LGOI GIAI VA BINH LUAN DE THI VMO 2018

Tran Nam Diing — V6 Quéc Ba Can — Lé Phuc Lit — Tran Quang Huing
Nguyén Lé Phudc - Nguyén Van Huyén

1. Thong tin ban quyén
Ban quyén thudc vé tit ci cc thanh vién trong nhém bién soan (Tran Nam Diing, Vo Qudc B4
Can, Lé Phic L, Tran Quang Hung, Nguyén Lé Phudc, Nguyén Vin Huyén).

Day la thanh qua ctia qud trinh lao dong miét mai clia nhém d€ chia sé dén cong dong. Moi ngudi
déu c6 thé xem tai liédu MIEN PHI. Tuy nhién, vui long ghi o ngudn khi chia sé.

Tht ca cac hoat dong mua ban, kinh doanh lién quan dén tai liéu nay ma khong dudc su chip
thuan ctia nhom 1a trai phap luat. Chiing ta hay 1én an nhiing hanh vi vi pham ban quyén dé bao
vé quyén 1oi clia c4c tic gid, cta nhitng san pham tri tué. Xin cim on.

2. Dé thi

2.1. Ngay thi thir nhit (11/01/2018)

Bai 1 (5.0 diém). Cho day sb (x,) xdc dinh béi x; = 2 va

Xn+1 = \/x,, + 8 — \/xn +3, Vn>1.
a) Ching minh ring day sb (x,) c6 gi6i han hitu han va tim gi6i han d6.
b) V6i méi sb nguyén duong n, chiing minh rang n < x; + x + -+ + x, <n + 1.

Bai 2 (5.0 diém). Cho tam gidc nhon khong can ABC va D 1a mot diém trén canh BC. Ly
diém E trén canh AB va lay di€ém F trén canh AC sao cho ZDEB = /DFC. Cic dudng thang
DF, DE lan ludt cat AB, AC tai M, N. Goi (11), (1) tuong ting la cac dudng tron ngoai tiép
cac tam gidc DEM, DFN. Ky hiéu (J;) 1a dudng tron tiép xiic trong véi (I;) tai D va tiép xiic
v6i AB tai K, (J,) 1a dudng tron tiép xiic trong véi (I,) tai D va tiép xiic v6i AC tai H, P 1a
giao diém ctia (1;) va (1), Q la giao di€ém cta (J;) va (J,) (P, Q khic D).

a) Chiing minh rang D, P, Q thang hang.

b) Pudng tron ngoai tiép tam gidc AEF cit dudng tron ngoai tiép tam gidc A HK va dudng
thang AQ 1an luct tai G va L (G, L khac A). Ching minh ring tiép tuyén tai D ctia dudng
tron ngoai tiép tam giac DQG cat dudng thang EF tai mot diém niam trén dudng tron
ngoai tiép tam gidac DLG.

Bai 3 (5.0 diém). Mot nha diu tu c6 hai manh dit hinh chi nhat, cac manh dt déu c6 kich
thuéc1a 120 m x 100 m.
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a) Trén manh dit thd nhit, nha dau tv mubn xiy mot ngdi nha c6 nén hinh chit nhat kich
thuc 25 m x 35 m va xay bén ngoai 9 bon hoa hinh tron dudng kinh 5 m. Chiing minh
riang du xay truSc 9 bon hoa & dau thi trén phan dit con lai van di chd xay ngodi nha dé.

b) Trén ménh dét thi hai, nha dau tw mubn xay mot ho cd hinh mot da giac 16i sao cho tif mot
diém bat ky trén phan dit con lai c6 thé di khong qua 5 m thi dén bd hd. Chiing minh ring
chu vi ciia hd khong nhé hon 440 — 20+/2 m.
Bai 4 (5.0 diém). Trong mit phing O x y, cho (C) la dd thi ciahams6 y = /x2. Mot dudng
thang d thay ddi sao cho d cét (C) tai ba diém phan biét c6 hoanh do 1an luot 1a x1, x5, x3.
Chiing minh ring

a) Dailugng 2/ 4 2/ 4 /512 12 mot hing s6.
1 2 3
2 2 2
3/ xi 3/ x5 3/ x3 _ 15
b) \/x2x3 + \/x3x1 + \/xlxz < 4

2.2. Ngay thi thit hai (12/01/2018)

Bai 5 (6.0 diém). Cho cac sb nguyén duong n va d . Xét tap hop S, (d ) gdm tit ca céc bo sb
cothi tu (xq, ..., xg) thda min dong thdi cic diéu kién sau

i) x; €{1,2,...,n}véimoichisb1 <i <d;
ii) x; # x;41 v6imoichisb1 <i <d —1;
iii) khong ton tai cacchisd 1 <i < j <k <[ < d saocho x; = xg va x; = x;.
a) Tinh s6 phan t ctia tdp hop S3(5).
b) Ching minh ring tp hop S, (d ) khac réng khi va chikhid < 2n — 1.
Bai 6 (7.0 diém). Cho day sb (x,) xdc dinh bdi xg = 2, x; = 1 va
Xn+2 = Xn41 + Xn, Vn >0.

a) V6in > 1, chiing minh rang néu x, 13 s6 nguyén t6 thi n 1a s6 nguyén t6 hodc n khong
c6 u6e nguyén to 18.

b) Tim tit ca cac cdp s6 nguyén khong am (m, n) sao cho x, chia hét cho x,,.

Bai 7 (7.0 diém). Cho tam gidc nhon khong cin A B C ¢6 trong tim G ndi tiép dudng tron (O).
Goi H,, Hy, H. lan lugt 1a chan cdc dudng cao ha tlf cic dinh A, B, C ctia tam gidc A BC
va D, E, F lan luct 12 trung diém cdc canh BC, CA, AB. Cactia GH,, GHy,, GH, lan
luct cat (O) tai cac diém X, Y, Z.

a) Ching minh ring dudng tron ngoai tiép tam gidgc X C E di qua trung diém doan thang BH , .

b) Goi M, N, P tuong tng 1a trung di€ém céc doan thang AX, BY, C Z. Chiing minh
rang cac dudng thang DM, EN, FP dong quy.
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3. Binh luan chung

Pé thi ngay thi nhit nhin chung 14 co ban, khong c6 bai todn nao qua khé. Tuy nhién néu nhin
tong thé thi dé kha dai, v6i nhiéu y.

e Bai 113 mot bai toan day sd co ban dang x, 41 = f(x,). C6 hai cich tiép can chinh
cho bai nay 1a ding 4anh xa co (xét diy |x, — 1]) hodc dung tinh gidm cta ham f dé
xét hai ddy chi sb chin va chi s6 18. Cau b) c6 thé sé& tao ra nhitng khé khiin nhét dinh
nhung ciing ¢6 nhiéu huéng xi 1y, trong d6 huéng tu nhién va don gian nhét 1a dung quy
nap, st dung tinh chit: Néu x, > 1 thi x,41 < 1va x, + Xp41 > 2, néu x, < 1 thi
Xny1 > 1vax, + xp+1 < 2.

e Bai 2 12 mot bai toan hinh hoc phang véi ciu hinh kha rdi rim. Loi gidi y a) chii yéu sir
dung phuong tich va truc dang phuong trong khi d6 15i gidi y b) b) ¢6 phan phic tap hon,
néu chung ta biét nhiéu kién thic vé phép vi tu quay (phép dong dang) va cic tinh chit vé
hang diém diéu hoa thi ciing c6 thé giai quyét dudc bai toan nhung néu nghi mot cach don
gian thi chiing ta hoan toan c6 thé giai bai todn nay chi bang tinh todn goc.

