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Chuong 3

Phuong phap toa d6 trong khong
gian

3.1 Heé toa do trong khong gian

3.1.1 Heé toa do

Hinh 3.1: Mot goc nha
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Hinh 3.2 Hinh 3.3

Hé truc gom ba truc Ox, Oy, Oz d6i mot vuéng géc nhau dudc goi 1a hé truc toa dé
Descartes trong khong gian goi tat 1a hé toa do Oxyz.

—

» Céc vecto don vi trén cac truc Ox, Oy, Oz 1an lugt 1a 7, 7, .

» Diém O goi 1a gbc toa dé, truc Ox goi 1a truc hoanh, truc Oy goi 1a truc tung, truc
Oz goi la truc cao.

e Cac mat phang (Oxy), (Oyz), (Oxz) goi 1a cac mdt phdang toa do.

Chu y.
29 29 T i S i s
o [“=j°=k*“=1vai-j=j-k=k-1i=0.

e Khéng gian c6 hé toa do Oxyz goi 1a khong gian toa do Oxyz (goi tat 14 khong gian
Oxyz).

3.1.2 Toa d6 cha mét diém

Trong khéng gian Oxyz, cho mot diém M tuy y. Vi ba vecto 7, 7, r khong dong phang
nén c6 moét bd ba sb (x;y;z) duy nhat sao cho

OM=xi+yj+zFk.
Ngudc lai, v6i bo ba sb (x;y;2) ta c6 mot diém M duy nhat trong khong gian thod man hé

thitc OM =xi +yj +2k. Ta goi bd ba sb (x;y;2) d6 1a toa d6 ctia diém M déi véi hé truc
toa d6 Oxyz da cho va viét M(x;y;z).
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Hinh 3.4

3.1.3 Toa do cia mot vecto

Trong khong gian Oxyz cho vecto @, khi d6 luén ton tai duy nhat bo ba sb (a1;a2;a3) sao
cho @ —a17+a2J +a3k

Ta goi bd ba sb (a1;a2;a3) d6 1a toa d6 cta vects @ d6i véi hé toa d6 Oxyz cho trude va
viét @ =(a1;a2;a3) hodc @ (a1;as;as).

- > —

Hoat dong 3.1. Xac dinh toa d6 cta cac vecto i, j, k&, 0.

—

Vi du 3.1. Trong khong gian Oxyz, cho @ = =27 - 3]+ %), b=1i-Fk. Xac dinh toa do cac
vectd @ va b.

Gidi. Tacé @ =(2:-3;1) va b = (1,0;-1).

Luyén tap 3.1. Trong khong glan Oxyz cho céac vecto @ =(1;3;-4) va v =(0;-2;3). Hay
phan tich ¥ va v theo céc vecto 7 ] .

3.1.4 Biéu thic toa do cua cac phép toan vecto
Hoat dong 3.2. Cho céac vects @ = (al;ag;ag)j; =(b1;b2;b3).

—

a) Hay bidu dién céc vects @, b theo ba vects 7, ;, k.

— ——»—»

b) Hay biéu dién cac vecto @ + b, @ — b k@ theo ba vecto i, j, .

Cho cac vecto @ = (al;az;ag),?)) =(b1;b9;b3) va sb k. Ta co:
1) 3+3:(a1+b1;a2+b2;a3+bg);
2) @b =(a1—bi;as—by;as—by);

3) kd =(kay;kas;kas).
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Vi du 3.2. Cho céc vecto @ = (-2;-3;5), b =(3;5;—7). Tinh @+ b, @ - b, 3a.
Giai. Ta c6 N
a+b=(-2+3;-3+5;5+(-7)=(1;2;-2),
@-b=(-2-3;-3-5,5—(-7) = (-5;-8;12),
3a =3(-2;-3;5) =(-6;-9;15).

Hoat dong 3.3. Xac dinh

a) toa dd ctia vectd AB khi biét toa do hai diém A, B;

b) toa d6 trung diém M cta doan thang AB khi biét toa d6 hai diém A, B;

¢) toa d6 trong tAm ctia tam gidc ABC khi biét toa d6 ba dinh A, B, C.

Hé qua 3.1.

Trong khong gian Oxyz, cho hai vects @ = (al;az;ag),z) =(b1;b2;b3).

ay =by,

—
a) a):bQ a2:b2,
a3:b3.

b) Néu @ # 0, vectd b cung phuong véi @ khi va chi khi tdn tai sb thuc % thoa
man b =k-a hay

b1 =kay,
be =kag,
b3 :ka3.

¢) Cho hai dim A(xa;ya;2z4) va B(xg;yg;2p), toa do AB 1a
AB = (xB—XA;YB—YA;2B —2A).

d) Cho hai diém A(xa;ya;2z4) va B(xg;ys;zB), toa d0 trung diém M cta doan thang
AB la

(xA+xB'yA+yB_ZA+ZB)
2 2 7 2 '

e) Cho tam giac ABC c6 A(xa;ya,za), B(xg;yB,zB) va C(xc;yc;zc). Toa do trong
tam G cta tam giac ABC la

(xA +XB+XxXc YA+YB+TYC ZA +ZB+Zc)
3 ’ 3 ’ 3 '

Vi du 3.3. Xét su cung phuong cta hai vecto:
a) @ =(1;3;-2) va @ =(2;6;-4).

b) @ =(1;0;0) va d =(0;0;1).
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Giai.
a) Tacé b =27, @ va b cung phuong.

b) Gia st ¢6 s6 & sao cho

0=k,
d =kT & (0;0;1) = k(1;0;0) < (0;0;1) = (k;0;0) < { 0 = 0,
1=0.

Hé phuong trinh trén vo nghiém. Do d6, diéu gia st khong xay ra. Vay hai vects ¢
va d khong cung phuong.

Vi du 3.4. Trong khong gian Oxyz cho ba diém A(1;2;-3), B(-2;4;5), C(7;-3;-5).
a) Chiing minh ba diém A, B, C khong thang hang.
b) Tim diém G(xg;ya;2¢) 1a trong tAm caa tam gidc ABC.
c¢) Tim diém D(x;y;2) sao cho ti gidc ABCD la hinh binh hanh.
Giai.
a) Ta co AB = (-3;2;8), AC = (6;—5;—-2). Hai vecto AB va AC khong cung phuong, nén
ba diém A, B, C khong thang hang.

b) G la trong tam tam giac ABC, nén

xa+xg+xc 1+(-2)+7
xXGg = = =4,
3 3
ya+typ+yc 2+4+(=-3)
<y = = :]_,
3 3
za+zp+ze (=3)+5+(-5H)
ZG: 3 = 3 :—]_.

Vay G(2;1;-1).
¢) Viba diém A, B, C khong thing hang, nén ti gidc ABCD 1a hinh binh hanh khi va

chi khi
x—1=9, x =10,
AD=BCo{y-2=-7, o{y=-5
z+3=-10 z=-13.

Vay D(10;—5;—183).

3.1.5 Tich vo hudng

Hoat dong 3.4. Hay phan tich cac vecto @ = (a1;az;as), b= (b1;b2;b3), @+ b qua cac vecto

- > -

i,j,k.

Dinh li 3.1. Trong khong gian Oxyz, tich v6 hudng ciia hai vecto @ = (a1;az;as3) va b=
(b1;b9;b3) dude xdc dinh bdi

e
a-b :a1b1+a2b2+a3b3.



3.1. Hé toa do trong khong gian 7

Chiuing minh.
a)- 7)) = (al—i)+a2?+a3%)) . (b1T+ b2?+ b32)
i

-9 - - > - - —29 - >
=ai1b1i“+aibei - j +aibsi -k +agb1j -1 +agbaj +agbsj-k+

- — - — -9
+agbik -1 +agbok -] +agbgk”.

- - - A N P . kd e A A
Do i, j, k lan ludt la cac vecto don vi caa cac truc toa do Ox, Oy, Oz, nén

P2=72-%%2=1 va i-j=j-k=Fk-i=0.
Do do

5
a-b :a1b1+a2b2+a3b3.

]

Hoat déng 3.5. St dung biéu thic tich toa d6 ctia tich vo huéng, hay tim d6 dai ctia mot
vecto khi biét toa do ctia né. Tinh do dai ca doan thang AB khi biét toa do cta hai diém
A, B. Tinh cosin géc gitia hai vecto ctia hai vecto @ = (a1;a2;a3) va b =(b1;b9;b3).

Hé qua 3.2.

a) Cho vecto @ =(a1;ag;as3), thi|d|=/a? +a3+a2.

b) Khoang cach gitta hai diém M(xy; yar;2m) va N(xn; yn;zn) 1a

MN = [MN| = \/xy — 2% + (o = ya)? + e - 2a0)”.

c) Néu ¢ 12 géc giita hai vectd @ = (a1;as;a3) va b = (b1;ba;bs) véi @ va b khac 0
thi N
—_ =2 (—1) b ai1bq +a2b2+a3b3

cosp=cos(a,b)= = )
G e e

. J

Vi du 3.5. Tinh goc gitta hai vects @ =(1;2;7) va b =(3:-5:-8).

Giai. Ta co

=V32+(-5)2+(-8)2 =172,
a-b=1-3+2-(-5)+7-(-8)=-63.

Tt nhitng diéu trén cho ta

: -63 V3

T3v6-1v2 2

o o

g a-b

cos(d,b) = ——- =
allb

Vay géc gitta hai vects @ va b bing 150°.
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Luyén tap 3.2. Trong khong gian Oxyz, cho tam giac OAB c6
0(0;0;0), A(1;-1;4), B(8;7;-17).
Tinh s6 do géc AOB ctia tam giac OAB.
Vi du 3.6. Trong khong gian Oxyz, cho tam giac OAB c6
0(0;0;0), A(-10;—4;28), B(-9;18;-18).
Tinh chu vi OAB.

Giai. Ta co
OA =(-10;-4;28), OB =(-9;18;-18), AB=(1;22;-46).

Do dai cac canh ctia tam giac OAB la

0A = |0A| = V(-10)2 +(-4)2 +28% = V900 = 30,
OB =|0B| = V(-92+ 182+ (~18)2 =729 =27,
AB=|AB|=v12+222+(-46?2 =/2601=51.

Chu vi tam giac OAB 1a 30+27 +51 = 108.

Luyén tap 3.3. Trong khong gian Oxyz, cho tam giac ABC c6 A(-5;-2;5), B(-3;4;9),
C(1;2;3). Tinh dién tich ctia tam giac ABC.

3.1.6 Bai tap tu ludn
Bai tap 3.1. Trong khong gian Oxyz, cho cac diém A(1;0;2), B(2;3;0), C(-1;0;0), D(0;0;1),
E(0;-1;-1), F(0;2;0). Trong cac diém da cho, diém nao thuodc

a) mat phang (Oxy); b) mét phang (Oyz); ¢) mat phang (Ozx);

d) truc Ox; e) truc Oy; f) truc 0z?

-
v 1

S +2- EvAw=1+2 ] -3-k.Xac dinh toa

Bai tap 3.2. Trong khong gian Oxyz, cho
do6 ctia cac vecto w va v.

Bai tap 3.3. Trong khong gian Oxyz, cho cac vecto d = (1;-4;2), b= (3;0;-5).
a) Bidu dién cac vects @ va b qua céc vectd i, j, k.
b) Tim toa db ctia cac vecto T+ b, @ —b,2- @ +3b.

Bai tap 3.4. Trong khéong gian Oxyz, cho diém P(1;-3;-5).

a) Tim toa d6 hinh chiéu vuéng géc ctia diém P 1én cac mat phing toa dé (Oxy), (Oyz),
(Ozx);

b) Tim toa d6 diém dbi xing cia diém P qua cac mat phing toa d6 (Oxy), (Oyz), (Ozx);

¢) Tim toa d6 hinh chiéu vuéng géc ctia diém P 1én céc truc toa d6 Ox, Oy, Oz;
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d) Tim toa d6 diém dbi xing cta diém P qua cac truc toa d6 Ox, Oy, Oz.

Bai tap 3.5. Trong khong gian Oxyz, tim toa do trong tdm G cua tam gidac OAB c6
0(0;0;0), A(1;3;4), B(2;-6;-1).

Bai tap 3.6. Trong khong gian Oxyz, cho ba diém A(2;-1;3), B(4;-5;7), C(8;-10;9).
a) Ching minh ba diém A, B, C khong thang hang;
b) Tim toa do6 diém D sao cho ti gidc ABCD 1 hinh binh hanh.

Bai tap 3.7. Trong khong gian Oxyz, cho tam gidac ABC ¢6 A(9;8;7), B(1;13;4), C(10;17;3).
Chiing minh tam gidc ABC deu.

Bai tap 3.8. Trong khong gian Oxyz, cho ti& giac OABC ¢6 0(0;0;0), A(1;4;10), B(9;-3;12),
C(8;-17;2). Chitng minh OABC la hinh vuong.

Bai tap 3.9. Tinh géc gitta hai vects @ va b trong cac truong hop sau:

a) @ =(23;5), b =(7;1;8); b) @ =(2-5;-3), b =(1;7;8);
¢) @ =(3;5;8), b =(1;4;-9); d) @ =(1;-9;-4), b =(23;6).

