >0, tit d6 suy ra d€ ham sb nghich bién trén (—o0;2) thi m > 0.
- Goi x1, x7 la hai gid tri phan biét tiy y thudc (2;+o0), ta cé

m m

fO)—f)  x -2 x»-2 —m

X1 —X2 X1 — X2 (x1—2)(x2—2)'

-Dox; >2,x >2nén (x; —2)(xa —2) > 0, tit d6 suy ra d€ ham sb nghich bién trén (2; +oo) thi m > 0.
- Tém lai m > 0 thi ham s da cho nghich bién trén tiing khoang x4c dinh.

BAI TAP TU LUYEN

Bai 22. Dung dinh nghia xét tinh don diéu ctia ham s6 y = —x+ 5 trén R.
Loi giai.
- Goi x1,x, 1a hai gia tri phan biét tuy y thudc R, ta c6

f)—f)  (=x1+5)—(—x»+5)

= :—1<O.
X1 — X2 X1 —X2

- Vay ham sb da cho nghich bién trén R.
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Bai 23. Dung dinh nghia xét su dong bién nghich bién ctia ham s6 y = 2x> +4x + 1 trén (—oo; —1),

(—1;+00).
Loi giai.
- Xét
Fx) = f(x2)  (2xF+4x+1) — (2% +4x2+ 1)

= =2(x; +x2+2).
X1 — X2 X1 —X2

- Trudng hop x1,x; phin biét cing thudc (—oo; —1) thi x1 +x, 4+ 2 < 0 suy ra ham s6 nghich bién.
- Trudng hop x1,x; phin biét ciing thude (—1;+4-o0) thi x; +x3 +2 > 0 suy ra ham sb dong bién.

1+x

Bai 24. Dung dinh nghia xét tinh don diéu ctia ham s y = i trén (—oo; 1).
Li giai.
- Goi x1,x; la hai gia tri phan biét tuy y thudc (—oo; 1), ta c6
1+x1 14x
So)—f) _1-x 1-x _ 2

X1 — X2 X1 — X2 (1 —x1)(1—xp)

-Dox; < l,xp < 1nén (1 —x1)(1—x2) >0, tir d6 suy ra fln) = flx) > 0.
X1 —X2

- Vay ham s6 da cho dong bién trén (—oo; 1).

Bai 25. Dung dinh nghia xét su dong bién nghich bién ctia ham s6 y = /3 — x trén tip xdc dinh.
Loi gidi.

- Tap xéac dinh: & = (—eo;3].

- Goi x1,x7 la hai gia tri phan biét tiy y thudc Z = (—oo; 3], ta co

f)=fln) _ V3-—x1—V3-x _ —1
x| —X2 x| —X2 V3—-x1+v3—-x

<0.

- Vay ham s6 ludn nghich bién trén tap xéc dinh.

Bai 26. Dung dinh nghia xét su bién thién ctia ham s6 y = |x — 3| trén tap xdc dinh.
Li gii.

- Tap xac dinh: ¥ = R.

- Xét
£r) = flxa) _ i =3| = bxa=3|
x| — X2 X] — X2 '
_ 3—x)— (3 —
. X1 ,—Xz X1 —X2
Tt d6 suy ra ham so nghich bién trén (—oo;3).
— —3)—(x—3
o Vi x1,00 € (3idoo) i L) TS =3 = =3)

X1 — X2 X1 — X2
Tt d6 suy ra ham so dong bién trén (3; 4-o0).

- Bang bién thién

x| —oo 3 oo
oo +o0

y \0/
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Bai 27. Dung dinh nghia xét sy dong bién nghich bién ciia ham s6 y = |v/2 —x + 1| trén tdp xéc dinh.
Li gii.

- Tap xéac dinh: = (—eo;2].

- Goi x1,x7 la hai gia tri tuy y thudc (—eo;2], ta cd

fe) = fla)  |V2=xi+1]-|V2-xm+1| ~1

= < 0.
x| —X2 x| —X2 V2—=x1+v2—-x2

- Vay ham sb da cho luon nghich bién trén tip xic dinh.

Bai 28. Dung dinh nghia xét tinh don diéu ctia ham s6 y =

a i trén (0;1), (1;4-o0).

x2+
Loi giai.
- Xét biéu thic
X1 X
2 T2
— xi+1 x5+1
f)—fln) X 2t
X1 — X2 X1 —X2

e Trudng hgp x1,x3 € (0;1) suyra 0 < xp,x < 1=1—x1x >0, ti d6 ta cd

f(x1) = f(x2)

X1 — X2

> 0.

Vay ham sb da cho dong bién trén khoang (0;1).
e Trudng hop x1,x; € (1;+00) suy raxy,xp > 1= 1 —x1x <0, tt d6 ta cod

fO) = f(x2)

X1 — X2

<0.

Vay ham sb da cho nghich bién trén khoang (1;-+oo).

Bai 29. Tim tit ca céc gid tri ctia tham s6 m dé ham sb y = (m — 2)x+ 5 dong bién trén tap xac dinh.
Loi gidi.
- Tap xac dinh: Z = R.
- Goi x1, x7 1a hai gia tri phan biét tuy y thudc R, ta c6
f) = flx) _ (m=2)x145)—((m—=2)x+5) _ (m—2)(x1 —x2)

X1 —X2 X1 —X2 X1 —X2

- P& ham s6 dong bién trén R khi va chi khim —2 > 0 & m > 2.
- Vay m > 2.

\ e A 2 ~ .z . 2 A A N A m A < A A N 3 , .
Bai 30. Tim tat ca cac gia tri cua tham so m d€ ham s0 y = 5 dong bien trén tung khoang xac dinh.

Loi giai.
- Tap xac dinh: I = (—0;2) U (2;4-00).
- Xét bi€u thiic
m m
J)—flr)  x-2 x-2 _ —m
X1 — X2 X1 —X2 (x1—2)(x2—2)'

- Nhan thdy trén tiing khoang xéc dinh (—o0;2), (2;4o0) thi tich (x; —2)(x2 —2) > 0, tit d6 ta c6 d€ ham s6
fx1) = f(n)
X1 —X2
- Vay v6i m < 0 thi ham s6 da cho dong bién trén tiing khoang xéc dinh.

ddng bién trén tiing khoang xac dinh thi >0 -m>0&m<0.
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e A 2 - .z . L3 A TR A m 1 A < A ~ N 2 , .
Bai 31. Tim tat ca cac gia tri cua tham so m dé€ ham s0 y = dong bien trén tung khodng xac dinh.

Loi gidi.
- Tap xac dinh: & = (—o0;0) U (0; +o00).
- Xét biéu thuc
m+1 m+1
fO)—flx) _ x x _ —(m+1)
X1—x X=X  xx2

- Nhan théy trén tiing khodng xdc dinh (—0;0), (0;+oco) thi tich xjx, > 0, tif d6 ta c6 d€ ham sb dong bién
flx1) = f(x2)
X1 —X2
- Vay véi m < —1 thi ham sb di cho dong bién trén ting khoang xic dinh.

trén tiing khoang xdc dinh thi >0 —(m+1)>0&m< —1.

Dang 4. Tinh don diéu cta ham béc nhét

a) Su bién thién ctia ham s6 y = ax + b trén R.

e Khi a > 0 ham s6 dong bién trén R.

X | —oo -0

X | —oo —+oo

b) Su bién thién ctia ham sb y = |x| trén R.
. xkhix >0
-Tacoy= |x| = , .
—xkhix <0
- Do d6, khi x > 0 thi y = x 1a ham s déng bién, khi x < 0 thi y = —x 12 ham s6 nghich bién.
- Bang bién thién

Vi du 12. Xét su bién thién ctia ham sb y = 2x — 3.

Li giai.

- Tap xac dinh: ¥ = R.

- Do a =2 > 0nén ham s6 ludn dong bién trén R.
- Bang bién thién



82 CHUONG 2. HAM SO BAC NHAT VA BAC HAI

Vi du 13. Xét su bién thién ctia ham s6 y = |1 —x|.

Loi giai.
- Tap xac dinh: ¥ = R.
. x—1khix>1
-Tacéy=|1—x|= , .
I—xkhix<1
- D6 d6, khi x > 1 thi y = x — 1 12 ham s6 dong bién, con khi x < 1 thi y = 1 — x 1a ham s6 nghich bién.
- Bang bién thién

X | —oo 1 +o0

oo oo

y \ /

0

Vi du 14. Xét su bién thién cia ham s6 y = |[x + 2|+ |x —2|.

Loi giai.
- Tap xac dinh: ¥ = R.
2xkhix > 2

-Tacdy=|x+2|+[x—2| = 4khi —2<x<2.

—2xkhix < -2
- Do d6, khi x < —2 thi y = —2x 12 ham sb nghich bién, khi —2 <x <2 thiy=41aham hﬁng, con khi x > 2
thi y = 2x 12 ham dong bién.
- Bang bién thién

Vidu 15. Cho ham s6 y = (1 —2m)x+ (3m+2). Tim tht c4 cdc gid tri ctia tham s6 m d€ ham sb da
cho nghich bién trén tap x4c dinh.

Li gidi.
- Tap xac dinh: ¥ = R.
- b&ham s y = (1 —2m)x+ (3m+2) nghich bién trén R khi va chi khi

1
1—2m<0<:>1<2m<:>m>§.

1 ) )
- Vay v6im > 3 thi ham so0 da cho nghich bien trén ¥ = R.
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BAI TAP TU LUYEN

2 1
Bai 32. Xét tinh don diéu ctia ham s0 y = —5% +5.
Loi gidi.
- Tap xdc dinh: 7 = R.

-Doa=—3< 0 nén ham s da cho nghich bién trén R.

Bai 33. Xét tinh don diéu ctia hAam s6 y = 3x — 1.
Loi giai.

- Tap xac dinh: ¥ = R.

- Do a =3 > 0 nén ham sd di cho dong bién trén R.

Bai 34. Xét su dong bién nghich bién ctia ham sd y = |2x — 1].

Loi giai.
- Tap xéac dinh: ¥ = R.

1 —2xkhix <
-Tacoy=|2x—1|=

2x — 1 khi x >

=N =

-Tudoétaco .
+ Véix < 3 thi ham s6 y = 1 — 2x nghich bién.

1 s R .
+ Véix > > thi ham s6 y = 2x — 1 dong bien.

Bai 35. Xét su bién thién cia ham s6 y = v/x2 4 6x +9.
Loi giai.

- Tap xac dinh: ¥ = R.
-Tacdy=+/(x+3)>=|x+3|.

- V6i x < —3 thi y = —x — 3 1a ham nghich bién.

- V6i x > —3 thi y = x + 3 12 ham s dong bién.

Bai 36. Xét su bién thién clia ham s6 y = |1 — x| + [2x + 4|.
Loi giai.

- Tap xac dinh: ¥ = R.

- V6i x < —2 thi y = —3x — 3 1a ham sd nghich bién.

-V6i —2<x<1thiy=x+51aham %) déng bién.

- V6i x > 1 thi y = 3x+3 12 ham s6 dong bién.

Bai 37. Xét sy bién thién cia ham s6 y = vx2 —dx+4 —2|x—1].

Loi giai.
- Tap xac dinh: ¥ = R.

xkhix <1
-Tacoy=|x—2|-2]x—1| =< —3x+4khil <x<2.
—xkhix>?2
- Bang bién thién
X | —o0 1 oo
1

83
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Bai 38. Xéc dinh a d€ ham s6 y = (2a+ 3)x+a — 1 dong bién trén tap xdc dinh.
Lo gidi.
- Tap xac dinh: ¥ = R.

-Déhémsédﬁngbléntréntépxécdmhkh1véch1kh12a—|—3>0<:>2a>—3<:>a>—5.

2, 3 [N N A ~ A <A A A , .
- Vay v6i a > — = thi ham so da cho dong bién trén tap xac dinh.

Bai 39. Cho ham s6 y = (m — 1)x+ (2 — m). Bién luan tinh don diéu ctia ham s6 da cho theo tham s6 m.
Loi giai.

- Tap xdc dinh: Z = R.

-Ta cé, khim—1 <0< m < 1 thi ham s nghich bién, khi m — 1 > 0 < m > 1 thi ham s6 dong bién, con
khi m = 1 thi y = 1 1a ham hang.

Dang 5. Xét tinh chan 1é ctia ham sb

e Ham sd y = f(x) c6 tip xéc dinh 2 dudc goi 1a ham sb chan khi va chi khi
VxeZthi —x€ 9,
Vx €D, f(—x) = f(x).
e Ham s6 y = f(x) c6 tap xéc dinh 2 dugc goi 1a ham sb 18 khi va chi khi
Vxe Pthi —x€ 9,
Vx €D, f(—x)=—f(x).
e Do thi ham s6 chin dbi xiing qua truc Oy.

e Do thi ham s6 18 nhan gbc toa dd O 1am tam ddi xiing.

Vi du 16. Xét tinh chén 1é ctia ham s6 y = x? + 3.

Loi gidi. TXD 2 =R do d6 v6ix € R = —x € R; f(—x) = (—x)?> +3 = x> +3 = f(x). Vay ham dang xét
12 ham chan.

, (o S 1 a1 % 1
Vidu 17. Xét tinh chan le cua ham s6 y = —.
x

Loi giai. TXD 2 =R\{0} suyrax € Z thi —x € Z; f(—x) = = —— = —f(x). Vay ham dang xét

la ham 18.

[ Vi du 18. Xét tinh chin 1é ctia ham s6 y = v/2x — 3.

e 20 3 s ~ A N z A I~ A
Loi giai. TXb ¥ = [5; —|—oo), dodéox=4¢€ 2 thi —x = —4 ¢ 2. Vay ham dang xét khong chan, khong

1€.

[ Vi du 19. Xét tinh chin 1€ ctia ham s6 y = 3.

Loi giai. TXD 2 =R, f(—x) =3 = f(x), Vx. Vy ham dang xét 1a ham chan.

[ Vi du 20. Xét tinh chén 1é ctia ham s6 y = x* +3x> — 2.
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Loi gidi. TXD 2 =R, f(—x) = (—x)* +3(—x)? =2 = x* — 3x> —2 # 4 f(x). Vay ham da cho khong chin,
khong 1€.

Vidu 21. C6 ham s6 nao vira chin, vira 18 khong?

Loi giai. Ham s6 y = 0.

Vi du 22. Tim m d€ ham s6 y = x> 4 (m+ 1)x +2 1a ham chén.

. v

Loi giai. TXD 2 = R. Ham da cho 1a ham s6 chén khi f(—x) = f(x) Vx € R hay (m —1)x =0, ¥x € R hay
m=1.

BAI TAP TU LUYEN

Bai 40. Xét tinh chan 1é cta cac ham sb sau

Q) f(x) = V34

2_

b) flx) = 22
P+

c) f(x):i2—4

d) f(x)=-5

e) f(x)=0

f) f(x)=—x*+5x—3
_ 4 2 1

g) f(X)Z%

h) f(x) = —5x+7x
) fx)=]|—x+5]—|x+5|
) f(x)=17—5x|+|5x+7]

|x+ 3]+ |x— 3]
k xX)=
) 0= R R
x—4 x+4
1 =vx2-9
) f&x) g * x+4‘+ x—4‘
) F@) 5—x, x>0
m x) =
5+x, x<O.
Bai 41. Tuy theo m, hdy xét tinh chin, 18 ctia cac ham s6 sau
) y= 1) :
a) y= f(x) = .
Y mx*+2(m—1)x—m
1
b) y=f(x) =

(m+1Dx2+mx—1
Bai 42. Cho ham s6 y = f(x) = x> + (m?> — 1)x*> +m — 1. Tim m d& ham s6 1a ham 18.

BAI TAP TONG HOP
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Bai 43. Cho ham s f(x) = x> —x+ L. Tinh f(x+ h) — f(h) (v6i h 1a mot sd thuc).
Loi gidi. Pap s6: f(x+h) — f(h) = x>+ 2xh — x.

Bai 44. Mot qua bong chay dugc danh 1én & do cao 1 mét so véi mit dat. Pudng di cla qua bong chay dugc
cho bdi ham s6 y = f(x) = —0,0097x% 4 x + 1. Trong d6 x va f(x) dugc tinh bang mét. Hoi qua bong c6
bay qua dudc mot hang rao cao 4 mét va nam céch vi tri ngudi danh bong 100 mét hay khong?

Loi giai. Vi hang rao cach ngudi danh bong 100 mét nén ta tinh do cao quéa bong tai vi tri x = 100.

Ta c6 f(100) = 4. Ta thiy & tai vi tri hang rao thi d6 cao clia qua béng cao hon hang rao nén qua bong sé
bay qua dudc hang rao.

Bai 45. Cho ham s y = f(x) = \/5+x+2Vx+4.

a) Tim tip xdc dinh ctia ham sb.

b) Xét tinh chin 18 ctia ham s6.

¢) Xét tinh don diéu ctia ham sb.

d) Lap bang bién thién ctia ham sb.

¢) Tinh cdc gid tri f(—5), f(—4), f(=3), £(0).

Li gidi.

) Ham s6 xde dinh ki x+4>0 x4
a am SO xac din 1 <~ <X —4.
' S5+x+2Vx+4>0  |(Vat4+1)2>0 T

Vay ta c6 tap xdc dinh clia ham sb Z = [—4;+o0).

b) Ham s6 khong chén ciing khong 18 do 4 € & nhung —4 & 2.
c) Tacoy=+/(Vx+4+1)? =+/x+4+ 1. V6i moi x1,x, phan biét 16n hon —4 ta c6

fo)—fln) _ (Vatd+) - (Vo td+l) ! 0.

= >
=X X1 — X2 Vaxr+H44+vxo +4

Vay ham s6 da cho luén dong bién trén tap xac dinh.

d) Bang bién thién

x| —4 o0
~+o0
y /
1
e) Taco
e f(—5) khong xac dinh do —5 ¢ 2.
o f(—4)=1
o f(—3)=2
e f(0)=3
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Bai 46.

Cho ham s6 y = f(x) c6 d6 thi nhu hinh vé bén.

a) Tim c4c khoang dong bién, cac khoang nghich bién ctia ham sb.
b) Tim gia tri 16n nhAt, gid tri nhd nhat ca ham s6 trén doan [0;2].

Lui giai. a) Tu do thi, ta c6 ham sb dong bién trén céc khoang (—oo; —1) va (1;+oo).
Ham s6 nghich bién trén khoang (—1;1).
b) Gia tri 16n nhat va nhd nhit ctia ham s6 trén doan [—1;1] 122 va —2

87
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2. HAMSOY —AX +B

I. Tém tit Ii thuyét
Pinh nghia 1. Ham s6 y = ax + b v6i a # 0 goi 12 him s6 bic nhit.
e Ham s6 y = ax + b dong bién trén R néu a > 0, nghich bién trén R néu a < 0.

e D0 thi ctia ham s6 y = ax+ b, a # 0 1a mdt dudng thang khong song song va khong trung véi cac truc
toa do. PO thi ham s6 y = ax+ b con goi 1a dudng thang y = ax + b, trong d6 a goi 1a hé sb goc cia
dudng thang.

e Hai dudng thang y = ax+b vay = a’x+ b’ song song véi nhau néua =da’' vab #b'.

e Hai dudng thang y = ax+b,a # 0 vay=da'x+b',d # 0 vudng géc véi nhau néu aa’ = —1.
Pinh nghia 2. Ham sb y = b goi 12 ham sb hang.

e Ham s6 y = b c6 gid tri khong ddi trén R.

e D0 thi cia ham s6 y = b 1a mot dudng thang song song hoic trung véi truc hoanh.

II. Cac dang toan

Dang 1. Vé do thi ham s6 bac nhét

Dé vé do thi cia ham s6 bic nhit y = ax + b, ta tim hai diém phan biét ma do thi di qua. Sau d6 vé
2 2 0 r0® < b
mot dudng thang di qua hai diém d6. Thong thudng ta chon hai diém (0;0) va (——;0).
a

Dic biét: Db thi clia ham sb hang y = b 1a mot dudng thing vudng géc va cit truc tung tai diém
(0;b).

Vidu 1. Vé do thi cia ham s6 y = 3x — 4.

.

Loi gidi.
A A 2 4
D6 thi ham s6 da cho di qua hai diém (0; —4) va (5 0). y /
4
3

X £ 2
Vidu 2. V& do thi cia ham s0 y = —§x+2.

Li gidi.
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Do thi ham s6 da cho di qua hai diém (0;2) va (3;0).

89

Vi du 3. Vé db thi ctia ham s6 y = v/2x.

Li gidi.

D6 thi ham s6 da cho di qua hai diém (0;0) va (1;1/2). y
var- 7\
1 X
Vi du 4. Vé db thi ctia ham s6 y = —+/3.
Loi giai.
Do thi ham sb da cho vudng goc vdi truc tung tai diém (0; —/3). y
) X
Y

BAI TAP TU LUYEN
Bai 1. Vé d6 thi ctia hAm s6 y = —2x+ 5.
Loi gii.
D6 thi nhu hinh vé

X P TCPU
Bai 2. Ve d6 thi cua ham so y = o 1.
Loi giai.
Do thi nhu hinh vé

Bai 3. Vé dd thi ciia ham s6 y = 3v/2 — 1.
Loi giai.

Q
y
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Db thi nhu hinh vé y

3v2-1

Bai 4. Vé dd thi ctia ham s6 y = v/3(x —2).
Loi giai.
D6 thi nhu hinh vé y

_2\/§

R < 7
Bai 5. VE d6 thi cia ham s6 y = —5%
Loi giai.
Db thi nhu hinh vé y

Bai 6. Vé do thi ciahams6y = —2(x— 1)+ 1.
Loi giai.
D6 thi nhu hinh vé y

2x—73

Bai 7. V& do thi ctia ham sb y = 5

Loi giai.
D6 thi nhu hinh vé y

el
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Dang 2. Xdc dinh hé s6 a va b ctia s6 bac nhét

Phuong phép: Dua vao céac yéu t6 diém thudc duong, ly thuyét hai dudng song song, vudng goc, hé
s6 géc, giao diém clia hai dudng dé€ tim ra mdi quan hé gilta a va b.
Nhiing diém can chii y:

o Néu c6 hai tham sé a,b chua biét thi ta can tim hai quan hé ciia a,b déc ldp dé’gidi hé phicong
trinh tim a, b.

o Néu diém M(xp1;yy) thudc duong thing d =y = ax+ b thi ta ¢o yy = axy + b.

e Cho(d):y=ax+bva(d):y=dx+Pb.

/

% NP K
Néu (d) || (d") thi {b Ly

Néu (d) L (d') thid =

p
o Néu cho hé s6 goc k tic la cho hé s6 a ciia duong thing (d) : y = ax+ b.

o Néu cho goc ciia duong thang (d) :y = ax + b tao vdi truc hoanh la « thi ta hiéu la cho
a =tan(Q).

Vi du 5. Cho dudng thing (d) c6 phuong trinh y = x +b. Tim b biét (d) di qua diém M(1;2).

Loigiai. ViM € (d)néntac62=1+b<=b=1.
Vay: b =1 tic la (d) c6 phuong trinh la y = x+ 1.

Vi du 6. Cho duong thang (d) c6 phuong trinh y = ax +b. Tim a, b biét (d) di qua di€ém A(—1;2) va
B(2;3).

- d=a(-1)+b (—atb=2 |4=
Loigiai.\hA,Be(d)néntacé{ a.(=1) @{a

=
3=a2-+b 2a+b=3 b—

W W[~

1 7 | 7
Vay: a = 3 vab= 3 tiic 1a (d) c¢6 phuong trinh lay = §x+ 3

Vidu 7. Cho dudng thing (d) c6 phuong trinh y = ax +b. Tim a, b biét (d) di qua diém A(—1;—2)
va c6 hé sb goc 1a 3.

Loi giai. ViA € (d)néntacé —2=a.(—1)+>.
Mit khac tacéhé sb gécla3néna=3=b=1.
Véay: a=3vab =1 ticla (d) c6 phuong trinh lay = 3x+ 1.

Vi du 8. Cho dudtng thang (d) c6 phuong trinh y = ax+ b. Tim phuong trinh (d) biét (d) di qua diém
A(—3;2) va song song véi (A) 1y = —x+2.

Loi giai. ViA € (d) néntaco?2=a.(—3)+b.
Mat khac taco A || (d) néna = —1 = b= —1(nhén vi b # 2).
Viéy:(d) c6 phuong trinh lay = —x — 1.

Vi du 9. Cho dudng thang (d) c6 phuong trinh y = ax+ b. Tim phuong trinh (d) biét (d) di qua diém

M(2;5) va vudng goc véi (A) 1y = —5x+2.
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Loi giai. ViM € (d)néntacé5=a2+b.
-1
Mitkhictacd A L (d)néna=— =2=>b=1.

2
Véy:(d) c6 phuong trinh lay = 2x+ 1.

Vi du 10. Cho dudng thang (d) c6 phuong trinh y = ax + b. Tim phudng trinh (d) biét (d) cit Ox tai
di€m c6 hoanh do 1a 3 va di qua di€ém A(1;2).

3 3 . o A pe N N b b
Loi giai. Vi (d) cat Oxtaidiém céhoanhddla2 =x=——=3=a= —3
a
vaAe€ (d)nén2=a.l+b.
a+b=2 {

Do do6 b &
a=—§

Viéy:(d) c6 phuong trinh lay = —x+ 3.

Vi du 11. Cho dudng thang (d) c6 phuong trinh y = f(x) = ax + b. Tim a,b biét duong thang d di
qua giao diémcta (dy) :y=x+1va (dp) : y = —2x+ 1 va diém B(—1;2).

Loi giai. Goi A 1a giao diém clia d; va d.
o fx—=y=-1 x=0 R
Ta co & =A0,1)nén 1 =a.0+b<b=1.
2x+y=1 y=1
MatkhacBe (d)=2=a(-1)+b=a=—1.
3 9

3 9
Vay:a = _é_l;b =7 tic la (d) ¢6 phuong trinh la y = —Zx+ T

Vi du 12. Cho dudng thang (d) c6 phuong trinh y = f(x) = ax + b. Tim a,b biét phuong trinh
f(x+1)=0coénghiémlax=2va f(2x+ 1) =3 1acéd nghiém lax = —1.

Loi giai. Vi phuong trinh f(x+1) =0 cé nghiémlax=2néna(2+1)+b=0<3a+b=0.
va phuong trinh f(2x+1)=31lax=—1néna(2.(—-1)+1)+b=3< —a+b=3.
3

at+b=0 |a=-7
Dodé{aJr o 4.

—a+b=3 9
b=">
3 9 * 3 9
Vay:a = _Z;b =7 tiic 1a (d) c6 phuong trinh lay = —Zx—i— T
BAI TAP TU LUYEN

Bai 8. Cho duong thing (d) c6 phuong trinh y = ax + b. Tim a, b biét (d) song song vdi dudng phan gic
g6c phan tu thd nhét va di qua diém A(3;1).
Loi gidi. Vi A € (d) nén tacé 1 =a.3+b va (d) song song v6i dudng phan gidc géc phan tu thi nhét
(y=x)néna=1=>b=-2.
Viy:a=1,b=-2.
Bai 9. Cho dudng thang (d) c6 phuong trinh y = ax+ b. Tim a,b biét (d) di qua diém A(1,2) va gbc toa
o 0.

. A ,{2:a.1+b {a+b:2 {azZ
Loi giai. ViA,0 € (d) néntaco & & :

0=a0+b b=0 b=0

Vay:a=2vab=0.
Bai 10. Cho dudng thiang (d) c6 phuong trinh y = ax+b. Tim a,b biét (d) di qua diém A(1; —2) va (d) tao
v6i Ox mot goc 1a 45°.
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Loi giai. ViA € (d) néntacd —2=a.1+b.
Mit khdc ta c6 hé s6 goc laa = tan(45°) =1 = b= 3.
Véay: a=1vab = -3 tic la (d) c6 phuong trinh lay = x — 3.

Bai 11. Cho duong thang (d) c6 phuong trinh y = ax + b. Tim phuong trinh (d) biét (d) di qua diém A(3,2)
va song song voi Ox.

Loi giai. ViA € (d)néntacd2=a.3+0b.

Mat khac ta ¢6 (Ox) || (d) nén a = 0 = b = 2(nhan vi b # 0).

Vay:(d) c¢6 phuong trinh la y = 2.

Bai 12. Cho dudng thing (d) c6 phuong trinh y = ax+ b. Tim phuong trinh (d) biét (d) di qua diém M (2, 1)
va vudng goc véi (A) 1y =3x+2.
Loi giai. ViM € (d)néntacé 1l =a.2+b.
—1 1 5
Mat khac taco A L (d) nénazT :—§:>b: 3
1 5

Vay:(d) c6 phuong trinh la y = 3" + 3
Bai 13. Cho duong thang (d) ¢6 phuong trinh y = ax+ b. Tim phuong trinh (d) biét (d) cit Ox tai diém c6
hoanh do 1a 2 va cit truc Oy véi tung do 1a 3.

N,e 0% g . R 7 N AN b b
Loi giai. Vi (d) cat Ox tai diém co hoanh dola2 = x=——-=2=a= —5

a
va (d) cit Oy tai diém c6 tung d61a3 =y =a.0+b=b=3.

Dodéa=—=
odoa >

3
Viéy:(d) c6 phuong trinh lay = —5% +3.

Bai 14. Cho dudng thang (d) c6 phuong trinh y = f(x) = ax + b. Tim phuong trinh a, b biét phucng trinh
f(x+1)=0coénghiémlax=1va f(2) =3.

Loi giai. Vi phuong trinh f(x+1) =0cé nghiémlax=1néna(l+1)+b=0<2a+b=0.
vaf(—1)=34 —atbh=3.

2a+b=0 a=—1

—a+b=3" )| b=2

Véy:a = —1;b = 2 tiic 1a (d) c¢6 phuong trinh lay = —x+ 2.

Do dé

Dang 3. Xét su bién thién va vé do thi ham s6 bac nhit c6 chita gia tri tuyét doi

DE vé do thi ham s6 y = |x| ta st dung dinh nghia ctia gia tri tuyét:

x néux>0
y:

—x neux<o0

Sau d6 ta xét su bién thién va vé do thi ctia ham s6 da cho trén tiing khodng (—oo0;0) va (0; +oo).

CAC VIDU

Vi du 13. Ve d6 thi ctia ham s y = 3|x| — 2.

Loi giai.
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3x—2 néux>0

Tacoy=3x|-2= . y
—3x—2 neux<O. 1 -
Do thi ham s6 di qua céc diém (0;—2), (—1;1) va (1;1). | |
—_1\0 1 X
-2
[ Vi du 14. VE d6 thi cia ham sd y = |x| —2x. ]
Lui gidi.
. —x néux>0
Tacoy=|x| —2x= < Y
—3x neux<O0. __ 14
Do thi ham s di qua céc diém (0;0), (—1;3) va (1;—1). l
|
10 X X
BN RN

Vi du 15. Lap bang bién thién va vé do thi ctia ham s6 y = [2x +3|.

Loi giai.
. 3
2x+3 néu x > — 3

Tacoy=|2x+3| = 3
—2x—3 néux< —5
Bang bién thién
X —o0 —% —+o0
+oo too
0
X . N A . , e 3 N
D06 thi ham so di qua cac diém (—5;0), (0;3) va (—3;3).
BAI TAP TU LUYEN

Bai 15. Vé do thi ciia ham sb y = 2|x| + 1.
Loi giai.
D6 thi nhu hinh vé.

Bai 16. Vé dd thi cda ham s6 y = 2x + |x|.
Lui gidi.
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Db thi nhu hinh vé.

Bai 17. VEé do thi ciia ham sb y = [3x — 4.
Loi gidi.
P4 thi nhu hinh vé.

Bai 18. Lap bang bién thién va vé do thi clia ham sé y = —3[x+1].
Loi giai.
Bang bién thién

\ e A 2 <A N N ~ A . 2 N A 1 3
Bai 19. Léap bang bién thién va vé do thi cia ham s0 y = —§|2x+ 1|+ >
Loi giai.

Bang bién thién

[

X —o0 —% —+oo /\ 1
3 “Tlo X
2 2
Y / \ B
BAI TAP TONG HOP
Bai 20. Lap bang bién thién va vé do thi cda ham s6 y = |x| — 2|x+ 1| + 1.
Loi giai.
Bang bién thién y
-2
X | —oo —1 0 +oo |
|
2 \ 73 -1 \[o ¥
' / -1 B 3

Bai 21. Lap bang bién thién va vé do thi cda ham s6 y = 2|x+ 1| — |x —1|.
Loi giai.
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Bang bién thién

Dang 4. VE do thi ham s6 cho béi hé nhiéu cong thitc

V& dd thi ham sb trung véi tiing d6 thi ham s6 thanh phan tuong tng véi diéu kién x & phia sau.

, s x néux>0
Vidu 16. Ve do thi ham so: y = B .
—x néu x<0

Loi giai.
x néux>0 _ .
1a su "lap ghép" cua 2 y

Po6 thi ham sb y = B
—x néu x<0

do thi:
e DO thi ham s6 y = x (chi 14y phan tng véi x > 0).
e Do thi ham s6 y = —x (chi liy phan ting vé6i x < 0).

Ta dé dang thdy dudc, do thi cia ham s6 di cho lasulap . ‘|
ghép clia 2 tia phan gidc clia goc phan tu thd (1) va (II),
chiing d6i xting véi nhau qua truc Oy. x

—2x+3 néux>2
Vidu 17. V& d6 thi ham sé: y = ¢ —1 néu —3<x<2.
x+2 néu x < —3

—2x+3 néux>2
Loi giai. Déthihémséy: —1 nu —3<x<2.
x+2 néu x < =3

e Trang vé6i do thi ham sb y = —2x+ 3 trén (2; +o0].
e Trang vé6i do thi ham sb y = —1 trén [—3;2].

e Trang vé6i do thi ham sb y = x + 2 trong (—o0; —3).
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2x+4 néu x<—1
Vidu18. Chohamsé:y = f(x) =< —2x néu —1<x<1.
x—3 néux>1

a. Tim tdp xac dinh va v€ do thi ham so trén.

b. Cho biét su bién thién ctia ham s6 da cho trén mdi khoang (—o0;1);(—1;1);(1;+4o0) va lap
bang bién thién.

Li gidi.
a. TXb: D=R .
2x+4 néeu x< -1
Pothihamsby= f(x)={ —2x néu —1<x<1.
x—3 néu x > 1
e Trung v6i dd thi ham s6 y = 2x+4 néux < —1.
e Trung v6i dd thi ham sd y = —2xnéu —1 < x < 1.

e Trung v6i dd thi ham s6 y = x — 3 néu x > 1.
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b. Trén khoang (—2;—1) va (1;3) ham sb dong bién.
Trén khoang (—1;1) ham s nghich bién.
Bang bién thién

BAI TAP TU LUYEN
Bai 22. Vé do thi ham sO:
3x—6 néu x>?2
Y= {6—3x néu x <2’
Loi gidi. V6i x > 2: D6 thi ham sb trung v6i dudng thang y = 3x — 6.
Véi x < 2: DB thi ham s6 trung véi dudng thang y = 6 — 3x.

Bai 23. Vé do thi ham sb:
x+1néu0<x<?2
1 Z
y= —Ex—|—4 néu 2 <x <4.
2x—6 néud<x<5
Loi gidi. Véi 0 < x < 2: Db thi ham s6 trung vé6i dudng thang y = x + 1.
V6i 2 < x < 4: D6 thi ham s6 trung véi dudng thang y = —Ex—f— 4.
Véi 4 < x < 5: Do thi ham sd trung v6i dudng thang y = 2x — 6.
2x+4 néu —2<x<-1
Bai24. Chohamsd:y= f(x)=¢ —2x néu —1<x<1
x—3 néu 1<x<3
a. Tim tap xdc dinh va vé dd thi ham sb trén.

b. Cho biét su bién thién ctia ham s6 da cho trén mdi khodng (—oo; —2); (—2;4); (4;+o0) va lap bang
bién thién.

Phuong phap:
e Cho2 dudng thang d; : y=ajx+by vady :y=a)x+ by (a1 # 0;ap #0)
o djcatd, & ay # ay.
e di||dy = ay=ayvab) #b;.

e di=d) < ay =ayvab) =b;.

o di Ldr=aj.ap=—1.
e d; cit d, tai mot diém trén truc tung < a; # ap va by = bs.

e Dé ching minh 3 dudng thang ddng quy, ta chiing minh 2 trong 3 duting thang cit nhau va giao
di€m cta chiing thudc dudng con lai.




2. HAMSOY = AX +B

Vi du 19. Tim cdc cip dudng thang song song trong cic dudng thang da cho sau day.
a. d1:y:3+§. d. ds:2y+x=6.
b. dy:3y—6x+1=0. e ds:2x—y=1.
c. dy:y=-0,5x—4. f. dg:y=0,5x+1.

Loi giai. Pua mbi duong thang vé dang: y = ax+b

X

a. d1:y:3+§.

b. dy:y=2 !
. Ay ly = 3

c. d3:y=—-0,5x—4.

1
d. dy: —§x+6.

e. ds:y=2x—1.
f. dg:y=0,5x+1.

Céc cap duong thﬁng song song la dy va dg; dy va ds; dz va dy.

[ Vi du 20. Tim giao diém ctia 2 dudng thang d; : y=x—5vady:y=1+3x.

Loi giai. Phuong trinh hoanh do giao diém cla d; va dy:
x=5=143x2x=-6&x=-3.
Giao di€m cua dy va dp 1a (—3;-8).

Vi du 21. Tim giao diém ctia dudng thang d : y = 1 + 2x véi
a. Truc Ox.

b. Truc Oy.

Li gidi.

a. Truc Ox:y=0.
> L N 2 . < 1
Giao diém ctia duong thang d : y = 1 4+ 2x v4i Ox la A(_E;O)'

b. Truc Oy : x = 0.
Giao diém clia duong thang d : y = 1 +2x v6i Oy 1a B(0;1).

Vi du 22. Cho 2 dudng thang: dy : y=mx+3vady:y= (2m+ 1)x—5. Tim m d&
a. d1 || dz.
b. d; cat ds.

Li gidi.
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m=2m+1 m=—1
3#5 m# 0

.d || dy & &
2. di 4 m=#£0

|
2m+1#£0 m# =3

S m=—1.

b. dicitdy &@m#2m+1<m# —1.

Vidu23. Chod):y=mx—m+2;dr:y= (m—3)x+m. Tim m d€ d; cit d; tai 1 diém trén truc
tung.

Loi gidi. d| cit d; tai 1 diém trén truc tung

m=%m—3 0+#-3

& 7 & 7 Sm=1.
—m+2=m 2m =72

Vidu24. Chod;:y=2x—6;dy:y=—x+3.
a. Tim toa do giao di€ém A cta d; va d».

b. d; va d cit truc tung tai B va C. Tinh dién tich AABC.

Li gidi.

a. Phuong trinh hoanh do giao di€ém cla d; va d; 1a
2x—6=—x+3&x=3.
Véix=3=y=0.
Vay toa do giao diém A cta d; va d, 1a (3;0).

b. di va dp 1an lugt cit truc tung tai B va C. D& dang suy ra dudc toa do ctia B va C 1a B(0;—6) va
C(0;3).

Dién tich Syapc = %AO.BC = %.3.9 = 22—7(dvdt).
BAI TAP TU LUYEN
Bai 25. Cho dudng thang d : y = (m? — 2)x+m — 1. Xdc dinh gid tri ctia m sao cho
a. d song song véidy : y=2x+1.
b. dcitdy:y=m(2x—1)+3+x.
Loi gidi.
a. m=-—2.

m# —1
o frt

Bai 26. Cho 2 dudng thang: (d1) :y = (m+2)x—3; (d2) : y = 4x+2m+ 1. Tim m dé d cit d, tai 1 diém
trén truc tung.
Loi giai. Khong ton tai gid tri m théa man diéu kién bai toan.
Bai 27. Cho 3 dudng thang: (dy) 1y =2x; (da) :y=x+1; (d3) : y = (m—2)x+2m+ 1. Tim m dé
a. d] L d3.

b. di, d, d3 dong quy.
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Loi gidi.

a. m=

— ol w

b. m=
Bai 28. Tim m dé 3 dudng thang sau phéan biét va dong quy.

a. di:y=2x,dr:y=-3—x,d3:y=mx+5.

b. di:y=-5(x+1),dry:y=mx+3,d3:y=3x+m.

c.di:y=x+2m,dr:y=3x+2,d3:y=—mx+2.

Loi gidi.

a.m=7
b. m=-13
c. m=1

BAI TAP TONG HOP
Bai 29. Cho (d) c6 phuong trinhy =ax+bva (d;):y=x+1;(da) :y=2x+ 1.
a) Tim giao di€ém M cta (d;) va (da).
b) Tim phuong trinh dudng thing (d), biét (d) cit (dy) tai A(1,2) va cit (do) tai B(—1,3).
Loi giai.

=x+1 —x+y=1 X
a) Xét Y & Y &
y=2x+1 —2x+y=1 y=

Vay: M(0,1) la giao di€ém cta (d;) va (da).

b) Vi (d) ciit (d)) tai A(1,2) = A(1,2) € (d) = 2= a+D.
va (d) ct (dy) tai B(—1,3) = B(—1,3) € (d) = 3= —a+b.

1
1=2a+b b=2 |a=—3
Do dé: “t & “t & 2
1 5 2
Vay: (d):y= —§x+ 5

Bai 30. Cho (d) c6 phuong trinhy =ax+bva(d)):y=x—1;(dy) :y=—2x—1.
a) Tim giao di€m N cua (d,) va (d,).
b) Xdc dinh phuong trinh duong thang d, biét (d); (d;); (dy) dong qui va (d) di qua A(1,-5).
Loi giai.
—x—1 fxty=-1
a) Xét YT o rEy=
y=-2x—1 2x—|—y—1
Vay: N(0,—1) 1a giao di€ém cta (d;) va ( )

b) Vi (d);(d);(d>) dong quinén N(0,—1) € (d) = —1=a.0+b=b=—
VaAe(d):>—5:a—|—b:>a:_4
Vay: (d) 1y =—4x—1.
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Bai 31. Cho (d) c6 phuong trinh y = ax+b va A(6,-2).
a) Tim d sao cho d di qua A va gdc toa do O.

b) Xic dinh phuong trinh dudng thang d, biét (d) di qua A va cit Ox, Oy 1an lugt tai B,C sao cho tam
gidc OBC co dién tich 1a 3.
Loi giai.
a) ViO € (d) nén b =0.
MatkhacA € (d)nén —2=6a+b=a= —%.
1

Vay: (d) :y= —3%

b
b) Taco: A € (d) nén —2 = 6a+b va B(0,b);C(——,0).
a

b2
1. —b a="
Do d6: Dién tich tam giac OCB 1a =|b||—| =3 = .
2 a b?
“%
6a+b=-2
6a+b=-2 12
b2 a:—g
Vi vay ta dudc @="% &
p2 6a+b=-2
— 2
“% _
L | 6
PP +b-2=0 |p=—-lig=—-
b* = 2
a:—g bzz;a:—— 1 4
b +b-2=0
p2 (VO nghiém)
a=—
- 6
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§3.  HAM SO BAC HAI

I. Tém tat Ii thuyét

1. Ham s6 bac hai

Pinh nghia 1. Ham s6 bac hai dudc cho bdi cong thiic y = ax? + bx+c (a #0).
Tap x4c dinh ctia ham sb nay 1a D = R.

2. P06 thi ctia ham sb béc hai

~ X . N A N A N s 32 N 3R b _A
Pinh nghia 2. D0 thi ciia ham s6y = ax® 4bx+c¢ (a # 0) la mot dudng parabol c6 dinh la diém / (— 2—; 4—) ,
a 4a

- A 2, N N 2 b N A1~ A A A A 2yt A
¢o truc doi xing la duong thang x = 5 Parabol nay quay bé 1om 1én trén néu a > 0, xuong dudi néu
a
a <0.

* Cach vé do thi ham so bac hai.

b —A
a) Xac dinh toa d6 cua dinh / (——; —> )
2a” 4a

. b
b) Ve truc doi xing x = ——.

2a
c) Lap bang gia tri
b
X X1 X2 - X3 X4
2Aa
y |y y(x) Ia y(x3)  y(xs)

/\ pé thi ciia ham s6 y = ax® + bx + ¢ (a # 0) cdt truc tung tai diém (0;c).
Do thi ciia ham s6 y = ax?* +bx+c (a # 0) cdt truc hoanh (néu cé) tai diém co toa dé (xo;0) vdi xg
la nghiém ciia phiong trinh ax*> +bx+c = 0.

d) Ve Parabol

/\ Khi vé cdn chii ¥ dén ddu ciia hé s6 a (a > 0 bé lom quay lén trén, a < 0 bé lom quay xudng dudi).

3. Chieu bien thién cua ham so bac hai

Dua vao do thi ctia ham s6 y = ax? + bx+c (a # 0), ta c6 bang bién thién ctia n6 trong hai trudng hop a > 0
va a < 0 nhu sau

+ V6ia>0

2a
oo +oo

y \__A/’

4a




104 CHUONG 2. HAM SO BAC NHAT VA BAC HAI

+ V6ia<0
X —o0 _ﬁ —+oo
2a
—A
y / 4a \

Tir d6 ta c6 dinh i sau
Pinh li 1. Néu a > 0 thi ham s6 y = ax* + bx + x nghich bién trén khodng (—oo; —2—>, dong bien trén
a

b
khodng <——;-|—00>.
2a
c c \ c b ;
Néu a < 0 thi ham s6 y = ax* 4 bx +x dong bién trén khodng <—oo;—2—), nghich bién trén khodng
a
(~2+)
2a’ ’
4. Phuong trinh hoanh d6 giao di¢m
Cho ham s6 y = f(x) c¢6 dd thi 1a (Cy) va ham sd y = g(x) c6 dd thi la (C>). Khi d6, néu M(x;y) 1a giao
di€m cta (Cy) va (Cy) thi toa do ctia M 1a nghiém cta hé phuong trinh:

EVEENORS

y=g(x)

Phuong trinh () dudc goi 1a phuong trinh hoanh do giao diém cta hai do thi (Cy) va (C;). Va néu giao
diém M c6 mang nhiing dic di€m, tinh chit nao d6 thi phuong trinh () ciing sé ton tai nhiing dic diém
tuong Ung véi cic dic tinh d6. Tir day suy ra, d€ gidi mot bai toan vé tinh chit giao diém ctia hai do thi (Cy)
va (C), ta c6 thé tién hanh theo céc budc sau:

a) Lap phuong trinh hoanh do6 giao diém cda hai do thi (C;) va C, (tiic 1a phuong trinh (x)).
b) Bién ddi phuong trinh vé dang bac hai don gian.

¢) Dua vao diéu kién ban dau ctia bai todn dé€ chuyén vé diéu kién cho phuong trinh hoanh d6 giao diém.

5. Dinhly Vi-ét
Pinh Ii 2. Cho phuong trinh bdc hai ax* +bx+c =0 (a #0).
b
S=x14+xp=—
a

a) Néu phuong trinh bdc hai c6 hai nghiém x| va x, thi ta co: c
P= X1 X2 = —
a

b) Phuong trinh cé hai nghiém trdi ddu khi va chi khi P < 0.

A>0
¢) Phuong trinh co hai nghiém duong phdn biét khi va chi khi: < S >0 .
P>0
A>0
d) Phuong trinh co hai nghiém dm phdn biét khi va chi khi: < S <0 .
P>0

A>0

e) Phuong trinh co hai nghiém phdn biét khdc xo khi va chi khi: ) .
axy+bxo+c#0
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6. MOot vai cong thitc can nhé

. 2 , b A
/\ pé thi ciia ham s6 y = ax®> 4+ bx + ¢ (a # 0) la mét duong parabol cé dinh la diém 1 (—2—; —4—>
a  4a

/\ pé thi clia ham s6 y = ax®> 4+ bx +c¢ (a # 0) cdt truc tung tai diém (0;c) (Idy x = 0 thé vao ham sd).
/\ Pé thi ciia ham s6 y = ax®> + bx + ¢ (a # 0) cdt truc hoanh (néu c6) tai diém cé toa do (xy;0) vdi xg la

nghiém ciia phuong trinh: ax> 4+ bx+c = 0 (1). 86 nghiém ciia phwong trinh (1) la sé giao diém ciia do thi
VOi truc hoanh.

II. Cac dang toan

Dang 1. VE do thi va lap bang bién thién ctia ham s6 bac hai

Vé d6 thi ctia ham s6 bac hai ta thuc hién theo bon budc nhu trén.
Dé 1ap bang bién thién ctia ham s6 bac hai ta cin xem xét diu ctia hé sb a, tinh toa do clia dinh va
dién vao bang thich hop.

Vi du 1. Lap bang bién thién va vé db thi ctia ham s6 y = x> — 2.

Loi giai. Tacéa=1,b=—2,c=0. Suy ratoa dd dinh1a7(1;—1).
Viy bang bién thién 1a

oo +oo

y \ /

Do d6 ham s nghich bién trén khoang (—eo; 1) va dong bién trén khoang (1;+oo).
*VE do thi: Ta c6 dinh 1a 7 (1; —1) va truc ddi xdng la x = 1.
Bang gia tri

Ta c6 dd thi ctia ham sd y = x> —2x 1a

, 1
Vidu 2. Lap bang bien thién va vé do thi cia ham soy:—§x2—|—2x—2.

e a2s ) 1 A a1 s
Loi giai. Tacéa = _E’b =2,c¢ = —2. Suy ra toa do dinh 1a 7 (2;0).
Vay bang bién thién 14
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x| —oo 2 foo

Do d6 ham s dong bién trén khodng (—oo;2) va nghich bién trén khoang (2;+oo).
*V& do thi: Ta c6 dinh 12 1 (2;0) va truc dbi xiing 1a x = 2.
Bang gia tri

x[—2 0 2 4 6
y| -8 —2 0 —2 -8

. ) 1
Tacéd@thicﬁahémsc“)y:—§x2—|—2x—21é1 y

T e
=

[ Vi du 3. Lap bang bién thién va vé dd thi ctia ham s6 y = —3x% +2x — 1. ]

N ) (12
Loi giai. Tacoa= —3,b =2,c = —1. Suy ra toa do dinh lal<§;—§).

Viy bang bién thién 1a

X —00

— o0
3

y _oo/'_§\_oo

PN s 1 Z 1
Do d6 ham so dong bién trén khoang (—oo; §> va nghich bién trén khoang <§ +oo> :

R 1 2 . 1
*VE d0 thi: Tacod dinh 1a (g, —§> va truc doi xing lax = 3
Bang gia tri
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Ta c6 dd thi ctia ham sb y = —3x> +2x—11a

BAI TAP TU LUYEN

Bai 1. Lép bang bién thién va vé do thi ctia cdc ham s sau:

a) y=—x>4+2x+3. c) y=3x>—2x+1.

b) y=—x>+2x—2. d) y=-3x>+2x—1.
Loi giai.

a) Do thi

\4{;%

b) Db thi

-

¢) Db thi

o=

107

O W I
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W
L

Q
o=

d) Db thi

WIN Q=
CoT—

Bai 2. Cho ham s6 y = —x? +2x+3.
a) Lap bang bién thién va vé do thi (P) ctia ham sb.
b) Tim céc gid triclaxdéy >0vay <0.

Loi giai.

a) Db thi

0]

f A

b) PEy >0thixe (—1;3) vay < 0thix € (—o0;—1) U (3;+o0).

Bai 3. Cho ham s6 y = x? —4x+ 3.
a) Lap bang bién thién va vé do thi (P) ctia ham sb.
b) Tim cdc gid tri ciax d€y >0 vay < 0.

Lui gidi.
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a) Do thi

NNV

b) D€y > 0 thix € (—o0; 1)U (3;+400) vay < 0 thix € (1;3).

Dang 2. Tim toa do ctia dinh va céc giao diém ciia parabol véi cac truc toa do. Toa do giao diém

gitta parabol (P) va mdt dudng thang.

Phuong phap:
e Dua vao cdc cong thiic can nhé dé€ tim toa do cla dinh, giao diém cla parabol véi céc truc toa
dd. Tuy nhién, khi tim toa d6 ctia dinh / thi ta chi can tim hoanh do xo = 55" Roi sau d6 thé
a

xo vao ham sd ban dau d& tim yo = axo” + bxo + ¢ 1a tung do ctia dinh 1.

e Dua vao phuong trinh hoanh do giao di€ém d€ xéac dinh giao diém cta parabol (P) véi dudng
thang.

Vidu 4. Cho ham s6 y = x? —4x+3 c6 dd thi 1a parabol (P). Tim toa do ctia dinh, giao diém ctia d6
thi v6i truc tung va truc hoanh.

e e N X 2 A < A P > N b _4
Loi giai. Tudétaco: a=1,b= —4,c = 3. Vay hoanh d6 cua dinh 7 1a: xo = Bl 2.
a .
=y0=2>-4.2+3=—1.Vay dinh I(2; -1).
Giao diém ctia (P) va truc Oy: Cho x = 0 = y = 3. Vay (P) cit truc Oy tai diém A(0;3).

d . ’ N 'x == 1 A < . .
Giao diém ctia (P) véi truc Ox: Xét phuong trinh: x*> —4x +3 =0 < . Vay (P) cat truc Ox tai hai
x

di€ém B(1;0) va C(3;0).

Vi du 5. Cho ham s6 y = —x*> —3x+ 1 ¢6 d6 thi la parabol (P). Tim toa do ctia dinh, giao diém ctia
dd thi v6i truc tung va truc hoanh.

e o2 N X ~ N b 2 N b _3
Loi giai. Tudétaco:a=—1,b=—-3,c=1.Vayhoanhddcuadinh/la:xp = ———=——7—=—

. 20 21
3 3 13 313
- (-2 —3.<——) 1=-2. vay di hl(——;—).
=0 ( 2) 2) T T ATy

Giao diém cia (P) va truc Oy: Cho x =0 =y = 1. Vay (P) cit tryc Oy tai diém A(0;1).

L T3VI3

2
x_—3—\/ﬁ
===

3
=

Giao diém ctia (P) véi truc Ox: Xét phuong trinh: —x*> —3x+1=0& . Vay (P) cit truc

Ox tai hai diém B <_3’+ ”13;0> vaC (_:)’_T\/E;o) .
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Vi du 6. Cho ham s6 y = —x? +x+2 c6 dd thi (P) va dudng thing d: 4x+y—3 = 0. Tim giao diém
clia dd thi (P) va duong thang d.

Loi giai. Pudng thiang d: y = —4x + 3. Xét phuong trinh hoanh do giao diém:
x=0=y=1

. Vay db thi (P) va dudng thang d cat nhau tai
x=5=y=11

4 x42=-dx+3er-5%x=0<
hai diém: A(0;1) va B(5;11).

Vidu 7. Cho haim s6 y = —x?> —x+2 c6 dd thi (P) va duong thang d: x —y+3 = 0. Tim giao diém
ctia dd thi (P) va dudng thang d.

Loi giai. Pudng thang d: y = x+ 3. Xét phuong trinh hoanh dd giao diém:
X —x42=x43x+2+1=0x=—1=y=2. Viy (P) va d tiép xiic v6i nhau tai di€ém
A(—1;2).

BAI TAP TU LUYEN
Bai 4. Tim toa do dinh, giao diém vdi truc tung, truc hoanh (néu c6) clia cc parabol sau:
) y=x"+4x—1 L)
ay=xrax—L b)y:—ix +2x—4.
Lui giai.

a) Ddp sb: Toa d6 dinh I(—2;—5); giao di€ém cia parabol (P) véi truc tung va truc hoanh lan lugt 1a:
A(0;—1); B(=2++/5;0); C(—=2—/5;0).

b) Pap sb: Toa do dinh 1(2; —2); giao diém ctia parabol (P) véi truc tung 1a: A(0; —4); dd thi khong cat
truc hoanh.

Bai 5. Tim giao di€ém clia parabol (P) va dudng thang d trong cc trudng hop sau:

a) y:—xzvé{y:x—Z. C) y:xz—x—3vﬁy:x—4.
1 S
b) y:—§x2—2xvay:—3x+3. d) y=x*4+6x+4vay=—x+1.
Loi giai.

a) Sb giao diém ctia (P) va d 1a s6 nghiém cla phuong trinh:
x=1=y=-1

. Vay (P) va d cét nhau tai 2 diém A(1;—1) va
xX=-2=y=-4

X =x-2x+x-2=0&
B(—2;—4).
b) (P) va d khong cit nhau.
¢) (P) vad tiép xuic vé6i nhau tai A(1; —3).
d) (P) vad khong cét nhau.

Bai 6. Cho parabol (P): y = x> —4x +3. Dung (P) tim tap hop cdc gid tri ca x &€y < 0.
Loi giai.
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Ya

2 ‘ X

|
|
|
|
|
|
|
|
|
|
|
|
I
|
|
|
|
|
|
|
|
|
|

Ddp s6: Tit hinh vé ta c6: 1 <x < 3.

Dang 3. Dua vao do thi bién luén theo m sb giao diém ctia parabol (P) va duong thang.

CAU DAN
e St dung d6 thi d€ bién luan s6 nghiém clia phuong trinh.

e St dung phuong trinh hoanh do giao diém dé dua bai todn tim giao diém vé bai toan bién luin
s6 nghiém ctia phuong trinh.

Vi du 8. Cho parabol (P): y = x> — x — 2. Dung d6 thi (P), bién luan theo m sb nghiém ctia phucng
trinh: x> —x — (m—2) = 0.

Li gidi.

-2

Xét phuong trinh: x> —x — (m—2) =0 x> —x—2=m (1).
Nghiém s6 ctia phuong trinh 1a hoanh d¢ giao diém ctia 2 dudng parabol (P) : y = x> — x — 2 va dudng thing
A:y = m. Theo db thi ta c6 két qua:

9 o
o m<—7 (A) va (P) khong c6 diém chung = phuong trinh (1) vd nghiém.

9 .
e m= —Z: (A) tiep xuc v6i (P) = phuong trinh (1) c¢6 nghiém kép.

9 . o . .
o m>— (A) cat (P) tai 2 diém = phuong trinh (1) ¢6 2 nghiém phan biét.
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\

Vi du 9. Cho parabol (P): y = x(2 —x) + 3 va duong thang d: y = —x + m. Dinh m dé:
a) d cat (P) tai hai di€ém phan biét.
b) d va (P) tiép xiic.

¢) d va (P) khong c6 di€ém chung.

Loi giai. Phuong trinh hoanh do giao diém ctia d va (P):
x(2—x)+3=—x+mex*-3x+m—-3=0(1).
A=9—4(m—3) = —4m+21

a) d cat (P) tai hai diém phan biét < phuong trinh (1) ¢6 2 nghiém phan biét:

21
<:>A:—4m—|—21>0<:>m<Z.

2 21
b) d va (P) tiép xuc < phuong trinh (1) c6 nghiém kép: & A= —-4m+21 =0 m= 7

o 21
¢) d va (P) khong c6 diém chung < phuong trinh (1) vo nghiém: < A= —4m+21 <0< m > R

BAI TAP TU LUYEN

Bai 7. Cho ham s6: y = x> — 2x — 3 ¢6 dd thi 1a parabol (P) va duong thing d: y = 4x 4 m. Bién luan theo
m sb giao di€ém ctia d va (P).

Loi giai. HD: St dung phuong trinh hoanh dd giao di€ém dé dua bai todn vé bién luin theo m s6 nghiém
cua phuong trinh.

Diép s6: m > —12: d cit (P) tai hai diém phan biét; m = —12: d tiép xic véi (P); m < —12: d va (P) khong
¢6 di€ém chung.

S | 2 i s, . PR 2
Bai 8. Cho parabol y = —sz va duong thang y = x +m. V6i gia tri nao cua m thi parabol va duong thang
cat nhau tai hai di€ém phan biét?

Ldi gidi. m < 1 thi parabol va dudng thang cét nhau tai hai di€m phan biét.

Bai 9. Cho parabol y = %x2. Tim gia tri ctia m va n &€ dudng thang y = mx + n di qua diém (0; —1) va tiép
xuc vdi parabol.
Lui gidi. Papsb: m=v2;n=—1vam=—/2;n=—1.

x? . .
Bai 10. Cho hai parabol y = —x*> +2x+3 vay = 5~ 4x + 3. Tim m d€ dudng thang y = m cit ca hai
parabol.

Loi giai. HD: vé hai parabol trén 1 hé truc toa do.
bap sb: —5 <m < 4.
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Dang 4. Xac dinh ham s6 bac hai khi biét cic yéu t6 lién quan.

Ta thuc hién theo cac budc sau.

Buéc 1: Gia st parabol (P) : y = ax?> +bx + ¢ véi a # 0.
Budc 2: Dua vao gia thiét dé bai d€ xac dinh a, b, c.
Mot sb gia thiét thuong gip & budc ndy va cach xi 1i.

e Parabol di qua di€m M (xo;y0) = yo = ax3 + bxo +c.

< b
e Parabol c6 truc doi xing x = xg = xo9 = g
a
b
X0 — —2—
e Parabol c6 dinh I(xg;y) = Aa :
Yo = a4
a>0
e Parabol c6 gid tri nhd nhdt (hodc gid tri 16n nhit) bing y, = A
Yo = a4
a<0
hoac A
Yo = a4

Budc 3: Két luan.

Vi du 10. Xic dinh parabol y = ax® + bx + 3, biét rang parabol di qua hai diém A(1;2) va B(—2;11).

Lui gidi. Parabol (P):y=ax>+bx+3 (a#0). Tacé c = 3.
Vi(P)diquaA(l;2)nén2=a+b+3<a+b=—1 (1).
Vi (P) diqua B(—2;11)nén 11 =4a—2b+3 < 4a—2b=8 (2).
TiI(l)vé(Z)tacé{ ath= 1@{"_1 .

4a—2b =238 b=-2
Vay parabol (P) : y = x> —2x+3.

Vi du 11. Cho parabol (P) : y = —x? + bx + c. Xac dinh b, c biét (P) di qua diém M(—2;4) va c6
truc dbi xing x = —2.

Loi gidi. Parabol (P):y= —x*+bx+c. Tacéa=—1.
2 b
Vi (P) ¢6 truc doi xding x = —2 nén ~35 = —2&b=4a=4.(—-1)=—4.

a
Vi M(—2;4) € (P) nén 4 = —(—2)2+ b.(-2)+c <4 =—4—2b+c< —2b+c=8. Mab=—4nén
8+c=8«&c=0.

Vay (P) 1y = —x> — 4.

[ Vi du 12. Cho parabol (P) : y = ax?> — 2x +c. Xdc dinh parabol (P) biét (P) c6 dinh I(1;—3). ]

Lui gidi. Parabol (P):y=ax? —2x+c. Tacé b= —2.
Céach 1: Vi (P) c6 dinh I(1; —3) nén (P) c6 truc dbi xiing x = 1.
Khidé—2£:1<:>—:1<:)a:1.

a 2a
Hon nita, vi dinh I(1;-3) € (P)nén —3=1.12-2.1+c<c=—2. Vay (P) : y=x*> —2x— 2.
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b
, . ) Tt = —2a
Cach 2: Vi (P) ¢6 dinh I(1;—3) nén &9,
_A:_3 b —4ac = 12a
4a
—2=-2a a=1 a= . 5
& 5 & & .Vay (P):y=x"—2x—2.
(=2)°—4ac=12a 4—4c=12 c=-2

Vi du 13. Cho parabol (P) : y = ax? + bx + c. Xac dinh a, b, c biét (P) c6 gia tri nhd nhit bing —5
va di qua hai diém M(1;—1), N(0;4).

Loi gidi. Parabol (P):y = ax> +bx+c (a #0).
ViM(l;—1)e(P)nén —1=a+b+c (1).
ViN(0;4) € (P)nénd =c (2).
a>0 a>0
Vi (P) c6 gid tri nho nhét biang —5 nén .
(F) o6 gid : —43:—5 {b2—4ac:20a (3)
a
a+b+4=-1 a+b=-5 a=-5-b
Tu (1),(2) va (3),tacd < ST ST
b*—16a =20a b —36a=0 b —36.(-5—-b)=0
a=-5->b b=—-6 . [b=-30
S, & __hoac .
b*+36b+180=0 a =1 (nhan) a =25 (nhén)
Vay (Py) iy =x*—6x+4va (P):y=25x"—30x+4.

Vi du 14. Cho ham s6 y = x> — mx+m+ 1 v6i m € R. Xac dinh m d€ d6 thi ham s6 1a parabol c6
dinh ndm trén dudng thang y = x sao cho hoanh d6 dinh khong am.

Loi giai. V6i gid tri m cb dinh, goi I(xo;yo) 1a dinh cta parabol (xy > 0).

__ b _m 2 2
Khi do =% "2 .Suyrayozm——m—+m+1.
y():x%—mxo-l—m-i—l 4 2
Vldinhlnﬁmtréndu’bngthezlngy:xnényo:x()(:)m—z—m—z—i—m—}—l:ﬂ(:) m:1+\/§.
4 2 2 lm=1-5
Vixg>0nénm>0,dodém=1++/5.
BAI TAP TU LUYEN

Bai 11. Cho parabol (P) : y = ax? 4 bx + 4. Xac dinh a, b biét:

a) (P) di qua hai diém M(—1;7) va N(—4;4).

b) (P) c6 truc dbi xiing x = 3 va di qua diém A(2; —4).

¢) (P) c6 tung do dinh bing ; va cat truc hoanh tai di€ém c6 hoanh do bang 4.
Li gii.

. a—b=3 a=—1
Thay toa do diém M, N vao (P) ta c6 hé phuong trinh = .
a) Thay toa do diém vao (P) ta c6 hé phuong trin {16a—4b:O {b:—4

b) (P) c6 truc dbi xiing x = 3 nén b = —6a.
MaA(2;—4) € (P)nén —4=4a+2b+4< —8a=—-8<a=1.Suyrab=—6.
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A9 b?
¢) Hoanh d0 dinh x = et &b —dac=—-18a b =-2asa= -5
a

(P) cit Ox tai diém c6 toa do (4;0) nén 0 = 16a +4b+4 < —8b*> +4b+4=0<

1 1 1
Gib=1thia=—=.Vib=—=thia=—-.
Véi b thi a 2V(51b 2tla g

Bai 12. Cho parabol (P) : y = —x? + bx + c. Xdc dinh b, ¢ biét:

a) (P) co dinh I(1;4).

b) (P) dbi xing qua truc tung va c6 gid tri 16n nhét bing 3.

¢) (P) c6 hoanh do dinh bing tung do dinh va di qua gbc toa do O.
Loi giai.

b
v - =1 b=2
a) Vi (P) c6 dinh I(1;4) nén 2.(-1) SNy
4=—1+b+c 7

) b
b) Vi (P) do6i xing qua truc tung nén ——= 0<b=0.
Ma (P) c6 gia tri 16n nhét bang 3 nén b> —4ac = —12a < 4c = 12 < ¢ = 3.

¢) Vi (P) di qua gbc toa dd O nén ¢ = 0.

. b b*—4.(-1).0
Ma hoanh d6 dinh bang tung d6 dinh nén - = —% S2b=0 <
Bai 13. Cho parabol (P) : y = ax? + 3x + c. Xac dinh a, ¢ biét:
a) (P) c6 hoanh dd dinh biang —1 va cit truc tung tai di€ém c6 tung do bing 4.
b) (P) c6 tung do dinh gip 2 14n hoanh do dinh va di qua diém A(1;4).
AL A 9 .
¢) (P) dat gia tri nhd nhat bang —3 va di qua goc toa do O.
Loi giai.
a) Vi (P) cit truc tung tai diém (0;4) nén ¢ = 4.
N 3 3
Ma (P) c6 hoanh d6 dinh bang —1 nén 55 = —lea= 5
a
b) ViA(1;4) € (P)néna+3+c=4<a+c=1<a=1—-c (1).
N ~ A 37 A X N A 37 A _A _b 9 - 4616' 3
Ma (P) c6 tung do dinh gap 2 lan hoanh d6 dinh nén — =2.— < =—
4a 2a 4a a
5 5 a = 0 (loai)
& 9a—4a°c=12a < 4a“c = —3a & .
dac = -3 (2)
1 3
c=—==a=>
Thay (1) vao (2) tac6 4(1 —c)e = —3 42 —4c=3=04 | > 2
Cc = 5 = a= —5
¢) ViO € (P)nénc=0.
9 a__2 1
Ma (P) dat gid tri nho nhét bang ) nén da 2 a= 5

a>0

b=0
b=2

115
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Bai 14. Xdc dinh parabol (P) biét:

a) (P) di qua ba diém A(1;7), B(0;5) va C(4;1). (—x*> +3x+5)

b) (P) c6 truc dbi xiing x = 3 va di qua hai diém M(—1;0), N(0;7).

¢) (P) c6 dinh ndm trén truc hoanh va di qua hai diém H(—2;1), K(0;9).
Loi giai.

a) (P) di qua ba diém A(1;7), B(0;5) va C(4;1) nén ta c6 hé phucng trinh

at+b+c=7 a=—1
c=5 S<bhb=3
16a+4b+c=1 c=5

b) (P) c6 truc dbi xiing x = 3 nén b = —6a.
< . v e 2 R a_b+C:0 C:7 C:7
Ma (P) di qua hai diém M(—1;0), N(0;7) nén ; & 0 & T Suy ra
Cc = = a =
b=6.

. A
¢) Vi (P) ¢6 dinh nam trén tryc hoanh nén 1= 0 b*> —4ac=0.
a

4a—2b+c=1
Ma (P) di qua H(—2;1), K(0;9) nén a9 ‘=
CcC =
—4
[P =36a=0 b=t b=12 _ (b=6
Do do6 ta co & 2 & hoac .

Bai 15. Cho parabol (P) : y = ax? — 2ax+2a véi (a # 0). Xéc dinh a d€ (P) c6 dinh nam trén dudng thang
2x—y=0.
Lui giai. (P) c6 dinh I(1;a). Vi I ndm trén dudng thang 2x —y=0nén2 —a=0<a=2.
Bai 16. Xdc dinh parabol (P) biét (P) c6 dinh I cich déu hai truc toa do, di qua gdc toa do O(0;0) va nhan
1 2
x=3 lam truc doi xuing.
Loi gidi. Gia st (P) 1y = ax?> +bx+c véia #0.
Vi (P) di qua diém O nén ¢ = 0.
2 b 1
Vi (P) nhan x = 3 lam truc doi xing nén —— = - < b= —a.

\ 1 b
Vi (P) cich déu hai truc toa do nén ——( - ‘ ——‘ PR U/ DNTRNS DI
, . 2a dal T2 4
V6ib=2thia=—-2,v6ib=—2thia=2.
Bai 17. Xac dinh parabol (P) biét (P) di qua di€ém A(0; 1) va c6 dinh I thudc duong thing x+y—3 = 0 sao
cho d¢ dai doan IM ngén nhit, biét M(—1;3).
Loi gidi. Gia st (P) :y = ax?> +bx+c véia #0.
Goi I(x0;yo) 1a dinh ctia parabol. Vi I thuoc dudng thang x +y — 3 = 0 nén yy = 3 — xo. Do d6

IM = \/(x0+1)2+ (y0—3)2 = \/ (x0+ 1)2+ (—x0)% = /23 + 2x + L.

1\ 11 L
V12x(2)+2x0+1:2<x0+§> +— 5lem(_)ixoER,nénIMngénnhétkhixoz——

L 17
Suy ra yg = > Nén (P) c6 dmhI( X 5)
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b 1
ViA(0;1) € (P) nén ¢ = 1. Hon nita ta ¢6 _%:_E@ b=a
’ AT b* —4a = —14a
4a 2

b=a hb=0 _ (b=-10
& & .. hoac .
b* = —10b a =0 (loai) a=—10

Dang 5. Cic bai toan lién quan do thi ham sb tri tuyét déi cia mét ham bac hai

Xét ham s6 y = |ax? + bx +c| c6 dd thi 1a (P;). D€ y ring

ax* +bx+cnéuax®> +bx+c>0

2
=|ax"+bx+c| = £
y=| | {—(ax2+bx+c) néu ax? +bx+c <0,

nén dé vé (P;), ta lam nhu sau.
a) V& do thi (P) ctia ham s6 y = ax? + bx +c.
b) Giit nguyén phan ctia (P) ma & phia trén truc hoanh.

¢) Lay ddi xiing qua truc hoanh déi véi phan ctia (P) ma & dudi truc hoanh (sau d6 bé di phan cta
(P) ma & dudi truc hoanh).

Vi du 15. Bién luan theo tham sb m s6 nghiém ctia phuong trinh |x? — 4x + 3| = m.

Lui gidi. S6 nghiém clia phuong trinh bing s giao diém ctia d6 thi ham s6 y = x> — 4x + 3| v6i dudng
thang (nam ngang) y = m.

Ta vé (P) : y = x*> —4x+ 3 (Hinh 1). Tir d6, ta suy ra do thi (P;) cia ham s y = [x? —4x + 3| (Hinh 2).

Tt d6 thi (P,), ta c6 két luan nhu sau.

a) m < 0: phuong trinh vd nghiém.
b) m =0 hoac m > 1: hai nghiém.

¢) 0 <m < 1: 4 nghiém.

d) m = 1: 3 nghiém.

BAI TAP TU LUYEN
Bai 18. Bién luan theo m s6 nghiém ctia phuong trinh |x* + 3x| = m.
Loi giai. Gidi tuong tu vidu 1.
Dap s6:
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a) m < 0: phuong trinh v6 nghi€ém.

9
b) m =0 hoac m > Z: hai nghiém.
9 n
c) 0<m< Z: 4 nghiém.

d) m= 421: 3 nghiém.

Dang 6. Céc bai toan lién quan do thi ham s6 dbi véi tri tuyét d6i ciia bién

Xét ham s6 y = ax? 4 b|x| +c. Khi x > 0 hoic x < 0, ham s6 trd thanh ham s6 bac hai. Hon nita, ham
s6 da cho 132 ham s6 chin, nén do thi cia né nhan truc tung lam truc ddi xing.
Do d6, ta c6 thé vé dd thi (P») ctia ham s6 y = ax® + b|x| + ¢ nhu sau.

a) Vé do thi (P) ctia ham s6 y = ax® + bx +c.

b) B6 phan cda (P) & bén tréi truc tung. Sau d6 iy dbi xting qua truc tung ddi v6i phan cla (P)
ma G bén phai truc tung.

Luu y: Ta c6 thé vé dd thi ham s& y = ax? + b|x| + ¢ tit 6 thi ham s6 y = ax?> — bx +c.

Vi du 16. a) Vé d6 thi ham s6 y = x> —4x+ 3.
b) Tim m d€ phuong trinh x> — 4|x| +3 = m c6 4 nghiém phan biét.

.

Loi giai. a) Xem hinh 3.

b) Phuong trinh da cho c¢6 4 nghiém phan biét khi va chi khi dd thi ham s y = x* — 4|x| +3 va duong thang
y=m.

Tir d6 thi ham s6 y = x?> —4x 43 & cau a), ta suy ra d thi ctia ham s6 y = x> — 4|x| + 3 nhu & hinh 4.

Tt d6, ta suy ra tit ca cac gia tri m thda man yéu cu bai todn 1a —1 < m < 3.

y y

BAI TAP TU LUYEN

Bai 19. Tim m dé€ phuong trinh 2x> — |x| = m c6 diing 3 nghiém.
Loi giai. Giéi tuong tu vi du 2.
Dédp s6: m = 0.
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Bai 20. Hodi phuong trinh |2x* — |x|| = m c6 t6i da bao nhiéu nghiém?

Loi giai. Ta vé d6 thi ham s6 y = |[2x* — |x||.

Trudc hét, vé dd thi ham sb y = 2x? — x (hinh 5), rdi suy ra dd thi ham s6 y = 2x> — |x| (hinh 6), tit d6, vé
dugc dd thi ham s6 y = |2x> — |x|| (hinh 7).

Dap s6: phuong trinh da cho c6 t6i da 6 nghiém.

y | y
T
| 10)
O [ ~__ 1 X 1 1 x
N : 2 2 1 2
8 8
Hinh 5 Hinh 6
y
1
1 0 1 x
2 2
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Dang 7. Tinh don diéu cia ham bac hai

Su bién thién ctia ham s& y = ax? + bx + ¢ (a # 0).
e Tiap xac dinh: ¥ = R.
. Z . b R )
e Néu a > 0 thi ham so nghich bién (gidm) trén khoang (—oo; —2—) va dong bien (tdng) trén
a

b
khoang (—%; —I—oo).

Bang bién thién

X | —oo _i —+oo
2a
oo +oo
y \ /
A
4a

) L ux ) b .
e Nécu a < 0 thi ham so dong bien (tdng) trén khoang (—oo; —2—) va nghich bién (gidm) trén
a

b
khoang (—%; +oo>.

Bang bién thién

b
X —o00 R —+oo
2a
A
4a
y / \

Vi du 17. Xét su bién thién ctia ham s y = x> — 2x+ 3.

Loi giai.
- Tap xac dinh: ¥ = R.
A

-Tacox=——=1vay=——=—4
acox % vay 1

- Do a =1 > 0 nén ham s6 nghich bién trén khoéng (—o0; 1) va dong bién trén khoang (1;+o0).
- Bang bién thién

X | —oo 1 +o0

oo oo

I

—4

Vi du 18. Xét tinh don diéu ctia ham s6 y = —x? +2x — 3.
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Loi giai.
- Tap xac dinh: ¥ = R.

~Tacbx=——=1.
acox 24

-Do a = —1 < 0 nén ham sb dong bién trén khoang (—oo; 1) va nghich bién trén khodng (1;-+co).

[ Vi du 19. Xét tinh don diéu ctia ham s6 y = x +2|x]. ]

Lisi gidi.

- Tap xac dinh: ¥ = R.

x?—2xkhix <0

x% + 2x khi x >0

- Miit khéc, ham s6 y = x> — 2x nghich bién trén khodng (—oo; 1) va dong bién trén khoang (1;+c0), ham sb
y = x? + 2x nghich bién trén (—oo; —1) va dong bién trén khoang (—1;-+oo).

- Tl d6 suy ra ham s6 y = x? + 2|x| nghich bién khi x < 0 va ddng bién khi x > 0.

-Tacoy=x>+2x| = {

Vi du 20. Tim tit ci cdc gia tri clia tham s6 m d& ham sb y = x?> + (m — 3)x + m ddng bién trén
khoang (1;4-o0).

Loi giai.
- Tap xac dinh: ¥ = R.
Ta co b _3—m
- X=— = —-,
i  2a 2
- B&€ ham s0 dong bien trén khoang (1; +eo) khi va chi khi

¥g1@3—mg2@m21.

-Vaym > 1.

Vidu21. Cho ham s6 y = (m — 1)x? +4x — 5 v6i m # 1. Tim m sao cho ham s6 ddng bién trén
(1;7).

Loi giai.
2t TN A 3A <A A Pe -2 A PRI A 1A < A A 2
e VGi m > 1 thi ham so dong bien trén khoang —1; +o0 ). Vdy, dé€ ham so dong bien trén khoang
m p—
-2 . R
(1;7) thi 1 > — < m > —1. Két hgp diéu kién ta dugc m > 1.
m —

e V6i m < 1 thi ham s6 dong bién trén khoang <—oo; —1> Vay, dé ham sb dong bién trén (1;7) thi

-2 5
1< —aTm-7>-2&m> —.
m—1 7

5
Tom lai m € [?;1) U (1;400).

BAI TAP TU LUYEN
Bai 21. Xét su bién thién ctia ham s6 y = x2 — 6x — 5.
Loi giai. Ham s6 nghich bién trén khoéng (—e0;3) va dong bién trén khoang (3; +oo).

Bai 22. Xét tinh don diéu ctia ham s6 y = —x? 4 2017.
Loi giai. Ham s6 dong bién trén khoang (—o0;0) va nghich bién trén khoang (0; +oo).
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Bai 23. Xic dinh cic khoang dong bién va nghich bién ctia ham s6 y = x|x — 2|.

Loi giai.

2x —x% khix <2

K —2xkhix>2

- Miit khic, ham s6 y = —x? + 2x dong bién trén khoang (—oo; 1) va nghich bién trén khoang (1;+e0), ham
50 y = x> — 2x nghich bién trén (—oo; 1) va dong bién trén khoang (1;+4-0).

T d6 suy ra

-Tacéy=x[x—2|= {

+ Ham s y = x|x — 2| dong bién trén cac khodng (—oo; 1), [2; +o0).
+ Ham sd y = x|x — 2| nghich bién trén cdc khodng (1;2).

Bai 24. Tim tit ca cic gia tri clia tham s& m d€ ham s6 y = —x? 4 (2m — 3)x 4 1 dong bién trén khoang
(—eo3 =5).
Loi giai.
- Tap xac dinh: ¥ = R.
Taegy_ b _2m=3
"Tacox=—— =——.

-Do a= —1 < 0, nén d& ham s6 dong bién trén khoang (—oo; —5) khi va chi khi

b _m-3_ 1
a2 - m="5

7
“Vaym > —~.
aym =~ 3

Bai 25. Cho ham s6 y = (m — 1)x? +4x — 5 v6i m # 1. Tim m sao cho ham sb nghich bién trén (—5;2).
Lo giai.

) . -2 o £ s .
e VGim < 1 thi ham so nghich bién trén khoang (—1, —|—oo> . Vay, dé ham so nghich bien trén khodng
m R

-2 7 N - N
(—5;2) thi =5 > — S -Sm+5<-2&&m> 5 diéu nay mau thuan véi diéu kién.
m J—

. . -2 . 2 .
e VGim > 1 thi ham so nghich bién trén khoang (—oo; —1> . Vay, d€ ham s0 nghich bién trén (—5;2)

< _2 X < A x 20 3e X JON
thi 2 < p— & 2m—2 < -2 & m <0, diéu nay mau thuan véi diéu kién.
m_

Vay khong ton tai gid tri cta m.

BAI TAP TONG HOP

¥ —4x+3 khix>0

. . Bién luan theo m s6 nghiém cta phuong trinh
x—1 khix <0

Bai 26. Cho ham s y = f(x) = {
flx)=m.

Lui gidi.
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YA
|
|
|
|
|
|
|
|
|
|
| >
o 1 12 x
:
y=x—1|
| y=m
|
|

Dua vao hinh veé ta c6: m < —1: phuong trinh ¢6 1 nghiém; m > —1: phuong trinh c6 2 nghiém phéan biét.

Bai 27. Cho ham s6 y = x*> — 2mx +m? — 1 c6 db thi 1a (C,,). Chiing minh ring (C,,) luén cit xx’ tai 2 diém
phan biét A, B. Tim m dé A, B d6i xiing nhau qua gbc toa do O.

Lai giai. DE (C,,) ludn cit Ox tai 2 di€ém phan biét thi A > 0,Vm. D& A, B dbi xing nhau qua gbc toa do O
thi m = 0.

Bai 28. Cho ham s6 y = x> —4mx +4m + 3 (F,,) v6i m € R. Viét phuong trinh dudng thang d vudng goc
véi dudng thang A : y = x — 1 va di qua diém c6 dinh ctia ho parabol (B,,).

Loi giai. Goi M (xo;yo) 1a diém c6 dinh ma ho parabol (P,,) luén di qua.
Khi d6 yo = x§ — 4mxo +4m + 3, v6i moi m.
Suy ra yo — x5 — 3 = 4m(1 — xo), v6i moi m.

. JI=x=0 xo=1 _.
Nén ) & . Vay M(1;4).
yo—x5—3=0 yo=4

Vi d vudng géc v6i dudng thing A:y=x—1nénd:y= —x+b, v6i b # —1. Ma M(1;4) € d nén
4=—-1+b&sb=5.Vayd:y=—x+5.
Bai29. Cho ham séy =x? — (m—1)x+m—2 (P,) v6i m € R. Tim tit ca cdc gia tri ciia m d€ khoang cach
. N
tit dinh cta (B,) dén truc hoanh bang >

Loi giai. V6i m tuy y, goi I(xo;yo) la dinh cta (P,,).

12 —4(m—2)
. .
o ‘m2—6m+9‘ —2em=7Thoicm=—1.

Khi d6 khoang céch tir dinh cta (P,,) dén truc hoanh bing |yo| = ’ (m =
(m — 1)2—4(m—2)‘ 1
4 2

. 1
Theo gia thiét |yo| = 5©

Bai 30. a) V& dd thi ham sb y = x% +4x+ 3.

b) Bién luan theo m s nghiém ctia phuong trinh x> — 4[x| 4+ 3 = m.

Loi gidi. Goi y cau b). O bén tri truc tung, dd thi ham s& y = x> — 4|x| 4 3 ciing chinh 1a dd thi ciia ham sb
y = x? +4x+ 3. Hon nifa, dd thi ham s6 y = x> — 4|x| + 3 nhén truc tung lam truc déi xing.

Bai 31. Tim m d€ phuong trinh x|x — 1| = m c6 ding 2 nghiém.

Lui gidi. S6 nghiém ctia phuong trinh bing véi sb giao di€ém clia d6 thi ham sb y = x|x — 2| 4 1 va dudng
thang y = m.

Do thi ham s6 y = x|x — 1| bao gém hai phan: phan cla parabol y = x(x —2) + 1 v6i x > 2, va phan cla
parabol y = x(2 —x) + 1 véi x < 2 (dudng nét lién trong hinh 6).

Tu do, ta suy ra gia tri m phai tim la m = 1 hoac m = 2.
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4.  PE KIEM TRA CHUONG II

I. Pésbla

Bai 1. a) Tim tap x4c dinh ctia ham s6 y = /2x — 3.
b) Xét tinh chin 1é ctia ham s6 y = x> — 3x.

Loi gidi. a)Didukién xac dinh 1A 2x —3 > 0 ... ... it 0,5 diém
3 .2

S x> R R LR R TR R AR RERERETEEY 0,25 diém
Aa e |3 o

Viy tap xac dinh la 5; 00 | e 0,25 diém

D) TAp Xac AINh IA R .. ... e 0,25 diém

TacOX ER = — X E R oo 0,25 diém

Pity = f(x) = x° —3x, tacé f(—x) = —f(x) v6i moi x € R.

Vayham sd dacho Iaham SO 18 ... .. .. . 0,5 diém.

Bai 2. Cho ham s& y = 2x+m(x+2) ¢6 dd thi (d). Tim m d€ dudng thang (d)
a) Pi qua gbc toa do.
b) Song song vé6i dudng thang (d') : y = 3x — 2.

Loigiai. @) TacO0=2.0+m(04F2) ..ottt e 0,5 di€ém
S = 0 o 0,5 diém
D) TACOY = (MA2)XF 21 ottt 0,5 diém
d||d < {m+2:3 ................................................................ 0,25 diém
2m # =2
S M = | e 0,25 diém

Bai 3. Cho ham s6 y = x? — 4x.
a) Khao sat su bién thién va vé do thi ham s6 da cho.
b) V& dd thi ham s6 y = [x* — 4x]|.

Loi giai. a) TAp xac dinh R. ... ... . 0,25 di€ém
Chiéu bién thién: ham s6 nghich bién trén mién (—oo;2) va dong bién trén mién (2;+o0) ... 0,25 diém
BAng bidn thin . ... ..... it 0,25 di€ém

x —oo 2 oo
+o0 oo
y
4
Do thi
Toa d6 dinh 1(2;—4), truc d6i XUNZ X =2 .. ..ttt 0,25 di€m

Vo 0,25 diém
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y
o 2 X
—4
D) e 0,5 diém
y
4
o X
2

Bai 4. Xdc dinh Pa-ra-bol (P) : y = ax? + bx + ¢ di qua diém M(—1;1) va c6 toa do dinh 1a I(1;—3).

Loigidi. (P)quaM nena—b+c=1 ...oooiiuiiii it 0,25 di€ém
b o
Hoanh d¢ dinh 55 = L D= =20 i 0,25 diém
a
(P)qualn€na+b—4c= —3 .. e 0,25 diém
a—b+c=1
TaCONE { b= —2a 0,25 diém
a+b+c=-3
3a+c=1 a=1 e
Suy ra e 0,5 diém
—a+c=-3 c=—-2
SUYTah = —2. VAY Y = X2 — 20— 2 oottt e e e 0,5 diém
\ e A N A 2_5 , . A
Bai 5. a) Timm dé ham so y = 7t 2xm 1 xac dinh trén R.

b) Chiing minh ring dinh ctia pa-ra-bol (P) : y = x*> — 2(m+ 1)x +m? — 5 ludn nam trén mot dudng

thang ¢ dinh. Tim dudng thing cb dinh do.
Loi giai.

a) P& ham s6 c6 tap dinh trén R thi khong ton tai x sao cho x> —4x+2m—1=0 (*) ....... 0,25 di€ém

S (Xx=2)242m—5=06 (x—2)2 =521 0\ttt 0,25 diém
5 .

() vO nghiém khi (x —2)? = 5 —2m v nghiém, suyra5—2m <0< m> =. .............. 0,5 diem

2
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b) Toa dd dinh (xp;y0) = (M+1;=2m—6). ..ottt 0,25 di€ém
=m+1 o
a0 4 0.25 diém
yo=—2m—6
m=xp— 1 o
Suy ra PP 0,25 diém
Yo = —2m—=6
Do d6 yg = —2x9 —4. Vay dudng thang cd dinh lay=—2x—4. ........................ 0,25 diém

II. Pésb1b

Bai 1. a) Tim tap xdc dinh cia ham s6 y = /1 — 3x.
b) Xét tinh chin 1 ciia ham s6 y = x* 4 5x2.

Loi giai. a) Pidukién xdc dinh 1a 1 —3x >0 ..ot 0,5 diém
1 2

Sx< TR R R R LR RS 0,25 diém
. 1 o

Vay x € <— ,ﬂ ................................................................... 0,25 diém

b) TAp xac dinh JA R ... . 0,25 diém

TacCOX ER = — X E R oo 0,25 diém

Pity = f(x) = x* +5x%, tacé f(—x) = f(x) v6i moi x € R.

Vay ham s dicholahdmsdchin ... .. ... .. i 0,5 diém.

Bai 2. Cho ham s6 y = 2x —m(x +3) ¢6 dd thi (d). Tim m d€ dudng thang (d)
a) Pi qua gbc toa do.

. 1
b) Vuodng gdc véi dudng thang (d') 1y = §x+ 3.
Loigiai. ) TacO0=2.0 —m(0+3) ..ottt 0,5 diém
S M = 0 o 0,5 diém
D) TACOY = (2 —1M)X =3I ettt 0,5 diém
1 .
dLd & (2=m).5 = =1 M=4 ..o 0,5 di€m

Bai 3. Cho ham s6 y = —x> + 4.
a) Khao sat su bién thién va vé d6 thi ham s6 da cho.
b) V& d6 thi ham s6 y = —x? +4/x|.

Loi giai. a) TAp xac dinh R. ... .. 0,25 di€ém
Chiéu bién thién: Ham s6 dong bién trén mién (—oo;2) va nghich bién trén (2;+o0) ........ 0,25 diém
Bang bién thin ... ... ... . 0,5 diém

x| —eo 2 oo
4
y
Do thi
Toa d6 dinh 1(2;4), truc d0i XUNZ X =2 ... .ottt et 0,25 diém

VE A0 Thi ..ottt e e 0,25 diém
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y
0 2 X
_4 4
D) i 0,5 diém
y
4
2 0 2 x

Bai 4. Xac dinh Pa-ra-bol (P) : y = ax? + bx + ¢ di qua di€ém M(1;—1) va c6 toa do dinh 1a 1(2;—2).

Loigidi. (P)quaM néna+b+c=—1 ..o 0,25 diém
b .
Hoanh d6 dinh 55 = 2 b=—4a ... 0,25 diém
a
(P) QUalnen 4a+2b+C = —2 oottt e e 0,25 diém
at+b+c=-1
TacOhS b= —4a 0,25 diém
4a+2b+c= -2
—3a+c=1 a=1 .
Suy ra o 0,5 diém
—4a+c= -2 c=2

Suyrab = —4. VAY y = X2 — x4 2. oo 0,5 diém
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x+4
x242x+m—3
b) Chitng minh ring dinh cta pa-ra-bol (P) : y = x> — 2(m — 2)x 4+ m? + 7 ludn nim trén mot duong
thang cd dinh. Tim dudng thang cb dinh do.
Loi giai.

Bai 5. a) Tim m dé ham s6 y = x4c dinh trén R.

a) P& ham sb xac dinh trén R thi khong ton tai x sao cho x> +x+m—3=0 (%) ........... 0,25 di€ém
SEFH1)2Hm—4=0 x+1)2=4—m ... 0,25 diém
(¥) vo nghiém khi (x4 1)?> =4 —m vo nghiém, suyrad —m <0< m>4. ................ 0,5 diém
b) Toa dd dinh (xp;y0) = (M —2;4m—+3). ..ot 0,25 diém
., | Xo=m— 2 R
LA CO 0,25 diém
yo=4m—+3
m=uxy+2 )
Suy ra P 0,25 diém
yo=4m-+3
Do d6 yo = 4xo+ 11. Vay dudng thang cO dinh lay =4x+11. ......................... 0,25 diém

III. DPésd2a

Bai 1. Tim tip x4c dinh cdc ham s6

2) y= xX+2
YT 4 t3
1
b) y=+v4—-3x+
)y vVx+3
Loi giai.
N A 2 . 2 X 7£1
a) Ham so xac dinh & x* —4x+3 40 < g T 1,00.
X
Tap xac dinh D = R\ {153} . ..o 0, 50.
) 4—-3x >0 4
b) Ham s xdc dinh < NS e B T 1,00.
x+3 >0 3
4
Tap xac dinh D = <—3; ﬂ ............................................................. 0,50.

Bai 2. Trong mit phang toa dd Oxy, cho dudng thang d 1a d6 thi ctia ham s6 y = kx + k> — 3.
a) Tim k dé€ d di qua gbc toa do.
b) Tim k d€ d song song véi dudng thang d’ : y = —2x+9.

Lui gidi.

a) Viddiquagbctoadonenk? —3 =0 k=43 ... oiiiiiii 0,50.
VAY k= =/ 31k = VB 0,50.
b) Vid song song véi dudng thang d' nénk = —2 ... ... ... ii it 0,50.
Thay vao ta dudc dudng thang y = —2x+ 1 thdayéuciu. Vay k= —2. ...................... 0,50.

Bai 3. Cho ham s6 y = ax? + bx+c(a # 0)

a) Biét (P) 1a do thi ctia ham s6 da cho c6 dinh S(3; —4) va (P) cit truc tung tai di€ém c6 tung do bing
5.Tima,b,c.

b) Lap bang bién thién va vé d6 thi ham sb da cho.



130 CHUONG 2. HAM SO BAC NHAT VA BAC HAI

Loi gidi.

¢=35 a=1
a) Tir gia thiét ta c6 —2323 SR D=—6 1,0.
a
9a+3b+c=—4 c=3
Vay @ = 15 b = —0;C = 5. e 0,50.
b) Béng bién thién
x| —oo 3 oo
+oo +oo
R RN 1,00.
Do thi
y
5
X
......................................................... 0,50.
. . 1 2 «
Bai 4. Chiing minh rang ham s0 y = T nghich bién trén moi khoang xac dinh cua né.
x JR—
Loi giai.
a) Tap xac dinh D = [0; 1) U (154-00) oottt e e 0,50.
b) Xét trén ntta khoang [0;1).LAy x1,x; bAt ky théaman 0 < x; <x, < 1tacé
X2 — /X
Fla) — fla) = Y2 VI
V- D 1)
nén ham s6 nghich bién trén [0;1).. .. ... .ottt 0,25.
¢) Xét trén nita khoang (1;+o0)). LAy x1,x; bat ky thda man 1 < x; < x; ta c6
X2 — /X
fle) — flm) = L2V
VA - D5 -1)
nén ham s6 nghich bién trén (1;-400)). ..o ittt e 0,25.
3,2
Bai 5. Tim gid tri 16n nhit ctia hAim s6 y = )%xz—:—xl'
Loi giai.
) ) 2 X
a) Victlaithamsodachotaduocy = ——5 + —5—— ... 0,25.

(x2+1)2+x2+1
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X 1 1}
b) Patr = 5——,taduoCt € | — = | oo 0,25.
) bt = 57 taduge E{ 2°2 !
gL 2 . 11
c¢) Bai toan trg thanh tim gia tri 16n nhat cia ham s6 f(r) =1°+1 véit € —gig| e 0,25.
A A A L1 1 3 ,
d) Vi f(t) dong bién trént € —5i5| nén max f(t) = f 5 zz;dat dugckhix=1........... 0,25.

IV. Deéso2b
Bai 1. Tim tip x4c dinh clia cic ham s sau:

1
x—1’

a) y=

1

b) y=vx+3- =

Li gidi.

2) PIBUKIEN X — 1 £ 0 X Z oo 0,5.
VAY D = R\ L e oo 0,50.
N 3>0 > -3
by Didukien:d® = e JN T 0,50.
2—x>0 x<2
VY D = [ =35 ) o ettt 0,50.
2 . 1
Bai 2. Xét su bién thién cia ham s6 y = f(x) = — + 2 trén (0; +o0).
X
Loi giai.
— 1
a) V6i Vxy;xp € (0;4o0) ta xét: M = =<0 0,75.
X1 — X2 X1X2
b) Vay ham s6 luon nghich bién trén (0;400) ... ...ttt 0,25.

Bai 3. Cho ham s6 y = —x? 4 2(m — 3) |x| +m? 4 2m — 4. Hiy tim tAt c gia tri d€ gi4 tri 16n nhit ctia ham
s6 dat gid tri nhd nhat va tim gid tri nhé nhét doé.
Loi giai.
a) Ta dit t = |x| > 0. Ham sb trd thanh y = —¢% 4 2(m — 3)t +m? + 2m — 4 véi tap xac dinh 1a D =
[0;4-00). Hoanh dd dinh 1 fg = 1 — 3. .. ... oo ottt 0,25
) ) A
b) Néut=m—3>0 thi GTLN cia ham s y = — — =2m2 —4m+13=2(m—1)*+11 > 11 dat dugc
a
khim=1khong thoa diCu kien. . ... .. ... ..o i 0,25

¢) Néu to = m —3 < 0 thi GTLN ctia ham sb y(0) = m? +2m —4 = (m+1)*> —5 > —5 dat dugc khi
m=—1thda diBUKIBN. .. ... ... . 0,25

d) Vay gid tri m = —1 1a gi4 tri can tim va gid tri nhd nhét cla gia tri 16n nhit clia ham s6 1a y = —5.
0,25

Bai 4.
a) Xéc dinh a va b d€ d6 thi ham s6 y = ax+ b di qua A(1;2) va B(—1; —4);
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b) Xéc dinh a va b dé€ d6 thi ham s6 y = ax?> +bx — 1 ¢6 dinh I(—1;—2).
Loi giai.

a) Pothihamsby =ax+bdiquaA(1;2)néna+b=2 .......ccvuiiiiiiiiieiiiinaainin... 0,25.
VadiquaB(—1;—4)n8n —a—+b = —4. ... 0,25.
b=2 —
Ta c6 hé phuong trinh: @t & RN 0,50.
—a+b=—-4 b=-1
N Ao b
b) DO thi c6 truc doi xung la x = i = 0,25.
a
DOthidiqual(—1;—2) N8N a—b=—1.....ooiiiiiiiiiiiet i 0,25.
A . —E:—l a=1
Ta c6 hé phuong trinh 20 S 0,50.
a—b=-1 b=2

Bai 5. Chohamsby=x> —2x+m—5 (By).
a) VEé do thi ham s (P) khi m = 2;
b) Tim m d€ db thi (P,,) cit truc hoanh tai hai diém phan biét x;; x» sao cho —(x; +x2) = x1x5.

Loi giai.

2) VO m =2 thi Y = X2 — 20— 3 ottt et e 0,25.
Truc d6i xing la x = —1.
Toa dd dinh 1a T (—1;—4) . oo 0,25.
Giao diém véi cac truc toa do 1a (—1;0), (3;0), (0;—=3) .. .oivei et 0,25.
Do thi
Yy
i E
0 0,25.
D) Tach: X2 — 2041 —5=0 ..t 0,25.
A=06—1m >0 M < O . e 0,25.
Khi do, ta co: {xl tr =2
Xixp=m-—15
Vay: —(x1+x) =x100 & m=3@hAn). .. ... 0,50.

V. Désob3a

\/(x_ 1)2018+(x+1)2018

Bai 1. Xdc dinh tinh chin-1 ctia ham s6 sau: y = f(x) =

x—1|—|x+1]
Li gii.
Ham s6 xéc dinh khi va chikhi [x — 1] =[x £ 1] £ 0 ..ot 0,25
N N L. x—l#x—f—l
biéu nay tuong duong véi |x — 1| # |x+ 1| & SXAO0 0,50
x—1#—(x+1)
Vay tap xdc dinh claham s6 12 Z =R\ {0} .......iiiii 0,25

Ta co:
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O VX € G X E e 0,25
. \/(_ _1>2018+(_x+1>2018
o VxeZ: f(—x)= —x— 1= [—xt1] = —f(X) e 0,50
Do d6, ham s6 da cho IAham SO 18 . ..ottt e e 0,25

Bai 2. Tim m dé ham sb y = (1 +m)x +m — 4x + 4 nghich bién trén R.
Loi giai.

Tacoy=(1+mx+m—4x+4=(m—=3)x+m+4. ..o 0,25
Ham s6 nghich bién trén Rkhivachikhim —3 <O0...... ... . .. .0 i 0,50
Diéu nly tuong dUONZ VOI 71 < 3. ..o e 0,25
. £ 1
Bai 3. Timm dé hamsoy = f(x) = —] + v/x+ m xac dinh trén (—3;4].
X—m—
Loi giai.
S Ao e e 2x—=m—=1%#0
Ham so xac dinh khi vachi khi < 0 e 0,25
’ x+m>0
m+1
A )X F
biéu nay tuong duong véi L e 0,25
x> —-m
m+1
— <3
5 =
Ham s6 xdc dinh trén (—3;4] khi va chi khi mAL 1,00
2
—m<-=3
Diéu ndy tuong AUONE VOi 11> T ... ..ottt 0,50

Bai4. Chohams6y=x>—2x—1

a) Lap bang bién thién va vé do thi cda ham s6 y = f(x).

b) Tim gid tri nhé nhét va 16n nhét ctia ham s f(x) trén [0;3].

¢) Tim m d€ dd thi ham s6 y = m cit dd thi ham s6 y = f(x) tai diing mdt diém c6 hoanh d6 thuoc [0;3].
Lusi gidi.

a) e Bang bién thién:

X | —oo 1 +o0
oo +oo
R TP 1,00
e Do thi
y
P S
1 3 x
-1 I
232
LR 1,00
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b) Dua vao d6 thi ham s6 ta nhan thiy:
Trén [0;3] gid tri 16n nhit ctia ham s6 1a 2 dat tai x = 3 va gid tri nhé nhét cda ham s 1a —2 dat tai

X e 1,00
¢) Dya vao do thi ham sb y = f(x) trén [0;3] ta co:
A . o o l—1<m<L2
Yéu cau bai toan dugc thoa man khi va chi khi g e 1,00
m=—

Bai 5. Tim ham sb bac nhat biét ring dd thi (A) ctia n6 c6 hé sb géc 1a —2 chan hai truc toa do tao thanh
mot tam giac c6 dién tich bang 1.

Lai gidi. (A) c6 hé sb goc bang —2 nén phuong trinh cané cédang: y = —2x+b................. 0,25
. : \ b
Giao diém cua (A) v6i Ox va Oy lan lugt 1a A (E’()) VAB(03D) oo 0,25
Tit gid thiét ta o6: Spons = 1 +.| 2| o= 1 |77 72 0,50
gid thiét ta c6: Sapap = 5|5 1Pl = g T :

VI. Pésé3b

—1 1
Bai 1. Xdc dinh tinh chin-1 cia ham s sau: y = f(x) = Vi1l + ]
x—1|—|x+1]
Loi giai.
Ham s6 xdc dinh khi va chi khi [x — 1| — x4+ 1] 0 ..ottt 0,25
Pidu nay tong duong vi [x— 1] £ [x+ 1] < ¥ 17> £0 0,50
i€u na n ngvoi [x—1|# x+1l< < 7 XA ,
Y & gYaL * x—1#—(x+1) *
Vay tap xdc dinh claham s6 12 Z =R\ {0} . ... iiiii 0,25
Ta co:
O VX X € e 0,25
—1\+]—x+1]
o Vxe 9. \/‘ — () 0,50
= o=~ /W
Do do, ham sO da cho IAhAM SO I . ..ottt e e e e 0,25

Bai 2. Tim m dé ham s6 y = (14 m)x+m+ 4x — 4 ddng bién trén R.
Lo gidi.

TacOy=(1+mx+m+4ax+4=(m+5)x+m—4. ..o 0,25
Ham s6 dong bién trén R khi vachikhim 45> 0. ... o 0,50
Diéu ndy tuong dUONE VOI 71> —5 .. ...t 0,25
. < 1
Bai 3. ﬁmmdéhémsﬁy:f(x)=ﬁ+\/x+ m xac dinh trén (—3;4].
xX—m
Loi giai.
S x e e 2x—m4+15#0
Ham so xac dinh khi vachi khi < 0 0,25
x+m>0
m—1
NN o )X FE——
biéu nay tuong duong voi 2 0,25
x> —m
m—1
—<-3
5 S
Ham s6 xac dinh trén (—3;4] khi va chi khi m—1 S e 1,00
2
—-m< =3

Diéu ndy tuong duong VOi 1 > 0. ... ..o 0,50
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Bai 4. Cho ham sy =x?+2x—1

a) Lap bang bién thién va vé do thi cdia ham s6 y = f(x).

b) Tim gid tri nhd nhét va 16n nhét ctia ham s f(x) trén [—3;0].

¢) Tim m d€ d6 thi ham s6 y = m cit d6 thi ham s6 y = f(x) tai diing hai di€ém c6 hoanh d6 thudc [—3;0].
Loi giai.

a) e Béng bién thién:

X | —oo —1 oo
+oo oo
S RN 1,00
e Do thi
y
———————— 2
3\_1'0 X
L A1
w2
........................................................ 1,00
b) Dua vao d6 thi ham s6 ta nhan thiy:
Trén [—3;0] gid tri 16n nhit cia ham s6 1a 2 dat tai x = —3 va gid tri nhd nhat ctia ham s6 1a —2 dat
B0 X = — | oo 1,00
¢) Dua vao do thi ham s6 y = f(x) trén [—3;0] ta c6:
Yéu cau bai todn dugc thdaman khi vachikhi —2 <m < —1 ... .. 1,00

Bai 5. Tim ham sb bac nhét biét rang do thi (A) ctia n6 c6 hé s6 goc 1a 2 chin hai truc toa dd tao thanh mot
tam gidc co dién tich bang 4.
Li gidi.

