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oL [ UG DUNG BAO HAM DE KHAO SAT
. VA VE B0 TH) CUA HAM SO

A — KIEN THUC CAN NHO mesrs——-—

1. TINH DON DPIEU CUA HAM SO

Ham s6 don diéu. Cho ham s8 f xdc dinh trén K, trong d6 K la mot
khoang, doan hoic nira khodng.

¢ f d6ng bién trén K néu v6i moi x;, x, € K, x) <xy = f(x)) < f(x).

¢ f nghich bién trén K néu v6i moi x;, x, € K, x; <x, = f(x) > f(x3).
Piéu kién cdn dé ham sé don diéu

Gia sir ham s6 f ¢6 dao ham trén khoang 7. Khi d6 :

e Néu ham s8 f déng bién trén/ thi f'(x) 20 vdimoix e I.

o Néu ham s6 f nghich bién trén /-thi f'(x) <Ovdimoixe I

Diéu kién du dé ham s6 don diéu A

1) Gia str ham s6 f ¢6 dao ham trén khoang /.

e Néu f'(x) 2 0 v6i moi x € I va f'(x) = 0 chi tai mot s6 hiru han diém coa /
thi ham s6 déng bién trén J.

e Néu f'(x) <0 véi moi x € I va f'(x) = 0 chi tai mot s3 hitu han diém cua /
thi ham s6 nghich bién trén /.

e Néu f'(x) =0 vdi moi x € I thi ham s6 f khong déi trén 1.

2) Gia sir ham s6 f lién tuc trén nira khodng [a ; b) vi c6 dao ham trén
khoang (a ; b).



e Néu f'(x) >0 (hoac f'(x) <0) v3i moi x € (a; b) thi ham s6'f dong
bién (hoic nghich bién) trén nira khoang [a ; b).

e Néu f'(x) =0 véi moi x € (a ; b) thi ham s6 f khong déi trén nira
khoang [a ; b).

CUC TRI CUA HAM SO
Diém cyc tri. Gia sit ham s6 f xdc dinh trén tap hop N (P c R) va x5 € <9\
Xy duge goi 12 diém cuc dai clia ham s6 f néu tdn tai mot khoang (a ; b)
sao cho xy € (a; b)) c P va

f(x) < f(xp) véimoixe (a; b)\{x,).
Diém cuc tiéu clia ham s6 duge dinh nghia tuong .
Diéu kién cdn dé ham sé dat cuc tri
Néu ham s6 f dat cyc tri tai diém x, v ham s6 f c6 dao ham tai diém x,
thi f'(xy) = 0.
(Ham s6 f cé thé dat cuc tri tai mot diém ma tai d6 né khéng c6 dao ham).
Piéu kién du dé ham so dat cyc tri
1) Gia st him s6 f lién tuc trén khodng (a ; b) chia diém x; va c6 dao ham
trén cdc khoang (a ; xp ) va (xp ; b). Khi do
e Néu f'(x)<0 v6imoixe (a;xy)vad f'(x) >0 v6imoi x € (x5; b) thi
ham s6 f dat cuc tiéu tai diém x,,.
e Néu f'(x)>0 v8imoi xe (a; xg) va f'(x) <0 v61 moi x € (xy; b) thi
ham s f dat cuc dai tai diém x,.
Chii y. Khong cin xét ham s6 f c6 hay khong c6 dao ham tai diém x = x;.
2) Gia sir ham s6 f cé dao ham c4p mot trén khodng (a ; b) chira diém X,
f'(x) =0 vaf c6 dao ham cdp hai khic O tai diém x,. Khi d6 :
e Néu f"(xp) < 0 thi ham s8 f dat cuc dai tai diém x,,.

e Néu f"(xy) > 0 thi ham s6 f dat cuc tiéu tai diém x,,.



GIA TRI LON NHAT VA GIA TRI NHO NHAT CUA HAM SO

M =max f(x) &
xey

Vxe D, f(x)sM

m= min f(x) &
x4

Vxe D, f(x)>m
dx, € B, flxy) =m.

PHEP TINH TIEN HE TOA PO
Trong mit phang toa d6 Oxy cho diém I(xy ; y,).
e Cong thiic chuyén hé toa d6 trong phép tinh tién theo vecto O! 1a
x=X+x
y= Y+ Yo-
e Néu (%) 1a d6 thi cha ham s6 y = f(x) d6i véi he toa do (0;1, ;) thi
phuong trinh cha (€) d6i véi hé toa do (1 i, j) 1a

Y= f(X+x3)—yp.
PUONG TIEM CAN CUA PO THI HAM SO
e Dudng thing x = x; dugc goi 1a tiém cin ddng cha dd thi ham s6
y = f(x) néu it nhat mot trong bén diéu kién sau duoc thoa min :

lim f(x) =4c0; lim f(x) =4e0; lim f(x) =—oo; lim f(x) =—oo,
XN x-x§ x=x; x5
¢ Dudng thing v = y, duoc goi la tiém c4n ngang cia dé thi ham s&

y = f(x) néu lim f(x) =y, hoac lim f(x)=y,.
A —3+oea X—>—oco

e Pudng thang y = ax + b (a # 0) dugc goi 12 tiém cin xién cua dé thi

ham s6 y = f(x) néu

lim [ f(x) —(ax +b)] =0hoac lim [ f(x) — (ax + b)] =0.

X —><o X—>—oo



Cdch tim tiém cdn xién : Duong thing y = ax + b (a # 0) 14 tiém can xién
cua d6 thi ham s6 y = f(x) khi va chi khi

a= tim £ v b= tim [f(x) — ax] |

A=3tee X X=3+eo

hoac

a= lim M va b= lim [f(x)-ax].

X =00 X CX =00

SUGIAO NHAU VA SUTIEP XUC CUA HAI BPUONG CONG
1) Hoanh do giao diém cua hai dudng cong y = f(x) va y = g(x) 12 nghiém
cua phuong trinh

fx) = glx).

Do d6, s6 nghiém phan biét clia phuong trinh trén bang s6 giao diém cua
hai duong cong.

2) @ Hai dudng cong y = f{x) va y = g(x) goi 12 ti€p xic v&i nhau tai diém
M(xg ; yo) néu chiing c6 tiép tuyén chung tai didm M. Khi d6, M duoc goi
1a tiép diém.

e Hai dudng cong y = flx) va y = g(x) tiép xuic v6i nhau khi va chi khi hé
phuong trinh

{f(x) = g(x)
[ =g'(x)
¢6 nghiém. Nghiém cua hé phuong trinh trén 13 hoanh d¢ cta tiép diém.

« Dudng thing y = px + g 1a tiép tuy&n'cha parabol y = ax® + bx + ¢ khi va
chi khi phuong trinh

ax2+bx+c=px+q
hay
ax2+(b—p)x+c—q=0

c6 nghiém kép.



7. CAC DANG DO THI CUA MOT SO HAM SO

P4 thi ham s6 y = ax’ + b)c2 + ¢x + d (a # 0) c6 mét trong cdc dang sau day
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Pé thiham sG y = ax* + b + ¢ (a # 0) c6 mot trong cic dang sau day.
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b6 thi hams6 y = (¢ #0, ad - bc # 0) c6 moét trong cic dang sau day
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N » ax® + bx+c
bo thi hams§ y = ——— = px+ g + —; '
ax+c ax+c

c6 mot trong cdc dang sau day.

(a@#0,a#0,rz0)

yi YA

\V
A \

AN O

Cé cyc tri C6 cuc tni

-~y

i

i RN

Luo6n déng bién Lu6n nghich bién

~Y




B. DE BAI e

1L.1.

1.2,

1.3.

1.4.

10

§1. TINH DON PIEU CUA HAM SO

A(=1; 1) va B(2 ; 4) 12 hai diém cha parabol y = x°.

Xéc dinh diém C thudc parabol sao cho tié€p tuyén tai C v@i parabol
song song véi dudng thing AB.

Xét chiéu bién thién cia cic ham s6 sau :

a)y:.l_— L : b)y: 23)( :
x x-2 x“+1

c)y=§j_1; d)y:\!x2+2x+3.
X

Xét chiéu bién thién cua cdc ham sé sau :

a) f(x) = %x“ +X ~x+5 ;

b) f(x) = %x“ -2x° +%x2 —6x+11 ;

¢) f(x) = P -;l.rS +8;

d) f(x) =9x - 7x% + %x‘ +12.

Chimg minh rang

a) Ham s6 y = ¥2x — x*> nghich bién trén doan [1 ; 21 ;

b) Ham s6 y = \[rT-—_Q d6ng bién trén nlra khoang {3 ; +o°) ;

c)Hamsé y = x + 4 nghich bién trén mdi nira khoang [-2 ; 0) va (0 ; 2].
X



1.5. Chitng minh rang

, 3- . . s , P .,
a) Hims6 y = xl nghich bién trén moi khoang xic dinh cta né ;
X+

2 }
b) Him s6 y = 225%{ d6ng bién trén mbi khodng xédc dinh ctia 16 ;
X+

c) Hims6 y = —x + Va2 +8 nghich bién trén R.

1.6. Chtmg minh ring ham s6 f(x) =x + cos’x déng bién trén R.
1.7. Véi céc gid tri nao cia m, ham sé

y=x+2+ m

x—1
d6ng bién trén méi khoang xac dinh cia nd ?

1.8. Véi céc gia tri nao cua a, ham s6
1,4 2
f(x) = —Ex‘ +2x°+QRa+Dx—-3a+2
nghich bi&n trén R ?

1.9. Cho ham s6 f(x) =2 — sin x — sin’(a + x) — 2cosacosxcos(a + x).

a) Tim dao ham cta ham sé f.
b) ‘fir a) suy ra ring ham s6 f ldy gid tri khéng d6i trén R va tinh gid tri
khong déi dé.

1.10. Cho ham s6 f-.'(—i‘- ;g] 5 R xéc dinh béi

f(x) = cosx +sinx tan%.
a) Tim daq ham cua ham sé f.
b) Tir a) suy ra rang f 1a mot ham hang trén khoang [—% ; g] va tim ham
hiang dé.

11



1.11. Cho ham 3 f(x) = 2x>Jx - 2.

a) Ching minh ring ham s6 f dong bién trén nira khoang [2 ; +eo).

b) Ching minh ring phuong trinh 2x*vx =2 = 11 c6 mot nghiém duy nhat.
1.12. Cho ham s6 f(x) = sin®x + cosx.

a) Chimg minh rang ham s6 ddng bién trén doan [O ,%] va nghich bién

m
trén doan {? ; n].

b) Chimg minh rang vdi moi m € (-1 ; 1), phuong trinh
sinx + cosx = m
c6 mot nghiém duy nhat thuge doan [0 ; ©].

1.13. Cho ham s6
f(x) = 2sinx + tanx — 3x.

a) Chimg minh riang ham s6 déng bién trén nira khoang {O ; g}
b) Ching minh rang
2sinx + tanx > 3x v0l moi x € (O; gj
1.14. a) Ching minh rang ham s6 f(x) = tanx — x dong bién trén nira khoang
[0 ; -TEJ.
2
b) Chiing minh rang

% L (s
_ tanx>x+—3— véi moi x € [0;—].
N ., 4 14
1.15. Cho ham sd f(x) = —x—tanx,x € O;Z .
T

a) Xét chiéu bién thién cua ham sé trén doan [0; %]
b) Tir d4 suy ra rang

4 ., R
tanx < —x véimoi xe |0; —|.
T 4

12



§2. CUC TRI CUA HAM SO

1.16. Tim cuc tri cua cac ham s6 sau : -

a) f(x) =20 —9x% + 12x + 3 ; b) f(x) = 5% +3x ~ dx+5 ;
©) F(x) =3 —dx’ —24x* +48x-3;  d)F(x) =x-3+ 92-
X -
1.17. Tim cuc tri cua cdc ham s6 sau :
2
X~ +8x—-24 X
a) flx)= ———; b) flx) = ;
I -4 , 1 X2 +4
) fix)= xN3-x ; d) fx) = x* = 2ix] + 2.

1.18. Tim cuc tri cia cac ham s6 sau :

a)y= sin2x—\/§cosx. xe€ [0;x];
b) y = 2sinx + cos2x ; xe [0; 7}
1.19. Tim cic hé sé a, b, ¢ sao cho ham s6
flx) = X +ax® +bx+c
dat cyc tiéu tai diém x = I, f{1) = -3 va d6 thi chia ham sé cat truc tung tai
diém c6 tung d6 14 2.
1.20. Tim céc s6 thuc p va g sao cho ham s6

q
+1

dat cuc dai tai diém x = =2 va f(-2) = 2.

fx)y=x+p+
X

§3. GIA TRI LON NHAT VA GIA TRI NHO NHAT
CUA HAM SO

1.21, Tim gi4 tri 16n nh4t va nho nhat cha cédc ham s6 sau :
a) f(x) = X +3x°—9x + 1 trén doan [—4 ; 4} ;
b) F(x) =x + 5x — 4 trén doan [-3 ; 1] ;
13



c) fix)= 1t~ 8x2 +16 tren doan [-1; 3] ;

X

d =
) f(x) )

trén nirta khoang (-2 ; 4] ;.

e) f(x) =x+2+ trén khodng (1 ; +e<) ;

x—1

f) f(x)- = x\1- X .

1.22. Tim gid tri nhd nhat va gia tri 10n nhdt ciia cdc ham s@ sau :

a)y= cos’x — 6cos’x + 9cosx +5 ;

3

b) y = sin"x - cos2x + sinx + 2.

1.23. Hinh thang can ABCD c6 diy nhd AB A B
va hai canh bén déu dai lm. Tinh gdoc

o = DAB = CBA sao cho hinh thang cé

dién tich 16n nbit va tinh dién tich 16n D
nhat dé (h.1.1).

Ty

Hinh 1.1
1.24. Trong céc tam giic vudng ma canh

huyén c6 d6 dai biang 10cm, hdy xéc
dinh tam giac c9 dién tich 16n nhat.

1.25. M6t hanh lang giita hai nha ¢ hinh dang
ciia mot lang tru ding (h.1.2). Hai mat bén 20
ABB'A' va ACC'A' 1a hai tdm kinh hinh chiv .
nhét dai 20m, rdng Sm. 4
Goi x (mét) 1a d6 dai cha canh BC. ‘ A

7 B \ 1 C
a) Tinh the tich V cua hinh lang tru theo x. |

b) Tim x sao cho hinh lang tru c6 thé Hinh 1.2
tich 16n nhat va tinh gia tri 16n nhat dé.

1.26. Cit bé hinh quat tron AOB (hinh phing c6 nét gach trong hinh 1.3) tit mot
manh cic tong hinh tron bdn kinh R réi dén hai bdn kinh OA va OB clia
hinh quat tron con lai véi nhau dé dugc mot céi phéu c6 dang cha mét hinh

nén. Goi x 12 géc & tam cia quat tron dung 1am phéu (h.1.3), 0 < x < 2m.

14



a) Hay biéu dién ban kinh r cda hinh tron ddy va dudng cao i cha hinh
nén theo R va x.

b) Tinh thé tich hinh nén theo R va x.

¢) Tim x dé hinh nén ¢6 thé tich 16n nhat va tinh gia tri 1dn nhit dé.

R
0
Hinh 1.3
1.27. Cho hinh vuéng ABCD véi canh c6 d6 A B
dai bing 1 va cung BD 1a mo6t phén tw ,
duong tron tdm A, ban kinh AB chua
trong hinh vuéng (h.1.4). Ti€p tuyén tai ! Y
diém M cua cung BD cit doan thing
CD tai di€ém P va cit doan thiang BC tai M
diém Q. b x p ¢
bat x= DP vay=BQ. Hinh 1.4

a) Chilng minh rang

PQ? = x* +y2—2x—2y+2 va

PO =x+y.

Tir d6 tinh y theo x. |

b) Tinh PQ theo x va tim x dé PQ c6 d6 dai nhé nhét.

1.28. Thé tich V cia lkg nuéc & nhiét 86 T (T nam giita 0° va 30°C) dugc cho
bdi cong thic

V =999,87 — 0,06426T + 0,0085043T* — 0,0000679T*(cm”).

3 nhiét d6 nao nudc cé khoi lugng rieng 16n nhat ?

15



1.29. Luu luygng xe 6t6 vao duong him dugc cho bdi cong thirc

290,4v

foy=——
0,36v° +13,2v + 264

(xe/giay),

trong d6 v (km/h) 1a van téc trung binh cla cic xe khi vao dudng him.

Tinh van téc trung binh cha cdc xe khi vao dudng ham sao cho luu lugng
xe la 16n nhat va tinh gid tri 16n nhat dé.

1.30. M6t ngon hai dang dat tai vi A
tri A cdch bd bién mot khodng
AB = Skm. Trén bd bién c6 moét cdi
kho & vi tri C cdch B mot khodng 1a ~ 5km
7km. Ngudi canh hai dang cé thé
chéo dd tr A dén diém M trén bo
bién véi van t6c 4km/h réi di bo B M c
dén C vai van téc 6km/h (h.1.5).

Xic dinh vi tri cua diém M d€ ngudi Hinh 1.5
dé dén kho nhanh nhat.

§4. DO THI CUA HAM SO VA PHEP TINH TIEN HE TOA PO

1.31. a) Xéc dinh diém I thudc dé thi (€ ) cia ham s6 y = x°> — 3x> + 2x -1 ¢6
hoanh d¢ 1a nghiém cia phwong trinh y" = 0.
b) Viét cong thic chuyén hé toa do trong phép tinh tién theo vecto Ol va
viét phuong trinh cha (%) d6i véGi hé toa do IXY.
Tu d6 suy ra rang / 12 tdm d8i ximg cha (€).

1.32. Ciing céc cau hoi nhu trong bai tap 1.31 d6i véi cdc ham s6 sau :

a)y=—x>+ 3+ 2x; b)y=2x +6x° +x— 12.

16



1.33. a) Viét phuong trinh ti€p tuyén tai diém I cla dudng cong
y=x' -3x*+4 (€)
biét raing hoanh d6 cta / 1a nghiém cta phuong trinh y" = 0.
b) Xét vi tri tuong d6i cira dudng cong (€) va tiép tuyén tai diém / ciia (€) (nic
12 xdc dinh cdc khoang trén d6 (¥) nim phia trén hozic phia dudi tiép tuyén).
1.34. Cung céc cau hoi nhu trong bai tap 1.33 d6i véi dudng cong

y=x3+3x2+4x—2.

1.35. Xac dinh dinh I ciia méi parabol (P) du6i day. Viét cong thitc chuyén he

toa do6 trong phép tinh tién theo vecto Ol va viét phuong trinh cia parabol
(P) d8i véi he toa do IXY.

a)y=x2—4x+3; b)y=2x2+3_x—~%.

~

§5. DUONG TIEM CAN CUA PO THI HAM SO

1.36. Tim tiém can ding va tiém can ngang cia d6 thi cic ham sé sau :

x+1 1
a)y= ) by=4+——
Y 2x+1 )y x—-2

\./x2+x Vx+3
y=——",;" d)y=

x—1 x+1

- 1.37. Tim tiém can ditng va tiém can xién ctia d6 thi cic ham sé sau :

1 2
Ay=2x—-1+—; Byy=" +2x;
X x-3
250 — x?
C)y:x—3+—2—; d)y:z—
20 -1 x*+1

2 - BTGT12NC-A ‘ 17



1.38. Tim cdc dudng tiém can cla d6 thi cdc ham s6 sau :

26 +1 X
a)y=— ; b)y= 5
x° —-2x 1-x
3 -
X X
c)y= ; dyy= .
x? 1 4-x*

1.39. Tim cic dudng tiém can cua d6 thi cdc ham s6 sau :
a)y:x/xz—x+l; b)y=x+\)x2+2x;
cyy=Vx*+3; d)y=x+—2-—-

Jx
1.40. a) X4c dinh giao diém / cha hai dudng tiém cén cta dudng cong

_x=5 (}[)

y_2x+3.

b) Viét cong thitc chuyén hé toa d6 trong phép tinh tién theo vecto Ol va
viét phuong trinh cta dudng cong (H') d6i v6i hé toa do IXY.

Tir d6 suy ra réng [ 12 tam d6i xing cha dudng cong (H).

1.41. a) X4c dinh giao diém I cla hai duong tiém can cia dudng cong

2 _3y—
y= 2x° —3x 3 ()
x—-2

b) Viét cong thidc chuyén hé toa do trong phép tinh ti€n theo vecto Ol va
viét phuong trinh clia dudng cong (€) d6i véi hé toa do IXY.
1.42. Cing cédc cau hoi nhu trong bai tap 1.41 d6i véi d6 thi cla cdc ham s6 sau :
xX+5

a)y= . b)y=3x+4+ .
VY= et Vy=>3 X+l
1.43. a) VE d6 thi (¥¢) ciia ham s§
x+1 ..
1 vl x <-1
x_
f(x) =
x? 3

b) Tim dao ham cta ham s6 f tai diém x = —1.

18 2. BTGT1Z-NC-B



¢) Viét phuong trinh tiép tuyén ctia dudng cong (¥ ) tai diém 7 (-1

xét vi tri tuong d6i cua (€) vai tiép tuyén do.
d) Tir d6 thi (€ ) suy ra cach vé d6 thi cha ham s6

_x+1

| vl x <—1,
x_
y=~f) =9 7,
XX vsix 21
2 2

§6. KHAO SAT sU BIEN THIEN VA
VE B0 TH] CUA MOT s® HAM PA THUC

1.44. a) Khao sit su bién thién va vé d6 thi (€¢) cia ham s6

1 3, 2
= —x +x° -2
Y73

b) Viét phuong trinh tiép tuyén cia (%) tai diém u6n cha no.

1.45. a) Khao sat su bié€n thién va vé& dé thi (€) cia ham s6

y=x3-6x2+9x.

; 0) va

b) Ching minh ring diém uén cta dudng cong (€) 1a tam déi xing clia ng.

¢) Véi cdc gid tri ndo chia m, dudng thing y = m cit (%) tai ba di€ém phan biét ?

1.46. a) Tim cdc hé s6 a, b, ¢ sao cho d8 thi clia ham s6

f(x) =X +a +bx+c

cAt truc tung tai di€m c6 tung d6 1a 2 va tiép xic véi dudng thang y = 1 tai

diém c6 hoanh do 1a —1.

b) Khao sat su bién thién va vé d6 thi cia ham s6 vdi cdc gid tri vira tim

dugc cua a, b, c.

1.47. a) Tim cac hé s8 m, n sao cho ham s&

3
y=—x +mx+n

dat cuc tiéu tai diém x = ~1 va d86 thi cta né di qua diém (1 ; 4).

b) Khao sdt sy bién thién va v& d6 thi cha ham s6 vé6i cac gid tri cha m, n

vira tim dugc.
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1.48. a) Tim céac hé s6 m, n, p sao cho ham s6

f(x) =—%x3+mx2+nx+p

dat cuc dai tai di€ém x = 3 va d6 thi (€) cla né tiép xiic vdi duong thing
y =3x-— % tai giao diém cta (%) véi truc tung.
b) Khao sét su bién thién va vé d6 thi cia ham s6 vdi cdc gid tri vira tim
dugc cua m, n, p.

1.49. a) Khao sdt su bién thién va vé d6 thi cia ham s6

y=-x 4 %x2+6x—3.

b) Ching minh ring phuong trinh
-+ %x2+6x—3=0

c6 ba nghiém phan biét, trong d6 cé mot nghiém duong nho hon %

1.50. a) Khao sit su bi&n thién va v& d6 thi cia ham so
y= -2 43,
b) Viét phuong trinh ti€p tuyén cha dé thi tai mdi diém udn cha nob.
1.51. a) Khao sit su bién thién va vé d6 thi (Q_?) cua ham s6
y= —* 2 v 2,
b) Chitng minh rang véi moi m < 2, phuong trinh
2+ 2-m=0
¢6 hai nghiém:
¢) Tir d6 thi (¥) cua ham s6 di cho sﬁy ra cich vé d6 thi cia ham s6
y= =+ 2+ 2].
1.52. a) Khao sdt su bién thién va vé d6 thi cia ham sé
y= X% -3
b) Chitng minh ring dudng théng y = —6x ~ 7 ti€p xtc v4i d6 thi cha ham
s6 da cho tai di€ém c6 hoanh d6 bing —1.
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§7. KHAO SAT SU BIEN THIEN VA VE PO THI
CUA MOT SO HAM PHAN THUC HOU Ti

1.53. a) Khao sat su bi&n thién va vé do thi (#) cia ham s6

_2x+1
x+1

b) Chiing minh rang () nhan giao diém / cla hai dudng tiém cin cta do
thi 1am tam d6i xing. '
1.54. a) Khao sat sy bién thién va vé dé thi (H) clia ham s6
_—x+3
2x +1

b) Ching minh ring véi moi gid tri cha m, duong thang y = mx + m — 4
luon di qua mot diém c6 dinh cha dudng cong (H).

1.55. a) Khao sdt sur bién thién va vé dé thi (}) cia ham s6

y=x+1l+

x+1
b) Ching minh ring giao di€ém / cua hai dudng tiém can cta (¥) 1a tam
déi xung cta (H).
1.56. a) Chitng minh ring véi moi m > 0, ham sé

mx? +2m—Dx -1
x+2

cé cuc dai va cuc tiéu.
b) Khdo sat sy bién thien va vé d6 thi ctia ham s6 véim = 1.
1.57. a) Khao st sy bién thién va vé d6 thi (¥) ciia ham sé

x2 -1

fx) =
b) Viét phuang trinh tiép tuyén clia dudng cong (€) tai diém M(xy; f(xy))-

¢) Tiép tuyén d6 cit tiém can didng va tiém cin xién cua (%) theo thy tu tai
hai diém A vd B. Chiing minh réng M la trung diém cta doan thang AB va
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dién tich tam gidc OAB khong phu thudc vao vi tri cla diém M trén duong
cong (6).

1.58. a) Tim cdc gid tri cua m sao cho ham s8

2 4 (m+2)x =3m+ |

x -1
nghich bién trén moi khodng xdc dinh cua né.

b) Khao sdt sy bién thién va vé d6 thi cia ham s6 véi m = 0.

§8. MOT SO BAI TOAN THUGNG GAP VE PO THI

1.59. Cho ham s6

yz.x'3—2m(x+ D+ 1..

a) V@i cac gia tri ndo cha m, dd thi cha ham s6 da cho cit truc hoanh tai ba
diém phan biét ?

b) Khao sit s bién thign va v€ do thi clia ham sd véi m = 2.
1.60. 2) Tim giao diém cia d6 thi (€) cia haim s6 y = x° + 3x> — 3x — 2 v&
parabol y = X —dx+2.
b) Xét vi tri tuong d6i ctia dudng cong (€) va parabol (tdc la xdc dinh méi
khoang trén d6 (¥) ndm phia trén hoac phia dudi parabol).
1.61. Vi cdc gia tri nao clia m, phuong trinh
_ 45— 3x-2m+3=0
c6 mdt nghiém duy nhat ?
1.62. Cho hai ham s6

f(x) = —ixz +x+% va g(x)=\]x2 —-x+1.

a) Chimg minh ring d6 thi (%) clia ham s6 f va dd thi (€) clia ham s6 g
ti€p x1tic v8i nhau tai diém A c6 hoanh d6 x = 1.
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b) Viét phuong trinh tiép tuyén chung (9") cua (P) va (€) tai diém A.

¢) Chimg minh rang (%) ndm phia dudi dudng thang (X)) va (€) ndm phia

4

trén ().

1.63. Chitng minh rang cdc d6 thi cia ba ham s6
. 1
F) =x* = 3x+4, g(x)= 1 + — v h(x) = —dx + 6Jx
x

ti€p Xuc v6i nhau tai mot diém.

1.64. Chiing minh ring parabol (9) c6 phuong trinh
y= x° - 3x -1
ti€p xic vdi d6 thi (¥) chia ham s6

~x? +2x-3

Y= x—1

Viét phuong trinh ti€p tuyén chung cua parabol (%) va dudng cong (¥€) tai
ti€p diém ctha ching.
1.65. Chitng minh rdng c6 hai ti€p tuyén cia parabol y = = 3x di qua diém
3
A{E ;= %] va ching vuéng géc vdi nhau.

1.66. Cho ham s6

R

Y —
Goi (H, ) 1a @6 thi ctia ham s6 da cho.

a) Chémg minh rang v6i moi m # + 1, dudng cong (H,) luon di qua hai
diém c6 dinh A va B.

b) Goi M la giao diém cia hai dudng tiém can caa (H, ). Tim tap hop cic
diém M khi m thay déi.
1.67. 2) Khao sit su bién thién va vé dé thi (€) clia ham s6

x> -3x+1
yz—.
X
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b) Vdi cac gid tri n2o cta m, do thi (¢) cét duong thing y = m tai hai diém
phan biét Ava B ?
¢) Tim t4p hop trung diém M cilia doan thing AB khi m thay d6i.
1.68. a) Khao sit su bién thién va vé d6 thi (€) cia ham sé
X +x+1
x+1
b) Tir d6 thi (¥) suy ra cich vé dé thi cia ham s6

flxy =

2 +x+1

y = .
|x + 1|
c) Véi céc gia tri ndo ctia m, phuong trinh

x2+x+1_
|x+l| B

c6 bon nghiém phan biét ?

ON TAP CHUONG |

A. BAl TAP TRAC NGHIEM KHACH QUAN
Trong méi bai tdp tir 1.69 dén 1.76, hdy chon mét phuong dn trong bon
phuong dn da cho dé duge khdng dinh diing.
1.69. Gi4 tri 16n nhit ciia ham s6 f(x) = —4v3 - x la
(A3 _ (B)-3;
G0, (D) —4.
1.70. Cho ham s6 f ¢6 dao ham 1a
(%) = x0c + D¥(x - 2)* v6i moi x € R.

S6 diém cuc tiéu clia ham sé f 1a
(A) 0; (B) 2;
©) 3; (D) 1.

24



1.71. Pudng thing y = 3x + m |2 ti€p tuyén ctia dudng cong y = x>+ 2khi m bing
(A) 1 hoac -1 ; (B) 4hoac 0;
(C) 2 hoac -2; (D) 3 hoac -3.

1.72. Tiép tuyén cua parabol y = 4 — x? tai diém (1 ; 3) tao vdi hai truc toa do
mot tam gidc vudng. Dién tich tam gidc vuong dé6 la

25 5
A —; By —;
()4 ()4

25 5
c — D) =.
()2 ()2

9(x* + 1)(x + 1)
3x2 ~Tx +2

(A) Nhan dudng thing x = 3 lam tiém can ding ;

1.73. D6 thi cha ham sé y =

(B) Nhan dudng thang x = ~2 1am tiém can ding ;

(C) Nhan dudomg thing y = 0 1am tiém cin ngang ;

(D) Nhan dudng thing y = 3x + 10 1am tiém can xién.
1.74. D6 thi cha ham s6 y = x° — 3x cat

(A) Dudng thang y = 3 taj hai diém ;

(B) Puong thang y = —4 tai hai diém ;

(C) Duong thang y= % tai ba diém ;

(D) Truc hoanh tai mot di€m.

1.75. Hai tiép tuyén cua parabol y = X di qua diém (2 ; 3) ¢6 cdc hé s6 goc 1a
(A) 2va6; (B) 1va4;
(C) Ova3; (D) —1vas..

1.76. Buong thing di qua diém (1 ; 3) va c6 hé s6 géc k cat truc hoanh tai di€ém
A va truc tung tai diém B (hoanh dé clia diém A va tung d6 cla diém B 1a
nhiing s6 duong). Dién tich tam gidc OAB 14 nhé nhat khi & bang

(A) -1; (B) -2;
O -3; ' (D) —4.

25



B. BAI TAP TULUAN

1.77. Chiing minh ring trong cdc hinh hop chit nhat ¢6 ddy 12 moét hinh vuong
va thé tich bang 1000, hinh 1ap phuong cé dién tich toan phin nhé nhat.
1.78. Mot hinh chép tit gidc déu ngoai ti€p hinh ciu ban kinh a.

a) Ching minh riang thé tich chia hinh chép 12
_ 4a%

3(x—2a)’

trong d6 x [ chiéu cao cua hinh chép.

b) Véi gid tri nao cua x, hinh chép c6 thé tich

nho6 nhat ?

Huong ddn a) Mat phang di qua dudng cao SH

ciia hinh chép va trung diém M clia mot canh

ddy cat hinh chép theo tam gidc can SMN va

cat hinh cdu theo hinh tron tam O ban kinh 4 a AP
n6i tiép tam gidc SMN (h.1.6). 0
a
Co6 thé tinh thé_ tich hinh chép theo x va a
o = SNH. Sau dé sit dung ding thic M H N

X =a + 0§ dé tim hé thic gita a, x va a. Hinh 1.6
1.79. Mot soi day kim loai dai 60cm duogc cit thanh hai doan. Doan day thi nhat
dugc udn thanh hinh vudng, doan thir hai duge udn thanh vong tron (h.1.7).
Phai cat sgi day nhu thé nao dé tdng dién tich cha hinh vuéng va hinh tron
la nho nhat ?
4x 2nr

1 ] —

N ,_

Hin'h 1.7

1.80. M6t cong ti bat dong san ¢ 50 cin ho cho thué. Biét rang néu cho thué
mdi can hd vdi gid 2000 000 déng mot thang thi moi can ho déu cé ngudi
thué va cir mdi 14n ting gia cho thué méi cin ho 100 000 déng mot thing
thi c6 thém hai can ho bi bo trong.

Hoi mudn ¢6 thu nhap cao nhit, cong ti d6 phai cho thue méi can ho véi
gia bao nhieu mot thang ? Khi 46, ¢6 bao nhiéu can ho dugc cho thué ?
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Huong dan. Néu tang giad cho thué méi can ho x (déng/thing) thi sé c6

can ho bi bo tréng.
100000

Khi d6, s6 tién cong ti thu duge 12

2

$ = (2 000 000 + f)(so -~ 300 j (déng/thang).

1.81. Cho ham so
1
y= §x3 +(m—1)x2 +(2m—3)x—%-

a) Vi céc gid tri nao cua M, ham s dong bién trén khoang (1 ; +eo) ?
b) V&i cdc gid tri nao cua m, ham s6 dong bién trén R ?
¢) Khao sit su bién thién va vé do thi cia ham s8 véi m = 2.
1.82. Cho ham s6
f) =x = 3mx® +3@2m - Dx + 1.
a) Chimg minh ring vdi moi gié tri cia m, d6 thi (€,,) cta ham s6 da cho
va dudng thing y = 2mx — 4m + 3 luon c¢6 mot diém chung c6 dinh.

b) Tim c4c gia tri cha m sao cho dudng thing da cho va dudng cong (¢,
cét nhau tai ba diém phan biét.
¢) Khao sdt su bién thién va vé d6 thi cua ham s6 @i cho véim = 1.

1.83. Cho ham s6

y=x3+(m—1)x2—2(m+1)x+m—2.

a) Ching minh ring véi moi gid tri cua m, d6 thi (¥,,) cia ham s6 di cho
ludn di qua moét diém ¢6 dinh.

b) Ching minh ring moi dudng cong (€, ti€p xdc vdi nhau tai mot diém.
Viét phuong trinh ti€p tuy&n chung cla cdc dudng cong (%,,) tai diém dé.
1.84. a) Khao sat su bién thién va vé d6 thi (%) cua ham s6

y=x4—4x2+3.
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b) Tir 46 thi (¥) suy ra cach vé d6 thi ciia ham sé
y= |x4 —4x + 3|.
¢) Tim céc gia tri cia m sao cho phuong trinh
xt -4’ +3+2m-1=0
¢6 8 nghiém phan biét.
1.85. a) Khdo sit sy bién thién va vé d6 thi (¥) cua ham s6
y= —x* =2t + 3.
b) V6i cdc gid tri ndo cha m, dudng thing y = 8x + m 12 ti€p tuyén cla
duong cong (¢) ?
1.86. a) Chimg minh rdng ham s6 y = —x—f—_—] déng bién trén mdi khoang xdc

dinh cua né.

b) Tir d6 suy ra ring

bty _ 4, [

1+|a+b|sl+‘a|+1+|b{’

1.87. a) Khdo sat su bién thién va vé d6 thi (#) ctia ham s6,

véi moi a, b € R.

x+4
x+2

y:

b) Ching minh ring parabol () cé phuong trinh v = x* + 2 tiép xtdc véi
duong cong (H). X4c dinh tiép diém va viét phuong trinh tié€p tuyén chung
cua () va (¥¢) tai diém dé6.
¢) Xét vi trf twong d6i ctia (P) va (H) (nic 12 xdc dinh mdi khoang trén d6
() ndm phia trén hay phia duéi (H)).

