Khéa Iuan tét nghiép toan so cap Suw Pham Toan 48

Loi mé dau

Trong bat dang thiic c6 dién thi bat dang thitc xoay vong la mot noi dung hay va
khé. Cé nhitng bat ding thiic ¢6 dang kha don gidn nhung phai mat hang chuc nam,
nhiéu nha toan hoc méi gidi quyét duge. Vi du nhu bat déng thic Shapiro duge dit
ra vao nam 1903 béi Neishbitt.

V6i 3 s6 khong am a, b, ¢ chiing minh réng:

a b c 3
2

> don gi4
b+c+c+a+a—l—b_ (don gidn)

va dang tong quéat:

Mé rong v6i n s6 ai, as, . .., a, thi:
aq (05} Qp, n
+ +---+ > =
as +as a3+ ay a1 + as 2

Khi nao dang, khi nao sai.

Dén nam 1954 ttc 1a sau 52 nam, Shapiro méi tong két lai gia thuyét nay nhu
sau:

1) Bat déng thiic ding véi n 16 < 23

2) Bat dang thitc dung v6i n chin < 12

Con lai sal.

Hoan toan tu nhién ta thay con rat nhiéu dang bat dang thitc xoay vong khéc
thi bat déng thic la gi, khi ndo ding, khi nao sai hoac luon luon ding. Trong bai luan
van nay ching toi xay dung dudc mot dang bat ding thic xoay vong tong quat ma
cac trudng hop rieng 1a nhitng bai toan khé va rat khé cé thé sit dung trong nhitng dé
thi hoc sinh gidi.

Luan van nay gom cé 2 chuong:

Chuong 1: Bat ding thiic xoay vong (Trinh bay nhitng két qua da cé vé
cac bai bat dang thiic phan thic.)

Chuong 2: Mot dang bat dang thiic xoay vong (Xay dung bat ding thiic

véi cac trudng hop don gian, tong quat bai toan)
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Em xin chan thanh cdm on cac céc thay co6 khoa Toan-Co-Tin hoc trong thoi
gian hoc tap & truong Khoa Hoc Ty Nhién, cac thay c6 Khoa Su Pham DH Qubc Gia
Ha Noi, cac ban trong 16p Su pham Toén 48. D#c biét 1a sy hudéng dan, gitp dd tan

tinh ctia thay TS Nguyén Vii Luong da gitp dd em hoan thanh khéa luan nay.
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Chuong 1

Bat dang thiic xoay vong

1.1 BAat dang thic Schurs

1.1.1 Bt dang thitc Schurs va hé qua

Bai 1 (Bat dang thitc Schurs)

V6i x,y, 2 1a cac s6 thyc duong, A 1a mot s6 thie bat ki, chitng minh réng:
wMe =)@ —2) +y Yy —2)(y —2) + 2z —2)(z —y) 20

Dau bang x4y ra khi vao chi khi x =y = 2

Chiing minh

Chu ¥ réng khi c6 hai bién s6 biang nhau thi bat dang thiic hién nhién ding.
Chéng han khi y = 2 ta c6: 2 (z — 2)2 > 0. DAu ” = ” x4y ra khi # = y = 2. Khong
mat tinh tong quat ta c6 thé gia thiét rang: x >y > z

+ Xét truong hop A > 0

Bat déng thiic c¢6 thé viét lai dudi dang:
(=)t —2) + My —2)] + 2Nz —2)(z —y) > 0
Stt dung diéu kién x > y ta thu duge

M > (2 =)y — )@ —y) + 2w = 2)(y—2) > 0, (VA >0)
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do do6 bat dang thitc ding.

+ Xét truong hop A <0

Ta c6

M =Mz —y)(x = 2) + (y — 2) [Nz — 2) — v}z — y)]

St dung diéu kien y > z (hay x — 2z >y — 2 ) ta co:

M >z —y)(z —2) + (y = 2)(z —y)(2* = y") >0, (VA < 0)
Vay bat dang thiic can duge chiing minh.
Bai 2 (Bt dang thiic Schurs mdi rong)

Gia st I 14 mot khodng thuoc R va f : I — R* 1a mot ham don diéu hay

f7(x) >0, Vo € I. V6i x1, 19, 13 € I, chiing minh réng:

f@)(zr — 22) (21 — @3) + f(22) (w2 — @3) (w2 — 1) + f(23) (23 — 1) (23 — 22) = 0 (1)
Dau” =" x4y ra khi va chi khi x; = 29 = x3.
Chiing minh
Vi f 1a ham don diéu hay f”(z) > 0, z € [ nén ta c6 bat dang thic:
Fre+ (01— Ay < 22 SO,

2
A 1—=A 2)
Ve,y € Tva d € (0,1)

Khong mét tinh tdng quét ta gid st ;1 < 5 < 3 (Vi néu 2 trong 3 bién bing
nhau thi bat dang thic luon ding, dau bat dang thiic xay ra khi 2, = 29 = 23 ).

Chia hai vé ctia (1) cho (zy — x3)(x9 — 1) < 0 ta thu dugc:

_(Z:iﬁf@”+f@”‘(m_x0f@9§o

& f(z2)

AN
7N
S8
w | W
[ ]|
SHERS
N |
N~~~
=
=
+
VRS
S8
N | W
[ ]|
SHERS
i
~~
=
)
&
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To — X1
_ 1—-)A=
Dat: A = 222 T3 — 11
BT = (1= M\

ta thu dugc bat dang thic (2) ding hay (1) ding.
Bai 3 (Mot dang mé rong ciia bat dang thitc Schurs)

Xét a,b, c,u,c,w 1a cac s6 thyc duong chiing minh rang:
a) Néup > 0 va

1 1 1 _1 _1 _1
ar +cr < bp; ulte +wite > plte

Ta ¢6: ube — vea + wab > 0

b) Néu —1<p<0va
1 1 1 _1 _1 _1
ar +cr < br; utr +wite < vi+e

Ta ¢6: ubc — vea + wab <0
¢) Néup < —1

11 1
ar +cr > br; ute +witr < vT+e

Ta ¢6: ubc — vea + wab > 0

Dau bing ctia bat ding thic xay ra khi va chi khi

1 1 1 1 1 1
ar +cr = bp; wulte +wite = pi+e

Ching minh
. 1 1
a) Néu p > 0 ta co: 1+p+§:1

Ap dung bat ding thic Holder ta co:
£ 1

aﬁ(uc)ﬁ + cﬁ(wa)ﬁ < (a% + c%)m (uc + wa)r+t

Liy thita p + 1 hai vé ta c6:
1 1 _1 qptl 1 1\P
[a1+p (uc)»1 4 ¢+ (wa) p+1] < (ap + cp) (uc + wa)

1 1\ P+l 1 1\ P+l
& ac <u1+P —|—w1+p) < (ap +cp> (uc + wa)
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Ap dung gia thiét bai toan ta co:

1

1 1\ pt+l
acv < ac <u1+P + w1+p> < b(uc + wa)

suy ra ubc — acv + wab > 0

b) Véi —1 < p < 0 ta cang co:

1 1 p+1
= 1v6i
p+1 P2 p

<0

Khi d6 bat ding thiic Holder c6 chiéu nguge lai:

_Dp
a7 (uc) T + T (wa) T > (a% + c%) " (ue 4 wa) 7

Lity thita p + 1 hai vé ta dugc
1 1 \PHL 1 1\ptl
& ac <u1+P +w1+1>> > <ap +CP) (uc + wa)

Ap dung gi thiét phan b) (chi y p+1> 0, p < 0) ta co:

1 1 1

p+1 p
acv > ac <uﬁ + wm) > (uc+ wa) (aE + 05> > (uc+ wa)b
suy ra: abw — auv + ubc < 0
¢) Véi p < —1 ta cing co:

1

1
m+m=1vfiip+1<0

p
Ap dung bat ddng thitc Holder:
1 1 1 1 1 1\ pa 1
al+p (uc) I+p 4 cl+p (wa) +p < <ap -+ cp) (uc —+ wa) p+1
Liiy thita p + 1 hai vé (cha y p+ 1 > 0) ta duge:

1 1 \Ptl 1 1\P
ac (u“rp +w1+1>> < (ap + cp> (uc + wa)
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Ap dung gia thiét phan c) (chi ¥ p+1 < 0) ta co:
1 1 \Ptl 1 1\P
acv < ac (uHP + w1+P) < (uc + wa) <av + cp) < (uc + wa)b

suy ra: uch — acv + wab > 0
Bai 4 (Bai toan hé qua 1)

Véi x >y > z > 0. f 1a ham don diéu hay f7(z) = 0Vx > 0 va f nhan gia tri
trén R*, chitng minh ring:

f@) S , S

Yy—z zZz—x T—Y

>0

Chiing minh
Ap dung bai toan 2 ta co:

f@) (e —y)(z—2)+ f(y)ly —2)y —2) + f(2)(z = 2)(2 —y) 2 0

Chia 2 vé cho (y — 2)(z — z)(x — y) < 0 ta thu dugc bat dang thic can chiing
minh.
Bai 5 (Bai toan hé qua 2)

Vé6i x,y, 2,a,b,c > 0 théa man diéu kién:

a? + b < 2

win
win

+

o
\Y
I

chiing minh rang Ty % >
a

Chiing minh

oW

. 1
Ap dung bai toan 3 véi p = 3 ta co:
xbc — zab + yac > 0

Chia 2 vé cho a, b, ¢ ta c6 bat dang thic can ching minh.
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1.1.2 Mot s6 bai toan minh hoa

Bai 6

Gia st AABC khong nhon, chiing minh rang

27 64 125

+ — > =
sin B ~ sinC

sin A

Ching minh

Ap dung bai toan 5 véi dieu kién
sin? A +sin? <sin? C  Tam giac khong nhon

275 + 645 = 1255
Ta thu dugce diéu phai chiing minh

Bai 7
Cho a, b, ¢ 1a cac s6 thuyc duong thoa man diéu kien

3
2

1 1 1 3

— ﬁ = T2 +y2 S z
Chting minh rang: — + % <z
Ching minh
Ta co6:

1 N I 1
-5 i
~3
Ap dung bat dang thie Holder ta 6
Ha+ b7

az(xb)? +b2(ya): > (xb+ ya)

s /1 1\ 2

Tt gid thiét suy ra:

(NI
|

7 N\
| —
N———
I

I

(@)
W

1 1\
PR

Sinh vién: Nguyén Van Cuong
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Do d6 ta c6 bat dang thc
(abz)g > (ab)% (x% + y%> > (xb+ ya)% c

3
2

< abz > (xb+ ya)c

x Yy oz
& -+ < -
a b7 c
Bai 8
. ? A Z < b + P . N
V6i a, b, c 1a ba canh ctia mot tam giac bat ki p = %C, chiing minh rang

p—a)+p-b"'+(p—0c'+5*>alp—a)’+bp—c)]’+c(p—a)’

(Vé6i S 1a dién tich tam giac ABC')
Chiing minh
Chiing minh bat dang thic Schurs véi A = 2 ta cé:
(@ —y)z—2)+2y—2)y—a)+22(z—2)(z—y) 20

Sattyt+ 2t ey ty+2) > By +2) F (2 o) + 2 (x4 y) (1)
Dit
(
2 rT+y+z=p—a+p—-bt+p—c=p
r=p-—a IS
zyz = (p—a)(ip—>b)(p—c)=—
y=p—b = b
y+z=pP-0+(p—-c=a
z=p—c
) r+z=br+y=c
\

Thay vao (1) ta c6 bat dang thitc can chiing minh.
Bai 9
V6i z,y, z duong thdéa man:
z  zx
Y Ty _ g

T2 y2 22

hay tim gia tri l16n nhat ctia biéu thic sau:

+z z4+zx x+
=224 + 7Y
x Y z
Ching minh
Ap dung bat ding thic Schurs v6i A = —2 ta co:

o=@ =2+ 5=y =)+ () —p) 20

GV huéng dan: TS Nguyén Vi Luong 10 Sinh vién: Nguyén Van Cuong
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+ z z24+x T+ A 2r X
@3—(9 + TR A +—y)>o

T Y z T Y z
<:>]\/[:y+z+z+ac+az:—l—y§6
T Y z
Diang thitc xdy rakhi @ o =y =2 =1
VameaxZG
Bai 10

Véi hy, hy, he 1 do dai cac duong cao clia mot tam giac ABC bat ki, chiing minh

rang:

5 1 N 1 n 1 N 3 S 1/1 . 1 N 1
h3 " h3  hd hohohe — 7 \h2 = h? = h?
Trong d6 r 1a ban kinh vong tron noi tiép AABC
Ching minh
Ap dung bat ding thic Schurs véi A = 1 ta c6:
=yl —2)+tyly—z)y—2)+2(z-2)(z—y) 20
s+ + 28—z +y) — iz +x) - 22 (x +y) + 3xyz
S22+ P+ 2 — (r+y+2) (@ +y*+2%) +3zyz > 0
1 1 1 1 1 1

=—z=—MWVi—4+—4+—=-)

Dit !
at v = — —
: P e e L S

Bai 11
V6i a, b, ¢ 1a ba s6 thyc 16n hon 1, chiing minh rang:

b b
alog, %log2 % + blog, Elog2 a + clog, 2 log, g >0

Ching minh
Ap dung bat ding thitc Schurs mé rong véi f(z) = 2° ta co:

2901 (l’l — $2)(3§'1 — xg) + 212(1'2 — .ZCl)(iL'Q — l’g) + 213(1’3 — 331)(512'3 — .1’2) Z O

Dat z; = log, a, x5 = log, b, x5 = log, ¢ ta c6 bat ding thitc phai chiing minh.
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1.2 BAat dang thic xoay vong khac trong tam giac

Trong muc nay ta chi dé cap dén cach xay dung bat dang thic xoay vong trong
AABC véi 3 cip bién quay vong: A, B,C 1a 3 goc tam giac ABC va x,y,z (z,y,2 la
3 86 thuc) bat dau tit bicu thitc luon ding VA.B, C, x,y, 2
Bai 1l

Vé6i moi AABC, z,v, z 1a ba s6 thyc duong tuy ¥, chiing minh rang:
1
yzcos A+ zxcos B+ xycosC < 5(:52 + %+ 2%)

Chiing minh
Ta co:
(z —ycosC — zcos B)? 4 (ysinC — zsin B)* > 0 Vx,y,2 >0
& 12 + y?(cos? C + sin® C) + 2%(cos? B + sin® B)
+ 2yz(cos B cos C' — sin Bsin C') — 2xy cos C' — 2xzcos B > 0
S 2+ y? 4+ 22— 2(yzcos A+ zxcos B+ zycosC) >0
& yzcos A+ zrxcos B+ xycosC < %(mQ +y? +z2)
Dau bang xay ra khi va chi khi

ycosC + zcosB=1x y? cos? C + 2yz cos B cos C + 2% cos? B = 2
~
ysinC' — zsin B =0 y?sin? C' — 2yzsin Bsin C' + 2%sin? B = 0
= y> — 2yzcos(B + C) + 2% = 2?
2+ 2% — 2

= cos A =
2yz
Tuong t:
2 2 .2
cosB— T Y
2zx
2 2 2
cosC = Yy A
2xy
Mat khac:
b? + ¢ — a?
cosA = —-——
2bc
2 2 _p2
2ca
2 2 2
+ 0% —
cosC = arr-c

2ab

GV huéng dan: TS Nguyén Vi Luong 12 Sinh vién: Nguyén Van Cuong
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Vay:
r = ka

y=kb (k> 0)= z,y,z 1a 3 canh cia mot tam giac

z = kc dong dang v6iAABC

T bai toan 1 ta ¢ thé xay dung dude céc bat ding thiic méi trong tam giac.
Bai 2

V6i moi tam giac AABC, a,b,c 1a 3 s6 thuc duong, chiing minh réng:

1
xcos A+ ycos B+ zcosC < 3 (_y +y_+ ﬁ)
L Yy

Ching minh

ta co:

NI»—l

Ap dung bai toan 1. Thay z,y, z 1an luot béi

S R
w|~'

1 1 1 1
—CosA+—COSB+—CosC§—( +—+
Yz zZx Ty 2

1
5/
Y z

Déu bang xay ra khi —, =, = 14 do dai 3 canh ctia tam giac dong dang v6i tam
'y z

giac ABC. Cho z,y, z la cac gia tri cu thé ta thu dugc céc bai toan tim gia tri lén

1
< xcosA+ycos B+ zcosC < 5 (yz +_+_>
T

nhat, nhé nhat, cac bat ding thic kho trong tam giac.
Bai 3
Tim gia tri 16n nhat:

M =2cos A+ 3cosB+4cosC

Trong d6 A, B, C la ba goc ctia mot tam giac.

Ching minh
Ap dung bai toan 2 véi: )
r =2
y=3
\224
1 /43 24 23 61
Ta c6: M<2(2 _1_?4_?):5

Dau déng thic xay ra khi ta chon AABC ~ AA'B'C’ v6i AA'B'C" ¢6 ba canh

GV huéng dan: TS Nguyén Vi Luong 13 Sinh vién: Nguyén Van Cuong
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111 61
la =, =~ Va M=
a2,3,4 Vay max B
Bai
Cho tam gidc AABC, chiing minh ring
A B C 61
281n§+3sin5+4sinagﬁ (1)
Chiing minh
Dat:
(
A=m—2A
B=n-2B =A+B+C =n= A B ,C"l1a3 goccia AAB'C’
C=m-2C
) 61
Ta ¢6: (1) < 2cos A’ +3cos B' +4cosC' < D
Ap dung bai toan 3 ¢6 bat ding thic ding. Dau ding thic xay ra néu
111
AA'B'C' ~ A=, =, ~
(2’ 2’ 4)
Bai 5

Chiing minh rang

1 N 1 N 1 < 108
2sinA  3sinB  4sinC — 61

(Trong d6 A, B,C 1a ba géc ciia mot tam giac nhon)
Chiing minh
Ap dung bat ding thic Cauchy ta co:
( ! ! ! )(2cosA—|—3(:osB+4cosC')29VAABC’nhQn

2cos A + 3cos B + 4cosC
1 1 1 9

= >
2cos A + 3cos B + 4cosC — 2cosA+3cosB+4cosC
ma theo bai 3 ta co:

61
2cos A+ 3cosB+4cosC < T2

GV huéng dan: TS Nguyén Vi Luong 14 Sinh vién: Nguyén Van Cuong
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suy ra diéu phai chiing minh

1 1 1 9.12 108
+ + > ==
2cos A 3cosB  4cosC 61 61
Bai 6
Chting minh rang trong moi tam giac AABC ta déu co:
1 A 1 B 1 C 395
—tan® = + —tan® — + — tan® — > —— 1
s R B R WET; (1)
Chiing minh
Ta ¢o:
1 1 1 1 1 1 395
1) & - —1)+= —1|+- T i
(1) 4 (cosgé ) + 6 (COSZ§ > + 8 (COS2% ) — 4056
1 1 1 S 108
4(3082% 6 cos? g 8 cos? % — 169
o + bt 108 2)
2+2cosA 3+3cosB  4+4cosC — 169

Ap dung bat ding thic Cauchy ta co:

2+ 2cos A) + (3 + 3cos B
(2+2CO8A+3+BCOSB+4+4cosC> [(2+2cos A) + (3 + 3cos B)
+(4+4cosC)] >9
2+2cosA  3+3cosB 4+4cosC — 2cosA+3cosB+4cosC+9

Ap dung két qua bai toan 3 ta co:

9 9 108
Z & ~ 160 (4)
2cos A+ 3cosB +4cosC +9 +9 169

Tit (3) va (4) ta c6 bat dang thitc (2) ding suy ra (1) ding.
Bai 7

Chting minh rang véi tam giac AABC nhon ta co:

61
a) V2cos A+ V3 cos B+ vVacosC < 3% 36

b)1+1 1+1 1+1 >973
2cos A 3cos B 4cosC ) — \61

Ching minh

a) Ta co:

V?COSA—F VSCOSB—{— §/4COSC < §/2C08A+3008B+4COSC
3 - 3
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(Chitng minh nh bat déng thic Jensen xét ham f(¢) = ¢3 trong (0, +00) )
Ap dung bai toan 3 ta co:

S —

§/2005A+3COSB+4COSC 3 /61
3 36

3 [61
36

& \/2cosA+ \/SCOSB+ \/4cosC’ >3

1 1 1
M= (1+ 2COSA) (1+3COSB> (1+4COSC)

1 1 1 1 1 1
=1
- 2cos A * 3cos B * 4COSC>+(6COSACOSB * 12 cos B cos C * SCOSCCOSA)
1

i (2cos A)(3cos B)(4cosC)

Ap dung bat ding thic Cauchy ta c6
e 1 sl : )
- (2cos A)(3cos B)(4 cos C') (2cos A)(3 cos B)(4 cosC)

* (i/(ZcosA)(BcssB)(ZICOSC?)’))g
1

v/ (2cos A)(3B)(4 cos C’))

Ap dung bat ding thic Cauchy ta co:

3 s 3\* 36\°  [97\°
M>|1 >[(14+—) =(1+Z2) = (2=
- ( - QCOSA—|—3COSB—|—4COSC’) - ( * %) ( +61) (61)

Bai 8

@M2<l+

Chtmg minh rémg v6i moi tam gidac AABC ta co:

\/ N B Jl B 1 L C
—an— —a — tan® — — tan" —
36 2 36 2 " 64 2

1 c 1 ,A 395

— 4= il S Y

Jr\/64t‘(m 5 T igtn 2_\/_4056

b) BCOSB+ 4cosC . 2cos A 108
42 A 9cos2 B 16cos2C — 61
V6i AABC' la tam giac nhon.

Chiing minh
a) Ap dung bat ding thitc Bunhiacopxki ta dé dang ching minh duge:

Va2 + 02+ V2 + 2+ Ve +a2V2(a+b+c)
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1
Thay a = 1 tan?
Khi d6 ta co6:

36 5 T 36 2

A 1 B 1
> 4 tan? = + - -
J( m12+6mn2+8mn2> (1)
Ap dung bai toan 6 ta co:

1 A 1 B 1 C 395v/2
2 =tan? = 4+ —tan® = + —tan®* — | > 2
f<4an2+6an2+8an 2)—4056 @)

Tit (1) va (2) ta c6 bat dang thitc can chitng minh.
b) Ap dung bt déng thiic Bunhiacopxki ta c6 bat ding thitc sau:

2 bQ 2

%—l— +C—>a+b+cVabcdu’dng (3)
2 b2 2 2 b2 2 b b 2
(W1+ +5— 3+—+5(m%+d2m+_w):mw+@
b b c a a+b+c a+b+c
1 1 1
Ap d 61 a = b= = . Ta co6:
p ung(?))vdla 2cos A’ SCOSB’C 4cosC & o
3cos B 4cosC 2cos A S 1 1 1

4cos? A + 9cos? B + 16cos2C — 2A + 3cos B + 4dcosC

Ap dung két qua bai toan 5 ta c6 bat ding thic dude ching minh.
Bai 9

Chitng minh ring v6i moi tam gidc AABC ta c6: a) h,cos A + hycos B +
h.cos C' < ZR
b) (hgcos A+ hycos B + h, cos 0)3 > %hahbhc
(V6i a,b, c 1a cac dudng cao tuong ting véi 3 canh a,b,c. Dau dang thitc xdy ra khi
AABC déu).

Chiing minh
a) Ap dung bai toan 2 ta c6:

1 [ hyh hyhe.  hohyg
hacosA+hbcosB+hccosC’§§( b+ b + )

hc ha hb
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abc 4R
= R(sin® A + sin® B +sin® C) <
Dang thiic xay ra khi & AABC déu.

3 1 (hehy N hyhe N heha\ (@ 4+ +%)S a4+ 0+
2\ h. hg hy )

R

N

b
ha  hy  he
1 1 1
= A ~A[ = = =
(a/7b7 C) (ha’ hb’ hc>

= Dau bang trong bat dang thic (1) xay ra VAABC
Mit khac ap dung bat dang thitc Cauchy ta cé:

1 (hohy  Pohe  heha\ _ 1.4
- > 233/ hahshe
2(h0+ha+hb>_2 ’

Do d6 két hgp véi (1) khi ddu dang thitc xay ra ta co:

3
h, cos A+ hycos B + h,cosC' > 5 \/hyhyh.

2
< (hg cos A + hy cos B + h.cos C’)S > ghahbhc

Dau ding thic xay ra < hg = hy = h. & a = b= c < AABC déu

Bai 10

Chttng minh rang véi moi tam gidc AABC va AA,B,C ta co:

cosA cosB cosC 1 ( sin A; sin B
+ <

sinA;  cosB; cosCy ~ 2 \sinB;sinCy  sin A;sinC}

Dau déng thic xay ra & AABC ~ AA; B,C}
Chiing minh
Ap dung bai toan 2 véi:

1 1 1

rT=—"T"7,Y= — 2= —
sin A;’ sin B,’ sin C

Ta c6 bat dang thiic can chiing minh. Dau ding thiic xay ra

< AABC ~ A(sin Ay, sin By, sin Ch)

sin Cl
+ — :
sin A sin By
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& AABC ~ AlBlcl

Bai 11

V6i hai tam gidc AABC va tam gidc AA,B;C, bat ki, chitng minh réng:
(b1 +c1) cos A+ (¢1 4+ ay) cos B+ (a3 + by) cos C' <
< (bl + Cl)(Cl + al) X (Cl + al)(al + bl) X (bl + cl)(al + bl)

1
2 a; + by by +c1 1+ aq
Dau déng thic x4y ra khi nao?