(A) c6 hé s6 goc bang 2 nén phuong trinh ciané cé dang: y =2x+b .......ccooeiiiiieeeiiin.. 0,25

Giao diém cta (A) v6i Ox va Oy lan lugt 1a A ——,O) VAB(0;0) o 0,25

Tit gid thiét ta c6: Spons =4 +.|-2| pl=ae |77 74 0,50
gid thi€t ta c6: Sppap = 5|7 |-1bl= g e ,

VII. Désb 4a

Vx+1-2
6—2x

V3t Vix

X

Bai 1. a) Tim tip xdc dinh ctia ham s6 y =

b) Xét tinh chin 1é cia ham sb f(x) =

Lui gidi.
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x+1-2

VY= e

oo o X E 120 x2—1 e
Biéu thuc ham so ¢6 nghia khi & S-1<x<3 0,5 diem.
6—-2x>0 x<3
Vay tap xdc dinh cdaham s61a D = [—153) ... 0,5 diém
V3+tx—+v3—x
b) fl) =
Tap xac dinh ctia ham s6 D = [—3;3]\{0}. ... ..ot 0,5 diém

Thiyxe D= —xeD  (1).
CV3—x—V3+x V3+x—V3-x

Ta cod f(—x) f(x)
—x
= f(—x) = f(x),Vx€D (2).
Tu (1) va (2) suy raham s dacholaham sdchdn. ...............oooiiiiiiiiinoiin.. 0,5 diém

Bai 2. Cho dudng thang d : y = 2x — 4.

a) Tinh dién tich hinh phing gidi han bdi dudng thang d va cic truc toa dd.

b) Tim gid tri ctia tham s6 m d€ dudng thang A : y = (2m — 1)x+m + 1 song song v6i duong thing d.
Loi giai.

a) d:y=2x—4.
A=dNOx=A(2;0); B=dNO0y=B(0;—4). .0\ 0,5 diém
1 1 0
AOAB vudng tai O nén c6 dién tich § = EOA.OB = 5.]2\.] —4|=4(@vdt). .............. 0,5 diem
b) d:y=2x—4vaA:y=2m—1)x+m+1.
2m—1=2 3 R
d||A< o Ml o e e 1,0 diém.
m-+1=#£—4 2

Bai 3. Cho ham s6 y = f(x) = x> 4 bx + ¢ c6 db thi 1a Pa-ra-bol (P).
a) Tim hé s6 b,c d€ (P) c6 dinh 1a I(1; —4).
b) Véi b, c tim dugc & trén, vé dd thi ham sb y = f(|x|), tif @6 tim x d€ f(|x|) < 0.

Loi giai.

b .
a) Hoanh d¢ dinh —y = lE b= 2o 0,5 diém
I(1;-4)ePnéncé 1 +b+c=—-4<c=-3.
VAY D= — 2,0 = =B oo 0,5 diém
y
20
10

0,5 diém.

b)
0,5 diém
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Bai 4. Cho Pa-ra-bol (P) : y = —x? +4x+ 3 va dudng thang d : y = x +m. Tim m dé

a)
b)

(P) va (d) c6 ding mot diém chung.

d cat (P) tai hai di€ém phan biét A, B d6i xing nhau qua dudng thang A : y = —x+ 2.

Loi gidi.

a)

b)

Bai5. a) Tim gid tri ctia tham s& m d€ ham s6 y =

b)

Phuong trinh hoanh do giao diém cta (P) va (d):

A3 =xtme x> -3x+m—3=0 (1) 0,5 diém
(P) va (d) c6 ding mot diém chung <> phuong trinh (1) c6 diing mot nghiém

21 ”
S AN =9—4m=3) =0 m= " 0,5 diém

Phuong trinh hoanh d9 giao diém ctia (P) va (d) : x> —3x+m—3=0 (1).
D€ d cit (P) tai hai di€ém phan biét thi phuong trinh (1) phai ¢6 hai nghiém phan biét < Aqy >0«
21

m< [ T 0,25 diém
Tacod:y=x4+mA:y=—x+2080d LA .....ooue . 0,25 diém

Dé A, B dbi xiing nhau qua A thi trung diém M ctia AB phai thudc A.
A, B la giao di€m cta (P) va (d) nén A(xy;x; +m),B(x2;x2 +m), v6i x1,x; 12 nghiém cla phucng

N (1), oo 0,25 diém
X1 +x2 3
xM: = —
Ta c6 2 2 (3’3—1—2171)
xi+m+x+m  3+2m 2 2
yM: =
342 2 3 2
M € Anén +2m:—§+2<:)m:—1(th6amén(*).
VAY 7= — Lo e 0,25 diém
1

S xdc dinh trén khoang (2;+oo).
X2 —2mx+m? —

Tim gid tri ctia tham s6 m d€ dudng thang d : y = —x +m cat do thi (P) ciia ham sb y = —x? +4x —5
. . SV v 21 » A R
tai hai di€ém phan biét A, B sao cho dién tich tit gidc ABB’A’ bang 5 (dvdt), v6i A’, B’ 1an luot 1a hinh

chiéu vudng goc cia A, B trén truc hoanh.

Loi giai.

a)

b)

x=m-+1

Tac6 x> —2mx+m?> —1=0< (x—m—1)(x—m+1)=0< [ 0,5 diém
X=m—
Do d6 d€ ham s6 xac dinh trén khoang (2;+oo) thim+1<2&m<1. ................. 0,5 diém

Phuong trinh hoanh d9 giao diém ctia (d) va (P): —x*> +4x—5= —x+m
exX—5x+m+5=0 (1).
D€ d cit (P) tai hai di€ém phan biét thi phuong trinh (1) phai c¢6 hai nghiém phan biét Aqy=25-

5 0
Am35)> 06 m< T (K)o 0,25 diém

Goi hoanh dd ctia A, B 1an lugt 12 x1,x,. Khi d6 x1,x> 12 nghiém cta phuong trinh (1).
Ta ¢6 tit gidc ABB’A’ 1a hinh thang vudng vdi do dai hai ddy 1a
AA = | =X} +4x) = 5|=x} —4x; +5=x} = Sx; + m+5+x; —m = x; —m, BB’ = x; —m va chiéu

CA0 A/ B = K] = X0 oo et 0,25 diém
AA'+BBYA'B" 21 o
Dién tich Sypprar = ( +2 ) =5 S (xp+x—2m)lx;—xp| =21 ..ol 0,25 diem

A
& (5—2m) % 21 (5—2m)V/5—dm =21 & (5— 2m)2(5 — 4m) — 441

& 4m’ —25m> +50m+79 =0 < (m+1)(4m* —29m+79) =0
S m=—1(h0aMan (%)), ... ..\ttt 0,25 diém
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VIII. Dé s 4b
Vx—+2—3x

Bai1l. a) Tim tip xdc dinh ctia ham s6 y = =
— zX

V3+x— \/3—x.

x|

b) Xét tinh chin 1é ctia ham sb f(x) =
Loi giai.

Vx—+2—3x

a =
RN T
o e s ox oo Jx+220 x> =2 o2
Bi€u thuc ham so c6 nghia khi & S 2<x<4 .. 0,5 diem.
8§—2x>0 x<4
Vay tap xdc dinh claham s6 12 D = [—2:4) ..ot 0,5 diém
V3+x—+v3—x

b) flx) =

Tap xdc dinh clia ham s6 D = [—3;3]\{0}. . .....oooii 0,5 diém

Thiyxe D= —xeD  (1).
B \/S—x—\/3+x__\/3+x—\/3—x_

Ta 6 f(—x) —f(x)
| — x| x|
= f(—x)=—f(x),YxeD (2).
Tur (1) va (2) suyraham sé dacholahams61é. ............. ..., 0,5 diém

Bai 2. Cho dudng thang d : y = 2x — 6.
a) Tinh dién tich hinh phang gidi han bdi duong thang d va céc truc toa do.
b) Tim gia tri ctia tham s6 m d€ dudng thang A : y = (2m — 3)x+m + 1 song song v6i duvng thing d.

Loi giai.

a) d:y=2x—6.
A=dNOx=A(3;0); B=dN0y=B(0;=6). ...0oourriieeeeaeiiiiiiiaaaann.. 0,5 diém
1 1 .
AOAB vudng tai O nén c6 dién tich § = EOA.OB = E]SH —6|=9(@dvdt). .............. 0,5 diem
b) d:y=2x—6vaA:y=2m—3)x+m+1.
2m—3=2 5 R
d|A= o L o e e 1,0 diém.
m+1%# —6 2

Bai 3. Cho ham s6 y = f(x) = —x? 4+ bx + ¢ c6 dd thi la Pa-ra-bol (P).

a) Tim hé s6 b,c dé (P) c6 dinh 1a I(1;4).

b) V6i b,c tim dugc & trén, vé do thi ham s6 y = f£(|x]), tit d6 tim x d€ f(|x|) > 0.
Loi giai.

a) Hoanh do dinh —% = L D= D 0,5 diém

I(1;4)ePnéncd —1+b+c=4<c=3.
VAY B = 2,0 = B oot 0,5 diém
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=4 4
x
—1 +
-2+ )
b) 0,5 diém.
Tudd thisuyra f(|x]) >0 =3 <X < Bttt 0,5 diém

Bai 4. Cho Pa-ra-bol (P) : y = —x? +4x+2 va dudng thang d : y = x +m. Tim m dé

a) (P) va (d) c6 ding mot diém chung.

b) d cit (P) tai hai diém phan biét A, B d6i xting nhau qua duong thang A:y = —x + 1.
Lusi gidi.

a) Phuong trinh hoanh do giao di€ém cuia (P) va (d):

A2 =x4me x> -3x+m—2=0  (1)..cooi 0,5 diém
(P) va (d) c6 ding mot diém chung < phuong trinh (1) c¢6 ding mot nghiém

17 ”
S AL =9 =AM —2) =0 M=o 0,5 diém

b) Phuong trinh hoanh d¢ giao diém cta (P) va (d) :x*> —3x+m—-2=0  (1).
DE d cat (P) tai hai di€ém phan biét thi phuong trinh (1) phéi ¢6 hai nghiém phan biét < A(j) > 0 <
17

M () e 0,25 diém
Tacod:y=x4+mA:y=—x+108nd LA ... ..o, 0,25 diém

DE A, B d6i xting nhau qua A thi trung di€ém M ctia AB phai thudc A.
A, B la giao di€m cta (P) va (d) nén A(x;;x; +m),B(x2;x2 +m), v6i x1,x; 12 nghiém cla phucng

N (1), o 0,25 diém
X1 +x2 3
XM = = =
) 2 2 §.3—|—2m)
Taco x1+m+x+m  342m éM(Z’ 2 '
M= =
342 2 3 2
M € A nén +2m:—§—|—1<:>m:—2(th6am€m(*).
VAY = =20 e e e 0,25 diém
1

Bai5.  a) Tim gid tri cia tham s6 m d€ ham s6 y = xac dinh trén khoang (3;+o0).

x2—2mx+m?—1
b) Tim gid tri clia tham s6 m d&€ dudng thang d : y = —x +m cit dd thi (P) ciaham s6 y = —x> +4x—6
. . SV v 27 . N N

tai hai di€ém phan biét A, B sao cho dién tich tit gidc ABB'A’ bang 5 (dvdt), v6i A’, B’ 1an luot 1a hinh
chiéu vudng géc ctia A, B trén truc hoanh.

Loi giai.

x=m+1

x=m—1

Do d6 d€ ham s6 xac dinh trén khoang (3;+o0) thim+1<3&m<2. ...ooooiiinn.... 0,5 diém

a) Taco x> —2mx+m> —1=0& (x—m—1)(x—m+1)=0< | ... 0,5 diém
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b) Phuong trinh hoanh d6 giao diém clia (d) va (P): —x> +4x—6= —x+m
x> —5x+m+6=0 (1).
DE d cat (P) tai hai di€m phan biét thi phuong trinh (1) phai ¢6 hai nghiém phén biét A(j) = 25 —
1 .
4m+6) >0 m< 2 () e e 0,25 diem

Goi hoanh d6 ctia A, B 1an lugt 12 x1, x». Khi d6 x1,x, 13 nghiém ctia phuong trinh (1).
Ta c6 tit gidc ABB'A’ 1a hinh thang vudng vdi do dai hai ddy 1a

AA’:|—x%+4x1—6| :x%—4x1—|—6:x%—5x1+m+6+x1—m:xl—m, BB’ = x, —m va chiéu
CA0 A B = X — X et 0,25 diém
AA'+BBYA'B 27 o
Dién tich Sypprar = (A" + 5 ) == S (xp+x—=2m)x;—x2| =27 ...l 0,25 diem
A

& (5—2m) || =27 & (5—2m)VT—dm=21 & (5~ 2m)*(1 —4m) =729

S dm® —21m* +30m+176 =0 < (m+2)(4m> —29m+88) =0
Sm=—=2{h0amMaN (})). ...ttt e 0,25 diém

IX. Pésb5a
Bai 1.

a) Tim tap xac dinh ctia cac ham so sau.

{ ve x+2 5 v VX
T a3 YT oD r2)

b) Xét tinh chin 1& ctia ham sb f(x) = 3x* — 5x> + 6.

Loi giai.

. 1
1.a) Ham s6 xdc dinh khi x> —4x+3 #0 < {xz3 ............................................ 0,25
X
Tap xac dinh: D =R\ {1,383} ..o 0,25
x>0
) ) x>0 -
b) Ham s0 xac dinh khi S X FE D 0,25
(x—1)(x+2) #
x# =2
Tap xac dinh: D = (0;400) \ {1} oo n i e 0,25
2. Tap Xxac dinh: D = R ... e e 0,25
VOimoix € Dthl —X € D .. 0,25
F=x) =3(=x)* =5(=x)2 F6 =30 = 5x2 46 . 0,25
VAay £1aham s6 Chan ......... ... o i 0,25

Bai 2. Tim phuong trinh dutng thing d biét
a) d di qua hai diém M(—2;2) va N(4;—10).

b) d di qua A(2;1) va song song v6i dudng thang A : y = 2x+ 1.

Loigial. 1.TaCOd:y=aX+b ..o e 0,25
: o o f2=a(=2)+b
(d) di qua M va N nén ta c6 hé phuong trinh ¢ 7 0,25
—10=a.4+b
a= -2
................................................................................... 0,25
b=-2
VAY @ Y= 20— 2 o 0,25

2.dsongsong VO i ANENd 1y =2X+D (D 1) oo 0,25
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AddiquaAn@n | = 2. 24 b = b= —3 .. 0,5
VY d iy = 2K — 3 e e 0,25
Bai 3.

a) Xdc dinh toa d6 dinh va vé dd thi ham s6 y = —x? +2x+3;

b) Xic dinh parabol P : y = ax? + bx + ¢, biét P c6 dinh I(2; —1) va di qua diém D(3;0).

Lai gidi. 1. Toa do dinh T(154) ..o e 0,5
DO N+t 0,5

e

4a+2b+c=-1

2. P c6 dinh 1(2;—1) va di qua di€m D(3;0) nén tacg { 24 T3bFe=0 0,5
b
2a=2
a =
S b= =4 = Yy = X A 0,5
c=3

Bai 4. Cho parabol P: y =x? —2x va hai dudng thang d; : y=xvady :y=2x+m
a) Tim toa do giao diém cia parabol P va dudng thang d;;

b) Xéc dinh gia tri ctia m d€ parabol P va dudng thang dp ¢6 mot diém chung duy nhit M. Tim toa do

diém M.
Loi giai. 1. Phuong trinh hoanh do giao diém ctia P va d,
B e N e | L A N 0,5
x=0y=0 _ . ¢ . .
1 3 Véy P vad) cat nhau tai O(0;0) vaA(353) ..ot 0,5

2. Phuong trinh hoanh do diém chung ctia d; va P
=2t mex’—4dx—m=0 (1)

dy va P c6 mot diém chung duy nhét khi va chi khi phuong trinh (1) cho nghiém duy nhit < A =0 <
A4+m =0 M= =4 0,5
Khid6 (1) e x*> —4x+4=0&x=2=y=0. Vay toadd di€m M(2;0) ..............cceeeriiinn. 0.5

Bai5.  a) Biét hai diém c6 hoanh d¢ 1an lugt 1a —1 va 2 thudc dudng thang f(x) = mx 4 2m — 4 cung
nam phia trén truc hoanh.
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b) Biét dd thi ham s6 y = mx? — 2mx —3m —5 (m # 0) c6 dinh thudc dudng thang y = 3x — 2.
Loi giai.
1. Gia st A va B 1an luot 1a cac diém c6 hoanh do x = —1 va x = 2 thudc dudng thang da cho. Ta c6

A(—Lim—4), B(2;4m —4) . 0,5
N . R ya >0 m—4>0>0
Ta cO A va B cung nam phia trén truc Ox < eSm>4 0,5
yg >0 4m—4>0
) - x=2
2.Tacl (P) cOdinh S < 0,5
y=-3m—35
Dinh ctia parabol thuoc dudng thangy =3x—2 < —3m—5=32-2&m=—3 ................... 0,5

X. Déso5b
Bai 1.
a) Tim tap x4c dinh cla cdc ham sb sau.

x+2 VX

1'y:x2—|—4x—5' 2'y:(x+1)(x—2)'

b) Xét tinh chén 1é ctia ham s f(x) = 4x> — 2x° + 6x.

Loi giai.

1.a) Ham sd xdc dinh khi x> +4x—5 #0 < {iz ! § T 0,25

Tap xac dinh: D = R\ {1, =5} . oo 0,25
x>0

b) Ham sb xdc dinh khi {x =0 edx+1 0,25

i G (=) 2 T 7 T ,

x#£2

Tap xdc dinh: D = (0;40) \ {2} o riri i 0,25

2. Tap Xxac dinh: D = R .. e 0,25

VOimoix €EDthI —X € D ... e 0,25

F(=x) = 4(—x)> = 2(=x)> +6(—x) = —(4x® =20 +6x) = —F(X) e eeeeeiii e 0,25

VAy FIAaham s 18 ..o 0,25

Bai 2. Tim phuong trinh dudng thang d biét
a) d di qua hai diém M(2;—2) va N(—4;10).

b) d di qua A(1;2) va song song v6i dudng thang A : y = 3x+ 1.

Loigial. 1.TACOd Yy =aX 4D ..o e 0,25
. . R o . 2a+b= -2
(d) diqua M va N nén ta co hé phuong trinh < 0,25
—4da+b=10
a=-2
................................................................................... 0,25
b=2
VY d i Y = 2 2 o e 0,25
2.dsongsong VO ANENd 1y =3x+D (D F 1) o 0,25
ddiquaAnen2 =3.14D= b= —1 . 0,5
VAY @ 1Y = 38 | oo 0,25

Bai 3.
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a) Xdc dinh toa d6 dinh va vé do thi ham sb y = x> — 2x —3;

b) Xéc dinh parabol P : y = ax® + bx + ¢, biét P ¢6 dinh I(—2;—9) va di qua diém D(—5;0).

Lai gidi. 1. Toa do dinh 1(1:—4) ..o e 0,5
DO+ttt 0,5

da—2b+c= -9

2. P ¢6 dinh I(—2;—9) va di qua di€ém D(—5;0) nén ta c6 25a=3b+c=0 0,5
b
S ]
2a
a=1
S D=4 Sy = XA = 0,5
c=-5

Bai 4. Cho parabol P : y = x>+ 3x va hai dudng thang d; : y= —xvads:y=x+m
a) Tim toa do giao diém cia parabol P va dudng thang d;;

b) Xéc dinh gia tri ctia m d€ parabol P va dudng thang d» c6 mdt diém chung duy nhét M. Tim toa do

di€ém M.
Loi giai. 1. Phuong trinh hoanh do giao diém ctia P va d,
X B = X e X = 0 = A o 0,5
x=0y=0 o . . X
1 4 Vay P vad) cat nhau tai O(0;0) vaA(—454) ..o 0,5
X = — ;y =

2. Phuong trinh hoanh do diém chung ctia d, va P
P43 =xtme+2x-m=0 (1)

d va P c6 mot diém chung duy nhét khi va chi khi phuong trinh (1) cho nghiém duy nhit < A* =01 +m =
0 M = = 0,5
Khid6 (1) & x*+2x+1=0&x=—-1=y=-2. Vaytoadd diém M(—1;-2) ................... 0.5

Bai 5. Tim tham sb m.

a) Biét hai diém c6 hoanh dd 1an lugt 1a 1 va —3 thudc dudng thang f(x) = mx + 2m — 4 cing nam phia
dudi truc hoanh.

b) Biét dd thi ham s& y = mx? — 2mx —3m — 5 (m # 0) c6 dinh thudc duong thing y = 2x — 3.
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Loi giai.
1. Gia st A va B lan luot 1a cac diém c6 hoanh do x = 1 va x = —3 thudc dudng thang da cho. Ta c6

A(L3m—4), B(—35—m— ) 0,5
s p N ya<0 3m—4<0 4
Ta cO A va B cung nam phia dudi truc Ox < S—Ad4<m<z ... 0,5
yp <0 —m—4<0 3
) - x=2
2.Taco (P) cOdinh S < 0,5
y=-3m—35
0,5

Dinh ctia parabol thudc dudng thangy =2x—3 < —3m—5=22-3m=—2 .........cccc.u....



Chuong 3
PHUONG TRINH VA HE PHUONG TRINH

1. MO PAU VE PHUONG TRINH

I. Tim tap xac dinh cua phuong trinh

Dang 1. Tim diéu kién xac dinh ctia phuong trinh

Diéu kién xac dinh ctia phuong trinh (goi tat 1a diéu kién cua phuong trinh) 1a nhiing diéu kién can
clia 4n x d€ c4c biéu thiic trong phuong trinh déu c6 nghia.
Cac dang thuong gap:

a) Diéu kién dé biéu thiic 1/ f(x) c6 nghia la f(x) > 0;

\ o e 1 s
b) Diéu kién dé biéu thiic m co nghia la f(x) # 0;
x

¢) Diéu kién dé biéu thiic ¢6 nghia la f(x) > 0.

1
V()

Vidu 1. Tim diéu kién ctia cic phuong trinh sau:

1 1
=3} =x+1;
a) . c) — X
1 2
b vx=5=1 9 x+1_x—3:x+5'

Loi giai.
a) Diéu kién xdc dinh cla phuong trinh [a x+ 1 # 0 < x # —1.
b) Piéu kién x4c dinh ctia phuong trinh [Ax —5 >0 < x > 5.
¢) biéu kién xdc dinh ctia phuong trinh 1ax+2 >0 < x > —2.

x+1#0 {x;é—l

d) Diéu kién xéc dinh ctia phuong trinh la { Xx—3+£0 x#3

Vi du 2. Tim diéu kién xic dinh ctia cac phuong trinh sau:

_ 2x—1
2) 3 _ 3 x; b) _
x2—4 3 x—3

1—x.

145
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Loi giai.
2
R —44£0 X # £2
a) Diéu kién xac dinh cta phuong trinh la: x 7 & 7 .
3—x>0 3>x

. Vay khong c6 gia tri nao cua x thoa

A YA o s 8 . |x=3>0 x>3
b) Diéu kién xac dinh cua phuong trinh la:

=
1—-x>0 x<1
man c4 hai diéu kién nay.

Vi du 3. Tim diéu kién xdc dinh rdi suy ra nghiém clia c4c phuong trinh sau:

a) V3x—4=+/4-3x; V5x+15

C) T =+ —x—3.
X
b) 3x+5—vx—3=+3—x+2018;
Loi giai.
4
N N , . B N . 3x—4 2 0 X Z § 4 4 .
a) Diéu kién xac dinh cua phuong trinh la: & hay x = ~. Thay x = = vao phuong
4—-3x>0 < 4 3 3

—3

. . 4
trinh ta thay thdéa man. Vay phuong trinh c¢6 nghiém duy nhat la x = 3

x—=3>0 x>3

=
3—x>0 x<3
taco 3.3 —0=042018 (vo ly), vay phuong trinh da cho v6 nghiém.

b) Diéu kién x4c dinh clia phuong trinh 1a: & x = 3. Thay x = 3 vao phuong trinh

5x+15>0 x> -3
¢) biéu kién x4c dinh cta phuong trinh 1a: { x+3#0 < { x# —3. Vay khong c6 x ndo thda diéu

—x—3>0 x< -3
kién xac dinh cua phuong trinh nén phuong trinh vé nghiém.

BAI TAP TU LUYEN

Bai 1. Tim diéu kién x4c dinh clia cic phuong trinh sau:

a) 1+2x—5=0; o L s
V2x—1 ’
2x+1 x+1 2 —3x
b) ——— ' —x_1; d — .
) 52 g1 U N
Loi giai.

N

b) Piéu kién xéc dinh ctia phuong trinh 1a: 2x — 5> 0 < x >
\ 1
¢) Diéu kién xac dinh ctia phuong trinh 1a: 2x2 —3x+1#0 < x # 1 vax # 5
A iAo s 1
¢) biéu kién xac dinh cua phuong trinh la: 2x—1 >0 & x > 5

x—2#0 x#2

d) Diéu kién xdc dinh ciia phuong trinh la: < :
) iéu kién xdc dinh clia phuong trinh la {5x+17é0 x;é—%

Bai 2. Tim diéu kién x4c dinh clia cic phuong trinh sau:
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a) VX2 +2x+4=x—1;

) V5—2x=vVx2+x+1;

1 x+1
b =x—3: d) =x-—3.
) 211 V—x?+4x—5
Loi giai.

a) DPiéu kién xic dinh ctia phuong trinh 1a: x> +2x 44 > 0 < (x+ 1)? +3 > 0 (ludn diing). Vay phuong
trinh xac dinh v6i moi x € R.

b) Diéu kién x4c dinh ctia phuong trinh 1a: x*> + 1 # 0 (ludn diing). Vay phuong trinh x4c dinh v6i moi
xeR.

c¢) biéu kién xdc dinh ctia phuong trinh la:

5
{5—%20 X< 3

2 =
P4x+1>0 (

2 < x <
1 3 .
x4+ 5 + I > 0(ludn dung)

|

d) Diéu kién xdc dinh ctia phuong trinh 1a: —x*> +4x—5>0& — (x> —4x+4)—1>0 —(x—2)>—1 >
0 (vo ly). Vay khong ton tai gia tri ctia x d&€ phuong trinh x4c dinh.

Bai 3. Tim diéu kién x4c dinh ctia cic phuong trinh sau:

a) Vix—1+Vx+2=7—x; ¢) Vx—2+4+V4—x+2x—5=2x%—5x;

d) Vx2—14x=vVx3-2.

b) V3x+1—v6—x+3x2—14x—8=0;

Loi giai.
1
N [N . . 5 S N Sx—1 Z 0 X Z = 1
a) Diéu kién xdc dinh cia phuong trinh la: S x>
x+2>0 5
x> =2
1
s , . [3x+12>0 x> —= 1
b) biéu kién xac dinh cia phuong trinh la: 366 —=-<x<6
6—x>0 3
x<6
Xx—2>0 x=2
R _ 5
c¢) Diéu kién xac dinh cia phuong trinhla: ¢ 4 — x>0 < x<4 & 3 <x<4
26-5>0 ng

d) Piéu kién xdc dinh ctia phuong trinh [a: x> —2 > 0 < x > v/2.
Bai 4. Tim diéu kién x4c dinh ctia cdc phuong trinh sau:

a) (x+1)vVa2—2x+3=x>+1;

O VVEI—T—xt =
V2
2 2
b) x(x+1)(x—3)+3 = VA x4 VITx: d)vq_x::(g_vg>.
Loi gii.

a) Piéu kién xdc dinh ctia phuong trinh 1a: x> —2x+3 > 0 < (x— 1)? +2 > 0 (ludn ding). Vay phuong
trinh xac dinh v6i moi x € R.
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S —1 <x<A4.

A L e ) ... |4=x=0 x<4
b) biéu kién xac dinh cua phuong trinh la: <
x>

&
1+x>0 —1

\/5—1—)620

S0<x<V2-1.
x>0

¢) biéu kién xic dinh ctia phuong trinh la: {

e e 120 [—1<x<]
d) Diéu kién xac dinh cua phuong trinh la: & S0<x<1
x> x>0
Bai 5. Tim diéu kién x4c dinh ctia cdc phuong trinh sau:
a) 3v2+x—6V2 —x+4V4—x2=10-3x; ¢) 2vV/1—x+3V1—-x2=1+x—x+3;
b) Vx—2—Vx+2=2Vx2—4-2x+2; d) VaZ+x+1=vx2—x+1.
Loi giai.
(24+x>0 (x> -2
a) Diéu kién x4c dinh ctia phuong trinh 1a: { 2—x>0 & {x <2 & —2<x<2.
\4—x220 [ —2<x<2
(x—2>0 (x>2
b) Diéu kién xéc dinh ctia phuong trinh 1a: ¢ x+2>0 & {x> -2 & x> 2.
?—4>0 (x>2vx< -2
(1-x>0 (x<1
c¢) biéu kién xic dinh ctia phuong trinh 1a: { 1 +x>0 < { x> —1 &S —-1<x<1
(1-¥*>0 | —1<x<1
( 1>2 350
I o fPexrzo  J\TTg) s ,
d) bitu kién xdc dinh cua phuong trinh la: § & 5 (ludn dung). Vay
x*—x+12>0 < 1> +3>0
x__ —
2 4~
phuong trinh xac dinh v6i moi x € R.
Bai 6. Tim diéu kién xac dinh ctia cdc phuong trinh sau:
3x 2x+3 24 2(x+5)
Q) ————=x+1; b = .
) X2 —1] ) x—3 x*-9  x+3
Loi giai.

a) Vi |x*— 1| > 0 nén diéu kién xdc dinh ciia phuong trinh 1a: x> — 1 £ 0 < x # £1.

x—3#0
b) Diéu kién xac dinh ciia phuong trinh 1a: { x> —9 £ 0 < x # £3.
x+3#0

Bai 7. Tim diéu kién x4c dinh clia cic phuong trinh sau:

_ _ 4. 6 10
a) 2\/x+2+\/x+1 Vx+1=4; b) \/2 + 3 =4,
— —x

Lui gidi.
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X +24+VAHT20 {(\/x+1+1)220

x> —1.
x+1>0 x> —1

a) Diéu kién x4c dinh ctia phuong trinh 1a: {

.. oL N . C[2—=x>0 x<?2
b) biéu kién xac dinh cua phuong trinh la: & Sx <2
3—x>0 x<3
Bai 8. Tim diéu kién x4c dinh clia cic phuong trinh sau:
a) \4/57—)64—{4/)64—40:5, b) \/)_C—IZO

Lui gidi.

& —40 <x <57.

X a2 as ) .. |57T=x>0 x <57
a) biéu kién xac dinh cua phuong trinh la: &

x+40>0 x> —40

A A o Jx20 x>0
b) Diéu kién xac dinh cua phuong trinh la: & S 0<x#3.

x| —3#0 xX#3

2

Bai 9. Tim m d€ phuong trinh % = 1 xéc dinh trén [—1;1).
x—m
Loi giai. Phuong trinh xdc dinh khi x —m+3 # 0 < x # m — 3.
. . o R m—3<—1 m<?2
bé phuong trinh xdc dinh trén [—1;1) thim—3 ¢ [-1;1) & .
m—3>1 m>4
Vay khong c6 gid tri no ctia m théa min diéu kién dau bai.

Bai 10. Tim gid tri cia m d€ céc phuong trinh sau xéac dinh véi moi x € R.

a) V2x2+m=x-2; o) x+1 3
X2 —m+5 ’
3x+1 3x—2
=x—1; d) == =B +2.

V232 +4x+5—m mx2+9
Loi giai.

a) Diéu kién xdc dinh ctia phuong trinh la: 2x> 4+ m > 0. D€ phucng trinh xdc dinh v6i moi x € R thi
m > 0.

b) Piéu kién xdc dinh clia phuong trinh 1a: 2x> +4x4+5-m >0 = 2> +2x+ 1) +3-m >0 &
2(x+41)? 43 —m > 0. D€ phuong trinh xdc dinh véi moi x € R thi3 —m > 0 < m < 3.

¢) biéu kién xdc dinh ctia phuong trinh 1a: x> —m+5 # 0. D€ phuong trinh xdc dinh v6i moi x € R thi
phuong trinh x> —m 45 = 0 < x*> = m — 5 vO nghiém, diéu nay xdy rakhim —5 <0< m < 5.

d) Piéu kién x4c dinh ctia phuong trinh 1a: mx® +9 # 0.

3x—2

- Néu m = 0 thi phuong trinh tr$ thanh = x> 4 2 xdc dinh v6i moi x € R,

) . o . . 9
- Néu m # 0, d€ phuong trinh xic dinh véi moi x € R thi phuong trinh mx> +9 =0 < x> = ——
m

. A o .9 9
vO nghiém, diéu nay xdy rakhi —— <0< — >0 m > 0.
m m

Vay m > 0 thi phuong trinh x4c dinh v6i moi x € R.
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II. Phuong trinh hé qua

1. Tém tat Ii thuyét

Khai niém. Néu moi nghiém ctia phuong trinh f(x) = g(x) déu 1a nghiém cta phuong trinh fi(x) = g1 (x)
thi phuong trinh f](x) = g (x) dudc goi 1a phuong trinh hé qua ctua phuong trinh f(x) = g(x).
Ta viét

f() =gx) = filx) = g1 (x)

Nhan xét. Ti khdi niém trén, ta thdy cac nghiém ctia phuong trinh f(x) = g(x) ludn 12 nghiém ctia phucng
trinh fi(x) = g1 (x), do d6 néu ta tim dugc tit ca cac nghiém ctia phuong trinh fi (x) = g (x) thi bang cach
thi lai, ta s& tim dugc tt ca cac nghiém clia phuong trinh f(x) = g(x). Pay cling chinh 1a phuong phap gidi
mot phuong trinh dua vao phuong trinh hé qua cua n6.

Céc nghiém ctia phuong trinh fj(x) = g1(x) ma khoéng thda phuong trinh f(x) = g(x) dudc goi la cac
nghiém ngoai lai.

2. Cac phép bién ddi din dén phuong trinh hé qua thuong gip

A. Binh phuong hai vé

Vidu 4.

V2x—1l=x—-1 (1)
= 2—1=(x—1)2 (2)

Qua phép bién ddi binh phuwong hai vé, ta dugc phuong trinh (2) 1a phuong trinh hé qua ctia phucng
trinh (1).

B. Nhan hai vé ctia phuong trinh véi mot da thire

Vi du 5.
X X _ 2x |
26—3) 2+ G+ Dx=3) ()
=2 (r+1)+5(x—3) = 2x 2)

Qua phép bién d6i nhdn hai vé véi (x+1)(x — 3), ta dudc phuong trinh (2) 14 phuong trinh hé qua
cta phuong trinh (1).

3. Phuong phap giai phuong trinh dua vao phueng trinh hé qua

Budce 1: St dung cic phép bién ddi din dén phuong trinh hé qua, dua phuong trinh da cho vé mot phuong
trinh don gi4n hon (c6 thé’ gidi duoc dé dang hon).

Budc 2: Giai phuong trinh hé qua dé tim tit ca cac nghiém.

Budc 3: Thit lai cic nghiém d€ loai nghiém ngoai lai.

Buéc 4: Két luan.

/N Khi gidi phuong trinh, ta c6 thé thuc hién lién tiép cdc phép bién doi. Tuy nhién, trong cdc phép bién
doi lién tiép do, néu co mot phép bién doi dan dén phuong trinh hé qud thi phiong trinh cudi ciing van chi
la phuong trinh hé qud ciia phuong trinh ban ddu.
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Dang 2. Khir mau (nhén hai vé véi biéu thitc)

O dang nay, ta sé dit diéu kién xac dinh rdi nhan hai vé v6i mau ctia phan thiic. Sau khi giai xong
phuong trinh, kiém tra nghiém c6 thda man phuong trinh ban dau hay khong.

Vi du 6. Giai phuong trinh:
4+x+3

3
x+2

Loi gidi. Diéu kién x4c dinh: x # —2.
X +x+3
xX+2 -
= X?+x4+3=3(x+2)
S —2x-3=0
Sx=—-1Vx=3

3

Hai nghiém nay déu théa man diéu kién xac dinh va thda phuong trinh ban dau.

Vay § = {—1;3}.
P ¥ —4x+3
Vidu 7. Giai phuong trinh sau : Y x—1.
x_

Loi giai. Diéu kién xac dinh: x > 1.
x> —4x+3
——=Vx—1

vx—1

= —4x+3=x—1
S x?—5x+4=0
x=1
x=4
Két hgp diéu kién va thit lai phuong trinh da cho ta dugc mot nghiém 1a x = 4. Vay S = {4}.

BAI TAP TU LUYEN

S. . 3 3
Bai 11. Giai phuong trinh sau: 2x+ —— = i
x—2 x—2

Loi gidi. Diéu kién x4c dinh: x # 2.

3x
2 =
x+x—2 x—2
o 2x(x—2)+3  3x
x—2 x=2

= 2x% —4x+3=13x
<:>2x2—7x—|—3:0
x=3
& 1
xX==

2
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x=3
N 1
Thu lai phuong trinh ban dau ta dugc cac nghiém 1.Vay S = {3; 5} .
)
N iy . x+1
Bai 12. Giai phuong trinh: x+1
o |
Loi gidi. Diéu kién x4c dinh: x > —1.
x+1
=vx+1
vVx+1

= x+ 1 =x+41 (ludén dung)

Két hop véi diéu kién ta dudc tap nghiém clia phuong trinh 14 S = (—1;4-0).
Bai 13. Giai phuong trinh:
2% 4+5x—1 _ x+5
vx—1 vx—1

Loi giai. Diéu kién xdc dinh: x > 1
Phuong trinh tré thanh:

2x%24+5x—1 _x+5
Vi—1  Jx—1
= 2% +5x—1=x+5
S22 +4x—6=0
Sx=1Vx=-3

Hai nghiém nay déu khong thda méan diéu kién xac dinh. Vay S = @

2 10 24
Bai 14. Giai phuong trinh sau: 1 = — .
ai 1a1 phuong trinh sau +x—4 5 G—n(x15)
N x#4
Loi giai. Di€u kién xac dinh: .
x# =5

210 24
x—4 x+5 (4—x)(x+5)
(x—4)(x+5)+2(x+5) 10(x—4)+24

1+

(x—4)(x+5)  (x—4)(x+5)
= x> —7x+6=0
x=1
< x=6

. R x=1
Ket hgp véi diéu kién va thit lai, nghiém cla phuong trinh da cho la 6 Vay S = {1;6}

Bai 15. Giai phuong trinh:
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N o2 o X oA - . 1
Loi giai. Diéu kién xac dinh: x > 3

3x2 —Tx+2
V3x—1
= 3x> —Tx+2=(V3x—1)?
&3 —Tx+2=3x—1
&3 —10x+3=0

=v3x—-1

x=3
< 1
*=3

Két hgp véi diéu kién va thi lai, ta dugc nghiém x = 3. Vay S = {3}.

Dang 3. Binh phuong hai vé (Iam mét ciin)

Sau khi dit diéu kién ban dau, tién hanh chuyén vé va sit dung ky thuat binh phuong hai vé d€ lam
mét cin thiic, dua phuong trinh ban dau vé phuong trinh hé qua, dudi dang da thiic.

Vidu 8. Gidi phuong trinh vx+2=+/3—-2x (1).

.

N, e? 0 X CON 2, . x+220
Loi giai. Dicu kién xac dinh .
3—2x>0

1

(I)=x+2=3-2x=3x=1 =x=3

Thi lai nghiém ta thiy théa man phuong trinh.
1
Vay S = {—}
ay 3

[ Vi du 9. Giai phuong trinh: /—10x+10=x—1

Loi giai. Diéu kién xdc dinh —10x+ 10 > 0.

V—10x+10=x—1
= —10x+10= (x—1)?
& —10x+10=x>—2x+1
& x*4+8x—9=0

x=1

=
x=-9.

Két hop véi diéu kién va thi lai phuong trinh da cho ta dugc mot nghiém la x = 1.
Viéy tap nghiém cta phuong trinh § = {1}.

BAI TAP TU LUYEN

Bai 16. Giai phuong trinh:
Vax?+5x—1 NG

x+1 -
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4 +5x+1>0

Loi giai. Diéu kién xac dinh:
x# —1

Phuong trinh tré thanh:
VA2 +5x—1=2(x+1)
= 4> +5x—1=2(x+1)?
&2 +x—3=0

x=1

X=—=

2

Két hgp véi diéu kién va thi lai, ta thiy x = 1 1a nghiém ctdia phuong trinh. Vay S = {1}.

.. . vx—1 —x—11
Bai 17. Giai phuong trinh sau al i + 2.
x+2 xX+2
N,o s N A L . le
Loi giai. Dicu kién xac dinh: .
x# =2
x—1 —x—11
= 2
xX+2 x+2 +
vx—1 x-7
< =
x+2 x+2
= Vx—1=x-7

=x—1=(x-7)>
&2 15x+50=0

x=35
=
x=10

K&t hgp véi diéu kién va thit lai, phuong trinh da cho c6 nghiém x = 10 . Vay S = {10}.

Vi —3x—4
Bai 18. Giai phuong trinh sau: % =2.
x

2
, N o —3x—4>0
Loi giai. Diéu kién xac dinh: {x * T s

x#—1

Vx2—3x—4
x+1
= Vx2-3x—4=2x+2
= x> —3x—4=4x*>+8x+4
&3 +11x+8=0

x=-—1
A 8
T3

. R 8 8
Ket hgp véi dieu kién va tht lai, phuong trinh da cho c6 nghiém la x = —3 Vay S = {—5}

Bai 19. Giai phuong trinh v/3x—5=+v2 —x
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e «? e BN . . . 3)6—5 ZO
Loi giai. Di€u kién xac dinh .
2—x>0
V3x—5=+v2—x
=3x—-5=2—x
o 7
xX=-
4
ar s 7
Thu lai ta c6 tap nghiém 1a S = {Z}
Bai 20. Giai phuong trinh v/3x+ 1 = 2x.
Loi giai. Diéu kién xac dinh 3x+1 > 0.
V3x+1=2x
= 3x+1 =4x°
x=1
S x= —1
xX=—

Thu lai ta c6 tap nghiém la S = {1}.
Bai 21. Gidi phuong trinh: v/3x2 — 10x — 44 = 8 —x.
Loi giai. Didu kién xdc dinh 3x2 — 10x — 44 > 0.
V32 10r 44 —8x
= 3x% — 10x — 44 = x* — 16x + 64
<22 +6x—108 =0

=6
X =
=-9
Thu lai ta c6 tdp nghiém la S = {—9;6}.
Bai 22. Giai phuong trinh:
4x2 -3 —
X X _ o
x—1
Gt (4P =3>0
Loi giai. Di€u kién xac dinh:
x#1
4x2 -3 —
X X _ o
x—1
= V4x2 -3 =x
= 4x?—3=x’
=32 -3=0
X =
=
x=—1
Ta loai nghiém x = 1 vi khong théa diéu kién x4c dinh. Con x = —1 khong 13 nghiém ctia phuong trinh ban

dau. Vay S = @.
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VvV12x—4 n 2x  x
(x+1)(2x+5)  2x+5 x+1°

LB. *?2 e D.,‘\ k.A - d h 12X—420
1 glal. 1€U K1€n Xac din .
® ' T (x+1)(2x+5) £0

V12x—4 n 2x  x
(x+1)(2x+5) 2x+5 x+1

= V12x —4+2x(x+1) = x(2x +5)
& V12x—4=3x

= 12x—4 =94

S92 —12x+4=0

Bai 23. Giai phuong trinh:

(1)

& (3x—2)2=0
o 2
X==.
3
2 . PP, 2
Thay x = 3 Vao phuong trinh (1) ta thay thda man. Viy S = 3/
Bai 24. Giai phuong trinh + ! !
i24. Giai ng trin =—.
P 8 Vx+1 xvx+1 x
e °?2e <X . » . x+1>0
Loi giai. Di€u kién xac dinh
x#0
2 1 1

Vx+1 Jrx\/x—H T x (1)

= 2x+ 1 = v/x+ 1 (nhén ca hai vé cho xv/x+ 1)
= (2x+1)2=x+1
S Hax+1=x+1

<:>4x2—|—3x:0
x=0

& -3.
X—T

Két hop véi diéu kién va thi lai ta thiy khong c6 gid tri nao thda min. Viy S = &.

III. Phuong trinh twong duong

Dinh nghia 1. Hai phuong trinh (cting 4n) goi 1a tuong duong néu ching c6 chung mét tap hop nghiém.
Néu phuong trinh fi (x) = g; (x) tuong duong vdi phuong trinh f>(x) = go(x) thi ta viét

filx) = 81(x) = f2(x) = g2(x)

Pinh li 1. Néu thuc hién cdc phép bién doi sau ddy trén mot phuong trinh ma khong lam thay doi diéu kién
cua no thi ta dugc mot phuong trinh mdi tuong duong:

a) Céng hay trir hai vé vdi cing mot sé hay ciing mét biéu thiic.
b) Nhdn hodic chia cd hai vé cung véi mot sé khdc 0 hodic cung mét biéu thitc ludn cé gid tri khdc .
/\ Chii y:

a) Hai phuong trinh bdt ky vé nghiém c6 ciing dn la tuong duong vdi nhau.
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b) Chuyén vé va déi dau mot biéu thiic thiee chdt la thuc hién phép céng hay tric hai vé vdi biéu thitc do.

c¢) Khi mudn nhdn manh hai phwong trinh cé cung tdp xdc dinh D (hay cé cung diéu kién xdc dinh ma
ta cing ki hiéu la D) va tuong duwong vdi nhau, ta noi:
- Hai phuong trinh tuong duong vdi nhau trén D, hodc
- Véi diéu kién D, hai phuong trinh tuong dwong vdi nhau.

Dang 4. Phuong phap ching minh hai phuong trinh tuong duong

Khi giai phuong trinh hodc xét su tuong duong cua hai phuong trinh thong thuong ta st dung mot
trong nhitng cach sau:

a) Gidi tiing phuong trinh d€ so sanh cac tap nghiém

b) St dung cac phép bién ddi tuong duong: Céac phép bién ddi sau ma khong lam thay ddi diéu
kién xac dinh cua phuong trinh thi ta thu dugc phuong trinh méi tuong duong:
e Cong hay tri hai vé véi cing mot s6 hay cing mot biéu thiic.

e Nhan hoic chia cé hai vé cling v6i mot s6 khac 0 hodc ciing mot biéu thiic ludn c6 gid tri
khac 0.

e Binh phuong hai vé ctia mot phuong trinh c6 hai vé& ludn cing dau khi 4n 14y moi gid tri
thudc tap xac dinh cia phuong trinh.

Vi du 10. Mobi khang dinh sau ddy ding hay sai?

a) x| =2ex=2

b) x—1=0& (x—1)*=0.

Loi giai.
a) x| =2<x=21lasaivi|x|=2=x=2hodcx= -2

b) x—1=0& (x— 1)2 = 01ala ding vi hai phuong trinhx— 1 =0va (x — 1)2 =0 ¢6 chung tip nghiém
1as={1}

Vi du 11. Cap phuong trinh nao sau day la tuong duong?
21
a) 3x—Z =0vadx—7=0.

b) 2 —4x+3=0va —2x>+8x—6=0

Loi giAi.

20 10
a) Phuong trinh 3x — Vil 0 ¢6 nghiém x = —

7
G phuong trinh 4x —7 = 0 ¢6 nghiém x = T Vay hai

phuong trinh da cho khong tuong duong.

b) Nhan hai vé ctia phuong trinh x> — 4x +3 = 0 v6i —2 ta dudc phuong trinh —2x% 4+ 8x — 6 = 0. Vay
hai phuong trinh da cho tuong duong.
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Vi du 12. Mobi khang dinh sau day ding hay sai?

a) Cho phuong trinh 3x 4 v/x — 2 = x%. Chuyén v/x — 2 sang vé phai thi ta thu dudc phuong trinh
tuong duong.

b) Cho phuong trinh 3x 4+ v/x —2 = x% 4+ v/x — 2. Ludc bd +/x — 2 ca hai vé ta dugc phucng trinh
tuong duong.

Li gidi.
a) Chuyén /x — 2 sang vé phai thi ta thu dugc phuong trinh tuong ducng vi tuan thii phép bién ddi tuong

duong (Cong hai vé clia phuong trinh v6i —+/x — 2 va khong 1am thay d6i diéu kién). Khang dinh da
cho la dung.

b) Diéu kién ctia phuong trinh 1a: x < 2. Khi Lugc bé /x —2 ca hai vé ta da thay ddi diéu kién cla
phuong trinh ban dau nén két qua khong thu dugc phucng trinh tuong duong. Khang dinh ban dau la
sai.

Vi du 13. Giai phuong trinh :

5x+3 |2x — 3|
— i — 3.1
4 T2 )
Loi giai. 3.1)&x+3=2|2x—3|
) 3
e Neu2x—-3>0& x> 3 thi [2x — 3| =2x—3.
X 3
Khi d6: (3.1)& x+3 =2(2x — 3) < x = 3 (thoa diéu kién x > E)
£ 3.,
e Neu2x—3<0&x< Ethl |2x —3| =3 —2x.
3 N 3
Khi d6: 3.1)& x+3=2(3—-2x) & x = 5 (thoa dicu kién x < E)
o . P X 3
Vay phuong trinh (3.1) c6 hai nghiém x =3 vax = 5
E L o . 3x+2 . . ) 1
Vi du 14. Xac dinh m dé phuong trinh ——— = 2 va phuong trinh —x“+ (1 —m)x—m+ = =0
: 2+x+1 2
tuong duong.
e ens 5 1\* 3 N o
Loi giai. Vix“*+x+1= x—l—i +Z>Ov01Vx€]Rnentaco:
=0
3x+2 o
e t2=20 44262 k=05 | .
x“+x+1 x=—
. 1
D¢ hai phuong trinh tuong duong thi phuong trinh —x2+(1—m)x—m—|—§ = 0 phai c6 nghiém x = 0 va
1 1 1 1
sz.Thayx:OVéx:Evéophu'dngtrinh —x2+(1—m)x—m+§:OtaChI(}cm:—E.Lﬁc do6 phuong
1 x=0
trinh d6 tré thanh: x% — Ex:O(:) 1.
xX==
2

. P
Vay v6i m = —Ethao man yéu cau bai toan.
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BAI TAP TU LUYEN

Bai 25. Cac phuong trinh nao sau day 1a tuong duong?

a) vx—34+x=+vx—3+1vax=1

x2

) VxZ+1 - Va2 41

Li gidi.

b vaxr=9

a) Diéu kién thi hai phuong trinh v/x —3 +x = v/x—3+1 1a x > 3 nén phuong trinh /x —3 +x =
vx—3+1 vd nghiém. Do d6 khong tuong duong véi phuong trinh x = 1.

2
. 9
b) Ta cé x>+ 1 > 0 v6i Vx € R nén nhan hai vé ctia phuong trinh al = v6i Vx2+1 ta
VaZ+1 Va4l
dugc phuong trinh x*> = 9. Vay hai phuong trinh da cho tuong ducng.

Bai 26. Dung hay sai?
a) V3i—x=1&3—x=1
b) Vx—-2=3-xex-2=(3—x)?
Loi gidi.
a) Vi hai vé déu khong 4m nén binh phuong hai vé ta dugc phuong trinh tuong duong. Hay /3 —x =
1< 3—x=11adung.

b) Do vé phai ctia phuong trinh v/x —2 = 3 — x c6 thé ciing d4u hoic trdi diu véi vé trdi nén binh phuon
hai vé& chi nhan dugdc phuong trinh hé qua. Khang dinh /x —2 =3 —x < x—2 = (3 —x)? 1a sai.

Bai 27. Cach giai sau sai 6 dau?
1 1

= -3
x+3 x+3
1

& — -3
i3 113

Sx=-3

x4+

Loi giai. Céch gidi trén sai 6 budc cudi cling ta da 1am méat diéu kién ctia phuong trinh nén khong thé nhan
dugc phuong trinh tuong duong, x = —3 khong phai 1a nghiém cta phuong trinh da cho.

Bai 28. Trong cdc phép bién ddi sau, phép bién ddi nao cho ta phuong trinh tuong duong, phép bién ddi
nao cho ta phuong trinh khong tuong duong?

% 4
& ca hai vé ctia phuong trinh x> — 4x + = —4.
xX— x—2 x—2

) 5 5
T2 § ca hai ve cua phuong trinhx2+1+x+2 =13

a) Ludc bd sb hang

b) Ludc bd sb hang

Loi giai.

a) Khi ta lugc bd s6 hang — 4 ta dugc phuong

4 ) 4
& c4 hai vé clia phuong trinh x> — 4x + =
x—2 x—2 x=2

trinh x> —4x 44 = 0 < x = 2, tuy nhién n6 lai khong phai 1a nghiém ctia phuong trinh da cho. Nén
phép bién ddi trén khong nhan dugc phuong trinh tuong duong.
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\ 5 5
b) V6i diéu kién x # —2 thi phuong trinh X2 + 1+ —— = —— 4+ 2x & x> —2x+1=0&x=116
x+2 x4+2

5 . .
cling chinh la nghiém cda phuong trinh da cho sau khi lugc bo di hang ti T2 G ca hai ve. Vay ket
X
qua ctia phép bién d6i trén ta van thu dudc mot phuong trinh tuong duong.
Bai 29. Xac dinh m d€ cdc cdp phuong trinh sau day tuong duong v6i nhau?

2
m’;+2m+1:0.

a) 2x—3=0va

x_
b) x> —4=0va3x>+(m+3)x+Tm+9=0.
Loi giai.

3 . 3
a) 2x—3=0&x= > bé hai phuong trinh tuong duong thi x = 2 phai l1a nghiém cua phuong trinh

3
2m.—

+2m+1=0hay - 2
22
2

1
Vay v6i m = ~3 thi hai phuong trinh tuong duong.

2mx
x—2

1
+2m+1:0<:>m:—§.

b) Giai phuong trinh x> — 4 = 0 ta dugc nghiém x = £2. Thay vao phuong trinh 3x% + (m + 3)x 4 7Tm +
9 =0 ta dugc m = —3, khi d6 phuong trinh 3x? + (m + 3)x +7m+9 = 0 trd thanh phuong trinh :
32— 12=0&x=+2.

Vay m = —3 thdéa min yéu cau bai todn.

Bai 30. V6i gid tri ndo clia m thi hai phuong trinh x> — 1 = 0 va 2mx? 4 (m? — 4)x — m? = 0 c6 chung mot
tap hop nghiém.
Loi gidi. Giai phuong trinh x? — 1 = 0 ta dudc nghiém x = +1

e Thay x = 1 vao phuong trinh 2mx? 4 (m? — 4)x — m?> = 0 ta dudc m = 2, khi d6 phuong trinh 2mx? +
(m? —4)x —m? = 0 tré thanh phuong trinh :4x> —4 = 0 <> x = £1. Vay m = 2 thda yéu cau bai toan.

e Thay x = —1 vao phuong trinh 2mx? 4 (m? — 4)x — m* = 0 ta dugc —2m? 4 2m — 4 = 0 phuong trinh
nay vo nghiém nén khong c6 gia tri cua m.
Véay m = 2 thi hai phuong trinh da cho tuong duong nhau hay la ching c6 chung mdt tap nghiém.
Bai 31. Gidi phuong trinh [2x — 1| = |—5x — 2|

e °? e 2x—l:_5x_2 7x:—1 x:—l
Loigiai. 2x—1|=|-5x-2| < & & 7
2x—1=5x+2 3x=-3 y=_1
BAI TAP TONG HOP
Bai 32. Tim diéu kién clia mbi phuong trinh rdi suy ra tp nghiém:
) Vi—VI—x=v—x—2 9 > -1
x—2 x—2
b) x+vVx2—9=v9—x2-3 d) x+2Vx+1=1—v—x—1
Loi giai.
x>0

a) Diéukién { 1 —x>0 < x € @ = phuong trinh vd nghiém.
—x—2>0
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o (¥*=9>0
b) Diéu kién 5 & x =13,
9—x>0

e VGi x = 3: thay vao phuong trinh ta thy vo 1i.
e VGi x = —3: thay vao phuong trinh ta thiy thda man.
Viéy tap nghiém cia phuong trinh 1a § = {—3}.

c¢) Piéu kién x > 2.
Vix>2>0nén VT > 0. MaVP < 0= phuong trinh vd nghiém.

s . |x+12>0
d) bicu kién Sx=—1.
—x—1>0
Thay x = —1 vao phuong trinh ta thiy vo li. VAy phuong trinh vd nghiém.
Bai 33. Tim diéu kién ctia mbi phuong trinh rdi suy ra tp nghiém:

a) \/—x2—(y+1)24+xy=(x+1)(y+1)

b) /=22 +6x—y>+2y—10+x+y=4+(x—3)(y+2)

Loi gidi.

s X
a) Diéu kién —xz—(y—|—1)220<:){ .
y==-
Thay x = 0, y = — 1 vao phuong trinh ta thiy théa man. Vay tap nghiém cta phuong trinh 1a { (x;y)} =
{(0;=1)}.
x=3

y=1
Thay x = 3, y = 1 vao phuong trinh ta thy théa man. Vay tap nghiém cla phuong trinh 1a {(x;y)} =

{0}

Bai 34. Giai cac phuong trinh sau:

b)Dﬁuh&hﬂ%+®>yl+bF4020¢>@—3Y+%y—U2§0¢>{

1 1 1
=X b) 1+ + = x?
x—1 ) Vx+1 1—x

C) xv/2x—1=1—-2x

a) x>+

Li gidi.

a) biéu kién x > 1.
Vix>1=x’>x= VT > VP = phuong trinh v6 nghié¢m.

b) Pidukién —1 <x < 1.
Vi—-1<x<1=x*<1= VT > VP = phuong trinh v nghié¢m.

| =

¢) Piéu kién x >

| = [\3.|’—‘

1 2
Thay x = > vao phuong trinh ta thay thoa man. Vay x = — 1a nghi€ém cua phuong trinh.

Bai 35. Giai cac phuong trinh sau:



162 CHUONG 3. PHUONG TRINH VA HE PHUONG TRINH

a) (P +x—2)Vx+1=0 ) x+ I 2x-3
x—2 x—2
X 2 3 3x

b = e
) 2Wi—3 +x-3 R

Li gidi.

a) biéu kién x > —1.

s x=1(TM)
. x+x—-2=0 . =1
Phuong trinh tuong duong & |x=-2(Loai) &
x+1=0 =-1
x=—1(TM)

b) Piéu kién x > 3.
Phuong trinh tuong duong x = 4 (TM). Vay tap nghiém cia phuong trinh la S = {4}.

c) Piéu kién x # 2.
Phuong trinh tuong duong x — 1 = 2x — 3 < x = 2 (Loai). Vay tap nghi€m cua phuong trinh 1a § = &.

d) Piéu kién x # 1.
Phuong trinh tuong duong 2x =
3l
5

Bai 36. Tim nghiém nguyén cua cac phuong trinh sau:

a) Vd—x—2=\x—x b) 3vVx+2=+v2—x+2V2

Loi giai.

3(x—1)

3
I S x = 3 (TM). Vay tap nghiém cua phuong trinh 1a § =
x JR—

a) bidu kién 0 < x < 4.
Vix € Znénx € {0;1;2;3;4}.
e V6i x = 0 thay vao phuong trinh ta thiy thda man.
e Vi x = 1 thay vao phuong trinh ta thiy khong thda man.
e Vi x = 2 thay vao phuong trinh ta thiy khong thda man.
e Vi x = 3 thay vao phuong trinh ta thiy khong thda man.
e V6i x = 4 thay vao phuong trinh ta thiy théa man.

Viéy tap nghiém nguyén cia phuong trinh 1a § = {0;4}.

b) Didukién —2 < x < 2.
Vix€Znénxe {—2;—1;0;1;2}.
e V6i x = —2 thay vao phuong trinh ta thiy khong thda man.
e V6i x = —1 thay vao phuong trinh ta thiy khong thda man.
e Vi x = 0 thay vao phuong trinh ta thiy théa man.
e Vi x = 1 thay vao phuong trinh ta thiy khong thda man.
e Vi x = 2 thay vao phuong trinh ta thiy khong thda man.

Viéy tap nghiém nguyén ctia phuong trinh 1a § = {0}.

Bai 37. Giai cac phuong trinh sau bang cach binh phuong hai vé:
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a) [x—2|=x+2 b) Vx—3=v9—-2x ) Vi—2x=x—1

Loi gidi.

a) x—2|=x4+2= (x—2)2=(x+2)>=x=0.

Thay x = 0 vao phuong trinh ta thiy théa man. VAy tip nghiém ctia phuong trinh 12 S = {0}.

b) VXx—3=vV9-2x=x-3=9-2x=x=4.

Thay x = 4 vao phuong trinh ta thiy théa man. Vay tip nghiém clia phuong trinh 12 S = {4}.

) V5—2x=x—1=5-2x=(x—1)?=x=42.

e Thay x = 2 vao phuong trinh ta thiy théa man.
e Thay x = —2 vao phuong trinh ta thiy khong thoa man.

Viéy tap nghiém cia phuong trinh 1a § = {2}.

Bai 38. Xét su tuong duong cua cac phuong trinh sau:

2 2 s
x°—dx—4 X" —4x—5 b) 2—x|=2x—1vax’—1=0
Q) ————=Vx—4dva———=0
) x—4 vx—1
Loi giai.
2
x*—4x—4
a) Xét phuong trinh ———— = +v/x—4(1).
biéu kién x > 4.
=0 (Loai
exr-4x—-4=x-4s ( '):>Slz{5}.
x=5(TM)
2
x"—4x—35
Xét phuong trinh ———— =0(2).
\P g Ve (2)
biéu kién x > 1.
x = —1 (Loai)
) e —4x-5=0& =5 ={5}.
(2) & 52 —dx s = 5=09)

Vi §; = S2 nén hai phuong trinh da cho tuong duong.
b) Xét phuong trinh |2 — x| =2x—1 (1).
biéu kién x € R.
1
Vi |2 — x| 20z>2x—120=>x2§.

e Xét2—x=2x—1=x=1(TM).
o Xét2—x=—-2x+1=x=—1 (Loai).

Vay Sy = {1}.

Xét phuong trinh x*> — 1 = 0 (2).

Diéu kién x € R.

2)ex=+1=8={£1}.

Vi S| # S, nén hai phuong trinh da cho khong tuong duong.
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§2.  PHUONG TRINH QUY VE PHUONG TRINH BAC NHAT,
BAC HAI

I. Tém tat Ii thuyét
II. Cac dang toan

Dang 1. Giai va bién luin phueng trinh bac nhét

Phudng phap giai:
) b
a) a # 0: Phuong trinh c6 mot nghi€ém duy nhat x = ——.
a

b) a =0 va b # 0: Phuong trinh v6 nghiém.

¢) a =0 va b = 0: Phuong trinh nghiém ding véi moi x € R.

Vi du 1. Giai va bién luan phuong trinh sau theo tham s6 m

m’x+2=x+2m (1)

Loi giai. Ta c6 bién ddi tuong duong
() emx—x=2m-2& <m2—1>x=2(m—1) (2)

Ta xét cac truong hop sau day:
Trudng hep 1: Khim # +1, tacé m?> — 1 # 0 nén (2) c¢6 nghiém
2(m—1) 2

= m?—1 :m+l'

DAy 1a nghiém duy nhét ctia phuong trinh.

Truong hgp 2: Khi m = 1, phuong trinh (2) trd thanh 0.x = 0. Phuong trinh nay c¢6 nghiém ding v6i moi s6
thuc x nén phuong trinh (1) ciing c6 nghiém ding véi moi s thuc x. Truong hep 3: Khi m = —1, phuong
trinh (2) tré thanh 0.x = —4. Phuong trinh nay vd nghiém nén phuong trinh (1) ciing vo nghiém.

Két luan:
” o £ 2
e VGim # +1: (1) c6 nghiém duy nhat x = ——.
m+1
e V6im = —1: (1) vd nghiém.

e V6im=1:(1) c6 vo s6 nghiém.

2x+a a—2x B 6a

Vidu 2. Giai va bién luan phuong trinh oy, M sl ys (1)

a—2%#0

Loi giai. Tac6{ a+2#0 < a+#+£2.
a*—4 #0

Phuong trinh trén dudc viét lai dudi dang

(2x+a)(a+2)—(a—2x)(a—2)=6a<2ax=a. (2)
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N £ . 2 1
Truong hop 1: Neua # 0 thi (2) < x = 4_a =5
a
Truong hop 2: Neu a = 0 thi (2) < 0.x = 0, phuong trinh c6 nghiém ding v6i moi so thuc x.
Két luén:

. 1
e V6ia # 0 va a # £2 thi phuong trinh c6 mot nghiém duy nhat x = 7

e Vi a = 0 thi phuong trinh ¢6 nghiém diing v6i moi sb thuc x.

e VGi a = %2 thi phuong trinh da cho vo nghiém.

Vi du 3. Tim gi4 tri ciia tham s6 m d€ phuong trinh sau c6 tap hop nghiém 1a R

m<m2x— 1) =1-x (1)

Lui gidi. Phuong trinh da cho viét dudi dang (m*+1)x=m+1. (2)
3
1=0
Do do, phuong trinh (1) c6 tdp nghiém la R khi va chi khi phuong trinh (2) ¢ tip nghiém R < {m ++1 0 &
m =
m=—1.
Véy v6i m = —1 thi phuong trinh (1) ¢6 tdp nghiém la R.

Vi du 4. Tim gi4 tri tham sb m d€ phuong trinh sau c6 nghiém x > 2

2x—3m=1 (1)

3m—+1

Loi gidi. Phuong trinh da cho dudc viét lai dudi dang x =

m—+1

3
Phuong trinh (1) c6 nghiém x > 2 khi va chi khi >2&m> 1.

Vay m > 1 théa yéu cau bai todn.
BAI TAP TU LUYEN

Bai 1. Gidi va bién luan phuong trinh (m*+4)x—3m=x-3. (1)

Loi giai. Phuong trinh da cho dugc viét lai dudi dang (m*+3)x=3m—3. (2).

2 3m—3

Vi m?+3 > 0, v6i moi gia tri thuc ctia m nén phuong trinh (2) c6 1 nghiém duy nhit 1a x = n;—+3
m

Bai 2. Giai va bién luan phuong trinh m (x —2m) =x+m+2. (1)

Loi gidi. Phuong trinh (1) dugc viét lai dusi dang (m — 1)x = 2m? + m+2. (2)

e VGi m = 1, phuong trinh (2) trd thanh 0.x = 5. Piéu nay v li, phuong trinh da cho vd nghiém.

m>+2+m

e VGi m # 1, phuong trinh ¢6 nghiém duy nhit 1 x = 7
m p—

Bai 3. Giai va bién luan phuong trinh m?x+2 = x+2m. (1)

Lai giai. Phuong trinh (1) dudc viét lai dudi dang (m? —1)x=2m—2. (2)
2m—2 2
m2—1 m+1

e VGi m # +1, phuong trinh (2) c6 nghiém duy nhit x =

e VGi m = 1, phuong trinh (2) trd thanh 0.x = 0. Phuong trinh diing v6i moi s6 thuc x.

e VGim = —1, phuong trinh (2) tr& thanh 0.x = —4. Diéu nay v6 li nén phuong trinh da cho vo nghiém.
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Bai 4. Giai va bién luan phuong trinh m’x+ 1= (m—1)x+m. (1).
Lui giai. Phuong trinh (1) dudc viét lai dudi dang (m* —m—+1)x=m—1. (2).
m—1

Vim? —m+1+#0,Vx € R nén phuong trinh (2) luén c6 nghiém duy nhét x = S R—
m-—m+1

Bai 5. Giai va bién luan phuong trinh m?x+6 = 4x+3m.  (1).
Lai giai. Phuong trinh (1) dudc viét lai dudi dang (m* —4)x=3m—6. (2).

3m—06 3

V6i m # +2, phuong trinh (2) ¢6 nghiém duy nhét x = = :
o Véim# phuong trinh (2) c¢6 nghiém duy nhat x 4 mi2

e VGi m = 2, phuong trinh (2) trd thanh 0.x = 0. Phuong trinh diing v6i moi s6 thuc x.
e VGim = —2, phuong trinh (2) trd thanh 0.x = —12. Diéu nay vd i nén phuong trinh da cho v6 nghiém.

Bai 6. Tim gid tri tham s6 m d& phuong trinh m? (mx — 1) =2m (2x+1) (1) c6 tap nghiém la R.

Loi giai. Phuong trinh (1) dugc viét lai dudi dang (m* —4m)x =2m+m?*.  (2).

Phuong trinh (1) c6 tap nghiém 1a R khi va chi khi phuong trinh (2) ¢6 tip nghiém 1a R. Piéu nay xay ra
m3—4m:O<:> [m:()

khi va chi khi { .
m= -2

2m—+m?> =0
Bai 7. Tim gid tri tham s6 m d€ phuong trinh m (x —m+3) =2(x—2)+6 (1) c6 tip nghiém l1a R.

Loi giai. Phuong trinh (1) dudc viét lai dusi dang (m —2)x =m? —3m+2. (2).

Phuong trinh (1) ¢6 tap nghiém 1a R khi va chi khi phuong trinh (2) c6 tap nghiém la R. Diéu nay xay ra
m—2=0

) < m=2.
m-—3m+2=0

khi va chi khi {
Bai 8. Tim gid tri tham s m dé phuong trinh m (x —m+3) =2(x—2)+6 (1) c6 nghiém duy nht.

Lai gidi. Phuong trinh (1) dugc viét lai dudi dang (m —2)x =m? —3m+2. (2).

Phuong trinh (1) ¢6 nghiém duy nhét khi va chi khi phuong trinh (2) c6 nghiém duy nhat. Diéu nay xay ra
khi va chi khi m — 2 # 0 < m # 2.

Bai 9. Tim gid tri tham s6 m dé phuong trinh (m +3) (x —m) =2(x—2) (1) vd nghiém.
Lui gidi. Phuong trinh (1) dudc viét lai dusi dang (m+ 1)x=m> +3m—4. (2).
Phuong trinh (1) ¢6 nghiém duy nhit khi va chi khi phuong trinh (2) c6 nghiém duy nhét. Diéu nay xdy ra

m=—1
m+1=0
khi va chi khi 2, 5 A O<:> m#1 <m=-—1.
m“+3m—4 # mtd

Bai 10. Tim gid tri tham sb m d€ phuong trinh (m —1)*x =4x+m+1 (1) vo nghiém.
Loi giai. Phuong trinh (1) duoc viét lai dudi dang (m* +2m—3)x=m+1. (2).
Phuong trinh (1) c6 nghiém duy nhit khi va chi khi phuong trinh (2) c6 nghiém duy nhét. Diéu nay xdy ra

~1
2 m
2m—3 =0 —1
Khi va chikhi ¢ " & [m:—3<:> "=
m+1#0 =-3
m# —1

Bai 11. Tim gid tri tham s6 m d€ phuong trinh m? (x — 1) =2 (mx—2) (1) c6 nghiém duy nhat.

Lui giai. Phuong trinh (1) dudc viét lai dudi dang (m? —2m)x =m*—4. (2).

Phuong trinh (1) ¢6 nghiém duy nhat khi va chi khi phuong trinh (2) c6 nghiém duy nhat. Diéu nay xdy ra
m=#£2

khivachikhim2—2m¢0<:>{ .
m+#0

Bai 12. Tim gi4 tri tham sb m d€ phuong trinh m? (x — 1) = —4 (mx+1) (1) c6 nghiém ducong duy nhAt.
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Loi giai. Phuong trinh (1) dugc viét lai dudi dang (m* +4m)x=m*—4. (2).
Phuong trinh (1) ¢6 nghiém duong duy nhét khi va chi khi phuong trinh (2) ¢6 nghiém duong duy nhat.
m?> +4m # 0
A N 2 PN 2 1 1es m 7& —4 m>2
Di€u nay xay ra khi va chi khi ¢ ,,,2 _4 5 & .
m#0 m~ >4 m< =2

——— >0
m2—|—4m>

BAI TAP TONG HOP

Bai 13. Giai va bién luan phuong trinh (x — 1) (x —mx+2) = 0.
Loi giai. Phuong trinh (1) tuong duong véi

e VG6i m = 1, phuong trinh (%) trd thanh 0.x = —2. Piéu nay vo i nén phuong trinh (*) vo nghiém.
Phuong trinh (1) ¢6 nghiém duy nhit x = 1.

e VGi m = 3, phuong trinh (%) tr§ thanh —2x = —2. Phuong trinh c¢6 nghiém duy nhit x = 1. Do dé,
phuong trinh (1) c6 nghiém duy nhét x = 1.

. 2
e VGim# 1 vam # 3, phuong trinh (x) c6 nghiém duy nhat x = 1o # 1. Do d6, phuong trinh (1)
—m
2

co hai nghiémx =1vax = B
—m

Bai 14. Giai va bién luan phuong trinh (x> —4) (mx—3) = 0.
Loi giai. Phuong trinh (1) tuong duong véi

x==2

mx=3 (%)

e V&im =0, phuong trinh () trd thanh 0.x = 3. Diéu nay vo li nén phuong trinh () vd nghiém. Phuong
trinh (1) c6 hai nghiém x = £2.

3 3 )
o Véim= > phuong trinh (x) tré thanh 5= 3. Phuong trinh (*) ¢6 nghiém duy nhat x = 2. Do do,
phuong trinh (1) ¢6 hai nghiém x = £2.

3 3 2
e V6im= —5 phuong trinh (x) trg thanh X = 3. Phuong trinh () ¢6 nghiém duy nhat x = —2. Do
d6, phuong trinh (1) c6 hai nghiém x = +-2.

e VGi m # +2 v m # 0, phuong trinh (%) ¢6 nghiém duy nhit x = —d frac3m # £2. Do d6, phuong

*

trinh (1) c6 ba nghiém x = +2 va x =

I|w
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Dang 2. Phuong trinh chiia 4n dudi dau cin

Nguyén tic cd ban trong gidi phuong trinh chifa 4n dudi diu cin 13 phai tim cdch 1am mét diu cin. C6
céc phuong phap thudng diing nhu: binh phuong hai vé, dit 4n phu, dua phuong trinh vé dang tich, . ..

Phuong phap 1. Binh phuong hai vé.
Thiét 1ap diéu kién rdi sau d6 binh phuong hai vé.

B>0

A=VB&<{ ~
* VA=VE {A:B.
B>0

A=B& ¢
» V4 {A:Bz.

Phuong phap 2. Pat 4n phu.

Nhiéu phuong trinh, viéc binh phuong khong thé 1am mét hét ciin hoic lai dua vé nhiing phuong trinh
bic cao hon hai. Nhiing cau nhu vay ta khong nén binh phuong hai vé ma nén st dung phuong phap
khac.

Sau day 12 mot sb dang hay gip trong dit 4n phu:

e af (x)+b\/f(x)=c.bat/f(x)=t.

e a(v/A£+/B) +bvVA.B = c (A,B la biéu thic ciia x). Dit VA++B =1t = \/A.B=---(Binh
phuong ¢ d€ dua ra v/A.B).

Phuong phap 3. Pua vé dang tich.
Néu phuong trinh dua dugc vé tich ta c6 thé chuyén vé cac phuong trinh dé gidi hon. Chiing ta c6 thé
thuc hién theo mot trong nhiing huéng sau:
e Ghép nhém tao ra nhan tu chung.
A—-B
VA+VB

e Khi nham dugc nghiém thi thém b6t hé s6 d€ lién hop tao ra nhan ti chung.

e Bién ddi lién hop VA — VB =

Phuong phap 1. Binh phuong hai vé.

[ Vi du 5. Giai phuong trinh v/2x — 1 = v/x2 —3x.

Loi giai.
V2x —4=+/x2—-3x
x>2
2x—4>0 x>2
= 5 <9, & x=1<x=4.
2x—4 =x~—3x x*—5x+4=0

Phuong trinh ¢6 nghiém duy nhit x = 4.

[ Vi du 6. Giai phuong trinh vx2 —2x+5 =3x— 1.

Li gidi.

VX2 —=2x+5=3x—1
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1
x> =
3x—1>0 x>l ’
<9 ) & -3 < x=1 &x=1
X =2x+5=(3x—1) 81> —dx—4=0 —1
xX=—
2

Vay phuong trinh ¢6 nghiém duy nhit x = 1.

[ Vidu 7. Giai phuong trinh v/x+3++/2x—1 = 3.

Loi gidi. Phan tich: 2 vé khong Am nén ta c6 thé binh phuong dugc, binh phuong sé mit dan sb Iugng cin di.

1
Vx+3+v/2x—1=3BK: x> 5)

o (VAF3+va—1)2=9
S 3x+2+2/(x+3)(2x—1)=9
& 2y/(x+3)(2x—1)=7-3x
7—3x>0
4(2x% 45x—3) = (7—3x)?
7
< L
< =3
X —62x+61=0

7
x§§
& [x: | &X= 1.(TMDK)

x =061
Viy phuong trinh ¢6 nghiém duy nhit x = 1.

BAI TAP TU LUYEN

Bai 15. Giai phuong trinh vx2 +3 = v/2x + 6.

Lo gidi. VA2 3 = Vi 6 i =
i giai. Vx =V2x+6<& &
& X 4+3=2x+6 =3
Phuong trinh ¢6 2 nghiém x = —1;x = 3.
Bai 16. Giai phuong trinh v/2x2 +2 = x+ 1.
x> —1
Loi gidi. V2x@2+2=x+1& 4 , &x=1
A 4+2=(x+1)

Phuong trinh c6 2 nghiém x = 1.
Bai 17. Giai phuong trinh v/x+3++3x+1=4.
Loi giai. Pk: x> 3. Vx+3+V3x+1 =4 vV3x24+10x+3 =6 —2x

x<3
&3 , & x= 1(tmdk)
3x°+10x+3 = (6 —2x)

Phuong trinh c6 2 nghiém x = 1.
Bai 18. Giai phuong trinh v/2x+3 — /4 —x = 2.
Loi giai. DK: = <x<4.
2
V2x+3—V4d—x=2&V2x+3=V4—x+24/4—x=3x-5
5

> — N
{73 & x = 3(thda man diéu ki¢n)
16(4—x) = (3x—5)?
Phuong trinh c6 1 nghiém x = 3.
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Bai 19. Gidi phuong trinh vx2 +4x+4 —Vx2 +2x—2=2.
Loi gidi. PK: x> +2x—2>0.
Va2 +dx+4—Vx2+2x—2=2 VX2 +4x+4=Vx2+2x—2+2
S X2 Ax4+4=x2 42— 244442+ 2x -2 2Vx2+ 2x—2 =x+1
& {xzz ! , < x = 1(thoa man diéu kién)
X +2x—-2=(x+1)
Phuong trinh c6 1 nghiém x = 1.

Phuong phap 2. Pat 4n phu.
[ Vi du 8. Giai phuong trinh 2x* — 2x+/(x + 1)(x — 2) = 14.
Loi gidi. Pit /x+ D(x—2)=t (t>0)=> x> —x—2=1>=x>—x=1>+2.

Viy ta c6 phuong trinh:

t=2
202 4+2)+t =142 +1-10=0« -5 .
t = —(loai)
2
Viy /Ot Dx—2)=2e2—x-2=4oxx—6=0& x_3
X =

Phuong trinh ¢6 2 nghiém x = —2;x = 3.

Vidu 9. Giai phuong trinh v/x —1++/3 —x+vV—x2+4x—-3=3.

Lui gidi. PK: 1 <x<3DitVx—1+v3—x=1(v/2<1<2)

1?2 -2
=12=242/(x—1)B—x)=V-x2+4x—-3= 5
Khi do6 ta c6 phuong trinh:

) 5 t=2
t+ =3&1t°+2t-8=0& St=2

t = —4(loai)
Khidotaco vV—x2+4x—3 =1 —x*+4x—-3=1cx=2.
Phuong trinh ¢6 nghiém duy nhit x = 2.

[ Vi du 10. Giai phuong trinh v/x+ 7+ vx+3 = 4. ]

Loi giai. DK: x > —3.
bit vx+7=a;v/x+3=0b (b >0)
Ta co hé

a+b=4

a—b*=4

b=4—-a
=
a—(4—a)? =4

b=4—-a
=93 9
a—a +8a—20=0

b=4—a
= 2
(a—2)(a*+a+10)=0
b=4—-a b=2
~ 54 .
a=72 a=2
Viy vx+3=2&x=1.
Phuong trinh ¢6 nghiém duy nhit x = 1.

BAI TAP TU LUYEN
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Bai 20. Giai phuong trinh v/x2 +x+2 = 2x? +2x — 2.
Laoi giai. Ditr = vx?+x+2(¢ > 0) ¢6 phuong trinh:
t=2

t=2-6< 3
t = — (Loai)

2
=1

Vay Vx2+x+2=2& [x )
X=—
Phuong trinh c6 2 nghiém x = 1;x = —2.
Bai 21. Giai phuong trinh /(x — 1)(x+2) = 2x? + 2x — 10.
Lui gidi. Dit \/(x— 1)(x+2) =¢(¢ > 0) thi x> +x = 1> 42 ta c6 phucng trinh
t=2
t=2(2+2)- 102> —t—-6=0< —3

t=— (loai)

=2
Vay V- x12) =2 & [x
x=-3
Phuong trinh c6 2 nghiém x = 2;x = —3
Bai 22. Giai phuong trinh /T —x++/1+x43vV1—x2=5.

2

<o 7 o . 1 e ,
Loi giai. DK: —1 <x < 1 bat \/1—x+\/1—|—x:t(\/§§t§2) thi V1 —x2 = khi d6 ta c6 phuong
trinh
2 t=2
t-—2
r+3 =5& -8 .
t:T(lO@ll)

Vay V1—x2=1&x=0.

Phuong trinh ¢6 nghiém duy nhit x =0
Bai 23. Giai phuong trinh vVx+1++vVx—2+x+vVx2—x—2=38.
Loi giai. DK: x > 2.
Pit vx+1++vVx—2=1(t>0)thix+vVx2—x—2=
t+ﬂ+1_8 t=3
2 t = —5(loai)’
Viy x4+ Va2 —x—2 =5 Vx2 —x—2=5—x < x = 3(thda man diéu kién).
Vay phuong trinh c6 nghiém duy nhét x = 3
Bai 24. Giai phuong trinh v/x — 1 +2v/x+2 = 5.
Loi giai. Diat vx—1=a;v/x+2=>b(b>0) tacé hé
a+2b=5 a=1
= .
Vay Vx+2=2&x=2.
phuong trinh c¢6 nghiém duy nhét x = 2

2 +1

ta co
2

Phuong phap 3. Pua vé dang tich.

[ Vi du 11. Giai phuong trinh v/x —14+3y/3 —x— v —x2 +4x—3 = 3.

Loi giai. DK: 1 <x < 3.
VXx—143V3—x—V—x2+4x—3=3
SVa—1+3V3—x—/(x—1)3-x)—3=0

e (Va—1-3)+(3v3=x—/G=1)3-x)) =0
& (\/x—1—3) —\/S—x(\/x—l—?)) =0

& (\/x—1—3) (\/3—x—1) =0
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x—1=3 x = 10(loai)
N

Vay phuong trinh c6 mét nghiém x = 2.

Vi du 12. Giai phuong trinh \/x+3 — /2x — [ = x> —3x— 4.

N 1
Loi giai. Bk: x > 7

VX+3—V2x—1=x*-3x—4
x+3—2x+1

= \/x+34+ V2x—1 ==t
—Xx
= Vit3+v2a—1 (=D xt1)
x=4
“ - —x+1(2)°

Vx+3+v2x—1
1
Phuong trinh (2) v6 nghiém vi véi x > 3 thi VT <0 <VP.
Vay phuong trinh ¢6 nghiém duy nhit x = 4

Vi du 13. Giai phuong trinh v/x —2+x?> —3x— 1 =0.

Loi gidi. Phan tich: Ta nhim dugc mot nghiém ciia phuong trinh 1a x =3 vanéu tai x =3 thi/x—21a 1
nén néu ta tri né cho 1 thi sé tao dudc nhan tir x — 3
.DK: x> 2.

Vx—2+4+x*=3x—-1=0
& (Vx=2-1)+x*-3x=0

x_
& —+x(x—3)=0
x—2+1 ( )

@@—3)(%3““) ~0
x=3

&= x—3 .
e R 10
=1 )

Phuong trinh (2) v6i diéu kién x > 2 thi phuong trinh (2) ¢6 VT > 0 nén (2) v6 nghiém.
Vay phuong trinh c6 nghiém duy nhit 1 x = 3.

BAI TAP TU LUYEN

Bai 25. Giai phuong trinh —v/1 —x2 +/1T+x+v1T—x=1.
Loi giai. V1—-x2+V1+x+V1-x=1< (VI-x—1)(/1+x-1)=0<x=0.
Phuong trinh c6 nghiém x = 0.
Bai 26. Giai phuong trinh /x+3++v2x— [ +x> -4 =0
, 1
Loi giai. DK: x > 5
VX+3+V2x— 1+ -4=0 (Vx+3-2)+(V2x—1-1)+x*-1=0
1 2

S (x—1 ( + —I—x+1)=0<i>x=1.

( ) Vx+3+2 V2x—1+1
Phuong trinh c6 mot nghiém la x = 1.
Bai 27. Gidi phuong trinh v/x2 +3 = v/x+ 34 3x> — 3.
Lui gidi. PK: x > -3
V23 =vx4+343° -3 Va2 +3-V/x+3=31—-1)
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X .x:l
< (x—1) =3x—1)(*FP+x+1) & .
Va2 +34+x+3 V243 +Vx+3=3(x"+x+1)(2)
. 1
Thay phuong trinh (2) v6 nghiém vi VT < — < VP.

V3

Viy phuong trinh ¢ mot nghiém duy nhatx = 1.

Dang 3. Phuong trinh chiia 4n trong diu gia tri tuyét dbi

Nguyén tic co ban trong giai phuong trinh chia 4n trong dau gia tri tuyét ddi la phai tim cach lam
mét du gid tri tuyét d6i. Cac phuong phap thudng dung 1a: bién ddi tuong duong, chia khoang trén
truc sé, -

Phuong phap 1. Bién ddi tweng duong.
V6i f(x), g(x) la cdc ham sé. Khi d6

g(x) >0
If(x)] = g(x) & [f(X) = g(x)
flx) = —g(x)

Phudng phap 2. Chia khoang trén truc s6
Ta 1ap bang xét diu clia cic biéu thiic trong dau gia tri tuyét dbi roi xét cic trudng hop dé khi dau
gia tri tuyét doi.
MGt sé ciach khac
a) Dit 4n phu.
b) Sit dung bat ding thic ta so sanh f(x) va g(x) tif d6 tim nghiém ctia phuong trinh f(x) = g(x).

¢) St dung dd thi can chd ¥ sb nghiém cla phuong trinh f(x) = g(x) 1a s6 giao diém cta hai dd
thi ham s6 y = f(x) va y = g(x). Phuong phap nay thudng dp dung cho cac bai toan bién luan
nghiém.

Phuong phap 1. Bién déi twong duong.

Vi du 14. Giai phuong trinh sau [2x—3| =5 —x.

5—-x>0
Loi gidi. Phuong trinh [2x —3|=5—x < !2x—3:5—x &4 |x=

W | oo

8
Viéy phuong trinh da cho c6 hai nghiém x = 3 vax=—2.

[ Vi du 15. Giai phuong trinh |x — 2| = |3x +2|. ]

Loi giai. Phuong trinh [x —2| = |3x+2| & ¥o2=dxka & 1=z
1 glal. ng trinn | x — = |3X .
8 & x—2=—3x+2) x=0

Vay phuong trinh da cho c6 hai nghiém x = —2 vax = 0.
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[ Vi du 16. Giai phuong trinh |x —2| + |x+ 2| = |2x]. ]

Loi giai. Phuong trinh |x — 2|+ |x+2| = [2x| & [x = 2|+ |x+ 2| =[x —2+x+2| & (x—2)(x+2) > 0 &
x< =2

x>2

Viéy tap nghiém cia phuong trinh 1a § = (—c0; —2] U [2; 4-0).

BAI TAP TU LUYEN

Bai 28. Giai phuong trinh |x — 3| = 2x+ 4.

2x+4>0 x=-2 1
Loi gidi. Taco |x—3| =2x+4 < [x—3:2x—l—4 s |x=7 = x=—3
1
1 x .
Vay phuong trinh c6 mot nghiém x = —3
Bai 29. Giai phuong trinh |x+ 1| = |3x—1].
\ye  e%e , x+1:3x_1 XZI
Loi giai. Taco [x+1|=]3x—1| & &
x+1=-3x+1 x=0
Vay phuong trinh c¢6 hai nghiém x =1 va x = 0.
Bai 30. Giai phuong trinh sau |3x — 6] = 2x+ 1.
2x+1>0 x> —% _
Loi giai. Phuong trinh [3x— 6/ =2x+1< < [3x—6=2x+1 < _7 & [ _1
= Y=
3x—6=—-2x—1 L:

Vay phuong trinh c6 hai nghiémx =7 vax =1
Bai 31. Giai phuong trinh |x — 1| +|2x+ 1| = |3x].
Loi giai. Phuong trinh [x — 1|+ 2x+ 1| =3x| & [x— 1|+ [2x+ 1| = |x—1+2x+ 1| & (x—1)(2x+ 1) >
1
< __
0e "= 72
x>1

1
Vay tap nghiém cia phuong trinh 1a S = (—oo; —ﬂ U[1;+o0).

Bai 32. Giai phuong trinh [3x — 5|+ [2x— 1| = | — 5x+ 6.
Loi giai. Phuong trinh [3x—5|+[2x— 1| =|—=5x+6| < [3x—5|+[2x— 1| = |5x— 6| = |3x -5+ 2x— 1| &
xﬁl
(Bx=5)(2x-1)>0e | 3
>
a : 1 5
Viy tap nghi€m cua phuong trinh 1a S = <—oo;§] U {g;—i-oo).
Bai 33. Giai va bién luan phuong trinh |x —2m| = x+m.
x+m>0 Xz —m
Loi giai. Phuong trinh |x —2m| =x+m & [x—2m:x—|—m e |3m=0
3m
x—2m=—x+m x = >

3
Vc’sixZTmZ—m#mZO-

Két luan:
V6i m < 0 phuong trinh v nghiém.
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V6i m = 0 phuong trinh ¢6 tap nghiém § = [0; +<o).
) 3
V6i m > 0 phuong trinh ¢6 nghiém duy nhat x = Tm

Phuong phap 2. Chia khoang trén truc s6

175

Vi du 17. Giai phuong trinh |x —2| = 2x— 1.

Loi giai. Ta xét hai trudng hop

TH1: V6i x > 2 phuong trinh tré thanh x —2 =2x— 1 = x = —1 < 2 (loai).
TH2: V6i x < 2 phuong trinh tr§ thanh —x+2 =2x— 1 = x =1 < 2 (thda man).
Vay phuong trinh c6 nghiém duy nhit x = 1.

[ Vi du 18. Giai phuong trinh |x — 2|+ [3x — 9| =[x+ 1].

x—2=0=x=2
Loi giai. Lap bang dé khit dAu gia tri tuyét d6i. C6 { 3x—9=0=x=3 .
x+1=0=x=-1

X —o0 —1 2 3 o0
x—2 — - 0 + +
3x—-9 — - — 0o +
x+1 - 0 + + +

Khi d6 ta xét titng trudng hop dé khit dau gia tri tuyét d6i nhu sau:

TH1: V6i x < —1 phuong trinh trd thanh
—(x=2)—B3x—9)=—(x+1)=x=4>—1=loai.

TH2: V6i —1 < x < 2 phuong trinh tr§ thanh
—(x—2)—(3x—9)=x+1<x=2= loai.

TH3: V6i —2 < x < 3 phuong trinh tr§ thanh
x—2—0CBx—9) =x+1ex=2.

TH4: Vi x > 3 phuong trinh tr§ thanh
x—243x—-9=x+1&x=4.

Vay phuong trinh da cho c6 hai nghiém x =2 va x = 4.

Vi du 19. Bién luan s nghiém cla phuong trinh |2x — 4m| = 3x + 2m.

Loi gidi. Ta s& xét ting trudng hop dé loai bé diu gia tri tuyét d6i

TH1: V6i x > 2m thi phuong trinh tr§ thanh
2x—4dm=3x+2m=x=—-6mvix>2m=—-6m>2m=>m<0

Vay v6i m < 0 thi phuong trinh c6 nghiém x = —6m.

TH2: VG6i x < 2m thi phuong trinh tré thanh

2 2
—2x+4m:3x+2m:>x:?mvix<2m:?m<2m=>m>0

2
Vay m > 0 thi phuong trinh ¢6 nghiém x = ?m
Két luan: V6i moi m € R thi phuong trinh c6 mot nghiém.

BAI TAP TU LUYEN
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Bai 34. Gidi phuong trinh [3x —2| = x+ 1.
N i 2 . PR 3,
Loi giai. TH1: Vé6i x > 3 phuong trinh tré thanh 3x =2 =x+1=x= 3 (thoa man)

2 1
TH2: V6i x < 3 phuong trinh tr§ thanh —3x+2=x+1&x = 1 (thda man)
3 1
Vay phuong trinh da cho c6 hai nghiém x = 5 vax = 7

Bai 35. Giai phuong trinh [2x— 1| = [x+ 2|+ [x— 1.

2x—1=0 x:%
Loi gii. Ta lap bang d€ khit dau gid tri tuyét d6i. C6 S x+2=0 << 5
1
X —oo -2 = 1 00
2
21 = - 0 + +
x+2 - 0 + + +
x—1 — - — 0 +

Tt d6 ta xét cac trudng hop dé bo diu gia tri tuyét d6i
TH1: V6i x < —2 phuong trinh trd thanh —2x+1=—x—-2—x+1< 0= -3 = loai.

1
TH2: Voi -2 <x < > phuong trinh tré thanh —2x+1=x+2—x+1 & x=—1.

1

TH3: V6i 3 <x < 1 phuong trinh tré thanh 2x — 1 =x4+2 —x+ 1< x=2 > 1 = loai.
TH4: V6i x > 1 phuong trinh tr6 thanh 2x — 1 =x+24+x— 1< —1 =1 = loai.
Vay phuong trinh da cho c6 mdt nghiém x = —1.
Bai 36. Giai phuong trinh |x*> — 3x+ 2| + [3x — 6| = 2.

N 1o e 1A AR A s s s ¥ —3x+2=0 x=1
Loi giai. Ta lap bang xét dau d€ khu dau gia tri tuyét doi. Co & .

3x—6=0 x=2

Bang xét diu:

x —o0 1 2 +oo
X2 —3x+2 + 0 - 0 +
3x—6 — — 0 +

Dua vao bang xét diu ta xét cac trudng hop dé bo dau gid tri tuyét dbi:
TH1: V6i x < 1 phuong trinh trd thanh

x=3-3
¥ —3x42-3x+6=2—-6x+6=0< (loai)
x=3+3
e N 9 1% 2 2 x:\/i 2 4t
TH2: V6i 1 <x < 2 phuong trinh tré thanh —x“+3x—-2-3x4+6=2&x" =2 & 3 ket hop voi
X=—
1<x<2=x=+2.
4 N o ps 2 2 x=-6 A 4
TH3: V6i x > 2 phuong trinh tr6 thanh x* —3x+2+3x-6=2 & x" =6 & < ket hgp voi
X =
x22:>x:\/€.

Viy phuong trinh dd cho ¢6 hai nghiém x = /2 va x = v/6.
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2x+1

Bai 37. Giai phuong trinh 7 ‘ =x+35.

X —

\,e 2 < X LN A 2 z A ~ 9 A .z . A A z 1 N
Loi giai. Dicu kién x # 1. Ta 1ap bang xét dau dé khi dau gia tri tuyét doi, c6 2x+1=0=x = ) va
x—1=0= x=1. Bang xét dau:

X —o0 - 1 +oo

2x—1
x—1

+ 0 - 0 +

Bai 38. Gidi phuong trinh |3x — 2|+ x> = 3x+2| = [x — 2| + |x — 1|
r 2
3x—2=0=x= 3

2 X =
N e%e A > g 0 1A s, . N A , X _3x_|_2:0:>
Loi giai. Ta lap bang dé khu dau gia tri tuyét doi. Co =

x—2=0=x=2

x—1=0=x=1
Bang xét diu:

2

x —oo 3 1 2 oo
3x—2 - 0 + + +
X —3x+42 + + 0 - 0 +
x=2 - - - 0 +
x—1 — - 0 + +

Tir bang xét diu ta xét cac truong hop dé bd diu gia tri tuyét ddi
. 2 . 2 s
TH1: V6i x < 3 phuong trinh tré thanh

2 2 x:2+\/§ A e 2
34242 =3x42=—x4+2—-x+1exX—4dx+1=0s két hop véix < = =x=2—1/3.
x=2-3 3
Tuong tu xét d6i v6i cac trudng hop con lai ta duge phuong trinh ¢6 hai nghiém lax =2 —+/3 vax = 1.
<. .. |2x+4+4]-3
Bai 39. Giai phuong trinh Li}% =4,

Loi gidi. Ta lap bang dé khit dau gia tri tuyét ddi. C6
Bai 40. Bién luan s6 nghiém cdc phuong trinh|3x — 4m| = x +m.
e ° 2 2, 4 N N Jrd N 5 A 2y 4
Loi giai. TH1: Véi x < ?m thi phuong trinh tr§ thanh 3x —4m =x+m < x = Tm ket hop voi x < Tm =

Sm  4m

— < —&&m<O.

2 . 4 3 4 3
TH2: V61 x > ?m thi phuong trinh tr§ thanh —3x+4m =x+m < x = Tm két hop véi x > ?m = Tm >
dm 7
— s ——m>0 <0.

3 = 12m_ <>m<

Két luan: Vay phuong trinh di cho ludn c6 duy nhit mot nghiém.

Mot s6 cach khac
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[ Vi du 20. Gidi phuong trinh [x* —4x +2| = 2x* — 8x + 3. ]

Loi gidi. Taco x> —4x+2| =2x? —8x+3 < [x* —4x+2| =2(x* —4x+2) — 1 = ditt = x*> —4x+2. Khi
do, phuong trinh tré thanh

1
2%—1>0 tz3
tf|=2t—1( [t=2t—1 &< |[t=1 =r=1
t=-2t+1 ;:1
3
y ) ) x=2+V3
Voit=1=x"—-4dx+2=1x"—-4x+1=0&
x=2-3

Vay phuong trinh da cho ¢6 hai nghiém la x =2+ /3 vax =2 —+/3.

[ Vi du 21. Bién luén s6 nghiém ctia phuong trinh |x| + |x — 2| = m.

Loi gidi. Trudc hét ta vé do thi ham s6 y = |x| + |x — 2| 1ap bang xét dAu

x| —eo 0 2 oo
x - 0+ +
X2 = - 0 +
Tir d6 vé d6 thi ting v6i mdi khoang trong bang xét dau ta dudc dd thi hinh bén. Khi y

d6, sé nghiém ctia phuong trinh |x| + |x — 2| = m la sb giao diém cta do thi ham s6 \4
y = |x| 4 |x — 2| va dudng thang y = m. Dua vao d0 thi ta thiy:

V6i m < 2 thi phuong trinh vo nghiém. 2 Y !
V6i m = 2 thi phuong trinh c6 tap nghiém S = [0;2]. E .
V6i m > 2 thi phuong trinh ludén c6 hai nghiém phan biét. 0 2

Vi du 22. Gidi phuong trinh |x — 2016[* + [x — 2017]° = 1.

Loi gidi. Ta thay x = 2016 hoiic x = 2017 1a nghiém ctia phuong trinh.

THI1: Véi x < 2016 = x —2017 < —1 = |x—2017| > 1 = |[x —2016|* + [x —2017]° > 1

= phuong trinh khong ¢6 nghiém théa man x < 2016.

0<x—2016<1 lx—2016/* < [x—2016| < x—2016
1<x-2017<0 {yx—2017|5 < |x—2017| <2017 —x

=[x —2016[*+|x —2017]° < x—2016+2017 — x = 1 = phuong trinh khong c6 nghiém théa man 2016 <
x < 2017.

TH3: Véi x > 2017 = x — 2016 > 1 = |x —2016[* + |x —2017]> > 1

= phuong trinh khong c6 nghiém x > 2017.

Vay phuong trinh da cho c6 hai nghiém x = 2016 va x = 2017.

BAI TAP TU LUYEN

TH2: V6i 2016 < x < 2017 = {

Bai 41. Giai phuong trinh |[2x? —4x 43| = [x*> — 3x+1].

. . ) ) 2x% —dx+3=x"—3x+1
Loi giai. Phuong trinh [2x° —4x+3[ = [x* -3x+ 1| & |, )
2x°—4x+3=—x"+3x—1
¥—x+2=0 X=

1
=
3 —Tx+4=0 x:g
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4
Vay phuong trinh c6 hai nghiémx =1 vax = 3

Bai 42. Giai phuong trinh |5 —[2x—1|| = 3.
Loi giai. Datr = |2x— 1] v6i 7 > 0. Khi d6 phuong trinh tré thanh

5-t=3 t=2
5—t| =3« =
5—t=-3 r=38
) T3
y 2x—1=2 _ |*73
Véit=2=|2x—1|=2= =
2x—1=-2 | 1
. 2
i i 9
B 2x—1=38 r=5
Vit=8=|2x—1|=8= =
2x—1=-8 7
L X=——
_ 7 13 9}
Vay phuong trinh co ta hié ={—=;—=i=i=(-
ay phuong trinh co tap nghiém $ {2, 225

Bai 43. Bién luan s6 nghiém ctia phuong trinh |5x+2| +|x— 1| =m
Loi giai. Trudc tién ta v& d6 thi ham s6 y = |5x + 2|+ |x — 1| bang céach 1ap bang xét dau

2
5
0

Tt d6 vé dd thi ing véi mdi khoang trong bang xét diu ta dudc do thi hinh bén. Khi dé, y
s6 nghiém clia phuong trinh |5x + 2|+ [x — 1| = m 12 s giao diém ctia dd thi ham s6
y = |5x 42|+ |x — 1| va duong thing y = m. Dua vao do thi ta thiy:

7
Véim < 3 thi phuong trinh v nghiém. 3
7 .
Véim = 5 thi phuong trinh c6 duy nhat mot nghiém. 17
7 Ll
Véim > 3 thi phuong trinh c6 hai nghiém phan biét. ! N
0 1

|
LS

Bai 44. Giai phuong trinh |x — 2017|2918 4 |x — 20182017 = 1.

Loi gidi. Ta thdy x = 2017 hoiic x = 2018 1a nghiém ctia phuong trinh.

TH1: V6i x < 2017 = x— 2018 < —1 = [x —2018| > 1 = |x —2017|?%1® + |x — 2018?17 > 1

= phuong trinh khong c¢6 nghiém théa man x < 2017.

0<x—2017<1 {|x—2o17|2018< lx —2017| < x—2017

—1<x-2018<0 = ||x—2018/*" < |x—2018| < 2018 — x
= |x—2017218 4 |x —2018|?°"7 < x —2017 +2018 — x = 1 = phuong trinh khong c6 nghiém thda min
2017 < x < 2018.
TH3: V6i x > 2018 = x —2017 > 1 = |x — 2017?18 4 |x — 2018|207 > |
= phuong trinh khong c6 nghiém x > 2018.
Vay phuong trinh da cho c6 hai nghiém x = 2017 va x = 2018.
Bai 45. Giai phuong trinh [x+ 1| + [x+ 2| + |[x+ 3|+ ... + [x + 99| = 100x.

Loi giai. Taco [x+ 1]+ [x+2|+[x+3|+ ...+ [x+99] > 0= |x+ 1|+ |x+ 2|+ [x+ 3|+ ...+ |x+ 99| =
100x > 0 = x > 0. Khi d6 phuong trinh trd thanh

TH2: V6i 2017 < x <2018 =
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x+14+x+24+x+34+...+x4+99 = 100x < 99x + 4950 = 100x = x = 4950.
Vay phuong trinh ¢6 nghiém duy nhit x = 4950

Dang 4. Phuong trinh chiia 4n ¢ miu. Phuong trinh béac bén trung phuong

Loai 1. Phuong trinh chita 4n § mau thitc
e Diit diéu kién x4c dinh clia phuong trinh.
e Bién ddi phuong trinh da cho vé phuong trinh bac nhét, bac hai da biét cach giai.
e Chon nghiém thda diéu kién x4c dinh ctia phuong trinh.

/N Khi gidi phuong trinh chita dn & mdu thitc, ta phdi chi y diéu kién xdc dinh ciia phuong trinh.

Loai 2. Phuong trinh trung phuong
Pé€ gidi phuong trinh trung phuong dang ax* +bx? +c¢ = 0 (x) ta dit t = x> > 0 d€ dua vé phuong
trinh bac hai at®> + bt 4+c =0 (¥).

e Néu phuong trinh (%) v nghiém hodc chi c6 nghiém am thi phuong trinh (%) v nghiém.
e Néu phuong trinh (') c6 nghiém ¢ = 0 thi phuong trinh (%) ¢6 nghiém x = 0.

e Néu phuong trinh (*') c6 mot nghiém ¢t = £y > 0 thi phuong trinh (x) ¢6 hai nghiém x = £ /7.

Loai 1. Phuong trinh chita 4n § mau thitc

X2 +3x+4 _x—i—l

Vi du 23. Giai phuong trinh =
) 2x—1 2

e 2 LN LN ~ . 2 N 1
Loi giai. Diéu kién xac dinh ctua phuong trinh: x # R
9
Phuong trinh dé cho thanh 2 (x* +3x+4) = (x+ 1)(2x— 1) & 5x = -9 & x = -3

So diéu kién ta nhin x = —5

5x—3 B 2x—5

Vi du 24. Giai phuong trinh = .
idu iai phuong trin %P5 x_1

e e7e NG A LA A i1 . 5
Loi giai. Diéu kién xac dinh cta phuong trinh: x £ —3F # 1.
. . . ) x=4
Phuong trinh da cho thanh (5x —3)(x—1) = (2x—5)(3x+5) ©x*+3x—28=0< .
xX=—

So diéu kién ta nhan x = —7,x = 4.

1 1 1
x2—|—9x+20+x2—|—11x—|—30+x2+13x+42 18

Vi du 25. Giai phuong trinh

Loi giai. Piéu kién xac dinh ctia phuong trinh: x ¢ {—7,—6, -5, —4}.
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Khi do:
0o 1 N 1 N 1 1
(x+4)(x+5)  (x+5)(x+6) (x+6)(x+7) 18
o 1 1 N 1 1 N 1 1
x+4 x+5 x+5 x+6 x+6 x+7 18
N 1 1
x+4 x+7 18
S +H11x—26=0
x=-—13
&
x=2
So diéu kién ta nhan x = —13,x = 2.

