LGP TOAN THAY CUONG

Lién hé: 0967453602 - Facebook: ThayCuongToan

SO TAY TRA CUU NHANH KIEN THUC

MON TOAN LOP 11 - HOCKI II

Hocvatén: .....oooooiiiiiiiiiiiiii i
Truong: ........c.ooeee. Lop: oo

TAI LIEU LUU HANH NOQI BO
(Dung cho nam hoc 2018 - 2019)




S tay tra ctiu nhanh kién kién thiic Mén Toéan Lép 11 - Hoc ki 1T

Muc luc

L. DAY SO - CAP SO CONG = CAP SO NHAN .......cooomomieeieeeeeeeeeeceeeee s esee s see s se s 3
LuDIAY SO .ot E e b sh e b b s h e bbb e s a e eeaesr e e b e b 3

A KDAL QUAL VE dAY SO: ...t 3

b. DAy 88 tANg — DAY SO GIAIMNI.....c..cuiviiiiiiiiieiiit ittt ettt b ettt ettt e 3

c. Day s0 bi chan trén - Day s0 bi chan dudi - Day s0 bi chan: ... 3

2. CAP SO CONG (CSC) ...ttt ettt bbbt b et bbbt b et bbbt b et b e bt st ne bt n e 4

3. CAP SO NNAN (CSN) ...ttt ettt b et s e bbbt s et b et et e e e e st e st e bt sa e e b e nee s e s enneneeneerens 4
T GIOT HAN ..ottt sttt et et et et et et e e et e e et et et et e s et et et e s e sese s e s e assee sttt s et et et et et st et et etstetesesesenesesesesesenns 4
L. GIGThan cla dAY S8 ........coooviiiiiii e 4
a.Daysdcogidihan hituhan:............coocooiii s 4

b. DAY 88 €O GIGT AN VO CUC: ..ottt 5

2. GIGELRAN CTHANAIM SO .....veeiiiiicieeee ettt sttt e s et e s te et e s te st e e e s e eseeseeseesesaessessenseneeneenensensens 5

a. Gidi han hitu han cia ham $6 tai MOt @IEMi:..........ccooiiiiiiiiiciecee e er e te e st sareeabeens 5

b. Gi6i han hitu han clia hAm S8 a1 VO CUC: ......oouiiiiiiieeeeeee ettt st et be et aeeneas 6

C. GiGi han vO CUC CUANAIM SO:.......ccuoiiiiiiiiiieiecec ettt ettt ettt e eve e steeeteeeteeeabeeabeebeebeestsesasesaseeaseereenteens 6

d. CAcdang vO QIND: ........ooooiii ettt 6

3 HAM SO LIEI TUC ..eoveiieiciie ettt ettt ete e et e et e e beebeeebe e beesteestbeeabeeabeesbeenbeebaeeteesaseeaseenbeenbeenteessentaenanas 8
IIL DAO HAM ...ttt s ettt et a et et et et s s s s s et et et s s s s e et et et s s asae s et et e s s assssese st s s ssastetesasenanansesasas 9
1. Dao ham tai MOt QEEIM........c..ooiiiiiiiiiiiceecececce ettt e et e et e eebeeeteestbeeabeeabe e be e beenteesaeeeareeareereeraens 9

2. Quy tac tinh A0 A ......oviiiii s 10

3. Cong thuctinh daoham ... 10

4. Phuong trinh ti€p tuyén v6i d0 thi cla ham $0...........ccoviiiiiiiiiii s 10

5. VEPRAN ..o 11
6. D0 NAIM CAP CAO ...ttt b et h et b e bbbt e et e e a e bt bbb et et et eneas 11
7.Y nghia clia d20 hAM trong VAL .......ooouiiiicieieee ettt a s 11
IV. QUAN HE SONG SONG TRONG KHONG GIAN .........cocoeviriririietieeiteseeeetessiesessse s sesse s sasse s 11
1. Dudng thing song SONG VO MAt PRANG ........cccuiuiiiiiiiiiieieier ettt 11

2. Hai Mt PRANG SONE SONG .......cuovvieiiiiecieietets ettt etttk b et s ettt s bt e b s e sesebetnas 12

R € Yol 31 11 0 VL= = o VU 12
V. VECTO TRONG KHONG GIAN ........ovriiiriiriinisinsiis s ssss st ssss s sssss s ssssnssssssssns 12
L. CAC PhEP tOAN VECEO ... s 12

20 CAC QUY TAC ..ttt ettt b ettt b et b bt e b st E b bt E e b s A b bt e b sttt b bttt s et b b ettt 12

3. Chting minh 3 vécto dONG tRANG.............cccouviiiiiiiieieir ettt 12
VI. QUAN HE VUONG GOC TRONG KHONG GIAN ......c.cooviriiiiiiiieceeteesieees et eesse s ses st sssssessssss s 13
1. Dudng thdng vudng gOc VO MAL PRANG............coiuririiiiiieieiere ettt eaeeas 13

