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BAlI TOAN MAX - MIN SO PHUC.
NOI DUNG LIVE - TRQ GIUP Ki THI 2018.
Tai liéu c6 st dung nguon deé tir cac treong trén toan qudc va cta quy thay c6 trong nhém Van
Dung Cao.

Ky nang:

e Phuong phap dai sé.
Phuong phap hinh hoc.
Phuong phap bdt modun.
Phuong phap casio.

Mot s6 tinh chat can nhé.

1. Médun ctia s6 phirc:
= S5 phitc z = a+bi duoc biéu dién boi diém M(a; b) trén mit phing Oxy. D6 dai cua vécto OM
duoc goi 1a modun ctia s§ phtic z. Ki hiéu |z| = [a +bi| = va’ + b’
* Tinh chat
o |z|=a? +b? =Jzz =|OM| o|z[>0,vzeC |zl=0=2=0

|2|

Z

e |z.2'=1zl.I2' (z 7&0) o lzl-1z <lz £z <zl +]2

. \kz\:\k\.\z\,keR

—2 -

* Chay: ‘zz‘:‘az —b? +2abi‘:\/(a2 —b?)? +4a’h?® =a’® +b? =‘z‘2 =|z| =z.z.
Lu’uy
‘Z +2 ‘ ‘Z‘ ‘Z ‘ d4u bing xay ra <z, =kz (k 0)
J ‘Z —Z‘ ‘Z‘ ‘Z ‘ daubangxayra <z, =kz (k 0) .
. ‘Z +2 ‘ HZ‘ ‘Z H d4u bing xay ra <z, =kz (k 0)
. ‘Z —Z‘ HZ‘ ‘Z H d4u bing xay ra <z, =kz (k 0)
o ezl v =2(2f +[2.f)
. ‘Z‘z =z vzeC
2.Mot s6 quy tich nén nhé
Biéu thirc lién hé x,y Quy tich diém M
ax+by+c=0 (1) (1)Puong thing A:ax+by +c =0
‘z—a—bi‘=‘z—c—di‘ (2) (2) Buong trung truc doan AB
v6i(A(a,b),B(c,d))
(x_a)z +(y—b)2 - R? hoic Duong tron tam I(a;b) ,ban kinh R
z-a-bi|=R

(x—a)2 +(y—b)2 <R? hoic Hinh tron tam 1 (a;b) , ban kinh R
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z-a-bi|<R
r? < (X—a)z +(y—b)2 < R2hoic Hinh vanh khan giéi han boéi hai duong
: tron don tam I(a;b), ban kinh lan Iuot 12
r<|z-a-bi|<R
r,R
=ax’ Parabol
y ax2+bx+c(0¢0) arabo
X=ay“+by+c
? ? 1) Eli
(x+2a) +(y+zc) _1(1) hose (1) Elip
b d
z-a,—bi|+|z-a,-b,i|=2a (2) Elip néu 2a> AB ,A(a,,b,),B(a,,b,)
Poan AB néu2a=AB
2 2 Hypebol
(x+a) _(y+c) 4 yp
b? d’

Mot s6 dang dac biét can luu y:
Dang 1: Quy tich diém biéu dién s phitc 1a duong thang.
TQ1: Cho s phtrc z thoa mén [z-a-bi|=|z| , tim \z\Mm . Khi d6 ta c6

v Quy tich diém M(X;y) biéu dién s6 phitc z 1a duwong trung truc doan OA véi A(a;b
y p g g

A =5l =5V
4 a b.
Z=—+—I
2 2

TQ2: Cho s8 phtic thoa man diéu kién |z-a—bi|=|z—c—di|. Tim|z| . Taco

v Quy tich difm M(X;y) biéu dién s6 phtc z 1a duong trung truc doan AB Vdi
y p g g

A(a;b),B(c;d)
[a® +b* —c? dz\

OAB
2\/ac -

Luu y: Dé bai c6 thé suy bién bai toan thanh 1 sd dang, khi do ta can thuc hién bién d6i dé dua vé

v

dang co ban.
Vidul:

v' Cho s8 phttc thoa man didu kién ‘E—a—bi‘ = |z—c ~di|. Khi d6 ta bién d6i
‘E—a—bi‘z‘z—c—di‘c‘z—a+bi‘=‘z—c—di‘.

v' Cho s8 phitc théa man diéu kién |iz—a-bi| =|z—c-di|. Khi d6 ta bién d6i
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—a- bl‘ Lt d|
|

Z+

‘IZ a— bl‘—‘lz c— dl‘@

‘@‘z+b+al‘—‘z+d+m‘

Dang 2: Quy tich diém biéu dién s8 phtrc la dwong tron.

z‘ .Tacé

Max ' Min

TQ: Cho s3 phirc Z thoa man diéu kién |z -a—bi| =R >0(|jz-z,|=R) . Tim |z

v Quy tich di€m M(x;y) biéu dién s& phirc z la duong tron tam 1(a;b) ban kinh R
‘Z‘Max =0l + R=W+ R:‘zo‘+R

Luu y: Dé bai c6 thé cho ¢ dang khéc, ta can thuc hién cac phép bién do6i d€ dwa vé dang co ban.

abiR

=|01-R|=

=[z|-R

Vi du 1: Cho s5 phitc Z thoa man diéu kién [iz-a - bi| = (Chla hai vé cho [if)

<:>‘z+b+ai‘: R
Vi du 2: Cho s8 phitc z thoa man diéu kién ‘E—a— bi‘ =R < [z-a+bi|=R (Ldy lién hop 2 v¢)

Vi du 3: Cho s6 phtrc Z théa mén diéu kién

) i —-a—Dbi R R
‘(c+d|)z—a—b|‘_R<:> 2t c+di‘_m
Hay viét gon ‘ZOZ—Zl‘zR & Z—; :Z ‘ (Chia ca hai ve cho‘Z ‘ )
0

Dang 3: Quy tich diém biéu dién sd phtic 1a Elip.
TQ1: (Elip chinh tic). Cho s5 phitc Z thoa man diéu kién [z—¢|+|z+¢|=2a,(a>¢) Khi dé ta c6
2 2

. . X , e X
v Quy tich diém M(x;y) biéu dién s& phtic 7 Ia Elip: =+
a a —cC

=1

2

‘ZMax_a
H Jaz—¢?

TQ2: (Elip khong chinh tic). Cho s5 phtic Z thoa man diéu kién |22, +[z-z,|=2a

Thoa mén 2a>|z,-z,| .

Khi d6 ta thuc hién phép bién doi d€ dua Elip vé dang chinh tic (Ky thuat doi hé truc toa do).
Tacé

Khi dé cho Elip dang khong chinh tic |z-2,|+|z-2,|=2a,(|z, - 2,| < 2a)va 2,,2, = +c,%ci ). Tim

Max, Min cua P:‘Z—ZO‘ :
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zZ,—-2|=2C
Dt ‘1 2‘
b>=a’-c’
N Z. +Z P, =a ,
Néu |z, —— 5 21=0 { Max (dang chinh tac)
PMin:b
Z, +2 Z, +2
, 0o~ ——%>a Puax =|Z0 — S
Néu 2 2
z,-2,=K(z,-2,) 5 _|, _ZitZ|
Min ~ [<0 2
Z, +2 Z.+2
1745 s 4 2
. 0~ <a Pua =120 5 +a
Néu 2
z,-2,=K(z,-2,)
Néu [z, -z,|=|z, -z, o |, ztzl
Min — 0 2

PHAN I: BAI TAP CO HUONG DAN GIAI CHI TIET.
Dang 1: St dung tinh chat cia modun - bdt dai sé.
Phwong phap : Xem hwéng dan trén 16p
Dang 2: St dung tinh chat hinh hoc.
Xem hwdéng dan trén I6p.
Dang 3: Ta phi lu.
Phuwong phép: Tin twéng ban ngoi bén canh

Caul: (TRAN HUNG DAO - NB) Trong cac s& phtrc thoa man diéu kién |z+3i|=|z+2-i|. Tim s5

phtrc c6 moédun nho nhat?

A z=1-2i. B. z:—1+gi. C. Z—E—gl D.z=-1+2i.
5 5 5 5

Hudng dan giai
Chon C.
Céach 1: Phwong phap tu ludn
Gia st z=x+Yi(x,y eR)
‘z+3i‘:‘z+2—i‘(:>‘x+(y+3)i‘:‘(x+2)+(y—1)i‘<:>xz+(y+3)2 :(x+2)2+(y—1)2
S b6y+9=4x+4-2y+14Xx-8y-4=0=x-2y-1=0<=x=2y+1

=7 =yt oy = oy ey e oy 2 < 2P
J5

suy ralg],,, = khi y:—%:x:%
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Vay Zzl—gi.

5 5 )
Céach 2: Phwong phap trac nghiém
Giasw z=x+yi (X,yeR)
|z+3i|=|z+2-i| = ‘x+(y+3)i‘ :‘(x+2)+(y—1)i‘ o X +(y+3)2 :(x+2)2 +(y—1)2
S 6y+9=4x+4-2y+1<4x-8y-4=0<=x-2y-1=0
Vay tap hop céc diém biéu dién s6 phiic z thoa diéu kién |z +3i| =|z+2-i| 1a duong thing
d:x-2y-1=0.
Phurong 4n A: z=1-2i c6 diém biéu dién (1;-2)¢d nén loai A.

Phuong dn B: z = —%+§i c6 diém bidu dién [—%%} ¢ d nén loai B.
Phwong 4n D: z=-1+2i 6 diém biéu dién (-1;2)¢d nén loai B.
Phuong én C: z==—2 c6 diém bicu dién | £;-2 | ed

5 5 5 5

(Trong triedng hop c6 nhiéu s6 phitc thudc dwong thang thi ta tiép tuc so sénh modun, va
nén thay luén z vao dit kién ban dau chit khong nén bién doi)
Céch 3: Tinh nhanh.
Quy tich cac diém M biéu dién s6 phiec z la duong thang c6 phuong trinh A:x—-2y-1=0 .
4 5
12402 5
Céach 4: Cong thtrc tinh nhanh.
BT1: Cho s8 phiic thoa mén diéu kién |z —a—bi|=|z|. Tim|z|

VayH —dOA)

?
in

A =5l =5V
Z=E+Ei
2 2

BT2: Cho s8 phiic thoa mén diéu kién |z —a—bi|=|z—c—di|. Tim|z| 2
o+ - dz\

Mln
2\/ a C -

Cau2: (LANG GIANG SO 1) Cho s phiic z thoa man |z-3[+|z+3|=8. Goi M, m [an luot gi tri
I6n nhét va nho nht |z]. Khi d6 M +m bang

A. 4-7. B. 4++/7. C. 7 D. 4+4/5.

Huwéng dan giai
Chon B.
Céach 1: Dai s6
Goi z=Xx+Yyi Vbi X;yeR.
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Taco 8=|z-3|+|z+3|2[z-3+2+3|=[2z| = [z|<4.
Do dé M =max‘z‘=4.

Ma ‘z—3‘+‘z+3‘=8c>‘x—3+yi‘+‘x+3+yi‘:8c>\/(x—3)2+y2 +\/(x+3)2+y2 =8.
Ap dung bat dang thitc Bunhiacopxki, ta ¢6

8:1.\/(x—3)2+y2+1.\/(x+3)2+y2 S\/(12+12)[(x—3)2+y2+(x+3)2+y2}
@83\/2(2x2+2y2+18)c>2(2x2+2y2+18)264
<:>x2+y227©\/m2x/7©‘2‘2«/7.

Do d6 M =min|z| =7 .

Vay M+m=4+ J7.
Céch 2: Hinh hoc (Poc lai ly thuyét phan Elip)

2 2

Tap hop cac diém bidu dién s§ phuc z laelip = +¥ =1/ Ja=

-
z
Do vay {‘ Mex = M+m=4++7

‘Z‘Min - b - \/7
Céch 3: Tong quat
Cho s6 phirc z théa man |z—c|+|z+c|=2a,(a>c) taludn co .

2

» Tap hop diém biéu dién z 1 Elip = +—Y

a> a’-c’
‘ZMax:a
H Jaz—¢?

2

=1

Cau3: (CHUYEN PHAN BOI CHAU) Cho s& phtic z thoa mén [z-2-3i|=1. Gi4 tri 16n nhat ctia

‘E+l+i‘ la
AA13+2. B.4. C.6. D.\/13 +1.
Huwéng dan giai
Chon D

Cach 1: Goi z=x+Yi tacé z-2-3i =x+yi—2-3i=x-2+(y-3)i.
Theo gia thiét (x—2)" +(y-3) =1 nén diém M biéu dién cho s phitc z ndm trén duong

tron tam 1(2;3) bankinh R=1. M2

Taco ‘E+1+i‘=‘x—yi+1+i‘=‘x+1+(1—y)i‘:\/(x+1)2 +(y—1)2 .

Goi M(x'y) va H(~1;1) thi HM =(x+1) +(y-1) .
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Do M chay trén duong tron, H ¢6 dinh nén MH [6n nhat khi M la giao caa HI véi duwong
tron.

N Xx=2+3t . s S ‘s .
Phwong trinh HI :{ 340t giao cta HI va duong tron ttng voi t thoa man:
y=o+

3 2
M +4t° =1t = +—nen I\/I(2+ j (——;3——}.

J13 NERANT Ji3' V13
Tinh d6 dai MH ta I8y két qua HM =+/13 +1.
Céch 2: Cho s8 phiic z thoa mén |z —2-3i|=1. Gia tri 16n nhét cua ‘W‘:‘E+l+i‘
Taco ‘z—2—3i‘=1c>‘£—2+3i‘=1©‘(E+1+i)—3+2i‘=1<:>‘W—3+2i‘=1(Dubngtrc‘)ntém
1(3,-2),R=1)

Vay [w| =Ol+R=+y3+2’ +1=1++/13

Luwu ¥: Cho s§ phitc z thoa mén |z —a—bi|=R >0, khi d6 ta c6 quy tich cc diém bidu dién s&
phtic z1a dudng tron I(a,b),bk=R ) va

‘Z‘Max =0l +R:W+R

2], =01 -R|=[a* +b* -R

Ngoai ra ta Iudn c6 cong thirc bién ddi |z —a—bi|= ‘z —a+ bi‘

Cau4: (BIEN HOA - HA NAM) Cho s& phitc z thoa mén [z|<1. Dit A= ;Z__' . Ménh dé no sau
+1Z
day dtng?
AlA[<1. B.|A|>1. C.|A[<1. D.|A[>1.
Huwéng dan giai
Chon A.

