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MOT SO BAI TOAN CUC TRI TRONG
HINH HOC GIAI TICH KHONG GIAN

a8 TiM PIEM THOA PIEU KIEN CUC TRI

N
BAI TOAN " ” " ,
] Cho diém A co dinh va diém M di dong trén hinh (J7) (duwong thang,
mit phdng). Tim toa d6 M dé€ d6 dai AM nhé nhét

Str dung "Mdi lién hé gitta duong xién va duong vudng goc" thi AM c6 do dai nho
nhat khi M 1a hinh chiéu vudng géc cta diém A 1én hinh () (M tring véi My).
A

A

—|
S
U

M

[

n Vi du minh hoa

© Vidu 1. Trong khong gian Oxyz, cho diém A(1;4;2) va mit phang (P): x +y +z—1 =
0. Tim toa do diém M thuoc (P) sao cho do dai doan AM nho nhat.

4 1
A. M(3;6;4). B. M(1;4; —4). C. M(-1;2;0). D. M(—g; g;—g).

Loi gidii.
Nhan xét AM nho nhét khi M 1a hinh chiéu vuéng géc cta A 1én (P).
Mit phang (P) c6 mot véc-to phap tuyén # = (1;1;1).

; B A
AM L (P) nén duong thang AM nhan n = (1;1;1) lam véc to N
x=1+t T”
chi phuong va qua A(1;4;2) nén c6 phuong trinh (v =4+t .
z=2+4t l‘\ |
GoiM(1+t;4+1t24+1t) € AM. Mat khac M € (P) nén B M
1+t+4+t+24+t-1=0t= -2
Vay M(—1;2;0).
Chon dap an (C) O
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xX=6-—4t
© Vidu 2. Trong khong gian Oxyz, cho diém A(1;1;1) va duong thangd : { y = —2 — ¢t .

Goi M(xo; yo; 20) 1a diém thudc d sao cho do dai AM nhé nhéat. Tinh x¢ + Yo + zz. o
A. —2. B. 2. C. 6. D. 0.
Loi gidi.

Nhan xét AM nho nhat khi M 1a hinh chiéu vudng géc ctia A 1én (P).
Goi M(6 — 4t; —2 — t; —1 + 2t) 1a hinh chiéu ctia A 1én d. Ta ¢6 A

o AM= (-4t -3 —t—-2+2f)vau, = (41, —2); -

o AM -1, =0c4G—4)+1(—-3—H) —2(—2+2) =0t = 1. —
Vay toa do diém M(2; —3;1). Suy ra xo + yo + 2o = O. Mo d
Chon dép an @ O

E Bai tap tuvong tu

Bdi 1. Tim hinh chiéu vudng géc ctia diém M(1; 1;0) trén mat phang (P): x +y +z —5 = 0.

A. (2,0;1). B. (1;1,0). C. (0;2,1). D. (2;2;1).
Bai 2. Cho diém M(2;1;0). Goi H(a; b; c) 1a diém thuoc d: a ; 1_v —; L —il sao cho MH c6
d6 dai nhé nhat. Tinh T = 4% + b2 + 2.

A. T =21 B. T=6. C. T=/5. D. T =12

BAI TOAN , " " 5
Cho mit phing (P) va hai diém A, B phan biét. Tim diém M ¢ (P) dé
MA + MB nhé nhat, |[MA — MB| 16n nhét

{3 Bai toan 1: Tim diém M € (P) dé MA + MB nho nhat.
A

.
b

\

N

B

@ Néu A va B nam khac phia so v6i (P). Ta c6 danh gia AM + BM > AB.
Déng thiic xay ra khi A, M, B thang hang hay M 1a giao diém ctia AB véi (P).
@ Néu A va B nam cung phia so véi (P). Goi A’ 1a diém dbi xiing ctia A qua (P).
Ta c6 danh gia
AM+BM = A'M+BM > A'B

Déng thiic xay ra khi A/, M, B thang hang hay M 1a giao diém cta A’B v6i
(P).
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{3 Bai toan 2: Tim diém M € (P) dé |MA — MB| 16n nhét.

2y &

@ Néu A va B nam cung phia so véi (P). Ta c6 danh gid

IMA — MB| < AB
Déng thitc xay ra khi A, M, B thang hang hay M la giao diém ctia AB véi (P).

@ Néu A va B nam khéac phia so véi (P). Goi A’ 1a diém déi xiing ctia A qua (P).
Ta c6 danh gia
IMA — MB| = [MA' — MB| < A'B
Déng thiic xay ra khi A/, M, B thang hang hay M la giao diém ctia A’B v6i
(P).

n Vi du minh hoa

© Vidu 3. Trong khong gian Oxyz, cho mat phang (P): x —y + 2z — 1 = 0 va hai diém
A(4; —1;2), B(—2;11; —1). Tim toa d6 diém M thuodc (P) sao cho MA + MB c6 gia tri nho
nhat.

A. M(0;1;0). B. M(2;3;1). C. M(3;6;2). D. M(2;3;—1).

L& gidi.
Thay toa do hai diém A, B vao phuong trinh (P) va xét
(xA—yA+2zA—1) . (xB—]/B+2ZB—1) =8-(—16) <0

nén A, B khac phia so véi (P). Nén theo két qua Bai toan 2 thi M = ABN (P).

x =442t
e ABqua Avanhan i = —%A—B) = (2, —4;1) lam vtcp nén c6 phuong trinhla ¢ y = —1 — 4t
z=2+41t

e Goi M(4+2t;—1 —4t;2+t) € AB. Mdt khac M € (P), suy ra
442t —(—1—-4H+22+t)—-1=0t=—1.

Véi t = —1, ta duge M(2;3; 1).

CHU Y
(Néu (xa—ya+2z4—1)- (xg—yp+2zg — 1) > 0thi A, B cling phia so v6i (P). \

Chon dép an O
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© Vidu 4. Trong khong gian Oxyz, cho mat phang (P): x + 2y —z — 5 = 0 va hai diém
A(4;8;—3), B(13;5; —18). Tim toa dd diém M thudc (P) sao cho MA + MB c6 gia tri nhd
nhat.

A. M(1;1;-5). B. M(3;—1;—4). C. M(3;1;0). D. M(2;3;—-1).

Loi gidi.
Thay toa do hai diém A, B vao phuong trinh (P) va xét
(XA+2yA—ZA—5) . (XB+2yB—ZB—5> =18-30 >0

nén A, B cung phia so vdi (P).
Goi A’ 1a diém dbi xtiing ctia A qua (P), ta tim duge A'(—2; —4;3).
Theo két qua Bai toan 2 thi M = A’BN (P).

x = —2+5t
e A'Bqua A’ vanhan i = %1—4—’_1; = (5;3; —7) lam vtcp nén c6 phuong trinh 1a { y = —4 + 3¢
z=3-7t
e Goi M(—2+5t;—4+3t;3 —7t) € A’B. Matkhac M € (P), suy ra
—24+5t+2(—4+3)—-B3-7t)-5=0&t=1.
Véit = —1, ta dugc M(3; —1; —4).
Chon dap 4n (B) O

© Vidu 5. Trong khong gian Oxyz, cho hai diém A(3;2;1) va B(—1;4; —3). Diém M thudc
mat phang (Oxy) sao cho [MA — MB| 16n nhét.
A. M(5 —1;0). B. M(5;1;0). C. M(-5;-1;0). D. M(-5;1;0).

Loi gidi.
Phuong trinh (Oxy) 1a z = 0.

Xétzy-zp =1-(—3) < 0nén A, Bnam khac phia so vdi (Oxy). 5
Goi A’ 1a diém dbi xing ctia A qua (Oxy) thi A’(3;2; —1). Khi \

do \

Suy ra [MA — MB|max = A’Bkhi M, A’, B thang hang hay M 1la @Oy -
giao diém ctia duong thang A’B véi (Oxy).

A'B: x_—23 = yIZ = Zj_ll .Suy ra A’BN (Oxy) = M(5;1;0). A

Chon dép an O

E Bai tap tuvong tu

Badi 3. Trong khong gian Oxyz, cho mat phang (P): 2x — y — z + 3 = 0 va hai diém A(1; —1;2),
B(2;0;1). Gia stt M(xo; ¥o;20) 1a diém thudc (P) sao cho MA + MB c6 gia tri nhd nhat. Tinh
T = 3x9 + yo + 2o-

16

A. T=10. B. T=2 C. T=5. D.T:g.
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Bai 4. Trong khong gian Oxyz, cho hai diém A(0;0; 1), B(1;1;1) va mat phéng P):x+y+z—
4 = 0. Goi M la diém nam trong mat phang (P) sao cho AM + BM dat gia tri nho nhét. Tinh do6
dai doan OM.

A. OM = 2+/5. B. OM = @. C. OM = 4+/86. D. OM = @.

Bdi 5. Trong khong Oxyz, cho hai diém A (—1;3;4), B(3;1;0). Goi M la diém trén mat phang
(Oxz) sao cho téng khodng cach tir M dén A va B 1a ngan nhét. Tim hoanh dé xo ctia M.

A. XO:4. B. x0:3. C. XO:2. D. x0:1.

Bdi 6. Trong khong gian Oxyz, cho mat phang (P): x +y +z — 1 = 0 va hai diém A(1; —3;0),
B(5; —1; —2). Diém M(a; b;c) nam trén (P) va |[MA — MB| 16n nhét. Gia tri tich a - b - ¢ bang

A. 1 B. 12. C. 24. D. —24.

chung). Xét diém M di dong trén (P) va N di dong trén (S). Xac dinh

BAITOAN , N " "
( 3 Cho mat phang (P) va mat cau (S) co dinh ((P) va (S) khong c6 diém
vi tri M va N d€ d6 dai MN nho nhit (16n nhat)

Nhan xét rang MN nhoé nhat (I6n nhat) khi M, N d
thudc duong thang qua tam I va vuong goc voi (P).

Theo hinh vé, thi MNpyin = MN; va MNpax = MN».

D€ tim cdc diém nay, ta 6 thé lam nhu sau:

N

e Viét phuong trinh duong thang d qua I
va vuong vdi (P), nhan #p lam véc to chi (S)
phuong.

e Giai giao diém d N (S), ta dugc toa do hai v
diém N (N; va Np);

e Tinh do dai MN; va MN, va so sanh. Két /ﬁ( M5
11,131’1 MNmaX Vé MNmin.

Cha y: Truong hop (P) tiép xiic hodc cit (S) thi MNpin = 0

n Vi du minh hoa

© Vidu 6. Trong khong gian Oxyz, cho mat cau (S) : (x — 1)+ (y — 2> + (z —3)> =9 va
mat phang (P) : 2x + 2y — z + 24 = 0. Goi I 1a tim mat cAu va H 1a hinh chiéu vuong géc
cta I trén (P). Diém M thudc mat cau (S) sao cho doan MH c¢6 do dai 16n nhat. Tim toa do
diém M.

A. M(—1;0;4). B. M(0;1;2). C. M(3;4;2). D. M(4;1;2).

Loi gidi.
Mat cau (S) c6 tam I(1;2;3) va ban kinh R = 3. Xét

C2-142-2-3+424]
V2Tt 22+ (-1

d(I, (P)) 9>R

nén mat cau (S) va mat phéng (P) khong c6 diém chung.
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Goi d 1a duong thang qua I va vudng goc véi (P). Theo két d
qué ctia Bai toan 3 thi M 1a mot trong hai giao diém ctia

d véi (S). M
x=1+2t

Duong thang d c6 phuong trinh { y = 2 + 2¢
z=3—1.

S
Thay x = 14 2t,y = 24 2t, z = 3 — t vao phuong trinh ®

mat cau, suy ra
=1 S~
t=—1.
A

Ta dugc hai diém M;(3;4;2) va My(—1;0;4).
Kiém tra d(M;, (P)) > d(M,, (P)) nén M;(3;4;2) la diém
can tim.

#=1=

Chon dap én (C) O

PV +c*—20+4b+2c—6=0
2d —e+2f—-14=0 '
Gia tri nho nhat ctia biéu thic (2 — d)? + (b — €)> + (c — f)” bang

A. 7 —4/3. B. 1. C. 28 —16+/3. D. 4 —2+/3.

@ Vidu 7. Cho cac sb thuc a, b, ¢, d, e, f thda man {

Loi gidii.
Trong khong gian Oxyz, goi

e M(a,b,c)thoaa® +b*>+c? —2a+4b+2c — 6 = 0 thi M thudc mat cau (S) tam I(1; —2; —1),
ban kinh R = 2+/3.

o N(d;e; f) thda 2d — e+ 2f — 14 = 0 thi N thudc mét phang (P): 2x —y + 2z — 14 = 0.
Khi d6
MN? = (@—d?+@®—e’+ (c— f)°.

Bai todn trd thanh: "Tim diém M trén (S): x> +y* + 2> —2x +4y +2z — 6 = 0 va diém N trén
(P): 2x —y + 2z — 14 = 0 sao cho MN? nhé nhat”.

Do d(I, (P)) = 4 > R nén (P) va (S) khong c6 diém chung.
Suy ra MNpin = d(I;(P)) — R = 4 — 21/3. Khi d6 MN? = 28 — 16+/3.
Chon dép an (C) O]

E Bai tap tuvong tu
Bai 7. Trong khong gian Oxyz, cho mit phang 2x — 2y — z +9 = 0 va mit cau (S): (x — 3)? +

(y +2)> + (z — 1)2 = 100. Tim toa d6 diém M nam trén mat cau (S) sao cho khoang cach tir diém
M dén mat phffmg (P) dat gia tri 16n nhat.

29 26 7) (11'14. 13)
A.M( 333 B. M( 5573 )

11.14.13) <29' 26 7)
C.M< 333 ) D. M(5:-3i-3)-
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BAi 8. Trong khong gian Oxyz, cho hai diém A(—1;0;1), B(1; —2;3) va diém M théa méan MA -
MB = 1, diém N thudc mit phéng (P): 2x —y+2z+4 = 0. Tim gia tri nho nhat do dai MN.

A. 5. B. 1. C. 3 D. 2.

Bdi 9. Trong khong gian Oxyz, cho mat cau (S): x2 + y? + z2 — 2x + 2z — 2 = 0 va cac diém
A(0;1;1), B(—1; —2; —3), C(1;0; —3). Diém D thudc mat cau (S). Thé tich tit dién ABCD 16n nhat
bang

16 8

A —. B. 7. - = D. 9.
3 ¢ 3

Badi 10. Trong khong gian Oxyz, cho diém A(1;2; —1) va mat phang (P) : x +y +2z — 13 = 0.
Xét cac mat cau (S) c6 tam I(a; b; ) di qua diém A, tiép xtic véi mat phang (P). Tinh gia tri cta
biéu thitc T = a? + 2b? + 3¢? khi (S) ¢6 ban kinh nhé nhéat.

A. T =25 B. T =35. C. T =30. D. T = 20.

BAITOAN ,
Cho hai duong thang d; va d, chéo nhau. Tim M € d;, N € d; sao cho
d6 dai MN nho nhat (doan vuong goc chung)

x = xo+ ayt x = x( + ajt
Cho duong thang di: { y = yo + axt c6 véc to chi phuong i1; dy: { y = y{ + aht c6 véc to
z = z9+ast z =z +aht

chi phuong /5.
Xét diém M € di, N € d, thda do dai MN nho nhét thi MN la doan vudng géc chung ctia

dl va dz.
[ ] GOI ﬁl
M(xo + a1ty yo + azt1,z = 2o +asty) € dq /;
M 1
N(x{, + ajtr, yy + ahty, z = z{) + ajty) € dy.
e Dé tim toa do M va N, ta giai hé 7,
MN -1 =0 _ .
— tim tq va f5.
MN - Uy = 0 N dy
e V6ity va ty, suy ra toa do M va N.
n Vi du minh hoa
x =1 3
© Vidu 8. Trong khong gian Oxyz, cho hai dudong thang di: { y =t va do: x_ T =
z=2
1 .
yT = % chéo nhau. Goi M € di, N € d, sao cho do dai MN nho nhat. Tinh xp; — xp.
4 5 7
A. xM_xN:ﬁ- B. xM—xN:—ﬁ. C. xM_xN:ﬁ- D. xM_xN:ﬁ-
Loi gidi.
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x=3—+
Phuong trinh tham sd ctia Ap: { y =1+2t'. Taco U1 = (1;1;0) va up = (—1;2;1) 1a véc to chi
z="t
phuong cua dq va dy. Goi M(ty;t1;2) € dy va N(3 — to; 1 4 2tp;tp) € dp. Ta co
MN =@ —t —ty;1— t + 2t tr — 2)
MNmin khi MN la doan vudng goc chung ctia d; va dp. Suy ra

L, 27
MN -1 =0 {fah—m:—4 h=17
., & & :
MN-uzzO —t1+6t2:3 tZIE
11
4
SuyraxM—xN:t1+t2—3:ﬁ.
Chon dap an (A) O
x=4-2t x=1
© Vidu 9. Trong khong gian Oxyz, cho hai duong thang d;: { y =t sdy: Qy =1+
z=3 z=—t

chéo nhau. Phuong trinh mat cau c6 ban kinh nhé nhat tiép xuc véi ca hai duong th:fmg dq,
dp 1a

3\, , 9 < 3)2 ) 5 9
A. (x—§> +y +(z—-2) =7 B. x+§ +y +(z+2) =7
3\, , 3 ( 3r ) , 3

Lo gidi.

dq 6 vecto chi phuong @ = (—2;1;0); d, c6 vectd chi phuong 1, = (0;1; —1).

Goi (S) 1a mat cau c6 ban kinh nhd nhét tiép xtc véi ca hai duong théng dq, dp thi (S) sé nhan
doan vuong goc chung cua dq va d lam duong kinh.

Goi AB la doan vuong goéc chung cta dy, dp.

e Acd = A@A—24t3),Bedy = B(1;t;—t), AB = (=3 + 26 — t;—t —3).

(AB- @, =0 ((2t—3)-(=2)+t —t=0 t=1
e Tacoy — _, SR, <9y .
AB-1u,=0 2t —t = -3 Y=_1
Suy ra A(2;1;3), B(1; —1;1).
o X 2 A 3 N R 2 N - - AB 3
Mat cau (S) co tam [ 5;0;2 la trung diém cua AB va ban kinh R = - =7

2
Vay phuong trinh mét cau (S): <x - g) + 2+ (z—2?2 = Z

Chon dap an @ O]

E Bai tap tuwong tu
-3 y+2 z+1

—4 1 1
-1 -2 .
PR _Z .Goi A € dva B € d’' sao cho AB nho nhat. Tinh x4 + x5.

—6 1 2
1. v DiEM HOA BIEU KIEN cuc TR [N
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A. x4 +xg=0. B. xp+xg=-—1. C. xp+xg=1. D. x4 +xg=2.

x=4+3t
Bai 12. Trong khong gian Oxyz, chody: {y=1—t vady:
z=—5—-2t
Goi I(a; b; ¢) 1a tdm ctia mat cau c6 ban kinh nhé nhét tiép xtic véi ca dq va do. Tinh a + b + c.
A.a+b+c= -1 B.a+b+c=0. C.a+b+c=2. D.a+b+c=4
-2 y+1 z+3 x—1

1 2 y Vady —— =

x—2 y+3 z _,
T =3 —Tcheonhau.

Bai 13. Trong khong gian Oxyz, cho hai duong thang d : z

—1 1 N .
Y 5 = Z—; chéo nhau. Goi M, N lan lugt la cac diém di dong trén dq,d. Tinh gia tri nho
nhat ctia do dai doan MN.
4+/2 4
A. 4V2. B. Tf C. 3 D. 2/3.

BAI TOAN 2 ? ~ o X PN o oA A - A A .
( Tim diém M thoa man diéu kién cuc tri lién quan den cac yeu to dinh
lugng (dién tich, thé tich, khoang cach, ...)

Véi dang toan nay, ta thuong duing phuong phap dai s6. Chti y cac cong thirc sau day:
@ Cong thuc tinh do dai doan thang

AB = \/(xp — xaY + (yp — YA + (25 — 2a)2.
©@ Cong thuc tinh dién tich tam gidc Sapc = %' [A_B), A—(f] ‘

@ Cong thiic tinh thé tich khéi t dién ABCD 1a Vagcp = %‘ [AB, AC] - AD ‘

n Vi du minh hoa

© Vidu 10. Trong khong gian Oxyz, cho OA =7 + 7 — 37<), B(2;2;1). Tim toa do diém
M thudc truc tung sao cho MA? + MB? nhd nhét.

A. M(0; —4;0). B. M <0,' 2;0). C. M(0;—-2;0). D. M(0; —3;0).
Loi gidi.
V6iOA =7 + ] — 3Kk, suyra A(1;1;—3).

Goi M(0; m;0) € Oy. Ta co

MA?2 4+ MB?> = 14+m—1%+94+4+Q2—-m)®+1
31 _ 31

3 2
= 2m2—6m+20:2(m—§) +327

Suy ra MA? + MB? nhé nhat khi m = g Vay M (0; %;0).