2. GOc gitia duUOng thang va MAL PRANG ........c.cvviiiiiiieiei et 13

3. Hai MAt PRANG VIONE GOC........ouviiieieeieieieieiteie ettt sttt ettt s bbbt s bbbt b st e s e nenens 13

4. GOC @ilia hai MEE PRANG.......c.cviviiiiiiieii bbb bbbttt 14
5. Khoang cach tii mt diém dén mot mat PRANG...........covviiiiiieirie e 14

6. Khoang cach giiia hai dudng thang chéo nhau...............cooooiiuiiiiiiii e 15

2 Tai liéu Ivu hanh ndi bd dung cho nam hoc 2018 - 2019



Gido vién: NGUYEN MANH CUONG - Dién thoai: 0967.453.602 — Facebook: ThayCuongToan
TONG ON HOC KI II MON TOAN LOP 11

I. DAY SO - CAP SO CONG - CAP SO NHAN

1. Day s6

a. Khai quat vé day so:

e Day s6 hitu han la day s6 ma ta biét dugc s6 hang dau va s6 cudi.

Vi du: Day s6 (un) :1,2,3,4,5 1a mot day s6 hiiu han c6 5 s6 hang va c6 s6 hang dau la u, =1, s6 hang cudi
ung vé6i s6 hang thi ndm 1a u, =5.

e Day s6 vd han la day s6 ma ta biét dugc s6 hang dau va s6 hang tong quat dugc biéu dién qua coéng thic.
Vi du: Day s6 (un) :u, =n’,Vne N* hay ta viét duéi dang khai khai trién 1a (un ):1,4,9,16,...,n%,.... Pay la
ddy s6 v6 han c6 s6 hang ddu 13 u, =1 va s6 hang téng quét u =n’.

e Day s6 thuong dugc bi€u dién duéi 3 dang sau:

Dang 1: Biéu dién duéi dang khai trién, vi du: (un) :1,4,9,16,...,1°,...

Dang 2: Biéu dién dudi dang cong thiic cua s hang tong quat, vi du: (un) cu, =n’,VneN*.

Dang 3: Biéu dién dudi dang cong thiic truy hoi, vi du: Day Phi-bo-na-xi (u, ): {ul =l :
u =u_ +u ,,vn=3

N6i mdt cach khac, cho mét day s6 bang cong thiic truy hoi, tdc la:

Cho s6 hang d4u va cho hé thuc truy hai 1a hé thic biéu thi s6 hang thit n qua s6 hang ding trudc no.

b. Day s0 ting - Day s0 giam:

e Day s6 tang la day s6 ma s6 hang sau 16n hon s6 hang trudc, tic la:

(un) ladayso tangthi u , >u ,Vne N*.
Vi du: Day s6 (un) :1,4,9,16,... hay (un) :u, =n’,Vne N* 1a cic day s tang.

e Day s6 giam la day s6 ma s6 hang sau nho hon s6 hang trudc, tic la:

(un) ladaysé giamthi u , <u ,VneN*.
’ 1 1 y
Vi du: Day s6 (un): TYTe hay (un) tu, =—,VneN* la cic diy s6 giam.
n

e (6 2 cach ching minh day s6 tang - day s6 gidam nhu sau:
Cdch 1: Xét hiéu ctia biéu thiic H=u,, —u,.

Néu H >0 thi day so (un) la day s6 tiang. Néu H <0 thiday s6 (un) la day s6 giam.
Cdch 2: Xét thuong cta biéu thiic T = L
ul’l
Néu T >1 thi day s (un) la day so tang. Néu T <1 thi day so (un) la day so6 giam.

Chii y. Néu biét u, thitinh u , bang cich thay n bang n+1 vao u,.
Vidy: Néu u, =n® +2n thi u,, =(n+1) +2(n+1)=n"+4n+3.
c. Day s0 bi chan trén - Day s6 bi chin duéi - Day s6 bi chan:
e Day s6 bi chdn trén 13 day s6 c6 s6 hang tong quat nho hon hoiac bang mdt so, tic la:
Néu u, < M,Vn thi day s6 (un) bi chén trén béi s6 M.
e Day s0 bi chan dudi la day s6 c6 s6 hang tong quat 16n hon hodc bang mdt sd, tuic la:
Néu u, >m,Vn thiday s6 (un) bi chdn duéi boi s6 m.
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2.

W

Day s6 bi chdn la day so6 viia bi chan trén va bi chan duéi, ttic la:
Néu m<u_ < M,Vn thiday s6 (un) bi chén.
c

Chiiy. Néu a>b>0vac>0 thiiﬁg.
a

Cap sd cong (CSC)
CSC la mot day s6 ma trong d6 ké tii s6 hang thit hai trg di, mdi s6 hang biang tdng cta s6 hang diing ngay
trudc no cdng véi mot s6 khong ddi d (d duge goi 1a cong sai), tic la:
(un) laCSC < u , =u +d,VneN*.
Néu (un) la mot CSC thi s6 hang tdng quat u, = u, + (n— l)d,Vn eN*.

n(u1 +un) n[2u1 +(n—1)dl

Néu (un) la mot CSC thitdng chanséhang S, =u, +u, +...+u, = =
2 2

Néu (un) la mot CSC thi ké tu s6 hang thu hai tré di, moéi s6 hang bang trung binh cdng ctia s6 hang

diing ngay trudc va s6 hang diing ngay sau no, ttc la:
u,_, +u
(u,) 1a mot CSC thi u, = S vk

Néu day s6 a,b,c la mot CSC thi a +c =2b.