Chiing minh

Ap dung bai toan 2 véi:
(

r=b+¢

y=c +a < TacoDbat dang thic can ching minh.

z=a;+b
\

Mat khac véi aq,by,cq 1a 3 canh cia AABCYy, gid st a1 > by > ¢ =
1 1 1

bi+c cr+ar’ a+b

cling la 3 canh ctia tam giac. That vay ta co:

1 1 1
> >
b1+01 Cl+a1 CLl+b1

(viag > b > ¢y)

1 S 1 S 1
a1+b1 - b1+(b1+01) - 2(bl+01)
1 S 1 S 1
aq + C1 - C1 + (bl —|—Cl) - 2(b1 +Cl)
1 1 1 1 1 1

+ Z <f'> ) Y
a1—|—b1 a; + ¢ b1+01 bl+C1 c1+ap a1+b1
12 3 canh ctia mot tam gidc. Vay dau bat dang thitc x4y ra khi

AABC’NA( L , L , L >
by +c c+ar a+b

Xét

=

Bai 12
Véi A, B,C 1a ba goc cia AABC bat ki, z,y, z 1a 3 s6 thyc tuy ¥, chiing minh
rang:

(@ +y* + 2%) (1)

DO | —

(=1)" [yzcosnA + xzcosnB + xy cosnC]| <

Chiing minh
[z + (—1)*(y cos nC + zcosnB))* + (ysinnC — zsinnB)* > 0
& 2%+y? (cos? nC + sin® nB) +2% (cos? nB + sin® nB) +2(—1)" (zy cosnC + zz cosnB)
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+ 2yz (cosnC cosnB — sinnC'sinnB) > 0
ma cos nC cosnB — sinnC'sinnB = cosn(B + C) = cos(nm —nA) = (—1)" cosnA

Vay ta c6 bat dang thiic:
2% 4+ y22* + 2(—1)" [zy cosnC + yz cosnA + zx cosnB] > 0

(x2 +y? + 22)

N | —

(—1)" (yz cosnA + zx cosnBxy cosnC') <

Ta xét rieng truong hop z,y, z duong, dau déng thiic cia (1) xdy ra néu:
4

z = (—1)"" (ycosnC + z cosnB)

\ysinnC —zsinnB =0

;

y? cos? nC + 2% cos? nB + 2yz cosnC cosnB = 12

=

\yQ cosnC + z?sin’ nB — 2yzsinnC'sinnB = 0
& y? + 22 +2yzcosn(B + C) = 22

& y? + 222yz(—1)" cosnA = 2?

2, .2 .2
& cosnA = (— 1)+ (L)
2yz
Tuong tu:
2., .2 _ .2
+z5 =y
B= (-1t (28
cosmn (—1) ( 520
cosnC = (—1y+ (EY =2
2y
Diéu kién can ton tai AABC la:
o222
Yy +zr—x
g 1<1
22+ 22— 2
| 2xz <1
24yt — 22
EE S <
\ Ty

& 7,y, 2 thda man bat dang thitc tam giac.

p

rT>YyY—=z

Yy>z—x

z>2x—Y
\
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Va ngudi lai néu chon z,y, 2 thda man bat dang thitc tam giac (z,y,z > 0) thi
ta luon tim duge 3 goc A, B, C 1a 3 géc clia tam giac dé dau déng thic xay ra.
Bai 13
Chiing minh rang trong moi tam giac AABC ta c6
1 1 1 1 2 2 2
(—1)m*! (— cosnA + —cosnB + — cos nC> < - (w)
x Y z 2 TYz
Vz,y, z duong.
Ching minh
Ap dung két qua bai toan 12 ta co:

(—1)"*! (yzcosnA + zx cosnB + xycosnC) < = (2 + 3 + 2?)

N —

Chia 2 vé cho zyz > 0 ta co:

(—1)! <cosnA N cosnB N Coan’) < 1 (xz +y? + 22)
T Y z 2 TYZ
Dau dang thitc x4y ra khi z,7, z > 0 théa man bat dang thitc tam giac.
Bai 14
Cho M = 6cosd4A+2cos4B+3cos4C (v6i A, B, C la 3 géc cia tam giac). Tim

gid tri bé nhat ctia M. Chitng minh
z 1 1 1 P 2z 2
Ap dung bai toan 13 v6i x = 5’ y=52= 3 (théa man bat dang thic tam
1,1, L
5 , : L(mtitg
giac). Ta co: (—1)°(6 cos4A +2cos4B + 3cos4C) < S| T
623
& 6cosdA +2cosdB +3cosdC > 7
Déau ding thic xay ra néu:
( ( T
cos4A = —1 A=-—
4
T
cosdB =1 <y B= 5
cos4C = —1 c="
\ \ 4
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Khéa Iuan tét nghiép toan so cap

Vay minM = —7 khi AABC vuong can dinh B.

Bai 15
Cho 2 tam giac bat ki AABC va AA'B'C’, chiing minh ring

0| ©

M = sin B'sin " sin 54 + sin C” sin A’ cos 5B + sin A’ sin B’ cos 5C' <

Chiing minh
Ap dung bai toan 13 véi z = sin 4, y = sin B', z = sin C’ ta ¢6:

M < =~(sin? A’ 4 sin? B’ + sin® C")

N | —

Mat khéac trong moi tam giac AA'B’'C’ ta dé c6

sin? A’ + sin? B’ +sin? ¢’ < S

| —
=] o
|

Vay M <
Bai 16
V6i tam gidc AABC bat ki, chiing minh rang:

4cos7A—3cos7B +5cos7C > —%3

Chiing minh
q <e s o 1 1 1
Ap dung bai toan 12 véi z = Y=g F= R ta co

11 11 11 1/1 1 1
—1)® | —==cosTA+ ~=cosTB—~=cosTC| <= =+ -+ —
(—1) 55 08 TA+ - = cos 13 €08 ]_2<16+9+25)

1/1 1 1

4COS7A—3COS7B+5COS7CZ—§ 1—6+§+2—5)3.4.5

4cos7A—3cosTB +5cos7C > —%
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1.3 St dung bat dang thic Cauchy ching minh mot

s6 dang bat dang thiic xoay vong

Bai1l
V6i a, b, c 1a cac s6 thiyce duong, chitng minh réng
a® b3 I a+b+c
+ + >
az+b b2+ 2+a? 2
Ching minh
Ta co: -
a3 9 b2 . b2 b a“+b b
:a(a—l— ):a—ba—za—b 2 =q— —
a? + b? a? + b? a? + b? a? + b2 2
Tuong tu
b3 c
> p—=
b2 +¢2 — 2
e a
>c— —
c2+a?2 2

Cong cac bat dang thic trén ta thu duge bat dang thic can ching minh.
Bai 2

Vé6i a,b,c > 0; o, 3,7 > 0, chitng minh réng

) [am - a)bQ} ) [bz +(1- 5)02} . [CQ +(1- 7)@2] .

6L2+b2 b2+02 02+a2
gl o B
>(1—- = 1—=)b+(1—=
> (1= Dat (1= D+ (1= D)
Chiing minh
Ta co6:
a’+ (1 — a)b? ] ab? b ab S aba? + b? ab
a = Q i — = a— o0— Qq— ———— =Qq — —
a? + b2 a? + b? a?+0b* — 2 a2+ b? 2
Tuong tu ta thu duge:
o ave
b b+ (1 —F)c . Be
b2 +c2 2
- YT
et (1—7)a >e_ 28
2+a? ] 2
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Cong vé véi vé cac bat dang thic trén ta thu duge bat ding thic can ching
minh.

Chon a = 3 = v =4 ta thu dugc
Bai 3

Véi a, b, c > 0, chiing minh rang

302 — a? b 3a% — b? n 3a% — 2 <atba
a| —— —_— c| ——— a c
b? + a? c? + b2 a?+c?2 ) —
Chon a = (= 1,7 = 2, ta thu dugc.
Bai 4

Véi a, b, c > 0, chiitng minh rang

a’ N b N c3 >b+c+ ca®
a?+b b2+ 24a2 2 2+ a?

Bai 5

V6i a,b,c > 0; o > 0, chitng minh rang

a’ b3 &l a+b+c
= + 5 + 5 >
a?+b>+aab b +c?+abe 4+ a® + aca o+ 2

Ching minh

Ta co:

a’ S a’ B 2 a’
a? 4+ b+ aab — a® + 0 + §(a® + b?) Ca+2\a2+ b2

Twong tu ta co:

b3 S 2 a®
b2+ c2+abc — a+2 \ a2+ b?

I S 2 I
cc2+a?2+aca  a+2 \ 2+ a?

Suy ra:

2 a’ b3 I 2 a+b+ec
> + + >
a+2 a2+ 242 24a? o+ 2 2
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Chon o = 1 ta duge
Bai 6
Véi a, b, c > 0, chiitng minh rang

a® b3 I at+b+c
+ + >
a?+b24+ab B2+c24+bc 24a?+ca 3

1
Chon o = — ta thu dugc
a
Bai 7

Véi a, b, c > 0, chiitng minh rang

a? N ab? N A - (a+b+c)a
a?+b2+b all*+cA)+bc A+a’+c  142a

1
Chon « = — > 0 ta thu dugc
abc
Bai 8

Véi a, b, c > 0, chiing minh rang

ca’ ab? b3 a+b+c
+ + > abc
cla2+)+1 aB®>+A)+1 b(2+a?)+1 1+ 2abc

T két qua bai toan 2, ta chon a = 2(1 —b), 3 =2(1 —¢), v = 2(1 — a) ta dugc
Bai 9

Vé6i 0 < a,b,c < 1, chitng minh ring

a(a? + 20> — %) b(b* +2¢3 —*) o+ 2a® — a?)

S LB 42
a? + b? b2 + 2 c?+a? =@ e
Bai 10
Véi a, b, c > 0, chiitng minh rang
at b4 A 1 (Wb e/e aya
+ + = + \/_+ va >a+b+c
ad+b0 B+S A+ad2\ Va o Vb e

Chitng minh

Ta co:
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a’ a(a® + b3 — b3) ab? Wb azbs
= = qQ—— =0 — —— —
a® + b3 a® + b3 ad + b3 Vva a® + b
Suy ra
4 313 4
a Za_b\/l;a—l—b<:>0b +b\/52a
a4+ b3 2\/aa®+b  aPb®  2\/a
Tuong tu
4
b +c\/E>b
B+ ovh
ct Laa
c
A+ad 2y/c T

Cong cac bat dang thic trén ta thu duge bat déang thiic can chiing minh.
Bai 11

Véi a, b, c > 0, chiing minh rang

a® b° cd 1 ( B 2 a?

- - +to(—+—+—)>a+btec
at+bt V4t A4at 2\a Db c)_

Ching minh

Ta c6
a’ a(a* +b* — %) ab’* v a’b?
g = qQ—— =009 — ——
at + bt at+ bt at + bt a a* + bt
Suy ra
a® b?
at + bt 2a
Tuong tu
a’® 2
bt + 4 — 2b
5 2

— >c
ct+at — 2¢
Cong vé véi vé clia cac bat dang thite trén ta thu duge bat dang thitc can chiing
minh.

Bai 12
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V6i a,b, ¢ > 0, chitng minh rang

a(@+0b%) b+ o +a?)
a® + 263 b3+ 2¢3 3+ 2a3

2
Zg(CL—Fb-i-C)

Ta c6
a(a®>+0%)  a(a®+ 263 — b3) ab? S ; —“3+%3+b3
a3+ 2b3 a3 + 2b3 ad + 23 — a3 + 2b3
Suy ra
a(a® +b?) >a—§
a4+ 263 — 3
3, 3
b(b® + ¢?) >y ¢
b+ 2¢3 — 3
3 3
c(c? +a”) S, 0
3+ 2a% — 3

Cong vé véi vé clia cac bat dang thite trén ta thu duge bat dang thitc can chiing
minh.
Bai 13

Véi a, b, c > 0, chiing minh rang

a® n b> N c a4+ b+
a?+0b* b2+ 24a? T 2
Chiing minh
Ta ¢c6
a® :a3(a2~|—b2—62):a3_ a®b? S 0 — % a? + b?
a? + b? a? + b? a? + b2 2(a® + b?)
Suy ra
L@ @b s drd Y 2, P
a?+b> — - 6 3 6
Tuong tu
v 2b3 o
>+~ 3 6
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Cong vé véi vé clia cac bat ding thic trén ta thu duge bat déng thic can ching
minh.
Bai 14

Véi a, b, ¢, > 0, chiitng minh rang

CL5 b5 05

= > 3 b3 3
a2+52+04ab+bQ+02+ozbc+c2—|—a2+aca_ 2—|—a(a b4

Ching minh

Ta cb
a’ S a® B 2 a’®
a2+b2+aab_a2+62+%(a2+b2)_2+aa2+62
Suy ra
5 5 5 3,13, .3
P> 2 a n b n c > 2 a’+b +c
24+ a\a?2+b b2+ 24 a? 2+« 2
Bai 15
Véi a, b, c > 0, chiing minh rang
a’ n b’ N c’ a® + b+
a? -+ b2+ 2+a? 2
Ching minh
Ta c6
a’ a’(a®> +v* —b*) o ab
= — a
a? + b? a? + b? a? + b?
Suy ra
7 s lda®+0 3 4 Ls
a2+ b2~ 2 5 5 10
Tuong tu
b’ 3 1
> b — —¢
RP+2=5  10°
7
€ Z§c5—ia5
c2+a? 5 10
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Cong vé véi vé cac bat dang thic trén ta thu duge bat ding thic can ching
minh.
Bai 16

Vé6i a,b,c > 0, a > 0, chitng minh réng

a® b° c

— >
a2~|—b2—l—aab+bQ+c2abc+02—|—a2+aca_ 24+«

5
(a® 4+ b% + %)

Chiing minh

Ta co:

a® a® 2 a

> =
a? + 0 +aab — @+ 0>+ G(a® +0?) 1+ aad®+b?