Chon dép an O
IR --An 1 MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



x=1
© Vidu 11. Trong khong gian Oxyz, cho dudng thang d: { y =t va hai diém A(4;0;3),
z=—t
B(0;2;3). Goi M(xo;yo; ¥o) 1a diém thudc d sao cho dién tich tam gidc MAB nho6 nhat. Tinh
X2 442 4 22
0 TYo %0
A xZ+yp+z5=1 B. Xx+y3+2z5=2 C.x3+y3+z5=3. D.x3+y3+z%=5.

Loi gidi.
Goi M(1;t; —t) € d. Taco
o AM = (—=3;t; —t —3), AB = (—4;2;0);
e Dién tich tam giac AMB la
Samp = %‘ [ZE,Z&]‘
= 20/92 + 18t + 54 = 24/9(t + 1)2 + 45 > 2/45.

Déng thirc xdy ra khi t = —1. Khi d6 M(1; —1;1). Suy ra x3 + y3 + 23 = 3.

Ta c6 thé dung cich dianh gid hinh hoc nhu sau:
1 .
e Dién tich tam giac AMB dugc tinh theo cong thirc S = EAB - MH, voi H la hinh chiéu
vubng goc cia diém M lén AB.

e Do AB cb dinh nén Spin khi MHin. Ta kiém tra duoc AB va d chéo nhau nén MHpn khi
MH la doan vuéng géc chung ciia d va AB (ddy la két qud da xét & Bai toan 4.)

Chon dap an (C) O

© Vidu 12. Trong khong gian Oxyz, mat ph:f\ng (x) di qua M(1;1;4) cat cac tia Ox, Oy, Oz
lan luot tai A, B, C phan biét sao cho ti dién OABC c¢6 thé tich nho nhét. Tinh thé tich nhé
nhéat dé.

A. 72. B. 108. C. 18. D. 36.

Loi gidii.

. . T , X Yy oz ..

Goi phuong trinh mat phang («) c6 dang - + 5 + o= 1véia,b,c>0.

e Diém M € (x) nén
1 1 4
St -=1
a b ¢

. P 1 1 4 4
ApdungbétdéngthfrcCauchytacc’)l:E+E+E23\3lﬁz>abc227-4:108.

" ; 1 1 1
e Do do thé tich khoi chop O.ABClaV = EOA -OB-0C = gubc > g 108 = 18.

Déng thic xay rakhia = b = 3,c = 12.

Chon dép an (C) O]

1. M DiEM HOA BIEU KIEN cuc TR [ EEEEN



E Bai tap tuvong tu

Bdi 14. Trong khong gian Oxyz, cho hai diém A(0;1;1), B(1;2;1) va duong thang d : % =
y+1 z—2

4 = 5 Tim toa do diém M thudc d sao cho dién tich tam gidc MAB c6 gia tri nho
nhat.
A. M(2;-3;-2). B. M(0;—1;2). C. M(@;-2;0). D. M(—1,0;4).

Bdi 15. Trong khong gian Oxyz, cho A(1;1;1), B(2;1; —1), C(0;4; 6). Diém M di chuyén trén truc
Ox. Tim toa d0 M dé P = ’MA + MB + MC’ c6 gi tri nho nhat.
A. (2;0;0). B. (1,0;0). C. (—2,0;0). D. (—1,;0;0).

Bai 16. Trong khong gian Oxyz, cho ba diém A(a;0;0), B(0; b; 0), C(0;0;c), trong déa > 0,b > 0,
¢ > 0. Mt phang (ABC) di qua diém I(1;2;3) sao cho thé tich khéi ti dién OABC dat gia tri
nhd nhat. Khi d6 cac sb a, b, ¢ théoa man d:fmg thac nao sau day?

A. a+b+c=12. B. 2+b=c—6. C. a+b+c=18. D.a+b—c=0.

BAI TOAN , ,
Tim toa d6 diém M thudc hinh (7)) (mit phang, duong thang) sao cho
T = |[mMA + nMB + kMC| nhé nhat.

Cho hinh () (mat ph{ing, duong thﬁng), cic diem A, B, C phan biét va cdc s0 thuc m, n, k théa
m+n+k # 0. D€ tim toa do diém M thdo yéu cdu, ta ldp ludn nhu sau:
e Goi I la diém thoa I,
mJA+nIB+kIC =10
m-A4+n-B+k-C
m+n—+k

C6 thé ghi nhd nhanh I = (1) dé€ xac dinh toa do diém I.

e Tabién ddi

mMA +nMB +kMC = (m—+n+k) Ml +m.IA+nIB+kIC
= (m+n+k M.
Suy ra
T=|m+n+k| - -MI

Gid tri T nhé nhat khi do dai MI nhé nhét. Liic d6 M 1a hinh chiéu vuong goc ctia
I 1én hinh (¢) (mdt phing, duong thang).

n Vi du minh hoa

© Vidu 13. Trong khong gian Oxyz, cho A(—3;0;0), B(0;0;3), C(0; —3;0) va mat phéng
(P): x+y+2z—3 = 0.Goi M(a,b,c) la diém trén (P)sao cho ‘MA' + MB — MC| nho nhat.

Tinha+b +c.
A.at+b+c=0. B.a+b+c=-1. C.a+b+c=5. D.a+b+c=3.

Lo gidi.
Xét diém I thoa man
— — — —
IA+1IB—-IC=0.
IR --An 1. MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



Ap dung cong thic (1), ta duge

XA+ Xp—XC

_Yyatyp—yc 5. _ZATZBTZC _

S i e R A L I g S I e R

Toa do I(—3;3; 3).
Taco — — — —> —

MA+ MB - MC =MI+1TA+1B—1IC=MI
Suy ra

T=|MA+ MB— MC| = MI

Tomin khi IMpin. Ltic d6 M 1a hinh chiéu cta I 1én (P).
Mit khac, diém I da thuoc (P), nén hinh chiéu cta I 1én (P) la M trung véi diém 1.
Vay M(—3;3;3),suyraa+b+c = 3.
Chon dap an (D) O

. . 2 1 -1
© Vidu 14. Trong khong gian Oxyz, cho duong thang A : g =7 1— = Z_ 1

A(1;0;1), B(—1;1;2). Biét diém M(a; b; c) thudc A sao cho |MA — 3MB| dat gia tri nho nhét.

Khi d6, tong a + 2b + 4c bang bao nhiéu?
A. 0. B. —1. C. 2. D. 1.

va hai diém

Lo gidi.

{3 Cach 1: Goi I 1a diém thoa IA—3IB=0, suy ra [ (—2; g; ;)
Theo két qua cia Bai todn 5 thi MA — 3MB ‘ nhé nhat khi M la hinh chiéu vuéng goc
ctia diém I 1én A.
e Goi M(2t; —1+t;1 —t) € Ala hinh chiéu vuéng géc cta I 1én A. Ta c6

— 1

IM-T[A:0<:>t:—§.

° Véitz—%thiM(—l' 3.3

,—§;§>.Suyraa+2b—|—4c:2.

{3 Cach 2: Ta tham s6 toa do diém M, sau d6 dung khao sat ham dé xi ly max - min.
Goi M(2m; —1+m;1 —m) € A. Tacod

MA — 3MB = (4 + 4m; —5 + 2m; —3 — 2m)

Suy ra

2
‘MA —3MB’ = \/24m2 + 24m + 50 = \/24 (m+%) + 44,

. ) 1
Nhan xét (MA - 3MB‘ nho nhat khi m = —. T d6 suy ra M (—1,- —g; %’)
Vay a +2b + 4c = 2.

Chon dép an (C) O]

1. v DiEM HOA BIEU KIEN cuc TR [ IEN



E Bai tap tuvong tu

Bai 17. Trong khong gian Oxyz, cho hai di_é’r)n A(_—C;B; 2;2); B(—5;3;7) va mat phéng (P): x+y+
z = 0. Diém M(a; b; ¢) thuodc (P) sao cho [2MA — MB| c6 gia trinhd nhat. Tinh T = 2a + b —c.
A. T=-3 B. T=4. C. T=3. D. T=-1.
Bdi 18. Trong khong gian Oxyz, cho ba diém A(2; —3;7), B(0;4; —3), C(4;2;5). Biét diém M(xo; yo; Z0)
nam trén mat phang (Oxy) sao cho ‘MA + MB + MC‘ c6 gia tri nho nhat. Khi d6 téng P =
X0+ Yo + 2o bfing
A. P=0. B. P=6. C. P=-3. D. P=3.
Bai 19. Trong khong gian Oxyz cho ba diém A(4;2;2), B(1;1; —1), C(2; —2; —2). Tim toa d6 diém
M thuoc (Oyz) sao cho [MA +2MB — MC| nhé nhat.
A. M(2;3;1). B. M(0; —3;1). C. M(0;3;1). D. M(0;1;2).

Bdi 20. Trong khong gian Oxyz, cho cac diém A(5;8; —11), B(3;5; —4), C(2;1; —6) va mit cau
(S): (x — 4%+ (y — 2% + (z+ 1)* = 9. Goi M (xp;¥m;2m) 1a diém trén (S) sao cho biéu thiic

‘MA — MB — MC‘ dat gia tri nho nhét. Gid tri ctia téng x1 + yp bang
A. 2. B. 0. C. 4. D. —2.

BAI TOAN 2 2 ’ °
Tim toa do diém M thudc hinh (/7) (ndit phang, dwong thang) dé biéu
thic T = m.MA? + n.MB? + k.MC? nho nhit (16n nhat)

Cho hinh () (mat ph{ing, duong thtfng), cic diem A, B, C phan biét va cdc s6 thue m, n, k théa
m+n+k # 0. D€ tim toa do diém M thdo yéu cdu, ta ldp ludn nhu sau:
e Goi I 1a diém thoa R I
mIA+nIB+kIC =0
m-A+n-B+k-C

dé xac dinh toa do diém I.
m+n—+k

C6 thé ghi nhg nhanh I =

e Tabién ddi

- —\ 2 — —\ 2 —> —\ 2
mMA? + nMB? + kMC? = m (M1+IA) +n (M1+ IB) +k(M1+IC)
= (m+n+k) MI? +m.IA* + n.IB?> + k.IC>.

Suyra T = (m+n+k)MI>+ m.IA?+ n.IB? + k.IC?. Do m.IA? + n.IB? + k.IC?
c6 dinh nén

@ v6éim + n+k > 0thi T nhd nhat khi MI nho nhét.
@ v6im 4+ n+k < 0thi T 16n nhat khi MI nho nhét.

Khi d6 M la hinh chiéu vuéng géc ctia I 1én hinh () (mat phang, duong thang).

n Vi du minh hoa

© Vidu 15. Cho mat phéng (@) : x +2y+2z+9 = 0 va ba diém A(1;2;0), B(2;0; —1),
C(3;1;1). Tim toa do diém M € («) sao cho 2MA? 4+ 3MB? — 4MC? dat gia tri nho nhét.
A. M(1;-2;-3). B. M(—3;1;—4). C. M(-3;2;-5). D. M(1;-3;-2).

PHAN 1. MOT O BAI TOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



L& gidi.

Xét diém I thoa man 2TA +3IB—4IC = 0. Ap dung cong thic (1), ta duoc

_ 2xp+3xp—4xc _ 2ya+3yp —4yc _ 2zp+3zp —4zc

_ — 4y — o 7
1 2+3_4 &4 2+3_4 0; z1 2+3_4
Suy ra, toa do I1(—4;0;7).
Ta co
— —\ 2 — —\ 2 — —\ 2
2MA? + 3MB? — 4MC? = 2(MI+1A) +3(M1+IB) —4(M1+1c)

= MI?+2IA% +31B% — 4IC* +2M] (2IA + 3IB — 4IC)
= MI? +21A% +31B* — 4IC>.
Do 2IA? + 31B? — 41C? khéng d6i nén 2MA? + 3MB? — 4MC? dat gia tri nho nhét khi va chi
khi MIin < M 13 hinh chiéu vudng goc cua I trén («).
Ta tim hinh chiéu vuéng goc cia I 1én (P).

o IML (x) = uppm = ng = (1;2;2) 1a vecto chi phuong ctia IM.

x=—4+t
Suy ra phuong trinh IM : ¢ y = 2¢
z=—7+2t

o Goi M(—4+t;2t;—-7+2t) € IM.
e M=IMN()=MEe (a¢)hay -4 +t+22t4+2(-7+2) +9=0&t=1.
o VGit=1= M(-3;2;,-5).

Chon dép an (C) O]

= N 2 -1 2 N < R
@ Vidu 16. Cho duong thang A : % _Y = Zj_z va ba diem A (1;3; —2), B(0;4; —5),
C (1;2; —4). Biét diém M (a; b; c) thudc duong thang A sao cho MA? + MB? + 2MC? dat gia
tri nho nhét. Khi d6, tong a + b + ¢ bang bao nhiéu?
A. 0. B. —1. C. 3. D. 4.

L5 gidil.
Xét diém I 1a diém thod man IA + IB 4 2IC = 0. Ap dung cong thic (*), ta dugc

XA+ X+ 2xc _3

T Iy 8
_yatyp+2yc 11

J1 1+1+2 4
. _ZA+ZB+2ZC__E
= "1¥1+2 &

3 11 15)

51 (2;—;——).

Suy ra, toa do <4,4, 1

Theo két qua ctia Bai toan 6 thi T = MA? + MB? + 2MC? nho nhét khi M 1a hinh chiéu vuong

gbc ctia I 1én A. Ta tim hinh chiéu ctia I 1én A.
1. v DiEM HOA BIEU KIEN cuc TR [



e M3t phang (a) qua I va vudng goc véi A c6 phuong trinh 1a x +y — 2z — 11 = 0.
o M(t;t+1,-2t—-2)=AN(a),suyrat+t+1-2(-2t-2)—-11=0&t =1
e VGit =1, tinh duge M(1;2; —4).

Suyraa+b+c=1+2+(-4) = -1

CHU Y N

C6 thé dung khao sat ham nhu da xét & cac phan trén.
e DoMEA= M(tt+1;-2t—2)
e Tinh dugc MA2Z + MB? + 2MC? = 241> — 48t + 35 = 24(t — 1) + 11 > 11.
e Suyra (MA?+ MB?+2MC?) . =11khit=1.

mi

o Voit=1thiM(1;2;—4) = a+b+c=1+2+(—4) =1

Chon dép an O

E Bai tap tuvong tu

.. . —1 2
Bai 21. Trong khong gian v6i hé toa do Oxyz, cho duong thang A: xT = ]% = Z_+1 va hai
diém A(0; —1;3), B(1; —2;1). Tim toa do diém M thudc duong théng A sao cho MA?% + 2MB?
dat gia tri nho6 nhat.
A. M(1;0; —2). B. M(-1;-1,—1).  C. M(3;1; -3). D. M(5;2; —4).

Bdi 22. Cho A(1;-2;1), B(5;0; —1), C(3;1;2) va mat phang (Q) : 3x+y —z+3 = 0. Goi
M(a; b;c) € (Q) théa man MA? + MB? + 2MC? nhé nhat. Téng a + b + 5¢c bang

A. 9. B. 11. C. 15. D. 14.

I --An 1. MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



Chii 6 a LAP PHUGNG TRINH MAT PHANG
N

Cac bai toan vé cuyc tri trong hinh hoc thi rat phong phu va da dang. Trong tai liéu nay, ngu(n

viét chti yéu chon loc nhitng dang toan c6 thé dugc gidi bang nhiéu cach, dé glup hoc sinh c6
cdi nhin bao quat, rén luyén tu duy va chon loc cho minh céach giai phtt hgp. Két qué trong hinh

hoc dugc ding nhiéu trong tai liéu nay 1a M&i quan hé giita dudng xién va dudng vudng géc:

Trong cdc duong xién va duong vudéng goc ké tir mot A
diém nam ngoai duong thang do thi duong vudéng goc
la duong ngian nhat. Nhu hinh vé, ta luén cé

AH < AM.

BAI TOAN ” . 2
Viet phuong trinh mat phang chiwa M va cach A mét khoang 16n nhat )

Cho hai diém M (my; my; m3) va A (ay; az; az) phan biét. Goi (P) la mit phing qua diém M va cdch
A mot khodng 16n nhdt. Ta lap ludgn dé'tim véc to phdp tuyén cita (P) nhu sau:

{3 Céch hinh hoc: Goi H 1a hinh chiéu vudng géc ctia A 1én (P) thid (4, (P)) = AH.
e Chu y rang AM c6 dinh. Ta c6 danh gia

AH < AMC6 dinh A

AHmax = AM khi va chi khi H trung M hay
AM L (P).

e Khi dé (P) la mat phéng qua diém M va nhan /< HEA /
~ 7
P

AM lam véc to phap tuyén.

3 Cach dai sb: Goi 7 = (a;b; ¢) 1a véc-to phap tuyén ctia (P), v6i 17 # 0. Ta c6
e Phuong trinh (P): a(x — mq) + b(x — mp) + c(x —m3) =0

a(ay — my) + b(ay — my) + c(az — m3)

Va? 4 b% + c?

e Tinh khoang cach d (4, (P)) =

Ta c6 danh gia: (bdt ding thitc Bunhiacopxki)

\/[ﬂz + b2+ Cz] [(ﬂl —mq1)? + (ap — mz)? + (a3 — m3)2]
R
= \/(‘11 —mq)2 + (ag — my)? + (a3 — m3)?>  (cd dinh).

d(4,(P) <

. a b C
Suyrad(A,(P))max khi a; — my o ar — My - ﬂ3_m3.

Tir dang thic nay, ta chon a, b va ¢ (quy wdc mdu bang 0 thi tir bang 0).

2. LAP pHUONG TRINH MAT PHANG [N



n Vi du minh hoa

© Vidu 1. Trong khong gian Oxyz, cho hai diém M(1;2; —1) va A(3;0;3). Biét mat phang
(P) di qua diém M va cach A mot khoang 16n nhat. Phuong trinh mat phang (P) 1a

A. x—-2y+2z+5=0. B. x—y+2z+3=0.
C. 2x—y+4z+4=0. D.2x -y +2z+2=0.
Loi gidi.

{¥ Céach hinh hoc: Goi H 1a hinh chiéu vudng goc cua A lén (P) thid (4, (P)) = AH.

e Ta c6 danh gia

AH < AM 4 ginh- i
Suy ra AHmax = AM khi H triing véi M hay AM L ’\
(P). Khi do AM 1a véc-to phép tuyén ctia (P). EA
o Ma’E phang (P)_q)ua M(1;2; —1) va co véc-to phap K M
tuyén 7 = AM = —2(1;—1;2) nén c6 phuong
trinh la

x—y+2z+3=0.
{3 Céch dai so6: Goi 11 = (a; b; ) 1a véc-to phép tuyén ctia (P), voi 71 # 0.Tacé
e Phuong trinh cta (P) c6 dang

alx—1)+bly—2)+cz+1)=0ax+by+cz—a—2b+c=0.

e Khoang cach tir A dén (P) 1a

. 22+ _22+42 a2—|—b2—|—c2
L |a 2 +4c| _ /(224 (=27 +#)( ) _ov

‘/ﬂ2+b2+C2_ ‘/ﬂ2+b2+C2
b c

dmaX:2\/€khig:—: . Tr day ta chon dugca =1,b = —1vac = 2.

-2 4

e Thay vao (*), ta dugc phuong trinh (P)lax —y +2z+4+3 = 0.

Chon dép an O

© Vidu 2. Trong khong gian Oxyz, cho diém A(1;4; —3) va mét phang (P): (m?+1) x —
(2m? —m+2)y+ (m>+m)z—1 =0 (m la tham s6). Tim phuong trinh mat phang (P),
biét khoang cach tir A dén (P) 1a 16n nhét.

A. x—-2y+2z+7=0. B. 5x —2y+3z+12=0.
C. 2x-3y+2z—-1=0. D.2x—-y—-z—-1=0.
Loi gidii.

Tim diém co dinh M thugc (P). Khi do d (A, (P)) < AM_4 4, nén
d (A, (P)pax = AM khi AM L (P).

PHAN 1. MOT O BAI TOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



Ta bién d6i (P) vé dang
m* (x —2y+z)+my+z)+x—2y—1=0
Phuong trinh nay thoa véi moi m khi va chi khi

x—2y+z=0 x=3
y+z=0 & qy=1 .SuyraM(3;1;,—1) € (P),Vm.
x—2y—1=0 z=-—1

Goi H 1a hinh chiéu vudng géc ctia A 1én (P) thid (A, (P)) = AH.

e Ta co danh gia

AH < AMC6 dinh* A
e Suy ra AHmax = AM khi H trung v6i M hay AM L (P).
Khi d6 AM = (2; —3;2) 1a véc-to phéap tuyén cua (D).
Mat phang (P) qua M(3; 1; —1) va c6 véc-to phap tuyén AM = /< HEAM
(2; —3;2) nén c6 phuong trinh la 2x — 3y + 2z — 1 = 0 (ng voi P

giatrim = 1).