. Cap s6 nhan (CSN)

CSN la day s6 ma ké tii s6 hang thit hai tr6 di, mdi s6 hang bang tich cua sé hang diing ngay trudc no
nhén véi mot s6 khong déi q (q dugc goi la cong boi), tic la:
(un) lACSN < u,, =u, .q,Vne N*.
Néu (un) 12 mot CSN thi s6 hang téng quat u, =u .q"",Vne N*.
u, (1 -q" )
1-q
Néu (un) la mot CSN thi ké tii s6 hang thi hai trg di, binh phuong moéi s6 hang béing tich caa s6 hang

Néu (un) la mot CSN thitdng ctansdhang S, =u, +u, +...+u, =

diing ngay trudc va s6 hang diing ngay sau no, ttc la:
(u,) lAmot CSN thi u” =u,_ ., ,Vk>2.
Néu diy s6 a,b,c 1a mot CSN thi a.c=b’.

II. GIOI HAN

1

a.

. Gi6i han cua day s6

Day s c6 gi6i han hiiu han:
Cac két qua dugc thiia nhan cta day so c6 giéi han 0:

(1) Jim =0 lim =0 (ke N*), }gpm[_o:}gpw[ 0 (keN*).
[3]. limg"=0 (|q|<1) (4]. ILIEOC=O (c=const).
un gvﬂ . r o7 . by
[5]. lim v =0 = nll)l;l:ol/ln =0. Chii y. |sm| <lva |cos| <I.
Dinh ly vé gi6i han hitu han: Néu limu =L va limv, =M thi:
[1]. lim(un+vn)=L+M. [2]. lim (un—vn)=L—M.
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[3]. lim (un.vn) =L.M. [4]. lim (c.un) =cL (c = const).
51t ] (a1 20) 61 Jm | <}
[7]. Tim 3fu, =L (8. lim \Ju, =L (u,>0,Vn=>L1>0).
e Tong cuaa cap s6 nhan luivé han u ,ugq,..,u,q",... 6 congbdi q (|q| < 1) la: S=u, +uq+ug’ +..= lul .
-9

b. Day s6 co gi6i han vo cuc:
e (Cac két qua dugc thiia nhan cta day s6 co giéi han vo cuc:

[1]. lirfln:+oo:> lirilnk = +00 (keN*). [2]. lim v/ = 400 = lim &/ = +o0 (keN*).
[3]. lim g@" =+ (q>1). [4]. lim un|:+oo:> limi:O.

n—>+w0 n—>+0 n—>+o0 14
n
e Cac quy tac tim gidi han vo cuc:
Quy tdc 1: Néu lim u, =+o0 va lim v, = oo thi lim (u,.v, ) dugc cho trong bang sau:

n—+oo n—>+00 n—>+o0
lim u lim v lim (u, v
n—+o " n—to n—>+oo( n ”)
+00 400 400
+00 —0 —0
—00 +00 —©
—0 —00 400
Quy tdc 2: Néu lim u, =00 va limv, =L #0 thi lim (u v ) dugc cho béi bang sau:
n—+o " n—to " notoo v M
lim un Dé,u cua L lim (un 'Vn)
n—>+w0 n—>+w
+o0 + +00
+00 - —00
—o0 + —o0
— o0 - +00

Quy tdc 3: Néu lim u, =L #0 va limv, =0 (v, #0) thi lim L dugc cho béi bang sau:

n—>+o0 n—>+o0 Nn—>+00 v
n
Daucua L Déu ctia v, lim 2
n—+w0 1)
n
+ + +oo
+ — —©
- + —0
- - +00

2. Giéi han ctia ham s6
a. Gidi han hitu han ctia ham s6 tai mot diém:
e (Cac két qua dugc thita nhin giéi han hitu han cta ham s6 tai mét diém:

[1]. lim x = x,. [2]. imc=c (c=c0nst).

X—)XO X—)XO
¢ Dinh ly vé giéi han hitu han caa ham s6 tai mgt diém:
Néu lim f(x)=L va lim g(x)=M thi:

X—)XD
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[1]. lim[ f(x)+g(x) J=L+M. [2]. lim[ f(x)-g(x) ]=L—M.
[3]. lim[f(x).g(x)]zL.M. (4]. 1i_1)n[c.f(x)]=c.L (c=const).
[5]. mﬁzﬁ (M =0). [6]. lim £ ()] =L}

(7). lim 3/ f(x) = L. [8]. lim f(x) =L (f(x)20=L1>0).

Gi6i han mot bén ciia ham so:
[1]. Taludn cé x, < x, < x,. [2]. Biéukién c6 lim f(x) =L khivachikhi lim f(x)=lim f(x) L.

