NHOM GIAO VIEN TOAN VIET NAM

DINH LY CO BAN CUA VI TICH PHAN VA UNG DUNG
Thdy Aki Le — DH Pon Pa

Trong bai viét nho nay, t6i s& trinh bay dinh Iy co ban cua Vi tich phan va dwa ra mot sé tng dung
cta n6. O day, toi chi mudn dwa ra mét goc nhin lién quan dinh ly va khong cd dinh hudng dén viéc hé

thdng céc két qua theo mat trat tu ¢6 hé thong.

1. Pinh Iv co' ban caa Vi tich phan

Dé tranh sy phién ha, trong bai viét nay toi khong dua ra dinh nghia tich phan xac dinh. Ban doc c6 thé
tham khao céc céch tiép can khac nhau trong cc gido trinh cin ban vé giai tich, ching han st dung
nguyén ham; sir dung téng Riemann; sir dung tong Darboux. Trong bai viét nay, t6i s& sir dung mot sé ky

hiéu sau:
F(X)|_, déthay cho F(a) va di F(x) déthay cho F (X) trong mét s truong hop can thiét.
X
O day, ngoai viéc thira nhan dinh nghia tich phan, ta con thira nhan maot s tinh chat cua tich phan nhu:
b b N , 7 2
Vei f vagthoa [ f()dx, [ g(X)dx ton tai va céc s6 thyc c,d, ta o6 cac két qua bé tre
b
1) L 0dx =0,
b b b
2) j (cf (x) +dg (X)) (x)dx =c j f (X)dx +d j g(x)dx |
b c b , c b .
3) j f(X)dx = j f(X)dx+ j f (X)dX néu j f(x)dx va j f (X)dX tn tai,
4 - . N b b
4) Néu (> g(x) Vi moi xefab] thi [ F(X)dx> [ g(x)dx.

Céc tinh chat khéc cua tich phan néu duoc sir dung s& chiing minh lai. O day, ta cling qui wéc:

j f(x)dx =0va jb f (x)dx:—J': f (x)dx khi a>b.

Trong linh vuc sb hoc, dinh ly vé sy phan tich mét sb tw nhién ra thira s6 nguyén t6 chinh 1a Dinh Iy co

ban ctia S6 hoc. Trong Dai b, dinh ly vé ton tai nghiém (phtic) cua da thirc bac 16n hon bang mot vai hé
s6 phirc chinh 1a dinh 1y co ban cta Dai s6. Tuong tu nhu vay, trong Giai tich/ Vi tich phan ciing c6 mot
dinh Iy dugc goi 1a Binh Iy co ban cua Vi tich phan. Dinh Iy 12 ciu ni hai van d& trung tam cua linh vuc

Vi tich phan (dao ham va tich phan).
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ien tuc. Khi do

i) G(x)= j f (t)dt, x e[a,b] 1a mot nguyén ham cia ham f trén [a;b], nghia 1a G (X) = f (X) voi moi
x €[a;b].
ii) Voi bat ky nguyén ham F cua f trén [a;b], ta déu co

[ fxax=F() =Fb)-F@) (9.

Chirng minh dinh ly dwgc bé qua vi viéc chieng minh tuy thuge vao dinh nghia ciaa tich phan. Tham
chi SGK Giai tich 12 da sur dung dinh 1y nay nhu dinh nghia cta tich phan xac dinh.