e Bai 3 13 mot bai toan hinh hoc t& hgp & mitc d kha don gian véi hai y riéng biét. Y a)
da xuAt hién trong nhiéu tai liéu vé hinh hoc t3 hop, chfmg han cudn Hinh hoc t& hop clia
nha gido Vii Hitu Binh ma Sputnik Education vita phat hanh trong nim 2017 vita qua. Y
b) c6 thé coi la phién ban don gian clia bai toan con giun do thiy Vian Nhu Cuong dé
xuét cho IMO 1982 (diéu kién da gidc 13i sé gidp hoc sinh hinh dung cAu hinh va ly luan
don gian hon). Tuy khong phiic tap c4 vé y tuéng 1an k¥ thuat nhung day 1a mot dip hiém
hoi ma hinh hoc t& hgp xuét hién trong cdc dé thi VMO va TST, do d6 c6 thé sé gay kho
khén cho cac thi sinh.

e Bai 4 12 mot bai toan co ban st dung dinh ly Vieta va khdo sat ham sb. Néu biét cach dit
an s6 ph hop thi ta c6 thé khit cdc cin thiic mot cach dé dang. C6 thé néi riang bai 4 con
dé xt 1y hon bai 1. Tuy nhién vi bai nay dit & vi tri bai 4 nén ca vé mit tu nhién 14n tam ly,
nhiéu hoc sinh c6 thé sé bdé qua mén qua nay ctia ban dé thi.

Nhin chung dé thi ngay thif nhit c6 nhiéu dit dién, ning vé k¥ thuat do d6 ban nao c6 ky ning xi
ly van dé nhanh gon sé& c6 10i thé. Tét c4 céc bai todn déu cé y a), b) nén diém thi chic sé min hon.

O ngay thi thit hai:

e Bai 5 12 mot bai todn t6 hop kha dep ma chiing minh st dung phép quy nap toan hoc.
Pang tiéc day chi 1a phat biéu lai cia mot bai toan thi Olympic Iran nim 2011, ¢6 cho
thém y a) d€ cho di€ém va goi y. Nguyén vin bai todn cla Iran nhu sau: Cdu véng la tén
ctia mot loai chim. Con chim nay ¢6 n mau va mau ciia né trong hai ngay lién tiép khong
giong nhau. Khéng ton tai 4 ngay trong cudc doi ciia con chimnaylai < j < k <1
sao cho chim co cung mau trong hai ngay i va k va cung mau trong hai ngay j val (va
khdc mau véi mau ma né cé trong cdc ngay i va k). Hoi chim cdu vong cé thé song téi da
bao nhiéu ngay (tinh theo n)?

e Bai 6 12 mot két qua kinh dién vé s6 Lucas: L, chia hét cho L, khi va chi khi m la béi
56 1é ciia n . Két qua nay suy ra mot cach kha dé dang tir cong thiic

Lm+2n = LmLZn - Lm—2n,
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trong d6 L _, = (—1)"L,. Cong thic ndy lai c6 th€ suy ra dé dang tif cong thiic
téng quat cho diy s6 Lucas: L, = o” 4+ B" véi o, B 13 hai nghiém ctia phuong trinh
x2 — x — 1 = 0. Do d6 trong bai toan nay, ngoai cc thuit ngii mang tinh s6 hoc nhu

chia hét, s6 nguyén t6 thi ban chit hoan toan 1a dai s6.

e Bai 7 1a mot bai toan hinh ¢6 ciu hinh kha dep va gon. Y a) clia bai toan c6 thé giai bang
kién thic cap hai nhung y b) 1a mot y khé, can st dung dén cic kién thic it phd bién hon
nhu dinh ly Ceva, dinh ly Desargues.

Téng thé vé ciu tric, dé thi c6 hai bai dai s6 va gidi tich (bai 1 va bai 4 c6 thé tinh 12 gidi tich hay
dai s6 déu dugc), hai bai hinh (bai 2 va bai 7), mdt bai hinh t& hop (bai 3), mot bai t& hop (bai 5)
va mot bai s6 hoc ¢ ban chit dai sb. Vé tinh méi, c6 1€ chi ¢ cau 1b), ciu 4a) va cac bai hinh 1a
c0 y mdi, con lai cac bai 3, 4b), 5, 6 déu 1a cac bai khai thac cac y cl. Veé d6 kho thi 4 bai ngay
dau khd déu nhau, bai nao hoc sinh ciing c¢6 thé 1am duge. O ngay 2 thi bai 7b dudc coi 1a khé
nhan nhét, con lai cac bai khac déu nhau, khé dé ty theo s trudng.

Vé mit phuong phép giai todn, c6 thé thiy trong dé thi nay, phuong phap quy nap toan hoc
dudc van dung kha nhiéu trong cac van dé khac nhau: § bai 1, bai 5 va bai 6. Hai bai hinh
thuan tiy déu c6 chit tira tua nhau, ngay cang st dung nhiéu cédc tinh chét va dinh 1y manh
lién quan dén dudng tron.

Qua phan tich d& thi mot cach chi quan, chiing tdi cho riang diém thi nim nay sé kha min. Du
dodn d€ lot vao vong 2, thi sinh sé phai hoan chinh 4.5 bai todn, tuong tng khoang 25-26 diém.
Piém dat giai ba sé vao khoang 20, tuong ting 3.5 bai. Piém dat gidi khuyén khich vao khoang
15, tuong ting 2.5 bai.

4. Lgi giai va binh luan cac bai toan

Bai 1 (5.0 diém). Cho day s6 (x,) xdc dinh bdi x; = 2 va

Xpng1 = \/xn+8—\/xn+3, Vn > 1.
a) Ching minh rang day sb (x,) c6 gidi han hitu han va tim gidi han do.
b) V6i mbi s6 nguyén duong n, ching minhring n < x; + x + -+ 4+ x, <n + 1.
Ldi giai. a) Dé thiy x, > 0 v6i moi n € N*. V6i mdi s6 nguyén duong n, ta c6

|xn+1—1|=‘\/xn+8—3+2—\/xn+3‘

1 1
(x”_l)(dx_n+8+3_dx—n+3+2)'

1
< |xp—1 — + ——
| l(\/xn+8—l—3 \/xn—|-3+2)

A
=

S

|

—
—
W | =
+
N | =
N—
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Do dé

5 5 n—1 5 n
|xn—1|sg|xn_1—1|s-~5(g) |x1—1|=(g), Vn e N*.

Dén day, véi chd y ring lim (2)" = 0, tasuy ralimx, = 1.
b) Xét ham s6
5
Vx+ 84+ Jx+3

f(x)=+V/x+8—-+Vx+3=

v6i x > 0, ta thdy f(x) 1a ham lién tuc va nghich bién trén (0, +00). Do x; > 1 nén
Xo = f(x1) < f(1) =1,suyraxs = f(x) > f(1) = 1, ... Mot cich téng quit, ta
ching minh dudc x5 < 1 < Xx3%—1 v6imoi k € N*.

