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Chuong 1

UNG DUNG CUA DAO HAM

I.

1.

§1. TINH DON DIEU CUA HAM SO

ON TAP DAO HAM
Dao ham mot sé ham sb so cap

a) (c)’ =0 trong d6 c 1a mot s6 bat k.

e) (cosz) = —sinwz.
, 1
g) (cotx) = ——5—.
sin“ z
Cong thic dao ham maé rong

a) (u") =nun!

¢) (sinw) =’ - cosu.

U/

e) (tanu) = ——.
) ( ) cos? u

Quy tic tinh dao ham
a) (k-u) =k-u trong dé k 1a s6 cho truéc.

¢) (u—v) =u -2

u\’ v v—u-v
e) (-) = ————.

v V2

Coéng thic tinh nhanh dao ham

dORES

o) axr +b /_ ad — bc
cx+d)  (cx+d)?

-’ trong d6 n 1a sb cho trudc.

b) (z")’

d) (sinz)" = cosw.

f) (tanz) =

b) (va) =
d) (cosu) = —u’

f) (cotu) =—

1

u

SNk

sin

cos? x

- sin u.

u

b) (u+v) =u +'.

= nz""! trong d6 n 1a sb cho trudc.

d) (u-v) =uv - -v4+u-v.

d)(

!
1 u
U u?’

az® 4+ bx + ¢

(ab' — a'b)z? + 2(ac’ — d’'c)x + (b’ — b/

ax?+bx+c

)':

(a/IZ + b x + C/)2
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II. ON TAP VE TiM TAP XAC DINH HAM SO
1. Diéu kién c6é nghia ctia mot biéu thiic

f(x)

a) Biéu thitc dang @ 6 diéu kien 1a g(z) # 0. b) Biéu thitc dang /f(z) c6 didu kién 1a f(z) > 0.
g(z
¢) Biéu thic dang \;% ¢6 diéu kien 1a g(z) > 0. d) Biéu thitc chita tan « c6 diéu kién 1a o # g + k.
g(z

e) Biéu thitc chita cot o ¢6 dicu kien 1a o # k.

2. Cac buéc tim tap xac dinh ham sb
a) Tim diéu kién c6 nghia cho ham s6.
b) Giai diéu kien.

c¢) Két luan tap xac dinh.

3. Chuy
a) Truong hgp ham s6 khong c6 diéu kién x4c dinh, nghia 14 ham s6 ¢6 tap xac dinh 1a R.

b) Cac ham da thitc déu c6 tap xac dinh 1a R.

IT. BANG BIEN THIEN CUA HAM SO
Céac budc lap bang bién thién ctia mot ham s6 y = f(z) gdm
a) Tim tap xéc dinh clia ham sb.
b) Tinh y', gi4i phuong trinh ¢’ = 0 tim nghiém x.

¢) Vé bang bién thien.

IV. TINH DON DIEU CUA HAM SO
1. Dinh nghia vé tinh dong bién, tinh nghich bién ctia ham sb
Cho ham s6 y = f(z) lien tuc tren 2. Khi do,
a) Ham s6 y = f(x) dong bién trén 2 néu vé6i a,b € 2 ma a < b thi f(a) < f(b).

b) Ham s6 y = f(z) nghich bién trén 2 néu vé6i a,b € 2 ma a < b thi f(a) > f(b).

2. Mbi quan hé giita tinh dong bién, nghich bién ciia ham s véi dao ham
Cho ham s6 y = f(z) lién tuc va c6 dao ham trén 2. Khi do,

a) Ham s6 y = f(x) dong bién trén 2 néu f'(x) > 0 véi moi x € 9.

b) Ham s6 y = f(z) nghich bién trén 2 néu f'(z) < 0 véi moi z € 2.

Chu y. Néu biét chic chan ham s6 y = f(z) khong phai la ham nhat bién (ham nhat bién 13 ham c6 dang
ar + b) i
= i
Y cx+d

a) Ham s6 y = f(z) dong bién trén 2 néu f'(x) > 0 véi moi x € 2.

b) Ham s6 y = f(x) dong bién trén 2 néu f’'(z) < 0 v6i moi z € 2.
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3. Tinh déng bién, nghich bién ciia ham s bac ba

Ham s6 bac ba 1a ham s6 c6 dang y = ax® + bz? + cx + d (a # 0) c¢6 cac tinh chit sau

a) Néu 3’ = 0 c¢6 nghiem kép hodc vo nghigm thi ham s6 dong bién (khi @ > 0) hodc nghich bién (khi a < 0)

trén R.

b) Néu 3 = 0 c6 2 nghiém thi ham s6 khéng thé dong bién hosic nghich bién trén R. Lic nay, mudn xét tinh

dong bién, nghich bién ctia ham s6 nén dya vao bang bién thién.

a>0

¢) Ham s6 dong bién trén R < .
) Ham ng bién trén {A<O

a<0

d) Ham s6 nghich bién trén R < .
) Ham s6 nghich bién trén {A<0

4. Tinh ddng bién, nghich bién ctia ham sé triing phuong
Ham s6 triing phuong 14 ham s6 c¢6 dang y = ax® + bx? + ¢ (a # 0) c6 céac tinh chat sau

a) Khong thé dong bién hodc nghich bién trén R.

5. Tinh dong bién, nghich bién ctia ham sb nhat bién

ar+b

Ham s6 nhat bién 13 ham s6 ¢6 dang y =
cx+d

(ad — be # 0) c6 cac tinh chat sau
a) Khong thé dong bién hodc nghich bién trén R.
b) Ham s6 dong bién trén titng khoidng xac dinh < ad — be > 0.

¢) Ham s6 nghich bién trén ting khodng x4c dinh < ad — be < 0.

ad—bc>0
d) Ham s6 dong bién trén khoang (m;n) < d :
L g min)
ad —bc <0
e) Ham s6 nghich bién trén khodng (m;n) < d

~S ¢ min)’

V. CAU HOI KHAO BAI

Cau 1. Viét lai cong thitc dao ham ctia 7 ham s6 so cap?

Cau 2. Viét lai 6 cong thitc dao ham mé rong?

Cau 3. Viét lai 5 quy tic tinh dao ham?

Cau 4. Viét lai 4 cong thic tinh nhanh dao ham?

Cau 5. Néu lai diéu kién x4c dinh c@ia 5 ham s6 da hoc?

Cau 6. Cé may budc dé tim tap xéac dinh clia ham s6? La nhitng budce nao?
Cau 7. Cac ham s6 nao ludn cé tap xac dinh 13 tap R?

Cau 8. Néu lai cdc bude lap bang bién thien ctia ham s6 y = f(z)?

Cau 9. Duya vio dinh nghia vé tinh dong bién cit ham s6, khi néi “Ham s6 y = f(z) dong bién bién trén 2" c6

nghia 1a?

Cau 10. Dya vao dinh nghia vé tinh dong bién cti ham s6, khi néi “Ham s6 y = f(z) nghich bién tren tap 97

c6 nghia 1a?

Cau 11. Mbi lien he giita tinh ddng bién clia ham sb y = f(x) trén tap 2 véi dao ham clia n6 1a gi?

Cau 12. Mbi lien he giita tinh ddng bién clia ham sb y = f(x) trén tap 2 véi dao ham clia n6 1a gi?

Cau 13. Néu biét ham s6 y = f(r) khong phai la ham nhét bién thi diéu kien dé ham s6 y = f(z) dong bién trén

(a;b) 1a gi?
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Cau 14. Néu biét ham s6 y = f(x) khong phai 13 ham nhat bién thi diéu kién dé ham s6 y = f(z) nghich bién
trén (a;b) la gi?

Cau 15. Trong ba ham s6 thudng gap (ham bac ba, ham triing phuong, ham nhat bién), ham s6 nao c6 thé (khong
thé) dong bién (hogic nghich bién) tren R? Diéu kien dé ham s6 d6 dong bién (hodc nghich bién) trén R la gi?

X . ) b L )
Cau 16. Diéu kien dé ham s6 y = ‘””i ~ (ad — be # 0) déng bién (hoéic nghich bién) trén timg khoing xéc dinh
CT
la gi?
ar+b

Cau 17. Diéu kien dé ham s6 y = (ad — be # 0) dong bién (hodc nghich bién) trén tap (s;t) la gi?

cr+d

§2. CUC TRI CUA HAM SO

I. DINH NGHIA

Cho ham 6 y = f(x) x4c dinh v lién tuc trén khoang (a;b) (a c6 thé 1a —oo, b ¢6 thé 1a +00)

a) Néu ton tai h > 0 sao cho f(z) < f(zo) v6i moi x € (zg — h;zo + h) va & # xo thi ta néi ham s6 dat cyc
dai tai zg.

b) Néu ton tai h > 0 sao cho f(x) > f(xg) v6i moi x € (xg — h;xo + h) VA 2 # xo thi ta néi ham s6 dat cuc
tiéu tai zo.
1. MOI QUAN HE GITA CUC TRI VOI DAO HAM
Cho ham s6 y = f(x) lien tuc trén (a;b) va xo € (a;b). Khi do,
a) Néu ham s6 y = f(z) dat cuc tri tai zo thi f'(zo) = 0.

b) Néu f'(x) > 0 v6i moi x € (a;x0) va f'(z) < 0 v6i moi z € (z0;b) thi ham s6 dat cuc dai tai zo.

!

. =0 .

¢) Néu f//(aco) thi ham s6 y = f(x) dat cuc dai tai zo.
f (.’Eo) <0

d) Néu f'(x) < 0 v6i moi = € (a;xg) va f/(z) > 0 véi moi z € (z0;b) thi ham s dat cuc tiéu tai zo.

!

. =0 . .

e) Néu f,,(xo) thi ham s y = f(x) dat cyc tieu tai xo.
f (.T()) >0

III. PHAN BIET CAC KHAI NIEM
a) Piém cuyc tri (diém cyc dai, diém cuc tiéu) ctia ham sb 1a .

b) Gia tri cyc tri (gia tri cuc dai, gia tri cuc tiéu, cuc tri) ctia ham sé la f(xzo).

¢) Diém cuc tri (diém cuc dai, diém cyc tiéu) clia dd thi ham sb 1a (zo; f(z0)).

IV. QUY TAC TIM CUC TRI
1. Quy tic1
a) Vé bang bién thien ham sb.
b) Két luan.
2. Quy tic 2
a) Tih yf = f/(a), o' = 1" (a).
b) Giai phuong trinh ' = 0 tim nghiém xg.
c¢) Tinh f”(z0)
(a) Néu f”(zo) > 0 thi ham s6 dat cuyc tiéu tai zg.

(b) Néu f”(zo) < 0 thi ham s6 dat cyc dai tai zo.

9
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V. MOT VAI HAM SO THUONG GAP

1. Ham bac ba y = az® + bz + cx +d (a #0)
a) Ham s6 bac ba hodc c6 hai cyc tri hodc khéng cé cyc tri.
b) Ham s6 bac ba ¢6 hai cyc tri khi chi khi A, > 0.

c¢) Ham s6 bac ba khong c6 cyc tri khi chi khi A, < 0 (hoi giong dieu kien dé ham sb bac ba dong bién (nghich
bién) tren R).

2. Ham trung phuong y = az? + bx? 4 ¢ (a # 0)
a) Ham sd tring phuong luon c¢6 1 cyce tri hodic 3 cyce tri (day 1a Iy do khién ham tring phuong khong don dieu
trén R).
b) Ham s6 tring phuong ¢6 1 cyc tri khi chf khi a - b > 0 (a, b cing dau).

¢) Ham s6 trung phuong c¢6 3 cuyc tri khi chi khi a-b < 0 (a, b trai dau).

2 2 ar +b
3. Ha hat bié =—— (ad—b
am nhat bien y P (a ¢ #0)

a) Ham nhat bién khong bao gid c6 cuyc tri.

VI. CAU HOI KHAO BAI

Cau 1. Neu (viét lai) dinh nghia cyc dai ciia ham s6 y = f(z) tai diém zq?

Cau 2. Neéu (viét lai) dinh nghia cyc tiéu ctia ham s6 y = f(z) tai diém z(?

Cau 3. Neéu mbi lien he giita dao ham cap 1 vdi cyc tri clia ham s6 y = f(x) tai 20?