Mét s6 nhan xét:

o O daydaohamtai a(b) cia G c6 thé hiéu la dao ham phai (dao ham trai) hoic dinh nghia dua
vao sy mo rong ham G trén (c;d) > [a;b].

e Phan thir nhét, i), cuia Pinh 1y co ban caa Vi tich phan c6 thé viét lai duéi dang

%(j: f(t)dt): F ().

e  Phan thu hai, ii), ciia Dinh 1y co ban cia Vi tich phan dugc biét nhu cong thirc Newton- Leibniz
va c6 thé phét biéu lai: Néu F c6 dao ham lién tuc trén [a;b] thi
b,
[ F®dt=F(b)-F(a).
a
e “Pinh Iy co ban cua Vi tich phan” 13 tén goi cho mét dinh ly cu thé chir khong phai la cach chung
chung cho cac dinh Iy can ban cia Vi tich phan. N6 ¢6 vai trd quan trong trong viéc két ndi hai
khéi niém quan trong bat nhét cua Vi tich phan, d6 12 dao ham va tich phan. Pdng thai dinh Iy cho
ta sy lién hé giita tich phan xac dinh va tich phan bat dinh.

e Theo phan thir nhat cia Pinh Iy, ta cd G(X) = J: f (t)dt 1a mot nguyén ham cua f trén [a;b] va
b \ N . b
G(b)= L f (t)dt. Didu nay ¢ vé mau thuin véi phan thi hai caa Dinh ly: G(b)-G(a) = L f (t)dt.

1 \ r 2 a
Tuy nhién diéu nay khong co diéu gi bat 6n. Taco G(a) = L f(t)dt =0.Do do,

[ £t =G(b)-G(2) = G ).




NHOM GIAO VIEN TOAN VIET NAM

ia Va’l d

a;b]; khi do, theo dinh ly gié trung binh, ta nhan dugc H =F +C trén

[a;b] voi C la mot ham hang s6 thuc (c6 thé xem nhu ham hang), va

Hb)-H(a)=(F()+C)-(F(a)+C) = F(b)—F(a)=_[: f (t)dt.

2. Mot sé hé gua Pinh I¥ co ban caa Vi tich phan

Hé qua 1. Moi ham lién tuc trén mot doan thi c6 nguyén ham trén doan do.
' X ;2
Vidu 1 Tinh f'(0) vsi f(x)=[edt

Binh lugn. Phin thit nhit caa Dinh Iy co ban cia Vi tich phan din dén g(x)=€* ¢6 nguyén ham. Tuy
nhién, nhu ta ¢4 biét ham nay khéng c6 nguyén ham so cap. Chinh vi thé, ta khong c¢6 gang bo cong sic
dé tim cdng thirc twong minh, ¢ hinh thie don gian, caa f(X) = j:etzdt roi tir d6 ta tinh dao ham cua ham
f . Tuy vay, ta cd thé dé dang tim duoc f'(0) nhes vio Binh 1y co ban cua Vi tich phéan.
Loi giai.
Ap dung phin thir nhit cta Pinh Iy co ban cia Vi tich phan, ta nhan dugc f'(X) =e* vai moi x e k. Do

a6 f'(0)=¢’=1.

2xsin(1j—cos(1j khi x # 0,
Vidu2. Choham f(x)= X X
0 khi x =0.

Chang minhrang £ khong lién tuc tai 0 va £ c6 nguyén ham (trén ¥) 1a

NG sin(l] khi x 0,
F(x)= X

0 khi x =0.
Lai giai.
. 1 1 N NPT 1 S a3
Tacod f| — |=-1 f| ——— |=1 dong thoicac ddy { —— ¢, s———— deu hoituve 0. Tuy
2k k+)rx 2k 2k +1) 7z

ién, lim f —1¢1=|I(imf[ L J Vithé f khong lién tuc tai O.
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chinh 1a dao ham cua h(x) = x*sin ™

F 1amot nguyén ham caa f trén &> {0}. D& hoan tit ching minh ta cin kiém tra F (0)=0= f(0).
M‘ =| X| S|n[£j
x—0 X

F(x)—F(0)
Xx—0

That vay, voi x =0, ta co <|x|. Biéu nay dan dén

—|x| < <|x|, vx =0.