1.88. Cho ham s8

x—2
x—-1

y:

a) Khao sit su bién thién va vé dé thi (}) cta ham sé di cho.

~
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b) Ching minh ring véi moi m # 0, dudng thang y = mx — 3m cét dudng
cong () tai hai diém phan biét, trong A6 it nhat mot giao di€ém cé hoanh
d6 16n hon 2.

1.89. a) Khao sat sur bién thién va vé d8 thi (€) cia ham s6

_ X —-2x-3

Y x—2

b) Tim c4c gi4 tri cda m sao cho dudng thing y = m — x cét dudng cong (¥)
tai hai diém A va B. A

¢) Tim tap hop cic trung diém M cha doan thang AB khi m thay déi.

,
1.90. Cho ham s6 y = =¥ s 1,

x-1

a) Tim m sao cho d6 thi (%,,) cda ham s6 da cho ti€p xidc vdi dudng thing

y=—x+17.
b) Khao sat su bién thién va vé d6 thi ciia ham s6 dd cho vgim = 1.
2x +
1.91. Cho ham s§ y = 22 F3x+3,
X+ 1

a) Khao sat sir bién thién va vé dé thi () clia ham sé di cho.
b) Dua vao d6 thi, hdy bién luan s& giao diém ciia dudng thing

y = m(x + 1) + 3 va dudng cong (€), tuy theo céc gia tri cuia m.
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C.

L1

1.2.

1.3.

30

DAP SO — HUONG DAN — LOI GIA| ee—

§1. TINH DON BIEU CUA HAM SO

1 1
Cl=:—1-

2 4
a) Ham s6 nghich bién trén méi khoang (= ; 0) va (0 ; 1), déng bién trén
moi khoang (1 ; 2) va (2 ; +o0).
b) Ham s6 nghich bié€n trén mbi khoang (—o ; —1) va (1 ; +), déng bién
trén khoang (-1 ; 1).
c) Ham s6 nghich bién trén khoang (0 ; 1) va d6ng bién trén khoang
(1 5 +eo).
d) Ham s6 nghich bién trén khoang (— ; —1) va déng bién trén khoang
(=15 +o0),

a) Ham s& nghich bién trén khoang [—oo; %} va déng bién trén khoang

1)

b) Ham s6 nghich bién trén khoang (—ee ; 2) va d6ng bién trén khoang
(2 ; +o0).

¢) Ham sé nghich bién trén mdi khoang [—oo P i}} va [%(3— : +oo}
dong bién trén khbz’mg {—i} ; —\/2—§J

d) Ham s6 d6ng bién trén R.

Huong dan

a) f'(x) = (x+ D*2x~ 1) b) £1(x) =3¢ + 1)(x-2);

o) fi(x) = x2(3—4x°) ; d) f(x) =7 Gx - 1)



1.4. Giai. a) Ham s6 lién tuc trén doan [1 ; 2] va cé dao ham
Y= 1—-x
V2x — x?

Do dé ham s6 nghich bién trén doan [1 ; 2].

<0 véimoixe (1;2).

b) Ham s§ lién tuc trén nira khoang [3 ; +e0) va ¢é dao ham
x

y':—
Vx? -9

Do dé ham s6 déng bién trén nita khoang [3 ; +o0).

>0 vl moi x € (3 ; +oo).

1.5.Gigi. ¢c) Vi y'=-1+ < 0 v6i moi x € R nén ham s6 nghich bién

X
V2 +8-

trén R.

1.6. Giai. Tacd f'(x) =1-sin2x ;

fi(x) =0 sin2x =1

@“x=£+kn, ke 7Z.
4
Ham s6 f lién tuc trén mdi doan [-} +km §+(k + 1)4 va c6 dao ham

f'(x) >0 véi moi x € {§+kn; %+(k+l)1‘c],ke Z.

Do d6 ham sd déng bién trén mdi doan {%+ kr ;%-{» (k +1)n], ke Z.

Viy ham s6 déng bién trén R.

1.7.Gidi. Tac6é y'=1- véimoi x # 1.

(x —1)?

e Néu m < 0 thi y' > 0 véi moi x # 1. Do d6 ham s& dong bién trén moi
khoang (—ee ; 1) va (1 ; +oo).
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1.8.

32

o Néu m > 0 thi
, X —2x+1-m
y = 5
(x—1)
y'=0<:>x2—2x+1-—m =0 x=1xJm.

Bang bién thién

=
{
g
i
5

1+Jm +oo

\<~
+
o

-

i
Ham s6 nghich bi&n trén mdi khoang (1 — Jm s Dvas 1+ Jm).
Diéu kién ddi hoi khong duge thoa man.

Vay ham s6 doéng bién trén mdi khoang xédc dinh cua né khi va chi khi m < 0.

Gidi. Tacod f'(x) =~x"+4x+2a+ 1.

A'=2a+5;A’=0@a=~%.

e Néu g = ~% thi f'(x) = —(x— 2)2 <0v3imoixe R, f'(x) =0 chi tai
diém x = 2. Do d6 ham s6 nghich bién trén R.

e Néu A' > 0 thi phuong trinh f'(x) = 0 c6 hai nghiém phan biét x, x, (gid
si x; < x,). D& thdy ham s6 f ddng bién trén khoang (x; ; x,). Diéu kién
dot hoi khong duge thoa man.

eNéu A <0, tiiclaa < —% thi f'(x) <0 v6i moi x € R. Do d6 ham s6
nghich bién trén R.
Viy ham s6 nghich bién trén R khi va chi khi

as—g-
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1.9.2) f'(x) =0v6i moixe R,
b) f(x) = sin’a véi moi x € R.
Hudng ddn

b) Tir a) suy ra rang f 14y gid tri khong déi trén R. Do d6

f(x) = f(0)=2- sina — 2cos’a = sin’a véi moi x € R.
1.10. Giai. a) Tacé

‘ . X sinx
f'(x) = —sinx + cosx tan— +

X
2cost =

. X X
= —Sinx + COosx tan-z- + tani

s X
= —sinx + tang(l + cosx)

] X b
= —sinx + tanE.Zcosz—

2

) . . . T T
= —sinx+sinx =0v6imoixe |——;—].

4
N & g ~ N N - 2 n TE

b) Tir a) suy ra rang ' 1a mot ham hang trén khoang [—Z ; Z}
2 o . n =n

Do ddé f(x) = f(0) =1 véimoi x € [—Z,Z]

1.11. Gidi. a) Ham s6 x4c dinh va lién tuc trén nira khoang [2 ; +oo).
2
X x(5x - 8) . .
fi(x) = 2| 2xJx =2+ = > 0 v6i moi x € (2 ; +oo).
Wx-2) Jx-2

Do d6 ham s6 dong bién trén nira khodng [2 ; +o).

b) Ham s6 lién tuc trén doan [2; 3], f(2) =0, f(3) =18. ViO < 11 < I8
nén theo dinh I vé gi4 tri trung gian cia ham s& lién tuc, ton tai s§ thue
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¢ € (2;3)saocho f(c) = 11. SO thuc ¢ 12 mot nghiém cua phuong trinh

da cho. Vi ham s6 f déng bién trén [2 ; +e) nén ¢ la nghiém duy nh4t
cua phuong trinh.

1.12. Gidi. a) Ham s6 lién tuc trén doan [0 ; wt].

Ta cé f'(x) = 2sinxcosx — sinx

sinx(2cosx — 1), x € (0; m).

V1 khi 40 sin x > 0 nén

fx)y=0&e cosx=%@x=£

3
Bing bién thién :
X 0 z n
3
f(x) + 0 -
f(x) 5
e

Ham s6 d6ng bién trén doan [0 ; g} va nghich bién trén doan [g ; nil.

b) « Ham s6 f lién tuc trén doan [g ; n} f[gj = % va f(r) = -1. Theo
dinh 1i vé gi4 tri trung gian cua ham s6 lién tuc, vdi moi m e (-1 ; 1)

{—1 ;;], ton tai mét sé thuc ¢ € [g, 11:] sao cho fic) = 0. S6 ¢ 1a nghiém
clia phuong trinh trong b). Vi ham s6 f nghich bién trén [g ; n:} nén trén
doan nay, phuong trinh c6 mot nghiém duy nhat.

® Vi véi moi x € {0 ;135} tacd 1 < fx) < % nén phuong trinh di néu
khong c6 nghiégm véi m e (-1 ; 1).

Vay phuong trinh d3 cho c6 mét nghiém duy nhét thuéce {0 ; ).
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1.13. Gidi. a) Ham s6 di cho lién tyuc trén noa khoang [O ,g) Ta cb

f'(x) = 2cosx + = 3

Cos X

2cos’ x —3cos’ x + 1

COS2 X

2
— COS 2cos 1 .
= (1 - cosx)” (Zcosx + )>Ov6im(_>1xe [O;g].

0052 X

Do d6 ham s6 f d6ng bién trén nira khoang [0 ,gj

b) Tir a) suy ra f(x) > f(0) =0 véimoi x € [0 ,gj titc 12 ta c6 bat dang
thitc cdn ching minh.

1.14. Gidi. a) Ham s6 f lién tuc trén niva khodng |:0 gJ va ¢4 dao ham

fi(x) =

—1=tan’x >0 véi moi x € [O;EJ.
cos“ x 2

Do d6 ham sé déng bién trén nira khoang [O ,g}
b) Tira) suyra f(x) >0 vdimoi x € (0 ;gj, tic la

.. . 8
tanx > x v4i moi x € [0 E]
Xét ham s8

3
g(x) =tanx — x — x? trén nira khoang |:0 ,g]

Ham s8 lién tuc trén [0 ,-g] va c6 dao ham

g'(x)= 12 —l—xzztanzx—x2>0v6imqixe (O;EJ
cos” x 2
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(Vi tanx > x v6i moi x € (o ;g]). Do d6 ham s6 déng bién trén nira
2 Tc N PRy - n (N e g
khoang [O ,EJ va g(x) > g(0) = 0 v8i moi1 x € [O Ej Tu d6 suy ra bat
dang thic cin chitng minh.
1.15. Gigi. a) Ham s6 f lién tuc trén doan {0;%] va ¢6 dao ham

4 4— T
fix) =—- 12 = n—tanzx,xe [0;~—j.
T cos x n 4

4-7
("

F(x) =0 tanx =

Dé dang thay rang 0 < 4-n <l= tzmg-. Do d6 t6n tai mot s6 duy nhat
e (O;Ej sao cho tang = 4_7:‘
4 n
Béing bién thién
n
0 _
X a 4
f'(x) + 0 -

0 0

Ham s6 d6ng bién trén doan [0 ; @] va nghich bién trén [a; %]
b) Theo bang bién thién, ta c6
o T
f(x) 20 védimoi x e |:0; Z]

Tur d6 ¢6 bat dang thic can chimg minh,
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§2. CUC TRI CUA HAM SO
1.16. a) Ham s& dat cyc dai tai diém x = 1 ; f(1) = 8 va dat cuc tiéu tai diém
x=2; f(2)=1.

b) Ham s6 nghich bi&n trén R nén khong cé cuc tri.

¢) Ham s6 dat cuc tiéu tai cac diém x = -2 ; A-2)=—-115vax=2; A2) =13,
dat cuc dai tai diém x=1; f(1) = 20.

d) Ham s& dat cyc dai tai diém x = -1 ; f(—1) = -7, dat cuc tiéu tai diém
x=5; f(5)=5.

1.17. a) Ham s6 dat cyc tiéu tai diém x = 1 ; 1) = 5 va dat cuc dai tai diém x =4 ;
f(4)=2.

b) Ham s6 dat cuc tiéu tai diém x = -2 ; (-2) = —i va dat cuc dai tai diém
x=2: f2)= =
' 4
c) Ham s6 dat cuc dai tai diém x =2 ; A2) = 2.
d) Gidi. Ham s6 lién tuc trén R.

W +2x+72 voix <0
flo) =

X2 =2x+2 voix 20.

700 2x+2 voix <0
X) = .
2x =2 vai x > 0.

f=0x=-1, x=1.
Bang bién thién '

X —oo -1 0 1 +o0

f'(x) - 0 + - 0 +
2
fix) \1 / \1/

Ham s& dat cyc dai tai diém x = 0, f(0) = 2 va dat cuc tiéu tai cic diém
x=—-1lvax=1; f(-1)= f(1)= 1.
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1.18. Gidi. a) y' = 2sinxcosx + J3sinx

= sinx(2cosx + \[3).

Véu 0 <x<m,tacdsing>0. Do dd

. S
y=0ocosax=-— x=—
2 6

Bang bién thién

y S eea i
Ham s6 dat cuc dat tai diém x=—6—:y(6

5
- n
X 0 6
y' + 0 -
) 12
/ 4 \

5_’f] _3
4

C6 thé dp dung quy tac 2.

38

y' =sin2x + J3sinx ;¥ =2cos2x + J3cosx ;

v(—sﬁ = 2cos§—TE + \,/icos§£ = 2.l +3 —ﬁ = 1 < 0.
3 6 2 2 2

Vay ham s6 dat cuc dai tai diém x = ?n ; y['6
b) ¥ =2cosx — 2sin2x = 2cosx(l — 2sinx).

Vaid<x<m,tacd

ta

cosx =0
o

y=0&| | &x= =, x=—
smxza 6



Ta ap dung quy téc 2,

y"' = -2sinx — 4cos2x ;

y' L. —23in—1E —4cosnt =2 > 0.
2 2

Him s8 dat cuc tiéu tai diém x = g : y[g} =1.

¥y T= —2sinE - 4cosE =-3<0.
6 6 3

Ham sé dat cuc dai tai diém x = r ; y[E] 23
6 6) 2

y )~ 26in T 4cos2E = -3 <0,
6 6 3

3 3
Ham s6 dat cuc dai tai diém x=5—Tc Dy o ==
6 6 2
1.19.9=3;bh=-9;c=2.

1.20.p=1,49=1.

Giai. Tacéo

\ q .- .
fiix)y=1- voi moi x # 1.
(x +1)?

e Néu g <0 thi f'(x) > 0 véi moi x # —1. Do d6 ham s déng bién trén mdi
khoang (—eo ; —1) va (=1 ; 4+o0). Ham s6 khong c6 cuc dai, cyc tiéu.
e Néu g > 0 thi phuong trinh

x2+2x+l—q

=0
(x + 1)

f=

c6 hai nghiém phan biet x; = -1 ~ Jg vax,=—-1+ /q.
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X — oo -1 - \/5 “71 -1+ \/—q- +oo
i + 0 - [ - 0+
F(x) £(x})
/ I \ || \ f(xz) /
Ham s6 dat cuc dai tai didm x, = —1—.Jg va dat cuc tiéu tai diém

x, = =1+ Jg . Ham 56 dat cuc dai tai di€m x = —2 khi va chi khi

-Jg=2eJj=leqg=1
f-2)==2&p=1.

§3. GIA TRI LON NHAT VA GIA TRI NHO NHAT
cUA HAM SO

1.21.a) min f(x)=f(1) =—-4; max f(x)=f4) =77.
xe[-4;4] xe[—4;4]
b) min f(x)=f(-3) =—46; max f(x)=f(1) =2.

xe[-3,1] xe[-3;1])

c) mln f(x) =f(2) =0; n[1al)§3]f(x) = f(3) = 25.

xe[-1;

d) Gigi. f'(x) = > 0 v3i moi x # —2. Ham s6 déng bién trén nua

(x +2)°
khoang (-2 ; 4].
x -2 4
f(x)
f(x) 2
3
max f(x) f(4)==- Ham s6 khong dat gid tri nhd nhdt trén nia

Xe(-2;
khodng (-2 ; 4].
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e) Ham s6 khong dat gid tri 16n nhat trén khoang (1 ; +<0) ;
min f(x)= f(2) =5.

xe(l;+m)

) Giai. Ham s6 x4c dinh va lién tuc trén doan [—1 ; 1].

2 5.2
f'(x)=\/1—xz— z =£véi—l<x<l.
\/l—x2 \/1—x2

fx)=0e=x =+ i;—
X -1 _ﬁ _2 1
2 2
f'O0) - 0 + 0 - 0
fxy | O 1 |
N V2 1 o (2)
XEn[l_l?;Uf(X)—f{—T =3 xglifl’fn.f(x)-f 5 |73

1.22. 2) miny =-11; maxy =9.
xeR xeR

23
b) miny = — ; maxy=35.
) xel];tf]y 27 xe]Ry

Hudng dan

b)y= sin® x + (1- co_st) +sinx + 1,

dx + 2sin’ x + sinx + 1.

y = sin
*Pat f=sinx (-1 <t < 1), ta duge
y=t3+2t2+t+ 1.
Ta tim gid tri 16n nhit va gid tri nho nhat cha ham sé

FfO = +2% +r+1 rén doan [-1 ; 1.
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1.23. Hinh thang c6 dién tich Ién nhat khi o = %TE Kﬁi d6 dién tich hinh thang

2§ = éﬁ (m?).
4
Huong dan

Duyng AH L CD. Patx= ADC,0< x < g,taduchH:sinx;DH=cosx;

DC =1+ 2cosx. Dién tich hinh thang 12

AB
= +CD

AH = (1 + cosx)sinx ;0 <x < g
Bii todn quy vé : Tim x € [O ; gj sao cho tai di€ém d6 S dat gid tri 16n nhit

trén khoang [O ; g]

S = (cosx + 1)2cosx—1),0<x< g

1.24. Trong cic tam gidc vuéng d9, tam gidc vuong can cé dién tich I6n nhat.

42

Do dai hai canh gbéc vuong cia tam gidc délax=y= 52 (cm).

Hucéng dan. Goi x, v 12 do dai hai canh gc vuong clia tam gidc vuéng cé
canh huyén dii 10cm,0<x<10va0<y< 10.

Dién tich tam gidc 13 S = %xy (cm?).

Tacé x> + y2 = 100.
S dat gid tri 16n nhat khi va chi khi tich ¥*y? = x2(100 — x*) dat gi trj l6n
nhat. Bai toan quy vé : Tim x € (0 ; 10) sao cho tai d6 ham s6

. z=x%(100 - x°), x € (0 ; 10)

dat gi4 tri 16n nhAt.



1.25.2) V = 533100 — x* (m>), 0 < x < 10.

b) Hinh lang tru c6 thé tich 16n nhat khi x = 542 (m).

max V = V(542 ) = 250(m>).
x€{0:10)

1.26. Gidi. a) Vi d¢ dai cta dudng tron ddy hinh nén bang do dai AB cla
quat tron dung 1am phéu, nén ta c¢d

2nr = Rx.
Do d6
Rx
r=—,
27
0 2
va h=JR-r2 =R -R ”2 A2 - 2
4 n
b) Thé tich hinh nén 1a
Vzlnr2h= 2Jan? — &2 ,0<x<2m.
3 247t

c) Tatim x € (0; 2x) sao cho tai d6 V @dat gid tri 16n nhat.
R x(8n - 3x%)

) 247{2. \/41[2 —x

Va0 <x<2m, tacd

, 2
V=0 8° -3x° =0 & x = ‘fn = 1,637,
X 0 2—\/—8—11: 21
_ 3
V' + 0 -
2J5

Hinh nén cé thé tich 16n nhat khi x = —3—1: = 1,63~x.

max V=V 2\/_6-7t =2\/§T(R3.
3 27

xe(0;2n)
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— X

1.27.a) y = !
x+1

,0<x<l;

x2+1

X+

b) PQ =

,0<x< 1.

Poan thing PQ cé do dai nhé nhat khi x = v2 — 1.
1.28. T = 3,9665 (°C).

Huwodng din. Tim T € (0 ; 30) sao cho tai d8 V dat gi4 tri nhd nhat.
1.29. 27,08(km/h) ; 8,9 (xe/ giay).

,2
Hudng dén. f'(v) = 290.4. _(2)’3 6v” + 264 —,v>0.
(03612 + 13,2v + 264)
J264
() =0 e v= Y08
f'») 06
F dat gid tri 16n nhat khi v = Y222 < 27,08 (km/h) ;

0,6

A5 - pene - .

3

1.30. BM = 23S =~ 4 472(km).

Huong dén. Pat x = BM, 0 < x < 7. Khi d6, AM = Vx> +25 ,MC =7 - .
Thoi gian nguoi canh hai dang di tir A dén C 12

V25 7-x

4 6

T(x) = (git), 0<x < 7.

Ham s6 T dat gi4 tri nhd nhit tai diém x = 24/5 = 4,472 (km).
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§4. DO THI CUA HAM SO VA PHEP TINH TIEN HE TOA PO

1.31. a) Giai. Ta ¢d
V=3 =6x+2;V =6x—6;
y=0sx=1,
Toa d6 cha diém 7 1a (1 ; -1).
b) Cong thitc chuyén hé toa do trong phép tinh tién theo vecto Of 1a
x=X+1,
{y =Y -1
Phuong trinh cua (¥¢) d6i véi he toa d6 IXY 1a
Y 1= X+ -3X+1)2 +2X+1)—1,
hay ¥ = X '
Day Ja mot ham s6 1é. Do dé d6 thi (¥) cua nd nhan gdéc toa do I lam tam
déi xung.
1.32. a) /(1 ; 4) 1a diém uc;fn chia do6 thi.
Cong thic chuyén he toa d6 trong phép tinh tién theo vecto Of 1
x=X+1
{ y=Y +4.
Phuong trinh cta dudng cong da cho doi véi hé toa do /XY la
Y = -X* +5X.

x=X_—2,.

b)I(—2;2);{ LY = X3 - 11X,
y=Y+2

1.33. a) Biém I(1 ; 2) ; phuong trinh ti€p tuyén cha dudng cong (¢) tai diém /
lay=-3x+5,
b) Trén khodng (—eo ; 1) dudng cong (¥) nam phia dudi ti€p tuyén ; trén
khodng (1 ; +e) dudng cong (%) nim phia trén tiép tuyén,
Huéng dén. b) Dat g(x) = =3x+5 ; f(x) — g(x) = (x = 1)°.
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1.34. a) / (-1; — 4); phuong trinh ti€p tuyén clia dudng cong tai diém I fa y = x - 3.

b) Trén khoang (—eo ; —1) duding cong (¥) nim phia dudi ti€p tuyén ; trén
Khodng (—1 ; +o0) dudng cong (¥) nam phia trén ti€p tuyén.

x=X+2
1.35.2) /(2 ; -1) ; {x .y = x2,
y=Y -1
3
'=X—“",
b) 1[—%;~2J; . 4 Y = 2Xx2,
y=Y-2

§5. DUONG TIEM CAN CcUA PO THI HAM SO
1.36. a) Dudng thing x = —% 1a tiém can dimg cua d6 thi (khi x —)(——21—]_ va

+
. 1 C oy .
x ~«>[— %j ). Puong thang y = 3 la tiém can ngang cia d6 thi (khi x — +oee
Va X — —oo),
b) Dudng thing x = 2 14 tiém can dimg ciia d6 thi (khi x = 2~ va x — 2%).
Dudng thing y = 4 1A tiém c4n ngang cha d6 thi (khi x = +o0 vd x — —o),

¢) Gidi. Vi lim y = +e0 vd lim y = —eo nén dudng thing x = 1 12 tiém c4n

o1 -1

dimg cua d6 thi (khi x> 1 Tvax—17).

Jl+— 1+—

ﬁ

Vi lim y = lim ——— lim =1,
X340 xotee x—1 X—+eo 1__1
X
’ 1
lim y = lim ————= lim 4——X -
X-—=)»—co X—>—o0 X — l X—-00 1 _ i
X
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nén dudng thang y = 1 12 tiém cin ngang cha a6 thi (khi x = +o0) va dudng
thing y = —1 1a tiém can ngang cta d6 thi (khi x — —0) (h.1.8).

d) Dudng thing x = -1 1a tiém can ding ca d8 thi (khi x — (=1} vax - (=1)").
Pudng thang y = 0 1a tiém can ngang cua d6 thi (khi x — +os) (h.1.9).

yi

AT

\\\

7 x=1

Hinh 1.8

AY

Ay

l\'_

|
Hinh 1.9

1.37. a) Dudng thing x = 0 12 tiém c4n dig cta dé thi (khix —» 0" vax - 0).
Dudng thang y = 2x — | 13 tiém can xién cha d6 thi (khi x = +oo va x —>—00),

b) Pudmg thing x = 3 13 tiém can dimg ctia d6 thi (khix = 3 vax > 3%).
DPuong thing y = x + 5 12 tiém can xién cia d6 thi (khi x — +oo v x — —o0).

¢) Gidi .
Vi limy = +o0 nén dudng thing x = 1 Ia

x—t
tiém c4n dimg cta d6 thi (khix — 1 va
X — l+). Vi

y—(x—3)=—l—-—2— ~ 0
2(x-1)
Khi x = 400 VA x & —oo

nén dudng thing y = x — 3 la tiém
can xién ctia d6 thi (khi x — 4 va
x — —eo) (h.1.10).

Yi

\ nh';. w].L (@)

Hinh 1.10
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d) Puong thing y = 2x — 1 13 tiém can xién chia d6 thi (khi x — 400 vA x — —oo).
Huodng ddn. C6 thé viét ham s& da cho dudi dang
1-2x

X2 +1

y=2x—-1+
Vi ham s6 xac dinh trén R nén do6 thi cua n6 khong cd tiém can dimg.

1.38. a) Duong thing x = 0 1a tiém can dimg ciia dé thi (khix = 0" vax > 0),
Puong thing x = 2 12 tiém can ding cua dé thi (khi x > 27 vax — 27).
Dudng thang y = 2 [ tiém can ngang ctia d6 thi (khi x — +eo vi x — —o0).
b) Tiem can dimg : x=1(khix = 1" vax — 17).

Tiém can dimg : x = -1 (khix - (- vax o (-1)).
Tiém can ngang : y =0 (khi x = +o0 va x — —o0),
c) Tiém can ddng : x = 1 (khi x — 1" YA x=2
vax— 1)
Tiém can ding : x = -1 (khi x = (=1)"

vix o (=1)).

Tiém cin xién : vy = x (khi x & +eo 0
vVa X — —oo), )

d) Tiém can ding : x = 2 (khi x — 2"

vax o 2).

Tiém can ngang : y = 0 (kh1 x — +e0)
(h.1.11). Hinh 1.11
1.39. a) Gidi. Tacé

a= lim == lim = lim
X —4oo X X —> 400 X X—+oo X
1
= lim Jl-—+— =1,
X oo X X
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b = lim (y—x)= lim («]x2~x+1—x)

X—>+oo X400
. —x+1
= lim
"‘“’*“\/xz—x+1+x
_1+l ]
= lim X =-—
x—)+ooJ 1 1 2
1—~+—7+1
X x

Dudng thang y = x — % 12 tiém cn xién cla d6 thi (khi x — +oo).

| 1+1
: 2 ~xyt—— T
~x+1 . V 2
a = lim Y= limL= lim X x

x——oo X X —>—oo X X——oo X

= lim [_ 1—1+L2]=—1,
X—>—eo X X

lim (y + x) = lim (\/xz—x+l+x)= lim —x+1

X ~$—o0 X—p—oo "_"“\/x2-x+1—x

S
i

_1.‘.1
= lim —x+1 = lim X _1
X 1 1 X0 1 1
_x\/l——+——2——x JI——+—2—1
X x - X x

Dutmg thdng y = —x + % 1a tiém can xién cua d6 thi (khi x = — o) (h.l.f2).

3

¥

1
2

Hinh 1.12
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b) Tiém can xién : y = 2x + 1 (khi x — +o0).

Tiém cén ngang : y = —1 (khi x = —o0) (h.1.13).
¢) Tiém can xién : y = x (khi x = +o0),

Tiém can xién : y = —x (khi x — —o0),
d) Tiém can ding : x = 0 (khi x > 0").

Tiém can xién : y = x (khi x — +e0) (h.1.14).

Yi Yi
v
= /%0 X %
o
/)
Hinh {.13 _ Hinh 1.14
1.40. 2) I(—%%)
o X?‘y%
y=Y+5

1.41.2a) I(2; 5).

by 1T XT2 oy L
S ly=Y+5 X

50
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142.2 7/ -1; 11, 2.y
2 4X
y=Y +—
x=X-1 2
b) I(-1;1); ;Y =3X +—.
y=Y+1.
1.43. Gigi.b) Tacé f(-1)=0, va
x+1
lim M= lim 2=l - im 1 ,-__l,
-1y x+l -y X+1 ey x—=1 2
X
s —(x+1
fim IX=SED a2 T i [f] L
x5 (-1 xr+1 —(-ht x+1 x=(=D*\ 2 2
Do d6 lim fW-7eh = —l- Vay ham s6 f ¢6 dao ham tai diém x = -1
x——1 x+1 2
1
Vé, ‘ —l = —-—
F'=D 5

c) Phuong trinh tiép tuyén cla (%) tai diém / 12 y= —%(x+1) .

Trén khoang (—e= ; —1) dudng cong (¥) nim phia dudi ti€p tuyén d6 ; trén
khodng (—1 ; +ee) dudng cong (¥#) ndm phia trén ti€p tuyé&n d6.

d) L4y d6i x\ing dudng cong (¢) qua truc hoanh, ta duoc dé thi ciia ham sé
y =), S .
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§6. KHAO SAT SUY BIEN THIEN VA VE DO THI
CUA MOT SO HAM PA THUC

1.44.b) y = —x—%-

145.¢c)0<m< 4.
146.a)a=3,b=3,c=2.

Huéng ddn. a) Dé thdy ¢ = 2. Vi d6 thi cha ham s6 cén tim di qua diém
(-1;Dnén f(-H)=~1+a-b+2=1. Dodbéa=hb.

Vi d6 thi tiép xic vdi dudng thing y = 1 tai diém c6 hoanh d6 1a —1 nén
F(-1)=3-2a+b=0.

1.47.aym=3,n=2.
1.48. Gidi

52

a) Pudng thing y = 3x —% cét truc tung tai di€ém A(O — %]

Vi d6 thi (¥) ciia ham s8 di cho di qua diém A nén f(0)=p = —%-

Tacd f'(x)l =-x?+2mx+n Vi (®) 1i&p xiic v6i 'du‘b‘ng thing y = 3x — % tai

di€ém A nén f'(0) = n = 3.

Do ham s& dat cuc dai tai diém x = 3 nén
f'\GA=-9+6m+3=0om=1.

Véi céc gid tri m, n, p vixa tim dugc, ta c6 ham s6

1 3 5 1
X)=—=x"+x"+3x--.
fx)==3 3

Khi d6, f"(x) = -2x+2 vd f"(3) = -4 < 0. Ham s6 dat cuc dai tai diém

x=3.



1.49. b) Huong ddn. Tu bang bién thién ctia ham s6, dé dang thdy rang phuong

trinh da cho ¢4 ba nghiém x,, x,, x5, trong 46 x; < -1, x,€ (-1 ; 2) va
- . 1 1 1
x3>2.Ho‘nnua,v1f(0)=—3<0vaf5 =Z>O,nenxze 0;~2-.

150.h) y=—>x+ 0 vy =8, 10

337 3 337 3

1.51. Hudng dan. c) Giit nguyén phdn cta (%) nim phia trén truc hoanh va ldy
d6i xding phdn cia (¥) ndm phia dudi truc hoanh qua truc hoanh, ta duge

d6 thi clia him s6 y = |—x4 +2x% + 2(.

§7. KHAO SAT SU BIEN THIEN VA VE DO THI
CUA MOT SO HAM PHAN THUC HOU Ti

1.54. b) V§&i moi gid tri clia m, dudng thing y = m(x + 1) — 4 luén di qua diém
(=1 ; —4) thuoc (H).

1.56. a) Gidi. Ta viét ham s6 da cho dudi dang

1

y=mx-1+

x+2'
Khi d6
, 1 mx? + dmx + 4m — 1
y =m-= 2: 3 .
(x+2) (x+2)

Véi m > 0, phuong trinh y' = 0 ¢é hai nghiém phan biét

1 2+1

—_ X, = — [
N7

x1=—2—
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X | —oo x| -2 Xy 400
y' + 0 - ﬂ - 0 +
Ham s6 dat cyc dai tai diém x, va dat cuc tiéu tai diém x,.

1.57.b) y = 1+—12— -2
xO XO

) Huéng ddn. Hoanh d6 ciia diém B 13 nghiém ctia phuong trinh

1 2

1+ — x——=ux soyra xz = 2x,.
xO x()

Vi x4 + x5 = 0+ 2x, = 2x,,, vd ba diém A, M, B thang hang nén M la

trung diém cla doan thing AB. D& thdy

2
Ya=—"".
X0

Dién tich tam gidc OAB la
2

-—.2x = 2. 1
g 2ol

N | —

1
S:5|YAHXB|=

1.58.a) m < i
2

Huéng ddn. Ta viét ham s6 da cho dudi dang

_ 1 -2m
y="2x+m+ :
x—1
Khid6 y' = -2 + 2’"‘12.
(x=1)

e Néu 2m—1<0 hay mS% thi y' < 0 v4i moi x # 1. Do d6 ham sd

nghich bién trén mdi khoang (—ee ; 1) va (1 ; 4o0).
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e Dé thdy néu 2m~1>0 hay m >% thi phuong trinh y'=0 cé hai

nghiém x|, x, trong d6 x; <1 < x,.

X | —oo Xy Xy +o0

1
Yy - 0 + ” + 0 -

Ham s6 dong bién trén médi khoang (x, ; 1) va (1 ; x,). Trong trudng hop
ndy, cc gid tri cha m khong thoa min diéu kién doi hoi.

§8. MOT SO BAI TOAN THUONG GAP VE PO THI

1.59. a) Giai

Hoanh d6 giao diém cta dé thi ham s§ di cho va truc hoanh 12 nghiém cia
phuong trinh

SH1-2mx+1)=0

<:>(x+l)(x2—x+l—2m)=0

x=-1
o .
f(x)=x>-x+1-2m=0. (M

D6 thi ctia ham s6 da cho cit truc hoanh tai ba diém phan biét khi va chi
khi phuong trinh (1) c6 hai nghiém phan biét khac -1, tic 1a

A>0 &8m~3>0 3 . 3
(=4 S m>—vam#*E —-
fH 20 3-2m =20 8 2
1.60. a) (1 ; —-1).
b) Trén khoang (—=< ; 1), (¥) nadm phia dudi parabol ; trén khodng (1 ; +<),
(€¢) ndm phia trén parabol.
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1.61. m < 1 hoac m > 2.
Hudng ddn. Phuong trinh di cho twong duong vdi phuong trinh
4x* -3x+3=2m.

Do d6 nghiém cba phuong trinh did cho 1a hoanh d6 giao dlem cua dé thi
(€) cia ham s6 y = 4x> — 3x + 3 va dudng thing y = 2m.

Lap bang bién thien clia ham s6 y = 4x — 3x + 3. Tir d6 dé dang tim duoc

céc gid tri cha m sao cho dudng thiang y = 2m cit (¥) tai ding mot diém.
1.62.b) y =X 41
2

c) Hudnmg ddn

NIR

Dt h(x)= >+ L. tacé
22

g(x) — h(x)—\/x —x+1 ~x;l-

e VGix+1<0hayx<-1,tacé g(x)~- h(x)>0.

eVéix+1>0hayx>-1,
g(x) = h(x) > 0
& g(x) > h(x)
& g2 x) > }P(x)
S A4 —x+ 1> (x+1)?
s 3x-12>0.
Vay g(x) — h(x) >0 véi moi x € R va chi cé ding thitc véi x = 1.

