TAI LIEU ON THI TRUNG HQC PHO THONG QUOC GIA

DAIHOC

BACH KHOA

KY THUAT XU LY
HINH HOC TOA PO PHANG

PHAN I: GAN PQ DAl CHO HINH VE
PHAN II: GOl AN TREN PUONG THANG
PHAN I11: GIAI TAM GIAC TU GIAC
PHAN IV: GIAI PUONG TRON

Biénsoan:  POAN TRi DUNG
Hotline: 0902.920.389
Facebook:  https://www.facebook.com/toanthaydung

1|/KY THUAT GIAI TiCH PHANG - POAN TRIi DUNG: 0902920389



PHAN I: PHUONG PHAP GAN PQ DAI

Muc tiéu ctia phuong phap gan d6 dai 1a xay dung méi lién hé
gitra nhirng cai da c6 va nhirng cai chua co.
Chang han nhu trong hinh v& bén thi ching ta thay rang cai da
6 12 o dai EF con cai chua o 1a d6 dai EA. Néu ta tinh duoc
d6 dai EA thi van dé da tré nén don gian hon. Tuy nhién thyc té
cai kho nhat chinh 1a ¢ chd nay.
Dé tinh EA thi ta khéng nén suy nghi qua don gian 1a di tinh do
dai mot cach truc tiép. Thuc té da 1a hinh hoc thi khong thé ctr
tinh truc tiép ma ra duoc. Ta sé tinh EA thong qua cac budc sau:
e Budc 1: Dit mot do dai cua hinh v& 1 a (c6 thé 1a canh F N
hinh vudng, canh hinh chir nhat, ching han dit AB = a). (1;3)
e Budc 2: Tinh do dai EA va EF theo a (ching han EA = (0;2)
2a, EF = a+2)
e Budc 3: D6 dai EF thuc té 14 v2 nhu vay a= 1, do d6 do
dai EA = 2. Tur day thi viéc tim ra A 1a qua don gian.

VAN PE 1: GAN MOT PO DAI BANG TiNH CHAT HINH VE: Hinh chit nhat ABCD c6 AB = 2AD va

A(L3). M va N la trung diém cua AB va BC. DM cat AN tai E(?%j . F 1a diém nam trén doan thang CD

sao cho 10DF = 3CD. Biét rang diém F nam trén duong thang d :11x+5y—16=0. Xac dinh toa do dinh F.

A M B A M B
D P C D F C
Hinh 1 Hinh 2

Bai toan nay c6 mot méi quan hé rat dé nhin thay d6 chinh 1a mdi quan hé vudng goc giita A, E va F. Trong
bai toan nay tdi s& str dung ky thuat gan do dai dé chang minh mdi quan hé dé bang Pithagore.

CAc van dé tim ndt ra cac diém con lai dé hoan thién bai toan, hoc sinh tu xu ly nét.

Pit @ dai canh AD = a, AB = 2a, goi I 1a trung diém caa AD va K 1 trung diém cia DM. Ta d& dang thay

duogc cac diém I, K, N thang hang. Tacé IK = % = % = KN = S?a . Mit khac theo dinh ly Thales ta c6:

ME_AE _AM 2 AE_ME _2_ . 2, a7 o 2.0 a2 . da2

= = = = =
EK EN NK 3 AN MK 5 5] 3) 3) 3) S)

Ta d& dang nhan thiy ADM = MDF = 45° nén ap dung dinh ly ham s cos cho tam giac DEF ta duoc:

a\17
5

FE? = DE* + DF* - 2DE.DF.c0s45° = FE = . Xét tam giac ADF ta duoc:

2
FA? = AD? + DF? = 3%
25

= AE? + FE?. Vay tam giac AEF vudng can tai E. Do d6 ta tim dugc diém F (1—51 ;1}
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VAN DE 2: GAN MOT PO DAI DUA VAO THONG SO PAU BAI: Tam giac ABC can tai A(2;4) c6

dién tich bing 3. Goi M 1a trung diém cua BC va N(lzl %) 12 diém nam trén canh AC sao cho AC = 4CN.

Biét rang duong thang MN c¢6 phuong trinh x—y—1=0. Xac dinh toa d6 dinh M.