Hon nira, Iim(—|x|) =lim|x|=0.

x—0 x—0

Khi do, ap dung dinh Iy kep, ta nhan dugc Iimw =0. Do d0, theo dinh nghia dao ham, F'(O)

x—0 X—0
tdn tai va F (0)=0=f(0). u

Vi du nay cho thay diéu kién lién tuc trong h¢ qua 1 chi 1a diéu kién di va khéng la diéu kién can.
Hé qua 2. Néu f c6 dao ham lién tuc trén [a;b] thi f(X)= f(a)+.|.aX f'(t)dt véi moi x e[a;b].

Hé qua 3. Cho ham s6 u kha vi trén khoang | vahamsé f lién tuc trén khoang K chaa {a}Uu(l).
Khi do %( [ f(t)dt) = F(U())u'(x) v6i moi x € .

Chitng minh. Phan thi nhit cia Dinh 1y co ban cua vi tich phan dan dén ton tai ham F 1a mot nguyén

ham caa ham f trén khoang K, nghia 13 F (X) = f(X) v&i moi x e K. Ap dung phin thit hai caa Pinh

1y co ban cua vi tich phan dan dén LX f (t)dt =F(x)-F(a) véi moi x € K.Hon nita, vi
)

j: ' f (t)dt = F(u(x)) — F(a) nén ap dung cong thirc dao ham ham hop, ta nhan duoc

o

dx

b
Hé qua 4. Cho ham f :[a;b] — & théa f (x) >0 v&i moi x e[a;b] va L f(t)dt=0. Khi d6 f(x)=0 voi

[ f(t)dt) — F' @O (X) = FU)u'(0). |

a

moi x [a;b].

Chieng minh. Xét ham sé F(X)=_[: f(t)dt trén [a:b]. Taco F (X)=f(X)>0 voi moi x<[a;b]. Chinh
vi thé F 12 ham khong giam. Do d6, 0= F(a) < F(x) < F(b) =0 V&i moi x e[a;b]. Tir do, ta thdy

F(x)=0 V6i moi xe[a:b]. Vivay f(X)=F (x)=0. ]

3 nay co thé suy ra tir két qua bo tro 4) cing phuong phap phan chi
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0a f(x)>0 véi moi x e[a;b]. Khido

(®inh ly gia tri trung binh cho tich phan) Cho ham f lién tuc trén [a, b]. Khi d6 c6 s6 thuc

gua

ce(a,b) saocho

lea [*f@dt=t(c).
Chirng minh. Biéu can chirmg minh twong duong I: f(t)dt= f(c)(b-a).
Ta xét ham F(x) = I: f (t)dt trén [a;b]. Hién nhién ham nay c6 dao ham trén[a;b]. Vi thé, theo dinh Iy
Lagrange, tn taic < (a,bysao cho F(0)—F(a)=F (c)(b-a). pidu nay din dén I: f(t)dt=f(c)(b—a).m
Nhéan xét. Pai lugng é J': f (t)dt dugc “gan” y nghia 1a gia tri trung binh cia ham f trén [a;b].

3. Mot sé wng dung caa Dinh Iy co ban caa Vi tich phan

Bai toan 1. Cho ham s f xac dinh va lién tuc trén R. Tim gigi han m}l% IOXZ_X f (t)dt.

Loi giai.

Xét F(X) = jo f (t)dt. Taco ham F kha vitrén =, F(0)=0,F (X) = f (x*—x)(2x-1). Ap dinh
nghia dao ham cung H¢ qua 2, ta nhan dugc

|im1jx £ ()t = lim "X =F©)
x—0 ¥ J0 x—0 X—0

= F'(0)=—f(0).

Bai toan 2. Cho ham sé f :[0;1] — & duoc xac dinh bai  (X) = onz-xmdt V6i moi x e K. Tim
gia tri nho nhat cia ham f .

L&i giai.

Taco f'(x)=(@x—1)1- (€ —x)7.

Trén khoang (0:1), phuong trinh f (X) =0 chi ¢ nghiém duy nhét x = %

Ham liéntuc f s& dat gia tri nho nhét trén [0;1]. Hon nira, ta c6

min,,, f = min{f(O), i Gj f(1)}.
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- Do d6 min,, f =(0)=0.