(Bm—2)x—4

=2m+3.
x—1

Vi du 26. Giai va bién luan phuong trinh

Loi giai. Diéu kién xac dinh ctia phuong trinh: x # 1.
Phuong trinh da cho thanh 3m —2)x—4 = (2m+3)(x—1) < (m—5)x=1-2m.
V6i m = 5 phuong trinh cudi thanh Ox = —9 v nghiém nén phuong trinh ban dau v6 nghiém.

Véim#S5thi(im—5)x=1-2m&x= _—? Nghiém nay théa man diéu kién ctia phuong trinh da cho
m —

1-2
khi va chi khi ’5"7A1<:>m7é2.
m JR—
Két ludn:
+ V6i m = 5 hodc m = 2 phuong trinh vd nghiém.
; 1-2
+ V6i m # 5 va m # 2 phuong trinh c6 nghiém duy nhat x = —’Sn
m —
. 1
Vi du 27. Tim m dé phuong trinh Xt a vO nghiém.

x—m+1 x+m+2

Loi giai. Diéu kién x4c dinh ctia phuong trinh: x # m — 1,x # —m — 2.

Phuong trinh da cho thanh (x+1)(x+m+2) =x(x—m+1) < 2(m+1)x=—m—2.
Ta xét cac truong hgp sau:

+ V6im = —1 thi 2(m+ 1)x = —m — 2 thanh Ox = —1 (v0 nghiém), nén m = —1 nhan.

+V6im#—1thi2(m+ x=—m—2cx= %.Kiémtra diéu kién:
—m—2
mTe #*m—1 m#0
x#m—1 2(m+1) 1
& S Am#E——
X#-—m—2 —m—2 L m—2 2
2(m+1) m# —2

1
Vay v6im € {—2, —1, —5,0} thi phuong trinh da cho v6 nghiém.

BAI TAP TU LUYEN

2x24+3x—1 B 4x—5

Bai 46. Giai phuong trinh
ai idi phuong trin 13 5

Loi giai. Diéu kién x # —3.
Bién ddi phuong trinh ta dudc nghiém x = 13 thoa diéu kién.
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. 22 -2 x+42
Bai 47. Gii phuong trinh =2.

ai 1a1 phuong trin 1 +2x+1

o e T A 7sa 1
Loi giai. Diéu kién: x # —3

x=2
Bién d6i phuong trinh thanh 2x?> —3x -2 =0 & 1.
\ T2

So diéu kién ta nhan x = 2.

. 3x2 —x—2
Bai 48. Giai phuong trinh % — V3x—2.

x_

e °?e X [N 2
Loi giai. Diéu kién x > 3

2 2 ~ N 4
Bién ddi phuong trinh thanh 3x*> —4x =0 x=0,x = 3

. 4
So dicu kién ta nhan x = 3

2

Bai 49. Giai va bién luan phuong trinh 21 - tm —2
Loi gidi. Diéu kién: x # +1.
Bién d&i phuong trinh thanh f(x) = x> — 2mx+m? —m+1 = 0.
Phuong trinh ¢6 biét thiic A’ = m — 1.
Véi m < 1 phuong trinh cudi v6 nghiém nén phuong trinh ban dau vo nghiém.
V6i m = 1 phuong trinh cudi c6 nghiém x = 1 (loai) nén phuong trinh ban dau v6 nghiém.
V6i m > 1 phuong trinh cubi c6 nghiém x = m 4 /m — 1.

e THIL: f(1)=m?-3m+2=0&m=1,m=2.

e TH2: f(—1)=m?+m+2#0VYm.
Két ludn:
+ m < 1 hodc m = 2 phuong trinh v nghiém.
+ 1 < m # 2 phuong trinh c6 hai nghiém x =m++v/m— 1.

. . 3x—m 2x+2m—1 )
Bai 50. Tim m dé phuong trinh — + \/x —2 = ———— c6 nghiém.
p g =5 =] ghie
Loi giai. Diéu kién x > 2.
2 e 3 1
Bien doi phuong trinh thanh 3x —m+x—-2=2x+2m—-1 < 2x=3m+1 & x = m2+ .

1
>2<m> 1.

\ . L3
biéu kién dé phuong trinh c6 nghiém la "

Loai 2. Phuong trinh trung phuong

[ Vi du 28. Giai phuong trinh 2x* — 7x> +5 = 0.

ae 27s ax . 5
Loi giai. Pitr = x> > 0 ta dudc phuong trinh 212 — 7t +5=0 &t = 1,t:§.
Véit=1thix>=1&x==+l.

5 5

[ Vi du 29. Gidi phuong trinh (1—+v/2)x* +2x2 — 1 -2 =0.

re s . 1
Loi giai. Dattzxz2Otadu(jcphu?dngtrmh(1—\/Q)IZ—I—ZI—1—\/520(:>t=\/E %

—
p—

thi x2 =

1
V2-1 V2-1 V2—-1

Véit =
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Vi du 30. Tim m d& phuong trinh x* — 2mx? 4 2m — 1 = 0 c6 bdn nghiém phan biét.

Lai gidi. Ditr = x> > 0 ta dugc phuong trinh 2 — 2mt +2m — 1 = 0.
Phuong trinh x* — 2mx? 4+ 2m — 1 = 0 ¢6 bén nghiém phan biét khi va chi khi phuong trinh > — 2mt + 2m —
A=m*—2m+1>0

1 = 0 ¢6 hai nghi€ém duong phan biét < ¢ S =2m >0 (:)5<m7é1.
P=2m—1>0
BAI TAP TU LUYEN

Bai 51. Giai phuong trinh x* — 5x2 +4 = 0.

Loi gidi. Dt r = x> > 0 phuong trinh thanh 1> =5t +4=0<1=1,r = 4.
Véit=1thix* =1 x==+l1.

Véit=4thix> =4 < x==42.

Bai 52. Giai phuong trinh x* — 13x% +36 = 0.

Loi giai. Pitr = x> > 0 ta dudc phuong trinh 12 — 13t +36 =0 <1 =9,r = 4.
Véit=9thix’> =9 & x=+3.

Véit =4thix> =4 x=42.

Bai 53. Giai phuong trinh x* 4 24x2 — 25 = 0.

Loi giai. Pit+ =x? > 0 ta dugc phuong trinh 12 424t —25 =0 <t = 1, = —25. Nghiém ¢ = 1 nhén, con
nghi€ém ¢t = —25 < 0 nén loai.

Véit=1thix*>=1x==1.

Bai 54. Tim cic gid tri cdia tham s6 m d€ phuong trinh x* — (3m 4 2)x? +3m + 1 = 0 c6 bdn nghiém phan
biét nho hon 2.

Lui gidi. Ditr = x*> > 0 ta dugc phuong trinh 1 — (3m+2)t+3m+1 =0t =1,t =3m+1.
Véit=1thix>=1x==1.

Vit =3m+1 thix* =3m+1.

Phuong trinh da cho ¢6 bén nghiém phén biét nhé hon 2 khi va chi khi phuong trinh x> = 3m+ 1 ¢6 hai

1
0<3m+1<4 —§<m<1

nghiém phan biét khac £1 va nho hon 2 < { &
3m+1#1 m+0

Bai 55. Tim cic gid tri cia tham s& m dé phuong trinh x* — (m? 4- 10)x? 49 = 0 c¢6 b6n nghiém phan biét

X1,X2,X3,Xx4 thda man |X1 ‘ + |XZ‘ + |X3‘ + |X4‘ =8.

Loi giai. Ditr = x> > 0 ta dugc phuong trinh > — (m? 4 10)t +9 = 0.

Phuong trinh x* — (m? 4 10)x? + 9 = 0 c6 bdn nghiém phan biét x|, x2,x3,x4 khi va chi khi phuong trinh
A>0

1> — (m* +10)t +9 = 0 c6 hai nghiém duong phan biét théa min 0 < t; < t, < { P > 0 (ludn théa véi moi
S>0

gia tri tham s6 m).

Nhian xét rang néu x 1a nghiém ctia phuong trinh thi —x ciing 1a nghiém nén |x; |+ |x2| + [x3] + |x4| = 8 &

Vh+vVh =4& 1+ 42/, = 16.

Theo dinh ly Vi-et thi t; +1, = m> + 10,111, = 9.

Do d6 ta dudc m* + 10 = 10 < m = 0.
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Dang 5. Bién luan theo 7 ¢6 ap dung dinh li Viete

Dinh li Viete
Néu phuong trinh bac hai ax? 4 bx + ¢ = 0 (a # 0) c6 hai nghiém x1, x; thi

c
X1t+x2=——, XixXp=—.
a a

Ngugc lai, néu hai s6 u va v c6 tdng u+ v = S va tich uv = P thi u va v 1a c4c nghiém clia phuong

trinh
¥ Sx+P=0.

Vi du 31. Biét phuong trinh x> + 2mx — 12 = 0 c¢6 mot nghiém x; = 3. Tim m va nghiém con lai.

Loi giai.
e Thay x; = 3 vao phuong trinh ta dudc

1
9—|—6m—12:0<:)m:§.

e Theo dinh li Viete, ta co xjxp = —12 = xp = —4.

Vi du 32. Biét phuong trinh x2—x+m—7=0céhai nghiém x, xp v6i x; < xp vaxy —x; = 5. Tim
m.

X1+x=1
Dodoxixop=m—T7T=-6<m=1.

o o . Jxi—x=-5 xp=-2
Loi giai. Ta co &

Vi du 33. Cho phuong trinh x? — 2mx — 4 = 0 c6 hai nghiém phan biét x{, x». Tinh theo m gi4 tri clia
céc biéu thiic sau:

a) A:x%—l—x%. b) B:x?—i—x%.

Nye 0?7 X . P .s . X1—|-X2:2m
Loi giai. Ap dung dinh li Viete ta co:
X1X2 = —4.

a) A :x%—l-x% = (x1 —|-x2)2—2x1x2 =4m? + 8.

b) B :x% +x% = (x1 +x2)3 - 3x1x2(x1 +x2) = (2m)? —3.(—4).(2m) = 8m> +24m.

Vi du 34. Cho phuong trinh x> —2(m — 1)x+m?> —4m-+3 =0 (1). Tim m d€ phuong trinh (1).
a) c6 hai nghiém trai diu.

b) c6 hai nghiém duong phan biét.

Loi gii.
a) Phuong trinh (1) c6 hai nghiém trai d4u khi va chi khi

m?—4m+3 <0 (m—1)(m-3)<0e1<m<3.
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b) Phuong trinh (1) ¢6 hai nghiém duong phan biét khi va chi khi
A >0 2m—2>0

§>0 ©<2m—1)>0 S m > 3.
P>0 (m—1)(m—3)>0
BAI TAP TU LUYEN

Bai 56. Tim m dé€ phuong trinh x> — 9x 4+ m = 0 ¢6 mot nghiém 1a —3. Khi d6 tim nghiém con lai.

N o [-34+x=9 xp =12
Loi giai. Taco 2 2
m = —36.

Bai 57. Cho phuong trinh x> — (m+5)x—m+6=0 (1).

(—3).)(2 =m

a) Tim m d€ phuong trinh (1) c6 hai nghiém trai dau.
b) Tim m d€ phuong trinh (1) c6 mot nghiém x = —2. Tim nghiém con lai.
¢) Tim m d€ phuong trinh (1) ¢6 hai nghiém phén biét x;, x, théa mén x§ + x3 = 13.
Loi giai.
a) Phuong trinh (1) c6 hai nghiém trai ddu < —m+6 < 0 < m > 6.
b) Tacé x = —2 la nghiém cia phuong trinh (1) nén
(=2)2 = (m+5).(=2) —m+6 =0 m= —20.

V6i m = —20 thay vao phuong trinh (1) ta dugc

2 x=
x4+ 15x+26 =0«
x=—13.

¢) Phuong trinh (1) c6 hai nghiém phan biét khi
A>0em*+14m+1>0 (x).

x1t+tx=m+5

Khi d6 x% +x2 = (x1 +x2) — 2x1x3 = m? + 12m + 13.
X1X2:—m+6- 1 2 ( 1 2) 142

Theo dinh li Viete ta co {
Do do6

m=0 (thda man (*))

2 2 2 2

+x5=13m +12m+13=13m " +12m=0&
X+ x met+ Lam e am [m:—12 (khong thda man (*)).
Vay m = 0.

Bai 58. Cho phuong trinh mx?> — 6(m — 1)x+9(m — 3) = 0. Tim gid tri cia tham sb m d€ phuong trinh c6
hai nghi€m phan biét x1, x; thoa man x; +x; = xyx;.

m#0
Loi giai. Phuong trinh c6 hai nghiém phan biét < i |
m> —1.
6(m—1
X1 +x = —< )
Theo dinh 1i Viéte, ta c6 m Khi d6
9(m—3)
XXy = ——.
m

X1 +xX=x1x & = Sm=17.
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Bai 59. Cho phuong trinh (m —1)x*> —2(m—2)x+m+3=0 (1).

a) Tim m d€ phuong trinh (1) c6 hai nghiém phén biét xy, x,.

b) V6i cac gia tri m trong cAu a). Tim mot hé thic gitta x;, x» doc 1ap déi véi m.
Loi giai.

a) Phuong trinh (1) ¢6 hai nghiém phan biét khi

m—1%0 m# 1
AN=m-2?=m—1)(m+3)>0 m<%.
b) Theo dinh li Victe, ta co
+ I P EE
L A
SR m—1
3 4
Xlxzzm—i_lzl‘f'mT ()

1

Tu () suy ra 1 =x;+x, — 1. Do d6
x1x=14+4(x1+x—1) < x1.x00—4(x1 +x2) +3=0.

Bai 60. Cho phuong trinh mx? +2(m — 4)x +m+7 = 0. Tim m d€ phuong trinh c6 hai nghiém phan biét
X1, X thda man x; — 2x, = 0.

m=#=0

Loi giai. Phuong trinh c6 hai nghiém phan biét < 16 (%)

< J—

2 4 ) S
m p—
Theo dinh li Viéte, ta c6 m
m+7
X1Xp = T (2)
. N —4 16 -2 8

Két hgp (1) véi diéu kién x; —2x; = 0 suy ra x; = ’731—+, Xp = 3L+

m m
Thay vao (2) ta dugc

m=1 ( thdéa man (x))

2
H127Tm—128 =0
" " m=—128 (thoaman (x)).

Bai 61. Cho ham s6 y = x> —2x+m c6 dd thi (P). Tim m d€ (P) cét truc hoanh tai hai diém phan biét A, B

sao cho OA = 50B.

Loi gidi. Ta c6 (P) cat truc hoanh tai hai diém phan biét

& phuong trinh x2 — 2x +m = 0 (x) c6 hai nghiém phan biét.

SAN=1-m>0&m<1.

Gid st x1, x 1a hai nghiém ctia phuong trinh () va toa do cdc diém 1a A(x;0), B(x2;0).

Theo dinh If Viéte: {xl =2 ()
xixp=m (2).

) x| =5x
Tacé OA =50B < |x1| =5|x| <
X1 = —5)62.

. 5 1 5
e VGi x| = Sxp. Két hgp véi (1) suy rax; = =3 Thay vao (2) ta dugc m = 9
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. ) N 5 1 . 5
e VGix; = —5xp. Két hgp véi (1) suy rax; = 52 =5 Thay vao (2) ta dugc m = 1

o 5 5
Vay cac gia tri thoa man bai toan lam:§,m:—z.

Bai 62. Trong cic hinh chit nhat c6 chu vi bang 24. Tim hinh chit nhit ¢6 dién tich 16n nhit.
Loi gidi. Goi chiéu rong va chiéu dai cta hinh chif nhat 1an Iudt 1a x va y (x > 0, y > 0) va dién tich cla
hinh chit nhat1a S (S > 0). Khi do

{x +y=12

xy =S§.
Do d6, x va y 1a hai nghiém ctia phuong trinh X? — 12X + S = 0. Vi phuong trinh phéi c6 nghiém nén ta c6
A'=36-5>0&S5<36.

Diu “=" xdyrakhiA' =0 < x=y=6.
Vay max S = 36 (dvdt), khi d6 hinh chif nhat 1a hinh vudng c6 canh bing 6.

BAI TAP TONG HOP

Bai 63. Giai va bién luan phuong trinh (x — 1) (x —mx+2) = 0.
Loi giai. Phuong trinh (1) tuong duong véi

e VG6i m = 1, phuong trinh (*) trd thanh 0.x = —2. Piéu nay vo i nén phuong trinh (%) vo nghiém.
Phuong trinh (1) ¢6 nghiém duy nhéit x = 1.

e V6i m = 3, phuong trinh (*) trd thanh —2x = —2. Phuong trinh c6 nghiém duy nhit x = 1. Do d6,
phuong trinh (1) c6 nghiém duy nhét x = 1.

2 2
e VGim # 1 vam # 3, phuong trinh (x) c6 nghiém duy nhat x = “1-m # 1. Do d6, phuong trinh (1)
—m
2

c6 hai nghiém x =1 vax = 1T
—m

Bai 64. Giai va bién luan phuong trinh (x> —4) (mx—3) = 0.
Loi giai. Phuong trinh (1) tuong duong véi
x==x2
mx=3 (%)
e Vdim =0, phuong trinh () tr thanh 0.x = 3. Diéu nay vo li nén phuong trinh () vd nghiém. Phuong

trinh (1) c6 hai nghiém x = £2.

3 3 2
o V6im= o phuong trinh (x) trd thanh X = 3. Phuong trinh (x) ¢6 nghiém duy nhat x = 2. Do d6,
phuong trinh (1) c6 hai nghiém x = £2.

3 3 2
e Véim= —5 phuong trinh (x) tré thanh X = 3. Phuong trinh () ¢6 nghiém duy nhat x = —2. Do
do, phuong trinh (1) c6 hai nghiém x = +-2.

e V6i m # £2 va m # 0, phuong trinh () c6 nghiém duy nhat x = —d frac3m # +2. Do d6, phuong

*

trinh (1) c6 ba nghiém x = +2 va x =

I|w
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Bai 65. Gidi phuong trinh 2(x> +2) = 5v/x3 + 1

a=2b
Loi gidi. Pat /x+1=a;vVx2 —x+1=bhtaco2(a’+b?*) =5ab = L
a=—
2
5 V37
Vx+1=2vx2—x+1 X=5 -
Viy 1 & .
\/x+1:§\/x2—x+l x_§+v37
202

Bai 66. Giai phuong trinh x+2 =x>+2x—2

Loigidi. Vx+2=x>+2x—2< (x+2)+vVx+2— (x> —x) =0.

Pitt =+/x+2tacé 1>+t — (x> —x) =0, coi day 12 phuong trinh 4n t va c6 tham sb x, st dung A = (2x— 1)?
thi ta co:

t=—x )
hay ta co
t=x—1
—\/— x:—l
X+2=—x
= /13 -
Vx+2=x—1 x:%+—13
2
.. . —Xx"—x+2
Bai 67. Giai phuong trinh /24 x = &
Loi giai. PK: x> —-2,x#0
2 _xa2 —xr—x+42
X X
o —x2—x+1 _ —x?—x+1
V2+x+(x+1) X )
—1 5 —1 5
—x"—x+1=0 2 2 2 2
& 1 2 & -1 V5 e -1 V5.
_ — X=—— — X=—— —
V2+x+(x+1) x 2 2 2 2
2V2+x=—x—2 (x=-2

Bai 68. Gidi phuong trinh v/2x2 +2x + 5+ v/2x2 — 2x 425 = v/8x2 4 8.

Loi gidi. v2x2 +2x+54+v2x2 —2x+25=/8x2 +8

/(=12 +(x+2)2+/(x+3)2+ (x—4)2 = \/(2x+2)2 + (2x - 2)2.

Ap dung bit déng thic khoang cich Va2 +b% +vc2+d? > \/(a+c)?+ (b+d)? tacé
VT> VP; viy phuong trinh x4y ra khi d4u bing xdy ra hay tic la:

x—1 x+2 —1

x+3 x—4 or= 5

Bai 69. Gidi phuong trinh [3|x —2|—9|—2|6—[3x—6|| =5.

Loi giai. Dits = |x—2| v6it > 0 khi d6 phuong trinh trd thanh |37 — 9| — 2|6 — 3¢| = 5. Ta lap bang xét dau
cua phuong trinh nay. C6 3t —9=0=t=3va6—-3t=0=1=2.

Bang xét diu
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TH1: VGit < 2 phuong trinh tr§ thanh
—3t+9-2(6-3t)=5 -3t+9-124+6r=5<t= g > 2 (loai).
TH2: V6i 2 <t < 3 phuong trinh trd thanh
—3t+9+12-6t =5 -9 =—-16=1t= g < 2 (loai).
TH3: V6i ¢t > 3 phuong trinh tr§ thanh
3—-9+12-6t=5& 3t=2=1t= —% < 3 (loai).
Vay phuong trinh da cho vd nghiém.
Bai 70. Tim céc s6 nguyén a dé phuong trinh ax? — (a +3)x+a +2 = 0 c¢6 nghiém nguyén.
Loi giai.
o V6i a = 0 phuong trinh tré thanh: 3x+2 =0 x = —% ¢ 7.

o Véi a # 0 khi d6 d€ phuong trinh c¢6 nghiém nguyén diéu kién can la:
A= (a+3)?—4a(a+2) = —3a*> —2a+91a mot sb chinh phuong, tic 1a: —3a® —2a+9 = k?, k € Z. Khi

—1-2v7 —142v7 a= -2
—_—<al —

dé diéu kién cta a 1a: 3 3 & la=—1.
acZ* a=1
Thay 1an lugt cic gia tri clia a vao A va phuong trinh ban dau ta tim dugc: a = —2;a = 1 thda man.
Keét luan: C6 2 gid tri a = —2 va a = 1 théa man yéu cau bai toan.
< e LA 1A . a b a+b
Bai 71. Giai va bién ludn phuong trinh: - + 1 (atb)r—1'
ax—1+#0 ax # 1
Lui gidi. Didu kién: { bx—1£0 e bt ().

(a+b)x—1#0 (a+b)x#1
Phuong trinh dugc viét lai thanh: abx [(a+b)x —2] =0 (*).
o Néu a = b = 0 phuong trinh nghiém ding véi Vx € R.
) =0 5 1
oNéu ¢ ¥~ " khi d6 didu kién (/) & thanh x # .
b#0 b
Khi d6 phuong trinh nghiém dung v6i moi x # b

ey {2 =0
o Néu
a#0

1
Khi d6 phuong trinh nghiém dung v6i moi x # —.
a

. 1
khi d6 didu kién (1) tré thanh x # —.
a

(a+#0
oNéu ¢ bh#0  khidé diéukién (1) tré thénhx#évéx;é%.
la+D=0
Khi d6 phuong trinh c¢6 nghiém duy nhét x = 0.
(a+#0
oNéu<b#0  khido diéukién (I) trd thanh x # é Jx F % va x # ﬁ.
la+b#0
Khi d6 phuong trinh ¢6 nghiém x = 0 va nghiém x = ai b néu a # b.

Bai 72. Giai phuong trinh: 2x* — 5x% +6x> —5x+2 = 0.

Loi giai.

o V6i x = 0 phuong trinh trd thanh 2 = 0. Vay x = 0 khong 1a nghiém cia phuong trinh.
o V6i x # 0. Chia ca hai vé cho x? ta dugc phuong trinh:

1 1
2<x2+—2)—5(x+—>+620.
X X
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5 1
batr=x+—, t| >2.
X

Khi d6 phuong trinh tré thanh: 2 (t2 — 2) —5t+6=02>-5t4+2=0<&

D= B

1
V6it =2 ta cé phuong trinh: x+ - =2 & x=1.
X
Viy phuong trinh ¢6 nghiém duy nhit x = 1.
Bai 73. Giai phuong trinh: (x + 1)(x42)(x +3%(x +4)(x +5) = 360.
Loi giai.
Phuong trinh da cho < (x2 +6x+ 5) (x2 +6x+ 8) (x2 + 6x + 9) = 360.
bit t = x>+ 6x, t > —9. Ta dudc phuong trinh:
(t+5)(t+8)(t+9) —360 =0 1(t?+22t +157) =0 =t =0.
x=0

V6it=0= .
x=—6
Viéy tap nghiém cla phuong trinh la: § = {0; —6}.
Bai 74. Gii phuong trinh: x> +2 = 3y/3x — 2.
Loi giai.
. X

o bit y = v/3x — 2. Khi d6 phuong trinh chuyén thanh hé: {
& x—y) (P +xy+y?+3) =0 x=y.

X
Thay vao h¢ ta dugc phuong trinh: x* —3x+2 =0« (x—1) (x* +x—2) =0 &

y=

Viy tap nghiém cla phuong trinh la: § = {1; —2}.

Bai 75. Giai phuong trinh: v2x2 +x+ 1+ vx2 —x+ 1 = 3x.
Loi giai.
biéu kién: x > 0.
Tacé: (2x° +x+1) — (x* —x+1) = x> +2x > 0 Vx > 0.
X2+ 2x x+2

V22 +x+1—vVa2—x+1 V22 +x+1—vVa2—x+1
\/2x2+x+1+\/x2—x+1 =3x

Phuong trinh <

Ta c6 hé phuong trinh: 9.
Vol txtl—v/x2—x+1= x—;—
) ) X =
Tru vé véi vé ta dudc: 3v2x2 +x+1=5x+1 & 8 (L)
x=—

Vay phuong trinh ¢6 nghiém duy nhit x = 1.

Bai 76. Giai phuong trinh: 2/(1+x)2+3vV1—x2+ /(1

Loi giai.

Dé thiy x = +1 khong phai 1a nghiém ctia phuong trinh. Chia ca hai vé ctia phuong trinh cho /(1 —x)2, t #
—1 ta dugc phu’dng trinh:

1
\/ +x {)/ X1
1—|—x
bitr = \/ 1 ta dudc phuong trinh:
—-1(1)

1
2t+;+3:0<:»2t2+3t+1:0<:> 1
f=—=
2

Véis 1:>9/1+x N 1427
1t =—= =—=&x=—07.
2 l—x 2 1-29




2. PHUONG TRINH QUY VE PHUONG TRINH BAC NHAT, BAC HAI 191

Bai 77. Gidi phuong trinh: 2x> +5x — 1 = 7v/x3 + 1.

Loi giai.

Piéu kién: x > 1.

Phuong trinh da cho tuong duong v6i: 3(x — 1) +2(x* +x+1) =7/ (x — 1) (62 +x+ 1).
Dé thiy x = 1 khong phéi 13 nghiém ctia phuong trinh.

. u=+vx—1 0
at , u,v > 0.
v=vxt+x+1
u=72
Phuong trinh da cho tré thanh: 3u? +2v? = Tuy < 1 -
u==v
3

o V6i u = 2v ta c6: 4x> 4+ 3x+ 5 = 0 = Phuong trinh v6 nghiém.
1

o V6i u = §vtacé:x2—8x+10:0<:>x:4i\/6.

Vay tap nghi€m cua phuong trinh la: § = {4 —6:4+ \/6}

Bai 78. Tim m d€ phuong trinh mx? — 2 (3 —m)x+m — 4 = 0 c6 diing mdt nghiém am.
Loi giai.

2 \
o V6i m = 0 phuong trinh ¢6 nghi€ém x = —3 thdéa yéu cau bai toan.

o V6i m # 0 phuong trinh ¢6 ding mot nghiém am khi va chi khi

{f(O)ZO
<0< x1<0=x; §<0 m=4
X X
! _<é<:> <0<x < P <0 = 0<m<4.
X1 =X _
! 2 X1 =x2<0 A=0 m:;
b
—— <0
L 2a

9
Vay m € [0;4]U {5} thi phuong trinh ¢6 ding mot nghiém am.

Bai 79. Gia st phuong trinh ax> + bx+ ¢ = 0 ¢6 2 nghiém phan biét x;,x,. Tim diéu kién cin va di dé

phuong trinh ¢ mdt nghiém bang binh phuong nghiém con lai.

Loi giai.

X1 = x% X —x% =0
[ & (x1 —x%) (xz —x%) =0.

xz—xsz

b’ +d’c+ac® = 3abc.
Diéu kién cin va di dé phuong trinh c6 mot nghiém bing binh phuong nghiém con lai 1a b + a’c + ac® =
3abc.

Bai 80. Giéi phuong trinh \/x —2vx— 1+ Vx+3—4y/x— 1= 1.
Loi giai.
4 . N N 2 2
Viet lai phuong trinh thanh: \/(\/x— 11— 1) + \/(2 —Vx— 1) =1.
Piéu kién: x > 1.
Khi d6 phuong trinh tr6 thanh: [vx—1—1|+[2—Vx—1| = (Vx—1-1)+ (2—vx—1).

. . a>0
Ap dung tinh chat: |a|+ |b| =a—b & {b ; 0 phuong trinh da cho tuong duong véi:
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& <2
2—vVx—1>0 Vx—1<2 -

Bai 81. Tim m d€ phuong trinh x> +2(m+ 1)x +2m +3 = 0 c6 hai nghiém phan biét x;,x,. Khi d6 hiy lap
1 1
phuong trinh bac hai c6 nghiém — va —.
M)

{\/x—l—lzo {\/x—121
<x<S5.

Loi giai.
o Phuong trinh béc hai ¢6 2 nghiém phén biét khi va chi khi:

m<—\/§
N=m+1)?-2m-3>0m?>>2c :
m>\/§
1+1 (x1+x2)2—2x1x2 4m? +4m —2
L 2.2 - 2
0oTacé: {1 2 172 (2m+3)
11 1
33 Am2+12m+9
4m? +4m—2 1

ok hac hai thaa man 15 X2 _
Phuong trinh béc hai thoa man la: X T A 12m 9 +4m2—|—12m—|—9_0

3
& (4m* + 12m+9)X? — (4m? +4m —2)X +1 =0 v6i m # —5

Bai 82. Bién luan theo m s6 nghiém ctia phuong trinh }xz —4x+1 ‘ =m.

Loi giai.

Vé db thi ham s6 y = x> —4x + 1 (P)

Do thi ham s y = [x* —4x+ 1| (C) gdm hai phan:

o Phan phia trén truc hoanh cta (P).

o Phan d6i xting phan dd thi phia duéi truc hoanh ctia (P) qua truc hoanh.

Khi d6 sb nghiém ctia phuong trinh bing s6 giao diém ctda (C) va duong thang !
y = m ta dudc:

+. V6i m < 0 phuong trinh vd nghiém.

+. V6i m = 0 hodc m > 3 phuong trinh c6 2 nghiém.
+. V6i 0 < m < 3 phuong trinh ¢6 4 nghiém phén biét.
+. V6i m = 3 phuong trinh c¢6 3 nghiém phéan biét.

o 2 x

Bai 83. Tim m d€ phuong trinh 4x* +4x? + 2mx +m? +2m+1 = 0.
a) C6 nghiém 16n nhit.
b) C6 nghiém nhd nhit.

Loi giai.

Gia st xg la nghiém cta phuong trinh da cho, khi d6 phuong trinh:
m? +2(x + 1)m +4x§ 4 4x3 + 1 = 0 ludn c6 nghiém m.
SAN=x+1)?-2x3+1)>>0

& (x0 —2x3) (2x3 +x0+2) > 0.

1
<:>0§X0§§
oxg=0=m?+2m+1=0=m=—1.
1:> 243 +9 0 3
@) = — —_ = = ——.
X0 > m m 1 m >

Bai 84. Giai phuong trinh v/2x2 +4 422 —x2 = 2/6.

Loi giai.

Diéu kién: —v/2 < x < V2.

Ap dung bét ding thiic Bunhiacopxki ta co:

V22 +442V2 -2 =V2V2 +24+2V2 -2 < /(2 +4) (2 +2+2 —x2 =2V/6.
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Va2 42 B V2 —x2

Diu "=" xay ra < & 3x242=0.
Do dé phuong trinh da cho v nghiém.

1+x)? 1
Bai 85. Cho phuong trinh: ( \—/I—)_CX) + 2m.% +1=0.

a) Giai phuong trinh v6i m = —1.
b) Tim m d€ phuong trinh c6 nghiém.

Loi giai.
biéu kién: x > 0.

1
batr = ﬂ, t > 2. Phuong trinh da cho trd thanh: 2 +2mt + 1 =0 (%).

VX

a) V6im= —1taco:t>—2t+1 =0« t=1= Phuong trinh vd nghiém.

b) DE phuong trinh ban dau c¢6 nghiém thi () phai c6 nghiém ¢ > 2.

(A>0
2<hn<n f(2)20
<~ S
n<2<n 522
| LF(2) <0

N 5
Giai hé tim dugc m < T

193
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§3.  PHUONG TRINH VA HE PHUONG TRINH BAC NHAT
NHIEU AN

I. Tém tat Ii thuyét

1. Phuong trinh bic nhét hai 4n

Khai niém. Phuong trinh bac nhit hai 4n x,y c6 dang téng quat 1a
ax+by=c (1),

trong d6 a, b, c 1a cac hé s6, v6i diéu kién a va b khong dong thai bang 0.

/\ a) Néua=>b=c=0thi(l)cové sénghiém (moi cdp sé (xo;y0) déu la nghiém).

b) Néua="b=0,c#0thi(1)vé nghiém.

a

c) Néub%Othi(l)co’dangy:—b

thcfng (d).

Tong qudt, phwong trinh bdc nhdt hai dn ax+ by = c, (a> +b* # 0) luén cé vé s6 nghiém. Biéu dién hinh
hoc tdp nghiém ciia phuong trinh la mot duong thdng trong mdt toa do Oxy.

X+ l% (d). Khi do (xo;y0) la nghiém cua (1)< M(xo;y0) thudc duong

2. Hé hai phuong trinh béc nhét hai 4n

Khai niém. Hé hai phuong trinh bic nhit hai 4n c6 dang tdng quat 1a

aix+bry =c
arx+byy = c;.

trong d6 x,y 1a hai 4n; cdc chit con lai 1a hé s6. Néu cip sb (xo;yo) dong thai 12 nghiém cta ca hai phuong
trinh cta hé thi (xq;yp) dugc goi la nghiém cta hé phuong trinh (2). Giai hé phuong trinh (2) la tim tap
nghiém cua no.

3. Hé ba phuong trinh bic nhét ba dn
Khai niém. Hé ba phuong trinh bic nhét ba 4n c6 dang téng quat 1a
aix+byy+ciz=d

ax+by+cz=d (3),
asx+b3y+c3z =ds.

trong do6 x,y,z la ba &n; cdc chit con lai 1a hé s6. Néu bo ba s6 (xo;yo0;z0) nghiém diing c& ba phuong trinh
cta hé thi (xo;y0;20) dudc goi 1a nghiém cta hé phuong trinh (3).
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II. Cac dang toan

Dang 1. Giai hé hai phweng trinh bic nhét hai 4n bang phuong phap thé hoiic phuong phap

cong dai so

1. Quy tic thé
Quy tic thé dung d€ bién d6i mot hé phuong trinh thanh hé phuong trinh tuong duong. Quy tac thé
gdm hai budc sau:

e Budc 1: Tt mot phuong trinh ctia hé da cho (coi 1a phuong trinh thif nhat), ta biéu dién mot 4n
theo 4n kia rdi thé vao phuong trinh thif hai d& dugc mot phuong trinh méi (chi con mot 4n).

e Budc 2: Dung phuong trinh méi dé thay thé cho phuong trinh thi hai trong hé (va giit nguyén
phuong trinh thii nhat).

Tém tat cach giai hé phuong trinh bang phuong phap thé

e Budc 1: Dung quy tic thé bién d6i hé phuong trinh di cho dé dugc mot hé phuong trinh méi,
trong d6 c6 mot phuong trinh mot 4n.

e Budc 2: Giai phuong trinh mot 4n vita c6, rdi suy ra nghiém ctia hé da cho.
Chii y: Néu thiy xut hién phuong trinh c6 cdc hé sb clia hai 4n déu bing 0 thi hé phuong trinh
da cho c6 thé c6 vo s6 nghiém hoic vo nghiém.

2. Quy tic cong dai s6
Quy tac cong dai sd dung dé€ bién d6i mot hé phuong trinh thanh hé phuong trinh tuong duong. Quy
tac cong dai s6 gdom hai budc:

e Budc 1: Cong hay tri tiing vé hai phuong trinh ctia hé phuong trinh da cho dé€ dugc mot phuong
trinh mdi.

e Budc 2: Dung phuong trinh méi 4y thay thé cho mot trong hai phuong trinh cia hé (va giit
nguyén phuong trinh kia).

Tém tit cach giai hé phuong trinh bang phuong phap cong dai s6

e Budc 1: Nhan cic vé ctia hai phuong trinh v6i mot s6 thich hop (néu can) sao cho cic hé sb cta
mot 4n nao d6 trong hai phuong trinh ctia hé bang nhau ho#ic d6i nhau.

e Budc 2: St dung quy tic cong dai s6 d€ dugc hé phuong trinh méi, trong d6 c6 mot phuong
trinh ma hé sd ctia mot trong hai 4n biang 0 (tiic 12 phuong trinh mot an).

e Budc 3: Giai phuong trinh mot 4n vita thu dudc rdi suy ra nghiém ctia hé da cho.

Ix—y=1

Vi du 1. Giai hé phuong trinh
) 2x—3y="1.

Loi giai. Hé phuong trinh tuong dudng véi

—3x—1 4
y=3x—1 y=3x—1 Y=o X=—
& & 4 &
2x—3(3x—1)=7. ~Tx+3=17. A 19
7 YT

4 19
Vay hé phuong trinh c¢6 nghiém la (x;y) = (—5; —7) :
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2Vx+5+4/y—8=11
5Vx+5-4y/y—8=8

Vi du 2. Giai hé phuong trinh {

,u,v > 0. H¢ phuong trinh theo u, v:

N, % "X N X+520 XZ—S . u = x+5
Loi giai. Diéu kién: Pit

<~ .
y-820." |y=>s. —/y-8.

2u+v =11 v=11—-2u v=11-24=3
<~ <~
Su—4v=S8. Su—4(11—2u) =8. u=4.

Vx+5=4 x+5=16 x=11
Suy ra & (thoéa diéu kién)
vy =3, y—8=09. y=17

Vay hé phu’dng trlnh c6 nghiém 1a (x;y) = (1 I; 17).

Vi du 3. Ngay sinh nhat ctia c6 gido A gdm hai chi s6, biét ring tdng ctia hai chit s6 d6 1a 8. Néu
viét ngay sinh nhat theo thif ty ngudc lai thi dugc mot sd bang 4 1an sd ban dau cong thém 3. Vay
ngay sinh nhat cia c6 gido A la bao nhiéu?

Loi gidi. Goi ngay sinh nhat 14 ab véi a,b € N, 10 < ab < 31.
Theo dé bai ta c6 hé phuong trinh

a+b=2=8 o b=8—a o b=8—a o a=1
ba = 4ab + 3. 10b+a=4(10a+b) + 3. 39a—6(8 —a) = —3. b=17.

Vay ngay sinh nhét cua c6 gido A la 17.

2x+5y=38

Vidu 4. Giai hé phuong trinh
) 2x—3y=0.

Loi gidi. LAy phuong trinh thd nhét trit véi phuong trinh thi hai ta dudc 8y = 8. Do d6 hé phuong trinh
trén tré thanh
2x+5y=38 X =
=
8y =38.

— N W

3
Vay hé phuong trinh c¢6 nghiém la (x;y) = (5, 1).

s A 1 A N 1 A N A . N A 2 A A N 1 A N A
Vidu 5. Néu dem 5 sO trau va 3 s0 bo gop lai thi dugc 25 con. Néu dem 5 sO trau va 1 sO bo gop

lai thi dugc 30 con. Tinh s6 trau va sb bo.

Loi gidi. Goi x va y lan luct 12 s trau va s6 bo (x, y 1a cdc sd nguyén duong). Ta c6

1 1 1 1

—x+-y=25 (1) —x+-y=25

5 3 =)y 3

2 1 5 £ R
Sxty=30 () |5y=20.  (Ldy (1) nhin vGi 2 rdi trif cho (2)

Tu do suy ra x = 45,y = 48. Vay c6 45 con trau va 48 con bo.

BAI TAP TU LUYEN
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(V3+1Dx+y=v3-1
2x—(V3—1)y=2V3.

Loi giai. Hé phuong trinh tuong ducng véi

Bai 1. Giai hé phuong trinh {

{yz—(\@H)H\@—l @{y:—(\@+1)x+\f3—1
2+ (V3-D(3+Dx—(V3-12=2v3.  |2x+2x=2V3+(V3-1)%

=

y:—(\/§+1).\@4_1+\/§—1 - {le
x=1. y=-2

Véy hé phuong trinh ¢6 nghiém la (x;y) = (1;-2).

2x+3y=1
3x—4y =10.
Loi giai. LAy phuong trinh thd nhat nhan véi 3, phuong trinh thi hai nhan véi 2 ta dugc

Bai 2. Giai hé phuong trinh {

6x+9y=3 (a)
6x—8y=20 (b)

6x+9y=3
17y = —17. (Léy (a) trit cho (b))
{x: 2
=
y=—1.

Vay hé phuong trinh c¢6 nghiém la (x;y) = (2;—1).

10 1
4x — +)?:1
Bai 3. Giai hé phuong trinh 25y 3y
+2 =2,
4x—y x+y
1
dx—y#0 “T 3
Lui gidi. Didu kién: . it * ™Y Hé phuong trinh theo u, v:
x+y#0. _ 1
x+y
10u+v=1 y=1-10u v=1
& ~ 1
25u+3v=2. 25u+3(1 —10u) = 2. u= <.
1 1 6
_ —z 4x— :5 :4X—5 r=7z
Suy ra -y 5@ Y & Y & 5
1 1 x+y=1. x+4x—-5=1. :_1
xX+y '
6 1
Vay hé phuong trinh c¢6 nhiém 1a (x;y) = <§, _5)

0,4x— 0,3y =0,6

Bai 4. Giai hé phuong trinh
0,3x— 0,2y =1,3.
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Loi giai. LAy phuong trinh thi nhat nhan véi 3, phuong trinh thi hai nhan véi 4 ta dugc
1,2x—0,9y=1,8
{l,2x—0,8y =35,2.
1,2x—0,99y=1,8

{ —0,1y=—3,4.  (LAy phuong trinh trén trit phucng trinh dudi)

{x =27

=

y =34.

Véy hé phuong trinh ¢6 nghiém la (x;y) = (27;34).
3 3 3
177775

Bai 5. Giai hé phuong trinh 1

3

Bai 6. Giai hé phuong trinh

[ v 2=
w
=

2x+5y
1

e e * X [N A N A N A A 1 N
Loi giai. Diéu kién: x # 0,y # 0. Ta xem day la hé phuong trinh bac nhat theo X = —vaY = —.
X y

) 3 1
Nhan phuong trinh thd nhat voi 5 phuong trinh thu hai véi 3 ta dugc

1 1
L i 2v_¢ ([(x=1 _»
210 L2770 - 25 12
e 1, 2 5,16 ,_ 2 5
22T T3 6 3 ~ 5 Y= 30

25 5
Vay hé phuong trinh c¢6 nghiém la (x;y) = <E’ 3—2)

Bai 7. Cho dudng thang d : y = ax+b (a #0). Viét phuong trinh ctia d biét né di qua hai diém A(3;2),B(1; —2).
Loi giai. Vid di qua A va B nén toa do clia A va B thda man phuong trinh cta d. Ta c6 hé phuong trinh
3a+b=2 a=2
=
a+b=-2. b=—4.

Viyd:y=2x—4.
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Bai 8. Mot bai kiém tra ¢6 15 cau hoi. Moi cau tra 16i diing dudc cdng 5 diém. Mdi ciu tra 18i sai hodc bd
trong bi trir 5 diém. Mot hoc sinh 1am bai kiém tra va dat 25 diém. Hoi ban d6 da tra 10i ding bao nhiéu
cau?

Loi giai. Goi s6 cau tra 18i ding 12 x, s6 cu tra 19i sai hodc khong trd 1i 12 y (x,y 13 cic sb nguyén khong

am). Ta cé
x+y=15 x+y=15 x=10
= =
5x—5y=25. 10x = 100. y=>5.

Vay hoc sinh d6 tra 16i dung 10 cau.

Bai 9. C6 2 loai xe khach (loai I va loai II). Néu chon phuong an van chuyén hanh khach bﬁng 2 chuyén
xe loai I va 5 chuyén xe loai II thi vin chuyén dudc t6i da 190 hanh khach (khong tinh tai x&). Néu chon
phuong 4n van chuyén bang 3 chuyén xe loai I va 3 chuyén xe loai II thi van chuyén dudc tbi da 195 hanh
khéch (khong tinh tai x&). Héi mdi loai xe c6 thé chia tdi da bao nhiéu hanh khich (khong tinh tai xé)?
Loi giai. Goi x va y 1an luot 13 s& hanh khach t6i da c6 thé chd dudc ctia xe loai I va xe loai IT (x, y 12 cdc sd
nguyén duong). Ta c6 hé phuong trinh

2x+5y =190 N x=45
3x+3y =195. y = 20.

2 x+y|+x—y[ =7

Bai 10. Giai hé phuong trinh
— |x+y|+4{x—y| = 10.

o o o U= [xFY \ .
Loi giai. Dat | | ,u,v > 0. H¢ phuong trinh theo u, v:
v=|x—y
u+v="7 v="T—2u v=3
=4 =
—u+4v=10. —u+4(7—2u) = 10. u=>2
=2—x
x+y=2 {y
x+yl =2 b —y[=3.
Suy ra & xt+y=-2 &
|x—y| =3. y=—-2—x
x—y[=3. B
[ —y[=3.
- x_S
y=2-—x 2
y=2-x _ 1
. | y=2—x y=2—x _§ V= 5
Xét hé & S0 |2x-2=3 & |*T7 &
|x—y|=3. lx—(2—x)| =3. (1
2x—2=-3. 1 r=73
xX=—=.
2 5
LTy
- 7/ 1
xX==
y=-2—x 2
y=-2-x 1 —_§
o [y==2—x =-2—x _ 1 SO
Xét hé & S |2x+2=3 & |F*T7 &
|x —y| =3. Ix—(—2—x)| =3. ( 5
2x+2=-3. 5 =73
xX=—=.
2 1
_\y_z'
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Dang 2. Hé ba phuong trinh bac nhét ba an

e Budc 1: Dung phuong phap cong dai s6 dua hé da cho vé dang tam gidc.

e Budc 2: Giai hé va két luan

/N Chii y

o Cdch gidi hé dang tam gidc: tit phuong trinh cudi ta tim z, thay vao phuong trinh thit hai ta tim duoc
y va cudi cung thay y,z vao phwong trinh thit nhdt ta tim dugc x.

o Néu trong qud trinh bién doi ta thdy xudt hién phuwong trinh chi c6 mét dn thi ta gidi tim dn do réi
thay vao hai phuong trinh con lai dé gidi hé hai phuong trinh hai dn.

o Tua c6 thé'thay doi thit tw cdc phwong trinh trong hé dé’viéc bién doi dé hon.

x+2y+2z=10
Vi du 6. Giai hé phuong trinh y—z=35
2z=4.

Loi giai. T phuong trinh (3) suy ra z = 2.

Thay z = 2 vao phuong trinh (2) tadugc y—2=5<y=1.

Thay y = 7,z = 2 vao phuong trinh (3) ta dugc x+2.7+2 =10 & x = —6.
Vay hé phuong trinh c6 nghiém la (—6;7;2).

xX—y+z=-3
Vidu 7. Giai hé phuong trinh ¢ 3x+2y+3z=06
2x—y—4z=3.

Loi gidi. Nhan hai vé clia phuong trinh (1) véi —3 rdi cong vao phuong trinh (2) theo tiing vé tuong tng,
nhén hai vé ctia phuong trinh (1) v6i —2 rdi cong vao phuong trinh (3) theo tliing vé tuong ting, ta dugc hé
phuong trinh

X—y+z=-3
—Sy=-15
y—6z=09.

Giai phuong trinh (2) ta dugc y = 3.

Thay y = 3 vao phuong trinh (3) tadugc 3 —6z=9 < z=—1

Thay y = 3,z = —1 vao phuong trinh (1) tadugcx—3+(—1) = -3 < x=1.
Vay nghiém cia hé da cho la (1;3;—1).

x—y+2z=4
Vi du 8. Giai hé phuong trinh ¢ 2x+y—z= —1
x+y+z=5

Loi gidi. Nhan hai vé clia phuong trinh (1) v6i —2 rdi cong vao phuong trinh (2) theo tiing vé tuong tng,
Nhan hai vé clia phuong trinh (1) v6i —1 rdi cong vao phuong trinh (2) theo tiing vé tuong dng, ta dugc hé
phuong trinh
x—y+2z=4
3y—5z=-9
2y—z=1
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2 < 2 <
Tiep tuc nhan hai vé cta phuong trinh (2) véi ~3 roi cong vao phuong trinh (3) theo tiing ve tuong ung, ta
dugc hé phuong trinh

x—y+2z=4
3y—5z=-9
7
3¢=7

Tu phuong trinh (3) suy ra z = 3.

Thay z = 3 vao phuong trinh (2) ta dugc 3y —5.3=-9 < y=2.

Thay y = 2,z = 3 vao phuong trinh (3) ta dugc x —2+2.3 =4 < x = 0.
Vay hé phuong trinh ¢6 nghiém la (0;2;3).

(1 1 1
- 4+-+-=10
X 'y z
P cre 1A . 2 1 3
Vidu 9. Giai hé phuong trinh { —— -+ - =16
x 'y z
1 2 1
_____ :_9
\ X Yy Z
NP y 1 1 | N
Loi giai. Tadatu = —,v = —,t = —. Khi do hé da cho tr6 thanh
X y Z
u+v+tr=10
2u—v+3t=16
u—2v—t=-9

Dung phép cong dai s6 ta dua hé trén vé dang tam gidc, ta dudc hé

u+v+t=10
—3v+t=—-4
—3t=-15

Giai hé trén ta dugc u =2,v=3,t =5.
1 1 1
S =—,y==,t=—.
Uyrax=s,y= 5.0 =g

Vi du 10. Ba ban Van, Anh, Khoa di chd mua trdi ciy. Ban Anh mua 2 ki cam va 3 ki quyt hét 105
nghin dong, ban Khoa mua 4 ki nho va 1 ki cam hét 215 nghin ddng, ban Van mua 2 ki nho, 3 ki cam
va 1 ki quyt hét 170 nghin dong. Héi gid mbi loai cam, quyt, nho 1a bao nhiéu?

Loi gidi. Goi x,y,z (nghin dong) 1an lugt 1 gia mot ki cam, quyt, nho. Diéu kién x,y,z 1a sb duong.
Tir gi thiét bai todn ta c6
2x+3y =105
x+4z =215
3x+y+2z=170

Duing phép cong dai s6 ta dua hé trén vé dang tam gidc, ta dudc hé

x+4y =125
y—10z = —475
22z =1100

Giai hé trén ta dugc x = 15,y = 25,z = 50.
Vay gid mdi ki cam, quyt, nho lan lugt 1a 15,25, 50 (nghin dong).
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Bai 11. Giai hé phuong trinh

CHUONG 3. PHUONG TRINH VA HE PHUONG TRINH

BAI TAP TU LUYEN

(2x—y+57=—8
2y+z=-2
—3z=6

\
Loi giai. Nghiém ctia hé phuong trinh 1a (1;0; —2).

Bai 12. Giai hé phuong trinh

(x+y—z=6
3y=9
2x—z=35

\

Loi giai. Nghiém cta hé phuong trinh 1a (2;3;—1).

Bai 13. Giai hé phuong trinh <

(

—Xx—y+z=3
3x+y—z=-5
(2x+3y—5z=—14

Loi giai. Nghiém ctia hé phuong trinh 1a (—1;1;3).

Bai 14. Giai hé phuong trinh

x+y+z=19
3x+y—3z=-9
(2x—2y+2z=5

Loi giai. Nghiém cta hé phuong trinh 1a (4;6;9).

Bai 15. Giai hé phuong trinh

(5x —y+2z=20

Loi giai. Nghiém cta hé phuong trinh 1a (5;7;1).

Bai 16. Giai hé phuong trinh

N y 1 1
Loi giai. Tadatu=—,y=—,
X y

oA A 1
Giai hé trén tadudc u = —,v =

Suyrax=10,y=—15,z=6.
Bai 17. Giai hé phuong trinh

t

2x+2y—2z=123

| xt+y—z=11

(2 3 6
-—+-+-=1
Xy z
11 3 2
x y z 3
I 1 2 1
——+-+-==

\ X Yy Z 6
1

= —. Khi d6 hé phuong trinh trd thanh
Z

2u+3v+6r=1
2
—Vv+3t ==
u—v-+ 3
+v+2t 1
—u-+v =-
6
1 t_l
157 6
( 1 2 3
X+ ‘.2 _ 11
X y z
2 2y+4 1
cowyra 1,
X y Z
3 1 -2—-
4 Z__6
\ X Yy Z
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A X+ 1 1 2y+4 4 —2-— 2 A A ax .
Loi giai. Tacox+ :1+—,L:2+—, Z:———1nenhf_:dachotudngdudngvdl
X x 0y y oz Z
( 3
-4 —-——=-12
Xy z
2 4
___+_:_5
Z
1 2
___|____:_5
\ y Z
5 1 1 | . U
bit u = —,v = —,t = — thi hé phuong trinh tré thanh
X y Z

u+2v—3t=-12
2u—4v+t=-5
—Bu+v—-2t=-5

Giai hé tadugc u = —1,v=2,1 = 5.
1
S :—1 = — = —.
uy ra x V=502 g

Bai 18. Mot ctia hang ban quan, 40 va nén. Ngay thid nhit ban dudc 3 céi quan, 7 cdi 4o va 10 céi nén,
doanh thu 12 1930000 dong. Ngay thi hai ban dudc 5 cdi quan, 6 c4i 40 va 8 cdi nén, doanh thu 1a 2310000
ddng. Ngay thii ba ban dudc 11 cdi quan, 9 cai 40 va 3 cdi nén, doanh thu 1a 3390000 dong. Hdi gid ban mbi
quan, mdi 40, mdi nén 12 bao nhiéu?

Loi giai. Goi x,y,z (ddng) 1an lugt 1a gid ban mbi quan, mdi 40, mdi nén. Theo dé bai ta c6 hé phuong trinh

3x+7y+ 10z = 1930000
5x+ 6y + 8z = 2310000
11x+9x+ 3z = 3390000

Gii hé trén ta duge x = 210000,y = 100000, z = 60.
Vay gia ban mbi quan, mdi 40, mbi nén 1an lugt 1a 210000 dong, 100000 dong, 60000 dong.
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Dang 3. Giai va bién ludn hé 2 phuong trinh bic nhét 2 &n ¢6 chita tham sé (PP Crame)

aix+b1y=rcy (a% +b% #0)

a) Dang:
{azx—l- byy=c; (a3+b3#0).
Cdch gidi da biét: Phép thé, phép cong...

b) Giai va bién luan hé phueng trinh:

Budc 1: Tinh cac dinh thic:

«D—|M b ‘ = a1by — axb; (Goi 12 dinh thic cta hé);
ar b2
1 b e o
o D, = = c1by — cpb1 (Goi 1a dinh thuc cua x);
c2 by
ay (1 o A% oo P 5
o D, = ‘ = ajcy — axcy (Goi la dinh thuc cua y).
a ¢
Buéc 2: Bién luan
Dy
. )
e Neéu D # 0 thi hé c6 nghiém duy nhat D
0
y= D’

e Néu D =0 va D, # 0 hodc D, # 0 thi hé vd nghiém.

e NéuD =D, = Dy, = 0 thi hé c6 vo s6 nghiém (tdp nghiém cda hé 1a tip nghiém cia
phuong trinh a1 x+ b1y = cy).

, A A . mx+y=m+1
Vidu 11. Giai va bién luin hé phuong trinh:
xX+my=2.
e s7e _m1_2 . _m+11_2 . _mm+1__
L(nglal.D_‘1 m‘_m —I,DX—‘ ) m‘—m +m 2,Dy_‘1 ) ‘_m 1.

a) Neum=1= D = D, = D, =0. Hé ¢ v0 s0 nghiém (x;y) thdax+y = 2.

D=0
b) Néum = —1= { D, = —2. Hé v6 nghiém.
Dy, =-2
D, m*4+m—-2 m+2
X=— = =
B B 2 _
c) Neum # 1,m # —1. Hé c¢6 nghiém duy nhat D m®—1 m+1
Dy _m—-1 _ 1
Y= D m—-1 m+1
p U A s £ A . mx+4y=m+2 a
Vidu 12. V6i gia tri nguyén nao cua tham so m, hé phuong trinh c6 nghiém duy
X+ my =m.
nhét (x;y) v6i x,y la cdc s6 nguyén.

Loi gidi. D=m? —4 = (m—2)(m+2),Dy = m?>+2m—4m = m*> —2m = m(m—2),
Dy=m>—m—2=(m+1)(m—2).
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Di m
X=—=—
o, o < D  m+2
D=m*—4#0 & m#+2,hé¢ conghiem duy nhat ¢ fy 0
D m+42
Ta co:
= mnj__% —1— m_l*_z nén dé€ x nguyén thi m+ 2 phai la udc cia 2 (1);
y:Ziz:1_m+2néndéynguyénthim+2phéiléuéccﬁa1(2).

. < m+2=1 m=—1
Tu (1),(2), suy ram+2 laudc cua 1 &

-
m+2=-—1 m= —3.

, ) . x+my=1
Vidu 13. Cho hé phuong trinh:
mx—y=—m.
a) Chitng minh rang v6i moi gid tri ctia m hé phuong trinh da cho ludn c6 nghiém duy nhét.
b) Tim cdc gid tri cia m d€ hé phuong trinh c6 nghiém (x;y) théa man x < 1,y < 1.

¢) Tim hé thuc lién hé gitia x, y khong phu thude vao m.

Loi giai.
a) D=—1-m?><0, Vm
D= —1+m?
Dy=-m—m=—-2m
D, m?—1
X=—=
) 2
Taco: D#0, Vm nén hé phuong trinh c¢6 nghiém duy nhat ll)) _m2_ 1
_ Yy __Tem
y= D —-m?-1

2

b x<le Lt —<lem—1>—m—1om>0smA0.
_m_

y<I@Tml<1(:>—Zm>—m2—1<:)(m—1)2>0<:>m7é1.

Vay véi m # 0 Am # 1 thi hé c6 nghiém thda min yéu cau bai todn.

¢) 24y = m* —1 ? ( 2m )2_m4—2m2+1+4m2_m4—|—2m2+1_
M m*+1/) w4 2m?4+1 mr2m2+1
Vay x? +y?> = 1 khong phu thudc vao m.
BAI TAP TU LUYEN
Bai 19. Giai va bién luin hé phuong trinh sau:
) (m—1)x+2y=3m—1
a
(m+2)x—y=1-—m.
ax+by = a® +b?
by + ax = 2ab.

0 {m\/x+l+\/§:m+1
Vx+14my/y=2.

2m*x+3(m—1)y =3

Bai 20. Tim m d€ hé sau vo nghiém:
m(x+y)—2y=2.
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mx+2y=73

. Xdac dinh tAt ca cac gid tri cia tham s6 m dé€ hé c6 nghiém duy
x+my=1

Bai 21. Cho hé phuong trinh: {

nhat (x;y) théax > 1,y > 1.

x+m2y:m+1

m’x+y=3—m

duy nhét (x;y) sao cho S = x+y dat gid tri 16n nhat.

Loi giai. D=1—m*

Di=m+1-—m?*(3—m)=m>—3m>+m+1

Dy=3-m—m*(m+1)=—m®>—m?>—m+3

Hé c6 nghiém duy nhit & D40 1 —m* #0 < m # +1
D, D, m=3m*4+m+1 —mP—m?>—m+3

Bai 22. Cho hé phuong trinh: { . Xdc dinh tAt c4 c4c gid tri clia tham s& m d& hé c6 nghiém

ST D T T i T 1
—4m? +4 4(1 —m?) 4 4
1—m? (1-m*)(14+m?) 1+m?> ~ 140
Dau ” =~ dat khi m = 0 (thda diéu kién)
ax+by=c
Bai 23. Cho { bx+cy = a. Chiing minh a® 4+ b* + ¢* = 3abc
cx+ay=»>b
ax+by=c (1)
Loi giai. < bx+cy=a (2)
cx+ay=">(3)

= (a+b+c)x+(a+b+c)y=a+b+c
& (a+b+c)(x+y—1)=0

a+b+c=0
x+y—1=0
e at+b+c=0

Tacé: (a+b+c) =a® +b*+c +3(ab+be+ca)(a+b+c) —3abc
= a® + b +c* =3abc
e x+y—1=0x x=1—ythé vao hé, ta dugc:
a(l—y)+by=c (b—a)y=c—a
b(l-y)+cy=a << (c—b)y=a—>b
c(l1—y)+ay=>b (a—c)y=b—c
Néu a = b, d& hé c6 nghiém ta suy raa = b = ¢ = dpcm.
Néu a, b, c khac nhau ting ddi mot, tir hé ta cé:
(b—a)(c—b)(a—c)y = (c—a)(a—b)(b—c)= (b—a)(c—b)(a—c)’—1)=0=y=1=x=0
Thé x = 0,y = 1 vao hé ban diu ta dudc a = b = ¢ = dpcm.

BAI TAP TONG HOP

e A > ~ A N ~ . N 2 2 1 N g .
Bai 24. Tim tat ca cac so nguyén m dé hai duong thang y = —gmx + gm vay = —x+m-+1 cat nhau tai

mot di€ém c6 cac thanh phan toa do 1a cic sd nguyén.
Loi giai. Toa do giao diém ctia hai dudng thang di cho 1a nghiém ctia hé phuong trinh

2 +1 2mx+3y=m
=——mx+—-m =
YT 3™y @{ Y=
y=—x+m+1 x+y=m+1.

Suy ra hai dudng thang da cho cit nhau tai mot diém c6 cac thanh phan toa do 1a cdc sd nguyén khi va chi
khi hé (1) c6 nghiém duy nhit va nghiém duy nhét d6 nguyén.
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Tacod

2m m

m 3
D:‘ ’:2m—3,Dx:’m+l 1’:_2m_3,1)y:‘1 o

1 1

. 3 .
Hg (1) c6 nghiém duy nhat < D # 0 < m # X Khi d6 nghiém duy nhat ctia hé (1) 1a

2m+3 { 6

X = — [
2m—3 )" m—3
5 <~

_ 2m"4m Cmaaa 6

Y= om—3 Y 2m—3

Nghiém nay nguyén = 2m — 3 l1a u6c cua 6

m=1
om—3=—1 |M=2
dm—3=1 —
2m—3=-2 %
2m—3=2 m=y
= =
2m—3 = -3 m=0
2m—3=3 m=3
2m—3=—-6 3
m=—=
om—3=6. 2
me 2
)
Vay m € {0;1;2;3}.
3 4
ey x—2y . °
Bai 25. Giai hé phuong trinh xs y ) Y
— 14
2x—y+x—2y
y
R 2x — 0 X# =
Loi gii. Diéukién{x N L
x—2y#0 X A2y
X 1 1
V6i didu kién (*), dit u = = , hé da cho tr thanh
2x—y x—2y

3u—4v=-2 3u—4v=-2 3u—4v=-2 u=>2
= = =
Su+2v=14 10u +4v = 28. 13u =26 y=2.

1 1 1
x—y== 3x=— x=c
Suy ra % & 2 1 & 1 (Thdéa man (*)).
—2y=-. —2y=— ==
) SR T GO
1
ng
Viy nghiém cua hé da cho la |
yz—g-

(m4n)x+ (m—n)y = 2m(m*> —n?)

Bai 26. Giai va bién luan hé phuong trinh {
x—y=—4mn

‘ :2m2+m.

theo hai tham sb m, n.

207
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Loi giai. Ta c6

D:‘m—lf—n m_—ln =—(m+n)—(m—n)=—2m,
_2m(m? —n?) m—n| 2 2 B 2
D, ‘ " don 1 = —2m(m”~ —n) +4mn(m—n) = —2m(m—n)~,
(m+n) 2m(m*—n?)| _ _ B 2 2y 2
D, ‘ 1 a1 T dmn(m—+n) —2m(m* —n°) = —2m(m+n)~.
-2 —n)?
xzwz(m_n)z
o Néu D # 0 < m # 0 thi hé di cho ¢6 nghiém duy nhét e
—2m(m—+n) (m+n)?
=————=(m+n)".
Y —2m
. L2 i xeR
e NeuD=0sm=0= D,=D,=0:HE c6 v0 s0 nghi€ém
y=x.

Bai 27. Tim tit c4 cic gid tri clia a, b, ¢ d€ it nhit mot trong cac hé phuong trinh sau c6 nghiém:

{x—i—cy:b(l); {cx—f—y:a 2); {bx—i—ay:l(?’).

cx+y=a bx+ay=1 x+cy=>b

Loi giai. Ta gidi bai toan gian tiép: Tim tat c& cdc gia tri cla a, b, c d€ ca ba hé da cho déu vo nghiém.

+cy=>
Xét hé {x =20,
cx+y=a
TacéD(l):‘i izl—cz;Dx:'Z i:b—ac;Dyz‘i b‘:a—bc.
’ c=1
D(I)ZO 1—c"=0 b—a7£0

Hé (1) vd nghiém khi va chi khi [Dx £0 < [b—ac £0 &

c=—1
D, #0 —bc#0
v # a—bc# {b—i—a;&O

X+y=a
bx+ay=1

b—a;éO'ThayC: 1 vao hé (2), ta co: {

e Xét truong hop {

Tacé Dy = ‘; Cll‘ =a—b+#0.Do d6 (2) c6 nghiém duy nhit.
Cc = —l bx+a — 1
e Xét truong hop {b-i— L0 Thay ¢ = —1 vao (3) ta co { yb
a x—y:
Taco D3) = ‘]i _al =—b—a=—(b+a)#0. Do d6 (3) c6 nghiém duy nhAt.

Suy ra néu (1) vd nghiém thi cdc hé (2),(3) déu c6 nghiém. Do d6 khong ton tai gid tri ndo ctia a,b,c dé ca
ba hé phuong trinh da cho cung v6 nghiém.
Vay, v6i moi gia tri clia a, b, c thi it nhit mot trong cac hé da cho c6 nghiém.

Bai 28. Tap thé gido vién (Todn va I&TEX) gdom 128 ngudi dudc chia thanh ba nhém ra dé kiém tra: Nhém
1, Nhém 2 va Nhém 3. Sau mdt ngay lam viéc, cd ba nhém hoan thanh dudc 476 cau trac nghiém va 375
cau tu ludn; trong d6, moi thanh vién Nhém 1 hoan thanh dudc 3 céu trac nghiém va 4 cau tu luan, mdi
thanh vién Nhém 2 hoan thanh dudc 2 cau trac nghiém va 5 cau tu luan, mdi thanh vién Nhém 3 hoan thanh
dugc 6 cau trac nghiém. Héi m&i nhém c6 bao nhiéu gido vién?
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Loi gidi. Goi s gido vién ciia Nhém 1, Nhém 2, Nhém 3 1an ludt 1a x, y, z (PK: x,y,z nguyén duong).
Theo dé bai, ta 1ap dugc hé phuong trinh

x+y+z=128 (1)
3x+2y+62=476 (2)
4x+5y=375 (3)

Nhan hai vé ctia (1) v6i —6 rdi cong vao (2), ta dudc hé

x+y+z=128 (1)
3x+4y =292 (4)
4x+5y=375 (5)

40 .
T (4) va(S) tacd {x 43 The vao (1) ta dudc z = 45 (théa man DK).

Vay s6 gido vién clia cdc nhom 1,2,3 1an lugt 1a 40,43,45.

Bai 29. Tim m d€ hé sau c6 nghiém duy nhat va tim nghiém duy nhét dé.

mx+y+z=1
x+my+z=2 (%)
x+y+mz=4.

mx+y+z=1 (1)
Loi gidi. He (x) & { (m—1)x+(1—-m)y=—-1 (2)
(m*—Dx+(m—1)y=m—4 (3)
Xét hé phuong trinh (2), (3), ta cé:

m—1 1—-m

_ e 12 (1 2 1N — (112
.D_‘mz—l m—l’_<m = (1—m)(m*—1)=(m—1)*(m+2),
o Do=| Tl T = =)= (1= m)n—4) = (m—1)(m—5)
c= 4 q = m m)(m =(m m ,
e D= "L T e e ) 4) (2 1) = () (2m—3)
v = 2 1 m_al = m m =(m m )
Hg (*) c6 nghiém duy nhat < Hg (2), (3) c¢6 nghiém duy nhat < D # 0 < 2o
m —
( D, m—>5
X=— =
D (m—1)(m+2)
Khi 6 nghiém duy nhit cita hé () 1a  y = =2 — 2" —3
i d6 nghiém duy nhat ctia hé aqy=—7 CENCE)
- dm+1
U (=D (m+2)°

Cach khac: Ly ba phuong trinh clia hé cong lai, ta dugc
(m+2)x+(m+2)y+(m+2)z=17
Hg c6 nghiém khi m # —2. Khi d6
x+yt+z=

(1)

m—+2
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LAy cdc phuong trinh ctia hé trit cho (1) ta dudc

Tt d6 suy ra, hé c6 nghiém duy nhét khi va chi khi {

Bai 30. Giai hé phuong trinh

nhau.
Loi giai. Tacé

(1) <

Vay hé (1) c6 nghiém la

p

(m—1)

(m—1)

\

x+ay—|—a2z+a3 =2017
x+by+b*z4+b> =2017
x+cy—|—c22+c3 =2017.

(x+ay+a’z+a® =2017
(b—a)y+ (> —a)z+b>—a® =
L(c—a)y+ (P —d*) i+ —d® =
x—l—ay+a2z—|—a3 =2017

y+(b+a)z+b*+ab+a*> =0

((b—c)z+b* - 4alb—c)=0.

x = —abc+2017
y=ab+bc+ca
z=—(a+b+c).

(m—1)y=2-

0
0.

m#

m

7

x=1-——

m—+2

m—+2

7
z=4———.

m—+2

;

va nghiém duy nhit ctia hé 1a

\

e m—>5
 (m—1)(m+2)
B 2m—3

Y= m—1)(m+2)
B dm—+1

T m—Dm+2)

(1), v6i a,b,c 1a cac tham sd do6i mot khéc

y+(b+a)z+b*+ab+
y+(b+a)z+b*+ab+
(z=—(a+b+c).

y=ab+bc+ca
(z=—(a+b+c).

(x+ay+a’z+a® =2017

a*=0

(y+ (c+a)z+c* +ac+a® =0.
(x+ay+azz+a3 =2017

a*=0

(x = —ay — a’z—a> +2017
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4.  HE PHUONG TRINH HAI AN

I. Hé phuong trinh gom cac phuong trinh béc nhét va béc hai

Dé gidi cac hé phuong trinh dang ny, ta chi dao st dung phuong phap thé va phuong phdp cong dai sb
thong thudng, doi khi két hop thém gidi phap dit an phu dé 1am gon bai toan.

Vidu 1. Giai cac hé phuong trinh sau:

x+2y=1 32 +2x—y =1
a) b

-y =2x—1—y V2 +4x =8

Li gidi.

x+2y=1 (1)
a) {2 2
xX—y =2x—1-y (2)
(1) ex=1-2y.
y=0=x=
2) e (1-2y)2=y*=2(1-2y)—1-y=3*+y=0= 1

———:>x—§'
YT

=1
Vay hé c6 hai nghiém la { 0

b) 32+ —y*=1 (1)

y4+4x=38 (2)
x=-3
x=1

4o 2 y:_2\/§
Véix=-3,2) <y =8-4x=20& .
=2V5

Lay (1) +(2) ta dugc 3x*> +6x—9 =0 & [

=-2

Voix=1,12) <y =8—4x=4& [ )
y:

., X=—3 X =
Vay hé ¢6 bon nghiém la , .
' bé o6 b nghis {y:im {y:ﬁ

Vi du 2. Giai cac hé phuong trinh sau:

X——=y——
X 4y=6—4x b) X Y

{2x3 +4x? +x2y=9—2xy 1 1
a
2x2—xy— 1=0

Loi gidi.

. {2x3+4x2+x2y =9-2xy (1)
X2 4+y=6—4x (2)
(2)ey=—x>—4x+6
(1) & 2% +4x2 +x%(—x* —4x +6) = 9 — 2x(—x*> — 4x +6)
x=1l=y=1

x4l -2 120 +9=0& (P +2x-3)? =0« :
x=-3=y=9
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A o Jx=1 fx=-3
Viay hé phuong trinh c6 hai nghiém la E 9
y= y=

1 1
x——=y—- (1)
b) X y
23 —xy—1=0 (2)
Diéu kién: x #0 vay # 0.
I 1 1 xX=
(1)<:>x—y——+—:0<:>(x—y)<1+—>:0<:>[ yo
Xy Xy xy=—1
=l=y=1
Truong hop L:x =y, (2) 22 -2 —1=0e =1 | Y .
x=—1l=y=-1
Trudng hop 2: xy = —1, (2) @ 2x* +1 -1 =0 < x = 0 (loai).

X = 1 X = —1
Vay hé phuong trinh ¢6 hai nghiém la { x { X
y = y = —

x—2y=m

2

¢6 hai nghiém phan
x>+ 2xy—y> =2m suemp

Vidu 3. Xac dinh cdc gid tri ctia m d€ hé phuong trinh {

biét.

Loi giai. Taco (1) < x=2y+m.
Thé vao (2) ta dudc (2) < (2y+m)? +2y(2y +m) —y* = 2m < Ty* + 6my +m? — 2m = 0(x).
DE hé c6 hai nghiém phan biét thi (x) phai c6 hai nghiém phan biét
, ) m< -7
SA>02m +14m >0
m>0

BAI TAP TU LUYEN

Bai 1. Giai cac hé phuong trinh sau:

{Zx—i—y:S {2x—y—7:0
a) c

4x2+y2:17 y2—x2+2x—|—2y+4:0
b x—2y=1 " Bx+y—1)(x—2y—1)=0
x2+14y2:l—|—4xy 2x—3y+1=0
Loi giai. Pap s6:
_, 1 13
a) x—, xzi. x=3 x—?
y:l _4 C) __13 5 .
y= y= i
Y73
2
X=77 (x=-5
X = d) 1517 .
b) y= = y=-3
y=0 11
Bai 2. Giai cac hé phuong trinh sau:
1 1 4 3 2.2 _
x—;:y—— b) x2+2xy—|—xy 2x+9
a) y X“+2xy=6x+6

X 43y +4y2 =2
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Loi giai.
! =2 =2
x=1 x=—-1 |*=7+35 X= X=-
a) y= 1 ly=1" Y. Ly 1
(¥ +xy)?=2x+9 (1)
b) He < —x2+6x+6
=" ()
—x24+6x+6 2
Thé (2) va (1) ta dudc (1) < x2+f) =2x+9 < (x> +6x46)> =8x+36
4 3 2 _al*=
SxT+H12x° +48x“+64x =0 4
xX=—
V6i x =0, hé vo ly.
2
—x“+6x+6 17
Véix=—4 2oy ——— = —,
lx 2) ey 2 4
x=—4
Viay hé c6 nghiém la 17 -
)’ZZ

Bai 3. Giai cac hé phuong trinh sau:

: M-yt =1 V2x+5y—1—/x—2y=1
a
xX+y=2

x3y2 +xy+1= X
Loi giai. Huéng dan:

2 2,3
X —=xy) +xy=1
a) HE & (2 2 3 Y .
X —xy=xy+1

) xX=
St dung phuong phap the ta c6 nghiém la {
y =

b) bata=+/2x+5y—1,b = /x—2y.
2 —-1- —2y=1 a—b=1
Hé<:>{\/ X+ 5y Vx—2y {

2x+5y—1+x—2y=35 a 24p? =
Giai hé tim a, b rdi suy ra nghiém I 29 .
y:§
xy+x+1="7y

Bai 4. Giai hé phuong trinh
> P g {xzyz—i—xy—i— 1 =13y2
Loi giai. Xéty = 0, khi d6 hé vo ly.

1 1 X
Xt—ti=7 X+;:7—§ (1)
Xéty # 0, hé < yl yx & 2
Pt 5+-=13 <x+—> “To13 (2
y y y y
X
2 x\? x ;Z x =3y
The (1) va (2) ta dugc (7——) —-=13& |y &
y y gy o} x=12y
y
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y=1=x=3
Truong hop 1: x =3y, (1) ©3y* +3y+1 =Ty < 1
y= 3 =x=1
Trudng hop 2: x = 12y, (1) & 12y + 12y + 1 = 7y (vd nghiém).
=1
x=3 |7*
Vay hé phuong trinh c6 hai nghiém la { , 1.
3
N . e . Xty=m .
Bai 5. Xéc dinh cac gia tri cia m dé hé phuong trinh 5 5 c6 nghiém.
2x°—=3y" =6
LB. e? D » A m S - 1
i giai. Dap so:
g p m> 1

II. Heé phuong trinh doi xing loai 1

Dinh nghia 1. Hé phuong trinh ddi xidng loai 1 clia hai 4n x,y 12 hé ma khi ta thay thé x bdi y va y béi x thi
ta dugc hé méi khong thay déi (thd tu cdc phuong trinh trong hé gitt nguyén).

Phuong phap giai:

Budc 1: Dat diéu kién néu can;

Budc 2: Pt x+y = S;xy = P (52 > 4P). Khi d6 ta dua vé hé méi ctia 2 4n S, P;

Budc 3: Giai hé ta tim dudc S, P;

Budc 4: x,y 1a nghiém ctia phuong trinh X% — SX + P = 0.

/N Chii y:

¥y =82-2P; x> +y3 = 5% —-35P.

x+y+xy=>5,

Vi du 4. Giai hé phuong trinh sau:
’ P ¢ {x2+y2—3xy:—1.

Loi giai. Hé da cho c6 thé viét lai 1a:

S+P=5 P=5-S§ S=-8
2 T3 =
Sc—5P=-1 S°+55-24=0 S=3
THI1:
x=1
S=3 x+y=3 y=2
= = .
y=1
TH2:
{x=—4+\/§
S=-8 x+y=-8 y:—4—\/§
= = .
P=13 xy=13 {x:—4—\/§
y=—4+3

Viy hé phuong trinh di cho c6 4 nghiém 1a: (1;2),(2;1), (=4 +/3;—4 —/3), (=4 —/3; =4 +/3)

/N Chii y: 1. D6i véi hé dbi xing ciia hai dn x,y thi néu (xo;yo) la nghiém thi (yo;xo) ciing la nghiém ciia
hé.

2. Co mot s6 hé phuong trinh khong phdi la hé doi xiing loai 1, tuy nhién ta cé thé chon bién phit hop dé
doi bién dwa vé hé doi xiing loai 1.
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14
, 0R0 A S x2 +x= )
Vidu 5. Giai hé phuong trinh sau: 3
X = Syz.
14
2
=y (1),
Lo gidi. Xethe dF T30 ()
x> =5y% (2).

e Néuy=0= x=0= (0;0) 1a nghiém ctia hé.

2

Z . 14
e Néu y # 0. Chia 2 v€ cta phuong trinh (1) cho y ta c6: ol + T
y oy

3
. X% x
Chia 2 vé clia phuong trinh (2) cho y? ta dugc — = = 5.
yy
x? x 14
Viy ta c6 hé phuong trinh: yz y 3 .
X° X
ZT_5
yy
x? X
bat — = u; — = v ta dugc hé méi la:
y y
[ (u=3
5
14 - =
Uu+v=— v—3
3 & .
uv=>5 v:§
3
| (v=3
2
THI: s Y & .
V:é x_5 :2_7
3 ——5 y 25
TH2: Giai tuong tu ta co
27
75
_9 .
S 9 27 27 9
Vay hé phuong trinh da cho c6 2 nghié 1‘:(—;—),(—;—).
3y hé phuong trinh da cho c6 2 nghiém la: | =3 - 753

Vidu 6. Tim tit ci cac gia tri thuc ctia tham s6 m d€ hé phuong trinh sau c6 nghiém:
VX—=2+y+1=4,
x+y=2m+1.

u+v=4

=
u2+v2:2m

Loi gidi. Datu=+/x—2;v=+/y+1 (u,v>0).Khid6 hé phuong trinh dugc viét lai la: {

u+v=+4
u=8—m
& u;v 12 2 nghiém ctia phuong trinh: x> — 4x+ 8 — m = 0. D& hé phuong trinh di cho c6 nghiém thi phuong

trinh trén phai c6 hai nghi€ém khong am
A>0

m—42>0
S<S>0 & S4<m<8.
P>0
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VAy tit ca cdc gid tri m can tim 1a: 4 <m < 8.

Vidu7. Tim tit cd céc gid tri cla tham s6 m dé hé phuong trinh sau c6 nghiém thuc:

{\/)_C—f—\/f: IF
x\/)_c—l—yﬁ: 1 —6m.

Loi giai. Diéu kién x > 0;y > 0. Dt /x + VY=Sivx/y=P (S,P> 0;5% > 4P). Khi d6 hé phuong

trinh dugc viét lai 1a:
S=1 S=1
3 = .
S°—3PS=1—-6m P=2m

Khi d6 S; P 1 2 nghiém ctia phuong trinh: x> — x4 2m = 0.
Dé hé phuong trinh da cho ¢6 nghiém thi phuong trinh trén phai c6 hai nghiém khong 4m

0=1-4m>0 . |
S P=2m>0 <:>O§m§Z.Véytﬁtcécécgiétrimcﬁntimlﬁ:0§m§Z.

S=1>0 (ludn ding)

BAI TAP TU LUYEN
. . x+2y+2xy =3,
Bai 6. Giai hé phuong trinh sau: ¢ 5
x“+4y° =5.
x+u+xu=35,

Loi gidi. Gidi: Diit u = 2y ta dugc hé ;
(x4u)”—2xu=>5.

Dit x+u = S;xu = P (S? > 4P). Khi d6 ta dua v& hé méi ctia 2 4n S, P la:
S+P=5 P=5-S8 S=-5P=10
5 9, & :
S —-2P=5 S 4+25-15=0 S=3,P=2
1
Hécénghiém(l;l),(Z;E).
X% +2y? +6xy* =9,
x4yt =5,
x+u+3xu=9,

(x+u)? —2xu=>5.
Dit x+u = S;xu = P (S? > 4P). Khi d6 ta dua v& hé méi ctia 2 4n S, P la:

Bai 7. Giai hé phuong trinh sau: {

Loi gidi. Giai: Dit u = 22 ta dugc hé {

S+3P=9 S=9-3p g1
) < ) & 3.
Sc—2P=5 3°+25-33=0 §—3
Giai tiép ta dugc cac nghiém (1;1),(1;—1) (2 ! ) (2 ! )
iai tiep ta dugc cac nghiém (1;1),(1;—-1),(2;— ), | 2;———= |.
p : ghie NG 7
. VIFY+ /Y =2,
Bai 8. Giai hé phuong trinh sau: XYy
x+2y=2.
N 2 «9. u+V:27
Loi giai. Gidi: Dat u = /x+y;v=,/y ta dugc hé 22y
u - +v-=2.

Giai tiép ta dugc nghiém (0;1).
Vx+y+vx—y=2,

Bai 9. Giai hé phuong trinh sau:
{2x+ \3/)62 —y2 =3,
Loi giai. Gidi tuong tu bai 3 ta duge S = {(1;0)}.
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Xty ay=4y—1,

X +x2y+x— 3y=0.

iy +ay=4y (1),

(P + 1D (x+y) =4y (2).

Dé thiy y = 0 khong théa man hé phuong trinh. Chia ca hai vé phuong trinh (1),(2) cho y ta dugc hé:
¥ +1

Bai 10. Giai hé phuong trinh sau: {

Loi giai. Hé da cho c6 thé viét lai 1a: {

+(x+y) =4,
2
x“+1
(x+y) =4
2
1

! . . ut+v=4 U= i =2,

bat = u;x+y = v ta dugc hé phuong trinh: & & y
uv =4 v=2
x+y=2.
Giai hé ta suy ra tdp nghiém ctia hé 1a: S = {(1;1);(—3;5)}.
2,2
£ R 2x+2y =2,
Bai 11. Tim tap gid tri thuc cta tham s6 m dé hé sau c6 nghiém oy ertly
y(x+2)(y+2) =m.

N 9 o +v g 2

Loi giai. Datu:x2+2x2—1;v=y2+2y2—1:>{u ().
uv=m
Hé trén c6 nghiém < hé () c6 hai nghiém > —1 < phuong trinh > — 2¢ +m = 0 ¢6 hai nghiém théa man
A >0 m<1
—1<x<xmpex+D)x+1)>0 < m+3>0 & -3<m<l.
(x1+1)+(xn+1)>0 4>0 (ludn ding)

III. Hé phuong trinh d6i xing loai 2

: . \ NV o s S flxy)=0
Dinh nghia 2. Hé phuong trinh doi xung loai 2 1a hé phuong trinh c6 dang 7 0

/N Néu hé phuong trinh c6 nghiém la (a,b) thi no ciing co nghiém (b,a).

Dang 1. Giai hé phuong trinh d6i xing loai 2.

Phuong phap gii hé phuong trinh dbi xing loai 2:

x=y
f(x7y) _f(yvx) =0« (x_y)h(x,y) =0= [h(x,y) —0.

/\ Thuong thi h(x,y) la nhitng phuong trinh dé dang tim ra méi lién hé giita x va y; hodc h(x,y) la phuong
trinh vo nghiém.

x> —2018x = 2017y

Vidu 8. Gidi hé phuong trinh {
2 —2018y = 2017x.

o {x2—2018x: 2017y (1)
Loi giai. { ,
y2 —2018y =2017x. (2)

Léy (1) trr (2) vé theo vé ta dugc
(x> —y?) —2018(x —y) = 2017(y — x)
(x=y)(x+y—-1)=0

y=x

y=—x+1.

=
=
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Viay hé phuong trinh da cho tuong duong véi

y:x y = —X—I—l
(<, hogc (I1)<",
x°—2018x =2017y x~—2018x =2017y

=y=0
o Gidi (I): ()= | 7
x =y =4035.
e 1+ +/8069 e 1 —+/8069
o 2 o o 2
e Giai (I1): (Il) & hodc
()= () y_l—\/8069 ' y_1+\/8069
-2 -2

Két luan, hé phuong trinh c6 bén nghiém: (0;0), (4035;4035), (
<1-+\/8069'1——\/8069>

l—w/8069.14—v%069)
2 2 )

2 2

X +2=3y

Vidu 9. Gidi hé phuong trinh {
y +2=3x.

3
x+2=3 1
Loi gidi. | v
y+2=3x. (2)
Ly (1) trix (2) vé theo Vvé ta dudc
(x =)@ +xy+y") =3(y—x)

y=2x
< |2 2
X +xy+y +3=0.

Vay hé phuong trinh da cho tuong ducng véi

2 2
=X X +xy+y"+3=0
0, hoic ()], o
x+2=73y x’+2=73y
=y=1
e Gidi (I): (I) & [ 5

1\* 3
e Giai (II): Tacé x> +xy+y> +3 = <x+ Ey) + Zyz +3 > 0,Vx,y € R. Nén hé phuong trinh (II) v

nghi€ém.

Két luan, hé phuong trinh c¢6 hai nghiém: (1;1), (—2;-2).

Vx+3++/5-y=16
y+3+V5—x=16.

Vi+3+/5-y=16 (1)

VY+3+V5—x=16. (2)

—3<x<5

-3<y<5s.

Lay (1) trit (2) vé theo vé ta dude (vVx+3—+/y+3)+(v5—y—V5—x) =0. (3)

Vi du 10. Giai hé phuong trinh {

ngﬁ.{

biéu kién: {
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Véi 3. hé phuong trinh rd thanh vB=16 v 1)
] 1x:y=—, ep ng Trin I an VO 11
V8 =16.
Véi 5. hé phuone trinh & thanh > 6(A1’)
) 1x:y: . ep ng rin I an VO 11
V8 = 16.

-3 -3
e Véi X7 hoac 7
X#5 y#5
(3) tuong duong véi
xX—y n X—y _0
VX+3+vy+3  Vi3—-y+V5-x

1
= (x_y)(\/x+3+\/y+3+\/5—y+\/5—x) =0
& y=ux.

Viay hé phuong trinh da cho tuong ducng véi

y=Xx y=x
{\/x+3—}—\/5—x: 16 < {8+2 (x+3)(5—x)=16

y=x y=x
& <9 5 Sx=y=1.
(x+3)(5—x)=4 X —=2x+1=0

K&t luan, hé phuong trinh c¢6 nghiém: (1;1).

Dang 2. Tim diéu kién ctia tham s6 théa diéu kién cho trudéc.

Dua vao tinh chit nghiém ctia hé phuong trinh d6i xiing d€ tim tham s6.

Vi du 11. Tim diéu kién ctia tham s6 m dé hé phuong trinh sau c6 nghiém duy nhét

x—2y:m)—}
X

y—2x=m§.

Loi gidi. Vi hé phuong trinh d6i xiing nén gia sit nghiém clia hé 1a (x;y) thi (y;x) ciing 1a nghiém cla hé,
vay d€ hé c6 nghiém duy nhit thi x = y. Suy ra (1) trd thanh

X—2x=m& —x=m<&x=—m.

D& hé phuong trinh ¢6 nghiém duy nhit thi x =y = —m # 0, suy ra m # 0.
¥ —2xy=my (1)

2

Th lai, v6i m # 0, x # 0,y # 0 thi hé phuong trinh tuong duong véi
y —=2xy=mx. (2)

Lay (1) trir (2) ta dugc x> —y> =m(y —x) < (x—y)(x+y+m) =0

y=x y=—Xx—m
sS4, hoac  (I1) 1",
X~ —2xy = my xX°—2xy =my

o Gidi (1): (I) [x — y=0 (loai)

X=y=—m.
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e Giai (II): Ti hé (II) ta dugc phuong trinh 3x? +3mx+m? = 0. C6 A = —3m? < 0,Vm # 0. Nén hé
phuong trinh (/1) v nghiém.

Két luan, hé phuong trinh c6 nghiém duy nhét khi va chi khi m # 0.

BAI TAP TU LUYEN
1
4x —xy ==y
Bai 12. Giai hé phuong trinh ?
4y —xy = gx.

oo

1
4y —xy = 3~ (2)

. < < 13
Lay (1) tru (2) vé theo ve ta dudc (x — y)? = 0 < y = x. Vay hé phuong trinh da cho tuong duong véi

4x —xy =
Loi giai.

= 11
y=x y=x=—

, 1 & 3
4x —x —gx y=x=0.

< 11 11
Két luan, hé phuong trinh c6 hai nghiém: <? 3 ) (0;0).

x2—i—x:2y

2

Bai 13. Giai hé phuong trinh {
vy 4y =2x.

2

, X 4+x=2 1
Loi giai. { 5 y ()
y+y=2x. (2
Ly (1) trix (2) vé theo vé ta dugc

(x=y)(x+y+3)=0

o
= —x—3.

Vay hé phuong trinh da cho tuong duong véi
=X =-—x-3
0, hoic (1) 1", .
x—x=0 x“ 4 3x+6 =0 (vd nghiém)
Két luan, hé phuong trinh c6 hai nghiém: (1;1), (0;0).
x> +x2y =Yy

3

Bai 14. Giai hé phuong trinh 5
y +yx=x

3 2
. X +xy= 1
Loi giai. 3 zy v )
y4+yx=x. (2)
Ly (1) trix (2) vé theo vé ta dudc

(x=y) (P +2xy+y°+1) =0

y=x
(x4+y)?+1=0. (v6 nghiém)
y=x
Viay hé phuong trinh da cho tuong duong véi

x/ziﬁ V2. V2
£0(2-9

2x3
Két luan, hé phuong trinh c6 ba nghiém: ( <
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22— 2y =2018
Bai 15. Gidi h¢ phuong trinh § o
y-—2xy =2018-.
y
x#0
y#0

Hé phuong trinh tuong duong véi hé {

Loi gidi. Diéu kién: {
X —2x%y=2018y (1)
¥ —2xy? =2018x. (2)
Ly (1) trix (2) vé theo vé ta dudc
(x—y)(x* —xy+y*+2018) =0
y=x

= y 2 3 2 .
( _§> + 297 +2018 = 0. (vo nghiém)

y=x

Vay hé phuong trinh da cho tuong duong voi

e PR & fuene {—x2:2018. (v 1)
Két luan, hé phuong trinh vo nghiém.

1
X2+ —=2y-2
Bai 16. Giai hé phuong trinh o )
y2=2x+=.
X

Loi giai. Hé phuong trinh tuong duong vé6i hé

Diéu kién: x # 0.
W =2y (1)

1
bat u = x+ —, hé trén trd thanh )
X vy =2u. (2)

Ly (1) trix (2) vé theo vé ta dudc
(u—y)(u+y+2)=0

s ) {y o hoic (11){

u-=2u

y=—u—-2

Giai (1): (I) &
0: (1 L:y:z, -
Két luan, hé phuong trinh c6 nghiém: (1;2).
\/x+2+\/7—y:m

Y2+ VT —x=m.

a) Giai hé phuong trinh trén v6i m = 3.

y=2

Bai 17. Cho hé phuong trinh {

b) Tim diéu kién ctia m d€ hé phuong trinh c6 nghiém duy nhit.
—2<x<7
—2<y<T.
{\/x—|—2+ Vi-y=m (1)
VY+2+VT—x=m. (2)

Loi gidi. Diéu kién: {

Lay (1) trit (2) v& theo vé ta dudc (vVx+2—+/y+2)+ (vV7T—y—+v7—x) =0.

u=y=0 {x2+1:O(V6nghiém) . {x2—2x+1:O
= hoac

WH2u+4=0 (vd nghiém)

-\

x=1

y=2.

221
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9=m
e VGi x =y = —2, hé phuong trinh tr§ thanh
V9 =m.
Voi 7. hé phutong tinh tr6 thanh 4 0 ="
e V6i x =y =7, hé phuong trinh trg than
Vo =m.
-2 -2
e VGi X7 hoac 7
x#17 y#T
(3) tuong duong véi
xX—y n X—y _0
VX+2+y+2  JT=y+VT—x
1 1
o . )=o
(=) VX+2+y+2  T—y+VT—x

& y==x

Vay hé phuong trinh da cho tuong duong véi

y=x y=x y=x
{\/x+2+\/7— =m < {9+2 (x+2)(7T—x)=m ~ (x+2)(7T—x) = mT_9(4)

a) V6i m = 3, hé phuong trinh c6 hai nghiém (x;y) bing (—2;—2), (7;7).
b) Ta xét cac truong hop sau:

— Truong hop 1. m = 3, hé phuong trinh c6 hai nghiém, loai.
m—9

N — <0 m<9 . . o .
— Trudng hop 2. 2 & 43 hé phuong trinh v6 nghiém, loai.
m

m+#3

9
— Trudng hop 3. mT >0 m>9 thi (4) trd thanh

m* —18m+ 81 —m*+18m—25

7] 0.

X+ 5x+ 14— =0& —x%+5x+

Ta dugc A = 25+ (—m? + 18m —25) = —m* + 18m.
Dé (4) c¢6 nghiém duy nhét thi m = 0 (loai) hodc m = 18. Vi m = 18 phuong trinh (4) ¢ nghiém

x=3 (thda diéu kién).

Vay hé phuong trinh c¢6 nghiém duy nhit khi m = 18.

IV. Hé phuong trinh dang cip

Dinh nghia 3. Biéu thic f(x,y) dudc goi 1a biéu thic dang cip bac 2 néu f(mx,my) = m*f(x,y).
Pinh nghia 4. Biéu thic f(x,y) dudc goi 1a biéu thiic dang cp bac 3 néu f(mx,my) = m>f(x,y).
Pinh nghia 5. Hé phuong trinh dang cip bac 2 theo x,y c6 dang tong quat:

(3.2)

a1x2 +b1)cy+6'1y2 =d
arx> + byxy + czy2 =ds.

(M&i phuong trinh trong hé (3.2) la cdc biéu thitc ddng cdp bdc 2)
Phuong phap giai:
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e Xét x = 0. Thay x = 0 vao (3.2) d€ tim y. Néu khong tim dudc y thi hé vd nghiém trong trudng hop

nay.

o Xétx#0.

(i) Néu d; = 0 hoic d» = 0, chang han, d; = 0 thi ta chia c4 hai vé phuong trinh thit nhit cho x? ta
dugc phuong trinh 6 dang: ¢1(2)? 4+ b (2) +a; = 0. Gidi phuong trinh nay ta tim dugc ti s6 2,

sau d6 thé vio phuong trinh con lai d€ tim nghiém x, y.

(i) Néu d; # 0 va d» # 0 thi ta c6 thé tao ra mdt phuong trinh dang cip bac 2 thuan nhit (phuong

trinh ¢6 hé sé tu do bing 0) bang cach:

dy(arx* +bixy +c1y? —dy) — di (apx® + baxy + c2y* — dp) = 0. Sau d6 giai gidng (i).

Pinh nghia 6. Hé phuong trinh dang cip bac 3 theo x,y c¢6 dang téng quat:

{F (x,y)=A
G(x,y) =B.

Trong d6, F(x,y), G(x,y) 1a cac biéu thic dang cip bac 3.
Phuong phap giai: Giai tuong tu hé phuong trinh (3.2).

(3.3)

x2—3xy—i-2y2 =0

Vi du 12. Giai hé phuong trinh:
’ P £ {2x2+xy— 10y? =0.

oL [ =3428 =0 (1)
Loi giai. 5 5
2x“+xy—10y" =0 (2)
2> =0

e Xétx = 0. Thay x = 0 vao hé da cho ta dugc hé: )
—10y"=0

e Xét x # 0. Chia hai vé (1) cho x? ta dugc phuong trinh:

2(2) -5 1-0e

_ _y
1@[
_ 1! x=2y.
2

=< 8 I<

a) V6ix =y, (2) < —7x*> = 0 (vd nghiém do x # 0).
b) Véix=2y,(2) &0y’ =0=ycR Max#0=y#0.

e Viy hé phuong trinh da cho c6 nghiém (2a,a),a € R.

& y=0.

2x2—3xy—|—y2 =0

Vidu 13. Gidi h¢ phuong trinh: | 5
x“+xy+4y° =19.

o (27 =3y =0 (1)
Loi giai. { , 5
x“+xy+4y° =19 (2)

2

e Xét x = 0. Thay x = 0 vao hé da cho ta dudc hé: {z )
y =
e Xétx # 0. Chia hai vé& (1) cho x? ta dugc phuong trinh:

=1

2 =
) -3()+2=0+ @[y .
by X — y =2x.

<

= I
[\

0
19° hé phuong trinh da cho v6 nghiém.
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V114 V114
6

a) Voiy=x,(2) 6> =19 x=

hodc x = —~——.

6
b) Véiy=2x, (2) < 192 =19 < x =1 hojc x = —1.

e Vay hé phuong trinh da cho ¢6 4 nghiém: <

x2—2xy—y2:1

2

Vi du 14. Giai hé phuong trinh: 5
x“+xy—y°=-5.

Loi gidi.
2

e Xétx =0. Thay x = 0 vao hé da cho ta dugc hé: { y2 s
_y — —

, hé phuong trinh da cho vo nghiém.

e Xét x # 0. Nhan hai vé (1) cho 5 rdi cong (2) ta dugc phuong trinh:
y 1
=5 x=2
PN [ Y
2

2

6x2—9xy—6y220<:>—2<y> —3(X)+2:0<:> x
x y_ = —2x.

X

X

a) V6ix =2y, (2) < 5y* = —5 (Vo nghiém).
b) V6iy=—2x,(2) < —5x*=—-5<x=1lhoicx= —1.

e Vay hé phuong trinh da cho c6 2 nghiém: (1,-2),(—1,2).

X — 3xy2 —|—2y3 =0

3

Vi du 15. Giai hé phuong trinh: 5 :
x +xy—y =5.

v (230742 =0 (1)
Loigiai. ¢ , 3
X+xy—y =5 (2)
3

2
e Xétx= 0. Thay x = 0 vio hé da cho ta dugc he: { Y

5 hé phuong trinh da cho vo nghiém.
_y —

e Xétx # 0. Chia hai vé& (1) cho x* ta dugc phuong trinh:

2(X)3—3<)y—c)2+1:0<:>

X

_ _,
~
:_1 [ = —2y.
2
a) Véix=y,(2) ey =5cy=+5.
b) Véix=-2y,(2) & -5 =5cy=—1.

NI xIx

e Vay hé phuong trinh da cho c6 2 nghiém: (V/5,V/5) ,(2,-1).

) . L [Py =2
Vidu 16. Giai hé phuong trinh: »

3x° — Xy —y3 =1.

Syd=2 (1)

Loi giai.
s {3)63 0=y =1 (2)
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3

e Xétx—=0. Thay x = 0 vio hé da cho ta dudc hé: {y .

. hé phuong trinh da cho vo nghiém.
J— y —

e Xét x # 0. Nhan hai vé (2) cho 2 r01 trit (1) ta dugdc phu’dng trinh:
50— 22— 33 = 0 & —3 (}—) ( ) +5— 0<:>—_ | ox—y.
o Voix=y,2)ex’*=1ex=1.
e Viy hé phuong trinh da cho c¢6 1 nghiém: (1,1).
BAI TAP TU LUYEN

-4y’ =0

Bai 18. Giai hé phuong trinh: 5
2x" 4 3xy = 14.

{x2—4y2 =0 (1)

e Xét x =0, hé phuong trinh da cho vd nghiém.

e Xét x # 0. Chia hai vé (1) chox ta dugc phuong trinh:
Yy
Y =2
—4( f1=0x |* x y
X )_’:__ x——2y.
x

a) V6ix =2y, (2 <:>14y =14 y=1hoacy=—1.
b) Véix=—-2y,(2) ©y*=7<y=+Thoicy=—7.

e Vay hé phuong trinh da cho c6 4 nghiem: (2,1),(=2,—1), (-2v7,v/7), (2v7,—V7).

x> 43xy = —9

x> 4 6xy4+9y* =9,
X 43y =9 (1)

P H6xy+9° =9 (2)

Bai 19. Giai hé phuong trinh: {
Loi gidi. {

e Xét x =0, hé phuong trinh da cho vo nghiém.

e Xét x # 0,14y (1) cong (2) ta dugc phuong trinh:

y 1 _
N2 o (Y T a Y
2x2+9xy+9y2:0<:>9(—> +9<—>+2:0<:> & 2
x x Y_ 2 |y=-%x
X 3 3

a) V6ix = —3y, (2) < 0y? = 9 (V6 nghiém).
2
b) V6iy= —gx,(2) & x> =9« x=—3hoicx=3.
e Viy hé phuong trinh da cho ¢6 2 nghiém: (—3,2),(3,—-2).

2x% 4+ 3xy —2y> =3
xz—xy+y2:l.

(22 43xy=2y" =3 (1

Loi giai. { 5 Y 5 Y ()

X —xy+y =1 (2)

Bai 20. Giai hé phuong trinh: {
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e Xétx = 0, hé phuong trinh da cho v6 nghiém.

e Xétx # 0, lay (2) nhan 3 rdi trit (1) ta dugc phuong trinh:

y 1
2 - =z :5
x2—6xy+5y220<:>5(x> —6<X>+1:O<:> X 5<:>lx Y
X X Y =
X

V21
a) Voix=5y, 2) o2y’ =1ay= T hodc y =

b) Véix=y,2) ©&x’*=1<x=—1hodcx=1.

—5v21 21 5v21 21
e Viy hé phuong trinh da cho c6 4 nghiém: ( TR )’(T’T) J(—=1,—1),(1,1).

V21
21

Oy +y =-1
X —)cy2—3y3 =3.
4y 4y =—1(1)
X —xy? =3y =3(2)

Bai 21. Giai hé phuong trinh: {
Loi giai. {
e Xétx = 0, hé phuong trinh da cho v6 nghiém.

e Xét x # 0, 14y (1) nhan 3 rdi cong (2) ta dudc phuong trinh:

a—
2 =4x
4x3+3x2y—xy2=0<:)—<X> +3(X>+4:0<:> ’yc @[y
X X L =1 = —X.
X
1

a) Voiy=4x, (2) & 207 =3 & x=— 57

Ne)

b) Voiy=—x,2) 3> =3ex=1.

1 -4
e Vay hé phuong trinh da cho c6 2 nghiém: (— > ,(1,—1).

V69’ /69
U TRy =1
Bai 22. Giai hé phuong trinh: 5
(x+y)(x"—y7) = 3.
o [T Y =1 70 +y =1 (1)
Loi giai. 5 3 ) 3
(x+y)"=y)=3  (r+xy-—x -y =3 (2)

e Xét x = 0, hé phuong trinh da cho v6 nghiém.

e Xét x # 0,14y (1) nhan 3 rdi cong (2) ta dudc phuong trinh:

3 2
22x3+x2y—xy2+2y3=0<:)2<2> — (X) + <X>+22:0<:>X = 2&y=—2x
X X X X

o Voiy=-2x, ()&’ =1<x=1.
e Viy hé phuong trinh da cho c6 1 nghiém: (1,-2).

mx> — (m+1Dxy+y> =0

x2+xy—l—y2 =1.

Tim m d€ hé phuong trinh da cho c6 4 nghiém.
e [ = (m Dy )P =0 (1)

Loi giai. 5 5
X txy+y =1 (2)

Bai 23. Cho hé phuong trinh: {
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e Xétx = 0, hé phuong trinh da cho v6 nghiém.

e Xétx # 0. Chia hai vé& (1) cho x? ta dugc phuong trinh:

(i)z—(m+l) G) tm=0%

=m y=mx
-~
:1 y:x'

R IR I

a) V6iy =ux, (2) < 3x? = 1 (phuong trinh niy c6 hai nghiém).

b) V6iy=mx, (2) & (1+m+m?)x*> = 1. Vi I +m+m? > 0,¥m nén hé c6 4 nghiém thi 1 4+ m +
m*#£3 s m#A1vam# 2.

e Viy hé phuong trinh da cho ¢6 4 nghiém khi m # 1 vam # —2.

V. Hé phuong trinh hai 4n khac

Khi giip hé phuong trinh hai 4n chua & dang co ban hay chua c6 dang da biét phuong phap giai thi ta can st
dung linh hoat cac phuong phap: Thé, Cong dai s, Phan tich nhan tt, Dt 4n phu, Nhan lién hop.

4)62—|—y2 =35,

Vi du 17. Giai hé phuong trinh
) {8)63 +y° =5y +4x%y.

4 +y* =5 (1),

8+ =5y4+4xty  (2).

e Cich Thé biéu thite: DE y thdy (1) < 4x2 = 5—)2, (2) < 8x° —4x%y = y(5—y?), nén ta c6 thé giai biing
phuong phép thé biéu thiic 5 — y? = 4x? vao (2) va nhan dugc phuong trinh:

Loi gidi. Xéthé {

8x° —4x’y =yd4x’ =8 —8xXy=0< i_y .