X=X, X=X, x~>x0

b. Gidi han hitu han ctia ham s6 tai vo cuc:

Cac két qua dugc thiia nhan cta gidi han hitu han cia ham s6 tai vo cuc:

[1]. lim c=¢; hmc—c (c—const) [2]. limL:O- limizo (keN*).

b
X—=>+0 - X—>+0 xk X—>—0 xk

Dinh ly vé gidi han hitu han ctia ham s6 tai mét diém van diang cho gidi han hiu han cua ham s6 tai vo
cug, tuc la ta thay x — x, thanh x — +o0 hodc x — —0.

¢. Gi6i han vo cuc ciia ham s6:

Cac két qua dugc thiia nhan giéi han vo cuc cta ham so:

[1]. lim x* = +o0 v&i k1A s6 nguyén duong. [2]. lim x* =+ néu k14 s6 chin.
[3]. lim x* = -0 néu klasé 1. [4]. lim =+00 = lim f(— =0.
X0 X=X, XX, x

e Cdac quy tac tim gi6i han vo cuc ctia ham s6:
Quy tdc 1: Néu lim f(x) =00 va lim g(x) =L #0 thi lim [f(x).g(x)] dugc cho trong bang sau:

}g{} f(x) Diucua L }i_lg[f(x).g(x)]
+00 + +00
00 - —00
—0 + —00
—0 . 400

Quy tdc 2: Néu lim f(x)=L#0 va lim g(x)=0 ( (x)# 0) thi lim——= f) dugc cho trong bang sau:

X=X, g(x)
Diucuna L D4u ctia g(x) lim iG]
x—>x, g(x)
+ + 400
+ — —Q0
- + —o0
- - ~+00

d. Cac dang vd dinh:
e Phuong phap khu dang vo dinh % khi x — x, :

[1]. P6i v6i ham phén thic:
Ta phén tich tt thlic va mau thtic thanh cac biéu thic chda nhén ti chung x —x, r6i rat gon.
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Yoset2 | (x-1)(¥-2x-2) 2 ova 3
Vidu: lim > =lim =lim =——.
=l x" -1 x>l (x—l)(x+1) =l x+1 2

[2]. D6i v6i biéu thiic chita can thiic:

Ta nhan hodc chia lugng lién hgp d€ khii cin thanh cic biéu thic chia nhén tt chung x —x, roi rut gon.

Chii y. Cac biéu thic lién hgp:

A-B _ A-PB ~
V- B_\/Z+B\/— \/__\/Z+\/_\/— £= \/;+€/Z.B+Bz\/— V= Yar + \/_+ B*

Vi du:
rr—xrs . (2 -(Ves-2) o Jx+3-2 -1 -1 1
lim =lim =lim —lim =———=—,V6i:
x>l xP—3x+2 x-1 x=3x+2 =1 —3x 42 =lx'=3x+2 12 4 6
(x+7)—8
Yx+7) +2/0x+7 +4
Ix+7 - x—1 1 1
lim———"" = — lim f(x) —1i i -
i e (x—1)(x-2) Do) (x-2)f) A(x-2)f(x) 12
(x+3)-4
lim T2 gy VX342 gy -l ~ lim ! -1

o1 x? —3x+2 gg(x—lxx—Q)__**(x—lﬂx—z)[J;I§+z} *“(x—2){$?15+2} 4

Phuong phap khi dang vo dinh 2 khi x — +oo0 hodc x - —0:
o0

[1]. Poi v6i ham phén thic:
TH]1. Béc cta ti nho hon bac ciia mau: Ta chia ca td thic va mau thic cho lay thiia cao nhét cta x & mau.

1 2 3
ciars Rl w5
Vidu: lim 4——limx X X =—=0.
x40 x* x4+ 5 X—>+00 1 5 . 1 5 1
1—734‘74 hm 1—734‘7
X X X—>+0 X X
TH2. Bic cta tu bang bac ctia mau: Ta chia ca td thic va mau thiic cho lay thiia cao nhét cua x & mau
2 3
4 5 3 1_%_{_% 11m(1—3+4j 1
— —+ X—>+0
Vidu: lim 4—x lim —* % - *r X/ o1
X+ T — x4 5 X—>+0 1 5 . ]. 5 1
1—734‘74 l1m 1—734'74
X X X—>+0 X X
TH3. Béc cua tt 16n hon bac cia mau: Ta chia ca td thiic va mau thic cho liy thiia cao nhét ctia x § mau.
3
'V aiis xz_£+% lim(x —+j
— + X—>+00 —+00
Vidu: lim 2—x= im XX _ *x X .
x40 —x° —x + 5 x4 1 5 . 1 5 -1
“1-—+—  lim|-1-—+—
X X X—>+0 X x

[2]. Doi véi biéu thiic chita can thic:
Ta cling lam tuong ty giong nhu ham phan thic.
Chii y. Khi x — +oo thi x>0:>|x| x vakhi x — —oo thi x<0:>|x|
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A, khi A>0
Diic biét: «/E=|A|={ : YA = A

—A, khi A<0O’
Vidu:
3
\/7 (1—j x| ,/ - 1-— —x,/l——5
lim = lim ————% = lim 5 = lim 5 X = lim ——*—
oo 2xP 41w 2x7 41 x> x +1 oo 2x7 +1 nand
xZ
lim L—x‘ ,1_35] lim (—x). lim [ l—iJ
X—>—®0 X X—>—00 X—>—0 X +400. 1
llm (2 + 2] llm (2 + 2)
X—>—0 X X—>—© X
e Phuong phap khii dang vd dinh co—o0:
Ta dua vé dang © béang cach nhan lién hop.
o0
Vidu:
2x" +1 241 241
lim (\/Zx +1+x)— lim (\/7) = lim X = lim a
220741 -x x2(2+2j—x o2+ —x
X X
o }er;(“) -
= lim ————=lim X a = = +00.