Cach 1: D4t C6 a=a+bi, (a, beR)=a’+b’ <1 (do [z|<1)
A_|22_i|_|2a+(2b 1 | 4a® + 2b+1)
‘ ‘_|2+iz|_‘ 2—-b+ai ‘ a2
21 (2b+1)
(2-b) +a®

2 +(2b+1)2

(2—b)2 +a’

xay ra khi a+b*=1.

Ta chitng minh <1.

That vay ta 6 <leda’+(2b+1) <(2-b) +a® o a’ +b? <1

“u_rr

Dau
Vay |A|<1

Céch 2 : Tric nghiém
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\A\gl

Cau 5:

A. 5. B. 4.

Cho s8 phtic z théa man |z|=1. Tim gia

1+ﬂ

z

i4 tri 16n nhat cua biéu thic A =

C. 6. D. 8.

Cach 1: Taco: A= 1+— <\1\

= Chon ddp dn C.
‘Z+5I‘

[

Cach 2: A= ‘1

‘z+5i‘
z

Cau 6:

Huwéng dan giai
5

e

Theo bai ‘z‘:1<:>‘z+5|—5i‘:1©‘z+5i‘M

=6. Khi z=i= A=6.

_ 5% +1-6

thizc M:‘zz+z+1‘+‘23+1‘.
A M
C. M,

ax :5; I\/Imin :l'
=4 M_. =1

Cho s8 phiic z théa mén [z|=1. Tim gi4 trj 16n nhat M

» Vagiatri nho nhat M__. = caa bieu

Huwéng dan giai
Tact: M<|zf +|z+1+[z +1=5,khi z=1=>M=5= M,

=5
‘1 z‘ ‘1 z‘ ‘1+z‘ ‘1 2’ +1+7° )
Mat khac: M = ‘1+z ‘ =1, khi
-7 2 2
z=-1=>M=1=>M_, =1
= Chon ddp dn A.
Cau 7: Cho s phtrc z thoa |z ‘ ‘>2 Tim tich cta gid tri 1én nhat va nho nhat cua biéu thac P = zH
z
A.E. B.1. C.2. D.E.
4 3
Hu’(mg dan giai
Taco P= 1+l §1+i§§. Mat khac: |1+— >1—i>£.
z 1z] z Izl 2
Vay, gia tri nho nhat caa P Ié%, xay ra khi z=-2i; gia tri 1on nhat ctia P b?mg g xay ra khi
z=2I.
= Chon ddp dn A.
Cau 8:

Cho & phtic z théa man |z -1+ 2i|=3. Tim mddun 16n nhat ctia s§ phitc z-2i

A. 126 +64/17. B. /26 —6+/17. C. 26 +817. D. 26— 417
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Huwéng dan giai
Cach 1: Goi z=x+Yi; (xeR;yeR)=z-2i=x+(y-2)i.Taco:
‘z—1+2i‘:3<:>(x—1)2+(y+2)2 =9.
D4t x =1+3sint; y = -2+ 3cost; te[O;Zn].
:>‘z—2i‘2 =(1+ 3sint)2 +(—4+3cost)2 =26+6(sint—4cost)= 26+6\/ﬁsin(t+a); (aeR).

= V26617 <|z-2i| <26+ 6v17 =|z-2i| =26+6V17 =3+17

= Chon ddp dn A.
Céch 2: Cho s8 phitc z théa man |z -1+ 2i|=3. Tim médun 16n nhat ctia s§ phic z - 2i.

=12 + 4% +3=3++/17 (dép 4n A)

Taco ‘z—1+2i‘=3©‘(z—2i)—1+4i‘=3:‘

Z
Max

Cau9: Cho s& phtic z thoa man |z|=1. Tim gia tri 1én nhét ctia bi€u thie P = [1+2|+3|1-2|.

A. 315 B. 65 C. 20 D. 24/20.

Huwéng dan giai
Cach 1: Goi z=x+Vi; (xeR;yeR).Taco: [z|=1= X’ +y* =1=y* =1-x* = xe[-1;1].

Tac6: P=[1+7]+3[1-2]= (14 %) +y? +3y(1-x) +y* = J2(1+ %) +3,2(1-x).

Xét ham s6 f(x):\/2(1+ x)+3\/2(1—x); xe[-1;1]. Ham sg lién tyc trén [-1;1] va véi
13
\/2(1+x) \/2(1—x)
Tacé: f(1)=2; f(-1)=6; f[—%jZZ@: Pooe = 24/20.

= Chon ddp dn D.
Céch 2: (Casio)

XE(—l;l) ta co: f’(x) =

4
=0©X=—ge(—l;1).

X =sint .
Tu ‘Z‘ =1, dat z=x+yi= Thay vao P r6i dung mode 7 ra dap an D
y = cost

Céch 3: Hinh hoc (Xem video live ctia thay)

Cau 10: Cho s8 phtic z thoa mén |z|=1. Goi M va mlan luot |2 gia tri 16n nhat va gi4 tri nho nhat
ctia biéu thire P=|z+1)+[z° ~z+1]. Tinh gi tri ca M.m.

1343 39
A =2V B. 22, C. 3V3. D. =2,
4 4 V3 4

Huwéng dan giai
Goi z=x+Yi; (xeR;yeR). Taco: ‘z‘=1c> 27=1
Dit t=|z+1], taco 0=|z]-1<|z+1|<|z7+1=2=1€[0;2].
t?-2

Taco t? =(1+z)(1+7)=1+z.7+z+7:2+2x:>x:
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Suy ra ‘z —z+1‘ ‘z —z+zz‘ |2||z-1+7|=/(2x~ 1 =|2x-1|= ‘tz 3‘

Xét ham s& f t+‘t2 - 3‘ te [0 2] Bing cach dung dao ham, suy ra

maxf(t):%; min f(t) = J3=Mn 13\/_

= Chon ddp dn A.
Cau 11: Cho s8 phitc 2 théa mén diéu kién [2° +4 = 2|z|. Khing dinh nao sau day la diing?
.\/56_1_ g\/§6+1. B.v/5-1<[z[</5+1.

C6-1<[ <o+ p. Y21y V2t

Hudng dan giai

Ap dung bat dang thikc , ta duwoc

o4 [ o 2 2420 < B

2‘z‘+‘z‘2 :‘22+4‘+‘—22‘24:>‘z‘2+2‘z‘—420:>‘2‘2\/g—l.

Vay, [z| nho nhét 1a v/5 -1, khi z=-i+i/5 va [z| I6n nhdt 1a /5 +1, khi z=i+iv5.

= Chon ddp dn B.

Cau 12: Cho s8 phtic z thoa mén |z -1+ 2i|=2. Tim mddun 16n nhét ctia s§ phc z.

9+44/5. B. V114445 C. J6+45 D. y/5+6+5

Huwéng dan giai
Cach 1: Goi z=x+Yi; (xeR;yeR). Taco: ‘z—1+2i‘=2(:>(x—1)2+(y+2)2 =4,
Dit x =1+2sint;y =-2+2cost; te[0;2n].
Ltc do: |z ‘ (1+2sint)’ +(—2+2003t)2:9+(4sint—8005t)=9+\/msin(t+a); (o eR)
:‘z‘ =9+4\/gSin(t+0t)3ZE[—\/9+4\/5;\/9+4\/g:|
5+42y5 —10+4V5.
5

5

=7 0= 9+4+/5 dat dwoc khi z =

= Chon ddp dn A.
Céch 2: Cho s8 phitc z théa man |z-1+2i|=2. Tim mddun 16n nhat cta s8 phitc z.

Taco ‘z—l+2i‘:2:>‘z‘Max =1 +2° +2=2++/5=19+45

Cau 13 Cho s8 phitc z théa mén |(1-i)z-6-2i/=+/10 . Tim modun 16n nhat ctia s phtic z.

A. 45 B. 34/5. C. 3. D. 3+4/5

Huwéng dan giai
Cach 1: Goi z=x+Yi; (xeR;yeR).

10
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Ta co:

(1-1)z-6-2i[ =10 & |(1-i)|.

Z+

_i:fi‘=m©‘z—2—4i‘=\/g<:>(x—2)2+(y—4)2 = 5.Dit
x=2++/5sint;y =4 +/5 cost; te[0;2n].
Luac do:
‘z‘z =(2+\/§:~7int)2 +(4+«/§cost)2 = 25+(4\/§sint+8\/§cost): 25+\/(4\/§)2 +(8\/§)2 sin(t+a); (aeR)
= |7 =25+20sin(t+a)= 26[\/5;3\@}

=7, =35 dat duoc khi z=3+6i,

= Chon ddp dn B.
Céch 2: Cho s6 phitc z thoa man |(1-i)z-6-2i|=+/10 . Tim modun 16n nhét ctia & phirc z.
Taco |(1-i)z-6-2i/=+10 & z+_i:fi|=‘ﬁ‘©\z—2—4i\=£

=V22+4% +5 =35

Cauld: Goi z=x+yi(x,yeR) 1a s§ phuc théa man hai diéu kién [z-2 +|z+2 =26 va

=2
Max

3 3. ,
z—————1I| dat gia tri Ién nhat. Tinh tich xy.
‘ 2 2 ‘ °

9 13
A. Xy =—. B.xy =—. C.xy=—.
y 4 y > y 9
Huwéng dan giai
Cach 1: D4t z=x+iy(x,y € R). Thay vao diéu kién thit nhat, ta dwoc x* +y® =9.

9
D.xy =—.
y 2

bat x =3 cost,y =3sint. Thay vao diéu kién th hai, ta cd
3 3. T

Z————I|= [18-18sin|t+— | <6.
| san(e-3)

Dau bang xay ra khi sin(t+§J:_1:>t:_3_n:>Z_ 32 3\/§i.

P=

= Chon ddp dn D.

Cau 15: Trong cac s§ phtic thoa man diéu kién |z—2-4i| = |z-2i|. Tim médun nhé nhat cta s8 phtic
Z+2i.

A 5 B. 34/5. C. 32 D. 3+42
Huwéng dan giai

Cach 1: Goi z=x+Yi; (xeR;yeR).

Ta co: ‘z—2—4i‘=‘z—2i‘c>\/(x—2)2+(y—4)2 :\/x2+(y—2)2 o X+y-4=0y=4-x

Ta co: ‘z+2i‘2 :x2+(y+2)2 :x2+(6—x)2 :2x2—12x+36:2(x—3)2+18218

11
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=|z+2i| =18=3V2 khiz=3+i.
= Chon dap dan C.
Céch 2: |z-2-4i|=|z-2i| < |(z+2i) - 2 6i| =|(z+ 2i ) - 4i = |w - 2 i =|w - 4il
Trong d6 w =z +2i (quay vé dang bai toan 1)

Cau 16: Cho s6 phtec z thoa mén ‘z —1+2i‘ = 3. Tim mbédun nhé nhat ctia s6 phitc z—1+1.

A. 4. B. 24/2. c. 9 D. V2.

Huwéng dan giai
Cach 1: Goi z=x+Yi; (xeRjyeR)=z-1+i=(x-1)+(y+1)i.Taco:
‘z—1+2i‘:9©(x—1)2+(y+2)2:9.
Dt x=1+3sint; y=-2+3cost; te[0;2n].
:>‘z—1+i‘2 =(3sint)2 +(-1+ 3cost)2 =10-6cost=2<|z-2i|<4=|z-1+i| =2, khi

z=1+1.
= Chon ddp dn C.
Cach 2: (Hinh hoc + CT tinh nhanh)

Ta co \z—1+2i\=3@\(z—1+i)+i\=3:>\z—1+i\wn -

JE-g-2

Caul7: Biét s§ phic z thoa man dong thoi hai dieu kién |z-3-4i|=+5 va bidu thic

M =|z+2[ ~|zi| dat gi4 tri 16n nhét. Tinh médun cta s8 phitc z +i.

A. |z+i|=2v41 B. |z+i|=3V5.
C. |z +i|=5v2 D. [z+i[=+/41.

Huwéng dan giai
Goi z=x+Vi; (xeR;yeR). Taco: ‘z—3—4i‘=\/g@(c):(x—3)2+(y—4)2=5:tém 1(3;4)
va R:\/g.
Mat khac:
M=‘z+2‘2—‘z—i‘2=(x+2)2+y2—[(x2)+(y—1)2}=4x+2y+3c>d:4x+2y+3—M=0.

Do s phitc z théa man dong thoi hai digu kién nén d va (C) c6 diém chung

<d(ld)<Re 2N <5 [23-M|<10 5 13< M <33

25

4x+2y-30=0 {x:5

=
(x—3)2+(y—4)2=5 y=-5
= Chon ddp dn D.

:>I\/Imax—33©{ :>z+i=5—4i:>‘z+i‘=\/ﬂ.

Cau 18: Cho sd phtc z o —m#l — ., meR. Tim mddun 16n nhat cta z.
1—m(m—2|)
1
A. 1l B. 0. (lE. D.2.

1z
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Huwéng dan giai

Taco z=— —1* = zm + zi ‘z‘: 21 él:‘z‘ =lez=i; m=0.
1-m(m-2i) m’+1 m’+1 m?+1 max
= Chon ddp dn A.

Cau 19: (NGUYEN TRAI ~ HD) Cho s phttc z thoa man: |z—2-2i|=1. S8 phitc z—i c6 modun nho

nhat 1a:

A J5-1 B./5+1 C.\5-2 D.J5+2.

Huwéng dan giai

Chon A.
y A

| 4

Cach 1: Goi z=x+vVi, X,yeR.

Taco: [z-2-2i|=1<|(x-2)+(y-2)i|=1< (x-2)* +(y-2)* =1
Tap hop cac diém trong mit phang Oxy biéu dién ctia s8 phiic z la dwong tron (C) tam
1(2;2) va ban kinh R=1.

‘Z - i‘ =X +(y—l)2 =IM, véi | (2; 2) la tdm duong tron, M 1a diém chay trén duong tron.
Khoang cach ndy ngan nhat khi M 1a giao diém ctia duong thang ndi hai diém

N(0;1) €Oy, 1(2;2) véi dudong tron (C).

IM__ =IN-R=+/5-1

Céch 2: Cho s8 phirc z théa man: [z—2-2i|=1. S8 phttc z—i c6 mddun nho nhat

N7 —1‘:@—1

Cau 20: Trong mat phing phic Oxy, cAc s& phiic z thoa [z+2i-1=|z+i|. Tim s& phtic z duoc

Taco \z—z—zi\=1@\(z—i)—2—i\=1:>\z_i\wn _

biéu dién boi di€m M sao cho MA ngan nhét véi A(1,3).