Bay gid, xéthams6 g(x) = x + f(x) =x + V/x + 8 — /x +3v6ix > 0,tacé g(x)
l1a ham lién tuc va

gx)=1+ 0, Vx>0

1 1
e Wi R, i
nén g (x) 1a ham dong bién trén (0, oo). Tir ddy, ta c6 nhan xét sau

e Néux > 1thig(x) > g(1) =2.

e Néu0 <x < 1thig(x) <g(l)=2.
T nhan xét trén suy ra

Xok—1 + X2k > 2 > Xog + Xok+1, Vk € N,

Bay gid, ta sé ching minh bat dang thic da cho. Xét hai trudng hop:

e Trudng hop 1: n = 2k (k € N*). D& thiy 2 < x; + x, < 3 nén bit dang thiic da cho
dingkhik = 1. Xétk > 1,tacd

X1+ X2 44 xp = (0 + X2) + (33 + x4) + -0+ (X2k—1 + X2k)
>2 42442
=2k
va
X1+ X2+ +x, =x1+ (X2 +x3) + -+ (Xok—2 + X2k—1) + X2k
<2424 +241
=2k + 1.

e Trudng hop 2: n = 2k — 1 (k € N*). Do gia thiét x; = 2 nén bét dang thic da cho
dingkhik = 1. Xétk > 1,tacd

Xy + Xo+ Xy = (X1 + X2) + (03 + xg) + 000+ (Xok—3 + X2k—2) + X2k—1
>2424-+2+1
=2k —1
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va
X1+ X2+ -+ Xy =X +(X2+X3)+"'+(sz_2+)€2k_1)
<2424 42
= 2k.

Tém lai,tacén < x; + xo + -+ + x, <n + 1, Yn € N*. Bai toan dudc gidi quyét xong. [

Binh ludn. Pay 1a mot bai toan diy sb6 co ban dang x,.; = f(x,) véi f(x) 1a ham nghich
bién. Pbi véi y a), ngoai cach gidi sit dung 4nh xa co nhu trén, mot cach chuin muc dé xi 1y kiéu
bai todn nay 1a chia (x,) thanh hai diy con (ddy chi s6 chn va chi s6 18) roi ching minh hai diy
con d6 don diéu, bi chiin va hdi tu, cubi cling ta chi viéc chiing minh gi6i han ctia hai day con
bing nhau nita 1a dudc.

Piéu “thd vi” 12 bai todn nay c6 cung dang vdi bai diy sb trong dé chon doi tuyén chuyén DHSP
Ha Noi, 2014: Cho ddy sé (x,) duoc xdc dinh bdi x; = 1 va

Xni1 =5(\/x,,+ 11— v, +4), Vn € N*.

Chitng minh rang ddy sé (x,) co gidi han hitu han va tim gidi han do.
Y b) ctia bai toan c¢6 nhidu nét méi. Y tudng chii dao dé gidi phan nay la st dung nhan xét:
Xok—1 + Xak > 2 > Xog + Xok4+1, Vk € N*.
Ngoai cach tiép can nhu trén, ta cling c6 thé sit dung phuong phap quy nap toan hoc.
Mot sb bai todn v6i dang phat biéu tuong tu:
1. (IMO Shortlist, 2015) Cho diy céc sé duong a;, ds, . .. thda min

kak

— — Vk eN*.
ai—l—k—l

i1 =

Ching minh rf?mg, v6i moi s6 tu nhiénn > 2, tacéa; +a, + -+ a, > n.

2. (IMO Shortlist, 2013) Cho s6 nguyén duong n va diy cic s6 nguyén duong a,, as, ..., ay,.
Ngudi ta mé rong day trén thanh diy tuin hoan gdm vo han s6 hang theo quy tac a,,; = a;
v6imoii € N* Biétring 1 <a; <a, <---a, <a, +nva

aqg, <n-+i—1, VieN
chiing minh bt dang thiic sau
ay +az + -+ a, < n

3. (BMO, 2008) Ton tai khong day cac s duong a,, a,, ... sao cho céic bat dazlng thic sau
dugc théa man dong thdi v6i moi n nguyén duong:
a) aj+ax+ - +a, <n?
1 1 1
b) Z+Z+"'+ESZOOS?
4. (SMO, 2010) Cho day s6 (a,) théaman a; > 1 viagy, > ar + 1, Yk € N*, Chung
minh rang véi moi n nguyén duong, ta c6

a;+a3+--+ad=(atax+ - +ay)’
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Bai 2 (5.0 diém). Cho tam gic nhon khong can ABC va D 1a mot diém trén canh BC. LAy
diém E trén canh AB va lay diém F trén canh AC sao cho Z/ZDEB = /DFC. Cic duong
thang DF, DE lan lugt cit AB, AC tai M, N. Goi (1), (I>) tuong ting la cic dudng tron
ngoai tiép cdc tam gidc DEM, DFN. Ky hiéu (J;) 1a dudng tron tiép xic trong véi (1) tai
D va tiép xtic v6i AB tai K, (J,) 1a dudng tron tiép xiic trong véi (I,) tai D va tiép xuc vé6i
AC tai H, P 1a giao diém cta (1) va (1), Q la giao diém ctia (J;) va (J,) (P, Q khic D).

a) Ching minh ring D, P, Q thang hang.

b) Pudng tron ngoai tiép tam gidc AEF cat dudng tron ngoai tiép tam gidc AHK va
dudng thang AQ 1an ludt tai G va L (G, L khiac A). Chiing minh ring tiép tuyén tai
D ctia dudng tron ngoai tiép tam giac DQG cat dudng thang EF tai mot diém nam
trén dudng tron ngoai tiép tam giac DLG.

Loi giai. (Hinh v€ xem & trang sau.)

a) Do /DEB = /DFC nén Z/DEA = /DFA, suy ra ti giic M NEF noi tiép.

Tacé LDIL,F =2/DNF =2/EMF va ZI,DF = 90° — %ADIZF nén I,D | ME.Ma
J1K L ME nén I,D || J{K.

Chiing minh tuong tu, ta cing c¢6 11D || JoH.

Tu dé suy ra ZI,DK = ZDKJ, = ZKDJ, hay DK la phan giac géc I, DI;. Tuong tu, ta
ciing c6 DH 1a phan gidc géc I, DI,. Do d6, ba diém D, H, K thang hang.

Do tif gidc MNEF ndi tiép nén AE - AM = AF - AN nén A thudc truc dang phuong ctia (1)
va (I). Suy ra ba diém A, D, P thang hang. (1)

Laic6 ZAKH = 90° — /DKJ, = 90° — /DHJ, = /DHF = ZAHK nén AH = AK.
Suy ra A c6 cung phuong tich v6i (J;) va (J2), hay A4 thudc truc dang phuong cia (J;) va (J>).
Do d6, ba diém A, D, Q thang hang. 2)
Tt (1) va (2), ta c6 bdn diém A, D, P, Q thang hang (dpcm).

b) Do AK la tiép tuyén ctia (J;) nén ZAQK = ZAKD = ZAHK, suy ra ti gidc AQHK ndi
tiép. Ta c6 LZGEF = /GAF = /GKH, /GHK = /GAK = /GFE nén

AGEF ~ AGKH (g-g).

Lay diém S thuoc EF sao cho 3£ = DK ki d6 ta c6 AGES ~ AGKD (c-g-c). Suy ra
AGEK ~ AGSD (c-g-c). Tu day, ta c6 ZGDS = ZGKE = ZGQD nén DS Ia tiép tuyén

ctia dudng tron ngoai tiép tam gidgc GDQ. 3)

Laico ALEF ~ AQKH (g-g) nén ALES ~ AQKD (c-g-c). Tu d6 LKQD = ZELS,
ma /KQG = /KHG = ZEFG = ZELG nén ZSLG = /DQG = ZGDS. Két qua nay
chiing t6 ti gidc DLGS noi tiép. 4)

Tit (3) va (4), ta ¢6 diéu phai chiing minh. ]
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Binh luan. Hai y bai todn nay khd doc lap. Y a) thé hién 16 tinh than dung truc déng phuong. Y
b) dudc giai don gian nhd tinh todn géc. Y b) c6 nhiéu tong quét nhung hai bai toan sau diy cé
thé coi 1a mot md hinh téng quat manh nhét cho y b) khi ta thay tiép tuyén thanh cét tuyén (ta c6
thé gidi hai bai todn nay bang géc dinh huéng kha don gian):

1. Cho tam gidc ABC ndi tiép dudng tron (0). E, F 12 hai diém bét ky nam trén cic dudng
thang CA va AB. Puong tron (AEF) cat lai dudng tron (O) tai G. Liy diém P bat ky
niam trén EF va ldy diém Q bit ky nim trén dudng tron (AEF). Puong thang AQ cit
dudng tron (GP Q) tai R khac Q. Pudng thang PR cit dudng thang BC tai D. Chiing
minh ring AQ di qua giao diém khic G cta (O) va (GRD).

