Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
GIOI HAN DAY SO
A.LY THUYET
I. DAY SO CO GIOI HAN 0.
1. Pinh nghia

Ta noi rang day s6 (u,) c6 gisi han 0 ( hay c6 gisi han 1a 0) néu véi mdi s6 dwong nho tity ¥ cho
trudc, moi s6 hang cua dy s6, ké tir mot sb hang nao dé tré di, déu co gia tri tuyét d6i nho hon sb
duong do.

Ki hi¢u: limu, =0.

N6i mot cach ngan gon, limu, =0néu |u,| c6 thé nhé hon mot s6 duong bé tiry ¥, ké tir s6 hang
nao do tro di.

Tir dinh nghia suy ra rang:

a) limu, =0< lim|u,|=0.

b) Day s6 khong doi (U, ), véi u, =0, cé gi¢i hanla 0.

c) Day s6 (u,) ¢6 gisi han 1a 0 néu u, c6thé gan 0 bao nhiéu ciing dugc, mién 1a n du lon.
2. Mot sb day sé co gi¢i han 0

Pinh 11 4.1

Cho hai déy s6 (u, ) va (v,).

Néu |u,| <V, véi moi nva limv, =0 thi limu, =0.

Pinh 1i 4.2

Néu |g| <1 thi limg" =0.

Nguoi ta chitng minh diroc rang

1
a)lim—=0.
s

b) lim— =0

¢n

.1 i . .
¢) lim—- = 0véi moi s6 nguyén duong K cho trudc.
n

Truong hop dac bit - lim==0.
n

k
d) lim—=0véi moi k e N* vamoi a>1cho trudc.
a

I1. DAY SO CO GIGI HAN HU'U HAN.
1. Dinh nghia

Ta noi rang day s6 (u, ) c6 gi¢i han la so thyc L néu lim(u, —L)=0.

Ki hi¢u: limu, =L.

Day sd ¢6 gidi han 1a mot sé thuc goi 1 day sé ¢é gisi han hitu han.

a) Day so6 khong déi (u,) véi u, =c¢, cé gidihanla c.

b) limu, =L khi va chi khi khoang cach |un — L| trén truc s6 thuc tir diém u_ dén L trd nén nho
bao nhiéu ciing dugc mién 1a N du 1én; n6i mot cach hinh anh, khi n ting thi cac diém u, “
chum lai” quanh diém L.
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¢) Khong phai moi day s6 déu c6 gidi han hiru han.
2. Mot sb dinh I
Pinh 1i 4.3

Gia sir limu, = L. Khi do
a) lim|u,| =|L|va lim3fu, =3/L.

b) Néu u, >0 véi moi n thi L>0 va limfu, =+/L.

pinh 1 4.4
Gia st limu, =L, limv, =M va cla mot hing s6. Khi d6

a) lim(u, +v,)=L+M. b)lim(u, —v,)=L-M.
c)lim(u,v,)=LM. D) lim(cu, )=cL .

e)Iimu—”:L(néu M #=0).
v, M

n

3. Tong caa cap sé nhan Ui vo han
binh nghia

Cap s6 nhan 1ai vo han la cap sé nhan c6 cong béi g thoa |g|<1.

Cong thic tinh téng cua cap s6 nhan 10i vo han:
u
S =ul+u1q+u1q2+...=ﬁ
I11. DAY SO CcO GIOI HAN VO CUTC.
1. DAy s6 c6 giéi han +oo

Ta noi rang day s6 (u, ) c6 gisi han +o néu véi mdi s6 duong tity ¥ cho truée, moi s6 hang cua
day sd, ké tir mot s6 hang nao do6 tro di, déu 16n hon sb duong do.
Ki hi¢u: limu, =+co.

N6i mot cach ngan gon, limu, =+eonéu u, c6 thé I6n hon mét sé duong 16n tly y, ké tir s6 hang
nao do trg di.
Ngudi ta chimg minh dugc rang:

a) lim.Ju, =-+oo.

b) lim3fu, =+

¢) limn* = 400 v&i mot s6 nguyén duong K cho trugce.
Truong hop dac biét : limn=-0.

d)limqg" =+ néu q>1.

2. Day s6 c0 gioi han —o

Ta no6i rang day s6 (U, ) c6 gi¢i han —o néu véi mdi s6 am tity y cho truéc, moi s6 hang cua day
s6, ké tir mot s6 hang nao d6 trg di, déu nho hon s6 am do.
Ki hiéu: limu, = —oo.

N6i mot cach ngan gon, limu, = —eonéu u, c6 thé nho hon mot s6 &m nho tly v, ké tir s6 hang
nao do tr¢ di.

Nhan xét:

a) limu, =—o < lim(-u, ) =+,
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=i tro
U

A , A~ x ) 1x e , L e 1
nén nho bao nhiéu ciing duoc, mién n du lon. N6i cach khéc, neu lim|u, | =-+othi lim—=0.
u

n

b) Néu lim|u,| =-oothi |u,| tré nén lén bao nhiéu ciing duoc mién n du I6n. Do do

u

n

pinh Ii 4.5

Néu lim|u,|=+oothi lim=—-0.
u

n

3. Mét vai quy tic tim giéi han vo cuc
Quy tic 1
Néu limu, =o0 va limv, =00 thi lim(u,v,) duoc cho trong bang sau:

limu, limv, Iim(unvn)
+00 +00 +00
+00 —00 —00
—00 +00 —00
—00 —Q0 +00
Quy tic 2
Néu limu, =o0 va limv, =L=0 thi lim(u,v,) dwgc cho trong bang sau:
limu, Déu cua L lim(u,v,)
+00 + +00
+00 - —00
—00 + —00
0 — +00

Quy tic 3
Néu limu, =L=0 va limv, =0 vav, >0 hoic v, <0 ké tir mot s6 hang nao do tr¢ di thi

. u
lim— duoc cho trong bang sau:

n

Dau cua L Dau ctav, U,
lim—
Vn

+ +00

— —00

- + —00

- - +00

B. CAC DANG TOAN VE GIGI HAN DAY SO
DANG 1. TINH G101 HAN DAY SO CHO BO1 CONG THUTC

Caul: lim(n®-2n+1) bing
A. 0. B. 1. C. —o.
Dap an D.

+00 .

|©

Loi gidi



Céu 2:

Céu 3:

Cau 4:

Vidu5:

Vidu 6:
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. 2 1

Tac6:n®-2n+1= n3(1——2+—3j .
n> n

2

!
n2 3

Vi limn® = +o0 vélim(l—
n

j:1> 0 nén theo quy tic 2, Iim(n3 -2n +1) = o0
lim(5n—n”+1) bing
A. +o, B. —ox. C.5. D. -1.
Huéng dan giai
Chon B.
5 1

Tacd 5n—n?+1= nz(—1+—+—2j.
n n

Vi limn? = 40 va Iim[—l+%+%j:—1<0 nén Iim(5n—n2 +1)=—oo(the0 quy tac 2).

5n° +3n—-7 _ .

limu,, voi u, = " bang:

A. 0. B. 5. C. 3 D. —7.
Huéng dan giai
Chon B.
2
Ta co: |imun=|im£5iz+3—r2‘—12j=|im(5+§—12j=5.
n> n*> n n n
2n°-3n’ +n+5
n®—n*+7
A -3 B. 1 C.2 D. 0.
Hudéng dan giai

bang

limu,, voi u, =

n?’

Chon C.
Chia ca tir va mau caia phan thirc cho n® (n® 1a lity thira bac cao nhat ciia n trong phan thirc), ta

2_§+i+£
2 3
duge: u, =—N_N°_n’ Iim(2—§+ ! +3j=2 va |im(1-%+%)=1¢o nén

1 7 o
1- =4 n n n
n n

2n°=3n°+n+5 2 _
n’®—n®+7 1

lim 2.

n®+2n+1
n*+3n®+5n%+6

\
N

bang

Gi6i han cua day sé (u,), véi u, =

A. 1. B. 0. C. +o0, D.

W

Huéng dan giai
Chon B.
Chia ca tir va mau cua phan thicc cho n* (n* 13 bac cao nhat caa n trong phan thic), ta duoc
1 2 1
n®+2n+1 s

=lim
4 3 2
n*+3n°+5n°+6 1+§+%

0
5=1=0:
n®

3 -_ A
Gisi han cia day sb (u,) voi u, :3”2*2—2”1, bing

limu, =lim n
+



Vidu7:

Vi du 8:

Vidu9:

Vi du 10:
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A. g B. 0. C. 4o, D. 1.
Huwdéng din giai
Chon C.
Chia ca tir va mau cho n? (n? 1a liy thira bac cao nhat cia n trong miu thirc), ta duoc
3n+2 L
3 _ P
un=3n +22n 1 n_N_ vay Iimun:Iim(B—nj:wo.
2n°—n 5 1 2
n
_sin(n!) .
lim ban
n®+1 J
A 0 B. 1. C. 4o, D. 2
Huéng dan giai
Chon A.
sin(n!
Taco 2( )|£ 21 ma lim——=0 nén chon dap an A.
n +1‘ n°+1 n°+1
-1)"
lim ( ) bang
n(n+1)
A -1 B. 1. C. + D. 0.
Huwdéng din giai
Chon D.
-1)" _ _1)
Taco (1) -1 <i=i2 ma Iimiz=0 nén suy ra Ilmu:
n(n+1)‘ n(n+1) nn n n n(n+1)
Tinh giGi han | :Iim(x/n2—2n+3—n)
A =1 B. I =-1. C. 1=0. D. | =+,
Hudéng dan giai
Chon B.
(«/nz—2n+3—n)(\/n2—2n+3+n)
Taco | =Iim(\/n2—2n+3—n) =lim
Jn?=2n+3+n
3
_(n?-2n+3)-n*  ony3 R 2
=lim =lim =lim = =-1.
VN> =2n+3+n Jn*=2n+3+n 122,34 J1+1
n n’
Iim(n—\3/8n3+3n+2) bang:
A. +oo, B. —oo. C. -L D. 0.
Hudéng dan giai
Chon B.

Taco Iim(n—«3/8n3+3n+2) = Iimn(l—:; /8+%+%].

Vi Iimn:+oo,lim[1—38+%+%j=1—§/_:—1<0 nén Iim(n—\3/8n3+3n+2):—oo.
\l n> n



Vi dy 11:

Vidu 12.

Vidu 13.

Vi du 14.

Vi dy 15.
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Iim(n2 —n4n +1) bang:

A. -1 B. 3. C. 4o D. —oo.
Huéng dan giai

Chon C.
L2 ) 4 1
Taco n—nJ4n+1=n?|1- —+— |
n n
Vi limn? = 40 va Iim(l— ﬂ+%J=1>O nén theo quy tic 2, Iim(nz—n\/4n+1)=+oo.
n n

Iim(n —3n*+3n? +1) bang :

B B. 1. C. 4. D. —.
Huwéng dan giai

Chon A.

Ta tién hanh nhan chia véi biéu thtre lién hop (bac ba) ctia n—3In® +3n? +1

n®—(n®*+3n? +1
Iim(n—\3/n3+3n2+1):lim (

[n +n»\/n +3n? +1+§/ n +3n? +1 j
-3-=

= lim n =-1.

2
1+ 3/1+3+13+3 (1+3+13j
nn n n

\/n +n+1-— \/n +3n+2) bang :

A % B. 0. C. +o©. D. —o.

Huwéng din giai
Chon A.

Iim(\i’n2 +n+1—€’/n3+3n+2): Iim[(«/ﬁrwl—n%(n—Mﬂ:%

Iim(5n —2”) bang :
A. —o. B. 3. C. +o, D.g.
Huwéng din giai
Chon C.
Taco 5"-2"=5" [1—[% j
)
Vi lim5" = +o0 va Ilm( J 1>0 nén theo quy tic 2, Iim(5n —2"):+oo
lim(3.2"* ~5.3" +7n) bin

A. —o. C. 3. D. -5.
Huwéng din giai
Chon A.

lim(3.2" -5.3"+7n)=3" (—5+6(§) +73n] —o0
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43" +7™

Vi du 16. lim bang :
25"+ 7"
3
A 1. B. 7. C. -.
2
Huwéng dan giai
Chon B
3 n
4= +7
43" +7" (7) i 7
li =lim ——=7
25" +7" 5\ 1
2= | +1
7
n+1 n+2
Vidu 17. Iim% béng :
5"+8
A 0. B. g C. 36.
Hwéng din giai
Chon A.
4 n 6 n
4. —| +36.
. 4n+1+6n+2 . (8} + (8]
lim =lim =0.
5"+8" (5)“
—| +1
8
, . 2"-3"
Viduy 18. lim— bang :
2" +1
3
A ——. B. 0. C. —o.
2
Huwéng din giai
Chon C.

2 n
-
2 -3 [?J

Chia ca tir va mau cho 3" ta dugc =

=T

Ma Iim{(gjn —1}=‘1<°’ "m(@j” +£%N:O " [3

-3
2" +1
Dang 2. Tinh giéi han cia day sé cho béi hé thirc truy hi.

quy tac 3, lim

Vi dy 19. Cho day s6 (u,) duoc xac dinh bdi u, =1, u,,, =
gi6i han hitu han, limu, bang:
A. -1. B. 2. C. 4.

Huwéng din giai
Chon B.

2(2u, +1)
u,+3

Hoi toan Bac Nam

O
[N IEN

o
(SRS

J +(%) >0 v6i moi N nén theo

v6i moi n>1. Biét day s6 (u,)co

o
wlrN

Bang phuong phép quy nap, dé dang chimg minh dugc u, >0 véi moi n

2(2u, +1)

bat limu, =L>0.Taco limu,,, =lim
u,+3

hay L = 2(2L+1)



Vi du 20.

Vi du 21.
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) L=2 (n)
=L -L-2=0=>
L=-1 ()
Vay limu, =2.
~ X . e . 1 2 L e ,
Cho day so6 (u, ) dugc xac dinh boi u, =1, u,,, =S| Ut | véimoi n >1. Tim gidi han cua

un
(Un)-
A limu, =1. B. limu, =-1. C. limu, =+/2. D. limu, =—/2.
Huwéng din giai
Chon C.
Bing phuong phap quy nap, d& dang ching minh duoc U, >0 véi moi n
Dé bai khdng cho biét day sé (un) ¢6 gidi han hiru han hay khong, tuy nhién cac dap an dé bai
cho déu la c4c gigi han hitu han. Do d6 ¢6 thé khang dinh duoc day sb (un) 6 gidi han hiru
han. bat limu, =L >0

: .1[ 2J
limu ,=lim=lu +—

2 u,
Hay L:%(L+%J3L:%:>L2=23LZ\/§

Vay limu, =2

(loai truong hop L=—/2). Vay limu, =~/2..

Cho ddy s6 (u,) xac dinh bdi U =1 va u,,, =2u, +% v6imoi n>1. Khing limu, bang:
A0. B. -1 c-1. p. 1.
2 2 2

bap an C.
Gia str day co gidi han hitu han la L.
Taco: limu,,, =2limu, +%<:> L:2L+%<:> L=—%.

Pén day ¢6 thé két luan 1 limy, = —% duoc khong? CAu tra 16i 12 khong?

Vi khéng khé dé ching minh dwoc ring U, >0 véi moi n. Do d6 néu day sb 6 giéi han L thi
L>0. Tir d6 suy ra diy khong cé gidi han, ma trong bdn dap an trén chi c6 dap an C 1a vo cuc.