5

Suy ra

2 a’ v o 1
P> > 3 b3 3
T l4 o« <a2+b2 +b2+c2 +c2—i—a2) - a—|—2<a +o )
Bai 17
V6i a, b, ¢ > 0, chitng minh ring

b? c? a?
a(a® + b?) * b(b? + c?) * c(c? + a?)

Ching minh

Ta co
1 1 ab 1 1
a ba?+b* " a 2b
Suy ra
b? 1 1
a(@a®>+0v*) —a 2b
Tuong tu
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Cong vé v6i vé cac bat dang thic trén ta thu duge bat dang thic duge ching
minh.
Bai 18

Véi a, b, c > 0, chitng minh rang

b(b+2a) c(c+2b) ala+ 20) 3 11
Z ( b c)

ala+b)?2  bb+c)?  clc+a)? Tyt

Ching minh

Ta co:
1 1 ab 1 1
Z_Z > 2
a bla+b? " a 4b
bb+2a) 11
ala+0b)2 ~a 4b
Tuong tu
c(c+2b)>1_i
bb+c¢)> — b 4dc
a(a—|—20)>1_i
clc+a)> — ¢ da

Cong vé véi vé clia bat dang thiic trén ta thu duge bat déng thitc can chiing
minh.
Bai 19

Véi a, b, c > 0, chiing minh rang

a*(a+2b)  b*(b+2c)  A(c+ 2a) §(
(a+b)? (b+c)? (c+a)? 4

a+b+c)

Chiing minh

a—ba—b>a—é
(a+b)2 — 4

2
a’(a + 2b) >a—é
(a+0)2 — 4

Tuong tu
b*(b + 2c) P
(b+c)? — 4
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2
c*(c+ 2a) S,
(c+a) — 4

Cong vé véi vé cac bat dang thitc trén ta thu duge bat ding thitc can chiing
minh.
Bai 20

Véi a, b, c > 0, chiing minh rang

bie N a n a’b S ab + be + ca
a(ca?ch®> +1)  blab®>+ac2+1)  c(bc®+ba®>+1) — 14 2abe

Chiing minh
Ta co

b2 y b2 2 b2
a(@+ 0 +aab) ~ al@+ 02+ 2(@®+1%) 2+ aa(d®+0?)

Thu duge bat dang thiic

v? n c? n a? S 1 1 n 1 1
a(a® + >+ aab)  b(0>+ 2+ abe)  c(+a’aca) ~ 24+a\a b ¢

1 L e R
Chon a@ = — ta thu dugc bat dang thic can chiing minh.
abc
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1.4 BA4t dang thiic xoay vong phan thic
Bai 1
Véi a,b > 1, chiing minh rang:

1 N L2
I4a 14b~ 1++Vab

Ching minh

Bat ding thtc tuong véi:
(a+b)+2 o2

1+ (a+b)+ab~ 1+ ab
& (a+b)+ 2+ (a+b)Vab+2vab > 2 + 2(a + b) + 2ab

& (a+b)(Vab—1) +2vVab(1 — Vab) > 0
& (Vab —1)(v/a — v/b)? > 0 (Hién nhién vi vab > 1)
Bai 2

V6i 0 < a,b < 1, chiing minh réng:

L1 2
l+a 1+4b~ 14 Vab

Chiing minh

Bat ding thtc tuong duong véi:

(a+b)+2 < 2

1+ (a+b)+ab~ 1+ ab
& (a+D)+ 2+ (a+b)Vab +2vab < 2 + 2(a + b) + 2ab
& (Vab — 1)(y/a — v/b)? (Hién nhien ding vi vab < 1)
Bai 3

V6i a,b > 1, chiing minh rang:

S SR
(I+a) (140" = (1+Vab)"

Chiing minh
Ap dung bat déng thic:

a”—zl—b” S a+b,,
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Ta thu dude:
1 1 Tt

(1+a)”+(1+b)" =

Ap dung két qua bai 1 ta thu duge.

IR DO B

1+a) (140"~ "1+ Vab
Bai 4

2
(1+ ab)"

V6i 0 < a,b < 1, chiing minh réng:

1 1 2
- + = <
Vita VIi+b ™ Y1+ Vab

Ching minh
Ap dung bat ding thitc

. S Véi a,b>0
Ta thu duge
1 1
L, 1 et
Vita V14+07 2
Ap dung két qua & vi du 2 ta thu duge
1 1 1 2

n

n + n S 2 - n
Vita V1+0 L++Vab N1+ Vab
Bai 5
V6i a,b > 1. chiing minh rang

a n b S 2v/ab
1+b 1+a~ 14++ab

Ching minh

Bét dang thic da cho tuong duong véi

a b 2v/ab
+14 +1> 42
1+ l+a  ~ 1++ab
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1 2
- > Vabp)—=
@(a+b+1)(1+b+1+a)_(1+2 ab)1+ m

Ta c6

a+b+1>1+2Vab

RS SR
1+b 1+a~ 1++ab

Nhan hai vé hai bat dang thic trén ta thu dugce bat dang thic can ching minh.

Bai 6

Véi a,b, c > 0, chitng minh rang

1 1 1 3
+ + >
l+a 14b 1+4c¢~ 1+ Yabe

Ching minh

Bat dang thic da cho tuong duong véi

b 1 N 1 . 1 . 1 - 4
l4+a 14+b 14c¢ 14+ Vabe 1+ vabe

Ta cb
pe_ 2 2 4 4
T 14+ +Vab 1+\/C\3/abc_1+\4/abcxg/abc 1+ vabe
Bai7

Véi a, b, c > 1, chting minh rang

2+b+c¢c 24c+a 1+a+b
- - > 6
14+a 140 1+¢

Chiing minh

Bat ding thtc da cho tuong duong véi

2+5b 2 1 b
+—+C+1+ﬂ+1+i+129
14+a 1+0 1+4+c¢

1 1 1
S B+a+b+c) + + )>9

l1+a 140 1+c¢
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Ta co
3+a+b+c>3(1+ Vabe)

1 1 1 3
+—+ >
1+a 1+50 1+C_1—|—\3/abc

Nhan vé v6i vé clia hai bat déng thiic trén ching ta thu duge bat dang thic can

chiing minh.
Bai 8

Véi a, b, c > 1, chting minh rang

1 1 1 3
+ + >
(I+a)® (1403 (1+¢)® = (1+ Vabe)?
Chiing minh
Bét dang thic da cho tuong duong véi
1 1 1 1 4

Petrar Ty "o '

(1+ Yabep = (1+ Vabey

Ap dung két qué bai 3 ta ¢6

2 2 4 4
P> + > 7 > 5
(1+Vab? (14 cVabe)d  (1+ Vabevabe)?  (1+ Vabe)®

Bai 9

Véi 0 < a,b,c < 1, chitng minh rang

1 1 1 3
+ + <
Vita V14+b Vid+c™ /14 Vabe

Chiing minh

Bat ding thtc da cho tuong duong véi

1 1 1 1 4
+ + = <

P =

GV huéng dan: TS Nguyén Vi Luong 35 Sinh vién: Nguyén Van Cuong



Khéa Iuan tét nghiép toan so cap Suw Pham Toan 48

Ap dung két qué bai 4 ta thu duge

2 4 4

2
P< + < = =
V1+ Vab \/1 + v/ evabe \/1 + Vabey/abe V1 + Vabe

Bai 10

Véi a, b, c > 1, chting minh rang

24b+c, 2+c+a, ,2+4+a+b

P= 2>12
( 14+a )+( 1+0 )+< 1+4+c¢ ) -
Taco 24+-b+ 2+c+ 24-a+b
c+ ca+ a
P Z ( 1+a 143rb 1+c )2 Z 3(2)2 —12

Ap dung vidu 7
Bai 11
V6i a, b, c 1a cac s6 thuc duong, chiing minh rang

5 b5 5
%Jr +C—>a +0*+

Chiing minh

Ta co
o’

b—2—|—ab2>2a
b°
—2+b0222b3

&
5

0—2 + ca® > 263
a
a® + b3+ 3 > ab? + b + ca?

Cong 4 bat dang thiic trén ching ta thu duge bat dang thiic can chiing minh.
Bai 12

V6i a, b, c 1a cac s6 thuc duong. chiing minh rang

a b 3
— + — + —>ad+b+
be ab

Ching minh

Ta co:
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b
— + abe > 2a®
be
b5
— + abe > 203

. + abe > 2¢°
ab

a’® + b + ¢ > 3abe
Cong 4 bat dang thic trén ching ta thu duge bat déng thitc can ching minh.
Bai 13

V6i a, b, c 1a cac s6 thuc duong. chiing minh rang

a® b P at ¥ A
ettt —+—
B e a3 b c a

Chiing minh
5 3
Ta c6: Z—3+abz 2@_
5 3 3 3

Suy ra: Z—5+2abz%+%+ab2%+2a2
Tuong tu:
5 b3
—3+2b02—+2b2
‘s C
0—3—1—20@20——1-202
a a

ma 2(a® + b + ) > 2(ab + be + ca)
Cong 4 bat dang thic tren ching ta thu duge bat déng thitc can ching minh.
Bai 14

V6i a, b, c 1a cac s6 thuc duong. chiing minh rang

a’ b3 I 1
> 2(a? 4 b2 2
a+26+b+20+c+2a_3(a+ +¢)

Ching minh
Ta co:
9a?

a+2b
93

b+ 2c

o + ¢(c + 2a) > 6¢2
Cc\C a C

c+ 2a -

ma 2(a? + b + %) > 2(ab + bc + ca)

+ a(a + 2b) > 6a?

+b(b + 2¢) > 6b?

Cong 4 bat ding thiic trén ta thu duge bat dang thitc can ching minh.
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Bai 15
V6i a, b, c 1a cac s6 thuc duong. chiing minh rang

a’ b3 3

(b+ c)? + (c+a)? + (a+b)?

Chiing minh

Ta, co:
8a’?
(b+ c)?
8b3
(c+a)?

8c?
m+(a+b)+(a+b)26c

+(b+c)+ (b+c) > 6a

+(c+a)+ (c+a) > 6b

Cong 3 bat dang thic trén ta thu dugc bat ding thic can ching minh.
Bai 16
V6i a, b, c 1a cac s6 thuc duong. chiing minh rang

a’ b3 3

1
b(c+ a) +c(a+b) +a(b—f—c) = 2

(a+b+c)

Ching minh

Ta co:
3

b(c+ a)
43
cla+b)
4¢3
a(b+c)
Cong 3 bat ding thtc trén ta thu duge bat ding thic can ching minh.
Bai 17

+2b+ (c+a) > 6a

+2c+ (a+b) > 6b

+2a+ (b+c¢) > 6¢

V6i a, b, c 1a cac s6 thuc duong. chiing minh rang

at b* c
I N
bc2+ca2+ab2_a+ te

Chiing minh

Ta c6:
a4
— +b+c+c>4da
bc?
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b4
o) +c+a+a>4b
ca
A
Cong 3 bat dang thiic trén ta thu duge bat dang thiic can chting minh.
Bai 18
V6i a, b, c 1a cac s6 thuc duong. chiing minh rang

R N “(a+b+e)
(a+b)(b+c) (b+c)(c+a) (c+a)(a+b) 4

Ching minh
Ta co:
8a?

(a+b)(b+c)
8v?

(b+c)(c+a)
8c3

(c+a)(a+D) |
Cong 3 bat dang thic trén ta thu duge bat ding thic can ching minh.
Bai 19

+(a+b)+ (b+c) > 6a
+(b+c¢)+ (c+a) > 6b

+(c+a)+ (a+b) > 6¢

V6i a, b, c 1a cac s6 thuc duong. ching minh rang

a2+b2+02> 9
b3 a> " a+b+c

Ching minh

Ta c6 bat dang thiic
¥ood ad

¥+b—2+c—22a+b+c
Suy ra
a> v A2 (%)3 Ay EP_1 1 1 9
e T c a/ > - 4 -4 > __ 7
I R TSR PO FOCI R Sy

Bai 20
V6i a, b, c 1a cac s6 thuc duong. chiing minh rang
a v P

b—2+ +—>ab2+bc + ca?
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Ching minh

Ta cob:
a b P
S +t5+

— >3+ + > ab® + b + ca?
2 ¢ a?
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Chuong 2
Mot dang bat dang thiic xoay vong

Quy udc trong bai viét
Dé théng nhat ky hieu trong bai viét thi ta quy uée cach viét nhu sau:
A1,y & A1, A0, Gy 7%;2'6(17_”)
a1ag + -+ a1an < arag + -+ ara; + -+ aga; i € (I,n)
a1 + -+ Qp_1Qp <= G102 + - F 1Ay + 0+ Q1 00+ Q0 + 0+ Ap1ay
Etotadsadtd o tal+ad (i€Tn)
(af4a3)+---+(ap_+a)) & (af+a3)+ -+ (af+a))+ -+ (6] +amr) +-- -+
(a?4+a2)+ -+ (an-1+a?)