Cau 4. Neéu mbi lien he giita dao ham cap 1 véi cyc dai ctia ham s6 y = f(z) tai zg € (a;b)?
Cau 5. Néu mbi lien he gitta dao ham cap 1 véi cuc tiéu ciia ham s6 y = f(z) tai zo € (a;b)?
Cau 6. Néu mbi lien he giita dao ham cap 1, cap 2 v6i cyc dai clia ham s6 y = f(z) tai z¢?
Cau 7. Néu mbi lien he gitta dao ham cip 1, cap 2 véi cuc tiéu ctia ham s6 y = f(z) tai zo?
Cau 8. Phan biét cac khai niém thudng dung lién quan dén cic tri ham s6 va d6 thi ham s6?

Cau 9. Neéu cac buée clia quy tac 1 dé tim cue tri ham s6? Cho vi du mot ham s6 va sit dung quy tic 1 dé tim
cuc tri ham s6?

Cau 10. Néu cac bude clia quy téc 2 dé tim cuc tri ham s6? Cho vi du mot ham s6 va sit dung quy téc 2 dé tim
cuc tri ham s6?

Cau 11. Trong cic ham s6 thuong gip (ham bac ba, ham triing phuong, ham nhat bién), ham s6 nao luon khong
c6 cyc tri? Ham s6 nao luon luén cé cyce tri? Ham s6 ndo lic c6, luc khong c6 cuc tri?

Cau 12. Ham sb bac ba c6 tbi da, t6i thiéu bao nhiéu cyuc tri? Neu diéu kién tuong tng?

Cau 13. Ham trung phuong cé t6i da, t6i thiéu bao nhiéu cyc tri? Neu diéu kién tuong tng?
83. GIA TRI LON NHAT, GIA TRI NHO NHAT

I. DINH NGHIA GTLN, GTNN

Cho ham s6 y = f(x) x4c dinh trén 2,tap hgp ¥ 1a tap hgp con ciia 2.

2 . ) . . | fe) <M,z e
e SO M dugc goi 1a GTLN ctia ham sb trén J# néu
dxg € X : f(,To) =M

Ki hiéu: =
i hiew: M g/éal);f(x)

. N , . fly>m,zex
e m dudc goi 1a GTNN ctia ham s6 trén 7 néu
Jxg € H 2 f(xg) =m
Ki hieu: m = Mi
i hieu: m me}}f(x)

Chu y. Khi dé bai khong chi r6 tim GTLN, GTNN trén tap hop nao thi ta hiéu .7 = 2.
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Truong THPT Thang Long CHUONG 1. UNG DUNG CUA DAO HAM

II. THUAT TOAN TIM GTLN, GTNN
1. Thuat toan 1.
Thuat toan nay thuong duge dung chung cho cac dang toan tim GTLN, GTNN.
Phat biéu bai toan.
Tim GTLN, GTNN ctia ham s6 y = f()z trén .
Thuat toan

a) Lap bang bién thién ctia ham s6 trén 7.

b) So sanh cac gia tri ciia y dé chon GTLN, GTNN.

2. Thuat toan 2.
Thuat toan nay chi dung khi tim GTLN, GTNN cfia ham sb trén doan.
Phat biéu bai toan.
Tim GTLN, GTNN cta ham s6 y = f(z) trén [a;b].
Thuat toan.

a) Giai phuong trinh f/(z) = 0, gid st tim duge hai nghiém xq, z4.

b) So sanh cac gid tri f(a), f(b), f(z1), f(z2) dé chon GTLN, GTNN.

III. CAU HOI KHAO BAI

Cau 1. Hay phan biét cach dung ctia hai thuat toan tim GTLN, GTNN?
Cau 2. Néu cac budc ctua thuat toan 1.

Cau 3. Néu cac budc ctua thuat toan 2.

§4. DUONG TIEM CAN CUA DO THI HAM SO

I. DINH NGHIA TIEM CAN DUNG, TIEM CAN NGANG
Cho ham s y = f(z) x4c dinh trén 2.

e D6 thi ¢6 tigm can ngang y = yo néu lim f(z) = yo hodic lim f(x) = yo.
T—r+00 T——00

e Do thi ¢6 tiem can ding z = 7 néu lim f(z) = +oo hodc lim f(z) = +oo.

II. THUAT TOAN TIM TIEM CAN DUNG, TIEM CAN NGANG
1. Tim tiém can ding ctia do thi ham sé

f(x)

Bai toan. Tim tiém can ding ctia d6 thi ham s6 y = )
g(x

Thuat toan.
a) Giai phuong trinh g(x) = 0, gia st tim dugc nghiém = = a, x = b.
b) Kiém tra tiém can ding

/(@)

g(x)

(b) Lan lugt CALC cac gia tri x = a + 1070 dé kiém tra = a c6 1a TCD hay khong, néu két qua bam
may 1a co thi x = a 1a TCD.

(c) Lan lugt CALC cac gia tri z = b+ 10710 dé kiém tra x = b c6 1a TCD hay khong, néu két qua bam may
la oo thi z = b la TCD.

(a) Nhap biéu thiic vao may tinh bo tai.

11



Truong THPT Thang Long CHUONG 1. UNG DUNG CUA DAO HAM

2. Tim tiém can ngang ciia do thi ham sb

Bai toan. Tim tiém can ngang ctia ham s6 y = f(z)
Thuat toan.

a) Nhap biéu thitc f(z) vio may tinh bé tii.

b) Bam CALC véi x = 1019, Néu két qua lam tron 1a s6 c6 gia tri bé a (thong thuong dudi 10) thi y = a 1a
TCN, ngugc lai may bao 16i hodc ra gia tri 16n (thuong 1a c¢6 gia tri vai tram tré 1lén) thi khong c6 TCN.

c) Bam CALC véi x = —10'0. Néu két qua lam tron 1a s c6 gia tri bé b (thong thuong dudi 10) thi y = b 1a
TCN, ngugc lai may béo 161 hodc ra gia tri 16n (thudng 1a c6 gia tri vai tram tré lén) thi khong ¢6 TCN.

ar +b
cr+d

3. Tiém can ding, tiém can ngang ctia dé thi ham sé nhat bién y =

r+b

R . d

a) DO thi ham s6 y = a4 ¢6 tiem can ding la z = ——.

cx + c

ar+b
cr +

N . a
b) D6 thi ham s6 y = c6 tiém can ngang la y = —.
c

III. CAU HOI KHAO BAI

Cau 1. Neu (viét lai) thuat toan tim tiém can ding ctia doi thi ham s6?

Cau 2. Neu (viét lai) thuat toan tim tiém can ngang ctia do thi ham s67?

ar +b 9
cx+d

Cau 3. Néu (viét lai) duong tiém can ding, tiem can ngang ctia ham s6 nhét bién y =

§5. PO THI HAM SO

I. PO THI HAM SO BAC BA
1. Do thi ham s bac ba
Bén hinh dang ctia do thi ham s6 bac ba y = ax® + ba? + cx + d (a # 0) 1a

Yy Yy Yy Yy

o e S

a>O,Ay/>O a<0,Ay/>0 CL>0,Ay/SO a<0,Ay/§0

2. Goi y nhan dang do thi ham s bac ba
e Ve héesba
— Do thi “thang thien” — a > 0.
— Db thi “don thd” — a < 0.
e VEhesob

— Db thi ¢6 “diém uén” ndm bén phai truc Oy — ab < 0.
— Db thi ¢6 “diém uén” nim bén trai truc Oy — ab < 0.

— D6 thi ¢6 “diém udn” thuoc truc Oy — b = 0.
e Ve hésbec

— D6 thi khong c6 cyc tri — ¢ = 0 hoac ac > 0.

12



Truong THPT Thang Long CHUONG 1. UNG DUNG CUA DAO HAM

— Hai diém cuc tri ndm vé hai phia truc Oy — ac < 0.

— C6 mot diém cye tri thude truc Oy — ¢ =0

e Véehésdd
— Giao diém véi truc Oy ndm phia tren diém O — d > 0.
— Giao diém v6i truc Oy nim phia duéi diem O — d < 0.

— Giao diém véi truc Oy nam trimg diém O — d = 0.

1. PO THI HAM SO TRUNG PHUONG
1. D6 thi ham sé trung phuong

Bén hinh dang ctia do thi ham s6 trimg phuong y = az? + bz + ¢ (a # 0) 1a

°~ ) /O \ m i I /O \ w
a>0,b<0 a<0,b>0 a>0b>0 a<0,b<0

2. Gdi y nhan dang do thi ham s trung phuong
e Ve hésda

— D6 thi “thiing thien” — a > 0.
— D6 thi “don thé” — a < 0.

e Véhesob

— D6 thi ham sb ¢6 3 diém cuc tri — ab < 0.

— D6 thi ham s6 ¢6 1 diém cuc tri — ab > 0.
e Ve héesdc

— Giao diém véi truc Oy nim la diém nim phia trén diém O — ¢ > 0.
— Giao diém véi truc Oy nam la diém nim phia dudi diém O — ¢ < 0.

— Giao diém véi truc Oy nim la diém nim trimg diém O — ¢ = 0.

III. DO THI HAM SO NHAT BIEN
1. D64 thi ham sé nhat bién

ar +b
cr+d

Hai hinh dang ctia d6 thi ham s6 nhét bién y = (ad — be #0) 1a

ad —bc >0 ad —bc <0
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2. Ggi y nhan dang d6 thi ham sé nhat bién
a) Ham s khong chita tham 6, 1an lugt dya vho cdc tiéu chi

e Duya vao tiém can ding va tiém can ngang.
e Dua vao giao diém véi Oz, Oy.
e Dua vio sy dong bién, nghich bién.

A0

b) Ham s6 c6 chita tham s6, diya vio “dau” clia cac cip tich s6

e Cip tich s6 “ab”
— Giao ctia do6 thi véi Oz n&m bén phai diém O — ab < 0.
— Giao ctia dd thi v6i Oz ndm beén trai diém O — ab > 0.
— Do thi khong cat Ox — a =0

e Cip tich s6 “ac”
— Tiém can ngang nam phia trén Ox — ac > 0.
— Tiém can ngang nidm phia trén Oz — ac < 0.
— Tiém can ngang nim tring Ox — a = 0

e Cip tich s6 “bd”
— Giao ctia do thi véi Oy nim bén trén diém O — bd > 0.
— Giao ctia do thi véi Oy nim bén trén diém O — bd < 0.
— Giao ctia do thi v6i Oy tring diém O — b = 0.

e Cip tich s6 “cd”
— Tiém can ding ndm bén phai Oy — cd < 0.
— Tiém can ding nam bén trai Oy — ed > 0.
— Tiém can ding trung Oy — d = 0.

IV. CAU HOI KHAO BAI

Cau 1. V& lai b6n hinh dang ctia d6 thi ham s6 bac ba y = az® + ba? + cx +d (ghi kem diéu kién ctia a, A,/ tuong
ing)?

Cau 2. Vé lai bon hinh dang ctia dd thi ham s6 tring phuong y = az* + bz? + ¢ (ghi kem diéu kién ctia a, b tuong
ting)?

N s . b . .
Cau 3. Vé lai hai hinh dang ctia do thi ham s6 nhat bién y = Ljr_d (ghi kém mdi quan heé gitta cac hé s6 a, b, ¢,
cx

d tuong tng)?
86. SU TUONG GIAO

I. TOA PO GIAO PIEM CUA HAI PO THI HAM SO
1. Bai toan tim toa do giao diém ciia hai do thi ham sb

Bai toan. Cho hai do thi ham s6 (C}): y = f(x) va (C2): y = g(x). Hay tim toa do giao diém ciia (C;) va (Cy)?
Thuat toan.

a) Giai phuong trinh f(z) = g(z), gid su tim dugc nghiém x = a, © = b.
b) Thay = = a vao y = f(x) hodac y = g(x) dé tinh y = f(a). Tuong ty, tinh y = f(b).
c) Két luan giao diém 1a (a; f(a)), (b; f(b)).
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Truong THPT Thang Long CHUONG 1. UNG DUNG CUA DAO HAM

2. Bai toan tim sb giao diém ctia hai d6 thi ham s6 (bAm may tinh bé tai dugc)

Bai toan. Cho hai do thi ham s6 (C}): y = f(x) va (C2): y = g(x). Hay dém s6 giao diém ctia (Cy) va (C2)?
Thuat toan.

a) Rit gon phuong trinh f(z) = g(z) vé dang F(z) = 0.
b) Bam méy va dém nghiém ctia phuong trinh F(z) = 0.
c¢) Két luan s6 giao diém (phuong trinh F(x) = 0 c6 bao nhiéu nghiém 14 c6 bay nhiéu giao diém).