X—>—0 X—>—0 1 1 — 2_1
—x,/2+——x 1/ — lim(—‘/2+2—1)
x xX—>—0 X

e Phuong phap khii dang vo dinh 0.0:
Ta dua vé dang © béang cach nhan lién hop.
o0

Vidu:

lim x

3. Ham s0 lién tuc

e Ham s lién tuc tai mgt diém c6 hai dang co ban sau:
F(x), khi x # x,
G(x), khi x = x,
Do dé ta phai c6 lg{cl F(x)=kvaG(x,)=k= 12’9 f(x)= f(x,) = f(x) lién tuc tai diém x = x,.

Dang 1: Him s6 f(x) = { lién tuc tai di€ém x = x, khi va chikhi lim f(x) = f(x,).
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X2x-3
Vi duy: Xét tinh lién tuc ctia ham s6 f(x) = x—3 tai diém x =3.
5 khix=3
2 _2x— x+1)(x—3
Ta cod hmf(x):hmx 2x 3: 11'1’1( )( )=lim(x+1)=4 va f(3)=5
x—3 x—3 X — 3 x—3 X — 3 x—3

Do d6 lirr31 f(x)# f(3) hay f(x) khong lién tuc (hay gian doan) tai diém x =3.

F(x), khi x> x, vk o
] lién tuc tai diém x = x, khi va chi khi lim
G(x), khi x < x, Xt

f()=lim f() = f(x,).

Do dé ta phdi c6 lim F(x) =k, lim G(x) =k va F(x,) =k = lim f(x)=lim f(x)= f(x,) = f(x) lién tuc

x%xg X—>X( X=X, X=X,

Dang 2: Him s6 f(x) = {

tai difm x = x,.

x—1

——  khix<1
Vi dy: Xét tinh lién tuc cia ham s6 f(x)=9+2—-x -1 zx tai diém x =1.

-2x, khi x>1
Tacé lim f(x) =lim (—Zx) =-2

x—1" x—1*
_ _ x—1){v2—x+1
Va lim £(x) = lim —~—>— —lim—"" _ lim ( )( ) - lim—(\/z—x +1) )
xo1” x>l D x =1 xol (Z—x)—l xo1” —(x—l) xo1”

V2—x+1

Ma f(1)=-2. Do dé lim f(x)=lim f(x) = f(1)=2 hay f(x) lién tuc tai diém x =1.
x—1" x—>1"
e Hams6 y= f(x) lién tuc trén khoang (a;b) néu y = f(x) lién tuc tai moi diém trén khoang (a;b).
e Ham s6 y= f(x) lién tuc trén doan [a;b] néu y = f(x) lién tuc tai moi diém trén khoang (a;b) va
lim f(x)=lim f(x).
x—a* x—>b~
e Ham s6 da thic lién tuc trén toan bo tap s6 thuc R.
Viduy: Him s6 y = x” —3x+2 lién tuc trén toan bo tap thuc tdc 1a né lién tuc trén moi diém.
e Ham s6 phan thiic hitu ti (t0 thiic va mau thiic la hai da thiic) va cac ham s6 lugng giac lién tuc trén tiing
khoang xac dinh ctia chung.

x+1

Vidu: Ham s6 y = lén tyc trén moi khoang (—oo;l) va (1;+oo) vico TXDIlaD = (—oo;l)u(1;+oo).

x—1
e Néuham s6 f(x) lién tuc trén khoang [a;b] va f(a).f(b) <0 thi phuong trinh f(x)=0 c6 it nhat mét
nghiém trén khodng (a;b).
Vidy: Ham s6 f(x)=x"+2x—5 lién tuc trén R (vi né lam ham s6 da thic) nén ham s ciing lién tuc
trén doan [0;2] vaco f(0).f(2) <0 nén phuong trinh x* +2x—5=0 c6 it nhit mot nghiém trén khoang
(0;2).
IIL. PAO HAM

1. Pao ham tai mot diém

e Daohamctahamsé y= f(x) taidiém x, la f'(x,) = limM = lim &
X=X, X — xo Ax—0 Ax

e Ax=x-x, dugcgoila so gia ctia doi s tai x,.
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Quy trinh d€ tinh dao ham béang dinh nghia:

Ay = f(x)— f(x,) = f(x0 + Ax) — f(x,) dugc goila s gia tuong ting cia ham so.