Chon dép an (C) O

E Bai tap tuvong tu

Bai 1. (Thi thir S6 Quang Binh — 2018). Trong khong gian Oxyz, cho diém A(2; —1;1). Phuong
trinh mat phéng (P) di qua diém A va cach géc toa d6 O moét khoang 16n nhat 1a
A 2x—y+z—6=0. B. 2x—y+z+6=0.
C.2x+y+z—-6=0. D.2x+y—-z—-6=0.

Bai 2. Trong khong gian Oxyz, cho hai diém A (2;1; -2), B(—1;0;3). Viét phuong trinh mat
phang (P) di qua A sao cho khoang céch tir B dén (P) 16n nhat.
A 3x—y+2z—1=0. B. 3x+y+5z+3=0.
C.3x+y—-52—-17=0. D.3x—-y—-5z2+17=0.

Bai 3. (Thi tht TNTHPT 2021 — S& Hung Yén). Trong khong gian Oxyz, cho bon diém A(a; 0;0),
B(0; b;0), C(0;0;c) va D(1;2; —1), véi a, b, c 1a cac s6 thuc khac 0. Biét rang 4 diém nay dong
phang va khoang céch tir gbc toa do O dén (ABC) 16n nhat. Tinh a + b + c.

A. 3. B. 15. C. 2 D. 4.

Badi 4. Trong khong gian Oxyz, cho diém M (1;2;3). Goi (P) 1a mat phang di qua diém M va
cach gbc toa dd6 O mot khoang 16n nhat, mat phéng (P) cat cac truc toa do tai cac diém A, B, C.
Tinh thé tich khdi chép O.ABC.

1372 524 686 343
A- T. B- T. C- T. D- T.
Bai 5. Trong khong gian Oxyz, cho mdtphang (P): (2m?+3m+1)x— (m?+2m+1)y+ (1 —m)z+
2 =0 (mla tham s6) va diém A(7;0;5). Tim phuong trinh mat phéng (P), biét khodng cach tur
A dén (P) 1a 16n nhét.
A. x—-2y+2z+2=0. B. 3x —y+3x+2=0.
C. 2x -3y +2z+2=0. D.2x—-y—z+2=0.

2. LAP PHUONG TRINH MAT PHANG [ EEE



BAI TOAN " , 5 "
Viét phuong trinh mat phang chiwa duong thang d (hoac hai diém B,
C) va cach diém A mot khoang 16n nhat

Cho diém A va d, v6i A khong thuéc d. Goi (P) la mdt phiang chita d va (P) cdch diém A mot khodng
16n nhét. Ta lap ludn dé'tim véc to phdp tuyén ciia (P) nhu sau:

{3 Céch hinh hoc: Goi H, K lan lugt 1a hinh chiéu vudng géc ctia A 1én (P) va d.
e Chu y rang AK cb dinh. Ta c6 danh gia A
d(A, (P)) = AH < AK g ginh
AHmax = AK khi va chi khi H trung K hay

AK L (P). ﬁ/
2 2 C
e Khi d6 (P) 1a mit phing qua diém K va K

nhan AK lam véc to phap tuyén.

Khi d(A, (P))max thi (P) vuéng goc voi mit ph(ing chita A
A va d nén ta con cich xdc dinh véc-to phdp tuyén 1 .
ciia (P) bang tich cé hudng nhu sau: "
e d qua diém B va cd véc to chi phuong U 4. Tinh H---
N d
—> - H TS - =
m = [AB, ud} /\)Ii/ud/

la phdp tuyén ciia mdt phang chita A va d.
e Dol Ly # Liinén i = [m, iy
{3} Cach dai sbé: Goi B, Clahai diém phan biét thudc d; 17 = (a; b; ¢) 1a véc-to phap tuyén
cta (P), voi 7 # 0.
e Viét phuong trinh (P) qua diém B va nhan 77 lam véc-to phap tuyén.

e Diém C € (P) nén thay toa d6 C vao phuong trinh (P) phai thoa man. Tir day
ta rut duoc c theo hai 4n a4 va b.

e Tinh khoang cach d(A,(P)) = ... = f(t), vé6it= %, b #0.
2 a
e Khao sat ham [f(t)} . Tim max{ f(#)}, dat dugc khi t = b= to T ti 1€ nay, ta
chon 4, b. Sau dé thay vao diéu kién dau, tim c.
n Vi du minh hoa
x =142t
© Vidu 3. Trong khong gian Oxyz, cho diém A(2;1;1) va duong thang d: {y =t
z=—-2—1
Tim phuong trinh mat phang («) chita dudng thang d va cich A mot khodng 16n nhét.
A (0):2x+y—z—4=0. B. (0): x+y+3z+5=0.
C. (0): —4x+7y+z—-6=0. D. (v):4x -7y +z =0.

I --An 1 MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



Loi gidii.
Goi K, H 1an lugt 1a hinh chiéu vudng géc ctia A 1én duong thang d va 1én ().
Ta xac dinh toa d6 diém K nhu sau: A

oK(1+2t;t;—2—t)Ed.Suyrazﬁ:(2t—1;t—1;—t—3). N

e Goi i/; = (2;1;—1) 1a véc to chi phuong cta d.

AK 1d & AR-@,;=0 H

& 22t—1)+1¢t—-1)—1(—t—-3)=0 f d —K
& t=0. SuyraK(1;0;-2).
Ta danh gid d(A, (v)) = AH < AK_§ ginp, NéN d(A, (#))max = AK khi AK L ().
Khi d6 AK = (~1; —1; —3) la véc to phép tuyén ctia (x).
Mat phfmg («) qua K(1;0; —2) va nhan AK = (=1; —1; —3) = —1(1;1;3) lam véc to phéap tuyén
nén c6 phuong trinh la x +y + 3z +5 = 0.

Céch khac: Khi khodng cich d(A, (&))max thi (x) vuéng goc vdi mét phang chita A va d. Ta xdc
dinh véc to phdp tuyén 1 cila («) nhu sau:

e d qua diém B(1;0; —2) va cd véc to chi phuong iy = (2;1; —1). Tinh
= [AB, ] = (4-7;1)
la phdp tuyén ciia mt phing chita A va d.
e Do Ly # Lninént = [m, il = (6;6;18) la véc to phip tuyén ciia (x).

Ta c6 thé chon ny = (1;1;3) lam véc to phdp tuyén cho ().

Chon dap an O]

© Vidu 4. Trong khong gian Oxyz, cho ba diém A(2;1;3); B(3;0;2); C(0; —2;1). Tim
phuong trinh mat phang (P) di qua A, B va cach C mot khoang 16n nhat.

A. (P):2x+y+z—-8=0. B. (P): —y+z—-2=0.
C. (P):3x+2y+z—-11=0. D. (P):x—y+2z2—-7=0.
Loi gidi.

{3 Céch hinh hoc: Goi H, K lan lugt 1a hinh chiéu vuéng goc

ctia diém C 1én (P) va duong thang AB. Ta c6 ¢

nén d (C, (P))max = CK khi H trung K. Khi dé mat ph:fmg L

(P) di qua A, B va vuong véi mit phang (ABC). Véc to phap H A
2> . . K

tuyen # p cua (P) dugc xac dinh nhu sau: P B

i, = “A_B),A_C)] ,A_B)} = (=9,-6,-3) = —3-(3;2;1).

Ta c6 thé chon 7 = (3;2;1) lam véc to phap tuyén cho (P). Mt phéng (P) qua A(2;1;3) va
nhan 7 = (3;2;1) lam véc td phap tuyén nén c6 phuong trinh la 3x + 2y +z — 11 = 0.

2. LAP PHUONG TRINH MAT PHANG (IR



3 Céch dai sb: Goi 77 = (a,b,c)1a véc to phap tuyén ctia (P), 7 # 0. Phuong trinh (P) qua
A(2;1;3) vacé 1 = (a, b, c) 1a véc to phap tuyén la

ax—=2)+bly—1)+c(z-3)=0ax+by+cz—2a—b—3c=0.

B(3;0;2) € (P), suy ra
a—b—c=0&c=a-b.

Khoang cach tir C dén (P) la

| —2a—3b—2c| |4a + b|
Va?+b?+c? V242 +2b2 — 2ab

e V6ib = 0thid(C,(P)) = 2v2.

e V6ib # 0, ta bién déi

d(C,(P)) =

4q0 + b 4t +1
dC Py = bl BEY g
V2a2 +2b2 —2ab 212 —2t+2 b
ez 4t +1)2 . —48t2 + 60t + 18
Xét h _ (G, () = D" '(t) = :
étham so f(t) = d- (C, (P)) 2t2—2t—|—2'cof(t) 0F — 21 12

1
° f/(t):0<:)—48t2+60t_|_18:0<:>t:_Zhoéct:;

e Bang bién thién:

t | —oo -1 3 +00
(1) — 0 + 0 —
8 14
ol T
0 / \ 3

Ta thiy 0 < () < 14nén 0 < d(C,(P)) < v/14. Suy ra

d(C, (P))yey = V14 khi t= g hay % - g
Chon a = 3, b = 2. Ta tinh dugc ¢ = a — b = 1. Vay, phuong trinh mat phrfmg (P) la

3x+2y+z—-11=0.

Chon dép an (C) O

H Bai tap tuvong tu

Bdi 6. Trong khong gian Oxyz, cho hai diém M(0; —1;2) va N(—1;1;3). Viét phuong trinh mat
phéng (P) di qua M, N sao cho khoang cach tur K(0;0;2) dén (P) 16n nhat.

A.3x+y+z—-1=0. B. x+y—z+3=0.
C.4x+y+2z—-7=0. D. x+2y—z-3=0.

B --An 1. MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



-3  y+1

Bai 7. Trong khong gian Oxyz, cho diém M(3; —1;5) va dudng thang d: z 5 —
z—4

T Goi (P) 1a mat phang chita d sao cho khodng céch tir diém M dén (P) 1a 16n nhat. Biét (P)
cat cac truc toa do lan luot tai A, B va C. Thé tich khéi ti dién OABC bang
A. 28. B. 72. C. 84. D. 24.

Bdi 8. Trong khong gian Oxyz, viét phuong trinh mat phéng (P) di qua diém A(1; —2;1), song

x y—1

song v6i duong thang d: 5 = Z vacich gbc toa dd O khoadng 16n nhét.

2 1
A. 11x — 16y + 10z — 53 = 0. B. 11x — 16y +8z — 51 = 0.
C. 4x -5y +2z—-16=0. D. 7x+5y+4z+13 =0.

BAi 9. Trong khéong gian Oxyz, cho diém M (3;0;2) va mat phang (Q): 2x —y +z —1 = 0.
Viét phuong trinh mat phang (P) di qua gbc O, vudng géc véi (Q) dong thoi cach diém M mot
khoang 16n nhat.

A 3x+4y—2z=0. B.x+4y+2z=0. C.3x—-2y+z=0. D.x+3y+z=0.

BAI TOAN " ,
Viet phuong trinh mat phang chwa A va song song voi A va cach A
mot khoang 16n nhat

Cho diém A va duong thang A, véi A khong thudc A. Goi (P) la mit phing qua A song song véi A
va cdch A mét khodng I6n nhat. Ta ldp ludn dé tim véc to phdp tuyén ciia (P) nhu sau:

e Goi B 1a hinh chiéu vudng géc ctia A 1én A va H la
hinh chiéu vuéng géc ctia B xuéng mat phang (P).

A
e Nhan xét AB cb dinh. Ta c6 danh gia B
d(A, (P)) = d(B, (P)) = BH < BA 4 ginn
nén d(A, (P))max = BA khi H trung A. Luc d6, BA L HQ
(P) hay BA la véc to phap tuyén ctia (P). A

o Tim toa d6 diém B (bii todn hinh chiéu) va tinh BA
chinh la phap tuyén ctia (P).

Nhan xét:

Khi d(A, (P))max thi (P) vudng goc vdi mat phﬁng chita A va
A, nén ta c6 thé dung tich cé hudng dé xic dinh véc to phdp
tuyén 1 ciia (P) nhu sau:

e Gid sit A qua diém M va c6 véc to chi phuong la
U . Tinh N
m=[AM, i)

1a phdp tuyén ciia mit phing chita A va A.

e Dol L a7 L iinéni = [m, il lavécto
phdp tuyén ciia mdt phang (P).

2. LAP pHUONG TRINH MAT PHANG [ IENIN



n Vi du minh hoa

© Vidu5. Trong khong gian Oxyz, cho diém A(2;—1;-2) va dudong thing
-1 -1 -1 . .
A:x T = y_ T = z 1 Goi (P) la mat phang di qua diém A, song song voéi
dudng thang A va khoang cach tir duong thang A t6i mat phang (P) 16n nhat. Tim phuong
trinh (P).
A 2x+y—z—-7=0. B. x—2y—-3z+5=0.
Cx—-y+z—-1=0. D. x—-2y—-3z—-10=0.
Loi gidi.
Goi B 1a hinh chiéu vudng géc ctia A 1én A va H 1a hinh chiéu A

vudng goc cua b xudng (P).
Do A va A ¢6 dinh nén AB ¢6 dinh. Ta c6 danh gia

d(A, (P)) = d(B,(P)) = BH < BA 4 ginn

nén d(A, (P))max = BA khi H trung A. Lac d6, BA L (P) hay / HE&
) 4
p

BA la véc to phap tuyén cta (P).

Xac dinh toa do B 1a hinh chiéu cta A 1én )

A. Ta c6 thé tinh nhanh véc to tuyén 7 cha (P) bing
e BeAsuyraB(1+t1—t1+1t). cach sau:
o AB — (F— 1,2 — t;t + 3) va véc to chi e A qua M(1;1;1) va c6 véc to chi phuong la

phuong ctia Ala s = (1; —1;1). ity =(1;-1;1). Tinh
B 1a hinh chiéu ctia A 1én A nén N

AB i, =0&t=0.
Suy ra B(1;1;1). o Tin
(P) qua diém A va nhan BA = (1;-2;—3)

1a véc to phap tuyén nén c6 phuong trinh la
x—2y—3z—-10=0.

Ta c6 thé chon 77 = (1, -2; -3) lam véc to phap
tuyén cho (P).

Chon dap an (D) O

H Bai tap tuvong tu

Bdi 10. Trong khong gian Oxyz, cho difm A(—2;4;1) va dudong thang
A % =7 I 1_¢z —; 7. Goi (P) 1a mat phang di qua diém A, song song v6i duong thang A
va khoang céach tir duong thang A t6i mat phang (P) 16n nhat. Tim phuong trinh (P).

A 2x+y—z+1=0. B. x—2y—3z+13=0.
C.x—y+z+5=0. D. 2x+y—-3z+3=0.

Bai 11. (Thi thit, S6GD va DT - Vinh Phuc, 2019). Trong khong gian Oxyz, cho diém A(10;2; —1)
2 - 1 - 1 2 2
va dudng thang d: xT = 3% =z - Goi (P) la mit phing di qua diém A, song song Vi
PHAN 1. MOT $O BAI TOAN CUC TR| TRONG HINH HOC GIAI TICH KHONG GIAN




duong thang d sao cho khoang cach gitta d va (P) 16n nhat. Khoang cach tir diém M(—1;2;3)
dén mat phang (P) bang
A 76V790 g 3V2 c. V3 213
©790 29 C15 13

BAI TOAN ” S 5
Viet phuong trinh mat phang chua d va tao voi mat phang (Q) mot

goéc nhé nhat

Cho trudc d va mat phﬁng (Q) cit nhau. Goi (P) la mit phﬁng chita d va tao vdi (Q) mot goc nho
nhat. Dé tim véc to phdp tuyén cia (P), ta Iy ludn nhi sau:

{X Cach hinh hoc:

e Goi I la giao diém ctiad va (Q). Lay M € d
va goi H, K lan lugt 1a hinh chiéu vuong
gbc cia M 1én (Q) va giao tuyén cua (P)
v6i (Q). Ta c6 MH va HI ¢b dinh.

o Goi ¢ = MKH la géc gitta (P) va (Q) thi

MH _ MH )
tan Y = ﬁ > ﬁ (Cé dmh)

Pmin < {tang@} . . Khi do6 K trung I hay 6
(P) chinh la mat phéng chta d va vudng
goc voi (MIH).

Xdc dinh véc to phdp tuyén 1 p ciia mét phing (P) bing tich cé hudng nhu
sau:

{} Cach dai s6:
i T . 2 > L. —> =4 .
Goi 7 p la véc to phap tuyen caa (P), voi np # 0. Ta co
e 7p L Uynén Wp- iy = 0. Tir day ta rut dugce c theo hai 4n a va b.

e Goi ¢ la goc gitra (P) va (Q) thi

|[7p - g o, a
- = = — t, t:—,b O
cos ¢ 7ol 7ol f(t), voi 5 #

2
e Khao sat ham [f(t)} . Tim max{ f(¢)}, dat dugc khi

t=—- =1

a
b

Tir ti 1é nay, ta chon 4, b. Sau do6 thay vao diéu kién dau, tim c.

2. LAP pHUONG TRINH MAT PHANG [T



n Vi du minh hoa

© Vidu 6. Trong khong gian Oxyz, cho dudng thang d: g = g = % va mit phang
(Q): x+2y —2z = 0. Goi (P) la mat ph:fmg chtra d sao cho goc gitra hai mat phéng (P)

va (Q) nho6 nhat. Phuong trinh mat phéng (P)la

A. x—-2y+z=0. B. x +22y +10z = 0.
C.x—-2y—z=0. D. x + 10y — 22z = 0.
Loi gidii.

{3 Cach hinh hoc:

Goi ¢ = MKH 1a goc gitra (P) va (Q). Theo két qua cta
Bai toan 4 thi ¢, khi (P) chinh la mat phang chia d va
vuong goc voi (MIH).

Goi 1y = (2;2;1) va g = (1;2; —2) lan luot 1a véc to chi
phuong ctia d va véc to phap tuyén ctia (Q). Xac dinh véc
to phap tuyén 7 p nhu sau:

o Tinh m = [WQ, ?[d] = (6; —5;—2) la véc to phap
tuyén ctia mit phang (MIH).

e Do ﬁp 1 ﬂ)d, 7l)p 1 r_ﬁnén
ﬁ)p = [ﬂd/ T_ﬂ)] = (1,‘ 10,‘ —22).

Mt phang (P) qua M(0;0;0) € d va nhan #p = (1;10; —22) lam véc to phap tuyén nén c6
phuong trinh 1a x 4 10y — 22z = 0.

{3} Cach dai s6: Taco iy = (2;2;1) va g = (1;2; —2) lan luot 1a véc to chi phuong cia d va
véc to phéap tuyén ctia (Q). Goi 77 = (a;b;c), v6i 1 # 0 la véc-to ctia mat phang (P) thi

—

H-Uyj=02a+2b+c=0<c=-2a—-2b (1)

Goi ¢ la goc gitra (P) va (Q) thi

080 — 7ol Ja+2b-2c] @ |5a + 6D
YT ol 3 V@Rt 3-v5a2 § 502 f 8ab
Véib:OthiCOS(p:\/?g @).
5t+6
Voib £ Othicosg = — 1t g4
3-\/25t2+8t+5 b
. 2 252+ 60t+36
Xét f(t) = = T
ét f(t) = [ cos ¢] SPrsrys - 1aco
> b= 8
~100£2 — 110t + 12 =3
"(t) = () =0<
*fO=—Grrsrr5z S 1

e Bang bién thién
IS --An 1. MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



6 1
£t — 0 + 0 -
5 5
CH 9
0 — " T~ 5
Ta duoc 0 < cos ¢ < @ (3).

N . AL hr Tt e \ \ V65
Nhén xét ¢min khi cos ¢ 16n nhat. Xét hai truong hop (2) va (3) thi cos gmax = 5 khi
1

- 10°

Voit = %, tachona =1vab = 10. Tir day tinh c = —2a — 2b = —22.

Mt phang (P) qua M(0;0;0) € d va nhan #p = (1;10; —22) lam véc to phap tuyén nén c6
phuong trinh 1a x + 10y — 22z = 0.

Chon dap an (D) O

E Bai tap tuvong tu

x+1  y+1 z-3
) 2 1 1 )
(P) : x +2y — z+ 5 = 0. Phuong trinh mat phang (Q) chita d va tao vdi (P) mét goc nho nhat
la

A.y+z-3=0. B. 2x+y—-12=0. C. -4x+z—-1=0. D.y—z+4=0.

Bdi 12. Trong khong gian Oxyz cho duong thang d : va mit phang

Bai 13. Trong khong gian Oxyz, cho diém M(0; —1;2) va N(—1;1;3). Goi (P) 1a mat phang di
qua M, N va tao véi mat phang (Q): 2x —y — 2z — 2 = 0 géc c6 s6 do nho nhat. Tinh khoang
cach tir diém A(1;2;3) dén (P).