2. Cho tam gidc A BC ndi tiép dudng tron (0). E, F 1a hai diém bat ky nam trén cac dudng
thang CA va AB. EF cit BC tai G. Ly diém P bit ky nim trén EF va lay diém Q bét
ky niam trén dudng tron (AEF). Pudng thang AQ cit dudng tron (GP Q) tai R khic Q.
Pudong tron (APR) cat lai (O) tai D. Chiing minh rang cic dudng thang AQ va BC cat
nhau tai mot diém nam trén dudng tron (GRD).
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Bai 3 (5.0 diém). Mot nha diu tu ¢6 hai manh dit hinh chi nhat, cic manh dat déu c6
kich thuéc1a 120 m x 100 m.

a) Trén manh dit thd nhit, nha dau tu mubn xay mot ngdi nha c¢6 nén hinh chit nhat
kich thuéc 25 m x 35 m va xdy bén ngoai 9 bon hoa hinh tron dudng kinh 5 m.
Chitng minh rang du xay truéc 9 bon hoa & dau thi trén phan dit con lai van di chd
xay ngdi nha do.

b) Trén méanh dét thd hai, nha dau tu mu6n xay mot ho ca hinh mot da giac 10i sao cho tur
mot di€m bat ky trén phan dat con lai ¢6 thé di khong qua 5 m thi dén bs ho. Chiing
minh rang chu vi ctia hd khéng nhd hon 440 — 20+/2 m.

Loi giai. DE tién 10i cho trinh bay, ta sé khong viét don vi do dai, mic dinh don vi 12 mét.

a) Xét hinh chit nhit ABCD ¢c6 AB = CD = 120va AD = BC = 100. Chia hinh ch
nhat thanh 10 hinh chit nhat “con” kich thuéc 30 x 40 nhu hinh ve.

Xét 9 diém Ia tAm clia cdc giéng nudc. Theo nguyén ly Dirichlet (ngudc), ton tai mdt hinh chit
nhat con khong chita di€ém nao trong 9 tim néi trén. Xét hinh chit nhat tuong tng, chang han
lahinh chttnhdt XYZT c6 XY = ZT = 40, XT = YZ = 30. Ta xét hinh ch@t nhat
X'Y'Z'T’ nambén trong X Y Z T va c6 cac canh song song va cach canh ctia hinh chit nhat
XY Z T mot khoang cach bang 2.5 thi X'Y'Z'T' c6 kich thudc 25 x 35 vard rang 1a hinh
chit nhat nay khong cham vao bt ctt mot giéng nudc nao. Ta c6 didu phai chiing minh.

b) Xét hinh chit nhat ABCD c6 AB =CD =120vaAD = BC = 100. Goi L lachu
vi ctia hd. Theo dé bai, ton tai cac diém A’, B’, C’, D’ thuoc L sao cho

AA', BB', CC', DD' <5.
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Vi chu vi ho 13 mot da gidc 16i nén cac dudng gip khic ndi A’B’, B'C’, C'D’, D' A’ khong
chuom 1én nhau. Do do
|L| > A'B’+ B'C' +C'D’' + D'A’. (1)

Ha A’ A, vudng goc v6i AD, A’ A, vudng goc v6i AB, B’ B, vudng goc v6i BC, B' B,
vudng goc véi A B, C’'Cy vudng goc véi BC, C’'C, vudng goc véi CD, D’ D vudng goc
v6i AD, D' D, vudng géc v6i CD. Ta co

AA'+ A'B'+B'B,> A, B, > AB = 120.

Tuong tu, ta cling c6
B,B'+ B'C'+ C'C, > 100,
C,C'"+C'D'"+ D'D; = 120,
D,D"+ D'A"+ A’A, > 100.
Tu day ta suy ra
A'B"+ B'C'"+C'D'"+ D'A"+ (A'A, + A’A, + B'B, + B'B,
+C'Ci+C'C,+D'D, + D'D,) > 440. )

Cudi cung, ap dung bat ding thiic Cauchy-Schwarz, ta c6

A4y + A4y < \J2(A7 43 + A'43) = V2ATA? < 52
Tuong tu, ta cling co
B'B; + B'B, <542, C'C,+C'C,<5v2, D'D,+ D'D, <5V2.
Tit (1), (2) va céc bit ding thic & trén, tasuy ra | L| > 440 — 20+/2 (dpcm). O

Binh luan. O ciu a), bai todn cho hinh chit nhat (c6 su bat dbi xing vé hai chiéu) thay vi hinh
vudng nén viéc st dung cac k¥ thuat vé 1an can khong dé (1an cén ban kinh d cta mot da gidc
16i c6 dién tich S, chu vi p cé diéntich1a S + pd + nd?).

Chi y rang két luan ctia bai todn 12 ton tai hinh chit nhat kich thuée 25 x 35 khong tuong duong
véi viéc ton tai mot phan dién tich 875 khong nam trong céc hinh tron. Viéc chia mo hinh thanh
cdc ddi tuong nhé hon d€ sit dung nguyén 1y Dirichlet 1a rit phd bién trong hinh t6 hop, bén dudi
ta xét mot sd bai tuong tu nhu sau:

1. Cho 6 diém nam bén trong mot hinh chit ' nhét kich thude 3 x 4. Chiing minh rang c6 hai
diém c6 khodng cich khong vudt qui /5.

2. (EGMO, 2012) Mot hinh vudng don vi dugc chia thanh cdc da gidc, sao cho mdi canh cua
da gidc déu song song véi canh ctia hinh vudng cho trude. Néu tong do dai cac doan thang
nam bén trong hinh vuong (khong tinh hinh vudng) 1a 27 (v6i n 1a mot s thuc duong),
chiing minh ring ton tai mot da gidc c6 dién tich 16n hon (n++)2

3. Trong hinh vudng canh 200 cm ¢6 2010 da gidc 16i ma mdi da gidc ¢ dién tich khong
qué 2 cm? va chu vi khong qua 3 cm. Ching minh trong hinh vudng ludn ton tai mot
hinh tron ¢6 ban kinh bang 1 cm khong cit bat cii da gidc nao.
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O ¥ b), méu chét 1a xem xét khoang cach tit dinh hinh vudng (1a cic diém dic biét) cho dén bién
clia da gidc dé€ dua da gidc bat ky ctia dé bai vé tif gidc va viéc danh gid sé dé dang hon nhiéu. C6
thé thiy phat biéu clia bai todn rit gan véi bai todn trong d& IMO 1982 ciia thdy Vin Nhu Cuong,
nhung & muc do nhe nhang hon: Ngay xua (J xit Nghé) cé mét ngoi lang hinh vudéng moi canh
100 km. Cé mot con soéng chay ngang quanh lang. Bdt cit diém nao trong lang ciing cdch con
song khong qud 0.5 km. Chitng minh rdng co hai diém trén séng co khodng cdch duong chim
bay khong qud 1 km, nhung khodng cdch doc theo dong song khéng it hon 198 km.

D€ y ring con sd 198 & day c6 thé tinh toan ra theo cach tuong tu nhu ciu b) & trén nhung phai
chia doi w ~ 198 d& thé hién cho ntta chu vi. Va di nhién, néu c6 nim y tudng

giai ctia bai IMO nay thi viéc xt 1y cAu 3b sé tré nén nhe nhang, sdng stia hon nhiéu.

