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Lam todn khong voi vang diege, phai lam tie tie d hicw het dige bin chat cia né va 4
nghia cia né twng thiee tién. Da den lic phii tid lai dank hiew cho em né "Godn hoe la niw

Ky thi Quae gia tie nam 2016 — 2018, bai thi mén Godn chuyén tie thi te luan sang

Puae sang kip thi Quéc gia nam 2018 - 2019 dank gid sw ddi méi taan bo trong néi
g/{/O/!/.

Vei: mong mudn dwa w nhing nhaw dink, nhing phan tich cho de Cham Khao 2019
“Phan tich, bink luan v phat tien de Gham Khéo 2019 mén Godn":

Chay Le Gai: Ghing, €o Crink Thuw Hwong
Chay Daw Vet Dat, Le Higw Vhan, Vigs Vguyén Quée MWin
Thay Hoang Xuan Bink, Viguyén Vin Vién, WBoi Van Vam
Chay Vguyén Duy Chier, Viguyen Chank Hai

W@ugx@ﬁmgg& Cnarn/@/uamgx, Thio Fe
%/IW%WDCVM/ HAi, Pham Chi Guan, W@MW
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11. %W%m%m/p% W@w% W%%ﬁay
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Nhom Toan VD - VDC Phin tich dé tham khio BGD

Cau39: Chohamso y = f(a;) Hamsé y = f’(x) c6 bang bién thién nhw sau

r| —oo — 1 +o00
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—+0o0
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=3 / \
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Bat phwong trinh f(x) < e’ +m dang véi moi z € (—1;1) khi va chi khi

Am>f(l)-e B. m>f<—1>—é. C. mzf(—l)—é. D.m > f(1)—e.

Tran Pinh Cw, Nguyén Thanh Hai

&5 Loi binh

Déi voi cac 16p bai toan kiéu trén ta dung phuong phap ham s véi luu y ring

Xét bat phwong trinh f (a:) < m ding véi moi = € (a,b)

Trong truong hop f (x) don diéu ( f’ (x) khong d6i déu ) trén (a, b) va ham f (m) lién tyc trén

|a,b] thi yéu cAu bai toan trer thanh max f (2) <m.

Trong truong hop f (x) dat gia tri 10n nhit tai diém T, € (a, b) thi yéu cau bai toan trd

thénhrﬁ%f(f(x) <m.

- Loi giai

Taco: f(z) <e" +m,Vz € (—1;1) & flr)—e" <m, Vz e (—1;1).

Xét ham s g(z) = f(x) — ", tacod: ¢'(z) = f'(z) —e".

Duya vao bang bién thién f (a:) ta thiy Vz € (—1;1) thi f'(z) <0, —e" <0 nén
g'(x)=f'(z)—e" <0, Vz € (—1;1).

Ham sé ¢ (3:) nghich bién trén (—1;1) va lién tuc trén [—1, 1]

Suy ra: I{I}%)}((f(.’]])—em) = g(—l) = f(-1) —é. Do do: m > f(—l)—é.

Trang 2
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9 CAUTUONG TU

Caul: Chohamso y= f(a;) Hamsé y = f’(x) c6 bang bién thién nhw sau

w
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Bat phwong trinh f(x) > 2°°" + 3m dung véimoi z € khi va chi khi

0;z
2

A m<

_%[f(())—2]. B.m<%[f(0)—2}, Cm<-=

1 T
3f[5]_1.

O;g] & f(x) —2°°" > 3m,Vz €

D.m<—

0, 1]
2

1 T
3f[5]_1.

Loi giai
ChonA

Ta co: f(x) > 2" + 3m dung Vz €

Xéthamso g(z) = f(x) — 207,
Ta co: g'(z) = f (a:) +2“".sinz.In2.

™

Dya vao bang bién thién: f (z)>0,Vz € o;—] va hién nhién 2°*".sinz.1In2 > 0,

[\

™

Vi € O;g .Ham sé g(a:) dong bién trén [0;5] va lién tuc trén [—1, 1]

Do do6: f(:v) — 2" > 3m,Vz €

O,g] < min [f (x) — 2“’”} > 3m

Suy ra: min g(z) = g(0) = £(0) ~ 2. Do d6: m < %[f(o)—ﬂ

0X
2

Cau2: Chohamsoy=f (a;) C6 bang xét ddu dao ham nhw sau:

x I e 3 ] 3 -0

() | 0 ! 0 0

Bat phwong trinh f(:v) <e" ™ 4 m ding Vz € (0;2) khi chi khi.

Am>f(1)-=. B.m>f(1)-=.  Cm>f(0]-1. D.m > f(0)-1.

Loi giai

Trang 3
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Cau 3:

Xéthams6 h(z) = f(z) > = '(z) = f/(2) + (2 - 22)e” ™.
)
)
Suy ra mavch (z) = (1) = f(l)—%.Nén YOBT & m > f 1)_5

NéuxG(O;l) thi f’(x >0 va (2 2z)e” " > 0 nén h'(x >0

o -0
Néu z € (1;2) thi f’(a: <0va (2 — 23:)6'”2’2'” < 0 nén h’(m) <0.
(

Chohamsé y = f (a;) C6 bang bién thién nhw sau:

!

Yy

, ) / 4 \ 2 / 3 \_%

Bat phwong trinh (m2 + 5)f(x) > m c6 nghiém trén khoang (—1;2) khi va chi khi.
A.m <27. B.m<24. C. m < 10. D. m <27.

Loi giai
Chon A

Néu z € (—1;0) thicAhaihims6 y =2 +5va y = f(a;) cung nghich bién.

- 0 =

Néu z € (0;2) thicihaihAmsé y = 2> +5vay = f(x) cung déng bién.
Mgt khac trén khodng (—1;2) thi 2” + 5> 0 va f(z) > 0.
Ta c6 BBT clia ham s8 y = (z2 + 5>f(3:) trén khoang (—1;2).

€ 9

27

—1 0
24
4 \
10

Nén YCBT & m < 27.

Trang 4
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Cau40: Co hai day ghé déi dién nhau, méi ddy c6 ba ghé. Xép ngau nhién 6 hoc sinh, gdm 3 nam
va 3 nit, ngdi vao hai day ghé do6 sao cho mdi ghé c6 dung mot hoc sinh ngdi. Xac suit dé
mdi hoc sinh nam déu ngbi d6i ddi dién véi mot hoc sinh nit bang

S
T
Nguyén Cao Thoi, Nguyén Chién

A. 2 B. —. C.
) 20

ot w

Loi binh
Truéc hét ching ta tim s6 phan ti khong gian mau. Mdi cach x&p 6 hoc sinh vao 6 chiéc
ghé&1a mot hoan vi clia 6 phan ti, vi vAy s phan tir ctia khong gian mau la: ‘Q‘ = 6! cach.
Goi A 1a bién c¢6 mbi hoc sinh nam déu ngéi d6i dién véi mot hoc sinh nit.
Gia st cac ghé& dwoc sdp xép nhu hinh vé

A1 Bl Cl
A2 B2 02

Ta c6 thé tw duy tim s6 phén tir cia A theo 1 trong cac huwdng sau:

Huéng 1:

+ Xép ban thir nhat (nam hodc nir déu dwoc) vao ghé A sé cé 6 cach chon.

Tiép theo sé& xép 1 ban vao ghé A, ban nay phai khac giéi véi ban ngoi ghé A nén sé cé 3
cach chon (néu ghé A la nam thi ghé A, phdila 1 trong 3 ban nir hodc néu ghé A la niv
thighé A, phdila 1 trong 3 ban nam).

+ Tiép tuc xép 1 trong 4 ban con lai vao ghé B, sé& c6 4 cach chon. Xép ban vao ghé B, sé
c6 4 cach chon

+ Sau d6 x€p 1 trong 2 ban con lai vao ghé C| sé c6 2 cach chon. Ban cudi cung chi con 1
cach lwa chon ngoi ghé C,.

Do vay s0 phan ti ctia A la: ‘A‘ =6.3.4.2.2.1

Huwéng 2:

Xép c6 dinh 3 ban cung gi¢i vao 1 day ghé c6 3! cach.

Xép 3 ban thudc gidi con lai vao day c6 3! cach.

O’ cac cip ghé ddi dién nhau hai ban nam va nit ¢6 thé ddi chd cho nhau nén c¢é 2° cach.

Do vy s6 phan tir cia A 1a ‘A‘ = 31.31.2%

Huwong 3:

Xép 1 ban vao ghé thir nhit, gia st xép ban nam th nhat cé 6 cach.

Con lai 5 ghé, ban nam thir 2 khong dwgc ngbi doi dién ban nam thi nhat nén cé 4 cach.
Con lai 4 ghé, ban nam thir 3 khong dwgc ngbi doi dién hai ban nam kia nén c6 2 cach.

Xép 3 ban nit vao ba ghé con lai c6 3! cach.

Do vay s6 phan tir cia A 1a ‘A‘ =6.4.2.3!.

Trang 5
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Chon A

S8 phan tir ciia khong gian mau la ‘Q‘ =6!=T720.
Goi A 12 bién ¢8 mdi hoc sinh nam déu ngoi d6i dién véi mot hoc sinh nit.
Gia str cac ghé& dwoc sdp xép nhu hinh vé:

A B C

1 1

A2 B2 02

Cach 1:

Xép ban thit nhit vao ghé A sé c6 6 cach chon.

Tiép theo sé xép 1 ban vao ghé A, ban nay phai khac giéi véi ban ngoi ghé A nén sé cé 3
cach chon

Tiép tuc xép 1 trong 4 ban con lai vao ghé B, sé c6 4 cach chon. Xép ban vao ghé B, sé c6
4 cach chon

Sau d6 xép 1 trong 2 ban con lai vao ghé C, sé c6 2 cach chon. Ban cubi cung chi con 1
cach lwa chon ngoi ghé C,.

S6 phan tir ctia A 1a: ‘A‘ = 6.3.4.2.2.1 = 288

A
Vay xac suit can tim la P(A) = U _ 288 z
o 720 5
Cach 2:
Xép 3 hoc sinh nir vao cung 1 diy ghé c6 3! cach.
Xép 3 hoc sinh nam vao cung 1 diy ghé cé 3! cach.
O cac cip ghé ddi dién nhau hai ban nam va nit c6 thé dgi chd cho nhau nén c¢é 2° cach.
S6 phin ti ctia A 1a: \A\ =31.31.2° = 288.
A
Vay xac suit can tim la P(A) = U _ 288 g
o 720 5
Cach 3:
Xép ban nam th& nhit c6 6 cach, ban nam thir 2 c6 4 cach, ban nam th 3 c6 2 cach.
Xép 3 ban nir vao ba ghé con lai ¢6 3! cach.
S6 phan ti ctia A 1a: \A\ =6.4.2.3! = 288.
\A\ 6.4.2.31 288

Vay xac sudt can tim la P(A) = ﬁ =l T

2
.