(a4 +a,)? e (a1 +ag+ - +a;+--+a,)* (i €1,n)

2.1 CaAc truong hop don gian

2.1.1 Trudng hop 3 s6 n =3

Bail

Cho 3 s6 khong am aq, as, ag va s6 thuc a > 2. Chitng minh rang:

3
Ae_®@ G o 6
ay +aas  ax+oas  asz + aag 1+«
Chtng minh.

. ai a2 as
Ta co: A =

+ +
a; +oas  agt+aaz az + aa

41
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2 2 2
Ny — © %

a? + aajay a3+ aasaz  ai + aajag
= I[(a? + aayaz) + (a3 + aasaz) + (a2 + aayaz)] > (a; + az + az)?

(Theo bat dang thiic Bunhiacopxki dbi véi 3 cap s6)

:>A> (a1+a2+a3)2

~ a} + aaray + a3 + aazaz + ak + aajas
<:>A> (a1+a2—|—a3)2

~ (a1 4+ ag + a3)? + (a — 2)(a1as + azas + ajas)
<:>A> (a1+a2+a3)2

- (a1 + as + CL3)2 + (Oé — 2)%(&1 + as + CL3)2

1 3 3

1+ia=2) 3+(a-2) 1+a
Dau” =" xdy ra khi a; = ay = a3

2.1.2 Trudng hop 4 sé n =4

Bai 2
Cho 4 s6 khong am ay, as, as, as va sd6 thuc o > 2. Chiing minh rang:
aq a9 as

= - +
a; + a(2ay +a3)  as+ a(2a3 +ag)  az+ a(2a4 + aq)
Qy 4

>
+a4 + a(2a1 +az) ~ 143«

Chting minh.

Ta co:
aq (05} as

= + +
a; + a(2ay +az)  as+ a(2a3 +ag) a4+ a(2a4 + aq)
Q4

+
as + a(2ay + as)
ai a3

< B = +
a? + a(2aras + ajaz) a3 + a(2aza3 + azay)

2 2
as ay
2 +—
a3 + a(2azay + azay)  ai + o(2a4a1 + agas)
= B{[a? + a(2a1as + aya3)] + [a3 + a(2asa3 + asay)]

+[a2 + a(2azaq + azar)] + [a2 + a(2a4a1 + agaz)]} > (a; + az + az + aq)?

(Theo bat dang thitc Bunhiacopxki déi véi 4 cap s6)
—~ B> (CL1+&2+CL3+CL4)2

~ [ad 4 a(2a1a0 + ara3)] + - - - + [0 + a(2a4a1 + asa9)]
= B> (CL1+G2+(13+CL4)2

- (a1 + a9 + a3 + CZ4)2 + (2a — 2)(&1&2 + -+ a3a4)
= B> (a1+a2+a3—|—a4)2

- (a1 +ax + a3+ a4)2 + (206 — 2)§(CL1 +ags + a3z + a4)2

8
8 8 4

1
& B> = = =
T 1+32a-2) 8+3(20—2) 2+6a 1+3a
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Dau” =" xdy ra khi a; = as = a3 = a4
Bai 2.1 Cho a4 = 0 ta dugc:
B — aq (05} as 4
L=

+ +
a; + a(2as +a3)  as +2aaz  az+aa; — 14 3«
Dau bang xay ra khi a; = as = az

2.1.3 Trudng hop 5s6 n=>5

Bai toan tong quat 5 sb

Cho 5 s6 khong am ay, as, as, as, as va so thuc o > 2,. Chiing minh rang:
Bai 3

Cho 5 s6 khong am ay, as, as, as, as va so thuc o > 2. Chting minh rang:

(431 a2 a3

+ +
a; + a(2as + az +ay)  az+ a(2a3 +ag+as)  az + a(2a4 + +as + ay)
aq as 5
+ + >
as + a(2as +a; +az) a5+ a(2a; +az +az) — 1+ 4da
Chtng minh.

C:

Ta co:
ar as a3

+ +
ar + a(2as + az +aq)  as +a(2a3 +ag +as)  az + a(2a4 + as + aq)
Qg as

+ +
CL4+OK<2CL5+CL1 +a2) CL5+OZ(2CL1 +CL2+6L3>
2 2
ay as
2 T+
a? 4+ a(2a1as + ajaz + ajag) a3 + a(2aza3 + asay + asas)
a; a?
2 + =
ai + a(2azay + azas + azar)  ai + a(2a4a5 + asar + asa)
2
as

s 0=

a? + a(2asa; + asay + asas)
= C{[a? +a(2a1as+ ajaz + ajay)| + [a3 + (2aza3 + azaq + asas )] + [a3 + a(2azaq + azas +
azay)|+ a3+ (2asa5+aga; +agas)|+[az+a(2asa1 +asas+asaz)]} > (a;+as+az+as+as)?
(Theo bat ding thitc Bunhiacopxki véi 5 cip s6)
NI (a1 + as + as + as + as)?
= o} + a(2a1as + araz + araq)] + - - - + [0 + a(2a5a1 + asas + asas)]
(a1 + as + as + as + as)?
(a1 +as+ a3+ as + a5)? + (2a — 2)(aras + - - - + aqas)
(a1 +as +as+ayg + a5)2
@q+ay+%+wu+aw;+@a—2%gn+ay+%+wu+a@2

1
T 14+220—2) 5+22a-2) 1+4a

Déu bang xay ra khi a; = as = a3 = a4 = as

Bai 3.1

SO >

s 0>
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Cho a5 = 0 ta dugc:

C, — ai 4 ag i as
te a; + Oé(2CL2 + as + CL4> as + CY(2CL3 + CL4) as + a(2a4 + al)
+ o > 0
a4+a(a1+a2) 1+4a
Dau bang xay ra khi a; = as = a3 = a4
Bai 3.2
Cho a5 = a4 = 0 ta dugc:
C, = ay n a—2 n as > 5
a; + a(2ay +a3z)  as+2aaz  az+aa; — 1+ 4da
Dau bang xay ra khi a; = as = as
Bai 4
Cho 5 s6 khong am ay, as, as, as, as va so thuc o > 2. Chiing minh rang:
D= a1 + @2 + s
aq +Oé(CL2 +CL3) a9 +a(a3 —I—a4) as +a(a4+a5)
Qy as 5
+ + >
as +alas +a1) a5+ alag +a2) — 142«
Chiing minh.
Ta co:
a a a a
o — 1 n 2 n 3 n 4
ay +a(a2+a3) a2+a(a3+a4) a3+a(a4+a1) CL4+O&(CL5+CL1)
+ %
as + a(a; + az)
2 2 2
a a a
& 0= - + - 2 + — .
ai + a(aras + a1a3) a3 + a(asas + asay)  aj + aazay + asas)
2 2
ay as

_.I_
a? + a(asas + agar) a2 + alasa; + asas)
= C{[a? + alajas + ara3)] + [a3 + (azas + agaq)] + [a3 + alazay + azas)] + [a3 + (asas +

asay)] + [a2 + a(asa; + asaz)]} > (a1 + ag + a3 + aq + as)?
(Theo bat dang thitc Bunhiacopxki véi 5 cip s6)
(a1 + as +asz + ayq + CL5)2
[af + a(aras + araz)] + - - + [aZ + a(asar + asas)]
(Ch + as + asz + aq + CL5>2

(a1 +as + a3+ as + a5)? + (o — 2)(a1a2 + - - - + aqas)
(a1 + ao + a3 + ay +CL5)2

(a1 + az + a3+ as + as)? + (o — 2)2 (a1 + as + ag + ag + a5)?
) )

1
T 14+ 23(a—-2) 5+2@-2) 1+2a

Déau bang xdy rakhia; =ay =ag =as = a5 = 0

Bai 4.1

=C >

s 0>

s 0>
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Cho as = 0 ta dudgc:
ay az as Qy 5

Dy = + + + >
ay + Oé(CLQ + CL3) as + Oé((lg + CL4) as + aay as + aag 1+ 2«
Déu bang xay ra khi a; = as = a3 = a4
Bai 4.2
Cho a5 = a4 = 0 ta dudgc:
a a
Dy — 1 2

= + +1>
a; + alay +az)  as + aas 14 2a
Dau bang xay ra khi a; = ap = a3

2.1.4 Trudng hop 6 s6 n =6

Bai 5
Cho 6 s6 khong am ay, as, as, as, as, ag va sO thuc o > 2. Chiing minh rang:
a1 a2
- +
a1+a(2a2+a3—|—a4—|—a5) CL2+OZ(2CL3+CL4+CL5+CL6)

as Q4

+ +
a3+a(2a4+a5—|—a6+a1) a4+a(2a5+a6+a1+a2)
as Qg 6
+ + =
a5+a(2a6+a1+a2—l—a3) a6+a(2a1+a2+a3+a4) 1+ 5«
Chiing minh.

Ta co:
a1 a2
+
aj +a(2a2+a3+a4+a5) a2+a(2a3+a4+a5—|—a6)
as Qy

- -
a3+a(2a4+a5+a6+a1) CL4+OJ(2G5+G6+CL1+&2)
as U

+ +
as + a(2a6 + +ay +az +az)  ag + a(2a; + az + az + ayq)
a? N a’
a? + a(2a1az + ajaz + ajas + ajas) a3 + a(2aqa3 + asay + asas + asag)
a2 N a2
a3 + a(2azay + azas + azag + azar) a3 + a(2a4a5 + asas + aga; + agaz)
a? N az
a? + a(2asa6 + asa; + asaz + asaz) a2 + a(2asa1 + agas + agaz + agay)
= E{[a? + a(2a1as + a1a3 + aya4 + ayas)] + [a3 + (2a2a3 + azaq + asas + asag)] + [a3 +

s B =

a(2azay + azas + azag + azay)] + [a3 + (2a4a5 + agas + asar + azaz)] + [a2 + a(2asa6 +
asay +asas +asaz)] + [ai +a(2aga; +agas +asaz +agas)|} > (a1 +az+az+ag+as+ag)?
(Theo bat dang thitc Bunhiacopxki véi 6 cip s6)
(a1 + a2 + ag + as + a5 + ag)?
(@ + a2+ a3 + a3 + a2 + a?) + 2a(ajas + - - - + asag)]
<:>E> (a1+a2+a3+a4+a5+a6)2
~ (a1 +ag+az+ as+ a5 + ag)? + (2a — 2)(araz + - - - + asag)
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S E> (a1 + ag + az + a4 + as + ag)?

T (ot ag) + 20 = 2)g5(ar + -+ ag)?
1 12 12 6

> = = =
T 1+32(2a-2) 12+4520—2) 24100 1+ 5«
Dau bang xay ra khi a; = as = a3 = a4 = a5 = ag

Bai 5.1

< B

Cho ag = 0 ta dugc:
aq as as

E, = —+ +
YT a+ o2ay +az +ag+as) | ag+ o(2az + ag+as) | az + (a4 + as)
gy as 6
+ + >
a4+a(2a5+a1) CL5+OC(CL1 +(12) 1+ 5«
Dau bang xay ra khi a; = ay = a3 = a4 = as
Bai 5.2
Cho ag = a5 = 0 ta dugc:
a a a a 6
B, = : + 2 +— >
a1+ a(2ay + az +ay)  as + (2a3 +a4)  az+20ay  ag+oa; 14 ba
Dau bang xay ra khi a; = as = a3 = a4
Bai 5.3
Cho ag = a5 = a4 = 0 ta dudgc:
ay as 6
Es = + +1>
7+ a(2a + a3) | as + o(2as + ay) ~ 145«
Dau bang xay ra khi a; = ay = as
Bai 6
Cho 5 s6 khong am ay, as, as, as, as, ag va s6 thuc o > 2. Chiing minh rang:
F= @ + @2 + @
a; + a(2ag + 2a3 + ag)  as + «(2a3 + 2a4 +a5)  az + o(2a4 + 2a5 + ag)
ay as
+ +
a4+a(2a5+2a6+a1) a5+a(2a6—|—2a1+a2)
+ o >
ag + a(2a; + 2a3 + a3z) — 1+ S
Chiing minh.
Ta co:
_ ay 4 a2 n as
n a; + a(2a2 + 2@3 + CL4) as + a(2a3 + 2@4 + CL5) as + a(2a4 + 2(15 + CL6)
ag4 as Ge

+ + +
as + a(2as5 + 2a6 + a1) a5 + @(2a6 + +2a1 + az)  ag + a(2a;y + 2as + a3)
2

2
s F= 4 2

_'_
a? + a(2aias + 2a1a3 + ajay) a3 + a(2aza3 + 2aza4 + asas)
. §
a3 + a(2azaq + 2azas + azag)  ai + a(2a4as + 2a4a6 + aga)
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2 2
as ag

+
a2 + a(2asas + 2asa1 + asas) a2 + a(2asa; + 2asas + agas)
= F{[a? + a(2a1a2 + 2a1a3 + a1a4)] + [a3 + (2a2a3 + 2a2a4 + asas)] + [a3 + a(2azaq +

2azas + azag)] + [a3 + (2a4a5 + 2a4a6 + aga1)] + [a2 + a(2asa6 + 2as5a1 + asaz)] + (a2 +
05(2(16CL1 -+ 2&6&2 + a6a3)]} 2 (Cll +as +as + aq + as + a6)2
Theo bat dang thitc Bunhiacopxki vé6i 6 cap s6
( g
~F> (a1+a2+a3+a4+a5+a6)2
~ (a?+ a3+ ak + a2+ a2 + ad) + 2a(aras + - - + asag)]
o F> (a1+a2+a3+a4~|—a5+a6)2

“ (a1 +as+as+ag+as+ag)? + (20— 2)(arag + - - - + asag)
(a1+a2+a3~|—a4+a5+a6)2

(a1+-"+a6)2+(2a—2)%(a1—i—~--—i—a6)2
1 12

12 6
1+ 32a—2) 12+452a—2) 2+10a 1+ 5«

Dau bang xay ra khi a; = as = a3 = a4 = a5 = ag

Bai 6.1

s F >

Cho ag = 0 ta dugc:
ay s as

F, = + +
! a; + a(2ag + 2a3 + ag)  as + a(2a3 + 2a4 + a5)  az + «(2a4 + 2a;)
ay as 6
+ + >
as +a(2a5 +a1)  as+ a(2a; +az) — 1+ ba
Dau bang xay ra khi a; = as = a3 = a4 = as
Bai 6.2
Cho ag = a5 = 0 ta dudgc:
aq as as
F = + +
Yo+ o2a0 + 203+ ag)  as + a(2a3 + 2a4) | as + 2aay
ay 6

>
+a4~|—aa1 — 1+ 5

Déu bang xay ra khi a; = ay = a3 = a4
2.1.5 Trudng hop 7s6n =7

Bai 7

Cho 7 s6 khong am ay, as, as, a4, as, ag, a7 va sd thyc o > 2. Chiing minh rang:
ay a2

= +
a1+a(2a2+a3+a4+a5+a6) a2+a(2a3+a4+a5+a6+a7)
as Ay

M

+ +
a3+a(2a4+a5+a6+a7+a1) a4—|—a(2a5+a6+a7+a1+ag)

a a
+ > + °
as + o(2a6 + a7 + a1 + as +az)  ag + «(2a7 + ay + as + az + ay)
ary 7

+ >
a7+a(2a1+a2—|—a3+a4—|—a5) 1+ 6
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Chtng minh.

