SO GD-BT TINH BA RIA — VONG TAU KY THI OLYMPIC TRUYEN THONG 30 THANG 4

TRUONG THPT CHUYEN LE QUY PON LAN THU XXVIII - NAM 2024
‘ MON THI : TOAN — KHOI : 10
| PE CHINH THUC | Thoi gian 1am bai : 180 phut

Dé thi gdm c6 01 trang

Lueu y : Thi sinh lam méi cdu trén mét to gidy riéng va ghi ré sé thir ti cu & trang 1 ciia moi to gidy thi.
Thi sinh KHONG duwoc sir dung tai liéu va mdy tinh cam tay.

Céu 1 (4,0 diém). Cho hai da thirc P(x) =x’ —x° + x—4 va O(x) = x"* —4x* + 2x—4. Goi x, la mot nghiém thuc
cua da thtrc P(x).

a) Chimg minh 0<x, < 4.

b) Chimg minh §2 < O(x,) < V4.

Cau 2 (3,0 diém). Ki hi¢u Z 13 tap hop cac s6 nguyén. Tim tit ca ham s6 f:Z — R sao cho f(l) =% va voi

moi s nguyén m,n thi f(m+n)+f(m—n)=2f(m)f(n).

Cau 3 (4,0 diém). Xét hai s6 nguyén t p, ¢ thay ddi sao cho ton tai s6 nguyén duong n théa min dang thirc
p_.4 +1  2n

. Tim tap hop gia tri cta biéu thic g —p.
p+l ¢ n+2

Céu 4 (5,0 diém). Cho tam gidc 4BC nhon (4B < AC) c6 M 1a trung diém BC. Gia sir duong tron (M, MA)
cit cac duong théng AB, AC lan luot tai D, E (khac A).
a) Ching minh BA.BD = CA.CE.
b) Puong thang qua 4 song song voi1 BC cat (M,MA) tai F (khac A4). Chiing minh cac dudng thang
BC,DE vatiép tuyén tai F cua (M, MA) dong quy.
¢) Goi G la giao diém cua cac duong thang BE,CD va L 1a diém ddi xtmg cia G qua M. Chimg minh
LAC = MAB.

Céu 5 (4,0 diém). Trén bang co viét cac s6 1;2;3;...;2024 gdm 2024 s6 nguyén duong dau tién. Nguoi ta thuc
hién lién tiép thao tac sau : mdi lan chon tiy ¥ hai s6 x, y & trén bang sao cho x > y +2 i x6a hai sd ndy di va
thay bdi hai s6 x—1; y+1. Néu tir céc sd trén bang ma khong thé thuc hién duoc thao tac nhu trén, ta goi do la
trang thai dung. ’
a) Chung minh du c6 thuc hién nhu thé nao theo quy luat trén thi sau hitu han thao tac cling s€ dat duoc
trang thai du’ng 7 ,
b) Goi S la s6 thao tac thuc hién dé dat trang thai dung. Tim gid tri nhd nhat cua S.
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MON : TOAN — KHOI : 10

Cau 1 (4,0 diém). Cho hai da thic P(x) =x" —x* +x—4 va O(x) =x" —4x* +2x—4. Goi x, 1a mot nghiém thuc

cua da thuc P(x).
a) Chung minh 0<x, < 4.
b) Chimg minh §/2 < Q(x,) < 4.

Noi dung Diém
a) Do x, la nghiém cuia P(x) suy ra 4 =x, (xg - X, +l):> x, > 0.
2,0
Ta co x3+4:x3+x022x3:>x()£{/z.
12 4
b)Khido ' —x'+1=tm Xt X+l s 1 1T 1, 4 4 Lo
X, 4 X, 3x, 3x, 3x, Y27 3 ’
:>x(')2>%>4:>x0>9/§.
Ma O(x) = (x* +1)P(x)+x = 2 < O(x,) <4 (do 4 khong phai 1a nghiém cua P(x)). 1,0

Cau 2 (3,0 diém). Ki hiéu Z 1a tap hop c4c s6 nguyén. Tim tat ca ham s6 f:Z — R sao cho f(1) =% va véi moi

sé nguyén m,n thi f(m+n)+ f(m—n)=2f(m)f(n).

