SG GIAO DUC VA PAO TAO  KY THI CHON HOC SINH GIOI CAP TINH THPT
TINH QUANG NAM NAM HOC 2024-2025 DOT 1

pE CHINH THUC Moén thi: TOAN
Thoi gian: 180 phiit (khong k€ thoi gian giao dé)
Ngay thi: 04/10/2024

Cau 1 (2,0 diém). Gii hé phuong trinh

Va? —y— 1= —at — 228 4 2% + 12y + 44
x?—y x 2:8 ;I— Yy + 12y + (z,y € R).
ve—1—\y+24+z*—y"—2x—-—4y—3=0

n—1 k
Cau 2 (3,0 diém). Cho day sb thuc (uy,) xac dinh nhu sau: u; = 2, up, = — Z —,Vn > 2.

n+1
3n
CAu 3 (2,0 diém). Tim tit ca cdc ham sb f : Z — Z thda man

f(2a) + 2f(b) = f(f(a + b)) v6i moi a,b € Z.

Chting minh w41 = (1 + up),Vn > 2 va tim lim u,.

Cau 4 (3,0 diém).

a) Cho a 12 sb tu nhién théa min a + 1 va 2a + 1 déu 14 cac sb chinh phuong.
Chting minh a chia het cho 24.

b) Tim tat ca cac cap soO tu nhién (m,n) théoa man m” = n3™

Céau 5 (5,0 diém). Cho tam gidc nhon ABC (AB < AC) nbi tiép dudng tron (0). Ba dudng
cao AD, BE,CF cua tam gidac ABC dong quy tai H.

a) Pudng thing AD cit dudng tron (O) tai diém thit hai 1a K, I 14 trung diém cta AH, L 1a
trung diém ctia AB, IF ciat CK tai T. budng thang qua T va vudng goc v6i OH cit BK
tai S. Chttng minh AL.BH = AO.BD va ba diém S, I, E thang hang.

b) Léy hai diém M, N trén canh BC sao cho BM = CN (M nam gitta B va N). Dufdng
thang BE cit dudng tron ngoai tiép tam gidc BFM tai diém thd hai 13 P, dudng thing
CF cat dudng tron ngoai tiép tam gidc CEN tai diém thit hai 13 Q. Chting minh ba dudng
thing A0, PF, QE d6ng quy.

Cau 6 (2,0 diém). Cho da giic 16i T c6 dién tich bing 5400 (dvdt) va mot dudng thing I tly
y. Chitng minh ton tai mot tam gidc c6 cac dinh nam trén cac canh ctia T va c¢6 mot canh song
song vG6i I ma dién tich ctia n6 khéng nhoé hon 2025 (dvdt).

C4au 7 (3,0 diém). Cho cac sb thuc duong =, y, z thda min zy + yz + 2z = zyz va biéu thic

T z A ARy A, o N A , A
P = \/ + \/ Y + \/ . Tim gia tri I6n nhat cua P va tim so thuc m 16n nhat
x4+ yz Y+ zx z+xy
sao cho bat dang thitc P > m ding véi moi z, y, z duong thda man diéu kién trén.

HET

*Thi sinh khong duoc stt dung tai liéu va mdy tinh cdm tay; cdn bo coi thi khong gidi thich gi thém.
FHO VA LN tRT SIMR: cooeeeviiee ettt e e e e e e e savaeeaeeenes S0 bdo danh: ...................