4v3 73 5V3
A —. B. —. . . D. —.
3 11 C. V3 3
BAI TOAN " , ”
- 5 Viet phuong trinh mat phang chua d va tao voi d’ mét goc 1on nhat )

Cho hai duong thing d, d’ chéo nhau. Goi (P) la mét phang chita d va tao vdi d’ mét goc 16n nhit.
Ta lgp ludn dé'tim véc to phdp tuyén 1 ciia (P) nhu sau:

{3 Cach hinh hoc: Trén duong thang d, lay diém M va dung duong thang A di qua M
song song vdi d’. Khi d6 goc gitra A va (P) chinh la goc gitta d’ va (P).

2. LAP pHUONG TRINH MAT PHANG [



e Trén duong thang A, lay diém A. Goi H va 7
K lan luot 1a hinh chiéu ctia A 1én (P) va d.
Ta c6 AM va KM cb dinh.

o Goi ¢la géc gitta A va (P). Khi dé ¢ = AMH \

va
HM _ KM ’
=—— >_"_ (cbdinh).
Cos @ M = AM (co dinh)
P
Nhan xét ¢max < cos @min. Khi do H trung voi K hay AK L (P). Suy ra AK la véc
to phap tuyén cta (P).

Luu y: Khi @max thi (P) la mdt phang chita d va vudng goc vdi mét phang (AMK)
(chita d va A). Do do cd thé tim véc to phdp tuyén 7 ciia (P) bang tich cé hudng nhu

sau: 1 = | [, U], T[d]

3 Cach dai sb: Goi 7 = (a;b;¢), v6i 77 # 0 1a véc-to ctia mit phang (P).
e 7 -1y =0. T day ta rut duoc ¢ theo 4, b.

e Goi ¢ la goc gitta d’ va (P). Ta ¢

. ‘71) : Zl)d/| L. a .
sing = —5——=— = f(t), voit = —-vab # 0.
e Nhan xét @max thi f(#)max. Khao sat [f(t)]z, ta suy ra f(t)max khit = % = 1.
Tir day, ta chon dugc a, b va tinh duoc c.
n Vi du minh hoa
. . . . 2 x—3 y z+1 .,
@© Vidu 7. Trong khong gian Oxyz cho duong thang A: 4 =5, = 3 Vv duong

x+3  y—-1  z+2

thang d: 3 T = 5 Viét phuong trinh mit phang (P) di qua A va tao véi
duong thang d mot goc 16n nhat.

A. 19x — 17y — 20z — 77 = 0. B. 31x — 8y —5z+91 =0.

C. 19x =17y — 20z + 34 = 0. D. 31x — 8y — 5z — 98 = 0.

Loi gidi.
{¥ Cach hinh hoc: Taco Wp = (1;2;3) va 1z = (3;1;2) la véc to chi phuong cta A va d.
Goi 77 1a véc to phép tuyén ctia mat phang (P) chita A va tao véi d mot goc 16n nhat. Theo
két qua ctia Bai toan 5 thi 7 = [[U a, U], 1 ] = (31;—8;—5).
Phuong trinh mit phang (P) qua diém M(3;0; —1) € A vanhan # = (31; —8; —5) lam véc
td phép tuyén 1a 31x — 8y — 5z — 98 = 0

3 Cach dai sb: Goi 7 = (a;b;¢), v6i 77 # 0 1a véc-to ctia mit phang (P).

e ip - N=0&a+2b+3c=0«<a=—2b—3c.
PHAN 1. MOT O BAI TOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



e Goi ¢ la goc gitta d va (P). Ta c6
\Wg-7|  [Ba+b+2] |5b + 7c|
[l |7 V14V 402+ 2 /14-/Bb2 + 12bc + 10c2

Ta tim gid tri 16n nhat ctia ham nay tuong tuong tu cac Vi du da xét & trén.

sin @ =

Chon dap an @ O]

E Bai tap tuvong tu

-1 y+1 z—2

Bai 14. Trong khong gian Oxyz, cho dudong thang d: z = . Viét phuong

2 1 2
. . 1 -1 .
trinh ctia mét phang (P) chua d va tao véi duong thang d’: % = % _z 1 goc 16n nhat.
A x—4y+z—-7=0. B. x-3y+z—-4=0.
C.x+4y+z-7=0. D. x+3y+z—-4=0.

-1 y+2 z x+2 y—-1 z .
= = — d/ . == - —.

, 1 I T T
(P) 1a mat phang chita d va tao véi d’ mot goc 16n nhat. Toa do giao diém ctia (P) véi truc Oy

la
A. (0;3;0). B. (0; —9;0). C. (0;9;0). D. (0; —3;0).

Bai 15. Trong khong gian Oxyz, cho d: z

BAI TOAN ” S ” N
( 6 Viet phuong trinh mat phang di qua A va cat mat cau theo mot duong
tron giao tuyen c6 ban kinh nho nhat

Cho mt cdu (S) cd tém 1, ban kinh R va diém A ndm trong mét cdu (IA < R). Goi (P) la mdt phing
qua diém A va cat mdt cau theo mot duong tron cd ban kinh nhd nhat. Ta tim véc to phdp tuyén ciia (P)
nhu sau:

e Goi H 1a hinh chiéu vudng goc ctia I 1én (P) thi
IH = d(I, (P)); r 1a ban kinh duong tron giao
tuyén. Ta c6 cong thuc lién hé

r = \/R2 —d2(I,(P))

e Nhéan Xxét rmin khi va chi khi d(I, (P))max hay
[Hmax. Diéu nay xay ra khi H trung véi A. Khi
d6 IA L (P). Suy ra (P) la mat phang qua A va
nhan [ A lam véc to phap tuyén.

n Vi du minh hoa

© Vidu 8. Trong khong gian Oxyz, cho mat cau (S): x% + y? + z2 = 9 va diém A(0, —1,2).
Goi (P) la mat ph:img qua A va cat mat cau (S) theo mot duong tron c6 chu vi nho nhat.
Phuong trinh mét phang (P) 1a

A.y—2z-5=0. B. x—-y+2z-5=0.
C. —y+2z+5=0. D. -y+2z—-5=0.
Loi gidi.

2. LAP pHUONG TRINH MAT PHANG [ IESN



M3t cau (S) ¢6 tam I(0; 0;0), ban kinh R = 3. Xét [A = /5 < Rnén A nim trong mat cau (S).
Nhan xét rang chu vi dudng tron giao tuyén nhé nhét thi ban kinh r ctia duong tron do phai
nho nhét. .

Theo két qua cia Bai toan 6 thi rmin khi IA L (P) = IA = (0; —1;2) 1a véc to phap tuyén cda
(P). Vay phuong trinh mat phaamg (P)lay—2z+5=0.

Chon dap an @ O

E Bai tap tuvong tu

Bdi 16. Trong khong gian Oxyz, cho diém M(2; —1;2) va mat cau (S): (x — 1)> +y?> + 2% = 9.
Mat phang qua M cat (S) theo giao tuyén la mot duong tron c6 ban kinh nhé nhat c6 phuong

trinh la
A x—y+2z—-7=0. B. x—y+2z-5=0.
C.2x—y+z—-7=0. D. x+y+2z-5=0.

Bdi 17. Trong khong gian Oxyz cho mat cau (S): (x — 1)> + (y — 2)*> + (z — 3)> = 9 va diém
A(0;0;2). Goi (P) 1a mat phéng di qua A va cat mat cau (S) theo thiét dién 1a hinh tron (C) ¢6
dién tich nhé nhat. Phuong trinh mat phang (P) la

A. (P):3x+2y+2z—-4=0. B. (P):x—2y+3z—-6=0.
C. (P):x+2y+3z—-6=0. D. (P):x+2y+z—-2=0.

BAI TOAN - , - N
( 7 Viet phuong trinh mat phang chwa d va cat mat cau theo mét duong
tron giao tuyen c6 ban kinh nho nhat

Cho mit cdu (S) cd tém I, ban kinh R va duong thﬁng d (d cit (S)). Goi (P) la mat phﬁng chita d
va cdt mét cau theo mot duomg tron giao tuyén cé ban kinh nhé nhat.

e Goi H, K 1an lugt 1a hinh chiéu vuéng goc
ctia I 1én (P) va d. Chd y rang IK c6 dinh.
e Ban kinh dudng tron giao tuyén nho nhat
thi [H phai 16n nhét. Ta c6 danh gia
IH < IKe dinn

Suy ra IHmax = IK khi H trung K hay
IK L (P). Khi d6 (P) la mat phang qua
diém K va nhan IK lam véc to phap tuyén.

Luu y:

@ Truong hop d khong cat (S) (tiép xiic, khong cd diém chung) thi sé khong ton tai mdt
phing (P) théa méan. Vi thé trudc khi dp dung két qud ctia Bai toan 7, ta phdi kiém
tra yéu to d cat (S) tai hai diém phdn biét.

@ Cho mat cdu (S) cé tdm I, ban kinh R va duong thang d (d khong qua 1). Goi (P) la mdt
phing chita d va cit mit cdu theo mot duong tron giao tuyén cd ban kinh 16n nhét thi
(P) di qua tam 1.

BEZE --An 1 MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



n Vi du minh hoa

© Vidu 9. Trong khong gian Oxyz, cho mat cau (S): (x — 3)% + (y — 1)? + z2 = 4 va duong
x=1+2t
thangd: { y = —1+1t,t € R. Mat phang chita d va cat (S) theo mot dudng tron c6 ban kinh
z=—t
nho nhat c6 phuong trinh la
A.y+z+1=0. B. x+3y+5z+2=0.
C.x—-2y—-3=0. D. 3x -2y —4z—-8=0.
Loi gidi.
x=1+2t
=1+t
Xét hé Y
z=—t
(x =32 +@y—1)2+2>=4
Suy ra

1+2t =34+ (—1+t—12 4+ (-’ =462 —12t+4=0 (%)

Phuong trinh (*) ¢6 2 nghiém phan biét nén d cét (S) tai 2 diém phan biét.
Mt cau (S) c6 tam 1(3;1;0). Goi K(1 + 2t; —1 + t; —t) 1a hinh chiéu vuéng géc ctia I lén d.

o Tinh IK = (2t —2;t — 2; —t)va &, = (2;1;—1). Ta ¢6

K- @;=22t-2)+1¢t-2) - 1(-) =0 t = 1.

o V6it = 1 thi K(3;0; —1).

Goi (P) la mat phfmg chita d va cit (S) theo mot duong tron c6 ban kinh nhoé nhét. Theo két qua
clia Bai toan 7 thi (P) nhan IK = (0; —1; —1) lam véc to phap tuyén va di qua K(3;0; —1) nén
c6 phuong trinh

0x=3)—y—-0—-(z+1)=0&y+z+1=0.

Chon dép an (A) O

© Vidu 10. Trong khong gian Oxyz, cho mat cau (S): (x — 1)* + (y — 2> + (z —3)> = 25
va hai diém M(3; —2;6), N(0;1;0). Gia st («): ax + by + cz —2 = 0 di qua M, N va cat (S)
theo giao tuyén la mot dudng tron c6 ban kinh nhé nhét. Tinh a + b% + ¢°.

A. 9. B. 12. C. 5. D. 3.

L& gidi.

2. LAP PHUONG TRINH MAT PHANG



Ta c6 MN = (—3;3;—6) = —3(1; —1;2). Phuong trinh

x=t
duong thangd qua M,Nla{y=1—t
z = 2t.

Nhén xét hai diém M, N déu nam trong mat cau (S) nén
d ludn cat (S) tai hai diém phan biét.

Mat cau (S) c6 tam I1(1;2;3). Goi K(m; 1 — m;2m) € d 1a
hinh chiéu ctia I 1én 4.

o Taco IK = (m —1;—m — 1;2m — 3).

K-#y=m—-14+m+1+20m—3)=0<m=1.

e V6im =1, suy ra K(1,0;2).

Theo két qua cia Bai toan 7 thi (x) nhan IK = (0; —2; —1) lam véc to phép tuyén va di qua
K(1;0;2) nén c6 phuong trinh

0x—1)—-2(y—0)—(z—2)=0&2y+z—-2=0.
Suyraa:O,b:2,c:1.Véy,a—|—b2—|—c3:5.
Chon dép an (C) O

© Vidu 11. Trong khong gian Oxyz, cho mat cau (S) tdm I(1;2;3), ban kinh R = 3 va hai
diém M(2;0;0), N(0;1;0). Mat phzfmg (X): x + by + cz+d = 0 chita MN va cat (S) theo giao
tuyén la dudng tron c6 ban kinh 7 16n nhéat. Tinh gid tri T = b + ¢ + d.

A. 3. B. 2. C. -1 D. 4.

Loi gidi.
Ta c6 IM = (1, -2;,-3) va IN = (—1; —1; —3) khong cing phuong nén ba diém I,M,N khong
thang hang. Khi d6, Mat phang (X) qua MN cat (S) theo giao tuyén la dudng tron c6 ban kinh
16n nhat thi (X) phai di qua tam 1.
Mit phang (X): x + by + cz + d = 0 qua ba diém M, N va I nén ta c6 hé phuong trinh
24+d=0 d= -2
b+d=0 &S¢b=2 .SuyraT=b+c+d=-1
1+2b+3c+d=0 c= -1

Chon dap an (C) O

E Bai tap tuvong tu

Bdi 18. Trong khong gian Oxyz, cho mat cau (S): (x — 1) + (y — 2)*> + (z — 3)> = 9, diém
A(0;0;2). Viét phuong trinh mat phéng (P) di qua A va cat mat cau (S) theo thiét dién la hinh
tron (C) c6 dién tich nhé nhét.

A. (P):x—-2y+3z—-6=0. B. (P):x+2y+3z—-6=0.

C. (P):3x+2y+2z—-4=0. D. (P):x+2y+z—-2=0.
Bai 19. Trong khong gian Oxyz, cho hai diém A(3; —2;6), B(0;1;0) va mat cau (S): (x — 1)> +
(y — 2)*> + (z — 3)* = 25. Mat phéng (P)rax+by+cz—2=0diqua A, Bva cat (S) theo giao
tuyén la duong tron c6 ban kinh nhé nhat. Tinh T = a + b + c.

A. T=3. B. T=4. C. T=2 D. T =5.

IEE --An 1 MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



Bdi 20. Trong khong gian Oxyz, cho mit cau (S): (x — 1)? + (y + 2)> + z2 = 12. Goi (P) la mat
phéang song song v6i mat phang (Oxz) va cat mat cau (S) theo duong tron cé chu vi 16n nhat.
Phuong trinh mat phang (P) 1a

A.y—2=0. B. y+2=0. C.x—2y+1=0. D.y+1=0.

2. LAP PHUONG TRINH MAT PHANG



Chi ié e LAP PHUGNG TRINH DUONG THANG
N

BAI TOAN ” , N ,
Viet phuong trinh duong thang 4 nam trong mat phang (P) va di qua ‘
M sao cho khoang cach tu A den d 16n nhat

Cho diém A, mdt phing (P) va diém M € (P) (AM khong vudng vdi (P)). Goi d la duong thing
nim trong mit phing (P) va di qua M sao cho khodng cdch tir A dén d 16n nhat. Ta ldp ludn dé'tim
véc to chi phwong ciia d nhur sau:

e Goi B 1a hinh chiéu vuéng goc ctia A 1én d. Ta c6

Suy ra d(A,d)max = AM khi B trung M. Khi dé
d L AM.

e Goi 1 1a véc to chi phuong cta d thi
i L np

7 1AM

Luu y: Truong hop d /| (P) hodc d | d' ta déu cd suy ludgn tuong tw nhu d C (P).

suyra i = [np, A—]\/ﬂ

n Vi du minh hoa

@© Vidu 1. (Thi thit D6 Luong - Nghé An 2021). Trong khong gian Oxyz, cho hai diém
M(1;1;1), A(2;3;0) va mat phang (P): x +y + z — 3 = 0. Viét phuong trinh dudong thang d
nam trong (P) di qua diém M va cach A mot khodng 16n nhét.

A x+1 y+1 z+1 B x—1 y—-1 z-1
-1 -4 57 3 =2 -1
x—1 y—-1 z-1 D x—1 y—-1 z-1
1 4 -5 111

C.

Lo gidi.

Ta cé6 AM = (—1;—2;1), Wp = (1;1;1). Goi ¥ 1a véc to chi phuong ctia d.
Theo két qua ctia Bai toén 1 thi d(A, d)max khid L AM.Khidé6 o/ = [ip, AM] = (3; —2; -1).
-1 y—-1 z-1

d qua M(1;1;1) vanhan u = (3; —2; —1) nén c6 phuong trinh il R —

Chon dap an O

E Bai tap tuvong tu

Bai 1. Trong khong gian Oxyz, phuong trinh duong th:img di qua diém A(1;1; —1), nam trong
mit phang (P): 2x — y — z = 0 va cach B(0;2; 1) mot khoang 16n nhét 1a
x—1 y—-1 z+1 x—1 y—-1 z+1

N 21_ 3 11 > 11_ 31_ _H.
x—1 y—1 z+ x—1 y—-1 z+
c ==L -=-- D. - =t

PHAN 1. MOT O BAI TOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN




Bdi 2. Trong khong gian Oxyz, viét phuong trinh duong thang d di qua diém A(1;0;2), song
song véi mat phang (P): 2x —y +z + 1 = 0 va cach gbc toa d6 O mot khodng cach 16n nhat.

x—=1 'y z-2 x—=1 'y z-2
A. 21—5— 32. B. 21—2—_2.
x—-1_y_ z-— x—-1_y_z-—
c. 2 3 -1 D- 2 3 1
Bai 3. Trong khong gian Oxyz, phuong trinh dudng thang d di qua gbc toa do O, vuong goc
v6i duong thang dy : x; = —ll = _izvé cach diém M(2;1; 1) khoang 16n nhat 1a
r_YV_z r_oY _Z r_oY _z r_¥_z
A17372 517577 1% 1 17671

BAITOAN ” , N ,
( 2 Viet phuong trinh duong thang d nam trong mat phang (P) va di qua
M sao cho khoang cach tir A dén d nhé nhat

Cho diém A, mdt phing (P) va diém M € (P) (AM khong vudng vdi (P)). Goi d la duong thing
nim trong mdt phang (P) va di qua M sao cho khodng cdch tir A dén d nhd nhdt. Ta ldp ludn dé'tim
véc to chi phwong cua d nhu sau:

e Goi B,H lan lugt la hinh chiéu vudng goc cia A 1én
d va (P). Ta co

d(A,d) = AB > AH ¢ dinh-

Suy ra d(A, d)min = AH khi B trung H. Khi d6 d
qua hai diém M va H.

e Ta xac dinh toa do diém H (Xem lai bai todn tim hinh L
chiéu ciia diém 1én mit).

e Goi i la véc to chi phuong ctia d thi 7 = MH.

Luu y: d(A, d)min khi mdt phﬁng chita A va d (mp(AMH)) vudng goc vdi (P) nén ta
c6 thé tim véc to chi phuong i cia d nhu sau:
o Tinhni = [ZM’, 1 p| la phip tuyén ciia mat phing (AMH).

— - — — " — —> —
e Do L, u L vpnénil=/[m,p|

n Vi du minh hoa

© Vidu 2. Trong khong gian Oxyz, viét phuong trinh duong thang d di qua goc toa do
O, nam trong mat phang (P): 2x — y + z = 0 va cach diém M(1;2; 1) mot khoang cach nho
nhat. X y - X y .
A.d:% 1y—3 Z_—5 B.d%:?:_—S
Loi gidi.

3. LAP PHUONG TRINH DUONG THANG



Goi U 1a véc to chi phuong ctia d. M
Theo két qua ctia Bai toan 2 thi d(M, d)pin khi mat phéng chira p
Mvad ((MOH)) vudng géc véi (P) nén ta c6 thé tim ¥ nhu sau: T

e Tinh m = [m, 7p| = (3;1; —5) la phdp tuyén ctia mat |

phang mp(OMH). © H i
P
e Do L Wp, 1 Lininén i = [1ip, 0| = (4,13;5).
d di qua O va nhan ¥ lam véc tg chi phuong nén c6 phuong trinh la Z = % = g
C6 thé tim toa do hinh chiéu vuéng géc H ciia M Ién (P). Khi dé i = OH.
Chon dép an (C) O]
© Vidu 3. Trong khong gian Oxyz cho diém M(—2; —2;1), A(1;2; —3) va duong thang
1 - - . 2 . A .
A —2|— =7 > > _ _i Tim véc-to chi phuong u ctia dudng thang d di qua M vudng goc
v6i duong thang A dong thoi cach A mot khoang bé nhét.
A. 1(1;0;2). B. 1(2;1;6). C. 1 (—1;0;2). D. ©(2;2;-1).