1.63. Huong ddn. Giao diém ciha cic d6 thi clia hai ham s6 f va g 1a A(1 ; 2).
Dé thay A thudc d4 thi cia ham s6 4 va cac ham s6 f, g, # ¢6 dao ham bing
nhau tai diém x = 1.
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1.64. Phuong trinh ti€p tuyén chung ctia (P) va () 1a y = x - 5.
Hubng ddn. Ta viét ham s6 thi hai dudi dang

2
x-1

y==-x+1-
Hoanh d6 ti€p diém cua () va (¥) 12 nghiém clia hé phuong trinh

-x+1- =x*—3x~-1

Phuong trinh thit hai cha hé tuong duong vdi phuong trinh
2
T =2 -1
(x-1
o x-V=1ex=2
x = 2 cling 12 nghiém cla phurong trinh d4u cta hé.
Hé c¢6 nghiém duy nhit x = 2,
Do d6 hai duong cong (P) va (€) ti€p xiic v6i nhau tai diém A(2 ; -3).
1.65. Gidi
Phuong trinh clia dudng thang di qua diém A vA c6 hé 56 géc k 12

y =k[x-%}~—%- (D)

Hoanh d6 giao diém cia parabol va dudng thing (9)) 12 nghiém cia
phuong trinh
3 5

2 -3x =k -Zk-2
2 2

&2 -2k +3)x+3k+5=0.

Dudng thing (9),) 1 ti€p tuyén cia parabol khi va chi khi phuong trinh
trén c¢é nghiém kép, tic l1a

A=k +3%-23k+5)=0

Sk -1=0 & k==,
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Nhu vay c6 hai ti€p tuyén cua parabol di qua diém A. Hé 56 g6c cua hai
tiép tuyén d6 14 k; =1 va k, = —-1. Vi kjk, = —1 nén hai ti€p tuyén dé
vuong géc véi nhau. '

1.66. Giai

a) D6 thi (#,,) cha ham s6 di cho di qua diém (x; ; y,) khi va chi khi

mxg — 1

Yo = .
Xg —m

Vé&i moi m # x1, dudng cong (H,,) ludn di qua diém {xg 5 yo) khi va chi

khi phuong trinh trén (véi 4n s6 m) nghiém ddng véi moi m # =l.
V& m # 1, phuong trinh trén tuwong duong véi phuong trinh

Yolxo —m) = mx, —1
Phuong trinh nghiém ding véi moi m # 1 khi va chi khi

X0+y0=0
x0y0+1=O

Yo = ~Xo
= 2
Hé phuong trinh c6 hai nghiém (-1 ; 1) va (1 ; —1).

Vay v6i moi m # *1, dudng cong (H,,) luon di qua hai diém c6 dinh A(-1 ; 1)
va B(1;-1).

b) Tap hop ciac diém M khi m 14y cdc gid tri trong tap hgp R\{-1 ; 1} 1a
dudng thang y = x bo di hai diém (-1 ; ~1) va (1; 1).

1.67. Giai
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b) Hoanh do giao diém ctia dudng thang y = m va dé thi (¥) ciia ham s6 da
cho 12 nghiém cua phuong trinh

x=3x+1 _
X
& XA -(m+3)x+1=0. (1)



D6 thi (¢) cat dudmg thang y = m tai hai diém phan biét A v B khi va chi
khi phuong trinh (1) ¢6 hai nghiém phén bigt, tic 1a

A=(m+37?-4>0

& m+6m+5>0
= m < =5 hoac m > —1. 2)
c) Khi dé, toa dé trung di€ém M cua doan thing AB 1a
Xy +txg m+3

Xay = = va =m. 3
M 2 5 Ym (3)

Tir d6 suy ra

+3
xM=yM

Vay diém M nam trén dudng théng y = 2x — 3.
T (3) suyra m = 2x,, — 3.
Tir (2), ta co

2xy, —3< -5 Xpy < —1

M o | ™

2xy —3> -1 x> 1.
Vay tap hop trung diém M cuta doan thing AB khi m lay cic gi4 tri trong
tap hop (0 ; —=5) U (=1 ; +o0) 12 phin cha dudng thing

y=2x-3 Ung véix € (—oo;.—1) U (1 ; +00).
D6 1a hai nita duomg thang.
1.68. b) Gilf nguyén phin cua d6 thi (¥) nam phia trén truc hoanh va lay déi
xitng phédn ctia d6 thi (¥) nam phia dudi truc hoanh qua truc hoanh, ta duge
2, .
dé thi cia ham s6 y = XAx+l
‘x + 1|

c)m>3.
Hudng dén. b) Vi x> + x+1> 0 vdi moi x € R nén

X +x+1 ’ +x+]‘_
+1 | x4l |

It

y= |7 (x).

¢) Sir dung d6 thi cia ham s¢ y = |f(x)‘
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ON TAP CHUONG |

1.69. (C); 1.70. (D) ; 1.71. (B) ; 1.72. (A).
1.73. (D) ; 1.74. (C) ; 1.75. (A) ; 1.76. (C).
1.78.b) x = 4a. |

Huong ddn. a) Tacé HN = xcota ; MN = 2xcota. Thé tich hinh chép 1a

V= %MN2.SH = §x3 cot” o

Ta tinh cot’c theo a vi x. Tir ding thic SH =0OH +0S ta c¢b

x=a+ ; dodd6 cosax = y
cosa XxX—a
.2 ) a’ x* = 2ax
sima=1-cos"a=1- > = >
(x —a) (x —a)
cosza_ a?

cot’ ¢ =

sinfor x(x - 2a)
Tir d6 suy ra cong thidc cdn chitng minh.

b) Chi ¥ ring V xdc dinh véi x > 2a.

1.79. Do dai canh hinh vuong la x = 80 (cm).
T+4.

Poan day dugc uén thanh hinh vuéng c6 d6 dai 12 % = 33,6 (cm).

Bén kinh duong tron la r =

{cm).

60n

Poan day dvoc u6n thanh vong tron cé do dai la 2
n+

=~ 26,4 (cm).
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Huodng ddn. Goi x 12 46 dai canh hinh vuéng va r 12 ban kinh hinh tron.
Ta cé
4x + 21 = 60.
Tu 86 x=l(30—1|:r), 0<r<£.
2 T

Téng dién tich hinh vuong va hinh tron 12

2

S =+ x% = +i(30—1cr)2.

Dé th4y S dat gi4 tri nhd nhdt tai diém r = 30 .
T m+4

1.80. 2250 000 d6ng/thdng ; 45 can ho.
1.8t.aym=21;bym=2.
Huong ddn.a)  y' = x2 +2(m—Dx +2m - 3.
y=0x=-1;x=3-2m.
Ham s6 d6ng bién trén khodng (1 ; +eo) khi va chi khi
3-2m <1.
b) Ham s& d6éng bién trén R khi va chi khi 3 — 2m = —1.

1.82.3) A(2;3);b)m<0hoacm> % vaim ¢%.
Huong ddn. a) Dudng thing y = 2m(x —2) + 3 luon di qua diém cé dinh
A2 ; 3).
Vi f(2) = 2> - 3m.2% + 32m — 1).2 + 1 = 3 véi moi m nén diém A thudc

(¥, v61 moi m.

b) Hoanh d6 giao diém chia dudng thing va dudng cong (€,,) 12 nghiém cla
phuong trinh

©=3m? +32m-Dx+1=2m(x -2)+3
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e 3 -3m? +32m-Dx-2-2m(x—2)=0

= (x—z)[x2 —(3m—2)x+l—2m]=0.
1.83.a) A(1;-4);b) y = —x — 3.

Hudng ddn.b) y' = 3x> + 2(m — Dx = 2(m + 1).

y'(1) = -1 véi moi m e R.
Do d6 cac dudng cong (€,,) ti€p xic voi nhau tai diém A(1 ; —4).
| ,
1.84.c) 0<m< 5

1.85.b) Gidi. Tacé y' = —4x> — 4x.

Hoanh d6 ti€p di€ém cha dudng thang va dudng cong (¥) 12 nghiém cua
phuong trinh

—4x> —4x =8
&S X +x+2=0
S ANt —x+2)=0 e x=—1.

M(-1 ; 0) 1 ti€p diém ctia dudng thang va (¥). Vi diém M nim trén dudng
thing nén

8(-)+m=0m=8.

1.86. Gidi. b) Vi |a +’b| < ‘a‘ + ‘b‘ véi moi a, b € R nén tir a) suy ra

Fla+Bl) < f(|a| +[81),
hay

el _ bl _ . . W ld B
L+|a+b] = 1+|a|+p| 1+|a+[p] 1+]a|+|p| = 1+]|q 1+]p
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1.87. b) Ti€p diém : A(—1 ; 3). Phuong trinh tiép tuyén chung : y = —2x + 1.

¢) Trén méi khoang (—so ; —2) va (0 ; +o0), (P) ndm phia trén (H) ; trén
khoang (-2 ; 0), () nim phia duéi (H).

1.88. Gidi. b) Hoanh d6 giao diém cta duéng thing va dudmg cong (#) la
nghiém cha phuong trinh ’

x-=2

x—1

mx —3m =

& (mx =3m)(x—1) =x-12
o fx)=mx? ~(@m+Dx +3m+2=0. (1)
Vi véi moi m #0,
A= (4m+1)? —4mBm+2)=4m> +1> 0

1 - vVam? +1 “

nén phuong trinh trén c6 hai nghiém phéan biét x;, = 2 + >
m

+1+«,/4m2+1

2m
cong (H) tai hai diém phan biét.

) 1 —Vam? +1

Xy =2 . Do 46, v6i moi m # 0, duong thang cat dudng

e Néum<Othi x, >2 vi ——— >0.
2m
(412

e Néu m > 0 thi x2->2vil+‘21—m+1>0.
m

1.89. b) V&i moi m € R, dudng thang da cho déu cat (¥) tai hai diém phan biét

A va B.

c) Tap hop trung diém M cua doan thang AB khi m thay déi 12 duong thang
y =3x -4
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1.91. b) Gidi. Dudong thing y =m(x+1)+3 c6 hé s8 géc m, di qua diém
I(-1; 3); I n3m trén tiém cin dimg x = ~1 clia (¥).

e V6i m < 0 dudng thing khéng cit dudng cong (€).
e VSi m = 0 duwrong thing ti€p xic véi (¥) tai diém (0 ; 3).

® V6i 0 < m < 2 dudng thing cit (%) tai hai diém (ci hai giao diém déu

thuoc nhinh phai cua (€)).

e V6i m = 2, dudng thing song song v6i tiém can xién cla (¥) ; dudng

thing cit (%) tai mot diém.

¢ V6i m > 2, dudng thing cit (€) tai hai diém thuoc hai nhénh cia (%).



l.

DINH NGHIA LUY THUA VA CAN

e V&i # nguyén duong, cin bic n cua sO thuc a 1a sd thuc b sao cho
b =a.

e Vdi n nguyén duong lé va a 12 s6 thuc b4t ki, chi ¢c6 mot cin bac n cua q,
ki hieu la Ya.

e V6i n nguyén duong chan va ¢ la s6 thue duong, ¢é ding hai can bac n cua
a 12 hai s6 d61 nhau ; can cé gia tri duong ki hiéu 1a a, can cé gia tri am ki
hieu 1a ~/a .

¢ S8 am khong c6 can béac chin.

S6 mi & Cos6 a Luy thira a*
* o _ N _
o=ne N . ue R a” =d" = aa.a
) n thira s§
a=0 a#0 aa=a0=]
* o _ —n __ 1
a=-n(ne N) a#0 a“=a" =~
a
m * m
a=— (me Z,ne N) a>0 -
n a®* =ar =Vad"
. *
a=limr, (r,e Q,ne N) a>0 a? = limad™
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TiNH CHAT CUA LUY THUA

e Gia thiét ring méi biéu thitc duoc xét déu c6 nghia.

a
aa.aﬂ :aa+,B : aﬂ =aa—ﬂ : (aa')ﬁ =aaﬂ )
a
a o
o _ a,x . ay _da
(a.b)” =a”.b" ; (3) __[;E.

3

Véia>1, a®>af o a> B

Véi 0<a<l, a®>af s a<p.

DINH NGHIA LOGARIT
Véia>0,a%1,b>0,
log,b = a& a®=b.
Dic biet
logh=a < 10%=b;
nb=a ee“=bh
TINH CHAT CUA LOGARIT
Gia thiét ring méi biéu thitc duge xét déu cé nghia.
e log,1=0; loga=1; a8’ = p: log, a* =b.
e log,(hc) = log,b +log,c ;

log, [2] =log,b ~log,c ;
¢

log,b% = alog,b.
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Pac biét : loga% =~log,b ; loga% = llogab.
n

0g,¢

e log,c =

(7]

bac biét : log, b =
log,a

; logaa b

5 hay log,b.log,c = log,c.

[

=—log,b.

a

¢ Khi g > 1 thi log,b > log,c & b>c¢>0.

eKhiO<a<1thilog,b>log,c ®0<b<c.

HAM86M6y=aX(a>O,a¢l)

a>|1

O<axl

¢y >0v6imoixe R
e Ham sd dong bi&n trén R

e lim a* = 4o ;
X =+t

lim ¢ =0
X—>—oo

* Bing bién thién

=
;
+
8

+o0
X /
0

ey <0vdimoixe R
o Ham s6 nghich bién trén R
o lima" =0;
X—>+0o
lim a* =+

x—3—o0

e Bang bién thién
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| e D3 thi
YA

1

7

* D4 thi
YA

1\'

S
¥

0O X
6. HAM SO LOGARIT y = log, x (a>0vaa= 1)
a>1 O<axl

®y' >0 vdi moixe (0; +oo)
e Ham s6 dong bién trén (0 ; + )

e lim log, x = +oo
X ==>Foa

lim log, x = —eo
=

e Bing bién thién

X \O ~+00

y=log, x

—oo/

e Do thi

)‘ﬁ‘

.

® ' <0 v3i motx e (0; +oo)
e Ham s6 nghich bién trén (0 ; +0)

e lim log,x =—oo
X —+oo

lim log, x = +eo
x—0

e Bang bién thién

X \ 0 +o0
+o0

\—oo

y=log, x

« D6 thi
y 4\

1 R
o V
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7. HAM SO LUY THUA y = °

e Him s8 y = x%cé tap x4c dinh la (0 ; 4+00), trir cac trudng hop sau :

Néu a nguyén duong thi ham s6 ¢6 tap xac dinh 1a R.
Néu a nguyén am hoiac « = 0 thi ham s6 ¢é t4p xdc dinh 1a R

e Him s6 y = x% (a # 0) déng bién trén khoang (0 ; +w0) khi @ > 0 va nghich
bién trén khoang (0 ; + oc) khi a < 0.
e C6 do thi luon di qua diém (1 ; 1).

8. GIOI HAN

. * .
Vx, € R, lim a* = a™; Vx, € R, lim log, x = log, x;.
XX, X=Xy

imE =Ly, lim 24+ 0
x—0 X x—0 X

1.

9. BANG PAO HAM CAN NHO

e*) =e" _ 4y = ™) (x)
(a*) = a"Ina (a“("))' = a“(x).u'(x)lna
1 u'(x)
Inlx) = — 1 "=
(In|)) . (Infu(x)) )
1 p_ W(x)
| = “(1 =7
(log, ) xlna _ (log, (0} u(x)Ina
(x?) = ax®! [(u(,\c))a]I = a(u(x))a—l.u'(x)
n ' 1 ;
A (dh) =D
nl (u(x))
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10. PHUONG TRINH, BAT PHUONG TRINH MU VA LOGARIT

B. DE BA| s ——

2.1.

2.2.

2.3.

2.4,

70

a)0<a#l =P o f(x) =g();

fx)>0
f(x) = g(x).

b)a>1 a® > at® o f(x) >g(x);

log, f(x) = log,&g(x) & {

log, f(x) > log,g(x) & f(x) >g(x)>0;
©0<axi ™ > a8 o f(x) <gx);

log, f(x) > log, g(x) < 0 < f(x) < gx).

§1. LUY THUA v6i s6 M0 HOU Ti

Viét dudi dang s6 nguyén hodc phan s6 t6i gian
| -1 6
- 4 3 23.3(9 2°9
I | A 8 S X ==l —
672 (7] R (4) 3.2°
Viét du6i dang luy thira nguyén ctia 10

5
1072.10%: iio"— L (10775,

Vi gid tri ndo cha x thi ding thic ding ?
a)@z—x; b)s'.[x—6=—x;
C)W=|x; d)@zx.

Hay chitng minh céc tinh chat sau ddy cta can bac n dua vao tinh chét cua

luy thira vGi s6 mii nguyén duong :

a) Cho n 1a mot s6 nguyén duong, k 12 mot s6 nguyén. Khi d6, v6i hai s6

khong &m a va b, ta cé



2.5.

2.6.

2.7‘

2.8.

1){’/@=§’/;.(‘/5;
@ _Ya

2) f— = (b=0);

b b
W¥a="a k>0
nYa=Yt >0
5) @:(Q/Z)k (a # 0 néu k < 0).

b) D4i vdi hai s6 a, b tuy ¥y ma 0 < a < b va n nguyén duong, ta cé

Dung cic khing dinh trong bai 2.4 d€ don gian cic biéu thiic sau :

a) ¥8.34 ; b) 4,/5% . ¢y ¥327 . d) Y64 .

So sdnh

a) 3-04 va 3-073 ; b) Y5 va Y3 ;
c)ﬂv‘aﬂ; d)%[——Svéé/:g.
Don gian biéu thifc

a)%/a?—\/a—z,véia<0; b)i‘/;‘?+2</c7,véi020;
C)%/_G?—Qfa—'s,vc')’iazo; d)\z/a-3+3§/a_8,v6ia<0.

Don gian biéu thitc
4 4

5 3b+ ab3
AT o
a-—1 Ja+¥a %
¢) — l>-< N X a

at +a?

" 1 m+4 X[ﬁ__1_+lj
m+\/5‘m3+2\/§ 2 \/5 m)

+1;
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2.9. Tinh gi4 tri cta biéu thitc
_ 3
a)8]—0,75+[__1_J3_[_1_ 5.
125 32
1 ’ 2 1
1 L2 g .
b) 0,001 3 —(-2)2.643 —§ 3 +(9)

2 1 )07
c) 273 + —] — 2599 .
16

L

d) (-=0,5)7% — 625%% — (2%] 2 £19.(-3)73.

2.10. Trong céc biéu thic sau, biéu thitc ndo ¢6 nghia, biéu thitc nao khong
c6 nghia ?

l 3
a) (-2) 73 b) (-3)"°; 0) 5% ; 4o,
2.11. Tim diéu kién x4c dinh ciia méi biéu thic sau :
el ! 1 2
a) (x+2)7 b) x3 ; <) x 4 d) (x=13)3.
2.12. V&i gi4 tri ndo cia x thi méi ding thitc sau ding ?

1 6 1

a) X6 =x; b) (x4 = —x ;

3

1-
=L d) ()7 = -x,

2.13. Bién déi thanh dang lu§ thira v6i s6 mi hitu ti (véia >0, b > 0. x > 0)

a) %\/7 2 ax’ ; b) \3}a5.% ; c) %/E .% ; d) %\4/27% .

1
c) (x%)8
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2.14. Ching minh rang

y53?4$_%y%+ﬁyﬁ+ﬁ}

2.15. Khir cin thic 0 miu

1 1
—_ b ,
AN ) i Bie s

2.16. Khong ding mdy tinh va bang s6, hay tinh

§/6+ a7 J6 a1
27 27

2.17. Tinh gid tri ctia biéu thic

7
\/53/5 0 . b ;‘/5 96
a) 5 'n b ) eo \/5- «

412

§2. LUY THUA VOI SO MU THUC

2.18. Hay so sdnh

5 ' 25
a) [2] 2 val; b) 2_"[1_2 va [l] ;
7 2
- 5 1
&) 32 vat; d) 0,76 va 0.73.
2.19. Hay tinh
B3
5
_ Ja
c) 27‘/E :33‘/5 ; d) (2%) .
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2.20. Tim gia tri 16n nhat cha biéu thitc

-2
ayy=3" by y = (0,5 *.
2.21. Tim gi4 tri nho nhat cha biéu thic
a) y=2"+27", b) y=2"14+2",
c) y= el+,\c2 : d) y= Ssinzx T 5c052x )

2.22. Vi gid tri nao cua a thi phuong trinh

por-ax-2a _ 1
~2)™
c6 nghiém duy nhit ?
2.23. a) Hay tim a dé c6 ding thic
2
4.2% = 0252,
b) Hay tim b dé€ c6 dang thiic
0,235 = 25"
2.24. a) Goi m 12 gi4 tri gdn diing ctia 10", chinh x4c dén hang phan van. Ding
may tinh bo tii dé tinh m.
b) Goi (&) 12 day céc gid tri gdn ding hoi thiéu cha T, tic 1a
@ =3;=3.1;0=314; a =3141; a5 =3,1415; ag=3,14159 : ..
Dung mdy tinh b6 tii dé xdc dinh s6 tr nhién # nhd nhit, sao cho gia tri

gan ding cta 10%_(tinh chinh xdc dén hang phén van) ciing bang m.

2.25. a) Goi M la gid tri gdn diing cua 23 (chinh xdc dén hang phin nghin).
Dung may tinh bé tii dé tinh M.

b) Goi (8,) 12 day cac gid tri gdn diing hoi thiza chia /3 | tic 1 ;
Bi=2:B=18; =174 8, =1733; f5=17321;..

Ding mdy tinh bé tii d€ xic dinh s6 tu nhién n nhd nhét sao cho gi4 tri

gin ding cua 2P (tinh chinh xdc dén hang phdn nghin) ciing bang M.
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Don gidn cdc biéu thitc (bai 2.26 va 2.27)

V2 -1
2.26. a) aﬁ.[l] : b) a*¥a* : &
a

c) (a"/i)‘/g ; d) a"/i.a13 :\13 a3‘/§.
227w 22 bzf b) 2f ~ a 23, B 3V3) '
o (a NG b‘/— 04\/.- —a‘/— ’
aJE - bﬁ | n T2 - i
c) Wi BB ; d) \J(a + b)Y —|4%ab

a3 +a’h3 +p3

Sir dung mdy tinh bo tii dé gidi cdc bai tir 2.28 dén 2.32.

2.28. Biét riang ti I&¢ lam phédt hang nam cia mo6t quéc gia trong 10 nam qua
12 5%. Hoi néu nam 1994, gid cta mot loai bang hoa cua quéc gia dé 1a
A (USD) thi sau n nam (0 < n < 10) gia cta loai hang hoa dé 14 bao nhiéu ?
Ap dung. Nam 1994, tién nap xang cho mot 6t [a 24,95 USD. Hoi nam
2000, tién nap xang cho xe 6t6 d6 phai 1a bao nhiéu ?

Cdc bai todn tit 2.29 dén 2.32 sw dung cong thicc tdng trudng mi.
2.29. Ti l& tang dan s6 hang nam cia In-do-né-xi-a 1a 1,5%. Nam 1998, dan s6 cua
nude nay 1a 212 942 000 ngudi. Hoi dan sé cua In-do-né-xi-a vao nam 2006 ?

2.30. Nam 1994, ti 1& thé tich khi CO, trong khong khi 1a —3368-. Biét rang ti J¢
i 10

thé tich khi CO, trong khong khi tang 0,4% hang nam. Hoi nam 2004, ti 1¢

thé tich khi CO, trong khong khi 12 bao nhiéu ? .
2.31. Biét ring ti 1é giam dan s6 hang nam cta Nga la 0,5%. Nam 1998, déan s&

cua Nga la 146 861 000 ngudi. Hoi nam 2008 dan s6 cua Nga sé€ 1a bao nhiéu ?

2.32. Ti 1é giam dan s8 hang nam cia [-ta-li-a 12 0,1%. Nam 1998, dan s6 cua
I-ta-li-a 12 56 783 000 ngudi. Hoi dan s6 nudc nay vao nam 2020 (22 nam
sau dog) ?
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§3, §4. LOGARIT, LOGARIT THAP PHAN VA
LOGARIT TU NHIEN

2.33. Trong céc dang thic sau day, déng thifc n2o ding, dang thic nio sai ?
a) log, 1 =0, b) log3§% =4

c) logy16 =2 d) logs

=-3,;
1257
e) log,9 =2; g) loggs4 =-2.
3 _
2.34. Hay tinh
a) logﬁS " b) log 0 27 ;
i
c) log2\5128 ; d) log\EO,2.
2.35. Hiy tim logarit clia cic s sau theo co s6 a :
a)25;%;\/§véia=5; b)64;%;2v6ia=8,
1 . 1 .
c)]6;4;~/§vc’na=2; d)27;§;\/§V610=3.

2.36. Vi gid tri nao cha x thi mbi biéu thitc sau day xdc dinh ?
a) logg,(7—x) ; ;

1-2x
d) logg,(-22°).

b) log,

c) log, (—xz) 5
4

2.37. Tim x, biét :

a) logsx =-1; b) log,; x =-3;

6
c) loggx =2 ; d) log,x=1;

X [}
e) log\‘/gx =0; g) log, x =-2.
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2.38. Viét méi s6 sau dudi dang logarit co s6 a

a)2; —31;0via=4;  b)3;-1;-3;1via=3;

N | —

c)3; ;0 -1 vra=2; dH1;-2:;0;3va=5.

N | —

2.39. Hay su dung tinh ch4t cla logarit dé don gian biéu thitc

a) 23027 b) %85 ; c) 2'°8 d) 388!t
1 I+log, 2
e) 5[+Iog53 : g) 101—1g2 ; h) [7] 3 : i) 32—l()g3|8 :
l 4log,3
; 3logs— 1y5L ;
k) 47 DR m) (5] I

2.40. Biét ring logs2 = a va logs3 = b. Hay tinh céc logarit sau theoa va b :

a) logs72 ; b) logs15 ;

c) logs12 d) logs30.

2.41. L4y logarit theo co s6 3 clia médi biéu thitc sau day (a > 0, b > 0), rdi viét
dudi dang 16ng hoic hiéu cic logarit :

2 10 \ 02
a)(5a3b3; b)[a ] ;
45 : b’
¢) 9a*Yb ; d) =
27a

Tinh gid tri cdc biéu thire (bai 2.42 va 2.43).
1 3
2.42. a) logy15 + logy 18 — logy 10 ; b) 2log, 6 - ~log, 400 + 3log, Yas .
3 3 3
c) logys2 - %10gl 3 d) log, (log;4.10g,3).
6 4
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bt
2.43. 2) [814510894 + 2Slog|258}49log72 ;
logs 3+3logs5
b) 16/108s5 4 43 78T

{
o) 72| 492 F 0 | glomg4 |

Tim x tix ddng thitc (bai 2.44 va 2.45).

2.44. a) loggx = 3logg2 + 0,5logs 25 — 2logg3 ;

b) log,x = -;Ilog4216 - 2log,10 + 4log, 3.

2 | 4
2.45.2) log, x = ~3—logl a- %logl b b) log, x = Zlogza + 7Iog2 b.
2 2 2 3 3 3
2.46. Hay so sanh

a) log,10 va logs30 ; b) logg 32 va logs3 ;
¢) log;5 va logy4 ; d) log;10 va logg57.

2.47. Tim gid tri cha biéu thifc
T T
a) log,| 2sin— | + log,cos— ;
) gz( ]2] 2 12

b) logy (Y7 — 33) + log, (Y49 + ¥21 + ¥9) ;

c) loggtand + 1og10bot4 ;

d) log, (5 + 2v6) + log, (5 — 26).
2.48. Hay ching minh

a) log, 3+ log3% <-2, b) 410857 = 7logs4
2

c) logy7 +logy3 > 2 d) 30825 = 5log.3,
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2.49. Biét log,x =, logyx = B, log,x =y 'va abc # 1. Tinh log, x theo
a f oy

2.50. a) Biét log,12 = a, log;,24 = b. Tinh logs,168 theo a va b.
b) Biét logg1S = a, log,,18 = b. Tinh log,524 theo a va b.

2.51. Pon gian biéu thic sau roi tinh gid trt khi x = -2.
x? 4
log4—4— —2log,(4x7).

2.52. Cho a, b 1a d6 dai hai canh géc vuong, ¢ 1a d¢ dai canh huyén coa mot
tam gidc vuéng, trongd6c —b#1vac+b#1.

Chitng minh ring
log,,,a +log._pa = 2log.,  alog._,a.
2.53. Cho hai s6 duong a va b. Chitng minh ring
a) g'°%b = ploga . b) g = pina,

2.54, Hay tinh

a) log2 +3)° +10g2 =v3)® ;  b)3log(V2 + 1)+ log(5v2 = 7) ;

c) inve + lnl ; d) 5lne”! + 41n(ezx/;).
e

-

2.55. Pon gian biéu thic

’

a)A = (Ina+ logae)2 +1In%a- logie ;

o 2
b) B = 2lna + 3Iogae——3—— .
) Ina - log,e

2.56. Hay tinh

|
log7 ; c) M .
7 log,9

logs2 + log,3

2 logs6 log,6

1
; b) [log72 +
logs

2.57. Hay so sanh 21ne’ véi 8 — In l
e
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2.58. a) Biét log3 = 0,4771, tinh logg, 90 (1am tron két qua dén hang phén nghin).

b) Biét log2 = 0,3010 ; In10 = 2,3026. Tinh In2 (1am tron két qua dén hang
phan nghin).

2.59. Tim x, biét

-

2 1
a) logx = %logSa —3logh + 4logc ;  b) logx = 5logm + Elogn - Zlog p.

2.60. Nam 1992, ngudi ta da biét s6 p = 27°08%

nguyén t6 16n nhat dugc biét cho dén hic dé). Hoi ring, viét trong hé thap
phén, s6 nguyén t6 dé c6 bao nhiéu chit s& ? (Biét rang log2 = 0,30102),

— 1 12 mot s6 nguyén t8 (s0

2.61. Biéu dién cdc 6 sau theo In?2 -

1.1 1 1

Inl6; In512; In(0,125); —=In—-=—In—; In72—2In3.
8 4 4 8
2.62. Biéu dién cdc s6 sau theo a =In2, b =1In3 :
In36 ; lnl]—2 ;o In(2,25); In21 + 2In14 — 3In(0,875).

2.63. Biét log3 = p, log5 = ¢. Hay ching minh

I+p

Ptq

Stt dung mdy tinh bo tii dé gidi cde bai tdp 2.64 va 2.65.

logls 30 =

2.64. Ap sudt khong khi P (do bang milimet thuy ngan, ki hi¢u 12 mmHg) suy
giam mil so véi do cao x (do bing mét), titc 1a P giam theo cong thic

P = R).c“‘i,
trong d6 Py = 760mmHg 1a 4p sudt & mic nuéc bién (x = 0), i 1a hé s6 suy

giam. Biét rang & do cao 1000m thi dp suat cta khong khi 1a 672,71mmHg.
Hoi ap suat khong khi & do cao 3000m 1a bao nhiéu ?

2.65. a) Ti lé tang dan s6 hang nam cia Nhat 12 0,2%. Nam 1998, d4n s6 cua
Nhat ta 125932 000. Vao nam nao dan s cua Nhat sé 12 140000 000 ?

b) Ti lé tang dan s6 hang nim cia An Do 13 1,7%. Nam 1998, dan s6 cla
An Do 12 984 trieu. Hoi sau bao nhiéu nam dan s6 ctia An Do s& dat 1,5 ti ?
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§5, §6. HAM SO MU, HAM SO LOGARIT VA
HAM SO LUY THUA

2.66. Trong cédc ham s6 sau day, hay chi ra hAm s6 nao d6ng bi€n, ham s6 nao
nghich bién trén tap xac dinh cha né ?

eX 4 X
2y [2] ) (JENZ]
_ 1 X
x| d) y = (V11 = V10 (W11 + V10",
o)y [\/g_\/g} D y=( Y.(11 ++/10)

2.67. Tim céac giéi han sau :

c3x 1 2x _ 3x
a) lim ; b) lm—;
x—0 X x—0 5x
1
c) lim(2* -3%) ; d) lim [ xe* — x|.
x5 X—>+00
2.68. Tim dao ham ciia m&i ham s6 sau :
a) y=(x* —2x+2)"; b) y = (sinx — cosx)e>* ;
c)y:e—e' ; d)y=2x—\/;;.
e' +e ¥

2.69. Cho s6 n nguyén duong.
a) Tinh f"(x), bi€tring f(x) = &* (@>0vaa=1);
b) Tinh f™(x), bistring f(x) = e** ; f(x) = & (k12 hiing s6) ;

¢) Tinh %) (x), bigtring f(x) = e* +e7*.
2.70. V& d6 thi cdc ham s§ sau :

1,\'
a)yy=3"; by y=|~| ;
)y >y [3)
0)y=-3"; d) y =3~
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2.71. Cho 0 < a < 1. Vi gia tri ndo cla x thi d6 thi clahaim s6 y = a”
a) Nam & phia trén duong thing y = a ?
b) Nim & phia dué6i dudmg thang y = a ?
2.72. Ciang céu hoi tuong tir nhar bai tap 2.71 véi diéu kién a > L
2.73. C6 thé néi gi vé co s8 a, biét ring :
2 s 7
a) a’ >ad ; b) a* > ab.

2.74. Tinh cac giéi han sau :

a) limlog,x ; ' b) limM :

x—>9 x>0 X
¢) lim InB3x+1)-In(2x + 1) ; d) lim ln(l. + 3x)'

x—0 X r—0 sIn2x

) : , .. sinx
Huong dan d). Van dung cong thic lim—— = 1.

x—0 Xx
2.75. Tim dao ham cla mdi ham s6 sau : .
|
a)y=ln(x2+1); b)y=£;
X

¢) y =(1+ Inx)lnx ; d) y = X Invx? + 1.

2.76. Cho s6 n nguyén duong.
a) Tim f"(x), biét ring f(x) = Inx;
b) Tim £ (x), biét ring f(x) = xlnx,

2.77. Trong céc ham s& sau day, hiy chi ra ham s6 nao déng bién, ham 6 nao
nghich bién trén t4p xac dinh cua né.

a)y=1og\/§x; b)y=10glx;
’ 3

c) y=log.x ; d) y=1log,x véi a =

1
y 5(J6 - /5)
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2.78. V& d6 thi cua cdc ham s6 sau :

a)y= logyx ; b) y =log; x ;
2
c) y =|logy | ; © o d) y =logy(x +1).

2.79. Tinh gi4 tri gin ding cha dao ham cta méi ham s sau tai diém da chi ra
(chinh xdc¢ dén hang phan nghin) :

) T
a) y = logycosx tai x = g ;

3>
b)y= — falx= l;
X
c)y = log,2 taix=35.
2.80. Chuing minh rang d6 thi ciia hai ham s6 y = @ va y = —log,(—x) d&i xing
vdi nhau qua dudng thing y = —x.
2.81. Vi gia tri ndo cta x thi d6 thi cua ham s6 y = log,x
a) Nam & phia trén duong thing y =2 ?
b) Nim & phia duéi duomg thang y = 1 ?
2.82. Véi gia tri ndo cua x thi 46 thi cia ham sd y = (0,5)"

a) Nam & phia trén dudng thang y = 4 ?

. . . 1
b) Nam & phia dudi duong thang y = 7 ?
2.83. Tim dao ham cta cic ham sé sau :
a)y=Cx+ 1) byy=Ux ;

c)y= Jn?2x ; dyy= Yeosx .

