CHUYEN PE LUYEN THI

TICH PHAN
Dung cho hoc sinh 16p 12-On thi Pai hoc va Cao dang

Don't try to fix the students, fix ourselves first. The good teacher makes the poor
student good and the good student superior. When our students fail, we, as teachers,
too, have failed.
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

A.NGUYEN HAM

1. Khai niém nguyén ham

e Cho ham s6 fx4c dinh trén K. Him s F dgl nguyén ham cia ftrén K néu:
F'(x)=f(x),VxeK

o Néu F(x) 1a mdt nguyén ham ctia f{x) trén K thi ho nguyén ham cta f{x) trén K 1a:

jf(x)dsz(x)w, CeR
e Moi ham s6 f{x) lién tuc trén K déu c6 nguyén ham trén K.
2. Tinh chét

o [Fiondx=fon+C
o [[r@ =gl =] fx)dxt [ glxdx

. j kf (x)dx = k j f(x)dx (k = 0)

3. Nguyén ham ciia mot s6 ham so thuwong gip

« Jodv=C o [a*dx="—1C (0<azl)
° Idx=x+C Ina
. ° Icosxdxzsinx+C
" X
° jx dx = 0{+1+C’ (a#-1) o J-sinxdx=—cosx+C
° J.ldx:]n|x|+c OJ. dx =tanx +C
X cos” x
OIedx:e +C .j _1 dx=—cotx+C
sin” x
[ ] [ ]
J.cos(ax+b)dx:lsin(ax+b)+C (a#0) Ie“"*hdx:le”*h+C, (a#0)
a a
¢ . .I ! dx=lln|ax+b|+C
[sin(ax +bydx =~ =cos(ax +b) +C (a=0) | ~HFb a
a

4. Phwong phap tinh nguyén ham
a) Phwong phap d6i bién s6
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Néu J' Ff(udu=Fu)+C va u=u(x) c6 dao ham lién tyc thi:

J-f[u(x)].u'(x)dx = F[u(x)] +C
b) Phwong phap tinh nguyén ham tirng phan
Néu u, v 13 hai ham s6 c6 dao ham lién tuc trén K thi: Iudv =uy— .[Vdu

B. TICH PHAN
1. Khai niém tich phan

e Cho ham s fliéntuctrén K va g, b € K. Néu F 1a mot nguyén ham cua f'trén K thi:

b
F(b) — F(a) dgl tich phan ciia £tir a dén b va ki hidu 1a j F(x)dx.

b
[ Foodx = Fb) - F(a)
e D4i voi bién s6 14y tich phan, ta c6 thé chon bat ki mot chir khac thay cho x, tirc la:
b b b
[ £ = [ fode = [ fudu=...= F(b) - F(a)

e Y nghia hinh hoc: Néu ham sé y = f{x) lién tuc va khong am trén doan [a; b] thi dién tich S cua
hinh thang cong gi6i han béi d6 thi ctia y = f{x), truc Ox va hai dudn g thing x = g, x = b la:

S:_lff(x)dx

2. Tinh chét cia tich phan

. ])-f(x)dsz . jif(x)dxz—jff(x)dx
J j‘kf(x)dx = kaf(x)dx (k: const)

Qe >

[0+ g = [ fode [ g(anda o | Feond =] pooe+ | floxts
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

b
o Néu f{x) >0 trén [a; b] thi j F(x)dx >0

b b
o Néu f{x) > g(x) trén [a; b] thi j F(x)dx > j g(x)dx

3. Phwong phap tinh tich phan

a) Phuwong phap doi bién so

b u(b)

If[u(x)].u'(x)dx = I f(u)du

a u(a)

trong d6: u = u(x) c6 dao ham lién tuc trén K, y = f(u) lién tuc va ham hop f/u(x)] xac dinh trén
K,a beKk

b) Phwong phép tich phén tirng phan

Néu #, v 1a hai ham s6 c6 dao ham lién tuc trén K 4 b e K thi:

b
z—jvdu

a

b
Iudv=uv

Chu y:
= Can xem lgi cdc phwong phdp tim nguyén ham.

b b
= Trong phuong phap tich phan timg phan, ta cin chon sao cho jvdu dé tinh hon Iudv.

a

Trong phﬁn sau s& trinh bay ki thuat lya chon u va dv.
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

C. PHAN LOAI VA PHUONG PHAP TiNH TiCH PHAN:

VAN DE 1: PHEP THAY BIEN /=2 f(x)

Phwong phap: Khi ham dudi ddu tich phin c6 chiva biéu thirc ¢é dang ¥ f(x) . Liic dé trong
nhiéu truwong hop ( chir khéng phdi moi truong hop), ta cé thé doi bién bang cach

- Budc 1:Dat 1= f(x) =t" = f(x)=nt"'dt = f'(x)dx
- Buéc 2: Ghi nhé “Boi bién thi phdi doi can”
BAI TAP MAU: Tinh cic tich phan sau
1

Bai 1: Tinh [ = jx3 1—x2dx

0
Giai:
patt=J1-x* < t?=1-x> = xdx = -tdt

Doi can:

Khi do: 1 =ix3 1 xdx = j(l—tz).t.tdt = j(ﬁ ~1* )t = L%—%J

0 0

1
Bai 2: Tinh / :_[x” 1—x*dx
0

Giai:

patt=R1-x' =7~ =1-x" :>x3dx=—%t2dt

DOoi can:
X ‘ 0 1
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1

1
1
Khi dé: Izj)c33 1—x4dx=§jt3dt=it4 —i.
0 44 16 |0 16
‘. , tVl+1Inx
Bai 3: Tinh / =I—dx

] X

Giai:

Pit t=+1+lnx = ¢ =1+lnx:>2tdt=ﬂ

X
Poi can:
X ‘ 1 e
t ‘ 1 J2
. 5 5 ; 2(2&-1)
. V1+1
Khi dé: I :jﬂdﬁ [ 2 =2 rar L ﬁ:—.
1 X 1 1 301 3
r dx
Bai 4: Tinh Izj—
LV +x°
Giai:
2 2 2
Ta cé: j dx = X dx
1 x\/1+x3 1 x3\/1+x3
2
bit r=v1+x' = =1+x" :>2ta,’t=3)cza’x:>xzcz’xzt?‘le
DPoi can:
X ‘ 1 2
t ‘ V2 3
Khi do:
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I = j‘ I dx :zj- li(L_Ljdt:
1x\/1+x 1x3\/1+x 3f -1 3ﬁ -1 t+1
(ln|t 1| ln|t+1|)

1 241 1 1

= ~In——"" _=_1In

3 2(V2-1) 3 W

L»-)I»—k

4
Bai 5: Tinh / = j
N

- xvVx2+9
Giai:

o Dit r=vx’+9 =7 =x +9(t>0):>tdt_xdx@=ﬂf: 2“”9
X X I

Doi can:
X ‘\/7 4
t ‘4 5
5
Khi do: -2 = Lin[t=3P 1y 7
-9 6 |t+3|4 6 4

BAI TAP AP DUNG: Tinh céc tich phén sau

78 141
1)_([mdx DS : 0
2)T N PS:—1+2

0 (e"+1)3

In5 ex &
o™ P
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4)J' PS4 m>
0 1+ 1+x 8 4 2

YR pS:Int-Inl
SxVl—x 2 3
2

X 11

6) [ —F—dx(A-2004) DPS:——4In2
!1+\/x—1 3
e 3 2

7[RIV 4o (i B—2004). 95:3(3%@—235)

X

1
HD:Pgtt=32+1nx

8)J‘ Jﬁ al ———dkx. PS:e’ —e
\/x +1

23
9)j _ P (Kh6iA-2003). Patt=xi+4 ps: i

5 xNxt+4 4 3

< In’x e ) 76
10) j — — ~ dx.(Du bi khéi D-2005) Datt=~Inx+1. pS:—

L xInx +1 15
11)[[1“—x+1n2x]dx. HD:1=1+1, ps: e—g—i

L\ xv1+1Inx 3

2
12)jx“x_1dx. r=Jx—1. Ds:2_30m2.

! x-10 3

1 1
13)[ X% sin x’dx + ﬁdx

0 o L+ x

Hudng dan :/ = J-x s1nx3dx+'[£dx
1+x

1
Tatinh I, = jx2 sinx’dx dtt= x> ta tinh duoc I, = -1/3(cosl - sinl)
0

1 1
Ta tinh I, = ﬁdx datt= x tatinh dugc I, = 2[(1—%)51::2(1—5):2—1
J1+x AR 4 2
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LUYEN THI PAI HQC CHAT LUQNG CAO

CHUYEN PE: TiCH PHAN

PS :-1/3(cosl - 1)+2—%

L[ Inx=1+D ln(\/ +1)

2 X — 1+V
Huong din :Dit 1=+x—1+1.Pap s6: In>3—1n>2
15)

I2x+1+\/4x+1

Huong din :Dit 1 =v4x+1= 1> =4x+1= 2tdt = 4dx.

17 tdt

3|

6 5 5
dt
I= - -
'!2x+1+\/4x+1 e, ! t+1) L I

BAI TAP BO SUNG

10

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE



LUYEN THI PAI HQC CHAT LUQNG CAO

CHUYEN DPE

: TICH PHAN

VAN PE 2: TICH PHAN BANG PHUONG PHAP LUQNG GIAC HOA

\ ) CACH PAT
DAU HIEU
x=|alsing v6i ~z/2<1<7/2
2 2
@ _x:|a|cost v6i0<r<rx
x=|_i| vc’iite{—z;z}\{O}
— sint 2 2
o x:ﬂ V6ite[0'7r]\ z
| cost ’ 2
_x=|a|tant VOl —7m/2<t<nm/?2
x*+a .
_x:|a|cost véiO<t<rm
atx hoic Ddtx =acos2t
a—x
(x—a)(b—x) x=a+(b—a)sin2t,te[0;§}

DANG 1: +a*-x*

BAI TAP MAU: Tinh cic tich phan sau

a

Bai 1: Tinh / =J.x2 a’ — x*dx

0

Giai:

< . T
batx=asint, re| ——;—
22

boi can:

X ‘ 0 a

}. = dx = acostdt

11
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Khi d6: I = | x*Va* — x*dx=

a’sin’t,|a’ (1—sin2 t).acostdt

O ey
=
o'—.mm

Vi
4

a
8

4
=da

4 2
a
sin® tcos’tdt = —jsm 2tdt =

oty

4 1 z ra'
(1 cos4t)dt— —(I—Zsm4tJ y =
0

Shaee IR

Bai2: Tinh I =

Giai:

bat x = cost, te{—% %} = dx = - sint dt

Péi can:
« 2oz
2 4
t 1 0
. (V1=x7 tV1-cos tsmt |s1nt| smt %sinzt
Khido: 1= I x’ = _'[ cos’t I cost '[cosztdt:
V2 z 0 0
2 4

T
( 12 _1]4; = (tant—t) Z: 1—%. (vi te[O;%} nén sint 20:>|sint|:sint)
0

O | N

cos't

Bai 3: Tinh I = 1—x*dx

[ S———
=
[\

Giai:
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Patx=sint, t e {—%,%} . = dx = costdt

Doi cén:
X 0 1
t 0 z
2
| 2 2 2
Khi d6: I = j 1= x2dx= j sin® /1 —sin’ ¢.costdt = i j sin® tcos’tdt = i j sin” 2¢dt =
0 0 0 0
3 z
= lI(l—cos4t)alt= 1 Lgna =T
81 gl 4 16
0
Tinh cac tich phan sau:
\/5 T
1)[ 4—x2dx HD : Ddt x =2sint BS:g
1
3
2
1
2) I —3dx; HD : Bdt x =3cost DS:\/EJr3
32 (9—x2) 21
2
V2
T X g HD: P ps: %1
3) X5 : Ddt x =sint i
o V1—x2 8 4
NG
4)_[\/16—x2dx; HD :Pdt x =4sint
0

1
2

S)I\/I—xzdx HD :DPdt x =sint
0

5
2

6)I;dx; HD : Pdt x—1=3sint
1

13
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LUYEN THI PAI HQC CHAT LUQNG CAO

CHUYEN PE: TiCH PHAN

16

1
7)j\/x—x2dx. ps: =
1

HD:_lf x—xzdxzéjdl—@x—l)zdx. Pdt:2x—1=sint
1 1
2 2

DANG 2: Jx*-d°

Tinh cac tich phan sau:

I 3
1)j—dx; HD: Ddt x=——
hHx x> -9 sint
F
"o 1
2)j—dx; HD: Ddt x = ——
2 xVx’ -1 sinf
N
2 x? 1
3)j—dx; HD: Dt x=——
o Vxi—1 cost
5
o1 1
4)] dx ; HD: Ddtx=——
1 xvx’ =1 cos?
DANG 3: x*+d*
BAI TAP MAU:
¢ 1
Bai I: Tinh [ = [ ———dx
LxT+2x+4
Giai:
0 0
Ta cé:j%dxzj‘ ! 5 dx
L xT+2x+4 *‘(x+1)2+(\/§)

bS:—

bS:

AN

pat x+1:\/§tant vOl1 te[—%;%j.:dx=\/§(l+tan2t)dt

Poi can:

X ‘-1 0
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z
6

o B BT b
0 ;[x2+2x+4 3 1[ g 18

1 3

Bai 2: Tinh / = glfx dx

Gidi:

Tac’:j X dxzj X _dx
o 1+x 01+ (x)

pat x* =tanr voi re —Z z :>)c3a’x—l(1+tan2 t)dt
272 4

Pdi can:
X 0 0
t 0 z
4
1 1 % T
Coarl _ _ t1+tan’s 1 1 -
Khi s 1= [ cae= [ __jm&nt Lalfy-x
o1 TX 01+( ) 0 0

Ccosx

Bai 3: Tinh I = dx

O 0 | N

1+sin’ x

Giai:
T )
bat sinx =tant voi t e [—5 Ej = cosxdx = (1 +tan t)dt

Daoi can:
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

X 0 z
2
t |0 z
4
3 i . 4
Khi dé: [ = [——"—dx = L tan 1 r=[di="
o 1+sin” x 1 +tan” ¢ 7 4
BAI TAP AP DUNG:
t1 V4
1)'[ 2dx; HD : Ddt x =2tant bS:—
v 4+x 8
|
2)[——dx; HD: Pt x =3tant
v X +9
1
3)Ix 1+ x%dx ; HD : Ddt x =tant
0
3
4) I %dx; HD : Ddt x =tant bS: \/§+1
\/5 2
- (1+x)
3
2 2
220 HD: parV2x=3uns ps: 3]
X 2
2
1 x3
6) —de; HD: Bdt x =tant  hodc u= x> +1
0(x2+1)

7) [——dx:  HD:Par x —J3tans

1
8)j;dx ps: %2

0 <x2 + 1)2 8

X

3 2
0) [ M g, Pat x = tant. DS:ln(2+\/§)(\/5—1)+M
1

16

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE



LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

1
10)[———adx. ps: 73
0 X +x"+1 8

e \ 1
HD :Bié€n doi tich phan da cho vé dang:—J.zL
2ou +u+1

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO

CHUYEN PE: TiCH PHAN

a+x . la—x
hodc
a—x a+x

DANG 4:

Tinh tich phan sau:

e

DANG 5: [(x—a)(b-x)

HD : x =cos2t

(x-1)(2-x).