Vay ta chon dap an C.

Ta xét hai c&ch giai sau:

bat vn:un+l.Tacc’): vn+1:un+l+1:2un+l+1:2 un+1 =2V,
2 2 2 2 2

Vay (v, ) 1a cap s6 nhan co v, :g va q=2.Vay v, :2.2"l =3.2"2,
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Do do limv, = Iim(3.2"‘2)=+oo. Suyra limu, =+c0.
Vi du 22. Cho diy s6 (un) xac dinh u; =0, u,=1, u,,, =2u —U.,+2 v&éi moi n>2. Tim gidi han cua
day sb (u,).
A. 0. B.1. C. —oo. D. +o0.
Pap an D.
Gia stir day co gidi han hitu han la L.
Taco: limu,,, =2limu,-limu,_,+2&< L=2L-L+2<0=2(Vdly)
Vay ¢6 thé du doan day co gidi han vo cuc. Tuy nhién c6 hai dap an vo cuc (—0 va +w), vay
chua thé doan 1a dap 4n nao. Ta xem hai cach giai sau.
Taco u, =0, u, =1, u; =4, u, =9. Vay ta ¢6 thé du doan u, =(n-1)" voi moi n>1. Khi d6

Upy =2U, —U,, +2=2(n-1)° —~(n—2)* +2=n’=[(n-1)-1] .

Vay u, =(n-1)" véi moi n>1. Do d6 limu, =lim(n—1)° =+,
Dang 3. Tong caa cap sé6 nhan 10i vo han.

Vi du 23. Cho s6 thap phan v6 han tuan hoan a = 2,151515... (chu ky 15), a dugc biéu dién dudi dang
phan sb tdi gian, trong d6 M, N 1a cac s6 nguyén dwong. Tim tong m-+n.
A.m+n=104. B.m+n=312. C.m+n=38. D.m+n=114.
Pap an A.

15 15 15

Tacd a=2,151515...=2+ st
100 100° 100

. 15 15 15
Vi + >+ 3
100 100° 100

A LA o A A A \ - A ,o K X 15 A
+... la tong cua cap s6 nhan lui vo han véi so6 hang dau u, = 100" cong

15
boi q:i nén a=2+&=ﬂ.
100 1 33

100

Vay m=71,n=33 nén m+n=104.

Vi du 24. S6 thap phan v6 han tuan hoan 0,32111... dugc biéu dién dudi dang phan sd tdi gian % , trong

d6 a,b 1a cac sé nguyén duong. Tinh a—b.

A.a—b=611. B.a—b=-611.  C.a-b=27901.  D.a—b=-27901 .
Dip n B.
Loi giai
Ta co:
1
03111 =2, b, 1 32 _10° _ 289

+—3+—4+—5+...: + .
100 10° 10" 10 100 1- 1 900

10
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Viy a=289,b=900 . Do d6 a—b =289—900 = —611.

Dang 4. Tim giéi han caa ddy sé6 ma téng 1a n sé hang diu tién cia mat day sé khac.
Vi du 25. Téng S =1+£+1+£+... béng:
2 4 8

Al. B. 2. C.

wilN
O
N w

Pap an B.

Léi giai

N R A 5 A A A N A 7 \ 1
S latong cua cap so nhén lui vé han co u, =1 va q =5

-

Do d6 S = =2.

1-—

N |-

) _1 n+l . .
Vi du 26. Cho day s6 (u,) voi u, :%—%+é+...+( ) Khi @6 limu_ bang:

A
A.l. B. 1. C.g. D.E.
3 3 4
Pap an A.
Lai giai
N A A A A 5 A A A A z 1 2 1
u, latong n so hang dau tién cua mot cap so6 nhan co u, =5 va q =7
1 1_@) 1f, (1Y 1 1\") 1
Dodo u,==—>—~%<== 1—(—j .Suyra limu, =lim= 1—(—) ==.
2 1_(_1) 3 2 3 2 3
2
Vi du 27. Tinh lim RIS L béng:
1.3 35 (2n-1)(2n+1)
A. 0. B. 1. C.l. D.l.
2 3
bap an C.
Loi giai
Ta co:

1 1 1( 1 1 1 1 1 j 1( 1 j
.+ ==|[1-=+Z—Z+...+ - ==|1-
1.3 35 (2n-1)(2n+1) 2 3 35 2n-1 2n+1) 2 2n+1

N 1 1 .1 1 1
Vay lim| —+—+... + =lim —(1— j:—.
13 35 (2n-1)(2n+1) 20 2n4 ) 2
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Vi dy 28. Cho day sb (u,) véi u, :1+22+—1+n Ménh d& nao sau day 1a ménh d& dang?
n? +
A. limu =0. B. limu, :%. C.limu, =1. D. Day s6 (u,) khong
c6 gidi han khi n — +oo.
Dap an B.
Loi gidi
n(n+1 n(n+1
Taco: 1+2+...+n= ( ).Suyra 1+22+...+n: (n+1) :
2 n?+1 2(n’ +1)
n(n+1
Do 6 limu, =lim 21+ _1.
2(n°+1) 2
Vi du 1: lim 1+5+9+...+4n-3 bang:
24+7+12+...+5n-3
A2 B 3. c.2 D. 2.
5 4 3 6
Huwdéng dan giai
Chon A

Tir thirc 1 tong cta n s6 hang dau tién cua cap s6 cong (u,) véi n=1, u, =4n—-3 va cong boi
d=4.

Do d6 1+5+9+...+4n—3= ”(1“2‘”—3) _ n(4r;—2)_

Tuong tytacd: 2+7+12+...+5n-3= n(2+;3n_3) _ n(5r;-1) _

1+54+9+...+44n-3 _lim n(4n-2) 4
e D &

2+7+12+..+5n-3  n(5n-1)

Vay lim

3+3%2 43P+ 43"

Vidu 2: lim > bang:
1+2+2°+..+2"

A. +o0 . B. 3. c.2 D.

2

Huéng dan giai

wlnN

Chon A
Ta c6 tir thic 1a tong cta n s hang déu tién cua cap s nhan (u,) véi u, =3 va q=3.
Do d6 3+32+3% +..+3 =3.3—_1=§(3n -1).
3-1 2
Mau thic 1a tong ciia n+1 s6 hang dau tién cua cap sé nhan (v,) véi v, =1 va g=2. Do d6

n+l_
142428 4. 42"=2.2 1=2.(2”+1—1).
2-1
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3) (1Y
3+3°+3°+..43 . 3 3-1 3. M

Vay lim > =lim—.——=—Ilim L = 400
1+2+2°+...+2" 4 2™ -1 4 5 (1)
3
Vidy 3: lim| 24 2" ]béng
n“+1 n“+2 n“+n
A. 0. B. 1 C. 1 D. +o.
2 3
Hudéng dan giai
Chon B
Taco 1+22+...+nS 21 N 22 - 2n S1+22+...+n
n“+n n“+1 n“+2 n“+n n“+1
n(n+1) n(n+1)
Ma lim 20 i 2 Lo raredn g, 2 1
n“+n n“+n 2 n-+1 n“+1 2

Cau 1:

Cau 2:

Cau 3:

Vay lim L + 2 S j—l
: n+1 n>+2  n®’+n) 2

C. BAI TAP REN LUYEN KY NANG
DANG 1: BAI TAP LY THUYET

Chon khang dinh dang.

A. limu, =0 néu |u | c6 thé nhé hon mot s duong bé tity ¥, ké tir mot s6 hang nao do tré di.
B. limu, =0 néu |u,| c6 thé I6n hon mot 6 duong bé tuy ¥, ké tir mot s6 hang nao do tré di.
C. limu, =0 néu u, c6 thé nho hon mét s6 duong bé tiry ¥, ké tir mot s6 hang nao do6 tro di.

D. limu_ =0 néu u, cd thé nhé hon mot s6 duwong bé tiy v, ké tir mot s6 hang nao do tro di.
Chon khang dinh dting.

A. limu, =400 néu u_ co thé bé hon mot s6 duong 16n ty Y, ké tir mot s6 hang nao d6 tré di.
B. limu, =+ néu u, cd thé I6n hon mot s6 duong 16n tly y, ké tir mot s6 hang nao do tré di.
C. limu, =+ néu |u,| c6 thé bé hon mot 6 duong 16n tiy ¥, ké tir mot s6 hang nao do tré di.
D. limu, =+ néu |u,| c6 thé Ién hon mot s6 dwong 16n tly Y, ke tir mot s6 hang nao d6 tro
di.

Chon khang dinh ding.

A. limu, =a néu u_—a cd thé nho hon mét sb duong bé tiy v, ké tir mot s hang nao do tro di.

B. limu_ =a néu u, —a cd thé I6n hon mot s6 duong bé tiy ¥, ké tir mot s6 hang nao do tro di.
C. limu, =a néu |u, —a] ¢d thé nho hon mot s6 duong bé tiry ¥, ké tir mot s6 hang nao d6 trd di.

D. limu_ =a néu |un — a| ¢6 thé I6n hon mot s6 duong bé tiy v, ké tir mot sé hang nao d6 tré di.
Chon khang dinh dting.

A. limg"=0néu q>1. B. limg" =0néu q<1.

C. limg" =0néu |/ >1. D. limg" =0néu g/ <1.
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Chon khang dinh dung.

A. limg" =+wonéu q>1. C. limg" =+wonéu q<1.
B. limq" =+oonéu |g|>1. D. limg" =+oonéu |g <1
Trong cac ménh dé duéi day, ménh dé nao sai?

A.Néu |g|<1 thi limgq" =0.

B. Néu limu, =a, limv, =b thi lim(u,v,)=ab.
C. Véi k 1asé nguyén duong thi Iimik:O.
n
D. Néu limu, =a>0, limv, = +wothi lim(u,v,) = +o.

Biét limu_ =3. Chon ménh dé dung trong cic ménh dé sau.

A lim3h=l_3 clim®=l o giml_ 3 pimSl_g
u,+1 u, +1 u,+1 u, +1

n n

Biét lim u, = +oo. Chon ménh dé dung trong cac ménh dé sau.

Adimdtt Lo o Wt g g mt L b jim Wt
3u;+5 3 3u, +5 3u;+5 5 3u; +5
Cho diy sd u_ vdiu —i+i+ + L Taco limu, bang:
¥R T "T13735 " 201 2n41° n e
A.l. B.l. C. 1. D. 2.
2 4
3" —42" -3
lim bang
32"+ 4"
A. 00 B. 1. C.0 D. —o0
. n*-2n .
lim ban
137 ¢
A ! B. + C D 2
3 3
Trong céc giéi han sau day, gidi han ndo bang —1?
2 2 2 3
Alm 23 Bim 22 cim 22 poim 23
—-2n° -4 —-2n° -1 —2n°—2n —-2n° -1
Chon ménh dé dlng trong cdc ménh dé sau:
A.Néu lim|u,| = +oo thi limu, =—oco. B.Néu limu, =—a thi limlu,|=a.
C.Néu limu, =0 thi lim|u,|=0. D. Néu lim|u,| =+oco thi limu, = +oo.
Chodaysé u, véiu,= n+1 # Chon két qua dtng cua limu,
n*+n° -1
A. +co. B. 1. C. —. D. 0.

bang bao nhiéu?

Néu limu, =L thi lim
Ju, +8
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AL B 1 c L Dt _
dL42 JL+8 “3L+8 JL+B
cau16: lim Jn+r1—vn I&
A. 1. B. —0. C. +0. D. 0.
Cau 17: L:Iim(5n—n3) la:
A. —4. B. —0c0. C. +00. D. —6.

Cau 18: Day sb nao sau diy c6 gi6i han bang % ?

1-2n? n’—2n 1-2n 1-2n
u, = . B.Uy=——. CUu=—"—>. D.u,= .
5n+5 5n+5n 5n+-5n 5n+5
Cau 19: Iim«/ﬁ(«/n +l—«/ﬁ) bang
1 1 1
A. 0. B. —. C. —-. D. —.
2 3 4
~ ~ X , . > . n n+1 ~ ~ )Y , 7 ~ PN
Céau 20: Cho day sob (un) xac dinh boi u, =(—1) nz—nl Tim ménh dé dung trong cac ménh dé
+ —
sau?
A. limu =0. B. limu, =0 khéng ton tai.
C. limu, =-2. D. limu, =1.
Cau 21: Iim(\/n2 +2n—/n2—2n) c6 két qua la
A 4. B. 2. C. 1. D. +o.
Cau 22: lim(3'2"*~5.3") béing
A. Q B. 1. C. —0 D. 1
3 - 3
Cau 23: limn(\/n2+1—\/n2—2) bng:
1 1 3
A ——. B. —. C. —. D. 1.
2 2 2
~ ~ e . 4n2+n+2 2 Lo N AT N
Cau 24: Cho day sob (u ) voi u, =——— . beé (u )co gi¢i han bang 2, giatricua a la:
" an” +5 "
A. 4. B. 3. C. 4. D. 2.

Cau 25: 1im(%/n3 13 +2) bng:
A 0. B. 3. c. 1. D.2 .
Cau 26: Day so (u,) v&i u, =3n®+1-n c6 gidi han bang:
A. -1. B. 2. C. 1.

|©
(@)
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Cau 27: Néu L:Iim[n(«/nz+n+1—\/n2+n—6)} thi L bang

A. 3. B. +m. gg. D. J7-1.

DANG 2: BAI TAP TINH GIGI HAN DAY SO CHO BOI CONG THUC

Cau 28: Trong cac ddy sb sau day, diy s6 nao co giéi han?

A. (sinn). B. (cosn). C. (-D". D. (%).
CAau 29: Trong cac diy sb sau day, ddy sd nao c6 gidi han khac 0?
A. ((0,98)"). C. ((-0,99)") . B. ((0,99)"). D. ((1,02)").
Cau 30: Biét day so (u,) théa man |u, -1 < % Tinh limu_.
A. limu, =1. B. limu, =0.
C. limu, =-1. D. Khong dii co so dé két luan vé gisi han cua day sé (u,).
Cau 31: Gi6i han nao dudi day bang +o ?
A. lim(3n® -n%). C. lim(3n*—n). B. lim(n*—4n%). D. lim(3n®*-n*).
— 2 — N
Cau 32: w bang bao nhiéu?
(n*+1)(2n+1)
Al B. 2. C.0. D. +o.
Cau 33: Trong bdn gi6i han sau day, gidi han nao 1a +oo?
2 3 2 3 _ 2
Lo L L - L L S W ML
n°+n n°+3n n—-2n 1-2n

Cau 34: Trong cac gidi han hiru han sau, gidi han nao c6 gia tri khac vdi cac gidi han con lai

2 =2 n n
A. lim(L+ ,Nisin3n S'”3”). C. lim1 3N =h 3 g imZa Lo 5y 3*cosn £eosn.
n®+1 n°+5 5" 3™

Cau 35: DPé tinh Iim(\/n2 —1—+/n2+ n), ban Nam di tién hanh cac budc nhu sau:

Budc 1: I|m(\/n +n— \/n —1)—I|m(n\/1+1—n\/1——)

Budc 2: Ilm(n\/1+——n\/1——)_llmn( 1+—— 1—_)

Buéc 3: Ta cé limn=-oo: lim( 1+%— 1-%):0.