Chi y. Trudng hgp F(z) = 0 khong bam may dém nghiém dugc thi ta chuyén sang dang toan bén dudi.

3. Bai toan tim sb giao diém ctia hai d6 thi ham s6 (khong bAm ma&y tinh bo tai dugc)

Bai toan. Cho hai do thi ham s6 (C1): y = f(x) va (C2): y = g(x). Hay dém s6 giao diém ctia (C1) va (C2)?
Thuat toan.

a) Rat gon phuong trinh f(z) = g(z) vé dang F(z) = 0.
b) Lap bang bién thién ciia ham s6 y = F(x).

¢) Dém sb giao diém ctia d6 thi ham s6 y = F(x) v6i truc hoanh (y = 0) dé két luan s6 giao diém.

1. SO NGHIEM CUA PHUONG TRIiNH
1. Dém sb nghiém ctia mot phuong trinh

Bai toan. Dém s6 nghiém clia phuong trinh F(z) = 0.
Thuat toan.

a) Lap bang bién thién ctia ham s6 y = F(z).
b) Dém sb giao diém ctia dd thi ham s6 y = F(x) véi truc hoanh (y = 0) dé két luan sé nghiém phuong trinh
F(z)=0.
2. Tim tham sé m dé phuong trinh F(z,m) = 0 ¢c6 n nghiém

Bai toan. Tim tham s6 m dé phuong trinh F(x,m) = 0 c6 n nghiém.
Thuat toan.

a) Thuc hien “co lap” = va m dé thu duge phuong trinh f(x) = g(m).
b) Lap bang bién thien ham s6 y = f(z).

c¢) Dua vao cic ycp, yor dé tim m thdéa yéu cau bai toan.

Chu y. Thuat toan dang xét chi giai quyét duge nhitng phuong trinh cé thé co lap = va m.

III. CAU HOI KHAO BAI

Cau 1. Phat biéu va néu thuat toan ctia dang toan tim toa do giao diém cta hai do thi ham s67?
Cau 2. Phat biéu va néu thuat toan dém so giao diém ctia hai do thi ham s6 (trudng hgp bam may tinh dugc)?

Cau 3. Phat biéu va néu thuat toan dém sb giao diém ciia hai do thi ham s6 (trudng hop khong bam may tinh
duge)?

Cau 4. Phat biéu va néu thuat toan dém sbé nghiem phuong trinh cho trude?

Cau 5. Phat biéu va néu thuat toan tim m dé phuong trinh F(z,m) = 0 ¢6 n nghi¢m?
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§7. BIEN DOI PO THI

I. Do thi ham sbé y = |f(2)]
Gia stt ham s6 y = | f(z)| c6 tap xac dinh 1a 2. Dé vé dd thi ham s6 y = | f(z)|, ta thyc hién theo hai budc sau
e V& do thi ham s6 y = f(z) trén tap 2.

e Thitc hién bién ddi theo nguyeén tic “trén giit nguyén, dudi lay déi xing lén trén”, nghia la, toan bo phan do
thi ndm phia trén truc Oz dudgc giit nguyén, toan bd phan dé thi nim phia duéi truc Ox 1iy dbi xtng lén
trén.

y = |f(z)]
y = f(x)

II. Do thi ham s6 y = f(|z|)
Gia sit ham s6 y = f(|z|) c6 tap xéc dinh 1a 2. Dé vé dd thi ham s6 y = f(|x|), ta thuc hién theo hai budc sau
e V& do thi ham s6 y = f(z) trén tap 2 N [0; +00).

e Thuec hién bién ddi theo nguyeén tic “lay dbi xting phan bén phai sang bén trai”.

\ Yy
v ‘.
\
\ //\
o1 » / o \ v
y=f() v =f(e)

III. D6 thi ham s6 y = |z —a| - f(z)

Gia stt ham s6 y = |z — a| - f(z) 6 tap xac dinh 1a 2. Dé vé dd thi ham s6 y = |z — a| - f(z), ta thuc hién theo
hai budc sau

e V& do thi ham s6 y = (z — a) f(z) trén 2.
e Giit nguyén phan dd thi tng véi x > a, lay dbi xing qua truc Oy phan dd thi tng véi z < a.

y y=lz—al f(a)
v v=(z—a)-f()

16



Chuong 2

HAM SO LUY THUA. HAM SO MTU.
HAM SO LO-GA-RIT

§1. LUY THUA

I. DINH NGHIA LUY THUA

Cho a la s6 thyc duong khac 1. Khi do

n

e a0 = a-a---a
——
n 6 a nhan véi nhau
[ ] \"/am :a%'

I\ Vi moia#0 thi a® = 1.

II. CONG THUC

1. Cong thic lay thira khéng chida can

1
-n _ ___ b n mo_ n+m
a) a o )a™-a a
c) a—m =g ™ d) (a™)™ =a"-m
a
a\" a"
b)" = anbn n (%) =%
) (ab)" =a ) (5) =1
a\~"n b\"
9 (3) - ()
2. Cong thuc luy thira chira can
141 a 11 m 1
a) Wa- Ya=amtw. b) 7 =am n. c) N ¥a=am = "/a.
n a

III. SO SANH HAI LUY THUA CUNG CO SO

a) Néua > 1 thi a™ > a" < m > n.

b) Néu 0 < a < 1thia™ >a" < m<n.

IV. CAU HOI KHAO BAI

Cau 1. Neu (viét lai) dinh nghia lity thita?
Cau 2. Neéu (viét lai) 7 cong thiic liiy thita khong chita can?
Cau 3. Neu (viét lai) 2 tinh chit duge dung dé so sanh hai liiy thita ciing co s6?
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CHUONG 2. HAM SO LUY THUA. HAM SO MU. HAM SO LO-GA-RIT

§2.

I. DINH NGHIA HAM SO LOY THUA

HAM SO LUOY THUA

Ham 86 y = 2% (a 1 s6 thyce cho trude) duge goi 1a ham s6 1y thira.

/\ Diéu kien zdc dinh ciia ham sé liy thia y = [f(2)]

«

a) Néu a la s6 nguyén duong (tic la o =1,2,3,4,--- ) thi f(z) khong can théem diéu kién.

b) Néu a =0 hodc « la s6 nguyén am (tic la o =0,—1,-2,-3,--- ) thi f(z) # 0.

¢) Néu a khong la s6 nguyén (tic o # 0,+1,+£2,43,--- ) thi f(z) > 0.

f(z)
g9(z)

b) Biéu thitc %/ f(z) c6 didu kien 1a f(z) > 0.

a) Biéu thic

¢6 diéu kien 1a g(z) # 0.

II. DAO HAM HAM SO LUY THUA

a) Néu ham s6 y = 2% thi ¢/ = o - 2271

b) Néu ham s6 y = u® thiy = a - v’ - u® L

III. KHAO SAT HAM SO LUY THUA

y=z%a>0.

y=z%a<0.

a) Su bién thien
y' = az® 1 >0,V > 0.
Do d6, ham s6 dong bién trén (0; +00).
b) Gidi han dic biét

lim 2% = +o0.

lim z% =0,
r—+00

rz—0t
Do d6, dd thi ham s6 khong c6 tiem can.

c¢) Béang bién thien

x 0 “+00
Y +
“+00
Yy /
0

a) Su bién thien

v =az® 1 <0,Vz > 0.
Do d6, ham s6 nghich bién trén (0;+00).
b) Gi6i han dic biet:

lim z® =0.

lim z% = +o0,
T—r+00

z—0t

Do dé, Oz 1a tiém can ngang, Oy la tiém can ding
clia do thi.

c) Béng bién thien

x 0

/

y _

D6 thi ham sb liy thita y = 2% trén (0;+o00)
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Y o > 1
a=1
I<ax<l
1 a=0
! a<0
0] 1 T

Do thi clia ham s6 liiy thita y = 2 luon di qua diém I(1;1).

IV. CAU HOI KHAO BAI

Cau 1. Néu 3 diéu kien xac dinh ctia ham s6 liiy thira?
Cau 2. Neu (viét lai) cong thitc dao ham ctia ham s6 lity thita?
Cau 3. Néu két qua vé tinh don diéu ctia ham sb lity thira?

Cau 4. D6 thi ham sb lity thita c6 dudng tiém can khi nao? Néu dudng tiém can ng vdi truong hgp d6?

§3. LO-GA-RIT

I. DINH NGHIA LO-GA-RIT

Cho a, b 1a hai s6 thyc duong, a # 1. Khi d6, a = log, b < a* = b.
I\ Véi moi s6 duong a # 1, ta cé

a) log,a=1. b) log,1=0.

II. CONG THUC LO-GA-RIT

1. Coéng thic bién ddi biéu thiic trong 16-ga-rit

Choa >0,a#1,b, by, bg > 0. Ta c6
a) log,(b1b2) = log, b1 + log, b. b) log, Z—; = log, b1 — log,, bo.
c) log, b® = alog, b (chii ¥ o khong can diéu kien).

2. Coéng thic bién ddi cd sb citia 16-ga-rit

Choa,b,c>0,a#1vac#1. Taco

log,.a 1
log, b= —*. b) log, b = .
a) log, b= 1~ o b ) logg b= - e a
1
c) log, c-log,.b=1log,b. d) log,« b= —log, b (chi y « # 0).
a
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3. Cobng thuc luy thira c6 mii chwa 16-ga-rit

III. CAU HOI KHAO BAI

Cau 1. Neéu (viét lai) dinh nghia 16-ga-rit?

Cau 2. Neéu (viét lai) cong thiic bién déi biéu thiic trong 16-ga-rit?

(
( )
Cau 3. Neéu (viét lai) cong thitc bién doi co s6 ctia 16-ga-rit?
Cau 4. Neéu (viét lai) cong thitc déi co s6 ctia 16-ga-rit?

( )

Cau 5. Néu (viét lai) cac cong thic liiy thita c6 mii chita 16-ga-rit?

§4. HAM SO MU. HAM SO LO-GA-RIT

I. HAM sO MU
1. Dinh nghia

Cho s6 thyc duong a khac 1.Ham s6 y = a® (a > 0,a # 1) dugc goi 1a ham s6 mil.

2. Dao ham ciia ham s6 mi
a) Néuy = a® thi ¢y =a®-Ina. b) Néuy = a* thiy = v -a% - Ina.

c) Néu y = e® thi y = e®. d) Néu y = e¥ thiy =u' - e®.

3. Khao sat ham sé mi y = a®
a) Tap xac dinh 2 = R.
b) Tap gié tri .7 = (0; +00).
c¢) Tinh don diéu
(a) Néua > 1 thi ¥ > 0= ham s6 dong bién tréen R.
(b) Néu 0 < a <1 thi y < 0= ham s6 nghich bién trén R.
d) Gidi han, tiém can

(a) Néua >1thi lim e® =0 nén Oz la tiém can ngang ctia do thi ham s6.
Tr—r — 00

(b) Néu 0 < a < 1 thi liIJIrl a® = 0 nén Oz la tiém can ngang ctia d6 thi ham s6.
Tr—r+00

e) Do thi
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y=a" (a>1) y=a" (0<a<l)
Y Y
y=a®
(a>1)
a 77777
|
1 | !
| y=a"0<a<1l)
/ : G\K
| |
@) 1 x @) 1 x

II. HAM SO LO-GA-RIT

1. Dinh nghia ham sb 16-ga-rit

Cho s6 thyc duong a khac 1. Ham s6 y = log, * dugc goi la ham sb logarit co s6 a.
Chu y. Biéu thitc log, f(z) c6 didu kien 1a f(z) > 0.

2. Dao ham ctia ham sé 16-ga-rit

P 1 ) !
a) Néuy:logaxthiy’:;clna. b) Néu y = log, u thi 3y’ = u

ulna’

P 1 . !
¢) Neuy=1Inzthiy = -. d) Néu y = Inw thi y’:i.
x u
3. Khao sat ham s 16-ga-rit
a) Tap xac dinh 2 = (0; +00).
b) Tap gid tri .7 =R\ {0}.
¢) Tinh don dieu

(a) Néu a > 1 thi ¢’ > 0 = ham s6 dong bién trén (0; +00).
(b) Néu 0 < a < 1 thi ¢ < 0 = ham s6 nghich bién tren (0; +00).
D3

thi

O

d)
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y=log,x (a>1) y=log,z (0<a<1l)
Y Y
(| S ‘ 13
| |
| |
0 1 a T ol a1 x
y =log, x
y =log, x (0<a<l)
(a>1)

III. BAI TOAN LAI SUAT
1. Bai toan lai suiat don

Dinh nghia 1ai don.