SO GIAO DUC VA PAO TAO KY THI CHON HOQC SINH GIOI CAP TiNH THPT

TINH QUANG NAM NAM HOQC 2024 - 2025 POT 1

HUONG DAN CHAM VA DAP AN
_ Mén: TOAN
(Huong dan cham nay gom co 09 trang)

Caul

Noi dung Piém
Jxr—y—1=-x*-2x+2y7 +12y + 44 1
Giai h¢ phuong trinh s (At (1) 2,0
Vx—1-\Jy+2+x* -y -2x—-4y-3=0 (2)
x21
bK:ly>-2 0,25
x'—y-120
+ Xét Vx—1+ y+2=0©{ _ khong thoa mén hé 0,25
XTI 0. PT()m TD eeasg |
’ Vx—=1+4y+2
x—y-3
= +(x—=y=-3)(x+y+1)=0
\/x—1+\/y+2 ( g )( d )
. 0,5
S (x—-py-3 +x+y+1|{=0
( Y )li\/x_lJ“/ijz Y }
1
< y=x-3 (do +x+y+1>0
y ( PN y )
Thay y=x-3 vao PT(1) ta dugc:
= (x-3)=1=—x*—2x* +2(x=3)" +12(x-3) + 44 0,25
SN ZxF2=-x 2020426 ()
£ 2x-1 p .
+Ham so f(x)=vx*—x+2 ¢6 f'(x)=————=>0, Vx>1 nén dong bién trén
( ) ( ) xP—x+2
I;4+00).
[ \ ) A r 095
+Ham s0 g(x)=-x*-2x"+2x"-6 ¢6
g'(x)=—4x’ —6x” +4x=—2x(2x—~1)(x+2) <0, Vx >1 nén nghich bién trén [1;+x).
PT(3)conghiémduymhat x=2.
Véi x=2=y=-1.
x=2 0,25

Vay hé PT di cho c6 nghiém duy nhat { x
y=-
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Cau Noi dung DPiém
n—=1 2k
Cho day s6 thuc (u, ) x4c dinh nhu sau: u, =2; u, = i 3—, Vn >2. Ching minh
3k
. 3,0
U, = "3%(1 tu,),Yn>2 vatim limu, .
n
Nhan xét: u, >0 véimoi ne N, 0,25
, n+l1&3 13 &3 n+l n+l n Q3
TacO: u,,,=—= D) —=—7|—*+).— |= + =) = 0,5
3k 3 = k 3n 3n 3" Sk
Ll S ), véimei n> 2. 0,25
3n 3n 3n
n+2
= I+u ), voimoi n>2.
n+2 3(I’l+1)( n+l) 0,25
Khi d6: u,, —u,, =2 (14u,,) - (140,
© 2 n+l 3(7’Z+1) n+l1 n n
n(n+2)(1+un+1)—(n+l)2(l+un)
= 0,5
3n(n+1)
Cau 2 n’ + 2n+(n2 +2n)un+1 —(n2 +2n +1)—(n2 +2n+1)un
- 3n(n+1)
(nz+2n)(un+1 w,)—u, -1
= ,voimoi n>2. (1) 0,25
3n(n+1)
, 22 s
Ta c6: u, — uy :E_g<0 nén tu (1) suyra us —u, <0.
Khi @6 tur (1) suy ra u, —u; <0. 0.5
Lap luan tuong tu, tacod: u,,, —u,,, <0, véimoi n=>2.
Do d6 day s (un) 1a day sb giam ké tir s6 hang thir 3.
Lai c6 day s6 (u, ) bi chan du6inén (u, ) ton tai giéi han hiru han. 0,25
Giasu limu,=aeR.
n—>+00
n+l 1
Tou,, = (I+u,), Vn>2,cho n—+w tadugc a=—(l+a) > a=—.
3n 3 2
1 0,25
Vay limu, =—
24 n—>-+00 2
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Cau 3