Loi gidi.
Nhan xét: Duong thang d di qua M vudng goc vdi duomg thing A nén d nam trong mét phang
(P): 2x +2y — z +9 = 0. Khi d6 bai todn trd thanh "Viét phiong trinh duong thing d qua diém
M, nim trong (P) va cich A mét khodng bé nhat”. Day la dang da xét & Bai toan 2.

Ta tim % nhu sau: A

{¥ Cach 1: Tim hinh chiéu H cta A lén (P):

A —
np
~

x =142t
Phuong trinh AH: ¢y =2+2t. | |
z=-3—1 M H d
Toa &0 H(1 + 2t;2 + 2t; —3 — t) thoa P —— 7

21420 +2Q+2t)— (-3—-H)+9=0t=—2.
Véi t = 2, ta duge H(—3;—2; —1) = & = HM = (1,0;2).
{3 Cach 2: St dung tich c¢6 hudng:
e Tinh i = [Zﬁ, ﬁp] = (—4,5;2).
e Tinh ¥ = [#p, 1| = (9;0;18).

Chon 11 = ~u = (1;0;2) lam véc tg chi phuong cho d.

\O| =

Chon dap an @ O

E Bai tap tuvong tu

Bdi 4. (Thi tht THPT Chuyén Son La 1an 2, 2019). Trong khong gian Oxyz, cho hai diém

A(-3;0;1), B(1;—1;3) va mat phang (P): x — 2y + 2z — 5 = 0. Dudng thang d di qua A, song

song v&i mat phang (P) sao cho khoang céch tir B dén duong thang d 1a nh6 nhat. Dudng thang
IES --An 1 MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



d c6 mot véc-to chi phuong 1a @ = (1;b;¢) khi d6 g bang

b 3 b b 11 b 3

A- E - _E. B- E —_— 11. C- E —_— _?. D- E - E.

S . . . 2 x+1 y-—5 Z e
Bai 5. Trong khong gian Oxyz, cho duong thang A: A R va hai diem A(—2; —2;1),

B(1;2; —3). Tim véc-to chi phuong ctia dudng thang d di qua A vudng goc véi dudng thang A
dong thdi cach diém B mot khoang cach bé nhat.
A. 7 =(2,1;6). B. 7 =01
C. i = (25;—29; —6). D. ¥ =(2,2,-1).

BAI TOAN ” S N S
Viet phuong trinh duong thang d nam trong mat phang (P), di qua M
va tao voi d’ mét goc 1on nhat

Cho mat phﬁng (P) va diem M € (P); d' la mot duong thﬁng cit nhung khong vuong véi (P).
Truong hop d tao vdi d' mét goc 16n nhat. Ta lgp ludn nhu sau:

Qua M, dung d; song song véi d'.

o Goi ¢ = (&',d), suy ra ¢ = (dr,d) = AMIL. d
Ta cd pmax = 90° khi d trung dy hay d chinh Ia
duong thang qua M va vuong goc véi dy.

e Goi i la véc to chi phuong ctia d thi

@ = [7p Ta].

n Vi du minh hoa

© Vidu 4. Trong khong gian Oxyz, goi d 1a dudng thang di qua diém M(1; —1;2), ndm
X 2 1 - 1
trong (P): 2x —y — z — 1 = 0, dong thoi tao véi duong thang A: * —1’_ = y_ 5 = g mot

géc 16n nhat. Phuong trinh dudng thang d 1a
x—1 y+1 z+2

x—1 y+1 z-2
z.xﬁl_yjrSl:zZZ. [B).xiliyiliziz.
1 =5 =77 4 5 7

Loi gidi.
Ta co

U s = (1;—2;2) 1a véc to chi phuong ctia A; 7 p = (2; —1; —1) 1a véc to phéap tuyén cta (P)
Theo két qua ctia Bai toan 3 thi d 1a duong thang qua M(1; —1;2) va c6 véc to chi phuong

i = [Ua, 1p] = (45;3)

-1 1 -2
néncéphudngtrinhx4 :y; :Z3 .

Chon dép an O
3. LAP PHUONG TRINH DUONG THANG



E Bai tap tuvong tu

x y+1 z-2

Bdi 6. Cho mét phang (P): x +y +z — 3 = 0 va duong thang d’: 1 5 — . Phuong
trinh duong thang d nam trong (P), cat d’ va tao véi d’ mot goc 16n nhét 1a
x—1 y—-1 z-1 x—1 y—-1 z-1
1 4 -5 3 -2 -1
c ¥tl_yF1_z+1 o ¥-1_y+4_z+5
-1 -4 57 11 1
x=1+2¢ 3 5
Bdi 7. Trong khong gian Oxyz, cho hai duong thang dy: {y =2+t vady: x_—l =Y ; =
z=-2—t
z+3

. Goi d la duong thang di qua diém M(—1;0; —1) cit duong thang d; va tao véi duong
thang d, mot géc 16n nhat. Phuong trinh duong thang d 1a

A x—i—l_z_z—l—l B x+1_l_z+1
o2 2 17 2 -1 27

C x+1_z_z+1 - x+1_z_z—|—1
2 2 =17 2 1 27

BAI TOAN ” o S 2
( 4 Viet phuong trinh duong thang 4 nam trong mat phang (P), di qua M
va tao voi d’ mét goc nho nhat

Cho mdt phang (P) va diém M € (P); d' la mot duong thing cit nhung khong vuong vdi (P).
Truong hop d tao vdi d’' mot goc nhd nhat. Ta ldp ludn nhu sau:

{3 Céach hinh hoc: Qua M, dung d; song song véi d’. Lay diém A xac dinh thudc d;.
& g song y

e Goi H va I 1an luot 1a hinh chiéu ctia A 1én
(P)vad. Tacé AM va AH c6 dinh. 7
e Goi g = (d,d),suyra ¢ = (dq,d) = AMI

va

Al AH .
oAl o AH N
sin ¢ AM = AM (co dinh)

Suy ra @min khi I trung v6i H. Khi d6 d 1a
duong thang qua hai diém M va H.

e Taxac dinh toa do diém H (Xem lai bai todn
tim hinh chiéu ciia diém 1én mdit). Khi d6 véc
to chi phuong cta d 1a ¥ = MH.

Luu y: @min khi mt phﬁng chita A va d (mp(AMH)) vuéng goc vdi (P) nén ta cd thé
tim véc to chi phuong U ciia d nhi sau:

o Tinhn = [m, ip] = [¥ g, W p] 1a phip tuyén cia mit phing (AMH).
e Dol L, ¥ L dpnénil =[m,np|
{3 Cach dai s6: Goi ¥ = (a;b;c), voi U # 0 1a véc-to chi phuong cta d.

PHAN 1. MOT O BAI TOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



—>

e i/ - 1ip = 0. Tir day ta rut dugc c theo 4, b.

e Goi ¢ la goc gittad va d'. Ta ¢

. |T[ﬂ’d/| . . _(Z .
cos @ = T ] f(t), véit = 5 vab # 0.
o Nhan xét gmin khi f(*)max. Khao sat [f(1)]2, ta suy ra f(H)max khi t = % = t,.

Tir day, ta chon dugc a, b va tinh duoc c.

n Vi du minh hoa

© Vidu 5. Trong khéng gian Oxyz, viét phuong trinh duong thang d di qua M(1; —3;0),
. -1 1 y
némtrong(P):2x+y—z+1:Ovétaovéid’:g:y7 :Zjl mot goc nho nhat.

x—=1 y+3 z x—=1_ y+3 z
A. d: 21— 12—_1. B. d: _21— 53—_1.

x—-1 _y+2  z x—-1 _y+3 _ z
C. d: i B D. d: =5 =T

Loi gidi.

Ta c6 thé chon mét trong ba cich sau ddy dé tim véc to chi phicong ciia duong thang d.

Cach 1: Qua diem M, ta dung d song song d’'. Suy ra phuong tri 1 1a
O3 Qua diém M, ta dung d; song song d’. Suy ra phuong trinh d; 12

x—-1_y+3_ z
2 7 -1

Chon A(3;4; —1) € dq. Goi H, I 1an luot 1a hinh chiéu vudng goc cua A 1én (P) va d.

o Taco(d,d) = (d,d)) = AMI va B
— Al _ AH d'
i = — > _ A 1 .
sin AMI M= A (co dinh)

Suy ra AMImin khi I tring v6i H. Khi d6 d 1a
duong thang qua hai diém M va H.

e Vi H la hinh chiéu vuéng géc ctia A 1én (P) thi
H(—1;2;1).

e Duodng thing d nhan MH = (—2;5;1) lam véc to
chi phuong.

{3 Céch 2: St dung tich c6 hudng.
Tacod Uy = (2;7;—1), Wp = (2;1; —1) 1a véc to chi phuong ctia d’ va phép tuyén cta
(P).

e Tinh #l = [y, Wp] = —6-(1;0;2) = iy = (1;0;2) 1a phap tuyén ctia mat phang
(AMH).

e Do Lm i LWpnéni = [ﬁl, ﬁp] = (—2;5;1).

3. LAP PHUONG TRINH DUONG THANG



{¥ Cach 3: Phuong phap khao sat ham.
Goi 1 = (a;b; c) 1a véc to chi phuong ctia d. Ta c6

o - Np=02a+b—c=0&c=2a+0D.

e Goi ¢ la goc gitra d va d’ thi

cos . |Tl)_ljl)d/| . |261+7b—C| . |6b|
YT T VAVE TR+ 2 /5Av5R + dab + 212
Nhan xét ¢min khi cos @max.

Trudng hop 1: Néu b = 0 thi cos ¢ = 0.
Trudng hop 2: Néu b # 0 thi

. a
Vol t = —

6
Ccos @ = vab #£0.
4 V/54/512 + 4t + 2 b 7

. 2
COS Pmax khi f(t) = 5t2 + 4t + 2 dat gid trinho nhat & t = —5

So sanh hai truong hgp thi cos ¢max 6 truong hop 2.
Véi t = —é o % — —%.Ch()na — 2vab=>5tatinhc=2a4b=1.
Vay u = (—2;5;1).

Duong thang d qua M va nhan MH = (—2;5;1) lam véc to chi phuong nén c¢6 phuong trinh la

d.x—l_y+3_5
-2 5 1

Chon dap an O

E Bai tap tuvong tu

x y+1 z-2

1 2 -1
Phuong trinh dudng thang nam trong (P), cat d va tao véi d mot géc nhé nhét 1a

Bai 8. Trong khong gian Oxyz, cho mét phang (P): x +y+z—3=0vad:

x—1 y—-1 z-1 x—1 y—-1 =z-1

A =" = 8- 3 =3 T
- x+1 y+1 z+1 D x—1 y+4 z+5
-1 -4 5 1 117
.. R . x+2 y—-1 z+2 | e
Bai 9. Trong khong gian Oxyz, cho d: i = 1~ 3 va mat phang (P): 2x —y + 2z +

1 = 0. Duong thang A di qua diém E(—2; 1; —2), song song vdi (P), dong thoi tao véi d mot goc
bé nhét. Biét A c6 mot véc-to chi phuong @ = (m;n;1). Tinh m? — n?.

A. 5. B. —4 C. 4 D. 3.
. P 2 . y —1
Bai 10. Trong khong gian Oxyz, goi d la duong thang di qua A(—1;0; —1), cat A;: xT =
-2 2 - -2 )
7 T = Zj_l va tao voi Ay: x_ 13 =7 ;= 242_3 mot goc nho nhat. Phuong trinh duong
thang d 1a
x+1 y  z+1 x+1 y z+1
A. =5 =1 B. i —5- 5
- x+1 _y _z+1 D x+1 _y_ z+1
4 5 -2 2 2 1

BEEEE --An 1 MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



BAI TOAN > N 2
5 Cho mat phang (P) va mat cau (S) cat nhau theo mét duong tron giao

tuyén (%) va diém A nam trong hinh tron (%). Viét phuong trinh
duong thang d di qua diém A va cat (¢) tai hai diém M, N théa man
d6 dai MN ngan nhat.

Goi I 1a tdm ctia mat cau (S); H 1a hinh chiéu vudng géc cta I 1én (P) va K 1a hinh chiéu

vudng goc cua H 1én d.

Néu dé bai yéu cAu MNpay thi
dudng thing 4 qua A va H. Khi
dé

MNpax = 2r

vGi r 13 ban kinh dudng tron giao
tuyén.

J

e Ta c6 K la trung diém cta doan MN. Suy ra MN = 2KN = 2vHN? — HKZ2. Do
HN = r la ban kinh dudng tron giao tuyén (cd dinh) nén MNpin khi HKpax.

e Taco HK < HA g g4inn €N HKiax = HA khi K trung A. Lucdod L HA = d L IA.

e Goi 1 1a véc to chi phuong ctad. Do @ L Wpva il L IA. Vay véc to il = [1p, 171)}

n Vi du minh hoa

© Vidu 6. Trong khong gian Oxyz, cho mat cau (S): x? +y? + 22 — 2x + 4y — 6z — 5 = 0,
mat ph:fmg (P): x —y +2z—3 = 0vadiém A(0;1;2). Goi d 1a duong théng di qua A, nam
trong mat phang (P) va cit mit cau (S) theo mot day cung c6 do dai nho nhat. Héi d di qua
diém nao sau day ?

A. Q(3;2;1). B. M(5;2;0). C. P(0;3;3). D. N(1,0;1).

L& gidi.

Mait cau (S) ¢6 tam I(1; —2;3) va ban kinh R = v/19.

Kiém tra cac gia thiét (P) cat (S), A nam trong (S) déu thda man. Theo két qua cia Bai toadn 5
thi d 1a dudng thang nam trong (P) dong thoi vudng goc véi [A.

Ta c6 7 p = (1; —1;2) 1a phép tuyén cda (P); TA = (—-1;3;-1).

Goi i 1a véc to chi phuong cta d thi

7 = [itp,IA] = (5:1;-2).

Phuong trinh duong thang A di qua diém A(0; 1;2) va c6 vecto chi phuong s = (5;1; —2) la

x = bt
y=14+t (t€R).
z =2 —2t.

Ta thdy diém M thudc dudng thang d, ting véi t = 1.
Chon dap an O

3. LAP PHUONG TRINH BUONG THANG [



E Bai tap tuvong tu

Bai 11. (Pé tham khao BGD-2019). Trong khong gian Oxyz, cho diém E(2;1;3), mat phaamg
(P) : 2x +2y —z — 3 = 0 va mat cau (S) : (x —3)* + (y — 2)* + (z — 5)*> = 36. Goi A la duong
thang di qua E, ndm trong (P) va cat (S) tai hai diém c6 khoang cach nhé nhéat. Phuong trinh
cua Ala

x =2-—5¢ x =2+t x =2+ 4t x =249t
A. L y=1+3t. B.{y=1-t. C.{y=1+3t. D. ¢ y=1+9t.
z=23 z=23 z=3—3t z=3+8t¢

Bdi 12. Trong khong gian Oxyz, cho diém M (2;1;1) va mit phang (¢): x +y +z—4 = 0 va
mat cau (S) : x2 + y? + z2 — 6x — 6y — 8z + 18 = 0. Phuong trinh duong thang A di qua M, nam
trong mat phéng (¢) va cat mat cau (S) theo mot doan théng c6 do dai nhé nhét la
x—=2 y—-1 =z-1 x—=2 y—-1 =z-1
A. 12— _21— _11. B. _12— _21— 11.
x—2 y—-1 z- x—2 y—-1 z-
T T O =T T
Bdi 13. Trong khong gian Oxyz, cho diém A(—3;3; —3) thudc mat phang («) c6 phuong trinh
2x — 2y +z + 15 = 0 va mat cau (S): (x —2)> + (y — 3)? + (z — 5)? = 100. Duong thang A qua
A, ndm trén mat phang («) va cat (S) tai M, N. D& do dai MN 16n nhét thi phuong trinh duong
thang A la

+3 3 243 X =34t
x y— z
A. — == . B_ —=
16 11 —10 y=3
z = -3+ 8t
C x+3 y—-3 z+3 D x+3 y—-3 z+3
1 1 37 1 4 6

I --An 1 MOT SO BAITOAN CUC TRI TRONG HINH HOC GIAI TICH KHONG GIAN



opin 2

PAP AN VA HUONG DAN GIAI BAJ

5
~

TAP TUONG TU CUA TUNG CHU BE

A. DAP AN BAI TAP TUONG Ty CUA TUNG CHU DE

11. B ||12. C ||13. B ||14. B ||15.
21. B [|22. A

Cha dé 2

15. B J|16. A ||17. D ||18. D |[19. A ||20.

>0

11. C |[12. D ||13. 14.

Cha dé 3

1. B[22 C|3 C4 C|5 BJl6. Bl7. BJ[8. Al9. B |10. A]
11. B |[12. D |[13. D

B. LOI GIAI CHI TIET BAI TAP TUONG TU CUA TUNG CHU BE

Link tai va xem tryc tiép:
https://drive.google.com/drive/folders/1ZpJk1lJxml_ihnvPFe07rihcEY1JfR8hB7usp=sharing



https://drive.google.com/drive/folders/1ZpJklJxml_ihnvPFe07rihcEYlJfR8hB?usp=sharing

e Lue

Phan2. Hudng din gidi bai tap twong tu cta titng Chi dé
Cha dé 1. Tim diém théa diéu kién cuc tri
Cha dé 2. Lap phuong trinh mit phing
Cha dé 3. Lap phuong trinh dudng thing

12

21



we e I



opin 2

HUGNG DAN GIAI BAI TAP TUONG
TU CUA TUNG CHU DE

TiM DIEM THOA DIEU KIEN CUC TRI

© Bai 1. Tim hinh chiéu vuong géc ctia diém M(1; 1;0) trén mat phang (P): x +y +z —5 =
0.
A. (2;0;1). B. (1;1,0). C. (0;2;1). D. (2,2;1).

Loi gidi.
Goi H(a; b; ) 1a hinh chiéu vudng goc ctia M(1;1;0) trén (P).
e Khido H e (P)néna+b+c—5=0.

e Laic6 MH = (a — 1;b — 1;¢0); 1 = (1;1;1).
MH ciing phuong v6i véc-to phap tuyén 7 ctia mat phang (P) nén

1 1 1 b—1=c.

a—1 b—1 ¢ {a—lzb—l
= =
a+b+c—-5=0 a=2
Tacohé a—1=b—-1 & (b=2 Vay H(2;2;1).
b—1=c¢ c=1.

Chon dap an @ O

x—1 y+1 z

© Bai 2. Cho diém M(2;1;0). Goi H(g; b;c) 1a diém thudc d: 5 [ = —7 % cho
MH c6 d6 dai nho nhat. Tinh T = a® + b? + ¢2.
A. T=21 B. T=6. C. T=+/5. D. T =12.
Loi gidi.
x =142t
Phuong trinh tham s6 ctia duong thang dla { y = —1 +¢
z = —t.

LAy H ed = H(1+2t;—1+t—t)va MH = (2t — 1;+ — 2; —t).
MH nho nhéat khi va chi khi H 1a hinh chiéu ctia M xuf)ng d, do do

— 2
MH =022 -1+ (-2 +t=061t=3

I -\ 2 HUONG DAN GIAI BAI TAP TUONG Ty CUA TUNG CHU BE



( 7
=3
7 1 2 1
A L4 __ 1t T — a2 12 2 _ ¢
VayH(S, 3 3>:» b=—3 > T=a 40+ =6
2
\C__é
Chon dap 4n (B) O

© Bai 3. Trong khong gian Oxyz, cho mat phang (P): 2x —y —z+ 3 = 0 va hai diém
A(1;—1;2), B(2;0;1). Gia stt M(x0; yo; 20) 1a diém thuodc (P) sao cho MA + MB ¢6 gia tri nho
nhat. Tinh T = 3xq + yo + 2o.

A. T=10. B. T=2 C. T=5. D. T=—.

Loi gidi.
Thay toa d6 hai diém A va B vao phuong trinh (P), ta duoc
(2xa—ya—24+3=0)(2xp—yp—23+3=0)=4-6=24 >0

nén A va B cung phia so voi (P).

—_

-1. O
"33

).Tacé

W U1

e Ly dbi xiing diém A(1; —1;2) qua (P) ta dugc A’ (—
danh gia
MA + MB = MA'+ MB > A'B
Déu dang thiic xay ra khi A’, M, B thing hang hay M = A’BN (P).
x—2 Yy z- 1
1 -1 =7

e Phuong trinh A’B la: . Toa d6 M la nghiém ctia hé

12
;20 = 5"

a1l —

x—=2 'y z—1 1
1 -1 -7 S X =g =
2x—y—z+3=0

SuyraT = 3xp+yo + 29 = 2.