Buidc 1: Tinh Ay = f(xo + Ax) — f(x,) v6i Ax 1a s6 gia ctia d6i s6 tai x,.

Ay

Buéc 2: Tim lim
Ax—0 Ax

, 1 o
Vi du: Tinh dao ham ctia ham s6 f(x) =— tai diém x, =2.
X

Gid stii Ax la s6 gia ctia d6i s6 tai x, =2. Ta co:
11 Ax
2+ Ax 2(2+Ax)

Ay =f(2+Ax)-f(2)= ;
2. Quy tac tinh dao ham

Cho cacham s6 u = u(x) va v =v(x). Khi do:
e Quy tic tinh dao ham cia mét téng: (u + v)' =u
¢ Quy tic tinh dao ham cta mét hiéu: (u - v)' =u

5 7 1 ] A u 1
Quy tac tinh dao ham caa mét thuong: ( J
v

=

1

+

Ax—0 Ax Ax—>02(2+A_x)

-1 1

s

Ay

—i:f'@):—

lim —= = lim =

1

V.

1

V.

u'wv—uvy'
=
v

Quy tac tinh dao ham caa mdt tich véi mot so: (c.u)'

Quy tac tinh dao ham cia mét tich: (u.v)' =u'v+uv'

(v;tO).

cu' (c = const).

Quy tic tinh dao ham hgp y =u(v) = u[v(x)] : (u(v))' =v'(x).u'(v).

3. Cong thic tinh dao ham
STT Ham so cap (chi chiia bién x) Ham hop (u = u(x))
1. (c) =0, (x)'zl, (cx) =c, (cx+k)'=c vdi ¢, k = const.
2. (x"’)'—owc”"1 (u”‘)' =u'.qu”’
5 )
3. —'=-= — ===
x x u u
, 1 ,oou
* )= )2
1 u'
5. ¢x) = i) =
( ) aa xa—l ( ) aa ua—l
6. (sinx)':cosx (sinu)':u'.cosu
7. (cosx)':—sinx (cosu)'z—u'.sinu
8. (tanx)'= s =1+tan’x (tanu)'= = u'.(1+tan2u)
9. (cotx)':—sinzx =—(1+c0t2x) (cotu)'=—sin2u =—u'.(1+c0t2u)

4. Phuong trinh tié€p tuyén véi do thi cia ham s6

¢ Phuong trinh tiép tuyén A v6i do thi ciahams6 y = f(x) tai diém diém M (xo; yo) (v6i y, = f(x,)) hodc

tai diém c6 hoanh d¢ x, la:
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A:y= f'(xo)(x—x0)+y0 = f'(xo)(x—xO)Jrf(xO)
Chii y. f'(x,) lahé s6 goc ctia dudng thing A va né chinh 1a dao ham ctia ham s6 y = f(x) tai diém x,.
e (C6 3 dang bai vé viét phuong trinh tiép tuyén Avéi do6 thi cia ham sé y = f(x) nhu sau:
Dang 1: Viét phuong trinh tiép tuyén A tai diém M (xo; yo)
Phuong trinh ti€p tuyén A véi do thi ctia ham s6 y = f(x) tai diém M (xo; yo) la
Azy=f'(x,)(x—x,)+ f(x,) v6i f'(x,) 1ahé s6 géc cha dudng thing A
Dang 2: Viét phuong trinh tiép tuyén A khibiét A di qua diém A(a;b)
Gia phuong trinh tiép tuyén A véi d6 thi cia ham s6 y = f(x) tai diém M (xo; yo) la
A:y= f'(xo)(x —xo)—i- f(x,) v6i f'(x,) 1ahé s6 goc cha dudng thing A
Khi do, vi tiép tuyén A di qua diém A(a;b) nén
bzf'(xo)(a—xo)+f(x0)z X, =¢=>A:y :f'(xo)(x—x0)+f(xo)?
Dang 3: Viét phuong trinh tiép tuyén A khi biét vi tri tuong d3i cia A v6i mot duong thing
Gia phuong trinh tiép tuyén A véi d6 thi cia ham s6 y = f(x) tai diém M (xo; yo) la
A:y= f'(xo)(x —xo)—i- f(x,) v6i f'(x,) 1ahé s6 goc cha dudng thing A
Khi d6, néu ta biét vi tri tuong ddi ctia dudng thing A va dudng thing d: y =ax +b thi talam nhu sau:
THI. Alld & f'(x,)=a= x, :?:>A:yzf'(xo)(x—xo)—i-f(xo)?
Chii y. Néu ta tim dugc phuong trinh A: y=ax+c thi c#b (néu c=b thi A=d).
TH2. Ald < f'(x)a=-1=>x,==A:y =f'(x0)(x—x0)+f(x0)?

o (x,)—a ,
TH3. (A,d)=a < tana = % =x, == Ay =f'(x,)(x—x,)+ f(x,)?
5. Vi phan
e Viphanciahamsé y = f(x) dugc tinh va viétla dy =d| f(x) |= f'(x)dx.