Noi dung Diém
Ki hiéu P(m;n) la phép thé cip s6 (m;n) vao ménh & f(m+n)+f(m—n)=2f(m)f(n).
0,5
f(0)=0
P(0:0 :>2f0:2f20:{ .
(00)= 27027 0= 10
Truong hop 1: £(0)=0. P(m;0)=2f(m)=2f(m)f(0)=0VmeZ=vbly. 0,5
Truong hop 2 : f(0)=1. P(0;n)= f(n)+f(-n)=27(0)f(n)= f(-n)=f(n) VneZ= f 1a
ham chan. s 0.5
P(m;l):>f(m+1)=5f(m)—f(m—l) Vm e Z.
, . 1(,,, 1 D
Ta chirng minh f(n):5(2 +?j Vn e N bang quy nap. 0,5
That vay n=0;n=1 ménh dé ding.
Gia si f(n—l):%(z“ +Zjlj va f(n):%(? +2L] Khi do - N

f(n+1)=§[2”+L —1(2”"+ l_lj=2”(£—lj+L(§—lj=2”+ ! =l(2”“+ ll]ménh
4 2" ) 2 2" 4 4) 2"\ 4 42" 2 2"

= d& duoc chimg minh.

Tir day ta dugc f(n)= %(2" +27") Vn & Z. Thir lai thdy ding.

0,5




Ciu 3 (4,0 diém). Xét hai s6 nguyén td p, ¢ thay ddi sao cho ton tai sé nguyén duong n thoa man dang thirc

p Jrq+1 _ 2n
p+l ¢ n+2

. Tim tap hop gié tri caa biéu thirc g— p.

Noi dung Piém
Cach1, P a*t_2n 1 14 _g-p-1_ 4 L
p+l ¢ n+2 p+l g n+2 (p+1)q n+2 ’
Cog>p+1va (q,q—p—l)z(q,p—i—l)zl,(p+l,q—p—1)=(p+l,q)=1. 1,0
Vé tréi 1a phén s6 t0i gidn nén g — p—1[4. Do d6 q— p €{2;3;5}. 1,0
Cac bd (p,q,n) thoa man la (3,5,78), (2,5,28), (2,7,19). 1,0
Noi dung Piém
Cach 2. Ta c6 -2 +q+1: 2 S 4pg+2p+2g+2=n(g—p-1). 1.0
p+l ¢ n+2 ’
2 1,0
Suyra g>p+1va n:4p+2+w.
q-p-1
Suy ra q—p—1|4 do (¢q—p-Lp+1)=1. Do do q—pe{2;3;5}. 1,0
Cac bd (p,q,n) thoa méan la (3,5,78), (2,5,28), (2,7,19). 1,0

Céiu 4 (5,0 diém). Cho tam giac ABC nhon (AB < AC) c6 M 1a trung diém BC. Gia st dudng tron (M, MA)

cit cac duong thang 4B, AC lan luot tai D,E (khac A).
a) Chung minh BA.BD = CA.CE.

b) Puong thang qua 4 song song véi BC cit (M,MA) tai F (khic A). Ching minh cic dudng thing

BC,DE va tiép tuyén tai F cia (M, MA) dong quy.

¢) Goi G la giao diém cua cac duong thing BE,CD va L la diém ddi xtmg cia G qua M. Chimg minh

LAC = MAB.

Noi dung

Piém

1,0




b) Do AF || BC va MB=MC nén A(FMCB)=-1. 0,5
Ké duong kinh 44’ ctia (M). Ta co ti gidc FEA'D diéu hoa. 0,5
Goi S 1a giao diém cac tiép tuyén tai F, A’ cta (M,MA). Suyra DE diqua S. 0,5
Tacd FAL FA',MA=MA' ,MC|| AF nén MC la duong trung truc cia A'F. Suy ra BC di qua S.