Buéc 4: Vay lim('n? —1—+/n? +n) =0.
Hoi ban Nam da lam sai tir buéc nao?

A. Buoc 1. B. Budc 2. C. Budc 3. D. Budc 4.

Cau 36: lim(s3n—1-+/2n-1) bang?
A. 1. B. 0. C. —o. D. +ow0.
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Jn?+1-4n+1

Cau37: lim bang?
3n+2
A. 0. B. % C. —o D. +
N . n+3 N
Céu 38: Ilm(1—2n),/3— bang?
n°+n+1
A0 B. -2 C. —w. D. 4.

Céau 39: Trong cac gidi han sau, gidi han nao 1a hiru han?

A. lim(x/n+1-n)n. C. lim/n?+n+2—-+n+1).
. 1 = B
B. IImJn+2—Jn+1' D. lim(/n?+n+1-n).

Cau 40: Trong cac gidi han sau, gidi han nao la khéng hiru han?

_h G tim I AL,
In+1+3n Yr*+n—n
B. lim@E1+n® —n). D. im@E/n2 —nf +n).

\fn —4n — «/4n +1 6 \/_
J3n?+1-n 2

nguyén duong. Chon khang dinh ding trong cic khang dinh sau:

A. lim

Cau 41: Biét lim

——, trong d6 — la phan s t6i gian, mva n 1a cac sb
n n

A. mn=10. C. mn=15. B. mn=14. D. mn=21.
Cau42: Tim Iim#:
2" (3" -5)
A. +oo. B.l. C. L D.l.
, ‘ 2 3
DANG 2: TONG CUA CAP SO NHAN LUI VO HAN
a 1 1 n—l ;LR N N N A Ko oo m -
Cau 43: Cap s6 nhan Iui vo han 1, AR —5 (——) ... €6 tong la mdt phan so toi gian e Tinh
m+2n.
A. m+2n=8. C. m+2n=7. B. m+2n=4. D. m+2n=5.

Cau 44: Sb thap phan vo han tudn hoan 0,27323232... dugc biéu dién boi phan sb ti gian - (m,n Ia
n

cac s6 nguyén duong). Hoi M gan véi sb nao nhat trong cac sé dudi day?
A. 542. B. 543. C.544. D. 545.

A A 5 A A A A <\ . A \ A 5 A A A 5 r 1> 9 A A
Cau 45: Tong cua mdt cap soO nhan Iui vo han 14 2, tong ctia 3 s6 han dau tién cia nd la 2 So6 han dau
cua cap so nhan doé 1a?

A. 4. B. 5. C.3. D.

M| ©

Cau 46: Phuong trinh 2X+1+X* =X+ x* = x* +... =% , trong d6 |X| <1, c6 tap nghiém la:
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A s TTENOTL g [ BEVALL g o [ TNOT] [ 84yAL
(=T Coso{ YR Bos={T Doso YR

Cho tam gic déu AB,C, canh a.Nguoi ta dung tam giac déu A,B,C, c6 canh bang dudng cao
ctia tam giac AB,C,; dung tam gidc déu A,B.C, co canh bang dudng cao ciia tam giac A,B,C,
va ctr tiép tuc nhu vay. Tinh tong dién tich S cua tit ca cac tam giac déu ABC,, AB,C,,
AB.C,,...

3a’\3

2
AT B. 3a2‘/§. C. a%\3. D. 2a%\3.

DANG 4: TIM GIGI HAN CUA DAY SO CHO BOI HE THUC TRUY HOI

Cho s6 thyc a va day sd (u,) xac dinh boi: u,=avau,,, :1+u?n véi moi N>1. Tim gidi han
ctia day sd (u,).
A a. B. 2. C.1. D. 2.
2
Cho day s6 (u,) xac dinh boi u, =3,2u_, =u_+1 véimoi n>1. Goi S, la tong N s6 hang dau

tién ctia day s6 (u ). Tim limS, .

A. limS, =+o0. C. limS, =1. B. limS, =—o. D. limS, =-1.
~ A , . 9. un+l+un . . N -
Cho day so (u,) xac dinh béi u, =L u, =2,u,,, =~ voimoi n>1. Tim limu,.
A. 4o, B.E. C.§. D.ﬂ.
2 3 3
Cho diy s6 (u,) x4c dinh béi u, =%,un+l =u§+u?” voimoi n>1. Tim limu,.
: 1 : 1 : :
A. I|mun:Z. C. I|mun:§. B. limu, =0. D. limu, =+o.
Cho diy s6 (u,) xac dinh béi U, =1,u,,, =u, +2n+1véi mei n>1. Khi d6 lim tot bang.
u

n

A. +oo, B. 0. C. L D. 2.
DANG 5: TIM GIGI HAN CUA DAY SO CO CHUA THAM SO

N A T iy U, +tU, . . , R
Cho day so (u,) dugc xac dinh boi u, =a,u, =b,u_,, = —Ho— voimoi n>1, trong d6 a va
b 14 cac sb thuc cho trude, a<b. Tim gidi han cta (u,).
A limu, =a. C.limu, =2*% B limu =b. D. |imun:2a3+b.

, trong @6 m 1a tham sd. Dé day (u,) co gi6i han hitu han thi:

Cho day sé (u,) véi u, =0
5n+2

A. m las6 thyc bét ky.
B. m nhan gia tri duy nhét bang 3.
C. m nhan gia tri duy nhat bang 5.
D. Khéng ton tai s6 m.
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4n*+n+2

2

= trong d6 a 1a tham sd. P& (u,) c6 gi6i han bang 2 thi
an® +

Cho diy s6 (u,) vé6i u, =

gia tri cia tham s6 a 132
A. -4. B. 2. C. 4 D. 3.

Tim tat ca cac gia trj cia tham sb thuc a dé day sé (u,) voiu, = J2n2 +n—ay2n?—n co gisi
han hitu han.
A. aeR. C. ae(l+). B. ae(—x;l). D. a=1.

Tim hé thtc lién hé giita cac s6 thuc duong a va b dé: Iim(\/n2 +an+5 —\/n2 +bn+3)=2.

A. a+b=2. B.a-b=2. C. a+b=4. D. a-b=4.
2 — —
Tim s6 thuc a dé lim an”+1-van-2 =2.
5n+2
A. a=10. B. a=100. C.a=14. D. a=144.

Tim s6 thyc a dé lim(2n+a—3/8n°+5) =6.
A a=2. B. a=4. C. a=6. D. a=8.

Tim céc s6 thyc a va b sao cho lim(¥1-n® —an—b)=0.

A. : B. . C. . D. .
b=0 b=0 b=-1 b=1

DANG 6: TIM GIGI HAN CUA DAY SO MA SO HANG TONG QUAT LA TONG CUA
N SO HANG PAU TIEN CUA MOQT DAY SO KHAC

1+2+3+...+n

lim bang:

2+4+6+...4+2n
A.E. B.g C.1 D. +o0.

2 3
142422 442"
lim 5 — bang:

1+5+5°+...+5
A. 0. B. 1. C. 2 D. E

5 2
Tim Iim{(l—%)(l—siz)...(l—%)} ta dugc:
1

A. 1l B. > C.0. D. 2.
. n! .
lim > 5 >~ bang:

1+1%).1+29)...A+n%)
A. 0. B. 4. C. L D. %

‘ . 2 1 &
Cho day sb (u,). Biét D_u, = 379N s moi N>1. Tim — > u,.
k=1 n k=1
1

A. 1l B. > C.0. D. +o,
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n 2 k
Cau 66: Iimzl+3+§k+'”+3 béng:
k=1

+2

17 c 17

A.0. L— C—
100 200

0|

GIO1 HAN CUA HAM SO
A.LY THUYET
I. Pinh nghia giéi han cia ham sé tai mat diém
1. Giéi han hixu han tai mét diém
Dinh nghia 1:
Cho (a;b) 1a mét khoang chira diém x, va ham sé y = f (x) xdc dinh trén (a; b) hoac trén
(a;b)\{x,}. XILrIIO f (x)=L <> véi moi day s {x,} ma x, e(a;b)\{x,},x, =>x, taco limf (x,)=L.
Nhan xét:
- Gi6i han ciia ham sb dugc dinh nghia thong qua khai niém gigi han caa day so.
- Ham sb khong nhat thiét phai xac dinh tai x, .
DPinh nghia 2 (Giéi han mgt bén):
Cho ham sé y = f (x) x4c dinh trén khoang (x,; b). lim f (X)=L <> véi moi day sb {x,} ma
Xy <X, <b,x; —>x, taco limf(x,)=L

Cho ham sé y = f (x) xdc dinh trén khoang (a; X, ). lim f (x) =L <> véi moi day s6 {x,} ma

X—>Xg
a<X, <X, X —>X% taco limf(x,)=L.
Pinh il
lim f (x)=L < lim f (x)=lim f (x)=L.

X=Xy X=Xy X—Xg

2. Gi6i han vo cuc tai mot diém
Dinh nghia 3
Cho (a;b) 1a mét khoang chira diém x, vaham sé y = f (x) x4c dinh trén (a; b) hoac trén

(a;0)\{X,}. lim f (x) =400 < véi moi day s6 {x,} ma x, e(a;b)\{x,}, %, =X, taco f(x,)=-o.

x=%
Luuy:

Céc dinh nghia XILTO f(x)=—o0; XILrQ f (X)=+o0; XILrpO f (x)=—o0; XILrQ f (X)=+o0; XILrQ f (x) =—oodugc
phét biéu hoan toan twong tu.

3.Luuy:

a) f(x) khong nhat thiét phai x4c dinh tai diém X, .
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b) Ta chi xét gi¢i han cua f () tai diém x, néu c6 mot khoang (a; b) (dii nho) chira x, ma f () xac

dinh trén (a; b) hoac trén (a&;b)\{x,}.
Chang han, ham s f (X) = «/; CO tdp xdc dinh'la D :[0; +oo). Do d6 ta khéng xét gi6i han ciia ham sé

tai diém X, =0, do khéng c6 mét khodng (a;b) nao chiza diém 0 ma f (X) xdc dinh trén d6 ca. Tuwong

twr vay ta ciing khong xét gidi han cua f (X) tai moi diém X, <0.

c) Ta chi xét gi6i han bén phai cia f (X) tai diem X, néu c6 mot khoang (x,;b) (khoang nam bén phai
X,) ma f (x) xac dinh trén do.

Tuong ty, ta chi xét giéi han bén tréi cua f (X) tai diém X, néu c6 mot khoang (a; %,) (khoang nam bén
trdi x,) ma f(x) xac dinh trén do.

Chang han, véi ham sé f (x)=+/x—1, tai diém x, =1, ta chi xét gisi han bén phai. Véi ham s¢
9(X)=+1-x, tai diém x, =1, ta chi Xét gisi han bén trai.

d) lim f(x) =+ < lim f(x)= lim f(x)=+o0

XX o XX o

lim f(x)=—o0 < lim f(x)= lim f(x)=-o

IL. Pinh nghia giéi han cia ham so tai vo cuc
1. Gi6i han hiru han tai vo cuc

Dinh nghia 4

Cho ham sé y = f(x) xc dinh trén khoang (a;+0). lim f(x) =L <> véi moi day s

(x,), x,>a va x, >+o tadéuco limf(x)=L.

LUU Y: Pinh nghia lim f(x)= L dugc phét biéu hoan toan twong tu.

2. Giai han vo cuc tai vo cuc

Dinh nghia §

Cho ham sé y = f(x) xéc dinh trén khoang (a;+oo). lim f(x) =400 < véi moi day sb

(x,), x,>a va x, >+ tadéuco lim f(x)=-+o.

LU'U Y: Cac dinh nghia: 1im f(x) =400, lim f(x) =0, lim f(x)=—o0 dugc phat biéu hoan toan tuong
tu.
I11. Mt s6 gi6i han dic biét

a) }1_)r£1 xX=x .

b) limc=c;limc=c( ¢ l1ahingsd)
X—>to0

XX,

¢) lim % =0 (c lahang s, k nguyén duong ).

x—>to X
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d) lim x* =+ Véi k nguyén duong; lim x* =—o néu k 1a sé nguyén I¢; lim x* =+
X—>—0 X—>—0

X—>+00

‘ néu k la s nguyén chan.
Nhan xét: lim f(x) =+ < lim [~ f(x) | = —o0.

IV. Pinh li vé giéi han hiru han

Pinh 1i 2

Gia st lim f(x)=L va lim g(x)=M . Khi do
a) lim| f(x)g(x)|=L+M.
b) lim [ £(x)g(x) |= LM ; lim [ f (x) | =cL Vi ¢lamét la mét hang sb.

) lim&:%(M;tO).

X*)X() g(x)

pinh 1 3

Gia st 11_{9 f(x)=L.Khido

) lim|FCof =

o) lim /) = /L.

C) Nélj f(x)=0 va&i moi J\{xa} , trong d6 J la khoang nao dé chua x_, thi L>0 va

lim \/£(x) =L .

LUU Y: Dinh li 2, dinh Ii 3 van dung khi thay x — x, bsi x — X x—>x .
V. Quy tic vé giéi han vo cuc

Cac dinh Ii va quy tic dudi day dugc ap dung cho moi trudng hop:
X=X, X—>X ,Xx—>X ,Xx—>+00 Vad X —> -0,

Tuyén nhién, dé cho gon, ta chi phét biéu cho truong hop x — x,.

Quy tic 1 ( Quy tic tim gii han caa tich ).

L =lim f(x) lim g(x) lim | f(x)g(x)]
L>0 +90 +0
—00 —Q0
L<0 +% -
—0 +00

STUDY TIP: Gigi han caa tich hai ham sé

- Tich ctia mot ham sé ¢6 gidi han hitu han khac 0 véi mot ham sb ¢6 giGi han v cuc 1a mot ham sé cé
gidi han vo cuc.
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- D4u cuaa gisi han theo quy tic ddu cua phép nhan hai sb.

Quy tic 2 (Quy tic tim gi6i han ciia thuong)

Hoi toan Bac Nam

L =1lim £(x) lim g(x) Déu cua g(x) LE))
’ “ =3, g(x)
L 400 Tuyy 0
L>0 0 + +00
- —00
L<0 0 + —o0
- +00

( Dau cua g(x) xet trén mot khoang K nao d6 dang tinh gidi han, véi x = x).

VI. Cac dang vé dinh: Gom

0 o R
—,—,0.00 va 00 —0.

0

B. Céc dang toan vé giéi han ham sb

Dang 1: Tim giéi han xac dinh bang cach sir dung truc tiép cac dinh nghia, dinh 1i va quy tic

Phwong phap:

- chon hai day s6 khac nhau (a, ) va (b,) théamén a, va b, thudc tap xac dinh ctia ham sb

y=f(x) vakhéc x,; a, = X,;b, = X,.

- Chang minh lim f (a,)=lim f (b,) hodc chiung minh mét trong hai gi¢i han nay khong ton tai.

- Tudosuyra lim f(x) khdng ton tai. TH x — X5 hodc x — oo ching minh twong tu.

Vi du 1: Chon khang dinh diing trong céc khang dinh sau:

A. lim sinx =1

X—>+0

Pap an D

B. limsinx=-1 C. limsinx=0
Loi giai

Xét day s6 (X,) V6i x, =%+2n7r.