Bai tap 3.10. Tim s6 do géc trong dinh A cia tam gidc ABC trong cac trudng hgp sau:

a) A(2,4,9), B(1,8,14), C(3,7,11); Pap sb. 30°.
b) A(1,5,7), B(-4,2,11), C(-1,6,9); Pap sb. 45°.
¢) A(1,2,5), B(-4,3,9), C(-3,7,4); Pap s6. 60°.
d) A2,6,3), B(5,10,8), C(4,7,1); Pap s6. 90°.
e) A(4,1,3), B(-3,-1,2), C(9,-4,5); Pap sb. 120°.
f) A(1,3,7), B(-1,4,9), C(5,6,2); Pap sb. 135°.
g) A(8,9,2), B(3,5,1), C(11,10,4). Pap sb. 150°.

Bai tap 3.11. Tinh sb do cac géc ctia tam gidec ABC trong cac trudng hop sau:
a) A(2;-2;-6), B(7;-1;-10), C(4;-3-9);
Pap sb6. A =30°, B=30°, C =120°.
b) A(2;-2;-6), B(6;-2;-10), C(2;-4;-8);
Péap s6. A =60°, B=30°, C =90°.
c) A(-2;-10;-4), B(@3;-7;-8), C(-7;-7;-8);
Pap s6. A =90°, B=45°, C =45°.
d) A4;8;12), B(9;12;9), C(9;5;8). Pap sb. 15°, 30°, 135°.

Bai tap 3.12. Cho hinh binh hanh ABCD. Tinh géc tao bdi hai vecto AC vaBD trong cac
truong hop sau:



10 Chuong 3. Phuong phdp toa dé trong khong gian

a) AB=(1,2,-3), BC=(9,8,7); Dép sb. 30°.
b) AB=(2,-2,-1), BC=(-2,-4,-5); Dép sb. 45°.
¢) AB=(-4,1,-3), BC=(2,-7,-5); Dép sb. 60°.
d) AB=4,-1,3), BC=(0,5,-1); Dap sb. 90°.
e) AB=(2,-7,-5), BC=(-4,1,-3); Dép sb. 120°.
f) AB=(8,5,1), BC=(0,3,3); Pap sb. 135°.
g) AB=(5,4,1), BC=(1,2,-1). Dap sb. 150°.

Bai tap 3.13. Tinh chu vi P va dién tich S cia tam giac ABC trong cac truong hgp sau:

a) A(1,2,3), B(7,10,27), C(16,18,15); DPap sb. P=68, S =204.
b) A(1,2,3), B(10,14,39), C(19,26,19); Pap sb. P =98, S =420.
¢) A(1,2,3), B(13,21,51), C(49,18,15). Pap sb. P =156, S =1170.

Bai tap 3.14. Tim toa d6 diém M trén mat phang toa d6 cho dudi day sao cho ba diém
A, B, M thing hang trong cac trudng hop sau:

a) M thudc méit phang (Oyz), A(1;-3;-2), B(2;-1;4);
DPap s6. M(0;-5;-8).
b) M thudc mat phang (Oxz), A(-2;2;1), B(5;3;2);
DPap s6. M(-16;0;-1).
¢) M thudc mit phang (Oxy), A(2;3;4), B(1;2;3).
DPap s6. M(-2;-1;0).

Bai tap 3.15. Tim toa d6 diém M trén mit phang toa do cho duéi day sao cho tich vo
huéng AM - BM nhé nhéit trong céac truong hop sau:

a) M thudc mit phang (Oyz), A(1;2;-3), B(1;-4;-1);
Pap sb. M(0;-1;-2).
b) M thuéc mit phang (Oxz), A(5;4;3), B(1;3;5);
DPap s6. M(3;0;4).
c¢) M thudc mat phang (Oxy), A(-6;5;1), B(-2;-3;2).

DPap s6. M(-4;1;0).
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3.2 Phuong trinh mat phang

3.2.1 Tich cé hudng cha hai vecto

Pinh nghia 3.1. Trong khong gian Oxyz, cho hai vecto @ = (a1;az;a3) va b= (b1;bg;b3).
Tich c6 hudng cta hai vects @ va b 1a mot vecto, ki hidu [a’, Z’] hay @ A b, dude xac dinh

bdi

Vi du 3.7. Trong khong gian Oxyz, cho hai vecto @ = (—4;3;5) va b= (—2;1;2). Tinh d6 dai
cua vecto [E’, ?;]

A

[a’, 3] —(1;-2;2), nén do dai cta vecto [a’,?] 1312+ (—2)2+22 =3,

az as
by b3

as ai
bs b

ay az
b1 b

2

b

)= (a2bs —asbg; asb; —a1bs;a1ba —agbi). (3.1)

Giai. Ta ¢o

3 5
1 2

5 —4
2 -2

-4 3
-2 1

)

)

>

.
@

):(3-2—1-5;5-(—2)—2-(—4);(—4)-1—(—2)-3)

Luyén tap 3.4. Cho hai vects @ =(1;2;7) va b = (4;3;5).

—

a) Tinh [3,5’], [b,a’]-

-

b) Tinh [@,0] @, [@,0] b;

¢) Tinh |[@, ]| va |@|-|?]-sin(a, ).
Luyén tap 3.5. Trong khong gian Oxyz, cho hai vects @ = (aj;az;a3) va b= (b1;bg;b3).
Chung minh tich c¢6 huéng [E’, T;] vubng goc véi ca @ va b.
3.2.2 Vectd phap tuyén ciia mat phing

Pinh nghia 3.2. Cho mit phang (). Vects 7 dudc goi 1a vecto phdp tuyén cta (a) néu 7
khéc 0 va ¢6 gid vudng géc véi (a).

Sy

Hinh 3.5

Nhan xét. Néu 7 1a vecto phép tuyén ctia (@), thi moi vects k7 véi k # 0 ciing 14 vecto
phép tuyén caa (a).
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3.2.3 Cip vectd chi phuong clia mat phang

Pinh nghia 3.3. Cho mat phéng (a). Cép vectos o, b dudc goi la cap vecto chi phuong
ctia mat phang (a) néu @ # 0,b#0 va gia ctia ching song song hoéc nam trong (a).

Dinh li 3.2. Trong khong gian Oxyz, néu @ =(ai;as;as) va b= (b1;b9;b3) la cap vecto chi
phuong ciia mat phang () thi

7 = (agbs —asbo; asb1 —aibs;a1bs —agbi) ] (3.2)

la vecto phdp tuyén ciia mdt phang ().

Hoat dong 3.6. Dé chiing minh 7’ 1a Vectd phap tuyen ctia mat phang (), ta can chiing
minh diéu gi? Hay ching minh 7 - @ = Ovan-b=0.

Chiuing minh. Ta co

—>

=(agbsz —asbg)ai +(azbi —a1b3)ag +(a1bs—azbi)as

=a azbg a1a3b2 +a2a3b1 —a2a1b3 +a3a1b2 —a3a2b1

Tuong tu, 7+ b = 0.

Vecto 7 vuong gée véi ca hai vects @ va b, nén né vudng géc véi gia ctia nay, thé ma @
va b khéng cung phudng, nén 7’ vudng géc véi hai dusng thang cat nhau ciia mat phang
(@). Do @6, gia cta 7 vudng géc véi mat phang (a).

Vi céc vectd @ va b khong cung phuong, nén cac toa do ca 7 khong dong thoi bang
0. Do d6, 7 12 mét vecto ciia mét phang (). O

3.2.4 Phuong trinh téng quat cha mit phing

Dinh 1i 3.3. Trong khéng gian Oxyz cho mat phang (a) di qua diém My (xo; yo;20) va nhdn
7 =(A;B;C) lam vecto phdp tuyén. Piéu kién can va di diém M(x;y;z) thudc mdt phing
(a) la

[ A(x—x9)+B(y—y9)+C(z—29)=0. ] (3.3)

Chiuing minh. Ta co .
MoM = (x - x0;¥ = Y0;2 — 20).
Me(a)o 7 L MM
&7 -MoM =0
S A(x—x9)+B(y—y0)+C(z—29)=0.
O
Dinh li 3.4. Trong khong gian Oxyz, tap hop cdc diém M(x;y;z) thod man phuong trinh

Ax+By+Cz+D =0 (trong dé cdc hé sé A, B, C khong dong thoi biang 0) la mét mdt phing
nhdn vecto 7@ = (A;B;C) lam vecto phdp tuyén.
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Chiing minh. Goi diém M (xo;y0;20) thod man phuong trinh Ax+By+Cz+D =0, ta cé
Axo +By0 +CZ() +D=0

hay
D =—-(Axg +By0 +Czp).

Goi (a) 12 mat phéng di qua diém M, va nhan 7’ = (4;B;C) lam vectd phap tuyén. Khi d6
Me(a) o A(x—x0)+B(y—y0)+C(z—20)=0

©Ax+By+Cz—(Axog+Byg+Czp)=0
< Ax+By+Cz+D =0.

O

DPinh nghia 3.4. Phuong trinh c6 dang Ax+By+Cz+D =0, trong d6 A, B, C khong dong
thoi bang 0, dudc goi 1 phuwong trinh téng qudt cia mat phang.

Vi du 3.8. Xac dinh vects phap tuyén 7 cia mat phang (P) ¢6 phuong trinh
a)x+2y—-z+1=0; b) 2x -4y +9=0; c) x=0.

Giai.
a) Mot vects phap tuyén cta mat phing (P)1a 7 =(1;2;-1);

b) Mét vecto phap tuyén cta mét phang (P) 1a 7 = (2;-4;0). Ta thay 7 = 2(1;-2;0), nén
ciing c6 thé chon T =(1;-2;0) 1a vecto phap tuyén ctia mét phang (P);

¢) Mot vects phap tuyén ctia miat phang (P) 1a @ = (1;0;0).

Hoat dong 3.7. Xac dinh toa do vecto phéap tuyén clia cac méat phang toa do (Oxy), (0yz),
(Ozx).

Vi du 3.9. Trong khong gian Oxyz, viét phudng trinh mat phang (P) di qua diém A(0;2;-4)
va ¢ vects phap tuyén 7 =(1;5;7).

Giai. Phuong trinh mét phang (P) la
1(x-0)+5(y-2)+7(z+4)=0

hay
x+b5y+T7z+18=0.

Luyén tap 3.6. Trong khong gian Oxyz, viét phuong trinh mat phang trung truc cta
doan thang AB, biét A(-3;2;1) va B(1;-4;2).

Vi du 3.10. Trong khong gian Oxyz, cho ba diém A(1;2;3), B(4;-4;5), C(7;-8;6). Viét
phuong trinh méat phang di qua ba diém A, B, C.

Gidi. Ta c6 AB = (3;-6;2), AC = (6;—10;3). Mot vects phap tuyén ctia mat phang di qua
ba diém A, B, Cla n = [AB, AC] =(2;3;6). Phuong trinh mit phang (ABC) 1a

2x-1D+3(y-2)+6(z-3)=0

hay 2x+3y+6z-26=0.
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Luyén tap 3.7. Trong khong gian Oxyz, viét phuong trinh mit phang di qua ba diém
A(a;0;0), B(0;b;0), C(0;0;c) véi a, b, ¢ 1a ba sb thuc khac 0.

Hinh 3.6

Trong khong gian Oxyz, phudng trinh mat phang di qua ba diém A(a;0;0), B(0;b;0),
C(0;0;¢) v6i a, b, ¢ 14 ba s6 thuc khac 0 1a

[ 1,9,2 ] 6.

Phuong trinh mit phang c6 dang (3.4) goi 1a phuong trinh mdt phdng theo doan chdn.

Vi du 3.11. Trong khong gian Oxyz, viét phuong trinh mét phang (a) di qua diém P(2;3;4)
chua truc Ox.

Gidi. Ta c6 OP = (2;3;4), vecto don vi caa truc Ox la 7= (1;0;0). Mot vects phap tuyén
ctia mit phing (o) 1a 7 = [OP, i ] = (0;4;-3).

Mat phang (a) chia truc Ox, do d6 qua gbc toa d6 O va c6 mdt vectd phap tuyén
7 =(0;4;-3), nén c6 phuong trinh 1a 4x -3y =0.

Trong khéng gian Oxyz cho hai mét phang (a1) va (as) ¢6 phuong trinh

(a1): A1x+Bly+Clz +Dq = 0,
(a9): Azx +Bzy+sz +Dgy=0.

Khi d6 (a1) va (a2) ¢6 hai vects phap tuyén 1an ludt 14 n7 = (A1;B1;C1), ns = (A2;Bs;Ca).
Ta xét diéu kién d€ hai mét phang (a;) va (a2) song song hodc vudéng géc véi nhau.
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3.2.5 Diéu kién dé hai mit phing song song

Hinh 3.7

Hoat dong 3.8. Nhan xét gi vé vectd phéap tuyén ctia hai mat phang song song, hai mat
phang trung nhau?