Trang 6
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9 CAU TUONG TU

Cau 1:

Cau 2:

C6 hai ddy ghé& d&i dién nhau, moi diy c6 bén ghé. Xép ngau nhién 8 hoc sinh, gdbm 4 nam
va 4 nit, ngdi vao hai diy ghé d6 sao cho mdi ghé cé ding mot hoc sinh ngbi. Xac suit dé
mdi hoc sinh nam déu ngdi ddi d6i dién véi mot hoc sinh nit va khong c6 hai hoc sinh ciing
gi¢i ngdi canh nhau bang

A.i. B.i. C.l. D.i.
35 35 35 35
Loi giai
Chon B

Madi cach x€p 8 hoc sinh vao 8 chiéc ghé 1a mot hoan vi cia 8 phan tl, vi vy s6 phan ti
clia khong gian mau la: ‘Q‘ = 8! =40320.

Goi A 12 bién ¢8: “Mdi hoc sinh nam déu ngdi ddi dién véi mot hoc sinh nir va khong cé hai
hoc sinh cuing gi¢i ngbi canh nhau”.

Cach 1.

Véi cach xép nhw vy thi ta ¢ hai twong hop
NU | nam | NO | nam nam | NO' | nam | NU’
nam | NO' | nam | NO’ NO' | nam | NO' | nam

Nhu vay ta c6 ‘A‘ =2.41.4! =1152

Vay xac suit cua bién cé A la: P(A) _ 152 i
40320 35
Cach 2.
8 cach hodc ntt, gia st 13 . - . . .
cach (nam hodc nt, gid stt 1a 3 cach (nit) | 2 cach (nam) 1 cach (nit)
nam)
4 céch (ni¥) 3 cdch 2 cich (ni¥) | 1 cach (nam)
(nam)

Theo cach nay c6 ‘A‘ =8.4.3.3.2.2.1.1 =1152.

Do d6 xac suét ctia bién c6 A la: P(A) _ 152 i

40320 35
Mot ban dai c6 hai day ghé ddi dién nhau, mdi ddy c6 5 ghé. Ngwdi ta mudn xép chd ngdi
cho 5 hoc sinh trweong X va 5 hoc sinh tredng Y vao ban néi trén. Tinh xac suit dé bt ci 2
hoc sinh nao ngo6i d6i dién nhau thi khac trweong véi nhau.

A.i. B.i. C.i. D.i.
63 63 63 63
Loi giai
Chon C
14! Bl Cl Dl El
AZ BZ 02 D2 E2
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Cau 3:

Modi cach xé&p 10 hoc sinh vao 10 chiéc gh& 1a mot hodn vi clia 10 phén tt, vi vy s6 phan tk
ctia khong gian miu 1a: \Q\ =10! = 3628800 .

Goi A la bién c6: “bat ctr 2 hoc sinh nao ngo6i doi dién nhau thi khac tredng véi nhau”.
Cach 1:

— Xép ban thit nhit vao ghé A sé c6 10 cach chon.

— Tiép theo sé& x€p 1 ban vao ghé A, ban nay phai khac trvong véi ban ngoi ghé A nén
sé c6 5 cach chon

— Tiép tuc xép 1 trong 8 ban con lai vao ghé B, sé& c6 8 cach chon. Xép ban vao ghé B,

sé c6 4 cach chon

— Tiép tuc xép 1 trong 6 ban con lai vao ghé C| sé c6 6 cach chon. Xép ban vao ghé C,

sé co6 3 cach chon

— Tiép tuc xép 1 trong 4 ban con lai vao ghé D, s& c6 4 cach chon. Xép ban vao ghé D,

sé c6 2 cach chon

— Sau d6 x€p 1 trong 2 ban con lai vao ghé E| s& c6 2 cach chon. Ban cudi cling chi con 1
cach lwa chon ngoi ghé E,.

S6 phan ti ctia A 1a: \A\ =10.5.8.4.6.3.4.2.2.1 = 460800

A
Vay xac suit cin tim 13 P(A) = U _ 460800 i
o 3628800 63
Cach 2:
Xép 3 hoc sinh trieong X vao cung 1 day ghé c6 6! cach.
Xép 3 hoc sinh tredng Y vao cung 1 diy ghé c6 6! cach.
O cac cip ghé ddi dién nhau hai ban nam va nit c6 thé dgi chd cho nhau nén c¢é 2° cach.
S6 phan tir ciia A 1a: \A\ = 51.51.2° = 460800.
4 460800 8

Vay xac suit can tim la P(A) ===
‘Q‘ 3628800 63

Trong ky thi chon hoc sinh gi6i tinh c6 105 em dw thi, c6 10 em tham gia budi gap mit
trude ky thi. Biét cac em d6 c6 so thi tw trong danh sach 1ap thanh mot cip s6 cong. Cac
em ngdi ngau nhién vao hai day ban ddi dién nhau, moi diy c6 ndm ghé va moi ghé chi
ngobi dwoc mot hoc sinh. Tinh x4c suit dé tong cic s6 thi tw ctia hai em ngoi d6i dién nhau
12 bang nhau.

L B L (A D
126 252 945 954
Loi giai
Chon C

Modi cach xé&p 10 hoc sinh vao 10 chiéc gh& 1a mot hodn vi clia 10 phén tt, vi vy s6 phan ti
ciia khong gian mau la: ‘Q‘ = 10! = 3628800 .

Goi A 1a bién c8: “Téng s6 thir tw cia cac hoc sinh ngdi ddi dién nhau 12 bang nhau”.

Trang 8
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Gia st s6 vi tri cia 10 hoc sinh trén 1a u ,u

17 727"

cac cdp s6 c6 tong sau day: u, + u, = u, + u,

..., . Theo tinh chat cla cdp s6 cdng, ta c6

:u3+u8:u4+u7:uﬁ+uﬁ,

10 cAch | 8cach |6cach | 4cach | 2 cach
1 cach 1cach |1cach | 1cach 1 cach
Theo cach nay c6 ‘A‘ =10.8.6.4.2 = 3840
3840

Do d6 xac sudt ctia bién c6 A 1a: P (A) —

3628800 945

Trang 9
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Cau41: Trong khéng gian Ozyz, cho hai diém A(Z;—2;4), B(—3;3;—1> va mit phang
(P) 2r—y+22—8=0. Xét M la diém thay do6i thudc (P) gid tri nhé nhat cta

2MA* + 3MB? bang
A. 135. B. 105. C. 108. D. 145.
Lé Tai Thang, Trinh Thu Hwong

Loi binh
Day la bai toan cuec tri hinh hoc trong khdng gian (ciing giong mdt dang toan cuec tri trong
hinh hoc phang). Str dung kién thirc vé “tAm ti cw” c6 thé giup hoc sinh thdy dwoc ban chat
hinh hoc cta bai todn, déng thoi xay dwng 1én y twdng ra dé cling nhw y twdng chung dé
gidi quyé dang toan nay.

* Tam ti cw: Trong khong gian, cho hé n diém A, A,., A van sothuc k, k,..., k

thoaman k +k, +...+ k =k = 0.Khi d6, ton tai duy nhat mot di€ém I trong khong gian
thod man: klﬁ{ I kQa; + ...+ knE =0

Diém I nhu thé dwoc goi la tam ti cw clia hé diém A gan véicaché so k..

* Str dung “tam ti cy” d€ giai mét s6 bai toan cuec tri hinh hoc.

Bai toan tong quat 1: Cho n diém A, A,..., A va n so thuc k, k..., k thoa man
k 4k, +..+k =Fk=0.Cho deong thang d hodc mit phang (P) Tim diém M trén

duong thang d hodc mat phang (P) sao cho k}m + k,MA, + ...+ k MA | c6 gia tri nhé

nhit.
Phwong phap:

+ Tim diém [ théa man: klﬂ+k2@+...+knz =0.
k MA +k MA, + ...+ k MA

+ =k

i
+ Diém M can tim 13 hinh chiéu vudng goc cia I trén dudng thang d hodc mit phang
(P)-

Bai toan tong quat 2: Cho n diém A, A,.., A va n so thuc k, k,,..., k thoa man
k +k +..4+k =k=0.Cho duong thang d hodc mit phang (P) Tim diém M trén
duong thing d hodc mat phang (P) sao cho T =k MA® + k,MA? + ...+ k MA® c6 gia tri

nho nhéit (hodc gia tri 1én nhit).
Phwong phap:

+ Tim diém I théa man: k IA + kA +..+k IA =0.

+ T =k MA> + k,MA? + ...+ k MA® = kMP + kIA? + K IA2 + ...+ k TA.

+ Do kJA? + kIA? + ...+ k IA® khong d6i nén

Néu % > 0, 7 nhé nhit khi diém M can tim la hinh chiéu vuéng goc ctia I trén dwong
thang d hodc mit phang (P)

Néu k < 0, T'16m nhit khi diém M can tim la hinh chiéu vuéng géc cia I trén dwong
thang d hodc mit phang (P)

Trang 10
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Loi giai
Chon A
Goi I(x; y;z) 1 diém théa mén 274 + 31B = 0 suy ra I(—l; 1;1)
TA? =27 IB? = 12; d([,(P)) —3

2 —2 2 2

- —\2 NN — — —
2MA2+3M32:2(MI+IA) —|—3(MI—|—IB) =5MI +2IA +3IB =5MI*+90

Suy ra 2MA® + 3MB*nhé nhat < MI nhé nhit
Ma MI > d([,(P)) =3

Vay 2MA* + 3MB* > 5.9 + 90 = 135.

9 CAU TUONG TY

Cau 1:

Cau 2:

Trong khong gian véi h¢ toa dd Ozyz, cho tam gidc ABC véi A(213), B(L-12),
C<3;—6;1). Piém M(m; y;z) thudc mit phing (Oyz) sao cho MA® + MB* + MC” dat gia
tri nho nhat. Tinh gia tri cia biéu thttc P =z +y + 2.
A. P =0. B. P =2. C.P=6. D. P =-2.
Loi giai

Chon A
Goi G latrong tdm tam gidc ABC'. Suy ra: G<2;—2;2).

—_—2 —_—2 —_—2
Ta c6: MA* + MB* + MC* = MA + MB + MC

N —\2 N — 2 RN — 2

— (MG + GA| + (MG + GB| + (MG + GC| =3MG* + GA* + GB* + GC*,
Do téng GA® + GB®* + GC? khéng d6i nén MA® + MB* + MC” dat gia tri nhé nhat khi va
chi khi MG* nhé nhit hay MG nhé nhit.
Ma M ndm trén mit phang (Oyz) nén M 1a hinh chiéu vuéng goc cia G 1én mat phang

(Oyz). Suy ra: M(O;—Q;Z).
Vay P=as+y+z=0+(-2)+2=0.
Trong khong gian véi hé truc toa dd Oxyz cho 3 diém A(l;l;l), B(O; 1;2), C’(—Q; 1;4) va

mit phing (P):z—y+ 2 +2=0.Tim diém N € (P) sao cho § =2NA* + NB’ + NC”

dat gia tri nhé nhat.

A N|-L.04] B. N (-2;0;1). ¢ n|-1.3.3] D. N (-1;2;1).
3773 27474
Loi giai
Chon D
V&imoi diém I ta co
—_ —n\2 _— — 2 N — 2
S =2NA> + NB*> + NC* = Q(NI - IA) + (N[ + IB) +(NI +IC)

Trang 11
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Cau 3:

Cau 4:

— ANI® + 2NI 2f4+§+ﬁ +2IA* + IB* + IC*?