Tinh tich phin sau:

BN — | W

BAI TAP BO SUNG

+Xx

[\
p—
S|t
9]

Pdtx =1+sin’z.

HD : x =5cos2¢t

18
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LUYEN THI PAI HQC CHAT LUQNG CAO

CHUYEN PE: TiCH PHAN

VAN PE 3: TICH PHAN LUQNG GIAC
Dang 1: Bién doi lwong giac vé tich phén co ban
3

Vidul: Tinh I = '[

) cos*x

dx

Giai:

dx

batt=tanx ; = dr =
cos X

Doi can:

Khi do: I = j

% cos” x

cos"x 7

z
2

Vidu 2: Tinh = j tan 4.xdx
0

Giai:
0 o
Ta co: j tan4xdx j sin 4x
0 0 cos4x
dt
bat t = cosdx ; = dt = —4sindxdx = sin4dxdx = _Z
Ddi can:
X 0 z
12
¢l 1
2

:j(1+tan2x) 12 dx:j(1+t2)dt=(
0

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

3 K3 1
2 ) 1
12 12 1
Khi do: I = J.tan4xdx— I sm4x —— ﬂ L ﬂ=lln|t| 1 :lln2.
0 0cos4x 4t 491t 4 — 4

2

Vidu 3: Tinh I = | cos’xdx

o'—.mm

Giai:

2
’ 4 + 2
Ta co: | cos’xdx = | cos* xcoxdx = (1 —sin x) coxdx

S =N
O o | Ny
O 0 | N

Dat t = sinX ; = dt = cosxdx

Poi can:

X 0 z

2

t 0 1

Khi do:

: : . : N
d 1—sin’ de=|(1-¢") dt=|(1-2 dt=|t—-"—+—| =—
I = '([cosxx _([( sin x)coxx I[( t) 2').( t+t)t (t 3+5J0 T

/4

4
Vidu 4: Tinh [ = jtan3 xdx

Giai:
pit t = tanx ; :>dt=(1+tan2x)dx:(1+t2)dt:>dx: zdt
" +1
Poi can:
X 0 z
4
t 0 1

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Khi do:

3

1 1
tan® xdx = I 2t dt =J. dt =
o1 +1 0 £ +1

! :1_1m2:1(1_m2).
0o 2 2 2

[21 lld(t2+1)
t+1 EO EO t

241

N
O'—.-’HN

:%—%m(ﬁﬂ)

Vidu5: Tinh I = | cos’xdx

c\\:\'—.mm

Giai:
3 3 3 3
I = _[cos xdx:jcos x.cosxdx j(l—sm x)cosxdx j(l—sinz x)d(sinx)
s s s s
V4
(. sin3x]5 11 1 5
sinx — =l-———+—=—
3 z 3 2 24 24
6

Vi3
4
, , sin4x
Vidu 7: Tinh I j dx
0 sm X+ COS X

Giai:

sin® x + cos*x 1—2sin® xcos* x

T V3 V3
s1n 4x i sin2xcos2x d i 2sin 2xc0s2x j s1n 2xc0s2x
x =
sin® x + cos* x 0 0 0

~
Il
O'—.#\N

sm 22x

z 1
4 :—lnaz In2
0

1- lsin2 2x
2

O i |y

_—1d(1—lsin22xj=—1n
1., 2
l—Esm 2x

COSSX

Vidu 8: Tinh [ = -
+sin x

BN [N
—

Giai:
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ya

a Vi
z z .
2 —
t cos’x ¢ cos’x i (1 S x)
I = I ——dx = I —cosxdx = | ——cosxdx =
I1+sinx I+sinx 1+sinx
x z s
4 4

4

T

(cosx —cosx sin x)dx =

N —o N

Il
BN |y

4 4

Vidu 9: Tinh 7 = | sin® xdx

S NI

Giai:

.3 .2 .
sin’ xdx = | sin” xsin xdx = —

~N

Il
O o | N
O 0|y
O o | N

dx

1+ cosx

5
Vi du 10: Tinh | =j
0

L z ﬁd(xj
2 2 2% 9 i
Giiis 1= [ [ A2y -
0 TEOSY 900082 S Vcos® 0
2 2
b
Vidu 11: Tinh 1:]&
> 1+sin2x
1
Giai:
I:j- dx Zj- dx ZT dx
T1+sin2x 7 (ginx+ 2 :
- Z(smx cosx) {x/icos[x—iﬂ

4;‘@ '—.N\N

s
: i
cosxdx — l J. sin2xdx =| sinx + l sin2x 2 _
27 4 T
4

(1 - coszx)d(cosx) = —[cosx - CO;3X

(1 —sin x)cosxdx =

"

2
0

1

3

[SSH N )
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7
Vidu 12: Tinh [ =I dx
3

Giai:

sinxdx | sinxdx

Ta co:

sin’ x 1-cos* x

WIN [y
=. o
SR
=

Il
WY ———o |y

W [y

e Dit 1t =cosx = dt = —sinxdx

Poi can:

w |
(SN

N | =

dx

asinx+bcosx+c

Dang 2: Tich phan dang j

Cich gidi: Pt 7= tan%, dura vé tich phan hitu ti

3
Vi du 1: Tinh tich phan I bS: In—
O2cosx+s1nx+2

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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3

Vi du 2: Tinh tich phan I d ' bS: llné
0 3cosx+2sinx +2 3 2
:

Vi du 3: Tinh tich phan I 5 dx . bS: llni
0 2€0s” x+3sin2x +2 2 3

O |y

Vi du 4: Tinh tich phan | ——— bS:
sin2x+2 18
F
Vi dy 5: Tinh tich phan | 1+2sinx ps: 2743 +21n2
) 2—Ccosx 9
, A dx
Dang 3: Tich phan dang I — _ .
asin” x + bsin xcosx +ccos” x
Cach giai:
Cach 1: Dit cos’x o miu lam thira s6 chung sau d6 dit ¢ = tan x
Cich 2: ha bac dua vé dang 2
3 dx
Vidu 1:Tinh [ :j
R T
Zsinxsin| x +—
Giai:
, i dx ~ i dx ~ i 2dx -
.2 .
% sinxsin[x + ﬁj < (sinx) ﬁsinx + L cosx z V3sin’ x + sin xcosx
6 2 2
3 2dx 3 2d(tanx) 3 d(tanx)
g (cos2 x)(\/gtan2 X+ tanx) g (tanx)(\/gtanx + 1) * (\/gtanx)(\/gtanx + 1)
6 6 6

1 1
- tanx )=
(\/gtanx \/gtanx+ljd( )
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% tanx id ([tanx+1) %

j J. (ln|tanx|) 2(ln

v tanx " x/gtanx+1 z

6 6 6

2[111\/— In 1] 2(ln4—ln2):2ln3—21n2:1n£§
3 2
% dx

Vi du 2: Tinh tich phan | — : DS

o Sin” x —4cos"x

dx

.2 . 2
sin” x +4sinxcosx +3cos” x

Vi du 3: Tinh tich phan

O |y

Dang 4: Tich phéin dang / = jf(sinx)cosxdx; I, = jf(cosx)
A. Cach gidi:
»  Doi voi I, dat ¢t =sinx

= Poi voi I, dat t = cosx

Vidu 1: Tinh I = |sin’ xcoxdx

C'—»N\N

Giai:

bat t = sinx ; = dr = cosxdx

Poi can:
X |o z
2
T 0 1
% 1
Khi do: I = Ism xcoxdx = _[t dt=—.
0 0 6

i
x/gtanx + 1‘) 3
i
6
“1In=
bS: —ln2
2
sin xdx
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Vidu 2: Tinh I = | sin xcosx(l + cosx)2 dx

oty

Giai:

Ta co:

. 2
sin xcosx (1 + cosx) dx =

~
Il
— N

sin xcosx (1 +2cosx + coszx)dx

O 0 | Ny

(cosx +2cos’x + cos3x).sin xdx

I
St—lN o

e Dat ¢t =cosx = dt = —sin xdx

Doi can:
X 0 z
2
t 1 0

0

3

1 2 23
Khi do: I:—j(t+2t2+t3)dt:.[(t+2t2+t3)dt:(%+—t+
0

1
B. Cac truong hop dat biét:
1. Tich phén c6 dang J'sin’" x.cos" xdx voi mneZ”
= Néum 1é hodc n 1é thi dat t = ham c6 chira mii chdn

= Néeu m va n déu chan thi ha bdc

- .3 3
sin” xcos” xdx

Vidu 1: Tinh [ =

Shaee IR

Giai:
Dat t =sinx ; = dt = cosxdx

Poi can:

t4

4

|

117
0 12
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X 0 z
2
t 0 1
Khi do:
3 b | |
I= J.sin3 xcos’ xdx = Isin3 x(l —sin’ x)cosxdx = It3 (1 —~ tz)dt = I(f - )dt =
0 0 0 0
% 2
Vi du 2: Tinh tich phan Jsinz xcos’ xdx pS: s
0
3 2
Vi du 3: Tinh tich phin J.sin4 xcos’ xdx bS: P
0
B
’ ’ y A ) 4 T
Vi du 4: Tinh tich phan Ism xcos” xdx bS: 32
0
2. Tich phan dang ], :ISIH  dx; I =J.C.OS Ydv; maneZt
cos”"x sin” x

. .| datt=cosx ddivéil,
* Neum I¢ thi ' L
ddtt =sinx doi v6i I,

» Néum vandéu chan va
o m<n thidua vé tan va cot
o m>n thid6i ham & tr theo mau sau do tach tich phan va ha bac

= Néu m chin va n 1¢ thi ding tich phén ting phan

COSB)C

Vidul: Tinh [ = dx

Sin“x

NN o | N

Giai:

bat t =sinx ; = dt = cosxdx
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Poi can:
X 7 i
6 2
S
2
Khi do
1—}"033xdx—}(1_5’” *) dx—j s dt—j LIRS 1 1
J sin’x ) sin’x 't 1¢E N
6 6 2 2 2

zsm x 1

Vidu 2: Tinh [ = '[ dx PS: —
) COS’X 2
%sm x 9

Vi dy 3: Tinh 7 = | pS: =
¢ cos’ x 4
%sm x 1

Vidy 4: Tinh / = | pS: —
5 cos’ x 3
3 .

Vidy 5: Tinh [ = jsm * dx. Huéng din: u=sinx,dv=—"dx  DS: \/§+lln(\/§+2)
) COS’ X cos” x 2

Dang 5: Tich phan chira I(tan x;cosx)dx; I(cot x;sin x)dx
Cach giai:

= PGi vé sin va cos

= DPjt t bang mét ham & mau

z
3

Vi du 1: Tinh tich phan j

0

tanx
dx

1+cosx
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3 3 .
Huong dan: I tanx dx = I >Ix dx.Pat t=cosx DS: lné
o 1+cosx Ocosx(1+cosx) 2
:
Vi du 2: Tinh tich phan I tanx dx
o 1+4cos” x
4 tanx 4 sinx.cos’x 1. 8
Huong dan: I a’x:j dx.Pat r=1+4cos" x bS:—In—
o 1+4cos’ x Ocos4x(1+4cos4x) 4 5

3
Vi du 3: Tinh tich phan I sinx dx
c0s3x
3
x ¢ sinx 1 sinx 1
Huéng din: j dxzj dx  DS:——In2
Y cos3x ; cosx(4 cos’ x — 3) 6
4 4

Dang 6: Doi bién bt ki

sin? x

Vidu 1: Tinh [ = | ™ *sin2xdx

Shaee IR

Giai:

Dit t = sin’x ; = dr = sin2xdx

Déi can:
X 0 z
2
t 0 1
3 |
. J sin®x _: t t 1
Kh1d0:1='[e sm2xdx=J‘edt:e =e—1.
0 0 0
2
Vidu 2: Tinh / :jﬂdx
o 1+cos"x
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Giai:

Piatt=1+ cos’x ; = dt = —sin2xdx = sin2xdx = —dt

Poi cén:
X |0 z
2
T 2 1

T
27 .
, , sin x — cosx
Vi du 3: Tinh I:I — dx
v\ sinx +cosx
4

Giai:
z z
#( sin x — cosx 2 —d(sinx + cosx) .
I:,[ L X=I . =—(ln|s1nx+cosx|)
T\ SInx + Ccosx d SIN X + cosx
4 7
z
4 .
, , sindx
Vidu 4: Tinh I = j—zdx
o 1+cos™x

Giai: Ta co:

1+ cos*x

T V4
t sindx t2sin 2xc052x
[ av= =
o 1+cos’x 0

e Pit t=1+cos’x = dt = —2sin xcosxdx = —sin 2xdx
. coszx:t—1:>cos2x:200s2x—1=2(t—1)—1:2t—3

Daoi can:

Ay Y
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Khi do:

I iwi—mg}hi(4—gjdz(4z—61n|r|)

=4 2—i -6 ln2—1ni =2—61ni
2 2 3

Cach 2: Sir dung cong thic ha bac, mau xuét hién 3+ cos2x, dit =3+ cos2x

2

Y-

N | W

"
Vidus: Tinh 1= [— 020 g,
0 (sinx + cosx + 2)
Giai:
Taco: j‘r. cos2x i :j'z.(cosx—sinx)(cosx+§inx) i
0 (sinx + cosx + 2)“ 0 (sinx +cosx + 2)
e Dat t=c0sx+sinx+2:>dt=(c0sx—sinx)dx
Poi can:
X 0 z
4
¢ 2 242
Khi do:
2+\/§ l—_2 2+\/§
I'= j( 3 )dtzj(lz—%jdtz{—l+l2j2+\/§=— LS S
T SR t 2 )lo 2442 6+4y2 3 9
1242 2 2 142 2 1 424459 425
6+4/2 9 9 2(3+2\5) 9 2(ﬁ+1) 18(ﬁ+1) 18(\5”)
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T
7
, , cos2x
Vi du 6: Tinh Iz'[ : dx
o SInX +cosx +2
Giai:
r z
4 4 o .
, cos2x (cosx s1nx)(cosx+s1nx)
Ta c6: j : dx = j _ dx
o Sinx +cosx +2 0 sin x + cosx + 2

o Piat r=cosx+sinx+2=dt= (cosx—sinx)dx

Poi can:

X 0 i
4

t 2 242

Khi do:

2+«/5(t_2) 2+«/§

1= | t dt=£[1—%jdt=<t—21n|t|)

:\/5—1+2[1n3—1n(2+\/5)}:\/5—1+2ln2+3\/§

2+*5=2+\/§—21n(2+\/§)—3+21n3=
0

3
Vidu7: Tinh I = sin2x(1+sin2x) dx

O [y

Giai:

e Pit t=1+sin’ x = df = 2sin xcosxdx = sin 2xdx

Poi can:
X 0 z
2
t 1 2
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12 1 15

Khi do: I = s1n2x(l+sm x) dx = '[t dt_ZI =4-——=—

o'—.t\)m

T
Vi dy 8: Tinh /= | dx
o 1 +tanx
Giai:
e Dbiat r=tanx=dr= dx:(l+tan2x)dx:>dx: dt2 - dt2
cos“x l+tan“x 1+¢
Péi can:
X 0 i
4
t 0 1
1 ‘ -1 tba 1l 1l ar
Khi do: 0 1+t (1'”) 0 +f (1+t) Ot + ot +
%,_J
J, J, Jy
1
1
v" Tinh: lel i:lln|t+1| _In2
29t+1 2 0o 2
t°+1 1
v Tinh: JZ: tat :_J. ( ) lln|t2+1| :E
t +1 r+1 4 0
14 T, .
v’ Tinh: J, = :—Idu:—(vmt:tanu)
t +1 8

Vig 7 N2 M2 7 7 In2
2 4 8 8 4

I dx

Vidu 9: Tinh I = .
(smx+c0sx)

.’3‘:1 [N
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Giai:
z z T
+ 1 1 ¢ 1 1 4
I = I—zdxz— I —dx:——cot(x+£j 4 =£
l(smx+c0sx) 2_£sin2 g 2 )z 2
12 12 4 12
BAI TAP AP DUNG: Tinh tich phén sau:
: Cos X 3(6_\/5)
l)j — - dx HD :Ddtt =sinx, BS:In————
Y sin’ x—5sinx +6 5(4_\/5)
6
% COS X
BTTT :[—; :
= sin” x—7sinx+12
6
41— 25 . 1
)|~ Zdx (KhdiB-2003) PS:—In2
o 1+sin2x 2
5
32 (Tv—2006) pS:In2
o 4—cos"x 3
z s1n[x—]
4 4 .
4[ _ ' dx. (Khdi B —2008)
0 s1n2x+2(1+smx+cosx)
HD :DPditt =sinx + cos x. DS:4_2\/5
S)Itan X dx. (Kh6iA—-2008)  HD:Pdtt=tanx.  DS: ﬁ——l (2 JE)
, COs2x 27 2
2 sin2x . . . 5 2
6)[ dx (Kh&iA-2006). HD :Pdtt=1+3sin’x. pS:=
3 \cos? x +4sin® x 3
2 sin2x +sin x - . 34
7)j—dx (Kh6i A-2005). HD :Pdtt =~/1+3cosx. pS: -
o V1+3cosx 27

34
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5
) SIN2X.COSX / (KhoiB-2005).  HD:Pdtt=1+cosx.  BS:2In2-1
0

1+cosx

9)_(2[(6053)6 - 1)cos2xdx (Kh6i A-2009). DS %
HD: j(cos xX— l)cos xd = Jz.(cos5 X —cos’ x)dx
0 0
10)@( sinx cosx)cosxdx. (Kh6i D-2004). PS:e—1+ %

sin 2xdx . HD:Pgtt=+1+cos” x. DSZ\/g—\/g

11)
= COS xx/l +cos’x

N — [N

4

V4 T z
s tan(x ——) 2
Iy|——2%ax.  HD 1——jtan—x+1dx. t=tanx. DS: i
o COS2X (tanx+1)
7 sinx
12. j ———dx

waNT+x* +x
/4 zl4

/4
Huong din: ] = _[ &d = .[ V14 x? sin xdx — I xsinxdx =1 -1,

N1+ xt +x _7l4 _xl4

Ap dung ham 1¢, dat x=-¢ thi] , =0, tich phan ting phan 1 , duoc két qua.

13)? cos 2x(sin4 x+cos’ x)dx .

0

: :
Huéng din: [ = J.cos2x 1—lsm 2x |dx =l'|- l—lsin22x d(sin2x)=0
0 2 29 2
.
9] g DSi2+6mn> .
) 2—sin” x 4
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4sin2x.cos2x

3
Huong din: 1= j dx . Dat: t=3+ cos2x = dt = -2sin2xdx.
0

3+cos2x

N

15) 3sinx —cos x .

0 sinx+cosx+\/§

%(sinx+cosx+\/5)—2(cosx—sinx)—\/5

Huéng din: ] = j

dx

0 (sinx+cosx+\/5)
z z
2 % cosx—sinx dx e -
:I I ) —\/7 .=——2tan—
0 o(smx+cosx+\/7) osmx+cosx+\/_ 2 8

2
sin” x
—dx
o COSX

sin x.tan xdx. HD:I =

O o | N

16)I =

ct— iy

17)| sin’ xcos® xdx. HD :Pdt t =sinx

St— N

BTTT : | cos’ xsin® xdx.

O 0 | N

BAI TAP BO SUNG

H
Bai 1: Tinh 7 = j“smx

) COS'X

Giai:

1 . 1
, x+sinx xd. sin x
Taco: I = J. 2 dx = I J. dx
, COS™X 0 cosx cos*x cos*x
%/_/

I

3

i xdx

v' Tinh [, z'[coszx
0
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U=2x
Pt . N du =dx
dv = dx y=tanx

C0S2X

Ap dung cong thirc tinh tich phan timg phan ta duoc:

3 L 3 14 z
1= xdf = xtanx|3 — [ tan xdx = 3 - [P ax = 3 +| (cosx) _m3 +(Infeosx])| 3
) COS™X g 3 ), COSX 3 , COSX 3 0
72'\/5 1
="""+In—
3
3 3 d z
v Tinh I, = [~ dv = | (C(;sx)z LI3—2-121
0 COS™ X y COS°X CcoSx 0
vay I =”T@—1n2+1
3 .
Bai 2: Tinh [ = [ ———"" 4y
0 \/azcoszx +b*sin* x
Giai:
Ta co:
I j- sin xcosx dr = j~ sin xcosx dr — J2~ sin xcosx dx
2 N acos’x + b* sin® x 0\/a2(1—sin2x)+b2 sin® x 0 \/(b2 —az)sin2x+a2

2tdt = 2(b2 —a* )sin xcosxdx

e Dat t:\/(b2 —612)sin2x+a2 = =(b2 —az)sinzx+a2 = 1dt
sin xcosxdx = >
b"—a
Poi can:
T
X 0 —
2
t la [b|
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U

Khi do: I =

e 1 t|b|: pl-la 1
wi(vr=a?) o= ol o —|a] el +[p)
1

Bai 3: Tinh / = [sin Jxdx

0

e Ditr=x=>dr=2ud

Poi can:
X ‘ 0 1
t ‘ 0 1
Khi do:

1
Izzjzsimdt
0

., |u=t du=dt
bat =
dv = sin tdt YV =—Cosx

Ap dung cong thirc tinh tich phan timg phan ta duoc:

+ 2(sint) :) = 2(sin1—cos1)

I= —2(tcost) (1)

1
1
+ 2.([ costdt = —Z(tcost) 0
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VAN DPE 4: TICH PHAN CO CHUA GIA TRI TUYET POI
. b
Phwong phap: Gia st ta can tinh tich phan sau: _H f (x)‘dx

» Budc 1: Tinh nghiém cta phuong trinh  f(x)=0
» Budéc 2: Xét ddu f(x) trén doan [a,b]

= Buwdc 3: Dua vao bang xét ddu dé bo dau gid tri tuyét ddi va tinh tich phan.
Chu y: Néu phuong trinh f(x)=0 c6 dang khong mau muyc thi ta dung dao ham dé xét dau
f(x).

2
Vi dy 1: Tinh tich phan sau: [ x|x — 1{d. pS: 1

0

3x—1
x+1

2
Vi du 2: Tinh tich phan sau: I = I

0

x> +2x-3
——ldx
x+1

V4

+x—2}dx bS: 1+8In2-41In3

2
Huong din: / = j
0

2

Vi du 3: Tinh tich phéan sau: I = Hsinx - x‘dx
0

Hudng din:

s N . Vs
Xétham s f(x)=sinx—x,0<x<—

f'(x)=cosx—1<0,Vx €|:O;§:|:> (X)L f(0)=0=sinx—x<0,Vxe {O;%}

2

I = (x—sinx)dxz%—l

o—ly
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BAI TAP AP DUNG:

Bai 1. Tinh tich phan sau: _IHeX - l‘dx.
-1
Hudng din: I

1 0
J e —1|dx:_[|

Bai 2. Tinh cac tich phan sau:

a)j(|x+2|—|x—2|)dx b)j

1
ex—1|dx. DS:e+l—2
0 2

4
c‘)j\/)c2 -6x+9
1

XX’
3
d)j |de ; €)I|2x—4|dx : f).[ X3—2x2+xdx
0 0
Pdpsd
a)8; b)ilni' C)é' d)2(5—\6)- 6)4+L. f)24\/§+8
’ 14 45° 3 ’ n2’ 15

Bai 3. Tinh céc tich phan sau:

a) T |sinx|dx : b)T\/z +2cos2xdx c)]{\/l —sin2xdx; d)T\/l +sinxdx
V4 0 0 0
2

Pdpsé 1 a)2; by 02N D)2

Bai 4. Tinh céc tich phan sau:

—2**‘|dx DS:%; b)[Vi+sin2xdx  BS: 22
n 0

Bai 5. Tinh tich phan: 7= [ [x* ~x|dr  (Khéi D —2004)

Bai 6. Tinh tich phan: a)ﬂlogz xldx b)j|1nx|dx
1 1
2 e

4
Bai 7. Tinh tich phan 7 = [|tan x +2sin x - 3x|dx
0

Hudng din:

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Xétham f(x) = tan x +2sin x —3x, v6i 0 < x s%
(cosx—l)2 (2cosx+1 T
f'(.X): 2 2 3V€ Oa_
cos™ x 4

= f(x) tdng trén { 4}:>f(x)>f(0) 0
=—ln2 \5+2——

BAI TAP BO SUNG:
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

VAN DPE 5: TICH PHAN HAM HU'U Ti

P(x)

ax +

A.Danglzlzjﬂ
B

dx,a#0
Ta can phai chd y cong thiic de = —1n|ax + b| +C
ax+b

Bai tip ap dung: Tinh cac tich phan sau

tx—1 tx2-5 1S
:I_dx; b)I, =I—dx; ol :I dx
> x+1 5 x—1 5 2x+3

(x)

dx,a =0
ax* +bx +c

B.Dang2:1 = [—;

®Trudng hop 1: f(x) = ax’ + bx + ¢ ¢ hai nghiém phan biét

BAI TAP AP DUNG: Tinh cac tich phan sau

Bai 1. Tinh tich phan sau:

1 4
a)l, = | ——dx; D), = | —————dx; ol, = —dx
M '(|).x2—4 s '!-x2+7x—8 ) -3x+2

3

5
Bai 2. Tinh céc tich phan sau: j—dx
3

x> =3x+2

Phwong phap:
- Khi bdc da thirc P(x)<?2 ta sir dung phirong phdo hé sé bat din h

- Khi bdc da thirc P(x) =2 ta sit dung phép chia da thirc dé dwea tir s6 vé da thire ¢é bdc <2

®Trudng hop 2: f(x) =ax’ +bx +c = (ax + ﬁ)2 c6 nghiém kép

Ta can luu y cong thic sau: J' wx) o1 +C
u’ (x) u(x)
BAI TAP AP DUNG:
Bai 1. Tinh cac tich phan sau:
1
@) [ b) j
0 X —4x+4 4x* —4x+ 1
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Huéng din cau b) r=2x—1
Bai 2. Tinh cac tich phéan sau:

1

!). —4x+4 o b)'[x +2x+1

Phwong phap: Dé tranh phirc tap khi bién déi ta thuong dat |t = ax+ f8

Trong hai cdu trén, ta thay bdc tir cao hon bic mau nén ta coé thé chia da thirc, sau do dwa veé

trieong hop trén.

®Trudng hop 3: f(x) = ax” + bx + ¢ vd nghiém

A L or1 A 1o 1 3 1 s
Ta can luu y cach tinh nguyén ham J-ﬁdx bang cach dat x = atanr
X +a

BAI TAP AP DUNG: Tinh cic nguyén ham sau

F dx T 72'\/5
)Ix2—2x+2 2 )I EUEE 5
p 1
3)]#; PS:— __ﬁ 4)1#; DS:S\/?;z_i
o X' +4x"+3 204 6 (x +x+1) 7 9
C.Dang: J. Lo dx,a+0

ax’ +bx* +cex+d

1. Pa thidc dang : f(x)=ax’ +bx* +cx+d c6 mot nghiém boi ba

N 1 1 1
Ta can chid y cong thic sau: —dx=—7—-—-+C,chi jy:—=x",x>0
n x"

_ l)xn—l
dx
Vi du: Tinh cac tich phan sau _[
—6x"+12x-8

Bai tap ap dung
Bai 1. Tinh cac tich phin sau:

4 X 5 x3
a)[——dx; Huéng din: Pt r=x -1 b)[ ~dx

2(x—1) 3(x—1)
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Bai 2. Tinh cac tich phén sau:

a)}L_{dx; b)_[—dx
2 (x—l)\ (x+1)

2. Pa thifc dang : f(x)=ax’ +bx’ +cx+d c6 hai nghiém

3
Bai toan mé dau: Tinh tich phan j S S
2

(x —1)(x+1)2

Huéng dian: Pit

x+l=t=dx=dt

x=2=1=3 x=3=1=4

3 4
Lic dé: =
o l(x 1)(x+1) !