Ta co:
M = o + e
ar + (20 + az +ag +as +ag)  az + o(2a3 + ay + a5 + ag + ar)
Qa Qa
+ 2 + 2
a3+a(2a4+a5—|—a6+a7+a1) a4+a(2a5+a6+a7—|—a1—|—a2)
a Qa
+ 5 + 6
as + a(2a6 + +a7 +a; + as + CL3) ag + Oé<2CL7 +ay +as +as+ CL4)
+ =
ay +OK<2CL1 +ag+ a3+ ay +CL5)
at a3
&M= T3
ai + OC(ZCLIGJQ + ajas - -+ alaﬁ) as + a(2a2a3 + aoQy - -+ + (ZQCL7)
a3 aj
2 + 2
a3 + a(2azay + asas + - - +azar)  ai + a(2a4as5 + aga6 + - - + agaz)
2 2
a5 ag

a? + a2asa6 + asar + -+ + T
5 506 5Q7 (15CL3> Qg + a(2a6a7 -+ gl + —+ (16@4)
= M{[a? + a(2a1a3 + ayaz + - - - + ayag)] + [a3 + (2aza3 + agaq + - - - + asay)]

+ [a2 + a(2aza4 + azas + - - - + azay)] + [a3 + (2a4a5 + aza6 + - - - + a4a9)]
+ [a2 + a(2asa6 + asar + - - - + azaz)] + [ag + a(2agar + agay + - - - + agay)]
+ [CL% + a(2a7a1 —+ a7Qa2 + -+ CL7CL4)} Z (a1 —+ (05} -+ as —+ ay -+ as + Qg —+ CL7)2
(Theo bat dang thitc Bunhiacopxki véi 7 cip s6)
- M > (a1+a2—|—a3+a4+a5+aﬁ+a7)2
T (@} + a3+ d}+ a + ai +ak + d2) + 2a(aas + - - - + agaz)]
o M > (a1+a2+a3+a4—|—a5—|—a6+a7)2

(a1 + as + as + ag + a5 + ag + a7)? + 2a — 2)(ajas + - - - + agar)
(a1+a2+a3—|—a4—l—a5+a6+a7)2

(a1 4+ a7)* + (20 = 2)3(a1 + -+~ + a7)”
7 7

& M> L = -
T 1+3(20—2) T+3(20—2) 1+6a

Dau bang x4y ra khi a; = ay = a3 = a4 = a5 = ag = ay

S M >

Bai 7.1
Cho a; = 0 ta dudgc:
M, = ai 1 az
aj —|—a(2a2 + as +CL4+CL5+CL6) a +a(2a3+a4+a5 +CL6)
a a
+ 2 + -
a3+a(2a4—|—a5+a6+a1) a4+a(2a5+a6+a1—|—a2)
as Qe
+ + >
as + o(2a6 +ay + as +az)  ag+ala; +ax+az+ay) — 14 6«
DAu biang x4y ra khi a; = ay = a3 = a4 = a5 = ag
Bai 7.2
Cho a7 = ag = 0 ta dudgc:
M2 _ ay a9 as

+ +
ay —|—oz(2a2 + as +CL4+CL5) [¢5) +a(2a3 —|—a4—|—a5) CL3+C¥(2CL4+CL5+CL1)
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ay as 7
+ + >
CL4+O&<2&5+CL1 +CL2) a5—|—04(a1+a2+a3) 1+ 6«
Dau bang xay ra khi a; = ay = a3 = a4 = as

Bai 7.3

Cho a7 = ag = a5 = 0 ta dugc:
aq 1 a9 1 as
a; + a(2ag +az +as)  as + a(2a3 +ag)  az+ a(2a4 + a4)
Qy 7
>
as + ala; +az) — 14 6«
Dau bang xay ra khi a; = as = a3 = a4

Bai 8

Ms =

Cho 7 s6 khong am ay, as, as, a4, as, ag, a7 va s6 thyc o > 2. Chiing minh rang:
ay a2

+
a; + a(2as + 2a3 + ag + as)  as + a(2a3 + 2a4 + a5 + ag)
as Gy

_I._
az + o(2a4 + 2a5 + ag + a7)  ag + a(2a5 + 2a6 + a7 + ay)
as Gg

+
as + o(2ag + 2a7 + a1 + az)  ab + a(2a7 + 2a; + as + a3)
+ u -
a7 + a(2ay + 2a3 + az +ag) — 1+ 6
Chitng minh.

I —

Ta co:
ai a2

+
a; + a(2ay + 2a3 + ag +as)  as + o(2a3 + 2a4 + as + ag)
as Qay

+ +
CL3+OZ<2CL4+26L5+CL6+CL7) CL4+OZ<2CL5+26L6+CL7+CL1)
as Qg

+ +
as + a(2a6 + +2(Z7 +ap + CLQ) ag + Oé<2CL7 + 2(11 + as + a3)
ar

_.l_
a7 + a(2a1 + 2&2 + as + CL4>
a? N a3
a? + a(2aras + 2a1a3 + ajag) a3 + a(2aza3 + 2aza4 + asas + asag)
a3 aj
2 T =
a3 + a(2azay + 2azas + asag + azay)  aj + a(2a4a5 + 2a4a6 + agar + agaq)
a3 ag
2 +
a2 + a(2asag + 2a52a7 + asay + asaz)  a§ + a(2aga7 + 2aga1 + agas + agag)
az
a? + a(2aza; + 2azas + azas + azay)
= L{[a? + a(2a1as + 2a1a3 + ajay + ayas)] + [a3 + (2a2a3 + 2asa4 + asas + asag)]

& L=

+ [a2 + a(2aza4 + 2azas + azag + azar)] + [a3 + (2a4a5 + 2a4a6 + asar + agay)]

+ [a2 + a(2asa6 + 2asa7 + asay + asaz)] + [ai + a(2aa7 + 2asa1 + agas + agaz)]

+ [a2 + a(2ara1 + 2aras + azas + azaq)]} > (a1 + as + a3 + aq + as + ag + ay)?
(Theo bat dang thitc Bunhiacopxki véi 7 cip s6)
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(a1+a2+a3+a4+a5+a6+a7)2
:>LZ(a2+a2+a2+a2+a2+a2+a2)+2a(a
1T a3 T a3+ a;+a;+ ag T az 10 + - - - + agar)]
o> (a1+a2+a3+a4+a5+a6—|—a7)2
T (a1 +as+az+ag+as+as+ar)?+ 2o —2)(aas + - - + asar)
o> (a1+a2+a3+a4+a5+a6—|—a7)2

T (@t ar) + 20 = 2) 3 (a + -+ ar)?
1 7 7

> pu— pr—
T 1+22a—-2) T432a-2) 146«
Dau bang xay ra khi a; = ay = a3 = a4 = a5 = ag = ay

Bai 8.1

< L

Cho a7 = 0 ta dugc:
ay 5]

+
a; + a(2as + 2a3 + a4 + as)  as + a(2a3 + 2a4 + as + ag)
as Gy

+
az + a(2ay4 + 2a5 + ag)  ayg + a(2a5 + 2a6 + ay)
as Gg 7

+ >
as + a(2a¢ + a1 +az)  2a; +ags+az3 — 1+ 6«
Dau bang xay ra khi a; = as = a3 = a4 = a5 = ag

Bai 8.2

L, =

Cho a; = ag = 0 ta dugc:
ay n a2
a; + a(2as + 2a3 + ag + as)  as + a(2a3 + 2a4 + as)
as 4 ay + Qs 7
as + a(2a4 + 2&5) ag + &(2@5 + al) as + Oé(CLl + CLQ) 1+ 6«
Déu bang xay ra khi a; = as = a3 = a4 = as

Bai 8.3

Ly =

Cho a7 = ag = a5 = 0 ta dugc:
ai 4 5) i as
a; + a(2as + 2a3 + a4)  as + a(2a3 + 2a4)  az + 2aay
LTS
a4 + aay 1+ 6«
Dau bang xay ra khi a; = as = a3 = a4

Ly =

Bai 9

Cho 7 s6 khong am ay, as, as, as, as, ag, ay va s6 thyc o > 2. Chiing minh rang:

a

0= - + = + o

a1 + alag + az + ag)  az + alaz + as+as)  az + alas + as + ag)

ay as Qe
+ + +
CL4+O[((I5+CL6+(I7) a5+a(a6+a7+a1) a6+a(a7+a1+a2)

ar 7
+ >
ar + ala; +ax+az) ~ 14 3a

Chiing minh.

Ta co:
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ai a2

+
CL1+OZ((12+CL3+CL4) a2+a(a3+a4—i—a5)
as Gy

+ +
a3+a(a4+a5+a6) a4+a(a5+a6—|—a7)
as ae

- -
as + afag + +ay +a1)  ag + alar + a; + as)
az

_.|_
a7 + afay + as + as)
a a3

O —

0= + =
ai + alajas + aras + arjaqg) a3 + a(asag + asay + asas)

a? a?
3 " 4

a2 + a(azas + azas + azag) a2 + a(agas + asae + aqgar)
a? N az

a? + a(asag +2a5a7 +asay)  ai+ a(agar + agay + agas)
az

&% + a(a7a1 + araq + a7a3)

= O{[a? + alaias + araz + ajaq)] + [a3 + (asas + asaq + asas)]

+ [a3 + a(agas + azas + azap)] + [a] + (aaas + asas + asaz)]
+ [a? + a(asas + asar + asay)] + [ag + a(agar + agay + agas)]
+ [a2 + a(aray + aras + azaz)]} > (a1 + as + az + as + a5 + ag + az)?

(Theo bat ding thitc Bunhiacopxki véi 7 cip s6)
:>O> (a1+a2+a3~|—a4+a5+a6+a7)2
~ (af+ad+ a3+ af + af + af + a7) + afaraz + -+ + aear)]
(a1 + ag + az + a4 + as + ag + ag)?

s 0> 5
(a1 + as +az +ag + a5 + ag + a7)? + (a — 2)(aras + - - - + agar)
-0 (a1 + az + as + as + as + ag + ar)?
T (et dar) (e —2)2(a+ o Far)?
=0 > 7 7

“1+3a-2) 7+30-2) 1+3a
Déu bang xay ra khi a; = ay = a3 = a4 = a5 = ag = ay
Bai 9.1
Cho a; = 0 ta dudgc:
aq (05} as

+ +
aq +O./(CL2 —l—a3+a4) (05} —i—oz(a;; +a4+a5) as —|—a(a4—|—a5 +a6)
ay as ag 7
+ + + >
as + afas +ag) a5+ alag+a1)  ag+ ala; +az) — 1+ 3«
Bai 9.2

0, =

Cho a7 = ag = 0 ta dugc:

a1 az as
Oy = + +
a; +alag +as+as)  as+alas+as+as)  az+ alag+ as)
Qg Qs 7
+ =
as + as  as + aaq 14 3«
Bai 9.3
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Cho a; = ag = a5 = 0 ta dudgc:

aq as as 7
O3 = + + +1>
a; +alag +az+ay)  as+alaz+aq)  az+ aay 1+ 3a
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2.2 Trudng hop téong quat

2.2.1 Mot sb kién thic lién quan

Bit ding thic Cauchy déi véi 2 s

a? + a’
2

Dau bat déng thiic xay ra khi va chi khi: a1 = as

Cho 2 s6 khong am a;, as ta luon c6 ajay <

Bit dang thic Bunhiacopxki

Cho 2 day s6 khong am aq, as, - -+ , ay; by, ba, -+ - , b, ta ludn c6

(a1by + agby + -+ apby)® < (af + a3+ -+ a2) (b + b5+ - +b2)

Dau ciia bat dang thic xay ra khi va chi khi: % = % == Z—" (Néu i sao
1 2 n
cho b; = 0 d6 chi 1a mot cach ky hiéu hinh thic

Hing dang thic binh phuong
(al—i—---—i—an)Q :a%—l—---—I—ai+2a1a2+---+2an_1an

2.2.2 Nhan xét dac biét

Cho n s6 khong am ay, - - , a, khi d6 ta luon c6 nhiing danh gia sau ma viéc
xay dung bat déng thitc dua trén danh gia nay.
& Véi trudng hgp 3 s6 n =3

Dit A = ajas + ajaz + azaz va (a? + a3 + a%) ta c6 danh gia so sanh sau:

A< g(a%—l—a% al + a3 a§+a§)

-2 2 2 2
Nhan xét 1: Ta nhan thay ring trong A cic s6 hang a,,as, a3 déu c6 mit 3

lan, s6 cac phan tit clia A 14 3 = % Trong danh gid A dugce giit nguyén con vé phai
chia cip ghép doi tuong ting dugde chia cho 2 bang sy xuat hién ctia méi s6 ay, as, as
trong A.

