SO GIAO DUC VA PAO TAO KY THI CHON POQI TUYEN DU THI HSG QUOC GIA
KIEN GIANG NAM HOC 2022-2023

PE THI CHINH THUC Mén: TOAN
Thoi gian: 180 phut (khdng ké thoi gian giao dé)
Ngay thi thir nhat: 30/8/2022
(Pé thi c6 01 trang, gom 4 bai)

Bai 1. (5,0 diém)
Cho day sb (x,,) xac dinh boi x; = 4 va

9
vn > 1.

Xn+1 = m 1 =
a) Chung minh rang ddy (x,,) c¢6 gi6i han hiru han va tim gi6i han do.
b) Vi mdi s6 nguyén duong n, ching minh rang
X1+ Xy + o+ Xy
n

= 3.

Bai 2. (5,0 diém)
Tim tat ca cac bd ba s thuc khong 4m (x; y; z) thoa méin

X<y=sz
x+y+z=xy+yz+zx

Jyz(x+1) = 2.

Bai 3. (4,0 diém)
Cho p, q 14 cac s6 nguyén t6 va thoa man: ¢ = 4p + 1. Chirng minh rang sd
pP -1

N,
p—1

p=

chia hét cho g.

Bai 4. (6,0 diém)
Cho tam giac nhon ABC c¢6 AB < AC va ndi tiép dudng tron (0) Tiép tuyén tai A cua
(0) cit duong thang BC tai D. Goi E, F tuong Ung 1a giao diém cta duong thing OD

v6i cac duong thang AB, AC. Liy cac diém K, H thudc BC sao cho EK || AC,FH ||
AB. Goi G 1a giao diém cua EK va FH.

a) Chirg minh rang, duong tron ngoai tiép tam giac (GKH) tiép xuc vai (0).

b) Pudng tron ngoai tiép tam gidc GEF cit AB, AC twong Gng tai cac diém thir
hai P, Q (P khac E, Q khac F). Chung minh rang, PQ di qua tryc tim cta tam
giac ABC.

HET

Ghi chu:
e Thi sinh KHONG duoc sir dung tai liéu va mdy tinh cam tay.
e Giam thi KHONG gidi thich gi thém.



SO GIAO DUC VA PAO TAO KY THI CHON PQI TUYEN DU THI HSG QUOC GIA

KIEN GIANG NAM HOC 2022-2023
PE THI CHINH THUC Médn: TOAN

Thoi gian: 180 phut (khdng ké thoi gian giao dé)
Ny thi thir hai: 31/8/2022
(Pé thi co 01 trang, gom 03 bai)

Bai 5. (7,0 diém)
Cho day da thirc (Pn(x)) xéc dinh béi: Py(x) = x° — 4x va
Pry1(x) = R(1+x).RB(1-x)—-1
vO1 moi sO ty nhién n, moi x € R.
a) Tinh P,,,(2).
b) Chirg minh rang, t6n tai mot da thirc Q(x) voi hé s6 nguyén sao cho

onzz(.X) = x2023. Q(X) VO,'l mOl x €ER.

Bai 6. (6,0 diém)

Cho s6 nguyén n > 2. Xét m 1a mot s6 nguyén duong sao cho ton tai mot tap hop T
thod man dong thoi cac tinh chat sau day:

o Mdi phﬁn tor cua T 1a mot tdp con m phén tecuatip {1,2,3,..., mn}.
o Mdi cdp phan tir caa T c6 khong qua 1 phan tir chung.
o Mbi phan tir ctia tap {1,2,3,..., mn} thuoc ding hai phan tir cia T.

Tim gia tri I6n nhat c6 thé ctia m.

Bai 7. (7,0 diém)

Cho tam giac khong can ABC ndi tiép duong tron (0). Buong tron ngoai tiép tam gidc
BOC cit AB, AC twong ting tai A , Ag; duong tron ngoai tiép tam gidc COA cat BA,BC
tuong Ung tai Ba, B,; va duong tron ngoai tiép tam gidc AOB cit CA, CB tuong ng tai
C,, Cp (cac diém Ap, Ac,Be, By, G, Cp khong trung véi cac dinh cua tam giac ABC).
Céc cap duong thang (B, By, Cq Cp), (C.Cp, A AL, (ApA,, B.By) lan lugt co cac giao
diém 1a X, Y, Z. Chirng minh ring

a) Cac diém 0, B, C, thang hang.
b) Pudng tron ngoai tiép tam giac XY Z tiép xuc véi (0).