Noi dung DPiém
Tim tat ca cac ham s6 f:Z —7Z thoa min f(2a)+2f(b) = f(fla+b)),Ya,beZ. | 2,0
-Véi b=0 tacod f(2a)+2/(0)=f(f(a))
-Véi a=0 tacd f(0)+2f(b)=f(f(»)).Cho b=a tacé f(0)+2f(a)=f(S(a)) 0,5
Suyra fRa)+2/(0) =[O +2f() = /Ca)=2/@-fO) |
Taco: fQRa)+2f(b)=f(f(a+b)) = f(f(a+b))=2[f(a)+f(b)]-f(0)
c>f(0)+2f(a+b)=2[f(a)+f(b)]—f(0) 0,25
________________________________________________ efath)=/@+/O)-7O
Khi d6, véi moi sb nguyén n tacod f(n+1)— f(n)=f(1)— £(0). Do dé, cac gia tri
coes L), £(0), £Q), £(2),... tao thanh mot ddy vo han, hai s6 han k& nhau chénh | 0,25
lech k= f(1)=/(0). Dodd j(x)=ketm,voi k=/D)=-f0), m=/O). | .
Thay vao phuong trinh ban dau ta duoc:
fQRa)+2f(b)= f(f(a+b)) <= k(2a)+m+2(kb+m) :f(f(a+b)) 0,25
& 2k(a+b)+3m=f(f(a+b)) (¥)
Véi s=a+b, khi d6 (*) viét lai:
2ks+3m=f(f(s))<:>2ks+3m=k(ks+m)+m 0,25
& 2k —k*)s+(Q2m—km) =0 (**)
Vi s 12 s6 nguyén tiy y nén tir (**) suy ra {2]{_]( B {k =0 hodc k=2 0,25
—km=0 m=
Suyra f(x)=0 hoac f(x)=2x+m,voi m= f(0).
Thir lai théa man. 0,25

Viy ¢6 hai ham s6 théa man yéu cau: f(x)=0 va f(x)=2x+m, véi m= f(0).

Trang 3/9




Noi dung

Piém

Cau 4

a) Cho «a 1a sb ty nhién thoa mdn a+1 va 2a+1 déu 1a cac sd chinh phuong.

Chimg minh & chia hét cho 24 1,0
. a+l=m> (1 . .
Gia su ,vOoi myne N .
2a+1=n* (2)
0,25
Tr(Q)suyran lé =>n=2k+1, (keN).
Khi d6 (2) trd thanh: 2a+1=(2k +1)° < a =2k (k +1) = a chin.
Tu (1)suyram 16 =>m=2/+1,(leN).
0,25
Khi d6 (1) tr6 thanh a+1=(2/+1) = a = 4(1+1):8 (3).
Laico: m>+n*=3a+2 (4. |
Do s6 chinh phuong déu ¢6 dang 3¢ hodc 3¢+1 véi 1 € N7, nén tir (4) suy ra m* | 0,25
van’ deweddang3el.
2 2 . .
= (n"—m”):3 hay a:3 (5).
( ):3 hay ai3 (5) | 025
Ma (3,8)=1,nén tir (3) va (5) suy ra a:24.
b) Tim tt ca cac cdp s6 tu nhién (m,n) théa man m" =" (1) 2,0
* Xét m=0 hodc n=0:khong thoa man (1).
*Xét m=n21:tr (1)suyram=n=1.
* Xét m>n>1: Phan tich m va n ra thira s6 nguyén t:
a a a, B ; 0,25
m=p{.p5..pi, n=pl.pl.pl (2)
trong d6 p,, p,,..., p, la cac s6 nguyén t6 d6i mot khac nhau va a, B, eN.
Khi n=1 thi m>1: khong théoa man (1), do d6é n>1.
T (1), (2) suy ra: na, =3mp,, Vie{l;2;..;s}, trong d6 a,, B, ¢6 thé ddng thdi bang 0.
Ta chi xét kha ndng «,, B, > 0.
T Z-3m 1 a,> 3, do d6 m chia hétcho n,tircla m=kn (keN, k>1).
ion 0,25
Thay m =kn vao (1) ta dugc: (kn)' =n’" < (kn)" = (n3" )n Skn=n"* o k=n"*".
VikeN k>1nén 3k-1>2.
Taco: k=n""=[14+(n-D]"" 21+ Bk -1)(n—1)>1+3k -1=3k (v6 li).
*Xétl<m<n:
Khi m =1 thi n>1: khong thoa man (1), do d6 m > 1.
Tu (1) va m < n suyra n>3m (néu n=3m thi m™" :(3m)3m = m=3m (v6 li), néu
m<n<3mthi m" <m® <n’" (vo li)). 0,25

Tuong ty nhu truong hop da xét ¢ trén, ta co: na, =3mp,, Vie{l;2;..;s}.