= 3A < (a4 a3 +a3)+24

& 3A< (a1 +ax+ a3)2

s AL %(al + ay + az)?

Dau” =7 x4y ra khi a; = ay = a3
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& V6i truong hop 4 s6 n = 4
Dat B =maz o+ a3 VA 2(a% + a2 + a2 + a?) ta c6 danh gia so sanh sau:

Nhan xét 2: Ta nhan thay rang trong B cac s6 hang ai, as, as, ay déu c6 mat
4 lan , s6 phan tt cia B 1a 6 = % Trong danh gia B dugc giit nguyén con cac phan
tt vé phai chia cap ghép doi tuong itng dude chia cho 3 bing st xuat hién ctia moi s6
hang (a1, as, ag, ay) trong B.
= 8B < 3(a? + a3+ ai +a?) + 6B
& 8B < 3(ay +ay + az + ay)?
s B < g(a1+a2+a3+a4)2

Dau” =" xdy ra khi a1 = as = a3 = a4

& Vi truong hop 5 s6 n =5

Dat C = ajag + -+ - + agas va (a? + - - - + a2) Ta c6 déanh gia so sanh sau:

4 a3+ a3 a2+ a?
o<t o ata
< 2( Tt )
Nhan xét 3: Ta nhan thay rang trong C cac phan tit a,--- , a5 déu c6 mit 4

1an , s6 cac phan t1t ctia C'1a 10 = 574 Trong danh gia thi C' dugc giit nguyén con cac
phan ti vé phai chia ghép doi tuong ing dugc chia cho 4 bang sy xuat hién clia cac s6
hang (ay,--- ,as) trong C.
= 5C < 2(al+---+a?)+4C
& 5C < 2(ay + -+ + as)?
s 0< ;(a1+---+a5)2

Dau” =" xdy rakhi a; = --- = as

& Vi truong hop 6 sé6 n =6

Dat D = ajag + -+ + asag va (ai + -+ + a?) ta c6 danh gid so sanh sau:

5 a?+ a3 at + a2

c< (24 ... 456

<50 )
Nhan xét 4: Ta nhan thay rang trong D cac sb6 hang aq,--- ,ag déu c6 mat 5

lan, s6 phan t ctia D 13 15 = % Trong danh gia D dugc gitt nguyén con cac phan ti
vé phai chia cip ghép doi tuong ting duge chia cho 5 bang sy xuat hién clia cac phan
ti(a, -+ ,ag) trong D.

= 2D < 5(a}+ - +ad)

& 12D <5(af+---+ad)+ 10D
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5)
@Dgﬁ@+m+%ﬁ
Dau” =7 xdy ra khi a; = --- = ag
& Véi trudng hgp 7s6 n =7

Dit E = ajas + - - - + agar va (af + - -+ + a?) ta ¢6 danh gia so sanh sau:

E<§<a%+a§“. a%—l—a%)
-2 6 6
Nhan xét 5: Ta nhan thay rang trong E cic s6 hang ay,--- ,a; déu c6 mit 6

lan, s6 phan tit clia F 1a 21 = % Trong danh gia £ dugce giit nguyén con vé phai cac
phan tit ghép doi dugce chia cho 6 bang sy xuat hién cia (ay, -+ ,ar) trong E.
= E<3(a?+--+ad2)
& TE <3(a?+---+ad2) +6F
& TE <3(ay + -+ ar)?
@ES%m+m+mV
Dau” =" xdy rakhia; = --- = ay
& Vé6i truong hop n sé6 hang

Dat F = ajas + -+ + ap_1a, va (a3 + - -+ + a?) ta c6 danh gid so sanh sau:
n—1 a2+ a2 a?_| +a?
F < 1 2 .4l
- 2 ( n—1 n—1 )
Nhan xét 6: Ta nhan thay rang trong F cac s6 hang a,,--- ,a, déu c6 mit

(n—1n
2

n_ C?. Trong danh gia F' dugc gitt nguyén con

n — 1 lan, s6 phan ti ctia F' 1a
vé phéi cac phan tit ghép doi duge chia cho n — 1 bang sy xuat hién cia (ay,--- ,ay)
trong F'.

—1
= F < (@i +-+a2)
S2F < (n—1)(a?+---+a2)

F <

& 2F +2(n—1)F

n—1

s F < (a1 + -+ an)?

Dau” =" xdy rakhia; = --- = a,

2.2.3 Truong hop téng quat n sé6 hang

Ta phan tich 12 tai sao lai c6 thé xay dung dudce bat dédng thitc phan thic nhu

vay. Ta sé di xay dung ma tran hé sd c6 n hang va n — 2 cot nhu sau :
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& Trudng hgp n=3 sb

a1asg
asa3

azay

Cac phan ti ajas, a1as, azas chi xuat hién trong 1 cot duy nhat clia ma tran va
chi c6 1 lan.
Trong truong hop nay ta chi xay dung duge mot dang bat ding thic phan thiec.

& Trudng hgp n= 4 sb

a1a9 aias
o203 Q24
asa, Qasaq
41 QqQa9

Nhan thay rang cac phan ti
Cot 1 xuat hien duy nhat 1 1an trong chinh cot 1
Cot 2 thi cac phan ti xuat hién 2 lan trong chinh cot 2
Dang bai toan tdng quat 4 chit s6 nay la:
Cho 4 chit s6 khong am aq, as, as, ay, s6 thuc o > 2 va céc s6 thuc ri3, rog, 731, 742

L riz + 13 Tong ajas
thda man: o=
roq + 142 'TONg asay

thi

aq [25) as ay 8
+ + + >
a1 + aag +rizas Ao + aasz + rogay az + aag + r31a17 ag4 + aag 4 raoao 2+ 3a

Ching minh

Ta co:
aq (05} as ay
B = + + +
a1 + aas + 7"132CL3 Qo + Qaz + 12404 ) as + aayq + 13101 Q4 + QQq + T4209
aj as
< B=— + =
aj + aayas + ri3a1a3 a5 + Qaeas + ro4G20ay
2 2
as ay

+
ag + casayq + 1310304 a?l + aagaq + ra9a4a9
= B[(a? + aaay + r13a1a3) + (a2 + qasas + rogasay)
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+(a3 + aazay + r31azar) + (a3 + cagar + rpa4a2)] > (ag + az + az + ay)?

(Theo bat ding thiic Bunhiacopxki d6i v6i 4 cip s6)
(a1 + ag + ag + as)?

= B2 2
(a7 + aaras + aras) + - - - + (a7 + aaga; + agas)
= B> (a1+a2+a3+a4)2
T (et as+az+a))? 4 (o —2)(aras + - - - + azay)
o B> (a1 + ag + az + aq)?
- (a1+a2+a3+a4)2+(a—2)§(a1+a2—l—a3—l—a4)2
8
o B> 31 _ 8 _ 8
1+32a—-2) 8+3(@—2) 2+3a
Dau” =" xdy ra khi a; = as = a3 = a4

Trong bai toan téng quat nay ta chon cac diéu kién: ri3 = 194 = 731 = ryo =
con o = 2« ta duge Bai 2

& Trong trudng hop n=5 sb

aiaz aipasz aipa4
o203 Q204 QA205
asa, Qasas asa;

aqas Qa1 a4a9

asay asas asas

Nhan thay rang cic phan ti:
Cot 1 xuat hién duy nhat 1 trong chinh cot 1
Cot 2 thi cac phan tit xuat hién 2 lan: mot 1an trong cot 2 va mot 1an trong cot 3
hay cot 2 va cot 3 1a gidong nhau.
Dang bai toan téng quat ctia trudng hop 5 sé nay la:
Cho 5 s6 khong am aq, as, as, ay, as, sO thiyc o > 2 va cac s6 thuc 713, 714, 24, 725, T35,
T31, 41, T4, 752, 153 théa man hé threc:

T3 + 731 (Téng ajaz) =14+ T4 (Téng ajay)

Q= 9 194 + Tasg (Téng a2a4) = T95 + T'50 (Téng a2a5)

T35 —+ 53 (T()ng CL36L5)
\
thi
a ) as

+ +
a1 + aag + riz3as + 11404 Qg + 0as + To404 + Tosa5 a3 + %a4 + +r3s5a5 + 13101
ay as

+ >
ay + aasy “+ rq1a1 + 14009 as + aay + 52002 + T's3a3 1 + 2x
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Chtng minh.

Ta co:
ay as a3
C= + +
aj + aag + 11303 + 11404) Q2 + Qag + rogaq + Tosas)  as + qag + r35as + 13001
Qg as
+
a4 + aas + 7”41CL12+ T42Q2 Qs + Ay + T5209 + 7"53%3
a a
1 2
0= + =
aj + aa1a9 -+ ri3aias + 140104 ay + Qaoas3 + T24Q9204 + To5Q205
2 2
a3 i ay
a3 + aaszay + rasasas + r3jaza; a3 + Qagas + r4a4a1 + r42a0402
2
a
5

a? + aasay + ryasag + ryzasas
= C[(a? + aayas + 1130103 + 1140104) + (a3 + Q@203 + ro4a2a4 + rosasas) + (a3 + aazay +

3r35a3a5+1r31a301) + (aF +asas+raasa; +rigasaz) + (a% +aasa; +r5a5a2+13530503)] >
(a1 + as + a3 + a4 + as)?
(Theo bat dang thitc Bunhiacopxki véi 5 cip s6)
(a1 -+ Qo + as + ay + (I5)2

(a? + aayas + ayaz + ajay) + - - - + (a2 + aasay + rsasas + ssasas)
<:>C> (a1+a2+a3+a4+a5)2

~ (mntaztaz+ag+as)?+ (o —2)(amag + - -+ aqas)
<:>C> (a1+a2+a3+a4+a5)2

~ (a1 4 az + a3+ ag + a5)? + (o — 2)2(ay + ag + az + ag + as)?

5

0> ! = > =
T 1+2(a-2) 54+2-2) 1+2a

Dau bang xay ra khi a; = as = a3 = a4 = as

=C >

Trong bai toan nay néu ta chon cac diéu kién:

Néu 713 = 1rg1 = Tog = Typ = '35 = T's3 = T41 = T14 = @ cON o = 2« ta sé duge
Bai 3

NéUT13=T24=7"35=7"4127"52:04; T3 =T42 =153 =T41 =52 =0 cOn a = «
ta sé dugc Bai 4

& Trudng hgp n= 6 sb

a1 aiaz aijaq a10as
o203 Q204 A205 Q204
asa, Qa3 azlg a3z3aq
asas Aq06 a4y Qayg0a9

a5a¢ G5a1 0Aazaz A50a3

Gga1 Ggdg Aed3z Aely
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Nhan thay rang cic phan ti:
Cot 1 xuat hién duy nhat 1 1an trong chinh cot 1
Cot 2 thi cac phan ti xuat hién 2 lan: mot 1an trong 2 va mot lan trong 4 hay cot
2 va cot 4 1a giong nhau.
Cot 3 thi mdi phan ti xuat hien 2 lan.
Trong trudng hop 6 s6 nay ta xay dung bai toan tong quat la:
Cho 6 s6 khong am aq, as, as, as, as, ag so thuc o > 2 va cac s6 thuc ris, 714, 715, 24, 725,
7“26,7“35,7“36,7;31,7”46,7“41,7“42,7“51,7’52,7”53,7“62,7“63,7“64 thoa man:

T13 + 31 (T(%Ilg CL16L3> = T14 + Ta1 (Téng a1a4) = T51 + T15 (Téng CL16L5)

o = < T94 + T49 (T(Sng a2a4) = Tg2 + T26 (Téng CLQ(IG) = T95 + T'50 (Téng a2a5)