Vay BC,DE vatiép tuyén tai F ciia (M, MA) dong quy tai S. 0,5
¢) Goi M’ 1a trung diém ctia AG thi MM’ 1a duong trung binh cta tam giac LAG nén AL || MM’ 0,5
Ta co MM’ di qua trung diém DE (dudng thang Gauss) nén MM’ 1 DE. Suyra AL 1 DE. 1,0
Suy ra LAC =90° — AED = MAB. 0,5

Cau 5 (4,0 diém). Trén bang c6 viét cac s6 1;2;3;...;2024 gém 2024 sd nguyén duong dau tién. Nguoi ta thuc

hién lién ti€p thao tac sau : moi lan chon tuy y hai s6 x,y & trén bang sao cho x > y+2 rdi x6a hai s6 nay di va

thay bdi hai s6 x—1; y+1. Néu tir cac sb trén bang ma khong thé thuc hién duoc thao tac nhu trén, ta goi do 1a trang

thai dung.

a) Chimg minh du c6 thuc hién nhu thé nao theo quy luat trén thi sau hiru han thao téc ciing s& dat dwoc

trang thai dung.
b) Goi S 1a so thao tac thuc hién dé dat trang thai dung. Tim gia tri nho nhat cua S.

Chon hai s6 (1011;1014) va thyc hién 1 buéc dé dua dén bo (1012;1013).

Khi d6 sb thao tac thuc hiénla S=1+2+...+1011=506.1011.
Vay gia tri nho nhat cia S 1a 506.1011.

Noi dung Diém
a) O thoi diém thi ¢, ta ki hidu A4 1a tong binh phuong céc sb trén bang. Gia st ta chon hai sé x, y véi
1,

x>y+2. Khido 4, -4 :(x—l)2 +(y+1)2 —x*—y? =-2x+2y+2 :—2(x—y—1) <-2. 0
Gia st qua trinh thyc hién dugc vo han 14n, sau moi 1an dai luong 4, gidm it nhat 2 don vi. Nhu vay
dén lac nao d6 dai lugng nay s€ nhan gia tri &m. Tuy nhién dai lugng tong binh phuong ludén khéng am 1,0
= v0 ly. Vay dén lic nao d6 sé dat trang thai dumng.
b) O trang thai dimg, cac s6 trén bang hon kém nhau khong qua 1 don vi. Gia sir luc d6 ¢6 k s6 n+1
va 2024-k s6 n vo1 0<k <2024.
Do tinh bat bién cua tong cac so trén bang nén ta dugc : 0,5
k(n+1)+(2024—k)n=1+2+...+2024 :%: 1012.2025.
= k+2024n=2025.1012 = 2024(1012—n) =k —1012

x 0,5
D@ thay |k—1012<2024=1012-n=0=k=n=1012.
Nhu vy trang thai dimg bao gdm 1012 s6 1012 va 1012 s6 1013.
D¢ dat trang thai dimg thi s6 1 phai chiu “tac dong” it nhat 1011 lan (dé dén duoc s6 1012), tuong tur
sO 2 chiu “tac dc}ng”» it nhat 1010 Ian, ..., so 1011 chiu “tdc dong” it nhat 1 lan, so 1014 chiu “tac
dong” it nhat 1 lan (d€ dén dugc s6 1013), ..., s6 2024 chiu “tdc dong” it nhat 1011 lan. 0,5
Do d6 s6 sy “tic dong” it nhat 1a 2(1+2+...+1011)=1012.1011.
Tuy nhién mdi bude thuc hién thao tac thi “tac dong” vao hai s6. Do d6 s6 thao tac thuc hién it nhét la
1011.1012 _ 506.1011= 8§ >506.1011.
Ta chi ra mot cach thuc hién thao tic ma S =505.1011 nhu sau :
Chon hai s6 (1;2024) va thyc hién lién tiép 1011 budc dé dua dén bo (1012;1013).
Chon hai sb (2;2023) va thyc hién lién tiép 1010 budc dé dua dén b (1012;1013). 0.5
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