Cho mat phang (a;) qua diém M va c6 vects phap tuyén n1; mit phang (a2) qua diém
N va c6 vects phap tuyén 7.

ni cung phuong ns, n1 cung phuong ng,
(a1) || (ag) o
M ¢ (as) N ¢ (aq).

B n1 cung phuong ns, n1 cung phuong ns,
(a1) =(ag) & o

M € (asg) N € (aq).

\. .

Vi du 3.12. Chiing minh hai m#t phing
P):x+2y+3=0, (@):2x+4y—-1=0

song song nhau.

Gidi. (P) c6 vecto phap tuyén 73 = (1;2;0) va di qua diém A(-3;0;0), (Q) c6 vectd phap
tuyén 75 = (2;4;0). Nhan thiy rang ns = 2n3, tic n; cung phuong véi ns. Lai ¢6 toa do
diém A khong thod man phuong trinh mét phang (Q), do d6 (P) || ().

Vi du 3.13. Viét phuong trinh mit phang (P) qua diém M(-3;—-1;4) va song song v6i mat
phing (@): x+2y—-5z+1=0.

Giadi. Vecto phdp tuyén ctia mit phang (@) 1a ng) = (1;2;-5). Vi (P) | (@), nén (@) ciling
nhan ng) =(1;2;-5) lam vecto phap tuyén, phuong trinh ctaa (Q) 1a

1x+3)+2(y+1)-5(z—-4)=0x+2y—-5z2+25=0.
Luyén tap 3.8. Cho ti dién ABCD c6
A(-3;5;-1), B(1;-4;-2) C(C(3;2;-6), D(6;4;-5).
Viét phuong trinh mét phang di qua A va song song véi mat phang (BCD).
Trong khong gian Oxyz cho hai mat phang (a1) va (as) ¢ phuong trinh
(a1): Aix+B1y+Ci1z2+D1=0,
(ag): Asx+Boy+Coz+Dgy=0.
Khi d6 (a1) va (a9) ¢6 hai vects phap tuyén 1an ludt 1a 71 = (A1;B1;C1), fio = (Ag; Ba; Cs).
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3.2.6 Diéu kién dé hai mit phing vudng géc

@ |

74'2_{
n w»
o 2 \@
Hinh 3.8 Hinh 3.9

(a1) cat (a2) khi va chi khi hai vects phap tuyén tuong tng 77 va ns cia chung khong
cung phuong.

(a1) ct (ag) & 71 #kTe < (A1;B1;C1) # k(A2;By;Co).

Hoat dong 3.9. Nhan xét gi vé hai vects phap tuyén cia hai mit phang vuéng géc nhau?

@

ng
ni
Hinh 3.10

Hai mét phang (a;) va (a2) vudéng géc nhau khi va chi khi 77 va 73 vudéng géc nhau.

[ (a1) L(a9) 7{1'7{2 =O©A1A2 +Ble+Clcz =0.

Vi du 3.14. Cho hai mit phang
P):2x—y—-9=0, (@):x+2y+5z+3=0.
Chiing minh rang (P) L ().

Gidi. (P) c6 vecto phap tuyén 1a 71 = (2;-1;0), () c6 vectd phap tuyén 1a 7» =(1;2;5). Ta
co
7_1)1-71)2 =2-1+(-1)-2+0-5=0.

Vay (P) L(Q).
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Luyén tap 3.9. Xac dinh m dé€ hai mat phang
(P): 83x+5y+2z-1=0, (Q):x—-3y+(m?-m)z—1=0
vuodng goc nhau.

Vi du 3.15. Viét phuong phuong trinh mit phang (P) di qua diém A(3;-2;-8) va vuong
géc v6i hai mét phang

Q®):x—-3y—-4z-5=0, (R):3x+y—-T7z—-7=0.

Gidi. (@) c6 vects phap tuyén 1a 71 = (1;-3;-4), (R) c¢6 vects phap tuyén 1a @s = (3;1;-7).
Goi 7 1a vec to phap tuyén cta (P), tacé 7 L 71 va 7 L 7. Do do,

7 =7, 7{2] — (25:-5:10) = 5(5: ~1;2).
Mait phéng (P) di qua diém A va c6 vecto phap tuyén v = (5;—1;2), nén c¢6 phuong trinh la
5x—-3)-1(y+2)+2(z+8)=05x—y+2z-1=0.
Luyén tap 3.10. Cho tam giac ABC c6 A(1;-7;-9), B(2;-5;-10), C(7;-1;-3). Viét phuong

trinh mét phang di qua hai diém A, B va vudng géc véi mat phing (ABC).

3.2.7 Bai tap tu luan
Cac bai tap sau déu xét trong khong gian Oxyz.

Bai tap 3.16. Tim d¢ dai tich c6 huéng cta hai vects @ va b trong cac truong hgp sau:

a) @ =(2;,-4;3), b =(4;-7;5); b) @ = (6;5;2), b =(8;7;3);
c) a =(3;-5;4), b= (1;2;-2); d) @ =(-2;2;-3), b= (=8;7;,-9).

Bai tap 3.17. X4c dinh toa do mot vects phap tuyén ctia mit phang (P) trong cac trusng
hgp sau:

a)(P):x+2y—-z+1=0; b) (P): 2x—-4y+6z+3=0;
c) (P):y—4z+2=0; d) (P): 5x+1=0.
Bai tap 3.18. Viét phuong trinh cac mit phang toa do (Oxy), (Oyz), (Ozx).
Bai tap 3.19. Viét phuong trinh mit phang (P) trong cac trudng hgp sau:
a) (P) di qua diém A(1;-2;-3) va c6 vecto phap tuyén 7 = (1;3;5);
Pap sb. x+3y+52+20=0.
b) (P) di qua ba diém A(1,3,-2), B(4,2,-1), C(-3,—4,-5);
Pap sb. 2x+y-5z-15=0.

c) (P) di qua ba diém A(1;0;0), B(0;—2;0), C(0;0;—-3);
Pap s6. 6x—3y—2z-6=0.
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d) (P) di qua diém A(1;2;-3) va chiia truc Oy;

DPap sb. 3x+2z=0.

e) (P)1a méit phang trung truc ciia doan thing AB véi A(1;-4;3), B(3;2;-5);
Pap sb. x+3y—-4z-3=0.

f) (P) di qua diém H(1;-3;2), trong dé, H 12 hinh chiéu vudng géc cia diém M(-3;2;4)
lén (P);

Pap s6. —4x+5y+2z+15=0.

g) (P) di qua diém A(-2;-3;-2) va vudng géc véi truc Oz;
Pap sb6. z+2=0.

h) (P) di qua hai diém A(1;-1;2), B(3;1;5) va song song véi truc Ox.
Pap s6. 3y-2z+7=0.

Bai tap 3.20. Xét vi tri tuong d6i ctia hai mat phang (P) va (Q) trong mdi trusng hop
sau:

a) (P):x+2y—-3z+1=0, (@):2x+y—-4z+1=0;
b) (P): x+3y+5z2+1=0, (@):4x+7y—-5z+2=0;
c) (P):x—2y—-32+1=0, (Q):2x—4y—-6z+1=0;
d) (P):2x+32+1=0, (Q):6x+9z+3=0.

Bai tap 3.21. Viét phuong trinh mat phang (@) di qua diém A va song song véi mat
phang (P) trong cac truong hop sau:

a) (D, 2013) A(-1,3,-2), (P):x—2y—2z+5=0; Pap sb. x—2y—-2z+3=0.
b) A(1,1,3), (P):x+2y—4z+1=0; Pap s6. x+2y -4z +9=0.
c) A2,2,2), (P):x+5y—2z+2=0; Pap sb. x+5y—2z-8=0.
d) A(2;-3;6), (P):(Oxy). Pap sb. z-6=0.

Bai tap 3.22. Viét phuong trinh cta mit phang (a) di qua diém A va vudng géc véi hai
mat phang (P1) va (Ps) trong céc truong hop sau:

a) A(1;1;1) (P1):x+2y+3z2+4=0, va(Pg9):3x+2y—2z+1=0;

Pap s6. 4x—5y+2z-1=0.
b) A2;2;2) (P1):x+3y—-2z+4=0, (Pg):2x—y+4z+1=0;

Pap s6. 10x—8y—7z+10=0.

c) A3,2,1), (P1):x+2y+3z+4=0, (P2):2x+3y+z+3=0.
DPap s6. —Tx+5y—z+12=0.
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Bai tap 3.23. Viét phuong trinh mit phang di qua hai diém A, B va vudng géc véi mat
phéng (P) trong cac truong hop sau:

a) (D, 2013) A(-1;-1;-2), B(0;1;1), (P):x+y+z—-1=0;
Pap s6. x—2y+z+1=0.
b) A(0;-3;4) B(2;1;3), (P):x+2y—3z—-6=0;
Pap s6. 2x—y-3=0.
c) A(1;2;3) B(4;5;6), (P):7x+8y+9z+10=0.
Pap s6. x—2y+2z =0.
Bai tap 3.24. Cho t dién ABCD c6

A(1;7;15), B(3;2;16), C(13;12;6), (14;4;11).

Viét phuong trinh mét phang di qua A va vudng géc véi hai mat phang (ABC) va (BCD).

3.2.8 Khoang cach tir mot diém dén mét mit phing

Dinh li 3.5. Cho mdt phang a cé phuong trinh Ax+By+Cz+D =0 va diém M(xy;yur;2u).
Goi d(M,a) la khodng cdch tit diém M dén a, ta cé

IAxM +ByM+CZM+D|

dM,a)=
VA2 +B?+(C?

(3.5)

Dinh nghia 3.5. Khodng cdch giita hai mdt phang song song 1a khoang cach tit mét diém
tuy ¥ thudc mét phang nay dén mat phang con lai.

Vi du 3.16. Tinh khoang cach tit diém M(1;-3;-2) dén mit phang
a) (P):x+4y+8z-18=0; b) toa do (Oxy).
Giai.

a) Khoang cach tit diém M dén mat phang (P) 1a

1+4-(-3)+8-(-2)+18] _[-9| _
V12 +42 + 82 3

b) Phudng trinh mét phang (Oxy) 1a z = 0. Khoang cach tit diém M dén mat phang
Oxy)la |-2|=2.

Luyén tap 3.11. Cho ti@ dién OABC cé 0(0;0;0), A(7;0;0), B(0;14;0), C(0;0;21). Tinh
khoang cach tit diém O dén mat phang (ABC).

Luyén tap 3.12. Tinh thé tich ctia khéi lap phuong c6 hai mit thudc hai mat phang (P),
(Q) biét rang
(P):2x+6y+92+2=0, (@):2x+6y+9z+35=0.
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Vi du 3.17. Cho hinh chép S.ABCD c6 canh bén SA vuéng géc véi (ABCD), SA = 2a; day
ABCD la hinh thang vuong tai A va B; AB=BC =a, AD = 2a. Tinh khoang cach tu trong
tam G cta tam giac SAB dén mat phang (SCD).

Giai. Chon hé truc toa d6 Axyz nhu Hinh 3.11.

z

Hinh 3.11
Khi d6

2
A0;0;0), B(a;0;0), Cla;a;0), D(0;2a;0), S(0;0;2a), G(%;o;?“).

Ta co
SC =(a;a;-2a), SD =(0;2a;—-2a).

Vecto phap tuyén ctia mit phang (SCD) 1a
[S_C),@)] = (2a2;2a2;2a2) = 2a2-(1; 1;1).
Mit phang (SCD) qua S va c6 vec to phap tuyén 7 = (1;1;1), nén c¢6 phuong trinh 1a
Ilx-0)+1(y-0)+1(z—2a)=0ex+y+z—-2a =0.

Khoang céch tit trong tAm G dén mat phang (SCD) la

a+2a 9
—+——2a
3 3 _a\/§

VIZy1Z+12 3

dlG,(SCD)] =

3.2.9 Bai tap tu luan

Bai tap 3.25. Tinh khoang cach tit diém M dén mit phang (P) trong c4c trusng hop sau:
a) M(1;2;3), (P):x+4y+8z-24=0; Pap sb. 1.
b) M(3;2;1), (P):2x+6y—9z-31=0; Pap sb. 2.

¢) M(-1;-2;-2), (P):2x—5y+14z—25=0; Pap sb. 3.
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d) M(-1;2;-1), (P):8x+15z—-45=0; Pap sb. 4.
e) M(2;-5;0), (P)la mat phang (Oxz). Pap sb. 5.

Bai tap 3.26. Tinh d6 dai duong cao AH cua ti dién ABCD trong cac truong hgp sau:
a) A(-6,-9,-7), B(-1,-5,-3), C((5,4,3), D(6,8,9); bap sb. 2.
b) A(0;0;0), B(6;0;0), C(0;6;0), D(0;0;12). Pap sb. 4.

Bai tap 3.27. Tinh thé tich cia khéi lap phuong c6 hai mét thuoc hai mit phang (P), (Q)
trong cac truong hgp sau:

a) (P):6x+13y+182+2=0, (Q):6x+13y+18z+48=0; Pap sb. 8.
b) (P):2x+6y+92+2=0, (Q):2x+6y+9z+35=0. Pap sb. 27.