4

r(1-2 _£t3—2t

Dung phuong phdp hé sé bat dinh

1 At+B C
r=2¢ r t—2

:>15(A+C)t2+(—2A+B)t—ZB

Bai tap ap dung:

Bai 1. Tinh cic tich phin sau:

2x+1 3 x’
) b) d
’ I !(x_l)Z(Hz) '
Huéng din: b) x” _Ax+B €

(x=1) (x+2) (x-1) *x+2

7 3
Bai 2. Tinh tich phan sau I3—1dx
L X +2x7 +x

3.Pa thic dang : f(x)=ax’ + bx* +cx+d cé ba nghiém phan biét

3
Bai toin mé ddu: Tinh tich phan _[ ;dx

2 (0 -1)x

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Huéng dan: L __4, +
(xz—l)x x x-1 x+1

Bai tap ap dung:

Bai 1. Tinh cac tich phin sau:

x+1 ) X ) X
a)J; mdx’ g (x+2)( 1)dx’ C)i (x-2)(x —1)dx
e
Bai 2. Tinh tich phan j 2x . 1)(4x2 et S)dx

Huéng dan: Dit 1 =2x+1
3.Pa thic dang : f(x)=ax’ +bx’ +cx+d c6é mdt nghiém (khac bdi ba):
Cach giai:

= Budc 1: Phan tich ax’ +bx” +cx+d = (x —~ a)(sz +Bx+ C)

P(x) _q bx+c,

ax*+bx+c x—a Ax*+Bx+C

= Budéc 2: Dong nhét thirc

NG

2_
Vi du 1: Tinh tich phan | =10 g,
0 X +x7+3x+3
N 3
Huéng din: | - 210 g [ 2 3, —51n(1+\/_)——1 n2- L
o X+ x2+3x+3 lx+l X243 43
4x* +9x+8

Vi du 2: Tinh tich phan.[ I tard
X +4x° +6x+

2 2
ngdﬁn:j 4x* +9x+38 I[ x+1 de=3ln§+%ln2
1

x3+4x2+6x+4 | x+2 X +2x+2

Vi du 3: Tinh tich phdn I = I 1
1x o

Huéng din:

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Cach 1:1 = —dx '(i ! dx—j( A + B ]dx
St -1 _1(x—1)(x2+x+1) _-1 x—1 x*+x+1

Cach 2: it x—1=t¢.
Luc dé:
0 -1 -1 2 2
1
1 J ZJ- dt B J- " +3t+3 it 1" +3t

-1 ,zt(t2+3t+3) 3 ,zt(t2+3t+3) _J;t(tz+3t+3)

I = dt

43 ] 1+3 37 dt
- D Iz+3r+3 } 3 I_ __Ir+3r+3 2J—3

Bai tap ap dung: Tinh tich phén sau

1
I 33 dx DS:ln2+ﬁ
o X~ +1 3
13
Ifi&dx; DS:ln2+3—ﬂ
o X +x"+x+1 4
(ax+b)m . . .
D. Dang 'f - dx , va m@t so ki thuidt nguyén ham

(cx+d)

Cach giai: Piat r=cx+d

l(2x—1)3 75
1du 1: Tinh tich phan x -—
Vi du 1: Tinh tich pha j—d PS: 541n2
0 (x+l) 2
1 ;
3 _
Vi du 2: Tinh tich phan j (3—6x)dx ps: 392 _ 310
4 8 3
0(3x+1)

1. Ki thuat bién ddi tif s6 chita nghiém ctia miu sé’

Vidu 1: I:j

dx
3 (x—l)xz'

Hudéngdan:

52—x+1
Jz‘xl

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

ViduZ-I—jd—x Hu6ngdin: ix3_x3+1dx
- _z(x—l)xy s 2(x—1)x3
Vidus-l—jL Huén dﬁn'l—lj——lix Hlox

T 5% +5x sl (x +1)_51 x(x +1)
Vidud: I<| Hudngding= [ ¥ 1% (x —1o)d
S e T FET R e
2. Ki thuat dit 4n phu véi tich phan c6 dang jﬁdx

xlax"+p

Cach giai:

= Buédc 1: Nhan tif s6 va miu sé cho x"'

= Buéc2:Pitt=ax"+b

i i

. Huéng din: Piat r=x"+1

Vi du 1:Tinht1’chphﬁnJ‘ ( 1)
L xX(x”+

Vi du 2: Tinh tich phan I

, ; _2 dx _2 dx _2 x’dx
PR Hu’o’ngdan.Jl. _Jl-x( )_Jl‘

4x*+x x3(4x3 +1)
3. Ki thuat bi&n ddi ti s6 c6 chifa dao ham miu sd’

dx. Huéng din: Pitf=x’

3
Vi du 1: Tinh tich phan sau: I 4x

2

N

Vidu 2: Tinh tich phin sau: K = Ix 1 dx.
L X +1
1
Huéng din K:I X dx:J d[x+—]
1 X
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

(A £C)
(Ax2 +B1x$C)(Ax2 +B,xF C)

4. Ki thuat tinh tich phan c6 dang j

Ciach giai:

» Budc 1: Chia ca t& ca miu cho x*

t=Ax+£
= Budc 2: Pt * dua vé tich phan hitu ti
C
t=Ax——
X
2 x* -1
Vi du 1: Tinh tich phan: j ( ) dx PS: Lini2
1(xz—x+1)(xz-|—2x+1) 3 7
\/E+ 6
2 (x2+1) 1. 35
Vi dy 2: Tinh tich phan: | *——dx PS: —In>>
I Xt 2 36

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Vi du 3:
1
z2_ N )
K=Ix4 1dx. Hu’éngdﬁn:K=I X dx=j 21 d )c+l
x +1 , 1 1 2 X
rry x+— —(\/5)
X X
Vidu4-K—j PN Huéngdﬁn'K—ljx—zd(x2)
o PES I 2y 1

BAI TAP BO SUNG:
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

VAN DPE 6: TICH PHAN MOT SO HAM DAC BIET
PHUONG PHAP:

Dua vao viéc danh gia can cua tich phan va tinh chat ctia ham so6 dudi dau tich phén ta c6 thé lua

chon phép dit an phu. Ta thudong gip mot s6 tinh chét sau:
Tinh chit 1: Néu ham s f(x) lién tuc va ham 1¢ trén [—a;a] thi 'f f(x)dx =0

Vay, véi tinh chét trén ta thuong lua chon cach dat x =—¢

1
2
Vi du: Tinh tich phan 7 = I cosxln[ jdx
1
2

Tinh chét 2: Néu ham sb f(x) lién tuc va ham chén trén [—a;a] thi j f(x)dx=0

—a

Tuong tu ta thuong lua chon cach dat x = —r

Vi du: Tinh tich phan 7 = J‘wdx

b x*+1
z z

2 2
Tinh chit 3: Néu ham s6 f(x) lién tuc trén [ 0;1] thi : j f(sin x)dx = j f(cosx)dx
0 0

Véi dang nay ta thuong lya chon ciach dat x = % —t. V6i cach ddt ndy ta d€ dang ching minh

T
z sin x V4

duoc dx=—,neN
0 ¥/smx +Q/cosx

\/sin x

Vidul: Tinh I = dx
'(.; \/smx + \/cosx

ya

Giai:
< Vs
bat x=—-r=>dx=—dt
2
Poi can:
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

X 0 z
2
t z 0
2
Khi @6

VCcosx

dt =
Jeosx ++/sinx

dx

/4
sin| ——t z
I:—]l (2 ] dtzj' \Jcost
| . (7 V4 o\/cost+x/sint
3 . /sIn E_t +,[cos E—I

vsinx ++/cosx
A/sin x ++/cosx

O'—uN\H

; N A
Vay I+1=21=] de=[dx=x[2=2=1="
) ) ;2 4

z
2 : 03
, . sin” x
Vidu 2: Tinh [ = J.ﬁdx
v Sin” X + cos™x

Giai:

Dit x=%—t:>dx=—dt

Déi can:
X 0 z
2
t z 0
2
Khi @6

COS t+sm t COS x+sm X

sin (—t} z z

0 2 2
cos t cos X

) i 7 0
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

2 N 2 a3
vay I1+1=21 =J‘Smxﬁd)c:jalx:xz:z:>l=Z
. sin’ x + cos’x 0 0 2 4
% sin®x
Vidu 3: Tinh / =J.—dx
o sin’ x + cos®x

Giai:

Pit x=§—t:>dx=—dz

Poi can:
X 0 z
2
t | Z 0
2
Khi do
sin’| ——t z z
z_jl (2 ] dt=J2. cos’t Jz- cos® x i
6 , cos’ t+sin’ t o cos® x +sin® x
Zsin’| ——t |+cos’| ——t
gsm X +cosx 3 Z x 7
Vay I+1=21I :I—dxzjdx=x 2=—=>1=—
o sin® x + cos’x 0 0 2 4

Tinh chit 4: Néu ¢ >0, ham s6 f(x) 1a ham s6 chn, lién tyc trén R thi voi moi s6 thuc o, ta
I _[ f(x)dx.

Véi dang nay ta thuong lya chon cach dat x =—t

4

Vi du 1: Tinh tich phan ciia ham s sau: _[ > dx
+
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

T

4 6
Vi du 2: Tinh tich phan: 7= [ “"% 4

_zex+1
4
Giai:
bat x=—t= dx=—dt
Poi can:
V4 V4
X JEE— JR—
4 4
t V4 T
4 4
z _z _z z z
4 6 4 6 4t 6 4 t 6 4  x 6
N, tan’x tan’t e'tan’t e'tan’t e‘tan’x
Khi do: 7= | de=—| ——dt=—| ———di= [ ———dt= | dx
et +1 e +1 ~oe +1 . e +1 e +1
T4 4 4 T4 T4
Ta c6:
4 6 4 x, 6 4
tan’x e‘tan’x
I+I:j d +I dxzjtanéxdx=
e +1 e +1 -
T4 4 4

tan’x  tan’x 526 7
= - +tanx — x ==

5 = 15 2

4

Tinh chAt 5: Néu ham s6 f(x) lién tuc trén [0;1] thi : j xf (sin x)dx = % j f(sinx)dx.
0 0

V61 dang nay ta thuong lya chon cach dat x =7 —¢

, o . T xsinx
Vi du: Tinh tich phan sau: I ————dx
o 1+cos™ x
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

b b
Tinh chit 6: Néu ham s f(x) lién tuc trén [a;b} thi :jf(x)dx = %J‘f(a +b—x)dx.

Véi dang nay ta thuong lya chon cachdat r=a+b—x

1+smx

3
Vidu : Tinh [ = j
0 1+cosx

Giai:

pit xz%—t:dxz—dt

Poi can:
X 0 z
2
t z 0
2
Khi @6
72- T T
0 1+sin| ——t¢ > >
1+c0st 1+c0sx
=2 g kst fig
< T v l+sint 7 1+smx
z 1+cos| ——t¢

Vay

[N

2 .
I+I=ZI:J‘ ln1+c.0sx+ln 1 +sinx dx =
1+sinx 1+cosx

Sheem IR

1+sinx 1+cosx

0dx=0=1=0

o'—.mm

3
Vi du 2: Tinh I = j dsinx
0 Slnx +COS.X)

Giai:

Shaee IR

[ln1+cosx. 1+sinx jd

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Pit x=%—t:>dx=—dt

Doi can:
X 0 z
2
t z 0
2
Khi d6:
4sin(—tj z z
0 2 2
2
:_I 3dt:_[ dcost Sdt:.[ dcosx :
z T o[cost+sint] o[cosx+sinx]
7| sin ——t +cos| ——t
2 2
5 H 5
=1+1=21= I 4sinx dx+j 4cosx 3dx:'|. 4 2a’x
0 51nx+cosx) o(sinx+cosx) o(sinx+cosx)

T

5
j dx = 2tan(x—2]2 242=4=1=2
02cos’ [x—4j 0

Tinh chit 7: Neu f(x) lién tuc trén [ 0;27 |.a>0 thi

ffuyszﬁﬂxyhﬂza—m}u

Vi tinh chat trén ta thuong dat ¢ =24 - x

3z
Vi du: Tinh tich phan I sin x sin2x sin 3xdx

0
Tinh chét 8: Néu f(x) 1a ham tuan hoan chu ky T, xac dinh va lién tuc trén R, thi

a+T a+T

[ Fydx= [ feodx

Vi tinh chét trén ta thuong dat r=x-T
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LUYEN THI PAI HQC CHAT LUQNG CAO

CHUYEN PE: TiCH PHAN

20137

Vi du: Tinh tich phan J' V1—cos2xdx
0

1+sinx

J
~

BAI TAP AP DUNG:
1
1)jx2°°4 sinxdx. Bdt x=—t. PS:0
-1
3 cos* x 7
Z)Iﬁdx. HD :Ddt x = —
0 COS” x +sin” x 2
3)'.. 51n.4x dx HD :Ddtx = —t.
o 1+sinx
S)ILmzcdx HD :Ddtx=r—t.
v 4—cos” x
3
!

—
=
7~ N\

dx HD:Parx="—1.
1+cosx 2

—1. ps:- =

4
T .
J xsin x
o 4+4cos’ x

2z
6)J.xcos3xdx HD :Ddtx =2n—t
0

8)

Oy~ |y

dx HD :Ddtx =m—t.

ln(1+tanx)dx HD :Pdtx = %—t.