A.3+i. B.1+3i. C.2-3i. D.-2+3i.
Huwéng dan giai
Goi M(x,y) la diém biéu dién s8 phirc z=x+Yi(X,y € R)

Goi E(1,-2) la diém biéu dién s6 phirc 1-2i
Goi F(0,-1) la diém biéu dién s§ phirc —i

15
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Taco: |z+2i-1|=|z+i|< ME=MF = Tap hop diém biéu dién s3 phirc z 1a dudng trung
truc EF:x-y-2=0.

D& MA ngdn nhat khi MA L EF tai M < M(3,1)=z=3+i =>Dap an A.

Cau2l: ( CHUYEN SON LA - L2) Cho s§ phtc z théa mén diéu kién : [z-1+2i|=+5 va

W=2z+1+i c6 médun 16n nhét. S§ phiic z c6 mddun bang:
A 245, B. 3v2. c. 6. D. 5v2.

Hudng dan giai:

Chon B.
Goi z=x+yi (Xx,yeR) =z-1+2i=(x-1)+(y+2)i

Tac6: [z-1+2i| =B & |(x-1) +(y+2) =5 (x-1) +(y+2) =5

Suy ra tap hop diém M(x;y) biéu dién s§ phitc z thudc dudng tron (C) tam 1(1;-2) ban
kinh R=+/5

D& thiy O ¢(C), N(-L-1)<(C)

Theo dé ta co:

M (x; y) € (C)lé diém biéu dién cho s6

phttc z thoa man:

W=z+1+i=xX+yi+l+i=(x+1)+(y+1)i

:>‘z+1+i‘=\/(x+1)2+(y+1)2 =‘W‘
Suy ra |z+1+i| dat gia tri 16n nhat < MN I6n nhat
Ma M,N &(C) nén MN I6n nhat khi MN la dudng kinh duong tron (C)

<1 latrung diém MN = M(3;-3)= 2=3-3i=|7]=/3?+(-3) =32

Cau 22: (CHU VAN AN - HN) Cho s8 phtic z thoéa méan diéu kién |z-1| =2 Tim gi4 tri 16n
nhat ctia T =|z+i[+|z—-2-1].

A. maxT =82 . B. maxT =4. C. maxT =442 . D. maxT =8.

Huwéng dan giai
Chon B
T =‘z+i‘+‘z—2—i‘=‘(z—1)+(1+i)‘+‘(z—1)—(1+i)‘.
Ditw=z-1.Taco |[w|=1vaT =‘W+(1+i)‘+‘w—(1+i)‘.

Dit w=x+Y.i.Khi dé ‘w‘2:2=x2+y2.

14
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T :‘(x+1)+(y+1)i‘+‘(x—l)+(y—1)i‘

:1.\/(x+1)2 +(y+1)2 +1.\/(x—1)2 +(y—1)2
S\/(l2 +12)((x+1)2 +(y+1)2 +(x—1)2 +(y—1)2)

:\/2(2x2 +2y° +4) =4

Vay maxT =4.

Cau 23: Cho s§ phitc z théa man [2-2-3i|=1. Gia tri 16n nhat cta [z +1+i 12

A V13+2. B. 4. C.6. D. V13 +1.
(THPT CHUYEN PHAN BOI CHAU - NGHE AN)
Loi giai

Céch 1: D3t z=a+bi (a,beR), taco [z-2-3i|=1<|(a-2)+(b-3)i|=1.

o \(a-2) +(b-3) =1 (a-2) +(b-3 =1 (x)

Dit {Z:i:zg;tt (Vi () & sin’t+cos’ t=1). Khi dd [Z+1+i=|(a+1)+(1-b)i.

— J(a+1)" +(1-b)" > xét biéu thirc P =(a+ 1) +(1-b) .
Taco (a+1)2 +(1—b)2 =(sint+3)2 +(cost+2)2 =sint+6sint+9+cos’t+4cost+4
=(sin2t+coszt)+13+6sint+4cost

=14+6sint+4cost=P
Theo bat dang thitc Bunhiacopxki, ta duoc (6sint+4cost)2 < (62 + 42)(sin2 t+cos’ t)

<:>(63int+4cost)2 352©6sint+4cost£\/5_2=2\/5:> P§14+2\/E.

Vay [2+1+i]=J(a+ 1) +(1-b) <\14+ 2413 =1/(JE+1)2 —/13+1. Chon A.

Céch 2: Cho s phttc 2 théa man |z—2-3i|=1. Gid tri 16n nhét cta [z+1+i

Tacé ‘Z—Z—Bi‘:1<:>‘5—2+3i‘=l<:>‘(E+1+i)—3+2i‘:1

=32 +22 +1=4/13+1

:>‘z+1+i
Max

Cau24: (THPT CHUYEN PH VINH - LAN 2)Cho cac s6 phic z,w théa man
|2+2-2i|=|z-4i|,w=iz +1. Gi tri nho nhat cua biéu thic |w| la

A.%. B. 242. C.2. D.%.

Loi giai
Cach 1: Dat z=a+bi (a,beR), khid6 z+2-2i=a+2+(b-2)i va z-4i=a+(b-4)i.
Neén ta cé (a+2)2+(b—2)2:a2+(b—4)2c>a+b=2©b=2—a

I
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Khi d6 w=iz+1=(a-+bi)i+1=1-b+ai = |w|=/a’+(b—1)° = Ja’ +(a-1)’.

2
D& thy a* +(a—1)2 = 2£a—£j L1 [wi| ZQ: min,, :Q. Chon A.
2) 22 2 2
Céch 2: Chuyén vé phuong trinh dudng thang (dang 1)
Cau 25: (PE THTT LAN 5 - 2017) Cho s6 phitc z théa man |z —4|+|z+4|=10. Gid trj 16n nhat va gia
tri nho nhét ciia |z| lan luot 12
A. 10 va 4 B.5va4 C.4va3. D. 5 va 3.

Huwéng dan giai.
Goi z=x+yi, (x,yeR). Theo gia thiét, ta c6 |z —4|+|z+4|=10.
& |(x=4)+yil +[(x+4) +yi| =10 | (x=4) +y? +(x+4) +y7 =10 (%)
Goi M(xy), F,(—4;0) va F,(4;0).
Khi d6 (*) < MF, + MF, =10 nén tap hop céc
diém M (z) la dwong elip (E).
Tacoc=4;2a=10<a=5vab’ =a*-c*=9.

2y

Do d6, phurong trinh chinh tac ctia (E) la )2(—5+? =1.

Vay max|z|=0A=0A"=5 va min|z|=0B=0B'=3. Chon D.

Cau 26: Trong c4c s8 phic z théa man diéu kién |z-2-4i|=|z-2i|. Biét ring s§ phiic z=x+yi,
(x,y € R) c6 mddun nho nhat. Tinh P =x* +y?.
A P=10. B.P=8. C.P=16. D. P=26.

Huwdng dan giai.
Cach 1: Goi z=x+Yi, (x,yeR). Taco ‘z—2—4i‘=‘z—2i‘@‘(x—2)+(y—4)i‘:‘x+(y—2)i‘

<:>\/(x—2)2+(y—4)2 =\/x2+(y—2)2 S X —Ax+4+y* -8y +16=x>+y* -4y +4
< 4x+4y-16=0<y=4-X.

Do d6 || = /X2 +y? =|x* +(4-x) =v/2x* ~8x+16 = \[2(x~2) +8 2 2V/2.

Diu "=" xay ra <>x=2=y=2.Vay P=2%+2*=8. Chon B.

Céach 2: Chuyén vé phuong trinh duwong thang (bai tap 1)

A N -z <17 A~ » [N/ M 2 ~ A JUN 1
Cau 27: Tim gia tri 16n nhat caa ‘Z‘ biét rang z thoa man diéu kién z+1=1.

3-2i

A max‘z‘=1. B. max‘z‘:Z. C. max‘z‘=\/§. D. max‘z‘=3.

Hudng dan giai.

3
Iz+l

3-2i

— z+_ii:1<:>‘z—(—i)‘:l.

Taco

=1©\—iz+1\=1@\—i\.

Ib
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Vi |(-i)-0|=1 nén max|z|=r, +1, =1+1=2. Chon B.

Cau 28: (THPT CHUYEN KHTN - LAN 1) Trong cac s phic z théa man diéu kién
‘(1+i)z+1—7i‘=\/§. Tim max|z].

A. max‘z‘=4. B. max‘z‘=3. C. max‘z‘=7. D. max‘z‘:G.

Huwdng dan giai.

Taco ‘(1+i)z+1—7i‘=\/§c>‘1+i‘ z+1_7_i :\/Ec‘z—(3+4i)‘:l.
1+1
Vi |(3+4i)-0|=5 nén max|z| =1, +1, =1+ 3" +4’ =6. Chon D.
Cau 29: Cho s& phtic z thoa man |z|<1. Dat A= Z‘IZ' Ménh dé nao sau day dtng?
A |Al<t. B. |A|>1. C.|Al<L D. |Al>1.
(THPT CHUYEN HA NAM)
Loi giai
Tir gia thiét, ta 06 A=22—1 e A(2+i2) =221 <> 2A+ Azi = 22
2+iz

2A+1i
Ai—-2
Dit A=x+yi (x,yeR), khi d6 (*)@‘2x+(2y+1)i‘§‘—y—2+xi‘

2A+i.Ma ‘z‘él:‘
2

<:>2A+i:z(Ai—2)©z:
Al -

<le2A+i|<|Ai-2] (*).

9\/4X2+(ZY+1)2 S\/(Y+2)2+x2 S A +AY +AY + 1< Xy HAy +4 o Xy <L

Vay moédun ctia A=4/x*+y? <1. Chon A.

Cau 30: Vi hai s8 phitc z, va z, théa mén z, +2z, =8+6i va |z, —z,|=2. Tim gia tri 16n nhat cta
P=‘zl‘+‘zz‘.
A. P=54+345. B. P=2+/26. C. P=446. D. P=34+32.
(THPT CHUYEN KHOA HOC TU NHIEN - LAN 4)
Loi giai

© B8 de. Cho hai s6 phiic z, va z,, taludn ¢6 |z, +2,[ +|z,~2,[ = 2(‘21‘2 +‘zz‘2) (+).
Chitng minh. Str dung cong thiic [z, +2,[* =(2,+2,)(2,+2,) va 2z =z . Khi d6

‘zl +zz‘2 +‘zl—zz‘2 =(z, +zz)(z_1+z_2)+(zl—zz)(z_l—z_2)

=2,2,+2,.2,+2,2,+2,2,+2,.2, - 2,.7,— 2,2, + 2, .Z,

:2(21.2_1+ ZZ.Z):Z(‘zl‘Z+‘zz‘2)—>d‘pcm.
& Ap dung (*), ta duoc ‘zl+zz‘2 +‘zl—zz‘2 =4:>‘zl—zz‘2 =4—(\/§)2 =1:>‘zl—zz‘=1.

Theo bat dang thitc Bunhiacopxki, ta dugc P = ‘Zl‘ +‘22‘ < /2(‘21‘2 +‘22‘2) =24/26. Chon B.

1/
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Cau 3L: V6i hai s8 phitc z, va z, théa mén z, +2z, =8+6i va |z, —z,|=2. Tim gia tri 16n nhat cta
P=‘zl‘+‘zz‘.
A. P=54+345. B. P=2+/26. C. P=446. D. P=34+32.
(THPT CHUYEN KHOA HOC TU NHIEN - LAN 4)
Loi giai

© B8 de. Cho hai s5 phiic z, va z,, taludn ¢6 |z, +2,[ +|z,~2,[ = 2(\42 +\z2\2) (+).
Chitng minh. Str dung cong thiic [z, +2,[* =(2,+2,)(2,+2,) va 2z =z . Khi d6

‘zl +zz‘2 +‘zl—zz‘2 =(z, +zz)(z_1+z_2)+(zl—22)(z_l—z_2)

=2,2,+2,.2,+2,2,+2,2,+2,.2, - 2,.7,— 2,2, + 2, .Z,

:2(21.2_1+ ZZ.Z):Z(‘zl‘Z+‘zz‘2)—>dpcm.
& Ap dung (*), ta duoc ‘zl+zz‘2 +‘zl—zz‘2 =4:>‘zl—zz‘2 =4—(\/§)2 =1:>‘zl—zz‘=1.

Theo bat dang thitc Bunhiacopxki, ta dugc P = ‘Zl‘ +‘22‘ < /2(‘21‘2 +‘22‘2) =24/26. Chon B.

Cau 32 (THPT CHUYEN LUONG THE VINH - PONG NADCho s§ phicc z thda man
‘zz—22+5‘:‘(z—1+2i)(z+3i—1)‘.
Tinh min|w], véi s6 phttc w=2z-2+2i.

A. min|w|:g. B. minjwl=2. C. min|jwl=1. D. min|w|=%.

Loi giai
Taco 22—22+5:(z—1)2 +4:(z—1)2—(2i)2 :(z—1+2i)(z—1—2i).
Khi d6, gia thiét <:>‘(z—1+2i)(z—1—2i)‘=‘(z—1+2i)(z+3i—1)‘@{‘2;_1:2‘_‘2+3i_1‘
THL1. V6i z=1-2i,tacOo w=z—-2+2i=1-2i—2+2i =—1:>\w\=1.

TH2. V6i [z-1-2i[=|z+3i-1] (), dit z=x+yi (x,yeR), taco

(*)<:>‘x—l+(y—2)i‘:‘x—1+(y+3)i‘<:>(x—1)2+(y—2)2 :(x—1)2+(y+3)2 <:>y:—%.

Do d6 W=Z—2+2i=X—1i—2+2i=X—2+§i:>‘W‘= (x—2)2+g >3 Chon A.
2 2 4 2

Cau 33; (TOAN HOQC & TUOI TRE LAN 8)Cho s& phtic z thoa man = 3. Tdng cua gia trj 16n

1
Z+=
z

nhét va gia tri nho nhat cua |z| 1a

A. 3. B. /5. C. \/13. D. 5.

Loi giai

1o
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Z+=

2
T
z z Z
=‘Z‘z+zz+(7)z+i=‘z‘4+(z+7)2—2‘z‘2+1.
4 7

—a+Va’+4 a++a’+4
2 ’ 2 '

1 . ..
Z+-|oa’=

z

Taco a=

Khi d6 ‘zf—‘zf(az +2)+1:—(z+7)2 <0:>‘z‘e{

2 _ [42
Vay max‘z‘:#; min‘z‘z%M: M +m=+/a2 +4 =+/13. Chon C.