Taco x, —+oo va limsinx, :Iimsin(%+2nnj:1. (1)

Lai xét day sb (y,) voi v, :—%+2n7r.

Taco y, >+ va limsiny, = Iimsin(—%+2nﬂj:—l.

(2)

Tur (1)va (2) suyra lim sinx khong ton tai. Vay chon dép 4n D.

X—>+00

D. lim sinx khong ton tai.

X—>+00
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2
Vi du 2: Cho ham sé f(x) = +

2%

lim f (x) bang:

A. +o. B. 0. C. —. D.

Pap an C.
Lo gii
Ham s6 da cho xéc dinh trén (0;+0).
Giai sir (x,) 1a mot day sb bat ky, thoaman x. >0,x, #3 va x, —3 khi n—+o0. Taco

2 2
lim f (x,)=lim ol 3+l 53 (‘&p dung quy tac vé gidi han hitu han cua ddy s6). Do d6
2x, 243 3

iim £ 0 =23
x—3 3

Vidu 3: Chon khang dinh dung trong cac khang dinh dudi day ?

AlimX+2 _q. B lim**2 5.
x>3 X —2 x>3 X —2
Clim* ™2 -1 D.Ham S f (x)= 2 knong co gidi han khix >3,
X—>. X_ —
bap an B
Loi gidi
Ham sb f(x)= X+§xéc dinh trén céc khoang (—oo; 2) Va (2;+x). Tacod 3e(2;+»).
X_
. 3+2
limf(x)=f(3)=——=5.
im £ (x)= 1 (3) =22

Vidu4: lim (—2X3 +5X) bang:

A 2. B. 3. C. +o. D. —o.
Pap an C.

Loi gidi
Tacd —2x° +5x = x3(—2+£2j.

X

Vi lim x* =—0 va lim (—2+£2j=—2<0 nén lim XS(—Z—F%j:—i—oo.

X—>—0 X—>—0 X X—>—0 X

Vay theo Quy tic 1, lim (—2x3 +5x) = lim x* (—2+%) =+o0. Do d6 chon C.

X—>—00 X

Vidu5: lim (3X4 -2x° +1) bang:

X—>—00

N |-



Vidu 6:

Vidu7:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
A. +o, B. —o0. C.3. D. 2.

Pap an A
Loi gial

Céch 1: Theo nhan xét trén thi lim (3x“—2x2 +1):+oo (x —>—oo, k chdnva a >0). That

X—>—00

vay, tac 3x* —2x* +1=x" (3—%+i}

4

G ¢
e o4 T 2 1 N 4 2
Vi lim x* =400 va lim| 83—+ = |=3>0 nén lim (3x* —2x* +1) = +co.
X—>—00 X—>00 X X X—>—00
Cho ham s6 f (X) =/x* —=2x+5 . Khang dinh nao duéi diy ding ?
A. lim f(x)=—o0. B. lim f (x)=+0.
C. lim f (x)=1. D. lim f (x) khdng ton tai.
Pap an B.
Loi giai

Ham s6 f(x)=vx*—2x+5 xac dinh trénR.

C6 thé giai nhanh nhu sau : Vi X2 —2x+5 1a mot ham da thic caa X nén c6 gidi han tai vo
cuc. Ma v/x? —2x+5>0 véi moix nén gidi han cua f(x)=+vx*—2x+5 tai —o chic chan la

400,

That vay, ta co \/x2—2x+5=\/x2(1—2+%]=|x| 1—E+£2.
X X

Vi |im|X|=+oo va lim 1_§+£2=1>0 nén lim vx?—2x+5 =+,
\/ X X

X—>—00 X—>—00 X—>—0

Gi6i han cia ham sd f(x):\/xz—x—\/4x2+1 khi X — —o0 bang:

A. —o0. B. +00. C. -1. D. 3.
Piap 4n A.

Loi giai
Ta c0:

X2 —x —J4x +1:\/x2 (1—%)—\/% (4+i2j =|x| 1—% —|x| 4+i2

X X

i
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Ma I|m|x| +00 VA Ilm[\/ ———\/ izj 1-2=-1<0.

Vay lim (\x* =x—Vax* +1)= lim {|x|(\/1—§ —\/4+%H - .

Vidu8: lim % béng:
x>+ 3X” —5X
A. &317 B. —o. C. +o. D. 0.
Pap an D.
Loi giai
Vi lim (3x° =5x*) =0 nén theo quy tac 2, lim 20—175=0
X—>+00 X—H—oosx —Bx
, . e s % 3X=7 .. 5
Vidu 9: Gidi han bén phai ciia ham s6 f (x)= 5 khi x =2 la
X_
-
A. 400, B. —o. C.3. D. >
bap an B
Loi giai

-7 xéc dinh trén (—oo;+o0)\{2}.

Hamso f(x)= -

Taco lim(x-2)=0, x—2>0 véi moi x>2 va lim(3x—7)=32-7=-1<0. Do d6 theo

x—2" x—>2"
quy tic 2 thi lim =7 __
x—2" X —
32 +x-1
Vi du 10: Xét bai toan “Tim lim —————— > ban Ha di giai nhu sau:
x-2 2X* —5X +2

Buéc 1: Vi |im(2x2—5x+2)=o.

X—2~
Budc 2: 2x* —5x+2>0 véi Xx<2 va x digan 2,

Budc 3: ||m(3x +X— 1) 13>0

X—2

3xX*+x-1
Budc 4: nén theo quy tac 2, Ilm— +00
-2 2% —BX+2

Hoi 16 giai trén caa ban Ha d sai tir budc tha may ?
A. Budc 1. B. Buoc 2. C. Buoc 3. D. Budc 4.
Pap an B

Léi gii



Vidu 11:

Vi du 12:

Vi dy 13:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
Xét dau bieu thuc g(x)=2x*—-5x+2 tathay g(x)<0 véi moi xe(L2).

Vay o giai sai tir buge 2. (Loi giai dang cho ra két uélimM——oo)
Yo ' | s A 2% —5x+ 2 '
Gidi han lim 1-x 5 bang:
x—>4 (X—4)
A. 0. B. -3. C. —«wo. D. +w,
Pap an C.

Léi giai

, . . 2 N 2 , = - A Z
Ta cb lem(l—x):—3<0, lem(x—4) =0 va (x—4) >0 voi moi x#4 nén theo quy tac 2,

lim 1-x > =—00. Vay chon dap 4n C.
xa4(x_4)
. 5x+2 khi x>1 ,
Cho ham s6 f(x)= ) . . Khang dinh nao dudi day la dtng ?
x“ =3 khi x<1
A. leirllf(x):7. B. lemf(x):—Z.
C. !Lrl]f(x):Y. D. !Lrpf(x)=7.
Pap 4n D.
Loi giai

Taco lim f (X) = Iim(5x+2) =5.1+2=7. Vi chi c6 mdt dap an dung nén chon dap an D.

x—1" x—1*

\Jx?=5 khi x>3 (1)

Cho ham sb f (x)=1 .2 .
=1 x5 khi x<3  (2)

X+2

Trong biéu thuc (2) 6 trén, can thay s 5 bang s6 nao dé ham s6 f (x) ¢6 gisi han khi x —3 ?

A.19. B. 1.
C. -1. D. Khdng ¢6 s6 nao thoa man.
bap an C.

Loi gidi

Ham s6 da cho cac dinh tren R\ {2} .

Céch 1: Taco lim f(x)= limx* -5 =43 -5 =2,

x> —m

pat f(x)= 5 Khi x<3 (m la tham s6,m>0).




Vi du 14:

DANG 2:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

2_ 2_ _
Taco Iimf(x):limzx m_s-m_9-m
X3 x> X+2 342 5

Dé ham'sé f (x) o6 gii han khi x—>3 thi lim £ (x) = lim f(x)<:>9_Tm:2®m:—1.

x—3" X—3~

Céch 2: Str dung MTCT tinh gié tri biéu thuc v X?—5 khi X =3 duoc két qua bang 2. Sur

2

dung MTCT tinh gia trj biéu thuc khi X =3 va lan luot nhan céc gia tri bang 19,1 va

+
—1. Ta thay khi A=—1 thi biéu thirc nhan gi4 tri bang 2. VVay chon dép an C.

Cho ham s6 f () 6 d6 thi nhu hinh du6i day:

A

Yy
. _
~ '¥£ X

Quan sat d6 thi va cho biét trong cac gidi han sau, gigi han nao 1a +oo ?

A. lim f(x). B. lim f(x). C. lim f(x). D. lim f (x).
X—>—00 ( ) X—>+00 ( ) x—>(-3)" ( ) X—3 ( )
bap an C.
Lai giai
Khi x — —3", d6 thi ham s6 1a mot duong cong di 1én tir phai qua trai. Do d6 Ii(m)+ f(X)=+0.
x—>(-3
Tuong ty nhu vay ta cé XILrEOf(x):xllarpmf(x):o; XILT f(x)=-.
Do do6 chon déap an C.
TIM G101 HAN VO BPINH DANG g

1. Bai toan:

Tinh lim

X—>Xp

;EX khi lim f (x)=1limg(x)=0, trongd6 f(x) va g(x) la cac da thic hoac can thuc.
X—=>Xp X—>Xg

Phuwong phap giai (tu lugn)
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v/ Phan tich tir va mau thanh tich cac nhan tir va gian uéc. Cu the, vi lim f (x)=limg(x)=0 nén
X—¥%g X—>¥%g

f(x) va g(x) cung cé nghiém x=x,. Do do ta phan tich duoc f(X)=(x—x,)A(x) va

X)=(X— X 1 do6 ta co: imwz imw im (X) va clng viéc con lai
() =(x—x)B(x). Khi 4 t e fim 0= lim == = lim 7 va cong v con

la di tinh lim ix)
X—¥%g B(X)

v Néu f(x) va g(x) co chira can thuc thi ¢6 thé nhan tir va mau véi bicu thic lién hop truoc khi

phan tich chiing thanh tich dé gian wdc.

2
Vidu 1. Tinh Ilm—_4
x>2 X* —3X+2
A. 1l B. 4. C.-2. D. 4.
Loi giai
=4 L (X=2)(x+2) o x+2 242

Taco lim————=lim~————~2=Iim
A R Taxe2 XIer](x—2)(x—1) e x—1 2-1

Vidu 2. Tinh giéi han Iin’11X _1 (m, neN*), ta duoc két qua:
X! X_
A. +o0, B. m—n. C.m. D. 1.
Lo giai
Taco lim X _lim| X -1 x-1
-1 x-=1 =t x-1 x-1
N X=1) (X" +Xx"2 +...+x+1
Lai ¢6 lim= 1—Iim( )( ) :Iim(xm*1+xm*2+...+x+1):
x>l xX=1 x—1 X=1 x—1
X" —
Tuong ty: lim =n.
x>l x-1

e XT=xt o (x™T=1 o x"-1) . xT-1 . X" -1
Vay lim =lim — =lim —lim =m-n.
-t x=1 =t x-1 x-1

Vidu 3. Chon khang dinh diing trong céc khang dinh sau:

A limXX43-2 4 B. lim ‘X+3_2:+oo.
oL xS —3X+2 o1 3 —3x+2
C. limXX*+3=2 D. limXX*3=2 khéng ton tai.

-1 %3 _3x+2 x>1 X3 —3X+2
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Phan tich: Vi Iirrf(«/x+3—2)=0 va Iirrll(x3—3x+2):0 nén day la dang vo dinh g Tuy
nhién ta chwa thé phan tich ngay vx+3—2 thanh nhan tir ma phai nhan ca tir va mau véi biéu
thirc lién hop ciia Vx+3-2 13 V/x+3+2.

Loi gidi

Sra-2  (Vxr3+2)(Vx+3-2)
X'=3x+2  (Jx+3+2)(x ~3x+2)

x-1 1

(Vxr3+2)(x-1) (x+2)  (Vx+3+2)(x-1)(x+2)

Ma lim 1 = : lim 1 =400,

oL (Jﬁm)( 1)(x+2) =t (Wﬂ)( 1)(x+2)

Cach 1: Taco

1

Do d6 lim khong ton tai.
Hl(\jx+3+2)(x—1)(x+2)
Suyra lim x‘ 2 khong ton tai. Vay chon dap an D.
x—1 +
1-33x—_2 .
Vidu4. Gigihan fim Y2X 1 —43x -2 bing:
x—1 X—=1
1
Loi giai
—1_33x_ 1 _33x_
Tac6 V2x-1-33x-2 _2x-1 1.1 Y3x—-2
x—-1 x—1 x—1
B 2X—2 N 3-3x
(V2x-1+1)(x-1) (1+«3/3x—2+43/(3x—22))(x—1)
3 2 B 3
V2x-1+1 14 3Bx—2+3(3x-2?)
Tac co: lim 2 3
oL V2x-1+1 1+\/3x 2+‘s/ 3x— 22
—1_33x_
Do 6 lim¥2X—1=33-2 4
x—1 Xx—-1



Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

3 — — p—
Vidys. Tinhgi6ihan lim30*=5 */24’( 3.
A 0. B. -2. C. +o. D. —oo.

Léi giai

bat t=x-1thi x=t+1, Iirrlltzo va

Yox—5-ax—3 et+1-ar+1 et+1-(2t+1) (2t+1)-At+1
(X—l)2 = {2 = 2 + 2

B 6t+1—(8t° +12t* + 6t +1) (41> +4t+1)— (4t +1)

= +
t? [3 (6t +1)2 +(2t+1).3/6t +1+(2t +1)2} t? (Zt +1+ 4t +1)

-8t -12 4

+ .
(6t +1)" +(2t+1) /6t +1+ (2t +1)° 2t +1+/At+1

Vav i Y6x-5-v4x-3 . —8t—12 4
L e b TPy ayppri e s |
(x-1) J(6t+1)" +(2t+1).36t +1+(2t+1) +1+Vat+

—8t—12 12

. | .
Ma lim =—"=-4; lim—————=—=2,
DO l(et 1) + (2t +1) ot (2427 3 £0 2t 4+ 14At+1 2

—4+2=-2.

3 J— — p—
Viy IimJGx 5 J:lx 3
x—1 (X—l)

x*—(a+2)x+a+l

Vidu 6. Gisi han ciiahamso f (x)= ] khi x —1 bang
A -2 B. 2. c. =2 D. 222
3 3 3 3
Loi gidi
. xX*—(a+2)x+a+1 . (x-1)(x-a-1 . X—a-—
lim (+3)++:I|m( I ): xzalz_g
x—1 X =1 Xﬁl(X—l)(Xz-l-X-l-l) x=1 X% +X+1 3
Vidu7. Gidsi |irr3—“1+;;“1: L. He sé a biing bao nhiéu dé L=3 ?
A. 6. B. 6. C. -12. D. 12.

Léi giai

\/1+ax—1 . ax

: B o a _a
02X _leggzx( 1+ax+1)_IXILT32(\/1+ax+1)_4
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Vay L:%.Dodé L:3<:>%:3<:>a:12.Dép 4n dung 14 D.