LB i B g, dodd n chiahétcho m, tic 1a n=km (keN, k>3) (3).

a. 3m

1
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Cau Noi dung DPiém
Thay (3) vao (1) ta duoc:
3 mkm
" =(km)" &L =" o m = o m =k (@)
m

Phan tich k ra thira s6 nguyén t6: k = p/'.pY...p"" (7, €N) (5)
Tur (2), (4) va (5) suy ra: (k—3)a, =3y,,Vie{l;2;..;s} (6)

Xét hai truong hop:

- TH1: k& khong chia hét cho 3

Tir (6) suy ra a, chia hét cho 3, Vie{l;2;..;s}. Do do m= p".p5*..p% =1° vé6i
leN,I>1.

Thay vao (4) ta dugc: ’“ =k’ < k=1"".

(k=3)(k-4)
2

k=[1+(- 1)]H >1+(k=-3)(I-1)+ (I-1)* (khai trién nhi thirc Niuton)

>1+(k—3)+—(k_3)(k_4)

7_;/ﬁ <k<7+;/ﬁ,do k>3 nén ke{4;5}.

+ V61 k=4 = m =64; n=256 (nhan).
+Véi k=5= m? =125 (loai).

- TH2: k chia hétcho 3, dat k=3¢,(¢eN,g>1).

Thay vao (4) ta dugc: m* > = (3q)3 oS mi=3g.
3g=m"" =[1+(m-1)]" 21+ (g-1)(m—1)+ &5‘1_2)@1 —1)* (khai trién Niuton)

>1+(q—1)+—(q_1)§q_2)

2 :>7_;/H<q<7+;/ﬂz>qe{2;3;4;5;6}
+ V61 g =2 =>k=6;m=6; n=36 (nhan).
+V6i g =3=k=9;, m=3; n=27 (nhan).
+Vbi g=4, q=5, g =6:khong thoaman m e N, m?"' =3¢ .

0,25

0,25

0,25

0,25

Viy céc cdp gia tri (m;n) can tim 1a: (1;1),(3;27),(6;36), (64;256).
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Cau s

Noi dung DPiém
Cho tam gidc nhon ABC (4B < AC) ndi tiép duong tron (0). Ba duong cao
AD, BE, CF cua tam gidc ABC dong quy tai # . >0
a) Puong thang AD cat duong tron (0) tai diém thir hai 1a K, 7 13 trung diém cua
AH, L 1a trung diém ctia AB, IF cit CK tai T . Pudng thing qua 7 va vudng gbc
véi OH ct BK tai S. Chimg minh ALBH = AO.BD va ba diém S,I,E thing| 2°°
hang.
A
s=§' I E
L
FY ~
: H 0,25
B D C
B
K
T
(Néu khong c6 hinh vé thi khéng cham diém)
Xét hai tam gidc ALO va BDH c6: ALO =BDH =90° (1) 0.5
HBD =90°— ACB =90° — AOL = OAL (2) ’
Tir (1) va (2) suy ra hai tam gidc ALO va BDH d6ng dang. Suy ra AL.BH = AO.BD 0,25
Goi J la tam duong tron Euler cia tam giac ABC . Khidé (J) qua E,I,L,F,D va 0.25
J 14 trung diém cua OH . ’
Ta ¢6 IFH = IHF = KHC = HKC nén ti giac CKFI ni tiép, suy ra TK.TC =TF.TI .
Do d6 T nim trén truc dang phuong cua hai dudng tron (0) va (J). 0,5
Lai c6 7S L OJ nén TS 1a tryc ddng phuong cua hai dudng tron (0) va (J).
Goi S’ 1a giao diém cua BK va IE.
Tuong tu, chirmg minh duoc S7.8'E =S'B.S'K .
0,25