J10

Cau 34: (THPT NHAN CHINH - HA NODXét 6 phiic z théa mén (1+2i)|z|=~——-2+i. Ménh dé
Z
nao sau day dung?

A.§<‘z‘<2. B.1<‘z‘<§. C. ‘z‘>2. D. ‘z‘<1.
2 2 2 2

Loi giai

V10 V10

Céch 1. Tir gia thiét, ta c6 (1+2i)z] =2+ & (1+2i)|z[+2-i="—

V10 V10

c>‘z‘+2‘z‘i+2—i=Tc>‘z‘+2+(2‘z‘—1)i=T (+)

J10

L&y modun hai vé€ ctia (*), ta dwoc (*) o \/(‘z‘+2)2 +(2‘z‘—1)2 =

z"
J10

Dit t=|z], tacod \/(t+2)2+(2t—1)2 =S et (s i5)=10et 1t -2=0et=1

Vay modun ctia s8 phiic z bang 1= % < ‘Z‘ < g
Céch 2. Str dung mdy tinh casio (huéng dan chi tiét & cau 26) dé tim [z|.
Céach 3. D4t z=a+bi (a,be R) va ¢ =|z|, thay vao dang thiic d4 cho thi

—hi )10
Gt©(1+2i)c=£0_—2+i©(1+2i)c=M—2+i
a+ bi c?
@C_a\/21_0+2+{20+b\/21_0_1j:0
C C

ax/ﬁ av10
C— 2 +2=0 C+2= 2 ) ) 10(a2+b2) 10
Suy ra I = C\/7 nén (c+2) +(1-2¢) =———===—
C C

20+b030—1=0 1—2<:=bC10

Giairatacé c=+1mac>0 nén c=1 hay |z|=1. Do d6 %<‘z‘<g. Chon B.

1D
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Cau 35: (THPT CHUYEN LAO CAI)Xét s8 phtic z va s6 phtrc lién hop ctia né cé diém biéu dién 1a
M, M’. S8 phitc z(4+3i) va s& phtic lién hop ctia né c6 diém biéu dién Ian luwot 1a N,N’. Biét rang
M, M’,N,N’ 1a b&n dinh ctia hinh chir nhat. Tim gia tri nho nhat cta |z +4i - 5|

AL c. L D. &,

B 2

Loi giai

N (4x—3y;3x+4y)
N'(4x—3y;—-3x—4y)
Dé thdy MM'[[NN" vi ciing vudng goc véi Ox nén d& MM'N'N Ia hinh chit nhat.

Goi M(x;y) > M'(x;—y) va (4+3i)z=4x—3y+(3x+4y)i:>{

MM'=NN"
Khi va chi khi l\/IN:M'N':>x+y=0:>z=x—xi:>‘z+4i—5‘:\/(x—5)2+(x—4)2
MN || Ox
. 1 1.1 . 1
Taco (x—5)2+(x—4)2 ZE(ZX_9)2+§2§:‘Z+4'_5mm =$. Chon C.

Cau 36: (THPT CHU VAN AN - HA NOICho s8 phttc z théa mén diéu kién |z-1|= J2. Tim gia tri
I6n nhat cta biéu thic
T =‘z+i‘+‘z—2—i‘.

A. maxT = 8\/5. B. maxT =4. C. maxT = 4«/5. D. maxT =8.

Loi giai
Dit z=x+Yi (x,yeR), taco ‘z—l‘=\/§©‘x—l+yi‘:\/§c>,/(x—1)2+ 2 =42
<:>(x—1)2+y2 =2 X -2x+1+y? =2 xP+y?=2x+1 (%)
Laico T =‘z+i‘+‘z—2—i‘:‘x+(y+1)i‘+‘x—2+(y—1)i‘

=\/x2+(y+1)2 +\/(X—2)2+(y—1)2 :\/xz+y2+2y+1+\/x2+y2—4x—2y+5
Két hop voi (*),ta dwoc T :\/2x+2y+2 +\/6—2x—2y :\/2(x+y)+2 +\/2—2(x+y)
Dit t=x+y, khidé T = f(t)=v2t+2+V6-2t véi te[-1;1].

1 1
_ - - f'(t)=0et=1= f(t) =f(1)=4.Chon B.
e (=0 =15 1(1), = 1(1)=4. Chon

Taco f'(t)

Cau 37: (DHNT HN) Cho s phirc z thoa mén diéu kién [z-1| = 2 . Tinh gia tri 16n nhit ciia bidu thic

T =‘z+i‘+‘z—2—i‘

A. maxT =82 . B. maxT =8. C. maxT=4J2. D.maxT=4.

Huwéng din giai
Chon C
Pat z=x+yi(x,yeR), taco:

Z2U
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‘z—l‘=\/§<:>‘x—l+yi‘=\/§
<:>(x—1)2 +y? =2 X +y? =2x+1(*)
Laico: T =‘z+i‘+‘z—2—i‘:‘x+(y+1)i‘+‘x—2‘+(y—l)i
=\/x2 +(y+1)2 +\/(x—2)2 +(y—1)2

=\/x2+y2+2y+1+\/x2+y2—4x—2y+5

Két hop véi (*) , ta duoc:

T = 2X+2y +2 +,/6—2x~2y
Ap dung bét dang thirc Bunhacopxki ta duoc

re )| Bz o (6a ) |-

Vay maxT =4.

Cau 38: Cho w=sina+icosa Voi 0<a<g thoa man \w2+1\=2\w\ .

. 2018
Giatri ctia P = (26‘W = 3) la
A. P =23%% B.P =-23%%, C.P =23, D.P =29%",
Huwéng din giai
Chon A

Ta co: w2+1=(sina+i003a)2+1=1—0052a+isin2a:‘w2+1‘=\/2—2c052a.

2‘W‘=\/Siﬂ2a+COSZOL=2.
NRY ¥4 2 T T
Tur gia thiét: ‘W +1‘=2‘W‘:>COSZOL=O<:>OL=Z Vi 0<OL<E.

22— 2 2

DW=t s w=—rnie ‘W

=1.

Viy P = 232018.

A Z A , . s A , 1o X 2 2 .
Cau 39: Cho cac so phitc z, =-2+1,z, =2+1 va so phitc zthay doi théa man ‘Z—Zl‘ +‘Z—Zz‘ =16. Goi

M va mln luot 1 gi tri 16n nhét va gid tri nho nhét clia |z|. Gid trj biéu thirc M* —m” bang
A. 15. B.7. C. 11. D. 8.

Loi gidi
Chon D.
Goi M la diém bicu dién cua z .
Goi A(-2;1), B(2;1). Goi 1(0;1) Ia trung diém AB.
‘z—zl‘z +‘z—zz‘2 =16 < MA® + MB* =16

AB’

MA? + MB’ =2MI* + =16 = MI =2

Suy ra tap hop cac diém M la dudng trontam 1(0;1) ban kinh R=2.

Z1
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yA

M

le

NS

M,

o

Talaico: ‘IM—IO‘SOMSIMHO < 1<OM<3.
Dodo:lz| =3<M=M,
‘Z‘min =leM= Ml

= M?-m’=8.
Bai twong tuw

Cau 40: Cho hai sb phitc z,,z, thoa man |z, +1—i|=2 va z, =iz,. Tim gi4 trj nh6 nhit m cia biéu thirc
|z, 2,]?
A.m:x/z—l. B.m:2\/§. C.m=2. Q.m:Z\/E—Z.
Loi giai
Chon D.

bat z, =a+bi; a,beR =z, =-b+ali
=2z,-2,=(a+b)+(b-a)i.

Nén ‘zl—zz‘=\/(a+b)2+(b—a)2 =/2.[z]

Talgi cd 2=|z, +1-i<[z,[+[1-i|=[z,]++2
=z|22-V2.suyralz, ~z,|=2[z]22V2-2.

Déu " =" xayrakhi 2= <0.
1 1

Viy m=min|z,-z,|=2v2-2.

Cau41: Goi sb phitc z=x+yi; X,y R thoa didu kien |z-2[ +|z+2 =26 va ‘z—(2+\/§i)‘ I6n nhét.
Tinh T=x-y.
A T=-2+45. B.T=2++5. C.T=-2-+5. D.T=2-+5.

Lot giai
Chon A.

Giast z=x+Vyi; X,yeR

Taco ‘2—2‘2+‘z+2‘2 :26<:>(x—2)2+y2+(x+2)2+y2 =26 = x?+y?=9.
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Suy ra tap hop céc diém biéu dién s phirc z 1a dudng tron (C) tam la gdc toa do O, ban kinh
R=3.

Tact |e-(24 V51| = (x-2)" (y-5]
Vi 22 +(v/5) =9 nén diém N(2;V/5 ) thuoc duang tron (C).
z—(2+\/§i)‘=\/(x—2)3+(y—\/§)2 VN

Suy ra ‘z—(2+\/§i)‘ lon nhét < MN I6n nhit < MN Ia duomg kinh ciia (C) < M(-2;—/5)

Goi M(x;y) 1a diém thuoc (C), khi d6

Vay z=-2-+/5i.

Cau42: Cho z,, z,la hai s phirc théa mén phuong trinh [2z—i| =[2+iz|, biét

z,-2,|=1 Tinhgiatri cia

biéu thuc: P=‘Zl+zz‘ .

A.Pzﬁ. B.P=+2. C.Pzﬁ. D. P=+/3.

2 2
Loi giai
Chon D.
HD: Cach L. Taco: |2z-i|=|2+iz| & [22—i[ =[2+iz| & (2z-i)(2z+i)= (2 +iz)(2~i2)
A
& 472.2+2iz2-2iz—i° =4-2iz+2iz-i’22=322=3 y
<:>Z.E:1<:>‘z‘2:1:‘2‘:1:‘21‘:1 va ‘zz‘=1 M M
2

Chy: aa=a’ = |2z~ =(2z-i)(2z~i)=(22-i)(2z +i)
Tap hop diém biéu dién s6 phic z,, z, 1a dudng trdn tam O
ban kinh R=1. >
Goi M,(z,), M,(z,) = OM, =OM, =1 O X

Taco: [z, -2,/ =|OM, ~OM,|=[M,M,|=1= AOM,M, déu

Ma ‘21 + zz‘ = ‘OM1 +0M,

_ ‘OM‘ —OM Vé6i M 1 didm théa

man OM,MM, I hinh thoi canh 1=>OM =+/3 = P =/3.
Cach 2. Dt z=x+Vi, (X,yeR),tacé 2z—i=2x+(2y—1)i va 2+iz=2-y+xi.

2/ =1

Khi doé: ‘22i‘—‘2+iz‘©\/4x2+(2y1)2—\/(y2)2+x2<:>x2+y2—1:>‘z‘—1:>{‘ ‘ .
Z,|=

) R , 2 2 2 2 2
Sir dung ong thite [z, +2,[" +]2, -2, =2(|2,[ +[z[ | = |z, + 2] =3 = |z, +2|=V/3. Chon D.

Cau 43: Cho s6 phirc z thoa man diéu kién [z—1-2i|=4. Goi M va m lan luot 12 gi tri 16n nhit va gi4 trj
nhé nhét cita |z+2+i. Tinh gia tri clia tong S =M’ +m”.
A. S=82. B.S=34. C. S=68. D. S=36.

Loi giai
Chgn C.
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Cach 1: (Phuong phdap hinh hoc)

it s6 phitc Z=Xx+iy, X,y €R c6 diém biéu dién hinh hoc 1a P(x,y).

Taco \z—l—2i\=\/(x—1)2+(y—2)2 =4 (x-1) +(y-2) =16.
Vay tap hop diém P la duong tron tam 1(1;2), ban kinh R=4.

Taco [z+2:+i|=(x+2) +(y+1) = AP, voi A(-2;-1).

Viay tir hinh vé ta nhan thay:
M=AP =AP,=IA+R=3/2+4
m=AP =AP =IA-R=3\2-4

P,
AV
2 2 /
Véytasuyra8=l\/lz+m2=(3«/§+4) +(3\/§_4):63_ EEiSE e Eaai 7o oed Sci i nn s 7 )
8 P
Cach 2: (Phuong phap dai so) K\/

cong cu co bdan: Hzl‘—‘zzuﬁ‘zl +ZZ‘S‘21‘+‘ZZ" V41 moi so

phirc z,, z,. Ap dung, ta co:
O [z+2+i]=|(z-1-2i)+(3+3i)|<|z-1-2i[+[3+3i| = 4+ 32 = M =4+3\2
0 |z+2+i|=|(z-1-2i)+(3+3i)|<[z-1-2i]-[3+3i]| =3V2 4= m=32 -4

Viy taco S=M? +m? =(3J§+4)2+(3J§—4)2 ~68.

Cau 44: [Pham Minh Tuén - Vted 15] Cho ba s phuic z,2,,2, thoa |z, =|z,|=6 va |z, ~z,|=6+/2.. Tim gi
tri nho nhat cua biéu thire

P=v2|z-2,)(z-2,) +[2(z-2,)|+[z(z-2,).

A. 303. B. 36v2. C. 50. D. 504/2.

Loi gii

Chon B.
Goi A,B, M 1a diém biéu dién s6 phuc z,,2,,z, khi d6 tir gia thiét ta suy ra tam gisdc OAB vudng
can tai O va bai toan quy V& tim gid tri nhé nhat cia P = vV2MA.MB + MO.MA + MO.MB .
Ta s& ching minh bai todn tong quat

Cho tam giac ABC, diat AB=c, AC=b, BC =a, khi d6 ta co

MB.MC A MC.MA  MAMB

bc ca ab

>1 (%)

2 2 2
Chirng minh: dung bai toan kinh dién x.MA? +y.MB? + z.MC? > Xyc +yza +2xb (* *)

X+Yy+2
- a b c e aMB.MC +bMC.MA + cMA.MB
bat x= Yy = 2= khidé x+y+z=
MA MB MC MA.MB.MC
aMA +bMB +cMC

va xyc? +yza® + zxb? = abc tir d6 sir dung (**) suy ra h¢ thirc (*).

MA.MB.MC
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Ap dung bai todn trénta cd P > 36x/§ , chon B.