Bai 4 (5.0 diém). Trong mit phing O xy, cho (C) 1a dd thi ciia ham sb y = /x2. Mot
duong thang d thay ddi sao cho d cat (C) tai ba diém phan biét c6 hoanh do 1an ludt 1a
X1, X2, x3. Chiing minh rﬁng

a) Pai luong 3\/)‘)26—)12‘3 + i/xigl + i/x;gz 12 mot hang sé.
X5 15
b) \/x2x3 \/szl \/xlxz _T'

L&i giai. a) Dé thiy d khong thé 1a dudng thang cuing phuong véi truc tung (vi néu khong d
chi cit (C) tai t6i da mot di€ém) nén phuong trinh cia d cédang y = ax + b véia, b € R.
Xét phuong trinh hoanh do giao diém cta d va (C) :

i/ﬁ:ax—i-b.

Rorang a, b # 0 vi néu khong d chi c6 thé cit (C) tai tdi da hai diém, mau thuin véi gia
thiét. it t = 3/x, khi d6 theo gia thiét, phuong trinh

at>—t>+b=0

c6 ba nghiém phan biét ¢, 5, t3 va t1t2t3 # 0 (do b # 0). Ap dung dinh ly Vieta cho
phuong trinh bac ba, taco t1t, + t2t3 + t3t; = 0, suyra

(t122)> + (t213)° + (13t1)° = 3(t112) (t213) (1311) = 3t7t515.

Mot cach tuong duong, ta co

trts  t3t; il
ty t; t3

X2X3 X3X1 X1X2
3\/ 2 +3\/ > T3 7 = 3.

Vay i/xi)z” + i/x;)z“ + i/x;% = 3 1a mot hiang s6 khong doi.
1 2 3

=3,

hay
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b) Trong ba sb ¢1, 5, t3 ludn c6 hai s6 cing diu, khong méit tinh t6ng quat, ta gia st hai s6 d6

léltl va ts. Tu Tty + trt3 + £33t = 0, ta co 13 = —%. Do d6

2 2 2 2 2 2

X X X t t t

3 1 3 2 3 3 1 2 3
X2X3 X3X1 X1X2 trt3 13t ti1t,

t t It
:_(t1+t2)(t_;+_2)+ 112
2

17 (t1 + 12)?
17 13 ot t 11t
_ (_12 Loy hy _2) BELIL
ty t{y t2 (11 + 12)
St dung bt dang thiic AM-GM, ta c6
N t t i1t 1
LT+222, —+222, <
ty  t§ I 1 (1 +12)> — 4
Do d6
x? x2 x2 1 15
=+ 2+ <-4+ + = —.
X2X3 X3X1 X1X2 4 4
Déu dang thiic khong x4y ra do ¢, ¢, phan biét. Ta c6 diéu phai chiing minh. 0

Binh luan. Vé ban chit, day 1a mot bai todn thuan dai s6 dudc phat bi€u dudi dang hinh hoc
giai tich. Cau a) 1a mot ap dung cd ban cia dinh ly Vieta cho phuong trinh béc ba.

Cau b) 12 mot bt dang thic dai s6 quen thudc. Bét ding thifc nay da dudc gidi thidu va chiing minh
trong bai viét “Mot bdt ding thiic thii vi” clia tac gia Nguyén Van Huyén (ciing 1a mot trong cac
tac gia tham gia viét bai nay) trén tap chi Epsilon sb 4 nim 2016 (ban doc c6 thé tham khao & lién
két: www. dropbox.com/s/rptud80mboeo412/Epsilon_No4_Beta.pdf?dl1=0).
Ngoai cdch & trén, ta cling c6 thé chiing minh cau b) bang cach st dung dinh ly Vieta va diéu kién
c6 nghiém ctia phuong trinh bac ba nhu sau: Xétham sé f(t) = at® — t? 4+ b. Ta biét ring
diéu kién d€ £ (¢) c6 ba nghiém thuc phan biét 1a £ (¢) c6 hai diém cuc tri va fcp - for < 0.
Tacod f/(t) = 3at? — 2t va f'(t) = 0 c6 hai nghiém phan biétlar = Ovat = % Do
do f(t)céhaidiémcuctritaiz = Ovat = % Suy ra, ta phai c6

£00)- f (33) <0,

hay
5 4
0<a“b < —.
27
Bay gio, st dung dinh ly Vieta, tacling co ty + ¢, + 13 = %vé t1tat3 = —%. Do do, bﬁng
céc bién d6i dai sd don gian, ta c6
17 13 13 3a%b — 1 1 27 15
+ + = =3 -—<3—-—— = ——

trt3 1311 111, - a?b N a?b 4 - 4 '


www.dropbox.com/s/rptud80mboeo412/Epsilon_No4_Beta.pdf?dl=0
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Mot s bai todn bit dang thiic c6 dang tuong tu:

1. (Mongolia TST, 2010)! Cho a, b, ¢ 1a céc s6 thuc khac 0 thda man diéu kiéna+b+c = 0.
Chiing minh rang
a* N b* N c* _ 3
b2c?2  c2a?  a?b? — 2

2. Choa, b, ¢ 1a cic s6 thuc khic 0 thdoa man diéu kién a + b + ¢ = 0. Ching minh ring

1 1 1 27
24 p2 .Y IR I
(a®+ b+ ¢?) a2+b2+c2 2

3. Choa, b, ¢ 1a cic s6 thuc phan biét. Chiing minh ring

N 1 1 9
(@b +")[(b—c)z*(e—a)ﬁ(a—b)z}ZE'

4. (IMO, 2008) Cho a, b, ¢ 1a cac s6 thuc khac 1 théa min abc = 1. Chiing minh rﬁng
a \2 b 2 c \2
—_— > 1.
(a—l) +(b—l) +(c—l) -

Bai 5 (6.0 diém). Cho cic sb nguyén duong n va d. Xét tap hop S, (d) gbm tét ca céc bd
s6 6 thit tu (xg, ..., xg) thda man dong thdi cac diéu kién sau

i) x; €{1,2,...,n}véimoichisb 1 <i <d;
ii) x; # xj41 voimoichisb 1 <i <d —1;
iii) khong ton tai cac chisd 1 <i < j <k < < d saocho x; = x; va x; = xj.
a) Tinh sb phan ti cda tap hop S3(5).
b) Ching minh ring tip hdp S, (d) khac rdng khi va chi khid < 2n — 1.
Lai giai. a) D€ tinh S3(5), tacan dém sd bo (a, b, ¢, d, e) saochoa, b, ¢, d, e € {1, 2, 3}
va théa man céc rang budc ii), iii) da cho. Ta xét hai trudng hgp sau:

e Néu 3 s6 hang dau déu khac nhau, ta xét trudng hop (a, b, ¢) = (1, 2, 3) dai dién. Véi
(1,2, 3,d, e)thid = 1 hoac d = 2, nhung néud = 1 thi khong c6 cach chon cho e.
Do d6, d = 2 va chon dudc e = 1. Vi thé chi ¢6 diing 1 bd cho trudng hop nay. Ta thiy c6
téng cong 3! = 6 cach chon cho (a, b, ¢) nén c6 6 bd sb théa man.

e Néu c6 hai sb gidng nhau trong 3 sb hang dau, ta xét (a, b, ¢) = (1, 2, 1) dai dién. Véi
bd (1, 2, 1, d, e), tathiy d khong thé 1a 1 hodic 2 nén d = 3, tli d6 c6 e = 1 nén ciing c6
1 bo thda man. Ta thiy c6 tat cd 3 - 2 = 6 cach chon cho (a, b, ¢) nén c6 6 bd thda man.