Chon diém I sao cho 274 + IB + 1C=0

2;;1—#;&—#%:6(:) 4ﬁ+A_§+EZ 6Suyratoad(§di€m I1a 1(0;1;2).

Khi d6 S = 4NI® +2IA* + IB* + IC?, do d5 S nhé nhat khi N 1a hinh chiéu ctia I 1én
mit phing (P)

z=0+1
Phwong trinh dwong thang di qua I va vudng géc véi mit phang (P) lajy=1—t¢
z=2+1

Toadd diém N (t1—t:2+1)€(P)=t—1+t+2+t+2=0st=—1= N(-121).

Trong khong gian Ozyz, cho hai diém A(1;2; 1), B(2;—1;3). Tim diém M trén mait phang
(Oxy) sao cho MA*> —2MB’ 1én nhit.

A.M[E;l; ] B. M l;—é;o]. C. M(0;0;5). D. M (3;—4;0).
272 2" 2

Loi giai
Chon D

Goi diém E thda EA-2EB=10. Suyra B latrung difmciua AF,suyra F (3;—4;5).
- —\2 - —\2
Khi d6: MA® — 2MB* = (ME + FA) —2(ME + EB) — _ME* + EA® — 2EB’.
Do d6 MA* —2MB* 16n nhit < ME nhé nhit < M 13 hinh chiéu cta E(S;—4;5) 1én
(Omy) & M(3;—4; 0).

Chi y: Ta c6 thé 1am trac nghiém nhu sau

+ Loai C vi M(o; 0;5) khéng thudc (Oa;y).
" 31 1 3 « em , 5 2 s
+ Lan lwot thay M 5;5;0 , M 5;—5;0 , M<3;—4;0> vao biéu thirc MA® —2MB* thi

M (3; —4; 0) cho gia tri 1én nhat nén ta chon M <3; —4; 0).
Trong khong gian véi hé toa dd Ozyz, cho ba diém A(1;4;5), B(3;4;0), 0(2;— 1;0) va

mit phédng (P) :3rx—3y—22z—-12=0. Goi M(a;b;c) thudc (P) sao cho

MA* + MB® + 3MC” dat gié tri nhé nhat. Tinh téng a + b + c.

A. 3. B. 2. C. —2. D. 3.
Loi giai

Chon A

Goi I(x;y;z) l1a diém théa man ﬁ+fj§ + 31C = 0.

Ta c6: 34:(1—33;4—?4;5—2'),52(3—23;4—%—2)

Trang 12
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va 31C — (6~ 32;- 3~ 3y;— 3).

l—-24+3—2+6—-32x=0 r=2
Tirta c6 hé phwong trinh: 14—y +4—y—3-3y=0s ly=1 :»1(2;1;1).
5—2z—2—32=0 z=1

2

—_— —_ —\2 —_— ——
Khi dé: MA? — MA — (MI + IA) — MI? +2MI.IA + A2
— 9 —_ —\2 N
MB? = MB = (MI + IB) — MI* +2MI.IB + IB”.

92 - —\2 N
SMC? = 3MC = 3(M1 n IC) _ 3(M12 L OMIIC + 102).

Do dé: S = MA* + MB® + 3MC* = 5MI* + IA* + IB* + 31C"°.
Do IA* + IB* + 3IC” khong ddi nén S dat gia tri nhé nhat khi va chi khi M1 dat gia tri
nhé nhit. Tic1a M 12 hinh chiéu ctia I 1én mit phang (P) :3r—3y—22—12=0.

Vecto chi phwong cia IM la n = (3;— 3;— 2).

r=243t
Phwong trinh tham s6 cta IM la: {y =1— 3t , (t € R).
z2=1-2t

Goi M(2 361 —3t:1— 2t) € (P) 12 hinh chiéu ciia I 1én mat phing (P).

Khi dé: 3(2+3t)— 1—3t)—2(1—2t)—12:0(:)22t—11:0(:>t:1.
2

7

3
Suyra: M —;—1;0 .Véya+b+czz_l:3_
2 2 2 2
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Cau 42:

C6 bao nhiéu so phirc 2z thoa man ‘zr = 2‘z+;‘ +4 va ‘z—l—z“ = ‘z —3+3z"?

A 4. B. 3. C.1. D. 2.
Khai Nguyén, Ha Thi Mai, Thanh Minh

€5 Loi binh
DAy 1a bai todn tim s6 phirc bang cach gidi hé phwong trinh. Cach 1am phd bién 1a dat
z=1z+ yz’,(:v,y € R) va dwa vé hé phwong trinh dai s6 dé giai.

Pay 1a ciu hdi thudc chwong s6 phirc. Dang toan tim so phirc théa man diéu kién cho
trudrc.
Mirc d6 ciu hdi : Van dung thap.
Kién thirc can vin dung :
- Cac phép toan vé sd phirc.
- Modun s phtrc.
- Kién thirc vé gidi phwong trinh.

Loi giai
Chon B
+Goi z = x—i—yi,(x,y € R).Khi do, ta co:
\Z—l—i\ﬂz—3+3i\© (z—1) +(y—1) =(z—3) +(y +3)
‘2‘22224-2-1—4 x2+y2:4‘x‘+4

_r—4
sV T .
5x2—8(x+2\x\):0

{JIZO

5z — 24z = 0

+5x2—8(x—|—2‘x‘):()<:> Sz € —§;0;% .
z <0 5 5%
52° +8x =0

9 CAU TUONG TU

Cau 1:

2 pa—
Cho s6 phitrc 2 khéng phai la s6 thwc va Z22—Z+4 la s6 thuc. C6 bao nhiéu sé phirc z
2 +2z+4
théa man ‘z-l—E‘-i—‘z—E‘ = |2°|.
A. 0. B. 2. C. 4. D. 8.

+Pitu kidn 2 +2:+4=0 & 2= —1+ix/3.Vi s phitc 2 khong phai 13 s8 thwc nén

P 2244 P 2244
e ¢1;Détw:—z s =

1.
2242244 2242244

Trang 14
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Cau 2:

2w +1)
w—1

Tacd wz’ +2wz+4dw=2"—22+4 & 2* + z+4:O(1).
Vi w 12 s6 thwc khac 1 nén (1) la phwong trinh bic hai v&i hé s6 thwe. Vi ton tai s6 phitc z

khong thuc=- (l)c() hai nghiém phrc 2, 2, khong thwc=- ‘z]‘ = ‘zQ‘ = \/Z =2= ‘z‘ =2.

+bat z=x+ Yy (z,y e R ); ‘z‘:2:>x2—|—y2:4;
‘z+;‘+‘z—;: =2’ + .

‘b 2 +y =4 'yt =4 r =0y = 2
Xethe x2+y2:2‘x‘+2‘y‘ < ‘x‘—l—‘y‘zQ = y=0;2 =42

Vi s0 phitrc z khong phaila sé thwcva z = —1+4v3 nén z = +2i.

13 s thuan ao.

[THPTQG 2017] C6 bao nhiéu s6 phitrc z théa man ‘z — 3z" =5 va

Z_
A. 0. B. Vo s6. C. 1. D. 2.
Loi giai
Chon C
+ Diéukién 2z = 4.Ddt z = z + yi,(z,y € R).
Cach 1:
+Tacé‘z—3z":5<:h/x2+(y—3)2:5<:>a:2+y2—6y:16 (1).
z x4yl _(x+yi>.[(x—4)—yi}_I2_4I+y2 4yi
- ST 2 - 2 o 2
z—4 -4ty (e—4) +v¢° (2—4) +v* (2-4) +v
B 2 2 —4dx +y* =0(2
+ lés6thuﬁnéo<:>x4—f+y:0<:> ) , (>
PR T Y
=41
2 2 yZO
T +y —6y=16
Tir (1), (2) tacohe: |, 0, 0 e[ _16
r 4y —4r=0 x—ﬁ
—24
T
z= E—%z Vay chi c6 1 s6 phirc z théa min.
13 13

Nhan xét: Hoc sinh thwong mic sai 1am 13 thi€u diéu kién z = 4 dan dén khong loai dugc
nghiém.

Cach 2: Vi 14 s6 thuin 0= =bi(bER) = 2 = 4bi -

z—4 z—4 —1+bi
o= 5@‘ wi 5(:)|4bz 3i.( 1+bz| ‘3b+<3+4b)z"_
- bi | —1+4bi ‘ F1+b]

o 9p? +(3+4b)2 = 25.(1+52) o b= %.Véychi c6 1 s8 phitc z théa man

Trang 15
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Cau 3:

[THPTQG 2018] C6 bao nhiéu s6 phirc » théa man |o|(z — 4 — i) + 2i = (5 — i) 2.

A 2. B. 3. C. 1. D. 4.

Chon B

Phan tich: Néu dit 2 = z + yi (z,y € R thi théy khéi luong tinh toan 16n va di dén mot he
phwong trinh phirc tap. Nghi dén phép 14y mé dun hai vé€ cia moét biéu thirc s6 phirc 1a
phép suy ra. Ta chi thwc hién dwoc n6 khi gia thiét ctia bai toan dwoc dwa vé mét trong cac
dang sau:

(a +bi)z = ¢+ di hodc (a +bi)2 = c + di Vi a,b,c,d 1a cAc hiing s6 thc.

a+blzc+di hoac

Z Z

a + bi

= ¢+ di v6i a,b,c,d 1a cAc hang s6 thuc.

Sau khi 14y mé dun hai vé, ta dwoc phwong trinh mét 4n ‘z‘ :

‘z‘(z—4—i)+2i =(5-i)z & z.‘z‘—4‘z‘—z’.‘z‘+2z’: (5—1)2

o ofl =54 8) = 4l + (2= )i = el (1— 5] +1 = 16lef + (2 Jlf

2 2 2 4 3 2
& Jf ([ = 10f] + 26| = 17| ~ afef + 4 & | ~ 0[]+ O+ 4| - 4 =0

‘z‘zl

3 2
& (-1l ~ okl +4) =0 ol +aofs]

Bang cach bAm may tinh ta thdy phwong trinh (2) c6 3 nghiém phan biét trong dé c6 dung
2 nghiém phén biét dwong déu khac 1. Ttr d6 ta thu dwoc 3 gia tri cua ‘z‘ Hon nira do (1),
ta thdy mdi gia tri dwong cta ‘z‘ thay vao (1) ta dwgc mot s6 phirc 2 théa man yéu cau bai

toan. Vay c6 3 so phtrc.
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Cdu43: Chohamsé y = f (x) lién tuc trén R va c6 d6 thi nhw hinh vé dwdi day. Tap hop tit ca
céc gia tri thyc cia tham s6 m dé phwong trinh f (sin q;) = m c6 nghiém thudc khoang

(0;77) la

=13

A [-1;3). B. (~1;1). C. (-1;3). D. [-1;1).

Ngonguyen Quocman, Dau Vét Hat, Nhan Lé

@
&5 Loibinh

Dby la bai toan vé su twong giao do6 thi. Dé bai da cho do thi cia ham f <a:) nén ta nghi dén
viéc dung d6 thi dé giai. D€ str dung dwoc do thi thi cin dwa f(sin :v) vé dang f(m) T d6

ta nghi dén viéc dat 4n phu dé€ dwa vé ham ban dau va str dung dwoc do thi dé giai bai toan
twong giao. Chid y tim mién gia tri cho bién mai.