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

BAI TAP BO SUNG
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

VAN DE 7: TICH PHAN TUNG PHAN

b b
Iudv:uv‘z —Ivdu

a a

sin(ax + f)
Dang 1: P (x).| cos(ax+ ). Trong d6 P (x) 1a da thirc bacn

eax+ﬂ

sin(ax + )
bitu=P (x) va dv=| cos(ax+ f)

eax+ﬂ

Chii y: Chi s6 (n) cho ta s6 lan tich tich phan dang nay
Dang 2: P,(x).|In(ax+ f). Patu=In(ax+p) va dv =P (x)

b b
Dang 3: Ie“”bcos(mx +n)dx hodc Ie‘””’sin(mx +n)dx

Véi dang nay ta c6 thé chon:

u=e""*" dv =cos(mx +n) (hoéc dv = sin(mx + n) )

ax+b

u = cos(mx+n) (hoéc u = sin(mx + n)),dv =e

Ghi nhé : [Nhat 16 nhi da tam lwong ti mii

BAI TAP AP DUNG TiCH PHAN TUNG PHAN CO BAN
1
Bai 1: Tinh I = J.xezxdx
0
du =dx
bat et = 1
©|dv=e"dx y= Eez"

Ap dung cong thirc tinh tich phan timg phan:

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

1 1 1 1 1
I:J.xez"dx:lxezx —lJ.ezxdx:le2 —lJ.ezxd(Z )—le2 LS = 1e2—l(62—1
0 2 0 29 2 44 2 4 0o 2 4
_ e +1
4

1
Bai 2: Tinh I = Ixzexdx

0

2
= = 2
it {u X {du . xdx

dv=e"dx y=e¢e"

Ap dung cong thirc tinh tich phan timg phan:
1

2 2
I:Ix e‘dx=x"¢e"
0

L — 2‘1[ xe'dx =e— 2_1[ xe"dx
0 0 0

1
Tiép tuc tinh: J = J-xexdx
0

dv=e"dx v=e"

. {u =X {du =dx
Dat = ‘
Ap dung cong thire tinh tich phan timg phan:
1

J :jxexdx = xe" ! —Jxexdx =1
0 0 0

Vay [ =e-2

Bai 3: Tinh [ = j(Sx + 1)e‘3xc1x
0

_ 1 _
dv =e"dx y=——e>"

. {u=3x+1 du =3dx
bat
3

Ap dung cong thirc tinh tich phéan timg phén:
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! + j-e“dx

%_(i;e_hd(e_”) =— %(3x + 1)6_3"

j- 3x +1 dx = —%(3)6 + l)e’“
0

1 x|l
—§(3x+1)e } 0—

Bai4: Tinh [ = j’(4x + 1)1nxdx

Dt u=Inx du:d_x

a =

" dv=(4x+1)dx *
v=2x"+Xx

Ap dung cong thirc tinh tich phan ting phan:

e

I= j4x+1 lnxdx (2x2+x)lnx1—

—_——

(2x+1)dx=2€2+e—(x2+x)f=e2+2

Bai 5: Tinh I = | e* cosxdx

o'—.mm

_ |u=cosx du = —sin xdx
bat —
dv=e"dx v=e

Ap dung cong thirc tinh tich phan timg phan

e sin xdx

N
o'—.mm
O o | N

T
e’ cosxdx =ecosx|2 +
0

t

Tinh I = e’ sin xdx

C'—»N\N

dv=e"dx yv=e"

_ |u=sinx du = cosxdx
bat =

Ap dung cong thirc tinh tich phan timg phan
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_N
O*—.wm
O 0|y

Vs V4
e'sinxdx=e"sinx|2 — | e‘cosxdx =e"sinx|2 —1
0 0

p 1 z 7| e
Suyra: I = Ie cosxdx =—| e*cosx 2+e sinx|?2 |=
0 0 0 2

BAI TAP CHUYEN VE TiCH PHAN TUNG PHAN CO BAN

ya

2
Bai 1: Tinh 7 = Ixsin2 xdx

2 2 cosd 12 2
Ta co Iz_[xsmzxdx:_[x cos xd =— dex Ixcostdx
0 0 2 2 0 0
% 2 |7 2
. dex:x—zzﬂ—
0 2 8
0
2
e Tinh Ixcostdx
0
Y= x du =dx
pat < = 1
dv = cos2xdx Y= Esin 2x

Ap dung cong thirc tinh tich phéan ting phén:

% z 1% cos2xZ 1
Ixcostdx ——xsm2x 2 ——Isiandx:O+ 2 =——
0 0 2() 0 2
3 2
Vay I = Ixsm xdx—ﬂ 4
0 16
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3

Bai2: Tinh I = Ie‘“i” sin 2xdx
0

Giai:

z
2

Taco: I =|e™ sin2xdx = ZIeS“”‘ sin xcosxdx
0

O 0 |y

bat ¢ =sinx = dt = cosxdx

Doi can:

(SN

Khi d6:

T

2 1
1=2 J e sin xcosxdx = 2.[ te'dt

0

0
o lu= du=dt
bat =
dv=e'dt v=e'

Ap dung cong thirc tinh tich phan timg phan:

1 1
- je’dt =te'
0 0

—e'| =1

1
jte’dt =te'
0 0

Vay [=2
Bai 3: Tinh I = j'xln(x2 +1)dx
0

Pit t=x* +1= dt =2xdx
Poi can:

X ‘ 0 1
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t ‘ 1 2
Khi do:

I= j.xln(x2 +1)dx = l‘zflntdt
0 21

dx
it u—lnt:> du=—
dv =dt

v=t

Ap dung cong thirc tinh tich phéan timg phén:

2
jlntdt:tlnt
1

2 2
—jdtzzlnz—l
1 1

1
1
Vay I =|xIn(x*+1)dx=1n2—-=
1= xin( 1) !
MOT SO BAI TAP DANG KHAC CUA TiCH PHAN TUNG PHAN

3
Bai 1: Tinh / = [—

0 COS“x

dx

bat dx

u=x du =dx
f—
dv =

y=tanx

cos’x

Ap dung cong thirc tinh tich phéan ting phan:

dx = +
cos x 3 COSX 3 COSX
i
:ﬁ—\/g+ln|c0sx| §:L3—1 2
3 0 3

Bai 2: Tinh I = cosxln(sinx)dx

c\‘g '.—.[\_)\:1
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CcOSX

dx

bat {uzln(sinx): du sin x

dv = cosdx V= sinx

Ap dung cong thirc tinh tich phan timg phan:

i Y/ T VA
2 2 3 2 2
I:Icosxln(sinx)dx=sinxln(sinx) —Icosxdxzsinxln(sinx) —sinx
z Tz z i
6 6 ¢ 6 6
:l lnl—l
2 2
3 xdx
Bai 3: Tinh / = [
- sin” x
n
U=x
Pt o= du =dx
dv=——> v =-—cotx
sin” x
Ap dung cong thirc tinh tich phan timg phan
H . % 2(9-43
3 - 3 1 ~ 7[( — )
I=J~ Xde =-—xcotx 3 +Icotxdx=——.—+1n|smx| 32 +—In—
- sin” x T \/5 T 36 2
4 Z 4 Z
51+sinx
Bai 4: Tinh I = j e dx
o 1+cosx
SO S . ERRE
Tacé:I:I1+81nx.exdx:J ¢ dx +I S x .e"dx:lj ¢dx +I SINY oty
o 1+cosx o L+cosx ¢ 1+cosx 2 2 Xy 1+ cosx
cos"— &~
2 I
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u=e
p du=e“dx
X

= X
) X v =tan—
cos” =

2

bat | gy =

Ap dung cong thirc tinh tich phan timg phan

4
Vi

T 5
2 - J.tan—exdx—e —J.tanfe dx
o ©° 2

: 2
Tinh: I, = j Six e'dx = j#.exdx = jtan%.e"'dx
0

Vay I =e?
BAI TAP AP DUNG:
Bai 1. Tinh céac tich phan sau:

3¢’ +1
16

a)jx3 Inxdx ; PS:

Bai 2. Tinh cac tich phéan sau:

2 .
a) x~sinxdx ;

xcosxdx ; b)

O'—.wm
Shaee IR

Hudng din va dap so:

1
b)j xe'dx DS:1

cos xdx ;

ol x’

O 0|y

Trong bai 2, 6 cac cau sau déu st dung két qua cua cau trude.

3
oZ-1 . 2o o _37+6
2 2 8

Bai 3. Tinh cac tich phin sau:
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a)jln(x+m)dx ;
0

b)J' In(1 -2i- X) I

DS:ln(\/5+1)—\/5+1

; DS:—%ln3+3ln2

Hudng din:

=ln(x+m) uzln(x+1)

)Pl . b)Pit :
dv = dx dV:—zd)C
X
Bai 4. Tinh cac tich phéan sau:
) 1
Y ) A, 1+x ) 3 1
a)I\/;lnxdx ; DS.g(Ze +1) b)jxln—dx L PSiCin3s
C)J-ln_xdx : psS - l_i
4 4¢
Hudng din:
1 1
u=Inx Z 1+ x 2
a)bit i b) xln—dx xIn(l+x)—xIn{1—x) |dx
el fTei(1)-cin(i-]

Bai 5. Tinh cac tich phan sau:

a) sinxln(tanx)dx ;  Hudéng din: {”Zln(tanx)

dv = sin xdx

SN a ]y ey

u= ln(cosx)

b)| Intcos) ;.. Huéng din: 1
\ COS’X dv=—-7>—dx
cos” x
%
J- ps:Z+ lnﬁ
{ oS’ x 4 2

Bai 6. Tinh cac tich phan sau:

DS:—%ln(\/g)—ln{tan%]

2

BS:ln—+1—Z
2 4
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2 2
a)jxln(\/l x)dx . ps:6-Sn3 b)[xIn” xdx ps:&_1
2 4 4
In1-x X p 1
j ; PS:4In2-2 d)[ xIn(x*+1)dx ; DS:——+In2
VI-x 0 2
Hu6ng din:

a,c) Ditt=+/1-x sau dé dua vé tinh tich phan tirng phan

1.2
b) Pyt u=In"x
dv = xdx

Bai 7. Tinh cac tich phan sau:

)I xnx ~dx Huéng din: Bat u=Inx,dv=——dx. ps.- 3 1,9

|+ +1) (xz+1)2 20 25

Bai
1 xln(x+\/1+x2)

) a’x;HD:Détuzln(x+\/l+x2), al dx.DS:\Eln(\E—l)ﬂ
! V1+x2 1+ x?2

8. Tinh cac tich phan sau:

E 2x _36”_2 E 2 ) 1 2
a)fe *cos3xdx; DS:—— b)fe *sin” xdx DS:—(e i —1)
0 13 0 8
7 . :
o)[e*sin3xdx; PS: Soe d)[——dx
0 10 4 COS” X

Bai 9. Tinh cac tich phan sau:

4 (x +sin x) _ ) ] N
a)l = j—2dx Huéng dan: tach thanh tong hai tich phan thanh phan
, COS" X
%xsinx “=
b)I = . Dat i
) ;[ cos’ x T ldv= sm3x dx
. COS™ X
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VAN DE 8: UNG DUNG TiCH PHAN TiNH DIEN TiCH HINH PHANG
Dang  toan  1: Tinh  dién  tich  hinh  phang  giéi  han  boi
(€):y=f(x), f(x) lién tuc trén [ a:b |

= 0(truc hoanh b
y = 0(truc hoanh) duoc tinh bdi cong thuc S = Hf(x)ldx

X=da
y=b
Phwong phap:

< Ta can phai tim day ¢ 4 dudng nhu trén
< Vi can phai bo dau tri tuyét d6i nén ta c6 hai cach giai sau:
Cach 1: Phuong phap do thi:
* Ve dothi(C):y=1f(x)vdix € [a:b] ¥

g . (Chrv="fix)
al/ Truong hop 1. 02

Néu db thi (C) nim hoan toan W
& b

trén truc hoanh Ox (hinh a) thi:

(Hinh a)

b
() = S:If{xh.dx

"
b/ Truong hop 2: T
Néu dob thi (C) nam hoan toan 0

=

dudi truc hoanh Ox (hinh b) thi:

(Hinh a)

b
(> 8 :—J‘f{x}.d:{

: Chry=fix)
cf Trwong hop 3: (Chry="£ix

Néu do thi (C) cat truc hoanh Ox tai mot diém

¢0 hoanh @6 x = % (nhw hinh ¢) thi:

X b /
(1) & S= If{x}.dx.—“—ff};}‘.dx @l (Hinh c)
a a

Ghi clni: Néu f(x) khong déi dau trén doan [a ; b] thi ta dung cong thifc sau:
b

J‘f{x:d};

a

5=
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Cdch 2. Phuong phap dai s6:

* Giai phwong trinh hoanh d6 giao diém : f(x) =0 (*)

* Giai (¥) dé tim nghiém x trén doan [a : b].

* Neéu (*) vo nghiém wén khoang (a ; b) thi ta xét dau f(x) rén doan [a ; b] dé bo dau
gid tri tuyét doi hodc ta st dung tnre ti€p cong thic sau:

b

ff{:{de

a

e

* Néu (*)c6 nghiém x = xg va f(x)

c6 bang xét dau nhw hinh bén thi: X | "Qfl %0 b <
% b fix) + 0 - &\\
S = [ f(x)dx - [ f(x)dx.
a o
Ghi chii:

(1) Dién tich S luén la mot gia tr1 duong (khong co gid tr1 S = 0).

(2) V&1 cau hoi: “Tinh dién tich gidi han bdi (C): v = f(x) va truc hoanh™ thi ta phai tim
thém hai dudng x = a. x = b dé lam can tich phan. hai dwdng nay chinh la giao diém
ctia (C) va truc Ox. 1a 2 nghiém ctia phiong trinh f(x) = 0 (theo phwong phap dai s6).
Vdi cau hoi don gidan hon nhu: “Tinh dién tich gidi han bdi dudng (C) : v = f(x) thi ta
phdi hi€u d6 1a su gidi han béi (C) va truc hoanh.

(3) Mot 56 ham c6 tinh d61 xitng nhu: parabol. dudng tron. elip. ham gid tri tuyét d6i. mot
s6 ham can thifc; 10i dung tinh déi x1¥ng ta tinh mét phan S ré6i dem nhin hai. nhin ba,
... (cfing c6 thé s dung tong hoic hiéu dién tich).

Chu y: Néu bai toan yéu cau: Tinh dién tich Hinh phang gi6i han béi do thi ham sé x=f(y)( lién

tuc trén doan [a,b]), truc tung va hai duong thcfng y=a,y=b.
b
Khi d6 cong thc tinh dién tich 1a: $ = [| £ (yldy

BAI TAP AP DUNG:

Bai 1.

a) Tinh dién tich hinh phing gi¢i han boi (C):y=4—x" truc hoanh va 2 dudng thing

x=-Lx=1.

b) Tinh dién tich hinh phang giéi han boi (C):y=4-x*, y=0 va 2 duong thang

x=1Lx=3.
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£ 22
Dap so: a) ?; b) 4
Bai 2. Tinh dién tich hinh phang gi6i han boi:
\ \ . N 2 N 272’
a) y=cosx+1, truc hoanh va hai duon thang x =0 va x = 3

b) y=x’—1, truc hoanh, truc tung va duong thing x =2

\/— 2

Pap s0: a) _+T’ b) 7
Bai 3. Tinh dién tich hinh phang gi6i han boi:

a) DO thi ham sb y =—x* +3x—2va truc hoanh

b) D6 thi ham sé y = x* —2x* —x +2 va truc hoanh

. X 1 37

Dap so: a)g; b)E
Bai 4. Tinh dién tich hinh phing gi6i han boi dd thi him sé y =+e* +1, truc hoanh va hai duong
thfmg x=In3, x=1In8

Pip s6: a)2 + lng

Bai 5. Tinh dién tich tam giac cong gidi han boi cac duong

x=1;x=e; y=0; y_ln_x PpS: _1+E+£
22 2 4
2 2
Bai 6. Tinh dién tich hinh phang gidi han boi do thi ham s y = w truc tung, truc
X+

hoanh va duong thing x =+/e—1

Bai 7.
a) Tinh dién tich hinh phang giéi han béi duong cong y = xv1+x* , truc Ox va x=1. PS:
%(26 -1)
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b) Tinh dién tich hinh phing gii han boi duomg cong y= VL%

x=c. DS: %(2\5—1)

, truc Ox va x=1,

Bai 8. Tinh dién tich hinh phang gi6i han boi:

a) y=xe',y=0,x=—-1,x=2. DS:e2—2+2

e

b) y=xInx,y=0,x=-1,x=e. DS:i(ez—l)

Bai 9. Tinh dién tich hinh phing gi6i han boi:
a)y=In(x+1),y=0,x=0,x=1
b)y =In(x +1) truc tung va hai dudng thing y=-1vay=1

Pap s6: @)2In2-1
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Dang toan 2: Tinh dién tich hinh phang giGi han béi do thi ham sé y=f{x), y=g(x) ( lién tuc trén

doan [a;b]), 2 dwong thang x=a, x=b.