Viy t6ng cong c6 12 b thoéa man dé bai va [S3(5)| = 12.

'Pé xuét bdi Vo Qubc B4 Can
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b) Ta goi mot bd sb théa min cac diéu kién ctia dé bai 12 bo s6 “dep”. R6 rang khi d cang 16n thi
kha niing ton tai bd sd dep cang thip do c6 nhiéu su lip lai. Ngoai ra, néu bd di mot s6 s6 hang &
cudi bo s6 dep thi bd méi sinh ra van dep. Ta sé& chiing minh diéu kién can va da d€ ton tai bo sd
dep trong tap hdp S,(d)lad <2n — 1.

Diéu kién da: Ung v6i d = 2n — 1, ta xét bd s6 c6 dang
1,2,3,....n—=1,n,n—1,...,3,2, 1.

D& thiy rang vi tinh dbi xdng qua s6 hang & giita nén khong c6 hai cip chi s6 nao bang nhau vi
pham rang budc iii). Do d6, bd trén 1a dep. Tir d6 suy ra véi moi 1 < d < 2n — 1 thi tap hop
S, (d) khac rong.

Diéu kién can: Dé chiing minh S, (d) = @ v6i d > 2n, ta chi cin chiing minh khong ton tai
bd dep tng vé6i d = 2n 1a dudc. Ta sé chitng minh diéu nay bang quy nap.

V6in = 1,d = 2 thi r6 rang khang dinh ding. Gia st ring v6i moi 1 < k < n thi khong ton tai
b6 dep nao ting véi d = 2k. Ta sé chiing minh diéu nay ciing diing véi k = n + 1. Lai gia st
rﬁng c6 mot bo dep ting véi d = 2k = 2(n + 1) 12 (x1, X2, ..., X2n12) thi goi S 12 s6 1an xut
hién ctia phan ti n + 1 trong bo d6, ta c6 cac trudng hop sau day xdy ra:

e Néu S = 0 thi bo dep nay c6 do dai 2n + 2 nhung cic phan ti chi 14y gia tri khong
VUGt qua 7, mau thuan.

e Néu S = 1 thikhi n + 1 diing dau hoiic cubi bo, ta x6a né di thi bd mdi ciing dep, do dai
2n + 1 nhung lay gid tri khong vudt qua 7, mau thuin. Do d6 n + 1 phai diing giita v6i dang

(kxx, u, n—+1, v, %% x).

Néu u # v thilai x6a n + 1 ra nhu trén; con néu u = v thi x6a n + 1 di cing véi u
hoiic v (d€ khong c6 hai sb bang nhau nidm canh nhau) thi bd méi ciing dep va c6 do
dai 27, mau thuan.

e Tir 1ap ludn trén, v6i tinh binh dang, ta thiy ring khong thé xdy ra trudng hdp c6 gia tri nao
d6 chi xuat hién 1 1an. Do d6, S = 2 vatitcidcacgiatri 1, 2, 3, ..., n + 1 déu xuét
hién ding 2 1an trong bo. Goi T 12 s6 cac s6 nam gitta hai s6 n + 1 véi dang

xkk, n+1, xxx, n4+1, % x %
~——
T s6
thi rd rang cac s6 phia ngoai phai khac v6i T sb nay. Ta c6 thé gia st T s nay nhan
gia tri thudc {1, 2, ..., m}thi T = 2m < 2n va cac sb nay 1ap thainh mot bd méi
ciing dep, mau thuan.

e Néu S > 3 thi do lap luan nhu trén nén trudng hop nay khong xay ra.
Do d6, trong moi trudng hop, khang dinh déu ding. Viy ta c6 diéu phai chiing minh. O

Binh luan. Pay la mot bai t& hop thu vi lién quan dén viéc sap xép cac sb. Ro rang cic rang
budc dé hiéu, khong qua niing né va céch tiép cin quy nap cho 18i giai ciing tu nhién. Pau tién,
ciu a) gitp dinh huéng nhiéu cho diéu kién di ctia cau b), ta chi can xay dung mot bo sb ddi
xting qua phan ti 16n nhét & giita thi thda man rang budc. Tuy nhién, néu dém khong cin than sé
dé bi din dén du - thiéu; bdi vAy nén ta can tin dung tinh tuong tu dé han ché xét trudng hop.
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D€ hoan tit budc quy nap trong diéu kién can, ta thiy mau chdt 12 khi s6 n + 1 xuét hién 1 hoic
2 1an: néu chicé 1 sb n + 1 thi ta c6 thé tim cach x6a n6 di dé€ 4p dung quy nap, con néu c6 2
s6 thi ta xem xét c4c gid tri nam gitta hai s dé.

Ta c6 thé tiép can y b theo cach nhu sau (sau khi da chi ra méi sd xuit hién diing hai 1an):

Giésﬁ’rﬁng Ay, ds, ..., Aperlavitridautiénciacacsd 1, 2, ..., n + 1 thicé thé gia
st ddy trén ting. Khi d6, theo rang budc iii) thi vi tri thif hai clacacsd 1,2, ..., n + 11a
bi, by, ..., by sétaothénhdﬁygiém.Khidé,déthéyrﬁngawrl =n+1, b1 =n+2

12 hai s6 lién tiép, khong thoa rang budc i).

Mot s6 bai tuong tu:

1. Mot chi thd can An 7 ct ca rdt trong mot s6 ngay sao cho hai ngy lién tiép thi s6 luong cu
ca r6t ma chu ta dn chénh léch nhau khong qua 1; trong ngay dau tién va ngay cudi cung,
thd #n 1 ci ca rdt. Chiing minh ring thd c6 thé dn trong toi da +/4n — 3 ngay.

2. (Iran 2nd Round, 2011) Cau vong 1a tén ctia mot loai chim. N6 ¢6 kha ning ddi mau
luan phién trong 7 mau c6 sin va khong c6 hai ngay lién tiép nao ma né gilf cing mot
mau. Biét ring khong c6 bdn ngiy nao trong cudc doi ciia ciu vong 1a i, j, k, [ véi
i < j < k < ] mand cé cung mau trong ngay i va k; cung mau trong ngay j va /
nhung hai mau trén khac nhau. Dén khi diéu trén khong con thuc hién dudc nita thi ciing
1a Iic cudc doi n6 két thiic. Hoi chim cau vong sé séng dudc tdi da bao 1au?

C6 1& bai toan 5 nay dudc tham khao tit dé chon ddi tuyén ctia Iran & trén, va tic gia da bo di yéu
t6 khac mau trong hai ciip ngay (i, k) va (j, [) dé& bai toan chit hon. Néu thém rang budc dé
vao, ddp sb clia cau a) sé& nhiéu hon (mét s6 hoc sinh da hiéu nham thé nay va chip nhan luén
trudng hop c6 4 sb gibng nhau & S3(5)). Khi d6, viéc xay dung trong ciu b) sé d& dang hon (ct
cho cdc s6 1 & vi tri 18 con n — 1 sb con lai dit vao vi tri chidn) nhung diéu kién can lai kho hon.

Mot s6 cau hdi c6 thé dit ra dua trén bai todn 5 nhu sau, mdi cdc ban nghién ciiu thi:
1. Pémsdbd S, (d) khid = 2n — 1?
2. Xét d sb ctia bd dudc dit 1én vong tron ma hai sé canh nhau thi phan biét va hai s gidng

nhau thi dudc ndi véi nhau bang mdt diy cung sao cho khong c6 diy nao cat nhau & giita
thi hdi d 16n nhét 12 bao nhiéu?