Lai don 1a s6 tién 1ai chi tinh trén s6 tién gbc ma khong tinh trén sb tién lai do sb tién gdc sinh ra, tic 1 tién
14i ctia ki han trude khong duge tinh vao von dé tinh lai cho ki han ké tiép, cho dit dén ki han ngui giii khong dén
lay tién ra.

Phat biéu bai toan.

Khéch hang gii vao ngan hang A dong véi 1ai don 7% /ki han thi s6 tién khach hang nhan dugce ca von 1an 1ai

sau n ki han (n € N*) 1a

Sn:A—&—nAT:A(l—&—nr)‘

r

Chai 4j: Trong tinh toan cic bai toan lii suit va cic bai toan lién quan, ta nhé r% la 100"

2. Bai toan lai suat kép

Dinh nghia lai kép.

Lai kép la tién 1ai ctia ki han trude néu ngudi giti khong riit ra thi duge tinh vao von dé tinh lai cho ki han sau.
Phat biéu bai toan.

Khach hang gtii vao ngan hang A dong véi 1ai kép 7%/ki han thi sb tién khach hang nhan duge ci von 1an 1ai
sau n ki han (n € N*) la

| Su =A@ +1)"|
Tit cong thiic trén ta c6 thé tinh duge
Sn
n = log,,, 1
S,
=1/ = -1
"V
A= Sn
(1+7)"
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3. Bai toan gii tién hang thang vao ngan hang

Phat biéu bai toan.

Dau mdi thang khéch hang gii vao ngan hang sb tien A dong vdi lai kép r%/thang, thi s6 tién khach hang
nhan duge ca von lan 1ai sau n thang (n € N*) (nhan tién cudi thang, khi ngan hang da tinh 1ai) 1a S,,.
Cong thic sit dung.

Y tuéng hinh thanh cong thite. Cubi thang thit nhat, khi ngan hang da tinh 14i thi sb tién c6 duge 1a

A
Si=A(1+r)= = [(T4+nr)!=1](1+7)
Dau thang thit hai, khi da giti them s6 tién A dong thi sb tién 1a

(1+7r)2—1] _A

T1=A(1+r)+A:A[(1+r)+1]zA[(1+T)_1 [(1+7)*—1]

Cubi thang thit hai, khi ngan hang da tinh 14i thi s6 tién c6 dudc 1a

A
S2=— [(T+7)2=1](1+7)
T dé ta c6 cong thic téng quat
A

Syr
A+n)[(1+r)m-1]

A:

4. Bai toan giii tién vao ngan hang va rit tién hang thang
Phat biéu bai toan.
Mot ngudi giti ngan hang sb tién 1a A dong véi 1ai suat r%/thang. Mdi thing vho ngdy ngan hang tinh 1ai,
ngudi dé rat ra sé tién 14 X dong. Tinh s6 tién con lai sau n thing 14 bao nhiéu.
Cong thic sit dung.
Y tuéng hinh thanh cong thiic. Cubi thang thit nhat, khi ngan hang da tinh 1ai thi s6 tién c6 duge 1a T) = A(14-7)

va sau khi rat sé tién con lai 13

SlZA(1+T)—X:A(1+r)—Xw

r
Cubi thang thit hai, khi ngan hang da tinh 14i thi s6 tién c6 dudc 1a

To=[A0+7) - X](1+r)=A1+7)? - X(1+7)
va sau khi rat sb tién con lai 1a

(1+r)?—1

So=Al+7r)? = XA4+7r)-X=A0+7r)?-X[1+r)+1]=A0+7r)* - X .

T d6 ta c6 cong thic tdng quét sé tién con lai sau n thang 1a

1 -1
Sp = A1 +1)" — ya+rr -1
T
Chai 5. Tit cong thiic trén ta c6 thé tinh duge
-
X = [A(L+ )" — 8]
[AQ+7) ](1+T)"—1
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5. Bai toan vay vbn tra gép

Phat biéu bai toan.

Vay ngan hang sb tién 1a A dong véi 1ai suat r%/thang. Sau ding mot thang ké tit ngay vay, bat dau hoan ng,
hai 1an hoan ng cach nhau mot thang, méi lan hoan ng s6 tién 13 X dong va trd hét tién ng sau ding n thang.
Cong thic sit dung.

Cach tinh s6 tién con lai sau n thang giéng hoan toan coéng thic tinh tién gii ngan hang va rit tién hang thang
neén ta co

(147" —1

Sp=Al+7)" - X
.

Dé sau ding n thang tra hét ng thi S,, = 0 nén

1 -1
A(l_,_r)n_X%:o
va
X:A(l—i—r)"-r
(1+r)m—1

IV. CAU HOI KHAO BAI

Cau 1. Neu (viét lai) 4 cong thitc dao ham ctia ham s6 mi?
Cau 2. Neu (viét lai) 6 cong thitc dao ham ctia ham s6 16-ga-rit?
Cau 3. Néu két qua vé tinh don diéu ciia ham sb mi?

Cau 4. Néu két qua vé tinh don diéu ctia ham s6 16-ga-rit?

Cau 5. Néu cac dudng tiém can cia ham sé mii, ham sb 16-ga-rit?

§5. PHUGONG TRINH MU. PHUONG TRINH LO-GA-RIT

I. PHUONG TRINH MU, PHUONG TRINH LO-GA-RIT CO BAN
1. Phuodng trinh ma co ban

Cho a,b >0, a # 1. Ta c6

‘amzbﬁmzlogab

2. Phuong trinh 16-ga-rit cc ban

Cho a,b>0,a # 1. Ta cé

b

log,z2=b&sax=a

II. PHUONG PHAP PUA VE CUNG CO SO

1. Phuong phap dua vé ciing cd sé6 cho phuong trinh mi
a) Sit dung 7 cong thic liiy thita khong chita can, bién d6i phuong trinh vé dang af®) = o)

b) Ap dung cong thic

@ =09 & f(2) = g(x)

2. Phuong phap dua vé ciing co sé cho phuong trinh 16-ga-rit
a) St dung cac cong thitc 16-ga-rit, bién d6i phuong trinh vé dang log,, f(x) = log, g(z).

b) Ap dung cong thiic

[og,, f(x) = log, g(x) & f(x) = g(x)]
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III. PHUONG PHAP DAT ;&N PHU

1. Phuwong phap dit an phu cho phuong trinh mii
a) Sit dung cong thiic bién déi dua phuong trinh vé dang m - a?/®) +n - af@ 4 p=0.
b) Dit t = a/(*), diéu kien ¢t > 0, phuong trinh trd thanh mt? + nt + p = 0.

¢) Giéi phuong trinh tim ¢, sau d6 tim x.

2. Phuong phap dat an phu cho phuong trinh 16-ga-rit
a) Sit dung cong thitc bién d6i dia phuong trinh vé dang m - log? f(x) 4+ n - log, f(z) + p = 0.
b) Dat t = log, f(), phuong trinh trd thanh mt? + nt +p = 0.

¢) Giéi phuong trinh tim ¢, sau d6 tim x.

IV. CAU HOI KHAO BAI

Cau 1. Neéu (viét lai) cong thiic nghigm ciia phuong trinh mi co ban?

Cau 2. Neu (viét lai) cong thitc nghiém ctia phuong trinh 16-ga-rit co ban?

Cau 3. Néu cac budc giai phuong trinh mii bing phuong phap dua vé cling co s6?
Cau 4. Néu cac budc giai phuong trinh 16-ga-rit bing phuong phap dua vé cling cd s67?
Cau 5. Néu céc budc gidi phuong trinh mi bing phuong phéap dit an phu?

Cau 6. Neéu céac budc gidi phuong trinh 16-ga-rit bing phuong phap dit an phu?

$6. BAT PHUGNG TRINH MU. BAT PHUONG TRINH
LO-GA-RIT

I. BAT PHUONG TRINH MU, BAT PHUOGNG TRINH LO-GA-RiT CO BAN
1. Bét phuong trinh mii cd ban
Cho a > 0 va a # 1. Xét bat phuong trinh a® > b. Khi d6,
a) Néu b < 0 thi tap nghiém bt phuong trinh 13 S = R.
b) Néu b >0
(a) Néu a > 1 thi a® > b < x > log, b. Do d6, tap nghiem la S = (log, b; +00).
(b) Néu 0 < a < 1thia® > b & x <log,b. Do d6, tap nghiém ctia bat phuong trinh la S = (—oo;log, b).
2. Bt phuong trinh 16-ga-rit cd ban
Cho a > 0 va a # 1. Xét bat phuong trinh log, z > b. Khi d6,
a) Néu a > 1 thilog, x > b < 2 > ab. Do do6, tap nghiém 1a S = (a®; +00).

b) Néu 0 < a < 1 thilog,z > b« 0 < 2z < a’. Do d6, tap nghiem la S = (0;ab).

II. PHUONG PHAP DUA VE CUNG CO SO

1. Phuong phap dua vé ciing cod sé cho bat phuong trinh mii
a) Stt dung 7 cong thic lity thita khong chtia can, bién déi phuong trinh vé dang af(®) > q9(*),
b) Ap dung cong thiic

(a) Néu a > 1 thi cong thitc 1a

@ > a9 o f(z) > g(z)
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(b) Néu 0 < a < 1 thi cong thic la

@ > a9 & f(z) < g(x)

2. Phuong phap dua vé ciing co sd cho bat phuong trinh 16-ga-rit
a) St dung cac cong thitc 16-ga-rit, bién d6i phuong trinh vé dang log,, f(x) > log, g(z).
b) Ap dung cong thiic

(a) Néu a > 1 thi cong thic 1a

(b) Néu 0 < a < 1 thi cong thic 1a

log, f(z) > log, g(x) < {f

III. PHUONG PHAP DAT AN PHU

1. Phuwong phap dit an phu cho bat phuwong trinh mii
a) Stt dung cong thiic bién déi dua phuong trinh vé dang m - a*/®) +n - a/@ 4 p > 0.
b) Dat t = a/(®), diéu kien ¢ > 0, phuong trinh trd thanh mt? 4+ nt + p > 0.

¢) Giéi phuong trinh tim ¢, sau d6 tim x.

2. Phuong phap dat an phu cho bat phuong trinh 16-ga-rit
a) Stt dung cong thitc bién déi dua phuong trinh vé dang m - log? f(x) + n - log, f(z) + p > 0.
b) Dat t = log, f(z), phuong trinh trd thanh mt? + nt +p > 0.

¢) Giéi phuong trinh tim ¢, sau d6 tim x.

IV. CAU HOI KHAO BAI

Cau 1. Neu (viét lai) cac cong thiic nghiém ciia bat phuong trinh mit co ban a® > b?

Cau 2. Neu (viét lai) cac cong thiic nghiem ctia bat phuong trinh 16-ga-rit co ban log, z > b?
Cau 3. Néu cac budc giai bat phuong trinh mii bang phuong phap dua vé ciing co s6?

Cau 4. Néu cac buéc giai bat phuong trinh 16-ga-rit bing phuong phip dua vé cung cc s67?
Cau 5. Néu céc budc gidi bat phuong trinh mii bing phuong phép dit an phu?

Cau 6. Néu céc budc gidi bat phuong trinh 16-ga-rit bing phuong phép dit an phu?
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Chuong 3

NGUYEN HAM - TICH PHAN VA
UNG DUNG

§1. NGUYEN HAM

I. KHAI NIEM NGUYEN HAM

1. Dinh nghia nguyén ham

F(x) dugc goi 1a nguyén ham ciia f(x) khi chi khi F’(z) = f(x), ta viét /f(a:) dz = F(z) + C. Do d6,

/ f(z)dz = F(z)+ C & F'(z) = f(z)

2. Tinh chit nguyén ham
a) Tinh chét 1 </f(x) do:)/ — fl2) va / f@)dz = f(z) + C.
b) Tinh chét 2 /kf(a:) do = k/f(:c) dz, k 1a mot sb thyc.
¢) Tinh chit 3 / f(@) £ g() da = /f(:L') dx:l:/g(;v) dz.