2.84. Vé d6 thi cua cidc ham s6 sau :

a)y=x3; b)y=x4; c)y=\/J_c.
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X -X

2.85. a) Chung minh ring ham s§ y = 2—3— d6ng bién trén R.

b) Chimg minh ring ham s6 y = log; x — log, (x + 1) nghich bién trén tap

2 2
céc s6 thuc duong.
2.86. Tim cac gidi han sau :
Sx+3 _ 3 x _

a) lim! ; b) lim ¢ —1 ;

x-0 2x x>0Jx+1-1

3

c) limM : d) lim M

x—0 2x x—0 tanx

§7. PHUONG TRINH MU VA LOGARIT

2.87. Giai cac phuong trinh sau :
a) (3-2v2) " =3+242 ;
b) 5% + 6.5 -357" =52;
) 3 4 37¥2 L 333 —g 5% 4 5 4 52,
d) 327! =72
2.88. Giai cac phuong trinh sau :
a) loggx(x+2)=1;
b) logzx +logz(x +2) =1
c) logz(x2 -3)—log,(6x—-10)+1 =0;
d) log,(2**' - 5) = x.
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2.89. Giai cac phuong trinh sau :

x+1
a) 2log2x = log()c2 +75); b) [—;g] = 1252";

c) log(x + 10) + %logxz =2-logd; d) (0,57 =2)™*.

2.90. Giai cdc phuong trinh sau :
a) 41 62" +8=0; b) 3 437 =10
c) 348 _ 432 4 27=0; d) 3.25% + 2.49" = 5.35%,
2.91. Gidi cdc phuong trinh sau :
a) 3%t 4+ 45.6° —9.22%2 =0,
b) 8*! +8.(0,5)%* +3.2%*3 = 125 — 24.(0,5)".
2.92. Dung phuong phdp dit 4n phu dé gidi cic phuong trinh sau :
a) logy(x — 1)* + logy(x —1)* =7

b) log,, 8 —log,,2 +logy243 =0 ;

¢) 3Jlogzx —logz3x — 1 =0.

2.93. Ding phuong phép dit 4n phu d€ gidi cdc phuong trinh sau :
a) 4loggx + log 3=3; b) logx2~log4x+% =0;

l+logyx 1+logy;x

l+loggx 1+loggx

2.94. Dung phuong phap dat 4n phu dé giai cic phuong trinh sau :

X

a)( 6+\/§§)x+( 6—\/_%) =12;

2 —
b) log,(2x" - 5) + 1og2x2_54 =3.
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2.95. Giai cdc phuong trinh sau :

a) logg(logy x) + logz(loggx) =3 + log;4 ;

b) log, xlog, xlogg xlog,c x = % ;

c) logsx* —log, x* — 2 = —6log, xlog, x.

2.96. Tim m dé mbi phuong trinh sau ¢6 nghiém :

1Y 1Y
a) 25 - 52 ym =0 b) [5] —m.&] +2m+1=0.

2.97. Tim m dé méi phuong trinh sau ¢6 nghiém duy nhat :
a) 16" + 47" —5m =0 b) 2log,(x + 4) = log, (mx).

2.98. Giai cic phuong trinh sau :

‘ x—1
a) s =7 ; b) 558 * =500
o) g3-togsx _ o5y dy x8.3718:3 = 35,
2.99. Giai cic phuong trinh sau :
a) 9x10B% = 2 . b) x*.5° = 5'08:3,

2.100. Giai cic phuong trinh sau :

2,\’2—4 = 31—2 .

>

b) 4Iog0_5(sin2x+5sinxcosx+2) - 1

9

a)

2.101. Giai céc phuong trinh sau :

a)3* =5-2x; b)(%] =#2x2+4x—9;

c) log, x = Sx—g.
2
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2.102. Giai cdc phuong trinh sau :

a) 6" +8' =10" ;

o (TR 2] i
c)( 2~\/§)1+(m)x=2x;

X X X
d) 3"—[l +2"—(i —[l] =-2x+6.
3 2 6
2.103. Giai cac phuong trinh sau :
2) 3+ 3 Bx -7 -x+2=0;

b) 257 2.5 X(x-2)+3-2x=0.

2.104. Giai céc phuong trinh sau :

X

a) xlog29 — x2 l3log2x _ xlog23 : b) 3 4 = 55

2.105. a) Cho a > 1, b > 1. Chiing minh ring, n€u phuong trinh @* + b* = ¢ ¢6
nghiém x; thi nghiém 46 1a duy nhit.
b) Chiéng minh két qua tuong tu véi truong hgpO<a<1lvalO<b< 1.

2.106. Giai cic phuong trinh sau :
2) 2coszx + 4‘25in2x =6

+ 52smx+2cosx+l =0

b) 32sinx+2cosx+1 _ [L —cosx—sinx—log;s8
15

2.107. Giai céc phuong trinh sau :
3 1 2 _ :
a) log(x” +1) - Elog(x +2x+1)=logx ;
b) log,(3x%).log23 = 1.
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2.108. Giai cac phuong trinh sau :

a) x+log(3" 1) = xlogl?’(2 + log6 ;

b) x + logg(125 —5%) = 25.
2.109. Tuy theo m, hiy bién luan s6 nghiém ciia phuong trinh :
(m-3).9"+2m+1).3" -m-1=0.
2.110. Giai phuong trinh
2logzcotx = log, cosx.
2.111. Giai va bién lu4n cdc phuong trinh sau :

a) logyx —logy(x —2) = log\/gm ;

b) 4s1nx + 21+smx =m

§8. HE PHUONG TRINH MU VA LOGARIT

Gidi cdc hé phuong trinh sau (tir bai 2.112 dén 2.118).

+y =11 2 2y -
2.112. a) {x Y oy Jlog(e® +y%) = 1 + log8
log, x +log,y =1+ log,15; log(x + y) — log(x — y) = log3.

3*2Y =972 xX+y=25
2.113. a) b

log z(x—y) = log2 x—logyy =2.

X = 37F 437 =—

2.114. 2) {3 +3 b)

x+y= x+y=3.

5X,+y = _

2.115. a) - b) x y

px—l gat+y _ Iog3(x + y) logs(x — y) = 1.
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1 2 — l 2 +l 2 3|0gx — 4log_y
2.116.2) | B X ToB yToE W b

10g2(x —y)+logxlogy =0; (4x)log4 — (3y)10g3.

41083X.V =24 log; 2 — 14 Jogs x
2.117. a) () 0 1 g

x4yt -3x -3y =12; ¥ =64,

2 _4y? = Slnx — 6ln,v

2118, 2) £0F =3 "

logs(3x + 2y) — logy;(3x —2y) =1 ; 6x)"6 = (5y)S.

§9. BAT PHUONG TRiINH MU VA LOGARIT

2.119. Tim tap x4c dinh cha mdi ham sd sau :

a) y = log(x* —=3x+2) ; b)y=\/logoszx+l—2 ;
T x+5
x—1
c) y = log, ; d) y= flog{(x—-2)+1.
;x+l 3

2.120. Tim diéu kién ctia m d€ mdi ham s6 sau xdc dinh véi moi x :
a) y:logj(x2 -mx+m+2);
1

b)y= ;
\/10g3(12 —2x+3m)

c) y = log,logs{(m — 2)):2 +2(m—-3)x +m].
Gidi cdc bat phuong trinh (tic bai 2.121 dén 2.125)

2.121.2) 33 > 1 ¢ b) 27° <§ ;
1 2 -5x+4
C) [5] > 4 : d) 62X+3 < 2X+7'33I—1.
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1
2.122.a) log, 5x +H < -5 b) log, + 3: >20;
— x —
2

1+2
¢) logoa(x? + x+ 1) < loggy2x +5) ;  d) log{logz + x} o
, ‘ , -
3

2.123.2) 9 <31 14 ; b) 3* —3*2 48>0 ;

c) x'B*+ <243 @) log3 x + log, 4x —4 2 0.

2.124.2) log, 3 - log,3<0;
3

b) log,(x + 4)x +2) <6;

3x -1

x2+l

ol el

3

c) log, x + log,

>0;

2.125. a) 3log, 4 +2log,, 4 +3logs, 4 <0;

x—1 x+1
" < log; log,

4 3

b) log, log;

X+
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ON TAP CHUONG i

A. BAI TAP TRAC NGHIEM KHACH QUAN

Trong mébi bai tap duéi day, hdy chon moét phuong dn trong cic phuong in
da cho dé€ dugc khing dinh ding.
3 4
2.126. a) Néu a* > a3 va logb% < logb% thi

Aa>1,b>1; B)O<a<l,b>1;
(Ca>1,0<b< 1; D)0<a<l,0<b<.
B 15
b) Néu a7 <ald va logb(\/i+x/§) > logb(2+\/§) thi
(Aya>1,b>1; B)0<a<l,b>1;
Ca>1,0<b<1; (D)0<a<1,0<b< 1.
c) Néu (6 —5)" > V6 ++/5 thi
(Ayx>1; Bx<l; Cx>-1; (D) x< -1.
2.127. a) Gi4 tri cha log sa(a>0vaaz1) bing
1 1
(A)3; (B) —; (C)-3; (D) ——.
3 3
b) Gi4 tri ctha P (@a>0vaa=#1)bing
(A)4; B2 ©16; ® 3.
.. 4log,5 . .
¢)Gidtrichaa * (a>0vaa=#1)bang
(A)5*; (B)5°; © 5" (D) 5.
2.128. Néu log;, 6 = a va log;, 7 = b thi
(A) log, 7= —2— ; (B) log,7 = —— ;
a-1 1-5
(©) log,7 = —2— (D) log, 7 = —2>—
B2 T T R
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2.129. a) Néu log3 = a thi log9000 bang

(A) @* +3 ; (B) 3+2a;
(©) 3a* ; (D) 2.
b) Néu log3 = a thi o bang
logg, 100
4 a
(A)a; (B) i (C) 2a; (D) 16a.

B. BAI TAP TU LUAN
2.130. Trong cic khang dinh sau, khing dinh nao diing, khing dinh nio sai ?
Giai thich vi sao.
a) log,5>0 ; b) logy, 0,8 <0 ;

c) log,ﬁ >0 d) log; 4 > |og4%.
' 5

2.131. Don gian cdc biéu thic sau :
2) A = 25'9856 4 101082 _ 8% . by B Jog, logs VY5 .
2.132. Cho a > 3b > 0 va a* + 9b% = 10ab. Chimg minh ring
log(a —3b) — log?2 = %(]oga + log b).

2.133. Tinh dao ham ciia cadc ham s6 sau trén tap xdc dinh cia né :

a) y=e*cos2x ; b) y=Invx*-1;

c) y = logz(XZ + cx) . d) yl — 5cosx+sin1‘
2.134. Cho ba sd duong a, b, ¢ d6i mot khdc nhau va khic 1. Ching minh ring
2 b 2 ¢
a) loga—=loga; ; : b) log, blog, clog.a =1 ;
-
¢) Trong ba s6 Iogf, % logfJ ﬁ, 1ogf b ludn cd it nh4t moét s6 16n hon 1.
- -c ~-a

b c a
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2.135. Giai cac phuong trinh sau :

x+3 x+17

a) 9.243%-7 = 2187 *-3 -
b) 4V12+5—1 _2Vx2+5—x+2 — _4 .

Y

2005
=1:

7

¢) 2005 — x"™ + 2006 - x|

d) 3 +37F =Yg - x2.
2.136. Giai cac phuong trinh sau :

log < x.log,s x
b J5 25

a) logy x —logy(x—3)=2; = logp5 2x ;
logg x
2log, (4 — x)
c) : + 3 =1; d) 78" + x'¢7 = 98,
logg(3+x)  log,(3 + x)
2.137. Giai céc hé phuong trinh sau :
log,, xy = 3log,; xlo
{Sx‘z)’ - 500 b 827 X) o 827 X 10827 Y
x og3 X
1 2x—y)=4; log, — = —=—.
og;(2x - ¥) 837 = Tlog, y

2.138. Giai cdc bt phuong trinh sau :
a) Ilog4x—3} <1;
b) log, x + logy x < 1+ log, xlogy x ;
C) 152x+3 > 53,&'+1:3X+5 :

logix +log,x+2

d) >1vdia>0vaaz#l.

log, x -2
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C.

2.1.

2.2,

2.3.
2.4.

2.5.

2.6.

2.7.

2.8.

94

DAP SO — HUONG DAN — LO| GIA| eumm—

§1. LUY THUA V31 SO MU HOU Ti

5;144;—7—;i—;—;24.
3 15625 6

10%;107*; 10",
a)x=0;b)x<0;c)moix;d) moi x.
a) Hudng dan

1) va 2) : Luy thira bac » hai vé.

3) va 4) : Luy thira bac nk hai vé.

5) Sir dung 1) khi @ = b va quy nap theo k.
b) Gidi. DoO<a<bnen Ya 20, ¥b>0.
Gia st Ya=4b, suyra ((',/Z)n 2((’/3)” vi n > 0, hay a > b. Diéu nay mau
thuin véi gia thiét a < b.
Vay (’/; <4 .
2)2; b2 YR Q8.
2) ¥-0,4>3Y-03 ; b)Y-5>3-3 ;
o) Y2>3=4 ; d) Y5 <¥-3.
Hucdng ddn. Xét 1uy thira bac 15 cla hai s6 Y al va Y1b!. Sau d6 sir dung
tinh chat b) bai 2.4. '
a) 2a; b) 3a ;
c)0; d) —2a.
a) bang 0 néu x >0 ; bing —2xy> néu x < 0 ; b)ab;
¢) Va ; d) _—\/z
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2.9. a) —22—6- b) 6—

27 16
c) 12, d) 10.
2.10. a) khéng cé nghia ; b) c6 nghia ;
¢) cd nghia ; d) khong c6 nghia.
21l.a)x>-2; b)x>0;
AAx>0; d) x> 3.
212.a)x>0; byx<0;
cyx==%1; d) Khoéng c6 gia tri nao cua x.
6 | 3 7
213.2) 2 7 alx7 ; b) a* ;
2 11
)b d)3 4aql2.

2.14. Huéng ddn. Bién déi v€ trdi thinh v& phdi va dp dung hing ding thic :
(a—bYa+b)=d" - b°.

I B B-2 _PB-2
T2+ @By -2 YPo-2

_ QB9 125 +4) _ (W3- I)(3f+2f+4)

}/9)* -23
b 1 J2+3-\5 J—+J_J_J_(J_+J_\/_)
\/5+\/§+\/§ 2 +3)2 -5 2.6 12

2.16. Dt x - \/6 a7 +§/6~ B i as
‘ 27 27 |
12+33,/36—82i77 X & x 12+3.—§-x®x3—5x—12=0

& x-N02+3x+4)=0 (1)
Tacé x? +3x+4>0, Vxe R. Vay phuong triinh (1) ¢6 nghiém duy nhat x = 3.
2.17.a) 1; b)3.
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§2. LUY THUA VOI S6 MO THUC

J5

e 2,5
2.18. a) [5 25, b) Z'Jﬁ{l] ;
7 2
AR

SRR d) 0,76 <0,73.
2.19.2) 33 ; b) 64 ; ST d) 4.
2.20.2) 43 ; b) 1.

Huéng dan

2
a) —x+f=—(f—l] +—1-51,Vx20.
2 4 4

b) sinx >0, Vx.

2.21.2)2; b) 4 &) — ; d) 25 .
Je
Huodng ddn. a), b), d) St dung bat ding thitc Co-si.
¢) Nhan xét : —}—s a Sl.
2 1+x% 2
222, a=0.
Gidi 1 —(J2)* = 22 P& X . $ nohiém d "
1di. \[5)_4 =(v2)" = 2°. be phuong trinh 43 cho c6 nghiém duy nhat,
(

diéu kién c4n va du 12 phuong trinh
ax* ~4x-2a=2 (1)
c6 nghiém duy nhat.
. . ' 1
Khi a = 0 thi phuong trinh ¢é nghiém duy nhét x = Y
Khi a # 0, (1) tré thanh phuong trinh bac hai ax? —4x—-2(a+1D)=0.N6cb
nghiém duy nhat khi va chi khi
A=4+2(a+1)a=0
hay a’+a+2=0. Diéu ndy khéng xay ra.
Tom lai, phuong trinh da cho c6 nghiém duy nhéat khi a = 0.
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[_5 }
2.23. -1;-2}; b) b ——= ;1.
a) a e | } Ybe 1 >
2.24. a) m = 1385,4557 ; byn=29,.
©2.25.a)m=3,322; b) n = 5.
2.26.2) a; b) \/; ; c) & ; d) a?,
2
2a S5

227, 4) ———; b) a¥7 +1 ;

a‘E —b‘/3

RCI]
cald -b3 ; d) [@™ -b"
2.28. A(1 +0,05)" USD ; 33,44USD.
2.29. 240091 000.
2.30. 373.10°°.
2.31. 139695000.
2.32. 55547 000.
§3, §4. LOGARIT, LOGARIT THAP PHAN
VA LOGARIT TU NHIEN

2.33.a)bing; b)Sai; c)buing; d)Sai; e)Sai; g)Ping.
2.34.a)6; b) -6; c) % ; d) 2.

Huong dén. Bién d6i céc logarit di cho vé dang log . a”. Tir d6 c6

log,,aﬁz-é.

a a
1 1
235.a)2;-1; —; b)2;-1; =
2 3
O4;-2; H3;-2;
2 2

7 - BTGT12-NC-A
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2.36.a)x<7; b)x<%;

c) Khong ton tai gid trinaociax:; d)x<0.
Hucng ddn. Tén tai log, A © A> 0 (gidsudacéa>0,a=1).

2.37. a) % ; b) 216; c)25;

d) Khong t6n tai gia tri ndo cha x ;
1

e)l; .
) g)49

Huomg ddn. log,A=b & a® = A véi diéukiena>0;a# 1.

2.38. 2) log, 16 ; log, 2 ; log,4 ; log, 1.

1 1
b) log, 27 ; logr — ; log,— ; log~ 3.
) log; B33 235~ 5 1ogs

c) log, 8 ; log2\/5 ; logy 13 1082%'

1
d) logs 3 ; 1og5£ ; logs 1 ; logs 125.

Huomg ddn. b = log, a’.

2.39.a)2; b)5: c)5; d)y11; e)15;
2 1 1
5; h) —; 1) — ; k)9; H—=;
g2) )7 1)2 ) )8
m) 81 ; n) 25.

Huong ddn. a®8® =p .
2.40.2)3a+2b; b)b+1;
c)2a+b; da+b+1.

Gidi. a) logs72=1logs(8.9) = logs8+logs9 = 3logs2 + 2logs3.
=3a +2b.
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2 2 1
2.41. a) —f—)—log3 a+Elog3 b b) glog3 b—2logsa ;

c) 2+ 4logya + %10g3b; d) 2log, b-7Tlogya —3.
Gidi
-0,2 5 |
10 — (02 1
b) A= [i_] - alo.w,z)‘b[ Gj( 24
6 bS

Suyra logyA =%log3 b—2log;a.

3 \
2.42.a) — ; b) 4 ; c) — ; d) ——.
) > ) ) > ) >
Gidi. b) 2logl6—%logl400+3log1%
3 3 3

i
= 3
log, 62 —log, 4002 +log, (2/45)

3 3 3
_ 36.45 _ 4 4
= logl —20_ = 10g1(99) = 1Og3_] 3" = _T = -4,
3 3
2.43.2)19; b) 592 ; o) 4_25,

1 3
Gidi. c) 72[4951037910876 + 5718 4] = 72[491%7'6- + 51985 42]

2
Sl (L] 4272545
2 16 16 2
2.44. a) % ; b) 4,86.
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Giai. a) loggx =3logg2 + 0,510gg25 — 2logg3

= logg 23 +loge 5—logg 32 = logg % = log, 4;0
40
Suy rax= —.
Y 9
2.45.2) — ; by ¥z . p* .
Vb
2.46. a) log, 10> logs 30 ; b) logs3 > logg 32.
c) logy5 > logs4 ; d) log310 > logg57.

Gidi. a) log; 10 >1og,8 =3 ;  logs30 <logsl25=3.
Suy ra log,10 > logs30.
c) logy5 > logy3 = | = log;7 > log,4.

2.47.a)-1; b)1;" c)0; d) 0.

L3 - n TC - n n
Giai. a) lo 2sin— [+ log, cos— = lo 28in—CcoSs —
) gz[ 12) 8260575 gz[ 12 12]

. R I
= log, sin— = log, —=-1.
120) 6 g22

2.48. Gigi.a) Tacd log, 3= ! 1 va

2 logyo

+ >2

lo l
g32

log, 5

(theo cong thitc dGi co s6 clia l6garit, bt dang thife Co-si va #

l
log, —2-‘ ).

log; >

1 1
Mat khéc, log3—2— <0 nén — T log3% > 2, hay

log3 5

log, 3+ log3%<~2.
2

100



by 490857 = 71984 o jog, 41857 = Jog, 79%5* o logs7 = logsd.log,T.

Dang thic cubi cung diing suy ra dang thitc dau tién ding.

# log;3. Theo bat dang

c) Ta cé logy7 > 0, log;3 > 0 va log37 = 1
log,

thue Co-si, ta ¢o

+ log; 3 > 2, suy ra log;7 + log;3 > 2.
log, 3

dy 39825 =503 o og, 3'827 = og, 5823 o log, 5 = log,3.log; 5.

Ding thitc cu6i ciing didng, suy ra dang thitc d4u tién ding.

249.¢ x =1 = log,, . x=0 ;

aBy
e R ST
, N 1
Huong dan. log, b = l i
og, a
T a®-5p) 2a+2ab-4b+2"

Hudng din

1 . I )
a) 10854 168 = 0g4 168 _ 1087(3 7.8) _ 0g73 +1+ 310g7 ‘

log, 54 log;(2.3%) log; 2 + 3log, 3

Nhu vay, dé tinh dugc logs4168 qua a, b ta.cdn tinh dugc log,3, log,2 qua
a, bh. '

Tir gia thiét a = log;12, b = log,24, ta tinh dugc log,2, log;3 tu heé
phuong trinh

2log;2+log;3=a
3‘Og7. 2+ 10g7 3 = ab.
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1 3 1
b) 10g2524 = Elogs 24 = Elogs 2+ ‘2—10g5 3,

Ta can tinh logs2 va logs3 theo a = logg15 va b = log,18.

logs15 1+ logs3

§ = 15 = =
Taco  a=logl> logs6  logs2 +1ogs3

(1)

logs18  logs2 +2logs 3

Tacé  b=log,l8= logs12  2logs2 + logg 3

(2)

Tu (1) va (2), ta tinh dugc logs2 va logs3 theo a va b.
2.51. -6.

2
Gidi. A = log, % ~ 2log, (4x*) = 2log,lxl — 1 - 2(1 + 4log,lx])
= =3 — 6logylxl = -3 — 3log,lxl.
Khi x = -2 thi A = -3 - 3 log,2 = —6.
2.52. Hudng ddn. Ap dung dinh i Py-ta-go a>=ct-b* =(c+ b).(c -~ b) va

1
1ogﬁa'

luu ¥ rang log, B =

2.53. Gidi.a) a'°%" = b9 & logal®®? = logp'*8?
< logb.loga =loga.logh.
Diéng thitc cudi dung suy ra déng thitc ddu ciing ding.
b) Lam tuong tu.

2.54.a3)0,; b)0; c) —l : d) 5.

2
2.55. a) 2n’a +2 : b)o.

1

Huong dan. St dung log, 8 = .
logg o
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2.56.a) 1 ; b)1; c) 2.

Huéng ddn. a) Pua vé 16garit co s6 3.

2.57. 2Ine’ <8 - lnl.
e

2.58.a) = 1,024 ; b) = 0,693.
Gidi

log90 _1+2log3 1+2.0,4771

a) logq,90 = =
) logg, log81  4log3 4.0,4771

= 1,024.

b) In2 =In10.log2 = 2,3026.0,3010 = 0,693.

\/S_a- 6‘4 m5 %/n_2

2.59. a) —b-3— ;b o
2.60. 227824.
Huong dan.
p+1=27%% s 10p(p + 1) = 756839.1og2 =~ 227823,68

23,68 27823 227824
102278 3, = 102 78

=>p+l= <p+1<10

2.61. 41n2 : 9In2 : —3In2 ; %mz  3In2. -
2.62.2a+2b;—2a—b;2l_7—2a; 1la + b.
Gidi. Tinh biéu thitc cudi
In21 + 2In14 — 3In(0,875) = In3 + In7 + 2In2 + 2In7 — 3In{7.0,5°)

=In3 + 2In2 — 3In2">

=11ln2 +In3=11a + b.
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2.63. Giai

log?2

log,c30=1+log,2=1+—"-"_
Bis &is log3 +log5

log3 +log5 + log?2
log3 +logs

log3+logl0 1+p
log3+1log5 p+q

2.64. = 530,23mmHg.
Hudng ddn. Trudc tién tim i tir dang thitc
672,71 = 760.¢'°°7 (i =~ —0,00012).
Tir dé p ~ 760,¢3000--0.00012)

2.65. a) Nam 2051 ;
b) Khoang 25 nam.

§5, §6. HAM SO MU, HAM SO LOGARIT
VA HAM SO LUY THUA

1.

2.66. a) Dong bién ; - b) Nghich bién ;
X X
¢) Déng bién, vi 27 (—I—J = Jg * J_S— va \/g + \/—‘i_ >
J6 -5 2 2

d) Khong dong bién, khong nghich bién ma 13 ham s6 khéng déi,

vi (JE—JE)X.(«/H+M)X=(11—IO)I=1.
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2.67. a) 3.

3x 3x X
. . - -1 . . -
Huting dén. Vier S——L =3¢ . rdi van dung lim S~ = 1.
X 3x -0 X
1
b) ——.
5
2x 3x 2x 3x
. — . - -1
Gidi. lim & —% = lim| £ L e
x-0 Sx x—0 Sx S5x
e -12 e -13 2 3 i
= lim -— — lim —= === -,
x=»0 2x 5 x-0 3x 5 5 5§ S
¢) 211,
d) 1.
|
L ex — 1 e —~1
Gidi. lim | xeX —x|= lim = lim =1.
X—>+oo x40 b y—0t Y
X
2.68.2) y' = x%e* ; b) y' = (3sinx — cosx)e>* ;
4 X
c))":—_—zi d)y'=2xln2—\/:-
' +e™) 2

2.69.2) f"(x)=d"In"a

Huong dan. Ching minh cong thiic trén bing phuong phdp quy nap todn

hoc va str dung ()" = a* Ina.
b) Vi f(x) = e thi fFM(x) =3"e> ;
Véi f(x) =¥ th fP(x) = k".e®.

o) flix)=e* —e ™ fra=e +e ¥ fA ) =X —er.
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2.70. (h.2.1)
¥y

-1 O \T x
aj
i S
c) dj
Hinh 2.1
2.71.a)x<1;b)x>1.
272.2)x>1:b)x< 1.
2.73.a)0<ax<l; b)a> 1.
2.74.a) 2 ;
b) 4. Huomg ddn
1
Viét In(dx +1) = 4, In(4x + 1) va van dung lim In(x+ 1) =1.

X 4x x50 X
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c) 1.

Giai
lim InBx+1)—1In(2x + 1) - lim In(3x + 1)‘3 T In(2x + 1)‘2
x>0 X x50 3x x>0 2x
=3-2=1,
d) =
In(1 + 3x) lim In(1 + 3x)

Giai. li

x—0 sin2x x—>0 Sin2x 2 e snZr 2 2
2x x>0 2x
) 2)( ' 1 _ lnx
275.2) y' = by y'=——
x“+1 .
1+ ,
C)y'=.__m; d)y'len(x2+l)+ 2x. '
’ x+1
‘ _yn-l TS
2.76. a) f™(x) = &Y .'(ln !
X

Hudng ddn. Ching minh bing phuong phdp quy nap todn hoc.
=)"*(n=2)!

xn—-l

(n22).

B f'(x)=1+lnx; fPx) =

Huong dan. Van dung két qua cau a).

2.77. a) Déng bién ; b) Nghich bién ; ¢) Nghich bién ;

1 _\@+\/§<

d) Nghich bién, vi a = = 1.
5(v6 — J5) 5

430 T3y 3 S0 3 3.3
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2.78. (h.2.2)

<Y

a) b)
Y4 y
o)
-\ y = [logx| - )
0] I//’i 2 x (0] 1;_ X
1T ¢ T
1
!
!
c) d)
Hinh 2.2
—tan x p) Ttane
2.79.2) y' = vl D=6 <0833,
In2 6 In2
b) y' = “LS‘S) . y'(1)=3In3-5.3 = 11,704 ;
X
1 In2
Q) ¥ = () = - =y = 0054,
SIn2(og, 5%  5.(In5)

xIn2(log, x)

2.80. Goi (G)) va (G,) lan lugt 12 d6 thi cla cdc ham s6 y =a* va
y = —log,(—x). M(Xg; y,) 1a mot diém bat ki. Khi d6 diém d6i xing véi
M qua dudng thang y = ~x 13 M'(—y, ; — x,). Tacé
Me (G) o yy =a™ & xp=log, v, © —xy = —log[—(~yy)] M' = (Gy).
Diéu d6 chimg t6 (G,) va (G,) d6t xing véi nhau qua dudng thang y = —x.
281.a)x>4; b) x <2.

108



282. a)x<-2; b) x> 2.

2.83.2) y' =3eBx+ 1) ; b) y' = ;
39 ¢
2 4 '
¢) ¥ = ——in 32ux. dy y = =t
3x : 3
6cosb x
2.84. (h.2.3)
y
8"--- y:xJ o) y:ﬁ y“
i y =\
oW . . .
12 X o x O X
Hinh 2.3
2.85.a) V@i x,. x, bat ki thuoc R, x, < x, tacd
20 27N 2% T M _pf TR g7
— Yy = — = + .
N 3 3 3 3
_ X _ aX, —X; _ =X
Vi ham s6 y = 2" déng bién trén R, nén 2% <0; 2—32— < 0.

X —-X

Do dé y, —y, <0, nfc 12 y, < y,. Vay ham s6 y = % déng bién
trén R,

b) Cich lam tuong tu clu a) véi liu y ham s6 y = log, x nghich bién trén
2
tap cic s6 thuc duong.

3
2.86. a) > ;
2
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; e -1 . @ =-DWx+1+D
. —— = lim
x-o0yx+1-—-1 x—0 X

im & (W T+ 1y =2,

x=0 X
c)0;
d) 2.
In(1 + 2x)
Gidi, im 24+ 29 o 2x 5, 15y
x>0 tanx x—=0 tanx 1
X
§7. PHUONG TRINH M0 VA LOGARIT
1
287.a) x =——;
3

Huomg ddn. Nhan xét (3 —2¢2)3 +2v2) =1, nén 3+ 22 = 3 - 2/2)"".
byx=1;

Huomg ddn. 5**' + 65* - 3551 =5*71 52,

A)x=0;
Gldl 3x+1 + 31+2 + 3X+3 - 9l5.x + 5X+l + 5x+2
& FB+9+27) =59 +5+125)

o 3 =5
= [—3-] =]l ox=0.
5
d)x=2.
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288. a)x=1vax=-3;
b)x=1;

c)x=2;
Gidi. Diu kién x> —3 >0 va 6x—10> 0 : tic 12 x > V3. Tacé

1og2(x2 —3)—log,(6x ~10)+1=10

2 _ 2 _
ﬁlogz[ﬁx 13;).2]=0@; §=1@x2—3x+2=0.
X — X =

Timdugc x=1vax=2.
D6i chiéu vé6i diéu kien, chi c6 x = 2 thod man,

d) x = log, 5.
Hudng ddn. log,(2**' —5) = x & 2" ~5=2%

289.a)x=5; b)x=—%;

) x=-5; x=-5+5J2; d)x=—%.

X .
Hutng ddn. d) Pua vé 27239 =5 2,
290.a) x=0vax=1,

Huomg dan. Dat y = 2% (véi y > 0) dua phuong trinh di cho vé dang

y2—6y+8:O.
byx=-lvax=1;

Huong ddn. Dat y = 3* (véi y > 0) tacd 3y2 -10y+3=0.
c) x =—}~ vix=-1;
2
Gidi. 3437 12720 & 3O 137 1 27=0
bat y = 32x+d (vGi y > 0), din dén phuong trinh y2 -12y+27=0.
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Tim duoc y = 3 va y = 9 (déu thoa man).

Véi y=3thi 3> =3 o 2¢+4 =1 <::>x:—§.

Véi y=9thi 32 =3 o 2x+4=2 o x = -1.
— P —_ 2
dyx=0vax= log§~.
7

Gidi. Chia hai vé€ cia phuong trinh cho 35, ta dugc
X X
%(EJ + 2[2] = 5.
7 5
) A . 2 2
bat r = 7 (véit>0),tacé 3t+—=5hay 3t“ -5r+2=0.
t

Tirdé timdugec t=1va r = % (déu thoa man).
5 X
Vo’vit=ltacé[;) =1 nénx=0.

X
Véi ¢t = 2 ta c6 [éJ = 2 nén x = Iogig.
3 7 3 =
7
291.a) x=-2.

X
Huong ddn. Chia c3 hai vé€ cho 6%, r6i dat ¢ = [%j (v6i t > 0) din dén

phuong trinh 9% + 51— 4 =0.
b)yx=—1vax=l.

Gidi. 8°*! +8.(0,5)** +3.2°*3 =125 - 24.(0,5)
1
23x
1

PN 8(23-‘ + ZTJ + 24[2*‘ + 2%] = 125.

& 823 +8.— +242% + 24.2% =125
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-1 i
.Daty=2*+2—x voiy =2, tacé

8(y> —3y)+24y =125 & y° =l—§—5@ y=§.
Khi d6 2* +2i(=~;—, dénde’nphuongtﬁnht2 —%t+l =0 v6it=2" (t>0).

7= N i ~ - 1
Giai phuong trinh 4n ¢ ndy, tatimdugc t =2 var = 5>

Véir=2thi 2¥ =2, tirc lax=1.

292.2)x=3vax=1+2 4.
Hudng ddn. Diéu kién x > 1.
Dat y = log,(x — 1), din dén phuong trinh 4y* + 3y —7 = 0.

4

b) x=2 5 vax= 2"
e ve s 4a 1 1 )
Gigi. Biéukibnx>0; x # 5 :x# —. Tacé

.
log,, 8 — log,, 2 + logy 243 = 0 L ,3_,

logg 4x - log,2x 2

bat 1 = log, x (v6it#—1;t#-2), tacd phrong trinh
-3 | 5

2+t 141t 2

Quy d6ng mau s6 va nit gon din dén 52 419t +12 =0,
. . 4
Phuong trinh nay cé hai nghiém t=-3 va ¢t = ——.

Péi chiu vdi diéu kién cdc gid tri tim dugc déu thod midn. Din dén
4

x=2535vix=2".
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c)x=3vax=_8I.

Huong dan. Pat 1= Jlogyx (vé6i t > 0) din dén phuong trinh
1 —3r+2=0.

293.2)x=3va x = 3.

Huong ddn. Luu y log, 3 =

. Dit r=logyx (vdi t # 0) din dén
log; x )

phuong trinh 2% — 37+ 1 = 0.

2
b)x=8vax=2 3

Huong dan. Luu y log 2 = . Dat ¢t =log, x (v6i ¢t # 0) dan dén

log, x

phuong trinh =3t + 7t + 6 = 0.

AAx=1vax =—l--
243

Gidi. Dat t = logy x, tacd

l+lt ‘
—= f & 3+D@d+1)=22+D3+1)
l+§t 1+ —1

1 +¢

S 12+15t+32 =12+10t+22 & > +5=0 < 1 =0 hoac t = 5.

V6ir=0thi logyx =0, nén x =3% =1,

V6it=-5thi logy x =5, nén x =37 = —,
243

2.94. 2)x=2 vax=-2.

X

Hudng dén. Nhan xét 6 +3546— 35 =1, dat t=[ 6+&/§]
(v6i r > 0) dan dén phuong trinh ¢ +% =12.
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b) x = +3,5 vi x = +./4.,5.