Y & sinw

[

Loi giai
Chon D
bat ¢t =sinz,do z € <0;7r) nén t € (0; 1] (xem hinh trén)
Khi d6 phwong trinh trér thanh: f(¢) = m,t € (0;1]. Do thi f(¢) trén (0;1] nhu hinh vé.
Ttr d6 thi ta c6: Phwong trinh f (sin x) = m c6 nghiém thudc khoang (O; 7r)
< phuong trinh f(t) = m c6 nghiém trén nira khoang (O; 1] S me [—1; 1).

Nhan xét: Pay la cdu hdi thudc chwong ham s6 cua 16p 12, dang twong giao dung do thi
Mirc d0 cau hoéi: Vian dung thip.

Kién thirc van dung: Pt 4n phuy, tim diéu kién cho 4n phu (lwong gidc), biét quan sat doé thi
trén mot mién cho trwdec, biét dung do thi dé€ bién luan su twong giao.
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9 CAU TUONG TY

Caul: Chohams6 y = f(z) xac dinh, lién tuc trén R va c6 d6 thi nhw hinh vé. Cé bao nhiéu gia

tri nguyén cua m dé phwong trinh 2.f(3 — 4N6x — 9x2) = m — 3 cé nghiém.

A 13. B.12. C. 8. D. 10.

Loi giai
ChonB

Véi z €

taco 0 <6z — 92> = \1—(1—32)° <1 0> —4V6z — 92> > —4

0;2
3

& 3> 3 — 446z — 927 2—1.Du‘ave‘lod‘éthidéchosuyraf(3—4 6x—9x2)€[—5;1}.
Khi d6 phwong trinh 2.f(3—4 6x—9x2):m—3 c6 nghiém
@_5§m—3
2
Do m € Z nén mE{—?;—6;—5; —4;—3;,—2; -1, 0; 1; 2; 3; 4; 5},c6 13 gia tri cha m

<l -7T<m<I5h.

thoa deé.
Cau2: Cho hams6 y= f(x) xac dinh trén R va cé d6 thi nhw hinh bén. C6 bao nhiéu gia tri

nguyén cua tham s6 m dé phwong trinh: f [4 (sin4 T + cos’ x)] =m co6 nghiém.

A 2. B. 4. C. 3. D. 5.
Loi giai
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Cau 3:

Cau 4:

batt = 4(sin4 T + cos’ x) =4—-2sin’2r =t € [2;4].

Do dé phwong trinh f[4(sin4 r + cos’ x)] = m c6 nghiém < phwong trinh f(t) =m c6
nghiém trén doan [2;4] .

Dwa vao d6 thi dia cho ta thdy: phwong trinh f(t) =m c6 nghiém ¢ vo&i

te[24] e 1<m <5.vay me {1,234},

Chohamsé y = f (a;) lién tuc trén R va c6 do thi nhw hinh vé. C6 bao nhiéu gia tri nguyén

ctia tham s6 m dé phwong trinh f(f(sin x)) = m c6 nghiém thudc khoang (0;71').

4y

=13

A 1. B. 2. C 3. D. 4.

chon Loi giai

bat ¢t = f(sina:), do z € (0;77) =ginx € (0;1] =>te [—1;1).

Do d6 phwong trinh f(f(sin x)) =m c6 nghiém thudc khoang (0; 7T) khi va chi khi
phwong trinh f(t) = m c6 nghiém thudc ntra khoang [—1; 1).

Quan sat do6 thi da cho: yéu ciu bai toan < m € (—1; 3] .

Cho ham s6 y = f(x) lién tuc trén R va c6 do thi nhw hinh vé. Goi S 1a tip hop tit ca cac
gia tri nguyén ctia tham s6 m dé phwong trinh f(sin x) = 3sinz + m c6 nghiém thudc
khoang (0; 7r) . Téng cac phan tir clia S bang

&y

=13

A —8. B. —10. C. —6. D. 5.
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AV}

bat ¢t =sinz,do z € (0;71') = sinx € (0;1] =>te (0;1].

Goi A, 1a dwong thang qua diém (1; - 1) va song song v&i dwong thang y = 3z c6 phwong
trinh y = 3z — 4.

Goi A, 1a dwong thang qua diém (O; 1) va song song v&i dwong thang y = 3z ¢6 phwong
trinh y =3z + 1.

Do d6 phwong trinh f(sinz) = 3sinz +m c6 nghiém thudc khoang (o; 77) khi va chi khi

phwong trinh f(t) = 3t + m c6 nghiém thudc nira khoang (0;1} S —4<m<l1.
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Cau 44:

Ong A vay ngan hang 100 triéu dong véi 1ai suat 1% /thang. Ong ta mudn hoan no cho
ngan hang theo cach: Sau dung mot thang ké tir ngay vay, 6ng bat dau hoan no; hai Ian
hoan no lién tiép cich nhau ding mot thang, s6 tién hoan ng' & mdi thang 1a nhw nhau va
ong A trd hét no sau ding 5 nam k€ tir ngay vay. Biét rang moi thang ngin hang chi tinh
13i trén sd dw no thuc té€ clia thang d6. Hoi s6 tién moi thang 6ng ta can tra cho ngin hang
gan nhat v&i so tién nao dwdi day?
A. 2,22 triéu doéng. B. 3,03 triéudong. C. 2,25 trifudong. D. 2,20 triéu dong.
Nguyén Van Vién, Binh Hoang, Bui Van Nam

Loi binh
Phén tich bai toan goc: ) .
Y tudng chinh cua cdu nay xuat phat tir bai toan 1ai kép, md dau cho bai phuwong trinh mil trong
chuong trinh sach gido khoa 12 co ban hién hanh. Tuy nhién, mirc d§ ¢ cau hdi nay dugc nang
1én d6 1a bai todn kiéu trd gop; yéu cau vé kién thurc doi véi hoc sinh la phai hiéu dugc ban chat
cua bai todn, dong thoi c6 su tich hop, ghi nhé va tai hién kién thue cia lop 11, do 1a tong n
s0 hang dau cua mot cap s6 nhan. Chung ta cung lam 10 bai toan goc sau day:
Bai toan: Ong A vay ngan hang so tién S (triéu dong) véi 1ai suat 7% /thang. Ong ta muon
hoan n¢ cho ngén hang theo cach: Sau dung mot thang ke tur ngay vay, ong bat dau hoan no;
hai 1an hoan no lién tiép cach nhau dang mot thang, s6 tlen hoan ng ¢ moi thang la nhu nhau va
ong A tra hét ng sau dung n nam ké tir ngay vay. Biét rang moi thang ngan hang chi tinh lai
trén s du no thyc té cua thang d6. Hoi sb tién mdi thang 6ng ta can tra cho ngan hang 13 bao
nhiéu?
o N Loi giai )
Goi z 1a so tién 6ng A hoan ng moi thang, sau ding madt thang ké tir ngay vay.
S tién 6ng A no ngan hang sau mot thang la: S + S = S (1 + r) (tridu dong).
Sau khi hoan ng lan thtr 1 thi s6 tién 6ng A con ng la: S (1 + r) — z (tridu dong).
Sau khi hoan ng lan thir 2 thi s6 tién 6ng A con no la:
2 3\
S<1+r)—x+[5<1+r)—x]r—x: S(1+r) —x[(l—kr)%—l} (tri¢u dong).
Sau khi hoan ng lan thtr 3 thi s6 tién 6ng A con no la:

s(m)?_x[(m)ﬂp{s(m)?_x[(1+r)+1]}r_x

=S5 (1 + r)s —z (1 + 7“)2 4 (1 + 7’) + 1| (triéu dong).

Ly luan tuong tu, sau khi hoan ng 1an thir 7 thi s6 tién 6ng A con ng ngan hang la:

S<1+r)n—x

(T T (T 1}

n 1+7) —1 n n
—S(1+7) _mﬁ:s(m) = (R
Vi sau n thang ong A tra hét no, cho nén:
S(t+r) =Z|1+7) -1 :O@x—sr(l—’—r)
g (1+r) -1
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S.r (1 + 7’)71

Vay s6 tién mdi thang 6ng ta can tra cho ngén hang 1a z = - .
(1+r) -1

Loi giai
Chon A
Véi S =100 triéu dong, » = 0,01 va n = 5.12 = 60 thang thi:

60
100.0.01(1 +0.01)
T =

- ~ 2,22 triéu dong.
(1+0.01)" -1

9 CAU TUONG TU

Cau 1:

Cau 2:

Cau 3:

Sinh vién B dwoc gia dinh gtri ti€t kiém s6 tién 300 triéu dong vao ngin hang theo mic ki
han 1 thang véi lai suit tiét kiém 1a 0,4% / thang. Mdi thang, vao ngay ngin hang tinh 13i,
sinh vién B rat ra mdt s6 tién nhw nhau dé trang trai chi phi cho cudéc séng. Hoi hang
thang sinh vién nay rat sé tién xap si bao nhiéu dé sau 5 nam hoc dai hoc, so tién tiét kiém
vira hét?

A. 5.633.922 dobng. B. 5.363.922 dong.  C. 5.633.923 dong. D. 5.336.932 dong.

Loi giai
Chon C
Ap dung cong thirc da thiét1ap, véi S = 3.10°; » = 0,004; n = 60.

Khi d6, s6 tién hang thang ma sinh vién B riatra la:

T = M ~ 5.633.923 dong.

(14+7) -1

Mot nguwoi vay ngan hang 200 triéu dong véi ldi sudtla 0,6% mot thang theo thoa thuin:
Sau diing mot thang ké tir ngay vay thi 6ng bat diu tra ng va déu dian cr mdi thang nguwoi
do sé tra cho ngin hang 9 triéu dong cho dén khi hét ng (biét rang, thang cudi cung c6 thé
trd dwdi 9 triéu dong). Hoi sau bao nhiéu thang thi ngwdi d6 tra dwoc hét no ngan hang.
A. 24. B. 23. C. 22. D. 25.

Loi giai
Chon A
Ap dung bai toan trén véi z = 9 triéu; S = 200 triéu; » = 0,006.

S.r (1 + r)yl

Visau n thang éng A trd hétno, chonéntacod z = .
(1+r) =1

n n T T ,
& r = (:L“ — Sr)(l + T) & (1 + 7") = p— Sn = log(m) [az——Sr] ~ 23,9 thang.
Vay sau 24 thang thi ngwoi do tra dwoc hét ng ngan hang.

Anh C di lam véi mirc lwong khéi diém 1a z (triéu dong)/thang, va so tién lwong nay
dwoc nhin vao ngay diu thang. Vi lam viéc cham chi va c6 trach nhiém nén sau 36 thang
ké tir ngay di lam, anh C dwoc ting lwong thém 10% . Mbi thang, anh ta gitr lai 20% s&
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tién lwong dé gii tiét kiém vao ngan hang véi ki han 1 thang va 1ai suit la 0,5% /thang,

theo hinh thirc 13i kép (tc 1a tién 13i cia thang nay dwgc nhap vao von dé tinh 13i cho

thang tiép theo). Sau 48 thang ké tir ngay di lam, anh C' nhan dwoc s6 tién ca géc va lai la

100 triéu dong. Hoi mirc lwong khéi diém ctia ngwoi d6 1a bao nhiéu?