Bai toan 3. Cho céc sb thuc a, b va ¢ thoa %+g+ ¢ =0. Chirng minh phuong trinh

ax® +bx-+c =0 ¢0 it nhat mot nghiém thudc [0;1].

Lai giai. Xét ham s§ f(X)=ax’ +bx+c. Ap dung Hé qua 6, ta c6 it nhat mot sé thuc X, € (0;2)
sa0 cho ijlf(t)dt— f (%)
1-07 %)

Do do f(x,) =%+g+c =0. T d6, ta thu dugce diéu can ching minh.

Bai toan 4. Cho f :[0;1] —[0;1] 1a ham lién tyc trén [0;1]. Chting minh rang phuong trinh
2x—J'0X f (t)dt =1 c6 duy nhat nghiém trén [0;1].

Loi giai.

Xét ham sé G(x) = 2X—j0X f(t)dt -1 trén [0;1]. Taco ham G kha vi trén (0;1) va lién tyc trén
[O;1].

Taco G(0)=-1<0,G(1) =1—j01 f (t)dt 21—joldt =0 (Vi f(x)e[0;1] v6&i moi x e[0;1]). Do do,
theo dinh ly gia trj trung gian, ton tai ¢ e [0;1] sao cho G(c) =0. Hon ni¥a, trén (0;1), ta cod

G (X)=2-f(X) >0 véi moi xe(0;1). Do dé ham lién tuc G don diéu trén [0;1]. Tir do, ta suy ra

nghiém ¢ ctia phuong trinh G(x) =0 la nghiém duy nhat ciia phuong trinh nay trén [0;1] .

7 4 A ~ .- X .
Bai toan 5. Tim tat ca cac ham sé thuc £ xac dinh va lién tuc trén [% thoa2X — _[0 f(t)dt =1 vsi

moi X e [E.

b b X
Loi gii. Gia sir ton tai mot ham f thoa dé. Vi 2X— jo f (t)dt =1 v&i moi x € 2 nén dao ham 2

vé ta nhan dugc 2— f(x) =0 voi moi x € K. Khi do, 2x—jox f (t)dt =2x— jox 2dt =0#1trén R. Do

d6, khong ton tai ham f nao thoa dé.

4n 6. Cho ae 2 vaham f kha vi trén [0,+o0) thoa méan cac diéu kién: f
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ng minh rang f(x) >0 Vvéi moi X >0.

ai. Ta xét g(t)=e"f(t) trén [0;00). Taco g'(t) =€ ('(t) +af (1)) = 0 Vi moi t [0; +o0).

Taco g(x)—g(O):joxg'(t)dtzo Vi moi x>0.Do d6 €% F(X) > f(0)>0vsi moi x>0. Tirdo, ta

nhan duoc diéu can chiing minh.

Bai toan 7. Cho ham s6 f lién tuc trén doan [0,1] va thoa man diéu kién

}

> [ xf (x)dx.

, 1
Lo qidi. Xétham sé F:[0;—> & véi F(x) = [ f()dtvsi moi x <[0:1]. Khi d6 F(1) =0,

2

F(X)=—f(X)va F(x)2 %

V6i moi x [0,1]. Ta can ching minh

O e

[( F'(0) +xF (x)} dx >0.

Vi (|:'(x))2 HF () =(F () + x)2 —XF'(X) = X? = =XF (X) - X’ v6i moi x <[0;1] nén
1

_H F (X) +XF’(X)] I XF (X)- x :_XF(X)|2+J.:F(X)dX—%

0

I (x)dx——> j x—%zo.

Bai toan 8. Cho ham sé lién tuc f :[0,1] — [0;-+ec) thoa man diéu kien [ f (X)] <1+2 jox f (t)dt vai moi

2

. X
x €[0,1]. Chitng minh rang IO f(t)dt< X+?,VX €[0,1].