Ta c6 thé chimg minh bai toan (*) trén béing ngdn ngir s6 phirc.

Goi toa d9 céc diém A,B,C,M trén mét phang phirc 1 u,v,w,x khidé a=|v-w|, b=|w-u|,

c=[u-v| , MA=|x-u|, MB=|x-Vv|, MC =|x-w|. Khi d6 bt ding thitc (*) tuong dwong

‘X—VHX—W‘ ‘x—wa—u‘ ‘x—u‘x v‘

‘u—vHu—w‘ ‘v—va—u‘ ‘W—U‘W v‘21

|(x v)(x- w)%Jr%(x—w)(x—u)+|(x—u)(x—v)%21

=) u=w)] " f(v=w) (=0 w=u)(w=v)

Mat khac :

|(x v)(x- W)|+|(x—w)(x—u)|+|(x—u)(x—v)|2|(x—v)(x—w)+(x—w (x—u)+(x—u)(x—v)
o)) o) e o) (wiv-a) e

=1nénsuyra (*).

(v—w)(v-u) +(w u)(w-v)

Cau 45: Cho s6 phirc z théa man didu kién |z-+i[=1. Tim gid tri nh6 nhat cia biéu thirc:

‘ 2 |‘ \/—‘ 2+3|‘
A 3. B. 3. C. 2. D.ﬂ.

3

Loi giai
Chon B.
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Goi diém bicu dién ciia z 18 M. Khi d6 M ndm trén duong tron tam 1(0;-1),R =1. Goi toa do cac

diém A(ﬁ;—l),B(ﬁ;—3) do do:

P=‘E—x/§—i‘+\/§‘z—\/§+3i‘=MA+x/§MB. Goi K(i;—lj khi d6 ta co: =M _ 1
J2 IM

Vay AIMK va AIAM 13 hai tam gidc ddng dang. Khi d6: MA =v2MK .

Vay P =+2(MK+MB).

Theo bit déng thirc tam gide: P =2 (MK + MB) > v2BK.
Viy Min(P)=+2BK =3,

Cau46: Vi hai sé phirc , va z, thoa mén z, +2, =8+6i va |z, —z,|=2, tim gié trj 16n nhét ciia P =|z,[+z,).

A. P=46. B. P=226. C.P=5+35. D. P=34+32.
Loi giai
Chon B. yA
A
3»— ————————————— |I
B
o 1 4 X

Vi hai s6 phitc z, va z, thoa min z, +z, =8+6i va |z, —z,|=2 nén
z, =8+6i-2, ‘Zl_(4+3i)‘:1
z,=8+6i-2, < 1[z,—(4+3i)| =1 (*).
|2, 2,|=2 2, -7,|=2
Goi A, B lan luot Ia hai diém biéu dién cua hai s phitc z, va z, khi d6 tir (*) suy ra A,B nim
trén dudng tron (C) c6 tam 1(4;3), ban kinh R=1 va AB la dudng kinh ciia duong tron (C).
Nhu viy P =|z,|+|z,|=OA+OB.

., OA*+0B®> AB?
Taco -

=0I? < OA? + OB? =2(52+1)=52.
Suyra 52=0A”+0B’>20A0B = (OA+OB)2 =0A” +0B* +20A0OB <52 +52 =104
= P =|z,|+|z,|=OA+ 0B < /104 = 21/26 . Du biing xiy ra khi OA = OB.

Cau47. Giasur z,, z, la hai trong sb cac s6 phic z thoa mén ‘iZ+\/E—i‘ =1va ‘Zl —Zz‘ = 2. Gia tri 16n nhat cua
‘21‘4—‘22‘ bang
A 4. B. 21/3. C.3V2. D. 3.

AS)
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Loi giai
Chon A.

!)

Ta o ‘iz+ 2—i‘=1© ‘i”z—i\/z—l‘:lc ‘z—iﬁ—l‘:l.

Diém bidu didn z thudc dudong tron tam |(1;J§), R=1.

Goi M, N 14 diém biéu dién z,,z, nén MN =2 1 dudng kinh. Dyng hinh binh hanh OMNP ta
¢6 |z, +2,|=OP =2+3.

Taco (‘zl‘+‘zz‘)2 < 2(‘21‘2 +‘zz‘2) =|z,~z,[ +]z,+2,[ =16 = |z,|+|z,| < 4. Déu bing xay ra khi

z,|=|z,| & MN LOI.

Cau48: Cho hai s6 phirc Z, o thoa mén |z—1=|z+3-2i[;0=z+m+i véi meR Iatham sé. Gia tri cia m dé

ta luén co ‘w‘ > 2\/5 la:

m>7 m>7
A. ) B. ) C. 3<m«7. D. 3<m<7.
m<3 m<

Loi gidi
Chon B.
Pit z=a+ib,(a,b e R) c6 biéu dién hinh hoc 1a diém M(x;y)

z-1 =|z+3-2i @‘x—1+iy‘=‘x+3+(y—2)i‘ @\/(x—l)ery2 =\/(x+3)2+(y—2)2
& —2X+1=6X+9-4y+4 < 2x-y+3=0
Suy ra biéu dién ciia s6 phirc z 1a duong thang A:2x-y+3=0.

Ta co: ‘w‘ZZ\/g @‘z+m+i‘22\/§ @‘x+m++(y+1)i‘22\/§

e y(xem) +(y+1) 2245 < MI>2J5 véi 1(-m;-1).
Mataco MI=d(1,A)

Z(
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[-2m + 4]

Nén Mi22V5 < d(1,4)22V5 o >2y5 & |-2m+4/>10

-2m+4>10 m<-3
= )
-2m+4<-10 m>7

Cau49: [PTNK TP HCM] Cho z1a sé phic thoa man [z—1+i|=2. Tim gia trj I6n nhét cia biéu thic
P:‘z+2—i‘2+‘z—2—3i‘2

A. 18. B. 14+ 2410 . C. 38+8410. D. 16 +2+/10 .

L oi giai
Chen C.
Goi z=x+Yi(x;y eR),M(x;y) la diém bi¢u dién s6 phirc z .
Do |z-1+i|=2 (:)(x—l)2 +(y+1)2 =4 suyra M thudc dudng tron tam 1(1;-1), ban kinh R=2.
Pat A(-2;1), B(2;3), E(0;2) 1a trung diém cua AB. Khi d6
AB?

P:‘z+2—i‘2+‘z—2—3i‘2 :(x+2)2+(y—1)2+(x—2)2+(y—3)2 = MA? + MB? =2ME? +
=2ME? +10.

Do E nim ngoai dudmg tron, nén ME,, =El+R =2+y10 =P, =38+8410.
Cach2:

P:‘z+2—i‘2+‘z—2—3i‘2 :(x+2)2+(y—1)2+(x—2)2+(y—3)2:2x2+2y2—8y+18
& 2x*+2y° -8y +18-P=0.
2x*+2y* -8y +18-P =0 (x—1)2+(y+1)2=4
2 2 g
(x-1) +(y+1) =4 (A):4x-12y+22-P =0
Hé c6 nghiém khi d(1,A) <R <[P -38| <810 < 388110 <P <38+8y10
=P, =38+810.

Suy ra toa do diém M thoa man {

Cau 50: (CHuyén Ha Long-lin 2-2018-M4 dé 108)Cho cac s6 phic z, = —2+i,2, =2+i va sb phic z thay

20
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F Y ~ 2 2 . N by N -/ 1, X N -/ . Y X ) -/
doi1 thoa mén |Z_21| +|Z—Zz| =16. Goi M va m lan luot 1a gia tri 1on nhat va gia tri nho nhat cua |Z| Gia

tri biéu thirc M*—m? bing
A.15. B.7 . C.11. D.8

Loi giai:
Chon D.
Cach 1:
Goi s0 phirc z=x+Vyi VoI x,yeR.
Taco |z-z| +|z-2z,/ =16 & X*+y*+2x—3=0 . Khi do tap hop cic diémM (x, y) biéu dién sb
phtrc z la duong tron (C) cé tdm 1(-1,0) va ban kinh R=2 .
Tacod |2],, oOM. .\, | 2], OM . -
Puong thang Ol c6 phuong trinh y=0 .
Ol Cét(C) tai 2 diém phin biét AB c¢c60 toa d0 1a nghiém cia hé
X +y?+2x-3=0
y=0
Tacd OA<OM <OB nén |z|
Khidéo M?-m®=9-1=8 .
Cach 2:
Goi so phic z=X+Yi Voi x,yeR.

min min

& A(1,0); B(=3,0).

~OA,|z|,=OB.

min

Taco |z-z,[ +|z-2,| =16 < X’ +y* +2x—3=0 . Khi d6 tap hop cic diém M (x, y) biéu didn sb
phirc z 1a dudng trdn (C) c6 tam 1(-1,0) vabankinh R=2 .= |z+1|=2

Taco: |7|2|z+1-1=1=]z| =1 |z<|z+1+|-1=3=|z|  =3.
Céch’3:

Goi so phirc z=X+Yi Voi x,yeR.

min

Taco |z-z,[ +|z-2,| =16 < X’ +y* +2x—-3=0 . Khi d6 tap hop cic diém M (x, y) biéu din sb
phttc z la duong tron (C) cé tdm 1(-1,0) va ban kinh R=2 .

Taco OM,,, =[Ol -R|, OM,, =O0l+R <|z| =1,z =3

CAU PHAT TRIEN

Céau 51: Cho s6 phirc z thoa mén didu kién |z—2—4i|=+/5 . Goi M va m lan luot 12 gié tri 16n nhat va gid tri

. . . M?-m? .
nho nhat ciua |Z| Gia tri bieu thitc ————— bang
2Mn
A.l12. B.l . C.i . D.8
2 3
Loi giai:
Chen C.

Goisé phitc z=X+Vyi V6i x,yeR,khidé |z|=/x+y? .
Tacé:|z—2—4i|=\/§@(x—2)2+(y—4)2=5c>x2+y2+15=4(x+2y) :
Ap dung bdt Bu-nhi-a-cdp-xKi ta co:| x + 2y |< m = \/§| z| .

Khi d6 ta c6 bat phuong trinh |z > +15<4+/5| 2| < /5 <2< 35 .

A)




Gv : Lwong Viin Huy — Thanh Tri — HN - 0969141404

22
Dods M —M _4
2Mn 3

Cau 52: Cho s6 phirc z thoa man diéu kién |z ~1—i[+|z—3-2i|=+/5. Goi M va m lan lugt 1A gia tri 1on nhit
va gié tri nho nhit cua |Z + 2i| . Gia trj biéu thirc M ? + m? bing
15

A.25. EL ) . C.?. D.20 .

Loi giai:
Chon B. ,, o q
Goi z=Xx+VYi (Voi X,yeR)codiém M(x;y) biéu dién z trén mat phang toa do.

Taco [z-1-i|+|z-3-2i|=+5
o J(x=1) +(y=1) +(x=3)’ +(y-2)" =<5
e J(x=2 +[(y+2)-3] +y(x=3) +[(y+2)-4] =B ().

S6 phirc z+2i= x+(y+2)i co diém M'(X;y+2) biéu dién z+2i trén mat phang toa do.

Dit AL;3),B(3:4) ,tir (1)tacd AM'+BM’=+/5.

Mit khic AB=+5 nén M’ thuoc doan AB. Khi do M=[z+2i| =O0B=5 |,
m=|z+2i| =0A=+10.

Viy M?+m?=35 .
Nhan xét: ‘7 ‘
- GTLN, GTNN ¢ cau dang nay chi c6 thé dat duoc tai 2 dau A,B .

- MOt sai lam thuong gap 1a danh gia |z| =d(O;AB) nhung do goc OAB Ia gdc ti nén khdng
ton tai diém M trén doan AB sao cho OM L AB.

Cau 53: (Chuyén Ha Long-lin 2-2018-Ma dé 123) Cho sb phitc z théa min |z-3-4i= J5.Goi M,m lin

N4 el 12 £ Z g , £, .2 , 2 .[2 Ry Y« ,
luot 1a gia tri 16n nhat, gia tri nhd nhat cta biéu thic P = ‘Z + 2‘ —‘Z — I‘ . Khi d6 modun cuia so phtrc

w=M-+mi
A.2+314. B.v/1258. C.3vJ137. D.2+309.
L oigiai
Chon B.

Caml:Gmm}z=x+W(xyeFQtam‘z—3—4ﬂ=d€<:(x—3f+(y—4f=5

Taco P=4x+2y+3 < 4(x-3)+2(y-4)=P-23

Taco [4(x-3)+2(y-4)] <20| (x-3) +(y-4)" | =100

Suyra —10<P-23<10 <> 13<P <33 suyra M =33,m =13 do d6 ta dugc W = 33+ 13i viy
|- 1256

Cach 2: Goi z=x+Yyivoix,yeR .

Tacé: [z-3-4i[=+/5 < (x~3) +(y—4) =5 . Suyra, tap hop diém M (x;y) biéu dién cho s
phtc z trén hé toa d6 Oxy la duong tr(‘)n(C) tam I(3;4) va ban kinh R=+/5.

K1)
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Lai co: P:‘z+2‘2—‘z—i‘2@(x+2)2+y2—x2—(y—1)2—P:0<:>4x+2y+3—P:0,déylé
phuong trinh ciia duong thing A:4x+2y+3—-P=0.
Tathiy M =AN(C).

Diéu ki¢n dé A cat (C) la: d(I,A)SR@@S@@—NSZ’S—PSN@BSP£33.

2+/5
Suy ra: m=13,M =33va w=33+13i = |w|=/1258 .
Céch 3:
Goi z=Xx+Yyi vdi X,yeR.
: 2 2 2 2 P—-4x-3
Taco P=(x+2) +y’—x*—(y-1) =4x+2y+3 suyra y=—op—

Tur [2-3-4i=v5 & (x-3) +(y-4) =5 f(x):(x—3)2+[#—4j—5=o.

Taco f’(x):2(x—3)—4[wj:—2P+1OX+16.
2

f'(x)=0<x=0,2P-1,6.Suyra y=0,1P +1,7.

Thay X,y Vira tim duge vao f(x) ta dugc (0,2P~1,6—3)" +(0,1P+1,7-4) ~5=0.
Ta gidi dugc P =33 hoic P = 13. Diy tuong {ing 1a GTLN va GTNN ciia P
Vay M =33, m=13. Khi do, |o|=+1258.