A. 8.991.504 déng. B. 9.891.504 dong.  C. 8.981.504 dong. D. 9.881.505 dong.
Loi giai

Chon A

+ Lai suat r = 0,5% = 0,005.

+ SO tién gdc ban dau glvi vao moi thangl1a A = 0,2z.

+ S0 tién ca gbc va ldi nhin dwoc sau 36 thangla

(et et SR il

T T

A = Al+r).
+ Bat dau tir thang th& 37 s6 tién géc ngwoi ndy gui vao ngan hang 1a
(x + 2.10%).20% = 0,22z.

+ SO tién ca gbc va 1di nhdn duoc sau 48 thang la:

1+7r)"7 -1
r

S=A047r)"+022z.(1+7).

3 (1+ 7’)36 —1
. T

1+ -1

=0,2z(1+r) +0,22z.(14 7).

rS

Suyra: z = — .
0,21+ ) |1+ 1) —1{+ 0,221 + 7)|(1 +7)* —1

Theo gia thiét bai toan ta co:
0,005 x 10°
0,2(1 4 0,005)"* [(1 +0,005)% — 1} +0,22(1 + 0,005) [(1 +0,005)2 — 1}

T = ~ 8.991.504

déng.

Vay mirc lwong khéi diém cta anh C 1a 8.991.504 dong.
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Cau 45:

Trong khéng gian Ozyz, cho diém E(2;1; 3) , mit phing (P) 12 +2y —2z—3 =0 vamat
cau (S) : (x — 3)2 + (y - 2)2 + (z — 5)2 = 36. Goi A 1a dwong thang di qua E, ndm trong

(P) va cat (S ) tai hai diém c6 khodng cach nhé nhat. Phwong trinh ctia A 1a

=249t r=2-—>5t T=2+t r=2+4t
Ajy=1+9t. B.iy=1+3t. Ciy=1-t. D.jy=1+3t.
z=3+ 8t z=3 z2=3 z2=3—3t

Nguyén Duy Chién, Nguyén Khai

€5 Loi binh
Két qua quen thudc ctia 16p 9: Trong cac diy di qua mot diém E & trong mot dwong tron,
day vudng goc v&i ban kinh di qua £ 1a ddy ngan nhat.

Mt ciu (S) 6 tim I(3;2;5) vabankinh R =6.

IE=1? +1* + 2 =/6 < R = diém E nim trong mat ciu (S)

Goi H 1a hinh chiéu ctia I trén mit phang (P), A va B lahai giao diém cia A véi (S)
Khi d6, AB nhé nhat <> AB L HE,ma AB L IH nén AB L (HIE) = AB L IE.

Suy ra: u, = n,; BI| = (5-50) = 5(1;—1;0).
r=2+t

Vay phwong trinhciia Alajy=1—1¢.
z=3
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9 CAU TUONG TY

Cau 1:

Cau 2:

Trong khong gian Ozyz, cho diém E(2;1;3) , mit phang (P) :2r +2y —2—3=0 vamat

2 2 2 2 >
cau (S) : (x — 3) + (y — 2) + (z — 5) = 36. Goi A la dwdng thang di qua F, nam trong

(P) va cat (S) tai hai diém c6 khodng cach nhé nhéit. Biét A c¢6é mot vec-to chi phwong

i = (2018;y,;2,). Tinh T = z —y,.
AT=0. B.T = —2018. C. T = 2018. D. T = 1009.
Loi giai

Mt ciu (S) 6 tm 1(3;2;5) vabankinh R = 6.

IE =1 +12 +2* =6 < R = diém E nim trong mat ciu (S)

Goi H 1a hinh chiéu clia I trén mit phang (P) A va B lahai giao diém cia A véi (S)
Khi d6, AB nhé nhat <> AB | HE,ma AB L IH nén AB L (HIE) = AB L IE.,
n,iEl

Suy ra: Z = = <5;—5;0) = 5(1;—1;0).

Suy ra i = (2018;-2018;0),do d6 T = z, —y, = 2018.

143

[S&* GD&DT Ha N6i-2017] Trong khéng gian Oxyz, cho diém M[2 7;0] va mat ciu

(S) c2” 4+ 9y 4+ 2° = 8. Puong thang d thay déi, di qua diém M, cit mat cau (S) tai hai
diém phan biét. Tinh dién tich 1én nhit S cia tam giac OAB.
A S =A. B. S =4. C.S=21. D. S = 22.

Loi giai
Chon A
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Mit cau (S) c6 tim O(0;0;0) va ban kinh R =22

Vi OM =1< R nén M thudc mién trong clia mit ciu (S) Goi A, B la giao diém cua
dwong thiang véi mat cAu. Goi H 1a chan dwdng cao ha tir O cta tam giac OAB.
Pit = OH,taco 0 <z <OM =1, dong thoi HA =R — OH* = /8 — 2% . Vay dién
tich tam giac OAB la

S

OAB —

%OH.AB — OH.HA = o8 — 22

Vay gia tri 16n nhat cia S

Khdo sat ham s§ f(z) = V8 — 2” trén (0; 1], ta duoc rrtahxf<:p) = f(l)
d L OM.

— 7.
noup = N7, dat dwoc khi z =1 hay H = M, no6i cach khac la
Cau3: Trong khong gian Ozxyz, cho diém E(1;1;2), mat phing (P):x-i—y—i—z—él =0 va mat
cau (S) 2" +19° + 20 =9.Goi A la dwong thing di qua F, ndm trong (P) va cat (S) tai
hai diém c6 khoang cach nho nhit. Phwong trinh cia A la
x=1+4+1 =1 r=1-1 =142t
Ajy=1+t¢. B.jy=1+¢. Ciy=1+t¢. D.iy=1+4+1¢
z=24+t z=2-1 5 =2 z=2—1
Loi giai
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Cau 4:

Mt ciu (S) c6 tim O(0;0;0) vabankinh R = 3.

OE =1* + 12 +2* =6 < R = diém E nim trong mat ciu (S)

Goi H 1a hinh chiéu clia O trén mit phang (P) A va B lahai giao diém cia A véi (S)
Khi d6, AB nhé nhidt < AB | HE,ma AB | OH nén AB | (HOE) = AB | OF.

r=1—-1
Suyra: u, = E;Eé] = (—1;1;0).Véy phwong trinhcia A la jy =1++¢.
z2=2

Trong khong gian Ozyz cho diém E(l; 1;1), mit cau (S) c2” 4+ 9y’ + 2° = 4 va mat phang
(P) cx—3y+52—3=0.Goi A la dwong thang di qua £, nim trong (P) va cat (S) tai
hai diém A, B sao cho tam gidc OAB la tam giac déu.

x—1 y—-1 =2-1

A d: -z y—-1 z-1

B.d: - _ _
2 1 1 2 1 -1

Mt ciu (S) c6 tam O(0;0;0) va bankinh R = 2.

2 4+12 412 =+/3 < R = diém E nim trong mat ciu (S)
Goi K 1la hinh chiéu cia O lén AB. Vi AQOAB d&u nén

0AN3 _ RA3 _3-ox
2 2 '

OK =

Suyra K = E. Dodé AB L OF.Suyra: u, =

E;O—E} = (8—4—4) = 4(2-1,-1).

Véyphu’(rngtrinhcﬁaAléd:xglzy_lzZ_lﬁd:x_lzl_yzl_z.
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Cau 46:

Mot bién quang cdo cé dang hinh elip véi bon dinh A, A, B, B, nhu hinh vé bén. Biét
chi phi son phan td6 ddm 1a 200.000 déng/m* va phan con lai 1a 100.000 déng/ m*. Hoi s6
tién dé€ son theo cach trén gin nhat véi s6 tién nao dwdi day, biét AA =8m, BB, =6m

va tr giac MNP(Q la hinh chit nhatc6 MQ = 3m?

A. 7.322.000 dong. B. 7.213.000 déng.  C. 5.526.000 dong.  D. 5.782.000 dong.
Nam Phwong, Duy Pham Lé, Lé Thao

€5 Loibinh

DAy 1a dang toan lién quan dén thuc tién c6 sw két hop khéo 1éo gitta ba ndi dung: Xac
dinh phwong trinh ctia Elip trong hinh hoc 16p 10, tng dung cda tich phan trong viéc tinh
dién tich hinh phang va bai toan tinh cho phi cho dién tich hinh phang.

Véi quan diém cd nhén dé€ gidi quyét bai todn nay ta sé cé ba buwéc nhw sau:

Bwaorce 1:Tinh dién tich Elip

+ Tinh theo cong thirc S( B = mab

+ Tim phwong trinh Elip roi sau d6 st dung cong thitc hinh phang dé tinh dién tich Elip.

Buwéc 2:Tinh dién tich hinh phang theo yéu ciu dé bai.
Buwéc 3: Tinh chi phi cho cdng viéc clia hinh phang theo yén ciu cua dé bai.

Loi giai
Chon A

Gia st phwong trinh elip (E) =4 ==1.
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A1A2:8®l2a:8<:>{a:4

BB, =6

Theo gia thiét ta c6 {

2 2

= (B): =+ i =12y 12\/16—932.

16 9

Dién tich cta elip (E) la: Ss)

MZdﬁ(E)) Vi d - y—§:>M[ 2M3; ]véN[Q\/g;g].

N:dm(E

= mab =127 (mQ)

Taco: MQ =3 =

Khi d6, dién tich phan khong td maula S = 4f[ V16 —z ]dx =47m — 6\/_ ( )
23

Dign tich phan té maula ' = 5, — 5 = 87 + 3.

SO tién d€ son theo yéu cau bai toan la:

T = 100.000 x (47r —6v3 ) +200.000 x (87r 1643 ) ~ 7.322.000 dbng,
Cach 2:

B,

Vi elip c6 do dai truc 1é6n 2a = 8 < a = 4, d0 dai truc bé 2b = 6 < b = 3 nén elip c6 dién
tichla § = mab = 127.
Gan hé truc toa dd Oxy sao cho A A, trung Ox, B B, trung Oy khi d6 elip c6 phwong trinh

2 2
chinh tic = + L —1.
16 9

Vi MQ=3 nén NP =3 nén diém N cbé toa do la N[mo;g]. N thudc elip nén

2 2 2
— 3. Taco f—6+%:1@y2:9[1—x—].
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Goi S la dién tich hinh phang giéi han

1

’ 2
y:3 1—f—6, y:O, x:o, :1722\/5.

b&éi  cac  dwong

Do tinh ddi xi&ng cua hinh elip nén dién tich phin dwgc t6 dam Ia

2\/5 xQ
S=45 =4 3,/1——dzx.
! ) 16

bat x = 4sint = da = 4 cost.dt.
Khisz:tzO.Khix=2\/§:>t:§

Do do

™

S

— 874643,

Dién tich phén con lai cta elip 1a 127 — (87r + 6\/5) — 47— 6V3

O.\w\a

4

o%w\ﬁ

3
3.41 —sin’ t cos t.dt :48f cos’ t.dt = 24

Do d6 sé tién can lam bién quang céo la

T = (87r n 6x/§).200000 v (471' — 63 ).100000 ~ 7322000 dong,

9 CAU TUONG TU’

Mot mat ban hinh elip c6 chiéu daila 120 cm, chiéu rong 1a 12 60 cm. Anh Hai mudn gan da
hoa cwong cho mat ban theo hinh (phan da hoa cwong trang va phan da hoa cwong mau
vang), biét rang phan mau vang ciing 12 elip c¢6 chiéu dai 100 cm va chiéu rong 1a 40 cm.