Loi giai. Dat F(x)=jox f(t)dt véi x e[0,1. Tacé F(0)=0, F ()= f(X) > 0vsi moi x e[0,1].

Do d6 F'(X) <y1+2F(X) v6i moi x <[0,1]. Tir d6, ta nhan dugc i<1 véi moi x €[0,1].

JI+2F(x)

St dung bét ding thuc tich phan (két qua bd trg 4)), ta nhan duoc jﬁ < J'Oxdt v6i moi

3 J1+2F (1)
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< XVv6i moi x €[0,1]. Chinh vi

t)dt < x+X?,Vx €[0,1]. m

4. Mot sb bai toan lién quan

Bai toan 1. Chang minh ham sé g(x) = _[led_s 1a ham ting trén [1;0).
x Ins

0

jox f (t)dt

[ “tf (t)dt

Bai toan 2. Cho ham sé f lién tuc va duong trén [0;+o0) . Chiing minh rang ham s6 F(x) =

ddng bién trén [0; +w) .

Bai toan 3. Cho ham f xdc dinh trén ¥ duoc xéc dinh bsi f(y) = I;_y(sz _2x+2 %2 +1)dx Vi

moi y e R. Tim gia tri nho nhat caaham f trén [0;1].
7 - A A - X - - .
Bai toan 4. Tim cac ham s6 thuc £ xac dinh va lién tuc trén [ thoa f(X) = jo f(t)dt+1 véi moi x e .

b
Bai toan 5. Cho ham f :[a;b] —>[0;0) lién tuc vacod X, €[a;b] thoa f(X;)>0. Kni do j f (x)dx > 0.

4 N n R 0~ Y . %2 3 _ 3
Bai todn 6. Cho ham so f(x) xac dinh va lién tuc trén [0,1] va thoa man diéu kién J' [ (X)]2 dx < 22 . X

X

véi moi X%, X, €[1,2] sao cho X, < X,. Chitng minh ring J': f (x)dx < g

7 . X . -
Bai toan 7. Tim cac ham sé thuc f xdac dinh va lién tuc trén X thoa 2X—J.1 f (t)dt =2 v&i moi xeE.

Bai toan 8. Cho ham f kha vi trén doan [a, b] dong thoi thoa f (a) =0 va c6 hang sé khong am C sao

cho |f'(x)| < C|f (x)| véi moix e [a,b]. Ching minh f (x) =0 Vvéi moix e[a,b].

Bai toan 9. Cho ham s lién tuc f :[0,1] — & va ton tai s6 thuc  sao cho

0< f(X)SaIOX f (t)dt, ¥x > 0.

Chang minh rang f (x) =0 véi moi x > 0.
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dt, VX, y € (—o0; +0).

1

Bai todn 11. Cho f 1a mot ham s6 thuc xdc dinh trén [1;o0) thoa f (1) =1 va f'(x)= m VOi

moi X >1. Ching minh rang lim f(x) ton tai va nho hon 1+%.

1 1 . .
Bai toan 12. Cho f :[0,1] —[0,1] lién tuc sao cho: IO f(x)dx = jo xf (x)dx . Chizng minh rang ton tai

ce(0,1) saocho: f(c)= J: f(x)dx.

, i . N b
Bai toan 13. Cho ham s6 f xac dinh va lién tuc trén doan [a, b] va thoa man diéu kién L f(x)dx =0.

Ching minh rang ton tai c e (a,b) sao cho f(c)=2005 Lc f (x)dx.

. _ 1 o
Bai toan 14. Cho ham s6 f :[0,1] — & lién tuc trén 1% thoa _[0 xf (x)dx =0. Chirng minh rang
[ t70ax=4([ f (x)o|x)2
0 - 0 '
Bai toan 15. Chohamsd f c6 dao ham lién tuc trén [a;b] VA f(a)= f(b) =0, |f'(x)| <1, Vvxela,b].
Chuang minh rang

b (b-a)’
L|f(x)|dxs .
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