Bai tap 3.28. Viét phuong trinh cic mit phang (Q) song song va cach (P) mot khoang
bang d cho trudc trong cac truong hop sau:

a) (P):2x—6y—-9z+2=0, d=2;
Pap s6. 2x—6y—-92+24=0, 2x-6y—9z-20=0.

b) (P):3x+16y+242+2=0, d=3.
Pap s6. 3x+16y+242+89=0, 3x+16y+24z—85=0.

Bai tap 3.29. Tim tap hop cac diém M(x;y;z) sao cho khoang cach tit M dén hai mit
phéng (P) va (@) bang nhau trong cic trudng hop sau:

a) (P):2x+3y—6z+1=0, (@):x—4y—-8z+1=0;
Dap 6. 112+ 55y +22+2=0, 25x—y—110z+16=0.

b) (P):x+4y+8z+11=0, (Q):x+4y+8z-2=0.
DPap s6. 2x+8y +16z+9=0.

Bai tap 3.30. Cho hai diém A va B. Viét phuong trinh mat phang (P) di qua diém A sao
cho khoang cach tit B dén (P) 16n nhéat trong céac truong hop sau:

a) A(-4,-1,-3), B(-2,1,-1); Pap sb. x+y+2z+8=0.
b) A2,-4,-2), B(5,2,7). Pap s6. x+2y+32+12=0.

Bai tap 3.31. Cho ba diém A, B va M. Viét phuong trinh méat phang (P) di qua hai diém
A, B sao cho khoang céch tit M dén (P) 16n nhét trong céc truong hop sau:

a) A(-1;,-2;3), B(-2;-1;4), M2;1;-3); bap sb. x+ 5y—-42z+23=0.
b) A(2;-2;3), B(2;-1;1), M(1;2;3). Pap s6. 5x—16y -8z —18 =0.

Bai tap 3.32. Cho hinh chép S.ABCD c6é day ABCD la hinh vuéng canh bang a, mét bén
SAB la tam giac déu, ndm trong mat phang vudéng géc véi miat phang (ABCD). Goi H 1a
trung diém canh AB. Tinh khoang céch tit diém D dén mit phang (SHC).
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3.3 Phuong trinh dudng thang trong khéng gian

3.3.1 Phudng trinh tham s6 dudng thing

Hoat dong 3.10. Cho duong thang A di qua diém My (xo;y0;20) v& nhan @ = (a1;az2;a3)
lam vecto chi phuong. Tim diéu kién can va da dé diém M(x;y;z) thudc A.

Dinh li 3.6. Trong khong gian Oxyz, cho duong thang A di qua diém My (xo;y0;20) VG
nhdn @ =(a1;as;as) lam vecto chi phuong. Diéu kién can va du dé diém M(x;y;z) thudc A
la ¢6 mot sb thuc t sao cho

X =x0+tai,
Yy =Yyottag,
z=2z¢+tas.

Chiuing minh. Ta co
_—>
MoM = (x - x0;¥ = Y0;2 = 20).
Piém M thudc A khi va chi khi MoM cung phuong véi @, nghia 1a MoM =¢@, ¢ € R. Piéu
nay tuong duong véi
x—xg=tai, x=x9+tai,
y-yo=tag, hay {y=yo+tay,

z—zp=1lasg z=2z¢9+tas.

]

Pinh nghia 3.6. Phuong trinh tham s6 ctia duong thang A di qua diém M (xo;y0;20) Va
¢6 vectd chi phuong @ = (a1;a2;a3) 1a phuong trinh c6 dang

x=x0+tai,
¥ =yo+tag, (3.6)
z2=2z¢9+tas

trong dé ¢t € R 14 tham s6. K& tit day, néu khong chd thich gi thém, tham s6 ¢ trong phuong
trinh tham s6 ca dudng thing dudc hiéu la ¢ € R.

Ngudc lai, mbi hé phuong trinh dang (3.6) véi a? +a2+a2 > 0 déu la phuong trinh tham
s6 ctia duong thang A di qua diém (xo; y0;20) va c6 vectd chi phudng 14 @ = (a1;a2;a3).

Vi du 3.18. Xac dinh mét diém va mét vecto chi phuong ctia duong thang

x=-2+3t,
(A): {y=2+t¢,
z=4-2t.

Gidi. (M) di qua diém (-2;2;4) va c6 vectd chi phuong @ = (3;1;-2).
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Luyén tap 3.13. Xac dinh toa do mot diém va mét vecto chi phuong ctia dusng thang

x=1+3t,
(A): { y=-3t,
z=2-6t.

Vi du 3.19. Cho hai diém A(-5;3;-2), B(~1;11;14) va duong thang

x=-T+t,
(d): S y=-1+2¢,
z=4-3t.

Trong cac diém da cho, diém nao thudc (d), diém nao khong thudc (d)?

Gidi. Thay toa d6 diém A vao phuong trinh dudng thang (d), ta dudc

-5=-T+1, t=2,
3=-1+2t, < 2t=4, <t=2.
—-2=4-3¢ 3t=6

Ta thay, toa d6 diém A thoa mén phuong trinh cta (d). Vay A € (d).
Thay toa d6 diém B vao phuong trinh duong thang (d), ta dudc

—1=-T+t, t=86,
11=-1+2¢, o{2=12,
4=4-3t 3t=0.

Hé phuong trinh trén v6 nghiém, tic 13, toa d6 diém B khong thod man phudng trinh ctia
(d). Vay B ¢ (d).

Luyén tap 3.14. Cho bon diém:
A(-3;-10;7), B(5;2;3), C€C(13;14;1), D(7;-5;2)

va duong thing

x=3+2t,
(d): {y=-1+3t,
z=4-t.

Trong cac diém da cho, diém nao thudc (d), diém nao khong thudc (d)?
Hoat dong 3.11. Tu (3.6), véi a1, as, as déu khac 0, xem mdi phuong trinh véi 4n 12 ¢,
giai méi phuong trinh dé.

Tt (3.6), v6i a1, as, az déu khéc 0, ta suy ra

X—x0 Y—Yo Z—20
ai as ag
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Pinh nghia 3.7. Phuong trinh chinh tdc cia duong thang A di qua diém My (xo; yo;20) va
¢6 vecto chi phuong @ = (a1;a9;a3) Vi a1, as, as déu khac 0 1a phuong trinh c6 dang

X—=x0 Y=Yo Z-—20
ai as ag

(3.7

Ngudc lai, méi hé phuong trinh dang (3.7) véi ajasas # 0 déu la phuong trinh cta
duong thang A di qua diém (xo;y0;20) va c6 vecto chi phuong 1a @ = (a1;a9;a3).

Vi du 3.20. Viét phuong trinh tham s6 va phuong trinh chinh tac ctia dudng thing A di
qua diém A(2;4;3) va c6 vecto chi phuong v = (-5;-1;4).
Giai.
x=2-5¢,
 Phuong trinh tham s6 ctia Ala{ y=4-t¢,
z=3+4t.

; -2 y-4 z-3
¢ Phuong trinh chinh tac caaAlaZ 5 =7 T :24 .

Luyén tap 3.15. Viét phuong trinh tham s6 va phuong trinh chinh tac ctia dudng thang
A di qua diém A(1;-2;3) va c6 vectd chi phuong v = (-2;-2;-4).
Luyén tap 3.16. Viét phuong trinh tham s6 cac truc toa do Ox, Oy, Oz.

Vi du 3.21. Viét phuong trinh duong thang (d) qua diém A(1;3;5) va vudng géc véi mit
phang (P): x— 2y = 0.

Gidi. (P) ¢6 vecto phap tuyén 7 = (1;-2;0). Vi (d) vudng géc véi (P), nén (d) nhan 7 lam
vecto chi phuong. Phuong trinh tham sb ctia (d) 1a A 1a

x=1+1,
y=3-2t,
z=2>5.

Luyén tap 3.17. Cho tam giac ABC c6 A(2;4;3); B(1;-6;-14); C(12;5;8). Viét phuong
trinh dudng thang di qua trong tAm G ctia tam gidc ABC va vudng géc véi méit phang di
qua ba diém A, B, C.

Luyén tap 3.18. Cho tam gidc OAB c6 0(0;0;0), A(1;4;-1), B(2;5;-2). Viét phuong trinh
duong cao OH cua tam giac OAB.

A
Hinh 3.12
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Hoat dong 3.12. Khong can xac dinh toa d6 diém H, hay tim mot vectd chi phuong cta
duong thing OH.

Vi du 3.22. Viét phuong trinh tham s6 va phuong trinh chinh tac ctia duong thing A di
qua hai diém A(-2;1;4) va B(2;3;-2).

Gidi. AB = (4;2; 6) c¢6 gia 13 duong thang AB nén 1a mét vecto chi phuong duong thang
A. Nhan thay rang AB = 2(2;1;-3), ta c¢6 thé chon v = (2;1;-3) 1a vecto chi phuong ctia A.
Puong thing A di qua A(-2;1;4) va c6 vectd chi phuong v =(2;1;-3) nén ¢6 phuong trinh
tham s6 1a

x=-2+2t,
y=1+¢,
z=4-3t.

x+2 y-1 z-4
2 1 -3

Phuong trinh chinh tic cta A 1a

Luyén tap 3.19. Cho tam gidac ABC c6 A(1;-7;-9), B(2;-2;5), C(4;-4;3). Viét phuong
trinh tham s6 va phuong trinh chinh tic dudng trung tuyén AM cta tam giac ABC.

Luyén tap 3.20. Cho hinh lap phuong ABCD.EFGH c6
D(0;0;0), A(2;0;0), B(2;2;0), H(0;0;2).

Viét phuong trinh duong thang qua hai diém C va F.

Hinh 3.13

3.3.2 Vi tri tuong d6i cha dudng thang va mit phing

Hoat déng 3.13. Cho dudng thang (d) di qua diém M va c6 vects chi phuong @, (a) 12
méit phang c6 vecto phap tuyén 7. Cé bao nhiéu vi tri tuong d6i ca (d) va (a)? Trong mbi
vi tri @6, cho biét quan hé gitta hai vecto @ va 7.
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Cho dudng thang (d) di qua diém M va c6 vectos chi phuong @, (a) 1a mét phang cé
vecto phap tuyén 7. Ta ¢6

- —
n-a=0,

e @I (a)©{
M ¢ ().

e (d)cit(a) o -a #0.

Diac biét (d) L (o) © [7, d]

0.

n-a=0,
. (d)C(a)c){
M e (a).

Ngoai ra, dé xét vi tri tuong dbi cia dudng thing (d) va mat phang (a), ta xét hé
phuong trinh géom phuong trinh ciia (d) va phuong trinh cia (a).

 Heé phuong trinh c¢6 nghiém duy nhit < (d) cit (a). Bé ba s6 (xo; v0;20) thoa hé 1a toa
do giao diém cta (d) va (a).

e Hé phuong trinh vo nghiém < (d) va (a) song song nhau.
« Hé phuong trinh c6 v6 s6 nghiém < (d) < (a).

Vi du 3.23. Xét vi tri tuong dbi ctia duong thang (A) va mét phang (a) trong cac trudng
hgp sau:

x—12 y-9 z-1

a) (A): 1 3 T (@):3x+5y—2-2=0;
x=-1+2¢t,

b) (A):{ y=3+4¢, (a):3x—3y+2z-5=0.
z =3t,

Giai.

a) Cach 1. Xét hé phuong trinh

4 3 1’ o©{x-42-8=0, ©<{y=0,

x-12 y-9 z-1 3x+4y=0, x =0,
{3x+5y22—0

3x+by—-2-2=0 z=-2.

Vay (A) cit («) tai diém M(0;0;-2).
Cach 2. Puong thang (A) ¢6 vecto chi phuong @ = (4;3;1), méit phang («a) c6 vecto
phép tuyén 7 = (3;5;-1). Ta c6

a-n=4-3+3-5+1-(-1)=26#0.

Vay (A) cat (a).

Nhan xét. Trong Cach 2, ta chi biét (A) cat (a), nhung khong biét dudc toa dd giao
diém ctia ching.
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b) Cach 1. Xét hé phuong trinh

x=-1+2¢,
y=3+4t,
z = 3t,

3x—-3y+2z-5=0.
Thay «, y, z trong phudng trinh ctia (A) vao phuong trinh ctia mét phang (), ta dudc
3(-1+2t)-3(3+4t)+6t-5=0<0-t=17.

Phuong trinh 0-¢ =17 v6 nghiém. Vay (A) song song véi (a).

Cach 2. (A) di qua diém A(-1;3;0) va c6 vectd chi phuong @ = (2;4;3). Mét phang ()
¢6 vecto phap tuyén 7 = (3;-3;2).

Ta thay, toa d6 diém A khéng thod méan phuong trinh mat phang (). Hon nita,
a-7n=2-3+4-(-3)+3-2=0.
Vay (A) song song véi (a).
Vi du 3.24. Cho duong thang

x=-1-t,
(d):{ y=3+2t,
z=-2-8t

va mat phang (P): 2x—y+z + 1 = 0. Viét phuong trinh mét phéng («) chia (d) va vudng
géc v6i mat phang (P).