Huong ddn. Diat t = log2(2x2 —5) (v6i £ # 0) dan dén phuong trinh

t+3=3.
t

2.95. a) x = 3°°,

2.96.a)m<
4

Gidi. logg(logs x) + logs(logg x) = 3 + log, 4
1

=) log3(log3x)5 + log, [%Iog3 x] =3+ log,4

1 3
=S log{g(log_;x)z] =3 + log; 4

3
& (logyx)2 =273

& logyx =36 & x = 3%,

byx=4va x = l
4

Hudng dan. Bién d6i dua vé 16garit co s6 2.

1
C)x==—4—=vad x = \/5

%

Hudng ddn. Bién d6i phuong trinh vé dang tich

(3log, x + 2)(2logs x — 1) = 0.
2 .

Gidi. Dat 5**! = ¢ (véi t > 0). Bai toan trd thanh :
Tim m dé phuong trinh 2 —5t+m=0 (1) c6 it nhat mot nghiém duong.

Diéu kién dé (1) c6 nghiém 14 A = 25—-4m > 0 hay m < % Goi cic
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nghiém cua (1) la 1, va ¢, (f{ < 1p), theo he thitc Vi-ét #, +¢, =5 suy ra
- 25 ~ ~ v 2 Y 4

t, > 0. Vay véim < 7 thi phuong trinh (1) c6 it nhédt nghiém ¢, > 0, suy

ra phuong trinh di cho ¢6 nghiém.

b) m<—é hodc m > 4 + 245.

Gidi. Dat [%JX =t (véi t > 0). Bai toén trd thanh :
Tim m dé phuong trinh 2 —mt+2m+1=0 (2) c6 it nhit mot nghiém
dirong. Diéu kién dé€ (2) c6 nghiém la
A=m*-42m+1) =m* —8m—-4 20
haym<4 ~ NG hoicm=24 + 25
Goi cdc nghiém cua (2) 1a ¢, va ¢, (¢ < 1), theo hé thic Vi-ét:
h+ty=m;nt, =2m+ 1.

e Vsim=4+2J5 thi i+t =m24+ 25 suy ra 1, > 0.

0V6im<—% thi fz, <0 suyra t, > 0.
Lo 1 . N
. Véi —5<m£4—2\/§ thi fy +1, <O va 1, >0 suyra t; <, < 0.

Viy véi m < —% hoac m 2 4 + 235 thi phuong trinh (2) c¢6 it nhit
nghiém ¢, > 0, suy ra phuong trinh da cho ¢é nghiém.
Chu y. C6 thé 1ap bang xét ddu tryc ti€p véi

A=m’—8m—4:S=m: P=2m+1,
2.97.a) m> 0.

Gidi. Bat 4° = ¢(véi t > 0). Bai todn trd thanh :

Tim m dé phuong trinh 1612 + :i— —5m =0 (1) ¢6 nghiém duong duy nhat.
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Diéu kién dé (1) c6 nghiém 12 A = L +320m 2 0 hay m 2 —L- Lai c6
16 5120

Nén (1) cé nghiém duong duy nhat khi —51—';! <0, tic la m > 0.

b) m = 16 hoac m < 0.

Gidi. Bai toan quy vé fim m dé hé

. 2
(x+dHT=me g nghié¢m duy nhat
x+4>0
2 48— - | -
hay X+ @-mx+16=0 O c6 nghiém duy nhat
x> —4 (2)

nic 1a (1) ¢6 nghiém duy nhat thoa min x > —4,
Phuong trinh (1) ¢6 nghiém khi A = m>.—16m >0 hay m < 0 hoac m > 16.
Xét cdc truong hop :

o m = 0 thi (1) cé nghiém kép x; = x, = 9—;——§ = —4 (khoéng thoa min

x>—4).

e n1 =16 thi (1) c6 nghiem kép x; = x, = % = 4 (thoa man x> —4).

® m < 0 hoac m > 16 thi (1) c6 hai nghiém phan biét x), xy (x; < x3).

Tacd: xy <4 <x, & (X +4)(x;+4)<0 & X0 +4(x +x,)+16 <0.

Theo hé thic Vi-ét ta ¢é x,x, =16 va x,+x, =m—8.
Déin dén 16+4(m—-8)+16<0 &= m<0.
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2.98. a) x = log,(logs 7).

S

Huéng ddn. 14y logarit co sG 5 ca hai vé réi chia ci hai v& cho 5%, ta duoc
7 X
—| =log:7.
[ SJ €5

Gidi. Lay l6garit co s6 5 ca hai vé, ta dugc

b) x =3 vax = -logs2.

x=1

logsS* + logs §r = logs500.

x—1
& ox+

3logs2 =3+ 2logs 2.

& x? + x(3logg2 ~2logs2 — 3) — 3logs2 = 0
& 1% + x(logs2 —3) - 3logy 2 = 0.

Phuong trinh nay c¢6 hai nghiém x = 3 va x = —logs 2.

c) x = \/g

Hudng dan. Lay 10garit co s6 5 ca hai vé.

dyx= 3 vax= 3.

Huong dadn. Diéu kién x > 0 va x # 1. Lay logarit co s6 x ca hai vé& r6i dat

r = log, 3, din dén phuong trinh P -51+6=0.

2.99.a)x=09.

118

Hudng dan. Ldy ldgarit co s6 9 ca hai v& r6i dat r = logg x, dan dén

phuong trinh (¢ — n =o.
b) x = % va x = i‘/g.

Huéng ddn. Liy logarit co s6 5 ca hai v& roi dat ¢ = Jogs x din dén

phuong trinh 4/2 + 3t — 1 = 0.



2.109.a) x =2 va x=log,3-2.
n ~ 1 s
b) x=5+kn va x=arctan§+k7t véi ke Z.

Gidi. Diéu kién dé phuong trinh ¢6 nghia 1a
sin® x + Ssinxcosx + 2 > 0.
Lay logarit co s6 4 ca hai v€ cua phuong trinh, ta dugc

logg 5 (sin® x + Ssinxcos x + 2) = log, 372
& —logz(sin2 x +5sinxcosx +2) = —log, 3

& sin? x + Ssinxcosx + 2 = 3 (thoa min diéu kién)

& cosx(Ssinx —cosx) = 0.

e cosx=0 tatimduqcx=§+k1t (ke Z).

e 5sinx —cosx =0, tirc |12 tanx = % Do dd x = arctanl+ kmt (ke Z).

210l.a)x=1.

Hucng dén. Ham s6 f(x)=3" luon doéng bién, ham s6 g(x) = 5- 2x
luon nghich bién va f(1) = g(1).
b) V6 nghiém.

. (4Y . .
Huwong dan. [;] > 0 véi moi x, con —2x* +4x -9 < 0 Vi mot x.

1
C) X =—-
2
Huong dan. Ham s8 f(x) = log, x luon nghich bién, con ham s6
2
(x) = ‘i)c—E luén dong biénva f Lo L
# 2 g 2) 7 * 2
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2.102. a) x = 2.
Huong ddn. Chia hai vé&€ cho 107, ta dugc 3 + r =1 16i chimg to
ring x = 2 12 nghiém duy nhat.
b) x =2.

Gidi. Chia hai v& cho V10', ta duoc

]

Dat V€ trdi 1a f(x) ta thiy f(2) = 1.

Véix> 2, tacod

s5+2J6 ) (5-2v6) s+206 ) |(5-26 )
- (o2 [525 (

Véix< 2, tuong tutacd f(x) > 1.

Vay phuong trinh c¢6 nghiém duy nhét x = 2.

¢)x=2. Huong ddn. Chia hai vé& cho 2.
d)x=1.
Gidi. Pat f(x) = 3" - [ljx + 2% - [iT - (1 s (x) = —2x + 6. Dé
S T 3 2 6) ° & '
thdy f(x) dong bién trén R ; g(x) nghich bién trén R va f(1) = g(1) = 4.
Vaix>1taco f(x)> f(1) = g(l) > g(x);
Voix<ltacd f(x) < f(1) = g() < g(x).
Vay phuong trinh ¢6 nghiém duy nhit x = 1.
2103.a)x=0vax=1.

Gidi. Pat t =3V (v6ir>0),taco 3> +Bx =T +2—-x=0. (1)
Coi (1) 1a phirong trinh b4c hai 4n ¢, ta tim duge r = % vat=—-x+2.
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o Véi ¢ =% thi 3* ' =37! dodé x=0.

eVoit=—x+2thi 3! =-x+2.
Ham s6 f(x) = 2™ lu6n déng bién va f(1) = 1.
Ham s6 g(x) = —x + 2 luon nghich bién va g(1) = 1.
Do d6 x = 1 12 nghiém duy nhdt cia 3*' = —x + 2.
b) x =4,
Huong dén. Dat t = 5% (véi 1 > 0), din dén phuong trinh
2 = 2t(x —2) + 3 —2x = 0, r6i 1am ti€p nhu cau a).
2.104. a) x=2.
Gidi. Diéu kién x > 0. Ap dung céng thitc a'8” = p'°8 9 ta ¢
glogyx _ 2 slogyx _ slogyx )
Chia hai v& cla (1) cho 3'°82¥ ta cé

310g2x 2 1.

=X

Dit log, x = t,tacé x = 2' din dén phuong trinh

1 t
3 =4" -1, tic 12 [QJ +[i] =1. (2)
4 4

V€ trdi cta (2) 1a ham nghich bién (vi cic co s6 % <l; % < 1), con vé& phai

cta (2) 1a hang s6, nén phuong trinh ¢6 nghiém duy nhdt = 1. Suy ra x = 2,
b) x = 2. |

Huomg ddn. Chia c hai vé ciia phuong trinh cho 3" (= (9)*), ta ¢

1 X 5 X
4 0= +| =1 =1
9 9
Sau d6 1ap luan nhu phuong trinh (2) cua cau a).
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2.105.a) Khia>1,b> 1 thicichamsé y = a*, y = b* déng bién.

Véix> xy tacé o >a™ ; b* >b™. Vivay a* +b* > a0 +b'0 =c.
Véi x < xytacé a* <a® ; b* <b™. Vivay a* +b* <a® +b% =c.
Do d6 phuong trinh a* + b* = ¢ c6 nghiém x, thi nghiém d6 1a duy nhat.
b) Cich giai tuong tu nhu ciu a), voi lmu y khiO<a < 1,0< b < | thi cic
ham s6 y = a*, y = b* nghich bién.

Cau a) va b) dugc minh hoa boi cac vi du sau :

4 +6" =132 © 2" +3" =13 ¢6 nghiém duy nhét x = 2.

X X
16" +9" =25 & 16 + [i =1 ¢6 nghiém duy nhit x = I.
25 25

2.106.a) x = kn (ke Z).
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Huodnmg ddn. Dat 1 = peos’s (1 €t <2), ta duge phuong trinh * — 61 + 8 = 0.
Giai ra ta dugc t = 4 (loai) va t = 2.

b) x=%ﬂ+kn ix=T+ k21 ; x:—g+k2n (ke 7).

Gidi. Bién d6i phuong trinh vé dang

3‘32(sin X+Ccosx) _ 8.15605x+sinx + 5'52(cosx+‘sinx) =0.

] COS . X+sinx
Chia cA hai v& cia phuong trinh cho 32CIM¥*6089 a5 dar ¢ = (gj
(v6i ¢t > 0) dan dén phuong trinh

52 _8t+3=0.

. 3
Giairatadugct=1va ¢t =§-

COS x+8in.x -
eVéir=1tacéd [5] =1, din dén cos x + sin x = 0 hay cos[x—2]=0.

Do vay x=%+kﬂ: (k—eZ).



3 cOSx+SIn x
e V& t=§ ta cé [EJ =§, din dén cosx +sinx = —~1 hay

Tt 1 ‘ T
cos| x——[|=——=.Dovay x =+ k2 ;. x=——+ k21t (ke ).
( 4J 5 ay > ( )

2.107.a)x=1.

b) x = 31+‘/5 ;X = 3’_‘5.

3

Hucng dan. Dua vé logarit co s6 3, r6i dat ¢ = logy x (v8i 1 #0).

2.108.a) x=1.
Huong ddn. Bién d8i phuong trinh vé dang

3F—1 10
lo =x|log——-1].
g 6 ( 33 j

X_
Din dén > . l:% r6i dat ¢ = 3% (véi ¢ > 0), ta c6 phuong trinh 1> —1—6=0
3
v6i hai nghiém ¢ = 3 va r = —2 (loai). Do d6 x = 1.

b) V6 nghiém.

Hudng ddn. Cich giai tuong tu nhu cau a).
2.109. V6i. m < —1 hoac m =2 3 hoac m = 1 thi phuong trinh c6 mét nghiém.
Véi —1 < m < 1 thi phuong trinh v6 nghiém.
Véi 1 < m < 3 thi phuong trinh ¢6 hai nghiém.
Huong ddn. Pat y = 3" (v6i y > 0), tacb
(m=3)y> +2(m+1y-(m+1) =0. (1)

S6 nghiém cna phuong trinh da cho bang s6 nghiém duong cia (1).

* Xét m = 3 thi (1) c6 nghiém y = % (thod min y > 0).

¢ Néu m # 3 thi A'z(m+1)2+(m+l)(m—3) =2(m+ D(m-1).
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Pat  fO)=m-3)y* +2m+1)y—-(m+1),tacé
(m=3)f(0) =3 —m)(m+1),

2(m + 1)
="
3—-m
Lap bang xét dau
m A' (m - 3)/(0) S K&t luan vé nghiém
o e S Py
- + + V6 nghiém
+ + + O<y, <y
1
3 0 || _L
|| "2
+ - - v <0<y,

Tit d6 dan dén két qua.
T
2.110. x = 3 + k21 (ke Z).

Huong ddn. Diéu kién cosx > 0, sinx > 0.

2 o
cot’x =3
bit log, cosx = ¢ = log, cot’x, ta cé
cosx =2,
2 1\2
$°x c e 2
Do cot’x = L’;- nén dan dén (7)2 =3 hay 4’ +12" =3'.
1—cos”x 1-(2"

124



S& dung tinh d6ng bién, nghich bi€n cia ham s6 mii, ta tim duge ¢ = —1.

Do d6 cosxz% ®x=i§+k2ﬂ: (ke Z).

V& diéu kién cosx > 0, sinx > 0, chi c6 nghiém x = §+ k2n (ke Z)1a

thich hop.

2.111. a) VGi m > 1 thi phuong trinh c6 nghiém duy nhat x =

m* — 1
Véi m < 1 thi phuong trinh v6 nghiém.

Hudng ddn. Diéu kién x > 2, m > 0. Dua vé tim nghiém I6n hon 2 cna

phuong trinh x = (x — 2)m> hay (1 = m®)x = —2m”.

b) Véi m < % hoac m > 8 : Phuong trinh v6 nghiém.

. 5 . . . 4
Véim= 1 : phuong trinh c6 nghiém x = 5 + k2n. (ke Z).
Véi m = 8 : phuong trinh ¢6 nghiém x = g + k2m. (k€ Z).

Véi—i—<m'<8:ph1ro‘ngtrinhcénghi¢m X=@+k2rR;x=n— @+ k2n

voi @ =logy(—-1+vm+1), ke Z

Huémg dén. Pat 2™* =y vi-1< sinx <1nén — <y<2.

Ta c6 phuong trinh Yy +2y—-m=0. N
Tinh dugc A=1+m
e V@i m < —1 thi (1) vé nghiém ;

o V&i m =—1 thi (1) ¢c6 nghiém kép y = -1 (loai) ;
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® VGi m > —1 thi (1) c6 hai nghiém phan biét y, = -1+ Vm+1 va
y; =—-1=vm+1 (loai).

¥y =—1++m+1 thoa man diéu kién khi

—l+\/m+12-l— mzé
2 tirc la 4
—l4+Vm+1<2 m<8

Khi dé
25 = 1+ Jm+ | & sinx = logy(-1+Vm +1) =sing (_g =9

Tacéb x=p+ 2N, x=n—@+k2n (k€ Z).

Tir 46 ta di dé€n két luan trén.

§8. HE PHUONG TRINH MU VA LOGARIT

2.112. 2) (x; y)1a (5; 6), (6;5).

Huéng dan. Diéu kién x > 0, y > 0.

Bién déi phuong trinh thit hai trong hé nhu sau :

log, x +log,y =1+ log, 15 < log, xy = log, 30

< xy =30.

b) (x;y)=(@8;4):

Huong dén. Didu kién x +y >0, x — y > 0.

Bién d6i phuong trinh thi nhat va thi hai trong hé nhu sau :

log(x2 + yz) =1+log8 & [og(x2 + yz) = log80 & x* + y2 = 80.
x+y
r=y

log(x + y) —log(x —y) = log3 < log Y - log3 & =3.

X+
X_

2.113. a) (x; y) =(5;2).
126



Giai

3*2Y =972 32 =972 x=y+3
= S 9 s
log slx—-y)=2 x—y=3 3 Y =972
xX=y+ 3 {x =5
S RN <
67 =36 y = 2.

b) (x:y)=(20;5).
Huong ddn. Bién ddi phuong trinh thi hai trong hé thanh
X4 (v6ix>0,y>0).
y
2114.a) (x; y)yla(1;0), (0; 1).
Huong dan. Cdch 1. Rat y tir phuong trinh thit hai, thé vao phuong trinh
thit nhat thi duoe 3% + 3™ = 4. Sau d6 dat ¢ = 3% (v6i 1 > 0).
Cdch 2. Viét phuong trinh thit hai thanh 3**Y =3 hay 3%.3" = 3. Sau d6
u+v=4

dat u = 3%, v=3" (v4iu>0,v>0) din dén he {

uv=3.
b) (x;y1a(1:2),2:1).
2.115. a) (x; y) 1a (log, 5 ; logs 2 —log, 5), (1 ; 0).

Hudng ddn. Pat u=2%, v=5" (v6i u>0,v>0), tacé he

u+v=7
uv = 10.
b) (x;y)=(2;1).
Huodng ddan. DKXD : x +y > 0. Khi d6

2_ 2= logs(x + y) + logz(x — y) = 1
x“—y° =3 o e
logy(x + )~ logs(x - ) =1 |logylx+y) = =22 =2 =1,

\ o83
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Ti€p theo, dat u = logy(x + y) va v = log4(x — y), taco h¢

u+v=1

v
u- =1.
log,y 5

2.116.2) (x: y) 1a (2: 1), [JE : %}

Gidi. PKXD :x>0,y>0,x>y.
Bién d6i phuong trinh ddu nhu sau :

logzx = logzy + (log x + logy)2 = 210g2y +2logxlogy =0

y=1
logy =0
& logy(logx +logy) =0 & = 1
logx +logy =0 y=—
X
e V@i y = |, thé vao phuong trinh thy hai ta dugc
log?(x -D+logxlogl =0 < x—1=1¢&x=2,
e Vdi y = l, thé vao phuong trinh thit hai ta duge
X
) 1 1 ,x* -1 ,
log"| x —— |+ logxlog— =0 < log ~log“x =0
X be
2
logx ! = logx x2—1=x° (loai)
X 2 _
= ) ) S 2 o xt =2
X - =—
log =—logx x x
. . 1
Két hop véi DKXD, ta duge x =2 5 y = 5

b) (x;y)=&;%}
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Huéng dan. Logarit co s6 10 hai v€ cha hai phuong trinh trong hé ta dugc

logxlog3 = logylog4 ,
log4(log4 + log x) = log3(log3 + log y)

roi dat u = logx, v = logy.
2.117.3) (x; y) 1a 3 =6 ;3 +6), 3+ V6 ; 3-6).

Huong ddn. DKXD : xy > 0.

Ap dung cong thic a'%8? = p'°8? phirong trinh déu ciia hé c6 thé viét thanh
(220835 _ g 4 plogsxy,

Pat ¢ =2"%% (véi 1> 0) ta 6 1* = 2 + 1. Giai phuong trinh tim dwgc

t = -1 (loai) va t = 2. Tir 46 logz xy =1 hay xy = 3.

Bi€n d6i phuong trinh thit hai clia hé thanh
(x+yP —3x+y)—18=0.

Gidira,tadugc x+y=6 va x+y =-3. -

Nhu vay, ta c6 hat hé phuong trinh {

1
by(4:;3), | =:—-21.
) ( )[8 ]

Huong ddn. Th€ y tir phuong trinh ddu vao phuong trinh thi hai réi 14y 16garit
co $6 2 ca hai vé.

2118.2) (x;y)=(1;1).
Huong dan. DKXD : 3x + 2y > 0.

x+y=6 {x+y=—3
va

Logarit co s6 5 hai v&€ ctia phuong trinh ddu, ta dugc

logs(3x + 2y) + logs(3x — 2y) = 1.

logs(3x - iy) _
10g53

Bié¢n déi phuong trinh tha hai thanh logs(3x + 2y) — 1.
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Sau d6 dat logs(3x + 2y) = u, logs(3x —2y) =v (v6i u >0, v > 0) dan
dén hé

u+v=1

Y

u - = 1.
logs 3

1 1
b TV ==~
) (x5 ) (6 j

Huong dan. Diéu kién : x>0,y > 0.

Logarit co s e hai v& cta ca hai phuong trinh cha hé dan dén
InxinS=1Inylné
{ln 6(In6 + Inx) = In5(In35 + Iny).

§9. BAT PHUONG TRINH MU VA LOGARIT

2.119. a) (=0 ; 1) U (25 +oo).
b) (—i ; éé]
2 34

Gidi. Ta phdi c6 logg g 20+ 1

x+5

> 2 = logy(0,8)". (N

Vi ham s6 logarit co s6 0,8 12 ham s6 nghich bién nén

2x +1
2x + 1 +5>O

(He0< 53(0,8)2@2)‘ :
X+ X+ — 0,64 <0

x+5

x<-5hoacx->—l'

= ' 2 @—l<xsﬁ-
55 2 34

—S<x £ —.

C) (—oo ; —1) U (1 ; +oo).
d) (2;4).
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2.120.2) 2 - 23 < m <2 + 243,
Huomg ddn. x*

b) m > %
3
Hucng dén. Dan dén gidi x* — 2x + 3m > | véi moi x.
cy m> Z
3

Gidi

—mx+m+2>0véimoix,déndé'nA=n22~4nz—8<0.

Him s6 v = log, log; [(m — )+ 2m = x + m] xdc dinh v6i moi x

khi va chi khi log, [(m — )% +2(m - 3)x + m] > 0 véi moi x, tic 12

(m—=2x>+2m—-3x+m—1>0 véi moi x.

+ Véi m = 2 (khong thoa min).

+Véim#2
, 7
A'=-3m+7<0 m>—
He S 3 & m>—.
a=m-2>0
m>?2
2.121.a)x>-25; b)x<—%; c)2<x<3;

Huéng ddn. d) Do 6273 = 32*322%3 nentaco

2v+3 x+7 43x=1 X—4 —xt4 2\
6 <23 & 27703 <]l & | = <

3
eSx—4>0ex>4,

2.122.2) x > 35—1 ;

b)x<-1hoacx>1;

1 +417 1-17
2

hoac -2,5<x< 5 ;

c) x >

d) x> 0.

2

3

(1)

d) x>4.

]0
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Huong dan: Sit dung tinh chat cia ham s6& logarit

log, log21+2x >0<:>0<log21+2x<1 4:1<1+2x<2.
3 1+ x 1+ x 14+ x
eTu LT 2K g o 12X 2040 <0 o x>-1. (1)
1+ x 1+x 1+ x 1+x
.1+ 2x )
o Tu >1 & >0 & x<—-1hoac x> 0. (2)
1+ x 1+x

Két hgp (1) va (2), ta duoc x > 0.

2.123. a) x < log, 4.

Huodng dén. Dat 3* =1 (véit > 0), ta cé 2 < 3t + 4.

b) x> 0.

Huong ddn. Pat 3* =t (véit>0),tacé 1> +8 -9 > 0.

C)L<x<3.
243

Huodng ddn. Logarit co s6 3 ca hai v€ cha bit phuong trinh, ta c6

(logy x + 4)logy x < 5.

Pat log,x =1, tadugc 1* + 4t —5< 0 hay -5 <1 < 1.

Do d6 -5 < logyx < 1. Suyra 3% < x <3.

d) xS:ll- hoac x > 2,

Hudng ddn. Diat log, x =t, tac 1> +1—2 20.

2.124. a) 0 <x < 1 hodc x > 3.

132

1 1

Hudng dan. Nhan xét log 3 =
Y

o 1
tacO - -—<0 e
tot—1 tHt—1)

x logyx —1

réi dat logyx =1,

<0 e r>1hoact<0.



e VGir>1thi logzx>1nénx>3;

e Vo1t <Othi logyx <0 nénO<x<t.

b) -3 - J65 <x<-4hodc 2<x<-3+ J65.
x> 1.

x(3x-1)

x2+1

: C 1
Huong dan. Diéu kién : x > 3’ taco: log, >0 < 2x* —x—1>0.

X
dyx>-1. Huobng ddn. Dat [%] =t (véir>0),tacd > —t -2 <O0.

2.125.a)0<x<l hoac ls,wr<lhoilec 1 <x< 1.
16 8 4

Huwong ddn. Dua vé ciing logarit co s0 4.
© 3log, 4 +2log,, 4 +3log,, 4 <0

& 3 + 2 + 3 <0.

log,x loggx+1 loggx+2

Détlog4x=t,tac6§+—2—+ 3 <0.
t t+l r+20
2
Din dén S 167+ 8 4 Do dér<—2hose —> <1<-1 hodc -~ <1<0.
(it + 1D +2) 2 2

Tir d6 ta ¢6 ket qua nhu trén.
b)x<-2hoac 1 <x<2.

Huong ddn. Trude hét dua vé cing logarit co s6 4, sau d6 dua vé cing l6garit

1 ) 2 _
ad T ta s€ c6 bat phuong trinh r ol

co s6 3,161 dat 1 = log, < 0.

x +
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ON TAP CHUONG Il

2.126. a) Chon (B) ; b) Chon (C) ; c) Chon (D).

I 1

2.127. a) Chon (B), vi log“3 a= 3 log,a = 3
_ 2

b) Chon (C), vi a B = g2108.4 = glogd” — ¢

. Alog 55 2log, S log,, 52 2
c)Chon (B),via v =g %% =4% =57

2.128. Chon (D), vi

_log, 7 logy, 7 _ b

log;;2 log;y12 —log,6 1-da

2.129. a) Chon (B), vi

1og9000 = log9 + log1000 = 2log3 + 3 = 2a + 3.
b) Chon (C), vi

1 _ log8l _ 4log3 _ 4a
logg, 100 log 100 2 2

= 2.

2.130. a) Dung, vi log,5 > log, | = 0.

b) Sai, vi logg, 0.8 > logg, 1 = 0.
c) Sai, vi log, V7 < log,1=0.
5 5

logs4 |
d) Ding, vi log 4 = —24~ =

!
= >0 >-log,3 = log,—.
log,3 log,3 B4 B4 3

Hodc ¢6 thé giii thich logz4 > logy3 =1=log,4 > log4%.
2.131.a) A=53; b) B = -3.
2.132. Tir «® + 9b* = 10ab tacé (a—3b)* = 4ab.
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Logarit co s6 10 hai vé, ta dugc
log(a — 3b)* = logdab

= 2log(a - 3b) = log4 + logab

1
< log(a —3b) —log2 = E(loga + logh).

2
2.133.2) y' = 3> cos2x — 2 gin2x ; b) v' = 33 :
207 =1
) X .
c)y' = _2xter ; d) y' = 5% (dinx + cosx)InS5.

(x* +¢")In2

5

2.134. 1) Do log, b = —logui nén 108(2, b = 1033 £
C b C b

b) log, blog, clog, a = log, clog,. q'o%a? = log, clog. b =1;

¢) T ciu a) suy ra

logu =lo gi b ; logi logb Iog, 25 Iogf. <
- b ;)' C — —-b
(“ ¢ lI a

: b > b
Do d6 logi (—.logi ﬁlog% loga logb logf =1.
-b ¢ T-a ¢ —b
h 5 a b (‘ a
Vi vay suy ra diéu can chiing minh.
2.135. a) x = 10.
Huong dan. Pua ca hai v€ vé luy thira cing co s6 3.
by x=2 '

.’ 2 . o]
Huong din. Dat t =2V 7% (véir>0),tacd - —4r+4 = Q.
¢) x = 2005 va x = 2006.

Huong dan. Nhan xét x = 2005 va x = 2006 1a hai nghiém, roi ching to
khong con nghiém nao khac nhur sau :

e V§i x < 2005 hodc x > 2006, dé thdy v& trai 16n hon vé phai.
e VGi 2005 < x < 2006 thi 0 < | 2005 — x| <1,0< 2006 - x| <1.



Dodé  |2005— x| < | 2005 — x| =x—2005:

|2006 - xlzms

< [2006 — x| = 2006 — x.
Dén dén v€ trdi nho hon v€ phai.
d) x =0.

Huong dan. Ap dung bit ding thitc Co-si chi ra v& trdi khong nhod hon 2,
con dé& thady vé phai khong 16n hon 2.

2.136.a) x =4, x=12.
Hudng dan. Pua vé logarit co s6 2.

b) x = JE
Hudng ddn. Bua vé 16garit co s6 S.

c)x=3.
Huong dan. DKXD : 4 > x > -3 va x # -2.
Pua vé logarit co s6 2, chi y DPKXD d€ déi chiéu va chon dap s6.
d) x = 100. Hudng ddn. Nhan xét x'°87 = 7logx
2.137.a) (x;y)=(3;2).
Hudng ddn. Bién d6i hé phuong trinh vé dang

{5".2)‘ = 500 {5*.2“‘4 = 500 {20" =20 {x =3
[ ~ [—3

2x—y=4 y=2x—4 y=2x-4 y =2

b) (x;y)=[%;\6};(x;y)=(27;3£).

Hudng ddn. Dua vé cling logarit co s 3, ta c6

log,7 xy = 3log,y x.logs y log; x + log; y = log; xlogy y

x 3logyx = 3log, x
N logy x - logyy = = 23>
y 4logyy 4logz y
u+v=u
Ré6i dat u = logy x, v = log; y ta dugc hé phuong trinh 3u
u—-v=-—

136



2.138. 2) 16 < x < 256.
Huong dan
Cach 1. |logyx —3| <1 & (logy x —3)" <1 & log2 x — 6log, x +8 < 0
<2< loggr <4 & 16 <x<256.
Cach2. flogyx-3<l & ~l<loggx—3<le2<log,x <4

< 16 < x < 256.
b) x>3hoac 0 <x < 2.
Hudng dan. Bién d6i bét phuong trinh vé dang
(log, x — 1)(1 - logy x) < 0.

Xay ra hai truong hgp

logyx-1>0 x>2

® =Y & x> 3.
1-logyx <0 x>3
log, x—-1<0 0<x<?2

. 82 = o o 0<x<2.
1-logyx >0 O0<x<3

¢) x < 2. Huéng ddn. Chia ca hai v€ clia bat phuong trinh cho 157**7,

d)Véia>1thi x>d°;

Véi0<a<]thiO<x< a’

= 242
Huong dan. Dat log, x =t (v6it # 2), tacd _T>1 S t>2, thc la

log, x > 2. Sau d6 xét hai kha nanga>1,0<a< 1.
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| NGUYEN HAM,
TICH PHAN VA UNG DUNG

A — KIEN THUC CAN NHO

I - NGUYEN HAM

1. Khai niém :

e Cho ham s6 f xdc dinh trén K, ¢ d6 K la mot khoang, mot doan hay
mot nira khoang. Ham s6 F dugce goi la nguyén ham cta f trén K néu
F'(x) = flx) v6i moi x thudc K.

e Néu ham s6 f c¢6 mét nguyén ham F thi v6i moi C. € R ham s6
y=F(x)+C ciing la mdt nguyén ham cua f.

e Ho tét ci cdc nguyén ham cia f trén K duoc ki hiéu 12 jf{x)dr.

Vay j f(x)dx = F(x)+C

vGi F 1a mot nguyén ham cua f.

j'f (x)dx con duge dung dé chi mot nguyén ham bat ki clia f

® Bang nguyén ham clia cdc ham s6 thuong gap
1) Ide=C : Idr =x+C ;

xar+l
) [ =
a+l
3 [E=tff+C 20
X

4) Véi k 12 hiing s6 khdc 0, ta c6

+C (a#-1);

a) |sinkxdx = _cos.kr +C b) |coskxdx = g s +C
. ok _ ik
c) je Ydx = ~—+0C : d) [a'dx=L— +C(O<azl):
k ) Ina
5) a) =tanx+C ; b) =—cotx+C.
COS X sin’x
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2. Tinh chdt
2) [If(x)+g(olde = [flody + [e(ndx

b) _[af(x)dx = a_[f(x)d.r +C (a#0).

3. Cong thitc nguyén ham ting phan
JuCew Code = u)ron = Jreou(ode.
4. Cong thitc doi bién so
j Flu()]u (x)dv = Flu(o)]+ C
trong d6 F 1a mot nguyén ham bat ki cua f.
II — TICH PHAN VA UNG DUNG
1. Khdi niém
Tich phdn cia ham s6 f tha dén b (a, be K) la

b

e B B ‘b_ NS
Jﬂnm—ﬂw nm-nna_ummq

trong dé F 1a mdt nguyén ham bat ki cta f trén K.

2. Cong thirc doi bién so

h u(h)
jf[u(x) '()dy = j Faodu .

u(a)

3. Cong thiee tich phan timg phan

b b
_[u(_\')v'(x)dx = u(x)v(x)‘z - J-\’(x)u'(.x‘)dx.

b
a
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4. Dién tich hinh phdng (phdn to dém)

b
S= [|f(x)|dx

y = flx)

b
S = [|fx) - gofdx

y=gx)

5. Thé'tich vat thé

b
V= jsu)dx

o
V=n [f2(x)dx

d
V=n[g*(»dy
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§1. NGUYEN HAM

3.1. Tim nguyén ham cta cdc ham s6 sau :

ayy=1-x; b)y=2+x2; c)y=x3—9;
2 1, 1 1 5 3

dy=—+—x"; e)y=—vx - —; = — + 8x.

)y st3% )y 5 2 f) y 5 * x

3.2. Tim nguyén ham cta cdc ham s§ sau :

a)y=(x+2)(x-3);
c)y=(x-3);
3.3. Tim

a)szlsxdx;

2
o) I(x-l- 2) i

x4

3.4. Tim

3 1

a)J(.rz +x 2 =5)dx;
¢) j'(x“3 =R s D &

3.5. Tim ham s6 y = f(x), biét réng

a)f'x) =2x+1va 1)=5;

c) f'(x)=4\/; —xvaf(4)=0;

b)y=(x*=3x)(x + 1);

d)y=( +2)x + 1),

2_
8 J-4x3+5x 1dr;

X2

2 2
d) j(x 12”) dr.

b) [Vx(vx = 2x)(x + Ddx ;

d) I [( 2x+3x72 )(x2 - l] +3x7° } dx.

X

b) ()= 2-x*va f(2) = %;
d) f'(x):x——l-2—+2 va f(1)=2.
* g
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3.6. Tim ham s6 y = f(x), biét ring :
a) f(x)=3(x+2)" va A0)=8;
b= Y+ +1va AN=2;
¢) ') = (x+ Dix—1) +1vaf0)=1;
d) f‘(,\')‘= 437 =32 +2 vafi-1) = 3.