Cau 54:Biét s6 phitc z=x+yi, (X,yeR) théa min dong thoi hai didu kién |z|=|Z+4-3i| va biéu thirc
=|z+1-i|+|z—2+3i| dat gi tri nho nhét. Tinh P =x+2y.

A P=- o B.P=- 253 C.Pz—ﬂ. D.Pz—E.
10° 50 5} S)

Loi giai

Chon A..

:\z+4_3i\@\x+yi\=\(x+4)—(y+3)i\

S 4XC +y _\/ x+4 y+3

SX+y =x"+8x+16+y’ +6y+9
< 8x+6y+25=0.

Taco P=(x+1) +(y-1) +(x-2) +(y+3)
Xét diém E(-1;1); F(2;-3) va M(x;y) .Khids, P=ME+MF.
Bai toan tré thanh tim diém M e A:8x+6y+25=0 saocho ME+ MF dat gi4 tri nho nhét.

Vi (8x +8Y, +25).(8x. +8y, +25)>0 nén hai diém E,F nim cing phia déi v6i dudng thing A.
Goi E' 1a diém d6i xing v6i E qua A

Pudng thing EE’ di qua diém E(l; —1) vaco VTPT n =, = (3; —4) nén c6 phuong trinh
3(x+1)-4(y-1)=0 < 3x-4y+7=0

ol
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X : . R 3X—4y=-7
Goi H 1a giao diém cuia EE'va A. Toa d6 diém H la nghiém cta hé phuong trinh y
8X+6y =-25
71
X="% 71 19
= 25 quyra H| -=._22
y= 19 25 50
50
117
r XE' T T o
E’ d6i xirng voi E qua H nén 4245 .
yE' = _2_5

Tacé ME+MF=ME'+MF>EF. q
Dau bang xay ra < M la giao diém cua E'F va duong thang A
Puong thing E'F di qua diém F(2;-3) vaco VTPT fi,, =(31;167) c6 phuong trinh

31(x—2)+167(y+3)=0 < 31x+167y+439=0

67
: 31X +167y = —439 ="
Toa do diém M la nghiém cta hé phuong trinh X+ 2oy = 50
8Xx+6y=-25 _ 119
50
61
Vay P=x+2y=——.
ay y 10

Céu 55: Goi z,,z, la 2 nghi¢ém cua phuong trinh ‘Z—1+2i‘ =‘Z+1+ Zi‘ théa mén ‘Zl —Zz‘ =2 Biét ring W
la s6 phirc thoa man |w—3-2i|=2. Tim GTNN ctia biéu thirc P =|w-2z,|+|w-2z,|.

A. 1++/3 B. 243 C.2 D.6 .

Loi giai.
Chon D .
Gia sit z=x+Yyi(x,yeR) taco [z—1+2i|=|z+1+2i| < x=0suy ra tap hop diém biéu dién
z,,z,la tryc tung.

Gid sir A,B lan lugt 14 2 diém biéu dién cho z,,2,,tac6 |2, ~2,|=V2 < AB=12.

Gid st w=a+bi(a,beR) va M 1a diém biéu dién cho sb

phircw , ta co|w—3-2i[=2 < (a—3)* +(b—2)’ =4suy ratap

hop diém biéu dién M cho s6 phirc W 1a duong tron tam 1(3;2) 15
ban kinh R=2 . SN !
Taco P=MA+MB , goi E lahinh chiéu vuong géc cua | [én
truc tung, ta thay P nho nhat khi E la trung diém AB suy ra e
\/6 \/6 \/6 | 0

MA=MB=—,viy MinP=2—=
2 2

Cau56: Cho z lasé phirc thoa |z—1+i|=2. Tim gid trj Ion nhét clia biéu thitc

Ky
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P:‘z+2—i‘2+‘z—2—3i‘2
A. 18. B. 38+8410. C. 18+24/10. D. 16+ 24/10 .

Huwéng din giai
Chon B
Goi z=x+Yi(x,y eR)
Ta co: ‘z—1+i‘:2©‘x+yi—1—i‘:2©(x—1)2+(y+1)2:4
S X +y =2x+2y-2=0 X* +y? =2x-2y+2 (¥)
Theo bai ra:
P:‘z+2—i‘2+‘z—2—3i‘2:‘x+yi+2—i‘2+‘x+yi—2—3i‘2
:(x+2)2+(y—1)2+(x—2)2+(y—3)2:2(x2+y2)—8y+18
Thay (*) vao P ta duoc:
P=4x—-12y+22=4(x-1)-12(y+1)+38
Ap dung bdt Bunhiacopxki ta duoc

4(x—1)—12(y+1)+38§\/(42 +122)[(x—1)2 +(y+1)2} +38= (42 +122).4+38:8\/E+38

Viy P =8110+38.

Cau57: Giasur z, z, la hai trong sb cac s6 phic z thoa mén ‘iZ+ 2 - i‘ =1va ‘Zl —Zz‘ = 2. Gia tri 16n nhat cua
‘21‘4—‘22‘ bang
A 4. B. 21/3. C.3V2. D. 3.
Loi giai
Chon A.
!)
N .~
-l
| J
: P
|
: M
0

Taco ‘iz+ 2—i‘:1c>‘i”z—i\/a—l‘:lc‘z—i\/a—l‘:l.

Diém bidu didn z thudc dudong tron tam | (1; J2 ) R=1.
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Goi M, N 14 diém biéu dién z,,z, nén MN =2 1 dudng kinh. Dyng hinh binh hanh OMNP ta

¢6 |z, +2,|=OP =2+3.
£ 2 2 2 2 2 ; s .
Taco (|z,|+[z,|) SZ(‘zl‘ +|2,] ):‘zl—zz‘ +|z,+2,| =16 = |z,|+|z,| < 4. Diu béing xay ra khi

z,|=|z,| & MN LOI.

Cau58: Xét cc s phuc z=a+bi(abeR) thoa man [z+2-3i[=2V2. Tinh P=2a+b khi
|z+1+6i|+|z -7 - 2i dat gid trj [6n nhat.
A P=1. B.P=-3. C.P=3. D.P=7.

Chon B
Goi Z =X+YiVéi (X,y eR).

Ta c6: ‘z +2—3i‘ NP (x+ 2)2 +(y—3)2 =8. Suy ra, tap hop diém M(X;y) biéu dién cho sb
phtrc z trén hé toa d6 Oxy la duong tron (C) tam I(—2;3) va ban kinh R=+/8 .
Goi A(-1,-6), B(7:2) va J(3;-2)la trung diém ciia AB.

Dit P =|z+1+6i|+|z—7-2i[suyra P= MA+MB< \/Z(MAZ + MBZ) . (BDT Bunhiacopxki).

X=3-t

Phuong trinh dudng trung truc Acta AB Ia: :
y=-2+t

2

Taco: MA? + MB? =2MJ? + AB

v6i J la trung diém coa AB.

Vi M chay trén duong tron, J ¢é dinh nén MI<1J+R.

Do viy P?<4(l1+R)’ + AB? nén P, = \[4(1+R) + AB".

Dau « = » xay ra khi MA = MB va ba diém M, 1,] thiang hang. Piéu nay thoa man nho
IA=1B.
Do dé: M =A(C), toadd ciia M 1a nghi¢m he¢:

X=3-t X=3-t x=0 [x=-4
y=-2+t Sy =-2+t &<sy=1viy=5
(x+2)"+(y-3)'=8 |(t-5)+(t-5)"=8 (1=3 [t=7
Mat khac :

M (~4:5)= P = MA+ MB = 2130 va M (1) = P = MA+MB =250

Vay déP,,,, thiM(—4;5) Suyra 2a+b=-3.

Cau 59: (SGD - HA TINH )Trong cé4c s6 phirc z thoa man ‘z —(2+4i)‘ =2, goi z, V& z,1a s6 phirc c6 mo-

dun 16n nhat va nho nhét. Toéng phan 4o cua hai sd phic z,va z, bang.
A. 8i. B. 4. C. -8. D. 8.

Loi giai
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Chon D.

Goi z=x+Yi,(X,yeR) va M(x;y) la diém biéu dién s6 phirc z .
Theo gia thiét [z - (2+4i)| =2 < [x+yi—(2+4i)| =2 o (x—2) +(y-4) =4.
Suyra M e(C):(x—Z)2 +(y—4)2 =4

Suy ra tap hop cac diém biéu dién sd phirc z thoa mén |z —(2+4i)| =2 Ia dudng tron (C) c6 tam

1(2;4) bankinh R=2.

10+2\/€,20+4x/§]
_ ,

Puong Ol ¢6 phuong trinh y = 2x cat dudng tron (C) tai hai diém A{ :

8{10—2\/3_20—4J§
5

5

B bicu dién s6 phirc c6 médun nho nhat.

] . Do OA > OB nén diém A biéu dién sé phirc c6 moédun 16n nhat, va diém

Cau 60: [HKII-SG BAC LIEU-2017-2018] Xét s phitc z=a+bi (a,beR va b>0) théa min |z|=1.
Tinh P =2a-+4b khi [2° —z+2| dat gi tri 1n nhit.
A P=4, B.P=2-4/2. C.P=2, D.P=2+2.
Loi giai
Chgn C.
Céach 1:
Tur gia thiét c6 a* +b* =1 =b* =1-a*>0 véi ae(-L1) va zz=1.
Taco ‘zs—z+2‘ :‘zz‘. z—1+£2
Z Z

=‘z—i+272‘=‘2bi+2 a” ~b° - 2abi)

= 2|(a2 ~b? )+ (b - 2ab);i \/ b?)" + (b~ 2ab)’
—2\/ —p?) +b? (1-2a) —2\/ 202 -1) +(1-22)(2a-1)" =24a° 2’ ~4a+2
Xét f(a )_4a —a’—4a+2,v6i -1<a<1.

az—ie( -1;1)
f(a)=122" ~2a-4; f'(a) =0 > 128" ~22-4=0 | ?

azge(—l;l)

Bang bién thién:
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a | 1 2 1
2 3
f'(a) + 0 _ 0 +
13 1
f(a) / Z\ /
Suyra max f(a)= f[—ljzg,datduqckhi a=—1, p2 =3
ae(-1;1) 2 4 2 4

Vay P =2a+4b’ =2(—%j+3=2.

Céch 2:

Taco z=cosx+isinx = z° =cos3x+isin3x. Vi b>0 nén sinx>0, cosxe(-11).
Khi d6

‘zs—z+2‘ :‘(cos3x+isin3x)—(cosx+isinx)+2‘

=‘(cos3x—cosx+2)+(sin 3x—sin x)i‘

=\/(cos3x—cosx+2)2 +(sin3x—sin x)2

=\/(2—23in 2x.sin x)2 +(200$2x.sin x)2

= \/4—83in 2xsin X +4sin? xsin? 2x+ 4 cos? 2xsin? x

= /4—165in’ xCOS X+ 45in’ X
= [4-16(1-t*)t+4(1-t") =16t ~4t ~16t+8 voi t=cosxe(-1;1).

Pat f(t)=16t"—4t*-16t+8, tee(-11).

t:—ie(—l; 1)
f(t)=d8 —8t-16=0| 2
t=—e(-11)
3
Bang bién thién:
t 1 1 2 1
2 3
f'(t) 0

+ 0 - +
13 1
f(t) / \ /
= max f(t) = f(—%jzﬁ :tz—%zcosx.

8 _ 1 lop3

Ja?+b? 2 2 4

Vay P =2a+4b’ =2(—%j+3=2.

Khi doé:
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Nhén xét: ¢ the doi cau hoi thanh tim Min

Cau6l: Cho z,, z, I hai s phirc théa mén [2z—i|=[2+iz|, biét |z, —z,|=1. Tinh gia tri cia biéu thirc

P=|z,+2,|

A.P:%. B.P=+2. C.P:%. D. P=+3.

Loi giai
Chon D.
Céch 1.

+Pit z=X+Yi, x,yeR , taco ‘ZZ—i‘=‘2+iz‘<:>‘2x+(2y—1)i‘:‘(2—y)+xi‘

\/4x2+(2y—1)2 =\/(2—y)2+x2 S 4P +4y* —Ay+1=4-4y+y* +X°
ext+y’ =1 l7]=1=z)=[z,|=1

2 2 2 2
+ St dung cong thie: V2,2, € C tacd [z, +2,[ +Jz, -2, =2(|z +/z.

Suyra P= \/5 )
Cach 2.

+Bién doi: [iz+2|=|-i(iz+2)| =]z - 2il

Tacod ‘ZZ—i‘:‘z—Zi‘:‘Zz—i‘z =‘Z—2i‘2 :‘z‘:lj‘zl‘:‘zz‘:l.

+ Sur dung cong thirc binh phurong mé dun

2 92 2.2
Imz, +nz,|" =m?z? +2mnz,z,c05(z,,2,) +n’z,

Trong d6 (2,,2,) la goc ZMON véi M, N lan luot 1a cac diém biéu dién s phic z,,z, trén mit
phang phirc

‘2

N |-

2,-2,|=1= |2, -2, =1= 2] +|2,[ ~2[z,].|z,| cos(2,.2,) = 1= cos(z,.2,) =

Vay P’ =‘21+Zz‘2 =1:>‘21‘2 +‘22‘2 +2‘zl‘.‘22‘.cos(zl,zz):3:> P=43.

Cau 62: Cho s6 phirc z théa man diéu kién |z—1|=2. Tim gid trj Ion nhét cta biéu thic: T =|z+i|+|z - 2-i|.

A. maxT = 8\/5. B. maxT=4. C. maxT = 4\/5. D. maxT =8

Loi giai
Chon B.
Pat z=x+yi(x,yeR), taco ‘z—l‘zx/zc)‘x—Hyi‘:«/E@w/(x—l)z+y2 =2
<:>(x—1)2+y2 =2 X +y  =2x+1 (*)
Lai co T =|z+i|+[z=2-i[=|x+(y +1)i|+|x— 2+ (y - D)i|
=\/x2+(y+1)2 +\/(X—2)2+(y—1)2 :\/x2+y2+2y+1+\/x2+y2—4x—2y+5
Két hop v6i (*), ta duge T =2x+2y +2 + /6 - 2x =2y = [2(x+ ) + 2 +,/6—2(x + Y)
Ap dung BPT Cauchy schwarz ta c6

S/
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T =J2(x+Y) + 2 +,/6-2(x+y) < 2Q2(x +y) +2+6-2(x+Y)) = 4.

Cau 63: Cho sb phac z théa man diéu kién S‘Z—i‘=‘z+1—3i‘+3‘z—1+i‘. Tim gia tri 16n nhat M cua biéu

thrc: \z —2+3i\ ?