Chon dap an O

© Bdi 4. Trong khong gian Oxyz, cho hai diém A(0;0;1), B(1;1;1) va mat phang (P) : x +
y+2z—4 = 0. Goi M la diém nam trong mat phang (P) sao cho AM + BM dat gid tri nho
nhéat. Tinh d6 dai doan OM.

/86 V59

A. OM = 2+/5. B. OM = R C. OM = 4+/86. D. OM = 5

Lo gidi.

Do(0+0+4+1—4)(1+1+1—4)>0nén A va Bnam cung phia so v6i mat phang (P).

e Liy dbi xiing diém A(1; —1;2) qua (P) ta dugc A’ (). Ta c6 danh gia
MA + MB = MA'+ MB > A’B
Déu dang thiic xay ra khi A’, M, B thang hang hay M = A’B N (P).

1. M DiEM HOA BIEU KIEN cuc TR [N



x—2 y z—1

e Phuong trinh A’B la: T . Toa d6 M la nghiém ctia hé
x—2 y z—1
11 -1 -7 @XO:—E;,’]/O:E; Z():g.
2x—y—2z+3=0
553 V86
Suy ra M (—; —;—) . Tt détaco OM = —.
44 4
Chon dép an (B) O

© Bai 5. Trong khong Oxyz, cho hai diém A (—1;3;4),B(3;1;0). Goi M la diém trén mat
phang (Oxz) sao cho tong khoang cach tir M dén A va B 1a ngan nhét. Tim hoanh dé xj ctia

M.
A. XO=4. B. x0=3. C. x0=2. D. XO=1.
Loi gidi.
Phuong trinh (Oxz) 1a y = 0. Thay toa do diém A, B vao phuong trinh mat B

phang (Oxy) ta dugc 3-1 > 0 nén A, B ndm cting phia v6i mat phang Oxz.
e Goi A’ 1a diém dbi xing ctia diém A qua (Oxz) thi A'(—1; —3;4).

e TacéTaco MA +MB = MA' + MB > A'B 4 g - Do d6 MA’ + MB
ngan nhéat khi M, A/, B thang hang hay M la giao diém ctia A’B va
(Oxz)

x =3+t

U= (444
u= ) codang ¢y =1+1t.

e Duong thang A’B: {di qua BG; 1;0)

z=—t
ViM = A'BN(Oxz) = ypy =0 < t = —1.Suy ra M(2;0;1). Vay xo = 2.

Chon dép an (C) O

© Bdi 6. Trong khong gian Oxyz, cho mat phang (P): x +y +z — 1 = 0 va hai diém
A(1;-3;0), B(5; —1; —2). Diém M(a;b;c) nam trén (P) va [MA — MB| 16n nhét. Gia tri tich
a-b-cbang

A. 1. B. 12. C. 24. D. —24.

Loi gidi.
Xét
(xa+ya+za—1=0)(xp+yp+2z5—1=0)>0
nén A, B nam vé hai phia ctia mat phéng (P).

Goi B’ 1a diém déi xtiing ctia B qua (P).

e Tac6é |[MA — MB| =|MA — MB'| < AB". Suy ra |[MA — MB| 16n nhit khi M 1a giao diém
cia AB' va mp(P).

x=5+t
e Phuong trinh dudng thang BB’ 1a { y = —1+t. Goi H la giao diém ctia BB’ va mp(P).
z= -2+t

14 4 7
SuyraH( ; )

3’ 3 3)
IEER -An 2 HUONG DAN GIAI BAI TAP TUONG Ty CUA TUNG CHU BE



, 1
Do H la trung diém ctia BB’ nén B’ (?3, —g, —i)
—7 10 4 8 < . 2 2 N 2 !/
AB' = 373 3 la véc to chi phuong cua duong thang AB'.
x=1+05t
Phuong trinh duong thang AB' 1a { y = —3 + 2t
z = —4t.
Toa d6 diém M = AB'N(P) = M(6; —1; —4).Suyraa-b-c = 24.
Chon dap én (C) O

© Bdi 7. Trong khong gian Oxyz, cho mat phang 2x — 2y — z +9 = 0 va mat cau (S): (x —
3)? 4+ (y +2)*> + (z — 1)*> = 100. Tim toa d6 diém M nam trén mat cau (S) sao cho khoadng
cach tir diém M dén mat phang (P) dat gid tri 16n nhat.

29 26 7) (11_14. 13)

A.M(;,?,?). B. M( 3757 ).

11_14_13) (29._26 _7)

C.M( 333 )" D. M(35-Fi-3).
Lo gidi.

Mit cau (S) c6 tdm I(3; —2;1) va ban kinh R = 10. Khoang cach tir I dén mat phéng (P) l1a
d(I; (P)) = 6 < R nén (P) cat (S).
Nhén xét: Khodng cdch tir M thudc (S) dén (P) nhé nhat = M € d v6i d di qua I va vudéng goc vdi (P).
Duong thang d qua tdm I(3; —2;1) va nhan 7#p = (2, —2; —1) lam véc to chi phuong nén c6
x=3+2t
phuong trinh d: ¢y = —2 —2¢
z=1-t
Taco M € (d) = MG +2t; -2 —2t;1 —t).
Mat khac

MeS) = B+2t—32+(—2—-2t+2*+(1—t—1)>=100
0, <29. 26 7)

—3 T3 T3 s
10 ( 11 14 13)

f = — = Il
3 7 M\—37373

t

Thi lai ta thay d(My, (P)) > d(M>, (P)) nén M; (%, —23—6; _§> thoa yéu cau bai toan.

Chon dap an @ O]

© Bai 8. Trong khong gian Oxyz, cho hai diém A(—1;0;1), B(1; —2;3) va diém M théa man
MA - MB = 1, diém N thuoc mat phang (P): 2x — y + 2z + 4 = 0. Tim gid tri nh6 nhat do
dai MN.

A. 5. B. 1. C. 3. D. 2.

Loi gidi.
Goi M(x;y;z), suy ra ]T/I—Z =x+Lyz-1), ]\TB) =x—-Ly+2z-3).
1. TIM DIEM THOA DIEU KIEN CUC TR|




Ta co

MA -MB =1
S x+Dx-D)+yy+2)+z-1)(z-3)=1
s PHy+1)24+E-27%=

Do dé M € (S) v6i (S) 1a mat cau tam I(0; —1;2), ban kinh R = 2.
Vid(M;(P)) =3 > R = 2 nén (P) khong cat mat cau (S).
Khidé M € (S)va N € (P) sao cho MN nhé nhat khi va chi khi MN = d(I;(P)) —R =3-2=1.

Chon dép an O

© Bai 9. Trong khong gian Oxyz, cho mat cau (S): x? + y> + 22 — 2x +2z — 2 = 0 va cac
diém A(0; 1;1), B(—1; —2; —3), C(1; 0; —3). Biém D thudc mat cau (S). Thé tich t dién ABCD
16n nhat bang

16 8
A —. B. 7. C. - D. 9.
3 3

Loi gidi.
1
Ta c6 Vapep = 5 - d(D, (ABC)) - Sapc-
Ma S ABC khong d01 nén suy ra VABCD 16n nhat < d(D, (ABC)) 16n nhat.

Tac6 AB = (—1;—3;—4), AC = (1, —1; —4). Suy ra [AB Ac] (8; —8;4) = 4(2; —2; 1).
Mit phang (ABC): { 4= Iil,(O; LD nén c6 phuong trinh 2x — 2y +z+1 = 0.

i vtpt 1 = (2, -2;1)
Nhan xét d(D, (ABC)) 16n nhat khi D 1a mot trong hai giao d
diém ctia d 1a dudng thang di qua tam I vudng goc véi N
(ABC) v6i mat cau (S).

)

N

/ﬁ( MENl

Goi D(x;;2) € (S).Suyra: x> +y?> +22 —2x +2z2 -2 =0 (x — 12+ >+ (z + 1)> = 4.
Mat khéc d(D, (ABC)) — (X -2+ 2+1] _ [2e=1) =2y +(E+1)+2]

V22 + (=2)2 + 12 3
R -2y 41D +2 V2 (2241 - 1P 1242

3
_\/§~\/LI+2
i —

_8
=3
7
x—1_l_z+1 x=§

) PUINE I 2 -2 1
Dodod(D,(ABC))datglatrlldnnhatlagkh1 2 —1)—2y+(z+1) >0 Sy=-—

=1+ +(z+1)* =4
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lir— — .
Ta tinh Spc = ) [AB, AC| ( — 6. Vay Vapcp dat gid tri 16n nhét 1a Viax =

W =
W o
o
I

Chon dap an @ O

@© Bai 10. Trong khong gian Oxyz, cho diém A(1;2; —1) va mat phéng P):x+y+2z—
13 = 0. Xét cac mat cau (S) c6 tam I(a; b; c) di qua diém A, tiép xtic v6i mat phang (P). Tinh
gia tri ctia biéu thic T = a® + 2b% + 3¢? khi (S) c6 ban kinh nho nhét.

A. T =25. B. T = 35. C. T =30. D. T = 20.

Lo gidi.

Goi H 1a hinh chiéu ctia A 1én mat phang (P) : x +y + 2z — 13 = 0.
Khi d6 toa d6 diém H la nghiém ctia hé phuong trinh

{x—ly—22+1 x=3

1 1 2 & Jdy=4=HG43).
xX+y+2z2—-13=0 7z =13
Goi R 1a ban kinh mat cau (S).
Do (S) ¢6 tam I, di qua diém A, tiép xtic v6i mat phang (P) tai diém K nén ta c6 2R =
IA +d(I;(P)) > AK > AH.
. v AH .
Suy ra ban kinh R nho6 nhat bang - = I la trung diém cua AH = 1(2;3;1).
Khi d6 T = a2 + 2b* + 3c? = 25.

Chon dap an (A) O

-3 y+2
-4 1

© Bai 11. Trong khong gian Oxyz, cho hai dudng thang chéo nhau d: *

1 —1 -2 .
Zle Vélal’:_i6:y1 :22 .Goi A € dva B € d' sao cho AB nho nhat. Tinh x4 +
XB.

A. xp+xp=0. B. xg+xp=—-1. C. xg+xp=1 D. xp +xp=2.

Loi gidi.
d c6 véc-to chi phuong 1y = (—4;1;1); d’ ¢6 véc-to chi phuong iy = (—6;1;2).
JAC— AL 2 L) €d g 3 4 3ob a3
=4a—6b—3,b—a+3;2b—a .
B(—6b;1+b;2+42b) € d’
AB nho nhat khi AB la doan vuéng goéc chung cta d va d’. Suy ra
E’-a’d:o@ —4(4a—6b—3)+b—a+3+2%b—-a+3=0 _ fa=1
AB -y =0 —6(4a—6b—3)+b—a+3+22b—a+3)=0 b=0.
Ta tinh dugc A(—1; —1;0), B(0;1;2). Suyra x4 + xp = —1.

Chon dép an (B) O
x =4+3t ) 3
© Bai 12. Trong khong gian Oxyz, chody: {y=1—t vady: x; = ]/‘;‘ = % chéo
z=-—-5—-12t

nhau. Goi I(a;b;c) 1a tAm ctia mat cau c6 ban kinh nho nhéat tiép xtc véi ca dq va dp. Tinh
a+b+c.
A.a+b+c=-1. B.a+b+c=0. C.a+b+c=2. D.a+b+c=4.

L& gidi.
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x=2+s
Duong thang dy ¢6 PTTS: { y = —3 + 3s

z=s
GoiM=d1NA= M4+3;1—--5-2t)vaN =d, N A = N(2+5;-3+3s;5)
Taco MN = (=2 — 3t +s;t 4+ 3s — 4;2t + 5 + 5), suy ra MN la mét VICP ctaa A
Vi A la duong vudng géc chung ctia 2 duong thang dq va da nén

MN -1 =0 2s—t—3=0 s=1
- <~ ~
MN -1, =0 s—8t—-9=0 t=—1.

Suy ra M(1;2; -3), N(3;0;1).
Tam cua (S) 1a trung diém ctia doan MN, suy ra I(2;1; —1).

Chon dép an (C) O]
< . -2 1
© Bai 13. Trong khong gian Oxyz, cho hai duong thang d; : z T = / —; =2 —; 5 va
—1 —1 1 \ .
dy: ad T = Y 5 = z —; chéo nhau. Goi M, N lan luot 1a cac diém di dong trén dy, d.
Tinh gia tri nhé nhét ctia d6 dai doan MN.
A. 42 B. #. C. g. D. 2V/3.

L5 gidil
dy qua A (2; —1; —3) va c6 VICP 17 = (1;2;2).
dr qua B(1;1; —1) va ¢6 VICP i, = (1;2;2).
AB = (-1,2;2).

Nhan xét : dy // dp nén MNpin = d (dq,dr) = d (A, dy) = 3

Chon dap an O]

© Bdi 14. Trong khong gian Oxyz, cho hai diém A(0;1;1), B(1;2;1) va dudng thang d :

1 -2 .
X_y+. . Tim toa d¢ diém M thudc d sao cho dién tich tam gidc MAB c6 gia tri

[4B,70]| 4y
i) 3

1 —1 -2
nho nhat.
A. M(2;-3;-2). B. M(0; —1;2). C. M(;-2;0). D. M(—1,0;4).

Lo gidi.

Goi M(t; —1 — ;2 —2t) € d, khid6tacd AM = (£, —t —2; —2t + 1), BM = (t — 1, —t — 3; —2¢ +
1).
Xét [AM, BM] = (=2t + 1,2t — 1, —2t — 2).

S

1l r— — 1
Ta 6 Samap = 5 ) [AM,BMH = SVI2P 46> 2.
Vay Sapap min <= t = 0. Khi dé M(0; —1;2).

Chon dap an O
@© Bai 15. Trong khong gian Oxyz, cho A(1;1;1), B(2;1; —1), C(0;4;6). biém M di chuyén

trén truc Ox. Tim toa do0 M dé P = ‘MA + MB + MC‘ c6 gia tri nho nhét.
A. (2;0;0). B. (1;0;0). C. (—2,0;0). D. (—1,0;0).
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Loi gidi.
Goi M(x;0;0) € Ox, (x € R). N
Khido MA=(1—-x;1;1), MB= (2 —x;1,—1), MC = (—x;4;6).
Suy ra MA + MB + MC = (3 — 3x;6;6).
Vé&i moi sé thue x, ta cé

P — ‘MA+MB+MC‘ — \/B—3x2+62+6

— /92 —18x +81 = \/9(x — 12 +72 > V72,
P = V2ex=1.

Vay gid tri nho nhat ctia P = ‘MA + MB+ MC‘ 14 v/72, dat duoc khi va chi khi x = 1.

Do d6 M(1;0;0) 1a diém thoa man dé bai.

Chon dap an O
@© Bai 16. Trong khong gian Oxyz, cho ba diém A(g; 0;0), B(0; b;0), C(0;0; ¢), trong d6 a >
0,b > 0,c > 0. Mat phang (ABC) di qua diém I(1;2;3) sao cho thé tich khéi tit dién OABC

dat gia tri nhé nhat. Khi d6 cac s6 a, b, ¢ thda man dang thiic nao sau day?
A.a+b+c=12. B.a*+b=c—6. C.a+b+c=18 D.a+b—c=0

Loi gidi.
, X Yy z L 1 2 3 il
Taco (ABC): —+=+-=1.Dol € (ABC)nén — + - + — = 1.Khido
a b c a b ¢
1 2
1:_+_+§23i:>abc2162.
a b ¢ abc

1 . 1 1 2
SuyraV = gabc > 27.Déu”:”xéyrakhi§ = =3 = §:>a =3,b=6c =09, tucla
a+b+c=18.
Chon dép an (C) O

© Bdi 17. Trong khong gian Oxyz, cho hai diém A(—3;2;2); B(—5;3;7) va mit phang
(P): x +y +z = 0. Diém M(g;b;c) thudc (P) sao cho |21W1’ — Ws’| c6 gia tri nho nhét.
Tinh T =2a+b—c.

A. T=-3. B. T=4. C. T=3. D. T=-1

Lo gidi.
Goi I(x;y;z) 1a diém thoa man
2IA—1B=0 < IB =2IA
—5—x=2(—3—x) x=-1
& 3-y=22-y) Siy=1
7—z=22-2) z=-3
= I(—1;1;,-3).

Ta 6 |2MA — MB| = [2MI + 2IA — MI — IB| = MI.
Vay [2MA — MB| ¢6 gia tri nho nhat khi va chi khi MI ngan nhét hay M la hinh chiéu vuong

goc cua [ lén (P).
1. v DiEM HOA BIEU KIEN cuc TR [N



Phuong trinh duong théng d di qua I(—1;1; —3) va vuodng gbc voi mat phéng (P) nén nhan vec-

x=-1+4t
to p = (1;1;1) lam vec-to chi phuong nén c6 phuong trinh  y = 1+ ¢
z=-3+t

x=-1+4t t=1
y=1+t x=20
=
z= -3+t y=2
x+y+z=0 z= -2
VayT =2a+b—c=4.
Chon dép an (B) O

© Bdai 18. Trong khong gian Oxyz, cho ba diém A(2; —3;7), B(0;4; —3), C(4;2;5). Biét diém
M(x0; v0; z0) nam trén mat phémg (Oxy) sao cho |[MA + MB + MC ‘ c6 gia tri nhé nhat. Khi
dé téng P = xg + yo + zo bang

Toa d6 M thoa hé

A. P=0. B. P=6. C. P=-3. D. P=3.
Loi gidi.
Vi M € (Oxy) nén M(xo; yo; 0). Goi G la trong tam cua tam giac ABC.
Ta c6 G(2;1; 3).
Khi do

MA+MB—|—MC‘ — ‘MG+G_A’+ATG’+§§+ATG’+§?’

= [3MC| = 3MG = 3\/(xo— 27 + (o — 12 +32 = 9.

Dau “=" xay ra khi xg = 2 va yo = 1 hay M(2;1;0).
Vay P = xo +yo +z0 = 3.

Chon dap an (D) O

@© Bai 19. Trong khong gian Oxyz cho ba diém A(4;2;2), B(1;1; —1), C(2; —2; —2). Tim toa
do6 diém M thudc (Oyz) sao cho [MA +2MB — MC| nhé nhét.
A. M(2;3;1). B. M(0;—3;1). C. M(0;3;1). D. M(0;1;2).

Loi gidi.
Goi G(xg; yg; zg) la diém sao cho GA + 2GB—GC = 0.Tacé

xg—4+2xg—1)—(xg—2)=0 xg =2
GA+2GB—GC=0<{yc—242c—1)— e +2) =0 < {yc =3 = G(2;3;1).
z6—24+2(zg+1)—(zg+2)=0 zg =1

Nhu vay ta c6 |MA +2MB — MC| = |MG + GA +2MG +2GB — MG — GC| = |2MG| = 2MG.
Do d6 |MA +2MB — MC| nho nhét khi va chi khi MG ngan nht.

Ma M thudc (Oyz) nén MG ngan nhat khi va chi khi M 1a hinh chiéu ctia G 1én (Oyz)

— M(0;3;1).

Chon dap én (C) O

@ Bai 20. Trong khong gian Oxyz, cho cac diém A(5;8; —11), B(3;5; —4), C(2; 1; —6) va mat
cau (S): (x — 4>+ (y — 2)* + (z+ 1)*> = 9. Goi M (xpm; ym; zm) 1a diém trén (S) sao cho biéu
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thic [MA — MB — MC| dat gid tri nh6 nhat. Gid tri ctia téng x1 + yp bang
A. 2. B. 0. C. 4. D. —-2.

Loi gidi.
Mat cau (S) c6 tam 1(4;2; —1), banh kinh r = 3.,
Goi ] 1a diém thda man diéu kién ]A ]B ]C =0 = J(0; —2;1), I] —( 4, —4;2).
Ta ¢6: |MA — MB — MC) - ‘—M]’ = MJ = ‘MA — MB - MC‘ ngan nhét khi va chi khi MJ
ngan nhat.
Tir gia thiét ta c6 diém M thudc mit cau (S) = M] ngan nhat khi {M} = (S)N I].

= ﬁ,mcﬂng phuong hay IM = IL]I_]) = IM = %I_])

Goi M(x;y;z) = m:(x—4;y—2;z+1).
x—4=-4 x=0

Tach:Qy—2=—-4 < (y=—-2= M(0;—-2;1). Vay, xp + ym = —2.
z+1=2 z=1.

Chon dap an @ O]

© Bai 21. Trong khong gian v6i hé toa do Oxyz, cho dudng thang A: Tl = % zj12
va hai diém A(0; —1;3), B(1; —2; 1). Tim toa d diém M thudc dudng thang A sao cho MA? +
2MB? dat gid tri nho nhéat.

A. M(;0; -2). B. M(-1,-1;,-1). C. M(@3;1;,-3). D. M(5;2; —4).

L&i gidi.