e Ta cing c6 thé bién d6i cong thiic trén thanh Z—y = f'(x) va cang c6 thé hiéu ring Z—y =y'=f'(x) nénta
x x

cang c6 thé ndi rang vi phéan la cach viét khac caa dao ham.
6. Pao ham céap cao
e Daohiam cdp ncaahamsé y= f(x) dugc tinh vaviétla ™ (x) = [f(”’l)(x)]'
Vidu: Cho ham s6 f(x)=x" +3x> —2. Tinh dao ham c4p 5 ctia ham s6.
Taco f'(x)=4x’+6x= f (x)=[ f'(x) | =12x* +6 = f"(x)=[ f"(x) | =24x = [P (x)=[ f"(x) ] =24
Véy f(S)(x) — [f(4)(x):|- -0.
7.Y nghia ctia dao ham trong vat li
Van tdc ttic thoi cha chuyén dong thdng xdc dinh bdi phuong trinh s = s(t) tai thoi diém ¢, 1a v(to ) =s '(to)

Cuong do dong dién tiic thoi ctia dién lugng xdc dinh bdi phuong trinh Q =Q(t) tai thoi di€ém ¢ 1a

I(to) - Q'(to)
IV. QUAN HE SONG SONG TRONG KHONG GIAN
1. Dudng thing song song v6i mit phing
Dé chiing minh dudng thing song song véi mat phing thi ta chon mdt trong céc cach sau d€ chiing minh:
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Cach 1 (Thuong diing) Cach2 Cach 3
(P)n(Q)=a
all | _ PIINQ)] _, (Q)n(R)=b| _
‘ <P>} ) ac(o>} I%) (R)(p)=c [ =N (B)
bllc
Hé qua:
1(P) al|(P) al|(P)
b p}:‘“”b ac(Q)  p=allb all(Q  p=allb
=) (P)(Q) -t (P)n(Q) -t
P aal®
b (P)vabll(Q)r=(P)II(Q) (P)I(Q) }:){(R)m(Q)ﬂa
anb={0} (R)n(P)=a allb

3. Xac dinh thiét dién
al|(P)
Vi bai toan thiét dién khi a || (P) thi ta thuong dung dinh li sau: a ¢ (Q) =allb
(P)n(Q)=b
V. VECTO TRONG KHONG GIAN
1. Cac phép toan vécto
e Tong cla 2 vécto: AM + MB = AB
e Hiéu cta 2 vécto: MB—MA = AB
e Hai vécto cing phuong: @ va b cliing phuong <> gid clia chiing song song hoic trung nhau < b = k.d
e Tich vé hudng clia 2 vécto: Tich vo huéng ctia 2 vécto @ va b 1a 1 s6, dugc xéc dinh: d.b = |ﬁ|.|l;|.cos(ﬁ,5 )

_— EE—} —2
e Lién quan t6i do dai vécto 13 AB.AB=AB = ‘AB‘ — AB?

[38]

. Cac quy tac

] . ) i ] MA+MB=0
Quy tac trung diém: Néu M la trung diém cta doan thang ABthi < . .
OA+OB =20M,VO ba't ki

] ] GA+GB+GC =0
e Quy tac trong tam: Néu G la trong tam AABC thiq__. .
OA+OB+0C =30G,VO0 ba't ki

e Quy tic hinh binh hanh: Néu ABCD La hinh binh hanh thi AC = AB+ AD
, ] GA+GB+GC+GD =0
¢ Quy tac trong tam td dién: Néu G la trong tam ti dién ABCD thi < . . = = _ |
OA+OB+0OC+ 0D =40G,VO ba't ki
e  Quy tic hinh hop: Néu ABCD.A’B’C’D’ Ia hinh hop thi AC = AB+AD + AA’
3. Chiing minh 3 vécto dong thing
3 vécto d,b,¢ dong phing < d = m.b+n.c < ton tai cip s (m; n) duy nhit.
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VI. QUAN HE VUONG GOC TRONG KHONG GIAN
1. Dudng thing vudng géc v6i mit phing
D& chiing minh dudng thing vudng géc v6i mit phang thi ta chon mot trong cic cach chiing minh sau:

Cach 1 (Thuong dung) Cach 2 Cach 3
alb
allb P
alc :>aJ_(P) | :aJ_(P) ”(Q) :>aJ_(P)
bL(P) al(Q)
b,cc (P)
Ciach 4 Cach5
P)1(Q
) (@) ()=
(P)n(Q)=b
=al(P) (P)L(Q) }(=al(P)
e (7) L (x)
alb
2. GOc gitia duong thing va mit phang
d
Budc 1. Xac dinh giao tuyén cta dudng thing d va mit phing (P) N
la diém O, tuc la:
dn(P)={0] A
b o
d™~A
Budc 2. Xac dinh hinh chiéu vuong goc ctia diém A (13 diém ndm
trén duong thing d khac diém O) trén mit phang (P) la H, tiic la --
chting minh: L \
AH 1 (P) A
P = &
Budc 3. Xac dinh hinh chiéu vudng goc ctia dudng thang d trén d\4
mit phing (P) l1a dudng thang A véi A 1a dudng thdng di qua H va X
O, tuc la:
AH L A={H}
— AAOH vudng tai H | A
dnA={0} A H 0
BuGc 4. Khi d6, goc gitta dudng thing d va mit phdng (P) bing goc d\al
gitia hai dudng thing d va dudng thing A bing goc AOH , tiic 1a: '\
(@(7)) - @A) - 70T .
Chui y. Ap dung hé thiic lugng trong tam gidc vuong AOH g A
sin@=ﬁ;cosA/OTJ=O—H;tanA/O?I=£;c0tA/OTJ=O—H P H g
AO AO OH AH