3.7. Tim ham s6 v = f(x) néu biét f'(x) = ax + % f=D)=2, ll)=4,1(1)=0.
.

15V

14’
3.9. Tim nguyén ham cua cdc ham s6 lugng gidc sau :
1

sin®x cos®x

'3.8. Tim ham s6 y = f(x) néu biét f'(x) = A1) = 4.

a) y = (2tanx + (:otx)2 ; b)y= c)y= 3sin2§-

§2. MOT SO PHUONG PHAP TiM NGUYEN HAM

3.10. Tim nguyén ham cta cdc him s& sau bing phuong phap déi bién 6 :

X

ayy=(Sx+ 3)5 : b)y= sin*xcosx ; c)y=
e +1
3.11. Tim nguyén ham cia cic ham s6 sau :
a) y=(4x-1;  by=@x+5°;
¢) y=(71-30%; dyy=Gx+2)°; e)y=(9—4x)2,
3.12. Tim nguyén ham ctta cdc ham s6 sau : |
3 A
a) y= % : b) y = sinxv2cosx — 1 ; cy= s1n2x .
(6x" +95) cos“x

3.13. Biang phuong phdp déi bién s6, hdy tim :

a)jzx 2 +ldx : b) j3x2 X +1dx:
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&) [—g——gdv ; & [ b
Bx° +9) x +4x -5

3.14. Bang phuong phép déi bién s6, hay tim :

tany

e
a) dx ; b)
‘[cos2x J-l +e X
1 r2+4
c) dy ; d) |2xe dx.
-[ xlnx J
PN C . . e s . 4000
3.15. Mot dam vi tring tai ngay thit ¢ ¢6 s6 luong 1a N(r). Biét rang N'(7) = 0.3
+0,5r

va ldc ddu ddm vi tring ¢6 250000 con. Hoi sau 10 ngay s6 lugng vi
trung la bao nhiéu ?

3.16. Mot vat chuyén dong vdi van téc v(f) (m/s) c6 gia téc v'(f) = il (m/sz).
I+

Van t6¢ ban diu cua vat la 6 m/s. Héi van t6c cha vat sau 10 giay (1am tron
két qua dén hang don vi).

3.17. Goi A(t) (cm) lé muc nudc & bon chita sau khi bom nuGe dugc 1 giay.
Biét rang h'(r) = < \/t + 8 va lic d4du bon khong ¢6 nude. Tim mie nude &

boén sau khi bom nudc duge 6 gidy (lam tron két qua dén hang phén tram).

3.18. Dung phuong phap 18y nguyén ham ting phan, hay tim nguyén ham cta
cac ham s06 sau :

a)y= xe ¥, b) y=xlnx;
c)y= \/;lnx : d)yy= xsing-
3.19. Dung phuong phép 14y nguyén ham timg phén, hay tim
a) [xPedr ; b) [3xcos(2x)dx ;
c) J.x3 In(2x)dx ; d) % cos(3x)dx.

3.20. Gia st khi dp dung cong thic nguyén ham timg phan, ta dan dén
[flodx = a G - b JFoodx
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Véi b = -1.
Ching minh rang

j f(x)dx = “bG(x) + C véi C 12 hiing s6.
3.21. Sir dung k&t qua bai 3.20 dé tim
a) le"cosxdx ; b) je" sinxdx ; c) Iex sin2xdx.

3.22. Tim nguyén ham cua cdc ham s6 sau :

3

a)y= x sinx ; b) y = sin(Inx).

323. bat /, = fe’dx  (ne N,

a) Ching minh rang 1, = x"e" —nl,_; ;

b) Tim 1, I, L.

3.24. Par 1, = [sin"xdx (ne N).

:_n—1
. . N —sin’  xcosx n-—1
a) Ching minh rang /, = + I, 5.
n n

b) Tim /.

§3. TICH PHAN

3.25. Tinh cdc tich phan sau :

y 1y : 3
a) |(x+——} de ;- b) I[ezx + }dx :
3 X b x+1
5 0
c) J'(3x —4)*dx : d) j(x — e ")dr.
2 -2

3.26. Tinh céc tich phan sau :
2

2
a) J(xz -—3x‘4)dx : b) I(x\/_ —x)dx ;
0

1
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-1 4 3 3j_ 2
c) Jx3(x+1)dx N d) I(J;~l)2dt : e) J‘udx
0 1

3.27. Tinh céc tich phén sau :

1 2 4

a) j(e-‘f +1)dx : b) dex ;
0 ( €

c) lf(e-' —e )dx ; d) lj(\/eT -1dx ; e) _je]_zxdx.
-1 0 1

3 4 4
3.28. a) Gia sit jf(x)dx =3 va [f(z)dz = 7. Tinh [f(x)dt.
0 0 3

1 3 3

b) Gia sir j f(hdr=5 va j f(r)dr = 6. Tinh [f(u)du.
-1 -1 1

3.29. Gia st M va m theo thit tuy 12 gid tri 16n nhat va nho nhét cia ham s6 f
trén doan [a ; b]. Ching minh rang

b
m(b - a) < [f(x)dx < M(b - a).

3.30. 2) Sir dung bat ding thitc & bai 3.29 d€ ddnh gid cdc tich phan
1 05 |
dx dx dx
= J1+x2’ /= J‘1+x2’ k= '[1+x2‘
0 0 05

b) Tur cong thirc 7/ =J + L, hiy dua mot danh gid chinh xdc hon cho /.

[
3.31. Tinh _Hlnxidx.
1

e

3.32. Van t6c ciia mot vat chuyén doéng 12 v(t) = _il_ + sin(7tt)
n T

Tinh quiang dudng di chuyé’ln cua vat d6 trong khoang thdai gian 1,5 gidy
(1am tron k&t qua dén hang phédn tram).

(m/s).
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P +4

3.33. Mot vat chuyén dong véi van t6c W) = 1,2 + 3
4+

(m/s). Tim quing dudng

vat d6 di duge trong 4 gidy (lam tron két qua dén hang phén tram).
3.34. Tinh céc tich phan sau :

n 2 . 16 dx
dx ; b) |l — xdx ; —
a) J|cosx1 )J| x' <) Jm_\/}

§4. MOT SO PHUONG PHAP TINH TiCH PHAN

3.35. Tinh céc tich phan sau :

5 1 2 2 3
a) I[x2+—]dx; b)f dx ;
i X ; 1-2x
1 1 2
2
0 [—dr; &) [X—dx ;
lx +1 g X +1
12
2x+1
) |7 dx
ioX tx-2
3.36. Tinh céc tich phan sau :
bl T
% cosx 12
8) [———dx; b) | dr ;
o 1+ sinx 5 cos 23x(1 + tan3x)
n
T g 1
¢) Jeos2x+mdx;  d) j —_dx
; SIn2x
3
3.37. Tinh céc tich phén sau :
T
2 1 2 i
a) Ix x* +3dx : b) I(3x+2)4dx ; c) J dv.
4 h 1 + cos.x
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3.38. a) Cho a > 0. Ching minh ring
B

o
J- 2dx 3 =—r—h,
X tTa a
) e -~ yii a
trong 46 r va k 1a cac s6 thuc thoa min tanr =—, tank = —.
a a
r
2
b) Tinh j
2 + cosx
3.39. Tinh céc tich phan sau :
T
2 n
a) J'(2x — Dcosxdx ; b) Jx3sinxdx ;
0 0
(<
) len(l + xz)dx ; d) Ixz Inxdx
0 1

e) l_[xe"d.n

1

3.40.Dit I, = [cos”xdx. Chitng minh rang [, = =—~I . Tirdé hay tinh /.
n

Ou__.l\”?-i

n
2 _
341.Dat I, = Jsm xdx. Chimg minh ring/, = 1 I, ,.Tudé hdy tinh /o val,.
n
0

§5, §6. MOT SO UNG DUNG HINH HOC
CUA TiCH PHAN

3.42. a) Tinh dién tich hinh phing gi¢i han bdi d6 thi ham s6 y = sinx, truc
hoanh, truc tung va dudng thang x = 2m.

b) Tinh dién tich hinh phing gi6i han boi 46 thi cic ham s6y = 2 —x, y =x?,
va truc hoanh trong mién x > 0.
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3.43. Tinh dién tich hinh phang gi6i han b&i d6 thi ham s6 y = x> = 3x% + 2x,
truc hoanh, truc tung va dudng thang x = 3.
3.44. Tinh dién tich hinh phang gidi han béi :
a) Do thi ham sG y = %, truc hoanh va dudng thing x =2 ;
b) D6 thi ham s6 y = 4 — x> va truc hoanh ;
¢) D6 thi ham s6 y = = 4y, truc hoanh, truc tung va dudng thiang x = -2 ;

d) Pé thi ham s6 y = xX’—4x, truc hoanh, dudng thing x = -2 va
duong thang x = 4,

e) D6 thi ham s6 y = /x —x va truc hoanh.
3.45. Tinh dién tich hinh phing gi6i han béi :
a) D6 thi ham s6 y = ¢ + 1, truc hoanh, truc tung va dudng thang x = 1.

b) D& thi ham s6 y = e>* —1, truc hoanh, dudng thing x = 1 va
dudng thang x = 2.

c) D6 thi haim s6 y = &' —e ™", truc hoinh, duong thing x = —1 va
dudng thang x = 1.

3.46. Tinh dién tich hinh phang gidi han béi :

a) D6 thi ham s8 y =

. truc hoinh, truc tung va duong thang x = 4,
X+

b) D6 thi ham sd y = , truc hoanh, duong thing x = —1 va duong thing
— X

x=1.
3.47. Tinh dién tich hinh phang gi6i han bdi :

a) D6 thiham s6 y = x + 1 , truc hoanh, dudng thing x = -2 va dudng thing
x

x=-1,

b) D6 thi hAim s y = 1—%, truc hoanh, duong thing x = 1 va dudng thing
.
x=2.

o . 1 , 1 .
c)bothihaimsay=1 - — duong thang y = -3 va dudng thang y = %
X
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3.48. Dién tich hinh phang gi6i han bdi dudng cong y2 = 4ax (a > () va dudong
thing x = a bang ka®. Tim k. |
3.49. Tinh dién tich hinh phing gidi han bdi :

a) Do thi ham s6 y =%, truc hoanh, dudng thiang x = 2 va dudng
(x=1)

thang x =3 ;

b) D6 thi ham s6 y = 2 —, dudng thing y = 2 va dudng thang y = 8.
(x =1y

3.50. Tinh dién tich clia hinh phang gidi han boi :
a) Do thi hai ham s6 vy = x* +2, y =x va hai dudng thang x=0,x=2;
b) D6 thi hai ham s6 y = 2— X, vy =x vahai dudong thang x=0,x=1
¢) D6 thi hai ham s6 y = 2—x°, vy = x ;
d) P thi hai haim s6 y = Jx, vy =6 — x va truc hoanh.
3.51. Tinh dién tich cha hinh phang gidi han bdi :
a)Déthihaihams6 y=T7 -2 vay= x> +4;
b) Hai dutng cong v —v> =0 vax+ 2y* =3 ;
¢) Hai duong cong x = y3— _vz vax = 2y.

3.52. Tinh thé tich ctia phin vat thé gidi han bdi hai mat phang x = 0 va x = 3.
biét ring thiét dién cua vat thé bi cit bdi mat phang vuong géc véi truc Ox
tai diém ¢6 hoanh dd x (0 < x < 3) 1a mot hinh chit nhat c6 hai kich thudc

I3 x va 2v9 — 2.

3.53. Tinh thé tich cha khéi tron xoay tao thanh khi quay quanh truc hoanh mbi
hinh phang gi6i han bdi :

a) D6 thi ham s6 y = x(4 — x) va truc hoanh ;

b) P4 thi ham s y = e”. truc hoanh va hai dudng thang x=0, x=3;
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c¢) D6 thi ham s6 y =l, truc hoanh va hai dudng thing x=1,x=2;
X

d) D6 thi ham s6 y =+/x , truc hoanh va hai dudng thing x = 0, x = 2.

3.54. Tinh thé tich clia kh6i tron xoay tao thanh khi quay quanh truc tung méi
hinh phdng gidi han bdi :

a) D6 thi ham s6 y = x”, truc tung va hai dudng thing y =0,y =4
b) D6 thi ham s6 y = x>, truc tung v hai dudng thing y =1,y =2
¢) D6 thi ham s6 y = Inx, tryc tung va hai dudng thing y =0,y =1
d) D6 thi him s y =3 gl , truc tung va dudng thing y = 1.

ON TAP CHUONG lII

A. BAI TAP TRAC NGHIEM KHACH QUAN

Trong méi bai tép tix 3.55 dén 3.57, hdy chon mét phuong dn trong bén
phuong dn da cho dé duoc khdng dinh diing.

3.55. Ham 56 F(x) = ¢* 12 nguyén ham ciia ham s6
2

(A)fx) = e 3  (B)fix) = 2xe” ; (C)f(x)=%;; (D) fx) = x%e* —1.

3.56. Cho d6 thi ham s6 y = f(x). Dién tich hinh phéng (phdn t6 dam trong
hinh 3.1) la

4
(A) [f@xdx ;
-3

Ay

1 4 :

B) [f(x)dx+ [f(x)dx ; y=f®
' _03 :) -3 0 4 X

© [fode+ [f(xdx ;
: -3 4

-3 4
(D) [flx)dx+ [f(x)dx. Hinh 3.1

0 0
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= InK. Gi4 tri cba K 12

5
3.57. Giasi j dx
| 2x -1

(A) 9 (B)3; (C)81; (D) 8.
5 .
3.58. Chol= I2x\/ X2 —1dx vau=x>-1. Chon khdng dinh sai trong cic

1
khéng dinh sau :

3
(AT = [\/Zdu; (B)1=§\/27;
0
2 5 _3_3
(©) 1= jJZdu; (D)I=§u2 :
1

Trong méi bai tap tir 3.59 dén 3.61, hdy chon mot phuong an trong bon
phuong dn da cho dé dugc khdng dinh diing.

his

6
3.59. Cho Isin" xcosxdx = é Khi d6 n biang
0
(A)6; (B)S5; (04, (D) 3.

2
3.60. Gi4 tri cua J-2e2xdx bing
0

(Ae? ; (B) e*-1; (C) 4e* ; (D) 3e*.
3.61. Dién tich hinh phing gidi han bdi dé thi ham s6 y =x* va duong thing
y=2x1a '
4 3 ‘ 5 23
A) —; B) = ; O = D) —.
(A) 3 (B) > (© 3 (D) s

2 5 5
3.62. Gia sir If(x)dx =4, If(x)dx =3, Jg(x)dx =6. Khing d;nh sau day
-2 2 -2
ding hay sai : "fx) < g{x) véi moix e [-2; 5]" ?
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B. BAI TAP TULUAN

3.63. Tim nguyén ham cia cdc him s6 sau bing phuong phép déi bién :

2
B y= Pt 1) byy= o .
1- x3
2.
) y= 18tan” x . od) I+ sin?(x = 1) sin(x — Decos(x — 1),

2+ t21113)c)2 cos®x

3.64. Tim nguyén ham cia cic ham s6 sau bang phuong phap 1iy nguyén ham

timg phéan :
a)y= ¥’ cosy | b)y= x’e;
c)y= et d) y = e “cosx ;

~ .
e) y= e“"cos3u.

3.65. Bang cach phoi hop hai phuong phiap déi bién s6 va 14y nguyén ham
timg phdn, tim

a) eV dx ; b) finCx +x7)dx :
c) Ixtanzxdx ; d) Jsin(lnx)dx.

3.66. Gia tri trung binh cia ham s6 v = f(x) trén doan [a ; b] 1a mot s, ki hiéu
m(f) dugc tinh theo cong thirc

b
1,
m(fy=-— aajf(x)cu.

Hay tinh gi4 tri trung binh ciia m&i ham s¢ san trén doan da chi ra :
a) f(x) = sinx trén doan [0 ; ®];

T
b) fix) =tanx trén doan (—— ; — | ;
. NEX

c) flx)= Id — 1 trén doan [—1; 3} ;

d) fix) = 1-1 = x* trén doan [-1;1).
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3.67 Tinh dao ham cta cac ham s6 sau :

\/._Y siny

a) G(x) = j costdt (x > 0) : b) G(x) = j3z2dz :
0 1
\/’I _\'2

) G(x) = [ sinf?dr (x> 0) ; d) G(x) = j cosV1dt.
1 0

3.68. Tinh cdc tich phan sau :

}
n 4 35
s 1+ u)?
a) [sin“(Sr)dr : b) | ————du ;
! %
T
ot 23 2
¢) [x 3 (1 - x3)2 dx ; d) [ 15sin* (Bx)cos(3)dv.
| T
8 2
3.69. Tim f(4), biét rang :
3 () R
a) If(t)dt = xcos(mx) ; b) I t-dt = xcos(my).
0 0

3.70. Tinh dién tich hinh phing gidi han bdi :

2
a) Do thi hai ham so y = ‘xz—ﬂ,y: \7 +4;

[

b) Céc dudng cong x =y3, x + y* =2 vA truc hoanh.

¢) Céc dudmg cong y = v/x, x + 2¥° =3 va truc hoanh,

3.71. Tinh thé tich kh6i tron xoay tao thanh khi quay quanh truc hoanh méi
hinh phing gidi han bdi cac duong sau :

a)y=2x—x2,y=0:

byy=Inxy,y=0,x=2;

. T
c)y=sinxcosy, y=0,x=0,x= 5
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3.72. Tinh thé tich kh6i tron xoay tao thanh khi quay quanh truc tung méi hinh
phang gi6i han bdi cdc dudng sau :

N

)’2 +1

c) Hinh tron tam 7 (2 ; 0), ban kinh R= 1.

3.73. Cho ham s6 y = ,}l‘—x O<x< 1)
X

a) Tinh dién tich hinh A giéi han bdi d6 thi ham s6 di cho, truc hoanh va

a)x= b)y=2x—x2,y=0,x=2;

,y=0,y=1;

) 1
duong thang x = 5 ;
b) Tinh thé tich khéi tron xoay tao thanh khi quay A xung quanh truc hoanh.
!
va tir cAu a) suy ra gid tri cha j dy -
oLty

¢) Ching minh ring x =

1+y2

C. DAP SO — HUONG DAN - LOI GlA| amm—

§1. NGUYEN HAM

3

3.1. a)x—lx2+C; b)2x+§~+C;
2 3
4 3
c)x—~—9x+C; d)2x+x—+C;
4 5 9
e 1 3
&) — +—+C; f) x2 + 4x” + C.
3 X
3 2 4 3 2
32.2) 2 -2 _6x +C; by -2 3 L.
3 2 4 3 2
a4 5 4 3 2
c) (x-3) +C; d)2—x-+x—+x—+—+C
4 5 2 3 2
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2
3.3.a)i‘2-—3x+c; b) 22 +5x + + +C:

X
3
g-1_2_2% ,c, 4 a1 4c
x . x* 3x 3 . x
7 1 3 2 7 5
4 — = - 4 =
34.8) x4 +2x2 5y +C; S S S0 N S ar
7 3 2 7 5
4
O -——+ 2422 vx4C; d X +x+C
2% x 2

3.5.a) X+ x +3.

Hucmg ddn. fix)= x> +x+C.Vif(l)=SsuyraC=5-2=3.
3

b) 2x— 2 +1:
3
2 2
@S“E—i"ﬁg; d Lo 2
3 2 3 2 x 2
i 4
3.6.a) (x+2)3; b)-3-x3 + X +x:
x3
c)? +1; d)x4—x3+2x+3.
2
X 1 5
37. f(x)= =— + — + =
ji€9) 5 -t

ax2

Huong dan. fix) = - b + ¢. Tix &iéu kién da cho, ta ¢ hé phuong trinh
X

g+b+c=2,

2
ﬁﬁ—b+c=¢

2

a+b=0.

Giairatadugca=1,b=-1, ¢c= %
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3
3, 2
7 7
3.9. a)4tanx —cotx —x+ C ; b) tanx — cotx + C ; c) % (x = sinx) + C.
§2. MOT SO PHUONG PHAP TIM NGUYEN HAM
6
300, 2 O o Hucng dén. Déi bién u = 5x + 3.
sin’ x . ey .
b) +C. Huong dan. DOt bién u = sinx.
¢) In(e"+ )+ C. Huong din . Déi bienu=¢' + 1.
Y 7
3L a) @D o by B3 o
21
(7 = 3) —(5x -5
C) (_7—\)_ +C : d) M +C :
27 25
I
ey —————+C
4(9 - 4x)
3.12. a) ——;4[—4 +C. Huong dan. Bat u = 6x* +5.
96(6.7 + 5)
I Y .
b)—g (2cosx — l)3 +C. Huong dan. Dat u =2cosx — 1.
c) +C. Huong dan. Dat u = cosx.
COs X
5 3
3.13. a) ;(}(2 +12 +C. Hudng dan. Pat u = X2+ 1,
3 3
b);(,\c3 +H2 +C. Huong dan. Pat u = 4.
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c) _11_8(3)52 +9)'3 +C. Hudng dan. Dat u = 3x% +9.

d)In|x*+4x—5|+C. Huéng dén. Patu = x* +4x - 5.
3.14. a) ™™ +C. Hudéng ddn. Dat u = tanx.

b)-In(l + ¢ ")+ C. Huong ddn. Datu = e,

¢) In|lnx| + C. Huéng ddan. Dat u = Inx.

d) ) Huéng ddn. Datu = x* + 4.

3.15. = 264334 con.
Huong dan. N(r) = 8000in (1 + 0,5¢) + 250000
N(10) = 80001In6 + 250000 =~ 264334 (con).
3.16. =~ 13m/s.

Huéng dan. v(t) =3In(t + 1) + 6, v(10) = 3In11 + 6 = 13(m/s).

. 4
3.17. 2,66cm. Huéng ddn. h(f) = i(z +8)3 — E
20 5
3.18.a) e *'(x+D +C. Huong dan. v = e™*, u=x.
2 2
b) A lnx—i(—+C. Huong dan. v' = x, u = Inx.
2 4
3 3 |
22 2 _
c) 2x 31nx — 4'; +C. Huéng dan. v’ =x? , u = lnx.
d) 9sin§ - 3xcos§ +C. Huéng dan. v' = sinfc—, u=X.
3.19.2) (K- 2x+2) " +C. Huéng dén. v =", u= x°.

b) %(2xcos2x ~sin2x + 2x2 sin2x) + C.

Huong dan. v' = cos(2x), u = X2,
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x* In(2x) x*

c) PR +C. Hudng dén. v' = x°, u = In(2x).
A 7 .
d) _ 6xcos(3x) — 2sin(3x) + 9x"sin(3x) ‘C
27
3.20. Gidi.

Tacé: [f(x)dx +b [f(x)dx = aG(x) + C; (C, 12 hiing s6 nao d6)
hay (b + 1) f(x)dx = aG(x) + C,.

aG(x) ¢, aG(x)
b+1 b1 brl T C

Do d6 : j fxydx =
3.21. a) %ex(sin x+cosx)+C.

Gidi. Dat u =e”*, v' = cosx, ta din dén

J‘cxcosxdx = e*sinx — Jex sinxdx. (1)
Tuong ty

J'cx sinxdx = —e*cosx + Jex cosxdx. (2)
Thay (2) vao (1), ta dugc

J'e" cosxdx = e*sinx + e* cosx — Iex cosxdx.

T bai 3.20 suy ra

ch cosxdx = %e’ (sinx + cosx) + C.
I v, .
b) —2—e (sinx - cosx) + C.
c) %ex(sin 2x —2cos2x) + C.

3.22, a) —x3cosx + 3xZsinx + 6xcosx — 6sinx + C.
Hudmg dan. Dat u = x3, ¥ = —COS X.

Ta c6 Ix3 sinxdx = —x’cosx + 3jx2cosxdx. Tiép tuc tinh j x? cosxdx bing
cdch |4y nguyén ham ting phén.
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xsin(ln x) — x cos(In x) +

b
) 2

C.

Gidi. D6i bién u = Inx. Khi d6 sin(Inx) dx = €“sinudu. Tacé (theo bai 3.21b)

jsin(lnx)dx = Ie" sinudu = —;e" (sinu — cosu) + C

_ xsm(lnx); xcos(Inx) +C.

3.23. a) Hudng ddn. Kiém tra ring (x"e* —nl,_))' = x"e”.
by I, =xe* —e"+C; 1, = x%e* —2xe* +2e* +C;
I, = X'’ - 3x%" + 6xe* — 6" +C.

—sin""' xcosx N

3.24. a) Huomg dan. Kiém tra ring [
n n

b) I, = ——%sin2 XCOSX — E;cosx +C.

§3. TICH PHAN

1, | _ ..
1,,_2] =sin’ X.

. 2
3.25. a) 275 . by & 4302 -+ =527
12 2 2
0)161019 = 10734.6 ; d) -1 -¢2
3.26.3) 2 . b)8—‘/2.—2 ;
24 5
i 7 20
% o ®) =
327.a)e; b) 2(6_2 —6—4) :
)0 d) 2Je =3 e) %(e*‘ _éd),



3.28 a) 4, b) 1.
3.29, Giai. Tacé6 : m < fix) £ M Vx € [a ; bl Ap dung bai toin 13.b)

b b b
(SGK trang 153)tasuyra:mh—a)= Imdxs Jf(x)dxs .[de:M(b—a).
a a

a

3.30. a)_<1<1 3<ng;lng3
5 2 4 5
b)ESI 9.
20 10
3.31.2—3.
e

e e 1
Huédng dan. _ﬂlnx|dx = jlnxdx - Jlnxdx. Nguyén ham cda Inx trén khoang
1 1 I

(14
xédc dinh cba né 1a x(Inx — 1).
3.32. 2 + i,, = 0,34(m).
4n g
3.33. 0,8—-13In3 + 13In7 = 11,81(m).

n
14

L 2
3.34. a) 2. Huong dan. _ﬂcosx{dx = jcosxcbc - Icosxdx.

0 0 n
2

2 1 2
b) 1. Huong ddn. |l - dx = (1 - x)dx + Jx - .
0 0 ]

i} 1 1
¢) 12. Hubng ddn. = Z(Jx+9 +Jx).
§ x+9-Jx 9
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§4. MOT SO PHUONG PHAP TiNH TiCH PHAN

3.35.a) E}Z Huong dan. [xz + lT —xV+2x+ L
4 X X2
b) —31;3. Huong ddn. Dat u=2x— 1.
) 0. Hubng dén. Datu= x> + 1.
d) 21;12- Huéng din. Datu=x> +1.

e) In77 — In54. Huong ddn. Datu= x* +x-2.

3.36. a) In2. Hudng dan. Pat u = 1 + sinx.
In2 . z ~
b) 3 Huong dan. Dat u = 1 + tan3x.
c) 0.
d) 1nyf3.
2
ﬁdu
Huéng ddn. Dat u = tanx. Khi d6 tich phan c4n tinh bing IT
u
I
3.37. a) 7ﬁ ~8 ;
3
b) 208,4.

c) 1.

Gidi. Dat u = tan%.Khi 46 du=—F suyrady= =2

—
2cos? L I+u
1+ cosx = 2co8* % = 5 - Vay tich phan cdn tinh bing
l1+u
1
Jdu =1
0

11 - BTGT12-NC-A
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3.38 a) bat x = atanu. Khi d6

adu 2 2 2

5 X +a =a2(l+tan2u)= 5
cos“ u cos“u

dx =

Theo cong thuc doi bién, ta c6

i) r
dx d 1 ..
’[3 2=_[—u=—(r—k)v01tanr=£,ta.nk=—
ax“-}-a ka a a a
V3
b) ——.
) 9
X e, 2du ,
Giai. Dat u = tan— . Khi d6 dx = 2.Matkhac
2 1+ u
) 2
2+cosx=2+1 u2=3+u2.Vaytheoa),tacc’>
1+ 1 1+u
r I
2 @ Y1+ 2du L du 2 6 3
J = [ =2 = e fau =
02+cosx 03+u l+u ou +3 \/30 9

3.39.a) n - 3.
Huong ddn. Sit dung phuong phép tich phan timg phan véi = 2x — 1, v' = cosx.
b) ™ —6m.
Huong ddn. Sit dung phuong phdp tich phan timg phén véi u = x3, V' = sinx.

¢)In2 - l
2

2
Hubng ddn. Trude hét d6i bién r = 1 + x? . Tich phan cén tim bing %J‘lntdt.
1

Sau d6 sit dung tich phan timg phan véi u =Int, v = 1.
2e +1
5
Hudng dan. St dung phuong phdp tich phan titng phin vé6i u = Inx, v' =x2.
e) 1.

d)

Huomg ddn. Sir dung phuong phép tich phan timg phin véi u =x, v' = e”.
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3.40. Huéng ddn. St dung phuong phép tich phan timg phin v6i u =cos™ ' x
V' = cosx suy ra

_TE
2

I, =(n-1) jcos"'"2 xsin® xdx.
0

Thay sin®x = 1 — cos> x, ta c6 diéu cdn chimg minh.

4 42 8
Suyra Ic =—, =——I], = —
yrl=5h8=531%1s

5m 16

3.41.I =_,I = —

692" 7 38

Huéng ddn. Van dung cong thic tich phan timg phén twong tu nhu bai 3.40.

§5. §6. MOT SO UNG DUNG HINH HOC
cUA TiCH PHAN

3.42.a) 4.

Hudng ddn. Ta c6 sinx 2 0 trén doan
[0 ; =] va sinx £ 0 trén doan [n ; 2x]. )
Vay dién tich hinh phing (phn to 1} msinx

dam trong hinh 3.2) Ia _0% 2n  x
1 '

n ! 2n
S= [finxjdx = [sinxdx — [sinxdx
0 0 n

=2-(-2)=4.

Hinh 3.2
5

b) =.

) 6

Gidi. Tim hoanh d¢ giao diém cua hai d6 thi ham s6 y = 2 — x va y = x’ bing
céch gidi phuong trinh 2 - x = xz.Taﬁmdqucx= 1 va x = -2 (loai). Hinh tao
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thanh (phdn t6 dam trong hinh 3.3) gém
mot tam gidc cong va mot tam gidc. Dién
tich tam gidc cong la

1
Ixzdx % % Dién tich tam giac la % Vay
0

2 1
di@tichhinhphéngcﬁnﬁml&—g—«l-%:%.

3.43. 1741 : . Hinh 3.3

3 |
Huing ddn. S = | |x3 32+ 2x‘dx = [ =327 + 2x)dx
0 ) 0
2 3 )
- I(x3 —3x% +2x)dx + j(x3 —3x% +2x)dx
1 2

2
3.44.a)4.  Huéngddn.§= [x'dx.
0

2
b) == Huomgddn.S= [(4-x")dx.
)

0
©)4.  Huongddn. S = [(x’-4x)dx (h.3.4)

-2 yir
484 ~==--—-

40 +

201

Hinh 3.5
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d)44.  Huéng dan. (h.3.5)
S= T”xa —4x|dx )
J'(x — 4x)dx — j'(x — 4x)dx

-2
4

+ j'(x3—4x)dx =4+4+36=44.

2

1
e) —-
)6

1
Huongddn. (h36) S= [(/x — x)dx.

4 . 2
3.45.a)e: b) S 1 ; -
c) 2(e+l—2}
L ]
3.46. 2) 2In5 ; b) 3In3.

347.a)In2 + %

-1
Huéng ddn. (h3.7) S=  [|x +—

b) 0.5.

Huo'ngdan S= I{I——l-—}dx
X
¢) 2(V6 - J" 2).

Huomg dan. (h.3.8). Dién tich
hinh thang cong ABCD la
I

[a5-h-a
2

Hinh 3.6

Hinh 3.8

[ SR e
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3.48. k= % Hudng dan. Dién tich cin

a 8a>
tim 1a 4v/a [Vxdx = =
0

3.49.a) 1.
b) 8.

Gidi. T y =

ta rat ra

2 V2
x=1l+—4= hodicx=1- —&—.
Vy Vy

Vay S = 11 +%—(1 —~%de

8283

—=dy =8.

3y

(x—1)?%"

3.50. a) 3
3

2
Huing ddn. S= [(x* +2 - x)dx.
0

7
b) —.
) 6
1
Huoéng ddn. (h.3.9) S= J‘(z - x% — x)dx. Hinh 3.10
0 ¥y
) A
c) —-
2

Hudng dan. (h.3.10)

' 4
Huong ddn. (0.3.11) S = [Vxdx+2.
0

Hinh 3.11
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3.51. a) 4.

1 1
Huémg ddn. (h.3.12) S = j’(? —2x2 - x* —4)dx = j(s ~3x%)dx =4.
—1 -1

i

-2, 2 :
BN
Hinh 3.12 Hinh 3.13
b) 4.
‘ *[B=x 2 4
Hudng ddn. (0.3.13) § = 2 [Jxdx +2 ——dr =23 2.5 =4,
0 1 )
37
c ——
'
Huomg ddn. (h.3.14)
2 0
8 5 37
S= [@y~y+y)dy+ [P -y -2pdy = -+ ===
J(y Y +y*)dy _jl(y of e R e S b=

Hinh 3.14
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3
3.52.18.  Hudngddn. V = jzx 9 — x? dx.

3.53.2) 2120 .

15

T
)~
)2

3.54. a)8n ;

€ -n

¢) ———;

2
[6.23 3}!:
D A

0

-

b ;
) 2

d) 2x.

5 *

3
d) 2. Huong ddn. V = = [(3 - y)dy.
1

ON TAP CHUONG IlI

A.BAI TAP TRAC NGHIEM KHACH QUAN

3.55. Chon B.
3.58. Chon C.
3.61. Chon A.
3.62. Sai.

Huong dan. Ta cé

3.56. Chon C. 3.57. Chon B.
3.59. Chon D. 3.60. Chon B.

5. h
Jf(x)dx:4+3=7 ; i_[g(x)dx =6 nén SJ-f()c)d.)c > 5j'g()c)cbc.

-2
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B. BAI TAP TULUAN
1 4 3
3.63. a)— -1 +C.
a) 12(x )

Huomg ddn. Patu= x* - 1.
¥

b) —6(1 - x*)2 + C.

Huong dén. Patu=1-x*.

o-—2> +c.

tandx + 2

Huébng ddn. Dat u = tan’ x + 2.

3
d) %[1 +sin?(x - D2 +C. .

Hudng dan. Dat u =1+ sin®(x — 1.
3.64.a) x%sinx — 2sinx + 2xcosx + C.
Huong dan. Dat u = x>,V = cosx.

b) e'(x? =2x+2) +C.

Y

Huomg dan. Patu=x*,v' = e".
c) (X =3x2 +6x—6) +C.

Huong ddn. Dat u =x3, v = el

d) %e""(sinx —cosx) +C.

Huong ddn. Pat u = cosx, v' = ¢ *. Khi xuit hién ‘[e_'rsinxdr lai tiép tuc

s dung phuong phép tich phan timg phdn véi u = siny, v' = e™*

2x

e
e
)13

(3sin3x +2cos3x) + C.
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3.65.) = 2V Tt g - 2T
Huéng ddn. Dat u=7x+4.Suyra dx = %udu.

b) xin(x + x*)—2x+In(x + )+ C.

Hucng dan. Pat u =In(x + x*), v' = 1.

1
c) —Exz + xtanx + In | cosx| +C.

Huomg ddn. Chi y ring tan’x = >——1.ta dua vé J' réi sir dung
cos” x cos’ x
phuong phép tich phan tiing phadn véiu=x, ' = ]2 .
cos” x
d) xsin(Inx) — xcos(Ilnx) +C
2
Huémg ddn. Dat u = Inx. Suy ra dx = ¢“du.
2 1 T
3.66.2) — ; b)0; c) - d1-—.
T ) 4 ) 4
3.67.a) COS\/; ;b 3sin® xcdsx ; c) sy ; d) 2xcosx.
2Jx 2Jx

Huong dan. .Dl‘mg dinh nghia tich phan va quy tic tinh dao ham ham s& hgp.

Chu y rang, néu F'(x) = f(x) va g(x) = j F(r)d¢ thi:

a .

gy =F(x) — Fla) = g'(x) = F'(x) = f(x).

3.68. a) E ; b) 4+/3 - 8‘F . Huong dén. Patx = 1 +Ju ;
&) _Zi : d) -2,
160

Hudng ddn. Ding phuong phap doi bién s8, dat u = sin3x.
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3.69. a) l
4
Hudng ddn. Ldy dao ham hai vé,
ta dugc '
2xf (x*) = —xmsin(mx) + cos(mx).

b) J12.

