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Pé thi gom 05 cau & 01 trang

Cau l. (2,0 diém)

1) Chohamsé y = 2x+2

c6 dd thj (C) va dudng thang (d) cé phuong trinh y =—2x+m véi m la tham so.
X_

1
Tim m dé duong thang (d ) cét do thi (C) tai hai diém A va B phan biét sao cho AB =5.

2) Cho ham s6 y=x"—2mx* +m-1 ¢6 do thi (C,,) v6i m Ia tham s6. Tim m dé d6 thi (C,,) c6 3 diém cuc
tri 1a 3 dinh cua tam giac vudng can.

Cau 1. (2,0 diém)

1) Mét nhém 15 hoc sinh gom 6 hoc sinh 16p A, 5 hoc sinh 16p B, 4 hoc sinh 16p C. Lay ngau nhién 7 hoc

sinh trong nhom trén. Tinh xéac suat dé 7 hoc sinh lay ra c¢6 du ca 3 16p va sb hoc sinh 16p B bang sé hoc sinh
l6p C.
X +3x° —4x+1

2) Giai phuong trinh: > =\X*—x+1.
X +3

Cau 1. (2,0 diém)

2y’ +6y* +7y+3+(3-2x)yx-2=0

1) Giai h¢ phuong trinh:
y++4/2Y° +4y+3=3+~7-X

2) Cho tam giac ABC vudng can tai A c6 trong tdm G; goi E, H lan luot 1a trung diém cua AB, BC. D 1a diém
ddi xtng véi H qua A, 1 1a giao diém cua duong thang AB va duong thang CD. Biét D(—1—1), duong thang
IG c6 phuong trinh 6x—3y—7 =0 va diém E c6 hoanh d6 bang 1. Tim toa d¢ cac dinh ctia tam giac ABC.
Cau 1V. (3,0 diém)

1) Cho hinh chp tir giac déu S.ABCD c6 canh ddy bang a, goc giita mat phang (SAB) va mit phang (ABCD)
biang 60°.

a) Tinh thé tich khdi chop S.ABCD theo a.

b) Goi G la trong tdm cua tam giac SAC, M 1a diém thudc canh SB sao cho SM :%SB . Tinh gbc gitra hai
duong thang GM va BC.

2) Cho hinh 1ap phuong ABCD.AB,C,D, ¢6 canh bang a . Pudng thang d di qua D, va tam O ciia hinh vuéng
BCC,B, . Doan thang MN ¢6 trung diém K thugc duong thang d, biét M thudc mat phang (BCC,B, ), N thugc
mét phang (ABCD). Tim gia tri nho nhét cia d¢ dai doan thang MN.

Cau V. (1,0 diém)



2 2 3
Y e ; 2 a b 4
Cho a, b, ¢ la cac so6 thuc duong. Tim gia tri nho nhat cua biéu thic: P = + + ¢

(a+b)2 (b+c)2 3(c+a)3'

Giam thi coi thi khdng giai thich gi thém./.
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Caul.

DAP AN CHI TIET
(2 diém)
2x+2

1) Cho ham s6 y= c6 dd thi (C) va dudng thang (d) c6 phuong trinh y=-2x+m

x —_—
v6i m la tham so. Tim m d¢ duong thang (d) cat do thi (C) tai hai diém A4 va B phan biét
sao cho AB=+/5.
Loi gidi
Diéu kién x #1.

. 2x+72
Xét phuong trinh hoanh d¢ giao diém e 2x+m e 2x —mx+m+2= 0(x # 1)(1) .

x—1

Dé duong thang (d) cit dd thi (C) tai hai diém 4 va B phén biét thi (1) phai c6 hai nghiém
m* —8m—16>0 m>4+42

& 2).
21-m+m+2=4%0 m<4_4\/§( )
Vi diéu kién (2) thi (d) cit d6 thi (C) tai hai diém A(x,;;—2x,+m) va B(x,;—2x,+m)

phén biét khac | < {

_m
.XA+XB—E

phan bi¢t théa man .
m+2

2

2
Vi 46 dai AB:\/§C>«/5(xB—xA)2 :\/§c>(xA+xB)2—2xA.xB =1<:>m7—(m+2):1
=-2

X, Xy =

<:>m2—4m—12=0<:>[
m=6
Két hop véi dicu kién (2) ta thiy m =-2 thoa man.
2) Cho ham s f(x)=x"—2mx* +m—1 c6 dd thi (C,) v6i m la tham s0. Tim m dé do thi
(Cm) c6 3 cuc tri la 3 dinh cua tam giac vudng can.