3. Hai mat phing vudng goc
Dé& chiing minh hai mit phing song song thi ta chon mot trong cac cach sau dé lam:
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Cach 1 (Thudng ding) Cach2
al (P)
o=@ 11(Q) (7)1
(a,b) =90°
H¢ qua:
()2 () (P)2(Q) (Q)n(®)=a
2<(Q) =aL(P) Ae(P) = ABc(P) (Q)L(P) }(=alL(P)
ot w51(Q) (R)L(?

4. Goc gitia hai mit phing

Budc 1. X4c dinh giao tuyén clia 2 mit phing (P) va (Q), tic la: P

(P)n(Q)=a /

Budc 2. Xéac dinh dudng thdng b ndm trong mit phang (P) dong
thai vudng goc vai giao tuyén a va xdc dinh dudng thdng ¢ nim
trong mdt phang (Q) dong thai vuong gdc vdi giao tuyén a, tic la:
bc (P) vabla
{c c (Q) vicla

BuGc 3. Khi d6 goc gitia 2 mit phang (P) va (Q) chinh la géc gitia
2 duodng thang b va c, tc la:

bc(P) Vébla}cm:(b/?)

cC (Q) vaicla ’ ’

5. Khoang cich tit mot diém dén mot mit phing
Dé& tinh khodng céch tit diém dén mit phang thi chon mot trong cdc cach sau dé lam:

. oM
Cdch 1. (Tryc tiép)
Tim hinh chiéu vudng géc ctia M 1én mit phing (P) la diém H, tic e
1a chiing minh MH L (P) v6i H €(P). Do d6 d(M,(P))= MH. o H
A B
Cich 2. (Gidn tiép)
Néu AB||(P) thi d(A,(P))=d(B,(P)) T .
/
/P\] H K
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Cich 3. (Gidn tiép)

Néu AB cit (P) tai I thi d(AP) 1A /7 ﬁ

d(B,(P)) 1B
/P\ 1 K H /
6. Khoang cach giiia hai dudng thang chéo nhau
Dé tinh khoéng cach gitia hai dudng thing chéo nhau a va b thi chon mét trong cac cich sau d€ lam:
M b

Cdch 1: Chon mit phing (P) chiia dudng thing a va song song véi
b. Khi d6 d(a,b)=d(b,(P)).

Cdch 2: Dung mit phing song song va lan lugt chda hai duong A / /

thdng. Khodng cach gitia hai mit phang la khoang céch gitia hai

duong thang a va b. /< /
N
Q

Cdch 3: Dung doan vudng goc chung va tinh do dai doan do. Ta

xét 2 trudng hop sau:

THI1: a va b vtia chéo nhau viia vudng géc v6i nhau

+ Budc 1. Chon mit phing (P) chtia b va vudng goc vdi a tai H.
+ Buidc 2. Trong mat phang (P) ké HK L b.

+ Budc 3. Khi d6 HK 1a doan vudng géc chung ctia hai dudng thing H b
ava bnén d(a,b) = HK.

TH2: a va b chéo nhau ma khong vuong goc véi nhau

Y

+ Budc 1. Chon mit phang (P) chda b va song song vdi a. a K
+ Budc 2. Dung d 1a hinh chiéu vudng goc ctia a 1én (P) bang cach 8 U
l&y diém M € a,ké MN L(P), luc d6 d 1a duong thing di qua N

va song song Vvdi a.

+ Budc 3. Goi H =and, dung HK || MN.
+ Buidc 4. Khi d6 HK 1a doan vuong goc chung ctia hai dudng thang b
avabnén d(a,b) = HK = MN.
Mot cach giai khac ctia TH2: “ y

+ Budc 1. Chon mit phing (P) L a tai P. K -

+ Budc 2. Tim hinh chiéu vudéng géc ctia b 1én (P) la d. - d
+ Budc 3. Trong mit phang (P), dyng PQ L d, ti Q dung dudng : 5
thang song song vdi a cit b tai H, tit H dung HK || PQ. p !

1
+ Buidc 4. Khi d6 HK 1a doan vudng goc chung ctia hai dudng thang | /
avabnén d(a,b) = HK = PQ.
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Phdi c6 thoi gian dé nhin nhadn lgi bdn than. Xem minh da nga
cho nao thi phdi diing day & cho d6. Ddc biét khéng dugc ty ti,
tu phu ma phdi ty tin vao ban than minh. Bdi lé nguoi thanh
cong khong bao gio néi “khéng” véi bt ki khé khdn nao. Co
nhu vy thi thanh cong sé dén véi ban trong tuong lai gan.
Thdy Nguyén Manh Cudng
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