3.70. a) ﬁ .
3

Huédng ddn. (h.3.15)

—— e —— ]

______

S S iy g e

FS |-..--...._.--—__-----.-___-.-

4(x2
5= 1] —-+4—Ix2—4”dx
' 0\2
2( 2
:—.2‘[%—-!-4—(4—,1:2)}& e -
oL
a2 Hinh 3.15
+2J'[5—-+4—(x2 —4):\dx -5 "
> 2 vy
e
by 2. 3
5 s
Hudng dén. (h.3.16) e
1 3 2 1 g
S= szdx+ j(z—x)4dx ?
0 1
0o 1 2 X
-2,4_6 :
55 5 Hinh 3.106
c) 2.
: SB-x. 2 4
Huodng dén. S = jﬁdx+j dx==4+-=2
: ; N2 373
3.71.a)16—n;
15

b) 21 (In?2 - 2In2 + 1).

2
Hudng ddn. S = njlnzx dx.
1
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3.72.9) =
2

8
b) —.
)3

Huéng ddn. Tac6 x=1+ /1 =y hodcx=1 - Ji-y. Vay

V= nlj'(1+JI—_y)2dy—nlj'(1 ~J1-y)dy = 4nl\/1_—§d =8?“.
0 0 0

c)_ an?, y

Huong ddn. Tacox=2 + \/i——yz hodc x =2 - W.Vay

y= nlj(z +1- %Py -nlj(z ~J1-yPdy= 16n]ﬂdy = 42,

0 0 0

D¢ tinh tich phén trén ta ddi bién

y = sint,

3730y Bl
4 2

Huténg ddn. Dat x = sin’1.

b) n(ln2 —1]
2

n
o Qe
)4

Hudng ddn. Gia tri cla tich phan Hinh 3.17
la dién tich hinh chit nhat B cdng
véi dién tich hinh A (h.3.17).
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A. KIEN THUC CAN NHO

e Tap hop s6 phic : C.

o S6 phitc (dang dai s6): z=a+bi(a, b € R, iladon vi 4o, i* = 1) ;
a 1a phdn thuc, b 1a phdn do cua z.
z 14 s6 thuc < phén 40 cta z bang 0 ;
z 12 86 40 < phdn thuc cia z biang 0.
¢ Hai s6 phitc bang nhau : .
a+bi =a+bi(abdbeR) "/’
& a=d,b=b.
e Biéu dién hinh hoc : S6 phic z=a+bi [ M{a+bi)
(a, b € R) duoc biéu dién boi diém M(a ; b) :

b

hay bé&i vecto & (a ; b) trong mat phang toa do
Oxy (mat phang phtc) (h.4.1).

e Cong, trix s6 phitc :
(a+b)+(a@a+b'Y=(a+a)Y+(b+ b,
(a+bi)y—(a+b')y=(a-a )+ (b-b'),

Hinh 4.1

(a,b,a', b e R).
Sédéictaz=a+bila-z=-a-bi(a,be R).
z biéu dién bdi u, 2 biéu dién béi @' thi

z + 2 biéu dién boi u + 1,
2 — 2’ biéu dién boi ¥ —u"
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o Nhan hai s6 phic .

(a + bi)(a'+ b'i) = (ad'- bb") + (ab'+ ba)i (a, b, d', b' € R),

k 12 s6 thire, z biéu dién bdi 4 thi kz biéu dién bdi ki .

¢ S§ phitc lién hop cla s6 phic z=a+ bi
(a,be RYlaz =a— bt (h.4.2).

zlas6thuc @ z=7 ;z21as6do = z=-7.

® Médun cha sé phiic z=a+bi (a,be R):
] = Va? + b2 =7z =|6M| (h.4.3).
|42 0véimoize C vald=0 < z=0.

ez = [2}e1

z+ z'| < |z| + \z'\ véi moi z, 2' € C.
e Chia hai s phitc :
S6 phirc nghich dao ctia z (z 2 0) :

7= ~1—7
4

Thuong cua 2’ chia cho z (z #0) :

w|

Z' L, 7 7
— =77 :%:T‘
z

M zz

-

Vé6iz20, “=we 72 =wz.

L

e Cdn bdc hai cua so phic

z 14 mot can bAc hai cia s6 phitc w < Z=w.

y1*
 M(z)
0 a
s M(3)
Hinh 4.2
yh
M(z)
v
0
Hinh 4.3



z=x+yi(x,ye R)lacanbachaictaw=a+ bi(a, b e R)
o 2 -yt =a
2xy = b.
S6 0 ¢6 ding moét can bac hai 1a 0.
S6 phitc khac 0 ¢é diing hai can bac hai 14 hai s6 d6i nhau.
Hai cén bac hai cua s6 thuc a > 0 1a +Ja.

Hai can bAc hai cua s6 thuc a < 012 £+/-ai.

® Phuong trinh bdc hai AZ +Bz+C=0 (A, B, C la s6 phitc cho truée, A #0) :

A =B - 4AC.

N oy : ... —Bx4
A # 0 : phuong trinh ¢6 hai nghiém phan biét

(d1a mot cén bac hai
cua A).

A = 0 : phuong trinh ¢6 mét nghiém kép lé—%.

e Dang lugng gidc ciia s phitc : Y
r(cosg + ising) (r > 0) 1a dang lwgng gidc cua
) Y O M(z)
z=a+bi (a,beR)(z=0) , |
? : .
0 a X
Sr= \.la2 + b? , COSP = 3, sing = -fi
r r
@ la mot acgumen cia z, ¢ = (Ox, OM) Hinh 4.4

(h.4.4).
e Nhdn, chia s6 phitc duoi dang lhitong gidc :
Néu z = r(cosg + isin@), z' = r'(cos@'+ ising') thi
zz' = rr'[cos(@ + @) + isin(@ + ¢)],
; - %[cos(q) - @) + isin(p — @)].
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e Cong thite Moa-vro : V6i n la s6 nguyén, n 2 1, thi

[r(cosg + ising)]" = r"(cosng + isinng).
e Cdn bdc hai cua s6 phirc dudi dang lugng gidc :

Céc can bac hai cua s6 phic r(cos@ + ising) (r > 0) la \/;[cos%+ isin%)

va —J;[cos£+isin£] = J;[cos[£+n)+isin[£+ n]]
2 2 2 2

B. Dﬁ Bﬁlm-

§1. SO PHUC

4.1. Tim phan thyc va phan 4o clia méi s6 phic sau :

A@d-ND+2+3H-(5+1); b)(1+i)2—(1—i)2;
c)(2+i_)3—(3—i)3; d)ﬁ“.i—ﬁ..u;
141 i
1(, 1),
e) 2_1[' —i—?],

TS 5 1
f) [1—] + (1= + Q2+ 32 -3y 4~ ;
1

.
D1+A+D)+A+i2+0+i)} +..+1+)P.
4.2. Cho s6 phitc z=x+ iy (x,y € R). Tim phdn thuc va phin do clia méi s phiic :

a) 22— 2z +4i; bj .
iz—-1
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4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

Tim nghiém phitc cia mdi phuong trinh sau :

AL It b) ((2—i)7+3'+i)(iz+l}=o;
1-1 2+ 28

C)z+27=2-4i; d) 2+7=0;

e)22+‘z|=0; f)z2+‘z|2=0.

a) Cic diém A, B, C va A', B', C' trong mat phing phitc theo th{ tu bi€u
dién céic s8

1—1, 2+ 3, 3+1 va 3i, 3-2i, 3+ 2i

Ching minh rang hai tam gidc ABC va A'B'C’ ¢4 cling trong tam.

b) Biét cic s6 phic zj, z,, z; biéu dién bdi ba diph nao d(’)'cﬁa mét hinh
binh hanh trong mit phiang phic, hiy tim s6 bi€u dién bai dinh con lai.

Xéc dinh tap hop céc diém trong mat phang phitc biéu dién cic s8 z thod
min mdi diéu kién sau :

a)lz+7+3=4; byz-z+1-]=2;
¢) (2-2)(i+7)laso thuctuy y; d 2-2)+7)las6aotuy y:
&) 2z~ =|z -7 +2i; 02 -@? =4

Goi M, M’ theo thi tu 12 cdc di€m cha mit phing phic biéu dién s6 z #0 va

. 1+
7 =

z. Chitng minh rang tam gidc OMM' 1a tam gidc vuéng can (O 1a
goc toa do).

Cho A, B 13 hai diém trong mat phing phiic theo thi tu biéu dién céic s6
phic z;, z; khdc O thod man dang thl’rc'zg + 212 = z32;. Chimg minh ring
tam gidc OAB 1a tam gidc déu (O 1a géc toa do).

Cic vecto u, u' trong mat phing phifc theo thit tif biéu dién cdc s6 phiic z, 7.

a) Chiing minh rang tich vo hudng w4’ thod man

1 — —_
uu'= —(zz'+ zz') ;
2
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4.9.

b) Tir cau a) suy ra ring n€u z #0 thi u, &' vuéng géc khi va chi khi
Z as6io;
Zz

¢) Ching minh ring u, 1’ vudng goc khi va chi khi lz+2]=]z- 2}

Cho A, B, C, D 1a bon diém trong mat phang phitc biéu dién theo thi tur
cac so

-1+, -1-i, 2i, 2-12i

Tim céc s6 zq, z,, 23, z4 theo thi ty biéu dién béi cic vecto AC, AD,

B s Z [N N A N X A
BC, BD. Tinh —Z-]—, 3 vaardo suy ra A, B, C, D cing nam trén mot duong
22 24

tron (xem bai tap 4.8). Tam dudng tron d6 biéu dién s6 phiic nao ?

4.10. X4c dinh tap hop cdc diém trong mat phing phic biéu dién cic s6 phic z

thod man

e
Z—1

(k 1a s6 thuc duong cho trudc).

4.11. a) Cho s6 phitc @. Ching minh ring véi moi s phic z, ta c6

z?+(7z+a7z|z+a12—aﬁ.

b) Tt cau a) hdy x4c dinh tip hop céc diém trong mat phéné phic biéu
dién cdc s6 z thod man

ZZ+oz+o7 +k =0,

trong d6 12 86 phdc cho trudc, k 1a s6 thuc cho trudce.

4.12. Tim s6 phic z thod man déng thoi

-1 —3
701w H:l.
zZ—1 Z+!

4.13. Tim s6 phiic z thoa man

178

z+1 4
[ .] =1‘
Z -1
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§2. CAN BAC HAI CUA sO PHUC
PHUONG TRINH BAC HAI

4.14. Tim c4c can bac hai cha méi s6 phdc sau :
a) —1 +43i ; b)4 + 6+/5i ; c) —1-26i.

4.15. Hoi khi s thuc a thay d6i tuy y thi cic diém cha mat phing phic biéu
dién cdc can bac hai cta a + ¢ vach nén duong nao ?

4.16. Giai cac phuong trinh sau trén C : .

a) z—iNZ2 + D +i)=0 ; b) (22 +2)% + 422 +2)-12 = 0.
4.17. a) Tim cac s6 thuc a, b dé c6 phan tich

223 - 922 +142-5= 2z - 1)(z* + az + b)

réi giai phuong trinh sau trén C

22 -9 +14z-5=0;
b) Tim céc s6 thuc a, b d€ c6 phan tich

42 —162-16=( -22-4X2> +az+ b)
roi gidi phuong trinh sau trén C

7t — 47 —162-16=0.
4.18. Tim diéu kién cdn va du vé cic s thuc p, g dé phuong trinh
Pl p22 +q=0
a) Chi c6 nghiém thuc;
b) Khéng cé nghiém thuc ;
c) C6 ca nghiém thuc va nghiém khong thuc.
4.19. Giai cdc phuong trinh sau trén C

2

+52—+z+1 = 0 bing cach dat 4n s phu w=z—l;
z

a) 2 -7

b) (22 + 3z +6)% +22(z2 +32+6) - 322 =0,
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4.20. Giai heé phuong trinh hai 4n phitc z,, z, sau :
Z+vz =4+
{2,2 +12)f =5-2i.
4.21. Giai hé phuong trinh hai 4n phic z, z, sau :
| 2Zy = =5 —5i
{zlz + 2,0 = =5 +2i.
4.22. Cho phuong trinh
2 =201 +i)2% +3iz+1-i=0.

a) Do dau c6 thé nhan thdy nhanh chéng ring z = 1 134 mot nghiém cia
phuong trinh d6 ?

b) Tim cac s6 phic @, S dé c6 phan tich
220+ +3iz+1—i=(z - 1) +az+ f)
réi giai phuong trinh da cho.
4.23. a) Chiing minh rang néu ba s6 phiic z,, z,, zy thod man
{lzll = [za] = [z3] = 1
i+t +5 =1
thi mot trong ba s6 d6 phai bang 1.
b) Giai h¢ phuong trinh ba 4n phuc z|, 25, z3 sau :
o] =l = s = 1
Ltz +zy=1

212323 = 1.
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§3. DANG LUJONG GIAC CUA SO PHUC. NG DUNG

4.24. Tim mot acgumen ctia moi s phfc sau :

ay -2+ 2\3i ; b) cosE—-isinE ;
4 4
T
<) —sing-—icosg ; d) 1 —sing+icosg (0 < ¢<~2-) :

e) (a+ z')3 +(a - i)3 (a 1a s6 thue cho trudc) ;
Hz-(1+ i\/g) bi€t mdt acgumen clia z bing %

4.25. Cho hai s6 phic khic 0 1a z = r(cose +isin@) va z' =r'(cos@'+ising"),
(r,¥, o, ¢ € R).

Tim diéu kiéncdn vada vé r, r', ¢, ¢ déz ="

4.26. Xac dinh tap hop cic diém trong mat phing phiic biéu dién cédc s6 phitc z
thod mian timg diéu kién sau :

a) Mot acgumen cua z — (1 + 2i) bang g ;

b) Mot acgumen cha z + i bang mot acgumen cta z — 1.

4.27. Tim phédn thuc va phin 4o cia méi s6 phiic sau :

a) [cos%—isingji5(1+«/§i)7 ; b) -3 +1)°;
a+i? 2000 s 1
¢) ——: : d) z + biétrangz+ — = 1.
i - e PR
4.28. Viét dang luong gidc ctia mdi o phiic sau :
a) sing + z’2sin2§ ; b)cosp +i(1 +sing).

4.29. Tim s6 phirc z sao cho |z| = |z - 2] va mot acgumen cia z — 2 bang mot

. R .. I
acgumen cua z + 2 ¢cdng véi >
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4.30. Xdc dinh tap hop cdc diém trong mat phang phitc biéu dién cic s6 phdc z

L oa s 0N
sao cho c6 mot acgumen bang 3

z+2
4.31. Cho s0 phic z ¢c6 modun bang 1. Biét mot acgumen cia z 12 ¢, hiy tim
mot acgumen cua moi s6 phic sau :
1

a)222; by — ; c)i; d) —22?;
2z z

]

e)z+7 ; f)22+z; 2) 2~z; h) 2 4+7,

3 J3i
J3 -3

h
4.32. a) Hoi véi s6 nguyén duong n nao, s6 phic [ J 12 56 thuc, 1a s6 ao ?

b) Ciing cau hoi tuong tu cho s8 pht’xc[ ’ +3’] )
—3i

4.33. Cho A, B, C, D 1a b6n diém trong mat phang phiic theo thit tu biéu dién
cac sO

4+ 3+ ; 2+3+V3)i ; 1+3i ; 341
Chitng minh ring bén diém dé cing nam trén mot dudng tron.

4.34. Biéu dién hinh hoc cdc s6 5 + i va 239 + i r8i chimg minh rang néu cic s6
thuc a, b thoa man cdc diéu kién 0 < a<£, O<b<E va tana :i,
tanb = —— thi da—b = ~.

239 - 4

4.35. Cho tam gidc déu QAB trong mit phﬁng phuc (O 1a g6c toa do). Chiing
minh ring néu A, B theo thit tu bidu dién cic s6 zg, z; th z5 + 2z = 27,

4.36. a) Choz = cos@ +ising (pe R). Chiing minh ring v4i moi s nguyén

n=1,tacéd

1 1
n . n — DViat
z + o= 2cosn¢ N Zz -—n = 218]1’1)’1(0.

7 L

Z pA
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b) Tur cau a), ching minh ring

cos? Q= %(cos4q) + 4cos2¢ + 3),

sin® Q= 1—16—(sin5¢) — 5sin3¢ + 10sing).
4.37. Tim dang lugng gidc cia cdc can bac hai cla cdc s6 phiic sau :
a) Cos@ —ising ;
b) sing +icosy ;
c) sing — icos.

vdi @ € R cho trudc.

ON TAP CHUONG IV

A. BAI TAP TRAC NGHIEM KHACH QUAN

Trong mdi bai tdp tir 4.38 dén 4.42, hdy chon mot phuong dn trong bén
phuwong dn dd cho dé duoe khdng dinh ding.

4.38. Vé6i moi s6 ao z, s8 2+ |z|2 1a;
(A) Sé thuc duong ; (B) S6 thuyc Am ;
(©)S60; (D) S8 4o khéc 0.

e
<

4.39. Néu |7 =1 thi

(A) L4y moi gié tri phitc ; (B) La s8 40 ;

(C) Bang 0 ; (D) Lay moi gia tri thuc.
4.40. Tap hagp cac nghiém phitc cia phuong trinh 2+ |z|2 =01a:

(A) Tap hop moi s6 40 ; (B) {£i;0} ;

(©) {-i;0}; (D) {0}.
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4.41. Néu mot acgumen cia s6 phirc z # 0 1a @ thi s6 phic (—%} c6 mot
z

acgumen la :
(A) -o; B) ~p+m;
G 3¢p+1m D) ¢+
4.42. N&€u mot acgumen cua s6 phic z # 0 12 ¢ thi s6 phic iz? cé6 mot

acgumen la

(A) 20 ; (B) 2¢ +§ ;

©) p+1; (D) ~2¢+§.

B. BAI TAP TU' LUAN

4.43. Xéc dinh tap hop cdc diém trong mat phing phic biéu dién céc so
z'= oz + [ trong d6 z 1a s6 phic tuy ¥ thod man |z — z)|< R (zg, @ 20, B
la nhitng s6 phtc cho trude, R 12 s6 thue duong cho trude).

4.44. Chimg minh ring hai s6 phic phan biét z;, z, thod man diéu kién

O A
2| =|z,| khi va chi khi ~.—=2 12 56 0.

4.45. a) Cho s6 phitc @ = a + bi (a, b € R) khdc 0. Ching minh ring tap hgp

céc diém trong mat phing phitc biéu dién cdc s6 phic z = x + yi (x,y € R) sao
cho @z + a7 = k (k 1a s6 thuc cho truéc) 13 mot duong thing.

b) Tim a va k trong cau a) dé dudng thang noéi trén di qua cdc diém biéu
dién s6 2 va 3i.

4.46. Xac dinh tap hop cdc diém trong mat phang phuc biéu dién cdc s6 phuc z
thoa man timg diéu kién sau :

a) [2i —27) =z -1 ; b)Riz—1|=2

z+3|.
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4.47. Cho A, B, C, D 1a bon diém.trong mat phing phic theo thi tr biéu dién
cac s0

1420, 1+3 +1, +V3-i, 1-2i.

Chimg minh ring ABCD 1a mot tif gidc noi ti€p duong tron. Hoi tam dudng
tron dé biéu dién s6 phifc nao ?

4.48. Tim s6 phitc z thod man déng thai
——‘Z =k-iFeY
Z+1

4.49. Giai hé phuong trinh hai 4n phdc z, w sau : {

~1
T~ 1va
z—3

24w =0

2@t =1,

4.50. Tim t4t ¢4 cdc diém ctia mat phang phic biéu dién céc s6 phiic z sao cho
z+1i

Z 41

la s6 thuec.

4.51. Tim nhitng s6 thuc a, b dé c6 phan tich
A +23 4372 +2Z+2=(z2 ~i—1)(z2 +az+b),

roi giai phuong trinh sau trén C

2 +22 432 42242=0.

4.52. Cho a, b, ¢ la ba s6 thuc sao cho cosa.cosb.cosc # 0. Tim phén ao caa
sO phiic

(1 +1tana)(1 + itanb)(1 + itanc)
rdi tir d6 suy ra rang véi ba s6 a, b, ¢ nhu thé thi :

tana + tand + tan¢ = tanatanhtanc

khivachikhia+b+c=kn (ke Z).

4.53. Viét dang lugng gidc clia cic s6 phic

2) 1 — (cosg@ + ising) :

— b)[1 — (cos@ + ising)|(1 + cosg + ising).
1 + cosg + ising
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4.54. a) Cho céc s6 thuc a, b sao cho sine # 0.
V61 mdi s6 nguyén n > |, xét cc tong
S =cosb + cos(a + b) + cos(2a + b) + ... + cos(na + b),
T =sinb + sin(a + b) +sin(2a + b) + ... + sin{na + b).
Tinh S+ T, trdosuyraSvaT.

b) Chimg minh rang v6i méi s6 thuc a # kx (k € Z), mbi s6 nguyén n > 1,

.2
, . . ; sin” na
taco: sinag +sin3a+...+sin(2n - a = — R
sina
sin2na
cosa+cos3a+..+cos2n-lYa=——.
2sina

5.55. Trong mat phang phitc xét ngii gidc déu ABCDE néi tiép duong tron don
vi, A 1a diém biéu dién so 1 (gi sir di doc chu vi da gidc theo nguoc chiéu
quay kim dong ho gap cac dinh k€ tiép B, C, D, E). Ki hiéu z;, z, 73, 24 la
c4c s& phic theo thit ty biéu dién bdi cdc diém B, C, D, E.

a) Chitng minh rang 1, z;, 75, 23, z4 la cdc nghiém cua phuong trinh
1

2 -1=0va zl+———2cosglt-
b4 5

b) Viét D ~1= (z - 1)(24 +2+ 2zt 1) r6i dua phuong trinh

. . e a2 1
Al e2sz+1=0 vé phuong trinh bac hai d61 v6t &n phu w =z + —.

—1++/5
—

4.56. a) Trong mat phing phic cho diém A biéu dién s6 phic @. Ching minh
rang phép bién déi cta mat phing phic bién diém biéu dién s6 phifc z tuy
y thanh diém biéu dién s6 phitc 7' sao cho z' — @ = i(z — w) 14 phép quay

Tu d6 suy ra cos%r£ =

tam A goc quay g

b) Gia sit ba dinh A, B, C clia tam gidc ABC trong mat phang phitc theo thit
tu biéu dién cac s6 o, [, ¥ Goi P, Q theo thit ty 1a tam cac hinh vuong
dung bén ngoai ABC trén cic canh AB, AC va g01 N 12 trung diém cua BC.

Tim céc s6 phuc biéu dién bai cac vecto NQ NP 16 chitng minh rang
NQP la tam gidc vuoéng can.
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C.

4.1.

4.2.

4.3.

44.

DAP SO — HUONG DAN - LO| GIA| m——

§1. SO PHUC

aytval; b)Ovas,
- 2N2 —1-+/3
c)-16va 37, d) V3-3 va V2 V3 ;
2 2
e)—-1val; f) 13 va-32;

g)—2"%va2!%4.
Hudng dén. g) Tinh tong c4ap s6 nhan cong boi (1 + ).

a) x* —y2 —2xva 2xy -y+2);

-2x oy -xt -1
b) — $ 7 Vva ); 7
x+(y+1) x+(+1)
a)2+i; b)—1+i,l;
25 25 2
c) +41; d)O,—l,l+£i.l—£i;
2 2 2 2
e)0,1,—i; f) bi (be R).

Hudng ddn. a) AB biéu dién 1 + 4i, AC biéu dién 2 + 2i, nén A, B, C
khong thang hang va trong tAm G thoa man OG = %(& +OB + O—C) nén
G biéu dién s6 %(6 + 3i).

A'B’ biéu dién 3 - 5i, A'C'biéu dién 3 —i,nén A’, B', C' khong thing hang va
trong tAm G ' thod man O oG’ = —(OA +OB' + OC) nén G' biéu dién s6 2 +1.

Vay G tring G

b) zy+2y -2, z+2z3—27, 23tz —Z.
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, 1
4.5. a) Hai duong thang x = > va x = ~%.
b) Hai dudng thing y = L+ V3 s y = 1“2‘/5.

¢) Pudng thing y = —%x +1.

d) Pudng tron ¢é tam 1a diém biéu dién s6 phuc 1+ % i, ban kinh 75 )
2

¢) Parabol y = 1—4—

f) Hai hypebol y = 1 vay= —-1—.
X X

Huong dan

V6l z=x+1iy (x,ye R)thi:

a)

z+7+3Y=4Px+3 =4,
by z-z+1-i|=2&1+Q2y-|=2e Qy-1)’ +1=4

o (2y-1)? =3.
¢) 2-2)({+7) cophin dola-2y—x + 2.

d) (2-2z)(i +7) cb phan thuc 12

2 2 2 1 2 5
— _>+24+\>-—_._1 + —_ — =
i ’ £ {(t ) [y 2] 4jl

e) 2 7—-7 42 & 2x +(y - Di| = 2y + D

z—i|:

x2

¢:>x2+(y—1)2=()-‘+l)2 @y:T-

22*(?)2|=4 & |4.tyi‘ =4 & ‘xy‘ =1.

f)
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4.6. Gidi. Ta c6 |OM| = |4, ’
5 Mz
it 2
}0M1= ;l‘zl :7‘2" M@)
e |l 2 0 x
M| = oM -OM[_' - "z’— =
Do [ # 0, suy ra tam gidc OMM ' 1a tam gidc Hinh 4.5

vuéng can dinh M ' (h.4.5).
4.7. Gidi. Ta c6 :

2(2) + 212 =755 = z9(z — ) = 212 = '20"21 - 20' = 'zllz.
zg + 212 =757y = 5(Z — 7)) = zg = ‘Zl“zl - 20‘ = '20!2.

ﬂ _ ‘2012

M = e

, suy ra !ZOF = 121[3. :

Do 46 |zo| = || = |2y ~ 2| tic 1a OA = OB = AB (khic 0). Vay tam gidc
OAB 1a tam giac déu. '
4.8.Giai. a) Vi€t z=x+yi, 2' = x+y'7 (x, vy, x,y' € R) thi
ui' = X'+ ',
va 22+ 27 = (x — yD(xX'+ YD)+ (x + yi)(x'= y'i) = 2(x'+ vy,

U -
nén uu = '—2—(zz'+ zz').

b) uu' =0 & 22'+22' =0, chia ca hai v& cho 77 # 0, dugc
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c)

7+ z'| = |z - z'l o (z+ z)(ﬁ] =(z - z')[z - z'] & 77'+22 =0, nén

theo cau a) né tuong duong vdi wu' =0 (Chi y - khi &, khong ciing
phuong, tinh chat cudi nay twong duong vdi tinh chit : hinh binh hanh cé

hai dudng chéo bing nhau la hinh chit nhat). Y]
4.9. Gidi. (h.4.6) AC biéu dién s6 phircz = 1+1, #¢
AD biéu dién s6 phitc z, = 3 - 3. A ] !
Doz—1= l+i=i nén E.A—5=O(xem -1 [5) 1 2 X
Zs 3-3; 3 ) f
bai tap 4.8). BR
BC biéu dién s6 phiic z; =1+ 3i, BD biéu 2 :D
dién s6 phifc z4 =3 1. Hinh 4.6
Do 2 = L+ 3_i =i nén BC.BD =0 (xem bai tap 4.8).

24 3_l

Vay CD 1a mot dudng kinh cta dudng tron di qua b6n diém A, B, C, D ;
Tam duong tron d6 1 trung diém cia CD nén né bi€u dién s6
2i+(2-20)
— =

l.

4.10.Gidi. Vigt z=x+yi (x,ye R)thi

x+(y - Dil 2+ (y—1y

e Néu k = 1 thi ddng thitc cudi ndy tuong duong v6iy = % Tap hop cin tim 12

duong thing y = % (dudng trung trnc clia doan thang O1, I biéu dién s6 7).

¢ Néu k # 1 thi dang thic cudi d6 twong duong voi

2 2
L S
K-

x2+y2—2 5
k- -1
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tic la tuong duong véi

2 \? 2
Py | =k
[y k2—1] k> —1)?

Tap hop cédn tim 13 dudng tron ¢6 tam I diém biéu dién s6

2

3 i,cObin
k1

kinh bang

K -1
411 Gidi. D)z +of —0@=(z+ )T+ &) - 0@ = 27 + Fz+ 07 .
byiz+dz+az+k=06 | +af =a@-k.

Vay khi a@ - k = R? > 0, tap hop cin tim la dudng trdn c6 tam 12 diém

biéu dién s6 —a, cé ban kinh bing R > 0 ; khik = &, tAp hop cin tim chi

12 mot diém (biéu dién s6 -« ) ; khi & > a@. tap hgp cén tim la tap réng.
4.12. 1 +1i.

Gidi. D& thiy rang tap hop cac diém M clia mat phéng phic biéu dién céc

s6 z thoa man ﬂi =1 (zy, z; la hai s6 phitc phan biét cho trudc) la
22— Zl

dudng trung tryc clia doan thing AyA,| (A, A, theo thit tu biéu dién zg, z)).

Vay diéu kién

- 1 2 « 3 - vz - &
24_1 =1 ching t6 diém M biéu dién s6 z phai nim trén
7
dudng phan gidc y = x (vi€t z=x+yi (x, y € R)). Con diéu kién

‘z—3i

Y =1 ching t6 phan ao cua z phai bing 1. Vay z =1 +i.
z 1

Chii . C6 thé giai bai todn bing cdch viét z = x + yi (x,y € R) r6i tinh todn.

4.13.0, 1, —1.

ous (123 -0 (221 {225 1o
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Dé thay :

N2 .

Z+1 z+1

[ j =1 -=*l &z=0;
zZ—1

N2 N . .
[Zﬂ_) +1=O<:>[Z+l.] —i’=0¢o [Z+I_—i][z+l_+ij=0
zZ—1 zZ—=1 Z—1 Z—1

& z=1hoac z=-1.

Vay cacs6 zcdntim 12 0, 1, —1.

§2. CAN BAC HAI CUA SO PHUC
PHUONG TRINH BAC HAI

a1d.2) (B +2i); . )@ +/50) ; 0)+(2 — V3i).
Hudng dan. Pua viéc tim can bac hai cua s6 phic a + bi (a, b € R)

vé giai hé phuong trinh véi hai 4n thyuc
2-yl=a
2xy = b.

1
4.15. y = —.
Y=3

x
Gigi. Vi€t z = x +yi (x, y € R) thi

2 _ 2 _
2a+ie roy a
2xy = 1.

Phuong trinh 2xy = 1 ching t6 diém M biéu dién z phai thuoc hypebol
1 - 4 n N N

y = 5% Vi v61 méi diém (x, y) cua hypebol nay, tim duge a = Xt - y2
X

nén M vach nén toan bo hai nhinh cta hypebol dé.

192



\/§—i \/—3-+1"

4.16. a) i, —1, , =
2 2

1+23i ~1=23i
2 ’

2

3

b) 1, -2,

4.17.a)a=—4,b=5.Cécnghi¢mlé2+i,2—i,%.

b) a =2, b'=4. Cic nghiem 12 1++/5, 1= /3, = 1 +/35, = 1-+/3i .
4.18. a) p2—4q 20,p<0,4920;
b) p> 49 <0 hoac p>-4¢20,p>0,4>0;

¢)g<0Ohoacg=0,p>0.

—1+i 1+i
l+t,1—i,~ [

4.19.a) 1 +i, ;
2

b) -3++/3. —-1%+/5i.

2 2
singdin -+ a1 (2= 4) < (5-1)1

1+3i v 1-3
2 2

Phuong trinh w? —w +% =0 c6 hai nghiém la

b) (22 +32+6)° +22(22+32+6) = (22 +32+6+2)° — 2.
420. 3~i;1+2D)va(1+2i;3-1).
Hudng dan. zz, =%[(4+i)2 -5+2i]= 5(1 +1i) nén z,, z, la cac nghiém
cua phuong trinh bac hai
22 —(4+i)z+5(1+i)=0.
4.21. 2—i, -1=-30), (-1=-34, 2-0), (2414, 1+3i), A1+3i, —2+1).
Huong ddn. (z)+ 25)* =5+ 2i + 2(=5—5i) = =(15+ 8i) = (1 - 4)%, tir dé6
| + 25 bang 1— 4/ hodc bing —1+4i.
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4.22. Huong ddn. a) Téng cac hé s6 v€ trai phuong trinh bang 0.
b) @=-1—2i, B =—1+i. Phuong trinh c6 ba nghiém 13 1, 1 + i, i.
4.23. Giai. a) Viét 1 —z; = z5 + 3.
Néu z; =1 thi zp + 23 =0.
Néu zy #1 thi 1-2z #0, diém P biéu dién s6 1+(~z) =z, + z3 khong
trung véi O nén do 1=|-zll :|22| =|z3l, dudng trung truc cia OP ciét
dudng tron don vi tai hai diém biéu dién 1, ~z, va ciing 1a hai diém biéu
dién 29, Z3 (h47) VAy hoac Zy = i 3 =74 hoac Zy ==Zy, I3 = 1.
Tém lai hoac z; =1, hodc z, =1 hodc
73 =1 (va téng hai s6 z cdn lai bang 0). Y M(-2,)

P
b) Tir hai phuong trinh d4u cua he, theo

cdu a), ¢6 thé coi z; =1, zp +23=0.

Khi 46 diéu kien zzyz3 = 1 kéo theo hoiic 0 A
7y =1, z3 =~ hodc zy =—i, z3 =1. Sy

ra hé ¢6 6 nghiém do d6i chd cic phin fir

cuaboba (1,1, ). Hinh 4.7

=y

§3. DANG LUQNG GIAC CUA SO PHUC. UNG DUNG

4.24. 2) 27" : : by — = ;
St n o,
C) ? 3 d) 4 Py

e) Gidi. (a+i) +(a—i)® =2a(a* - 3). Khi a=+3 hoic a=—-3, hoac
a = 0 thi n6 khéng cé acgumen xdc dinh, Khi —v3 <a <0 hoac Vi<a

thi n6 ¢6 mo6t acgumen bang 0. Khi a < -3 hoiac 0 <a< 3 , N6 c6 mot
acgumen bang 7.
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4.25, z = 7' khi va chi khi ¥

f) Giai. z ¢6 mot acgumen bing % cé nghia la z=|z|[%+§ij, vay
z—(l+i\/§)=($z|*2)[-;—+—\-/i—§i]. Tir d6 khm |z > 2, mdt acgumen cua

z-(1+iy3) 1a g . Khi 0<lzd<2, mot acgumen cha z—(1+iV3) Ia

-;E+Tc=%n— ; Khi =2, s6 z—(1+i\/§):0 nén khéng c6 acgumen

xéac dinh.

A

hodc ¥ = r, @' = g+ k2% (ke Z), /
2.

hoacr'=—r, @¢'=@+ 2k + )n (ke Z).

4.26. Hudng ddn. a) Tia c6 goc A (Ja diém biéu ol
dién s8 1+2i) véi vecto chi hudng ii bifu o 1\3 x
dién s6 3+ (tic i c6 mot acgumen la lt—)
6 Hinh 4.8
(khong ké diém A) (h.4.8).
b) C4c diém B, J theo thit tu biéu dién s6 1, —i thi tp yi

hop cn tim 12 cic di€ém thudc duong thing BJ
nim ngoai doan B/ (h.4.9). : /

4.27,a)0va 128 ; b) 256 va 0 ; o| .8 X

137
c)——l-vz‘\O; d)—-1vaO. /J
16

Huéng ddn. d) Truéc hét hay tim dang lugng
gidc clia s§ phic z.