Do d6 §' thudc truc dang phuong 7S .
Vay S=S', hay S,7,E thiang hang.
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Cau Noi dung DPiém

b) Ly hai diém M, N trén canh BC sao cho BM =CN (M nam gitta B va N).
Puong thang BE cat dudng tron ngoai tlep tam gidc BFM tai diém thir hai 1a P,
duong thang CF cit dudng tron ngoai tiép tam gidc CEN tai diém thtr hai 13 0.

Chung minh ba dudng thang 40, PF, OE dong quy.

3,0

@zﬁ{[\\@:ﬁﬁ=b{M\C, lai c6 FEP=FCM nén hai tam gidc EPF, CMF dong

dang. Suy ra PE.CF = MC.EF (3) 0>
Tuong tu, chimg minh dwgc FQBE=BN.EF (4) |05
PECF MC BE PE

OO oy o ™
Lai co AE _AB _BE :>A—E=E Do d6 hai tam giac AEP, AFQ dong dang.

AF  AC CF  AF QF 0.5
Suy ra FAQ = EAP, vy AP, AQ ding giac dbi véi BAC .
Goi H=PENQF,G=PFAQE. |
Theo tinh chat dudng dang giac ta c6 AH, AG dang gidc d6i voi BAC. 0,5
(Hoc sinh néu ra, khong can ching mink) |
Lai c6 OAB=HAC .Suyra AH, AO dang giac doi voi BAC 0,25

Do d6 A0 va AG trung nhau. Vay ba dudng thiang 40, PF, OF d6ng quy tai G. | 0,25

* Luu y: Goi AG' 1a dwong dang gidc véi AH (AG'= AO). Ap dung dinh ly Ceva dang sin
dé chimg minh FP,EQ, AG' dong quy.

HE . —
sinG' AF 3 sin HAE 3 ESIHPEA 3 HE .sin PEA 3 sin OFE.sin PEA )
sin@ - sinlﬁ - EsinQ/Fjél - HF.sin@ - sin@.sin@

AH

Ap dung dinh 1y Ceva dang sin cho cac duong AP, FP,EP trong tam giac AEF ,ta cé
smlf\E sin PEF .sin PAE . Tuong tu, ta ciing co Sin% _ sin QF\A'Sin Q/Af '
sinPFA  sin PEA.sin PAF sin QEF sin QFE.sin QAF
sinG'AF sin PFE sin QEA

sinG'AE sin PFA stEF
Do d6 FP,EQ,AG' dong quy. Suy ra AG trung véi AG' hay AG dang giac voi AH .

Chﬁy@Z@ Véﬁﬂ?:Q/,ﬁE,suyra -1.
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Noi dung

Piem

Cau 6

Cho da giac 16i T c¢6 dién tich bang 5400 (dvdt) va mot duong thang / tiy y. Ching

minh ton tai mot tam giac c6 cac dinh nam trén cic canh cia 7 va c6 mot canh song| 2,0
song v&1 [/ ma dién tich cua n6 khong nho hon 2025 (dvdt).
0,25
Ta v& hai dudng thang I, I, song song v&i [ va ¢ hai phia déi véi da giac 7, toi tinh|
tién chung cho dén khi chung di qua cac dinh cta da gidc ma ta ki hiéu 13 4, B. Nhu
vay toan bd da giac nam gitra hai duong thang do.
Ta lai v& duong thang /, song song vdi / va cach déu hai duong thang /,, /,; tiép tuc| 5
v¢€ hai duong thfmg L, I, song song voi [ va tuong img cach déu Iy va I, 1.
Hai duong théng L, 1, cit cac canh cua T lan luot tai P,0O,R,S . Ta s€ chirng minh
mdt trong hai tam gidc ASR, BPQ thoa min diéu kién cta bai toan.
Ta v€ hai hinh thang EGHI,JKMN c6 canh day tuong Gng nam trén ly, I, va Iy, I,
va c6 canh bén twong tng 1a kéo dai cta cac canh cua da giac 7' di qua cac diém
tuong tng R,S va P,Q. 0.5
Goi d lakhoang cach gitra /, va /,, S, ladiéntichcua T . ’
d d d