Bai 6 (7.0 d‘ié7m). Cho diy sb (x,) xdc dinh bdi xo = 2, x; = 1 va
Xnt2 = Xp+1 + Xn, Vn >0.

a) Vi n > 1, chiing minh ring néu x, 1a s nguyén t6 thi n 1a s6 nguyén t6 hoic n
khong c6 udc nguyén t6 18.

b) Tim tAt c cdc cip sd nguyén khong am (m, n) sao cho x, chia hét cho x,,.

Lagi giai. a) Ta chiing minh duge x, = «” + " véimoin € N*, trongdé o < 0 < § 1a
hai nghiém ctia phuong trinh déc trung A2 — A — 1 = 0.
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Gia st x,, 1a s6 nguyén t6 véi n 1a s6 nguyén duong c6 uéc nguyén tb 18. Khi d6, n c6 dang pg
v6i p 14 sb nguyén t6 18 va ¢ 12 s6 tu nhién 16n hon 1. Ta c6
Xpg = Pl 4 P4
= (a9 + B9) (aq(p—l) _ Otq(p—Z)qu 4+ o611(12—3)13261 . O[qlgq(p—Z) + IBq(p—l))
= (% + ) [0 + 1D o (- 1) (@ + p20) + (= 1)

G+ (p+1) @+DH(p—1)
= Xgq (xq(p—l)"‘““"(_l) 2 Xa2g + (=1) 2 )

G+D(p+1) (q+1)(17—1)]
2 2

nén x ,, : x,. Mit khéc, dé thiy day (x,) ting ngitké ttn = 1 nén x, > x; = 1. Do do,
X pq 12 hop s6, mau thuln. Vay, véi n > 1, d€ x, 1a s6 nguyén t6 thi n 1a s6 nguyén t6 hodc n
khong c6 uée nguyén td 18.

b) Xét cac trudng hgp sau:
e Truong hop 1: m = 0. Xét trong modulo 2, tacé xog =0, x; = 1,x, = 1, x3 = 0,
xs=1,xs=1,x¢ =0, ... Do dé, x, chin v6i moi n chia hét cho 3 va 1& trong cac

trudng hop con lai. Tir ddy suy ra, d€ x,, chia hét cho x, ta phai c6 n chia hét cho 3. Cip
s6 (m, n) thdéa man trong trudng hop nay 1a (0, 3k) véi k € N.

e Trudng hdp 2: m = 1. Dé thay (m, n) = (1, k) v6i k € N.
e Truong hop 3: m > 1.V6imoi k > £ > 0, taco
(@ + B9’ + B9 — @+ BEHY) = @) @+ B = (—DH R 4 ).

Do doé
Xae = xxg — (= 1) x—. (1)

Noi cach khac, v6i moi k > 2¢ > 0, ta c6
_ (-1
Xk = Xk—eXg — (—1) " Xp_o4.

Do d6 xi chia hét cho x, khi va chi khi x;_, chia hét cho x;, xx_,¢ chia hét cho x; khi
va chi khi xj_4¢ chia hét cho x; (néu k > 4£), ... Mot cach tdng quat, ta c6 xi chia hét
cho x¢ khi va chi khi xx_s¢ chia hét cho x, (néu k > 2t¢, ¢t € N). )

Bay gig, do x, chia hét cho x,, nén x, > x,, > 3, suyran >m > 1.Datn =gm +r
véig e N*, r e N, 0 <r <m — 1. Xét cac truong hgp sau:

o Trudng hop 3.1: ¢ chan. Theo nhin xét (2), ta c6 x,, chia hét cho x,, khi va chi
khi x, chia hét cho x,,. Suy ra
Xr Z Xm.

Néu r > 1 thi tir bit dang thiic trén, ta suy ra r > m (do (x,) ting ngit v6i moi
n > 1), mau thuin. Do d6 r = 0, tuy nhién diéu nay ciing mau thuln vi

X = X0 =3 > X9 = X.
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o Trudng hdp 3.2: g lé. Theo nhan xét (2), ta c¢é x,, chia hét cho x,, khi va chi khi
Xm+r chia hét cho x,,. Mit khdc, theo (2), ta lai c6

Xm+r = XmXy — (_l)rxm—r

nén x, chia hét cho x,, khi va chi khi x,,,_, chia hét cho x,,,. Néu 0 < r < m, tacé
1 <m—rnénXx,_, < X,, mau thudn. Do d6, r = 0 va gid tri ndy thda man. Suy ra,
trong trudng hop nay, cip sé (m, n) théa man yéu cau la (m, (2k + 1)m) v6i k € N.

Tém lai, cc cip s6 can tim 1a (0, 3k), (1, k) va (m, 2k + )m)v6im, ke N,m > 1. [

Binh luan. Day 1a mot bai todn vé tinh chit ctia day Lucas (ban doc c6 thé tham khao & lién
két: mathworld.wolfram.com/LucasNumber.html). Cau a) cta bai toan 12 mot két
qua quen thudc. Ngoai céach trén, ta cling c6 thé gidi bang cach st dung (1).

DéE giai y b), diém mau chdt chinh 13 phat hién ra dang thic (1). Phan con lai 1a st dung cac phép
déanh gia dai s6 d€ chiin gid tri cia 7. Vi vdy, vé ban chét thi dy ciing c6 thé coi nhu mdt bai dai sb.

Ngoai cach giai nhu trén, ban Tran Quang D6 (hoc sinh 16p 10 Toén 1, truong THPT chuyén Ha
Noi — Amsterdam) c6 giii dén chiing to6i mot cach tiép can khac cho truong hop n > m > 1 dua
trén tinh chét ctia day Fibonacci nhu sau: Xét day Fibonacci (F,) v6i F_; =0, Fo = F; = 1
vaFpio = Fy41 + Fy, Yn > 0, ta ching minh dugc

Xn=F, 4+ F,—2, VYn=>1.

Tt yéu cau clia bai todn, tacan timn > m > 1 dé
Fn+Fn—23Fm+Fm—2-
Ro rang n = m thda man yéu cau. Xét n > m , st dung tinh chit diy Fibonacci, ta c6

Fn + Fn—2 = Fan—m + Fm—an—m—l + Fm—ZFn—m + Fm—3Fn—m—1
Fn—m(Fm + Fm—2) + Fn—m—l(Fm—l + Fm—3)'

Mat khac, ta lai co
(Fr + Fr—2, Fx—1 + Fr—3) = (Fk—1+ Fk—2 + Fk—3 + Fk—4, Fr—1 + Fr—3)
= (Fr—1+ Fr-3, Fx—2 + Fir_4)
= (F,+ Fo, F1 + F_y)
=1.

Do dé, tacantimn > m > 1 dé

Fn—m—lsFm + Fm—2-

Vi Fp_pm—1 >0néntacd Fy_py—q1 > Fpy,suyran —m —1>m.batl =n —m — 1 thi
ta can tim £ > m sao cho
FiiFp+ Fru_s. (3)
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Mat khac, ta lai c6

Fe=FpFo_p+ Fu1 Fooma

FnFo_pm + (Fm - m—2)F€—m—1

Fon(Foom + Foom—1) — Fn2 Fo_m—1

= FnFi-m+1 — Fn—2Fi—m—1

F(Feemyr + Foom—1) (mod Fp + Fp2)

va
(Fm’ Fm+Fm—2):(Fm’ 2Fm_ m—l)

= (Fm’ Fm—l)
= (Fm—l + Fm—2, Fm—l)
= (Fm—lv Fm—2)

= (Fy, Fo)
:1,

nén dé diéu kién (3) dugc théa man thi ta phai c6

FZ—m—‘f-l + FE—m—l Fm + Fm—Za

hay
Fn—2m + Fn—2m—2 Fm + Fm—2-

Mot cach tuong duong, ta phdi c6 X, 2 | X . Dén diy thi ta c6 thé xi ly tuong tu nhu doan
sau ctia 10i giai trén dé hoan tat phép gidi.