2. Cac bai toan lién quan dén giéi han dic biét

Trong sach gido khoa dai so va giai tich 11 c6 néu mdt gidi han dac biét dang 6

. sinX . .
bé 1a IIrTg—zl. Sau day ta xét mot s6 vi du ap dung két qua nay.
X—> X
; \ N , . ar It ax N
Vidu 8: Cho a va b 1a cac so thuc khac 0. Khi d6 lim— bang
x=0 §in bx
a b
A. a. B.b. C. —. D. —.
b a
Loi giai
Papan C.
- bx a a,_ bx
Taco lim— =lim———=—. -
-0sinbx  x»0sinbx b b *»0sinbx
. . . . t
boi bien t =bx ta thdy khi X —0 thi t — 0. Do d6 lim =lim—=1

x->0sinbx x»0sint
ax a

Vay lim— =—.
x>0sinbx b

2
. . X S
Vi du 9: Cho so6 thyc a khac 0. Khi d6 lim———— bing

x=01—cosax
2 2
A =. B. =. C. 2a%. D. 2a.
a a
Loi giai
Dap 4an A
Taco
_ , _
(axj ax Y
2 2 -
) X . X . 2 2 2 .. 2 2
||n31—:||ng—alelng aX_2 =—2|II’B] 2 :—2.12:—2
X J— X—> - X - X—> -
cosax 2sin* — sin?>> @ | 4 sin— a a
2 2
i . sinx—=sina _ .
Vi du 10: lim=—=——— bing
X—a X_a
A. tana. B. cota. C. sina. D. cosa.
Loi giai
Pap an D
2cos X tgin X2 sin X~ 2
._sinx-sina . . X+a
Tacé lim =lim 2 =lim 2 .COS
x—a X—a x—a 2x—a x—»a| X—a 2
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. X—a
s sin 2 N . X+a

Ma lim——-=~%— =1 (xem STUDY TIP trén), limcos—— =cosa.

x—>a X— Xx—a 2
2

. sinx—sina

Vay lim——————=cosa. Do d6 chon dap an D.
X—a X_a

) oo NX+1-3x+19 a a o .
Vi du 11: Biét |Im\/ \/ =— trong do b 1a phan s6 toi gian, a va b 1a cac sO nguyén

-8 {x+8-2 b

duong.

Téng a+b bang

A. 137. B. 138. C. 130. D. 140.
Loi giai

Pap an C.

V6i nhing bai dang nay, s& khé sir dung MTCT dé tim dép an dung.

batt=x—-8.Suyra Xx=t+8. 'Xiﬂt =0 va

3 1+£—331+L
Jx+1—$/x+19:Jt+9—3/t+27 _ 9 27
4 _ 4 —
Ix+8-2 Yi+16-2 2</1+t_2

t
_ 3
Do d6 |imJX+1 Yx+19 =limg(t). Ap dung vi du 13 Ta co:
X—8 4‘;9X+8_2 t—0
pela 1 . s/1+t—1 L e -1 .
imt—2 9" giml 27 _27_ " .pd 16 _16_~°
0 ¢ 2 18't0 ¢ 3 8Lt 4 64
1 1
L 318 g1 112
\@yhmgﬁ)—éw T 27
64

_ 3
Do g6 lim Y X FL1=3/x+19 =1172.Véy a=112,b=27 va a+b =139

-8 {x+8-2

0, . ,
*** Tinh gidi han vo dinh dang 0 bang dao ham (Quy tac L’Hopital).

3_ N
Vidul2:  Gidihan lim # bing:

X—>—00 —



Vidu3:

Vidu5:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

A.0 B. g C. +» D. —®©
Pap an D

3_
Theo két qua da néu & trén thi lim LXJFl:—1 lim x* = —o

x>0  §_ 2% 2 x—>—»

Trong céc giéi han sau, gidi han ndo bang —w ?

i X+ X3 +7 i 1-3x* - x° i x*—3x"+5 i 3x% —x°
M 311 Im ———— 1 T x_5x
A, 02X -3X"+1 B. 4x° +1 C. > X=X"+1 D. *>=1+Xx-5x°
bap an C
Loi giai

Cach 1 : Theo cach ghi két qua & trén thi

X+ x3+7 1 1-3x> = %3 1

lim ——————==lim X% = 400; lim ————=——1lim X% = +4o0;
x>0 2% =3X"+1  2x>— x> 4X° 41 4 x>

. xX2=3x"+5 3x?—x°

lim ————=3lim x=—o0; liMm ————=— L jim x¢ = +00;

Xo—o X — X +1 X—>—00 x—>—oo1+x 5)( 5)(—)—00

Cach 2 : sir dung MTCT tinh lan lugt céc gidi han

y . . X=3x*+5 . . -
Khi dén C thay lim T 3 lim x =—o nén dung lai va chon dap an C
X—>—00 X_X + X—>—00

4x* —x+1

Vidu4: Gigi han lim —————= bing :
xo—e X +1
A.2 B.-2 C.1 D.-1
bap an B
Loi giai :
Céch1:
JaX —x+1 |x| / = —X /4——+ —~ /4—1+ L

lim X2 2= = lim X X _ jim # -2
X—>—00 X+1 X—)—oo X—>—0 X+ X—>—0 14+

X
Vay chon dép an B
Céch 2 : St dung MTCT

2 _ 2 .
Gi6i han lim \/X X \/4X 1 bang
X0 2X+3
A. —1 B. 1 C. —o D. 4+
2 2

Pap an B

Loi giai :



Vidu 6

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
Céch 1 : Theo vi du da trinh bay & dang 1 thi lim (vx® —x —v/4x* +1) = —o

Ta dua X* rangoai cin rdi chia ca tir va mau cho x. Cu thé nhu sau :

1 1
e o X2 =Xy A+
lim «/x X \/4x +1:Iim X X
X—>—0 2X+3 X0 2X+3
—x\/1—1+x\/4+12 —\/1—1+\/4+12 1
T 2x+3 x>z 243 2
X
Vay dap an ding 1a B

Céch 2 : Sir dung may tinh tinh gia trj ham sb tai x=10" ta duoc két qua nhu hinh bén. Vay
chondapanB .
Céch 3 : Ta c6 thé giai bai nay bang phuong phap loai trir nhu sau :

Vi lim (\/X2 —X —\/”4X2 +1) = —o0; lim (2x +3) = -0 nén gi6i han can tim phai mang dau
duong. Mt khac béc tir va bac mAu bang nhau nén gidi han can tim 13 hitu han.

bép an can tim la dap an B
iét lim x |21 _Ya

x>+ \3XT+X"+2 Db

ab bang :

A.6 B. 12 C.18 D. 24

Dap an C

trong d6 a, b 1a cac s6 nguyén duong. Gia tri nhé nhat cua tich

Loi giai :

Taco: I|mx/ 2x+1 2X X \/6
oo B +2 H+°o C+x2+2 3

Ja

Viy — = ?6 Dé dang suy ra dugc tich ctia ab 13 18.

b
Cha'y : Néu sir dung MTCT tinh gi4 tri ham s tai Xx=10" thi ta thu dugc két qua nhu hinh
bén. Do d6, néu khong co kién thuc vé gidi han ham s6, rat khé tim ra dugc dap an ding néu
chi dung MTCT. Nguoc lai néu c6 kién thuc viing vang, ban doc s€ nhanh chong tim ra dap an,
tham chi la trong chop mit ! Vi vay, to1 xin nhéc lai, toi khuyén nghi cac ban doc nén giai bai
tap theo kiéu tu lun mot cach cin co dé c6 thé dbi mit véi cac bai toan "chéng MTCT>’
STUDY TIP

[ Math &

ﬁf ZE41
SED FHE 4T

0. 5164965509

Dang 4 : Dang vo dinh 0.0
Bai toan : Tinh gigi han lim[u(x)v(x)] khi lim[u(x)]=0 va lim[v(x)] =+
X—>Xo X=X X—=>Xp

()

Phuong phép : Ta c6 thé bién doi Ilm [ux)v(x)]= Ilm dé dua vé dang % hoac

v(x)

fim [uGov(0)] = lim (1) dé dua vé dang —.

v(x)



Vidul

Vidu2:

Vidu 3:

Chuyén dé gi6i han va lién tuc ’ Hgi toan Bic Nam
Tuy nhién, trong nhiéu bai tap, ta chi can bién d6i don gian nhu dua biéu thic vao trong/ ra
ngoai dau cin, quy dong mau thirc .... La dua duoc vé dang quen thuoc.

: Gigi han lim 1(i—l) bang :

-0 X X+1

A.0 B.-1 C.1 D. —oo
bap an B

A e Lo 1 ) 1 . , .
Phan tich : Tacé lim = =—oo; lim (—1—1) =0 nén chua c6 thé ap dung céc dinh li, qui tac dé

x—=>0" X x=0" X+
tinh gidi han.
Loi giai :
Céch1:Tacé lim 1(i—l) im 220D i =X i =L o
x—>0" X X+1 X—0~ x(x+1) X—0" x(x+1) x—>0" X +1

Cach 2 : St dung MTCT tinh gié tri ham s6 tai —0,00000001 ta dugc két qua nhu hinh bén. Do

d6 chon dap an B, tac lim = (——1)
x-0" X X+1
STUDY TIP
m Math &
l[L_ ]
AL s+l
- 1. 000o0o0]
Gidi han Ilrg(x—Z) 2 bang
A. T© B. —© C.0 D.1
Pap an C

Phén tich : Vi I|m(x 2)=0; lim

=+00 nén chua c6 thé ap dung cac dinh 1y va qui tic
x—2* X —

dé tinh gi6i han.

Loi giai :
f— 2 f—
Cach1l:Voimoi x>2taco: (x—2) / 2X :‘Z(XZZ) X_ /(X 22))(
X+

Do do lim(x— 2) (x=2)x

x—2* ><»2+ X+2

Céch 2: Su dung MTCT

=0. Vay chon dap an C

Gidi han Ilm(x+1) /ﬂ ban
5X° +X+2
2 _N1o A5
A 2 B. 5 c. 5 D. V2
Pap an B

Phén tich: Vi du twong tu di duoc nghién ctru trong phan dang vo dinh -

_ 2x+1 ,
Tuy nhién vi XILm (x+1) =—o0; XIL e xe2 0 nén gisi han nay ciing c6 thé coi nhu dang

0.00
Loi giai



Vidu4:

Vidu 5:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
Cach 1: Véi X<—Ltac X+1<0 pan x+1=—/(x+1)* Do d6

2
Iim(x+1), 32x+1 _im (x+§) (2x+1) _ 10
X0 SX°+X+2 x>0\ 5X7+X+2 5

Vay chon dép an B

Cach 2: Str dung MTCT. Tinh gi4 trj ham s6 tai X= 107 ¢ duoc két qua nhu hinh bén. So
sanh cac dap so A, B, C, D ta chon dap an ding la B.
STUDY TIP

. . 3 . 2 2. 12
Ta chi quan tm dén liy thira bac cao nhat1a X . Hé sé cia X~ trong (X+D"1a 1" do

2 2 < 1 3 2 )
(x+1)" =x*+2x+1 He s ciia x trong 2x + 1 142 nén hé s6 ciia X trén ta 1a 12,  day

TRY . c R \ L 2R A A o yS
khong nhat thi€t phai khai trién tich thanh da thirc dé tim hé s6 caa X .
Math &

[ Ex+1
(+l) e R

-0. Ba245553:

P N
Gisi han JIM (XsIN=) bing

A.0 B.1 C. t® D. Khong ton tai
Pap an B
1 o1
Phan tich: Vi Xllmo; =0 nen X'Lrﬂcsm P 0. Ta c6 dang 0°°. Loi gidi nhu sau :
Loi gidi :
.1
sin=
Cach1:Tacé: lim(xsin=)=lim —%
X—>+0 X X—>+0
X
1 . : .1 . sint
piat t== ya limt=0 th lim(xsin=) = lim T:1
< X X—>+00 X—>+o0 X X—>+0
Céch 2: Str dung MTCT ( Luu y chuyén may vé ché d6 Radian)
STUDY TIP
, . 0 ) . sinx
O vi du 4 ta da chuyén dang 0-¢ thanh 0 do ta lién tuong dén gidi han dac biét Ixm Y =1
. T .
Gigi han IIT,(E—X)tanX bang
H(E)
A1l B.0 C. @ D. Khdng ton tai
Dap an A
. T i . sinx
Phantich: vi lIm (Z—x)=0; lim tanx= lim —— =+ ngp ta ¢4 dang 0-°
fz) 2 {2) o z] COSX '

Loi giai :



Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

T T .
Cach 1: bat t:E_X thi XZE—'[, IIT*t:O va
5
- - sin(% —t)
E-xtanx=ttan(Z-t)=t—2—— =—cost_ Do dé
2 cos(g—t) sint

. . t
lim (Z—x)tanx: lim——cost =1
- 0" sint

(2
Céach 2 : St dung MTCT
STUDY TIP

lim tanx=+co; lim tanx=+o {,ry y d¢ tranh nhim 1an giira hai gi6i han nay
H(Ej H(Ej
Dang 5: Dang ®—®
Bai toan : Tinh NMU()—V(X)] khi IMu(x) =-+e0 vy limv(x) =+ Hogc tinh
lim [u(x) +v(X)] khi limu(x) =+ 3 limv(x) =—0
X—)XO X—)XO X—)XO

Phuong phap : Nhan hoic chia vai biéu thac lién hop (néu c6 cin thic) hoic qui dong dé dua
vé cting mot phan thic ( néu chira nhiéu phan thuc).

Vidu1: Gigi han Jim (V3¢ +x = +1) bing

1 1 4oo s
A. 2 B. 1 C. D.
Pap an A
Loi giai :
Céch 1:

lim \'x* +1 =+ nan paj nay thudc dang ©— . Tuong

X—>+00

Phan tich: Ta théy 1im ¥ +x = +o0;
tw nhu gi6i han ddy sé, ta nhan chia véi biéu thuc lién hop. Loi gidi cu thé nhu sau:

1
x—1 1=

Taco: lim (\/X2+X—\/X2+1)= lim = lim X _1
X—>-+0 X—>+0 \/X2+X+\/X2+l X300 \/1+71+\/1+71 2
X x?

Céch 2: St dung MTCT

Vidu2: Gidihan Xlijgo(x/9x2+><+1+3><) bing

2 2 1 1
A3 B. 3 c. © D. ©
Pap an D

Loi giai:

Phan tich: Taco JIM VOX® + X +1 =+00; 1Im (3X) =90 nén bai nay thuoc dang vo
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dinh o0 —oo (mac du biéu thirc ctia ham so lay giai han c¢6 hang tong). Ta tién hanh nhén chia
véi biéu thirc lién hop. Loi giai cu thé nhu sau:

Taco: Iim(»\/9x2+x+1+3x):lim x+1 =lim X+1

_ =
JOXE + X +1-3x —x\/9+1+12—3x
X X
1+ 1 1
= lim X = =5 Vay chon dap an D.

Céch 2: Str dung MTCT tinh gié tri ham s tai x =—10" ta duoc két qua nhu hinh bén. Str
dung ki thuat tim dang phan s6 cua mét sb thap phan vo han tuan hoan ta duoc —0,1(6) = %1
(xem lai phan gigi han day sb). Vay chon dap an D.