Gidi. Goi 7 1a vectd phap tuyén cta (a), thi 7 vudng géc véi vecto chi phuong @ =
(-1;2;-8) ctia dudng thang (d) va vudng géc vdi vectd phap tuyén 7p) = (2;-1;1) cia mét
phang (P). Do d6, vects phap tuyén cta (a) 1a

7 =[d, W@ =(-6-15-3).
Vay miét phang («) ¢ phuong trinh
—6(x+1)-15(y-3)-3(z+2)=02x+5y+2z—-11=0.

Luyén tap 3.21. Trong khong gian véi toa do Oxyz, cho diém A(3;1;2) va hai duong
thang
x=1+¢,

X
dli§:

-1 +1
yT:z—l va d22 y:—1—2t,

z2=2+t.

Viét phuong trinh mat phang (P) di qua A d6ng thdi song song véi hai dudng thang d; va
ds.

Vi du 3.25. Tim toa d6 hinh chiéu vudng géc ctia diém M(1;3;5) 1én mit phang

(P): 2x—6y—3z-18=0.
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Hinh 3.14

Gidi. Goi H 14 hinh chiéu vuéng géc cia M 1én (P). Pudng thang MH qua M va vuéng goc
v6i (P), nén nhan vects phap tuyén 7 = (2;-6;-3) cia (P) lam vecto chi phuong. Phuong
trinh duong thing MH la
x=1+2¢,
y =3 —6t,
z=5-3t.
Vi H thudc dudng thang MH, nén H(1+2t;3 —6t;5—3t). Lai ¢6 M thudc (P), do d6
2(1+2t)-6(3-6t)—3(5-3t)—18=0.
Khai trién phuong trinh trén, ta dudc 49 —49¢ =0 hay ¢ = 1. Khi d6, H(3;-3;2).

Luyén tap 3.22. Tim toa d6 hinh chiéu vudéng géc ctia diém 0(0;0;0) lén miat phang qua
ba diém A(18;0;0), B(0;9;0), C(0;0;9).

Hoat dong 3.14. Goi (P) 1a méit phang sao cho hinh chiéu vudng géc ctia 0(0;0;0) 1én (P)
14 H(1;2;3). Tim cac giao diém ctia (P) véi cac truc toa dé Ox, Oy, Oz.

Vi du 3.26. Tim toa d6 hinh chiéu vudng géc ciia diém A(3;5;1) 1én duong thang
x=3-1t,
A: {y=-1+3t,
z=3+2t.

A
H

Hinh 3.15

Gidi. Duong thang A c6 vecto chi phuong @ = (-1;3;2). Véi H tuy ¥ thudc A, ta cé
H@B-t;—-1+3¢t,3+21).
Khi dé -
AH =(—t;3t—6;2t + 2).
H 1a hinh chiéu ctia A trén A khi va chi khi
AH-@=(-1)(-t)+3(3t-6)+2(2t+2) =0 14t —14=0 <t = 1.
Khi d6 H(2;2;5).
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3.3.3 Vi tri tudng dbi cia hai dudng thing

Trong khéng gian, cho duong théng A di qua diém M va c6 vecto chi phuong la @, duong
théng A’ di qua diém M’ va c6 vecto chi phuong 1a a.

1) A va A’ cing nam trong mét méit phang khi va chi khi [5’, a ] -MM' =0.

e A va A’ cat nhau khi va chi khi [a a ] .MM’ =0 v hai vecto @ a, a " khong cung
phuong.

* A va A’ song song khi va chi khi hai vecto o, a cung phuong va diém thudc
duong thing nay khong thuéc dudsng thang kia.

* A va A’ song song khi va chi khi hai vects @, a cung phuong va moi diém thudc
duong thang nay déu thudc duong thang kia.

2) A va A’ chéo nhau khi va chi khi [5’,07] MM #0.

Ngoai ra, dé xét vi tri tuong d6i cia hai dudng thang A va A/, ta xét hé phuong trinh (%)
gom phuong trinh ctia A va phudng trinh caa A'.

e Hé phuong trinh (x) ¢6 nghiém duy nhéat khi va chi khi A cit A’ B0 ba s6 (xo; Y0320)
thoa hé (x) 1a toa do giao diém ctia A va A’ .

e Hé phuong trinh () c¢6 v6 s6 nghiém khi va chi khi A=A’

e Hé phuong trinh (%) vo nghiém va cac vecto chi phudng cia A va A’ cung phuong
khi va chi khi A va A’ song song v6i nhau.

e Hé phuong trinh v6 nghiém va cac vecto chi phuong caa A va A’ khong cung phuong
khi va chi khi A va A’ chéo nhau.

Vi du 3.27. Cho hai duong thang

x=-2+3t, 10 .
N x-10 _y+1_ =z
f . = — [ = = —,
l):{y=-1, va (f2): — 4 =3
z=4—t¢

Ching minh rang (¢1) va (¢3) cit nhau. Tim toa d6 giao diém cta (¢1) va (£3);

Giai. Goi M(xo;y0;20) 12 toa d6 giao diém cuia (¢1) va (¢3), ta cé

x0=—2+ 3¢,

<yO:_]—’

zo=4-t,
x()—].O_y()+1_Z()
-1 -1 =2

Suy ra
—2+3t-10 -1+1 4-t

= = ot=4.
-1 -1 -2

Do d(), xo =10, Yo = -1, 29=0.
VAay (¢1) va (¢9) cat nhau tai diém M(10;-1;0).
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Luyén tap 3.23. Tim toa d6 giao diém ctia hai dudng thang

x=-3t-10, x=m-2,
(d1): { y=—-4t-10, (d2): S y=2m+2,
z2=-2t-17 z=3m+3.

Vi du 3.28. Cho hai duong thang

x=-2+1, x=-4-2m,
(A1) :{y=-7+3t, va (Ag):{y=T7+m,
z=8-4t z=—-1+m.

Viét phuong trinh duong thang (As) di qua diém M(6,1,—2) va cat ca (A1) va Ag).
Gidi. Gia st A, B 1an ludt 1a giao diém ctia (A1), Ag) v6i (As). Khi dé,
A(-2+¢,-7+3t,8—4t), B(-4-2m,7+m,-1+m).
Ta co . .
AM =(8—1,8-3¢t,—10+4t), BM=(10+2m,-6—m,-1—m)

Do hai vectds AM va BM cung phuong, nén ton tai sé & sao cho AM =k-BM. Didu nay dan
dén hé
—9km—-10k—t+8=0,
km+6k—-3t+8=0,
km+k+4t-10=0.
Giai hé trén, ta thu dudc
t=4Am=—-4Nk=2.

Luc d6, A(2,5,—8). Pudng thang (As) di qua hai diém A va M, nén c¢6 phudng trinh

x=2+4t,
y=5—-4t,
z=—-8+6t¢.

Vi du 3.29. (D, 2009, theo chuong trinh Nang cao) Trong khong gian véi hé toa d6 Oxyz,
cho duong thang
x+2 y-2 2z

11 1
va mét phang (P): x + 2y — 3z + 4 = 0. Viét phuong trinh dudng thing d ndm trong (P) sao
cho d cat va vudng géc véi A.

A

Gidi. Ta thay (P) c6 mot vecto phap tuyén la 7 = (1;2;-3) va A c6 vecto chi phuong 1a
u=(1;1;-1).

Goi ¥ 1a vecto chi phuong ctia dudng thing d, thi ¥ vuéng géc véi 7 va @. Do dg,
U =[7n,¥]=(1;-2;-1) l1am vecto chi phuong.
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Goi E 14 giao diém ciia A va (P), toa do E 1a nghiém hé phuong trinh

x+2 y-2  z x-y+4=0, x=-3,
{ 1 1 -1 o x+z+2=0, <4yy=1,
*+2y-3z+4=0 X+2y—32+4=0 z=1.

Suy ra E(-3;1;1).
Do d cat A, nén d di qua diém E. Vay phuong trinh dudng thing can tim 1a
x+3 y-1 z-1

1 -2 -1
Vi du 3.30. Cho hai duong thang
x=-5+3t, x=2+3m,
(d1): {y=-2+2¢, (d2): { y=5+6m,
z=T-2t z=-T—4m.

a) Ching minh hai dudng théng (d1) va (ds) chéo nhau.
b) Viét phuong trinh mat phang () chia (d1) va song song véi (da).
¢) Tinh khoang cach giita hai dudng thang (d;) va (da).
d) Tim diém A thubc (d;) va diém B thudc (d2) sao cho d6 dai doan thing AB nhé nhét.
e) Viét phuong trinh duong vudng géc chung cta (d1) va (do).
Giai.
a) (d1) qua diém M(-5;-2;7) va c6 vecto chi phuong 1a a7 = (3;2;-2); (d2) qua diém
N(2;5;-T) va c6 vecto chi phuong 12 a5 = (3;6;-4).

e Xét hé phuong trinh

7
—5+3t=2+3m, (3t-3m=71, t=7
—2+2t=5+6m, ©{2t-6m="17, 7

m=—-—,
T-%2%=-T-4m |2—-4m=14 12
t—-2m="1.

Hé phuong trinh cubi vo nghiém.
e Mit khéc, ta thay rang, khéng ton tai sb thuc % sao cho aj = ka3, nén a; va as
khong cung phuong.
Tt hai diéu trén cho ta hai duong théng (d1) va (d2) chéo nhau.
b) Mat phéng (2) chita (d1) va song song véi (ds) ¢6 vecto phap tuyén 1a
7 = |at,a3) = (4;6;12) = 2(2;3;6).

Ta chon ¥ =(2;3;6) la vects phap tuyén cta (2).

Phuong trinh mat phang (2) di qua M(-5;-2;7) va ¢6 vecto phap tuyén v = (2;3;6)
la
20x+5)+3(y+2)+6(z-T7)=0< 2x+3y+62—26=0.
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¢) Do () chita (d;) va song song véi (do), nén khoang cach giita (d;) va (ds) bang
khoang cach tit diém N dén (22). Khoang cach nay bing

12-2+3-5+6-(=7)—26] |-49|

7.
V22432472 7

dIN,(P)] =

d) A thuoc (d1), nén A(-5+3¢t;—2+2t;7—-2t) va B thudc (d2), nén B(2+3m;5+6m;—7—4m).
Khi d6
AB = (3m — 3t +7;6m — 2t +T;—4m + 2t — 14).
D6 dai doan AB ngan nhét khi va chi khi AB 14 doan vuéng géc chung caa (d1) va
(d2). Piéu nay tuong duong véi

{E-a{:o, {29m—17t+63=0, {29m—17t+63=0, {t:2,
- < < <
3=0

61m—29t+119=0 61m—29t+119=0 m=-1.

Khi d6 A(1;2;3) va B(-1;-1;-3).

Cht ¥, dé tim cdc sb ¢ va m ta c6 thé 1am nhu sau. Vects AB va vectd phap tuyén
U =(2;3;6) ciia (2?) cung vuodng goc véi cac vectd a1 va az nén ching cung phuong véi
nhau. Do dé, ton tai sb % sao cho AB = k7. Piéu nay cho ta

3m—-3t+7=2k, m=-1,
6m —2t+7=23k, o t=2,
—4m +2t—14 =6k k=-1.

e) Puong vudng géc chung ctia (dq) va (ds) qua A(1;2;3) va nhan v =(2;3;6) lam vecto
chi phuong ¢6 phuong trinh la

x-1 y-2 2z-3
2 3 6

3.3.4 Bai tap tu luan

Bai tap 3.33. Xac dinh toa d6 mot diém va toa d6 mot vecto chi phuong ctia duong théng
A trong cac cac truong hgp sau:

x:1+2t, x:t7

a){ y=-2+4t, b) { y=5-¢,
z=3+1; z="1T;

0 x—2:y+1:z—4; Q) x+3:z:i-
2 3 5 2 4 4

Bai tap 3.34. Viét phuong trinh tham s6 va phuong trinh chinh tac (néu c6) ctia duong
thang A trong cac cac truong hop sau:

a) A qua diém A(-1;-3;4) va c6 vecto chi phuong @ =(3;5;7);

b) A qua gbc toa d6 va cé vects chi phuong @ = (0;2;6);
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¢) A di qua hai diém M(-1;2;-7) va N(1;3,-6);
d) A di diém A(-2;2;1) va vudng géc véi mat phang (a): x+2y -3z +4=0.

Bai tap 3.35. Viét phuong trinh dudng cao ké tit A cia tam gidc ABC trong céc trudng
hgp sau:

x=2+t,
a) A2,-5,8), (4,-3,10), (5,—1,11). Dap 6. { y=—-5-1¢,

x=2+4t,
b) A@2,-5,8), (5,4,-4), (7,-3,1). Dap s6.{ y=—-5-1¢,
z=8—-3t.