Biét réing d4 hoa cwong mau trang c6 gia 600.000 vnd / m” va da hoa cwong mau trng cé

Cau 1:

<1+c082t)dt =

s
3

24 [t + %Sin 2t]

0

gia 650.000 vnd / m”. Hoi s6 tién d€ gdn da hoa cwong theo cach trén gan nhit véi s6 tién

nao dudi day?

Im

'!' |:! 1”

A. 355.000 dong. B. 339.000 dong. C. 368.000 dong.

Loi gidi
Chon A

D. 353.000 dong
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Cau 2:

y’

3

Goi phwong trinh chinh tac cda elip ( ) c6 dang: = + =1
a’

{A1A2_12_2a

BB =0,6=2b
a=0,6
=
b=0,3 N
2 2
0,36 0,09

&y = i%\/0,36—x2

Suy ra dién tich cta hinh elip 1én la:
0,6 0,6

—4f—«/036—xdx—2f«/036—xdx—0187r( )
| AAI=1=20 @{a:0’5—>(EN): z_ ¥ :1@y:i§«/0,25—x2.

B'B,'=04=2 " |b=0,2 0,25 0,04

Suy ra dién tich cta hinh elip nh4 la:
0,5 0,5
50 :
Sie = 4fg\/0,25 Y %f«/O,% _2¥dr = 0,17r(m2).
! 0 0

Goi S;S5, lan lwot la dién tich phan gan da hoa cwong mau trang va phin gan da hoa
cwong mau vang. Ta cé: S, = S(E') =0, 177(m2>.

Suyra: S, = S(EL) — S(EN)
T = 0,087.600000 + 0,17.650000 ~ 355.000 (d6ng).

= 0,187 + 0,17 = 0,087 . Goi T 1a tong chi phi. Khi d6 ta c6

M6t mat ban hinh elip cé chiéu dai la 120 c¢cm, chiéu rong la 1a 60 cm. Anh Phwong muén
gan da hoa cwong va dan gach tranh trén mit ban theo hinh (phan da hoa cwong bén
ngoai va diém nhan bén trong 1a b tranh gdm 2 miéng gach véi kich thuwdc mdi miéng 1a
25 cm x 40 cm). Biét rang da hoa cwong c6 gia va bd tranh gach c6 gia 300.000 vnd/bd.
Héi s6 tién dé gin da hoa cwong va dan gach tranh theo cach trén gan nhat véi s6 tién nao
dudéi day?

Y

=Y

B

A. 519.000 dong. B. 610.000 dong. C. 639.000 dong. D. 279.000 déng.
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Cau 3:

Chon A
Ay

By

2 2
Goi phwong trinh chinh tic cta elip (E) c6 dang: :c_2 + ‘z—z =1
a

. |AA =1,2=2a a=0,6 22 Y’ 1 3
v N E): —1ey=2-1036—2".
01{3132:0,6:219 b0~ E)gagt R

0,36 0,09

Suy ra dién tich cta hinh elip la:
0,6 0,6
0 ,

Sey = 4f?/0, 36 — 2%ds = 2f\/0,36 _2¥dr = 0,187r(m2).
0 0

Goi §;5, lan lwot 1a dién tich phan da hoa cwong va b6 tranh

Ta c6: S, = 2x0,25%0,4 = 0,2<m2)

Suyra: 5, = S, — S, = 0,187 — 0,2(m’).

Goi T la tdng chi phi. Khi dé ta c

T = (0,187 — 0,2).600000 + 300000 ~ 519.000 (ddng).

Mot manh vwon c6 dang hinh tron ban kinh bang 5m. Phan dit canh tac trong rau (phdn
té den) trong hinh vé bén dwéi, hinh chit nhat ABCD va MNPQ c6 AB= M@ =5m.
Biét réng ctr 1 m’ dit canh tac thi cAn 30.000 (dong) tién mua hat giéng. Hoi s6 tién can dé

mua hat giong tréong hét dién tich phan dit canh tac gan véi s6 nao sau day
A B

M

(_2 P

D e

A. 2.119.800 dong. B. 2.191.000 dong. C. 2.218.000 dong. D. 2.218.900 dong.
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Cau 4:

Loi giai
Chon A
Y

D

Phuwong trinh dwong tron la 2” +y* =25 (C).

Dién tich hinh phéng gi¢i han béi dwomg tron (C') va cac dwong thing AD, BC la:
5
2

S, :4fv25—x2dx :%Tw—i_#.

0

Dién tich hinh phing gi¢i han b&i dwong tron (C’) va cic dwong thing MN, QPla

S,=85,.
Suy ra dién tich dat canh tac
5 =05 +5, _SIJKL :mTW+25\/§_25 (m2)

Do d6 s6 tién la: 2.119.800 dong.

Mot chiéc céng c6 hinh dang la mot Parabol c¢6 khoang cach gitta 2 chin congla 8m.
Nguwoi ra treo mot tAm phong hinh chit nhat c6 2 dinh M, N nam trén Parabol va hai dinh
P, Q nim trén mit dit (nhw hinh vé ). O phan phia ngoai phdng (phdn khéng té den)
ngwdi ta mua hoa dé trang tri véi chi phi cho 1m® cn s6 tién mua hoa 1a 200.000 (VND),
biét MN = 4m, PQ) = 6m. Hoi so tién ding dé mua hoa trang tri chiéc cong gan véi s6

tién nao sau day

M N

N

"'1 ¢ P I

L

A. 3.733.300 dong. B. 3.373.400 dong. C. 3.437.300 dong. D. 3.434.300 dong.
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_ﬁff N

A |

A @ O P B

Phwong trinh (P) codang y = az” + b <P)
(P) diqua B(4:0) va M(2:6) = (P): y = —%xQ +8

Dién tich hinh phéng gi¢i han béi (P) va truc Ozla

S = 2][8 —%xQ]dx = %(mQ).

0
Dién tich phan tréng hoa la

S=85 -8 %—242@(&).

1 MNPQ 3 3

Do d6 s tién la: 3.733.300 dong.
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Cau47: Cho khdildng tru ABC.A'B'C’ c6 thé tich bang 1. Goi M,N lan lwot 1a trung diém cla
cac doan thang AA’ va BB'. Puong thang CM cat dwong thing C’A’ tai P, dwong thing
CN cat dudng thang C'B’ tai (. Thé tich khdi da dién 16i A’ MPB'N(Q bang

A 1. B.l. C.l. D.z.
3 2 3
Nguyén Vin Ai, Pham Chi Tuan, Phi Hung Hoang
&5 Lo binh

V&i cac bai todn tinh thé tich cac khoi da dién (H) thudc dang khong quen thudc, ta cé hai
cach pho bién:

+ Phan chia khéi da dién (H ) thanh céc khéi nhé hon,

+ Dung phwong phap phan bu thé tich.

Luuy thém rang, dé so sanh thé tich hai khéi chép, hai khéi ling tru ta thwdng quy vé so
sanh dién tich day va chiéu cao.

Loi gidi
ChonD

Goi D 1a trung diém cta CC’, h,S,V lan lwot 13 chiéu cao, dién tich day va thé tich cua

khoilang tru ABC.A'B'C’.

Thé thi ta co: Soun =55 SC,PQ =45.
Cach 1:
Suy ra
1 h 1 _,h
—4Sh—|5—+=-.5.—
VA’MPB’NQ _ VGC’PQ - (VMNDAA’B’C’ + VCAMND) _ 3 [ 2 3 2] _ é B l n l _ g
14 V S.h 3 (2 6 3
Dod6 V 2

AMPBNQ — o
¢ 3
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Cach 2:

Goi K latrungdiém PQ.Taco V. o = Vigwwr T Vapro-
o , Sh
MmMmamWMMP:gwqu(MwP»ZSWMQNKCUMD:3%MW:ﬁ;_
1 , 1 . h Sh
mwm:§SM¢meKQD=§&5:7;
A Sh Sh 2
Vay V. 'MPE'NQ VNB’KMA'P + VNB’KQ = t——==
2 6 3
Cach 3:

D .
Né&u nidm ky vi du SGK (Vi du & trang 11) thi ta c6 nhan xét rang: C6 thé phan chia khoi
lang tru tam giac thanh 3 khéi ti dién c6 thé tich bang nhau. Tir d6 ta c6:

2

Vv g tgh_26,_2
3797 3 3

AMPBNQ —

v

NB'K.MA'P

+,

NBEKQ

3V

M.A'KP

+V 4V

NBEQ — *VYNBEKQ
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9 CAU TUONG TY

Cau 1:

Cho lang tru ABC.A'B’C’ c6 thé tich bang 2.Goi M, N lan lwot 1a hai diém nam trén hai
canh AA’ va BB’ sao cho M 1atrung diém ctia AA’ va BN = %BB'.Du’(‘mg thang CM

cat duong thing C’A’ tai P va dwong thiang CN cit dwong thdng C'B’ tai Q. Thé tich
khéi da dién 16i A' MPB'NQ béng
A3 B. 22 L

18 9 18

Q

1{A'M B'N CC’

111 2 13
Taco: V, poony = g A A + B'B + C'C'I] ABC.A'B'C' T §[§+§+1]'2 - E(*>
1
Mat khac: S cPQ — SA’B’C’ = VCC’PQ = 6VC.A’B’C’ = 0. gVABC A'BC T 4.
A 13 23
Vay V. 'MPB'NQ VGC’PQ - VA’B’C’.CMN =4 - 9 ?

Chu y chd ( co thé tinh cach khac nhw sau:

/4

B
Ta cé
Sy = Svmme T Sumy
1 1 7 7 5
= ESABB’A’ +- 6 SA BB ESABB’A’ = SABMN =1- ESABB’A’ = ESABB’A"
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Cau 2:

1 5 2. 13
2—§d(0,(ABMN>)S =22 Zo9-_22

Laicé: V S oy 123 9

A'B'C'.CMN

=V V

ABc.A'B'C’ Y C.ABMN T
Cho lang tru ABC.A'B’C’ c6 thé tich bang 6. Goi M, N va P lan lwot cac diém nam

trén canh A'B’, B'C’ va BC sao cho M la trung diém cta A’'B’; B’N:%B’C” va

BP = iBC. Puong thing NP cit dwong thing BB’ tai E va dwong thiang EM cat

duwong thang AB tai . Thé tich khéi da dién16i AQPCA' MNC bang

= B2 ¢ p. 2.
6 3 3

A’
Theo Thalets ta coé: EB/ = EQ = EP = B,P = l
EB EM EN BN 3
Suy ra d(E, (A’B'C’)) - 3d(B,(A’B'C’)).
S B'M B'N 1
Mit khac; ~zaoe = DM BN 13 _ 3
VRO B'A" B'C 24 8
Lai c6:
1 1 3 3 3 9
Vo = g4 (B(MB)).S = 334 (B(AB'C))- 28 00 = Vi we =5 8=
o Vo [ EB ]3 1
Coé: = / = —,
VEAMB'N EB 27
. 1 26
Suy ra: VBQPAB’MN = VEAMB’N B VEBQP = VE‘MB’N - _VEAMB’N = _VE.MB’N'
27 27
A 26 9 23
Vay VAQPCAMNC =Visoumo — VBQPAB’MN =6 974 = 6
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Cau48: Chohamso f (m) c6 bang xét dau cia dao ham nhuw sau:

v | 0 1 2 3 4 Foc
A 0 - 0 0 e 0

f'(z)

Hamso y = 3f<a; + 2) — 2° + 3z dong bién trén khodng nao dwdi day?
A. (1;+00). B. (—oc;—1). C. (-30). D. (0;2).
Trwong Pirc Thinh, Trian Minh Ngoc

®

€5 Loibinh

- Piy la dang toan xét tinh don diéu ctia ham s6 cho béi cong thirc y = f[u(m)] + g(x)
trong dé ta da biét ddu cta f'(x) va g(x) la mot ham cu thé. Hwéng gidi 12 tinh dao ham
y = u/(x)f'[u(x)] + g/(x), tir d4u cua u'(a;)f’[u(x)} va diu cua g'(x) ta dua ra két luan
phu hop véi bai toan.