Nhin qua thi bai toan nay khdng thé gan duge do dai, tuy nhién A
néu dé y k¥ thi tir chi tiét dién tich bang 3, ta dat AM = a, ta sé

c6BC = 5 . Do vay muc tiéu cua chung ta trong bai toan nay la
a

tinh duoc AN theo a. Ta co:

4
AC =vAM? +MC? = %Ja +9 AN_—“Z+9

a
Mat khéc vi A(2;4)va N(% %jnén AN:£ Nhu vay: H
a'+9 3ﬁ —a=AM=1va=AM =3 N

da
Tur day viéc tlm’dlegn M da tré nén don gién hon rét nhiéu. Hoc
sinh tu giai quyét not bai toan den khi két thdc.

B /\4 C
VAN PE 3: GAN HAI PO DAI CHO HAI CANH KHAC NHAU: Hinh vudng ABCD. Trén cé4c canh AD,
AB lan luot ldy E va F sao cho AE = AF. Goi H Ia hinh chiéu vudng goc cua A trén BE. Tim toa d6 dinh C

biét C thude duong thang x—2y+1=0va hai diém F(2;0), H(L-1).

Truéc hét ta tim hiéu vé cach chizng minh bang hinh hoc thugn tdy: A F B

Ta c6 HAF = AEH = HBC va AH _AH _BH _BH nén ta co hai
FA AE BA BC

tam giac dong dang HAF va HBC nén AHF = BHC.

Vi AHF + FHB =90° nén BHC + FHB = 90%hay CH 1 HF do d6 ta tim

duoc toa do diém C (—1 lj )

E

3'3

Tuy nhién van dé kho nhat la ty sé AH _AH _BH _BH lam thé nao
FA AE BA BC

xu ly t6t duoc. D C

Gdn ds dai co qidgi quyét diroc ty s6 trén khong khi ma E va F déu la hai diém bat ky trén AD va AB?

Cau tra loi 1a CO. Néu ta dit AB = a, AE = AF = b thi khi d6 véi muc tiéu hai tam giac HAF va HBC dong
dang, ta tap trung vao do dai cac canh AH, FA, BH, BC.

ab
2 2
TihAH: AH = AEAB @b e AH _Jat+b® _ a
JAE? + AB? a2 +b? FA b JaZ+b?

a2

. 2 Ny
Tinh BH: BH =+/AB2 — AH? = \/ bz:\/ a ___ % pods BH _a?+b? _ @
a +

a’+b* @’ +p? BC a Ja? +b?
AH

Khi do: ﬁ_ % nén cac tam giac HAF va HBC ddng dang. Do d6 ta tim duoc C.
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PHAN II: PHUONG PHAP GQI AN TREN PUONG THANG

Gidng nhu phuong phap binh phuong trong phwong trinh — hé phuong trinh, phurong phap goi 4n trén duong
thang 1a phuong phap don gian nhat, d& hiéu dé 1am, chi co tinh 1a hoi khé, doi hoi hoc sinh phai ¢6 ki ning
tinh toan tét va tudn thu theo cac nguyén tic nhu sau:

e MOJi mot diém trén duong thang c6 thé goi tham sb trén duong thang do.
e Hai diém khéac nhau phai goi hai tham sé khéac nhau.

e Thudng chi sir dung khi bai toan xuat hién hai duong thang tro 1én.

e Goi tdi da 2 an, han ché ti da goi dén an thu 3.

e C6 bao nhiéu an phai dua ra biy nhiéu phwong trinh.

VAN PE 1: GOl MOT AN VA TINH TQOA PO CAC AN KHAC BANG CACH KEO THEOQ: Tam giac
ABC can tai A ¢6 phuong trinh duong thang chira canh BC la: 2x—y+3=0 va I(-2;—1) 1a trung diém cua

BC. Diém M (4;1) nam trén canh AB va tam giac ABC c6 dién tich bang 90. Tim toa do c4c dinh cua tam gidc
ABC biét rang diém B c6 hoanh d6 16n hon 3.

Thiét Idp muc tiéu cho bai toan: A
e Budc 1: Goi toa d6 cua B tham s6 b trén dudng thang BC.

Budéc 2: Tim toa d6 ctia C theo tham sé b.

Budc 3: Tir B va M viét phuong trinh BM theo tham s b.

Budc 4: Viét dugc phuong trinh Al qua I vudng goc voi BC.

Budc 5: Tim duoc toa d6 A theo tham sb b 12 giao cia BM va Al.

Budc 6: Giai phuong trinh dién tich tam giac ABC bing 90 ra b.
e Budc 7; Két luan.

Thuec hién:

Buréc 1: Goi B(b; 2b+3) trén duong thang BC.