Bai tap 3.36. Cho tam giac ABC c6 A(2,3,5); B(1,-7,-12); C(12,4,10). Viét phuong trinh
duong thang di qua trong tam G cta tam giac ABC va vudng géc véi mat phang (ABC).
x=5-—t,
Dép sb. y = —5t,
z=1+3t

Bai tap 3.37. Viét phuong trinh mit phang di qua diém A va vuéng géc véi duong thang
A trong cac truong hop sau:

x=t+1,
a) A(1;-2;-1), A:{y=2¢-2, Pap 6. x+2y+z+4=0.

z=t+3;

b) (A, 2013) A(1;7;3), A: x__36 - y_+21 - ZJlrz;

Pap sb. 3x+2y—z—-14=0.

-1 1
¢) (B, 2014) A(1;0;-1), A;xz :% z

Pap s6. 2x+2y-2z-3=0.

Bai tap 3.38. Cho hai diém A, B va dudng thang d. Tim toa d6 diém M trén d sao cho
tam gidc MAB can tai diém chi ra trong cac trudng hdp sau:

a) Tam giac MAB can tai M,

x=t+1,
A(1;-2;-2), B(-3;-6;4), d:{y=t+2,

z=1+3;

Pap s6. M(-9;-8;-7).
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b) Tam giac MAB can tai A,

A(1;-2;-2), B(2;-6;4), d:{y=t-2,

z=1t+3.

Pap s6. M(-5;-6;-1), M(1;0;5).

Bai tap 3.39. Trong khong gian véi hé toa do Oxyz, cho dudng thang d va hai diém A,
B. Tim trén d diém M sao cho tam gidc MAB vuodng tai M trong cic trudng hop sau:

a)
x=3+4t,
A(3;2;4), B(-5;-6;-10), d:{y=-1+t¢,
z=-11-8t.
Pap s6. M(3;-1;-11), M(-5;-3;5).
b)
x=—-4+3t,
A(5;-5;-5), B(-7;1;-1), d:{y=4-6t,
z=-5+2t.

Dap s6. M(—4;4;-5), M(2;-8;-1).

Bai tap 3.40. Cho diém A va hai duong thang d; va ds. Tim toa cac diém M thudc d; va
N thudc ds sao cho ba diém A, M, N thang hang trong cac truong hdp sau:

a)
x=2+t, x=3+m,
A(1;2;3), di:{y=1+3t, va dg:{y=5+2m,
z=5+2t z=4—m;
DPap s6. M(3;4;7) va N(2;3;5).
b)
x=1-t, x=-2m+3,
A(-1;-3;-5), di:{ y=5+3t, va do:{y=-m-—1,
z=-b5+t z=—-4m - 2.

DPap s6. M(3;-1;-7) va N(1;-2;—-6).

Bai tap 3.41. Xét vi tri tuong d6i giita duong thang A va mit phang (P) trong cac trusng
hgp sau:

x=-1+t,
a) A:{ y=6-2t, (P):2x+y+z—-1=0.
z=-T+2t;

Tra 10i. A cat (P) tai diém M(1,2,-3).
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x=-2+3t,
b) A:{y=7-2t, (P):3x—2y—-z-1=0.
z=T—-t
Tra 16i. A vuong géc véi (P) tai diém M(4;3;5).
x=2-3t,
c) A:{y=-5+T7t, (P):3x+2y—-2z+1=0.
z=-2+51;
Tra 16i. A song song véi (P).
x=2-1t,
d) A:{y=-2+5t, (P):x+2y+3z—-1=0.
z=1-3¢
Tra 16i. A nam trong (P).
Bai tap 3.42. Tim toa d6 hinh chiéu vuéng géc H ctia diém A 1én mit phéng (P) va toa
do diém d6i xing R cua diém A qua mét phang (P) trong cac trudng hdp sau:
a) A(-5;-1;-3), (P):2x—y—-2z-6=0;
Pap sb. H(-1;-3;-5), R(3;-5;-7).

b) A(9;12;15), (P):4x+5y+6z—-32=0.
Pap s6. H(1;2;3), R(-7;-8;-9).

Bai tap 3.43. Tim toa do hinh chiéu vudéng géc H ctia diém A 1én dudng thang A va toa
d6 diém d6i xtiing R cua diém A qua dudng thang A trong cac trusng hp sau:

x=1-1,
a) A(-1;-3;4), A:{y=2+5¢, bap s0. H(2;-3;1), R(5;-3;-2).
z=-—t;
x—1 y 2z-2 .z
b) A(2;5;3), A: 5 =1- g Pap so. H(3;1;4), R(4;-3;5).

Bai tap 3.44. Viét phuong trinh dudng cao AH ctia tam gidc ABC trong c4c trudng hgp
sau:

a) A(3;2;1), B(-5;5;-4), C(-1;-7;2);
Pap s6. x=3-6¢, y =2-3t, z=1-2¢. (Hinh chiéu H(-3;-1;-1)).
b) A(1;2;3), B(4;10;-4), C(-8;-2;-2).
Pap s6. x=1-3¢, y =2+2t, z = 3—6¢. (Hinh chiéu H(-2;4;-3)).

Bai tap 3.45. Cho diém M va duong thang (d). Viét phuong trinh mat phang (P) qua M
va chta (d) trong cac truong hop sau:
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x=2+t,
a) M(1;-2;-2), (d):{y=-1+3t,
z=3+4t;
Pap s6. 11x—y—2z-17=0.
x-1 y-1 2z-5

b) M(5;2;-3), (d): s =1 - g

Pap s6. x+4y+2z-10=0.

Bai tap 3.46. Viét phuong trinh mit phang (P) chia dudng thang d; va song song véi
duong thang ds trong cac trudng hop sau:

x=2+3t, x=2-m,
a) di:{ y=-1+2¢, do:{y=3+m,
z=-3-2t, z=1+3m;

Pap s6. 8x—Ty+52z-8=0.
x=-1+2¢, x=3+m,
b) di:{ y=2+3¢, do:{y=-1-m,
z2=3+1t, z=4+2m.

Pap s6. 7x—3y—-5z+28 =0.

Bai tap 3.47. Cho diém A va duong thang d. Viét phuong trinh dudng thang A di qua
diém A, cit va vudng géc véi dudng thang d trong trusng hop sau:

x=-3+2t,
A(-4;-2;4), d:{y=1-t¢,
z=-1+4t.

x+4 y+2 z-4
3 2 -1

Bai tap 3.48. Cho dudng thang (d) va mat phang (P). Tim toa d6 giao diém M cta (d) va

(P). Viét phuong trinh mét phang () chita (d) va vudng géc véi (P) trong truong hop sau:

Z
A

bap so.

d:x—3:y—5:z—7,
1 2 3

(P):3x—y—-2z+5=0.

Pap sb6. M(2;3;4), (Q):x—11y+7z+3=0.

Bai tap 3.49. Viét phuong trinh dudng thang A cat duong thang d va mat phang (P) lan
ludt tai M, N sao cho A 1a trung diém doan thang MN trong céc truong hop sau:

a) (A, 2012, Chuong trinh Nang cao)

_x+1_

-2
A1;-1;2), (P):x+y—-2z+5=0, d: 5 = =2,

1 2

=

x=3-2t,
Ny =2-3t,
z=4-2t.

O»

Pap s
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b) A(-1;-1;-2), (P):x—y+2z-1=0, d: =2 ==

x=-1+T7t,
Dap sb. { y=—-1-4¢,
z=-2-8t.
Bai tap 3.50. Viét phuong trinh dudng thang A di qua diém M, cat hai duong thing A;
va Ay 1an lugt tai A va B sao cho M 14 trung diém cta doan thang AB trong cac trudng
hgp sau:

x=-5-2t, x=-2+m,
a) M(1,2,3), A1:{y=-1-t¢, Ag:{y=-2+8m,
z=3+t, z=1+m;
x=1-2s,
Dap sb. A:{ y=2+4s,
z=3-s.
x=-1+42¢, x=3-8m,
b) M(—2,1,1), A7 y:—2+5t, Ao : y=-m,
z=4+t, z=-2—-m.
x=-2-3s,
Dapsb. A:{y=1-2s,
z=1-4s.

Bai tap 3.51. Viét phuong trinh miat phang (P) chita dudng thang d; va song song vdi
duong thang ds trong trusng hdp sau:

x=2+1, x=-14+2m,
d1:{y=4+3t, do:{y=-3-m,
z =6+ 5¢, z=-5-3m.

DPap s6. 4x—13y+7z+2=0.

Bai tap 3.52. Cho dudng théng (d) va mit phéng (P). Ching minh rang (d) song song
(P). Viét phuong trinh mét phang (Q) chia (d) va vudng géc véi (P) trong truong hop sau:

x=-5+3t,
d:{y=-9+t, (P):x—y—-2z+4=0.
z=3+2t,

Pap s6. x+5y -4z +62=0.
Bai tap 3.53. Viét phuong trinh mét phéng (P) di qua diém A va song song véi hai dudng
thang d; va ds trong trudng hop sau:
x—1:y+1:z—7 dz'x+5:y—2:z+3.
2 -3 3’ "3 -2 -1’
Pap 6. 9x+ 11y +52—-16=0.

A(1;2;-3), di:
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Bai tap 3.54. Viét phuong trinh duong thang A di qua diém M, A ndm trong méat phang
(P) sao cho khoang cach tit diém A dén A nhé nhéat trong trudng hop sau:

A(-1;,-2;-3), M@3;5;-3), (P):x+2y+2z—-T7=0.

x=3-2t,
Dap 6. A:{ y=5-3¢,
z=-3+4t.

Bai tap 3.55. Cho hai diém A va B. Viét phuong trinh dudng thang A di qua A, song
song v6i mét phang (P) sao cho khoang cach tit B dén A 16n nhéit trong trudng hop sau:

A(1;-1;-1), B(2;3;-4), (P):3x+2y—-5z+2=0.

x=1+17t,
Dap s6. A:{ y=-1+2¢
z=-1+5t.

Bai tap 3.56. Cho hai diém A va B. Viét phuong trinh duong thang A di qua B, song
song véi mét phang (P) sao cho khoang cach tit A dén A nhé nhat trong trusng hop sau:

A(2;4;6), B(-1;-2;3), (P):2x+y+2z-1=0.

x=-1-¢,
Dap s6. A:{ y=-2+4¢,
z=3-1t.

Bai tap 3.57. Xét vi tri tuong d6i ctia hai dudng thang (d;) va (dy) trong cac trudsng hop
sau:

x=10-3t, x=m+3,
a) (d1): { y=10-4t, (d2): { y=2m +2,
z=3-2t z=3m+3.

Tra 16i. (d1) va (d2) cit nhau tai diém (1;-2;-3).

x=t+1, x=m-2,
b) (d1): { y=2t+3, (d2): S y=m+2,
z=-2t z=-m+3.
Tra 16i. (d1) va (d2) chéo nhau.
x=2+1t, x=1+4+2m,
¢) (d1): { y=5-4¢, (d2): S y=m,
z=3+t z2=2+2m.

Tra 16i. (d1), (d2) cat nhau tai A(3;1;4) va vudng géc nhau.
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x=t+1, x=m-—2,
d) (d1): { y=2t+3, (d2): { y=m+2,
z=3t-1 z=—-m+3.

Tra 16i. (d1), (d2) chéo nhau va vuoéng goc nhau.

x=t+1, 0 . 5
X+ y+ z-—
d . = d : = = .
e) ( ]_) y 2t+3, ( 1) 1 9 4 ’
z=4t-1
Tra 16i. (d1), (d2) song song nhau.
x=t+1, x=m+3,
) d):Sy=t+3, (d1): { y=m+5,
z=2t+1 z2=2m+5.

Tra 1oi. (d1), (d2) trung nhau.

Bai tap 3.58. Cho diém A va hai dudng thang d; va ds. Viét phuong trinh duong thang
A di qua A vudng géc véi d; va cat ds trong cac truong hop sau:

x=2t+2, x=-m+l,
a) A(1;2;3), di:{y=-t-2, do:{y=2m+1,
z=t+3, z=m-1;

Pap sb. [x=1+¢,y=2-3t,z=3-5¢.

b) (D, 2011) (Chuong trinh Chuén)

+1 -3 .
xrvo_ Y 2 , dglatruc Ox.
2 1 -2

A(1;2;3), dl :

-1 y-2 2z-3
2 2 3

, %z X
bap so.

Bai tap 3.59. Cho hai duong thang (d1), (d2) va mat phang (P). Viét phuong trinh cta
dudng thang A ndm trong mat phang (P) va cit ca hai dudng thang (d1), (d2) trong trusng
hdp sau:

x=-—t, x=-1+¢,
(d1):{y=2+t, (d2):{y=6-1, 2x—y+4z-5=0.
z=4+3t, z=10-3¢,

x=1+t¢,
Dap sb. { y=1+2¢,
z=1.

Bai tap 3.60. Trong khong gian véi toa do Oxyz, cho dudng théng d, mat phing (P). Tim
toa d6 giao diém A ctia dudng thang d va mat phang (P). Viét phuong trinh tham sb cia
duong thdng A nam trong mat phang (P), biét A di qua diém A va vudng géc véi duong
théng d trong cac truong hop sau:
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a) (A, 2005)
x-1 y+3 2z-3 _ B B
d: =5 -1 (P):2x+y-2z+9=0.