- Dang nay ngoai cach cho diu cta f '(m) thong qua bang bién thién, ta con gip trudong
hop cho diu cta f' (x) thong qua do thi.

- Ngodi ra ta véi bai todn trdc nghiém ta con cé cdch nira la thir truc tiép dé€ loai trir cdc
ddp dn sai tir dé dwa ra dwoc ddp dn dung.

Loi gidi
ChonC

Cach 1:
Tacé y'= 3[f'<x—|—2)—|—(—x2 —|—1)].
Gia thiétsuyra f'(z +2) =0 z+2 € {1,234} & 2 € {-1;0;1;2}

Xét ddu cta f’ (x + 2) va —z’ + 1 ta c6 bang:

x 50 | 0 ] 2 |-ox
Fla+2) = 0 5 0 + 0 s 0 f
21 - 0 0
Y 0 I 0 chua xac dinh

Suy ra ham s6 déng bién trén khoang (—1; 1). Do dé ta chon C
Cach 2:

e

y'(-2) = 3[ £(0)+ (-4 + 1)] < 0 suy ra B sai. Vay C diing.

7

2

25

f + _Z+1 < 0 suy ra A va D sai.

Trang 39



Nhom Toan VD - VDC Phin tich dé tham khio BGD

9 CAU TUONG TY
Caul:  Chohamsd f(z) c6 bing xét ddu chia dao ham nhw sau:

4 o0 1 1 o 5 Foo

) ‘ | 0 - 0 0 0

Hamso6 y = 3f <3; + 3) — 2* 4+ 122 nghich bién trén khoang nao dwéi day?

A. (—o0;—1). B. (-1;0). C. (0:2). D. (2;+00).
Loi giai

ChonD

Ta c6 y' =3f' (v +3)— 34" +12:3[f'(x+3)+(—x2 +4)}. Xét ddu cia f'(z+3) v

—2” + 4 ta c6 bang:

z i 4 2 1 2 Foo
Flz+3) + 0 0 + 0 + 0 —
o - 0 + 0 —

y chua xac dinh 0 | 0

Suy ra ham s6 nghich bién trén khoang (—4; —2) ; (2; +oo). Do d6 ta chon D.

Cau2: Chohamsd f (m) c6 bang xét dau ctia dao ham nhv sau:

ol 1 1 2 3 +o¢
f;(fif?) + 0 — 0 + 0 + 0 —
Hamsé y = 3f<—x + 2) + z° 4 32* — 9z nghich bién trén khoang nao dudi day?
A. (—o0;—2). B. (2+00). C. (0:2). D. (—21).

Ta 6 y' = —3f'(~a +2)+ 34" +6x—9:3[—f'(—x+2)+(x2 +2x—3)]. Xét ddu cia

f’(—m + 1) va 2° + 27 — 3 ta c6 bang:

x o 3 0 1 3 Foo
Fll—z+2) + 0 — 0 — 0 | 0
22 42w —3 0 = 0 +
y' & 0 - 0 + chua xac dinh
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Cau 3:

Cau 4:

Suy ra ham s6 nghich bién trén khoang (—3; 1). Do d6 ta chon D
Cho ham sé f (m) c6 bang xét dau ctia dao ham nhw sau

i

F(2)

Hamsd y = 3f(x + 2) —27° — 2352 + 3z + 2018 dong bién trén khodng nao dwdi day?

A. (1;+00). B. (—00;—1). C. [—1;—]. D. (0;2).

Ta co y/:3f'<3;+2)—63:2—3x+3.
Xét y'20<:>f’<x—|—2)22x2—|—x—1.

T bang bién thién cta f’ (3:) ta suy ra bang bién thién caa f’ (a: + 2) nhu sau

-0 —1 0 1 9 “+oc

—~ 0 + 0 + 0 - 0+

—1l<z<l

Suy ra: f’(x+2)>0® o9

1

= —-1l<z<-—.
2

N o2 1

Ma 2z +$—1<0<:>—1<]3<§.

S 2 1
Do dé f'(z+2)> 22 to-l=s-l<a<.
Cho ham sé f (m) c6 bang xét dau clia dao ham nhuw sau

—oC —4 —1 2

=1

+0C

+ 0 - 0 - 0 4+ 0 -

A. (1;+00). B. (—00;—2). C. [—1;%]. D. (—1,7).

Tac y' =2f (2z+1)+22° — 8.
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Xéty <0 f'(20+1)<4-2"

Tl bang bién thién cta f’ (3;) ta suy ra bang bién thién caa f’ (23: + 1) nhu sau

N 5] 1
J- -3 5 : * o0
; + () 0 = 0 + 0 —
f(x)
—§<a;<l 1
Tirdésuyra:f’(2x+1)<0(:> 2 2= —l<a<=
x>2
Mé4—x2>0<:>—2<x<2:>—1<x<%.Dodé f’(2x+1)§4—x2:>—1<x<%.
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Cau49: Goi S la tdp hop tit cd cic gid tri cha tham s6 m dé bat phwong trinh
m’ ($4 — 1) + m(x2 — 1) — 6(3: — 1) > 0 nghiém dung véi moi z € R. Tong gia tri cha tat
ca cac phan tir thudc S bang

A.—E. B. 1. C.—l. D.l.

2 2 2
Truwong Quéc Toan, Nguyén Ngoc Hoa

» Lo binh
DAy la bai todn xac dinh tham s6 m dé bit phwong trinh nghiém ding véimoi z € R;
Thong thwong dé giai bai todn nay ching ta c6 1ap tham s6 m dwédi dang
m > f(m),Vx € R hodac m < f(x),Va: € R, song chung ta dé y viéc cd 1ap tham s6 m
trong tredng hop nay gap nhiéu khé khan;
Dé thdy b4t phwong trinh da cho c6 mot nghiém z = 1 va day chinh 1a nuat that d€ giai bai
toan, that vay bai todn tro thanh:
(x—l)[mQ(a;?' 1 +x+1)+m(x+1)—6] >0,z € R (1).
bén day chung ta sé nhén xét rang néu biéu thirc
g(z)=m*(s" +2° +2+1)+m(z+1)—6=0 khong c6 nghiém z =1 thi ham sg
f(x) = (x - 1)[m2 (m3 + 2+ 1) + m(x + 1) — 6} sé doi dau qua diém z = 1. Nghia 13,
yéu ciu bai toan khong dwgc thod min
Do d6, yéu ciu bai todn dwoc thod min thi mot diéu kién cin la
g(m) =m’ (m3 +2’ 4z —i—1)—|—m<x—i—1)—6 =0 c6 nghiém z =1, tir d6 ta tim dwogc cac
gia tri cua tham s6 m ;
Kiém tra Ian lwot cic gia tri cia m tim dwoc tir d6 ta di t&i 1o gidi bai toan.
Loi giai
Chon C
bat f(x) =m’ (x4 —1) —|—m<x2 —1) —6(:1: —1)
Ta co: f(x) = (x — 1)[m2 (m3 +2° +7x —i—l) + m(:p + 1)— 6}. Gia st z =1 khong phai la
nghiém cua phwong trinh g(x) =m’ (3;3 + 2+ + 1) + m(x + 1) —6=0 thi ham s6
f(x) = (a; — 1)[m2 (x3 +2° 42 -l—l) - m(a; + 1)—6} sé d6i dau qua diém 2 = 1, nghia la
m’ (x4 — 1) +m (m2 — 1) — 6<x — 1) > 0 khong c6 nghiém ding véimoi z € R.
Do d6, yéu ciu bai todn dwoc thod man thi moét diéu kién cin Ia
g(x)zmQ(x3 + 2? +:c+1)+m<a:+1)—6: 0 c6 nghiém z =1
m=1
=4m’ +2m —-6=0 < 3.

m=——

2
Diéu kién du:
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Vé’imzl,f(a;)z(x—l)Q(xQ+2x+4)ZO,VxE]R.

2
Véim = —g, fz)= M(sz +6x+7) >0,Vz eR.

Vay S = {1;—%}, téng cac phan tir thudc S bang 1 —g = —%.

9 CAU TUONG TU
Ciul: Cé6 bao nhiéu gia tri cta tham s6 m de ham so
y =12+ (m2 - m)x5 + (?)m3 —™m’ + 4m)x4 + 2019 déng bién trén R?
A. 3. B. 2. C 4. D. 1.
Chgn A
Tacod y' = 9z2° + 5(m2 — m):p4 + 4m(3m2 —7m +4)x3
3 5 2 3
=z [91‘ + 5m(m —l)x + 4m(3m —Tm —|—4)} =2z g(:(;)
véi g(m) = 912" + 5m(m —l)x + 4m(3m2 —Tm +4).
m =0
Néu g(0) = 0. & {m = %. Thi ' s& d6i dau khi di qua diém z = 0, do d6 ham s6 s& khong
m =1
doéng bién trén R.
Do d6 d€ ham s6 dong bién trén R mét ditu kién can 1A

m =

g(O)zO@m(m2—7m—|—4):O<:>

Hwlk O

m
m

Pidu kién d :
Véim =0 c6 y' =92° >0,Y2 € R nén ham s da cho dong bién trén R.

Véim=1cb6y =9z° >0,Vz € R nén ham s6 di cho dong bién trén R.

Véi m = % c6y =" 92" + % > 0,Vx € R nén ham s6 da cho ddng bién trén R.
m=0

Vay véi |m = % thi ham s6 da cho dong bién trén R.
m=1
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Cau 2:

Cau 3:

Goi S la tip hop tit cd cac gia tri cia tham s6 m d€ ham so

a
1 2,5 1 3 2 2 W e A P .z . ) ~
f(:z:) =—-mz’ ——mz” + 102" — (m —-—m— 20):17 dong bién trén R. Tong gia tri cua tat

)
ca cac phan tir thudc S bang
A.é. B. —2. C.g. D.l.
2 2 2
Chon D

Taco: f'(z) = m’z" — ma’ + 20z — (m* — m —20)

& ['(z)=m*(z' 1) = m(s* = 1)+ 20(x +1)
@f’(x):<x+1)[m2(x3—x2+x—1)—m(x—1)+20}:(x-l—l).g(a:).
P& ham s6 dong bién trén R thi f'(z) > 0,z € R

- Néu z = —1 khong phi la nghiém ciia g(z) thi f(z) sé& déi déu khi 2 diqua z = —1.Do

d6 dieu kién can d& ham s6 dong bién trén R 1a z = —1 phai la nghiém ctia g(z) =0
m=—2
= —4m’ +2m+20=0 < 5
m=—
2

V6im =2 thi f'(z)=(2+1) (42* — 82 +14) > 0, ¥z € R, do d6 m = —2 théa man.