Xe =2X, —Xg =—4-b
Yo =2y, =Yg =—5-2b I C
Buéc 3: Tir B va M da c6 ta viét phuong trinh duong thang BM: (2b+2)(x—4)+(4-b)(y-1)=0

Buwoc 2: 1trung diém BC: { :>C(—4—b,—5—2b)
Buwéc 4: Duong thang qua | va vudng goc véi BC la Al: x+2y+4=0

(2b+2)(x—4)+(4-b)(y-1)=0
X+2y+4=0

Buéc 5: A la giao cua BM va Al nén toa do A la nghiém cua hé: { do do

ta tim duoc toa do A( 2bb+ 8 ; _31_ 4} :

2 2 10(b+2)°
Buwdc 6: Ta o6 S, :%AI.BC= %\/(2b+4)2+(4b+8)2\/(4b;8) +(2b+4j _10(b+2) 0 4

b b
~13+
giai phuong trinh trén ta dugc b=1,b=4,b= ZI.S_TS’\/E :

Buwéc 7: Do diém B ¢6 hoanh d6 16n hon 3 nén ta tim duoc A(4; —4) , B (4;11) , C(—8; —13) .
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VAN DE 2: GOl HAI AN PHU, PUA VE HE 2 PHUONG TRINH BANG 2 DU KIEN PAU BAI:

Hinh thoi ABCD c6 phuong trinh duong chéo AC: x+7y—31=0. Hai dinh B va D nam trén cac duong thang
X+y—8=0 va x—2y+3=0. Tim toa d6 cac dinh cua hinh thoi ABCD biét né c6 dién tich bang 75 va dinh
A c6 hoanh d6 khéng am.

Thiét ldp muc tiéu bai toan:

e Budc 1: Goi B va D tham s trén hai duong
thang cho truwéc. Ta can thiét lap hai phuong
trinh dé tim ra hai diém B va D.

e Budc 2: Phuong trinh 1: ABCD la hinh thoi nén [
trung diém ctia BD nam trén duong thang AC. B D

e Budc 3: Phuong trinh 2: ABCD 1a hinh thoi nén
hai duong chéo BD va AC vudng géc nhau.

e Budc 4: Thiét 1ap hé phuong trinh tim ra B va D,
sau d6 dung dit kién dién tich dé tim ra A va C. C

A

Buréc 1: Goi B(b;8—b)va D(2d —3;d) trén hai duong thang x+y—8=0 va x—2y+3=0.

Budc 2: Goi |(b+22d -3, +2d +8] Ia trung diém cua BD. Ta c6 | thugc AC nén:

b+2d-3 _-b+d+8
+7

> -31=0=-6b+9d-9=0

Buéc 3: BD vuong géc véi AC nén BDu,. =0=—8b+13d -13=0

Buwdc 4: Ta cd hé phuong trinh: {

) — BD =52, (—1;9]

D(-1L1) 22
1

Tacd S,pep = 5 AC.BD = IA52 =75= Al = 1 pods goi A(—7a+31La) trén AC, ta duoc:

N

—6b+9d -9=0 b=0 [B(0;8
= =
—8b+13d-13=0  |d =1

_225

2 2
IA® 5 =(—7a+31+%j +[a—%) = A(-11;6)v A(0;3)

Vi A ¢6 hoanh d¢ khong &m nén ta c6 A(0;3), C(-116)
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PHAN I11: GIAI TAM GIAC - TU GIAC
I. TINH CHAT TRUC TAM TRONG TAM GIAC

Ky hiéu trong cac hinh vé:

O: tam ngoai tiép. G: Trong tam. 1, K, L: Trung diém HA, HB, HC.
M, N, P: Trung diém BC, CA, AB. H: Truc tam. T: biém doi xing véi A qua O.
AD, BE, CF: 3 duong cao W: Tam duong tron Euler. R: biém doi xung vai H qua BC.

1. QUANHE 1: A,H,O, M

B va C nam trén duong tron duong kinh AT nén BTLBA, CTLCA. A
ViBHLCA, CHLBA

Do do6 ta c6 BHCT Ia hinh binh hanh.

Vay M la trung diém caa HT.

OM la duong trung binh cua tam gidc AHT.
Vay AH =20M I 0

2. QUAN HE 2: QUAN HE O, A, F, E VOI TIEP TUYEN TAI A

Goi Ax la tiép tuyén tai A, ta c6 OALAX.

xAF = ACB (G6c glua tiép tuyen va day cung)

T glac BFEC noi tiép nén ACB = AFE

Vay AFE = xAF. -
Do d6 Ax//EF.