Papsb. x=t, y=—1,z=4+¢.

b) (Cao dang 2012)

x=2 y+1 z+1

d
-1 -1 1

(P):2x+y—-2z=0.

Papsd.x=1-¢t,y=-2,z=—t.

Bai tap 3.61. Cho hai duong théng d1 va ds va mét phang (P). Viét phuong trinh dudng
théng A cit d; va dg va vudng géc véi (P) trong cac trudng hop sau:

a)
x=1+1¢, x=1-m,
di:4y=-2+t, do:{y=4+2m, (P):x—-3y—-2+1=0.
z=3-2t, z=2+m,
Péap sb. x=—-1+¢,y=8-3t,z=4—t.
b)
x=1+2t, x=1+2m,
dq: y=3+t, do: y=1-m, P):2x—y+3z+2=0.
221—2t, 223—m,
Pap sb. x=—-1+2t,y=2—t,z=3+3t.
Pap sb. x=5+s, y=6-4s,z=—-3+s.
c) (A, 2007)
1 9 x=-1+2¢t,
— +
dlzfzy—:z va do:{y=1+t, (P):Tx+y—4z=0.
2 -1 1
z=3,

3.4 Phuong trinh mat cau

Trong dvi sébng hang ngay, ching ta hay gip céac hinh ¢6 dang hinh cau.
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Hinh 3.16

3.4.1 Phuong trinh mit cau
Hoat déng 3.15. Cho diém I(1;-1;-3), hdy tinh khoang cach tit I dén céc diém:

A(-5;-4;-1), B(-2;-7;-5), C(-2;5;-5), D(7;1;-6), E(4;1;3).

DPinh li 8.7. Trong khong gian Oxyz, phuong trinh mdt cau (&) tam I(a;b;c) bdn kinh r
la

(x—a)+(y-b)2+(z-c)=r (3.8)

Hinh 3.17
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Chiuing minh. V6i M(x;y;z) tuy y, ta c6

Me(#)eIM=r

@\/(x—a)2+(y—b)2+(z—c)2:r

@(x—OL)2+(y—b)2+(z—c)2:r2

O
Hoat dong 3.16. Hay viét (3.8) dudi dang
x2+y2+22—2ax—2by—202+d:O.
Nhan xét. Tu (3.8), ta c6
2 +y2+22-2ax—2by—2cz+a’+b2+c?-r?=0. (3.9
Pat d =a?+b%+c%2-r2, (3.9) thanh
2+ y?+22—2ax—2by—2cz+d =0. (3.10)

Ngudi ta ching minh dude rang phuong trinh dang (3.10), véi a2+ b2 +c¢2—d >0 la
phuong trinh cia mét cau tam I(a;b;c), ban kinh r = Va2 + b2 +c¢2—d.

Vi du 3.31. Xac dinh toa d6 tdm I va ban kinh r ctia cac mat cau (%) c6 phuong trinh
sau:

a) (x—1)2+(y-32+(z+2?=9;
b) x2+y%2+22-2y+62-6=0.
Giai.

a) () co tam I(1;3;-2) va ban kinh r = 3;

b) (&) c¢6 tam I(0;1;—3) va ban kinh r = /02 + 12 +(-3)2—(-6) = V16 = 4.

Luyén tap 3.24. Xac dinh toa do tAm I va ban kinh r clia mit cau () c6 phuong trinh
sau:

a) (x+1)2+(y+3)2+(z+5)?=25;
b) 3x2+3y%+32%2-12x—24y-362z+21=0.

Vi du 3.32. Viét phuong mat cau c6 tam 1a 0(0;0;0) va cé ban kinh bang 5.
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Hinh 3.18

Giai. Phuong trinh mét cau la
(x—0)2+(y—0)?+(z—0)? =52

hay
x2+yZ+z2 =25.

Luyén tap 3.25. Viét phuong trinh mét cau c6 tam I(1;3;5) va di qua diém P(4;-3;7).

Vi du 3.33. Viét phuong trinh mét cau c6 dudng kinh 1a AB, biét A(-1;3;1) va B(3;1;5).

Hinh 3.19

Gigi. Tam I ciia mat cau la trung diém ctia doan thang AB, nén I(1;2;3). Ban kinh cta
mat cau la

IA=vV(1+1)2+(2-3)2+(3-1)2=3.

Phuong trinh mat cau la
x-12+(y-22+(z-372=9.

Luyén tap 3.26. Viét phuong trinh mét cau c6 tAm thudc truc Oz va di qua hai diém
A(1;1;4) va B(-1;2;1).
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Vi du 3.34. Viét phuong trinh mat cau cé tam 1(3;2;1) va tiép xtic v6i mat phang (P) c6
phuong trinh 2x—y—-2z+16=0.
Gidi. Ban kinh mét cau bang khoang cach ti I dén (P). Khoang cach nay bang
2:3-2-2.1+16] 18 _
VA2 + (22 3

Phuong trinh mat cau la
(x-32+(y-2)%+(z-1)2 = 36.

Luyén tap 3.27. Viét phuong trinh méit cau cé tAm I(-3;-2;5) va tiép xtc véi mat phing
toa do (Oyz).

Vi du 3.35. Viét phuong trinh mat cau (%) qua bén diém 0(0;0;0), A(4;0;0), B(0;2;0),
C(0;0;4). Xac dinh toa do tam va ban kinh cta (%#).

Hinh 3.20

Giai. Goi phuong trinh ctaa (%) ¢6 dang
2 +y?+22—2ax-2by—2cz+d =0. (3.11)

Lan lugt thay toa d6 bon diém O, A, B, C vao phuong trinh (3.11), ta dudc hé phuong
trinh

d:O, d: )

16 -8a =0, a=2,
&

16-8b =0, b=2,

4-4c=0 c=1.

Vay phuong trinh caa (%) la

2+ +2%—4x—-4y-22=0.

(&) ¢6 tam 1(2;2;1) va ban kinh r = v22+22+12-0=3.
Luyén tap 3.28. Viét phuong trinh mit cau (%) di qua bon diém

A(-11,-3,-9), B(-10,-8,-1), C(-17,4,-4), D(1,-5,3).
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Vi du 3.36. Cho miit cau (%) ¢6 tam T'(1;3;5). Mat phang (2): 2x + 2y +z + 23 = 0 cat (¥)
theo mot dudng tron (€) c6 ban kinh bang 5. Viét phuong trinh caa ().

Hinh 3.21

Gidi. Goi H 1a tam cta (%) thi TH 1a khoang cach tit T dén (P). Ta c6
2-1+2-3+5+23| 36

VZr2+12 3
V6i M € (€¢) va R la ban kinh cua (%), ta ¢6

TH = 12.

R=TM=VTH?+HM?=122+52 =13,
Phuong trinh cua (%) la
(x—1)2+(y—3)%+(z —5)* = 169.
Vi du 3.37. (A, 2009) Trong khong gian véi hé toa do Oxyz, cho mit phang
(P):2x—2y—2—-4=0
va mat cau
C?kx2+y2+22—2x—4y—62—11:O
Chiing minh ring mit phang (2) cat mat cau () theo mot dudng tron. Xac dinh toa dd
tam va tinh ban kinh ctia dudng tron do.

Giai. Mat cau (%) c6 tam I(1;2;3) va ban kinh R = 5; mat phang (£) ¢6 mét vects phap
tuyén 1a 7 =(2;-2;-1).
Goi d 1a duong thang di qua I va vudng géc véi (2), d nhan vects 7 lam vectd chi
phuong. Vay d c6 phuong trinh
x-1 y-2 2z-3
2 -2 -1

Goi J 1a hinh chiéu vuéng géc ctia I 1én mat phang (P), toa d6 J 1a nghiém cta hé phudng
trinh

x-1 y-2 z-3 x+y-3=0, x =3,
{ 2 -2 -1’ o y—z+1=0, <4 y=0,
2x—2y-z-4=0 2 —2y—2—-4=0 2=2



46 Chuong 3. Phuong phdp toa dé trong khong gian

Vay J(3;0;2).
Ta co

d(I,(P)=1J =122 +(-2)2+(-1)2 <R,

nén mat phang (2) cat mit cau () theo mot duong tron cé tam 1a J(3;0;2) va ban kinh

r=vR2-1J?=4.

Luyén tap 3.29. Cho mit cau (%) ¢6 phuong trinh (x — 1)2 + (y + 1)2 + (z — 2)? = 25 va mit
phang (2) c6 phuong trinh x -2y — 2z -8 = 0. Tim bén kinh cia dudng tron giao tuyén tao
béi (&) va ().

Vi du 3.38. Cho diém A(2;-1;3) va mit cau () c6 phuong trinh
(x-32+(y+1%+(z-1%=09.
a) Ching minh rang diém A 6 trong mét cau (#).

b) Viét phuong trinh mat phang di qua A va cit () theo mét dudng tron c6 chu vi nhéd
nhét.

Giai.

a) Mat cau (&) ¢6 tam 1(3;-1;1), ban kinh R = 3. Ta ¢6

TA=V(2-32+(-1+1)2+(3-12=v5<3.
Vay diém A ¢ trong mét cau ().
b) Goi (¥) 1a duong tron giao tuyén tao béi mat phang (P) di qua qua A véi (%) var la
ban kinh cua (¥).

Chu vi p ctia dudng tron (€) 1a 2zr, trong d6 r = VRZ —IH? va H 1a hinh chiéu vuéng
géc ctia I 1én (P). Ta thiy p nhé nhét khi va chi khi IH 16n nhét. Vi A € (P), nén
IH <IA. Do &6, IH 16n nhat khi va chi khi H = A. Khi d6, (P) di qua qua A va vudng
géc véi TA. Mot vecto phap tuyén cia (P) 1a 1A = (—1;0;2).

Suy ra phuong trinh cta (P)la —x+2z-4=0.

3.4.2 Bai tap tu luan

Bai tap 3.62. X4ac dinh toa do tAm va ban kinh cia mit ciu (%) trong mdi truong hgp
sau:

a) (#): x2+y2+22=3; b) (#): (x—2)? +(y + 3)% + (z — 5)? = 25;
c) (#):x2+y2+22-2x—4y—-62-35=0; d) (#): 2x2+2y%+222—4x+12y—202z-92 = 0.
Bai tap 3.63. Viét phuong trinh mit cau (%) trong méi trusng hop sau:
a) () cé tam I(3;2;1) va di qua diém A(-3;4;-2);
Pap s6. (x—3)2+(y—-22%+(z—1)2-49=0.
b) (&) ¢6 duong kinh AB véi A(7;7;8) va B(—5;-5;—6);
Pap 6. (x— 12 +(y-12+(z-1)2-121=0.
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c) (&) c6 tam I1(2;4;6) va tiép xtc véi mat phang (P): x+4y +8z-21=0;
Dap 0. (x—2)2 +(y —4)% + (2 —6)% = 25.

d) (&) c6 tam 0(0;0;0) va tiép xic véi mét phang di qua ba diém A(3;0;0), B(0;3;0),
C(0;0;6),

e) () qua bbn diém 0(0;0;0), A(2;0;0), B(0;8;0), C(0;0;16);
Pap sb. (x—1)2+(y—4)%2+(z—8)2-81=0.
f) (%) qua bén diém A(3,7,17), B(6,16,1), C(11,13,5), D(15,4,8);
Pap s6. (x—1)2+(y—2)%2 +(z —3)2-225=0.

g) (¥) di qua ba diém A(2,7,13), B(4,9,11), C(5,10,1) va ¢6 tAm I thudéc mit phang
(P):x+2y—2-2=0.
Dap s6. (x— 12 +(y—3)% +(z-5)>-81=0.

Bai tap 3.64. Viét phuong mat cau (%) c6 tAm I va cat mat phang (P) theo mét dudng
tron c¢6 ban kinh r cho trudc trong cac truong hop sau:

a) (D, 2012) 1(2;1;3), (P):2x+y—-2z+10=0, r=4;

Pap s6. (x—2)2 +(y — 1)2 +(z — 3)% = 25.
b) I(1;-4;-3), (P):2x—y+2z—-12=0, r=3;

Pap s6. (x—1)2+(y +4)% +(z +3)2 = 25.
c) 1(3;-4;-3), (P):8x+15y+2=0, r=+5.

Pap sb. (x—3)2+(y+4)2+(z+3)2=09.

Bai tap 3.65. Viét phuong trinh mit phang tiép xic véi mit cau () tai diém M trong
cac truong hop sau:

a) (P): (x+12+(y-22+(=z-3)2%=9, M@1;1;1);

Pap sb. 2x—y—-2z+1=0.
b) (#): x2+y?+22—6x—4y—22-211=0, M(-7,-8,6).

Pap s6. 2x+2y -2z +36=0.

Bai tap 3.66. Viét phuong trinh tiép dién (a) cia mit cau (%), biét (@) song song v6i mét
phang (P) trong cac truong hop sau:

a) (#): (x-12+(y+22+(z-32=9, (P):2x+y—2z+1=0;
Pap s6. 2x+y-2z+15=0va 2x+y -2z -3 =0.
b) (#): 22 +y%2+22-2x—2y—-42-3=0, (P):2x+10y+11z2+11=0.
Pap sb. 2x+ 10y +11z2-79 =0.