A M==— B. M=1++/13. C. M=445. D. M=9

Loi giai
Chgn C.

5\ +(y—1)? = J(x+1)? +(y—3)° +3y/(Xx—1)> +(y +1)?

— 5\ +(y —1)? <V10.J(x+1)% +(y = 3)% + (X —1)* +(y +1)?
<:>25[x2 +(y—1)2J—10[(x+1)2 +(y—3)* +(x-1)° +(y+1)2]30
Xt H(y-1)? <20 e |z-i|<2V5
P=[z—2+3i[=|z-i+(4i-2)|<|z-i|+|4i-2| =25 + 25 = 45

Cau 64: Cho hai s6 phuc z, thoa man ‘z—l‘=‘z+3—2i‘;w:z+m+i v6i meR 14 tham sb. Gia tri cua

m dé ta ludn c6 ‘03‘ > 2\/g la:

m=>7 m>7
. . B. : C. -3<m«<7. D.3<m<7.
m<3 m< -3
Loi giai
Chon B.

Pit z=a+ib,(a,b e R) c6 biéu dién hinh hoc 1a diém M(x;y)

z-1 =|z+3-2i @‘x—1+iy‘=‘x+3+(y—2)i‘ @\/(x—l)ery2 =\/(x+3)2+(y—2)2
& —2X+1=6X+9-4y+4 < 2x-y+3=0
Suy ra biéu dién ciia s6 phirc z 1a duong thang A:2x—-y+3=0.

Ta co: ‘w‘ZZ\/g @‘z+m+i‘22\/§ c>‘x+m++(y+1)i‘22\/§

e \(xrm) +(y+1) 2245 < MI>245 i 1 (-m;-1).
Mataco MI=d(1,A)
[-2m + 4]

Nén Mi 225 < d(1,4)22V5 o >2\/5 & |-2m+4/>10

-2m+4>10 m<-3
=
-2m+4<-10

m>7
Cau 65: Cho sé phitc 7 thoa man |-2—=| = —L_ Tim gi tri I6n nhat ctia biéu thirc P=‘z+i‘+2‘£—4+7i‘
z+3i| 2

A. 20. B. 10. C. 1245 D. 44/5.
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Loi giai
Chon A.
Goi z=X+Yi, (x,yeR).

z—l‘

Tacod -
Z+3i

:% c>\/§‘2—1‘=‘z+3i‘ @\/E\/(X—l)z +y’ =\/x2 +(y+3)

SX+y —4x-6y-7=0.

Laico P =‘z+i‘+2‘2—4+7i‘ =,/X? +(y+1)2 +2\/(x—4)2 +(y—7)2

= J4x+8y+8+2,[-4x -8y +72.

2
Miit khéc (\/4x+8y+8+2\/—4x—8y+72) <5.80 = [4x+ 8y +8 +2,/-4x—8y+72 < 20
Suyra P<20.

Cau 66: Cho sb phuc z=a+bi (a,b I cac sb thyc) thoa mén |7| = ‘E—3+4i‘ v c6 modun nho nhét. gia tri
cua P=ab la?

3

A —. B. 4. C. 2. D. 3.
4
Loi giai
Chon D.
Ta co:

_ 25-8b

la+bi|=|a—bi-3+4i| <a®+b?=(a-3) +(b-4) <= 6a+80-25=0 =a

Mo dun cta sb phirc z 1a:

2 2
‘Z‘:m:\/[zsgsbj b :\/100(b—2) +225 15

36 6

Séphirc 2| «<b=2 :a:% —=P=3

Cau 67: Trong céc sb phirc z thoa man diéu kién |z — 2 4i|=|z-2i|. Tim sb phirc z c6 mddun nho nhét.

A z=-1+i. B.z=-2+2i. C.z=2+2i. D. 3+2i.

Loi giai
Chon C.

Goi s6 phitc z ¢6 dang z=a+bi. z thoa man |z-2-4i|=|z-2il

3Y
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©la-2+(b-4)i|=[a+(b-2)i
=N (a—2)2 +(b—4)2 =’ +(b—2)2
< a’ -d4a+4+b*-8b+16=2a’+b*—4b+4
< 4a+4b=16
<a+b=4

Theo bat dang thirc Bunhiacopxki.

16=(a+b)2 £(12+12)(a2+b2):>‘z‘2 =a’+h’>8

‘2‘22\/5
a_b

Diu = xayra ©{1 1 <a=b=2=2z=2+2i
a+b=4

Cau 68: Trong céc sb phirc z thoa man didu kién |z —2-4i|=|z-2i|. S& phitc z ¢6 md dun bé nhét bang

A.32 B. 2. C. 242, D. 4.

Lo giai
Chgn C
Pt z=x+yi(x,yeR).Khidé [z-2-4i|=|z-2i| < |x+yi-2-4i|=|x+yi-2i
o (x=2) +(y-4) =x*+(y-2) o -4x—4y+16=0 & x+y-4=0.
S6 phirc c6 md dun nho nhét bang khoang cach tir O dén duong thing A:x+y-4=0.

»
Y
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=d(O;A)=%=2«5.

g

min

Cau 69: (Pé Star Education) Cho hai s phirc z,;z, thoa man |2,+2,|=5 va |z7,—z,|=1. Gia tri I6n nhat cta

bicu thirc P =|z,|+|z,| la:

A.~26. B.@. C.o. p.-1
2 2

Loi giai

Chon A. ‘ |

Tagoi M,N lan luot 14 cac diém biéu dién cua cac s6 phic z,;7,.

Tir gia thiét : |zl+zz|:5©\m+m\:5©m:g "

véi | 1a trung diém cua doan thang MN . o !
[2,-2,|=1<[OM ~ON| =1 MN =1.

Ta cé "

2 2 2 2
o1z =M ;ON —ML':' @OM2+ON2:20I2+M2N =13

P =|2,]+|z,|=OM +ON = P? <(1* +1)(OM? +ON?) = 26. Vay P, =+/26.

Cau 70:  Cho hai s6 phirc z;;z, théa man |z, +7,|=5 va |z,—7,|=1 . Goi M, m lan luot 14 gid trj 16n nhét va

gid tri nho nhét cia biéu thic P =|z,|+|z,| . Khi d6 md dun cta sb phirc

M+mi la:

A.76. B.76. C.2410 . D.211.
Loi giai

Chon A.

Tagoi M,N lan lugt 1a cac diém biéu dién clia cac s6 phic z;2,.

Tir gia thiét : |Zl+22|:6<:>‘w+m‘:6 C‘a‘:3véi | 14 trung diém ctia doan thang MN .

[,~2,|=2 <|OM ~ON|=2 < MN =2.

OM?+ON? MN?
2 4

MN?

< 0OM?2+0ON?2=201%+ 20.

Tacd Ol? =

P=|z|+|z,/=OM +ON = P? 3(12+12)(OM2+ON2) = 40.
Vay max P =210 = M.

P =|2,|+|z,| =[OM|+[ON]| = [OM +ON| = 6.

Vay minP=6=m.

Suy ra [M +mi| =/40+36 = /76.
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Cau 71:  Cho sb phirc z thoa mén |i.z+3|:\/§. Gia trj 16n nhat cia biéu thic P =[2z +1-4i|+ |z —1-5i| la:

A.2:5. B.3. C.35. D.?.
Loi giai
Chon C.

Tagoi M(x;y)1a diém biéu dién sb phirc z .

|i.z+3|:\/§ o X +(y—3)2 :g . Suy ra M(x; y)eCLI(O;B);R:\Ej

Khi do:
=[2z+1-4i[+|z-1-5i| =2

z+£—2i
2

+|z—l—5i|:2‘m‘+‘m‘, .

v6i A(—%;ZJ;B(LS) — s
Ta co: ﬁ:(—%;—lJ ;1B=(L2)suyra IB=-2.IA.

Theo dinh 1y Stewart ta cé: «/gMAZJr%MBZ BI(MIZ \/z—x/_J:>2MA2+MBZ—15

(Hoic co thé ching minh theo phuong phap véc to

M = MA+ AB = MA+~ AB = MA+~(MB - MA) = = A+~ MB
3 3 3 3

Suy ra:
MI2 = 2 ma + L vg? +£MA.MB.C05(W\,W) _ 4 ma? + 1 mB? + 2 MAMB.cos AMB
9 9 9 9 9 9
2 2 AR2
Az tvee s dmamvg| MAEMBT-ABT 2 e gz 2 aR?
9 9 9 2 MAMB 3 3 9

= 2MA? + MB? = 3MI? +§ABZ =15)

Viy P = 2\M—A\+\W\ =(vV22MA+ MB) < \/(ﬁz +12)(2MA2 +MB?) =45 =3.5.

Céu 72: Cho hai sb phuc z, :EJF% Z,= ; \/_I .Goi z la sb phtrc thoa mén ‘32 \/_I‘ \/_ bat
M,n lan luot 12 gia tri 1on nhat, gia tri nhd nhét cua bleu thae T =‘Z‘+‘Z—Zl‘+‘z —Zz‘ . Tinh modun cua s
phic w =M +ni

Nt 515 e 43

D.4

Loi giai

2
Giast z=x+Yi,(x,yeR).Taco ‘32—\/§i‘=\/§c>x2+[y—§J =1(C)

4z
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Goi K(x;y), A{%;@J , B{—%;%} lan luot 14 céc diém biéu dién sb phuc z,z,,2,
Tatim Max — Min cia T =OK+OA+ OB
Taco A,B,O thudc duong tron (C)va AABO déu =T, =20A=2 .

Goi K thudc cung OB . Tacé KAOB=O0ABK + ABOK < KA = KB +OK

:T:ZKASZ.ZR:ﬂ:T

3 Max

{ﬂ]z + 22 ZZ_JZ
3 3

=|w|=
Cau 73: Cho s6 phirc z théa man 5|z —i| =|z+1-3i|+3|z—1+i|. Tim gia trj Ion nhit M ciia [z—2+3i[?
A.I\/I:l—;. B. M=1++/13. C. M=45. D. M=9.
Loi giai
Chon D

Goi A(-1;3),B(1;,-1),C(0;1)=C la trung diém AB

MA’ + MB*  AB’
2 4

Suyra MC? = = MA® + MB* =2MC* +10.

M3t khac 5\z—i\ =\z+1—3i\+3\z—1+i\:> 5MC = MA +3MB < /10 MA? + MB?
= 25MC” <10(2MC” +10) = MC < 2.5

Ma |z -2+ 3i =[z—i+(-2+4i)| <[z-i[+]-2+4i| < MC+2V5 < 4V5.

Déu “ = “ xay ra khi va chi khi z=-2+5i.

Cau 74: [ Pham Minh Tuin, lan 3, niim 2018- CAu 46]

Cho sb phirc z thoa man ‘z+1—2i‘+‘z—1—2i‘=%. Tim gi4 tri nho nhit cua biéu thic
Z—~21
P=|z-2il.
AP=—L. B. P=+2. C. 3. D. L.
2 N
Loi giai
Chon A

Ap dung tinh chat: ‘z +21‘2 +‘z— 21‘2 = 2‘2‘2 + 2‘21‘2

Ta co: ‘Z{—zif\ul—zih\z—l—zi\s\/2[\2—2n1\2+\z—2i—1\2} =2\z-2i +1

@4\z—2i\4+4\z—2i\2—3zo:> P =|z-2i|>

e
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Cau 75: [2D4-4] [THPT Chuyén LQD, LAI CHAU, lan 1, 2018] Cho hai s6 phtic z,,z, thoa mn diéu kién

2

21+":

2,-2,~2i[ VA |z, ~i—10|=1. Tim gié tri nho nhét cta biéu thitc [z, ~2,?

A. V10 +1 . B.3J/5-1. C. V101 +1 . D. V4101 -1

Loi gidi
Chon B.
+) Goi z, =a+bi; (a,beR).

2

Nén 2 z_l—zl—2i‘<:>2.\/a2+(b—1)2=\/(2b+2)2c>b=%.

zl+|‘=

2 g% & R X2
Do d6 tap hop diém biéu dién so phirc z, la Parabol y = T

+) Goi z, =a+bi, (a,beR).
Khidé |z,~1-10[=1 ¢ (a-10)" +(b-1) =1

Neén tip hop diém biéu dién sé phic z, 1a duong ton (C)(x—10) +(y-1)" =1 tam 1(10;1)
bamns kinh r=1.

)

0 Ld

1 X

|z, — z,| nho nht khi va chi khi MN nho nhét.
Taco: MN+IN>IM= MN>IM-IN=IM-1.
Nén MN nho nhét khi IM nhé nhét.

2 2
Ta co: IMZ:(X—10)2+[X—2—1J =[X—2—4j +§(x—4)2+45.
4 2

= IM >/45 =3./5.
Do d6 MN >35-1.
Vay ‘Zl—Zz‘= MN 23@—1:‘21_22‘“” :3\/5_1_

Cau76: [2D4-4] Cho hai sé phite Z,,2, thoa mén |z, +1—i|=2 va z, =iz,. Tim gid tri Ion nhat M cua biéu thic

a7
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2, -2,
A m=22+2. B.m=+2+1. C.m=2v2. D.m=2.
Loi giai
Chon A.

Tacé |z, ~z,|=|z, ~iz,|=[1-i|.]z| = V2|2,
it z, =a-+bi véi(abeR)theo dé baitacod (a+1) +(b—1)" =4(*). Tachntim GTLN cua

m =+/2v/a? + b?

Piatt=a’+b*. Tacod: () = 4=a*+2a+1+b*-2b+1=2(a-b)=2-t.
Ma (a—b)2 S(l2 +(—1)2).(a2 +b2)(**) nén

(2—t)2§4(a—b)2£8t S -12t+4<0 < 6-4/2 <t<6+42

Két hop véi t=a2 +b* >0 suyra 0<t<6+4+/2

Suyra m=+/2t <12 +8y2 =242 +2

Diu "=" xdy ra khi (**) xay ra khi %:% < a=-b. Két hop (*) taduoc z, = (—1iﬁ)(1— i)

Vay gia tri 1on nhit cia m bang 2212

Cau 77: [Chuyén Ngoai Ngir - Ha Ngi - 2018] Cho hai s6 phuc z,; z

, théa min |z, -3i+5/=2 va
liz, —1+2i|=4. Tim gia trj Ion nhét cta biéu thirc T =|2iz, +3z,|.