3. Nguyén ham cg ban

a)/de:C’. b)/dx:x—i—C’.
c) /x"dxfix”HJrC(n;éfl) d) /ldz*1n|x|+0
Con+1 ' J oz '
e)/e"”dx:e$+C’. f) /awdmzla—+0(a>0,a7§1).
na
g) /cosxdxzsinx—i—C. h)/sinxdx:—cosx—i—C.
. 1 . 1
1)/ 5—dr =tanx + C. i) /‘2 dz = —cotax + C
cos? x sin® x
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II. PHUONG PHAP TINH NGUYEN HAM

1. Phuong phap d6i bién sb

Dinh Iy. Néu / &) = F(a)+C thi / F(t)dt = F(t) + C.

Hé qua. Cong thiic nguyén ham mad rong

n _l n+1 _ 1 _1
a) /(am+b) dx—an+1(aas+b) +C (n#-1). b)/aw+bdx—aln|ax+b|+0.
1 1
c) /e”"'bdx:fea“‘"’b—&—(?. d)/cos(ax—l—b)dx:fsin(ax—l—b)—i—C.
a a
e)/s'( +b)dz = — L cos(az +b) + C ) /;d — Lian(ar +b)+C
in(ax z = ——cos(az . co2(az 1) z = —tan(az :

1 1
—5———dx = ——cot b) + C.
g) /sin2(ax+b) x e (axz +b) +

Phuong phap ddi bién sb
e Dit t = (biéu thiic).
e Tinh dt = (biéu thitc)’ dz.
e Thay ¢ va dt vio nguyén ham ban dau.
2. Phuong phap nguyén ham titng phan

a. B6n dang nguyén ham dudc tinh bing phuong phap nguyén ham titng phan

a) / P(2)sinz da. b) / P(x) cos da.
) / P(x)e” da. d) / P(2) Inz da.

b. Céng thic nguyén ham timg phan

/u-v’dsczv-u—/zwu’dx

c. Ap dung phuong phap nguyén ham timg phan cho ba dang a), b) va c)
/sinxdx = —cosx

sin x
Dat uw = P(z), v' = | cosz. Suy ra v’ = P'(z), v = /cosxd:z: =sinz

xT

e
/e””d;v:e"‘c

Thay u, v, ,v" vio cong thﬁ’c/u-v’dxzv-u—/v-u’dx.

d. Ap dung phuong phap nguyén ham titng phan cho dang d)

1
Dat u =Inz, v = P(z). Suyrav = —, v = /P(x) dz.

8

Thay u, v, ,v" vao cong thﬁ’c/u-v’dx:v-u—/v-u’dx.

§2. TICH PHAN

I. CONG THUC NEWTON-LEIBNIZ

Cho F(z) la mot nguyén ham ciia ham s6 f(z) thi

b
/ f(z)dx = F(x)| = F(b) — F(a)
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1I. PHUONG PHAP TINH TICH PHAN
1. Sit dung két qua nguyén ham co ban va mé rong
Phuong phap.

a) St dung cong thitc nguyén ham dé tinh nguyén ham.

b) Ap dung cong thitc Newton-Leibniz tinh tich phan.

2. Phuong phap déi bién sb

Phuong phap.
a) Dat t = (biéu thiic), tinh dt = (biéu thitc)’ dz.
b) Déi can.
¢) Thay ¢, dt va can mdi vao tich phan ban dau.

3. Phuong phap tich phan titng phan

b
Phuong phap tich phan ting phan ciing duge ap dung cho 4 dang tich phan /

b b
/P(m)e$dx,/ P(z)lnzdz.

Cong thiic tich phan ting phan

b
P(x)sinxdx,/ P(z) coszdz,

a

b b b
/u-v’dxzv-u —/v-u'dz
a a a

Phuong phap.
a) Dat u, v’ thich hop.
b) Suy ra v/, v.

c) Ap dung cong thic tich phan ting phan.

§3. UNG DUNG CUA TICH PHAN TRONG HINH HOC

I. DIEN TiCH HINH PHANG

1. Dién tich hinh phang giéi han bsi bdén dusng: y = f(z), truc hoanh, 2 =a, 2 = b

Cong thitc tinh dién tich Yy

/ @) d
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2. Dién tich hinh phing giéi han b&i bén dudng y = f(z), y=g(z), 2 =a, z =10

Cong thuc tinh dién tich Yy

b
5= / (@) - g(a)] da

3. Dién tich hinh phing giéi han bédi hai dudng cong: y = f(z), y = g(z)

Phuong phap.

a) Giai phuong trinh f(z) = g(z) vh chon nghiém nhé nhat (gid st & = a), chon nghiém lén nhéat (gia si
x=0b).

b) Ap dung cong thiic tinh dien tich

b
5= / (@) — g(a)) da

II. THE TICH

1. Thé tich khdi tron xoay khi quay hinh () quanh truc Oz, hinh (J#) giéi han véi bén dudng
y = f(z), truc hoanh, x =a va z =b.

Cong thtic thé tich

ver| @) da

30



Truong THPT Thang Long CHUONG 3. NGUYEN HAM - TICH PHAN VA UNG DUNG

2. Thé tich khbi tron xoay khi quay hinh (#£) quanh truc Oz, hinh (J#) gigi han béi bén dudng
y=f(x),y=g(x),x=avaz=h

Cong thiic thé tich y
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Chuong 4
sO PHUC

§1. sO PHUC

I. DINH NGHIA SO PHUC
e Mot s6 phiic 1a mot biéu thitc dang a + bi, trong d6 a va b 1a nhitng s6 thuc va s6 i théa man . Ki
higu s6 phitc d6 1a z va viét z = a -+ bi.
e i dugc goi 1a don vi do, a dudc goi 1a phan thuc, b duge goi 1a phan do clia s6 phiic z = a + bi.
e Tap hop cac s6 phitc duge ki hieu 13 C.
Chi 5.
a) Mbi s6 thic a duge goi 1a mot s6 phite véi phan 4o bing 0, tic 1a a = a + 0i.
Nhu vay, méi s6 thuc ciing la mot s6 phite. Ta c6 R C C.

b) S6 phiic 0 + bi duge goi la s6 thuan ao va viét don gian 1a bi, tic 1a bi = 0 + bi.

1 néu n = 4k
inéun=4k+1
c) " ) (ke N)
—1 neun =4k +2

—inéun=4k+3

II. HAI SO PHUC BANG NHAU

Hai s6 phiic z = a + bi, 2’ = ¢ + di dugc goi 1a bang nhau néu phan thuc va phan 4o clia chiing tuong tng bing
nhau, ttc la

a—==«¢

b=d

a—&—bi:c—i—di(:){

III. BIEU DIEN HINH HOC CUA SO PHUC

Diém M (a;b) trong mot hé truc toa do vudng goéc clia mit phang duge goi la Yy
diém biéu dién sb phitc z = a + bi. M
b 777777777
!
|
|
0 a x
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1v. SO PHUC LIEN HOP

Dinh nghia. y A
Cho s6 phiic z = a + bi. Ta goi a — bi 1a s6 phiic lién hgp ciia z va ki hieu bt-------3 Fmam
la Z =a — bi. Ttc 1a |
a+bi=a—bi| 1
Tinh chét. 0O | a r
e Z =2 Y DU :
R R Z=a—bi
e Z =z & z ¢6 phan &o bang 0.
V. MO-DUN CUA SO PHUC
Gia sit s6 phiic 2z = a + bi duge biéu dién bdi diém M (a;b) trén mat phang toa do.
~ 1Nt o 2 e PEETN ~ 3 2 - IR T P N Yy
Do dai ctia véc-to OM dude goi 1a mo-dun ctia s6 phic z va ki hieu 1a |z|.
AN —
Tu dinh nghia, suy ra |z| = ‘OM‘ hay |a + bi| = ‘OM‘ Khi d6 M
b ,,,,,,,,,,
la + bi| = Va2 + b2. i
< —,

§2. CONG, TRU VA NHAN SO PHUC

I. PHEP CONG, TRU HAI SO PHUC

1. Phép cong hai sd phiic

Dinh nghia. Cho hai s6 phitc 2 = a + bi va w = ¢+ di (a,b,c,d € R). Khi dé, ta c6
(a+ b))+ (c+di) = (a+b) + (c+d)i.

Tinh chit ctia phép cong sé phiic. Phép cong sé phiic ¢6 tit ca cac tinh chat ciia phép cong sb thuc.

e Tinh chat két hgp
(x+y)+z=a+(y+2), Va,y,z€C.

Do d6 ta ki higu chung cac s6 (z +y)+zvaz+ (y+2) laz+y+ 2.
Néuzlzal—i—bli, Zo =as + boi, ..., zp = an + byl (ai,biER,i:1,2,...,n) thi

21tz 4 A zn = (a1 +ag - A an) + (b1 +ba + -+ by
e Tinh chat giao hoan
z+y=y+z Va,yeC.
e Cong véi 0
z+0=0+2=2, VzeC.
e V6i mdi sb phiic z = a + bi (a,b € R), néu ki hieu s6 phiic —a — bi 1a —z thi ta c6
24 (=2)=(-2)+2=0.

S6 phitc —z duge goi 1a s6 dbi clia s6 phitc z. Diém biéu dién s6 phiic z va diém biéu dién s6 doi ciia né doi
xting qua gbc toa do.
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e V6i moi s6 phiic z va w ta c6

Zz+w=7+w.

e Tdng clia mot sd phitc véi s6 phiic lien hop clia né bing hai 1an phan thuc clia s6 phic dé.

o |z +w| > ||z] — |w||, dAu “=" x4y ra khi chi khi z = kw véi k < 0.

o |z +w| < |z| + |w|, ddu “=" x4y ra khi chi khi z = kw véi k > 0.
2. Phép tri hai sd phiic
Dinh nghia. Hiéu ciia hai sé phitc z v w 13 tong clia z v6i —w, tidc 1a

z—w=z+(—w).
Néuz=a+bi vaw=c+di (a,b,c,d € R) thi
z—w=(a—c)+ (b—d)i.

Tinh chit phép trir hai sé phiic. V6i moi s6 phiic z va w ta c6

e z—w=2z—w.
o |z —w|>||z] — |w]||, dau “=” x4y ra khi chi khi z = kw véi k > 0.

o |z —w| < |z| + |w|, dAu “=" x4y ra khi chi khi z = kw véi k < 0.
3. Y nghia hinh hoc ctia phép cong va phép trir sé6 phiic

Néu z = a + bi, w = ¢+ di (a,b,c,d € R) 1an lugt duge biéu dién béi cac vée-to T, y
7 thi z + w duge bidu dién bdi @ + U, z — w duge biéu dién bdi @ — .

II. PHEP NHAN HAT SO PHUC
1. Dinh nghia.
Cho hai s6 phitc 2 = a + bi va w = ¢+ di (a,b,c,d € R). Khi d6 ta c6
z-w = (a+bi)(c+di) = (ac — bd) + (ad + be)i.
Chn y. V6i moi s6 thuce k ta c6 kz = ka + kbi. Dac bigt 0- z = 0.
2. Tinh chit phép nhan hai sé phiic.
Phép nhan hai s6 phiic c6 tat ca cac tinh chat ctia phép nhan hai s6 thuec.
e Tinh chit két hop
(xy)z = z(yz), Va,y,z € C.

Do d6 ta ki higu cac s6 phiic (zy)z va z(yz) la zyz.
Dac biet ta ki hieu 2" =z-z-2z---z (n € N*).
—

n sb6 phic z
e Tinh chat giao hoan

xy =yx, Va,y € C.
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e Nhéan v6i 1
l-z=2-1=2, VzeC.
e Tinh chit phan phdi ctia phép nhan ddi véi phép cong
x(y+z2)=ay+zz, Va,y,z € C.

e V6i moi sb phiic z, w ta déu c6

=32,
2wl = |2 - ful
§3. PHEP CHIA SO PHUC

I. DINH NGHIA

Néu ¢+ di = (a + bi)z thi s6 phiic z duge goi 1a thuong ciia phép chia ¢ + di cho a + bi khac 0.