0 Studytip:

Math & Math & Math &

19R= +5+1 +38 198 40+ 1 +3% ITRE 4+ +30
-[. 16BEEEEET -(. 1bBEEERET -0. 1BEEEEEET

Vidu 3. Gigihan lim (\/4x2 +3x —38x% +2x2 +1) bang:

X—>+00

A 13 B. ’ C. B D. !
24 - 12 24 12

Loi gidi

Céach 1: Phan tich:

Vi lim v4x? +3x = +o0; lim 8x% + 2x? +1 = +oonén ddy ciing la dang vo dinh o — 0. Tuy

nhién vi Ia hiéu cta hai can thirc khéng cling bac nén ta chua thé nha chia véi biéu thuc lién

hop ludn dugc. Nhan thdy x>0 thi y/4x? =3/8x° = 2x nén ta thém bot 2x rdi nhan chia lién
hop.

Véi x>0 4x% +3x —38x° + 2x2 +1 = («/4x2 +3x —2x)+(2x—\3/8x3 +2%° +l)

3x 2+X12
 Jax? 3%+ 2x [ / ?
4+23 8+g+i3+3 (8+2+13j
X X X X

Do @6 lim (\f4x2 +3x —38x3 + 2% +1)

X—>+o0




Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

9 1
~ lim | ——> i 8 2 7
x>0 3 [ 2| 242 4+4+4 12
\f4+*+2 4+23,’8+2+13+3(8+2+13j
X X X X X
Do d6 chon B.

Céch 2: Sir dung MTCT tinh gia tri ham s tai x =—10" ta dwoc két qua nhu hinh bén. St
dung ki thuat tim dang phan s6 ciia mot sb thap phan vo han tudn hoan ta dugc —0,58(3) = ’

(xem lai phan gigi han day s6). Vay chon déap 4n D.

O Studytip:
Hath 4 Math & Wath &
[z ey - ooy ||0.583 0.583333333333 3
0. 583333337 = -

Luu y: Taxem lai mot Vi du da trinh bay ¢ dang 1 nhu sau:

Vidu 4. Gisi han ciahamsé f () = X% =X —/4x2 +1 Khi X —>-o0 bing:
A B. +o0 C. -1 D. 3
Phan tich: Vi du nay ciing thuoc dang o —oco nhung lai khong phai la dang v6 dinh. Bang cac
dinh 1i va quy tic, ta tinh dwoc gidi han ham sé6 ma khong can phai nhan chia véi biéu thuc lién
hop. Ta xem cach giai cho tiét dudi day.

Lai gidi

S RO R O
({307}
e R

iy lim (V%A 1) = fim [M[J(l_g_ J(“X_gm__m

0 Studytip:
Cling la oo —oonhung khi nao la xac dinh, khi nao la vé dinh? Khi nao phai nhan chia lién hop,
khi nao thi dwa x" ra ngoai can rdi dat nhan tir chung nhu Vi du 42 Bé ¢6 cau tra loi moi quy
doc gia hiy doc lai phan gidi han day s c6 chira can.

Vidu 5. Trong cac gidi han sau gigi han nao la hitu han:

A. lim (x/4x2+4x+3+2x). B. lim (\/2x2+x+1—3x).

X—>+00 X—>—00
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C. Iim(x—«\/1+x+2x2). D. Iim(x+x/x2+3x+2).

X—>+00 X—>—00
Loi gidi

Céch 1: Vi cac két qua da biét phan giéi han day sé co chira can, ta thy ngay dap an 1a D.
That vay:

[ lim V4x% +4x+3 =400, lim (2x)=+o0=> lim (x/4x2+4x+3+2x):+oo.

X—>+00

[ lim V2X% + x+1=+o0; lim (-3x) =+ = lim (\f2x2+x+1—3x):+oo.

X—>—0 X—>—00

0 fim (=L x+2x7 ) = lim x(l—,/iz+1+2]=_oo
X—>+00 X—>—+00 X X
) . 1 1

do lim x=+o0; lim|1-,|—+=+2 =1-42 <0.
X—>+00 X—>+00 X X

2
lim (x+»\/x2+3x+2): lim — x+2 = lim 3—X2:_73
\/x +3X+2—-X 14+°4+ 2 1
VX x

Céch 2: Sir dung MTCT dé tim lan luot céc gidi han.

Vidu 6. Gidihan lim| — Lt bang:
w2 X°—4  X-2
A. +oo B. —o C. -3 D. -2
Loi giai
Cach 1: Vi lim — = 400; Iimiz+oo nén ta co dang oo —oo.
x—2" X — x=2" X —

Theo phuong phap da néu tir dau, ta di quy dong mau sb cac phan thurc.

Taco Iim( —ij— lim L - _lim—"1
o2 (P-4 x=2) 2| (x=2)(x+2) (x=2)| 2 (x=2)(x+2)

Vi lim ==X -3 g lim (x—2)=0 va x—2>0 véi moi X>2 nén theo quy tic 2,
X2t (x + 2) 4 x—>2°

lim (ZL—L): lim— "1 Dodéchon B

o2 (X =4 x=2) o2 (x=2)(x+2)

Céch 2: Sir dung MTCT tinh gia tri ham s tai x = 2,00000001 ta duoc két qua nhu hinh bén.

Do d6 chon dap an B, tirc la Iim[ 21 —Lj:—oo.
-2\ X° =4 XxX-2
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Math &
1 1

wZ i A2
-R000000. O

Vidu7. Cho a va b 1a cac sb thuc khac 0. Tim hé thac lién hé gira a va bdé gisi han:
Iim( > a__ > b ]Iah&uhan:
x->2\ X“—6X+8 X°—bx+6
A. a—4b=0. B. a—3b=0. C.a—2b=0. D. a—b=0.
Loi giai

Cach 1: Tacé a b a - b

X—6x+8 X’—5x+6 (x=2)(x—4) (x-2)(x-3)

_a(x-3)-b(x-4) g(x)

(x=2)(x=3)(x-4) (x=2)(x-3)(x—4)

Taco lim (x—2):O;!Lr?(x—S)=—];XILr£](x—4):—2; )!I_gl g(x)=2b-a.

X—2~

Do d6 néu limg(x)=0<> 2b—a=0 thi gisi han can tim la vo cuc theo quy tac 2.

X—2~
Tir d6 chon dugc dap an dang la C.

(That vay, néu lim g (x)=2b—a=0thi

a b bx —2b b

X’ —6x+8 X’ —5x+6 (x—2)(x-3)(x—4) (x—3)(x—4)

. a b . b b
Vadodo | - lim 2 b
"o OXI—g](XZ—GX—FB x2—5x+6j or (x—3)(x—4) 2

Céach 2: Sir dung MTCT. Vi mbi dap an, 14y cc gia tri cu thé cua a va b, thay vao ham sb
roi tinh giGi han.
Ttr d6 chon dugc dap an 1a C.

C. BAI TAP REN LUYEN KY NANG
DANG 1. BAl TAP TINH G101 HAN BANG CACH SU DUNG PINH NGHIA, PINH LI,
QUY TAC.

Cau 1: Tim tat ca cac gia tri ctia tham sb thue mdé B >7 véi B=Iir’rl1(x3+3x+m2—2m).
X—"

A. m<lhoic m>3 B. m<—-1hoac m>3 C. -1<m<3 D.1<m<3.
2
A , X+l ohix<1 ‘
Cau2: Chohamso f(x)=4 1-x . Khi do |Ir1] f (x)bang:
J2x—2 khi x>1
A.0 B. 2 C. —o D. +o0

Cau 3: Trong cac him sb sau, ham s nao co gidi han tai diém x=1?
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1 1 1
A f(x)=—= B. g(x)= C. h(x)= D. t(x)=—
Cau 4: Chon khang dinh dung.
A Iimcoslzo B. Iimcoslz—l C. Iimcoslzl D. Iimcos1 khéng ton
x—0 X x—0 X x—0 X x—0 X
tai.
Cau5:  Trong cac gidi han sau, gidi han ndo bang —0?
A. lim (5x3—x2+x+1). B. lim (2x4+3x+1).
C. lim (4x2—7x3+2). D. Iim(3x—x5+2).
Cau 6: Trong cac gi6i han sau, giéi han nao bang —oo?
A. lim (x/4x2+4x+3+2x). B. Iim( 4x2+4x+3—2x).
C. lim (\/4x2+4x+3—x). D. Iim(x—x/4x2+4x+3).
Cau 7: Trong cac gidi han sau, gidi han ndo bang +00?
_ 2 _ _ 3 3
A lim 22X B. lim Y1=2X im>= b im2Xd
x-(-3)" 9 + 3X x>(-1) 549X X—>*2(X_2) X—>*1(x+1)

Cau 8: Trong cac gidi han sau, gidi han nao 1a vo cuc?

2 3 2
A Iim,3/X2—X+1. B. lim X+—2X2
x->2'\| x% 42X H(*2)+(x2—x+6)

: 2 . x*(2x-1
C. lim M oX D. Im#.
X3 (2x—1)(x4—3) o1 X4 x+1
Cau 9: Trong cac gidi han sau, gidi han nao la vo cuc?
] - _ (x=2)Y+8
A. lim 3 B. Ilmﬁ.

o [By? 4 X+ 2 44X x>0 X
2 — —
C. lim YX +X+2-N3-x D. lim

x>(-1) X" + X x> 4x° —x3 4+ 2

Cau 10: Tim tat cd cc gia tri cua tham sb thuc m sao cho ham s6 f (X)=mx+v9x* —3x+1 c6 gi6i

han hitu han khi X —+o0,

A . m=-3 B. m#-3 C. m>0 D. m<0
DANG 2. G101 HAN VO PINH DANG %
_[3x+6
lim——
Cau 11: Gidi han *>7? X+2
A. Bing 3 B. Bang -3 C.Bing 0 D. khong ton tai

4

A NV , A Y . . X —a
Cau 12: Cho a la mét so thuc khac 0. Két qua ding cua lim
Xx—a X — a

4

bang:




Céu 13:

Céau 14:

Céau 15:

Céau 16:

Céau 17:

Céau 18:

Céau 19:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
A. 3a° B. 2a° C.a’ D. 4a°

X2 —mx+m-1

Cho C =lim 7 M I tham s6 thyc. Tim m dé C =2.
X—>. X —
A m=2 B. m=-2 C. m=1 D. m=-1
2
Cho @ va b1a cac sé thuc khac 0-Néu Iirrzlxi;ax;bzfi thi a+b bang:
A 2 B. 4 C. -6 D. 8
Cho a va bla cac s thuc khac 0.Gidi han IirTg%béng:
AL B. -2 c. 22 D, 22
2b 2b b b
Cho a,b,c 1a cac sb thuc khac 0,3b—2c # 0. Tim hé thtc lién hé giira a,b,c dé:
tan ax 1

lim ==,
0 fl+bx —1+cx 2

a _ 1 g _ @ 1 c @ 1 a _ 1
"3b-2¢ 10 "3b-2c 6 "3b-2¢c 2 "3-2c 12
S 18 e <A A Al _sin(x-1) .
Cho m va n 1la cac s0 nguyén duong phan biét. Gidi han IIrT}W bang:
A. m-n B.n—-m C. L D. L
m-n n-m
Dé tinh gi6i han IirT} J5x —4)-(—]\-/2X -1 , ban Binh da trinh bay bai giai nhu sau:
Budc 1: Ta co:
imYBX=4-vax-1_ . 5x-4-1 . J2x-1-1
x—1 X—=1 x—1 X—=1 x—1 X=1
JBx—4— 5(x-1
Buse 2: lim¥2X A1 5Dy 8 5
x—1 X—1 x»l(x_l)( 5X—4+1) x—1 /5X—4+1 2
. J2x-1- . 2(x-1 .
Buac 3: lim 2x—1 1:Ilm (x-1) =lim 2 =1
Sl ox=l el (x-1)(Vax-1) J2x-1+1
Buoc 4 lim¥2X—4—V2x-1_5 ;3
X1 x—1 2 2
Hoi 16 giai cua ban Binh da méc 18i sai ¢ budc nao?
A. Buoc 1. B. Budéc 2. C. Buoc 3. D. Budc 4.
3 _
Bt lim Y8x+11-x+7 m

-2 X —3x+2
dwong. Téng 2m+n bang:

, m . n A L Ae e, N < £ ~
=— trong d6 — la phan s0 toi gian, M va n la cac s6 nguyén
n n
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A. 68 B. 69 C. 70 D. 71
—_— —3 —_— r r 14
Cau 20: Biét lim V6x-9 2\/27)( >4 :m, trong do M phéan s6 toi gian, m va n la cac so nguyén
X—’S(X—3)(X +3x—18) n n
dwong. Khi d6 3m-+n bang:
A. 55 B. 56 C. 57 D. 58
— _3 — \
Cau2L: Gisihan lim YX=2-Y5X-4 o
x—1* (X—l)
A. —oo B. +o C.0 D.1
Cau 22: Trong bdn gidi han sau day, gioi han nao bang 0?
2
_ 2 _ X2 — X*—x—6
A lim XL, B. lim XL c tim =X =X*0  p im : 2)
ol x® -1 x>(-2)" X" =3X+2 x>3| X +3X x>=2 X +2X
Cau 23: Trong bdn gi6i han sau day, gidi han nao khac 0?
2 2_
A. Iimﬂ. B. lim x 9 :
=2 \J2-X X8 \/(xz +1)(3—X)
X5 =3x+2 ox*-1
C. lim ——. D. lim :
() X2 +2x+1 o1 X -1
Cau 24: Trong bon gidi han sau day, giéi han nao khong ton tai?
. 3 (x+3) —27 : 24Xt o x|x+2
A. Ilmzx—+8. B. ImL. C. IImM. D. lim 2|—|
x>-2X° +11x+18 x>0 X x>0 2X x>(-2)" X° +3X+2
Cau 25: Trong cac gidi han sau day, gidi han nao khong hitu han?
2 _ 2 _ _ _
A lmZ X0 g XS o %22 p i IYX =2
x—2" X° — x>3" X°—6X+9 x—2° /X2+5—3 x->3  X° =9

DANG 3: G101 HAN VO PINH DANG 2.

o0

Cau 26: Trong bon gidi han sau day, giéi han nao bang —1?

2 32 2 _
A lim X222 B. lim XX *3 ¢ jim 23 D. lim 2X X1
x> X +1 x>0 By —x x>0 X° —5X x>+ 3X 4+ X
CAu 27: Trong céac giéi han hitu han sau day, gidi han nao 1a 16n nhat?
X+1)(3-2x-5x° 2x% +1)(2x% + x
A tim UHDE-2-5C) . tim (22X
x>0 x(x —1) x>0 (2x +x)(x+l)
x> +1)(2x* = x+4 X2 +1)(2-x3
. tim Y ) i (¥ 48)(22X)
X—>—®0 X (3X+1) X—>+00 (2X +X)(X+1)
Céau 28: Trong cac gidi han sau day, gidi han nao la —o ?
2 2 3 2 2 4
A lim 2X° + X 1. B lim 3X“+X+5 1-3x°+X D lim X —x"+1

X—>—00 3+ X X—>—0

1+ 2x

i .
x>0 54 X — 2%°

x>=e 2 —X—X2
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2
A . _ AXP+2X +3x
Cau 20. Tinh gigi han lim

o Jax? 41—x+2

A.l. B.g. C.—E. D.—l.
2 3 3 2

Cau21. Cho a,b,cla cac sb thuc khac 0. Tim hé thirc lién hé gira a,b,c dé

ax—by9x? +2 _5

lim

X0 cx+1
AP 5 2% __s5 c. ¥ _g p.ad__g
c c C c
2
Cau22. Cho a va b 1a cac tham sd thuc . Biét rang lim {4X+—3);+1—(ax+b)}:0,a va b théa man
X—>+00 CX+
hé thirc nao trong cac hé thuc dudi day ?
A. a+b=9. B. a+b=-9. C. a-b=09. D. a-b=-9.
Céu 23. Trong cac gidi han sau , gigi han nao la —©o?
4 v _ 2 _
A. lim X=X B. lim X —2X*2,
x>0 X% 4 X+ 2 o= 142X
X +x-11 I +2x2+1
C. lim ——. D. lim ————.
x>+ 2X° 4+ X+1 x> 12X

Cau 24. Tim gi6i han nho nhét trong cac gidi han hitu han sau.