+/ Véix=0=y==+5.

+HVéix=y=5"=5x=+1=y==+l.

Vay hé ¢6 tap nghiém S = {(0;V/5), (0; —V/5), (1;1),(=1; = 1)}.

e Cich Thé hang s6: D& y thdy c6 hé s6 5 & ca hai phuong trinh. & phuong trinh (2), hé s6 5 nim 6 sb
hang c6 bac 1, trong khi tt ci cdc sb hang khic c6 bac 3. O phuong trinh (1), hé s tu do 5 bang mot biéu
thiic dang cip bac 2. Vi vay ta c6 thé nghi dén phuong phap thé hing s6 5 = 4x? +y? vao (2) va nhan dugc
phuong trinh:

X =
83 +33 = (42 +y)y +4x’y & 8x° —8x’y =0 & .
xX=y

Dén day, ta giai tiép nhu trén va thu dugc tap nghiém S = {(0;1/5), (0;—/5), (1;1),(—=1;—1)}.

Vi du 18. Giai hé phuong trinh

9y = (10x+4)(4 — 2x),
9y? —20x% — 24xy+32x —24y+16 =0.

9y* = (10x +4)(4 —2x) (1),

9y? —20x% — 24xy+32x—24y+16=0  (2).

e Cach 1: D€ y thiy (10x+4)(4 — 2x) = —20x% + 32x + 16 1a biéu thiic khong chia y trong (2). Vi viy ta
giai bang phuong phap thé nhu sau:

Ta cé (1) < 9y? = —20x% 4 32x+ 16 thé vao (2) ta c6

Lui gidi. Xét hé {
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y=0
9y? —24xy —24y+9y> = 0 < 18y —24xy — 24y =0 & dx+4 .
YT73
x=2
+/ V6i y = 0 thay vao (1) taco (10x+4)(4—2x) =0 < 2.
xX=—=
5

4
+ Véiy = =

4
thay vao (1), rut gon dugc phuong trinh
2
2.0

20).(02) o).

Viy hé co tdp nghiém § = {( 0;=
e Céch 2: Coi (2) la phuong trinh béc hai 4n y, tham s x:

3

4
36x2:O<:>x:O:>y:§.

9y? — 24(x+ 1)y —20x% +32x+ 16 = 0.

12(x+1)+18x 10x+4
y: g
Tacé A, = (18x)2. Suy ra (2 ) 3
aco Ay = (8% Suyra ()= | 18 —2v44
10x+4 o ’ B 3
+/ Voiy = s thé vao (1) dugc phuong trinh
x=0=y==

(10x+4)> = (10x +4)(4 —2x) & )
x=——-=y=0

5
L - 4 A s S
+/ Véiy = thé vao (1) dugc phuong trinh
x=2=y=0
(—2x+4)2 = (10x+4)(4 —2x) <
x=0=y==
3
A LA oA . 2 4
Vay hé c6 tap nghiém S = {(—;O) ) (0; 5) , (2;0)}.

X4+ 1lx=y>+11y,
24y =2x+y—1.

(1),
(2).

Vi du 19. Giai hé phuong trinh {

x3+11x:y3+11y

2—|—y2:2x+y—1

Lui gidi. Xét hé {
X

Ta co

(e Y +1lx—1ly=0& (x—y)(¥* +xy+y*) +11(x—y) =0

x—y=0
S (x—y)@P+ry+y +11)=0& [

X2 +xy+y>+11=0 (vo nghiém)

V6ix—y =0« y=xthé vao (2) tacé

22 =3x—12?-3x+1=0<

)}

11

Vay hé c6 tap nghiém S = {(1; 1); (5,5
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(x+1)%(xy+2x) = 12,

Vi du 20. Giai hé phuong trinh {
xy—+x=2.

Loi giai. Tacé
{(x+ D2 (xy+2x) =12 - {(x+ 12 (xy+2x) = 12,

xy+x=2 (xy+2x)—(x+1)=1.

=12 (%),
v—u=1.

Thé v = u+ 1 vao (%) ta dugc phuong trinh u®> + > —12=0<u=2=v=3.Suyrax=1,y= 1.
Vay hé c6 tap nghiém S = {(1;1)}.

biatu =x+1, v =xy+2x ta dugc hé

Vi du 21. Giai hé phuong trinh

x2+9y2—6xy+4x—9y:O.

V2x+3y—1—/x+6y—2+x—3y+1=0 (1),

¥ 4+9y? —6xy+4x—9y =0 (2).

DEy thly (2x+3y—1) — (x+6y—2) =x—3y+ 1, nén ta sé st dung phuong phap nhén lién hop:
2x+3y>1

x+6y>2

{\/2x+3y—1—\/x+6y—2+x—3y+1 =0,

Lui gidi. Xét hé {

e Diéu kién {

2x+3y—1=0 r=
=
x+6y—2=0 y=

0
e Truong hop v/2x+3y—1+/x+6y—2=0< { 1 (loai).
3

e Truong hgp /2x+3y— 1+ +/x+6y—2#0,tacd

x—3y+1
1) e 3y +1)=0
(1) \/2x—}—3y—1+\/x+6y—2+(x y+1)
1
S (x—3y+1 ( l):0<:> =3y—1.
=3+ s e 2 =y

Khi do
(2) e By—124+9?-6(3y—1)y+4(3y—1)—9y=0<3y—3=0<y=1=x=2 (thda min).
Vay hé c6 tap nghiém S = {(2;1)}.

27x 4 8y® = 35,

Vi du 22. Giai hé phuong trinh
) P s {3x2y+2xy2 =5.

273 +8y° =35 (1),
3x%y+2xy? =5 (2).
DE y thiy hé 1a ding cp bac 3, nhung & ddy ta sé giai hé biang phudng phap cong dai s6 d€ minh hoa cho
phucng phap nay. Ta quan sat: (1) c6 27x> = (3x)3, 8y> = (2y)3. Ma (3x+2y)> = 27x° + 8y> + 18(3x%y +
2xy?). Vi vdy ta gidi hé nhu sau:
Lay (1) + 18 x (2) ta dugc
27x° +8y> + 18(3x%y +2xy%) =35+ 18 x 5
& (3x)3 +3.(3x)%.2y +3.3x.(2y)% 4+ (2y)} = 125
5—3x

e Bx+2y)’ =5 e3x4+2y=5y= 5

Lui gidi. Xét hé {
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s 5-3
Thé y = 3 ¥ vao (1) taco

5—3x

3
27x3+8( ) =35270° +(5-3x)° =35

x=1=y=1

27X —45x+18=0< 2 3.
= — = = —
TT3TY T2
A o . 23
Véy hé c6 tap nghiém S = { (1;1), 5,5 i
BAI TAP TU LUYEN

X +4yP—10x=0,
K44y —dx—4y—20=0.
x> +4y*—10x=0 (1),

X4yt —4dx—4y—20=0  (2).
3x—10

Bai 24. Giai hé phuong trinh {
Loi gidi. Xét hé {

(1) & 10x = x> + 4y? thé vao (2) ta dugc y =
5
2:-2)- . )
{( ’ )’<5’2)}

Bai 25. Giai hé phuong trinh {

. Thé tr& lai vao (1) va gidi ra tdp nghiém S =

2xy—|—x—i—2y:x2—8y2,
xﬁ—y\/H:x—Zy.
2xy+x+2y = x> —8y” (1),
Xy —ywWx—1=x-2y (2).
x>1

y=0

Loi gidi. Xéthé {

+/ Piéu kién {
x=4y+1

+/Taco (1) < x> — (2y+1)x—8y> —2y =0c6 A, = (6y+1)%. Suy ra N
x=—2y (loai)

Thé vao (2), gidi ra tap nghiém S = {(5;1)}.
2xy+x—2=0,

2060 = 2x%y + %% +4y? —dxy — 2y = 0.
2xy+x—2=0 (1),

200 = 2%y + 2 4+-4y? —dxy—2y =0 (2).
e Céch 1: Phan tich

(2) & x?(2x—2y+1) = 2y(2x -2y +1) =0 < (x> —2y)(2x -2y + 1)

Bai 26. Giai hé phuong trinh {

Loi gidi. Xéthé {

0.

e Cach 2: St dung phuong phap A chinh phuong:
(2) & 4? —2(x* +2x+ 1)y + (23 +x2) =06 Ay = (—x? +2x+1)2.

P 1N (145 V5N [(—1-V5 VS
Hé c6 tdp nghiém S = {(1,5) , (T’T) , (T’_T .

45 +y* —2xy+4y+1=0,

— ¥ fdxy? — A%y + Ty =2(4x% 4 1).

4x® +y* —2xy+4y+1=0 (1),

—y bany? — Ay + Ty =24 +1)  (2).

D€ y thiy vé trai ctia (2) c6 nhan tif chung 13 y va vé phai ctia (2) xuét hién trong (1): (1) < 4x> +1 =
—y?> +2xy—4y (). Nén ta sé thé (%) vao (2) dudc phuong trinh

Bai 27. Giai hé phuong trinh {

Lui gidi. Xét hé {
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— P +4xy? —4xPy 4+ Ty = 2(—y? + 2xy — 4y)

y=0
—y?+ (4x+2)y—4x* —4x+15=0 (3)

o y=2x-3
(3) c0 A, =16,suyra (3) & [y:2x+5'

1
Thay lai vao (1) gidi ra tdp nghiém S = {(—1;—5), <§;—2>}.
x3—y3:4x+2y,
X2 +3y? =4.
-y =dx+2y (1),
X243y =4 (2).

Bai 28. Giai hé phuong trinh {
Loi gidi. Xét he {

1 <
Taco (1) < x> —y3 =dx+ 5.4y. Thé 4 = x? + 3y ta dugc phuong trinh

y=0
1 =0
By =P+ )+ (P 3y e 55+ 6y x+xty=0< Y ) ) S (lx=—y .
2 57" +6yx+x" =0 r= 5y

5 1 5 1
Thay vao (2), giai ra tdp nghiém S = {(j:Z;O),(—l;l),(l;—l), (——;—) , (—;——)}.
V1V T\VT VT

Bai 29. Giai hé phuong trinh

x2—|—4y2+2\/2x2—6xy+8y2 = x+ 2y +4xy,
\/x—|—2y+ \/x—2y23x—8y—l—4.

x2+4y2+2\/2x2—6xy—|—8y2:x+2y+4xy (1),
VX+2y+/x—2y=3x—8y+4 (2).

Loi gidi. Xét hé {
DEy (1) co:
X+ 4y* —day = (x—2y)?,
(2\/2)62 — 6xy+8y2)? — (x+2y)% = Tx® —28xy +28y* = 7(x —2y)?,
(1) & (x—2y)2 + (2\/2x2 —6xy+8y? — (x+2y)) =0.

Vay nén ta st dung phuong phap nhan lién hgp cho biéu thiic 24/2x% — 6xy +8y2 — (x +2y). Hé c6 tap
nghiém S = {(2;1)}.

4x% +y? +2xy =4y —1,

Bai 30. Giai hé phuong trinh ity 1o
rty=a gt
4 +y* + 2y =4y —1 (1),
L gifi. Xéthe { Y 2)
SRR
+/ Truong hgp y = 0 khong thoa man.
4 42 +1
+/ Trudng hgp y # 0, chia hai vé cia (1) cho y ta duge (1) < il +2x+y=4.
A2 41 X u+v=4,
Pitu= "1 = 2x+y dua vé gidi he |
v=—+2.
u

R 1
Tap nghiém ctia hé ban dau S = {(—1;5), <§;2)}.
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x° +9x%y = 108,

xy? 4y =4.

X +oxty=108 (1),

x4y =4 (2).

Léy (1) +27 x (2) ta dugc phuong trinh:

Bai 31. Giai hé phuong trinh {

Lui gidi. Xét hé {

X+ 9x%y +27xy? +27y° =216 = (x +3y)° =6 & x+3y =6 < x =6 —3y.

Thé vao (2) va giai ra tap nghiém S = {(3 —3v/3;1++/3),(34+3v3;1—/3),(3;:1)}.
X 4+y—9=0,

X242y —x—4y=0.

X4y —9=0 (1),

2P —x—4y=0 (2).

Lay (1) —3 x (2), nhém cic s6 hang dé c6 hing dang thifc bac 3, ta dugc phucng trinh:

Bai 32. Giai hé phuong trinh {
Loi giai. Xét hé {

x—1P+(-2P=0e(x-1P =2y’ ex—1=2-ysx=3—y.

Thé vao (2) va gidi ra tap nghiém S = {(1;2), (2;1)}.
16
2 2 Xy

X taHT+ = 16,
Bai 33. Giai hé phuong trinh x+2y
Vx+2y =x*—2y.
16
S Pra =16 (1),
Loi gidi. Xét hé x+2y

Vx+2y=x*—2y (2).

Dit u = x+2y > 0, v = 2xy, bién ddi (1) trd thanh
u —2uv+8v—16u =0 u(u? —16)+2v(4 —u) =0 < (u—4)(u? +4u—2v) = 0.

Suyra (1) & (x+2y —4)(x® +4y* +4(x+2y)) =0 = x+2y —4=0.
) 7
The vao (2), giai ra tap nghiém S = {(—3;§> (25 1)}

BAI TAP TONG HOP

(x— 12?2 +2y = —1.

x(y=3)-9=1 (1),

(x—1%+2y=—1  (2).

Dé thdy y = 0 khong thda mén hé phuong trinh. Chia hai vé ctia phuong trinh (1) cho y, hai vé clia phuong
x+1t+43xt =09,

X412 —2(x+1)=—1.

Dit x+1 = S;xt = P (S > 4P). Khi d6 ta dua vé hé méi cia 2 4n S, P:

Bai 34. Giai hé phuong trinh sau: {

Lui gidi. Xét hé {

1
trinh (2) cho y? va diit r = —— ta dudc hé phuong trinh: {
y

S+3P=9 §=3,pP=2
& 2 )
§2-25—2P=—1 s:—g,P:% (loai)

< 1
Giai tiep ta dudc tap nghiém cua hé phuong trinh la: § = {(1; —5> 3 (2;— 1)}
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. o , A aepa . L 1 1 =m,
Bai 35. Tim tap gia tri thuc cda tham so m dé hé phuong trinh sau c6 nghiém: {\/i—i— —; \/y + "
x+y=23m.
Loi gidi. Diéukién x> —1;y > —1.
bt /x+ 1 = u;+/y+ 1 = v. Khi d6 hé phuong trinh dudc viét lai 1

u+v=m u+v=m u+v:2m (%)
~ _ _ *).
W+ —2=3m m*—2uv—2-3m=0 uv:w
DéE hé ban ddu c6 nghiém thi hé () phai c6 nghiém thda man u > 0;v > 0. Tiic 1 phuong trinh: 20> — 2my +
3+V17
m* —3m—2 = 0 c6 2 nghiém khong am. Giai ra ta dudc +2 <m<3+4++/13.

Bai 36. Giai phuong trinh: x> +3x — 1 = 4+/x3 —x2 +2x— 2.
Loi gidi. x* +3x— 1 =4vx3 —x2 + 2x —2(%).

e Nhan xét: x* —x? +2x —2 = (x — 1)(x* +2),diéu kién: x > 1.
e Phantich: > +3x—1=a(x—1)+b(x*+2)=a=3vab=1.

o Ditu=+x—1vav=+vx2+2.

v=u
(¥) & 3u> +v? = duy <
v =3u.

a) Véiv=u< x> —x+3 =0 (vd nghiém).

9+v37 N
b) Véiv=3ucx’-9x+1l1=0cx= 5 (thda dieu kién).

9++/37

e Viy phuong trinh ¢6 nghiém x = -

mx> — mxzy + 7)cy2 — 3y3 =4

2xy2 — y3 =1.
Tim m d€ hé phuong trinh da cho c6 diing hai nghiém.
o (md—mxy+ T =3y =4 (1)
Loi giai. 3
2xy"—y =1 (2)

Bai 37. Cho hé phuong trinh: {

e Xétx = 0, hé phuong trinh da cho v6 nghiém.

e Xétx#0, lay (2) nhan (—4) rdi cong (1) ta dugc phuong trinh:
3 2 2,3 V(Y Y _
mx’ —mxy—xy"+y =0 (=) — (=) —m|=)+m=0
x x x
r=1

G- -m=0e| ey V= (%)

2
a) Voit=1=y=x,(2) ©x’ =1« x=1.Hécémodt nghiém (1;1).
b) Véit? =m.

(a) m < 0. Hé c6 ding 1 nghiém.

(b) m=0. Hé c6 dung 1 nghiém.
t=+/m (2m —my/m)x> =1
t=—\m < [(2m+m\/ﬁ)x3 =1. )

H¢ da cho c6 dung 2 nghiém khi () c¢6 ding 1 nghiém khac 1 hoac c6 2 nghiém, trong do

(c) m>0.(x) & [
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c6 mot nghiém bang 1.

2m+my/m = 0 (vd nghiém) m— 3-v5
o 2m+my/m=1 - 4 2
m=
2m—my/m =0 113
2m—my/m=1. m = 1 hoic m = +2 :
3—v5 3 5
oVéym€{1;4; 2\/—; +2\/—}.

x}(2+3y) =8,
x(y’* —2) =6.
2+43y)=8 (1),

x(y’—=2)=6 (2).
+/ Truong hdp x = 0 khong thda man.

Bai 38. Giai hé phuong trinh {

Lui gidi. Xéthé {

2+3y
+/ Truong hgp x # 0, hé da cho tuong dudng véi

>'<|O'\/\\
=1
\_/

243y=uw’  (3),
y—2=3u (4).

4 ST _ .3 N2 2 _ _
Lay (3) + (4) taduacphIIdngtrlnhy +3y=w+43us (y—u)(y"+yu+u+3)=0y=u
Giai ra tap nghiém S = {(—2;—1),(1;2)}.
10x%y — 16xy* +24y® — 2(x+2y) =0,
2xy(x? 4+ 4y?) +2 = (x+2y)%.
10x%y — 16xy° +24y° —2(x+2y) =0 (1),
2xy(x? +4y*) +2 = (x+2y)? (2).

2
bat u = —, ta dudc hé: {
X

Bai 39. Giai hé phuong trinh {

Loi gidi. Xét he {
Ta co

(2) & 253y 4+ 8xy° +2 = x> + 4xy + 4y < 2xy(x® + 4y> — 2)— (x* +4y* — 2)=0
2xy=1

s 2y—1DP 4+ -2)=0< .
(2xy — 1)( y ) [x2+4y2:2

+/ VGi 2xy ® 1 & 2 = 4xy thé vao (1) dudc phuong trinh

=0 (loai
10x%y — 16xy? +24y3 —4xy(x +2y) =0 < [y ) (loz ).
x=2y

. 1 1
The x = 2y vao () tim dugc nghiém <1;§> , (—1;—§>.

+ Véi x? + 4y? )5 thé vao (1) dugc phuong trinh

—2
102y — 1632 42473 — (32 +4y2) (x+2) = 0 & (x— 2y)2(x — 4y)=0<:>[i_4§.

. 4 1
The vao (%) tim dugc nghiém (—; —) ;

1 1 4 1 4 1
Vay hé ¢6 tip n hiémS:{(1;—),(—1;——),(—;—),<_—;__)},
Y P e 2 2 10" v/10 10 10
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< . [4x+9
Bai 40. Giai phuong trinh 7x* +7x = x2—|— .

Loi gidi. e Bai nay c6 thé st dung phuong phap dit 4n phu khong hoan toan dé dua vé hé phuong trinh.
4x+9

Cach xay dung 4n phu nhu sau: Quan sit vé trdi c6 bac hai nén ta sé dit ar + f = o8 (), sao cho
sau khi binh phuong, rit gon thu dugc phuong trinh dang:
T2+ Tt =ax+ B (x*).
T (), () ta dugc hé
9
x:7062t2+1406[3t—1—7[32—1
7 7
x= —tz—l-—t—E
o a o
Suy ra
9 7 7 B
7o’ + 14oft+7B> — = = =124+ —t — —.
+ pr+78 4 « + a o
\ ) ) ) 1
Pong nhat hé so hai vetaco x = 1,8 = —.
4x+9
o Cich gii: Xét phuong trinh 7.2 + 7x = 1/ x;g (1).
1 4x+9 1 1 .
Dafltt—l—i =1/ xz—g (2),t > —5 Suy ra 7t> + 7t = x + 5 (3). T (1),(2),(3) ta c6 hé doi xing loai 2
\ 1
véi diéu kién t > _§:
2 1
Tx —|—7x:t+§,
2 1
Tt°+Tt=x+ <.
2
—6+5V2 —8—1/46
xX=—— xX=——+—
cos 1A s . ca 14 N 14 A N X 2 A
Giai hé nay ta dugc hai nghiém va . Vay phuong trinh ban dau co6 ta
c hay : ghie t__6+5\/§ t__g"’\/R 1y p g ap
14 14
nghiem § = 4 —>— V4 ,6+5v2
e > = 14 14 [
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5.  PE KIEM TRA CHUGNG III

I. Pésbla

Cau 1. (2 di€ém) Giai phuong trinh: v/x2 —3x+3 =2 —x.
Lui gidi.

2—x>0 .
PT <—= 4 , R (1 diém)
x"=3x+3=(2—x)
{x§2
<~
x=1
o X = L (1 diém)

Céu 2. (2 di€m) Tim m sao cho phuong trinh (x— 1) ((m+ 1)x* —2x+ 1) = 0 c6 ba nghiém phan biét.
Loi gii.
(m+1)—241#0

Phuong trinh c6 ba nghi€ém phéan biét khi vachikhi < m+1#0 ... .. .. ... ... .. (1 diém)
A >0
— {m e, (1 diém)
m <0

Cau 3. (2 di€ém) Giai phuong trinh vx2 —5x+4 = [x+ 1| + 1.
Lisi gidi.

THI1: x > —1.
x+2>0 .
PT < ¢, G e e et e et et e et e e st e e e st (0,5 diém)
x"—=5x+4=(x+2)
x> =2 e
o X =0 o (0,5 diém)
x=0
TH2: x < —1.
PT <= X2 = 5x44 = X7 (0,5 di€m)
4 .
= x= 3 (JOal) oo (0,5 diém)
Cau 4. (2 diém) Tim m sao cho hé phuong trinh sau c6 nghiém duy nhat
x+2y—z=1
mx—y+2z=72
x+(l—m)y+z=-2
Loi giai.
x+2y—z=1 z=x+2y—1
mx—y+2z=2 <= { (m+2)x+3y=4 .Hé phuong trinh c6 nghiém duy nhat khi va chi khi
x+(l—m)y+z=-2 2x+(3—m)y=—1
m—+2)x+3y=4 . 0
g Jm 243y CO NhIBM duy ThAL. ..o\ e e e (1 diém)
2x+(3—m)y=—1
m—i—2 3 2 < R
> 3_m #0 < —m" +m#0 <= m#Ovam#1. ........................ (1 diém)

Cau 5. (2 diém) Giai phuong trinh x> —x? + 1 = /2x — 1.
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ve TeA 1 1
Loi giai. Diéu kién x > 5
2
3.0 32 2 (x—1)
X —x4+l=vyv2x—1 = x—x"—x+14+x—vV2x—1=0 <= x—1)"x+1)+ ————==0
( i ) x+v2x—1
1
— (x—1 2<x—|—1+—): .................................................. 1 diém
=) RV T (1 diém)
1 1 . .
Vix> - nénx+ 1+ ——— > 0. Vay phuong trinh c6 nghiém duy nhatx =1 ............ 1 diém
=5 Y, ) ly phucng ghiem duy ( )
I. Pésolb
Cau 1. (2 diém) Giai phuong trinh: /x+1 =15 —x.
Loi giai.
5-x>0 .
PT <— e e e (1 diém)
x+1=(5—x)
x<5
< 2
x*—11x4+24=0
o N 3 (1 diém)
Céu 2. (2 di€m) Tim m sao cho phuong trinh (x — 2) (mx? —x+2) = 0 ¢6 ba nghiém phan biét.
Loi giai.
4m #£0
Phuong trinh ¢6 ba nghiém phan biétkhi vachikhi { m#£0 ................................ (1 di€m)
A>0
m#0
= (1 diém)
m< -
8
. NP [y x—y=1
Cau 3. (2 diém) Giai hé phuong trinh < , .
x“+y =13
Loi giai.
xy—x—y=1 xy—x—y=1 xy=x+y+1 i
i 5 Y — Y 2y Y ) YL (0,5 diém)
x4y =13 (x+y)"—2xy=13 (x+y)"—2(x+y)—15=0
xy==6 o [xy=-2 e
MO 7 (0,5 diém)
x+y=35 x+y=-3
xy==6 xy==6 x=2_ _ |x=3 e
= = hodc ¢ (0,5 diém)
x+y=35 x+y=35 y=3 =2
—3—-v17 —34+17
0= T el 2 (0,5 diém)
0AC ¢ T ,5 diém
x+y=-3 —34+17 —3—+/17
N

Ciau 4. (2 di€ém) Tim m sao cho hé phuong trinh sau ¢6 nghiém

x+my=2
(m+1)x+2y=1

Loi giai.
B ' 1 m

m+1 2 =4-m,

2 m
2 _
'— m-—m+2,D ‘ 1 2 ‘
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Dy:‘ mil f ‘:—I—Zm ........................................................... (0,5 diém)
Hé conghiémkhi D#Ohodc Dy =Dy =D =0. ........ ... i (0,5 di€m)
D#0 < —m?—m+2#0 < m#A1Thodcm# —2. ..o (0,5 diém)
Dy =Dy =D =0 (KhONZ tON TA1 7). . ...\ttt e ettt ettt e ettt (0,5 di€m)

Cau 5. (2 diém) Giai phuong trinh x> — 6x* — 12x — 8 = 0.
Lui giai.

B =62 —12x—8=0 <= 20 =+ 62+ 12x+8 «— 23 = (x+2)%. ................... (1 diém)
2 2
= (V2x—x—=2) (VA + Vx(x+2) + (x+2)?) =0 < x= T e (1 diém)
>O§;ER

III. Pésd2a

Cau 1. (2 diém) Giai phuong trinh:

2x—5|=x—1. (3.4)
Loi giai.
(3:4) = (2x—5)2 = (x— 1) Lo (0,5 diém).
=42 —10x+25=x2 =20+ 1 =32 —18x4+24 =0 ... (0,25 diém).
=2 .
o T (0,5 diém).
x=4.
Thé vio 3.4)tathAy x =2 vax=4déuthda...............cooiiiiiiiiiiiaa.. (0,25 di€m).
Vay tap nghiém ctia phuong trinh S = {2;4}. ... .. (0,5 di€m).
Cau 2. (2 di€ém) Giai phuong trinh:
x—vV2x+7=4. 3.5
Loi giai.

\ 7 ,
BIGUKIB: X > — 2 o (0,25 diém).
(33) = V2 +T=x—4=2+T=(x—4) (0,5 diém).
= X% 10X 40 = 0 o (0,25 diém).

x =1 )
e (0,25 diém).
X =Y.
Thé vao (3.5) tathly chi cO x =9 thOaman. .............ouiiriiniiiiiiiiaiaiain, (0,25 diém).
Viéy tap nghiém cta phuong trinh S = {9} . ... . (0,5 diém).
Cau 3. (2 di€ém) Giai hé phuong trinh:
x—3y+2z =-2
—2x+5y+z =5 (3.6)
3x—Ty+4z =8.

Loi giai.
x—3y+4+2z =-2

(3.6) & ¢ —y+3z = (0,5 diém).
2y—2z =14
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(x—3y+27 =-2

S —y+5z = (0,5 diém).
8 — 16
(x =21

T R (0,5 diém).
(& ==

Vay nghiém cta hé phuong trinh 1a (x;y;2) = (2159;2) . o ooviii e (0,5 di€m).

Cau 4. (2 diém) Tim gi4 tri ctia tham s6 m d€ phuong trinh:
mx* —2(m—2)x+m—3=0 (3.7)

¢6 hai nghiém phan biét. Tim hai nghiém do.
Loi giai.

AN >0 .
(3.7) ¢6 hai nghiém phan biét khi va chi khi { g e (0,5 diém).
a
—2)2—m(m—-3) >0 .
N {(m S mm= ) > (0,5 diém).
m #0
o m <4 (0.5 diém)
.......................................................................... .5 diém).
m #0.
—2—\/4— —24+4— .
Khi d6 (3.7) ¢6 hai nghiém 13 x = - M oax= mETVATm 0,5 diém).
m m
Cau 5. (2 diém) Giai va bién luan hé phuong trinh:
+ =1
e 3.8)
mx—3my =2m+3.
Loi giai.
Taco D= —m*—3m,Dy=—2m* —6m,Dy =m—+3. ..., (0,5 diém).
0
THI: D #0 & —m? —3m#0 < m 7
m #3.
) D, D —2m?>—6 3 .
Hé ¢6 nghiém duy nhit (x;y) = (E"; Ey) = ( _’Zg - 3’21; _Zzt 3m> AU (0,5 diém).
m =0
TH2: D=0 < [
m = —3.
o m=0= D,=0,Dy,=3+#0. Hé phuong trinh vO nghiém. ........................... (0,5 di€m).

e m=—3= D,=Dy,=0.H¢ c6 vd s6 nghiém, tdp nghiém clia hé 1a tdp nghiém cta phucng trinh
XY = Lo e (0,5 diém).

IV. Désd2b

Cau 1. (2 di€ém) Giai phuong trinh:
2—x| = 2x+1. (3.9)
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Loi gidi.

(3.9) = (2—x)2 = (2 1) oo (0,5 diém).
=S4 —Adx+x2 =4 +4x+ 1 =3 +8r—3=0 ..ottt (0,25 diém).
X=—
= P (0,5 diém).
xX=_.
; 1
Thé vao (3.9) ta thiy chi c6 x = 3 thOa MAN. .. oottt e (0,25 diém).
1 4
Vay tap nghiém cua phuong trinh S = {5} e (0,5 diém).

Cau 2. (2 di€ém) Giai phuong trinh:

x+vx—1=13. (3.10)
Loi giai.
DIBU KIGN: X > 1. o (0,25 diém).
(B310) = Va—T=13—x=x—1=(13=X)% .. (0,5 diém).
=S 2T 170 =0 o (0,25 diém).
x =10 o
e S (0,25 diém).
x =17.
Thé vao (3.10) tathy chicOx = 10thda man. ..............oouiiiiiiiiaaaaaen... (0,25 di€m).
Vay tap nghiém ctia phuong trinh S = {10}. ... ... .o i (0,5 di€m).
Cau 3. (2 diém) Giai hé phuong trinh:
—x+35y+z =2
2x—9y+2z =38 (3.11)

3x—4y+z =35.

Loi giai.
—x+5y+z =2

3.11) & ¢ y+4z = 1 (0,5 di€m).
1y+4z; =11
—x+5y+z =2
& qy+4z = L e (0,5 diém).
| 10y — 1
( 21
x ==
40
1 2
& B o ittt 0,5 diém).
T ( :
121
ST
Vay nghiém cta hé phuong trinh 1a (x;y;z) <21 ! 121) (0,5 di€m)
i i V)= i€m).
dy nghiem cua h¢ p g X¥52 20°10° 40 )

Chu 4. (2 diém) Tim gia tri ctia tham s6 m d€ phuong trinh:
(m—1)x>+2(m—3)x+m+3=0 (3.12)

¢6 hai nghiém phan biét. Tim hai nghiém do.
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Loi gidi.

A >0 ,
(3.12) ¢6 hai nghiém phan biét khi va chi khi { L (0,5 di€ém).
a
—3)2—(m—1 3) >0 .
bn =) == m ) >0 (0,5 diém).
m—1 #0
<z .
S (0,5 diém).
m #1.
3—m—+/12—-8 3— v12 -8 .
Khi d6 (3.12) ¢6 hai nghiém la x = > M oax—2 Mt L 0,5 diém).
m—1 m—1
Cau 5. (2 diém) Giai va bién luan hé phuong trinh:
mx + =4m
Y (3.13)
2x+(m—1)y =m.
Loi giai.
TacoD=m*>—m—2,Dy =4m> —5m,Dy=m> —8m. .............ccciiiiii ., (0,5 diém).
) m #—1
THI:D#0&m —m—-2#0&
m  #2.
. D, D 4m? -5 2-8 .
Hé c6 nghiém duy nhat (x;y) = <Ex’ Ey> = (m;n_ - _mz; m’?— - T2> e (0,5 diém).
m =—1
TH2: D=0« [
m =2
e m=—1=D,=9=D,#0. H¢ phuong trinh vO nghiém. ........................... (0,5 di€m).
e m=2=D,=6+#0,D,=—12+# 0. Hé phuong trinh vo nghiém ..................... (0,5 diém).
V. Pésb3a
A o c.1—3x
Cau 1. (2 diem)Giai phuong trinh = -2
2x+1
, 1 o
L gifi. DK:X 7 2 1ot (0.5 diém)
Taco: PT < 1 —3x= —4x— 2 X = — 3 i (0.5 x 2 diém)
Ddi chiéu DK, ta c6 tdp nghiém ctiaptdachola S ={—3}....... ...t (0.5 diém)
Cau 2. (2 diém)Gidi phuong trinh |3x — 5| = 2x + 3.
2x+3>0
Loi giai. PT & B — 5 = 2 3 e (0.5 diém)
3x—5=-2x-3
S 3
x _—
- 2
N U = T (0.5 x 2 diém)
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x=38
& o P (0.5 di€m)
xX=—
5
. o ias (342 =10
Cau 3. (2 diem)Giai hé phuong trinh ) 3
2x° 43y’ =
N, *?2 e _x2 - 4 o 2
Loi giai. HPT & 3 [T (0.5 diém)
y ==
x==2 .o
& { ........................................................................... (0.5 diém)
y=-1
x=2_ _ |x=-2 e
& ROAC (0.5 x 2 diém)
y=-1 y=-1
Cau 4. (2 di€ém)Giai phuong trinh (x — 1)? 42 = /x3 +3x).
Loi gial. DK x> 0 .o (0.5 diém)
PT & (X +3) = /x(2+3) —2x =0 (Va2 +3+x) (VA2 +3-2yx) =0 ............. (0.5 diém)
== 1 2
S VT3 =2/x (Vi Va2 +3+x/x>0,¥x>0) &2 —4x+3 =0 [x J e (0.5 diém)
X =
Ddi chiéu DK, PT da cho cé tipnghiém1a S = {1;3}. ........ooviiiiiiiiieea. (0.5 diém)
. \/ +3+5 4\/y+3+30
Cau 5. (2 diém)Gi4i hé phuong trinh J~ ¥ VA=A
X —6x2 +13x =y 4+ 3y* +4y+ 12
Loi giai. PK: x >0,y > —3. Ta c0:
B -6+ 1B3x =y +3y? 4y + 12 (x -2+ (x—2) = (y+ 1)+ (y+1)
S = 2 =y L X = Y (0.5 diém)
(do ham sb f(¢) = > +¢ 1a ddng bién trén R, vi Va,b € R,a > b, ta co
3.3
> b .
. C, F @A P b = fa) > ) (0.5 diém)
a
Thay vao PT con lai trong hé, ta co:

XA VE=306 F(VE) = f(3) @ VT=3 G X =0 oo (0.5 diém)
2 2 x=9 .
boi chieu DK, HPT da cho c6 nghiém la { ........................................... (0.5 diém)

y =
VL. Désb3b
2
Cau 1. (2 di€ém)Giai phuong trinh =2.
xX— 2 x+1
Loi gidi. DK X 7 2,0 Z — 1 oo (0.5 di€m)
PT & x(x+1)—2(x—=2)=2(x+1)(x—=2) x> —x—=8=0 ..., (0.5 diém)
14++/33
X =
2 .2
S [ PP 0.5 diém
1—+/33 ( )
2 /B
) ) 1++/33 .
boi chieu DK, PT da cho c6 tip nghiém la S = { 5 b (0.5 diém)
Cau 2. (2 diém)Gidi phuong trinh [2x — 1| = |x+1|.
N 2x—1=x+1 o
Lol glal. Pl < | (0.5 x 2 diém)

2x—1=—x—1
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x=72 o
& [ .......................................................................... (0.5 x 2 diém)
X =

Cau 3. (2 diém)Giai phuong trinh: v/3x2 —3x+3 =1 —2x.
Loi giéi

—2x>0 .
PT & ) e e e (0.5 diém)
3x*—=3x+3=(1—-2x)
r< q
& PR (0.5 diém)
¥ —x—2=0
< 1
x —
=5 3
& PO R R R RRRRS (0.5 diém)
x=—1
o X = o e (0.5 di€m)
. e o [2x-3y-12xy=4
Cau 4. (2 diem)Giai hé phuong trinh ) ) .
4x°+9y" —18xy =35
N S+2P=4 S =2x—3y C @ 2
Loi giai. HPT < § , , (trong d6 ,vaSc>4P) ... (0.5 diém)
Sc+P=5 P =2x(—3x) = —6xy
3
282-5-6=0 (S=2 _ |S=73 B
& & hoac (Vo nghiém)..................... ... (0.5 diém)
S+2P=4 P=1 p_ 1l
suy ra 2x va —3y 1a cac nghiém ctia phuong trinh 1> —2r+1=0,suyra2x=—3y=1......... (0.5 diém)
1
xX==
Vay hé phuong trinh da cho c6 nghiém la 2 [ (0.5 di€m)
y= 3
Cau 5. (2 di€ém)Gidi phuong trinh vx2 +x+v/x—2 = {/3(x2 —2x—2).
Loi giai. PK: x> 1+/3.
PT & x% —4x—2= 1 /X(xF 1) (X = 2) oottt (0.5 diém)
& (1 —2x) = /(x+1)(x2—2x) —=2(x+1) =0
& (VA2 =2+ Vat 1) (VA2 = 2x=2Va+1) =0 ..o (0.5 diém)
V22 —2V/x+1=0 (i Va2 —2x+vx+1>0,Vx > 1+3)
2 g 4—p0e T 0 TVD (0.5 diém)
S X OX — A = 0 | e .5 diém
x=3-v13

Dbi chiéu PK, PT di cho c6 tip nghiem 12 S = {3+v13}. ...t (0.5 diém)
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Chuong 4

BAT PANG THUC VA BAT PHUONG TRINH

1.  BATPANG THUC

I. Tém tat Ii thuyét
1. Cac khai niém
Khai niém gBé} déng thitc). Cho hai s thuc a,b. Cdc ménh dé “a > b”, “a < b”,“a > b, “a < b” dudc
goi la cac bat dang thic.
Khai niém (Bét ding thitc ciing chiéu, trai chiéu). Cho bén sb thuc a, b, c,d.
Cic bat dang thiic “a > b”, “c > d” dudc goi la bat dang thic cling chiéu.
Cic bat dang thiic “a > b”, “c < d” dudc goi 1 bit dang thic tréi chiéu.

Khai niém (B4t dang thiic hé qua). Néu ménh dé “a > b = ¢ > d”diing thi ta n6i bit ding thic “c > d”
1a bit dang thiic hé qué ctia bit dang thiic “a > b” vaviéta > b = ¢ > d.

Khéi niém (Bét dang thitc twong duong). Néu bit ding thic “a > b” 12 hé qué cta bt ding thic “c > d”
va ngudc lai thi ta néi hai bat dang thiic tuong duong véi nhau va viéta > b < ¢ > d.

2. Tinh chit

Tinh chat Tén goi
biéu kién Noi dung i
a<b&satc<btc Cong hai vé ctia bat dang thiic
v6i mot sb.
c>0 a<b< ac<bce Nhan hai vé ctia bit dang
c<0 a<b<sac>bc thiic v6i mot s6.
a<bvac<d=a+c<b+d Cong hai bat dang thic cung
chiéu.
a>0,c>0 a<bvac<d=ac<bd Nhan hai bat dang thic cling
chiéu.
neN* a<bsat < pt! Ning hai vé ctia bat dang
neNvaia>0 a<b<sa < b thic 1én mot liy thia.
a>0 a<beJa<\b Khai ciin hai vé ctia mot bat
a<bs Ya<b dang thiic.

245
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II. Cac dang toan

Dang 1. Sit dung phép bién ddi tuong dueng

D€ chitng minh mot bét dang thiic ta ¢6 thé st dung céc cach sau:

+ Bién d6i bit dang thifc cin chiing minh tuong duong vSi mot bat dang thiic da biét.

+ St dung mot bét dang thiic da biét, bién d6i d€ din dén bit dang thiic cin ching minh.
Mot sb bat dang thiic thong dung:

+ a?>0;

+ a2+b2>0;

+ a-b>0,v6ia,b>0;

+ a®+b* > +2ab.

Vidu 1. Chiing minh /T —x+v/x+2 < /6, Vx € [-2;1].

Loi giai. Véix e [—2;1], taco
VI 4+ Va1 2<V63+2y/(1-x)(x+2) <66 4(1—x)(x+2) <9 & (2x+1)2 > 0.

Bit dang thifc cudi ludn diing. Vay, bai toan dugc chiing minh.

Vi du 2. Ching minh a? 4 5% +2 > 2(a+b), v6i moi s6 thuc a, b.

Loi gidi. V6i moi sb thuc a, b ta ludn c6
(a— 12+ b-1*>0ed*+b*+2>2(a+b).

Bai toan da dudc ching minh. Pang thiic xay ra khi va chi khia = b = 1.

Vi du 3. Cho céc sb thuc x,y,z. Chiing minh cic bat dang thic sau:
a) X2 +y2+22 > xy+yz+zx;

b) X2 4+y2+1>xy+x+y.

.

Li gii.
a) Bit dang thiic tuong duong véi
262 +2y% 4222 > 2y + 274+ 2z & (x—y)? 4+ (y—2)° + (z—x)* > 0.

BAt diang thiic cubi hién nhién diing. Pang thiic x4y ra khi va chi khi x = y = z. Phép chiing minh hoan
tAt.

b) Taco x> +y* +1>xy+x+y e 282 +292 +2-2xy—2x -2y > 0& (x—y)> + (x— 1)+ (y—1)2 > 0.
Ping thifc ¢6 dudc khi va chi khi x = y = 1. Bai toan da dudc chitng minh.
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Vi du 4. Chiing minh cic bét dang thiic sau:
a) a>+b>> ab(a+b), véia,b > 0;

b) a*+b* > aPb+ab?, véia,b € R.

Lui gidi.

a) Tacé a®+b> > ab(a+b) < (a+b)(a* —ab+b?) > ab(a+b) < (a+b)(a—b)> > 0.
Bit dang thic nay ludn ding v6i moi a, b khong am. Pang thiic x4y ra khi va chi khi a = b.

b) Bién ddi bit dang thic da cho tuong duong véi (a — b)?(a®> — ab + b?) > 0 (hién nhién ding).
Ding thiic x4y ra khi va chi khi a = b.

. 1 1 2
Vidu 5. Cho a,b la cic s6 thuc théa man ab > 1. Ching minh 1 a + T2 > T ab’

Loi giai. Tacé
1 1 2 1 1 1 1

> & — — >0
T2 132" 1trab 1+ 1+ab 1152 1tab-
o ab — a? N ab — b? S0e a(b—a)(1+b*) —b(b—a)(1+ad?) >0
(14+a?)(1+ab)  (1+ab)(1+b2) (1+a?)(1+b?)

_ 2 _p_ 2 N2 (b
(b—a)(a+ab*—b—a*b) S0e (b—a)*(ab—1) > 0.
(14+a?)(1+2?) (14+a?)(1+0b?)
Bit dang thiic cudi ludn ding véi moi a,b thda man ab > 1. Pang thiic xay ra khi va chi khi ab = 1 hoic
a=n>h.

- sz . L1 2 .
Vidu 6. Cho x,y,z la cac so thuc duong thoa man — + — = —. Chiing minh:
x z Yy

x+y i y+z > 4.
2x—y 2z—y

o ere o oo 112 2 .
Loi giai. Tu gia thiet —+ - =-—=y= X Do dé
.y

X X+z
x(x+3z)  z(z+3x)
3 3
x+y+y+z >4 x+zz + x+2z Z4<:>x+ Z+Z+ XES@(x—z)ZEO(luéndling).
2x—y 2z-—y )% )% X b4

Vay, bai toan dugc ching minh. Pang thiic ¢6 dugc khi va chi khix =y =z.
BAI TAP TU LUYEN

Bai 1. Cho a,b,c la cic sb thuc thda man a+ b+ ¢ = 3. Ching minh a* + b* +¢* > o> + b3 + 3.
Lai giai. HD: Bt ding thifc can chiing minh tuong duong véi

3(a*+b*+c) > (a+b+o) @+ + )
Thuc hién bién ddi tuong duong quy vé bat dang thiic

(a—b)* (@ +ab+b*) + (b—c)*(b* +bc+c*) + (a—c)*(@* +ac+c*) > 0.
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Bai 2. Cho x,y,z 1a cic sb thuc duong théa man xyz = 1. Chiing minh rang:

1 1 1
+ + <1
x+y+1 y+z+1 z+x+1

Loi giai. Pitx =da,y =b3,z= ¢, véi a,b,c duong va abc = 1. Bt dang thic da cho tré thanh

1 1 1
<1
a3+b3+1+b3+c3+1+c3+a3+1 -

Tacé (a—b)*(a+b) >0 a® +b> > ab(a+b).
Tuong ty, ta cing c6 b> + ¢ > be(b+c¢),a® + ¢ > ac(a+c). Tt d6 suy ra

1 1 1 1 1 1
<
a’+b3+1 +b3—i—c3—|—1 +c3+a3—|—1 “ab(a+b)+1 +bc(b—f—c)—f—l +ac(a—|—c)—|—l
B I . I N 1
~ab(a+b)+abc  be(b+c)+abe  ac(a+c)+abe

=—=1.
abc

Bai toan dudc chiing minh. Péang thiic x4y ra khi vachikhix=y=z=1.

Bai 3. Cho a,b,c,d, e 1a cic sb thuc tiy y. Chiing minh

P4+ +P+d* e >alb+c+d+e).

N 2 A 2 A 2 a 2 a 2 a 2 a 2
Li gidi. HD: Bién ddi bit ding thic thanh (5 —b) + (5 —c) + (5 —d) + (5 L

Bai 4. Cho a,b,c 1a cac sb thuc khong am théa man (a +b)(b+ c)(c +a) = 2. Ching minh ring

(a® + bc)(b* +ac)(c* +ab) < 1.

Loi giai. Khong giam t6ng quat, gid st a > b > c. Khi d6, ta c6
4(a® +be) (b +ac)(¢? +ab) < 4(a® + ac)(b? + ac) (bc + ab) = 4ab(b* +ac)(a+c)>.
Mit khiéc, ta c6 (b + ca —ab)? > 0 < dab(b* + ca) < (ab+ b* + ca)?. Do d6
4(a® 4 bc)(b* +ac)(c* +ab) < (ab+b* 4 ca)*(a+c)* < (a+b)*(b+c)*(a+c)* = 4.

Bai todn dugc chiing minh. Péang thiic xay ra khi va chi khia =b = 1,c =0 (v6i gid stia > b > ¢).
T T tana — tanb
4’ 4

N, e 4. TC n N 2 2 ,
Loi giai. Véia,b e <_Z; Z> thi tan“a,tan“b € (0;1). Do d6

Bai5. Choa,bc (— ) Ching minh

1 —tanatanb

tana —tanb
———————| <1 & |tana —tanb| < |1 —tanatanb|
1 —tanatanb

& tan’a+tan’b —2tanatanb < 1 —2tanatanb + tan atan’ b
& (1 —tan?a)(tan®*b — 1) < 0 (ludn diing véi gia thiét da cho).

Bai toan dugc chiing minh.
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Dang 2. Ap dung bét dang thitc Co-si

Khi gip cdc bét dang thiic, trong d6 c6 chia 16ng, tich ciia cdc sé khéng dm, ta c6 thé ap dung nhiing
bét dang thiic sau day dé ching minh:

a) Bt dang thic Co-si cho hai s6 khong am.
b 2
Choa>0vab>0,taco: at > v/ ab. Dang thuc xay ra < a = b.

Cic dang khdc ctia bat dang thic trén:

+ a+b>2Vab, (a>0,b>0);
2
+ ab< (—a;b> . (Va, b):
a®+b?
2 b
+ a®+b%*>2ab, (Va, b).

+ ab<

(Va, b);

b) Bét ding thifc Co-si cho ba s6 khong am.

b 2
Choa>0,b>0vac>0,taco: a+3—+c2\S/abc.Déngthﬁ’cxéyra(:)a:b:c.

Céc dang khdc ctia bat dang thic trén:
+ a+b+c>3vabe, (Va,b,c > 0);
b 3
+ abc < (%) , Va,b,c > 0);

3 3 3
b
+ abc < %’ (Ya,b,c > 0);

+ a4+ b+ 3 > 3abe, (Ya,b,c > 0).

¢) Tong quat, néu ay,as, ...,a, > 0 thi:

alt+ay+...+a
! 2 > Waray...ay,.
n
Déu bang xay ra khi va chi khia; =ar = ... = a, > 0.

Chu y:
a) a*+ b* > 2ab véi moi a, b.

b) Dua vao bit ding thifc can chiing minh, gia thuyét vé sé duong, s khong am,... va chiéu clia bat déng
thic, ddu bang x4y ra... d€ dinh hudng bién d6i thich hop.

¢) Bién d6i bat dang thiic can ching minh vé dang c6 thé dp dung dudc bit dang thiic Co-si v6i cac ki
thuat tach sd hoic ghép sd, ghép cip hai, ghép ciip ba, ting hoic gidm s6 hang, ting hodc gidm bac
cua lay thua,...

Chéng han vé6i a > 0, b > 0 thi c6 nhidu huéng dénh gid va khai thac:

b b | ab?
° a+b22\/%;a+b:a+_+_>33 aT;

2 27

a a 1 1
) a+2b—a—|—b—|—b,a—|—l—§+§—I—1—a—|—§+§,



250 CHUONG 4. BAT DPANG THUC VA BAT PHUONG TRINH

o l+a+b>3Vab;2+a=1+4+1+a>3Ya;

1 1 1 1
0a2+——a2—i— + — 3€/j;ab:a-\/5-\/E;abzzwb-b;...
2a  2a 4

d) Co-si ngudc dau, véi a, b, c duong thi:
1 1 1 1 1 < 1
at+b 2\/ bat+l 2\/5 a+b+c =~ 3vabc

Vidu 1. Cho a,b 12 hai s6 duong. Chiing minh:

a) (a+b) (é%—%) >4

11
b) @+ 4+ > 2(Va+Vb).

Li gidi.

. o 2 11
a) Ap dung bat dang thic Co-si cho hai cap so duong a,b va —, b ta dudc:
a

a-+b>2vVab >0;
1 1 2

—+->—>0.
—I—b \/_>

Nhan theo vé hai bit dang thic trén, ta dudc (a+ b) ( ) > 2+ ab \/_

; L . 1 1
b) Ap dung bét dang thiic Co-si cho hai cip s6 duong a?, — va b2, b ta dugc:
a

Sy
[\
_|_
\/
S}
S
l\)
[\)
S

2 4. a2 I 1
Cong theo vé clia hai bat dang thiic trén, ta dudc a” + b* + — + 5 >2(\/a+/b).
a

, 2, . ™ A N A N b N ,. A N b
Vidu 2. Ching minh rang néu a, b cung dau thi % + — >2 vaa,b trai dau thi g +-—-< -2,
a a

e 2 A N . A N A ~ a N b N . A A 2 A M 2, A . . A
Loi giai. N€u a,b 1a hai so cung dau thi b va — la hai s0 duong nén ap dung bat dang thuc Co-si cho hai so
a

duong, ta dugc:
a b a b
—+—->24/—--—=2.
b+a_ b a

. £ . b b
Neu a, b 1a hai so trai dau thi tuong tu (—%) + (——) > 2 vavi vy g+ - < -2
a a

Vi du 3. Chiing minh riing néu a® +b* = 1 thi |a +b| < V2.

Loi gidi. Ta c6, v6i moi a,b thi a> + b* < 2V a?b? = 2 |ab| > 2ab hay 2ab < a* + b* nén
(a+b)? =a*>+b*+2ab < a® +b* +a*> +b* = 2(a* + b*) = 2.
Vay, néu a® 4+ b> = 1 thi [a+b| < V2.
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Vi du 4. Ching minh vé6i ba sb a,b,c > 0 thi a+ b+ ¢ > /ab + \/bc + \/ca. Diu bing cia ding
thic xay ra khi nao?

Loi gidi. Ap dung bét dang thiic Co-si cho hai s6 khong am, ta dugc:

a-+b>2vab;
b+ ¢ > 2Vbc;
c+a>2/ca.

Cong tling vé clia cdc bat dang thiic trén, ta dudc:
2(a+b+c) > 2(Vab+Vbc++/ca) = a+b+c > Vab+Vbc+ /ca.

DAu bt dang thifc xay rakhi a =b = ¢ > 0.

Vidu 5. Cho a,b duong. Chiing minh bit dang thic:
(a+Db)(1+ab) > 4ab.

Déu bing dang thiic xay ra khi nao?

Lai gidi. Ap dung bt dang thiic C6-si cho hai s6 duong:
a+b>2vab>0;
1+ab>2Vab>0
Khi d6, (a+ b)(1 +ab) < 4(\/ab)* = 4ab. Diu ding thitc xdy ra<>a=bval =ab<a=b=1.
BAI TAP TU LUYEN
Bai 1. Cho a,b,c duong. Chiing minh bat dang thiic
(a+D)(b+c)(c+a) > 8abc.
Déu bing dang thitc xdy ra khi nao?
Loi giai. Ap dung bit dang thitc Co-si cho hai s6 duong:
a+b>2vab
b+c¢ > 2Vbc
c+a>2/ca
Viy nén
(a+b)(b+c)(c+a)>2-2-2-Vab-\bc-+\/ca=Sabe.
DA&u bing xdy ra khi va chikhia=b=c > 0.
Bai 2. Cho a,b,c duong. Chiing minh bt dang thiic
(a+1)(b+1)(a+c)(b+c) > 16abc.
DAu bang qgmg thic xay ra khi nao?
Loi gidi. Ap dung bt ding thic Co-si cho hai s6 duong:
a+1>2va
b+1>2Vb
a-+c>2/ac
b+c> 2Vbe



252 CHUONG 4. BAT DPANG THUC VA BAT PHUONG TRINH

Vay nén
(@a+1)(b+1)(a+c)(b+c)>2-2-2-2-\/a-Vb-/acv/bc = 16abc.
Déu bing xay rakhi vachikhia =b=c = 1.

Bai 3. Chiing minh ring véi moi a thi:
a’+6
a’+2

Déu déang thiic xay ra khi nao?
Loi giai. Ta co:
a?+6  (a*+2)+4 5 4
= = a“+ 2 + .
va*+2 Va*+2 Va2 +2

Ap dung bét ding thiic Co-si cho hai s6 ducng:

4
Va2 +2+ > 2\/4 =4,

DO dé > 4 Déu dén thlij Xéy ra khl
s /—2 - T g

Vat+2=

sdi2=4ed=2ca=+V2.

a’+2

Bai 4. Ching minh véi moi a, b, c khic 0 thi cé bit dang thiic:

a2+b2+c2>b+c+a
b2 2 a2 ~"a b ¢

Lui giai. Ap dung bt ding thiic Co-si cho hai s6 duong:

2 2 2 2 2
a b la® b la a
b2+cz_ b2 2 c? cl—

b2+cz>2b ac2+a2>2c
— A% — —.
2 a? az b2~ b

Cong vé theo vé ba bat dang thiic, ta dudgc:

5 a2+bz+c2 >2<b+c+a><:>a2+b2+c2>b+c+a
b2 2 a?2) " \a b ¢ b? az " a '

Tuong tu, ta cing co6:

Bai 5. Cho a,b,c duong. Chiing minh bit dang thic:

b—i—c+c—|—a+a—|—b > 6.
a b c

Lui giai. Ap dung bét ding thitc Co-si cho hai s6 duong, ta c6

b b (b b
—|—c+c+a+a+ :(_+E>+<E+g>+<£+—)22+2+2=6-
a b c a b a ¢ b ¢

Déu bang xay ra khi va chi khia =b =c.



1.. BATPANG THUC

Bai 6. Cho 4 s6 a,b,c,d duong. Chiing minh bit dang thiic:

<a+b+c+d

4
) > > abcd.

Loi giai. Ap dung bit ding thifc Co-si cho hai s6 duong, ta c6

a+b>2vVab,c+d>2vVced
=a+b+c+d>2(Vab+Ved)
<a+b+c+d

2

2

(a+b+c+d
4

2
) > (Vab+Vcd)? = ab+ cd + 2V abed > 4V abed

4
) > abcd.

Bai 7. Cho 4 sb a,b,c,d duong. Ching minh:

r 1 1 1
b d (— -+ - —>>16.
(at+btetd)|—+o+-+-)=

Lui gidi. Ap dung bét ding thiic Co-si cho 4 s6 dudng, ta c6:
(a+b+c+d)* > 16abed > 0;

(1+1+1+1)2> 16 -0
a b ¢ d) T abcd '

Suy ra

1 1 1 1)\
(a+b+c—|—d)2<—+—+—+—> > 16abcd -
a C

=162
b d
1 1 1

1
= (a+b+c+d) (5+E+E+E> > 16.

aoc

Bai 8. Cho hai s6 a > 1 va b > 1. Chitng minh bét dang thic:

avb—14+bva—1<ab.

Loi gidi. Ap dung bit dang thitc Co-si cho 2 s6 khong am, ta cé:

aVb—1+bvVa—T1=a\/(b—1)-1+by/(a—1)-1 Sa(w> +b<ﬂ> = ab.

2 2
Déu bing xay rakhi vichikhia—1=b—1=1<a=b=2.

N\ ., . 2 A 2 1 se
Bai 9. Tim gia tri nhé nhit cia: B = b” + b V61 b > 0.
Loi giai. Véi b > 0, ta co:

1 1 ; 1 1 3

B=b*+—+—>3{/b2 — — = —.

TR %2 V4

. s 1 1 ) 3
Déu bing xdy ra khi b = — < b = ——. Vdy gid tri nhd nhit ctia B 1a

2b V2 V&

253
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Bai 10. Cho a, b, ¢ 1a d dai ba canh ciia mdt tam giac va p la ntta chu vi cia tam giac d6. Ching minh

CZ

a) (p—a)(p—>b) < T
abc
b (p=a)(p—b)(p—c) =~

Loi giai.

2
a) Ap dung bét ding thiic Co-si cho hai s6 x, y: xy < <x¥> , ta co:

(p—a)+(p—b)>2: <2p—a—b)2: cj

(r—a)p—b) < (L= .

b) Ap dung két qua ciu a), ta co:

c2
0<(p—a)(p—b)§2;
a2
0<(p=b)(p—c)< 1
2
0<(p-)p-a)< 7.

Nhan vé theo vé cac bat dang thic trén, ta dudc:

272 .2
a‘b c abc
(P=a*(p=b)(p—c) < ——=(p—a)(p—b)(p—c) < =~
2 . a b3 A .
Bai 11. Cho a,b,c 1a céc so thuc duong. Chiing minh rang be +—+ p > a-+ b+ c. Dau bang dang thic
c ca a

xay ra khi nao?
Loi gidi. Ap dung bit dang thitc Co-si cho hai sb duong ta c6

a* +b*

> a’b?.

Pang thiic x4y ra khi va chi khia = b > 0.
Do do,
at+bpr+ct > a*b* + b*c* + *d?

va dang thic xay ra khi va chi khi a = b = ¢. Mit khéc, 4p dung bét dang thiic Co-si cho hai sé duong, ta c6

2b2 b2 2
ao"+oc > ab’c.
2
Do do,
a?b* +b*c? + c*a* > abe(a+b+c).
Vi vay

a* +b*+c* > abe(a+ b+ o).

Chia hai vé déng thifc nay cho abc ta dudc diéu can chiing minh.
Diéng thifc xay ra khi va chi khia =b=c > 0.
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/| b /
Bai 12. Cho a,b,c. Chitng minh bat dang thiic + ¢ >2
b + c c+a a-+

Loi gidi. Ap dung bt dang thiic Co-si cho hai s6 duong & miu, ta c6

a a S a B 2a
Vb+te  Jlb+c)-a atbtc btc+a

2
b b 2b
ate (a+c)- = a¥bte T btcta
2
\/T: c - c _ 2c
at+b \/(b+a)-c atbtc btcta
2

Cong lai 3 bit dang thiic vé theo V&, ta c6
/ 2(a+b+c) )
cta atb+c

I 1 1
Bai 13. Cho x,y,z duong théa man: — 4+ — + — = 4. Chdng minh
Xy z

1 1 1
+ +
2x+y+z x+29y+z x+y+2z

Lai gidi. Ap dung bét dang thitc Co-si cho hai s6 duong a, b:

o3 aL-

1
<

1
Né -
ena+b )

1 1
(——I——),dodé:

a b
1 1<1+ 1 ><1<1+1<1+1)>
2x+y+z " 4\2x  y+z/ " 4\2x 4\y z//°

IN

Tuong tu ta co:

A

1 1(1 1 )
——— < |=+—])<
x+2y+z = 4\2y x4z

1 1 ( 1 1 )
——— < |+
xX+y+2z~ 4\2z x+y
Cong lai cac bit dang thiic trén vé theo vé, ta co:

1 1 1
+ +
2x+y+z x+2y+z x+y+2z

<1(1+1<y+v)+1(1+1(y+w)
“4\2x 4\y z// T 4\2y 4\x ¢

1(1 1 1)
<—-|\-4+-+—-) =1L
4\x y z

+1(1+1<1+1)>
4\2z 4\y vy
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Dang 3. St dung bat d%mg thire Bunhiacopxki

Pinh li 1. Cho a,b,c,d la cdc s6 thuc tity ¥, ta cé bdt ddng thifc sau

(a® +b?)(c* 4+ d?) > (ac + bd)?* (Bunhiacopxki)

. a b
Dau” =" xdy ra khi ad = bc & — = —.
c d
Hé qua 1. Bét dang thitc Bunhiacopxki mé réng.
Cho 2n sb ai;az;...;a, va by;bo;. .. by, ta cé bit dang thifc sau

(a1+a2+ A @) (D243 +... +Db2) > (ar1by +asby+ ... +anby)?

R o aj a
Dau xayrakh1 ——— ==
b1 by by,

Hé qua 2. Bét dang thitc cong mau.
Cho n sb ay;ay;. . .;a, va n sb duong x1;x2;. .. ;x, ta c6 bit dang thic sau.

(a1 +az+...4+ap)?

X1 X2 Xn X1+ x2+...4+x,
” X2 X
Dau xay ra khi — = n
a  a an

Vi du 1. Cho x*> +y? = 5 tim gid tri I6n nhét va nho nhét ctia biéu thiic A = x4 2y.

Loi giai. St dung Bit dang thifc Bunhiacopxki ta cé
2= (x+2y)* < (& +y*) (17 +2%) =25
= -5<ALS.

Vay maxy =5 xay ra khix = 1;y =2.
Vay miny = —5 xay rakhix = —1;y = —2.

Vi du 2. Tim gi4 tri 16n nhit cta biéu thic A = /1 —x+2v/x + 1.

Loi giai. PK: —1 <x < 1.
St dung Bét ding thiic Bunhiacopxki ta ¢6

= (VT—x+2va+ 1) < (12422 (VT=2)2 + (Va+ 1)2) = 10

= A <+/10.
R 1 3
Vay maxy = /10 xay rakhi 1 —x = x+ Sl—x= Ix<:>x:§.
BAI TAP TU LUYEN

Bai 1. Biét x,y 12 2 s thuc duong thda man x +2+/2y = 5 Tim gid tri nhd nhit ctia biéu thiic A = x* +y*.
Loi giai. St dung Bit dang thifc Bunhiacopxki ta cé

54 = (¢ 3N (17 +27) > (6 +2y° )

(P +2y")(1+4) > (x+2V2y)* =

=A>5

Vay miny = 5. Diu ” = ” x4y ra khi x = D oex= 1y =+2.

V2
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Bai 2. Tim gid tri 16n nhit cia haim s6 A = /1 —2x+3v/1+x
< o 1
Loi giai. PK: —1 <x < 7

Ta co
3
A:\/1—2x+3\/1+x:\/1—2x—|-ﬁ\/2+2x
9 33
=A% < (1+§> (VI=2x)2+ (V2+2x)?) = >
66 66 5
éAgg.VéymaxAzg Diu xayrakh1\/2-|-2x—7 I—Zx@xzﬁ.

Bai 3. Giai phuong trinh v/x —4 + /6 —x = x%> — 10x+27.

Loi giai. Ta cé

(Vi—d+v6—x) < (' +1)(x—4+6—x) =4 = Vx—4+/6—x<2
x?—10x+27 = (x—5)2+2 > 2.

Vay phuong trinh < x = 4.

Dang 4. St dung céc bat dang thirc hé qua

Ta c6 thé sit dung Bét dang thiic Bunhiacopxki cho nhiéu s6, hoic trong nhiing bai toan c6 mAu, ta
c6 thé st dung Bét dang thifc cong mau.

Vidu 1. Tim gid tri 16n nhit cda bi€u thiic A = /1 —2x+4y/1+x

N 1
Loi giai. PK: —1 <x < 7
Ta sé chiing minh bat dﬁng thifc sau:
(@ + D>+ (2 +y>+72) > (ax—l—by—l—cz) ;Va,b,c,x,y,z € R.
That vay bdt < (ay — bx)? ( cx)? + (bz — cy)2 > 0.

A 2 ~'x y
Dau” =" xayrakhi — == = —.
a b c

St dung bét dang thiic trén ta c6
A=T—2x+4/1+x
=1 —-2x+2V/T+x+2V1 +x < (12+22+22) (VI=2x)?+ (VI+x)*+ (V1+x)?) =27=A <33

Vay maxy = 3+v/3 xay ra khi 2

1-2x&x=

L»JI»—

Vidu 2. Cho x,y,z 13 do dai 3 canh ctia mot tam gidc thda man x +y -+z = 3, tim gid tri nhé nhét clia
4 9

biéu thiic A = + + .
X+y—2 Y+zZ—Xx Z+x-—Yy

Lai gidi. Ta ludn c6 bat dang thiic sau:
2 12 2 2
a b ¢ a+b+c
@ B @ (athie)
X y Z X+y+z )
Tacox+y—z;y+z—x;z2+x—ylacac so duong vi x,y,z la do dai ba canh cua tam giac nén ta c6

2
1 4 N 9 > (142+3) 36

;Vx, v,z 1a cac s6 thuc duong.

A= + =12.
X+y—z y+z—x z+x—y x+y—z4+y+z—x+z+x—y 3 3 s
4v i 5 ; Xxty—z_yta—x ztx—y
Vi =12.Dau” =" khi —1liy=_:7="1
day miny au Xay ra 1 1 3 3 =X Y% 4 4
BAI TAP TU LUYEN

Bai 1. Tim gid tri 16n nhét cta biéu thiic A = /1 — x4+ /2 +3x
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, -3
Loi giai. DPK: — <x < 1.
X
Ta co
3A =31 —x+3V24+3x=+1—-x++1—-x++v1—x+3v2+3x
=9A2 < (1+1+14+9)(1—x+1—x+1—x+2+43x) =60

V60 V60
=A< = Vay maxy = = Diu” =" xdy ra khi x = — o
Bai 2. Cho x,y,z 14 céc s6 thuc duong théa man x +y+ z = 3. Tim gia tri nhd nhit ctia biéu thiic
1 1 4
= + - :
x2+2yz  y 42z 242z
Loi giai. Ta cé
1 1 4 (1+1+2)? B 16 16

= + + > - :
X2 +2yz  y 42z 2242zx T X2 4y 42+ 2xy+2yz+2zx (x+y+2)2 9
16

Vay miny = )

Bai 3. Chiing minh bit dang thic sau:

Va2 + 2+ /2 +y2+22 > /(a+x)2+ (b+y)2 + (¢ +2)2, Yx,y,2,a,b,c €R.

Loi gidi. Taco Va2 +b2+2+/x2+y2+22> \/(a+x)2+ (b+y)2+ (c+2)?
2 2

SVA+P2+2+ 2+ +227 >/ (a+2)2+ (b+y)>+ (¢ +2)?

& \/(a2+b2—i—cz)(x2—|—y2—|—z2) > ax+ by +cz.

Diéu nay ludn ding V1 ta co

(@®+b* +¢*) (P +y* +2%) > (ax+by+cz)*.
Diu” =" xdyrakhi 2 =2 =<,
Xy oz

Tohg quadt: Ta ludn c6 bit ding thic sau: (Bat dang thitc khoang cach)
VE+B+EG+. A+ A5+ 3 2 > ar +a1)2 + (a2 +x2)2 -t (an )2

Dang 5. Chitng minh bét déng thitc dua vao toa dd véc -te

Vidu 1. Chiing minh rang:\/(a+c)? + b2 +/(a—c)? + b2 >V a® + b2 véi a,b,c € R.

Loi giai. Diat @ = (a+c¢,b) va V = ( —c,b).

Taco]7\ =v/(a+¢c)*+1D?, |7| =V/(a—c)? +02va|d + V| =Va® + b2

Ap dung | 7|+ | V| > | @ + V|, ta c6 bdt can cm.

Vi du 2. Ching minh ring:v/a? +4b2 + 6a+9 +Va? +4b> —2a — 12b+10 > 5 véi a,b,c € R.

Loi giai. Taco VT =y/(a+3)2+ (2b)2+/(a—1)2 + (2b—3)2.

Dit i = (a+3,2b) va v = (a—12b 3)th17 v =(4,3)

Taco || =/(a+3)2 + (2b)2 [ V]| =/(a— 1)2+ (2b—3)2va [ — V| =42+ 32 =5,
Ap dung | 7|+ |V ]| > |7—7|, ta c6 bdt can cm.

[ Vidu 3. Tim GTNN ctia P =v/x2 —x+ 1 +Vx2 +x+ 1.

Loi giai. Tac()P—\/x—l +3+\/(x+%)2+%.
Pit W = (x— 3, ) va v = (x+ 1,2 thi @ -V = (14/3)

Taco || =\/(x—3)2+3. [V =/(x+ 12+ 3va @ - V|=
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Apdung | 7|+ |V|>|W — V| ta duge P> 2.
Dau bing xay ra khi va chi khi % va —v ciing huéng <> x— 1 = —x— 1 < x=0.
Vay minP = 2 tai x = 0.

BAI TAP TU LUYEN

Bai 1. Ching minh ring:va? + ab+b% +/a? +ac+c? >V c2 +cb+ b2 v6i a,b,c € R.
Lui gidi. HD: VT =\/(a+ 36)2+ (36)2 1 /(—a—Le)2 + (3¢)?

Bai 2. Chiing minh rang:\/(a —b)%+c2+/(a+b)? +c2 > /2 + a2 véi a,b,c € R.
Loi giai. HD:\/(a —b)2+c2+/(a+b)>+(—c)? > d/c? +a?

Bai 3. Chiing minh rﬁng:\/c(a —c)+/c(b—c) <Vabvéia,b,c eR,a>c>0,b>c.
Loi giai. HD: St dung | V| < ||| V].

trong d6 U = (/ca/a—c), V = (/b —ca/c).

Bai 4. Tim GTNN ctia P =v/x2 — 6x+ 13 +/x2 4 2x + 2.

Loi giai. HD: o/ = (x—3,2),V = (—x—1,1).

Bai 5. Tim GTNN ctia P =vx2 + 10x +26 +V/x2 +4x+5.
Loi giai. HD: o0 = (x+5,1)V = (—x—2,1)

Dang 6. Bt dang thirc vé gia tri tuyét ddi

a=b _ _lal bl

Vidu 1. Ching minh )
: S T e =0 = T+a] " 1+ 9]

Loi gidi. Quy dong, nhan chéo ta dudc bat dang thic tuong duong
|a—b[(1 +|a| +[b| +|ab]) < (1+|a—b|)(|a| + |b] +2|ab|)

& |la—b| < |a|+ |b|+|ab(a—b)| +2|ab| (ding).

DAu bang xay ra khi va chi khi @ = 0 hoic b = 0.

Vidu 2. Cho céc sd thyc a,b,c théa man |ax? +bx+c| < 1,V|x| < 1.
Chiing minh ring |a| +2|b| +3|c| < 7.

Loi gidi. Dit f(x) = ax? + bx + c. Khi dé:
f()y=a+b+c, f(—-1)=a—Db+c, f(0)=c.

Do d6, a = 5((1)+ F(~1) = 24(0)).b = 3 (/1) ~ f(=1)).c = F(0).

Suy ra,
1
lal +2[b1+3le] = S1F)+£(=1) = 2f(0)[ +[£(1) = fF(=1)| +3[£(0)] (4.1)
3 3
< SO SUEDI+4170)] @2
< 1. 4.3)
[ Vidu 3. Tim GTNN ctia bi€u thic A = |x+2017|+ [x —y — 6] + |2x — y + 44]|. ]
Loi giai. TacoA > [x+2017+x—y—6—2x+y—44| hay A > 1967.
x+2017 > 0 x+2017 < 0
Déubﬁngxéyrakhivﬁchikhi x—y—06 > 0 hoac{ x—y—6 < 0
2x—y+44 > 0 2x—y+44 < 0
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BAI TAP TU LUYEN

Bai 1. Tim GTNN ctia A = [x+ 5|+ [2x— 7|+ [3x + 12].
Loi giai. HD: A > |[x+5+2x—7 —3x— 12| hay A > 14.

Bai 2. Tim GTNN cta A = [x — 1|+ |y — 2|+ |z — 3| V6i |x| + |y| + |z| = 2017
Loi giai. HD: A= [x— 1|+ |y—2|+|z—3| > |[x| — 1+ |y| =2+ |z| —3 hay A > 2011

Bai 3. Cho cdc s6 thyc théaman [a+b+c| <1, l[a—b+c| <1, [4a+2b+c| < 8, |[4a—2b+c| <8.
Ching minh ring: |a| + 3|b| + |c| < 7.
Loi giai. HD: Chtng minh |a+c|+|b| <1 (1), [4a+c|+2[b] <8 (2).
Cong tung vé (1) va (2) dudc |a| + |b| < 3.
Nhan tiing vé (1) véi 4 roi cong tiing vé véi (2) dudc 2|b| +|c| < 4.
. o latb] jal + [b|
Bai 4. Ching minh .
ST e b] = T4 [al + [B]
Loi giai. HD: Nhan chéo
Bai 5. Chiing minh ring: Néu |a| < 1,|b— 1] < 10,]|a —c| < 10 thi |ab — ¢| < 20.
Loi giai. HD: |ab—c| < |ab—al|+|a—c| = |a||b— 1|+ |a—¢]|.
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§2.  BAT PHUONG TRINH VA HE BAT PHUONG TRINH
MOT AN
I. Tém tat Ii thuyét

Pinh nghia 1. Bdt phuong trinh bdc nhdt mét dn 1a bat phuong trinh (bpt) sau khi thu gon c¢6 dang ax+b >
0,ax+b < 0,ax+b > 0,ax+b < 0 trong d6 a, b 1a cic sb thuc v6i a # 0 va x 12 dn sé.

1. Giai va bién luin bat phueng trinh ax+b > 0

b b
e Véia >0, bpt < x > ——. Tap nghiém cua bpt 1a § = (——;—f—oo);
a a

b b
e VGia<0,bpt< x < ——.Tap nghiém ctia bptla § = (—oo;——);
a a
e a =0, bpt thanh Ox + b > 0. Ta xét hai truong hop:
b <0, tap nghi€ém cta bpt 1a S = 0;
b > 0, tap nghiém ctia bpt 1a S = R.
2. Giai va bién luin bét phuong trinh ax+ b < 0
. b . . . b
e VGia>0,bpt & x < ——. Tapnghiémcuabptla§=| —oo; ——|;
a a

b b
e Véia<0,bpt< x> ——. Tap nghiém cuabptla § = [——;—l—oo);
a a

e a =0, bpt thanh Ox+ b < 0. Ta xét hai trudng hgp:
b <0, tap nghiém cua bpt 1a S = R;
b > 0, tap nghiém cua bpt 1a § = 0.

II. Cac dang toan

Dang 1. Giai bat phuong trinh bac nhit mét 4n

Xét bit phuong trinh bac nhit mot 4n dang: ax+b > 0 (*).
) ) b )
e Néu a > 0 thi bat phuong trinh (*) c6 cdc nghiém x > —— hay bat phuong trinh ¢6 tdp nghiém la
a
b
S= (——; —l—oo) .
a
A N A N s ~ LN b A N 2 A PN N
e Neéu a < 0 thi bat phuong trinh (*) c6 cac nghiém x < —— hay bat phuong trinh c6 tdp nghi€ém la
a
b
S (—oo; ——).
a
Céc bit phuong trinh dang ax+b < 0, ax+b > 0, ax+b < 0 c6 cdch giai tuong tu.

Céc bat phuong trinh khc ta bién ddi bat phuong trinh vé dang ax+ b > 0 (hodc vé dang ax+b < 0,
ax+b>0,ax+b<0).




262 CHUONG 4. BAT DPANG THUC VA BAT PHUONG TRINH

Vi du 1. Giai cac bat phuong trinh sau:
a) 3x—12>0.

b) 2x+3 <4x—5.

¢) (x—3)(2x+5) < 2x% +4x—7.

Loi giai.
1
a) 3x—1>0x> 3
) 1
Vay tap nghiém cua bat phuong trinh da cho la § = E, +oo) .

b) 2x+3<4x—-52x—4x<-5-3 -2x<-8&x>4.
Vay tap nghiém cla bat phuong trinh da cho 12 § = (4; +0).

¢) (x—3)(2x+5) <22 +4x -T2 —x—15< 2% +4x T —5x <8 x> —2.

) 8
Viy tap nghi€m cua bat phuong trinh da chola § = {—g; —|—oo> .

Vi du 2. Giai cic bt phuong trinh sau:

3—-2 D) _ 2 _
2) - xZO- b)x+3x 2<x X 2.
xc+1 xX24+2x+3 " x2+2x+3
Lui giai.
3—2x
> ().
a) 2l

Ta c6 %> + 1 > 0 v6i moi x € R. Do d6 bit phuong trinh da cho tucng duong:

3—2x20(:)x§%.

) 3
Vay tap nghiém cua bat phuong trinh da cho la: § = (—oo; 5} .

X2 4+3x—2 X2—x—2

< .
X2+2x+3 " x2+2x+3 )
Ta c6: x> +2x+3 = (x+1)2+2 > 0 v6i moi x € R. Do d6 bét phuong trinh da cho tuong duong:

P43 —2<x’—x-24<02x<0.
Vay tap nghiém ctia bit phuong trinh da cho 1a: S = (—o0;0).

b)

Vi du 3. Giai cac bat phuong trinh sau:
a) Vx—1(3x—8) <0. o 07X o
) vV2x+1
4x + 3 x—1
b) > 0. d 1
o ) 7% <

Loi giai.

a) vx—1(3x—8) <0.

bicu kién: x—1 >0 < x> 1.
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e Tathiy x = 1 12 nghiém ctia bt phuong trinh di cho.
e V6ix > 1, bt phuong trinh da cho tuong duong véi bat phuong trinh:
8
x—8<0&e=x< 3

w| oo

Két hop diéu kién x > 1 ta dugc: 1 < x <

W[ oo

e Viy bit phuong trinh da cho c6 cac nghiém 1 < x <

4dx+3

V2—x

V6i x < 2, bt phuong trinh da cho tuong duong véi bt phuong trinh:
3
Ix+3>0x> T

b) >0.Pitukitn: 2—x>0<x < 2.

. . 3
Keét hgp diéu kién x < 2 ta dugc: 1 <x<2.

. 3
Vay bat phuong trinh da cho c6 tap nghiém S = [—Z; 2).

6—5x

C > +/2x+ 1.
) V2x+1

\ 1
bicu kién: 2x+1 >0 x> —5

| )
Véi x > —5 bat phuong trinh da cho tuong duong véi bat phuong trinh:

5
6—-5x>2x+1 -Tx>-5&x< 7

. R 1 1 5
Keét hgp diéu kién x > ) ta dugc: ) <x< 7

) 15
Vay bat phuong trinh da cho c6 tap nghiém S = <_§; §> .

x—1
1.
2—x<

Diéu kién: 2 —x # 0 < x # 2.

d)

e V6i x < 2, bét phuong trinh da cho tuong duong véi bat phuong trinh:
3
x—1<2—x&2<3x< 5
) R 3
Keét hgp diéu kién x < 2 ta dudc x < 5

e V6i x > 2, bét phuong trinh di cho tuong duong véi bat phuong trinh:
3
x=1>2—x&2x>3&x> 5
Két hop diéu kién x > 2 ta dugc x > 2.

s 3
e Vay bat phuong trinh da cho c¢6 tap nghiém § = (—oo; 5) U (2;4o).

BAI TAP TU LUYEN
Bai 1. Giai cac bat phuong trinh sau:
a) —4x+1>0. c) 10x+9 <0.
b) 5x—6<0. d) —2x+8 <0.

Lui gidi.



264 CHUONG 4. BAT DPANG THUC VA BAT PHUONG TRINH

1
a) —4x+1>0<:>x<4—1.

) 1
Vay tap nghiém cua bat phuong trinh da cho l1a § = (—oo‘ —) .

6
b) 5x—6<0x< 5

) 6
Vay tap nghiém cua bat phuong trinh da cho l1a § = <—oo; 5} .

¢) 10x+9<0&x< —2

10°
. 9
Viy tap nghi€m cua bat phuong trinh da chola § = (—oo; —1—0)
d 2x+8<0&<x>4.
Vay tap nghiém clia bAt phuong trinh da cho 1a § = [4; +o0).
Bai 2. Giai cac bat phuong trinh sau:
a) 3(x—1)+2>2x+3. c) ¥ —3x+4<x*-2.
b) 4x+3 <2x—1. d) 3x> — 10x+8 > 3x(x+1).
Li gidi.
a) Tap nghiém ctlia bat phuong trinh 12 S = (4; +o0).
b) Tap nghiém clia bat phuong trinh 12 § = (—oo0; —2).
c¢) Tap nghiém ctia bat phuong trinh 12 § = [2; +o0).
A © A b3 A ~ N 8
d) Tap nghiém cua bat phuong trinh 1a § = (—oo; B} .
Bai 3. Giai cac bat phuong trinh sau:
2x+1 3 3(x+1) x—1
3—- =, T -
a) 5 >x+ 1 c) 2+ 2 <3 1
3. 32x—17) x+1 x+2 X
b) —2x+—-> —0—. d — 2+ -,
) —2x+ 5 > 3 ) > 3 <24 6
Loi giai.
2x+1 3 41
a) 3— x5+ >4 60— 4(20+1) > 205415 & ~28x > 4l & x < .
. 41
Tap nghiém cua bat phuong trinh 1a § = (—oo; %) .
3 3(2x—7) 3 38 19
b) 2x+—->———& U+ ->U-T& 4x>-——¢& —.
) x+5> 3 x+5>x 19)c> 5 x<10
Tap nghiém ctia bat phuong trinh 1a S = (—oo; E) .
3(x+1) x—1 3x+3 x-—1 7
24 —-= — 1 —.
c) 2+ 3 <3 1 & 2 + 1 < <:>5x<7<:>x<5

) 7
Tap nghiém cua bat phuong trinh 1a § = (—oo; §>
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d) x+1 _x—i—2

<2+%<:>3(x+1)—2(x+2)< 24xe3t3-2r-4<124x < 0-x < 13

(lu6n ding Vx € R).
Tap nghiém ctia bat phuong trinh 12 § = R.

Bai 4. Giai cac bat phuong trinh sau:

x+2 2x—3 dx+3
> (. < .
2) X242~ ©) XH+x+1 " x24+x+1
3x—1)—2 2 2 (x—2
b) —(Zx )=2 d) x2+x+ (ng J(x=2),
x=+4x+5 4= 4+4x+2 4x-+4x+2
Loi giai.

a) Ta cé x*>+2 > 0 véi moi x € R. Do d6 bit phuong trinh da cho tuong ducng:
x+2>0 x> 2.
Tap nghiém clia bat phuong trinh 1a S = [—2; +c0).

b) Tacé x> 44x+5= (x+2)%>+1> 0 v6i moi x € R. Do d6 bit phuong trinh da cho tucng ducng:
5
3x—1)—-2<0e3x-5<0ex< 3
5

Tap nghiém clia bat phuong trinh 1a S = (—oo; §> .

1\* 3 .
¢) Taco x> +x+1= <x+ E) + 1 > 0 v6i moi x € R. Do do bat phuong trinh da cho tuong duong:

2x—3<4x4+32x> -6 x> 3.
Tap nghiém ctia bat phuong trinh 1a S = [—3; +o0).

d) Taco4x? +4x+2 = (2x+ 1)2 + 1> 0 v6i moi x € R. Do d6 bét phuong trinh da cho tuong duong:
XAx+2> (x+1)(x—2) 28> 4 x> 2.
Tap nghiém clia bat phuong trinh 12 § = (—2; +o0).

Bai 5. Giai cac bt phuong trinh sau:

a) (3x—6)y/3—x<0. d) (2x—1)>(x+3)>0.
Vbx+3 3x—2

b . <0.

) 5=y 70 © 1S
1 —4x 8x+1

c) <Vx+5. > 2.
\/_x+5 f) 2x_3

Loi giai.

a) Pitukién: 3—x>0< x <3.
RG rang x = 3 1a mot nghiém cta bat phuong trinh da cho.
Véi x < 3 bat phuong trinh da cho trd thanh:
3x—6<0<=x<2.
Tap nghiém ctia bAt phuong trinh 12 § = (—0;2] U {3}.

\ 1
b) bicukién: 6x+3 >0 x> 5
1 )
Vé6ix = — 5 khong 1a nghi€m cua bat phuong trinh da cho.

1,
V6i x > ) bat phuong trinh da cho tré thanh:
2—x>0&x<2.
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. N 1 1
Keét hgp diéu kién x > ) ta dugc ) <x<2.

) 1
Vay tap nghi€ém cua bat phuong trinh 1a S = <—§; 2).

c) Piéukién: x+5>0< x> —5.
Vi x > —5 bét phuong trinh di cho tré thanh:

4
1—4x<x+5(:)5x>—4<:>x>—§.
2 N 4
Keét hgp diéu kién x > —5 ta dugc x > ~3
2 4
Tap nghiém cua bat phuong trinh 1a § = (—5; +oo> .
1

d) Truong hop 2x—1 =0 hay x = 3 10 rang 12 mot nghiém cla bét phuong trinh da cho.

1.,
Truong hop 2x — 1 # 0 hay x # 3 bat phuong trinh da cho tré thanh:
x+3>0& x> -3,
Tap nghiém clia bat phuong trinh 1a S = [—3; +o0).

N 1
e) biéu kién: x # -3

Trudng hop x < —é bat phuong trinh da cho trg thanh:
3x—2>20x> %

Két hop diéu kién: x < —% ta dugc bat phuong trinh v6 nghiém.
Truong hgp x > —% bét phuong trinh da cho trd thanh:

2
3x—2§0<:>x§ §

< N 1 1 2
Keét hgp diéu kién: x > ~3 ta dudc ~3 <x< 3
) 12

Tap nghiém cua bat phuong trinh 1a § = <_§; ﬂ .

\ 3
f) Dicu kién: x # X
3.,
Truong hop x < 3 bat phuong trinh da cho tré thanh:
7
Bx+1l<dx—6x< ——.

4
2 \ 3 7
Keét hgp diéu kién: x < 3 ta dugc x < T
3.,
Truong hgp x > 3 bat phuong trinh da cho tré thanh:
7
Eqx+1>4x—6& x> ——.

4

. R 3 3
Keét hgp diéu kién: x > 7 ta dugc x > 5

. 7 3
Tap nghiém cua bat phuong trinh 1a § = (—oo; _4_1> U <—; —l—°°>.
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Dang 2. Giai va bién luan bat phuong trinh bac nhat mét 4n

Xét bat phuong trinh mot 4n dang: ax +b > 0 (*).
@ Truong hgp a # 0:

. . b .
e Néu a > 0 thi bat phuong trinh (¥) c6 cac nghiém x > —— hay bat phuong trinh c6 tap nghiém
a
b
la$= (——; —I-OO).
a

. 2 b 2
e Neu a < 0 thi bat phuong trinh (*) c6 cac nghi€ém x < —— hay bat phuong trinh c6 tap nghiém
a

lIaS= (—oo;—l—)).
a

@ Truong hdp a = 0:

e Néu b > 0 thi bat phuong trinh (*) luén nghiém diing véi moi x € R hay bat phuong trinh ¢
tap nghiém S = R.

e Néu b < 0 thi bat phuong trinh (*) vd nghiém hay bat phuong trinh c6 tp nghiém S = @.

Céc bit phuong trinh dang ax+b < 0, ax+b > 0, ax+b < 0 c6 cach gidi va bién luan tuong tu.
Céc bat phuong trinh khdc ta bién ddi bat phuong trinh vé dang ax+ b > 0 (hodc vé dang ax+b < 0,
ax+b>0,ax+b <0).

Vi du 1. Giai va bién luan bat phuong trinh mx + 6 > 2x + 3.

Loi giai. mx+6>2x+3 < (m—2)x > 3.

e Truong hop m —2 = 0 hay m = 2 thi bat phuong trinh da cho nghiém diing v6i moi x € R.

. -3
e Truong hgp m —2 > 0 hay m > 2 thi bat phuong trinh da cho c6 cac nghiém x > p—
m R

) -3
e Truong hgp m —2 < 0 hay m < 2 thi bat phuong trinh da cho c6 cdc nghiém x < p—
m u—

Vi du 2. Tim tét ca c4c gid tri thuc ctia tham s m d€ bat phuong trinh (m? — 4m + 3)x + 2m — 4 <
0 vO nghiém.

Loi giai. Bt phuong trinh da cho vo nghiém khi:

2 o m=1
{m dmA3=0 L) | m=3 em=s3
2m—4>0
m>2

Vay m = 3 1a gid tri thoa yéu cau bai toan.

Vi du 3. Giai va bién luan bat phuong trinh /x — 1 (x —m+2) > 0.

Loi giai. Picukiénx—1>0< x> 1.
e Truong hop x = 1 khong 12 nghiém ctia bat phuong trinh da cho.

e Trudng hop x > 1 ta dudc bat phuong trinh:
x—m+2>0&x>m—2.
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- Néu m —2 > 1 hay m > 3 thi bat phuong trinh c6 tap nghiém S = (m — 2; +o0).
- Néu m —2 < 1 hay m < 3 thi bat phuong trinh c6 tap nghiém S = (1;+c0).

e Vay: v6i m > 3 thi bat phuong trinh c6 tip nghiém S = (m — 2; +);
v6i m < 3 thi bt phuong trinh ¢6 tap nghiém S = (1;+).

BAI TAP TU LUYEN

Bai 1. Gidi va bién luan bat phuong trinh (1 —m)x —2m > —2x — 6.
Loi giai. (1—m)x—2m > -2x—6< (3—m)x >2m—6.

e Trudng hop 3 —m = 0 hay m = 3 thi bat phuong trinh di cho v nghiém.

) 2
e Truong hgp 3 —m > 0 hay m < 3 thi bat phuong trinh da cho c6 cac nghiém x > 3m hay x > —2.

—m

) 2
e Truong hop 3 —m < 0 hay m > 3 thi bat phuong trinh da cho c6 cac nghiém x < 3m hay x < —2.

—m
Bai 2. Cho bét phuong trinh (m? + 3m)x+4 > —2(x+m). Tim tit c4 cdc gid tri ctia m d& bt phuong trinh
da cho nghiém dung v6i moi x € R.

Loi gidi. (m?+3m)x+4 > —2(x+m) < (m?>+3m+2)x+2m+4 > 0.

Bt phuong trinh da cho nghiém ding véi moi x € R khi:

) _
{ m-+3m+2=0 m= —
& m=-2 & .
2m+4 >0 m>_2 m=—2
Vay m = —1,m = —2 1a gid tri thda yéu cau bai todn.

Bai 3. Giai va bién luan bét phuong trinh (2x —3m +2) /2 —x < 0.
Loi giai. Pidukién2—x> 0o x<2.

e Trudng hop x = 2 khong 12 nghiém ctia bit phuong trinh da cho.

e Trudong hop x < 2 ta dudc bat phuong trinh:

3m—2
2x—3m+2>0& x> m2
. 3m—2 , 3m—2
_Néu "% 2 hay m < 2 thi bit phuong trinh ¢6 tap nghiém § = ( m2 ;2).
. 3m— ,
- Néu > 2 hay m > 2 thi bat phuong trinh v6 nghiém.

e Viy: v6i m > 2 thi bat phuong trinh ¢6 tap nghiém S = &;
. 3m—2
vGi m < 2 thi bat phuong trinh c6 tdp nghiém § = ( m2 ;2).

Dang 3. Tim gia tri ctia tham s6 dé bat phuong trinh ¢é tap nghiém théa diéu kién cho trude

e Bién ddi bit phuong trinh vé mot trong bon dang sau

ax+b>0,ax+b<0,ax+b > 0,ax+b < 0.

e Néu diéu kién ma bat phuong trinh phai thda, tir d6 tim dugc gid tri cla tham sb.

Vidu 4. Cho bit phuong trinh (4m? — 6m)x + 7m > (3m* — 5)x + 4 + 5m. Pinh m d€ bat phuong
trinh thoa v6i moi x € R.
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Loi giai.
Bpt < (m? — 6m+5)x+2m—4 > 0.
Bpt thoa véi moi x € R
a=0 m*—6m+5=0 m=1hoicm=>5
& & &S m=23.
b>0 2m—4>0 m>?2
Vay bpt thoa véi moi x € R & m = 5.

[ Vi du 5. Dinh m d€ bit phuong trinh mx+3m> > —3(x+4m* —m— 12) c6 tap nghiém 1a [—24; +-o0). ]

Loi giai.
Bpt < (m+3)x+3m® + 12m> —3m —36 > 0 < (m+3) [x+3(m* + m—4)] > 0.

e m = —3, bpt co tap nghiém la R (loai).
e m< —3,bpt&x+3(m?+m—4) <0 x< —3(m>+m—4) (loai).
o m>—3,bptx+3(m>+m—4)>0< x> —3(m>+m—4). Bpt c6 tip nghiém la [—B(mz +m—4);4oo).
Do do, bpt ¢6 tp nghiém [—24;+o0)

m> —3 m>—3
= =

—3(m*+m—4)=-24 m*+m—12=0

m> —3
< & m=3.

m= —4haym=3

BAI TAP TU LUYEN
Bai 4. Tim tit c4 cac gia tri m d€ bt phuong trinh v nghiém

(6m* +m—2)x—Tm > (6m> +5)x — 5m — 6.

Loi giai.
Bpt < (m—7)x—2m+6 > 0.
a=0 {m—7:0
<~

Bpt v0 nghiém < 7.
b<0 —2m+6<0

< m

Bai 5. Tim tit c4 cdc gid tri m d€ bat phuong trinh sau théa véi moi x € R.

a) mz(x— 1) > 25x+5m—6;

b) /(M2 —9)x+m+7>3;
Lui gidi.

a) Bpt < (m?> —25)x—m?> —5m+6>0.

=0 2_25=0
Bpt théa véi moi x € R < ¢ " em=-5,
b>0 —m?—5m+6>0
b) Bpt & (m> —9)x+m+7>9 < (m?>—9)x+m—2>0.
m=23

=0 2-9=0
Bpt thoa v6i moi x € R < {a & {m

b>0 m—2>0
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Bai 6. Dinh m d€ ham sd y = \/(m+3)x+m — 5 xdc dinh véi moi x € [0;5].

Loi gidi.
Ham s y xdc dinh v6i moi x € [0;5] < (m+3)x+m—5> 0 (*), véi moi x € [0;5].
Bpt (*) thoa v6i moi x € [0;5] = bpt (*) théataix=0=>m—5>0=m > 5.

—m+s
Khi d6, (*) x> 2.
m-+3
m>5
ViyYCBT & § —m 45 _ m>S.
m+3 -

Bai 7. Tim m d€ bét phuong trinh /5 — x [(m? + 3)x — 4m] > 0 ¢6 tap nghiém 1a [1;5].
Loi giai.
5 x<5
< x =5 hodc 4m
x> .
~m?+3
=1<m?—4m+3=0<m=1hoicm=3.

x <
Bpt < x =5 hoac
P ' {(m2—|—3)x—4m20

4dm
m?+3

Bai 8. Dinh m dé hai bt phuong trinh sau tuong duong

YCBT &

a) x—9<0vaSmx—3m—42 <0,
b) 3mx+2—-2m>0va(3m—1)x+3—-2m>0.
Loi giai.

a) Bptx—9 < 0co tp nghiém la S = (—o0;9).

Sm >0
YCBT < < 3m+42 5 Sm=1.
5m
3m(3m—1)>0 m<0h0:§1cm>1
b) YCBT & ¢ 2m—2 2m—-3 <& ' 3 em=-2.
3m 3m—1 m=—2

Dang 4. Hé bat phuong trinh bac nhét mot an

Khi cho mot hé bt phuong trinh bic nhit mot 4n thi tap hop nghiém ctia hé 1a giao ciia cic tap hop
nghiém clia cdc bt phuong trinh trong hé.

e Cac budc thuc hanh giai toan:

1. Tim diéu kién cta hé (néu co).

aix+b;1 <0 (1)

ax+by <0 (2)

3. Giai tiing bat phuong trinh trong hé. Goi 7,55 1an lugt 13 tip nghiém clia phuong trinh
(1),(2) trong hé.

4. Tap nghiém ctia hé bat phuong trinh S = S1 N S».

2. Bién ddi d€ dua hé bat phuong trinh vé dang dic trung {

3—x>0

Vi du 6. Giai hé bt phuong trinh: :
: 5—-2x>0
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3—x>0

Loi giai. Ta c6: =
5—2x > 0 x <

Tap nghiém ctia hé bat phuong trinh S

I
/l\

8
NI
[T

’ A a . 2 <
Vidu 7. Giai hé bat phuong trinh: s 3 .
2x—1<53x—1)

N Er s 30x—9<35-10x 4 1
Loi giai. 5 3 & <:>E <x< o
) 4 11

Tap nghi€m cua hé bat phuong trinh § = (B’ E) .
BAI TAP TU LUYEN

. —1 2) <2 —x—(x+3)(x—1
Bai 9. Giai hé bét phuong trinh: {(x 1)(’8+ ) S22 —x—(x+3)x—1)
x—1<

Sx< 1.

= Bl W

-1 2) <2x% —x— 3N(x—1 4x—5<0 <
Lo gii. {(x YJx+2) <2x"—x—(x+3)(x )@{x < x <

x—1<0 x—1<0 X<

Tap nghiém ctia hé bt phuong trinh § = (—oo; 1).

R ) 3x—1<x+5
Bai 10. Giai hé bat phuong trinh: 5 .
x—1l<x"—(x—1)(x+1)
o 3x—1<x+5 x<6
Loi giai. 5 &Sq e x<l.
2x—1<x"—(x—1)(x+1) x<1

Tap nghiém ctia hé bat phuong trinh S = (—oo; 1).

5
) 6x+ = <4x+7
Bai 11. Giai hé bt phuong trinh: 7

8x+3
AR AP N
5 22
bx+— <4x+7 2x<ﬂ x < =
Loi giai. 8x+; o 7 < 77 Gx<y
<2x+5 dx <7 x<4_1
2 7
Tap nghiém cua hé bat phuong trinh § = (—oo; 1
-3
\ T 2 50
Bai 12. Giai hé bat phuong trinh: x—4
x<2(x+1)
-3
L X -0 x>4
Loi giai. x—4 Sex>3 Sx>4.

x<2(x+1) x> -2
Tap nghiém ctia hé bat phuong trinh S = (4; +o0).
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Dang 5. Giai va bién luan hé bat phuong trinh bac nhat mét 4n

aix+b; <0

Giai va bién luan hé bat phuong trinh: .
a)x+by <0

e Xét céc trudng hop ton tai diu ctia a; va as.

e VGi mdi trudng hop riéng biét nhan dudc & trén, thong thudng ta c6 cc trudng hop sau:

) by b
THI: Néu a;,a > 0. Khi d6 (I) <> x < min {——1,——2}.

a’ a
£ .y by by
— TH2: Néuaj,a; <0.Khidé (I) x> max {——,——¢.
a’ ap
x < —ﬁ
— TH3: Néu a; > 0;a; < 0. Khi d6 (1) < Zl .
x> _2
az
Ha c6 nohism didu kién 1a: — 22 by
¢ co6 nghiém dicu kién la: —— < ——.
an al
b b
Khi d6 nghiém ctia hé la; ——= < x < — L.

a a
— TH4: Néu a; = 0 hoic ap = 0. Khi d6 thay truc tiép gia tri tham s6 vao hé ().

, A 2 ~ ., . 9 ~ A A ~ X + m S O , LN
Vidu 8. Tim tat ca cac gia tri cua m dé hé bat phuong trinh: c6 nghiém.
: —x+3<0

La. 20 x+m§0 PN xS—m

i giai. .

5 —x+3<0 " \x>3
D& hé bat phuong trinh c6 nghiém thi —m >3 < m < —3.
s dm* <2 1
Vidu 9. Tim m dé hé bat phuong trinh: ST S 2 c6 nghiém.
3x+2>2x—1

o e [x+4mE <2mx+1(1)

Loi giai. .
3x+2>2x—1 (2)

(2) & x> 3.

(1) & (1 —2m)x < 1 —4m?. Xét céc trudng hop:

2 1
e THI:Neéul -2m=0m= % Khi d6 (1) c6 tdp nghiém S; = R.
Khi d6 hé c6 tip nghiém § = (—3; +).

. 1
° TH2:Néu1—2m<0<:>m>§.

2

Suy ra (1) c6 nghiém: x > 7 S x> 142m.
—2m
Khi d6 hé c6 tap nghiém S = [1 4 2m;+o0) (do 142m > 2 > —3).

‘ 1
e TH3: Neul-2m>0&m< 3 thi (1) c6 nghiém x < 1+ 2m.
Hé bat phuong trinh ¢6 nghiém khi: 1 +2m > -3 & m > —2.
Véi -2 <m< 3 thi hé bt phuong trinh c6 tip nghiém S = (—3;1+2m).
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Vay v6i m > —2 hé bat phuong trinh c6 nghiém.

273

] - 9 < 3x+m?
Vidu 10. Tim m dé€ hé bat phuong trinh: e xm vO nghiém.
) dx+1< —x+6

o ene [mx+9<3x+m? (1)
Loi giai. .
x+1<—x+6 (2)
2)ex<l.
(1) & (m—3)x < m> — 9. Xét cc trudng hop:

e THI1: Néum—3 =0« m=3.Khidé (1) c6 tap nghiém S| = @.
V6i m = 3 hé bit phuong trinh v6 nghiém.

e TH2: Nbum—3<0<m<3.
Suy ra (1) c6 nghiém: x > m+3.
Khi d6 hé vo nghiémkhim+3> 1< m> —2.
V6i —2 < m < 3 hé bét phuong trinh v nghiém.

e TH3: Néum—3 >0« m>3thi (1) c6 nghiém x < m+3.
V6i m > 3 hé bat phuong trinh lu6n c6 nghiém.
Vay hé bat phuong trinh vo nghiém khi —2 < m < 3.

BAI TAP TU LUYEN

N A 9 , ., . Py 4 A N x - 2 S O , .
Bai 13. Tim tat ca cac gia tri cua m dé hé bat phuong trinh: { s cO nghiém.
m+x

oo . JX—2<0 x<2
Loi giai. & .
m+x>1 x>1—m

D& hé bat phuong trinh c6 nghiém thi 1 —m <2 < m > —1.

N A, 2 2 s+ o 1A 1A N 2x+T7<8x—1 A N
Bai 14. Tim tat ca cac gia tri cua m dé hé bat phuong trinh: vO nghiém.
—2x+m+5>0
4
o (247 <8x—1 >3
Loi giai. & .
—2x+m+5>0 m+5
STy
. s 5 4 7
bé hé bat phuong trinh v6 nghiém thim+ §§<:>m§—§.
3x+2-2m<0

Bai 15. VGéi gia tri nao cia m thi hé c6 nghiém duy nhét.
mx+m—1<0
3x+2-2m<0(1
Lo giai, 4> F272ms0(1)
mx+m—1<0 (2)
2m—2
(I)ex< m3 :

(2) & mx <1—m (3). Xét cac trudng hgp:

e TH1: Néu m = 0, khi d6 bat phuong trinh (3) < Ox < 1 ludn ding.
Vay nghiém ctia hé bt phuong trinh Ia x < —3 va nghiém 1 khong duy nhit.

, , -
e TH2: Néum > 0, khi d6 bit phuong trinh (3) & x < — .
m

2m—2 1— )
Khi d6 nghiém ciia hé 12 x < min { " — —m} va nghiém 12 khong duy nhit.
m
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, , -
o TH3: Néu m < 0, khi d6 bat phuong trinh (3) < x> — .
m

. , Y 2m=2
Khi d6 dé hé c6 nghiém duy nhét thi m3 - = 3.

3 .
Vay v6i m = ) hé c6 nghiém duy nhat.

mx-+6>2x+3m

c6 nghiém.
m(x—m) <x—1 e

Bai 16. VGi gia tri nao cia m thi hé {

e ere Uikt A A . . (m—2)x>3m—6(1)
Loi giai. Viét lai hé bat phuong trinh dudi dang 5 (I).
(m—1)x<m —1(2)
Xét cac truong hdp:
B R x<3
e TH1: Néum < 1,khi d6 hé (1) & =m+1<x<3.
x>m+1
Khi d6 tap nghiém ciahé 1la S = (m+1;3).
. o x<3 o o
e TH2: Neum = 1,khi d6 hé (1) & = hé vo nghiém.
Ox <0
B o x<3 .
e TH3:Néu 1 <m < 2,khidohé (I) < =x<min{3,m+1} =m+1.
x<m—+1
Khi d6 tdp nghiém ctia hé S = (—oo;m+1).
. o 0x>0 o .
e TH4: Néum =2, khi d6 hé () & <3 = hé vO nghiém.
X
. L x>3
e THS: Néum > 2, khi d6 hé (1) =3<x<m+1.
x<m+1

Khi d6 tdp nghiém cia hé S = (3;m+1).

Vay hé bét phuong trinh c6 nghiém khi m # 1 v m # 2.

Dang 6. Tim gia tri ciia tham s6 dé& hé bit phuong trinh cé tap nghiém thoéa diéu kién cho trude

x—m+1>0

Tim tAt ca cé4c gia tri thuc clia tham s6 m dé€ hé
m+2—x>0.