Loi giai
Tacé: y' =4x’ —4mx.

x=0 x=0
V=0 2SS

2 x:iﬁ

X =m
Dé do thi (C,) ¢6 3 cuc tri <> y'=0 co 3 nghiém phan biét < m>0.
Véi m>0 thi do thi (C,) c6 3 diém cuc trj lan lugt 1a 4(0;m—1); B(—\/E;—m2+m—1);

C(\/Z;—m2 +m—1).

TAI LIEU ON THI HSG Trang 3



8 NHOM TOAN VDC&HSG THPT PE THI HSG NAM HOC 2022-2023

Cau 2.

Ta c6: AB =(—\/;;—m2);z'=(\/;;—mz)
AB.AC=0 {—mz+m4 =0

IR = o m=1
-

Pé tam giac ABC vudng can tai 4 < . .
m +m =m-+m
Két luan: m =1 thoa man yéu cau bai toan.
(2.0 diém)
1) Mot nhom 15 hoc sinh gdm 6 hoc sinh 16p A, 5 hoc sinh 16p B, 4 hoc sinh 16p C. Liy ngau
nhién 7 hoc sinh trong nhém trén. Tinh x4c sut dé 7 hoc sinh 14y ra c6 du ca 3 16p va sb hoc
sinh 16p B bang s hoc sinh 16p C.

Loi giai
86 phén tir khong gian mau: n(Q) = C/; = 6435
Goi A 1a bién ¢6 : “ 7 hoc sinh ldy ra c¢6 du ca 3 16p va s6 hoc sinh 16p B bang s6 hoc sinh 16p
C”.
THI: 3 hoc sinh 16p B, 3 hoc sinh 16p C, 1 hoc sinh 16p A: C;.C;.C; =240 (cach chon)
TH2: 2 hoc sinh 16p B, 2 hoc sinh 16p C, 3 hoc sinh 16p A: C;.C;.C; =1200 (cach chon)
TH3: 1 hoc sinh 16p B, 1 hoc sinh 16p C, 5 hoc sinh 16p A: C,.C,.C; =120 (céach chon)
n(4)=240+1200+120 = 1560

, P 1560 8
Xac suat cua bién co A 1a: P(A) ==
6435 33
3 2
2) Giai phwrong trinh +3x2 34x+1:\/x2—x+1.
X+
Loi gidi
Piéukién X’ —x+1>0< xeR.
Ta c6
X +3x7 —4x+1 2
> =4/x"—x+1
x +3
c>x+3—7)2€+8= xP—x+1
x +3
&S x+3- xz—x+1=7§+8 )]
x +3
Xét phuong trinh
X434Vl —x+1=0 oVJx* —x+1=—-x-3
-x-320
=
X =x+1=x*+6x+9
x<-3
=
Tx=-8
x<-3
= 8
x=—=1(1
- Q)

Do d6 x+3++/x" —x+1#0 véi moi xeR. Suyra

Trang 4

TAI LIEU ON THI HSG
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- (x+3) —(x"—x+1) _Ix+38

M =
X434V —x+1 X +3

- Tx+8 _ Tx+8
X434y —x+1 AT H3
1 1
< (7x+38) -— =0
x+3+x —x+1 X +3
[ 7x+8=0
=
_x+3+\/x2—x+1=x2+3
i 8
X=——
o 7
_\/xz—x+1:x2—x. (*)
u>0
Ditu=x>-x.Tacd (*)=>Vu+l=u < 5 {:}u:l—l—\/g.
u+l=u 2
+
Suy ra xz—x=1+2\/§<:>x=1_— “32+2\/§

_§_1i\/3+2«/§}.

Vay tap nghiém cua phuong trinh da cho la S = { 5 )

Cau3. (2.0 diém)
2y3+6y2+7y+3+(3—2x)\/x—2:O )]

Y2y +dy+3 =3+/T—x )

Loi giai

1) Giai h¢ phuong trinh: {

bicukién: 2<x<7.

Taco (1)< 2(y* +3y° +3y+1)+y+1=(2x-3)Vx-2

2(y+1) +y+1=2(x-2)Wx-2+Vx-2 &2(y+1)’ +y+1:2(\/x—2)3 +Vx-2 3).

Xét ham sd f(t)=2t3+t voi teR.