- Véi m:g thi f’(a;):i(xﬂ)g(zs)x?—50x+60)zo, vz e R, do dé m:g théa

man.
A 5 o e o s b 1

Viy S = 5;—2 , tong cac phan ti cda S bang 5—2 = 2

Goi S la tip hop tit cad cac gid tri cia tham s6 m d€ bat phwong trinh

m’ (ln4 x— 16) +3m (1112 x — 4) —14 <1n T — 2) >0 dung véi moi z € (0; —|—oo). Tong gia tri

clia tAt ca cac phan tir thudc S bang:

A.—é. B. —2. C.—Z. D.l.
8 8 2
Loi giai
Chon A

Pit t = Inz,t € R ta dwoc

f(t)=m*(t' —16) + 3m(t* —4)—14(t —2) > 0

= (t—2)[m2(t3 + o +4t+8)+3m(t+2)—14] >0 & (t-2)g(t) >0

Ta c6 bat phuong trinh d cho nghiém diing Vz € (0;4+00) « f(t) > 0,¥t € R.

- Néu ¢ = 2 khong phai la nghiém ctia g(¢) thi f(¢) s& d6i ddu khi ¢ di qua t = 2. Do d6

diéu kién can dé f(¢) > 0, V¢ € R la t = 2 phai la nghiém ctia g(t) = 0
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S
= g(2)=0«32m" +12m-14 =0« 27
m=——

8

Véim = % thi f(t) = i(t—Z)Q (# +4t+18)> 0,9t € R nén m = % thoa mén

Véi m:—g thi f(t)=6i4(t—2)2(49t2+196t+420)20,\ﬁeR nén m:—g thoa
man
73

Vay S = l;—Z .Nén téng cac phan tir cda S 1a l——:——.
2 8 2 8 8
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Cau 50: Cho ham s6 f<3;> =ma"' +nx’ + p2® +qr +r, (véi m,n,p,q,r € R).Hams6 y = f’(x) co

[\

do6 thi nhw hinh vé bén dwéi:
Ay

x|

-1 @

W= | &

Tép nghiém ctia phwong trinh f <x> = r ¢6s0 phan ti 1a

A 4. B. 3. C.1. D. 2.
Poan Tri Diing, Pinh Xuan Thach, Ton That Thai Son

& Loi binh

Cac cAu hoi lién quan dén gia thiét do thi cia ham f’ (x) ngay cang dwgc mé rong.

Cau hoi khéng & mirc danh d6, nhwng doi hdi & ngwoi giai can co6 kién thirc tét & phan do
thi,

Chia khoa clia bai todn 1 gia thi€t ham s6 f(x) c6 dang cu thé 12 bac 4, nén f'(z) 1a ham
bic ba, tir d6 ta dé dang tim dwgc dang ctia ham s6 f’ (x) bén day ta c6 hai hwong giai
quyét:

Hudng 1: Do r = f(O) , dong thoi khi ké bang bién thién, ta thidy dwgc mot nhu ciu can

gidi quyét l1a so sanh r va f(3). Nhw viy, ta cé thé nghi dén viéc dung tich phan dé so

sanh, do f(3)— f(0) = [ f'(z)dz nén viéc tinh tich phan nay ciing kha d&. Tuy nhién, ta

S,

vén phai dya vao ham s6 f’(z) d& tim tir trudc, chtt khong thé ding dién tich hinh phing,
do hinh vé rat khé so sanh dién tich.

Huwong 2: Dong nhat hé s6 cta f’ (m) ta vira tim dwoc voi f’(x) suy ra tir gia thiét. Ttr do6,
f (a:) = r chi don thuan la phwong trinh dai s6 thong thwong. Pay la mot huwdng rat tw

nhién.

Loi gidi
Chon B
Cach 1. Taco f'(x)=4mx’ +3nx’ +2px+q (1)
Dua vao db thi y = f'(x) ta thdy phuong trinh /"(x)=0 c6 banghiém don 1a -1, %, 3.
Do dé f'(x)=m(x+1)(4x—5)(x—3) va m<0.
Hay f'(x)=4mx’ —13mx’ —=2mx+15m (2).
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T (1) va (2) suy ra nz—?m, p=—-mva g=15m.
Khi d6 phuong trinh f(x) =r < mx'+nx’ + px* +gx=0
= m(x4—§x3—x2+15xj=0

< 3xt—13x" =3x* +45x =0
x=0

2= x(?ax+5)(x—3)2 =0 | x=-=.
x=3

Vay tap nghiém ctua phuong trinh f(x) =rlaS= {—%;0;3}.

Cach 2.

Duya vao d6 thi y = f(x) ta thdy phuong trinh /"(x)=0 c6 banghiém don la -1, %, 3.

Do dé f'(x)=m(x+1)(4x—5)(x—3) va m<0.
:>f(3)—f(0)=Ef’(x)dxzmi(x+1)(4x—5)(x—3)dx=0
= f(3)=f(0)=r.

Ta c6 bang bién thién cua ham s6 y = (x) nhu sau:

=
|
8
|
o
= =l
o
+
8

f OC/ f(—l)\ ,\f@/?\x

Vay phuong trinh f(x)=r c¢6 3 nghiém phan biét.
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9 CAU TUONG TY

Caul: Cho ham s§ y = f(x) =mx' +nx’ + px’ +¢x +r trong dé m,n,p,q,r € R. Biét rang

ham s6 y = f’(x) c6 d6 thi nhw hinh vé bén. T4p nghiém ctia phwong trinh f(x) =7 cb
tat ca bao nhiéu phan t¢?
Y

_9 .
o Z 3 @
6
A 3. B. 4. C. 5. D. 6.
Loi giai
AY
—9 AN -
0 [ < 3 =z
6

7
S = kj(x+2) x—% (x—3)dx :@k
0

1552
Xét: 1
Y 7 65219
S =lk[(z+2)z—=|(z—3)da| = =k
’ [(x \* 6($ Jdo 1552
6

T

Dodo: S, =S, <:>ff’(x)dx:—ff’(m)dx@f(0)=f(3>.

Lap bang bién thién ta dwoc:
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Cau 2:

olen | =

Tir bang bién thién ta suy ra phwong trinh f (az) =r=f (0) c6 tt ca 3 nghiém.

Cho ham sé6 y = f(x) =mx' +nx® + px* + gx +r trong d6 m,n,p,q,r € R. Biét riang
ham s6 y:f'(x) c6 d6 thi nhw hinh vé bén. Tip nghiém cua phwong trinh

f(x) =16m + 8n + 4p + 2q + r c6 tit ca bao nhiéu phan t?
Ay /

= | 0 1\/4 T

A 3. B. 4. C.5. D. 6.
Loi giai

ChonB
Tadéty:f'(a;):k<a:+1)(a;—1)(x—4>.
Xét:

=k (o 1)e ~1)(x - 1)ax = 5 1 2 |
* N =8>8, <:>ff’(:v)dx>—ff’(x)dx@f(2)>f(—1

S, =k [[(2+1)(x —1)(x — 4)ax| = 2L N !

/ 12

Lai thay: ff dx< ff dx:>f f(—l).

Lap bang bién thién ta dwoc:
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Cau 3:

X —0 -1 1 2 4 +oo
f'(.r) = 0 + 0 — 0 +
f(x) +o

oo
f(1)
////ﬂ \\Uﬁ
f(-1) \‘
f(4)

Tir bang bién thién ta suy ra phwong trinh f(x) =16m +8n+4p+2¢+r= f<2) co tat
ca 4 nghiém.
Cho ham sé f(x) =az' + bz’ + ca’ +dx +m, (véi a,b,c,dym € R). Him s6 y = f’(x) co

do6 thi nhw hinh vé bén duwéi:

Tép nghiém cta phwong trinh f (a;) = m c6 sO phan t la:
A. 1. B. 2. C. 3. D. 4.
Loi giai
Chon
Cach1: Taco f/ (3:) = 4ax” + 3bz” +2cz +d (1)
Dwa vao dd thi ta cé f’ (x) = a(zp — 1)(4!E + 5) (fv + 3) = 4az® + 13a2”® — 2az — 15a (2) va

a=0.

T (1) va (2) suyrab:§a, c=—-avad=—1ba.

Khidé: f(z)=m ¢ az’ + b2’ + 2’ +dr =0 a

x4+§m3—x2—15x]:0

Vay tap nghiém ctia phwong trinh f(a:) =mlas= {2;0;—3}.
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Cach2: Tirdo thitaco a = 0.
z=0

_ 4 3 2 _
f(a:)—m@aa; +br’ +cz” +dz+m=m< 0’ +ba? 4+ x4 d =0 (2)

Ta c6 f'(m) = 4az’ + 3ba® + 2cz + d c6 3 nghiém z, = —3; z, = —%; z, =1.

2 3

3b 13 3b
Ttz +r,=—— —_——=—— 13
4a 4 4a b=—a
" . . . 2c 1 2 3
Ap dung dinh ly Viet ta cé: a:lx2+x2x3+xlx3:4—<:> —5:4— Sic=—-a .
d ¢ 15 czi d =—1ba
T T, = ——— —=——
4a 4 4a
z=-3
PN , 5 13
Thevao(2>taco:aw +—2—z-15|=0« 5

Vay tap nghiém cua phwong trinh f(a;) =mlas= {2;0;—3}.

Cidu4: Chohamsd y= f(m) c6 dao ham lién tuc trén R. Ham s6 y = f’ (m) c6 do thi nhw hinh vé
bén dudi:
Yy

>

32 1o\ 1 /2 3 215\/6% X

S6 nghiém thudc doan [—2; 6] ctia phwong trinh f(x) = f(O) la
A. 5. B. 2. C. 3. D. 4.

Loi giai
ChonB

S, S

32 -10 23 4 5\j6 7 x
\,/" "V
-2

e Quan sat hinh v&, ta c6: f’ (3;) =0& 1€ {—2; 0;2; 5;6}.
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*Goi S, S,, S,, S, 1an lwot 1a dién tich hinh phang gi¢i han béi d6 thi ham s6 y = f (a;)

v@&i va truc hoanh (hinh vé trén).
eTacs: [ 1'(x)d = £(6) - F(0) =5, ~ 5, -5, > 0= 1(6) > 1(0).
0

¢ Bang bién thién:

@ | -2 0 2 5 6
)| o + 0 0 0 0
f(5) \
flx) & / £(6)
7 P e
f(=2)

Vay phwong trinh f(z) = f(0) c6 ding 2 nghiém phén biét trén [-2;6].
Nhan xét: Twong ty ta cling tim dwogc sO nghiém thudc doan [—2;6] cla cac phwong trinh

Fla) = 1(2): £(w) = £(6); F(=) = 15).
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