Bai tap 3.67. Viét phuong trinh tiép dién («) ctia mét cau (%), biét (a) vudng géc véi hai
mét phang (P1) va (Py) trong céc trudng hop sau:
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a
! (5”):x2+y2+z2—2x—2y—2z—33:0,
(P1):x+y+4z+1=0, (P2):3x—-4y—-2z2—-1=0;
Pap s6. 2x+2y-2-21=0, 2x+2y—z+15=0.
b)

(#): x*+y% +2% —6x -6y —62-54=0,
(P1):5x—4y+22=0, (P9):9x-8y+5z—-1=0.
bap s0. dx+Ty+4z-126=0,4x+7y+4z+36=0.
Bai tap 3.68. Chiing minh rang mit phang () tiép xtc véi mit cau (%) va tim toa do
tiép diém cta (&) va (&) trong mbi truong hop sau:
a) (P):4x+T7y+4z-51=0,(#):(x+1)2 +(y +2)? +(2+3)>-81=0;
Pap sb. (3;5;1).
b) (A, 2013) (P):2x+3y+2—-11=0,(#):x2+y?> +22—2x+4y—-22-8=0.
Pap sb. (3;1;2).

Bai tap 3.69. Cho mit cau (), mat phang (2). Goi (€) la duong tron giao tuyén cla ()
va (22). Tim toa d6 tam I va ban kinh r cua (¥) trong cac truong hop sau:

a) (#): (x—1?+(y-22+(z-32-169=0, (P):x+2y+2z+25=0;
Pap sb6. Tam I(-3;-6;—5); ban kinh r = 5.

b) (#): 22 +y2+22+4x—16y+62-148=0, (P):x—-2y+2z-3=0.
Pap s6. Tam 1(1;2;3); ban kinh r = 12.
Bai tap 3.70. Hai qua bong hinh cau c6 kich thuée khac nhau dude dat 6 hai géc ciia mot
can nha hinh hép chit nhat. Mdi qua béng tiép xic véi hai biic tuong va tiép xic véi nén
cta cin nha d6. Trén bé mat moi qua béng, ton tai moét diém c6 khoang cach dén hai bic
tudng qua bong tiép xic va dén nén nha 1an lugt 12 9, 10, 13. Tinh tong d6 dai mbi dusng

kinh cta hai qua bong dé
Pap s6. 64.

Bai tap 3.71 (Cau 49, Ma dé 103, thi THPTQG 2017). Trong khéng gian véi hé toa do
Oxyz, cho hai diém A(3;-2;6), B(0;1;0) va mat cau

(8):(x— 1) +(y—2)?+(2 - 3)* = 25.
Mat phing (P):ax+by+cz-2=0 di qua A, B va cat (S) theo mot duong tron cé6 ban kinh
nho nhat. Tinh T=a +b +c.
Pap s6. T = 3.

3.5 Gobc trong khong gian

Hoat dong 3.17. Nhic lai c4c xac dinh géc giita hai dudng thang trong khéng gian.
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3.5.1 Géc giita hai dudng thang

Cho hai duong thang A; va Ay c6 vectd chi phuong lan luct 1a a7 va as. Goi ¢ 1a géc gitta
a; va as. Géc gitta A; va Ag bang ¢ néu 0° < ¢ < 90° va bang 180° — ¢ néu 90° < ¢ < 180°.
Nhu vay

ai-a3
lat

[y

cos(A1,As) = . (3.12)

a2|

Vi du 3.39. Tinh géc tao béi hai duong thang

x = 2t,
x—-3 y+2 z+4

Aq:
=77 1 10

va Ag: y=1+11¢,
z=-3+5t.

Giai. A\ c6 vects chi phuong 1a a7 =(7;1;10), A ¢6 vecto chi phuong 1a a3 = (2;11;5). Ta ¢6

|lai-as| 7-2+1-11+10-5| _ 75
lat|-|as] V72+12+10%-v22+112+52 /150-V150

1
cos(A1,A9) = 3

Véy (Al,Az) =60°.

Luyén tap 3.30. Tinh géc tao béi hai duong théng

x=1+4¢t, x=2+2t,
Ar1: S y=2+t¢, va Ag:{y=3+Tt,
z=-3+3t z=>5+8t.

3.5.2 Goéc giita hai mat phang

Hoat déng 3.18. Nhic lai dinh nghia géc giita hai mat phang; céng thiic tinh géc gitta
hai vectd trong khong gian.

@

Hinh 3.22
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Trong khéng gian Oxyz cho hai mét phang (1) va (as) ¢6 phuong trinh

(a1): Aix+B1y+C1z2+D1 =0,
(a9): Aox +Bzy+CQZ +Dgy=0.

(a1) va (a2) ¢6 vects phap tuyén lan luct 1a 77 = (A1;B1;C1), nis = (A2;Ba;Co).

Ta biét rang géc gitta hai mit phang 1a géc gitta hai duong thang 1an lugt vudéng géc
v6i hai mat phang d6. Hai vects phap tuyén cta (a1) va (a2) ¢6 gia vudéng géc véi hai mat

phang nay. Do d6, goi ¢ 1a géc gitta (a1) va (ag) (chi ¥ rang 0° < ¢ <90°), ta c6

|n1-n3| |A1Ag2+B1Bg + C1Co|

cosg =cos(n1,n3) =

mil-[ni]  [aZeB2ec2.\[a2+BReCE

Vi du 3.40. Tinh géc tao bdi hai mit phang (P;) va (Py) biét
(P1):3x+4y+5z+1=0, (P1):x—-T7y—-10z+2=0.
Giai. Goi ¢ la goc gitia (P1) va (Pg), ta ¢o

cos(p = 13-1+4-(-7)+5-(-10)| _ =151 VB
V32+ 42452/ 12+ (72 +(-102 5V2:5/6 2

Suy ra ¢ = 30°. Vay géc tao béi hai mat phang (P;) va (Ps) bang 30°.

(3.13)

Hoat déng 3.19. Viét phuong trinh mat phang (P) di qua hai diém A(1;2;3) va B(4;5;6)

sao cho géc tao béi (P) va mat phang (Q):x+2y —z +2 =0 16n nhét.

Vi du 3.41. Cho hinh chép S.ABCD c6 dday ABCD la hinh vuéng c6 canh bang 1. Pudng
thing SA vudng géc véi mét phang (ABCD), SA = 2. Goi M 1a trung diém cta canh SB.

Tinh géc gitta hai mat phang (CMD) va (SAC).

Hinh 3.23
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Giai.
e Chon hé truc toa d6 Axyz nhu Hinh 3.23. Ta c6

1
A(0;0;0), B(1;0;0), C(1;1;0), D(0;1;0), M(é;o;l), S(0;0;2).

e Tac6 AC = (1;1;0), AS = (0;0;2). Vectd phap tuyén ca méit phang (SAC) 1a
ni=|AS,AC]| = (-2;20.
— 1 — p 5
e LaicoCM = (—5;—1; 1), CD = (-1;0;0). Vecto phap tuyén caa mat phang (CMD) la
n3=|CM,CD| = (0;-1;-1),
* Goi ¢ la géc gitta (SAC) va (CDM), ta co
[(=2)-0+2-(-1)+0-(-1)] 1

cosp = =—.
V(=22 +22402-\/02 + (=12 +(-1)2 2

Suy ra ¢ = 60°. Vay géc tao béi hai mat phing (SAC) va (CDM) bang 60°.

3.5.3 Goéc tao béi dudng thang va mit phang

Hoat d6ng 3.20. Nhic lai dinh nghia géc tao bdi duong thang A va mat phang (a). Goi
@ 1a vectd chi phuong cia A va 7 1a vecto phap tuyén cta (a), ¢ 1a géc tao béi A va (a).
Tim mot hé thic lién hé gitia ¢, @ va 7.

Q)

>
S|

Hinh 3.24
e Néu A nam trong (a), thi hinh chiéu vuéng géc ciia A 1én (a) 1a A. Géc tao bdi A va
(a) 1a goc tao béi A va A. Do do, ¢ =0°.

e Néu A song song véi (), thi hinh chiéu vuéng géc cta A 1én (a) 1a dudng thang A’
song song v6i A. Goc tao bdi A va (a) 1la goc tao béi A va A'. Do do, ¢ =0°.
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e Néu A vudng géc véi (a), thi ¢ = 90°.

e Néu A cat () tai I, trén A 1ay diém N khac I. Goi H 1a hinh chiéu vuéng géc cta I
1én («). Hinh chiéu vuéng géc cia A 1én (a) 13 dudng thing A’ di qua hai diém I va
H. Trong trudng hop nay, géc tao béi A va (a) 1a géc tao béi A va A'. Do d6, ¢ = NIH.
Tam giac NIH vuodng tai H, nén

- —
a-n|

|—> —| "
a n|

sing =sin NTH = cosTHN = |cos (@, )| =

Cho dudng thang A c6 vectd chi phuong 1a @ va mét phang () ¢6 vecto phap tuyén 1a 7.
Goi ¢ 1a goc tao bdi A va (a). Ta c6

—
a

| —>
a

—
n

|

(3.14)

sing =

Hoat dong 3.21. Cong thiic (3.14) dudc xay dung khi dudng thang A cit va khong vuong
géc v6i mat phang (a). N6 ¢6 ding cho moi vi tri tuong d6i cta dudng thing A va mat
phang (a) khong?

Vi du 3.42. Tinh géc tao bdi duong thang

[_x—3_y—4_z+3
1 2 -1

va mét phang (a): 2x+y+z—-1=0.

Giai. Puong thang ¢ c6 vecto chi phudng @ = (1;2;—1). Mt phang (a) ¢6 vecto phap tuyén
7 =(2;1;1).
Goi ¢ la goc tao béi ¢ va (a). Ta co
a7 | [1-2+2-14+(-1)-1] 1

sing=-5—=-= =—.
lal-1nl /12422 +(-1)2-vV22+12+12 2

Suy ra ¢ = 30°.

3.5.4 Bai tap tu luan

Bai tap 3.72. Tinh géc tao béi hai mit phang (P;) va (Ps) trong céc trusng hop sau:

a) (P1):2x+y+2z+1=0va (Py):3x+4y+52+6=0; Pap sb. %.
b) (P1):x—4y+z+1=0va (Py):4x+8y+z—-2=0; Pap sb. %
c) (P1):2x+y+z+1=0va(Py):x—y+2z—2=0; Pap sb. g
d) (P)):5x+2y+2z+1=0va (Py):x—Ty+92-2=0. Pap sb. g

Bai tap 3.73. Tinh géc tao béi hai dudng thang d; va dy trong cac truong hop sau:
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x=4+t,
a) di:{ y=3+2¢,
z=-1+3t;

x=—4+t,
b) di1:{y=4+3t,
z=2-4t;

x=1-1,
c) di:{y=2+2¢,
z=-2-3t;

x=1-2-¢,
d) di:{y=2+3-t,
z=-4-t;

x=2+4m,
de:{y=-1+m,

z=—-1+5m.

x=1+Tm,
do: y=2+8t,

z=3-2m.

x=1+2m,
da:{y=-2+3m,

z=3—-m.

x=2+m,
do:{y=-1+2-m,

z=3+m.

Pap sb. 30°.

Pap s6. 45°.

Pap sb. 60°.

Pap s6. 90°.

Bai tap 3.74. Cho hai dudng thang (¢1) va (£s). Viét phuong trinh dudsng thang A di qua
gbc toa do 0(0;0;0), cat duong thing (¢1) va hop véi duong thang (£2) mot géc ¢ trong

truong hop sau:

x=-2+3t, x=-14+3m,
(£1):4 y =4+4t, va (l2):{y=-4+5m, ¢ =30°.
z2=6+1 z2=2+2m,

Dap sb. { y=-7¢,

z=t

x=t,
va y = 8t,
z="t.

Bai tap 3.75. Tinh géc tao bdi dudng thang A va mit phang (P) trong cac truong hop

sau:
Xx=-2+t,
a) A:{y=t, (P):2x—y—-z+3=0;
z=1+t,
x=1+1,
b) A:{y=2+2¢t, (P):x—5y—-10z+2=0;
z=3-3t,

Pap sb. 0°.

Pap s6. 30°.
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x=1+6¢,
c) A:{y=-1+2¢, (P):8x+5y+3z+2=0;
z=1-3t,
Pap s6. 45°.
x=2+4t,
d) A:{y=-4-¢t, (P):5x+2y—-T7z+1=0;
z=1-3t,
Pap sb. 60°.
x=2—t,
e) A:{y=-t, (P):x+y—-2z+3=0.
z=1+1,

DPap s6. 90°.

Bai tap 3.76. Cho hinh chép ti gidc déu S.ABCD c6 tat ca cac canh bang 1. Goi E la
trung diém canh SC. Tinh sin cta géc tao béi dusng thang BE va mit phang (SAD).

Pong Nai, ndm hoc 2023 — 2024,
Sap chit bang IATEX béi Tran Van Toan,
Gido vién truong THPT chuyén Luong Thé Vinh,
Bién Hoa, Pong Nai.
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