Bai toan tuong tu: Cho day (a,) duoc xdc dinhbdiay = 0, ay = lvaa,+, = 2a,+1 + ay
vdi moi n € N. Vi mbi s6 tw nhién k cho trudc, chiing minh rdng a, chia hét cho 2% khi va chi
khi n chia hét cho 2% .

Bai 7 (7.0 diém). Cho tam gidc nhon khong can A B C ¢6 trong tim G ndi tiép dudng
tron (0). Goi H,, Hy, H. lan luct 1a chan cic dudng cao ha tit cac dinh 4, B, C cia
tam giac ABC va D, E, F lan luot 1a trung di€m cac canh BC, CA, AB. Céc tia
GH,, GHy,, GH_ lan lugt cat (O) tai cac diém X, Y, Z.

a) Chiing minh ring dudng tron ngoai tiép tam giac X CE di qua trung diém doan
thang BH, .

b) Goi M, N, P tuong ting la trung diém céc doan thang A X, BY, C Z. Ching minh
rang cac dudng thang DM, EN, FP dong quy.

LJi gidi. a) Qua A ké dudng thang song song v6i B C cit (0) tai A (khac A). Tac6 AA,CB
l1a hinh thang can nén AyC = AB = 2FH,. Laico /FH,B = /FBH, = ZA(CB
nén FH, | AgC.Ma GC = 2GF néntasuyrabadiém G, Ao, H, thing hang.

Goi S 1a trung diém Ao H, thitacd SE | AAgnén LAES = LAgAC = LAy XC, suy
ra td giagc S E C X noi tiép. (1)
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Goi T la trung diém BH, thitac6 ST | BAy. Suyra ZXST = £XAyB = ZXCB nén
ti giac X CS T noi tiép. (2)
Tir (1) va (2), tacé nam diém X, C, E, S, T dong vién nén dudng tron ngoai tiép tam gidc
X E C di qua trung diém BH,.

A Ay

b) Trudc hét, ta sé ching minh bd dé sau.

B& dé. Cho tam gidc A B C néi tiép duong tron (O) vdi P, O la hai diém bdt ky. Cdc duong
thcfng PA, PB, PC cdtlai (O) tai cdc diém thit hai lan luot la P,, Py, P.. Cdc dudng
thing Q A, OB, QC cdtlai (O) tai cdc diém thit hai lan luotla Q4, Qp, Q. Cdc duong
thiang Pa Q4. Py Oy, Pc Q. ldn luot cdt cdc duong thing BC, CA, AB tai D, E, F. Khi
do, cdc diém D, E, F thdng hang.

Chitng minh. St dung tinh chét ctia tif gidc noi tiép, ta c6

DB P,B Q.B
pc P,C Q,C’




20 Loi gidi va binh ludn dé thi VMO 2018

Tu do ta cod

l—[ DB _I—I(PaB . QaB) _l—IPaB 1—[ 0.B
DC P,C 0Q.C P,C Q.C
:l—lsinm‘l—[sinQ//ﬁ? _ 1
sin PAC sin QAC
St dung dinh Iy Menelaus, ta suy ra ba diémD, E, F thang hang. [

Trd lai bai todn: Theo céu a) thi AA, || BC nén hai duong thang XA va X A, dang giac trong
/ZBXC.Goi U lagiao diém cia AX va BC. Tacé

UB H,B XB?
uc H,C XC?

(D)

Theo tinh chit ctia ti gidc noi tiép, ta lai c6

UB _BA BX
UC CA XC°

Do do
XB? _ UB? ) AB?

XC2  UC?2  AC?’

Thay vao déng thuc (1), ta dugc

UB UB®> AB> H,B

UC UC2 AC?  H,C’

Do do
UB AB? H,B

UC AC? H,C’
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Ay

Goi V la giao diém ctia BY va CA, W la giao diém ctia C Z va A B thi ta ciing c6 cic dang
thic tuong tu. Khi do, ta ¢

UB AB? H,B

UB (48 sy

uc AC? H,C

Suyra AX, BY, C Z dong quy tai /.

Goi A1, B, C; lan lugt 1a cic diém d6i xting ciia A, B, C qua céc trung diém ctia BC, CA,
A B. Theo tinh chit dudng trung binh, ta thiy ngay A; X || DM va % = 3. Do dé6 phép
vi tu tim G ty s6 3 bién duong thang DM thanh dudng thang A; X . Tuong tu v6i cac dudng
thaing EN va FP.

Tir day suy ra, ta chi can chiing minh céc dudng thang A, X, B, Y, C, Z ddng quy la dd. Xét
tam giac XY Z vahaidiém I va G,taco X1, Y1, Z1 cit (XYZ)tai A, B, C, con XG,
YG,ZGcat (XY Z) tai Ay, By, Co. Do dé, theobd détrénthi YZ, ZX, XY cit AA,,
BB, C C theo ba diém thang hang. Theo dinh 1y Desargues thi A; X, B;Y, C;Z dong quy.
D6 1a diéu phai chiing minh. O
Binh luan. Y b) I y hinh hoc khé nhét trong toan bo bai thi VMO 2018. D€ gii y b), ta can bd
dé trén c6 thé coi 1a mot md rong clia tinh chit cac diém dang gidc. Ta c6 thé thdy diém I ciing
nam trén dudng thang Euler ctia tam gidgc A B C (xem bai todn 3), tuy nhién trong 15i giai trén,
ta khong can thiét phéi st dung diéu kién nay. Ngoai ra, néu xét mot cach rong hon thi day chinh
la y tudng d€ tong quat bai todn hay nay. Ching t6i xin gidi thiéu mot bai todn tong quat nhu sau:

1. Cho tam gidc A B C ndi tiép dudng tron (O) va P 1a mot diém nam trén dudng thang
Euler ctia tam gidgc A B C. Céc duong thang PA, PB, P C catlai (O) tai cac diém thit
hai X, Y, Z.Goi D, E, FvaU, V, W lan lugt la trung di€m ctia cac doan thfmg BC,
CA, ABva AX, BY, CZ.Ching minhring DU, EV va FW dong quy.
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St dung phép vi tu tAm G 1a trong tAm tam gidc A B C, ta c6 thé chuyén vé mot bai todn khic
nhu sau da dudc tim ra bdi Telv Cohl trén dién dan AoPS.

2. Cho tam gidc A B C noi tiép dudng tron (0) va P 1a mot diém nidm trén dudng thang
Euler ctia tam gidc A B C. Céc duong thang PA, PB, P C catlai (O) tai cac diém thit
hai X, Y, Z. Goi D, E, F lan lugt la cac diém d6i xiing cua X, Y, Z qua trung diém
clia cac doan thang BC, CA, AB. Chiing minhring AX, BY va C Z dong quy.

Bai todn 2 nay dudc gii mot cach kha don gian nhd mot bai todn tdng quat hon ciia tic gia Tran
Quang Hung da dua Ién AoPS ti nam 2011 nhu sau.

3. Cho tam gidc A B C va P 1a mot diém bat ky. Goi A, B; C; 1a tam giic pedal ctia P.
Goi P * 1a diém dang gidc ctia P va A, B, C, la tam giac pedal ciia P *. Q 1a mot diém
nam trén dudng thang P P *. Céc duong thang A, Q, B> Q, C, O cit lai dudng tron
(A1 B, C,) lan ludt tai A3, B3, C5. Ching minh riang

a) Céc dudng thang A; A3, B, B3, C,C3 dong quy tai mot diém trén P P *.
b) Cac dudng thang A A5, BB, C C3 dong quy.
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