Vay EFLOA.

3.QUANHE 3:J,M,E,F, O, A

Vi AH//OM va AH = 20M nén JA//OM va JA = OM. A
Do d6 JAOM 14 hinh binh hanh. -
Vay OA//IM.

Vi EFLOA.

Vay EF LIM.
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4. MOI QUAN HE 4: W, O, H, G.

| Quanhé O, H, W: | A
Vi AH//OM va AH = 20M nén JH//OM va JH = OM.
Do d6 JOMH 1Ia hinh binh hanh.

Do d6 JM cat OH tai trung diém W cua mdi dwong. 9 ] E
Tuong tu ta chirng minh duoc KN, LP deu cat OH tai trung diem cua
moi duong (Hoc sinh tu vé not hinh). Fl1 oo

Do d6 4 dudong JM, KN, LP, OH ddng quy tai trung diém mdi duong
d6 1a W (Tam duong tron Euler). 9
Vay tam duong tron Euler W 1a trung diém cac doan OH, JM, KN, LP

| Quanhé O, H, G: | B M C
Goi G la trong tam tam giac ABC, ta co A—G:Z Vi AM ciing 1a
AM 3 T

trung tuyén cua tam giac AHT nén G la trong tam tam gidc AHT.
Vi HO la trung tuyén tam gidc AHT nén OH = 30G.
| Thit ty cde diém O, H, G, W dé thiét Idp ty sé vector khi can: |

o0 0 0006060606000
H W G 0

(Chia doan OH 1a 12 doan, OG chiém 3 doan, W chiém 6 doan)
| Céc logi dwong tron sau la dwong tron Euler: |
e Duong tron di qua 3 chan duong cao trong tam giac.
e DPuong tron di qua 3 trung diém 3 canh trong tam giac.
e Duong tron di qua 3 trung diém doan néi giira dinh va tryc tam
cua tam giac.
5. MOl QUAN HE 5: H, D, R

Ta chtmg minh khi R ddi xing véi H qua BC thi R nam trén (O): A
HBC = RBC (H va R d6i xting qua BC)
T giac AEDB noi tiép nén HBC = RAC
Do d6 RBC = RAC. E
Vay tir giac ABRC nai tiép.

Do d6 R nam trén dudng tron ngoai tiép tir giac ABRC ciing 1a duong F i
tron di qua 3 diém A, B, C.

Vay R nam trén (O).

D
B C
R
6. MOl QUANHE 6: D, E, F, H

Tu giac AFHE noi tiép nén FEH = FAH A
T giac HDCE noi tiép nén DEH = DCH
T giac AFDC noi tiép nén FAH = DCH
Vaytaco FEH = DEH. E
Do d6 EH la phan giac trong goc FED.
Tuong ty cho DH va FH. Fl1
Véy H la giao diém 3 duong phan giac va ciing la tam duong tron noi
tiep tam giac DEF.
Chuy: BHC = 180°— BAC

B D C
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II. TINH CHAT TAM DPUONG TRON NOI TIEP, PHAN GIAC TRONG, PHAN GIAC NGOAI

Ky hiéu trong cac hinh vé:

e AD: Phén giac trong goc A.

e E: Giao diém cua AD va duong tron ngoai tiép.

e O, I: Tam dudng tron ngoai tiép, noi tiép tam giac ABC.

e F: Giao diém cua tiép tuyén tai A voi duong tron ngoai tiép va duong thang BC kéo dai.
e M: biém bat ky trén AB.

e N:Diém ddi xtng ciia M qua phan giac AD.

e I K,L:Diém tiép xtc caa dudng tron noi tiép voi cac canh tam giac

A A
N
M K
o L
F Bw ¢ B j C
E

1. MOI QUAN HE 7: PINH LY THALES VA CACH XAC PINH TOA PQ PIEM D

Theo dinh 1y Thales cho duong phéan giac ta co: % = % = BD = —%Cﬁ . C6 3 loai duong phén giéc:

diiax+by+¢, =0 |ax+by+c|  |ax+by+c,)|
d,ax+by+c, =0 [a? 112 JaZ +b?
AB ——

e Phan giac trong cta tam giac ABC: Xac dinh toa do diém D qua hé thuc: BD= _ECD . Khi @6 phan

e Phén giéc tao bai {

giac trong la duong thang di qua 2 diém A va D.
e Phan gi4c ngoai cua tam giac ABC: Puong thang qua A va nhan AD la vector phap tuyén.