:{CE}:}rzgfo
5

b

a-r

|lx=a

Ix=b (a<b)

[(C): v =1(x)

b
dudc|tinh bdi cong thic: | S= | |f{3;j —g(x)|dx
a

Phuong phdp giai todn:

Cdeh 1. Phudng phap dé thi:

ES

al

b/

Trén cling mit phing toa d6 ta vé 2 do thi: (C)):y =1f(x) va (C,):y=g(x).
Triong hop 1: (Cy) khong cit (Ca)

Xdc dinh vi tri: Trén doan [a ; b] thi (C;) nim twén

(C1) hay (C,) ndm trén (C;) bing cich vé mot

dudng thang song song vdi truc tung Oy cat hai

do thi tai M va N,

Khi d6 néu M & trén N thi do thi chita M sé& nim trén do thi 0
chita N. (hinh 2a)

b
Néu (Cy) nim trén (Cy) thi: S = J‘[ffxl—g{?;}]dx. {h.2a)
a

b
Néu (C,) nim trén (Cy) thi: S= [[g{x]—ffx)]d:{. (h.2b)

a

Trong trdng hop 1. ta c6 thé ding tnrc ti€p cong thiic sau:

0
b
8= | [£(x) —g(x)]dx. (hinh 2b)
a
Trwdng hap 2: (Cy) cdt (C,) tai diém I ¢6 hoanh d6 .
g b
S = Hg(x)—f{m\dx:—_|'|f{x}—g{x;|d;; .
a Xg

(Cy): v =fix)

Hodc dung cong thifc sau:

(Ca): v = g(x)

b
S= =2 J'[f{_x)—g{x}]dx b B

X0

o
| [f(x)—g(x)]dx

a

Cdch 2. Phuong phap dai sé:

Lap phuong trinh hoanh d6 giao di€m: f(x) = g(x) (*)
Néu (*) v6 nghiém trén khoing (a ; b) thi ta xét hiéu f(x) — g(x) dé bé daun “I 1.

Néu (*) c6 mot nghiém xg thuoc khoang (a ; b) thi:
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Xg b
S :_f\ff?i}—g{x}\dx;ﬂf{x1—g{:~::|dx
A a

ol xét lai or dau trén cic doan [a: x,] va [x,:b].
Ghi chii:
(1) Trong thwc hanh ta nén diing phuong phap do thi.

(2) Khi giao di€m ctia (Cy) va (C,) khéng chic chin nhw s6 hitu ti hoic s6 vo ti, ta nén
thuc hién thém viéc giai phudng trinh hoanh d6 f(x) = g(x) cho chinh xic.

(3) Hoanh dé giao diém cia (C;) va (C,) 1a cdc cdn cda tich phan.

(4) Trén day khi tinh dién tich ta di coi x la bién, v 1a ham. Tuy nhién trong mét s6
trrdng hdp ta coi y 14 bién ciia ham x (nghia 14 x = f(y)). khi d6 viéc tinh dién tich sé

don gian hon.

Chii y: Néu bai toan yéu cau: Tinh dién tich Hinh phdng giéi han béi do thi ham sé x=f(y),
x=g(y)( lién tuc trén doan [a,b]), va hai duong thang y=a,y=b.

b
Khi 6 cong thiic tinh dién tich 1a: § = [| £(y) - g(y)ldy
BAI TAP AP DUNG:
Bai 1. Tinh di¢én tich hinh phéng gioi han boi (C):y= x> +3x (C)):y= 4x* hai duong théng
x=-1;x=2. DS: E
12

Bai 2.

a) Tinh dién tich hinh phang giéi han boi (C):y=4- x’ (C)iy=—x+2

b) Tinh dién tich hinh phang giéi han boi (C):y=Inx;(C,):y=—Inx vax=e
bS: a)z; b)2

6

Bai 3. Tinh dién tich hinh phing gi6i han bi cac dudng

¢) Tinh dién tich hinh phing gi6i han béi (C,):y = x> —2x ;(C,):y =—x" +4x

d) Tinh dién tich hinh phing giéi han boi (C):y=(e+Dx;(C,):y=(+e")x

PS: a) 9; b)g—l
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2

Bai 4. Cho ham s y= . Tim b sao cho dién tich hinh phang gi6i han béi (C) va cac duong

x*+1

thing y=1, x=0, x=b bing %. pS: b=+l
Bai 5. Tinh dién tich hinh phang gii han béi cac duong

x(1-x)
P+l

y=0y=
Bai 6. Tinh dién tich gi6i han boi cac duong: (D):x+y=0;(C): x* —2x+y=0
bS: 2
2
Bai 7. Tinh dién  tich  hinh  phing gi6i han  boi  cac  dudong:
. T
(D):y=x;(C);y =sin x+x(0£x£7z). DS:E

Bai 8. Tinh dén tich hinh phing gi6i han béi cac dudong y = ‘x2 —4x+ 3‘ Vi y=x+3

Bai 9. Tinh dién tich hinh phang gidi han boi Parabon( P ): y=—x*+4x va dudong thang
d:y=x

Bai 10. Tinh dién tich hinh phing gi¢i han boi cac duong:

4_x_2 vay=
R 4x/—

Bai 11. Tinh dién tich hinh phing gi6i han boi:

a)yy=x 1+x2,y: s ,x=0,x=\/§. DS:i
V1+x® 3
b)xz\/yiz;xzx/l—yz haidU@ngthﬁngszVéx:% DS:%—%
-y

Bai 10. Tinh dién tich hinh phang giéi han béi
y= ‘xz —1‘ va y:‘x‘+1
Bai 11. Tinh dién tich hinh phang gii han boi

y=‘x2—4x+3‘ vay=x+1
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BAI TAP BO SUNG
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

VAN DPE 9: UNG DUNG TiCH PHAN TiNH THE TiCH VAT THE TRON XOAY

Dang toan 1 : Tinh thé tich vit thé tron xoay sinh béi mién (D) gidi han béi y=f{x), x=a,x=b,
truc hoanh (y=0) quay quanh truc Ox

b
Phwong phap: Ap dung cong thic V =7 I f2(x)dx

1{‘“
s 7 \
: )
X L b/ x
.
-
: :
Dién tich: S = ||f(x)|.dx The tich: V=7[[f(x)]".dx

Chuy:
< Néu dé toan yéu cau : Tinh thé tich vit thé tron xoay sinh béi mién (D) gici han boi

x=f(y), y=a,y=b, truc truc tung (x=0) quay quanh truc Oy

b
thi ta dp dung cong thirc V = 7 [ f>(y)dy.

e

(C)

_fjf\\ll

'1Cr

|

*\\i\i

b b
Dién tich: S=[[f(y)|dy. Thé tich: V=n[[f(v)I"dy
a

a

% Trong mot s truong hop ching ta can tim cén a, b thong qua viéc thiét lap diéu kién
khong am cho ham s6 f(x) (hoic f(y))

BAI TAP AP DUNG:
Bai 1. Tinh thé tich khdi tron xoay tao thanh khi :
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a) Quay quanh truc hoanh mot hinh phang gi6i han bsi d6 thi ham s6 y = ¢*, truc hoanh va

hai duong théng x=0;x=3
b) Quay quanh truc tung mot hinh phing giéi han bdi dd thi ham s6 y=3—x?,x=0,y=1,

truc hoanh va hai duong thang x = 0;x =3
ey Z(.5 1)
pS: @) (e -1); b2x

Bai 2. Tinh thé tich khdi tron xoay tao thanh khi quay hinh H quanh tryc Ox, véi

a)H :{y =0;y :\/1+cos4x+sin4x;x :g;x = 72'}
b)H ={y =0;y =+vcos’x +sin® x;x = 0;x :%}

Hudng din va dap so:

Khi tinh tich phéan chti ¥ bién d6i
sin x 4+ cos’x =1—2sin” xcos® x; sin® x + cos®x =1—3sin” x cos” x;

7 57z°
PS: a)—r7; b)

8 16

Bai 3. Tinh thé tich khdi tron xoay tao thanh khi quay hinh H quanh tryc Ox, véi

5
10
z(5¢° —3)
L) H={y=0y=xlnx;x=Lx=e¢ DSV =
)H ={y =0y } <

Bai 4. Tinh thé tich khdi tron xoay tao thanh khi quay quanh truc hoanh mot hinh phing giéi han
boi dO thi ham s6 y =sinx,y =0,x =0,x = 7, truc hoanh va hai dudng thing x =0;x =3 DS:

z
2

Bai 5. Tinh thé tich khdi tron xoay tao thanh khi quay quanh truc hoanh mét hinh phang giéi han
bai d6 thi ham s6

2

a) y=Inx,y=0,x=2 DS:27r(ln2—l)
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b) y=xe',y=0,x=1 BS:%(@Z—I)

Dang toan 2 : Tinh thé tich vit thé tron xoay sinh béi mién (D) gidi han béi y=f(x), y=g(x),
x=a,x=b(a<b),f(x) va g(x) cung dau, quayquanh triuc Ox

Chul thich:

b
Phwong phap: Ap dung cong thirc V = 7zﬂfz(x) - g’ (x)|dx (3)

*  f(x) va g(x) cing dau c6 nghia 1a hai phan do thi cing nim mét phia doi véi truc Ox.

v3imoi x € doan [a: b].

*  Pé bé dau “II” trong cdng thiic (3) ta chi ¥ cdc tnidng hdp sau:

THL: (C)) N(C,)= va f(x) > g(x) 2 0, ¥x € [a; b]:
s
3) & V=mx|[f*(x)—g’(x)].dx

TH2: (C,) n(C,)= va f(x) < g(x)= 0, Vx € [a; b]: 0

b
3) © V=n|[f(x)-g’(x)ldx
a

-
(]

(C,) cat (C,) tai2 di€m A, B c6 hoanh dé

Xx=a,x=bvadx)>gx)=20, Vxe][a;b]:

b
(3) & V=n[[f’(x)—g’(x)]dx
a

TH4: (C,)cat(C,) tai2 diém A, B c6 hoanh dé

x —a va f(x) < g(x) £ 0, Vx € [a; b]: a ~ b/

b
(3) © V=n[[f(x)-g*(x)]dx

79

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE



LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

TH5: (C,) cdt(C,) tai3 di€m A, B, C, trong d6 x4 = a ¥ /

Xg = b. X¢c =c vdi a < ¢ < b nhu hinh bén:
(3)= V=V +V,
c b
:n[[f-{xa—g*{xudx+n[[g2(x;—f-¢;x}]dx.

a c

Chu y: Néu dé toan yéu cau : Tinh thé tich vit thé tron xoay sinh béi mién (D) giGi han boi
x=fy),x=g(y), y=a,y=b, truc tung (x=0) quay quanh truc Oy

b
thi ta ap dung cong thicc 'V = 7rﬂf *()-g'(y)|dy.

BAI TAP AP DUNG:
Bai 1. Tinh thé tich cua khoi tron xoay khi quay hinh phang xac dinh boi
162

a)y=x",y=3x". DS:TE
4
b)y=—y=-x+5 DS 97
X
2 56
c)y =2—-x",y =1, quay quanh truc Ox. DS: Eﬁ
d)y =2x-x",y = x, quay quanh truc Ox, DS: %

1
e)y= (2x + 1)3 ,x =0,y =3, quay quanh truc Oy. DS: 48%

f)y = x* +1,x = 0 va hai ti€p tuyén v6i y = x> +1 tai di€m (1;2), quanh truc Ox

DS ﬁﬂ'
15

e’ +1

g)y=Inx,y=0,x=e, quanh truc Oy. DS

Bai 2. Tinh thé tich cic khdi tron xoay tao thanh khi quay hinh phang xic dinh
2 2
a)y =x*,x =0 va ti€p tuyén v6i dudng y=x* tai di€m c6 hoanh d6 x=1, quay quanh

boitruc Oy

1
b)y=—-1,y =0,y =2x, quanh truc Ox
X
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,y =0 va x=3, quanh:

c) y=‘2x -x°
*Truc Ox

*TrucOy

HuéngDanva PapSo:

/4 . . 2 1
a)—. Phuong trinh ti€p tuyén la y=—x +—
)36 g p tuy Y=34%3

1 1 2
3 1 V2
V=r|ydy-n (—y——j dy =—
-([ -!. 27 2 36

3

b);z[é —2In ZJ
3

o)V, =§7zvdvy =27r

5 6

01, = ] (1T (1T o o= 14555 o=

Bai 3. Cho hinh phing (H) gi6i han bdi cac duong : x =.fy ; x=0;y=—x+2.
Tinh thé tich khdi tron xoay tao thanh khi cho hinh (H) quay quanh truc Oy.
Hudng din va dap so:

Phuong trinh dinh tung d6 giao diém :

\/; :2_y<_>{2—y20

v —=5y+4=0
y<2

<9l y=1 & y=1
[y=4(l)

Puong thiang y = 2 — x cit truc tung tai y = 2
Thé tich khdi tron xoay can tim : V = V| +V,

1

2
Trong d6 V, = ﬂjl(\/;)zdy=7zy_ =7 (dvtt)
0 2 b 2
2 2 _2 3 2
Vy = [ @-y dy =z (y-2Pd(y-2)= 7 5 ) =% (dvtt)
1
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vV = 5?7[ (®vit)

BAI TAP BO SUNG
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MOT SO BAI TAP CAN LAM TRUOC KHI THI

1 5

Bai 1. Tinh tich phan: [——dx.
o X +1
ps: L2t
27 4

Bai 2. Tinh céc tich phan sau:

i D (Kh6iD-2009). PS:-2+In(e’ +e+1)

tl—e" +edx
HD : Thém lugng va b6t lugng j—
1

e —1
Bai 3. Tinh céc tich phan sau:
¢ . 3 1
j dx.(Kh&iB-2010) HD : Pgtt =Inx. DS:ln>—=
1 X 2+1nx) 2 3
Bai 4. Tinh cac tich phan sau:
In5 1 3
2—dx.(Kh6iB—2OO6) HD: Ddtt=e". DS :In—

e +2e =3 2

2 2
Bai 5. Tinh /= [ Y- qx. gpix=2sinr.  PS:V3-~

X

1-x* 2 4
Bai 6. Tinh tich phansau: [ = I sdx. HD :Chiacd tf va mau cho x DS: lng
X+ X
0 dx
Bai 7. Tinh tich phan: | ———F——.
Jll 1+ x++1+x7
[ 2 1 [ 2