II. CACH THUC HIEN PHEP CHIA HAI SO PHUC

Cho hai sb phtic z; = a + bi, 20 = ¢ + di trong d6 2z, # 0. Khi d6 thuong clia phép chia z; cho z, duge xac dinh
nhu sau

21 _a+bi_ (a+bi)(c—di)  (ac+bd) — (ad + be)i
29 c+di c? + d? c? + d? '

III. TINH CHAT PHEP CHIA HAI SO PHUC

Cho hai s6 phtic z, w trong dé w # 0. Khi do,
> _
- (3) -

I

z
w

g

§4. PHUONG TRINH BAC HAI VOI HE SO THUC

I. CAN BAC HAI CUA SO THUC AM

Cho a la s6 thuc am. Hai can bac hai ciia a 1a +i+/|al.

1I. CONG THUC NGHIEM CUA PHUONG TRiNH BAC HAI VOI HE SO THUC

Cho phuong trinh bac hai az? + bz + ¢ = 0 véi a,b, ¢ € R,a # 0. Xét biét thitc A = b2 — 4ac ctia phuong trinh.
Khi do:

b
e Khi A =0, phuong trinh c¢6 mdt nghiém thyc z = 5
a

b+ VA

e Khi A > 0, phuong trinh c6 hai nghiém thyc phan biét z; 2 = 5
a

—b+i/|A|
2a '

e Khi A <0, phuong trinh c6 hai nghiém phtc z; » =

III. DINH LY VI-ET CHO PHUOGNG TRINH BAC HAI TREN TAP sO PHUC C

Xr1 —+ €ro = ——
Cho 1, x5 1a hai nghiém ctia phuong trinh az? + bz + ¢ = 0 véi a,b,c € R,a # 0 thi a

T1T2 = —
a

35



Phan II

HINH HOC 12

36



Chuong 1

THE TiCH KHOI DA DIEN

§1. KHAI NIEM KHOI DA DIEN

I. KHAI NIEM KHOI DA DIEN
1. Khai niém hinh da dién
Hinh da dién 13 hinh dude tao béi hitu han cic da gidc théa méan hai tinh chét:

a) Hai da gidc phan biét chi c6 thé hoac khong c6 diém chung, hogic chi ¢6 1 dinh chung, hodc chi c6 mot canh
chung.

b) Mai canh ctia da gidc nao ciing 1a canh chung ctia ding hai da giac.

2. Mat phang dbi xiing ctia mot hinh

Mit phing (P) dugc goi la mit phang ddi xiing clia hinh (H) khi phép déi xiing qua (P) bién hinh (H) thanh
chinh né.

3. Khai niem khéi da dién

Khéi da dién 13 phan khong gian dude gidi han bdi mot hinh da dién, ké ca hinh da dien do6.

Vi du Nhitng hinh sau day la khéi da dién

Vi du Nhitng hinh sau ddy lo khéng phdi la khoi da dién

[>T
= & A
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II. PHAN CHIA KHOI DA DIEN

Khéi da dien ABCD.A'B'C'D’ dudc chia thanh nhidu ti D C
dien nhé, d6 1a cac t dien A.A’B'D', C.B'C'D’, B'.ABC, .
D'.ACD va C.AB'D'.
Do do, Vapcp.arsrcrpr = Va.arp o +Vepop +Veape + A N\ ! B
Vpr.acp +Ve.ap o 2 ! .
D\‘\:,’/
ke '.\_\_\_\ __________ C’
ya= ¥

III. CAU HOI KHAO BAI

Cau 1. Néu dinh nghia hinh da dién, khéi da dieén?

Cau 2. Neéu dinh nghia mat phing déi xiing ciia mot hinh?

§2. KHOI DA DIEN LOI - KHOI DA DIEN DEU

I. KHOI DA DIEN LOI
Dinh n%hia. Mot khdi da dién duge goi 1a 16i khi va chi khi mién trong ctia né luén nim vé moét phia véi mdi
mat phang chida moét mat bén cia noé.
1. KHOI DA DIEN DEU
1. Dinh nghia khéi da dién déu
Khoéi da dién déu 1a khéi da dién 16i c6 cac tinh chat sau
a) Mbi mit clia n6é 1a mot da giac déu p canh.
b) Mbi dinh ctia né la dinh chung ctia ding ¢ mat.

Mot khéi da dien c6 diic diém nhu tren duge ky hicu 1a {p; ¢}.

2. Phan loai khéi da dién l6i

C6 5 loai khéi da dien déu

ON

Loai Ten goi S6 dinh | S6 canh | S6 mat | S6 mit phang ddi xing
(337 | Tudien déu 1 6 1 6

{4; 3} Lap phuong 8 12 6 9

(3,4} | Bas dien déu 6 12 8 9

{5; 3} | Mudi hai mat déu 20 30 12

{3;5} | Hai muoi mat déu 12 30 20

}_ ______ L —
/
/
/
/
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Chi y. Goi D la tong s6 dinh, C la téng s6 canh va M la tdng s6 mit ctia khéi da dien déu loai {p; q}.
Ta c6 gb = 2C = pM.

III. CAU HOI KHAO BAI

Cau 1. Dinh nghia khéi da dién 16i?
Cau 2. Dinh nghia khéi da dien déu?
Cau 3. Vé bang phan loai 5 khéi da dién déu?

§3. THE TICH KHOI DA DIEN

I. THE TICH KHOI CHOP
1. Cong thiic thé tich khdi chép tong quat
Trong hinh bén, hinh chép S.ABCD c¢6 SH L (ABCD). Khi d6, SH la

dudng cao c6 chicu dai h, ABCD la déy c6 dién tich S, .
Thé tich khéi chép 1a

h

1
V=35,

ay

2. Khbdi chép c6 mét canh bén vudng géc mit day

Trong hinh bén, chinh chép S.ABCD c6 canh bén SB L (ABCD) nén
cong thiic thé tich 1a

1
Vzg'sdéy'SB

39



Truong THPT Thang Long CHUONG 1. THE TICH KHOI DA DIEN

3. Khbi chép tam giac déu

Cho hinh chép déu S.ABC.
e Trong hinh vé& 1a hinh chép tam gidc déu S.ABC. Khi dé,

v SA=SB=5C.

v AABC la tam gidc déu.

v ASAB,ASAC, ASBC can tai S.

v SG L (ABC) tai G v6i G la trong tam AABC.

. 1
e Cong thic the tich |V = § -Saapc - SG

4. Khbi chép ti giac déu

Cho hinh chép tit giac déu S.ABCD.
e Trong hinh v& 1a hinh chép t giac déu S.ABCD. Khi do,

v SA=SB=5C=S5D.
v’ ABCD la hinh vuong.
v SO L (ABCD).

N 1
e Cong thic the tich |V = 3 Sapcp - SO

5. Cong thic ti sé thé tich
Cho khéi chép S.ABC. Trén cac canh SA, SB, SC lan lugt lay cac diém
A, B, C'. Khi d6

Vsapc SA SB SC
Vsapc SA SB SC'

1. THE TiCH KHOI LANG TRU

1. Cong thic thé tich khbi ling tru tong quat
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Trong hinh bén, hinh ling tru ABCD.A'B’'C'D’ ¢6
A'H 1 (ABCD). Khi d6, A’H 1a dudng cao c6 do
dai h, ABCD la déay c6 dién tich Sdéy'

Thé tich khéi ling tru la

2. Khéi lang tru diing

Hinh bén 13 khéi lang tru ding ABCD.A’B’C'D’. Khi d6, A’A

B/ C/
la dudng cao ctia hinh lang tru, ABCD la ddy c6 dién tich Sy, . !
Thé tich khéi ling tru la Al !
V=S4 - A'A
A< ]

III. ON TAP KIEN THUC CU
1. Cong thic trong tam giac vuodng

Trong hinh vé bén la tam giac ABC vuong tai A.

duong cao

B canh huyén C

a) Cong thic Pi-ta-go

(canh huyén)? = (canh géc vuong 1) + (canh géc vuong 2)?

b) Dudng trung tuyén vé tit dinh A

(canh huyén)
2

(duong trung tuyén) =
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¢) Duong cao vé tir dinh A

(dudng cao) =

(canh géc vudng 1) - (canh géc vudng 2)

(canh huyén)

d) Cong thitc lugng giac ctia goc ABC

. (d6i) AC
sin ABC' = =—_—.
(a) sin (hmyen) ~ BC
— (ke) AB
b ABC = = ——
(b) cos (hyen) ~ BC
—,  (d6i) AC
(c¢) tan ABC = %)  AB

2. Cong thiic trong tam giac déu

Trong hinh bén la tam gidsc ABC déu, CM vita la dudng trung tuyén, vita 1a
dudng cao, vira 1a dudng phan gidc vé tit dinh C ctia tam gidc ABC. Khi d6, mot
s6 tinh chat ciia tam gidc can duge ghi nhé

e C4 ba dudng cao clia tam gidc déu thi bang nhau, hon nita chiing ciing 1a
dudng trung tuyén, dudng phan gidc clia tam giac

e (Cong thitc tinh do dai dudng trung tuyén tam gidc déu

CM =

(canh) - V3

2

3. Cong thic dién tich thudng gap

a) Cong thic dién tich cta tam gidc vudng

S:

(canh géc vuong 1) -

N =

(canh gbc vudng 2)

b) Céng thitc dién tich ciia tam giac déu

Cho tam gidc ABC déu. Khi d6, dién tich tam gidc dudc tinh bing cong thiic

SaaBc =

(caunh)2 V3
4

¢) Cong thitc dién tich ctia hinh vudng

S = (canh)®

(dudng chéo) = (canh) - V2
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d) Céng thic dién tich cta hinh chi nhat

S = (chiéu dai) - (chiéu rong)

e) Cong thic dién tich cta hinh thang vuodng

(day 16n) + (day bé)

S = 5

- (dudng cao)

f) Cong thic dién tich ctia hinh thoi

S = = - (duodng chéo 1) - (dusng chéo 2)

to\»—*

IV. CAU HOI KHAO BAI

Cau 1. Neu (Viét) cong thiic thé tich khéi chép tong quat?
Cau 2. (
Cau 3. Neu (
Cau 4. Neu (vi

u (

(

(

(

o~

Vi

t) cong thiic thé tich khéi chép tam giac déu?

o™

vi

t) cong thitc thé tich khéi chép tit gidc déu?

o~

Cau 5.
Cau 6. Néu
Cau 7. Néu

Cau 8. Néu (viét) 4 nhém cong thiic trong tam giac vuong?

viét) cong thic ti s6 thé tich?

cong thic thé tich khéi lang tru téng quat?

iét
viét
viét

cong thitc thé tich khéi ling tru ding?

)
)
)
)

chiéu dai
o0
g
«©
-
=
e
=
]
day 16n
]
o)
3
&
)
=)
Q0
=
LS
jul
day bé

dudng'chéo 1

t) cong thiic thé tich khéi chép c6 mot canh bén vuong géc véi day?

Cau 9. Neéu (viét) cong thitc tinh dudng trung tuyén, dudng cao ciia tam giac déu? Cong thitc tinh dudng chéo

cuia hinh vuong?

Cau 10. Néu (viét) cac cong thitc tinh dién tich hinh tam gidc vudng, tam gidc déu, hinh vuong, hinh chit nhat,

hinh thang vuong va hinh thoi?
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KHOI NON - KHOI TRU - KHOI CAU

§1. KHOI NON
I. KHAI NIEM HINH NON

Cho tam gidc OIM vuong tai I. Khi quay tam giac d6 xung quanh
canh géc vudng OI thi duong gip khtic OMI tao thanh mot hinh goi la
hinh nén tron zoay, goi tat 14 hinh non.

II. CAC YEU TO €O BAN CUA KHOI NON

e 7 14 ban kinh duong tron day.
e h la chiéu cao ciia hinh nén.

e [ 1a dudng sinh ctia hinh noén.

III. DIEN TiCH, THE TiCH KHOI NON

1. Dién tich xung quanh hinh nén

Sgqg=m-1"1

2. Dién tich toan phan hinh nén

Sp=m-r-l+m- T
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3. Thé tich khéi nén

IV. CAU HOI KHAO BAI

Cau 1. Cho tam giac OIM vudng tai I, néu cach tao hinh nén? Néu cac yéu t6 ctia hinh nén?
Cau 2. Néu cac cong thic tinh dién tich ctia hinh nén?