ViMe Anén M (14 2t;t; -2 —t).
Ta co

MA? +2MB? = (2t + 1 + (¢ + 1% + (£ + 57 + 2 [207 + (¢ +2)* + (¢ + 3)?]
18t2 + 36t 4 53
18(t +1)* + 35 > 35,Vt € R.
Vay gia tri nho nhat cia MA? + 2MB? 1a 35, xdy ra khi t = —1, khi d6 M(—1; —1; —1).
Chon dap an O
@ Bdi 22. Cho A(1;-2;1), B(5;0; —1), C(3;1;2) va mat phéng (Q):3x+y—2z+3=0.Goi

M(a; b;c) € (Q) théa man MA? + MB? + 2MC? nh6 nhat. Téng a + b + 5¢ bang
A. 9. B. 11. C. 15. D. 14.

L& gidi.

Goi I 1a diém sao cho IA + IB 4+ 2IC = 0 = I(3;0;1).
Ta c6 MA? + MB? + 2MC? = 4M]I? + const nén MA? + MB? + 2MC? nhé nhat khi M 1a hinh
chiéu cta diém I(3;0; 1) 1én mat phang (Q) : 3x +y —z+3 = 0.

x=3+3t
. =t
Toa @6 hinh chieu M thoéa man ]z/ 1y

3x+y—z+3=0
=94+9%+t-1+t+3=0t=—-1= M(0;-1;2).
Suyraa+b+5c=-1+4+2-5=09.
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Chon dép an (A)
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Chii 6 a LAP PHUGNG TRINH MAT PHANG
N

© Bai 1. (Thi thit S6 Quang Binh - 2018). Trong khong gian Oxyz, cho diém A(2; —1;1).
Phuong trinh mat phang (P) di qua diém A va cach gbc toa do O mot khodng 16n nhét
la

A 2x—y+z—-6=0. B.2x—y+z+6=0.
C. 2x+y+z—-6=0. D.2x+y—z—-6=0.
Loi gidii.

Goi H 1a hinh chiéu vudng géc ctia diém O trén mat phang (P). Khi d6, khodng cach tir O dén
mat phéng (P) bfmg OH. Do do, mat phéng (P) di qua A va cach O mot khoang 16n nhat khi
H = A,hay OA L (P).

Mait phang (P) di qua A(2; —1;1) va c6 véc-tg phap tuyén OA = (2, —=1;1). Phuong trinh mat
phéng (P)la

2. x=-2)+(-1)-w+H)+1-(z—-1)=02x—y+z—-6=0.

Chon dap an @ O]

© Bai 2. Trong khong gian Oxyz, cho hai diém A (2;1; -2), B(—1;0;3). Viét phuong trinh
mat phang (P) di qua A sao cho khoadng cach tir B dén (P) 16n nhat.

A.3x—y+2z—-1=0. B. 3x+y+5z+3=0.
C.3&x+y—-52—-17=0. D.3x—-y—-5z+17=0.
Loi gidi.

Goi H 1a hinh chiéu cta B 1én mit phang (P). Khi d6 tam gidc ABH 1a tam giac vuong tai H nén
AB > BH néu H khong tring A va AB = BH néu H trung A. Vay dé khoang cach tir B dén (P)
16n nhat thi H trung A < ABL (P) & AB 1a vecto phép tuyén ctia mat phéng (P) = (P)diqua
A(2;1; —2)vanhan AB (=3; —1; 5)lam vectd phap tuyén. Phuong trinh cia mat phang (P) c6
dang:3x +y—5z—-17 =0

Chon dép an (C) O]

© Bai 3. (Thi tht TNTHPT 2021 - S6 Hung Yén). Trong khong gian Oxyz, cho bén diém
A(a; 0;0), B(0; b;0), C(0;0;¢) va D(1;2; —1), v6i a, b, c 1a cac s6 thuc khéc 0. Biét rang 4 diém
nay dong phang va khoang cach tir gbc toa do O dén (ABC) 16n nhét. Tinh a + b + c.

A. 3. B. 15. C. 2 D. 4.

Loi gidi.
Goi H 1a hinh chiéu vuéng géc ctia diém O 1én mat phang (ABC). Ta c6

d(O, (ABC)) = OH = OD g ginn

Suy ra d(O, (ABC))max = OD khi H trung v6i D. Luc d6, (ABC) nhan OD = (1;2; —1) lam véc
to phap tuyén.

Mt phang (ABC) qua D va nhan OD lam véc to phap tuyén nén cé phuong trinh 1a x + 2y —
z—6=0.

Goi A, B, C lan luot 1a giao diém cta (ABC) véi Ox, Oy, Oz. Ta tinh dugc toa do A(6;0;0),
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B(0; 3;0), C(0;0; —6).
T day,tac6a=6,b=3,c = —6.Suyraa+b+c=3.

Chon dép an (A) O

© Bai 4. Trong khong gian Oxyz, cho diém M (1;2;3). Goi (P) la mit phang di qua diém
M va cach gbc toa do O mot khoang 16n nhat, mat phéng (P) cat cac truc toa do tai cac diém
A, B, C. Tinh thé tich khéi chép O.ABC.

1372 524 686 343

A- T. B- 3 . C- T. D. T.

Loi gidi.
Goi H 1a hinh chiéu ctia ctia O 1én (P). Khi d6 d (O; (P)) = OH.

e Ta co tam giac OHM vuodng tai H nén

Suy ra OHmax = OM khi H truing M hay OM L (P). Khi d6 (P) nhan OM 1a vecto phép
tuyen.

e Mit phang (P) qua diém M va nhan OM = (1;2;3) lam véc td phap tuyén nén c6 phuong
trinhlax+2y+3z—-14=0

Goi A = (P)Ox = A(14;0;0), B = (P)\Oy = B(0;7;0),C = (P)N 0z = C (0;0; 4}).
14
0A.0BOC 773 686

6 6 9
Chon dép an (C) O

Vay Voapc =

© Bdi 5. Trong khong gian Oxyz, cho mat phing (P): (2m?+3m+1)x —
(m*>+2m+1)y+1—m)z+2 = 0 (m la tham sd) va diém A(7;0;5). Tim phuong
trinh mat phéng (P), biét khoang cach tir A dén (P) 1a 16n nhat.

A. x—-2y+2z+2=0. B. 3x—y+3x+2=0.
C. 2x—-3y+2z+2=0. D.2x—y—z+2=0.
Loi gidi.

Ta thit tim diém co dinh M thudc (P). Khi d6 d (A, (P)) < AM_ 4, nén

d(A, (P))yax = AM khi AM L (P).
Ta bién d6i (P) vé dang

m? (2x —y) +mBx —2y —z) +x—y+z+2=0
Phuong trinh nay thoa véi moi m khi va chi khi

2x —y =20 x=1
3x —2y —z & qy=2 .SuyraM(1;2;,—1) € (P),Vm.
x—y+z+2=0 z=-—1

Goi H 1a hinh chiéu vuong goc cua A lén (P) thid (A, (P)) = AH.
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e Ta c6 danh gia

AH < AMC6 dinh" A
e Suyra AHmax = AM khi H trung v6i M hay AM L (P).
Khi d6 AM = ( — 6;2; —6) la véc-to phap tuyén cta (P).
Mat phang (P) qua M(3;1; —1) va c6 véc-to phép tuyén AM = /< HEAM
(—6;,2;,—6) = —2(3;—1,3) nén c6 phuong trinh la 3x — vy + p
3x+2=0ungvaigiatrim = —2.
Chon dap an O

© Bai 6. Trong khong gian Oxyz, cho hai diém M(0; —1;2) va N(—1;1;3). Viét phuong
trinh mat phéng (P) di qua M, N sao cho khoang cach tir K(0; 0;2) dén (P) 16n nhét.

A 3x+y+z—-1=0. B. x+y—z+3=0.
C.4x+y+2z—-7=0. D. x+2y—z-3=0.
Loi gidi.

Dé khoang céch tir K t6i (P) 16n nhét thi (P) phai vuong goéc véi mat phang di qua K, M va N.
Tacé MN = (—1;2;1), MK = (0;1;0).

Qua M(0; —1;2)

VTPT : 7 = [MN, |[MK, MN|| = (2,2, -2).
=P):2x-0+2(y+1)—2z—-2)=0x+y—z+3=0.

Chon dép an O
© Bdi 7. Trong khong gian Oxyz, cho diém M(3; —1;5) va duong thing d: xT—3 =

1 —4 . . .
yjz _Z 1 Goi (P) la mdt phang chira d sao cho khoang cach tir diéem M den (P) la
16n nhat. Biét (P) cat cac truc toa do lan luot tai A, B va C. Thé tich khéi ti dién OABC
bang
A. 28. B. 72. C. 84. D. 24.

= (P):

Loi gidi.
Dé khoang cach tir M téi (P) 16n nhét thi (P) phai vudng géc v6i mat phang di qua d va M.
Lay N(3; —1;4) € d tacé MN = (0;0; —1) vad c6 VICP 1a i/; = (2, —2;1).
Qua N(3; —1;4)
VTPT : 7t = [ily, [BA, ]| = (2 -2, -8).
=>/P):2(x-3)-2(W+1)—8(z—4)=0x—-y—4z—-12=0.
Khi d6 (P) cat cac truc toa do lan luot tai A(12;0;0), B(0; —12;0) va C(0;0; —3).
1 1
DOdéVOABC: g'OA-OB~OC: 6-12-12-6:72.

= (P):

Chon dap an O]
© Bdi 8. Trong khong gian Oxyz, viét phuong trinh mit phang (P) di qua diém A(1; —2; 1),
. -1 . )
song song voi duong thang d: g =¥ % va cach goc toa do O khoang 16n nhat.
A. 11x — 16y + 10z — 53 = 0. B. 11x — 16y + 8z — 51 = 0.
C. 4x -5y +2z—-16 = 0. D. —7x+5y+4z+13 =0.
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L& gidi.

Mt phang (P) di qua A, dong thdi song song véi dudng thang d nén (P) chita duong thang m
qua A va song song vdi d.
) . L o - . x—1 y+2 z-1
Taco VICPcuamla u,, = vy = (2;2;1) nén m: R
Dé khoang cach tir O t6i (P) 1én nhéat thi (P) phai vuéng géc véi mat phang di qua O va m.
Tacé OA = (1; —2;1) vam c6 VICP1a u,, = (2;2;1).
Qua A(1;-2;1)
VTPT : 7 = [ily, [OA, in]] = (11;,-16;10).
= (P): 11(x — 1) —16(y +2) +10(z — 1) = 0 & 11x — 16y + 10z — 53 = 0.

Chon dap an @ O

= (P):

© Bdi 9. Trong khong gian Oxyz, cho diém M (3;0;2) va mit phang (Q): 2x —y +z — 1 =
0. Viét phuong trinh mat phang (P) di qua gbc O, vuong goc véi (Q) dong thai cach diém M
mot khodng 16n nhét.

A. 3x +4y — 2z =0. B. x+4y+2z=0.
C.3x—2y+z=0. D. x+3y+z=0.
Loi gidi.

Do (P) qua O va vuéng véi (Q) nén (P) chita duong thang d ¢6 dinh, véi d qua O va c6 véc to
chi phuong la w; = g = (2, —1;1).

Khi d(M, (P))max thi (P) vudng goc voi mat phéng chita M va d. Ta xéac dinh véc to phap tuyén
7 cta (P) nhu sau:

e Tinh
i = [OM, #,] = (2;1;-3)

1a phap tuyén ctia mat phang chia M va d.

C6 thé chon 777 = (1;4;2) lam véc to phap tuyén cho (P). Khi d6 phuong trinh cia mat phang
(P)lax+4y+2z =0.

Chon dép an O

© Bai 10. Trong khong gian Oxyz, cho diém A(—2;4;1) va duong thang
- 4 7 2 4

A: % =7 T = Z—; . Goi (P) la mdt phang di qua diém A, song song v6i duong

thang A va khoang cach tir duong thang A t6i mit phang (P) 1én nhat. Tim phuong trinh

(P).

A 2x+y—z+1=0. B. x—2y—-3z+13 =0.
C.x—y+z+5=0. D. 2x+y—3z+3=0.
Loi gidii.

Goi 71 1a véc to phap tuyén cta (P).
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e Ta c6 A qua diém M(0;4; —7) va c6 véc to chi phuong la Wp =
(1;1;1). Tinh N
m= [AM, ﬂ’A} = (8, —10;2)

1a phap tuyén ctia mat phang chia A va A.

e Do7 L ilp 1 Luinénn = [, ] = (—12; —6;18) la véc to
phép tuyén ctia mat phang (P).

Ta chon 77 = (2;1; —3) lam véc to phap tuyén cho (P).
(P) qua A(—2;4;1) vanhan 771 = (2;1; —3) 1am véc to phap tuyén nén
c6 phuong trinh la 2x +y — 3z +3 = 0.

Chon dap an @ O]
@© Bai 11. (Thi thi, S6 GD va DT - Vinh Phuc, 2019). Trong khong gian Oxyz, cho diém
A(10;2; —1) va duong thang d: XT_l = % =z g 1. Goi (P) la mat phang di qua diém A,

song song véi duong thang d sao cho khoang céach gitta d va (P) 16n nhat. Khoang cach tir
diém M(—1;2;3) dén mat phang (P) bang
97+/3 2\/_

76790 B 3\/29. C. D. '

A 790 T29 15 °

Loi gidi.
Goi A’(1+2t; 1+ 3t) 12 hinh chiéu ctia A 1én d, suy ra AA’ (2t —9;t —2;3t + 2).
Vi AA" L dnenAA’-ﬂ’d =0 22t-9+t-2)+3Bt+2) =0t =1= AA =
(—7;—1;5). Tacé d(d, (P)) = d(A’, (P)) < AA".
Do dé khoang cach gifxa d va (P)lén nhat khi AA’ | (P), hay (P) nhan véc-to AA = (-7,-1,5)
lam véc-to phap tuyen.
Phuong trinh mat phang (P): —7(x —10) —(y —2)+5(z+1) =0 —7x —y + 52+ 77 = 0.

Khoing cach tir M dén (P) la d(M, (P)) — 1/ —2+15+771 __ 97V3,
VETR+ (-1 +52 15
Chon dép an (C) O
© Bdi 12. Trong khong gian Oxyz cho dudong thang d : * ; L 1_ L I > va mat

phang (P) : x + 2y — z + 5 = 0. Phuong trinh mit phang (Q) chuta d va tao véi (P) mot goc
nho nhat la
A.y+z—-3=0. B. 2x+y—-12=0. C. -4x+z—-1=0. D.y—z+4=0.

Loi gidi.
Cach1
d co VICP la uy = (2;1;1). (P) c6 VICP la n, = (1;2; —1).
Gia stt VIPT cta (Q) lang = (4;B;C), (A2+ B2+ C2 #0)
Dod C (Q)nénuy-ny=02A+B+C=0& C=—-2A-B.
‘”Q'”g‘ _ |A+2B-C] V3 |A+ B]
Ing|-|np|  VAZFBZ+C2-v6 2 +/5AZ+2B2+4AB

15 A t+1)?
*TH1: V6i B = 0 thi cosa = 1—05 *TH2: V6iB # 0datt = o tacocosa = % —5t2(++4t)+2

2. LAP pHUONG TRINH MAT PHANG [

*Goiw la goc gitta (Q) va (P). Taco cosa =



(t+1)?
5t2 + 4t 42
V6

1
Ta c6o max f(t) = EkhitzO. Khi do6 cosa = >

Xét ham sb f(t) = trén R.

So sanh TH1 va TH2 ta c6 & nhoé nhét khi cos & 16n nhéat bang \/76 khi A = 0.
ChonB=1=C=—1.

Phuong trinh mat phémg (Q)qua Mvaco VIPTng = (0;1;,-1)lay —z+4 =0.

Cach 2.

Dung cong thite tinh nhanh 7o = [[7,, 4], 4] = (0;=9;9).

Phuong trinh mat phang (Q) qua M (—1; —1;3) va cé VIPT 7ig = (0;—9;9) lay —z +4 = 0.

Chon dap an @ O

@© Bai 13. Trong khong gian Oxyz, cho diém M(0; —1;2) va N(—1;1;3). Goi (P) la mat
phang di qua M, N va tao v6i mat phang (Q): 2x —y — 2z — 2 = 0 géc ¢6 s6 do nhd nhat.
Tinh khodng cach tir diém A(1;2;3) dén (P).

A. ‘%5. : 71—‘? C. V3. D. %g

B

Lo gidi.

¢ (P)c6 VIPT g = (a;b;c) véia® +b* +c? > 0.Taco M € (P)nén (P): ax +b(y +1)+c(z —2) =
0.Ditm N € (P)nén —a+2b+c=0<a=2b+c. (1)
|2a — b — 2¢| ||

Va2 + 02+ 2 - V2112422 /512 4+ 4bc+ 202

o 113 = (2; —1; —2) nén |cos(iny, n13)| =

— —> 1
o Voic = 0thi|cos(ny, ny)| = —.
’ ( 1 2)‘ \/5
b
e Vi ¢ # 0 thi | cos(ity, 13)| = = <
b b
5oy +4- +2
c c
Datt = étacécosz(ﬁ' 1) = L = f(t)
‘ c , VT B At + 2 '
4t° + 4t , % .
eTaco f'(t) = m Ta c6 bang bien thién
X | —o0 -1 0 +0o0
(5 + 0 — 0 +

| =
| =

3
f() /
1

e Tir bang bién thién, cos((P), (Q)) dat GTLN khit = —1< b= —c=a= —c.Chonc = —1, ta
cba=b=1Tacd(P): x+y—2z+3=0.Suyra d(A,(P)) = V3.

Chon dap an (C) O
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s : -1 1 -2 )
© Bai 14. Trong khong gian Oxyz, cho duong thang d: z = 7 —: = £ > Viet
: : 1 -1

phuong trinh cta mat phang (P) chita d va tao véi duong thang d’: % = % =Z 1 goc
16n nhét.

A. x—4y+z—-7=0. B. x-3y+z—-4=0.

C.x+4y+z—-7=0. D. x+3y+z—4=0.

Loi gidii.

Tac6 VICP i, = (2;1;2) va u y = (1;2;1).
M@1;-1;2) e d
(py, (QEMT-L2 Ed
VTPT : 7 = [[Wq Ug], U4] = (=3;12;=3).
= (P): —=3x—1)+12(y+1)—3z—-2) =0 x—4y+z—7=0.

Chon dap an @ O]

-1 y+2 z x+2 y—1 z
= = — d/: = .
) 1 2 T T T T T
Goi (P) 1a mat phang chira d va tao vdi d’ mot goc 1on nhat. Toa do giao diém ctia (P) véi
truc Oy la

A. (0;3;0). B. (0; —9;0). C. (0;9;0). D. (0;-3;0).

@© Bai 15. Trong khong gian Oxyz, cho d: *

© Bdi 16. Trong khong gian Oxyz, cho diém M(2; —1;2) va mat cau (S): (x — 1)% + y? +
z? = 9. Mt phang qua M cat (S) theo giao tuyén la mot dudng tron 6 ban kinh nhé nhét
c6 phuong trinh la

A x—y+2z2—-7=0. B. x—y+2z-5=0.
C. 2x—y+z—-7=0. D. x+y+2z-5=0.
Loi gidi.

Ta c6, mat cau (S) c6 tam I(1;0;0), ban kinh R = 3.

MI = /6 nén M la diém trong ctia mat cau (S).

Goi (P) la mat phang bat ky di qua M, N la hinh chiéu ctia I trén
(P), r 1a ban kinh duong tron giao tuyén ctia mat ciu v6i mat phang I
(P), d = IN la khoang cach tir tam I t6i mat phang (P). Khi do,

r? = IN?> = R* —d*> > R* — IM?* = rpjn = R* — IM? = IM L (P).

Vay IM = (1; —1;2) 1a véc-to phap tuyén ctia (P). Phuong trinh mat NM
phang cantimlax —y +2z -7 = 0.

Chon dap an @ O

© Bai 17. Trong khong gian Oxyz cho mit cau (S): (x — 1)2 +(y —2)> +(z —3)> = 9 va
diém A(0;0;2). Goi (P) 1a mat phéng di qua A va cat mat cau (S) theo thiét dién 1a hinh tron
(C) c6 dién tich nhoé nhat. Phuong trinh mat phang (P) la

A. (P):3x+2y+2z—4=0. B. (P):x—2y+3z—-6=0.
C. (P):x+2y+3z—-6=0. D. (P):x+2y+2z—-2=0.
Loi gidi.

Mit cau (S) c6 tam I(1,2,3), ban kinh R = 3.
Ta c6 IA = v/6 < R nén diém A nam trong mat cau. Gia st (P) cat (S) theo thiét dién 1a hinh
tron (C) c6 ban kinh r.

2. LAP PHUONG TRINH MAT PHANG [ EEE



Taco:d (I, (P)) = VR — 2.

Dién tich hinh tron (C) nho nhat < r nhé nhat < d (I, (P)) 16n nhét.