HET

Ghi chu:
o Thi sinh KHONG duoc sir dung tai liéu va may tinh cam tay.
e Gidam thi KHONG gidi thich gi thém.



SO GIAO DUC VA PAO TAO

KIEN GIANG NAM HOQC 2022-2023
HUONG DAN CHAM Mon: TOAN
PE THI CHINH THUC Ngay thi thir nhat: 30/8/2022

(Huwéng dan cham cé 03 trang)

A. HUONG DAN CHAM

tuong Ung.

- Néu hoc sinh ¢o6 str dung cac dinh 1i, cac h¢ qua, cac bo deé...

bdi dudng hoc sinh gidi va néu duge tén thi gidm khao van chim ding.

cac y diém 16n thanh boi cua 0,25.
B. DPAP AN - BIEU PIEM

KY THI CHON PQI TUYEN DU THI HSG QUOC GIA

- Néu hoc sinh giai theo cach khac dap an ma van logic, dung thi giam khao xem xét cho diém
phd bién trong cac chuyén dé

- Diém s0 toan bai, moi cau, moi y khong lam tron, giam khao co6 thé thong nhat dap an, chia

Suy ra, g(t) dong bién trén khoang (1; +o0).
Do d6, v&i moi s6 nguyén duong k 1 ta co

Xk + X1 = glxy) > g(3) = 6.

Bai Y Noi dung Pi¢m
1 Cho day sb (x,,) ... 5,0
a) | Chirmg minh rang ddy (x,,) c6 gidi han hitu han va tim gi6i han do. 3,0
Bang quy nap, tacd 0 < x,, < gvéi moin=>1. 1,0
V&i mdi s6 nguyén duong n, ta co
3|x, — 3|
|xn+1 - 3| = 3|
(2+w/xn )(1+,/xn ) 2
Suy ra
lx, — 3| < Zn_l,Vn > 1. 2,0
Twr d6 suy ra limx,, = 3.
Vi mbi s6 nguyén duong n, chig minh rang
b 2,0
) X1 + X2 + + Xn > 3.
n
Do ham sb f(t) = \/F+1 nghich bién trén (0; +) va 0 < x,, < 9/2 nén
9
Xp > f(i) >1,vn=> 1 0.5
Béng quy nap chimg minh dugc: x5, < 3 < Xp,_1, V0 > 1. 0,5
Xéthamsb g(t) =t + f(¢),t € (1; +0), tacod
9
g =1+f(1t)=1- 5> 0,vet > 1.
2Ve+1(1+ Ve + 1) 0.5




THI. n = 2m: Khi d6
X1 + Xy + -+ Xn = (xl + xz) + (xz + x3) + -+ (me—l + me) > 6m.
Suy ra
x1+x2+"'+xn

n
TH2.n = 2m + 1: Khi do 0,5
X+ Xy + o+ xy = (g +x3) + o+ (oot + Xom) + Xomer = 6m+ 3.
Suy ra
x1+x2+“'+xn23.
n
Tim tit ca cic bo ba sb thuc khong am (x; y; z) thoa man ... 5,0
Gia st (x; y; z) 1a mot bo ba can tim. T (x +y + 2)2 = 3(xy + yz + zx) ta 0.5
suyraxy +yz+zx = 3. ’
Vix<y<znényz>1Tu.,yz(x + 1) = 2tasuyrax+1 <2 hayx < 0.5
1. ’
Matkhac,y + z — 1 = 2,/yz — 1 > Onén
_ytz-yz _ yz—1 - vz — 1 _ \Jyz(2-\[yz) 1,5
y+z—-1 y+z—-1 " 2./yz— 1 2Jyz—1
batt = JyzDot(x +1)=2nént < 2. Tu do
tXZﬁZZ—tﬁt(x-l—l)Zz. >
Dau bang xay ra khi t = 1 hoic t = 2.
TH1.t =1: Khid6,x =1.Doy>z>x=1vayz=1nény =2z = 1. 1.0
TH2.t = 2: Khido,x =0.Tacoy+z=yz=4nény =z = 2. ’
Cho p, q 1a cac sb nguyén t6 va théa min: ¢ = 4p + 1... 4,0
Dop —1 < g nén ged(p — 1; q) = 1. Do d6, diéu phai chirmg minh tuwong
duong voi
p? =1 (mod q).
Nhan xét: p 1. Ta co 2,0
q-1
4p = —1 (mod q) = 4P.p? = —1 (mod q) = p?.2 2 = —1 (mod q)
-1 _
Ta chung minh: ZqT = —1 (mod q). Tacéo 2 |q71nén
a-1/q—1 —1qg+5
ZT(q—)! = 2.4 qTqT(q — 1)(mod q)
g-1 -1
= (—1)7.(‘17)! (mod q). 2,0