Ta co: SEGH] + SJKMN :RSE + PQE :(RS+ PQ)EZ ST .
Mitkhic S g - RS.2d, Sgop —LP02a. |

: ARS =519 ds Oppg =oAL 0,25
A o 3,3 d_3.
Nen SARS +SBPQ Z(RS‘FPQ)gdzz(RS"rPQ)EZZST 0’25
Do d6 Sz = %ST =2025 hodc Sgpp > %ST = 2025. Suy ra diéu can chimg minh. 0,25
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Cau Noi dung DPiém

Cho cac s6 thuc duong X, y,z théoa man xy + yz+zx = xyz va biéu thirc

P:\/ al +\/ Y +\/ z .TimgiétrilénnhétcﬁaPvétimséthucml(’)n 3,0
X+ yz V+zx zZ+Xxy

nhét sao cho bat déng thitc P> m ding vé1 moi X, ¥,z duong thoa man diéu kién trén.

bat a—l b:l, c=l ,khidotaco a+b+c=1(a,b,c>0)
oy 0,25
Khi do, biéu thite duoe viét lai: Pz\/ ab_, \/ be . \/ ca
___________________________________________________ abtc Nbeta Neatb .
Taco: ab+c=ab+cla+b+c)=(c+a)c+b)
Tuong tu: be+a=(a+b)a+c), ca+b=(b+c)(b+a) 0.5
\/ ab \/ bc \/ ca ab bc ca ’
P= + + = + +
ab+c bc+a ca+b (c+a)(c+b) (a+b)a+c) (b+c)b+a)
A e )
2|\c+a c+b a+b a+c b+c b+a 2 ’
Déu “="xayrakhi a=b=c =§. Vay max P =%. 0,25

Trudc tién, ta chung minh P >m (1) ding khi m=1.

Cau 7 ) JabJa+b +be. b+c+\/£\/c+a 0,25

Khi m=1: P>1&
Ja+bAlb+cAlc+a

Ta di ching minh ab~a+b +belb+c+~JecaNc+a>~a+blb+clc+a.
Ta cé: NabNa+b+~belb+c+cae+a=Ja+bb+cAlc+a 0,5

& \/ a’be(c+a)a+b) + \/ ab’c(a+b)(b+c)+ \/ abc’ (b+c)(c+a) > abc (2)

Nhén xét: Moi hang tir & vé trdi cua (2) ludn 16n hon abe. That vay:
\/azbc(c +a)a+b) = \/a2bc[bc +ala+b+ c)] = \/azbc(bc +a)> \/azbc.bc =abc 0,25
Do d6 (2) ding (dau “=" khong xay ra).

Ta di chimg minh: V&i m > 1, bat dang thic (1) khéng ding véi moi sé thuc duong
a,b,c thbaman a+b+c=1.

3 \ 3 0,25

Vi PSE nén ta chi can xét 1<m£5.
1- t2 )
Glasu’m_]+2t(0<t<—) Khi d6 v61 a=b= ,c=t",taco
0,5

\/ ab \/ bc \/ \/E \/5

+ ,/ =14+2t=m

ab+c bc+a ca+b

Do d6 m>1, bat dang thirc (1) khong ding v6i moi s thuc duong a,b,c thda man 0.25

a+b+c=1. Vay m=1 théa min yéu cau bai toan.

Chii y: Néu hoc sinh ¢ loi giai diing, khdc voi dap dn, Giam khdo can cir thang diém cdu
twong ung cho diem phu hop.
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