Do d(I,(P)) < IA = d(I,(P)) 16n nhat bang IA. Khi d6 mit phang (P) di qua A va nhan
Al = (1;2;1) lam VTPT.

Phuong trinh mat phéng P):x+2y+z—-2=0.

Chon dap an @ O]

© Bdai 18. Trong khong gian Oxyz, cho mat cau (S): (x — 1)? + (y — 2)? + (z — 3)> = 9, diém
A(0; 0;2). Viét phuong trinh mét phang (P) di qua A va cat mit cau (S) theo thiét dién 1a hinh
tron (C) c6 dién tich nho nhat.

A. (P):x—2y+3z—-6=0. B. (P):x+2y+3z—6=0.
C. (P):3x+2y+2z—4=0. D. (P):x+2y+z—-2=0.
Loi gidi.

Mt ciu (S) ¢6 tam 1(1,2,3), R = 3.

Tac6 IA < R nén diém A nam trong mat cau.

Tacé:d (I, (P)) = vVR2 — 2.

Dién tich hinh tron (C) nho nhat < r nho nhat < d (I, (P)) 16n nhat.

Do d (I, (P)) < IA = maxd (I, (P)) = IA Khi d6 mét phang (P) di qua A va nhan A lam vipt
= P):x+2y+z-2=0.

Chon dap an @ O

© Bai 19. Trong khong gian Oxyz, cho hai diém A(3; —2;6), B(0; 1;0) va mat cau (S): (x —
12 + (y — 2)*> + (z — 3)> = 25. Mat phang (P): ax +by +cz —2 = 0 di qua A, B va cat (S)
theo giao tuyén la dudng tron c6 ban kinh nhé nhéat. Tinh T = a + b +c.

A. T=3. B. T=4. C. T=2 D. T =5.

Loi gidi.

Taco A, B € (P)nénb =2vaa =2 — 2c. Phuong trinh (P) c6é dang (2 — 2¢)x + 2y +cz —2 = 0.
Mt cau (S) c6 tdm I(1;2;3) va ban kinh R = 5. Khoang cach tur I dén (P) 1a

d:\2—2c+4+3c—2| 2 @A+of ~ o)
V@2 =202 +4+c2 5¢2 —8c+8 ‘

48¢ — 1)(c +4)

, , c=1 L1 s LA JN
(c)=— ,flc)=0& [ . Ta c6 bang bien thién
/ (5¢2 — 8¢ + 8)° / c=—4 &
c —00 —4 1 +00
f'(c) - 0 + 0 -

1 5
fo |5 T
\ . / é

Dé (P) cat (S) theo giao tuyén la dudng tron c6 ban kinh nho nhat thi d < R va d dat gid tri lon

nhat. Tir bang bién thién suy ra maxd = /5khic =1=a=0.Vay T = 3.

Chon dép an (A) O
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© Badi 20. Trong khong gian Oxyz, cho mat cau (8): (x — 1)2 + (y +2)? + z% = 12. Goi (P)
la mat phang song song voi mit phang (Oxz) va cat mat cau (S) theo dudng tron ¢ chu vi
16n nhat. Phuong trinh mat phang (P) la

A.y—2=0. B. y+2=0. C.x-—2y+1=0. D.y+1=0.

L& gidi.

Mait phang (P) song song v6i mit phang (Oxz) nén c6 VIPT 7 = (0;1,0).

Mat phéng (P) cat mat cau (S): (x — 1) + (v + 2)? + z% = 12 theo duong tron c6 chu vi 16n nhat
nén mat phéng (P) di qua tam I(1; —2;0).

Phuong trinh mat pheemg (P):y+2=0.

Chon dép an O

2. LAP PHUONG TRINH MAT PHANG [ IR



Chi ié e LAP PHUGNG TRINH DUONG THANG
N

© Bai 1. Trong khong gian Oxyz, phuong trinh duong théng di qua diém A(1;1; 1), nam
trong mat ph:fmg (P): 2x —y — z = 0 va cach B(0;2; 1) mot khoang 16n nhét 1a
x—1 y—-1 =z+1 x—1 y—-1 z+1

A. 21 31 11. B. 11 31 _11.
X — y— z+ X — y— zZ+
¢ 1 3 1 2 3 -2
Li gidi.

Goi H la hinh chiéu vudng géc ctia B 1én d.

Ta co d(B,d) = BH < AB = d-(B,d)max =AB&d 1 AB.

Do d6 dudng thang d ¢6 VICP la @4 = [#p), AB] = (1;3;-1).

Vay phuong trinh duong thang d di qua A(1;1; —1) va c6 VICP @5 = (1;3; —1) 1a
x—1 y—1 z+1

1 3 -1

Chon dap an O
© Bdi 2. Trong khong gian Oxyz, viét phuong trinh dudng thang d di qua diém A(1;0;2),
song song vdi mat phang (P): 2x — y +z + 1 = 0 va cach gbc toa d6 O mot khoang cach 16n
nhét.

x—=1 vy z-2 x—=1 vy z-2
A. 21—3— 32. B. 21—2_ _32.
x-1_y_z-— x—-1_y_z-—
C. 5 =3 — D. 5 3 T
Loi gidi.
Ta ¢6 (P) ¢6 VIPT 1a #(p) = (2; —1;1) va AO = (—1;0; —2).
Qua A(1;0;2)
Do dé6 (d): I —
VICP: @ = [#p), OA] = (2;3;-1).
x—=1 'y z-2

=d: Sy =3= -

Chon dap an (C) O
© Bai 3. Trong khong gian Oxyz, phuong trinh duong thang d di qua goc toa d6 O, vuong
gbc voi duong thang d : & ; = —ll = _iz va cach diém M(2;1;1) khoang 16n nhat la

r_¥_z r_o Y _z r_oY _z r_¥_z
A 1 3 2 8. 1 -3 2 c 1 -6 4 D- 1 6 4
Loi gidi.

Mait phang (P) di qua O va vudng géc véi di c6 phuong trinh 1a (P): 2x —y — 2z = 0.
Tacodd L dy n_efg}d € (P), khi d6 d(M, d) < OM nén d(M, d) 16n nhat khi OM L 4.
Ta co {id L (_),M nén U ; cung phuong voi [W, ﬁ)p}.

ug 1 np
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Ta ¢ [CTM, ﬁp} = (—1;6;4) nén ta chon 1 = (1; —6;4).
Phuong trinh duong thang d 1a d: % = —16 = Z

Chon dép an (C) [

© Bai 4. (Thi tht THPT Chuyén Son La lan 2, 2019). Trong khong gian Oxyz, cho hai diém

A(—3;0;1), B(1; —1;3) va mat phang (P): x — 2y +2z — 5 = 0. Duong thang d di qua A, song

song v6i mat phang (P) sao cho khoang céach tir B dén duong thang d 1a nhé nhéat. Duong

thang d c6 mot véc-to chi phuong 1a @ = (1;b; ¢) khi d6 % bang
b 3 b b 11

L= ——. B. - =11. . == . D.
c 2 c ¢ c 2

als
N W

Lo gidi.

Thay toa do cic diém A va B lan luot vao vé trai phuong trinh mat phéng (P) ta HINH VE
duoc

VT(A) = —6 <0, VT(B) = 4 > 0 = A, B nam vé hai phia ctia mat phang (P).

Goi (Q) 1a mit phang di qua A va song song véi (P) = d C (Q).

Goi H 1a hinh chiéu vuong géc ctia B 1én (Q) = d(B,d) > BH.

Vay khoang cach tir B dén dudng thang d nho nhat khi d di qua A va H = H 1a hinh chiéu
vudng goc cta B lén d.

Goi A la duong thang di qua B va vudng géc véi (P).

x=1+1
Phuong trinh A: ¢y = —1—2¢.
z=3+2

Phuong trinh mat phang (Q) la x — 2y +2z +1 = 0.
COH=ANQ) = HecA= H1+t—-1-2t;3+2t).

1
HG(Q):>1—|—t—2(—1—2t)+2(3+2t)+1:O<:)9t+10:0(:>t:—30.
111 7 — 26 11 2> - .
Suy ra H <—§, ?, §) AH = (3, ?,—g = Ui = (26,11, 2)
:>?[—<1'11'—2):>b—11 26__11
26" 26 c 26 —2 2
Chon dép an (C) O]

x+1 y-5 'z ..
2 =5 = _—1vaha1d1em
A(—2;—-2;1), B(1;2; —3). Tim véc-to chi phuong cta duong thang d di qua A vuong goc véi

duong thang A dong thoi cach diém B mot khoang cach bé nhat.

© Bai 5. Trong khong gian Oxyz, cho dudng thang A:

A. i =(2;1;6). B. u = (1;0;2).
C. 1 = (25;,-29; —-6). D. ¥ =(2,2,-1).
Loi gidi.

3. LAP PHUONG TRINH BUONG THANG [ ET



Goi (P) la mat phéng di qua A va vudng goc vdi A. A
Phuong trinh mat phéng (P) la B

20+2)+2(y+2)—(z—-1)=02x+2y—z+9=0.

Duong thang d di qua A va vuong géc A nén d nam J'H
trong (P). A p

! K
Goi K, H lan luot 1a hinh chiéu vudng goc cua B lén d va (P).
Ta c6 khoang cach tir B dén d 1a BK > BH = d (B, (P)) = 6.
Déng thiic xay ra khi d di qua A va H.
x=1+2t
Duong thang a di qua B(1;2; —3) va vudng géc vdi (P) ¢6 phuong trinh { y = 2+ 2t
z=-3—t

ViH €anén H(1 +2t;2 +2t; =3 — t).

Mt khéc H € (P)nén 21 +26) +2Q2 +2t) — (-3 — ) +9 =0 9t +18 = 0& t = —2.
Khi do6, H(—3; —2; —1) va AH = (—1;0; —2) la moét véc-to chi phuong cta d.

Vay mot véc-to chi phuong cta d 1a ¥ = (1;0;2).

Chon dap an O

S = 2 2 1 - 2
© Badi 6. Cho mat phang (P): x +y +z — 3 = 0 va duong thang d’: % = ]/—; = Z_l .
Phuong trinh dudng thang d nam trong (P), cat d’ va tao véi d’ mot goc 16n nhat 1a

A_x—lzy—lzz—l B x—1:y—1:z—1

1 4 -5 "3 ) -1

c x+1 y+1 z+1 b x—1 y+4 z+5

-1 -4 5 1117
Loi gidi.

x+y+z—-3=0
x _y+1 z-—2 = MZLL.

) (1~ 2 -1~

Theo ket qua cua Bai toan 3 thid la duong thang qua M(1;1; 1) va c6 véc to chi phuong

?l) = [Zl)d/, ﬁp} = (3, —2,' —1)

-1 -1 -1
nén c6 phuong trinh * =7 =

Goi M = d' N (P). Toa d6 M la nghiém ctia hé {

3 -2 -1
Chon dap an O]
x=1+2t 3
© Bai 7. Trong khong gian Oxyz, cho hai dudng thang di: {y =2+t vad,: x_—l =
z=—-2—1t
-2 3 : . ; 2
4 5 = z ;L . Goi d 1a duong thang di qua diém M(—1;0; —1) cat duong thang d; va tao
v6i dudng thang dy mot goc 1on nhat. Phuong trinh dudng thang d 1a
Ax—i—l_z_z%—l Bx+1_i_z+1
S22 1 2 -1 27
C x+1 vy z+1 Dx+1_y_z—|—1
2 2 -1 2 1 2
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L& gidi.

Do d qua M va cat d nén d nam trong mat phéng (P) chua
M vad;. Suy ra

=
S

np = WLM_Q)} = (1,0;2)

voi Q(1;2; —2) € d;. M

Do d; khong Vuong v6i dp nén véi d 1a duong thang qua M, Q

nam trong (P) va vuéng goc v6i dy thi d théa man yéu cau dl
bai toan (dam bao cat d; va tao vdi d; mot goc 1on nhét). p
Goi i 1a véc to chi phuong cta d thi

U= [?[2, ﬁp} =(44,-2)=2-(2;2;,-1).

x+1 vy z+1

2 2 -1

Chon dap an O

Phuong trinh duong thang d la

© Bdi 8. Trong khong gian Oxyz, cho mét phang (P): x +y+z—3 = 0vad: % = y%l =

-2 . N . £
Z_ T Phuong trinh duong thang nam trong (P), cat d va tao v6i d mot goc nhé nhat 1a
x—1 y—-1 =z-1 x—1 y—-1 z-1
A. = = . . = = .
1 4 -5 8 3 -2 -1
C x+1 y+1 z+1 D x—1 y+4 z+5
-1 -4 5 111
Loi gidii.

Giasu Ala dudng thang can tim, A c6 véc-to chi phuong 1a i = (a; b; ¢) # 0.
AC(P)nenu n(p)_O@a—l—b—kc—O(:)c— —a—b.

Suy ra i = (a;b; —a — b).

Goi A=ANd= A=dn(P).Khidg, ta tim dugc A(1;1;1).

Ta c6 (A, d) nho nhat khi va chi khi cos(A, d) 16n nhat.

cos(A, d) = |2 +2b+a+b| _ |2a + 30| B L.\/4a2+12ab+9b2
' V6-/a2+ 12+ (a+b? V6-V2a2+2ab+202 V6 202 +2ab+ b2
V3

Xétb =0 = cos(A,d) = 3
- . 2 2 ~ x 2 A - s e A v N 19 a
Xét b # 0, chia ca tr va mau cda phan thitc dudi dau can cho b? va datt = -, ta dugc

b
1 42 + 12t +9
Ad)y=— 4| o

412 + 12t +9

Xét f() = —— .
et f(1) 22 42t +2 )
1682 — 20t + 6 b=
fi(t) = 7 f(8) *,
(22 42t +2) f— 2
2

Bang bién thién
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3 1
f'(t) — 0 + 0 —
2 14
f() \ 3
Suy ra max f(t) = 13—4 khit = %
. as NV 1 a 1
Khi do, max cos(A, d) = 5 khit = 1 hay b1

Chona=1,b=4.
Khi d6 duong thang A qua diém A(1;1;1) va c6 véc-to chi phuong i = (1;4; —5) nén cé phuong
x—1 y—-1 =z-1

trinh A: T =1 5
Chon dap an (A) O
© Bai 9. Trong khong gian Oxyz, cho d: * Z 2 = y__41 _Z ; 2 va mat phéng (P): 2x —

y+ 2z + 1 = 0. Duong thang A di qua diém E(—2;1; —2), song song vdi (P), dong thoi tao
v6i d mot goe bé nhat. Biét A c6 mot véc-to chi phuong ¥ = (m;n; 1). Tinh m? — n?.

A. 5. B. —4. C. 4. D. 3.

Loi gidi.

A c6 véc-to chi phuong @ = (m;n, 1).

(P) c6 véc-to phap tuyén 7 = (2; —1;2), d c6 véc-to chi phuong 15 = (4; —4;3).
AjJ(P)=2m—n+2=0&n=2m+2.

Suy ra i = (m;2m + 2;1).

Ta c6 (A, d) nho nhat khi cos(A, d) 16n nhét.

cos(h,dy = 1AM —Aem 2 +3] 1 \/16m2 + 40m + 25
’ VAL /m? +Qm+22+1 V4l 5m2 +8m +5
16m? + 40m + 25
Xét —
ét f(m) R 5
—72m? — 90 =2
fl(m) = " mz;f’(m):0<:> "=y
(5m? + 8m + 5) =0
Béang bién thién
5
m — - 0 +
(e8] 4 0o
16 5

Suy ra max f(m) = 5 khim = 0.

1
Suy ra maxcos(A,d) = — - V5 khim = 0.
V4l
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Tir do, ta tim duoc n = 2.
Vay m? — n? = —4.

Chon dap an (B) O
© Bai 10. Trong khong gian Oxyz, goi d la duong thang di qua A(—1;0; 1), cat

x—=1  y-2  z+2 ooa o Xx=3  y—2 z+4+3 . A
AV > = T —7 1 va tao voi Ap: 4 =5 = 3 mot goc nho nhat.
Phuong trinh duong thang d la

Ax-i—l_y_z—i—l Bx-l—l_z_z-l—l

2 2 -1 T4 5 =27

Cx+1_l_z+1 Dx+1_z_z+1

"4 -5 27 2 2 1

Loi gidi.

GoiM=dNA = MQ1+2t2+1-2-1).
d c6 véc-tg chi phuong @y = AM = (2t +2;t +2; -1 — #).
Ay c6 véc-to chi phuong @, = (—1;2;2).

. 2 2
cos(d;i M) = 3\ gr T2 1 9°
2

Xét ham sb f(t) = AU YTIT ta suy ra dugc min f(t) = f(0) =0 &t =0.

Do démin[cos(A,d)] =0&t=0= AM=(2,2—-1).
: 1 1
Véay phuong trinh duong thang d 1a z —Zi_ = g = Zj_l .

Chon dap an (A) O

© Bai 11. (Bé tham khdo BGD-2019). Trong khong gian Oxyz, cho diém E(2;1;3), mat
phang (P) : 2x +2y —z — 3 = 0 va mat cau (S) : (x — 3)*> + (y — 2)> + (z — 5)> = 36. Goi
A la duong thang di qua E, nam trong (P) va cat (S) tai hai diém c6 khoang cach nhé nhat.
Phuong trinh cua A la
x=2->5t x=2+t x =244t x=2+9t
A.{y1+3t. B.{ylt. C.{y1+3t. D.{y1+9t.

z=23 z=23 z=3—23t z =3+ 8t

Loi gidi.
Mit cau (S) ¢6 tam I (3;2;5) vaban kinh R = 6. IE = /12 + 12+ 22 = /6 < R= diém E nim
trong mat cau (S).
Goi H 1a hinh chiéu ctia I trén mat phang (P), A va B 1a hai giao diém ctia A véi (S).
Khi d6, AB nhé nhat < ABLOE, ma ABLIH nén AB (HIE) = AB_LIE.
Suy ra: iix = [i13; EI] = (5;,—5;0) = 5(1,—1,0).

xX=2+t
Vay phuong trinh ctia Ala qy =1 —¢.
z=3
Chon dap an (B) O

© Bai 12. Trong khong gian Oxyz, cho diém M (2;1;1) va mat phang () : x +y+z—4 =0
va mat cau (S) : x? + y? + z> — 6x — 6y — 8z + 18 = 0. Phuong trinh dudng thang A di qua
M, nam trong mat phéng (x) va cat mat cau (S) theo mot doan thzfmg c6 do dai nho nhat
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1 2 1 "1 T 2 T 1

Loi gidi.
Xét mat cau (S) : x? +y* + 22 — 6x — 6y — 8z + 18 = 0 c6 tdm I (3;3;4) vaban kinh R = 4.
Ta c6 IM = /14 < R = diém M nam trong mit cAu hay mat phang (a) cit mat cau theo giao
tuyén la mot duong tron (C), goi H 1a tam dudng tron do.
Dé day cung catlanhd nhat thi A | MH, khi d6 i3 = |[MH, ;.

x=3+t
Duong thang IH di qua tam [ va vudng géc véi (a) = [H: { y =3+t
z=4+t

H la giao diém ctia [H va (x) = H(1;1;2) = MH = (-1;0;1) = ux = (—1,2; -1).

x—=2 y—-1 =z-1

1 -2 17
Chc_)ndépén@ O

Khi d6 A di qua M va c6 véc-to chi phuong la o7 = (1, —2;1) = A:

© Badi 13. Trong khong gian Oxyz, cho diém A(—3;3; —3) thudc mat phang («) c6 phuong
trinh 2x — 2y + z + 15 = 0 va mat cau (S): (x — 2)> + (y — 3)*> + (z — 5)*> = 100. Duong thang
A qua A, ndm trén mat phang («) va cat (S) tai M, N. D& do dai MN 16n nhét thi phuong

trinh dudng thang A 1a
+3 3 243 Y=o
X _y=3 z _
A e T T Do B v =3
z=—3+48t
C x+3 y—3 z+3 D x+3 y—-3 z+3
11 3 1 4 6
L&i gidi.

Mt cAu (S) ¢6 tam I(2;3;5) ban kinh R = 10.
Goi H, K lan lugt 1a hinh chiéu vudng goc ctia I 1én A

va mat phang («).
= IK L () nén phuong trinh dudng thang IK di qua
x=2+2t
I va vuong goc voi mat phang (a) 1a { y = 3 — 2t
z=05+1.
(1
x=2+2t
y=3-2t

Toa d6 diém K la nghiém hé phuong trinh = K(—-2;7;3).

z=5+1t
2x —2y+z+15=0
ViA C (a) nén IH > IK. Do d6, IH nhé nhét khi H trung véi K.
Dé MN 16n nhéat thi IH phai nh6 nhat. Khi d6, duong théng A can tim di qua A va K.
x+3 y—-3 z+3

1 4 6
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Duong thang A ¢6 phuong trinh 1a




Chon dép an (D) O
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