Vi du 11. Cho hé bt phuong trinh {
bt phuong trinh
a) Nghiém ding v6i moi x € [—2;—1).

b) C6 duy nhit mot nghiém thuoc [1;3).

1
¢) Co nghiém thudc {—1; 5} .

Suy ra hé c6 tdp nghiém S = (m — 1;m+2].

N . {x—m+1>0 {x>m—1
Loi giai. Tacé

=
m+2—x>0 x<m+2.

a) Heé c6 nghiém ding v6i moi x € [—2;—1) khi va chi khi
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_1<-2
—2-1)cSe " o 3<m<—1.
m+2>—1

b) Hé c6 duy nhit mot nghiém thuoc [1;3) & m+2=1<m=—1.

1
¢) Heé khong c6 nghiém thudc [— I; 5]

Vay hé c6 nghiém thudc

1< 1 >3
= |12 = -2
m+2<—1 m< =3

1 3
1| & -3<m< >
2}@ _m<2

Vi du 12. Cho hé bat phuong trinh {

dé hé bat phuong trinh

b) C6 nghiém thudc [0;3).

x+m>1

> Tim tit ca c4c gid tri thuc ctia tham sb m
mx-+m~—2m > 0.

a) Nghiém ding v6i moi x € [—1;+-o0).

V,

Loi giai. Ta co

x+m>1 x>1—m () . . A <A A
Goi S1,5,, S lan lugt 1a tap nghi€ém cua

=
mx+m? —2m >0 mx>m(2—m). (2)

(1),(2) va ciia hé. Khi d6 S; = (1 — m;-+oo) va
oVéisztacéSzzRiS:SlﬂSzz(1—m;+<>°).

e Véim>0tacd S, =[2—m;+o) = S=8NS) =[2—m;+o0).
e Véim<0tacd S =(—2—m|=S=8NS=(1—m;2—m).

a)

b)

Hé c6 nghiém ding v6i moi x € [—1;+o00) < [—1;400) C S.

e Véim=0tacdS=(1;+0) 5 [—1;+e) = m = 0 khong thdéa man.

e Véim>0tacd[—1;+0) CSe2—m< —1< m>3. Kéthop didu kién m > 0 ta c6 m > 3 thoa
man.

e Véim<0tacdS=(1—m;2—m]p[—1;+) = m < 0khong théa man.

Viy tap céc gia tri m thda man 1a [3;4-o0).

H¢ c6 nghiém thudc [0;3) < [3;0) NS # 0.

e V6im=0taco [0;3)NS = (1;3) # 0 = m =0 théa man.

e Véim>0taco[0;3)NS#0=2—m<3< m>—1. Kéthgp diéu kién m > 0 ta ¢ m > 0 thod
man.

. i l-m<3
e Véim<0taco [0;3)NS#0 <

& —2 < m < 2. Két hop diéu kién m < 0 ta c6
2—-m>0

—2 < m < 0 thoa man.
Viy tap cac gia tri m thda man la (—2;+o0).

BAI TAP TU LUYEN

x+2m—1>0

Bai 17. Cho hé bit phuong trinh { Tim tit ca cac gid tri thuc cta tham sb m dé hé c6

6m—2—x>0.

nghiém ding v6i moi x € [—2;3].
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N o [x+2m—-1>0 x>1-2m o . . 1-2m< =2
Loi giai. Ta co & Hé c6 nghiém ding véi moi x € [—2;3] &
6m—2—x>0 x<6m-—2. 3<6m—2
3

x+m>2

(m—1) 2 am_ 350 Tim tt ca cic gid tri thuc ctia tham sb m
m—1)x—m"+4m—3>0.

Bai 18. Cho hé bit phuong trinh {
dé hé

a) C6 nghiém thudc (—o0;2).

b) C6 nghiém thudc [—1;3].

¢) Nghiém ding v6i moi x € [—1;3].

N Jxtm>2 x>2—m e s

Loi giai. Tacé 5 & Giai va bién luan hé ta c6
(m—1)x—m"+4m—3>0 (m—1)x>(m—1)(m-3).

e VG6i m < 1 ta c6 hé vo nghiém.

e VGim > 1, hé ¢ tap nghiém S = (max{m — 3;2 —m}; +oo).

a) Hé co nghiém thudc (—eo;2)

m—3<2

s max{m—3;2-m} <2 & S0<m<S.
2—-m<?2

Két hgp diéu kién m > 1 tacé 1 < m < 5 thdéa man.
b) Hé c6 nghiém thudc [—1;3]

m—3<3

S max{m—3;2—-m} <3 <& &S —1<m<é6.
2—-m<3

Két hop diéu kiénm > 1 tacé 1 < m < 5 thda man.
¢) Hé c6 nghiém ding v6i moi x € [—1;3]

vO nghi€m m.

m—3<-—1 m<?2
s max{m—-32-m}<—-1&

=
2-m< —1 m>3

mx—1<0

Tim tit ca cdc gid tri thuc cta tham sb m dé hé
(Bm—2)x—m < 0.

Bai 19. Cho hé bt phuong trinh {

nghiém ding véi moi x duong.

N Cmx—1<0 mx <1
Loi giai. Taco &
Bm—2)x—m<0 (Bm—2)x <m.
e V6i m = 0, hé c6 tap nghiém S = (0; 4-o0) = m = 0 théa man.

Ta co

2 3 2
o Véim= 3 hé c6 tap nghiém S = <—oo; 5) 2 (0;400) = m = 3 khong thdéa man.

m

3m—2
2 5

0<m< 3 khong théa man dieu kién m < 0.

e V6i m < 0, hé c6 tap nghiém § = < ;+oo>. Hg c6 nghiém dung véi moi x duong < <0&

m
m—72
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2
e VGil0<m< 3 hé vd nghiém.
1 m

2 2
e Véim > 3 hé c6 tap nghiém (—oo;min {— }) 2 (0;400) = m > 3 khong thoéa man.

m; 3m—2
Vay ¢6 duy nhét gia tri m = 0 thda min dé bai.
<. A 1R N m(x_1)+220 A, 2 <l 5 A FETPRA
Bai 20. Cho hé bat phuong trinh <9 Tim tat ca cac gia tri thuc cua tham so m dé hé bat
x—m<2.

phuong trinh nghiém ding v6i moi x € [0;1].

mx—1)+2>0 mx>m—?2

x—m<2 x<m+2.

e VGi m =0, hé ¢ tap nghiém S = (—o0;2) D [0;1] = m = 0 théa man.

Loi giai. Ta cé

e VGi m < 0, hé c6 tip nghiém S = <—oo;min {m ;m+2}>. Hé nhén moi x € [0;1] la nghiém <

m—?2
—>1 . R
m — < m>—1.Kethgp dieu kién m < 0tacéd —1 < m < 0 thdéa man.
m—+2>1
m—2 0
e VGi m > 0, hé nhan moi x € [0; 1] 1a nghiém < m ~ <0< m<2 Kéthgp diéukién m > 0tacé
m+2>1
0 < m < 2 théa man.
Viy tap céc gia tri m thdoa man la [—1;2).
BAI TAP TONG HOP
x+2m—1>0

Bai 21. Cho hé bit phuong trinh 2x o.M +1 Tim tit ca cic gia tri thuc cla tham s6 m dé& hé

) Va—x2 T Va—x2
bat phuong trinh nhan tdp xac dinh la tdp nghiém.

x+2m—1>0 x>1-2m
Loi giai. TXD D = (—2;2). Taco 2x < m+1 = < m+1
Va2 Va2 U=

e 1-2m< -2

Hé c6 nghiém ding v6i moi x € (—2;2) & S m>3.
m+12>4
x+m—1<0

Bai 22. Cho hé bét phuong trinh 2x m+1 Tim tét c4 cdc gia tri thuc

> .
) V1I=2x4+vV14+2x ~ /1 —=2x++/1+2x
ctia tham s6 m d€ hé c6 nghiém.
x+m—1<0 x<l—-m

. 11 , <
Loi giai. TXD D = [——;—].Ta co 2x m+1 = m+1 (%)
2°2 > x> —.
V1=2x++14+2x ~ /1 —-2x++1+2x - 2
S#£0
Hé ban dau c6 nghiém khi va chi khi hé () c6 tdp nghiém S théa man 11
SN|—=;=| #0.
2°2
1 1
oS#@@%ﬁl—m@mgg.
m+1 1
Sﬂ[ 11} 0| 2 2 o >O¢Sﬂ[ 11]7&@@ <0
o L _+1 .
2°2 P 2°2 "=
1—m<—§

4 X ea 1 , .
Keét hgp diéu kién m < 3 ta c6 m < 0 thoa man.
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§3.  DAU CUA NHI THUC BAC NHAT

I. Tém tat Ii thuyét
1. Nhi thitc bac nhéat

Dinh nghia 1. Nhi thiic bac nhét dbi véi x 1a bi€u thiic dang f(x) = ax+ b trong d6 a, b 1a hai sb da cho,

a#0.

s ™

Vidul. a) —2x+31anhi thic bic nhét dbi véi x.

b) 7y —9 la nhi thifc bic nhit dbi véi y.

¢) 5u la nhi thic bac nhat d6i véi u.

2. Pinh Iy vé dau ctia nhi thitc bic nhit
Dinh li 1. Nhj thicc f(x) = ax+b c6 gid tri cung ddu véi hé sé a khi x ldy cdc gid tri trong khodng

b ) ) . b
(——; +00), trdi dau voi hé so a khi x ldy cdc gid tri trong khodng <—oo; ——).
a a

e Cic két qua ctia dinh 1y trén dugc thé hién qua bang sau

X —o0 _ ~+o0

flx) =ax+b tréi déu véi a 0 cting du véi a

Ta goi bang nay 1a bdng xét ddu nhi thic f(x) = ax+ b.

e Biéu dién trén truc s

— f(x) cung dau véi a
L. 14 4 X
f(x) trai dau véi a
e Minh hoa bang db thi
a>0 a<0
y y
y=ax+b y=ax+b
+ +
b " * b
— r +H “a
- o x o - x

/\ Pinh 1y trén cé thé rit gon bang mét trong hai quy tdc sau: phdi cung trdi trdi hodc trudc trdi sau
cung.
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3. Cac vi du minh hoa

Vi du 2. Xét dau cta nhi thic bac nhat: f(x) =2x+1

NPT 1
Loi giai. f(x)=2x+1=0&x= =

Bang xét diu:

X —o0 1 ~+oo
2
y - 0 +
Vi du 3. Xét dau biéu thic: f(x) = 4mx —3
Loi giai. Xétm=0thi f(x)=-3<0VxeR
Xét m # 0 ta c6 hai trudng hop:
e Truong hop 1: m > 0.
Bang xét diu:
3
X —o0 - ~+oo
4m
y - 0 -
e Truong hop 2: m < 0.
Bang xét dau:
3
X —o0 N ~+oo
4m
Yy + 0 -

Két luan:
m=0thi f(x) <0Vx€eR;

. : -3 . -3
m >0 thi f(x) <0khix< %,f(x)>0kh1x>ﬁ,

m < 0thi f(x) < 0khix> _TM,f(x)>Okhix<;—3.
m

II. Cac dang toan

Dang 1. Xét déu tich - thuong cdc nhi thirc bac nhat

Gia st f(x) 1a mot tich (hodc thuong) clia cdc nhi thic bac nhit. Ta xét diu f(x) theo céc budc nhu
sau:

Budc 1: Tim nghiém clia c4c nhi thiic bic nhat va sap xép theo thi tu ting dan.
Budc 2: Lap bang xét dau: Xét diu céc nhi thic bac nhét va suy ra diu cla f(x).

Budc 3: Két luan vé diu cta f(x).
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[ Vidu 4. Xét dau bi€u thic f(x) = (3x—1)(2 —x).

Loi giai. Tacé
1
° 3x—1:0(:)x=§.

e 2—x=0&x=2.

Bang xét diu ctia f(x):

X —o0 1 2 ~+o0
3
3x—1 — 0 + | +
2—x + | ~ 0 -
f(x) - 0 + 0 -
T bang xét diu ta thiy
1
o f(x)>0khixe (5;2).
. 1
e f(x)<Okhixe (— ;g)u(2;+oo).
. |
. f(x)zOkhlx:ghoacx:Z
, 2 TR o2 . (X+1)(3X—5)
. X h — .
Vi du 5. Xét dau biéu thiic g(x) T
Loi giai. Taco
e x+1=0&x=—1.
5
e 3x—5=0&x=—.
3
o 2x+4=0&x=2.
Bang xét diu ctia g(x):
5
X —oo —1 = 2 00
3
x+1 -~ 0 + | + | +
3x—5 - | - 0 + | +
—2x+4 - | + | + 0 -
g(x) + 0 - 0 + -

T bang xét diu ta thiy

e g(x)>0khix e (—oo;—1)U (2;2).
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e g(x) <Okhixe (—1;%) U (25 +o0).

5
* g(x) =0khix= 3 hojex=—1.

e g(x) khong xéc dinh khi x = 2 (trong bang xét dau ki hiéu bdi II).

281

2x+1
(6—2x)(5—x)

Vidu 6. Xét dau bi€u thic h(x) =

Loi giai. Tacé
1
° 2x—|—1:0(:)x:—§.
e 6—2x=0&x=3.
e 5—x=0&<x=5-5.

Bang xét diu ctia A(x):

—+o0

2x+1 — 0

6—2x

+ |+

+ 4+ +

h(x) — 0

Tir bang xét diu ta thay
1
e h(x)>O0khixe (—5;3) U (5;4o0).
) 1
e h(x) <Okhixe (— ;—5) U(3;5).

1
o h(x)=0khix=—.

e /(x) khong xac dinh khi x =3 vax = 5.

2 N 3
x+1 4—2x

Vidu 7. Xét dau biéu thic h(x) =

ik g, Ta c6 h(x) = -
i giai. Ta co h(x) x+1+4—2x (x+1)(4—2x)

e ll—x=0&<x=11.
e x+1=0x=-1.
e 4 2x=0&x=2.

Bang xét diu ctia A(x):



282 CHUONG 4. BAT DPANG THUC VA BAT PHUONG TRINH

X —oo —1 2 11 +oo
11 —x + | + | + 0 -
x+1 - 0 + | + | +
4 —2x + | + 0 - | -
h(x) — + - 0 +

Tir bang xét diu ta thay
e h(x)>0khixe (—1;2)U(11;+400).
e h(x) <Okhixe (—eo;—1)U(2;11).
o h(x)=0khix=11.

e /(x) khong xac dinh khi x = —1 vax = 2.

Vi du 8. Xét diu biéu thic f(x) = 3x> —x — 2.

2
Loi gidi. Tacé f(x) =3x*> —x—2=3(x—1) (x+ 5)

e x—1=0&x=1.

+2 0< 2
® X+ - = X=—z=.
3 3

Bang xét diu ctia f(x):

X —o00 2 1 ~+o0
3
x—1 — | — 0 +
- -~ 0 + +
x—|—3 |
f(x) + 0 - 0 +
Tit bang xét diu ta thiy
) 2
. f(x)>0kh1x€(— ;—g)u(l;—l—oo).
. 2
e f(x) <Okhixe (—§;1>.
. 2
3 f(x)zOkhlx:—g hoacx = 1.
BAI TAP TU LUYEN

Bai 1. Xét diu biéu thiic f(x) = (3 —x)(5x—2)(x—1).
Loi giai. Ta c6 bang xét dau cia f(x):
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2
x —oo = 1 oo
5
3—x + 1 + \ + —
5x—2 - 0 + | + +
x—1 - | - 0 + +
f(x) + 0 — 0 + —
Bai 2. Xét ddu biéu thiic f(x) = 4
1 4. c 1 X) = .
4 1 ot 2x+3
Loi giai. Ta c6 bang xét diu cda f(x):
3
x —oo 2 1 oo
2
1—x + | + 0
2x+3 - 0 + |
f(x) — + 0
Bai 3. Xét diu bidu thic f(x) X3
al o. et aa u X) = .
! (2x— 1) (—x+2)
Loi giai. Ta c6 bang xét dau cia f(x):
1
x —oo - 2 oo
2
x—3 — | - | - +
241 — 0 + | + +
—x+2 + | + 0 - -
£(x) + 0 —~ 0 + —~
N A g 2, - 3 4 -
Bai 4. Xét du bidu thiic £(x) = &3 =)
X
Loi giai. Ta c6 bang xét dau cia f(x):
X —oo 0 3 +oo
x—3 - | - 0 + +
4—x + | + | + -
x —~ 0 + | + +
fx) + — 0 + —

Bai 5. Xét diu biéu thic f(x) = x> — 4.
Lui gidi. Taco f(x) =x> —4 = (x+2)(x—2). Bang xét d4u ctia f(x) la

283
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X —o0 —2 2 +oo
x+2 - 0 + | +
x—2 - | - 0 +
f(x) + 0 — 0 +
Bai 6. Xét diu biéu thiic f(x) & + !
i 6. Xét dau biéu thic f(x) = —— .
2x—1 x-2
N,o o7 , 5 _7 o , A ” N
Loi giai. Taco f(x) = 2 —);)(x—2)' Bang xét dau cua f(x) la
1 7
x —oo - - 2 oo
2 5
5x—7 - | - 0 + | +
2x—1 - 0 + | + | +
x—=2 — | — \ - 0 =+
f(x) — + 0 - +
X —_ X —2x+5
Bai 7. Xét dau biéu thuc f(X) = 2—4 —1.
x P
) ) —2x+9 —2x+9 A X
Loi giai. Taco f(x) = x2x_tl = = 2;&:_ %) Bang xét dau cua f(x) la
9
X —oo -2 2 _ +oo
2
—2x+9 + | + | + 0 -
x—2 - | - 0 + | +
x+2 - 0 + | + | +
£(x) + - + 0 —
\ e z A - R 4, 1 4 3
Bai 8. Xét dau biéu thic f(x) = — — :
x x—1 x-=2
N . 1 4 3 2x+2 DN R X
Loi giai. Taco f(x) = PR T x(x—)i;x—Z)' Bang xét dau cta f(x) la
b —oo —1 0 1 2 o0
2x 42 - 0+ | + | - | ~
X - | - 0 + | + | +
x—1 - | - | - 0 + | +
x—=2 — | - | - | — 0 +
f(x) + 0 - + - +
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Dang 2. Xét dau nhi thitc ¢é chita tham s6

Khi xét diu ctia nhi thiic c6 chifa tham s6 can luu y, néu hé s6 a c6 chita tham s can xét céc trudng
hop:

THI1: a=0.
TH2: a > 0.
TH3: a < 0.

MBbi trudng hop ta c6 bang xét du tuong ng.

Vidu9. Xét diu biéu thic: f(x) = —mx +2.

Loi gidi. Néum =0thi f(x) =2>0,Vx€R.

£ 2
Xét m # 0. Khi d6 f(x) la mdt nhi thic bac nhat, c6 nghiém xy = —. Mit khic, a > 0 < m < 0 va
m
a <0< m> 0. Vay ta c6 bang xét du trong hai trudng hgp nhu sau:
e Truong hop 1: m <0
2
X —o0 — ~+oo
m
f(x) - 0 +
e Truong hop 2: m >0
2
X —o0 — —+oo
m
f(x) + 0 —
Két luan:
m=0thi f(x) >0,Vx € R;
2 2
m < 0thi f(x) <0khix < =, f(x)>0khix>—;
m m
2 2
m >0 thi f(x) <O0khix> =, f(x)>0khix< =.
m m
Vi du 10. Xét ddu ciia bidu thic f(x) = —%H 5.
Loi giai. Xétm =0 thi f(x)=5>0.
Xét m # 0, ta c6 hai truong hgp:
e Truong hop 1: —Tm <0&m>0
Bang xét dau:
X —o00 9 ~+oo
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° Tru’EjngthZ:_Tm>O<:)m<O

Bang xét dau:

X —o0 & —+oo
m
f(x) - 0 +
[ Vi du 11. Xét diu ctia biéu thic f(x) = (m —2)x—3+2m ]
Loi giai. Xétm=2,taco f(x)=1>0.
3-2
Xétm#£2,taco f(x) =0 x= Z
m p—
LAap bang xét diu:
e Truong hop 1: m > 2
. _ 3—2m n
m—2
f(x) - 0 +
e Truong hop 2: m < 2
. _ 3—2m N
m—2
f(x) + 0 -

Vi du 12. Xét dau bi€u thic f(x) = (m — 1)x — 1 véi m 1a mot tham s6 da cho.

Loi giai. Néum =1 thi f(x) = —1 < 0 v6i moi x.
. . 1
Néu m # 1 thi f(x) 1a mot nhi thiic bac nhat c6 nghiém xg = —
m p—
Ta c6 bang xét diu nhi thiic f(x) trong hai trudng hgp nhu sau:

e Truong hop 1: m > 1

x — ! +
m—1
f(x) — 0 +
e Truong hop 2: m < 1
x — ! +
m—1
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BAI TAP TU LUYEN (Cho méi dang)

Bai 9. Xét diu ctia biéu thic f(x) = (m— 1)x+m? — 1.
Lui gidi. Néum —1=0< m=1thi f(x) =0.

. ) 21
Néum— 10 m+# 1 thif(x) 1a mot nhi thic bac nhit c6 nghiém x = — C=mil
m—

Ta c6 bang xét diu nhi thiic f(x) trong hai trudng hgp nhu sau:

e Truonghopl:m—1>0&m > 1

Bang xét diu:
X —o0 m+1 oo
f(x) - 0 +
e Truonghop2:m—-1<0&&m<1
Bang xét diu:
X —oo m+1 o0
fx) + 0 -
Bai 10. Xét du ctia biéu thiic f(x) = (m?> —3m+2)x+m.
Loi gidi. Xétm? —3m+2=0< { m=1
m=2

+Véim=1thi f(x)=1>0.
+ V6im=2thi f(x) =2>0.
Xétm® —3m+2 206 47 1 i (x) 12 mot nhi thitc bic nhit 6 nghiém m

m=—3m X X0=—F5——.

m+2 : 1 : ghiem xo 2 3ma2

Ta c6 bang xét diu nhi thiic f(x) trong hai trudng hgp nhu sau:

m<1

e Truong hop 1: m> —3m+2>0& { m>2

Bang xét dau:

m
o - m2—3m+2 tee
f(x) - 0 +
e Truong hop 2: m> —3m+2<0=1<m<?2
Bang xét dau:
m
. - m2 —3m—+2 oo
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Bai 11. Xét diu biéu thiic:
f(x)=(2m—3)x+2018

N, «? e A 3 N
Loi giai. Neum = 5 thi f(x) =2018 > 0,Vx € R.

2018
2m—3

P 3 P
Néu m # 5 thi f(x) la mot nhi thic bac nhat, c6 nghiém xy = —

2 2
Métkhéc,a>0<:>m>§véa<0<:>m<5.

Vay ta ¢6 bang xét dau nhi thic f£(x) trong hai trudng hop nhu sau:

2
e Truong hop 1: m > 3

. B 2018 n
2m—3
f(x) — 0 +
. 2
e Truong hop 2: m < 3
. B 2018 "
2m—3
f(x) + 0 —

Bai 12. Xét diu biéu thiic:
Fx) = (m® + 1)x—4

Lai gidi. Ta c6 v6i moi m € R thi m> 41 > 0. Do d6 f(x) ludn 12 mot nhi thic bac nhit c6 hé s6 a > 0 va

c6 nghiém xo = . Vay v6i moi m, ta c6 bang xét diu nhu sau:

m2+1
X - 4 +
m2+1
f(x) - 0 +
Bai 13. Xét dau cda biéu thic sau: f(x) = (2x —m)(x+m)
Loi giai. Taco f(x) =0&x= g Vx = —m. Lap bang xét dau:
e Truong hop 1: m >0
z +
X —o0 — — oo
" 2
2x—m - - 0 +
x+m - 0 + +
fx) + 0 - 0 +
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e Truong hop 2: m <0

m
X — 5 —m +
2x —m — 0 +
X+m — - 0
f(x) + 0 — 0
Bai 14. Xét ddu ciia bidu thiic sau: £(x) = ——>
i 14. Xét dau cua biéu thic sau: f(x) = ————
x—2m+1
Loi giai.
3
° anijnghc_jp1:2m—1=2@m:§,khidétacé:
7 _
x:—1<0,‘v’x€R.
x—2
N 3 s 2 s A
e Truong hop 2:m>§.Ta cO bang xét dau
X —oo 2 2m—1 o0
2—x + + 0
x—2m+1 — 0 +
2—x _ 0 n
x—2m+1
N 3 s 2 z A
e Truong hop 3:m<§.Ta co bang xét dau
X —o0 2m—1 2 o0
2—x + + 0
x—2m+1 — 0 +
2—x _ n 0
x—2m+1

289

Dang 3. Giai bat phuong trinh tich

cho.

Dang. P(x) > 0,P(x) > 0,P(x) < 0,P(x) < 0 v6i P(x) la tich clia c4c nhi thdc bac nhit.
Phuong phap. Lap bang xét diu cia bi€u thic P(x) tif d6 suy ra tap nghiém ctia bat phuong trinh da

Vi du 13. Giai bét phuong trinh (x+1)(2 —x) > 0.

Loi giai. Taco: x+1=0x=-1;2—x=0&x=2.
Bang xét diu:
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X —o0 —1 2 ~+oo
x+1 - 0 + +
2—x + + 0 —
VT - 0 + 0 -
Tt d6 suy ra tap nghiém cta bat phuong trinh 1a § = (—1;2).
[ Vi du 14. Giai bit phuong trinh (2x+ 1)(x +5) > 0.
N . 1
Loi giai. Taco: 2x+1=0&x= _E’)H—S =0&x=-5.
Bang xét dau:
X —o0 -5 —% +oo
2x+1 — - 0 +
x+5 - 0 + +
VT + 0 — 0 +

Tt bang xét dAu suy ra tap nghiém ctia bit phuong trinh 1a S = (—oeo; —5] U [—4;+o0).

Vi du 15. Giai bt phuong trinh (x4 1)(x —2)(10 —2x) < 0.

Loigiai. Taco:x+1=0=x=—-1,x—2=0x=2,10-2x=0&<x=5.

Bang xét diu:

X —oo -1 2 5 o0
x+1 - 0 + + +
x—2 — - 0 + +
10 —2x + + + 0 -

VT + 0 — 0 + 0 -

Tu bang xét diu suy ra tap nghiém cla bat phuong trinh 1a S = [—1;2] U[5; +o0).

Vi du 16. Giai bt phuong trinh (x4 2)?(x — 1) (x +3)

<0.

Loigiai. Tacéo: x+2=0=x=-2,x—1=0&x=1,x+3=0&x= 3.

Bang xét diu:

X —oo -3 -2 1 +oo
(x+2)? + + 0 + +
x—1 — — - 0 +
x+3 - 0 + + +
VT + 0 - 0 - 0 +

Vi du 17. Giéi bt phuong trinh x> 4+ x2 — 5x+3 < 0.

Loi gidi. Taco x> +x> —5x+3<0s (x—1)*(x+3) <0.
Chox—1=0<x=1x+3=0<x=-3.

Bang xét diu:

X —oo -3 1 00
(x—1)2 + + 0 +
x+3 - 0 + +
VT - 0 + 0 +




3.. DAU CUA NHI THUC BAC NHAT 291
Vay tap nghiém cla bat phuong trinh 1a § = (—oo; —3].
BAI TAP TU LUYEN

Bai 15. Giéi bit phuong trinh (x—3) (V2 —x) > 0.
Li gidi.

x —o0 V2 3 too
x—3 - ~— 0 +
V2 —x + 0 - -
(x—3)(v2—x) - 0 + 0 -
Tap nghiém § = (V2:3).
Bai 16. Giai bat phuong trinh (3 —2x)(x —4) < 0.
Loi gidi.
X —oo % 4 —+o0
3—2x + 0 — —
x—4 — - 0 +
(3—2x)(x—4) - 0 + 0 -
« o 3
Tap nghiém S = (—oo; 5] U [4; 4o0).
Bai 17. Tim tap xdc dinh ctia ham s f(x) = V4 — x2.
Loi gidi. Ham s6 xdc dinh khi va chi khi 4 —x? > 0 < (2—x)(2+x) > 0.
X —oo -2 2 o0
2—x + + 0 —
2+x - 0 + +
(2—x)(2+x) - 0 + 0 —
Vay tap xéc dinh cia ham s6 1a 2 = [—2;2].
Bai 18. Gidi bat phuong trinh (x+1)(x—2)(3 —x) < 0.
Loi gii.
X —oo —1 2 3 o0
x+1 - 0 + + +
x—2 — - 0 + +
3—x + + + 0 —
(x+1)(x—2)(3—x) + 0 — 0 + 0 —

Tap nghiém ctia bAt phuong trinh 12 § = (—1;2) U (3; +0).

Dang 4. Giai bat phuong trinh chita 4n 6 miu thic

Pix) _, Px) _ Plx) _ Pk y e e o
>0,—=% <0,—= <0, v6i P(x),Q(x) la tich cia cac nhi thiic bac nhat.
ot~ "o =% ow <" ow et

, P - A b g 2, P 2N 2 PN LN b A <
Phuong phap. Lap bang xét dau cua biéu thuc ﬂ dé tu do suy ra tdp nghi€m cua bat phuong trinh

O(x)
da cho.

Dang. >0,
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* <o

Vi du 18. Giai bt phuong trinh
1du iai bat phuong trin 316

Loi giai. Tac6:2—x=0x=2;3x+6=0 < x = 2.
Bang xét dau:

X —o0 -2 2 o0
2—x + + 0 —
3x+6 - 0 + +

2—
3i6 - I+ 0 -

Tap nghiém ctia bat phuong trinh 1a S = (—o0; —2) U (2; +0).

, s . 7
Vidu 19. Gidi bat phuong trinh N ;)—2_2x ) > 0.

<o e , 1
Loigiai. Taco: x+7=05x=-"Tx4+2=0&x=-2;2x—1=0&x= 5

Bang xét dau:

e A N S
x+7 - 0 + + +
x+2 — - 0 + +
2x—1 - - — 0 =+
VT - 0 + I - I +
Tap nghiém ctia bat phuong trinh 1a S = (—7; —2) U (% +oo).
, «9 A N _3 2
Vidu 20. Giai bat phuong trlnh%(xl—k) > 1.
x_
Y -3 2 -3 2 —x—5
Lis gigi, Taco F—DEF2 o =3I+ o =A=S
x2—1 x2—1 (x—=1)(x+1)
—x—=35
bitVlil = ——M.
' (x—1)(x+1)

Khidd: —x—5=0x=-5x—-1=0x=1x+1=0x=—1.
Bang xét dau:

X —oo -5 -1 1 ~+oo
x5 0 - I
x—1 - - — 0 +
x+1 — - 0 + +
VT + 0 - I + I -
Vay tap nghiém clia bat phuong trinh 12 S = (—oo; —5]U (—1;1).
2 1
Vi du 21. Giai bat phuong trinh < .
idu idi bat phudng trinh —— < 7=~
ce o 1 1 1 x+3
Loi giai. Ta c6 < & - <0& <0.
B e S L T a2 1o T o)t ) S

x+3
(x—2)(2x+1)
1
Chox+3=0x=-3x—-2=0x=2;2x+1 :0<:>x:—§.

Pt VT =

Bang xét dau:
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X —oo -3 —% 2 o0
x+3 - 0 + + +
x—=2 — — - 0 +
2x+1 — - 0 + +

VT -0 + I - 1 +

Vay tap nghiém cla bét phuong trinh 1a § = (—oo; —3] U (—%;2).

4 —1 ;
Vi du 22. Giai bat phuong trinh * 5 > 0 (1) (m la tham s0).
mx —
Lisi gidi. Dat f(x) = 1
i giai. Dat f(x) = .
5 i mx —2

2 1 1
THI: Neum=0thi f(x) = —=x+=>0&x< 1.

2 2
. 2
TH2: Neum#0thix—1=0&x=1,mx—2=0&x=—.
m
. 2 ) 2 -2
Pé so sanh 1 va — ta xéthiéu 1 — — = m—- = g(m).

. m m m
Bang xét dau ctuia g(m) nhu sau:

m —o0 0 2 ~+o0
m—2 — - 0 +

m - 0 + +

-2
n-= + - 0 +

m

2
-V6im < O0thig(m)>0nénl > —.
m

X —o0
x—1 — - 0 +
mx —2 + 0 - —
L — 1+ 0 -

mx—2

~+o0

S
—_

2
Tit d6 tap nghiém cua (1) 1a § = (—; 1>.
m
2

-V6i0<m<2thig(m)<Onénl < —.

3

SN
+
8

X —o0 1
x—1 - 0 + +
mx—?2 — - 0 +
1 + 0 — I +

mx—2

2
Tir d6 tap nghiém cda (1) 1a S = (—oo; 1)U (—;+oo),
m

2
-V6im >2thig(m)>0nénl > —.
m

X —0o0

SIS
—

—+o0

x—1 — —
mx—?2 — 0 + +
x—1 + I — 0 +

mx—2

+
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2
T d6 tap nghiém cua (1) 1a S = (—00;—> U (1;4-o00).
m

Két ludn:

em>2:85=|—o0 —)U(l,—I—oo)
BAI TAP TU LUYEN
Bai 19. Gidi bt phuong trinh ——* <0
. i :
PR M =3 -2
Lui giai.
S S R R
3x—1 - 0 + + +
x—4 — — - 0 +
3—2x + + 0 — —
31
o + 0 — 0+ I -
. A 13
Tap nghiém S = 5; 3 U (4;4-o0).
\ e c 9. A ~ 3
Bai 20. Giai bat phuong trinh 5 > 1.
Y 1
Loi gidi. Ta c6: Sle - 13060 >0
) 2—x —Xx 2—x
Bang xét dau:
X —oo —1 2 o0
x+1 - 0 + +
2—x + + 0 —
71
F=a! — 0 + I —

Tap nghiém ctia bat phuong trinh 1a S = [—1;2).

) 5
Bai 21. Giai bat phuong trinh < :
5 s x—1 22)c—15 ;
N,o o7 , _x_|_
Lo . Taco: < & — <0& <
PR A T S a1 T a1 T o)1)
Bang xét diu:
X —o0 % 1 3 +o0
—x+3 + + + 0 —
x—1 — - 0 + +
2x—1 - 0 + + +
=3
m + I - 1 + 0 -
1
Tap nghiém S = <§, 1) U|[3;+e0)
. £ X2 —x+2
Bai 22. Giai bat phuong trinh—2 >2x—1.
2 2
, —x+2 —x+2 —x(x—4
Loi gidi. Taco ™12 > 0p 1P 212 5500 X o
x—2 x—=2 x—=2

Bang xét diu:
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X —o0 0 2 4 o0
—x 0 — = -
x—4 — - — 0 +
x—2 — - 0 + +
—x(x—4)

X + 0 — I + 0 —

Tap nghiém ctia bat phuong trinh 12 § = (—o0; 0] U (2;4].

Dang 5. Giai bat phuong trinh bac nhét chita diu gia tri tuyét doi.

Cich giai: Xét diu dé pha dAu tri tuyét dbi.
Mot so dang thuong gap: Cho a > 0, ta cd

flx)<a

e [f(¥)|<as& {f(x)>—a'

o [f)l<le)] = [£(

=
~
+
oQ
~~
Y
=
~~
=
~
|
oQ
~~
=
=
A
=

Vi du 23. Giai bét phuong trinh |3 —2x| < x+ 1.

Loi giai.
3
V6i3—-2x> 0 x< > thi ta c6 hé phuong trinh

3 3 x<§
x< = x< = ) 2 3
2 = 2 & 2 = 5 <x< E
3-—2x<x+1 3x>2 x>§
y 3 o A .
Vi3 -2x<0& x> 3 thi ta ¢c6 hé phuong trinh
> S > S 3
x> = x> =
2 & 2 & - <x<4
2x—3<x+1 x<4
£ o 2
Keét hgp hai truong hogp, ta co 3 <x<4.
. 2
Vay tap nghiém cua bat phuong trinh § = (5;4).
Vi du 24. Giai bét phuong trinh [2x — 2| +|3 — x| > 3.
Loi gidi. B6 dau gia tri tuyét ddi & vé trdi cia phuong trinh ta c6:
x —oo 1 3 o0
|2x — 2| 2—-2x 0 2x-2 2x—2
13 — x| 3—x 3—x 0 x-3
VT 5—3x 1+x 3x—5
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Bt phuong trinh |[2x — 2| + (3 — x| > 3

x<1 1<x<3 x>3
& hoac hoac .
5—3x>3 T l1+x>3 T 3x—-5>3

x<1 C(1<x<3 x>3
& 2 hoac hoac 8.
xX <= X x>§

2
<:>x<§ho£1c2<x§3hoécx>3.

<
X —_
3 .

x>2

. 2
Vay tap nghi€m cua bat phuong trinh § = (—00; §) U (25 +o00).

[ Vi du 25. Giai bét phuong trinh |5 — 8x| < 11.

5—8x<11 x>—§

3
Loi giai. Vi1l >0nén |5—8x/ <1l & & 4 & ——<x<2.
i giai. Vi nén | x| {5—8x>—11 x

. 3
Vay tap nghiém cua bat phuong trinh § = (—1;2) .

[ Vi du 26. Giai bat phuong trinh [2x — 4| > 2.

2x—4>2 2x>6 x>3

<~ <~
x—4< -2 2x <2 x<1
Vay tap nghiém cla bat phuong trinh S = (—oo; 1] U [3; +o0).

Loigiai. Vi2>0nén 2x—4|>2 & [

- cae 1 A . 3 6—2
Vidu 27. Giai bat phuong trinh )HZ— 5 * .
Loi giai. Bét phuong trinh
3 6—2
x; | 5+ 3] <2062y

& (5x+15)% < (12— 4x)?
& (5x+15412—4x)(5x+ 15— 12+4x) <0
& (x427)(9x+3) <0.

Lap bang xét diu cla biéu thic f(x) = (x+27)(9x+3), ta dudc:

X —oo =27 —= o0
3
x+27 — 0 + 4
9x+3 — — 0 +
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1
Do d6 f(x) = (x+27)(9x+3) <0< 27 <x < —3

. 1
Vay tap nghi€ém cua bat phuong trinh § = (—27; _§) .

-1
- >2.
x2+3x—4
x#1
x# —4

Néux—1>0< x> 1thi |x— 1| =x— 1 va bit phuong trinh trd thanh:

Vi du 28. Giai bat phuong trinh

Loi giai. Pidukién: x> +3x—4 40 & {

LI SIS S S P P
— — —4<x<——.
(x—=1)(x+4) — x+4~ x+4 = -T2

Kéth()pxz I,tacox e @.
Néux—1<0<« x<1thi|x— 1| =1—x vabit phuong trinh tr thanh:
1—x 1 —2x—17

—_— > 2 & — >2&
(x—=1)(x+4) — x+4 = x+4

7
§O<:>x2—4hoécx§—5.

) 7
Keéthgp x < 1, tacd x < —4 hoac ) <x<1.
. R 7
Keét hgp véi dicu kién, ta dudc x < —4 hodc ) <x<l1.

. 7
Vay tap nghiém cua bat phuong trinh § = (—oo; —4) U [—5; 1).

—|x+3|_x>1.

Vi du 29. Giai bat phuong trinh

Loi gidi. biéu kién: x # 0.

Néu x4 3 > 0 < x > —3 thi bt phuong trinh trd thanh:
(x+3)—x 3 3—x
> v = & >

X X X

Kéth()p v6ix > —3 Védiéukiénxyéo, taco 0 <x <3.
Néu Néu x + 3 < 0 < x < —3 thi bt phuong trinh trd thanh:

SR N P e N PR )
x x x
Két hop v6i x < —3 va diukién x £ 0, tacd x € &.
Vay tap nghiém clia bAt phuong trinh 1a S = (0;3].
BAI TAP TU LUYEN

Bai 23. Giai cic bt phuong trinh sau.
a) 3x—5| <2.
b) [6—2x] > 6.
¢) [7x+10]—3 > 0.

8
d) |—|<2.
)’x—l—l
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Lui giai.
3x—5<2 7
a) |3x—5|<2«< S1<x< -,
3x—5>-2 3
6—2x>6 x<0
b) |6—2x| >6< & :
6—2x< —6 x>6
) Tx410|—3> 06 [Txr10[ >3 | 111023 =
o == 10 < -3 xg_g'
x#—1
8 x#—1 x# —1 x>3
d |—|<2s & S x+1>4 &
x+1 8 <2|x+1] x+1|>4 x< =5
+1<—4

Bai 24. Giai bat phuong trinh [2x — 4| < x+ 1.

Loi giai.
x>2 x>2
2x—4 <x+1 x<35 2<x<5
=

2x—4|<x+1< & &S 1<x<s.
x<2 x<2 I<x<2
4—-2x<x+1 x>1
Bai 25. Giai bat phuong trinh [x + 5] +9 > 3x.
Loi giai.
x> -5 > -5
x+549>3x x<7 —5<x<7
x+5/+9>3x < & <_s sx<
x J—

x< =5 x< =5
—x—549>3x x<1

Bai 26. Giai bat phuong trinh [2x — 9| > |7 — 8x|.
Loi giai.
12x—9| > |7—8x| & (2x—9)> > (7—8x)? & (—6x—2)(10x — 16) > 0.

2 o 1 8
Lap bang xét dau cho biéu thiic f(x) = (—6x —2)(10x — 16), ta dugc f(x) > 0 < —3 <*<s%

Bai 27. Gidi bat phuong trinh [2x+ 6| + |5 — 5x| < 2x+ 1.
Loi giai. B6 diu gid tri tuyét di & vé trai clia phuong trinh ta c6:

X —oo -3 1 oo

12x + 6| —2x—6 0 2x+6 2x+6

5 — 5x 5—5x 5-5x 0 5x—5

VT —1-7x 11—-3x Tx+1
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Bat phuong trinh [2x+ 6| + |5 — 5x| < 2x+ 1

x< -3 o [—3<x<d oo [x>1
& hoac hoac .
—1-Tx<2x+1 11 -3x<2x+1 Tx+1<2x+1
S2<x<1.
Bai 28. Giai bat phuong trinh 2|x — 4|+ 3|1 +x| — x| < 3.
Loi gidi. B6 diu gia tri tuyét ddi & vé trdi cia phuong trinh ta c6:
X —o0 —1 0 4 oo
|x — 4] 4—x 4—x 4—x 0 x—4
|1+ x| —1-x 0 1+x 1+x 1+x
|x| —x —X 0 X X
VT 3—-3x 5—x S5+x 3x—3

BAt phuong trinh 2|x — 4| + 3|1 +x| — |x| < 3
x<—1 | -1T<x<0, 0 [0<x<4 [x>4
& hoac hoac hoac .
3—-3x<3 5—x<3 54+x<3 3x—3<3
Sxed.

Bai 29. Giai bat phuong trinh |x — [x—1|| < 2.
Loi giai.

x—|x—1]<2

x—x—1]| <2&

x—|x—1]>-2
|x — 1] > x — 2 (ding v6i moi x € R)
x—1] <x+2
Sx—1<x+2

=X > !
x>—=.
2
BAI TAP TONG HOP
1 1

) 1
Bai 30. Giai bat phuong trinh > — .
ai idi bat phuong trinh —— > ——— — ——
1 1 1 x(x—4)

1 x—2 212 e DEt2)x-2)

> 0.

Loi giai. Ta co:

Bang xét diu:

X —oo -2 0 1 2 4 +oo

X — - 0 + + + +

x—4 — — — — - 0 +

x—1 — — - 0 + + +

x+2 - 0 + + + + +

x—2 — — — - 0 + +
D — 1+ 0 — I+ I — 0 +
=D (+2)(x—2)




300 CHUONG 4. BAT DPANG THUC VA BAT PHUONG TRINH

Tap nghiém ctia bat phuong trinh § = (—2;0) U (1;2) U (4; +o0).

Bai 31. Tim nghiém cta bat phuong trinh (x — 1)(4x —5)(2x —4) > 0 thda man |x| < 1.
Loi giai. Giai bAt phuong trinh (x —1)(4x—5)(2x—4) > 0.

x —oo 1 > 2 +-o0
x—1 - 0 + + +
4x—5 — - 0 + +
2x—4 - - — 0 +
(x—1)(4x—5)(2x—4) - 0 + 0 — 0 +
. ! s 5
Suy ra tap nghiém cua bat phuong trinh 1a § = | 1; 1 U (2;4-00).
Taco x| <1 —-1<x< 1.
Do do6 ta dugec S = 0.
e voe 1 A N 2—|X|
Bai 32. Giai bat phuong trinh | ——| < 2.
I4+x
Loi giai. Diéu kién: x £ —1.
Néu x > 0 thi bat phuong trinh tré thanh
—Xx
2
2— < -1
N ene I+x X
I+x 2—x x>0
14+x
Két hop véi x > 0 va diéu kién x # —1, ta dudc x > 0.
Néu x < 0 thi bat phuong trinh tr§ thanh
5 ([x<—1
o x>0 x>0
23y ] hx el &
14+x 2+x> 2 x> -1 x<_%
- 4
I+x X< —=
(L 3
£ . C A 1ea 4
Keét hgp v6i x < 0 va diéu kién x # —1, ta dugc x < —3
4
V@yx>0hoécx<—§.
Bai 33. Giai bat phuong trinh /x2 — [x — 2| < x.
Loi gidi. Néu x —2 > 0 <> x > 2 thi bat phuong trinh trd thanh:
Vxr—x+2<
Zx Xt _x<:>x2—x—|—2§x2<:>x22.
x*—x+2>0
Két hop x > 2 ta dugc x > 2.
Néu x —2 < 0 < x < 2 thi bat phuong trinh tré thanh:
X 4+x—2>0 (x—1)(x+2)>0
VX24+x—2<xe<{x>0 S<¢x>0 S1<x<2.
P tx—2<x x<2

Két hop véi x < 2, ta duge 1 < x < 2. Vay x > 1.
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Bai 34. Giai va bién luan bét phuong trinh sau: 2(m+ 1)x < (m+1)*(x — 1)
Loi gidi. Bt phuong trinh da cho tuong duong vdi:

[(m4+1)?> =2(m+1)]x>(m+1)> < (m—1)(m+1)x> (m+1)>

TH1. V6i m = —1 bt phuong trinh trd thanh 0 > 0. TAp nghiém ctia bat phuong trinh nay 1a R.

| |
TH2. V&im < —1 hodc m > 1 thi (m—1)(m+1) > 0, do dé: x > m——FI.VeflyS: (m—Jrl;Jroo).
m — m —
| |
TH3. Véi —1 <m < 1 thi (m—1)(m+1) <0, do dé: x < m—Jrl.V@yS: (—oo;m—+1>.
m — m —

(x—V3)(1-2x)>0 (1)

Bai 35. Giai va bién luan hé bat phuong trinh sau .
x—m<0 (2)

” . o A N 1
Loi giai. Tap nghiém cta bat phuong trinh (1) S = <§, \/§>
A 1 1 N A S N A LN
THI1. Neum < 3 Sx<m< 5 Hé bat phuong trinh nay vo nghiém

1 1
TH2. Néu 5 <m< /3, khi d6 x < m. Tap nghiém cia hé 1a S = (5;;4 voim < /5

TH3. Néu m > /5, bét phuong trinh (2) < x<m.
o s : . 1
beé hé bat phuong trinh nay c6 nghi€ém thi x € (5’ \/5)

) 1
Viy tap nghi€m cua hé bat phuong trinh S = (5, \/5) .

Bai 36. Giai va bién luan cc bt phuong trinh sau

a) (2x—4)(x—m) > 0; b V2—x <0
x—2m+1— "

Lui giai.

a) TXDb: ¥ =R.

Trudng hgp 1. m = 2, bt phuong trinh da cho tuong duong 2(x —2)? > 0 < x # 2.
Vay tap nghiém cla bat phuong trinh 12 S = R\ {2}.

Truong hop 2. m < 2. Ta c6 bang xét diu

X —o0 m 2 Foo
2x—4 - - 0 +
x—m - 0 + +
(2x—4)(x—m) + 0 - 0 +

Dua vao bang xét dau (2x —4)(x —m) > 0 < x € (—oo;m) U (2;+o0).
Truong hop 3. m > 2. Ta c6 bang xét dau
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X —00 2 m oo
2x—4 — 0 + +
X—m - - 0 +
(2x—4)(x—m) + 0 - 0 +
Duya vao bang xét diu (2x —4)(x —m) < x € (—0;2) U (m; +o0).
Vay bt phuong trinh da cho ludn c6 vo s6 nghiém, tip nghiém 1a
o S=R\{2} v6im=2;
o §=(—o0;m)U(2;+o0) néum < 2
o §=(—00;2)U(m;o0) néum > 2.
b) TXD: ¥ =R\{2m—1}.
241 .,
Truonghop 1. 2m— 1 =\2 & m= ‘/_; , bit phuong trinh da cho tuong duong
—1 <0, (ludn ding véi moi x € R).
. 2+1 ez
Truong hop 2. 2m—1 <2 & m< \/_;— . Ta c6 bang xét dau
X —o0 2m—1 V2 o0
V2 —x + + 0 -
x—2m+41 - 0 + +
V2ox - - 0 -
x—2m+1
. 2—
Dua vao bang xét dau u <O0khix € (—o0;2m—1)Ux € [\/Z +o0).
x—2m+1
241 .
Truong hop 3. 2m—1> 2 < m > \/_2+ . Ta c6 bang xét dau
x —oo V2 2m—1 oo
V2—x + 0 — =
x—2m+1 — — 0 +
_V2-x - 0 - -
x—2m+1

. 2—
Dua vao bang xét dau u < 0khix € (—o0;v/2]Ux € (2m — 1;+o0).
x—2m+1

Vay bat phuong trinh di cho ludn c6 vo s6 nghiém, tap nghiém
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. 241
oS:]Rnéum:\/_z+ ;
. 241
° S:(—oo;zm—l)U[\/i;—FOO) neu m < \/_2_‘_ ;

V2+1
2

o §=(—00;1/2]U(2m — 1;400) néum >

Bai 37. Tim céc gi4 tri cia tham s6 m sao cho hé bat phuong trinh sau ¢6 nghiém

Lui gidi. TXD: 2 = R.

Ta co
-2 17 1 1
—x+= >=x+-= x<3 x<3
3 2 3 2& ) 4 & 5
m2x+1 >mt—x (m~+1)x>m*—1 x>m-—1.

Do d6 hé bat phuong trinh ¢6 nghiém khi va chi khi
m?>—1<3em?—4<0e (m—2)(m+2)<0.

Bang xét diu

m —oo -2 2 -0
m—72 — — 0 +
m+2 + 0 - -
(m—2)(m+2) — 0 + 0 -

Dua vao bang xét diu ta ¢ m € (—oo; —2) U (2;+o0) 1a cdc gid tri can tim.
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4.  BAT PHUONG TRINH BAC NHAT HAI AN

I. Tém tat Ii thuyét

1. Bat phuong trinh bac nhét hai 4n

Pinh nghia 1. Bét phuong trinh bac nhét hai 4n x, y c6 dang tdng quat 12
ax+by<c (1)

(ax+by < c;ax+by > c;ax+by > ¢)
trong d6 a, b, c 1a nhiing sb thuc da cho, a va b khong dong thdi bang 0, x va y 1a cdc an.
Trong mat phflng toa do Oxy, tap hop cac diém c6 toa dd 12 nghiém bét phuong trinh (1) dudc goi 1a
mién nghiém cua no.
/\ Trong mt phdng toa do Oxy, duong thing ax + by = ¢ chia mdt phdng thanh hai nita mdt phdng, mot
trong hai mdt phdng dé la mién nghiém ciia bt phuong trinh ax + by < ¢, nita mdt phdng kia la mién
nghiém ciia bdt phuong trinh ax+ by > c.

2. Hé bét phuong trinh bac nhét 2 4n

Pinh nghia 2. H¢ bdt phiong trinh bdc nhdt hai dn gdm mot s6 bat phuong trinh bac nhit 2 4n x,y ma ta
phdi tim cdc nghiém chung ctia ching. M&i nghiém chung d6 dudc goi 1a mot nghiém cta hé bat phuong
trinh da cho.

Ciing nhu bat phuong trinh bac nhét hai 4n, ta c6 thé biéu dién hinh hoc tdp nghiém ctia hé bat phuong
trinh bac nhét hai an.

II. Cac dang toan

Dang 1. Biéu dién tap nghiém bat phuong trinh bac nhét hai 4n

Quy tiic biéu dién hinh hoc tip nghiém (hay biéu dién mién nghiém) cia bt phuong trinh
ax+ by < ¢ nhu sau:

Budc 1. Trén mit phang toa do Oxy, vé dudng thing A: ax+ by = c.
Budc 2. Lay mot di€ém My (xo;yo) khong thudc A (lay toa do c6 nhiéu s6 0 nhét c6 thé)
Budc 3. Tinh axy+ byg va so sanh vdi c.

Budc 4. Két luan
Néu axo + by < ¢ thi nifa mat phang ké ca bd A chia My 1a mién nghiém ctia ax + by < c.
Néu axo+ byg > c thi niia mit phang ké ¢4 b A khéng chiia M 1a mién nghiém ctia ax+by < c.

/N Mién nghiém ciia bdt phiong trinh ax+ by < ¢ bé di duong thding ax+ by = ¢ la mién nghiém
cua phuong trinh ax+ by < c.

Vi du 1. Biéu dién hinh hoc tip nghiém clia bat phuong trinh bac nhét hai 4n 3x +y > 3.

Li gidi.



4.. BAT PHUONG TRINH BAC NHAT HAI AN

Vé dudng thang d : 3x+y = 3.

Thay toa do di€ém O(0;0) vao vé trai phuong trinh dudng thang (d), ta dugc:

0<3.

Vay mién nghiém cia bt phuong trinh 14 nita mit phang khong chita diém
0, k€ ca bo (d). (Trén hinh 12 nita mét phang khong bi gach bo).

305

Vi du 2. Biéu dién hinh hoc tip nghiém ctia bit phucng trinh bac nhit hai 4n 2x — 4y < 8.

Loi giai.
Vé dudng thang d : 2x — 4y = 8.

Thay toa do diém O(0;0) vao vé trai phuong trinh duong

thang (d), ta dugc: 0 < 8.
Vay mién nghiém ctia bit phuong trinh 1a ntta mit phang
chita diém O. (Trén hinh 1a nita mit phang khong bi gach

bo).

—2x+3y > 0.

Vidu 3. a) Biéu dién hinh hoc tip nghiém clia bat phuong trinh bic nhit hai 4n

b) Cho hai di€ém A(2;1) va B(3;3), hdi hai di€ém nay cling phia hay khéc phia d6i v6i bs (d).

Loi giai.

a)

b)

N e R « X ~ A A 2 A ~ A A o R 3 1
Bai 1. Biéu dién hinh hoc tip nghiém cuda bat phuong trinh bac nhat hai an x + o >1—x+ <y

Vé dudng thang d : —2x+ 3y =0.

Thay toa do diém M(1;0) vao vé trdi phuong trinh dusng
thang (d), ta dugc: —2 < 0.

Viy mién nghiém clia bit phuong trinh 14 nita mit phang

khong chita diém M. (Trén hinh 13 nita mit phang khong ‘

bi gach bo).

Thé toa do di€ém A vao vé trdi clia phuong trinh dudng
thang (d) ta dugc —2-2+3-1=—1<0. (1)
Thé toa do diém B vao vé trdi clia phuong trinh dudng
thang (d) ta dugc —2-3+3-3 =3 > 0. (2)
Tir (1) va (2) suy ra hai diém nam & hai phia d6i véi boi

(d).

BAI TAP TU LUYEN (Cho méi dang)

Loi gidi.

(@)

{ ]

2
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3 1
x+§y21—x+§y®2x+y21 1Y
Vé duong thang d : 2x+y = 1. \
Thay toa do diém O(0;0) vao vé trai phuong trinh duong thang (d), ta dudc:

1
0<1. \ 1
Vay mién nghiém ctia bat phuong trinh 12 nita mit phang khong chita diém — % 2.
0, ké ca bd (d). (Trén hinh 1a nifa mit phang khong bi gach bo). o

Bai 2. Biéu dién hinh hoc tip nghiém ctia bat phuong trinh bac nht hai 4n

—2017x — 2018y < 2016y.

Loi giai.

—2()17x—2(218y§2016y<:>—x—2y§0 (d)
Veé duong thang d : —x —2y =0.

Thay toa do di€ém M (1;0) vao vé trai phuong trinh duong thing

(d), ta duge: —1 < 0. | ‘ ‘ 0] ‘ ‘
Viy mién nghiém ctia bit phuong trinh 12 nifa mit phang chia ' : M(1;0) X
diém M, k&€ ca bd (d). (Trén hinh 13 nia mit phang khong bi
gach bo).

®

Bai 3. a) Bi€u dién hinh hoc tap nghiém cita bt phuong trinh bac nhit hai &n ;ﬁ + % <1

b) Tim diém A thuoc mién nghiém ctia bit phuong trinh trén. Biét ring diém A 13 giao diém cia parabol
(P) c6 dang y = x*> — 5x +4 va truc hoanh.

Lui giai.
a)§+%<l<:>2x+y<6 y
Vé duong thang d : 2x+y = 6.
Thay toa do diém O(0;0) vao vé trai phuong trinh dudng thang 6

(d), ta duge: 0 < 6.
Vay mién nghiém ctia bit phuong trinh 12 nifa mit phang chia
diém O. (Trén hinh 13 nifa mit phang khong bi gach bo).

b) Piém A nim trén parabol (P) c6 dang y = x*> — 5x-+4 va truc hoanh
nén hoanh do ctia A 1a nghiém ctia phuong trinh x> —5x+4 =0 <
x=1

x=4. (0]
Suy ra ta dugc hai diém (1;0) va (4;0). Lan lugt thé toa do ting
diém vao vé trdi ctia phuong trinh dudng thang (d), do A thuoc
mién nghiém clia bat phuong trinh di cho nén ta dudc A c6 toa do
la (1;0).
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Dang 2. Biéu dién hinh hoc tap nghiém ctia hé bat phuong trinh bac nhét hai 4n.

e Viét cac bat phuong trinh trong hé dudi dang phucng trinh dudng thang (thay du 16n, bé bai
diu bang).

e VE cic dudng thang trén cing mot hé truc toa do.
e Xic dinh mot diém M théa cac bat phuong trinh trong hé.

e Lin ludt td dam céc nita mit phang khong chita M va c6 bd 1a cac dudng thang da vé. Ta dudgc
mién nghiém ctia hé.

Vi du 4. Biéu dién hinh hoc tip nghiém ctia hé bat phuong trinh bac nhit hai 4n sau

x+y>1
{x—y <2
Loi giai.
Vé c4c dudng thang y
di:x+y=1;
dy: x—y=2. 21 M d

Vi diém M (0,2) c6 toa do thda man céac bt phuong trinh trong hé
nén ta to ddm cac nita mit phang bo d;,d» khong chita M.

Mién khong bi t6 ddm trong hinh vé va khong chifa céc tia gidi han
mién 12 mién nghiém ctia hé da cho.

Vi du 5. Biéu dién hinh hoc tip nghiém ciia hé bat phuong trinh bac nhit hai 4n sau

x+y<2
x—y>1
y>—1

Lui gidi.
Vé cac duong thang

di:x+y=2,
dy:x—y=1,
dz:y=—1.

. 3 .
Vi diém M (E’O) c6 toa do thoa man cac bat phuong trinh

trong hé nén ta td dam cac nita mat phang b d,, d», d3 khong
chita M. Mién khong bi td ddm trong hinh vé, khong bao gom
céac doan giSi han mién 12 mién nghiém cda hé da cho.

d3

dy
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Vi du 6. Biéu dién hinh hoc tip nghiém ctia hé bat phuong trinh bac nhit hai 4n sau

2x+5y>2
x—3y>1
x+y<3

Loi giai.

Vé cac dudng thang

dy:2x+5y=2,

dy:x—3y=1,

dz:x+y=3.

Vi di€ém M(2,0) c6 toa do théa man cdc bat phuong trinh
trong hé nén ta td ddm cac nia mit phang b d,, d», d3 khong ™~
chua M. 2
Mién khong bi t6 dam trong hinh vé c6 chita doan AC va
khong chita cdc diém A, C, khong chia cac doan AB,BC la
mién nghiém ctia hé da cho. -3

Vi du 7. Biéu dién hinh hoc tip nghiém ctia hé bt phuong trinh bac nhét hai 4n sau
2x+y>2
x—2y<1
y<2
x<3
Loi giai.
Vé cac duong thang y dy
dy:2x+y=2,
drix—2y=1, & R €
diy:y=2,ds:x=3. M
Vi diém M(2,1) c6 toa d6 thda min cac bat phuong trinh Lp=c------ T
trong hé nén ta t6 ddm cic nifa mit phang bs dy,d»,d3,ds | / |
khong chita M. Mién khong bi td6 ddm trong hinh vé 12 mién 3 ” é 3
nghiém ctia hé da cho bao gdm cdc doan thang xic dinh
mién.
dp
d
BAI TAP TU LUYEN

Bai 4. Biéu dién hinh hoc tip nghiém ctia hé bat phuong trinh bac nhét hai 4n sau

x+2y>1

3x—y<2
Bai 5. Biéu dién hinh hoc tip nghiém ctia hé bit phuong trinh bac nhét hai 4n sau

x—2y<1

x+3y> -2

—x+y<2
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Bai 6. Biéu dién hinh hoc tip nghiém ctia hé bit phuong trinh bac nhét hai 4n sau

3x+y<5
x+y<4
x>0
y=0

Bai 7. Biéu dién hinh hoc tip nghiém ctia hé bt phuong trinh bac nhét hai 4n sau

3x+y>9
x>y—2
3y>4—x

y<5

Bai 8. Biéu dién hinh hoc tip nghiém ctia hé bt phuong trinh bac nhét hai 4n sau

22 1<o

32
2y

- =<2
X 3 =

x>0

Bai 9. Xdc dinh hinh tinh ctia da gi4c bi€u dién hinh hoc tip nghiém ctia hé bit phuong trinh bic nhit hai
4n sau
2x+y>1

x—2y>-=2
2x+y <5
x<3

Loi gidi. Hudng dan: da gidc bi€u dién mién nghiém 1 hinh thang vudng.

Bai 10. Xdc dinh hinh tinh ctia da gi4c bi€u dién hinh hoc tap nghiém ctia hé bat phuong trinh bic nhit hai
4n sau
x+4y>9

x+4y <17
x—4y > -7
x—4y<l1

Loi gidi. Hudng din: Pa giac biéu dién mién nghiém 1a hinh binh hanh.

Dang 3. Cac bai toan thuc tién

Vi du 8. Trong mot cudc thi pha ché, mdi doi choi dugc st dung tbi da 24¢ huong liéu, 9 lit nudc va
210g dudng d& pha ché nudc cam va nudc tdo. DE pha ché 1 lit nu6c cam can 30g dudng, 1 lit nudc
va 1g huong liéu; pha ché 1 1it nudc tdo can 10g dudng, 1 lit nudc va 4g huong lidu. Mi lit nuéc cam
nhén dudc 60 diém thudng, mdi lit nudc tdo nhan dudc 80 dién thudng. Hoi cin pha ché bao nhiéu lit
nudc trai cdy mdi loai d€ dudc s6 diém thudng 12 16n nhAt.

Loi giai.

e Goi x,y 1an lugt 1a s6 lit nudc cam va tdo clia mot doi pha ché (x,y > 0).
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e S6 diém thudng clia doi choi nay 1a f(x;y) = 60x + 80y.
e S gam dudng can dung 1 30x + 10y.

e S6 lit nudc can dung 1a x +y.

e S6 gam huong liéu can dung 1a x + 4y

e Vi trong cudc thi pha ché, mdi doi choi st dung t6i da 24g huong liéu, 9 1it nuéc va 210g dudng nén
30x+ 10y < 210 3x+y <2l

. x+y<9 x+y<9
ta c6 hé bat phuong trinh y= & y= ().
x+4y <24 x+4y <24
x,y>0 x,y>0

e Bai todn trd thanh tim gia tri 16n nhit cda ham s& f(x;y) trén mién nghiém cta hé bét phuong trinh

().

e Mién nghiém ctia hé bt phuong trinh(*) 1a ngii gidc OABCD (k€ ca bién). Ham s6 f(x;y) = 60x+ 80y
sé dat gia tri 16n nhét trén mién nghiém cda hé bt phuong trinh (*) khi (x;y) 1 toa dd cia mot trong
cac dinh 0(0;0),A(7;0),B(6;3),C(4;5),D(0;6).

e Taco: £(0;0) = 0; £(7;0) = 420; £(6;3) = 600; f(4:5) = 640; f(0:6) = 480.

Suy ra f(4;5) 1a gid tri 16n nhit cia ham s f(x;y) trén mién nghiém cta hé (*).
Nhu vay dé€ dudc s6 diém thudng 12 16n nhit can pha ché 6 lit nudc cam va 5 lit nuéc téo.

y

[N
1
1
1
1
1
1
1
1
1
1
1
1
1

Vidu 9. Mot cong ty kinh doanh thuong mai chuén bi cho mot dgt khuyén mai nham thu hit khach
hang bang cach tién hanh quing c4o san phim ciia cong ty trén hé théng phat thanh va truyén hinh.
Chi phi cho 1 phiit quang cdo trén séng phat thanh 12 800.000 dong, trén séng truyén hinh 12 4.000.000
dong. Pai phat thanh chi nhan phat cac chuong trinh quang cdo dai it nhat 14 5 phit. Do nhu cau quing
cdo trén truyén hinh 16n nén dai truyén hinh chi nhin phat cic chuong trinh dai t6i da 1a 4 phiit. Theo
cdc phan tich, cing thoi lugng mot phiit quang cdo, trén truyén hinh sé c6 hiéu qua gip 6 lan trén
s6ng phat thanh. Cong ty du dinh chi t6i da 16.000.000 dong cho quang cdo. Cong ty can dit thdi
luong quing céo trén séng phat thanh va truyén hinh nhu thé nao dé hiéu qua nhét?

v

Loi giai. Goi thoi lugng cong ty dit quang cdo trén séng phat thanh 13 x (phiit), trén truyén hinh 13 y (phiit).
Chi phi cho viéc nay 1a: 800.000x +4.000.000y (dong).

Miic chi nay khong dudc phép vuot qia miic chi tdi da, tiic 800.000x + 4.000.000y < 16.000.000 hay
x+5y—20<0.
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Do céc diéu kién dai phat thanh, truyén hinh dua ra, tacé x > 5,y < 4.

Pong thoi do x, y 12 thdi lugng nén x > 0,y > 0.

Hiéu qua chung cia quang cdo la x + 6y.

Bai todn tr thanh: Tim x,y sao cho f(x;y) = x+ 6y dat gia tri I6n nhét véi cac diéu kién

X+5y—20<0
x>5 (%).
0<y<4

Ham sb f(x;y) = x+ 6y sé dat gid tri I6n nhét trén mién nghiém cla hé bt phuong trinh () khi (x;y) 1a toa
do ctia mot trong cac dinh A(5;0), B(5;3), C(20;0).

Tacé £(5;3) = 23, £(5;0) = 5, £(20,0) = 20.

Suy ra gia tri 16n nhit ctia M (x;y) bang 23 tai (5;3) tic 1a néu dit thdi lugng quang cdo trén séng phét thanh
1a 5 phiit va trén truyén hinh 12 3 phuit thi sé dat hiéu qua nhét?

;y ““““

Vi du 10. Trong mdt cudc thi géi banh vao dip nim méi, mbi doi choi dudc st dung t6i da 20 kg gao
nép, 2 kg thit ba chi, 5 kg dau xanh dé géi banh chung va banh dng. D€ g6i mot cdi banh chung can
0,4 kg gao nép, 0,05 kg thit va 0, 1 kg dau xanh; d€ g6i mot cai banh dng can 0,6 kg gao nép, 0,075
kg thit va 0,15 kg dau xanh. Mi cdi banh chung nhan dugc 5 diém thudng, mdi cdi banh 6ng nhan
dugc 7 diém thudng. Hoi can phai g6i may cdi banh mdi loai dé dudc nhiéu diém thudng nhét?

Lui gidi.
e Goi s6 banh chung g6i dugc 1a x, s6 banh 6ng géi dugc 1a y. Khi d6 s6 diém thudng 1a f(x;y) = Sx+7y.
e S6 kg gao nép can ding 12 0,4x + 0, 6y.

S6 kg thit ba chi can dung 1a 0,05x + 0,075y.

S6 kg dau xanh can ding 13 0, 1x +0, 15y.

Vi trong cudc thi ndy chi dugc st dung tbi da 20 kg gao nép, 2 kg thit ba chi va 5 kg ddu xanh nén ta
c6 hé bit phuong trinh

(0,4x+0,6y < 201
2x+3y < 100
0,05x+0,075y <2
2x+3y <80 2x+3y <80
0,1x4+0,15y <5 < & ).
2x+3y < 100 x,y>0
0,1x4+0,15y <5
x,y =0
Xy =0

e Bai todn trd thanh tim gid tri 16n nhit ctia ham s6 f(x;y) trén mién nghiém ctia hé bat phuong trinh

().

e Mién nghiém ctia hé bt phuong trinh (%) 1a tam gidc OAB (k€ cé bién).
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Ham s6 f(x;y) = 5x+ 5ysé dat gia tri 16n nhét trén mién nghiém ctia hé bt phuong trinh () khi (x;)
80
la toa d mot trong cac dinh 0(0;0),A(40;0),B <0; ?)

80 560
Ta co: f(0;0) =0, £(40;0) = 200, f <0;?> =
Suy ra f(x;y) 16n nhat khi (x;y) = (40;0). Do d6 can phéi géi 40 cdi banh chung d€ nhan dudc sb
diém thudng 13 16n nhét.

BAI TAP TU LUYEN

Bai 11. Mot gia dinh can it nhit 900 don vi protein va 400 don vi lipit trong thiic in mdi ngay. Mdi kg thit
bo chita 800 don vi protein va 200 don vi lipit. Mdi kg thit 1on chita 600 don vi protein va 400 don vi lipit.
Biét ring gia dinh nay chi mua ti da 1,6 kg thit bo va 1, 1 kg thit lon; gid tién 1 kg thit bo 13 45 nghin dong,
1 kg thit Ion 12 35 nghin dong. Héi gia dinh d6 phai mua bao nhiéu kg thit mdi loai dé€ sb tién b ra Ia it

nhat?

Lui gidi.

Goi x va y 1an lugt 1a s6 kg thit bo va thit 1on ma gia dinh d6 mua méingay (0 <x<1,6;0<y<1,1).
Khi d6 chi phi d& mua sd thit trén 1a f(x;y) = 45x + 35y nghin dong.

Trong x kg thit bo chia 800x don vi protein va 200x don vi lipit.

Trong y kg thit Ign chida 600x don vi protein va 400y don vi lipit.

Suy ra sb don vi protein va s6 don lipit 1an Iudt 12 800x + 600y don vi va 200x + 400y don vi.

Do gia dinh nay can it nhat 900 don vi protein va 400 don vi lipit trong thiic #n mbi ngay nén ta c6 hé
800x 4 600y > 900 8x+6y>9

200)c—|—4OOyZ400<:> x+2y>2 §

0<x<1,6 0<x<1,6

0<y<lL1 0<y<11

bat phuong trinh sau

Bai toan trd thanh tim gia tri nho nhét ctia ham sd f(x;y) trén mién nghiém cla hé bat phuong trinh

().
Mién nghiém ctia hé bt phuong trinh (*) 1a td gidc ABCD (k€ ca bién).

Ham s6 f(x;y) = 45x + 35y sé dat gia tri nhd nhét khi (x;y) 12 toa do ctia mot trong cdc dinh
A(1,6;1,1), B(1,60,2), C(0,6;0,7), D(0,3;1,1).

Tacé: £(1,6;1,1) = 110,5; £(1,60,2) = 79; £(0,6;0,7) = 51,5; £(0,3;1,1) = 52.
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e Suy ra f(x;y) nhd nhit khi (x;y) = (0,6;0,7). Do d6 gia dinh nay can phai mua 0, 6 kg thit bo va 0,7
kg thit 1on d€ sb tién bo ra 1 it nhat.

Bai 12. Mot gia dinh dinh trong ca phé va ca cao trén dién tich 10 ha. Néu trong ca phé thi can 20 cong
va thu vé 10.000.000 dong trén dién tich mdi ha, néu trong ca thi can 30 cong va thu 12.000.000 dong trén
dién tich méi ha. Hdi can trong mdi loai cdy trén véi dién tich 13 bao nhiéu dé thu dugc nhiéu tién nhit. Biét
rang ca phé do cdc thanh vién trong gia dinh tu chiam séc va sd cong khong vugt qua 80, con ca cao gia dinh
thué ngudi 1am véi gia 100.000 ddong cho mdi cong?
Loi giai. Goi x va y 1an lugt 1a s6 ha ca phé va ca cao ma hd nong dan nay trong (x,y > 0).
S6 tién can bd ra dé thué ngudi trong ca cao 1a 30y.100000 = 3000000y (trong).
Lgi nhuan thu dugc 1a f(x;y) = 1000000x 4+ 12000000 — 3000000y
= f(x;y) = 10000000x + 9000000y (ddng).
Vi sb cong dé trong ca phé khong vuot qua 80 nén 20x < 80 < x < 4.

x+y <10
Ta c6 hé bat phuong trinh sau ¢ 0 <x <4 (x).

y=0
Ta can tim gia tri 16n nhét ctia f(x;y) trén mién nghiém ctia hé (x).
Mién nghiém ciia hé () 1a ti gidc OABC (k€ ca bién). Ham sb f(x;y) sé dat gia tri 16n nhit khi (x;y) 1a toa
do ctia mot trong cac dinh 0(0;0), A(4;0), B(4;6), C(0;10). Suy ra f(x;y) 16n nhét khi (x;y) = (4;6). Nhu
vy can phai trong 4 ha ca phé va 6 ha ca cao dé thu vé 1gi nhuén 16n nhét

Bai 13. Mot ho nong dan dinh trong ddu va ca trén dién tich 8 ha. Néu trong dau thi can 20 cong va thu
3000000 dong trén dién tich mdi ha, néu trong ca thi can 30 cong va thu 4000000 dong trén dién tich mbi
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ha. Héi can trong mdi loai cdy trén véi dién tich 14 bao nhiéu dé thu dudc nhiéu tién nhét biét rang tdng s6
cong khong qua 1807?

Loi giai. Goi s6 ha dau va ca ma ho nong dan nay trong 1an ludt 12 x va y(x,y > 0).

Loi nhuan thu dugc 1a £(x;y) = 3000000x -+ 4000000y (ddng).

Téng s6 cong dung dé trong x ha dau va y ha ca 12 20x + 30y.

x+y<8 x+y<8
Ta c6 hé bat phuong trinh sau < 20x+30y < 180 < ¢ 2x+3y < 18.
xy=>0 x,y >0

Bai toan trd thanh tim gid tri 16n nhat ctia ham s6 f(x;y) trén mién nghiém ctia hé bat phuong trinh (x).
Mién nghiém ctia hé bit phuong trinh (*) 1a td gidc OABC (k& c4 bién).

Ham sb f(x;y) s& dat gid tri 16n nhit khi (x;y) 1a toa d6 ctia mot trong cac dinh 0(0;0), A(8;0), B(6;2),
C(0:6).

Ta c6: £(0;0) = 0, £(8;0) = 24000000, £(6;2) = 26000000, £(0;6) = 2400000.

Suy ra f(x;y) 16n nhat khi (x;y) = (6;2) tic 1a ho ndng dan nay can phai trong 6 ha dau va 2 ha ca thi sé
thu vé 16i nhuin 16n nhit.

Bai 14. Mot phan xudng c6 hai may dic ching M, M, san xuét hai loai san pham ki hiéu 1a A va B. Mot
tAn san pham loai A 13i 2 triéu dong, mot tin san pham loai B 13i 1,6 triéu dong. Mubn san xuit mot tin san
phim loai A phai ding mdy M; trong 3 gid va may M- trong 1 gid. Mudbn san xuat mot tin san phdm loai B
phdi diing may M; trong 1 gid va mdy M, trong 1 gid. Mot mdy khong thé dung dé san xuit dong thoi hai
loai san phdm. Mdy M; lam viéc khong qua 6 gio mot ngay, may M, lam viéc khong qua 4 gid mot ngay.
Hoi sb tién 14i 16n nhit ma phan xudng nay c6 thé thu dudc trong mot ngay 1a bao nhiéu?

Loi gidi. Goi x,y1an lugt 1a s6 tin san pham loai A, B ma phan xudng nay san xuét trong mot ngay (x,y > 0).
Khi d6 sé tién 13i mot ngay clia phan xudng nay 1a f(x;y) = 2x+ 1,6y (triéu dong); sb gid 1am viéc trong
ngay ctia may M; 1a 3x +y va sb gio 1am viéc trong ngdy ctia may M» 1a x + .
Vi mbi ngay may M 1am viéc khong qua 6 gid va may M, lam viéc khong qud 4 gid nén ta c6 hé bat phuong
3x+y<6
trinh ¢ x+y <4 (x).
x,y>0
Bai todn trg thanh tim gia tri I6n nhét ctia ham sb f(x;y) trén mién nghiém ctia hé bt phuong trinh (*).
Mién nghiém ctia hé bit phuong trinh (*) 1a td gidc OABC (k& ca bién).
Ham s6 f(x;y) sé dat gid tri I6n nhét trén mién nghiém cta hé bat phuong trinh (%) khi (x;y) 1a toa do mot
trong cac dinh 0(0;0), A(2;0), B(1;3), C(0;4).
Ta c6 £(0;0) = 0; f(2;0) = 4; £(1;3) = 6,8; £(0;4) = 6,4.
Suy ra max f(x;y) = 6,8 khi (x;y) = (1;3).
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Bai 15. Mot cong ty can thué xe dé chd 140 ngudi va 9 tin hang. Noi thué xe c6 hai loai xe A va B, trong
d6 loai xe A c6 10 chiéc va loai xe B ¢6 9 chiéc. Mot chiéc xe loai A cho thué véi gid 4 triéu dong, mot chiéc
xe loai B cho thué véi gid 3 triéu. Biét rang mdi xe loai A c6 thé chd téi da 20 ngudi va 0,6 tin hang; mdi
xe loai B ¢6 thé ché ti da 10 ngudi va 1,5 tin hang. Hoi phai thué bao nhiéu xe mdi loai dé chi phi bé ra la
it nhat?

Loi giai. Goi x,y lan lugt 1a s6 xe loai A va B. Khi d6 s tién can bo ra dé thué xe 1a f(x;y) = 4x+3y. Ta
c6 x xe loai A s& chd dugc 20x ngudi va 0, 6x tn hang; y xe loai B s& chd dudc 10y ngudi va 1,5y tin hang.
Suy ra x xe loai A va y xe loai B se chd dudc 20x + 10y ngudi va 0,6x -+ 1,5y tin hang.

20x 410 > 40 2x+y > 14
) 0,6x+1,59>9 2x+5y > 30
Ta c6 hé bat phuong trinh sau * y & Ty (%)
0<x<10 0<x<10
0<y<9 0<y<9

Bai toan trd thanh tim gia tri nhd nhét cda ham s6 f(x;y) trén mién nghiém ctia hé (). Mién nghiém cta
hé () la ti gidc ABCD (k€ ca bién). Ham s6 f(x;y) = 4x + 3y sé dat gid tri nho nhit trén mién nghiém ctia

. 5
hé bat phuong trinh (x) khi (x;y) 1a toa do cia mét trong cac dinh A(5;4), B(10;2), C(10;9), D (79) .

Ta co: f(5;4) =32; £(10;2) =46; f(10;9) = 67;f<§;9> =37.

Suy ra f(x;y) nhd nhit khi (x;y) = (5;4). Nhu vy d€ chi phi van chuyén thap nhét can thué 5 xe loai A va
4 xe loai B.

BAI TAP TONG HOP

Bai 16. Biéu dién hinh hoc tip nghiém ctia bat phuong trinh bac nhit hai 4n x —y > 1 — 3x.
Loi gidi.
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x—y>1-3x&2x—y>1 1Y
Vé dudng thang d : 2x—y = 1. (d)
Thay toa do diém O(0;0) vao vé trai phuong trinh dudng thang (d), ta dugc:
0<1.
Vay mién nghiém ctia bat phuong trinh 1 nta mit phang khong chia di€m | () ‘
O. (Trén hinh 12 nita mit phang khong bi gach bo). ' / % ' Y
/ ~1

Bai 17. Biéu dién hinh hoc tip nghiém ctia bat phuong trinh bic nhét hai 4n 3x —y < 0.
Loi giai.
Vé dudng thang d : 3x—y = 0. y
Thay toa do di€ém M(0;2) vao vé trai phuong trinh dudng thang (d), ta dudc: 1 ()
_2<01 2 2 e M(0;2)e
Viy mién nghiém cua bat phuong trinh la nira mat phang khong chia diém ’
M, k€ ca bd (d). (Trén hinh 13 nita mit phang khong bi gach bo).

0

X

Bai 18. a) Biéu dién hinh hoc tip nghiém clia bat phuong trinh bic nhit hai 4n x+y—3 < 0.
b) Tim diéu kién ctia m va n d€ moi diém thudc dudng thang (d’): (m?> —2)x —y+m+n = 0 déu la nghiém

clia bat phuong trinh trén.
Loi giai.
a) Vé duong thangd : x+y=3.
Thay toa do diém O(0;0) vao vé trai phuong trinh dudng thang
(d), ta dugc: 0 < 3.
Viy mién nghiém ctia bat phuong trinh 12 nita mit phang chia
diém O. (Trén hinh la nifa mit phang khong bi gach bd).

<

3

b) P moi diém thudc dudng thang (d') déu la nghiém cia bat

phuong trinh thi diéu kién can 1a (d’) phai song song véi (d). —
Tacéd:y=—x+3vad :y= (m>—2)x+m+n. DE (d) song

m=1
m*—2=—1 n+#2

m+n+#3 m=—1
n+4

1 . R
) thi ta dugc d’' : y = —x+n+ 1. D€ thda yéu cau

song (d') thi {

P m
Véi {
n

bai toan thi didu kién di la duong thing (d') la dd thi cta
dudng thang (d) khi (d) tinh tién xubng dudi theo truc Oy. Tiic
n+1<3&n<2.

Bai 19. Cho bat phuong trinh 2x+y—1 < 0.
a) Bi€u dién mién nghiém cia bat phuong trinh da cho trong mit phang toa do Oxy.

b) Tim tit c4 gia tri tham s6 m d€ diém M (m, 1) nam trong mién nghiém ctia bit phuong trinh da va biéu

dién tap hop M tim dudc trong cling hé truc toa do Oxy & ciu a).
Loi giai.
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a) Pudng thang (d):2x+y— 1 = 0 c6 dd thi nhu hinh vé bén. Ta c62.04+0—1 < 0. AY
Do d6, mién nghiém 1a duong thang (d) va mién khong gach chéo nhu hinh vé bén

(Mién chita gbc toa do).

b) P& M 1a mot nghiém thi 2m+1—1<0< m < 0. Vi M nam trén dudng thing

(A) :y = 1. Do d6, tap hop tht ca diém M la nghiém ctia bAt phuong trinh trinh da cho ' A \ x
1 tia A7 nhu hinh vé. 0 g

[Ny

N =
s
Y

Bai 20. Cho bit phuong trinh x — 2y +4m > 0.

a) Ty theo gia tri tham sb m, hay bi€u dién tap nghiém ctia bit phuong trinh di cho trong hé truc toa
do Oxy.

b) Goi A, B 1an lugt la giao clia dudng thang x — 2y +4m = 0 véi truc hoanh va truc tung. Tim tit c4 cac
gid tri cla tham s6 m d€ tap nghiém clia bat phuong trinh da cho chia diém C(2;1) sao cho dién tich tam
gidc ABC bing 4.

Loi giai.

a) Xét dudng thang (d,,):x — 2y +4m = 0 ¢6 dd thi nhu hinh vé bén.
Ta ¢6 0 — 2.0 +4m = 4m. Do d6, v6i moi m # 0 mién nghiém luon
chita gbc toa do. Néu m = 0 thi mién nghiém chia diém (1;0). Vay
v6i moi m mién nghiém 132 mién khong gach chéo nhu hinh vé bén.
b) D€ C 1a mot nghiém cia bat phuong trinh da cho thi 2 — 2 +4m >
0 < m > 0. Khi d6, OC || (dy), suy ra Saapc = Saapo = 4m?. Theo
gia thiét, ta co 4m> =4 = m = 1.

y=0
Bai 21. Cho hé bt phuong trinh x—y>0.
x+y—4<0

a) Biéu dién tap nghiém ctia hé da trong mit phezlng toa do Oxy.
b) Tinh dién tich mién nghiém dé.
Loi giai.
a) Vé cc duong thiang x —y = 0 va x+y —4 = 0 trén cung hé truc toa dd. Chon
diém (2,1) dé xdc dinh mién nghiém. Khi d6 ta dugc mién nghiém nhu hinh vé
bén. Jp-mmm- B
b) Tur hinh vé bén ta c6 OA = 4 va do dai dudng cao cua tam giac OABhatt B L__ /.
bﬁng 2. Vﬁy SAOAB =4,

Bai 22. Tim m dé hé bat phuong trinh

x>0
x—y<0.
y—mx—2<0

c6 tap nghiém dugc biéu dién trén mit phang toa do 13 mot hinh tam gidc.

Loi gidi. Nhan xét: Ho dudng thang (d,,) : y — mx —2 = 0 ludn di qua diém A(0;2), hay néi cach khac cic
dudng thang (d,,) xoay quanh A. Mit khac, ta c6 1 —m.0 —2 < 0 diing v6i moi m, nén mién nghiém ctia bat
phuong trinh y — mx — 2 < 0 ludn chia diém (0;1). Do d6 ta c6 3 khd nang sau:
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Ay Ay Ay

Vay m < 0.

Bai 23. Mot xudng san xuét gb cua cac khiic gb thanh cac tAm van. C6 hai loai van: van thanh ph4m va van
stt dung trong xay dung. Gia s, ddi véi:

Vian thanh phdm can 1 gid dé€ cua va 3 gid dé bao 10m van.

Van xay dung can 2 gio dé€ cua va 2 gio dé bao 10m vén.

M4y cua 1am viéc t6i da 3 gid trong ngly, va mdy bao lam viéc tdi da 5 gid trong ngay. Néu 1i nhuin
ctia 10m véan thanh pham 12 100 (ngan dong) va 1¢i nhuan ctia 10m van xay dung 12 80 (ngan dong). Trong
ngay, xuéng san xuit phai cua bao nhiéu van mdi loai dé 1¢i nhuan 16n nhat?

Loi giai.

Goi x,y 1an lugt 1a chiéu dai van thanh phdm va van xay dung hoan thanh R

trong mot ngay. Pon vi 10m. Do d6 bai todn trd thanh tim gi4 tri 16n nhat \\
ctia T = 10x + 8y (ngan dong), biét x,y théa man hé bat phuong trinh sau 3
x+2y<3 f |G
3x+2y<5 PN\

x>0

o 2
y>0 3\ 7

R 3 5
Mién nghiém ctia hé 1a td gidc OBAC, trong d6 A(1;1),B (O; 5) ,C <§;O> )

Do d6, gia tri 16n nhat ctia 7 12 18 khix =y = 1.

Bai 24. Chuyén gia dinh dudng dinh thanh 1p mot thuc don gom 2 loai thuc phdm chinh A va B. Cii mot
tram gram:

Thuc phdm A chita 2 don vi chit béo, 3 don vi carbohydrate va 4 don vi protein.

Thuc phdm B chifa 1 don vi chét béo, 1 don vi carbohydrate va 1 don vi protein.

Néu mot trim gram thuc phdm A gia 10 ngan dong va mot trim gram thuc phdm B gid 15 ngan dong.
Nha dinh dudng mudn thiic dn phéi cung cAp nhiéu nhit 5 don vi chét béo, 7 don vi protein va it nhét 4 don
vi carbohydrate. Can bao nhiéu trim gram thuc phaim mdi loai d€ c6 gia thanh nhd nhit nhung van cung
clp du dinh dudng?

Loi giai.
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Goi x,y 1an ludt 1a khdi lugng thuc pham A va B. Pon vi trim gam. Do d6 bai
toan trd thanh tim gia tri nhd nhéit cia 7 = 10x + 15y (ngan dong), biét x,y
thda man hé bat phuong trinh sau

2x+y<5

3x+y>4

dx+y<T.
x>0
y=0

\
Mién nghiém cia hé 1a da gidc ABCDE, trong d6

4 7 2
A<§;O>,B(Z;O>,C(1;3)7D(O;5),E(0;4). Do d6, gia tri nhé nhat cda

4

\
\\\

\\

(O8]

4
T 000

4
gamkhix:§véy:O.
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§5.  DAU CUA TAM THUC BAC HAI

I. Tém tat Ii thuyét

1. Tam thic bac hai

Pinh nghia 1. Tam thic bac hai 1a biéu thic c6 dang f(x) = ax?> +bx +c, trong d6 a, b, ¢ 1a nhiing hé s0,
a # 0. Nghiém cuia tam thic bac hai la gia tri cua x 1am cho tam thuc cé gid tri bang 0.

2. Pinh li vé diu ctia tam thitc bic hai

Pinh Ii 1. Cho tam thitc bdc hai f(x) = ax> +bx+c,a # 0,A = b*> — dac. Khi do:

e A<O=af(x)>0,VxeR.

o A:0:>af(x)>0,Vx€R\{—2£} vdf( b):O.

a 2a

af(x) > 0,Vx € (—oo;x1) U (x2; +0)

cA>0= [af(x) < 0,Vx € (x15x7)

Véi x1;x2 la nghiém cua phuong trinh f(x) =0, x; < xp.

3. Pinhli vé ddu cta tam thitc bic hai

Pinh nghia 2. Bét phuong trinh bac hai mdt 4n sb 13 bat phuong trinh c¢6 dang ax? + bx + ¢ > 0 (hoic
ax® +bx+c > 0;ax* +bx +c¢ > 0;ax’> +bx + ¢ < 0) véi a, b, c 1a nhiing s6 thuc da cho, a # 0, x 1a 4n sb.
4. Bat phuong trinh bac hai mét 4n

Pinh nghia 3. Bét phuong trinh bac hai 4n x 14 bt phuong trinh dang ax? + bx+ ¢ < 0 (hodc ax® + bx+c¢ <
0,ax> +bx+c¢ > 0,ax> + bx+ ¢ > 0), trong d6 a, b, ¢ 1a nhiing sb thuc da cho, a # 0.

II. Cac dang toan

Dang 1. Xét dau tam thitc bac hai

Cho tam thic bac hai f(x) = ax?> +bx+c, (a # 0). Dit A = b> — 4ac.

e NéuA < 0thia.f(x)>0,VxeR.

2 b
e NéuA=0thia.f(x) >0,Vx € R va f(x) =O®x=—%.

e Néu A > 0 thi f(x) c6 hai nghiém phan biét x| < x; va
— a.f(x) > 0,Vx € (—oo;x1) U (x2; +00).
- a.f(x) <0,Vx € (x1;x2)

Vi du 1. Xét ddu tam thiic bac hai f(x) =x*> —2x+5

Loi gidi. Tac6A' = —4<0vaa=1>0nén f(x) >0,Vx € R.
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[ Vi du 2. Xét diu ctia tam thiic bac hai f(x) = x> — 5x — 6.

e *?2 e s x:
Loi giai. Taco: f(x) =0< 6
X =

Doa=1>0nén
o f(x)>0,¥x € (—o0;—1)U(6;40).
e f(x) <0,Vx € (—1:6).

Vi du 3. Xét ddu clia tam thiic bac hai f(x) = —x* +3x+4.

=1

Li gidi. Taco f(x) =0 | )
X =

Doa=—1<0nén
o f(x)>0,Vxe (—1;4).
o f(x) <0,Vx € (—o0;—1)U(4;+0).

s : 2 4+4x+3
Vi du 4. Xét déu ciia bidu thic f(x) = %
x_
N,e 0% 2 2 x:_3
Loi giai. Taco g(x) =x*+4x+3=0< .
x=—
hix)=x—1=0&x=1.
Bang xét diu
X —o0 -3 -1 1 o0
g(x) + 0 — 0 + | +
h(x) - | -1 - 0 +
f(x) -0 4+ 0 — || +

T bang xét diu ta thiy
o f(x) >0 xe (=3;—1)U(1;400).
o f(x) <O xe (—oo;=3)U(—1;1).

Vidu 5. Cho tam thiic bac hai f(x) = x*> — (2m — 1)x +m? — m. Tim c4c gia tri ctia tham s6 m d&

f(x) <0 véiVx e (%1)

N, 2 e 7 :m_l

Loi giai. Taco f(x) = (x—m)(x—m+1)=0& [
=m
= f(x) <0exe (m—1;m).
1

0 1 1 —-1< = 3

Déf(x)<O,Vx€(—;1) thi (—;1)C(m—1;m)<:> T2&s1<m< =
2 2 m2>1 2

BAI TAP TU LUYEN
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Bai 1. Xét diu tam thic bac hai f(x) = 2x> — 5x 4 2.
Loi giai. Taco

o f(x )>0<:>xe( oo %)U(2;+oo).

1
o f(x) <0 xe€ (5;2).
Bai 2. Xét diu tam thiic bac hai f(x) = — —4x — 6.
Loi giai. Tacd f(x) <0,VxeR

Bai 3. Xét d4u ctia biéu thic f(x) = x> —3x4-2.
Lui gidi. Taco f(x) = (x—1)>(x+2)

o f(x) >0 xe(—2;40)\{1}.
e f(x) <0 x€ (—o0;—2).

4 4 x_6
Bai 4. Xét dau cia biéu thi =l+—=—F—=
ai ét diu cia biéu ch(x) +x2—5x+6
x°—4x
Loi giai. Ta cé =2 5. ¢
i giai. Ta co f(x) 2 —5x+6
x=0
x=4
=2
h(x):x2—5x+6=0<:>lx_3
Bang xét dau
P —oo 0 2 3 4 T
2(x) + 0 - | - | -0 +
h(x) t 0 -0+ |+
) 0 — I+l -0 +

Tu bang xét dAu ta thiy
o f(x)>0e x€ (—o0;0)U(2;3)U(4;+o0).
o f(x) <0& (0;2)U(3:4).

Dang 2. Tim diéu kién ctia tham s6 dé tam thiic bic hai luén mang mét dau

Cho tam thiic bac hai f(x) = ax> +bx+c, (a #0). Pit A = b> — 4ac.

a>0

>0,VxeR :
> omsers {170

a>0

>0,VxeR &
OEUATES 2R S

a<0

A<O0

. f(x)<0,VxeR<:>{a<O.
o f(x)ﬁO,VxGR@{
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Vidu 1. Cho f(x) = (m?+2)x*> —2(m+ 1)x+ 1. Tim c4c gi4 tri ciia tham s& m d€ f(x) ludn duong
v6i moi x.

Loi gidi. Tacéa=m>+2>0,VYmc RvaA = (m+1)>— (m*>+2) =2m— 1.

. 1
Déf(x)>0,‘v’x€RthiA<O<:>m<§

Vidu 2. Cho f(x) = (m+2)x> +2(m+2)x+m+3. Tim céc gia tri cda tham sb m d€ f(x) > 0 véi
moi gia tri cua x.

Loi gidi.
o Véim=—-2= f(x)=1>0,VxeR.
o V6im# —2,dé€ f(x) >0,Vx € R thi diéu kién Ia

{m—|—2>0 {m—|—2>0
& Sm> =2

A =(m+2)>—(m+2)(m+3)<0 —m—2<0

Véy v6im > —2 thi f(x) > 0,Vx € R.

Vidu 3. Cho f(x) = mx? —x— 1. Tim cdc gid tri ctia tham s6 m d€ f(x) < 0 v6i moi gid tri ctia x.

Loi giai.
e V6im=0=fx)=—x—-1<0&x>—1

e V6im# 0, dé f(x) < 0,Vx € R thi diéu kién la

m <0 m<0 < 1
& eSm< —-
A=1+4m<0 m<—4—11 4

1
Vay v6im < ~7 thi f(x) <0,vx € R.

Vidu4. Cho f(x) = (m—4)x*+ (2m —8)x+m — 5. Tim cic gia tri ctia tham s6 m dé f(x) < 0 v6i
moi gia tri cua x.

Loi giai.
e Véim=4= f(x)=—1<0,VxeR.

o V6im# 4, dé f(x) <0,Vx € R thi diéu kién la

m—4<0 m <4
{ , 5 <:>{ Sm<4
A=m—4)"—(m—4)(m—5)<0

Véy v6im < 4 thi f(x) <0,Vx € R

Vidu 5. Cho f(x) = vx2 —x+m— 1. Tim c4c gid tri ctia tham sb m d€ f(x) > 0 v6i moi gid tri clia
X.
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Loi giai. Ta co
f(x)>0,¥xeR x> —x+m>1¥xreR

ex?—x+m—1>0,V¥xeR
SA=1-4(m—1)<0

<:>m<5
4

BAI TAP TU LUYEN

Bai 1. Cho f(x) = (2m? —3m —2)x*> +2(m —2)x — 1. Tim cic gid tri ctia tham s6 m d€ f(x) < 0,Vx € R.
Loi giai.

THL Xét2m2—3m—2=0< | 2

P 1 1
- Néum:—iif(x):—Sx—lSO(:)xZ—g.

- Néum=2= f(x)=—-1<0,Vx€R.

1
TH2. Xét2m? —3m—2+40< m# "2, khi d6, diéu kién dé f(x) <0,VxeR I

m=#£2
1
2m* —3m—2 <0 —3sms2
, 5 5 < 1 S —=<m<2
AN=m-2)"+02m —-3m—-2)<0 lem<2

Bai 2. Cho f(x) = (m+4)x> — 2mx+2m — 3. Tim céc gi4 tri ctia tham sb m d€ f(x) < 0,¥x € R.
Lo gidi.

7
e Véim=—-4= f(x)=8x—14<0&x<-.

4
o V6im# —4, d€ f(x) < 0,Vx € R thi diéu kién Ia
m+4<0 m< —4
, 5 & & m € (—o0;—0)
AN=m"—(m+4)2m—6) <0 m € (—o0;—6) U (4;+o)

Vay véim < —6 thi f(x) <0,Vx € R.

—x?> +4(m+ Dx+1—4m?

Bai 3. Cho f(x) = 424552

cua x.
Loi gidi. Taco —4x*>+5x—2 < 0,Vx € R.
D€ f(x) > 0,Yx € R thi g(x) = —x* +4(m+ 1)x+ 1 —4m> <0,¥x € R

8
(:)A’:4(m—|—1)2+(1—4m2)<0<:)8m+5<0<:>m<—§

. Tim céc gia tri cda tham s6 m dé€ f(x) > 0 v6i moi gid tri

Dang 3. Giai bat phuong trinh béc hai.

Gii bt phuong trinh bac hai ax®> + bx + ¢ < 0 thuc chit Ia tim cdc khoang ma trong d6 f(x) =
ax? 4+ bx + ¢ cung diu véi hé s6 a (trusng hop a < 0) hay trai ddu v6i hé s a (trudng hdp a > 0).
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[ Vi du 6. Giai bit phuong trinh 3x% 4+ 2x+5 > 0.

Loi gidi. Pit f(x) = 3x>+2x+5, ta c6 a = 3 > 0 va phuong trinh f(x) = 0 vo nghiém nén f(x) ludn
duong.
Do d6 tap nghiém clia bt phuong trinh 1a § = (—oo; +o0).

[ Vi du 7. Giai bit phuong trinh —2x% 4 3x+5 > 0.

x=—1
Loi gidi. Pit f(x) = —2x> +3x+5,tacda= -2 <0 va f(x) =0 <= 5 .
X==
2
Lap bang xét diu ctia f(x) ta c6
X —o0 —1 é ~+o0
2
fx) - 0 + 0 -

. < 5
Dua vao bang xét dau ta c6 tap nghiém cta bat phuong trinh 1a § = (—1; 5) .

[ Vi du 8. Giai bt phuong trinh (3x> — 10x+ 3)(4x —5) > 0. ]
Loi gidi. Pit f(x) = (3x* — 10x+3)(4x —5).
1
X = §
. 33— 10x+3=0
Tacod f(x) =0 <= x=3.
4x—-5=0
5
xX=—
) 4
Lap bang xét dau cia f(x) ta co
1 5
x —oo = = 3 +o0
3 4
3x% —10x+3 + 0 - | - 0 +
4x —5 - I - 0 + I +
f(x) - 0 + 0 - 0 +

15

Dua vao bang xét ddu ta c6 tp nghiém clia bt phuong trinh 12 S = [g, ﬂ U[3;00).

(3x2 —x) (3 —xz)

Vi du 9. Giai bat phuong trinh <0.

42 +x-3 =
Loi siai. Pit (x) = (3x2—x) (3—x2) Ta c6
i giai. Dat f(x) = R — aco
x=0
+ 32 —x=0<—= 1.
xX==
3

+3—x2=0<=x=+3.
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1 3
x —o0 -3 -1 0 — e V3 +oo
3 4
3x2 —x + | + | + 0 - 0 + | + | +
3 —x2 -0 + | + | + | + | + 0 -
4 +x—3 + 1 + 0 - | — | -0 + 1 +
f(x) -0 + -0 + 0 - + 0 -

. P 13
Dua vao bang xét dau ta ¢ tip nghiém cta bat phuong trinh la § = (—oo;—\/ﬂ U(-1;0]u {—' —> U

3°4
[V/3i+00).
Vi du 10. Giai bat phuong trinh ! < .
1du 10. Giaiba ng trin :
: PR x2—4 " 3x2+x—4
o o 1 3 x+8
Loi giai. Ta c6 0.
L el aC0x2—4<3x2+x—4 (x2—4)(3x2+x—4)<
. 8
Lap bang xét dau cho f(x) = 2 _4))(6;2+x_4) ta co
4
x —oo -8 2 2 1 2 oo
3
x+8 — 0 + | + | + | + | +
x*—4 + 19+ 0 - 1 - 1 = 0 +
3 +x—4 + 1 4+ 1 4+ 0 - 0 + I +
f(x) - 0 + - - - -

4

Dua vao bang xét diu ta c6 tap nghiém clia bat phuong trinh 1 § = (—o0; —8) U (—2; ——) U(1;2).

3

BAI TAP TU LUYEN

Bai 4. Giai bt phuong trinh —2x% 4 3x+5 > 0.

Loi gidi. Ta c6 bang xét dau

X

—2x*43x+5

Vay tap nghiém ctia bAt phuong trinh 12 § = (—oo; —1) U <—' +°<>> .
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Bai 5. Giai bt phuong trinh x2 4 12x+36 < 0.
Loi gidi. Ta c6 bang xét dau

X —o0 —6 oo

X2+ 12x+ 36 + 0 +

Vay tap nghiém clia bAt phuong trinh 12 S = {—6}.

Bai 6. Giai bat phuong trinh (3x* — 4x) (2x* —x—1) > 0.
Loi gidi. Ta c6 bang xét dau

1 4
X —o0 —= 0 1 = oo
2 3
3x% —4x + I + 0 - I - 0 +
22 —x—1 + 0 - 1 - 0 + 1 +
VT + 0 - 0 + 0 - 0 -+
A en Ak PR 1 4
Vay tap nghi€ém cua bat phuong trinh 1a § =  —oo; —5 u(;1)u §; oo |.
Bai 7. Giéi bt phuong trinh (4x? — 1) (—8x* +x—3) (2x+9) < 0.
Loi giai. Ta c6 bang xét dau
2 2 2
4x? — 1 + 1 4+ 0 - 0 +
—8x? +x—3 - - 1 = 1 -
2x+9 -0 + I + I +
VT + o0 — 0o + 0 -
A Ak s 9 1 1
Vay tap nghi€m cua bat phuong trinh 1a § = —5; ) U E; +oo |,
5 a2 4x* +3x—1
Bai 8. Giai bat phuong trinh Aol >
X2 +5x+7
Loi giai. Ta c6 bang xét dau
1
by —oo —1 - -0
4
4% +3x— 1 + 0 - 0 +
x?+5x+7 + 1+ 1+
VT + 0 - 0 -+

Vay tap nghiém cla bat phuong trinh 12 § = (—o0; —1]U {—; +°<>> .
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) 5x2+3x—38
Bai 9. Giai bat phuong trinh ———— < 0.
ai iai bat phuong r1r/1 P R
Loi giai. Ta c6 bang xét dau
8
x —oo _2 1 6 oo
5
5x>4+3x—8 + 0 - 0 + I +
X2 —Tx+6 + | + 0 - 0 +
VT + 0 - - +

) 8
Vay tap nghiém cua bat phuong trinh 1a § = {—g; 1) U(1;6).

Bai 10. Giai bat phuong trinh % > 0.
Loi gidi. Ta c6 bang xét dau
x —eo /12 =5 0 4-V11 V5 V12 4411 e
x* —17x* + 60 + 0 -0+ 1 + 1 + 0 — 0 + 1 +
x -1 - 1 =0 4+ 1 + 1 + 1 4+ 1 +
x? —8x+5 + 1+ 1+ 1 + 0 - 1 -1 — 0 +
VT - 0 + 0 - + - 0 + 0 - +

Vay tap nghiém cia bat phuong trinh 1a § = <—\/ﬁ; —\/§> U (0;4 — \/ﬁ) U <\/§, \/ﬁ> U (4—1— VIT; +00>.

|
SRR "2 It T2

Bai 11. Giai bat phuong trinh

1 —22x+ 66

Loi giai. Tacé )f2+5x+6 > 2 1172 — (X2 +5x+6) (x2 — 17x+72) > 0.
Ta c6 bang xét dau
X — -3 -2 3 8 9 Foo
—22x+ 66 + 1 + 1 + 0 - 1 = 1 =
2+5x+6 + 0 — 0 + I + 1 + 1 +
21Tl T2 + I+ 1+ 1+ 0 - 0 +
VT + - + 0 - * B

Vay tap nghiém ctia bAt phuong trinh 12 § = (—oo; —3) U (—2;3) U (8:9).