Hinh 4.9

4.28. Gidi. a) sin@+2i sin? % = 2sin %(cos % +isin %) , nén :

Khi s'm% =0, s6 d6 c6 dang luong gidc khong x4c dinh ;

Khi sin-g—’ > 0, dang viét trén la dang lugng gidc clia s6 di cho ;
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Khi sin% <0, s6 d6 c6 dang luong gidc

2sin? 9 i sin| £
2s1n2[cos(2+n]+zsm(2+nﬂ.
b) cos @ +i(1 + sin ¢)=sin(¢+g]+i[l—cos[gp+

— & p .1
—sm[(o+2]+z2sm [2 4j

nén theo cau a) taco :

A

)

Khi sin [% + %] =0, s6 da cho c6 dang luong gidc khong xéc dinh ;

Khi sin { g Z] >0, s6 da cho c6 dang lugng giac

p. o, T o, m\l.
2sm[2+4]|:cos{2 4]+zsm[2 4jJ
¢, T
Khi sin 2 1 <0, s6 da cho c6 dang lugng giac
s 2+E ) cos[ 24+ 3% )4 isin[ 245"
2sm[2+4j[cos[2+ 4j+lsm[2+ 4”

4.29. Can tim z sao cho |2/ =]z = 2| va d _i =i, I1a s6 thuc duong.

Z+
Cdch 1. 12 =1z - 2| ching t6 diém M biéu dién z cich déu O va diém A
biéu dién s6 2, tifc 12 phén thuc cia z bang 1.

=2 (2—2)(72+2) FAH2ETD o> 0) khi va chi ki
z+2 |z + 2| |z +2]
2) va phén 4o cia z phai duong. Vay diém M biéu

77 -4=0 (tuc la |zl =
dién z phai thudc nlra dudng tron ndm phia trén truc thuc, cé tam O,

¢6 ban kinh bang 2.
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Giao cua nita dudng tron d6 véi dudng
thang x = 1 12 diém M biéu dién s6 z cin
fim. Vay s6 d6 13 z=1++/3 .

(Vé hinh hoc : diéu kién mot acgumen
cha z — 2 bang mot acgumen cla z + 2
. PR I .~ s s [y
cong véi. 5 c6 nghia 12 géc lugng giac
tia ddu MA’, tia cu6i MA (A', A theo thit

tur biéu dién —2 va 2) bing -’25) (h.4.10),

y“

A

T A ¥

Hinh 4.10

Cdch 2. Néuviét z=x+yi (x,ye R) thi lzl =lz-2l & x=1.

Khi dé

-2 V+iy—2 —l+iy -3+y% +4iy

242 l+iy+2  3+iy

2
= {) Yo y=43.

y>0
Vay z=1+31.
4.30. z=2 _Zz —4+2(2z—z)

9+y

2

77 —4+2z-7) =Kl +iV3), I 12 58 thuc duong.

Néu viét == x+yi (x, ve R) thi

= /i (I thuc duong)

c6 mot acgumen bang

T khi va chi khi

3

Z-4+2Az-T)=x>+y —4+4dyi=1+1N3i (I>0)

& dv=(t+y? — a3 >0,

Rorang 4y = (x2 + )'2 —4)\/3 o x4 [y -

2

J3

]2

16

3

Vay M chay trén cung tron ¢6 tam la diém biéu dién

. 4
bang — nam & phia trén truc thuc.
V3 o

0.

2 .
——=1 va ¢ bdan kinh

NE
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Chii y. A", A 1a céc diém theo thit i biéu "

dién céc s6 ~2, 2 thi diéu kién Z:
z

2 co
2

N T
mot acgumen bang 3 < nghia 1a goc

lugng gidc tia ddu MA', tia cudi MA

(M 12 diém biéu dién z) bing -’35 sy AT 0 A %
ra quy tich cha M 1a cung tron chia Hinh 411
goc % cang trén doan A'A (khong ké A, A”)
(h4.11),
4.31.a)2¢; b) o+ ;
c) -2¢: dy g+ 1,

198

e) z+Z c¢6 mot acgumen bang O néu phan thuc cda = duong, c6 mot
acgumen bang 7t néu phdn thuc cla z am, c¢6 acgumen khong xac dinh néu
z 12 s6 4o (titc z = 1 hoac z = —i) ;

f) Acgumen cha z* +z 1a 32{2 néu cos—gi >0,1a i4£+ % néu cosL <0 va
khong x4c dinh néu cos—z“Z =0 (tic lakhiz=-1);

+ 3o — .
g) Acgumen cua 2-z1a 9+ T néu sin% >0, 1a PR néu sm% <0

va khong xac dinh néu sin% =0 (tic lakhiz=1);

h) Acgumen ciia z° +7 la % néu cosi(g >0, 1a

TR

+ 1 nén cos%(e <0va
e » 3¢
khong xdc dinh néu cos— = 0.

Hudng ddn. Trong cédc cau ), g), h), ding cong thitc bi€n déi téng thanh
tich trong luong gidc.



-3 3+ . .
4.32. Giai. a) 3 \@ = \/_H =cosE+i smE nén vét sé n nguyén duong,
B3 2 6 """

ta co :

343 ' = cos = + i sin =&
J3-3i 6 6"

S8 d6 1a s6 thuc < sin 265 =0 & n =6k (klasd nguyén duong).

S6 dé 1a s6 40 < cos%=0 N %"=g+kn o n=6k+3(klaso

nguyén khong am).

b) 471-; =l+i= ﬁ[cos%+isin~g] nén vdi s& n nguyén duong, ta cé :

T+ n_ n 17 S 5 (¥
(4—3ij —(\5) [COST+151nT].

nrT

4

S6 d6 1a s6 thue < sin 0 © n =4k (k nguyén duong)

§6 d6 1a s6 a0 & cosn—f- =0 & n=4k+2 (klasdé nguyén khong 4m).

4.33. Gidi. Chi cin chimg minh cic géc lugng
giic (CA, CB), (DA, DB) c6 s6 do bang VA
nhau (sai khdc kxt, k € Z) (h. 4.12).

Ta c6 CA biéu dién s6 phuc 3+ 31,

CB biéu dién s6 phic 1++/3i nén s do

géc (CA, CB) la mdt acgumen cua

1+3i

ciing 13 mét acgumen cua
3+43i

Hinh 4.12
A+3 )3 -31) = 2033 +1).
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Ta ¢6 DA bi€u dién s6 phic 1+(2++3)i, DB biéu dién s6 phic
—1+ 2+ 3

-1+2+ J3)i nen s6 do géc (DA, DB) 1a mdt acgumen cua
1+ +/3)i

cfing 13 mot acgumen cta
-1+ Q2+l - 2 +V3)i] = 23+ 2B +1).
RO rang s6 nay va so 233 +i) 6 cung acgumen (sai khac k2m,
ke Z).
Chi y. C6 nhiéu cdch giai khac, ching han :
1) V& ciac diém A, B, C, D, c6 thé du dodn tam dudng tron cin tim biéu

difn s6 3+ 3i (xét cdc dudng trung tryc cac doan AB, CD), kiém nghiém
n6 cachdéu A, B, C, D.

2) C6 thé dura bai todn vé bai toan hinh hoc giai tich.

4.34. Gidi. Piém M biéu dién s6 5 + i, diém N biu dién s6 239 + i thi

, tan(Ox, OM) = 1 = tana, tan(Ox,ON)= —l— =tanbh. Do M, N nam trong

5 239
g6c phin tu thit nhat cia hé toa d6-Oxy, con 0 < a < g, O0<h< —g nén mot
acgumen cua 5 + i 1a a, mot acgumen ctiia 239 + i 1a b. T 46 mot acgumen
4 .
. (5+1D)
12 4a - b.
U3 T3g4; A da-b

(5+i)* 476+ 480

Ta cé 23937 9391 , ma (239 +0i)(1+1i) = 238 + 240i
S+t .
nén 230 =2(1+1).

S6 2(1 + 1) c6 mot acgumen bing %

Vay 4a—b=%+k2n (k € Z). Dé thay 0<b<a<%, suy ra 4a—b=%.

4.35. Gidi. Tam gidc OAB la tam gidc déu khi va chi khi OA = OB va goc

200

(OA, OB) bang % hoac —g tic 1a khi va chi khi z; # 0 va néu dat

-
“

il

R . . . R T

= o thi |a| =1 va mot acgumen cua « la 3 hoiac ——.
y4
0



. . Z N
Mat khéc, khi - = o thi z§+zf:zozl@z§+azzgzazg4:>l+a2=a
Zo

2 li'\/gi ~ L3 ~
Sa-o0+1=0 = 5 o |a| = | va mét acgumen cua o la
Tt T
— hoac ——-
3 3

Vay ta dia chiing minh : OAB la tam gidc déu khi va chi khi zé + 2,2 = 247

(29 # 0).

4.36. Gidi. a) z" =cosng+ isin ng, — =cosng—isinng nén

<

1
2" +Ln=2cosn(p, z" —— =2isinngp.

Z Z

1
(Dac biét z+l=2cos¢,z——=2isin¢).
z z

4
o cost o= 4+ 1] = Lot Ll (22 o]
2 z 2 4 z

= %(2COS4¢+4.2COS2¢+6) = %(cos4¢+4cos2¢+3).
2

st

LS (2sin 5¢ — 2CL sin 3¢ + 2C2 sin g)
2

sin® (7

It

% (sin 5¢ — 5sin 3¢ + 10 sin @).
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4.37. a) cos[——QJﬂ’ sin[—g] va co{n— QJ +z'sin[ QJ
2 2 2 2

b) co[

¢) cos [%—%]+isin[

ON TAP CHUONG IV

4.38. (O). 4.39. (B). 4.40. (A).
4.41. (O). 4.42. (B).

4.43.Gidi. Vi @20, 2' =qz+ f & 2= Z;’B,ttrd()

<R o lz'-(azy+ ) < Rl .

s-nlsk o 2Lz

Vay tap hop cén tim 1a hinh tron (k& ca dudng tron bién) voi tam 1a diém
bi€u dién s6 az, + 5, v6i ban kinh bang Rlal.

v as s Qtp s 1 +z 2+ 2
4.44.Gidi. 2y # zp thh “L2"2 sgao e 12 4| 1772 1o
2 ) 71-2p (71— %

S (71 + 202 —29)+ (21 ~2pNz1 +25) =0
& AT —175) =0 & lgl=z].
4.45. Huomg dan. a) Tt ¢ =a+1b, z = x+iy (a, b, x, ye R) nén
az+ oz =k & ax+by=§.

1

b) Chon a = (e ¢ = -+ 3 i), k = 2 (kh6ng duy nhat).

w]-‘
MI—

1y
2
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4.46. Gidi. a) 2i - 271=Pz -l li-7l= o lz+il=

“«

22 1
2 2|

Tap hgp c4n tim la dudng trung truc ctia doan thang néi.cac diém biéu dién

R |
cdc s0 —i va —.
2

b) |2iz - 1| = 2|z + 3| &

iz—%}:!z+3l =)

z +—;—‘ =lz+3 Tap hop cén tim

A N &) 2 At . -0 - -z 4 i N
1a dudng trung truc cua doan thang néi cdc diém biéu dién cdc s6 - 5 va 3.

4.47. Gidi. Vi moéi ciap s6 1+2,1-2i va
1+3+i, 143 i 1a cap s6 phirc lien hop
nén hai diém A, D, hai diém B, C d6i xing qua
Ox ; phén thye ctia hai s¢ ddu khdc phén thuc
cua hai s6 sau nén ABCD la modt hinh thang
can, do d6 né la mot t gidc noi ti€p duong

tron ¢6 tam J ndm trén truc d6i xing Ox ; _2[ """ D
J biéu dién s6 thuc x sao cho |JA| =|JB]
: y Hinh 4.13
esli—x+2 = i-x+3+il. Tir do suy ra
x=1.
(Céch khac : AB biéu dién s6 phic V3 — i, DB biéu dién s6 phic /3 + 3i
3+3i e ..
ma \'\//; 3_1 =/3i nén AB.DB =0. Tuong tu (hay vi If do d6i xing qua Ox),
—1

DC.AC = 0. Tir d6 suy ra AD 13 mot dudng kinh cia dudng tron di qua A,
B.C, D) (h.4.13).

448.z=2-2i.
N . -1 .
Hudng dan. N&u viét z = x +yi (x,v € R) thi j_%)zl & x =2, Khi d6
z—=2i \[4+(y—2)2
e =2 &S y=-2
2l \/4+(y+1)2

Vay z =2 = 2i.
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2w =0 (1)

4.49. Gidi. Xét hé phuong trinh
2yt =1, 2)

Tir (2) suy ra :6(W)12 =1.

Tu (1) suy ra 0 =l
Vay wm(W)!2 =1. Tu d6 |w|22=1 tic 1a wl=1; suy ra |z6| =|w|10=1 trc
1l =1.
. 1o 10,12 —\2 A 5 5 b
To w = = vaw (W) “ =1 suyra (W) =1 nén w bang | hoac bang —1.

Tir (W)> =1 va (2) suy ra z* = | tifc z bing 1 hoac bang -1.
DéE y dén (1) suy ra hé c6 hai nghiém 13 (1 ; 1) va (-1 ; 1).

z+i . A L et BT
—— 1a s6 thuc khi va chi khi —— = - titc 1& khi va
741 Z+1 z—1i

4.50. Véi z # 1 thi

chikhi 22 =22 ma 22 —(F)*> = (z + Z)(z— T) = O khi va chi khi z=7
hoic z=-7. Vay tap hgp cén tim 12 tap hop cic diém thuéc Ox va cdc
diém thu6c Oy khac diém I (biéu dién s6 7).

A S N
—— 101 cho phan
Z +1

(Céch khdc : Vi€t z = x + iy (x, y € R), tim phén do cua

4o d6 bang 0).
4.51.a)a=2,h=2.
Cic nghiém 1a i, —i, =1 + i, -1 — i.
4.52. Gidi. Phén 4o ctia s6 phic (1 +itana)(1+itan b)1+itanc) bing
tan ¢ +tan b + tan ¢ — tan a tan b tan ¢,

Vay tana+tanb +tanc =tanatan btanc khi va chi khi phan ao cta s8
phifc dang xét bang 0, tic 12 acgumen cua s6 phitc d6 12 mot bsi nguyén

cha .
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; 1
Mat khac, [+itana =
cosa

nguyén bat ki) ; twong tucho 1+itan b,1+/tanc. Vay

(cosa+isina) c6 acgumen la a+/rx (I 1a s6

(I1+itana)(l+itanb)(1 +itanc) c6é acgumen la a+b+c+mn, me Z.

Kétluan : tana+tanbh+tanc =tanatanbtanc < a+b+c=kn (ke Z).

4

4.53. Gidi. a) Do I—cosgp—ising = -itan—z- nén:

1+cosg+ising

Khi tan% =0, s6 d6 khong c6 dang lugng giac xac dinh.

Khi tan% > 0, dang lugng gidc clia nd la

tang cos _I + i sin _I
2 2 21
4

Khi tan 5 < 0, dang lugng gidc cia né 12

-tangw COQE-HsinE
2) T2 .2‘

b) (1-cos@p—ism@)l+cosp+isin@) = 2sing(sing — icos @)

= 25in¢[cos[(p—nj+isin[(p nﬂ
= 3 3|

Khi sin ¢ =0, ndé khong c6 dang hrong gide xéc dinh.
Khi sin ¢ > 0, dang trén la dang lugng gidc cua né.

Khi sin ¢ <0, dang lugng gidc cuané la:

) Ty .. n
(—2sin ¢)|:COS[¢+5]+IMH[¢+ 2]:|

4.54. Gidi. a) D4t ¢ =cosa+isina, f=cosb+isinb thi
S +1iT =[cosb+isin b]+[cos(a+ b)+isin(a+ b)]
+ [cos(Ra+b)+isin(2a+ b)) + ... + [cos(na + b) + i sin(na + b))
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= B+ Pa+ Ba® +..+ pa”

2

= fd+a+a” +..+a")

1_ +1
=f—- dl (@€ yrang @ #1 do smE:tO)

iy I -cos(n+ bHa—isin(n+a
a l-cosa—isina

sing sinﬁ—icosf-
2 2 2
+

sinn+la sinn+1a—icosn+1a
2 2 2

=p

sin a N
_ 1 ) )
= f gi:ﬂ [sm > a—icos a_[sm%ﬂcos%}
2
. n+l
= &—a[cosfﬁ+isin£€]
sin2 2 2
2
sinn+la
=-—-—L—[cosfzg+isinn—;](cosb+isinb)
. a
smi
sin +1a
= 2 Lcos[%+b]+isin[—+bﬂ
smﬁ
2_
SIn a
Ty désuyra: S=-—L—cos(£€+bj,
sing 2
2
smn+la
T=__2 sin[n—+bj
sing 2
2
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Chu y. Trong phan luong gidc 0 16p 11 da c6 bai tap tuong ty nlamg ducc
giai bang cdch khic.

b) Giai bang phuong phip tuong tu nhu & cau a).’

2 . . 2¢m 4t . . 4=xn

4.55.a) 7 =cos—5—+zsm~5—, 7y =cos—+isin—,
z —cosﬁ—n+isin6—7c z —cosg—n+isin§7~t

3T s 5470 g 5"

Tix 46 theo cong thitc Moa-vro, 1, z;, 2y, z3, z4 1a cic nghiém cha phuong
trinh 22 —1=0 (d6 1a 14t ca cac nghiém vi phuong trinh ¢6 bac 5).

R& rang

) + ! =271 + 7 —200521c
-1 Z‘ 1 -1 5

b) Véi z # 0, 24+Z3+22+z+1=22£22+i2+z+£+1]
2z

2
1
= zz[(z+éJ +[z+;j—l]=zz(w2+w—l), trong do w=z+%.

~1+45
ot

Phuong trinh w? +w—1=0 c6 hai nghiém 1a

3 2 0

Vi z,25,23,2z4 12 b6n nghiém ciha phuong trinh PR T

tic 12 nghiém cua phuong trinh

2
(z+lj +{z+l]~l=0
z oz

i =7 1
:—’ 3= 2:——-
7 22

A

=

va 74 = nén

il

1 1 . .
z +E? Z +g la hai nghiém phén

biét cta phuong trinh w2 +w-1=0.

Hink 4.14
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27 -1+\/§ 4 —1—\/5

Tir d6 dé suy ra 200s——5-— = > (con 2005? =—

6052?7: >0, cos 4?“ <0 (h.4.14).

) dé y rang

4.56. Gidi. a) M 1a diém biéu dién sé phiic z, M’ 1a diém biéu dién 58 phiic z'.

208

Khi M tring véi A tdc z = wthi z' = @wnén A bién thanh chinh né. Khi M
khong tring v6i A thi [AM | =lz—dl =lillz—a = |z~ a =1AM| va mot

acgumen cua

=i las6 do géc luong gidc (AM, AM") nén géc nay la g

Tir d6 phép bién déi dang xét la
phép quay tdm A, géc quay g

b) (h.4.15) Gia sir ta di doc chu
vi tam gidc ABC theo nguogc
chiéu quay kim déng hd. Khi
dé, Q 1a anh cua C qua phép
quay tam la trung diém cda CA

g6c quay g nén néu ki hiéu g la

s6 phic biéu dién bdi diém Q

thi theo cau a) ta cd Hinh 4.15
o)

tr dé6
a= 3+ iy+-Dal.
P6i e thanh S, ythanh a, ta suy ra s6 p biéu dién bdi P 1a
P =%[(l+i)a+(1—i)ﬂ].
Viy NP biéu dién s6 phic p—%(ﬁ+ 7)=-l2~[(1+i)a—i,8—y] va @
biéu dién s& phic q—%(ﬂ+ 7):%[(1—;‘)a—ﬂ+i}']. R6 rang

i.l[(]—i)a—ﬂ+iy]=-21—[(l+i)a—i,8—7], nén suy ra NQ = NP va

S|l

, NP vuéng géc (h.4.15).



BAI TAP ON TAP cuOI NAM

A. PE BAI

1. Cho ham sd
2
F(x) =l x+ et
2
a) Chimg minh rang f'(x) <0 véi moi x < 0.
b) Chimg minh bat dang thitc

2
X . .
l+x<ef <1+_\_r+—-2— véi moi x < 0.

c) Tinh gia tri gin diing cua e % y6i sai 56 khong qua 1074,

2. Trong mat phing toa do(0O, 1, /)
cho tam gidc can ABC dinh A(-1; 0),
AR = AC, not tiép trong dudng tron
don vi, dinh B nam phia trén
truc hoanh. Goi x 12 s6 do bing
radian cua géc (1, OB), 0 <x<m 2 x oM
(h.1).

- ¥

a) Tinh dién tich S coa tam gidc ABC

theo x. >

C
b) Véi gid tri nao cua x, tam gidc ABC
c6 dién tich 16n nhat ? ' Hinh |
3. Chohamso f(vy=In(1+e™).
a) Ching minh rang f(x) = —x + f(—v) véimoix € R.
b) Tir d6 suy ra rang duong thang v = —v 13 tiém can xién clia dé thi ham

sO v = f(x) (khi x — —o0),
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4. Cho ham s6

a) Khao sdt su bién thién va vé d6 thi (¥ ) clia ham s6 f.

b) Viét phuong trinh céc tiép tuyén cla (¥ ) di qua diém M [—% ; %]

¢) Chiing minh rang (% ) nhan diém U(-1; —1) l1am tam d6i ximng.

5. Cho ham sé

x* = 2x
x—1
a) Khao sit sur bién thién va vé d6 thi (¢ ) ciia ham s6 f.

f(x)=

b) Tir d6 thi (€) suy ra cich vé& d6 thi cha ham s6

glx) =

¢) Véi cac gia tri nao cua m thi phuong trinh
x% - 2|x| = m((x[ -1
6 b6n nghiém thuc phan biet ?

6. Sosinh: log,3 va 7.

7. ChobasSlna, Inb, Inc (g, b, c duong va khic 1) 1ap thanh mét cdp s6 nhan.
Chiing minh ring ba s6 log, x, log, x, log, x (x duong va khé4c 1) theo thif
ty d6 ciing 1ap thanh mot c4p s6 nhan.

8. Tim tap xic dinh ctia cdc ham s8 sau :

1
a) y= Y
b) 'y = log(sin x + cos x) ;

2
x° =3
c) y=\ﬁogl[log7 i1 ]

2
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10.

11.

12.

13.

14,

Giai cic phuong trinh sau :
a) 1 +62% +3.5% =10" ;

Gidi cdc bat phuong trinh sau :

log, 1og 3x+4
AL P
a) loglf+l<—log2x; b) 0,3 3 x+2>1.
E - X
Gidi cédc hé phuong trinh sau :
5log, x — log, ¥y =8 2%.47 =64
a) : b)
510g2x2—log4y=19; \/;+\/;=3.
Tim nguyén ham cua cic ham s6 sau :
1 COoS X
a) f(x)= ; b) f)=—=
3x+> (5sinx+2)?
sin? x )
¢y f(x)=—7—; d) f(x)=x"Inx.
cos” x

a) Tim cdc hiing s6 A, B, C € R thoa min

2 A B C
= — 4 + N
B +3x2+2x x x4+l x+2

b) Ap dung cau a) hdy tinh

3

2{ 2dx
| X +3x% +2x

Cho ham s6 y = f (x) lien tuc trén R, Chuing minh ring

a az
2) Jx3f(x2)dx=%6|'xf(x)dx véi a>0;

ft

b) 5[ Xf (sin x)dx = -2’5(!' f(sin x)dx.

b) log;3x =3 flogsx ~1.
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15. Tinh dién tich hinh phing gidi han bdi d6 thi cdc ham s6 y = 2%, y =3 -x,
truc hoanh va truc tung.

16. Cho hinh phing giéi han bdi dé thi ham s6 y = Inx, truc hoanh, hai dudng
thang x = 1 v x = 2. Tinh thé tich khéi tron xoay tao thanh khi quay hinh
phang d6 quanh truc hoanh.

17. Chiing minh rang néu sd phitc z khoéng phai 12 s6 o thi _2_z] >
VA Vil

14 s6 thuc.

18. Tim céc s6 phifc z, w thod min cédc diéu kién :

o] =Iwi=1
24+w=1[i

trong dé / 1a s6 thuc cho trude.
19. Biétrang z = a + hi (a,b € R) 1a m6t cin bic hai cua e, hay tim cdc ¢an bac
hai ctia cdc s6 ~;u’. W oVa W,
20. a) Tim cic s6 thuc a, b dé c6 phan tich
4322 4 3--63 =(z—3) (:? + i« b
rdi giai phuong trinh sau véi d4n - e C :
P43 +3:-63=0
b) Tim cédc 6 thuc «. b, ¢ dé ¢6 phan tich
- -2l + i]:2 + A4l )z —Ri=(z~ ui)(:2 +b-+¢),
rOi gidi phurong trinh sau vdidn ze C :
22+ + 41+ Dz -8i = 0.
21. Giaj hé phuong trinh hai an phitc -, w sau :
+w =3(1+1)

(-
J...
2wt = 0T+ 4).

[
!w)

Tim so phie - <ao cho

:+3i‘_
il

~ e " n
- 1 via o+ 1 ¢6 modtacgumen bang — --

)



23.

:;Il .trong déz=cosp+ising, (pe R).

} _1
Cho s6 phuc w =2 7

a) Hay viét s6 phic w dudi dang luong giac.

b) Xdc dinh tap hop cic diém trong mat phing phitc biéu dién c4c s6 phiic
w noéi trén khi ¢ thay déi, 0< @ < .

B. DAP SO - HUONG DAN - LI GIAI

ll

Hudng dan.
2 fi()=l+x-¢€e"; f(x)=1-¢".
f'(x)=0 & x=0.

X —oo0 0
) +
0
fo |\

Duya vao bang bi€n thién, ta cé f'(x) < 0 véi moi x < 0.
b) Tu a) suy ra f nghich bién trén nita khoang (—e ; 0]. Do d6
f(x) > f(0) v6i moi x <0,

-

hay 1+x+£2-——ex >0 v6i moi x < 0.
¢) Tir b) suy ra

1001 <e ¢ |01+ 20000

a) S = sinx(1 + cosx) ;

33

b) _)(=E ; maxS =——,
3 4
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Huong dan

a) Voimoi x € R,

fx)=Infe™ A +e")] =—x+ In(1 + &%) = —x + f(~x).

b) lim [f(x)+x] = hm f(-x)= lim In(l+e*)=0.
Xo—oo

X0 X—r—o
4. b) C6 hai tiép tuyén cung di qua M la duong thang y=3x+? va duong
thang y=-x-2.
5. b) Hudng ddn. g 12 mot ham s6 chdn nén d6 thi (%)) ¢ia n6 d6i xing qua truc
tung. Véix >0, tacé
2
x°=2x
gx)=—"—= F(x).
Do d6, muén c6 d6 thi (€,) cha ham s6 g ta bo di phin cua dudmg cong (¢)
nim bén trdi truc tung, gii lai phdn cha dudng cong (%) nam bén phai truc
tung (Umg véi cdc gid tri x > 0 va x # 1), va b sung thém hinh d&i ximg
chia phan dudng cong nay qua truc tung.
c)m>0.
Huodng dan. Phuong trinh da cho tuong duong véi phuong trinh
x? - Z'x‘ :
—— .
[+ -1
S6 nghiém cha phirong trinh da cho bing s¢ giao diém cla (%)) va dudong
thang y = m.
6. Do3'<2’ & 3log,3 <5<:>log23<§; (1)

214

53<189@5<3§/74:>—§—<3ﬁ. _ (2)

Tir (1) va (2) suy'ra log, 3 < 7.



Tr gia thiét ina, Inb, Inc 1ap thanh mot ¢dp s6 nhan, suy ra In’b = Ina.Inc,

Inx Inx lnzx‘
Ina Inc  In?p

Dung cong thitc ddi co s8, ta ¢6
log, x.log, x = logi X.
Tir 46 suy ra log, x, log, x, log,. x 1ap thanh mot c4p s6 nhan.

axz2.

b) —%‘-+k2n<x<i}+k2n (k € Z).

Hudng dén. DKXD : sinx + cosx > 0, hay v2sin| x +§) > 0.

1-J17 7-v89  1+\17 7 +/89
> hoac < .

c)

<xX< x <
2 2 2

2

Gidi. Ham s()'y—\/log,[log7x _3] xéac dinh khi
= x+1
2
2
-3
logl[log7x )20. (N
= x+1
2
Tacéd
: 2_ 4. _
2 2, X 7xl 10S0
x — j—
(1) <0< log, <1 ol< <7 o4  *
x+1 x+1 x°—x—4
>0
X+ 1
x$7_289 hoac —l<x£7+289
=
- 1417

<x<-1 hoic x>

2 2
]—\/]_7- 7—\/@ 1+\/1_‘f 7+\/@_

<x< hoac
2 2 ) 2 2




9. a)x=2.

Hudng ddn. Chia hai vé& cua phuong trinh cho 107, ta duoc

& ot g 1o

Van dung tinh chét nghich bién ctia ham s6 y = @* (0 < a < 1) d€ ching 5
ring phuong trinh c6 nghiém duy nhat x = 2.
by x=3;x=81.

Huéng ddn. Dat Jlogs x =t (t 2 0) dua vé phuong trinh £ - 3¢ + 2 = 0.
10. a)0<x< .

Hudng dan. Pua vé 16garit cing co s6 2 (hoac —;—) va st dung tinh déng

. . < 5 N . . PP s .. +
bién (hoac nghich bié€n) cia ham s6 logarit. Chd y cic diéu kién x+l >0

l—x
vax>0.
b)0<x<é.
2
log logz——3x+4
l Xz A
Gidgi. 03 5 > @1og]10g23—§ii<o
3 x"+2
3x+4 3x+4
< logy — >l e = >2
X542 x“+2
2_
32—%<0¢>0<x<1-
x°+2 2

11. a) (x;y)=(4;4).
Hudng dan. Dat log,x = u va log,y = v, ta c6 hé
Su—-2v=2_8
{IOu -v =19

b)(x;y)=(4;1).
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Huong dadn. Logarit hoa hai vé€ clia phuong trinh thit nhat d€ dua hé vé dang
x+2y=6
N y=3
réi dat Vx =u, Jy =v (20, v20)din dén he
W+ —6=0
u+v=23.

Timduocu=2;v=1.
12. a) —;—ln|3x+51+C.

Huong dan. Dat u = 3x + 5.
1
5(Ssinx + 2)

Hudng dan. Dat u = Ssinx + 2.
c) —i—tan3 x+C.

Huomg ddn. D3t u = tanx.

3 3
d) ¥inx x +C.
3 9
Huomg dan. Sit dung phuong phdp tich phan ting phdn, dat u =Inx va v'= 'y

13. a)A=1, B=-2,C=1.b) ln%i—.

14. a) Huong dén. Déi bién u = x°.
b) Gidi. POibiénu=mn—x, tacé du=—-dx va
- n 0 .
I= J'xf(sin x)dx = - J(n —u) f(sinu)du
0 T
n T
= I(Jt —u)f(sinu)du = Tl:If(sin w)ydu - 1.
0

0

T
Suyra [I= r If(sin x)dx.
2,
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15.

16.

17.

18.

218

L+2.
In2

Gidi. D& thdy phuong trinh

2" =—x+3
c6 mot nghiém duy nhét 1a x = 1. Do d6
d6 thi hai ham s6 cit nhau tai diém B ¢6
hoanh d¢ x = 1. Vay dién tich cédn tinh
(phén t6 dam trong hinh 2) la :

1
1
S=12"dx+ S = —+2,
6[ AR In2

V=2n(In’2-2In2+1).

Huong ddn. St dung phuong phdp tich phan timg phdn bang cach dat
u=(Inx)>,v' = 1. Két quala

2 2 2
V= [anx)’dr = n(xIn’ x)|1 ~ 27 [inxdx = 2n(n®2 - 2In2 +1).
1 1

Huéng dan. z khong phai 1a s6 40 ¢6 nghia 1a néu z = x + yi (x, y € R) thi

_z _1
z2+|212 2x

Giai. Ta xét cac truong hop sau :

x # 0. Hay chitng minh

1) I=0. Liic ndy dé thy z la s6 phic tuy ¥ sao cho |zl =1, con w = —z.

2) 1 #0. Goi P, A va B 1a céc diém 14n lugt biéu dién céc s6 phiic /i, z va w.
Do / # 0 nén P khic O. Diéu kién z + w = i twong duong véi diéu kién
OA+ OB = OP . Nhung vi |z |= |w |=1nén A va B nam trén dudng tron
don vi. Vay A va B 1a giao diém cta dudng tron don vi (O) v6i dudng trung
truc (d) cua doan OP. Tir d6 suy ra cic két qua sau :



19.

20.

21.

22,

Khi 0#/I| <2 thi (O) va (d) cit nhau tai hai diém tng véi hai s6 phtc =
va w thoa man diéu kién caa dé bai. D6 1a hai s6 + 1 412 +éi.

Khi I = 2 thi (O) va (d) ti€p xlc véi nhau tai diém biéu dién s6 phitc i. Vay
z=w =i la nghiém duy nh4t ciia bai todn.

Khi I = -2 thi (O) va (d) ti€p xiic vdi nhau tai diém biéu’ dién s6 phic —i.
Vay z = w = —i la nghiém duy nhAt cia bai toan.

Khi |Z] > 2 thi (0) va (d) khong cé diém chung, nghia 14 khéng cé hai s6
phitc z, w nao thoa min cic diéu kién da cho.

Cic can bac hai cia —w, w va iw theo thi tu 1a :

V2

tiz, £7 va tT(l+i)7.

a)a=6,b=21.Cécnghiem 12 -3+ 237 ; -3-23i ;3.

b)a=2.b=-2,c=4 Cicnghiem1a2i; 1+3i; 1=+3i.

[3a+D] - 91+
91 +1)

Huong dan. Tinh zw = = 5i. Suy ra z, w 1a cdc nghiém

cia phuong trinh 2 -30+i)z2+5i=0 ; phuong trinh nay c6 biét thuc
A=-2i=( —i)2 nén c6 cdc nghiém la | + 2/ va 2 + i. Vay hé phuong
trinh da cho ¢6 hai.nghiém la

(1+2i;2+)va2+i;1+2i).

z+ 35

Huodmg dan. Diéu kién ; \ =1 néi ring phén a0 cua z bing 2. Diéu kién

z + 1 c6 mot acgumen bang —g noi ring z + 1 =1(\/§—i) v6i [ > 0. Vay
z+1=2R3-0), tclaz=2V3-1-2i.
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23.

220

Giai. a) Tachd Z = cos @ ~isin @ = cos(—) + i sin(—¢),

L =—(1+) \/_[cos—+zsm%c]

1+2 4

-3 (5m .. (5T W
Vayu—zl+2i—\/5[cos[4 ¢j+tsln[4 (D]

b)Do 0< ¢ <7 nén X<E~(p_5 Vaytﬁphorpcﬁnnmla nua duong

tron tam O, ban kinh biing Ji, nam phia trén dudng phén giic coa goc
phén tu thit nhat cha hé toa do (h.3).

.

Hinh 3



MUC LUC

Chuzong 1. NG DUNG DAO HAM BE KHAO SAT

VA VE DO THI CUA HAM S8

A. Kién thirc can nha

B. D¢ bai

81,
§2.
§3.
84,
Q5.
0.

§7.

$8.

Tinh don di¢u cua ham <6

Cuc 1 cui ham so

Gid tri I6n nhat va gid tri nho nhat cua ham so
Do thi ciia ham «6 va phép tinh tién hé 10a do
buimgtiém ¢an coa do thy ham s8

Khao sit sy bien thién va vé do thi

cud mot s6 ham da thire

Khao st su bién thien va v&€ do thi
clia mot s6 haim phan thire hiru ti

Mot s barwdn thatmy gap vé do thi

On tap chuong |
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10
10

13

16
17

Trang
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