-1 -1
Tur d6 suy ra ZqT = (—l)qT (mod q).

_ , -1
Ma g = 5 (mod 8) nén £ 1a s§ 1¢. Do d6, 27 = —1(mod q) (dpem).




Cho tam giac nhon ABC, véi AB < AC, ndi tiép dudng tron (0)... 6,0
a) | Chimng minh dudng tron ngoai tiép tam giac (GKH) tiép xuc vai (0). 3,0
A
D B K C 2,0
T
Lay T d6i xtimg A qua DO. Vi EFTG 14 hinh thang cin nén E,F,T,G dong vién.
Ta co: (TE, TD) = — (AE, AD) = (AD, AE) = (CA, CB) = (KE, KD) (mod =).
Suy ra cac diém D, E, K, T dong vién. Vay diém T 1a diém Miquel cua tir giac
toan phan EFHKDG. Suy ra T,K,H,G ddng vién.
Ta cé: (TD,TK) = (ED,EK) = (EF,EK) = (GT,GK) (mod 7). Do d6 DT tiép xtic
DA A 1,0
véi duong tron (KHG).
b) | Chung minh rang, PQ di qua truc tim cua tam giac ABC. 3,0

S

D+ / B
T

\

X

Lay X, Y theo thir tw d6i xtmg véi T qua AB, AC. Ta c6: (PX, PB) = (PB, PT)
= (PE, PT) = (FE, FT) = (EG, EF) = (FA, FE) = (FQ, FE) = (PQ, PA) (mod 7)
nén X,P,Q théng hang. Tuong tu, Y,P,Q théng hang. Ta c6 XY = PQ 1a duong
thang Steiner cia tam giac ABC nén PQ di qua truc tim tam gidc ABC.

Hét




SO GIAO DUC VA PAO TAO KY THI CHON POI TUYEN DU THI HSG QUOC GIA
KIEN GIANG NAM HQC 2022-2023

HUONG DAN CHAM Mén: TOAN

PE THI CHINH THUC

Ngay thi thir hai: 31/8/2022
(Huong dan cham co 02 trang)

A. HUONG DAN CHAM

tuong tng.

dudng hoc sinh gidi va néu duge tén thi gidm khao van cham ding.

diém 16n thanh boi cta 0,25.

B. DPAP AN - BIEU PIEM

- Néu hoc sinh giai theo cach khic dap 4n ma van logic, dung thi gidm khdo xem xét cho diém
- Néu hoc sinh c6 st dung cac dinh 1i, cac hé qua, cac bo de... pho bién trong cac chuyén dé boi

- biém s0 toan bai, moi cau, moi y khong lam tron, giam khao c6 thé thong nhat dap an, chia cacy

Thanh thit |T| = 2n.