. ) 5x% —Tx—3
Bai 12. Giai bt phuong trinh >~ > > 1,
3x2—2x—35
5x% —7x—3 e 2x% —5x+2 =0
3x2—2x—5 3x2—-2x—5 '
Ta c6 bang xét dau

Loi giai. Taco
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1 5
x —oo —1 - . 2 +o0
2 3
2x2 —5x+2 + 1 + 0 - I - 0 +
3x2—2x—5 + 0 - I - 0 + I +
VT + - 0 + -0 +
A n ia a1z < 1 1s 15
Viéy tap nghiém cia bat phuong trinh la § = (—eo; —1) U X 3 U (254-00).
. ) -2 x—3_ x*+4x+15
Bai 13. Gidi bt phuong trinh *—= 4 X > > X TH* 1
l—x x+1 x2—1
e x—2 x—3_ xX*44x+15 —x2=7x—10
Loi giai. Tacol_x+x+12 2] <:>xz—_120.
Ta c6 bang xét dau
X —o0 -5 -2 —1 1 +-o0
—x2—Tx—10 -0 + 0 - 1 - 1 -
| + 1+ 1+ 0 - 0 +
VT -0 + 0 - + -
Vay tap nghiém clia bAt phuong trinh 12 § = [-5; —2) U (—1;1).
. 2x+3
Bai 14. Giai bat phuong trinh (x2+3x) (2x+3) — 16- ———.
ai iai bat phuong trinh (x> +3x) (2x+3) R
2
, 2x+3 2 4 3x)" (2x+3)—16(2x+3
Lis gidi. Ta c6 (a2 +3x) (2r+3) — 16 o> (43 @+ -lo@x+3)
; X2 +3x X2 +3x
(2x+3>((x2+3x> —16) (2x+3) (x2+3x—4) (x2—|—3x+4)
5 >0 < 5 >0
x°+3x x*+3x
Ta c6 bang xét dau
3
x — 4 -3 = 0 1 oo
2
2x+3 - = 1 = 0 + 1 + 1 +
x> +3x—4 + 0 - I - 1 -1 - 0 +
x> +3x+4 + 1+ 0+ 1+ 4+ o+
X%+ 3x + 1 + 0 - 1 = 0 + I +
VT - 0 + - 0 + - 0 +

. 3
Viay tap nghiém cia bat phuong trinh 1a § = [—4; -3) U [—70) U[1;+e0).

329
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Dang 4. Bai toan c6 chita tham sb

D¢ giai dang toan nay ta phai xac dinh d4u ctia hé s clia x* va du ctia biét thic A tir d6 4p dung dinh
ly vé diu clia tam thiic bac hai.

Vi du 11. Tim gi4 tri cia tham s6 m d€ cac biéu thiic sau dy ludn khong duong v6i moi x € R
a) f(x)=—-2x*+2(m—2)x+m—2
b) f(x)=(m—1)x*>—2(m—1)x—4.

Loi giai.

a) Ta phai tim m sao cho f(x) = —2x> +2(m —2)x+m—2 < 0 véi moi x € R.
Do a=—2 < 0nén f(x) <0 Vx € R khi va chi khi A’ = (m —2)> — (=2).(m—2) <0.
Tac6 A = (m—2)>4+2(m—2)=mm—2)=AN <0=0<m<2.

b) Ta phai tim m sao cho f(x) = (m—1)x*> —2(m — 1)x — 4 < 0 v6i moi x € R.
+) Truong hop 1: m—1=0<m=1,khid6 f(x) = —4<0VxeR.
m—1<0

+) Truong hop 2: m—1#£0,khido f(x) <0Vxe R < .
) Trong hop 7 f&) {A’:(m—l)2~l—4(m—1)§0

S -3<m<—1.

- m—1<0 m—1<0
Tu do suy ra

54
AN=m-1)(m+3)<0 m+32>0
Két hudp hai trudng hop ta suy ra gia tri m can tim1a —3 <m < 1.

Vi du 12. Tim tht ca céc gia tri ctia tham sb m dé bat phuong trinh sau nghiém ding véi moi x € [1;3].

X —2(m+2)x+m*+4m <0 (1)

Lui gidi. Xét phuong trinh x2 —2 (m+2)x+m2+4m =0 (2), tac6 A = (m+2)* —m® —4m = 4.
Tit d6 suy ra (2) ludn c6 hai nghiém phén biét x; = m < x, = m+4.

Tix d6 suy ra (1) c6 tdp nghiém [m;m +4].

Véy (1) nghiém ding v6i moi x € [1;3] khivachikhim<1<3<m+4< —-1<m<1.

VA2 —(2m+3)x+6m
x2+2x+3

Vi du 13. Tim tAt c4 céc gid tri ctia tham s6 m d€ ham s6 y = c6 tap xac dinh

laR.

Loi gidi. Tacox> +2x+3=(x+1)2+2>0VxcR.
Tir d6 suy ra ham s6 da cho c6 tap xdc dinh 1a R khi va chi khi x> — (2m+3)x+6m > 0 Vx € R.
Do A = (2m+3)> —4.6m = (2m—3)* > 0 Vm nén ham s da cho c6 tap xac dinh Ia R khi va chi khi

A=0&em=—.
m=3

BAI TAP TU LUYEN
Bai 15. Tim tit ca cac gid tri ctia tham s6 m d€ bit phuong trinh x> — (m — 2)x — 8m + 1 > 0 ¢6 nghiém.
Loi giai. Do a = 1 > 0 nén bit phuong trinh trén ludn c6 nghiém véi moi m.

Bai 16. Tim gid tri ctia m d€ biéu thic f(x) = x> — (m+42)x 4 2m c6 gia tri khong am v6i moi x € R.
Loi gidi. Doa =1 >0nén f(x) >0 vdimoix € RkhivachikhiA= (m—2)>?<0&m=2.
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[Vi Van Truong]
Bai 17. Tim gid tri ctia m d€ ham s6 f(x) = /mx2 +2(m+ 1)x+m— 1 c6 tdp xdc D # @.

e 20 2,0 N . s N A 2 UA ~ . 1
Loi giai. V6i m = 0 thi f(x) = +/2x— 1, khi d6 ham s6 c6 tap xac dinh D = (EH—OO) + .

‘ 1
V6i m # 0, ham s6 ¢6 tap xdc dinh D # @ < A = (m+ 1> —m*> +m>0=m > ~3 Trong trudng hop

m=#0
nay ta co - 1.
m___

3
Tt d6 suy ra gia tri m can tim 12 m > -3

Bai 18. Tim tit c4 cic gid tri thuc ctia tham s6 m dé v6i moi x € R ta ludn c6:

x> +5x+m
<——F——-<7
2x2 —3x+2
Loi gidi. Tacé2x> —3x+2>0,Vx € R.
x> +5x+m 32 +2x+m+2>0
Suyra -1 <-————-< ) .
2x* —3x+2 13x*—26x+14—m >0

5
Taco3x> +2x+m+2>0,VxER < m> -3
13x2 =26x+14—m>0VxeRem< 1.
5
Do do6 —3 <m<l.

x2+5x+4§0

= (m43)x+2(m+1)<0
Loi gidi. Ta co x®> +5x+4 <0< 1 < x <4, suy ra tip nghiém clia bat phuong trinh x> +5x+4 <0 la
S =[1;4].

Phuong trinh x> — (m +3)x+2(m+ 1) = 0 ¢6 hai nghiém x = 2,x = m + 1. Tir d6 suy ra bt phuong
trinh x? — (m+3)x+2(m+1) < 0 c6 tap nghiém §' = {2},5" = [2;m +1],8" = [m + 1;2] tuong tng khi
m+1=2m+1>2;m+1<2.

Trong ca 3 trudng hop ta déu c6 SN’ # &, do d6 hé phuong trinh da cho ludn c6 nghiém.

Bai 19. Ching minh ring hé bt phuong trinh { ludn c6 nghiém.

BAI TAP TONG HOP

Bai 20. Xét diu cta biéu thic f(x) = (|2x— 3| — 1) (]x* — 2x+4| — 2x* +-9x — 16).
Loi gidi. Do |2x —3|+1 > 0,Vx € R nén du ctia |2x — 3| — 1 1a d4u ctia

(2x=3]=1)(|2x = 3| +1) = (2x—3)> — 1 =4x* — 12x+ 8 = 4(x* —3x+2).

Vix? —2x+4=(x—1)>+3>0,Vx € Rnén |x> —2x +4| = x> — 2x+ 4.

Suyra x> —2x+4| —2x* +9x — 16 =x> —2x +4 —2x* +9x — 16 = —x? +Tx — 12.
Déu ctia f(x) 1a ddu ctia biéu thiic g(x) = (x* —3x+2)(—x> +7x — 12).

Bang xét diu clia g(x):

X —oo 1 2 3 4 +o0
x*—3x+42 + 0 - 0 + + +
x> 4+7x—12 - — - 0 + 0 -

g(x) -0 + 0606 - 0 + 0 -
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Vay: f(x) > 0,Vx € (1;2)U(3;4); f(x) <0,Vx € (—eo; 1)U (253) U (45 400).
Bai 21. Giai cac bt phuong trinh sau:

) 1 L 1 S 1 +1
a -
x+1 x—-2 " x-—-1 x

b) (x+2)%(x—1)(x+5)+8>0.

Lui giai.

1 1 1 1 1 1 >1 1
x+1 x—27"x-1 x x4+1 x—-1"x x-2
- -2 -2
x2—17" x2—2
o2 2 59
-1 x2-2x"
—2(x? —2x) +2(x* — 1) 4x—2
>0& > 0.
(x2—1)(x2—2x) — (x2—1)(x2—2x) —
Bang xét diu clia vé trai:
X —o0 —1 0 ! 1 2 +oo
2
4x —2 - - - 0 + - -
-1 + 0 - - - 0 + +
X2 —2x + + 0 - - - 0 +
VT - - - 0 + — -

2 1
Vay tap nghiém cua bat phuong trinh dachola7 = (—1;0) U b, 1) U (25 4o0).

b) (x+2)2(x—1)(x+5)+8>0< (x+2)*(x* +4x—5)+8> 0« (x+2)? [(x+2)*—9] +8 > 0.

Dit t = (x+2)% > 0, bit phuong trinh da cho cé dang t( —9) +8 > 01> -9 +8>0 & f> g

Thay ¢ = (x+2)? ta c6:
(x+2)2 <1 —1<x+2<1 —3<x<—1
= = .
(x+2)2>8 | —2V2<x4+2<2vV2 | —2-2V2<x< 2422
Vay tap nghiém clia bat phuong trinh dicho1a T = [—2— 2\/5;—2-1-2\/5}.

2 —2mx—m*+m—1>0
Bai 22. Xac dinhthamsém déhé { 2y -1 x—3 c6 nghiém.

>
x+1 X
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X =2mx—m*+m—1>0 (1)
Loi giai. Xéthé { 2y —1 x—3

> 2
x+1 X )
2x—1)x— 1)(x—3
)0 Ui G )E=3)
x(x+1)
2
3
Xt e x(r+1)>0vi 2 fx43>0,VxeR
x(x+1)
x<—1
x> 0.

Suy ra tap nghiém cta (2) la Tp = (—o0; —1) U (0; +0).
Giéi (1): Taco A" =2m* —m+1>0,Ym € R.
Suy ra tam thiic bac hai f(x) = x> — 2mx —m? +m — 1 ludn c6 hai nghiém phan biét x;,x>  (x; < x2) va
(1) ludn c6 tap nghiém 77 = (—oo;x1) U (x2; +o0).
Suy ratap nghiémciahé T =T NT, # 2.
Vay hé di cho ludn c6 nghiém véi moi gid tri ctia tham sb m.
Bai 23. Tim gid tri ctia tham sb m d€ f(x) = (m —2)x> +2(2m —3)x+5m —6 > 0,Vx € R.
Li gidi.
e Véim=2thi f(x) =2x+4 = f(x) >0« x> —2. Suy ram = 2 khong phai gid tri cAn tim.
e VGim # 2 thi f(x) la tam thiic bac hai. Do do, ta c6

f(x)ZO,VxER@{m,_2>O 5
A=02m—-3)"—(m—2)(5m—6) <0

m>2

= 2
—m-+4dm -3 <0
m>2

m>3 < m>3.

m<1

=

Két luan: m > 3.

Bai 24. Ching minh bt dang thifc x> 4 2y> — 2xy 4+ 2x — 4y +3 > 0.

Loi giai. Dit f(x) = x> +2)% —2xy+ 12x —4y+3 =22 —2(y — D)x+ (2y> — 4y +3).
Suy ra f(x) 1a tam thic bac hai ddi véi x.

Taco A= (y—1)2—(2y* —4y+3) = -y +2y -2 < 0,Vy € R.

Véy f(x) > 0,Vx,y € R (dpcm).

3
Bai 25. Cho a’ > 36 va abc = 1. Chiing minh rang: 3 — +b>+c% > ab+bc+ca.

1
Lai gidi. Doa® >36néna > 0vaabc=1= bc=—.
a

2

A a2 3
BAt ding thiic d cho tuong duong véi (b +c)? —a(b+c) — = + % > 0.
a

3
Xét tam thiic bac hai f(x) = x*> —ax— =+ %.
a
3 12 4a®> 3d°—4d’+36 36-—d°
A=d®—4 ——+ P T O e N}
3 a 3 3a 3a

2

Suyra f(x) >0,Vx e R = (b+c)2—a(b+c)—2+% > 0 (dpcm).
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6.  DE KIEM TRA CHUONG IV
I. Pésbla
Bai 1. (2 diém) Gidi cic bit phuong trinh sau:

15x—8
7

a) 8x—5>

b)

=3 < 2.
1+2x —
Loi giAi.

1 _
2 8r_5> =8

& 16x—10> 15x—8 < x> 2.
Vay tap nghiém cla bat phuong trinh 1a: T = (2; +o0)

1—-3x 1—-3x x+3 1
b <-2& 2<0« <0& -3< —=.
) 14+2x — 1+2x+ - 14+2x — =Xs
2 1
Vay tap nghiém cua bat phuong trinh 1a : T = [—3; —§>
Bai 2. (2 diém) Giai bit phuong trinh x> — x + [3x — 2| > 0.
Loi giAi.
BAt phuong trinh tuong duong:
i 2
3x—2>0 Xz 3
¥ +2x—2>0 x<—-1—v3hodcx>—-1+v3 [x>—-1+V3
= = .
{3x—2<0 c< 2 x<2-2
2 3
X" —4x+2>0
x<2—V2hoicx>2++2

Vay tap nghiém clia bat phuong trinh la: T = (—oo; 2— \/i) U (—1 +4/3; —|—oo>

Bai 3. (4 diém) Cho biéu thic f(x) = (m+ 1)x?> —2(2m+ 1)x+ 1 (m 1a tham s6)
a) Tim céc gid tri m d€ phuong trinh f(x) = 0 ¢6 hai nghiém duong phén biét.
b) Tim cdc gid tri m d€ bat phuong trinh f(x) > 0 ¢ nghiém ding Vx € R.

Li gidi.

a) Xét phuong trinh: (m+ 1)x> —2(2m+ 1)x+1 =0 (¥).
Phuong trinh (*) c6 hai nghi€ém duong phan biét
m+1+0 4m® 43m > 0

-3
m < — hodcm >0
& & 1~ ed{m>—1 & m>0.
P>0 m+
2(2m+1) y —1
S>0 —F—=>0 m < —1hodacm > —
m+1 2

b) Xét bit phuong trinh: (m+ 1)x? —2(2m+ 1)x+1 > 0 (¥¥).

) -1
THI1: Neum = —1thi (**)& 2x+1>0& x> - khong c6 nghiém ding Vx € R
TH2: Néu m # —1 (**) c6 nghiém ding Vx € R

{a>0 {m—|—1>0 m>—1

y < < .

p= _
Am* +3m <0 T3<m<0 4
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Bai 4. (2 diém) Chiing minh rang 24> + b* + ¢ > 2a(b + ¢) v6i moi a,b,c € R.
Loi giai.

Ta c6 (a —b)? > 0 v6i moi a,b € R nén a® + b*> > 2ab (1).
Tuong tu ta c6: a*+c* > 2ac (2) v6i moi a,b € R.
Cong tiing vé (1) va (2) ta dudc 2a? + b*> + ¢ > 2a(b +¢) véi moi a, b, c € R.
Péng thic x4y ra khi va chi khi v6i moia = b = c.

II. Pésd1b

Bai 1. (2 diém) Giai cic bit phuong trinh sau

a) <x+3.
2—x
b > 3.
) 1—2x —
Loi giai.
a) —— <x+34x—6<Tx+213x> 27 x> 9.
Vay tap nghiém ctia bAt phuong trinh 1a: T = (—9; 4-0).
2—x 2—x Sx—1 1 1
b >3 —3>0 >0 - <x< -
e T e A R @151—x<2
Vay tap nghiém ctia bit phuong trinh 12: T = <§, 5)
Bai 2. (2 diém) Giai bat phuong trinh |x* +3x — 4| —x+8 > 0.
Loi giai.
Bt phuong trinh tuong duong
¥ 4+3x—4>0 x < —4hodcx > 1
¥ +3x—4—x+8>0 xeR x < —4hodcx>1
2 A SxeR.
X +3x—4<0 {—4<x<1 —4<x<l1
—x?—3x+4—x+8>0 —6<x<2

Vay tap nghiém ciia bat phuong trinh 1a: T = R.

Bai 3. (4 diém) Cho biéu thiic f(x) = (m — 1)x*> —2(2m+ 1)x — 1 (m 1a tham s6).
a) Tim cdc gid tri m d€ phuong trinh f(x) = 0 c6 hai nghiém duong phan biét.
b) Tim céc gid tri m dé bét phuong trinh f(x) < 0 c6 nghiém diing Vx € R.

Loi giai.
a) Xét phuong trinh: (m —1)x> —2(2m+1)x—1 =0 (¥)

Phuong trinh (*) c6 hai nghi€ém duong phan biét

2 _
m—1#0 4m” +5m >0 m<Thoécm>0

A >0 =1 oy _
—1
S>0 M>O m < — hoacm > 1
m—1 2

b) Xét bét phuong trinh: (m — 1)x? —2(2m+ 1)x — 1 < 0 (*%)
) —1
TH1: Neum =1 thi (**)& —bx—1<0& x> o khong c6 nghiém dung Vx € R

335
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TH2: Néu m # 1 (*%) c6 nghiém ding Vx € R.

a<0 m—1<0 m<1 _5 0
= f=— = — S — <m<O.
A <0 dm* +5m <0 Ts<m<0 4

< o . s b
Bai 4. (2 diem) Cho a,b,c > 0. Ching minh rang ab + g +—->a+b+1.
a
Loi giai.
Ap dung bét ding thiic Cbsi cho hai s6 khong am:

ab+gz2 ab.g:2a.
a b ab
—+—=2>24/-—=2.
b+a_ ba
é—szZZ é.ab:2b.
a a
a b a b
:>2(ab+g—l——)22(a+b+1)(:)ab+z+—2a+b+1.
a a
Diéng thifc say ra khi va chi khia =b = 1.
II. Désb2a
. . C oy 4
Bai 1. Cho x > 3. Chung minh rang: 9x + 3 > 309.
x_
N\, *? ’ 4 - 7
Loi giai. Taco 9x+ >39<9(x—3)+ 3 D 0,5 diém
X — x—

. £ a2 2 4
Ap dung bat dang thic C6-si cho hai s0 duong 9(x — 3) va
X

4 4 ,
Or—3)+ 3 2 21/9w—3). 5 =12 oo 1,0 diém

x—=3
2 Y 4 11
Dau“="xdyra < 9(x—3) = B X o 0,5 diém
x—3 3
<. A, 2 o s o A 21 A 1A N dx—5>x-2 . N
Bai 2. Tim tat ca cac gia tri cua tham so m dé hé bat phuong trinh c6 nghiém.
3x+6m <10
e e |AXx—=5>x-2 x>1 e
Loi giai. o 1,0 diém
3x+6m<10 x<5-2m
DodOhe cONGhiEM < 1 <5 =21 ..ot 0,5 diém
o M < e 0,5 diém
Bai 3. Gidi bat phuong trinh [2x + 4| < x+ 8.
Loi giai.
Truong hop 1: Véix> —2thi |[2x+4| <x+8<2x+4<x+8<x<4 ....... ...t 0,5 diém
Trudng hop nay bat phuong trinh cé nghiém —2 <x <4 ... ......oiiiiiiiiiiiiii... 0,5 diém
Truong hop 2: Véix < —2thi [2x+4| <x+8< —2x—4<x+8& x> —4
Trudng hop nay bat phuong trinh cé nghiém —4 < x < —2 ... ... oiiiiiiiiiiiiii, 0,5 diém
Vay bat phuong trinh co nghidm —4 < x <4 ..o 0,5 diém

Bai 4.
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a) Tim m dé€ biéu thic f(x) = x> — (m+2)x+ 8m+ 1 ludn duong véi moi x € R,
b) Ching minh ring 3x> — 8xy +9y? — 4x — 2y +5 > 0 vdi moi x, moi y.

Loi giai.

a) Doa=1>0nén f(x) >0, VxERSA<0& (m+2)2—4@m+1)<0 ............... 1,0 diém
S ME =28 <0 o 0,5 diém
0 I < 28 oot 0,5 diém

b) Pit f(x) = 3x> — 8xy+9y> —4x —2y+5.Taco
f(x) =3x>— (8y+4)x+9y> —2y+5¢6

AN = (4y+2)2=3(9y? —2y+5) = —11y? + 22y — 11 = —11(y = 1) <0, ¥y ............. 1,0 diém
Doa=3>0=f(x) >0 VO MO X, Y. .0ttt e e et 1,0 diém

IV. Désd2b

N 4
Bai 1. Cho x > 1. Chiing minh rang: 16x + T > 32,
x —

o o ; 4 4 2
Loi giai. Tacé 16x+ 1 >32&16(x—1)+ — > 16 0,5 diém
x— x—
Ap dung bit dang thitc Co-si cho hai s6 duong 16(x — 1) va ta duoc
x_
4 .
16(x—1 > 2\/1 —1). =0 e 1,0 dié
6(x )+x_l_ 6(x )ﬁ_l 63 0 diém
DAu“ =" XAy 18 16(X — 1) = —— & X = = ittt 0,5 diém
x—1 2
. b, A aetavs o JA D5 <3(x44)
Bai 2. Tim tat ca cac gia tri cua tham so m dé hé bat phuong trinh > c6 nghiém.
x+m>
(A1) +5<3(x+4 <3 7
Loigiai, JIETNHIS30dd) | Jes3 1,0 diém
x+m>1 x>1—m
Dodohé cOnghiem < 1 —m < 3 oo 0,5 diém
o T > = e e e e e 0,5 diém
Bai 3. Giai bt phuong trinh |x — 3| > 3x + 15.
Loi giai.
Truong hgp 1: Vix>3thi|x—3|>3x+15x—-3>3x+15x<—9 ..ol 0,5 di€ém
Trudng hop nay bat phuong trinh vO nghidm ...............ccoiiiiiiiiiiiiiaa, 0,5 diém
Truong hop 2: Véix <3 thi[x—3| >3x+ 154 —x+3>3x+150x< -3
Trudng hop nay bat phuong trinh cé nghiém x < —3 ... ... iiiiiiiiaan... 0,5 diém
Vay bat phuong trinh c6 nghi€m x < —3 ... . oot 0,5 diém

Bai 4.

a) Tim m d€ biéu thic f(x) = —2x2 +2(m — 2)x +m — 2 luén am v6i moi x € R,
b) Chitng minh ring 2x? — 8xy + 13y*> —4x — 2y +7 > 0 v6i moi x, moi y.

Lui gidi.



338 CHUONG 4. BAT DPANG THUC VA BAT PHUONG TRINH

a) Doa=1<0nén f(x) <O,YxERSA<0E (m—2)2+2(m—2)<0 ......oooeiiin. 1,0 diém
S =2 <0 0,5 diém
0 I < D e 0,5 diém

b) Pit f(x) = 2x> —8xy+13y? —4x —2y+7. Taco
f(x) =2x> — (8y+4)x+ 13y =2y +7 c6
A = (4y+2)?—2(13y> =2y +7) = =10y 420y — 10 = —10(y — 1)> <O, ¥y ............ 1,0 diém
Doa=2>0= f(X) > 0 VO MOL X, Y. .ottt ettt e 1,0 diém

V. Pésb3a
Cau 1. (4 diém) Giai cac bat phuong trinh sau:

a) Vx+10+1>2x b) x2+2x—3<2
1—-2x —
Loi giai.
a) Piéu kién x > —10.
Bt phuong trinh tuong duong v/x + 10 > 2x — 1.

o 2x—1<0 x<1 1
o Xét & 2 <:>—10§x<§.
x+10>0 x>—10
1 1
2x—1>0 x> = xz3 1 9
o X¢ét 2<Z> -2 S 9<:>§§_x§1
x+10> (2x—1) 4% —5x-9<0 ~l<x<s
A A ez s 9
Vay tap nghiém cua bat phuong trinh la x € [— 10; A—J .
A qea 1
b) biéu k1¢nx7é§.
2
) 6x—5 )
Bat phuong trinh tuong duong )C;_—); < 0. Bang xét dau:
—2x
1
X —o —-3-V14 3 -3++V14 oo
x*+6x—5 + 0 - I - 0 +
1 —2x + I + 0 - | —
VT + 0 - + 0 -

) 1
Viy tap nghi€m cua bat phuong trinh la [—3 —14; 5) U [—3 +v14; +<>°).

X2 +5x+m

Cau 2. (2 diém) Tim céc gid tri cia tham sb m d€ bit phuong trinh

Loi gidi. Piéu kién 2x? — 3x+ 2 # 0 (diing v6i Vx).

—13x* +26x+m— 14
2x2 —3x+2

Bét phuong trinh tuong duong <0 —13x2 +26x+m— 14 <0 (¥).

(vi 2x% —3x+2 > 0,Vx).

2 . ... ]a<O© —13 < 0 (luén ding)
bé (*) dung v6i moi x thi S m<l.

<~ >
A<0 7 |13(13+m—14) <0



6.. DE KIEM TRA CHUONG IV 339

1 4
2 A 2 A >
Cau 3. (2 diém) Tim cac gia tri cia tham so m dé hé bat phuong trinh ¢ x—2  x+1 c6 nghiém.
x—m-—3>0
Loi gidi. Diéukiénx # —1, x # 2.
1 4 3x—9 .
Xét & 0. Ba 3t dau:
€ x—2>x-I—1 (x—2)(x+1)< ang xet dau
X —oo -1 2 3 +oo
3x—9 — I - I - 0 +
(x—=2)(x+1) + 0 - 0 + I +
VT - - - 0 +

Suy ra tap nghiém S; = (—eo; —1) U (2;3).
Xétx—m—3>0<x>m+3 = tip nghiém Sy = [m+ 3;+o0).
Dé hé phuong trinh ¢6 nghiém thi ;N S» # T < m+3 <3 < m <.

VI. DPésd3b

Cau 4. (2 diém) Cho a,b,c > 0 thda man a+ b+ ¢ = 1. Tim gia tri 16n nhét ctia biéu thic:

P=+5a+3b+v5b+3c+v5c+3a

16 16
Loi giai. Xét ¢/ (5a+3b).3.5 < % = V5a+3b < T3'
1 1
5b+ c+—6 56—I—3a+—6
Tuong tu /5b+ 3¢ < ————3- va /3¢ +3a < —————-. Do d6
4v/3 4v/3
8(a+b+c)+16 3
P< =2v/9
- 44/3
A Y 2 N - . 1
Dau bang xay ra khi va chi khla:b:c:g.

. 1
KétluéanaX:2\3/§khia:b:c:§.

VII. DPéséda

Céu 1. Giai cac bat phuong trinh

3x 1—x
— =1 < 2x+ —.
a) 1 < 2x+ 5

2x—1 1
+2<—
x+1 x+1

b)
Li gidi.

3 1—
a) Ix—l <2x+Tx = 34 < 8x+2(l—x) &= —6<3x & —2<x.
Vay tap nghiém ctia bAt phuong trinh 12 S = (—2;400) .......coiiiiiiiiiiieas (1 diém)
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2x—1 1 dx+1 1 4x

<~ < <~
x+1 x+1  x+1  x+1 x+1 .
Viay tap nghiém ciia bat phuong trinh 1a S = (—1;0) ............ i (1 diém)

<0 <= —-1<x<0.

Cau 2. Giai cac bt phuong trinh
a) (1difm)2x>—3x+1<0
b) (2 diém) [2x —4| > x+1
Lui giai.
a) 2x* —3x+1<0 < LISt

2
) 1 .
Vay tap nghi€ém cua bat phuong trinh 1a S = <§, > .................................... (1 diém)

b) Truong hop 1: x < —1
Dé thiy nghiém clia bat phuong trinh x < —1 ... ... ... i, (0,5 di€m)
Truong hgp 2: x > —1

2x—4|>x+1 = (2x—4)2> (x+1)? <= 2> —6x+5>0 — x23 — X3
- N - <1 —l<x<1
diém)
Vay tap nghiém ctia bAt phuong trinh 12 S = (—oo; 1JU [5;400) ..oiviiiiiieii.. ... (0,5 di€m)
Cau 3.

a) (1 diém) Giai bat phuong trinh vx2 —x+1 < x+2.

b) (1 diém) Tim tét ca gid tri ctia tham s6 m sao cho bit phuong trinh x> — 2mx +4 > 0 c6 tip nghiém la
R.

Loi giai.

a) Déthy x+2 >0 < x> 2.
3
ViZ—x+1<x42 <= 2 —x+1 <P 44x+4 < -3<5x < —=<x

5
Z 3 2
Viy tap nghi€m cua bat phuong trinh la S = {—g; +oo) ................................ (1 diém)
b) x> —2mx+4>0cé tap nghiém la R khivachikhi A" < 0............................. (0,5 diém)
N<O = mP—4<0 = —2<M< 2 oo (0,5 di€m)

Cau 4. (1 diém) Tim tit ca gid tri ctia tham s& m sao cho phuong trinh 2x* — 2mx +m = 0 c6 hai nghiém
duong phan biét.

A >0
, b
Lai gidi. Phuong trinh 2x? — 4mx +m = 0 c6 hai nghiém duong phén biét khi va chi khi { — p >0 —

>0
a

m*>—2m>0

m>0 e > 2 (1 diém)

m

—>0
2
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A .z . 2 A 2 N A 3 2,0
Cau 5. Tim gid tri nhd nhit cia ham s6 y = x> + = v6ix > 0.
X

Lui gidi.

3 1 1 1 .
-Tacc’)y:x3—l——:x3+—+——|—— ..................................................... (0,5 diém)
X X X X
. A 40 A I 1 1 [ .1 .
- Ap dung bt dang thiic Cauchy cho bdn s6 thuc duong x> + — + — 4+ — > 44 x3.—3:4 ........ (1 diém)
X X X X
1 .
VA ymin =4 Khix® = — = x =1 oo (0,5 diém)
X

VIII. DPé s6 4b

Cau 1. Giai cac bat phuong trinh

X X
Yo <t
@ 3 2

X < 1
x—2 x-=2

b) 2 —

Loi giai.

X X x—3 x—6
-—1<=--3 12 .

a) 3 < > <~ , 3 < 5 <~ <X q
Véy tap nghiém cia bat phuong trinh 1a S = (12;5400) ... ..ot (1 diém)

X 1 x—4 1 x—5
b) 2— <~ <~ — 2 5
) x—2<x—2 ) x—2<x—2 x—2 srs .
Viéy tap nghiém cta bat phuong trinh 1a.S = (2;5) ... (1 diém)
Céu 2. Giai cac bt phuong trinh
a) (1 diém) —x*+6x—8 >0
b) (1 di€m) |x+2| <2x+1
Loi giai.

a) —x*+6x—8>0 < 2<x<4.

Vay tap nghiém ctia bAt phuong trinh 1.8 = (2;4) ..ot (1 diém)
A 1en 1
b) bicu kién: x > 5
) ) 2 x>1
Xx+2] <2x4+1 <= x+2)°<(2x+1)" <= 0<x"— | < - 1:>x>1.
x —

Vay tap nghiém ctia bAt phuong trinh 12 S = (1;4-00) .........oiiiiiiiiiiian.. (1 diém)

Cau 3.
a) (2 diém) Giai bat phuong trinh vx2 +x—2 > x— 1.

b) (1 diém) Tim tt ca gi tri ctia tham s6 m sao cho bat phuong trinh —x? 4 (m +2)x — 1 < 0 ¢6 tap
nghiém la R.

Lui gidi.
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a) Piéu kién x > 1 hoic x < —2.
Truong hop 1: x < -2

x—2<0,vx2+x—2>0cho nén x < —2 12 nghiém ctia bAt phuong trinh ............. (0,5 diém)
Truong hop 2: x > 1

6 .
V24x—2>x—2 <= X +x—-2>x>—4x+4 < x> e (0,5 diém)

) 6
Vay tap nghiém cua bat phuong trinh 1a § = (—e0; —2) U <§ +°°>

b) —x2+ (m+2)x—1<0co6tapnghiémlaRkhivachikhiA<O........................ (0,5 diém)
A<O <= m244m <0 <= =4 <M <O oo (0,5 diém)

Cau 4. (1 diém) Tim tit ca gid tri cia tham s& m sao cho phuong trinh x> 4+ 2(m + 1)x +m = 0 c6 hai
nghiém am phan biét.
A >0
N hd b
Lui gidi. Phuong trinh x? 4 2(m+ 1)x +m = 0 c6 hai nghiém 4m phan biét khi va chi khi { — 4 <0 =
->0

a
m*—m+1>0

—2(MA1) <O = M >0 e (1 diém)
m>0

Cau 5. Cho céc sb thuc duong a, b, c thda man a + b + ¢ = 6. Tim gia tri nhd nhit ctia biéu thiic

B a2 N b2 N C2
S b+2 c+2 a+2
Loi giai.
2 [ 2
. A o ) b+2 b+2
- Ap dung bat dang thiic Cauchy cho hai so thuc duong, ta co bj—2+%22 bj—[%:a; tuong
b? c+2 c? a+?2 0
tu — >b; S e 1 dié
s R e I (1 diém)
) b 6 3 b -6
—C@ngcécvétu’dngﬁ’ngcﬁacécBDTtacéP—i—#Za—i-b-i—c = P> (a+ :—c) =3

(0,5 diém)
-Vay Phin =3, khia=b=c =2 .. (0,5 diém)



Chuong 5

THONG KE

1.  BANG PHAN BO TAN SO VA TAN SUAT

I. Tom tat li thuyet

1. Bang phén bd tan s va tan suit

Gia st ddy 7 s6 liéu thdng ké di cho c6 k gid tri khac nhau (k < n). Goi x; 1a mot gia tri bat ki trong k gia tri
do, ta co:

e S6 lan xuét hién gid tri x; trong ddy sb liéu da cho dudc goi la tan sb clia gia tri do, ki hiéu 12 n;.

£ nj cas A Re 0 ego .
e S6 f; = — dudc goi la tan suat cla gia tri x;.
n

2. Bang phan b6 tan s6 va tan sut ghép 16p

Gia st day n s6 liéu thong ké da cho dugc phan vao k 16p (k < n). Xét 16p thi i (i = 1,2,...,k) trong k 16p
do, ta co:

e S6 n; cdc sb lidu thdng ké thude 16p thi i dude goi 1a tan sb cia 16p do.

7 n; ©gs 4 A A 2 ,, PN
e S6 f; = — dudc goi 1a tan suat cia lép thi i.
n

/N Trong cdc bdng phdn bé tan sudt, tan sudt duogc tinh & dang ti s6 phdn tram.

343
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II. Cac dang toan

Dang 1. Bang phan b6 tan s6 va tan suét

Bang phan bb tan s6 gdm hai dong (hoic hai cot). Dong (cot) dau ghi cic gid tri khdc nhau ctia miu
s6 liéu. Dong (cot) thit hai ghi tan s (sd 1an xuit hién clia mdi gia tri trong cic sb liéu thong ké)
tuong ting. Néu bS sung dong (cot) thi ba ghi tan suit (ti s6 % giita tan s va tong sb lidu thong ké)
thi ta dudc bang phan b tan s6 va tan suit.

D& 1ap bang phan bd tan sd va tin sult tif bang s6 liéu thong ké ban dau, ta thuc hién cac budc sau:

Sap thi tu cic gia tri trong céc sb liéu thong ké;

Tinh tan so n; cua cac gia tri x; bang cach déem so lan x; xuat hién;

P X Z 5 2 . n;
Tinh tan sut f; clia x; theo cong thic f; = —;
n

bat cac so0 liéu x;, n;, f; vao bang ta thu dugc bang phan bo tan so va tan suat.

Vidu 1. Cho s6 liéu thong ké ghi trong bang sau

Thoi gian hoan thanh mdt san phdm & mét nhém coéng nhdn (don vi: phiit)

42 42 42 42 44 44 44 44 44 45
45 45 45 45 45 45 45 45 45 45
45 45 45 45 45 45 45 45 45 54
54 54 50 50 50 50 48 48 48 48
48 48 48 48 48 48 50 50 50 50

a) Hiy 1ap bang phan bd tan s6 va tan suit ctia bang trén.

b) Trong 50 cong nhan dudc khao sat, nhitng cong nhan c6 thdi gian hoan thanh mot san pham tu
45 phit dén 50 phit chiém bao nhiéu phan trim.

Loi giai.

a) Bang phan bo tan so va tan suat

Thoi gian hoan thanh mot san phdm & mét nhém cong nhdn

Thoi gian (phtt) | 42 | 44 | 45 | 48 [ 50 | 54 | Cong
Tan sb 4152010 83| 50
TAnsuit (%) | 8 | 10 |40 |20 |16 | 6 | 100%

b) Tir bang phan bd tan sb va tan suét & trén, suy ra trong 50 cong nhan dudc khao sit, nhiing cong nhan
c6 thdi gian hoan thanh mot san pham tir 45 phiit dén 50 phiit chiém 76%.
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Vi du 2. Khi diéu tra vé ning suét ctia mot gidng lda méi, diéu tra vién ghi lai ning suét (ta / ha) clia
gidng lda d6 trén 40 thita rudng c6 cung dién tich 1 ha trong bang sau:

30 32 32 34 38 36 38 36
40 30 40 40 34 38 36 36
38 40 30 40 32 30 30 30
40 38 38 34 34 32 32 36
34 40 34 30 38 38 32 32

a) Hay 1ap bang phan bd tan s6 va tan suit clia bang trén.

b) Trong 40 thita rudng dudc khio sat, hiy cho biét nhiing thiia rudng c6 ning suit cao nhit chiém
bao nhiéu phan trim.

Losi gidi.
a) Béang phan bd tan s6 va tan suit

Ndng sudt cua giong lia mdi cia 40 thiia ruéng

Nang suat (ta/ha) | 30 32 34 36 38 40 | Cong
Tan s6 7 7 6 5 8 7 40
Tan suit (%) 17,5 | 17,5 | 15,0 | 12,5 | 20,0 | 17,5 | 100%

b) Tit bang phan bd tan s6 va tan suit & trén, suy ra trong 40 thita rudng dudc khao sat, nhiing thifa ruong
c6 ning suat cao nhat chiém 17,5%.

BAI TAP TU LUYEN

Bai 1. Diéu tra vé tudi nghé ctia 30 cong nhan dudc chon ra tif 150 cong nhan ctia mot nha may A. Ngudi
ta thu dudc bang s6 liéu ban dau nhu sau:

7 2 5 9
4 5
14 2

oo N

4
7
5

DB J W
~N WL oo
W B~ =
oo = A

2 4
9 4 14

Haiy 1ap bang phan b tan s6 va tan suit clia bang trén.
Loi giai. Bang phin bd tan s6 va tan suét

Tuo6i nghé cia 30 céng nhdn ciia mot nha mdy A

TuSinghd(nam) | 1 | 2] 3 | 4] 5 | 6 ] 7 [ 8] 9 | 10] 14 | Cong
Tan s6 1312 16] 5 | 1] 5 [3[2]1]1] 30
TAnsuat (%) | 3,3 |10]6,7 |20 16,7 |3,3 | 16,7 | 10| 6,7 | 3,3 | 3,3 | 100%

Bai 2. Cho bang sb liéu thong ké niing suét lia heé thu (ta / ha) ctia 30 tinh nhu sau:

25 30 25 30 35 35 40 40 45 25
30 30 40 25 45 45 35 25 35 40
35 35 40 40 30 35 35 35 40 30

a) Hay lap bang phan b tan s6 va tan suit ctia bang trén.
b) Nhian xét vé xu hudng tap trung clia cic sb liéu thong ké.

Li gidi.
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a) Bang phan bo tan so va tan suat

Ndng sudt liia he thu ciia 30 tinh

Nang suat (ta/ ha) | Tan sO | Tan suat (%)
25 5 16,6
30 6 20
35 9 30
40 7 23,4
45 3 10
Cong 30 100%

b) Tt bang phan bd tan s6 va tin sult & trén, ta thiy ning suit 35 ta/ ha c6 tan suét cao nhit 30% nén ta

né6i sb liéu thdng ké c6 xu hudng tip trung vao 35 ta / ha.

Bai 3. Thong ké s con trong mdi gia dinh ctia 60 gia dinh trong mot quan dudc cho & bang sau:

2

W AN O\ W N

W W Lk~ =

4

[, BN, B S I S

2

NN AN

30 2 3
2 3 35
1 2 3 2
4 7 2 1
2 3 4 3
2 1 3 4

4 2
7 2
2 4
I 5
5 4
6 2

a) Hay lap bang phan bd tan s6 va tan suit cia bang trén.

b) Nhén xét vé xu hudng tap trung ctia céc s6 liéu thong keé.

Lui gidi.

a) Bang phan bo tan so va tan suat

So con trong 60 gia dinh cia mot qudn

b) Tu bang phan bo tan so va tan suat G trén, ta thay so con 1a 2 hoac 3 ¢6 tan suat cao nén ta noi so liéu

So con | Tan so | Tan suat (%)

0 1 1,6

1 6 10

2 17 28,3

3 13 21,7

4 10 16,7

5 7 11,7

6 3 5

7 3 5
Cong 60 100%

théng ké c6 xu hudng tap trung vao 2 hoic 3 con.

Dang 2. Lap bang phan bd tan sé va tan suit ghép 16p

e Tan so cua gia tri x; (hay mot 16p nao do) 1a so lan xuat hién n; cia x;.

X A 2 .z . ~ 2, N ~ N .2 A Xi
e Tan suat cua gia tri x; (hay mot I6p nao do) 1a ti sO Z—’

Xi

CHUONG 5. THONG KE
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Vi du 3. Nhiét do trung binh (don vi: °C) cta thang 10 & dia phuong D tit ndm 1971 dén 2000 dudc
cho 6 bang sau

27,1 26,9 28,5 274 29,1 27,0 27,1 274 28,0 28,6
28,1 274 274 26,5 27,8 282 27,6 28,7 27,3 26,8
26,8 26,7 29,0 28,4 28,3 274 27,0 27,0 28,3 25,9

Haiy 1ap bang phan b6 tin s6 va tan suat ghép 16p ctia bang s6 liéu da cho?

. v

Loi gidi. Bang phan b tan s6 va tan suit ghép 16p dudc tinh nhu trong bang sau:

Lép | Tansé | Tan suit (%)
25:27) | 6 20
27:29) | 22 73.33
[29:31] | 2 6.67

Cong | n=30 100

Vidu 4. Két qué diém thi mon Toan ctia 2 16p 10A1 va 10A2 dudc cho bdi bang s6 liéu sau
Lép 10A1
Diémthi [5|6[7| 8 | 9|10 | Cong
Tanso |54 (2264 4 45
L6p 10A2
Piémthi [5|6|7| 8 | 9|10 | Cong
Tanso |7 |56 |15(4 ] 1 47

Hiy 1ap bang phan bd tan suit k&t qua diém thi mon Toan clia hai 16p 10A1 va 10A2. Tim 16p c6
diém 7 chiém ti 1¢ hon 50%.

. v

Loi giai. Tan suit két qua diém thi mon Toén cda hai 16p 10A1 va 10A2 dudc tinh theo nhu bang dudi day:

Lép 10A1
Diém thi 5 6 | 7 8 9 [ 10 | Cong
Tan s6 5 4 [ 2 [ 26 | 4 | 4 | 45
Tan sut (%) | 11,11 | 8,89 | 4,44 | 57,78 | 8,89 | 8,89 | 100
Ldp 10A2
Diém thi 5 6 7 8 9 | 10 | Cong
Tan sb 7 5 6 15 | 4 [ 1 | 47
Tan sut (%) | 14,89 | 10,64 | 12,77 | 31,91 | 8,51 | 2,12 | 100

Dua vao bang phan bd tan suét di 1ap & trén, ta thiy khong c6 16p nao c6 diém 7 chién ti 1¢ hon 50% .
BAI TAP TU LUYEN

Bai 4. Trong mot ki thi hoc sinh gidi toan (thang diém 1a 20), két qua dudc cho & bang sau:

Piém |9 |10 |11 12|13 |14 15| 16|17 |18 |19
Tanso |1 | 1 | 3 | 5|8 [13/19]24|14]10| 2

Lap bang phan b tan suit dua vao s liéu & bang trén. Hoi c¢6 bao nhiéu phan trim thi sinh dudc chon vao
vong trong biét ring diéu kién dé€ vao vong trong 14 phai trén 16 diém?
Lui gidi.

Diém 9|10 (11|12 |13 |14 |15]|16 17|18 |19
Tan s0 1|1 3|58 |13[19|24]14]10
Tansuat (%) [ 1| 1 | 3 | 5|8 [13[19|24|14|10] 2

[\
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Diéu kién d€ vao vong trong 1a phai trén 16 diém, nén thi sinh c6 sd diém 1a 17, 18, 19 sé dudc vao vong
trong. VAy sd phan trim thi sinh dugc vao vong trong 12 144+ 1042 = 26%

Bai 5. Trong s6 theo doi ban hang & mot ctia hang ban xe mdy c6 bang sau:

Soxebantrongngay (O | 1 | 2 | 3 |4 |5
Tan so 2113151127 |3

Biét mbi chiéc xe ban dugc ctta hang ¢6 1di 5 triéu dong, mdi ngay clta hang mat 2 triéu dong chi phi thué
nhén vién va co s vat chat. Hdi trong khoang thdi gian d6 ctia hang 13i (hay 16) bao nhiéu?
Loi giai. S tién 1i thu dugc nhd ban xe trong khoang thdi gian trén 1a:

5-(0:24+1-134+2-15+3-12+4-7+5-3) =610
Chi phi thué nhan vién va co s& vat chit trong thdi gian d6 1a:
2-24+134+15+12+7+3) =104

Vay trong khoang thdi gian d6 ctia hang ¢6 13i 610 — 104 = 506 triéu dong.

Bai 6. Diéu tra vé s6 tién mua sach (don vi: nghin dong) trong mot nim cia 50 sinh vién, ngudi ta thu dugdc
bang s6 liéu thong ké sau

203 37 141 43 55 303 252 758 321 123
425 27 72 87 215 358 521 863 284 279
608 302 703 68 149 327 127 125 489 234
498 968 350 57 75 503 712 440 185 404
98 552 101 612 333 451 901 875 789 202

Tt bang sb liéu thong ké trén, ngudi ta 1ap bang phan bd tan sd ghép 16p nhu sau

Lop Tan s6
[0,99]
[100;199]
[200;299]
300;399]
[400;499]
[500;599]
[ ]
[ ]
[ |
[ ]

600;699
700;799
800;899
900;999

Cong n=>50

Nw-hwwo\\]\l\lg

Xét top 20% sinh vién ding nhiéu tién d&€ mua sach nhit. Ngudi mua it nhit trong nhém nay mua hét bao
nhiéu tién?

Loi giai. Xét tbp 20% sb sinh vién mua nhiéu tién nhit. Nhém nay c6 50.20% = 10 sinh vién. C6 10 sinh
vién tiéu tit 600 nghin dong trd 1én. Do bai todn hdi ngudi mua it nhit nén ta xét trong nhém [600;699].
Nhém ndy ¢ hai ngudi mua hét 608 nghin dong va 612 nghin dong. Do d6, ngudi mua it nhat 12 618 nghin
dong.

Bai 7. Mot hoc sinh ghi lai bAng phan bd tan s6, tan suit ghép 16p ctia mot mau sd liéu nhu sau

Lép [1;9] | [10; 19] | [20; 29] | [30; 39] | [40; 49]
Tan s n=
Tan suit (%) | 12,5 0,0 50,0 25,0 12,5 | 100
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Tuy nhién, em d6 quén ghi kich thuéc miu . Biét ring 7 14 s6 ¢6 3 chit s6 va chit s6 tan clung 1a 8. Tim gid
tri nhd nhét cta n.
N,o 0?2 .14 N 2 LA A 1 n
Loi giai. Hai 16p [1;9] va [40;49] c¢6 tan s0 lan.12,5% = g
L6p [20;29] ¢6 tan s6 1a n.50% = —.

L6p [30;39] c6 tan s6 1a n.25% =

Vi tan s6 12 cdc s6 nguyén duong nén n phai chia hét cho 8;4;2. Ma n1a s6 ¢6 3 chit s6, chit s6 tin ciing
12 8 va nhd nhit nén n = 128.

s BRSNS

Bai 8. Mot canh sat giao thong ghi tde do (don vi: km/h) ctia 30 chiéc xe qua tram nhu sau

53147 |59 |66 |36 |69 |83 |77|42|57|51|60]|78 |63 |46
6342|5563 |48 75|60 |58 |80 |44 |59|60|75|49 |63

Haiy 1ap bang phan bd tan s - tan suit ghép 16p gom 6 16p véi do dai mdi doan ctia 16p 1a 7.
Loi giai.

Lép | Tansé | Tn suit (%)
[36;43] | 10 10
[44;51] | 7 20
52;59] 7 20
60;67] 7 26,7
68;75] 6 10
[76;83] 3 13,3

Cong | n=230 100

BAI TAP TONG HOP

Bai 1. Diéu tra thdi gian hoan thanh mot san phim cta 20 cong nhan, ngudi ta thu dugc mau sb lidu sau
(thoi gian tinh bang phut).

1012 | 131511 |13 16|18 |19 |21
23 (21 |15 | 17|16 | 15|20 |13 | 16 |11

Kich thuéc mau 1a bao nhiéu?
Loi giai. Kich thuéc miu bang 20

Bai 2. Diém ki€m tra hoc ki mon Todn clia cac hoc sinh 16p 10A cho & bang dudi day.

Di€ém (3[4 [5[6|7| 8 [9]10
Tanso |1 |2 5|86 |10|7| 2

Hoi 16p 10A c6 bao nhiéu hoc sinh?
Loi giai. Lép 10A ¢6 41 hoc sinh

Bai 3. Dudi day 1a bang phan bd tan s6 - tin sult clia dai lugng X. Trong bang con hai sb chua biét x va y.
Tim x va y.

Dau hiéu 9110 12|15 | 16
Tan so 2 3 X
Tansuat (%) | 5|10 | 15|50 | y

[em—
N

N . 3.50 15.4
Loi giai. Tacox:F: lO;y:T:2O.
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Bai 4.

Cho bang phan bd tan sb ghép ldp clia mdt mau so liéu ma cac sb lidu dugc sap xép i ] Ldp \ Tan so ‘

nhd dén 16n nhu bén. Hay tinh tan suit (%) ctia 16p chia s6 liéu thd 5 ctia mau s liéu. [0;3] 3
[4;7] 1
[7;10] 2
[8;11] 4

\,e «? e A 1A P A P - X A X ~ N 2
Loi giai. SO liéu tht 5 thudc 16p [7;10]. Do d6, tan suat can tim la 0= 20%

Bai 5. Cho bang s liéu vé khoi lugng ctia 30 cti khoai tiy thu hoach tif mot thita rudng nhu duéi day.

L6p khoi lugng (gam) | Tan so
[70,80) 3
[80;90) 6
[90; 100) 12

[100;110) 6
[110;120] 3
Cong 30

Tan suét cda I6p [100; 110) 1a bao nhiéu?

e ° %0 X A 2 2, N 6
Loi giai. Tan suat ghép 16p [100;110) la 30 100% = 20%

Bai 6. Két qua khdo st & 43 tinh (don vi: %) ghi lai s6 phan trim nhiing tré em mdi sinh c6 trong lugng
dugi 2500 gam dudc cho & bang phan bb tan sb ghép 16p bén duéi.

Lép | [4,5;5,4] | [5,5;6,4] | [6,5;7,4] | [7,5; 8,4] | [8,5;9,4] | Cong
Tan so 9 6 17 8 3 n=43

Tinh ty 1& phan trdm s6 tinh c6 s6 phan trim nhiing tré em méi sinh c6 trong Iugng dudi 2500 gam khong
vudt qua 7,4% (lam tron mot chit s6 thap phan).
Loi giai. Ty 1& phan trim sd tinh c¢6 s6 phan trim nhiing tré em méi sinh c6 trong luong dudi 2500 gam

9046417
khong vugt qua 7,4% T % ~74,41%

Bai 7.

Ngudi ta thong ké s6 phan trdm tré em méi sinh c6 trong lugng dudi 2,5 kg[ Lép | Tan sult (%) |

clia 43 tinh thanh & bang phan bd tan suit ghép 16p sau. C6 bao nhiéu tinh ¢ [4,5;5,5) 9

ti 1¢ phan trim tré c6 trong luong dudi 2,5 kg dudi 7,5% ? [5,5;6,5) 6
[6,5;7,5) 17
[7,5:8,5) 8
8,5:9,5) 3

Loi gidi. Chua du gia thiét dé két luan

Bai 8. Mot hoc sinh ghi lai bAng phan bd tan s6, tan suit ghép 16p ctia mot mau sd liéu nhu sau

Lop [1;9] | [10; 19] | [20;29] | [30; 39] | [40; 49]
Tan sb n=
Tan suat (%) | 12,5 0,0 50,0 25,0 12,5 100

Tuy nhién, em d6 quén ghi kich thuéc mau n. Tim gid tri nhé nhit cda n.
Loi giai. Lop [1;9] c6 tin sb 12 n.12,5% = g

L6p [20;29] c6 tan s6 1a n.50% =
Ldp [30;39] ¢6 tan s6 1a n.25% =

-lklsl\.)l
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Lép [40;49] ¢6 thn s 1a n.12,5% = g
Vi tan s6 1a c4c s6 nguyén duong nén n phai chia hét cho 8;4;2. Do d6, sb n nhé nhét thda c6 gia tri bang

8.
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2.  BIRUPO

I. Tém tat Ii thuyét
1. Biéu do tan suit hinh cét

Cho bang phan bd tan suat ghép 16p

Ldp x [xo3x1) | [x15x%2) | [x25x3) | [x35x4] | COng
Tan suat (%) fi b f3 fa 100 %

Ta c6 thé mo ta bang phan bd tan suit ghép 16p qua bi€u do tan suit hinh cot nhu hinh vé sau

Tan sudt

htr - =-

Br-——=-—-=-=-=-=-=-=
far -

htr--------

—F—H
ol 1

/N Tuong tu, ta cing co thé vé biéu do hinh cot mé td cho bdng phdn bé tdn sudt, tan sé va tdan sé ghép
lop.

2. Puong gip khiic thn suét

Cho bang phan bd tan suat ghép 16p

Ldp x [x0; x1) | [x15x2) | [x25x3) | [x35x4) | [x45x5] | COng
Tan suat (%) | fi f2 f3 fa S5 100 %

Ta ciing c6 thé mo ta bang tin suat ghép I6p bang mot  min i
dudng gip khiic qua cc budc sau:
- Trén mit phang toa dd ta xac dinh cac diém (c;; f;), i =

1,2,3,4,5 trong d6 c; 1a trung binh cdng clia hai dau niit P A DI
cta I6p i (ta goi ¢; 1a gia tri dai dién cta I16p i). |
- Nbi cac diém (c;; f;) V6i (cir1sfir1),i=1,2,3,4, ta P

thu dugc duong gip khic, goi 12 dudng gip khiic tan
suat. ‘

|
|
I
I
I
I
I
77777 I
I
|
|
|

fo) c1 c c3 cq cs X
/\ Ta ciing co thé' mo td bdng tan sudt, tan sé va tan sé ghép 1dp bang cdch vé biéu do hinh cét hodc duong
gdp khiic. O do ta chi cdn thay cot tan sudt bang cot tan so.
3. Biéu do hinh quat

Cho bang phan bd tan suét ghép 16p

Lép x [xosx1) | [x15x2) | [x2;x3) | [x33x4] | COng
Tan suat ( %) fi b f3 fa 100 %

Ta c6 thé mo t4 bang phan bb tan suit ghép 16p thong qua bi€u d6 hinh quat nhu sau
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NN
NN

L] 6 E

=
'\)).

[x05x1
[x15x2

[x25x3

~—  ~—

£
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/N Chiing ta ciing cé thé diing biéu do hinh quat dé’ mé td bdng phdn bé tan so, tan sé ghép Idp.

II. Cac dang toan

Dang 1. Ve bieu do tan so va tan suat hinh cot

Tt c4c sb liéu trong bang phan bd tan s va tan suit, ta toa do hoa dé vé biéu dod trén hé truc toa do.

bang dudi day.

Vidu 1. Két qua diém thi mon Toan cta 16p 10A9 trudng THPT DPong Thuy Anh dudc cho theo

Piém

6| 7

8

10

Cong

Tan so

1

9112

14

1

3

40

Hay vé bi€u do tan s6 va tan sut dang cot d€ mo ta cho bang s6 liéu trén.

.

Loi gidi. Biéu dd tan s6 hinh cot md ta két qua diém thi cta 16p 10A9

Tan s6

Bang phan bb tan suit

10

Diém

biém | 5 6 | 78] 9 | 10 | Cong
Tansuat | 2,5 [ 22,5130 |135(25|7,5| 100%

Biéu do tan sb hinh cot md ta két qua diém thi ctia 16p 10A9
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Tan sudit

K

T
10 Piém

Vi du 2. S6 dién tiéu thu ctia 30 hd & mot khu dan cu trong mot thang dudc théng ké theo bang sau:

50|47 |30 |65|63|70|38|34]|48 |33
3313913240 |50 |55 |50 |61 |37|37
43 3516560 |31 |33|41 |45 55|59

Hay 1ap bang phan bd tin s, tan suit ghép 16p va l1ap biu do tan suat hinh cot mé ta cho bang phin
bd tan suat ghép 16p do.

Loi giai. Bang phan bd tan s6 va tan suat ghép 16p:

Ldp s0 dién (kW) | [30;40) | [40;50) | [50;60) | [60;70] | Cong
Tan so 11 6 7 6 30
Tan suét (%) 37,67 20 23,33 20 100 %

Biéu dd tan suit ghép 16p hinh cot md ta cho bang sb liéu da cho

Tan sudt (%)

40 1
37,67

2333
20 -

70 S6 dién
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Vi du 3. Cho biéu do tan sut ghép 16p hinh cot mo ta thanh tich ban Binh tap chay trong 20 1an nhu
hinh duéi day. Hay 1ap bang phan bb tan suit ghép 16p ma biéu dd da mo ta.

Tan suit(%)

01T -=———-----—~

Thoi gian(s)

Loi gidi. Bang phan bb tan suit thé hién thanh tich tip chay ctia ban Binh trong 20 lan:

[11,5:12) [ [12;12,5) | [12,5;13] | Céng
20 100%

Ldp thoi gian chay (s) | [11;11,5)
Tan suat (%) 15 40 25

BAI TAP TU LUYEN

Bai 1. Mot cong ty san xuat bong dén ki€m tra dinh ki bang cach thap thi nghiém 30 bong den dé kiém tra
tudi tho (tinh theo git). Két qua ctia cudc thir nghiém dudc thong ké theo bang sau:

1180 | 1150 | 1190 | 1170 | 1180 | 1170 | 1160 | 1170 | 1160 | 1150
1190 | 1180 | 1170 | 1170 | 1170 | 1190 | 1170 | 1170 | 1170 | 1180

1170 | 1160 | 1160 | 1160 | 1170 | 1160 | 1180 | 1180 | 1150 | 1170

Hay 1ap bang phan bb tan s6 va vé biéu do tan s hinh cot.
Loi giai. Bang phan bd tan s6

Gio | 1150 | 1160 | 1170 | 1180 | 1190 | Cong
Tan so 3 6 12

Mo ta bang phan bd tan sb bang biéu dd tan sb hinh cot

Tin s6

;
1190 Gio

T
1180

t
1170

Bai 2. S6 cudn phim ma 40 nha nhiép dnh nghiép du st dung trong mot thang dudc thdng ké bing bang sb

li€u sau:
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S{3]13]1,4(3|4|3|6]38
412 14]6[8[9|6|2 10|11
512 (5(13|7]|7/|2]35

3 /16(10(4] 7 (210|118 |9

Hay 1ap bang tan s, tan suit ghép 16p v mo ta bang phan b tan suit ghép 16p bang bi€u dd tan suét hinh
cot.

Loi giai. Bang phan bd tan s6 va tan suit ghép 16p ciia bang thong ké s6 cudn phim ciia 40 nha nhiép anh
nghiép du st dung trong mot thang 1a

L3p soO cudn phim | [0;4) | [4:8) | [8;12) | [12;16] | Cong
Tan so 12 15 10 3 40
Tan suat (%) 30 | 37,5 | 25 7,5 | 100%

Biéu dd mo ta cho bang tan suét ghép 16p

Tan suét (%)

40
35—

30

777777777
z

25

20

//////////

o) 4 8 12 16 S6 cudn phim

Bai 3. Cho biéu do tan suit ghép 16p hinh cot mo ta thong ké tién nuéc (nghin dong) phai tra hang thang
cua gia dinh anh Huy trong ndm 2017 nhu hinh vé:

Tan sudt

3333

26,67
23,33

16,67

o | 10 80 100 120 140 160 Tién nudc

Hay 1ap bang phan bd tan suét ghép 16p vé tién dién hang thang phai trong nim 2017 cla gia dinh anh Huy.
Loi gidi. Bang phan bd tan suit ghép 16p tién nudc hang thang cla gia dinh anh Huy trong nim 2017 nhu
sau:

Tién nuéc(nghin dong) | [80;100) | [100;120) | [120; 140) | 140;160 | Cong
Tan suat(%) 3333 16,67 26,67 | 2333 | 100%

Dang 2. Biéu do duong gap khic
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Vi du 4. Cho bang tan suét ghép 16p:

Diém thi hoc ki I mon Todn ctia 40 hoc sinh 16p 10D3 cia trudng THPT A
Lép diém thi | [0;2) | [2;:4) | [4;6) | [6;8) | [8;10] | Cong
Tansuat (%) | 7,5 | 12,5 | 40 30 10 100%

a) Hay vé biéu do duong gip khic tan suét vé diém thi hoc ki I mon Todn ctia 40 hoc sinh 16p
10D3 cuia truong THPT A.

b) C6 bao nhiéu hoc sinh thudc 16p diém chiém ti 1& cao nhat.

¢) Biét diém gidi 1a tir 8 dén 10. Hoi 16p 10D3 c6 bao nhiéu hoc sinh dat diém gidi.

Loi giai.
a) Bang gia tri dai dién (GTDD) cua cac 16p:

Lép diém thi | [0;2) | [2;:4) | [4;6) | [6;8) | [8; 10]
GTbD 1 3 5 7 9

Biéu dd dudng gap khiic tan suat vé diém thi hoc ki I méon Toan ctia 40 hoc sinh 16p 10D3 ctia trudng
THPT A:

Tan suit
40 4

30
20+

12,5 4

10 4
7,51

Diém thi

. A1y A A aa sy 40x40
b) Ldp diém [4;6) chiém ti 1€ cao nhat bang 40 %. Suy ra s6 hoc sinh thudc 16p nay bang: 1;0 = 16.
o 4R Ao a A % . o .1 10x40
c¢) Ldp diém [8;10] chiém ti 1€ 10 % nén s6 hoc sinh dat diém giodi la: 00— 4

Vidu 5. Cho céc bang tan s6 ghép 16p:
Chiéu cao (cm) ctia 40 hoc sinh 16p 10A1 cda truong THPT B
Lép chiéu cao | [1,5; 1,55) | [1,55;1,6) | [1,6; 1,65) | [1,65; 1,7) | [1,7; 1,75] | Cong
Tan s6 0 2 15 18 5 40

Chiéu cao (cm) ctia 40 hoc sinh 16p 10D1 cta trusng THPT B
Lép chiéu cao | [1,5; 1,55) | [1,55; 1,6) | [1,6; 1,65) | [1,65;1,7) | [1,7;1,75] | Cong
Tan so 1 12 23 4 0 40

a) Hiy vé dudng gip khic tan sd vé chiéu cao ctia 40 hoc sinh 16p 10A1 va dudng gip khic tan
s6 vé chiéu cao ctia 40 hoc sinh 16p 10D1 ctia trudng THPT B trén ciing mot biéu do.

b) Nhan xét vé chiéu cao trung binh cta hoc sinh 16p 10A1 so vé6i 16p 10D1.
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Loi giAi.

a) Bang gia tri dai di€n (GTDD) cua cac 16p:

Lép chiéu cao | [1,5; 1,55) | [1,55; 1,6) | [1,6; 1,65) | [1,65; 1,7) | [1,7; 1,75]
GTDD 1,525 1,575 1,625 1,675 1,725

Biéu do dudng ghp khiic tan sd vé chiéu cao ctia 40 hoc sinh 16p 10A1 va dudng gip khic tan sb vé
chiéu cao ctia 40 hoc sinh 16p 10D1 cta truong THPT B:

A A
Tan so

23

Chiéu cao (cm)

b) Nhian xét: Si s6 hai 16p bang nhau. Pudng gip khiic biéu dién chiéu cao tir 1,65 cm trd 1én ctia 16p
10A1 nam trén 16p 10D1, dudng gip khic bi€u dién chiéu cao dudi 1,65 cm ctia 16p 10A1 nim dudi

16p 10D1. Vay chiéu cao trung binh 16p 10A1 16n hon 16p 10D1.

BAI TAP TU LUYEN

Bai 4. Cho bang tan suat ghép 16p:

Can nang (kg) cua 50 hoc sinh 16p 10A3 cua truong THPT C
Lép can nang | [40; 42) | [42;44) | [44; 46) | [46;48) | [48;50) | [50;52] | CoOng
Tan suat (%) 2 10 24 38 20 6 100 %

a) Hay vé biéu d6 dudng gip khiic tan suit vé can ning ctia 50 hoc sinh 16p 10A3 cta truong THPT C.

b) C6 bao nhiéu hoc sinh c6 can ning tir 48 kg dén 52 kg.

Lui gidi.

1. Bang gia tri dai dién (GTPD) cua cac 16p:

[40;42) | [42; 44) | [44; 46) | [46;48) | [48;50) | [50; 52]
43 45 47 49 51

Lép can ndng
GTbD 41

Biéu dd dudng gip khic tan sult vé can ning ctia 50 hoc sinh 16p 10A3 ctia trudng THPT C:
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Tan sudit

38

24 1

20

t
51 Cannang (kg)

2. Hoc sinh c6 cin niing tir 48 kg dén 52 kg chiém ti 1& 20 % +6 % = 26 %. Suy ra sd hoc sinh c6 can
. 26 x 50
ning tir 48 kg dén 52 kg 1a =" — 13,

Bai 5. Cho cdc bang tan sb ghép 16p:
biém phay hoc ki 1 mon Toan cia 40 hoc sinh 16p 10A1 cda truong THPT A

L6p di€ém phay | [5:6) | [6;7) | [7:8) | [8;9) | [9; 10]

Tan s6 0 2 25 10

Cong
3 40

Diém phay hoc ki 1 mon Vin cia 40 hoc sinh 16p 10A1 cla trudng THPT A
LSp diém phay | [5:6) | [6;7) | [7:8) | [8;9) | [9; 10] | Cong
Tan s 5 23 11 1 0 40

a) Hay vé duong gip khic tan s6 vé diém phdy hoc ki 1 mon Todn va dudng gip khic tan s6 vé diém
phdy hoc ki 1 mdn Vin ctia 40 hoc sinh 16p 10A1 trén ciing mot biéu do.

b) Nhan xét vé diém phay trung binh mon Toan so véi mén Vin ctia hoc sinh 16p 10A1.
Loi giai.

1. Bang gia tri dai dién (GTDPD) cua cac 16p:

Lép di€ém phay | [5;6) | [6;7) | [7;8) | [8;9) | [9; 10]
GTbD 5.5 6,5 7.5 8,5 9.5

Biéu d6 duong gap khic tan s6 vé diém phdy hoc ki 1 mon Todn va dudng gip khic tan s6 vé diém
phay hoc ki 1 mon Vin ctia 40 hoc sinh 16p 10A1:

Tan s6

25

23

11 4
10 1

>
5565 75 8595  Diémphiy
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2. Nhan xét: Pudng gip khiic biéu dién diém phdy tir 7,0 tré 1én ctia mdn Todn ndm trén mon Vin, dudng
gip khiic biéu dién diém phdy duéi 7,0 cia mdn Toan nam dudi mon Vin. Viy diém phdy trung binh
mon Toan cao hon moén Vin.

Bai 6. Cho bang tan suit: )
S6 con cua 50 ho gia dinh & dia phuong A

SO con O 1] 2|3 ]4| Cong

Tan suat (%) |4 |20 | 60 | 14 | 2 | 100 %

Hay vé biéu dd dudng gip khiic tan suét vé s con ctia 50 hd gia dinh & dia phuong A va nhan xét xem c6
bao nhiéu hd gia dinh chua thuc hién tot ké hoach héa gia dinh (c6 nhiéu hon 2 con).
Loi gidi. Biéu dd dudng gip khic tan suét vé s6 con cta 50 ho gia dinh & dia phuong A:

Tan suét

60 1

1
3 4 S6 con

?20 gsi(a) dinh c6 nhiéu hon 2 con chiém 14 % +2 % = 16 %. Suy ra sb gia dinh c6 nhiéu hon 2 con la
X
100
Bai 7. Cho bang tan suit ghép 16p: ) .
Toc do (km/h) cua 40 chiec xe mdy qua tram kiém soat giao thong B
Ldp toc do | [40; 50) | [50; 60) | [60; 70) | [70; 80] | Cong
Tan suat (%) 25 15 40 20 100 %

Hay vé biéu do dudng gip khiic tin sult vé téc do (km/h) clia 40 chiéc xe mdy qua tram kiém sodt giao

thong B va nhin xét xem c6 bao nhiéu chiéc xe di véi tbc do khong dudi 70 km/h.

Loi giai. Bang gi4 tri dai dién (GTPD) cua céc 16p:

Lép toc do | [40; 50) | [50; 60) | [60; 70) | [70; 80]
GTbD 45 55 65 75

Biéu dd dudng gap khuc tan suit vé tbc do (km/h) ctia 40 chiéc xe mdy qua tram kiém soat giao thong B:

Tan suét

40

25

20

Téc do (km/h)
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Céc xe di v6i van tdc khong dudi 70 km/h chiém 20 %. Suy ra sb xe di v6i van téc khong duéi 70 km/h 12
20 x 40

100
Bai 8. Cho béang tan suit:
Tién luong (nghin dong) hang thang ctia 50 cong nhan & xudng may C
Tién luong | 700 | 800 | 900 | 1000 | 1100 | 1200 | Cong
Tan suat (%) | 16 | 18 | 24 20 12 10 | 100 %

Hay vé biéu dd dudng gip khic tan suit va duong gip khic tan s6 vé tién luong (nghin dong) hang thang
cta 50 cong nhan ¢ xudng may C.
Loi gidi. Bang phan bd tan s6:

Tién luong (nghin dong) hang thang ciia 50 cong nhan & xudng may C
Tien luong | 700 | 800 | 900 | 1000 | 1100 | 1200 | Cong
Tan so 8 9 | 12 | 10 6 5 50

Biéu dd dudng gap khuc tan suit vé tién luong (nghin dong) hang thang ctia 50 cong nhan & xudng may C:

Tén sudt

o 40 700 800 900 1000 1100 1200 Tién luong

Biéu do dudng gip khiic tan suét vé tién luong (nghin dong) hang thang ctia 50 cong nhan & xudng may
C:

o 40 700 800 900 1000 1100 1200 Tién luong

Dang 3. Bi€u d6 hinh quat

Vi du 6. Chiéu cao (cm) ctia 36 hoc sinh nam & mot 16p 12A1:

L6p chi€u cao (cm) | [160; 164) | [164; 168) | [168; 172) | [172; 176] | Cong
Tan so 5 12 11 8 36

VE bi€u do tan suét hinh quat cho bang thong ké trén.

Loi gidi. Ta c6 bang phan b tan suit sau
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Lép chiéu cao (cm) | [160; 164) | [164; 168) | [168; 172) | [172; 176] Cong
Tan sb 5 12 11 8 36
Tan suit (%) 14 33 31 22 100

Tit d6 ta c6 bi€u do tan suét hinh quat nhu sau:

77 [160;164)
[7] [164;168)
[T [168:172)
[] [172:176]

Vi du 7. Tién hanh mot cudc thim do vé s6 cin ning clia mot nhom xa. Két qua thu dugc biéu dién
qua biéu do tan suit hinh quat nhu sau:

[35:40
[40;45

— ~— =

[45;50

N
N

[50;55]

Héi s6 ngudi trong xa c6 can ning tir 40 kg dén dudi 50 kg 14 bao nhiéu ngudi, biét ring xa c6 1000
nguoi.

\ v

Loi gidi. Dua vao biéu do quat ta cé:
Ti 18 ngudi c6 can ning tir 40 kg dén dudi 50 kg 13 20 + 20 = 40 %.

) ) 40 x 1000
S0 nguoi ¢6 can nang tu 40 kg den dudi 50 kg la TT = 400 nguoi.
BAI TAP TU LUYEN

Bai 9. S6 luong khach dén tham quan tai Pa Ning trong 12 thang dudc cho bdi biéu dd nhu sau:

[200;300

)
[300;400)
[400; 500)

Ny
o Ny
NN

500;600]

Tinh s6 thang ma s6 ngudi tham quan khong dudi 400 ngudi.
Loi giai. Dua vao biéu dd, ta c6 sd ngudi tham quan khong dudi 400 ngudi chiém ti 1& phan trim la:
25+25 =50 %.

N A P < 4 < o N o 1 50x 12
Viy so thang ma so ngudi tham quan trén 400 ngudi la

VX2 _ 6 thang.
100 ans
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Bai 10. Biéu d6 hinh quat sau mo ta ti 1& vé gid tri dat dudc ctia khoang san xuit khiu nuéc ngoai ctia nudc
ta:

Dau
Than d4
Sét
[[] Vang

Biét ring gid tri xuat khiu ctia nudc ta vé& dau 1a 450 triéu USA. Héi gid tri xuit khau vang 12 bao nhiéu
triéu USA?
Loi giai. Ti1¢ phan trim cta dau 13 100 % —25 % —10 % —5 % = 60 %.

) o 45 .
Suy ra gia tri xuat khau cua vang la 0 -5=237,5 triéu USA.

Bai 11. Cho bang phan bb tan s diém thi mén Anh Vin ctia mot trung tim & Ha Noi:

Di€mthi | 6 | 7 | 8 | 9 | Cong
Tanso | 40 | 60 | 80 | 20 | 200

Vé bi€u do hinh quat mo ta bang dit liéu thong ké trén.
Loi giai. Ta c6 bang phan bd tan suit sau

Diém thi 6 | 78] 9 |Cong
Tan s6 40 | 60 | 80 | 20 | 200
Tan suit (%) | 20 | 30 | 40 | 10 | 100

Khi d6 ta c6 biéu do tan suit hinh quat:

7277277277277777777)
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Biét rang x,y théa man x? +y?> = 500. Tim s bong dén c6 tudi tho trong khoang [2;5) biét rang x > 15.
Loi giai. Ta c6 hé

y=30—x
x+y=30 y=30—x y=30—x x=20
s 9 <9, ) < ) <49 [x=20 < .
x~+y- =500 x“+(30—x)" =500 2x~—60x+400=0 10 y=10
X =
Ti 1€ cta s6 bong den c¢6 tudi tho trong khodng [2;5) 12 20 % +25 % +45 % = 90 %. Khi d6, s6 béng den

90 x 100

T 90 bong.

¢6 tudi tho trong khoang [2;5) 1a
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§3. SO TRUNG BINH CONG. SO TRUNG VI. MOT

I. Tém tat Ii thuyét
1. SO trung binh cong

Pinh nghia 1 (S6 trung binh céng). S6 trung binh cong (sé trung binh) ctia mot day gdm n sb lidu x;,xs, .., x,
xl +xZ+.+xn

ki hiéu la X va dudc tinh theo cong thiic: X =

n
o Truong hop bdng phdn bé tdn sé va tdan sudt
Giatri | x; | x2 | --- | xn | COng
Tansd | ny | ny | -+ | npy N
Tansd | Al A |- | fn | 100%
S6 trung binh cong dudc tinh theo cong thiic:
nxi+nyxy +---+ngx . PN <A A LA A, o
=1 272 KTk _ f1x1 + faxo + - - - + frxg trong dO n;, f; lan lugt 1a tan soO, tan suat cua

n
giatrix; (i=1,2,...,k) vanla so cac o0 liéu thong ké (n =nj +ny + -+ ny).

o Truong hop bdng phdn bé tdn sé va tdan sudt ghép Iop

Lop Gia tri dai dién Tan sO
lar;az) X1 ni
la;az) X2 ny

[am—1;am) Xim .
N = Z:n:] n;

S6 trung binh cong dudgc tinh theo cong thiic:

nicy+npcy+ -+ ngc , N A
— o1t Kk fic1 + faca + -+ + frcr trong d6 n;,c;, f; 1an lugt la gia tri dai dién,
n
tan so, tan suat cua 16p tha i (i = 1,2,...,k) va n la so cac so liéu thong ké (n =nj +ny + - - - + ny).

2. S6 trung vi
Dinh nghia 2 (S6 trung vi). Sap thi tu cic sb liéu thdng ké thanh diy khong gidm (hoic khong ting). S6

trung vi (clia cac sb lidu thong ké da cho) ki hiéu M, 1a sb diing gitta diy néu sd phan ti 12 1é va 1a trung
binh cong clia hai s diing giita ddy néu s6 phan ti 1a chin.

A Sé trung vi diwgc xdc dinh nhw sau:

e M,=x,1 néunlasolé.

2
1 PR
o M, = > (x +xn+1) n la so chan.
2

[NST

3. Mbt

Dinh nghia 3 (Mbt). Mbt ctia mot bang phan bd tan s6 1a gid tri c6 tan sd 16n nhit va dudc ki hiéu 1a M.
/N Chii y:

e S0 trung binh cua mau so liéu duoc diung lam dai dién cho cdc so liéu ciua mau.
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e Néu cdc sé liéu trong mdu co sw chénh léch qud 16n thi ding sé trung vi lam dai dién cho cdc sé liéu
cua mdu.

o Néu quan tam dén gid tri co tan sé 16n nhdt thi dimg mot lam dai dién. Mot bdang phdn bo tan sé cé
thé’co hai hay nhiéu mot.

II. Cac dang toan

Dang 1. S6 trung binh

Ap dung cong thiic s6 trung binh cho bang sb tan sb, tan suit va tan s, tan suit ghép I6p.

Vi du 1. Khéi lugng 30 chi tiét may dudc cho bdi bang sau

Khoi lugng(gam) | 250 | 300 | 350 | 400 | 450 | 500 | Cong
Tan so 4 4 5 6 4 7 30

Tinh s6 trung binh % (1am tron dén chit s6 thi hai sau dau phay) ctia bang néi trén.

Loi gidi. Ap dung cong thifc tinh s6 trung binh cho bang tan sb ta c6

250.4 +300.4 4+ 350.5 +400.6 +450.4 + 500.7
xX= + + ;;) + + ~ 388,33 (gam).

Vi du 2. Chiéu cao ctia 20 cdy gidng dugc cho bdi bang sau:

Lép (cm) | Tan so
[40; 44] 2
[45;49] 5
(50;54] 3
(55;59] 4
(60;64] 3
(6569 3

N =20

Tinh s6 trung binh % (1am tron dén chit s6 thi hai sau dau phay) ctia bang néi trén.

Loi gidi. Bang tan s6 ghép 16p clia bang néi trén 1a

Lop (cm) | Gia tri dai dién | Tan so
[40;44] ) 2
[45;49] 47 5
[50;54] 52 3
[55:59] 57 4
[60;64] 62 3
[65:69] 67 3

N =20

Ap dung cong thiic tinh sb trung binh cho bang tin s& ghép 16p ta c6

_ 42244754523+ 57.4462.3+67.3
X~ 20 = 54.5 (cm).
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Dang 2. S6 trung vi

Ap dung dinh nghia ctia sd trung vi. Luu y ¢6 hai trudng hop khac nhau 1a mau s6 liéu c¢6 kich thude
18 va mau sb liéu c6 kich thudc chan.

Vi du 3. Diéu tra s6 hoc sinh ctia 30 16p hoc, ta dudc bang s6 liéu nhu sau:

35139 13940 | 40 | 41 | 41 | 41 | 41 |44 |44 | 45|45 |45 |46
48 | 48 |48 |48 |49 |49 {49 |49 |49 149 50|50 |50 |50 |51

Tinh so0 trung vi cua bang ndi trén.

46 +48

Loi giai. Tacé N = 30 1a s6 chin. S6 lidu thd 15 va 16 1an lugt 1a 46,48. Vay sb trung vi la M, = >

47 (Hoc sinh).

Vi du 4. Diém hoc ki mot ctia mot hoc sinh dude cho bdi bang s6 liéu sau (Pon vi: diém)

(576]6[7[7]8[8[85]9]

Tinh s6 trung vi ctia bang ndi trén.

e 20 2, N A 12 A 1°A 2, N 1 N A . 2 A LEEEN R
Loi giai. Taco N =91asole. So liéu tha % = 5 1a s0 trung vi. Do do6 so trung vi la M, =7 (Diém).

BAI TAP TU LUYEN

Bai 1. Bang s liéu sau day thong ké thdi gian ndy mam mot loai hat méi trong cic diéu kién khac nhau

Thoi gian(phut) | 420 | 440 | 450 | 480 | 500 | 540
Tan so 8 17 | 18 | 16 | 11 | 10

Tinh gid tri trung binh & (1Am tron dén hai chit s6 sau diu phay) vé thdi gian ndy mam loai hat m&i néi trén.
Loi giai. Ap dung cong thiic tinh sb trung binh cho bang tan s ta c6
420.8 +440.174450.18 +-480.16 + 500.11 4- 540.10

X — :4 Ph/t.
x 20 69 (Phut)

Bai 2. Diéu tra s6 hoc sinh gidi khdi 10 ctia 15 trudng cAp ba trén dia ban tinh A, ta dudc bang sb liéu nhu
sau:

122]29]29[29]30]31[32]32[33]34[34[35]|35][35][36]

Tinh s6 trung vi ctia bang néi trén.
15+1

Loi giai. Taco N = 151as618. S6 liéu thi = 8. Vay sb trung vi 1a M, = 8 (Hoc sinh).

Bai 3. Toc do phat trién ctia mot loai Vi-riit trong 10 ngay vé6i cac diéu kién khac nhau (don vi nghin con)
dudgc thong ké nhu sau

20 ] 100 [ 30 | 980 [ 440 | 20 | 20 | 150 | 60 | 270

Trong trudng hop nay ta chon sd nao dudi day lam gia tri dai dién 12 t6t nhat? Tinh gia tri dai dién do6.
Loi giai. Ta chon s6 trung vi 1am dai dién 1a t6t nhat vi c6 su chénh léch 16n gitta cac s6 liéu trong mau.
Sap xép lai s6 liéu mau:

20 | 100 | 30 | 980 | 440 | 20 | 20 | 150 | 60 | 270
20| 20 | 20| 30 | 60 | 100 | 150 | 270 | 440 | 980




368

Kich thudc mau 1a N = 10. S6 liéu thd 5 va 6 1an lugt 1a 60, 100. Vay gia tri dai dién cho bang sb liéu 1a

60100

. = > = 80 (Nghin con).

Bai 4. Mot cita hang ban 3 loai hoa qua nhéap khau: Budi, Dua vang va Lé véi sb liéu tinh todn dudc cho

CHUONG 5. THONG KE

bdi bang (trong mot quy) sau khi giam gid mbi loai 1an luot 1a x, v,z trén 1 kg

Loai qua Le Dua vang | Budi
Gia ban (nghin/1kg) | 200—x | 300—y | 400 —z
SO lugng ban (kg) | 200+x | 300+y | 4004z

Biét ring x 4+ y +z = 90 (nghin). Tinh gid tri x;y;z d€ 10i nhuan binh quan ctia mdt 1 kg hoa qua dat dudc
cao nhit.
Loi giai. Do khéi lugng hoa qua ban dugc 1a 200 +x + 300+ y + 400+ z = 990 1a ¢b dinh, vi thé binh quan
mbi kg hoa qua c6 gia cao nhét khi tdng sb tién thu dugc 1 cao nhét.
Tong s6 tién thu dugc 1a P = (200 — x) (200 +x) + (300 — y) (300 + y) + (400 — z) + (400 + z)
= 290000 — (x* +y? +7?)

£ 2 1 Z Z N\
Ta c6 bit dang thifc sau x> +y? + 2% > §(x+ y+z)? = 2700 tit &6 P < 287300. Vay P 16n nhit khi ddu bing
xay ra tuc 1a x = y = z = 30 (nghin)

Bai 5. D€ dam bao bang s6 lidéu dugc phan bé dong déu ngudi ta diéu chinh cic gia tri x,y sao cho sb trung
binh cong va sb trung vi bang nhau. Khi d6 bang s6 liéu dugc cho nhu sau:

Giatri | 40 50 60+ | 90+
X Y

Tanso | 20 30 60— | 90— | 200
X Y

Biét rang x < 0. Tim x?
(60 +x)(60—x) + (90 —y)(90 +y) 4 2300

500 va sb trung

Loi gidi. S6 trung binh ctia bang s6 lidu bang: ¥ =

. 2 M
Tac620+304+60—-x+90—x =200 < x+y=0.
Ta giai phuong trinh 2 gia tri nay bang nhau rdi lay s6 nguyén gan nhit véi nghiém.
(60 +x)(60 —x) + (90 —y)(90 +y) +2300 40450 —x

200 2
Do d6 x = 25 — 25v/5 hoiic x = 25+ 5v/21, vi x < 0 nén ta ldy nghiém thit nhét, sb nguyén gan véi né nhét
1a 25 —-25V/5.

Dang 3. Mot

Ap dung dinh nghia vé M6t ctia bang s6 liéu thong keé.

Vi du 5. Tudi tho ctia 30 béng dén dudc thap thi (don vi: gio) dudc cho bdi bang s lidu thong ké
dudi day

1180 1150 1190 1170 1180 1170 1160 1170 1160 1150
1190 1180 1170 1170 1170 1190 1170 1170 1170 1180
1170 1160 1160 1160 1170 1160 1180 1180 1150 1170

Hay tinh mbt ctia bang s6 liéu thong ké trén.

\. y

Loi gidi. Tir bang s6 liéu trén ta suy ra bang phan b tan s6 cac gid tri tudi tho ctia 30 béng dén nhu sau
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Tudi tho (giv) | 1150 | 1160 | 1170 | 1180 | 1190 | Tong
Tan s6 3 6 12 6 3 30

Ta thy gia tri 1170 c6 tin sb bang 12 13 16n nhit. Do d6 mét ctia bang sb liéu la: My = 1170.

Vidu 6. Két qua kiém tra chit lugng dau nim (thang diém 30) ctia 41 hoc sinh clia mét 16p dugc
cho bdi bang s6 liéu thong ké dudi day

Diém |9 |11 (14|16 |17 | 18 [ 20 | 21 | 23 | 25 | Tong
Tanso (3|7 |4 |4 |6 7|3 3|22 41

Hay tinh mbt clia bang s6 liéu thong ké trén.

v

Loi giai. Ta thiy diém 11 va diém 18 c6 tan sb bang 7 1a 16n nhat. Do d6 bang sb liéu c6 hai mdt la:
MY =11vam =18.

Vi du 7. Mot bac si mat ghi lai tudi ctia 30 bénh nhan méc bénh dau mat hot. Két qua thu duge mau
s6 liéu nhu sau

21 17 22 18 20 17 15 13 15 20
15 12 18 17 25 17 21 15 12 18
16 23 14 18 19 13 16 19 18 17

Tinh mét My ctia bang sb liéu da cho.

.

Loi gidi. Tir bang sb liéu trén ta suy ra bang phan b6 tan s6 tudi ciia 30 bénh nhan dau mat hot nhu sau

Tuoi |12 |13 |14 | 1516 | 17 | 18 | 19|20 | 21 | 22 | 23 | 25 | Tong
Tanso | 2 | 2 |1 |4 |2 5|5 |22 2]1|1]1 30

Ta thiy téi 17 va 18 c6 tin s6 bing 5 Ia 16n nhit. Do d6 bang sb liéu c6 hai mét 1a: My = 17 va

MZ =18,

Vi du 8. Diém bai kiém tra mot tiét mon toan ctia 40 hoc sinh 16p 1141 dudc théng ké biang bang s6
liéu dudi day

O
[a—
(=]

biém 3 4 5 6 7 8 Cong
S6 hoc sinh 2 3 3n—8 | 2n+4 3 2 4 5 40

Trong d6 n € N,n > 4. Tinh mdt ctia bang s6 liéu théng ké da cho.

Lai gidi. Vi tdng cic s6 lidu théng ké bang 40 nén ta c6: Sn+ 15 =40 < n =S5.
V6i n =5 ta c6 bang phan bd tan sb

Ne)

Diém [3]4]5]6 |7]8 10 | Cong
Sbhocsinh | 2|3 |7 | 14324 5 | 40

Vay mbt ctia bang sd lidu 1a: My = 6.
BAI TAP TU LUYEN

Bai 6. Cho bang phan bd tan sd sau

Gia tri X1 b%) X3 X4 X5
Tan s6 12 5 n’ 16 6n—>5
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Tim tat c céc s tu nhién n d€ Mo = x3 1a mdt duy nhit cia bang phan bb tan sb da cho.

2
Loi gidi. Tu gia thiét My = x3 12 m6t duy nhit ctia bang sb liéu thdng ké da cho nén ta c6 {nz > 16
n->6n-—>5
n<—4
n>4 n<—4
n<l n>>5
n>>35

Vi n 1a so tu nhién nén cac gia tri n théa man la: n > 5.

Bai 7. Cho bang phan bd tan sb sau

Gia tri X1 X X3 X4 X5
Tan so 5 2 n 20—n 8

Tim cic sb tu nhién n d€ Mo = x4 12 m6t duy nhéit ctia bang s6 liéu théng ké da cho.
Loi gidi. Tir gia thiét Mo = x4 12 mbt duy nhét ciia bang s6 liéu thong ké di cho nén ta c6

20—n>8 n<l12
& < n < 10.
20—n>n n<10

Vi n 1a s6 tu nhién nén céc gid tri n théa man la: 0 < n < 10.

Bai 8. Cho bang phan bd tan sb sau

Gia tri X1 X2 X3 X4 X5 X6
Tan s6 5 n®+3 3 Tn—9 n+1 7

Goi S 1a tap hop tht ¢ céc sb n nguyén duong sao cho My = x; vi Mg = x4 la hai mdt clia bang phan bd tan
s6 da cho. Tinh s6 phan ti ctia tap hop S.
Loi gidi. Tir gia thiét x» va x4 12 cidc mdt clia bang s6 lidu théng ké da cho, ta c6

> —Tn+12=0
n+3=7n-9 5
n=3
Tn—-9>n+1 & ”>§ & 4
n—
n—9>7 16
n>—

7
Vi n la s6 nguyén duong nén n = 3 va n = 4 théa man. Vay tap hop S c6 2 phan tu.

BAI TAP TONG HOP

Bai 9. Quan sit 9 con chudt chay qua mdt mé hon tran va ghi lai thdi gian (tinh biang phiit) ctia chiing trong
bang sau:

Con chuot 1} 2 (3] 4|5 6 |7, 8 |9
Thoigianchay | 1 [ 2,53 | 1,52 |1,25|1]0,9] 30

a) Tinh sd trung binh, s trung vi va mot ctia thdi gian chudt ra khoi mé hon tran?
b) Trong trudng hdp nay nén chon dai luong nao dé thé hién xu thé trung binh ctia mau?
Loi giai.

14+2,54...4+30

a) S6 trung binh: X = 5 ~4,79.

Sap xép day s6 lidu theo thit ty khong gidm ta dugc:

0,9; 1; 1; 1,25; 1,5; 2; 2,5; 3; 30

S6 trung vi: M, = x5 = 1,5.
Mbét: My = 1.
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b) Trong trudng hdp nay ta nén chon sb trung vi dé€ thé hién xu thé trung binh ctia mau.

Bai 10. Trong ky thi Tiéng Anh cép chiing chi B1 theo chuin Chau Au cia trudng Pai hoc Can Tho, diém
thi cta 32 thi sinh (thang di€ém 100) nhu sau:

79 | 65 | 85|52 |81 |55]65]|49
42 | 68 | 66 | 56 | 57 | 65 | 72 | 69
60 | 50 | 63 | 74 | 88 | 78 | 95 | 41
87 | 61 | 72|53 |47 |90 | 74 | 68

a) Lap bang phan bd tan s ghép 16p clia mau s6 lidu trén véi céc 16p [40;50), [50;60), ..., [90;100).

b) Tinh sb trung binh ctia miu s6 liéu theo bang phan bd tan sd ghép 16p (chinh x4c dén hang phan trim).
¢) Tinh sb trung vi.

Loi giai.

a) Bang phan bb tan s6 ghép 16p ctia mau sb liéu:

Lop | Gia tri dai dién | Tan s6
[40;50) 45 4
50;60) 55 6
60;70) 65 10
[70;80) 75 6
80;90) 85 4
[90; 100) 05 2
) 45X 4+55X64+...+95%2
b) S6 trung binh ¥ = > ><32+ XS 66,88,
¢) Vi c6 32 sb lidu nén sb trung vi 1a M, = @.

Nhin vao bang trén ta thy x6,x17 thuoc 16p [60;70), tit d6 ta c6 x16 = 65,x17 = 66.
65+ 66
Vay Me:x“;rx” - ;L —65,5.

Bai 11. Piém kiém tra ctia Darell (thang diém 100) trong giai doan dau tién dudc bi€u dién bdi diy sb licu
sau:

78,83,84,86,87,90,92,92

Darell c6 thé miéu ta diém ctia minh v6i b6 me nhu thé ndo? Dung sb trung binh, s trung vi hay mét? Liéu

s6 liéu nay c6 cho phép dua dén mot sy miéu ta ding hay khong?
78 +834844-86+87+90+92+92

8

Loi giai. S6 trung binh: x = = 86,5.

S6 trung vi: M, = 86.5.

Mbét: My = 92.

Do mét c6 gia tri 16n nhit nén Darell c6 thé dung n6 dé€ mét t cho diém kiém tra clia anh Ay.

Tuy nhién, trong trudng hop nay mdt khong phai 1a gia tri dai dién tot cho diém kiém tra clia anh Ay vi tht
ca cac diém con lai déu nhd hon 92.

Bai 12. N6i vé tién luong, Amara dang tham gia phong van tim viéc lam tai mot cong ty ky thuat. Co iy
néi rang miic luong trung binh ctia 37 cong nhan tai day 1a nhiéu hon 40000 USD. St dung nhiing thong tin
c6 trong bang cho biét liéu Amara c6 nén mong dgi miic luong hon 40000 USD néu c6 1am viéc cho cong
ty nay. Hay giai thich tai sao?
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Nguoi lao dong Muc luwong (USD)
Giam dbc 375000
Phé gidm dbc 325000
Nhan vién ban hang (15) 35000
Thu ky (10) 16000
Nhan vién truc dién thoai (10) 12000

Loi giai. Cong ty c6 37 nhan vién, nhung chi c6 hai nhan vién cé miic luong trén 40000 USD 1a giam dbc
va pho giam dbc. Do d6, Amara khong nén mong dgi mdt mic luong cao hon 40000 USD khi vao lam viéc
cho cong ty nay. Néi cach khéc, con s6 trung binh vé miic luong trén 40000 USD 1a mot s6 khong dai dién
tdt cho céc s6 liéu trén.

Bai 13. Cho bang phan b tan s

Gia tri X1 X2 X3 X4 X5
Tan so 2 x+y 2x—y 5 6

véi x,y 1a céc s6 tu nhién. Tim tit ca cdc cip sd (x;y) dé€ x5 12 mbt ctia bang sd liéu da cho.
e °?e < X LN ~ N A 2 2 A 1A ~ N O§x+y§6 (1)
Loi giai. Dicu kién d€ x5 1a mot cua bang so li€u da cho la: .
0<2x—y<6 (2)
Tu(l)suyray<6—xvax<6—y.
T (2) suyra2x—6 <yva % <x.

2x—6<6—x {O<X<4

Do do ¢ y .
5<6—y 0<y<4

> <
Tur d6 tim dudc 14 cip s6 thdéa man la:

(0:0),(1;0),(1:1),(1:2),(2:0),(2:1) ,(2:2)
(3;0),(3:1),(3:2),(3:3),(4:2),(2:3), (2;4).

Bai 14. Cho bang phan b tan sb

Gia tri X1 b %) X3 X4 X5
Tan s6 6 3x+y 3y—3x xX+y 4
véi x,y 1a cic s tu nhién. Tim tAt ca cic cip s6 (x;y) d€ bang sb liéu théng ké da cho c6 mdt 1a 3 gia tri
khéac nhau.
3x+y=6 x=1 1
Loi giai. Truong hop 1: cac gid tri x1,x2,x3 1ambtkhi { 3y—3x=6 &< y=3 & { .
x+y<6 x+y<6 y=3
3x+y=6 x=0
Truong hop 2: céc gid tri x1,x2,x4 1amdtkhi { x+y=6 < {y=6
3y—3x<6 y—x<2

‘A ~ x -
Hé v6 nghiém vi {

0 )
khong thda man bat phuong trinh y —x < 2.

x+y=6 x=2
Truong hop 3: céac gid tri x1,x3,x4 1amdtkhi { 3y —3x=6 =& {y=4
3x+y<6 3x+y<6

x=2 .
Hé vo nghiém vi { . khong thoa man bat phudng trinh 3x+y < 6.

3x+y=3y—3x x=0
Truong hop 4: céc gid tri xo,x3,x4 1amdtkhi { 3x+y=x+y &<{y=0
xX+y>6 xX+y>6
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H¢ v nghiém vi { khong thda man bat phuong trinh x +y > 6.

Vay chi c6 { 3 thda man yéu cau cua bai toan.
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4.  PHUONG SAI VA PO LECH CHUAN

I. Tém tat Ii thuyét

Dé do do phan tan (d6 chénh 1éch) gilta cac gid tri cia mau s6 liéu so véi sb trung binh, ngudi ta dua ra hai
s6 dic trung 12 phuong sai va dé léch chudn.

DPinh nghia 1. Gid st ta c6 modt mau s liéu kich thudc n 1a xq,x2, ..., X,.

Phuong sai ciia miu s6 liéu nay, ki hiéu 1a s2, dugc tinh bdi cong thic sau

trong d6 ¥ 12 s6 trung binh ctia mu s6 liéu.
Cin bac hai clia phuong sai dugc goi 1a dé léch chudn, ki hiéu 1a s,.

/\ Chi y

a) Phuong sai va dé léch chudn cang I6n thi do phdn tdn clia cdc sé liéu thong ké cang lon.

b) Phuong sai s> va do léch chudn s, déu duogc dimg dé ddnh gid miic do phan tdn ciia cdc sé liéu thong
ké (so vdi sé trung binh céng). Nhung khi cdn chii ¥ dén don vi do thi ta diing sy vi s, c¢d cung don vi
do vdi ddu hiéu dugc nghién ciiu.

c) Phuong sai con duogc tinh theo cdc cong thiic sau ddy

(a) Truong hop bdng phdn bé tan so, tan sudt:

=™

S | =
I

k
ni(xi—%)° =Y fi(xi—%)
i=1

1

trong do n;, f; lan luot la tdn sé, tdn sudt ciia gid tri ;.

(b) Truong hop bang phdn bé tan sé, tan sudt ghép 1dp:

=N
I

S| =
.M»

k
ni(ci—%)° =Y. filei—%)
i=1

i=1

trong do c;, n;, f; lan luot la gid tri dai dién, tan so, tan sudt cia gid tri x;.

(c) Nguoi ta con chiing minh dugc cong thiic sau:

2 =2 - 2 1 S ?
— 2 vt — _ L .
Sy =xt—X = ~21XI 5 1x,

1= 1=
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II. Cac dang toan

Dang 1. Tinh phuong sai va d léch chuén cia bang s6 liéu KHONG ghép 16p

a) D¢ tinh phuong sai s> ctia mot mau sd liu {x1;x2;...;xn} ta thuc hién mot trong céc cach sau:

e Cach1:

£ 1 N
+ Tinh sO trung binh: X = — ¥ x;;
NS

+ Tinh cac d6 léch: x; — X, (i = 1,N);
N
+ Tinh cac phuong sai theo cong thiic: s> = 7 Y (xi —%)2.
i=1
e Cach2:

N N
+ Tinh )} x; va } xi;
i=1 i=1

1N 1 (N
+ Tinh phuong sai theo cong thic: s> = N )y xi2 ) (.Z xi) .
=1 i=1

Chii y: Néu bang s liéu dudc cho bdi bang phan phdi tan s6 nhu sau:

X Xt | x| oo | X
Tanso | ny | ny | ... | ny | N

1 N
Thi phuong sai dudc tinh theo cong thic: s> = = Y ni(x; —x%)2.
i=1
b) Tinh dd 1éch chudn s: D6 1éch chuin s bang cin bic hai clia phuong sai:

Vidu 1. San lugng Ida (don vi la ta) cta 40 thia rudng thi nghiém c6 cung dién tich dudc trinh bay
trong bang tan s dudi day:

San lugng (x) | 20 | 21 | 22 | 23 | 24

Tan s0 (n) 518 |11[10] 6 | N=40
a) Tinh san lugng trung binh cua 40 thiia rudng?
b) Tinh phuong sai va do 1éch chuén.
Loi giai. a) SO trung binh cla san lugng ctia 40 thita rudng la:
_ 5-204+8-21+11-22+10-23+6-24
X= =22,1ta.
40
b) Tinh phuong sai:
13 Z
Cach 1: 5* = N Y, n; (x; —x)?, thay sb vao ta dugc:
i=1
g=L [5(20—22,1)2+8(21 —22.1)* + 11(22 - 22,1)* +10(23 — 22, 1)2 + 6(24 — 22,1)?| = 6160
40 ’ ' ’ ’ ’ 4000
Hay s*> = 1,54.

Cach 2: Ta co:
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5
o Y nxi=5-20+8-21+11-22+10-23+6-24 = 884.

i=1

5
o Y nix? =5-20°+8-212+11-222+10-23% + 624> = 19598.

i=1

1N 1 /N S| 1
Dodészz—Znix.z—ﬁ(Znixi> - 19598—W 884% = 1,54.

Tinh do 1éch chudn: s = V2 = V1,54~ 1,24.

Vi du 2. 100 hoc sinh tham gia ki thi hoc sinh gidi to4n (thang diém la 20). Két qua dudc cho trong
bang sau:

bDiém |9 [10 | 11|12 |13 |14 | 15|16 |17 |18 | 19
Tanso |1 | 1 | 3 | 5|8 [13[19|24|14 (10| 2 | N=100

a) Tinh san lugng trung binh.
b) Tinh phuong sai va do Iéch chuan.

.

Loi giai. a) Tinh sd trung binh:

11
Y nixi=1-941-104...+10-18+2-19 = 1523.
i=1
) 1523
Nén so trung binh la x = Too. =15,23.

b) Ta co: Z nix; = 1523 va Z n,x = 23591 nén phuong sai la:

X AN 1
:N; - (Znixi) TR AT -(1523)% = 3,96

x=1

Do léch chudn: s = V52 &~ 1,99.

Vi du 3. S6 mdy tinh ban dudc trong 7 thang lién tiép cia mot ctta hang dudc ghi lai trong bang sau:

183]79]92[71[6983]74]

Tinh s6 trung binh, phuong sai va d6 1&éch chuan.

Ge e QA e 834+79+924T71+69+83474
Loi giai. SO trung binh lax = TPt +7+ oo ~78,71.

2
Taco— Zx =6251,57, — <Zx,> =6195,94. Suy ra

2
1Y 1 (&
szzﬁxxl?—ﬁ<2x,-) = 6251,57 —6195,94 = 55,63.
i i=1

Viy s = /55,63 = 7,46.

BAI TAP TU LUYEN
Bai 1. Két qua thi két thiic hoc ki mot ctia ban Hoa dugc ghi lai trong bang sau:

Véan | Dia | Ly | Hoa | Toan | Anh van
6,0 (80|7,5] 85| 7,0 7,5
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Tim sb trung binh, phuong sai va do 1éch chuén.

Loi giai. ¥ =7,5;5%> ~0,42;5 ~ 0, 65.

Bai 2. Theo déi s6 40 ban ra ctia 9 loai 4o tai mot ciia hang, ngudi ta ¢6 diy s6 lidu sau (don vi: chiée)
425223 [36|48[42[40 4842 |

Tim sb trung binh, phuong sai va do 1éch chuén.

Loi giai. ¥ =41,1;s% ~ 63,4;5 ~ 8,0.

Bai 3. Trong s6 theo doi ban hang & mot ciia hang ban xe may c6 bang sau:

Soxebantrongngay [0 | 1 | 2 [ 3 [4]5
Tan s6 21131512713

Tim s6 xe trung binh ban dudc trong ngay. Tim phuong sai va do l1éch chuin.
Loi giai. Trung binh cdng: 48,35; phuong sai s> ~ 194, 64; d6 1éch chuédn 13,95.

Bai 4. Bang s6 liéu sau cho ta 13i (quy tron) hang thang ctia mdt ciia hang A trong nim 2006 (don vi 1a triéu
dong).

Thang | 1 | 2 | 3 |4 |56 | 7|8 |9 |10]11]12
Lai |12 15|18 |13 |18 |16 |17 |14 | 18 | 17|20 | 17

Tim s6 trung binh. Tim phuong sai va do léch chuan.
Loi gidi. Trung binh cdng: 16,25; phuong sai s> ~ 5,02; do léch chuin 2,24.

Bai 5. Theo ddi s6 bao xi ming ban ra trong 22 ngay tai mot ctia hing ban vat liéu xay dung ta c6 bang sau:

47 | 54 143 150 | 61 [ 36|65 |54 |43 |50 | 62
591364545 |33 53|67 |21 |45 |50 36

Tim s6 trung binh. Tim phuong sai va do léch chuan.
Lai gidi. Trung binh cong: 47,95; phuong sai s> ~ 123, 13; do léch chuan 11,09.
Bai 6. Bang sau diy ghi lai tbc do (km/h) ctia 30 chiéc 6to.

60 | 65|70 |68 62|75|80|83]|82|69

73 |75 |85 |72 |67 88|90 |85 | 72|63
75176 | 85|84 |70 |61 |60|65]|73]|76

Tim s6 trung binh. Tim phuong sai va do léch chuan.

Loi gidi. Trung binh cdng: 70,70; phuong sai s> ~ 38,21; do léch chudn 6, 18.