Hudng din: [ = J I+x—vl+x dx=Ide: =1

71(1+x) (1+x2) | 2x

Bai 8. Tinh tich phan: [ = tan x. In(cos x)

dx.HD :t = cos x. DS:x/E—l—gan

O C— | Y

COS X
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CHUYEN PE: TiCH PHAN

+1In* x [dx

xv1+1Inx

Bai 9: Tinh tich phan: I = J. (

—dx+ ln xdx =1 +1,

I Inx
I = +1Inx ldx =
‘!{x\/1+lnx lx\/1+lnx |

Tinh I, =
'l[x 1+lnx

bit t=+1+Inx < ¢ =1+lnx:>2tdt=ﬂ

X
Poi can:
X ‘ 1 e
t ‘ 1 \/E
¢ V2 (£ — 1) tdt
Khldol—j —dx = 2Ju
1 X 1+1nx 1 t
Tinh I, =Iln2 xdx
_ lu=In*x du:2lnx dx
Pat — X
dv=dx
v=x

Ap dung cong thirc tinh tich phan ting phan

I, = jlnzxdx = xIn’x f—

jlnxdx =e—2 j Inxdx
1

28 L

Tinh I, = I Inxdx

V2

2!(r ~1)dr=2

£

L
3

¥

V2_4 22

1

3

3
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dx
Pt u=Inx - du=—
dv =dx
v=x

Ap dung cong thirc tinh tich phan timg phan

f—jdx=e—x

1

e=e—(e—1)=—1

I, = _[ Inxdx = xInx :
1

Suy ra: I, :Ilnzxdx =e-2l,=e-2
1

Vay I:II+IZ:E—&+6_226_2_&
3 3 3 3
1
Bai 10. Tinh tich phan: [e™*'dx. HD:t=3x+1. Ds - % 2
0
3In2 dx

Bai 11: Tinh tich phan: = [ ———

0 (3/e>)‘+2)2

Giai:

X X X

Dit t=e3 = dt = %e%z’x — 3dt = e3dx

Poi can:
X ‘ 0 3In2
t ‘ 1 2
Khi do:
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3In2 dx 3In2 e3dx 2 dt 2 1 1 1
I= = =3 =3f| —- = =
-([ (%/e_"+2)2 E[ eg (e; +2J2 !t(t+2)3 ! i 4(t+2) 2(t+2)

2=3 lan—lln4+l— —llnS+l
1 4 4 8 4 6

-3{lzn|t|lzn|t+z|+
4 4

3 3) 1
==In| = |—-=
4 [2} 8
x—3

3
Bai 12: Tinh tich phan: 7 = | dx
0 3\/x+1 +x+3

)

Giai:

Pit t=\Vx+l o' =x+1=2tdt =dx

Doi can:
x ‘o ;
t ‘1 2
Khi do:
o i3x/x+1+x+3dx j3z+t_ 2tdt_j3t25—f2d =j(2t—6)dz+6j%
=(t2—6t)12+6ln|t+1|12=6ln%—3

S i
Bai 13: Tinh tich phan: / = | ISUX Z 2008 X
0 sinx+c0sx)\

Giai:
< T
bat x=—-t=dx=—dt
2
Poi can:
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NN

a’x

. 2 3ginx —2 2 23 2
Khi dé: I :J-3smx cosxdx % 3cost smt J- cosx—2sinx
0 0

. 3
SIHX+COS)C) (COSZ+SIHI

COS)C-I—SZI’UC)
2

T

2 ; o 3
Suyra: 20 =1+1= '[3 inx — 2c0sxdx N 3cosx 251nxdt _ J~ dx
0 0

3 2
SlIl.X-I—C‘OS.X) O(COS.X-I-Sll’lX) (COSX+SZI’LX)

. . d[x—”j
2 2 4 T
ATt e ST FEd AV
02c0s%| x =~ 0 cos?| x=Z 0
4 4
.. , , R ¢ x+1
Bai 14: Tinh tich phan: [ = J. —————dx
0(1+\/1+2x)
Giai:
2_
Bé.tt=1+\/1+2x:>dt=\/dL:>dx=(t—1)dtVélxzt 2
1+2x
Dbi can:
X ‘O 4
t ‘2 4
4 4 —2t+2)(r-1 4.3 2.2 _
Khi dé: 1 jx—”zdlej( 2)( )dtzljt W rdm2,
0(1+\/1+2x) 23 t 23 t

=2In2- l
4

4 2 4
“Lfemaeto 2 ar= 2 S s a4 2
29 rot 2( 2 t)32
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1
Bai 15: Tinh tich phan: I = J.sz sinx’ +inx
0 1+x

1
Tinh I = sz sinx’dx
0

bit t=x’ = dt =3x*dx = x*dx =%

Poi can:
X ‘ 0 1

1 1
1
Khi d6: I, =szsinx3dx=lfsintdt —lcost =—l(cos1—l)
0 3 3 0 3

0

1
Tinh I, = ﬂdx
o L+ x

bit t=Ix &2 = x = 2udt = dx

Déican:
X ‘O 1
t ‘O 1
Khi do:
1
- —dx 2 —dt 2] 1—— dt = 2jdt—2j - —2 ——2 21,
o 1+ x e +1 t +1
¢ odt
Tinh I, =
: £t2+1
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bat ¢ = tanu = drt = (1 +tan2u)du = (1+u2)du =

Poi can:
X 0 1
t 0 T
4
1 % i
Khi do: I, = zd—t J.duzu4=Z
o+ 0 4

Suyra: I, =2-2I, :2—§

R 1 7
vay: [ =——(cosl-1)+2——=———cosl ——
Y 3( ) 2 3

cos2x
Giai
Ztan| x — ﬁ z
I j- j tan*x +1
0 cos2x 0 (tan X+ 1)
bat t=tanx = dt = =(tan2x+1)dx
cos“x
Poi can:
X 0 z
6
t 0 1
NE)
Khi do:

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE

&9
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”tan(x—ﬁJ z % 1 1
I:sz;tdx:_iLjﬁlzdx:_f 1 2dx:—fd(t+12)— 1 ﬁ:l_\/g
0 o(tanx+l) o(t+1) 0 (t+1) t+10 2

Bai 17: Tinh tich phan: I = I d

Sl x4+ x?

Giai:

Pitr=x+Vl+x* o t—x=

1+x2<:>t2—2tx+x2:1+x2<:>x:t2_1:>dx:l[1+ljdt
2t 200 7
Poi can:

X ‘-1 1

t ‘\/5—1 2+1
Khi d6

1 1 dt
=_ R
_|1+x+ 1+x° (1 L+1 N 2 a1+t 26-1(1+t)t2
V241 N
:l J' i+l I (12—1 Ljdt:ll |1 t| 2+1+l( ! ln|t|+ln|1+t|j\/7Jrl
20 1+t 25\ 1+l Ja-1 20t J2-1
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bat x=—t= dx =—dt

Déi can:
V4 V4
X _— JR—
4 4
toz z
4 4

Khi dé: I, = .[ sin xdx _JZ sintdt j‘i sin xdx

\/1+x z\/1+t2
4
Suyra 2/, =1,+1,=0=1 =0

n
Tinh I, = J' x sin xdx

T

4

., |u=x du =dx
bat =
dv = sinxdx Vv =—Cosx

Ap dung cong thirc tinh tich phan timg phan

4 z

~
[\S]
e [y

xsin xdx = —xcosx 4

T
. -~
+ J.cosxdx=—7z—\/§+sinx 4 ﬂ\/_ \/—

z T T
E Ty 4
Suyra: I =1 +1, :—i+
3
Bai 19: Tinh tich phan: / j
\ COS”X +3c0sx +2
Giai:
91
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2 2 dx 2 dx
-] S
0cosx+3cosx—i—2 o 1+cosx | 2+cosx
: :
o 1 +cosx 2O 2 X
S
T 7T X
2 7 1+tan* =
Tinh12=j2 x =| 2
p2tcosx 40X
2
bat tcmi = \/gtant = | 1+ tan’ X dx = ﬁ(l + tanzt)dt
2 2 2
Poi can:
X 0 z
2
t 0 s
6
% %1+tan2— %
2 2z
Khido: I, = [ — 2] PR ] -
o 2+cosx 034 tan 3% 3 3\/5
Vs
Vay: I =1 -1 =1-—=
1 2 3\/5
2 sin2x
Bai 20: Tinh tich phén: [ = | ————dx
o(2+cosx)

Giai:
bat 1 =2+ cosx = dt = —sinxdx

Poi can:
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X 0 z
2
t 3 2
Khi d6:
3 7 ) , ;
. J- sin2x =2 smxcosx3dx:_ t—2 _ Uizdt—ZJ.lSdt]
0 2+cosx) o(2+cosx) 3 > L > L

t ) 18

Bai 21: Tinh tich phan: I = [ "™ sin xcos® xdx

O | N

Giai:

bit ¢ = sin*x = dt = 2cosxsinxdx

D6 can:
X 0 z
2
t 0 1

¢ cos® x sin xcosxdx = ; _:[e’ (1 - t)dt = %_:[e’dt - %jte’dt

o'—.-om

z
2

Khi do: I = .[ ¢ sin xcos® xdx =
0

1
Tinh I, = J-te’dt
0

L, |u=t du=dt
bat =
dv=eé'dt |v=e¢
Ap dung cong thirc tinh tich phan timg phan
93

Gv: Ths.Tran Dinh Cu. SPT: 01234332133, 0978421673. TP HUE



LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

1 1
1 1
I =J.te[dt=tet|0—je’dt=e—e’|0=e—e+1=1
0 0
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D. PHU LUC
PHUONG PHAP PAT AN PHU KHONG LAM THAY POI CAN TiCH PHAN

5
N 3
Bai todn mé dAu : Tinh tich phan = [ (x* ~3x* +2) dx
-3
Khi gip bai toan ndy, chic chin rang tat ca cac ban déu nghi cach khai trién biéu thirc dudi dau
tich phan dé dua vé cac tich phan co ban dé tinh. D6 1a mot cach suy nghi thuong hay gip phai.
Nhung ban hay thir 1am xem sao, va hay thir thay (x-3x*+2)* bang (x>-3x*+3)" , (x*-3x*+3)’ ....

roi tinh nhé!. Sau d6 moi cac ban nghién ctru 161 giai sau:

dx = —dt
Loi gidi: Pat x=2-t =><{x=-3:r=5
x=5:t=-3

~ 1= —_f((z—rf 3217 +2) di = i(—ﬁ +37 -2 di = —i(ﬁ 3242 di
5 -3 -3
5

3
=-[(x* -3 +2) dx=-I=2I=01=0
-3
Khi doc xong 10i giai trén chic chin cac ban s& dat cAu hoi : Tai sao lai ddt an phu nhu vay? Dé
tim cau tra 101 xin moi cac ban nghién ctru tiép bai toan tong quat sau:

Bai toan tong quat: Cho f(x) 12 ham 1é, lién tyc trén [-a; a].

Chung minh ring J‘ f(x)dx=0

Pay 1a mot bai tap kha quen thudc véi cc ban khi hoc tich phan va nhiéu ban da biét cach giai.
Xong céac ban hiy xem k¥ 16i giai sau dé “ phat hi¢n” ra van dé.

dx = —dt
Loi gidi: Pitx=-t =><x=—a:t=a

xX=a:t=-—a

== j F(x)dx = —f f(=t)dt = j f(=t)dt . Do f(x) 14 ham 1é nén f(-x)=-f(x) do d6

== Tf(—z)dr=—jf(r)dt=—ff(x)dx=—1:>21=0:>1=0

—a
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Qua 2 bai toan trén, diém chung ctia cach dat an phu 1a gi?

Cau tra 10i 1 : Dt 4n phu nhung khong 1am thay ddi can ciia tich phan.
2 b d
Cdch dat tong quat khi gap tich phan j f(x)dx ma khong thay doi cdn la dat x=a+b-t.

Bdi todn mo dau con ¢é cdch giai khdc khd hay dé dan t6i mot *“ suy nghi” méi nhu sau:

dx =—dt » 4
Pitx=1-t = x=-3:1=4 =1 =—[((1-1) ~3(1-17 +2) di = [ (- +31) dr.
x=5:t=-4 N -

Sit dung két qud chitng minh ctia bai todn 2 ta dwoe I=0 ( do f{t)=-£ +3t la ham s6 1é).

Vay “ suy nghi” méi ¢ ddy 1a gi? Viéc dat an phu nhu vay ta da dan dén tich phan co can “ddi

b
xtmg” . Trong trudng hop tong quat dé dan dén can * ddi xing” khi gip tich phan _[ f(x)dx cac

ban hay dat xzaT-i_b—t

Bay gio chung ta ciing van dung suy nghi d6 dé giai mot s6 bai toan sau:

- 6 6
Bai to4n 3: Tinh tich phan7 = [ 22 X795 X ;1 (P& thi dai hoc nam 2000).