Tacé: f'(t)=6t"+1>0, Vit Rnén f(¢) dongbién trén R.
— )42 *
Do (3)<:>f(y+l)Zf(\/x—2)<:>y+1:\/x—2<:>{x>y1+ 3 )
y> -
Thay (*) vao (2), ta dugc

YH+2Y +4y+3=3+/T-x & y—1+2y " +4y+3-3=/4—)" -2y -1

2 2

o y-1+ 2y°+4y—-6 _ 3—y =2y

V2P +4y+3+3  J4—yP -2y +1
o1y @D@r+6) | (r-1)(r+3)

V2P +4y+3+3  \Ja—y -2y +1

2y+6 y+3
S (y-1)| 1+ + =0 y=1=>x=6.
( ){ 2y +4y+3+3 \/4—y2—2y+1J

TAI LIEU ON THI HSG Trang 5
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2y+6 N y+3

V2V +4y 4343 J4—yT =2y +1

Vay nghiém ctia hé phuong trinh la (x; y) = (6; 1) .

Vivoi y>2-1taco 1+ >0

2) Cho tam gidc ABC vudng cin tai 4 c6 trong tim G ; goi E,H lan luot 1a trung diém cua

AB, BC . D la diém d6i xing v6i H qua A4, I 1a giao diém cua duong thang AB va duong
thang CD. Biét D(-1;-1), duong thang IG c6 phuong trinh 6x—3y—-7=0 va diém E c6
hoanh do béng 1. Tim toa dg cac dinh cta tam giac ABC.

Loi giai

Goi n la diém dbi xing v6i E qua 4, M la diém di ximg cia 4 qua D .Khi d6 I 1a trong
tam cua tam gidc ACM .

Taco S0 = 2 1G//DE. IG c6 véc to chi phuong u=(12).

Giasit E(1;y,)= DE =(2;,+1). Ma IG//DE:yOTH:%:yO =3=E(1;3).

B(2-a;6-b,)
H (2a,+1;2b,+1)

5a,+2 5b, +2j

GiésfrtoaA(al;bl):{ :C(5a1;5b1—4):>G( 12 3

Do GeGl = 2a,—b~1=0=b=2a,~1(1).Tacé AE =(1-a;;3-b),AC =(4a,;4b, —4).
Do tam gidc 4ABC vudng tai 4 nén ta co
ZE.A_ézO:4al(l—al)+(4bl—4)(3—b1)=0<:>a1(1—a1)+(b1—1)(3—b1)=0(2).

1
Tur (1) va (2) ta duoc a,(1—a,)+(2a,-2)(4-24,) =0 (a,-1)(8-54,) =0 = 8.

5
Véi g, =1=b =1= A(1;1),B(1;5),C(5:1).

Véi a, :§:>b1 :%: A(%;%),B(%;%j,C(Sﬂ).

Trang 6 TAI LIEU ON THI HSG
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Caud. (3.0 diém)

1) Cho hinh chép t&r giac déu S.4BCD c¢6 canh day bang a, goc gilta mit phang (SAB) va
mit phang (ABCD) bing 60 .

a) Tinh thé tich khéi chép S.ABCD theo a .

: 2 1
b) Goi G la trong tam cua tam gidc SAC, M la diém thudc canh SB sao cho SM :ZSB .
Tinh goc giita hai duong thang GM va BC .
Loi giai
a) Tinh thé tich khéi chop S.ABCD theo a.

Goi O 1a tam cua hinh vudng 4BCD, theo gia thiét ta c6 SO L (ABCD)=> SO L AB. (1)
. 2 1
Goi [ 1a trung diém ctia 4B . Suyra Ol = EAD :% va Ol L AB. (2)

Tur (1) va (2) ta c6 4B 1 (SIO) = ((S4B),(4BCD))=SIO.

a3

Tir gia thiét ta c6 SIO =60, do d6 SO =10-tan 60" = -

. . . 1 1
Vay thé tich khoi chop S.ABCD bang V' = 3 SO-S pcp = 32 5
) 2 1
b) Goi G la trong tam cua tam gidc SAC, M la diém thudc canh SB sao cho SM :ZSB .
Tinh goc giita hai duong thing GM va BC.

, ) . ) . 1
Qua M v€ duong thang song song véi BC, cat SC tai N, khi détacod SN = ZSC .