Bai 7. S6 liéu sau ddy cho ta s6 13i mbi thang clia mot ctia hang nim 2004 (don vi: triéu dong).

Thang | 1 2131451678119 [1011]12
Lai |12 15|18 [ 13|13 |16 |18 |19 | 15|17 |20 | 17

Tim s6 trung binh. Tim phuong sai va do 1éch chuén.
Loi giai. Trung binh cong: 16; phuong sai s> ~ 5,9; d6 léch chudn 2,43.

Dang 2. Tinh phuong sai va do léch chuén cia bang s6 liéu ghép 16p

Dé tinh phuong sai clia bing phan b tan s6, tan suét ghép 16p ta diing cong thiic

1
s)ZC = Z [m (01 —)_c)z—i—nz(cz —X)2+-~~+nk(ck—)_c)2]

trong d6 c;,n;, f; 1an lugt 1a gia tri dai dién, tan sb, tan suét ctia 16p thic i; ¢; dudc tinh bang trung
binh cong clia 2 gia tri dau miit ctia 16p i, n 1a s6 cac sb liéu thong ké (n = ny +ny +--- +ny), X 12 86
trung binh cong clia cic sb trong s6 lidu théng ké da cho.

N N . 9 A p o) N2
/\ Nguoi ta con chitng minh dugc cong thiic s)zc =x2— (x) .

Do Iéch chuén s, dugc tinh bdi cong thic s, = /2.
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1 . .
Vi du sau sit dung cong thiic s2 = — [nl (x1 —)_c)z + -+ g (X, —X) 2] dé€ tinh phuong sai.
n

Vi du 4. Cho bang phan bb tan s ghép 16p sau

Do dai cua 60 ld duong xi trudng thanh

Ldp cua do dai (cm) | Tan so
[10;20) 8
[20;30) 18
[30;40) 24
[40;50] 10

Cong 60

Tinh phuong sai va do 1éch chuan ctia bang phan bd tan s6 ghép 16p da cho.

, ! 25 % 1 24445 1
Lii gidi. Truéc hét ta c6 5 = -0 o+ 20X 8;’03“ +45x10 o)

15—31)24+18(25—31)24+24(35—-31)2+10(45—31)?
Khidéphwngsais,%zg(s 31)7+18(25 3)20 (35-31)7+10(45—31) = 84.

Do léch chuan s, = /84 ~9,17.
Vi du sau sit dung cong thiic s2 = x2 — (%)2 dé tinh phuong sai.

Vi du 5. Cho bang phan bb tan s ghép 16p sau

Khéi luong cia 30 ciia khoai tdy

Ldp cua khoi lugng (g) | Tan so
[70;80) 3
[80;90) 6
[90;100) 12
[100; 110) 6
[110;120) 3
Cong 30

Tinh phuong sai va do 1éch chuan ctia bang phan bd tan s6 ghép 16p da cho.

Loi gidi. Ta tinh céc gid tri n;c; va n;c? va bd sung vao bang di cho, ta dugc bang sau

L&p cha khoi lugng (g) | Tansd | mic; | nic?
[70; 80) 3 | 225 | 16875
[80;90) 6 510 | 43350
[90; 100) 12 1140 | 108300
[100;110) 6 | 630 | 66150
[110;120) 3 345 | 39675
Cong 30 2850 | 274350

Tit d6, ta tinh duge X = 95 va x2 = 9145. Ap dung cong thic s2 = x> — (), ta tinh dugc s2 = 120 va

sy = /52~ 10,95.
Vi du sau cho bang phan bd tan suit ghép 16p. Ta tinh X va s2 dua trén tin suit.
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Vi du 6. Cho bang phan bd tan suét ghép 16p sau

Chiéu cao ciia 35 cdy bach dan

L6p cta chiéu cao (m) | Tan suét (%)
[6,5;7,0) 5,7
[7,0;7,5) 11,4
[7,5:8,0) 25,7
[8,0:8,5) 31,4
(8,5;9,0) 17,2
[9,0:9,5] 8,6

Cong 100

Tinh phuong sai va do 1éch chuén ctia bang phan bd tan suét ghép 16p da cho.

J

Loi gidi. Trudc hét ta tinh ra cdc gia tri fic;, cubi bang sé c6 dugc X, tir d6 tinh f;(c; —X)2, cudi bang sé& c6
2

S5

L6p cta chiéu cao (m) | Tan suat (%) | fic; | filei —%)?
[6,5;7,0) 5,7 0,38475 | 0,102961
[7,0,7,5) 11,4 0,8265 | 0,081206
[7,5:8,0) 25,7 1,99175 | 0,030412
[8,0:8,5) 314 2,5905 | 0,007642
(8,5;9,0) 17,2 1,505 0,074018
9,0:9,5] 8,6 0,7955 | 0,114925

Cong 100 8,094 0411164

Nhu vay ta dugc phuong sai s2 = 0,411164, suy ra s, ~ 0,641221.
Vi du sau sit dung su ho trg ctia may tinh fx — 570ESPLUS dé tinh phuong sai va do 1éch chuan.

Vi du 7. Cho bang phan bb tan s ghép 16p sau

Khéi luong ctia nhém 20 c4d me
Ldp khoi lugng (kg) | [0,6;0,8) | [0,8;1,0) | [1,0;1,2) | [1,2,1,4] | Cong
Tan so 4 6 6 4 20

Tinh phuong sai va do Iéch chuén clia bang trén.

Loi gidi.  Trude hét, ta chon (V] dé dung ché do théng ké véi 1 déi tuong thdng ké.
Sau d6 ta vao dé vao ché do théng ké va chon | 1] dé nhap di liéu.
Nhap cdc gia tri dai dién trong cot X trén man hinh. Sau khi nhap xong, chuyén qua c6t FREQ bing
phim [>] va nhap céc tan s6 tuong tng véi céc gid tri dai dién.
Nhap xong bim | AC | Dé tinh d6 léch chudn, ta bAm [=], két qua la s, = 0,2049390153,

ta tinh phuong sai bang cach binh phuong gid tri trén, bAm tiép | x* |[=], ta dugc s2 = 0,042.

BAI TAP TU LUYEN

Bai 8. Nhiét do trung binh cda thang 2 & mot thanh phd do trong 30 nim dudc cho trong bang sau.

Lp nhiét do (°C) | Tan sb | Tan suat (%)
[12;14) 1 3,33
[14;16) 3 10,00
[16;18) 12 40,00
[18;20) 9 30,00
[20;22] 5 16,67
Cong 30 100
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Tinh phuong sai va d léch chuén ctia bang phan bd da cho.

Loi gidi. St dung mot trong cdc phuong 4n tinh nhu trong vi du, ta dugc két qua: s2 ~ 3,93; s, ~ 1,98.
Bai 9. Tinh phuong sai va do 1éch chuin ctia bing phan bd sau

Chiéu cao ciia 36 hoc sinh

Ldp so do chiéu cao (cm) | Tan so
[150;156) 6
[156;162) 12
[162;168) 13
[168;174] 5

Cong 36

Loi gidi. Sir dung mot trong cdc phuong an tinh nhu trong vi du, ta dudc két qué: s2 =~ 30,97; s, = 5,57.
Bai 10. Tinh phuong sai va do 1éch chuin clia bang phan b sau

Tién ldi ciia méi ngay bdn bdo duogc khdo sdt trong 30 ngay

L&p tién 1di (nghin dong) | Tan sb
[29,5;40,5) 3
[40,5;51,5) 1
[51,5;62,5) 9
[62,5;73,5) 5
[73,5;84,5) 5
[84,5;95,5] 4

Cong 30

Lui gidi. Sir dung mot trong cac phuong an tinh nhu trong vi du, ta dugc két qua: s2 =271,71; s, = 16,48.
Bai 11. Trong mot trudng THPT, cho kiém tra todn & 2 16p 10A va 10B va lap dudc bang tan s6 ghép 16p
nhu sau:

Piém thi todn cia l6p 10A
LSp diém kiém tra | Tan s6

[0;2) 2
[2;4) 4
[4;6) 12
[6;8) 28
(8;10] 4
Cong 50

DPiém thi todn cua I6p 10B
LGp diém ki€m tra | Tan sO

[0;2) 4
[2;4) 10
[4:6) 18
[6;8) 14
8;10] 5
Cong 50

Tinh phuong sai va do 1éch chuan ctia hai bang phan bb tan sd ghép 16p trén va cho két luan.
Loi giai. St dung mot trong cac phuong 4n tinh nhu trong vi duy, ta dudc két qua

e Lop 10A: 52 =3,23; s, = 1,8.
e Lop 10B: s2 =4,65; 5, = 2,16.

Tir d6 cho thiy do phan tan cta I6p 10B nhiéu hon do phan tan ctia 16p 10A so Vvéi gi4 tri trung binh ctia dit
liu.
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Bai 12. Mot nong dan nudi cd c¢6 2 ao nudi cling mdt loai c. Ong ta bit mdi ao 24 con cd va can. Sau diy
12 bang phan bd khéi lugng 2 nhém ca.

Nhom cd thit nhdt
L6p khoi luogng (g) | Tan so

[630;635) 1

[635;640) 2

[640;645) 3

[645;650) 6

[650;655] 12
Cong

Nhom cd thit hai
L6p khoi lugng (g) | Tan so
[630;635) 0
[635;640)
[640;645)
)
]

[645;650
[650;655
Cong

0
8
7
9

Tinh phuong sai va do 1éch chuan ctia hai bang phan bd tan sb ghép 16p trén va cho két luan.
Loi gidi. St dung mot trong cac phuong 4n tinh nhu trong vi du, ta dugc két qua

e Nhém cé thid nhét: s2 = 33,16; s, = 5,76.
e Nhém cé thif hai: s2 = 17,66; s, = 4,2.
Tit d6 cho thiy do phan tdn ctia nhém ca thi hai it hon dd phan tdn ctia nhém c4 thi nhét so véi gia tri trung
binh cta di liéu.
BAI TAP TONG HOP

Bai 13. Mot trang trai trong hai loai tdo A va B. Chii trang trai phai lua chon mét loai tdo c6 trong luong
c4c qua tdo it bi phan tan d€ xuat khiu. Sau vu thu hoach, 6ng di can trong luong ctia 100 qua tdo. Cac sb
liéu dudc tém tat trong bang tin sb sau:

Trong lugng cac qua tao loai A

Trong lugng | Tan s6
[80;120) 9
[120;160) 13
[160;200) 5
[200;240) 15
[240;280) 8
Tong 50

Trong lugng cac qua tao loai B

Trong lugng | Tan s
[80;120) 8
[120;160) 11
[160;200) 12
[200;240) 11
[240;280) 8
Tong 50
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Em hay cho biét chii trang trai s& chon loai tdo nao dé€ xuat khau?

Loi giai. Tacéxz = x5 = 180.

4 ” 1 k . 9 X 2 A 1A X N

Ap dung cong thic s2 = — ¥ n;(c; — X)z ta dugc phuong sai cia moi bang so liéu lan lugt la
ni=]

53 =3072

5% = 2752

Vi s%; < si nén trong luong cac qua tdo loai B s& dong déu hon loai A. Do d6 chi trang trai sé chon loai tdo
B d€ xuat khau.

Bai 14. Trén hai con dudng A va B, tram ki€m soat da ghi lai toc dd (km/h) ctia 30 chiéc 6 to trén mdi con
duong nhu sau:

Con duong A:

60 65 70 68 62 75 80 83 82 69 73 75 & T2 67
88 90 8 72 63 75 76 8 84 70 61 60 65 73 76

Con duong B:

76 64 58 82 72 70 68 75 63 67 74 70 79 74 60
80 73 75 71 68 72 73 79 80 63 62 71 70 69 63

a) Tinh s6 trung binh, phuong sai va dd 1éch chuin ctia téc do 6to trén mdi con dudng A, B.
b) Theo em thi chay xe trén con dudng nao an toan hon?
Loi giai.

a) Trén con dudng A. Ta c6: X4 =~ 73,63 km/h, si ~ 74,77, sy ~ 8,65 km/h.
Trén con duong B. Ta c6: xp ~ 70,7 km/h, s% ~ 38,21, sp ~ 6,18 km/h.

b) Nhan xét: Trén con dudng B, téc dd trung binh va do 1éch chuin déu nhé hon trén con dudng A.
Do dé chay xe trén con dudng B sé€ an toan hon trén con dudng A.
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§5.  DE KIEM TRA CHUONG V

I. Désbla

Bai 1. (3,5 diém) Hai 16p 10A va 10B ctia mot trudng THPT cung lam bai thi mon Todn, chung mdt dé thi.
Két qua thi dudc trinh bay & hai bang phan bd tan s6 sau day

Di€m |(3/5/6|7|8| 9 |10 | Cong
Lépl1OA |79 3|3 |7 |12 4 45

Didm |4[5[6]7]8[9]10] Cong
LoplOB | 6|6 |7 8|95 4| 45

a) Hay tinh sb trung binh, phuong sai, do 1éch chudn tif cdc bang phan bd tan sb di cho (lam tron dén
chit s6 thap phan thi hai).

b) Xét xem két qua bai thi mon Todn clia 16p nao dong déu hon?
Loi giai.

a) Lop 10A:
3745944104 _

S6 trung binh X4 = 15 R 0,87, e 0,5 diém.
3—%4)2 T +...+(10—X4)>-4 ,
Phuong sai 52 — O ) TH A U0=F)T4 ga 0,5 diém.
45

D0 16ch chuin sp = /55 A 2,32, ottt 0,5 diém.

Lop 10B:

SOHrUNg BINh X5 A2 6,87, .o\ttt 0,5 diém.

PhUONE S 55 R 3,69, .« . oottt ettt ettt et 0,5 diém.

DO 16ch chulin sp A2 1,02, .. e 0,5 diém.
b) Két qua bai thi mon Todn ctia 16p 10B dong déu hon Vi sp < Sg4. «.ovvvvernineennnenn... 0,5 diém.

Bai 2. (5,0 diém) Po chiéu cao ctia 40 hoc sinh trudng THPT X, ta c6 bang s6 liéu sau

150 | 151 | 151 | 151 | 152 | 152 | 153 | 153 | 154 | 155
155 | 156 | 156 | 156 | 157 | 159 | 159 | 160 | 160 | 161
161 | 162 | 164 | 165 | 166 | 166 | 167 | 167 | 167 | 168
168 | 169 | 170 | 170 | 171 | 171 | 172 | 173 | 174 | 175

a) Hay 1ap bang phan bd tan s6 ghép 16p véi cac 16p 1a
[150;154),[155;160),[160;165),[165;170), [170;175].

Tur d6, hay tinh s trung binh, phuong sai va do 1éch chuén clia bing phan bb tan s6 ghép 16p da lap
(tinh chinh x4dc dén chii s6 thap phan thi hai).

b) Hay vé biéu dd tan sb hinh cot vé chiéu cao ctia 40 hoc sinh trudng X.
Loi giai.

a) Béang phan bd tan s6 ghép 16p
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Lop Tan s6 | Gid tri dai dién

[150;155) 9 152,5

[155;160) 8 157,5

[160;165) 6 162,5

[165;170) 9 167,5

[170;175] 8 172,5

n=40

LAP dUOC COLTAN SO . ..ottt et e e e e e e 0,5 diém.
LapdudccOtgiatridai di€n ...... ... i e 0,5 diém.
Tinh dugdc gid tri trung binh X = 162,37, .. ... 0,75 diém.
Tinh dugc phuong sai s2 /2 53, 14, ...ttt 0,75 diém.
Tinh dudc d 18ch chulin s, /&2 7,29, .« .ottt 0,5 diém.

b) Biéu dd tan s6 hinh cot vé chiéu cao ctia 40 hoc sinh trudng X:

Chieu cao

Bai 3. (1,5 diém) Mot hoc sinh ghi lai bing phan bd tan s, tan suit ghép 16p ctia mot mau sb liéu nhu sau

Lép [1:9] [ [10; 19] | [20; 29] | [30; 39] | [40; 49]
Tan s n=
Tan suat (%) | 12,5 0,0 50,0 25,0 12,5 | 100

Tuy nhién, em d6 quén ghi kich thuéc mau n. Biét rang n 13 s6 c6 2 chit sb va chit sd tin cung 1 2. Tim gid
tri nho nhét cta n.

Lui giai. Hai 16p [1;9] va [40;49] c6 tan s6 1a n.12,5% = g ............................... 0,25 diém.
L6p [20;29] ¢6 tan sb 1a n.50% = g ....................................................... 0,25 diém.
Lép [30;39] ¢6 tin s 1a n.25% = Z ....................................................... 0,25 diém.
Vi tan s }é céc sd ngyyén dugng nén n phai chia hét cpo iy 2. 0,25 dié:rn.
Ma n1a so c¢6 2 chit so, chit so tdn cung la2 vanhonhatnénn=32........................... 0,5 dieém.

II. Pésé1b

Bai 1. (3,5 diém) Hai 16p 10C va 10D ctia mot truong THPT cung 1am bai thi mon Vin, chung mot dé thi.
Két qua thi dudc trinh bay & hai bang phan bd tan sb sau day

Diem [10]| 9 [8|7|6|3]|3]|Cong
Lép10C | 4 |12 |7 |3 (3|9 |7 | 45
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Diém |10]/9[8[7]6]5]4] Cong
LoplOD | 4 | 5|98 [7[6[6]| 45

a) Hay tinh sb trung binh, phuong sai, do 1éch chudn tif cdc bang phan bd tan sb di cho (lam tron dén
chit s6 thap phan thit hai).

b) Xét xem két qua bai thi mon Todn ctia 16p nao dong déu hon?
Loi giai.

a) Lop 10C:
3745944104

S6 trung binh X¢ = 15 R 0,87, 0,5 diém.
3-%c)? 7+...+(10—-%c)*-4 ,
Phuong sai S% = ( Xc) T 45+ ( Xc) 5,38 0,5 diém.
Do 1éch chuin sc = \/S2 A 2,32, L. 0,5 diém.
Lép 10D:
SOHtruNg bINh Xp A2 6,87, oottt 0,5 diém.
Phuong sai 52 "2 3,69, ...\ttt 0,5 diém.
DO 16ch chudn sp A 1,02, oo e 0,5 diém.
b) Két qua bai thi mon Todn ctia 16p 10B dong déu hon Vi sp < Sc. «.oovevnernerneenann... 0,5 diém.

Bai 2. (5,0 diém) Do chiéu cao ctia 40 hoc sinh trusng THPT Y, ta c6 bang s6 liéu sau

150 | 150 | 150 | 151 | 152 | 152 | 153 | 154 | 154 | 155
155 | 156 | 156 | 157 | 157 | 158 | 159 | 160 | 160 | 161
162 | 163 | 164 | 165 | 166 | 167 | 167 | 167 | 168 | 168
169 | 169 | 170 | 171 | 171 | 172 | 173 | 174 | 175 | 175

a) Hay lap bang phan bb tan s6 ghép 16p véi cac 16p 1a
[150; 154), [155;160), [160; 165), [165; 170), [170;175)].

Tt d6, hay tinh s trung binh, phuong sai va d6 1éch chuin clia bang phan bb tan s6 ghép 16p da lap
(tinh chinh x4c dén chit s6 thap phan thi hai).

b) Hiy vé biéu dd tan s6 hinh cot vé chiéu cao cia 40 hoc sinh trudng Y.
Loi giai.

a) Bang phan bd tan s6 ghép 16p

Ldp Tan so | Gia tri dai dién

[150;155) 9 152,5

[155;160) 157,5

[160;165) | 6 162,5

[165;170) | 9 167,5

[170;175] | 8 172,5

n =40

LAP QUGC COLTAN SO ..o oottt e e e e e e e 0,5 diém.
Lap dugc cOt gid tri dai dién . ...........ioie 0,5 diém.
Tinh dugc gid tri trung binh X = 162,37, ... ..ot 0,75 diém.
Tinh dudc phuong sai S)zc % 1% TR 0,75 diém.

Tinh dudc dd 18ch chun s, A2 7,29, oot e e 0,5 diém.
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b) Biéu dd tan s6 hinh cot vé chiéu cao ciia 40 hoc sinh trudng Y:

175 Chiéu cao

Bai 3. (1,5 diém) Mot hoc sinh ghi lai bang phan bd tan sd, tan suit ciia modt mau s6 liéu nhu sau

Gia tri 0 1 2 3 4
Tan s6 n=
Tan suat (%) | 6,25 | 50,0 | 25,0 | 6,25 | 12,5 | 100

Tuy nhién, em d6 quén ghi kich thuéc mau n. Biét riang n 12 s6 c6 2 chit s6 va chit sb tan cung 1a 4. Tim gia
tri n.

Loi gidi. Gid tri 0 va 3 c6 tan s6 12 n.6,25% = 1n_6 ........................................ 0,25 diém.
Gia tri 1 ¢6 tan sb 12 n.50% = g .......................................................... 0,25 diém.
Gia tri 2 c6 tan s6 14 n.25% = Z .......................................................... 0,25 diém.
Gid tri 4 ¢6 tan s6 13 n.12,5% — g ........................................................ 0,25 diém.
Vi tan s6 }é cac sO ngyyén dupng nén n phai chia hétcho 16:8:4:2. e 0,25 dié:m.
Manlasoco2chiso,chisotincungladnénn==064...... . ... ... iiiiiiiiiiiinnn.. 0,25 diém.

III. Pésé2a
Bai 1. Diém kiém tra mon Toan cubi hoc ky 1 ctia mot nhém 16 hoc sinh 1a:
8.9,7,0,2,7,9,10,4,5,7,8,8,9,10,7.

Tim m&t va sb trung vi clia cac sb liéu thong ké da cho.
Loi gidi. Sap xép s6 lidu theo thii ty khong giam ta dudc:

0,2,4,5,7,7,7,7,8,8,8,9,9,9, 10, 10.

Suy ra,
e Phinti c6tAn s 16n nhdt 12 7. Do dO MmOt Mo = 7. oo 1,0 diém.
7+38 ,
e Trung vi M, = % S 1,0 diem

Bai 2. Tién thudng ctia 35 nhan vién trong mot cong ti dudc thdng ké trong bang tan s6 ghép 16p sau diy
(don vi: triéu dong)
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Lop | [20;24] [ [25;29] | [30;34] | [35;39] | [40;44] | Cong
Tan so 2 7 15 8 3 n=35

Tinh s6 trung binh va d6 1éch chuan (két qua lam tron dén hang phan trim).

Loi giai.

2.2247-27+15-324+8-37+3-42
35

e S6 trung binh X = = 3243, 1,0 diém.

e Phuong sai

5 2:22247-2774+15-3224-8-3724+3-422 (2-22+7-27+15-32+8-37+3~42)2
Sy = - .
35 35

Do vay do 16ch chudn sy = V/s2 = 4,98, ... o 1,0 diém

Bai 3. Diéu tra vé chiéu cao ctia hoc sinh (don vi: cm) trong trudng THPT, ngudi ta thu dugc bang sb liéu
théng ké sau:

160 163 166 162 164 167 165 169 163 167 171 168
165 161 170 171 164 172 162 167 173 169 164 166
164 166 165 167 161 168 164 174 165 168 163 161

a) Lap bang phan bd tan sd ghép 16p, st dung céc 16p sau:
[160;163),[163;166),[166;169),[169;172),[172;175).
b) Veé biéu dd tan s hinh cot.
Loi giai.

a) Bang phan bd tan s6 ghép 16p:

Lép | [160;163) | [163;166) | [166;169) | [169;172) | [172;175) | Cong
Tan so6 6 12 10 5 3 n=736

................................................................................... 1,0 di€ém

172 175 Chiéu cao
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Bai 4.
Biéu do tan suét hinh quat hinh bén m6 ta bang phan bd tan suit
ghép 16p clia dit liéu diém thi cta 20 hoc sinh trong ki thi Tiéng

. PRI p N P 60;70
Anh (thang diém 100). Hay lap bang phan bo tan so va tan suat o )
ghép 16p cua dit liéu do. [] [70:80)
[80;90)
[] [90;100]
Loi giai. Bang phan bd tan s6 va tan suat ghép 16p:
Ldp [60;70) | [70;80) | [80;90) | [90;100] | Cong
Tan s6 6 6 5 3 n =20
Tan suét (%) 30 30 25 15 100 (%)
....................................................................................... 2,0 di€m

Bai 5. Diém kiém tra mon Toén ctia 35 hoc sinh 16p 10A dudc thdng ké trong bang phan bd tan s6 sau day
(thang di€ém 10):

Piem |0[1[2|3]4[5/6[7[8|9]10]| Cong
Tansé |2 | 1|21 [2[3[x|[5]y|4] 3 [n=35

Biét rang mau s liéu trén c6 2 mét. Hiy tim x va y.

Loi giai. Tong s6 hoc sinh 12 35 nén x4y = 12, suy ra c6 it nhit mot trong hai s6 x hoic y khong nhd hon
6. Vimaus6licuco 2moétnén x =y =6thOaman. ...........ooiiuieniniineeiananann... 1,0 diém
IV. Deso2b

Bai 1. Piém kiém tra mon Toan cudi hoc ky 1 ctia mdt nhém 17 hoc sinh 1a:

8,9,7,0,2,7,9,10,4,5,7,8,8,9, 10,8, 3.

Tim m&t va sb trung vi clia cac sb liéu thong ké da cho.
Loi gidi. Sap xép s6 lidu theo thii ty khong giam ta dudc:

0,2,3,4,5,7,7,7,8,8,8.,8,9,9.9, 10, 10.

Suy ra,
e Phin t&f c6 tAn s6 16n nhat 12 8. Do dO MmOt Mo = 8. oo v oo 1,0 diém.
O TIUNG Vi Mo = 8. oot 1,0 diém

Bai 2. Tién thudng ctia 35 nhan vién trong mot cong ti dudc thong ké trong bang tan sb ghép 16p sau day
(don vi: triéu dong)

Lop | [20;24] [ [25;29] | [30;34] | [35;39] | [40;44] | Cong
Tan s 2 7 15 8 3 n=35

Tinh sb trung binh va dd 1éch chuin (két qua 1am tron dén hang phan trim).
Loi giai.
2.-2247-27+15-32+48-37+3-42

3 = 3243, 1,0 diém.

e Sb trung binh X =
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e Phuong sai

N

) 2:22247.277+15-322 4837243422 (2-22+7-27+15-32+8-37+3-42)2
x 35 - .

35

Do vy d0 18ch chun sy = V52 = 4,98, ... oo 1,0 diém

Bai 3. Dbiéu tra vé cin niing ctia c4 (don vi: kg) trong ao nudi, ngudi ta thu dudc bang sb liéu thong ké sau:

35 85 65 55 45 56 95 59 75 38
68 42 73 57 80 59 36 18 64 79
71 60 76 40 61 67 63 69 62 17
61 38 62 66 63 64 15 39 75 60
90 60 75 36 61 60 54 64 92 47

a) Lap bang phan bd tan sb ghép 16p, st dung cac 16p sau: [3,5;5,0),[5,0;6,5),[6,5;8,0), [8,0; 10].
b) Vé biéu dd tan sé hinh cot.
Loi giai.

a) Bang phan bb tan s6 ghép 16p:

Lop | [3,5;5,0) | [5,0;6,5) | [6,5:8,0) | [8,0;10] [ Cong
Tan s6 10 20 15 5 n=>50

................................................................................... 1,0 diém

b) Biéu dd tan s6 hinh quat:

[3,5;5,0)

[5,0;6,5)

[6,5;8,0)

8,0;10]

................................................................................... 2,0 diém
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Bai 4.
Cho biéu dd dudng gip khiic tan s6 hinh bén mo td khdi minss

lugng cua 30 cu khoai tay sau khi thu hoach (don vi: |
gam). Hiy 1ap bang phan bd tan sd va tan suét ghép 16p
cua dit liéu do, st dung céc 16p sau: [70;80), [80;90),
[90;100), [100;110), [110;120]. 61

10 +

o
4
t

Khéi lugng (gam)

Loi gidi. Bang phan b tan s6 va tan suat ghép 16p:

Lép [70;80) [ [80;90) [ [90;100] | [100;110) | [110;120] | Céng
Tan s6 2 6 12 6 4 n=30
Tansuat (%) | 6,7 20,0 40,0 20,0 13,3 100 (%)

Bai 5. Diém kiém tra mon Todn ctia 40 hoc sinh 16p 10B dudc thdng ké trong bang phan bd tan s6 sau day
(thang di€ém 10):

Piem |0[1[2|3]4[5/6[7[8|9]10]| Cong
Tansé |2 | 1|21 [2|x|5[7]y|5] 4 [n=40

Biét rang mau s6 liéu trén c6 2 mét. Hay tim x va y.
Loi giai. Tong s6 hoc sinh 12 45 nén x +y = 16, suy ra c6 it nhit mot trong hai sd x hoidc y khong nhd hon
8. Vimius6lituco2mbtnén x =y =8 thda man. ............coueuiuniniuninainannnnnnn.. 1,0 diém

V. Désb3a

Bai 1. (2,0 diém) Cho bang phan bd tan sb ghép 16p:

Lép cac giatrix | [8; 10) | [10; 12) | [12; 14] | COng

Tan s0 n; 15 30 55 100
Haiy tim sb trung binh ciia c4c gia tri trong bang trén.
o aBs s et s 1A h e 1A 8+ 10
Loi giai. Gid tri dai dién cta 16p [8;10): ¢; = +T =09.
10412
Gid tri dai dién cda 16p [10;12): ¢y — ———= — 11.
_12+14

Gia trj dai dién cta 16p [12;14): ¢3 = 7 = 13.
9.15+11.30+13.55 59
15430455  5°
Bai 2. (2,0 diém) Do dai ctia 60 14 duong xi trudng thanh dugc cho bing bang phan b tin s6 ghép 16p nhu
sau.

S6 trung binh cong: X =

SO0 TT | L6p cua do dai (cm) | Tan so
1 [10;20) 18
2 [20;30) 8
3 [30;40) 10
4 [40;50) 24
Cong 60

Hiy tinh phuong sai ctia bang sb liéu théng ké trén.
Loi giai. Lap thém cot gia tri dai dién ctia mdi 16p:
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S6 TT | L6p ctia dd dai (cm) | Gid tri dai dién | Tan s6
1 [10;20) 15 18
2 [20;30) 25 8
3 [30;40) 35 10
4 [40;50) 45 24
Cong 60

Ta c6 do dai trung binh 1a X = 93—5
Vay phuong sai can tim 14
95\? 95\? 95\? 95\?
18<15——) 8<25——> 10(35——) 24(45——)
2= 3 i 3 i 3 + 3 1460
e 60 9

Bai 3. (2,0 diém) Cho bang phan b tan s6 sau

Gia tri X X2 X3 X4 X5
Tan so 3 5 n+6 20—n 9

Trong d6 n 1a s6 tu nhién va gid tri x4 12 mbt duy nhit ctia bang sb liéu thong ké da cho. Hiy tim s6 n?
Loi giai. Tur gia thiét x4 12 mdt duy nhét ctia bang s6 liéu thdng ké di cho nén ta c6

20—n>9 N n<ll
20—n>n+6 n<7

Vi n 1a s6 tu nhién nén céc gia tri n thdaman 1a: 0 <n < 7.

sSn<T.

Bai 4. (2,0 diém) Cho biéu dd tan suit hinh cot vé s6 ddng hd ban dudc ctia mét cira hang & thi trén X trong
30 ngay nhu hinh vé

Tan sut

-

30 40 50 60 70

S6 dong hd
Tim gid tri cia m va n biét m —n = 14.

Loi giai. Dua vao bi€u dd ta c6: 10+m+30+n = 100 = m+n = 60.
m—+n = 60 {m:37

Ta c¢6 hé phuong trinh: = .
m—n=14 n=23

Bai 5. (2,0 diém) Mot doan gdbm 80 hoc sinh ciia tinh A (gém 16p 11 va 16p 12) tham du ki thi gidi toan
ctia tinh (thang di€ém 20) va di€ém trung binh ctia ho 1a 10. Biét rang s hoc sinh 16p 11 nhiéu hon 50% s6
hoc sinh 16p 12 va diém trung binh ctia hoc sinh khéi 12 cao hon diém trung binh ctia hoc sinh khéi 11 12
50%. Hay tinh diém trung binh ctia hoc sinh khéi 12.

Loi giai. Goi x 1 s6 hoc sinh khéi 12.

S6 hoc sinh ctia khéi 11 1a 1, 5x.

Theo dé: x+1,5x = 80 < x = 32.

Suy ra s6 hoc sinh ctia khdi 11 12 1,5.32 = 48 (hoc sinh)

Goi y 1a diém trung binh ctia hoc sinh khéi 11.

Suy ra diém trung binh ctia hoc sinh khéi 12 1a 1, 5y.

. . 48.y+1,5y.32 25
biém trung binh cua 80 hoc sinh bang 10 nén ta co: % =10&y= 3
. 2 25
Suy ra di€m trung binh cta hoc sinh khoi 11 1a: 1,5y =1,5.— = 12,5.

13
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VI. Désd3b

Bai 1. (2,0 dié'm) Piém thi hoc ki cia mot hoc sinh nhu sau: 5, 5, 2, 6, 3, 5,9, 8, 7, 10, 9. Tim sb trung
binh va s6 trung vi.
5454+24+464+3+54+9+8+7+10+9 B 69

11 BT
Xép lai theo thi tu khong gidm: 2, 3,5, 5,5,6,7,8,9,9, 10. C6 11 s6 lidu nén trung vi 1a sb liéu thi 6. D6
1a 6 6.

Bai 2. (2,0 diém) Nhiét do trung binh & thang 12 ctia tinh X trong sut 30 nim qua da dugc ghi lai theo

Loi gidi. Ta c6 sb trung binh la: 7 =

bang phan bd tan suét ghép 16p nhu sau:

LSp nhiét d6 | Tan suat (%)
[12;16) 16,70
[16;20) 43,25
[20;24) 36,75
[24;28] 3,30

Cong 100%

Tim do 1éch chuin cta bang s6 liéu trén (1am tron dén chit s6 thap phan thi 2)?
Loi giai. Ta cé:
16,70.14> +43,25.18% +36,75.22> + 3,30.26>

a_ ~ 373,04.

100
_ 16,70.144+43,25.18 +36,75.22+3,30.26
X= 100 ~ 19,07

%)? = 19,072 ~ 363, 66.
52 = 373,04 — 363,66 ~ 9,38 = 5, = /9,38 ~ 3,06.

Bai 3. (2,0 diém) Cho bang phan b tin sb sau

Gia tri X1 X2
Tan sb 5 10 n? 16

X3 X4 X5
6n—>5

Tim tAt ca cdc gid tri n d€ x3 12 m6t duy nhit ctia bang phan bd tan s6 da cho.
Loi gidi. Tir gia thiét x3 1a mdt duy nhét ctia bang sb liéu thong ké da cho nén ta c6

n<-—4
n’ > 16 n>4 n<—4
5 =
n->6n-—>5 n<l n>>5
n>>5

Vi n 1a so tu nhién nén cac gia tri n thdéa man la: n > 5.

Bai 4. (2,0 di€m) Cho biéu dd tin suét hinh cot vé s6 ddng hd dudc ban ra ctia mot ctia hang & tinh X trong
30 ngay nhu hinh vé

Tan sut

o 1 19 21 23 25 27

S6 dong hd
Tim gia tri ctia m va n biét m> — 15m — 250 = 0.
Loi gidi. Ta cé: m> — 15m —250 = 0 < m = 25.
Dua vao biéu do ta c6: 10+20+m+n =100 = m+n =70 = n = 45.
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Bai 5. (2,0 diém) Sau mot ki thi hoc sinh gidi Todn, ngudi ta théng ké két qua (thang diém 20) va thu dudc
bang tan sb sau.

Lop diém | [6;10] | [11;15] | [16;20] | Cong
Tan sb 22 12 6 40

Néu nhiing hoc sinh chi can dat diém trung binh ctia bing diém trén déu dugc nhan Gidy Khen cdia ban td
chiic, thi s6 hoc sinh dugc nhian Gidy Khen 13 bao nhiéu?
Loi giai. Ta lap lai bang v6i thém dong gia tri dai dién:

Ldp diém [6;10] | [11;15] | [16;20] | Cdng
Gia tri dai dién 8 13 18
Tan so 22 12 6 40
o 22.8+12.1346.18
Diém trung binh la: X = + 10 + =11.

S6 hoc sinh dugc nhan thudng 1a: 12+ 6 = 18 (hoc sinh).
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Chuong 6

CUNG VA GOC LUQNG GIAC. CONG THUC
LUONG GIAC

§1.  CUNG VA GOC LUQNG GIAC

I. Tém tit Ii thuyét
1. Khai niém cung va goc lugng giac

Dinh nghia 1.
Puong tron dinh hudng 1a mot dudng tron trén dé ta da chon mot chiéu chuyén dong \,_
goi 1a chiéu duong, chiéu ngudc lai goi 1a chiéu am.

Quy uéc: chiéu duong 14 chiéu ngudc véi chidu quay ctia kim dong ho. A

/_

Dinh nghia 2. Trén dudng tron dinh hudéng, cho hai di€m A va B. Mot diém M di chuyén trén dudng tron
ludn theo mdt chiéu (duong hoidc am) tir A dén B tao nén mot cung luong gidc c6 diém dau 13 A, diém cubi
la B.

/\ Véi hai diém A, B dd cho trén duong tron dinh hudng, ta co vé sé cung luwong gidc diém ddu A, diém
%
cuoi B. Moi cung nhu vdy déu dugc ki hiéu la AB.

/N Trén mot duong tron dinh hudng, ldy hai diém A va B thi
e Ki hié¢u AB chi mot cung hinh hoc (cung lon hodc cung bé) hoan toan xdc dinh.

m
e Ki hiéu AB chi mot cung lugng gidc diém dau A, diém cuoi B.

Dinh nghia 3.
%

Trén dudng tron dinh hudng, cho cung lugng gidc CD. Mot diém M chuyén

. (%
dong trén dudng tron tu C dén D tao nén cung lugng gidc CD noi trén.
Khi d6, tia OM quay xung quanh gbc O tit vi tri OC dén vi tri OD. Ta néi
ta OM tao ra mot goc luong gidc c6 tia dau 1a OC, tia cudi 1a OD. Ki hiéu:
(0OC,0D).

395



396 CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC

Dinh nghia 4.
Trong mat phén toa do Oxy, vé duong tron dinh huéng tdm O ban kinh R = 1. y
Pudng tron nay cat hai truc toa do tai bdn diém A(1;0), A’(—1;0), B(0;1), B

B'(0;—1). Talay A lam diém gdc ctia dudng tron dé.
DPudng tron xac dinh nhu trén goi 12 dudng tron luong gidc (goc A).

A 0 A

2. SO do cha cung va géc lugng giac
Pinh nghia 5. Trén dudng tron tiy ¥, cung c6 do dai bang ban kinh dudc goi 1a cung co sé do 1rad.
T 180\°
Lién hé giwra do varad: 1° = ——rad va lrad = (—) .
st 180 Y T
/N Khi viét 56 do ciia mot goc (hay cung) theo don vi radian, ngudi ta thuong khéng viét chi rad sau so
2 T N T
do. Chang han cung > duogc hiéu la cung > rad.

Bang chuyén doi thong dung:

bo | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°

21 3n 5w
Radian

N
19
w|a
YIS

|

|

|

S

Dinh nghia 6. S6 do ciia mot cung lwang gidc AM (A # M) 1a mot sb thuc, Am hay duong.

Ki hiéu s do clia cung 1a AM la sd AM
Ghi nhé:

m

sd AM = o+ k21, k € 7.
my

sd AM = a° +k360°,k € Z

2z 2z m
Dinh nghia 7. S0 do cia goc lugng gidc (OA,OC) la so do cla cung lugng giac AC tuong dng.
S6 do ctia mot cung luong gidc
Z m 2z 2z m
S6 do ctia mot cung lugng giac AM (A # M) 1la mot so thuc, d&m hay duong. Ki hiéu so do cta cung 1a AM
m
la sd AM.
Ghi nhé
8%
sd AM = a+k2r,k € Z.
m
sd AM = a° +k360°,k € Z

S6 do ctia mét géc luong giac

L L %
S6 do cta goc lugng giac (OA,OC) la so6 do cua cung lugng gidc AC tuong tng.

Bi¢u dién cung hrong giac trén duong tron lugng giac
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Piém M trén dudng tron ludng gidc sao cho goéc lugng gidc v,
(OA,0M)) = o 1a diém biéu dién cung lugng gidc c6 sb do . B
A o A
0 X
Bl

II. Cac dang toan

Dang 1. Lién hé giwra do va radian

o am om A <z . R 180\ °
St dung cong thic chuyén doi gitta so do do va so do radian: 1° = % rad va 1rad = (?) .

Vidu 1. Déi s6 do clia cac goc sau ra radian: 72°;600°; —37°45'30".

<o .o T .
Loi giai. Vi 1° = ——rad nén

)80

T T

720=72.— =",
180 5

T 107
600° =600+ — = —;
80

_37045/30//:_370_(£> _( 30 ) :(4531) :4531 T %0,6587

60 60 - 60 120 120 180
’ Do A > ~ ~ ~ 5 3
Vidu 2. Doi so do cua cac goc sau ra do: %; ?ﬂ:; —4.

1 o
Loi giai. Vi lrad = (%) nén
St (57: 180)o o
18 \18 =« =50%
3m (37r 180)O
—=(—-—] =108
5 5 =&

1 (o]
4= (4. ﬂ) ~ —2260°48'.
T
BAI TAP TU LUYEN

Bai 1. Ddi s6 do clia cac goc sau ra radian: 54°;30°45’; —60°; —210°.

T 3n
L\. l"c. 4o: 4‘_:_.

e 545 &0 %83 ° 123 41
(e} ! __ o = | == — . T — T ~ .
307457 =30 +(60) _< 4 ) 4 180 240 0,5367;
T T
—60°=—-60- — = ——:
180 3
r

v/
—210° =210 — = ——.
180 6
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< L T 5m Arm
Bai 2. D0ai so do cua cac goc sau ra do: — ;

o 5,—?,?,3,5675
Lui gidi. gz (E—> —36°;

5 &
5T (57r 180)°
—=—|—=-—] =150°%
6 6 =&
4w (47r 180)o
— = —-—] =240°
3 3 T

1 o
3,56 = (3,56%- %) ~ 640°48'.

Dang 2. Do dai cung lugng giac
Cung tron ban kinh R ¢6 sb do o (0 < o0 < 27), ¢6 56 do a° (0 < a < 360) va c6 do dai 1a / thi:

Ta o a
I=Ro="% Rdods & = &
= 180" %7 " 180

Dic bt Trad = (%0) o= " ad

Vi du 3. Mot dudng tron c6 ban kinh 36 m. Tim do dai cdia cung trén dudng tron d6 c6 sb do 1a
2) 2% b) 51° 9=
4 3

N A e 1 s X . Ta A
Loi giai. Theo cong thiic tinh d dai cung tron ta co [ = Roe = @'R nén

3
a) Tacél = Ra = 36.°F — 277 ~ 84,8m
551 517
g Ta . T . -
b)Tacol = _180'R = —180.36 == 32,04 m.

1
c)Tacél:ROt:36.§:12m.

z 2 171N A N N s s A 1 ° <A A N , N
Vidu 4. Mot hai li 1a do dai cung tron xich dao c6 so do (@> = 1'. Biét do dai xich dao 12 40.000

km, hoi mot hai 1i dai bao nhiéu km?

40000 1
sq0 g~ 852 km.

Loi gidi. Mot hai 1f dai

Vi du 5.
Cho hinh vudng Ag,A,A>,A4 ndi tiép dudng tron tam O (cac dinh A
dugc sap xép theo chiéu ngudc chidu quay ciia kim dong hd). Tinh

m m
s6 do clia cac cung lugng gidc ApA;, AiA; (i, j=0,1,2,3,4,i # )).

— m
Loi giai. Ta c6 AgOAg = 0 nén sdApAg = k27, k € Z
— N
AgOA; = g nén sdAgA, = g+k27r, ke
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— (%

AgOA> = nén sdApA1 = +k2n, ke Z

— T ~ T 3n

AgOA3 = 5 nén sdApAj :2717—54—](271': 7+k27’b’,k€Z
~ .

Nhu vay sdAgA; — %+k2n,i:0,1,2,3,kez

~ ~ ~ T
Theo hé thiic salo ta c6 sd A;A j=sdAoA; — sdAoA; +k2m = (j—i) ) + k2w, k € Z.

BAI TAP TU LUYEN

Bai 3. Tinh do dai cung tron trong céc truong hgp sau:

a) Ban kinh R = 5, ¢6 sb do 72°. b) Ban kinh R = 18, ¢6 s do 150°.
T.72
L\ . n’)o. — -~ — 2 .
oi giai 12;)()1 180 5 /4
.
= 18 = 15m7.
b) [ 180 8 5w

\ e N N » N - ~ - A N N ~ A T fe)
Bai 4. Cho duong tron c6 dudng kinh R = 20 cm. Hay tinh d6 dai cung tron c6 so do: 5 1,5;37

Li gidi.

o= %.2()%4,19 cm,

e [=1,520~30cm.

37.w
o [ = W'ZO ~ 12,91 cm.

Bai 5. Banh xe ctia ngudi di xe dap quay dudc 11 vong trong 5 gidy.
a) Tinh goc (theo do va radian) ma banh xe quay dudc trong 1 giay.
b) Tinh quing dudng ma ngudi di xe da di dugc trong 1 phiit, biét rang dudng kinh banh xe dap 12 680 mm.
Loi giai. a) Trong 1 gidy, banh xe quay dudc 5 vong, tuc la quay dudc mdt goc = (rad) hay 792°.
22r
b) Trong 1 phut, banh xe lan dugc [ = 340.T.60 ~ 281,990 (mm) ~ 282 m.
Bai 6. Cho luc gidc déu AgA[A2A4A5A6 noi tiép dudng tron tim O(cac dinh dudc sap xép theo chiéu ngudc
N N N Z m m
chiéu quay ctia kim dong ho). Tinh so do ctia cac cung ludng gidc ApA;, AA; (i, =0,1,2,3,4,5,i # j).

my
Loi gidi. sd AgA; — %—f—an, i=0,1,2,3,4,5 ke Z

~ ~ ~ T

sd AiA j=s0A0A | — sdAoA; Hk2T = (j—i). 5 +K22,i,j = 0,1,2,3,4,5,i # j. k € L.
. ) . N~ T .
Bai 7. Trén duodng tron lugng giac goc A. Cho diém M,N sao cho sdAM = 3 sdAN = -3 Cac diém
m m %

M’ N’ 1an ludt 12 cic diém ddi xing ctia M, N qua tam dudng tron. Tim sd do ctia cung AM’, AN’ va M'N'.
Loi giai.

~ T 67
sdAM’' = s +T+k2w = = +k2m,k € Z

~ 4
SAAN' = —§+7r+k27t: ?n+k27r,ke Vi
Theo hé thuc Saclo ta co
sdM'N'=sdAN’— sdAM' + k21 = -5 +k2m,k € Z.

A,
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Dang 3. Bié¢u dién cung luong giac trén duong tron lugng giac

Dé biéu dién cung lugng gic trén dudng tron luong gidc, ta thuong st dung cac két qua sau:

e Cung c6 s6 do a (a°) va cung c6 sb6 do a + k27 (a° + k360°) c6 cung diém biéu dién trén
duong tron lugng giac.

2 rap gy r 2 R k2rw
e SO diém trén ducng tron lugng giac biéu dieén cung lugng gidc c6 so do dang o + — (hay
m

(e}

a® + ) (v6i k 1a s& nguyén va m 1a s6 nguyén duong) 12 m diém. Tur d6 dé biéu dién cic

cung lugng gidc do, ta cho k chay tit 0 dén m — 1 16i bi€u dién céc cung dé.

om
Vi du 6. Biéu dién cung lugng gidc trén dudng tron lugng gidc c6 sd do T

Loi giai.
97 =« o o ax . 9 o
Ta c6 7 =1 +2-2x. Do d6 diém biéu dién cung lugng giac T trung voi
: co aeR ., Tt
diém biéu dieén cung lugng giac 1

y
B
~ .2 4. o o NP , .~ ” .
Viay diém cuoi cua cung T la diém chinh gitta M cua cung nho AB. N "
B/

X
[ Vi du 7. Biéu dién cung lugng gidc trén dudng tron lugng gidc c6 sd do —765°.
Loi giai.
Ta c6 —765° = —45° —2-360°. Do d6 di€m biéu dién cung lugng glac —765°
trung v6i diém biéu dién cung lugng gidc —45°. Lai ¢ 360~ 8 . Ta chia
dudng tron thanh 8 phin bang nhau.
Khi d6 di€ém M biéu dién géc c6 s6 do —765°. A

X

M
/

[ Vi du 8. Biéu dién cac cung lugng gidc c6 sb do x = k7 vé6i k 1a sb nguyén tuy y.

Loi gidi.
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k2m o o .z e .oz
Tacox=km = — Viéy ¢6 2 diém biéu dién cung lugng giac c6 so do k7. V.
B
e VGi k=0, x =0, dugc bi€u dién bdi di€m A.
e Vi k=1, x=r, dugc biéu dién bsi di€m A’ Al A
0 x
B/

, .z s A 71‘. 2,0 N A A N - 2 PN ., .
Vidu 9. Cho cung lugng giac co so do x = 2 + k7 v6i k 1a sO nguyén tuy y. Co bao nhiéu gia tri k
thdéa man x € [27;57]?

7
Toignsom ks

Loi gidi. Gidi h¢ bit phuong trinh { % P ‘1‘9 .
1 +kmw <5m k< T

. 7 19 P Co . N . -
T d6, dé x € [2m; 57| thi 1 <k< 7 Vi k 1a s06 nguyén nén c6 3 gia tri cla k, 1a 2, 3,4, thda man ycbt.

Vidu 10. Cho cung lugng giac c6 so do x = 3 + T vGi k 1a so nguyén tuy y. Co6 bao nhiéu gid tri

3
cua k théa man x € (—?ﬂ;4n] ?

T km 3n 16
) BRI k>—1<
Loi giai. Giai hé bat phuong trinh Tk & sy -
——4+—<4 k< —
3T 4 =Y =73
3r . 16 52 <% A A
Tu do, dé x € —?;47r thi T <k< 3 Vi k 1a sO nguyén nén c6 19 gia tri cda k (—1,0,...16,17)

thoa ycbt.

Vidu 11. Cho cung lugng giac c6 soO doxz—z—kz V01 sO k tuy y. Co bao nhi€u gia tri cua k thoa

man x € (_TE;ZE]?

T km -7 1

, 3t 3 )P

Loi giai. Giai hé bat phuong trinh Tk &= 7
BT k<l
: 6 = =72

. - 1 27 < e )
Tu do, dé x € (T;Zﬂ:] thi —5 <k< > Vi k 1a s0 nguyén nén c6 14 gia tri cua k (0,1,...12,13) thoa
ycbt.

Vidu 12. Biéu dién cdc cung lugng giac co so do x = > véi k 1a sO nguyén tuy y.

Li gidi.
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kr K2w e o gex S .ox VA
Tacox= > =1 Viay ¢6 2 diém biéu dién cung lugng giac c6 so do ka.

e Véi k=0, x; = 0, dudc biéu dién bdi di€ém A.
T o qex e a0 R

e VGik=1x= 5 dudc biéu dién bédi diém B.

o Véi k=2, x3 =, dudc biéu dién bdi di€ém A’.

. 37[ .2 « X 9, [N
o VGik=3x4= > dudc bi€u dién bdi diém B'.

BAI TAP TU LUYEN

- km o
Bai 8. Biéu dién cung lugng giac cd so do x = 3 vGi k 1a sO nguyén tuy y.
Loi giai.

kT k2w 2 . X . P km
Tacox= 3= ¢ Viay ¢6 6 diém biéu dién cung luong giac c6 so do 3
e Véik =0, x; =0, dugc bi€u dién bdi di€ém M;.

TC 2 R 9. . 2
e VGik=1,x= 3 dudc biéu dién béi dieém M,.

. 21 o R e g
° V61k:2,x3:?,du(§c biéu dién béi diém M3.

V6i k = 3, x4 = &, dugc bi€u dién bdi di€ém My.

ar ¢ R v 4R
Véik=4,x;5 = ?,du(jc biéu dién béi dieém Ms.

Sz e R 1 ae s
V6ik=5,x = ?,du’(}c biéu dién bdi diem M.

Bai 9. Biéu dién cung luong gidc c6 sd do x = —750°.

Losi gidi.

Ta cé x = —750° = —30 —2-360°. Vay diém dién goc —750° trung v6i di€m
biéu di€§10cung ludng gidc —30°.

1 +
Lai co 360~ 12" Ta chia duong tron thanh 12 phan bang nhau.

Chi y géc —30° nam dudi truc Ox.
Khi d6 diém M biéu dién cung lugng gidc —750°.

So Lo 1x .z 2
Bai 10. Biéu dién cung lugng giac ¢6 so do x = 3
Loi giai.
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Y,
B
A’ A
X
B/
M3
2
M, M,
X
Ms 6
B
A’ A
X
M
B/
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1 L
Ta co: w3 Ta chia duong tron thanh 3 phan bang nhau. y

. o 1z 2n
Khi d6 diém M biéu dién cung lugng gidc x = 3 M

A/

403

N e R - X ~ .z 2 A 71: 2, N A A N -
Bai 11. Biéu dien cdc cung lugng giac cd so do x = 3 + k7 vGi k 1a sO nguyén tuy y.
Loi giai.

T T k2rw o 1.4 i oz
Ta céx:§+k7r:§+7.V€1y c0 2 di€ém biéu dien cung lugng giac co so y

dong—l—kn.

. T A WX e s
o VGik=0,x = 3 dudc bi€u dién bdi diém M. A

4r O X L me 4R
e VGi k= 1,x) = —, dudc biéu dién bdi diém M,.
3 M

<. e x o4 Tokmo 4 AN
Bai 12. Biéu dién cac cung lugng giac c6 so do x = 1 + 5 vGi k 1a sO nguyén tuy y.
Loi giai.

T km T k2w o .o 1.z .
Ta co x = 2 + 5= + 7 Viy c6 4 diém biéu dién cung lugng giac y

c6 sb do x.

T o 1% e ae R
e VGik=0,x = - dudc biéu dien bdi diem M.

R‘

/4 o R Lo e
o Viik=1,x= T duoc biéu dién béi diém M. 0
2y 37[ R X P, o A
e Vik=2,x3= i dudc biéu dién bdi dieém Ms.
e 57[ g «x .. R
e VGik=3x4= i dudc biéu dién bdi diém My.

< Tk 2
Bai 13. Biéu dién cung lugng giac c6 so dox:—g—i—?vdlkla sO nguyén tuy y.

Lui gidi.
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T km T k2w o o iz .
Tacox= s + T-7% + < Vay c6 6 dieém biéu dien cung lugng giac y
6 sb do x. B
T o e x e e
e V6i k=0, x; = ——, dudc biéu dién bdi diem M. M; M,
6 /
A A
/4 O K L 4s A E
o VSik=1,x = =, dugc biéu dién bdi diém M,. 0 .
6 My M,
T o R Lo e
o VGik=2x3= > dugc biéu dién bdi diém B. B

R4 o X 1 me ae
Véik:3,x4:?,dm)c biéu dién béi dieém M3.

. 77[ g « X 2, o A
Véik=4,x5 = T dudc biéu dién bdi diém My.

3r O LK 1 45
o Voik=05,x5= T,du’(jc biéu dién bdi di€ém B'.

Bai 14. Khi biéu dién céc cung lugng gidc c6 sb do x = kxr va y = k27 1én dudng tron lugng gidc, sb diém

chung nhan dudc 1a bao nhiéu?

Loi giai.
T o e ax P
Tacox=km = — Vay c6 2 diém bi€u dién cung lugng gidc ¢ so do x. y
B
e V6ik=0,x; =0, dugc biéu dién bdi diém A.
e Véi k=1, x, = 1 dugc bi€u dién bdi diém A’. A A
Ta ¢6 y = k2. Vay ¢6 1 diém biéu dién cung luong gidc c6 sb do y. Vi 0 .
k =0,y =0, dudc bi€u dién bsi diém A. Vay s6 diém chung nhan dugc 1a 1
diém chung. /
B

<. A I .oz T . T N N R ..
Bai 15. Khi biéu dien cac cung lugng giac c¢6 so do x = 0 +kmwvay= > + k27 1€n duong tron lugng giac,

s6 diém chung nhan dudc 12 bao nhiéu?

Loi giai.
. nook2m e e s
Tacox=km = > + - Vay ¢6 2 diém biéu dién cung luong giac co so do x. y
B
T o 1.x e
e V6ik=0,x = 5 dudc biéu dién bdi diém B.
3n o . A’ A
o Vik=1,x= > dudc bi€u dién bdi di€ém B'. 0 X
7[ 2 .2 -4 ., , A )
Tacdéy= 0 +k2m. Vay c6 1 diém bi€u dien cung lugng giac c¢6 so6 do y. V6i
B/

n 2 R P A A A 2 ~ N
k=0,y= > dudc biéu dién bdi diem B. Vay so diem chung nhan dugc 1a 1
diém chung.

k. 5w

\ e . R X ~ L3 ~ A n A S N sz
Bai 16. Khi biéu dien cac cung lugng gidccé6 so dox= -+ —vay= 3 + k7 1€n duong tron luong giac,

3 2
s6 di€ém chung nhan dudc 12 bao nhiéu?

Lui gidi.
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T kr ®w K2&m
Tacéx= 3 + 5 =3 + - Vay c6 4 di€ém biéu dién cung luong gidc c6 V.
s6 do x. B
1
T A e e
e V6ik=0,x ==, dugc biéu dién béi diém M;. MY
3 /
A A
51 o ke g )
o Vi k=1, = >~ duge biéu dién bdi diém M. °l N *
4w o . M3 !
e VGik=1,x= 3 dudc biéu dién bdi diem M;. B

11m o X 12 4R
e V6i k=1, xy; = —— dudc biéu dién baéi diém Mj.

5w St k2w
Tacoy= 3 + k= 3 + - Vay c¢6 2 diém biéu dién cung lugng gidc c6 s6 do y.

5wt o X 4o g
V6ik=0,y, = T dugc biéu dién bdi diém N;.

11x o x4 ae
Véik=1,y, = Tduoc biéu dién bdi diém N».

Vay sb diém chung nhan dudc 1a 2 diém chung.

Bai 17. Tim tit c4 cic diém trén dudng tron lugng gidc biéu dién cung lugng gidc ¢ s6 do x = Tﬂ: khong
trung véi diém biéu dién cung ludng giac c6 s6 do y = k7.
Loi giai. Tacéx = l%r = kZTn Viy c6 8 diém biéu dién cung lugng gidc c6 s6 do x, 1an luct biéu dién cic
cung luong gidc c6 s6 do 0, —— 27 47r’ 6_717, 871-, 10%, 12%, 147:.

8888787 878

2 .0 .0 X ., . A X .0 X ,
Tacoy=knm = > Vay ¢6 2 diém biéu dién cung lugng gidc c¢6 so do y, 1an lugt biéu dién cac cung lugng

PP T
giac c¢6 so do 0, 5

Vay ¢6 6 diém théa man ycbt.

<. 4. o . g " N . e . 2z 2n  krw
Bai 18. Tim tat ca cac diém trén duong tron lugng giac biéu dién cung luong giac c6 so do x = 3 + 3
R N N . 2 k2w
khong trung véi diém biéu dien cung luong giac c6 so doy = =3

2 km 2 k2xm
+ — = == 4+ ==, Vay c6 6 diém biéu dién cung luong giac c6 sb do x, 1an luot

33 3
27r 3t 4 Sm 61 Im
bi€u dién c4c cung luong gidc c6 sd do —, =, — — — — .

Loi giai. Ta cox=

2 n A 2 R R X .z 2 A A R X 2 .z
Tacoy= 3 Vay c¢6 3 diém biéu dién cung lugng giac co so do y, 1an lugt bi€u dién cac cung lugng giac

2w 47w
do 0, — .
COSO 0] 3 3

Vay ¢6 4 diém théa man ycbt.
BAI TAP TONG HOP
Bai 19. Chiing minh:

1 221
a) Hai goc luong gidc c6 cung tia dau va c6 s do 1an luot 1 =N va =N thi c6 cling tia cubi.

b) Hai géc lugng gidc c6 cung tia dau va c6 sé do 645° va —435° thi ¢6 cuing tia cudi.

Lui gidi.
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22 10m 12m  10m
Taco: = = 4.
a) Taco 3 3 + 3 3 +4r

Vay hai goc da cho c6 cung tia cuoi.

b) Taco:645° = —75°42-360° va —435° = —75° —360°.
Vay 645° va —435° ¢6 clng tia cubi.

Bai 20. Coi kim gid dong ho 12 tia Ou, kim phiit dong ho 1a tia Ov. Hay tim s6 do clia géc lugng gidc
(Ou; Ov) khi dong hd chi 3 gid, 4 giv, 9 gio, 11 gio.
Loi giai.

e Khi dong hd chi 3 gid, ta c6 sd(Ou, Ov) = g ey
e Khi dong ho 4 gio, ta c6 sd(Ou, Ov) = 2?71: +k2m
o Khi dong hd 9 gid, ta ¢6 sd(Ou, Ov) = —g ey
e Khi dong ho 11 gid, ta c6 sd(Ou,Ov) = —g +k2m

Bai 21. Cho goc lugng gidc (Ou, Ov) c6 s6 do o. Tim s6 do goc hinh hoc uOv trong cac truong hgp sau:

a) a=—1955° b) o= 10887
3

Lui gidi. Trudc hét ta cin nhé 0° < uOv < 180° va (Ou, Ov) = uOv + k360°.

a) Tacé a = —1955° = 165° — 6-360°. Nén uOv = 165°.

10887 2 2
b) o= 3n:?n+181-27r.Vayu0v:?n.

Bai 22. Cho dudng tron dudng kinh 20 cm. Tim s6 do bing dd va rad cac cung c6 do6 dai 1an lugt 12 9 cm,
37 cm.
Loi giai. Goi R 1a ban kinh dudng tron, khi d6 suy ra R = 10 cm.

9
. . l 0 189 r162\°
e Vdicungcododai9cm,tacé:/=R-a=>a=—-=-—rad= :( )
R 10 /4 T
37
—-180 o
[ 37 296
oVéicungcédédéi37cm,tacé:l:R-Oc:>a:—:—rad:10 _< )
R 10 /4 T
.. . R . . . . & s 1807
Bai 23. Trén duong tron lugng giac cho cac cung cd so do theo thu tu la —60°,—315°, —1130°, —

1 1 7[ P . , A ~, N , N 2 A

5 Hoi trong cac cung trén nhiing cung nao c¢6 cung diém cuodi?

Loi giai. Trudc hét ta thiy hai cung ¢ sd do o va B goi la c6 chung gbc va chung ngon khi va chi khi
o =P +k2m < oo — B = 2km. Tidc 1a hai cung lugng gidc c6 chung diém gbc va di€ém ngon khi va chi khi
chung hon kém nhau bdi ctia 27 (bdi ciia 360°).
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Ta co:

—60° — (—315°) =255° #£k360°,k € Z
—60° —(1130°) = —3-360° — 110° # £360°

o 1807 n 1807
—60 —(—T)——§+T7ﬁk2n
11 T llrx

60— (=) =B 4= 00
60 (3> R 4 d
_315° — 1130° = —4-360° — 45° 4 k360°

180 5 2
—113O°—(——n>=—3-27r+1—g+13,27r—7n;£k27r.

N R o . I o ax
Nhu vay bang cach tinh hi€u so cua tiing cép ta thay chi c6 cung —60° va cung 3 la ¢6 chung diém dau
va diém cudi.
Bai 24. Cho géc lugng gidc (OC;0OD) = 405° + k360°. Tim tt ca cdc goc ¢ cling tia dau va tia cudi v6i
gbc da cho va c6 s6 do vdéi gid tri tuyét déi khong qua 1200°.
Loi giai. Goi a 1a géc can tim.
53

107
Theo baira o < [1200°| & —1200° <405° +4k360° < 1200° = ——— <k < — = ke {—4;-3;-2;—-1;0;1;2}.

24 —24
Vay cac goc can tim theo thd tu 12 : —1035; —675; —315; 45; 405; 765; 1125.

(&% S X < P o 2 A
Bai 25. Xéc dinh diém cubi cla cung lugng gidc AM nam trong goc phan tu nao clia mit phang toa do
trong cac truong hgp sau:

~ 20067

m
a) sdAM = 1975° + k360° b) sdAM = T +k2r

Loi gidi.

m
a) Taco sdAM = 1975° +k360° = 175°+5-360° va 90° < 175° < 180°.
Viy diém M nam trong cung phan tu thi 77
~ 20067 307 3 30m

Viy diém M nam tai géc phan tu thi IV.

Bai 26. Hién tai dong ho chi 8 git ding. Néu dong ho chay binh thudng thi sau bao nhiéu 14u 1an dau tién
kim gié OG va kim phut OP tao thanh goc lugng giac (OG; OP) = 180°?

G ere Mgal a1 1o A o 36 U
Loi giai. Mot gio kim phut quét nén géc 360°, kim gio quét nén goc ST 30°. Nhu vady mot gio kim phut
OP vach mét géc 16n hon kim gid 330°. Hién tai 8 gid ding tic la (OG; OP) = 120°.

Goi ¢ 12 thi gian (gid) d€ hai kim tao thanh mot géc 180° 1an dau tién. khi d6

_180-120 2
T 7330 1%

Bai 27. Kim gi& va kim phiit cia mot dong ho 16n c6 do dai lan ludt 1a 165 cm va 225 cm. Hoi trong 40

phut dau kim gio vach cung tron c¢6 do dai bao nhiéu mét, dau kim phtt vach cung tron c6 do dai bao nhiéu

mét ?

Loi giai. Mot gio (60 phut) kim phut quét nén géc 360°, kim gis quét nén goc % =30°.

40-360
60

R 4r
Nhu vay trong 40 phut dau kim phut vach mdt goc = 240° = 3 rad, kim gio vach nén mot goc
40-30 T
——— =20° = —rad.
60 o
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T d6 suy ra d dai cung tron ma kim phdt va kim gi da vach trong 40 phiit dau Ian lugt 1a:
4
[, =225 ?ﬂ =300 ~ 942,48 cm =9,4248 m va [, = 165 - g ~ 57,6 cm=0,576 m.

Bai 28. Mot banh xe c6 ban kinh R = 2,4 m quay mot géc bang 30°. Tinh do dai duong di cia mot diém
trén vanh banh xe.
Loi giai. Coi banh xe 1a mot dudng tron ¢ ban kinh R = 2,4 m. P9 dai dudng di ciia mdt diém trén vanh

. /4 R
banh xe la do dai ctia cung tron c6 so do 30° = I Vay do daicantimlal=2.,4- i 0,47 cm.
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§2.  GIA TRI LUONG GIAC CUA MOT CUNG

I. Tém tat Ii thuyét
1. Dinh nghia

e sina = OK. y
e cosa = OH.
. B
) sino¢ 20 M _—
e tanqa = neu cos o . !
cos o ! K
|
cosa ‘
e coto = — neu sina # 0. ! a
sin o 7 . ™
7z . 7 . . . ~ 7z L . / H 0 A x
Céc gia tri sino, cos &, tan o, cot @ dudc goi la cac gia tri lugng
gidc cua cung o.
Ta cung goi truc tung la true sin, con truc hoanh la truc cosin.
Bl

/N Chii y

e Cdc dinh nghia trén ciing dp dung cho cdc goc lugng gidc.

o Néu0° < o < 180° thi cdc gid tri luong gidc ciia géc & chinh la cdc gid tri lugng gidc ciia goc do da
néu trong SGK Hinh hoc 10.

2. Heé qua
a) sina va cos & xac dinh v6i moi & € R, hon niia

e sin(a +k2m) =sino,Vk € Z.
e cos(a+k2m) =cosa,Vk € Z.

b) —1<sinax<lva—1<cosa <1.

¢) V6imoim € Rma —1<m<1déutodn tai e, B sao cho sina = m va cos § = m.
P . . [

d) tan o xac dinh v6i moi o # 5 +km,k € Z.

e) cota xac dinh v6i moi o # km, k € Z.

Z ” , ., . ., ~ N . s e R A« o /\ A N <
f) Dau cua cac gia tri lugng giac phu thudc vao vi tri diém cudi cua cung AM = « trén duong tron luong
giac.
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y
B
M _— 1
Go6c phan tu l K
Gia tri lugng giac | 1 | IT | I [ IV |
sin + |+ | = | = | By
cosao + | =1 — |+ A H O A
tan o + |-+ | -
cotx + |-+ | -
111 7 A%
3. Y nghia hinh hoc ctia tang va cotang
e tana dudc biéu dién bdi d6 dai dai s6 cia y t
vectd AT trén truc ¢’At. Truc t'Ar dudgce goi la
truc tang. L B
Do d6 tana = AT. J /g s
e cota dudc bidu dién bdi do dai dai sb cia K- T
vectd BS trén truc s'Bs. Truc s'Bs dugc goi la |
truc cotang. A 0 HlA "

Do d6 coto = AT.
M/

B/

4. Cong thire lugng giac co ban

o sinfa+cos?a =1.

n
e | +tan‘a = , a7é5+k7r,kez.

cosZ o

° 1+cot2(x:

—— O FkmkeZ
Sin~ o

km
e tancx-cotax =1, a# T’kEZ'

5. Gia tri lwgng giac cua cac cung c6 lién quan dac biét

a) Cung dbi nhau.
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(x :
® COotl—o) = —cotx L
Al O N¥—a |A X
M/
B/
b) Cung bu nhau.
° COS(TL'— a) — —COSs (L. y
) SlIl(TL'— (X) — sin oL. / B
M
® tan(ﬂ—a):—tana 77774;7::,
o

e cot(m— ) = —cota

A 0 A X

B/

¢) Cung hon kém 7.

e cos(ax+m) = —cosQ.
e sin(@+7m) = —sina.
e tan(ot+ ) =tana.

( ) = cota.

e cot(a+T7

d) Cung phu nhau.
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v/
o COS(E — o) =sina.

Y/
o sin(E — o) =cos.

T
tan(i — ) =cota.

T
cot(E — ) =tana.

II. Cac dang toan

Dang 1. DAu clia cac gia tri lugng giac

Dé x4c dinh diu clia cac gia tri luong gidc clia
mot géc o ta xac dinh vi tri diém cudi cla cung y
8%

AM = o trén dudng tron lugng giac. biem M Il T
thudc géc phan tu nao thi ta 4p dung bang xac
dinh diu cla cic gia tri lugng giac.

A/
o
Goc phan tu
Gia tri lugng giac | I | II | III | IV il L
sin o + | 4+ | — — B
cos & T+ =] =| 9
tan + ||+ | =
cotx == | =

Vi du 1. Xdc dinh dau céc biéu thic:
a) A =sin50°-cos(—100°).

2
b) B =sin195° -tan ?

Li gidi.

a) A =sin50°-cos(—100°).
Ta c6: diém cudi clia cung 50° thudc goéc phan tu thi 7 nén sin50° > 0.
Diém cubi ctia cung —100° thudc géc phan tu thd 117 nén cos(—100°) < 0.
Do do, A < 0.

207
b) B =sin195°-tan —
Ta c6: diém cudi clia cung 195° thudc géc phan tu thit 717 nén sin 195° < 0.
£ 20m 67 NPT A 207
biém cudi cua cung —— = — + 27 thudc goc phan tu tha /7 nén tan — <0.

7 7
Do d6, B > 0.
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Vi du 2. Xdc dinh diu cic biéu thic:

2 2
a) A= Cot?ﬂ~sin (—;)

4 4 9
b) B:cos?n-sing-tan? -cot?ﬂ:.

Li gidi.

2 2
a) A :cot?ﬂ-sin (—?ﬂ:)

2 A 9 271‘. A s, X 2, A 2”
Ta c6: diém cudi cua cung 5 thudc goc phan tu thu 7 nén cot— > 0.
e fe o 2 ., N , o 27
bi€m cuodi cua cung 3 thudc goc phan tu thi /11 nén sin 3 <0.
Do d6, A < 0.

4Tt . ® 4r o
b) B—cos?-smgwan?-cot?.

P T s P 4m
Ta c6: diém cudi cua cung 5 thudc goc phan tu thu /7 nén cos 5 <0.

.2 e o T n , N ., . . T
biém cudi cua cung 3 thudc goc phan tu thua 7 nén sin 3 > 0.

P A 7 4w N . X . n 4
biém cudi cua cung 3 thudc goc phan tu thi /11 nén tan 3 > 0.

e fe o or /4 . N 3} . o
biém cuoi cua cung — = —— + 27 thudc goc phan tu thi IV nén cot 5 < 0.

5 5

Do do, B > 0.

. 3n y o
Vidu3. Chow < o < - Xét dau cac biéu thuc sau:

a) A:cos(a—z>.

2
201
b) B:tan( 0 97r_a).
Loi giai.
a) A:cos(a—z> :cos<£—a> =sina < 0.
2 2
2019x

—Ot) = tan (g—a+10097t) = tan (g—a) =cota > 0.

BAI TAP TU LUYEN
Bai 1. Xdc dinh d4u cta sin «, cos ¢, tan ¢, biét:

) 37r<a<77r
a) — —.
2 4
10
b) 37r<a<Tn.

o 57r<a<117r
2 4
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Loi giai.

) 3n ca< r
a) — —.
2 o4 R
Ta c6: diém cuoi cua cung o thudc goc phan tu thi IV nén sina < 0, coso > 0, tana < 0.

10
b) 3n<a<Tﬂ.

Ta c6: diém cudi clia cung o thudc géc phan tu thi 777 nén sina < 0, cos« < 0, tan o > 0.

o 57r<a<117r
2 4

Ta c6: diém cudi clia cung & thudc géc phan tu thi /7 nén sin o > 0, cos o < 0, tan o < 0.
Bai 2. Cho 0° < a < 90°. Xét diu céc biéu thic sau:
a) A =cos(o+90°).
b) B =sin(a+80°).
Loi giai.
a) A=cos(0t+90°) =cos(90° — (—a)) = sin(—a) = —sina.
Vi0° < o < 90° nén sina > 0.

Do do A < 0.

b) B =sin(a +80°).
Vi0° < o < 90° nén 80° < o+ 80° < 170°.
Do d6, diém cubi ctia cung o + 80° thudc géc phan tu thi I hodc thi /7 nén B > 0.

Bai 3. Cho 90° < a < 180°. Xét du céc biéu thiic sau:
a) A=sin(270° — ).
b) B =cos(2a+90°).

Li gidi.

a) A=sin(270° — ).
Vi —180° < —or < —90° nén 90° < 270° — o < 180°.
Do d6, diém cubi ctia cung 270° — & thudc géc phan tu thid I7 nén A > 0.

b) B =cos(20+90°).
Ta c6 B = cos(2at +90°) = cos(90° — (—2a)) = sin(—2¢) = —sin(2a).
Vi 180° < 20 < 360° nén sin(2a) < 0.
Do do, B > 0.

<. T, 2 . 1. .
Bai4. ChoO0< a < 7 Xét dau cac biéu thuc sau:

3
a) A=cos(o+ ?n)

b) B =cos(o— g)

Lui gidi.
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3
a) A=cos(o+ ?n)

Vio<a< ﬂnén 37r<a+37r< Hm

2 5 53 10

2 A o 7[’. A 2 P 2, ~ Z

Do dé, diém cudi cua cung o + 3 thudc goc phan tu thi /7 hoac thu I11.
Vay A < 0.

T

b) B =cos(ot — §)

T /4 T 3m

Vio —nén —— ——< —.
i <(x<2nen 8<Oc 8n-< g

Do do, diém cubi ctia cung o — 3 thudc géc phan tu thd IV hoic thy 1.

Vay B > 0.

.. 3T o e
Bais. Chor < a < > Xét dau cac bi€u thuc sau:

a) A:sin<a—|—g>.

1119
b)B:sin(OH— ﬂ)

2
Li gidi.

a) A =sin (OC+ g) = sin (g — (—a)) =cos(—a) =cosa < 0.

111
b) B:sin(a—l-%) :sin<a—g+280-2ﬂ:>

—in(oc E)— in(ﬂ: OC)— coso >0
=S 5 = S 7 = 0S .

Bai 6. Cho tam gidc ABC. Xét du ctia biéu thiic P = cosA - cos B - cosC trong cic trudng hop:
a) Tam gidac ABC la tam giac nhon.
b) Tam giac ABC la tam giéc tu.

Loi giai.

a) Tam gidac ABC la tam giac nhon.
Vi tam giac ABC nhon nén A < 90°, B < 90°, C < 90° hay cosA > 0, cosB > 0, cosC > 0.
Vay P = cosA -cosB-cosC > 0.

b) Tam gidc ABC la tam giac tu.
Vi tam gidc ABC 1a tam gidc th nén AABC c6 duy nhat mot géc ti. Gia st géc tll goc A = cosA < 0
va cosB > 0, cosC > 0.
Véay P = cosA-cosB-cosC < 0.

Dang 2. Tinh gia tri lugng giac cia mot cung

DéE tinh gia tri lugng gidc ciia 1 cung ta dua vao cac hang dang thic lugng gidc:

) 1
s1n2a+coszoc=1;1+tan2a:—2;1—|—cot206= S
cos* o sin” o

Ngoai ra, can phai xac dinh dau cia cac ham so lugng giac ctia cung do.
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, P 1. T R X
Vidu 1. Biétsino = 3 va o € (5,71:) Tinh gia tri cua cos & va tan o.

T
Loi giai. Do o € (2 )nencosa<0 (D

5 1 8 2v2

a:1—§:§:>cosoc i— 2)

2

Mat khac sin ot + cos? ot = 1 nén cos? o = 1 — sin

2
Tur (1) va (2), suy ra cos ot = —i

1
Tudosuyratano = ———.

2v/2

Vidu 2. Chotano = — 6do 5 < oo < 7. Tinh gia tri cua sin .

Loi giai. Ta cé ! 1 +tan“ o = 1+9 25=> o= 16
i giai. Tac6 —5— = an’ o = — =" =cos’a=
8 cosza 16 163 25°
Tﬁdésuyrasinzazl—cosza:E:>sma:i§.

Doi<O¢<7rnénsm(x>0,dodosmoc:§

Vidu 3. Cho tan o = 2, tinh gia tri biéu thitc M = cos® o — sin’ a.

2 -2
e o2 . COS (X - Sln OC
Loi giai. Taco M =

cos2a+sin’a’ )

< 1 —tan“ & 1-4 3
Chia ca tit va mau cho cos? ¢ ta dugc M = — =M= ——.
1 +tan o 1+4 5

’ - ., . o/ o 2 i a - 3 (X
Vidu 4. Cho cota = 3. Tinh gia tri biéu thic M = — o

5sin ot + cos?

Loi giai. Tacé

2sint —3cos o

5sin® a + cos3 a

1 1
2 ( ) —3cota ( )
sin? o sin? o

5+cot
B —3cot ot +2cot> ot — 3cotor + 2
N 5+cotta
35
RRETS

, . | . . X
Vidu 5. Cho g < o< T vacos2o = —9 Biét A = sin2a + cos2a = a+ b\/5 v6i a,b € Q va

= 2 13 phan s6 t5i gian. Tinh M = p —q.
q

SR

N T N .
Loi giai. DOE<Oc<7rnen7r<20c<27r:>sm2a<0.

1 8 . 4/5

1
200=—— =sin*200=1—-cos?2a =1 —— = — =sin2q = ———.
cos 9 sin cos 5] — g1~ Sin 9
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1
1 45 “=79 a 1
A:———— _—= - :1 :4 —_ = —J.
Suy ra 5 9 = b__ﬂ:b ;o P=lqg=4=p—q=-3
9
Vay M = —3.
BAI TAP TU LUYEN

Bai 1. Biétsina+coso = % va sin & > cos . Tinh gia tri cdc bi€u thiic sau:
a) A=sinx-cosd.
b) B=sinQ —cos .

Loi giai.

25
a) Taco 6 = (sinot+cosa)? = sin® a +cos? a +2sina - cos o = 1 +2sin ot - cos .

9 9
Tu d6 2A=—=A=_—.
0 suy ra T w
.2 < A 2 N 2 . 2 2 . 9 7
b) Theo gia thiét ta c6 B > 0 va B = sin” & + cos a—2s1na-cosa:1—E:E.
7
Tﬁ’d(’)suyraBzé.
< 12 7w A X
Bai 2. Chocoso = BT va B < a <z Tinhsina va tan .
) 5
144 25 SImo= 13
Loi gidi. Tacésina=1—-cos?a=1—— = — =
i giai. Ta c6 sin cos 169 — 169 L5
13
4 Al . 5
DOE<Oc<7rnens1noc>0,dodosmazﬁ.
5
Tudotacotana = ——.
0 ta co tan B

Bai 3. Cho tan o + cota = 2. Tinh gi4 tri biéu thitc P = cot’ a +tan> a.
Loi giai. cot® o +tan® ot = (cota +tana)’ —3cota - tanct. (cotor +tanar) =23 — 3.2 =2.

e . 3 P 7[ s .z . 2 A 2,
Bai4. Chosina = 3 vOi > < a < 7. Tinh gia tri cua biéu thuc
o kY1
P = cos (7—OC> + 2tan (06—1—7) .

Loi giai. Taco P =sino — 2cota.

ino s 6'7t<oc<7r:> o 4:> to 4

sina = — v6i — oS = —— = coto = — .
5 492 5 3

Dodo P= —.
o do 15

.. | er i e 1eg ; 2sin? ot +3sina cos o — 4cos? a
Bai 5. Cho tana = —, tinh gia tri cua biéu thuc M = — )
o2 ) 5cos? @ — sin” o
Loi giai. DE thiy cos o # 0, chia ca tit va mau ctia biu thiic M cho cos? & ta dudgc:

1 1
M- 2tan o+ 3tanot —4 2.14—3,5_4 B
B 5—tan?a - 5_1 = 1o

4
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Dang 3. St dung cung lién két d€ tinh gia tri luong giac

St dung cong thiic cac cung co6 lién quan déc biét.

Vidu 1. Tinh cic gia tri lugng gidc cia goc o = 20;77:.
Li gidi. Ta c6: 20;7” - §+672n.
= COos (202771’) = COoS (g +6727r) = cosg = %
= sin 2017w = sing = ?,tan 20;771: =+/3 v cot 20;77r = %
Vidu 2. Cho cosa = % Tinh sin ((x - 377:)
Loi giai. Ta c6 sin (a — 3—71-) = sin (Oc -2+ E) = sin (a+ E) =coso = 1
2 2 2 3

, ’ R P jt
Vi du 3. Rt gon biéu thiic A = cos (5 —I—x) +cos (2 — x) +cos (37 +x).

T )
cos (5 —l—x) = —SsInx

cos (27T — x) = cosx = A = —sinx +Ccosx — Cosx = —sinx.

Loi giai. Tacé

cos (3m+x) = —cosx

Vidu 4. Cho tam gidc ABC, ching minh ring sin(A + B +2C) = —sinC.

Loi giai. Tac6A+B+C=180° = A+B+2C =180°+C.
= sin(A 4+ B+ 2C) = sin(180° +C) = —sinC.

Vi du 5. Tinh gid tri cia bi€u thiic B = c0s20° + cos40° +cos60° + ... + cos 180°.

Loi giai. Ta c6 cos (180° —x) = —cosx = cosx+ cos (180° —x) = 0.
c0s20° 4+ cos 160° =0

= cos40° + cos 140" =0 = B =c0s90° 4+ cos 180° = —1.
c0s60° 4+cos120° =0

c0s80° +cos 100° = 0
BAI TAP TU LUYEN

< 3 ]
Bai 1. Cho tan (7 +x) = 1 — /2 v6i ; < o0 <27 Tinh cot (g +x>.
Loi gidi. Ta cé tan(m4x) = tanx = tanx = 1 —+/2.
T
= cot <§ +x> = —tanx=+2— 1.
s R S . 5 7
Bai 2. Tinh gid tri cda bi€u thic A = sin ?ﬂ +cos97 4+ tan (_Tﬂ) + cotg.

Loi giai. Tacé A =sin (71'+ %) +cos(m+4.2m) —tan (n-i— %) + cot (g —|—37r)

——sinn+cos7t—tann+cot7r——1—1—1+0——
N 6 4 2 2 A
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e 2 R 2, . 3 3
Bai 3. Rut gon biéu thic D = cos(57 — x) — sin (; +x) +tan (; —x) +cot(3m —x).

Loi giai. Ta c6 cos(57 —x) = cos(4m + T —x) = cos(T — x) = —cosx;
sin<3n+ )—sin(27r 7r+ )—sin( 7r+ )— sinx;

5 tx)= S tx) = S tx) = X;
tan(3ﬂ ) tan(ﬂH—jr ) tan(ﬂ ) cot

— — X | = —— X = —— X)) = X,

2 2 2
cot(3w —x) = cot(—x) = —cotx;
= D = —cosx —sinx.

3
Bai 4. Rut gon bi€u thiic A = cos (57 —x) — sin (77[ )+tan(7ﬂ—x)—|—cot(37r—x).

Loi giai. Ta c6 cos (57 —x) = cos (T —x+2.27)

3n
sm(7 —I—x) = sin <7T+§ +x> = —sin (5 —|—x) = —COSX,

an () <t (4% ) =aan (%) = ot
an | =~ —x) =1 5 —X) =tan(3 —x) =cotx;
cot (3w —x) = cot(—x) = —cotx;

Suy ra A = —cosx — (—cosx) 4 cotx + (—cotx) = 0.

08 (T —x) = —cosx;

Bai 5. V6i diéu kién c6 nghia, hay rit gon biéu thic sau
1 \/ 1 1 .
B=+v2- . Ol <x<2m.
V2 sin (x+20137) 1+COSX+ 1 —cosx " *
Loi giai. Ta c6 sin (x+20137) = sin (x+ 7 + 1006.27) = sin (x+ ) = —sinx.
Do dé

B— 2+ '1 ' 1—cosx+1+cosx
(1 —cosx) (1+4cosx)

— V2 2
N sinx |/ 1 —cos2x

1 2
Z\/E—I— - )
Simx sin~x

1
=V2 (1 o ) :
sinx|sinx]|

1
V17r<x<271::>sinx<0nénB:\/§(1— — >=—\/§cot2x.
sin“x

Dang 4. Rit gon biéu thitc va chitng minh dang thitc

Mot s6 hé thifc hay dung trong bai todn riit gon biéu thifc hodc ching minh dang thiic:

e sino +cos?o = 1.

° 1+tan2a:

T
o+ —+km kel
cos2a’ 7 2 S

o l+cota=——, a#knkel
sin® &

km
e tana-cotx =1, a# j,keZ.

Vi du 1. Riit gon biéu thiic A = sin?x + sin® xtan? x.

) 1

Lui gidi. Ta c6: A = sin®x + sin®xtan® x = sin’x (1 + tan? x) =sin“x- = tan’x.

cos? x



420 CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC

2sinx— 1

)

Vi du 2. Rit gon bi€u thic B = : .
sin”x — sinxcosx

Loi giai. Ta co:
2sinx— 1 2sinZx — (sin2x+cos2x) sinx + cosx

2

B = = . - = ,
sin”x — sinxcosx sinx (sinx — cosx) sinx

=1+ cotx.

Vi du 3. Riit gon biéu thiic: A = sin® o cos? ot + cos? o0 + sin* .

\.

Loi giai. Ta c6 A = sin’a (1 —sin® OC) + cos? o+ sin* o = sin® o — sin* o + cos? a +sin*a = 1.
E . .. 24sin’a )
Vidu 4. Ching minh rang: o =3tan” o + 2.
—sin“ o

. /

2 +sin? o B 2 +sin? o

Loi giai. Ta co: +tan® @ =2+ 2tan? o + tan® o = 3tan® o + 2.

| —sinfo,  cosla  costa
BAI TAP TU LUYEN

. . 4cos?x—2

Bai 1. Riit gon biéu thic M = .cos—x.
SInx + Cosx

N . 4coszx—2(sin2x+coszx) .

Loi giai. Taco B = - = 2sinx —2COSX.
SInx + cosx

Bai 2. Riit gon bi€u thic N = \/sinzx (4 + cotx) +cos?x (1 +3tanx).
Loi giai. Ta cé
N = V/4sinx + sin®cotx + cos?x + 3 cos2xtan x

cos 5 5 sinx
4sin? x + sin% x—— +cos x+3cos“x
sinx c

oS Xx

= \/4sin X+ 4sinxcosx + cos? x

= \/(ZSinx+cosx)2
= |2sinx+ cosx|.

Bai 3. Riit gon biéu thitc C = (tanx — cotx)* — (tanx + cotx)?.
Loi giai. Tacé
C = tan®x — 2 tan xcotx + cot® x — tan® x — 2 tan x cotx — cot>x

= —4tanxcotx = —4.

Bai 4. Riit gon biéu thiic B = 3 [(sm x)2 (cos x) } +4 [(cos x)3 -2 (sinzx) 3] + 6sin* x.
Loi giai. Dt = sin®x thi ta cé cos’x =1 —1.
B =3 (sin"x+ cos*x) (sin*x — cos*x) +4 [(cosz)c)3 -2 (sinzx)ﬂ + 6sinx

=32+ (1-0)] [2— (10| +4|(1—1) —2°] + 62 = 1.

2 2 2 2
.. . C oy cot“a¢ l+tan“ox tan” o 4 cot” o
Bai 5. Ching minh rang =

S ltcoa tanla 1ttt
Loi giai. HUONG DAN.
Xét hiéu
coa l+tano  tan’otcofa  cotfor  cot* o+ 1 tan* o + 1
1+co?o  tan?or l+tan*oc  1+co?a co?atan® tan® o (1 +tan o)

= cot? o — cot” o = 0. Suy ra diéu phai chiing minh.
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BAI TAP TONG HOP

Bai 1. Cho sin & +cos & = m. Tinh céc gid tri cla tan ot + cot? o.
Loi giai. HUONG DAN.
m*—1
1 —2sin? v 4
Khi d6 tan? o+ cot? o0 = —— 30 X -2
sin” ot cos~ o (m?—1)

Cosinx+cos =m = Sinocos o =

Bai 2. Ching minh ring biéu thiic sau doc 1ap véi x; y.
) 2
sin“x — cos
= 2—2)) + COtZXCOtZy.
sin” xsin”y
Loi giai. Ta co
sin x — cos? 2 2
- y  COs“xcos”y
- 2 2

sin” xsin’ y sin®xsin’ y
sin?x — (1 —cosx) cos?y

2

xsin?y
2

sin
2

x—sin®xcos?y

2

sin

sin® xsin®y
sin?x (1 —cos?y)
2

sin®xsin?y
=1.
Nhu vay, gi4 tri ctia bi€u thic B khong phu thudc vao gid tri cia x; y.

Bai 3. Ching minh biéu thiic sau doc 1ap véi ddi vdi x.

tan?x —cos?x  cot?x — sin%x
P= ) 2
sin” x COS“ X
N tan®x —cos2x cot?x—sin’x tan’x cos’x cot’x  sin’x
Loi giai. P = = — —
) 2 ) ) 2 2
sin~x COS“ X sSin“ x SIn“ x COS~ X COS“ X

= tan? x(1 + cot? x) + cot? x(1 4 tan? x) — tan®x — cot? x = tan’x + 1 + cot? x + 1 — tan? x — cot? x = 2.
Vay P khong phu thudc vao x.

Bai 4. Cho sinacosa = BT va g < a < w. Tinh sina va cosa.
N Ll . 5 4
Lui gidi. Ta c6 (sina+cosa)?> = 1 +2sinacosa=1+2- <_E> =5
. 2 . 2
Suy ra, sina+cosa = 3 hoac sina + cosa = ~3
Xét hai truong hop:
. 2 5
a) sina-+cosa = 3 vasinacosa = ——g.
¥ 2++V14
2 5 6
Gia tri sina, cosa 1a nghiém ctia phuong trinh X2 — X — — =0 < .
X = 6
T Al . A +v14 2—+14
\/35 <a<7rnen51na>Ovacosa<O.Vaysma:TVacosa:T.
b) sina+ 2 s
sina+cosa = —= vasinacosa = ——.
3 18
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X — -2+V14
o : 2, 5 6
Gid tri sina, cosa 1a nghiém ctia phuong trinh X2 4+ =X — — =0 < )
=%
T A . . —2+v14 —2—14
V1§<a<7rnen sina > 0 va cosa < 0. Vdy sing = —— ; vacosa = —— z .
A +v14 | 2—v14 —2+v14 —2—\/14
Viy sina = ¢ vacosa= 3 hodc sina = — 6 va cosa —

1
Bai 5. Cho tan(Tﬂ: —|—x> — 2. Tinh sin <x+ 7;) Vi x € (gn)

A , 117 T 1
Loi giai. Ta c6 tan (T +x) = tan (5717+ 0 +x) = —cotx =2 =-cotx = —2 = tanx = —5

) r ) T
sin x+7 :sm<x—|—47r—§>:—cosx.

1 5 4 2 /4
Lai c6 oy =1+tan’x = 4_1 = COSX = 5 = COSX = _ﬁ (do véix € (0;§> thi cosx < 0).
sin| x+ — ——cosx——

2 V5

2017x

Bai 6. Cho cot < ) —. Tinh gi4 tri ctia biéu thiic

2sinZx + 3sinxcosx — cos2 x

P =

cos2x — 3sinx

017w

2
Loi giai. Tacé cot( +x> = cot <10087r+ g —i—x) = cot (g +x> = —tanx

1
= tanx = — .
anx 3

_ 2tan®x+ 3tanx — 1

= —-8.
1 —3tanZx
S 4 2sinoccos @ —sino ” o
Bai 7. Cho 6cos? o +coso—2 =0. Biét A = sz cosa 1s1n =a+btana v6i a,b € Q. Tinh gia tri
cos o —
cua biéu thic a + b. .
Loi giai. Diéukién2cos(x—17é0<:>cosa7é5.
1
coso = =
Ta cé 6cos” a+cosor —2 =0 < >
coso = ——
3
| 2
Docosa#inencosa:—g.
2sincos o —sin ¢ in o
Mat khac A = S cos s :sinazcosa.sm = ——tana.
2coso — 1 COs O 3
a=0
Tur d6 suy ra ) 2:>a+b:—§.
3

2cosza — 1004
s 2

m(a—D)

Bai 8. Cho tano = v/2, biét A = = a+b\/2 v6i a,b € Q. Tinh sin

sin” o
Ny 0% ~ 1 +1 _\/5_’_1
1 giai. Ta co coszoc + tan? +\/_ NG 1

sin® o =

V2+1
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a=—1004 n(a—D)

Tfid()suyraA:—1004—1002\/§:>{ =a—b=—2=sin

Bai 9. Chosina+3cosa=2,3d00 < o < z. Tinh tan c.
—1l<cosa<1

0<sino < 1.

Tir gia thiét ta c6 sina = 2 — 3cos a.

Ma sin® o +cos? & = 1 nén (2—3cosa)2+cosza =1.

Loi giai. Do 0 < oo < 7 nén

6+6
coso = 10
Tit d6 suy ra 10cos? o — 12cosa +3 =0 = .
’ cosoc—6_\/6
\_f 10
. 2—3V6
Neu cosa = thi sina =2 —3cosa = 0 < 0 (loai).
. 6—v6 2+3v6
Néu coso = \/_thi sinad =2—3cosa = i \/_6(0;1) (thda man).

10
sina 3+2v6

Tu do suy ratana = =
cos o 3

b=—-1002 3

V3

7

423
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§3.  CONG THUC LUONG GIAC

I. Cong thic cong

Dang 1. Cong thic cong

D& giai cac bai toan lién quan dén cac cong thiic cong, ta thudng st dung cic cong thiic sau:

tana +tanb

a) sin(a+b) =sinacosb+tsinbcosa. ¢) tan(a+b) =
1 Ftanatanb

b) cos(a+b) = cosacosb Fsinasinb.

Vi du 1. Tinh gid tri cia bi€u thiic P = cos 10° 4 cos 11°c0s21° + cos 69° cos 79°.

Loi giai. Tacdé P = cos10°+cos11°c0s21° +sin11°c0s21° = cos 10° 4 cos (11° —21°) = 2cos 10°.

Vidu 2. Rit gon céc biéu thuc:

T
V/2cosa—2cos (Z —i—a)

a) A= T .
—+/2sina -+ 2sin (Z—I—a)

b) B = (tana —tanb)cot(a — b) —tanatanb.

Loi giai.

73 /3
V2cosa—2 (cos—cosa—sin—sina) V2sina
a) TacoA = ‘7‘1. 471. = =tana.
— 25ina—|—2(sinzcosa+coszsina> V2cosa

b) Tacd B=tan(a—b) (1 +tanatanb)cot(a —b) —tanatanb = 1.

Vi du 3. Ching minh céc dang thiic sau:
a) cosa-+sina = V2 cos (g —a) — /2sin (g —|—a).
. T . T
b) cosa—sina = \/icos (Z +a) = \/ism (Z —a).

Loi gidi.

1 T T T
a) Tacoécosa+sina= \/Q( cosa—+ — sina) = \/i <cosacosz +sinasin—) = \/Ecos <Z —a).

V2 4
cosa -+ ! sina) = ﬂ(sinncosa—i—cosnsinZ) = \/Qsin(n—ka)
V2 N 4 4 B 4 )

Nl

Mat khéc ta cling c6 V2 (

Vidu 4. Cho tam gidc ABC, ching minh ring tanA +tan B + tanC = tanA tan BtanC.
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Loi giai. Taco

sinA sinB  sinC
tanA +tanB +tanC = !

COSA + cosB + cosC
sinAcosB+sinBcosA  sinC

cosAcosB cosC
sin(A+B) sinC
cosAcosB  cosC
sinC sinC

cosAcosB  cosC

1 1
= sinc )
st cosAcosB + cosC
cosAcosB+cosC

cosAcosBcosC
cosAcosB —cos(A+B)

cosAcosB
coSAcosB — cosAcosB +sinAsinB

cosAcosBcosC
= tanAtanBtanC.

= sinC-

= tanC-

= tanC-

BAI TAP TU LUYEN

Bai 1. Khong stt dung MTCT, hay tinh gia tri sin 15°,cos 15°,sin75° va cos 75°.

V6—V2
oo

Loi giai. sin15° = sin (45° —30°) = sin45° cos 30° — sin30° cos 45° =

6++v2
cos 15° = cos (45° — 30°) = cos45° cos 30° 4 sin45° sin 30° = %
6++v2
sin75° = sin (45° 4 30°) = sin45° cos 30° + sin30° cos 45° = %
—V2
cos75° = cos (45° 4+ 30°) = cos45° cos 30° — sin45°sin30° = q

sin ( —a) +eos (3 —a)

7] a cos 7] a

sin(E—a>—cos<E—a>.
4 4

T T

sin — cosa — cos — sina + cos — cosa + sin — sina
4 4 4 V2cosa

. T . T . T, :
smzcosa—coszsma—coszcosa—smzsma —V/2sina

Bai 2. Rut gon biéu thic P =

Loi giai. P =

Bai 3. Tinh o + 8 biét tanax = %,tanﬁ :;V6i0< o,B < g
_ tan o + tan _q

1 —tanatanf3
D00<Oc,[3<gnén0<a+ﬁ<7t.V€1yOt+[3:%.

Loi giai. Ta c6 tan (o + )

Bai 4. Tinh

T . 1 T
a) cos<a+§>,biétsina:—V210<oc<—.

/3 2

T . 1 T
b) tan((x—z>,biétcosa:—§ Véz <a<m.

2 4 2
¢) cos(a+Db),sin(a—b), biét sina = 5,00 <a<90°vasinb = 5,90O < b < 180°.

= —cota.

425
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Loi giai.
T 2 6
a) D00<a<5néncosa>0.Dodécosa:\/l—sinzoc: 3:\/?_
Ta c6 co (Oc—l—ﬂ) CcoSs 0L CO n s'nocs'n7r V6 1 L V3 _-3+V6
S — ) =cos s — —si n-—=—-——= —=——
3 3 3 32 V3 2 6

T 2vV2
b) DOE < o< rmwnénsina > 0. Do do sina:\/l—cosza:—\/_.Suyratana:—Z\/i.

T
ano—m@ny  png -1 -2v2-1 _9+4v2

Tacétan(oc——) = =
4 l—i—tanoctang tancr+1 _2\/_—'—1 7
\/5

¢) C60° <a<90°néncosa = g 90° < b < 180° nén cosb = ———

3
o 3 —V5 42 8+43V5
cos(a+b):Cosacosb—smasmb:g-T—g-gz T
sin (a — b) = sinacosb —sinbcosa = 4 _—\/5 e —6+4\/§.
5 3 35 15
Bai 5. Chiing minh ring
sin(a+b) _ tana+tanb b) cos(a—D>) _ cotacotb+1
sin(a—b) tana—tanb’ cos(a+b) cotacoth—1'
Li gii.
sinacosb +sinbcosa
2) s?n(a—l—b) _ s%nacosb+s?nbcosa _ __ cosacosh _ tana—i—tanb'
sin(a—b) sinacosb—sinbcosa  sinacosb—sinbcosa  tana—tanb
cosacosb
cosacosb+sinasinb
b) cos(a—b) _ cosacosb—l—s%nas%nb _ sinasinb __ _ cotacotb—i—l.
cos(a+b) cosacosh—sinasinb  cosacosb—sinasinb  cotacoth— 1

sinasinb

Bai 6. Rut gon céc bi€u thic

a) A =sin(a+b)+sin (g — a) sin(—b).

1
b) B=cos (g—i—a) cos (g—a) —|—§sin2a.
/4 T
c) C=cos (§—a> sin(i—b> —sin(a—b).

Loi giai.
a) A =sinacosb+sinbcosa — cosasinb = sinacosb.

b) Tacod

T T LT 1.,
= COS—COSCI—SIDZSII’ICI COSZCOSQ—I—SIHZSIHCI —I—ESID a

V2 V2 V2 V2 . 1.,

— osa——sma ——cosa+ ——sina | + =sin“a
2 2 2

1 . 1.5

5 (cosa —sina) (cosa+s1na)—|—§sm a

1

2

1 1
<0052 a— sin® a) + 3 sina = 7 cos?a.
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c) Taco

T T T T
C = (coszcosa—ksinzsina) (singcosb—sinbcos 5) — (sinacosb —sinbcosa)

= sinacosb —sinacosb+sinbcosa = sinbcosa.

Bai 7. Ching minh cic dang thic sau:

2 2

a) sin(a+b)sin(a—b) = sin’a — sin?> b = cos> b — cos a.

b) cos(a+b)cos(a—b) = cos®a —sin’> b = cos’> b — sin’a.

Lui gidi.

a) sin(a+b)sin(a—b) = (sinacosb+sinbcosa) (sinacosbh —sinbcosa)
= sin®acos? b — sin® bcos?a = sin’a (1 — sin® b) —sin’b (1 — sin® a) = sin®a — sin’b.

Tuong tu: sin®acos?b — sin’ bcos2a = (1 —cos? a) cos?b — (1 — cos? b) cos? 2

a=cos’b—cos’a.
b) cos(a+b)cos(a—b) = (cosacosb —sinasinb) (cosacosb + sinasinb)

= cos?acos?b —sin?asin’b = cos?a (1 — sin? b) — (1 — cos? a) sin?b = cos?a — sin’ b.

Tuong tu: cos?acos?b —sin?asin®b = (1 —sin?a) cos?b —sin®a (1 — cos? b) = cos? b — sin a.
1 +tanb
1 —tanb

<. T . . y
Bai 8. Choa—b = R chng minh rang = tana.

Loi T: b— Sa=—+b.
i giai. Tacoa— 4 a 4+

tan +tanb 1+tanb

Do d6 tana = tan ( +b>

—tan — tanb ~ 1—tanb

Bai9. Choa+b= % ching minh ring (1 +tana)(1+tanb) = 2.

l—tana)

T
Lis gidi. Ta c6 (1-+tana)(1+tanb) = (1 +tana) (1+1an (5 —a) ) = (141 <1
i giai. Ta co (1+tana)(1+tanb) = (1 +tana) ( 1+ tan i (1 +tana) +1+tana

=(1-+t =
( + ana) 1+tana

. A B B C C A
Bai 10. Cho tam giac ABC, chiing minh rang tan 5 tan > + tan 5 tan 5 + tan 5 tan 5= 1.
Loi giai. Tacé

A B B C C A A B C( A B)
tan —tan — +tan —tan — +tan —tan— = tan —tan— 4 tan— tan—+tan§

2 2 2 2 2 2 2 2 2 2
A B C A B A B
= tanitanz—i—tanztan(E—i—E) <l—tan§tan§>
A B cC C A B
= tanitana—ktanacota<l—tan§tan§>

=t At B—l—l t At B—l
= tan-tano an > tan— = 1.

II. Cong thirc nhan doi
Pinh 1i 1 (Cong thitc goc nhan d6i). Vdi moi gid tri ciia goc luong gidc o cho trudc, ta c¢é

e Sin2¢ = 2sin ¢ cos C.
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2

e cos2a = cos? o —sinfa =2cos?a—1=1-2sina.

T T
2tan o aF gtk
otanZaZLZ, i 2,k€Z.
1—tan“ o OC#E-HWT
Hé qua 1 (Cong thire ha bac). Vi moi gid tri ciia goc lugng gidc a cho trudc, ta co
. 9 1 —cos2a
e sin“ox=—"—.
2
’ 1+ cos2a
e cosTot=——.
2
I —cos2a /4
tan’ 0= ——————, A # = +km, ke Z.
* 1+cos2a #2+ R

Hé qua 2 (Cong thie nhan ba). V6i moi gid tri cia géc lugng gidc o cho trude, ta ¢o
e sin30 = 3sino — 4sin’ a. e cos30 =4cos® a—3cosa.
(Chitng minh lai khi sw dung trong bai tdp tu ludn)
Li giai.
a) sin3a = sin(o 4 2a) = sin o cos 2a + sin2acos o = sin (1 — 2sin® o) + 2 sin a cos® o
— sin o — 2sin’ o+ 2sin ot(1 — sin® &) = 3sin o — 4sin’ a.

b) cos3a = cos(a +2a) = cos acos2a — sin arsin2a = cos &t(2cos? a — 1) — 2sin® oL cos o
=2cos o —cos o — 2(1 — cos? &) cos & = 4cos® o — 3cos Q.

III. Cac dang toan

Dang 2. Tinh cac gia tri lugng giac cua cac goc cho trude

St dung cong thiic nhan doi hodc ha bac d€ tinh gid tri lugng gidc theo yéu cau.

Vidu 5. Tinh cdc gia tri lugng gidc cia goc o = 22°30/.