.\4'—.";‘*\

6" +1
T4
Loi giai:
dx = —dt
bat x=-t =< x :—% :t:% ( cach ddt nay da khong lam thay ddi can ctia tich phan) .
T V4
X=—:it=—>
4 4
_% = 6/ 6, % -6 6 % - 6 6
Khi d6 I:_J- sin”(—t)+ cos’( t)dt: I6’.Sm t+cos tdt: J'6x.sm X +cos X
) 6" +1 i 6' +1 i 6" +1
4 T4 T4
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=2I = J'gcw j-s1n x +cos’ Y dx = j-(sm X+ cos x)dx
= = =
T(l 3sin® xcos x)dx T(l—%sinﬁxjdxz j‘[l—%sinZijdx: T[%+%c0s4x}dx
. . . :

VA

= 5—erisin4x 4 =i.
g8 32 T 16
4

Chi y: Bai toan 3 c6 dang tong quat sau: Néu f(x) 1a ham sb6 lién tuc, chin thi

I= jf(x)d_j f(x)ld == jf(x)dx

a+1

Bai toan 4: Tinh tich phan I = I xsinx
oS’ X — 4
Thong thuong khi gip tich phan trén, hdu hét cac ban déu nghi dén phuong phap tinh tich phan

tirmg phan. Xong cac ban hiy thir [am nhu thé va so sanh vé6i 101 giai sau:
dx = —dt
Loigiagi:Dat x=7r—t=>x=0:t=r

x=x:t=0

0 . T . V3 .
Khidé [ —— (7z—t)sm(7z—t)d J~( t)smt ﬂJ- sint dt—I tsint dr
0

) cos’(r—t)—4 \ cos’ t—4 cos’ t—4 cos’t—4
T sinx T xsinx T sinx
e e [ o] S
cos’ x —4 4 COS” X — 4 , cos” x—4
T sinx 7 sinx
:>212ﬁ.[2— =—
0, cos” x—4 2ocosx 4

sinxdx = —dt
bat cosx=t={x=0:t=1

x=rm:t=-1
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x ¢ dt T dt T, |t=2| 1 71n3
:}I:——J.Z =—J.—=— _— = —
2t -4 2°@-2)(t+2) 8 |t+2-1 4
Chi y: Bai toan 4 co thé tong quat nhu sau:
Cho ham s6 f(x) lién tuc va thoa man: fla+b-x) = f(x) .
b b
Khi 6 [f (x)dr =" b [ fdx
a 2 a
( dé chimg minh két qua trén cac ban hiy dat x=a+b-t).
¢ xdx 3 X
Bai todn 5: Tinh tich phan 1= [—=—— (e thi khdi A ndm 2004)
1

I+vVx—1
Vi bai todn trén, cach dat nhu thé nao dé khong thay doi can cia tich phan.
Loi gidi: Bat t=1++/x—1

dx =2(t—1)dt
Khi d6 x-1=(t-1)* hay x=(t-1)>+1=>{x=1:t=1 cach dat nay dam bdo can khong doi !)
y y
x=2:1t=2

2 (1= (1 -1 +1 23 ape 2
:>2I [ t ].dr=2j't 3 :4t 1.dt=2'|.(t2—3t+4—%].dt
1 1 1

3 2 2
oL 3 4 |P =2 2 2m2.
3 72 13

p(x)

vmx+n+c

1a cac hang s6 . Ta c6 thé dat ¢ =~/mx+n +c hoic t =vmx +n déu giai duoc.

b
Chii y: Bai toan 5 c6 thé té)ng quat dang dx voi1p(x) la da thic chura bién x; m,n,c
y

sin® x

Bai toan 6: Tinh tich phan I = dx

SN

sinx + cosx
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CHUYEN PE: TiCH PHAN

dx =—dt
N ems s T T
Loigidi: Datx=—-r=>x=0:t=—
2 2
T
x=—:1t=0
2
sin{” t] z i
0 ~ 2 3 2
2 cos’t cos’ x
I - __I Clt:= I N I ::‘]
. T T 0smt+cost Osmx+cosx
Zsinf ——1 |+cos E—I

3 3 E 3
2>1+sz sin” x .[ co8’ x dx = J-sm % oS *d :j(l—sinx.cosx)dx
Osmx+cosx ) Sinx +cosx o sinx+cosx 0
3 % I=J .
:I(l—lsian)dx: x+lcos2x Q:Z—l.Véy ﬂ_lzlzﬁ—l
5 2 4 2 2 [+]=" 4

0

Chii y: Bai toan 6 c6 thé tong quét thanh cac dang sau:

Vsin™ax

b -k
J‘ S mx

z
2
. dr |

Qua 6 bai toan trén, tac gid muon cac ban hoc sinh c6 thém mot cach nhin méi dé tiép can voi

phuong phap dat an phu trong tinh tich phan. Rt mong nhan duoc sy quan tdm trao doi.

Cudi cung moi cac ban van dung vao mdt so bai tap sau:

Tinh céc tich phan:

1

L=

0 3x+1+2

1
I, - J{lg(\/xz +1000 + x)—ﬂ dx

-1

2004 5
J‘ (x3 —6x° +16) dx

—2000

I =

5

= ;ti/lg(\/Eer)dx

~
N
0 |

COS X. 1n(x+\/x +1)d

IR

eX (x3 —6x+ 16)2'1+1 dx

]
=
Il
J_l_-——)Lh

Gv: Ths.Tran Pinh Cu. SPT: 01234332133,

0978421673. TP HUE
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17]‘- sin x.sin2x.cos3x I _ j‘#
: 2" +1 Se+D(x+1)
T4
% sinx.sin2x. t
I, = J- sin x.sin2x.cos5x dx I, _[x(tgx+cotgx)dx
” e +1 T
,E g
T xsinx i Vsin x
I, =[———dx I,=[—+ dx
y €os” x +1 ox/smx +\/cosx

3
(\/cosx —\/smx) 'f 4sinx dx
0

SlIlX+COSX)

o'—.mm

SAI LAM THUONG GAP TRONG TINH TiCH PHAN

Trong dé thi tot nghiép THPT, Pai hoc, Cao dang, THCN ctia hang nim bai toan tich phan hau
nhu khong thé thiéu, bai toan vé tich phan 1a mot trong nhirng bai toan khé vi n6 can dén sy ap
dung linh hoat ctia dinh nghia, cac tinh chit , cac phuong phap tinh cia tich phan.

Chuyén dé nay hy vong s& gop phan gitip cac em hoc sinh hiéu sau hon va tranh duoc nhing sai
JAm thuong mic phai khi giai bai toan vé tich phan.
- Duara hé thong li thuyét, hé théng cac phuong phap giai.

- Bai tdp ung véi ting dang toan, va chi ra nhitng 16i thuong méc phai cta hoc sinh.

2
Bai tap 1: Tinh tich phan sau I = I dx .
S (x+1)
Giai:
Ham s0 y = — khong xac dinh tai x= -1¢ [—2;2] suy ra ham so khong lién tuc trén [_2; 2}

(x+1)

do d6 tich phan trén khong ton tai.

Chii y: Nhiéu hoc sinh thuong méc sai 1am nhu sau:

:i dx J-d(x+1) 11 4
L+l L (x+1)? x+1 1703 3

Nguyén nhan sai lam :
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Ham s0 y =

(x+1)°

nén khong str dung dugc cong thirc newton — leibnitz nhu cach gidi trén.

Chii y d6i véi hoc sinh:

b
Khi tinh j f(x)dx cin chi § xem ham s6 y=f(x) c6 lién tuc trén [ a;b | khong? néu c6 thi 4p

khong xac dinh tai x=-1¢ [—2;2] suy ra ham s6 khong lién tuc trén [—2;2}

dung phuong phap da hoc dé tinh tich phan da cho con néu khong thi két luan ngay tich phan nay

khong ton tai.

Bai 2 :Tinh tich phan: = [ — "
o L+sinx

Giai:

2 4

T T T 2 4
- j - | dx - W
Isinx °1+cos[x—7rj OCOS{X—EJ 2 4
2

2t 1 1+¢F
1+ 1+51nx (1+t)

Sai lim thi gng gp: Dit t=tan % thi dx =

:>J' dx :J‘ 2dtzzj2(t+l)_2d(t+1)=—:21+C

I+sinx < (1+1)
Tod - - 2
=1-[; Tl 011
p L+ SImX tang+1 tan§+1 tanQ+

do tan% khong xac dinh nén tich phan trén khong ton tai
Nguyén nhan sai lim:

g X . \ X A . ~
bit t = tan E Xe I:O;ﬂ':l tali X = s thi tanE khong c6 nghia.

Chii y doi véi hoc sinh:
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LUYEN THI PAI HQC CHAT LUQNG CAO CHUYEN DPE: TiCH PHAN

Pdi voi phuong phap dbi bién sd khi dit t = u(x) thi u(x) phai 1a mot ham sé lién tuc va c6 dao
ham lién tuc trén [a;b].

M@t s6 bai tdp twong tir: Tinh cac tich phan sau

1/ jﬂ 2/ d
) Sin x o L +cosx

4
Bai 3: Tinh [ = j\/x2—6x+9dx
0

Sai JAm thuwong gip:

I= I x2—6x+9dxZIw/(x—3)2dx=:|.(x—3)d(x—3)=(x_23) ‘3 =%—%=—

Nguyén nhin sai lam:

L 2
Phép bién do1 (x - 3) =x-3viix e [0;4] la khong tuong duong.
Loi giai dung:

4
I:.[ x*—6x+9 dx
0

:I,/(x_3)2dx=I\x_3\d(x_3):i_(x_s)d(x_3)+
_ =3, (x—3)2‘4

_2‘0+2

Chu y dbi vé6i hoc sinh: 1[ ‘f n>1neN

I= j‘z,”/ ( f (x))zn = jﬂ f (x)‘dx ta phai xét ddu ham sb f(x) trén [a;b} roi ding tinh chét tich phan

0 S

(x—3)d(x—3)

1
202

tach I thanh tong cac phan khong chtra ddu gid tri tuyét doi.

M@t sé bai tap twong tw:
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Vg 3
/1= J-\/l—sin2x dx ; 2/12_[ 2 =2x*+x dx
0 0

\/tgzx +cotg’x —2dx

2
31= | [x2+i2—2j dx 4/1=

ONIN —— |y

0
Bai 4: Tinh = IQL
X +2x+2

Sai lim thwong gap:

_ 9 d(x+1)

= arctan(x + 1)‘?1 =arctanl —arctan0 = z
—1(x+1) +1 4

Nguyén nhén sai lam :

Dap sO cuia bai toan thi khong sai. Nhung st dung cong thic trén khong c6 trong bdng nguyén
ham

Loi gidi dung:

pat x+1 =tant = dx = (1 +tan’ t)dt

véix=-1thit=0

voix=0thit=2

o1 - [
0 0

7
4
Chii y dbi véi hoc sinh:

Khi gdp tich phan dang

b

1 et 2
I . dx ta dung phuong phap doi bién so6 dat t = tanx hodc t = cotx
"1+ x

b

1 - . <

o _[ dx thi dat x = sint hodc x = cost
a 1 — x2

M@t s6 bai tip twong tw:
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1
2 1~ 3 B3
1/I_J- X 16dx 2/I=I2x -|2-2x+3d 3/12'[ x dx
4 X 0 x"+1 o V1—x*

1

n
Bais:Tinhﬂ:j Y dx

0

Suy luén sai lam: Pat x=sint , dx = costdt
sm [

J ==l
|COSt |

Poi can: voi x=0thit=0

. 1.
voix= — thit=7?
4

Nguyén nhan sai lam:

Khi gip tich phan ciia ham sé c6 chira v/1—x? thi thuong dit x = sint nhung ddi véi tich phan

nay s8 gap kho khin khi déi can cy thé véi x = % khong tim duoc chinh xdc t = ?

Loi giai dung:

patt= \J1—-x*> =dt= dx = tdt = xdx

1-x*
2: A e A B 15
Doican: véix=0thit=1; véix= — thit= ——
4 4

L

4 3
IZI L dx

o V1—x

Jis Jis

. -

4 192

3192 3

(SN —

Chii y doi véi hoc sinh: Khi gip tich phan cta ham sb c6 chira v1— x> thi thuong dat x = sint

Jf:[\/r 15\/7] 2 3315 2

hodc gdp tich phan cta ham s6 ¢6 chira 1+x? thi dat x = tant nhung can chu y dén can cua tich
phan dé néu can 1a gia tri luong giac cua goc dic biét thi méi lam duge theo phwong phap nay
con néu khong thi phai nghi &én phuong phap khac.
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M@t sé bai tip twong tu:

N 3 2
X
1/tinh = | ———=dx 2/tinh I
I 1+ x? '!.x\/x +1
|
Bai 6: Tinh [= [~ dx
S 1+x

1 1
Sai am thuong gip : [ = J' - J'
‘1—+x -1 _
2 [x+x 2

Béttzx+l:>dt:(l—izjdx
X X

Poi can voi x = -1 thi t= -2 ; voi x=1 thi t=2;

¢ odt ¢ t+\/_
I= - \dt (ln‘t+\/_‘ ln‘ ﬂ)
el v aa o=
_ 2+\/> 2+\/7|_ 2+\/7
"2 Mo
| 1
5 _
Nguyén nhan sai 1Am: f _iz ] x* 1a sai vi trong [—1;1] chtra x = 0 nén khong thé chia ca
+ X 2
72+x
X

tir ca mau cho x = 0 dugc. Nhung tir sai 1dm nay néu cac ban thiy rang x=0 khong thudc thuoc
tap xac dinh thi cach 1am nhu trén that tuy€ ¢ voi.

Loi giai dang:

Xét ham s0 F(x) = ! 2+1 ( 4p dung phuong phap hé¢ s6 bat dinh )
2\/5 X +x\/_ 2+1
F(x) = x\/— +1 x -

(1
2\/_ X +x\/_+1 xt+1
| X —x\/—+l

Dod61=j dx= ! ln2_\/§

J 14 2[ x+X\/_+1| TR 2442
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Chu y doi v6i hoc sinh: Khi tinh tich phan can chia cd tir c4 mau cua ham so6 cho x can dé y rang

trong doan lay tich phan phai khong chtra diém x=0.
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CHUYEN PE: TiCH PHAN

PE THI PAI HQC TU 2009 -2012
NAM 2012: Tinh cac tich phén sau

. 31+1n x+1 27 2
Bai 1. PH Khéi A — 2012: j dx. DS: §—§1n2+1n3
1
1 3 3
Bai 2. PH Khi B - 2012: [————dx PS: In3-21In2
o Xt +3x% +2 2
3 2
‘e I ) T 1
Bai 3. PH Khéi D — 2012: Izjx(1+sm2x)dx pS: =+
) 32 4
£ tox 8
Bai 4. CD Khéi A,B,D-2012: [ = j dx pSs: —
0 x+1 3
NAM 2011: Tinh cac tich phan sau
xsinx+(x+1)cosx 7Z'\/§ \/E

Bai 1. DPH Khoi A —2011: 1=

xsinx +cosx

O i |y

e
Baiz.DHKhéiB—zmlzjwczx ps: 3+ 2% L2 V3
) COS°X 2+\/—
x ¢ 4x-1 34
Bai 3. DH Khéi D — 2011: = [2X2b pS: 22 101>
oV2x+1+2 3 5

2x+1

(x+1)

Bai 4. CD Khoi A,B,D-2011: [ = dx PS: In3

—_——
=

NAM 2010: Tinh cac tich phén sau

de. PS: L4
4 8

1 2 X 2 x
Bai 1. DH Khéi A — 2010 Izjx te+2xe o pssy=tylplt2e
0 1+2¢" 3 2 3
.. £e ¢ 1 3
Bai 2. PH Khéi B — 2010 / = j PS: [ =——+In>
1x(2+ln)c) 3 2
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Bai 3. PH Khoéi D — 2010 [ = j (Zx —ijlnxdx
X
1

1
Bai 4. CD Khéi A,B,D-2010 = j 2x-1 .
0 x+1

NAM 2009: Tinh cac tich phan sau

/4

2
Bai 1. PH Khéi A — 2009 ] = j(cos3 x —1)cos> xdx
0

dx

. 8 t3+Inx
Bai 2. PH Khéi B - 2009 /= [>—-
L (x+1)

3
Bai 3. DH Khéi D —2009 / = | xdxl
1€ -

Bai 4. CD Khéi A,B,D-2009 [ = j(e-“ + x)exdx
0

PS: I =

PS: I =

et =2

)

8 =«

pS: I=—-=

15 4

PS: I =l(3+
4

PS: 2——

27
In—
16)

DS:ln(e2+e+l)—2
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