2. MOI QUAN HE 8: TINH CHAT POI XUNG CUA PUONG PHAN GIAC
Goi M 1a diém bat ky trén AB, N 1a diém ddi xang véi M qua AD. Ta c6 MAD = NAD nén N nam trén AC.

Vay néu bai toan cho trudc toa o 1 diém M nam trén AB, cho toa do dinh C, cho phuong trinh phan giac AB,
ta cO thé lay di xtiing ciia M qua AD 1a N. Khi d6 duong thang AC 1a duong thang di qua C va N.

3. MOI QUAN HE 9: MOl QUANHE O, E, B, C

DAB = DAC nén cung EB va EC bang nhau do ¢6 EB = EC. Ma OB = OC nén OE la trung tryc ciia BC.
Hé qua: OE 14 vector phap tuyén ctia duong thing BC.

4. MOI QUAN HE 10: MOI QUANHE I, B, E, C

EBI = EBC + CBI = EAC + IBA = EAB + IBA = EIB. Vay EI = EB. Tuong ty ta c6 EC = El.

Hé qua: B, C 1a giao diém cua duong tron tam E, ban kinh EI voi duong tron (O).
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5. MOl QUAN HE 11: MOl QUAN HE F, A, D
FAD = FAB + BAD = BCA + DAC = FDA. Vay FA = FD.
Hé qua: F 1a giao diém cua trung truc doan AD véi duong thang BC.

6. MOl QUAN HE 12: QUAN HE GOC TRONG PUONG TRON NOI TIEP

G6c & tam noi tiép va goc ¢ dinh: BIC =180° _ABC+ACB _ g +¥ — BIC =90° +¥
G6c ¢ diém tiép xtc va goc ¢ dinh:
JKL = JKI + LKI = JCI + LA :wzgoo_i;c:mbgoo_ﬂ;c

I11. TINH CHAT TAM GIAC VUONG CHIA POI VA HE QUA:

Xét tam giac ABC vuong tai A duong cao A
AH, D va E 1a hai diém trén AH va CH.

B H E C

7. MOl QUAN HE 13: QUAN HE BD VA AE LA HAI PUONG TRUNG TUYEN

Néu D va E 1a trung diém AH va CH thi DE la duong trung binh tam giac AHC. Do d6 DE//AC nén DE LAB.
Mat khac AD LBE nén D la tryc tdm tam giac ABE do d6 BDLAE.

8. MOI QUAN HE 14: QUAN HE BD VA AE LA HAI PUONG PHAN GIAC TRONG

DH BH AH HE
AD AB AC EC

Néu BD va AE Ia hai phan giac trong thi: do d6 DE//AC nén DELAB.

Mat khac AD LBE nén D la tryc tdm tam giac ABE do d6 BDLAE.
Mot s6 hé qua cua bai toan tam giac vudng chia doi:

A ° :

M

xl
[

M M

D »C Be *C
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PHAN IV: GIAI PUONG TRON

9. MOl QUAN HE 15: TUONG GIAO HAI PUONG TRON

(Cl):(x—a1)2+(y—bl)2 = Rlz’(cz):(x_az)z"'(y_bz)z = er

Hai duong tron tiép x(c ngoai:
A= T7A
U R ' 2
Phuong trinh truc dang phuong (Puong thang qua A va vudng
goc vai 1I:

(k=) +(y-B) ~(x-a,)" ~(y-b,)’ ~R¢ -}

Hai duong tron tiép xdc trong:
A=RTA
2 R I 2
Phuong trinh truc dang phuong (Puong thang qua A va vudng
goc vai II:

(x=a) +(y-b) —(x-a,) ~(y-b,) =R’ -R;

Hai duong tron cét nhau:
2 2
R12 - R22 = I:dI,AB] _I:dl',AB:I
Phuong trinh truc dang phuong (Puong thang AB):
(x=a) +(y=b) ~(x=2,) ~(y-b,) =R/ ~R;

10. MOI QUAN HE 16: TIEP TUYEN VA CAT TUYEN

2
D _ AB

M—>(AB) T

Tinh chét 2: % +i2 = iz
OM°-R R AB
Tinh chat 3: D, 55 OM =R’
AMB R
2 OM
AB'DM—>(AB)
SAAMB = #

Tinh chat 1: D,

—(AB)

Tinh chét 4: sin

Tinh chét 5:

AB?
= 4 +(D0»d)

EAEB=0E’-R?

2

Tinh chat 6: R?

Tinh chéit 7:
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