Ta co
2 2
SB:/-”LJ‘_:“ﬁ:SM:lSB:“\B va SG:ESOJ*B, do do
4 2 2 4 8 3 3
COS@]\V[:&IE.
SB 5

TAI LIEU ON THI HSG Trang 7
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Ap dung dinh 1y cosin trong tam giac GMN ta co

2 2
MG = SM” + SG* —2SM - SG cos GSM = 20 “——2-&-i.£=31" :MG:@.
64 3 8 3 5 192 24
, ., , 1 av93
Xét tam giac GMN c¢o MN=—BC—— GM =GN =
4 4’ 24
Ap dung dinh 1y cosin ta c6
2 2 2
cos U < MG* + MN* ~GN* _ MN f
2MG-MN  2MG 31
\/_

Vi MN || BC va gbc GMN nhon nén cos(GM, BC) = cos(GM,MN ) = cos GMN =~

2) Cho hinh lap phuong ABCD.A,B,C,D, c6 canh bang a. Puong thang d di qua D, va tim
O cua hinh vuéng BCC, B, . Doan thing MN c6 trung diém K thudc duong thang d , biét M
thudc mit phang (BCC,B,), N thudc mit phang (ABCD). Tim gia trj nhé nhat cua do dai
doan thang MN .

Loi gidi
A B
% 1 Al. B,
! :
D, AR Cll D ~-_~: (&
R o ~_ .| ©
E ": K‘\ 0 : /
1 N T-. Y . %
Ajpmmananat ek B S ----J B
/’f H l/
D ’ C D z C

Goi H 1a hinh chiéu vudng goc cua M trén BC.

Vi hai mit phang (4BCD) va (BCC,B,) vudng goc véi nhau va cat nhau theo giao tuyén BC
néntaco MH 1 (ABCD)= MH 1 HN.

Tam gidc MHN vudng tai H, K 1a trung diém canh huyén MN nénta cé MN =2KH.

Do d6 MN nhoé nhat khi va chi khi KH nho nhat, tirc 1a khi KH 13 doan vudng goc chung cua
hai duong thang d va BC.

Goi E 1a trung diém CC,,khido BC||OE cho nén
d(D,0,BC)=d(BC,(D,OE))=d(C,(D,OE)).

Trang 8

TAI LIEU ON THI HSG
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Vi OE || BC va BC L (CDD,C,) nén (CDD,C)) L (D,OE), do d6
CD, -CE a
Jepi+cE 5
Khi KH 1a doan vudng goc chung cua DO va BC, khi d6 voi M € (BCC,B,) thod man

MH 1 BC va KH=KM ,taldy N sao cho K 1a trung diém MN . Suy ra tam gidc MHN
vuong tai N .
Vi MH 1 (ABCD) va MH L HN nén N € (4BCD).

d(C,(DOE))=d(C,DE)=d(C,,DE) =

L . ) . .2
Vay gia tri nhd nhat ctia do dai doan thang MN bang Tz.
Caus. (1.0 diém)
Cho a,b,c 1a cac s6 thuc dwong. Tim gia tri nhé nhét ciia biéu thuc:

P a’ N b’ N 4c’
(a+b)2 (b+C)2 3(c+a)3'
Loi giai
2 2 3
*Taco P=—2 >+ b -+ de T = ! >+ ! >+ 4 T
(a+b) (b+c) 3(c+a) (H_b] (1+c] 3(1+aj
a b c
. Dx b c a
bat x=—,y=—,z=—:;x,»,z>0;xpz =1.
a b c
2
¢ Khido P= 12+ b >+ 4 T
(I+x)" (1+y) 3(1+2)
+ Ta di chimg minh bat dang thirc phu: ! >+ ! =2 ! .
(I+x) (1+y) l+xy
That vay:

Theo bat dang thirc Bunhiacopxki cho 2 s6 ta co: (ax + by)2 < (az +b° )(x2 +y° )

Tir o (1+x)° =[1.1+\/E.\/§J2 S(l+xy)[l+§j=(l+xy)(x+7yj.

1 h% 1 X
Ha > . Tuong tu > .
Y (l+x)2 (1+xy)(x+y) 8 (1_|-y)2 (l+xy)(x+y)
Cong hai bat dang thirc ciing chiéu ta duoc: ! > !

(+x) (1+y) 1+w
Dau dang thic xay rakhi x =y =1.
+ Ap dung bat dang thuc trén ta co:
1 4 z 4 3z(1+z) +4

P> + T = + T = 3
I+xy 3(1+z) 1+z 3(1+z) 3(1+z)

3z (1 + Z) +4 2
3 (l + z) 3
---------- TOANMATH.com ----------

+ Ta di chirng minh PZ%@ <:>(z—1)2(z+2)201u6n ding.

TAI LIEU ON THI HSG Trang 9
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