\r35 + 753 (Téng asas) = a6 + T4 (Téng a4ag) = T36 + T'63 (Téng asag)

thi:
ay a3
E =
a1 + aag + 11303 —5 71404 + T1505 Ao + aasg + o404 —g To505 + T2og0g
3 4
a3 + aay + 3505 + 3606 + 3101 a4y + aas + 46046 + r41Qq + T'4209
as Qg 12
>
as + aag + r5101 + 5202 + r53a3  ag + aay + reaaz + 16303 + readts 2+ da
Chiing minh.
Ta co:
aq a2
FE =
ay + [8705) + r13a3 + 71404 + 1505 a9 + aas + T240Q4 + To5Us5 + 2606
as 7
+
as + [8707) + Tr35as + T'3glg + Ts10a1 ay + aas + T4606 + rq410Q1 + T'4209
i as Qe
as + Qg + +r51a1 + T'5002 + T'5303 ag + aay + Te202 + Te303 + T64CL4)
2 2
a a
s E= 1 2

a? + aajas + ri3a1a3 + rigaiag + risaias

2
as

2
ay

a? + aasay + rasasas + raeasag + raasa;

2
as

2
Ug

2
a3 + Qo3 + 940204 + To50205 + o006

ai + aagas + riea4a6 + r410407 + T420402

a3 + aasag + 510501 + Tr2as5a2 + Ts3a5a3  aF + a1 + Tea6a + Te306a3 + Te406As
= E[(a?+aajas+ri3a1a3+7r14a1a4+1150105)+ (a3 +Qa2a3+T2409a4+ 7950205 +T2602a6 )+

(a2 + aaszay + r35a3a5 + 350306 + r31a3a1) + (a2 + G405+ 460406 + 7410401 + T4204a5) +
(a2+arseasag+1s51a5a1 + 1500500+ r53a5a3) + (af +aear +repagas+re3asas +reaaeas)| >
(a1 + as + az + as + a5 + ag)*

(Theo bat dang thitc Bunhiacopxki véi 6 cip s6)
(a1+a2+a3—|—a4—|—a5—|—a6)2

= F>
(a+ a3+ ad +ai + a2 + a?) + a(aras + - - - + asa))
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<:)>E> (a1+a2+a3+a4+a5+a6)2
_(a1+a2+a3+a4+a5+a6)2+(oz2—2)(a1a2+-~-+a5a6)
(a1+a2+a3—|—a4+a5+a6)

(a1 4 -+ ag)* + (@ = 2)55(a1 + - + ag)?
1 12 12 12

T 14+ 22a—-2) 1245(@—-2) 245a 245«

Dau bang xay ra khi a; = as = a3 = a4 = a5 = ag

& B>

Trong bai toan nay néu ta chon cac diéu kién:

Néu T3 = T14 = T15 = Tog = T25 = T26 = T35 = T36 = T31 = Ty — T4l = T4l =
7"51:7"52:7"53:TGQ:T63:T64:OéVéOé:2OéthitaCéB€li 5

Néu T15 = T26 = T31 = I'ag = 153 = I'eg = 0; 14 = To5 =136 = T'41 = I'sy = I'e3 = Q
VA T3 = To4 = T35 = 46 = T'51 = T'g2 = 2« thi ta ¢6 Bai 6

& Trudng hgp n= 7 sb

ajas aiaz ayjaq a1a5 Q10Gg
o203 Q204 A205 A20¢ Q207
asa,s, Qas3as azlg aza7 as3aq
asas Aq06 Qa7 Q417 QA402
asdg QAza7 aAzQ1 509 Q503

Qg7 Ggd1 Aedz Aed3z Ael4

ara; aryag ayaz ayayq4 QAa70as

Nhan thiy rang cidc phan ti:
Cot 1 xuat hién duy nhat 1 1an trong chinh cot 1
Cot 2 thi cac phan tit xuat hién 2 lan: mot lan trong cot 2 va mot lan trong cot 5
hay 1& cot 2 va cot 5 1a gidng nhau nhau.
Cot 3 thi cac phan tit xuat hién 2 lan: mot lan trong cot 3 va mot lan trong cot 4
hay hai cot 3 va cot 4 1a giéng nhau.
Trong trudng hop nay ta xay dung bai toan tong quat véi 7 s6 nhu sau:
Cho 7 s6 khong am aq, as, as, as, as, ag, a7 sO thyc o > 2 va s6 thuic 713, 114, 715, T'16, 724,
25, 726, 727, 1’35, 136, 37, 731, T'46, 47, 741, T42, T'57, T'51, T'52, T'53, 7615 762, 163, 764, 172, 773, 174, T'75

thda man:
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)
2 2 2
r13 + r31 (Tong ayas) = 114 + 741 (Tong ajay) = 115 + 751 (Tong aqas

2

( )

( )
@ = 9 196 + 162 (TONG aza6) = ro7 + 172 (TONg asar) = r3s + r53 (Tong asas

( )

( )

2

( )
716 + 761 (TONg ajag) = rog + rao (TONG aa4) = 795 + 752 (TONg azas)
( )
(Tong ayas)

2 2
r36 + 163 (Tong agag) = r37 + rrs (Tong asar) = rue + res

r47 + 174 (TOng agar) = r57 + 175 (Tong asar)
\

thi
M= aq i a2
aq + [870%) + r13a3 + 7“1&1@4 + 1505 + r1eg Q2 + aas + T'24Q4 + TQC?CLE) + T2606 + TorQy
3 4
+
as + aay + 3505 + 7&36% + r37ay + r31a1 Qg + aas + T'4606 + 7’4'C7LCL7 + rg101 + 4209
5 6
+
as + Qg -+ —|—T57CL7 + 5101 + T'52092 + rs3a3 Qg + aary + T10a1 + Tg202 + Te303 -+ r64a4)
a7
a7 + aaq + ryoag + 17303 + T7404 + 7505 1+ 60
Chtng minh.
Ta co:
Tuwong tu cach chiing minh trén ta co:
(a1+a2—|—a3+a4+a5+a6+a7)2
M Z 2 2 2 2 2 2 2
(a7 + a3 + a3 + ai + a3 + a§ + a3) + a(ayas + - - - + agay)]
<:>MZ (a1+a2—|—a3—|—a4+a5—|—a6+a7)2
(a1 + as +as +ay + a5 + ag + a7)® + (o — 2)(a1as + - - - + agar)
2
a a a, a a a, a
o M> (a1 + 2+23+ 4+ g+ 6 + ar) .
(a1 +-+a7)* + (a—2)z(a1 +--- +ar)
7 7
= M >

“1+%a-2) 7+3(@-2) 1+3a
Dau bang x4y ra khi a; = ay = a3 = a4 = a5 = ag = ay

Trong bai toan tong quat véi 7 sd nay ta chon cac didu kien cu thé:

Néu lay cac r;; = @ va a = 2 ta duge Bai 7

Néu 15}1 T16 = To7 =131 = Tyz = I'53 = Teq = T75 = 05 713 = Tog = I35 = g6 =
Ts7 = rg1 = T2 = 2a va con lai r;; = o thi ta duge Bai 8

Néu 15}/ Tis = T2 = T37 = T41 = T52 =763 = T74 = T16 = T27 = 131 = T42 = T'53 =
T64 = 775 = 0 va con lai r;; = « thi ta dugc Bai 9

Trudng hop téng quat
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Ta xay dyng ma tran hé s6 c6 n.(n — 2)

aijaz aaz -+ A10p—1
a2a3 Q204 - [e107%
andy apQy - -- AnQp—2

Trong truong hgp nay ta sé dung duge bai toan tdng quét sau day:
Cho n s6 khong am a;, i = 1,n (n > 3); s6 thuc a > 2 va 154, j = 1,n théa man

rij+rjz~:athi

a a an, 2n
P= L 2t - >
n—1 n—2 24+ (n—1a
ay +aag + Y ria; G2+ oaz+ )T an +aar + Y 0,
i=3 i=4 i=2

Chiing minh

C6 thé viét lai bicu thiic ctia P nhu sau:

aj a3 a;
P= + - ot
n—1 9 n—2
a2 + aayay + 3 ryaia; G5+ Qagaz + Y raiaa; a2 + aanay + Y Tpidaa;
i=3 i=4 i=2

Ap dung bat ding thitc Bunhiacopxki véi n cap s6 ta duge:
P> (a1 + - +a,)’
T (a1t an)? + (= 2)(@az + -+ ap1an)?
“p> (a1 + - +a,)?
T (ot an)? + (e —2)%  a + - 4 an)?
S 1 B 2n
T 1+ (a-2)%1 2+ (n—1)a
Vay bai toan tong quat da duge ching minh.

< P

Ta chia n thanh 2 truong hgp, tng v6i n chin va 1é.

Vé6i trudng hgp chin n = 2m thi ta cé:

a1G2 ajaz - A1Qme1 v A102m—1
a2a3 Q2ay4 - Q2042 A2Q2m,
Aa2m@1  AomAy - AomQpy 0 G2mA2m—2
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Nhan thay rang cic phan ti:
Cot 1 xuat hién duy nhat 1 1an trong chinh cot 1
Cot 2 thi cac phan tit xuat hién 2 1an: mot lan trong cot 2 va mot lan trong cot

2m — 1 hay 1a cot 2 va cot 2m — 1 1a giong nhau.

Cot i thi cac phan tit xuat hién 2 1an: mot lan trong cot ¢ vA mot lan trong cot

2m — i hay 1a cot ¢ va cot 2m — i 1a gidng nhau.

Duy nhat cot thit m 1a cidc phan t1t trong cot xuat hién 2 1an trong chinh cot m.
Viéc xay dung bat dang thitc xoay vong dua trén co sé danh gia sy c6 mat day
di ctia ajas, - - ,an_1a, khi cong tong mau clia tat ca cac phan thic bat ding thic
sao cho ching c6 cung ti lé.

Ta chi ra mot trudng hgp dac biét ciia bai toan tong quat véi n = 2m bang cach

«

lay r;; = 0 néu n6é nam bén phai cot thi m trong ma tran; r;; = 5 néu né nam trén

cot thit m clia ma tran va r;; = « tai cac vi tri con lai bén trai cot thi m

Cho n = 2m s6 khong am a;, i = 1,n, n >3 va a > 2

a a
P = ! i + 2 - S
ar+afag + -+ G+ F0m41) Az +alaz + - Qg+ 50m42)
an, 2n

+ >
an+aar + -+ amo1 + 2ay) 24 (n— 1o

Véi truong hop 1€ n = 2m + 1 thi ta cé:

a1a2 aias te a1Qm+1 a1 QAm+2 ce a1G2m
a20a3 Q204 s A20m+1 a20m+2 T A202m+1
A2m+101  A2m+41A2 - A2m4+1Am+4+1 A2m+10m+2  °°° A2m4+102m—1

Nhan thay rang cidc phan ti:
Cot 1 xuat hién duy nhat 1 lan trong chinh cot 1
Cot 2 thi cac phan tit xuat hién 2 1an: mot lan trong cot 2 va mot lan trong cot

2m — 1 hay 1a cot 2 va cot 2m — 1 1a giong nhau.

Cot i thi cac phan tit xuat hién 2 lan: mot lan trong cot ¢ vA mot lan trong cot
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2m — i+ 1 hay 1a cot i vi cot 2m — i + 1 1a gidng nhau.

Cot m thi cac phan tit xuat hién 2 lan: mot lan trong cot m va mot lan trong cot
m + 1 hay 1a cot m va cot m + 1 1a giéong nhau.
Bang phuong phap xay dung trén ta chi ra mot truong hop don gidn. Bang cach
chon cac r;; = 0 tit hang thit m + 1 sang phai; con lai r;; = « thi

Cho n = 2m + 1 s6 khong am a;, i = 1,n, n >3 vd o > 2 thi:

ai as
P, = + 3 + +
a;+oalag + -+ amr1)  az+a(ad+ -+ appo)
n an S 2n
an+afar 4+ +ayn) 24+ (n—1a
Tém lai dé xay dung mot bai toan ciing loai can phai danh gia su cé
mat dong thoi cuing ti 1& ctia cic ajas, - -, an_1a, dudi miu sbé ctia bat ding

thic. Bing phuong phap danh gia nay ta c6 thé xay dung vé sb cac bai toan

ciing loai, va xay dung dugc nhiéu dang bat ding thic khac.
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Két luan

Tém lai qua khéa luan nay em da xay dung duge mot dang bai toan bat dang
thiic xoay vong, giai quyét tron ven dugc bai toan tong quat. Dat co sé cho viee xay
dung cac dang bai toan loai nay, cu thé la:

1. Xay dung dang tong quat ctia truong hop bat ding thic xoay vong & cac truong
hop dic biet véin = 3,4,5,6,7

+ Tt bai toan tong quat véi trudng hop cu thé nay ta c6 thé tao ra vo sd cac bai toan.
+ Bing phuong phap quy nap xay dung dude dang tong quét véi n s6 hang.

2. Trong bai toan tong quat em da dua ra duge dang tdng quat ctia bat ding thic
xoay vong. Xét bai toan tong quat & truong hgp dac biét:

+ n chdn n =2m (m € N)

+nlén=2m+1(meN)

- Ciing tit bai toan tong quat véi n s6 nay ta co thé suy ra duge dang tdng quat ciia
cac bai toan & truong hop dac biét con lai, 1a co s6 dé xay dung vo sd cac bai toan

cling loai. Co sG dé phan tich xay dung nhiéu bai toan khac.
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