A. \/313+16. B. V313, C. /313 +8. D. v/313+ 25

Loi gia.
Chon A

Iy
P

Taco |z,-3i+5/=2 = |2iz, +6+10i|=4.

Suy ra diém M bicu dién s phirc 2iz, ndm trén duong tron (T, ) c6 tam 1, (~6;-10) va c6 ban kinh
la R =4.
Mat khac,

iz, —1+2i| =4 = |-32, -6 - 3i| =12 nén diém biéu dién s6 phirc ~3z, la diém N nim

trén dudmg tron (T, ) co tam 1,(6;3) vaco bankinh la R, =12.
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Tathdy [2iz, +3z,| = [2iz,~(-3z,)| = MN.

T 16n nhit khi va chi khi MN 16n nhét, khi d6 bon diém M, I , I,, N theo thi tu thang hang.
Vay gid trj 16n nhit cia MN =11, +R, +R, = /313 +16.

x z-3-2il<1 , ‘7
Cau 78: Cho hai s6 phic z,w théa mén ‘ ‘ Tim gié tr nho nhét P cia biéu thit
‘W+l+2|‘£‘w-2—|‘
P=|z-w|.
A P = 3ﬁz_2 . B.P,=V2+1.  CP, = N2-2 Proin = 3J§2—2 .
Loi giai
Chon C.
Cach1:

Gidsr z=a+bi (a,beR), w=x+yi (X,yeR).
z-3-2i[<1 e (a-3) +(b-2) <1 (1)
w1+ 2| <w-2-i| & (x+1) +(y+2) <(x-2) +(y-1)".
Suyra x+y=0.

P =fewl= (= +(0-y)" = fa-x)" +(o4x)"

Tir (1) taco 1(3;2), bankinh r=1. Goi H Ia hinh chiéu cia | trén d:y=-x.

. , X=3+t
Duong thang HI ¢6 PTTS .
y=2+t
MeHI= M(3+t;2+t)
fo L
Me(C)eat =1 e V2
t=——-
2
t-2= w3+ Fize L] MH - 52
2 2 J2
t=3=> M(g_i;g_i) MHzﬂ
2 2 2
Vﬁ‘y I:)min _5\/52_2

4b
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Cach2:

|z-3-2i| <1 didu nay cho thdy M(z) dang nam trén hinh tron tam 1(3;2) ban kinh bang 1.
‘W+l+ Zi‘ < ‘W —-2- i‘ diéu nay cho thiy N (W) dang thudc nira mat phang tao boi dudng thiang A 12
trung tryc ciia doan AB véi A(-1;,-2),B(2;1).

A:x+y=0.

(Minh hoa nhu hinh veé)

yl\ yl\
s @
Ne-"" ‘\\ . B, \\\ 1
R : ’ X\ -1 X‘
ol iz % i BRI =
N N
A’ | 2 2 A
P=|z-w|=MN.
B 3+2] | sJ2-2
Pmin_d(I,A)—R_—\/E “l=——

Cau 79: [Nguyén Khuyén, Binh Dwong, 18/3,2018] Cho z, =a+bi va z, =c+di 1a 2 s phirc thoa man:
[22|=4 va |z,|(c+d)=10. Goi M lagidtri 1 nhit ciia biéu thirc T = ac+bd -+ cd . Hay chon khing dinh

dung vé M.

A.Me(1115). B. M &(15;17).
C. Me(11;12). D. Khong ton tai M.
o Loi gidi

on A
Taco ‘Zf=4 @{a2+b2:4

lz,|[(c+d)=10  [c+d=5

Khi d6:

T =ac+bd+cd é\/(az+b2)(c2+d2)+c(5—c):2\/cz+(5—c)2 +5c—c? .
bat f(c) =2y2c¢*-10c+25 +5¢c—c?.

— 2_
Taco f'(c)= 4c—10 +5-2¢ =(2¢-5) 2-V2¢ 100425 ) .5
V2c? -10¢ + 25 J2¢2 -10c + 25 2
Bang bién thién:

a4/
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C | —o0 5 ~+00
2
f'(c) + 0 -
f (C) 5\/5 + %
Duya vao e " bang bién thién ta

o M=5\/§+%zl3,3.

b=+2

a=
Déu bang xay ra khi 5
c=d=—
2
Cau 80: Cho sb phic z thoa mén |Z° +i3 <2 va M=max|z+3. Khing dinh nao sau ddy dung?
YA YA
.
A-Me(-1;2). B. MG[Z;EJ.
5 2
C. Me 1;5. D.M°+M<5.
Loi giai

Chon C.

3 3
Taco [z+£j =23+%+3[z+% c>23+i3:[z+1j —3[z+lj
z z z z z z

3 3
= 23+i3:(z+1j —3(2+1 <:>(z+lj —3(z+£j§2.
y4 z z z yA
3 3
Mat khac: ‘ z+l —3(z+lj2 z+1 -3 z+£.
z z z z
3
1 1 . 1
Suyra: |z+— —3|z+—|<2 .Patt=|z+—|>0 ta duoc:
z z z

£-3t-2<0 < (t-2)(t+1) <0 ot<2.
Vay M =2.

—1 va biéu thirc
z-1+2i

Cau 81: Cho sb phirc z=x+Yi voi x,y 1a cac sé thuc khdng am thoa mén

—2

y A

2 _ —
P= +i(zz —zz)[z(l—i)+z(1+i)}. Goi M,m Ian luot 12 gid tri 16n nhét va gid tri nho nhét cia

P . Modun cua M +mi la
A.3. B.1. C. 4. D. 2.
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Loi giai
Chon B.
Taco Z;?’_‘:l olz-3=[z-1+2i ox+y=1.
z-1+2i
P=|z —Ezz+|(z —zzj[z(l—i)+2(l+i)} =16x%y? —8xy(x+Yy) =16x°y? —8xy.
2

bat t=xy tacd OStS(Xer) =1.

4 4

min

Tinh gi4 tri 16n nhat va nho nhét ciia P = 16t° -8t , véi te {o;ﬂ tadugc P =0; P =-1 Vay

\M+mi\=1

Céau 82: (THPT Nguyén Pang Pao - B#c Ninh lan 3-2018) Cho hai sb phuc z, =%+§i, z,= —%Jr@i .

Goi z Ia s6 phitc thoa mén ‘32 —\/§i‘ ~/3.Pit M,m lan luot 14 gia tri 16n nhét va nho nhét cua bidu thirc

=‘Z‘+‘Z—Z ‘+‘Z—Zz‘. Tinh mb dun cua sé phitc W= M +mi.

A i B. \/13. C. i D. 4
Loi giai
Chon A.
Giase M, A, Blanluzotbleudlenso phirc z =Xx+Vi,z,,z,.
Tir gia thiét ‘32—\/§i‘ =3 taco: x? +(y_i)2 =%.
3
\ 1 1 YA
Nén M thudc duong tron tam | O;E ,R:—3. M
3
TacO T=MO+MA+MB. A 2 B

PéT . thi M trung O, A,Bnén

T . =20A=2

T thi OM__ va (MA+MB)__ nén OM =2R va M nim Lt jo 1t 11X
2 2
chinh gira cung nho AB va M (0;%} . Do vay °
3

_OM”MA_LZJFJZ(E%T =

Vay ‘W‘ VM? +m® = / +22

49
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Cau 83: Cho hai s phic z va w thoa mén céc diéu kién sau:
liz—2i-2|<|z-1
max{‘w+2—2in‘}£\/§ '

Tim gid tri nho nhat cia |z -w).

A9 g 13 c 5 o L
2.5 2.5 2 2.5
Loi giai

Chon B.

Goi M, N lan luot la diém biéu dién cia z, w véi M(x; y).
Tacod ‘iz—2i—2‘§‘z—1‘<:>‘z—2+2i‘£‘z—1‘
<:>(x—2)2+(y+2)2§(x—1)2+y2@—2x+4y+7£0.

Do d6, M thuoc nua mat phéng‘ bo
A:-2x+4y+7=0 khong chia O, ké ca

Taco max{‘w+2—2i‘ ‘w‘} <2 suyra

w+2-2i[<V2  [NI<y2 , 1(-2;2)
w] <2 - {NO <2 |

Do do, N thudc phﬁn chung cua hai hinh

(I; \/E) va (O; x/E)

D& thay hai hinh tron nay tiép xtic ngoai tai

diém E(-1; 1). Do d6, N(-1; 1).

Tathdy |z—w|=MN nén |z—w| nho nhat khi MN ngén nhat, khi d6 M 1a hinh chiéu ctia N trén
A.
(1) +4147] 13

(-2) +4° 25

Taco d(N, A)

Vay min|z—w|=

13
25"

Cau 84: [CHUYEN NGU LAN 1-2018] Cho hai sb phic z,; z, théa min |z, —3i+5|=2 va |iz, -1+ 2i| = 4.

Tim gi4 trj 1on nhét cta biéu thirc T =|2iz, +32,|.

A. /313 +16. B. /313 C. /313 +8. D. v/313+24/5.
Loi giai
Chon A.

oU
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15

Pt 2iz, =a+bi, -3z, =c+di(a; b; ¢; deR), goi A(a; b),B(c; d).
a+bi

-3i+5

Colz,-3i+5]=2 <

=2c>‘(a+6)+(10+b)i‘:4(:)(aJr6)2+(b+10)2 =16 nén
Ae(1) cotam I(—6; —10) ban kinh R=4.

i.Cf:i —1+2i‘=4 < [(3-d)+(c-6)i|=12 = (c-6) +(d-3)" =12* nén

Be(J) cotam J(6; 3), ban kinh R'=12.

C6 T =2iz, +32,) [(a=c)+ (b—d)| =(a—c) +(b-d)’ = AB.
Do Ae(1), Be(J), N=+313>R+R'=16 nén AB,,, =R+R'+1J =16++/313.

Co |iz, ~1+2i|=4

Cau85: Xét cic sb phic z=a+bi,(abeR) théa min |z-3-2i[=2. Tinh a+b biét bidu thic
S =|z+1-2i|+2|z—2-5i| dat gi tri nho nhét.

A 4+4/3. B. 2+4/3. C. 4-4/3. D. 3.
Loi giai;

Chon A

Gia thiét |2—3-2i|=2 < (T):(a-3)" +(b-2)* =4

Goi A(-1;2),B(2;5), M(a;b) lan luot 1a cac diém biéu dién cua
cac sb phiic z, =-1+2i,z, =2 +5i,z, =a+bi

Bai toan trg thanh: Tim M e(T) sao cho biéu thirc
S=MA+2MB nho nhit

Taco MA =,/(a+1)? +(b—2)? =+/a’ +b’ +2a—4b+5
=2\/a? +b? —4a—4b+8
=2(a-2)? +(b—2)? =2MC véi C(2;2)

ol
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Tacd MA+2MB=2(MB+MC)>2BC déu “="xay ra khi va chi khi B, M, C theo th& tu d6 thing

hang.
Phuong trinh duong thiang BC : x = 2

M 14 giao cta ciia BC va (T)= M(2:2++3) = a+b=4+3.

Caug6:  Cho cc s phitc Z,,2,,2, théa man v2|z,|=~/2|z,| =]z, ~ 2,|=6v2. Tim gia trj nho nhit cua bidu thir

P=||+|z-2]+|z-2,|.

A P=6y2++2 B.P=3y2+4J3. C.P=6y2+4J3. D. P:%\/2+\/§.

Loi giai

Chen C.

Chon A,B,M lan luot la cac diém biéu dién sé phuc z,,2,,z,
Dua vio diéu ki¢n 2 |z,|=v2|z,|=|z, - 2,|=6v2 = OA-0B=6, AB=612.
Suy ra ta c6 tam giac OAB vubng can tai O .
Phép quay tam B goc quay —60° ta co:
Q(Bﬁﬁoo) A A

M= M’
Do tam giac ABMM' déu = AM = A'M’, BM = MM’

Suyra P =|z|+|z-z|+|z-2,| =OM + AM+BM =OM + MM'+ A'M' > OA' .
Déu "=" xayrakhi O,M, M, A’ thang hang.

Khi do tam giac OBA’ c6 OB =6, BA'=BA =62 va OBA' =105’ .

Tir d6 suy ra OA’ =+/OB? + BA”? — 20B.BA".c0s105° = 61/2++/3 .

Viy minP =6y2++/3 .

Cau 87: Cho hai s phirc 2,0 théa min [z-1|=|z+3-2i[;0=z+m+i véi meR latham sb. Gia trj cia m

dé ta ludn co ‘w‘ > 2\/g la:

Y4
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m>7 m>7
B

. . B. : C. -3<m«<7. D.3<m<7.
m<3 m< -3

Loi gidi
Chon B.
Pit z=a+ib,(a,b e R) c6 biéu dién hinh hoc 1a diém M(x;y)

|z-1 =|z+3-2i @‘x—1+iy‘=‘x+3+(y—2)i‘ @\/(x—l)ery2 =\/(x+3)2+(y—2)2
& —2X+1=6X+9-4y+4 < 2x-y+3=0
Suy ra biéu dién ciia s6 phirc z 1a duong thang A:2x—-y+3=0.

Ta co: ‘w‘ZZ\/g @‘z+m+i‘22\/§ c>‘x+m++(y+1)i‘22\/§

e \J(xem) +(y+1) 2245 < MI>245 i 1 (-m;-1).
Mataco Ml =d(1,A)
[-2m + 4]

Nén Mi 225 < d(1,4)22V5 o >2y5 & |-2m+4/>10

-2m+4>10 m<-3
= )
-2m+4<-10 m>7

Céau 88:

Cho sé phtc z théa méin

z+3i| 2

A. 20. B. 10. C. 1245 D. 44/5.

Z_l‘zi. Tim gi4 tri 16n nhat ciia biéu thic P =‘z+i‘+2‘£—4+7i‘

Loi giai
Chon A.

Goi z=x+Yi, (X,yeR).

Z_l‘:% @ﬁ‘z—l‘=‘z+3i‘ @\/E\/(X—l)z +y’ =\/X2 +(y+3)2

Z+3i

Taco

SX+y —4x-6y-7=0.

Laico P =‘z+i‘+2‘2—4+7i‘ =,/X? +(y+1)2 +2\/(x—4)2 +(y—7)2

= J4x+8y+8+2,[-4x -8y +72.

2
Miit khéc (\/4x+8y+8+2\/—4x—8y+72) <5.80 = [4x+ 8y +8 +2,/-4x—8y+72 < 20
Suyra P<20.
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