X +2 ) 2X— X2

A lim ——. B. lim 3— :
x——0 3x° 1 x>0 \| 8X* — X +3
. . 2(X|+3
C. XILTDZX—\/;Z D. Ilm%.
X=X+ X+ X+5

Cau 25. Trong cac gidi han hitu han sau , gidi han nao 13 16n nhat?

A. lim i/(zx_5)(1_x)2 . fim X=X =3

X—>+00 x—x+1 X—>—o0 X —5x%?

4, 2 _
C. lim [ XX *+2 . fim =2
X0 (X +1)(3X—1) X—>—0 )(2 +1—x

Céu 26. Trong cac gidi han hiru han sau , gidi han nao 1a nho nhét?
X

2
A. lim YX X2 B. lim (1-2x),|—
X—>—0 3—-4 | X| X—>—00 x° =1

2 _ 2 4 5
C. lim YX =X —NAC L D. Iim,/w.
x>0 2X+3 x>+ | 9X” +5X" +4

DANG 4: Giéi han vé dinh dang 0.0

A A . (11 1
Cau 27. Cho a la mét so thyc duong. Tinh gidi han IIm(———j 5.
X—=a\ X a (X_a)

. 1 3
A.bang ——. B.1a +co. C.la —o0. D. khong ton tai.
a

Céau 28. Trong cac gidi han sau , gigi han nao 1a hitu han ?

: x® : 3x
A fim (et > IO
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_ x—1 (42 f X
C. XILIDO(X—’_Z) 34+ x D. XILrPoo(X +1) 2x +x+1

Céu 29. Trong cac gidi han hiru han sau , gidi han nao 1a nho nhét?

. 2X+1 . 3x-11
A. lim (x+1 ,/—. B. lim (1-2x ,/ :
x—>—w( ) X3+ X+2 X—H—oo( ) x®+1
. X . X+1
C. lim(x®-1 ,/ . D. lim (2-3x ,/—.
Hr( ) x* -1 H—w( ) 5x* +2x +1
Cau 30. Tinh gi6ihan lim XZ[ /XLXZ _3/XT+3J .
B. 0.

A. 1 C. +oo0. D. —o
2
Cau 31. Tinh gidi han limtan2xtan (%—xj.
x—)z
A 2. B. 0. C.l. D.1
2 4

DANG 5: Dang vo dinh co—o0

n . . . n 1
Cau 32. Cho n 1a mét s6 nguyén duong. Tinh gidi han |IrT11( ——j.

1-x" 1-x
AL g 11 c. +t p. N*+2
2 2 2 2
i , LS khixsl o
Cau33. Chohamséd f (x) =<x-1 x*-1 . Vi gia tri nao cia m thi ham s6 f (X) €6 gidi han
mx + 2 khix <1

tai diém x =1

A. 2. B. -1. C. 1 D.3
CAu 34. Tim tat ca cac gia trj ciia tham s6 thuc K sao cho gi6i han Iinll(il— > 1) 1a hiru han.

X—>. X_ X —

A k=2. B. k#2. C. k<2. D. k>2.
Cau 35. Trong cac gidi han sau day, gidi han nao la —1?

A. lim (VX* +2x —x). B. lim (vX* +2x +X).

C. lim(v¥x* +2x +X) . D. XIim(o\/x2+2x—x).
Cau 36. Gidi han Iirp(\/xz—3x+5+ax):+oo néu.

A ax>1l. B. a<l. C.a>1. D. a<l.
Cau 37. Cho a va b 1 cac 6 thuc khac 0. Bibt lim (ax—+/x* +bx+2) =3, thi tong a-+b bing

A 2. B. 6. C. 7. D. -b.

Cau38. Cho a va bla cac sb thuc khac 0. Biét lim (ax+b-vx2 —6x+2)=5 s6 16n hon trong hai sb

X—>+00

a va b 13 sb nao trong cac s6 dudi day?

A 4. B. 3. C. 2. D. 1.
Cau 39. Trong cac gioi han dudi day, gioi han nao 1a vo cuc?
A lim (V2x% +x —2x> +3) . B. lim (V4x? + x+1+2x).



Céu 40.

Cau 41.

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

C. lim (v/9x* +3x+1+5x). D. Iirp(\/3x2+1—«/3x2+5x).

X—>—0

e . m , m . n LA e, R «
Biét lim (VOX2 +2x +327x% +4x% +5) =—— trong d6 — 1a phan sb i gian, m va n 13 cac
X—>—00 n n

s6 nguyén duong. Tim boi s6 chung nhé nhat cia m va n.
A. 135. B. 136. C. 138. D. 140.

Cho a va b 1a cac sé nguyén duong. Biét lim (\/9X2+ ax +327x% +bx? +5) :% ,hoi avab

thoa man h¢ thirc nao dudi day?

A. a+2b=33. B. a+2b=34. C. a+2b=35. D. a+2b=36.
HAM SO LIEN TUC

A.LY THUYET
1. Dinh nghia

Dinh nghia 1

Cho ham s y= f(x) xac dinh trén khoang (a,b) va X e(a;b). Ham s y= f(x) duoc goi

1a lién tuc tai x, néu xh_)rgclof(x) =f(x0).

Ham s y= f(x) khong lién tuc tai x, duogc goi la gian doan tai diém do.

STUDY TIP

Khi xét tinh lién tuc ciia ham s6 tai mot diém, dic biét luu y dén diéu kién ham s6 xac dinh trén
mot khoang (di nho) chira diém do.

Dinh nghia 2

Ham s6 y = f(x) dugc goi 1a lién tuc trén m@t khoing néu no lién tuc tai moi diém cua
khoang do.

Ham sé vy = f(x) duoc goi 13 lién tuc trén mét doan | a,b | néu nd lién tuc trén khoang (a;b
Y

w lim 7(x)=f(a) lim £(x)= £(0)

Khai niém lién tuc caa ham s trén nira khoang nhu [a;b),(a;b],[a;wtoo),(—oo; b] duoc dinh

nghia mgt cach tuong tu.
STUDY TIP

Do thi ctia ham s0 lién tuc trén mot khoang 1a mdt “dudng lién” trén khoang do

y A y A

1
/N
y A \

A 4
OQJ
O
X

pal
&

4

N

L~
v

o
I
1
1
1
1




Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

Do thi ctia ham s lién tuc trén khoang Do thi ciia ham sb khong lién tuc trén khoang

(4;b). (4;b).

Pinh 1y 2
Gid st y = f(x) va y=g(x) 1a hai ham s6 lién tyc tai diém x,. Khi do:

a) Cac ham sd y= f(x)+g(x),y = f(x)—g(x),y :f(x).g(x) lién tuc tai diém X,
f(*)
3(x)

b) Ham s y= lién tuc tai diém xonéu g(x) #0.

STUDY TIP

Téng, hiéu, tich, thuong cua hai ham s6 lién tuc tai mot diém 1a nhitng ham s6 lién tuc tai diém
d6 (trong trudng hop thuong, gia tri ciia miu tai diém d6 phai khéc 0).

2. Mt s6 dinh li co ban
Pinh li 1

a) Ham s6 da thirc lién tuc trén toan b tap sb thuc R.
b) Ham s6 phan thire hitu ti (thuong cua hai da thic), cac ham sb lugng giac, ham s liy thira,
ham s6 mii va ham s logarit lién tuc trén ting khoang cta tip xac dinh cta ching.

(Céc ham s lity thira, ham s6 mii va ham s logarit s& dugc hoc trong chwong trinh 16p 12)
STUDY TIP

Céc ham s0 so cap lién tuc trén ting khoang xac dinh ctuia chung

Pinh 1i 3
Néu ham sé y = f (x) lién tuc trén doan [a;b] va f(a).f (b)<O thi ton tai it nhat mot diém
ce(a;b) sao cho f(c)=0.
Noi cach khac:
Néu ham s6 y = f (x) lién tuc trén doan [a;b] va f(a).f (b)<O thi phuong trinh f (x)=0
c6 it nhat mot nghiém nam trong khoang (a;b).
STUDY TIP
Mot phuong phap chimg minh phuong trinh f (x)=0 ¢6 nghiém trén khoang (a; b):
- Chitng minh ham s6 y = f (x) lién tuc trén doan [a;b].
- Chiang minh  f (a).f (b) <O0.
B. CAC DANG TOAN VE HAM SO LIEN TUC
DANG 1. XET TINH LIEN TUC CUA HAM SO



Céu 1:

Cau 2:

Cau 3:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
Phwong phap chung:
Cho ham s6 y = f (x) xé4c dinh trén khoang (a;b) va x, (a;b). Pé xét tinh lién tuc cia ham

s6 y=f(X) tai X, talam nhu sau:

- Tinh f(x));
- Tinh lim f(x).

X—%g

- Néu lim f (x

X—>Xg

)=f () thi két luan ham s lién tuc tai X, .
- Néu lim f (X) khong t6n tai hodc lim f (X) = f (XO) thi két ludn ham sb khong lién tuc tai
X—>¥%g

X—>Xg

X, -

Khi xét tinh lién tuc caa ham s6 trén mot tap, ta sa dung Dinh 1i 1, Pinh 1i 2 da néu trong phan
Li thuyét.

Ham s y=f (X) c6 dd thi dudi day gian doan tai diém c6 hoanh d6 bang bao nhiéu?

Jhy

/.

' ]

Ol1 2 X

-y

L J

A. 0. B. 1. C. 2. D. 3.
Dap an B.
Lai gidi
Quan sat do thi ta thay !ljp f (x):3;!LrP f(x)=0. Vay !LT f(x);«t!ﬂ] f (x) nén lem f(x)

khong ton tai. Do d6 ham s6 gian doan tai diém x=1.

o X2 +1 2 n . L .
Cho ham so f (X) = Zioxib Ham so f (X) lién tuc trén khodng nao sau day?
A. (—5;3). B. (2,3). C. (-32). D. (-3+).

Pap an B.
Loi gidgi
Ham s6 c6 dang phan thirc hitu ti xac dinh trén tap hop D= (—oo; —3) u(—3; — 2) U(—Z; +oo)
nén theo Dinh 1i 1, ham sd lién tuc trén cac khoang (—oo; —3) X (—3; —2);(—2; +oo) . Vi
(2; 3) c (—2; +oo) nén dap an dung l1a B.

STUDY TIP
Céac ham s6 so cép lién tuc trén ting khoang cua tip xac dinh cta ching.
Cho ham s6 f (x)= % . Chon khing dinh dung trong cc khang dinh sau:
X" —oX+

A f (X) lién tuc trén R.



Céu 4:

Céau 5:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

B. f(x) lién tuc trén cac khoang (—oo;1) va (1+0).

C. f (X) lién tuc trén cac khoang (—oo; 2) va (2;+oo).

D. f (X) lién tuc trén cac khoang (—oo;l), (l; 2) va (2;+oo).
Dap an D.

Loi gidi
f (X) la ham phan thirc hitu ti, ¢6 tap xac dinh la (—oo; 1)U(ZL' 2)u(2; +oo) nén theo Pinh 1i 1,
f (X) lién tuc trén cac khoang (—oo;l), (l; 2) va (2; +oo).
STUDY TIP

That ra rat gon ta duge f (X)= x )1()_()3 2 = xl . nhung khong vi thé ma két luan f (x)

trén cac khoang (—oo; l) va (l; +oo) .
Chu y: Khong duoc rat gon biéu thire ctia ham s trude khi tim tip xac dinh!

Jx=5 khi x>5

1 khix=0
A. f(x) lién tyc tai x=7. B. f(x) lién tyc tai x=0.

Cho hamso f (x) ={ . Chon khang dinh sai trong cac khang dinh sau?

C. f(x) lién tyc trén [5;+). D. f(x) lién tyc trén (5;+o0).
Pap an B.
Loi gidi
Ham s f (X) xac dinh trén D = [5;+oo)u{0} . Theodinhli 1, f (X) lién tyc trén [5;+oo). Do
do f (X) lién tuc trén (5;+oo) vatai X=7.Vay A, C, D dingsuyra B sai .
That vdy, vi khong ton tai khoang (a; b) nao chira diém x=0 ma f (X) xac dinh trén (a; b)

nén khong thé xét tinh lién tuc cua f (x) tai x=0. Do d6 khong thé khang dinh f (x) lién tyc

tai X=0.
L 3x+2 khix<-1 . , .
Cho ham so f (X) =91 . . Chon khang dinh dung trong cac khang dinh sau.
X“—1khix>-1
A f (X) lién tyc trén R. B. f (X) lién tuc trén (—oo; —1].
C. f (X) lién tyc trén [—l; +oo) D. f (X) lién tuc tai X=-1.

Pap an C.
Lai gidi
Trén [—l; +oo) f (X) =x*—1 néntheo dinh 1i 1, f (X) lién tuc trén [—ZL' +oo) Vay chon dap an

dung 1a C.

Giai thich thém:

Taco lim f(x)= lim (3x+2)=-1, lim f(x)= lim (x*-1)=0.
x—(-1)" () xe(—l)'( ) x—(-1)" () x»(—1)+( )

Vay lim = lim nén lim khong ton tai.

x=>(-1)7  x—>(-1)" x—>(-1

Do do f (X) khong lién tuc tai X=-1 nén A,D sai.



Céau 6:

Cau 7:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

Mat khac f (—l) = (—l)2 -1=0. Vay |i(m)7 # f (—l) nén f (X) khong lién tuc trén (—oo; —1].
Xx—>(-1

Do d6 B sai.

-8, ..

\ £ —— khix=2 . . ., . . ., £ X1 s £

Cho ham so f(x)= X—2 . Tim tat ca cac gia tri cua tham s6 thuc m dé ham so

mx +1 khi x=2
lién tuc tai X=2.
A.m=£. B.m=E. C.ng. D.m=1—1.

2 2 2 2
Dap an D.
Loi gidi
f (X) xac dinh trén R.
x* -8

’ _ N - _ - _ - 2 _
Taco f(2)=2m+1va leggf(x)_llm _Ilm(x +2x+4)_12.

X292 X—2  x92
(c6 thé dung MTCT dé tinh gi6i han ctia ham s)

bé f(x) lién tuc tai x=2 thi lim f (x)= f(2)c>2m+1=12<:>m=1—21.

x—2

(x-3)

Chon ham s f (X) = khi x # 3. Tim tat ca céc gia tri ciia tham s6 thuc m dé ham

X—3
m khix=3
s6 lién tuc tai x=3.
A med. B. meR. C. m=1. D. m=-1.
Dap 4n A.
Loi gidgi

Ham s6 da cho xac dinh trén R.