24+2
4

o et g 2
Loi gidi. C6 cos20 =2cos’>a — 1 < 2cos”a — 1 = cos45° = \/7_ & cos? o =

V2+2
2

vi 0° < o < 90°.
sin2o B sin45° B 22
2cosa  2coso 2 ’

<~ COSO =

sin20 = 2sin o cos ¢ < sin o =

sin2o0 V/2+2

1
tan20o = = =1 2,cot200 = ——— =+/2—1.
an cos2¢ 7 \/j + \/_ €0 tan2Q \/_

Vidu 6. Chosina = 5’ vOl o € (g,ﬂ?> Tinh gia tri cua sin2a va tan2¢.

N Lo . 16
Loi giai. Ta c6 sin?a+cos? o = 1= cos>a =1 —sin’ o = o

T 4
Do a € (5,71'> néncosa <0=cosa =—-—.

5
. ) 34 24
sin2 = 2sinocos ot = 2 - §~§ =55
sin & 3 2tan o 24
tano = =—-=tan200=—— = —
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Dang 3. Riit gon biéu thirc cho truée

St dung cong thifc nhan déi hodc ha bac két hop viéc danh gid quan hé boi chin giiia cdc cung va cac
bac.

Vidu 7. Rit gon céc biéu thic sau

a) A =sin10°cos20°cos40°. b) B = cos’ xsinx — sin> xcosx.

.

Loi giai.
a) A =1sin10°c0s20°c0s40° = A -cos 10° = sin 10° cos 10° cos 20° cos 40°

= 1 sin 20° c0s20° cos 40° = 1 sin40° cos40° = 3 sin 80° = 3 cos 10°

1
Vay A = —.
ay 3

. . . . I . I .
b) B = cos’xsinx — sin’ xcosx = cosx sinx(cos?x — sin’ ) = = sin2xcos2x = —sin4x.

Dang 4. Chiing minh dang thic lugng gidc

St dung cong thifc nhan ddi hoic ha bac két hop viée danh gid quan hé boi chin giita cic cung va cac
bac.

Vi du 8. Chiing minh cic dang thiic sau trong diéu kién c6 nghia ctia biéu thiic

3 1
a) sin* o+ cos* o = 1 + —cosdo

4
1—coso+cos2o
: : =cotx
sSin2¢ — sin &
sin* o — cos* ot + cos? o o
c) = cos? —.
2(1 —cosa) 2

Lui gidi.

1
a) VT = (sin® &t +cos? a)? — 2sin arcos® ot = 1 — 5 sin? 20

I—cosd4or 3 1
=1 — 2" 24 “cosdo = VP,
1 4-|-4cos a=V
b) VT = 1—c‘osa+20052‘a—1 _ C?sa(Zcosa— 1) _ C?sa _ cotar — VP
2sinocos o — sina sina(2cosa—1)  sina

sin o 4 cos? o (1 — cos® ) B sin o + cos? arsin® o B sin® o(sin” & + cos? o)

c) VT =

2(l —cosa) B 2(1 —cos ) B 2(1 —cos )
, &
1 —cos’« l+cosa  2©08 2 , O
= = = =cos”— = VP.
2(1 —cosa) 2 2 2

Vidu 9. Chiing minh biéu thiic sau khong phu thudc vao gia tri clia bién x

B 1 —cos2x+sin2x

= - Ccotx.
1+ cos2x-+sin2x corx
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N 2sin%x +2sinxcosx Ccosx 2sinx(sinx+cosx) cosx
Loi giai. P = = =1.

2cos?x+2sinxcosx sinx  2cosx(sinx-+cosx) sinx
Viy gia tri ctia biéu thiic P khong phu thudc vao gid tri clia bién x.

BAI TAP TU LUYEN
.. " ey g 1, t t

Bai 11. Cho bidt tan = = 2. Hay tinh gia tri biéu thuc: P = M.
2 2tana —4cota

2tang 4 1 3

Loi giai. Tacé tana = —Za =——,cotg=—— = ——.

1 — tan2 5 3 tana 4

4 3
3 4 25

Bai 12. Cho tanx = - Yt
\/ﬁ \/1T

VIty+y/T—y  (VTHy+yT=y)? 242/1—y2 1+4/1—)?

VIity—y/T—y I+y—1+y 2y y

] . 2sinxcosx
y = sin2x = 2sinxcosx < y2 = 5 < y(1+tan’x) = 2tanx
cos?x cos?x

1+4/1—y?)? 1++/1—)2
<:>y<1+( i 5 ) ):2-¥<:>y2+2—y2—|—2\/1—y2:2+2\/1—y2(dling).Vayta
y y

c6 diéu phai chiing minh.

. , 1 /
Bai 13. Rut gon A = —\/2—|— 24+/24+2.

Loi giai. A = \/2+\/2+\/2+2cos— \/2+\/2+2cos— \/2+2cos— = 2cos—:

Chiing minh rang y = sin2.x.

Loi giai. tanx =

cos ﬁ
Bai 14. Tinh gia tri cac biéu thiic sau:
— in6° o o o 27 41 8T
a) A =sin6°cos 12°cos24°cos48°. b) B = COS —— COS — COS ——
9 9 9"

Loi giai.
1
a) A-cos6® =sin6°cos6°cos 12°cos24°cos48° = 3 sin 12° cos 12° cos24° cos 48°

1 . o o o __ 1 . o o __ 1 o _ 1 o
= Zs1n214 c0s824°cos48° = 8s1n48 cos48 T sin 96 16c0s6

=>A=—.
16

b) B-sin 27 sin 27 cos 27 cos 4n cos sm_ 1 sin 4n cos 4n cos sz _ 1 sin 87 cos sz _ 1 sin tom _
9 9 9 9 9 29 9 9 49 9 8 9

1 . <27t 27r> 1 21
—sin —— ) =——sin—
g° 9 g5 g

=B = !
-8
Bai 15. Tinh gia tri ctia sin 18° va cos 18°.
Loi giai. Ddt x = 18°, ¢6 5x = 90° < 3x = 90° — 2x = cos2x = sin3x
& 1 —2sin’x = 3sinx — 4sin’ x < 4sin’x — 2sin’x — 3sinx+1 =0
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[ sinx = 1 (loai)
S VAR
& (sinx—1)(4sin®x+2sinx— 1) =0 & | SIX = ——— (nhan)
—1—-+/5
sinx = —\/_ (loai)
—1 5 _ VI10+2v5 1() 24/5
Vay Sin180:+\/_véc0518° v/ 1 —sin? +

Bai 16. Chitng minh c4c dang thiic sau day (trong diéu k1¢n c6 nghia cua biéu thiic):
sinx -+ sin 2x

a) tanx = .
1 4 cosx +cos2x
2sin2x — sin4x
b) tan’x = :
) tan”x 2sin2x+ sin4x
c) sin® x + cos* x — 6sin®xcos?x = cos4x.
Loi giai.
2) VP sinx+2sinxcosx  sinx(1+2cosx) _ tany — VT
" T+cosx+2cos2x—1  cosx(1+2cosx)
b) VP — 2s%n2x—25%n2xcos2x _ 23%n2x(1 —c0s 2x) _ 2sin22x _ tan?y = VT
2sin2x+2sin2xcos2x  2sin2x(14cos2x)  2cos’x
¢) VT = (sin?x + cos?x)? — 2sin® xcos” x — 6sin® xcos? x
= 1 —8sin’xcos?x = 1 —2sin’x = cos4x = VP
6 6

e , 9 2 , ., . 9 .2 ”, . .
Bai 17. Cho goc « thoa cos4a = 3 Tinh gia tri ctia biéu thiic P = sin® acos? o¢ + sin® ot cos® ar.

6 6 :02 2

Loi giai. P = sin® ocos? a + sin® o cos® o = sin® occos? e (sin* o + cos* &)

1 1 1
= ZsinZZOﬂ(l —2sin® acos’ a) = Zsin22a (1 - Esin22a>.

Ma cosda = 1 —2sin’ 20 = % & sin? 20 = G
VaynenP—l l<1—l l) zi.

4 6 2 6 288
Bai 18. Riit gon biéu thitc A = sin® &t cos & — cos® orsin .

Loi giai. A = sin o cos o(sin* o — cos* o) = 5 sin 20(sin? @ — cos? &) (sin” o + cos? @)
1 1
=5 sin20(—cos2a) = ~2 sin4o
Bai 19. Chiing minh cac biéu thiic sau khong phu thudc vao bién s6 x.
a) A = 8sin*x+4cos2x —cosdx — 3.
tan2x 1

b) B= - .
) tanx  coS2x

Lui gidi.

1 —cos2x\?
%) +4cos2x—cosdx—3

= 2(1 —2c0s2x +cos?2x) +4cos 2x — cosdx — 3 = 2c0s? 2x — cos4x — | = cos4x — cos4x = 0.
Viy A khong phu thudc vao gia tri cua x.

a) A =8(sin’x)? +4cos2x —cosdx—3 =8 (

sin2xcosx 1 sin2xcosx —sinx  2sinxcosZx — sinx

b) B= - = s = :
cos2xsinx  CcoS2x sinxcos2x sinxcos2x

sinx(2cos’x—1)  sinxcos2x

__sinxcos2x ~ sinxcos2x |
Vay B khong phu thudc vao gia tri cua x.
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IV. Cong thirc bién ddi

Dang 5. Bién ddi mét biéu thiic thanh mét tdng hoéic thanh mét tich

Pay 1a dang toan co ban chii yéu dé tap cho hoc sinh 4p dung dudc dbi v6i cac cong thiic bién ddi

(tdng thanh tich, tich thanh téng) da hoc. Duéi day 1a cdc cong thiic bién d6i do.

1. Cong thiic bién d6i tich thanh tong

CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC

1 1
e cosacosb = 5 [cos(a—b)+cos(a+b)] e sinacosb = 5 [sin(a+b) +sin(a —b)]

2. Cong thic bién ddi tong thanh tich

1
e sinasinb = 5 [cos(a —b) —cos(a+D)]

. ) . a+b a—>b
e sina-+sinb = 2sin cosS >
b —b
° sina—sinb:2005a+ sina2
—b
° cosa—i—cosb:Zcosa cosa2

1
cosasinb = 5 [sin(a+b) —sin(a —b)]

b —b

° cosa—cosb:—Zsina+ sina2

i b
e tana +tanb = M

cosacosb

i —b
e tana —tanb = M

cosacosb

a) A =2sin(a+b)sin(a—b)

b) B = sinxsin2xsin3x

Vi du 10. Bién d&i mbi biéu thiic sau day thanh mot tdng:

¢) C =8cosxsin2xsin3x

d) D = cosxcos(x+60°)cos (x —60°)

Li gidi.

1
a) A=2sin(a+b)sin(a—b) :2-5[cos(a-l-b—a—l—b)—cos(a-l—b—l—a—b)] = c0s2b — cos2a.

Véay A = 2sin(a+ b) sin(a — b) = cos2b — cos2a.

1
b) B = sinxsin2xsin3x = sin3x(sin2xsinx) = = sin3x [cosx — cos 3x]

2

1 1 1
= —sin3xcosx — 5 sin3xcos3x = 1 [sin2x + sindx| — ) sin 6x.

1
Vay B = sinxsin2xsin3x = 1 sin2x + —sin4x — 1 sin 6x.

4

¢) C = 8cosxsin2xsin3x = 8sin3xsin2xcosx = 4 [cosx — cos5x| cosx
= 4cos?x —4cos5xcosx = 2 (14 cos2x) — 2 (cos4x + cos 6x)
Vay C = 8cosxsin2xsin3x = 2 +2cos2x —2cos4x — 2 cos 6x

1
d) D = cosxcos (x+60°)cos (x—60°) = cosx- 3 [cos 120° + cos 2x]

1
2

Vay D = cosxcos (x+60°) cos (x — 60°)

1

1 1 1 1 1
= — —— 2x| = —— — 2 = —— — 2 — 4x.
cosx[ 2-1—cos x} 4cosx+2cos XCOSX 4cosx+ cos x+4cos X

4

1 1
—Zcosx-i- —cos2x + ZCOS4X-

4

Vi du 11. Bién d&i cic biéu thiic sau diy thanh mot tich:

a) A =sina+sin3a+sinSa

b) B= 1+ cosx—+cos2x+ cos3x

Li gidi.
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a) sina+ sin3a+sinSa = sin5a+ sina + sin3a = 2sin3acos2a + sin3a = sin3a(2cos2a+1).
Viy A = sina +sin3a +sinSa = sin3a(2cos2a + 1).

b) B =1+ cosx+cos2x+ cos3x = (cos3x+ cosx) + (cos2x+ 1)

3
—=2cos2xcosx+2cos’x — 1 41 = 2cosx (cos2x + cosx) = 2cosx~2c:os?xcos§

3
Vay B = 1+ cosx 4 cos2x 4 cos 3x = 4 cosxcos ?x cos%C

BAI TAP TU LUYEN

Bai 20. Bién ddi cic biéu thiic sau ddy thanh mot tong:

a) cosSasin3a e) sin(a—b)cos(b—a)
b) cos(a+b)cosa f) cosacosbcosc
¢) 2cos(a+b)cos(a—b) g) 4sin2asin4asinba
. T\ . y
d) 4cosxcos2xcos3x h) sin (x—l— 6) sin (x — €> cos2x

Loi giai.
. . . I . . I . .
a) Taco cos5asin3a = sin3acosSa = 5 [sin (3a — 5a) +sin (3a+ 5a)| = 5 [sin (—2a) + sin 84|

1 1
Viy cosSasin3a = 3 sin8a — 3 sin2a.

1 1 1
b) Tacé cos(a+b)cosa = 5 [cosb+cos(2a+b)] = Ecosb—k Ecos(Za—i—b).

1
¢) 2cos(a+b)cos(a—b)=2- 5 [cos(a+b—a+b)+cos(a+b+a—b)] = cos2b+cos2a.

1
d) Tacd 4cosxcos2xcos3x =4 (cosdxcos2x)cosx =4 - 3 [cos 2x + cos 6x] cosx

= 2c082xcosx+ 2cos6xcosx = cosx + cos3x+ cosSx + cos7x.

1 1
e) Tacodsin(a—b)cos(b—a)==|sinla—b—b+a)+sin(a—b+b—a)| = =sin(2a — 2b).
2 2

1
f) cosacosbcosc = 2 [cos(a — b) +cos(a+b)]cosc

1
= —cos(a—b)cosc+ Ecos(a +Db)cosc

2
1 1 1 1

:Zcos(a—b—c)+Zcos(a—b+c)+Zcos(a+b—c)+zcos(a+b+c).

g) Ta co 4sin2asindasinba = sin4a + sin8a — sin 12a.
/4 /4 1 /4

h) Ta co sin (x—i— E) sin (x— g) cos2x = 3 [cos 3~ cost] cos2x

B cosn 1Coszz 1 1 I+cosdx  cosdx

T3 TN Ty 2 4

Bai 21. Bién d6i mdi biéu thifc dudi day thanh mot tich:
a) sinx 4 sin2x + sin3x ¢) cosx+ cos2x—+ cos3x+ cosdx

COSX -+ COSy

b) sinx + sin3x+ sin5x + sin7x COSX — COS Y
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. sin7x + sin 5x k) 1 —cosa+sina

sin7x — sinSx

f) sinxcos3x+ sin4dxcos2x ) 1—2cosx—+cos2x

g) sina+sinb+sin(a+b) m) 1+ sinx— cos2x

h) cosa+cosb+cos(a+b)+1

) ) n) sin’x — sin®2x + sin? 3x
1) sin“a—sin“b

j) 1+sina-+cosa 0) cos’x+cos?2x+cos?3x— 1
Loi giai.
a) sinx+sin2x+sin3x = (sin3x+ sinx) + sin2x

= 2sin2xcosx +sin2x = sin2x (2cosx+ 1).

b) sinx+ sin3x+ sin5x + sin7x = (sin7x + sinx) + (sin Sx + sin 3x)
= 2sin4xcos3x + 2sindxcosx = 2sin4x (cos 3x + cos x)
= 4sin4xcos2xcosx.

) cosx+ cos2x+ cos3x+ cosdx = (cosdx+ cosx) + (cos3x+ cos2x)
= 2c0s > cos 3 +2cos >x cos A 2cos >x <cos 3 —+ cos x)
n 2 2 2 2 2 2 2

S5x X 3x X
= 4c08 — cosxcos — = 4coSxcos — CcoS —.
2 2 2 2

) X+y X—y
cosx+cosy “COSTH,TCOST x+y x—y
d) = = —cot——cot——.
COSX — COSy —ZSinx+ysinx_y 2 2
2
sin7x+sin5x  2sinbxcosx
e) = = tan6xcotx.

sin7x —sin5x  2cos6xsinx
1 1
f) sinxcos3x+sin4xcos2x = 5 [sin(—2x) + sin4x]| + 3 [sin2x + sin 6x]
1
=3 [sin 6x + sin4x] = sin5xcosx.

a+b a—>b . a+b a+b
coS + 2sin CoS

g) sina+sinb+sin(a+b) = 2sin

) a+b< a—>b a+b> . a+b a ( b)
=2 =2 .2¢os — _Z
sin—— { cos +cos sin — cos S cos | =5

2 2
—4sina cosacosb
B 272
b —b b
h) cosa+cosb~|—cos(a+b)~|—1:2cosa+ cos 2 +2c0s2a+

a+b a—>b a+b a+b a b
= 2c0s 5 cos +cos =4cos COS — COS —.

2 2 2 2 2
1 —cos2 1—cos2b 1
i) sin?a—sin’b = coscd 17O = — (cos2b —cos2a)
. 2 2 2
=3 (=2)sin(b+a)sin(b —a) = sin(a+ b) sin(a — b).
) l—l—sina+cosa:1+sin<2-g>+cos<2~g> :1+25ingcosg+2wszg—l
_ZSingCOSC—l—I—ZCOSZE—ZCOSE<Sing —i—cosc—l)
I ) 2 2\ 2 2/
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k) 1 —cosa—+sina=1—cos (2-g)+sin(2-;—l)

_9ain2é 4 Ez-ﬁ(-ﬂ ‘l)
2sin 2-|—2s1n2cos2 251n2 s1n2—|-cos2 .

1) 1—2cosx+cos2x=1—2cosx+2cos’x—1=2cosx(cosx— 1).
m) 1+sinx—cos2x =1+ sinx— (1 —25in2x) = sinx (1 4+ 2sinx).

1 —cos2x 1 —cos6bx
2

1
= 1 —sin?2x — 3 (cos 6x +cos 2x) = cos? 2x — cos 4x cos 2x

n) sin® x — sin®2x + sin” 3x = —sin?2x+

= c0s2x (cos2x — cos4x) = 2cos 2xsinxsin3x.

1+ cos2x 1+ cos6x 1

22
+cos“2x+ >

0) cos?x+ cos?2x+cos?3x— 1=

1
=3 (cos 6x + cos 2x) + cos? 2x = cos4xcos 2x + cos> 2x

= cos2x (cos4x + cos2x) = 2cos2xcos 3xcosx.

Dang 6. Chitng minh mdt dang thirc lwgng gidc cé sit dung nhém cong thite bién ddi

e V&i dang toan nay ching ta thuong xuit phat tif mot vé ctia dang thiic can chiing minh, dp dung
céc cong thiic, két hop rit gon, nhém s6 hang,... mot cach hop 1y bién d6i biéu thifc d6 dong
nhat dudgc véi biéu thic & vé kia.

e Tuy vao bai toan cu thé, doi khi phuong phap bién di tuong duong, hoic chiing minh ca hai
vé clia dang thidc cuing bang véi biéu thic trung gian,... ciing c6 thé dudc st dung.

Vi du 12. Chiing minh ring 4 cos xcos (g —x) cos (g —|—x) =cos3x, voimoi x € R

’s . 1 2
Loi giai. Ta c6 4cosxcos (g —x) cos (g —|—x> =4cosx- 5 [cos(—2x) + cos ?ﬂ:

= 2c0sxcos2x — cosx = cos 3x + cos(—x) — cosx = cos 3x, Vx € R.

T T
Viay 4 cosxcos (§ —x) cos (5 +x) = cos3x, v6i moi x € R

3

P . Ly . . 3 r .. .
Vi du 13. Chiing minh ring cos® acos3a — sin® asin3a = 1 cos4a+ 7 v6i moi x € R

Loi giai. Taco
3

cos> acos3a — sin’

asin3a = (cos3acosa)cos®a— (sin3asina)sin’a

2 2

1 1
=3 [cos2a + cos4a|cos”a — 5 [cos2a — cos4a] sin”a

1 1 1
= 3 cos2acos’a+ 3 cosdacos®a — 3 cos2asin®a -+ > cosdasin®a

1 1
= 3 cos2a (cos2 a— sin® a) + 3 cos4a (0052 a-+ sin? a)

1 1 1 1 3 1
= —cos2 2a+ —cosda = — 4 —cosd4a = —cosda+ — R.
2cos acos a+2cos a 4(cos a+cos0)+2cos a 4cos a-|-4,Vx6

3 3

. . 3 e
Vay cos’ acos3a —sin” asin3a = ZCOS4a+Z’le moi x € R
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Vi du 14. Chiing minh ring gia tri ctia biéu thiic say day khong phu thudc vao bién sb x:

27 27
S = cos? x + cos? (7 ~|—x> + cos? (? —x)

N ) 2 2
Loi giai. Taco S = cos? x + cos? (? +x) + cos? <? —x)

4 4r
1+ cos <? ~|—2x> 1+cos <? —Zx)

B 1+cos2x

1 1 4 4
= E—i— —CcoS2x+ — {cos (—n+2x> +cos (? —Zx)}

2 2 2 3
3 1 1 4r 3 1 1 1 3
=—4 = 2 -2 — 2x=—+— 2 -2 —= 2x = —
2—cmos x+2 cos3cosx 2+2cos x+2 <2>cosx >

3 s
Viy S = 3 v6i moi x € R (khong phu thude vao bien so x).

BAI TAP TU LUYEN
Bai 22. Ching minh cic ding thifc sau day:

a) cosS5xcos3x -+ sin7xsinx = cos2xcos4x 1 cosSa —cosa — _9sing
sinda + sin2a
b) sinS5x —2sinx(cos2x + cos4x) = sinx

1+ sin2a + cos2a

i i = m N = cota
¢) cosSxcosx+ sin3xsinx = cos2xcos4x 1+ sin2a — cos2a

d) 2(sinacos2a —sin2acos3a) + sinSa = sin3a

3

. . 3.
n) cos3x sin® x + sin3xcos® x = = sindx

e) sin2a —sin4a+sinbo =4sinocos2a.cos3Q

- . .
f) 1+sina+cosa=2\/§cos%cos (Z_g) 0) sing + sinb :tana—l—b
cosa-+cosh 2

sina + sin 3a

—————— =tan?2 /4 T 3
& cosa—+cos3a anzd p) sin®x+ sin® <§ —x) + sinxsin <§ —x) =7
1+4+coso+cos2a 4+ cos3a
h) 5 =2coso . . (T . (T )
2cos“a+cosa— 1 q) 4sinxsin (§—x> sin <§ —l—x) = sin3x
.. sin2a +sin4a + sinbo )
& 1 +cos2a+cosda = 2sin2a 8cos?2a
r) tana+cota+tan3a+cot3a = ——
.. 2sin2a -+ sin4da sin6a
1 =tan2acosa
2(cosa+cos3a) s) sin(a — b)sin(a+b) = sin®a —sin® b

sin2a — sin3a + sin4a

k 08 2a — cOs 3a 1 cosda = tan3a t) cos(a+b)cos(a—b) = cos’>a—sin’b

Loi giai.
a) Chung minh cos5xcos3x + sin7xsinx = cos 2xcos 4x.

1 1
Ta c6 cos Sxcos3x + sin7xsinx = 2 (cos2x+cos8x) + 5 (cos6x — cos 8x)

1
=3 (cos6x + cos2x) = cos4dxcos2x.

b) Chiing minh sin5x — 2 sinx(cos2x + cos4x) = sinx.
Ta ¢6 sinSx — 2sinx(cos2x + cos4x) = sin5x — 2 sinxcos 2x — 2 sinxcos4x
= sinSx — [sin(—x) + sin3x] — [sin(—3x) + sin 5x| = sin.x.
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¢) Chiing minh cos Sxcosx + sin3xsinx = cos 2xcos4x.

1 1
Ta c6 cosSxcosx + sin3xsinx = 3 [cos4x + cos 6x] + 3 [cos2x — cos4x]

1
=5 [cos 6x + cos 2x] = cos 2xcos4x.

d) Ching minh 2(sinacos2a — sin2acos3a) + sin5a = sin3a.
Ta ¢6 2(sinacos2a — sin2acos3a) + sin5a = 2sinacos2a — 2sin2acos 3a + sin5a
= sin(—a) + sin3a — [sin(—a) + sin5a] 4 sin5a = sin3a.

e) Ching minh sin2a —sin4o + sinba = 4sincos2acos3a.
Ta c6 sin2a — sinda + sin6o = sin6a + sin2a — sin2 (2a)
= 2sin4ocos2a —2sin2acos200 = 2cos2a (sin4o — sin2a.)
=2cos2a (2cos3asina) = 4sinacos2acos3a.

T
f) Chung minh 1+ sina+cosa = 2\/§cosgcos (— — g).

2 4 2
T 1 T T T
Ta co 2\/§cosgcos <Z — g) =22. > [cos (a— Z) —f—COSZ} =+/2cos (a— Z) +1
b/ T 2 2
=2 (cosacosz +sinasinz> +1=+2 (%cosa—k gsina) +1=cosa-+sina+1.
. i3
g) Ching minh shnatsinda tan2a.
] cosa+cos3a ) ) )
_ sina—+sin3a sin3a -+ sina 2sin2acosa sin2a
Ta co = = = tan2a

cosa+cos3a cos3a+cosa 2cos2acosa cos2a

1 o 20 3o
h) Chiing minh —- ;OCSOS;;TSCOS ; st —2cosa.
1 +coso+cos2a+cos3a  (cos3a+cosa)+ (cos2o+1)

2cos?a+coso—1 (2cos2 0 — 1) +cosa
_ 2cos20cosa+2cos’ o 2cosa(cos20 + cos o)
B cos20 +cos o B cos2a +cosa

2

Ta cod

=2cos

in20 + sin4o + sin60o
i) Chitng minh SM=GFSINAAFSINOX _ ey,
14+ cos2a +cos4a
Ta c6 sin2a +sin4a +sin6o  (sin6o +sin2a) +sin4o
1 +cos2a+cos4a  (1+cos4a)+cos2a
_ 2sind4acos2o +sinda  sind4a (2cos2a+1)

2cos?2a+cos2a  cos20(2cos20 + 1)

=2sin2o

2sin2 in4
j) Chting minh SinZa + sinta =tan2acosa.
2(cosa+cos3a)

. 2sin2a+sinda 2sin2a +2sin2acos?2a
Ta co =

2(cosa+cos3a) 4cos2acosa

{12a — sin3 -
K) Chiing minh o~ SINSAHT SN _ 2y
cos2a —cos3a -+ cosda
Ta c6 sin2a — sin3a + sin4a _ sinda + sin2a — sin3a _ 2sin3acosa — sin3a
cos2a —cos3a+cosda cosda+cos2a—cos3a  2cos3acosa— cos3a
sin3a(2cosa—1)  sin3a
= = =tan3a
cos3a(2cosa—1) cos3a

. . . cos5a—cosa .
1) Ching minh ————— = —2sina.
sinda+sin2a i ) ]
. cosSa—cosa —2sin3asin2a —sin2a —2sinacosa .
Ta co — - = - = = = —2sina.
sin4a + sin2a 2sin3acosa cosa cosa
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1 +sin2a + cos2a
Chu inh = cota.
m) fig min 1 +sin2a — cos2a cotd

. 1+4+sin2a+ cos2a B 1 +2sinacosa+2cos?a—1 B 2sinacosa+2cos?a

Ta cé - = =
1+sin2a—cos2a 1+ 2sinacosa— (1 —ZSinza) 2sinacosa+2sina
_ 2cosa(sina+cosa)  cosa

= . = — = cota
2sina(cosa+sina)  sina

3

3
n) Ching minh cos3xsin®x +sin3xcos’ x = 1 sin4x.

Ta ¢6 cos3xsin® x + sin3xcos® x = (cos 3xsinx) sin® x 4 (sin3xcosx) cos” x

1 1
=3 (sindx — sin2x) sin®x + 3 (sin4x + sin2x) cos®x

2 2

1 1 1 1
= Esin4xsin x—5sin2xsin2x+§sin4xcoszx+Esiancos X

1 1
= 5 sin4x (sinzx + cos? x) + 3 sin2x (coszx — sin? x)
1

1 1 3
= 3 sin4x + 3 sin2xcos2x = 3 sin4x + 1 sindx = 1 sin4x.

sina + sinb . na+b
cosa—+cosh 2
a+bCOSa—b Sina+b
b
Ta cé = 2 2 __ 2 :tana+.
cosa-+cosbh a+b a—>b a+b 2
2.cos 7 cosS 5 0 7

0) Ching minh

2sin

. sina+sinb

3
p) Ching minh sin® x + sin’ (% —x) + sinxsin <§ —x) =7

T T
Ta ¢6 sinx + sin? (5 —x) + sinxsin <§ —x)

2
1—cos<—n—2x
1—cost+ 3 +sin n( >
= inxsin( — —x
2 2

1 27
=1- 3 {cost-l—cos <? —2x)

—1—005(2—n)cosﬂ:—i—lcos(Z—n)—l—S
- TT3)3T YT3) T4y

+ = [cos <2x g —cos—]

q) Chtng minh 4sinxsin (% — x> sin (% +x> = sin3x.
T T 1 2n
Ta c6 4 sinxsin (5 —x) sin <§ +x> =4sinx- 3 [cos(—Zx) —cos ?}
= 2sinxcos2x + sinx = sin3x + sin(—x) + sinx = sin3x.

8cos?2a

. sinba
sina cosa sin3a cos3x

r) Ching minh tana + cota + tan3a + cot3a =

Ta c6 tana + cota +tan3a + cot3a = - -
) cosa sina cos3a sin3x

sinfa+cos?a  sin%3a+ cos?3a _ 1 1 2 2

sinacosa sin3acos3a sinacosa sin3acos3a sin2a sinba
2(sin6a+sin2x)  4sin4acos2a  4-2sin2acos2acos2a  8cos’2a

sin2asinba  sin2asinba sin2asin6a ~ sinba
s) Chiing minh sin(a — b)sin(a +b) = sin*a —sin?b.
1 1
Ta cé sin(a—b)sin(a+b) = 5 [cos(—2b) — cos2a| = [cos 2b — cos 24|

= % [(1 —2sin2b) — (1 —25in2a)} = % [ZSln a—2sin’ b] = sin®a — sin’b.
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t) Chiing minh cos(a 4 b) cos(a — b) = cos*>a — sin® b.
1 1
Ta c¢6 cos(a+b)cos(a—b) = 5 [cos2b + cos2a] = 5 [2cos?b—1+41— 2sin2a}

1
=3 2 cos?b — 2sin? al = cos?a —sin?b.

Bai 23. Ching minh cdc ding thifc sau day:

b (n a) in(n—kb)
S\q72)"M\1 72

b) sin?a+sin’b+2sinasinbcos(a+ b) = sin?(a + b)

c) sin(2 +n>cos( 717) cos<2 +7t)cos(27r )—cos
T3 6 T3 3 )T

Loi giai.
b (71' a> m<7r+b>
cos 1773 S 1175)

b —b b b
Ta c6 cosa+cosb+sin(a+b) = 2COSa+ cos 2 +25ina+ cosa+

a+b <cosa_b—|—sina+b> —2cosa+b (Sinn—a+b+sina+b
2 2 2 ) 2 2 2

b ZSin(Tc-l-b)COS(Tc a)
4 2 4 2/
b) Ching minh sin®a 4 sin? b + 2sinasinbcos(a + b) = sin’(a+ b).

Ta c6 sin®a + sin® b + 2sinasinbcos(a + b)
B {1 —cos2a 1—cos2b

2 * 2
= [1 - % (cos2a+cos 2b)} + [cos(a —b) —cos(a+b)]cos(a+b)

= [L —cos(a+b)cos(a—b)] + [cos(a —b)cos(a+b) —cos*(a+b)]
= 1—cos’(a+b) =sin®*(a+b).

a) cosa—+cosb+sin(a+b) :4cosa+

a) Chiing minh cosa+ cosb +sin(a+b) = 4cos at

= 2c0s

N————

:2cosa+

+ 2sinasinbcos(a+b)

2
¢) Chiing minh sin <2x—|— 731:) 0s (x ) —CoS <2x—|— g) cos <?ﬂ? —x> = COSX.
2
Ta co sin <2x-|—E cos( Z) —COS <2x-|— >cos <?ﬂ—x>
1 (
= — |sin

sin <

-sm (3x—|— E) —sin (3x+ E) +2cosx} = COSX.

- 7;)} 3 [cos(x+7r)+cos<3x—§)]

3
g) cos <3x— §> + sin (x+ E) —cos (x+ n)}
o) el

g — 3x> +cosx— (— COSX)]

+ sin

3x+
3x+

| = = =D

\ e 2, . .z . K - A 2, 3 A
Bai 24. Chung minh gia tri cua biéu thuc A = cos (g — x) cos (g +x> +cos (g +x) cos (Tﬂ? +x> khong

phu thudc vao bién sb x:
Loi giai A—cos<7r )cos(nJr >+cos<n+ )cos<3n+ )

giai. A = 3 X 1 X 3 X 1 X
cos (5 ~2¢) +eos 17 |-+ 5 [eos (-7 ) eos (2 )|
cos | — — CcOS — — |cos cos | —
P\ 12] 72 12 P
—cos<11 +2>—|—cos( 2)+cos7n+cos< 7%)}

12 12 12 12

T T 117 T
O+2cosﬁ} cosﬁ (doﬁ 2x+ﬁ—2x— )

I\JIHI\)I'—‘I\JI'—‘
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1 Lz
Viay A = cos v v6i moi x € R (khong phu thude vao bien so x).
Bai 25. Chiing minh ring cdc biéu thic dudi diy khong phu thudc vao gid tri cia bién s6 x.

n v/
a) A= sin®x + cos (5 —x) Cos <§ +x)

b) B = 1 —cos2x+ sin2x cot
— X
1+ cos2x + sin2x

Li gidi.

a) A—sinzx—l—cos<7r x) cos(ﬂ—i—x> = 1—c032x+1 [cost—i—cos 27[}
N 3 3 2 2 3

1 1 1
=5 (1 —cos2x+cos2x — 5) =1 (khong phu thudc vao x).

1 —cos2x+sin2x 2sin%x + 2sinxcosx
b) B= - -cotx = -cotx
1+ cos2x+sin2x 2cos? x4+ 2sinxcosx

2sinx (sinx+cosx) cosx

2cosx(cosx+sinx) sinx (khong phu thudc vao x)

Dang 7. Dung cong thitc bién doi d€ tinh gia tri (rit gon) ciia mdt biéu thirc luong giac

Vi du 15. Rit gon bi€u thiic A =2 sinx(cosx +cos 3x + cos 5x).

Tur d6 tinh gid tri bi€u thic T = cos 7 + cos 37 + cos 57ﬂ

Loi giai. Tacé A = 2sinx(cosx+ cos3x+ cos5x) = 2sinxcosx + 2 sinxcos 3x + 2 sinxcos 5x
= sin2x + sin4x + sin(—2x) + sin 6x + sin(—4x) = sin2x + sin4x — sin 2x + sin 6x — sin4x
Nhu viy, A = 2sinx(cosx + cos3x + cos 5x) = sin6x.

Ap dung két qua trén, ta c6

T = cos i + cos 37 + cos 7 = T -2sin i = 2sin i (cos ﬂ + cos 37 + cos 5717) = sin o7
T 7 7 7 7 7 7 7)) 77
6w 3 T T T 1
Do sinT =sin (7‘[— 7) = sin7 nén T'ZSin7 = sin7 =T = 7
[ Vi du 16. Tinh gia tri biéu thiic A = sin? 10° 4 cos 70° cos 50°
N, e? e , . 1_ 200 1
Loi gidi. Ta c6 A = sin” 10° +cos 70° cos 50° = % + 3 [cos 120° 4 c0s 20°]
1 1 1 1 1 1 1 1 1
= E_5C08200+20081200+2008?00 = §+2cosl20° =5"11
Vay A = sin? 10° + cos 70° cos 50° = 7
Vidu 17. Rut gon céc biéu thic sau day:
cos4a — cos2a sina — 2sin2a + sin3a
A=—————— b) B=
2) sinda — sin2a ) cosa —2cos2a-+cos3a
Loi giai.
2) TacoA— cosda — cos2a _ —2sin3asina _ sin3a — tan3a.

sinda — sin2a 2cos3asina cos3a
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sina — 2sin2a + sin3a (sin3a+sina) —2sin2a

cosa—2cos2a+cos3a (cos3a+cosa) —2cos2a

2sin2acosa—2sin2a  2sin2a(cosa—1)  sin2a a2
g = = = a.
2cos2acosa—2cos2a  2cos2a(cosa—1) cos2a

b) Taco B =

BAI TAP TU LUYEN

Bai 26. Tinh gid tri cdc biéu thic sau day:

5 2 4 6
a)A:sin%sinl—g h) H:cos%t%—cos?n—kcos;
117 5w
_ 2 3
b) B—cosicosﬁ i) I:cosg—cos—n—kcos—ﬂ:
7 7 7
/4 2r )
C) C:cosg—cos? j) J =cos36°cos72°
d) D =co0s35° 4 cos85° —cos25° k) K = cos36° —sin 18°
e) E =cos130°+cos110° +sin100° ' A 67 87
) L=cos— +cos— +cos— +cos —
f) F =tan9° —tan27° —tan63° +tan81° 5 5 5 5
5 7
g) G:cosg—kcosg—kcosg m) M= Sn10° —4sin70°
Loi giai.
) A . T . 5% 1{ <47r) 671 1[ /4 n] 1(1 0) 1
a) A=sin—sin—=—|cos| —— | —cos—| == |cos=——cos—|==(=—0) =~
12 12 2 12 12 2 3 2 2\2 4

1¥4 S 1 61 167 1 /4 4r
b) B=cos——cos— =—-|cos—+cos—— | == |cos— —cos— | =

N —
N\
(@]
|
M| —
N————
I
|
FNJE.

12 12 2 12 12 2 2 12
2 2
c) C:cos%—cos?n:>2sin§~C:25in§cos75—r—25in§-cos—7r
:>2sin7r C—sinzn [sin3ﬂ+sin< ﬂ)] —sinzn sinsn—i-sinn
5 s 5 5/1 75 5 5
b1 T 1 2n 37w 27 37
= sm5 C sm5 =C > <d0 5 + 5 T = sin 5 sin 5)

d) D = c0s35°+c0s85° —cos25° = 2c0s60° cos (—25°) — c0s25° = c0s25° —c0s25° =0
e) E =co0s130°+cos110°+sin100° = 2¢c0s8120°cos 10° +cos10° = —cos 10° +cos 10° =0

f) F =tan9° —tan27° —tan63° 4-tan81° = tan9° +tan81° — (tan27° + tan 63°)

_sin9°  sin81° <sin27o sin63°>
cos9°  cos81° cos27°  cos63°
B sin9°cos81° 4+ co0s9°sin81°  sin27°cos63° +cos27°sin63°
- c0s9°cos 81° cos27°cos63°
~ sin90° sin90° 2 2 2(sin54° —sin18°)
cos 90386%19'0 158 27°sin27°  sin18° sin54°  sin54°sin18°
cos sin o . .
= el 4 (do cos36° =sin54°).
) G—cosn+cossjr+cos7n —cosn+2cos6ﬂcosn —cosn+2( 1)cosn =0
8) &= 08y 9 9 ~ 9 g 9 Ty 2)%9 =

441
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27 4w (Y4
h) H:cos7—|—cos7+cos7
=H s'n7r s'nncoszﬂ4—s'n7rcos47r—|—s'n7rcos67r
-sIn — = SIn — — +sin— — +sin— —
7 7 7 7 7 7 7
—1[sin37r sinﬂ:-l-sin57r sin3ﬂ:-|—sin77r sinsn
2 7 7 7 7 7 7
_1< nﬂ)— linn
p \ 77 PR
1
=>H=——
2
i)I—cosn coszﬂ+cos3n— cos6ﬂ c0527r cos47r
T 7 7 7 7 7
T (1 T 27 T 41

T
=1 (—sin7> :sin7cos7—|—sin7cos7—|—sin7cos7

17.797mn . 5S# . 37 . m™ . 5Sm . 3¢
:E[s1n7—s1n7+s1n7—sm7+sm7—sm7
1 . T
:§<—sm7>

==

| =

j) TacodJ =cos36°cos72° = J-sin36° = sin36° cos 36° cos 72°
. o 1 . o o 1 . o 1 . o
= J-sin36° = §s1n72 cos72” = 7 5in 144° = Zs1n36

1
Vay J = —
ay 4

k) K =c0s36° —sin18° = —cos 144° — cos72°
= K - (—sin36°) = sin36° cos 144° + sin36° cos 72°

1 1
=3 [sin 180° — sin 108° + sin 108° — sin36°| = 5 (—sin36°)

=>K—1
2
I) L=cos 27r—|—cos4ﬂ:+cos 671:4—005 87
N 5 5 5 5
=L sinjr—sinﬂ:coszn—ksinjrcos‘m-+sin7rcos67r—|—sinncosg7r
5 75 5 5 5 5 5 5
=L sinn—l{sin?ﬂr sinn+sin5” sin37r+sin77r sinsn—i—singn sin77r
5 2 5 5 5 5 5 5 5 5
N 77:_1[. o . n}_l[ LT n]_ . T
sm5—251n5 sm5 =5 sm5 sm5—51n5
=L=-1
m) M = — —4sin70° = M -sin10° =1 —4sin70°sin 10°
sin 10°

= M -sin10° =1—2(cos60° —cos80°) = 1 — 1 +sin 10° = sin 10°
=>M=1

N e n ~ - . s . 2 - < A 2, A
Bai 27. Choa= TR Hay tinh gia tri cua cac bi€u thic sau day
a) A =sina+sin2a+ sin3a+ sin4a -+ sin5a

b) B = cos2a+ cos4a+ cosba+ cos8a+ cos 10a

27 41 67 87
¢) C =cosa-+cos a+? +cos a+? + cos a—l—? +cos a+?
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Loi giai.

a) Tacod A = sina+ sin2a + sin3a + sin4a + sin5Sa
:ZSing-A:2sinasinc—l+2sin2asinc—l4—25in3asinc—l—I—ZSin4asinL—l+25in5asing
:>2sina A—cosa—cos a+cos a—cossa+ —cosga+cosga—coslla

20 T2 2 2 2 2 2 2
:>2s'na A cosa coslla
in--A= - — —_—
2 2 2
T T T T T T
V(’jia:ﬁtacéZSinﬁ-A:cosZ—cosi:cosﬁéAzicotﬁ.

b) Ta cé B = cos2a+ cos4da+ cosb6a+ cos8a+ cos 10a
= 2B -sina = 2sinacos2a + 2sinacos4a + 2 sinacos6a + 2 sinacos 8a + 2 sina cos 10a
= 2B -sina = —sina +sin3a —sin3a +sinSa+--- —sin9a +sin11la
= 2B-sina = —sina+sinlla.

V6i i ta co 2sin n B sin n +sinw = B !
ia=— in—-B=—sin— +si = ——,
11 11 11 2
3 27 4w o6m 81
¢) Taco C =cosa—+cos a+? +cos a+? +cos a+? +cos a+?
b9 T T 2n
:>2C-sin§:2sin§cosa+25ingcos<a—|—?>
+2s'nncos( +4ﬂ)+25inncos< +6n>+2s'nﬂcos< +87r)
in— a+— — a+— n— a+—
5 5 5 5 5 5
= —sin(a=F) sin (a+ ) —sin (a5 ) sin (a+F) —sin(a+ )
= —sinla 5 sin ( a 5 sin ( a 5 sin | a 5 sin| a 5
+sin( +57t> sin< —|—57r)+sin< +77r> sin( +7ﬂ)+sin< +97t)
at+— | — a+— at+— | — a-+— a+—
5 5 5 5 5
9 4
:>2C-Sinz:sin<a—|——ﬂ>—sin(a—z>:2cos(a—l——7r>sin7t:():>C:().
5 5 5 5
Bai 28. Rut gon céc bi€u thic dudi day:
T -7 ) )
a) A:4sinfsinx+ Sinx f) F— sin“4x — sin“ 2x
3 3 3 cosZx — cos22x
X X+ X—T

b) B =4cos—cos cosS

) 3 3 3 ) G— sin(a+ b) sin(a — b)

¢) C =sin? (54—{) — sin? (E_f) 2o cosa+-cosb

N 8 2 g8 2
d) D= sinx + sin4dx + sin 7x h) H:COS‘ZG—COSZb
COSX + cos4x + cos7x sin(a — b)
B COSX — COS2x + cos 3x ' '
e) £ = sinx — sin2x -+ sin 3x i) I =sinx(1+2cos2x+2cos4x+2cos6x)
Loi giai.
T -7 1 T 2 2

a) A:4sin§sinx—; sinx 3 :4sin§-§ {cos?—cosgx} :—sin;—c+25in)3—ccos?x :A:—sing—k

sinx — sin;—c = A =sinx
T —T 1 27 2 2
b) B :4cosgcosx: cosx 3 :4005;—6-5 [cos?—kcosgx} = —cos;—c+2cos§cosgx = B =

X X
—cos§+cosx+cos— = B =-cosx
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1co<ﬂ—|—> 100(7r )
s4x s4x

) C:sin2(5+f)_sin2(f_f) _

) 8 2 2 B 2
1 T T T 2
=C=1- 3 [cos <Z +x> + cos <Z—x>] = 1—cosZcosx: 1 —%—cosx
4 D= sinx + sin4x + sin 7x B sin 7x + sinx + sin4x B 2sin4xcos3x -+ sin4x
© cosx+cosdx+cosTx  cosTx+cosx+cosdx  2cosdxcos3x+ cosdx
sindx (2cos3x+1)  sindx
= = = tan4x
cos4x(2cos3x+1) cosdx
e) E = COSX — COS2x + cos3x - €c0S3x + cosx — cos2x B 2c0S2xcosx — cos2x
~ sinx—sin2x+sin3x  sin3x+sinx—sin2x  2sin2xcosx — sin2x
cos2x(2cosx—1)  cos2x cot?
= = = X
sin2x(2cosx—1)  sin2x
B F= sin?4x —sin?2x  2sin?4x — 2sin2x (1 —cos8x) — (1 —cosdx)  cosdx—cos8x L P

cos2x—cos22x  2cosx—2c0s22x (1 +cos2x)— (1 +cosdx)  cos2x— cosdx

—2sin6xsin(— in6x _ 2sin3xcos3
sin6xsin(—x)  sin6x  2sin3xcos3x 9083y

—2sin3xsin(—x)  sin3x  sin3x

. a+b a+b . a—>b a—>b
_Sin(a+b)sin(a—b)_25m ) -2sin 5 Cos—

G= =
& cosa+cosh a+b a—b
2cos cos —
:>G:25ina+bsina;b:cosb—cosa
) _ _
h) H = cos“a—cos“h  (1+cos2a)—(1+cos2b) cos2a—cos2b
- sinfa—b) 2sin(a — D) ~ 2sin(a—b)
_ —2sin(a+b)sin(a—b)

— _si b
2sin(a —b) sin(a+b)
i) I =sinx(1+2cos2x+2cosdx+2cos6x)

= sinx + 2sinxcos 2x + 2 sinxcos 4x + 2 sinx cos 6x

= sinx — sinx + sin 3x — sin3x + sin5x — sinSx 4+ sin7x = sin 7x

Dang 8. Nhan dang tam giac. Mot s6 hé thirc trong tam giac

Bién ddi, din dén sinA = 1 hodic cosA = 0 sé c6 A = 90°.

Néu a? + b? = 2 thi C = 90°.

Néu sin(A — B) = 0 hoic cos(A — B) = 1 thi A = B, suy ra tam gidc cn.

e Tam gidc ciAn ma c6 mdt goc bang 60° 1a tam gidc déu.
Mot s6 luu y khi gia thiét cho A, B,C 1a ba géc ctia mot tam gidc
e A+B+C=180° = (A+ B) va C bu nhau, tuong tu véi (B+C) vaA,...

A+B+C 9OO:>(A+B) ac hu nhau, tudng tu véi (B+C) a
o —+—+—= —+ = — —+ = =
27272 o ") VAo Phumhat Hong el { 5y J Va5

e Cic goc A, B,C déu c6 sb do trong khoang (0°;180°)

ABC o o ax
e Cac goc 3275 deéu la cac géc nhon nén ¢ cac gia tri lugng giac déu duong.
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Vi du 18. Chiing minh ring AABC vudng khi sinAsinC = cosA cosC.

Loi giai. Tacé
sinAsinC = cosAcosC < cosAcosC —sinAsinC =0

<cos(A+C)=0«< —cosB=0<cosB=0< B=90°

Vay tam giac ABC vuodng tai B.

Vi du 19. Chiing minh ring AABC can khi 2sinAsinB = 1+ cosC. (1)

Loi giai. Ta c6 (1) tuong duong véi

cos(A —B) —cos(A+B) = 14cosC
< cos(A—B)+cosC =1+cosC
<cos(A—B)=1<A—-B=0<A=B.

Viay tam giac ABC can tai C.

Vi du 20 (PH Ngoai ngur Ha No¢i-1995). Cho AABC véi dién tich S va R la ban kinh dudng tron

ngoai tiép. Ching minh rang:
28
sin2A +sin2B 4+ sin2C = 7R

Loi giai. Bat Q = sin2A +sin2B+ sin2C. Khi d6

Q = 2sin(A+B)cos(A —B) +2sinCcosC
= 2sinCcos(A —B) +2sinCcosC
=2sinC[cos(A — B) 4 cosC]
= 2sinC[cos(A — B) —cos(A + B)| = 4sinAsinBsinC
a b ¢ abc 2 2§

JQR2R'2R_ 4R'R2 _ R®

Ta c6 diéu phéi chiing minh.

- ~

Vi du 21. Cho AABC. Ching minh ring

asin(B—C) +bsin(C—A) +csin(A—B) =0.

Loi gidi. Pang thiic cdn chiing minh tucng duong véi:

2R[sinAsin(B —C) +sinBsin(C —A) +sinCsin(A — B)| = 0.
Ma ta co

sinAsin(B—C)

sinBsin(C—A)
sinCsin(A — B)

sin(B+ C)sin(B—C) = —(cos2B —co0s2C)
sin(C+A)sin(C—A) = —(cos2C — cos2A)
sin(A + B) sin(A — B) = —(c0s2A — cos2B).

ool

Cong lai ta dudc:
sinAsin(B — C) +sinBsin(C — A) +sinCsin(A — B) = 0.

Tir day ta c6 diéu phai chiing minh.
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Vi du 22. Cho tam gidc ABC. Ching minh ring:

a+bt A—B ) A+B
.tan = tan
a—>b 2 2

Loi giai. Ta co:

a+b A—B 2R(sinA+sinB)  A—B
.tan = , —~ . tan

a—>b 2 2R(sinA — sinB) 2
A+B A—-B . A-B

_ZSin 5 cos 5 sin 5 . A+B
_2cosA+BsinA_B.cosA_B -
2 2 2

Ta c6 diéu phéi chiing minh.

Vi du 23 (PH Ngoai ngir Ha N6i-1998). Cho A,B,C va a, b, ¢ la cic goc va cac canh cia AABC.
Chiing minh rang:

2sin(A—B)  a*—b?

sinC 2

Loi giai. Ta co:

a*—b*  4R? (sin?A — sin? B) 1 —cos2A — (1 —cos2B)

& 4R2sin*C sin? C
_ cos2B—cos2A  —2sin(B+A)sin(B—A)
B sin®C B sin?C
_ 2sinCsin(A—B)  2sin(A—B)
B sin?C - sinC

Tir day ta c6 diéu phai chiing minh.

Vi du 24. Chiing minh ring v6i moi tam gidc ABC ta ludn c6

inA + sinB — sinC = 4s5i in> ¢
sin sin sinC = 4sin 2s1n 2cos >
Loi giai.
A+B A—B
Ta co sinA +sinB — sinC = 2sin —; CcoS T sin (2- g)
VA+B+C 90° pé . A+B c .. C A+B
1 — = nén sin = — in— =
7 7 én s > cos2vas 7 cos >
Tt d6 sinA + sinB —sinC = 2 CoosA=B 14
0 sin sin sinC = 2cos 2cos 5 sin 2cos >

—2cosC [COSA_B cosA+B]
B 2 2 2
C . A B .A . B C
= 2cosz~(—2) sin > sin (—5) —4s1n§sm§cos§
B C

Vay sinA +sinB —sinC = 4sin§ sinicos 5



3.. CONG THUC LUONG GIAC

447

Vi du 25. Chiing minh ring v6i moi tam gidc nhon ABC ta ludn c6

sinA +sinB —sinC ) A ( B )
= tan — tan — cot —
cOoSA +cosB—cosC+1 2 2 2

Li gidi.

26 A+B A—-B . <2 C)
sinA +sinB — sinC _ st 2 o8 2 st 2
cosA+cosB—cosC+1 A+B A—B C
+1—cos| 2=

2
Ccos > Ccos >

Ta co

A—B cC C C ( A—B A+ B)
_ _ fh e 2 — _
2C0Ss — CcOoS 2sin — cos > cos 2 CoSs 7 coS >

2 2 2
— A—B+ A+B)
Ccos
2 2

C c
Zsinicos > —|—2sin2§ 2sin§(c0s

2 'nA 'n( B)
c si 251 > c B
=cot— = cot — tan — tan — = tan — tan — cot —

2 ZCOSéCOS (—Ij) 2 2 2 2 2 2
2 2

sinA +sinB —sinC B
ay =tan —tan —cot —.
cOoSA+cosB—cosC+1 2 2 2

A

sinB +sinC .

Vi du 26. Tam gidc ABC la tam giic gi néu sinAd = —————— 7
’ cosB+cosC

Loi giéi.
2 B+C B-C
sinB +sinC . S 2 cos . B+C
< sinA = < sinA = tan

cosB+cosC i ’ B+C B-C 2
oS cos

2
<:>,<2A) . (77: A)<:>2,A A tA<:>2'2A A A
sin(2-— | =tan|{ - — = sin —cos — = cot — sin“ —cos — = cos —

2 2 2 2 2 2 2 2 2

A A A
Do 0° < > < 90° nén cosz # 0 va sini > 0.
A A A
Tir d6 2 sin’ ECOSE = COSE & 2sin? 5= 1 & sin
Viay ABC la tam giac vudng tai A.

\S}

Ta co sinA =

=

N >
SN

N |

BAI TAP TU LUYEN
Bai 29. Cho A, B,C 1a 3 dinh ctia mdt tam gidc. Chiing minh rang

A B C
a) sinA+sinB+sinC = 4cos 5 cos 5 cos 2

A . B . C
b) cosA+cosB+cosC = 1+4sin§sin§sin§

¢) sin2A 4 sin2B + sin2C = 4sinA sinBsinC

d) cos2A +cos2B+cos2C+ 1= —4cosAcosBcosC
e) sinA + sin? B+ sin>C = 2 + 2 cos A cos Bcos C

f) cos?A+cos’?B+cos?C =1 —2cosAcosBcosC

g) tanA +tanB +tanC = tanAtan BtanC

=45° A =90°
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A B B C cC A
h) tan —tan — +tan —tan — +tan —tan — = 1

22 2 2 22

Loi giai.

a) Chiing minh ring sinA + sinB + sinC = 4co0s = cos — cos —.

. A . B
b) Chiing minh rang cosA +cos B+ cosC = 1 44 sin > sin — sin —

B C
2

A+B A—B C
Ta c6 sinA + sin B+ sinC = 2sin ; coS 3 +sin<2~§>

C A—B . C C A+B C O)
—2cos§cos 5 +251n§cos§ (dOT+§_9O

_s C( A_B+ A+B> (d . C_ A+B>
= 0052 cos > cos > osm2 = COoS >

—2cosC QCosAcos< B)—4cosAcosBcosC
N 2 2 2/ 27272

C

2 2
A+B A—B C
Ta c6 cosA +cosB+cosC = 2cos —; coS 7 + cos (2 . 5)

C A—B C A+B C
=2sin— 1—2'2_< el B W >
sm2c0s > + sin > do > + > 90

C A—B A+B C A-+B
:l+2sin§<cos > —CoS —; ) (do sinE:cos —; )

C A B A. B . C
= 1+ZSin§(—2)sin§sin<—§) = 1+4sin§sin§sin§.

¢) Chiing minh ring sin2A + sin2B + sin2C = 4sinAsin BsinC

Ta c6 sin2A +sin2B +sin2C = 2sin(A + B) cos(A — B) 4+ 2sinCcosC
=2sinCcos(A —B) —2sinCcos(A+B) (do A+B+C = 180°)
=2sinC[cos(A — B) — cos(A + B)]

=2sinC- (—2)sinAsin(—B) = 4sinAsinBsinC.

d) Chiing minh ring cos2A + cos 2B +cos2C + 1 = —4cosAcosBcosC.

Ta c6 cos2A 4 cos2B +cos2C + 1 = 2cos(A + B) cos(A — B) +2cos>C — 1 + 1
= —2cosCcos(A—B) —2cosCcos(A+B) (do A+B+C =180°)

= —2cosC|[cos(A — B) 4 cos(A + B)]

= —2cosC-2cosAcos(—B) = —4cosAcosBcosC.

e) Chiing minh ring sin®A + sin? B+ sin? C = 2+ 2cosAcos BcosC

1—cos2A 1—cos2B 1—cos2C

T , . 2A . 2B . 2C:
a co sin“A 4+ sin“ B 4 sin 5 -+ 5 -+ 5

3 1 3 1
=5"3 (cos2A +cos2B+cos2C) = ) [2cos(A+ B)cos(A — B) +2cos’C — 1]
3

1
=575 [—2cosCcos(A —B) —2cosCcos(A+B) — 1]

=2+cosC[cos(A —B) +cos(A+B)]
=2+cosC-2cosAcos(—B) =2+ 2cosAcosBcosC

f) Ching minh ring cos’>A + cos? B+ cos>C = 1 —2cosAcos BcosC

I4+cos2A  1+cos2B
2 + 2
=1+ % (cos2A 4 c0s2B) +cos’>C = 1+ cos(A + B) cos(A — B) +cos’>C
=1—cosCcos(A—B) —cosCcos(A+B) (doA+B+C = 180°)

=1—cosC|cos(A — B) +cos(A+ B)]
=1—cosC-2cosAcos(—B) =1—2cosAcosBcosC

Ta ¢6 cos?A + cos? B+ cos?C = +cos2C
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g) Chiing minh ring tanA + tan B + tanC = tanA tan BtanC

Taco6TacoA+B+C=180°=A+B=180°—C = tan(A + B) = tan (180° — C)

tanA +tan B
- M = —tanC = tanA +tanB = —tanC (1 —tanAtanB)
1 —tanAtanB

= tanA +tanB = —tanC +tanAtan BtanC
= tanA +tanB + tanC = tanAtanBtanC.

N A B B C c A
h) Ching minh rang tan 5 tan — 4 tan — tan 5 + tan 5 tan— =1

2 2
A B C A B C
TacOA+B =180°= —4+—=—=90°— ==t —+ =)=t 0° — —
acOoA+B+C :>2+2 9 2:>an<2+2> an<9 2)
A B
= tan§+tan§ tC ! =t C<t A+t B) 1—t At B
=cot— = —— an— | tan— +tan— | = 1 —tan —tan —
A 2 C 2 2 2 2 2
1 —tan —tan — tan —
= tan —tan — +tan —tan — = 1 —tan tanB
22 2 2 272

> tan tan > 4 tan Stan & 4 tan Stan =1
anzanz anzanz an2an2—.

Bai 30. Cho tam gidc ABC. Chiing minh ring

. B—-C b-c A
sin = .COS —.
2 a 2

Loi giai. Ta co:

b—c A  sinB—sinC A
.COS— = ————— . COS—
a 2 SinA 2
) B+C . B-C
COS 2 Sin 2 A B—C
2

= .COS— = sin

A
2sin — —
s1n20052

Diéu phai chiing minh.
Bai 31 (PH Pa Nang 1997). Chiing minh ring AABC vudng khi

b c a

— . 1
cosB + cosC sinBsinC S
Loi giai. Tacé

2RsinB  2RsinC B 2RsinA

cosB cosC  sinBsinC
sinB  sinC sinA

(1)<

cosB  cosC - sinBsinC
sinBcosC +cosBsinC B sinA

cosBcosC ~ sinBsinC
sin(B+C)  sinA sinA sinA

— <f,> —
cosBcosC  sinBsinC cosBcosC  sinBsinC
1 1

cosBcosC  sinBsinC
& cosBcosC —sinBsinC =0 < cos(B+C) =0

< cos(mr—A) =04 —cosA=0<cosA=0< A =90°.

< sinBsinC = cosBcosC

Vay tam giac ABC vudng tai A.
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Bai 32. Cho a,b,A, B khac khong va aB + bA # 0 sao cho

sinx—a) a cos(x—a) A
sin(x—B) b’ cos(x—fB) B’
N A+ bB
Chiing minh rang: cos (o — f3) = ZB::_—bA'
Loi giai. Ta c6:
A b - in(x —
B (_ N _) cos(x— &) . s'm(x B)
aA+bB B a/  cos(x—PB) sin(x—a)
- b A\ sin(x— -
aB + DA aB<1+—-—) " sin(x—f) cos(x— )

a B sin(x—a) cos(x—f8)

% [sin(2x —2¢t) + sin(2x — 23)]

" sin(x— a)cos(x — B) +cos(x — a) sin(x— )

_sin(2x—06—l3)005(05—[3)_cos _
N sin(x—a+x—f) —eosla=h)

aA+bB
aB+bA’
Bai 33 (PH-2004A). Cho AABC khong tli, thod man diéu kién

Nhu vay: cos (x — ) = diéu phai ching minh.

c0s2A 4+ 2v/2cos B+2v2cosC = 3.
Tinh ba gdc cua tam giac ABC.
Loi gidi. Goi M = cos2A +2v/2cos B+ 2+v/2cosC — 3. Khi d6

B+C B-C
M:20052A—1+4\/§cos —; cos -3

B-C
2

A
—2cos’A + 4\/§sin 5 cos

A
Dosin§>0, 0 < cos <1 nén

A
M < 2cos’A +4\/§sin§ —4.
Mit khéc, do tam gidc ABC khong til nén cosA > 0, cos?A < cosA. Suy ra
A A A
M< 200sA+4\/§sin§ —4=2 (1 —23in2§) +4\f2s,inE —4

A A A 2
= —4sin2§—|—4\/§sin§—2 -2 (\/Esinz _ 1) <0.

Vay M > 0, hay cos24 +2v/2cos B4 2v/2cosC < 3. Theo gia thiét

cos2A = cosA

B;C:1 @{A:%O

A2 B=C=45°.
2

M=0< COS

sin — =

2

BAI TAP TONG HOP
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sinfa+costa—1 2

Bai 34. Chung minh = -
8 Sa+cosba—1 3

sin
Loi giai. Ta co:
sin*a + cos*a — 1 = (sin®a + cos?)? — 2sin®acos’a — 1 = —2sin*acos’a
sin®a+cos®a— 1
= (sin®a+ cos?a)(sin*a + cos* a — sin*acos?a) — 1
= (1 —2sin*acos?a) — sin® acos® —1
= —3sin’acos’a
. sin*a+4costa—1 —2sinacos®> 2
Do do: — = — ==
sifa+cos®a—1 —3sin“acos?la 3
.. . e 1 4 cosx 1 —cosx)?
Bai 35. Rut gon biéu thic A = ——— |1+ ( — ) .
smx SIn”x
, e £ 1 .«
Tinh gia tr1 A néu cosx = ) va > <x<T.

Loi giai. Ta co:

A 1 +cosx sin2x+1—2cosx+cos2x)
sinx sinZ x

_ 1+cosx 2(1—cosx)

" sinx  sinZx

_ 2(1—cos’x) 2sin®x 2

B sin’ x  sindx  sinx

Ta cé: sin?x=1—cos?x =1 _l — §

T 4 4
D0:§<x<7rnénsinx>0
Veflysinx:T.

2 4 4/3
Dodé:A:_—:—:i.
sinx /3 3

Bai 36. Chiing minh cdc bi€u thic sau day khong phu thudc x:

a) A=2cos*x— sin® x + sin® xcos? x + 3sin’ x

b) B = 2 cotx+ 1
tanx—1 cotx—1
Loi giai.

a) Taco:
A =2cos*x — (1 —cos?x)? + (1 — cos? x) cos> x +3(1 — cos? x)
=2cos*x — (1 —2cos?x + cos*x) + cos?> x — cos*x 4+ 3 — 3cos?x
= 2 (khong phu thudc x).

b) Piéu kién sinx.cosx # 0,tanx # 1

o) —+1
— + tanx
tanx — 1 [ |
tanx
2 1 +tanx

T tanx—1 ' 1—tanx
_ 2—(1+tanx) 1—tanx

tanx — 1  tanx—1

S . . . .43 V) a7l 3
Bai 37. Chiing minh A = sin* 1_71:6 + sin* I—Z + sin* I—Z + sin* 1—2 =3
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Loi giai. Ta c6:

sin7n—sin<n— 71') = COS
16 2 16/

s'nsyr (:03(7r 5%) cos?m

m— = e — = JE—
16 2 16

Mt khdc: sin*a+costa=1— > sin’2a.

77rJr : 437rJr VY
— — +SIn" — +SIn" —
16 16 16 16

T T 37 37
= <sin4 6 +cos* —) + <sin4 6 +cos? E)

N ===

Bai 38. Chiing minh: 16sin 10°.sin30°.sin50°.sin70° = 1
Loi giai. Ta cé:
A= (16sin10° cos 10°) sin30°. sin 50°. sin 70°

cos 10° )
(85sin20°) <§> .c0s40°.cos20°

- cos 10°

1 T (¢] (¢] (¢]
= 107 (45in20° c0s20°).cos 40

1
= o5 10° .2sin40° cos40°
o cosl0®

~ cos 10° 3 cos 10°

< . . 2T 2 3
Bai 39. Chiing minh: cos”x + cos? <? +x> + cos? (; —x> =3
Loi giai. Ta c6:

27 27
coszx-l—cos2 <— —l—x) —l—cos2 (— —x)

3 3
1 1 4w 1 4w
=—(1 2 — |1 2x+ — — |1 )
2( +cos x)+2[ +cos<x+3>}+2{ +COS<3 xﬂ
1 4 4
:E 5[cost—i—cos(Zx—f—?ﬂ)+cos<?ﬂ—2x)
3 1 4
= 5 + 3 <0052x—|—20052x.cos ?7:)
3+ L (cos2x— cos2x)
= — + —(cos2x — cos
515 X X
_3
2
<. , ) 1 1 1 1
Bai 40. Chiing minh: + + + = cotx —cot 16x.

sin2x sindx sin&x  sin16x

N . cosa cosb sinbcosa—sinacosh  sin(b—a)
Loi giai. Taco: cota—coth = —— — —— = — ==
i sina  sinb sinasinb sinasinb
sin(2x — x)

Do do: cotx —cot2x =
Tuong tu:

sinxsin2x sin2x

cot2x —cotdx =

sin4x
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cotdx —cot8x =

sin8x
cot8x —cot 16x = —
) _ sinl6x
Cong ve theo ve cac dang thic trén ta dugc:

1 1 1
sin2x  sin4x + sin 8x + sin16x

Bai 41. Chiing minh: 8sin® 18° 4 8sin®18° = 1

Loi giai. Ta c6: sin18° = cos72°

& sin18° = 2co0s?36° — 1

& sin18° =2(1 —2sin’18°)2 — 1

& 5in18° = 2(1 — 4sin® 18° 4 4sin* 18°) — 1

& 8sin* 18° — 8sin? 18° —sin18°+1 =0

& (sin18° — 1)(8sin® 18° 4 8sin*18° — 1) = 0

& 8sin’ 18° 4 8sin”18°—1=0(do 0 <sin18° < 1).
3

cotx—cotlbx =

Bai 42. Chiing minh: sin3x. sin® x + cos 3x. cos> x = cos> 2x.
Loi giai. Ta co:
sin3x. sin® x 4 cos 3x. cos> x

= sin3x <w) +cos3x (Wﬂ)

3 1
=2 (sin3xsinx+cos3xcosx) + I (cos?3x — sin? 3x)
1
= % cos(3x —x) + 2 cos 6x
= 1(3 cos2x + cos(3.2x))

= %(3 c0s 2x 44 cos? 2x — 3 cos 2x)

= cos> 2x.

Bai 43. Tinh P = sin 50° + sin” 70° — cos 50° cos 70°.

Loi giai. Ta co:

P= %(1 —cos 100°) + %(1 —cos 140°) — %(cos 120° + c0s20°)
=1- %(cos 100° + cos 140°) — % (—% —1—008200)

I 1
=1—(cos120°cos20°) + 1= ECOSZOO

5 1 ., 1 s 5
_Z+§C0820 500520 =7
Bai 44. Tinh: P = cos12° 4+ cos 18° —4cos 15°.cos21°.cos24°
Loi giai. Ta co:
cos 12° 4+ cos 18° — 4 cos 15°(cos 21° cos 24°)
= 2c0s 15°c0s3° —2cos 15°(cos45° + cos 3°)
=2¢c0815°c0s3° —2co0s15°c0s45° —2cos15°cos3°
= —2cos 15°cos45°
= —(c0s60° +cos30°)

V341
2

Bai 45. Cho AABC tily y v6i ba goc déu 1a nhon. Tim gi4 tri nhd nhét clia P = tanA. tan B.tanC.
Loi giai. Tac6:A+B=n—-C
Nén: tan(A + B) = —tanC

tanA +tanB

— = —tanC
1 —tanA.tanB
< tanA +tanB = —tanC +tanA.tan B.tanC
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Véay P = tanA.tanB.tanC = tanA +tan B 4 tanC
Ap dung bét dang thiic Cauchy cho ba s6 duong tanA, tan B, tan C ta dugc:
tanA +tan B+ tanC > 3v/tanA.tan B.tanC

= P>3YP
= P>3V3 -
Déu”:”xéyra@A:B:C:E
T
Dodé:MinP:3\/§<:>A:B=C:§.
T T T T
Bai 46. Chu inh: 8 +4tan — + 2tan — +tan — = cot —.
fu : ng min + ang—l— an16+an32 co 0
Loi giai. Ta co:
cosa sina cosla—sin‘a cos2a
cota—tang = —— — = - = = 2cot2a.
sina cosa sinacosa |
§s1n2a
Do do:
/4 T
cot— —tan — — 2tan — —4tand fracn8

A S T
—2cot— —2tan— —4tan
CO 16 an16 an8

T
=4cot— —4tan—
8 8

T
= SCOtZ = 8 = dpcm.
.. 3 T 3z o
Bai 47. Chocosx=—, 0 <x < —; siny= -, = <y < 7. Hay tinh
4 2 5°2
cos2x, sin2x, sin2y, cos 2y, cos(x +y), sin(x — ).
Loi giai. Ta co
T . ) 7
0<x< §:>s1nx>0:>smx:7

/4 4
—<y<7r:>cosy<0:cosy:—§.

2
Vay
9 1
2x=2cos’x—1=2.——1=—
cos2x = 2cos”x T 2
V73 3V7
in2x = 2si =2 —.-=—
sin2x = 2sinxcosx 1 2
16 7
cos2y =2cos”y 5% 5%
3/ 4 24
in2y = 2si 22 (-2)=_Z
sin2y = 2sinycosy 5 ( 5) 55
cos(x+y) = cosxcosy — sinxsin S < 4) V73 12-3v7
X = COSX —sinx =-|\l-<c)]-—==—
Y Y YZa\7s5) 745 20
sin( ) = sinxcosy — cosxsin ﬁ( 4) 53 479
mn(x — = Sinx — X S1 = — | - ) - = .= _
Y Y Y= \Ts5) a4 20
Bai 48. Chiing minh ring
a) sin3x=sinx (4coszx — 1); b) sindx = sinx (8 cos3x—4cosx).

Lui gidi.
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a) Taco
sin3x = sin (2x + x) = sinxcos 2x 4 cosxsin 2x
= sinx (ZCOSZX— 1) —|—2$inxcoszx = sinx <4coszx — 1).
b) Taco
sin4dx = 2sin2xcos2x = sinx.4cosx (200s2x — 1) =sinx <8 cos’ x — 4cosx>.

Ss s e 3kr , .
Bai 49. Cho o la goc lugng giac tuy y, o # — k € Z. Ching minh

(cota —tana>tan2a =2
3 3 3 7

Loi giai. Tacé

o 04
((zotg — tan g) tan — = COSE - Slng tanz—a
- .o o : 3
3 3 3 Sll’lg COS;
AN 2a
COS g—Sln g 200 COS? 20 20 200
= o a tan?:mtan?:2cot?tan?:2.
S1n — COS — —S1n —
3 3 2 3

sin*x +cos*x — 1 2

Bai 50 PHQG Ha Nbi-1996). Chitng minh ring — g =-.
sin®x+cos®x—1 3

Loi giai. Ta cé
. 4 431 . 6 6.2, 3
sin” X+ cos”x = — 4+ —cos4x, sin” x + cos’ x = — + — cos4x.
4 4 8 8
Do dé
1 1 1
sin®x + costx—1 _Z+ZCOS4X B Z(—1+cos4x) 2
in0 6p—1 3 3 3 3
sin"x+ costx — 1 —§+§cos4x g(—l+cos4x) 3

Bai 51. Chitng minh rang v6i moi x, y,z ta cé

cos’x+ coszy —COSs

Loi gidi. Ki hiéu Q 1a vé trai. Ta c6
0— 1 +cos2x N l+cos2y 14cos2z 1+4cos2(x+y+z)
2 2 2 2
1 1
= — (cos2x+cos2y) — > [cos2(x+y+z) +cos2z]

= cos(x+y)cos(x —y) —cos(x+y+2z)cos(x+y)
= —cos(x+y)[cos(x+y+2z) —cos(x—y)]
= 2cos(x+y)sin(x+z)sin(y +z) = V& phai.

Ta c6 diéu phai chiing minh.

2z—cos?(x+y+z) = 2cos(x+y)sin(y+2z)sin(z+x).

455
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Bai 52 (PH Pa Nang-1998). Ching minh riing
T 2% 3r 1

cos7—cos7—|—cos7 =

e a7 S qca T N Ase e . T
Loi giai. Kihiéu 7 la ve trai. Nhan ve trai V012s1n7 = 0 ta dugc

. . T 2T . T RV 1
251n7.T:2sm—cos——200s—sm——|—2005—sm—

7 7 7 7 7 7
—sinzjr (sin37r sinn)%—<sin47r sin2n>
ST 7 7 7 7

. T . 3w . 4n . T
=SIn — — SIn — + S1In — = S1n —.
7 7 7
1

) T T
Nhu thé 2sin=.T =sin- =T = .
e sm7 sm7 >

Bai 53 (PHQG Ha N6i-1995). Ching minh ring:
8v3
tan30° + tan40° + tan 50° + tan 60° = T\/_ c0s20°.

Loi giai. Ki hiéu 7 1a vé trdi cta dang thic can chiing minh. Ta c6:

1 4+/3 in40° in50°
T = — +/3+tan40° + tan 50° = V3 + i L

V3 3 cos40° * cos 50°
_ 4V/3  sin40° cos 50° 4 cos 40° sin 50°
3 + c0s40° cos 50°
_ 4V/3  sin(40°+50°) 43 1
3 + cos40°cos50° 3 * c0s40° cos 50°
43 1 432

3 + cos40°sin40° 3 + sin 80°

6
4/3 (cos 10° + —)

—4\/§+ 2 4V3cos10°+6 43
3 cos10° 3cos10° N 3cos10°
V3
4/3 [ cos10° + ~——
( 2 ) 4y/3(cos10°+cos30°)

a 3cos10° - 3cos10°

44/3.2c0s20°cos10°  8v/3 .
— = c0s20°.

3cos 10° 3

Ta c6 diéu phéi chiing minh.



4.. PE KIEM TRA CHUONG VI 457

4.  PE KIEM TRA CHUONG VI

I. Pésola
Cau 1 (1,0 diem). Mot dudng tron ¢6 ban kinh 30 cm. Tim do6 dai cia cac cung ¢6 so do lan lugt la 5 va

36°.

e 20 N 9 ” £ 7'C < n
Loi giai. DB dai cua cung c6 so do 5 lal; = 5 -30 =27 (cm).

Do dai ctia cung c6 s6 do 36 1a 1z = % -36-30 = 67 (cm).
Cau 2 (2,0 diém). Cho 0 < a < g Xéc dinh diu clia cdc gia tri lugng gidc sau:
a) sin(a—m);
b) cos (177% + Oc).
Lui giai.
a) sin(0— ) = —sinot <0 (Vi 0 < ot < g nén sin o < 0);

177 T T T
b) sin(T—Fa) = sin<§+a+87r) :sin<§+a> =cos(—a)=cosa >0 (vi0< a< 0 nén

cosa > 0).

. T
va-—T< o< ——.

Cau 3 (3,0 diém). Tim sinx, cosx,cotx, sin2x, cos 2x va tan 2x biét tanx = >

V11
44

e e 4
Loi giai. tanx = — = cotx

! 1 +tan? —225:>c0s l Vi—rmT<x< jr)
= X = x=——(vVli— x < —=).
cosZx 49 15 2
) 44/11
sinx = tanx-cosx = BT
sin 2. 28inxcos 6V
X = XCOSX = .
*137
2x=2cos’x—1=———
cos2x COS“ X 25
sin2x  56+/11
tan2x = =
CcoS2x 127

Cau 4 (3,0 diém). Rut gon cic biéu thiic sau

a) A= \/sinzx(l +cotx) +cos?x(1 + tanx);

b) B— 2sin(a+D) .
cos(a+b)+cos(a—b)

Loi gidi.

a) Tacod

A= \/sinzx(l + cotx) + cos?x(1 + tanx) = \/sin®x + 2 sinxcosx + cos2x

=4/ (sinx +cosx)? = [sinx+ cosx|.
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b) Taco
2sinacosb +2sinbcosa

cosacosb —sinasinb + cosacosb + sinasinb
2sinacosb +2sinbcosa

2cosacosb
—tana +tanb.

Cau 5 (1,0 diém). Chiing minh riing néu tam gidc ABC c6 ba géc A, B, C théa min sinA = cos B+ cosC thi
tam giac ABC vuong.
Loi giai. Theo dé bai ta c6

sinA = cosB+cosC

B+C B-C
< sinA = 2cos —; cos

2

o2 A A g B—-C
s1n200s2— s1n2c0s
A B—-C

< C0S — = CoS >

A C-B

2 2

A B-C

L2 2

A+B=C

A+C=B.

Do dé, tam giac ABC vuong tai B hoac vuong tai C.

=

II. Pésé1b

Caul (1,0 diém). a) Dai s do ciia géc 18° sang don vi radian.
o0 4 ) T A a
b) D61 so do cua cung 20 sang do, phut, giay.

L. T
¢) Cho dudng tron ¢6 ban kinh 15c¢m. Tim d6 dai cua cung c6 so do r

Loi giai.
/4
18° = —.
2 10
3w
b) — =27°.
) 20
T . % T T 5w
¢) bd dai cua cung c6 so do 3 lal= A 15= > (cm).

o T £
Cau 2 (2,0 diém). Cho ) < a < 0. Xac dinh dau cta cac gia tri lugng giac sau:
a) sin(a — 12x);
5w
b) t (— - oc>.
) tan >
Loi giai.
a) sin(a— 127) =sino < 0;

5
b) tan(%—a) :tan<g—a+2ﬂ:) :tan<g—a> =cota < 0.
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o 5 . 4
Cau3 (3,0 didm). a) Cho tanx = —3. Tinh A = St T 108X
6sinx — 7cosx

. 4
b) Tinh sin (g —x) biét cosx = —3 va g <o <T.
Loi giai.
_ Stanx+4+4  5(=3)+4 11
- 6tanx—7 6(—3)—7 25

a) A

4 3 T
b) Tacécosx:—§:>sinx:§(do§<x<7r).

sin (E—x) —Sinzcosx—sinxcosz—l (_il)_ﬁ é__4_—3\/§
° B 6 6 2 5 2 5 10 .

Cau 4 (3,0 diém). Rut gon cic biéu thic sau:

2017n > ) <20177t
—a ) sin

a) B:c0s< —b> —sin(a—b).

1 —cos2x+sin2x

b = .
) € 1 +cos2x+sin2x ¢

otx.

Loi giai.
a) B =sinacosb—sinacosb -+ sinbcosa = sinbcosa.

b) Tacd
2sin* +2sinxcosx  cosx

2cos?x+2sinxcosx sinx

2sinx(sinx+cosx) cosx 1

2cosx(cosx+sinx) sinx

Cau 5 (1,0 diém). Cho tam gidc ABC c6 ba géc A,B,C thoéa man 2sinAsinB = 1+ cosC. Hoi tam gidc
ABC la tam giac gi?
Loi giai. Tacé
2sinAsinB = 1+cosC

&2sinAsinB =1 —cosAcosB+sinAsinB

& cosAcosB+sinAsinB =1

<cos(A—B) =1

SA-B=0

<A =B.
Vay tam gidc ABC céan tai C.

III. Désd2a

.. .2 4 3 L
Bai 1 (2,0 diém). Cho tana = 3 <7r <a< 77[) Tinh sin2a;tan <2a — %)

Loi giai. Ta co

4\ 2
:1+tan2a:1+<—) :—:>cosa:§<do7t<a<3—n> .................... (0.5d)

cos2a 3

4 24
ina = — I 2 o o e 0.5d
e sina 5 = sin2a 25 ( )
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7 24
e cos2a=2cos’a—1= %5 :>tan2a:7 ............................................... (0.5d)
T 31
tan ( 2a — —) TR 0.5d
e tan ( a ) 7 ( )
) .
Bai 2 (2,0 diém). Chitng minh ding thiic: — il sinx c;)sx = sinx + cosx.
Sinx — cosx 1 —tan“x
Loi gidi. VT= — sin"x__ (sinx cos) c2052x ............................................. (0.5d)
sinx — cosx cosZx —sin“x
SN (0.5d)
SinX —COSX  COSX — Sinx
SO (0.5d)
sinx — coSx
S SIN F COSX = VP o (0.5d)
Bai 3 (2,0 diém). Ching minh biéu thic: A = sin?x + sin? (% +x> + sin? (g —x) khong phy thude vao
X.
2 2
1 — cos2x 1 —cos <?7r+2x> 1 —cos <?7r —2x>
Lb; giéi. A= 5 2+ > i + AR R AR R TR TERLRRRRERRY (0.5d)
:E_E {cost—H:os <?7r+2x)+cos <?7r—2x>} ........................................... (0.5d)
3 1 2
=573 (cos 2x+2cos ?ﬂ: cos 2x> ........................................................... (0.5d)
3
=5 (Khong phu thuOC VA0 X) . . ..ottt e e e e (0.5d)

ai i6) ¥ P . sin3x + sin2x + sin
Bai 4 (2,0 diém). Rit gon biéu thiic: A = in3x + sin2x + sinx

2+ cosx —2sin®x
N sin3x + sin2x + sinx
Loi giai. A =

' 2+ cosx — 2sin’x
28in2x - coSx + Sin2x

e (0.754)
2(1—sin“x) +cosx
_dsinxcosa A 2sinvcosx (0.75d)
2cos2x+ cosx
_ 2sinx: cosx(2cosx+ 1) L) 1 (0.5d)
cosx(2cosx+1)
Bai 5 (2,0 diém). Trong tam gidc ABC, chiing minh ring :
sin A +cos? B+ cos’>C =2 - 2cosAsinBsinC.
Loi gidi. VT =sin’A+1+ 5 (COS2BHCOS2C) (0.5d)
=2 —0082A = COSACOS(B—C) ..ttt e e et (0.5d)
=2—cosA[cosA+cos(B—C)]
B-C A-B+C
=2—2cosAcos + cos > ST (0.5d)
=2—-2coSASINBSINC =VP (dOA+B+C=T0) ..ottt (0.5d)

IV. Désb2b

N e oA 3% , . T
Bai 1 (2,0 diém). Cho tana = —; (71' <a< 7) Tinh sin2a;tan <2a + Z)

1w

Loi giai. Tacé
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° oa =1 +tan’aq = H—<§>2:%:>cosa:%1 <d071'<a<3—> .................... (0.5d)

o sina— % — sin2a = % ............................................................... (0.5d)

e cos2a=2cos’a—1= 27—5 :>tan2a:27—4 ............................................... (0.5d)

e tan <2a + %) - ?—; .................................................................... (0.5d)
Bai 2 (2,0 diém). Ching minh ding thic: COsx | SIMXFCOSK L

cosx—sinx 1 —cot?x

2 : )
. cos sinx + cosx) sin
Loi gidi. VT = x| i L TR (0.5d)
COSX — Sinx sin®x — cos2x
2 )
O (0.5d)
cosx—sinx  sinx—cosx
cosZxsin®x
o e (0.5d8)
cosx — sinx
= SINXF COSX = V P o e (0.5d8)

N oA /. . . 2 2, [ [ A ~ N
Bai 3 (2,0 diém). Chiing minh biéu thiic: A = cos®x + cos? (E ~|—x> + cos? <§ — x> khong phu thudc vao

X.
2 2
| 4 cos 2x 14cos <?7r—|—2x> 1+ cos (%r —Zx)
Loigiai. A= —————— 4+ ————— =~ 4 0.5d
;gla; 2 2+ 2 2 X 2 ( )
= 5—1—5 [cost—i—cos <?ﬂ+2x> + cos (77[ —2x> ........................................... (0.5d)
3 1 2
= 5t3 <cos 2x+2cos ?ﬂ: cos 2x> ........................................................... (0.5d)
3 .
= > (khong phu thudc vao bi€n X) .. ..o e (0.5d)
0 . in3a — sin2 i
Bai 4 (2,0 diém). Riit gon bidu thiic : B = Soo0 SN2 Esnd
- - ‘ 2 —cosa—2sin“a
Lui giéi. B sin3a — sinZ2a —|— szlna
5 in2 2—.cozsa —2sin“a
e, (0.754)
2(1 —sin“a) — cosa
_ dsina: COSZ;’ O (0.754)
2cos“a—cosa
L 2sinaCosalac0sa T 1) (0.5d)

cosa(2cosa—1)

Bai 5 (2,0 diém). Cho tam gidc ABC. Chiing minh riing: sin2A + sin2B +sin2C = 4sinAsinBsinC.

Loi giai. VT =2sin(A+B)sin(A —B) +28I1CCOSC .. ...iuiiiit it (0.5d)
=2sinCcos(A —B) —2sinCcoS(A+B) (dOA+B+HC=1T) oo, (0.5d)
=28INC[COS(A = B) —COS(AFB)| « .ottt (0.5d)

=A4SINASINBSINGC = V P . e (0.5d)
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2
<. R St 3x+9
Bai 6. Tim gia tri nho nhat cia ham so f(x):m
X
o 24+3x+9 X% 3x 9 9
Loi gidi. Tacé: f(x) = T2 ¥ x 9 5.2
X S S X

" L s £ 9
Ap dung Bat dang thic Cauchy cho 2 so duong x va —
X

9 9
x+—>24/x-—
X 9 X
Sx+=>2V9
X
9
Sx+-+3>2-343
X
&Sy>9
N . 3 > . 9 2 X =
Vay miny =9. Dau “m ”xayrakhix= - x =9 &
X

)

V. Pésb3a
Bai 1 (1,0 di€ém). Thuc hién d6i don vi do géc.
a) Pai s6 do goc 50° sang radian.

o % T .
b) Doi so do goc 36 radian sang do.

Lui gidi.

Cepo T 5w
a) Tacd 50° =50 M—Erad.

b/ T 180
T )y — = — — = °
b) ac036rad % 7 5

) 1
Bai 2 (3,0 diém). Cho sino =  va g <o<T.

a) Tinh céc gia tri lugng giac cia géc a.
; R S5t
b) Tinh cos (257 — @) va cot > +a
Loi giai.

2V/2

n 7z .
a) Vi 5 <a< 7 nén cos o < 0, do d6: cos ot = —\/1 — (sina)> = — =

sina 1 ( 2\/§> V2 ’

tano =

cosat 3

1
coto = = —2V/2.
tan o

b) Ta cé:

&

2
cos(25m— o) =cos(24nr+mw— ) =cos(m— o) = —coso =

(O8]
ol

Sw T T
cot(7+a> :cot(27r+§+a> :cot(§+(x> =—tanQ =

Bai 3 (3,0 di€ém). Khong st dung mdy tinh, hay tinh:
a) sin2025°.
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11m S
b) COSH - COS CYR

Li giai.
4 3 o 1 [¢] o o 3 (e] [¢] : [¢] \/§
a) Taco sin2025° = sin (5-360° 4 180° +45°) = sin (180° +45°) = —sin (45 ):—7.

b) Ta cé coslln cossn _ ! {cos<11n+5n>+cos<11n—5n>} _ ! [cos(zn)—kcos(n)} =
24 24 2 24 24 24 24/1 2 3 4)]

L[ g 2] - 2

21 2 2 4

3sina —5cosa

\ e oA y ., . ~ R 2, <A 2 N Y[
Bai 4 (2,0 diém). Tinh gia tri cac biéu thiic P = , biét cosa = 3 va—— <a<

0 sin® @+ sinacos?a+ 3cos3a 2
Loi gidi. Taco: 1 +tan’a = = =tan’a=">.
cosla 4 /3 4
T 5
Vi ) < a<0néntana < 0, do do tana = -
Tur do: ‘
P 3sina — 5cosa _ cosa(3tana—>5)

sin’a + sinacos?a+3cos’a  cos?a(tan’a+ tana+ 3)
(1 +tan’a) (3tana —5)

(tan3a + tana + 3)

CETID
ERE

Bai 5 (1,0 di€ém). Cho tam gidc ABC bét ki v6i ba géc & dinh 1a A, B, C. Tim gi tri 16n nhit ciia biéu thic:

P =+/3cosB+3(cosA+cosC)

Loi giai. Ta co:
A+C A-C
P:\/§cosB+3(cosA+cosC):\/§cosB+3-ZCos( ; )cos( 7 )

B A—
= SCosB+6sin(—> cos( C)

2 2
Suy ra:
B B B
P§\/§COSB+6sin§:\/§(1—2sin2§>+6sin§
B B
:—2\/§sin2§+6sin§+\/§
2
B V3 53 53
) in— — ~— VS LIV
\/§<Sln2 2)+ 2 =2
Diéng thifc xay ra khi va chi khi:
A-C

cos 2 :1<:> A:C PN A:C:3OO
B 3 B _ oo T \B=120°
sin— = —— 2

2 2
Nhu vay, gia tri 16n nhat cua P la - khi tam giac ABC can tai B va géc B = 120°.



464 CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC
VL. Pésd3b
Bai 1 (1,0 diém). Thuc hién déi don vi do géc.

a) Déi sd do géc 80° sang radian.

o % , Tt . N
b) Dai so do goc 8 radian sang do.

Loi giai.
T 47
Ta c6 80° =80 —— = —rad.
a) Tacd 80° =80 130 9 rad
T m 180
Taco) —rad = —-— = 10°
b) Tacod 18rad B 7 0

e oA 2 < T
Bai 2 (3,0 diem). Cho coso = —3 va 5 <o <T.
a) Tinh céc gid tri lugng giac cua goéc .

251
b) Tinh cos (T — a) vatan (377 + o)

Loi gidi.

5
a)Vlg<Oc<7tnénsina>0,dodc’):sin(x: 1—(cosoc)2:\/?_;
an o — sinot V5 _ (_2) __\/5_
~ cosa 3 3) 27
1 2V/5
coto = = — .
tan o 5
b) Ta co:
cos(zsn oc) cos (127H—7r a) cos(n Oc> sin o Vs
_— _= _— = —_— — S1 = —.
2 2 2 3
V5
tan(377r—|—a):tan(36n+7t—i—oc):tan(ﬂ—i—a):tana:—T.

Bai 3 (3,0 diém). Khong sit dung mdy tinh, hay tinh:

a) cos2025°.

Lui giai.
a) Ta cd cos2025° = cos (5-360° + 180° +45°) = cos (180° 4 45°) = —cos (45°) = —

b) Tacc’)s'nlljr s'n57r ! {cos(llﬂ+5ﬂ>+cos(llﬂ Sﬂﬂ ! {cos(zn) cos(ﬂﬂ
m—--S1In——=—— _— —_— _— = —— —_— — — =
24 24 2 24 24 24 24 2 3 4

L[] 1

212 2 4
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<. o . ) - 3m . ,
Bai 4 (2,0 diem). Cho goc a thoa man: 7 < o < - vasino —2cosa = 1. Tinh P = 2tan @ — cot &.

sinot —2coso = 1

Loi giai. Ta c6: sin® o+ cos? o = 1, nén ta c6 hé: { 5

sinot+cos*or =1

3
Daflta:sinoc,b:cosa,vin?<oc<Tnnén—l <a<0,—1<b<0.Tacéohé:
{a—2b:1 {a:2b+1

=
>+ =1 (2b+1)*+b> =1

a=2b+1
50 +4b =0
3 4 3
Suyraa:_§a3b:_§7h:y8ina:_§,(;osa4:—1§.
Tt d6: tan ot = > — 2 Dods:P=22—2—_
u do: tan o 4,cotoc 3 o do 1°3°%

Bai 5 (1,0 diém). Cho tam giac ABC c6 céac goc A, B, C thdéa man hé thuc:
. ) . 17
2cosAsinBsinC 4 /3 (sinA +cos B+ cosC) = T

Hoi tam gidc ABC c6 ddc diém gi?
Loi giai. Ta cé: 2cosAsinBsinC = cosA (cos(B—C) —cos(B+C))
1
= —cos(B+C)cos(B—C) +cos’A = ~5 (cos2B +cos2C) 4 cos® A
1
=—5(1 —2sin’B+1—2sin*C) + 1 —sin®A = sin® B+ sin®C — sin®A.

17
Do d6: 2cosAsinBsinC ++/3 (sinA + cos B+ cosC) = T

17
& sin? B+sin?C —sin® A + V3 (sinA +cosB+cosC) = —-

4
&2— (coszB— \/§COSB> — (coszC— \/§cosC> — (sinzB— \/§sinB) = 14—7

2 2 2
& <cosB—?> +<cosC—?> +<sinA—\/7§> =0

3
cosB =cosC = 5 = cos30°

=
sinA = g =sin 120°
B=C=30°

=
A=120°

Vay, tam gidc ABC céan dinh A va géc A = 120°.

VII. Désb 4a

Caul (1,0 diém). a) Trén dudng tron luong gidc c6 gbe A, hiy biéu dién cic diém M thdéa min cung

, 2
AM ¢6 s6 do g+k?ﬂ(k € 7).

) . 4 4 9
b) Xac dinh dau cua biéu thic P = cos ?ﬂ: sin (—%) tan ?ﬂ: cot ?ﬂ:

Loi gidi.

a) Cdc diém M dudc bi€u dién trén dudng tron ludng gidc nhu sau:
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Wcos

,ﬂ<4ﬂ<7r (co 47r<0
J— JES— S_
2 5 5
—g<—§<0 sin(—§><0
b) Vi 7[<47r<37t nen<t 4n_>0 =P<0
3 2 3
3 ¢ O
—<—x<2 t— <0
W < 5 < LT \CO 5 <
Cau 2 (4,0 diém). a) Tinh gia tri cot 135° (khong st dung may tinh).
) 5
b) Tinh cac gia tri lugng giac khac cua a biét coso = T (180° < o < 270°).
2sina +-cos o

¢) Cho tan @ = —2, tinh gi4 tri cda bi€u thitc A = ————.
cos —3sino
Loi giai.

a) cot135° = cot(180° —45°) = —cot45° = —1.

b) Vi 180° < o < 270° nén sinox < 0, tan o > 0.

Tacd 1 +tan? @ = ; = 1—32 =tano = 2 = coto = i sinQ = cos o&.tan o = —2.
cos2ar 52 5 12’ 13
_ 2sin+coso 2tanox+1 3
) A= cosa —3sina 1 —3tana 7
Ciu3 (4,0 diém).  a) Chiing minh cdc bi€u thic A — U —tan’x)? ! doc 1ap véi x.
4tan2x 4sin% xcos?x

” v/
b) Rut gon biéu thiic B = sin(x+y) + sin(z —x)sin(—y).

¢) Chiing minh ring cos*x + sin* x — 6sin? xcos? x = cos 4x.
Loi giai.
(1 —tan’x)? 1 (cos? x — sin”x)? 1 cos?2x — 1
a) A= 2. ga2 .= ) Y SNy =-1
4tan- x 48in“ xcos* x 4sin” xcos 4sin“ xcos- x sin” 2x

b) B=sin(x+y)+ sm(z — x)sin(—y) = sinxcosy + sinycosx — cosxsiny = sinxcosy.

2 2 2

¢) Ta c6 cos*x+ sin*x — 6sin? xcos?x = (cos?x — sin® x)? — 4sin® xcos? x = cos? 2x — sin” 2x = cos 4x.

Cau 4 (1,0 diém). Riit gon biéu thiic A = 3(sin® x — cos®x) 4+ 4(cos® x — 2sin®x) + 6 sin* x.
Loi giai.
A = 3(sin® x — cos® x) + 4(cos® x — 25in’ x) 4 6sin* x

ZX)

xcos?x) +6sin xcos® x

= 3sin*xcos? x(1 — sin®x) + 3 cos® xsin® x+ 1 — 3sin® xcos® x + 3 sin* xcos” x

6 xsinx+ 1 —3sinxcos*x

= 3sinx(sin’x — 1) — 3 cos®x(cos?x — 1) + (cos® x + sin® x) + 6 sin* x(1 — sin

= —3sin®xcos?x + 3 cos®xsin®x + (cos4x + sin*x — sin?

= 3sin*xcos*x + 3 cos
= —3sin?xcos*x(1 — sin?x) +3cos® xsin®x + 1
=1
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VIII. DPé s6 4b

Caul (1,0 diém).  a) Trén dudng tron lugng gidc c6 gbe A, hay biéu dién diém M thda man cung AM
] T
c6 s0 do kg(k €Z).

. . 3 2
b) Xac dinh dau cua biéu thiic P = cot ?717 sin <—?ﬂ:> )

Loi gidi.

a) Cac di€m M dudc biéu dién trén dudng tron lugng gidc nhu sau:

sin
cos
3
£<3_7r<7r cot?ﬂ:<0
by vid 2 3 nén —~P>0
2 T ) ( 271')
—7r<—? —5 sin| —— 0

Cau 2 (4,0 diém). a) Tinh gia tri tan 150° (khong st dung may tinh).
b) Tinh cic gid tri lugng gidc khac ctia géc 15° biét cot 15° =2+ /3.

¢) Cho sina + cos a = m. Tinh gid tri cta sin* a4 cos* & theo m.

Loi giai.
1
a) tan150° = tan(180° —30°) = —tan30° = ———.
) ( ) 7
1
b) tan15” = —— =2 V3. Vi0° < 15° < 90° nén sin15° > 0, cos 15° > 0.
1 1 V32 2 —
cos15° = = = V3 = sin15° = cos 15°.tan 15° = —\/§
V1+tan?15°  24/2 -3 2 2
m?—1
C) sine+costt =m = sinQ cos O = 5

2 2 2 4
—1 142m* —
sin4a—|—cos4oc:1—2sin2acoszoc:1—2<m2 > :#.

Cau 3 (4,0 diém).  a) Ching minh céc biéu thiic A = 2(sin®x + cos®x) — 3(sin* x4 cos* x) doc 1ap véi x.
T

b) Rut gon biéu thiic B = cos (5 —x) sin (5 —y) —sin(x—y).

¢) Chiing minh ring cos4x = 8cos*x — 8cos?x+ 1.
Loi giai.

a) A =2(sin®x+cos®x) —3(sin* x4 cos* x) = 2[(sin’ x+cos® x) — 3 sin® xcos? x] — 3[(sin® x+ cos?x)% —

2sin®xcos?x] = —1.



468 CHUONG 6. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC

T T
b) B =cos (5 —x> sin <§ —y) —sin(x —y) = sinxcosy — (sinxcosy — sinycosx) = sinycosx.

c) cosdx =2cos?2x — 1 =2(2cos’x—1)> — 1 =2(4cos*x —4cos’x+1) — 1 = VP.
~ . ’ . .2 3 . 4 . 4 T . 4 T . 4 3n N
Cau 4 (1,0 diem). Ching minh biéu thic A = sin” x+sin <x+ Z> + sin <x+ 5) +sin™ | x+ T khong
phu thudc vao x.

Lui gidi.

3
A = sin* x + sin* (x—i— %) +sin® <x—|— g) +sin® (x—i— ;)

= sin*x + sin* (x-l— E) + sin® (E — (—X)> + sin* (E - (—x— E))

4 2 2 4
= sin*x + sin* (x+ %) + cos*x + cos* <x+ g)
=1 —2sin®xcos®+1 — 2sin? <x+ %) cos’ (x+ g)
) T
5 sin® 2x B S <2X+ 5) o, sin® 2x + cos? 2x _ §
2 2 2 2

IX. Pésb5a
Bai 1 (1,0 di€ém).
a) Trén dudng tron c6 ban kinh bang 21cm. Tim dd dai clia cung c6 s6 do bang 15°.

b) Xéc dinh dau cta bi€u thic sau A = sin50°. cos(—89°)

Loi giai.
A Y o L T T
a) So do bang cung 15° chuyén sang rad bang 15.@ =1
T In
Vay do dai cuacung la: [ = R.ox = 21.5 =~ °om.

b) Tacd A =sin50°.cos(—89°) = sin50°.cos89° > 0.

Bai 2 (2,0 diém). Cho cosa = g véi 37” < o < 2m. Tim cac gia tri lugng giac con lai.

Loi giai. Do 3; < a<2m=sina,tana,cota < 0.

Tacé:sina = —v1—cos2a = g = tano = —%,cota = —g.
cota+tanar .

N oA s . 3 N
Bai 3 (2,0 diem). TinhA=————khisina=-val0< a < E
coto —tan 5 2

Loi giai. Do 0 < o < ) = cos o, tan o, cotar > 0.

4 3 4
Taco: cosa = /1 —cos? :§:>tanoc: Z,cot(x: §

i3 25
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N R . . e 5'406—3'206—2 .
Bai 4 (2,0 diém). Tinh gia tri ding cua bi€u thiic A = o 2 khi tan ¢ = /2013.

| | 1 +sin’a
e * % 2,0 _ _ _ 2
Loi giai. Véitana =+/2013 = [ Tan?a 2014 = cos” Q.
Tacé sina = 1 —cos’ .
Vv A — Ssinta—3sinfo—2  5(1—cos?a)?—3(1—cos’a)—2 14093
WA= 1 +sin’a B 2 —cos?a 8110378

. A B B A
Bai 5 (3,0 diém). Cho AABC thda man sin 5 cos’ 5= sin 5 cos> 5

Chitng minh ring AABC cén.

Loi giai.
sinA sinB
A B B A 5 5
Ta co sinE.cos3§=sin§.cos3§<:> 3%4 = 323
cos® —  cos’ —
A( A B B
an2 +1g 5 an2 +tg >
ot (A B><l+t 2A+t 2B+t At B) 0
an| — — — an” — +tan” — +tan —.tan — | =
2 2 2 2 2 2

A B
<:>tan§ :tanz & A =B AABC cantai C.

X. Peso5b
Bai 1 (1,0 di€m).
a) Trén duong tron cé ban kinh bang 20cm. Tim d6 dai ctia cung c6 sb do bang 15°.

b) Xéc dinh diu cta biéu thiic sau A = sin 50°. cos(—30°)

Loi giai.
A N R v T U
a) So do bang cung 15° chuyén sang rad bang 15.@ =1
T 5z
Vay do dai ciacung la: [ = R.a = ZO'E =~ om.

b) Tacd A =sin50°.cos(—30°) = sin50°.cos30° > 0.

Bai 2 (2,0 diém). Chiing minh ring 3(sin* o + cos* ) — 2(sin® & + cos* 6a) = 1 v6i moi goc a.
Loi gidi. Ta cé : sin* o0 + cos* o = (sin? @ + cos? «)? — 2sin? a. cos? a = 1 — 2sin® «x. cos® ax.

sin® ot 4 cos® a0 = (sin? &) + (cos? &) = (sin® o+ cos? &) (sin* ot +cos* ot —sin® ot cos? o) = 1 —3sin® ot. cos?

o

Bai 3 (2,0 diém). Pua tdng sau vé dang tich § = sin® x — sin” 2x + sin” 3x.
2 1 —cos2x—1+cos4x+1—cosbx

x — sin?2x + sin?3x = >

Loi giai. Tacé: S = sin

B 1+cosd4x cos6x—+cos2x

2
= c0s? 2x — cos 4x. cos 2x = cos 2x(cos 2x — cos4x) = 2.cos 2x. sin3x. sinx.

Bai 4 (2,0 diém). Riit gon A = sin?(45° 4 &) — sin?(30° 4 &) — sin 15°. cos(15° 4 2cx)?
Loi gidi. Ta c6: sin®a — sin®b = sin® a — sin® a. sin”> b — sin® b+ sin® a. sin® b

= sin?a(1 — sin?b) — sin? b(1 — sin’ a) = sin®acos’ b — sin> hcos’ a

= (sinacosb +sinbcosa)(sinacosb —sinbcosa) = sin(a+b).sin(a — b).

Tic 1a sin? @ — sin® b = sin(a + b). sin(a — b).
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Vay sin?(45° + a) —sin®(30° + &) = sin[(45° + &) 4 (30° + «)]. sin[(45° + &) — (30° + )]
=5sin75°.sin(15° 4+ 2a) = cos 15°.sin(15° + 2).
Tir d6 ta c6 A = cos 15°.sin(15° +2¢a) —sin 15°. cos(15° 4 2a¢) = sin(15° + 20 — 15°) = sin2a.

Bai 5 (3,0 diém). Chiing minh ring AABC vudng < cos2A + cos 2B+ cos2C = —1.
Loi giai. Ta co:

c0s2A 4 c0s2B 4-c0s2C = —1

& 2cos(A+B).cos(A —B) +2cos’C=0

< 2cosC[—cos(A—B) +cosC] =0

< 2cosClcos(A—B) +cos(A+B)| =0

& 4cosA.cosB.cosC =0

T
A=—
cosA =0 2
& |cosB=0 & B:g < AABC vudng.
cosC=0 T
C=—
2
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