Ciu | Y Néi dung Piém
5 7,0
a) | Tinh Py,,(2) 3,0
Pau tién, ta co {+2;0} 1a nghiém cia Py(x) = 0, va {+1;3} la nghiém cua P (x) =
—1. Ta s& chimg minh bang quy nap: P,,(x) = 0 nhan {+2;0} 12 nghiém va
Pyn+1(x) = —1 nhan {+1; 3} 12 nghiém. That vay, khang dinh dung véi n = 0. Gia sir
khang dinh da ding téin € N. Ta c6
A Poni2(x) = Ponyr(1 + %).Popya(1 — x) — 1
nén
Py42(0) = Popy1(1). Pypya (1) =1 =0,
Pon+2(2) = Pany1(3)- Pony1(=1) =1 = 0 ,
va Pypi(—2) = 0. Tu d6, Py, 43(x) = —1 nhan {+1; 3} la nghiém. Vay khang dinh
duoc ching minh.
Vay Pyg2,(2) = 0.
b) 4,0
Dau tién, bang quy nap dé dang chimg minh dugc P, (x) € Z[x]. 0,5
Ta s& chimg minh x?"*1| P,,(x) trong Z[x] véi moi s6 ty nhién n. That vay, do
Py(x) = x(x? — 4) nén khang dinh ding véi n = 0. Gia sir da ding tai n € N nao
d6. Theo gia thiét, ta co
C Ponia(0) = (Pon(2 + x). Pop(—x) — 1)(Pon(2 — x).Ppp(x) — 1) — 1. 20
bé y rang, Py (x) la da thirc chan, véi moi k = 1. Do d6 ’
Pyni2(x) = Pop(x). Qr (%),
trong do
Qu(x) = Pop (2 4 x). Pop (2 = x). Py (X) + P (2 + x) + Py (2 — x).
Ta c6 Q,(x) ciing la da thirc chin va Q,(0) = 0 (theo ciu a) nén x2|Q,,(x). Do do,
x2"*3|P,. ., (x). Vay khang dinh dugc ching minh. Do d6 x2°23|P,q,, (%). 1,5
6 6,0
Dé cho tién, ta ki hiéu S = {1,2,3,...,mn}. Ta di &ém sd cac cip (a, A) trong d6 a €
SvaiA € Tmaa € A. Mdia cd mn cach chon, va mdi a c¢d dinh thi 4 c6 dang hai
cach chon. Do d6 sb cac cip nhu vay la 2mn. Mit khac, modi A ¢6 |T| cach chon, va
mdi A c¢b dinh thi c6 m cach chon a. Tir d6 suy ra sb cac cap (a, A) nhu vay la m|T|. 2,0




Ta di dém sb céc b ba (x,A,B) trong d6 x € SvaA,B € Tsaochox € A N B.
Luu y ta coi (x, 4, B) va (x, B, A) lamdt. VGi mdi x € S c6 mn cach chon va néu x cb
dinh ta c6 ding mot cach chon cdp (4, B). Thanh thu sb cac bo 1a mn. Mit khac sb cac
cach chon cap (4, B) khong tinh thur ty tue T 1a C |2T| = C2,. Mdi cap nhu vay c6 tbi da 1
s6 x thudc. Thanh thir s cac bd (x, 4, B) nhu vay khong vuot qua C2,. Vay €2, = mn
haym < 2n —1.

2,0

Lay 2n duong thing, d6i mot giao nhau va khong c6 3 duong thing nao dong quy. Do
d6 sb giao diém 13 (2n — 1)n. Péanh sé giao diém 1a 1,2,..., (2n — 1)n. Ta ki hiéu
A; 12 tap cac giao diém thudc duong thir i va T 1a tap cac tap A; nhu thé. Hién nhién ho
T thoa man yéu ciu.

2,0

7,0

Ay

Gia sur cac tiép tuyén cua duong tron (O) tai A, B, C doi mot cit nhau tao thanh tam
giac AgByCy. Ta co:

A
(€a0,BC) = (C40,AC) + (CA,CB) = (BO, BA) + (CA,CB) = (mod m).
Suy ra C,0 1 BC.Tuongty, B;O L BC.Viy bd diém (0, By, C,) thing hang.

4,0

b)

Chtrg minh tuong tu, cac bo diém (0, C, , Ap); (0, A, B,) thang hang. Ap dung dinh
li Pascal cho bo diém (B, A, 0,A4,,A, C), chit y ring A.C N A,0 = C,,BC N 04, =
Cp, ta suy ra C,Cp, AgB, ApA, ddng quy. Diéu d6 c6 nghia Y thudc A,C,. Tuong tu,
X, Z 1an luogt thudc By Cy, Cody.

3,0

Hét
2
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