Cau 3. Néu cong thiic tinh thé tich khéi nén?

§2. KHOI TRU

I. KHAI NIEM HINH TRU

Cho hinh chit nhat AOO'D quay xung quanh canh OO’, thi dudng gap khic OADO’ tao
thanh mot hinh dude goi 1a hinh tru tron xoay hay con goi tat 1a hinh tru.

1. CAC YEU TO CO BAN CUA HiINH TRU

e [ 13 dudng sinh ctia hinh truy. D @

e 7 14 ban kinh dudng tron day cta hinh truy.

e h la chiéu cao ciia hinh tru.

III. DIEN TiCH, THE TiCH KHOI TRU

1. Dién tich xung quanh hinh tru
Spq=2m-1-1

2. Dién tich toan phan hinh tru

Stp:27r~r~l+2ﬂ'-r2

3. Thé tich khdi tru

IV. CAU HOI KHAO BAI

Cau 1. Néu cach tao ra hinh try tit hinh chit nhat OO’ DA? Néu cac yéu td clia hinh try?
Cau 2. Néu cong thitc tinh dién tich xung quanh, dién tich toan phan cta hinh tru?

Cau 3. Néu cong thiic tinh thé tich cia khéi tru?
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§3. KHOI CAU
I. KHAI NIEM HINH CAU, YEU TO CO BAN CUA HINH CAU

r 1a ban kinh ctia hinh cau.

II. DIEN TiCH, THE TiCH KHOI CAU

1. Dién tich hinh cau

S =dm-r?
2. Thé tich khéi cau
4
V= gﬂ' o3

III. VI TRI TUGNG POI GIUA MAT PHANG VA MAT CAU

Cho mit cau (S) tam O, ban kinh R, d 1a khodng cich tr tam O dén (P).

So sanh Vi tri tuong dé6i Dic diém Hinh minh hoa

R y Thiét dién 13 dudng tron c6 ban
d < R (P) va (S) cat nhau kinh 7 — \/ﬂ

d=R (P) va (S) tiép xic nhau | (P) goi la tiép dien

d>R | (P)va(S) khong cit nhau
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IV. CAU HOI KHAO BAI

Cau 1. Néu cong thic tinh dién tich hinh cau? Néu cong thic tinh thé tich khéi cau?

Cau 2. Mb ta cac vi trf tuong dbi clia khéi cau véi mat phing?
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Chuong 3

PHUONG PHAP TOA PO TRONG
KHONG GIAN

§1. HE TOA PO TRONG KHONG GIAN
I. HE TRUC TOA O OXYZ

Hé truc toa do Ozyz gdm ba tia Oz, Oy vd Oz dd6i mot vuong géc nhau nhu
hinh vé beén.

e Cac véc-to fZ, f, k 1a cac véc-to don vi cia cac truc Oz, Oy, Oz.

o il =1,1jl=1 [k =1

=0,i-k=0,7 k=

S

® -

e i=(1;0;0), = (0;1;0), k = (0;0;1).

II. TOA bO DIEM, TOA PO VEC-TO
Cho A(za;ya;24), B(zp;ys; 2p) va Clzciyc; zc)

a) Ei:(al;ag;ag)c)d’:al~Z+a2-f+a3-/%'.

b) M(x;y;z)<:>0—1\>/[:w~f+y-5+z~lg.

e M=0=z=y=2=0— M(0;0;0).

M € (Ozy) = 2 =0 — M(x;y;0).
M e (Ozz) = y=0— M(z;0;2).
M € (Oyz) = x=0— M(0;y; 2).
e MeOr=y=2z=0— M(x;0;0).
e MeOy=xz=2=0— M(0;y;0).
e McOz=zx=y=0— M(0;0; 2).
)-

c) E:(xB_xA§yB_yA;ZB_ZA

d) M la trung diém ctia doan AB, ta c6

. _Zatap, :yAJFyB_Z _ ZA*tzB
M=% » Ym T M B) .
e) G la trong tam ctia AABC, ta ¢
TA+2TB+ o Yya+ys +yc zA + 2B + zc
Te=—5 S Ye=T g = 5
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£) Diém M chia doan AB theo ti 6 & (k # 0), nghia In MA = kMB, toa do diém M I

ra —krp _ya—kyp _za—kzp
1—k M7 T OMT T g

Ty =

III. HAI VEC-TOG BANG NHAU. TOA PO VEC-TG TONG, VEC-TG HIEU
Cho hai véc-to @ = (a1; as; az) va b= (b1; be; b3). Khi do,
ap = b1

a) @=0b< { ay = by (hoanh = hoanh; tung = tung; cao = cao).

a3:b3

k-d= (kal; kQQ; kag).

3

a+nb= (may = nby; mas + nby; mag + nbs).

IV. TICH VO HUOGNG CUA HAI VEC-TO VA UNG DUNG
a) @-b=|dl-|b|cos(@ b) = a1by + asby + asbs.
b) |d@| = /a? + a3 + a3.

c) AB = \/(.’EB —24)24+ (yp —ya)?+ (2B — 24)>.

!

oo a g a1by + asby + asbs
d) cos(d,b) = — = .
@l - |b] a3+ a3 +aZ- /b + b3+ b3

e) 6L5®6-520©a1b1+a262—|—a3b3:0.

V. TICH CO HUGNG CUA HAI VEC-TO VA UNG DUNG

a) [(_i,a = (_1:/\ 5: ( Zj Z: ] Z;’ Zi ] Zi zg ) = (a2b3 — agbg;ag,bl — a1b3;a1b2 — agbl).
b) [d‘vﬂ} = _[57 al
c) [@,b]La; [d,b]Lb.
Q) |[@.8)| = |al -5 sin(@. )
¢) @ cing phuong b < [@,b] = 0 < a_dz_ % (néu bibabs # 0).
b1 by bs

f) @, b, ¢ ddng phéng < [d@,b] - &= 0.
g) A, B, C thing hang < AB cling phuong AC & {E, B} = 0.

h) A, B, C, D déng phing < [ﬁ,ﬁ] LAD = 0.

i) Dién tich tam giac ABC l1a Spapc = % ‘ {E,ﬁ} ’
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. . —
i) Thé tich khéi hop ABCD.A'B'C'D’ | Vapop.aprernr = ’ [E, E] AN

B C

k) Thé tich khéi lang tru ABC.A'B'C’ 1a Vapo.aper =
B’ c’
A
q ) 1
1) Thé tich khi tit dien SABC Ia Viasc = ¢ ’ [@i, S?} : S?‘
S
B

VI. QUAN HE GIUA CAC VEC-TO

Cho @ = (ay; as; as), b = (by; by; bs). Khi do,

1. Hai véc-to vudng goéc

@156 @5 =0 arby +asby + asbs = 0,

Chau y.
e Tam giac ABC vuodng tai A < BLJ@ =0.

dlAB

Dudng thang d_L(ABC .
e Dudng thang d_L( ) & {dJ_AC

2. Hai véc-to cung phuong

a cung phuong b [Zi, 5} — e _2_% (néu bybabs # 0)
by by b3

Chau y.
e A, B, C thing hang < E cung phuong véi 1@

e A, B, C la ba dinh ctia tam gidc < A, B, C khong thing hang < 1@ va ﬁ khong cung phuong <
{ﬁ7 ﬁ} #* 0 < Hai trong ba ti l& %7 %, % khéc nhau (b1ba2bs # 0).
1 02 b3
e ABCD la hinh thang c6 hai day AB va CD & zﬁ cting phuong véi D?
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3. Hai véc-td bing nhau

a; = bl a; = ]ﬂbl may = ’I’Lbl
=0 as = by ; a=kbo as = kb ; ma = nb < mag = nbo
az = b3 az = k‘b3 mas = nb3

Chii §. ABCD 1a hinh binh hanh < AB = DC hoic AD — BC.

4. Gobc

COS(d g)_ d’l; _ a1b1+a2b2+a363
’ @b /a3 +a3+a3 - /b7 + b3 + b3

Cha y.
e Goi ¢ la goc gitta hai dudng thing AC va BD. Khi dé

_ |AB-CD|

CsO= R oD
e Goc A ciia tam giac ABC dugc tinh bing cong thic
- AB-AC

cos A = m

5. Ba véc-to dong phing

Ba véc-to @, b, ¢ déng phing < [Ei, 5} -¢=0.

Chi .
e A, B, C, D lap thanh t& dién < A, B, C, D khong déng phing < [ﬁ,ﬁ} JAD #£0.

e A, B, C, D lap thanh t& gidc < A, B, C, D déng phing < [ﬁ,ﬁ} JAD = 0.

VII. CAC PIEM DAC BIET TRONG TAM GIAC, TU DIEN

1. Trung diém doan thang
raA+xp

Néu M la trung diém ctia doan thing AB thi { yy; = ya ;yB
zZA + 2B

2. Cac diém dic biét trong tam giac

Cho tam giac ABC, mot s6 diém dac biet trong tam gidc duge xac dinh nhu sau
TA+2Tp+ 20
TG =g

_ Yya +YB + Yo

oTrongtachﬁaAABC’@O?:%((T4+O?+O?):6¢> e 3

ZA + 2B + 2¢
ZG:f

AH 1 BC

e M 1a tryc tam cia ANABC < B?J_@

i [18.4¢] =0
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—
AA 1BC
e A’ la chan duong cao cia AABC & ¢ .
BA' = kBC
s o1a N A A ? AB ?
e D la chan duong phan giac trong ctia géc A cia AABC < DB = —ED .

~ AB?
e F la chan duong phan giac ngoai clia goc A cia AABC & E§ = A—CE .
s — .
e [ la tam dudng tron nodi tiép AABC’@@-IA—H%I‘ﬁ—I—c-I’g:Otrongdc’)a:BC’, b= AC va c= AB.

3. Cac diém dic biét trong ti dién
Cho ti dien ABCD, mot sé diém dic biet thuong gip

Ta+xp+2xct+2Tp

rg = 4
e (G 1a trong tam t¢ dien ABCD < < yg = yatys Zyc typ

zZA+ 2B+ 2¢c + 2D
4

zZq =

AH LBC
e H 1 hinh chiéu ciia A len (BCD) & { BH 1 BD

gt [0, 58] —0.

§2. VIET PHUONG TRINH MAT PHANG

I. VEC-TOG PHAP TUYEN CUA MAT PHANG

o Véc-to it # 0 duge goi 1a véc-ta phap tuyén (VIPT) ciia mit phing (a) néu gia ciia né vuong goc véi (a).
L |i=lad]
T b
n
K

e Néu hai véc-to @, b (khac 0 va khong ciing phuong véi nhau) c6 gia song song hodc nim trén (o) thi @, b duge
goi 1a cap véc-ta chi phuong cla (a).

—

Khi d6, (o) ¢6 mot véc-to phap tuyén la 7 = [d’, b}

II. PHUONG TRINH TONG QUAT CUA MAT PHANG

e Phuong trinh téng quat clia mat phing c6 dang

‘ax—ﬁ—by—i—cz—i—d:O‘

trong d6 a? 4 b% + % # 0, véc-to it = (a; b; ¢) 1a véc-to phap tuyén ciia mit phing.
e Mit phing (a) di qua diém M (xo;yo; 20) va ¢c6 VIPT 1a i = (a; b; ¢) c6 phuong trinh 1a

(a): a(x — zg) + by — yo) + c(z — z9) = 0.
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III. PHUONG TRINH MAT PHANG THEO DOAN CHAN

Mit phing di qua ba diém A(a;0;0) € Ox, B(0;b;0) € Oy, C(0;0;¢) € Oz
(a,b,c # 0). Phuong trinh mit phang c6 dang
Yy

T z
S+i4 =1
a b ¢

IV. PHUONG TRINH MAT PHANG DAC BIET
a) (): az+by+d=0— (a) | Oz b) (@): az +by =0 — () D Oz
) (@):az+d=0— (o) || (Oyz). d) (@): az =0 —> (a) = (Oyz).
e) (@): ax +by+cz=0— («) di qua goc toa do.

Cac truong hgp con lai tuong tu.

V. HAI MAT PHANG SONG SONG

Cho hai mat phang («) || (8) va mat phang («): ax + by + cz + d = 0. Khi d6, mat phang (3) c¢6 phuong trinh
tdng quat 1a
ar+by+cz+d =0

trong d6 d # d'.