Taco lim f (x)= R R L B L lim (1) =—1.

x—3" -3 X—3 -3 X—3 x»3 X-—-3 x—3"
Tuong tu ta co Iiry f(x)=1.(co thé ding MTCT dé tinh gi¢i han ctia ham s6)
X—>

Vay lim f (x) = lim f (x) nén lim f (x) khong ton tai. Vay véi moi m, ham 6 da cho khong
X—3" X!

x—3"
lién tuc tai X=3.
Do d6 dap an diing 1a A.
Ta c6 thé tam khao thém dd thi ciia ham s6 khi X # 3 dé hiéu rd hon.
[




Céau 8:

Cau 9:

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

Cho a va b 1a cac s thuc khac 0. Tim hé thuc lién hé giita a va b dé ham s

Jax+1-1
f(X)Z X

4x*+5b khix=0
A. a=5b. B. a=10b. C. a=bh. D. a=2b.
Pap an B.

khi x 0 lién tuc tai X=0.

Loi gidi

Jax+1-1 a
X

Cich 1: Theo két qua d bict thi lim f (x) =lim > Mt khc f (0)=5b. & ham

x—0

sb da cho lién tuc tai x=0 thi lim f (x) = f (0)@%:5b<:>a:10b. Vay dap an dung 1a B.

x—0
Céch 2: Sir dung MTCT. Chon céc gid tri cu thé cua a va b thoa mén tung hé thirc roi tinh
toan cho dén khi duogc két qua Iing f(x)=f (0) Chéng han véi hé thirc & dap an A, chon
X—

\/5x+1—1 5

a=5b=1 ta tim duoc lim————= o f (0) =5 nén khéng thoa man. Vi hé thie & dap

X
J10x+1-1
X

an B, chon a=10;b =1 ta duoc lim =5f (0):5 nén thoa man lim f (X): f (0)

x—0 x—0
Do do dap an 1a B.
STUDY TIP
fimex+i-l_a
x—0 X n
J2x—4+3  khix>2

Cho ham sb f (X) = X+1 ) . Tim tét ca cac gia tri ciia tham $6 thuc m dé

> khix <2

) X —2mx+3m+2
ham s0 lién tuc trén R.
A. m=3. B. m=4. C. m=5. D. m=6.
Dap an C.
Loi gidi

Céach 1: Ham sb xac dinh trén R, lién tuc trén khoang (2; +oo) .

Taco f(2)=3;lim f(x)= Iim(«/Zx—4+3)=3.

x—2" x—2"
z . . X+1 n . z n n .
Néu m=6 thi lim f (x)= lim —————=—0 nén ham s0 khong lién tuc tai x=2.
X—2" x>2" X°—=12x+20
Néu m=6 thitaco lim f (x)=lim— x+1 __3 .
x—>2" x=2 X°=2mx+3m+2 6-m

Pé ham s6 lién tuc tai X =2 thi 6i:3<:>6—m:1<:>m:5.
—m

X+1
x? —10x+17
Tém lai véi m=5 thi ham sb da cho lién tuc trén R.

Vaoi m=5 thi khi x<2, f(X)= lién tuc trén (—oo;2).

Céach 2: Ham sb xac dinh trén R, lién tuc trén khoang (2; +oo) .

Taco f(2)=3;lim f(x)= Iim(«/Zx—4+3)=3.

x—2" x—2"

Thir an lugt céc gia tri tr A dén C thdy m=5 théa man lim f (x)=3. Do d6 chon dép 4n C.

X—2~
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DANG 2. CHUNG MINH PHUONG TRINH CO NGHIEM

Phuong phap chung:

Mot phuong phap ching minh phuong trinh f (X) =0 c6 nghi¢m trén khoang (a; b):

- Chimg minh ham s6 y = f (x) lién tuc trén doan [a;b].
- Chung minh f (a).f (b) <0.
- Tir d6 két luan phuong trinh f (X)=0 c6 it nhat mot nghiém trén khoang (a;b).
Dé chimg minh phuong trinh f (x)=0 c6 it nhat mot nghiém ta can tim duoc hai sé a va b sao cho ham
sb lién tuc trén doan [a; b] va f (a).f (b) <0.
Vidul. Chohamsb f (X) xac dinh trén doan [a; b] . Trong cac khang dinh sau, khang dinh nao
diang?
A. Néu ham s6 f (X) lién tuc trén doan[a; b] va f (a).f (b) >0 thi phuong trinh f (X) =0
khong c6 nghiém trong khoéng(a; b) .
B.Néu f (a).f (b) <0 thi phuong trinh f (X) =0 c6 it nhat mot nghiém trén khoang (a; b).
C. Néu phuong trinh f (x)=0 c6 nghiém trong khoang (a; b) thi ham s6 y = f (x) phai lién
tuc trén khoang (a;b).
D. Néu ham s6 y=f (X) lién tuc, tang trén doan [a; b] va f(a).f (b) >0 thi phuong trinh
f (x)=0 khong thé c6 nghiém trong khoang (a;b).
Pip 4n D.
Loi gidi
A sai. Chang han xét ham sé f (X) = x? —5. Ham s6 nay xac dinh trén doan [—3; 3] va lién tuc
trén d6, dong thoi f (—3).f (3) =4.4=16>0 nhung lai c6 hai nghiém X, = —\/g; X, = \/g thudc
vao khoang (—3; 3) :
B sai . vi thicu diéu kién f () lién tyc trén doan [a;b].
X+1khix<0

) .Ham sb nay xac dinh trén doan [—3; 3] ,
X+2 khix>0

C sai. Chang han xét ham s6 f (X) :{

c6 nghiém X =-1 thudc vao khoang (—3; 3) nhung gian doan tai diém x=0¢e (—3; 3) ,tac la
khong lién tuc trén (—3; 3) .
Vay D dung. That vay:
- Vihamsé y=f (X) lién tuc, tang trén doan [a; b] nén gia tri nho nhit cia ham sé trén
doan [a; b] la f (a), gia tri 10n nhét cta ham sd trén doan [a; b] la f (b) .
- Néu f (a) >0 thi gi4 tri nho nhat ctia ham s trén doan [a; b] 12 mot sé duwong nén

khong c6 gié tri nao ciia X trén khoang (&; b) lam cho f(x)=0. Do

d6 phuong trinh f (x)=0 khong thé c6 nghiém trong khoang (a;b).



Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

+Néu f(a)<0, do f(a).f(b)>0nénsuyra f(b)<O0.Vay giatrilén nhat ciia ham s6 trén doan

[a;b] 1a mét s6 am nén khdng c6 gia tri nao ca x trén khoang (a;b) lam cho f (x)=0. Do dé phuong

trinh f (x)=0 khdng thé c6 nghiém trong khoang (a;b).

Céu 10:

Céau 11:

Cau 12:

Cho phuong trinh X* +ax® +bx+c=0 (1) trong d6 a,b,c 1a cac tham s thuc. Chon khing
dinh dung trong cac khing dinh sau
A. Phuong trinh (1) v nghiém véi moi a,b,c.

B. Phuong trinh (1) c6 it nhat mot nghiém véi moi a,b,c.

(
(

C. Phuong trinh

D. Phuong trinh (1) c6 it nhat ba nghiém v&i moi a,b,c.

l) c6 it nhat hai nghiém véi moi a,b,c.

)

Loi gidgi

Pap an B.
Dé thly a=b=c=0 thi phuong trinh (1) tré thanh x* =0« x=0. Vay A, C, D sai. Do d6 B
ding.
Gidi thich thém: X¢ét bai toan “Ching minh rang phuong trinh X° +ax” +bx+c=0 (1) luon
c6 it nhat mot nghiém véi moi a,b,c”. Ta c6 101 giai cu thé nhu sau:
bit f(x)=x>+ax*+bx+c. Taco:

+ lim (x*+ax® +bx+c)=—oo v6i moi a,b,c nén ton tai mt gid tri x=X_saocho f(x)<0.

+ lim (X* +ax® +bx+¢) =+ v&i moi a,b,c nén ton tai mot gid trj X=x, saocho f(x,)>0
Vay f(x).f(x)<0 ma f(x) lién tyc trén R nénsuy ra f(x)=0 co it nhat mot nghiém
trén khoang (X;;X, ). Tir d6 suy ra DPCM.

STUDY TIP

i, X" +..+ax+a,=0 trong d6 a,,, =0 ludn co it

Phuong trinh da thtc bac 1¢ a,, ;X

nhat mot nghiém voéi moi gia tri cia a,i =2n+10.

Tim tat ca cac gia trj ciia tham s6 thuc m dé phuong trinh: (m2 -3m+ 2) x*—3x+1=0 co

nghiém.

A me{L2} . B. meR. C. meR\{L2}. D. med.
Loi gidi

Dap an B.

Néu m? —3m+2=0: Phuong trinh da cho tro thanh —3x+1=0< x= %

Néu m? —3m+2=0: theo STUDY TIP vira néu thi phuong trinh da cho ludn cé nghiém.
Toém lai vo1 moi me R thi phuong trinh da cho ludn c6 nghiém. Do d6 B dlng.

Cho phuong trinh x* —3x* +x —% =0 (1) Chon khang dinh ding:
A. Phuong trinh (l) c6 dung mot nghiém trén khoang (—ZL' 3).
B. Phuong trinh (l) c6 dung hai nghiém trén khoang (—l; 3) .



Chuyén dé giéi han va lién tuc Hoi toan Bac Nam
C. Phuong trinh (1) ¢6 dang ba nghiém trén khoang (-1;3).

D. Phuong trinh (1) 6 diing bén nghiém trén khoang (—1;3).
Loi gidi
Dap an D.
Céch 1: St dung chirc nang Table trén MTCT: f (X)=X"*-3X*+X —%, Start: —1, End: 3,

Step: 0.2 ta dugc két qua nhu sau:
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Quan st két qua ta thay gia tri cia f (X) tai cac diém trong khoang (—l; 3) d6i dau 4 1an. Ma
phuong trinh bac 4 thi ¢6 téi da 4 nghiém thyc. Vay phuong trinh (1) c¢6 dung bon nghiém trén
khoang (—l; 3). Do d6 D la dép an dung.

Céach 2: St dung chirc ning Shift Calc (Solve) ciia MTCT dé tim nghiém xéap xi clia phuong
trinh trong khoang (—13). Tuy nhién céch ndy tiém 4n nhiéu may rui hon cch st dung chirc

ndng Table nhu trén.
STUDY TIP

Néu f(x) lién tuc trén doan [a;b] va f(x) doi dau khi x tir a qua b thi phuong trinh
f(x)=0 coit nhat mot nghiém trén khoang (a;b).
Cau 13: Cho phuong trinh 2x* —5%* +X—+1=0 (1) Chon khing dinh dung trong cic khang dinh sau:
A. Phuong trinh (1) khong c6 nghiém trong khoang (—ZL' 1) .
B. Phuong trinh (l) khong c6 nghiém trong khoang (—2; O) .
C. Phuong trinh (l chi c6 mdt nghiém trong khoang (—2;1) .
(

D. Phuong trinh l) ¢6 it nhat hai nghiém trong khoang (0; 2) .
Loi gidgi
Pap an D.
Céach 1: Str dung chirc nang Table trén MTCT: f (X ) =2X*-5X%+ X +1, Start: -2, End: 2,

Step: 0.2 ta dugc két qua nhu sau:
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Quan sat két qua ta thay trén khoang (—l; 1) phuong trinh c6 it nhit hai nghiém, trén khoang

(—2; O) phuong trinh c6 it nhat hai nghiém, trén khoang (—2;1) phuong trinh ¢6 it nhét ba

nghiém, trén khodng (0;2) phuong trinh ¢4 it nhat hai nghiém. Vay D 1a dap 4n ding.

C. BAI TAP REN LUYEN KY NANG

Cau 1.

Cho ham s6 y = f (X) ¢6 dd thi nhu hinh dudi day:
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Chon khang dinh dung:

A. Ham s lién tuc trén R .
C. Ham sé lién tyc trén (1;+0).

Cau 2. Cho ham s

B. Ham sb lién tuc trén (—oo; 4) :

D. Ham s lién tuc trén (l; 4) .



Cau 3.

Cau 4.

Céau 5.

Cau 6.

Cau 7.

Chuyén dé giéi han va lién tuc Hoi toan Bac Nam

Jx+3-2

, x>1
x-1

1

f(x)= 7 x=1
x? -1

x> —7X+6'

Chon khang dinh ding:

x<1.

(X) lién tuc tai X=6 va khong lién tuc tai Xx=1.
B. f(x
(
(

lién tuc tai X=6 vatai x=1.

X

X) khong lién tuc tai X=6 va lién tuc tai x=1.
) lién tuc tai Xx=6 vatai x=1.

[ 4 2
XA i x 20

Cho ham sb f (X) = X . Tim tit ca cac gia tri cua tham s6 thue m dé ham
m-3 khi x=0

s6 lién tuc tai x=0.,

A. Khdng cé gia tri nao cia m thoa man. B. m=5.

C. m=1. D. me{15}.

Cho a va b 1a cac s6 thuc khac 0. Tim hé thirc lién hé gitta a va b dé ham sb sau lién tuc tai
x=0.

3 J—
Jax+13/bx+1-1 Khi X =0
f(X)Z X .
a+b khi x=0
A.a+b=0. B. 2a+b=0 . C. 3a+4b=0. D. 3a+2b=0.
, ( 33—ij khi x <1 , o , ,
Cho ham so f (X) =\1-x" 1-xX . Tim tat ca cac gia tri cia tham s6 thuc m dé

m’x+3-3m  khi x>1

ham s0 lién tuc trén R.

A. me{l;Z}. B. me{ZL'—Z}. C. me{—],'Z}. D. me{—ZL'—Z}.
Jx+6-a .
. —_— khi x =3 . . .,
Cho ham so f (X) =9 X+1-2 . Trong d6 a va b 1a cac tham s6 thyc. Biét ham

x*—(2b+1)x khi x=3

s6 lién tuc tai X=3. S6 nho hon trong hai sé a va b 1a

A 2. B. 3. C. 4. D. 5.
.2 .
. Xsin— khi x>0 . . ,
Cho ham so f (X) = X ~ . Tim tat ca cac gia tri cia tham so thyc a dé

acosx—>5 khi x<0
ham s lién tuc trén R .
A. a=5. B.a=7.
1
=5

C.a D. Khdng co6 gia tri nao cua a thoa man.
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Cau8.  Cho phuong trinh 4x*+2x*—x—-3=0 (1). Chon khang dinh dung:

A. Phuong trinh (1) v6 nghiém trén khoang (—1,1).

B. Phuong trinh (1) c6 diing mot nghiém trén khoang (—1;1).
C. Phuong trinh (1) ¢6 dung hai nghiém trén khoang (—1,1).
D. Phuong trinh (1) c6 it nhét hai nghiém trén khoang (-11).

Cau 9. Tim tit ca cac gid tri cua tham sb thuc m sao cho phwong trinh (m2 —5m+4) X°+2x*+1=0

c6 nghiém.
A. meR\{L4}. B. me(—o0;1)U(4;+0).
C.me{ZL'4}. D. meR.

Cau 10. Tim tit ca cac gia tri ciia tham s thuc M sao cho phwong trinh sau c6 nghiém
(2m? —5m+2)(x-1)"" (x**** -2) +2x+3=0.

A. meR\{%;Z}. B. me(—oo;%ju(Zﬁoo).

C.me{%;Z}. D. meR.