§3. VIET PHUONG TRINH DUGNG THANG

I. VEC-TO CHI PHUONG CUA DUONG THANG

o Véc-to @ # 0 duge goi la vée-to chi phuong (VTCP) ciia duong thang d néu gia ciia né cting phuong (song

song hoic trung) véi d.
/
a

e Néu hai véc-to @, v (khac 6, c6 gia vuong goc v6i d va khong ciing phuong vé6i nhau) thi dudng thing d
¢6 véc-to chi phuong 1a @ = [, 7).

II. PHUONG TRINH THAM SO CUA DUGNG THANG
Dudng thang A di qua diém M (zo; yo; 20) VA ¢6 véc-to chi phuong @ = (a; b; ¢), c6 phuong trinh tham sb 1a

xr=x9+ at
y=vyo+b (teR).
z2=2z9+ct

93



Truong THPT Thang Long CHUONG 3. PHUONG PHAP TOA DO TRONG KHONG GIAN

III. PHUONG TRINH DUGNG THANG DAC BIET

e Duong thing 2’Ox c6 phuong trinh tham s6 1a ¢ y =

e Duong thing y/Oy c6 phuong trinh tham s6 1a { y =

e Dudng thing z’Oz c6 phuong trinh tham s6 14 { y =

IV. PHUONG TRINH CHINH TAC CUA DUONG THANG

Néu dudng thang d di qua diém M (zo; yo; 20) va c6 véc-to chi phuong @ = (a;b;c) (abc # 0) thi phuong trinh chinh

tac cla d 1a
T—Zo Y—Y <Z— 20
a b c

V. HAI DPUONG THANG SONG SONG

r =x9+ ait
Néu d: { y=1yo+ast vad]| d thid c6 véc-to chi phuong 1a @y = (a1;as2;a3).

z = z9+ ast
VI. DUONG THANG VUONG GOC VOI MAT PHANG
Néu dudng thing d 1 (P) va (P): ax + by + cz +d = 0 thi @iy = (a; b; ¢) 1a véc-to chi phuong ctia d.

§4. KHOANG CACH

I. KHOANG CACH TU MOT DIEM DPEN MOT MAT PHANG

Khoang cach tit diém M (zo; yo; z0) dén mit phing (P): ax + by + cz + d = 0 duge tinh bing cong thiic
_axo + byo + czo + d|

) = ey @

II. KHOANG CACH TU MOT PIEM PEN MOT PUGNG THANG

r=2x1 +at
Khoang cach tit diém M (zo;yo; z0) dén duong thang A: { y = y; + bt dugc tinh bing cong thiic
z=2z1+ct

[

]

d(M,A) =

trong d6 M, (x1;y1;21) la diém tiy ¥ trén duong thang A, véc-to i la véc-to chi phuong ctia dudng thang A.

III. KHOANG CACH GIUA HAI MAT PHANG SONG SONG VOI NHAU

Hai mit phing (P): ax +by +cz+d =0, (Q): ar + by + cz + d’ = 0 song song v6i nhau. Khoang céch giita (P)
va (Q) dugc tinh bing cong thic
|d —d'|

Vaz £+ 2
54

d((P),(Q)) =
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IV. KHOANG CACH GIUA HAI DUONG TH;&NG SONG SONG VOI NHAU
Cho hai dudng thang
e A di qua diém M (zo;yo; z0) va ¢6 VICP la @ = (a; b; c).
o A di qua didm M’ (z);yh: z4) va c6 VICP la o’ = (a/;V;¢).
song song nhau. Khoang cach gitta hai duong thing A va A’ 14 khodng cach tit diém M (zo; yo; 20) dén duong thing
A.
V. KHOANG CACH GIUA HAI PUGNG THANG CHEO NHAU
Cho hai dudng thing
e A di qua diém M (x¢;yo; z0) va c6 VTCP la i@ = (a; b; ¢).
o A’ di qua diem M'(z(;yh; z) va c6 VTCP la = (a3 V).
chéo nhau. Khi dé, khoang cach gitta hai dudong thing d va d’ dudc tinh bing cong thiic
[,/ MM

2]

VI. KHOANG CACH GIUA MOT PUGNG THANG SONG SONG VOI MOT
MAT PHANG

d(A, A =

Cho duong thing vi miit phing
e dudng thang A di qua diém M (zo; yo; z0) vA c¢6 VICP 1a @ = (a; b; c).
e mit phing (P): ax + by +cz +d = 0.
song song nhau. Khodng cach gitta A va (P) 1a khodng cach tit M (zo; yo; 20) dén (P).

§5. TiM HINH CHIEU CUA DIEM

I. HINH CHIEU CUA MOT DIEM LEN MOT MAT PHANG

Phuong phap. Tim hinh chiéu ctia diém M (z0;yo; z0) lén mit phing (P): ax + by + cz +d = 0, thyc hién theo
cac bude

e Goi d la duong thing di qua diém M va vuong géc véi (P), viét phuong trinh duong thing d.
e Tim giao diém ciia duong thing d va mit phing (P).

e Két luan toa do hinh chiéu.

1. DIEM DOI XUNG CUA MOT DIEM QUA MOT MAT PHANG
Gia st H 1a hinh chiéu ctia diém M lén mat phéng («) va M’ d6i xting v6i M qua (). Khi d6, H 1a trung diém
ctia doan M M.

III. HINH CHIEU CUA MOT DIEM LEN MOT DPUGNG THANG

r=x1+at
Phuong phap. Tim hinh chiéu ctia diém M (zo; yo; 20) 1én dudng thang d: { y = y1 + bt , thyc hién theo cic bude

z=2z1+ct
e Goi (P) la mat phang di qua diém M va vuong goc véi d, viét phuong trinh mat phang (P).
e Tim giao diém ciia duong thing d va mit phing (P).

e Két luan toa do hinh chiéu.
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V. DIEM POI XUNG CUA MOT PIEM QUA MOT DPUONG THANG

Gia stt H 1a hinh chiéu ctia diém M lén dudng thing A va M’ d6i xting v6i M qua A. Khi d6, H 1a trung diém
ctia doan M M’'.

V. DPIEM bOI XUNG CUA MOT DIEM QUA MOT DIEM

Gia stt M’ d6i xitng v6i M qua diém I. Khi d6, I 1a trung diém ctia doan MM'.

§6. VIET PHUONG TRINH MAT CAU

I. PHUONG TRINH MAT CAU

e Mit cau (S) tam la diém I(a;b;c), ban kinh R c6 ban kinh 1

(S): (=0 + (=) + (2= ) = B

N/

2?24 y?+ 2% —2ax —2by —2c2+d=0

e Phuong trinh

13 phuong trinh mat cau khi diéu kién ‘ A4+ 4+ —-d>0 ‘ dudc thoéa man. Khi diéu kien duge théa man,
phuong trinh trén la phuong trinh mit cau c6 tam la diém I(a;b;c), ban kinh R = v/a2 + b2 + ¢ — d.

II. VIET PHUGNG TRINH MAT CAU KHI BIET TAM VA MAT PHANG TIEP
XUC
Gia sit mit cau (S) c6 tam la diém I(a; b; ) va tiép xic v6i mit phang (a): ma + ny + pz +r = 0. Khi dé, phuong

trinh mat cau (9) la
(x—a)®> + (y—b)*+ (2 —¢)? = R?

_|ma+nb+ pc+r|

/m2 +n2 +p2

trong d6 R = d(I, (o))

III. VIET PHUONG TRiINH MAT CAU KHI BIET TAM VA PUGNG THANG
TIEP XUC

xr =xo+ mt
Gia st mat cau (S) c6 tam la diém I(a;b;c) va tiép xic v6i duong thing A: ¢ y = yo +nt . Khi d6, phuong trinh
2 =29+ pt
mit cau (9) la
(x—a)*+ (y—b)?2+(z—c)? = R?
—
[73.4)

]

trong d6 R =d(I,A) = , diém M (xo;y0; 20), @ = (m;n;p).
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§7. VI TRi TUGNG DO1T

I. VI TRI TUOGNG DOI GIUA HAI MAT PHANG

Cach 1.
Cho hai mit phing (a): az +by +cz+d=0va (/): dx+by+cz+d =0 (a'bc'd #0). Khi do
L a b c d .
.Neug:g:g¢gthl(a)“(a/)
. a b c . o,
.Neu;:y:gzgthl(a):(a)

e Céac truong hop con lai thi (o) cat (o).
Cach 2.
Cho hai miat phiang (o) di qua diém M (zo;yo; 20) nhan 7 = (a;b;¢) lam VTPT; (o) di qua diém M’ (z;yh; 25)
nhan n/ = (a’;V; ') lam VIPT. Khi d6

II. VI TRI TUGNG DOI GIUA HAI PUGNG THANG
Cho hai dudng thang
e A di qua diém M (zo;yo; z0) V& c6 véc-td chi phuong i@ = (a; b;c).

e A’ di qua diém M'(z(;yh; z4) Vi ¢ véc-ta chi phuong W = (a';b'; ).

thi A va A’ cdt hoic chéo nhau.

th
=11

MM’ #0 thi A vi A’ chéo nhau.

—) .
MM’ =0 thi A va A’ cat nhau.

I
(=1

thi A va A’ song song ho#c trung nhau.

— Néu |4, MM’] # 0 thi A va A’ song song nhau.

— Néu |, MM/] =0 thi A va A’ tring nhau.

III. VI TRi TUGNG DOI GIUA HAI MAT CAU
Cho mit cau (S) tam I ban kinh R va mat cau (S’) tam I’ ban kinh R’. Khi do,
e R+ R =1II'"thi (S) va (9’) tiép xic nhau (tiép xtic ngoai).
e |R— R/|=1II"thi (S) va (S') tiép xtic nhau (tiép xic trong).
e R+ R < II' thi (S) va (S’) khong c6 diém chung.
e R+ R > 1II' thi (S) va (S’) cat nhau.
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IV. VI TRi TUOGNG POI GIUA PUGNG THANG VA MAT PHANG

xr =x9+ at
Yy =Yyo + bt
z=2zy+ct

T =x9+ at
Cho duong thang A: { y = yo + bt va mit phang (a): ma+ny+pz+r = 0. Xét he phuong trinh
z=2zy+ct
mx+ny+pz+r=0
Khi do,
e Néu he phuong trinh c6 mot nghiem (z;y; 2) thi A cit () tai mot diem M (x;y; 2).
e Néu hé phuong trinh vo nghiém thi A || ().

e Néu hé phuong trinh c¢6 vo s6 nghiem thi A C ().

V. VI TRI TUGNG DPOI GIUA MAT PHANG VA MAT CAU
Cho mit cau (S) tam I ban kinh R vh mat phang (o). Khi do,
e Néu d(/, () = R thi () tiép xiic (S).

e Néu d(/, (« )) < R thi (o) cat (S) theo giao tuyén 1a duong tron tam I’ (I’ 1a hinh chiéu ctia I len («)) ban

kinh r = /R? — d?(1, (v

()

e Néu d(I, (a)) > R thi (a) va (S) khong c6 diém chung.
(@)
)

§8. GOC

I. GOC GIUA HAI MAT PHANG

Cho mit phéng (a) ¢6 VIPT la 7@ = (a;b;c) v mit phing (o) ¢6 VIPT la n/ = (a';0/;¢'). Khi do6, goc ¢ giita
(o) vd (o) dugc tinh bing cong thiic

|7 - | B laa” + bb + |

Ccos @ = - =
¢ 72| - |n| Va2 + b2+ c2V/a?2 + b2 + 2

II. GOC GIUA HAI PUONG THANG

Cho dudng thing A ¢6 VICP la @ = (a;b;c) va duong thing A’ ¢6 VICP la o/ = (a/;b';¢). Khi d6, goc ¢ giita
A va A’ duge tinh bang coéng thitc

|- | B laa’ + bb' + /|

Ccos O = = =
¢ W||u/| \/a2+b2+02\/a’2+b’2+c’2

L. GOC GIUA PUONG THANG VA MAT PHANG

Cho mit phang («) ¢c6 VIPT la 7 = (a;b;c) va duong thaing A ¢c6 VTCP 1a @ = (a';V';¢'). Khi do, goc ¢ giita (a)
va A duge tinh bang cong thic

|- laa’ + bb' + |

sing = —— =
¢ |n||u| Va2 + b2 + c2Va2 + b2 + 2
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